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PART I.

ON THE DERIVATION OF BASIS FOR THE CUBIC

Xé*?ﬁ@FR = 0,

CHAPTER I,
Séc; I: Iptréduetion

Thiskpart,ef my thesis will consider concurrently

two methods of deriving a basis for the general cubie aboték
The firét method uses the set of.integral expréssions derifed-
by R;R.Wilson in his paper on ® Integers and Bases of a Num-
ber Field ‘A The second method of approach is based on some
general theorems to be published shortlys My adaptation will
appear in the next section under general relations, A departure
from the original is made in the matter of eliminatien. Here
the term of first degree in "x" is eliminated, thus preserv1ng
more obviously certain relatlons for the equatlon under

differentiation,

See. 28 General Relations SA[
Mtiplying A ==e=(;°;fr %, X +q'3:2, by %x* and "xz", and
eliminating by means of the field equatigm teims exceeding
degree two, we'ebtqin the following expresgions necessarily

integral and of which the first three are suffivient.#

* Transactions of American Mathematical Society. Vole XXIX (pyu-i2t)

# Theorem IV (p 118) ibidem.
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From the same paper we have also,
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2 .
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The use of the above relations comprises the first

methode

Seep 3 General Relations (B)

Whereas in the foregeing the coefficients are separately
determined, in this seco}nd method, the numerator as%ivhele is
cbtained from the special form in which fhe_ equation is written.
For an élement of the second degree, consider |

f(x) = aq2+ bpYq + cpgu .

where a and g are of the first degree in ;.V On multiplieation
by & , we obtain by inspection that ag/p® is an integer. By
Theorem VII of the aforementioned general theorems we have that
aﬁ element is of the form (aq + rp° )/p"""" where p* represents |
the rise‘f It will be shown moreover in the discussion of the
first degree integer that the only possible .case of such rise

(for the cubi_c) is when "p" is equal te 3. ‘Hen_c_:e for cases

other than p = 3 we may take "aq" @§ derived from above to be
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ELEMENTS OF DEGREE ONE

e e e

Secy I: Methed Fo, I.

Here "«,* is 0, so that our equations (Sec.2 €hap. 1)

become
' 0(3_. c(”P - ;’..jo-ovn_oao-'olo"-avb-o'o'otoo(1')

3013 - -ZO(OP ' ;o'ooo'co‘oo'oo’o’booton(2’)A

30{0 = ? ;;go..ooooo.oooofoooo(3')'
zdo? ooooogooooooooooo’ooo(4")

An element of the first degree is of the form x+ 8/Po 5 The
eccurrence of this integer implies the existence. ofE 3/1’2]
so that from (6), 92 | A ¢ By (7'), since PQ\P, we have
that Pgl:Sa. Consider Py =1" , hence for v>1, pla, which is
impossible by (1’), since R #£ 0, mod p?’ When plP. For the
same reason “p® — 3, so that our element is x+ 1/3 according
a._é R+Pz)l = 0 , mod 27 (from (1')-_and | 2P+3 =0, mods9
from (2!') which gives us our sufficiencys If these conditions

are not satisfied, the second element of the basis is "x"f.;

See, 2: Method No,II,
If we have x+a/pY = ¥, ‘an integer, Wwe have fwom the
-definitien of an integer, the exiétence of an equation in y,
of the form ys-a-c,yzq- e, y+cy, = 0, whereupon , suﬁstituting
the above value for y, we get, clearing ef fractions,
(x+a)% o (x+ 2) 2N calx+ ) 0T p°Y = 0,

whence by inspection and successive differentiatién, we get
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Furthermore, we shall break up the demominators into their
constituent primes, a valid Procedure, because we should ,
were we to multiply through by the undesired primes, obtain

an integer involving only the one in question, so that the con-

ditions must hold,

See. 1t Cawe I, (p|P and plR) Method No. I,

we'shall assume to begin with that P and R contain
P only once but shall increase the power as we find it neces-

