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Abstract

The central result presented in this thesis is van der Waerden’s theorem on arith-
metic progressions. Van der Waerden’s theorem guarantees that for any integers k
and 7, there is an n so that however the set {1,2,...,n} is split into r disjoint parti-
tion classes, at least one partition class will contain a k-term arithmetic progression.
Presented here are a number of variations and generalizations of van der Waerden’s
theorem that utilize a wide range of techniques from areas of mathematics including

combinatorics, number theory, algebra, and topology.
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Chapter 1

Preface

1.1 Introduction

A notion central to this thesis is that of an arithmetic progression. An arithmetic
progression is a sequence of at least three numbers of the form a,a + d,a + 2d, . . ..
For example, 2, 5, 8, 11, 14 is a 5-term arithmetic progression where a = 2 and the
difference between consecutive terms is d = 3. A recurring theme throughout this
thesis is the question of whether it is possible to split a particular set of integers
into two groups, neither containing an arithmetic progression. Van der Waerden’s
theorem states that no matter how the set of positive integers is split into finitely
many disjoint groups, for any integer k, at least one group will contain a k-term

arithmetic progression. Moreover, something similar holds for some finite sets of
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integers. Consider the possible divisions of the numbers 1,2, ...,9 into two groups,
say a red group and a blue group. Is it possible to prevent arithmetic progressions
in either group? While attempting to avoid arithmetic progressions that are all red
or all blue, examine the possible groupings of the middle three numbers: 4, 5, and
6. These three numbers form an arithmetic progression (with difference d = 1) and
if the numbers 4, 5 and 6 are not all in the same group, there must be one in one
group and two in the other. Assuming for the moment that 4 is contained in the

red group, the possibilities are:
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In the case where 4, 5,6 are grouped RBR, in order to avoid the progression 2,4, 6
the number 2 must be in the blue group. Then if 8 is in the red group, so is the
progression 4,6, 8 but if 8 is in the blue group so is 2,5, 8.

In the case where 4,5,6 are grouped RBB, in order to avoid the progression
5, 6,7 the number 7 ought to be in the red group but then in order to avoid 1,4, 7,
the number 1 should be in the blue group. Because of the progression 1,3,5 the
number 3 must be in the red group but then to avoid 2, 3,4, the number 2 is in the
blue group. Finally, since 2,5, 8 is an arithmetic progression, 8 is in the red group.

The grouping is then as follows:
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Now, if 9 is in the red group, then so is the arithmetic progression 7, 8,9 and if 9 is
in the blue group, so is 1,5, 9.

Finally, in the case where 4, 5,6 are grouped RRB, by symmetry with the case
where 4, 5,6 are grouped RBB, in order to avoid progressions in either group, the

numbers must be divided as follows:

T~
j=olba
[ss@p)
[seEaN|
=000
O

Then, if 1 is in the red group, so is the progression 1,5,9 and if 1 is in the blue
group, so is 1,2,3. Repeating this argument while assuming that the number 4
is in the blue group shows that no matter how the numbers from 1 to 9 are split
into two groups, one cannot avoid an arithmetic progression with at least three
terms in one of the groups. What if we would like to guarantee a 4-term arithmetic
progression? Though more difficult to verify, it turns out that no matter how the
integers from 1 to 35 are split into two groups, one group will contain a 4-term
arithmetic progression. This can be generalized to arithmetic progressions with any
finite number of terms. Van der Waerden’s theorem states that for any k£ > 3 and
r > 2, there is an n so that if the integers 1,2, ..., n are split into r disjoint groups,
at least one of the groups will contain an arithmetic progression with k terms.
Van der Waerden’s theorem is one of what are called “Ramsey-type” results. A
grouping of the elements of a set defines a “partition” of the set, where each group

is called a partition class. Ramsey theory is the study of structures preserved under
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partition. Frank Plumpton Ramsey proved a theorem known as Ramsey’s theorem,
which is the central result in Ramsey theory. Ramsey’s theorem can be illustrated
with the following, often referred to as the “Party Problem”: How many people
must one invite to a party to be assured that among the guests there are 3 mutual
acquaintances or 3 mutual strangers (or both). The answer is that 6 guests suffice.
A simple form of Ramsey’s theorem states that for any & > 3, there is an n so
that among any collection of n people, there are either £ mutual acquaintances or
k mutual strangers.

A number of quantitative questions raised by van der Waerden’s theorem are
studied in Chapter 5. What is the smallest n so that whenever the numbers
1,2,...,n are partitioned into two classes, one contains a k-term arithmetic pro-
gression? As k increases, these numbers become difficult to calculate and known
proofs of van der Waerden’s theorem produce large upper bounds for n that grow
incredibly quickly. For example, the argument from the original proof is only able to
guarantee that when the integers from 1 to 325 are partitioned into two classes, one
will contain a 3-term arithmetic progression — a far cry from the first example where
the numbers from 1 to 9 suffice. There are a number of results giving both lower
bounds and more reasonable upper bounds for these numbers. In general, however,
the known upper and lower bounds remain of different orders of magnitude.

Returning to the numbers from 1 to 9, instead of dividing them into two groups,
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suppose that one were to select a single group that contained no arithmetic progres-
sions. How large could that group be? For example, the 5-element group 1,2,6,8,9
contains no arithmetic progressions and it can be shown that any sequence of 6 num-
bers, such as 1,2, 5, 6,8, 9, will contain an arithmetic progression (in this case 1, 5,9).
This idea can be generalized to determining the maximum number of integers that
can be chosen from among 1,2, ..., n while avoiding arithmetic progressions with k
terms. Szemerédi’s theorem states that for any £ > 3 and ¢ with 0 < ¢ < 1, there
is an n so that any collection of more than en numbers from 1,2, ..., n will contain
a k-term arithmetic progression. Such a result is called a “density result” as op-
posed to a Ramsey result. In Chapter 4, some density results related to arithmetic
progressions are examined.

It is also possible to examine arithmetic progressions in the context of some
larger structure that either contains the integers or provides a generalization of
arithmetic progressions. One such generalization, given in Chapter 7, involves games
of multi-dimensional Tic-Tac-Toe. In the usual game of Tic-Tac-Toe on a 3 x 3 grid,
there are possible stalemates. The Hales-Jewett theorem guarantees that, for each
k > 3, there is an n so that no matter how X’s and O’s are distributed in an
(k x kx---x k) grid of dimension n, there will be either k& X’s or k¥ O’s in a line
(in fact in a particular kind of line called a “combinatorial line”). Coordinatizing

the grid with the numbers 1,2, ..., k, each box in the grid can be associated with
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an integer either by adding all of its coordinates or regarding the coordinates as a
base expansion. In this way, the “combinatorial lines” in the grid can be made to
correspond to arithmetic progressions. For example, on the usual 3 x 3 grid, the

line in Figure 1.1 could correspond to the arithmetic progression 11, 22,33 (base 10

3 X
2 X
1 | X

1 2 3

Figure 1.1: Tic-Tac-Toe

expansion) or to the arithmetic progression 2,4,6 (adding the coordinates). The
Hales-Jewett theorem is a purely combinatorial generalization of van der Waerden’s
theorem and provides another combinatorial proof of van der Waerden’s theorem.

Another way to prove van der Waerden’s theorem is use structures from set
theory and topology called ultrafilters. Ultrafilters are a type of “large” set system.
In Chapter &, it is seen how the ultrafilters on the integers can be endowed with
a semigroup operation and a topology that are used to prove some Ramsey-type
results including van der Waerden’s theorem.

A number of other variations of van der Waerden’s theorem are presented in
Chapter 9. Among these is a polynomial version of van der Waerden’s theorem

that guarantees that for any partition of the positive integers into two partition
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classes, at least one partition class will contain an arithmetic progression whose
difference is a perfect square, a perfect cube, or in the range of any polynomial with
integer coefficients and no constant term. Another variation of van der Waerden’s
theorem is a “Rainbow Ramsey-type” problem where, if the integers are divided into
a certain number of groups, the desired sets are not arithmetic progressions with all
terms in one group, but rather those where each term is in a different group from
all others. There are a number of other results closely related to van der Waerden'’s
theorem, but beyond the scope of this thesis. Among them is Szemerédi’s Regularity
Lemma (see for example [77]). The Regularity Lemma (or Uniformity Lemma) is a
result in graph theory used by Szemerédi to prove his density theorem for arithmetic
progressions and has found a number of applications beyond its original usage.
The results and proofs that are included in this thesis exhibit some of the wide-
ranging techniques that have been used to attack some of the variations of van
der Waerden’s theorem. While some proofs are purely combinatorial or number
theoretic, others apply results from areas such as algebra, field theory and topology.
Ramsey theory is an appealing subject area for its ability to predict order within
chaos and the results related to van der Waerden’s theorem illustrate, what I found

to be, surprising connections between exceedingly different areas of mathematics.
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1.2 Notation

The following standard notation and definitions are used throughout. The integers
{0,£1,+£2,...} are denoted by Z and the positive integers {1,2,3,...} are denoted
by Z*.

For any a,b € Z, set [a,b] = {m € Z : a < m < b}. In particular, for any
neZ", [1,n] ={1,2,...,n}. The notation [n] = [1,n] is also common but avoided

here whenever possible. For any sets S,T C Z and x € Z, define
S+r={s+zv:se€Stand S+ T ={s+t:seSandteT}.

For any k € Z*, define [S]* = {X C S : |X| = k}, the collection of k-subsets of S,
and for any n € ZT, define [n)* = [[1,n]]".

For functions f, ¢ : Z*™ — R, if lim,,_ % = 0, then write f = o(g) and if there
is a constant ¢ > 0 and ny € Z* such that for every n > ng, f(n) < cg(n), then
write f = O(g).

For any set A and a finite set B, any function A : A — B is called a finite
colouring of A. In particular, if |B| = r, then any function A : A — B is called
an r-colouring of A. Any colouring A : A — B corresponds to a partition of A
into sets {A7Y(b) : b € B} called colour classes and so the terms “colourings” and

“partitions” are used interchangeably. The pigeonhole principle says that if r 4+ 1

pigeons are placed in r holes, some hole will contain at least two pigeons and more
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generally, if nr + 1 pigeons are placed into r holes, some hole will contain at least

n + 1 pigeons. The pigeonhole principle can be stated in terms of colourings.

Pigeonhole Principle Let n,r € Z*. For every r-colouring

A [1,nr 4+ 1] — [1,7], there exists an i € [1,7] so that [A™'(5)| > n + 1,

Definition 1.2.1. A set P of integers is an arithmetic progression of length k

(denoted by APy) iff there are integers a and d > 0 so that
P={a+id:0<i<k—1}.

For any k > 3, a set of integers A is called APy-free if A contains no AP;’s. The

following type of set is a generalization of an arithmetic progression.

Definition 1.2.2. A set P C Z* is called an m-fold arithmetic progression of length

k if there are integers a,dy, ..., d,, such that
P = {a+2xidi DX, T, .. Ty € [0,k — 1]}
i=1

Note that a 1-fold arithmetic progression of length k is just an AP,.
Many proofs throughout require bounds on the number of AP,’s in an interval.

The following basic calculation is referred to in numerous proofs to come.

Lemma 1.2.3. For any n € Z* and k > 1, the number of AF;’s in [1,n] is less

TLQ
than m
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Proof. For any integer d with 1 < d < Z%i, the arithmetic progressions in [1, n] with

difference d are {1,14d,..., 1+ (k—1)d},{2,2+d,..., 24+ (k—1)d},...,{n—(k—
)d,n—(k—2)d,...,n} and so the number of AP,’s with difference d is n— (k—1)d.

Therefore, the total number of AP;’s contained in [1, n] is

-1
5=

S (= (b= 1)d) = LZ:Hn—(k—m(Ln__%“)

d=1




Chapter 2

Classic Ramsey theorems

2.1 Ramsey’s theorem

Van der Waerden’s theorem on arithmetic progressions has come to be classified as
a “Ramsey-type” theorem. Ramsey proved what has become known as Ramsey’s
theorem [91] in 1930 as a tool to prove a result in formal logic on propositional

sentences.

Theorem 2.1.1 (Ramsey’s theorem, Ramsey [91]). For every k, m,r € ZT there
is an integer n so that for any set S with |S| = n and any r-colouring A : [S]¥ — [1,7]

there is a set T’ € [S]™ such that [T]* is monochromatic.

A simple case of Ramsey’s theorem is often stated as a result in graph theory. A

detailed exposition of Ramsey theory and graph theory can be found, for example,

11
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in Bollobas’s Modern graph theory [16, Chapter 6].

Definition 2.1.2. Given a non-empty set V and E C [V]?, the pair G = (V, E)
is called a graph. The elements of the set V' = V(G) are called the vertices of G
and the elements of £ = E(G) are called the edges of G. For each v € V| the set

N@w) ={z €V :{z,v} € E} is called the neighbourhood of v.

Any graph G = (V,E) with E = [V]? is called a complete graph. For each

n € Z*, the complete graph on n vertices is denoted by K,,.

Definition 2.1.3. Given graphs G = (V, E) and G' = (V' E’), the graph G’ is

called a subgraph (or sometimes a weak subgraph) of G'iff V! C V and E' C EN[V']2.

A slightly simpler form of Ramsey’s theorem (the case m = 2) can be stated in

terms of graph theory. A proof of Theorem 2.1.4 is given in this section.

Theorem 2.1.4 (Ramsey [91]). For every k,r € Z* there is a least integer R(k;7)
such that for all n > R(k;r) and for any r-colouring of the edges of K, there is a
complete subgraph G on k vertices such that the set of edges E(G) is monochro-

madtic.

Definition 2.1.5. Let r, k1, ks, ..., k. € ZT. Denote by R(ky, ks, ..., k.;7) the least
integer N, if it exists, such that for every n > N and any r-colouring of the edges
of K, there is an i € [1,r]| such that K, contains a subgraph K}, whose edges are

monochromatic in colour <.
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Often, the notation R(ki,...,k.;r) is abbreviated by R(ki,...,k,) when the
number of colours is implicit. If for all r ky,... k. € Z1, R(ky,..., k.;r) exists,
then since R(k;r) = R(k,...,k;r), so does the Ramsey number, R(k;r). Before
proceeding to the proof that the number R(ki,...,k,;r) will always exist, a few

preliminary results will be useful.

Lemma 2.1.6. Let ky,..., k. € ZT be such that R(ki,...,k,) exists. For any

permutation o of [1,7], R(ksqy, ..., ko)) = R(k1,..., k).

Proof. Set N = R(ky,..., k), let 0 be a permutation of [1,r] and let A be any
r-colouring of E(Ky). Define a new r-colouring A’ of the edges of Ky as follows.
For {z,y} € E(Ky), set A'({z,y}) = o(A({z,y})). By the choice of N, for some
i € [1,7], there is a K}, which is monochromatic, under A’, in the colour i. That
is, for all z,y € V(K},), o(A({z,y})) = i. Let j = 07 '(i). Then Ky, = K, is a

complete graph, monochromatic, under A, of colour j. O

In 1935, Erdés and Szekeres [40] gave a new proof of Ramsey’s theorem which
they used to prove that for every integer & > 4, there is an N € Z* so that for
any collection of N points in the plane with no three collinear, some k points form
the vertices of a convex k-gon. Their inductive proof employed a recursion that
has come to be known as the “Erdds-Szekeres recursion“. The recursive equation

is often given in its simplest form which states that if k,¢ > 3, then R(k,¢) <
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R(k—1,0)+ R(k,¢—1). The following theorem (see for example [51], p.5]) extends

the recursion to Ramsey numbers with any number of colours.

Theorem 2.1.7 (Erdés-Szekeres Recursion [40]). For all integers r > 2 and

k17k27"'7k7‘237

Rky, k... k) < R(ki — L koy ... k) + R(ki, ko — 1, . k)

+ ...+ R(ky, koo ke — 1) — 7 4 2.

Proof. Foreach i € [1,r] define N; = R(ky,...,k;—1,... k) andlet N = Ny +...+
N, —r+ 2. Let A be any r-colouring of the edges of Ky.

Fix an x € V(Ky) and for each i € [1,r], define

Vi={y e V(Ky) : A({z,y}) = i}.

Then, V; is the set all vertices in the neighbourhood of x whose edges to = are

coloured ¢ by A. Then for some i € [1,7], |Vi| > N;, for if not, then,

=1 =1 i=1 i=1

which is impossible.

Fix ¢ € [1,7] such that |V,| > N,. The colouring A induces an r-colouring
of the complete graph on the vertices of V;, and so by the choice of the number
N¢= R(ky,...,ke—1,... k), either for some j € [1,7]\{{}, V, contains a K}, with

edges all colour j, or else V; contains a Kj,_; with edges all colour ¢. In the latter
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case, the vertices of the complete graph Kj,_; together with the vertex x form the
vertices of a complete graph on k, vertices all of whose edges are colour ¢ since all

the edges between x and V, are colour /. Il

The Erdos-Szekeres recursion provides a step of a proof by double induction on r
and ki +-- -+ k, that for all 7, k1, ..., k. € ZT, the Ramsey number R(ky, ..., k.;7)
exists. The necessary base cases are as follows.

For r = 2 and k € Z*, R(k,2;2) = k since for any 2-colouring of the edges of
the complete graph Kj, there is either be one edge, a K», of the second colour or
else all edges of the graph K} are of the first colour. Similarly, if kq,..., k.1 € ZT,
then R(ky,..., k—1,2;7) = R(ky,..., kr—1;7 — 1).

Together, Lemma 2.1.6 and Theorem 2.1.7 show that for any r, kq,...,k, € ZT,
the Ramsey number R(k1, ..., k.;r) exists.

The Erdos-Szekeres recursion can be used to prove that for every k,¢ > 2,

R(k,¢;2) < (M57).

k—1

2.2 Hilbert’s cube lemma

Definition 2.2.1. For any m € Z*, H C Z" is an affine m-cube iff there are

ag, ay, . ..a, € Z* such that,

H:{ao—i—Zai:IQ [1,m]}.

i€l
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Denote such an affine m-cube by H = H(ag, a1, ..., ay).

For example, the set H(1,2,3) = {1,3,4,6} is an affine 2-cube and the set
H(2,3,5,8) = {2,5,7,10, 13,15, 18} is an affine 3-cube. For any aq, a1, ...,a,, € Z*,
the affine m-cube H(ag,ay,...,a,) can be decomposed as {ao} + {0,a:} + ... +
{0,a,,}. Affine m-cubes are related to arithmetic progressions since any arithmetic
progression of length m + 1 is an affine m-cube. In fact, for any a,d,m € Z*,

{a,a+d,...,a+md} = H(a,d,...,d).
S——

m—times

Also, any m-fold arithmetic progression of length 2 (recall Definition [1.2.2) is an
affine m-cube. Even though not all affine cubes are arithmetic progressions, affine
cubes are a key component of the proof of Szemerédi’s theorem (in Chapter 4 to
come) regarding arithmetic progressions. Long arithmetic progressions in a partic-
ular set are found by examining shorter arithmetic progressions contained within
particular affine cubes. The following colouring theorem about affine m-cubes was
published by David Hilbert in 1892. After the pigeonhole principle, Hilbert’s result

on affine cubes is the earliest non-trivial “Ramsey”-type result.

Theorem 2.2.2 (Hilbert [63]). For every r,m € Z* there exists a positive integer
n = H(m,r) such that for every r-colouring of [1,n], there is a monochromatic

affine m-cube.
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Proof. The proof given here appears in Lovasz [81), p. 561]. Note that the translation

of an affine m-cube remains an affine m-cube. That is, for any ag, ay, ..., a,,,t € Z*,

H(ag,aq,...am)+t=H(apg+t,ay,...,an).

Thus, if for some m,r € ZT, n is such that for any r-colouring of [1,n], there is a
monochromatic affine m-cube, then the same is true for any interval of length n.

Fix r € Z*. The proof that for all m € Z*, H(m;r) exists proceeds by induction
on m.

Base Case: If m = 1, then by the pigeonhole principle, H(1,r) = r + 1 since
an affine 1-cube is just a pair of integers.

Inductive Step: Assume that for some m > 1, the number H(m,r) exists. Set
n=H(m,r), N =r"+mn, and let A : [1, N] — [1,r] be any r-colouring. For each
i € [1,7™ + 1] define the interval [; = [i,i — 1 + n].

In each interval I;, there are n elements that receive one of r colours and so
each of these intervals could be coloured in r" different ways. Since there are r™ + 1
intervals, by the pigeonhole principle, there must be two, say I; and I;;, that are
coloured in the same way. That is, for any ¢ € I;, A({) = A(( + k).

By the choice of n = H(m,r), since I; is an interval of length n, there is a

monochromatic affine m-cube H(ag, ay, ..., a,) in I;.

By the choice of k, for any h € H(ag, a1, ..., an), A(h) = A(h + k). Therefore,
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the set
H(ag,aq,...,ay,) U (H(ag,a1,...,an)+ k) = H(ag,a1,...,an, k)

is an affine (m + 1)-cube in [1, N] which is monochromatic under A.

Therefore, for any m,r € Z*, the number H(m,r) exists. O

The following extension of Theorem 2.2.2 was given by Szemerédi [107, p. 93]

who used it to prove a density result about arithmetic progressions.

Theorem 2.2.3 (Szemerédi [107]). For every € > 0, m € Z" and n > 1 (‘—L)Qm, if

£

A C [1,n] is such that |A| > en, then A contains an affine m-cube.

Proof. The proof presented here is different from the original and is due to Lovasz
[81, pp. 561-562]. Throughout this proof, for any set A C Z* and d € Z*, let
Ag=AN(A+d)={r € A:x+d e A}. It will be useful to have some information

on the size of the set A;. If A C [1,n| and |A| > 2, then

| A4l = Hre A:x+de A}

Y Hdeltn-1):|z—y|l=d} (double counting)
{zy}relA)

10

(since |A| > 2).
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Therefore,

L AP _ 4P
A4l > Agl > >
der[rll,%}fl] [Ad 2 deﬁf;g,l“ a2 (n—1) 4 4n

and so there is at least one d € [1,n— 1] with |A4| > %. For integers d, dy, denote
(Ady)d, = Ady s

Fixewith0<e<land meZ". Let n > %L (%)2m and A C [1,n] be such that
|A] > en. A sequence of integers ay,as, ... a,, will be recursively chosen so that if

k € [1,m], then |A,,

.....

Since

there is an a; € [1,n — 1] such that

|A]? _ (en)? £\?
> > = -] .
[Aa,| = dn — 4n 4n( >

-----

since

.....
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Therefore, by induction, there are ay,...,a,, € [1,n — 1] such that

e\ 2" 1 /4\2" jen2m
>4 (—) >q.-(2 (—) ~ 1
=\y) = 4(5> 1

am 7 0 and so there is at least one element ag € A, 4,

7777 am

Thus, A, ..,
Now, Ay, ={a€ A:a+a; € A} = {a € A: H(a,a1) C A} and Ay 0, =
{a€ A, tat+ay€ Ay} ={a€ A: H(a,a1,a2) C A}. Continuing in this manner,

,,,,, an = {0 € A H(a,a1,a9,...,a,) € A}. Therefore, since ag € Agy. a,

H(ag,aq,...,a,) C A. ]

Corollary 2.2.4. For every € > 0 there is a constant ¢ such that for all n € Z*, if

m < log,log,n+c, and A C [1,n] with |A| > en, then A contains an affine m-cube.

Proof. Fix ¢ > 0 and set ¢ = —log, log, (). For any n,m € Z*, if

£

4 1
m < log, log, n + ¢ = log, log, n — log, log, (—) = log, <—og27z ) :
€ log, (2)

then,

m . logom m 4 A
2" < o~ = 2"logy [ — ) <logyn = | — <n.
log, ( g) € €

Since n > (g)Qm > i (§)2m, by Theorem 2.2.3| for any A C [1,n] with |A| > en, A

must contain an affine m-cube. O

The following lemma gives a further connection between affine cubes and arith-

metic progressions.
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Definition 2.2.5. An affine m-cube is replete iff |H| = 2.

Lemma 2.2.6 (Gunderson and Rodl [56]). For any m € Z*, if A C Z* contains

no replete affine m-cubes and no APs’s, then A contains no affine m-cubes.

Proof. Let A C Z" contain no replete affine m-cubes. Suppose that A contains an
affine m-cube, H = H(a,dy,...,d,) C A. Since H is not replete, there are sets
I,JC[I,m]with I # Jand a+ ), ,d =a+ ) ._,;d;. By cancelling common

jeJ Yi

terms, it can be assumed that I N J = 0. Since ) ;. d; = >, ; d;, the set

{a,a+Zdi,a+ Z dz} CA

iel 1€IUJ

is an AP;. O

2.3 Schur’s theorem

According to Promel and Voigt [85], Issai Schur had made a conjecture about ar-
bitrarily long sequences of consecutive quadratic residues and saw that he could
achieve the necessary proof given a particular partition result about arithmetic
progressions. Although Schur was not successful on this front, he did prove the

following arithmetic Ramsey-type theorem in 1916.
Theorem 2.3.1 (Schur [101]). For every r € Z* there is a least positive integer
S(r) such that for any r-colouring, A : [1, S(r)] — [1,7], there exist x,y € [1,S(r)],

possibly with & = y, such that A(z) = A(y) = Az + y).



CHAPTER 2. CLASSIC RAMSEY THEOREMS 22

Here x and y need not be distinct, though it is possible to prove the theorem

while insisting that x # y.

Proof. The proof given here uses Ramsey’s theorem (Theorem 2.1.4)) and shows that
S(r) < R(3;7r) — 1 (see [51, p.69)]).

Let r € Z* and set n = R(3;7) — 1. To see that S(r) <n, let A:[1,n] — [1,7]
be any r-colouring and consider the graph K, ,; on vertices {0,1,...,n} with an

edge colouring defined as follows. For 0 <i < j < n,

A'({i,g}) = AU — 1)

If 0 <i<j<mn,then j —i € [1,n] and thus A* is well-defined. By the choice of
n, there is a triangle in K, which is monochromatic under A*. Thus, in terms of

A, there are 0 < a < b < ¢ < n such that,

Ab—a)=A(c—b) =A(c—a)
=A((b—a)+ (c—b)).
Set © = b—a, y =c—>band z = ¢ —a. Then A(zx) = A(y) = A(z) and
r+y=(b—a)+(c—b)=c—a=z. O

This proof is shorter than Schur’s original proof which did not use Ramsey’s
theorem and gave the slightly better bound: S(r) < er!, where is e is the natural

logarithm base.
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2.4 Dickson’s theorem

It seems that one of Schur’s motivations for Theorem 2.3.1l was to present a new
proof of a theorem by L. E. Dickson [30] on congruence equations, Theorem 2.4.5
below. Though unrelated to problems on arithmetic progressions, Dickson’s theo-
rem provides an interesting application of Ramsey Theory to a number theoretic
problem. At the time, one of the attempts to prove Fermat’s Last Theorem focussed
on showing that when an integer m has some “nice” properties, there would be only
finitely many primes p for which there were non-trivial solutions to the equation
™ +y™ = 2" (mod p). Given such a result and xo, yo and zg with zf' + yi* = 2",
there would be infinitely many primes p for which z{' + yi* = 2" (mod p) was a
trivial solution. In that case, one of xq, 3y or zo would be divisible by infinitely many
primes and hence 0. This would show that there are no non-trivial solutions to the
equation ™ + y™ = 2. Unfortunately, this approach was shown to be futile by
Dickson. (More information about the problem can be found for example in [31].)

