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ABSTRACT

This thesis is an experimental study of laminar free
convective heat transfer from an isothermal cylinder to water
near 4°C. The free convection process in the vicinity of a
bulk water temperature of 4°C is greatly influenced by the
maximum density of water at this temperature. Under certain
circumstances, both positive and negative buoyancy forces can
exist simultaneously in different parts of the boundary layer,
The presence of these two opposing forces complicates both
the nature of the flow patterns and the distribution and mag--
nitude of the surface heat fluxes.

Several investigators have studied the general prob-
lem of free convection from horizontal cylinders and analytic-
al and empiri¢al models have been constructed to describe this
process. Much work has also been done on the melting of ice in
different configurations In water near 4OC, as well as on free
~ convection from vertical flat plates to water in this tempera-
ture region, Models have been proposed to describe the nature
of the bidirectional flow phenomenon in this area and to lo-
cate the boundaries between different flow regions. No:such
work has been performed for an isothermal horizontal cylinder
in water near 4°C,

The first objective of this experiment was to measure
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the local heat fluxes on an isothermal horizontal cylinder in
water near 4OC, for the four different flow regimes which ex-
ist in this temperature region. A horizontal cylinder was con-
structed, with twelve separately controlled heaters mounted
around the periphery. By individually adjusting the power to
each heater, an isothermal surface could be maintained.

The results of fifty-six tests, performed for a
range of surface temperatures from 4.64°C to 17.94°C and bulk
water temperatures from 1.07°C to 16.18°C, verified that the
boundaries between different flow regions, defined for a ver-
tical flat plate, applied to the horizontal cylinder problem
as well, Tn addition, the form of the local heat flux distrib-
utions, in unidirectional flow regions, coincided with those
derived by previous investigators. The nature of the local heat
flux distributions in regions of bidirectional flow provided
more insight into the complex relationship between the two
opposing buoyancy forces in this region.

The second major objective was to try to correlate
the average heat transfer results with one or more of the var-
iables of physical importance in the two unidirectional and
two bidirectional flow regions. The correlating equations of
an earlier experimemtal investigation were modified to apply
to the average heat transfer results from a horizontal cylin-
der and were fitted to the experimental data of the present

work. Although there was a good deal of experimental scatter
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in the results, in general, they agreed with the correlatioms.
With the aid of these correlations, accurate estimations of

the rates of heat transfer from horizontal cylinders to water

can be made in this temperature range.




ACKNOWLEDGEMENTS

I wish to express my profound gratitude to my
advisor, Dr. G. K. Yuill for his criticism and guidance
throughout the course of this investigation. I am also
grateful to the other staff members of the Mechanical
Engineering Department as well as to the technical support
staff for their assistance and for their many invaluable
suggestions and advice.

I would also like to gratefully acknowledge the
financial support provided by the Inland Waters Directorate
of Environment Canada and by the National Research Council
of Canada, which made this study possible.

Finally, I would like to thank my family for
their continued encouragement and for their patience during

the course of my involvement with this investigation.

iy



TABLE OF CONTENTS

ABSTRACT

ACKNOWLEDGEMENT'S

TABLE OF CONTENTS

LIST OF FIGURES

LIST OF TABLES

NOMENCLATURE

CHAPTER 1. INTRODUCTICN
1.1 Introduction to the.Problem
1.2 Description of the Phenomenon

1.3 Review of Previous. Work

Page

iv

viii

xXi

1.3.1 Free Convection From Horizontal Cylinders 5

1.3.2 Free Convection in Water Near 4°C
CHAPTER 2. EXPERIMENTAL STUDY
2.1 Objectives of the Experiment
2.2 Experimental Apparatus
2.2.1 The Horizontal Cylinder
2.2.2 The Tank and Support Structure
2.2.3 The Cold Roam
2.2.4 The Heater Circuitry
2.2.5 The Measurement Systems

2.3 Experimental Procedure

30
41
41
43
43
49
51
53
57
59




vi

CHAPTER 3. ANALYSIS OF RESULTS 64
3.1 Distribution of Results 64
3.2 Calculation of Heat Transfer Variables 66
3.3 Presentation of Results 67

3.3.1 Local Heat Transfer Results 67
3.3.2 Average Heat Transfer Results 67
3.4 Correlation of Local Data With Hermann's 69
Solution
3.5 Correlation of Averaged Data With Yuill's 74
Hypotheses
3.5.1 Unidirectional Downflow: Region I 74

3.5.2 Unidirectional Upflow: Regions III and IV 78
3,5.3 Bidirectional Non-Separated Flow: 82
Region II-N

3.5.4 Bidirectional Separated Flow: Region II-S 84

3.6 Comparison of Results With Classical Theory 90
CHAPTER 4. SUMMARY AND CONCLUSIONS 96
REFERENCES 100
APPENDICES

APPENDIX I HERMANN'S TRANSFORMATION AND DERIVATION
OF AZIMUTH FUNCTIONS £(z) AND g(&) 105
APPENDIX IT MERK AND PRINS' TRANSFORMATION AND
DERIVATION OF AZIMUTH FUNCTION H(Z) 112
APPENDIX IIT PRANDTL NUMBER VARIATION OF
HERMANN'S DATA 118




APPENDIX IV FLUID PROPERTTIES
APPENDIX V DERIVATION OF EXPRESSIONS FOR
ay O, do, TZ AND 3

V-1 Derivation of Eicpression for o

V-2 Derivation of Eicpressions for di and o
V-3 Derivation of Eﬁipressions for Ti and =
APPENDIX VI DETAILS OF CYLINDER
APPENDIX VII BOUNDARY DEFINITIOI\fS

APPENDIX VIITI FERROR ANALYSIS
VITI-1 Heat Losses

VIII-2 Measurement Errors

(o

vii

121

124
124
126
127
129
132
135
135
140



3a.

4a,
4b.

10.
11.
12,
13,
14,

LIST OF FIGURES

Map of Free Convection Zones in Low Temperature
Water

Comparison of Analytic Local Distributions of
Heat Flux

Comparison of Analytic Boundary Layer Temperature
Profiles

Comparison of Analytic Boundary Layer Velocity
Profiles

Surface Temperature yersus Time [14]

Definition of Tank Variables [14]

Yuill's Coefficient CI versus o in Region I
Yuill's Coefficient CIII*IV versus ¢ in Regions
IIT and IV

Yuill's Coefficient CIIHN‘VerSUS ¢ in Region II-N
Thermocouple Positions and Cylinder Dimensions
Cross-section of Cylinder

The Horizontal Cylinder Test Section

Exterior of Test Tank and Mounting Panel

Interior of Test Tank and Cylinder SPpport
Schematic of Heater Circuitry

Exterior of Refrigerated Room

viii

Page

18

20

20
29
29
37
37

37
45
47

50
52
52

54
56




15.
16.
17.

18a.

18b.

19.

20.

21.

22.

23,

24,

25,

26,

27.

Control Panel and Instrumentation

Distribution of Results

Heat Transfer Coefficient, h(g) versus Angle, &

‘Heat Transfer Ratio, h(z)/h versus Angle, &

in Regions I and II-S _
Heat Transfer Ratio, h(t)/h versus Angle, &
in Regions.II-N, III and IV

Coefficient, CI versus a in Region I

Coefficient, CIIIHIV'versus ¢ in Regions III and IV

Coefficient, Crp.y Versus ¢ in Region II-N

Coefficient, C Yersus o in Region II-S

11-S
Overall Coefficient, C versus Boundary Layer
Buoyancy Function, o

Hermann's Azimuth Functions, g(&) and £(&)-g(&)
versus Angle, £ |

Merk and Prins' Azimuth Functions, H'(Z) and
H(g)-H' () versus Angle, &

Error in Using Equation (III-9) to Predict Her-
mann's Temperature Function at the Surface, t'(0)

Surface Profiles on Cylinder

56
65
68

73

73
77

86
89

94
111

117

120
131




10.
11.

LIST OF TABLES

Experimental Results - h(g)/h for Each Test
EXperimental‘Results = h(2)/h for Each Region
Comparison of Experimental and Analytical
Heat Transfer Results in Region I.
Comparison of Ekperimental and Analytical
Heat Transfer Results in Regions III and IV
Comparison of Experimental and Empirical
Heat Transfer Results in Region II-N
Comparison of Ekperimental and Empirical
Heat Transfer Results in Region II-S
Experimental Values of Nusselt Numbers,

Heat Transfer Coefficients and Heat Fluxes

Page

70

71

76

80

85

88

92

Comparison of Analytic and Empirical Values of t'(0) 119

Diameter Measurements
Experimental Values of ¥ in Region II

Deviations From an Isothermal Cylinder

129
133
142




xi

NOMENCLATURE

a constant used by Hermann (Appendix I), dimen-
sionless

constants used by Yuill, OC_1 or dimensionless
Langmuir's film diameter, cm.

a constant used by Hermann (Appendix I), dimen-
sionless

Langmuir's f£ilm thickness for a plane surface,
cm.

0~-1

constants used by Yuill, dimensionless, C = or

oC—Z
buoyancy force per unit mass, cm./sec2
Rice's film thickness for a cylinder, (b-D)/2, cm.

a constant used by Hermann (Appendix I), dimen-
sionless

specific heat of a fluid, Joule/gm-QC
various correlating constants, dimensionless

a heat transfer constant used in region I, di-
mensionless

a heat transfer constant used in region II-N,
dimensionless

a heat transfer constant used in region II-S,
dimensionless

- a heat transfer constant used in regions III and

IV, dimensionless

a heat transfer constant used in region II-N,
dimensionless

a heat transfer constant used in region II-S,
dimensionless




Gr

Gr

xii

- a constant used by Hermann (Appendix I), dimen-

sionless

cylinder, wire or sphere diameter, cm.

- constants used by Yuill, dimensionless, OC_1 or

OCT4

constants in the expression for density (Appen-
. 0.-1,-2,-3
dix 1Iv), °C

0~-1

a constant used by Yuill, ~C

Hermann's azimuth function (Appendix I), dimen-
sionless

Hermann's azimuth function (Appendix I), dimen-
sionless

Merk and Prins' azimuth function (Appendix II),
dimensionless

a constant used by Yuill, dimensionless

gravitational acceleration, cm/sec2

Hermann's azimuth function (Appendix I), dimen-
sionless

Rayleigh number function (equation 1-22), dimen-
sionless

- gravitational constant, gmf;m/N—sec2

- a constant used by Hermann (Appendix I), dimen-

sionless

Hermann's azimuth function (Appendix I), dimen-
sionless

Merk and Prins' azimuth function (Appendix II),
dimensionless
constants used by Yuill, djmensionless,oc_1 or
0~~3

C

Grashof number, gBepDS/vz, dimensionless

Grashof number modified by Yuill (equation 1-54
or V-10), dimensionless




Gr!

-0
Nu (or Nu)

p

P,1,2,3,4

Pr

1

xiii

modified Grashof number used by Dyer, gBdD4/kv2,
dimensionless

non-Newtonian Grashof number used by Gentry and
Wbllershehn,(p/K)z-Dn+2~(gBep)z—n, dimensionless

surface conductance (heat transfer coefficient),
20
W/cm™-"C

coefficients used in Merk and Prins' azimuth
function (Appendix IT), dimensionless

Merk and Prins' azimuth function (Appendix II),
dimensionless

thermal conductivity of fluid, Wch-oC

length of cylinder or flat plate, cm.

an exponent used by Yuill, dimensionless

constants used by Koh, dimensionless
Prandtl number function(Appendix IT), dimension-
less ‘
flow behaviour index for non-Newtonian fluids,
dimensionless

an exponent used by Yuill, dimensionless

constants used by Koh and Price, dimensionless

average Nusselt number, hD/k, dimensionless

Hermann's velocity function (Appendix I), dimen-

sionless

a density function defined by Yuill (Appendix V),
dimensionless

- constants used in the expression for the Prandtl

1

number (Appendix IV), dﬁnensionless,ocul’z’s’4

Prandtl number, pcp/k, dimensionless




Pr!

o Q-

pei

xiv

Prandtl number for non-Newtonian fluids, [pc_/k] -

[x/o ]2/ (n+1) DC1 -n)/(1+n) , - [g86 D]S(n 1)/2 (n”"l)
dimensionless

Hermann's radial coordinate (Appendix I), dimen-
sionless

specific heat transfer rate, W/c:m2

a density function defined by Yuill (Appendix V),
dimensionless

heat transfer rate, Watt

radius of cylinder, cm.

Rayleigh number, Gr:Pr, dimensionless

= Reynolds number, uD/v , dimensionless

<

local thermal resistance, cmZ-OC/W

Langmuir's shape factor (equation 1-3), cm.

- coefficients in Merk and Prins' sine function

(Appendix II), dimensionless

Hermann's temperature function (Appendix I),
dimensionless

time required for heated layer to descend (or
rise) to level of cylinder (equation 1-46), sec.

temperature, °c

equivalent temperature ratio, 6 /T , dimen-
sionless

tangential velocity, cm/sec.

Merk and Prins' tangential velocity function
(Appendix II), cm/sec.

radial velocity, cm/sec.

constants used in the expression for dynamic

viscosity (Appendix IV), 0c1,72,-3




width of tank in the plane normal to the longi-
tudinal axis of the cylinder (Figure 4b), cm.

- tangential coordinate, cm.
- radial coordinate, cm.

- distance from the centerline of the cylinder to
the free surface (Figure 4b), cm.

- Yuill's buoyancy function, o - 0.02825, dimen-
sionless

' 'GREEK 'SYMBOLS

thermal diffusivity of fluid, cmz/sec.

Yuill's buoyancy function (Appendix V), dimen-
sionless
thermal expansion coefficient, oc-1

a constant used by Hermann (Appendix I), dimen-
sionless

Yuill's angle of rotation, radians
boundary layer thickness, cm.

a constant used by Hermann (Appendix I), dimen-
sionless

stream function, dimensionless

radial coordinate, dimensionless

- temperature difference, T - T_, °c

- specific heat ratio for a gas, dimensionless

- consistency index for non-Newtonian fluids,

gm/cmvseCZﬁn

mean free path of a gas, cm.




crit.

dynamic (or absolute) viscosity, gm/cm-sec.

kinematic viscosity of a fluid, cmz/sec.

tangential coordinate, x/r, dimensionless

- angle, degrees

density, gm/cm3

root mean square deviation, varying dimensions

- accommodation coefficient for a gas, dimensionless

- non~dimensional point in the boundary layer

where o = p_, dimensionless
shear stress, N/cm2
temperature function, e/ep, dimensionless

Langmuir's conductivity function (equation 1-2),
W/ cm.

- Yuill's temperature function, ©°C

-~ Madden and Piret's heat transfer function (equa-

tion 1-25), dimensionless

-~ stream function, cmz/sec.

-~ Hermann's tangential coordinate (Appendix I),

dimensionless

point in the boundary layer where p = p_, cm.

SUBSCRIPTS AND SUPERSCRIPTS

at the point of transition to turbulence
evaluated for a cylinder of diameter D

evaluated at the film temperature




xvii

evaluated at the film temperature of the inner
boundary layer(or AT across inner boundary layer)

evaluated at the absolute temperature (OK)

evaluated for a plate of length L

evaluated at the film temperature of the outer
boundary layer(or AT across outer boundary layer)

~ evaluated at £ = 0
- evaluated at the surface temperature(except cp)

evaluated using r (instead of D)

evaluated using x (instead of D or L)
evaluated using § (instead of x or D or L)
differentiation with respect to n

differentiation with respect to g

]

evaluated at n = 3

evaluated at y = Q
evaluated at the temperature of the bulk fluid
average value of a property

denotes differentiation (except for Gr'and Pr')




CHAPTER 1

INTRODUCTION

1.1 Introduction to the Problem

The density of most fluids decreases with tempera-

ture in a linear manner. However, four fluids, water, antimony,

gallium and bismuth exhibit a density anomaly. They all possess

a maximum density at some temperature above their freezing
points. In the particular case of water, which is the most a-
bundant liquid on this planet, the maximum dénsity occurs at
4°c,

Fluid flows which are primarily a result of forced
convection are not affected to any great extent by this den-
sity phenomenon, sincé density gradients are relatively unim-
portant, Free convective flows are initiated and maintained
by density differences within the fluid. Hence, the peculiar
density distribution of water is bound to have a significant
effect both on the nature of the flow pattern and on the mag-
nitude of the free conyvection heat transfer in this region.

The temperature at which the maximum density occurs

may not, at first, seem to be significant but it must be re-
membered that in moderate to high latitudes, all natural
hodies of water pass through this temperature twice yearly.

With the advent of arctic and sub-arctic resource develop-




ment, any process which occurs in a body of water may be

close to this temperature for the entire year. For example,
heat transfer from heated underwater pipelines will be great-
ly influenced by this phenomenon. Since the horizontal cyl-
inder is a common engineering configuration, it is important
to increase our knowledge of ¥asd@ous aspects of free con-
vection heat transfer from isothermal horizontal cylinders

to water near 4°¢.

The effect of the density gradient on the flow re-
gimes about a flat plate has been studied previously. Vanier
[43] solved the differential equations for the flow field in
the regions where similarity salutions were valid. Yuill [48]
extended this analysis both analytically and experimentally
to include the entire range of temperatures. The flow field
around a horizontal cylinder was not expected to be radically
different, especially for a large radius cylinder.

The map of different modes of free convective flow,

shown in Figufe 1, resulted from these analyses. It clearly

shows regions of pure downflow, bidirectional flow and pure
upflow. With the bulk temperature at OOC, the zones may be
physically interpreted as follows. For a surface temperature

between 0°C and SOC,-the heated fluid in the boundary layer
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is denser than the bulk fluid and descends. Between 8°C and

12.4°C, the fluid adjacent to the surface is lighter than the
bulk fluid but the net motion is still downward since the

shear stress exerted by the outer part of the boundary layer

is enough to overcome the difference in density. At 12.4°C,
the velocity gradient at the surface is zero, which means
that the buoyancy and shear forces are balanced. At tempera-

tures between 12.4°C and 26.8°C, bidirectional flow will oc-

cur; upflow near the surface and downflqw towards the outer
edge of the boundary layer. The relative magnitude of these
two regions change as the temperature increases. At tempera-
tures above 26.8°C, the immer upward flowing part of the
boundary iayer predominates. The shear force it exerts on the
heavy outer part of the boundary layer is great enough so
that the flow is purely upward above this point. At bulk tem-
peratures above 0°C, the transition points between flow re-
gimes wil change but the same general behaviour persists.
Naturally, at bulk temperatures above 4°C, in the heated

plate region, the flow will be purely upward, since the

boundary layer must, by definition, be lighter than the bulk

fluid.




