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Abstract

Interference is possible between the allowed dipole moment of the molecule HD and
the pair dipole moment indnced by collision with a foreign gas atom. The resuiting
line shape can be described by the sum of a Lorentzian and an asvimetric profile.
Parameters which determine the line intensity and asvmmetry can be calenlared.
The mixing of rotational levels by an anisotropic interaction potential can permit
components of the induced dipole moment that do not have the same symmetry
of the allowed moment to interfere with it. For the rotational spectrum of HD-He
and HD-Ar the effect of each compounent of the induced dipole moment ou the line
shape parameters is determined for various temperatures and rtransitions. For line
intensicy. the component with the same syvmmetry as the allowed moment always

dominates. but the effect of the other components is shown to be significant.

The line shape parameters for the vibrorotational spectrun of HD-He are calen-
lated for Pi(1). Ry(0). R, (1) transitions at 77. 193. and 295 K. To model molecular
vibrations. the intermolecular potential is assnmed to have a vibrational state de-

pendence. Line asvmmetry is fouud ro be sensitive to this dependence.

Moval quantum mechanies is an alternative to Heiseuberg or Schrodinger guan-
tum mechanics. The method yields a semiclassical expansion of phase space trajec-
tories in terms of Planck’s constant. A. The Moyal correction to the classical part

of the solution is fonnd to O(h?).

The first compnrational version of Moval ¢quantium mechanies ro calenlate av-
erage values for three dimensional svstems with physically relevant parameters is
developed. The system treated is the scattering of a Ganssian wave packet by the
helinm. neon. aud argon interaction potentials. The Ganssian is squeezed in mo-

mentum so that the momentum average can be done analytically. This introduces

v



a momentum correctzon and the Gaussian is taken to have a single initial velocity.

We examine scattering at velocites of 300-1200 m/s.

Sensitive areas of the phase space average are identified. Integrals over coordi-
nate phase space (impact parameter and displacement y) are examuned in detail.
The region of phase space which produces rainbow scattering is determined to re-
suit in the largest quantum etfects. The Moyal correction is found to be small for

impact parameters greater than 20,4600 — Oglory-

The corrections to average values are examined in detail for helium at a veloc-
ity of 300 m/s. It is shown that the Moyal corrections have an asymptotic time
behaviour which is the same as that of the classical part of the average. but thas

they may grow as t — > to dominate the total average.

The corrections to the average value are examined as functions of mass and ve-
locity. The Moval correction is seen to change sign relative to the classical pare of
the average in both cases. The momentum correction is shown to have a mass ™= de-
pendence. More complex asymptotic behavionr of the Moval correction is examined

for both rhe mass and the velocity.

Cumparisou between the size of the correction for the systems consisting of two
helinm. ueon. and argon atoms is performed. Helhmumn is fonnd to exhibit the largese
corrections.  Although argon has a mass twice that of neon. and thus might be
expected to have relatively small quantiun corrections. the corrections for argun
and neon are fouud to be comparable. This is due to the stronger interaction in

the argon potential.

v
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Chapter 1

Introduction

Classical collision dynamics are generally well understood. especially for elastic cul-
lisions. However. in many physical situations quantum effecrs can radically alter
the relative translational motion and the internal degrees of freedom of a molecule.
In the past. this gquantum nature has been dealt with in a nunber of wavs. In
some instances it 1s valid to treat the collision partuers as moving along straighe
lines. This essentially assumes the iuteraction potential is negligible as far as colli-
ston dynamics are coucerned. and this straight line approzimation ignores even the
classical deviation from a free particle. The classical path epprocimnation asswumnes
the collision partners follow trajectories which are determined eutirely classically.
This approximation is used frequently in line shape theories. and will be nsed in
Chapters 1-4 of this thesis to caleulate line shape parameters for collision-iudnced
line shapes of HD. If the classical path approximation is not appropriate for the
svstem being studied (nsually determined by a de Broglie wavelength comparable
to the interaction distance). one can look for semi-classical approcrimations to in-

corporate quantum effects. A semi-classical approach is often desirable since it is
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not as complex as a fully quantal treatment. and lessons learned from the classieal
result can be applied. In Chapters 3-6. a semi-classical approach based on Moval
quantum mechanics will be developed to treat scattering problems. The classical
path approximation will be recovered from the leading O(A") term. and the first
Moval quantum correction will result from the O(h%) term. The resnlts for sin-
gle trajectories or average values can then be examined directly to see when the
Moyal correction is small compared to the classical part. and the classical path
approximation is invalid. The Moval correction is based on the Jacobi fields and
higher derivatives of the classical trajectories. As such it is a phase space based
semi-classical formalism built aronnd classical quantities. The ability to recover
the classical path approximation and its dependence on classical quantities make
the Moval formalism a particularly suitable semi-classical extension. We begin.

however. with the HD collision-induced line shape problem.

The molecule HD. as one of the simplest heteronnclear molecules. serves an
important role in physics. Both theoretically and experimentally tractable. it often
serves as the first bridge between theory and experiment. Irs small allowed dipole
moment is a result of a breakdown of the Born Oppeubeimer approximarion -
an approximation which works very well for most svstems. This small allowed
dipole moment also allows an almost nnique opportunity to study intracollisional
interference - interference between optical transitions involving the allowed aud
collision-induced dipole moment. For most molecules these two processes can be
treated as entirely independent and mmtnally exclisive. either dine to no allowed
dipole being present (for homonnclear molecules). or to an allowed dipole moment

which is mneh larger than the collision-indneed dipole.

The HD molecule makes an important countribution to cosmology. The D/H

ratio in the solar system soon after its formation would have affected the evolution
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of solar nebula and the formation of planets. As well. this ratio wonld be a function
of the mechauism which formed the solar system [Geiss and Reeves. 1972: Gautier
and Owen. 1983]|. The present D/H ratios in the atmospheres of Jupiter and Saturn
are likely to be the same as at the time of the solar system’s formation [Tranger et
al.. 1973: Trafton.197S: Bézard et al.. 1986]. They can be determined by examining
the ratio of HD/H, (D/H = %HD/H-_,) [Tranger et al.. 1973: Bézard et al. 1936].
Various HD lines have been detected in the atmospheres of the giant planets. for
example. the Py(1) line [on Jupiter by Trauger et al.. 1973: on Uranus by Trafton.
1978] and the Ry(0) and Rp(1l) lines [on Jupiter. Saturn. Uranus and Neptune by
Bézard et al.. 1986]. To be able to convert these observed spectra into abundances
of HD. one requires a theoretical model for HD line shapes which is capable of
aceurately predicting line shape parameters at temperatures and pressires which

are found in che atmospheres of the gas giants.

The allowed pure rotational dipole moment of HD was first postulared by Wiek
[Wick. 1933]. He realized that due to its mass asymmetry. the HD molecule shonld
pussess a dipole moment that wonld not exist within the Born Oppenheimer ap-
proximation. Since the dipole moment is e entirely to the coupling of nuclear and
electronic motion it is very small. on the order of 1071 Debve for the fundamenral
band. Experimenral verification of the existence of the HD dipole moment had to

wait until 1949 when Herzberg [Herzberg. 1949] detected the 2-0 and 3-0 bands.

In the early 1970°s McKellar investigated the spectriumn of gaseons HD at a temn-
perature of 77 for the fundamental and first overtone bands for densities from
I to 60 amagat (1 amagat = density of perfect gas at 0° C and 1 atmosphere)
[McKellar. 1973]. The line shapes he found could be represeuted by a Fauo profile
- the sum of a Lorentzian and an asvmmetric dispersion line shape. At low densi-

ties the profile was Lorentzian (symmetric). but became more asyvimmetric at high
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densities. He tentatively ascribed the asymmetry to the interference of contimuun
(collision-indneed dipole) and discrete (allowed dipole) transitions. His estimates of
the allowed dipole moment for HD for the R,(0) transition. 0.49 x 107* D [McKel-
lar. 1973} and 0.315 x 107 D [McKellar. 1974]. agreed well with the experimental
value of Bejar and Gush. 0.42 x 107* D [Bejar and Gush. 1974]. bur did not agree
with the theoretical values. 0.80 x 10~* D [Poll and Karl. 1973]. 1.106 x 10~ D
[Wolniewicz and Kowalski, 1973].

In the following vears. more accurate theoretical estimates of the allowed dipole
matrix elements were made. Wolniewicz [Wolniewicz. 1976] obtained valies which
agreed with the experimentally obtained ones for the fundamental and overtones
bands. but disagreed for the pure rotational band. Similar resnles were fonnd by
Ford and Browue 'Ford and Browne. 1977]. Theoretical estimates of the allowed
dipole moment for the Ro(0) transition were —8.36 x 10~ D [Wolniewicz. 1976].
—8.31 x 10~* D {Ford and Browne. 1977]. and —8.65 x 107" D [Bishop aud Che-
ung. 1978]. As is plainly evident. the theoretical estimates agree quire well. The
experimental vahie was lower. —3.85 x 107% D [Tretler and Gush. 1968]. This dis-
agreement hetween theory and experiment for the pure rotation band of HD was

pnuzzling.

Interference between collision-induced dipoles and allowed dipoles can be present
in systems with an allowed dipole [Mckellar. 1973]. but is nsually masked becanse
of the large size of the allowed dipole. For HD. with its small allowed dipole mo-
ment. this is not rhe case. This effect (known as intracollisional interference since
it vuly veenrs diring a collision) was observed experimentally and first inrerprered
theoretically in the spectrnm of HD-Kr in 1976 by Poll. Tipping. Prasad and Reddy
[Poll et al.. 1976]. They found that intracollisional interference can be either con-

structive or destructive. that the spectral profile has a width that is the same order
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of maguitude as the allowed line. and that the effect s more important at high

density.

Tipping. Poll and McKellar [Tipping et al.. 1978] later investigated the intracol-
lisional interference effect for pure HD. Their theory used adiabatic separation of the
relative translational motion from internal degrees of freedom and the non-mixing
of rotativnal levels. They postulated that the descrepancy between theoretical and
experimental valnes for the permanent allowed dipole moment of HD was due to
destructive intracollisional interference, an effect which must be taken into account
in determining allowed dipoles from experiment. As well. they obtained excellent
agreement with experiment for the R(1) line. but not very good agreement for the
R;(0) line. Due to the asvmmetrical line shape for R, (0) they concluded that rota-
tional level mixing was important and should be included in the caleulation. By the
late 1970°s. with the papers by Herman [Herman. 1979] aud Herman. Tipping and
Poll [Hermaun. et al. 1979]. the theory of intracollisional iuterference within the
classical path impact formalism with the approximation that no rotational levei
mixing ocenrs and incliding intercollisional interference (interference of collision-
indnced dipoles in successive collisions [Van Kranendonk. 1968]) was formed. This
theory of intracollisional interference was able to improve the agreement between
theory and experiment for the allowed dipole moment in the pure rotation band.
bt was not as successful in determining the interference parameters of the Fano

profile.

The early 1980°s saw considerable work in experimental intracollisional interfer-
ence in HD systems. Nelson and Tabisz [Nelson and Tabisz. 1982: 1983] performel
detailed experimental work on the pure rotational spectrum of HD and HD-rare
gas mixtures. Rich and McKellar [Rich and McKellar. 1983} examined the funda-

mental spectrum of HD and HD-X (X=He. Ne. Ar) at 77K. while McKellar. Johns.
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Majewski and Rich [McRellar et al.. 1984] observed the pure rotational spectra for

HD and HD-Ne at 77TK.

The theoretical understanding of intracollisional interference was improved in
the mid 1980°s by Tabisz and Nelson [Tabisz and Nelson. 1983]. who made the first
attempt to include rotational level mixing. Their method included rotational level
mixing through the anisotropic part of the interaction potential at the time when
the induced dipoles act. This inclusion of mixing improved the agreement between
theoretical and experimental estimates of the interference parameter for R,(1) [Ma
et al.. 1988]. There followed again a series of experimental work. most notably
the pure rotational specenun of HD and HD-X (X=H,. He. Ne. Ar. Kr. Xe. N,) at
295K by Drakopoulos and Tabisz {Drakopoulos and Tabisz. 1987a: 1987b]: McKellar
[McKellar. 1986] on the pure rotational spectrum of HD at 295K: aud Ulivi. Ln
and Tabisz [Ulivi et al.. 1989] for the pure rotational spectrum of HD. Althongh
improved. there still existed a descrepancy between theoretical and experimental

line shape parameters.

In the early 1990°s the theory of intracollisional interference for the pure rota-
tional spectrnum was improved by Gao. Tabisz. Trippenbach and Cooper [Gao ¢t
al.. 1991]. This treatment is notable since it included rotational level mixing at any
time during the collision. ie. propagation. The theorv also rednced ro the previons
theories of Tabisz and Nelson [Tabisz and Nelson. 1983] and Herman. Tipping Poll
[Herman et al.. 1979] as limiting cases. The theory was applied ro HD-X (X=He.
Ar) svstems by Gao. Cooper and Tabisz [Gao et al.. 1992] and agreement with
experiment was unproved over that of the previous theories. An experimentally
evident .J dependence of the line shape parameters for a fixed temperatnre was
present in the results. a feature not reproduced in earlier theories. This theory

forms che basis for the research which is carried ont in this thesis.
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This thesis will advance the theory of intracollisional interference on a miumber
of fronts. It has already been established that inelastic collisions and collisional
propagation are important contributions to the interference effect [Gao et. al. 1992].
Inelastic collisions enable induced dipole components which do not have the same
svinmetry as the allowed moment to contribnte to the interference effect. We will
look at the role of the individnal indueed dipole moment components in collisional
interference in detail for the pure rotational spectrum of HD-He and HD-Ar. As
well. the theory of Gao et al. will be extended to treat the vibration-rotation

spectrum of HD-He mixtures.

There are features in the experimental data which are not fully explained Ly the
present theory of intracollisional interference. Oune method of improving the ctheory
1s obvions. The collision-indneed dipoles and interaction potentials are largest at
closest approach along any single trajectory. The classical path approximation is
least valid in precisely this region. where interactions are the strongest. A method
of incorporating quantum effects into the collisional average shonld improve the
results. As a step to this end. a compnrational form of Moval quantnm mechanics

1s developed to treat scattering problems.

Moval guanmum mechanics is a fornmlation of quantum cheory ser in classical
phase space and based on classical How. Equations of motion that mnst be solved
are similar to the classical Hamiltonian equations. and the time evolution vperaror
is found in terms of an fi-expansion.

In 1927, Weyl [Wevl. 1927] presented a procedure which maps the classical
function A to an integral operator A on the Hilbert space H = L*([R?) [Voros. 1978}
In 1932, Wigner [Wigner. 1932] introduced a transform which was the inverse of the
Weyl transform. mapping operators from the Hilbert space H to functions vn the

classical phase space [Carruthers and Zachariasen. 1983]. With the development of
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the star ( *. or twisted. or Weyl) product for svinbols by Groenewold [Groenwald.
1946] which gave a method for finding the Weyl svimbol for prodnets of operators.
the stage was set for the development by Moval of a quantization procedure based

on the Wigner-Weyl correspondence [Moyal. 1949].

Traditionally. time evolution of the system has been determined by the Poisson
bracket method [Prosser, 1983: Estrada et al.. 1989]. Dne tu the complexity of the
equations for time evolution found from the Poisson bracket method. the emphasis
has been on developing the algebra of Moyal quantum mechanics and not on solution
of physical systems. Treatment is nusually restricted to one dimensional systems with

simple potential interactions [Braunss and Rompf. 1993].