sary. Consider equation (1),

2> a%0P + a%P% 3abR - 2aPR + b2PR - b R»rRz 0, mods p°Vs

By inspecticn, since all terms but the first conta:m p at
least once, a = 0, @od. P. Using this refation, we find
next that -hSR is the only term containing p only once, There-
fore either Rv = 0 mod, pz, or b = 0 mode p. It is immaterial
which ﬁxossibility we consider first, for the adoption of
either immediately necessitates the introduction of the other

in the next step and thereby satisfying the congruence for v=1L

If v’71, since all terms but as contain p4, we must have a= 0
mod. pg’."; We are naw left with a single term containing p4,

nemely R°, and since it is impossible to raise the divisibile
ity éf R beyor_zd the power two, solutions for vy 1l are impos-

sible. Hence our element is

x'?’+bx+a s Where a,b, and P contain p at least

P enée, and R = 0, mod pz.

Nete: If in the above p is the only pr.ime oééurring, a and b

can be taken to be O, €ele X +2x%-4" ) Element is Xz.
z
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our element, A slight modification will be introduced in our

discussion when “p® is equal to three,
Seced: Notatione

The letter "p" will be taken to denote separate
primes, Capital ®p® i,e, "P* gsuffixed by 2 or 3 denotes
the Whole depaminator of the first and/seeend degrees ‘
respectively, ‘£3 represents the discriminant with the facteor
— R divided outs "o, is of the form /P, "«,* is of the form
v/P, except in the case of the f;rst degree integer Where 
b is equal to oney and "«." = 0., "o* shall be taken to
be g/P, "K*, "S%, and "I, are used in the sense of rational

integers, The symbol [p’?] means the greatest integer in z/é.

Note:

S8ince the form of the equation permits of the elim-
ination of all factors p such that pSIR and p|P, we shall

assume this to have been done.
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f(x) = 0, meds PV o......(8)
f1(x) = 0, mod. A S ¢ )
fr1f{x) = 0, modp¥Y .......(c)
Where f(x) is of course iﬁ+®x2+R = 0, The faet that P2|P
belongs to this method alse, so that by (a), x £ 0, mod p.
Hence by (¢), p = 2 or 3 The former is disallowed by (v),
leaving as our énly possibility, 3, which gives us an eleﬁent
;@f the form x::l/S. As before, the existence of this implies
the integer Ec*]/ﬁ] , 80 that 3 \A + By substitution of
¥y = xt1/3 into £f(x), our equation in y is
C 2yS (27 +9P)y2(6P29)y + (B+BEL) = Os
Sihce y is an integer this equation can be reduced to one
with leading coefficient 1, hence,
6Px9 = 0, mod, 27
R+Pxl = O, mod. 27, according as our

element is x+3/3, Thls result we B8ee, is identieal w1th that
ocbtained in the preceding section by means of the first methed;

ELEMENTS OF DBEBREE _TWO,

~ Preliminary Note:
| ‘Since the discussion in the case of the second degree
is rather involved, we shall divide it up into the following
cases.
| Case I p|P and P;;IR
Case II, plP and p|R
Case III. p|P and pIR
Case IV p[P and o]’ Re
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See, 2: Case I, Method No, II.

‘Writ‘ingv ourv.eQuation as has been indicated_ in the

first chapter, we have, .
f{x) = (x+P-2a)(x+ a)%- (x+a)(3a2- 2aP) + R+aP_a® =q

where for our element we find the qxa.xii_mm "u®  go that
| 3a2—_2é.? = o, mode B sseess (m)

R‘-o-a‘?’P-’ a® = 0, mod. %%, ... (n) '
Since p|R and p|P, pla by (n). If uy1, then by (n) -ps|R,.v
,'j, u= 1, is maximum, Hence our element is ag/p which is |
intthis ecase x‘?‘/p, the other factors coﬁtaining p, having been
deleteds Our conditiohs are here as in the preceding',psalﬁ;
It-is td be observed that the complication arising out of the
possibility of p = 3 can r;ot arise here, for under the con-

ditions of this case R+Ptl = 0, mods 27 is impossible,

ec.3: Case II (p{P and p|R) Iiit?ei:lmd,.‘,lsl’e.s I.
4As in i‘.he preeeding, consider an element of the form