1.3 Review of Previous Work

.......

The first analytic investigation of heat transfer

from horizontal cylinders was carried out by Langmuir [22] in

1912. By studying free convective heat transfer from high
temperature wires to different gases, he concluded that the
dominant heat transfer mechanism was radial conduction
through a stationary layer, or film, surrounding the wire.

This he deduced from the fact that in gases, even at high

temperatures, the velocity of the gas was very small while
the thermal conductivity became appreciable. As a verifica-
tion of this hypothesis, he presented the results of his ex-
periments which showed that the heat loss was independent of

the orientation of the wire, which would not have been the

case if most of the heat was being carried away by convective

currents, The analytic solution of this problem then became:

Q = heat transfer rate
=-5(¢.,. = Ceeer e cies e el (1-1
| (,p 9o (1-1)
where ¢ = conductivity function
= (. -
= fék ar ...... S eereer et (1-2)
s = shape factor

27L/In(®/D) ..vnnnn. eeeeeensentcovoas (1-3)




and beIn(b/D) = 2B terernein e, (1-4)

The subscripts p and « referred to the conductivity function
evaluated at the surface and bulk water temperatures respect-
ively, k was the thermal conductivity of the fluid, L was the
cylinder length, D was the cylinder diameter and b was Lang-
muirts £ilm thickness for a.cylinder. B was the equivalent
film thickness for a plane surface and was constant for a
specific gas. For air at room temperature and pressure, Lang-
muir found B = 0.43.

Davis [4], in the early 1920's, looked at the prob-
lem from a dimensional analysis point of view. He utilized
Boussinesq's hypothesis which stated that:

. 32 2
D/ke. = F(ggo.D
q/ep (gsppcp

/x%) £(oc ¥/K) ... (1-5)
vwhere d was the heat transfer rate per unit area, ep was the
difference between the surface and bulk water temperatures,

g was the acceleration of gravity, B was the thermal expansion
coefficient of the fluid, p was the density of the fluid, cp
was the specific heat of the fluid and v was the kinematic
viscosity of the fluid. He dropped the second function, assum-
ing that the Prandtl number, pva/k, was constant for all
fluids and experimentally determined the following relation-

ship:




éD/kep - C(Cr-pr0e235 L. (1-6)

where Gr was the Grashof nmumber, gsepD3/v2 and Pr was the
Prandtl number, ucp/k. Davis [5] later discovered that omit-
ting this function was not valid, especially for fluids, and

so determined that;
éD/kep = F(GTPY) +enenreeneernnnnnenns (1-7)

Around the same period of time, Rice [32] combined
Langmuir's film theory with Davis' dimensional analysis to
: %
find a relationship for B , the film thickness for cylinders:

B = 3.40/0) Y 2 /Yt . (1-8)

where p was the dynamic viscosity of the fluid . The constants
and ekponents were determined ekperimentally. He found that

for long cylinders and very large film thicknesses:
*
s =2rL/In(2B /D + 1) .iueniiniiiiniinnens (1-9)

He also found that for large cylinders with comparatively

small film thicknesses:




The experimental results of Langmuir (air), Ayrton

and Kilgour (air), Kennelly (air), Petavel (air, hydrogen,
oxygen and carbon dioxide) and Davis (toluene, carbon tet-
rachloride, anilene, olive oil and glycerine) were in good
agreement with equations (1-8) and (1-9).

The theory was later extended by Rice [33] to take
into account the variation of the convective heat losses at
low temperatures with the 5/4 power of the temperature dif-
ference, by including g and ep in the dimensional analysis

of the ekpression for the film thickness:
* -
B*/D = 2.12(Ge-Pr) M4 (1-11)

Up until this point in time, all of the work on
free convection from horizontal cylinders had either been
confined to empirical correlations of experimental data or
to very simplified theoretical considerations. No attempt had
been made to solve the full Navier-Stokes equations. because
of their extreme complexity . A major breakthrough in the
analytic investigation of the free convective flow phenom-
enon came in 1930, when Schmidt and Beckmann [38] first
suggested applying the approximations of boundary layer .

theory to simplify the full Navier-Stokes equations. The




resulting partial differential equations were transformed by

Pohlhausen [30], for a vertical flat surface, into ordinary
differential equations with one independent variable. To
solve these equations, five boundary conditions were required,
three at the surface and two at the freestream. The conver-
gence of the solution, however, was much too slow and so
Pohlhausen used Schmidt and Beckmann's experimental results
for air, to obtain two more boundary conditions at the wall.
His results were therefore restricted to air.

Jodlbauer {19], three years later, extensively
measured the temperature and velocity fields around heated
pipes and compared his results with the theory of similarity
of flow fields, discussed by Davis and also by Schmidt and
Beckmann for the flat plate. This data has been used by many
people, since that time, as a check against theoretical pre-
dictions.

The most extensive work on this subject was per-
formed by Hermann [18] in 1936. He transformed the partial
differential equations into ones which were identical to
those solved by Pohlhausen for a vertical flat plate (Appen-
dix I). The transformation used by Hermann was not exactly
correct and as a result, his azimuth functions, f£(¢) and g(g&),
were overdetermined (i.e. three equations in two unknowns).

However, his results compared quite favorably with those of
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Jodlbauer [19]. They were:

u(x,y) = tangential velocity

©/1). (Gr/8) Y 25 @)@ (@) . . (1-12)

6(x,y) =T -T,
= ep-t(q) ....................... (1-13)
h(x) = local heat transfer coefficient
= -(k/r)-(Gr/8)1/4g(a)t'(0) ....... (1-14)
Nu(x) = local Nusselt number
= 26/8) gt () oo (1-15)

Nu = average Nusselt number

hD/k

26/ AT (0) e (1-16)

x was the tangential coordinate, y was the radial.coordinate,

r was the radius of the cylinder, T was the temperature, T
was the bulk water temperature and &£, q, t(q), £(&) and g(&)

are defined in Appendix I. Hermann graphically integrated

g(£) and found that g = 0.616. Using Pohlhausen's results for

air (Pr = 0.733), t'(0) = -0.508 and:
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N = 0.372(Gr) Y4 o, (1-17)

He compared the solutions for a horizontal cylinder and for a

flat plate and found that:

1) if GrD = GrL (i.e. D=1)

then Nﬁb = 0,777 Nﬁi ................ (1-18)
2) if by = Ry
then L = 2.76 D tiiviiiienenennnnnnas (1-19)

Also of interest was Hermann's work on the tran-
sition to turbulence in free convective flow over a horizon-
tal cylinder. He found that the critical Reynolds number,

based on the boundary layer thickness, Re = 285 for a

§,crit.
cylinder, which is considerably less than the critical
Reynolds number for forced convection. Using this number and
his theoretically derived formula:

Re () = 0.357 art/4,

a formula for the critical Grashof number and the position of

the onset of turbulence was determined:

e = [800/£(E .. 1% e, (1-21)

Terit. crit.
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For Gr < 3.5 x 108, the flow was laminar over the entire cyl-

inder. At Gr = 3.5 x 108, turbulence appeared at £ = n (the

top of the cylinder). At Gr = 3 x 10°

, the flow was turbulent
from £ = n/2 upward (the middle of the cylinder). Finally,
from his test results, Hermann discovered that after the on-
set of turbulence, Nu « Grl/3 because of the increased mixing
due to the turbulent exchange of momentum and energy.

A third subject which Hermann studied was the cor-
relation of the results of several previous investigators,
principally at lower values of the Grashof number. He pre-
sented log-log graphs of Nu versus Gr for the data of Ayrton
and Kilgour, Langmuir, Bijlevelt, Kemnelly,Wright and Bijl-
evelt, Petavel, Wamsler and Koch. All of these experiments
were performed in air and for the most part on wires of small

4 Gr < 10). Only the data of Wamsler and of

diameters (10~
Koch represented heat transfer frcﬁ cylinders of any appreci-
able size (104 < Gr < 107). The point of interest in this
representation of data was that in the higher range of Gras-
hof numbers, the results could be represented by a single
straight line while for Grashof numbers below 10, the curves
of the different experimenters diverged and levelled out at
Gr < 10_4 to constant but different values of Nu.

The reason for this divergence was thought to be

the invalidity of the boundary layer approximations at very
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small values of the Grashof number, where the thickness of
the boundary layer with respect to the diameter of the cylin-

der and also the curvature of the surface became signifi-

cant. Hermann reasoned that in this region, fluid velocities
were small and conditions were very close to those of static
heat conduction, which was in agreement with Langmuir's film
theory. By introducing a new variable, T, = ep/Tm, he found

that a single curve of Nu versus Gr could be obtained for

any specific value of Te’ Also, the Nusselt number decreased
as Te increased, since this was equivalent to lowering T_ for
a constant value of Tp, the surface temperature, which intro-
duced more cold fluid into the boundary layer, resulting in
a lower average value of the thermal conductivity.

During the 1940's, Elenbaas [13] incorporated Lang-
muir's £ilm theory with previous work done by Hermann, to
more thoroughly describe the free convection process from
wires at low values of the Rayleigh number (Ra = Gr-Pr). He

agreed with Hermann's conclusion that the rate of heat trans-

fer at low Rayleigh numbers must be affected by Te’ as well
as by Gr and Pr. Combining this assumption with the film

theory, Elenbaas derived:

Nﬁﬁ-exp(—Z/Nﬁf) = C-(Gr.Pr);/S

/g*(Gr-Pr)p .......... (1-22)
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where the subscripts p and f referred to properties eval-
vated at the surface and film temperatures respectively. For

4

®
Ra <107, C=0.16 and g (Gr.Pr)p = constant = 1. Therefore,

for Ra < 104:

NG exp(-2/Nip) = 0.16(Gr-Pr)%/3 ....... (1-23)

For larger values of the Rayleigh number, the function

% —
g (Gr.Pr)p increased and exp(—Z/Nuf) + 1. From experiment, it

1/12

. Therefore, for
p

*
was concluded that g (Gr-Pr)p « (GrePr)

Ra >> 10%:

which was identical to the form of Hermann's heat transfer
relation.

Elenbaas and previous investigators had assumed
that the temperature of the fluid at the surface was at the
same temperature as the surface. This is valid for gases, as
long as the mean free path of the gas is small, so that mol-
ecular collisions are frequent. At very low pressures, how-
ever, the mean free path increases and this assumption is no
longer valid. A temperature discontinuity develops at the gas-

solid interface. Madden and Piret [23], in 1951, solved this
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problem and found that:

¢ = In(b/D)
= (2/Nu) - [(8/Pr)-(A/D)1/[o(x+1)]
+ In[I+CA/D)] vveiiiiiiiiii i (1-25)

where A was the mean free path of the gas, « was the ratio
of specific heats for a gas, ¢ was the accommodation coef-
ficient for a gas and ¢ was Madden and Piret's heat transfer
function. At high pressures, the second and third terms on
the right hand side of equation (1-25) became very small

and it reduced to:
NU = 2/In(B/D) vernirinernnennneenneenns (1-26)

which was identical to Langmuir's results. They then exper-

imentally measured & and established that:
o = 1n[6.82/(Gr-Pr) 3] oo, (1-27)

In 1953, Ostrach [28] duplicated the work of Pohl-
hausen and solved the transformed differential equations for
a flat plate, for many Prandtl numbers. This allowed Hermann's

work to be extended into the liquid range of Prandtl numbers.
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The next year, McAdams [24] correlated earlier experimental
work on horizontal cylinders and determined that the equation

which best fit the data was:
Nt = 0.53Gr-Pr) Y4 o, (1-28)

If Hermann's equation for air (Pr = 0.733) were generalized

- for any fluid, the resulting equation would be:
N = 0.40 GrP)Yt o, (1-29)

which was not in very good agreement with McAdams'formula.
However, with the aid of Ostrach's solution, it can be shown
that t'(0), used in Hermann's equation, did not vary exactly
as the quarter power of the Prandtl number. Therefore equation
(1-28) gave a better correlation than (1-29) in general, al-
though Eckert and Soehnghen {10] verified that Hermamn's
s6lution was excellent for air.

Another transformation was used by Merk and Prins
[26] in 1954, in conjunction with an integral technique, to
solve the partial differential equations in terms of the az-
imuth fumction H(g) (Appendix II). They found that for a
cylinder:

u@,y) = (/D)6 2en. (-2 E@E) ... (1-30)
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o(x,y) = ep-(l—n) ..................... (1-31)
h(x) = 20/D)-Gr 4eG(E) vuviinn (1-32)
Nu(x) = h(x):-D/k

= 268 A GE) (1-33)

Na = [26e4]- [Hm /o] 6/ ()] ....(1-34)

where G(£) and F(£) and n were functions of H(g) and H'(§)
and where G(£)/H'(¢) and H(r) were constant for any Prandtl
number. It should be noted that H(¢) also depended on the

Prandtl number. Carrying out the calculations:

Pr=75; Na=o0.511(Cr-P) 4 L.l (1-35a)
Pr=28 ; N =0.518(Cr-pr)4 ......... (1-35b)
Pr = 103 Mo = 0.520(Gr-Pr)>4 ......... (1-35¢)
and Pr = = ; Na = 0.528(Gr-pr)Y%4 ..., ... (1-35d)

Equation (1-33) was in excellent agreement with equation
(1-15), derived by Hermann, except at large values of £. In
this region, Hermann predicted that the heat transfer would

vanish while Merk and Prins predicted that it would tend
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toward some finite value (Figure 2). The latter prediction
was in good agreement with experimental observations. It was
also evident that equation (1-35) yielded closer results, when
compared to eicper»imental data or to McAdams' empirical formu-
la, than Hermann's equation (1-29). The only drawback of Merk
and Prins' approach was that the form of the temperature and
velocity profiles were assumed and were arbitrarily set equal
to zero at n = 1. This meant that the temperature and velocity
profiles did not approach zero asymptotieally and furthermore,
they reaéh‘ed .iero at the same value of n, both of which are
untrue, The latter statement would be correct only if Pr = 1
(See Figure 3a and 3b), Jodlbauer's experiments confirmed
that Hermann's temperature and velocity profiles were much
more accurate than those of Merk and Pl;ins.

In order to corredaterfree and forced convection
heat transfer results for flow regimes where both mechanisms
were in existence, van der Hegge Zijnen [42] formulated his

oun empirical formula:

NG = 0,35 + 0.25(Gr-Pr)L/8
+ 0,45@r Pt L (1-36)

which he found predicted the Nusselt number at low values of
Gr.Pr much better than the formulas of Merk and Prins or of

Hermann, -
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One of the major problems in using any of these
derived or empirical formulas is that the fluid properties

were considered constant, whereas in reality, this is far

from being the case. For instance, the kinematic viscosity of
water decreases by a factor of two between 0°C and 25°C.
Sparrow and Gregg [40], however, solved the boundary layer
equations for a flat plate using variable fluid properties

(p, k, v and cp). They compared the heat transfer results

with those obtained by using a reference temperatute, in con-
junction with the constant property solution. For liquids and
gases, satisfactory agreement was obtained by using the con-
stant property solution and evaluating all fluid properties

at -the film temperatiire, which they defined as:
Te = 0.5(T, + T) cevenvinniniiannnnn . (1237)

The Epplicability of the reference temperature method has

been extended to other configurations (i.e. the horizontal

cylinder) with excellent results. Henceforth, it will be
assumed that all properties are evaluated at Tf, unless
otherwise specidied.

Eckert and Drake [9] derived their own solution by

integrating the boundary layer equations and by assuming the

form of the temperature and velocity profiles. Their results
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were in the form:

Na = .540[Pr/(.952+Pr) ]/ % (er.pr) /4. .. (1-38)

Here the Nusselt number was not simply a fumction of (Gr-Pr)l/4

but depended on another function of the Prandtl number as

well. For various Prandtl numbers:

Pr=5; No=.517(6r.P0)Y 4 Ll (1-3%)

Pr=8; Na=.5250r-P) Y% .l (1-39b)
Pr = 10; Ni = .528(6r-Pr) /4 ...l (1-39¢)
and Pr = » 3 Nu = ,540@Gr-Pr) 4 L. .. ... (1~30)

It is interesting to note what would happen if Hermann's heat
transfer equation (1-16) was generalized for all Prandfl num-
bers by assuming that the function t'(0) varied with Pr in an
analogous manner to equation (1-38) (See Appendix III). The

result of such a generalization is:

Pr=5; No=.474(Ge.P) /% L. (1-40a)
Pr=28 ; Nu=.481(Gr.Pr)/% .......... (1-40b)
Pr = 10; Mo = .484(Cr.P0)% ..., (1-40¢)
and Pr = » 3 Ng = .495(Gr-Pr)1./4 ........ .. (1-404d)

While (1-40) does not compare as well as (1-39) with McAdams'
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correlation (1-28), it is a marked improvement over the sim-
plified generalization (1-29) of Hermann's results.

During the last fifteen years, several investigators
have worked on various aspects of heat transfer from horizon-
tal cylinders. Sesonske [39] measured the temperature and
velocity fields around a cooled horizontal cylinder. His re-
sults matched those of Jodlbauer, which proved that Hermann's
azimuth functions correctly represented the temperature and
velocity behaviour about a horizontal tube.

Chiang and Kaye [2] solved the boundary layer
equations- for arbitrary surface temperature or heat flux dis-
tributions by introducing the surface temperatures or heat
fluxes as power series and then transforming the partial dif-
ferential equations into a number of ordinary differential
equations, which were then numerically solved. Their results,
for a constant surface temperature, verified Hermann's
earlier theoretical work.