The proof of Dickson’s theorem (Theorem 2.4.5 below) utilizes group theory and

a few definitions and results are necessary (see for example Hungerford [68]).

Definition 2.4.1. Let G be a finite group with identity e. The order of GG, denoted
by |G|, is the number of elements in G. For each g € G, the order of g, denoted by

lg|, is the least positive integer n such that ¢" = e.
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Lemma 2.4.2. Let G be a finite group and g € G. For any m € Z™,

m| gl
ged (m, |g|)

g
Definition 2.4.3. Let G be a group and H a subgroup of GG. For each g € GG, the
set gH = {gh : h € H} is called a left coset of H and the set Hg = {hg: h € H} is

called a right coset of H.

It is possible to show that, for any group G and subgroup H, the set of left
cosets (or the set of right cosets) of H partitions G. It can also be shown that the
number of left cosets of H is the same as the number of right cosets of H in G and

this number depends only on the orders of G and H. (see, e.g., [68, p.39]).

Theorem 2.4.4 (Lagrange). Let G be a group and H a subgroup of G. The number

of cosets of H in G is %

Theorem 2.4.5 (Dickson [30]). For every integer m, and for every sufficiently large
prime p, the equation

2™ +y"™ =2" (mod p)

has a solution with none of x,y or z divisible by p.

Proof. The following is Schur’s proof [101] of Dickson’s theorem.
Fix m € Z" and let p be prime with p > S(m)+1 and let G = {1,2,...,p—1}.

Since p is prime, G is a cyclic group under multiplication modulo p. Let a be a
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generator for G, that is G = (a), and set H = {2™ : x € G}. Since a is a generator

for G, H = (a™) and the order of H is

|H| = [(a™)] = |a"™]

_
ged(m. Jal)

__ p—1

By Theorem 2.4.4, the number of distinct cosets of H in G is

GI/1H] = (0= D/ o5

= ged(m,p — 1)

< m.

Since the distinct cosets of H partition G' and there are no more than m of them,
they can be used to define an m-colouring of the elements of G.

By the choice of p, with p—1 > S(m), and by Schur’s theorem (Theorem 2.3.1)),
there are x, 9 € G such that xg, yo, and xg + 1y are all contained in the same coset
of H. That is yg € xoH and xo + yo € xoH.

In other words, ;Yo € H and x5 (2o +yo) = 1 + 5 'yo € H. By the definition
of H, there are elements y,, z; € G such that y* = x5 yo and 27" = 1+ 25y in G.

That is, 1™ + y7* = 1 4+ x5 yo = 2" (mod p) and since 1,1, 2, € G none of 1,

y1 or z; are divisible by p. Il



Chapter 3

Van der Waerden’s theorem

3.1 Preliminaries

While working at Hamburg in 1926, Bartel van der Waerden shared a conjecture on
arithmetic progressions with Artin and Schrier that he had heard from Baudet in
Gottingen. The conjecture, that was likely originally due to Schur, stated that for
every partition of Z™1 into two classes, for every k > 3, one of the partition classes
will contain an AP,. Together with Artin and Schrier, van der Waerden found an
equivalent problem that he subsequently proved. (Further details on the history of

the problem can be found in [85] [114].)

Theorem 3.1.1 (van der Waerden [113]). For every k,r € Z*, there is an integer

n such that for every r-colouring of [1,n], there is a monochromatic AP.

26
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There is no similar result for infinite arithmetic progressions. Consider the 2-
colouring of Z* defined for each n € Z* by A(n) = [logyn| (mod 2). That is,
for each i > 0, all of the integers in the interval [2°, 27! — 1] are colour 0 if ¢ is
even and colour 1 if 7 is odd. Both colour classes contain arbitrarily long arithmetic
progressions with finitely many terms, but no infinite arithmetic progressions.

The lemmas needed to show that Theorem [3.1.1/ is equivalent to the original
conjecture are given in this section together with some preliminary results in prepa-

ration for the proof of Theorem [3.1.1/in Section 3.2.

Definition 3.1.2. For every k,r € Z" let W (k; r) be the least integer (if it exists) so
that for every r-colouring of [1, W (k;r)], there are a,d € Z* so that the arithmetic

progression of length &

{a+id:0<i<k—1} C[1,W(kr)

is monochromatic. The numbers W (k;r) are called van der Waerden numbers.

The following lemma, observed by Schrier (see [114]), shows that the problem
of proving the existence of the van der Waerden numbers is equivalent to a related
problem for the set of all positive integers. The next three lemmas (Lemmas 3.1.3-

3.1.5)) all have standard proofs (see for example [51], [80] and [114]).

Lemma 3.1.3. Fix r,k € Z'. The integer W (k;r) exists iff for every r-colouring

of ZT there is a monochromatic AP;.



CHAPTER 3. VAN DER WAERDEN’S THEOREM 28

Proof. If W (k;r) exists, then for every r-colouring of Z* there is a monochromatic
AP, since [1, W (k;r)] CZ*.

For the converse, suppose that W (k;r) does not exist. Then, for every n € Z*,
there is an r-colouring A,, for which [1, n] contains no monochromatic AP;’s. These
r-colourings are used to construct an r-colouring of Z* with no monochromatic
APy’s. Recursively build a sequence of colours {c, },cz+ and a sequence of infinite
sets A1 D A D ... as follows.

Since there are only finitely many colours, one colour must occur infinitely many
times in the sequence {A(1),Ay(1),...}. Let ¢; € [1,7] be such that A; = {i €
Z*t : Ai(1) = ¢q} is infinite.

In general, for t > 1, having defined the infinite set A;, there must be one colour,
call it ¢;11, that occurs infinitely many times in the sequence {A;(t + 1) : i € A;}.
Set Agyr ={i€ Ay Aj(t+1) =}

Define a new colouring A : Z* — [1,r] as follows. For each n € Z*, set
A(n) = ¢,. Note that for m,n € Z*, if n € A,,, then A,|1,m = Alpm by the
definition of A and the choice of the set A,,. For each n € Z*, there are no AP,’s
which are monochromatic under A, and so Z' also does not contain any AP,’s

which are monochromatic under A. O

It is worth noting that, in the proof of Lemma [3.1.3, the only property of arith-

metic progressions used was that a k-term arithmetic progression is a finite set. A
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variation of this proof gives a more general result: Let F be any collection of finite
sets of integers and for each r > 2, let F'(r) be the least integer (if it exists) such
that for every r-colouring of [1, F'(r)], there is a monochromatic element of F. A
proof similar to that of Theorem [3.1.3 shows that for any r > 2, F(r) exists iff for
every r-colouring of Z*, there is an F' € F that is monochromatic. Further details
on problems known as “compactness” results can be found, for example, in [27] and

190].

Lemma 3.1.4. Fix k,r € Z", suppose that the number n = W (k;r) exists and let
P={a,a+d,...a+ (n—1)d} be any AP,. Then for any r-colouring of P there is

a monochromatic AP,.

Proof. Let A : P — [1,7] be any r-colouring. Define an induced r-colouring A* :
[1,n] — [1,7] by A*(i) = A(a + d(i — 1)). By the choice of n, there is an AP,
{c,c+b,...,c+ (k — 1)b} that is monochromatic under A*. In terms of A, for
each 0 < i < k—1, A*(c+1ib) = A(a + d(c +ib — 1)). Therefore the AP,
{a+d(c—1),(a+d(c—1))+db,...,(a+d(c—1))+ (k—1)db} is monochromatic

under A. O]

The same argument also shows that if k,r € Z* are such that for every r-
colouring of Z*, there is a monochromatic AP, then for any infinite arithmetic
progression P = {a+id : ¢ > 0} and any r-colouring of P, there is a monochromatic

AP, contained in P.
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The next lemma, observed by Artin (see [114]), shows that the problem for

arbitrary colourings is equivalent to that for 2-colourings.

Lemma 3.1.5. If for all k € Z*, W(k;2) exists, then for all k € Z*, r > 2, the van

der Waerden number W (k;r) exists.

Proof. Assume that for all & € Z*, the van der Waerden number W(k;2) ex-
ists. The proof is by induction on r. The base case r = 2 is trivially true.
Fix k € Z" and suppose that r > 3 is such that W (k;r — 1) exists. Set m =
W(k;r — 1) and n = W{(m;2). In order to show that W(k;r) < n let A :
[1,n] — {redy,...,red_1),blue} be any r-colouring. Define a new 2-colouring

A* : [1,n] — {red, blue} by,

red, if for some j, A(i) = red;;
AM(i) =
blue, if A(7) = blue.
If [1,n] contains a blue AP,, under A*, then since the AP,, will also be blue
under A, [1,n] contains a monochromatic AP since k < m.
Otherwise, by the choice of n, there is a AP,,, call it P, which is red under
A*. Thus, A restricted to P is an (r — 1)-colouring and since m = W (k;r — 1), by
Lemma [3.2.3, P contains an AP, which is monochromatic under A.

Therefore, for every r-colouring of [1,n], there is a monochromatic AP, and

hence W (k;r) exists. O
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The original problem, as it came to van der Waerden, asked if it was possible to
guarantee that in any 2-colouring of Z*, one colour class contained arbitrarily long
arithmetic progressions. As it turns out, the modifications given by Lemmas [3.1.3
and [3.1.5 led to a seemingly more complicated conjecture that was easier to solve.

The following variation of van der Waerden’s theorem (Theorem [3.1.1) states
that any sequence for which the difference between consecutive terms is bounded

will contain arbitrarily long arithmetic progressions.

Theorem 3.1.6 (Brown [20] and Rabung [86]). Let M € Z* be such that for
every (M — 1)-colouring of Z*, at least one colour class contains arbitrarily long
arithmetic progressions. Let S = {s;};>0 be a strictly increasing sequence such
that for all ¢ > 0, |s;41 — s/ < M. Then S contains arbitrarily long arithmetic

progressions.

Proof. Define a partition of Z* into M disjoint sets as follows. Set Ay = S and for
each n € [1, M — 1], having previously defined Ay, A;,..., A, 1, set
n—1
A, ={si+n:i> 0}\(U Aj).
=0
Since for all i > 0, [s;+1 — s;| < M, the sets Ag,..., Ay—1 define a partition of
Z*. By assumption, there is one n € [1, M — 1] so that A,, contains arbitrarily

long arithmetic progressions. That is, for each k € Z™", there are a,d € Z* so that
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{a,a+d,...;a+ (k—1)d} C A,, € S+ ng. Therefore, the k-term arithmetic

progression {a — ng,a —ng +d,...,a —ng + (k — 1)d} is contained in S. O

A consequence of Theorem 3.1.6 is the following result about the existence of

arithmetic progressions and strings of consecutive integers in any partition of Z*.

Corollary 3.1.7 (Rabung [86]). If, for every finite colouring of Z*, one colour class
contains arbitrarily long arithmetic progressions, then for any partition of Z™ into
2 classes, either one class contains arbitrarily long strings of consecutive numbers

or else both classes contain arbitrarily long arithmetic progressions.

Proof. Let ZT = A; U Ay be any partition. If for some M € Z™, the longest string
of consecutive integers in A; is of length M, then for any two consecutive entries
a < bin Ay, |b—a|l < M + 1. Therefore, if neither A; nor A, contain arbitrarily
long strings of consecutive numbers, then both A; and A, satisfy the conditions of

Theorem [3.1.6 and hence contain arbitrarily long arithmetic progressions. [

3.2 Block proof

In this section, a combinatorial proof of van der Waerden’s theorem (Theorem 13.1.1))
is given. Monochromatic arithmetic progressions are found by examining, not just

the elements coloured, but also the effect of the colourings on an interval (also called
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a block). It will be useful to define some terminology and make a few preliminary

notes.

Definition 3.2.1. Given two blocks of equal length, I} = [i,i+k| and I, = [j, j + k]
with Iy, I; C [1,n] and an r-colouring A of [1,n], I; and I are said to have the

same colour pattern under A if for each 0 < m < k, A(i+m) = A(j + m).

Definition 3.2.2. A sequence of blocks By, Bs, ..., B, form an AP, of blocks iff
there is an integer d > 0 so that for each i € [2,k], B; = By + (i — 1)d.

Note that the blocks B; may or may not overlap.

Lemma 3.2.3. Suppose that for some k,r,n € Z*, W(k;r") = N exists. For any
r-colouring A : [1,nN] — [1,r], there exists an AP, of blocks each block of length

n, all with the same colour pattern under A.

Proof. For each 1 <i < N, set B; = [l + (i — 1)n,in]. Let A : [1,nN] — [1,7] be

any r-colouring and define the induced r"-colouring A* : [1, N] — ([1,7])™ by

A*(x) = (A1 + (z—1)n), A2+ (z —1)n), ..., A(zn))

where each colour under A* is an n-tuple. Since N = W (k;r"), [1, N] contains an
APy, {a,a+d,...,a + (k — 1)d} which is monochromatic under A*. In terms of
the colouring A, this means that the blocks B,, Bytd, . . -, Bayk—1)a form an AP of
blocks of length n, with difference nd, for which all members have the same colour

pattern under A. n
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The following proof of van der Waerden’s theorem is a variation of the original

proof and can be found in Khinchin [75], where it is attributed to M. A. Lukomskaya.

Theorem 3.2.4 (van der Waerden [113]). For each k,r > 2, W (k;r) exists.

The proof is by induction on k, with a recursive construction in r steps. In order
to demonstrate the idea of the proof, the following is a sketch of the inductive step
for 2 colours to construct a monochromatic APy, from AP;’s.

Let N be large and A : [1, N] — {red ,blue} be any 2-colouring. Find an AP
of blocks {B(1), B(2),...,B(k)} with difference d; in the first half of the interval
[1, N], all with the same colour pattern under A, and set B(k+1) = B(k)+d;. Let
the blocks be large enough so that the first half of the block B(1) is guaranteed to
contain a monochromatic APy, {B(1,1), B(1,2),...,B(1,k)} with some difference
dy. Set B(l,k+1) = B(1,k) +dy. Then B(1,k + 1) € B(1) since the AP
{B(1,1),B(1,2),...,B(1,k)} is contained in the first half of B(1). For each i €

2,k + 1] and j € [1, k + 1], define

B(i,j) = B(1,5) + (i — 1)d.

Then, for each i € [1,k + 1], the block B; contains an AP, ; of blocks:

(B(i,1), B(i,2),...,B(i,k + 1)}.
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Since the blocks B(1), ..., B(k) all have the same colour pattern, the sets { B(i, j) :
1<i,j <k}and {B(i,k+1):1<i <k} are both monochromatic, though not
necessarily the same colour. If these two sets are the same colour, then {B(1,j) :

1 <j <k+ 1} is a monochromatic AP;.

B(1l) B(2) B(3) B(k) B(k+1)
B(L k+1) B(k+1, k+1)

Figure 3.1: Arithmetic progression of blocks

If not, say {B(i,7) : 1 < i,57 < k} isred and {B(i,k+1) : 1 < i < k} is
blue, consider the element B(k + 1,k + 1). If B(k+ 1,k + 1) is red, then the set
{B(1,1),B(2,2),...,B(k+ 1,k + 1)} is a red APy, with difference dy + dy. If
B(k+1,k+1) is blue, then {B(1,k+1),B(2,k+1),...,B(k+1,k+1)} is a blue
APy with difference d;.

The following proof shows the existence of all van der Waerden numbers. The
general idea is similar to that for the previous sketch, though each block is subdi-
vided into many smaller blocks in steps corresponding to the number of colours in

question.

Proof of Theorem 3.1.1. The proof shows that for all integers k,r > 2, W(k;r)
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exists using an induction on k£ with a recursive construction in r steps. Fix r > 2.

Base Case: By the pigeonhole principle, W (2;r) =r + 1.
Inductive step: Fix & > 2 and suppose that for all ¢ > 2, the number W (k; )
exists. The following inductive step shows that W (k + 1;r) exists. Set go = 1 and

for each s with 1 < s < r, define

Ns—1 = W(kv rqs—1> and gs = 2”5—1Qs—1-

The goal of the proof is to show that W(k + 1;7) < g,. Fix an r-colouring A :
[1,q.] — [1,7]. Using the choices of n, and g5, a sequence of arithmetic progressions
of blocks are defined recursively in r steps.

Since ¢, = 2n,_1¢,_1, the interval [1,¢,| can be divided into 2n,_; blocks each
of length ¢,_; and since n,_; = W(k,r%-1), by Lemma 3.2.3, among the first n,_,
blocks in [1, ¢,], there is an AP, of blocks, {B(1), B(2),..., B(k)}, all with the same
colour pattern under A. Set B(k + 1) = B(k) + d;.

The blocks B(1),..., B(k) are all contained in the first half of the interval [1, ¢,]
and so B(k + 1) C [1, g-], but nothing is known about the colouring of B(k + 1).

Since ¢,—1 = 2n,_2q,_o the block B(1) can be divided into 2n,_5 blocks of
length ¢,_5. Since n,_o = W(k,r%-2), in the first half of B(1), there is an AP
of blocks {B(1,1),B(1,2),...,B(1,k)} with difference dy which all have the same

colour pattern under A. Set B(1,k+ 1) = B(1, k) + dy. Since B(1, k) is contained
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in the first half of the block B(1), B(1,k+ 1) C B(1) but again, nothing is known
about the colouring of B(1,k + 1).

Translate the APy, of blocks {B(1,1),...,B(1,k),B(1,k + 1)} into the other
blocks B(2),...,B(k+ 1) as follows: Fori =2,3,...k+1and j =1,2,...,k+ 1,
define

B(i,j) = B(1,7) + (i — 1)d;.

Since the APy of blocks {B(1,1),...,B(1,k)} C B(1) all have the same colour
pattern and the blocks B(1), B(2),...B(k) all have the same colour pattern, for
1 <4 < j < k all the blocks B(i,7) have the same colour pattern. Also, for

1 < i < k all the blocks B(i,k + 1) have the same colour pattern, though not

necessarily the same as B(1,1).

In general, for s < r at step s of the recursion, the block B(1,...,1) will be
1
an interval of length ¢, _s.1 = 2n,_4q,_s and if B(1,...,1) is partitioned into 2n,

blocks, since ¢,_s = W(k,r%~+), the first half of B(1,...,1) contains an AP, of
blocks

{B(,...,1,1),B(1,...,1,2),...,B(1,...,1,k)}
-1 -1 -1

with difference d; and all with the same colour pattern under A. Set

B(,...,1,k+1)=B(1,...,1,k) + d;
-1 -1

and translate the APy, of blocks, {B(1,...,1,1),...,B(1,...,1,k+1)} into all the

blocks constructed in step s — 1 of the recursion. Note that if iq,...,7,71,...,7s €
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[1, k], then the blocks B(iy, s, ...1s) and B(ji, ..., js) have the same colour pattern
under A.

After step r of the recursion, the blocks are all of size gy = 1. Since these blocks
are all singletons, they will be treated interchangeably as integers or sets.

The following properties of the blocks of integers constructed in this way are
worth noting.

If1<s<randifl < igiq,isro,....0r < k+ 1, then B(iy, .. .15 051, ..., %)
appears in the same position in the block B(iy,...i5) as B(J1,. .- Js,lst1y-- -, 0r)
does in the block B(j1,...Js). If 1 < iy,...45,J1,...,Js < k, then since the two
blocks have the same colour pattern, the two integers have the same colour under
A.

For 1 < s < r, since B(iy,... 051,05 + 1) = B(iy,42,...,4s_1,15) + ds and
B(i1, ...y is-1,0s,0s115---,0) and B(iy,...,45 1,95 + 1,4s11,...,%,) appear in the

same position in their respective blocks,
By, yis1,yis+ 1,01, oo yip) — B(ig, ooy dsy - vy i) = ds. (3.1)
Consider the following r + 1 elements. For each i € [0, 7], let

bi=B(1,...,1,k+1,....k+1).
S—— -

vV
7 r—i

Since A is an r-colouring, by the pigeonhole principle, there must be v and v

with 0 < wu < v <7 so that A(b,) = A(by).



CHAPTER 3. VAN DER WAERDEN’S THEOREM 39

For each i € [1,k + 1], define a; = B(1,...,1,4,...,i,k+1,...,k+1). Then,
—— S — N ~ /

u v—Uu T

a; =b, and agi; =b,.

If i+1 < k, then by a previous remark, a; = B(1,...,1,4,...,0,k+1,...  k+1)
and a;11 = B(1,...,1,i+1,...;i+1,k+1,... k+1) have the same colour. Since
A(ay) = A(ags1), the set {aq,...,agr1} is monochromatic under A. To show that

{ai,...ax41} is an APy, fix i € [1, k] and for each m € [0,v — u], define

am=DB1,...,Li+1,....i+1,4....5,k+1,...,k+1)
N N e N~ ~ -
u m v—u—m T—v

so that a;¢ = a; and a; ,—, = a;+1. Now,

Qim — Qi1 = B(1,..., i+ 1, i+ 1, 0+1 4. .,0,k+1,... k+1)
(u+m)—th

—B(,...,1Li+1,...;04+1, ¢ ,i,....5,k+1,... k+1)
(u+m)—th

=dyrm (by eq'n (3.1)).

The sequence {a; ., : 0 < m < v—u} can be used to write the difference a;11 —a;

as a telescoping series.
v—Uu
Ai41 — Q3 = E Qim — Ajm—1
m=1
v—Uu
= E du+m
m=1

:du+1+du+2+"'+dv-
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Therefore, the set {a,as,...,ax 1} is a monochromatic APy with difference
dy+1 + dysa + -+ d, and so W(k + 1;r) < q.. Therefore, by induction, for any

k € Z", the van der Waerden number W (k;r) exists. O

3.3 Graham-Rothschild proof

In 1974, Graham and Rothschild [50] gave an alternative proof of van der Waer-
den’s theorem. Their proof, presented in this section, is essentially a variant of the

argument in the previous section and is included for historical interest.

Definition 3.3.1. For each k,m, let S(k, m) be the statement that for every r > 2,
there is an integer N (k,m,r) such that for any r-colouring of [1, N(k,m,r)|, there
are a,dy, . ..,d,, € Z* such that for each 7 € [1,m], the i-fold arithmetic progression

of length k with starting point a + k(d;x1 + -+ - + dyn),
{a+k(di+1+~~~+dm)+2xjdj T T1,...,T; € [0,/{3—1]}
j=1
is monochromatic.

Note that if N(k, m,r) exists, then for every r-colouring of [1, N(k, m,r)] there
is a monochromatic m-fold arithmetic progression of length k. In particular, the

statement S(k, 1) is precisely van der Waerden’s theorem.

Theorem 3.3.2 (Graham and Rothschild [50]). For each k,m > 1, S(k, m) holds.
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Proof. The proof proceeds by double induction on k& and m.

Base Case: When m = 1 and k = 1, the statement S(1,1) holds since a 1-fold
arithmetic progression of length 1 is just a singleton.

Inductive Steps: (i) For any k,m > 1, S(k,m) = S(k,m + 1).

Note first that S(k,m) = S(k,1) (simply ignore all but the 1-fold arithmetic
progression of length k).

Suppose that for some k > 1, the statement S(k, m) holds. Fix anr € Z* and set
M = N(k,m,r) and M’ = N(k,1,r™). Let A : [1, MM'] — r be any r-colouring.
For 1 < j < M’, define blocks I; = [(j —1)M + 1, jM]. By the choice of M’ and
Lemma [3.2.3, there is an arithmetic progression of blocks {1/, Iy 1a, - - -, ]a/+(k,_1)d/}
all with the same colour pattern under A.

By the choice of M, there are a,ds, ..., d,,+1 such that for each i € [1,m + 1],
the set

{a+k(diz1 + -+ dmy1) —{—i&:jdj ceach of zy,...,2; € [0,k — 1]} C Iy
j=2

is monochromatic under A.

Set d; = d'M. For any i € [1,m + 1] and zy,...,x; € [0,k — 1] the integer
a+k(dig1+ ... dps) + Z;ZQ x;jd; occupies the same position in [, as the integer

a+k(digr+ ... dpsr) + 22-22 xjd; 4 x1d; does in the block Iy, 4. Since these two
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blocks have the same colour pattern, the set
{a+k(digy+ - dpyr) + ixjdj Dy, .., @ € [0, —1]}
j=1
is monochromatic. Therefore, N(k,m+1,r) < M M' and the statement S(k, m+1)
holds.
(ii) [For all m > 1, S(k,m)] = S(k+ 1,1).
Fix & > 1 and suppose that for all m > 1, S(k,m) holds. Fix r and let

A [1, N(k,r,r)] — [1,7] be given. Then, there are a,d;, ...,d, such that for each

i € [0,r], the set
{a+k(dis+ -+ d) + D ajdyar,...m; € [0,k — 1]} (3.2)
j=1

is monochromatic.
For each s € [1,r+1], consider the sum a+ Y ;__kd; where the empty sum is 0.
Since there are r + 1 choices for s and r colours, by the pigeonhole principle, there

are 1 <wu < v <r+1 such that

Aa+ zT: kd;) = A(a + z’”: kd;).
Let b= a+3.I_ kd;, c = 3.'_) d; and consider the sequence {b+zc : x € [0, k]}.
The set {b+xc:x € [0,k —1]} = {a+>1_ kdi + >0 ) xd; : 2 € [0,k — 1]}
is monochromatic by equation (3.2) and the numbers b and b + kc have the same

colour since,

A(b + ke) =A <<a+ikdi> +k (id))
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= A <a +) kdi>
=A (a + Z kdi> (by the choice of u and v)

= A(b).

Therefore the sequence {b+ xc : z € [0,k]} is a monochromatic APy, and so

S(k + 1,1) holds. O



Chapter 4

Density results

4.1 Erdos-Turan function

In a 1936 paper, Erd6s and Turdn [41] considered the problem of determining the
maximum number of elements in an APy-free subset of [1,n]. The function they

introduced has been called the Erdés-Turén function (for example in [80, pp.41-3]).

Definition 4.1.1. For each n, k € Z7, let r;(n) be the maximum size of an APy-free

subset of [1,n].

While van der Waerden’s theorem is what is known as a “partition result”,
results related to the function 7 are called “density results”.
It is worth noting that, by Lemma [3.1.4, the number ri(n) is also the maximum

size of an AP,-free subset of any interval of length n or of any arithmetic progression

44
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of length n.

The notation here has not yet been standardized and vg(n) is sometimes used
in place of 7¢(n). In a 1969 paper, Szemerédi [107] used 73 for this function, but
subsequently switched to r; in a 1975 paper [108]. Often, r(n) and v(n) are each
used to denote r3(n) and v3(n) respectively, and this function has also been denoted
in the past as A(n) by Roth [93] or as S(n) by Graham, Rothschild and Spencer
[51].

