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Abstract 

Iutrrf'rrncr is possible Ijrtrvrru tlir allorve~l &pule uiomeiit of tkr uiulwiilr HD i u i c l  

the pair dipolr iiioiiirnt iricliic-rd by rollisioii wi th a forrigu gas atoin. The rrsiiit iug 

line shapv r u  br ilrscribecl by tkr  s i m  of a Lorrntzian arid au asyxiiiiirtri(- profile. 

Parameters which determine the Lue intensity and asynurietry crui b r  c-al(-1ilart.c 1. 

The milang of rotational levels by an anisotropic interaction poteiitial cari permit 

components of the induced &pole moment that do not have the sanie syzuuirtry 

of the alloived moulent to interfere with it. For the rotational speçtnini of HD-HI. 

and HD-Ar t h  effwt of each cuirpoueut of t h  iucli.ic-4 ilipult. niunirut uu t h  liur 

The liur shapr paraiiirtrrs for t h  vil>rorotatioual sprrtnitri of HD-Hr are i-al(-il- 

1att.d for Pi ( 1 ). Ri ( O ) .  R i  ( 1 ) trausitiuus at  7';. 195. a d  293 K. To iiiuc1rl riluiri-iilar 

vihraciuiis. chr iutrrriiolrc-iilar pu trutiiil is assiiiiitvl to have ir vilmttiuual s tate i lr- 

prii<lru(-t.. Liur nsyiiiiiirrrj- is foiiiicl ri, 1 Ir sriisiriïr to this i 1rpru~lrui.r. 

Sluyal qiiautiiiii iiirchalii(-s is au altrruativr to Heisrul>rru, ur Si.lir&liu;rr <liiitit- 

tuni nieckauics. The 11it.t hocl yields a seiiiiclassical expansiun of phase spaw traj rc-- 

tories in ternis of Planck's constant. h.  The Moyal correction to the rlassiral part 

of the soliitiou is foitricl to 0 ( h 2 ) .  

rrz~gr t d l  irs for t h e  theusiouiil  SJ-s t t - ~ ~ i s  wi t h phj-~ii*iill>- r e l ~ t ~ i u t  pi~rariietrrs i b  

dewlopr(1. Tlir sysrriii trracrcl is tLr si.attrriug uf a G;rii~~iiili rvaw pailwt I>y t h  

lirlitim. uroii. aui 1 argoii interai-ciuu purrutials. Tlir Gaitssiau is sqiierzed iii ru,- 

mrutlitii JO that the iiioiiiriitiuii avrragr cari b r  doue aiialytii-ally. This iiitrodiicrs 



a mon~etrtum correction auci the Gaiwsian is talien to have a siugle initial wlw-itv. 

LVe examine scattering at velocitrs of 300-1200 m/s. 

Sensitive areas of the phase space average are identifiecl. Intepals owr coor<li- 

riate phase spacr (inipact pa rne t e r  and rlisplacemerit y )  are esctuiineil iri cletail. 

Tlir re~ iou  of pliasr spacr wliirli procliiiw raiulww si-atcrriug is drtrriiiiiitvl tu  rtB- 

xiilt iu the l~rrgrst c ~ i i u t i i t i i  rtfe(-ts. Tlir .\lvyal (-orrri-tiou is fuiincl t u  Iw siiiall for 

iiiipact paranie trrs grratrr than ' 2 l 1 , , , , , ~ ,  - b9~,,. 

The corrections to average valiles are examineci in drtail for lirliiiui at a vrluc- 

ity of 300 m/s. It is sliown that the Y-al correctious have au asyniptoti(- tiiiir 

lwhavioiir which is the sanie as that of tire rlassical part of the a\-erage. l ~ i t  t h  

they iiiay grow as t i x to tloiiiiiiate the total average. 
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Chapter 1 

Introduction 

Classii-al collisiou dyuauiics are grlirrally well iiiitlrrstootl. espet-iitll- fur rlastii- (-id- 

t h  relative traiislatioual mutiou a d  t k r  iiirrrual rlr,grers uf frrrrloiri of a iiii)lr(-iilr. 

liurs. T kis rssrutially assiiiiirs rlir i~itrrar-tiuu putenrial is uqligil>lt* as far io i - d i -  

the collision p'uturrs fullotv trajet-rorirs rvlicli are rleten1iiuri.l rur i r r l -  i~liissii~itll~. 

This apprusiiiiittiuu is iisrd fsrqiieutl?- i i i  liiir ' lape tkrorirs. zrutl will Iw iiwtl iu 

Ckaptrrs 1-4 uf c Lis rlirsis tu  r-dciilatr liur shapr pirriuiirtrrs for 1-ullisiou-iw 11 i(-et l 

linr sliaprs uf HD. If the classical patlr apprusiiiiatiuii is uut appri~priatr for tlir 

systeni bring stiiclird (iisually drtrniiiiird by a (.Ir Broglie wawlruqtk (-oiiip;rral)lr 

to the iiitrractiun disr auçr). uur car i  look for srmi-cla~sieal uppro~imotiorc~ cv iu- 





uf solar iiebiila cwcl the forruatiou of plarrt~ts. -4s wrll. this ratio woiili 1 t i t .  éi. fiini-tiou 

of the mechniiisrii which foniird the solar sustem [Geiss w d  Rrevni. 1972: Gai.itirr 

aiid Owen. 19831. The preseut D/H ratios in the atriiospkrrrs of Jupiter aiid S a t i n  

Ur likely to br the sanie as at the tiiiie of the solar systriu's foruiatiuu (Traiqyr ti t 

al.. 1973: Traftciii. 197s: BPzcu(.l et al.. 19S63. Thry (-au b r  ( lrtrniiinrd Iy rsaiiiiuiug 

r h  ratio of HD/Hl (D/H = i H D / H 2 )  - [Traiigrr e t  al.. 1373: Bjzarll e t  al.. 19S6]. 

iarioiis HD liurs have lwru &te(-ter1 in tlir atiiiosphrrrs o f  the giruir p lu r t s .  for 

nraiiple. the P4(1) linr [ou .Jupiter by Trauger e t  al.. 1973: uii L-ramis by Traftou. 

197S] and the Ro(0) and & ( l )  lirirs [ou .Jupiter. Satiirn. Crauus auil ?;rptiiiie by 

B a u d  e t  al.. 19361. To be able tu  riouvert these obsrrved sprr t ra  iiito al>iui(larii.rs 

of HD. one rrqtiires a theoretical uioclt.1 for HD lint. shaprs n-hi(-tL is (-apal~lr of 

pc~Ss rSS  a clipul~ munirnt tliat rvoiilil uot rsist wittiiti the Boru Oppruliriiiirr itl>- 

prosiiiiatiou. Sini-r the tlipolr iiioiiirut is (litr eiitirrly t u  the t-oiipliuo uf ~ii(.lriir ; ~ i u  l 

peratiirr of ;7I< for t h  fiiiidaiiiriitd auil iirst ovrrtour baiirls fur (lrusitirs fnmi 

1 tu GO auaga t  ( 1 amagat = clrusity of prrfrt-t gas at O" C ancl 1 i~ttiiospli~rri 

[MC-Idlar. l9Xj .  The l i w  skaprs Le foiuid i-u~il(l l>e rrprrseiitr<l l q *  a Fauu prdilr 

- the siiiii of a LorrutziCw aiid au ;wyiiiiiietric dispersion iiur skapr. At low ileusi- 

tirs the profile \vas Lorriitziaii ( syiiinietrii- ) . liiit Lrc-aine iiiurr asyiiiinrtric at LiaL 



atritrtivr or ~~rstriii-tivr. thot t h  s p - t r d  profile kas a ividth t h  is the saiiir order 



T h  rarly 19SO.s saw cousi~lrral>lr rwrk in tqt.ririirrita.1 iiitrétwllisiod i i i trrfr-  

rucr iii HD systriiis. Srlson aiid Tabisz [Xrlsou am1 Tal>isz. 19S2: 19S31 perfosuii*1l 

drt a i l d  rsprrinirntal work on the pitrr rotational spwtniiii  of HD n u c l  HD-rixe 

Ras niistiu-es. Rick aiid Mi-Krllar [Ric-k and JfcKrllar. 19S3] rx;riuiurd the fliiiilir- 

iiirutnl sprctriuti of HD w r l  HD-S ( S = H r .  Sr. Ar) at ;TE;. rvhilr U-Iirllnr. .Johii*. 



Slajwski auci Rii-h [McI<rllar e t  al.. 1SS4] uhsrrved the piirr rotatioual sprctra for 

HD arirl  HD-Xt. at ÏX.  

The t liroretit-al iintlrrstanrLing of intrat-ollisional interferru(-r was improvrrl iu 

the i i d  19SO's l)y Tabisz and ?;elson [Tabisz ancl Srlsoii. lSS51. rvhu nia& tlir first 

attenipt to iiicliide rotational lrvel mi'ung. Their mrtliod indiidrd rotationai lrvrl 

iiiixing througk the anisotropic part of the interaction potrutial at t k r  tiirir wlirti 

the induîed dipoles act. This inclusion of niixing improved the aeprmrut  brtmrru 

theoretical ùnd experinieiital es timates of the interferelicr parameter fur Ri  ( 1 ) [Ma. 

et  al.. 19881. Tkere followrcl again a srrirs of exprriilirutal work. mosr i i ~ t i ~ l ~ l u  

the piirr rotatioual sprctnuii of HD aud HD-X (X=H2. Hr. Xe. -4,. Kr. Sr. SL1 nt 

295K by Drakopoiilos and Tabisz [Dr&opuiilus aucl Tabisz. 19S7a: 19S31 :  3I(-Iirllar 

[Mc-Krllar. l9SGl on t h  piirr rotational sprrtriiin of HD at 295Ii: auil Clivi. Ll i  

;tucl Tabisz [Plivi e t  al.. 19S9] for the piar rotational sprrtniiii uf HD. .lltlioiigli 

inlprovrrl. tlirrr still rxisrecl a &si-rrpirni-y l>rtwrru tkrorrtical nucl rsprriiiirural 

al.. 19911. This trratnirut is uurablr s iwr  it inclidrd roratiuual Ir\-el iiiisiiig at au>- 

rviikiit .I iIrpru(1rwr of tkr liur skapr paraiiirtrrs fur é t  fisrcl rriiiprnttiirrB w i h  

prvsrut iri the rrsiilts. a fratiirr not reprodi.icrd in rarlivr tlirorirs. This tkrury 

foriiis tlir basis for the r~searc-h ~vhic-li is t-arrieti oiit in this t h s i s .  



This tkrsis \ d l  advance t h  t krory of iiitracollisioiial intrrfrrruc-r ou a i i i i r i i l m -  

of fronts. It kas alrraciy beeu es tablislird chat inrlastii- i-oliisious auil I-ollisioual 

propagation are iuiportaiit rontribiitions to the interference effect [Gao et. al. 1992]. 

Inrlastir rollisioiis ruable indurrd clipolr i-oriiponeuts rvliicli (Io uot have tlir siuiir 

sy~~in iv t ry  as the allow~cl illoilieut tu i-oritrihrite to the iiir;rrferriic-e effet-t . i\*r 

lot il< ar ~ h e  r& of the iui lividiid iucliii-wl i l ipol~ inmirut i * l ~ I l l ~ ~ J i i ~ ~ t S  iu i-oilisi( mal 

iritrrfrrrncr iii cletail for the plirr rotatioiial spctctriiiii of HD-He mrl HD- Ar. -4s 

tvell. the theor'. of Gao e t  al. will be extelideci to trrat the vibration-rotation 

sper t r i m  of HD- He mist lues. 

Iu 19'27. LVryl [LVeyl. 19271 prrsriitr(1 a pro(-rdiirr mhii-h t i iap tltr (-lirssi(.;rl 

fiinrtiou -4 t u  au iutegral operator .i on ttir Hilbert space H = L2( W' ) [\;,roi. 19 XI. 

In 1932. ir'igurr [riïgurr. 19301 introdiirril a trausfonii rvhit-h i l -as rlir iiivrrw i d  t h  

11-r>-1 traiisfortii. niappirig operators frorri thr Hilbert spac-r H t u  fiirii.tiuus ou the 

classiml pliasr spai-r [Carriithrrs a d  Zai-kariaseu. 19S3]. U ï  th t hr lrïrlupiiiriir i tf  



Traditionally. time evoliition of the systeni has been &trrnlilied hy the Poissuu 

brai-krt iiiethocl [Prosser. 1983: Estratla et  al.. 19891. Diir to the [-oiiiplrxity of rlir 

equations for tiiiie evoliition fouid from the Poisson brackt  niethod. the eiiiph;wis 

Las b e n  on drveloping the algebra of h y a l  qiiaritum mrchauirs and uot ou soliitiuu 

of physit-al systrtiis. Treatxurut is tisiially restrictrd to our iliuirusioiial systruis witli 

siniplr poteutid intrrac-tious [Braimss and Roiupf. 19931. 

