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= 0"

CHAPÎER I.

Seeo fi Introdr¡etion

lbis part ef uy theeig wi}L coneid.er Gonet¡rrenÈIy

two ¡letJrods of deriving a basis for the general oubie aboüer

The first ø^etlrod, uses the. eet of integraS. e:rpressions d.erlved. .

by SoRrÐll.gon Ln hls Baper on å Integers and. Bases of a $uB-
x

be! Field io The seeond neth.od, of a¡rproaoh i.s based on sone

general theorems to be publÍehed shortly. W adaptati,on wfII
appear in the next seeÈion ander general relatione" A departure

frona. the origina3. is made ln the matter of e}r,rnination. tere
the teru of first d.egree in äxi is ellmlnated., thus preservi.ng

Eore øbviously eertal.n re1ations for the equation under

d.ifferentiationr

See' 2! General Relatisns (¿l

ffiÉtipx.ying y -'tro+ 4,x dF?, by t¡n and. rxzä, a,nd

eliæiaating Þy means of tbe fierd equaÈlen ter"¡ns exceedfng

d.eg¡req trro' we ebtain t&e fo}Lowing expressions necessari1y

inËegratr- a¡rd of whi.ch the first three are suffiuient"#

* Tra¡¡eaetione sf 4¡nerican Mathenatieal- Socletyo

# Iheorep. nf (p t IB) ibid.em.

Vol¡ &LX [eç uvrut)
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ai - qi ot,P + q : oçP"+ 3 4 od,q, ß- d o(. o{.. pf +,r¡4. pß - "f." ß+ o(.s f ,, . -.. . . f r)

,f.gåkg¡drP*+i 9¡¡o4.P'+ 34.d.ß- 14: Pß .o o.. e. . c... . . 6...... (2)

34. - gtr?+ 4.?t.. -..oo o..o.......a o.o..c.."..ô. ...c4. "..0(3)

2 el, . p - 3 ¿ a ß .. o. '. o-.o . . . . c . . ,¡ e o . c ô G . ô G . . . c e . a . è . o . . . . e . c ç . . . - . o ( 4)

{"f.Pï 3CrR- {4"?R c..e r r.c.t..c..Gc....r.....o.õ..e .....(S)

Froæ. the salûe paper we have also,

-i-ft¡ , where

P? læ2

n(¿,pinn) .o. o c ó. ". o.(G)

. . .. . . . . (?)

coryri.ees the fårstlïre use of the above reLatl.ons

method.¡

SeecSE

&hereae ln the foregofng tbe coeffioiente a,re EeI¡a.rate1y

d.etemÍned., tn this seeond method, the ntmerator aslwhete is
obtai.ned. from. the speci.aL foru in whieh tJre equation is written,
Fsr an element of the eeconû degree, conei.der

f (x) = aqz* bpuq * cpaÌ¡ .
where g and. g are of the first degree in go On mu}tiplLeation

by a r w€ ebtain by inspectåon that ug/pv Í.s an åntegerc By

Tt¡reoreø VII of the aforementioned general theorelna we have that

an element is of the foru. (aq * 
"pt )/B^t' where pw representE

the rise; It wLll be shown moreover Ln the discussúon of the

firet degree integer that the only possíb3.e caee of suoh rise
(for the cubio) Ís when ap$ ís equa'Ì to 5. Hence for eases

other tharr Þ = 5 we ma3. take oaqu ¡ç,derived. f,rom above to be

General. Relations
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EÏrffiml{rs o,F gEFEE OI{E

Seei I! Meth.ød. So¡ Io

Eere åo(*l is 0, so that eur equatione (Seen? Ghap. n)

becsme

,3
a<

si: -
3o(o

ld. ?

-(.P rî
{.4"P

P

alr o ¡.¡.-r . .. c;c .. ¡.. o t:.. (tt )

.. o..'o. o...... o o... . (21)

r,ect.r o.o o. oô....... (õ!)

.. .. '. r o .. . r . o . t . . . . (4t )

å.n elenent of the fl.rst d.egree i.s of the fo¡u. x+ dPZ + lÌle
oeeurrence of tlris i.nteger tæ¡rltes the exLstenee nt F " d*ã'
so that fron (e), pe6l2\ ''i By (zt), einee Pe lP, we h¿ve

that rrlsar Ooneid.er Pz: pT r, hence for v >L, pla, whieh lg

iryroseibl-e by (tt), einee R É 0, mod põ wh,en plP' tr'sr the

saÐe reason Üpt = 5¡ so tbat our element is xÊ !,r/'3 aaaording

as R+PçI 
= 

O , nod..Z? (tron (fr) and. 2Ftõ E 0o nod..9

frsm. (Zt ) wbieh givee us or¡r suffioienoyr, If these eond.ltlons

are not eatÍsfied,, the gecond el-enent of tlhe Þasls ie tx".