Throughout this chapter, when colourings are discussed, the letter ¢t will be
used for the number of colours instead of the usual r to avoid confusion with the
function 7. The number 7 (n) is related to the van der Waerden numbers in the
sense that for some n, k,t € Z*, if r(n) < %, then for any t-colouring of [1,7], by
the pigeonhole principle, one colour class contains at least % elements and hence an

APy, showing W (k;t) < n.

Definition 4.1.2. A function [ : Zt — Z7" is subadditive if for all x,y € Z*,

fl@+y) < fz) + fy).
Lemma 4.1.3 (Behrend [11]). For all k£ € Z*, the function ry is subadditive.

Proof. Fix k € Z* and let ny,ny € Z* be given. If A C [1,nq + ny| is APj-free with
|A| = r(n1 4+ ngy), then neither AN[1, ny] nor AN[ny+1,n; +ny) contain any AP;’s

and so rg(ny + ng) < rr(ny) + ri(n2). O
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Definition 4.1.4. For each k € Z*, set ¢, = limsup,_,__ =

n

Note that for all n € Z", rip(n) < n and so this limit is finite and ¢, < 1.

Lemma 4.1.5 (Behrend [11]). For all k € Z*, the limit ¢, = lim, .o =" exists

n

and for all n € Z+, % > ¢

n i

Proof. Fix k,n € Z* and for each x € Z", let ¢, € Z" and 0 < s, < n be such that
x = gen + 8;. Then ri(x) < rp((ge + 1)n) < (¢o + 1)re(n) by the subadditivity of

the function r. Therefore,

re(r)  re(x) < (g + 1) T1(n)

T ntse T Gnm
and so
¢ = lim sup ()
T— 00 X
++ 1
< lim sup =1 re(n)
r—00 qx n
= re(n) (since g, — 00).
n

r(n)

Therefore, ¢, < T’“T(L”) and since n was arbitrary, ¢; < liminf, . ™. Triv-
ially, ¢, > liminf, . 7 and hence lim SUD,,_ o0 r’“fz") = liminf, r’“fln). Thus
lim,, oo T’“T(n) exists and equals c. ]

Erdés and Turdn conjectured [41] that for all £ > 3, ¢, =0 . In 1938, Behrend

[11] published a proof that either for each k > 3, ¢, = 0 or else limy o, cx = 1.
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By unravelling the definition of the limit, ¢, = 0 iff for every € > 0, there is an
N € Z* such that for all n > N, if A C [1,n] with |A| > en, then A contains an
APy. As with van der Waerden’s theorem (see Theorem [3.1.1), this problem has an

equivalent form regarding infinite sets.

Definition 4.1.6. Given a set A C Z™ the upper density of A is defined to be

d(A) = limsup M
n

n—oo

The set A has positive upper density iff d(A) > 0.

The proof of the following theorem is a standard argument, a variant of which

can be found in an article by Szemerédi [108].

Lemma 4.1.7. Let k € Z™", then ¢, = 0 iff every set A C Z* with positive upper

density contains an AP;.

Proof. Suppose that ¢, = 0. Fix A C Z*% with positive upper density and set
d(A) =9 > 0. Let Ny € Z" be such that for all n > Ny, if [BN[1,n]| > Ln, then B
contains an AP. Let Ny be such that if n > Ny, then [sup,,,, {‘Amin—lm]‘} —go| < 2.
Set M = max {N1, No}. Then since sup,,>, {W} > 2, there is some My > M
with % > 2 and so AN [1, My] must contain an AP,.

For the converse, suppose that ¢, > 0. Then there is an ¢y > 0 and an infinite

sequence n; < ng < --- such that for each ¢ € Z*, there is an AP,-free set A; C
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[1,n;] with |A;| > eon;. By ignoring some of the indices of the sequence, it can be

assumed that for each m € Z*,

m—1
Ny, > 2 Z n;.
j=1

For each m € Z%, set B,, = U™, (A; +n; + 22;;11 n;). For every m > 1 the set
B, C 1,237 ny] and since ny,qq > 2770 ny, there are no AP,’s containing
elements from both B,, and (A, 11 + npme1 + 2 Z;”Zl n;).

Since each of the sets A,, are AP,-free, so are the sets B,,. Therefore, the set

B = Upez+ By, is an APj-free set with upper density at least < > 0. O

4.2 Roth’s theorem

In 1952, Roth [93], proved that lim,, ... T37(l") = 0 (i.e. ¢c3 = 0). Refining his own

method, in 1953, Roth [94] subsequently proved the following result, which is pre-

sented here without proof.

Theorem 4.2.1 (Roth [94]). There is a positive constant ¢ such that for all n

sufficiently large, if A C [1,n] with |A] > ="~ then A contains an AP;. That is,

Inlnn’

cn

r3(n) <

Inlnn’

The bound given on r3(n) in the previous theorem implies that lim,, "378") =0.

In many of the theorems below regarding bounds on r;, numerous positive con-

stants are required. The symbols ¢, will be reserved for the limit value as previously
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defined, but other symbols such as ¢, ¢’ or ¢* will be freely reused for various positive
constants.

Rather than proving Theorem 4.2.1, the weaker result given in 1952 is proved.

Theorem 4.2.2 (Roth [93]). For every € > 0, there is an N sufficiently large so

that for all n > N, if A C N with |A| > en, then A contains an AP3. That is,

=0.

c3 = lim rs(n)

n—oo n

Proof. The following is an adaptation of the original proof that uses summations
instead of integrals and appears in [51, pp. 49-53]. Assume, in hope of a contra-

diction, that c3 > 0. Set ¢ = % and let m be large enough so that for each

n>2m+1,

c3 < rs(n)

< c3+e.

Let N > 2m+1 be large (just how large to be determined throughout the proof)
and let A C [1,2N] with |A] = r3(2N) > ¢3 - 2N be AP;-free.
Let A = {uy,us,...,u.} and denote the even elements of A by 2vy,...,2vs. By

the choice of |A| = r3(2N) and since 2N > 2m + 1,

c3 2N <71 < (c3+¢€)2N. (4.1)

The density of A on each of the sets of odd and even integers in [1,2N] must be less

than (c3 + €), otherwise A would contain an APs (since N > 2m + 1). Therefore
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s<(c+e)Nand r —s < (c3+¢)N. Hence
s >r—(cg+e)N > 32N —(e3+e)N = (ec3—¢€)N,

and so,

(3 —e)N < s < (cg+¢e)N. (4.2)

Three complex-valued functions will be used throughout the proof. For any real

numbers z and «, let

e(z) = 2™ (where i = v/ —1),

fla) = Ze(auj) and
gla) =) elaw).
k=1
If h is any function of a, let S *h(a) = S22V h(5%). In particular, if u € Z

with |u| < 2N, then

. 2N, ifu=0,
Z e(au) = (4.3)
0, if u # 0.

In the first case, 1 is added 2NN times and in the second, all the (W]\%)—th
roots of unity are added ged (u, 2N) times. The first part of the proof focuses on

approximating the sum,

> Ha)g(—a)? = Z( e(auj)) <Z e(—czw))

Jj=1
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= Z Z Z Z*e(a(uj — Vg — Up)) (expanding).

j=1 k=1 ¢=1

Note that u; —vg—v, = 0 iff u; = (2v5+2vy)/2 which is precisely when {2vy,, u;, 2v,}
is an AP;. As A is APs-free, this is only possible when 2v, = u; = 2v,. There are
exactly s triples (j, k, £) in the above sum with u; = 2v; = 2v,. For all other triples

(4,k,0), > "e(a(u; — vp — vy)) = 0 by equation (4.3). Therefore,

> f(@)g(—a)? = s2N

<(e3+¢e)N-2N (by eq'n (4.2))
= N2 (14 %) (since & = 2/20)
< 3c3N? (since ¢3 < 1). (4.4)

Now g(—a) = g(a), the complex conjugate, so that |g(—a)|*> = g(a)g(—a).

Using an argument similar to that in the calculation of inequality (4.4) above gives

S lg-a)lP =Y gla)g(—a)
=5"3% el —w)

j=1 k=1
=2N -5 (since v; — v, = 0 iff j = k)
< 3c3N? (as for eq'n (4.4)). (4.5)

Also,
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> 32N ((c3 — ) N)? (by eq’'ns (4.1) and (4.2))

= (c3)*N?. 2 (1 - %>2 (since & = (c3)2/20)

> (c3)°N? - 2(%)2 (since c3 < 1)

> (c3)°N°. (4.6)

The idea of the proof is to use the previous bounds together with the inequality

24+ 13 Fa)g(—a)?

a#0

+max\f |Z lg(— (4.7)

0| < \Z*f@g(—
<[3 e

(triangle inequality)

to derive an absurd inequality.

The remainder of the proof focuses on finding a bound for |f(a)| when a # 0.
However, this is not be accomplished directly, but rather by calculating bounds of a
function related to f. In Graham, Rothschild and Spencer [51), p. 51] this function
is called a smear of f.

First, note the following bound for the complex-valued function e(x). For any

real number x,

e(x) + e(—x)

5 — 1| =|cos (2mz) — 1] (e = cos® +isinf)

(27rz)?

<
- 2

(Taylor series for cosx)
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= 2% a? (4.8)

Now, for any real =,

‘2m1+1ze(m)—1‘= < —1+Z (k) + e(— k’y)—2>’

k| <m

1

e(ky) + e( lw))—l‘

122 |3¢

L
< ) by eq'n (4.8
_2m+12 (by eq’'n (4.8))
Ay o m(m+1)(2m +1)
S 2m+1 6
_ 2m2y2m(m + 1)

3

< w2 (ym)? (for m > 2).

Since |e(au)| = 1, multiplying the previous inequality through by |e(au)| gives,

1
‘2m 1 Z e(au + ky) — e(au)| < 7 (my)?
[k|<m
and summing u over A gives,
@)= 5y X3 elaut k)
u€A |k|<m
= [Setan - 5 3 Y claut k)
ucA u€A |k|<m

< 7w (my)?|A|

< w*(my)*2N. (4.9)
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In order to choose an appropriate value for v, recall the theorem of Dirichlet
(see, for example, [71, p.43]) that states that for any real a and integer M, there
exist integers p, ¢ and a real number 3 with o = § +5,1<qg<Mand |f] < Mi

Fix a # 0, M = [N'/2] and let p,q, 3, from Dirichlet’s theorem, be such that

o= § + 0, q €1, M], and |B] < Miq. Then,

e(a(u+kq)) = e(au+ k(p+ 59q)) (since ag = p + qf3).
= e(au + kBq)e(kp)

= e(au + kfq) (since kp € Z, e(kp) = *™*P = 1).

Taking v = ¢ in equation (4.9) gives,

'fa 2m+ Z Z a(u+ kq) ‘ )| < 2N7%(mgB)?
u€A |k|<m
2,2
1
< 2N7TA/72L (since |G| < m)
< 2m?m? (since M > N*2) (4.10)

The focus of the proof now turns to finding a bound for

2m—|— ZZ alu+ ka)).

u€A |k|l<m
For x € [0,2N — 1], set W, = {z + k¢ (mod 2N) : |k| < m}. For any fixed
€ [0,2N — 1], the number of pairs (u, k), where u € A and k € Z with |k| < m,

such that u 4+ kq = z is exactly the number of elements of A in {z — kq : |k| < m}.
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Therefore, double counting the pairs (u, k),

2N-1
W, N A
E E a(u+kq)) E e(ar)——-. (4.11)
2m + ucA |k|l<m =0 2m + 1

Again, as it is difficult to calculate a small enough bound for Z2N W, N Al

a bound on something close will be found. For each = € [0,2N — 1], set

_|WmA|_C
T om 41 ¥

If mg < x <2N —mgq, then W, is an APy,,1 C [1,2N]. For these values of z, by
the choice of m and since A contains no APs’s, |W, N A| < (2m + 1)(c3 + ¢) and
hence E, < e. For the other 2mq values of z, the bound E, < 1 — ¢35 < 1 (since
|W,| <2m + 1) will be used.

Each u € A appears in exactly 2m + 1 different sets W, and so double counting

the elements of W, N A,

2N—-1

1 Al(2m + 1)
LAl =Ry,
i 3 W= 2Dy

Thus the average value of F, is

1 2§1E 1~ (W, N A
—_ Z‘:_ _ —C
2N 2N —~ \2m+1

>0 (since |A| > ¢3 - 2N).

For each x € [0,2N — 1], let E}f = max{0, E,}. Since the average value of E, is
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positive, a bound on ) |E,| can be found as follows.

2N—-1 2N—-1

Z|Emy§22E;

=0
2N —mgq—1 2N—-1
(zm > e Y
z=mq+1 r=2N—mgq
< 2(mq + 2Ne + mq)
<4Ne+4mM (since ¢ < M)
<5Ne  (taking N > (4m/e)?). (4.12)
When a € {ﬁ, %, . .,%}, since e(a) is a root of unity it follows that
SV e(ax) = 0. Therefore, for a € {s5:-- - BT
aN-1 2N-1
W,NA
xZ:O e(ozx)ﬁ = 2 e(ax)(Ey, + c3)
2N—1 2N-1
= Z e(ax)E, (since Z e(ax) =0)
z=0 =0
aN-1
< Z le(ax)E
=0
2N-1

= Z | B, | (since |e(az)| = 1)

<5Ne (by eq’'n (4.12))). (4.13)

Recall that by equations (4.10) and (4.11)),

2N—-1

§ | T M 1| 2,2
’ ] ((]{) 6(0[37) om 1 S 2m°m

=0
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Therefore, by the triangle inequality, when o € {1/2N,..., (2N —1)/2N},

2N—-1
W, N A
1f ()] < 27°m? + ; (o)
< 27*m?* 4+ 5Ne (by eq’'n (4.12))
< 6Ne (taking N > 27°m?/e).  (4.14)

Returning to the inequality (4.7) given in the idea of the proof,

(c3)’N? < f(0)g(0)? (by (4.6))
< ‘Z*f(oz)g(— 2+ Z*f(a)g(— (triangle inequality)
a#0

<[

< 3csN? +6Ne-3csN?  (by (4.4), (4.14), and (4.5))

+max | f(a 1> la(-

— 3c3N? + 18¢3e N3,
Now,

(c3)° N3 < 3c3N? 4 18c3e N* & (c3)*N < 3+ 18N
18
& Nll—-—])<3
(c3)? ( 20) =

30
(c3)?

& N <

Therefore, taking N large enough, the assumption that c¢3 > 0 leads to an absurd

inequality. Therefore, c3 = 0 and Roth’s theorem holds. O]
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In 1987, Heath-Brown [61] published a proof of the following improvement on

Roth’s bound for r3(n) (Theorem [4.2.1)). His result is presented here without proof.

Theorem 4.2.3 (Heath-Brown [61]). There are positive constants ¢, ¢ so that for
n sufficiently large, if A C [1,n| with A > #, then A contains an APs;. That is,

en
(Inn)e”

r3(n) <

Szemerédi showed that the previous theorem holds with the constant ¢ = ==
(see [61]).
In 1999, Bourgain [17] gave what is the currently best known bound for r3(n)

using analytic techniques.
Theorem 4.2.4 (Bourgain [17]). There is a positive constant ¢ such that for n
sufficiently large, if A C [1,n] with [A] > cn(®22)1/2  then A contains an AP;.

That is,

lnlnn)lﬂ

lnn

r3(n) < cn(

4.3 Szemerédi’s theorem

In 1969, Szemerédi [107] was able to extend Roth’s theorem to the case k = 4,
giving a combinatorial proof that r4(n) = o(n). Roth ([96] 97]) soon after gave an
analytic proof of the same result. Then, in 1975 | Szemerédi [108] extended his

result to arbitrary k.
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Theorem 4.3.1 (Szemerédi [108]). Let A C Z™ have positive upper density. Then

for every k € Z", A contains an AP,

By Lemma 4.1.7, Szemerédi’s theorem is equivalent to the statement that for all
ke Z*, lim,_ o T’“T(") = 0. Later, in 1977, Furstenberg [44] gave an ergodic theory
proof of Szemerédi’s theorem. More recently, in 2001, Gowers [47] published an
analytic proof of Szemerédi’s theorem that generalized Roth’s technique. Gowers’
bound gives some of the best known upper bounds on the van der Waerden numbers

W (k;t).

Theorem 4.3.2 (Gowers [47]). For each k € Z*, set ¢(k) = 272", Then for n

sufficiently large, if A C [1,n] with |A] > ( — then A contains an APFj.

n
log; logy n)

That is,

rr(n) < "

(log log, )=
In Szemerédi’s 1969 paper [107], he described how his combinatorial proof of
Theorem 4.3.1 in the case k = 4 could be adapted to give another proof of Roth’s

theorem (Theorem 4.2.2)) that r3(n) = o(n).

Theorem 4.2.2/ (Roth [93]). For every € > 0, when n is sufficiently large, for any

set A C [1,n] with |A| > en, then A contains an AP;. That is ¢3 = lim,, T37(1") = 0.

Szemerédi’s proof of Theorem 4.2.2. The details of the following proof appear in

full in Graham, Rothschild and Spencer [51, pp. 48-9]. The idea is to look at
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arithmetic progressions built inside an affine cube. Recall the corollary to
Szemerédi’s cube lemma, Corollary 2.2.4, which states that for every ¢ > 0 and
n € Z7T, there is a constant ¢ such that if m <log,log,n + ¢, and A C [1,n] with
|A| > en, then A contains an affine m-cube. In this proof, for simplicity, write

log, n = logn.

Again, set c¢3 = lim,_ 30 and suppose that c3 > 0. Set e = ¢2/200 > 0 and

n

let m € Z" be such that for all n > m,

r3(n)

c3 < <c3+e.

Let N be at least large enough so that 0.01¢3 loglog N > m (it may be necessary
to make N even larger later). Let A C [1, N] be APs-free with |A| = r3(IN) > ¢3N.
Since the function r3 is subadditive and A is AP;-free on the intervals [1,0.49N] U
[0.5N, N], A contains at most 73(0.49N) + r3(0.5N) < 0.99r3(N) < 0.99N(c3 + ¢€)
elements.

Since |A| > c¢3N, within the interval (0.49N,0.5N), A has at least cgN —
0.99N(c3 + ) = 0.01Ne3 — 0.99Ne elements and so density at least c¢3 — 99 =

_ 99c3 [
c3(1 — 52) > 2 since ¢3 < 1.

Divide (0.49N,0.5N) into smaller intervals, each of length N'/2 4 O(1). On
one of these subintervals, A has density at least c3/2 and so by Szemerédi’s cube
lemma (Lemma 2.2.3)), possibly requiring N to be larger, there is a k € Z* with

k = loglog N'/2 + O(1) = loglog N + O(1) such that there is an affine k-cube
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H = H(a,dy,...,dy) € AN(0.49N,0.5N). If N is large enough so that N'/2 > O(1),
then for i € [1,k], d; < NY2 + O(1) < 2N/,

Set Hy = {a} and for ¢ € [1, k|, define an affine i-cube, H; = H(a,d,...,d;).
For i € [0,k], set L; ={2h—x : 2 € A,x < a, and h € H;}. In particular, L; is the
set of third terms of arithmetic progressions {x, h,y} with z € A and h € H; C A.

Since A is APs-free, ANL; = () and since A has density at least ¢ on [1,0.49N],

|Li| > |Lo| = |AN[1,a)| > %(0.491\/) (since a < 0.49N)

= ¢3(0.245N). (4.15)

For each i € [0,k — 1], H;yy = H; U (H; + d;) and so Ly = L; U (L; + 2d;).
Therefore, Ly C Ly C --- C L C [1, N] and by averaging, there is an ¢ € [0,k — 1]
with

Lun\Ld < 7

Partition the set L; into sets of maximal arithmetic progressions with difference
2d;. For each maximal arithmetic progression {z,z + 2d;,...,x + s(2d;)} of L;,
x+ (s + 1)(2d;) € Liz1\L;. Similarly, each element of L;1\L; corresponds to a
maximal arithmetic progression in L;. Therefore, L; is partitioned into less than
N/k classes.

Consider one of the residue classes (mod 2d;) of [1, N]. If a particular residue

class (mod 2d;) contains ¢ partition classes of L;, then [1, N]\L; can be partitioned
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into at most ¢ + 1 maximal arithmetic progressions with difference 2d; contained in

that residue class.
Thus, [1, N]\L; can be partitioned into at most & 4 2d; maximal arithmetic
progressions (at most one more than L; for each of the 2d; residue classes).

Since d; < 2N'/? and k = loglog N + O(1),

N N
— +2d; < 2N/
k * loglog N +O(1) +
B N loglog N 2loglog N
~ loglog N \loglog N + O(1) N1/2
N
= —7/1 1)).
loglogN( +oll))

Define a partition class of the set [1, N]\L; to be small if it contains less than
0.01c2loglog N elements and large otherwise.

All the small classes together have at most
0.01c3 log log N L(1 +0(1)) | = 0.013N + o(N)
s loglog N R

elements.

Since A is AP3-free and 0.01c¢2loglog N > m, on every large partition class, A
has density less than c¢3 + . Thus on the union of the large classes, A has density
less than c3 + €.

Therefore, since AN L; = (),

Al = [AN([1, N\L)|
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<(cz+e)(N — |Li|)j+9.01c§N+ o(N)

large‘glocks small‘lr)locks
c? c?
< (es+ =2 ) (N —¢3(0.245N)) + 0.01c2N 4+ o(N) (by (4.15) and € = —=2-)
200 200
2N c3
= 3N + 32— — 20.235N — —2.0.245N N
T T 200 +o(N)

< 3N —0.23¢3N + o(N)

< 3N (when N is large).

As this contradicts the choice of the set A with |A| > ¢3N, the initial assumption

that ¢3 > 0 is false and so c3 = 0. [

4.4 Varnavides

In 1955, Varnavides [115] used Roth’s theorem to show that for any fixed ¢, if
n is large enough and |A N [1,n]| > en, then A contains not only one arithmetic
progression of length 3, but in fact on the order of n? arithmetic progressions. Using
Szemerédi’s theorem, Varnavides’ technique can be used to show that the same is

true of arithmetic progressions of any fixed length £ (see also [116]).

Theorem 4.4.1 (Varnavides [115]). Let £ € Z* and € > 0 be given. There is a
positive constant ¢ = ¢(k, ) such that for n sufficiently large, if A C [1,n] satisfies

|A| > en, then A contains at least cn® AP,’s.

Proof. By Szemerédi’s theorem (Theorem 4.3.1), fix £ € Z* so that if X C [1,/]



CHAPTER 4. DENSITY RESULTS 64

with |X| > £, then X contains an AP,. Let N > ¢ and let A C [1, N] be such
that |[A] > eN. Call an AP,’s in [1, N] a good progression if it contains at least &
elements of A and a bad progression otherwise. Note that by the choice of ¢, every
good progression contains at least one AP, in A.

For cach d € [1, §=], let G4(N) be the number of good progressions in [1, N]
with difference d. Define f(a,d) = |AN{a,a+d,...,a+ (¢ —1)d}|. The idea of the
proof is to find both upper and lower bounds for ; f(a, d) in terms of the number of
good progressions in order to get a bound on Gd(;\f)‘ For a fixed x € A, x can occur
in at most ¢ different AP,’s (¢ possible different positions) and only the numbers x
with 1+ ({—1)d < x < N—(¢{—1)d will occur in exactly ¢ different AP,’s. There are
at most 2(¢ —1)d < 2¢d elements of A outside the interval [1+ (¢ —1)d, N —({—1)d].

Therefore, at least e N — 2/d elements of A appear in exactly ¢ different AP,’s and

SO

N—(t-1)d

> fla,d) > ((eN - 2d)

a=1

20e N N
>/ (EN — ; ) (restricting to d < 88_6)
3
For the upper bound,
N—(t—1)d

> flad) < N%ﬁ FGa(N).

a=1

{

haVd )
bad AP’s good AP’s
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Combining these two inequalities gives 3e/N < 2elN + G4(N)¢, which implies that
Gd(N) > Allé-?N.

The total number of good progressions in [1, N] is

By the choice of ¢, each good progression contains an AP, in the set A. In
order to find a lower bound for the number of AP,’s in A, it suffices to determine
how many different good progressions could contain a particular AP,. Fix an AP,

P={a,a+d,...,a+ (k—1)d} and consider all AP,’s containing P.
Case I: AP,’s with difference d that contain P.

There are exactly ¢ — k + 1 different positions the first term of P could occupy
in an AP, with difference d and hence ¢ — k + 1 different AP,’s with difference d

that contain P.
Case II: AP,’s with a difference other than d that contain P.

Suppose that d’ # d and P C {b,b+d',...,b+({—1)d’'}. Then there are integers
i,j with 0 <7 < j < {¢—1sothat a = b+ id and a +d = b+ jd'. Therefore,

d=(a+d)—a=b+jd)—(b+id) = (j—i)d. Since (d > ({ —1)d > (k—1)d =
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(k—1)(j —9)d, it follows that (j — i) < 5. Therefore, there are less than %
possible values of d’ where P is contained in an AP, with difference d’. As before,
for a fixed value of d’, there are at most ¢ — k + 1 different AP,’s with difference d’
that contain P. Thus P is contained in at most (¢ — k + 1) different AP,’s with

a difference other than d.

Therefore, in total, P can appear in at most

14 1
(£—k+1)+m(£—k+1)_m(f—k+1)(€+k—1)
52
-1 =D
62
<
~ k-1

different good progressions.

272 _ 2(f— , . 2(f—
Therefore, there are at least 53]2\; . % =£ 352@31)N2 AP,’sin A. Takec = < ?E2e31)'

Then c is a constant, depending only on € and k, so that for all N sufficiently large
and A C [1,N] with |A| > €N, the set A contains at least ¢N? different k-term

arithmetic progressions. O]

4.5 Systems of equations

Both partition and density theorems can be phrased in terms of solutions of matrix

equations. Note that distinct numbers zy, ..., x;, form an APy iff [z1 2o ... 2|7 is
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a non-trivial solution to the system
-2 1 0 0 1 0
1 -2 1 0 T 0
(4.16)
0 O -2 Tk 0

The problem of finding solutions to such systems of equations within a particular

set can be generalized.

Definition 4.5.1. Let A be an ¢ x k matrix with integral coefficients. Then A
is partition reqular in Z* iff for every finite colouring of Z* (it is important here
that 0 ¢ Z™), there is a monochromatic set {xy,...,x;} such that A[z; --- z3]T =
[0 --- 0]T. Similarly, A is density reqular in Z* iff for every X C Z* with positive

upper density, there is a set {xy,..., 2.} C X with Alz; -+ z/T =[0 --- 0]T.

Rado [88] characterised the partition regular equations with a set of linear re-
lations between the matrix entries called the columns condition. Deuber [29] later
proved another characterisation of partition regularity in terms of collections of

integers called (m, p, ¢)-sets.

Definition 4.5.2. Given a matrix A with integral coefficients, the system Ax =0

is irredundant iff there is a solution = [z; ... z3]7 with not all z;’s equal. A

T

solution @ =[xy ... x| is proper iff all z;’s are distinct.