Iu 1995. liuwrvrr. Osboni and Slolzah  [Osborn aiid llulzalin. 19951 drvrlol~rtl 

au altrriiatr t u  tlir Poisson brai-krt iiirtlio,l. the cl-der-graph rxpmisinri.  This 

rrsiiltrd iri siiiiplifir(1 rqiiatious of ~iiotion to hr soivet l. 

rrqiiirrs surli. i u ~ ~ l t i d i u ~  liur shapr tkrorirs au(t dipole tiiutiiriit rsprt-tatiou ~a l i i r s .  



Chapter 2 

Theory of Collisional Interference 

2.1 Allowed Dipole Moment of HD 

-4 i-alciilat iou for the allowed dipole xuoliirnt is prrsriitrr 1 whit-h ritipluys t L r  

Born-Oppriihrinirr approsiliiatiuu - iiivolviug srpwatiiig tkr rlrrtruuii- itiicl iiiii-lriir 

iiiotioris of the irioleciilr - to obtaiii acliabatii: wavefiiiictiuus. T h s e  wavefituc-tioris 

are ilsril iu a sr(-uiicl orrlrr prrtiirlmtiou apprusiriiatiou tu rstiiiiatr tlir ;illo~vril 

l i l  n t .  The uuly uuuvauisliiug ruutribut ion is fruiii a t rrxii iu tlir Haiiiil- 

touiau mliiirk mises rlzctric and iiiiclrar i-oiiipournts. i.r. froiii a hrrakcluwu in the 

Born-0pperilieiuit.r approxiniat ion. 



H = & + H l .  
ti " Ho = -- ( v f + ~ ; j  + Y. 

H' = H;  + H.; + H i .  
hL 

H: = --(VI +Y2)?. 
S P  

H.: = 
hL -- 'cf. - 211 

h' Hi  = -- i,-(FI + Q .  
2p,, 

where F = ( 1.2 ) are the ttlectruriic coordiriates. 7 arr the uiiclrar c-uorc-Iiuatrs. r r r ,  is 

is t h  iiiass asyiiixiirtry aud I.- is clir rutal potrutial. 

w-hrre O,,A is thr rlrctronic part of the tut ai ~~avrf i~i ict iou.  aiid ILI  are elet- trulli<- 





wlierr tkr u< clrpetid ody on the rrlntivr positions of the yartivlrs. am1 !!il.\ are 
rigrrifilnctiotis of the operator of the tu tni aiigular nioiiirritiuii .J2 (qit;uitiiiii uiiiiilwr 

.I).  of its coiliponriit in the direction of a spacr fixrd avis -1,. (cliiaritiiiii uiiiiihcr 

3-1). atid a componeut of the electronic angilar ~ i ioni ru t im iu the ciire(-tiw of the 

iriolr(:~ilar ais L= (quantuni tiumbrr -1 j (Figure 2.1 ). Sirice L r  rloes not (-uiiiiiiiitr 

witli H f .  thr  Haiiiiltouiau. in this rrprrsriitation will Iw tiuiitliag~mal. The acliitI~ati(- 

approsiliiatiou urglrvts t h  off rliagoual trniis. The total tvavrfiiiic-tiou is ivrittru 

iLs [Tippiiig aiid Pull. 19S51 



Srcoud orclrr perturbation t k r o r -  allows rkr rspansioii of the energ-  of thr 

molrc-ide. autl appliration of Eqi~atiun ('2.15) yirltls the residt : 

wherr the prime ou the siuiimation iiiclicatrs that statrs wliich rirl(1 a zrru clriioiiii- 

iiator are uot iliclu(lt.cl. The vibroro tatiurial barid of HD involves transi tiolis wi t h r i  

the groiiii(1 clet-trouil- s ta t r  ( n = .i = O). Eqiiatiou (2.16) siiiiplifirs to: 

For rht. dipwlr to be norizrro wr rrcpirr t h  matr is  rlrxiiruts in Ecltiatiou i 2.17 i tu I )r 

trnii in E<Liiiitii)~ ( 2.4 ) for H f  that  lias utlcl syniiiirtry is t h  trnii H;. This reriu 

The snialliirss of HD's allo~verl uioiiient ( -  IO-:' - 1 W 4  DrL') cau br trat-rtl ri) 

this fart. 



T b  t lipoles iiswl in t L  rvsei~~-c-li ( Ta.l~lr 2.1 ) are from Forrl ant 1 Bruivue [Fijrfl 

arid Bruwiir. l!J;;]. 11-hu riiiplc~yrcl a siirii uvrr statrs te(-liliiqiir rt) ol , taiu uiiiiirri(-al 

estimates uf the dipole ~nornents of HD. Since the niolrciilar z axis poiuts frotii H 

to D ( Figirr  2.1 ) . a wgative aliotvr( 1 Iiiuiurrit iiiiplirs H'D- . 

Baud 1 L i w  

Table 2.1: 

-4llowrd dipulr inoiiieiits of HD. Takeu from [Forfl and Bruwrir. 19771. 

2.2 Collision-induced Dipole Moment 

Luris r u S c  ~iriiltipolar iuliic-ciou is (liir to prriiiaurrit miiltipules uf the dl i ( l i i ig  

~ïiule(.~ilrs. The prrsrucr uf t h  i~iiiltipolr iiiutiirut uu uur iiiulra(-lilr distor ts r l i e  

l t  a r e  s t r i t  i f t 1 c t r - 1  1 r i e  i The iii(l1 i[.w 1 



Dispersion iurrracrion resiilts froni correlatious betwreri rlrrtrou rlrusity tlii(-tli- 



CH-4 P TER 2. THEORE' O F  COL L I S I O S A L  ISTERFER.ESCE 

One cari rxpaiitl the splieric-al dipok îomponriits p, (pu = p .  1 1 = 

~ ( p ,  k ip,) / fi) of the inducrd clipok uiommt in t e m s  of a siiitable ba i s .  usiiall- 

the çplirrical kaniiouics of d l .  4. aod 0. the angles giving the orientations uf 6 .  

,yL. aiid R rrsprctiwly. The f~inctiou 



CH-4 P TER 2- THEORE' OF CO LLISIOX-A L ISTER FEREXCE 





The (liffrrrut ilipolr romponruts are rrlatrd by [Tippiiig axul Pd. 19531: 

T h  iiiipurtaucr of tkrse otkrr rrprrsrutatiotis tvill hrc-ouie apparent latrr.  

rarik pt~lirrizahili t- terisor R i-an hr spli t iiitu isorropic- mi 1 au iw tropir parts. Tlir 

auisurropic* part (-au again br split irito a syliinietriv autis>-iiiiiirtri(- part. TLr 

rvhrrr Q:') is tlir multipolr rnornrtct of iiiulrciilr 1. Fruiii tliis putrutial wr  (-au ilrtrr- 
4 - - 

iiiiiir the rlectrii: fielri at  R diie to inoleçulr 1 usirig ERL) = -1, - $ 1 ' ) .  Cuutrac-tiu; 

tkis witli the isotropie part of the polarizalility of inolrciilr 2. fi(')( 1 . 2 ) .  r w  ol>triiu 



from isotropic imdtipolar iridiictiuu of order I ( isotrupii.. 

silice it came frorri tk r  isotropic part of the pulnriza1,ility: ortlrr [ s i w r  i r  iuvi~ll-es 

t h  l t i o l  ~ i t  Q ) Sitiiilarly. t h  isorrc~pic parr of tlir polarizal)ilir>- of 

rriolrc-iilr 1 iutt.r;~r-ts with the t.lrc.tric- tirl(1 hoiii iiiolrriilt. 2 r i )  $ive the (1iL)olr (-1mi- 

pllueut: 



CH-4PTER 2. THEORI'OF COLLISIOXAL ISTERFERESCE 

1. .A siiiiilar coupourrit. .4,(0.2.3: r.1 R) .  is alsu prrsrlit whrrr tkr rolrs of tk r  

Lh have alrrady s r m  that HD has a rionzrro allo~wcl (lipulr umiirut. TLr 

At tliis point i t  would Iw beurfi(-ial to rliiridatr rhr cliffrrrtic-YS Iwxvrrti HD 

aud Hî. For H,. rkr ceiiter of uiass ((-.ni.) a n c l  t-eritrr of r k a r y  ( ( - . t - .  J i-uim-itlr. 

Hoivever. the ceiiter of mass uf HD is shiftd away frorri tlir t-rutrr u i  i-liargr i l i ir  





(l L 0: = - - -  
r l r  R '  
tl L + l  of, = - - - .  

R r l r *  

3- j s y n i l ~ l  [Rose. l!X;]. The ii i i i i i rr i~d rs t i~i ia t rs  uf tlir iiir liir-rf l (lipolr ( ~ t i i p [  J U V U ~ S  





CH-4 P TER 2. THEORE' OF COL LISIO-V,-1 L ISTER FER EXCE 

for HD-S (S=Hr .  -Ar) are givrn 1- Burysurv e t  al. ( 19SS). Th?;  riiiplciyril a siiiii 

ovrr s rates trclitiiqiir. Tlir -4 (-urffiririits are replat-rd hy  arialogoiis B ~~ueffi(-irut s 

wki& inclutte a vibrational average: 

m-here t *  arid r*' denote initiai u d  fiud vibratioual States of the HD riio1t.c-iilt.. 

2 -3 Collisional Interference 

Ci-e L a w  srru chat tkr siiiall prriiiaiirnt dipolr iiioiiirut of HD reslilts iu crm- 

sitious mkick are coinparable iii iiiaguitucle to that of collision-iiirliicri 1 trausi tiuus. 

This.  iu trrfrrrucr brtwrru tlirsr cmu prui-rssrs is pussil)lr aucl (il  wmxl )le for HD 

[Pol1 e t  al.. NX]. 

The spectral profile looks in geurral likr a broad backgroimil witli a srrirs of  

spikrs corrrspontliiig to transitions brtwren the iiioleriilar ruerg?- lrvrls of thr raili- 

a ( F i  2.5:  t h  F i  1 r l i s  in 1 i l  i C s  3 .  . Tlir 

i i i i p - t  ill)l)ro~iiriitri<iii iisiiliirs rhitt 11-iA ;rrr o d y  iutrrrstrfi iii ii rrgiou lîrilr C[IV h t *  

(-ruter of our of tlirsr spikrs. Sl;rtliriii;rri~-;rlly t hia i.orrr';puut b r o  ;~>;siiiiiiiig rlî;~r 

for tkr frrqiiru(-y of almxptiuii ( u r  ririissiou) the ilrtiiuiug is siiiall i-i~iiipiurfL to tlir 

iliversr of the collisioii diiratiou (Buruet.. 19S.51. Ttiat is. 



Figure 2.5:  

Smiplr spectrrim for c he absorbante of HD at 50 iirtiirgat ancl L!f> K. Froili F'h. LI. 

thesis o f  2. Lu. 199 1. 



Tkr  b i n q  i-ullision approxiiiiatiuu [Aber  aurl Cooper. 19S61 rediices tltr sus triii 

iiuclrr i-onsideratioii from a gas of '; perturbrrs aroiiii~l a siiiglr rarliator tu  a i.ullisiou 

brtwren a single perturber md a siiiglr ratliator. 

The t h e n d  motion of the particles of a gas rvill cause the partiirlcs to al>sorl> 

at slightly differrnt fr~qururies ancl giw risr to  Doppler bronderting [Loiic luu. 19S31. 

This rrsiilts in a Chiissian linr shape rvith a fiill wirltli at f d f  iiiasiiiiiiiii giïru 1 ) ~ -  

T h  sysrriii {-ousiilerril is a siiiglr iiriitral rir~iiatur (HD)  iu a hath uf .\- rir1ttr;rl 

forrigu prrturbrrs (S=Hr .  Ar. Xe. . . . ) iiiiiiirrsed in a ratliatioii fielcl. The radi- - 
ation field consists uf iiiodrs with n a w  ve-cor k aud pularizatiou vri-tor A.  TLr 



racliator lias closrly spaced vilxatiou-ru t atioii ciirrgy lrvrls. i~u< 1 t h  prrti ulwr La5 

widrsprearl rlertronic rnergy lrvrls. The pertiuhcr thils rriiiriins in tkr sariir r i i r r p  

lrvel for the diiration of the rollisiou. while the radiator cari chauge ;rnergy lrvrls. 

