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Abstract

In the framework of the Jacobi-weighted Sobolev space, we design the a-posterior error
estimators and error indicators associated with residuals and jumps of normal derivatives
on internal edges with appropriate Jacobi weights for the hp-version of the finite element
method. With the help of quasi Jacobi projection operators, the upper bounds and the
lower bounds of indicators and estimators are analyzed, which shows that such a-posteriori
error estimation is quasi optimal. The indicators and estimators are computed for some
model problems and programmed in C++. The numerical results show the reliability of our

indicators and estimators.



CHAPTER 1

Introduction

Numerical Simulation plays an extremely important role for solving practical problems
arising from various fields of engineering, science, finance, and health science as computer
technology has rapidly developed in the recent decades. Numerical simulation involves mod-
eling and computing. Validation of models and verification of computational results are two
fundamental issues for numerical simulation. The verification includes numerical methods,
error analysis, corresponding adopted numerical method, assessment of error computed solu-
tions, adaptive algorithms. The finite element method (FEM) is the today’s mostly adopted
numerical methods for numerical simulation. The high-order FEM such as p and h-p ver-
sions provides reliable computational solutions with high accuracy and lower computational
cost than lower order FEM referred as the h-version.

There are two kinds of error assessments: a-priori error estimation and a-posteriori error
estimation. The former gives the convergence rate of the finite element solution for a given
problem in certain functional spaces, which is derived by theoretical analysis prior to the
computation. the latter provides quantitative information of error in the finite element solu-
tions measured in norms such as energy norm and infinity norm based on the computed data
accumulated in the process of computation. Since the solutions are unknown for practical

problem, except those manufacture problems, the errors in finite element solutions are not
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known and not computable. Therefore, a-priori error estimation provides only theoretical
guidance for computation, but it can not be directly applied to the verification of the ac-
curacy of the finite element solutions in decision making progress for important industrial,
engineering, science and problems related to various national interests. A-posteriori error
estimation can be applied to quantitative error assessment, and play a decisive role in verifi-
cation and decision making process. Although various progress on a-posteriori estimation of
the finite element method have made, the ongoing research on a-posteriori error estimation
on the p-version of FEM lacks solidly theory and decisive impact on practical computa-
tion. Therefore the theme of the thesis is of great significance for the adaptive algorithm of
p-version of FEM and its applications to engineering and scientific computing.

Since Babuska and Rheinboldt proposed [14, 15] in the later 1970’s the revolutionary
concept: a-posteriori error estimation and the adaptivity, the adaptive finite element al-
gorithms have become powerful and reliable computational tools for large-scale scientific
and engineering computations. The adaptive method has rapidly developed in the past
decade theoretically and practically, and it has integrated in many commercial and research
codes such as Pro/MECHANICA (Parametric Technology Corporation), PolyFEM(IBM),
ProPHLEX(Altair Engineering, Inc., Texas), STRESSCHECK (Engineering Software Re-
search and Development, Missouri), STRIPE(Aeronautical Research Institute of Sweden),
2Dhp90 and 3Dhp90(ICES, University of Texas at Austin, [33, 34]).

There are two basic approaches for a-posteriori error estimation of FEM. The first ap-

proach is based on the solutions of local auxiliary problems. The second approach is based on
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the residuals, including the jump of normal derivative of finite element solutions on internal
edges of elements. For the lower-order FEM, a-posteriori error estimation and the adaptive
mesh generation have been well developed in the past two decades, we refer to the books [4]
for an overview. The first approach for the h-version of FEM has been developed in various
papers such as [3, 5]. The second approach is also widely used for the h-version, see. e.g.,
[37]. Various a posteriori error estimates for numerical solutions with finite elements of low
order are known to be reliable and efficient [31]. They are used to create locally refined
meshes in an adaptive way that fit to the elliptic problem under consideration.

In contrast to the lower-order FEM, a-posteriori error estimation for the high-order FEM
such as the p-version of FEM, the hp version of FEM and the spectral method is much less
developed and lacks of substantial progresses in the past two decades. There are a few papers
available in the current literature [15, 17, 18, 41]. Therefore the research in this direction
is now at a quite primary stage because of the obvious difficulties of high-order methods
except in one dimension. Many useful and effective methods and techniques developed for
the h-version of FEM can not be or have not been applied to the high-order FEM, such as
the super-convergence and patch recovery [48]. The comprehensive analysis for the error
estimators and indicators based on the residuals for the p- and hp of FEM in one dimension
was well known in the mid of the 1980’s [41], but the results for one dimension can not be
exactly established in high dimensions, and techniques used for one-dimensional analysis can

not be applied to two and three dimensions.
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The first paper about residual based a-posteriori estimation for the p-version is [22],
which shows the viability of this procedure computationally, meanwhile, theoretical analysis
for the hN spectral method was provided in [19]. However, the analysis is restricted to
meshes consisting of axi-parallel rectangles. The residual based error estimator and error
indicator for p-version of FEM was implemented for mechanical problems in [22, 33, 34|
without theoretical support. For theoretical analysis of such error estimators we find a few
papers in the early 2000’s [16, 35, 36]. The approach of solving local auxiliary problems
was utilized in adaptive hp codes in the 1980s and 1990s [37, 44] . Unfortunately, these
error indicators and estimators used by engineers lack of theoretical support. Under shadow
of the success of a-posteriori error estimation for the h-version of FEM, it is not clear yet
what mathematical framework should be adopted for a-posteriori error estimation of the
high-order FEM in two and three dimensions. While lacking of theoretical progresses in
past two decades, the engineers have implemented various types of error estimators and
indicators based on their own experiences in commercial and research codes, we refer to
[37]. Recently a-posteriori error estimation based on a solution of local auxiliary problems
on a patch centered at the nodes of mesh was proposed in [21], where many theocratical and
practical aspects were considered.

Since the later 1990’s, the approximation theory for the p- and hp version of FEM has been
well developed in the mathematical framework of the Jacobi-weighted Besov and Sobolev
spaces [9, 10, 11, 12]. With help of this framework, a-priori error analysis leads to a

rigorous proof of the optimal convergence for the p- and hp version (with quasi-uniform
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meshes) of FEM. The recent breakthrough of the a-priori error estimation for the p and
h—p version (with quasi-uniform meshes) of FEM raise a question, namely, whether the new
mathematical framework can benefit the a-posteriori error estimation, and how to develop
further this framework for the need of the a-posteriori error analysis.

The focus of the thesis is a-posteriori error estimation for the p-version on triangular
elements, which is much more complicated and difficult than on square and quadrilateral
elements, and has never been addressed in literature. After studying of the literature on a-
priori error estimation on triangle and a-posteriori error analysis on square and quadrilateral,

the following approaches are adopted:

e Design error indicators and estimators of residual-type on triangles;
e Utilize theoretical setting of the Jacobi-weighted space on triangles;
e Generalize the error estimators and indicators on square to triangle by a singular

mapping which maps a square onto a triangle.

In this paper we will analyze the residual-based a-posteriori error estimation for the p-
version of FEM in the newly-developed mathematical framework of Jacobi-weighted Sobolev
spaces. The rest of the paper is organized as follows. The error indicators and estimators
on triangle with Jacobi weights are defined in Chapter 2, and two major theorems are
stated, for which the proof are given in Chapter 4. The Jacobi-weighted spaces on triangles
are introduced in Chapter 3, which provides a mathematical framework for a-priori and a-
posteriori error analysis of the high-order FEM on triangles. In Chapter 4 we construct a

quasi-Jacobi projection operator and analyze its properties, which play an essential role in
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proof of quasi-optimality of the error indicators and error estimators. The computational
results are presented in Chapter 5, and followed by various comments. In the last section,

we make some concluding remarks.



CHAPTER 2

Residual-based Error Indicators and Estimators

Consider a boundary value problem on a polygon (2:

—Au+u=f, in
(2.1)

u’FD =0, on I' = 00.

The corresponding variational problem is to find u € H3(€) such that
(2.2) B(u,v) = F(v) Vv € Hy ()
where B is a bilinear form on H}(Q) x H}(Q):
B(u,v) = /Q(Vu - Vv + uv)dz,
and I is a linear functional on H'(Q):
Fv) = /vadx Yo € HY(Q).

Let T ={K;,1 <i < M} be a partition of 2 with shape-regular quadrilateral elements
S; or triangle elements T;, and let 9T = {y,1 < | < L} with inter-element edges ;.

By F; we denote a mapping of the standard element S = (—1,1)? onto elements S; or

7
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T ={(&n)0 <& n&+n <1} onto elements T;. Then the subspaces of continuous and

piecewise polynomials over 7 for the p-version of FEM is defined as usual, i.e.

SEHQ,T) = SPHT) (Y Hy () = {lr, = vy o Fisthp € Pp(K)} [ Hy (), K =T

or

SEHQ,T) = SPHT) () H

Pls, =ty 0 Fiy € Pp(K)} [ Ho (), K =

where P,(K) is a set of polynomials of total degree < p on K if K = T or a set of polynomials
of separate degree < pon K if K = §S.

The p-version FEM solution ug € S?'(T) satisfies
(2.3) B(ug,v) = F(v) Yo € SPHQ,T).

By e.e;,r,r; and R,R,, we denote the error, residue and jump of normal derivative along

the internal edges 7; for the finite element solution ug:

e = u—ug,

r = [+ Ausg—ug,r;=r

Kis

- B e



2. RESIDUAL-BASED ERROR INDICATORS AND ESTIMATORS

A local error indicator ny, associated with the residual r; is defined as

(2.4) nr, = (p+ 1)71HWHL§(K1-)

Jug

and the indicators Myi associated with the jump of R = [ o

] on the internal edge 7;

(2.5) i = 0+ D) 7NR gz

The estimator 7 is defined as

[
-

e () (S )

KT viedT

In general the residual r; & P, (K;), and the jump R

i P, (7}) if the basis functions are

the images of shape functions defined on the standard square element and the corresponding

mapping is not linear. For the analyzing the indicators as the lower bound of the error, we

need to modify the indicators 7y, and M-

Let IT). denote the L2 (K;)-projection on P, (K;), and let H“ﬁff denote the L7 (v{)-projection

on Ppi (’VZZ ) .

@7) i1k, = 0+ 1) M rpllizaey = 4D I rallzz ey = (1) T f+ Aus—usl 2 e,
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and

(2.8) i = 0+ DI Ryll iz = 0+ DI Rl 12 -

The modified error estimator 7 is defined as

= = () ()

Ki,eT viedT

10

If there is no confusion, we drop the indices ¢ and [ in K; and 4} for the simplicity. Then

K denotes one of elements K;, and v denote one of internal edges ;.
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A Mathematical Framework of Jacobi-weighted Spaces

3.1. Jacobi polynomials and associated properties

The Jacobi polynomial of degree n = 0,1,2,... is defined as

(=D)"(1 —2) (1 +2)? d" (1 — x2)*"™(1 + )t
2n n! dx™

(3.1) TP () =

with  «, 8 > —1. These polynomial posses important properties, which are essential to the
approximation of the high-order finite element method and the special method.
Jo#(x) are orthogonal with Jacobi weight

W’ m=n

/Jﬁ;’ﬁ(x) JP () (1 —2)*(1 +2)’ do =
! 0 m#n

with

20t P (n + a+ 1) T(n+ B+ 1)

a,fB _
(32) T @ntat B+ )T+ D(n+a+B+1)

11
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By the Stirling formula

(3.3) [(s+1) = V2rss'e (1 + O0(s7/7))

we have asymptotic estimation for n > 1

2a+5+1

2n+a+p+1)

(3.4) 1l

For « € [—1, 1], there holds

(3.5) 728 ()| < C(n + 1)mextep—1/2}

with C' independent of o and [, and

(3.6) [T ()] < Cla)(n+ 1), [J37(=1)] < C(B)(n +1)"

with C(a) = r(fia) and C(f8) = ﬁ

3.2. Jacobi-weighted Sobolev and Besov spaces on Triangle

Let T = {(x,y)|0 < 2,y < 1,0 <z +y < 1}. For 5 = (f, o, B3) with 5; > —1, we

define a weight function on T’

Wa(2,y) = Way g (2, y) = 27y (1 — z — y)™».
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The weighted space L3(T) is the closure of C* function under the norm:

(3.7) lullzay = [ @ WiGo. o)

L3(T) is an inner product space with:

(3.8) (u,v)L%(T) :/qu5(x,y)dxdy.
T

For 5 = (B1, 52, B3) and a = (aq, ag, az) with §; > —1 and integers «; > 0, we define a

weight function on T

B1Eay , Bataz (1

(3.9)  Wpal®,y) = Wpita) gotas fstas (7, y) = 2715y )faes,

Define the Jacobi-weighted Sobolev spaces H*?(T), k > 0 are furnished with the norm

and semi-norm [32]:

k
Al
lullfesy = D lulinsmy, — lulisy = > it 2 elz. e
=0 ni+nz+nz=l 1152

for n = (ny,na,n3), n* = (n1 +n3, ny 4 ng, Ny +ny) and D" = 997> (9, — 9,)". H*P(T) is

an inner product space with

Al
(3.10)  (u,v)pgrsry = Z Z 7/ | D" u|| D" 0|Wa i+ (x, y)dzdy.

nilng!ns!
=0 ni+n2+nsz=I 1:762:153
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Let ngqﬁ (T') be the interpolation spaces defined by the K-method

(HW(T), H*5 (T)) .

where 0 < 0 < 1,1 < ¢qg<o00,8=(1—0)+ 0k, { and k are integers, ¢ < k,

(3.11) ||ul

* dt\ 1/a
s = ([ O IGPE) 1 <0<
and

(3.12) ||ul

—0
s = Sp KL Y)

where

Kty = it (lolleoq) + tlwl o ).

14

In particular, we are interested in the cases ¢ = 2 and ¢ = co. We shall write for s > 0 and

q=72

HY(T) = By(T) = (H"(T), H*(T))

with 0 < 0 < 1 and s = (1—60)¢+6k. This space is called the Jacobi-weighted Sobolev space

with fractional order if s is not an integer. It has been proved that B;Q’B(Q) = H™A(Q) if s

is an integer m in two dimensions|9].
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The H%“’-norm on triangle is defined as:

[ [ R | R + Il
e Oz llLg,, Ly, L34, (T) L)
where
Ou ||2 w12
5, 0 = Llal == asay
Ly, (T) T 0%
Ou? / ‘ 52-1—1
— = l—a—y 63+1d:[‘dy,
H@ y iz, () T 8 ( )
2 ou @u‘ Bitl fBatl 5
- — y? 1—$—y 3d$dy,
H Lg+l3<T> /T o ay ( )
lullsry = [ Pty — o - ) dady,
T

with ; = (1,0,1), I, = (0,1,1), I5 = (1, 1,0).

The H%(T) is defined as a dual to H%#(T') with the norm

e e I | I s e 1
1, - Y
HYA(T) dullez_, (r 1, (T) dxllrz_, () L5(T)
where
ou ||2 / 3u’2 51 71
— = — ™ y521—x—y53 dxdy,
H Oxllrg_, (1) 7 10x ( )
ou |2 / ou |2 By o Bs_1
- = y 2 (1 —x—y)? “dxdy,
H dy L%le(T) ooy ( )
2 O Ou 12
H— - — = / ou _u) $51_1y62_1(1 —r— y)ﬂgdxdy,
Lg_ZS(T) rl0x Oy

15
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with [; = (1,0,1), ls = (0,1,1), I3 = (1,1,0).

We have a very good results for pure quadrilateral elements in [25]. In this thesis, we
discuss the pure triangle cases. In Chapter 3 and Chapter 4, we only consider the pure
triangle condition, which means K; =T; and T ={K;,1 <i < M} ={T;,1 <i < M}.

We next to define Jacobi-weighted spaces H*?(T}) and H*?(T}) over the elements T}.

Let F; be the mapping of T" onto element T}, and u; = u o F;. We define
ull grsery = @l grsey,  Nullaesy = llallmes ).
The Jacobi-weighted spaces H*#(T) and H*(T) are defined as
H(T) = (YHSS(T), (T = (V)
K K
furnished with ”broken” norms

M M
[ull sy = Z [wll 05 (1), Hu’|ﬁkﬂ(7’) - Z HUHH’%B(Ti)'
i=1 =1

In the framework of Jacobi-weighted spaces HY~#(T) and HY(T) with 0 < 3, = 8, =
P3 < 1 we re-formulate the elliptic problem (2.1) and its variational equation. Suppose that

f € L3(T). Then we seck u € Hy?(T) such that

B(u,v) = F(v) Yve Hy P(T)
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Here B(u,v) is a bilinear forms on Hy”(T)x Hy (T, F(v) is a linear functional on L2 4(T),

and HY?(T) and Hy?(T) are subspaces of H"#(T) and H" #(T) containing functions

vanishing on I'p, respectively. We introduce a new norm for the error e denoted by |||e|||x

and ||[e]||

(3.13) llelll, = sup  |Ble,v)n| < llell grsr,
||UHH1,76(T1.):1

and

(3.14) el = sup  [B(e,v)| < llell gre -
HU”HI,—[B(T):

where

B(e,v)r, = / (Ve -Vou + ev) dxdy.
T;

3.3. Orthogonal polynomials in Jacobi-weighted spaces on Triangle

A Vs Iy )

~ Y

° Y2 A X Py I P,

Fig. 3.1 Transform from standard Triangle to Square
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Let Fy be the collapse mapping of T' onto standard square S = (—1,1)%:

Fy: , Frte

n=1-2x y=1(1+&01+n)

N[ =

which maps v, onto I's, 75 onto I'y, v3 onto I's, and V; to I'y.