See. 2: trfethod ñs.If.
If we have x + {pY = ¡rs an LnËeger, we h.ave foom the

d.eftnitisn of an integer, tÌre exictence of an eguation in y,

of tÏ¡.e fonn y'*c,yt+GrJr+ca = 0, wh.ereuBon, subetituting

the above valt¡e for yr we get, clearing sf fracti.ong,

(x r a) t* 
"a 

(xr- a) 2p1 e2(x+ r)pflq põv = o"

whence by inspection and. eucceesive d.ifferentiatión" we get
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tr'trther¡nore, we ehar.Tl brea.k up the de"aominators into their
eonstÍtu.ent primss, a vaLid. proced.ure, beoauee we shor¡ld ,
were we to arcltipry throrrgh Þy the und.esired primes, obtai.n
an i.nteger involving on],y Èh.e one in question, so that the Gon_

d,itlons nust hoLdo

Seco It

we ehaL]. assume to begin with that F and R contain
p only once but shaÏ.]. increase the power as we find. it neces_

saryr Gonsid.er equation (r).

*õ- 
"%p * u%Lsaba - aapn r tbn -u5R * R2 

= 
0f ¡aodn Bõv.

Ey lnspection, since alr- terms but the first contain p at
least onee, a 

= 
0, rncrd. F¡ ïlsing this reEati.on¡ w€ fÍnd

next th.at uõn 1s the only ters containlng p onï-y or.cer lbere-
fore ei.ther R 

= 0 mod, p2, or. b = û nod,c F. rt is 'ïmmaterial

wh.ich. possibi],ity rre csnsid.er first, for the ad.oBtíon of
eLther fuunediate}y neeeesitates the i.ntrod,uction ef the other
in the next steB and thereby satisfying the congruence for v-- lc

rf v >1, stnce ar,I tenns but a3 csntair p4, we must have a = 0

msd" pZa' Be are n@w teft with a singx.e term eontaining p4¡
9

rlamneln p-, and. si.nce it is irnFosofbr.e to raise the d.ivisibir-
ity of R beyond the power two" ssLutions for v 7 1 are in$os-
si.þ3eo Eenee our element S.s

x2*bx * a , wh.ere &rbr and p contain Þ at least
P once, and R E 0r m.od p2.

$otet rf in the above p i.s the only prime occurring, a and. b
can be taken to be 0c €.€. xõ*ex{ 4= b, lle¡aent Ís *, ::

7
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o&r elemento A sl,ågþt m.odificati.on wåII be introd.uced. in our

d.i^scussion when npt is equa3. to threeo o

secr4: sotel¿og.

lhe Letter tpË.will be taken to d.enote separate

prÍmes. Ca¡rita1 tpü l.êo ilPt euffixed, by Z or õ d.enotes

the whore denoni.nator of the fåret and. seoond. d.egrees

respective}y. A represents the discrilinant wíth th.e faetor

- R divided out¡ to,." i.e of the fo¡m Vg, lof ,r Ís of the fo
b/P, except Ín the case of the f lrst d.egree integer where

b is equa3. to one¡ and il4*n = 0o solot shail, be taken te
be ar/P. TK*, ËS!,r and. Ffi, are used, in tk¡e sense of rational_

integersc Tlre stræhor. L"/r) Eleans the greatest integer in u/2.

Note;

, Sånce the form, of the equation permåts ef ttre eIûna-

i.nation of all facto¡rs p such that põlR and p lp, v.¡e sÏ¿arr.

agsume this to h,ave been d.one.
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f(x) = o, mod., põY ......'{a)
f t (x) 

= o, mod, !?v oo. . " ". (Þ)

rr ! (xl = o, mod. ¡rv .. c e .' . (o)

be1onge to this ¡oethod. aÌ,so¡ so trhat b¡r (a)o n Ê A, mod' p.

Hence by (e), : Ð or 3.: The forurer is d'isal'lswed by (u)t

leavlng as our only possibilfty, 3, whioh gives ns an eLement

of the fo¡m xx,l,lS. å.s before, the existence of thÍs implies

the inteser FtV|' ¡ Be that õ1¿\ . Bt substitutisn of

y = xtt/s into f (x)r our equatÍ.on in y ic
z'ry3* (zz +gp)#(aee)y * (n-+eçl) = 0"

Since y iE an integer this equaÈion can be reduced to one

wi.th lead.ing eoefficient I-, hence,

6F39: 0, uood. 27

R+F+I = 
0, mod.. 27t accord.ing as otr

element Ís x={9" tTlis resu}t we Þee, is id.entieal with that

ebtained. in ùhe preced.lng eeetion by means of tb.e first method¡

sr,n'ñmNrs or' -rERm rgo.