Poots [31] derived a general similarity solution
for an isothermal three dimensional surface, near the stag--
nation point. The differential equations were simplified and
solved for the two limiting cases, the horizontal cylinder
and the sphere. Poots' solutions were similar to ones derived
by Merk and Prins near the stagnation point. However, the

breakdown of boundary layer theory in this region rendered




24

these results somewhat suspect.
Koh T20] utilized Hermann's theory to find the
temperature distribution around a horizontal cylinder when

the heat flux varied in the following manner:

where éo represented the heat flux at £ = 0. He found that
for constant heat fluk, the local and average Nusselt numbers
were approximately 8% and 3% higher respectively, than those
for the isothermal case,

Koh and Price J21] used a perturbation technique,
similar to that employed by Chiang and Kaye, to solve the
differential equations for the case where the surface temper-

ature of the horizontal cylinder varied as:

ep/epO =1+ nE” +FIOET Ll (1-42)
where epo represented the temperature difference at £ = 0.
Their results were in agreement with those of Hermann and
with those of Chiang and Kaye, for n; =mn, = 0 (isothermal
cylinder). They also ascertained that Eckert and Drake's form
of the variation of Nusselt number with Prandtl number may be

used to extend their solutions to other values of Pr. One
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interesting result of their work was the divergence of heat
transfer solutions as the surface temperature deviated from
the isothermal case. For instance, it was determined that if

n, =n, = 0.2, then the Nusselt number at £ = 1 was 39%

1
greater than the Nusselt number under isothermal conditions.
From this, it could be concluded that even a small degree of
non-isothermality will cause a large change in the local heat
transfer.

Dyer [8] studied the problem of constant heat flux
using an integral technique similar to that of Eckert and
Drake and a modified Grashof number, @Gr'. The use of Gr' al-
lowed the average heat transfer results to be gemeralized.
That is to say, Gr' was constant for the cylinder while the
conventional Grashof nmumber, in this case, varied with the
angular position, £. Dyer found that:

N = 0.61(6r'-Pr) 1% ..

crietreenesinnes . (1-43)
However, the validity of this solution was dubious since the
assumed form of the boundary layer velocity profile had been
shown by Sesonske and others to be incorrect.

Another solution for an isothermal cylinder was
developed by Saville and Churchill [34] in 1967. They trans-

formed the partial differential equations using Goertler-type
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transformations and series expansions, rather than the
Blasius-type employed by Chiang and Kaye and then numerically
solved the resulting set of ordinary differential equations.
Their temperature and velocity profiles were in good agree-
ment with Jodlbauer's results and furthermore, their series
expansions converged much faster than the Blasius-type expan-
sions.

Peterka and Richardson [29] analyzed the free con-
vection problem for moderate values of the Grashof number.
They reasoned that in this range, the rectilinear coordinates
used by Hermann, Chiang and Kaye and others, were not valid
since the boundary layer curvature could no longer be
neglected. Instead, they formulated the problem in two dimen-
sional cylindrical coordinates and solved the boundary layer
equations in a manner quite similar to that of Chiang and
Kaye. The important result of their work was their discovery
that while the temperature profiles through the boundary layer
were generally similar for a large range of Grashof numbers,
there were marked differences in the slope of the temperature
profile at the surface. Translated, this meant that the sur-
face heat flux for Gr = iOS was roughly 30% greater than that
predicted by other experimenters, most notably Hermann and
Chiang and Kaye. Also noted was the fact that these differ-
ences were still significant (>4%) at Grashof numbers in the

order of 106.
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A further confirmation of Hermann's original work
was produced by Aihara and Saito [1]. They measured the temp-
erature and velocity fields around a horizontal cylinder as
the limiting case of a horizontal torus with an infinite rad-
ius of rotation. Their velocity measurements were obtained
using an optical technique and were considered to be very
precise. The agreement with Hermann's non-dimensional "'sim-
ilar" profiles was remarkably good..

A recent study was carried out in 1974 by Gentry
and Wollersheim [15] on free convection to non-Newtonian
power law fluids. These are fluids whose shear stress re-

lationship may be represented as:

= (k/g ) (Gu/an)™ Ll e el (1-44)

For conventional fluids, n = 1 and k, the consistency index,
becomes the dynamic viscosity, u. They developed an integral
solution for the heat transfer around the cylinder as a
function of a modified Grashof and Prandtl number, Gr' and
Pr' respectively. Two points of interest arose from this
study. The first was that the local Nusselt number was not
maximum at the bottom of the cylinder but began at a finite
value and increased to a maximum at some point away from the

bottom before decreasing to zero at the top. This effect was
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more pronounced as the value of n decreased. For n = 1, this
effect died out completely and the Nusselt number was exactly
the same as that predicted by Hermann. The second result was
that - the average Nusselt number was well represented by

McAdams' correlation, namely:
NG = 0.53(Gr!-PrO)Y4 L (1-45)

Fand -and Keswani [14], in 1973, reported on their
study of the mass flow rates of convective plumes above hor--
izontal cylinders in water. A particularly interesting aspect
of their work was the effect of the free surface on the mass
flow and heat transfer rates around the cylinder. A typical
surface temperature versus time profile for a horizontal cyl-
inder is shown in Figure 4a. During the entire timé interval
during which heat is transferred from the cylinder, there is
a plume of fluid rising from the cylinder. When this layer
reépﬁes the surface it bifurcates and forms a horizontal
heated layer. The initial increase in surface temperature is
due to the short time in which convection has not had time to
becomé established and during which,conauction is the only
mode of heat transfer. The surface temperature then becomes
steady until the time when the heated layer of water on the

surface has built up and descended to the level of the
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cylinder. From this time forward, no steady state can be main-
tained. Fand and Keswani performed tests which indicated to
them that if Y/D (See Figure 4b) was less then 10, then no
steady state segment could be established at all, because the
cylinder could "'sense" the free surface and would be immedi-
ately affected by it. They did indicate that this minimum
ratio was probably dependent on the driving force, ep’ as well,
but they did not inVestigate this aspect of the problem. In-
deed, it seems more likely that the controlling parameter
would be CY/D)/ep instead of simply Y/D. They also derived an
empirical formulé for the time taken for the hot layer of
fluid to descend to the level of the cylinder:

<53 ~1.
\) »

t* = 131,58 W(Gr-Pr) D

T/ S < W2 eiriieiin . (1-46)

~ yhere the constants were determined experimentally.
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1.3.2 Free Convection in Water Near 4°C

The effect of the density anomaly of water on its
heat transfer characteristics was initially discovered by
Codegone [3] in 1939. He observed that the heating and cool-
ing rates of a flask of water were minimum when the water was
at 4°C.

The unusual heat transfer characteristics of water
near 4°C were also reported by Ede [11] in 1951. He was able
to correlate heat transfer rates to the difference between
the plate and fluid temperatures for several liquids with
the exception of water when the water temperature was below
4°C and the plate temperature was above 4°C. In this specific
instance, the unusual density variation near 4°C influenced
the results and rendered them incomparable to conventional
theoretical results.

Tkachev [41], in 1953 while studying the melting of
ice, discovered that for horizontal cylinders, a minimum
Nusselt number occurred at a water temperature of 5.5°C. This
he attributed to the presence of two opposing convective cur-
rents around the cylinder.

Dumoré, Merk and Prins [7], also in 1953, observed
that when ice spheres were melted by free convection, the
minimum Nusselt numbef occurred at a water temperature of

4.59C. This result could be well duplicated theoretically by
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replacing the conventional thermal expansion coefficient in

the empirical equation:

Nu = 0.6(GrPr)/Y L, (1-47)
with a new coefficient which was a linear function of the
bulk fluid temperature.

The next year, Merk [25] used the Squire-Eckert in-
tegral technique and a third order polynomial for density as
a function of temperature, to solve the differential equations
for melting ice spheres for an infinite Prandtl number. The
results were then extrapolated to a Prandtl number of 10 where
a minimum Nusselt number was predicted for a bulk water temp-
erature of 5.3°C.

A year following this, Ede [36], compared Merk's
theory to his own earlier expetrimental work on heat transfer
from a heated vertical flat plate. The agreement was quite
good in the regions of pure upflow and pure downflow but in
the bidirectional region, the theoretical results were as
much as 50% low.

In 1956, Schechter and Isbin [36], studying heat
transfer from a heated flat plate, were the first to apply a
similarity solution to the problem. The transformation was

similar to that used by Ostrach [28], with the exception that
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they introduced Merk's expression for density into the
boundary layer equations. The transformed ordinary differen-
tial equations were solved numerically for a range of plate
temperatures from 1°C to 14°C (T = OOC). Their results
showed that the Nusselt number decreased up to Tp = 14°C, at
which point the velocity gradient at the plate surface was
zero. This they called the transition point to bidirectional
flow. No similarity solution was possible above this point
because the velocity field was no longer similar.

Schechter [35] experimentally measured temperature
and velocity profiles for conditions similar to the above and
observed regions of pure upflow, pure downflow and a bidirec-
tional region with an upflowing current near the plate and a
downflowing current further from the plate.

Schechter and Isbin [36] also found a solution by

,using an integral technique, the results of which were:

Nu_ = 0.489(Cr -Proa)/t Ll (1-48)
Nu = 0.652(Cr-Pre-)* (1-49)

where o was a dimensionless buoyancy function which is
derived in Appendix V.
Schechter's analysis could not be applied at a bulk

water temperature of 4°C because the thermal expansion
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coefficient, g_, became zero at this point. Goren [16] in
1966, avoided this problem by introducing a parabolic expres-
sion for the density change df water as a function of its
temperature deviation from 2°C. He then applied a similarity
transformation technique and numerically solved the differ-
ential equations. This density variation for water and hence
his solution were only valid near 4°C.

A year later, Oborin [27] first studied free con-
vection from a heated sphere and cylinder, the sphere being
7°C warmer and the cylinder 2.1°C warmer than the bulk fluid.
Minimm Nusselt numbers were obtained at a water temperature
of 2,4°C for the sphere and 3.3°C for the cylinder. By assum-
ing that this minimum occurred when the density at the mean
boundary layer temperature was equal to the density of the
bulk fluid, he derived an eXpression for the bulk water

temperature at which the minimum Nusselt number occurred:
T (min) = 4 -« ep/4 Chterestrassareseeeas (1-50)

In a study of melting ice spheres, conducted in
1968, Schenk and Schenkels J[37] observed all three modes of
flow; upflow when the water was above 6OC, downflow below
2°C and a bidirectlonal flow regime, similar to that observed

by Schechter [35], when the water temperature was between
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these two temperatures. They found a minimum Nusselt number
occurring at 5.3°C, which was the same temperature as that
predicted by Merk [25]. However, Merk's predicted Nusselt
nmumbers in the bidirectional region were drastically lower
then those measured by Schenk and Schenkels, due to the fact
that the velocity profile that Merk used for his integral
technique did not f£it the bidirectional flow regime,

Vanier and Tien [46,47], during the late 1960's
investigated melting ice spheres and determined that the min-
imum Nusselt number occurred at a bulk water temperature of
5,359C, They also obtained an empirical equation to fit their

ekperimental data;
Nu= 2 + C(Gr-Pr)1/4 cerrasei e cevee (1-51)

Three different values of C were obtained, corresponding to
different ranges of water temperatures. They also [44,45]
performed a theoretical study of free convection by numerically
integrating the ordinary differential equations obtained by
Schiechter and Isbin [36] and by Goren [16]. A variable

Prandtl number was introduced to study the effect of variable
fluid properties. The agreement of these results with those
obtained by using a éonstant Prandtl number evaluated at the

fidm temperature was quite good. Their analysis, based on
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similarity assumptions, could not be extended into the bi-
directional flow region. A similar study was conducted on

melting vertical plates of ice and the results were compared:

3/4

Nu(plate)/Nu(sphere) = 1.106(L/D)~ ... (1-52)

The most extensive investigation to date of the bi-

directional flow phenomenon in water near 4°C, was performed

by Yuill [48],'who attempted both experimentally and énalytic-
ally to describe the iocal variation of heat flux on a ver-
tical flat plate. For the unidirectional flow regions (regions
I, IIT and IV in Figure 1), he solved the boundary layer
equations using a similarity transformation which included
the effect of varying viscosity .and a numerical integration
technique. The results were presented in the normal form (the
Nusselt number as a function of the Grashof and Prandtl num-

bers). In region I:

. £ 1/4 ]
Nu, = Cp(Gr Pyt L (1-53)
Gr* = 3088 6 xs/v2 (1-54)

- BRIV
C; = 0.568 - 0.098[1 - exp(AZ + BZ”
G2 DI e (1-55)

where Z = o - 0.02825




and D =

and in regions III

Nu

X
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-23.043
130.688
-469
406

and IV:

174
= oGP (1-56)

where A
B:
G =

and D =

The variable Z was

not zero along the

+ B¢2 + G¢3 + D¢4)] .......... (1-57)

~1.28369 °c!

0.321533 °c™2

-0.0581512 °¢73

-0.00377369 °c™?

used to correct for the fact that o« was

I-IT boundary. This was due to the fact

that the temperature profile used in the derivation of o was

not quite correct.

¢ was the perpendicular distance from the

IT-IIT boundary. The coefficients Cq and Cipp-qy are also

presented in Figures 5 and 6.

In region II, no similarity transformation was

possible since two

opposing flows were present. Yuill
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postulated that in this bidirectional region, two boundary
layers were present also; an inmer layer..growing-upward and

an outer layer growing down the plate. From an interpretation

of his results, he also hypothesized the existence of sep-
arated and non-separated sub-regions within region II; the
distinction between the two being that the inner boundary

layer for non-separated flow continued upward past the top of

the heated plate while for separated flow, this inner boundary

layer separated from the plate to flow back down as the outer
boundary layer. The line ¢ = -0.6 was chosen as the boundary
between the two, to fit the experimental results, although
the amount of data was not sﬁfficient to fix this boundary
absolutely.

The heat transfer results in the non-separated

| region were found to be similar to those in the unidirection-

al upflow region, probably because the inner boundary layer
was much more dominant than the outer boundary layer. The

results were correlated by the equation:

- * 1/4 -
Nu = Cppg(Gry Prad)™ " L (1-58)
* . 3,2 _
Gri, = 3“ig6mepx A (1-59)
CII-N = 0.3425 + 0.080 ¢ cevuivennnnnennn (1-60)

CII-N is graphically presented in Figure 7. a; was the
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dimensionless mean inner boundary layer density deficit de-
fined in Appendix V.

In the separated region, both boundary layers had
an influence on the heat transfer coefficients. Yuill defined

the local thermal resistance as:

Pl
1]

1/hix * 1/hox

X
= C; (x/k;)« (Grf Pr) ™
+ CLL-x)/k ]- (Gl Pr )™ ..., (1-61)
C; = 6.988y + Agy + Boy” «ooeunrnenenn. (1-62)
C, = 2.3313 - 8.6188y + Goy + Doy ..... (1-63)
D= 0025 % B veeernnnneeenneneaaaneeans (1-64)
M= 0025+ FY vueerennneeanneeeannneeans (1-65)
where A = -23.329 °¢"1
B = 34,907 °¢"1
6 = 6.5212 °c1

D = -19.089 °ct

E = -0.021943 °c1

and F = -0.051359

L was the length of the heated plate and y was the angle of

rotation about the point Tp =T = 4°c, with the I-II boun-

dary arbitrarily chosen as datum. The terms Gr’;X and Pri were
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evaluated at the film temperature of the inner boundary layer
while Grgx and PrO were evaluated at the film temperature of

the outer boundary layer. These film temperatures, along

with the division point between the two opposing flows, I,

are also defined in Appendix V.
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CHAPTER 2
- EXPERIMENTAL STUDY

2.1 Objectives of the Experiment

The first objective of this experiment was to ob-
tain local heat flux distributions, representing the variable
fluid property situation and to compare them with the dis-
tributions obtained analytically by previous investigators,
in order to see the relative effect of fluid property changes
through the boundary layer on the heat flux at the cylinder
surface, To introduce these fluid property variations into
the theoretical-analysis of this problem was beyond the scope
of the present work, It was also desired to check out the
quality of the heat transfer apparatus by performing the
comparison, so that the temperature region around 4°C could be
investigated and the results could be used with a reasonable
degree of confidence., In the majority of analytic work on free
convection from cylinders, the fluid properties have been as-
sumed constant, with the exception of the density change in
the buoyancy term of the momentum equation. In particular,
neither Hermann [18] nor Merk and Prins [26] considered the
variation with temperature of the viscosity, conductivity or
Prandtl mumber in their theoretical analyses of the problem.

Yuill introduced ekpressions for these variables, along with
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the density, into his similarity transformation of the boun-
dary layer equations for a vertical flat plate (See Appendix
IV). No such analysis has been done for the horizontal cyl-
inder problem. Since these properties do exhibit changes with
temperature, the introduction of variable fluid properties
might noticeably alter the analytic local heat flux distrib-
utions obtained by Hermann, Merk and Prins and others.

The second major objective of this study was to
correlate the average heat transfer data for the four dif-:: .
ferent flow regimes in the region around 4°c. Although exten-
sive work has been done on the general problem of free con-
vection from horizontal cylinders, none has been performed in
the region around a bulk water temperature of 4OC, where the
density maximum radically alters the flow patterns and again,
none has taken into account the change in fluid properties
through the boundary layer. Yuill [48] had identified four
different sets of heat transfer results in this region, cor-
responding to cases of pure downflow, bidirectional separated
and non-separated flow and pure upflow along a vertical flat
plate and had derived correlations for each. It was considered
likely that his correlations could be modified somewhat, so
that they could be applicable to the heat transfer from a
horizontal cylinder. By comparing the obtained correlations

with the accepted standard correlations for horizontal




43

cylinders, a measure of the effect of the density maximum on
the heat transfer characteristics of horizontal cylinders
could be obtained. Should this effect be of sufficient mag-
nitude, it was desired to know exactly how far removed from
the point of maximum density the bulk water temperature would

have to be before this effect died out.