In 1993. however. Osborn and Molzahn [Osborn and Molzahn. 1995] developed
an alternate to the Poisson bracket method. the cluster-graph erpansion. This

resulted 1n simplified equations of motion to be solved.

In this thesis we begin with the results from the cluster-graph expansion and
develop a formulation of Moval quantium mechanics which is capable of treating
three dimensional dynamical evolution. Average valnes for the scattering of a three
dimensional Ganssian under helinm. neon. and argon interaction potentials will be
caleudated. The tools and computer code which are developed can be nsed in the
future to treat collisional problems in a semiclassical manner for any theories which

requires such. including line shape theories and dipole moment expectation valnes.
q g p P P



Chapter 2

Theory of Collisional Interference

2.1 Allowed Dipole Moment of HD

The allowed (sometimes referred to as permanent) dipole moment of HD was first
postulated. and a theoretical estimate of its strength made. by Wick [Wick. 1933].
His estimate of rhe dipole moment for the fundamental band involved trearing the
uonadiabatic contribution as a perturbation. Althongh Le neglecred some conrribn-
tious which tiurned one to be important. e was able to identifv the HD permaneunr

dipole as a purely nonadiabatic effect.

A calculation for the allowed dipole moment is presented which employs the
Born-Oppenheimer approximation - involving separating the electronic and nnclear
motions of the molecule - to obtain adiabatic wavefunctions. These wavefunctions
are used in a second order perturbation approximation to estimate the allowed
dipole moment. The only nonvanishing contribution is from a term in the Hamil-
tonian which mixes electric and nuclear components. i.e. from a breakdown in the

Born-Oppenheimer approximation.
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An overview of this caleulation follows. The Schrodiuger equation for the sys-
tem. after the separation of the center of mass coordinates. is [Bunker. 1968: Tipping

and Poll. 1985]:

HY(r:Ff) = E¥(r.7r). {2.1)
where
H = Hy,+ H (2.2)
h? . . .
Hy = —5—(Vi+V+V . (2.3)
2m,
H = H +H,+H;. (2.4)
h? R
H = ——(Vi+ V)%, (2.3}
St
2
H, = _h_v;' ) (2.6)
- 2u
1 h-, — = =
H, = —)—-—V,(V,+V_») (2.7)
2,
where
MM
o= —a8 {2.3)
M, + Mg
Mg ,
= —. 2.9
e = Y1 Al (=)

where F = (1.2) are the electronic coordinates. 7 are the nuclear coordinates. m, 1is
the electron mass. My and Mg are the nuclear masses. p is the reduced mass. p,

ts the mass asymmetry. and V7 is the total potential.

The Boru-Oppenheimer. or clamped nwclee. Hamiltonian H,y satistes
HUOu.’\(‘E: F.] = E,,,-\(")O"‘\(.E: ’T.) . l:?..lO)

where o,, is the electronic part of the total wavefunction. and n.\ are electronic

quantum numbers.
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Figure 2.1:
Coordinate systems for the allowed dipole moment of the HD molecule.
(' : space fixed frame

O : molecular frame located at center of mass. z-axis along HD axis
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To separate the rorational motion one may transform the Hamiltonian ro the an-
gular momentun representation by assuming (Kolos. 1973: Kolus and Wolniewicz.
1963]

J
J J :
T = > Qf.ul. (2.11)

A==J

where the u{ depend only on the relative positions of the particles. and Qf, | are
eigenfunctions of the operator of the total angular momentum .J? (quantum nnmber
J). of its component in the direction of a space fixed axis .J.. (¢quantnm nnmber
M). and a component of the electronic angular momentum in the direction of the
molecular axis L. ( quantum number \} (Figure 2.1). Since L. does not commmte
with A’. the Hamiltonian in this representation will be noudiagonal. The adiabatic
approximation neglects the off diagonal terms. The total wavefunction is written

as [Tipping aud Poll. 1985]

V-

2 +1
AD -/ T SV tn\)
¥ = [ ] Q,\l,\ Dual\es -

ol

= n\rJM). (2.12)

! are nuclear adiabatic wavefinctions. v.J are nnelear (uantum nnmbers.

A
where \(L':,
The adiabatic wavefunctions are used as a basis to determine the nonadiabatic

corrections via perturbation theory.

In a constant electric field. F. the Hamiltonian is modified to:
H=H,+H -3 -F. (2.14)

where f7 is the dipole moment operator of the molecule. The dipole moment oper-

ator 1s given by:
- . O0H -
= lim—. (2.13)
Fau OF
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Second order perturbation theory allows the expansion of the energy of the
molecule. and application of Equation (2.13) yvields the result:
gy = S ML T T M\ e Ty M)
"I.\I",IJI"II Eﬂ'.\'l."j'.\l' - El
L Z, (raNeri AL g0 N T MY NP T MV H (g Npepd s My)
[TUARS LAY En’.\’:."J'.\I’ - Ef

(2.16)

where the prime on the summation indicates that states which vield a zero denomi-
nator are not included. The vibrorotational band of HD involves transitions within
the gronnd electronic state (n = .\ = ). Equation (2.16) simplifies to:
g 1 p
o (00v, LM H |0 X" T MY (' X" T M 000 T p M)
@an = ¥ . .
YAWTINARY L [TURRA TV LAY L :
, (00v; J M| @fn' X et T MY (0 X' TP M H (000 T M)
+ > .
WA S M Ewswny — Ey

(2.17)

For the dipole to be nonzero we require the matrix elements in Equation {2.17) to be
nonzero. The gronnd electrouic state of HD is X' 7 which has an even inversion
svinmetry. The intermediate states in Equation (2.17) therefore mnst have an odd
inversion svmmetry. since the dipole connects states of differenr pariry. The ouly
term in Equation (2.4) for H' that has odd symmetry is the term Aj. This term
couples the electronic and nuclear motion and as such would be ignored in the
Born-Oppenheimer approximation. Notice that for svmmetric molecules (like Hy)
we have M, = Mg and the mass asvinmerry is infinite. This leads to A3 = 0. and
no permanent dipole moment. The fact that the allowed dipole momenr of HD ix
e purely to nonadiabatic effects is nnlike the nusnal case for polar molecitles where
the permanent dipole moment exists within the Born-Oppenheimer approximatiowu.
The smallness of HD's allowed moment (~ 107 — 10~* Debye) can be traced to

this fact.
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The dipoles nsed in this research (Table 2.1) are from Ford and Browue [Ford
and Browne. 1977]. who employed a sum over states technigie to obtain numerical
estimates of the dipole moments of HD. Since the molecular = axis points from H

to D (Figure 2.1). a negative allowed moment implies H*D™.

Band Line

P(1}  R(0) R(1)
0-0] —S.306 -8.306 —8.297
1-0! +0.485 +0.360 +0.394

Table 2.1:
Allowed dipole moments of HD. Taken from [Ford and Browne. 1977].

CUnirs: 107! Debye.

2.2 Collision-induced Dipole Moment

Induced dipoles are creared from distortions of the electronic charge disrribitious
of colliding molecules. These distortions are small. and hence the indiced dipoles
are small. on the order of 107'-107" Debve at 1.5 A separation. and drop off rapidly
with increasing distance. These distortions arise from three types of phenomena:
multipolar induction. electron exchange. and dispersion interaction [Buckingham.
1967].

Long range multipolar induction is due to permanent multipoles of the colliding
molecules.  The presence of the multipole moment on one molecnle distores the

electron charge distribution of the other molecide and polarizes it. The indneed
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dipole is given by:

—

fi=a-F. (2.18)

where E' is the multipole field of the first molecnle. and & is the polarizability of
the other. This inditced moment is proportional to R=¢+?) where [ is the order of

the mnltipole (I = 1 for dipole. [ = 2 for quadrupole. { = 4 for hexadecapole. etc.).

Electron exchange is a purely quantum mechanical effect. When two molecules
are close together. their electron clouds will overlap. Since electrons are subject
to the Pauli exclusion principle. some of the electrons will be excliuded from the
overlap region. This lowering of the electron density results in a charge traunsfer
and an overlap indnced moment. Electron exchange is possible only when the rwo
molecules are very close together. and as such has a roughly exponential distance

dependence. erp(—aR).

Dispersion interaction results from correlations between electron deusity fhnctn-
ations in the two molecules. At any instant. a molecile posseses an instantaneons
electric dipole which fluctnates as electron deusity Huctuates. This electrie dipole
indnces a dipole on the other moleenle. The two dipoles (indneed and indineing) -
teract to proditee an arrractive force. This foree leads to a dipole moment funcrion
which can be expressed as an inverse odd power expansion in the inrermolecnlar

distance R.
D_—R_‘--i-Dl_,R'”-,L--- . i2.19)
We will heein by looking at the toral dipole of a binary Ho-H, collision.

When two molecules are close enough to interact with each other the electric

dipole moment of the system is given by

l?(FleR.) = [ () + () +,‘71(Fl’.'ﬁ~) . (2.2
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where Z,(7) is the permanent dipole moment of molecule 2. @77 R) is the indnced
dipole moment of the pair. the coordinates r, are internnclear distances. and R is
the mtermolecular distance (see Figure 2.2). This dipole is defined in terms of the

adiabatic approximation for electrons. (¢f. Equation (2.12))

iR R) = (24P |7 el) | (2.21)
One can expand the spherical dipole components p, (pg = gz. and pey =

F(pe £ ipy)/V2) of the induced dipole moment in terms of a suitable basis. usnally
the spherical harmonics of wy. «». and Q. the angles giving the orientations of rj.
. and B respectively. The function

YJ‘.(;'\IL’\I,.'I...&_'. ) = Z C(AN A omomaomy +mey)

g s M

x CtN. L. T:my +ms. M. q)

[ 8]
[RV]
(™)
—

X }:\l.rn] ("-"l '}t\:.ru—_:(*"".')}}_..\ltszl . [ .2

is a tensor of rank .J. The C’s are Clebsch-Gordon coefficients. and the Y s are
spherical harmonics. Since the dipole momeut s a tensor of rank vne. we can

expand g, as

— (47)3/? . .
AR B) = B ST AN AL RN () L 2.23)
\/§ ArAa LA

for some A\(MA2L:rraR). These Ay(AAxL:rrR) are the dipole components.
They are a coordinate system independent classification of the dipole momeunr.
The factor of (47)%/3/ V3 has been introdnced so the average of 2 over all angles

15 38 anra v A AL rp ey RY? [Poll and Van Kranendonk. 1961].

The total dipoles for molecule-molecule systems are given by:

() E 1M AL mR)
SAANvApARL T
\/'—.; A Lo

;tqfﬂl—'}ﬁ,) =
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3

. 3 ).
Fioure 2.2:

H,-H, collision coordinates
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x Z C(\N. L.l 4+, M. g)

my.my. .\

X C(A Az . \imyomy.my + my)

x }:\[ Jany (“"1 )}:\2 .m-_-(“""l)}-l...'vl( Q) .
or equivalentiy.

-~ 5 (47)Y/?
/lq(l’ll'_’R) = Z '-lv\(’\l’\'.’L: I'll'_-R)
\/i AAa LA

x > C(\.L.l:g— M M. q)

ma M

X CAr. A Nig— M —-my.my.q— M)

X YN =t =ina (1) Yoy ma (w2) Y2 4 () .

(2.23)

Equation (2.253) is obtained by using the condition m + miy + M = ¢ which

is imposed by the Clebsch-Gordon cuetficients. Triangle conditions N(AL1) and

-

A(AALN) are also imposed [Rose. 1937].  As well. parity considerations foree

At + Ay + L to be odd. and for homonuclear diatomic molecndes Ao A, and A

mrust be even.

In Eqnartion {2.22) we coupled «y to w,. and then coupled the resnle to Q. Orher

couplings exist which wonld lead to different expansion coetficients. Specifically.

conpling < to Q and the result to wy vields:

(47‘_)3/2 ,
\/§ E -"..\{Al/\"_lL:r|,'_}R) X
* Ar.Aa LA

Z ClN A Limy + Mo, q)

my.ana M

X CALLo oy Momy + M)

[lq(l-"ll'-'._lé) =

X }:\1 q=M —imn- (""l )}:\:.mg (w2 )}}.\I( Q) .

and conpling «» to Q and the result to o) vields

(47)** "
7 S AUN AL R)
. ArAal LA

“-q(’-:l’?.’R) =

(2.26)
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X z ClA. M Lima+ Momq)

my.ana M

x ClAe. L. Xons Moy + M)

X }:\l qg—-M—m> (“‘.l )}:\'_).le(““;’ )}-L..‘vl( gz) - ’ —'.—.‘-)
The different dipole components are related by [Tipping and Poll. 1983]:

AvMALinrR) = Y20+ 12V + 1) ALL: ALY
AY
X . t(,(/\l/\gL:I'll'gR) . (2._).8)
CED (S At (PATS TRAUES SIL 120 SV PYSAWRY
\1

x.-lf\l(l\l/\':L:r.!’-_lR) . (2.20)

where V™ are Racah coefficients [Rose. 1957].
The importance of these other representations will become apparent later.

We now have an expansion for the total dipole moment. but it remains to
calenlate the coefficients Ay (A Ao L: rraR). We will now disenss some nomenclatire
and multipolar induction i some detail.

The indnced electric dipole is given in general by Equation (2.13). The second
rank polarizability tensor & can be split into isotropic and anisotropic parts. The
anisotropic part can again be split into a symunetric and antisymmetric part. The

electric potential at point R due to molecnle 1 can be expressed as

i . . N
2 + 1}""'{“"| 1Y 5.082) (2.3

VLR =3 Q) R

{.”l

1) - - . .
where Q" is the multipole moment of molecule 1. From this potential we can deter-
mine the electric field at R due to molecule 1 using E{!) = -V, - &), Contracting

this with the isotropic part of the polarizability of molecule 2. a?)(r,). we obrain



CHAPTER 2. THEORY OF COLLISIONAL INTERFERENCE 20

the contribution to the dipole moment:

3
x Y C(LU+ L Lim Moq)Yim (w) Yiea(Q) (2.31)

m.\

[+1\'"° .y
! o= 4T (—Tl) (=1 Q"R o )

Comparing Equation (2.31) with Egnation (2.23) we find that this courribnrion

comes from the dipole component

(1) (2)(
lQr (ri)a'='(r;) 5 -
-1) R+ . (2.32)

A(L0. L+ 1:rmR) = (L+ 1)V

This component results from isotropic multipolar induction of order [ (isotrupic
since it came from the isotropic part of the polarizability: order [ since it wmvolves
the multipole moment Qfl)). Similarly. the isotropic part of the polarizabiliry of
molecule 1 interacts with the eleceric field from molecule 2 to give the dipole com-

pouent:

(2.33)

@ at i)
) Ri+2 :

For { = 0 (charge induction). hoth these mechanisms contribute to Ag(00L: rr, R .

A0 LI+ 1:mmR) = —(I + 1)/

Since theyv have the same angnlar dependence the two mechanisins will inrerfere
with each other. Charge induction wonld involve the inreraction of rwo charged
ious. and although it may be important to the spectrun of irradiated solid H,. it

would not arise in gaseous H,.

An induction mechanism which would be significant to the spectrmm for gaseons

H, would be isotropic quadrupolar induction. given by the dipole componenr

e Ya2 e,
-'{-_1(2.0.3: I'll'-_JR) = \/§ Q- (,[];:! (,-v . (234)

This dipole component is due to coupling of the isotropic part of the polarizabiliry

of molecule 2 with the gnadrpole part of the electric field generated by moleenle
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1. A similar component. A4,{0.2.3:rr,R). is alsu present where the roles of the
molecules are reversed from above.