Thr  systrni is solvrrl via a iriastrr r~~ i i a t ion  forriiiilatioti i.\ll)rr iniil Cuoprr. 19SG! 

iii Lioiivillr ipiu-r [Biirurtt. 19S5I. TLr clrusir'; tiiatris of tlir ~ ; L S  is wustriwtrtl. ;1url 

the rvoliitioii of this clriisity niatris is drtrruiinr(1 in tkr prrsrui-a uf the in(-idrut 

radiatioii. Solviug the niaster eqiiatiuii then yirlds tlir absorption arid s t i t d a t r (  1 

emission spectra. 

The absorption (:orffirirnt is giwn b - :  

wlirrr s is the S niatris for rkt. i.ollisioti b r t ~ w r u  ckr ritdiatur nuil prrt1irl)rr. ;iwl 

J )  are splirrical lianiionic wavrfiiui-tioiis for HD. Tkr  siibwript wil iiiiplirs ir 

(-ollisiou average. 



CHAPTER 2. THEORE'OF COLLIS10,VA.L ISTERFEREXCE 

whrrr -s is iinpar-t garanieter ancl I *  is vrlocity. Iri for~iiiiig tLs (-ollisivual avrragr 

the classical path approximation has brrn used. The classi(-al patli approsi~iiatiuu 

[Allard and Kiclkopf. lgS2] assunies that t ht. trajrc tories the partit-les follow t liiriug 

the wllisiou arr giveu by the classical solution tu  the Euler-Lagruge rqiiatiuus 

for the perturber-radiator systein. For many sys t e u s  this apprmiiiiatiou is guod. 

but for systenis with a small redtiîrtl iiiass aud small vrlority ( triiiperatiirr) this 

approxiiliatiou ivoiild iiot br valirl ( s r r  Chaptrr 4). 

and 



T hr siiprrsrript I ou the rollisiou iriJiii-rcl clipolr oprrator inilirates chat the inter- 

action rrpresentatiou with respei-t to the radiator HD is beiug iisetl: 

- 1 - c l H ~ ~ t f i e c - < H ~ ~ t  
Pr - (2.53 1 



Chapter 3 

Role of Induced Dipole: Pure 

Rotational Spectrum 

Tkr tlirory uf Section 2.3 lias: Iwru applircl tu thr prirr rotativunl spri-triiiii of HD-S 

( S = H r .  Ar) systrnis [Gao e t  al.. 19921. The irielastic rffrc-rs (liir tu iiiisiug iwrr 

sliuwu tu br rsariitial tu tkr fiiiirl liur sliüyr. IiI the prrsrut t-iiapttar 1vr \vil1 rspitiitl 

iipoii tlirsr rrsiilts aud (lrtrrriiiiir the rffrt-t that pack iidivi( ltial i-otiipuuriit of r l i r  

iricliti-rrl dipule Las iipou the fiual lirir shape. 

3.1 Theory 



Tlirrt. are trvo maiu inputs to the calciilatioii. They are the se~nie~llpiri(-d 

acliabat ir iuterniolrîiilar po teiitid ilancl t h r  pair in< liicrrl rlipolt. iiiouients. 11-P will 

(.lis(-ilss IN) th iu iletail in the folluwing sec-tious. 

For the i-asr n-r arr (-ousi&riug - a liiirar tiiolwiilr trratrd as a rigiil rurator ititrr- 

This fnll puteutid shotiltl bt. iisnl tu (-alctilatr the trajrc-torl- aucl ru tatiuual traiisi- 

potrutial iuto isotropie am1 auisotropir parts: 



nlirrr we arr wurkiug in tkr iuterart ion represrut at ion 

- 
Tlir classical trajectory determiries R( t ) .  For the HD iiiolrriilr in its groiuiil rlrr- 

troriic- st ate. the rotational wavefi~uctious arp the spheric-al harnioriic-S. Tlir iua- 

tris t.1r1neuts of 1 are ol>taiiirrl iisiug the sphrrii-al haniiouii- ailclitiou tlirorriii 

[Rosr.l957] (cf. Figitre 2.4. O = d w n  - 1 9 , ~ ) :  

uhtairi the HD-atuni poteritid from tliesr potrutials if nonadiabatii- wiipliiigs are 

i s o r r d .  The HD-atoni potrntials arr relatrd tu the HI-atoiii potriitids tliroiili  il 

shift of the origiu tu tlic crutrr of iiiass uf HD. This rrsiilts iu [Iïrrrli a d  Lr R+*. 

1 9 q :  



wlirr~  5 = 1;/6 with r- ,  = 0.7666393 -4 bring the average intrruitclrar r1ist:uii.r uf 

the H? ruolecde. 

The potemiais used were fiom M~ilrler. Avoird and FVoniirr [Ui~lder  et  al. 19791 

for hrliuiii as the prrtiirbrr. and Lr Roy aiid Hiitson [Le Roy a u c l  Htitsou. 19S7] 

for arsuri. 

3.1.2 Induced Dipole Moments 

-4s wr Law sreu ( Eqiiation (2.42). the indiicrd clipolr of a niolrr-de-at (mi (-ullisioii 

cati be writteri as: 



3.2 Results 

3.2.1 htensity Parameter (L 

Tlir paraiiirtrr (1 <*uutrihiitrs tu the Lornitziau part uf the tota l  liur sliapt* ( Eiliiii- 

t u  ( 2 . 4 ) )  i l  e u -  t t h  t a 1  t u t  f lie 1 s r  It arisrs fsum iitlqlr 

collisiou rffwts. aiid tlirrrforr Lias a liiirar drpruclrurr ou t h  prrtilrber (lriisit'i 

Tkr iiitriisity parxiirtrr (1  fur the total iudiirrd dipulr is givru Liy t h  siiili uf tLr 

(-ontribiitiou froxii racli iiidiicrcl c lipolr cunipourrit ( Eqiiatiou ( 2.5s ) ). 



In dl rases the largest contribiitioii rrsiilts frorii BI ( 10). This is an exprr-trtl 

rrsidt s iwr  this coliiponriit of the iudii(+rcl dipolr has tlir sanie syiimirtry a5 riir 

perniaiient dipolr of HD and as stich c m  intrrfere with the d o r v r d  moiiirtit witkoiit 

the iutrodiii-tiou of rui anisotropic iiitrriu-tiuii potrutial. 

Tlir B2(23) rouipouriit a r i s~s  frurii uiitltipolr iii~litîtiuu. u.u;irly the wiipliiig of 

the qitaclriipolr iiioriirnt of HD with the isotropie p r t  of tlir polarizaldity of tlir 

prrti ir l~rr atmii. Siiicr tlir pol;rrizal,ility goes as cri .  rvhrrr tcr l  is t h  size uf t h  i~cuiii. 

w r  woitld rsprr-t tkis <rompourut tu br largrr fur HD-Ar thau for HD-Hr. ( 1 1 1 ~  [(J the 

fact tliat argou is l a rg~r  chan lirliuiii. Iii fact. w e  do see tkat the 8 ( 3 3 )  (-oiiiponrut 

is iiiurr importarit tu  the iutrui ty  prrrauirtrr rr fur HD-.Ar cliali for HD-He. 

3.2.2 Asymmetry Parameter (: 



3.2.3 Intensity Parameter (, 

The coutributioris of t h  &pole niorneut compournts to (> a i c l  r l  are iiiorr ioiiiplrs. 

Thrsr parameters describe terms iu the absorption coeffirierit rvLi(-li arisr froiii 

two srparate (-ollisioiis. aucl have cpiadratic dept.u<lru(-r ou the prrtiilwr (Iriisi tu. 

are clrrivrc 1 frorii liir~iug the sanie iurlii(.r(l iipulr cutiipi~urut a(-t iu 1,oth 1-ollisiou..;. 



iiig proc'c'ss agaiu acts tu rriluc-P the uraLguitiide of t h  inteusity iuserferriiw t h  is 

ob ta in~d  by a piirely isotropic- intrrai-tioii. 

3.2.4 Asynimetry Parameter d 

The parxurtrr  (1  ( Eqiiatioii (2.61)) p l q s  ari aiialuguiis rulr tu the ayiiiirirtry p i -  

râliiett.r c. biit for ~ii~cessive collisious. aiid w i l  d so  be s m d  for lutv (clwsities. 

The B2(21) coiiipoiierit is always t h  iiiost dominant coutribiitiuu to c l .  The 

sr(-oud iiiost iriiportarit (*outribiitiou is B2(?3) fur HD--Ar: BI ( 10 ) mi1 BI ( 12 ) for 

HD-He. 

3.3 Discussion 



di pole 

co~n ponen t 

1.804 x 10-l4 

476.5 x 1 O-'' 

-3.331 x IO-'' 

-6.912 x 10-'" 

-1.09;3 x 10"' 

-1.90.5. x 10-'' 

i..396 x LU-" 

- l.3:JO x 1 0 - l . ~  

-3.631 x 10-"' 



Indiic-er 1 

dipole 

coniponen t 



c l i  pole 



Inducecl 

dipok 

component 

Table 3.4: 

taliirs uf iritrrfrrrucr paraiiirtrrs for R, , ( l )  of HD-Hr nt 295 1; 



Irit liic-el1 

tli pole 

coiuponent 

Table 3.5: 







Chapter 4 

Vibration Rotation Systems 

The theory of Stxtiori 2.3 \vas rlrvrloped to trrat c:ollisiurral iritrrfert.ui.r iu t h  

purrly rotational sprr-rnim of HD-S. Iii tLis ckaptrr ~ v r  estnid t l i r  tlirory tu trrzrt 

the vibration rotariun spm-triini. 

4.1 Theory 

The tiioltxiilr nrvrr lraves its groiuirl de(-troiiic srate. and su T, = 0. Tb vdiwh 

of the constants in Equatiou (4.1) wliick are i i s~d are froni lI(*Krllar. Gortz auil 

Ramsay [>IcI<ellar et al. 19761. Thr srlec tiou riiles for t lie fiiu<laiiictltal alisurp tioli 

I s a r d  art.: Ar* = +1. -1.1 = +1 ( R i ( . J )  lines) ur 1 . J  = -1 ( P l ( . J )  linrs). 



r o u d  aiid rsci t rd  vihratiorial s tatrs. Mi'cino; (-au ut-mr in the systmi if A E - h / 7. 

where r,. is the tliiration of the (-ullision. This relation rrsiilts froni the Hrisrulwr~ 

uncertaintu priut-iple. and if the collisiou dtiration is snldl. the rurrsy levrls of t h  

two states will becoxue more iincertaili in nature a u c i  'suit.ar0 out. If tkis stiirariug 

is large eiiough. the initial and final energies ma!* corne close t ogrt hrr. If the piler9 

lrvel cliffereuce is not much larger tkaii the t h e n d  e n e r g  aiailable to the systrxii. 

I E  .- kB T ,  a transition cari occilr. For HD. collision duratious are typically 

- 10-12 
1 , -  - - III-" S. mhi& translates iiitu an iiiii:rrtaiuty ii i  t h  trausitiou rurrsy 

,Liffrrrili-r lirtwrru vibrational statrs is large moiigh tto niakr (-oiitril>iitiuus frurii 

iiiixiiig l>rtweni groiirid arid r w i  t rd  vibraciorid s tatrs iusiguifit-aut . This tiiisiuo; 

pro(-es?; is tlirrrforr ut> t im-liiilr(l iu t he (-al(-iilation whi& follurvs. Huwrvrr. iiiisiiig 

Tkr  interat-tiou yutrntid is iu grlieral depeuclrut un r l i r  vil>ratiuual statr of tlir 

ilio1t.c-de. To incliicle t his fart in Our calculatioris we have followr(.I the luet L t ~ l  

of Strfanov [Strfanov. 1990]. It iiivulvrs iiitrodiicing a urw isotropie part uf tlir 

potrutid tu br iisrd n-lit.ri the niole<-ide is iu its excitecl vilxatiuual stacr. This urw 

isutropir parr is (Irtrriiiiurd ii i  tlir followiiio; riiaiinrr. Tkr rucitrimal (-uiis taiit B,. 



Figure 4.1: 

Erier,q- levels of vibration rotatiuu hariil of HD. 



This inforinatiou is inirorporatrtl iuto the iritrrar tiou po trritiai iu the follotvirig 

collision. .At closrst approach. the molecidr aiid atom arr  srparatrd by au aiiioiinr 

s. This corresponds to clie zero of the iutrrarrion potrutid.  or cullisiuud cliiuiirtrr. 

fur the iiiolri-iilr iu vil->raticiual Jtil te I *  = O. 1. rrsper-tively. S11I) triu-tilig E ~ I L ~ L -  

rious ( 4.4 1 : i d  (4.3 ) yields the fullu\~iug ~vl i i t i t )~  for t h  ~ - o l l i s i t ~ d  ~ h w t e r s  o f  the 

r w  pocrurial.;: 

A urtv potriitial 1; that lias a zero at al but reinaius iinrhaugrcl at l a r y  distau(-n 

is r l im defiriecl. If the nioleriile is iri vibratioual statr t V  tkeu t h  potnirial Ci sliuiil(l 

bc iisrd to iirtrrtiiiile trajri-tories and the iiiiir evoliitiuu operators whii-Li (-outrd 
. 