- x,2+ bx +g/p%, where until shown impossible, 2u is the highest

power of p that divides A\ o+ |

. First taking the case where p . # 2, Wwe have from an
1nspection of the dlscrlmna,nt that pau\R o By (4) p Ia, whence
from (3), e-P = 0, #od, ‘p& . Wmtmg (2) as

3a°_ 2aP (b ~P) + bR - 2PR

it is congruent to 0, mod p‘?‘

on inspection, Xollewing the
same systgm of_factorlng, (1) satisfies at.once alse, thus
giving a sufficiency for the abowe element, Assembling our

conditions we have R= 0, mods p and a =0, med ps’ b="P.
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Since the discussion when p is 2 is complicated, we
shall divide it into three cases according as V'é_zﬁ where

2V 1R,

From an inspectien of (2), we find that since all
terms but the first contain 2, so must it, hence 2}a, Recon-
' sidering the same equation, we find that bR oconatins 2
_once only, whereas all the others contain it at least twice;
;;?rom (3) we have that b # 0, mod, 2, hence there is no

solution under these conditions,

‘b) v = 2. R v
From(3), 3a = P(b- P), mod 2%, This allows us to

put  3a = K,2"+ P(b - P), |
 3a%— 2abP + zwz% 3bR - 2PR £ 0, mod, 2°Y,,..(2)

23P2‘ + 3bR - 4PE = 09 mOd’ 2u00..'....l.(5)

i

. o 3a°- 2abP + 2PR 0, mod oY% (on subtraction)

o 352 abP + aP° = 0, mod 29, (3)xa,
grving - abP + 2PR - aP> = 0, mod 2%,
Multiplying by 3 and dividing by P, we get,
- - 3ab + 6R - %aP = 0, mod. 2",
Adding 48P - 6R = 0, mod. 2" ,,..(4)x2, gives
| | - 3ab + aP = 0, mod 2u, 7
Since by (4) a =0, mod.z_and no more, we hav§,fon dividing
the above through by & , 3b - P = 0, mod., 2%, permitting us
£0 write ~ 3b = 3.2%" 1 P, (

Consider (2), Multiplying by 3, we get
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9a”- 6abP + 6aP°+ 9bR - 6BR = 0, mod 2°0

Making the above substitution re "a®, we have

U 2 : ‘ '.
EKz +P(b - P)B - 2o {K2"+ P(b P} 4+ 9bR - 6PR = 0, mod, 2°%

= - bp°- op%y 18bP°+ 81bR - 54PR = 0, mod, 2°%,

o L uel :
Multiplying by 9 and putting 3b = 82 +# P, the above becomes,

3 p-l 4 _
- Pgszzﬂ“’"@ 2%} 29msa" L s 81PR - 4P" = 0, mod, 224,

= - 923222u~21>(41> + 27R) + 52" V(42’4 27R) = 0, mod. 2%
Conslder the 1ast term, If u>»2 it satisfies the congruence
at once, If w 2, then the minimum power of 2 that will divide
/N is 3, since it consists of two factors each containing 22
exaétly, so thé.t the last term satisfies for all values of wu,
This leaves on division by P ‘
- ps2a® 2 (4p%, 27R) = 0, mod, 2°%,
Or, writing more handily,

2 2u- '
ps%2® 3 A =0, mod, 2°°,

If /\ contains 2 an odd number of times, then each term must
singly satisfy the eongruence and the maximum u that ean occur
is where 22u+§lA . If A\ contains 2 an even number of times

2u-2

we find, on putting /N = 2 4D+ 1, that the above depends

for solution upon the fact that P= 4P's1 according as

N = 22u'2€4Dt1)° If these conditions fail we must decrease

_our u by one, ’ ’
Turnlng to (1) , We multlply by. 27 and put 3a = KQ?{-P(%P)