CHAPTER 4. DENSITY RESULTS 68

The following result (given without proof) extends Varnavides’ result to other

systems of equations in the integers.

Theorem 4.5.3 (Frankl, Graham and Rodl [43]). Let A be a density regular ¢ x k
matrix with rank ¢ so that the system Ax = 0 is irredundant. Then for every ¢ > 0,
there is a constant ¢ > 0 that depends on A and ¢, so that for n sufficiently large,
if X C [1,n] with |X| > en, then X must contain at least cn®*~¢ proper solutions to

the system Ax = 0.

Consider the k x (k — 2) matrix in equation (4.16). The corresponding homo-
geneous system is density regular by Szemerédi’s theorem (Theorem 4.3.1), which
guarantees non-constant arithmetic progressions and so the system Ax = 0 is ir-
redundant. Therefore, by Theorem 4.5.3, for every € > 0, there is a constant ¢ so
that for all n sufficiently large, if X C [1,n] with |X| > en, then X contains at
least en*~(F=2) = ¢n? proper solutions to Az = 0. That is, X contains at least cn?

arithmetic progressions — precisely the statement of Theorem 4.4.1.

4.6 Lower bounds

Behrend adapted techniques from an article by Salem and Spencer [98] to find a

bound of the function 73(n) (recall Definition 4.1.1)).
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Theorem 4.6.1 (Behrend [12]). There is a positive constant ¢ so that for n suf-
ficiently large, there is an APs-free set A C [1,n] with |A| > ne~¢VIn", That is,

r3(n) > ne~cvinn,

Proof. Fixn € Z*, let b € Z™ and fix m € Z* so that (2b—1)""! <n < (2b—1)".

That is,
AL (4.17)
———<m< ———+1 :
In(2b—1) — In(2b—1)
To each = € [1,n] associate an m-tuple (zg, ..., xy,_1) € [0,2b—2]™ correspond-

ing to the base (2b — 1) representation of x so that @ = 70" 2;(2b — 1)°.

For each z, set M(z) = [S7",' 22]"/2 and for each s > 1, set
A;={r€[l,n]:foreachi € [0,m—1],0<x; <b—1and M(z)* = s}.

Suppose that for some s > 1, there were x,y,z € A, with v +y = 2z. Let
(oy -+ s Tm-1) Wo, -+, Ym—1) and (2o, ..., 2m—1) be the m-tuples corresponding to
x,y and z respectively. For each i € [0, m—1], since z;, y; < b—1, z;+y; < 2b—2 and

so there is no carrying in the base (20— 1) addition. Therefore, for each i € [0, m—1],

= 2M()
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This is only possible when the m-tuples (xg,...,Zy,_1) and (Yo, - ., Ym_1) are pro-
portional, but since M (x) = M (y), it must be that (zo,...,zm_1) = (Yo, -, Ym_1)
and hence x = y. Therefore, for all s > 1, the set A, is APs-free.

Since

UAS = { A_ (26 —1)": (20, .-+, T1) € [0,b — 1]m\{(0,---70)}}»

it follows that |Us>1 Ag| = 0™ —1. When s > (b—1)*m, A, = () and so by averaging,

there is at least one choice of s € [1, (b — 1)%*m] with

b —1
Af| > —r—.
4] 2 (b—1)>m
Since A, is APs-free, r3(n) > |A,| and so for any n € Z* and any choice of b, with

m defined as above,

bm—1
(b—1)>m
bm—2

rs(n) >

>
m

- (nl/m+ 1)m72
- 2m—2m

m—2
nom —1/m\m—
:2m—2m(1+n 1 ym2

1-2/m

(since n < (20— 1)™)

n

Z oma (since 1 4+n~Y™ > 1)
m=em

_ ne—%lnn—(m—?) 1n2—lnm‘ (418)

In particular, if b = L%(em +1)], then In(2b — 1) < v/Inn and so by equa-
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tion (4.17),

Inn
> > = . .
m_ln(Qb—l) >Innvinn =+Vinn (4.19)

A small calculation shows that for the choice of b, if n > 4, then In(2b—1) >
VInn — 1 and so

1 1
me< — ol 4] (by eq'n (4.17))

In (2b — 1) Vinn —1

1
=Vinn+ ——— +2
Vinn —1

<VInn+3 (for ViInn > 1). (4.20)

Thus, by equations (4.18),(4.19) and (4.20),

_2 —(m— _
7,3(”) > ne —Inn—(m-2)In2—-Inm

> ne—\/%in Inn—(vInn+1)In2—In (vVInn+3)

_ n6—2\/m—ln 2vInn—In2—In (vVInn+3)
7 1n 2 In (VInn+3)
Inn (2+1n 2+ VIn n+ Vinn )
= ne

> ne*\/ln n(4+In2)

when n is large enough. O]

Moser [83] applied the same technique to give a lower bound for the van der

Waerden numbers. He showed that for some fixed constant ¢ > 0,

W(k;r) > (k — 1)rer,
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In 1960, Rankin [92] presented the following extension of Theorem 4.6.1/ for

k > 3. Behrend’s theorem (Theorem 4.6.1) is the case k = 3 in Theorem 4.6.2.

Theorem 4.6.2 (Rankin [92]). Let k£ > 3, there is a positive constant ¢ so that for
n sufficiently large, there is an APj-free set A C [1,n] with |A] > ne—c(nn)t/les2 k1.
That is,

_ 1/[logg k1
rp(n) > ne~clnm) s

4.7 Arithmetic progressions of primes

It seems that one of the motivations behind studying the function ri(n) was the
possibility of determining whether the set of primes contains arbitrarily long arith-
metic progressions. It is also worth noting that the set of primes contains no infinite
arithmetic progression, for if p is any prime and d € Z*, the (p + 1)-th term of the
arithmetic progression {p +id : i > 0}, is p+ pd = p(1 + d) which cannot be prime
since p > 1 and d + 1 > 1. Dirichlet’s theorem (see, for example, [I, Chapter 7])
states that for any relatively prime integers a and b, there are infinitely many primes
in the arithmetic progression {a + ib : i > 0}. However, this does not guarantee
that any of those infinitely many primes are themselves in arithmetic progression.
In 1939, van der Corput [112] showed that there are infinitely many APy’s of

primes. A stronger result along the same lines was that of Balog [3] who showed
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that for any k € Z", there are k primes py,...,py such that all of the averages
%(pi + p;) are also prime. In other words, for any integers ¢,j with 1 <i < j <k,
the set {p;, 3(p; + p;),p;} is an AP of primes.

One of the approaches towards solving the general conjecture about primes
in arithmetic progression has been to consider the function 7(n), the number of
primes in the interval [1,n]. The prime number theorem, which was proved by
Hadamard [57] and de la Vallée Poussin [28] in 1896, states that 7(n) ~ = (see,
for example, [1, Chapter 13]). If it could be shown that for all &k, 7¢(n) < w(n) when
n is large enough, this would guarantee that the set of primes contains arbitrarily
long arithmetic progressions simply by virtue of their density in the integers. Al-
though a proof of this type has not yet been found, in 2005, Green [53] published

% > ( contain

an analytic proof that all sets of primes A with limsup,,_,
infinitely many APs’s. The same year, Green and Tao [54] settled the conjec-

ture that the primes contain arbitrarily long arithmetic progressions by giving a

Szemerédi-type theorem for the primes.

Theorem 4.7.1 (Green and Tao [54]). Let A be an infinite set of primes with

. [AN[L n]|
limsup —————

then A contains arbitrarily long arithmetic progressions.

More details about the result and the history of the problem can be found in

[78]. In 2006, Tao was awarded a Fields Medal for numerous contributions to various



CHAPTER 4. DENSITY RESULTS 74

areas of mathematics, including Theorem 4.7.1! (see, for example, [69]). Green and
Tao also showed that a careful analysis of their proof of Theorem 4.7.1 gave the

following.

Theorem 4.7.2 (Green and Tao [55]). For each k& € Z*, there is an arithmetic

progression of primes of length k& with all terms less than
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Van der Waerden numbers

5.1 Exact values

The only five non-trivial van der Waerden numbers whose values are known precisely
are W(3;2) =9, W(4;2) = 35, W(5;2) = 178, W(3;3) = 27 and W (3;4) = 76.
Recently, Kouril claims to have found W(6;2) = 1132 (see [62]), but the result
has yet to be published. More can be said if the van der Waerden numbers are

generalized in a fashion similar to that of the Ramsey numbers (Definition 2.1.5).

Definition 5.1.1. For each r ky, ko, ... k. € ZT, let W(ky, ..., k.;7) be the least
integer such that for any n > W(ky,...,k.;r) and any r-colouring A : [1,n] —
[1,7], there is an ¢ € [1,r] such that A~'(i) contains an AP;,. The numbers

W(ky, ..., km;r) are called the mized van der Waerden numbers.

75
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That is, instead of looking for an arithmetic progression of a fixed length in any

colour class, look only for AP,’s in the ¢-th colour class. The mixed van der Waer-

den numbers will always exist because if ky,... k. € ZT, then W(ky,..., k;r) <
W(max {ky,...,k.};r). The mixed van der Waerden numbers enjoy the same sym-
metry properties as the Ramsey numbers. For any integers ki,..., k., if o is a

permutation of [1,7], then W (ky,... ky;7r) = W(koqy, -, ko) 7).

Of course, some values of the van der Waerden numbers are trivial. For any
r € Z*, W(2;r) = r + 1 by the pigeonhole principle. It can be shown that for
any odd k € ZT, W(k,2;2) = 2k as follows: Suppose that the two colours are red
and blue. The 2-colouring of [1,2k — 1] where the number k is blue and all other
numbers are red has no blue pairs and no red AP,’s. However, for any 2-colouring
of [1,2k], if there is no pair of elements that are blue, then either the first k£ or the
last k numbers in the interval are all red. A similar argument shows that for any
even k € Z*, W(k,2;2) = 2k — 1.

This idea was extended by Culver, Landman and Robertson [26] who found
exact values for many mixed van der Waerden numbers of the form W (k,2,...,2;r).

Their results included the following which are presented without proof.

Theorem 5.1.2 (Culver, Landman and Robertson [26]). Fix & > r > 2. Set

m=1[[{p:p<r, pprime}.

(i) If ged (k,m) = 1, then W(k,2,...,2;7) = rk.
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(ii) Otherwise, if either (a) ged (k —1,m) =1 or (b) r is prime and ged (k, m) = r,

then W (k,2,...,2;r)=rk—r+ 1.

According to Landman (personal communication), the results of Theorem [5.1.2

were extended in 2007 by Khodkar and Landman [76].

(Fi [ ko [ Kg [ W (k- k7)) | K | Ko | ks | Fa | ks | Wk, ) |
337 - 9 5022 -]- 15 [26]
437 - 18 22] 5032 - - 32 [19]
1 4]- 35 [22) 51313 -] - 80 [20]
513 - 22 [22] 5142 -] - 71 [19]
5 4] - 55 [22] 6122 -]- 16 [26]
515 | - 178 [105] 6132 -]- 40 [19]
6 | 3 - 32 [22] 6|42 -]- 83 [20]
6 | 4] - 73 [10] T2 2 -- 21 [20]
713 - 46 [22] 713 2] - - 55 [20]
74 - 109 [9] sl22]-1- 24 [20]
83 - 58 [10] 31322/ - 17 [19]
9 [ 3 - 77 [10] 31332/ - 40 [19]
103 - 97 [10] 31333/ - 76 [10]
1|3 - 114 [20] 413 227" 25 [19]
1213 - 135 [26] 413 [32]- 60 [20]
1313 - 160 [26] 14227~ 53 [19]
322 7 [20] 51222 - 20 [26]
332 14 [19] 51312 2] - 43 1]
333 27 [22] 62 2]2]- 21 [26]
1122 11 [20] 63 [2]2]- 48 [20]
1]372 21 [19] 7122 2]- 28 [20]
4373 51 [19] 71322 65 [20]
1142 40 [19] 313222 20 [20]
1473 89 [26] 313 (3]2]2 A1 [20]

Figure 5.1: Exact van der Waerden numbers

The exact values in Figure 5.1 were given by Chvatal [22], Brown [19], Stevens
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and Shantaram [105], Beeler and O’Neil [10], Beeler [9], and Culver, Landman and
Roberston [26] (see also [87]). Most exact values of mixed van der Waerden numbers
were found using computers. A similar table of mixed van der Waerden numbers is
given by Culver et al. [26]. The Figure 5.1 also includes the values for the numbers
W(k,2,...,2;r) given by Theorem 5.1.2 that fit within the table.

Calculating exact values of the mixed van der Waerden numbers becomes com-
putationally difficult as the values of k; and r increase. The remainder of this
chapter will explore different techniques that have been used to find either upper

or lower bounds for the van der Waerden numbers.

5.2 Probabilistic method

One useful approach to calculating bounds is to assume that the colouring is done
at random, so that each integer has an equal chance of being any one colour. Then,
for example, if there is a positive probability that some interval [1,7n] contains no
monochromatic arithmetic progression then there is at least one colouring of [1,n]
with no monochromatic arithmetic progressions.

First some definitions are given to formalize this idea. While it is possible to
define concepts of probability for infinite sets, the purposes here require only finite

probability spaces.
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Definition 5.2.1. Let 2 be a finite set and P : Q — [0, 1] (where [0, 1] C R) be any

function such that ) _o P(x) = 1. The pair (2, P) is called a probability space.

Most often here, the function P used will be the constant function P(z) = R

For this probability function, (€2, P) is called the uniform probability space.

Definition 5.2.2. A subset A C Q is called an event and for any event A, define
P(A) =2 e Pl2).

Given two events A and B, the event AU B (sometimes denoted by AV B) is
the event that either A or B occurs, and AN B (also denoted by AA B) is the event
that both A and B occur. For any event A C €2, define A = Q\ A, the complement

of A.

Definition 5.2.3 (Bayes’ formula). For two events A, B, the conditional probability

of A given B is

P(AN B)

PUAIB) = =5

It is the probability that the event A occurs assuming that the event B does occur.

Definition 5.2.4. An event A is independent of an event B iff P(A|B) = P(A)
and A is mutually independent from events By, ..., B, iff A is independent of any

boolean combination of the events By, ..., B,,.

Note that for any A, B C , since P(AU B) = P(A) + P(B) — P(AN B), if

{A; € Qi€ I} is any collections of events, then P(UjcrA;) < > .c; P(4;).
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The proof of the following theorem can be easily re-phrased as a counting argu-
ment employing the pigeonhole principle, but it serves as a useful demonstration of

the probabilistic method.

Theorem 5.2.5 (Erdés-Rado [37]). For all k,r € Z+, W(k;r) > /2(k — L)r'=.
Proof. Fix k,r € Z" and take n < \/2(k — 1)7“%. Define a probability space as
follows. Let © be the set of all r-colourings of [1,n] and let P be the uniform
probability for Q, i.e., for all z € Q, P(z) = %n For any AP, S C [1,n], let Ag
be the event that S is monochromatic. That is, Ag is the set of all r-colourings of

[1,n] where S is monochromatic. Then, P(Ag) = & = r'~F.

By Lemma [1.2.3, the total number of AP;’s contained in [1,n] is less than 2(;‘—:)

Therefore, since UAg is the event that any AP in [1,7n] is monochromatic and

n2 1—k k—1

P(UAS) S ZP(AS) < mr <1 (Since n S 2(k — 1)7”T>7

there is at least one r-colouring of [1,n] with no monochromatic AP;. Therefore,

W(k;r) > n. O

In the case of arithmetic progressions, since there is so much overlap, the events
associated with two given AP,’s being monochromatic are often not independent. A
probabilistic proof that does not take this into account seems likely to be imprecise.
Thus a tool is needed that can take into account the interdependencies of a collection

of events. The Lovész Local Lemma, proved by Erdés and Lovasz in 1975 [36] is
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such a tool. Before proceeding to the statement of the lemma, a few definitions and

identities about dependency are given.

Definition 5.2.6. Let A;, As,..., A, be events in a probability space. Let V =
[1,n] and let E C [V]2. The graph (V,E) is a dependency graph for the events
Ay, ..., A, iff for each ¢ € [1,n], the event A; is mutually independent from the

events {A4; : {i,j} ¢ E}. That is, A, is independent from every boolean combination

of the sets {4, : {i,j} ¢ E}.

The following two lemmas are standard applications of Bayes’ formula (Defini-

tion [5.2.3l

Lemma 5.2.7. For any events A, B, and C' in a probability space (€2, P),

P(AIBNC) = %

Proof. Let A, B,C' C 2, then

P(ANBNC(C)
P(BNC)

_ P(AnBNC)/P(C)
P(BNC)/P(C)

P(AN B|C)

=T PBIO) -

P(AIBNC) =

Note that rearranging terms also gives

P(AN B|C) = P(A|BNC) - P(B|C).
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Lemma 5.2.8. For any events A;,..., A,, B in a probability space (2, P),
P (ﬂA,-|B) =[Ir <A,»| M 4 ﬂB)
i=1 i=1 j=it1

where (| A;NB=B.
Jj=n+1

Proof. The proof is by induction on n.

Base Case: The case n = 2 holds by Lemma 5.2.7.

Inductive Step: Suppose that the lemma holds for some integer n > 2. Let
Ay, . Ay, Ay and B be any events. Then

n+1
= P(Ay| i) A B) [ P(Ail il A;nB) - (by ind. hyp.)
=2
n+1

=[] Pl mZl, Ain B). O

j=i1+1
i=1

Theorem 5.2.9 (Lovasz Local Lemma, Erdés and Lovész [36]). Let Ay,..., A,
be events with a dependency graph G = (V, E). If there are z4,...,z, € [0,1) such

that for all i € [1, n],
then

and in particular, P(N,4;) > 0.
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Proof. The proof relies on the following claim. For any S C [1,n] and any i ¢ S,
P(A;] Njes A;j) < x;. The proof of the claim is by strong induction on |S].
Base Step: When |S| =0, S = ) and
P(A;] Njep Aj) = P(4A;) < 2 H (1—x) (by assumption)
{i,j}eE

<z (1—z;) <.

Inductive Step: Fix some S C [1,n| and assume that the claim holds for all
smaller subsets of [1,n]. Fix some ¢ ¢ S. Set 51 = SN{j : {i,j} € E} and
So = S\S1. Relabel the events if necessary so that S; = {1,2,...,s} (for some s).

Then,

P(A;| Njes Aj) = P(Ai] Njes, AJ’ N mjeszlej)
P(A; N ﬂjeglﬁj’ Njess A;)
P<mj651Aj’ ﬁjGSQ A])
P(Ail Njes, Aj)
~ P(Njes, Ajl Njes, Aj)

(by Lemma 5.2.7)

Y

and since A; is mutually independent of the events {4; : j € Sy},

. P(Ai] Njes, A7) P(4;)
P(Ail Njes A;) < Tinoo A A 1) "
(Al Pies 4) = A 5 A Pyess A) ~ POyess Ay Nyess ) o

Now, consider the denominator of the last term in equation (5.1):

P(mJESIA]’ ﬂjESQ A]) - P(Al ﬂ ct ﬂ AS| ﬁj652 AJ)

S

_ ﬁp(ﬁk‘ N 40N Aj) (by Lemma [5.2.8)

k=1 j=k+1 JES?
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:,E(l_P(A’“‘ N 40N Aj))

j=k+1 JES2

> H (1 —z) (by induction hyp. with {k+1,...,s} U Ss)
k=1

> [ - (5.2)

Therefore, since P(A;) < x; [ (1 — ), combining equations (5.1) and (5.2)

gives

_ P(A;)
P Az N 7 A S A A
( | {i,k}eE J) P(ﬂjeslAj| ijSQ A])

T [iigyer (1 — k)
= lggger (T — k)

= XT;.

The claim can now be used to prove the theorem. Using Lemma [5.2.8 with

e
5)
1:
S

I

s

P(Ai M1 Aj)

.
Il
—

I

-
I
—

(1= P(A| Ny 45))

Vv

N
Il
i

(1 —z;) (by claim, using S ={i+1,...,n}). O

The Local Lemma is often used in the symmetric case where all the values of z;

are equal.

Theorem 5.2.10 (Symmetric Lovasz Local Lemma, Erdés and Loviasz [36]).

Let Ayq,..., A, be events in a probability space and let (V, E) be a dependency graph
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for the events Ay,..., A,. Let d € Z* and 0 < p < 1 be such that if i € [1,n], then

{j€[l,n]:(i,j) € B} <dand P(A;) <p. If ep(d+1) <1, then P(N?_, A;) > 0.

Proof. Suppose that ep(d + 1) < 1. Using the inequality, e > 1 4+ x (from the

Taylor series), e > (14 §)* and so ™' < (5%5)? = (1 — 77)%. Therefore, for each
i€[l,n],
1 1 1\
P(A;) <p< < 1——) .
A)sps e d+1( d+1>
Setting vy =19 = -+ =1, = ﬁ, for each i € [1,n],
1 I
PA) < —(1-—] == 1 -
{i,j}€E
Therefore, by Theorem [5.2.9, P(N™_, 4;) > 0. O

The following standard application of Theorem 5.2.10 to the van der Waerden

numbers appears in Graham, Rothschild and Spencer’s Ramsey Theory [51, p. 97].

k—1

Theorem 5.2.11. For all k,r € Z*, W(k;r) > 5—(1 — o(1)).

Proof. Fix k,r € Z' and let n € Z". Let Q be the set of all r-colourings of [1,n]
and let P be the uniform probability for 2. As before, for each AP, S C [1,n], let
Ag ={A € Q: S is monochromatic under A}. Let G = (V, E) be the dependency
graph defined as follows. Let V' be the set of all AP,’s in [1,n] and define edges by

E = {(Sl,SQ> . Sl N SQ 7A @}
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Given an APy, S = {a,a+d,...,a + (k — 1)d}, consider the number of other

arithmetic progressions with which S could have non-empty intersection. For each

3
—

1<d < — and 0 < ¢ < k — 1, there are no more than k different AP,’s with

(n—1)k?

—— other

difference d' that contain a + id. Thus, S intersects no more than
APy’s in [1,n]. Therefore, for each AP, S, [{S; : (S,S;) € E}| < % and since
P(As) = % = r'F, by the symmetric Lovész local lemma, if er' " (2=3k* +1) < 1
then P(NAg) > 0. Since NAg is the event that no AP, in [1, n] is monochromatic, if
P(NAg) > 0 then there is at least one r-colouring of [1,7n] with no monochromatic
APy and so W (k;r) > n.

Let n € Z* be such that er'*(3=1k* + 1) < 1, but er' *(;%k* + 1) > 1 (that

is, n is the greatest integer that satisfies this condition). Then, by the previous

paragraph, W (k;r) > n. Now,

k=1 k—1
erl_k( " k:2+1>>1<:>n><r——1)—

k—1 e k2
N k=1 (k= 1e
ek k krk=1
k=1
= ?(1 —o(1)) (for a fixed r).
Thus for any fixed r € Z*, W(k;r) > Tl;;l (1—o(1)). O

More recently, in 1990, a more careful application of the Local Lemma was used

to show the following.

Theorem 5.2.12 (Szabé [106]). For every € > 0, there is a K = K (¢) so that for
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all k> K,

5.3 Constructive lower bound

Using techniques of field theory, Berlekamp [15] showed that for any prime p, there
is a 2-colouring of a large interval that avoids arithmetic progressions of length
p + 1. The proof of Berlekamp’s result requires the following well-known facts (see

for example [68, Chapter 5] for proofs) about field extensions and finite fields.

Definition 5.3.1. Given fields F, F with ' C E, E is a field extension of F if
the operations of F' are those of E restricted to F. For a € E\F, the set rational
functions in a over F', denoted F'(a), is a field extension of F'. The degree of E over

F' denoted [F : E], is the dimension of E as a vector space over F.

Lemma 5.3.2. If D C E C F are fields, such that E is a field extension of D and

F'is a field extension of E, then F is a field extension of D and

[F: D] =[F: E][E: D).

Lemma 5.3.3. For every prime p and for every n € Z*, there is a unique field of
order p" called the Galois field of order p™ and denoted by GF(p™). Then GF(p™)* =

(GF(p™)\{0}, ) is a cyclic group of order p™* — 1 and [GF(p") : Z,] = n.
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Definition 5.3.4. Let f(z) be a polynomial over a commutative ring. Then f(x) is
reducible over this ring iff there are polynomials g(z), h(x) over this ring of smaller

degree with f(x) = g(z)h(x). Otherwise, f(z) is irreducible.

Recall that for a field F', F[z] is the ring of polynomials in x over F.

Fact 5.3.5. Let E, F' be fields with E a field extension of F.. Let a« € F and f € F|x]

be irreducible with f(a) = 0. If g(z) € Fz] with g(a) = 0, then f(x)|g(z).

Fact 5.3.6. Let E, F' be fields where E is a field extension of F' and [E : F| < oco.

Then for every o € E, there is an irreducible f € F[z] such that f(«) = 0.

Fact 5.3.7. Let E, I be fields where E is a field extension of F'. Let o € E and

f € Flx] with f(a) =0, then [F(«a) : F] < deg(f).

Berlekamp proved a complicated result that gave bounds on the van der Waerden
numbers whenever the number of colours is a prime power. The proof of Theorem
5.3.8 is a simplification of Berlekamp’s proof in the case when the number of colours

is a prime. (The proof of the result for 2 colours can also be found in [51, pp. 96-7].)

Theorem 5.3.8 (Berlekamp [15]). If p, ¢ are prime, then

Wi(p+1;q9) > p(g" —1)/(q —1).

Proof. By Lemma [5.3.3, GF(¢”)* is a cyclic group. Let a be one of its generators.

Let {v1,va,...,v,} be a basis for GF(¢?) as a vector space over Z, (again by Lemma
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5.3.3) and for each j € [0,p(¢" —1)/(q —1)], let r14,72,,...,7p; € Z4 be such that,
‘ p
ol = ZT}JU@

=1

Define a partition of [0, p(¢? — 1)/(¢ — 1) — 1] as follows. For each i € [0,q — 1], set

Si:{jZTLj:Z'}.

Suppose one of the sets S; contains an AF,;; that is, for some integers a and
d#0,{a,a+d,...,a+pd} CS;. Note that since pd < a+ pd < p(¢* —1)/(q — 1),

P _

1
0<d<q <q¢’ -1

Therefore, since the order of o in GF(¢?)* is ¢* — 1,
a? # 1 and o®@D £ 1. (5.3)

Case I: 1 = 0.

Define Ty = span{vs, vs, ..., v,}. The set Tj is a subspace of GF(¢) of dimension
p—1over Z, and for all z € Sy, o € Tjy. Therefore, since {a+d,a+2d, ..., a+pd} C
So, if n € [1,p], then a2t € Ty. Then, %4, ... o™ are p elements in a (p — 1)-
dimensional space and so they are linearly dependent over Z,. Let by, bs,...,b, € Z,
not all 0 be such that Y2 _ b,a*® = 0. Then a®*4 3P _ b,ad"=D,

Since a2 0, o is a root of the polynomial >°?_, b,2"~" which has degree at

most p — 1. Therefore, the degree of the extension Z,(a?) over Z, is at most p — 1.