Other dipole moments will arise from different mechanisms and hence have
different names. Ditferent A, components will have different angular dependences

and therefore will not interfere with each other.

We have already seen that HD has a nonzero allowed dipole moment. The
allowed dipole moment of molecule 1 has angular dependence «;. There exists an

induced component with this same angular dependence, the 4,(100: ;) component.

-
. = . )
Kol i) =\ 00100 gl ) (2.33)

For homonnelear molecules this component is zero.

At chis point it would be beneficial to elucidate the differences berween HD
and H,. For H,. the center of mass (c.m.) and center of charge (c.c.) coincide.
However. the center of mass of HD is shifted away from the centrer of charge due
to the presence of a nentron in the denrterinun (the charge distribntion remains che
same). This facr allows one to obtain the HD-X iudnced dipole moment relative to
the center of mass of the HD molecnle from the H-X indnced dipole momenr via

a shift i coordinates. (Figure 2.3).

-

5 = R T (![ - l[-_) . ‘2.36’
The HD induced dipole moment is given to first order in o — ., as

;151[)—'\ (mmRBR) = ,u:l:"'\ (7S)

= (1= (i =dy)- Spuf= (AR . (2.37)

The (dy —da) -V-"R,uf:"'\'(f'} 7 R) can be expanded in the Yl"\,;'\g[“‘\ basis with a shifred

induced dipole componeunt given by {Tippiug and Poll. 1983]:

.-l,\(l. /\-_g.L +";ZI'1]'3R) = 411[0_[;.4_,\(,\1/\,&rlr-_,R)](—l)L""\—l X
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"1

Figure 2.3:

HD-HD collision coordinates
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(201 + 1)(2\ + I(2L + 1)(2\ + 1)]'/?
X C(1L.A.L0.0.0)C(L.L.L++:0.0.0)
x WA AN W (L +5LAN:1.1) . (2.38)

and

AMMNGL L +immR) = L[OEAVN ML R (-1
X [(2h; + )2\ + 1020 + 1)(2) + 1))V
X C(1.X2.0:0.0.0)C(1.L.L +~:0.0.0)
X W(LLAN s MWL + LAN: 1.1 . (2.39)

The index 5 = %1. and the Of operators are given by

d L
0o = — =, (2.40)
t dr R
L _ (_[ — L_+l_ 2115
oz, = e 7 (2.41)

These shifted dipole components introdnce odd powers of A.

In this thesis we will be dealing only with HD-atom system (Fignre 2.4). Equa-
tion (2.24) simplifies since s = 0 aud J; = r /6. We can approximarte ry ~ r,.
where r. 1s the equilibrinm separation of the HD nunelei. The coupling sunplifies
since in this case ry = 0. Ay = 0. and Ay = \. Therefore Equation (2.23) rednces
to:

ll,’(l-'-lﬁ) = 4 .{_\(-\L: !'IR) Z(—l)l-q

\WL m

1 A L . )
x }.\.q—m(aJJJ)L_.u(Q) (2.42)

—q q-—m m

where &) =« = (6.0). and the Clebsch-Gordon cuefficient C has been replaced by a

3-j svmbol [Rose. 1957]. The nnmerical estimates of the induced dipole components
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HD-atom collision coordinates
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for HD-X (X=He. Ar) are given by Borysow et al. (1988). Thev emploved a swum
over states technique. The A coefficients are replaced by analogous B coefficients

which include a vibrational average:
AL R) = (| As( M A LirraR) |0 (2.43)

where ¢ and ¢’ denote initial and final vibrational states of the HD molecnle.

2.3 Collisional Interference

For most gases. allowed lines usnally have an intensity that is mneh lareer than any
collision-induced intensity. Thus. interference effects between the two transitions
are negligible.

We have seen that the small permanent dipole moment of HD results in tran-
sitions which are comparable in magnitude to that of collisivn-induced transitions.
Thus. interference between these two processes is possible and ohservable for HD

Poll et al.. 1976].

The most recent theory which models HD-X collisional interference [Gao ot al.,
1991] incorporates the impact and the binary collision approximations.

The spectral profile looks in general like a broad backgronnd with a series of
spikes corresponding to transitions between the molecular energy levels of the radi-
ator (Figure 2.3: this Fignre will be discussed in more detail in Chaprer 3.1). The
mpact approxXimation assiunes that we are only interested in a region near the line
center of one of these spikes. Mathemarically. this corresponds to assiuming that
for the frequency of absorption (ur emission) the detnning is small compared to the

inverse of the collision duration [Burnetr. 1983]. That is.

Ar. < 1.
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Figure 2.5:
Sample spectrum for the absorbance of HD at 30 amagat and 195 K. From Ph.D.

thesis of Z. Lu. LY9L.
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where A = & — &, is the detuning and 7. is the duration of the collision. For
rotational HD in the pure band the detnning is of the order 10" Hz and the duration
of the collision is 107" — 107" seconds. so this condition is satisfied.

The binary collision approximation [Alber and Cooper. 1986] reduces the system

nnder consideration from a gas of N perturbers aronnd a single radiator to a collision

between a single perturber and a single radiator.
The thermal motion of the particles of a gas will cause the particles to absorb

at slightly different frequencies and give rise to Doppler broadening [London. 1983].

This results in a Gaussian line shape with a full widch at half maximum given by

[E1

ey T In2
_kaln_,) . 944

>
e

BDoppler = 2wo (
which is independent of gas density. For the pure rotational spectrnm of HD.
at a temperatnre of 295 K. the Doppler broadening of the Ry(3) line will he
Bpoppter = 3.5 x 107 em™'. Experimentally. the broadening coefficient of this
line is fonud to be 1.8 x 107 em~!/amagar [Drakoponlos and Tabisz. 1987:. For
densities above 10) amagat the Doppler broadenineg will be a factor of 100 smaller.
and completely negligible. Doppler broadening is therefore not inclided in the

theory of iutracollisional interference.

The theory nsed to model the collisional interference is dne to Gau. Tabisz.
Trippenbach. and Cooper [Gao et al.. 1991]. It contains provisions for m and .J
mixing and collisional propagation. and redices to the pioneering theory of Herman.
Tipping. aud Poll [Herman et al.. 1979].

The svstem cousidered is a single neutral radiator (HD) in a bath of .V neucral

foreign perturbers (X=He. Ar. Ne. ...) immersed in a radiation field. The radi-

ation field consists of modes with wave vector k and polarization vector A. The
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radiator has closely spaced vibration-rotation energy levels. and the perturber has
widespread electronic energy levels. The perturber thius remains in the same energy
level for the duration of the collision. while the radiator can change energy levels.
resulting in absorption or emission.

The system is solved via a master equation formulation { Alber and Cooper. 1936}
in Liouville space [Burnett. 1983]. The density matrix of the gas is constrneted. aud
the evolution of this density matrix is determined in the presence of the incident
radiation. Solving the master equation then yields the absorption and stimulated

emission spectra.

The absorption coefficient is given by:

4-‘1—..‘,' —dhw .
alw) = ng (_37{2') (1 —e?™)P(J,)
x Re [i(A +iv) o + npa N peHp + n,,,u_»}} . 12.43)

where J = 1/AkgT: « is the frequency of the incident light: ~, is the molecular
transition frequency: N = w—u, is the detuning: P(.J) 1s the normalized Boltzmann

distribution: n, and ng are perturber and radiator unmber densicies.

The complex line broadening coetlicient < is given by:

. g1
.". —_ ”p l — Z (_1 )Iu,-g-lu. 9
m,._q.m.g.m’_.ml’, —'Hl,:, q IIL;
J1 . L _
X (Jem |S|Teme)(Jym i S| T,mg) (2.46)

—m. q m, u
e

where S iIs the S matrix for the collision between the radiator and perturber, and
|Jm) are spherical harmonic wavefunctions for HD. The subscript coll mmplies a

collision average.

(Flou = / dv -LTI'I.‘:‘LL‘(U)‘/" ds 27s F. (2.47)
) u
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where

[E11 %

2 m —me?

w(e) = \/? (Z;T) c'rp(2k8T> . (2.48)
where s 1s impact parameter and ¢ is velocity. In forming this collisional average
the classical path approximation has been used. The classical path approximation
[Allard and Kielkopf. 1982] assumes that the trajectories the particles follow dnring
the collision are given by the classical solution to the Euler-Lagrange eqnations
for the perturber-radiator system. For many systems this approximation is good.
but for systems with a small reduced mass and small velocity (temperature) this

approximation wonuld not be valid (see Chapter 4).

The rednced matrix element for the allowed dipole moment of the radiator HD

1s given bv:

HHD = <]"'||/2HD”]_']> . (2.49)

The dipole moments g; and g, are functions of the collision imdnced dipole

OPerator fi.:

1, ~
,U[ — Z ( —]. )J— —Imn. g / (lt()t-‘-‘—gfﬂ
m..q.n, —m. o My -
x [(.Lm,,;c'“(tu. —x) [alto)] U (to. =) Jymg)" (2.50)
7 coll
and
fy = Z;L-_;p(.]‘)é —3E-Ey) (2.51)
j,
where
J.o1 ., -
ol =X (=1 T e 2.52)
n..qangy.m, —Me q My -
X [(.Ln:eli'l(x.to) [ﬁ,’.(tu)]q C"'(tu.—:x:)|.],-m,)(.lgmg{5|.],m,)' .
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The superscript I on the collision indnced dipole operator indicates that the inter-

action representation with respect to the radiator HD is being used:

il = tHunty ¢—tHuot (2.33)

The absorption coefficient may be written as a Fano profile - the sum of a

Lorentzian and an asvimetric dispersion profile:

-
A

alw) = ne ( 3,»l) (1 — e ™) P(J)lunol®

Bn,/«w
(3 = 8ny)? + (Bn,)?
(A — Sn,)/w

- (enp + (ln;:)

(A —Sn,)? + (Bny)?

(L +an, + bn:) (2.34)

where
s = n,B+iS). (2.53)
o=y + iyt - (2.56)
e = yh+iyy . (2.57)

are complex and the real parameters «. b, ¢. d are given by:

¢ = (y+4y)/1Hn - 12.58)
b =y —ylud )/ i - (2.59)
¢ = (y +y)/uuo - (2.60}
d = (i +yiv) b - (2.61)

The line shape (Equation (2.34)) is seen to be a Lorentzian at low perturber
density but can become more asymmetric as the perturber density increases. By
determining the dipole moments g and g one is able to find the line shape param-
eters given in Equations (2.38) - (2.61). Details of how this is accomplished will be

found in Chapters 3 and 4.



Chapter 3

Role of Induced Dipole: Pure

Rotational Spectrum

The theory of Section 2.3 has been applied to the pure rotational spectnun of HD-X
(NX=He. Ar) systems [Gao et al.. 1992]. The inelastic effects dne to mixing were
shown to be essential to the final line shape. In the present chapter we will expand
upon these results and determine the effect that each individual componenr of the

mdneed dipole has npon the final line shape.

3.1 Theory

We begin with a short disenssion on nomenclature. As we have seen. the spec-
tral profile looks like a series of spikes (corresponding to transitions bhetween rhe
molecnlar energy levels of the radiator) on a broad collision-induced backgronnd
(cf.  Figure 2.3). The selection rale for absorption for pure rotational transi-

tions of a molecule is A.J = +1. or J; = .J; + 1. For the pure rotational spec-

31
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trum these transitions are labelled Ry(.J;) = R(.J). The energy in wavenumbers
is given approximately by E; = Bo.JJ(JJ + 1), where Bp is known as the rota-
tional constant. Therefore the wavenumber of the Rg(.J) transition is given by
wy=E; —E; =E;p— E; =2Bo(J + 1) If the rotational constant is known.
the location of the transitions for the spectrun is given roughly by 2By(.J +1). For
HD. B, ~ 45 em™". and the transitions veeur at <, ~ 90 em™! (Ry(0)): = ~ 130
e~ (Ro(1)): wo ~ 270 em™! (Ry(2)): etc. (cf. Figure 2.3). Note that Figure 2.5

includes the shift. which increases as T increases and depends on gas density.

There are two main inputs to the calculation. They are the semiempirical
adiabartic intermolecular potential and the pair induced dipole moments. We will

dliscuss both in detail in the following sections.

3.1.1 Intermolecular Potential

For the case we are considering - a linear molecule treated as a rigid rotator inter-
acting wirth an atom - the interaction potential depends only on the magnitnde of
the vecrtor B counecting the center of mass of the molecule and arom and the angle
O between B and the moleenlar axis. This potential can he expanded as:

~

V(R.Q) =Y V(R)P(cusO) . (3.1)

k=0
This full putential should be used to calenlate the trajectory and rotational transi-
tions in the HD molecule. A semiclassical approximation is nsed and we split rhe
potential into isotropic and anisotropic parts:

1Oy = 1ONR). (3.2)

{!

Vi (R Q) VS R)Pi(cosQ) . (3.3)

[~]

»
]
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The tsotropie part is used to determine the classical trajectory that che atom follows
during collisions. The anisotropic part is nsed ro form the time evolution operator

for HD rotational transitions [Sakurai. 1983]:

zﬁTL (t.t") = VES L RN e t) . (3.4)

where we are working in the interaction representation
L"(anx) I(ﬁ(t)) = CiHHDtL.‘(nni)(R'(t))e—!HHDt ) ('3'5)

The classical trajectory determines R(t). For the HD molecule in its gromnd elec-
tronic state. the rotational wavefunctions are the spherical harmonics. The ma-

trix elements of 1719 are obtained using the spherical harmonic addition theorem

[Rose.1957] (cf. Figure 2.4. @ =8yp — Oy ):

172
(S Ve L Imy = (=™ (20 + 12T + 1)]'? Z[u } X
— |2k

7ok g [k
—m' ' =m m J 0 o 0
X Y a8t ot ) VR . (3.6

where At} = Oyit) and () = ox(t).

Accurate, modern Ha-atom potentials are available. It is a simple matrer ro
obtain the HD-atom potential from these potentials if nonadiabatic couplings are
ignored. The HD-atom potentials are related to the H:-atom potentials throngh a

shift of the origin to the center of mass of HD. This results in [IKreek and Le Roy.

1975]: .
2+ 1
I;{L[))-\\R) =

-1
/ Viae v (R £ 1 Pel) (3.7)
-1

where
R = (R*+ & +2Rér)\*. (3.3)
r = (Re+d)/R. {3.9)
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where § = r./6 with r. = 0.7666393 A being the average internnclear distance of
the H, molecule.

The potentials used were from Mulder. Avoird and Wormer [Mulder et al. 1979)
for helium as the perturber. and Le Roy and Hutson [Le Roy and Hutson. 1987]

for argun.

3.1.2 Induced Dipole Moments

As we have seen (Equation (2.42). the induced dipole of a molecule-atom collision

can be written as:
[ielR), = 473 BYALR) Y (-1)'77 x
AL =

1A L] _
Yig-m(8.0)Y 0 (92) (3.10}

—-q g—m m

Nine important induced dipole components have been determined by Burysow.

Frommbhold and Mever [Borysow et al.. 1988} in a parametric form as
.1\'1.' (.\.L R) — -_l(,H(R—R.))-‘r('(R—R.,I' + C"R—u + C,.,.[R_("+l) ) |-3l].P

The A. B. C. C,.. Cosi. Ry. and n are the parameters given for a specific HD-X
interaction. For the pure rotational spectrum treated in this chapter ¢ = ¢ = 0 and
the superseript will be dropped. Here. as in Chapter 2. \ refers to the symmetry
of the molecnlar charge distribntion. and L refers to the rank of the field teusor for
the charge distribution.