. , 5
to get, dlsregardlng terms _c.o,x;ta.lnmg 2 or over,
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+P*(b-?)°
sx°2""fe (b - P)) + sk2"%(b - 2)° - Fwp [£%2%" 2x2® 26 - 2)f
+ 2 [K%2%% (b - PE2® + 2°(b - 2)°]+ 2vor(ke%s 200 - P)]
- 18?R[K2 +P(b - P)] + 29b°PR - 27b°R + 27R° = 0, mod, %8,
Slmpllfylng and multlplylng by 27 we get,
- 81b°p k2 + 162P Spr2"- 81p x2"- 54P baa» 162bP° + 54P°
+ 162 %24 72%31{2‘ + 1458PRb>- 1215bRP~- 486PRK2%+ 486RR"
- 72931;34- 72932 = 0, mods 2°%,
Putting 3b = 82 % P, glves :
729R°+ 2153?3- pazpRE2"- 36KP 2"+ 16P°+ 36K 827 ti2sp 2’
+ 243RRS22% Y 122% %2 1 Reames 2 2 opRs®2" R arrs” 20
o ?33525‘1“26 mods 2«
= (4P5+ 273) - 9KP2 (41> + 27R) - zp g2 (41>'3+ 27R) + |
+ 3PS 22u %49 + 27R) - 9@2322‘7’“ £ 27R8323u-31>38523u§20, mod, 2
= A‘? - 9KP2 A + 3PS 2 f& _oxps72" 2 o7rs®2™ Y
- 228N 2°5%2"" = 0, moa. 22,

= A+ syszzgu'g} [Pz N+ stgzz’u 2)@1{ + 3PS)

+ 055259 29re®2%% % 0, mod. 2

While dealing with equation (2) immediately above,'we saw

that if,[&_contalns 2 an even number of times u »2; hence the
first term satisfies at once, As for the second terﬁ?:%gﬁggsed
as 1t is of the sum of two odd nuMbers will contribute at least
one 2, which, Wlth the apparent 2 u-2 renders the product
congruent to O, mod, 25u. The last two terms consist of two
pumbers each containing 25?‘1 exactly, hence together they
satisfy the congruence, Having thus satisfied eéuation (1),

we have established a sufficiency.
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Rewriting our results, we have that if

2u+d . 2
2 izﬁ; the element is X + bx + a , where ' u-1
o 3b - P = 0, mod,2
and 3a = P(b - P), mod. 2",

2u-2

2u, | |
If 22 1/\ , and P = 4P'3 1 according as /N = 2 ADx1,

2
element is X + bx 4+ a , where a and b fulfill the same

u

2 L. ~
conditions as above,

If the above requirement re P and /N is not fulfilled we must

decrease our u by one,

¢) vy2 (Wnere 2'\R).

From a consideration of the condition imposed by the
discriminant it is eWwideht on inspection tha$the maxi&mum u
possible is where u =[§]+ 1. By (4) 2a - 3R = 0, mod, 2"

°

e o 2a8P = 0, mod, o% 50 that a £ 0, mod, 2, From (3),

it

i
=

0, mod 2" giving us that b - P = 0, mod 2%,

3a - P(b
‘ 2

Lo
e
P~

6a -~ 2abP 4 2a.1>2 = 0, mod, 2 u....(s)xza.

' 2u
%5 ~ 2abP 4 2aP 4 3bR - 2PR = 0, mod, 2" . (2)
o 9 - ' 2u
e & 38" - 3bR + 2PR = 0, mod, 2

il

Consider this last equation, If v is odd, then 3bR can never
unite with the term in‘az to form a higher power of two than
that contained by_either of them hence they must each satisfy

the congruence separately giving as our maximum denominator

2u+l

. 2%, where 2 \R, Furthermore, & , and hence b - P are

congruent to 0, mod, 2u, from the last equation., Using these
o o 3u
relations in (1), disregarding terms obviously containing 2

or over, we get
s

- a®bP + a°P%+ 3abR - 2aPR + bPR - b R + B> = 0, mod.2
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2 2 2 3
=-a®P(b -P) - b R(b - P) 4 3abR - 28PR + R = 0, mod, 2",

