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ABSTRACT

A genera] theory is developed for the general stable periodic

motion of an Impact-Pair and impact damper when subjected to a pre-

scribed, sinusoidaìly time varying externaì road or d-isplacement. Any

one 'impact is considered instantaneous and representable by the somewhat

macroscopic coefficient of restitution. The theory is compared with

prevìous but sparse theoretical results and more comprehensively with

new experimental data. Agreement is found to be quite good. The

presently empìoyed procedure for design'ing an impact damper seems

reasonable for constant speed mechanisms operating at or just above

their fundamental natural frequency. Similaritìes between various

vibroimpact mechanisms is demonstrated for specific conditjons. Thjs

procedure offers a useful means of generalìsing the app'licab.ility of

several vibro'impact idealisations often used in practice.
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CHAPTER I

I NTRODUCTI ON

An impact arises normal'ly from a collision of masses whích

produces finite (discontinuous) changes in their velocitjes over an

extremely small duration. Impacts .gcgyJ . 
in moving machìnes and

mechanisms largeìy as a result of clearances between components.

Then high transjent stress and noise levels may be produced which

may result in accelerated wear, malfunctioning or even failure 19-291.

0n the other hand,'impact interactions may be employed advantageously

to suppress or ampìify the displacement of a usualìy resonant vibrating

system. vibroimpact devices have been used, for example, to attenuate

the oscillations of radar antennae, machine tools, beams and print'ing

machjnes [49-68] and to exaggerate vibrations assocjated with piìe

driving and the crushìng or conveying of materjals [+o-qg, 69-75].

The impact process is comp'lex at the mjcroscop'ic level and

depends at least upon the approach velocities, contact geometries

and duration, nornrally ìoca'l pìasticìty effects and external loads

[34-43]. One of the simpìest and wjdely used macroscopic'ideal'isations

stems from the concept of the coefficient of restitution and the

assumptíon of an instantaneous contact Il-4, 46-48]. The coefficient

gives the rat'io of the relative velocity just after and before a

collision of two bodies as a constant. More sophisticated representatjons



of contact surfaces to include .linear 
[.l0]

[19, 20] have been employed too. However,

equations of motion usually requires ana.log

whích can be very time consuming lZ0, 261.

or nonlinear compl jance

the solution of the ensuing

or digitaì computatìon

The traditl'onal coeffícient of restitution and instantaneous
interaction approach wir'l be adopted here to evaruate the generaì

behaviour of two periodica'lly co1ìiding bodies. ¡ne of these bodies
oscillates with either a prescnibed sinusoidal dispìacement or in
response to a given sinusoidal external force. Its dispìacement
amplitude is sufficient'ly large to overcome the clearance betureen the
two bodies and ensure regu'lar contact with the second, otherwise free
body. Equations of motion will be formulated conventionally by using
the conservation of rinear momentum and by app'rying periodicity instead
of initial conditions [30-33, 52-55]. Transient motions therefore will
be disregarded. More universal solutions than generated hitherto Il-4,
28-33' 49-59] will be determined by assuming more general numbers and

sequences of impacts in some repetition period. The repetition period
wi I I be rel ated, as customari'ly, to the correspondi ng , not necessari .ly

fnteger,number of cycles performed during this time by either the
prescribed dìspìacement or external force. solutions will be categorized
for convenience by the number of impacts repeated every specÍfied number

of cycles of the prescribed dispracement or force. Reference to the
prescrìbed disp'lacement or force wiil be omitted when serf-evident
aìthough, in any case' the two situations will be shown interchangeab'le



under certai n condi ti ons.

A vibroimpact system undergoing periodic motion is classified
conventionalìy as asymptotically stable or unstable. The system is

asymptoti caì 1y stabl e i f i t returns eventual 'ly to the ori g'inaì peri odi c

mot j on after a smal 'l perturbat j on [l , b3] . consequenily, a'l 'l

characteristics like the ampìitude and form of a stable periodic motion

should not ultimatelv be altered by any smail disturbance. several

difficulties relating to the pract'ical implementation of this theoretical

definítjon can be envisaged easi'ly. An arbitrarily ìong if not virtualìy
infinite time is permitted in principle to regain the originaì periodic

mot'ion. This is obviousìy 'impractica'l experimentaliy especiaììy when,.

in any eventuaìity, almost impossible to control draughts and extraneous

building vibrations happen spasmodicaìly. Addjtionally, a reaì

disturbance's fulfillment of the theoretical definition of "small',

cannot be guaranteed present'ly from a priori knowledge of the vjbro-

ímpact sv_stem, A 'lgss apparent trouble relates_to the suggestio¡ of
previous,,researchers [], 59] that-any one theoretical solution may not be

necessarily unique. The disregarded transient component presumably

may become important under these circumstances. If so, extraneous

experimenta'l disturbances when viewed as transitional "jnitial" conditions

to the subsequent transient motions, take greater significance. These

vexatious questions will be discussed later and expedient compromises

will be sought in lieu of difficult to ach'ieve, compìete answers.



A compìetely different theoretical approach [3], used poss.ibìy

with a non-smooth transformation [79, g0], empìoys time averaging.

Mean values are assumed much greater than the variatjons allowed in

the vjbroimpact system's parameters over the averaging tìme. The

ensuing formulation has the advantage of not being based upon an assumed

and uncertainly applicable number and sequence of impacts. 0n the other
hand an assurance of stabirity,which .is important practically when

predictable machinery performance is needed [1,4,70_14f, is not gìven.

This defic'iency coupled with appìications otherwise more restrjcted by

the requirement of small variations detered further investigat.ions with

the averagi ng techni que. ,

Two basic types of vibroimpact systems and their physical

derivatives will be considered in detail. The first type called

"Impact-Pairs" are those systems which are composed idea'lly of rigid
bodies alone. The second category consists of vibro'impact systems which

not onìy have masses but some resi'lience and maybe damping too.

systems in this latter group are often termed ,'impact dampers". These

two types of vibro'impact systems have tended historically to be vjewed

in isolation. This will be shown unnecessary under certajn specified

ci rcumstances.



CHAPTER 2

VIBROIMPACT OF AN IMPACT-PAIR

2.1 Introducti on

clearances occur commonìy in kinematic pairs of mechanisms

such as'linkages: gêâF trajns, pìnned connections, joints and automatic

control systems t9-33]. They may arise from manufacturing

to'lerances, wear' lubrication spaces, backìash or may be'incorporated

intentional]y to accommodate thermal expansion. The operaiion or

mechanisms wjth clearances may produce high but transjent impact

stresses which may lead to hammer hardening, scoring, pittìng or wear

of intermittentìy contacting surfaces and high noise levels Ilo, l],
f4, l7 ' 21-24, 44f. The life-reducing and noisy phenomenon ofoknock

and piston slap in an internal combustion engine, for examp.le, arises
from clearances in bearings []3, 2s]. Although many uncertainties
exist, intuition suggests that wear and noise increase generalìy with
the rate, number and severity of impacts. Therefore it is quite
important from a practicaì viewpo'int to relate these characteristics
to the external loads and structural properties like the masses,

geometry, cìearance and coefficient of restitution.

Idealised models of typicaì mechanisms with clearances are

illustrated in Figure 2.r. The moders represent an osci|ratjng four
bar linkage' a gear assemb'ly and a pin connection wìth a clearance.



Cleoronce

( o ) Four bor mechonism with cleoronce.

Cleoronce

( b ) Geor cssembty with bock lo sh .

Cleoronce

(c ) Pin connection with cleoronce.

Exponded View

Exponded View

Top View

Joint C

Joint C

Rototion

Fi gure 2.1 . Mechani sms wi th cl earances.



Motions of rigid members A and B are identical when the clearance is

zero but can differ substantiaììy otherwise. This latter situation

can create practicai problems like dynamic drift, high frequency

oscillations or mismeasurement if member B with clearance at Joint C

is connected to the rneasuring indicator of some ìnstrument [1,2, 3,

26-297. A detailed study of the dynamics of joint c is required to

understand and reduce these detrimental effects. In many cases such

as slider-crank mechanisms, pin connections in 'linkages and fuel

density meters, the disp]acement of member A varÌes sjnusojdaì]y in

time whilst the rnotion of B is ìargeìy uniaxìa'lly. L'inkages are

normalìy considered rigid at low speeds of rotation. In such cases the

significant features of jojnts c in the vibroimpact mechanir*, ur"

retajned by the idealised model shown in Figure z.z. in this figure

mass m and slotted mass M, w'ith a prescribed sinusoìdal d'isplacement,

represent members B and A respectiveìy. The model shown in Figure Z.Z

i s cal led tradi ti onal ìy an ' Impact pai r'

while studying general mechanisms with clearances, both

Kobrinskii 11,2, 3.|, 321 and stepanenko [¡¡] observed that during

k, k = ì, 3,5.... periods of the prescribed djspracement, successive

impacts occur on alternate sides of the clearance. The prescr-ibed

dísplacement has been shown to be anaìogous in these cases to a

prescribed external force on the Impact-paìr [2]. KobrinskiÍ et al

[31] obtained an analytical solution by using the concept of the

coefficient of restitution, conservation of linear momentum and

appìying periodicity instead of initial conditions. It was found



ô
Õ

Pre sc r ibed Displocement, A sin,0,t

Figure 2.2. Simplest model of a mechanism with clearance.



that vibroimpact systems may have nonunique or multivalued solutions

tl l. Kobrînski i et al fsz] crrecked the asymptot'ic stabi I i ty for smal I

perturbations by us'ing a concept anaìogous to the propagation of errors

in difference equations. The prob'lem of stahility will be considered

in detail later.

Dubowsky et al [10,'ll] and veluswami et al [19,20] extended

Kobrinskii's model by 'incìud'ing linear and nonlinear surface
I

compiiances to explain multi-impact regions observed experimentalìy.

The major advantage of this alternat'ive approach to using the concept

of a restitution coefficient is that the contact time, stresses,

accelerations and surface deformations during an impact can be determined

more directly. The direct anaìogue or digitaì solution of the resu'lting

d'ifferential equatìons however can often be very tìme consumìng

120, 26f. These direct techniques aìso have the extra dísadvantage,

shared with experimental observations, that a ìarge number of cycìes

of a given periodic motion may have to be evaluated visualìy before

a still often uncertain decision can be reached regarding stabilìty.
0n the other hand, aìì theoretical approaches are restricted by the

fact that the existence and uniqueness of a periodic solution has

never been proved [], 4, 53].

The contact between two colliding objects like a steel ball

bar on a steel plate or rigid base, typjcally lasts from 50 to 300

secs [10, ]1,19,20,35]. such durations are negligibìe compared

0r

u



l0

with the usual characteristic times of dynamic engineering systems

operating at speeds lower than 3000 rpm, say. Under such circumstances,

the somewhat macroscopic concept of a restitution coefficient seems

reasonable. Coefficients of restitution of rimpactinq objects made from

hard materials like metal are known to be fairiy insensitive to their
relatÍve approach velocity [34-38]. Therefore the often employed first
approximation of a constant coefficjent of restitution for two given

contact surfaces seems plausibìe. Consequently the more traditional
approach will be taken here of simpjy describing a col'lision by some

equivalent constant coefficient even though the impact process may be

much more compiicated [34, 40-43].

The on'ly available analyticaì solution involves an Impact-paìr

undergoing two symmetric impacts/odd number of cycles of the external
force or prescribed dispìacement where all impacts have the same constant
restitution ggerlgignt [2, 3r]. An extension to two unsymmetric
'impacts and u19e_ua='l_ coefficients will be deveìoped here. These

theories however stiil do not cover more generar perìodic motions

observed in practice to have more than two impacts ìn a periodic unit
['1, 10, ll, 19,20]. consequentry a computer orjentated technique

based upon the analytì caì approach of Kobri nski i Il ] and trlasri t59l
will be presented to better accommodate such situations. The effect
of commonìy occurring fluctuations in the coefficients of restitution
at different contact surfaces []] wiil be investigated too. Resurts

will be checked as far as possible with available data and addiìtjonal
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'information to be determjned from a

simulatíon.

speci a'l 1y constructed experì menta'l

2.2 Theoretical Periodic Motjons of an Impact*pair

The general periodic motion of an Impact-Pair will be formulated

when the absolute disp'lacement of the primary mass, lvî, is prescribed.

The amp'litude A of this prescribed dispìacement is sufficient to ensure

N impacts happening between M and the secondary mass, m, dur.ing the

periodic unit of tjme To.

The idealised model of an Impact-Pair with clearance d between

M and m is shown again for convenience in Figure 2.3. Although the

proposed development is valid for vary'ing coefficients of restitution
Rt where 0 < R- < l, i = l, 2--N, each R.¡ w'i'll be restricted to a

constant and known vaìue R., or Rr. The R., and R, are associated wjth

every collision at the sideslabelled I and 2, respectiveìy, in Figure

2.3- The start of time can be shifted arbitrariìy to the'instant of
any one impact after the appropriate periodic motion has been

established. This impact is numbered I .in Figure 2.4(b) and can be

seen from Figure 2.4(a) to have a phase t relatjve to the prescribed

displacement. The integer N impacts described by the y.i in Figure

2.4(c) occur before the sequence is repeated exact'ly after time To.

The N, To and the distribution in time of the impacts (i.e. tj, tz,
--- and t,,', in Figure 2.4(b) are assumed known.
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þx
Figure 2.3. Dynamic model of an Impact-pair.
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The absolute dispìacement of M at time t js

X = A sin (nt + t)

and the time variati on of X i s imp'li ed.

If impacts between ['l and m occur at tirne t¡ i = 1,2--N with

tl zero, then the absolute dispìacement of M at these instants is
gi ven by

Xlt=t. = Xi = A sin (oi +.r), j = l, 2,--N
"ti

where

(2.1)

(2.2)

(2.3)

Impacts occur onl¡r r,rkren the relatjve djstance y be,tween m and M djs + z
for a collision on the right side of M in Figure 2.3 and - $ ror u

collision on the left. Hence -*

Yi=zi-xi=lå,t=1,2,---N (?.4)

at impacts because Figure 2.3 indicates that Z is the absolute displacement

of m. All the relative dispìacements at impacts y.¡, i = l, 2,--N, are

presumed known. The velocity of m remains constant between impacts

because no external forces then act upon it. Consequentìy the velocity,
Vru' of m between the j and (i + I ) 'impacts is identical to its veìoc.ity
after the i th ìmpact. Therefore Vru is simp'ly the ratio of the absolute
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viu=ffffi,t=r,2,--N (2.5)

Substituting equation (2.3) and (2.4) into equation (z.s) gives

CI[x(l+l) +Y(i+l) -x'¡ -Yi] ;-r, À,viu=- o(i+l) - cri 'i=l'2'--N (2'6)

similarly the velocìty, vi5, of m between the (i - l) and i th impacts

equa'ls

v _CI[xi + Yi - x(i_l) - Y(t_l)]
"ib - - c 0,

distance travelìed by m between the'i and (i + l) ìmpacts and the time

e'lapsed between these impacts. l'lathematicaììy,

, i = ì,2,--N (2.7)
i - (i-l)

The basic definition of the coefficients of restitútion are [l]

i. - v.
R.=--tu lu,i=ì,z,--N (2.g)t ir¡ - viu

where i.,o and 1.,u are the velocities of the primary nrass jmmediateìy

before and after the typicaì i th impact, respectiveìy. However the

prìmary mass' dìsplacement and its time derivatives are prescrìbed

to be conti nuous regard'less of the col 'l i s i ons . Therefore
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or

ijb = Í.'u = S tn rin (nt + ,)llr=r.
'l

iib = fru = A ecos (oi * t), i = l, Z,--N

Equation (2.9) can be combined with equation (2.8) to produce

(2.e)

A f¿cos (oi * r) - V* -R==- 'ori=lr2r--N (z.lo)t A ç¿.ot (o.i + .) - Vio '' -

or, a1 ternati vely,

Viu = - RiVib * (l + Ri) A ncos ("i +.r), i = l, 2,--N . (2..l.l)

By empìoying equat'ion (2.6) and (2.7), equation (2.il ) can be rewrjtten

AS

nt*ti+l) + Ylt+r¡ - xi - Yil

oli+i¡ - cri
= (l + Rr) A ncos (oi +.)

Q [x" * Yi - x(i -r) - Yti -r)] i _ .,- R¡ , r = r, 2,--N (2.12), oi _o(i_l)

Now the sequence of N impacts is repeated every flTo or, from equation

(2.3), ao so that
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oi+N = oi+oo 'X(t+N) = x.i , R(i+N) = Ri

Yí *N = Yi' x(t *N- t) = X(i - t), o(i +N- l) = o(i - l) 
*.*0. (2.13)

con sequen tr*i:_' 
l: -:oit,:1itù;l r_,:r-,, i n s teaa or o1, -ì r,

ano Ä(i-l)' respectively, and expanding A sin(or+r) and A cos(oi*.),

0i

-ffi (2 jll ;in-Ë-,,*r¡;ú;J i nto

Xi - Sincr., " A cos.r - coscri "A sinr = 0, i=ì,2r__N (2.14)

and

R._+=-_ I+x_Lå_ l-l-Olr rÀr\-O¿/i,rr ar C[r..rr-Ct.o(i*l)-t
_ 'ltfq_lji1J o(i+t 

)-o¡

R.'l

xlt+r¡

-Y"(i+N-l) o(i *N) -"(.¡ +ru- t)
- (l + R., )cosar.A ..r.f=rffi

+ (1 + R.¡ ) sino,., "A sint

i = lr 2r--N (2.15)

These last twor IroSt generaì relationships form 2N linear simultaneous
equations when alr the i are substituted. There are (N + z) unknowns

if the periodicity and timing between impacts is assumed and all passive

components like m, M and d are given. The unknowns are the N varues

of xt, the amp'litude of the prescribed dispìacement, A, and the phase
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angle, r. An exact, closed form solution is possible only when the

number of equations and unknowns coincide (i.e. 2N = N + z or N = 2).