2,2 Experimental ‘Apparatus

The cylinder consistéd of two parts, the support
structure and the heat transfer surface. The support struc-
ture was fabricated from 10.16 cm. (4 in.) 0.D, plexiglass
tubing cut to a dength of 58.42 cm. (23 in.). Upon the middle
20,32 cm. (8 in.) of this tubing were mounted the heated sur-
faces, which were prepared and installed as follows. Circum-
ferential lines were scribed om the tubing so as to divide
this 20,32 cm. section into-three parts; a 10.16 cm. section
in the middle with a 5.08 cm. section on either side. These
sections would correspond to the main test section and to
guard sections on either side, designed to eliminate end losses
from the test section. Following this, longitudinal lines
were scribed so as to divide the periphery of the tubing into
twelve equal sections. Since the circumference of the tubing

was 31,92 cm., each of these sections was -approximately 2.66
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cm. wide. The end effect was to produce thirty-six individual
rectangular blocks on the outside of the tubing, which would
be used to locate the thirty-six heaters which made up the
apparatus. Through various portions of these sections, holes
were drilled to allow thermocouple, voltage tap and heater
leads to be drawn through the plexiglass into the inside of
the tubing.

The heaters employed were a Minco brand, Kapton in-
sulated, thin etched thermofoil resistance heaters whose heat
generation rate was constant over their surfaces. The twelve
main heaters were 2.54 cm. by 10.16 cm. (1 in. by 4 in.) with
a resistance of 1.92 ohms and the guard heaters were each
2.54 cm. by 5.08 cm. (1 in. by 2 in.) with resistances of
0.96 ohms. The leads and voltage taps were soldered to the
back (or inside) of the heaters and fed through the holes in-
to the interior of the tubing. Each heater was located by
means of the scribed lines and cemented into place on the 5[
plexiglass surface with contact cement. Both the heater leads
and the voltage taps were constructed with 22 AWG insulated
copper wire.

Next, small holes were drilled through the insulated
parts of the heaters, at the appropriate places, and thfough
the tubing as well, to allow the thermocouples to be fed

through from the inside of the tubing. The thermocouples were
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constructed of 30 AWG copper-constantan thermocouple wire.
Thirty-four thermocouples were employed in the apparatus.
Their positions are indicated in Figure 8, along with the di-
mensions of the cylinder. They were fixed into position on
the outside of the heaters by bending them over as they
emerged through the heaters and pressing them into shallow
vslots on the heater surfaces.

A 0/056 cm. (0.022 in.) thick, curved rectangular
copper plate was. installed over each individual heater. These
were manufactured by first rolling a sheet of copper into an
approkimately 10,16 cm, (4 in.) tube, then scribing this tube
in an identical manner to the plexiglass tubing and finally,
cutting the tube intortﬁirtyvsik-sections,with,a very fine
slitting saw, These copper: sections were individually al-
ligned over the heaters-and'cemented into place with contact
cement, A cross-section of the apparatus is shown in Figure 9.
Three circular hose clamps were used during the installation
to provide pressure between the copper plates and:the heaters.
This insured a good bond between the two and also insured
good contact between the thermocouples and the inside of the
copper plates.

The finished product consisted of twenty-four ther-
mally isolated individual sections, one corresponding to each

main Reater and one corresponding to each pair of guard heaters
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(each pair of guard heaters on either side of a main heater
" were connected in series).

A circumferential profile was run with a dial guage
at three different points on the main, or test section as a '
check on the roundness of the finished apparatus. The initial
results indicated that there was a small tendency for the cop-
per plates to flatten out once they had been cut from the
larger tube. Small amounts of filing and polishing had to be
performed on the edges of the plates to secure a finish of
satisfactory roundness (See Appendix VI).

The final step was.to fill in all of the internal
cracks between the heaters with melted paraffin wax té insure
that there was no thermal contact between the heaters and also
to provide a continuous outer surface to insure a smooth free
convective flow, The two outer circumferential edges betweem
the guard heaters and the pleXiglass tubing were sealed with
a silicone sealant, The entire heated surface was then pol-
ished and a check of the average outside diameter was per-
formed with vernier calipers (See Appendix VI).

Working from the inside of the plexiglass tubing,
the holes for the thermocouple, voltage tap and heater leads
were sealed with an epoxy cement to ensure that the inside of
of the cylinder would be watertight. The wires were fed

through to one end of the tubing and the remaining interior




49

space packed with fiberglass insulation. Three holes were
made in the plexiglass tubing. close to one end and pleki-
glass fittings were cemented over them to provide an exit for

the leads from the apparatus. All leads were led up through

flexible 1.91 cam. (0.75 in.) I.D. plastic tubing to the out-
side of the tank. The hose was clamped to the plexiglass fit-

tings and covered with silicone sealant. Plexiglass end plates

were manufactured to fit onto the ends of the cylinder. All

plexiglass-to-plexiglass connections were achieved using
methylene chloride, a chemical which melts plexiglass sur-
faces and fuses them together. The assembled test section is

illustrated in Figure 10.

A1l of the analytic work on horizontal cylinders

which was discussed in chapter 1 was based on two assumptions;

an infinitely long cylinder and an infinite heat transfer
medium, which in this case was water. Experimentally, neither
criterion can be readily satisfied. The use of guard heaters

practically eliminates end effects for cylinders of finite

length, but the problem remains of how to simulate an infin-
ite medium. If a tank is used to confine the water, it must

be of sufficient size so that the confining surfaces (the

tank walls and the free surface on top) do not appreciably

affect the flow. The tank used in this experiment was 0.51 m.3
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(18 ft.s), measuring 60.96 cm. by 91.44 cm. by 91.44 cm. deep
(2 ft. by 3 ft. by 3 ft. deep) and was constructed of 20 AWG
AIST 304 stainless steel. A 5.08 cm. by 10.16 cm. (2 in. by

4 in,) wooden support stand was built for the tank to sit on

in order to damp out vibrations from the fan motor and com-
pressor in the refrigerated room and a wooden frame of similar

dimensions constructed around the tank te increase the rigidity

of the vertical sides of the tank and to provide a mounting

surface for instruments and connections (See Figure 11).

Support for the cylinder was furnished by two 15.24
cm, (6 in.) square by 2.54 cm. (1 in.) thick blocks of PVC in
which 10.16 cm, (4 in.) holes were machined. These fitted
over each end of the plexiglass cylinder, leaving the cylin-
der loose enough to be turned by hand but tight enough to
prevent rotation under test conditions. Threaded rods 1.59
cm, (0.625 in.) in diameter were screwed into these blocks.
These rods were bolted to a steel support. This type of fix-
ture allowed the cylinder to be adjusted infinitesimally,

either rotationally around its longitudinal axis, or vertically

in the tank (See Figure 12).

'2.2.3 The Cold Room

The entire test setup was situated in a Coldstream

refrigerated room whose temperature range was between -18°¢

and 24°C. Temperature control could be achieved to within
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+ 0.5°C. The room was a walk-in type with inside dimensions
of 183 cm. by 274 cm. by 244 cm. high (6 ft. by 9 ft. by 8 ft.
high). Access ports were installed on the three exposed sides
of the room to allow entry of electrical circuitry and hosing
(See Figure 14).

2.2.4 The Heater Circuitry

A schematic of all heater circuitry is shown in
Figure 13. A 1 KW high current, low voltage Hewlett Packard
model 6260 D,C. power supply was used for the experimental
study. Direct current was chosen for ease of power measurement
and also for stability, since thermocouples were employed to
measure surface temperatures. The power supply was connected
to twenty-four parallel circuits, one circuit corresponding
to each main heater and one coreesponding to each pair of
guard heaters on either side of a particular main heater.

Control of the power proportioned to each circuit
was accomplished with the use of a rheostat and a potentio-
meter in parallel. The rheostats were Ohmite type L, rated at
158 W. Those in the main heater circuits were 3Q5while the
rheostats in the guard heater circuits were 7.5Q. Most of the
current in each circuit flowed through these rheostats, so that
they could be adjusted to provide rough control of the power
through each circuit. Fine control was furnished with the use

of Amphenol series 2201B, 10-turn, 509 micropots, each rated
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at 5 W.

In order to measure the current through each cir-
cuit, an accurate calibrated resistor was incorporated into
each circuit. The type used were Dale type RH50, 0.5Q wire-
wound resistors rated at 50 W with a tolerance within 1%
(.005Q). Voltage taps were cohnected on either side of each
resistor. These resistors were mounted inside an aluminum box
which was filled with mineral oil to maintain them at a
constant temperature.

For overload protection, 2 A fuses were installed in
each circuit. Since the maximum voltage of the power supply
was 10 V, the fuses would blow at a maximum power of 20 W.
The fuses also provided a meané of controlling the number of
heaters in operation during any test. All of these components
were mounted in a control panel outside of the refrigerated
room (See Figure 15). Leads from the fuses and also from the
standard resistor voltage taps were soldered into female
plugs at the back of the panel.

Inside the cold room, the incoming power leads to
the test rig and the heater voitage taps were soldered into
male plugs after exiting from the cylinder. The return power
leads were connected to a bus-type clamp upon exit from the
cylinder while the thermocouples were run directly to the con-

trol panel with no intermediate connections. Plug-in extension




56

F
E

igure 14
Exterior of Refrigerated Room
igure 15
Control Panel and Instrumentation




57

cords were constructed to comnect the incoming power leads-.
and heater voltage taps to the control panel. A common return
was furnished to the power supply with #2 stranded power

cable. The common lead from the power supply was fed to a bus-

bar in the control panel from which point power was distrib-

uted to the various components of the circuits.

As previously mentioned, thirty-four 30 AWG copper-

constantan thermocouples were used to measure surface temp-
eratures around the cylinder. In order to obtain an accurate
estimate of the bulk water temperature, three 9-point 20 AWG
copper-consténtan thermopiles were constructed. Their measuring
junctions were cemented into starburst patterns and were
mounted in.L—shaped glass tubes which could be adjusted ver-
tically in the tank. The tubes were held rigidly in a fixture
which was in turn fastened to the support stand at the top

of the tank. A fourth thermopile was constructed to monitor

the air temperature in the refrigerated room. The thermo-

couples were wired in the switching apparatus so that a

single reference junction was required. This reference junc-~ -
tion, along with those of each of the thermopiles, were kept

in a thermos bottle filled with finely crushed ice, which was

kept inside the refrigerated room. By periodically supplying
more ice to this-cold junction, an accurate ice-point was

maintained.
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A1l thermocouple leads were connected to terminal
strips in the control panel which were compensated for use
with copper-constantan thermocouple wire. A styrofoam box was
constructed around these terminals to eliminate stray voltages
generated by temperature gradients across the commections.
The copper leads from the cold junctions to the thermopiles
were also connected to terminal strips in the control panel.
The use of these terminal strips, together with the male and
female plugs for the other components of the system, meant
that the cylinder was completely removeable from the control
panel. This meant that other apparatuses could be hooked up
to the same control system..

After the terminal strips, the thermocouple and
thermopile leads were connected to a series of Thermo-Electric
double-pole, double-throw compensated thermocouple switches.
These switches were soldered to the leads with thermal-free
solder and then enclosed in a styrofoam box, again to elim-
inate temperature gradients.

The variables to be measured were thirty-eight sur-
face temperatures, twenty-four heater voltage drops and twen-~
~ ty-four standard resistor voltage drops. To accomplish this,
three different switches were required. The first was a Hon-
eywell model 911AZ four-pole switch which was used to sel-

ect which function was to be measured (i.e. temperatures,
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heater voltage drops or standard resistor voltage drops). The
other two switches were similar but with twenty-four poles
each to measure heater or standard resistor voltage drops in
each of the twenty-four circuits. Their leads were soldered
into male plugs and connected to the appropriate receptacles
on the control panel.

Connected to the first switch was the measuring de-
vice. A Hewlett Packard model 3440A digital voltmeter was used
initially but its resolution was not small enough to accurate-
ly measure the thermocouple voltages. The instrument used for
the bulk of the experimental work was a Keithley model 160
digital multimeter which could measure D.C. voltages as small
as 1 uV. Surface and bulk water temperatures were calculated
from the thermocouple and thermopile voltages. The current in
each circuit was obtained from the voltage drops across each
standard resistor and the known resistance. The power supplied
to each heater was determined from the voltage drop across each

heater (or pair of heaters) and the current in that circuit.

2.3 Experimental Procedure

In this experiment, the infinite heat transfer medium

was simulated using a tank of water with a volume of 5.097

5

x 10 crn3 (0.51 m3). Fand and Keswani [14] hypothesized that

the cylinder should be a minimum of ten diameters below the




60

free surface (Y/D = 10) to allow for a build-up of a heated
layer of fluid on the free surface. For a cylinder the size of
the one used in the present work, this would have meant placing
the cylinder at least 105.4 cm. below the surface. Since the
present study:included a region of downflow, it was also
reasonable to assume that the cylinder should be placed in

the middle of the tank, in order to allow for a build-up of a
heated layer at the bottom of the tank as well. These two facts
would have necessitated a tank depth of over two meters.

A more likely controlling parameter was one which
included the driving force, ep,since ep determines the heat
transfer rate and hence the amount of hot fluid. It was pro-
posed to use CY’/D)/ep as this parameter. The minimum value of
this ratio used by Fand and Keswani was 0.41. The maximum theor-
etical temperature excess, at least in the bidirectional
region, was 26.80C, which would have meant positioning the
cylinder 115.8 cm. below the surface. However, if the driving
force was restricted to approximately 10°C, then the cylinder
would theoretically only need to have been placed 43 cm. below
the surface. In fact, the actual water depth used was 86 cm.
with the cylinder centered in the tank. According to the
above criterion, this restricted the driving force, ep, to
10°C, Some tests were performed successfully above this temp-
erature difference (i.e. a steady state cylinder temperature

was obtainable), indicating that the minimum allowable ratio
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of (Y/D)/ep was not absolutely correct.

In order to obtain isothermal surface conditions,
it was necessary to individually adjust and readjust the cur-
rents in twenty-four heater circuits. Time was required between
adjustments to allow the heaters to reach steady state con-
ditions and following this, to record the voltage drops across
the twenty-four heaters as well as the thirty-four thermo-
couple and four thermopile voltages. For the test with the
maximum heat rate (test #1), assuming no heat was lost to the
cold room, the overall temperature rise for a completely mixed
tank (i.e. homogeneous temperature) would have been 0.14 °c/hr.
Since the tank was not mixed, the temperature rise locally in
some parts of the tank would have been much higher. According
to equation (1-46), derived by Fand and Keswani, the heated
layer in this particular test would have descended to the
level of the cylinder in.approkimately thirteen minutes. The
major problem then, during the experimental work, was trying
to complete a test before the arrival of the descending (or .
rising) layer-of heated water, as detected by the thermopiles.

Initially the cold room was set at roughly the de-
sired temperature and the tank brought to equilibrium with
the room using an electric mixer. Finer adjustments of the
bulk water temperature were accomplished by adding ice to the

tank or by turning on the heaters for short periods of time




62

with the mixer operating. When the tank was fully mixed and
at the desired temperature, the mixer was turned off and the
water allowed to come to rest. Neutrally buoyant spheres in

the water indicated when all motion had ceased.

Each region was investigated separately during the
course of the experiment, beginning with region III (upflow).
Initially, all rheostats and potentiometers were set at their

maximum resistances and the power supply turned on. Each cir-

cuit was then roughly adjusted with the rheostats to obtain

an angular power distribution over the cylinder which was
similar to the distribution derived by Hermann [18]. After the
thermocouples had reached steady state, they were monitored

in order to see what adjustments had to be made to the power
settings. The process of adjusting these variable resistances
-and scanning the thermocouples continued until the cylinder
was isothermal. At this point, the thirty-four thermocouple
and four thermopile voltages were scanned and recorded. Follow-
ing this, the standard resistor and heater voltage drops were

scammed, recorded and checked and finally the thermocouples

and thermopiles were checked and recorded again. All of the
temperatures which were calculated were based on the average

of the two sets of thermocouple and thermopile readings. The

entire process took anywhere from fifteen minutes to forty-
five minutes, depending on the region and on the magnitude of

the driving force, ep'
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The most difficult tests were the first ones in each
region. In these tests, the power settings often had to be
radically altered from the tests in the previous region and as
a result, a lot of time was required to come to the steady
state. In one region in particular, region II-S, the initial
test could not be campleted before sufficient heat had been
generated in the tank to affect the thermopiles. However,
once a pattern of power settings had been established in each
region, the remaining tests in that region required only minor
adjustments to attain isothermal conditions.
The only real problem encountered during the test-
ing process was in region IV, the last one investigated. At
the higher bulk water temperatures in this region, air came
out of solution and.adhered to the surface of the cylinder in
~the form of small air bubbles. These bubbles had the capacity
to severely affect the heat transfer characteristics, if the
testing prodedure was of long enough duration to allow them to
form. Care had to be taken after each test in this region to
inspect the cylinder so as to decide whether or not the results
of that test were meaningful. Just prior to each test in this
region, the entire cylinder was wiped free of air bubbles. The
testing procedure required considerable practice to perfect

the technique for obtaining isothermal conditions, However,

the design of the apparatus permitted very accurate local

measurements - to be taken.
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CHAPTER 3
ANALYSIS OF RESULTS

3.1 Distribution of Results

In this experiment, data was collected at fifty-six
points in the four different flow regions defined by Yuill [48].
The boundaries between the regions are given in Appendix VII.
However, Yuill's arbitrary location of the border between sep-
arated and non-separated flow, ¢ = -0.6, did not fit the data
of the present experiment very well. An examination of the prop-
ties of the boundary layer in region II revealed that %, the
point in the boundary layer whose density was the same as that
of the bulk fluid, seemed to be the controlling parameter. With
the value £ = 0.31 arbitrarily chosen as the point of compar-
ison, the data could be divided into two groups, one with val-
ues of £ above 0.31 and the other below 0.31 (See Appendix VII).