Each compounent in Equation (3.10) arises from a different mechanism. The

By(01) component comes from the short range isotropic overlap interaction. The

Bi(10) has the same svmmetry as the allowed moment of the molecule and arises
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from a short range anisotropic overlap interaction. Five other components By(12).
B.(21). B3(32). Bs(34). and By(43) are also induced throngh anisotropic overlap
interactions. The B,(23) component arises from long range quadmpole indnetion.
The B4(43) component arises from long range hexadecapole induction. The largesr
of these compounents are Bo(01). Ba(23). B(21) and B;(32). These components

coutribute the most to the purely indnced absorption coefficient.

3.2 Results

Tables 3.1 - 3.6 present the results for the contribution to the line shape paramerers
{Equations (2.38) - (2.61)) from each induced dipole component for the following
svstems: HD-He. the Ry(1) transition at 77. 193, and 295K. and the R,(0) transition
at 295K: HD-Ar. the Ry(0) and Ry(1) transitions at 295IX. The HD energy level
constauts for the rotational spectmm of HD were taken from Green [Green. 1974].
Terms to order & = 3 in Equation (3.1} were nsed. In Equation (2.51). the highesr
J state included was J,,,, = 4. The collisivnal average. Equation (2.47). was

performed by a 4 point Gaussian quadrature in velocity. and 20 impact paramerers.

We will discuss each parameter in turn.

3.2.1 Intensity Parameter «

The parameter ¢ contributes to the Lorentziau part of the total line shape (Equa-
tion (2.54)). and hence to the total intensity of the line shape. It arises from single
collision effects. and therefore has a linear dependence on the perturber deunsity.
The intensity parameter « for the total induced dipole is given by the sum of the

contribution from each induced dipole component (Equation (2.538}).
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In all cases the largest contribution results from B,(10). This is an expected
result since this component of the induced dipole has the same symmetry as the
permanent dipole of HD and as such can interfere with the allowed moment without

the introduction of an anisotropic interaction potential.

Other components. however. do require an anisotrople interaction potential for
interference to oceur. The By(21) component is in all cases the next most important.
and acts to reduce the total a. The only transition where the B,(21) contribution

is over 30% of the B;(10) contribution is Ry(0) for HD-Ar at 295 K.

The B3(23) component arises from multipole induction. namely the conpling of
the quadrupole moment of HD with the isotropic part of the polarizability of the
perturber atom. Since the polarizability gues as aj. where aq is the size of rhe atom.
we wortld expect this component to be larger for HD-Ar than for HD-He. dne to the
fact that argon is larger than helium. In fact. we do see that the B,(23) component

is more important tu the intensity parameter a for HD-Ar than for HD-He.

3.2.2 Asymmetry Parameter ¢

The parameter ¢ contributes to rhe dispersion part of the toral line shape (Equa-
tion (2.534)). aud hence to the asvmmetry of the line shape. It arises from single
collision effects. and therefore has a linear dependence on the perturber density.
The asvuunetry parameter ¢ is also given by the sum of the contribution from each

induced dipole compounent (Equation (2.60)).

The most importane contributions to ¢ come from Bo(Ul). Bs(21). or Ba(23).
These terins are the largest in the indnced dipole. and thus have the greatest effecr
on purely induced absorption. However. there is a great deal of cancellation among

the different components. In fact. this cancellation can act to change the sigu of the
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total ¢ relative to the largest single compounent. In all cases the By(10) component
1s completely negligible. This result ts expected. since for collisivnal broadening the
linewidth is zero in the absence of an anisotropic interaction potential. [t follows

that the isotropic molecular interaction is unimportant to line asvinmetry.

3.2.3 Intensity Parameter &

The contributions of the dipole moment components to b and d are more complex.
These parameters describe terms in the absorption coefficient which arise from
two separate collisions. and have quadratic dependence on the pertuber density.
They depeud on the product of p, and gy, and cherefore will in general have 31
contributions to the total. involving the varions components of the indnced dipole
moment.  As such. a simple ssun of the contributions from the induced dipole
componentrs will not give the toral as we saw for @ and . To assess the inporrance
of each indnced dipole component. the values reported in Tables 3.1 - 3.6 for b and

are derived from having the same induced dipole component act in both collisions.

The parameter b (Equation (2.39)) plays an analogons role to the inrensity pa-
rameter «. but for snccessive collistons. and will be small for low densites. Typically

this parameter becomes significant at densities of the order of 30 to 100 amagat.

The B;(10) component is the most important coutribution to b. aud the impor-
tance of the next most important component. the B>(21) compounent. is an order
of magnitude smaller. The largest B.(21) relative to B (10) is for Ry,0) HD-Ar
at 293 K. the same behaviour as we saw for the intensity parameter a. Compar-
ing the B;(10) contribution with the total b contribution we find that rhe total is
np to an vrder of magnitude smaller. The terms containing products of different

components of the indnced moment are therefore seen to be signiticant. The mix-
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Ing process again acts to reduce the magnitude of the intensity interference char is

obtained by a purely isotropic interaction.

3.2.4 Asymmetry Parameter d

The parameter { (Equation {2.61)) plavs an analogous role to the asymmetry pa-

rameter c. but for successive collisions. and will also be small for low densities.

The B,(21) component is always the most dominant contribution to d. The
second most important contribution is B.(23) for HD-Ar: B\ (10) and By(12) for

HD-He.

3.3 Discussion

Highly quantitative statements about the importance of the induced dipole com-
ponents caunot be made. The most important contribution to line intensity is
By (10). the overlap induced dipole with the same symmerry as the perimnanent mo-
mwent. This component does not coutribnte significantly ro the line asvmmerry. The
most lmportant components to line asvmmetry are By(01) for single collisions cou-
tributions. and B,(21) for two collision contributions. These are the largest overlap
compounents in the induced dipole moment. It had been speculated [Tipping. et al..
1978] that the mixing process would allow contributions to the interference etfecr
from B,(01). a large isotropic overlap induced component [Poll and Hunt. 1976
We have seen. however. that other components can have a mnch greater etfect on
the interference parameters. In fact. for successive collisions the By(01) compo-
nent is completely negligible. The overall effect of inclusion of mixing is to allow

line broadening and asymmetry to ocenr. We have seen that in most cases mix-
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[nduced a ¢ b d
dipole (amagat™!) (amagat™!) (amagat™~) (amagac™?)
component
Bp(01) 1.168 x 10~* -6.081 x 10~ 1.804 x 10~ —-6.949 x 10~ !¢
B, (10) 1367 x 10~3  3.188 x 10~ 4.765 x 107" 6.716 x 10~
B, (12) 3.072x 107 -1.102x 10~ -3.331x 10~ —1.898 x 10~
B:(21) -2530x 107*  8.610x 107* -6.972x 10~° -9.229x 107"
B,(23) —4463 x 107% —-1.125x 10~* —-1.095 x 107" 3.208 x 10~
B3(32) 1.054 x 107°  —4.638 x 10~ =7.903 x 10~'"  2.308 x 10~
B3(34) -3.903 x 107" —2.261 x 107" 1.396 x 10~'! 3.979 x 10~
B4 (43) —1.238 x 107" =2.247 x 107" —1.330 x 10~} 1.339 x 107!
B, (43) —2.396 x 10~ 1.167 x 107" =3.631 x 10~ —3.153 x 10~
All 4257 x 107 5.409 x 107? 4513 x 107" 1.200 x 10~
Table 3.1:

Values of interference parameters for

Rn(l) of HD-He at 77 Ik
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Inducerd

a

¢

b

d

dipole (amagat™!) (amagat~!) (amagat™?) (amagacr™?)
component
Bo(01) —1.422x107% —1.647x 1073  2.084x 107! -1.870x 10~
B,(10) 5.909 x 103 1.874x 107  8.730x 10~° 6.187 x 107
Bi(12) ~1.002 x 10~  =3.161 x 107" —-2.247 x 107® 1.390 x 10~%
B:(21) —8.262x 107 7.084x 107Y  1.902x107% —2.376x 1077
B»(23) —-8.039 x 10~° -1.06+ x 10~ 1.049 x 10~ 3.235 x 107"
B3(32) —4.184x 1077 1.572 x 1077 3.895 x 10719 —2.343 x 107
B;(34) -1.489 x 107> 8877 x 107®  3.698x 10~'' -6.609 x 10~
B (43) —1.222x 107% -3.327 x 107% —2.509 x 10~'*  3.021 x 107"
By(453) 1.903 x 107 3.322x 10™% —1.736 x 10~'* 3437 x 1071
All 4.832x 10 -1.335 x 107* 3.983 x 107" —=3.350 x 107"

Table 3.2:

Values of interference parameters for Ry(1) of HD-He ar 195 K
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Induced

a

«

b

d

dipole (amagat™!) (amagat™!) (amagat™?) (amagat™?)
component
Bo{(01) -1.138x 103 -1672x10"%  3.607 x 10™"* T.6T1x 10713
B(10) 6.701 x 103 —3.036 x 10~ 1.121 x 10~ —1.697 x 10~°
By(12) -6.309 x 10~ —3.465 x 10~ 2.486 x 1073 1.724 x 1077
B.(21) -2.072x 1073 1.386 x 10~ 1.105 x 107" —2.109 x 10~"
B.(23) 3918 x 10~%  3.729 x 10~* —8.333 x 10™3 2,267 x 10~
B4i32) ! —6.740x 107 —1.320x 10~*  1.166 x 10~ 4.275 x 10~
B3(34) : 1.798 x 10™°  —4.243 x 1077 T.811x 107'Y —1.394 x 10~
B.(43) ; 3.064x 107" 9.109 x 10=7 2,162 x 10~'  1.944 x 107
B.(43) i 1.460 x 10~ —1.783 x 107" —2.722x 10~ —1.296 x 10~"*
;
|
All | 2.521X 10-% —-1.522x 107 1.8319 x 10~ —3.799 x 107"

Table 3.3:

Values of interference parameters for Ry(0)) of HD-He ar 295 K
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[nduced
dipole

component

a

(amagat™ i )

(4

(a.ma.gat—l )

b

{amagat™?)

d

(amagat™*)

Bo(01)
B, (10)
B (12)
B»(21)
B1(23)
B3(32)
B3(34)
B4(43)
B (43)

All

-2.297 x 10~

6.911 x 10~?*

| —2.120 x 107
| -1.323 x 10-3
-1.440 x 10~
-7.109 x 1073
-2.187 x 107°
-9.5370 x 10~7

+.438 x 107"

i
|
|
P 4912 x 103

-2.153 x 1073
-2.619 x 10™"
-4.705 x 10~

7.965 x 1074

2.079 x 1073
—4.637 x 107"
4.042 x 107"

—1.833 x 107*

-7.805 x 10~'3
1.194 x 103
—4.436 x 10~3
2.769 x 10™7
+.828 x 107"
1.159 x 107"
1.259 x 10~1!
-3.633 x 107!¢
1.107 x 10~

6.279 x 107"

-3.412x 1074
x 1079

~

—-G6.77"

10°3

10~

5.015 x
—3.266 x
3.015x 107
—-7.616 x
—2.206 x
3.283 x

9.321 x

10—![)
lo—l(}
10—1.’
10~

-3.139 x 107"

Table 3.4:

Values of interference parameters for Ry(1) of HD-He ar 295 K
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Induced l

fl

¢

b

d

dipole (amagat™') (amagat™!) (amagat™*) (amagat™*)
component
By(01) -9.608 x 10~* —1.410x 103  1.167x 10~ -3.005 x 104
By (10) 7.000 x 10~ -1.023 x 10~ 1.353 x 10~ —1.014x 10~°
B (12) -3.912x 107* -8.148x 107>  8.736 x 10" 2.329 x 1073
B»(21) -35.673x 107*  9.929x 107 $.092 x 107"  -2.863x 107"
B.(23) 1.662 x 10~ 2694x 10~* —-1.185x 107" 2,164 x 107"
Bs(32) i 4.557T x 1077 —-1.166 x 10~ 1.929 x 107! -2.109 x 107"
B3(34) . —-3.466 x 107 —1.0153x 10™* —2.872x 107" 1.061 x 10"
B4 (+43) 3.210 x 10™° T.460 x 107" -1.029 x 107! 1.014 x 107"
By(43) | 1489x107°  9.918x 107  6.204x 107 3.927 x 107"
|
|
All | 2365x 107 1.392x 1077 1.009 x 107" —4.230 x 1077
Table 3.3:

Values of interference parameters for Ry(0) of HD-Ar at 295 K
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Induced
dipole

component

a

(amagat™!)

¢

(amagat™!)

b

(amagat™*)

)

{amagat™*)

B,(01)
B, (10)
B, (12)
B,(21)
B, (23)
B3(32)
B1(34)
B, (43)
B,(43)

All

—2.306 x 10~
8.347x 1077
-2.351x 107
—-3.588 x 10~*
-9.531 x 10~
—-1.289 x 10~
-9.632 x 1073
3.790 x 10~
2.605 x 1077

3.142 x 1073

-1.825 x 107*
—2.265 x 1077
-2.838 x 10~
2,443 x 1077
-3.835 x 10~
-1.103 x 10~
9.685 x 1077
-7.486 x 107"
3.468 x 107"

-9.117 x 107"

—4.035 x 10~
[.741 x 1077
-3.694x 107"
1.716 x 107"
2,130 x 10~"
1.067 x 107"
1.363 x 10~
-1.520 x 10~
1.661 x 10~

3.262 x 10~"

10~
10~

—-1.233 x
—3.437 x
3.433 x 1077
10~"
10—
107
10~
10—1:

10~

—+.376 x
1.078S x
7.102 x

—4.672 x
1.360 x
4.779 x

-1.200 x 107"

Table 3.6:

Values of interference parameters for RBy(1) of HD-Ar ar 295 K
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Temperature Trausition B (cn"'umagat=') S (e~ 'amnagat™")

HD-He
TTK Ry(1) 1.881 x 10~? 6.241 x 1074
195 K Ry(1) 7.131 x 1073 1.403 x 10~?
295 K Ry(1) 1.438 x 10~° 1.186 x 10~*
Ro(1) 1.190 x 10~ 1.772 x 1073

HD-Ar
295 K Ry(0) 2.858 x 10~2 1.063 x 10~?
Ry(1) 2.274 x 107 4.055 x 1073

Table 3.7:

Broadening and shift coefficients of various trausitions for HD-He and HD-Ar

ing reduces the line shape interference parameters from thar obtained by a purely
isotropic potential. A good measure of the mixing process is the pressure broad-
ening coefficent B. The broader the line the more significant anisotropic effects
shonld be. We see from Table 3.7 that the broadening is larger fur HD-Ar than
HD-He. Tables 3.1-3.6 show that contributions from terms vther than B{(10) are
indeed more important for HD-Ar than HD-He. The same should also be trie as
temperature increases. Both the broadening coefficient and the contribution from

other components increase as temperatire ICreases.



Chapter 4

Vibration Rotation Systems

The theory of Section 2.3 was developed to treat collisional interference in the
purely rotational spectrum of HD-X. In this chapter we extend the theoryv to treat

the vibration rotation spectrum.

4.1 Theory

The energy levels for the vibration rotation spectrmm of an HD molecile are given
by [Herzberg. 1950]
. 1 L, 1.
H',Z,JD = T_+w.(v+ 5) —w. L. (= -2_)- + woy e+ E);
+ B, J(J+1) =D, JHT =1+ H.JNT +1)% . (4.1)
The molecule never leaves its ground electronic state. and so T, = 0. The values
of the constants in Equation (4.1) which are used are from MeKellar. Goetz and

Ramsay [McKellar et al. 1976]. The selection rules for the fundamental absorption

band are: Nee = +1. NJ = +1 (R(.J) lines) or A.J = —1 (P(.]) lines).