0therwise a numerical technique like the least squane fit method t7]
has to be employed.

Further advancement of an ana'lyticaì nature requires at least

an assumption of the motion,s periodicity, To. The standard assumption

will be made that two impacts happen every k, k = r,3,5,---, cycles

of the prescribed displacement of the primary mass, lvl. Successive

impacts occur on alternate sides of the slot within this mass. For

convenience suppose that the first impact is on the left-hand surface

of M labelled I in Figure 2.3. Then the subsequent impact is on the

right-hand surface, 2. The corresponding constant coefficients of
restitutíon are R., and R¡ respectiveìy, where R., and R, may or may not

be equal.

The perìodicity condition leads immedjately to

ao=QTo=2nk (2.16)

(2.17)

Equation (2.3) takes the particular form

ql = 0 and oZ= oZ and 0 < ar< Znk

0n the other hand, equation (2.4) sti I I 9i ves

=g
2

_d"z (2. l8)Yt and Y,
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Then equation (2.14) and (2.1s) can be shown, by using the last three

equations, to take the specìaì form

xt-Asint=O 
Ì

X, - sina, .A cost - coso¿z.4 sinr = O 
J

(2.1s)

and

. (2.20)

The two coefficients 1., and L, depend upon d2 and can be expressed as

Lr = r-ãå% - *rl uno rr= t6!r- þ . (2.21)

Variables X1 and X, can be el'iminated from the two equations numbered

(2.20) by using equations (2.r9). Thís procedure produces the two

equati ons

Il - coscxrJ L',"Asint - [1., s'incr, + ('r + R.,)J"Acosr = dlr e.zza)

and

Ll. Xl - LI.XZ - (l + Rl) A cost = dll

LZ" Xl - Lz.Xz - (l + Rr) coso, . A costl

+ (l + Rr) sin*r.A sint != 
o',
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[12(l - cosoz) + (l + R2) sinrr].Asint

+ [-Lrsinq2 - (l + RZ) cosorl.Acos.r
= dLz

hlhen the impact timing sequence parameter o, is ono*l_ in addition

to To' 1., and L, can be determined from eguation (2.21) given k so

that the oniy remaining unknowns are A and r.

The sol uti ons of equati on (z.zza) and (z.zzb) fa] I i nto two

categories depending whether these equations are ìndependent or

essentially identical. This last situation arises when oZ equals one-

half the periodicity parameter oo given by equation (2.16) and R., is
the same as Rr. The physicaì interpretation of the requirement for
o, is that the durations between any three consecutive ìmpacts are

equa'l . Then the impacts wi I I be termed ',equi spaced,'. (conversely

anaìogous unequaì durations will be calìed ,,unequìspaced,'. If no

adjective is used in conjunction with impacts/cycle then unequispaced

i s impl ì ed. ) Therefore under the speci aì condi ti ons

ar=nk and Rl=RZ=R

(2.22b) take the simp'ler formboth equation (Z.ZZa) and

,ì + p,
(l- +-T/ cosr _d

2A
*Tk,2

(?.22b)

(2.23)

sl nT (2.24)
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Then it is more convenient to assume A and compute.r by manipulat-ing

the last equation into

s'l nT =
* rì-i*rtrl-{-B*r' 

--l1f, 
+ r =tfiff

(2.25)
,1 + R,2 r2kz(T--R) ? +l

Equation (?.-24) and (2.25) coincide with the equatÍons given in reference

2 specifical]y for two equispaced impacts/k cyc'les. It is shown in
Append'ixAl that a necessary condition for two equispaced ímpacts/k

cyc]es (k = 1, 3, 5,---) to occur is for R., to equal RZ.

The second more genera'l'ly app'licable category exists if

d

-4
2A-

ozf

Then equation (2.22a) and

two unknowns A and .r. It

(2.26)

two independent equations in the

strai ghtforwardly that

nk

(2.22b) are

can be shown

wi th

A=tL3 *rrtJ\

sin'i an d cos'r

(2.27)

='o
A

-L¡-T-
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ILi sì no,

Coefficients L, and LO can be expressed as

l=-4

where

[l - cossr] dL.,L, - [1, (t - cosoz) + (l r R2) sinorl dL.,

S = [l - cosarJ [-t-rsi noz - (ì + nr) cosarJ 1., + [Ll sino,

+ (l + n.,)l lLz (l - cosdz) + (l + Rz) sinarJ (2.2e)

These coefficients can be enumerated given a, distinct from rk (k = l,
3,5,---) and A and then'r can be determined from equatíon (2.27).

Anaìytícaì solutions have been given in pnincíp'le for general

periodic motions having two impacts/k cycles of the prescr.ibed dis_

placement of the primary mass. The k can be any odd integer aìthough

it is restricted normaììy in practice to the two lowest. Impacts may

be equispaced or unequispaced in tjme. A necessary condition for
equispaced impacts has been demonstrated for the first tjme to be

equaì coefficients of restitution, R., and Rr. Then the generaì anaìytica'l

solutìon degenerates into an existing, more specific one, equation

(2.25). The closed form solution (2.27) deveioped for two unequispaced

impacts/k cyc'les however ìs novél . -

(2.28)

L3=

and
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0n1y computationaì'ly orientated methods are feasible when the

number of impacts is greater than two in any periodic unit. This

situation arises because the number of equations exceeds the number of
unknowns in relationship (?..I4) and (2..ls) even after the period.icity
and timing of impacts is assumed. Then a numerical solution was

computed based upon the least square subroutine LLSQF of the IMSL

Library t45]. Va'lues of the unknowns were finalised when the square of
the difference, E2, between the reft- and right-hand sides of relatìon
(2.14) and (2.'15) was tr^u'ly minimised and e was less than 3% of these

values. Truncation errors were reduced by using double precision

arithmetic throughout. NumericaJ caJculations were performed on an

AMDAHL V7 di gi ta'l computer.

2.2.1 Stability of periodic Motion

A vibroimpact system 'is asymptoticalìy stabìe if it returns

eventually to the originaì períodic motion after a smal'l perturbation

['¡' Sg]. Substantial information of a quantitative nature is sadly

lacking regard'ing the return time and the definition of small. in
this work the first variable will be fixed somewhat arbitrariìy
and the likely magnitude of the second wi'll be investigated

experimentally. Previous theoretical and experimental work [.1,59]
indicates that multivarued solutions occur for given parameters

which may or may not aìl be stable. if both stable and unstable
periodic motions appear simultaneousìy feasib.le, then a vibroimpact
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system seems inclined to vibrate in the stable mode [.l,55,65]. The

need for contìnued stability is especiaìiy important in forging,

material conveying and pìoughing where predictable machinery performance

is required regardless of parameter changes [], 4, l}-74f.

The'asymptotic stab'iìity of any periodic motion can be determined

by genera'lizing the results obtajned independently by Kobrinskii [], 2]

and Masri [53]. Their approach is anarogous to evaluating the

propagation of sniall errors in difference equations. It basically

relates the effect of perturbing the absolute dìsp'lacement Z and

veloci ty 2 of the secondary mass at the time t., of the chosen first
contact to corresponding changes, AZi and A2r, at later contact instants

ti, i = 2, 3,---. These relationships were developed in reference I and

59 by using the equations of motion, conservation of linear momentum

and the definition of the coefficient of restitution. The initial
perturbation was considered "small" if corresponding products are

negl i gi bl e compared to al I terms typi cal ìy i nvol vi ng Â2.¡ and n2.¡ .

Then it was shown that

= [P] (2. soa )

where

J^" I
l^t'JË-rrÌ

IPl = [P*J [P¡r_l ] --- tPl l (2. 30b)
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and the representative Z x 2

at impact tÌme tr*., to those

one or two, of [e.,J are

pi(1, l)=-Rçt*t¡

component matrix

at tr. Elements

lP., J re I ates the changes

Pi (p, q), p and q equai

Pi(1, 2)

Pi(?, I )

and

PiQ,2)

where

= - R,.(r

=[l+

+l) [o1i+r¡

R(i*l)l'H'

- o.' J/o

a2 /G

= - R(i+l) + [l + +l)l'H"a' [aqi+r) - a'J/G*(t

(2.31a)

(2.31b)and

when the nomenclature of the previous section is used. Terms like
R.¡ in equation (2.3.la) were constant previously but the coefficient
of rest'itution can be variabre now. The periodic motion is asymptot-

ically stable if and onìy if all the modulii of the eigenvalues of
matrix [P] given by equation (2.30b) are strictìy less than unity

H = A sin [cx(i+t¡ + tl

e = 
ntxrir:l) 

-* ]r¡ *l)r- 
xi - Yil 

- ACIcos lcrli+r) +.1
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[53, 59]. Double precision arithmetic was used in conjunction with

the readily available subroutine EIGRF of the IMSL library to compute

the eigenvaìues of [P] bv empìoying Hessenberg's method [ 45 , B].

Computer programmes are listed in reference 82.

The theory outlined in this and the previous section will be

used to review various stable periodic motions of partìcular examples

of Impact-Pairs considered less comprehensiveìy elsewhere. Results w.ill

be given in the form of vq¡!_o_us stabiìity zones each shown as a hatched

area bounded by two curves with a common symboì. Any one curve will be

called a stability boundary and the modulii of the maximum eigenva'lues

are unjty there. All points within two associàted boundaries are

stable and have an identícal form of periodìc motion. This form will
be denoted by the number of impacts happening in a usually d-ifferent

number of cycles of the prescribed dispìacement.

2.2.2 Theoretical Results

Non-uniform coefficients of restitution can be expected in

practice because small differences occur even in carefuì1y conducted

laboratory experiments tl]. The likeiy practica'l consequences of such

differences will be assessed by using equa'l (Rl = R2 = R) and unequal

(Rl É R2) coefficjents of restitution in the previousìy detailed theory.
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2.2.2. I Identi ca'l Coeff i ci ents of Resti tuti on

The governing equations of motion are equations (2..l4) and

(2.15) when the coefficr'ents of restitution both equaì R. Terms like
(Y1i+l)- Yt) in the latter equation can be seen from equation (2.4) to
be a multiple of d. A simpìe division by d would non-dimensionalise

both equations leaving the motjon to be descrjbed in terms of A/d

(or, more conventionaììy o/2) and R for a given a.¡ and.r or pattern of
-impacts. The equations and, hence, their solutions are independent of

both masses m and M.

Theoretica'l , asymptotica'liy stable zones are presented in

Figure 2.5 for two equispaced and two unequispaced impacts per one and

three cycles. The stable three, four and five ìmpacts/cycìe zones are

given too. Zones of two unequispaced and three ir¡pacts/cyc'le can be

seen to overlap for alì R whilst most zones overlap another one at

values of R below absut 0.2. This indicates that any one theoretical

solution may not be unique. Then the appropriate solution under such

circumstances probab'ly depends upon the particulars of the in.itial
condit'ions. A sjmilar observation has been made previously in theoretical

studjes of loaded Impact-Pairs [l], vibrohamners and vìbrotampers 14, 46).

clarification of the phenomenon will be sought expenimenta'lìy.

The wide'ly studied two equispaced impacts /cyc1e stabiìity zone

occurs predominant]y below a unity o. its heiglrt grows sì.ightiy wìth

increasing R. Other zones however do not necessariìy have the same
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of restitution, R.

Fìgure 2.5.
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tendency. The height of the two unequìspaced impact/cycle zone, fon

example, decreases with larger R. Therefore it cannot be assumed

automatical'ly that a characteristic of the two equispaced.impacts/cycìe

zone adequateiy refJects the corresponding property of another stab.iìity
zone. In addition, the heights of the three and higher numbered

impacts/cycle zones are larger than both the two impacts/cycìe zones

in the commonìy occurring range of 0.4 < R < .l.0. 
consequenily there

appears to be a greater chance of higher number impact sequences for o

or ratios of A to d greater than one.

The variation of the maximum absolute eigenvaìue of matrix p jn

equation (2-30b) is shown for compìeteness within the two unequispaced

impacts/cycle stabi'lity zone in Figure 2.6. Various o and representative

values of R are ernpìoyed. The maximum is unity on the two stability
boundaries and diminishes invariably with greater penetration of the

zone's interior. The minimum attained for the maximum absolute

eígenvalue is presented in Figure 2.7 for more comprehensive varues

of R. It appears to vary as R2. However the .unn! of o over which the

minímum holds seems, from Figure 2.6, to decrease wìth R.

Figure 2-8 shows the ratio, I, of the durations between three
consecutive impacts for stable, two unequispaced and also two equi_

spaced impacts/cycle motion. Three intermediate values of R are

empioyed which leads to o being between 0 and l.s. The vertical line
ï = J naturally corresponds to equa] durations or equispaced impacts
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Figure 2.8.- Rat'io of duratjons between three consecutive impacts,
I, for stable two impacts/cycle. Coefficjents of
restitution are identical and given by R.
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regardless of R. However the value of I ìncreases with o for the

unequispaced împacts (I I l) in a similar fashion for all three remain-

i ng curves.

Repeated collisjons of an Impact-pair will produce wear and,

hence, a changing c'learance. Figure 2.8 may be used to find the

instantaneous clearance without dismant.ling the pair if:

l) the amp'litude A of the prescribed displacement of the primary mass

is controllable and measurable; and

2) the initialìy equal coeffjcjents of restitution are not altered

by the repeated collisions.

The first requirement may be reasonable when the cyclìcaì impact motion

can be sustailned noticeab'ly for slow run-ups or run-downs of motor

driven systems. The second assumption is still questionable and will
be commented upon later.

Amp'litude A has to be controlled such that I remains constant

throughout and, for convenience, the easìly observed, two unequispaced

impacts/cycle motion is aìways obtained. Then the previous assumptions

ensure that o is invariabìe, i.e.

onew = oold (2.32)

where the subscripts are self-expranatory. The o has been defined

as 2Ald so that
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dol 
d

from equation (2.32) after cross-multip'lication. Both subscripted

values of A can be measured so that the new clearance, dnew, can be

calculated by using equation (2.33). The inìtial clearance, dold, is
supplied normalìy by the machinery manufacturer.

2-2.2.2 Different Coefficients of Restitution

corresponding figures to Figure 2.5 and 2.g obtained for
normaliy different rather than equal coefficients of restitution R.,

and Rt are shown as Figure 2.9 and 2.10, respectìve'ly. The R., is a

constant 0.75 in the latter figures because this value is fairly
representative of metals like steel. Theoretical stability zones are

limited in Figure 2.9 to two unequispaced and three impacts/cycle

for greater ciarity. Two zones, one labelled ABCDE and the other
FGHDE, with region CDEF in common are shown for the case of three

impacts/cyc'le. The three impacts of stabi'lity zone ABCDE are composed

of two on side I and one impact on side 2 of the primary mass. These

same numbers are associated with the reverse sides for zone FGHDE.

All the stability boundaries were determined for R, incremented by

0.05 in the range from 0.05 to 1.00. A few on.ly of the ensuing

results are shown expìicitìy in Figure 2.9. A'lso onìy a selected

representative samp'le of these R, vaìues was utìlised in the

computation cf Figure 2.10. The vertical line i = I in this last
figure indicates again that impacts are equìspaced. Figure 2.ì0

A
newqtçl =new (2. 33 )



33

therefore substantiates that equispaced impacts require at least R.,

and R, equal. Simi'larly the stability zone for two equispaced'impacts/

cycle can be shovm on'ly as the lowest dashed line at R, equal 0.75

(Rl a constant 0.75) in Figure 2.9. The othen dashed lines at R,

equal 0.75 indicate the range of the remaining two pertinent stabiìity
zones taken from Figure 2.5.

Figure ?.9 indicates that a given stabiììty zone is neither

uniform in height nor horizontaì with R., constant and R, increasing.

ih. ,pu.. between the two extreme zones appears largest at the left of

this figure where the d'ifference between R., and R, is greatest. it
naturally tends to decrease as R, approaches the value of R., and

subsequentìy grows again when R, increases beyond R.,. txcept for
the common upper three impacts/cycìe stabiìity boundary, the sìopes

of all boundaries are fairìy smooth and reasonably horizontal in the

area near R, equaì Rl. Despite the more rapidly changing upper boundary,

the height of both three impacts /cyc1e zones does not vary dramat1ca1ly

in this area for fluctuations of around 5% in Rr. similar R,

fluctuations also do not seem to significantìy affect ratio I in

Figure 2.10. A variation of around 5% is typ"ica'l of carefu'l practice

at fixed openating condìtions [], 35, 36, 5s]. such variations

would appear not to particuìarly change the character of

two of the lower impact numbered stabiììty zones. varjations

progressive]y greater than 5% however should be expected to become

increasingly more important.
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2.O

t.5

C r.o

o.5

o.o

Fi gure 2.10 .