~iiixirig. Thr t ra jwtor -  ft)r a prtit.iilar (-ollisiou slioiil(1 Iir uiii(lifirr1 ~ h t w  tlir HD 

~iii)lt*c-i ilr illut-es t u  i ts es(-itet l \'il ,ritrit~ual stiite. T L  (-h.uge iri the ~sajet-tos>- i~ 

i i  i l  Iii facr. iu tlir (-al[-iilatiou w iwe tlir isotropii- H2-Hr putrutiiil 

to calciilate trajet-tories ratlirr tlim the HD-He our. wLi(-li iutrodiirrs a s u d l  rr- 

sur. Tlir vilxatiuual s tnt r  depeucirucr of the trajrctury is s~iial l  cuilipcvrd tu the 

rliangr iu tlir tmjevtory foiiii<l via tlir HL-Hr ratlirr tliau HD-Hr isotroyi(- putrutiiil. 



Tkerrfore. the crajrctorirs have been calrdated witk tkr r> = O H2-Hr putrutid. 

Sincr the urw isotropir part of the potrutid will also chauge the auisutroyic- part 

of the potential. tkr niixing process will also br  affectecl. How tlirsr twu potrutials 

euter iuto the iiiixilig proceus via the tinir rvoliitiuu oprraturs is riiorr c-uiriples. 

range part of the H2-He potential \vas uiodifird to give a zero nt a, = 3.0466. 

The HD-atulii y utrurials whkh wr ckfiiird frotii t kr  H2-atorii potrutixls ( Efl1iii- 



- R ( A )  

Figiur 4.2: 

l'ibrat iorialiy tlrprudrut H2-Hr potrutials. Thr solid l iw rrprrseiits the put rurial 

in the gro~iiid viln-atimal statr. I ;( R ) :  t h  durrrd liiir is t h t h  pt,rriiti;~l fur tlw h r  

exritet1 vi1)ratiiiual stare. ( R ) .  



tiou (3.1) ) bec-orne: 

p' 2 k + L  ' H D . ~ ( R )  = - -7 - J - 1  II&.Lw( RI. . C I )  Pk(s) (1s . 

The Hr is r i ib r r  tiiiir r d n t i o i i  uprrators ( Eqitatiou 1 3.4) ) aud S iiiatrix ix-unir: 

The collisiou iiiduced &pole oprrator (Equatiou (2.53)) brconies: 

Fiiially. the coiiiplrx line hroadruiug moefficirnt ( Eqtiatiou ( 2.46 ) ) becunies: 

pri~vidr soiiir iusight iuto the collisional procrss: 



R-Lien going tu the interaction pi(-tiirr WP miist br rarrftil tu iisr t L r  appropri;irr 

rnrrgy lrwl trriiis fur the HD inolrrriilr. For the potrutid in the iutrrac-tiuii pi(mirr 

w e  (-au siuiply write: 

sinw befure r h  inclii(-rd clipde a c - ~  the 111ole(-iile is iu irs  p,i iu11 vil~ration:~l stare. 

and after it is in the escited vibrational state. 

4.2 Results 

s t a w  (trpru(leiir poteurial ( HD is a  iiuurigid rotator). Iiidii~-r<l (Lipolr iiit)iiiruts tverrb 





Trausi t ion 







4.3 Discussion 

l.ïbratioii-rotation trausi tioiis typically have largrr iut rrfrseui-r rtfw-ts thau the 

ptirely rotrttiimal transitions. siuw t h  d!ciwd dipole riloilitut is siiiallrr ( Tahlr 2.1. 

a u l  Eqiiatious (2 .58 )  - (2.61)). 

-4s showu iii Eqtiatious (2.5s)-(2.61). the paraiiirtrrs <L aiid c depeucl ou p 

aiid (> a d  (1 on / L E & -  Rcrall that {LHD is abolit -8.3 x for the ptue rotatiimal 

traiisitions aucl +5.8 x 10-' for the lines of the fuiidauenta1 barid ( cf. Taldr 2.1 ). 

By this rrr-koiiing. u and c shoiiltl (litfer by almiit a fac-tor uf -15 Lwtwrru tlir trvo 

niaguiti& for tlir vibratioual liiirs: 6 a i i f 1  (1 iisiially havr the saine siqu auil are 

again larger fur vibrational Lines. Tlirir ratios for correspourliiig R( .T) trausitiuiis 

c m .  liuwver. lw cousidrrably rliffrrriit f r u m  13 aiid 030. This shuws chat dlisioiial 

propagation ii i  the rxcitrd vil>ratioiinl statr is important. 

soiiablr for b. Altliuiigk the valiirs prrdirtrd for the nsyiiiiirtry paranieters < -  autl (1 

a .  y a l l r  t é  t h  r i t  r s l t  Fur tlir R 1 ( 1 ) traurir i ~ i i  

-111 the paranieters are affect4 by the lise of a potrutid wL-li is ~Lryruclrur uf 

vibrational statr (Table -1.7). The iriteusity paraiiirtrr (1 clerrrasrs in al1 lmt uur 





i-ocfirirut B is u d y  iiiiliiniall~ affrctrtl. < l r r r ras iu~  iu al1 cases 1>y nt iiiost 2%.  Tlir 
- 

shift. liowever. is .o;reatl>. atft'ctecl- typi(rdly Ly tu 25%. Thcw rtwilts tue uoc >ILI= 

prising in liglit of the finclings of Ckaprer 3. The line as>-riiiiirtry is govrrur(l I y  tlir 

ruiisotropic part of the interaction poteutid. atid is more depriicleiit ou the iiiixiiig 

proçess than liur interisity. T k r  vibratioudy dependent poteritid eutrrs itito the 

.-\ theoretical niocle1 of HD-S interartions lias bceii (Irl-rlopr(1 wkii-li iu(-liiilr': 

i u  [iu-w 1 i i ~ ~ o l e  11-as iuv~st igatr (  1. Iu t Le prtwur C h p  ter rhe t lwur~-  n-a> t w t w  1 

~ C J  iuc-liiclr t Le vi1~r;ttiou-rutatiun [)au( 1 of HD for HD-H~J  iuccr:~(.tiou~. 

4.4 Failure of the Classical Path Approximation 

for HD-X collisions 

T h r  t1w01-y of r ~ ~ l ~ i s i o u d  iut~rfrrri l i-e of C;:LCJ e t  ul- whidi wiis 1 1 iu C h P r  ers 13 a111 1 

4 lias prm-r( 1 effwt i w  iu r q ~ r d i i ( - i u g  trru(1s tliat q ~ p r z i r  iu the r ~ ~ e r i i n ~ u t i ~ l  

HD-S i-ollisioually iiidiicrcl liur sliapr. Rrsiilts agrrr witL rxprriiiiriit tu tlir imlrr o f  



Prrc-rut r-liariges in iuterferewr puanieters fur HD-He s>*srelu ripou iuc-liisiori of 

\-il~ratioridly c l ~ p ~ u ~ l ~ u c  puterit i d .  i . ~ . :  100 x i(~,,,,,~,.~~,d - ( L ~ , ~ , , ~  i / r ~ ~ , , , ~ , ~ .  

Cuits: ( 1 .  c: a<iiitqat-l : b. (1: aiiiagat-': B. S: (-ni-' ~iiag-ar- '  . 



niagriitiick. aml trniis of tkr  iuiliiiwl (.lipolr ahick are iuisrtl iu via the auisotropir 

poteritid are srru to be important. 

The qiirstiou uow is how to prowed to srrk to iniprovr rLr aqrrriiirut ivitli rx- 

prritiieut . The iiiclwecl dipolrs are obviously vrry importalit tu t Lr (-al(-iitatiuii. a m  1 

tkry are largest wliril the HD iiiiilwiilr ca.ncl prrtiirbrr atotii are closr togrth~r .  Th1 is 

the rollisiunal average wlucli is performrd is critical to the tiiial resiilts. This (-olli- 

sional average eiiiploys the classical pat h approximation ( CP.4). This ap prixiniatioii 

is cousidered to be good if the de Broglie rvavelengtli is ver' sniall (-oniparrd to chr 

coilisioii diaiiirtrr for the ititrrartiou potrutid [Allard ailcl Iïirlkopf. 19S2l. Csiiig 

<-au br  rsprrssril as a fiilictiou of trtiiprratiirr it.. XtleBriiglic = h l  JG. 

The folloiviug table shows tkat iu fact t h  classicd patk approxiiiiariun for HD- 

He aucl HD-Ar is uot a guod apprositiiatiou. mil the (.olliaiuual ;rvrragtb ivLii-L i5 

prrfor~iied shoiiltI bc trcatrd qiiaiiriiiii iiir(*liriuimlly. 

This tiiuriixtrs r l i r  clrvrlupmrut of S1oy;il qimtitiilii iiir(-tiéiiiit-s ~ C J  r r rar  ~xillisic~us. 

T'Lis is ;L cIt.~iritl>lv i i l ) ~ ~ . ~ i ~ ( . l i  siui-r the lZu~-;d forrriiilisiii (-an r h u  Iw rist.1.1 CU t&sfetli[ 

;ru'. c ~ i d i ~ i i l ; ~ t i ~ ~  n-1lic.L iiws the CP-A. T h  CP.1 rrsiilt (-nu Iw rrc-iivrrw 1 irl  ;L 3irii1)le 

Tr i O liiiiit. au1  <liunirulii effet-ts (.;ru lw r~iuiiitir(1 iii a sr~~ii(-lirssii~iil uiiriilirr. 



Chapter 5 

Moyal Quantum Mechanics 

5.1 Introduction 



5.2 Formalism 

T h  11uyal ft~rnialis~il is l~astvi ou t h  iI-igut~r-iI~-ryl i w i i i t q ~ L i ~ r u  that ~ i i a l ~ s  t~lwra- 

rurs t u  ~yxi~ho1s OU vlassic;i~ phase q>;rise. Thr ;ri-tiou of t h  uprrators ou rhr  .;>*srtbiii 

is thru stidird via ch& corrrspoudiiig syiiibols. NotatiouaI1~-. this is ï.lefiur(l ou iiii 

opcrator -4. n-hirk exists iu a Hilbert spact. 7-i = L'(R').  1,)- the iiiap a. .-Lit- = 0-i. 

This iiiap o. whicli takes an oprrator froni the Hilbert spa1.r 7-l iutu a fiin(-tiou ou 



wlirrr tlir (rl.-L[y) ( l r u u t r s  the Dirar- iiiatris rlriiirut of rlir uprrittor -4 i i i  thr nit ir-  

The inverse map O-' (ktiowu as Weyl parrtrzatior~ [U-ryl. 19-71) rakrs syiiil~ols 

to operators and is given by the inverse Fourier trarisforui of Eqiiatiou (5.1). The 

qim,nttirn position 4, and momentuni j+i,v = -iAaro/dq, have as syiiliols the pliz~sr 

spat-r fiirirtioiis = qJ and ( p l  = pl respectively .Uso. fiiut-tious of 4 = 

(il. &. &) aiour. f (4) .  or P = (il. j2.  Fai) ahur. o( f i ) .  will have z s  sy~iil>ol': f ( q )  i l i i t l  

~ ( p )  rrspw-tiwly. This is triir bpi-iriisr tLr ch's (wiiiiiiiitr ivith our ittiutlirr. a> {lo 

the p,'s. -4 fiiiirtiou of both tj au(L will iu grrierd have a mure iuiiipli(-atrfl syriil~ul 

c lue tu  uuu-oiiimiitivit~ 



~trtrriiiinril froiii the classiiial tlow grneratrd by tlir (:lassic-al part uf tlir Haniiltuniau 

Hc(=). 

whrsr t k r  iutrgrai ovrr s is over al1 of pliasr sparr. 



( 9 )  expausiulü.. Tkiis t h  lradirig qiiautiiin (-orrr i t iou is < l i ~  tu  ;, . It is t u  this o r~ l e r  

that Ive will calculate expectatioii vaiiirs in Ecpation (5.S). 

5.2.1 Weyl Symbol Calculus 

The linrar uprsators ou tkr Hillwrt spare foriii a Li r  ;tlgrt,ra wliusr 1,r;ri-lier 



The Moyal bracket is the a image of the cpantiim coniniiitator. 