We define the orthogonal polynomial f(g(a:, y) by the mapping F}

1+ n)iJ§1,2i+52+53+1(
J

Kijwy) = I (= )

T+ 2y _ 1>J'ﬁl,2i+62+53+1(1 . Qx)

_ i 783,58
= (1-2)J7 2( 1—x J

Then we have orthogonality of K 5 (x,y)on T,

/T[?iﬂ,j(%y)[?iﬂ/,j'(x,y)W,g(x,y)dxdy:i/Q<1§§>53<1;§>£2<1;77>51

1 + n\ i+ +B2+8s+1 i if
><< : 7]) 24083 Jég&/jQ (f)‘]ﬁ&ﬂQ(g)Jfl’Z +52+53+1(n>Jﬁ1,2 +52+53+1(n)d€dn

2—(2¢+fﬁJ+ﬂ2+63+3)%@’37527]/?172”/32*53“ (ifi=14"and j =j')

0 otherwise

where [S| = B1 + 52 + [s.

Similarly let F, be the collapse mapping of T onto standard square S = (—1,1)%:

£= 1 r=3(1-&(1+n)

Fy - Fyte
n=1-2y y=3(1—n).

18
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which maps 7; onto I's, 75 onto I's, 73 onto I'y and V5 to I';. We define another orthogonal

polynomial f(i’; (x,y) by the mapping F

-8 1, 1+7] ‘ 2,21+ 51
Kojlwyy) = JP(e)(=o) gttty

2

1—2x— y)Jﬁ2,2i+ﬂ1+ﬁ3+1(1 o 2y)
J Y

_ 1_yiJiﬂ1ﬁs<

Then we have orthogonality of K 5 (x,y)on T,

/Tffj(xvy)Fg,j'(%y)Wﬁ(I,y)dxdy = i/@ (1 g §>,31 <142‘§>53<1 ; 77>52

1 i+i'+f1+B83+1 ' !
() IR ) () g P

7

2—(2i+fﬁJ+ﬂ1+63+3)%5’17537]52,2#51%33“ (ifi=1 and j = j')

0 otherwise

F3 be the collapse mapping of T onto standard square S = (—1,1):

i §=10 - r=1(1+&)1+n)
n=2z+2y—1 y=:1-801+n)

which maps v; onto I'y, 7 onto I'y, 3 onto I's and V3 to I'y.
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We define the third orthogonal polynomial K7 B i(z,y) by the mapping F3
Kﬁ (.I ) _ Jﬁ%ﬁl(f) 1 +77 Jﬂ372l+/51+/52+1( )
i,j Y y - 7 2 17

— (y + $) J52ﬁ1 <y - z)Jf3,2i+51+52+1(2$ + 2y . 1)

and

/TKz‘ﬂ,j(%y)Kﬁ,j/(a?,y)Wg(a:,y)dxdy = i/@ (1 g §>’BQ<1 ;L§>Bl <1 ; 77>53

1 i+i'+f1+B2+1 ' 2
(S ) g g g g ) P )
2—(2¢+f6J+ﬂ1+62+3)%327/317]/3372”/31*52“ (ifi=4and j=j)

0 otherwise

For u € L% (T") we have three Jacobi expansions of u on T', and

u= Y a;K)(z,y) =Y Cijffj(x’y) =Y dyK

4,520 1,520 4,520

where
( (2i4+[B]+B1+B2+3)
_ 92i+[BI+B1+B2+3
Qij = BaBi P33t B1FPat] fT Kij(z,y)Wp(z, y)dzdy,
g J
_ 9Qi+[B]+A1+83+3)
(3.15) Cj = 7 A S u( K ij(z,y)Ws(z,y)dzdy, -
o2+ [B]+B2+B3+3)
dij - 7_33»327_31,21‘+32+33+1 fT ZJ ‘I y)Wg(I' y)dl‘dy
i J

20
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Lemma 3.1. Let u € L3(T), then 3 aUK (z,y), > cUKﬂ (x,y),
4,72>0,147<p 1,7 >0,i+7<p

> d”K (z,y) with a;;, ¢;;, dij given in (3.15) are projection of uw in P,(T) denoted

4,72>0,147<p

by 117 prt and

1t _ _
(3.16) [ =TI, pull 2y = rglr(l)llu llrz ey

PROOF. First we prove ) aUK’B (x,y), consider polynomial Kkl(x y) with k41 <
1,720,i+5<p

p, then

(w= > ayK K eey = (K m — (Y ag K K ) m

1,520,i+j<p 1,5 20,i4+j<p

(3.17) — 0.

> ayKy; ’8 is the projection of u on P,(T"). Similarly, we can prove that
1,5 20,i4+j<p
> CZ]K (z,y), > d”K (z,y) are the projection of u on P,(T"), which can be

1,520,i+j<p 1,520,i+j<p

written as

Hﬁ,Tu = Z @mKﬁ (z,y) = Z ngK’B (z,y) = Z dijkfj(x>y)'

1,§20,i4+j<p 1,§20,i4j<p 1,§20,i4j<p
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From (3.17), we can get HgTu — w is orthogonal to any ¢, € P,(T"). Then

lep = ullZzery = Nep =, 7u) + (I — )35y

= llep = T, T3 ) + 200p = T, T e = ) gy + 10 e = wlfZ

2 HH;,?U - u”%%(T)a

which implies (3.16). O

Theorem 3.2. For u € L3(T), then holds in L3(T),

(3.18) lim [Ju =TT, 7 2 (r) = 0.

p—o0

PROOF. We first assume that u € C°(T), then for any € > 0, there exist N such that a

polynomial ¢, € P,(T'), p > N satisfy

|u — opllcory < e

Then we have

lu — H;?“H%gm < u— ‘PPH%%(T)
= / (u(z,y) — ©p)*Wp(x, y)dady.
T

< o gpliZo / Wi (e, y)dady < Me,
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which implies
(3.19) Lim 11 Gl 3y = 0
Since C°(T') is dense in L3(T'), then for u € L3(T) there exists a v € C°(T) such that
lu—vllr2pr) < e

Then for p > N

he =Tl < llu = ollgary + o = Tl ey + 1T — T ol 3

IN

2||lu — UHL%(T) + flv — Hf;,TUHLg(T) < 3g,

which implies (3.18). O

Lemma 3.3. (Lemma 3.5 of [32] ) Let 0 € Ny and 3 € Z3. If u € H®P(T), then

D"l gy = Z/‘fn—(n1+n2+ns),6+nHD”U’”H%%M*(T)’
m>0

for0<s < o—(n;+ny+n3),neZ’
In particular,

(3.20) ‘uﬁ{s,ﬁ(T) = Z Ufn,ﬁ“umHi%(Ty 0<s<o

m>0



3.3. ORTHOGONAL POLYNOMIALS IN JACOBI-WEIGHTED SPACES ON TRIANGLE

where

. _ _T(m+1) Tm+s+(Bi+fatfs)+2)
s = Pm—s+1) T(m+ (Bi+ Pt fs)+2)

We can easily get

k k
(3.21) HU“H?{’C»B(T) = Z ]uﬁ{wm = Z Z :Uin,ﬂHumHi%(T)
1=0

=0 m>0

where

HumHi%(T): Z !az‘jFHKi,jH%g(T)'

i+j=m

Therefore

k
lllrsy = D03 il I @ )l 2.

1=0 1,520

It will lead to

(3:22) flullFpser

3 o lAl ) Fi+j+ DTG+ +14+[8] +2)
Fe+7—1+DT0G+754+ (8] +2)

_ |aj] i

k
=0 7,7>0

24

2, B2,p1, B3,2i+B1+P2+1
i j :
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Similarly we can get

(3:23) [lullzpes )

-y Z o-it[8)+pr+pa+3) L+ T+ DO+ 7+ 1+ [F] +2)
70

’2 B1,B3 . B2,2i+B1+B3+1
P+ -1+l + 7+ [8] +2)

Vi :

’CZ]
1=0 4,

and

(3:24) Nlullfpser

Z Z @it +Barparn) L+ + DO+ + 1+ [B] + )’dz [20yP2  Br 204 Ba Bl
= T(i+j— 1+ DT+ +[8]+2) !

By Stirling formula, we have

Pli+j+ D0 +5+1+[B8]+2) (i + )20 4 4 L+ [B] + 1) A/
P+ —1+DTGE+5+[8]+2) (i 47+ [B] + 1)i+a+18143/2( 4 5 — [)i+i=1+1/2

~ Ce%(i+j+1)%
Using the asymptotic of v given in (3.4), we introduced an equivalent norm for H*?(T),

(i+7 + 1)2]€ !
IIU|I§{k,B(T) ~ CZ |a;;]* = H|UH|§{’€»B(T)'

1,7>0

Similarly we can get

Z+]+1)2k 1
HUH?J’C’B(T) ~ C Z Jeij|* = \HUH@M(T)’

1,520
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and

0 B (Z+j+1)2k_1
oy = CY e - i * = Ml Fwsr)-
1,70

Theorem 3.4. (Theorem 5.3 of [32] ) Let k > 0 and 8 = (B4, B2, B3). If u € H*?(T), and

let u, = HgTu. Then there hold for 0 <1<k, p>0
(3.25) lu — up‘Hl»B(T) <(p+ 1)_(k_l)‘“‘H’“»B(T)‘

Theorem 3.5. (Theorem 3.5 of [17] ) Let 5 be a real number such that —1 < . Then the

following inverse inequality holds for any polynomial ¢,(x) in Py(I), I = (—1,1):

(3.26) /_ 11 (%d)p)Q(x)u — 2Py < O(p + 1) /_ 11 62(x)(1 — 22)Pda.

We next recall the quadrature rule of Gauss-Jacobi-Lobbato type over the interval I =
(—1, 1), which will be used to determine the L%(I )-norm of the Lagrange-Jacobi interpolation
polynomials.

Let ffm be zeros of (J2(£)) = %J,’iﬂ(&), j=1,2,---,m—1, and let 5’870 = —1,

m

&5 ., = 1. These (m + 1) points are called Gauss-Jacobi-Lobbato (GJL) points. Let lfw-(g)
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be the Lagrange-Jacobi interpolation polynomials of degree m, 0 < j < m such that
l;i](ff“) = 0;; 0<i,j<m.
We have the Jacobi-weighted L?-norm of lfw(f) and lfmm(éf)‘

Theorem 3.6. (Theorem 3.2 of [25] ) For j =0, m, 8 > —1,
(3.27) Hlfz,jHL%(I) < CTY2(1+ B)(m + 1)~0+F)

with the constant C independent of m and [3.



CHAPTER 4
Quasi Jacobi Projection and Its Approximation Properties
4.1. Quasi Jacobi Projection on Triangle and Its Approximation Properties

Let H;’gv be the Jacobi projection of v € H»75(T) on B,(T) with 8; < 1. Then H“=A(T)

is a Jacobi-weighted space furnished with norm

M
(4.1) vllgr-sery = Y Mollm-sry, Yo € HYP(T).
i=1
Then H;g—v T, = H;%v is a piecewise polynomial in 7 for any v in HY=#(T).

Lemma 4.1. Let lﬁj(f) = l£7j($7ﬂ) for& eI’ =(0,1), where lgj(x) be the Lagrange-Jacobi

interpolation polynomials of degree p, j =0 or p on [—1,1] with 8 > —1,

(42) ||l~£,j||L%(I’) < CTY2(1 4+ B)(p + 1)~ 0+
and

~6 _
(4.3) 1 llz) < CT2(1 4 B)(p+1)7

with the constant C independent of p and (3.

28
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PRrROOF. Due to Theorem 3.6, we have by the mapping & = ’”T“

~ 1 -
(4.4) ng,jHLé(I/) = ﬁ“lﬁjHL%(I) < CTY2(1 4 B)(p+ 1)~ 1A,

By Theorem 3.5, we have

~ﬂ ~ _
(4.5) 17 2y < CIE 2y < CT (14 B)(p+ 1) 7.

For any vertex V' of T, we define an average as

_ ZTGQV UT(V)

ny

(4.6) (V)

where (v is a patch center at the vertex V', and ny denotes the number of elements in the
patch Q. We modify vy as

U(Tl) :vT+w(Tl)

with

wlg

wy) = (ﬁp(Vl)—vT(Vl))(:rer)[g]lﬁ,[}( ; )Zfﬂ, (z+y)

17-8

iz 12 <1 —
_ P i ~

+ @) — o)1 - )8 (7))

+ (T(Ve) = vr(12))(1 — )

—_
|
<
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where ZN; Jﬂ (€), 7 = 0, p is a Bouzitat-type polynomial (Lagrange-Jacobi interpolation poly-

nomials) of degree p such that

Va

Fig. 4.1 Two neighborhood triangle mesh

We further modify vz(,l) on each internal edge v which is shared by a pair of elements T}
and Tp. We may assume vy, = {(2,0)[0 <2 <1}, 71 = {(z,9)|[0 < z,y < 1,0 <z 4y < 1},

Ty ={(z,y)0<2<1,-1<y<0,-1<y—x<0} Let

() = o) (w,0) — vl (2, 0),

note that ¢,(z)],, = vy (0,0) — v%)(0,0) = 0. And ¢,(1) = v},)(1,0) — v} (1,0) = 0, let

QNﬁ,Y(QZ) = ¢1”_(z), () is a polynomial.
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We extend this function in the patch of s : T, UT, by

302 (2) (1= )Y (T (L=9) = 36, @ T (I (1 - )
g w,\hl
wy— _
—30, (@)1 = )T 0+ D) = =30, @)L (v + 1)
= Wy,2.

Note that w, vanishes on the boundary of ), and can be extended to whole domain €2 by

a zero extension outside of (),,. Let

wé?) = Z Wy, w? = Z We,

~edT NOT ~edT

and let v,(f) be a piecewise polynomial on {2

vf) = vél) +w®,

Then I, %0 = o)) € $P1(Q, T), and
(4.7) 70 = v, + w® + w®.

We have completed the construction of the quasi Jacobi projection which has desired
properties which are essential in the prof of the upper bound of the error. To prove the

theorems, we need several lemmas.
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Lemma 4.2. (Lemma 4.1 of [25] ) Let ¢,(§) be a polynomial of degree p > 0 on I = (—1,1).

Then for s > 14 f andﬁZ—%,

C
(4.8) [epllcoqy < WH%’ Hs8(1)
and
1
(4.9) lepllcoqy < Clog?(p+ L)|l@pll ai+esry
with C' independent of p.
Fors> 4 and -1 < < —3
C
(4.10) lepllco < WH%HHW(I)
with C' independent of p and (.
Furthermore, there hold for > —1 and s > 1+ (8
C
(4.11) op(£1)] < lpll o6 (r)

T LA+ B)(s -5 1)
and for s =1+

C'log? (p+1)

(4-12) ‘@p(ilﬂ < F(1+6) ||90PHH1+B’B(I)

with C' independent of p and (.
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Lemma 4.3. For 8 > —1, there holds for s > 1+ j3

C32B+D) g (p+1)

1

(413) Hw;)HL%(T) < (p—|— 1 20611 Z Z ”UT/ —’UT//
T/ T”GQT y= T/ ﬂ T//

H:8(v)

PROOF. By Lemma 4.1, let p* = [£] we can easily get for 81 = f = B3 = > —1

1 -
= /(lﬁ ( ’ )lﬁ ())Zxﬁyﬁ(l—x—y)ﬁdyda:

1—y’'?

_oA\[2158 L\ 2 78 B
(4.14) 10 =)0, (T s Wy < e yﬂ W32y

= C [ @ OF P - "1 - dsar

< ¢ / (. (€))7 (1 — €)7de - / —)dn

p+ 1) 4(B8+1)

< mﬂu+m@vﬂmngcﬂa+ﬂm ;

The above argument can leads to an analogies estimate

- 1\ —4(8+1)
@15) =) ()l @l < o+ s (=)

Y

33
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Similarly we can get

e T . T
416 0 I ) < G+ 0l
x ~ 2
= /(lg’}’ﬂ(x—i— )lﬁ)} (:B—l—y)) 2PyP (1 — 2 — y)Pdydx
= O [ @O )P0 =€ (1 =)

< C / (1. (€)% (1 — ©)Pde - / (@, ;(m)*n°(1 = n)Pdn

P+ 1) —4(8+1)

< (L4 ) < o1+ 8) (P

Let V be a vertex of T and let Qy = >_1" | T; with Ty = T and v; = T;( Tix1, 1 < i <m,
where the edges sharing the common vertex V' which are not on 0f).

Note that

Then for i = 1, by (4.12)

C 1
_ < _ 7 ooz _
‘UT2(V) Uy (V)‘ = F(l +6) log (p+ 1)||UT2 ur, i)
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and for i # 1
417 o, (V) —on (V)] < ) for, (V) = v (V)

N 7
10g2 (p + 1) Z ||UTj+1 — Uty HHlJrB’B(’Y]’)'
j=1

= I(1+p)

Therefore combining (4.14)-(4.16) we can obtain (4.13).

35

Lemma 4.4. Ifu € HY?(T) where 8 = (B, Ba, B3), witht > 1+ s+ B, 1 <i < 3 for some

s > 0 and B; > —1, there holds on the side v; of T

(4.18) ||ul

HP7i () < q)(tu S, B)HUHHtB(T)

where @(t) 376) = 25i(tfsfcﬂ€2jf)JF2(1+gi) and B’yl = (63752)7 672 = (51763); 673 = (62761).