PreLiminarv Note:

Sl.nce the d.iecussion in the case of the gecond degree

invol'vedr wê shaLl- dlvide 1t t¡g Ínto the following

Gase I plP anri p,lR

Case rr. BfF and plR

Case IItr. plP an¿ pfR ' ' '

gh.ere f(x) is of coutrse xõ+?x2+R = 0. tÌce faet tt¡at frlf

is rather

€å8€8¡

Oase rV¡ FfF and plRo
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Sesi: 2; Oase Ir __ lEetbqd ïo" Il.

writÍng our equation as has been indleated. in the
fåset chapter, we have,

fd*) = (x+p-aa){x+a)1C*+a)(sa2- aap)r R+ "%-aõ =e
where for our element we find, the maxinun år¡t so that

5 ,2 - z"p = CI, ænd.o p*.. n ... (m)

R.r a2Þ - ,3 = o, mod,., p,Z&r. o . (n)

Sinae plR and, plPr Bla þy (n). If u 7 L, then by (n) p5ln,
ù

. c n : 1, ås uaximtm,. Sence our elenent ie aq,/g which is
Lni,thås.ease uï/w, the other factore conËaining Fr bavi.ng.been

d,e3.eted,¡: Or¡¡l cond.itl.ons are her.e as in the precedingrp8lR;

rt' ie to be observed. that the eowplicaÈÍ.on arieång ouÊ of üne

possíbf.Li.ty of Þ - $ can not arise here-" for. und.er th.e G.on-

d.iÈions of this case R,+PA.I. = 0, u.odi, A? i.s i.ryossib1e.

sgo.9: Gaeg rf (elr and pln) Method. No, r.
As i.n the preeeding, consider an elenent of the form

ô
xo* bN * úpv, where r¡nti1 eþown inFossible, pu is the higheet
pourer of p that divides À ;

5'irst takíng the caee where p # ?, we have frou. an

inspectåon of the d.iscriminant tÏ¿at p2ulR. By (¿) pol", whenee

from (õ), b-F = 0, æod¡,pu. Eriting (z) &g

ga8 - zap (b, - p) + gbR - pFR

tt is congruent to 0, nod. p2u. on inspectionr tr'olSowlng the

Ea¡oe system. of factoring, (r) satisfies at.once aÌ-so, thue

giving a suffi.cieney for Ëhe aþoue el-emento 4.ssembling our

condftions we have R= 8, m.où ¡Í*and a = 0, mûd Bi b=P.
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Since the d.iscugsåon when p i.s Z ia complicaËed.¡ ne

shalL divid,e it into three eases aceord.inp as v 2r l^, where

zt ln.

al v =lo
hon. an inspectlon of (g), we find. that eince a}L

terns but the first contaiî 2n so muet it, t¡ence 2$a. Reeon-

sldering the- sa,m'e equationr wê find. that õb'R conatins 2

,,ot"u on1y, whereas al,l the others contain it at least twioe.
'lt-rom (õ) we have that b t O, mod,. 2, hence there ls no

soluËion under these cond.itions.

b) v =-å.
From(s), 3a E p(u- p), mod. zü.. This a1lows us to

put 3a, = Knzv+ e(¡ - p).
rt 9'r,az- zabP + zaÞó+ õbR - 2FR ã 0, nod. 22v....(p)

i^ 
zeÏ,?, + 3bR - 4pR E 0, mod." zv ... . . . ... .. (õ)

.'. 3a2- aa,bP + pFR ã 0, u.od. Zü. (on eubtraotion)

3a2- abP + aFZ E O" mod. ?ü. (s)xa.
giving

affi * 2PR - "FZ = 0, mod. 2D.

ItuLtfplying by 5 and. divÍdlng by F, we get¡

l¡ab * 6R - 5aF = 0, mod.. Pü.

ådding kaP - 6R E 0, ¡ood. tu+J' ....(4)xe, gives

5ab * aP = 0, nod. 2u,

Since by {¿) a = 0, üod. 2 and. no notre, we have, on di.vid.ing

Ëhe absve through by a., 5b - P = 0" mod. 2u-1, pernitting us

to write õb, = S.zu-I* P.

Consid.er (¿). ¡rutiplying by 3, sre get
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gaa- 6abp + 6ap2+ 9bR - 6pR = o, no¿ z2ï
ïfieking the above eubstitution re nan, we have

[ra*+ e{u - nry 
t- 

arnflrau+ e(u -pù + ebR - 6FR F 0, nod.. :-2:

= - ¡?p2- gp4+ lgÞp5+ arbR - 54pR E 0, mod.o zhùn

Murtiprying by I and. puttiqg 5b = seu-* p, the above beeomes,

- p2s?eå*f n*taz"-l a?Rsau-} 8tgR - 4p4 E 0, mod. zzu.