If the syiiibuls uf oprrators are sniootli diffrrmtiaùlr fiiiictious on phasr spai-r tkr  



5.2.2 The Heisenberg-Weyl Evolution Operator 

(cl) _ ( 9 )  \k iiuw tiiru oiir attriitiuu tu the tiuk of hiiil(1iii.q t h  7 ,  aucl :t . For a Hmiil- 

su mil1 ( h g  t ke siit>si-rip t c ou the syriibul for the Haniiltoiliail. writirig Hrr ( h. z ) = 

H (  z ) .  Tlir O ( h O )  part of Eqtiatiou (5.21) is 
.-. 

Tiir tlow oprrator 1,0' is srru to br trivial to r-alcidate. w it iiiirrurs (Lire(-tly tlir 

c-lassic-al 111otiou. 



T h  fiuw uprrator will. Lowrvrr. br uuutrivial. It  rriiiûrrs a ritttlilwr of 

aiixiliary fiiurtions aurl rvill incroclin-e nontrivial asprcts of the LVr-l ral(*tdits for- 

malism. The Jacobi field aloug the trajrctory tiittst br calridatecl autl tkr wu(*rpt of 

a cp.ntiiui trajrctory ilitro(1iit-~ti. iVr r d 1  brgiii by luokirig ac t L r  rrqiiirw 1 Jal-olii 

fiel( 1s - 

for 

- 

The rqiiatiuu of i ~ i u t i u u  for zLL)( t l z )  is g i w u  1 y  O s l ~ ~ r i i  aurl SIolzaku !Oshiru aiif1 



5.2.3 Rotations and Tensor Representation 



The trarisforniatiuu 72 is a rra1 orthoqoiial six cliiiieusioual niarrix. 

wkrre (-(RI = c ~ p { - i d 2  t ) .  This. of course. is the definiciou of a r a d  uur 

tnisor. -4 rauk TI  trusor oprrator -Y,, ...,, trausfuniis ru: 



[&. t,] = O .  

(H. Lj}.\, = ( H .  L,} = O .  

Proposition 5.1 The star pr*od.r~rt of arr arbit7.ury iinrooth fuirctioti f with. th.c mi- 

gulai mornetiturn symbol L, is 



CHA P TER S I E  CH-4 .WCS 

This srrirs trniiiiiarrs since L, ( z )  is ody qiiadsatir in z .  Lt-e have for the t i rs  trnii 

< f. L ,  > ( 2 )  = f ( z )  L, ( z ) .  aiid the SC(:C>U~ terni eau Iw esprrssrd iu trriiis uf tLr 

Poissou bradwt. { f. L, } ( z )  ( Eqitërtiou (5.15)). Thr thirtl teriii (-au br siiiiplifirtl ZLS 

foll~,\vs 

It sLuiiltl l>r eiiiphiisizrd that q,( t .  h : z ) is tkr r-ourrlitiatr pztrt "f tlir cliiatitiiiii trii je(-- 



5.3 Scattering of a Wave Packet 

\I> wish to clrl-~lup thr 11%-al forriialisrii tu a Ir\-el ciiat is <-.zpal>lr of (-;il(-~iliiririg 

expet-ratiori valiw~ for ph!-si(-ally iutrwsting o ~ ~ s r r ~ x ~ ~ l ~ s  -4 auii siiirable iuitid tvavt* 

fiiut-tious r o .  Siiiraldr wavr fiinctioiis at tLs t i r i i r  shoiild br sitiiplr. wrll i lrtiiir( 1 

fiinc-tiuus fur whii-ti the IVigurr fiiwtiou is rasil- ol)taiuablr. biit wkicli rrtaiu wtiir 

pliysit-ai rt.lr\xri(-P. 



tlirer c.linit.usiuus. Thr Hanii l touiu for this siti.iatiou is 

The potmtial. I 'i 1 . )  = t ? ( q ( t )  ). will rvrutiially I>r chosru tu Iw the Lruuarcl-.lunes 

1 12-6 ) poteutial for lirliiiiii. iirou. or arquii p w s .  

5.3.1 The Quantuni Trajectory 

.\s skowu iii thr prrvious sr(-ciou. the classical trajectury is foilucl frrutii Haiiilruti's 

rcpiatioiis. Ecliiatiou (5.23). The uotatiou of the prrvioiis sri-tiou is ver? (-otiip:i(-r. 





rotation 72 nmiplrrrs the map of phase sparr. JI> tkiis Lavr au Eiilrr auglr. s.alirr 

iuvarialit worclinatization of pliasr spar-e givrri hy z = z (  n.  3. 7: 1.. p,.. H ) .  This. 

Eqiratioris (5 .57 )  are solved with the iuitial conditiuiis 

This nimils that n-e will have for al1 tiriit.: 

CC' 
- 

1 a 
( I t z92 ( t l =d  - --- W.) . 

rrt ap2 





resprctivdc Rewriting as beforr iu trniis of a sr(-oud onlrr rliffrrrntial rqiiatiou 



oue lias 

Son- (-oiisi(.lrr Lon- the syi i i i r t ry  of Iwitig in tkr  z,, plaur siiuplifirs the .la(-olbi 

fiel( 1 equation. The initial coutli t i w s  iixder whi& Eqimtim ( 5-75 ) is d v w l  UV 

I;.\(Olzu) = da,, aud I;A(O1zo) = rr~-'&,\.  Since the classical trajjrctory rrtiiaius in t h  

a plane. V T I -  wkich is detenuined from Equation (5.71) is given by 

D I L ~  tu the initial wuditious. if X = 3. 6 wLiilr i = 1.2. tliru I ;,\( t [zo I = O. This &i  

oc-curs if X = 1. '2.4.5 aud i = 3. Tliereforr. the .Jacohi fields are 



sir  rcpatious tu solving foi= sets of four rquatious aiid thvo sets of r\\-o rtliiatioiis. 

Eqiiatious (5 .77)  aiid (5.7s) are writttin in ttxpiicit fonii as 

for i = 1.2.4.5 

To drtrrtiiinr ~lrcoiiplrtl ecli.iatious for TTg mr hrgin by tirking the ,- t lt-.rivativr 

of Ecpatioii ( 3 . 7 5 ) .  Proceeding in a mariner siniilar to Iirforr. uur ul>t;riiia rlir 

iillioririigeilroiis rqiiations 

It is l>rurfii-ial to drtcnniiit. wkicli gi:rp are zero bec-iiiisr uf t k r  planxr iiioriuu. 

Sini-r tkr iuitial i-ouditious are zero. if I.;,kI.~,iI~, = O theu I';~,(tlz,,) = 0. 

srr fruiii Eqiiatioii (5.72) tliat I is zrru if uur of i. J. US k is 3 whilr the u t h  





5.3.2 Planar Motion and the Quantum Correction 

(.') ( t )  ( 2 ,  = u . i = 1 - 3 . 

This is siiiiilar t o  Eqiiatiuii (5.74). am1 iiuplirs tkat 

Iiisrrtiiig this residt into tkr Imttoiii portion uf Eqiiatiou ( 5 . 3 )  yirlrls a rrsiilt 

siiiiilar to Eqtintiuii ( j. 7 3 ) .  ouly itikuiiiogeriruiis 

t 1" 1 
r ~ ~ ~ q ! ~ ' ( t l z ~ )  + ~ ~ ~ ( ~ ( t ~ z ~ ) ) ~ ~ ~ ~ ) ( ~ ~ z ~ )  = --Bi2 + q,(t)- qk(t) > ( = ~ ) ~ ~ ~ k ~ ( ] ( t I = u ) +  

tlt - S 



5.3.3 Expectation Values 

Xow tliat K-e have all the tools requirrct to calculate the relrwut quautitirs for iuili- 

vidiial trajwtories iu the Moyal forinalisiu. we tum o i u  attention to tkr rxprr-tatiou 



iutro;ratiuii to I>r iluur aiialytic-ally. This lravrs lis witli a thrr  rliiiirusioual iiitrgri~l 

wbic-h Lits 1)eeu tr;tnslat~(l ljy 5 = i q. PI frtml j = O. This ib w(-~mipli&cl 1 - i : ~  t h  

Hrisml )erg  l la sr s1,;t.w trauslatitm oprraror [~Icjlzaliii awl  Os\ N ~ L .  1994;: 

The cffect of the traiislatiori oprrator ou a fiinctiou is [Slulzah r u c l  Oslxxii. 11)04] 





IL will only rn l i i a t r  ~xprc-tatiuu valites by Eqiiatiuli (5.102) in tkis t krsis. 

Consider a gelieral smooth fluiîtioii of p. F ( p ) .  for whit-k wr reqiirr 

S i w r  wr irre oui!: taking the rspaiisiou of Tt tu 0 ( h 2 ) .  tkis is au appropriate iiirtliwl 

of perforiiiitig t k r  d 3 p  part uf t k r  phase spat-r integral. T h  iiioiiirut i iiii rspiuisiori 

is wrrrct  to O (1h / l l 4 )  . su 1>>- iiit*rrasing 1 this al>l>roxiiiiatiou ivill 1,r itiil~rovrfl. 

Iii(-rrasiug 1 (-aiisrs tlir I I ï ~ i i r r  fiiut-ciou of tlir urigiual G;tiii;riitu ( Ecliiiitiou (5.9: I I 

t u  I ) t b  sharpl!. peakrt.1 iu tlir iiioiiirutiiiii ilirrr-tiuu. u c l  sprrirt 1 w i r  iu t l ir  ~,i>siritm 

This  wr rrfrr t u  rliis as a s p r e r e d  Gauw~ari. .-\ltlioiigli tliis iiietkotl allows iiz tu  

yrrfonn the iuoi~iriitiiiii integratiuii aualytirally tlirrr is a prit-r t u  p e .  S i w r  our 

LVigxwr fiiiictiou is iiow ssprrad out in posi tiou. prrfuruiiiig the cuordiiiatr iutrsra- 

tiuu ;urc~iratrly will rrqiiirr a Iargrr raugr of values iu t h  ( - ~ ~ ~ s < l i u a t r  ~~l. i i l l) lr ' i .  



-4pplyirig Eqiiatiuii (3.106) tu E(liiiitioii (5.102). w r  olitaiu fur t h  rxpri-cariim 

\dl le 

To simplify the uotation slightly we can mite  

1 I ( q ,  - qJ + ($2 - q 2 1 -  
t , . - t . z  = (=) / H 3 f 1 3 w  - 1' " } 



Tbr cylindriral coorctinat~s art. defirierl as: 

wich .Jacohiau .J = r .  It is a siniplr mattrr to show chat Eqtiatiou ( S. 10s i I ~ ~ ~ w ~ I w s  

x A'" (10 e s p  { ~ ~ - ~ r ~ ~  (-os 19) s,,, ..,, ( t .  r (-os 6i. ! j .  r -  siu H j . 

(-0s 19 0 sin 8 

- sirid O cos 6) 



fi,, , m2-.-.,k,v, i uA-'b<i~ ) ( 1 6 ) ~ ~ ~ { 2 1 - ' b ~ ~  r o s ~ ) R  ,,,, (H)---R,,,(6,) 

(5.121 ) 

is a combiuatiori of Bessel fuiictioiis and is h o w n  analytically (cf. Appeiidix B ) .  



Chapter 6 

Application to Helium, Neon and 

Argon 

Tlir t lirrr aystriiis r-uusir lrrw 1 are lirliiiiii-hrliiiiii. uroxi-uroti. ;LUI 1 ;irqoii-iLr<><)u. 

Tlirsr systriiis wrrr r-liusrn siuw th? rxhibit a factor of 10 (-liafigr in the 1iiiw'. i r l i r l  

will prurliicr rlastii- st-attrriug at the rnrro;irs choseri. The potrutial iu al1 (*;rsrs is 

takru to hr t k r  Lrriuard-Jours ( 12-6 ) po trutial wliirh is iiiui lii-irfl at sxiiall r .  c i )  I 

h i t e  a t  r = 4 )  

Thr -4. B. C. D. E. F are clriinrd so tkat the putriitial is s~iioutk iip to tkr fifrli 



units is accomplished by use of the midtipiicative factors iucliitlrd in Table 6.2.  

Atoliii(- inasses are based on "C liaving a mass of rxactly 12 aiiiii. a d  the masses 

itstd are the mass uf the niost stable isotope. 

6.1 The Quantum Trajectory 

zero. the .iac.ohi fields are linear in tinir. It is czlso et-itleut that after the n~llisiou 

thr dac-ihi tirlclx (-au rlrvrlup a liriear tiuw (kprnilruw witli a slupr iv1iic.h i> q~i i rr  

strrp. rrsiiltiiig in very lugr valiirs for the Jar-obi fields a t  large tiriirs. Siuw tlw 

.Jawl>i tirlcls iulivarr rlir iIrlwu(lru(-r uf triUr(-tories on initial t-uut litiuiis. thir is iiot 



CHAP TER 6. -4 PPL ICA T l 0  ,\i TO HEL K M .  XE0.V -4 S D  AR G O -1- 9-4 

1 He ‘Yt. -41- 

Coilstalits iisril iu lirliuni. uron. and argou modifird Leuriard .Jours (12-6) putrutial. 