PrRoOOF. By Lemma 3.3, we may write

o0

U= Z ai(x 4 y) g0 <—i _T_ z) Jf3’2i+ﬂ1+’32+1(2x +2y —1).
i,7>0

On 73 = {(;p)y)‘@'—}-y: 1,0<z,y < 1} we have

o0
uly, = u(w,l—x)=> ayJ" (20— 1)JP2E ()
1,§20
o0

_ Z (Zaijjf372i+/31+ﬂ2+1(1))Jéﬁz,ﬁl (2:[‘ _ 1) _ Z biJZfBQ”Bl (5)7

>0 520 120
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with
o
b; = Z aijr]f3’21+ﬁl+ﬁ2+l(1)>
Jj=0

and { =2r—1,-1 <L 1L

Therefore there holds for s > 0, 8,, = (B2, /1):

et OZ\W PP (1 g 2),

>0

Note that
|b2‘2 _ |Zaij(]jﬁ3,2i+ﬂ1+ﬁ2+1(1)|2
j=>0
sa2it a1 ’J53,21+51+52+1( )‘2
2_ B3,2i+p1+B2+
< <Z ‘aw| (1 +Z +] )( 53,21+51+52+1(1 + 42 +j2)t—s)‘

7>0 7>0 ’7]
Due to the property (3.6) of the Jacobi polynomials we have for ¢ > s + 1 + f35,

oo ’Jﬁ3,2z+51+/52+1( )’2

< <Z (1+ )% )
St e gy +53 o L 4 )

Cy2-Ci+81+2)

1
: W@ G

C,2-CitT81+2)
(t—S—Bg — 1)F2(1+ﬁ3)7
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which implies

[ ul ?fsﬁ('yg)

Co - ,
< 9~ (2iH[8142) 4. 12 ,82,/31 Ba2ikBrtPatl | 4 ;2 4 2yt
T (t=s— B = DI(1+5s) 2 sl ( 7

i+520,2,520

As we know by (3.24)

||U||§1tﬂ(T)
t e’} . . . .
35D o-(it[8)+pr+pe+a) LA T+ DO+ 7+ 1+ [B] + )‘a N )
Ti+j—l+00G+j+[8]+2)"" g

=0 1,720

By Stirling formula, we have

D+ + D0+ +14[B]+2) (4 )20 45+ 14 [B] 4 1)
Pli+j—1+0)T6G+5+[8]+2) — (i + 7+ [B] 4+ 1)taHIBI+3/2(j 4 j — [)iti—+1/2

~ Ce?(i+j+1)%

We can get

o] t
HUH%WB(T) ~ Z 9~ (2i+[B]+P1+B2+3) ‘a |2 52751,753,2Z+51+52+1Z€—2l(i Ny 1)2l
i+72>0,2,5>0 1=0

12

o0
C Z 2—(2i+WJ+51+62+3 ‘aj|2 52751,753,2Z+51+52+1(1 +i2 +j2)t,

1+520,2,520
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which implies

) 00251-1-52 )
HS’B“B( ) < e _ 2 HuHHt»B(T)'
73 (t S 63 1)F (1 + 53)

i

In particular, when s = 0 and t > 1 + 3, we have

HUHHO’B%(%) < q)(t> 6)HUHH’5»B(T%

with

002/31+52
(1+B3)(t—1—B3)1/2

o1, 0) =

Due to Lemma 3.3,

u = Z Cing(%y),

4,520

and by (3.24), we have

||u||§{k»B(T)

= > 2—(2i+(ﬂj+62+53+3)r(7f +j DI+ +1+ 18] +2)
2

L(i+7—1+DT6G+j5+[B]+2)

2_ Bs,B2, B1,2i+P2+B3+1
|Cij| Yo Y .
1=0 i,j>0
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Then we have

uly, = u(0,y) = Z CiijB’ﬂQ(Qy _ 1)J],51,2i+,32+53+1(1)
4,720

= i (icijjf1,2i+ﬂ2+ﬁ3+l( ))Jﬁsﬁz Zb Jﬁ3,52

>0 j>0 i>0

with

oo
b; = Z CijJJ,@1,2i+ﬂ2+,33+l(1)’

720

and { =2y —1,—1 < ¢ < 1. Therefore there holds for s > 0, 8,, = (s, f2):

el e OZ |bs 2272 (1 4 2)°.
>0
By Cauchy-Schwarz inequality, we have
w .
‘bz|2 — ‘Zcijjf172l+ﬁ2+ﬂs+l(1)|
j=>0
> ‘Jﬂl’22+52+63+1( )‘2

IN

2 5,24—5 +83+1
(Z\%\ PR (1 4+ 57) )(Z B1 20+ o+ Bt

320 >0 (1+4+5%)

)

39
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Due to the property (3.6) of the Jacobi polynomials we have for ¢t > s+ 1 + /3y,

| J51,21+52+/33+1 ( ) |2

(1+5)*

Jj=0 7]

which implies

1

51,21+52+ﬁ3+1(1+22+j2)t_s

H*P (1)

Co Z 0-(it[BI42) |, |2455.52

S (t—S—Bl—l)IQl—}—Bl

We can get

HUH?{W(T)

which implies

~

~

< 0027
- I+ 5)

+61 <Z ﬂ1722+ﬂ2+53+1(1+12+] )

j=0 7

(2i+[8]+2)

Cy2~(2i+8+2)

(t=s=5—DI?*(1+B)

,7=>0

B1,2i+F2+083

gl

1
( — (j + 1)2(t—s>—251—1)
JZ

+1(1+Z’2 +j2)t-

;)

C Z 2~ (2i4[8]+B2+B3+3) ‘C”P 83,82 /31,21+,82+53+1 Z e 2 Z Yt 1)21

1,720

00
C Z 2*(2i+wJ+52+53+3 ’C ’2 53,527]51,21+52+/53+1

i+520,i,520

00252+/33

[

t—s— B —

DI2(1+ 6y)

(1 +22 +j2)t

lull sy

40
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In particular, when s =0 and t > 1 + 31, we have

HUHHWM (1) < Q)(t7 5)HUHHtﬁ(T)a
with

00252+ﬁ3

25) = D(L4B)(t — 1= p)Y/%

Similarly, we have the result on v, = {(z,0)|0 < z < 1} with 8,, = (61, f3):

B1+583
I Coz ol
(2) (t —s— By — D21+ 3s)

when t > 1+ s+ (.

Lemma 4.5. Let v =T, (T2 shown in Fig 4.1. For 3=, = 3y = 3 € (—1,—1/2) and

€ (24 28, 1] there holds

Caft)
(1419) o = vsllmeoscy < gy D7 3 Wolmoy

and for p € (—1,0) and t € (1 + B3, 1] there holds

_Git) -1
(4.20) lor, =g < gy P+ mzl2||v|Hme

with Ci(t) = Co228(t —i(1+ B))~Y/2, i =1,2.
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PROOF. Note that

oz, — vnlaney < ) o= vr, |l esscy).-
m=1,2

Applying Lemma 4.4 with s = 1 4 8 and Theorem 3.4, we have for ¢t € (2(1 + (), 1],

Co228(t —2 —2p)"1/2
lv = v, lmesne) < T+ 5) lv = vr, s ()

Co2%(t —2—2p3)71/2
- I'(1+p)

(p+ 1)t_1||UHH1a5(Tm)7

which implies (4.19).

Similarly, we have for s = 0 and t € (1 + ,1]

HUT1 - ’UTQHL%(’Y) < Z HU - UTmHL%('y)

m=1,2
Co2%(t—1— 5)—1/2 Z
< v — UTmHHtﬂ(Tm)
F(l + B) m=1,2
Co2%(t —1—pB)~1/2
< (p+1)" Z [Vl zr1.8(2,) -
I(1+p) =,

Lemma 4.6. Let v =Ty (T2 shown in Fig 4.1 and w. be defined in. Then there holds for

5 € (_17 _1/2)

(4.21) Z vaHLg(Tm) < C(e, B)(p+ 1) og"*(p+ 1) Z ]| .81,

m=1,2 m=1,2
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PrOOF. In T, for v = {(z,0)[0 <z < 1}

l—2z—y. 4
)lﬁp P]_l(l _y)'

Wy = Wy = d)v( (e

In 77 ={(z,y)|0 < z,y,z+y < 1}, we can easily get:

(<17 T—Y

<1

— Y

l1—z

then we can get

By Theorem 3.6

1 -
vaH%g(Tl) < CZHl[ﬂg],L[g},l(l_y)H%Q ||UTl _UT2 HLQ('y

< CT(1+B)(p+ 1)t Hle - UTQ HLQ('y

Note that

( (1) ())‘

1 1
o — o), = (ony, — vp) ]y + (W) = wiD)],.

By Lemma 4.5 there holds for ¢ € (1 + 3, 1).

Co22(t — 1 — B)~1/2
I(1+p)

(p+1) Z [Vl zr1.8(2,0) -

m=1,2

Hle - ’UTQHL%(’Y) <

43
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Select t =14+ € < 1 with € € (0,1 + ) we have

Co2?Pe P2

_ 1)ct? 1 .

m=1,2

(4.22) lor, = vn [l225) <
And by the definition we have:

() = wi))y = (vn (V) = o, (V)BT o) (@) + (01, (Va) — v (Va))y o2):
Due to Lemma 4.1, there holds

1 1 .
Juf) =0y < lon () = vn (VPRI @)
+ ‘UTI (‘/3) - UTQ(%)‘2’|i€g]7o(x)H%%(»y)

< GL(L+p)220 0y (p+ 1) 2oy, (V) — v, (V)

1=1,3

44

Applying Lemma 4.2 and Lemma 4.5 with t = 24+28+¢, € € (0,2+2f8) and § € (—1,—1/2),

we obtain

Colog"?(p +1)
I(1+p)
Colog'?(p +1)
r2(1+p)

|UT1 (‘/l) — Un, (‘/l)‘ S

HUT1 — U HHHB»B(v)

(p—|—1)1+e+256*1/2 Z HUHHl,B(Tm),

m=1,2
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which implies

e 12(p + 1) P log2(p + 1) Z ]| 181,
m=1,2

(1) _ ()2 Co
42 lwr, —wile < mrg 5

Note that for g € (—1,—1/2)
0<2+28<1+p08<1.

Then a combination leads to

(4.24) Y lwnllzm,) < CleB)p+ 1) og (0 +1) D llollanse,,

m=1,2 m=1,2

with C(e, B) = Coe 2I'"Y2(14 3) and € € (0,2 + 23). O

Lemma 4.7. Let v = TlﬂTg be a common side of elements T and Ty with the ending

points Vi and V. Then there holds for p € (—1,—1/2)

(4.25) Hw(l)HL%(«/) < Cle, B)(p+ 1) log'?(p + 1) Z Z V] e8¢y

=1,2T"CQy,

with C(e, B) = Coe /2T =3/2(1 + B) and € € (0,2 + 283).
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PROOF. We consider v = v, = {(z,0)|0 < 2 < 1}, due to the definition of w(

e

( {g](Vl) _UT1(V1))37[3]Z[ 21,2 }( ) ( [%}(V?)) UT1(V3))Z[P]0( )_ wgli on 7 ﬂTl

(51 (Vi) = vr, (V)BT o) (2) + (B13)(Va) = v (Vo)) o) = wiiy om 72 N T

It is sufficient to show

@15y (V) = vz, (Va)) I (@) 3.y < Cle B) (0 + 1) log!* (p + 1) > Mollansa,

T’CQV3

and

| @5)(V2) — v, (V)BT () 3oy < Cle D)o+ 1 1og2 (0 4+ 1) 3 el

T’CQV1

By Theorem 3.6, we get

(4.26) széLo(m)HLg(«,g) < C()Fl/2(1 + B)(p + 1)_(1+ﬂ),

and

(4.27) 28 (@)l 300 < Col™2(1+ B)(p+ 1)~ 49,
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Due to (4.17)

_ (Jlogl/2 p+1
(4.28) "U[%}(VE) —n (Vl)‘ < F(l —ﬁ 5) ) Z Z H’UT/ — ’UT//HH1+B,L3(,YQ).

T,7TNCQ‘/I ’Y3 :T/ ﬂ T//

Applying Lemma 4.5 with t =24+ 25 +¢€, € € (0,2 + 28) and 5 € (—1,—1/2) we have

71/21 1/2 1
(420) [y (V) — o (V)] < o8 0 D)

1 14+28+e€ ’ .
= T2(1 + 3) (p+1) Z V]l 1.8 vy

T’CQVl

47

Combing (4.28) and (4.29) we obtain proof for w!), which can be proved similarly for

7,1

)
Wy2:

O

Lemma 4.8. Let v = TlﬂTg be a common side of elements Ty and Ty with the ending

points Vi and V. Then there holds for p € (—1,—1/2)

—-1/2

Ce .
(4.30) Hw(Z)HL%('y) < m(?+ 1)**log"2(p + 1) Z V]| r1.8(1,,) -

m=1,2

PrOOF. Consider v = v, = {(z,0)]|0 < 2 < 1}, due to the definition of w®
w(2)|"12 -

(1) (1))

. 1 1
with ¢’Y(x) - (Ué—b) - Ué“l))‘w - (UTQ - UT1)|"/2 + (ng - Wpy |"12'
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Due to (4.22)

(E— O i S
’UTQ_/UTl LQ(’y) Sip—i_l ‘ v Hlﬁ(Tm)?
T T(1+ B) =,
with € € (0,14 ), and by (4.23)
0671/2 .
lwly) —wi, HL (1) < m(PJr D log"?(p+1) > |ollara,),
m=1,2
with € € (0,2 + 2/3), which lead to
w26 < N@m = v1) 20 + (@5 — w200
06_1/2 .
< m(er )7 log"?(p + 1) Z [Vl r1.8(2,)-

m=1,2

Theorem 4.9. Forv € HY7P(1), there holds for f € (1/2,1)

(4.31) lo =170 g2y < Clp+ 1) log(L+p) Y olla-s)
T eQr

with C' independent of p and (.

PROOF. Due to the definition of the quasi Jacobi projection

_ 1
(4.32) |lv =170 12 iy < llv = vrllze oy + 0 iz oy + Y llwyllez -
~yCOT (N OT

48
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By property of Jacobi projection, there holds
(4.33) lv = vrllzz iy < Clo+ 1) Hlvlla-ser).

Applying Lemma 4.3 and Lemma 4.5 with t =2 — 25 4 € and € € (0,2 — 2(3) we have

(4.34) Hw(l)HLiB(T) < C(p+1)*@Y log? (p+1) Z Z [vpn — v || g1-5.-8(4)
T/ T//GQT ,yET//nT/
Ce /2

< _(p+1)TelogI(p+ 1 N
< F(l—ﬁ)(p+ ) ogz(p+1) Z ]| 1 -5 1)

T'eQr

By Lemma 4.6 with € € (0,2 — 20)

00671/2 . 1

(435) Hw'YHL%B(T) S m(p + 1) 1+ 10g2 (1 +p) Z H’UHHI,—B(T/)
T'eQy

A combination of (4.32)-(4.35) leads to

lo — H;ﬁUHLEB(T) <
(4.36) (Cle,~B)p+ 1) ogE(1+p) + Colp+ 1)) > Nollr-eerm
T eQr
Selecting € = W;er) < 1 — f for some integer m > 0, we have
(4.37) e 2(p+1)° = V2elog? (p + m).

Substituting (4.37) into (4.36) we obtain (4.31). O
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Theorem 4.10. Let v =T, (\Ty. If v € H (1), there holds for 8 € (1/2,1)

(4.38) |lv — H?BUHLEB(W) <CI'(1—-B)(p+1) " log(p+1) Z Z vl -5y

=1,2T"CQy,

with C' independent of p and B, where V;, | = 1,2 are two end points of ~.

PROOF.
(v =T 0) |, = (v —op,)|y +w
By theorem 3.3 of [32] and Lemma 4.4 with =1 — §+ ¢ and € € (0,1 — /) we have

(4.39) lv—vnllez oy < @ =B)llv —onlla—sem)

Ce /2
< 1) 8 -

Applying Lemma 4.7 and Lemma 4.8 we have

—-1/2

Ce
1 6
[wll2 ) < o1 5) p+1 55 S ollansy

1=1,2T"CQy,

and

06_1/2 o 1
Hw'ylHLQ ) = W(p+ D Plog2(p+1) > |[vlla-scz,),

m=1,2

50
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which together with (4.39) leads to

lo =170 g2y < CTTH A= B)e 2+ 1) PlogP(p+1) Y > llollan-ser)

I=1,2T"CQy,

Selecting € as in (4.37) we obtain (4.38). O

4.2. Upper and Lower bound of Error in term of Estimator and Indicator

Theorem 4.11. Let e = u—ug be the error of the finite element solution in SP*(Q, 7). Then

there holds for 8 € (3,1),

(4.40) [[le[l] < Ci(p)n

where C1(p) = Cylog(p + 1) with Cy independent of p and .

PROOF. First, let v € C§°(Q2), and let H;—ﬁv be its quasi Jacobi projection on SP1(Q, T).

Then

(4.41)B(e,v) = B(e,v — I1;70) = Z /T (v — 1 v)de +

TiET

Z /R(v — 11 %v)ds.