The above is obviously true, Hence our element on deleting

a which contains 2 , is

. | ' © _2u+l
x(x +#P) , R=0, mode 2 .
'EI
3 i 2 .
€o & X 4 9x 4+ 128 = 0, Here the integer of second
degree is x(x + P) .
‘ =
2 .
If v is even, still considering
.2 . ' 2
3a 4 2PR -« 3bR = 0, mod, 2 ,
o o

| = 3a°- PR - 3R(b - P) =0, mod., 2~ ,
| : e . 2 ' V42
The last term satisfies at once leaving 32 - PR ¥ 0, mod,2 o
This can be written more explicitly as 3*P = 0, mod 4,
according asIR contains the factor 4R'= 1,
Turning to equation (1), consider the expressions
2 3 2 ) ‘
b PR - b R, and P R - P R, On factoring they become
2 2 (, '
b ((P - b)R] and P [(b - P)R] « Subtracting and rearranging
2 » ’
factors we get ﬁb +P)(b - P) lR , Which is congruent to O,
- Q¥+ : ‘
- mod, 2'?ﬁ, and hence for v4{ 4 each expression may replace the
. . . ' 3u
other in equations which are to be congruent -to 0, mod, 2 ~ ,
_ v +1 ' . 2 3 2 3
where u =(Z ). Hence, replacing b PR - b R by bP R - PR
in (1), we can factor the latter as follows;
- 3u
(a - bP + Pz)(a2+-PR) +.R(h + 3a(b -‘Pﬂ = 0, mod, 2 .
As for the first term, we have from above, that 38°- PR = 0,
mod, 2v+2’ hence, aziPR = 4a2- (3&2- PR) = 0, mod, 2v+2; since
2 2 . oyl
a -bP +P = (3a - bP +P°) - 2a , it contains &% , Thus the
first term satisfies the congruence, The bracketed part of the

‘second term, being the sum of twokfactqrs each containing av
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exactly, the whole texrm contains ZV*l; R outside the bracket
v
contributes 2 and since for v {4 2v*12~%} + 3, this also

satisfies, establishing a sufficiency for the element
2 » 2u-2 : U-
X 4+ bx + a , where 2 IR, b = P, mod, 2
T ‘
2 Pt3 = 0, mod, 4 according as R

contains the factor 4R'sx 1, a'E 0, mod, 2u-1.

1l

B, g x°4 x°- 16 = 0,  Element is x°+ 3x = 4 .
’ 8

Sec, 4: Case II, Method No, II:

Qur congruences are,
382- 282 = 0, mods P%eers.es(m)
| R + a?(P - a) £ 0, mod, peY,. . (n)
Iflp/é 2, then since p|/\ , p2¥|R, Looking at the above, if
a £ 0, mod. p, then from (n), P - a & 0, mod, peY, From (m),
a3 - 2P = 0, mod, puo Muitiplying the former by 3 and adding to
the latter gives P = 0, mod, pu, an impossibility in this case,
Kence pla, Using this relation with (n), we get that pila
which also satisfies (m). Thus we have a sufficiency for anl
element of the form | | .
| | x(x 4+ P), where R = 0, mod, p2Y,
If p = 2, our cpngruences are

‘532‘ 23? = 0, mod, 2uoaooooit(m)'

R + 22(P - a) £ 0, mod. 2°%,,...(n0)",
’ Vv

: : - é}] . . .
By (n)' a £ 0, mod, where 2 |R, Consider case when v is odd,

By (n)' v y1. Since the power of 2 contributed by a° is

necessarily even , each term of (n)' must separately satisfy
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the congruence, Hence u =E], and our element is

x(x + P) , where 22u+l\R.

u
2

If v is even and greater than 2, put u =

il

+ 1,
- v+2
0, mod,2,

Tt

(m)* is at once satisfied, and from (n)', R + ap
This is possible when Px1 = 0, mod, 4 according as R contains

the factor 4R'+ 1, Our element is under these conditions
2 o ' . u-1
x4+ (P +a)x 4 aP , where a = 0, mod, 2 ,

- |
2 and R = 0, mod, 2%%°%,

‘ If R contains 2° and no higher, then by inspection
of (n)', a = 0, mod. 2 and no higher, so that (m)' may be

rewritten as

1...- [ (m)"o

Cubing the above and subtracting 2'7(11)’ we have on rearranging

' . 2 _ . .
A - &P(3a - 2P) = 0, mod, 22u’ for u»3, If /\ contains an

S S
3a-2I’EO,mod.2_

odd power of 2,solution is impossible,unless we decrease our

u by one, upon which all conditions are satisfied when 3a - P
ut3 :
contains 2%, and =8 |\ for an element of the form
(x + a){x +P - 2a),
u