3o t2
ï

of durations between three consecutive
for two 'impacts/cycìe. The R., is a
0.75 and differs normally fróm the

R2.

Ratio I
i mpacts
constant
vari ous

o2
a2

Equispoced impocts / cycle

Unequispoced impocts / cycle

R.=O.BO

R.=O.7O

R,=R.=O.75
R.=O.60

=O.4O

Rr=O.75
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Theoreti cal predi ctions wi I I

wÍth experimental data. Details of

practical to satisfy the theoretical

in the following section.

be checked next by comparing them

the apparatus, built as far as

assumptions, wiì1 be presented

2.3 Details of the Ex ri menta'l aratus and Instrumentatfon

The experimental apparatus is displayed in Figure z.jl wl'th

important details of the masses shown in Fi gure 2.12. The pr.imary

mass v'/as made of hardened die tool steel to minimise possibìe

indentations from repeated impacts. A rectangu'lar slot was machined

inside the steel tak'ing care that surfaces with which the secondary

masses collide were flat, paraìlel and 0.7000 + 0.0005 inch apart.

This primary mass was fixed essentia'lìy rigid]y to the el-ejllgIggnetic
shaker by using a light, non-magnetic aluminîum adapter.

Non-magnetic stainless steel and brass secondary

masses were employed primariiy to observe the effect of various

coeffjcients of restitution. However, an additional secondary mass

was made from a magnetic sensitive, mild steel to assess the effect
of the shaker's magnetic field on the motjon of the masses.

All secondary masses were machined as integraì dumbells with a

spherical like oontact surface. consequent'ly a seco.ndary mass is
always contacted at some point even if ìt rotates about vertical AA,

in Figure 2.12(b) or, to a less extent, about a perpendicular axis.
This mass was suspended virtuarìy frictionless and 34.2s + 0.05 ins.
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Figure 2.11. Details of the experimental apparatus and instrumentation.
Key:

(l ) Electromagnetic shaker, (10) Two-light cotton threadsLing Model 400 Serjes .I92

(z) Hewrett-packard Function (ll ) solid frame

Generator 3ll0B (12) Wayne-Kerr Feedback amplifier TE

(3) &pli fíer Li ng Model (13) Hewl etr-packard mul rimeter 5306A
PA2OO

(4) Aruminum adaprer (r4) 
l::liillä.Ë:'?lîroeam 

storase

(5) secondary mass made from (ls) Adjustìng mechanìsmeither steel or brass

(6) slotted primary mass of 
(16) cold rolled pìate

die tool steel 07) Heavy concrete bl ock

(7) Bruel & lfiaer accel ero-
meter Type 4333

I

Wayne Kem capacitance transducer

Support for capacitance probe

MK II

(B)

(e)
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6- lO 32 Topped holes

to.ooos

+++ o .500

l*=- 3. ooo _____;
H

62.

-trs?sl-î
t.250 *..*l

L
Secondo

Cross Sectlon A

o.t!
5(

o
L

5

o.2 50-*l r-

(o) Primory moss of die tool steel RC

l-2 56

o.275 o.t75
o.440d

o.750

(b)
zs.o to.l

Frome
Threod length
odjustment

-4--
2.OtO.t

ô

Hole for Threod Chonnel Sectlon
4-O.25 UNC Topped holes

(c ) Adjusting mechonism
All dimensions ore in inches ond those toleronces not specified
ore t o.ool inches

o.68 9 5 tO.OOOS
Spherlcol Surfoce

-At

lrltLÞ a1

O.25"x7

i- I ¡¡oo
L-l--r

Figure 2-12. Details of the primary and secondary masses and adjusting
mechan i sm.
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from a solid frame, item 'l'l in Fìgure 2.ì.l, by two light cotton strings.
These strings were arranged so that the angie between them (3B.So + 0.5")
was maximised to prevent rotation,0, about the vertical. It was found

from preìiminary experiments that the greatest 0 then occurring (at the

ìargest prescribed displacements) was reduced from about 90o to lb".
By aìso employing the dumbell rather than a spherical.secondary mass.

lotations about other axes were substantia'lìy less. Therefore the

experimental secondary mass simulated the free, horizontal

unidirectional movement assumed theoretically. possìble superfluous

effects of varying contact geometries and, hence, coefficients of
restf tution were minimised.

The adjusting mechanism highlighted in Figure 2.ì'l enabled the

initial stationary position of the secondary mass to be modified in
order to evaluate the influence, if any, of the jnitial conditions on

the final periodic motion. This mechanisp, like the capacitance trans-
ducer, item I in Figure 2.1.l, was supported by a soiid connectjon from

a level, horizontal plate, 16, seated on the very heavy concrete block,

17- The electromagnetic shaker, l, was situated also on the horizontal
p1ate. consequent'ly,any extraneous building vibrations shouri r¡!erv
affect all major mechanical components equaììy so that the prescribed

absolute dispìacement of the primary mass can be measured with the

capacitance transducer, 8. The additional precaution of performing

a'I1 experiments during quiet nights was taken to further reduce

extraneous events. Impacts were monitored most easì]y by displaying
the signaì from the accelerometer, numbered 7 in Figure ?.11, on the
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storage oscilloscope, item .l4. Alj the equipment was calibrated accord-

ing to manufacturer's instructions. The accuracy of any one instrument

was general]y within + 0.5%.

The prescribed frequency and ampìitude of the sinusoidal dis-
p'lacement of the primary mass was generated by control'ling carefulìy

the motion of the rigfdly coupìed shaker usrìng a function generator and

ampfifier. sinusoids were varied ìn frequency from l0 to 50 !z in steps

of 5 Hz. This frequency range was well below the indívidual fìrst mode

natural frequencies of the secondary mass alone and the q¡imarv

mass system, respectively about l0 kHz and l5 kHz. It was also above

the fundamental pendulum frequency, 0.b3 + 0.02 Hz., of the strung

secondary mass. Therefore the secondary pendulum behaved essentiaìly

as a mass [zo] which, like the primary, reasonably satisfied the

theoreti cal assumpti on of ri g'idi ty.

f¡es9riled !isn-racemelr 1mp'rirude of ,h. ;;i;..n r.t, was resrricred
practicaììy to less than about 0.05 in. by the limilted range of the

capacitance transducer. 0n the other hand the secondary mass began

noticeably to rotate increasing]y about the horizontal and rise
(termed "lifting") with ìarger dispìacements of the primary mass. This

was likeiy the result of not tru'ly horizontaì'impact forces due to the

secondary's pendu'lum motion and directional distortions from the

shaker. The effect became excessive when the prescribed dispìacement

rose above 0.02 in. and 30 Hz.so that measurements were then terminated.

Another, soìely practical phenomenon was the change in the amplitude
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of the prescribed displacement caused by the collisions of the primary

and secondary masses. These changes increased with a diminishing.

prescribed amp'litude but were never greater in magn.itude than a

5% of the overal I Oi spl acement ampl i tude.

There ane no clear qu'ideì'ines regardi ng an appropri ate ampì i tude

for "smalI" perturbations in the determination of asymptotic stabi'lity.
This question was explored experimentalry by using a pulse to disturb

an exi sti ng peri odi c mot'ion. The pul se was produced wl'th an Interstate
Sweep Generator Model F77 so that its ampTitude, 0 to 5 volts, and

duration, I to 100 ¡r sec., cou'ld be controiled. The system was

considered asymptoticalìy stable if it returned to the prior period.ic

motion within two minutes of the puise's application. The somewhat

arbítrary two minutes comesponded to at least .l200 
cycles of the

prescribed displacement. A'lthough desirable in principle,more cycìes

would have been progressivety time consuming and increased the

possìb'ility of uncontrolled vibrations from external sources becoming

jnfluential. Experience gained in this exercise was useful in assessing

reasonable perturbation characteristics for subsequent stabiìity checks

of alì experimental periodric motjons.

?.4 rison of Ex rimental and TheoretÌcal Results

Experimenta'l data wi I I

with the theoretical stabììity

dimensional parameter o (ZA/d)

be reported in a form fairìy
zones of Figure 2.5 and 2.9.

will form the ordinate agaìn

compati bì e

The non-

but the
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usually conjectured constant experimental coefficient of restitution
will be repìaced as abscissa by the frequency of the prescribed dis-
placement. in principìe stable periodic motions should be independent

of frequency. However they have been observed to vary somewhat jn

practice due to changes in the coeffjcient of restitution arising from

differences in the relative approach velocities of the col'liding masses

ts+¡. similar variations, aìthough never investigated before, firôy

stem from surface changes due to repeated collisions. Such effects were

assessed separately by utiìising h'igh speed photography and the apparatus

described in the previous section. Details of these experiments are given

in Appendix 44. They suggest that collisons repeated interm-ittent'ly

over six months may cause the coefficjents of restitution of the

materials investigated to change around 5 to 10%. A number of separate

coeffícients were emp'loyed additjonally by .independentìy usìng non-

magnetic stainless steel and brass for secondary masses and discrimjnateìy

appìying tape to stainless steel primary mass.

2.4.1 Equal Coefficients of Restitutjon

Stabi'lity zones are presented in Figure 2.13 and 2.14 for the

various coefficients of restitution empìoyed experimentatìy.

Experimental data are pìotted as curves whereas corresponding

theoretical predictions, ìndependent of frequency, are illustrated as

vertical lines. These predictions were obtained from Figure 2.5 by

using the observed number and spacing of impacts/cycie and the
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experilnental]y determined coefficients of restitution in Table A4.1.
Errors introduced by sinrply assuming that coefficients of restitution
are constant in theory and equa'r at coilisions on opposite sides of
the primary mass wirì be discussed rater. The cumurative effect of
intermittentìy reguìar contacts between experimental masses over six

' months may be determined by the differences in Figure z.r3(a) and z.r3(b)
and in Figure 2'14 between the full and corresponding dashed curves. Typicaì
motions under the conditions (a) through (p) in Fi gure 2..r3(a) are shown by
the correspondingry rettered photograph's in Figure 2.r5 through 2..rg.
The upper and rower signature of those photographs having duaì traces
respectively present the time history of the absolute disp1acement and
acceleration' Acceleration of the primary mass was modified by a low band-
pass filtering from 6 to 250 Hz to improve c'larity of phase p'lanes. phase
pìans help to determine the spacing and number of impacts per cyc'le of the
primary mass' prescribed disp'racement. The two verticar spikes in
Figure 2.15(c) and z.r5(e), for exampìe, indicate clearìy two impacts/
cycle' Equal arc separations between spikes in Figure 2.'15(c) demonstrates
that these two ímpacts, unìike those in Figure z.r5(e), are equispaced.
This information can be observed less directìy from the spacing and numbe,r
of sudden acceJeration changes in a time history rerative to one period
of the corresponding dispìacement of the primary mass. The number of
impacts per period, or cyc're, and their spacing in the case of two
impacts/cycle a'lone is stated for convenience under virtualìy aìl time
hi stori es .
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(a) Two ¡'mpacts/three cycìes

(b ) Tr.ro equ'ispaced impacts/cycle (c) Phase pìane representatìon of (b)

(d) Two unequispaced inrpacts/cycìe (e) Phase pìane representatìon of (d)

('10 msec./djvjs'ion unless -+DiSpLACEMENT
shown othervise)

Typ'ica'l experìnrental time hìstory and phase pìane of two
impacts/three cycìes and two impacts/cycìe perìodic motionsof the primary mass. Traces from top to bottom on the left-
hand sÍde alternateìy represent the åusolute clisplacement
and acceleration.

*TIME

ffi

Fì gure 2.15 .
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(t) Tirree impacts/cycìe

(h) Four impacts/cycle

(j) Five jmpacts/cycìe

-'TIME (ì0 msec. /di vision unless
shown othen^li se )

(g) Phase pìane repres-entati on of (f )

(i) Phase pìane representation of (h)

of (f)

2.16. Experimental three, four
moti ons of pr i ma ry nìas s.
are identical to those in

(k) phase pìane representation

*D I S PLACEMENT

and fi ve i mpacts /cycì e peri od'ic
Outìay is similan and conventions
previous figure.

Fì gure
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-¡5XlO ìn

(ì ) Two unequispaced impacts/cyc'le ) Phase plane representation of (J)

_t
5xto "¡n

A
I

I

zI
t--{(m
ot'
I.lJ
J
UJ()
O

(n) Three impacts/cycìe

+TIME ('l0 msec./division unless
shown othenvise)

(o) Phase pìane representatjon of (n)

-+DI S P LACEMENT

Fi gure 2.17 . Illustrating the probabìe
stable period'ic soluti ons.
that in Figure 2.15.

non-un'r queness
Convention is

of theoretfcal
identical to
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Experimentai and theoretical results generaìry agree quite

well as may be seen in Figures 2..l3 and 2.14. The various stability
zones appear in exactly the same order and tend to overlap sjmilarly.

A comparabìe degree of agreement was found in the corresponding tìme

histories. Figure 2..l3 and 2.14 clear'ly indicate the basic tendency

of experiment and theory to correlate best, after six months of

intermittent usage. The largest differences occur at the lowest

frequencies of the immediate experimental values. Then experimental

curves generally decrease with frequency especÍally be'low about 25 Hs.

Corresponding results after six months of usage are horizontal or

independent of the prescribed frequency of displacement. The ìast,

unljke the former trend agrees with theoretical predictíons.

veluswami et al. [lg] found in contrast to the experimental

results presented here and by Kobrinskii [l] that stabi'lity boundaries

tended to decrease rather than increase at the lowest frequencies.

Sjmilar electromagnetic shakers seem to have been empìoyed to obtain

these contrad'ictory trends. However Veluswami et al. appear to have

taken no precautions to attenuate the magnetic field of the shaker or

to use, as here, non-magnetic materials for the secondary masses.

Consequent'ly a secondary mass made of a magnetic sensitive mjld steel

was employed to investigate possible extraneous effects of the
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magnetÍc field. The primary mass was again coupled djrecily to the

shaker by using the originaì magnetic insensítive brass studs and,

additjonaìly, by magnetic prone, mild steel studs. Previous experimentaì

procedures were followed to produce the data displayed in Figure 2.ì9.

It can be seen clearly that the likeìy consequence of stray magnetìsm

decreases with more effective precautions. A notjceable effect appears

restricted however to the singìe two equispaced impacts/cycìe stabil.ity
boundary at frequencies below 40 Hz. Therefore extraneous magnetism is
not the major cause of the invariable low frequency discrepancy between

all the immediate experimental data and the theoretical results of

Figure 2.'l3 and 2.14. The downward trend with decreasing stray magnetism

does suggest converseìy that the ìow frequency, jmmediate experimental

values in these figures are p'lausible.

Theoreti cal accelerati ons were cons'idered t,o change instantly

at any one impact. Experimental accelerations on the other hand can

be seen from Figure 2..l5 through z.l8 to have a finite but small

"ring down" duratíon after a coììision. Stress waves travel during

this time between the surfaces of each mass wjth progressively

attenuated ampìitudes. Ring down was completed before the subsequent

impact and compiementary research [88] suggests that the theoretical

assumption is then justified.

Coeffi ci ents of resti tuti on R., and

and constant in theoreticaì computations.

R, were assumed identjcal

Accurate and extensive high speed
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Stobility boundory for

+

Both mognetic ond nonmognetic
couplings

,:E:g{
ç

I

\ .l- Magnetic coupling

V
\
q

\

2e/ I

- -ü-

Nonmognetic coupling

ro 20 30 40 50 60 70o

Fisure z.ts. rnnuence or er..lTl.T,:a?.',i.?:,T ;.1Í,ic rierd. secondarymass-is magnetic mil¿ iteel and gap cleaÉance is 0.0307 + 0.0005 in.. Resurrs obtained by !ting. (a) noñ-masnetic brasi ;iùã;'(Gl'öi"un¿(b) magnetic steel studs"(r--¡)'.onnuctions between shaker andprimary mass.

+ru11ngr-of 
ìmpacts/cycle of displacement. unequ'ispaced ìmpactsare.impìied.or given by u when not obviorr und e denotesequlspaced impacts.
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photography indicated that R., and R, were jnvariably within 3% for the

mature stainiess steel secondary mass. A similar correlation was obtained

for the brass secondary mass but on'ly at one operating condjtjon.

Comparable differences should be expected however over the entire range

of experimental conditions because the same vigiìance was taken in the

manufacture of both secondary masses. The 3% is withjn normal careful

practice and has been shown in ptinciple to hardìy affect the lowest

stabititv 
11y1_. llîJ.jore R., and R, are sufficienrly close ro be

considered identical to a common value R. conrufr"nilv, tnese

differences were neglected in measurements of the coefficient of
restitution. 0n the other hand Figure A4.z of AppendixA4sutt.sts that

the short-term coefficient of restitution R of the mature stainless steel

secondary mass varied by about B% over the entire range of exper-imental

conditions. The constant employed computationaììy r\ras enumerated in

the manner described in AppendixA4. Its value was generaliy ìower and

hígher than the measured coefficients below and above 25 Hz, respectìve'ly.

Figure 2.5 indicates that an'increasing theoretical value of R in the

pert'inent region around 0.75 might lower the stability boundarjes some-

what below 25 Hz, but only consistentìy for those zones involving two

impacts. Therefore the inevitable and pronounced downward shift of all
the immediate experimental stabi'lity zones below 25 Hz remajns ìargeìy

unexp'lained. Approximations more sophisticated than a'constant R

would seem to offer only marginaì ìmprovenrents.