46
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In principle collisional mixing can veenr between levels in the gronnd vibrational
state. between levels in the excited vibrational state. and also between levels in the
ground and excited vibrational states. Mixing can ocenr in the system if NE ~ fi/ 7.
where 7. is the duracion of the collision. This relation results from the Heisenberg
uncertainty principle. and if the collision duration is small. the energy levels of the
two states will become more nuncertain in nature and ‘smear” out. If this smearing
is large enough. the initial and final energies may come close together. If the energy
level difference is not much larger than the thermal energy available to the system.
AE ~ kgT, a transition can occur. For HD. collision duratious are typically
7. ~ 1071 — 107" 5. which translates into an uncertainty in the transition energy
of ~ 5 — 300 cin~'. At room temperature the thermal energy available to the
system is approximately 200 em~!'. We can see from Figure 4.1 that the energy
difference between vibrational states is large enough to make contributions from
mixing between ground and excited vibrational states iusignificant. This mixing
process is therefore not included in the calenlation which follows. However. mixing
between levels in the gronnd vibrational state. and between levels in the excired

vibrarional stare is quite likely to oceur.

The interaction potential is in general dependent on the vibrational state of the
molecule. To include this fact in our calculations we have followed the method
of Stefanov {Stefanov. 1992|. It involves introducing a new jsotropic part of the
poteuntial to be used when the molecule is in its excited vibrational state. This new
isotropic part is determined in the following manner. The rotational constanr B.

is inversely proportivnal to the square of the internnelear distance r,.

B.= ——. (4.2)

For two vibrational levels. with rotational energies given by B, and By respectively.
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Figure 4.1:

Energy levels of vibration rotation band of HD.
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we can define a parameter \ relating the internnclear distances ry = Aryy where

_ [ By
A= B, (4+.3)

This information is incorporated into the interaction potential in the following
manner. The molecule will have the same electronic configuration regardless of
which vibrational state it is in (adiabatic approximation). Consider a head on
collision. At closest approach. the molecule and atom are separated by an amonnt
£. This corresponds to the zero of the interaction potential. or collisivnal diameter.
o. Since the intermolecular distance is measured from the center of the molecule

to the center of the atom. we have a vibrationally dependent collision diameter.

I'y
oy = .L'+7. (+.4)
I A 'y -
T = r+—=1r+ . (1.3)
2 2
for the molecule in vibrational state = 0.1. respectively, Subrracting Eqna-

tions (4.4} and (4.3) vields the following relation for the collisional diameters of che

two potentials:

al—m,=%"m—1). (4.6

A new potential 1] that has a zero at oy but remains unchanged at large distances
is then defined. If the moleculeis in vibrational state ¢ then the potential ¥, shonld
be used to determine trajectories and the time evolution operators which control
mixing. The trajectory for a particular collision shonld be modified when the HD
molecile moves ro its excited vibrational state. This change in the rrajectory is
negligibly small. In fact. in the calenlation we use the isotropic Hi-He potential
to calculate trajectories rather than the HD-He one. which introdnces a small er-
ror. The vibrational state dependence of the trajectory is small compared to the

change in the trajectory fonnd via the Hy-He rather than HD-He isotropic potential.
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Therefore. the trajectories have been calculated with the v = 0 Hiy-He potential.
Since the new isotropic part of the potential will also change the anisotropic part
of the potential. the mixing process will also be affected. How these two potentials

enter into the mixing process via the time evolution operators is more complex.

The modifications described above were applied to the isotropic part of rhe
H,-He intermolecular potential (see Fignre 4.2) as given by Mulder. Avoird. aud
Wormer [Mulder et al.. 1979]. The governing parameter is A = 1.022. The short
range part of the H,-He potential was modified to give a zero at o, = 3.0466.
This change introduced small changes in the depth and position of the potential

minimum (Table 4.1).

L;,Hz—HC(R) "le-Hc-(R)
o (A) 3.0382 3.0466
Fonin () 3.4200 3.4236
e (K) 12.919 12.748
Table 4.1:

Vibrationally dependent potential paramerters

It is possible to start with one H.-He potential and introduce the vibrational
state dependence at the level of the HD-He potential. but since we have an analytic
form of the H,-He potential it is easier to introdnce the vibrational dependence im-
mediarely. The vibrationaly dependent potential introdnced the following changes

in the theorv. where the subscript ¢ = 0.1 denotes the vibrational state of rhe HD

molecule.

The HD-atomn poteutials which are detined from the Hy-atom potentials (Equa-
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Energyv (K)

-10

Figure 4.2:

Vibrationally dependent H,-He potentials. The solid line represents the potenrial

in the ground vibrational state. Vo( R): the dotted line is the porential for the frst

excited vibrativnal stare. Vi(R).
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tion (3.7)) become:
. 264+ 1 v .
VS W(R) = == [JhﬁARfﬂﬂﬂxﬁk. (4.7)
The Heisenberg time evolution vperators (Equation (3.4)) and S matrix become:
ot B Dy g 5
th HL,,(t.t;_lu (Rit))U, (.t . (4.3}
Sy = U >=.0)l10. —-x) (4+.9)
The collision induced dipole operator (Equation (2.53)) becomes:
J1 x
wplJ) = % (=1 T [t (4.10)
M QiR g, -

—m, ( g ~

q

X [(.Lm,{C',[[x.tq) [[zi(tuj] C'Q[(l‘.,. —x)[J,m,)(./'gmg,‘S.Jl.flm,)']

codl

Finally. the complex line broadening cooefficient (Eqnation (2.46)) becomes:

7, 1
’ . [ fq
T = n, 1 — Z (__llrn,-f-m ’
m_.q.m,.m',.m{J —1Irn, q HL;
L1, . L ] |
X (Lo 4Svdom )Tyl jSaid i y,) (4.11)

—rm,. g .,
[ "(‘ll
Expanding one of the matrix elements which appears in Equation (4.10) will
provide some insight into the collisional process:

1
i

(Lmﬁf“ijMﬂmwlxmh—xHLmo = S

(J o U e to) [ Terng)
q

Jemg Jyang
x (Jrmy| i;l!(t(,)] ’ i Jyrny)

x (Jymg|Ul(ty. =) Jum,)

(4.12)
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Ar the start of the collision the HD molecule is in state £, the inirial rotarional
state in the ground vibrational state. Tune progresses and the gronnd state rime
olnti . ’C'Iall e 1T IVITNG . . : .t th l arional <rate
evolntion voperator () allows mixing to vcenr amongst the gronnd rotational states,
leaving the molecule in state [. At time ¢, the induced dipoles act and move the
molecule to an excited vibrational state &. Time evolves until the collision is over.
During this final portion of the collision the excited state evolution operator {7
allows mixing to occur amongst the rotational states of the excited vibrational

state. leaving the molecule in the final state €.

When going to the interaction picture we must be careful to nse the appropriate

energy level terms for the HD molecule. For the potential in the interaction picture

we can simply write:

V"[(E(t)) - t_iH;’,nt‘,;n(é(t))f“H;m‘ . (+.13)

v

since the HD molecnle is in either the sronnd or the excired vibrarional state. For

the indneced dipole, however. we mnst write:
- — i - - - 9
il (Rit)) = e Haot i (Rit))ye —Haot (4.14)

since before the induced dipole acts the molecnle is in its gronnd vibrarional stare.

and after it is in the excited vibrational state.

4.2 Results

The interference parameters were calenlated in two separate manners., The Hrst nsed
the same potential when the molecule was in the initial and final vibrational states
(HD is a rigid rotator): the second incorporated the simply modelled vibrational

state dependent potential (HD is a nourigid rotator). Indneed dipole moments were
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Trausition a ¢ h d
(amagat™!) (amagat™") (amagat™?) (amagat™*)
T =295 K
P (1) ~2.206 x 107* —=3.303 x 10~* 1.140 x 10~ 3.764 x 1073
R (0) -1.839 x 107* 6.543 x 107 8233 x 1077 —=8.725 x 107"
Ry(1) -2.752 x 10~* 3.554 x 1077 1.929 x 107" —=3.440 x 1077
T=19 K
Pi(1) -2.206 x 107% —6.429 x 10~* 1.224 x 10~* 9.252 x 1077
R\(0) —1.889 x 10~* 6.604 x 10~% 8.885 x 10™> —7.951 x 107
Ri(1) -2.684 x 10~ 3.708 x 107%  1.822 x 10~ —3.157 x 1077
‘ T=7"K
Pil) - =2102x 107% —2.042 x 107¢ 1203 x 107% 2360 x 10~
R (0)

—1.838 x 10~* 5.091 x 10~* 8.526 x 10™* —5.102 x 10~
3

Ry(1) TTx107% —1.788 x 10~* 1.405 x 10~ 2.046 x 1077

Table 4.2:

Interference parameters: HD rigid rotator

taken from Borysow. Frommbhold. and Mever [Borysow et al. 1988]. Terns ro order
k =3 in Equation (3.1) were used. In Equation (2.31). the highest .J state inchuded
was J,.r = 4. The collisional average. Equation (2.47). was performed by a 4 poiur

Ganssian quadrature in velocity. and 20) impact paramerters.
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Transition B )
(em~! amagat™!) (cm~! amagat™')

T=29 K

Py (1) 1.451 x 10732 -1.172 x 1073

R(0) 1.452 x 10~ 1.119 x 1073

R\(1) 1.209 x 1072 1.636 x 10~*
T=195 K

P (1) 9.349 x 107? -9.779 x 10~

Ri(0) 9.369 x 1073 9.395 x 10~

Ry T2TT x ) 1.307 x 107
T=7TK

Pi(1) 3.136 x 107° -6.713 x 10~

Ruoy | 3.142x107° 6.508 x 10~

Ril) | 1.940 x 107 3.596 x 10~

Table 4.3:

Bruadening and shift coetlicients: HD rigid rotator
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Traunsition a c b l
(amagat™') (amagat™") (amagat™?) (amagat ™)

T=295K

Py (1) —2.197 x 107%  —2.486 x 10~* 1.135 x 10~*  4.911 x 10~

R, (0) —1.845 x 1072 T.1Tdx 107 7815 x 1073 —9.274 x 1073

Rl —2.743 x 10~° 6.283 x 10~% 1.891 x 10~  —9.430 x 10~°
T=19 K

P(1) -2.193 x 107%  —=353.802 x 10™* 1.225 x 107  3.380 x 1077

R, (0) —-1.377 x 1073 7.066 x 10~ 8.367 x 10~ —8.362 x 107"

Ri(1) —2682 x 107* 4224 x 107? 1.808 x 107 —3.854 x 1077
T=7TK

P(1) | =2088 x 107% =2.002 x 107¢ 1.221 x 19~ 2.312 x 10—

Ry —-1.332 x 10~° 3.333 x 107% 3400 x 10 —=3.313 x 1077

Riil) ' —23%6 x 1072 —1.575 x 107% 1.417 x Lo~ 1.300 x 1077

Table 4.4:

[urerference parameters: HD non-rigid rotator
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Transition B S
((m~" amagat™!) (cm™! amagat™')

T =295 K

P (1) 1.470 x 102 —1.460 x 107?

R((0) 1.469 x 10~* 8.772 x 1074

Ry(1) 1.222 x 102 1.484 x 107
T=19 K

Pi1) 9.495 x 1073 —1.180 x 10~*

R,(0) 9.495 x 10~° 7.830 x 10~

Ri(1) 7.360 x 107 1.222 x 10~°
T=7TK

Pl 3.204 x 107° —7.605 x 107*

R0) 3.192 x 107° 6.003 x 10~

R((1) 1.959 x 10~ 3.791 x 10~

Table 1.3:

Brouadening and shift coeflicients: HD noun-rigid rotator
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4.3 Discussion

Vibration-rotation transitions typically have larger interference effects than che
purely rotational transitions. since the allowed dipole moment is smaller { Table 2.1.

and Equations (2.38) - (2.61})).

As shown in Eqnations (2.38)-(2.61). the parameters « and ¢ depend on pgh,
and b and d on pugy- Recall that pgyp is about —8.3 x 10~ for the pure rotational
transitions and +5.5 x 102 for the lines of the fundamental band (cf. Table 2.1).
By this reckoning. a and ¢ should differ by abont a factor of -15 between the two
tvpes of transitions: similarly. b and  should differ by a factor of 230 between these
cases. In fact. we see that « and ¢ are always of opposite sigun and have larger
maguitude for the vibrational lines: b and  usnally have the same sign and are
again larger for vibrational lines. Their ratios for corresponding R(.J) trausitions
can. however. be considerably different from 15 and 230. This shows that collisional

propagation in the excited vibrational state is important.

Comparison with experiment i1s only possible for R(0) and Ritl) ar 77 K
Mekellar and Rich. 1984: Lu. Tabisz. and Ulivi. 1993]. This is nnfortmnare as
the caleulated valnes are least reliable at lowest temperature. Table 4.6 conrains
the experimental and calculated results. Agreement with « is quite good. and rea-
sonable for b. Although the values predicted for the asymmetry parameters ¢ and o
are large. they are smaller than the experimental results. For the Ri(1) transition
the calenlated line asvmmerry values are opposire in sign ro the experimental val-
ues. The broadening and shift as reported from rhe paper of Schaefer and Mouchick

were calculated in a fully quantal mauner. and as such are the most reliable resnlrs.

All the parameters are affected by the use of a potential which is dependent of

vibrational state (Table 4.7). The intensity parameter « decreases in all but one
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T

Line Shape | Calculation Experiment! Experiment® Calulation”
Parameter
R\ (0)
a -1.832
b l S.400
c 3.333
d -3.318
B 3.192 1.5 1.7
S 6.003 5.8 .3
| Ri(1)
« -2.236
b 1417
e | -157
ol : 1.800
 1.959 2.0 2.2
S | 5.791 6.5 10.3

Table 4.6:

Comparison of calculated line shape parameters {(non rigid rotator) with experi-

mentally determined results for HD-He at T = 77 K. ' McRellar and Rich. 1934:

! Ln. Tabisz. and Ulivi. 1993: = Schaefer and Monchick. 1987.

Units: a: 1072 amagat™': ¢: 1077 amagat™!': b: 107> amagat™': J: 107> amagat™:

B: 107? em™! amagat™': §: 107! cm™! amagat™!.
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(Ri(1) at T = 77 K) case, and the change is always less than 1%. The intensiry
parameter b either increases or decreases. by an amount np to 3%. The line asyvm-
metry is more greatly affected. The asymmetry parameter ¢ decreases by as mnch
as 25%. The asymmetry parameter d increases by up to 13%. The broadening
coefficient B is only minimally affected. decreasing in all cases by at most 2% . The
shift. however. is greatly affected. tyvpically by 7 to 25%. These resnlts are not sur-
prising in light of the findings of Chapter 3. The line asvmmetrv is governed by the
anisotropic part of the interaction potential. and is more dependent on the mixing
process than line intensity. The vibrationally dependent potential enters into the
time evolution vperators and as such will affect the mixing process more than any
other part of the calculation. The largest effect on the parameters oceurs at 295 K.
where the rigid rotator model of the HD molecnle is least valid. and where mixing

15 most important.

A theoretical model of HD-X interactions has been developed which inchiudes
the important effects due to m and .J mixing to treat the pure rotational spectrun
of HD. In Chapter 3 the importance of mixing and each component of the collision-
indnced dipole was investigated. In the preseur Chapter the rheory was exrended

ro inclhiude the vibration-rotation band of HD for HD-He iureractions.