With these fixed boundaries, the experiments were
distributed in the following manner. Three tests were conducted
in theidownflowing region I, twenty-one in the separated bi-
directional region II-S, fourteen in the non-separated bidirec-
tional region II-N and eighteen in the upflowing regions III
and IV (seven in region III and eleven in region IV). The dis-

tribution of results is graphically presented in Figure 16.




SURFACE TEMPERATURE (°C)

65

- Region III Region I¥
- (4) h
_RegionI[-N ,g:\ 49
() o © .46 48"
~ " 5 50
N éx 2 = 53
Regnonﬂ§\0 S \ 5 55 > <8
/ 4
) N s A3
' ? 25\ 16 °é Q/\
30 0 526N 8 Te<3 =
ReglonI- 242%2’2 2 7 Y,
: é., € AN .'3Q é\
(}) Xy NUs o Q
-~ ~ - . o\;éo.\.laz‘ Q\v
| \. ~ ~ Yi%.ZI 12 V‘
Region I-a T -\
- (y) LNE LT T COOLED PLATE REGION
| (N
pD\RB /—Change of Scole
l | | I | |
0 | 2 3 6 8 10 l2 14 l6

»BULKvW%IER-TEMPERATURE(°C).a

Fig. 16 . Distribution of Results.




66

3.2 Calculation of Heat Transfer Variables

All heat transfer calculations were performed on an
IBM 370/75 digital computer. Thermocouple and thermopile volt-

ages were converted to temperatures as the initial step. Dev-

iations from the isothermal condition are shown in Table 11 in
Appendix VIII. The maximum percentage deviation on each plate
ranged from <6,80% to 5.27% while the root mean squate percent-
age deviation on each plate varied from 0.69% to 4.93%.

The current in each circuit was calculated from the

known resistance of each standard resistor and the voltage drop
through that particular standard resistor. The power to each
main heater (or pair of guard heaters) was found from the pre-
viously calculated current and the voltage drop across the.
heater. Power losses by conduction along the tubing, insulation,
leads, etcetera, were not of sufficient magnitude to be impor-
tant to the eXperimental results, A discussion of these and
other related eXperimental errors is presented in Appendix VIII.
Since the heat transfer results were symmetrical a-

bout a vertical plane through the center of the cylinder, cal-

culations were only performed for the six main heaters on one
side of this plane. The other readings were taken only as a

check on the symmetry of the apparatus. All of the calculations

were performed using the variable fluid property relations de-
scribed in Appendix IV, in conjunction with a reference temp-

erature, taken to be the film temperature of the boundary layer.
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3.3 Presentdation of Results

As previously mentioned, the purpose of the present
_experimental investigation was twofold; first to correlate

the local heat transfer data and second to correlate the av-

erage heat transfer data. This necessitated two different
methods of presentation of the results.

3.3.1 Local Heat Transfer Results

One method of presentation would have been to graph

the variation of the local heat transfer coefficient, h(g)
with the angular position, &£. As can be seen in Figure 17,

the drawback was that although the profiles in the same region
might have similar shapes, they would still not necessarily
coincide with one another because they were also functions of
the driving force, ep. Also, Hermann's analytical solution for
the heat transfer coefficient was a function of his surface
temperature function, t'(0), which in iﬁself was a function of
the Prandtl number (i.e. a function of the fluid itself). By

- presenting the results as the ratio of the local value of the

heat transfer coefficient over the average value, h(&)/h, versus

the angle, £, both of these problems could be eliminated.

'3.3.2 Average Heat Transfer Results

Most conventional correlations are of the form:

N = car-po) /4 ... e (3D
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Yuill [48] presented his results in an analogous manner and
correlated the coefficient C against various parameters in
the region around a bulk water temperature of 4°c. Therefore,
in order to compare the results for a horizontal:cylinder
with those of Yuill for a vertical flat plate, the average
heat transfer results of the present experiment were present-
ed in a similar manner. The average heat transfer coefficients
and Nusselt numbers in the present investigation were calcu;
lated by taking the average of the six local values around
the circumference of half of the cylinder. They therefore
represent the averaging of a stepwise changing relationship,
instead of a continuous one. This in itself introduced an
error into the anlaysis but since it would not have been
practical to incorporate more heaters into the apparatus,

this error could not be minimized any further.

3.4'Correlation'Of'LOCal"Data'With'Hermann'S'SOlution

The values of the ratios, h(t)/h, plotted versus
‘angle, £, for each region in Figure 18, were obtained by av-
eraging the values of all of the tests in each particular
region. Local values of this heat transfer ratio are tabulated
in Table 1. The average values of h(g)/h, as well as the root
mean square deviations for each region are presented in Table
2. Values of ¢ were taken as the midpoint of eéch heated

section.




Experimental Results - h(¢)/h For Each Test

TABLE 1

= Angle (degrees).....vevevuvnnns
No. Region 15 45 75 105 135 165
1 II-N 1,193 1.049 0.964 0.866 0.741 1.187
2 III 1.233 1,133 1.037 0.949 0.751 0.898
3 III 1,201 1.181 1.119 1.056 0.800 0.643
4 III 1.201 1.172 1.124 1.054 0.800 0.649
5 III 1.180 1.059 0.993 0.923 0.755 1.090
6 III 1.192 1.166 1.100 1.055 0.810 0.677
7 II1 1.216 1,201 1.081 1.081 0.817 0.603
8§ II-N 1.107 1.016 0,992 0.927 0.763 1.196
9 II-N 1.089 1.048 0.989 0.875 0.799 1.201
10 TIII 1.176 1.052 0.958 0.943 0.820 1.051
11 II-N  1.191 1.114 0.993 0.976 0.848 0.879
12 II-N 1.133 1.074 0,996 0.978 0.853 0.967
13 II-N 1.025 0,958 0.904 0.876 0.877 1.360
14 II-N 1.047 0.959 0.893 0.903 0.862 1.337
15 II-N 1.111 0.998 0.966 0.941 0.805 1.179
16 II-N 1.034 0.954 0.931 0.859 0.854 1.369
17 II-N 1.141 0.966 0.931 0.855 0.813 1.293
18 II-N 1.138 0.946 0,931 0.881 0.813 1.291
19 II-N 1.091 0.983 0,959 0.922 0.818 1.226
20 II-N 1,107 1.050 0.998 0.939 0.854 1.052
21 II-N 1.157 1.015 0.973 0.921 0.872 1.062
22 II-S 0,727 0.738 0.838 1.105 1.290 1.303
23 II-S 0.728 0,736 0.839 1.098 1.280 1.320
24 II-S 0.643 0.725 0.953 1.159 1.235 1.285
25 II-S 0.693 0.727 0.884 1.080 1.276 1.341
26 II-S 0.698 0.709 0,861 1.135 1.273 1.324
27 II-s 0.379 0.831 1.090 1.196 1.228 1.275
28 II-S 0.730 0.748 0.831 1.037 1.311 1.343
29 II-S 0.675 0.678 0,919 1.127 1.304 1.296
30 II1-s 0.713 0.678 0.925 1.111 1.279 1.293
31 1II-S 0.701 0.690 0.960 1.131 1.243 1.275
32 II-S 0.707 0.701 0.961 1.116 1.241 1.274
33 II-S 0.730 0.695 0.919 1.064 1.268 1.323
34 I1I-S 0.718 0.690 0.899 1.106 1.255 1.333
35 II-S 0.725 0.663 0,902 1.066 1.269 1.377
36 II-s 0.710 0.719 0.969 1.107 1.179 1.317
37 II-S 0.728 0.736 0.861 1.025 1.257 1.394
38 II-S 0.662 0.693 0.862 1.025 1.312 1.446
39 I1I1-S 0.701 0.782 0.900 0.996 1.205 1.414
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TABLE 1 (continued)

Experiméntdl Results - h(g)/R For Each Test

Test = ciiiiecicnnen .. .Angle (degrees) ...............
No. Region 15~ 45 75 105 135 165
40 TII-S 0.779 0.766 0.871 0.974 1.199 1.412
41 I1I-S 0.755 0.824 0.863 0.987 1.186 1.386
42 II-S 0.767 0.781 0.827 0.985 1.218 1.422
43 I 0.683 0.890 0.956 1.042 1.186 1.243
44 I 0.558 0.864 1.025 1.120 1.206- 1.227
45 I 0.611 0.901 1.026 .1.128 1.163 1.172
46 v 1.100 1.091 1.064 1.059 0.808 0.878
47 v 1.201 1.115 1.072 1.086 0.797 0.729
48 v 1.239 1.165 1.065 1.072 0.818 0.642
49 v 1.239 1.163 1.066 1.072 0.818 0.642
50 v 1.263 1.189 1.077 1.065 0.797 0.608
51 v 1.273 1.249 1.101 1.006 0.789 0.583
52 INY 1.260 1.254 1.118 0.994 0.789 0,585
53 Iv-  1.231 1,206 1.131 1.020 0.821 0.591
54 v 1.247 1.209 1.129 1.003 0.816 0.597
55 v 1.231 1.202 1.119 1.021 0.814 '0.613
56 v 1.255 1.258 1.116 0.974 0.795 0.601

TABLE 2

Experimental Results - h(z)/h For Each Region

................ Angle (degrees)...eeeceeresssss

Region 15 - 45 75 105 135 165
1 h(g)/h 0.618 0.885 "1.002 1.097 1.185 1.214
I o  0.063 0.019 0.040 0.048 0.022 0.037
I1I-S h(g)/h 0.699 0.729 0.902 1.078 1.253 1.341
I1-S c _ 0.080 0.046 0.062 0.062 0.040 0.054
II-N h(g)/h 1.112 1.009 0.959 0.908 0.827 1.186
II-N o 0.053 0.052 0.035 0.041 0.041 0.149
III-IV h(g)/h 1.216 1.161 1.071 1.014 0.800 0.737
EII-IV o 0.040 0.065 0,055 0.060 0.026 0.190

where o is the standard deviation of the data in each region.
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In Figure 18a, the results are plotted for regions
I and II-S. Also plotted is Hermann's analytical solution for
a region with a downward buoyancy force, which is a mirror
image of his solution for the upward buoyancy force case. As
could be expected, in region I (downflow), the experimental
results were almost identical to the ahalytic solution. Al-
though only three tests were performed in‘thés region, the
local results were considered quite reliable by the author,
since the average heat transfer results in this region also
correlated wedl. The deviation of the two curves at small val-
ues of g was also expected because Hermann's curve approaches
zero while in the actual case, the boundary layer theory breaks
down in this region of & and the heat transfer fwom the cyl-
inder to the sinking plume of warm fluid decreases to some
finite value., The results in region II-S, the region of sep-
arated bidirectional flow, were generally similar in shape to
those in region I, It was eyident from the slope of the graph
that the outer, downward flowing boundary layer predominated
in this area. The levelling out of the results at small values
of ¢ was attributed to either unsteady effects or increased
mixing in the sinking plume of fluid which were not explain-
able using conventional boundary layer theory.

In Figure 18b, the results are presented for regions

FT<N, IIT and IV, along with Hermann's theoretical solution.
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Again his solution is not valid in the area above 150° be-
cause the boundary layer approximations are no longer valid
in this area (i.e. there is no longer a boundary layer but a
plume of rising fluid). The results for regions III and IV
(upflow) compare quite favorably with the analytic solution
up to £ = 150°. In the actual case, at values of & above 1500,
the heat transfer ratio does not go to zero as predicted, but
tends to some finite value. Upon examination of individual
fest results in Table 1, it was evident that some unsteadiness
at large values of £ was present for a few cases in this area,
particularly in region III. The results for region II-N, the
region of non-separated bidirectional flow, demonstrated the
same general trend in slope of the curve up to a point around
£ = 150°. Again the actual test results indicated a very
high value of this ratio for the last heater, most likely due
once more to an increased exchange of energy in the plume,
accentuated by the presence of two boundary layers flowing in

opposite directions.

3.5.1 Unidirectional Downflow: Region I

In this region, Yuill used a similarity transfor-
mation to solve the boundary layer equations and derived a

semi-empiriéal formula for the coefficient CI in the formula
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for the local Nusselt number:
Nu, = CI(GrX-Pr)1/4 ..................... (3-2)
or h_ = C(k/x)- (GrP)/* L (3-3)

where C; was a function of o, the dimensionless boundary layer
buoyancy function (equation 1-55). By integrating the expres-
sion for the heat transfer coefficient over the plate surface,

it can easily be shown that:
Nu = (4/3) -Nu,

In order to relate these results to a horizontal cylinder,

equation (1-18), derived by Hermann, was employed:

IfD =L, Nup = 0.777 Nup eovennnnnnnnnn.
Combining both of the above, it was determined that Yuill's
local values of the coefficient CI for a vertical flat plate
could be modified for the average heat transfer results from
a horizontal cylinder by multiplying thém by 1.036:

C. = 0.5884 - 0.1015[1 - exp(AZ + BZ

i
I DI (3-6)
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where Z = o - 0.02825
A= -23.043
B = 130.688
G = -469
and D = 406

The results of the three tests performed in this

region and comparisons with the theoretical model are pre-

sented in Table 3. The average and root mean square percent-
age deviations of the experimental data were 1.93% and 2.57%
respectively. Although the results were in close agreement
with Yuill's correlation, anlinsufficient number of tests
were conducted for the correlation to be considered verified.
Figure 19 graphically presents the relationship of CI as a
function of o for the horizontal cylinder, as well as showing

the location of the experimental points.

TABLE 3

Comparison of Experimental and-AnalytiCal

C o

Test I I
" No. o Z . (theoretical) (experimental) Error(%)
43 .20430 .17605 .4985 .5113 2.57
44 .12305 .09480 .5125 .5164 0.76

45  .15872 .13047 .5054 .5178 2.45
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3.5.2 Unidirectional Upflow: Regions III and IV

These regions were again ones in which a similarity
transformation of the boundary layer equations was possible.
Yuill solved the boundary layer equations and once more de-
rived a formula to match the values of CIII-IV'With the theor-
etical results. He found that, in this instance, o could not
be used successfully as the correlating variable but that ¢,
the perpendicular distance from the II-III boundary, could
be successfully employed.

As in region I, Yuill's local values of C for

I1I-1V
a vertical flat plate were modified in order to compare them
with the experimental average values for the horizontal cyl-

inder:

Cryp.qy = 0-4413 + 0.0404[1 - exp(A¢
+ Bq)z + G¢3 + D¢4)] ........... (3-7)
' where A = -1.28369 °c1
B = 0.321533 °¢ 2
G = -0.0581512 °¢73

-0.00377369 ¢4

and D

Eighteen tests were performed in these two regions. The re-

sults of these tests along with a comparison to the theoretical
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solutions are presented in Table 4. Figure 20 shows the var-
iation of CIIIHIV'with ¢, as well as the experimental results.
The average percentage deviation from Yuill's correlation in

these regions was 1,02% while the root mean square deviation

was-8,79%,
The results, however, had more significance when
they were broken down into two separate regions, It was clear

that with the exception of test #3, all of the experimental

results in region IIT were lower than predicted while in reg-
ion IV, with the exceptions of tests #46 and #47, all of the
experimental results were higher than those predicted by
Yuill's correlation, There were three possible explanations’
for these discrepancies. The first was that Yuill's correlation
was not accurate, The second was that Hermann's relationship
between the average Nusselt numbers for flat plates and hor-
izontal cylinders was incorrect and the third was that there

was some systematic error in the results.

At large values of ¢, Yuill's correlation for the

flat plate correctly converged to Ostrach's solution for a

fluid with a Prandtl number of ten, which was 5% higher than
McAdams! correlation of eXperimental data for vertical flat

plates. Yuill's correlation in this region was based on an

analytic solution and should therefore be quite accurate.

Hermann's analytic solution for a fluid with a Prandtl number




TABLE 4

Comparison Of Experimental And Analytical
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Test Cr11-1v Cri1-1v
No. Region ¢ (theoretical) (experimental) Error (%)
7 TIII 0.8168 1678 ~4203 79.57
3 III 0.9004 .4660 .5041 8.18
4 III  0.7506 .4637 .4453 ~3.97
5 III 0.2403 .4515 .4482 -0.73
6  III 0.6144 .4613 (4243 -8.02
7 III 0.7272 .4633 .4258 -8.09
10 III 0.0231 ,4425 .3883 ~12.25
46 IV 7.7574 4817 .4310 ~10.53
47 IV 10.2068 .4817 .4410 -8.45
48 IV 13.9544 .4817 .5348 11.02
49 IV 14.4028 .4817 .5364 11.36
50 IV 11.3035 .4817 .5274 9.49
51 IV 9.9989  .4817 .5351 11.09
52 IV 12.0272 4817 .5374 11.56
53 IV 8.8885 4817 .5030 4.42
54 IV 7.3418 .4817 . 5086 5.58
55 IV 5.8180 .4817 .4946 2.68
56 IV 4.0187 .4814 .5031 4.51
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of ten, as given by equation (1-40), did not agree with
McAdams' correlation of experimentai data for horizontal cyl-
inders but in fact was 10% lower than this experimental cor-
relation. An inspection of the test results for the smaller
values of ¢ revealed that the temperatures in the tests with
the highest deviations from the correlation had not reached
steady state but were still increasing. This would cause the
Nusselt number and hence the coefficient Ciqp-1y to be arti-
ficially low. These tests were among the first experiments
performed. The experimental values of CIII—IV at large values
- of ¢ seemed to converge towards McAdams' value of 0.53. The
final conclusion that was drawn was that the values of Cr11-1v
in the lower regions of ¢ should have been higher, owing to
experimental error and that the entire correlation should have
been shifted upward 5-10% due to an apparent inaccuracy in
Hermann's correlation of flat plate and horizontal cylinder

results.