CHAPTER 5. VAN DER WAERDEN NUMBERS 90

Since GF(q?) = Z,(«), by Lemma [5.3.2,
p=IGF(¢") : Zg) = [GF(¢") : Zy(a")][Zy(0") : Zy).

Thus [Z,(a?) : Z,) < p —1 divides p, a prime. Therefore, Z,(a?) is an extension of
degree 1 over Z, and so a® € Z,. Since (Z,\{0},) is a cyclic group of order ¢ — 1,
ad@=Y = 1 which is impossible by (5.3). Therefore, Sy cannot contain any AP,,,’s
and in fact since only the elements a + d,...,a + pd are used in this part of the
proof, Sy can only contain AP,’s with difference d > (¢ —1)/(q — 1).

Case II: i € [1,q — 1].

Suppose that for some i # 0, {a,a+d,...,a+pd} C S;, then for each j € [0, p],
@il — q® = a%(a?? — 1) € Ty. As in Case I, there are by, by, ..., b, € Z, such that

S bia*(a® —1) = 0. That is

p p
0=> ba*(a®—1)=a"(’ = )b+ Y bi(a®V 4+ a2 4. 4ot +1))

1=2

Since a? # 1 and a® # 0, a? is a zero of a polynomial in Z, of degree p — 1,

contradicting a®@~Y £ 1 as in Case L. O

In [80], it is mentioned that this proof can be adapted to show that for all p, ¢
prime with p > 5, W(p + 1;q) > p(¢* — 1), but I have been unable to confirm that

this is true.



CHAPTER 5. VAN DER WAERDEN NUMBERS 91

The following gives the details of Berlekamp’s strengthening of the bound from
Theorem 5.3.8/in the case ¢ = 2 and yields the best known lower bounds for these
van der Waerden numbers. The idea of the proof is to show that given a careful
choice of basis elements for GF(2P), the partition given in the previous proof can

be extended without introducing any arithmetic progressions.

Corollary 5.3.9 (Berlekamp [15]). If p is prime, W(p + 1;2) > p2P.

Proof. The result holds for p = 2 since W (3;2) = 9 > 2- 22, For a prime number
p > 2, as in the proof of Theorem [5.3.8, let o be a generator for GF'(27)*. Define

the basis elements for GF(2P) over Z, as follows. Set

2 p—1
m=1 vwv=1+a v3s=1+a", ..., U%:1+Oé2,

1 2 =1y

UL;AH:l—l—OF,vaHH:l—i—of, R vp:of( 2

Claim. The set {vy,vs,...,v,} is linearly independent.

Proof of Claim. Let x1,...,x, € Zy be such that ) ", z;u; = 0. Then,

p p
0= qP1/2 Z T0; = Z 7 a(p—l)/%i
i=1 i=1

p—1

—1 p—_2
=Tyt TpaQ At Tpp 007 +(r1+ 20+ Fxp)a 2

p—1 p—1 —
+rpa’z Mgz P4 oL (5.4)
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If any of the constants xy,xs,...,x, is non-zero, equation (5.4) gives a polynomial
of degree no more than p— 1 for which « is a zero. However, since Zy(a) = GF(2P),
and [GF(2P) : Zs] = p > p — 1, it must be that 2y = 29 = --- = x, = 0. Therefore,
the set {v1,vq,...,v,} is linearly independent ]

Define the sets Sy and 57 as in the proof of Theorem 5.3.8/in the case ¢ = 2. Since

vy =1=aP 0€ 5. Furthermore, [1, 2] C S; since for each i € [1, (p — 1)/2],
o' =1+ (14+a") =v +vig1.
Similarly, [p(2°—1)—(p—1)/2,p(2?—1)—1] C S since for each j € [1, (p—1)/2],
QP D-0 — g =14 (1+ oz_j) = v + Vit .

Thus,

[0, 1%1} C S and {p@p —1)— 7%1,]9(21? —1) - 1} cS.  (5.5)

Set

—1
S(/) = |:_pTa_1:|7

-1
Sy = |:p(2p —1),p(2? = 1) + pT]’ and

Sf = SpUSyUSy.

As before, S; contains no AP, ;’s, so assume that there are integers a and d
with d > 0 such that P = {a,a +d,...,a+ pd} C S;. Since Sy is also AP, -free,

there are three possible forms the arithmetic progression could take.
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Case I: The set P includes one element from Sj (or S{) and an AP, in Sy. By
a remark at the end of Case I of the proof of Theorem 5.3.8, this can only occur
when d > 2P — 1. But this is impossible since then P spans p(2P — 1) elements and
so must contain an element of Sy, by (5.5).

Case II: The set P includes one element from S and one from S{. It must be
that a € S and a + pd € S{. Then for some 1 < ¢ < (p—1)/2, a = —i and for
some 0 < j<(p—1)/2,a+pd=p(2’ —1)+j. Now, pd = a + pd — a is divisible
by p, but p(2? — 1)+ j — (—i) =p(2? — 1)+ j+iis not since 1 <i+j <p—1 and
p is prime.

Case III: The set P includes two elements from S{ (or S{). But then d <
(p —1)/2 and so it must also include an element from S; by (5.5).

Therefore, S; and Sy partition the integers [—(p — 1)/2,p (27 — 1) + (p — 1)/2]
(an interval of length p 27) and neither contains an AP,.;. Therefore, by Lemma

314, W(p+1;2) >p 2. O

5.4 Hypergraph techniques

Definition 5.4.1. Let S be any set and &€ C P(S)\ {0}. Then H = (S, ) is called
a hypergraph. The elements of the set S are called the vertices of H and the sets in
& are called the hyperedges.

The independence number of H, a(H), is the maximal size of a subset of S that
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contains no member of £. The chromatic number of H, x(H), is the least integer
r so that there is an r-colouring of S with no member of & monochromatic. Note
that if the £ contains any singletons, the chromatic number is undefined. For the
purposes here, there are no hypergraphs with singletons for hyperedges.

A hypergraph H is called uniform iff there is an integer k so that & C [S]*.

Consider any hypergraph H = (S, €) and any r € Z*, with x(H) > r. Then for
any r-colouring of S, there is a monochromatic member of £. On the other hand, if
X(H) < r, then there is an r-colouring of S with no monochromatic member of £.
Thus, bounds on the chromatic number can be used to find bounds on the numbers

associated with Ramsey-type problems.

Definition 5.4.2. Let H = (S,&) be a hypergraph. A permutation o of S is an
automorphism of H iff for every E € &£, o(E) € €. The group G = aut(H) of
automorphisms of H is transitive iff or each sq, sy € S, there is a o € G such that
o(s1) = sa.

Definition 5.4.3. The hypergraph H is symmetric iff the group aut(H) is transi-

tive.

The Symmetric Hypergraph Theorem can be found in Graham, Rothschild and
Spencer [51, pp. 98-103], however I have been unable to determine its original
source. The Symmetric Hypergraph Theorem, gives a tool for finding upper bounds

on the chromatic number of certain types of hypergraphs. The proof is omitted.
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Theorem 5.4.4 (Symmetric Hypergraph Theorem [51]). Let H = (5, &) be a

symmetric hypergraph with |S| = m and a = a(H). Then,

Inm
X(H) = 1+ —In(1—a/m)

Whenever o < m, the Taylor series for In (1 + z) can be used to show that

In(1—-2)> -2 and hence

m

Inm
<1
x(H) =1+ —In(1 —a/m)
<1+ @lnm
o

- %(lnm)(l +o(1)).

In order to apply Theorem [5.4.4! to the van der Waerden numbers W (3;r), it is
necessary to define an appropriate hypergraph. For each n € Z*, let S,, = [1,n],
let &, be the set of all APs’s in [1,n] and let H,, = (S,,&,) be the corresponding
hypergraph.

Since a(H,) = r3(n) (recall Definition 4.1.1), any lower bound on r3(n) can be
used together with Theorem [5.4.4 to find an upper bound on x(H,,) and from that
a lower bound on the van der Waerden number W (3;r).

Since (Sy, &,) is not a symmetric hypergraph, in order to apply the Symmetric
Hypergraph Theorem, it is necessary to define a new hypergraph. Set Y, = Zs, 1
and & = {{a,a+d,a+2d} : a € Zy,—1 and d < n/2} with addition modulo 2n — 1.

Define the hypergraph H! = (Y,,&). That is, £ is the set of all APs’s in Za, 1
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(with addition modulo 2n—1) that are contained in a block of n consecutive integers.
Therefore, [S,]> N &, = &, and so (S,,&,) is a subhypergraph of (Y,,,£)). Further,
since all of the permutations o; : © — x+i (mod 2n — 1) are automorphisms of H/,,
for any a,b € ZT, there is a 0,_, € aut(H],) with o,_,(a) = b. Therefore, (S, /)
is a symmetric hypergraph.

Since any independent set in (S,,&,) will also be independent in (Y;,,&)), it
follows that «(H!) > a(H,) = r3(n). For any r € Z* and any r-colouring of

Y,, with no monochromatic members of £, will induce a r-colouring of \S,, with no

monochromatic members of &,. Thus, x(H,) < x(H.,).

Theorem 5.4.5 (Graham, Rothschild and Spencer [51]). There is a fixed constant

¢ such that, for r sufficiently large,

W(3;7) > rehor,

Proof. The following proof is due to Spencer [104]. Let ¢’ be such that for n large
enough, r3(n) > ne~¢ V" (Theorem 4.6.1). Fix r € Z* and set n = " where ¢
is a constant small enough so that y/c¢ = 0.9. Then, Inn = Inr¢"" = ¢(Inr)? and

SO

o A _
vVlInn — ne dvelnr 0.9'

rs(n) > ne =nr

By Theorem 15.4.4,

(2n —1)

o) In(2n —1)(1 + o(1))

X(Hn) < x(M,) <
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< 2r%%(Inr)*(1 + o(1))

Yy

2¢(Inr)?

Take r large enough so that 2%3-(1 + o(1)) < 1. In that case, when n = r¢n7,
X(H,) < r. That is, there is an r-colouring of S,, with no monochromatic elements

of &, and hence W (3;7) > n = r¢". O

Repeating the proof of Theorem [5.4.5 with 3 replaced by arbitrary k (and using

c(In n)l/ﬂogz k]

the bound ri(n) > ne” given by Theorem 4.6.2 instead of Theorem
4.6.1) shows that for any k € Z", there is a constant ¢ = ¢/(k) such that for all
r € Z* sufficiently large,

Mogs k1

W(k;r) > e (nm) (5.6)

Although the proof of equation 5.6/ is nearly identical to the proof of Theorem 5.4.5,
this result does not seem to appear in the literature.

Another approach that can be used to find bounds is to use results on the
possible number of hyperedges in uniform hypergraphs with a chromatic number

larger than two.

Lemma 5.4.6 (Schmidt [100]). Let n € Z*, £ C [n]* and H = ([n],€) be such

that for every 2-colouring of [1,n] there is a monochromatic member of £, that is
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x(H) > 2. Then,
2k
> — .
= 142kt

A probabilistic proof of Schmidt’s lemma can be found in [39]. The following

bound is achieved using Lemma 5.4.6.

Theorem 5.4.7 (Erdds and Spencer [39]). For all k£ € Z7,

W(k;2) > 2% VEk— 1(1 — o(1)).

Proof. Let n > W (k;2) and let € be the set of all AP,’s in [1,n]. By Lemma [1.2.3,

n2
€] < s

Since n > W(k;2), for every 2-colouring of [1,n] there is a monochromatic
member of £. Thus, by Schmidt’s lemma (Lemma 5.4.6),

ok n?

— < < — .
= 2(k — 1)

Therefore,

2k+1(k»_]_) kbl

]

Another result by Schmidt [99] showed that there is a constant ¢ > 0 so that for
any integers k and r, W (k;r) > ph—c(klogh)!/? However, this lower bound for the

numbers W (k; r) is smaller than that given by Theorem 5.2.11.
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5.5 Upper bounds

While van der Waerden was able to prove the existence of the numbers W (k;r),
the upper bounds given by his proof grew incredibly quickly. To describe the size

of the bounds, a fast-growing function called an “Ackermann function” is needed.

Definition 5.5.1. For any function f : Z* — Z* and any n € Z, let f™ denote

the composition of f with itself n times. That is, for any x in the domain of f,

F @) = fFC(f@).0).

n times

Define a series of functions on the integers {f; : i € Z*} recursively as follows.

Let f1(k) = 2k and for each 7 > 1, having defined the function f;, let

finn(k) = (1),

2 2

For example, fo(k) = 2%, f3(k) = 92" and for each k > 2, fa(k) = 92
k twos fa(k—1) twos

Finally, define a function f, : ZT — Z* as follows. For each n € Z*, set f,(n) =
fn(n). The function f,, grows incredibly quickly and the original proof of van der
Waerden’s theorem was only able to guarantee that W(k;2) < f, (k). In 1988,
Shelah [102] provided a proof that showed that for some constant ¢, W (k;2) <
fa(ck) (see [51, pp.60-6] for a detailed discussion). According to Shelah, some
mathematicians (for example Solovay, see [102]) attempted to show that in fact

W (k;r) was of the same order of magnitude as the function f,. This was supported
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by the fact that a careful analysis of Furstenberg’s ergodic proof [44] by Girard (see
Shelah [102]) yielded large bounds similar to those from the original inductive proof.

At present, the best known upper bounds come from the density proofs and
bounds on the function r,(n). The following upper bound for the van der Waerden
numbers W (3;r) uses the bound for r3(n) from Theorem [4.2.4/ and comes closest
to the best known lower bound for these van der Waerden numbers. Recall that
Bourgain (Theorem 4.2.4) proved that there is a constant ¢ so that for n sufficiently

Inlnn

large, r3(n) < cn(nn)i/2,

Inn

Corollary 5.5.2 (Bourgain [17]). There is a constant ¢’ so that for r sufficiently
large,

W(3;r) < efm?Inr

Proof. Let ¢ be the constant from Theorem 4.2.4, set ¢ = 4¢c2, let r be large and
dr?Inr

setn=e

Then Inn = ¢r?Inr and when r is large enough, Inlnn = Incd +2Ilnr+Inlnr <

41nr.
Then,
(n) < 41nr 1/2 2c n n
rs(n) < en| ——— = C— = .
3 drilnr N
and hence W (3;7) <n = ecr?Inr O

In fact, Green [52] showed that the constant ¢’ in Corollary 5.5.2 can be taken
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to be 2°0. Theorem 5.4.5 together with Corollary [5.5.2 show that for r sufficiently

large and constants ¢ and ¢, ™" < W (3;7) < <",

For k > 3, Gowers’ upper bound for 7(n) (recall Theorem 4.3.2) gives the best

upper bounds in general for the van der Waerden numbers W (k;r). Recall that

— 272]”'9 c(k) )

Gowers showed that for every k, if ¢(k) , then 74 (n) < n(log,logy,n)~

Corollary 5.5.3 (Gowers [47]). For every r, k € Z™,

k+9
928

W (k;r) < 2%

ok+9

Proof. Set n = 22T2 . Then log,log,n = r

929 g2kt

and so (log,log,n) =
22k+972k+9 . . .
r = r. Thus, for any r-colouring of [1,n], one colour class will contain at

least

= >
(log, logy n)e®) k()

n n
r
elements and hence that colour class contains an AP;. O

The bounds given in Corollaries [5.5.2 and 5.5.3 are based on density results.
Thus, for example, Corollary 5.5.2/ guarantees that for some constant ¢, when n >
e’ 07 for any r-colouring of [1,n], the largest colour class will contain an APs;.
However, since the proofs of both lemmas are based on analytic techniques, they
are not constructive. Although weaker than the bound given in Corollary 5.5.2)
the next bound to come (Theorem [5.5.5), due to Haung and Yang [60], is the best

known constructive upper bound for W (3;r).



CHAPTER 5. VAN DER WAERDEN NUMBERS 102

The following terminology is adapted from Tao [109], but may not be optimal.

Definition 5.5.4. A set F' C Z% is called a fan of t different AP, s iff there are

ai,...,az,dy, ..., dy € Z*T (all d;’s distinct) such that

t
F=J{ai+j d:0<j<k-1}

=1

and either a; = --- = q; or else ay + (k — 1)dy = -+ = a; + (k — 1)d;. That is, F
is a collection of ¢ different AP,’s either all sharing the same beginning point or all
sharing the same endpoint.

For each ¢ € [1,t], the AP;_; in F' formed by removing the common element
from the set {a; +j-d; : 0 < j <k — 1} is called a spoke. Given a colouring A of
F| the fan F is called weakly polychromatic (with respect to A) if all the spokes are
monochromatic but all different colours from each other and strongly polychromatic
if in addition, the common element of all the AP,’s in F is a different colour from

all the spokes.

The following proof closely follows that of Haung and Yang with some slight
alterations. It states that for r > 4, W (3;7) < (4)* although for some small values
of r, this does not seem to follow from their proof. When 7 is large, the bound given

here is smaller than that from the original paper.

Theorem 5.5.5 (Haung and Yang [60]). For each r > 2

wan <3 ()7
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Proof. Fix r € Z" (the number of colours). Recursively define a sequence {R;};_,

by Ry = r and for each t € [1,7], having defined R; 1, let

R, = (R“; 1) Res(r—1). (5.7)

For each t € [0,7], define S; = 1 + 23" R; (where the empty sum is 0). Note
that for each ¢ € [1,7],

St St 1 + 2Rt 1- (58)

The goal of the proof is to first show that W (3;r) < S, and then to find a bound
for S,.

Consider fans of APy’s of the following particular form. For each ¢ € [1,7] let
ai,...,a4dy, ..., d; be any integers such that 1 < ay < a; +d; < Ry + 1 and for

each i € [2,t],0 < a; < a; +d; < R;_1. Define

t -1
F(al,dl;...;at,dt):U{Z (a; + 2d;) (ZCLZ>+] Zd j€{0,1,2}}

v

starting point difference
For each ¢ € [1,t], the endpoint of the ¢ -th AP; in the above union is
-1
(a; + 2d;) +Z“Z+de = Z (a; 4 2d;).
1 =1

1=

Thus F(ay,dy;. .. ;a4 dy) is a fan of t AP3’s where every AP; has the same endpoint
22:1 (a; + 2d;).

Claim 1. Let ¢t € [1,7] and let ay, ..., a4, dy,. .., d; € ZT be such that



CHAPTER 5. VAN DER WAERDEN NUMBERS 104

1§a1<a1+d1§R0+1andf0reachi€ [2,t],0§a1<az+dlng,1 Then

F(ay,dy;. .. ;a,dy) C[1,5].

Proof of Claim 1. Since 1 <ay < a1 +dy < Ry+1, a1 +2dy < 2Ry + 1 and for
each i € [2,t], since 0 < a; < a; +d; < R;_1 it must be that a; +2d; < 2R;_;. Thus,
t t t
D (ai+2di) <2Ro+1+ Y (2Ria) =14 Y 2R, =5,
i=1 =2 i=1

and since Zle (a; + 2d;) is the endpoint of all the ¢ APy’s in F(ay,dy;. .. ;a4 dy),

F(ay,dy;...;a,d) C[1,5]. O

Claim 2. For each t € [1, 1],

(i) for any r-colouring of [1,S;], either there is a monochromatic AP; in [1,S;] or
else there are ay,...,a, dy,...,d; so that F(ay,dy;. .. ;a4 dy) is a strongly
polychromatic fan of t AP3’s, and

(ii) there are at most R; pairs (F, A) where for some ay,...,asdy, ..., d;,

F = F(ay,dy;...;a4,d;) and A is an r-colouring of F' under which F' is strongly

polychromatic.

Before proving Claim 2, observe that it implies that W (3;r) < S, since for any
r-colouring of [1, S,], since there can be no strongly polychromatic fan of any kind
with 7 spokes (this would require r + 1 different colours), by the part (i) of the

claim, there must be a monochromatic APy and so W (3;r) <r.
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Proof of Claim 2. The proof given here proceeds by induction on t, showing
that for each ¢ € [1,7], both (i) and (ii) hold.

Base Case: For t = 1, fix Ay : [1,5;] — [1,7]. Since S; = 2r + 1, by the
pigeonhole principle, there are a;,d; with 1 < a; < a; +d; <r+1 and Ag(ay) =

Ag(a; + dy). Then {ay,a; + di,a1 + 2d,} = F(ay,d;) is either a monochromatic

T—H) _ (R0+1)

AP; or else a strongly polychromatic fan with one spoke. There are ( 5 2

choices for the pair {ay,a; + dy}, r = Ry possible choices for the colour of a; and
a; + di, and r — 1 choices for the colour of a; + 2d;, so that F(ay,d;) is strongly
polychromatic. By equation (5.7) there are at most ("™") Ro(r — 1) = R, different
pairs (F'(ay,dy),A) where A is an r-colouring of the fan F'(ay,d;) which makes the
fan strongly polychromatic.

Inductive step: Fix some ¢ € [1,7 — 1] and suppose that both (i) and (ii)
hold for this ¢. Fix an r-colouring Ay : [1,S;41] — [1,7] and assume that there
are no monochromatic AP;’s in hopes of showing that there must be a strongly
polychromatic fan with ¢ + 1 spokes.

By equation (5.8) Siy1 = 2R, + 5, and so for each £ € [0,2R;], Ao|pte,5,44 is
an r-colouring of an interval of length S; with no monochromatic APs’s and so by
the induction hypothesis, each such colouring produces a strongly polychromatic
fan with ¢ spokes. Since there are only R; pairs (F,A) of a fan F' with ¢ spokes

and an r-colouring A that makes F' strongly polychromatic, there must be integers
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UGp T F (Ges 1+ Gt 1) T F

k+1
Yd; i=1

k
i:zEdi di+ 1 v 1
Figure 5.2: Fans with the same colour pattern
(lt+1,dt+1 with 0 < A1 < Qgy1 + dt+1 < R; and a fan Fy = F(al,dl; . ;Gt,dt) SO

that both fans a; 1 + Fo and (a;41 + diy1) + Fo have the same colour pattern under
Aq and are both strongly polychromatic.
For each ¢ € [1,1],
—1 t+1 -1 t
AO <Z (CLi —+ le) + Z CLi> = AO (Z (CLi + le) -+ Z (CLZ' + dl) + atJrl)
i=1 i=C i=1 i=0

(since a1 + Fy is polychromatic)

-1 ¢
= Ay <Z (a; + 2d;) + Z (ai +d;) + (a1 + dt—i—l))

i=1 =L

(since both fans have the same colour pattern)

and
t t
AO (Z (CLZ' + 2d1) + CLt_H) = A(] <Z (CLi + de) + ((lt+1 + dt+1)>
i=1 i=1
(since the two fans have the same colour pattern).
Therefore, since Fy is strongly polychromatic, F(ay,dq;...;as, di; a1, dir) =

F’ is weakly polychromatic. If the endpoint of F” is the same colour as any of its
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spokes, there would be a monochromatic AP5. Since it was assumed that this does
not happen, F(ay,ds;...;as, di; a1, diyq) must be strongly polychromatic.

As in the base case, for any strongly polychromatic fan F'(ai,ds;...;as, dy),
there are at most (Rt; 1) possible choices for the pair {a;11, ;11 + diy1} so that
0 < apyq1 < age1 + diry < Ry and (r — t) choices for the colour of the endpoint
of Fay,dy;...;a4,dg; agyr,diyq) so that the new fan is also strongly polychromatic.
Therefore, there are at most (Rt; 1) Ri(r —t) = Ri41 (by equation (5.7)) different
pairs (F(ay,dy;...;a441,dig1), A) where the fan is strongly polychromatic under
A. O

Thus the claim holds and by the remark immediately following the claim, for
any r € Z*, W(3;r) < S,.

The following recursive bound on the sequence {R;}!_, is useful for finding a

bound on the number S, in terms of r. For any ¢ € [1,r],

2R, = 2(Ri12+1>Ril(r—i)
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Therefore,
r—1
Sr =1+2 Z Rl
=0
r—1
=1+2r+ Z 2R; (since Ry =)
i=1
r—1
<1+2r+ Z R} v (by eq'n (5.9))
i=1
r—2
= 1+2r+r3-r+ZR?r
i=1
r—2 3
R r
<1 2 3+1 i—1
+2r+r +; — )
341 R A 3t
=1+2r+r +—23 +2Ri o5
i=1
3243+1 123 /3 3% 341
341, I ST r
<hrarer +T+i:1 ( 2 ) 93
324+3+1 334324341 T4 324311
— 341, I r 33 T
=142+ JFZRHW
i=1
A3+l 343434 P32 4341
<142r + 7% 4 53 + 2573 4+ 5 s
pB-D/2 p32-D/2 R332 P(37=1)/2
=1t Smmr tomee tomer T Y aman
5 p(B37-1)/2
< 493 1-3)/2 (for r > 2)

_5(r>3r2‘1
S 21\2 '
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Chapter 6

Discrepancy theory

6.1 Preliminaries

Van der Waerden’s theorem (Theorem 3.1.1) shows that for any k € ZT, there is an
n € Z* so that every 2-colouring of [1, n] produces a monochromatic AP;,. However,
considering the known bounds on the van der Waerden numbers (Chapter ), it is
possible that n might be very large compared to k. Fixing an integer n and looking
at the collection of all arithmetic progressions in [1,n], is it possible to guarantee
that for every 2-colouring of [1,n|, there is at least one arithmetic progression with
many more elements of one colour than the other? Conversely, is it possible to
find a 2-colouring of [1, n] such that, for every arithmetic progression, the difference

between the number of elements of each colour is relatively small?

109
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Discrepancy theory is the study of this type of problem for arbitrary set systems.
It will be useful to develop some general theory before turning specifically to the
problem with regard to arithmetic progressions. Let S be a finite set, H C P(S5)
and H = (S,H) (often simply referred to by H). Is it possible to find a partition of
S that splits each member of H as equally as possible? Discrepancy theory seeks
to measure how equally the “best” partition splits the members of H.

For the purposes of discrepancy theory, bi-partitions (2-colourings) of S will be
denoted by colouring functions A : S — {—1,1}. The choice of image {—1,1}
has the main advantage that if A € H, then | > _, A(x)| is exactly the difference

between the number of elements of A in each partition set A7'(1) and A™!(—1).

Definition 6.1.1. Let S be a finite set and H C P(S). The discrepancy of H is

}_

Though it may be difficult to exactly calculate the discrepancy of a given set

defined to be

> Ax)

€A

PO = sy {mH
system, it is often possible to find upper and lower bounds. Unraveling the definition
of discrepancy gives the following meanings to upper and lower bounds. Given a
set S and H C P(S), if U € R is such that D(H) < U, then there is a 2-colouring
of S where each A € H is split with no more than U elements more in one colour
class than in the other. On the other hand, if L € R is such that D(H) > L, then

for every 2-colouring of S, there is at least one A € H where there are at least L
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elements of A more in one colour class than in the other.
A different measure of discrepancy defined in a similar fashion can also be useful.