If /X = 0, mod, g2u-2 exactly,put /X = 2V 22“‘2‘,
u-1 '

and 3a - 2P = .2+ 2 in the above equation, Disregarding

terms of 2211 or over we get

2u-2

= 0, mod, 22u°‘

This is the caSe, obviously when and only when P+ 1 £ 0, mod.4

2u-2
«4Dx 1, If u is less than 3, since by

according as /N = 2
inspection conditions are satisfied for u = 1, the only case
presenting any dii‘ficulty is when u = 2, This possibility

6
arises only when /\ #Z 0, mod 2 s OT when 26|Abut P+] does
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not contain 4 according as /A contains 4D*<* 1, In the event of
of the former it resolves itself at once into the case where ¥

is odd, for we have already shown in a previous discussion

that the least power of 2 that /\ can contain is 5, thus giving |

the highest solution for u = 1, The latter admits at once u =2 ‘

Hence our element is

{x + a)(%_tc + P - 2a) , where R = 0, mod, 4
2

1

R=-
da - 2P 0, mod, 2

tH

P21 = 04 mode 4 according

/X contains 4D*1,

192]
(¢]
(&)
>
o
o

Case III, Method No, I.

,|

since p|/A\, p = 3, Hultiplying (4) by P, we have
v 2 ' usl
"2aP -~ 3PR = 0, mod, 3 N

o
Rz 0, mode 3 +..(5)

]

u , L,
0, mod, 3 and since R £ 0, mod, 3

2.
2aP + 3bR

!
tH

.« R(3 -P)

i

we may write 3b - P = 0, mod, Eu;

4]

2 - u
6a°- 28bP 2aP £ 0, mdds 3 ....(3)x22

. - |
55~ 2abP + 2eP-+ bR - ZPR = 0, mods 5-..(2).
Sa = SR - PR E D

%, 3a%- %R + PR = 0, mod, 3 on subtraction, Or,

(3a°+ PR) - R(3b - B) = O, mod, 3 , Whereupon,

using the above relation re 3b - P, we have that

3a2+ PR = 0, mod. Su. Multiplieation by 3 gives
2 ' _u+l '
9a 4 3PR = 0, mod, 3

2
2aP - 3PR = 0, mod, 3u+1...-(4)xP

2 .
o o Qa - 2P 0, mod, 3u+1 on subtraction and divis-

m

. | . . i
ion by a which does not contain 3, Putting 3b - P £ 0, mod, 3
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; N o ‘ 1=1-
in (3) to get a + 20~ =0, mod. & . Using this relation
2 ' u
0, mod, 3 &

i}

in (2) gives us a + 2b
The above congruences enable us to write
a:l‘K. -29

Hb =l1ls 3 + P] v
3 2v _2v
4P T 3” - 27R,(Assuming that 3 \ N .

Substituting fér a and b as above in
2 ' ' “2u
59,2- 2abP + 2aP + 3bR + 2ZPR 0 mod_. 3 eeee(2)
we have

2, 2u-1 ‘op-2 3 u-3 _4 -3 a ou
K.5 - 2PSK3 + 48P 3 - 4P 5 - PR + RS3 £ 0, mod, 3 .

Sﬁbstltutlon for 4?5 gives ' ‘

- prs 3 KE +12PSK32 2515572 0, moa. 3,
CQns;der_uf>1, Since the degrees in 3 of the two lowest
multiples of 3 must be équal or all terms must singly satisfy
the congruence, we have here;-remembéring that P bontains 3
_ at least once, that 2v-2 = 2u-1. Hence szuﬂl_/_‘g . As a result
of this the last term of the above congruence satisfies at
once keeping in mind that u>Yl, This leaves

2v-3 2 u-1 2u
-”PTS - 2PSK3

mw

0, mod. 3%, ... ...(a)