- In this region, no analytic solution was possible.
In order to correlate his experimental data, Yuill developed
his own empirical equation between CII—N and ¢, the perpen-
dicular distance from the II-IIT boundary. CII—N was related
to the inner boundary layer which was thought to be dominant

in this region. His experimental data had a root mean square
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deviation of 6.35% from this equation. When this line was
modified for the average results from a horizontal cylinder,
it was found that the present experimental data had an av-
erage error of 1.55% and a root mean square deviation of 5.79%
from Yuill's modified correlation, which was given by:

C = 0.3548 + 0.0829¢ cevveveniiinnnn. (3-8)

II-N
The fact that the present data fitted the correlation better
than Yuill's own data seemed to indicate that the correlation
well represented the variation of data in this region.

However, upon closer examination of Yuill's equation
it was noted that the matching of Crpoy @nd Cppp_yy at the

II-III boundary was not correct. That is to say, Yuill's

constant was determined by assuming that at ¢ = 0:

_ - 1/4
Crr-n/Crrr-1v = (0/03)

This is not strictly true. A more accurate statement would be:

- (TN 1/4
CII—N/CIII-IV = (NU/Nui)-(GrPr/GriPri)

(/) - (v20Pr/v%a Pr ) /4

Il
o
~
~J
RN
~J
.

~
0
=
[ev]
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Using this new value of the ratio at ¢ = 0, a least squares
fit was attempted for the present experimental results. The
new correlating equation became:

C = 0.3419 + 0.0220¢ cevvevinenennnn (3-11)

II-N
Figure 21 shows how the eXperimental results com-
pared to both Yuill's modified line and to the corrected cor-
relating equation (3-11). The results of the fourteen tests
performed in region II-N and a comparison with the new cor-
relating equation are presented in Table 5. The average and
root mean squafe percentage deviations were 0.49% and 5.09%
respeétively..Although the new equation did not significantly
improve the correlation of the eXperimental results, it did

provide a much better fit at the II-111 boundary.

This region was similar to region II-N in that no
easily obtainable analytic solution'was‘possible. Once again,
Yuill correlated his data empirically against two controlling
parameters, ¢, the perpendicular distance from the II-III
boundary and y, the angle of rotation about the point Tp =T,
= 4OC, measured clockwise from the I-II boundary. The model

involved calculating the coefficients for both the inner and

outer boundary layers and then combining them in such a way




TABLE 5

Comparison Of Experimental And Empirical

C

C

Test IT-N II-N
No. ¢ (empirical)  (experimental) Error(%)
1 .0450 .3409 .3497 2.58
8 . 1374 . 3389 .3219 -5.02
9 .1520 . 3386 .3074 -9.21
11 .0057 .3418 . 3817 11.67
12 .1106 .3395 .3438 1.27
13 .4379 . 3323 .3187 -4.09
14 .4850 . 3312 . 3396 2.54
15 .4145 .3328 .3439 3.34
16 .5412 .3300 .3314 0.42
17 .3932 . 3332 .3425 2.79
18 .3555 .3341 .3367 0.78
19 .2626 .3361 .3190 -5.09
20 .1708 . 3381 .3435 1.60
21 .1496 .3386 3.22

.3495

85
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as to predict the local heat flux from the plate.

In the present study, this method of correlation
was rejected as being too complicated and as not giving a
clear enough physical picture of the dependence of heat flux
on the various parameters. In addition, Hasinoff [17] showed
that Yuill's correlation in this region required a good deal
of refinement. He analyzed his experimental deviations from
this correlation and found them to be functions of ¢ and v,
the two correlating variables. As could be seen from the local
results (Figure i8a), the local surface heat flux in this
region had the same general shape as the curve in the uni-
directional downflowing region I. It was therefore assumed
that in this region, at least for a horizontal cylinder, the
outer downward flowing boundary layer predominated. If this
proved to be a correct assumption, then the heat transfer re-
sults in this region could be correlated in a similar manner
to region II-N, except that the coefficient CII—S would be
based on properties of the outer boundary layer.

A least squares fit of the data from the twenty-one
tests in this region was attempted. In order for the coef-

ficient C to match the value of CI at the I-II boundary,

I1-S
where Z = 0, the proper constant had to be evaluated for the

correlating equation. This was done by calculating the ratio:
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TABLE 6

Comparison Of Experimental And Empirical

C C

Test II-S II-S
No. o 7 (empirical) (experimental) Error (%)
22 -.02432 -.05257  .4867 .5043 3.62
23 -.02189 -.05014  .4876 .4950 1.52
24 -.02089 -.04914  .4880 .4897 0.35
25 -.02692 -.05517  .4857 .4957 2.06
26 -.02070 -.04895  .4881 .4738 -2.93
27 .00865 -.01960  .4990 .5374 7.70
28 -~.02850 ~.05675  .4852 .4913 1,26
29 -.01400 -.04225  .4906 .4840 -1.35
30 -.02539 -.05364  .4863 . 4668 -4.01
31 -.02263 -.05088  .4873 .4689 -3.78
32 -.02738 -.05563  .4856 4644 -4.37
33 -.02438 -.05263  .4867 .4809 - -1.19
34 -.02286 -.05111  .4873 .4824 -1.01
35 -.03454 -.06279  .4829 .4650 -3.71
36 -.03261 -.06086  .4836 4727 -2.25
37 -.04080 -.06905  .4806 .4689 -2.43
38 -.03795 -.06620  .4816 . 4446 -7.68

39 -.04629 -.07454  .4785 .4957 3.59
40 -.05193 -.08018  .4764 .4960 4.11
41 -.05381 -.08206  .4757 .5102 7.25

42 -.04605 -.07430 .4786 .4925 2.90
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Knowing the value of CI at the boundary, from the analysis of
the data in region I, the value of CII~S at the boundary was
obtained. The least squares fit of the results then yielded:

C = 0.5063 + 0.3752 Z viviennennnnns (3-13)

II-S
where again Z = o - 0.02825. The plot of this equation and

the experimental results are presented in Figure 22. The em-
pirical and experimental results are also tabulated in Table
6. The average error of the data from the predicted values
wés‘—0.0Z% while the root mean square deviation was 3.98%.
Although the correlation was quite good, there was little
variation in o in the experimental points. In order to obtain
a more reliable correlation, more experimental points would be
required, both further from and closer to the I-II boundary

(i.e. over a wider range of o).

‘3.6 Comparison of Results With Classical Theory

Although the previous correlations for regions II-N
and II-S were valid, they were quite cumbersome since they de-

pended on evaluating properties of the inner and outer boundary
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layers, respectively. To gain an understanding of the effect
of the density anomaly on the magnitude of the heat transfer
results, the mean overall coefficient, C, for the entire boun-

dary layer was computed for all testsand was plotted in Figure

23, versus a, the dimensionless boundary layer buoyancy
function which characterized the density anomaly. In regions
I and III-1IV, the coefficients C; and CIII—IV'Were identical

to the overall coefficient C. In classical theory, the coef-

ficient, C, is taken to be 0.53 while o = 1/3.

The variation of o may be described as follows. |
Along the adiabatic line, o = 1/3. Clockwise rotation about
the point Tp =T = 4°¢ away from the adiabatic line, decreases
the value of a. At approximately the I-II boundary, o becomes
zero. In regions II and III, o is negative, decreasing stead-
ily in magnitude towards negative infinity as the bulk temp-
erature neérs 4°c. Above 4OC, o decreases rapidly from pos-
itive infinity to a value of 1/3 at the adiabatic line and
also at all points far enough away from T = 4°C. The discon-

tinuity of o at the point T = 4°C made analysis near this

point difficult.
Shown in Table 7 are the experimental values of the

appropriate heat transfer variables for the test points, as

well as theoretical values for four points at a large distance

from T, = 4°C. A1l of the theoretical values were based on a
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TABLE 7

Experimental Values Of Nusselt Numbers
Heat Transfer Coefficients And Heat Fluxes

Test . g. ep 4 2
II-N <0.28708 .4453 31.42 .017702 14.37 .2544
ITT  -0,73273 ,4203 29.27 .016478 11.59 .1910
ITT  -2.22019 .5041 28.58 .016008 6.94 - .1111
IIT  <0.91257 .4453 27.47 . .015416 8.89 .1370
ITT -0.40381 .4482 127.93 .015677 10.44 .1637
ITT - -0.82809  .4243 24.51- .013735 7.93 .1089
ITT  =1.25529  ,4258 23.76 .013303 7.05 .0938
IT-N =0.25227 .4140 20.19 .011280 7.29 .0822
IT-N <0,23250 .3986 16.93 .009443 5.69 .0537
ITT <0,33832 .3883 16.02 .008927 4.86 .0434
IT-N -0.31339 .4769 13.26 .007365 2.27 .0167
Ir-N -0,19735 .4537 12.79 .007105 2.66 .0189
IT-N -~0,12382 .,4505 17,47  .009735 5.84 .0569
IT-N -0.13679 .4738 20,86 . .011643 7.23 .0842
IT-N <0.18768 .4602 25.36 .014201 10.08 .1431
IT-N <0.13796 .4622 21.79 .012170 8.23 .1010
IT-N <0,15201 -.4702 20.08 .011200 6.57 .0736
ITT=N - <0,13282 .4704 17.13  .009539 5,03 .0480
IT=N  <0,15926 .4341 15.51 .008634 .56 .0394
IT-N <0.19695 .4541 16.01 .008910 .15 .0370
IT-N  -0.19323 .4628 14.88 .008275 .48 . ,0288

NNNN‘NNNNNN}—IHGHH}—!HH;—-}—-
WOoOON AU NN - O o AUTHAEWUWNRFE OO SNIAUT S DN -

4

4

3
IT=S - <0.02432 .4767 17.31 .009640 6.92  .0667
IT-§ -0.02189 ,4728 -18.58 .010360 8.24 .0854
IT-S - -0.,02089  .4696 19.05- .010626 8.84 .0939
IT-S <0.02692 .4580 19.30 .010769 9.07 .0977
IT-S -0,02070 ,4554 18.17 .010132 8.58 .0869
IT-S 0.00865 .6758 20.77 .011569 7.73 .0894
IT-S <0.02850 .4519 17.79 .009916 7.86 .0779
IT-S -0.01400 .4890 17.27 .009619 7.20 .0693
30 IT-S <0.02539. .4388 15.79. .008794 6.75 .0594
31 IT=S <0.02263 .4488 15,41 .008581 6.30 .0541
32  II-S <0.02738 .4327 14.80 .008237 6.02 .0496
33 II-S -~0.0243823 .4564 15.02 .008359 5.71 .0477
34 II-S -0.02286 .4628 14.58 .008112 5.31 .0431
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- 'Heat Transfer Coefficients And Heat Fluxes
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Test o g‘ ep 4 2
No. Region " o C Nu (W/em /OC) (°C) (W/cm™)
35 II-S -~0.03454  .4183 13.42. .007467 5.05 .0377
36 II-S ~0.03261 .4300 13,18 .007327 4.67 .0342
37 IS <0.04080 .4099 12.44 .006919 4.36 .0302
38 IT-8%= <0.03795 .3946 11.44 .006359 4.05 .0258
39 IT-S -0.04629 .4234 12.15. .006753 '3.78 .0255
40 IT-S ~0,05193 .4136 11,70 .006500 3.57 .0232
41 TII-S ~0.05381 .4226 11.46 .006368 3.26 .0208
42 TI-S ~0.04605 .4224 10.67 .005926 2.94 .0174
43 T 08.20430 ,5113 - 21.78 .012035 2,95 .0355
44 I 0.12305 .,5164 24.94 .013824 6.16 .0852
45 T 0.15872 .5178 24.27 .013431 4,69 .0630
46 IV 0.45159° .4310 36.67 - .020942 7.50 .1571
47 v 0.37874 .4410 33,81 .019364 4,52 . .0798
48 Iy 0.34660 .5348 35,80 .020649 1.78 .0368
49. IV 0,34598 - ,5364 36.12 .020861 1.76 .0367
50« IV 0,35537 ,5274 35.60 .020406 2.31 .0471
51 Iy  0,36594 ,5351 37.26- .021298 2,94 .0626
52 v 0,35843 ,5374 38.85 .022324 2.80 .0625
53 V. 0,37670 5030 - 35.27 .020113 3.39 .0682
54 v 0.39962 .5086 36.21 .020580 4.21 .0866

55 IV-  0,43246 .4946 34.30 - .019427 4.68  .0809
56 v 0.50363 .5031 32.65 .018404 4,96 .0913
T1 v 0,33333 .5300 65.89 .039303 14.00  .5502
T2 v 0.33333 ,5300 59.95 .035539 10.00 .35%4
T3 v 0.33333 .5300 52.22 .030765 6.00 .1846
T4 IV 0.33333 .5300 39.28 .022998 2.00  .0460

T1, T2, T3 and T4 are theoretical points, calculated for

a =1/3, C = 0.53 and T_ = 20°C.
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bulk water temperature of 20°C. Inspection of this table more
clearly demonstrated the relative effect of the density anom-
aly on the heat transfer results. Comparing the results of
test #1, for instance, with the first theoretical point, which
had a similar value of ep, it was observed that while the
values of the overall coéfficients differed by only 0.0847
(16.0%), the amount of heat transfer per unit area in the
theoretical case was over twice that of test #1. This was due
to the fact that the heat transfer rate (i.e. the Nusselt num-
ber), depended on the Grashof number as well as the coefficient
C and the Grashof number in turn was a function of a. Test

#32 showed an even more dramatic decrease, as opposed to the
third theoretical point, In this test, the rate of heat trans-
fer was only 27% of what it was for the theoretical case,
which was far removed from T_ = 4°C and which had an almost
equal driving force, ep. Finally, the table demonstrated that
in region IV, the test results were converging towards the
theoretical results for the constant property solution, as

would be eXpected.
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CHAPTER 4
SUMMARY AND CONCLUSIONS

In correlating the local values of the heat trans-
fer coefficient, it was found that the results in region I
and in regions III and IV agreed remarkably well with Her-
mann's analytic local distributions (Figure 18). The results
in region II were divided into two sub-regions; region II-N,

a region of non-separated bidirectional flow in which the in-
ner upward flowing boundary layer seemed to predominate and
region II-S, a region of separated bidirectional flow in which
the outer downward flowing boundary layer seemed to be of
greater importance. The distribution of heat fluxes in these
two sub-regions correlated fairly well with the respective
analytic solutions for upflow and downflow, although the
presence of two opposing flows seemed to increase the rate of
heat transfer from the area of the cylinder where the plume of
warm f£luid left the cylinder to rise or sink in the tank.

With the present ekperimental setup, it was impos-
sible to determine whether or not separation was actually oc-
curring in region II. As previously mentioned, if one looked
purely at the local distribution of heat fluxes, the two sub-
regions would appear to correspond more to upflow and down-

flow than to separated and non-separated bidirectional flow.
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In this respect, a flow visualization study would be of great
benefit in determining the nature of the flow phenomena in
these two regions, as well as in qualitatively showing the
reason for the increased heat transfer in the plume, which
was also apparent in region II.

Hermann's analytic solution for the average heat
transfer from an isothermal horizontal cylinder, which was
used to modify Yuill's correlations in regions III and IV,
appeared to make the curve of CIII—IV level out at a value
much smaller than the value that was used by McAdams to cor-
relate the experimental gata of several investigators (Fig-
ure 20). The experimental results in region IV also tended to
agree with McAdams' value of the coefficient (i.e. the dev-
iation of the data from the correlating equation was rather
large). It should be noted, however, that Hermann's solution
was based on similarity assumptions which were not strictly
applicable for the case of the horizontal cylinder. In region
I (Figure 19), the correlating ¢quation again predicted lower
results than those which were experimentally determined, al-
though since only three tests were performed in this region,
no firm conclusions should be drawn.

In region II-N, Yuill's correlation was altered
somewhat to give a better fit of Crpoy @nd Cyppoqy @t the

II-III boundary. The eXperimental data seemed to correlate
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fairly well with this modified correlation (Figure 21), al-
though again, more tests would have been necessary to confirm
its validity. The results in the separated bidirectional
region II-S, although they correlated quite well with equation
(3-13), were also very closely grouped in terms of the value
of o, the correlating variable (Figure 22). A more represen-
tative least squares fit would have been possible had the ex-
perimental points been picked with a wider range of values

of a.

In conclusion, it was shown that Hermann's anal-
ytical solution predicted the local variation of heat flux
around an isothermal horizontal cylinder very well but this
same solution yielded numerical results for the average rate
of heat transfer which appeared to be somewhat low in mag-
nitude. Yuill's flat plate correlations for the region around
a bulk water temperature of 4°C were adequately modified for
the horizontal cylinder in the same temperature region and
enabled a fairly accurate estimate of the average Nusselt
number to be made. More importantly, however, the effect of
the variable fluid pfoperty relations and the density anomaly
on the heat flux from an isothermal horizontal cylinder was
quite dramatically demonstrated. Heat transfer rates in the
vicinity of a bulk water temperature of 4°¢ may be expected

to be as much as three times less than what they would be in
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water at a higher temperature or than the rates which would
be predicted in this temperature range using classical theory.
This result might be of great practical importance in northern
latitudes with respect to heat transfer from submerged pipe-

lines or from other underwater bodies of different geometry.
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APPENDIX I

HERMANN'S TRANSFORMATION AND DERIVATION
OF AZIMUTH FUNCTIONS £(z) AND g (&)

Hermann began with the standard differential equations:

Momentum: u(du/dx) + v(du/3y) = v(d 2u/ 3}’2)

+ g80-sIn(X/1) ... (I-1)

Continuity: (3u/3x) + (BV/9Y) = 0 vevrrrrnnenrnrennas (I-2)
Energy: u(p6/0x) + v(36/3y) = d(azé/ay--z) ........ (1I-3)
Introducing: U = 30/3Y tvvttinrnnnnerneenennnnnnnonens (I-4)
N L (I-5)

E=X/T vovun. et et eeteac et (1I-6)

n= /et (1-7)

c= et (1-8)

T =0/0_ .iuu P (I-9)

BT = GBO. IO/ et (1-10)

6=T-T ...... fesssessrsertscatnasans (I-11)
T Y (I-12)

The differential equations became:
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cn-cgn £ % " o = t-sin(g) ...... (I-13)

Cn-TE Tt T (1/Pr)-'rnn ............. (I-14)

A

where the subscripts indicated differentiation.