Definition 6.1.2. Let S be a finite set and H C P(S). The ly-discrepancy of H is

1/2

200 o, § (S (S a0)

AeH \z€A
Other forms of discrepancy such as hereditary discrepancy, linear discrepancy
and weighted discrepancy can be found for example in [8, 21]. The following stan-

dard inequality appears in the same survey article.

Lemma 6.1.3. Let (S,H) be a finite hypergraph. Then

Dy(H)

VIH

Proof. For the lower bound, let A : S — {—1,1} be any 2-colouring. Then

> (Z A(@)z =3 > Aw

< D(H) < Dy(H).

2

AeH \z€A AeH |z€A
2
< max E A(x)
Ae
AeH z€A
2
< |H| | max E A(x)
en
€A

Z A(x)

z€A

2
= max .
AcH
AeH

/
Therefore, <ZA€H (Xoen A(x))2> v < V/|H|maxaey |>,c4 A(x)| and taking the

minimum over all 2-colourings gives Do(H) < +/|H|D(H).
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For the upper bound, again let A : S — {—1,1} be any 2-colouring. Then,

2
max = Imax
AeH AeH

<2

AeH

2

> A)

z€A

> Al)

T€EA

Z Alx)

z€A

1/2
Therefore, max acp | ,c4 A2)] < (ZAeH (> ca A(x)]Q) and thus, taking the

minimum over all 2-colourings, D(H) < Dy(H). O

6.2 Lower bounds

One way to obtain bounds on the discrepancy of a hypergraph is to consider the
incidence matrix of the hypergraph and turn to matrix theory to answer questions
on discrepancy.

Recall that if S = [1,n] and H = {A4, ..., A} C P(S), then the m xn incidence
matrix, M = (M;j)mxn, for (S, H) is defined by

mij =

0, otherwise.

For any real-valued matrix B with real eigenvalues, let Ay, (B) be the minimum

eigenvalue of B. The following theorem, stated without proof, provides a connection
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between discrepancy and eigenvalues. (The result is attributed to Lovasz and Sés

in [§8].)

Theorem 6.2.1 (Lovdsz and Sés). Let (S,H) be a hypergraph with |H| = m
and |S| = n and let M be the incidence matrix for the hypergraph (S,H). Then

Dy(H) > (NAmin(MTM))1/2,

For each n € ZT, set S, = [1,n] and let H,, be the collection of all arithmetic
progressions in [1,n]. In 1964, Roth [95] proved that there is a positive constant ¢
so that D(H,,) > en'/*. According to Promel and Voigt [85], the constant ¢ can be
taken to be 1/60. Roth’s proof used analytic techniques and later, another proof was
given that made use of matrix theory. (The following version of the proof appears
in a survey article by Beck and Sés [§] and I have been unable to ascertain its origin

though it may be due to Lovész.)

Theorem 6.2.2 (Roth [95]). For n sufficiently large, D(H,,) > s-n'/*.

Proof. Fixn € Z" and set k = [\/n/6]. Let H be the hypergraph consisting of the

collection of all k-subsets of [1,n] of the form
Ala,d) ={a+td (modn):a€[l,n], 0<t<k—1andd<6k}.

Then, |H| < n-6k. For any a € [1,n] and d < 6k, the arithmetic progression

A(a,d) spans at most 6k% < n elements. Therefore, A(a,d) is the union of at most
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2 proper arithmetic progressions (with the usual addition). If A; and A, are two

disjoint arithmetic progressions with A(a,d) = A; U A,, then

max {

and thus D(H,,) > 1D(H).

> A

TE€A

> Ax)

TE€As

bl

N | —

}2 > Ax) (6.1)
z€A(a,d)

Let M = (mg) ) xn be the incidence matrix for (S,,H). Recall that any matrix
B = (bst)nxn is circulant iff for each s,t € [1,n], bsy = bst1,441, where the addition
of indices is taken modulo n. If M = [¢; ¢ -+ ¢,] (where the ¢;’s are all column
vectors), then the (s, t)-th entry of the matrix MM is ¢! - ¢;. The column vector
cs11 can be obtained from ¢, by permuting the rows of the matrix M, moving the
row corresponding to the arithmetic progression A(a,d) to the row corresponding
to A(a+1,d). Thus, if s,t € [1,n] then ¢! - ¢; = €L, - ¢;41 and so the (s, t)-th entry
of MTM is equal to its (s + 1,¢ + 1)-th entry. Thus MM is circulant and there

are by, ...,b, such that

by by ... by,

MTM =

by bs ... b
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When w is any n-th root of unity,

w b1 b2 bn w
T w2 bn bl bn—l w2
M* M =
wt=1 b2 bg b1 w"
Z;'L:1 bjw’

noop ol
Zj:l bjw

nop it
Zj:l bjw

n
— -1
= E bjw
j=1

wn

T

20)”] is

Thus A, = Y7, bjw’ ™" is an eigenvalue for M"M and w = [w w
a corresponding eigenvector. Since there are exactly n such n-th roots of unity,
all eigenvalues of M"M must be of the form A, = 37", bjw’~'. A lower bound for
Amin(MT M) can be obtained by finding a lower bound for an arbitrary eigenvalue
A,. For any complex valued matrix B = (b; ;) denote by B* = (b; ;) the conjugate

transpose of B.

Since M is a real-valued matrix, M7 = M*. Thus \yw = M Mw = M*Mw
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and so

(since my = 1 iff t € Aj)

:% MY W (6.2)

a=1 \ d=1 |jeA(a,d)

Let A= A(a,d) € Hand z € [1,n]. If A" = A(a + z,d), then

5| [ 1| =[]
jEA jeA jeA jeA
Thus, for any d, if a € [1,n], then |35, 40w’ = |3 cama «’| and continuing
from equation (6.2) above,
2
O '
S S PO
d=1 |jeA(n,d)
6k |k—1 2
S [S e
d=1 | j=0
6k |k—1 2
= ijd (since w" =1). (6.3)
d=1 | j=1
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0 6k

Consider the complex numbers w° w!, ..., w For any complex number z,
Arg(z) € [0,27), and so by the pigeonhole principle, there are d; and dy with
0 < dy < dy < 6k such that |Arg(w™) — Arg(w™®)| < 28 = .. Set dy = dy — do.
Then, 1 < dy < 6k and |Arg(w™)| = |Arg(w™) — Arg(w®)| < &. Therefore, if
j € [0,k —1], then §-j < ¥ and hence the real part of w™ satisfies R(wi®) > 1.

Combining this with equation (6.3)) gives,
k—1 2 k—1
> > n(X)
=0 =0

Since w was arbitrary, Ay (M (i ) > %2. This bound together with Theorem

2

>

k
Aw =

]7 g
=0

J

6.2.1 can be used to find a lower bound for D(H).

D(H) > :‘I_H’DQ(H) (by Lemma [6.1.3))
> \/%[n)\mm(MTM)]I/Q (by Theorem 6.2.1)
B [n .nﬁkAmi“(MTM)] "
> (5 %)/ (by eq'n (6)
1/2
-3
> (@41)1/2 (since k = [/f6))
Y " "
- 24/6
> nl/‘li (for n > 36).
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Finally, since D(H,,) > 3D(H), by eq'n (6.1),

D(H) > Lo, O

1
D(H,) > 3 50

6.3 Upper bounds

Erdés [33] (in Hungarian) showed that D(H,) < 10n'/2. (The proof appears in
English in [39, §8].) Using an extension of Erdds’s method, Spencer [103] improved
this bound, showing that D(H,) < 1004/ Tt was conjectured (see [39, p.
39]) that if € > 0, then for n sufficiently large, D(H,,) > nz~=. This was shown
to be false by Sarkézy and Montgomery (see [38, p. 39] and [38, Problem 10])
who showed that there is a constant ¢ so that D(H,) < en'/3(Inn)?3. The focus
of this section is to present Beck’s proof [6] that there is a constant ¢ so that for n

sufficiently large, D(H,,) < 'n*/*(Inn)>/2.

Definition 6.3.1. For any hypergraph (S, H) the mazimum degree of ‘H is defined

to be maxdeg(H) = max,es |[{A € H: 2z € A}|.

The following theorem, stated without proof, provides a connection between

discrepancy and the maximum degree of a hypergraph H.

Theorem 6.3.2 (Beck-Fiala [7]). Let H be a finite hypergraph. Then

D(H) < maxdeg(H).
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The following theorem can be used to find an upper bound for the discrepancy of
arithmetic progressions and provides a more complicated link between discrepancy
and degree. Essentially, it says that if the hypergraph contains large hyperedges

that are relatively spread out, then the discrepancy will be small.

Theorem 6.3.3 (Beck [6]). Let (S,H) be a finite hypergraph and ¢ € R be such

that maxdeg({A € H : |A| > t}) < t. Then there is a positive constant ¢ so that
D(H) < ct*?(In |H|)?1n |S|.

Beck and Sés [8] provide a more general version of this result that gives bounds
on D(H) if maxdeg({A € H : |A| > m}) < t. The proof of the next theorem, which
uses only the symmetric case, shows that Roth’s bound is nearly sharp. Throughout
(as before), for each n € Z*, set S, = [1,n] and let H,, be the collection of all

arithmetic progressions in [1, n].

Theorem 6.3.4 (Beck [6]). There is a constant ¢ > 0 so that for each n € Z*

sufficiently large, D(H,,) < en/*(Inn)>/2,

Proof. For a,d € Z* and i < j set AP(a,d,i,j) = {a+zd : i < x < j}, the
arithmetic progression with difference d, beginning at a+id and ending with a+ jd.

Call an arithmetic progression A elementary if there are integers d > 1,1 < b <

d,i>0,and s > 0 with

A= AP(b,d,i2°, (i + 1)2° — 1).
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Let H! be the family of all elementary arithmetic progressions in [1,n]. For any
arithmetic progression A = {a+d,...,a+ kd} C[1,n],let py > 0and 1 <b < d
be such that a = b+ p1d and set p, = k + p;. Set Ay = AP(b,d,0,p;) and

Ay = AP(b,d,0,ps). Then A = Ay\A; and for any 2-colouring A : S, — {—1,1},

S A@)| =D A) - Y Al
T€EA €A T€EA
<D OA@)|+]D] Ax)
€A r€A]
< 2ig{1%>2<} QCGZAiA(:U) . (6.5)

For each i € {1,2}, if s(i,1) > s(4,2) > --- > s(i,¢;) are such that p; + 1 =

Zﬁ;l 25(07) then A; = Uf;l AP(b,d, tii 2s(1d), 225(14) — 1), a union of elementary
j= j=

arithmetic progressions. Since p; + 1 > 2% — 1, the arithmetic progression A, is the

disjoint union of no more than ¢; < log, (p; + 2) < logyn + 1 < 2log, n elementary

arithmetic progressions. If {B;;}71%2™ C ‘H? are such that 4; = [J*/%" B;;, then

j=1 j=1

for any 2-colouring A : S,, — {—1,1},

logy n
A< ) Aw)
z€EA; j=1 |z€B; ;
< 210g2nlgjn%%)}§2n ;vA(x) : (6.6)

Thus, combining equations (6.5) and (6.6), D(H) < 4logy,n D(HY). Also, H: is
contained in the family of all arithmetic progressions in [1,n] whose lengths are a

power of 2. By Lemma [1.2.3 for any n,k > 1, the number of AP;’s in [1,n] is no
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2
more than 2("— Thus, for some constant c,

k—1)

logo n

HY | <n+ Z 2(kn—i1) < cn? (6.7)
k=2
In order to use Theorem 6.3.3 to find an upper bound for D(H?) it is necessary
to find a bound for the maximum degree of certain sub-collections of H,: For any
m € 7T,
maxdeg({A € H}, : |A| > m})

= max [{A € H, :|A| > m and z € A}

z€[1,n]
<max Y Y |{s:2°=m, (b+(2° = 1)d) < n}
z€(1,n] lgdégl;_ll 1<b<d

b=z mod d

n—>b+d
< - ") -
< xgﬁ?ﬁ}i} g E (log2 ( y ) log, m + 1)

1<d< =L 1<b<d
— —m=1 p=gz mod d

< Jnax Z Z d log, (%) (for some constant ')

1Sd<";11 1<b<d

—m=1 p=z mod d
/
= E c logy, —
d
1<d< 2=
n
/
= c log, —
md
1SdSL—1

Now, by Stirling’s formula that n! ~ (2) v/2mn (see [25, pp.361-4]),

(2t (=) () (o
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(2=1)
S (YT e
m—1

< (for some constant c*). (6.9)

Taking m = v/c*n in the above, and combining equations (6.8) and (6.9)

*

maxdeg({A € H* : |A| > Vern}) < ‘T _ e

ﬁ
*
3

Therefore, by applying Theorem 16.3.3,

D(H:) < e(c*n)Y*(nH:)Y? Inn
< c(c'n)Y*(Indn*)V?Inn (by eq’n (6.7))

< "'n4(Inn)3/? (for some constant ¢).
By the remark at the beginning of the proof,

D(H,) < 4log,n D(H})

< en'4(Inn)>/? (for some constant c). O

It has since been shown by Matousek and Spencer [82] that in fact Roth’s

original bound is sharp up to the constant.
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Theorem 6.3.5 (Matousek and Spencer [82]). There is a constant ¢ so that for n

sufficiently large D(H,,) < cn'/4.

The results of Roth and Beck on discrepancy of arithmetic progressions have

been extended by Valké [111] to generalizations of arithmetic progressions in (ZT)<.

Definition 6.3.6. For each n,d € Z™", set
Hpa={{a+ib:0<i<k—1}:a,bc[l,n]*and k > 1}.

In the case d = 1, H,1 = H,, the hypergraph given by the collection of all

arithmetic progressions in the interval [1, n].

Theorem 6.3.7 (Valké [111]). For each d € Z™, there are constants ¢y, ¢o (depend-

ing on d) so that for sufficiently large n € Z* |
e < D(Hya) < cgn#ﬂr?(lnn)f’/z.

The proof of this theorem, which is omitted here, relies on extending the tech-
niques of Roth’s proof [95] of Theorem [6.2.2/ for the lower bound and the techniques
of Beck’s proof [6] of Theorem [6.3.4] for the upper bound. When d = 1, Theorem

6.3.7 gives (up to the constant) both Theorem 6.2.2] and Theorem 6.3.4.



Chapter 7

Hales-Jewett theorem

7.1 Definitions

The Hales-Jewett theorem is a purely combinatorial generalization of van der Waer-
den’s theorem. The Hales-Jewett theorem examines problems related to a general-
ized version of the game Tic-Tac-Toe and guarantees that for any integer k, there is
an n so that for every 2-colouring of the set [1, k]", there will be a monochromatic
set of k elements all in a line. Associating n-tuples with integers either by adding
all the coordinates or by treating coordinates as a base decomposition, these lines of
k n-tuples can be associated with arithmetic progressions of length k. If arithmetic
structures are not of concern, there is no need for the underlying set to be [1, k]™

and the problem can be stated purely combinatorially for any finite set A, colouring

124
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A". Before this can be done, some notation and definitions are necessary.
Throughout, let A be a finite set, called an alphabet. It will be convenient to let

A" be interchangeably both the set of n-tuples over A and the set of all functions
{f:[1,n] — A}.
Definition 7.1.1. Let m < n € Z" and A, Ay, ..., A, be distinct symbols not
in A called parameters. A function f : [1,n] — (AU {A,...,An}) is called an
m-parameter word of length n over A iff for each 1 <i < j < m, f~1(\;) # 0 and
min f~1(\;) < min f71())).

The second condition is to ensure that the first occurrences of each parameter
appear in increasing order, but it is for the most part unnecessary.

For any m,n € Z%, the set of all m-parameter words of length n over A is
denoted by [A] (YZ) Note that the elements of A™ can be considered 0-parameter
words and so A" = [A]({).

Definition 7.1.2. Given f € [A](") and g € [A](7}), the composition of f and g,

foge[A](}), is defined as follows. For each i € [1,n],

f(@), if f(i) € A
fog(i)

g(j), if for some 1 < j <m, f(i) = \,;.

Definition 7.1.3. A subset M C A™ is a combinatorial m-space iff there is an
f e [A](") such that M = fo A™ = {fo(ar,...,am) : (a1,...,a,) € A™}. A

combinatorial 1-space is called a combinatorial line.
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For example, if A = {0, 1}, consider the 2-parameter word f = (A1, A2,0, ;) €

[A4](3). The corresponding combinatorial 2-space is
foA*={(0,0,0,0),(1,0,0,1),(0,1,0,0),(1,1,0,1)}.

The notion of a combinatorial space is not the same concept as an affine space.
For example, in {0, 1,2}?, while {(0,0),(1,1),(2,2)} is a combinatorial line corre-
sponding to the 1-parameter word (A1, A1), the set {(0,2),(1,1),(2,0)} is not, even
though its elements satisfy the linear equation y = 2 — x over Z,.

It is now possible to state the Hales-Jewett theorem precisely in terms of com-

binatorial m-spaces. The proof is deferred until Section [7.3.

Theorem 7.1.4 (Hales, Jewett [58]). Let A be an alphabet and let m, r be positive
integers. There exists a positive integer n = HJ(|A|,m;r) such that for every

r-colouring, A : A™ — [1,r], there is a monochromatic combinatorial m-space in

A",

Definition 7.1.5. Given f € [A](") and g € [A] (f;), the concatenation of f and g,

g€ [4] (::é) is defined as follows:

f(@), if 1 <i<mn;

fg(i) = g(i—n), ifi>nand g(i —n) € A;

Ajtm ifi >mnand g(i —n) = ;.
\
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In other words, the n-tuple associated with f and the /-tuple associated with g are
concatenated as usual, but the parameters in g are renamed to ensure that they are

different from the parameters in f.

7.2 Shelah Cube Lemma

The Shelah Cube Lemma is a tool that can be used to show that the functions
HJ(t,m;r), associated with the Hales-Jewett theorem, and W (k;r), the van der
Waerden numbers, are primitive recursive (as described in Chapter 5)). Recall that

[n)? denotes the set of all 2-element subsets of [1,n] = {1,...n}. (See also [34].)

Theorem 7.2.1 (Shelah [102]). For all integers m and r, there is a least integer

n = Sh(m;r) such that, for any sequence of m r-colourings (1 <i < m):

A [n)?x - x P xnx [n)> x - x [n)? = [1,7]
-1 m—i
there are m pairs a1 < by, as < by, ..., a, < b, where for each ¢ € [1,m], {a;,b;} €

[n]? and
A;({ar, b1}, .o {aimr, b} a {aivr, biva by oo {@m, bin )
=A;({a,b1}, .. {ai—1,0i-1}, bis {aiv1, bica}, - o {am, b })-
Proof. The proof proceeds by induction on m.

Base Case: If m = 1, then Sh(1;7) =r+ 1, for if Ay : [1,7 + 1] — [1,r], then by

the pigeonhole principle, there is a pair a; < by < n such that Aj(a;) = Aq(by).
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Inductive Step: Suppose that for some k > 1, Sh(k;r) exists.

n\k
Set n = Sh(k;r) and N =1+ r(2) , then it can be shown that Sh(k + 1;7) < N.

For i € [1,k + 1], let

be any r-colourings.

ok
Consider the induced colouring, A;c b N— r(3)" defined by

A;Hl(x) = H {Ak-i-l({xl;yl}v'"7{xk;yk}7x>}'

21 <Y1 <N,y <yp<n
That is, each colour is an (g) k—tuple with entries from [1,7]. By the pigeonhole
principle, since N = 1 + r(g)k, there are two elements apy; < bgy1 < N such
that A;Hl(akﬂ) = A} 1(bkt1). That is, for all o1 < y1 < n,..., 2 < yp < n,

Ak+1({$17 yl}a SRR {mlm yk}a @kJrl) = Ak+1<{x17 y1}7 R {l’k, yk}? bk+1>'

For each i € [1, k], define an induced r-colouring,

as follows

A;({xhyl}? ey Ly, {xk’ayk‘})

= Ai({xlyyl}v ey Ty, {xk’ayk’}v {ak—l—labk—f—l})-
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By the induction hypothesis, since n = Sh(k;r), there are k pairs of integers a; <

by <m,...,a < by < n such that for each i € [1, k],

A;({al,bl}, ey Oy {CLk, bk}) = A;({al,bl}, ey bi7 ey {O,k,bk})

and hence

Ai({al,bl}, R 0 R {ak+1,bk+1}) = Ai({al,bl}, Ce ,bi, N {ak+1,bk+1}).

Finally, by the choice of a; and by,

Ak—l—l({ala bl}a ) {akh bk}a a’k-i—l) = Ak—}—l({ala bl}a R {aka bk’}a bk-l—l)-

Therefore, Sh(k + 1;7) < N and so by induction, for all m,r € Z*, the number

Sh(m;r) exists. O

7.3 Proof of the Hales-Jewett theorem

The original proof of the Hales-Jewett theorem used a double induction. In this
section, a proof of the Hales-Jewett theorem is given that uses only a single induction

and the Shelah cube lemma (see [84] for a simple write-up of the proof).

Theorem [7.1.4 (Hales, Jewett [58]). Let A be an alphabet and let m, r be positive
integers. There exists a positive integer n = HJ(]A|,m;r) such that for every

r-colouring, A : A™ — [1,r], there is a monochromatic combinatorial m-space in

A"
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Proof. Fix r € Z*. First it is shown, by induction on ¢, that for all ¢ > 1, the

number HJ(t,1;7) exists.
Base Case: For any integer r, HJ(1,1;r) = 1.

Inductive Step: Suppose that for some ¢t > 1, HJ(t,1,r) exists. Set
m = HJ(t,1;7) and n = Sh(m;r®*Y™). Then it can be shown that

HJ({t+1,1;r) < mn.

Let A be an alphabet with |A| = ¢ + 1 and let A : A™ — [1,r] be any r-
colouring. Fix two elements ¢,d € A, let B = A\{d}. For each i € [0,n — 1], define

hi:(C,...,C,d,...,d),
—— ——
i times  (n—i) times

and for each 0 <17 < j < n — 1, define a 1-parameter word,

gi’j:(C,...,C,)\l,...)\l,d,...,d).
—_—— —— ——

¢ times j—t times n—j times

Note that g; joc = h; and g; jod = h;. For each i € [1,m], define an r-colouring

A :\[n]2 X oo x [n)?xn x [n]? x - x [n]? — [1,T‘A|m]

J/ (.

Vo Vo
i times m—1—q times

as follows. For each sequence of pairs 1 < y1,...,Tm < Ym < n, and x < n, set

Ai({xlﬁ yl}? ety {$i_1, yi—1}7 x, {$i+17 yi-‘rl}a BRI {$m7 ym})

- H {A<g$1,y1 © (al)A e Agﬂcz’—l,yi—l © (ai—l)

(a1y.eeym ) EA™
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Aha:/\gwi+17yi+1 © (ai-i-l)/\ T Agl"nuym © (am))}

By Theorem [7.2.1 and the choice of n = Sh(m;r*D™) there are m pairs

a; < by,...,a, < b, <nsuch that for each i € [1,m],

Ai<{a1, bl}, ) N {am, bm}) = Ai({al, bl}, ey bi, ey {am, bm})
That is, for each i € [1,m] and all (ay,...,q,) € A™,
A(gal,bl © (Oél)/\ U Ahai/\ U Agamabm © (Oém>)
= A(Garby © (1) The, " T Gag b © () (7.1)

Consider the m-parameter word ¢ = ga, b, -+ Gam.bn- Recall that B = A\{d}

and consider the r-colouring A* : B™ — [1,r] defined by,
A" (g, .. o) = A(go (g, ..., am)).

By the choice of m = HJ(t,1;r) and since |B| = t, there is a combinatorial line
h € [B](7) in B™ that is monochromatic with respect to A*. That is, go h is a
combinatorial line in A™" for which g o ho[B] is monochromatic with respect to A.
To see that A(goho(d)) = A(goho(c)), note that if for some i € [1,m], a; = d,

then

A(go(ay,...,d, ..., am))
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= A(Gar by 0 (1) " Gagb; © () " Gap b © ()
= A(Gar oy © (1) Tha, " T G b © ()
= A(Gay by 0 (1) Thy, T Gag b © () (by eq'n (7.1))
= A(Gar b © (1) " Gaib © (€))7 Gam b © ()
=A(go(ag,....,c,...,an))
Thus, g o h is monochromatic in A™". Therefore, by induction, for all ¢,r € Z*, the
number HJ(t,1;7) exists.
Finally, it can be shown that for all ¢, m,r, HJ(t,m;r) < m - HJ({™, 1;r)
and hence HJ(t,m;r) exists. To see this, let A be a set with |A| = t and set

n=HJ(t™, 1,7). The elements of (A™)" correspond to A™™ by
(alv <o >amn) = ((ah <. 7am)7 R (&m(n—l)—l—la e 7amn))
and a combinatorial line in (A™)™ corresponds to a combinatorial m-space in A™".

O

The following are two generalizations of the Hales-Jewett theorem, stated with-
out proof. The first, known as the Graham-Rothschild theorem gives a result compa-
rable to the Hales-Jewett theorem where the objects coloured are the combinatorial

k-spaces of A" rather than the points of the set A”.

Theorem 7.3.1 (Graham and Rothschild [49]). Given positive integers m, k,r € Z*

and a finite set A, there is a least integer n = GR(|A|, k, m;r) such that for every
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r-colouring A : [A](}) — [1,7], there is an f € [A](") such that the set f o [A](7)

is monochromatic.

The next theorem brings this result from the realm of combinatorial spaces
to that of vector spaces. The following theorem shows that the statement of the
Graham-Rothschild theorem still holds if combinatorial spaces are replaced with

vector spaces and subspaces.

Theorem 7.3.2 (Graham, Leeb and Rothschild [48]). Let F' be any finite field with
|F| = q. For all k,¢,r € Z*, there is an N such that for all n > N, the following
holds. For any n-dimensional vector space V' over F', if the k-dimensional subspaces
of V' are r-coloured, then there exists an ¢-dimensional subspace of V' all of whose

k-dimensional subspaces have the same colour.

7.4 Homothetic copies

By relating numbers to n-tuples, other Ramsey-type theorems can be seen as con-

sequences of the Hales-Jewett theorem. The first is van der Waerden’s theorem.

Corollary 7.4.1 (Hales and Jewett [58]). For any k,r € Z*, the van der Waerden

number W (k;r) satisfies W (k;r) < (k —1)HJ(k,1;7) + 1.

Proof. Fix k,r € ZT. Set A=1[0,k—1],n = HJ(k,1;r) and let A : [0,n(k—1)] —

[1,7] be any r-colouring,.
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Define an r-colouring of A™ by A*(ay,...,a,) = A(D ", a;). By the choice of

n

1) so that f o A is monochromatic under

n, there is a combinatorial line f € [A](

A*. Let M ={i € [l,n]: f(i) = A1}, then for each = € [0,k — 1],

vigon=a( X 50+

i€[1,n]\M €M
:A( > f(z‘)+|M\x>.
i€[1,n]\M

Therefore, the APy starting at » ., .\ /() with difference [M] is monochromatic

under A. O]

Using the Hales-Jewett numbers H.J(k, m;r) a similar proof also shows that for
every k,m,r € Z", there is an n € Z* so that for every r-colouring of [1,n], there
is a monochromatic m-fold arithmetic progression of length k.