Consider the last two terms, Dropping one K and factoring, we
get
“u=2(  usl u)y
or, on returnlng to orlglnal symbols,
‘ 2
N - 3% %(0a + 42"~ 6uP)) .
Substituting 1n the above a --zb,mod. Su, it becomes,

(4? - 6bP - 18b)
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= - 3"%(2(50 - P) "+ 62(3b - r).
This is congruent to 32u on inspection, Hence, deleting these
two terms from (a) above, we have from the remainder that
32u+2L£S, a5 & necessary condition for the satisfaction of0
equation (2).
Making the same substitutions in (1), we get after
our usual panipulations,

_3u-~3 3 3u-3 2 3u-
K3 -RS 3 =~ PSK 3

du
O mod, 3

ﬂl (&

- i.e, Ks- RSS- PSK’ = 0, mod, 33 . _ |
This last equation depends for solution upon the fact that
R + P:rl 0 mod, 27 and
&P+ © £ 0, mod, 27, both easily demonstrable
"requirements for u> 1.

If u= l, a and b can be taken equal to 1 or O, By

(1),
2

1]

as- b3R + R Q, mod. 3 ‘
By inspection, if b £ 0, then a = 41, Consider b = Os Then by
the above, a = -1, Substituting these values in (1), we get
R2+ 2PR + Pg- l = O,Imod, 27,
(P+R-1)(P+R+1) =0, md. 27,
: Slnce in the abOVe product the factors differ by 2 both can
not contain 3, hence we may erte
(P+Rx 1) £ 0, mod, 27,
But this implies that S hﬁi allewing u = 2. Hence the above is
impossible and b £ 0, Substitution of a = 0, gives directly
that P 4+ R*1 =0, mod, 27, so that a £ 0, Hence, by the
above, a = 41, and b ==z 1, Substituting these values in (l);

we have
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. .
(Rx1) + P[P - (R*1)] =0, mod. 27,
These conditions satisfy (2) at sight,
If P =0, mod, 9 it is evident from the discriminant

that u = 1 is the maximum, In this case R* 1 £ 0, mod, 9,

[
o

Sec,é Cagse III; Ebthod Nog II:

Since the discriminant allows only p = 3, our

congruences are
Sa - 28P = 0, mod 3" eeeseses(m)

R+a°(P-a) =0, md, 3., (n)
Since an examination of (n) reveals that a é 0, mod, 3, (m)
éan be written »

3a - 22 =0, mods 3 aeise.(m)!
Consider first where there is an element of the first
2 2 B2 v
degree, Then, since P B |/\ , we have that 3 |A. By
actual multiplication we have that
()4 27(n) = A - @) P (a)

Since the exigtence of an integer of the first degree requires

u jl, the above is at once satisfied with (m)'. The integer
thus obtained is also an elemeﬁt since 32u+2L£§ and no more, #
If there is no integer of the first degree, we obtain our
element ‘directly from the above congruences.‘Since_the u now

. . _2u
refers to the element we have from (a) that 32 *ghﬁs and

_Reférence to General Relations (B) will explain the necessity

for this proviso,



Pt, I, ' CHAPTER II

- -
3a - 2P = 0, mode 3 are necessary and sufficient conditions

for the element
(x +a){x +P - 23)

u
3

E.g. xs-i_- 3x2

4+ 725 = 0, Element is (x - 1)(x 4 2)
3
3

If u =1, (m) is satisfied identically and our neces-

sary and sufficient condition.obt'ained from (n) is that
R+Ptl = O; mod, 9,
This is obtained by putting a = 3a'+ 1, Deleting the known
multiples of 3 from the coefficients of our element, we haw}e
in the ntmmeré.tor |
' x2- ax - 2&2;
Since a =z 1, this can be Wriiten .