Effects of prolonged use were evaluated neÌther comprehensiveìy

nor in a strictìy compatible fashion. Restitution coefficients wene
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only assessed initially by usìng the conventional method of determjnjng

the rebound height of the secondary pendulum from the free end of the

tightly held primary mass. They were measured thjs way and, for stain-

less steel alone, more accurately six months later with the he]p of

ht'gh speed photography. Discrepancies in the three sets of coefficients

for the stainless steel secondary mass appeared no worse than errors

assocjated with the penduìum technique. Consequent]y the effect of

repeated collisions could not be determined from these límited direct

measurements. Costs were too prohibitive to repeat the photography for
the softer brass and taped steel masses. A visual inspection revealed

that the contact surface of the brass was smoothed by the elimination of

very small "high spots" somewhat more than the pìain stainless steel

after similar use. A comparable process has been noted for gears LZ3, Z4l.

Although the stabi'lity boundaries for stainless steel and brass are

similar originaìly, a comparison of FÍgure 2.13(b) and the dashed curve

of Figure 2.14(a) suggests that s'lopes are sl'ightly more horizontal at

hìgher impact numbers and frequencies for the mature brass. rle 1ole-
what more repeatab'le collision conditions for the older brass seem

to counteract its greater rotatjon and ìift'ing. Counterbatun.ing jt-

sìightiy'less presumabìy for all orig'inal and for the final materials

harder than brass. Vaniations in the impact conditions of original

masses are exaggerated at low frequenc'ies by the sudden'increase of R

and by the growing effect of collisions on the primary mass' dìsplacement

amplitude at small o.
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2.4.2 Unequal Coefficients of Restitutjon

A difference of over 20% in the coefficients of restitut'ion at
opposite sídes of the primary mass was obtained by taping only one s.ide

and using the staínless steel secondary mass. As far as could be

díscerned from pendulum tests, the tape gave a consistent coefficient
of resti tuti on even afterimpacts repeated conti nuousìy over thi rty
minutes. Experìmental and theoretical procedunes were identical to
previous tests and the presentation of data in Figure 2.20 and z.z1

follows the same format.

Figure z.z0 indicates that the most frequentìy studied two

equispaced impacts/cycle stable motion observed for equal coefficients
of restitution could predictabìy, not be found for such wideìy dissimilar
coefficients- The agreement between experimentaì and theoretical two

unequispaced and three impacts/cycle is as good or better than noted

for equal coefficients of restitution. Much more complex stable motions

were seen experimenta'lly, however, at o over one. They involve one or
two impacts on the steel and many impacts subsequently on the tape. Such

moti ons are di spl ayed i n Fi gure z . zl (d) and 2.21 (e ) . The much 
-l arger

transient accelerations in these figures were generated by collisions
on the steel. These motions were not observed for equal coefficients
of restitution. They appeared to be similar to the phenomenon of
slidìng where a'large number of impacts with decreasing strength happen

in a small but finite duration 147, 48]. Major theoretical mod'ifjcatìons
needed to adequateìy describe this particular behavjour could not be

justified.
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2.5 Concl usions

Previous theory has been generalised and a more compnehensive

set of stability charts have been computed for an Impact-pair. The

general theory subsumes previous theonies without conflict. In addition

correlates well wìth experiments covering a wide range of conditions.

The worst, yet still minor disagreements occurred generally at the

lowest prescribed frequenc'ies and highest numbered stabilìty zones for
recently manufactured secondary masses. Differences occur due to not

absolutely non-uniform contact surfaces, lifting of the secondary mass,

fluctuations in the coefficients of restitution and in a supposedly

constant prescribed displacement were contributory and sometjmes

compensatory. Coefficients of restitutíon need not be equaì at opposite

sides of the primary mass but interactions like s'liding with appreciable

contact times cannot be accommodated present'ly.

A s'imp]e technique has been proposed in principle which employs

the general theory to convenìently determine the clearance of an Impact-

Pair. Regu'lar measurements may be necessary however to ensure that the

coefficients of restitution do not change significantly in the interim.

The presence of a particular periodìc mot'ion was found experimental'ly

to presence depend upon the initial conditions of the secondary mass only

when:

l) the value of o was so smarl (typíca'l'ly less than about one)

that collisions never happened; and

2) different periodic motions had stable points in common. (A

typ'icaì exampìe is displayed ìn Figure 2 .17) . Figure 2.lB(s),
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2.lB(t) and 2.lB(u) illustrate that even a perturbation so ìarge

as to virtual'ly double the orig'inal displacement ampl itude of

the primary mass did not seem to influence a periodic motion

permanently i f i ts stabi ì'i ty zone was di sti nct. conversely,

Fì gure 2. I B( p) , 2. I B(q ) and 2. I 8( r) demonstrate that a

perturbation may transform an initiaììy aperiodic motion into
an unstabìe periodic one.
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CHAPTER 3

GENERAL IvlOTION OF AN IMPACT-DAMPER

3, I Introducti on

An impact damper is used to reduce the resonant dispracement

of a vibrating mechanical system. It is envisaged usually as a ìight
but rigid mass moving unidirectionaììy without frictíon. The mass

impacts aga'inst either a contafner attached solidìy to the vibrating
system or the ends of a slot wìthÍn the system. A properìy designed

impact damper can be quite effective despite the transitional high

accelerations generated at impacts [4g-6g]. It also is less sensit.ive
to small changes in either the vibrating system's parameters or
external load than a conventional dynamìc neutralizer [6, s3].

Periodic, two equìspaced 'impacts per cycìe of sinusoidar

excitation have been considered almost exclusively prev.iously 11, z,
49-56' 6l]. Impacts have been assumed to be instantaneous and

idealised by using identical coefficients of restitution. An 
-

exact, closed form solution was obtained independentìy by warburton

[52] and Korbrinskii [r] using perriodicity in the manner of boundary

conditions. Masri [53] subsequentìy app'lied the concept of error
propagation in difference equations to determine the asymptotic stabiìity.

Limited experimentaì and theoretical studies by sadek [57] and

Dittrich [58] suggests that unequispaced impacts are more iike'ly than equi-
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spaced periodic impacts near the fundamental nesonance of the origìnaì
mechanical system- Sadek also inferred form careful experimentation

that "equal1y spaced'impacts hardly ever occur^" even away from thìs
resonance tszi. The differen-es in views [54, 57] could arise from the

not always consistent influence of gravity 'in the various experjments.

They are more likeìy the result however of ìgnoring smaìl variatjons jn

the coefficients of restitution at consecutive impacts.

Both Sadek t57l and Masri [Sg] attempted to generalise the theory

for two equispaced impacts per excitation cycle. Sadek did not account

properìy for the velocity discontinuity at an impact [57] whilst lvîasrj's

iterative proposal may converge slowly and be computatìonaìly time

consuming. A more efficient algorithm wjll be developed here. The

usual concept of assuming the duration known between any two equispaced

impacts wi'll be replaced by presuming a priori knowledge of alì
durations between any periodic N impacts per periodicity period To.

The ensuing 2N linear simultaneous equations in (N + 2) unknowns will
be solved exactìy when N equals two and otherwise approxìmately by

using a method of least square fit [7]. computed values wjll be

compared with thè theoretical results of previous investigators and

more extensively with experimental data. The effect of unequal co-

efficients of restitution on the general motion of an impact damper

wi I I be i nvesti gated as wel I .



62

3.2 Theoretjcal Deveropment ql_the General periodic Motjon of

An idealised vibroimpact device is shown in Figure 2..l. The

prìmary system consists of a l'inear sprìng with stiffness K, a

*'--*z

T'*x

Figure 3.1. Moder.o{ u singre degree-of-freedom system with animpact damper.

viscous dashpot having damping constant c and mass M excited by the
external harmonic load, Fo sinet. The secondary system js composed

of a rigid mass m which can move uniaxialìy wìthout generat.ing

frictional forces in a srot inside the usually much heavier mass M.

Motion of m is provoked onìy by contacts bet'een jt and M which are

ìnterm'ittent due to a clearance, d, between the two masses. Any

one 'impact i is assumed, for metal-like masses, to be jnstantaneous

and to be described adequateìy by a coefficient of
restitution, Ri' This coeffjcient ìs assumed for simpricity to be

invariant with time and any paranreter changes of the vibroimpact

Fo rin,Q,l
M l--ÞY
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device or external load. However the initial coefficients associated

with collisions on the right- and left-hand sides of the slot in
Fìgure 3.1, Rl and R, respectiveìy, need not necessanily be identical.

Then the conjectured periodic motion is identical to that shown in

Figure 2.4 with the exception that the external load rather than the

primary mass' dìsplacement 'is prescribed. The sequence 
_of 

and the

durations between, consecutive collisions of generaììy N impacts in

the periodic duration To are presumed. conversely the amp'litude of

the external load Fo, its phase with respect to an arbitrariìy selected

first'impact and the absolute displacement of M at each of the N

impacts are considered unknown, initia'l'ly.

The equation of motion of mass M between impacts is

MX+CX*KX=F SiNCIt
o

where x(t) represents the absolute displacement of the primary mass

M. A dot superscript ìndicates differentiation with respect to tjme,

t. The solution of equation (3.1) can be obtained conventionally by

superimposing free and forced motions t5]. A typicaì solutíon between

the i and the (i + l) jmpacts is

(3. I )

x(t) = exp t- f tslt

* bi .or| (nt - o.,)l

t-. < t < t,."i+_:":"(i+t)_

- oi)1"[at siÇ (at - o.¡)

+Asin(ct-v¡

(3.2)
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subscrjpts i, i* and i- respectivery represent quant-ities at, just

after and iust before the typicaì i th impact. For example, ti+
is the instant immediateìy after the occurrence of the i th impact.

Variables E, rì, ür, A, r and y are gìven conventionaìly by

ïhe remaining variables used in equation (3.2) are defined as

oi = etil X.i = X(t, ), iru = i{tr*)

and

0i=oi-Y, bi=Xi-AsinO, (¡.sa)

u=#, ui=*f*iru-Arcoso,+6b.,J (3.5b)

If tl is chosen arbitrariiy as the tempora'l origìn after the

initiation of periodìc motion, then equation (3.2) can be expressed

AS

x(t¡ = exp [- | fn, 
_ 
ot)] lai sin] (nt - oi)

* bi cos| (nt - oi)l + R sin(szt + 1)

ti* s t' '(i +r)_ , i = r, 2---N , (3.6a)

E=C/2 (KM)%, u)= (f,n)a,.=*

n=(l -E,)4, v=tan-l ?Er/(l-rr)

F

A = f t(l - r')z + (26r)rl-\

(3.3)

and

( 3.4)
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where invariably

ol = 0, T = CItl - Y, Oi - .r't- a., (3.6b)

and the t in equation (3.6a) impìies (t - tl). Equations (3.4)
through (3.6) hold between any of the N ìmpacts occurring ìn the

basic periodn To. This imp'lies that they can be generalised

straightforwardly by letting i equal one through Ñ. Impacts occur onìy

when the relative disp'lacement Y between m and M is + ! fo, a collision

on the right side of M in Figure 3.ì and - f ror a collision on the

left. Hence at impacts,

Yr=zi-xi=Lt, i=1,2,----N (3.7)

where Z. is the absolute disp'lacement of the secondary mass at contactl_

time t-.. Alì of the N Y., are determinable after accounting for collis'ion1l_

I ocati ons .

The absolute disp'lacement of the primary mass is

continuous at any one impact so that [], 59]

Xi_ = Xib = X(ti) = Xiu = Xi*, i = l, 2----N

for al'l N impacts. Velocities on the other hand are discontinuous

at the impacts. The absolute velocity of M just before the

representative i th impact can be determined by substituting the

(3.8)
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instant of this ìmpact, ti, 'into the time derivative

of equation (3.6a). Expressed more generally,

ii_=lib=i(ti) , i=1,2----N (3.9)

Its velocity immediate'ly after the i th impact, iru is related to iro
by the conservation of momentum and the definition of the coefficient
of restitution. Applying these princ'iples to the vibroimpact device

shown in Figure 3.ì leads to

and

M iiu * m vib = M iru * m vru, i = l, 2---N

X. - V.h _ 'la 1AK. = _ '- '* , i = l, 2____Nt Í,¡ - v-i¡

(s.lo)

( 3. I I )

The vro and v-u are the absolute velocities of the secondary mass,

m, just before and after the i th impact, respectively. Equation

(3.10) and (3.11) can be solved to,gìve

Xib = kZi . Vib * kgi . Vju, i = l, 2----N (s.tza)

and

iru = kgi " Vib * klOí. Via, i = l, 2-*--N (3.l2b)

E1l!:_t:iol:_f:I 
_th" cggfflcients k, thlough k.,0.' are siven ___. 

-\
in Appendix A2 and the nomenclature is clarìfied in Fìgure 3.2.
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Impact (i-l )

Absolute velocity of m

Absolute dispìacement of M

x(i-r)

Absolute displacement of m

z(i-r 
)

Relative displacement between masses

Y(t-r)

Coefficient of restitution

*(r-r)

Contact i nstant

'(i -r )
f.

1

(i )

¡
I

7.l

Y.'t

R.
I

(j+l)

f*[+,,ffi
Absolute velocity of M

V.la
iru ili+r 

1o

v(,*l 
)u

xli*r 
¡u

xli+r 
¡

z(r*r 
)

Y(i*r 
)

Rlt+r¡

t(i*r 
)

Figure 3.2. Nomenclature of varjables descrjbing the (i-l) through(i+l ) .impacts.

calculation of the v-o and viu in equation (¡.lza) and (3.lzb)

is simp]ified by the assumption that no external forces act upon m

between impacts. The verocity of m therefore remains constan!

between impacts. consequentìy its ve'locity v-u between -ith and (i+l)th
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impacts, for exampìe, is simply the

travelìed by m and the time eìapsed

Mathemati ca1 1y,

v. =la

v', = þÌ- Ít , i = r, 2----Nra t(i*l) - ti

CI[x(i+l) + Y(i+l) - Xi - Yr]
o(i*l) - oi

absol ute di stance

two impacts.

(3.13)

i = 1,2----N (3. l4)

before the i th impact,

impacts. Therefore

i = l, 2----N (3.15)

ratio of the

between these

substítuting equation (3.4) and (3.7) into equation (3.13) produces

Similar'ly the velocjty of the secondary mass just

V.,0, eguals its velocity between the (i-l) and i

v., =
]D

a[xi + Yi - x(i_i) - Y(i_l)]
oi - o(.t-i)

These expressions for V-u and V-O can

equation (3.1?) to give

ü_nrb -
k7i [xi + Yi - x(i-l) - t(.¡-l)]a

oi - "(i-l)
kat [x(t*l) * Y(i*r¡

be substituted directìy into

- x.
ì

- Y.lnl- , i = .l,2----N
(3.16)oli+t ) - oi

and
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X. = +ta

oi - o(t-i)

oi*l - cli I i = l, 2----N (3.I7)

conjunction with equation

the equatìon (3.0a) for

The relationship for
(3.5a) and (3.5b) to express

the absolute displacement of

i-. - can be usedlcl

coefficient a.
I

Mas

in

in

r 0i - o(i-l)

* 
kloi {X(i+l) + Y(i+l) - xi - Y*}n

o(i*l) - oi -t--1 - Ar cosOi + EniÌ , i=1,2---N

( 3. l8)

Given all passive components of the vibroimpact damper, parameters rì,o
and r in this last expression can be determined from equation (3.3).
All the Yt, k9i und kr0i can be evaruated expr'icit'ry for known

coefficients of restitution from equation (s.z¡ and equatìon (or.rru)
and (A2,ll$ ofAppendixA2. The o., can be detailed in a manner identical
to that explained in Section 2.2 by using the assumed contact ìnstants
and periodicity in equation (s.+). 0n the other hand the X., , i = 1,2,
----Nr are still unknown. coefficient b.¡ here and ìn equation (r.oa)
is written alneady Ín equatìon (3.5a) as a function of the N 9f the x, ahd

the two other unknowns A and 0.i or, by combining the o.i in equation

^ _ I .l
cl . {-jn't¡



70

(3.4) with equat'ion (3.6b), A and .r. Theràfore (N + Z) unknowns exjst.
They are determined by the'imposition of condítion (3.8) and satisfaction

of identity (3.9). The particurar xiu in equation (3.g) is found

directly in terms of the (tl + Z) unknowns from equation (3.6a) applied

at the contact instant tr. The Xro is determined simiìarly but from

the counterpart of equation (3.6a) va'lid between the (i-l) and i rather

than i and (i+1) impacts. Arso the iro of relation (3.9) cojncides

identical]y with both the time derivative of equat-ion (s.oa) at time

ti and the right-hand side of equation (3..l6). Appìying these two

requ'irements for all N impacts produces 2N linear simultaneous equations

in the (ttt + Z) unknowns. Details of the algebraic manjpu'lations and

al I the resu'lti ng cr., dependent coeffi cients, wl i through w6., and vl.,

through v7r, i = 1,2---N, are supp'lied in Appendix 2. The 2N equatìons

are shown to take the form

W2¡ Xi * (l - t.ll i ) X(i*l ) * w3i *(.i*n,_l 
)

I W6i, i = l, 2_---N

* w4i A cosr * l^l5i A sinr

v2¡ x; * v1i *(t*',) * v3i x(i*z)

* V4i *(r**_l) + V5- A cost * V6' A sinr

= VZ., i = 2----N1'

(3.lea)

(3.leb)
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Exact solutions are not possible when N exceeds two (i.e. when

the number of equations is larger than the number of unknowns). Then

the (N + 2) unknowns of X., where í = l, Z,----N, the amp.litude and

phase factor, A and r, were computed by using the least square fit
method described in Section z.z l7l. If N equals two, equation (¡.lga)
and (3-l9b) each give two equations which are independent normaìly.