Van der Waerden’s theorem can be phrased in terms of what are called “ho-
mothetic copies” of a set of integers: simply a scaled and translated copy of the

set.

Definition 7.4.2. Given a set V' C R", for any a € R" and d € R\{0}, the set

a+dV ={a+dv:v e V}isa homothetic copy of V.

Corollary 7.4.3. For every finite set S, r € Z* and any r-colouring of Z*, there

exist a,d € Z* so that the set a + dS is monochromatic.

Proof. Let A : ZT — [1,r] be any r-colouring and set k& = maxS. By van der
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Waerden’s theorem, there are a,d € Z™ so that
{a,a+d,...;a+kd} =a+d-[L,k]Da+d-S

is monochromatic. O

The following theorem due to Gallai (see Rado [89]) and Witt [119] provides an
extension of this result to any dimension. The following proof is not the original,

but uses the Hales-Jewett theorem and can be found in [58].

Theorem 7.4.4 (Gallai-Witt [89], [119]). Let V' C R™ be a finite set and r € Z*.

For every r-colouring of R™ there is a monochromatic homothetic copy of V.

Proof. Fix r € Z*, set |V| =t and N = HJ(t,1;7). Let A : R™ — [1,r] be any
r-colouring.

Define an r-colouring of V¥ by A*(ay,...,a,) = A, a;). By the choice
of N, there is an f € [V](Y) so that f oV is monochromatic under A*. Let

1

M = {ie[l,n]: f(i) = A}, then for each v € V,

A*(fov):A( > f(i)+2v)

i€[l,n]\M ieM
:A( > f(z‘)+|M\v).
i€[1,n]\M

Therefore, the set >,y 1\ (1) + [M]V is a monochromatic homothetic copy of

V. O
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Taking V' = [0, k — 1] in the Gallai-Witt theorem gives exactly the statement of

van der Waerden’s theorem.



Chapter 8

Ultrafilters

8.1 Ramsey ultrafilters

The topic of ultrafilters may seem far afield from Ramsey theory, but there are
numerous connections. It is possible to show that every Ramsey-type theorem
corresponds to the existence of a particular ultrafilter (Theorem 8.1.6 to come)
and there are proofs using ultrafilters of a number of Ramsey-type theorems. In
particular, there is a proof of van der Waerden’s theorem that uses ultrafilters,
the presentation of which is the goal of this chapter. The lemmas presented in
this section are standard results on filters and ultrafilters that can be found in any
reference on the subject (for example [70]). Other references on ultrafilters and

Ramsey theory can be found for example in [5].

137
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Definition 8.1.1. Given a set X, a non-empty collection p C P(X) is called a filter
on X iff it satisfies the following three conditions:
) 0¢p;
(i) A,Bep= ANB e p (pis closed under intersection) and
(ili) Aepand AC BC X = B € p (pis upward closed).
A filter p on X is defined to be an wultrafilter if in addition, for every A C X,

either A € p or X\ A € p.

Definition 8.1.2. Let X be any set and a € X. The collection p, = {A C X :
a € A} is an ultrafilter and is called the principal ultrafilter at a. Similarly, for any

non-empty set B C X, the collection {A C X : B C A} is a filter.

Lemma 8.1.3. A filter p is an ultrafilter iff p is a maximal filter.

Proof. Let p be an ultrafilter on X and let ¢ € P(X) with p C ¢. Let A € ¢\p,
then since p is an ultrafilter, X\ A € p C ¢. Therefore, ) = AN (X\A) € ¢ and so
q is not a filter. Thus, p is a maximal filter.

Let p be a filter and suppose that it is maximal. Fix A ¢ p and consider the

collection

g=pU{B C X :for some Pe€p, PN(X\A) C Bor (X\A) C B}.

The collection ¢ is upward closed and closed under intersections. If () € ¢ then for

some P € p, PN(X\A) = 0. If so, then P C A and so A € p contrary to the initial
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assumption. Therefore, ) ¢ ¢ and ¢ is a filter and since p is maximal, p = ¢ and in

particular, X\ A € p and so p is an ultrafilter. O]

In some sources (for example [42]), the definition of an ultrafilter is given as a
maximal filter and the condition that for all A C X, either A € p or (X\A) € p is
given as a consequence of the definition.

For any filter p, the properties (i) and (ii) show that if A, B C X, then ANB € p
iff A € pand B € p. If in addition p is an ultrafilter, something comparable is also

true for AU B.

Lemma 8.1.4. Let u be an ultrafilter on X. Let A, B C X be such that AUB € u,

then either A € wor B € w.

Proof. Suppose that A ¢ u. Then since u is an ultrafilter, X\ A € u and hence
(AUB)N (X\A) € u. Since u is upward closed and B O (AU B) N (X\A), then

also B € u. Thus either A € w or B € . O

Applying this lemma inductively shows that if u is an ultrafilter, given any set
Ay, Ay, A € X with | A; € u, then there is an ig € [1,r] such that A;, € u.
i=1

In particular, since every ultrafilter contains X, for any ultrafilter u and any r-

colouring of X, u contains one of the colour classes.

Lemma 8.1.5. Assuming the Axiom of Choice, every filter is contained in an

ultrafilter.
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Proof. The proof uses Zorn’s Lemma. Let p be a filter and consider the collection
F ={q C P(X) : qis afilter and p C ¢}, partially ordered by inclusion. Then,
F # 0 since p € F. Let C be any chain in F and let ¢g = UC. For each ¢ € C, p C ¢
and so p C qo. In order to show that ¢y € F, it remains to show that qq is a filter.
(i) For each ¢ € C, () ¢ g and hence () ¢ qp.
(i) If A, B € qo then there are filters g4, qp € C with A € g4 and B € gp. Since C
is linearly ordered, without loss of generality g4 C gqg. Thus A, B € gg and since
gp is a filter, AN B € gg C qp.
(iii) If A € gy and A C B, then for some g4 € C, A € g4 and since g4 is a filter,
B € qa C q.
Therefore, qq is a filter and it is an upper bound in F for the chain C.

Thus, by Zorn’s Lemma, F has a maximal element u. The filter u is a maximal

filter containing p and hence an ultrafilter containing p. ]

This lemma guarantees the existence of non-principal ultrafilters on any infinite
set. Let X be an infinite set and consider the filter p = {B C X : | X\B| < oo}.
This filter is called the Fréchet filter or the co-finite filter. By Lemma 8.1.5, there
is an ultrafilter u that contains p, but u cannot be principal because if x € X, then
X\{z} € v and so {z} ¢ u.

The following theorem due to Hindman shows that many Ramsey-type results

correspond to the existence of a particular ultrafilter.
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Theorem 8.1.6 (Hindman [65]). Let X be a set and F C P(X)\{0}. The following
are equivalent:

(i) For every finite colouring of X, there is an F' € F that is monochromatic.

(ii) There is an ultrafilter v on X such that for every A € u, there is an F' € F with

F C A

Proof. [(i) = (ii)] Suppose that for every finite colouring of X, there is an F' € F
that is monochromatic. Set B = {A C X : forall F € F, ANF # (}. Fix any
Ay, ..., A, € B. If X is partitioned into 2* parts by the Venn diagram for the sets
Ay, ..., A, then, by assumption, there is an F' € F contained in one part. Since for
each i € [1,k], A;NF # (, the only possibility is that ¥ C A;N---NAg. As F # (),
also Ay N ---Ap # (). That is, the family B has the finite intersection property.
Thus, since B is upward closed, the set B* = {B;N---N By : By,...,B, € B} is a
filter. By Lemma 8.1.5, there is an ultrafilter v with B* C u.

For each A € w, since u is an ultrafilter, X\A ¢ w and hence X\A ¢ B.
Therefore, there is an F' € F such that F'N (X\A) = () and hence F' C A.

[(ii) = (i)] Now suppose there is an ultrafilter u on X such that for every A € u,
thereisan F € F with F C A. Fixr € Z" and let A : X — [1,r] be any r-colouring
of X. By Lemma 8.1.4, there is an ¢ € [1,r] such that A~'(i) € u. Take F € F

with ¥ C A~!(i); F' is monochromatic. O

Now, in terms of arithmetic progressions, take X = Z* and for some k € Z™ let
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F be the set of all AP,’s in Z*. Theorem 8.1.6/ together with van der Waerden’s
theorem shows that there is an ultrafilter u on Z* with the property that for every
A € u, there are integers a and d > 0 such that {a,a +d,...,a + (k—1)d} C A.
Conversely, if it can be shown without use of van der Waerden’s theorem that such
an ultrafilter exists, this provides another proof of van der Waerden’s theorem.

In order to find such an ultrafilter guaranteed by Theorem [8.1.6, some other
properties are used. A semigroup operation that extends the addition of integers
can be defined on the ultrafilters on Z* which can also be given a topology. Be-
fore proceeding to ultrafilters on Z*, some general results about semigroups with

topologies are given which are needed for the proof of van der Waerden’s theorem.

8.2 Semigroups

8.2.1 Topology review

This section begins with a few standard definitions and results from topology that
are given without proof but can be found in any standard reference (for example
[118]). Throughout, let X be a topological space with topology 7 unless stated

otherwise.

Definition 8.2.1. A topological space X is Hausdorff iff for every z,y € X with

x # y, there are disjoint open sets U, and U, with z € U, and y € U,,.
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Definition 8.2.2. A topological space X is compact iff for every collection of open

sets {U; : i € I} with X = |J Uj, there is a finite set /' C [ so that X = |J Uy
i€l fEF

Definition 8.2.3. Let (X, 7) be a topological space. A collection {B; : i € I} C
P(X) is called an open basis for 7 iff 7 = {|J B;j : J C I}. The basis {B; : i € I}
jeJ

is said to generate T and the sets {B; : i € I} are called basic open sets. The sets

{X\B; :i € I} are called basic closed sets.

Fact 8.2.4. Let X be a set and B C P(X). Then {UC : C C B} forms a basis for
a topology on X iff
(i) U B=X and

BeB

(ii) For every By, By € B and x € By N By, there is a By € B such that © € By C

Bi N Bs.

Definition 8.2.5. A collection of sets {A; : @ € I} has the finite intersection

property (abbreviated FIP) iff for every finite subset F' C I, NierpA; # (.

Fact 8.2.6. A topological space X is compact iff for every collection of closed sets

{C; : i € I} with the finite intersection property, Nie;C; # 0.

Fact 8.2.7. Let X be compact and Hausdorff. Then a set C' C X is closed iff C' is

compact.

Fact 8.2.8. Let f: X — Y be a continuous function. If K C X is compact, then

f(K) CY is compact.
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Recall that if (X, 7) is a topological space and n € Z* the product topology on

X" is given by the open basis {U; x ... x U, : for each i € [1,n], U; € T}.
Fact 8.2.9. If X is compact, then X™ with the product topology is compact.
Fact 8.2.10. If X is Hausdorff, then X™ with the product topology is Hausdorff.

Fact 8.2.11. For i € [1,n], let f; : X — Y be continuous functions. Then the
function f : X" — Y™ given by f(z1,...,2,) = (fi(z1),..., fu(z,)) is continuous

in the product topologies on X™ and Y.

8.2.2 Semigroups with topologies

In this section, some properties of semigroups with topologies are given that can
later be applied to a semigroup operation and topology on the ultrafilters on Z™.
The following approaches to proving Ramsey theorems using ultrafilters can be
found in an article by Bergelson, Furstenberg, Hindman and Katznelson [13], an
article by Furstenberg and Katznelson [46] and notes by Hart [59].

Throughout, let (X, %) be a semigroup with a topology 7 on X.

Definition 8.2.12. For every x € X, define A\, : X — X by A\.(y) = z*y. The

semigroup operation x is left-continuous iff for every x € X, A\, is continuous.

Definition 8.2.13. The semigroup (X, *) with the topology 7, is semi-topological

iff (X, 7) is compact and Hausdorff and * is left-continuous.
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Definition 8.2.14. An element x € X is called an idempotent iff x x x = x.

The following result on the existence of idempotents in semi-topological semi-
groups has become known as the Idempotent Lemma and plays a key role in many

of the results that follow.

Lemma 8.2.15 (Idempotent Lemma, Ellis [32]). Let (X, %) be a semi-topological

semigroup, then X contains an idempotent.

Proof. Let A = {A C X : A # (), Aisclosed and Ax A C A} be ordered by
inclusion. Any chain in A will have the finite intersection property and hence non-
empty intersection (by Fact 8.2.6)) since the sets A € A are closed and X is compact.
If C is any chain in A, then C = NC is also closed. If ¢, ¢y € C, then for all A € C,
c1,00 € Aand so c; xcp € A. Thus ¢y ¢, € C and so CxC C C and C € A.
Therefore, C' is a lower bound for C in A. Since X € A, A # () and thus Zorn’s
lemma can be used to find a minimal element A, of A.

Fix x € Ap. Since A is closed and so compact, = x Ay = A\, (Ap) is compact and

hence closed. Since x € Ay and Ay x Ag C Ag, x x Ag C Ay and so,

(x % Ag) * (z % Ag) C % (Ag * Ao)

gl’*Ao.

Therefore, x x Ay € A and since Ay is minimal, z * Ag = Ay. In particular, there is

at least one y € Ay with x xy = z.
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Consider theset Y = {y € Ay : zxy = 2} = AgN A, ({z}). By the above, Y # ()
and Y is closed since Ag is closed and A, is continuous. To show that Y xY C Y,

let y,z € Y, then

rx(yxz)=(rxy)*xz
=T*z (since y € Y)

=z (since z € Y).

Therefore y x 2z € Y and so Y € A. Again, since Ay is minimal, Y = Ay and in

particular, since x € Ay, x x x = x. n

Definition 8.2.16. A set R C X is a right ideal iff for every v € X, Rxx C R.
Similarly, L is a left ideal iff whenever x € X, then x « L C L. A set I C X is a

two-sided ideal iff it is both a left and a right ideal.
Lemma 8.2.17. Every right ideal in X contains a minimal right ideal.

Proof. Let R be a right ideal. Then for every r € R, \,(X) =r* X C R is a closed
right ideal contained in R.

Let F ={C C R:C # 0 and C is a closed right ideal} be ordered by inclusion.
Then F # (). Let C be any chain in F and let Cy = NC. Then Cy # () since X is
compact and C has the finite intersection property. The set Cj is closed since all
sets in C are closed and () is a right ideal since it is an intersection of right ideals.

Thus Cy € F. Therefore, by Zorn’s lemma, F contains a minimal element. This
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minimal element will be a minimal right ideal contained in R. In addition, this

shows that any minimal right ideal is closed. O]

It will be useful to note the following property of ideals. Let R be any closed
right ideal. The ideal R is closed under * since it is an ideal, R is compact since it
is closed, R is Hausdorff since X is Hausdorff, and * is left-continuous on R since *
is left-continuous on X. Therefore, any closed right ideal is itself a semi-topological
semigroup and hence contains an idempotent by Lemma 8.2.15. Further, since every

right ideal contains a closed right ideal, every right ideal contains an idempotent.

8.2.3 Sticky diagonal theorem

This section and the next are independent of each other and provide two different
approaches to a proof of van der Waerden’s theorem using ultrafilters. Each of
these two proofs are presented in Section 8.4, The results in this section are due to

Bergelson, Furstenberg, Hindman and Katznelson [13].

Lemma 8.2.18. Let R be a minimal right ideal in X and ¢ € R be an idempotent.

Then for every r € R, gxr =r.

Proof. Since ¢ € R and R is a right ideal, ¢* R C R. Since ¢* R is a right ideal and

R is minimal, ¢ * R = R. Thus, for each r € R there is an a, € R with g xa, = r.
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Then,

qxr=qx(qg*a)
=q*a, (since ¢ is an idempotent)

=r. H

Fix k € Z* and consider the semigroup on X* with the semigroup operation
defined component-wise by * and with the product topology on X*. The space X*
is compact and Hausdorff since X is compact and Hausdorff and * is left-continuous
on X% since * is left-continuous on X. Therefore (X*, ) is also a semi-topological
semigroup. The elements of X* are denoted by & = (z1,...,z;) € X*.

The following theorem is called the “Sticky Diagonal Theorem” in [120]. This re-
sult on the diagonal elements of a semigroup X* seems to be related to the “Central

Sets Theorem” which appears in [67] where it is attributed to Furstenberg.

Theorem 8.2.19 (Sticky diagonal theorem, Bergelson et al. [13]). Fix k € Z*
and let £ C X* be a semi-topological semigroup with {(z,...,z) € X¥:2 € X} C

E and I a two-sided ideal in E. Then there exists a p € X with (p,...,p) € I.

Proof. Let R be a minimal right ideal in X and let p € R. Set p = (p,...,p) € E.
Since [ is a left ideal in E and p € E, pxI C I. Since [ is a right ideal, px [ is also a
right ideal and so p*I contains an idempotent ¢ = (q1, ..., qx). Since g € pxI, there

is (z1,...,x) € [ with ¢ = px(xy,...,2x). Then, for each i € [1,k], ¢; = p*xz; € R
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since p € R and R is a right ideal. Since % is defined component-wise, for each
i € [1,k|, ¢; is an idempotent in X. Therefore, by Lemma 8.2.18, since R is a
minimal right ideal, whenever ¢ € [1, k], then ¢; *p = p and so g *p = p. Therefore,

(p,...,p) =qx*p € I since g € I and I is a right ideal. ]

8.2.4 Minimal idempotents

This section presents another set of results on semigroups that can be used to give
a proof of van der Waerden’s theorem. The focus is to show that there is a partial
order on the idempotents of X so that any two-sided ideal in X contains all of the
minimal idempotents of X. The results in this section are due to Furstenberg and
Katznelson [46] and can also be found in notes by Hart [59].

A partial ordering is defined on the idempotents of X. For idempotents x and
y, z <y iff r = xxy = y*xx. For any idempotent z, since x sz =z, r < z. If

r=xyandy <z, thenx =xxy=y. If 2 <y and y < z then,

THZ=T*Y*2 (since = < y)
=T*xy (since y X 2)
=

Thus, the relation < is indeed a partial order.
The next lemma demonstrates some of the connection between the right ideals

of X and the ordering <.
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Lemma 8.2.20. Let z be an idempotent and R C x * X be a minimal right ideal.

Then there is an idempotent y € R with y < z.

Proof. As noted previously, since R is a closed right ideal, R contains an idempotent
r. Since r € R C x *x X, there is an a € X with r = x xa. Set y = r x . Since
r € R and R is a right ideal, y € R and since r = x xa, y = x x a* x. Now, y is an

idempotent since

yxy=(r+x)*(x*a*xx) (sincey=rxx=x*axx)
=r*r*axr (since z x x = x)
B (since r = x * a)
—rx (since r*xr =)
=y.

To see that y < x, note that

YKL =T kT*xT =1%T =71,

and

THY=T*kT*kA*T =T *a*xT =1. O

Lemma 8.2.21 (Furstenberg and Katznelson [46]). Let = be an idempotent. Then

x is minimal iff x is contained in a minimal right ideal.
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Proof. Suppose x is minimal. Since z * X is a right ideal, by Lemma 8.2.17, there is
a minimal right ideal R C x « X. By Lemma 8.2.20, there is an idempotent y € R
with y < 2. Since x is minimal, z = y and so x € R, a minimal right ideal.

For the converse, suppose R is a minimal right ideal with z € R. Suppose there
is an idempotent y with y < x. Since y = zxy, y € R and as R is minimal,

y* X = R. Then there is an a € X with y *a = x. Then,

T=yka=yxyxa=y*xxr=1y.

Therefore, x is minimal. Il

Until this point, it has not yet been shown that there are any minimal idempo-

tents. The previous results can be used to show that there is at least one.

Corollary 8.2.22. Let x be an idempotent. Then there exists a minimal idempo-

tent y with y < =.

Proof. Let R be a minimal right ideal with R C x x X and by Lemma [8.2.20, let

y € R be an idempotent with y < . By Lemma [8.2.21], y is minimal. O]

The only special property of the minimal idempotents needed for what follows

is that they can always be found in 2-sided ideals.

Lemma 8.2.23. Let R be a minimal right ideal and I be a 2-sided ideal. Then

RCI.
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Proof. Forany x € Randy € I, xxy € RNI and so RNI # (). Therefore RNI C R

is a right ideal and since R is minimal, R = RN [ and so R C 1. [

Note that since every minimal idempotent belongs to a minimal right ideal, if [

is a 2-sided ideal then [ contains all the minimal idempotents of X.

8.3 Ultrafilters on Z™*

The ultrafilters on Z* can be given a topology so that the space is isomorphic to
what is called the “Stone-Cech compactification” of Z*. A space X is Tychonoff iff
for every closed set C' C X and = ¢ C, there is a continuous function f : X — [0, 1]
(interval of real numbers) such that f(C') =0 and f(z) = 1. For a Tychonoff space
X, the Stone-Cech compactification of X, denoted by 3X is a compact Hausdorff
space for which X C X is a dense subspace and is characterised up to isomorphism
by the following property. For any compact Hausdorff space K and continuous
function f : X — K, there is a continuous function F': 3X — K so that Fix = f.
Any space with the discrete topology (where all sets are open), is Tychonoff since
all functions are continuous.

Let SZ* be the Stone-Cech compactification of Z* with the discrete topology.
Though it will not be proved here, SZ™ is isomorphic to the set of all ultrafilters

on Z* with a particular topology. All the results needed to prove van der Waer-
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den’s theorem using ultrafilters can be proved by defining the topology directly on
the space of ultrafilters on Z* and without using the full strength of the Stone-
Cech compactification (further information on the Stone-Cech compactification of

a semigroup can be found in [67]). For each A C Z*, set Uy = {u € BZ* : A € u}.

Lemma 8.3.1. The sets {Uy : A C Z"} form a basis for a topology on SZ* and

for every A C Z™", the set Uy, is also closed under this topology.

Proof. The proof uses Fact 8.2.4. For any u € SZ", if A € u then u € Uy. Thus

U Ua=pZ+.
ACZ+
Let A1, Ay CZ" and u € Ug, NU4y,, then A; € u and Ay € u. Since u is a filter,
A1 N As € u and hence u € Uy, na,. For any v € Uga,na,, since v is upward closed
and both A1 N Ay C A; and Ay N Ay C Ay, both A; € v and Ay € v. Therefore
v € U, NUy, and since v was an arbitrary ultrafilter, u € Uy,na, = Ua, N Ua,,.

Therefore the collection {U, : A C Z"} generates a topology on GZ". To show

that every basic open set in this topology is also closed, let A C Z". Then

BZN\NUs={ue P : A¢u}
={u € pBZ" : ZT\A € u} (since u is an ultrafilter)

= UZ+\A

is an open set and so Uy is a closed set and the sets {Uy : A C Z1} are also basic

closed sets. O
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For simplicity, for every n € Z" associate the integer n with the principal ul-
trafilter p, and in this way, assume that Z* C SZ". The symbols n and p, are
used interchangeably for the principal ultrafilter at n, but when n is used both as

an integer and as an ultrafilter, the difference will be noted.
Lemma 8.3.2. The space $Z" is Hausdorff, compact and Z™" is dense in SZ*.

Proof. To prove that SZ7 is Hausdorff, fix u,v € SZ" with u # v. For any A € u\v,
since A ¢ v, ZY*\A € v. Thus u € Uy while v € Uz 4 and UsNUz\a = Usnzi\a =
Up = 0, since no ultrafilters contain the empty set. Therefore SZ™" is Hausdorff.

In order to show that BZ* is compact, it suffices to show that every collection
of basic closed sets with the finite intersection property has non-empty intersection
by Fact 8.2.6. Suppose that {Ua, };c; has the finite intersection property. For any
finite subcollection, Uq, NUa, N -+ - N U, = Ua,na,n-na, 7 0. Hence, since only
Up=0, AiN---NA, # 0. Therefore, the collection { A; };c; has the finite intersection
property and hence A={ACZ": AD A, N---NA;, for someiy,...i, €I} isa
filter. By Lemma 8.1.5, A is contained in an ultrafilter u. For each i € I, A; € u
and so u € Uy,. Thus u € MU, s0 NieUa, # O and thus SZ* is compact.

Finally, to see that Z* is dense in BZ", let U, be any basic open set and fix
n € A. Then A € p, and so p, € Uy. Thus Zt NU,4 # 0 and so Z™" is dense in

BZ*. O

Foreachn € Zt and A CZ",set A—n={x € Z*:x+n € A}. The addition
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of integers + is extended to 8Z™" as follows. For u,v € BZ", define

utv={ACZ" " {z€Z":A—x€u} v}

Lemma 8.3.3. For each u,v € SZ*1, u+v € BZ*.

Proof. Let u,v be ultrafilters. For any x € Z*, ) — z = (), therefore

Peutves{reZ :0—rculev

slew (since 0 ¢ ).

Since v is an ultrafilter, () ¢ v and hence () ¢ u + v.
To show that u + v is closed under intersections, let A, B € u + v. Then
{r:A-—zculcvand{z:B—zrcu} cvandso{r: A—zxcu} cvn{x:

B — 1z € u} € v. Since

{r:AnB—-zecut={z:(A—z)N(B—1x) €u}

={r:A-—zeutn{z: B—z€cu},

{r:ANB -z €u} €vand hence ANB € u+wv.
To show that u + v is upward closed, let A € v+ v and B O A. Then {z :
A—2x € u} € v and since u is upward closed, {x : B—z €u} D{x: A—z €u} €w

and since v is upward closed, {z : B — 2z € u} € v and hence B € u + v.
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Finally, fix A C Z" with A ¢ u+ v, then {z : A — 2 € u} ¢ v and since v is an

ultrafilter, ZT\{x : A —x € u} € v. Consider the set ZT\ A.

{z:(ZN\A) —vcu}={z:Z"\(A—12) €u}
=Z"\{z:A—z€u} €.
Thus Zt\A € u+ v and so u + v is an ultrafilter. O
Lemma 8.3.4. The operation + is associative on SZ*.
Proof. Given ultrafilters u,v,w € Z* and A C Z™":

A€ (u+v)rtwe{r:A—zcut+v}ew
s{r:{y:(A—z)—yculevtecw
s{r:{y:A-yecul—zev}ecw
s{y:A—yecu} e (v+w)

S Acu+ (v+w).
Therefore, + is associative. Il

Lemma 8.3.5. The operation + is left-continuous on 3Z*.

Proof. Recall (Definition [8.2.12) that + is left-continuous iff for every u € SZ", the

function \,(v) = u + v is continuous. For each u € SZ", and basic open set Uy,

Ail(UA) :{’U EﬁZJr:u—FUG UA}
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={vepZ:Acu+v}

={vepZ" : {r:A-xecu}lev}

= U{a;:A—;ch}
is an open set. Therefore \, is continuous. Il
Lemma 8.3.6. For n,m € Z", the principal ultrafilters p,, p,, and p,,., satisfy
Pn + Pm = Pntm-

Proof. For any A CZ™,

Acp,+pmne{r:A—x€p,} Epm
S A—m€Ep,
SneA—m
Sn+meA

<:>A€pn+m [

Definition 8.3.7. For each u € SZ", let p, : fZ+ — BZ* be defined by p,(v) =

U+ Uu.