Rrfm-u-es: ': ctr Buer. 1935: t :  Hirschfrltler e t  al.. 1954: *: Frurirr awl Hitlwy. 



Eriergy 

Temperat lire 

Dis tace  

Tiuie 

Le10 ci t y 

Nass 

11oliieutiiiii 

h 



An intrrestirig uote is tkat if the dacobi fields are linrar rvheu tkr putrutial is 

the duration of a collision, arid we see that the duration of a He-& collisiou witli 

velocity 600 ni/s is - IO-" secouds (of course. this residt can be recovrrrd iii a 

siiriilar nimner froin a graph of the morueutuni). 

Fi,gurr 6.4 shows the classical t r a j e c t o -  well as the qiiautiiiii trajet-tory 

! Ecl~~atiori (5.26 j ). The quailtirni trajectory brgiiis at  the saiiir vali-ir as t h  i-lassii-al 

trajwtory. aud dors uot diffrr appreciat-,lu froxii the classii-al trajrrtury irxitil the 

trajet-tory rutrrs rlir rrgiori whrrr the puteutial ic; siguifi(-aucly IiouzrrcJ. For trajrr- 

Figrirvs 6.5 am1 6.6 shows the c-outribirtious tu  t he c-lassiral antl qiiaritiiiii rra- 

jrrtorirs fur gi ( t ! z , > )  aiid g4(tlz,,) as a fuui-tiuu of tiiiie. It (-au hr srru t h  t h  fissr 

- ( 2 )  q i ~ i ~ i i t i ~ i i  txxrri-tiou tu t h  ~ f i i ~ ( . t < ) l > -  - , - t  ( 1 ztj ) has 21, strouger o s i d ~ a t ~ r ~ -  srsli(-- 

titre thau tkr c-lassi<-al tr;~jri-tus- wheu tllr c-ollisiuu is t~i.c.ilriuo,. This lwh\- i t , i~r  

ixiipa(-tstLr iutvgratiuu uvrr y. is WC sLd1 srr in set-tiou 6.3.1. 



2 3 4 5 6 
impact parameter 

Tkr putrucial is hrliiirii. am1 thr iuitid t-ou(1itious are vrloi-ity = 600 in,/.. h = 1 .S.A. 

y = -10-4. 





Fignre 6.3: 

Sariiple TTg( tlq,) as a fiui-tiou of tirne. The potrutial is hcliiuii. auil tkr initial 

rouditious Ur ve-rlority = 600 m/s. b = 1.8.4. y = - 10.4. T h  x-asis is tinir i i i  miira 

of 10- Io sec-~llcls. 
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Figiw 6.5:  

Plots of =[O)( t l a )  and $ z l 2 ) ( t l a ) .  The potential is Lirliiuri. anil cLc iuitial cuuili~iuii.; 

are d w i t ? ;  = 600 ni/s. b = 1.S.A. y = -10-$. The x - a i s  is tinir in uuits of IO-'" 

seconcis. 



( 0 )  f t 2  -(  1 )  , Plots uf z., ( t jz,,) am1 t l z o  1. T h  p w u t i a l  is Lwliit~n. am1 the initial w ~ d i t i t ~ w  



6.2 Orbiting in a Lennard Jones Potential 

In tliis srctiun ive rvill rxariiirir furmar(.l l u r y  au1 raiubuiv si-attrririg. iuitl (Irriïr 

coiirlitiom for ahif-h orbiting occiirs in tlir Lruiiarcl .Jours ( 12-6) poirutial. 

Tkr classi(-al aurl qiiantiiiii trajrrturirs fur raiubuw scat trrius are alun-u iii Fie- 

lire 6.9. It is serti that the cliranturii trajectury war  the ciassii-ai rainbow trajec-tuq- 

r - a  ilrviate riiarkri 11- froiii t lie c l a s s id .  For low vrlori tirs clris d r~ i i r  t iou (-an lw 

vrry si,gifiçaiit. aurl the expusiou t u  o(A')  uiay not bc va1ii.l. Homrvrr. as luug 



Orbiting cari be cliougkt of as a special case of rainbow smctrriilg whrrr t h  

angle of deflection is -S. tkat is. t h r e  rxïsts a vertical asymptote at bCjrhit ratber 

than a minimini at bruinbuW For the Lerinard Jours potrutid. the ntistrtiw a d  

position of burbir br derivrd analytirdly [Stogryu aud Hirs(-kfrhirr. 19S93. 

- b a l - t  ic'ally. t hr roiicti t ions fur orbitirig are 



1.5 2.5 3.136 3.5 
impact parameter 

Duttrci liut.: 1 R,. 

whtw R, = 



-6 -5 4 -3 -2 - 1 O 1 2 3 
impact parameter 

Classic-al au1 qiiauttiiii trajet-tury for fortvard glory scat  reriuo; 



L O I  

-20 -15 -10 -5 O 5 1 O 15 20 25 30 
impact parameter 

Classical a d  quaiitiix~i trajrrtury for raiubuw si-attrrixq 





4 mlirre wr have itinitifird t h  critiiral rrirr.g- E, = 6 .  Fur E > Ec uo orl>itiii.; 

will occur (as ? is no longer real). For E = E, we have the comiitiuii for (-lassiml 

orbiting. The critical values of the paranieters becorne 

i..: 2 - 2 7 .  The qliziutii~ii c-urrrc-tioir is largest fur thesr iurtahtitlilr stxttbs. i ~ ~ u l  

trajwtorirs du  uut d o w  tis t u  c-al(d;~tr with ac'~iira(->- t h  ~llxi~utiiill tri~jrc-tor~.. Ir  

has brrn notecl for the problem of linr sliaprs [Meinauder. 1995) thar I)uiin(l awl 

fret. s t atrs have KJ be cornpiitrtl wi th differrut t~wthotls siuct. the trajectories havv 

siic-h rlifl'reur: (.liarat-ter. 



- - -  --- - 

-2 O 2 
impact parame ter 

Tlir putrritial is He-He. ai iJ  the initial zl-outlitiolis are \-rluciry = 2.3) m/s- .q = - :O-4. 

G = 4.064-4. 



Tahle 6.3: Critic-al ~ ~ 1 u t . s  for orbitiuq 

orbiting. The presrut nimierical package is iinable to correctly drtrrx~iinr the qiiari- 

tuni corrections in the case of nietastable states. -4ny fiitilrr attexuyts to rseriid 

the tkeory to Ligher orders of f i  skould conceutrate on thesr regions of phaïe spa-Y. 

Table 6.3 c-oritains the critical values fur He. Xe. ,Ar. 

6.3 Expectation Values 



O 1 2 3 4 5 6 
Impact Parameter (angstroms) 

O 1 2 3 4 5 6 
lmpact Parameter (angstrorns) 

Fi,qn-e 6-12; 

Classical ( top ) iud q ~ i a ~ l t ~ l ~  ( bot t0111) trajet:turies for Hr Hr iiriir closest al>l>r<>i~i-li  

for a velu(-itj- of 450 ni/s. 



Table 6.4: Gaiissiau paranieters 

r .  < i.0 = l.S .A. It is seen tkat  trajectories âre sio4firantly scat terrtl ouly for siiiall 

iinpart parameters. usudly  b - + (brairiboa. - bglory).  This region miist be 

trratrrl aciiirately in rhr phase spaw average t o  ob taiu uiraninnfiil rrsiiltr . -4s wrll. 

it (-au hr r r ru  t h  for the l>'s iu this rr.l;ioli the i u r r~ ra i  (.nu iuvidvr fiilii-tious tliar 

arr claugitig r;rpi(llj- (if chr cinie at wLii-li t h  average is urr(lr(l piits rlir partit-lr 

near (-lusest apprûacli). Thrsr cuusi(1rratioris are disctissr~l iii detail aloug rvitlr 

assouiatr<l rrrors with t l i r  uitiiirrii-al iiitrgration iu ;\pprutlis C. Ttir urst  sri.tiuus 

rsniiiiur the striu-tiirr uf typii-al fiiiit-tiuus whivll are t u  br iiicrqratri l. 

6.3.1 !j Dependence 



Cousiilrr a trajrctury with fixe<:[ inipnr~ trajrrtory b aucl iiivtiirntilili li. For r h  

iuipai-t paraiiirtrr. thrrr is a y,, for wLc-li at al1 y < y,. tLr potrutid is rsseutially 

zrro. The iuitial y for the trajectory will be une uf the y < 9,'. Let t,, hr tlir tiiiir 

it takes tu reacli .y,, froui y. 

This strticture is itsrful to us siuc-r for a ivavr parrkrt ivhil-k is i s u h t r ~ l  froiii r h r  

potrucial at t = O tlir z,, ivliii-L apprar iu Eqiiatious (6.12) are tLc saiiir fur  ii t i s d  



f ahlr 6.3: 

-hm.xacy of zeroth order perturbation sclieliir 

impact paranieter. For a givru impact parameter Si .  the dyuaiiiics of y. Tg. aucl 

' T t g  urrd only br solvrtl from diffrreutial eqiiatious for thr trajrr-tory with rLr 

a r t  1 -  -411 utlirr crajrc-tories chat Iwgiu witli impact paranitwr I I ,  (-;LU Iw (lrfiurïl 

ria the tiiiir sliift (-uiiipusitiou riilrs (Eqiiirtiotl (6.12)) .  

Of wtrsr .  t h  potrritial is w v r r  rnily zero. rvru at large distant-es - dei-ayirig 

tory. aucl -4, is the result froiii iisiiig the zerotli ordrr prrtiirl>;ttiou approsiiiiatiuii. 

1l-e cau srr that the ivavepackrt trratrd iii tliis tkesis is far niuiigli rriiiovr(1 froiii 

rlir potrutial at t = O that tkis approximatioii is \dicl. This zrrotli urflrr ilp- 

proxi~iintiou rrcliii-es tlir tiiiir of the (-al(-ii1;rtiuu l ~ y  a hi-tur of 1;. rvhif-L wzis rlits 

Figiirm 6.13 autl 6.14 shuw t h  striir-tiirr uf typii-al fiiii(-tious tliirr Lérvr t ~ )  l w  

iutrgrircrd at fil-e tiiiirs diiriug tlir wllisiou. Tlirsr graplis shuw thr fiiii(.-t iuus i cf. 







Figire 6.13 shows al1 t h r r  coritributioris to the average d u r  for the wurcliiiatr 

g, ( t J  a). T h  first ,vaph in Figlirr 6.13 is tkr rlassic-al r-oritribu tiuri. The l q r  