4.4 Failure of the Classical Path Approximation
for HD-X collisions

The theory of collisional interference of Gao et el. swhich was nsed in Chaprers 3 and
4 has proved very effective in reprodicing trends that appear in the experimental

HD-X collisionally induced line shape. Results agree with experiment to the order of
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Transition |« b ¢ o B S

T =29 K

Pi(1) 041 044 2474 14.80 1.31 2457

Ry (0) 0.73 3.08 9.64 6.29 1.17 21.61

Ri(1) 0.33 1.9y 13.13 11.73 1.07 9.29
T=195 K

Pi(1) 0.539 0.08 9.5 7.26 1.56 20.67

R(0) 0.64 3.38 700 3517 1.34 16.66

Ry(1) 0.07 077 1392 13.51 1.14 6.50
T=7"K

Pi(1) 0.67 1.33 186 203 217 13.20

R((1) 033 148 475 423 1.59 V.76

Ry(1) 0.33 035 11.91 12.02 0.93 43.64

Table 4.7:

Percent changes in interference parameters for HD-He svstem nupo

61

n inchision of

vibrationally dependent potential. i.e.: 100 X [dhonrigid — Crigid]/ @riged-

Cnits: a. ¢ amagat™'; b. : amagat™: B. §: em™

1

amagat™'.



CHAPTER 4. VIBRATION ROTATION SYSTEMS 62

magnitude. and terms of the induced dipole which are mixed in via the anisotropic

potential are seen to be important.

The question now is how to proceed to seek to improve the agreement with ex-
periment. The induced dipoles are obviously very important to the caleulation. and
they are largest when the HD moleciule and perturber atom are close together. This
the collisional average which is performed is critical to the final results. This colli-
stonal average employs the classical path approximation (CPA). This approximation
is considered to be good if the de Broglie wavelength is very small compared to the
collision diameter for the interaction potential [Allard and Kielkopf. 1982]. Using
MeBeoglie = Nfme and T = mel/2k to relate temperature to the most probable
veloeity of the Maxwell Boltzmann velocity distribution. the de Broglie wavelength

can be expressed as a function of temperature as Mjegeoglic = 7/ V2kT 1.

The following table shows that in fact the classical path approximartion for HD-
He and HD-Ar is not a guod approximation. and the collisiunal average which is

performed shonld be treated quantnm mechanically.

AieBeogliel T) () 1A

| T7TK 195K 295 K
HD-He | 269 1.69 1.38 | 3.04
HD-Ar | 211  1.33  1.08 | 3.20

This motivares the development of Moyal quantiun mechanics to trear collisions.
This is a desirable approach since the Moyval formalism can then be used ro extend
any calenlation which nses the CPA. The CPA result can he recovered in a simple

hi — 0 limit. and gnantum effects can be examined in a semiclassical manner.



Chapter 5

Moyal Quantum Mechanics

5.1 Introduction

Moyval quantnum mechanics is an alternative to Schrodinger vr Helsenberg mechan-
ics that presents quantum mechanics as a form of a general statistical dyunamies.
[t develops a complete description of ¢nantnm mechanics that is set in classical
phase space. where expectation values are found via an asyvinproric expansion in
Planck’s constanr. The quantum nature of the system is evident tn corrections ro
the classical resnlt. and these corrections are built from classical quanrities.  Al-
rhough the formalism used in Moyal quantnm mechanics is well developed [Voros,
1977: Estrada. et al.. 1989: Carmthers and Zachariasen. 1983} the mathemari-
cal complexity involved in the formalism had given it limited ability to solve real

physical svstems [Braunss and Rompf. 1993].

Part of the problem was that to obtain the Q(h*) correction to the quantiun
trajectories. it was necessary to caleulate the quantity V., V..,V . 04, In three

dimensions. this quantity has 6 = 1296 elements! Compnter limitations in speed

63
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and memory wonld have made acenrate solution for this gnantity nearly impossible
for real physical svstems.

The situation changed with the paper of Osborn and Molzahn in 1995. They
were able to present a formulation of Moyal quantum mechanics based on a cluster-
graph expansion that was computationally easier to implement than the traditional
Poisson bracket formulation [Osboru and Molzahn. 1995]. To obtain the O(h?%)
correction. it is now only necessary to calculate to the quantity V, V,,g5. which

in three dimensions has 216 elements.

In chis Chapter we will develop a compntational form of Moyal quantun me-
chanics that can be used to treat three dimensional scattering. We begin with a
stunmary of the results we need from Obsorn and Molzahn's paper. This 1s con-
tained in Sections 3.2 to 53.2.3. The remainder of the Chaprer contains results which
were derived during the course of the research to solve to O(h*) rhe average valies
of a three dimensional Gaussian wave packet scattered from a central porential.
Section 5.2.3 deals with rotations and tensor representations of quantium trajecto-
ries: Section 3.3.1 the quantum trajectory: Section 3.3.2 planar motion of quantun
rrajectory: awd finallyv. in Section 3.3.3 we put it all together to obtain expressions

for expectation values.

5.2 Formalism

The Moyal formalism is based on the Wigner-Weyvl isomorphism that maps opera-
tors to symbols on classical phase space. The action of the operators on the system
is then studied via their corresponding svibols. Notationally. this is defined on an
operator A. which exists in a Hilbert space H = L*(R®). by the map o. 4y = o 4.

This map o. which takes an operator from the Hilbert space H into a function on
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phase space T([R*) >~ R}’ X R‘;. is defined by the partial Fourier transform (known

as the Wigner transform [Wigner. 1932]).
L - r -
Awl(q.p)= /(lr e~y 4 ;].—l[q — ;) . (3.1)
where the (xl.—i{y) denotes the Dirac matrix element of the operator A in the coor-
dinate space.

The inverse map o~! (known as Weyl quantization [Wevl. 1927}) rakes symbols

to operators and is given by the inverse Fourier transform of Equation (3.1). The

quantum position ¢, and momentum p;u = —thdw /dq; have as symbols the phase
space functions (q,)w = ¢, and {p;)w = p, respectively. Also. functious of § =

(q1- G2« ¢3) alone. f(q). or p = (pPy. ps. p3) alone. g(p). will have as svmbuols f(q) and
g(p) respectively. This is true becanse the ¢,'s commmte with one another. as do
the p,’s. A function of both ¢ and p will in general have a more complicated symbol
due to noncommutiviey.

A system defined by a Hamiltonian operator H has Schrédinger time evoln-
tivn operator [7(t) = erp(—%llfft). The Heisenberg time evolution vperaror for an

observable A is given by
C(hA = Ait) = UM AL (3.2)

The Heisenberg-Weyl evolution operator acts on the Wigner transform of the ob-

servable. 4. and is given by

[ =ol(tia™". (3.3}

A Hamiltonian is said to be semiclassically admissible if its svmbol Hy- (5. 2)

Lhas a regular asymptotic expansion about 4 = 0.

~x ,-r ;
Hy(hos) = Ho(z)+ 3 —he(=) - (5.4)

r=1
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In this notation = = (q.p) = (qi- 2. q3. p1- 2. p3) denotes a generie point in phase
space. The h independent part of the symbol. H.(=). is the classical conuterpare of
H in cthe Moval description. A Hamiltonian that has representation given simply

by

[l
ot

Hw(rl.:) = HC(:) .
ts said to be Weyl quantized.

If both A and A are semiclassically admissible. then the Heisenberg-Weyl evo-
lution operator admits a small /i expansion [Osborn and Molzahn. 1995]

r -l ~ ﬁ'lq‘,‘l N
S Z Pl (Auw) . (2.6)

n=u

- - - [}] .
The »"™ are operators in the space of Weyl symbols. The leading term ") is

determined from the classical How generated by the classical part of the Hamiltonian
H.(z).

Expectation values in the Moval formalism are evalnated in the following man-
uner. If p = ju){e'| is the density matrix for a unit normalized nitial state ¢ then

the Wigner function is the o image of p. namely

we(z) = h73ap.
I .
- /‘1" e Mg + Sle) (vl - ). (3.7)
The expectarion value for an operator A(#) is determined via the rrace.
<_-i(f)>L. = Tr,-i.(f)f) = / = u'c.(:)r,.-lu'f il BN

= h“ ) n e~y

= > _1/ dz w, ()3 (Aw(2) (3.8)
n=0 1.

where the integral over = is over all of phase space.
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We will be considering Weyl quantized Hamiltunians of the form

H(h.z) = H.(=) = 51%1-+u(r). (5.9)

where p = \/pi + p3 + p3 and r = /g + ¢} + ¢3. The potential () will be the
spherically symmetric potential for either heliun or argon. As well. since the Hamil-
toulan is invariant nnder i — —h. all odd powers of i will vanish in any semiclassical
expausions. Thus the leading quantum correction is due to 3,7, It is to this order

that we will calculate expectation values in Equation (3.8).

5.2.1 Weyl Symbol Calculus

To be able to caleulate the Heisenberg-Wevl evolution operator we will require somne

details of the Weyl symbol caleulus [Hormander. 1979].

The linear operators on the Hilbert space form a Lie algebra whose bracker
ts the commutator. The Wigner transform (Equation (3.1)) from operators to
symbols preserves the commmntator operation. In order that the multiplication of
operators correspowd to a prodieet of symbols. the commutator sealar prodier mnse
he extended. Ler _\". 1:- Le operators With .s‘}'nl] ols -\.H' = X. }.H =Y {from now on
the subseripr 117 will be dropped wheu referring to svibols). The star produer cor
tunsted product [Estrada et al.. 1989]) is detined as

X*Y =o(XY), (5.10)
which can be evalnated via the integral formula [Estrada et al.. 1939]
2

NxY(z) = (7ﬁ)_ﬁj [:lg' XN 1z +O)Y (= +g:’)t“l’p{7( . .h:'} . {3.11)

where .J is the Poisson matrix which carries the symplectic structure
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where 4 is the 3 x 3 matrix identity and the - represents the six dimensional scalar
product.

The Moyal bracket is the o image of the quantum commutator.

{(X.Y},, =o (%{5(. Y‘]) = %(X £Y - Y *X). (5.13)
If che symbols of operators are smooth differentiable functions on phase space the
star prodnct and Moyal bracket will have derivative based representations. Define
the extended Poisson bracket operator By, = V- .JV, which acts on the tuple

< X.Y > as
BY < Xo¥ = (2) = N () ron T Yoo (2) - (5.14)

where the g indicates differentiation with respect to g, e, X, = ¥V, X = =X

53
The Puisson bracket can be represented as

-

(YY) =V - JVY (21 =B < XY = (). (5.15)

The star product (Equation (3.10)) can be represented in terms of the By, by the

Groenewold representation [Groenewold. 1946}
- - th - y- -
X *}[:)=erp{—‘)—Bl»_»}-<_\.} (). (3.16)

We will require small £ asymptotic expansions of the Moval bracker. Using
the Groenewold formula (Equation (3.16)). the definition of the Moval bracket

(Eguartion (3.13)) and the relation
B, < XY > )= (-1}"B, <Y X (2. 13.17)

It 1s a sunple matter to show

2k -
(XY}, (2) = FsinzBu<X.¥ = (2). (3.18)

h 2
... AN R _
{X.Y}h=)— 5 ?8}24.\.} —(z)+--- . (3.19)

]
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5.2.2 The Heisenberg-Weyl Evolution Operator

. . o (v 2 .
We now turn onr attention to the task of building the /" and +/*’. For a Hamil-

tonian A and observable 4 the familiar Heisenberg equation of motion is {Sakurai.

1985 p. 83]

J - 1 s -
—_ A= — t)d. . 3.20)
o Tt)d = — [[it)d A] 15.20)
The Weyl symbol image of this equation of motion vields the Moval equation of
motion
a
5[}.—1 ={l.A. H},, . (3.21)

with initial condition 4 = 4.

We will only be dealing with Weyl quantized Hamiltonians {Equation (3.9)). and
so will drop the subseript ¢ on the symbol for the Hamiltonian. writing Hy(A. ) =
H(z). The O(h") part of Equation (5.21) is

ﬂ_{m)
o't

which is a Puisson bracket equation of motion for the nukuown phase space function

(4) = {~,,‘°' (4).H} . (5.22)

0 . . . . . i .
AL We define gttiz) ro he the sobttion to Hamilton's equarion for classical
How

d
ag(ﬂ:) = .JV H (y(t]z)) . (5.23)

where VH = (V,H.V,H) is the phase space gradient of the Hamiltonian and .J
mtroduces the symplectic structure. The initial condition on the classical How is
g(0lz) = =. With the classical phase space How defined for all ¢. che solurion of

Eqnation (3.22) can be written as
o (A(2) = Agltf=)) = (Aogt)) (). (09.24)

0} . . . . : .
The Hlow operator “,,[ ' is seen to be trivial to caleulate. as it mirrors directly the

classical motion.
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The How operator v°' will. however. be nontrivial. It requires a wunber of
anxiliary functions and will introduce nontrivial aspects of the Weyl caleulus for-
malism. The Jacobi field along the trajectory must be calculated and the concept of
a quantum trajectory introduced. We will begin by luoking at the required Jacobi

felds.
Simply differentiating Equation (3.23) with respect to = will give us an eqnation

for the Jacobi fields

d
dt

The 6 x 6 matrix Vg(¢|z) is made up of the Jacobi fields. aund obevs the initial

J()Vg(t|z) = [ — JVVH(qg(t]=))| Vyg(tlz) =0. (3.23)

condition Vg(0]z) = dsxe. At all times the Jacobi fields form a symplectic matrix
and as snch must satisfv det Vg(t]z) = 1 (which is a statemeunt of the mcompress-
ability of phase space under classical How). Jacobi fields describe the stability of
the trajectory under small changes in the initial conditions.
Differentiating again will vield equations for V¥Vyg(t|z). The Jacobi fields will
be discussed in greater detail in the next section.
The concept of a quantum trajectory arises from calenlaring the Helsenhere-
Wevl How of the coordinate function = = (q.p) = (z.---. 24).
Zyt.h:zy=Tz, . (3.26)
Since the coordinate functions are semiclassically admissable they have an asyinp-
tutic expansion in A
i R g h 597
Z(th:z) = g, (t=) + 5 u (tlz)y + Oh™) . (2.2
The equation of motion for ={)(#]z) is given by Osborn and Molzahn {Osborn and

Molzahn. 1993] as

- l -3 - a
Tut)2Utl2) = =<B, < Galt). gstt) > () Hovy (g(21)) + (5.28)
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|~

B3B3 < ga(t). gys(t). g-(2) > ()T Haunp (altlz)) .

4

1

where repeated indices are summed. the indices mn from 1 ~ 6. J,,(#) is defined

in Equation (3.23) and

Bl"._, <a.b>(z) = —=trVNa(z)JVYVD(z).]. {3.29)

I}

By:Byy <a.b.c > (2) —JNVa(z)- VNb(=)IV(z). (5.30)

The flow operator v\*) is then given by
2 2 1.
W A2) = 2 z) A (g(tlz) - S B < 9alt)-03(t) = Ay (9(2]2))
1 . ..
+ I;Bust < galt). gs(t). go(t) > Aiss (glt]2)) . 13.31)

5.2.3 Rotations and Tensor Representation

Before we begin to lovk at the scattering of a wave packet in detail. it will be
beneticial to examine phase space rotations and rhe rensor strueture of che quanrm
currections.