2
X+ X+ 1, a form identical with that obtained

by the first methed,

Q

Sec.?: GCase IV (p{P and p{R) Method Ne, I;

Since pgu‘ A\ pit2or 3, hence in our manipulations
multiplication or divisions by these factors ror’ by P and R
will not affect in so far as divisibility by p is. concerned,
- 28R - 3RZ 0, mod, D aeeees(4) |
or, we may put 2aP2- 3PR = 0, mod pu....’..(4)x§

2a.'P2+ 3bR - 4PR = 0, mod. p%, (5)

u
o e R(3 -P) =0, mod, p on subtraction, or,

T
since p is prime to R we may write 3b - P = 0, mod, o I
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2 2 ' 2u
3a - 2abP 4 2aP + 3bR - 2PR = 0, mod, D~ ....(2)

Put 3b = K.p% P, and :t‘rom (4), 28P = S.p% 3R, in the above,
first multiplying by lZP to avoid fractions, This will give,
disregarding terms containing p2u or over,

 54SRp + 81R + 8P’Sp + 12P°R = 0, mod. p?Y,

= 200" - 3A. = 0, mod. p°,

The truth of this appears on inspection, Thus (2) is satisfied,

i}

3
Multiplying (1) by 216P , we get
3 3 2 4 25 2 4
216a P - 216a bP + 216a P + 648abRP - 432aP R + 216b PR
33 3. 2" 3u
- 216F b R + 216P R = 0, mode »

'Mbking the same substitutions and disregarding terms of,psu
or over, we get, |
245R3%p2u+ 729R Sp + 729RS+ 162P RzKp + 36? S p2¥ 108P RSp
3 _2% 5

4+ 216P R 4 24P RKp + IGP R =z 0, mod, p u v
Reduction by the relation 4P3 £ - 27R, mod, ﬁu, leaving the
terms marked * intact gives - -

'72933+ 168p° 4+ 216P3R2 0, mod, p°.

RA £ 0, mod, p3u.
This is evident, so that the conditions for a and b sétiSfy\
(1), This establishes a sufficiency for the element

x°+ bx + a , where =2aP - 3R = 0, mod, p%

u u
P 3b = P_, mod., P .

" 212‘5' 4 A ‘

If it is so desired, a and b may be eliminated from the final

result, The above would then be written

2
“¢ 2°x + 9R .

@)
e,

. 6Pp~ ,
¥ o
All elements lend themselves to such treatment,

6Px
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Sec, 8¢ Case IV: Method No, II:

Rewriting our congruences for convenience in

refersnce , we have

R+ a2(P - a) £ 0, mod, pgu.....(n)

az- 2aP = 0, mod. pu .....(m)
N ‘Since R,é 0, mod p, (n) gives a £ 0, mod, p, allowing
us to write (m) as B
o 3a - 2P = 0, mod, PYece.....(m)?
-Furthermore we can shoﬁ that(n) is dependent upon (m) and
the discriminant, for wrltlng
27(n) = N - 3P(m)'— (m)*s

it is at once apparent Hence our element is

(x + a)(x + P - 2a) where p \Z&_and
u
P 3a - 2P = 0, mod, pu.

If we were to eliminate a in the manner indicated in the

foregoing section, we would get

2
9x2+ Px - 22
. u

Wp
The identity of this with the form obtained by the first

ethod can be made apparent by multlplylng thru by <P and
putting - 4P £ 27R mod, p .

' 3 2
Applying to the numerical example x + 4x + 222 = 0,

we get
2
X - 77X 4 2

25




Table for all cases of the cubic

x3+ Px2+ R = 0,
Element of degree Conditions.
two,
I 2
I X _ plP and p%R
Y
II, 6Px2+ 2P2x + 9R pzutzx,.“p“ prime to
| 6Pp " 6PR,
ITI.| x(x + F) p2R [ R, "p" £ 2,
2u -
b B
2 2u
IVa | x + bx + a 21/\ « R = 0, mod, 4,
u -
2 50 = P, mod, 27T,
3a = P(b-P) mod., 2",
/N contains 4D*1, acc,
as P*1l,= 0, mod, 4,
2u+l
I¥b | x(x+P) R £ 0 mod, 2
u .
5 .
IVe | x°4 bx + a b = P mod. 2u'1; a =0,
u -1 o
2 mod, 20 ~, P+1, = 0,
mod, 4, acc, as R is
2¥9=2gpr s g,
' 2u+2 -
v (x+a) (x+P-2a) 3 A .
B u - . 13
S 3a - 2P = 0, mod. 3,
uyl,.