~edT v
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By Theorem 4.9 and Theorem 4.10, we have for € € (0,1 — ()

H;JB’U HLQ_B(T'L)

I3 [ o= 0de] € 3 Il

T;eT T;eT
1 2 i 2 =B, 1|12 i
< ( § o+ 1)2H7"||L§(Ti))2( E (p+1)%|lv — 117 UHLQ_ﬁ(Ti))Q
T;eT T;eT

1
< Clog(p+ Dl[vlm-sr(D_ nt,)?
TeT

and
| Z /R(v — 11 v)ds|
~yeaT v
1 1 - 1
(4.42) < Z WHRH%M)Q ( Z (p+1)*|lv - HTﬂUH%EB('y))Q
~yeDT ~yeOT
1
< Clog(p+ Vlvllg-ser (D n2)?
yeAT
A combination of (4.42) and (4.42) gives
(4.43) | B(e,v)| < Clog(p+ Vvl -5y - 1

The above estimation is valid for v € C3°(€2). By a density argument it can be proved for

all v € Hy ?(T). Therefore

B
wp 1Be)

<Clog(p+1)-n
vert 87y 1ol a1-s¢m)

which proves (4.40). O
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Lemma 4.12. The following inverse inequality holds for any polynomial ¢,(x,y) in P,(T),

T={(z,y)[0 < z,y,x+y < 1}

d
(4.44) / ’@@7(% y)‘QZL”BJrly’B(l —r— y)’BJrld:de
T

< Clp+ 1)2/ 0p(, ) [22PyP (1 — & — y)Pdady,
T

d
(4.45) / |d_y¢p(x’y)|2mﬁyﬁ+l(1 —r— y)ﬁﬂda:dy
T

< Clp+17? / 16,(2,9)|22° (1 — z — y)Pdady,
T
and

d d
(4.46) / |Z-(,y) = d—ysﬁp(z, )PPy T (1 — o — y)Pdady
T

< Clp+17? / 6y (2, 9) PP (1 — @ — y)Pdady.
T

PRrOOF. For any fixed y € [0, 1], by inverse inequality and mapping = =

have

1—y d
/ |- 0p(@ y)Pa" (1 =z —y) " da
0

1 dt dx 2 2

SRl N AR (A R e I

i 2 2 2

2

(A—y)(t+1)

2

1 do ((1—y)(t+1)7y) dt £+ 1y B+1 1—y)t BH1] —y
/ i 2 _‘2(1_y)5+1< ) <1_( ) —y) I

Y

we
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By the inverse inequality [17], (3.3), for > —1, ¢,(z) € P,(I) we have

(4.47 [ G D e (L ()
< sy [ a0 (Y ()

Then we can get

1—y d
| w1 = e
0

< -y [ o 0 (Y ()

1=y P x
=+ [ e s (1 ) T -

— Cpt1) / 1652, 9)P25(1 — z — )P

0

Integrating y which implies (4.44).

Similarly we can fixed z € [0, 1] and get

d
(4.48) / ]d—yqﬁp(x, y) P2y (1 — 2 — y) P dady
T

< Clp+ 1)2/ 0p(, ) [22PyP (1 — & — y)Pdady,
T

54
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y t
V, Va
T
V3 V3
[0} Vl X [0} V11 S

Fig. 4.2 Transform from triangle to triangle

Let M be the mapping of T onto T":

s=1y r=1—s—1

t=1-az—y Yy =S.

which maps V; to V3, V5 to V/, V3 to V. Let q;p(s,t) =¢,(1 —s—t,s), by (4.44), we have

d d 2, .6+1, B+1 B
il 4 1 -z —y)Pdad
[ ot = o)ty 0 = = g dady

d dt

s d ~ d ~ dt
@ + EQSP(S’ t)@ - %QSP(SJ)

ds d -~ 9
- s

d -~
= — t —
| gsorls) a0

sPTHP (1 — s — t)P T dsdt
d -
= | |5=0p(s, )" (1 — s — )M dsdt
T ds
< Clp+1)° | |p(s,t)Ps” (1 — s — t)%dsdt
T/

— Clpt1) / 16,2, 9)P2Py(1 — 2 — y)Pdady.
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O

Lemma 4.13. The following inverse inequality holds for any polynomial ¢,(x,y) in P,(T),

T={(z, )0 < 2,y,0+y <1}

(4.49) /\d)p z, )2 (1 —y)?2? 1P (1 — 2 — )P dady

< Cp+ 1)2/ |pp(z,y) 2y (1 — 2 — y)Pdady.
T

PROOF. For any fixed y € [0, 1], by mapping = = %, we have

/l_y |dp(z, )P (1 — 2z — )" da

- / o t“’,yﬂ?(l—y)ﬁ—l(%)ﬁ1(1_w_y)“1—_@w

= =gt [ (T ()

By the inverse inequality (7.9), we have

1-y
/ 16,2, )P (1 — @ — )P da
0

< CA-y)* p+1) / W)p )(2t+1) Y2 (t—i—l)ﬂ(l—t)ﬂdt

1-y ZL’ﬂ T
= C(p+1)2(1—y)_2/0 |¢p($,y)|2(1_y)ﬁ<1_ y)ﬁll (1) dy

= Co+10-97 [l Pl — )

Integrating y which implies (4.50). O
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Lemma 4.14. The following inverse inequality holds for —1 < o < B, any polynomial

(4.50) /T |y (, y)*(1 — y)Z(’B’a)xany(l — 1z —y)%dzdy

< Clo+ 129 [ gy Paty (1 — o — g)Pdudy
T

(4.51) / 16,(2, ) P(1 — 22008y (1 — z — ) dady
T

< Clp+1)20 / 16,2, ) P2PyP (1 — & — y)Pdady
T

and

(4.52) /T |dp(, )P (2 + )* M2y (1 — z — y)Pdady

< Clp+1)20- / 16,(2, )2y’ (1 — & — y)°dady
T

with C' depending on o and 3, but not on p and ¢,.

PROOF. For any fixed y € [0, 1], by mapping = = %, we have

1-y
/0 16, y) 2" (1 — 7 — y)*da

: 1l¢p<%,yw—w<%>“<l—%—yf%%

- 9 20— 1 2a+1/ |¢p t+1) y)|2(t+1)a(1—t)adt.
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By the inverse inequality (7.9), we have

1-y
/0 |Pp(, y)’2xa(1 —x—vy)%dz

t 1
< crmt- e e [ e (CED e - pa

8 51
= 0220 (p 4 1)2B-0) (] _ y)20+ / Sl Gt
C (p+ 1)1 —y) i 6o, )| (1_y)5< 1—y> Ty

1-y
= 22 (p 4+ 1)2B)(1 — y) =) / |pp(z, )2 (1 — 2 — y)°da.
0

Integrating y which implies (4.50).

(1—2)(t+1)
2

Similarly, we fixed any = € [0, 1], by mapping y = , it can be shown by same

argument that

[ Joulw ) P(1 = 2P0yt~ o g)dady
T

< Clpt 126 / 1652 y) PPy (1 — @ — y)Pdady.
T

Let M be the mapping of T" onto 7" shown as Fig 4.2:
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which maps V; to Vi, Vi to V{, Vs to VJ. Due to (4.50), let ¢,(s,t) = ¢p(1 — s —t,5), we

have

/ |6p(, ) (2 + Z/)Q(ﬁfa)iﬂaya(l —z —y)’dady

T

= [ 1. 00— 75000 sty
T/

< Clp+ 129 | g,(s,1)2°t7 (1 — s — t)Pdsdt
T/

= C(p+1)*7 / 16, (z, ) [22%yP (1 — & — y)Pdady.
T

Theorem 4.15. If f € P,(T), then for § € (0,1)
(4.53) llelllz = Cner.

with C' independent of p.

PROOF. Let v = rWsp = 2°y?(1 — z — y)Pr. Then v vanishes on 9T, and it can be
B, Y Y

extended by zero extension outside of 7. Substituting v in to (4.41), we have

(4.54) 171132 7y = (r,0) = Ble,v) < [[o]lzr-ser)lllell|r-
2(1)

Note that

(4.55) vl 22 ery = lI7llzer)
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and

\U’?{Lfﬁm = H(x(l—x—y))l/Qv;cH%EB(T)

I =2 = ) 02 o+ 1) (00 = )2
By a simple calculation we have

[(z(l —2 - y))l/%xH%Z_B(T)

= (B =z —y) = fo)2” 'y’ (L =z —y)"Mr +ray’ (1 -2 = y)*)ez (1L -2 — )2} )

IN

C(Hxﬁimyﬁ(l —x— y)ﬁ71/2(1 —2x — y)rH%EB(T) + Hﬂcﬂfﬁﬂmyﬁ(l - = y)ﬁH/QH%EB(T))
- / (1L — 9)* — da(1 — 2 — )e® P (1 -z — )P dady

+ / o 22 yP (1 — 2 — y)’BHda:dy)

IN

/\ | 2 2571 ﬁ(1—91:— )ﬁ 1dxdy—|—/|r\2 A B(l—a:— )’Bda:dy

+/ o221y P (1 — 2 — y)’Bdedy).
T
Since f € P,(T), r = f + Aug — ug € P,(T), and by Lemma 4.12-4.13, we have

/\ 2(1 )2 2571 5(1 —y)ﬂ_ldxdySC(p+1)2/ \r|2xﬁyﬁ(1—x—y)ﬁdxdy
T
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and

/ ro 22"y (1 — 2 — y) P dady < C(p+ 1)2/ Ir|22%yP (1 — x — y)Pdady,
T T

which implies
(4.56) [(z(1 -2 — y))l/QUxHL3B(T) < Clp+ Dlrllez ).
Similarly, it holds that
(4.57) 1y =2 =)0yl 2 ) < Clo+ Drllzery
and because
ve = vy = (Bly —2)a” Yy (1 = =) )+ (rp =1y )27y (1 — 2 —y)?,
we can get

l@9) (v = w132 0y < CI272y 21 =2 = 9)Pr32 o
+ [y — 12T 2P — - y)’BH%zB(T)

< ¢( / 221y (1 — & — ) dady + / ra = 1y PPy (1= 0 — ) ddy).
T T

61
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So by the Lemma 4.12-4.13 it can easily get

(4.58) H(:zcy)l/Q(vx - Uy)HLQ_B(T) <C(p+ 1)H7“HL2(T)

which yields

(4.59) HUHHL*B(T) <C(p+ 1)H7"HL§,(T)-
Therefore

HTH?P(T)
(4.60) llelllr = == Clp+ 1) I7ll2 ;) = Cir-

HUHHL*ﬁ(T)

Theorem 4.16. If R, = R|, € P,(v),y € 0T, there holds for 8 € (0,1)
(4.61) > lelllr = 21 =p)p+1)"n,,  Vyeor
TeQy

where Q). is a pair of elements sharing .

PROOF. Suppose v = {(0,9)[0 < y < 1} = T1(T» as Fig 4.3 shown. Let ¢, =
v (1 — y)%ﬁRV with 8 € (0,1) and let v, = wv(y)l;g(E—'). Then v, vanishes on 0@, and it

can be extended by a zero extension outside of @),.
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y
T T2
0 X
Fig. 4.3
Note that
(4.62) Il ) = 1Rz
Introducing the mapping
z=¢(1—mn)
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which maps T3 onto square S: (0,1) x (0, 1), we have by Lemma 4.1

(4.63) lollz2 ) = 3(9)(l;§(ﬂ))2x’5y’5(1 —x —y) Pdudy
= [ VX)) P(L— &) PP (1 — ) Pdedn
_ / RO EP (1 — € PP (1 — ) Pdedn

< CT(A=B)p+D)* VIR, |55,

Similarly, introducing the mapping

which maps 77 onto square S: (0,1) x (0,1). We have the similarly results by the same

argument:
(4.64) I 122 ) < CT( = B)(p+ 1P| Ryl

Note that

0 v :w'y(y)[,*ﬂ

%(’7) 1_y p,O(l_y

||




4.2. UPPER AND LOWER BOUND OF ERROR IN TERM OF ESTIMATOR AND INDICATOR

By Lemma 4.1, we have for m = 1,2

(4.65) 1211 = ] = y))2 o ()2

i SIS

= [ R L Plel(1 = ol = el ol =) Py
= [ IR @PIT P11 = &) (1 =) ey

< Cr(1-p8)(p+ 1)2ﬂ||RW||%g('y)

Similarly we have

a%(m) = (B )P (- DRy ) + 970 yﬁﬁRw)”;@(l’f‘y)
- lxl la
+y’8(1—y) /R (Y )lpo(l_y)' (1—y)?
and
1 0
[(y(1 = |z] — Z/))Ea—y(%)HHB(Tm)

< Ol - 9)P 0 = SR~ el = )iz
T T M i (S YCR T R T PP
= PR W0 ) = bl = ) m,)
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By Lemma 4.1 and Theorem 7.9, we have

(4.66) [|y" (1 — )21 — Y1 (y) ;5(1 — y)(y(l S E)E 122 (7

- /T <yﬂ71(1 —0)P (- gy)RV(yf%g(Jf'y)ry(l =] = y)a Py (1 = |z — y)Pdxdy

= [ IR R Py (1 =) (1 = SRy

IN

1 1
¢ [ e -9 e [ IR Pr 0 -0y
0 0

< CT(1-p)p+ 1)2BHR’YH%%(’Y)’

by Lemma 4.1 and Theorem 3.5, we have

3 o 1
(4.67) ly*(1 = 9)2" Ry, 15 ( y)(y(l = |zl =v))212 im0

3 =g, |T 2 5 _
= [ (P00 R - bl - )y el — ) sy
T,

B /s ’2;5(6)‘267%1 - f)iﬁﬂ‘R%n(n)‘ZUﬂH(l - 77)3+ﬁd§d77

IN

1 1
0/0 \l;€(§)|2§‘6(1—§)‘6d€/0 | Ry ()P (1 = ) dn

< CT(1=B)p+ VPR |7,
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and

a ) - (1 |—x‘y)2(y(1 = Il = )2 122

1.2

. a Oy (1—y)

49(1 — |x| - Z/)xfﬁyf’g(l — |z| = y)Pdady

< CT(1-=p8)p+ 1)46HR“/||%§(V)‘

Combining (4.66)-(4.68) we have
1 0 <cri?( D*|R
(4.69) (y(1 = |2| — y))ga—y(v,y)]\Lgﬁ(Tm) < (1=p8)p+ 1) ’YHL%(’Y).
Similarly we have
1.0 0 10 3 9
1) (o) = 30Dl y < el (02 + el )21
< CTY2(1=B)(p + 1| Ry [l 2

which yields

(4.70) losllan-ncry < CTY2(1 = B) 0+ DRy 20
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From the definition of residual

(4.71) B(e,vy) = Z /rvvdctdij/vads
T 8l

T€Q,

there holds

IRy = 3 (Blecw)r = [ rodady

TeRy r
< > (llelllelioghm-sery + Irllzz oyl 22 )
TeQ,
< > (llelllelioglm-sery + 0+ Dlllellzllos 22 ,er)
TeQ,
< CTY2(1=B)(p+ V¥R I3y D Mllelllr,
TeRy
which implies (4.61). O

4.3. The modified indicators 77, 1, and modified estimator 7

In general the residual r; € P,(T;), and the jump R

2i& Pp(7) if the basis functions are
the images of shape functions defined on the standard triangle element and the corresponding
mapping is not linear. Therefore, Theorem 4.15 and 4.16 do not hold in general. We need

to investigate the modified indicators 7y and 7, as the lower bound of the error.

Theorem 4.17. Let 1, nr and 1, be the modified error estimator and indicators defined in

(2.7)-(2.9), and let 112 and 115 be the Jacobi projection operators on Py(T) and Py(7y) with



4.3. THE MODIFIED INDICATORS #r, 77y AND

€ (1/2,1) respectively. Then

MODIFIED ESTIMATOR 7 69

(472) llelll < ) (7 + 0+ D7D I =T fllizery + 0+ 17 D 1R = TRl 12

TeT

yeoT

with C1(p) = Co log(p + 1) and Cy independent of p, 3.

ProOOF. Let r, = H?r, I = H?“f? and let R, = Hf

o), = (1)
<7"v TUT Tp, U TUT+

and

(R,v - H}ﬂv) = (Rp,v — H}%)
v

y

+ (R Ry v H;%) .

R. Then

(s,

v
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Then we have from (4.40)

Ble,o)| <3 (Ilpllizen llo = T770lzz oy + 1 = Follzzeny o = Tl z2 ) )

TeT

+) (HRPHL%('y) [ — HTFBUHLQ_B(W) + 1R = Rpllrze llv = H}%HL%(VO

vEOT
1 _ 1
< (X @+10 22t + o+ D72 = fylldar)?)
TeT TeT
1
_ 2
(Z p+1) HU_HTBUHiEﬁ(T))
TeT
1 _ 1
+ ((C o+ D UR )+ (3 0+ )2 R = Ryl2,)t)
~edT ¥edT
1
_ 2
(3 o+ 1% o -1, )
~yeIT
1
_ 1 -8 2
< (BT e+0 = FlBar)?) (X 0+ 02l - 1703 )
TeT TeT TeT
1
_ 1 _ 2
+ ( Z )Y+ (Z(P‘i‘l) 2 HR_RpHi%('y))2> < Z (p+1)* HU—HT%H%%B(V)> '

~eAT ~eOT ~eAT
Due to Theorem 4.9 and Theorem 4.10 we have
[Ble,v)| < Cloge+ D (7+ (p+ 1) Y1 =TS iz + 0+ 1) Y IR =TE Rz ),
TeT ~edT

which implies (4.72).
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Theorem 4.18. Let iy be the modified error indicator defined in (2.8). Then

(4.73) it < C(p+ D' llelllr + (p+ 177 1f = I flaaer)
or
(4.74) llelllr = € (= o+ 17 If = T flzem))-

PROOF. Let v = Wy rry,, where 7, is L3(T') projection of 7 on P,(T). Then v vanishes

on JT and is extend by zero extension outside of 7". Substituting v into (4.41), we have

(4.75) Ble,v)r = (r,v) = lIrpllz ) + (f = for0) < [0llir-sery lllelllr

Since r, € P,(T'), (4.55) and (4.59) hold, i.e.

(4.76) 1ol ry = llI7pllezr)
and
(4.77) HUHHL—ﬁ(T) <C(p+1) H%HL%(T);

which lead to immediately

l7allZzry < € 0+ 1) gz lllelllr + 1LF = TSl rzery vl oz -



4.3. THE MODIFIED INDICATORS 7r, n, AND MODIFIED ESTIMATOR 7 72

Then (4.73) and (4.74) follow immediately. O

Theorem 4.19. Let 1}, be the modified error indicator on internal edge v = Ty N Ty, then
(4.78)

i< CTH1=8) 32 (+ D2lllelllr + G+ D7 = Fyllize) + 0+ 17 IR = Ryl
TeQ,

(4.79)

> llelllr > CF_%(l—B)(PJrl)_ﬁ(m—p_ﬂ HR_RPHL%('y))_(p_}_l)_ﬁ_l o= Follzey:

TeRy TeQy

PROOF. Suppose v = {(0,)|0 < y < 1} = T; (T3 as shown in Fig 4.3. Let R, be the
L%('y) projection of R on P(v), and let ¢, = W5, R, = y°(1 — y)’R, with 8 € (0,1) and
let v, = ¢W(y)l;€(2\l%y| —1). Then v, vanishes on J@Q).,, and it can be extended by a zero
extension outside of @),,.