= - pzs2aau:2p(4p3+ ¿zn) + sau-l ¡+yß + z?R) Ë 0, mod,. 22ú.

congider the last term" rf u Þ p it satisfies the congruenee

at onceo rf u - ze then the mi.nimuür power of z tinat wilr divid.e

A. iu 5r, since it consi.sts of two factors each containing zz

exaatly, so that the rast term satisf ies for a.l r values of r¡n

lhis leavee on d.ivision by P

- pg2?2*-2- (¿p5+ a?R) Ë o, nod,. z2o,

Or, writi,ng more handily"

Pgzzzv-? n E o, nod.o z2o.

rf l\ contains 2 a,n od.d. number of times, then each term must ', ,,, ,
' . .., 

', 
:- .-: ':

qingly satÍsfy the oongruence and the maximun u that ean occur

ís where 22u*tl^ . rf l\ eontai.ns z an even nr¡nber of times

v¡e find.? on putting ¿\ = ,2u-2.4Ð ! I, that the above d.epend.s 
, , :

for soluti,on upon the fact that P= {pr*L aecord.ing as

lL = 2!jv'2(4Ðf,1)" rf theee cond.iti.one fai]. we musË d,ecrease

o&r u. by one.

Turning to (f) I we reul,tiBly by 2? and. put 59 .= Kzü+jF(b-P)
:to geË, d,isregarding telms -containing 2õu or over,
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+ P'( b.Ðt

srzzz*[rrr - FÛ + 5Kz%2(b - F)z - sa"þPz"+ zrczo p(¡ - p)f'

* sp2[*22** pp(b - p)re* * v?(a - r)t]* ttu*Fntn *{o - "q"F¡l- t-BpRLKz + p(r - etJ n ,ta'r* - ,rot* o ,?u' = Q' nod.. 2--.

SÍlnxrlifying and roultisrlying by 2? we Setr

- ett2pzneü+ toppttozt- glp4trz'- s¿,P5tõ+ to¿npã+ 54P6

+ i.6z ,no'* ?zg¡ntrzt* r45rpRb2' tztSbFFZ- ¿gopatrzt* ¿*unp3

- z¿n*ot + rzgn? a o, mod.. 238.

Futting õb = sz"-l r, gives

TrgR'* rru**t- zqspaçzu- 
"uonru* 

tu*un ru*tË*"-1te*5e*
2u-tr -4 2 2u'2^- -- 2 -2u-2 ^-2 -Z -6a-2----5-39-3+ z4ãRrsz-* 1 læ-s-a-;-;tff; , : n"T", 27RS 2

P S 2 ã 0r mod.. 2 .

= (ngt* zlr¿lz - ereet1 4v3+ zzn) eB2seo(+pã+ zta) +

+ spszzào-?n" + ezn) *zrzrõu-3 z?Rs5zõul5p3sõeõt;20, nodo z
- 2 u . -- -2 -Ztt-?- ^-Z -2^3u'2 --- -5^3u-õ

= A- - enee*¿\ + õPS"z-- fg -eKP s 2 z?RS 2

- s*zah -Põsõaõo-? = a, mod. 23* .

= ,nl,g n ,*r'r^-?t"{A +-Ezs2z3.-tJ6n + aPS)

* ptstett-l eznsSr6u'3-- o, mod.. z o

flhile d.ealing with equation (Z) immed.iatel-y abover we saÌr

that lf 
^ 

contains 2 an even nwnber of times r¡ > 2; hence the

firsi üerm satisfies at once. .å's for the second' t"r*"rïffiáse¿

as it is of the sum of two od.d. nr.¡mbers wil]. contribute at least

one Z, which, with an"Uînntrent ,3u-2 rend'ers the prod-uct

congruent to O, mod.2-*. Tkre last two terms consÍst of two

numbers each containirrg 2õt-1 exactlyn hence together they

satisfy the congruence. Having thus sEtisfied' equation (f) t

we have esta'olished a sufficiency.
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Rewriting our results, wê have that if

z2t+õl,z\ the etement i" *2+ bx + a ,

--
and. 3a = P(b - P), mod. 2*.

ïf zztf^ , and. p = Apt ç L accord.ing as lE - 22''2.4ÐtL,
eLeuent is x2+ bx + a , where a and. b fulfill tbe salne

T conditions as above.