The resulting, solutions however involve veny cumbersome expressions.

consequent'ly these equations were left in the form of equation (3.19a)

and (3.19b) whÍch were solved numerica]ìy by using the IMSL library
subroutine LEQTìF [45]. This subroutjne solves a set of independent

linear simultaneous equations by performing a Gaussian Eliminatjon with
partiaì pìvotins [45]. Double precision arithmetic was employed through-

out all numerical computations. However the two equatìons 'in both sets

become essentially identical in the special case

ar=nk andR., =R2=R (3. 20 )

with k an odd'integer and N stjll equa'l two. This situation is
reminiscent of that observed from equation (2.23) for the Impact-paÍr

having two equispaced impacts/odd integer of cycìes. A cyc'le

corresponds here to a period of the prescribed external force rather
than the dispìacement of the primary mass. Then the absolute dis*
placement of M at the first collision, xl, can be eliminated as before

to produce a s'ingìe equatìon in A and.r. The final equation is



72

ldentilal 
to the one produced by Masr.i t53l algqbr.qi_c_ qq¡1r_ai n_ _

change was made. Detaíls are given in Appendix A3. It is more

convenient again to calculate t by first assuming some value for A.

unlike the Impact-Pair however onìy one value of k (i.e. k = l) has

been apparently consídered in any detaìl for the vibroìmpact damper.

A technique to assess the stabiìity of any periodic motion of
a vibroimpact damper wilì be evolved next. The technique is basica1ly

an extension of the method outlined in section z.z.i fon the Impact-

Pai r.

3 .2.1 Stabi I i ty

The methodology of determining the stabi'lity of general periodic

motions of a vibro'impact dampèr is described essentiaììy in Sectjon

2.2.1. Therefore onìy major differences of detail will be reported

here.

The external force is prescribed on M in the case of a vibro_

impact damper as opposed to the d'isplacement for an Impact-paìr.

consequentìy the absolute dispracement and velocity of M, X and i
respectiveìy, are no longer constant. Therefore these additional

two varìables havetobe perturbed initialìy a'long with the previously

changeabìe Z and 2 which describe the motion of m. Masri [59] on

the other hand preferred to substitute the non-dimensional frequency

parameter o.¡ gìven by equation (3.4) for the Z at collísions which
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depends therefore upon the o,r. subsequently he also systematjcaììy
replaced changes at the contact times by correspondìng changes just
afterwards. However the end resurt is no different lz, 5gl. The

cause and effect rerationship between the initiar perturbation and

subsequent changes still takes the form

^xllt*t ¡+

^i1n*t ¡*

AZlttnt ¡*

Ao¡N+l 
¡+

tPl

axl *

oit*

o2l *

aol*

[PN+] [o(*-l )+J----[Pt+]

which is analogous to equation (2.30a). Matrix [P] is given by

tPl

(¡.zoa)

(3.20b)

where the typica'l [pi*] is now a 4 x 4 rather than

before to accommodate the two additional variables

theZx2matrixof
Xr* and Xr*.

Masri [59] derived exp'licit expressions for all representative
componentt Pi* (p, q) of [Pr*]. He assumed agaìn that corresponding
products are negligibìe compared to all terms typicaiìy ìnvoìving
aXi1, nii*, Â2r* and aor* and that coefficients of restitution are

invariabìy constant. The expressions were checked and modified to
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incorporate possible changes in the coefficients of restitution.
They are gìven more convenient'ly in Appendix A2. A periodic motion of

the damper is asymptot'ical]y stable if and only if all the modulii

of the eigenvalues of [p] in equat'ion (3.20b) are again stricily less

than unity. computat'ionaì details were described in secti on 2.2.1

and will not be repeated here.

3.3 Checking the General Theory

Motions involving two equispaced'impacts per cycìe of sinusoidal

force have been primarily studied previously 11, z, 49-56, 6l]. Much

'less theoretical data has been pubìished for two unequispaced impacts/

cycìe [57,59] and the result of on'ly one, probab'ly analog computed

illustration of three impacts/cycle is available tbgl. However these

few examples which relate to specific vibroimpact dampers should form

an adequate basis for checking the general theory of N impacts/cyc'le.

computations were performed for the general theory by us.ing doubie

precision arithmetic on an AMDAHL V7 dig'ital computer. Single precjsion

arithmetic which presumabìy is less accurate have been

empìoyed elsewhere [53].

A resuìting comparison of the stabilìty zone of two equìspaced

impacts/cyc'le predìcted for a particular damper is illustrated in Figure 3.3.

The convention will be adopted of g'iving damper characteristics (g, m/M,

Ri and R¡ etc.) jn the upper right-hand corner of a figure. Differences
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Parameters of primary and
I0.005: F = 0.94, U = 0.042,

secondary system

Rl = RZ = 

,0.75, #
2 equí spaced

results

2 equi spaced ui spaced
revl ous

resul ts res ul ts
revt ous

results
resent

results
revl ous

results

ar/r

ntr/r

t/n
xr

xz

7l

7z

i,u
Rru

ito
iro

l

0.68

0.66

16.17

16.17

34.67

34.67

-2.22
2.?2

-3. 96

3. 96

20.7 4

20.74

-16.67 ,
16.67

I

0.68

0. 65

16.21

16.2-l

34.71

-34.71

-2.22
2.22

-3.96
3. 96

20.77

20.77

16.72,
16.72

I

-0. 53

-0.56

-5. l0
5. l0

I 3.41

-l 3. 4l
-0. 86

0. 86

-1.53

I .53

-8.02

8.02

-5. I8,
5.lB

I

-0. s3

-0.55
-5 .07

5. 07

13.42

-13.42

-0. 85

0. 85

-t.s3
I.s3

-8. 03

8. 03

-5.16,
5. t6

1 .37

0.52

0. 50

13.65

-9.3t
32. l5

-27.81

5.47

9. Bt

3.73
.l1.66

-13.09
28.48

-.l5.17,
14.77

1.37

0.52

0. 49

13.76

-9.37

32.26

-27 .87

5. 56

10.03

3. B0

11 .78

-13.10

?8.69

-15.32,
13.79

f eigen- 3.83
al ues of

4.02

0.77

0.52

0.03

12. 08

0. 99

0. 99

0.25

r2.i5
0.69

0. 43

0.01

0.93

0.93

0.58

0.58

0.93

0.93

0.58

0.58

tability Unstab'l Unstable nstable Stable I Stable

+Impacts/cycle is imp'lied.

Table 3..l. A numericaJ comparison of previous [sg] an¿ present
theoreticar resurts for two equispaõed-and two
unequi spaced impacts/cycìe.
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between results from the generaì theory and those of Masri ts4]
are indicated in Fígure 3.3 by the relativeìy small hatched region abc

and a'b'c'. Region abc is repraced by region a,b'c' and other areas

are slightly affected when the general theory ís applied. A close

examination of Masri's theoretical development revealed that this
sìight discrepancy is caused'largeìy by an algebraic mistake which is
expìained in Appendix 43. Similar differences exist in the stabí'lity
governing eigenvalue modulii of the analogous two equispaced impacts/

cycle cases presented in Table 3.1. They are elìminated correctly
however in the two unequispaced impacts/cyc]e situation indicated in
this tabie because the mistake does not then appìy. The sole major

fluctuation in this instance, the change in the otherwise strong'ly

ta'l lyi ng x*u*, i s most probabiy a pri nti ng error i n the i3.7g .

Finalìy the initÍal four columns of rable 3..I suggest that although

the values of ar/r, atr/r:---- und x*u* may be very close, significant
differences can arise in the stabi'lity eigenvalues. Therefore it is
quite feasíble that subtle variations stemming from the use of ejther
sìng'le or double precision arjthmetic, say, ffiâv lead to opposite

concl usi ons regard'i ng stabi ì i ty. The latter si tuati on i s most I i kely

to arise when the true maximum eigenvaìue modulus is near unity or,
in other words, at a position crose to a stabi'lity boundary. This

point wiìì be expanded later.

An additional comparison is given in F.igure 3.4 of the results
from the degeneration of the generaì theory iñto two unequispaced
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impacts/cycie and those from a Fourier series approach proposed by

Sadek [57]. Sadek d'isregarded the question of stability so that the

information is presented without such a determination. Figure 3.a(a)

indicates that values of d/(Fo/K) correlate cìoseìy whereas

large differences occur genera'l]y in Fígure 3.4(b) for sin.r at

frequency ratios, r, near one. These particular djfferences are not

surprising in víew of the demonstrated substantial agreement with the

work of Masri who, in an unresolved dispute, questioned the validity
of Sakek's lesu'lts [59]. A detailed examjnation of sadek,s theory

indicltes that the velocity discontinuity of the primary mass at an
-. - ._ ,:_:,:-:. ._:_._l:.

impact is treated improperìy. consequentìy equat.ion (13) of reference
imp'lies that the phase angle r is independent of the ampìitude Êo of
the external force. This assertion is refuted clearìy by Sadek's own

evidence presented unadulterated as the solid curves of Figure 3.4.

An independent increase in Fo reduces d/(Fo/K) but the frequency ratìo,
r, remains unaltered at a value, for examp]e, of 0.999. Consequent'ly

point B is transposed leftward along the dashed curve r = 0.999 to
position B' say'if the periodic motion, despite a change in the ratio
of durations, is still to consist of two unequispaced impacts/cycle.

Poínts B and B' respectively cornespond to points A and A' in Fìgure

3.4(b) which obviously relate to djfferent.r.

The only previous example of three impacts/cyc'le stabìe periodic

motion [59] is presented as point,a' in Figure 3.5. Masri also

illustrated for the particular damper indicated speciaì cases of the

57
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stabif ity of two equispaced and two unequispaced impacts/cycle. His

results therefore correspond to the sìng]e point,a,and the dashed

lines aiong dK/Fo = 31. The much more comprehensive continuous

curyes in this fìgure emanate from analogous computations based upon

the generaì theory. These two sets of results agree completely along

dK/Fo = 37 except in the very narrow two unequispaced impacts/cycle

zone near r = I and the two equispaced impact/cycle zone but only when

r is greater than 1.04. The disagreement in the equispaced zone,

occurring as in Figure 3.3 when r > l, ìike'ly stems again from the discrepancy

discussed in Appendix À¡.- The complete omiss-ion by Nasrì of the two

unequìspaced impacts/cycle zone on the other hand arises most probab'ly

from sìightìy less accurate computations. Similar small differences
have been seen previousìy to produce opposite views of stabiìity when,

as here, stabiìity,.boundaries are extremeìy cìose. Finalìy, it should

be observed that point 'a', the sole three impacts/cycle example,

certainìy faìls wìthin the corresponding stability zone obtained from

the general theory.

In summary, the generaì theory has been shown to agree -
quite well with the sparse theoretjcal results of Masri. The reasons for
discrepancies with Masri's as weil as sadek,s work have been giu.n
However, the incongruences are disturbing so that further verification
was considered prudent. consequent'ly, addìtìonal comparisons were

sought with experimental data. This entailed the building of mechanical

systems to simulate as far as possible the idealised model shown in
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Figure 3'i. Precautions taken to ensure a reasonable simulation are

described í n the fol I owi ng secti on.

3.4 Details of the Experiment

The experimental model and measuring equ.ipment are displayed.in
Figure 3.6 with additional details shown in F.igure 3.2. The primary
system consists of the previous, rigid slotted mass cantilevered from

essentialìy the concrete base rather than the shaker. Two cantilivers
were composed of two flexible, spring steel strips interposed by a

very still but light hoìlow beam. Tightened screws and bolts were used

to connect structura'l components to ensure, as far as possible, that the
primary system moved i ntegra'l ly. It i s pract'icaì ly imposs-ibl e to prevent

all such relative motions, however some friction developed at the
joints. The ensuing dissipation was found from conventional free
decay and sinusoidal resonance tests [5] to be equivaJent to a viscous
damp'ing ratio, E, of 0.0114 + 0.0005. The first and second natural
frequencies of the primary system alone were found to be 1g.87 + 0.03 Hz.

and 430 + 2 Hs. from solely the nesonance tests. Standard checks of
the amp'litude and phase of the dispìacement of the primary system to
those contempìated for the external sinusoidal force indÍcated good

linearity. Therefore this system fairly represents a linear oscillator
over the limited frequency range of l0 to 50 Hz. employed ín the

vibro'impact experiments. Also, the length lz.0 + 0.g in. of
the vertical supports ensured that the primary mass, in conjunction



Figure 3.6. Details of the experimental

Key:
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(2) Hewlett-packard Function (jZ)
Generator 3ll0B 
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PA3OO

(4) Al uminum adapter

(5) Secondary mass made from
either steel or brass

(6) Slotted primary mass of
die tool steel

(7) Bruel & Kjaer acceJerometer
Type 4333.

(8) Wayne Kerr capacitance
transduc er
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apparatus and instrumentation.
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with the secondary, never moved more than 0.38o + 0.05o from the

vertical. Consequently gravitational effects wer: ne_Slecte{,

These same supports were also much stiffer in torsion than flexure

so that the experjmental primary mass should travel unjdirectionaìly

like the theoretical model. Secondary masses, descrjbed already in

Secti on 2.3, have been shown prevÍously to move virtually free'ly and

unidirectionally too.

The primary system was connected as shown in Figure 3.6 through

an impedance head and spring to the e'lectrornagnetjc shaker. This

spring was much weaker than the prìmary system's effective stîffness

so that a force rather than a d'ispìacement-like input was obtained.

The sìnusoidaily time varying input, generated to within 2% of the

nominal ampìitude, was monitored with the aid of the directìy coupled

impedance head. Compensation for the extraneous mass of this head

was achieved by employing the electrical compensation circuit recommended

by its manufacturer [83]. . Precautions taken to avoid disturbances from

building vibrations have been expìained'in Chapter 2. The absolute

displacement and acceleration were measured as before at essentiaì1y

the "free" end of the cantilevered primary system. Dispìacements were

determined relative to a light aiuminium bracket attached

rÍgid'ly to the slotted mass. An identical bracket was fixed

símjlarly to the other side of this mass to maintain symmetry and

prevent unbalance. Measurement procedures were the same as in Cþapter 3.

However the evaluat'ion of the stabiìity zones of the damper wjth high
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periodic impact numbers was restricted by the limjted force capabiì.ity
of the shaker [84]. 0nly those experimental results will be presented

for which the mechancial modeJ was deemed a reasonable representatjon

of the idealised vibroimpact damper.
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3.5 Results

txperimental and theoretical results are reported in Figure 3.g
through 3.ìl and also in Figure 3.12 and 3.13 for impact dampers

w'ith equal and unequal coeffi.iunt, o, ".rt;tution respectiveìy.
The format used in these fígures is similar to that employed prev-iousìy

for an Impact-Pair. The major difference is that the zA in the former
2Ald stability ordinate is replaced by the standard',static,,deflection
of the primary system, Fo/K. Frequency and the conventional frequency
ratio í-2/¡¡, oF F, form basícalìy the same stability abscissa becarrse ûr

was taken as a constant r9.97 Hz. Data is given onìy for a sinusoidar
loading frequency f) of lz to zr Hz. This range adequateìy encompasses

the primary interest of the damper's behaviour at the natural frequency,
t¡, of the primary system alone. Nomenclature, symboìs and the lettering
notation used to relate time histories to corresponding poìnts of a

stabiìity chart are identicar to before. parameters 
_e1nìoy1d

theoretically are given specificiaily at the top of a_pert]ry1 flsure,

The mature stainless steel secondary mass _solely was emproyed

experimentaììy. Unequal coefficients of restitution were obtained as

before by taping one impact surface of the otherwìse invariant stain-
less steeì primary mass. computations were performed by uti.lising
measured values for alì passive components and the dynamic character_
istics of the sinusoidal loading. The method of determining the passive

components of that equivalent oscillator which fairly descnibes the
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basic nature of the prìmary system is given ín AppendixA5. Any one

coefficjent of restitution was assumed constant and identical again

to the arithmetica]ìy averaged extremes of the observed values.
This procedure generaì1y produced reasonable stability correlations
for the seasoned stainless steel Impact_pair.

3.5.1 Identical Coefficients of Restitution

The impact damper's experimenta'l'ly determined stabi lity zones

in Figure 3.8 are much more sensitive to variations in the driving
frequency than the comparabìe zones of an Impact-pa.ir. This

sensitivity seemed particuìarìy keen around the natural frequency

19.87 Hz.of the primary system acting aìone. The compìementary

narrowjng of a'lì stabiìity zones around this freqlency made the
correspondingly required fjner control of the ampìitu.e of tf,e pre-
scribed force. consequently, no .**rimentar;.; .orio i.
given in thís narrow but cruciar region. simìrar d.ifficurties have

been encountered previous]y in the study of two impacts/cyc're stabi.r.ity
zones [51 ].