Since R, € Py(7), (4.63)-(4.70) are valid, i.e. for m =1,2
(4.80) losll22 sy < CTY2(1=B) (p+ 1P| Ryll2
and

(481) 0y -y < TV (1= B) (p+ 1% | Byl 3.
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For v, there holds

B(e,v,) = Z/ Tv7d$+/Rv7dS

m=1,2
= Z / ’I“pUWdI—l-/ (r—mp) vq,dac—l—/vaq,ds%—/(R—Rp) vy ds
m=1,2 v Y

which together with (4.80)-(4.81) gives

1Rollz = [ Ryosds
Y

= Z <B(e,vv)Tm—/ rpvwdx%—/ (fp— f)ouyde +/ R, — R)v.,ds
Tm m Y

m=1,2

< 32 (lelllz losllmescry + Il oz )
m=1,2

+ Y = fllzaallollzz ) + 1By = Rlliz ) [1Roll 2

m=1,2

Due to (4.80) and (4.81) we further have

IRollzey < CTHI=B) 0+ D IRyllzzey o (04 D7 Nlellm, + 0+ 17U = fyllzzcr)

m=1,2

1Ry = Rllzz ) 1Rollize)

which implies to (4.78) and (4.79).



CHAPTER 5

The computation of Finite Element Method of p-version

The finite element solution uy € Sy C E(f2) satisfies
(5.1) B(uy,v) = F(v) Vv € Sy.

Selecting basis functions ¢;(x,y),1 <i < N and substituting

N
un = E Ci%j,
Jj=1

and

U = @i, 221727aN

into (5.1), we have

N
B eipi, 00 = Flg), i=12 N
j=1

Since B is bilinear,we get

> Bl @) = Flgi), i=12-- N.

N
j=1

74
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Letting A" = (aij)N with a;; = B(gpj, ©i) = B(ps, 903')7 and N = (b1, b, - - - >bN)T

ij i.j=1

with b; = F(¢;), we have finite element formulation in matrix form

(5.2) AC =

with C = (c1,c0, -+ ,en)T.

In this chapter we concentrate on computational aspects of the finite element solutions,
including the computation of the matrix A and the vector b, numerical integration, the
structure of indicator of finite element algorithm.

We consider the base of the finite element space Sy C H*(Q2) (or H}(Q) ). Usually
piecewise polynomials are used for the base of Sy, we need to divide the domain €2 into
small subdomains €2;,1 < i < M. The union of subdomains Uf\il ); is called a mesh on €2 or
a partition of 2. Fach subdomain ); is called an element. €); is a triangle or a quadrilateral

(curved or straight line), and there holds

2
Il
=
p\

.
Il
—

We now construct basis functions of Sy. The global basis functions for Sy, which are
piecewise and continuous, are defined on each element 2,,, then are pieced together on (2.
For efficiency of the program, modern finite element method use the following strategy in

construction of basis functions:
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(1) Select a standard element(Master element),and define a series of standard function:
N;(&,n), which are polynomial in £ and 7 of degree p;. These polynomials are
called shape functions. There are two type of standard elements : a square S =
(—=1,1) x (—=1,1) and an equilateral triangle 7.

(2) Define a series mappings M,, of S (or T') onto ,,,1 <m < M,

My, o= Xn(&,n),y =Yn(&n).

The inverse M, ! is written as

Mnibl =D (z,y),n = Vn(x,y).

(3) Define local basis functions ¢, ;(z,y) are "pull back polynomial” defined on S or

T.

¢m,j = Nj(anl(x’y)) = Nj(q)m(x>y)> Illm(x7y))

(4) Global basis function ¢;(z,y) combining local basis functions ¢,,; such that ¢;(z, y)
is continuous and supp.p;(x,y) is as small as possible, i.e., the global basis func-
tions are zero almost everywhere except a few elements, where supp.p;(z,y) is a

measurement of the set {(x,y) : ¢;(z,y) # 0}.

The shape functions N;(&, ) are polynomials defined on the standard square S = (—1,1)x
(—1,1) or triangle T'= {(&,n) | 0 < &, 1, +n < 1} with vertices P, and sides I';,1 < ¢ < 4

or 3 as shown.
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1. Local basis functions

Let M, be the mapping: S( or T') — 2,

M,, : ,

and let M, be its inverse: ,, — S( or T'),

M- § = q)m(x>y)

m

n= ‘Ilm(x> y)

The local basis functions on the element €2, are defined as images of shape functions under

the inverse mapping M, !, i.e.

where N;(&,n) are the shape functions on S(or 7)), 1 < m < M and 1 < i < I(p). I(p)
is the number of local basis functions for the polynomial degree p on the element €2, with
I(p) = 4p for p < 3 and I(p) = 4p + ®=2®=3) 41 1) > 4 on a quadrilateral element, and

2

I(p)=3pforp<2and I(p) =3p+ @_%ﬂ for p > 3 on a triangular element.

2. Global basis functions
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The N-dimensional finite element subspace SY has N global basis functions: o1 (z, ), ©2(z,y), - - -

on(x,y). Those global basis functions are selected such that

Gm,;(T,y) on a few elements €,
0 on most elements

and @;(x,y) is a continuous piecewise polynomial with the smallest possible support.
1. Stiffness matrix

The finite element formulation results in a linear system
AC =b
where A = (a;;);—; and b= (b1, by, - - - by)" with
aij = B(@i, 5) = /Q (Vi - Vg + cpip;)dady

and

bizF(sDi)Z/fsoidxder/ gpids.
Q FN

We decompose A into K and M such that

A=K+ M = (kij)Z]'szl + (mij)N

1,j=1
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with

kz‘j:/v%'v%dxdy, m;; Z/ccpicpjdxdy.
Q Q

K, M and b are called stiffness matrix,mass matrix and load vector,respectively.

(9% 3% Op; 0p;
kij / Vg - Vgpjdxdy—z / 9z 92 T 9y B Ydady

where M, is the total number of elements. If Supp.p; (| Supp.¢; = @, or Supp.; () Supp.¢; #
O but Q,,, ¢ Supp.p; [ Supp.p;, the value of integral over Q,,, is zero. If Q,,, C Supp.p; () Supp.;,

then

0p; % 0p; % B / ON; 35 ON, On . ,ON, % ON,, @
/Q ( " Jdady = {( = oy 9! 0¢ Ox * on 8:5)

S 0x Oz dy Oy 0¢ dx O Ox
ON 9O  ON On, ON, 0§ ON,On
% il % dédn = k("
Geay+ a0y T oy oy oy J1lE
where |.J,,,| = |det(J)],
I 82(—57" a(;(—nm _ Ju Jig
Wy O o oo

= Xn(&n) and y = Y,,(§,n) are the mapping functions for M,,.
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In practical computation we compute the local quantity for kl(? in each element €2,,,
which form local stiffness matrices K™, then contribute these local quantities to k;; of the

global stiffness matrix.

Computation of local stiffness matrix

Km —

where n,, is the number of shape functions for degree p,,, which is called element degree of

freedom (EDOF).

The each entry of K™ is given

. ON, ¢ ON,on. ON, 96  ON, Oy
= [ {(Ge L0 )+

O¢ x| on oz’ 9 dx | On Oz
ON,9¢ AN, dn. N, 96 N,
((95 dy | on 8y)( o€ oy | an ay)}“]m‘dgd”

where N; and N,, are shape functions,1 <[, n < n,,.
2. Mass matrix

Similarly,we compute M = (m;)}¥;,_, with

mgj = Z / cpipidrdy

Qi CSupp.piNSupp.¢; m
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If Supp.; N Supp.p; = O, or Q,, ¢ Supp.; N Supp.p;, then m;; = 0. For Q,,, C Supp.p; N
Supp.@;

/ coipydudy — / NN, | Tldedn = m{™
m S

where |J,,| is the same as in computation of stiffness matrix.

These local quantities ml(:';) form a local mass matrix

m m)\ Ny,
M( ) = (ml(,n))l,nzl‘

3. Load vector

According to finite element formulation, the component of the load vector

b, = / feidrdy + / gpids
Q FN

M.
= > | fededy+ gepids
Q T
m=1 m

AN N #p Y TNNOm

= fi+g

We denote (f17f27"' 7fN)T and (917927"' 7gN)T by F and G.

Obviously, f; = 0 if Q,, & Supp.p;. For Q,, C Supp.p;

| Feudady = / FXm(€,0), Y&, ) NI(E, )| TrnldEdy =
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where |J,,| is the same as above, The local quantities fl(m) form a local vector F(™ =

(fl(m)7 T ](\/”n;))T with
fom = /S F (X (4 1), Yonl€0m)) Ni(E ) Tl .

5.1. Computation of the Indicator and estimator with the FEM Solution

By e,e;,r,r; and R,R,, we denote the error, residue and jump of normal derivative along

the internal edges 7; for the finite element solution upg:

€ = U— UfE, €; = €|,
r = [+ Aupg —urg,mi =1|0;
8uFE aUFE
R = ) Rw = |w‘
on on

A local error indicator 7q, associated with the residual r; is defined as

(5.4) na; = (p+ 1)_1H7“z‘“L§(Qi)

Jurp
on

and the indicators My associated with the jump of R = [ ] on the internal edge 7

- -8 ;
(5.5) ny = p+1) ||RHL§(~Y;)'
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The estimator 7 is defined as

(5.6) =t Y

Q;eT viedT

Suppose that ¢;(x), 1 < i < N are global basis functions of Sy and upg is the finite

element solution in Sy. Then urpg = Zf\il cipi, and

HTiHig(Qi) = |f + Aupp — “FEH%%(QZ)

= / (f + Aupg — UFE)Qwﬁ(%Z/)dxdy
Q;

= / (f + Atipg — Gpp)*Ws (&, n)|Ji|dédn, K=SorT,
K
where
(57) Wﬁ(f?ﬁ) = (1 - 62)5(1 - 772)/6)’ Wg(.ﬁﬂ, y) = W/B © M;l? K==5

and Wg(&,n) is given in (3.9) for a =0 if K =T, and
) N
i=1

And for Aupg, we first calculate

Ourg B Ourg g Ourg @
oxr  0¢ Ox on Ox
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84

Oupp . Oupp % Oupp @
oy o0& Oy on Oy
82uFE . 8 8uFE8§ 3uFE37]
oz %( o€ dx | on %)
= () e T (5 + () g e (5)
_ QPupp (06N\2 | Pupp (On\2 | Oupp (O°¢ Qupg (071 DPupp O On
T o (%) o2 <8_x> o <3x2)+ an <3x2>+23§3n or O
82uFE . 8 GuFEaﬁ 8uFE877
5 = o\ oe oyt oray)
0 (Oupp\ O  Oupp 0% Oupp\ On  Oupp (0°n
= a_y< a§E>_ a§E<ay )+8y< af;E)ay 62E<a—y2>
Pupg (0E\2  OPupg (ON\2  Oupg (0% dupp (0%1 O*upp 0 On
- oo (a_y) o (a_y> LT (8—y2)+ o <8y2>+28§8n By By
which leads to
0% NN, 106\2 N N, /0n\2 <~ ON; /0%
o Zlc 0e (aT:) +izlci o2 (aT:) +izlci o <@>
Y9N, PN, 9o
+Z <8x2) Z D€ O O
e NN 106N L PN, 1On\2 <~ ON; /0%
aygE - Zlc 08 <_> +ZZICZ' o2 <a_y> +ZZICZ' ¢ <a_y2>
NN, N 92N, o¢ on
+;c on ( 1)+ Z "0€0m 0y Dy
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Similarly, we have

3uFE

l
1B = D N2 | 1220
j=1

in which
Ourp ly, = Ourp COSTT + ~—= sin A,
on Ox
where
N : N :
ag;E - Zl Ci aajzz g_i + Zl Ci aajj;z g—Z
and

N N
0 ON; O ON; 0
B =g 5yt 2y 5y
dy — o¢ dy on dy
cos nT and cosny are given by
— Y2 — U1 ~ Ty — T2
CoSNT = , cosny =

\/(372 —21)? + (Y2 — y1)? \/(952 —21)? + (Y2 — v1)?

where 7, is internal edge from point (z1,y;) to point (xs,ys).

0t 0¢  0%¢ 9%¢ d on on 0%y & We can

In these formulas we need to calculate the 5210y 923005 Tao0y T g

calculate as follows:
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(i) Differentiating = = X,,,(£,n) and y = Y,,,(£, 1) with respect to x,we get

o 0 on 0
(5.8) S ovo oo
0= o€ 8x+ on Oz

which implies

% — BYm/Bn — Joo
(59) ox det(J) det(J)

O _ —0Ym/0§ _ —Ju

ox —  det(J) — det(J)

Differentiating equation with respect to x for the second time, we get

0 = 0% 0% | 09X, 0%y | 0°Xy (g)2+82xm <@>2

¢ Ox? on 0x2 o¢2 \ Ox on? \ oz
(5.10)
’ 2 2
0= OYm 0%€ | 9Ym 0°n + Yo [ 08¢ + Yo [ On
T~ 9¢ Ox? on 0x2 0¢2 \ ox on? \ oz
Let
2 2
A 02X (06T 0*Xm [ On
(5 11) €2 i on? \ oz
) 2 2
B = _9Ym (08)" _ 9Ym (On
0€2 x on? x
we can get
Ym dXm
92%¢ — A an —B on
(5 12) 0x? det(J)
’ Ym O Xm
827] o 7AE)—§+BB—§

0x2 det(J)

86
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(i) Differentiating x = X,,(£,n) and y = Y;,,(§,n) with respect to y,we have

o9& Oy on Oy
(5.13) .

_ OV 0§ | 9Ym On

1= %0+ %0 oy

which implies

06 _ Z0Xwm/On _ —Jio
(5.14) 9y det(J) det(J)

@ —_ 8Xm/8§ — .]11

oy — det(J) T~ det(J)

Differentiating equation with respect to y for the second time, we get

0= DX € | 0%y 0% | 02X (067 L 02 (00
¢ 0Oy? on 0Oy? o¢2 \ Oy on? \ oy

(5.15) ) ;
0—%&_‘_%& Y (0 +32Ym on
T 0¢ 0y? on 0y? o¢2 \ oy on? \ oy
Let
_ 9’Xy <g)2 L 9Xp (@)2
- 062\ 9y on? Yy
(5.16) ) 5
D= _82Ym el3 - 92Y,, an
- 0¢2 \ oy on? \ Oy
we can get
o _ CoprDo%
oy det(J)
(5.17) o
Py _ ZC e T
oy det(J)

which leads what we want.
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5.2. Gauss-Jacobi-Quadrature

In computation of error indicator n; we need to use Gauss-Jacobi quadrature on S =
(_17 1)2

NGn NG¢

(5.15) | Fem =) =iy~ Y03 wasFisn,)

7j=1 i=1

where &; and 7); are Gauss-Jacobi point and w; and w; are Gauss-Jacobi weight. The number
NG¢ and NGn of Gauss-Jaocbhi points are determined in the following principle:

Suppose that F'(£,n) is a polynomial of separate degree less or equal to 2p the Gauss-
Jaocbi quadrature is exact. Hence 2p < 2NGE — 1, 2p < 2NGn — 1 by the property of
Gauss-Jaocbi quadrature [1] , ie. NG¢ > p+ 3, NGy > p + . Therefor we usually
take NG¢ = NGn = p + 1. If the function F(£,n) is not very smooth we may select
NGE=NGn=p+2,p+3,---.

For special values of o and g e.g. « = =0 or a = f = —3, the Gauss-Jacobi point
and Gauss-Jacobi weight can be found in Mathematical Handbook, e.g [1]. For general «,f,
we have to develop an effective algorithm to compute the Gauss-Jacobi point and weight.