If the above requirement re P and /\ is not fulfilled. we must

d.ecrease our u by one.

c) v)P (wtrere ¿oln).

tr'rom a consid.eration of the condition imBosed by

d.iscriminant it is ei¡Ídebt on inspection thètthe maxiffinum

where u-l3b-P=0rmod"Z

posslble is w¡ere " =[Ëlt 1. Ev (4) zar -El- 3R E 0, modt

.o. zaP = o, mod. 2u so that a E 0r mod.o à'1.- trlom (g),

ga - P(b - P) E or nod 2u giving us that b - P = 0, mod'

the

u
u

2

6uz - zaÏ]r + zaPz E o, mod.o 22u.... (3)xZa.

o, mod.n i2'. ( z),3a - zabP + ZaF + 3bR - 2FR 
=.eZu

. ã \a,u- sbR + zFR E o, mod.. 2 .

Consider this last equation. If v is odd, then õbR cen never

unite with the term in a2 to form a higher polÂ¡er of two than

that contained by either of them hence they must each satisfy

the congruenoe separately giving as our maximr.¡m denominator

?t" *h;;" ,àu+LlR. rurthermore, a , and' hence b - P atre

congfuent to 0, mod. 2u, from the last equation. TiSing these
3u

relations in (f), d.isregarding terms obviously containing 2

or over, I¡re get

- rzbP + #p2+ õabR - zaPR + ufun - uõn + n2 = 0' mod.23*
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.)D
= - a'P(b -. F) - u'n(n - P) +

lhe above is obviogsl;r true.

a whieh contains 2', is

neo g. x+
degree is

2õabR-ZaPR+R

Eence our element

3u3 0, m'od. 2

on deleting

?u+1x(x + Pì , R F 0, mod. 2-''- .
l!.

2'Ð

9x + 128 = 0. Here the integer of second

x(x+Pì .
3

2

If v is even, etil-ì. considering

su?+-PPR j õbR E o, mod. zY+Z
I

= Ba.o- PR - gR(b - P) E o, mod.. zo*2 ,

The last tem satisfies at once leaving õaz

lTri.s ean be rqritten ruore e:cglicitly as 3 lP

accord.ing as R contains the factor 4Rt + l.
?urning to equation (f), consid.er the e:çressions

23?-3
n-pn - b R, and. bP-R - p-n. On factoring they become

otÛ* - b)RJ a.nd.- *t [(o - t)4. subtracting and rearranging

faators we get [t" * p) (¡ - 
")'f 

* , wTrich is congruent to 0,

rrod. ?o*tt, and hence for vt4 eaeh e:çression maJÃ replace the

other in equations which are to be congruent to 0, mod. 23u ,

where r =(å * r). Ilencer. replacing u2pn - u5n u¡r bp2n - p5n

in (f), we can factor the latter as follows;

(a - bF + s2) ("2+ rn) * *[* + oa(u - Pil E 0, mod. z3l

As for the f irst term, we have from above, that 3a2- PR = Ot

mod.. zo*2, hence, 
"z+PR = 4a2- (gaz- pn) E 0, mod'. ,Y', since

2a - hF + P* = (g* - bF + pzl ' zr, it contains ?Y: rhus the

first term saËisfies the coagruence. The bracke$ed. part of the

secsnd. terø, heing the sum Éif two factors each containing Zv

- PR ã Or mod.. 2o*2 n

E 0, mod 4,
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Ðx"+bx+a
u

2

contains the
?o

E. g. N."+ xo- 16 = o.

CHAP'TTR IÏ

exactly, the whole term contains zv+l; R outside the bracket

contributes 2v and' since for v {'4 Zv*L" 8- * 3' this aLso

satÍsfies, establishing a sufficiency for the element

, where zzu'zla, b = F, mod. Pu:l

E t 3 
= I, rnod. 4 according as R

factor 4Rt+ ln a''= o, mod.. 2t-1.

Element is X2+ Ax - .L .
I

-qgg*¡[¡ Gase-FL Eet-bq_4_$9-o-Lf¡

our congruences are,

3a2- }aE E or'mod." P[.'.....(m)
n + aa(r a) ã o, mod. pzu... (rr)

rf p / z, then since plfl , pZu lR. Looking at the above, if

a É o, mod-. p¡ then from (n), P - a' Ê 0, mod" pzüo tr'rom (*),

5a - æ L- O, nod-. poo trß.rlti.ptying the former by 3 and' addinpi to

the latter gives F = 0, rnod.. Fú, an impossibility i.n thie easet

hence p f a. ïïeing this relation with (n) , Irve get that pula

which also datisfies (t). Thue we have a sufficiency for an

element of the forro

x(x + g), wh.ere
up

R = o, mod. pzu.