Time histories at the poìnts designated by the letters in
Figure 3.8 are displayed correspondingìy in Figure 3.9. Except for
the beating motion of Figure 3.9(f), the time dispìays are similar to
those of the anaìogous Impact-pa.ir. The beating can be seen from

Figure 3.9 to occur when the frequency of the sinusoidaJ loading
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differ-ed sìightly from the natural

acti ng alone.

frequency of the primary system

Theoretical results are presented as continuous curves in

Figure 3.10 and 3.ll whereas the vertical lines correspond to the

experimental data of Figure 3.8. stability zones for two impacts/

cycle are separated to improve cìarìty. Experímentaì determinatjon

of the stable fjve impacts/cycle boundaries was impaired by the

restricted forcing ampìitude of the ejectromagnetic shaker. con-

sequentìy these experimental data points, shown in this instance

alone as vertical lines with end dots, are few;n numuur'.

Figures 3.10 and 3.ll fndicate that the experímental and

theoretical results generalìy agree weil. The largest differences

seem to occur in the two hjghest numbered,four and five impacts/

cycle,stabiìity zones again and, somewhat surprisingly, in the case

of two equispaced impacts/cycle. A closer inspection of the latter
stability zone revealed that the maximum absolute eigenvaìue of [p]
in equat'ion (¡.zon) varied between 0.996 and 0.999 in this zone.

It has been seen aìready from Table 3.1 that minor differences jn the

computation of a períodic motion may substantiaìly aìter the eigen-

vaïues. Even a slight change in this instance may change the

conclusion regarding stability. computations were repeated by using

singìe rather than the otherwir" ãroroyed doubl. pr..ision
arithmbtic to illustrate this particular point. The resuìtìng.r.u.
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differences which happen in the upper two equispaced impacts/cycle

stabi'lity boundary a'rone are disp'layed in Figure 3.10(a). Double

precision arithmetic produces values which seem to corre'late better
generaììy with the upper experimental stability boundary. However

it also gives an unusualìy substantial and inexplicable b1ìp around

CI/o of one- Further investigations are needed to experimentaììy

verify this observation and to assess the accumurated error in the

maximum absolute eigenvalue stemming from the propagation of small

computat'i onaì'i naccuracies.

Sources of experimental error additional to those described

for the Impact-Pair are the extra weak spring coup'ling and the
possible excitation of more than one structural mode of the primary

system. The probable non-linearity of the spring at the largest forc_
ing ampìitudes may affect somewhat the highest numbered impact zones.

At the smallest forcing ampìitudes conversely, the coupling between

shaker and primary system became more noticeable. consequentìy it
was more difficult to control the forcing amplitude particular'ly close

to a Q/o of one- Problems of interactions between different modes of
the primary system should be ameliorated by the more restricted
frequency span than that covered for the Impact-pair. The uppermost

þl.l9r of 27 Hz. was much smaller than the frequency of about 430 Hz.

for the second, ìightly damped mode. Therefore none of these

additionai factors should be expected to degrade seriously the
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cumulative error observed for the seasoned Impact-Pair. Consequently

the generaìly comparable experimental and theoretical differences to

those noted for the impact-pair should not be surprising. The most

major discrepancies in the four and five jmpacts/cycle stability
zones were probably still ìargeìy caused by superfluous lifting of
the secondary mass.

3.5.2 Unequal Coefficients of Restitution

Experimental and theoreti cal stabi'l'ity zones for unequaì rather
than equal coefficients of restitution are displayed in Figure 3.lz(a).
Figure 3.12(b) presents those experimental zones involving many rapid

impacts on the tape. They are analogous to the sljding-'like cases

observed for the Impact-Pair with unequal restitution coefficients.
consequently the presently developed theory is inapplicable. Other-

wise the agreement between experiment and theory appears reasonable

a'lthough somewhat poorer than for equal coefficients. Stable equi-

spaced impacts were,predictab'ly, not found.

3.5.3

selective,stable,periodic motions shown prev-iousìy are presented

again in Figure 3.'14. The form of this figure is more amenable

to the assessment of the practica'lìy important,

ability to attenuate the disp'lacement ampìitude

impact damper's

at frequencies near
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(a) Two unequispaced impacts/cycìe
one impact on steel and one on

(c) One impact on steel and many on
tape

wi th
tape

(b) Three impacts/cycie with one
impact on steel and two on
tape

(d) Two impacts on steel and
many on tape

Horizontal time scale is 16.7 msec./division

F'igure 3. I 3. Typicaì experirnentar motions of primary nass when theimpact.damper has unequaì coefficients- of resiitution.
Top and bottom trace in_aìì figures represent prescribed
force and absol ute accelerati oñ of prirury-rass',
respecti vely.
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the resonant frequency' ûr' of the single primary system. Attenuations

^u*/4, 
the ratio of the maximum deflection of the primaryhappen when X

system wíth and without the damper, is less than un-ity. Amplìficatjon

occurs conversely when this ratjo ìs greater than one which'is generaì'ly

considered detrfmental. Both experjmental and theoretical data .is

shown for which the two coefficients of restitution are either equaì

or have the largest observed difference. Results are limited to those

experimental frequency ratios r (n/o) crosest to on". l'

Figure 3.-14 inAic{11ttïu the'impact dampers considered invar-iab1y

attenuate the maximum deflection of the prìmary system most at
the initial resonant frequency o or when r equals one. It then seems

beneficjal to have equaì coefficients of restjtution to ensure two

equispaced ìmpacts/cycle. The attenuation at a given FoldK diminishes

for a slight increase in r but. IoT lr?91.]antlV, amRt.iljcations

aìways happen and may even be large for a small decrease in r.
Therefore the traditiona'l impact damper design based upon two equi-

spaced impacts/cycle [53,68] seems reasonable.in this jnstance.

However its performance may deteriorate even more than that of a

conventional vibration neutraliser [6, g0] if fluctuations in e

produce r less than one 'in practice.



100

3.6 Conc I us i ons

A general theory has been developed for an impact damper to

accommodate any number of impacts in some repetitive cycle. The

theory agrees on the whole wfth previous, more restrictive and sparser

predictions. The credibiiity of the generaì theory is enhanced greatìy
by the close correlation demonstrated between it and comprehensive

experimental results. The recommended procedure for desjgn-ing impact

dampers is seen to be reasonabre for one example of a lightìy damped

primary system with external sjnusoidal 'loading. This particular
example, however, suggests that the operatÍon of the prjmary system

should be maintained at or slightly above its fundamental resonance.
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CHAPTER 4

SIMiLARiTIES BETI,IEEN VARIOUS

VIBROIMPACT SYSTEMS

4.1 Introducti on

Vibroimpact systems are nonlinear essentially because of the

discontinuous velocities at impacts. Nonlinear, unlike linear
systems cannot be genera'l]y solved universally by using, Säy, the

principle of superposition. consequentìy nonìinear systems are

often studied individually which can be tedious [], 2]. It would

be beneficial therefore if the particular solutjon of a given vibro_

impact system. could be derived under certain specifjed conditions

from a similar known solution. solutions will be considened

similar if they stem under specific conditions from the same equation

and if they additionaììy involved identical impacts in a repetitive
cycì e.

The solution developed in the previous chapter for the sinu-

soidalìy forced vibroimpact damper wi'll form the basis of those

similar solutions appropriate to the idealisations of Figure 4. ì.
This figure also shows the connection between the idealisations and

the conditions requined for possible similar solutions. Kobrinskii

[2] has noted already the generaì similarity between case (a) and

(b'l) of Figure 4.1. Also,,by-uiing thé approximations indicated, Dubowsky

[10] has demonstrated the genera'l similarity of case (b.l) and (b.3)
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when the primary mass M does not drift radicaìly to one sjde. Like

similarities will be shov¡n exacily for case (a), (c.l) and (c.2) or
(b.3). The connection between the high frequency approx-imation (d)

with (b.3) or (c.2) wj'll be on'ry suggested at this time for two
'impacts/cycle by employing several numerical illustrations. 0n the

other hand case (b.l) and (b.2) are compatible physically on'ly ìf M

does not drift at al'l sideways. Drifting does not happen in situation
(b.1) for two equispaced impacts/cyc1e when these two cases will be

demonstrated similar. A comparab'le relationshjp wil'l be drawn between

situation (a) and (e.l) where drifting obvious'ly cannot occur. case

(e.l) has been applied commonly to piping, heat exchanger tubes and

PWR assemblÍes [78, B5-BZ]. It has been shown previousìy to be like
the rotating system of (e.2) t2]. An analogous situation exists too

between a sinusoidal load appìied to the primary mass of the impact

damper and the base acceleration indicated in case (f) [53, 89]. The

amp'litude of the external 'load Fo is rep'laced merely by the inertial
ampìitude Mä.

These similarities not demonstrated before will be considered

along with appropriate conditions in the order suggested by Figure

4.1.
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4.2.1 Simi lari t'ies Between Case (a) , (c.l and (c.2) of Fiqure 4.1

The displacement ampìitude of M is simpìy

impacts in both case (a) and (c.t¡ of Figure 4.1

tuned to

A between consecutive

if the Fo in (a) is

7-

Fo = AK[(1 -r2¡2*(zEr)Zf'' (4.1 )

Then the motions of m must be identical for a given periodic impact

sequence in these two cases because all other corresponding variables

are equa'l- Consequently the two idealisations are similar providing

equation (4.1) holds. The simirarity of case (c.l) to (c.z) wilì be

proved next for any periodic repetítion of ìmpacts providing the condition

(4.2)

applfed often in practice, is valid. Equat.ions developed in chapter

3 for the forced impact damper generaììy remain true providing the amplítude,

Fo, of the external force is transformed by using equation (+.r¡
to an equivaìent prescribed displacement amplitude, A. It remains

to be shown that the generaì equations of motion of the impact damper

and Impact-Pair, both having the jdentical prescribed djspìacements

X(t)=Asin(sut+.¡, (4.3)

are common when condition (4..l) and (4.2)

immaterial phase t has been reintroduced

conven i en ce.

hold. The essentia'lly

into equation (4.3) for



105

A comparison of equation (4.3) wìth equation (s.oa) of chapter

3 indicates that

ui = 0 = bi i = l, 2----N

for usual'ly non-zero 6, F, t, e and o., . The a.¡ and b., are g.iven

alternativeìy by equation (3.5a) and (3.5b) which, when combined

with requirement (4.4), produce

(4.4)

(4.5)

and

Xi = A síno., = A sin(t + ar), i = l, Z----N

iru = Arr.,rcoso., = Aecos(t + oi ), i = l, 2----N (4.6)

when r and 0. are obtained from equation (3.3) and (3.6b). However't "--

iru ts given aìso by equation (g.leU) so that

Af)cos(t + oi) = kgi Vin * kiOi Viu, i = l, 2----N (4.7)

coefficients kn.¡ and k.,0.¡ in the ìast expression may be obtained from

equation (A2.l1a) and (AZ.lib) of Appendix A2 as

ksi =H and k,o., ==+, - = r,2----N'r'"i

These last relationships take the s'imprer approx-imation

R.
kgi = i-;ç and k,01 = j-+-R: , i = l, 2----N (4.8)r -- "i



when condition (4-2) ís app'ljed in conjunction with the usual practical
requirement of 0 < Ri 'r, i = r,2----N. substituting equation (4.8)
and variables vru and v-o from equation (3.r4) and (3.r5) direcily
into equation (4.7) Jeads to

r$¡;r ¡CI ]
''i "(i*N) - "(i+N-l )

ACIcos (r+si ) =

+( l .,rntxft-ll-Yfi-ll
'\J-TR.,/L*,r,- _^ !, , i = 1,2----N. (4.9)i - o(i*l) -o1
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Expansion of the trigonometric terms

(4.9) immediately gives equation (2.14) and

equations of motion of the Impact_pair.

in equation (+.S¡ and

(2.15), the genera'l

4.2.2 Corres ondence Between Case (¿ and b.3 c.2

The relationship between the practica'lly important two impacts/
cycìe stabiìity zones of certain externaì1y loaded impact dampers

and an Impact-pair with prescribed dispìacement in case (b.3) or
(c.2) is iilustrated in Figure 4.2. Numericar computations were
performed for the damper by using the invariable light damping ratio
E of 0.05 and the various u and r given in the figure. values wene

se'lected generaìly to obey the restrictions

r >> l, u<<land E<<l (4. l o)
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typical of the high frequency behaviour of a realistic damper.

Stabiìity zones were pìotted in the standard format of Figure 2.5.

Thjs procedure entailed the conversjon of the external load's

ampìitude Fo by using equatjon (3.3) of chapter 3 to an equivalent

dispìacement ampiitude A of the primary mass. The equiva]ence,

written explicit'ly again in case (d) of Figure 4.1, is invarjant

for constant passive components and a given frequency ratio. it
is understood however that the repetitive period may reference the

(identicaì) cycìica1 behaviour of the external load or, as appropriate,

the prescribed displacement.

A comparison of the dampers' stability zones in Fi gure 4.2

suggests that their correspondence with those of the Impact-pa.ir

improves as restrictions (4.10) are satisfied better. For example,

both two impacts/cycle stability zones of the damper with the ìargest

r and smallest p and the Impact-Pair virtually coincide. Consequentìy

case (d) of Figure 4.'l appears to be similar to (b.3) or (c.2) under

the restrictions listed in the inequalities designated by (+.10).

Hence further investigatíons of a more theoretical nature seem

j usti fi ed.

4.2.3 !imilarity of Case (a) and (e.l )

The similarity of case (a) and (e.'l) shown in Figure 4..|

will be proved in this section for two equispaced ìmpacts/cycìe of
the external ìoad Fo sinet. An essential condition is for the
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secondary mass m to be infinite'ly larger than the primary M. The

M and F^ should be finite to ensure that the strength of the 'impacts
o --'- -'-"J

remajns bounded [17]. Then the velocity of m will be virtualìy zero

after an impact or essentially fixed as jn case (e.l).

The equations of motion (3.19a) and (3. r9b) developed genera'l'ly

in Chapter 3 for impact damper (a) s'impì'ify to

2sinr *Hcos'r --p (a. l0a)

where

and

but

(a. l0c)

(a.lla)

(4. ilb)

H = ze tt 

tl;:'-- 't:, tt (4. r ob ),r-LùúL \.f

a [(l-r')2 + (zEy)zf>,
p=

Fol K

for two equispaced impacts/cyc1e with R.,, R, both equaì,to R and a

given Fo expressed in terms of a correspondìng constant A by equation

(3.3). The above parti cul ar equat'ions were gi ven ori gì na'ily i n

reference 53. Variables h.,, hZ, þ.¡, 02, ol and o, are defined

expì'icitìy in Appendix A3 where it is shown that

Lt or,->0,Lt 0^+0I¿u+æ u+æ

o,
Lt + + -R(J^u-)"o ¿
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The mass ratio p tends to infinity'in the limit when m-is very much

iarger than a finite M. Then by employing tendencies (a.lla) and

(q.llb) in equation (4.10b), it can be demonstrated that

(l + R)h',

i: tt+ zn1 (4.12)

If the last relationship is substjtuted ìnto equat-ion (4.10a), the

resulting equation is identical to the one developed in Reference 2

and 29 specificalìy for case (e.l). Therefore the solutions of case

(a) and (e.l ) are similar for the ouilined condjtjons.

4.2.4 Simílarity of Case (b.Z) and (b.l)

The similarity between case (b.r) and (b.z) is demonstrated

more easily by first considering the idealisation of (b.2) in Fìgure

4.1. Rìg'id mass M totalìy clears the fixed stop by a non-zero distance

d. It collides with the stop twice after the establishment of periodic

motion for every cycle of the external ìoad Fo sjn CIt. Durations

between consecutive colljsions are assumed identical and, hence, equaì

r/A. Any impact in the periodic motion may be designated arbitrarily
as the first. This fìrst impact is assumed for convenience to occur

at time zero on the left side of-M in Figure 4.'l. Therefore the

absolute d'ispìacement of M, X, is known to be
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and

0n the other hand the equation of motion of M is

MX = Fo sinCIt

X=+d/2 at t=0

X=-d/2 at .="rn.Ì (4. l3)

(4. I 4)

between impacts- The solution of thjs second order ordinary differential
equation is g'iven straightforwardìy by

X = A sin(ç¿t+r) + Clt + C2 (+. ts¡

where

A = Fo/(14CI2) (4.16)

and c.t and c, are arbitrary constants. tquation (4.15) has to satisfy
the two conditions numbened (4.13) so that

* $ = Asint + C, (a. l7a)

-t=-Asinr*ct å*r, (4.17b)

Adding equation (4.17b) to (4.17a) and reamanging gives

and

^-17,Z = - Zn ui (4..l8)
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The velocity of M immediateìy after the first impact, ilu,
is obtained by differentiating equation (+.ls) and substjtut.ing 0*

for t. This produces

f.,u = Af¿cosr + Cl (4.lg)

Similarìy the velocity of M just before the second impact, Xro, at
(n/n)- is

RZb = -Af)cosr + C., . (4.20)

However kzo is mereìy in the opposite direction to x.,o aue to the

symmetry of the periodic motion tl]. Mathematjca'lly

lrn= -k^
oF, from equation (4.20),

Xlb = AQcost - Cl (4.21)

Now x.,o and x.,u are related through the coefficient of restitution,
R, by

lru=-ol.,o (4.22)

Substituting equation (4.19) and (4.?1) 'into equation (4.22) g-ives

ACIcost + C., = - ft (Açcost - Cl)

ci = - Ao t]-.1{l cosr ( 4.23)

or
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Combjning equation (4.ì8) and (4.23) leads to

c2=Aåfì-l*l cosr (4.24)

Equation (4.24) can be substituted in equation (4.17a) to produce

sin'r + ä (ì-++) .or' = 2{- (4.25)

after division by A. The last equation is identical to that given'in

Reference ? for the system shown in case (b.l). Therefore the two

systems are similar for periodic motjon jnvolving two symmetrìca'l

impacts per cycìe of the external load.