Cousider a rotation abont the unit vector € by an amonat 8. R = R(¢.§). Fur

example. if we rotate about the €, axis the rotation matrix would be

cosd 0 siné
R(¢,.0) = 0 1 0 . (3.32)

—sinf 0 coxéd

The transformation =/ = Rz is then a rotation in phase space. given by

T[] . (5.33)
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where

Ri€,. 8) 0
R(8) = . (3.34)
0 R(€,.8)

The transformation R is a real orthogonal six dimensional marrix.

Quantum rotativns are generated by L = ¢ x p in the familiar manner
CHR):ZLU(R =RLE, . (5.33)

where ['(R) = e.rp{--;;()é -i} This. of course. is the definition of a rank vne

tensor. A rank n tensor operator X, ..., transforms as

X = UNMRIN,, L. U(R). (5.36)

= ‘R“! T T R“'tu'l ‘\Ul tim i ')':3‘ !

The Wigner transform of Equation (3.37) viells the tensor transformarion in symbol

space

- ’;,Jz' fn R-“U’l T Runun -\'uz m (3.33)

The quantnm rrajectories Z,(t.h: 21 transform as rank one tensors nnder rhe
rutation K.

Z,(t.h:Rzy=R,,Z,(t.h:z). (3.39]

If we write this tensor relation as a semiclassical expansion and collect powers of b

we find that the classical trajectory and ¢uantum corrections are rank one tensors.
BultiR2) = Rugu.itlz). (3.40)

SRz = Rtz (341)

At the classical level. the main svmmetry of a Hamiltonian which is spherically

sviumnetric is that of angular momentum conservation. We now show that chis
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classical symmertry results in a quantiun svinmetry that can be exploited to simplify
the calenlation.

% component of the angnlar momentium oper-

Let L, = €,tmqipn denote the J*
ator. The Weyl symbol of this operator is simply L, = €,tnqxpin- since g and p,,

commnte if A # m. At the classical level rotational invariance implies

and by taking the Wevl symbol one obtains the related symbol expression
{H.L,},,={H.L,} =0. (3.43)

The Moval and the Poisson bracket are equal. Equations (3.14) and (3.19) show
that the Moyal and Poisson brackets differ in general by terms involving third aned
higher order derivatives of L;: since L, 15 ouly ynadratic in z. these terms are zero
i this case.

Since the anenlar momenrm is a constaut of motion. L,f) = L,10) = L,. The
(nantun planar motion restriction is

qity-L = 0. (5.44

pity-L = 0. (3.43)

Before we proceed to derive the Moval equivalent property. it would be useful

to determine the srar product of a funetion and the angnlar momentm.

Proposition 5.1 The star product of an arbitrary smooth function f with the an-

gular momenturn symbol L, s

. th h? d*f(=) 3
f*LJ(:) = f(:)LJ(:) + ? {f*L}}(:]"T' Tfjklnm - (J'LGl
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Proof The star product can be expanded using Groenewold's formmla. Eqna-

tion (3.16)

, h .
f*=L,z) = t'.l‘p{;Blz} < f.L,>{(z).

. 11 . .
= <f.LJ>-(:)+I—.)iBlg‘<_f.[.l>'(:J-§Bl’3-<f.[._,>‘(3}.

This series terminartes since L,(=) is only quadratic in . We have for the first term
< f.L, > (z) = fi=)L,(=). and the second term can be expressed in terms of the
Poisson bracket. {f. L,} (z) (Equatiou (5.13)). The third term can be simplified as

follows

Bi, < f.Ly>12) = fouw ) o e (L2 )
= f:mu:(: I '}uawvm Vv'.» €k <k=m+3 -
= f:m llz( < )-I;q I Jp-_,u-_, €,kimn (JUI .m+3‘$1n_.k + I)‘,,‘ .k".u-_v.ritw'-fs) -

= .f:}q M2 ( = )ij"l ( '[I-ll .m+-fl'[ a2k + '];u .L"[ug.nl-é--'¥ ) .

= —ijm_f:m.k-v-f” )= ijm _f:k-v-.'{.ru( :.] -
2 fiz)

_‘—)ijm.—.— .
J‘ImC}Pk

—

Substituting back recovers Equation (3.46). =
To obrain the Moyval equivalent conditions for planar motion. we need to take the
Wigner transform of Equation (3.44). This results in a star product. and applyvine

Equarion (3.46) we find

/h h- (‘)"'q (t.h:z
(IJlt.h::]*LJ[:y:I‘/J(t.rl::)LJ(:)‘:*—2—{l[J(t.ﬁ).LJ}(:)+T€Jk7u 0;;“'),1,“ .
(3.43)

It shonld be emphasized that ¢, (t. A: z) is the coordinate part of the quantim trajec-

torv Z,(t. h: =) (Equation (3.26)). and as such contains all terms in the semiclassical
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expausion. Substitnting this semiclassical expausion and collecting powers of i will

vield the following results. For O(h°). we obrain
q(t=)L,(z)=0. (3.49)

whicll is a statement of the classical planar motion result. For O(A'). we have the
Puisson bracket of ¢,(¢|z) and L,. which is zero. There is no O(2') contrilmtion.
The first and third terms in Equation (5.48) will contribute to the O(h?) part. and

this yields the important result

1 d*q,(t|=)

(2) 4y o — T .
q, (t|z)L,(=) = 5 G D (5.50)

A similar analvsis on the Equation (5.43) vields the Moyal equivalent equations
0. (5.500)

1 d*p,(tlz)
= T€kin ) - . ( —.32)
274D kg ’

pittlz)L,(2)

p ()L, =

In the following section it will be shown chart if the classical trajectory remains i
the ¢, — ¢, plane. the quantum corrections =2it]z) = (¢™(tlz). pt2H(# 21 will also

remain in that plane.

5.3 Scattering of a Wave Packet

We wish to develop rhe Moyval formalisi to a level that is capable of calenlaring
expectation values for physically interesting observables 4 and snicable initial wave
functions ¢. Sunirable wave functions at this time should be simple. well defined
functions for which the Wigner function is easily obtainable. but which retain some

physical relevance.
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As a first application of the Moval formalism. we will look at the dynamical
evoliution of a Gaussian wave packet under the inflnence of a central potential in

three dimensions. The Hamiltonlan for chis situation is

pl

The dyvnamically evolving Hamiltonian is

7t(0)(H)(:) = Hog(t)(z) = H(g(t]=)) - (3.54)
where
prE) = giltlz) + giltiz) + gilti=) 13.33)
() = \Jgiltlz) +gilt]=) + gittl=) . (5.36)
= r{it)=r.

The potential. Vir) = v(q(t)). will eveutnally be chosen to be the Lennard-Jones
(12-6) potential for helinm. neon. or argon gases.

We begin by examining quantities which are needed ar the level of a sinele
trajectory. and then specialize onr Gaussian to simplifv the phase space integral
needed to determine expectation values.

Appendix A contains an overview of the process nsed to determine the spread

in coordinate space of a three dimensional free Ganssian.

5.3.1 The Quantum Trajectory

As shown in the previous section. the classical trajectory is found from Hamilron's

equations. Equation (3.23). The notation of the previous section is very compact.
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the equations written in a more expanded form are:

(l . _ _l[_;(t[:)
) = =
d o wslt]z)
ot pa(tlz) = m
d ‘/ai(tl':)
—g3(tlz = - .
:lt'“( =) m

«[ (t[ _ _()‘-(I)
l'ltg4 ~) - 391 )
d avi(r)
—gs(t|z) = - .
795 =) 37

d avi(r)
—gslt|z) = - .
dtgb( l ) ag:;

(3.37)

To solve this set of differential equations we need to specify the initial conditions.
= = g(Ujz). for the trajectory. It is to our benefit to solve the most redneed
form of these and Jacobi field equations. and to do so we will introdice rorational
lvariance,

We have already seen that the classical rrajectory =(¢]z) transforms as a reusor
under rotations. A standard fixed axis Euler angle representation of R i~ given
by R{a.3.v) = R 1a)RL (R () [Goldstein. 19801, The R rotation of a phase
space point is then given by

g = Rla.3.4)q .- {5.238)
p = Rla.JI.-)po. (5.39)

The three R rotation invariant scalars are
gl = lq@i=r. (5.60)

i = |pof=p-. (3.61)

q-p = qu-py=rpocost . i3.6
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The three vectors qy. py. o X po define a rigid body that is rotated intu all possible
orientations by R. The scalar variables r. p,. 8 characterize the internal degrees of

freedom of this rigid body.

For our purposes. the scalar variables are defined as follows

@ = rsinfe, +rcosfe, = qey + e . {3.63)
Po = prez. (5.64)
g e [0.7). (3.63)

resulting in trajectories that are coutained iu the ¢ | —e, plane (labelled the =, plane)
and which have an initial momentum in the ¢, direction (Fignre 3.1). As # sweeps
from 0 to 7 all initial coordinate points in the ¢y — €, plane will be recovered. The
rotation R completes the map of phase space. We thus have an Euler angle. scalar
invariant coordinatization of phase space given by = = z(a.J.v:r.p..f). Thus.

Equations (5.37) are solved with the initial conditions

o= gi0lzg) = (gi(0]za). g200(20). 43(0]z0). gs(Ofz0). 4510l z0). st 01200 )

= (qu-q2.0.0.p. 0} . (3.66)
This means that we will have for all time:
g_';(tl:u) = gﬁ(tI:U) =0. (361—)

and must solve the reduced set of equations

o? 1 ¢

— g (tlzy) = ——=—1V1r). (5.63
‘lt._,!/l( 1<) o Do (r) (3.63)
d? 1 9

—aa(tlzy) = ———V(r). 5.69)
(lt'-’g'( I20) m dg, ) (

where ¢i3(t|zg) = mgi(t|z). ¢ = 1.2.
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Figure 5.1:

Collision Geometry
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The use of rotational invariance will produce simplificarions in the calenlation
of Vg and VVy¢ when we restrict ourselves to the =y plane. Before we examine
these structures. it would be beneficial to specify the derivatives of the potential
which will be needed in the futnure. If we use the notation 170 = " V'(r)/dr". aud

restrict the indices to the range 1 ~ 3. then simple application of the chain rle

yields
OV ” ,"t pus
0;’) = ‘,’(llg (rl ) . (5.,‘_[)\
a*vi(r) (IS AV R L) o
99,9y, = gilt]=)g,(t]=) (—’_2 - T) + 0.’,——’. . {2.71)
FPV(r) pe e g
— = gi(tl2)g,(t]2)gklt|z —: 3— 5.72
Gutoge = SR (S 3 3 ) 5.7)
) ) o/
+(gi(t]2)djn + g (t]2)dix + gilt]|z)d,,) (,—_, - -'—)) X
V() (R |RE)) @ 1AY
_— = ¢ tiz t)= . < ¢tz - raniin 3 T 3 =
Dfl.afljaykagz Jl J ).(/J( 1 )!/L(tl )gl( | )( - 6 i 15 e 15 s )

~ (g, () gult[2)0a + gl E]2) gt 210, + yi(t2)g,(H] 210k

+ gilt])(t12)S e + g, () qu(#]2 )i + gt 1) gi(#1 )0,
173 17(2) (1

x( 3 -3 ot +3 i )

o A o 17(2) 1 o
+(‘)il‘>)k+(Jlf)lk+‘)k‘{)l]) (T — 3 ) . (3.731

Equation (3.23) gives the Jacobi field g for an arbitrary Hamilronian, For onr
Hamiltonian. the Hessian YV H simplifies and we have

{ () —m='y Yoa(t]2) _

L vVl 0 TWalt]2)

The Jacobi fields have been split into an upper and lower part. Y (¢[2) and W (¢{z)

respectively. Rewriting as before in terms of a second order differential equation
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oue has
d* .

me + VNV (q(t]|=))] Ya(tlz)=0. (3.73)

where W(tlz) = m Y (t]2).

Now consider how the svinmetry of being in the =, plane simplifies the Jacobi
fleld equation. The initial conditions under which Equation (3.73) s solved are
Y:ir(0]z0) = &,y and Y[z(0|z¢) = m~'d;x. Since the classical trajectory remains in the

zo plane. VV'V" which is determined from Equation (3.71) is given by

Vi Wiz O
VVV(q(t|z) = Voy Ve O . 13.76)
0 O ‘r';-;:;

where V., = 9*V(r)/3¢;0g,. This block diagonalization of the Hessian canses Equa-

tion {3.73) to decouple into two parts

d* Th Vi Yia(t|zo) -
771——;+ = . {Dd.00}
(t? 1y Vo Yoaltlz)

? . . -
I:IH"—_. -+ ‘;;:;] };;,\lti.“()) = (). ().

ot-

Due to the inirial conditions. if A = 3.6 while / = 1.2, then Y \(t!z5) = 0. This alxo

occurs iIf A = 1.2.4.5 and ¢ = 3. Therefore. the Jacobi fields are

(Yl.\\ /91;1 gz 0 g4 g5 0 \

Yaa P g2 0y gas U

PN 0 0 g3z O 0 s .
Ngltlzy) = ) = . (3.79)

12 [ Y Jav a2 U Jia Yas U

W gsa Ys:: U gsa gss D)

\ 2N / \ 0 0 gs3 O )/ )
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We see that sixteen are identically zero. and we have goue from solving six sets of
six equations to solving four sets of four equations and two sets of two equations.

Equations (5.77) and (5.78) are written in explicit formn as

(F 021'- g 82‘- .
mom Vig(tlze) = —T?)V-yn(tlzu) - a(v l} Viga(tlzo) .
€2 02"(1) 0 r)
ml )Vth (t]zo) = _Oylar Nunlt|ze) — 901 Vg (tlzy) -
fOT‘i = 1.2‘4.5 |5-SU)
and
& PV (1
m——V.g(t|zy) = —(—) V.ga(t]=) -
dt dg3
for:=3.6 (5.81)

where N, gre3(t|z0) = m; T it z0).

To determine decoupled equations for V'Vg we begin by taking rhe = derivative
of Equation (5.73). Proceeding in a manner similar to hefore. one obtains the

inhomogeneous equations

‘[. "-ll "-I.’ }.l‘\p(ti::()] "l_;k};,\}’kp - -
m— + = - (5.32)
A\ v Vi S\ Yaaltlz) Vo ¥)atip
? . © - k- - o
l:'"(lT + 1 HJ }Il.\p(tE:U) = =1 SJk}J.\}L‘p . (3.83)

In these eqnations the j and A are summed over. The Y.\, = ¢..,. and the inho-
mogeneons terml is seen to depend ou the Jacobi fields Y,y = gin. The g,24.0, terms

are calculated from g,oa.0, = MY x,.
It is beneficial to determine which g;.,, are zero because of the planar motion.
Since the initial conditions are zero. if V,x¥aYi, = 0 then Y\, (t|zy) = 0. We

see from Equation (3.72) that 1, is zero if vne of i, j. or & is 3 while the other
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two are in (1.2). As well. V333 = 0 (basically, an odd nmumber of derivatives wich
respect to g3). Equation (5.79) identifies the zero valies of Y,y. We define two sets,
A =(1.2.4.3) and B = (3.6). There are two situations which vield V; x ¥ 1 ¥z, = 0.
Case 1 involves ¢ € (1.2) where the Ap are disjointly assigned to 4 and B. Case 2

involves / = 3 and Ap both in 4 or both in B.