Now introducing:

eI LY -1 €3 E .. (I-15)
z(g,m) = p(@)r£(E) ...... N ¢ £ 1)
T(E,m) = t(q) errvennn. e eeans e (I-17)

The equations were transformed to:

p'A(Egg + ££'g%) - pp(e'gd)
p"'Cfgs) + t.sin(g) ........ (1-18)

i

+

(1/Pr)gt" + £'pt' =0 ...... Ceetecevanns (I-19)
The independent variables were now £ and q. The primes

on p and t denoted differentiation with respect to q,

while the primes on f and g denoted differentiation with
respect to £. To eliminate £ from the differential equa-

tions, Hermann let:
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FE'8% = coSIn(E) vevvverennvnnennennnns. (1-22)
£85 = deSIN(E) +ernrrrierre e, (1-23)
where g(0) = gy +voee terens D (I-24)
A () B - (I-25)
£0) =0 vevvrennnnn. e, (I-26)

B+ c)p'? - (@Qpp" = (@Dp" +t .un.... (1-27)
LA R 0 o ol ¥ o L ) (I-28)
Introducing F(&) = f(a)/ago ........................ (I-29)
G(&) = g(g)/go ......................... (I-30)

L R (I-31)
F266" = (b/a’g H-si )
g5 )-sin(g) ...... teeeeaans (I-32)
FE'G% = (c/a’g M esin(e) .oooenierinnnl. (I-33)
FG® = (d/ag M) SIN(E) wevnernneininninns (1-34)
subject to F(0) = 0 ......... G eeseereceracanesinan (I-35)
ISN0) B ST (1-36)
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By substituting (I-31) into (I-34) and letting d = c/a:

1A (I-38)
R6" = (b/ag M) sin(®) cevvriiinnnnnn (1-39)
FF'G2 = (c/a%e y.sin(z) o.oviiiniall. (1-40)

which was equivalent to three equations in two unknowns.
If the transformations (I-15), (I-16) and (I-17) were

valid, then (I-~39) and (I-40) would have identical solutions,

letting e = B/a2g04 Peeterieeeaeas Cerceaeeas eee o (I-41)
y = -c/a2g04 ceeiraeiane R (1-42)

I N 0 S (I-43)

then FF'> = y.cos(w) ....... e (1-44)
FZF'F” = £:COS(W) vounns i eeeeeasenns vee. (1-45)

Hermann found that (I-44) and (I-45) did not have iden-
tical solutions, but were only approXimately equal. Only
the solution to (I-44) fit the boundary conditions at.£ = 0

(or w = -n/2). Therefore, this solution was used to find G.-

F(w) = 1.504(1+.581u~.0562602-.014120°

4

~.001650%-.000660°) ........ oo (1-46)
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Gw) = T{1~w%/2)+@w*/24)- w%/720)

+w8/40,32001 7 P13 ... (1-47)

0 2 (I-48)

e=-1/3 ... ..., Fereeneisassaceasantans (I-49)

Therefore b = =(1/3)a2go4 ..... e reeeanen ......;..(I=50)
c = a2g04 D (I-51)

d = ag04 R eraveseeeens (I-52)

eI S (I-53)

g =3 (I-54)

and obtained b = -1 ...,..... . veeseess(I-55)
C=3 ..ivue. et reseasecennnea eeeseeesass (I-56)
d=1....00.... Y (I-57)

Finally, the differential equations were transformed to:

p''+ 3pp" - Zp'2 # T =0 ciiiiniiinnann (I-58)

T+ BPrept’ = 0 tiiiiiiiiiiiiiiniiaaa, (I-59)

These equations were identical to the ones originally
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solved by Pohlhausen for air and by Ostrach for a variety
of Prandtl numbers. Ostrach has tabulated p", p', p, t'
and t for various values of n and for several values of

the Prandtl number. Substituting (I-53) and (I-54) into

(I-29) and (I-30), the azimuth functions were:

£(8)
g(&)

2.280°F(E) verrriinninirinnaann. (I-60)
0.760-G(£) +.vvvvene. e (I561)

Figure 24 shows the variation of g(&) and f(&).g(&) with &.




111

23" £(£)-g(&)
2.0 -
— 08
A T~ W
o \\i(ﬁ) =
: H 06
> ~
W o N
\ 1+ 04
0.5 \ J
' \ l0.2
0 | | | | | Vo
0 30 60 90 20 150 180
& (DEGREES)

Fig. 24. Hermann's
Angle €.

Azimuth Functions, g(&) and f(&)- g(&) Versus




112

APPENDIX II

MERK AND PRINS' TRANSFORMATION AND
DERTVATTON OF 'AZTIMUTH FUNCTION H(g)

Merk and Prins began with differential equations iden-

tical to those employed by Hermann:

Momentum: u(du/ aic) + v(3u/ay) = v(s 2u/ ayz)

+ gpe.sin(x/1) ... (II-1)
Continuity? (du/ax) + (BV/8Y) =0 v.evviirvnrrnnnnnnn. (I1-2)
Energy: u(36/5x) + v(36/3y) = a(326/3y%) .unv... (11-3)

An integral technique was used, the limits of integration

being the extremities of the boundary layer (0 <y < §),

with the result that (TI-1) and (I1I-3) were transformed to:

dlfgu-dyﬂ/dx =,gse;sinCX/r)-fgeedy
| - v(au/ay)y=0 ........ e (I1-4)
d[fgue.dyﬂ/dx = —a(ae/ay)yzo ........... (I1-5)

Non-dimensional variables were then introduced:
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1/4

n=y/s = (/D) -G/t GE) i, (11-7)
T = e/ep ..... et deeeaetaetienecnenranas (I1-8)
u= /D) G (e ) e (11-9)
u = /D)6 2FE) (1I-10)

Substituting (II-6) to (II-10) into (IT-4) and (II-5):

2.41f, (c%/@)d1 /dE = sin(e)- [ (/Gn
‘ - G-(a;/an)n=0 e (I1-11)
2.41[ (5/G)dnl /dE = ~(1/Pr) -G
JCLE) PR (1I-12)

Subject to the boundary conditions:

At = 00 T = 0 tivnnveinreeevrneesesoononenennes (I1-13)
=1 ..000.., B S vieeens (11-14)
Atn=1:72=0 i.5.... e e (II-15)
32/0M = 0 tiinieerneninrnenneannonns oo (1I-16)
t=0..... vessessentranas ereeeeaaaas (1I-17)
3T/3M = 0 teiiiniii ittt (1I1-18)

To satisfy (II-11) and (II-12), subject to the boundary

conditions, Merk and Prins defined;
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) A (11-19)
FCE) n(Lom)2 oo, (11-20)

5
]

[a
]

Substituting (II-19) and (II-20) into (II-11) and (II-12)

and carrying out the integration:

(2/108) -d(F%/G)/dg = (1/3)-sin(£)/G

Instead of introducing the functions F(&) and G(g) sep-
arately, in such a way as to fulfill the similarity con-
ditions, they introduced the ratio of the two:

1/4

F/G = [9,000/{Pr(Pr+8/7) 1Y *-H(z) ... (11-23)

which, when substituted into (II-22), resulted in:

G(e) = [Pr/30]- [9,000/{PrZ (Pr+8/7)1] L/

H'(E) veviiiiiiiiiiiin, (11-24)

where the primes denoted differentiation with respect =
to £. When (II-24) was substituted back into (II-23),

an expression for F(&) was obtained:

s




115

F(£) = [Pr/30]-]9,000/{Pr2(pr+8/7)}] %/ 2

CHE)H'(E) vevnvnvnnnnn. (II-25)

The final step was substituting (II-24) and (II-25)

into equation (II-21) which resulted in their obtain-

ing one differential equation in one unknown:

HAHH" + MHH'S = MeSin(e) .ovvennnnn.. (11-26)

where M = 2 + (7/4)Pr ciuiiiiniinnrennneennns (I1-27)

Equation (II-26) was solved by assuming that both H(&)

and sin(g) were power series: .

H(g) = hy (g + h3g3 +vhsg5 e ceenn (T1-28)

Sn(E) = 51 (E + 58> + 5c&° + ....) ... (11-29)

H(g), its derivatives and sin(Z) were now substituted
into (II-26) and coefficients of equal powers of ¢

equated. This resulted in:

1/4

By = st (1I-30)
hy = (1-59)/(6 + 100) ...cenen... e (T1-31)
hg = Msg - hy”(30+360)1/120+16M] . ... (11-32)
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where Sy = L i i i i et i it e (11-33)
Sz = 1/6 tiiiiiiii (1I-34)
Sg = 1/120 tiiiiiiiiiiieaeaaaa, veees (II-35) #
Spns] = CODY @) i (1I-36)

Since the coefficients, hi’ depended on the Prandtl

number, the function H'would be more properly written

as H(Pr,g). H'(g) and H(&)-H'(g) are plotted in Fig-

ure 25 for various values of Pr.
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Fig. 25. Merk and Prins' Azimuth Functions, H'(&) and H(&)-H'(&)
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APPENDIX ITI

PRANDTL NUMBER VARIATION OF HERMANN'S DATA

Hermann's basic heat transfer equations were:

Nu(z) = -1.189-g(£)-t' (0)-Gri/4 ....... (I11-1)
N& = -0.732-t'(0)-Gr/4 ....... e (111-2)

It was assumed that Eckert and Drake's form of the equation

for the Nusselt number was correct, i.e.:.

1/4 1/4

NI = C-[Pr/(.952+Pr)]"/ "« (Gr+Pr)™* ... (I1I-3)

Equating (III-2) and (III-3):

1/4
1/4

~0.732-t'(0) = C-[Pré/(.952+Pr)1H % ... (111-4)

From which: C = -0.732.t' (0)- [(.952+Pr)/Pr21 /% ... (111-5)
Hermann's equations were based on a Prandtl number of.

0.733 . At this value of Pr, t'(0) = -0.508:

Therefore C = 0.495 ........ M eeeseeeeanseeesaans . (I11-6)

Nu(g) = 0.804-g(e) - [Prf(.952+Pr)] /4

@GPt (111-7)
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N = 0.495. [Pr/(.952+Pr)]+/*
c@eP) Yt . (IT1-8)
£1(0) = -0.676+[Pre/(.952+Pr)1Y/4 ..., (111-9)

Table 8 compares equation (III-9) with Ostrach's tab-
ulated results for the solution of the differential

equations with various values of the Prandtl number.

For water, the region of interest is 2 < Pr < 14. The

The agreement between the two is- excellent in this
Prandtl number range (Figure 26). With the aid of equa-
tion (III-9), Hermann's results may be extended to any

reasonable Prandtl number.

TABLE 8

COMPARISON OF ANALYTIC AND EMPIRICAL VALUES OF t'(0)

733 1.0 2.0 10 100 1000

t!CO)Ostrach -0.508 -0.567 -0.717 -1.169 -2.191 -3.966

t'(O)eq,n (IT1-9) -0.508 ~0.572 -0.729 -1.175 -2.133 -3.801

Percent error 0.00 +0.85 +1.79 +0.49 -2.65. -4.16
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APPENDIX IV

FLUID PROPERTIES

In this study, four fluid properties were consider-
ed to be variable and had to bBe evaluated as functions of temp-
erature. They were the density p, the dynamic viscosity u, the
Prandtl number Pr and the thermal conductivity k,

The variation of density was given By the expression:

2 3

po/p=l+DT+DT + DT

1 2 3 '-!'!wzqqts'n(w*‘l)v

il

From Dorsey [6]: p, = density at 0°c

09998676 gn/cm’
Vanier's correlation Between 0°C and 20°C gave:

= <0.6669167 x 10~F °c~1

D, =
D, = 0.871689 x 10%° °¢"2
D, = ~0.647664 x 1077 o¢3

The standard deviation of the data in this temperature range
from equation (IV<1), using the above values of the constants,

was 5.4 x 10?79 For temperatures in excess of 1OOC, Vanier's
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correlation of the data Between 0°C and 35°C gave better re-

sults:
D, = -0.6226173 x 10" °c™
D, = 0.807554 x 107 °C"2
D, = <0.432502 x 107 °¢"3

The standard deviation of the data Between 6°C and 35°C from
equation (IV<1), using these values of the constants, was
5.7 x 10™,
The variation of viscosity was given By the expres-
sion:
W =1+ VT + VT2 4 VT (1V-2)
}JO 1 2 3 *erE e e e x :

3

From Dorseyts datai ﬁo

1

dynamic viscosity at 0°C

]

1,794238 x 10°% gm/cm/sec.

From Yuill's correlation of Dorsey's data between 0°C and 37°C:

v, = <3.265706 x 1072 °¢"t
V, = 6.698907 x 107 %"
Vy = =6.425338 x 1076 °¢"3

The standard deviation of*ﬁ/ﬁo from the tabulated values using

the above constants and equation (IV-2) was 1,6 x 10‘3.
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The variation of Prandtl number was given by the ex-

pression:

2 4

o ‘ : e .
Pr = PO + PlT + PZT + P3T + P4T veee. (IV=3)

From Yuill's correlation of Dorsey's data between 0°C and

37°C:
P, = 13.50174
P, = -5.235501 x 10°% O¢"!
P, = 1.417347 x 1072 %2
P, = ~2,439155 x 10™* %3
P, = 1.828932 x 107 ¢4

The standard deviation of the Prandtl number data from this
equation using the above values of the constants was 1,05 x 10’?
Finally, the expression for thermal conductivity

was- given by Dorsey asi

k = [~1390,53 + 15.1037(T,)
- 0.0190398(T,) %] x 4.184 x 107, , (1y-4)

where k is in wycm/OC and Tk is the absolute temperature
in degrees Kelvin (OK]. No estimation of the error in this
equation was given but in any event, the variation of

thermal conductivity with temperature is very small.
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APPENDIX V

DERIVATION OF EXPRESSIONS FOR o, o'Li', o , T, AND T

V-1 Derivation of Expression for o

In conventional analyses, where there are no density maxima

or minima, the buoyancy force/unit mass is defined as:

B = gBGPT ............................... (V-1)
T = e/ep
S 2 T (V-2)
= constant

The form of the equation for t is the one normally used in

integral analyses. The mean buoyancy force is given by:

]
[

(1/6)[2B-ay
(1/3)g36p ........................... (V-3)

The Grashof number is then defined as:

Gr = gsepDS/v2

I NN (V-1)

For the analysis of water near 4°C, Yuill [48] has shown that: -
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B = 8(%‘9)/9 per unit mass
= gsooep(T + PTZ + QTS) ................ (V-S)
— 2. -
P = I(D2+3D3Tm) ep/ (D1+2D2Tw+3D3Tm )1 ....(V-6)
Q = [D,0 2/CD +2D.T +3D.T 2)] V=T
3 P 1 2 Bl Jd sreeeeedian

- 2
B, = ICD1+2D2T°°+3D3T°° )/ (1+D 1T°°

DT EDT 3T e L (V-8)

2

The constants Dl’ D2 and D3 are defined in Appendix IV.

The mean buoyancy force/unit mass is:

B = (1/6)f’B-dy
= (1/3 + P/5 + Q/7)gB0_ wuuevunn. e (V-9)

Yuill defined the Grashof number as:

' 3, 2
Gr = SO‘gBmepD /vf .................... (V-10)
But from equation (V-4):
® . _ .
Gr' = BBD°/v. e (V-11)

Therefore, the dimensionless boundary layer buoyancy
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is defined as:

0= 1/3+ P/5 + Q/7 veeiieriirnnnnnnnn (V-12)

which reduces to o = 1/3 at a point far enough away from

the density maximum.

o}
In the bidirectional flow region, there will be a point in the

boundary layer, @, where the density will be the same as that
of the bulk fluid. This point marks the division between the

inner and outer boundary layers. For the immer boundary layer:

B, = (/D)[IBdy i, (V-13)

Substituting in (V-2) and (V-5) and integrating:

B; = 6,0, [ (1+P+Q)- (1+2P+3Q):
+(1/3+2P+5Q) 5 2- (P+5Q) 33
+(P/5+3Q) 2% Q2+ (/N0 .on...n. (V-14)

If the inner boundary layer Grashof number is defined as:

. S
Gr. = 3BiD /vfi

’ 3 2
3aig6m6pD /vfi ................... (V-16)




127

then a; = (1+P+Q)- (1+2P+3Q) T+ (1/53+2P+5Q) 52
- (Pr5Q) 23+ (B/5+3Q) - (@) 25
S QUDI V-17)

The outer boundary layer may be analyzed in a similar

manner .

5 - 6 .
By = I1/(s-2)1/gB-dy
= aogsmep R AN £
* =3, 2
Gro = 3BOD /\):E.O
_ 3, 2
= SaogswepD A (V-19)

ap = [(1/34B/5+Q/7)- (1+P+Q)2 :
+(1+2P+3Q) 22~ (1/3+2P+5Q) 5 %
+(P+5Q 2t (2/5+3Q) 2%+ (Q2°
YDIT/AE) e SO (V-20)

V-3 Derivation of Expressions for T_. and 3

Rearranging equation (V-5):

p

oo

- p = pg8 0 (x * Pl + Qr3) L., (V-21)

At a point in the boundary layer, @, the densities are
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the same and the left hand side of (V-21) becomes zero.
Therefore, assuming that equation (V-2) describes the
temperature distribution in the boundary layer and know-
ing that v = 0 only at the outside of the boundary layer

then equation (V-21) can be simplified to:

1+ P'rZ + QTZ =0 tiiiiiiei et (V-22)
o= [P - @2 - 4V P0q (V-23)
Ty = 80, + T eeeieeinnsainannannnns, (V-24)

The film temperatures of the immer and outer boundary

layers are given by:

Tgy = 0.5('_17p *T) e S (V-25)
T

1
o]
3
=
™
+
=]
g
g
5
8
=)
A

fo

Substituting (V-2) and (V-15) into (V-23) and rearranging:

=1 - (Tz)l/z
1- (P - (pz . 4Q)1/2)/2Q]1/2 een (V-27)

™
|

All of the above derivations follow the work of Yuill [48].
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APPENDIX VI

DETAILS OF CYLINDER
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great deal on an accurate knowledge of the cylinder diameter,

since it was an integral part of both the Grashof and Nusselt

numbers. Vernier calipers were used to measure the diameter

of the main test section at six different places around the

circumference. The average value of the diameter obtained in

this manner was 10.254 cm. (4.037 in.). The results are tab-

ulated in Table 9.