4.3 Concl us ions

Relationships between existing similar solutions have been
placed into better perspective. They have been comp.remented by
several new and practicalìy relevant exampìes. similarity relation_
ships do provide a useful means of extending and checking various
idealisations even though a comp'retely genera'r set rerationships
cannot be provided.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

A theory is developed to pred'ict general stable periodic

motions of an Impact-pair and impact damper when subjected to a

prescribed, sinusoidally time varying external load or displacement.

Any one impact is considered instantaneous and representab'le by the

macroscopic coefficjent of restitution. Times between individual

impacts and the overalì periodicity are presumed known. Ensuing

predictions are compared with previous but, sparse, theoretical

results and more comprehensively with new experìmentaì data. Agree-

ment between theories ís fairly good generaìly but several incongruences,

a'lthough explainable, remain in the case of the impact damper.

Credibility is increased therefore by the close correlations demonstrated

between genera'l theory and experiments involving wideìy different
conditions. Minor discrepancies arise, however, due prjmari'ly to
imperfect experimenta'l simulations of singìe direction motions and

supposedìy plane sunfaces which change sìightìy after many contacts.

The latter variations seem to become progressiveìy ìess pronounced

after an initial work-hardening phase. If such behaviour ìs general,

a proposal to simply determine the clearance without disman¡ing an

impact-Pair would be useful.

Impact dampers are currentìy designed assuming stable periodic

motion comprising two equispaced impacts. The validity of this
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assumption is certain'ly questionable when the external load, sây, is
so transient that períodic mot'ion cannot even be established. It has

also been demonstrated that even with stable periodÍc motions, equ.i_

spaced 'impacts happen strictiy only when consecutive collisions involve

. identical coeffjcients of restitution. However, extrapolation from the
corresponding Impact-Pair investigation suggests that differences less
than about 5% are not likery to be practically signìficant. 0n the
otl'rer hand uncontrolled fluctuations in the frequency of a sustained

sinusoidal loading of a r f ght.'ry damped primary system courd seriousry
degrade the impact damper's performance. The damper wi'll amplify rather
than attenuate the primary's maximum deflection for large fìuctuations
which drive the forcing frequency even slightìy below its own fundamental

natural frequency. Optimal deflection reductions are produced in these

circumstances when the pr.imary system alone is resonant and the damper

generates exactly equispaced, two impacts/cycìe of the sinusoidal load.
In other v¡ords, the present design phiìosophy concerning ímpact dampers

is, then, certainly appropriate.

The solution of any one particular prob'lem becomes increasingiy
useful as its appì icabíl ity 'is demonstrated more un jversa'lìy. This is
genera'l'ly not a straightforward procedure i n vibroimpact prob.lems

because the princip'le of superposition is invalid. However, similarjties
have been shown to exist under certain conditions between various
Impact-Paris and impact dampers. work is needed to generalize the
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concept and place it on a more rigorous foundation. Other major
questions requiring theoretical answers relate to:

I) The conditions needed for a stable períodic motion to be unique;
2) the least:time taken for a stable periodic motion to revert

back to its form after the apprication of a sma'fl perturbation;
3) the effect of numericar errors when absorute eigenvarues are

near one.

0f these the first two offer most promise of furthering our
understanding of vibroimpact systems. Further experimentation should
be performed to investigate the possibiìity of optimizing the number

and timing of impacts produced by a damper under earthquake-like
loading. such loads could encompass a wide range of amplitudes and,

unlike the present sinusoidal force, simultaneousìy appìied frequenc.ies

which could be non-stationary. Then, many d.ifferent secondary systems

may be needed or, alternativejy, feedback may be introduced to
continuous'ly adjust the character of the sing'le unit damper.
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APPENDIX AI

It is required to show that a necessary condition for two

equispaced impacts/k cycles (k = ì,3,5,___) to occur ín an

Impact-Pai r i s for R., to equar Rz. Equati ons (2.i7) through (z.zj)
of the main text hoìd generaììy and certainìy for the special
periodícity condition

. a, = rk (Al.l )

associated wíth two equispaced impacts/k cycres. substituting
equati on (Al . I ) i nto t.hese genera'l equati ons I eads to

(l-R.) l-R^
Lz= --f,L = (E-Í) Lr, o'Rr < I (Ar.2)

and, from equation (Z.]'g),

*l=Asin.r=-x, (Al .3)

Then by using equation (Ar.r) through (Ar.3), the two equations
numbered (2.20) respectively become

Zl.,.Asint - (l + Ri).Acost = dll (A1.4)
and, after some simple aìgebraic manipuìation,

2L 
(l + R2)(Rr _ t)

', 'Asint + 
ff.Acosr = dll . (A1.5)



Consequently

1?6

(A1.6)- (l + R., )
_ (l + R2)(Rl - t)_ry

by inspecting equation (41.4) and (A1.5).

and cancellation of common terms, equation

result that

After cross-mul ti pì i cati on

(41.6) gives the required

Rl -- Rz o.Rl<l (A1.7)

for two equispaced impacts/k cycìes.



127

APPENDiX A2

DERIVATION OF GENERAL EQUATIONS

OF AN IMPACT DAMPER

The general equation (3.ì9a) and (3.19b) of chapter 3 will be

derived. components of the 4 x 4 matri* [pi] will be given sub-

sequently because they involve variables which are defined here.

The absolute displacement of the primary system at the (i+l)ttr
impact, Xli+l¡, is obtained by substituting the contact instant
tli*t¡ in eguation (3.6a). Then by us'ing equation (3.4) to write
o1i+1, instead of fìt1i+l), x1.i*i) can be shown to be

*(i*l) = exp t- f ("1i+r¡ - o¡)J[a, sin ] (a¡i+r) - oi)

- ot îÌ_[ jo(,*1) - oi )l* n sin(a1i+l ¡ + t),
i = 1,2----N (A2.1)

The veloc'ity of the primary mass just before the (i+l)th impact,

xli*i)b, is simp'ly the time derivative of equation (3.6a) at time

t(i*l )- ' or
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c.,)J[{a., .ot* (o(i*l) - oi)

nf¿
r- bj rirf, (o(r*1 , - or))

ü_
"('¡+i )u-

- f, ntu., ,1¡l (a1i+r ) - oi ) cos! "r

(41.i+t) - oi))l + ACIcos("1i+ì) + t),

i = l, 2----N

+ b.
1

Let

Ei = exp

and

l'="9i

and

".,)J , oi=

E.'l

t- f, ("1¡+r¡

sinó.
'l

*o('¡*l 
)

E. cosó.'l 'l

sin(a,i*t ) * .),

i = ì, 2----N

Icgiur +

I, 2----N

,,)j

I

n
r

(A2.2)

(A2. 3 )

(A2.4)

so that equation (42. I ) and (A2.2) may be expressed more succ'inctly as

^_' "l0i

nuJ - Et¡

*(i*l) = cgi ui * ctoi bi + A

{':'

l o'iai - cgi bi l

ACIcos(o1i+t ) +

croibil
ü_
^(i+t )u - t) , i = (A2.5 )
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Equat'ion (42.5) can be s'implìfied to

ui [(nCloi- ECgi )r] + b.' [(-nCg; - Ecloi )'J

+AQcos(a1i+i) +t), i = .|,2---N

by collect'ing terms involving a- and b-.

ili+t¡u I
I

Clli = o(nCl0i - ECgi) and Clzj = -

If

r(nCgi + ECIO.¡ ),

i = l, 2----N

(A2. 6 )

(A2.7 )

then equati'on (A2.6) can be rewritten as

ilr*t¡b= Clliai *ClZibi +AQcos(oç.i+t) +r), i = 1,2---N (42.8)

The N constituent. relatjons implicit to both equation (A2.4)

and (42.8) form the basìs of the 2N equations to be developed.

Coefficìents Cn' through C.,r.' can be enumerated from the known

frequenc'ies Q and o, the g'iven passive components and the assumed

ìmpact sequence and periodic'ity. The a, and b.. can be expressed in
I

terms of the unknowns A, t and all X.i by using equat.ion (¡.Sa)

separate'ly and, together with equation (3.6b) and (3.7), ìn conjunction

with equation (3.18). The onìy remaining determinable variable

on the right of equation (A2.4) and (A2.8) is the oli+l ¡, wh-i.r, .ìn u.
obtained from equation (2..l3) by rrsing the assumed sequence ànd
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perìodìcity of ìmpacts. Also the i(r*.,)b on the left of equation (A2.8)

may be found'in terms of the x.i by emp'loying equation (2.13) again and

repìacing subscript i in equation (3. l6) with (i+l ). These procedures

will be shown next to produce the final 2N linear simultaneous equations

nequ'ired in chapter 3 which invorve the (N+z) unknowns of x¡ i = 1, 2,

----N, A and r.

Equatì on (42.4)

[* 
,*x(i*r) = cgi

and (42.8) become

,kgi 
(xi*Yi - x(i-r)-Y(i-r 

))'0.0, I - (i-r)

* klo; (x(i*l)*Y(i*l) - xt-Yi),
c( CI

- Arcos(a, + .) + g [Xi - A stn(oi + t)]]

t t)l + A sin(o11+r) +.r),

i = l, 2---N

* cìoi lxt - A sin(a.'l

(Az.e)

and

*(i*l) - oi

-

+ 6[xi - A sr¡(ai - .)]]] * clzj
+ AQcos(Ir*.,) *.) , i = ì, 2---N

-Ar cos(a-+t)

a1i+z) - a(i+t 
¡

{Xi - A s'in(s-+1¡1

(A2.lo)
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by substituting the a- and b- direcily from equat-ion (3..I8) and (3.s),
respectively, and by using i(r*r)5 fror¡ equation (s.ro) with subscript
( i +l ) rep'laci ng i . The newìy i ntroduced coef fi cì ents kn throush k.,0.¡

are given in terms of u and R, by

ke¡ =ì+t
and

^i +r

and

kioi =
l- uR.,.1
l+R.

R--u
1. - I

"7i - ì-TT. ''t

t. _ RÍ (l+u)
ogi - J-i-R. -''l

(A2.lla)

(A2.llb)

with i = 1, 2----N invariabty.

Slight difficulties arising when i equaìs one in

of equation (A2.9) and (AZ.l0) are avoided by the

["(i*N) - o('i+N-l)] obtained from the periodicity
Then equation (AZ.g) and (A2.10) can be rewritten

+ Asin(o1i+.¡¡ + t) , i =

xr -Yi i - þor (o.,+. ¡

* Ct0i [Xi - Asin(ai+t)]

I, 2----N

terms like (oi - 
"(i_1¡)

substi tuti on

equati on (2. I 3).

as

(A2.12)

,rrf

G^..¿1
nk)

+å
n

þ r*,*r, - r(,-r)-y(i-r)]

txli*r) * Y(i*r) -

{Xl-Asin(o,-r,,J
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Gsi [x¡'i*r) * Yli+r) - xi - Y;] * G4i [*(r*r)*y(i+z)-x(i+r)-y(i+r)]

=f i trt ry+v -y v ì .Gz¡= ult 
| *- {xi+Yi - *(r-r)-Y(i-r)} * ii {x(i*r)

*Y(i*l) - Xi - Yi] -f .or(oÍ*.) *fitx, - Asinf*'*r)]]

* clz¡ [xi - Asin(o-+ r)]+ Ancos(crr*1+t) , i = l, 2----N (Az.13)

by aìso employing variables

and

rì =-t'*9i õ - akroi
tJ-.ll 0/i*nt I - clrìrÀr 'r', ' oZi -;-

akgi

(i+ru) -o(t+t't-t) -21 o(i*t) -oi

(A2.14)

i = l, 2----N

introduced for convenience. If the trigonemetric terms rike cos(o-+ r)
are expanded and coefficients of the x' Asint and Acosr are corìected,
equation (A2-12) and (A2.r3) can be demonstrated to become

G^.= CIkz(i*l) 
Â =-nka.r*t¡J'r 01.i+l) - "r ' "4i Ir.rr)_.(i-Ð
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',or]
>\cgis.u/ iûrf,- 

ur, - Gri -+ X.l'r,*,r i' qF

f.+"n,,] 
+

l"', 
(- ;

(Yqt+t 
)-Yi )

.+ 
1",{Y,

sino,. Ì'l-

si na.'l

t

- ln ,Y rt 
Ltnt 

t¡ cosot * ;
I+ Asinr lc^. l- r "l9l n
L

Icoscr(i*r 
) I

)

cos

')j
_ si noli +

c, . "c-* x(i-r¡' lfog + n

* ClOi sina,

Cl Oi coso,-

{'(t*lI - trt]

+ å cosa.) +n 'r'

- cgi t^Itr..n(¡ L 
,t

"sinor] + ClZ.¡. sinci

{Yi'- t(.,_l)} * czi

G+i

sl ncxi

- G+'i

-Vlrn'(i-1¡''ozi

G¡i -ci z'i

A cosr cos(li

* å cosoi) * Clzi coscÌi

,i=.l,2---N (AZ.l5)

+ esin*f r*rt 
]

and

criiczrl 
+ x. In., I 'tfn,,

x(i*r)

f"t, 
{i'

- ,'r]* x(i +z).
c--.
*t {+ Gr ¡-Gz¡ G+i

'"(i-l)

r
+11

n

+A sinr

J1 (Y1i+z)-Y(i+l 
)

{Y¡r+ìt-t,t] ,

l= (42. r6)I, 2----N
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The periodicity equation (2.r3) rerating to terms ì.ike X,i*¡¡_.¡) i,
applied next so that the last two sets of equatìon can be shown to
take the forms

l.l2iXi + ('l-wìr)X(i+l) * w3iX(i*ru_1il

I

I = l,l6i, i = 1, Z---N (AZ.1l)
* W4i.Acos.r * WSi Asinr )

and

vlixi * uzi*(t*1) * v3.ix1i+z¡

= V7i, i = '1, 2-*-N . (AZ.lg)
* v4it(t*t-i ) * v5i Acos'r

* V6i Asint

The above equations have been simpììfied by the introduction of
the coefficients defined by

r^,. _ cgi'Gzi
lno

c^.
wzi = ff {er., - Gli - Eu,) - clo.i

,^,3. - 
Gri'cgi

1 nt¡

W4i = Cgi {f, cosu, + å sina, } + C.,0., sina,

_ sinali+t 
)

WSf = C9i (- i sino, * -E- coscr¡) * ,.,0., cosqi

_ .oso1i+l 
)

w6¡ = # þ,.i 
{Y(r*ir)-Y¡i+r'r-r)} * Ger {r(,*,1-r',r]

(A2.1e)
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and

vli = - G3i - ctz¡ + {+ Gli - Gzi + go}

v2¡ = G3i - G+i - IF.r,
V3. = G..'r 4'l

c__.
v4i = j#. Gli

VSi = Ctj., {å .coscxi * I rincxr} * ClZi . sina.'

_ pcoso¡i+i 
)

V6i = C¡t (- å sino., * f,.oro-) * Clzi cosoi

+ CIsinoli+t¡

v7i = - Gsi (Y1i+r)-Yr) - G+.¡ (Y1i+z)-Y{i*1¡)

*clli [n,. ft,....-Y. .\+ß tv -v',1- ru" I'ri 
(Y(t*t'l)-t(,**-l 

))* Gzi (Y1t+t 
l-tt )l .
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(A2.20)

subscript i invariabìy takes the integer valves of ì,2----N in
equation (42- l9) and (Az-20). consequently equation (Az.1r) and

(42-18) are identical to the required equation (3.19a) and (3.19b)

of Chapter 3.