If P = 2t ÛLlr congruences are

3a2- }aP E 0, mod. 28. n c . .. . . (*) t

n + az(r - a) E o, mod. 22u." .. . (n) * n

Ey (n)r a F 0, mod. JÍJ*n""u zvlR. consi¿er oase when v is od.do

By (n) , v ) 1. Si.nce the power of 2 contributed by a2 is

necessaril-;' ev"r, , each term of (n) I must sêparatel$ satisfy
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the congruenceo Eence u and our element is
2u+1 r2 lR.x(x+Pì ,

t¡
2

If v is even and greater than Z, pu.t u = f +* f .
(*) t ig at once satÍsf Íed., and. frou (rr) r, R + ab Ê 0, mod. Z":2
lhås Ís possible when FJr F 0, mod. 4 aecord.ing ae R conta¿ins

the factor 4Rr J 1. Our erement is und.er these cond.itions

x2+ (p, + aìx + aB , vrhere a = a, modo Z'-1,
u

2 and R E O, mod.. ,2u'2.
ff R contains ZZ and. no higher, then by inspection

of (n) t, a = 0, nod. 2 and. no þigher, so that (*) t may be

rewritten as

5a - zP = o, mod.. zt-l.... . (*) r, .
pubing the above and. subtracting e?(n)r we have on rearranging

A - ã(t" - pF)' 
= o, mod. ?2u, forc r à3. rf 2\ containg an

odd power of 2,solution is impossible.unless we d.ecrease our

u by oner upon which a1-1 conditions are satisfied. when õa - p
contains z', *r.a ezu+5[¡ for an erement of the forrr

(x+al(x+P - Za).
IT

2
rf l! Ê 0, mod. z2t¿'2 .e.xactty,Þüt ¿\ = zz\y ,2u-2,

and. 3a - 2F = sozu+ P'-r in the above equation. Disregardihg

terms of 22u or over rre get

"2u-2 
3F(22u-a) = O, mod.. i.Zuo

This is the case, obviously when and. only when pt 1 Ë 0, mod..4

accord.ing as /t = zzv-?+n= \ rf u is less than õ, since by

inspection conditlons are satisfied. for u = 1, the onry case

presenting any d.ifficulty is when u = z, This possiblrity
arises onty when A,É o, mod a6r or when z6¡{uut p t I does

=Etr,
u¡here
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noü cont aín 4 accord.ing as y'{ contains 4Dr : }o fn the event of

øf the former i.t resolves itself at once into the case urhere v

is odd., for vre have alread.y shown in a previous discussion

that the teast poïser of 2 tinat ¿\ can contain is S, thue giving

the highest solution for u = 1. the latter admits at once ü =2 .

Hence our element is
(,x-+al(x+F-2a) , vrhere R = 0, mod. 4

3a - ?E Ë o, nod. Zt-I -'-t'

P!I E $i¡,:.rrtodo 4 aecording

,y'( contains 4Ð ! 1.

Since pl[, p = 3. ffirltiplying (¿) by P' Tre have

zal?- 5FR E CI, mod.. õo*1.

-z mod.. õu... (5)ZaF-+ 5bR - 4PR E 0, mod'. õ ...tþ)
u

.'. -(ta - 
") = o, mod. 3*and Ëfnce RÉ 0, modo 3

we may write 3b - P = 0, !Éod. 5":
Dz

aaz- zabp zaP- E 0, möd.. õu ....(s).-za
tD Ðga-- zabp + zaP?+ gun - 2Fn.E 0, mod. 32u..(z).

u
.'. 3a2- õbR + æR F 0, mod. õ* on subtraction. or,

I
(gaz+ pn) - R(3b - P) E 0, modo õu. whereupon'

usingtheaboverelationreSb.F'wehavetha!
õa2+ pR E 0, mod.. 3u. ffurtiplieation by 5 gives

e u+lga'+ 5PR = 0r mod. 5

aaF2- gFR 
= o, mod.o 5'+1...'(4)xP

... ga - æ2 = a , mod.. 3u+1 on subtraction and d.ivis-

Í"on þy a which d.oes not contain 3. Futting õb - P = 0t mod. 3u
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o u-1-
in (5) to get a + 2bá E 0, mod. 3* 

*. 
Using this relation

in (z) gives us a + Ìbz E o, mod. 3u.

the above congruences enable us to write
n u*I rìa= r1tr.5- - æ'l

E'Tr = å[s. eu+ rl
*t =tr*. s}o - z?R. (AssLming that azolA ..:

Substituting fer a and b as above in
Dz-2u

saz- ?abP + }aP'+ 5bR + 2PR E 0, mod'. 5--""(2)

we have--tr?s'o:to*szu;24sp3rt-1 
+pas-2 pR + Rssu E 0, mod. õ27

e

Substitution for 4P' gives

prgzoiõr33u;12FsK32u;2$Tõ2ont-9 o, mod. 62u n

Csnsider u ) Ia Since the -degreeg 
in 5 of the two lowest

multiples of 5 must be êqual or aL1 terns muet singly satisfy

thecongruence,wehaveherç,;..feihemÞèringthatPcontainsS

at least once, that hv-Z = 2u-1. Eence 52t*tl^. . Âs a regult

of this the rast te¡u of the above congruence eatisfies at

once keeping in mind' that u ) 1. ?his leaves
2v-3--2-2']tor*r"-Ë o, mod. 32o, . . . . - -(-l.PT5 +K3 zFSKó EU¡

Consid.er the last two terms. Ðropping one K and factoríngt we

get

,t-t[ootnl- PPSsU]

orr on returning to origínal symbolst

= ut-t[e" + 4P2- 6bP)J .
D

substituting in the above a =--}Þfnoa. 5o, it becomes,

õt-2(¿s2- oup rgbz)

-"i':
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= - su'zþrru - p)2+ op(su - pû .
Itris i.s congruent to 32u ,n inspection. Ifenee, deleting these
two terms from (r) abover w€ have from the remaind.er that
,'"*l¿lr êE a necessary cond.ition for the satisfaction of
equation (e).

Maki.ng the saüre eubstitutions in (r), we get after
our usual 4anipulatisns,

K5õu-1 urtrtt:t**trtr-å o, mod. sõo.

å.ê. ¡e3- nsõ- FsreåL Ë o, nod. õõ .
This last equati.on d.epend.s for solr¡ti-on upon the fact that

R+Ff]. E0rmodo 27, and.

6p+ 9 E 0, mod. Zlo both easily d.emonetrable
requiiements for u>I.

If u = J.r a and. b can be taken equal to J- or 0. By
(r),

,-t- bt* + Rz E e, mod.. g

By inspection, if b / o, then a = *L. consid,er b * 0. Then by
the'above, a = -L. Substituting these values in (f), we get

n2+ :pn + p2- l- F o, mod,. z,l.
i.e. (B+R-t)(g+R+r) Eormod. z?.

since in the above prod.uct the factors differ by z both can
not contain 3, hence we may write

(e+Rtr) Eormod.. z?.
B¡¡t this implies that g6rlL allevrring u = z. I{ence the above is
åmpossíbLe and b É a. substitution of a = 0r gives directry
tlryt P + Rt:- E 0, mod.. Z?, f,o that a É Oo Eence, by the
above, a = +1, and b = t r. substÍtuting these varues in (r),
we have
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6n t l)'+ FÞ (a+ r[ E o, mod. 27.

llrese cond.itions satisfy (Z) at sif,"ht.

If F E 0, mod. I it is evident from the discriminant

that u = 1 is the maximr¡m. fD this case Rf I E 0, nod.. I,

Sec.6¡ Case fII; Ifethod No. II:

Slnce the d.iscriminant allowe only p = 3, ou.r

congruences atre
Zu

3a- - ZaP E 0, mod. õ- . . .. .. .. (u)

n + aZ(p - a) E o, utod.. 52t....(r)
Since an exarnlnation of (n) reveals that a É O, mod. õ, (*)

can be wri.tten

3a - æ E 0, &od.. õ8.... .... (E) t

Consider first where there ie an element of the first
d,egree. Tîren, sÍnce *lqttn r we have that ,8u*tlA. By

actual nnultiplication we have that
õe

(*)n-+ z?(nl = A - ¡P(m)r ......r..(a)
Since the existence of an integer of the first degree requires

u ) l, the above is at once satisfied with (t) t. lhe integer

thus obtained 1e aleo an element since 32t+21¿\ and. no more. #

If there i.s no Ínte.ger of the first degree, we obtaln our

element'dlrectly from the above congruenG€Et¡ Si.nce the u now

refers to the erement we have from (a) that tt**tl^ and.

#"Reference to General Relatíons (g) will e:rB1ai.n the neceesity

for this BrovlEo.
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u
3a - æ E 0, mod. 3 are neceesary and suffieÍent conditibns

for t,be elercent

(x +- al(x + p - pe)
u

ô

EoB. *3+ 3x2+ 725 = 0. lllement is (x - I)lx + z)

5

ff u * Ir (*) is eatisfied. identicaLly and. our neces-

sary and sufficient cond.ition obtaÍned. from (n) is tha"t

B + PtI- = 0, mod. 9.

lïris is sbtai.ned by putting a = 5af r 1o Ðeletlng the known

nmn-tiBJ.es of, 5 from the coefficÍents of our element, we have

in Ëhe nrmierator

*2- "* - z^2.

Since a = lI, this can be written .

*'O * + L; a form identicaL with that obtained.

by the fi.rst nethed..