The Gauss-Jacobi points & and n; are the roots of Jacobi polynomial J¢(z), and the

roots are distinct on (—1,1). The roots x;, i = 1,2, -+, NG satisfy the algebraic equation

(5.19) J¥z;)=0, i=1,2--- NG.
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We use Newton iteration method to solve for z;, 2 =1,--- ,n
bt1) _ (k) _ Je@®) ) g
(5.20) TR T e T T R

where z; are initial guess for the root z;. Since Newton method is very sensitive to the

selection of the initial point, we have to select z; very carefully such that the Newton method

converge to each root x;. We adopt the following algorithm to compute z;, i = 1,--- ,n,
[45, 2, 42].
For:=1
1
5.21 = 1—-—
( ) <1 ry
2.78 @
o= (1+ 04)(4 N + 0.76m)
a B a? afs
= 1+4+1.48— 96— A452— 83—;
ro + 8N+096N+0 5]\[2%—0831\727
for1 =2
(522) 29 = 21— (]_ — 21)7”17“27”3
4.1+«
T =
! (1+ a)(1+0.156a)
1+0.12
ry = 1+40.06(N — 8)%

1+ 0.25|a

s = 140.0126——



for: =3

(5.23)

ford <i;< N -2

(5.24)

fori=N -1

(5.25)

5.2. GAUSS-JACOBI-QUADRATURE

23 = 2y — (1751 - 22)7“17"27"3
T 1.67 + 0.28«
LT 14037
140 QZL —8
ryg = .
2 N
83
- 14— .
" 628 BN

zi = 3wi1 — 3T + T;_3;

Zn-1 = 2Zn-2+ (2n—2 — TN_3)T1T2Ts
14 0.23583
T g
! 0.766 + 0.1198
1

2 = 0.639(N—4)

1+ 11071 (N—4)
1
ry = —————:
3 1+ ( 20 )

75+a) N2

90
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and for i = N
(5.26) 2y = zy-1+ (2nvo1 — TN_2)riTaeTs
140318
LT 167+0.288
1
7” _— _—_—
2 14 022(N=§)
1
rs = P
1+ (6.28+aa)N2

Using this series of z;, we solve the equation J]‘i‘,’ﬂ (x;) =0, 1 <i < N by Newton-method
to be initial value of z;. To calculate the weight w;, corresponding Gauss-Jacobi point x;,

based on the Gauss-Jacobi quadrature for polynomial of degree < N — 1

1 N
/ TP ()W, p(x)da = ZJ,?’ﬂ(a:i)wi, for 0<k<N-1

1 i=1

we need to solve the linear equation system

TP Tyl () - Ty (aw) wy [L TP (@)W p(2)da

5o ) ) e FPan) | [ || S R @) Was()de

Jﬁfﬂ(ml) Jﬁf’fl(x?) Jﬁ,’fl(x]\;) WN fjl Jﬁ}’fl(x)Wa,ﬁ(x)dx
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Note that J$"’(z) = 1 and orthogonal to J3’(z), 1 < k < N — 1 with weight function

Wa.p(x), it is easily to seen

1

which leads:

JoP (@) I (w2)

o 1 fl”g T2
(5.28) Ji (@) Iy ()

Tl (1) TP (x2)

Solve the linear system equation we will get the weight value w;.

I ()

I ()

Jﬁf’i(xN)

WwN

1
/ TP (@)W, p(x)de =0 for 1<k<N-—1,

,ygz,ﬁ

5.3. Structure of Computation Program

After computing the finite element method solution urg, the indicate can be computed.

First, the internal can be insured by the following algorithm:

For m=1 to MaxElementNum
initialize FEta;,[m];

cal=0;

p = pli], NG = p+ 1, calculate Jacobipoint|g], Jacobiweight[g] ¢ = 1,2,--- NG (x1)

determine Ndof of €2,,;
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for gl=1 to NG

for g2=1 to NG

s=0;

¢ = Jaocobipoint[gl], wy = Jacobipoint|gl];
n = Jacobipoint|g2], we = Jacobipoint[g2];
functionvalue = f( X, (&, 1), Ym(§,m));

s = functionvalue;

DUD¢ = Y "POF O[Nic(m,n)) DN DE(n, €, 7);

DUDn = SN0 C[Nic(m, n)| DN Dn(n, €,1);
DDUDD¢ = YN0 O[Nie(m, n)]DDNDDE(n, €, 7);
DDUDDy = S NPCF C[Nic(m,n)]DDNDDn(n, €,1);
DDUDEDy = Y- N5OF C[Nie(m,n)|DDN DEDn(n, &, 1);
T = 55 (&m),Jiz = % (€ m)

Jor = T (€, m), Jan = B (€,1)

detJ = ~/J} + J3;

_ Joo _ _Ji2
By = detJ’ By = " detJ
By = — J21 By = J11

detJ’ detJ

= — L (¢, ) Bh —— 55 (¢, 1) Bd;
= — L (&,n) By — =55 (¢,n) B3

A
B
C = —55%(¢,n) Bl — =552 (¢,n) Bhy;
D

2
_aag/Qm (fﬂ?)B%Q 8 Ym (f 77)822%
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_ AJ—BJio _ —AJn+BJiy
Cn = detd 7 Cra = detJ
Cy = CJyp—DJis Chy = —CJn+DJu

detJ ’ detJ

DELTU = DDUDD¢ (Bf1 + BfQ) + DDUDDy <B§1 + 332)
DELTU = DELTU + DUD¢ <On + 021) + DUDy ((112 + 022)
DELTU = DELTU + 2DDUDEDyy (Ban + 312322)
s=s+ DELTU;
§=5— ZanlOF C[Nic(m,n)] x N(n,&,n);
cal = cal + s* x w; X wy X detJ;
end

end

Eta;,[m] = cal;

end

where array Eta;,[m|, m = 1,--- , MaxElemnt Num return the internal indicator for each

element.

Remark

(x1) If uniform degree p is deployed, then NG = p+ 1 and Jacobipoints|g] and Jaco-
biweight[g] ¢ = 1,2, -- NG should be calculated outside of the side-loop to avoid repeating
the computation of Jacobi points and weights, which is quite cpu consuming.

(x2) XX(t),YY(t): z,y coordinate for nodes of element (2,, which are needed for

mapping functions X,,(£,n) and Y,,(&,n).
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(#3)  For quadrilateral element with straight-line sides
X . . . X, . . .
e Em = ;XX(MN@&(Z,S,H% oy (& = ;XX(MN%(Z,S,H),
e - Zilw @oNog(i.Em), G = gw ()ONn(i,€,m),
and
e = gXX moNogen),  Lmiey - Z;XX ()N (i, 7).
%%mn=§¥WMWW@m% %%@WZéWWWMWMW-

For quadrilateral element with curved side

M= 5
x = (n) —-1<n<1,l=2/4
M= 5

y=xi(n) -1<n<1,i=24
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Then
8Xm / !
D = 5= 00O+ 5 + 51+ (O - 504
4
+ Y XX(D)ONOK(, €, n);
i=4
0X,, 1 1 / 1 1 !
T = 30O+ 51U + 30a(O) + 50 - ui(n)
4
+ Y XX(i)ONIm(i, &, n);
=4
oY, / !
= %(1 — X1 () + %Xz(ﬁ) + %(1 +0)x3(8) — %XM)
4
+ ZYY(i)aNag(i,f,n);
i=4
0Xm 1 1 / 1 1 !
o — _§X1(£) + 5(1 + &) xs(n) + 5)(3(5) + 5(1 —&)X4(n)
4
+ > YY(@H)INI(i, & n);
=4
and

4

aZXm 1 " 1 " -\ 02 2/.
e = 5 (L= (€) + 5 (L+mug() + D XX ()P NOE (i, &, ):
=4
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4

@QXm 1 " 1 " -\ 02 2(,
e = g0 HOUm+50-9 1)+ ) XX ()P N (i,€.m);
=4
aQYm 1 " 1 " ! AN 2/.
e S =M (€) + 5 (L +0x5(6) + D YY(0)*NOE (i, €,m);
=4
X, ), " - : :
o = 20 0+ 51 - ) + YY)
=4

There is an informal algorithm for the boundary indicator:
For 1=1 to MaxElesideNum
initialize Etayq|l];
i=sideNb(L,1), j=sideNb(1,2)
p = max{p(i),p(j)}, NG = p + 1, calculate Jacobipoint|gl], Jacobiweight[gl] g1 =
1,2,---NG
If j=0{ (x4)
If Eleside|[l] C T'n{
find k such that globeside (i,k)=l;
determine X X (t),YY (¢),1 <t <4 Ndof (x5)
determine n; = cos nI,ny = cosny
for gl=1 to NG

¢ = Jacobipoint[gl|, w = Jacobiweight[gl];
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if k=1 {
Ju = (6, 1), )1 = Zm (g, 1)
Jo1 = 8Ym(§,— ), S22 = 8Ym(f>—1)
JE + J3
DUDE = S NPT C[Nic(m, n)| DN DE(n, €, —1);
DUDn = S NP9 O[Nic(m,n)]DN Dy(n, £, —1);
g fungionvalue = g(X,,,(§,—1),Y,(§,—1)):
}
elseif k=2{
Ji = 5 (1,6), 12 = %5 (1,6)
Jor = B (1,6),Ja0 = G2 (1,€)
J3 + J3
DUD¢ = S NPOF C[Nic(m,n)]DNDE(n, 1, €);
DUDn = S NPOF O[Nic(m,n)]DN Dn(n, 1,);
g fungionvalue = g(X,,(1,€), Y(1,€));
}
elseif k=3{
Jiu = % (6,1),Ji2 = %5 (€,1)
Jor = G (€,1), T2 = G (€, 1)
JH + J3

DUDE¢ = NPT C[Nic(m, n)| DN DE(n, €, 1);
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end
}

}

else {

for m=1

5.3. STRUCTURE OF COMPUTATION PROGRAM

DUDn = Y"NPOF O[Nic(m,n)]DN Dn(n, €,1);
g fungionvalue = g(X;n(§,1),Yn(&,1));

}

elseif k=4{

T =B (=1,6), 1 = 2= (=1,)

Jor = % (=1,8), s = G (—1,6)

E=\/J4+ J

DUDE = S NPT C[Nic(m, n)| DN DE(n, —1,€);
DUDn = Y3 50" C[Nic(m,n)]DN Dn(n, —1,&);

g fungionvalue = g(X,,(—1,&), Y, (—1,€)):

}

detJ = J11J22 - J12<]21

Jao _ J12
M= Geig

vV =

= detJ n2

vy = —gakm + hna
DUDv = v DUDE + v, DU D

s = s+ (gfunctionvalue — DUDvV)? x w x E

to M

(+8)
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If m=i or m=j{
find k such that globeside(m,k)=I;
determine n; = cos nI,ny = cos ny
s=0;
for gl=1 to NG
¢ = Jacobipoint[gl], w = Jacobiweight[gl];
if k=1 {
Ji = % (6, —1), iz = 5 (€, 1)
Jor = % (€, —1),Jan = (€, 1)
E=\/J4+J3
DUDE = S NPOF C[Nic(m, n)] DN DE(n, €, —1);
DUDn = Y NP O[Nic(m,n)] DN Dn(n, £, —1);
}
elseif k=2{
Jn = 83(—5’”(1,5)7J12 = 25 (1,€)
oy = % (1,€), 000 = T (1,€)
E=\/J}+ J3
DUDE = S NPT O[Nie(m, n)| DN DE(n, 1, €);
DUDn = S"NPOF O[Nic(m,n)]DN Dn(n, 1,£);
}

elseif k=3{
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end

Et&bd [l]

5.3. STRUCTURE OF COMPUTATION PROGRAM
Jin = 8()9(—5”(57 1),Ji2 = aXm (& 1)
Jo1 = (f 1),Jos = 8Ym (57 1)
Jh+ 5
DUDE = S NPT C[Nic(m, n)| DN DE(n, €, 1);

DUDn = SSNPOF G Nic(m, n)]DN Dn(n, £,1);

n=1
h

elseif k=4{

T = e (—1,6), 012 = %5 (—1,€)

ot = G (=180 = o (=1,6)

E= VIR TR

DUDE = S NPOF O[Nie(m, n)| DN DE(n, —1,€);
DUDn = Y3507 C[Nic(m, n)]DN Dn(n, 1, &);

}

detJ = J11J22 - J12<]21

_ Jao _ J12
"= qed™ — qeg™
_ _ Jn J11
Vo = —Gag™ T G2

DUDv = v DUDE + v, DU D

s=s+ (DUDv)* xwx E

= Et@bdm + S;
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end

end

where array Etayg[m], m = 1,--- , MaxElemntNum return the boundary indicator for each

element.
(x4) this side is on the boundary

(%5) XX(t),YY(t): z,y coordinate for nodes of element (2,, which are needed for

mapping functions X,,(&,n) and Y,,,(&,n).

(%6) For quadrilateral element with straight-line sides

0X ! _ , 0X,, - . .
8—6(67 77) = Z XX(Z)@N@&(% 67 77)7 8—7”](6’ 77) = Z XX(Z)@N@T](Z, 67 77)7
i=4 =4

2%,
23

(5”%:§:qu@aNaﬂ@§U% %%%&U%ZE:YWT®9N9ML§U)

For quadrilateral element with curved side

r=d(e)  —1<E<1I=13
Y= 5
p—tily)  —1<n<1l=24
Y= 5

y=xi(n) -1<n<1,i=24
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Then

D2 = SO + 30l + 50+ 050 — 3000
+ Y XX(D)ONOK(, €, n);

=4

OXom / /
52 = _%Wg) + %(1 +E)a(n) + %%(O + %“ — vin)
+ > XX()ONOn(i, &, n):;
OY,, / /
a—i = %(1 — X1 () + %XQ(H) + %(1 +0)x3(8) — %XM)
4
+ Y YY(i)ONOK(i, €, n);
1=4
i;f_nm _ —%xl(f) ¥ %(1 + O (n) + %X3(§) + %(1 —&xa(n)

4

£ YY@DONONG, € ).

i1=4

For I =1, n = (x1(§), =¥1(5)),
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I =2,1=(x3(n), —¥5(n)),

oS T — X5(n) cos 7j = —5(n)
V@) + (O (n))? V@) + ()2
I =3, 7= (=x5(8),v5(8)),
GO o
V (W05(8))2 + (X5(6))? VW) + (4(9)
L =4, 0= (=x4(n),vi(n),
s T — —xa(n) cos T = Vi(n) _
VWi m)? + (Xa(m))? V@) + (Xa(m))?

(x7) If uniform degree p is deployed, then NG = p + 1 and Jacobipoints[gl] and
Jacobiweight[gl] g1 = 1,2,--- NG should be calculated outside of the side-loop to avoid
repeating the computation of Jacobi points and weights, which is quite cpu consuming.

(x8) If cosnx and cos ny on edges of ), are not constants, then compute v; and v,

with JH, J12 and ng, J22 for different k.

5.4. Results and Analysis of Computation on quadrilateral elements

The estimator 7 is defined on quadrilateral elements as

629 o= (k) (S 8) = () + (X 8)

KeT rvieoT SieT VieoT
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The main results of [25] are contained the following theorems on quadrilateral mesh:

Theorem 5.1. For 5 € (1/2,1), there holds

(5.30) Helll < Ci(p)n

with C1(p) = Colog(p + 1) and Cy independent of p and (5.

Theorem 5.2. If f € SP(T) and 5 € (0,1), there holds
(5.31) lllelllx > Cng, VK € T,

with C' independent of p and B, and if R | € P,(v), there holds

(5.32) > llelllx > Ca(B)ny, ¥y € T

KeQy

with Cy(B) = CoT'~Y2(1 — B) and Cyy independent of p and (3, where Q., is a pair of elements

sharing 7.

Theorem 5.3. For g € (1/2,1), there holds

6533) el <) (i + X 07 = Sllzao + 3 7P IR = Rylliaer)
KeT ~yeOT

with Cs(p) = Colog(p+ 1) and Cy independent of p and S.
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Theorem 5.4. For 3 € (0,1), there hold

(534 lelll = € (it = p* IR = Byllzacy ) VK €T

and

(539) S llelll = Cap) (i, 2 IR = Bylligr)) V1 € T
KeQ,

with C4(B) = CoT'"Y2(1 = ) and Cy independent of p and 3, where Q)+ is a pair of elements

sharing .

To illustrate the convergence behaviors of the indicator, we report below some numerical
results. An important purpose of these tests is to verify the correctness of relationship
between indicator and error.

By (3.14), we have

llelll < llu = wrell g1s @)

and
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we need the computation result to check
Cilog(p + 1)n > [[le]|| = Can.
We define C' as the ratio of indicator and error:

(5.36) ol :

then
Cilog(p+1) > C > (Cy

where '} and (' should independent of p.
In generally computation, ||[e][| is not computable for unknown u. We can use [|e|| 71.5(q)

instead, noting that

[Hlelll < llell71.0(0)-

We define C’" and C* as

o = Nl o lella @

n (p+1)=Pn
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EXAMPLE 5.5. We consider the system problem

—Au+u=f, in Q=[-1,1] x [0,1]
(5.37)

u}FD :0,u‘FA =g on ' =00

with the exact solution

U =172s8n—

108

We use the 8 element FEM solution and p = 1 to 8. The element division is shown as Fig

5.1
y
1
8 7 6 5
1 2 3 4
-1 o 1 X
Fig. 5.1

Note that u is the singular function and (0, 0) is the singular point. The results of C', C’

and C* of 8 =0.5, § =0.6 and 8 = 0.1 can be shown on Table 5.1-5.9 respect. We choose

Element 2 and 5 arbitrary, which mean the most singularity and least singularity to draw

picture on Fig 5.2-5.8.
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Then the computation result for

(5.38) O~ H€||1§r1,ﬁ(9)
Ui

is as follow:

Table 5.1. 8 = 0.5 the value of C of Example 5.5

P 1 2 3 4 5 6 7 8
elementl 0.3546054 1.916975 1.489814 1.449855 1.243637 1.280566 1.263176 1.287194
element2 0.1841958 2.232435 1.737537 1.502246 1.497187 1.498202 1.498061 1.496997
element3 0.06705665 | 0.8474819 | 0.7297016 | 0.6346869 | 0.6442866 | 0.6668664 | 0.6878502 | 0.7040870
element4 0.1566148 | 0.6770542 | 0.7667121 1.038311 1.073772 1.025067 1.079446 1.060833
elementb 0.6563276 | 0.4817893 | 0.3738726 | 0.3179768 | 0.4716319 | 0.4833468 | 0.5276855 | 0.5414586
element6 0.4910612 1.566565 1.328895 1.438147 1.336041 1.318696 1.335259 1.343957
element7 0.1831352 2.033474 1.458770 | 0.9263470 | 0.7282947 | 0.7139753 | 0.6883884 | 0.6545495
element8 0.2524968 | 0.8703775 | 0.2592347 | 0.2395992 | 0.3094178 | 0.3245788 | 0.3525714 | 0.3617923
ratio Of estimator | o.1961852 1.474916 1.204633 1.069366 1.059119 1.075733 1.092886 1.103980
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Table 5.2. 8 = 0.5 the value of C’ of Example 5.5