The expìicit expressions for al'l representative components of[pi+]
in equation (3.20b) given by Masri [59] were modified to incorporate
poss'ible changes in the coefficient of restitution, the mod-ification
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i nvolves changes i n vari abres k.,, through ko.i . Ar r the er ements

of [Pi+] are given below

IPi+] =

sr 
oi 

*Sr zi Sr r.i Si ¡i st +i

srsi*sr zi Sroi Srai srg.i

szoi*s22i Szr i sz¡i Szq¡

Ss'¡*szi sor Sai Sgr

(A2.21)

where

D¡i = (i /n) Viu - Acoso(i+l ) 
_ S¡1.¡

sli = 0/n)(Ecgt * ncloi) , Szi = f#l cgi

s¡t = - (o/n) cn.¡ , s4i = (l/rn) cili
kt.¡ = [l - uR(i+t¡l/(l+u) , kz., = u[l * o(i +l¡J/ (t+u)

ksi = [l + Rlr*t¡J/(l+u) , k4i = [u - *(., *l1J/(1+u)

Ss.i =Sli/D3i ,S6i=Szi/Dsi

szi - - t/Dsi 'SBi=-[(o1i+t)-0i ) i/(nor.' )

Sgi = [- s3t.i - ASlrcoso.i + ACIszisin0., * * uru]/Dsi

Qli = Acoso.¡+1 * Ssli

sloi = sJi * Qli Ssi , Slli = szi * Qli so.i
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sr zi = Qr i sz.¡ ' Sr3'i = Qri sei

Sl+i = _ ASlicoso- + AaSZjsin0, _ S¡li * 
$.foi

Qer = S3zi - Açlsi noi *l

Sloi = kti [s+i * Qzi Soi]

srTi = kri Qzr szi

slai=kri'Qzi'Sai*kzi

sslr = (l/o) [bi "ssr * (Í.iu - Ancoso., ) c.,1.¡/(o¡)]

Sl gr = kl i [- ASs.¡ cosO- + Aas4i si ng., - Sszi

* (s¡Zi - Ansinoi*l) Sgil

S¡ei = [(l/r]n)l[-urc'ibi * (ncizi - Eclli)(llu * Aocosor)J

Qsi = S32i - Aç¿sinoi*l

Szor = k3i [S¡li * Qsi'Ssi]

szli = k3i [t+t * Q¡i Sot]

Szz¡ = k3i Qsi szi

Se:t = k3i Q¡t Sgi * k4i

Se+i = k3i [- nsrrcoso, + ACIS4isino.i _ S¡ei

Slsi = kli [tr.i * Qet Ssi]

* Qsi sgr l
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APPENDIX A3

PARTICULAR FORM OF IMPACT DAl']PER'S EQUATIONS

FOR T1,,t0 EQUISPACED ItqpAcTS/CyCLE

The general equations of motl'on of an impact damper have been

developed in Chapter 3 with some details given in Appendix 2. These

equations will be shown here to simp'rify to the particurar forms given

in reference 53 and 54 for two equ'ispaced ìmpacts/cycre, i.e.

N=2andk=l (A3. I )

unfortunateìy the finar generar equations (3.r9a) and (3.r9b) cannot be

used straightforwardìy because the different variabres x., , Ì.,0, Ílu,
ul' bl and A were treated essentialìy as the unknowns in these two

references. A slighily different nomenclature was adopted too. To

avoid unnecessary confusion, the notation of Chapter 3 will be retained
with explanatory notes added to facilitate direct comparisons for the

interested reader- For exampìe, subscript ones were omitted prev-iousìy

from X., , IrO, iru whilst a., and b., were replaced bV b., and b, respectiveìy

[53' 54]. Derivations will be based upon the more fundamental equat.ions

(3.5a) (¡.0a), (3.7), (3.16) and (3.17) of chaprer 3 and (A2.4) and

(42.8) ìn Appendix 2 rather than their off-shoots, genera.l equations

(¡.lga) and (3.19b). This change leads to a better accommodation of
the X., , Í.,0, Xru, â.,, b' A or, in column vector abbreviation, {U}6x., .
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The procedure will be shown to produce six linear simultaneous equat.ions

with the matrix fonm:

[o] o*o {u}o*l = {9}6xl (As. e ¡

where the sjx components of vector igloxl depend on'ly upon the known gap

size, d- All elements of the 6x6 square matrix [^]oxo will be found

expìicitly- unknowns {u} were obtained in reference 53 and 54 by pre-

multiplying equation (A3.2) by the ìnverse o¡ [AJ6x6, iaJU]U, so that

iulo*l = tn julu is Ìu*., (A3.3 )

In the process, however, an error appears in the evaluation of the

determinant, Â , of [o]o*0. The correct a wil'l be given here along with
the limits needed in Secti on 4.2.3.

It is assumed in reference 53 and 54 that the first impact

occurs on the right side of M in Figure 3.ì. Therefore equation (s.l)
in Chapter 3 takes the specific form

Yl=+d/2 and Yr=-dlZ (A3.4 )

for the first two collisions (i.e., i=l, z). The primary mass' absolute

disp'lacements and velocities just before these two collisjons must be

equa'l i n magn'itude but reversed i n di recti on for two symmetrj cal (equi -
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spaced ) peri odi c .impacts/cyc'le 
[53 , 54] . Hence

Xl = - XZ and X., t= -RZA

subscript b has been omitted from X., and x, because the primary mass,

displacement, un'like its velocrlty, is continuous at a coJlision. (see

equatìon (3.8)). Times between contacts are rerated through the
symmetry and periodicity requ'irements. They are expressed conventionaìly
in terms of the o.i of equation (2.3). By using equation (ns.i) in
conjunction with (2.16), (3.6b) and, for equispaced impacts, equation
(3.20) it can be shown straightforwardly that

ar=2n,dl=0andoZ=n. (A3.6 )

Other o., may be determined from the periodicjty condition (2.13) with
N equaì two from equation (ns.l). For exampre when i equaìs one,

equation (2.13) gives

o3=ql+d0

or, by using equation (A3.6),

ar=2n

(As. s ¡

(A3. 7)

Basic relations (43.4) through (A3.7) pertinent to periodic, two equi_

spaced impacts/cyc'le motion will be used next to obtain the particular
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solution in appropriate form.

A relationship between two of the unknowns, X., and b., , may be

derived by sirnRly tak'ing i equal one in equatìon (3.5a) so that

bl=Xl-AsinO.,

The 0., rnay be determined from equation (3.6b) as

(A3.8)

0l=r* ol

or, by using equation (43.6),

or=T

Employing the last relationship in equation (A3.g) produces

Xl-bl-Asin'r=0 (A3. e)

The velocity of the primary mass just after the first impact, ilu,
is merely the time derivative of its displacement, x(t) g-iven by

equation (3.6a), evaluated at instant t = 0+. Differentiating equation

(3.6a) and substituting t = 0* leads to

ilo*) 
= ilu = sì + ul - nt bi -r- ACIcos.r

or, by emp'loying equation (3.3),
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Xlu- n¿¡al+[rrrb., -Aecost =0

Equation (A?.4) with i equal one on the other hand g-ives

xz = cg1 ul * clol o'' + Asin(o, +t)

which, 'in conjunction wjth equation (A3.5) and (A3.6), leads to

Xl * Cgl ul * ClOl bl - Asinr - 0

(A3.lo)

(A3.lt)

The two coeffi cients cn1 and c.¡01 may be determi ned from equati on (A2.3)

AS

cgl = exp t- +f sin(fl) (43. l2a )

and

ciol = exp f- iqf cos(S) (A3. l2b)

The two alternative svmboìs h., and h, were used respectively for cr.,

and cro., jn reference 53 and 54. consequently equation (A3.ll) was

written there in the form

Xl*hlul*hZbl-Asinr - 0 (A3.13)
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unknown velocity iib may be obtained by fjrst substjtuting i equal one

in equation (nZ.A1 so that

iZU = Clll ul * ClZl bl + Aecos (o, + t)

and then using equation (43.5) and (43.6) to give

llO * Cill ul * Cl2l bl - Aecosr = 0

Coeff i ci ents C., -, ., and c.,zl may be eval uated by substi tuti ng equat'ion

(A3.l2a) and (A3.l2b) into equation (A2.7) with i equal unity. This

procedure may be shown straightforwardly to give

(A3. l4)

(A3.l5a)

and

clll =,rexp[- Iå1 (¡cosf - 6sin])

ctzl = -û).*p t-Tl (nslnl! * g.otp) (A3. r5b)

which were termed 0., and 0r, respectively,'in reference 53 and 54.

However dashed superscrìpts wiìl be used additional'ly here to avoid

confusion with the 0., of equat'ion (3.6b). Therefore equation (43.14)

can be rewri tten as

i.,O + oj ul + oå bl - Af¿cos'r -- 0 (A3. r6)

where
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0 j = Cl 1., and o' Z = ClZt (A3.l Z)

The last two equations requ'ired are deveJoped in a similar manner

from equation (3.16) and (3.17). For examp'le by substìtuting.i equal

one in equation (3.r6) and emproying the periodicity condition (2.r3)
wi th requi rement (A3. r ) , the foil owing equati on i s deri ved

,,,{

ktt [xl*Yl -X2- vr]n
o3-oz

* k8l lxZ* Yz - Xi - v.,lo
o2-oì

substituting equation (A3.4), (A3.6) and (A3.7) into the ìast equation
and rearrangìng terms gives

ilo = (kzl - ksr ) (zxi * d) *

(A3.lB)

(A3. I e)

Simi I arly,

ilu = (kgl - kloi) (zxl * d) * (A3.20)

starting from equation (3.17). Now the coefficients of restitution
Rl, Rz must be equal (to R) for two equispaced impacts /cyc1e,
periodic motion. Consequently d'ifferences in the coefficients on the right-
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hand of the last two equations can be shown to be

k^ - kal = *îîH"t and kn, - kiol = Sl+f;-l

or = å (1;ä\) and o, = å rt_ålånl

(A3.zl)

from equation (A2.11a) and (A2.llb) of Appendix 2. Substituting these

coeffÍcient expressions into equation (A3.lg) and (A3.20) produces the
last needed equatìons

xr +fttffit irb = - d/z (A3.22)

and

xl-å(l_hffi) i,u= -d/2 Ã2.23)

after minor rearrangement. These equations were written in reference
53 and 54 as

xl * ot ftb = - d/z (A3.24)

and

xl * o2 R1a = _ d/2 (A3.25)

respectiveìy, where

(A3. 26 )

Equarions (A3.9) , (A3. l0) , (A3. I 3) , (A3. l6) , (ns. z+¡ and (A3.25)

were derived specifically ìn reference 53 and 54 but in the matr-ix form
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comparable to

l

0

I

0

I

1

0 0 0 -l
0 I -nûr Eur

o 0hi hz

I ooj aà

o., 000
0 oZ 0 0

-S]NT

-Qcos'r

-s i n.r

-CIc0S'r

0

0

,'J

Ìto

itu

ur

0

0

0

0

-d/2

-d/z

(A3.27)

bt

A

Equation (A3.27) is ilre completeìy

The correct determinant, A, of the

detailed veision of equation (A3.2).

above 6x6 matrix is

fnr= 
1

l.

., [c(o, - ol) - (s + cor) o., oà

(l + hù [(s + cor) o.,oj + (s +

+ (s + Co.,) 6toorì

Co., ) noo2l (A3.ZB)

where

S=sin'r andC=Ocosr (A3.2e )

Fi nal ly, the r i mi ts of o., and o, gi ven by equat.i on (A3.26) and

their ratio are needed in section 4.2.3 as the mass ratio.¡.r tends to
infinity. A physicalìy realizable driving frequency e nrust remain

finite whilst 0 < R < l. consequenily it can be proved from equation
(A3.26) that
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Lt ol =Lt * fffil + o 1A3.30)
u-)- u+æ

and simi 1arly,

By straightforward algebraic man.ipuìation

o,
Lt =I = Lt ,l -R-2rrR' -ZuR - ñ02 LU r¡RT2¡t-+ Ë--R (A3.32)

u-)- u-+-
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APPENDIX A4

MEASUREMENT OF THE COEFFICiENT OF RESTITUTION

Several coefficients of restitutíon were measured in situ by using

high speed photography. A camera, Action Master 500 made by photosonic

Ltd., was mounted on a sturdy tripod, levelled and aligned carefully
so that cross-wires in its eyepiece coincided with lines etched on the

initial]y stationary secondary mass. The Impact-pair shown in Figure

2.ll was then set into motíon and permitted to reach a stabre state
before filming at 500 frames/second was started. Various amplitudes

and frequencies of the untaped primary mass were employed when using

lhe mature stainless stee'l secondary mass in order to encompass all
contact velocities in the vibroimpact experiments. Restricted funds

limited all other measurements to a__s]¡s'le jrg¡uenw 9f aboqt 35 Hz.

Adequate resolution was maintained by ensuring no fewer than

ten film shots per cycle of the primary mass' dispìacement.

Films were deveìoped commerciaììy and anaìyzed in slow motìon

with the aid of the Motjon Analyzer manufactured by photographic

Anaìysis Ltd. Appropriate lengths of film were discarded to eliminate

the starting acceleration and finishing deceìeration phases of the

camera and thereby guarantee constant speed photography [g2].
Absolute positions of both masses could be determined straightforwardìy
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by reference to a short rigid pointer fjxed to the concrete base of
Figure 2.11. A plot of typicai dispìacements is presented in Figure
A4.l where experimenta'l data points have been joined by eye with an

appropriate line or sinusoid. Impacts happened between the two

masses at points 8., , BZ, 83.... and, correspondingly, Bi , Bå, Bå....
in the upper and lower figures respective'ly. Therefore the slopes
just before and after these points give veìocities appropriate to the
direct app'lication of equation (z.B) and, hence, the coefficient of
restitution, RÍ. The number of data points used however inadequately

described the more rapid'ry changing sìopes near B.i , B), Bå.... compared

with 8., , BZ, B' etc. Converse'ly the A, n or from equation (2.16) for
this illustratjon of two impacts/cycle, Zn/To, and (oi *r) associated

with the more particular equation (2.10) for R., may be measured

accurately from Figure A4.l(b). variables A, T and r are shown

exp'licitìy in this figure. The remaining *r, or from equation (2.3)

CIti' may be calculated after quantify'ing the last unknowns t' the tjme

delays of subsequent impacts after the first one at 8.,. The first
deìav t., is spec'ified in Figure A4.r(b). There was rittie discernibre

difference in practice between nominaìly corresponding impacts in
different periods. consequentìy, parameters were evaluated typìcalìy
from fi fty perí ods and averaged ari thmeti caì'ly. Fi naì'ly the v.,u and

Vi¡ jn equation (2.10) vvere measured similar'ly from the slopes between
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BIBZ, BrBÏ etc. Any one of these slopes

Therefore, the c0nstant veìocity assumption

secondary mass' motÌon between consecutiVe

appeared fai rìy constant.

reasonably described the

impacts.

Computations of R., based upon equation (2.10) at various approach

velocities, Y, are displayed in Figure A4.Z for the untaped primary
and mature stainless steel secondary mass. variations observed in the
Ri for consecutive impacts were aìways within the extreme errors
denoted by a symbo|s verticar rine. consequentìy, the assumption

that the R.¡ equaì a constant value R in this case is reasonable in
the short-term whilst surfaces are hardly affected by contacts.
Analogous data obtained previous]y for comparab]y hard materials but
somewhat different body geometries [ss, so, 39] is presented in
Figure 44.3. The coefficients are numerica]ìy similar to those in
Figure 44.2 and show generaìly the same tendency to decrease with
increasing i. Additional effects of repeated collisions do not
seem to have been considered in these references.

coefficients of restitution used theoretical]y for a given

combination of materials and contact surfaces of the primary and

secondary masses are noted in Table A4.1. The highest R in this tabìe,
0-75, is the arithmetic average of the greatest and smailest mean

values shown in Figure A4.2 over the applicable range of 't. Remaining

information on the other hand corresponds to the average of extreme R
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Stainless steel primary
mass with contact surfaces:

Material of
secondary mass

R

Untaped stainless steel 0. 75

Untaped brass 0.68

Taped stainless steel 0.61

Table 44. I Coefficient of restitution, R, used in
theory. Any twoo short-term experimental
extremes fluctuated about the given R but
wi thi yl + 3%.
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observed over the short-term again but onry at a s.ingre,Í. This i
was selected to be approxirnateìy midway in the range of the y for
the true vibroimpact experiments. Then the extreme R were found to
be always within its average value + 3%.
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APPENDIX A5

COF1PONENT PROPERTIES OF THE IMPACT DAI4PER

The properties of the experimentaì impact damper shown Ín
Figure 3.6, unlike the theoretical ones in Figure 3.i, are mosily
distributed. Procedures used to make the experimental and idealised
behaviours largely equivarent wiil be described here.

The predominant frequency range of interest just encompassed

the first natural frequency of the primary when acting independenily
nÌ' ii;e secondary system. Al I natural frequencies and correspondi ng

viscous damping ratios were nleasured in standard resonance tests tgl].
The fundamental frequency and damping ratio of the primary system alone

are given for convenience in Table 45.1. .This fundamental was found

to be over twenty times smaller than any other, ìight.ly damped natural
frequency. consequentìy the first mode of the primary system can

be reasonably assumed to act alone over the frequenc'ies of interest.
Therefore the distributed weight of each cantilevered supporting beam

behaved effectiveiy as a weight 33/140 times the beam's total we.ight

concentrated at its free tip [5]. The weight of the beam was measured

like that of remaining components on an accurate ìaboratory weigh

scale. Hence the effective weights of both beams were calculated



156

strajghtforward'ly. These effective weights were added to the measured

and essenti al ly ti p we'i ghts of the accel erometer and al umi n'i um brackets

to form the equ'iValent weight, W"q, of the ideal primary system- The

correspond'ing equÍvalent stiffness, KeQ, was approximated faìr'ly for

the very i'ight damping by the square of the experimental fundamental

circular frequency times l,.l.O divjded by the grav'itational constant.

Both i^l.O and K"O of the primary system are presented for convenience

in Table 45..l.

The first natural frequency of the secondary mass alone was

than 500 times greater than the frequenc'ies of concern. There-

it was consídered rìg'id. Its we'ight was measured a_s

+ 0.002 lb.

more

fore

0.044
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Property Methodol oqy Value

Equivalent weight, Weq Computat'ion I .61 lb

Equi vaìent sti ffness,
K
eq

Computati on 65.01 lb/in

Fundamental natural
frequency of primary
alone

Measurement 19 .87 + 0.03 Hz

Effective viscous
damping ratio Measurement 0.0114+0.0005

Table 45. I Component propert'ies of the impact damper's
primary system.