Se,ç*l; gage--rg (sfF anct pfR) Mêthod, Nø. r.

Slnce pztl[ p É z or 3, benee in our manlpulattone

multipl,ication or d.ivieione by these faetors or by P and. R

wÍÏl' ¡,rot affect in so far as divisibillty by p is concerned,.

zaP - 5R = 0, mod.. pu......(4)
2

orr we may put Za.P - 3PR = 0, mod. pu..... . (¿)^p
2

àaP-+ 3bR - 4PR = 0, mod. pu. (5)

o". R(Eu - F) ã 0, mod.. pD on subtractåon, oro

since p Ís prime to R we may write 5b - P = 0, mod. po.
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22
þa-- zøÏJp + zaP + õbR - zFR = 0, mod.n p2'....(?)

Fut 3b = K.pu+ p, and. fron (¿), paP = S.pu+ 3Ro in the above,
2first multiplying by IZF to avoid fractions. This wiJ-l give,

d.i.sregardÍng ternrs containirrg p2t ot over,

54sap + 8IR + aPJ sp + l-2FsR E 0, mod.. pzu.

= aspl¡l! õl\ = o, ruod.. p2*.

The truth of thús appearer on inspection. l1rus (,2\ ie satiefied..
.2

I¡tultiplying (f) by 216P"r we get
35 2 4 25 3 4 24

aL6aP - 2L6a þP + 2l6a P + 648abRP - 432aP R + 2L6b P R
3 3 3 2'

316F b R + 2r6jP R ã o, mod. põ8.

Making the sa,me substitutions a¡ld. d.Ísregard.i.ng terms of põu

or over, we get,

z4snsapzu+ ?zgR2spt+ z zgas+ u*oz*funu+ Sorsstut$ toerõns¡ru

+ etopSn?f z¿B5nr:pt* reB6f F 0o r,u¡od. pgÏ

Red.uctlon by the relatlon ¿Bõ = - 27I., mod.n fru, leavÍng the

te¡u,s marked. * intact gives

?¿gn3+ tonp6+ atop3n2 E o, mod. p3t.
-z - 5u

= R A ã 0, mod.. g"*.

Tbis is evident, so that the cond.itions for a and b sat,itify'

(f). this establishes a suffÍciency for the element

x?+ bx + a , where }aE - 5R ã 0r mod. Bü
uB- gb 

= P, mod. pu.

p2*'T' 

^ 
.

ff it is so d.esired., a and b may be eliminated. from the final

result. lhe above would then be written
ez

6Px:+ 2F x + 9R .

, 6?Þ"

All elements lend themselves to such treatment.
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Sec. 8t Case lV:-Mgthod ISo.- lI:

Rewriting our congruences for convenienee in
-refergnce r wê have

I
R + a-(P - a) = o; mod.. p2t.....(n)

3u2- }aP E o, mod.. Pu .....(*)
Since RÉ O, mod. p, (n) gives a É O, moâ. Fr allowing

us to write (*) as

3a - æ E o" mod. P[...... o. (*) t

trurthermore we can show that(n) i.s d-epend.ent trpon (*) and'

the d.iscriminant, for wri'tinê
23

ez(n) = A se(n)t-r(4)t

i.t is at once apparent. Hence our element is
(x + a) (x t],,:--*a) where Pzutr¿\ ana

pt 3a - ztr = o, m,od. pE.

If we were to eliminate a in the manner indicated' in the

foregoing section, we would get
Ð2

9x-+ 3Px - 29 .
u

slp
The identity of this with the form obtained' by the first

method. can be mad.e apparen$ by multiptying thru by ?P and

3-tu
putting '* 4P ã 2?R mod. F-.

Àpprying to the numerical exa,nrple *"* +r3* 222 = 0o

we get
2

x - 74+ 2 
o

25



Tab}e for all cases of the cubic

*3+P*2+ R = o.

ELement of degree Cond.itions.
two.

I
Ðx"

p p[r ana pfn

II. gg"'?. qP'?*-I-gE

6qptr

*"åA' .ttpo prime to
6PR.

rïr. x(x + gì
2up

p2o { n. npu Ê z.

Ila áx+b.x* a
u

2

2¡¡ ^2â/3. R = 0, modo 4.

5b = F, mod.. 2*-L.

3a E P (u-P) mod. Zu .

/[ contains 4Dt1, acc.

as P f 1r= 0, mod. 4.

rtb 2u+lR=0nod.2

IVc
,x+bx+a

-lr 2

b=Faod.zt-r; a=0,
mod. Pt-l, Frr, E o,

nod. 4, acc. as R is

zz'-!+ati r.

v (äfal (x+P-ze)
-u.1

2u+2.3 å4. .

3a-*=Ørruod.3*.
U 7I.