While all of the functions A, are continuous, it can be shown that the right

addition function, p,, is only continuous when u is a principal ultrafilter.

Lemma 8.3.8. For any n € Z*, p, is a continuous function.
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Proof. Fix n € Z" and let U4 be any basic open set. For any u € SZ*,

Acu+ns{r:A—xculen

S A—n €.

Thus,
o (Us) ={vePZt iv+nelUyl
={vepZ": Acv+n}
={vepL: A—nev}
= UAfn
is an open set and hence p,, is continuous. O]

8.4 Proof of van der Waerden’s theorem

The last section showed that the space SZ" is a semi-topological semigroup and so
the results of sections 8.2.3 and 8.2.4/ for these can be applied to give another proof

of van der Waerden’s theorem.

Theorem 8.4.1 (Bergelson et al. [13], Furstenberg and Katznelson [46]). For every
k € Z*, there is an ultrafilter u € BZ* such that for every A € u, A contains an

AP;.
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Combining Theorem [8.4.1 with Theorem 8.1.6 gives van der Waerden’s theorem.
Another version of the following proof that uses “piecewise syndetic sets” can be
found in [67]. The idea of the proof of Theorem 8.4.1] is as follows. Fix k € Z*
and consider the semi-topological semigroup (8Z")*. It will be first shown that the

proof of Theorem 8.4.1) relies on properties of the following sets:

I'={(a,a+d,...,a+ (k—1)d):a,d € Z"}
E*={(a,a+d,...,a+ (k—1)d):a€Z",deZ"U{0}}
I =cl(I")
E =cl(E")
where the closure is taken in (3Z%)*. Recall that 0 ¢ Z* so that the set I* contains
sequences of AP,’s with non-zero difference, while E* is the set of all sequences of
APy’s with possibly 0 difference.

If it can be shown that there isau € BZT with (u,...,u) € I, then for any A € u,
(U4)¥ is an open set in (BZ1)* with (u,...,u) € (Ua)*. Since (u,...,u) € cl(I*),
(U4)*NI* # () and so there exist integers a and d > 0 with (a, a+d, . ..,a+(k—1)d) €
(Ua)*. That is, for 0 <i <k —1,

at+ideUy=A€c€a+id (a + id, the principal ultrafilter)

=a+ide A (a + 1id, the integer).

Thus, {a,a+d,...,a+ (k—1)d} C A.
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In order to show that such an ultrafilter « can be found more information about

E and [ is needed. Recall that the elements of (8Z")* are denoted by x, p, q.

Lemma 8.4.2. The set E is a semi-topological semigroup and [ is a 2-sided ideal

in F.

Proof. Since E is closed in (8Z%)*, E is compact. Since E is also Hausdorff and +
is left-continuous on FE, in order to show that F is a semi-topological semigroup, it
remains only to show that F is closed under —+.

Let p,q € E. It will be shown that p+q € E (and so F is closed under +) and
that if either p € I or q € I, then p+ g € I (and so [ is a 2-sided ideal in F).

Let U be open in (8Z")* with p 4+ q € U and set V; = A\;'(U). Then q € V4
and since \, is continuous, V; is open. Since q € cl(E*), there exists a € Z" and
d >0 with (a,a+d,...,a+ (k—1)d) € E*NV;. (If g € I =cl(I*) then d > 0.)

Then p+(a,...,a+ (k—1)d) € U and since p(,

a+(k—1)d) 1S continuous, the set

.....

Vo = p(’a1 a+(k_1)d)(U) is open and p € V5. As with q, since p € cl(E*), there exists

,,,,,

beZ*t and ¢ > 0 with (b,b+c¢,...,b+ (k—1)c) € E*NV,. (If p € I then ¢ > 0.)

Then

(b,....b+(k—=1)c)+(a,...,a+ (k—1)d)

=(b+a,...0+a+(k—1)(c+d) e UNE".

Thus, if U is an open set with p+q € U then U N E* # () and so p+ q €
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cl(E*) = E. Note that if either p € I or q € I, then ¢+ d > 0 which implies that

(b+a,...b+a+ (k—1)(c+d)) € UNI* and therefore p+q € I. O

Two proofs of Theorem 8.4.1. The following are two proofs, one using minimal
idempotents and the other using Theorem [8.2.19.

(i) Minimal idempotent route:

Let u be a minimal idempotent in 3Z*. Since + is performed component-wise,
(u,...,u) is a minimal idempotent in (8Z")* and (u,...,u) € E since

(uy...,u) €cl{(n,...,n) :ne€Z"}) C E. By Lemma 8.2.23, (u,...,u) € I since
I is a 2-sided ideal in E.

(ii) Sticky diagonal theorem route:

Since I is a two-sided ideal in E, by Theorem 8.2.19, there is a u € SZ™", such that

(u,...,u)el. O

8.5 Sum sets

There are a number of Ramsey-type theorems with ultrafilter proofs, among them
is Hindman’s theorem on finite sum sets. Using ultrafilters it has also been shown
that van der Waerden’s theorem can be extended. For any finite colouring of Z*,
one colour class contains not only arithmetic progressions, but also other sets with

a nice pattern.



CHAPTER 8. ULTRAFILTERS 162

Definition 8.5.1. For a set A C Z, the finite sum set of A is defined to be

FS(A)—{Z:L-:O)#FQA, \F\<oo}.

zeF

Similarly, the finite product set is defined to be

FP(A):{HQ::(Z)#FQA, |F\<oo}.

zeF

The following theorem was originally proved using purely combinatorial tech-
niques by Hindman [64] and subsequently by Baumgartner [4], but can also be
proved by the methods of ultrafilters. The ultrafilter proof of the following theorem
is due to Glazer (see [51, pp. 168-9]). In this proof, it is important that 0 ¢ Z*
because py + pg = po is an idempotent and the proof requires that no principal

ultrafilter be an idempotent.

Theorem 8.5.2 (Hindman [64]). For every r € Z* and every r-colouring of Z%,

there is an infinite set A such that F'S(A) is monochromatic.

Proof. Fix an idempotent p € SZ*. Let A : Z* — [1,r] be any r-colouring, by
Lemma [8.1.4, there is an ¢ € [1,7] such that A™*(i) € p. Set Ag = A71(3).
The following notation will be used in this proof. Given B C Z*, let B* = {n €

Z* : B —n € p}. Note that:

Bep=p+p={neZt':B-nep}ep
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= B*ep

Further, note that for any principal ultrafilter p;, p; + p; = p2; # p;- Therefore,
the idempotent ultrafilter is not principal and contains no singleton sets.

Since Ay € p, Aj € p and hence Ag N Af € p. Since ) ¢ p, Ag N Al # () so pick
a; € AgN Af and set Ay = Ao N (Ao — a1)\{a1}.

Since a; € Af, Ao — a; € p and since p is not principal, Z*\{a;} € p. Thus
Ay € p. Further, A; C Ay and a1 + A; C Ap.

In general, having chosen A, € p, select a,41 € A, N A and set A,1; =
A, N (A, —any1)\{ans1}. Then A, .1 C Ay, ani1 + Ay € A, and A, € p.

This gives a nested sequence of sets Ag D A; D --- and elements a,, € A,,_; such
that for alln > 1, a, + A, C A,,_1. Thus given any finite subset of these elements,
Wiy s Wiy - ooy Qg Where 1 <ig < .. .ip, @ + a5, + ...+ a;, € Ajy—1 C Ap.

Let A = {a,}n>0. Then FS(A) C Ay = A~'(4) is monochromatic. O

Hindman’s theorem can also be used to show the existence of an infinite set whose
finite product set is monochromatic. Given any r-colouring A : Z* — [1,r], define
a new r-colouring A* : Z* — [1,7] by A*(n) = A(2"). Applying Theorem 8.5.2 to
the colouring A* shows that there is an infinite set A and @ € [1, 7] so that F.S(A) C
A*7Hi). Let B = {2" : n € A}. Given any distinct 2™,2"2 ... 2™ € B, since

ni,Noy ...,k € Ayt = A*(nyp4ng+- - +ng) = A(2mHnmettnie) — A\(2M.272 ... M),
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Thus FP(B) C A7'(i). The following theorem shows a connection between these

results and arithmetic progressions.

Theorem 8.5.3 (Hindman [66]). For any r € Z* and any r-colouring A : Zt —
[1,7], there exist an ¢ € [1, ] and infinite sets A, B C Z" so that FS(A)UFP(B) C

A~1(i) and so that A7!(i) contains arbitrarily long arithmetic progressions.



Chapter 9

Generalizations and applications

9.1 Polynomial van der Waerden

Van der Waerden’s theorem guarantees that for any finite colouring of Z*, there
are arbitrarily long monochromatic arithmetic progressions, but says nothing about
the possible differences of these arithmetic progressions. Is it possible to guarantee
a monochromatic arithmetic progression whose difference is a perfect square or a
perfect cube? In 1996, this question was answered in the affirmative by Bergelson
and Leibman who used ergodic theory techniques to prove generalizations of both
van der Waerden’s theorem and Szemerédi’s theorem that involve polynomials with

integer coefficients. The theorems in this section are stated without proof.

Theorem 9.1.1 (Polynomial van der Waerden, Bergelson and Leibman [14]).

165
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Let p1, pa, - - ., pr. be polynomials with integer coefficients such that for each i € [1, k],
pi(0) = 0. Then, for every r € Z* and any r-colouring of Z*, there are integers

a,d € Z* such that the set

{a} U{a+pi(d):1<i<k}

is monochromatic.

Fix k € Z* and for each i € [1,k — 1], let p; be the polynomial p;(x) = ix. Then
Theorem 9.1.1 is exactly van der Waerden’s theorem. Alternatively, applying the
theorem to the polynomials z2, 222, ..., (k — 1)z? shows that any finite colouring of
77" yields a monochromatic AP, whose difference is a perfect square.

In 2000, Walters [117] gave purely combinatorial proofs for both Theorem 9.1.1
and a polynomial version of the Hales-Jewett theorem (recall Theorem [7.1.4). He
also showed how these results can be used to deduce a polynomial version of the
Gallai-Witt theorem (recall Theorem [7.4.4).

The polynomial version of Szemerédi’s theorem given by Bergelson and Leibman
uses a slightly different notion of density than the upper density used in Szemerédi’s

theorem.

Definition 9.1.2. For a set A C Z, A has positive upper Banach density iff for

some £ > 0 there are sequences {a,}n>0, {bn}n>0 C Z with lim,, . (b, — a,) = 00
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and such that for every n > 0,

| AN [ay, by,

> €.
|[@n, bn]|

Positive upper Banach density is a weaker notion than upper density (recall
Definition [4.1.6) since any set with positive upper density will also have positive
upper Banach density.

In 1978, Furstenberg and Katznelson [45] proved a multidimensional version
of Szemerédi’s theorem which was extended, in 1996, by Bergelson and Leibman
to a multidimensional “Polynomial Szemerédi theorem”. In order to simplify the
notation used, only the 1-dimensional version of the Polynomial Szemerédi Theorem

is presented here, without proof.

Theorem 9.1.3 (Polynomial Szemerédi, Bergelson and Leibman [14]). Let A C
Z have positive upper Banach density. Let py,...,pr be polynomials with rational
coefficients that take integer values on the integers and such that for each i € [1, k],
pi(0) = 0. For any vy, ..., v, € Z, there exist a,d € Z so that {a + p;(d)v; : 1 <i <

k) C A.

In particular, using the polynomials z, 2z, ..., (k — 1)z and taking v; = vy =
.-+ =1v_1 = 1, this provides a version of the usual Szemerédi’s theorem using upper
Banach density.

The Polynomial Szemerédi Theorem has also been extended to the set of prime

numbers.
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Theorem 9.1.4 (Tao and Ziegler [110]). Let A be an infinite set of primes with

) ANll,n
lim sup |—[]| > 0,
00 m(n
and let p1,...,pr be polynomials with integer coefficients and such that for each

i € [1,k], p;(0) = 0. Then there are a,d € Z* such that

{a+pi(d),a+pa(d),....a+p(d)} € A

9.2 Rainbow results

Rainbow Ramsey theory is sometimes also called “Anti-Ramsey theory”. While
Ramsey theory concerns itself with finding monochromatic sets of a certain form,
rainbow Ramsey theory seeks sets that are either monochromatic or have one ele-
ment of each colour. Most results here are recorded without proof but can be found,

for example in [2], 23] 72, [73] [74].

Definition 9.2.1. Given a set X, r € Z" and an r-colouring A : X — [1,7], a set
A C X is rainbow iff for every i € [1,7], |ANAT!(i)| < 1. That is, A is rainbow if

no two elements of A are the same colour.

The following theorem is often called a “canonical” version of van der Waerden’s
theorem, shows a connection between finding monochromatic arithmetic progres-

sions and rainbow arithmetic progressions.
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Theorem 9.2.2 (Erdds and Graham [35]). For every k > 3, there is an integer
n(k) such that for every n > n(k) and every colouring of [1,n], there is either a

monochromatic AP, or else a rainbow AP,.

One of the rainbow Ramsey problems that has been investigated is that of
determining what conditions on a colouring of an interval [1, n|, or Z*, will guarantee
the existence of a rainbow AP;. The following example due to Jungi¢ et al. [72]
shows that taking n sufficiently large is not enough.

For any n € Z*, let A : [1,n] — [1,|logsn] + 1] be defined by A(i) =
max {t > 0:3'i}. For any = € [I,n], A(z) = A(2z) and if z,y € [1,n] are
such that A(z) # A(y), then A(x + y) = min {A(z), A(y)}. Therefore, for any

{a,a+d,a+2d} C[1,n], if A(a) # A(a + 2d), then
Ala+d)=A2(a+d) =Ala+a+2d) = min {A(a), A(a + 2d)}.

Thus [1,n] cannot contain any rainbow AP3’s and so also no longer arithmetic
progressions can be rainbow.

In the above example, at least two thirds of the integers in [1, n] are in the colour
class A71(0). Many of the problems related to rainbow sets consider only colourings

where the sizes of the colour classes are all approximately equal.

Definition 9.2.3. Given n,r € Z*, an r-colouring A : [1,n] — [1,r] is equinumer-
ous iff for each i € [1,7], A7'(i) € {|n/k]|, [n/k]}. That is, the sizes of the colour

classes are as equal as possible.
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When dealing with problems related to rainbow APs’s, the colours will be
denoted {R, B,G} (red, blue, and green) and for any 3-colouring A : [1,n] —
{R, B,G}, denote by A™'(R) = Ra, A™Y(B) = Bx and A7™}(G) = Ga. Given a
3-colouring A : ZT — {R, B, G}, denote A (R)N[1,n] = Ra(n), A~ (B)N[1,n] =
Ba(n) and AYG) N [1,n] = Ga(n).

In 2003, Jungi¢ et. al. [72] showed that in any 3-colouring of Z* where each

colour class has density greater than %, there will be a rainbow AP;.

Theorem 9.2.4 (Jungi¢, Licht, Maholian, Nesetfil and Radoi¢i¢ [72]). For any

3-colouring A : Z* — {R, B, G} with

limsup {min {R(n), Ba(n),Ga(n)} — %} = o0,

n—oo

7 contains a rainbow AP;.

It was conjectured that something similar held in the finite case. In their 2003
paper, Jungi¢ et al. [72] gave the following two examples of colourings of finite
intervals that showed that if such a conjecture were true, the result would be best
possible.

For n # 2 (mod 6) let A : [1,n] — {R, B, G} be defined by
(

R ifi=1 (mod 6),
All)=4B ifi=4 (mod 6),

G otherwise.

\
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The smallest colour class A~!(B) has [*#2] elements. Let {a,a+d,a+2d} C [1,7]
be any AP;. It cannot be that one of {a, a+2d} is red and the other blue since then
2d = (a+2d) — a = 3 (mod 6) is an odd number. If either the pair {a,a + d} or
{a +d,a + 2d} contains one red element and one blue element, then the difference
d must be equal to 3 (mod 6). In either case, the remaining term of the AP; must
either be red or blue. Thus, under this colouring, [1, 7| contains no rainbow APj’s.

For n = 2 (mod 6), let ¢ €> 0 be such that n = 6¢ + 2. The colouring

A:[1,n] — {R, B,G}, defined by
R if1<2¢+ 1 and ¢ is odd,
AW)=4B ifi > 4q + 2 and i is even,

G otherwise.

\

The smallest colour classes are A™}(R) and A™'(B) with |[A7Y(R)| = |A~(B)| =
qg+1= ”TH elements. Again, red and blue elements cannot be the first and last
terms of an AP; since their difference would be and odd number. If red and blue
elements are consecutive terms in an arithmetic progression, the difference of the
progression must be at least 2¢ + 1 which is impossible.

In 2004, Axenovich and Fon-Der-Flass showed that indeed, any 3-colouring
where the smallest colour class is larger than those in the two previous examples

will contain a rainbow APs;.

Theorem 9.2.5 (Axenovich and Fon-Der-Flaas [2]). For every n > 3 and every
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3-colouring A : [1,n] — {R, B, G} such that

|(n+2)/6] ifn#2 (mod 6),
min (|Ral, [Bal, [Gal) >

(n+4)/6 ifn=2 (mod 6)

[1,n] contains a rainbow APj;.

This theorem shows that every equinumerous 3-colouring of a finite interval
yields a rainbow AP;. However, it was later shown that no such result holds for

longer arithmetic progressions.

Theorem 9.2.6 (Conlon, Jungi¢ and Radoicic [23]). For every n € Z* with n =0

(mod 8), there is an equinumerous 4-colouring of [1,n| with no rainbow AP;.

Theorem 9.2.7 (Axenovich and Fon-Der-Flaas [2]). For every k > 5 and n € Z¥,

there is an equinumerous k-colouring of [1, n] with no rainbow AP;.

Thus, an equinumerous k-colouring of an interval [1,n] guarantees a rainbow
APy only when k£ = 3.

The problem of how to guarantee rainbow AP.’s has also been studied in the
context of modular arithmetic. Theorem 9.2.4' can be used to show that for any
n € Z" and any 3-colouring of Z, where the smallest colour class has density greater
than % will contain a rainbow AP5. The following theorem provides an improvement

on this result for AP;’s in Z,,.
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Theorem 9.2.8 (Jungi¢, Licht, Maholian, Nesetfil and Radoici¢ [72]). Let n be
odd and ¢ be the smallest prime factor of n. Then for every 3-colouring of Z,, where

min {|A Y R)|, |A~YB)|, |ATHG)|} > o, there is a rainbow AP;.

Another variation of the problem of finding rainbow arithmetic progressions is to
let the number of colours be larger than the length of the arithmetic progressions.
For any fixed & € Z", what is the minimal ¢ € Z* such that for every n € Z*
and every equinumerous t-colouring of [1,tn], there is a rainbow AP;? Denote this
minimal ¢, Ty. In their 2003 paper, Jungi¢ et al. [72] showed that for each k > 3,

_1\2
|| < T, < BB

9.3 Applications

Historically, the first application of van der Waerden’s theorem may be due to
Brauer who proved a conjecture of Schur about quadratic residues. Brauer used a
generalization of van der Waerden’s theorem, which he attributed to Schur. The
following theorem is a further generalization of Brauer’s result. The proof is now
folklore and I have been unable to locate the original source. The details appear,

for example, in [51) p. 70].

Theorem 9.3.1 ([51]). For every k,r € Z*, there is a least integer n = SB(k, s;7)



CHAPTER 9. GENERALIZATIONS AND APPLICATIONS 174

such that for every r-colouring of [1, n], there exist a,d € Z* so that the set

{sd}U{a+id:0<i<k—1}

contained in [1,n] is monochromatic.

Proof. Fix k,s € Z*. The proof is by induction on r and uses van der Waerden’s
theorem.

Base Case: For r = 1, take n = max{s, k}. Then for any 1-colouring of [1,n],
the set {s} U1, k] is monochromatic.

Inductive Step: Suppose that for some r > 1, SB(k,s;r) exists. Set n =
s-W(k-SB(k,s;r)+1;r+1) and let A : [1,n] — [1,r+ 1] be any (r + 1)-colouring,.
By the choice of n (and van der Waerden’s theorem), there are a,d € Z* such that

the arithmetic progression

{a+id:0<i<k-SB(k,s;r)} C[1,W(k-SB(k,s;r)+1;r+1)]

is monochromatic.

If, for some j € [1,SB(k, s;r)], A(a) = A(s - jd), then the set

{s-jd}U{a+i(jd):0<i<k-—1}

is monochromatic.
Otherwise, the colouring A restricted to the set {s-jd : 1 < j < SB(k,s;r)}

is an r-colouring and so by the definition of SB(k, s;r), there are a/,d" € Z* such
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that the set

{sd(a' +id"): 0 <i<k—1}U{sd(sd)}

is monochromatic. That is,

{sda’ +i(sdd) : 0 <i <k —1}U{s(sdd)}

is monochromatic and is contained in [1, n]. O

Definition 9.3.2. Given a,n € Z*, a is a quadratic residue (mod n) iff there is a
solution to the equation 2 = a (mod n). Otherwise, a is a quadratic non-residue

(mod n).

An important fact about quadratic residues is that if a, b € Z,, are both quadratic
residues or both quadratic non-residues (mod n) then ab is a quadratic residue
modulo n. If a is a quadratic residue and b is a quadratic non-residue, then ab is a
quadratic non-residue (mod n).

Van der Waerden’s theorem can be applied directly to show, colouring integers
according to whether they are a quadratic residue or a quadratic non-residue, that
for every k and n > W(k;2), [1,n] either contains an AP, of quadratic residues
(mod n) or else an APy of quadratic non-residues (mod n). Using Theorem [9.3.1
and the properties of quadratic residues, Brauer was able to show that more is in

fact true.
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Theorem 9.3.3 (Brauer [18]). For every k € Z* there is a least integer n = B(k)
such that for every prime p > n, there exist k£ consecutive quadratic residues

(mod p) as well as k consecutive quadratic non-residues (mod p).

Proof. Fix k € Z* and let p > SB(k, 1;2) be prime. Define a 2-colouring of [1,p—1]
by

1 if z is a quadratic residue  (mod p),

Ax) =

—1 otherwise.

By the choice of n, there are a,d € Z* such that

(I U{a+id:0<i<k-—1)}

is monochromatic under A. Since p is prime and d € [1,p — 1], d is invertible in
Z, and so d~! is a quadratic residue (mod p) iff d is a quadratic residue. There-
fore, since the product of two quadratic residues or two quadratic non-residues is a

quadratic residue, the set

{dMa+id):0<i<k—1}={ad ' +i:0<i<k—1}

is a sequence of k consecutive quadratic residues (mod p), thus completing the first
part of the proof.
Now, set £ = k! - k+ 1 and let p > SB(/;2) be a prime. By the first part of the

proof, there is a b € Z* such that the set {b,b+1,...,b+ (£ —1)} is a sequence of £
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consecutive quadratic residues (mod p). Let ¢ € [1, p—1] be the smallest quadratic
non-residue (mod p). Two different cases are considered.
Case I: Suppose that ¢ < k!. Then there is a ¢ with 1 < ¢ < ¢ < k! such that

q|(b+ ¢). For each j € [1,k],

c+jg<kl+k-1Dkl=k -k=0-1

1

and so b+ (¢ + jq) is a quadratic residue and since ¢~ ' is a quadratic non-residue,

sois ¢ 1 (b+ ¢+ jq). Thus
{a7'b+c+jq):0<j<k—1}={¢'(b+c)+j:0<j<k—1}

is a sequence of k-consecutive quadratic non-residues modulo p.

Case II: Suppose that ¢ > k!. Then there exists a ¢ with 0 < ¢ < k! — 1 so that
K!|(q — ¢). For every j € [1,k], j|(c — q) and since ¢ < k! < g, % < 0. Therefore,
C;—¢ + ¢ < g and since ¢ is the least quadratic non-residue, if j € [1, k|, then % +q
is a quadratic residue. Since k < ¢ each j € [1,k] is also a quadratic residue and

hence for each j € [1, k|, the integer

j(CZ—.quq) =(c—q)+Jq

1

is also a quadratic residue. Finally, since ¢ is a quadratic non-residue, ¢~ is also a

quadratic non-residue and the set

{¢ e—q+jq):1<j<ky={¢le=1+j:1<j<k}
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is a sequence of k consecutive quadratic non-residues. Il

A generalization of Theorem 9.3.3 that extends the result to the Gaussian inte-
gers (Z[i]) was proved by Rabung [86] in 1975.

Another application of results related to van der Waerden’s theorem is due to
Coppersmith and Winograd [24]. They were able to use the large APs-free sets
given by Salem and Spencer (see Theorem 4.6.1) to produce an algorithm for fast

matrix multiplication.

9.4 Open problems

There are a number of variations of van der Waerden’s theorem and related problems
that remain unsolved. A few of these are presented here.

While Szemerédi’s theorem states that all sets of integers with positive upper
density contain arbitrarily long arithmetic progressions, there are sets with zero

upper density that contain arbitrarily long arithmetic progressions. For example,

let A= |J [2%,2¥ +k]. The set A contains arbitrarily long strings of consecutive
k=0

integers (and hence arbitrarily long arithmetic progressions), but has zero density.

Erdés (see for example, [34]) conjectured that if X is any set satisfying > % = 00,
zeX

then X contains arbitrarily long arithmetic progressions. It can be shown that

> % = 00. Thus, a proof of Erdos’s conjecture would provide another proof of
p prime
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Green and Tao’s theorem (Theorem 4.7.1)) that the primes contain arbitrarily long
arithmetic progressions. Note that for the above set A, > é is finite and hence
acA

the condition that ) % = 00 is not a necessary condition for a set of integers to
zeX
contain arbitrarily long arithmetic progressions.
Only a small number of exact values of van der Waerden numbers or mixed
van der Waerden numbers are known (see Figure 5.1). In most cases, the known

upper and lower bounds for van der Waerden numbers are of vastly different orders

of magnitude (see Chapter 5). Erdds has conjectured (see for example [34]) that

W (k;2)

s = 00 and limy_o (W (k;2))"/* = co. Landman [79] has conjectured

limy e
that the mixed van der Waerden numbers W (3, k;2) are quadratic in k.

In a problem related to discrepancy (see Chapter [6) Erdés suggested examining
the following problem (see [34]). For any k € Z" and £ < ¢ < k, define f(¢, k) to be
the smallest integer such that if [1, f(¢, k)] is 2-coloured, there exists an AP, with
¢ elements monochromatic. According to Gunderson, Erdds conjectured that for
every £ > 0 there is a constant ¢ so that for all ¢, f((5 + )¢, ¢) < ¢2‘. That is, for
every € > 0 there is a constant ¢ so that for all £, and n > ¢2¢, for every 2-colouring
of [1,n], there is an AP, so that (3 + )¢ elements are monochromatic.

There are many other problems related to van der Waerden’s theorem that

remain unsolved. Some of these can be found, for example, in [34, [51, [80].
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