P 1 2 3 4 5 6 7 8
elementl 0.4167860 2.064899 1.696324 1.505012 1.323930 1.356382 1.369377 1.381077
element2 0.2277853 3.372163 2.707570 2.348627 2.391858 2.451698 2.502518 2.538148
element3 0.09379224 1.260400 1.064072 | 0.9394112 | 0.9626781 1.004564 1.043437 1.072852
element4 0.1847198 | 0.7655634 | 0.9475798 1.315330 1.238495 1.221017 1.255469 1.271251
elementb 0.6191113 | 0.3937685 | 0.3015284 | 0.2630278 | 0.3927791 | 0.4074133 | 0.4448578 | 0.4587146
element6 0.4809652 1.721406 1.580194 1.682715 1.493352 1.504878 1.531488 1.558894
element? 0.2390759 2.164808 1.561172 | 0.8692449 | 0.7444363 | 0.7022076 | 0.6917037 | 0.6452357
element8 0.3191930 | 0.8756222 | 0.2389358 | 0.2301110 | 0.3051850 | 0.3204616 | 0.3482065 | 0.3585230
ratio Of estimator | o.2453741 1.939252 1.618432 1.463589 1.488972 1.552799 1.612577 1.656191
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Table 5.3. 5 = 0.5 the value of C* of Example 5.5
P 1 2 3 4 5 6 7 8
elementl 0.2947122 1.408401 0.9620285 | 0.8237812 | 0.6642239 | 0.6502068 | 0.6091993 | 0.5903846
element2 0.1610686 1.886269 1.328150 1.035700 0.9647178 | 0.9169437 | 0.8769915 | 0.8396065
element3 0.06632113 | 0.7841206 | 0.5717251 | 0.4411789 | 0.4074375 | 0.3904258 | 0.3772083 | 0.3641811
element4 0.1306166 0.6847208 | 0.6765711 | 0.8776342 | 0.7383721 | 0.6750033 | 0.6416147 | 0.6141583
elementb 0.4377778 0.4552255 | 0.3235979 | 0.2054958 | 0.3159759 | 0.2751293 | 0.3023579 | 0.2767817
element6 0.3400937 1.192144 0.9105511 | 0.9099144 | 0.7382693 | 0.7049684 | 0.6630242 | 0.6450598
elementT 0.1690522 1.683512 0.9829418 | 0.5619368 | 0.4461902 | 0.4160517 | 0.3848085 | 0.3455370
element8 0.2257036 0.9763175 | 0.2545456 1.912024 0.2496484 | 0.2277119 | 0.2438039 | 0.2267792
ratio Of estimator 0.1735057 1.279452 0.9113799 | 0.7293048 | 0.6684544 | 0.6380374 | 0.6144863 | 0.5905753
35
IR ——C
3t f s -¢-C'| |
N oo, 9 C :
% 257 : .‘0---""'-4-----0.
(@] 1]
=] ’ 4
=
o Ry % o %
O ya
: AR ST SN
0 ‘ ‘ ‘ ‘ ‘ ‘
1 2 6 7 8

3 4 5
degree of FEM freedom

Fig. 5.2 Relationship of indicator and degree of Element 2, 5=0.5
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0.7 :
4
4
0.6
O
205
&
o 1
. 0.4
$)
0.3
0.2 L @ L L
1 2 4 5 6 7 8
degree of FEM freedom
Fig. 5.3 Relationship of indicator and degree of Element 5, 5=0.5
Table 5.4. 5 = 0.6 the value of C of Example 5.5
P 1 2 3 4 5 6 7 8
elementl 0.3825977 2.208179 1.681430 1.721968 1.458148 1.514589 1.487386 1.534171
element2 0.1980606 2.408966 1.884558 1.648824 1.660845 1.672731 1.681090 1.686587
element3 0.07442364 1.034001 0.8865842 | 0.7677308 | 0.7783027 | 0.8058351 | 0.8320138 | 0.8527742
element4d 0.1670287 1.041267 1.113901 1.582064 1.542497 1.493327 1.514827 1.504296
elementb 0.6826354 0.9065989 | 0.7489889 | 0.5113781 | 0.8250236 | 0.7801722 | 0.8771632 | 0.8667067
element6 0.5122140 1.850744 1.559010 1.775514 1.572588 1.594242 1.579606 1.619180
element7 0.1997634 2.677699 1.778424 1.299165 1.033927 1.028522 1.000060 0.9619142
element8 0.2744794 1.651156 0.5606994 | 0.4438635 | 0.5867427 | 0.5842721 | 0.6438861 | 0.6392886
ratio Of estimator 0.2129918 1.773351 1.432099 1.279385 1.260621 1.278838 1.296754 1.310764
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Table 5.5. 8 = 0.6 the value of C’ of Example 5.5

P 1 2 3 4 5 6 7 8
elementl 0.4014437 2.314897 1.804917 1.707820 1.484003 1.536972 1.514314 1.532281
element2 0.2193242 3.116516 2.505303 2.147125 2.147710 2.165651 2.177003 2.176096
element3 0.09022211 1.294589 1.078307 | 0.9141870 | 0.9072382 | 0.9226157 | 0.9373679 | 0.9454606
element4 0.1773875 1.125688 1.260849 1.822735 1.655892 1.602854 1.598972 1.598291
elementb 0.5964318 | 0.7498273 | 0.6168783 | 0.4263447 | 0.7002416 | 0.6481672 | 0.7485286 | 0.7159808
element6 0.4631458 1.961832 1.705478 1.887619 1.652442 1.668927 1.649430 1.675669
element? 0.2302334 2.761755 1.849470 1.162787 | 0.9896361 | 0.9798663 | 0.9552239 | 0.8950021
element8 0.3074989 1.592650 | 0.4852093 | 0.3986980 | 0.5532981 | 0.5365561 | 0.6035931 | 0.5866456
ratio Of estimator | o0.2362524 2.110005 1.716314 1.511928 1.489147 1.507477 1.526120 1.531633
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Table 5.6. 5 = 0.6 the value of C* of Example 5.5

P 1 2 3 4 5 6 7 8
elementl 0.3042375 1.491706 1.036653 | 0.8971275 | 0.7247265 | 0.7057110 | 0.6591434 | 0.6362699
element2 0.1662166 2.008264 1.438919 1.127897 1.048854 | 0.9943730 | 0.9475957 | 0.9036100
element3 0.06837557 | 0.8342257 | 0.6193249 | 0.4802275 | 0.4430583 | 0.4236250 | 0.4080131 | 0.3925965
element4 0.1344346 | 0.7253865 | 0.7241676 | 0.9574929 | 0.8086704 | 0.7359608 | 0.6959931 | 0.6636803
elementb 0.4520108 | 0.4831842 | 0.3543035 | 0.2239613 | 0.3419695 | 0.2976102 | 0.3258160 | 0.2973065
element6 0.3509989 1.264193 | 0.9795398 | 0.9915768 | 0.8069856 | 0.7662987 | 0.7179560 | 0.6958110
element? 0.1744843 1.779658 1.062241 | 0.6108187 | 0.4832980 | 0.4499120 | 0.4157854 | 0.3716440
element8 0.2330406 1.026294 | 0.2786796 | 0.2094383 | 0.2702083 | 0.2463633 | 0.2627291 | 0.2436008
ratio Of eStimatOf 0.1790458 1.359674 | 0.9857637 | 0.7942241 | 0.7272389 | 0.6921679 | 0.6642822 | 0.6360007
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Table 5.7. 5 = 0.1 the value of C of Example 5.5

P 1 2 3 4 5 6 7 8
elementl 0.1688832 | 0.9850620 | 0.7407881 | 0.7733417 | 0.6280775 | 0.6621527 | 0.6264020 | 0.6464943
element2 0.08292735 | 0.8697086 | 0.6991381 | 0.5877832 | 0.5741027 | 0.5653512 | 0.5601803 | 0.5560933
element3 0.02694504 | 0.3048894 | 0.2573468 | 0.2098070 | 0.2045374 | 0.2063870 | 0.2096092 | 0.2121237
element4 0.07916384 | 0.3883816 | 0.4202885 | 0.5299856 | 0.6151644 | 0.5626710 | 0.6399172 | 0.5899239
elementb 0.3925952 | 0.4181391 | 0.3446354 | 0.2732776 | 0.4144720 | 0.4040645 | 0.4542573 | 0.4507377
element6 0.2832714 | 0.8191897 | 0.6656809 | 0.7063180 | 0.6739354 | 0.6493678 | 0.6520234 | 0.6437799
element? 0.08333065 1.084997 | 0.7676226 | 0.6599038 | 0.4306465 | 0.5244697 | 0.4728761 | 0.5111516
element8 0.1163421 | 0.5246502 | 0.1779615 | 0.1685094 | 0.2365048 | 0.2577928 | 0.2963505 | 0.3130865
ratio Of estimator | 0.08756595 | 0.6170683 | 0.5036195 | 0.4217010 | 0.4000780 | 0.3958444 | 0.3945836 | 0.3929812
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Table 5.8. 3 = 0.1 the value of C’ of Example 5.5

P 1 2 3 4 5 6 7 8
elementl 0.5014869 | 3.151178 | 2.632870 2.652120 2.534706 | 2.978074 | 3.246886 | 3.621586
element2 0.2740021 | 4.123039 | 3.547957 3.342361 3.750773 | 4.214830 | 4.700884 | 5.175724
element3 0.1132874 | 1.719795 1.527548 1.426855 1.582663 1.789808 | 2.011142 | 2.226909
element4 0.2256717 | 1.530617 | 1.905359 2.811840 2.770968 | 3.026606 | 3.379369 | 3.718949
elementb 0.7440917 | 1.009136 | 0.8196980 | 0.6598717 | 1.258378 1.280770 | 1.643442 | 1.723320
element6 0.5794231 | 2.652957 | 2.510568 2.923426 2.793776 | 3.206859 | 3.521098 | 3.940411
element? 0.2879727 | 3.798578 | 2.654791 1.822150 1.760697 | 1.935743 | 2.061663 | 2.139293
element8 0.3836324 | 2.255438 | 0.6450041 | 0.6001206 | 0.9938401 | 1.059089 | 1.324915 | 1.411858
ratio Of estimator | 0.2955349 | 2.820277 | 2.452438 2.352741 2.590244 | 2.927904 | 3.286328 | 3.630146
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Table 5.9. 5 = 0.1 the value of C* of Example 5.5

P 1 2 3 4 5 6 7 8
elementl 0.2687402 1.172368 | 0.7560933 | 0.6230460 | 0.5053491 | 0.5168295 | 0.4996731 | 0.5012802
element2 0.1468341 1.533940 1.018883 | 0.7852001 | 0.7477986 | 0.7314621 | 0.7234334 | 0.7163955
element3 0.06070921 | 0.6398343 | 0.4386731 | 0.3352021 | 0.3155385 | 0.3106119 | 0.3095008 | 0.3082367
element4 0.1209345 | 0.5694524 | 0.5471706 | 0.6605680 | 0.5524530 | 0.5252520 | 0.5200613 | 0.5147567
elementb 0.3987489 | 0.3754402 | 0.2353964 | 0.1550196 | 0.2508852 | 0.2222711 | 0.2529143 | 0.2385326
element6 0.3105051 | 0.9870091 | 0.7209715 | 0.6867822 | 0.5570004 | 0.5565339 | 0.5418725 | 0.5454103
element? 0.1543207 1.413227 | 0.7623885 | 0.4280665 | 0.3510334 | 0.3359382 | 0.3172757 | 0.2961093
element8 0.2055835 | 0.8391156 | 0.1852288 | 0.1409826 | 0.1981438 | 0.1837995 | 0.2038952 | 0.1954218
ratio Of estimator | o.1583732 1.049259 | 0.7042778 | 0.5527148 | 0.5164217 | 0.5081227 | 0.5057430 | 0.5024650
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From the Fig 5.2-5.8, it can be shown that C' is almost stable and C* is more stable than

C" which means

Heuﬁm(m ~Cn

and

lell ) = C*(p+1)""n

for 5 € (0,1).

ExAMPLE 5.6. We consider the same system problem of Example 5.5 with the exact

solution

U = expxsiny

Note here the solution is smooth function. The value of C, C" and C* is also shown in Table

5.10-5.15. We choose Element 2 to draw the picture Fig 5.9-5.10 for § = 0.5 and g = 0.1.
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Table 5.10. 3 = 0.5 the value of C' of Example 5.6

P 1 2 3 4 5 6 7 8
elementl 0.1698364 | 3.562792 1.110317 | 1.490398 | 1.563095 | 1.304650 | 2.093791 | 1.126606
element2 0.08424815 | 3.563470 1.119973 1.526060 | 1.705096 | 1.394833 | 2.097348 | 1.172471
element3 0.04326418 | 3.589605 1.359761 1.558718 | 1.868114 | 1.616847 | 2.101287 | 1.397948
element4 0.02002801 | 3.599816 1.340093 1.641904 | 1.732577 | 1.646114 | 2.087522 | 1.279839
elementb 0.1131966 | 3.560698 | 0.9453431 | 1.557408 | 1.418325 | 1.642523 | 2.076687 | 1.463068
element6 0.07179227 | 3.554727 | 1.028773 1.621974 | 1.540957 | 1.659847 | 2.079491 | 1.471384
element? 0.04787812 | 3.544471 | 0.9716293 | 1.574164 | 1.519539 | 1.633786 | 2.077227 | 1.456666
element8 0.02194089 | 3.565364 1.066554 | 1.618502 | 1.459680 | 1.441685 | 2.067143 | 1.375851
ratio Of eStimatOf 0.04819009 | 3.572263 1.101828 1.592857 | 1.622784 | 1.562088 | 2.083196 | 1.354518
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Table 5.11. 3 = 0.5 the value of C’ of Example 5.6

P 1 2 3 4 5 6 7 8
elementl 0.2199330 | 5.173336 | 1.230879 | 1.924352 | 2.298552 | 2.198209 | 4.493788 | 1.192063
element2 0.1121375 | 5.176072 | 1.272630 | 2.051617 | 2.557616 | 2.390704 | 4.458901 | 1.267474
element3 0.05852590 | 5.199421 | 1.584984 | 2.050031 | 2.788755 | 2.783714 | 4.450888 | 1.470974
element4 0.02727774 | 5.203984 | 1.607065 | 2.257523 | 2.630762 | 2.852937 | 4.372758 | 1.339756
elementb 0.1517595 | 5.177828 | 1.214920 | 2.147038 | 2.179004 | 2.664131 | 4.501430 | 1.590440
element6 0.09702606 | 5.164904 | 1.352347 | 2.233525 | 2.400556 | 2.791056 | 4.480614 | 1.569778
element? 0.06494055 | 5.150042 | 1.246941 | 2.144609 | 2.360323 | 2.761695 | 4.471374 | 1.531663
element8 0.02983248 | 5.182075 | 1.438469 | 2.210651 | 2.269978 | 2.491887 | 4.424963 | 1.438446
ratio Of estimator | 0.06520873 | 5.182479 | 1.400408 | 2.159956 | 2.477788 | 2.671371 | 4.437237 | 1.420014
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Table 5.12. 3 = 0.5 the value of C* of Example 5.6
P 1 2 3 4 5 6 7 8
elementl 0.1555161 2.986827 | 0.6154396 | 0.8605965 | 0.9383800 | 0.8308451 | 1.588794 | 0.3973542
element2 0.07929319 | 2.988407 | 0.6363150 | 0.9175109 1.044142 0.9036012 | 1.576460 | 0.4224913
element3 0.04138406 | 3.001887 | 0.7924919 | 0.9168019 1.138505 1.052145 1.573626 | 0.4903248
element4 0.01928828 | 3.004522 | 0.8035326 1.009595 1.074004 1.078309 1.546003 | 0.4465855
elementb 0.1073102 2.989421 | 0.6074601 | 0.9601846 | 0.8895748 1.006947 1.591496 | 0.5301466
element6 0.06860779 | 2.981959 | 0.6761735 | 0.9988628 | 0.9800230 1.054920 1.584136 | 0.5232592
element7 0.04591990 | 2.973378 | 0.6234707 | 0.9590984 | 0.9635978 1.043822 1.580869 | 0.5105544
element8 0.02109475 | 2.991872 | 0.7192344 | 0.9886334 | 0.9267145 | 0.9418446 | 1.564461 | 0.4794819
l”atio Of estimator 0.04610953 | 2.992106 | 0.7002039 | 0.9659617 1.011553 1.009683 1.568800 | 0.4763379
—4—Cvsp
-4-C'vsp
i ,*“ "9 C*vsp

C,C' and C*

degsree of fre%dom of‘?—'EM soll?tion
Fig. 5.9 Relationship of indicator and degree of Element 2, 5=0.5
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Table 5.13. 3 = 0.1 the value of C' of Example 5.6
P 1 2 3 4 5 6 7 8
elementl 0.07530275 1.538022 | 0.4981561 | 0.6604110 | 0.6280833 | 0.5273382 | 0.8749726 | 1.116812
element2 0.03701747 1.538101 | 0.5021711 | 0.6790485 | 0.6983787 | 0.5707063 | 0.8737064 | 1.067840
element3 0.01889098 1.550288 | 0.6098679 | 0.6983629 | 0.7819850 | 0.6905484 | 0.8765480 | 1.332419
element4 0.008688309 | 1.555783 | 0.6007415 | 0.7150834 | 0.7191943 | 0.6964237 | 0.8712504 | 1.274681
elementb 0.05073051 1.542332 | 0.3999655 | 0.6773445 | 0.5578095 | 0.7019497 | 0.8665126 | 1.173274
element6 0.03210541 1.540891 | 0.4351499 | 0.7064246 | 0.6152184 | 0.7043796 | 0.8664560 | 1.183585
element7 0.02136229 1.536504 | 0.4124835 | 0.6845713 | 0.6023413 | 0.6933275 | 0.8655542 | 1.179383
element8 0.009731258 | 1.545327 | 0.4481214 | 0.6945356 | 0.5814584 | 0.5855698 | 0.8610392 | 1.119739
l“atio Of estimator 0.02137828 1.545680 | 0.4753796 | 0.6955707 | 0.6579191 | 0.6546223 | 0.8685910 | 1.183125
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Table 5.14.