TABLE 9
'DIAMETER MEASUREMENTS

Reading Taken Be- Diameter

tween Heaters £ (cm)
1¢e7 10.254
268 10.251
3809 10.262
4§ 10 10.249
56 11 10.249
6§12 ©10.257

D = 10.254 cm.
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The most: important-quality .of the assembled test
section was that it be as near to being perfectly round as
was possible. Surface height profiles were taken around the

circumference of the main test section in three places,

the centerline and the two ends of the test section. The
profiles were performed with a dial guage which was cap-
able of measuring to the nearest .0013 cm. (.0005 in.). The
purpose of these profiles was to indicate high or low spots

around the periphery of the cylinder, which indeed they did.

After hand finishing and polishing the test section, a final
set of profiles was taken. The results, which are presented
in Figure 27, indicated that the cylinder was round to

within .020 cm. (.008 in.).
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APPENDIX VII

* ‘BOUNDARY' DEFINITTONS

The boundaries between the flow regions were de-
fined by Yuill [48]. A description of the division points for

a bulk water temperature of OOC, as well as the physical

reasons for the differing types of flow, were given in section

T =

[ee]

1.2, The convergence of the boundaries to the point Tp
4°¢ is intuitive, vwhile the symmetrical relationship of the
density of water around the point 4°c explains why the boun-
daries are more or less straight lines (i.e. the Ia-Ib boun--
dary occurs when the densities of the water at the cylinder
surface and at the outer edge of the boundary layer are the
same. This Happens at 8°C and 0°C, at 7°C and 1°C, at 6°C and
ZOC,-etcetera). With the above arguments in mind, the boun-

daries may be mathématically described as follows:

Adiabatic line : Tp ST, cenevienennnnnnes esecensnnes (VII-1)
Ia-Ib -boundary : Tp =8.0~-T ....v.. et eirecevenaann (VII-2)
I-II boundary : Tp =124 - 2.1(T) vevvennnnn, ceenens (VII-3)
II-III boundary: T, = 26,8 = 5.7(T) veervrvinnnnnnnnn (VII-4)
ITI-1V boundaryf T, = 4,0 tivinevinnnnaans ceveeseacras (VII-5) -

When the data in region II was analyzed, it was ap--
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parent that Yuill's location of the boundary between regions
ITI-N and II-S, the non-separated and separated bidirectional
flow regions, at ¢ = -0.6 did not fit the present data. His
location of this border was chosen to fit his data and could
not be positively identified with the amount of data that he
collected. In any event, the curvature of the cylinrical sur-
face would probably have influenced the position of this boun-
dary. As can be seen in Table 10, the data of the present ex-
periment divided into two groups according to the value of %,
the dimensionless division point between upflow and downflow
in the boundary layer. That is to say, the points in region
II-N all had values of 3 above .3430 while the points in region
II-S all had values of 3 below .2832. Hence, a value of r© = .31
which was midway between these two values of % was chosen as
the boundary to fit the data of the present experiment.

TABLE 10

Test Region = Test Region = - Test Reglon %
1 TII-N .4457 22 II-S .2555 36 II-S .2631
8 II-N .4222 23 II-S .2536 37 II-S .2712
9 II-N .4105 24 1I-S .2527 38 II-S .2682
11 II-N .4460 25 II-S .2594 39 TII-S .2763
12 TII-N .3884 26 II-S .2524 40 II-S .2816
13 II-N .3430 27 II-S .2176 41 II-S .2832
14 II-N .3534 28 II-S .2605 42 II-S .2756
15 II-N .3890 29 II-S .2443
16 II-N .3550 30 II-S .2566
17 II-N .3633 31 II-S .2534
18 II-N .3489 32 II-S .2583
19 II-N .3665 33 II-S .2550
20 II-N .3894 34  II-S .2532

21 II-N .3866 35 II-S .2653
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The boundary between these two regions was then described by:

II-N - II-S boundary: T, = 17.1 = 3.3(T,) «euvevnennn. (VII-6)

The boundaries were also described by the values of other

variables which have already been defined:

Adiabatic line: o = 000 et (VII-7)
Ta-Tb boundary: Z = 0 viiiiiereenennennneaneenns (VII-8)

I-1T boundary: o = 0.02825...eueeeurencnenrnnn. (VII-9)

II-N - TI-S boundary: Z = 0.3] .vvurvereennnnenennenns (VII-10)
IT-111 boundary: ¢ = 00C vuvevreneerenennnnnnns (VII-11)
I1I-IV boundary: T_ = 4%C civvvirinivrnnnnnnnnn. (VII-12)
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APPENDIX VIII

ERROR ANALYSIS

The sources of error discussed in the succeeding
sections were divided basically into two parts, extraneous
heat losses from the heated surfaces and errors in the values
of the measured or calculated variables.

VIII-1 Heat Losses

There were three alternate paths of heat flow from
the heated surfaces other than by free convection. They were
conduction from the side surface to the paraffin wax and
guard heaters, conduction from the rear surface to the plexi-
glass tubing and fiberglass insulation and finally, conduction
through heater leads, voltage taps and thermocouples.

The side losses through the paraffin wax were
given by:
= “KAAT/L eviiniiiiiiiiiinennes (VIII-1)

=3
[}
H
[0}
ot
1]

thermal conductivity of paraffin wax

0.001 W/am/°C

A = cross-sectional area of paraffin gap
= 0.142 e’
AT = maximum temperature imbalance across gap

0.10 °c
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=
[l

length of paraffin gap
0.145 cm.

1]

The maximum loss was 9.79 x 10—5 W on each side or a total of
4

1.958 x 10 * W. The test with the minimum heater power was
test #42 which had one heater with a power of 0.345 W. There-
fore, the maximum percentage side loss was 0.06%.

The back losses were approximated by assuming that

the heat flowing out of the rear surfaces of the heaters then

flbwed axially along the plexiglass tubing and fiberglass in-
sulation. The problem then became one of one dimensional con-

duction in concentric cylinders which is described by:

Qack = ~OgAy + kA8 /L weennnen, (VIII-2)

where kl thermal conductivity of plexiglass

1.869 x 10> W/em/°C

kz = thermal conductivity of fiberglass
= 0.346 x 107> W/em/°C
A1 = cross-sectional area of plexiglass
= 1.583 cm?
A2 = cross-sectional area of fiberglass
= 5.173 cm®
L = tubing length in which temperature drop occurs

10.16 cm.

]
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For test #1 (ep = 14.37°C), éback = 0.007 W. Since heat flows
axially from both ends of each heater, the total loss would
be twice this amount or 0.014 W. The percentage losses for
the different heaters of this test varied from a minimum of
0.15% to a maximum of 0.25%. For test #49 (ep = 1.76OC),
éback = 0.002 W. The percentage errors ranged from a low of
0.17% to a high of 0.33%. These two tests represented the
maximum énd minimum temperature differences, ep.
The wire losses consisted of three separate items.
The heater leads both lost heat by conduction and gained heat
by Joule heating. It was desired to design the apparatus so
that the leads would be the correct length to balance both of
the above processes and leave the temperature gradient in the

leads equal to zero at the point where they were connected to

the heaters. The formula for the correct lead length was:

I, = (21<ep/$)1/2 e ST (VITI-3)
where k = thermal conductivity of copper leads
= 3.893 W/cm/°C
ep = maximum expected temperature difference
= 26.8 °C
S = maximum internal heat generation rate of

the leads based on a heater power of 25 W.

2.131 Wem

1
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The calculated optimum lead length was 9.9 cm. However, the
1engfh of the apparatus necessitated a minimum lead length of
25 cm. Therefore, there was a positive temperature gradient in
the heater leads at the heaters (i.e. the heaters were gain-

ing heat from the heater leads). The heat gain was given by:

él.eads = (SAL/2) - (kAep/L) .......... (VIII-4)

cross-sectional area of heater leads

where A
: 2

3.243 x 107> cm

=
]

heater lead length

i}

25 cm.

For a temperature difference of 26.8°C and a heater power of
25 W, this gain turned out to be 0.073 W. The total heat gain
was twice this amount, or 0.146 W, since each heater had two
leads attached to it. The loss in the voltage tap leads was
given by:

Qup. = KA /L ciiiii (VITI-5)

where k = 3.893 W/cm/°C

A= 3.243 x 107> cm?
o = 26.8°C
p

L =25 am.
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This loss was 0.014 W for each voltage tap or 0.028 W for

each heater. The losses in the thermocouples were given by:

Q/c =,f(k1+k2)Aep/L ................. (VIII-9)

where k1 thermal conductivity of copper wire

3.893 W/cm/°C

w
]

2 thermal conductivity of constantan

0.214 W/ cm/°C

A = cross-sectional area of thermocouples
= 5.067 x 107% ?
L = length of thermocouples in cylinder

25 cm.

The loss in each thermocouple worked but to be 0.002 W. Each
main heater used in the calculationé had two thermocouples
mounted on its surface (in fact, some had three). Therefore,
the total thermocouple loss was 0.004 W. The total wire heat
gain was:

Qwire - Qleads * QV.T. * QT/C
.0.146 -.0.028 -.0.004

1]
()
-
o
NS
=

Assuming the same heater power as that used to calculate S -
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(25 W), the percentage gain was 0.46%. This percentage would
be relatively constant for other heater powers since all three
components of the total loss depended on the heater power and
consequently on the temperature difference, ep.

VIII-2 Measurement Errors

The current in each circuit was calculated using a
standard resistor of known resistance. These resistors were
not calibrated before use in the present experimental work.

The tolerancé listed by the manufacturer was 1% of the stated
resistance and was believed to be a fairly reliable estimate
of error since these resistors exceeded military specification
MIL-R-18546 which is the specification for housed chassis-
mounted power resistors.

The resistance change due to heat buildup was neglect-
ed for two reasons. First, all tests were conducted far below
the rated power of 50 W. For instance, fhe highest average
power through the standard resisﬁor, which occurred in test #1,
was 1.653 W or 3.31% of the rated load while the minimum av-
erage power (test #11) was 0.109 W or 0.22% of the rated load.
Second, the standard resistors were immersed in a constant
temperature mineral oil bath to insure that heat did not build
up in the resistors housings.

The voltages were measured on a Keithley model 160
digital multimeter which had a claimed accuracy of #0.1% of

full scale or one unit, whichever was the greater. The lowest




141

readings taken in any one voltage range were about 18% of full
scale. The maximum error would therefore be expected to be in
the range of 0.56%.

The surface temperatures used in all of the calcu-

lations were actually averages of the experimental data and
hence, were subject to a certain degree of error. Table 11

shows the deviations from isothermal conditions of each of the

fifty-six tests conducted. The average root mean square per-

centage deviation of the temperature data was 1.54%. The

measurements of the bulk water temperature were more accurate.
The three thermopiles usually agreed to within O.OlOC, which

would translate into an error between 0.06% and 0.93%. In most
tests, the water temperature was between 2 and 3°C, giving an

error in the order of 0.33% to 0.50%.

¢« 1. The thermocouple wire was not calibrated before be-
ginning the experimental work. Yuill [48] had calibrated his
wire and found that it agreed almost exactly with the tabulated
values for copper-constantan wire published by the U.S.National

Bureau of Standards. Therefore, his voltage-temperature re-

lationship was used in the present work. It was:

T = [0.00832 + 46.90503(e/1000)

- 1.314565 (e/1000) 2

+ 0.001818864(¢/1000)°]/1.8 ...... (VIII-8)
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Bulk Surface Temp. Max. Max. R.M.S.
Test ) Tce)mp . T(e)mp . D% ff. Error  Error Error
No.Region (%0 0 o Co @ _®
1 II-N 1.82  16.18  14.37  0.71  4.92  2.85
2 IIT 2.98  14.56  11.59 -0.64 -5.51  2.16
3 III 3.74  10.68  6.94 -0.27 -3.88  2.02
4 III 3.32 12.21  8.89 -0.26 -2.90  1.57
5 III 2.65  13.09  10.44 -0.25 -2.36  1.25
6 III 3.35  11.28 7.93 -0.26 -3.23 1.64
7 III 3.58  10.62 7.05  0.21  2.98  1.42
8§ II-N 2.79  10.08 7.29 -0.13 -1.78  0.96
9 II-N 3.02 8.71 5.69 -0.12 -2.10 1.23
10 III 3.29 8.16 4.86 0.09 1.89  1.23
11 II-N  3.66 5.93 2.27 -0.08 ~-3.68  1.76
12 II-N 3.51 6.17 2.66 -0.07 =-2.74  1.50
13 II-N 2.75 8.59 5.84  0.14  2.44°  0.86
14 II-N 2.50 9.73 7.23 -0.12 -1.65° 0.97
15 II-N 2.14  12.21  10.08 -0.23 -2.31. 0.99
16 II-N 2.30  10.54 8.23  0.33  3.97 1.70
17 II-N 2.68 9.25 6.57 0.21  3.27 1.37
18 II-N 2.94 7.98 5.03 0.09 1.82  0.99
19 II-N 3.09 7.65 4.56 -0.18 ~-3.98  2.41
20 II-N  3.23 7.38  4.15  0.09  2.06  0.96
21 II-N 3.35 6.83 3.48 -0.06 -1.60  0.86
22 II-S 2.10 9.02 6.92 0.14  2.06  0.87
23 II-S 1.73 9.97 8.24  0.22 2.71  1.09
24 II-S 1.56  10.40 8.84  0.40 4.49  2.26
25 . II-S 1.54  10.61 9.07 -0.23 -2.55  1.32
26 II-S 1.63  10.21 8.58  0.18  2.06  0.82
27  II-S 1.66 9.39 7.73  0.33  4.24  1.68
28 II-S 1.87 9.73 7.86 0.13 1.70 1.14
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Bulk Surface Temp. Max. Max. R.M.S.
Test Temp. Temp. Diff. Error Error Error
No. Region (°C) '(°0) °c) SOOI O
29 II-S 1.97 9.16 7.20  -0.10 -1.42  0.69
30 II-S 2.15 8.90 6.75 0.12 1.80  1.04
31 II-S 2.26 8.56 6.30 0.11  1.76  0.79
32 1I-S 2.36 8.38 6.02 0.11 1.81  0.83
33 II-S 2.43 8.14 5.7 0.10 1.79  1.23
34 II-S 2.53 7.84 5.31  -0.09 -1.77  1.13
35 II-S 2.65 7.70 5.05  0.07 1.44  0.79
36 II-S 2.74 7.41 4.67  0.09  2.01  1.07
37 II-S 2.85 7.21 4.36  0.07 1.62  0.69
38  II-S 2.92 6.97 4.05  0.09 2.22  0.99
39  II-S 3.02 6.80 3.78  0.07 1.87  0.79
40 II-S 3.09 6.66 3.57 © -0.05 -1.32  0.84
41 II-S 3.17 6.43 3.26 -0.04 -1.38  0.92
42 II-S 3.23 6.18 2.94  -0.04 -1.31  1.02
43 1 1.69 4.64 2.95 -0.16 -5.32  4.07
44 1 1.07 7.24 6.16 -0.21 -3.43  2.27
45 I 1.31 5.99 4.69 -0.10 -2.06  1.28
46 IV 9.58  17.08 7.50 -0.51 -6.80  4.93
47 IV 12.20  16.32 4,12 -0.19 -4.58  2.43
48 IV 15.79  17.57 1.78  0.08  4.57  2.25
49 IV 16.18  17.94 1.76  0.08  4.38  2.84
50 IV 13.42  15.73 2.31  0.12  5.27  2.60
51 IV 12.20  15.14 2.94  0.09 3.00 2.04
52 IV 13.97  16.77 2.80 0.12 4.10 2.14
53 IV 11.17 14565 3.39  0.12  3.47  1.77
54 IV 9.71  13.92 4.21  -0.09 -2.15  1.43
55 IV 8.33  13.01 4.68  0.13  2.79  1.92
56 IV 6.73  11.69 4.96 0.16  3.24  1.81
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1]

where T = temperature (OC)

e = thermocouple voltage (uV)

The National Bureau of Standards stated that all commercial
thermocouple wire sent in to be tested agreed to within *2.5%
of these values. This figure would seem to represent the order
of magnitude of error in the thermocouple calibration.

The final possible source of error in temperature was
through the copper surface itself. The thermocouples actually
measured the temperature on the back side of the copper plates.
The temperature change through the thickness of copper is

given by:
AT = vhﬂpL/k ........... e, (VIII-9)

where h = surface conductance (W/cmZ/OC)

ep = temperature difference, Tp—Tw, (OC)

L = thickness of copper plate

|

0.056 cm.

w
]

thermal conductivity of copper

3.893 W/ cm/°C

The maximum surface conductance measuréd was in test #1,
where h = 0.021124 W/cm?/°C and where o, = 14.37°C, There-

fore, the maximum temperature difference across the copper
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was -0.004°C and the maximum percentage error was 0.02%.

The only other physical property which was measured
was the diameter of the cylinder, D. From an inspection of
Table 9 (Appendix VI), the root mean square deviation of the
six measurements taken was 0.005 cm. or roughly 0.05%. The
last source of error was in the equations for the fluid prop-
erties given by Yuill [48] and by Dorsey [6]. These errors,
howevef, were extremely small and insignificant when compared
to others, most notably the error due to the deviation from
isothermal conditions and from the National Bureau of Standards
thermocouple correlation.

In conclusion, a detailed error analysis was not
performed because the associated measureable experimental
errors were much smaller than the deviation of the average
heat transfer results from the correlations. The greater part
of these errors were attributed to random phenomena such as
vibrations from the fan motor, convective air currents on the
free surface produced by the fan itself or convective currents
set up in the water, all of which were undetectable and im-

possible to measure quantitatively.