Gaiissian ciirvr is the fiiiictioii at t = 0.443 x 1 0 - ' O  s: tkr  urxt largesr wrvr is the 

~~~~~~tiori at titiie t = 0.30s x s: etc-. At t = O this fut- t iou is siriiplp a scalrfl 

(0) versiou of the Gaiissiari bbririg scattrrrcl. For t > O.US x 10-"' S. 7 ,  ({y, ( f l  zlj j j will 

I)r liurar in rime. This rrsidts in a fiiu(*tirm wkit-li gruws su chat thr arra itii<lrr tlir 

(-iirvr grows Iinrarl>- with tinir. T h e  sha l~r  of tlir fiirii-tiim for tLrsr litrqr tinirs is 

siiuply a scalr(l versiou of thr urigiual Gaussiari skapr. 



Fignrr 6-14 (-ontaiils the classical part uE t h  average for yi ( t  lz,, ). T h  itriirtitrr 

tvhi(-ii is prrsrut hrrr at tiirirs whru the Gaiissiau is iirar t h  potrritial rrurrr  i:, 

F i  6 )  Tkr siiiootli iipprr and lorvrr curvrs tlruote the iutro;raricl at tkr prr- 

(-ollisiou tiiiir t = O am1 the p s t - ~ ~ l l i s i o ~  tinir t = 0.41S. rrspri-tivrly. T k r  iipprr 

nt latrr tiiiirs by the niovenirut of the Gaussiaii over thr putrutid. -ifter a l:tr<e 

rlapsed tiiiir tkr ftitii-tiou Iwcoiiirs (-uustünt. 

Thr  hrka~-ioiir of the Sluj-aI (urrr(.t iuu t u  the avrragr valtir for gs ( t z,,  ) fur ttir 

siriglr tiinr 0.2SO x 10-'O s is also showii iii Fipirr  6.14. ,zut1 ie siiiiilar iu -rrii(-t iirr rt i 

tks t  for t h  (-lassical part of the average. Hrrr. korvrvrr. the strwtiirr  Iirar i-liisrst 

approacli is detrriiiined by the action uf z r ) ( t l z ( , ) .  whic-li is nii.ic-h mort. os-illaturt- 



(U) or $ 7/"(! lc ,  ( tlzf,) ( f i n t  ~ q . x . 1  (-urrrt-riou ). ur (&) ai:t ( g, ( t 1 z, ) 1 ( n u  m i t w  1 LIU - 

sliapr for large iiiipact parariirtrrs. This is of mime rxprctrcl il i ir t u  the large sizr 



Figirrr 6.13: 

F,, (Eqiiatiuu 16.15)) as a fiinr-tiou of t. Lrft-rislit-top-bottulii: Classi(-al p u r .  

zuuiii of i-lassii-al part. first >loyal correction. nioiiirutiini rspiriisiuu i.orrri.rit~u. 

T h  systriii ia lirliiiiii at vrloi-it>- = jO0 iii/s. A11 plots are ~ , iv r i i  for t l i r  fiiui-riim a r  

the five ti11it.s 0.II. 0 . 5 2 .  O.2SO. 0 . 3 0 S  itwl 0.44s x 10-"' 5 .  Set* rrsr for c l i r ; c . i i c ; ~ i i , ~ i .  





6.4 Results 

s,rréL,l, = (il2( t)) - ( j , ( t ) ) '  . 



6.4.1 Correction Dependence on Time 



Tixnrs reportrd iiicludr t h e  prw-oilision tixiirs. foiirtrru wllisiuual tiiiirs. mil 

uinr as-miptotic timrs. Tables 6.6-6.13 ruritain the riata. 

Fig~irrs 6-17 auil 6.19 are graplis uf tlir average valiirs witli rrspwt tu tii i ir.  

Graplis of tlir sprrad srr uot iu(:lticle~l ;LS the- are siriiilar tu  rlir 5r;rphs fur (4;). 



Thr  (-outrihitiuu to t h  total average \ d i w  friml t h  tiioiiirut i i i i i  wrrrt-t iuu is 

srru to l>r sniidl. aiid tkr use of the Taylor rxpausiou fur uiir sq~irrzrd Giriissiaii is 

s w n  tu bt. mlirl, 

Froiii Tables 6.9 and 6.10 it is obvioiis tkat thr asynptutii. Iirliavioiir with rr- 

sprr-t to t imr fur al1 t h e  rontriliiitious to the average valiir of a strictlu iiioiiinitiitii 

b a s d  operator arc (ronstant. Sirice the data points fur the asyiiiptotir rrgiuu w-1-iir 

a t  equally spacrd points. the asyuip totir timr behaviour of c-uor(liiiatr obsrn-al~lrs 

is Lest presctitrd in trrms of forward differeiiçe tables. The fijrwircl diffrrru-rs uf a 

ftirxtioli cJ drfiiircl at eqiially spat-rtl j ;ire tirfineil by t h  rrt-iirsiuii rrlatiou:: 

In the rase of hoth the SIC-al a i r t l  uiomentiuii corrrctiori rlo riot g o w  t u  large 

s i z r  nftrr t h  i.ullisiuu. The 41oyd 1-orrrt~iun uuly brgiur tu  lwt-umr 'iiguifi~~itii~l~* 



Ave-rragrs \-aliirs fur as a fiilir-rioii of tiiiir. 

Tkr potriitial is Lrlitiiii. aiil1 the vrloc-ity is 300 iii/s. 
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CHAP TER 6. 

Tinie 

( 10-'O s) 

O 
0 . N O  

O .%S 

O -33.5 
0.353 
0.393 
0 .do3 
0.420 
0.467 
0.513 
0.330 
O. X O  
0.5.50 
0..512 
0.593 
O -6 1.3 
0.637 

O -6.58 
0.GSO 
0.693 
O.  T O I  
0.720 
0.733 
0.141 
0.760 
O. 713 

Tahlr 6.S: 

Avrragrs vnliirs for y.: as a f i inhou of riuir. 



Toc al 





Sprrarl fur as a fiiiir-riou r > f  tiiiir. 

Tlir putenrial iis Iirliiini. alid the vrloi-ity is 300 iii/s. 



Tinie 

(10-"' s) 

O 

O 3 5 3  

0.393 

0.403 

0.420 

0.461 

0..513 

0.530 

O .-5-10 

0..550 

O . G S 0  

0.693 

0.107 

0.720 

0.733 

O. T4G 

- 
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Clczssic-ai O Moment uni Totd 
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Table 6.12: 
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Table 6.13: 

Furward diffrrrur-t. tables. The potmtial is heliiiiii. anrl tlw velor-ity is 300 m/s .  



Tiiiie 

( 10-'O 5) 





6.4.2 Correction Dependence on Mass 

The mass rntrrs the 1loya.l ruid momenttiiii expansion i-orrrctioris iu a (xmiplru 

marner. and its rff'ct is riot easy tu predirt witkoiit uiulirrii-;ll m;rlysis. Iu tliis 

s w t i m  w r  i d 1  rsani iw the zffrct uf (-li;uigiiig the nias uu a systriii wi th tisrtl 

puttwtial autl vrlui-iry. tVr exainiut. the wïrrctious at thr  szulie fiu;rl tiiiie afft'r rhe 

collision is ovrr. Cliangiiig the mass atfrcts t h  kiiirtic Purrgy. aiid so the average 

position of the Gaiissian wave packet at this time wiU be cliffermt for rlitfrrriit 

masses. 

Increasing the Mass 

h this sr(-tiou LW t-s~lniue t lie i~sy~i i l )  tot  i f -  I )eh\-ioilr of ~ 1 1 ~  c-oi-rr(-tiotl~ i ls t l i i l S L  

appruai-lies iufiuit>-. Tkr six systriiw analyzrrl are krliiirii at ii velur-ity of 3110 in/.; 

for the followius ~iiiiltiples of the iiiass of heliiini. r r l  = 2.4.6.S.10.12.14. TWO 



Table 6.15: 

Effrrt of iiicrrasing the niws ou sveragrs values. The putrutial is Lrliriiii. t h  rrzliltb 

are at f = 0.74; x 10-IU s fur l *  = 300 m/s. Slass iinit is , r iH ,  = 4.0026 aiiiii. 

Decreasing the Mass 

Tu rxaiiiiur the effrct of <Ir(-rmsiug the inws. wr ilrtrriiiiur(1 t h  i-urrr(*tiuus fur 

right systrxiis - heliiim at a velocity of 600 m/s for the niasses ta1;t.u to l ~ r  tlir 

following fractions of the iiiass of heLititii. rrL = 'L4/16.16/16.12/16.S/16.7/16.6/1G. 

5 / 1 6 / 1 6  Tablr 6.16 routaius the (lata. aiid Figi r rs  6.3-6.24 are plut'; fur i l  iiu(1 
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Fig1u-e 6.21: 

Plots c d  chta iu TalJlr  6.15 for nioiiirutiini r-urret-tioii. The top gr;~pL i> fur rhr  

flint-ticm F I .  the l ~ t t u m  is for the filuc-tiou FL. Tllr l iw' i  are r r r  -' tits. 



Figure 6-22;  

Plots of ilatü iu Tablr 6.15 for Moral corrrction. Tlir top grapli is fur  the fiui(-tiuu 

FI .  the l i w  a rrz-' tit.TLr bottom grapL is for the fuuctiuii F2 mitli ari ~ r r - ~  fit. 



The Sloyal correction is sr ru  to have a stroiis drpeuiiriirr ori niass whru ~Llr 

mass beconles sriiall. For al1 obsrrt-ables rxarniurcl the Slc>yd c-urrwtiuri c-hartqrs 

sign relative tu the rlrissic-al part i ~ t  lom iiinss. Dwrrasiuo; rlir tiiass iu - r raws  r l i r  

origlr of clrtlrctiou for raiubow s-at trr iug.  aucl thlis iucrrwrs c h  iiiipi~rti~uc-r of t h  

corrections for rrùsoris already discussed (cf. Cliaptrr 6.2). At siiffwirut ly siiiall 

uiass orbititig will occur and the approxïxriatiou breaks don-ti. 

6.4.3 Correction Dependence on Velocity 

For a hiah vrlucity. tlir i-orsr(-tious will <Ir(-ay iu CU asyiiiprocii uiantirr. Ir iiiiisr 

Le noteil thnt hurv the corrections will drcay is a fiiuction uf t L r  u l m n d > l r  Iwiiig 

cousiclrrrd. It (:au br sreu in Figiirr 6-25 thar the iiioiiiriitiiiii (-orrri-ti<iu rirtrrs i t ï  

asyiiip t u  tit. rrgiou lwfure the h y a l  (-urrri-tiou (lues. -4s ivrll. rlrr 1luya.l i-orrr(-ri<)u 

fur gf rskibits au asytiiptotir (le(.- t ~ w a r ~  b +. wlrilr the iiiunirutiiiii <.w-rrtstii iii 

- ' #  (ir(-:lys ils 1 -  - . 

It is r r u  tliat i r  is possiljlr fur t h  ~.Lwsi<-irl part uf tkr  average to Iirwiiir zero 

for souir velu(-ity. tliiis iiicrrasiiio; the iiiipurt;iu(-r uf the  t-orref-ciuiis r v r u  tkoiigli 





--3 xiiass ( rrt H=) 





6.4.4 Correction Dependence on Perturber 

wliilr for ueou and argon Lvr have 

Tlir (LrptL of t h  irrgou pt>tewti;rl is iiiiit.li grrarrr thi~u tliitt for iirou au(l rhi-; 



- ,  1) $(-,J;'(ll, ) )  (L) 1 1  (,+(O) , : 1 Tm2.l 



Avrrages v a l i i r s  for g4 aucl g: at tiiiir aftrr ruilisiuu as a fiiui-tiuu uf vrlu(.ic>- 



Figlu-e 6-25:  

1luya.l i t i i c i  muiurutiiiii ~-urrwtious as ;L fi LUC- tiuu uf velue.-i t". 

Top grapli: dashed lilir: fit. dottecl liur: P-' fit. 

Bottom graph: clasked hue: fit. 
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Eil)lt. 6.20: Th c;iw of the (-orrec-tioiis for He. Sr. ai i t t  -Ir at r v  = 4 3 ~  ni!.'- 

-- 

T a  6 . :  R a i d ) ~ ~  scat trriiig partimlars ( ce = 450 ~ i l / ~ ) .  



Chapter 7 

Conclusion 

T h r  liur shape ( l iw t c ~  ~-ullisiul~-iu(l~~i-ecl iucr~-ftmwt-~ for the vi l ) r :~t i t~i i - ror i~r io~l  

ip~t-tri1ii~ of HD-Hr t m s  i-al(-iilatrt 1. iieiiip 1 ioth ii  rigiil rucaror i i i c ~ L t . 1  of HD i ~ i i i  l ;i 

i l  t a  l i e  D i b i s  i a i r c u l l y  l q ~ i  t r i i l .  Tlic 

rrsitlts iii<li<-atr t h  liur iiltriisity is uut vrry srrisitivr tu t h  vibratiouid statr 

drpru<lrm-r of the intrruiolrviilar pocrutial biit thnt tlir liur asyiiitnrtry i d .  Colli- 





Possibilities for future research in hf -al quantum iiiri:hanics are i i i a -  ariil 

4 The theor' as preseritril is Cartesian basril. .A splirrit-al vrrsioii (-an Iir 

(lrvrlupr(.l wkirli woiild mure nat urally trrat t Le syiiiriirtrirs uf a (-rurra1 



Librk lias alrcady bt.gitri ou 3 aiid 4. Brforr problrrii 6 i-w br ailrlrrssrfl. 1-5 

sholilcl br irivrstigatrtl a u c l  well uriclcrstoud. 



Appendix A 

Spread of Wave Packet 



Iu the positioii rrprmriitatiou wr  Lave [Sakitri. 19851 



It is a siriiplt. inattrr tu show that 

and the sprrad of the Gaussian is givm by the faniiliar [SIerzbachrr. 1970 pq. 1641 

In a siiidar ixiaiiiier our  i-an clrtrriiiirir the sprracl in the uiuliirutiiiii ru Iir 





Appendix B 

Bessel Function Reduction of 

Equation (5.121) 



The rotatiou 



where k v r  have ilse~l the fart that 1 - D,, = .A,, + B,, + C,,,. Thesr iiitrgrals 

wkere n is an iiiteger. and z is a cornplex uiimber. Csing Eidrr's relation. ( F - ' ~  = 

cos r + i s ins) .  the modified Bessel fiuiction LI(<) (.Ir,(;:) = ~" I , , ( , ' ) ) -  ~..u(.I = = 14C 

we cau cast Eqiiatiou (B.5) into the form: 

Eqiiat iug rra1 and iiiiagiiiar- p u  ts for rr oc lc l  or rvru yirli la tlir i n ip~r t au t  rrlirt i m '  



cos 8 = siu 8'. .ud Eqiiacion ( B.11) Le(-ornes 

whicli follows from Equation (B.lO) witk ri' = 0. 

For a vertor observable. consider t h  rlriiiriit R i i ( , y ) -  Csing a nirtliud si~ii i lar  

to the SC-alar observablr aiialysiç. we have 





Appendix C 

Error Estimation 

Ecpatiou sers ( .j.SO). (S.SI). cmd ( 5.S-L) show t h  co~nplexit>- in\-olv~il in (-al(-iiiatiuq 

the urr-rssary .Jarobi fields. To obtaiii the u r s t  liizlirr Jar-obi firicl it is urcessitry ru 

kuow al1 the luwrr urilrr .Jaiol>i firl(1s. Siu(-r t lirsr rqiiaciulis are wltrrl iiiiiiirri(.irlly 

 EL^ ber thau i i~iJ~- t i (*: t l l~ .  LW ~vuiili 1 t ~ p w - ~  t h  T!I( t 1 z ) tu  1 w 1 ~ 3 ~  a . ( - ( - i u - a r ~   hi 

t h  91 tl z ) piircly c i r i  t h  gn)ilutl'i th i~t  the erwr iu thtl g( t / z  1 will 1 w l~rol)itgi~tth(i 

iutv tlir wlittioii fur  t lie 'Cg( t 1 z ) .  This ~wnseqiiru(-e will lw w p ~ i i ~ 1 1 ~ -  rr1lth of tlw 

Fvg( t 1:). mhich d l  have the nunieri(-al rrror of both tlir f ! z )  arul the Tg( t l z  ) 

biiilt iuto its sulution. Siiiiirrird ssolittion of tlirsr çqiiat ions fur trajri- tories rnliil-li 

are sigri if i~aii t l~ scattrred caii be d i f f id t .  -4s tkis is the tirst t i i w  tliat .\Io>-itl 

quantuin nie(-liauics has brru cast iutu a (-uiiipiitariuiial forrii. it  m)iil(l Iw I~riirtii.iii1 

tu  clis(viss iu wme  (let ail the t-hrcl<s t h  (-a11 1 ~e I I S W ~  tu  i let tm~liw the it(-(-~lr,it-~- t j f  

t h  (*iil(.t&itit,u. Li-e will I q j u  with {-hr(-ks thar esisr at t h  le\-el of the  iui1it-itiii,~l 

trajet-ruru fur tkr .Jar-ubi fields. 



.-1PPESDLY C. ERROR 

C.1 Quantum 

ES TL.1 ATIO ,V 

Trajectories 

Figtirr C. 1 sliuws a tupical rrsiilt fur E(li~;rtiuu i C.5 1. - I t  tirsr g l i ~ u - ~  it niay apl~eiir 



The dacobi fields also f o m  a Lie dgrbra. iuid as siii-h rvilt Iw siibjrct to tlir 

constraiuts of that Lie dgttbra. l in example is the relation 

1 1 [LW. 4 2 ~ ) ~  = -il(t) - 

Taking the IVexl syiubol of the abovr equatiou yirlcls 

n-htw E( l i~a t iu~l  C.7) rrsiilts fnmi Lx 1 wius (liiaclrati~- iu z .  T h  t [ . s  iu the al ,ove iml 

r h  fidl h (lepvu( leut c1iiautir.irs. Iusrrciug r h i r  h rspausiou ~ L L U  1 (~ollv(-ciilg l i t  , tvtBn 

uf iï d l  J-ieLt rcliiaricms whic-h rhr Jarciiji iirltts iiiiisr: satisf'-. TLr t>-l,v (if clw(-k~ 

the Lie algebra %ruerates are (wherr g3( t l z  = !7t;( t l z )  = ( J  lia..; 1it.t.u rriiploy(1 j :  





Figiire C.1: 

Tlir potriitial is hrliiiiii. the vt-lot-ity is 450 m / x .  1) = 2.22.I.  r/ = -;O-I- 

Tup: Syiiiplrctir rotitlitiou clirrk ( Eqiiation ( C.5 ) 

Bottoni: Lie algrha check (Eqiiatioti (C.13) .  k = 2)  



The putrucial is krliiim. t h  vrliwity is 450 m/s. b = 0.722-4. = -70.1. 



where 

star prucluct ( Eqiiatiuu ( 5.16) ) as 



LVe thru (-ollri-t powrrs of h. T k r  O ( h " )  part yirltls t h  rqiiatiou 

This rrsiilt is trivial since n aud b are separately constants of iiiotiuu. Tlir O(, Tr ' ) 
part yields 



Figin-e C'.:3: 

Coriipoiind rons t a n t  of iiiotion HL'. The sysceiii 

initial c-ondicio~i..; b = 2 .  y = -70. 



C.2 Average Values 

Obtaiiiiuq rstiniatrs uf the rrror assoi-iated witli the iritrgratiuu pro<-rcliirrs iisr<l iii 

the program is rsseutial. -4s w-r have sreu. the fiinc-tions that iniwt be iritrgratrrl (-an 

have extrenirly sliarp peaks that sit on a broatl Gaiissiari bac-k,gmiuicl. In ~e r re rd .  

it appears tliat the rlassical p u t  of the average r r  fiinctious whiirli are sniuutlirr 

( a d  t herefore easier to iutegrace ) thau the h y a l  correc tiuu or the riiu~iieuti mi 

correction. As weil. ftinct ions whic-li clepeud ou the coorcliuates are suoothrr t hari 

fuuctions which depeud ou momeiittuii. 

It slioiild hr rniphasizrd again that the important stritctiirr to clirsr fiiiii-tioris 

or-(-tirs for B E 10. Zl,,,,,b, - r ) l i rmy] .  Althoti~h routribittiuus ti> tkr avrraqr d i i r s  

frein L E [ 2 1 ! + ~ , , ~ ~ ~ ~ .  - bdOrB. X]  (-an L e  large. the fiiiictious i r ï r  siliuoth am1 s l o ~ l y  

varyiiiq iu tkis region. Tlir i-oiiipiitrr prograiil iu fai-t speuils - SS% of it-. riiiir 

rdi-iilatiug clic- 1-outril>iit iou frotii I> E [O. '2b,,,,,b,, - bgi,,,j. 

tiirir average valiirs are reqiiirrd ar . t h  poteurial i~srcl. mil tlir iui t i d  iiiuiiiriitiiiii 

of t h  pst-krt. The I iutr.,gratiuu puiuts are &pruclrut uii the furward ~ l u r y  audl 

raiulwn- iiiipact paraueters (wkit-li in tiiru arr ~lrpruclrut uii tLr putrutid aiitl 



It is rviclriit frorii the graplis in Ckaptrr 6  F i s  6 1 3 - 6 1 4  that a liiglirr 

drnsity of points in the y region is required for times during tvhich the cullisiuri is 

activrly ucciirriiig. iuid tkat this regiun of hi& deusity is a fun(-tiori of the tiiiir. 

Th ! j  i~ltrqri t~iuu is the iiiust stilijri-t t c )  errur. .As rvr s k d l  srch. rlir I ,  iuti-2r;iriou 

ilot+ uot sliffrr frolil it tno\*ing r r g i ~ n  t h t  rr<liiises a high ilriisity tif pciiiitz. iiiiti -O 

(-au he cloue w(-iirarely wi t l ~  relatil-r ~ a w .  



APPESDIX C. ERROR ESTI-'1-4TIOS 



arrivrd at the rrgion uf stroilg iiitrrairtiou at the tiiiirs yoii are iritrrrsrrd iu. -At 

suffit-irutly large tiiries the rrgiori [y-. y+] will be locatrcl far froiii the criitrr uf the 

G;riissiari. am1 the twiglitirig fa(-tur uf the Gaiissian will nicake tlirir i-uiitriliiiciou r < )  

the avrraqr uvg1igil)lr. 

Figiirr C.4 s k w n  the points cliat rvrrr iisefl r i )  m;tp a typi(.iil fim-tiou iu I ~ O C L  r l l r  

.y au(l l, clire<-tiuus. Our of t h  brst irirthucls fur i.hri.kiq the iutro,.r;~tiuu r~,iiriut.s i.i: 

tu do the cal<-tilatiou twiçr .  the sri-oud tiirir ttsirig a diffrrrnt set of points in pliasr 

s p i - r .  If the fiinrtious are mrll rlrfiriecl a sLi&ing of the intrqratiou points will L i i i \ - ~  

u d y  i L  'illldl dfri't uu t h  rv~ldts.  HOIV f\*rll t h  t\W sets of ( h t a  iLO,WP Will ; t t  

Iviisr: a l o ~ w s  Iwrut 1 ou the a(-c-iira-1- of t Lr rc~siilts. Tithlr C -3  (*out ecir iuii~iv'c o f  

t h  rrrur iu iutrgratiou iisiug tLis iclra for lirliiixii at a vrlw-ity of 4 3 )  x i 1 / > .  Al1 tlir 

fiinc-tiuus aï r  sreu tu lw ive11 ~1t.fiut.d. 



Figiire C.4: 

hloyd c u r r r t - t h  to iivrriigv vrdiir for y3 ( t 1 z,,) u a fiiiii-&ii t , f  !/ ( top i i r l i i l  itc 