B = 0.1 the value of C" of Example 5.6

P 1 2 3 4 5 6 7 8
elementl 0.2646790 | 6.943280 | 1.655958 | 2.683048 | 2.964524 | 3.146851 | 7.999146 | 1.827856
element2 0.1352723 | 6.946922 | 1.709969 | 2.768779 | 3.288409 | 3.462240 | 7.968255 | 1.970905
element3 0.07037032 | 6.978128 | 2.101916 | 2.730223 | 3.645384 | 4.142898 | 7.965013 | 2.263885
element4 0.03244144 | 6.984172 | 2.103337 | 2.946269 | 3.385573 | 4.214201 | 7.940622 | 2.056933
elementb 0.1823026 | 6.947945 | 1.498596 | 2.849773 | 2.856101 | 4.118338 | 7.977015 | 2.554835
element6 0.1165846 | 6.930172 | 1.661720 | 2.929556 | 3.141388 | 4.206246 | 7.957151 | 2.521870
element? 0.07799282 | 6.910636 | 1.543358 | 2.832500 | 3.085136 | 4.158434 | 7.950907 | 2.459223
element8 0.03567211 | 6.952786 | 1.751120 | 2.940344 | 2.995368 | 3.580738 | 7.933683 | 2.306570
ratio Of estimator | 0.07828281 | 6.954559 | 1.763255 | 2.863588 | 3.226377 | 3.947590 | 7.952104 | 2.253905
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Table 5.15. 8 = 0.1 the value of C* of Example 5.6
P 1 2 3 4 5 6 7 8
elementl 0.1418380 | 2.583185 | 0.4755489 | 0.6303118 | 0.5910426 | 0.5461199 | 1.231013 | 0.2530018
element?2 0.07249063 | 2.584540 | 0.4910596 | 0.6504520 | 0.6556162 | 0.6008540 | 1.226259 | 0.2728020
element3 0.03771052 | 2.596150 | 0.6036170 | 0.6413943 | 0.7267870 | 0.7189787 | 1.225760 | 0.3133547
elementd 0.01738494 | 2.598399 | 0.6040248 | 0.6921487 | 0.6749880 | 0.7313530 | 1.222007 | 0.2847095
element5 0.09769353 | 2.584921 | 0.4303586 | 0.6694794 | 0.5694262 | 0.7147163 | 1.227607 | 0.3536264
element6 0.06247613 | 2.578309 | 0.4772037 | 0.6882224 | 0.6263043 | 0.7299723 | 1.224550 | 0.3490635
element? 0.04179532 | 2.571040 | 0.4432131 | 0.6654217 | 0.6150894 | 0.7216748 | 1.223589 | 0.3403922
elementS 0.01911621 | 2.586722 | 0.5028771 | 0.6907567 | 0.5971921 | 0.6214186 | 1.220939 | 0.3192629
ratio of estimator | 0.04195072 | 2.587382 | 0.5063621 | 0.6727249 | 0.6432488 | 0.6850840 | 1.223774 | 0.3119732
T T 6
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From the Fig 5.9 and 5.10, we have the same conclusion of Example 1: C' is almost stable

when p is large and C* is more stable than C’.
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5.5. Results and Analysis of Computation on triangle elements

We consider the Example 5.5 again on triangle elements

EXAMPLE 5.7.

—Au+u=f, in Q=1[-1,1] x [0,1]
(5.39)
:0,u’FA:g onI'=0Q

with the exact solution

We use the 16 element FEM solution and p = 1 to 8. The element division is shown as Fig

5.11
y
1
10 12 14 16
9 11 13 15
2 4 6 8
1 3 3) 7
-1 o 1 X
Fig. 5.11

Note that u is the singular function and (0, 0) is the singular point. The results of C', C’

and C* of 8 = 0.5 and 8 = 0.1 can be shown on Table 5.16-5.19 respect. We choose Element
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3,4, 5, and 9, 16 arbitrary, which mean the most singularity and least singularity to draw

picture on Fig 5.12-5.19.

Table 5.16. 5 = 0.1 the value of n of Example 5.8

Element 3

Element 4

Element 5

Element ¢

Element 16

1.510881 x 101!

1.641327 x 1071

1.886113 x 10!

3.359294 x 1072

1.563206 x 102

8.718364 x 10~ 2

9.069076 x 10~2

1.192141 x 1071

9.401045 x 1073

4.043327 x 1073

6.146152 x 102

6.348272 x 102

8.218730 x 1072

4.011037 x 1073

1.844593 x 1073

4.903582 x 1072

4.946429 x 1072

6.062228 x 1072

2.443599 x 1073

1.106987 x 1073

ot

4.414569 x 1072

4.010761 x 10~2

4.709984 x 1072

1.629502 x 1073

7.387514 x 1074

3.234384 x 1072

3.384249 x 1072

4.383007 x 1072

1.165667 x 1073

5.2833973 x 10~4

2.927761 x 10~ 2

2.983220 x 1072

3.646246 x 1072

8.749789 x 10~4

3.965952 x 104

2.637618 x 102

2.640278 x 1072

3.108375 x 1072

6.809232 x 104

3.086326 x 104
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Table 5.17. 3 = 0.2 the value of 1 of Example 5.8

p | Element s | Element 4 | Element 5 | Element o | Element 16
1 | 3.667498 x 1072 | 3.215730 x 1072 | 1.414287 x 102 | 1.437780 x 102 | 5.051119 x 102
2 | 2.456383 x 107! | 1.984695 x 107! | 2.179433 x 107! | 1.393661 x 1072 | 2.647991 x 103
3 | 1.949622 x 107! | 1.630239 x 10~! | 1.771420 x 10~! | 1.097272 x 1072 | 1.041595 x 103
4 | 1.601197 x 10~1 | 1.344464 x 10~ | 1.472293 x 10~ | 1.856938 x 10~* | 9.739372 x 10~°
5 | 1.376084 x 107! | 1.156107 x 107! | 1.271117 x 10~ | 3.314775 x 10~° | 2.046295 x 10~°
6 | 1.220157 x 1071 | 1.024662 x 107! | 1.129137 x 10! | 6.121243 x 10~% | 2.500212 x 10~°
7 | 1.106275 x 107! | 9.283575 x 1072 | 1.024829 x 10! | 1.034598 x 10~% | 4.571697 x 10~ "
8 | 1.019485 x 10! | 8.548883 x 1072 | 9.451557 x 1072 | 1.538569 x 10~ 7 | 5.733097 x 108
Table 5.18. 5 = 0.3 the value of n of Example 5.8
p | Element s | Element 4 | Element 5 | Element o | Element 16
1 | 2.973109 x 1072 | 2.609624 x 1072 | 1.138482 x 1072 | 1.164745 x 102 | 4.076704 x 10~ 3
2 | 1.988653 x 10~! | 1.606767 x 10~! | 1.764130 x 10~! | 1.128364 x 1072 | 2.143249 x 10~3
3 | 1.529198 x 107! | 1.278687 x 107! | 1.389252 x 10~ ! | 8.604916 x 10~* | 8.170658 x 10~*
4 | 1.220902 x 1071 | 1.024910 x 10~ | 1.126036 x 10~ | 1.423702 x 10~* | 7.471479 x 10~°
5 | 1.021501 x 107! | 8.583140 x 1072 | 9.483401 x 1072 | 2.511681 x 10~° | 1.536013 x 10~°
6 | 8.831517 x 1072 | 7.420600 x 1072 | 8.219907 x 1072 | 4.563876 x 10~¢ | 1.842419 x 10~¢
7 | 7.820650 x 1072 | 6.568946 x 1072 | 7.288944 x 1072 | 7.560779 x 10~7 | 3.336786 x 1077
8 | 7.050848 x 1072 | 5.919753 x 1072 | 6.577225 x 1072 | 1.119680 x 107 | 4.098094 x 10~8
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Table 5.19. 5 = 0.4 the value of 1 of Example 5.8

p | Element 3

Element 4

Element s

Element ¢

Element 16

1 | 2.418827 x 1072

2.125099 x 1072

9.200767 x 1073

9.471186 x 1073

3.304224 x 1073

2 | 1.616209 x 10~!

1.305834 x 107 ¢

1.433510 x 107 ¢

9.170886 x 1073

1.741470 x 1073

3 | 1.206349 x 10~!

1.008726 x 10 ¢

1.095822 x 10 *

6.787062 x 104

6.446229 x 104

4 | 9.384235 x 1072

7.876164 x 1072

8.678539 x 1072

1.099647 x 10™4

5.773800 x 107°

5 | 7.662910 x 102

6.439252 x 1072

7.147253 x 1072

1.918122 x 10~°

1.163458 x 10~°

6 | 6.475598 x 102

5.443450 x 1072

6.060702 x 1072

3.434215 x 1076

1.373329 x 10~°

7 | 5.613495 x 1072

4.718698 x 1072

5.263527 x 1072

5.590623 x 10~ 7

2.462311 x 10~7

8 | 4.961309 x 102

4.169863 x 1072

4.657216 x 1072

8.237853 x 108

2.972422 x 1078
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The Table 5.16-5.19 describe the performance of the p version on the uniform mesh. We
know u = rZ sin g is singular solution and upp will be the most singularity on element 3,4,5
and the least singularity on element 9,16. From the Table 5.16-5.19, for different (3, the

indicator is convergence with p. The relationship is plotted in Fig 5.12-5.19.
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The computation results in Table 5.16-5.19 show that the theory of the residual-based

a-posterior error estimation is very reliable and coincides with the computation.



CHAPTER 6

Conclusion

In this thesis, we have established the residual-based a-posteriori error estimation on
triangles for the p-version of FEM with triangular mesh in the framework of Jacobi-weighted
Sobolev spaces. The quasi optimality of the error indicators and estimators is proved, which
is parallel with result on square without substantial comprising of the optimality, the results
are novel and not seen in current literature. But for the collapse mapping, the lower bound
of indicator on triangle element is (p+1)~# worse than on quadrilateral element, which needs
to be further improved.

The theorems and analysis are verified by computations on square and triangular mesh.
The computations also explore the numerical aspects of the error indicators and estimators,
which are not easy to addressed theoretically. The reliability of the error indicator and
estimator with respect to the error in weighted Sobolev norm H'#(T) and H#(Q) is main-
tained for singular and smooth solutions. Furthermore, the observation of the numerical
experiments guess the relationship between the error in real energy norm H(T) or H'(Q)
and the error indicator and estimator, for which further investigation is needed.

The quasi optimal error indicators and estimation can provide important information of
the magnitude of the error and the distribution of the error on each element, which signif-

icantly improve the efficiency of adaptive algorithm for the p-version for elliptic problems
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6. CONCLUSION 138

such as elasticity problems on polyhedral domains, the heat problems and magnetic-electric
problems.

The error indicators and estimators proposed and analyzed can be easily generalized to
the h-p version on triangular mesh, the results and techniques developed can be used to
a-priori error analysis for p and h-p versions on triangular mesh, e.g., the equivalence of
the Jacobi-weighted spaces via three different mapping of a square onto a triangle provide a

powerful tool for error estimation of the p and h-p version.



CHAPTER 7

Appendix: Inverse Inequality

Lemma 7.1.
(7.1) / |—JO‘ 2(1 — 2?)*dz < Cn?

fora>—1 andn > 1.

PROOF. From the Jacobi polynomial property [29] (J4), we have

n+2a+1,d n+aoa , d

2 2 DJY(x) = — —J .
(2n + 20+ 1)) = (- dnn (@) — = (T (@)
It can easily get
d 2n+2a+1)(n+a+1) n+a)n+a+1)  d
Je — J< —J¢
and

d
JO[

N 2n+2a+1)*(n+a+1)? (n+a)P(n+a+1)?* d
(dx (7))

(n+2a+1)2 (J2(2))* + (0T 202 (n 1 20 T 1) (%Jﬁ,l(x))Q
2(2n+2a+1)(n+a)(n+a+1)2 . d .
(n+2a+ 1)%2(n + 2a) I (@(@Jn,l(:ﬁ)).
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Because of the orthogonality of the Jacobi polynomials, we have

[ @I ) - 2)eds =

1

and

220H 2 (p + a4 1)
2n+4+2a+DI'(n+ I(n+2a+1)

(7.2) / |J%(z)2(1 — 2*)*dx =

We can get

2 200 — 1)?
(2n + 2« (n+ «a)? / e 2(1 — 2?)0da

—J(x 1 —2*)%dx =
/| ()(1 - 7)o = (n+2a
(n+a—1)>2(n+ «a)?
(n+2a —1)%(n+ 2a)?

/ \—J,ﬁf (@)1 — 2*)%dz.

Similarly there hold

2n 4 2a —5)*(n+a —2)?
(n+ 20 — 2)2

/\—Jﬁfz (1—x)“dar=( /_ll(Jﬁ:g(x))Q(l—xQ)o‘dx

(n+a—3)>2n+a—2)>
(n+2a —3)%(n + 2a — 2)?

/\ o 4(@) (1 — 2)°de
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and for any integer s < g, there holds

1
d
Jo 2 1 — 2 o
e @)P(1 2

(2n 4 2a — 45+ 3)*(n + a — 25 +2)2 (!
B (n+ 20— 251 2) (0P (1= )
— 25+ 1)* — 25+ 2)?
(n+a_ s+ )2(n+a _s+ / Lye (@A - 22)edr,
(n+2a —2s+ 1)2(n + 2a — 25 + 2)?

which imply

(7.3) / \—Jo‘ (z)(1 — 2*)*dw

2i—1

— (Z(Q(n—QH—l)—i—Qa—l—l /‘J32z+1( )P(L = %) dx H

=1

(n+a—j+1)?
(n+42a—j+1)?2

7)

(n+a—i+1)?2 n
1 —2)% —.
+ Hn+2a—2+1 / |da:"25 [F(1 —2)%dr, S<2

Note that by [[1], [29]]

(7.4) | 2i+1(x)‘2(1 - $2)adx

22012 (p — 26 4+ v + 2)
(2n —4i+42a+ 3)['(n — 2i 4+ 2)I'(n — 2i + 2a + 2)’

and

25—1

(7.5) H(n+a—j+1)2_ n+a+1) D(n+2a—2i+2)
' (n+20—j+1)?2 Tn+a—2i+2) In+20+1)

J=1
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Furthermore,
n
(7.6) ! Ticas(@)P(1 = a%)%de =0, s=|[g]

where [%] denote the largest integer < § and by Strling formula, it can easily get:

S 2i—1 . 2
. 9 o m+a—j7+1)
;(Q(n—22+1)+204+1) / T ey ()P = 22)de - H e
= Y2 (o — 4 4 20+ 3) 2
— n + 2«
((n+a)n+2a)2(n+2a—2i+1)n72i+3/2(n+20¢—2i+1)2a
n + 2a n—2+1 n+ .«

It is easy to verify that

\
(7'7/71 + 20’

)

n—+ « <n+a>n+2a n+2a—21+1 <n+2a—2i+1 2a

< (' f > —1
n+ 20 n—2+1 n+a ) =it a )

Combinatin of (7.3)-(7.7) leads to

(7.8) / \—JO‘ 1—x)ada:<C’Z (n —2i) < Cn®.
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Theorem 7.2. Let a and [ be two real numbers such that —1 < a < . Then the following

inverse inequality holds for any polynomial ¢,(z) in Py(I), I = (—1,1):

(7.9) /_1 ¢2(x)(1 — 2*)dx < C(p +1)° / ¢2(2)(1 — 2?)’da.

PRrOOF. Writing each ¢,(x) in P,(I) as
p+l
d
O(7) = Y an( =T (@),

n=1

the Jacobi polynomials have property (J3) and (J4) from [29] :

\—JO‘( 21— = Lt 204 1) / e @) (1 a?)da

1
= (204 1)

22t n(n+ 20+ D)I?(n + a + 1)
2n+2a+ DI'(n+1)I(n+ 2+ 1)’

where

jotlatl _ 222012 (n + a +2)
o 2n+2a+ DE(R)T(n + 2a + 2)

We get

1 p+1

220t n(n + 2o + DI%(n+a + 1)
2 1— 2 a-l—ld — 2 ~(C
L HoL =) ;G”@nmml)r(m1)F<n+2@+1 Za "
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By lemma (7.1) and Cauchy inequality, we have

[ gwa-ara < [ ((%ain)%%%ﬁ( ) (1 o)

p+1 p+1

_ (Zyanﬁ Z /[—J“ (1~ a?)%de
- o L) (1)

S p+1 / ¢ Oz-l—ldx

The 7.9 is proved for § = a + 1, and iterating the argument, it can be easily proved for
any 5 — «a be a positive integer. For the condition § —1 < a < 3, let a = B LR ’8 in which

% + % =1 and 113 = B — o < 1. Then by Holder’s inequality, we get

/¢ e = /11¢§(x><1—x2>%¢§<x)(1_xz)gdx

1
2 5 1 % 2 ,8 :
( / 31 =) ) / $2(2)(1 — 2)Pde)

< (C(p—i—1)2/ ¢§(x)(1—:1:2)50[:16)11’(/_1%23(55)(1—552)[30[5’5);

IN

< Clp+1)*Fe /¢ 2?)Pdz.
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For a < 8 — 1, let 8 = 8 +m where m is a positive integer and ' — 1 < a < [, then

1
/ p2(1—a*)%dx < C(p+1) 2m/ P2 (1 — x?)* "y
1
1
< O@+D%wﬂ4ﬁ“””“/ ¢2(1—2*)’da

< C(p+1)? /‘& 2?)’da.

Thus we prove the theorem in general. O
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