~~~~~tion of i i i i l ~ i~ i - t  panmirter ( l w c  toii l) .  1uitia.l t-ou(~itims are vrlo(- i~l-  = 50[1 ~ 1 1 ' 3  

and I> = 1.736.' A fur the y grapli. P h s  are givrn for the f~ilii-tiuu at thr t i i iw 

0.30s ( 10-'" sr<-uuls). The itiiyart pnraxiirter graph iuclti~lrs bdu, = 2-65 -4 iuirl 

Graiiib,,w = 3-15 -4. 



Table C.3: Effect of changing integration grids 

ariy wristaiits uf iiiotion. Tlivse shoiild reriiaiu w u s  t alir at id1 tiirirs. siric-r cliey 

tlir arciiraiy of r l w  wclr at the level of au individiral trajet-tory ( cf. Figiirrs C.2 





A P P E S D I - .  C. ERROR ESTIJL4TIOS 



Appendix D 

Flow Chart of Program 

This appendis coutaius flot\* charts for the mure iiiiportaiit sec-tims of the (-0111- 

piter program. Siibroutiur ail(i/or N.AG librarirs u s r d  arr qiiotrd. LS zsvrll as rlir 

riiatlimiatical iiirthod i~srd. if appropriate. Times qiiotrcl are approsixnatr CP C 

ti~iir spmt ou thar porriim uf tlir i-ail-iiiatiim. T h  (-al(-itlariu~i u w l  tu (lrrrriiiiiir 

rilese rilues rvab Leliiuii ar a \&city of 700 m/s ( t o t a l  time f~ r h  s>+srrm 6 

Li<,iirs ) . O thes s:-.rems wili ~ V Y  a liff~seur tiliws. TL.e t ~ u ~ n p ~ i ~ r r  1 w - v  1  va^ a i--\S 

-4lpLaStaciuu 400 4/233 tvicli 96 l1B RA11 riiiiiiiiig L'LIS 1-6.2. 



Calciilatr g( t )  and drtrrniiur timr strpa tk 

Routines: P-ATH. Y.4G DO'2L-IF Tiriir: 0.2s 5 

Spline gl ( t ) and q2 ( t ) 

Routines: P-ATH. XAG EOLB-AF Timr: 0.01 s 



D e h e  t i i w  strps tk  for tlus trajecrory 



D.2 Functions 

Define t h  fuiictioiis at the tiuirs fl dong the trajr(rtorirs. The tiirir talirli hy a 

rd tu ths rwitiiir is apl>rosiiiiatdy 0.71 sr.~-oriils. -4 k t  of t h  friwtiiius that ilrr 

d e h r d  is foitiicl in Table D.1. 

Routines: See Table D.l 

i v 

Spliiit. fiilic-tioiis owr timr 

Estrat-t ~a1.nliir of fiirictiuiis at il. storiiig i ~ i  F,,i y,: t i  1 

D.3 Average of Function F 



Func tion Roiitixw Tinw ( s i 



-1 

Defiut. FUSCTIOSS 

1 -l- 
1utrgr;rtr Fb(bI: Fi) over I): Store ii i  F ( i r )  



Routines: S2SCB. S G C B .  S.AG SIS-\EF. ';-AG SIS-AFF 

extra points fur y iritrgratiuu 

Rou tiiie: Main 
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