Equations (3.82) and (3.83) are written in explicit form as

& FVi(r) FV(r) o
rn;lt—,zv,v.'!]l(tl:o) = —-( 753 ngt(ﬂ:)'f'a o V,0a(t2) | Vigi(t]z)
a*V(r) FPV(r)
_ ¢ - gl t
(39."05:2?’9‘(“ . Faz0g, ) ) Vigaltls)
FV(r
- (5Jla—'ivlga(ﬂ:)) Vigs(t|z)
g3
9%V () 9V (r)
——5— Vv, Vit ——— Y, V.t
a!h gu(tl=) 941092 g:(t1<)
d* a:;‘_v-(,_) 031’( ) |
g o i) = (a_,;v—,,_,\—lg‘m:”a—?\_,gz(tiz) Ttz
J‘I 0 L
0"—
- (()J (;;_3 vJ!/.‘i(f::)) v,_"]:ﬂf!:)
3
g*vir) 2
—— V, Vgt V Tt
aJlan g(tl) g3 2(2]2)
4 PV
m~1—t-_;\";v.gs(t[:o) = _(ag[('; ) V,93(t|z )) g (t]2)
‘ 93
63‘,- .
- (TS'I)V ga(t] )) VLga(t]2)
g2y
PV (r) 03‘-{7')
7=Vl ——— N, a(tlz) ) V(]2
(Ofllafj; qu l 051‘!0!]_‘: J.I-(t, ) !Il( i ’
3')‘ ('J F*V(r) .
v V-x t|z) ~ Vgt 5.54

We are now able to calenlate in the most efficient manner the classical trajec-
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tories as well as Vg and VVg. With these solutions in hand we are now able ro

proceed to calculate the quantum correction z3Y(t]z0) = (¢! (¢ z0). p2(E]20))-

5.3.2 Planar Motion and the Quantum Correction

We begin by showing that planar morion implies thar the quantium corrections ro

Oth?) will remain in the plane. From Equation (3.50) we have the expression

‘ot
[72)]
(S]]

@52 (t]20) La(z0) = (Yi:53 — Yisa) + (Yas1 — Yauz) + (Yauz — Yais1) -

The first four ¥ terms are zero from Case 1 above. and the last two are zero from
Case 2. Therefore. we have for all time that the quantum correction in fi° remains
. 2) .. . . - - .

in the z, plane. q_% (t{zy) = 0. Similar reasoning from Equation (5.32) vields the

result p{* (tz0) = 0.

The quantum correction is given by Equation (3.28). The form of this equation
is a 6 component column vector. The top three componeunts of the right hand side
of this equation are zero since they are bnile from either ¢.p mixed derivatives
of H or third and fonrth order derivarives in p of H. both of which are zero (of.

Equation (3.9}). The rop three components therefore rediee to

O
(V2]
(=)

Tw(t)zPtz0) =0, i=1~3. (

This 1s similar to Equation (3.74). and implies that

L, 1 .,
‘_(I‘-)(ﬂzt)) = -—-pf')(tlz(,) . (3.
dt rn

ol
(7]
-1

Inserting this result into the bottom portion of Equation (3.28) vields a result

similar to Equation (3.73). ouly inhomogeneons

([* ) . Y l - .
m = (tz0) + Viy(a(t]20))g; (¢]0) = —5 Bz < () a(t) = (o) Viwlattlz) +
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1 .
FBIZB'.'.’I < (). @), qm(t) > (Z0)Vijgm(qlt]z0) . (5.33)

. 2 P . . . - .
Since q;(, )(tlzo) = 0. the :.j indices are restricted to 1.2. Eqnation (3.88) is a set of

two equations for the two unknowns (q\%)(¢]z). a3 (| 20)).

5.3.3 Expectation Values

Now that we have all the tools required to calculate the relevant quantities for indi-

vidual trajectories in the Moyal formalism. we turn our attention to the expectation

values.

The quantum expectation values in Moyval quantiun mechanics are given by:
(Alt)),. = / dzreg (=) Do dw . (5.59)
RtS
The observable is usually a tensor.

A=T, .. . (3.90)

here represented as a general tensor of rank n.

For a three dimensional svstem. the integration is over:

/-([: = / dg, / dg- / dys / dy, /..-dy_; /‘t dys . (3.91)
- dx xﬂ' ’Zcrr :: F,\-be -r;\:_’c ,
= w? / dox / d3 / d~ / de / db / dga b sin . (3.92)
U 0 0 V] ) -

where we are working with rhe familiar Enler angles in the v-convention [Goldstein.
1981]. The mass is . the impact parameter is b. the displacement along the ¢ ; axis
is ¢z, and the velocity 1s . In general this would be a difficult integral to evaluate.
To sumplify the phase space integral we will work with a Ganssian which is “squeezed’

in the momentnm direction. allowing an expansion and subsequent momentim
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integration to be done analytically. This leaves us with a three dimensional integral

in the coordinates. which we will redhitee to a two dimensional integral.

Consider the Gaussian wave packet centered at the origin with spread A:

3/4 1 3 b b
e(N.r) = (:LA-T) crp{—ﬁ(.r{-f-r.}ﬁ-xg)} . (3.93)

which has been normalized so that
/ le( A o) dPr =1 . (5.94)
R3
We wish to construct the Wigner function of this Gaussian (Eqnation (3.7))

1
wyay)(z) = h—3(|‘i'(A-J-'))('l'“—\-i')l)w(5)-

1 P —ip-v el ' o
= F/‘W dv e.z:p( ; )(q+ 3 fe (A ) {(e{ AL r)|g 2} .

l 3 1 2 Y ) AZ 3 3 ) - -
= (_—ﬁ) erp —F(ql+qz+q5)—7lf(pi+p§+p§) . (3.99)

This Wigner function is centered at the origin and has a mean momentun of zero.
We would like to construct a more general Gaussian and obtain a Wigner function
which has been translated by 2 = (7. p) from 2 = 0. This i~ accomplished via the

Heisenberg phase space translation operator [Molzahn and Osborn. 1994]:

T(3) = c.z’p{i:' . .ff} = u‘p{i(;} -q —q -p)} . (5.96)

h h
The effect of the translation operator on a function is [Molzahn and Oshorn. 1994]
(T(Zel(c) =exp {—é(ﬁ -G+ p- .L"]} e —q) . {3.97)

aud so we have the new translated Gaussian

c(AZn = [T(E)eQ)ie) = c‘.rp{—;—l(p . rj—l-p-r)} C(A e —q).

]. 3/4 l' o _
= (=) ar{-puraeeo)

1 3 -2 -2 -
X CJ'P{—;—._, ((-Fl — @) F (w2 — @)+ oy — q:;)‘)} -(5.98)
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The effect of the translation operator vu an operator A can be expressed as [Molzahn

and Osborn. 1994]

[T()AT!(3)] , (2) = Aw(z = 2) (5.99)
Therefore. the translated Wigner function is
1 .
ea.g(s) = = (A Z e p{e(A 2 o))y (2)
1 -
= 5 ( Yl (AL ) (w(A. )| TH :,)W(:) .
1 1 2 . .
= (-7) z {_T ((QI —a)V (-3 + (- &)
—72—._,— ((p —m)* + (2= p2)* + (P~ pa)° )} - (5.100)

For our purposes. imposing Equation (5.66). we set gz = py = po = 0. since nonzero
G- 1. po ouly introduces a constant multiplier. The trauslated Wigner finerion is

then given by:

3 —_2 '|_")2 A', ~)—‘--:
euls) = (%) up{_(m q1) ;(q- @) (p}l-' p) } 50D

For a tensor of rank n observable. the expectation valne ix

(Tamalte = [ dz wul )T T

l 3
= (;{) /(1: rth.a;---un.J

xu'p{-—((h_q‘] +(q2 — q2) -3'(1)22—1)'.’) }(5.102)

Al h
The Wigner function remains fixed at its value ar # = 0 and the observable is

evolved. It is interesting to note that the expectation value could also be obtained

by evolving the Wigner function and leaving the obervable fixed art its £ = 0 value

(Toy o (£))e. = / dz Topon Doe(100( ) - (5.103)
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We will only evalnate expectation valnes by Eqnation (5.102) in this thesis.

To simplifv the inregration over phase space. we can expand the function in
an asymptotic series abont the maximmm momentum of onr Gaunssian. p,. The
momentum integration can then be performed analvtically. The validity of this
procednre is dependent on the function being expanded. and is affected by the size

of h/A.

Counsider a general smooth fimction of p. F(p). for which we require

' 1 3 AZ —_ 52
I(F:p.A) = / *p F(p) (—) €rp ——(i-,L) . (5.104)
R wh h-
By introducing a change of variables p) = p, — p,. this integral becomes

ﬂ—‘i-)_} . (5.103)

1 3
[(F:p..l)=/d3p'F(ﬁ+p')(—) c‘.z:p{— g
R wh h=
By performing a Taylor series expansion of F(p — p’) about p. the integral is fonnd

tu be

o 1 \? L (R\[OF(p)  PFE(p) OF(p
[LE:p. )~ ( ' ) {F(P)T (A) [ opi  Op3 i api

hit o
SE . 15.106,

Since we are only taking the expansion of I'; to O(h*). this is an appropriate method
) 2 p pprop

of performing the «*p part of the phase space integral. The momentum expansion
1s correct to O (Iﬁ/.\[‘). so by increasing A\ this approximation will be improved.
Inereasing \ canses the Wigner fuuction of the original Ganssian (Equation (3.951)
to be sharply peaked in the momentum direction. and spread ont in the position.
Thus we refer to this as a squeezed Gaussian. Although this method allows ns to
perform the momentum integration analvtically. there is a price to pay. Since onr
Wigner function is now spread out in position. performing the coordinate integra-

tion accurately will require a larger range of values in the coordinate vartables.
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.-\ppl_ving Equatiuu (5.1()6} to Eqnutiun (5.10?_). we obtain for the expertariuu

valiue

1 ? 3 (= @) + (g2 — @)
(Toyan)e = (m) /R: d’qerp {— N2
) B[ 0 _
x [, {Tm...nn(q.;}) + (E) [O—IEI,L...,_,H(«[.[))-%
4
) } (3.107)
To simplify the notation slightly we can write

1 ? 3 (q —(11)2'{“(‘12—(]2)2

+—;Ta anlq. D) + —.

h

A

Tal,.“n(q.ﬁ)} + O (

x Scn---a,,‘t-([.p) . 15-1()8)
where
— (V) ~ h., (2) -
Suln-.v,,(t.l[-[)) = Y (qu..-u,.[l]. p)) + T“,’t (z.,,l___,h‘(q_p}]
() g o < 109
ha .)A pt (Tm-na,.((l- P)} . (OlU )
where
W Tran(@-5)) = T latt12).) (5.110)
DM T P = —Toalgit[z).p)+ =T, (gt p
e (Lol p)) opr LLg(t[z).p) api gtttz p)
0?* B ) |
+ 3—1)2Ta1~-on(ﬂ(tl:)-p) : (5.111;
3

Equarion (5.110) is the classical O(h") contribution to the expectation value. Equa-
tion (3.111) aruse from the asyinptotic expansion nsed to perform the momentmn
integration. and is O(Jh/A[*). The other term in Equation (3.109) is the first

. . . r
quantnum correction to the expectation valne. and is O(A7). The termm

B\ R, )
(‘.)_l_k> —')—OI:.“(-] ' I‘“l"'“ll(q‘p)) (~J.112i
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is O(RY) and is therefore neglected.

[t now simply remains to perform the coordinate part of the phase space inte-
gral which remains in Equation (5.108). To do this will will swirch to evlindrical
coordinates and end up with an integration over y € (—ac. ) aud impact param-
eter b € (U.x). The angular integral can be done analytically and will inrrodnee

Bessel functions.

The cylindrical coordinates are defined as:

r = rcosf. (3.113)
y = y. (2.114)
z = rsmnf. (5.115)

with Jacobian .J = r. [t is a simple matter to show that Equation (3.108) becomes

—_\."R

(Torude = Spcr / dr / dyrecp {—A"HR* = i)}
27 )
X / df exp {2.3_‘1‘61 cos 9} Saranltorcos@.y . rsind) .
v
(3.116)
where R = /1 = 42 and R = /qi + ¢3. The angle # iz a rotation abonr the y-axis,
and a roration of zero denotes the =) plane. ¢y = (qr.q2.0) = (b.y.0). and so we
can write:
Sopasltrcos 8oy rsind) = Ry (0) - R (8) S0, (1 y. 0) (5.117)
where
R( f—_). 9) U _
R(E) = . (3.113)
U R( f"_:- 9)
cosf 0 siné
R(é,.0) = 0o 1 0 . (5.119)

—sind 0 cosé
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Thns we can write for the expectation valie

(-_\-3123 ~ .~ o )
(z:'l'““n>'~" = W[) b /-‘x (i!/ bC.L‘p{—A | R- - _).!/([3}}
X Qoo azsinann (2N 720G ) Sy, 0 (t. Dy 0) . (3.120)

where

Doy irazincenvn (227201 ) = /U df exp {22720G1 005} Royin (8) - Raanen(8)
(5.121)

1s a combination of Bessel functions and is known analytically (cf. Appendix B).

It should be emphasized that the contribution of order (A/3)* is due solely
to the momentum expaunsion that was emploved and is not a contribution to the
quantum deviation from the classical found via Moval quantoun mechanies. The
Moval contribntions to the expectation valne are fonund in the ;) parts (the classical
result. which inclides the (A/2)? term as well). and the 57" part (the (uantun

deviation).



Chapter 6

Application to Helium, Neon and

Argon

The formalism developed in the previons section is now used to treat the evolution
of a Gaussian wave packet nnder the inflnence of a central potential. Before the
wave packet is introdnced. however. the Jacobi fields and the quanniumn rrajecrory
will be examined iu deratl for a single trajectory.

The three svstems considered are helinm-helinm. neon-neon. and argon-areoun.
These systems were chosen since they exhibit a factor of 10 change in the mass. and
will produce elastic scattering at the energies chosen. The putential in all cases 1s
taken to be the Lennard-Jones (12-6) potential which is modified at small r to be
finite at rr =0

(18" - @)
Viry= . (6.1

Are

m+%ﬁi+%ﬁ+%ﬁ+fr‘+l‘" r<ry
The A.B.C.D.E.F are defined so that the potential is smooth up to the fifch

92
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derivative at the point 7y, This smoothness is necessary since we are using the
fourcth derivative of the potential (Equation (3.73)). We require the wall of onr
potential to be modelled by the Lennard Jones structure. and hence choose ry, to
be smaller than . We impose that 1(ry) > 3 x energy of collision. The values of
the constants in the potential are given in Table 6.1.

For the work in this thesis. nuits are chosen so that energy is always expressed in
em™!. This choice leads to the units as described in Table 6.2. Conversion to other
units is accomplished by use of the multiplicative factors included in Table 6.2.
Atomic masses are based on '*C having a mass of exactly 12 amu. and the masses

used are the mass of the most stable isotope.

6.1 The Quantum Trajectory

In this section we will look at the Jacobi fields (Eqnuations (3.80). (3.81). and (3.34))
and the quantwun trajectory (Equation (3.38)) in detail. Appendix C examines the

error propagation that ocours in rhe numerical solntion.

We begin with the classical trajectory. Fignure 6.1 shows rhe classical trajecrory

that results for a given impact parameter b and y.

The Jacobi fields Vg(¢{zp) are the first functions which must be calenlared u
order to obtain the quantum trajectory. Figure 6.2 shows how two representarive
elements of Vg(t|zy) develop with time. Iu regions where the potential is essenrially
zero. the Jacobi fields are linear in time. It is also evident that after the collision
the Jacobi fields can develop a linear time dependence with a slope which is quire
steep. resulting in very large values for the Jacobi fields at large times. Since the

Jacobi fields indicate the dependence of trajectories on initial conditions. this is nor
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He Ne Ar
€ (cm™") 7.103 2961 24.812 881¢ S7.018 840~
Fiin () 2.556' 3.131% 3.822-
a () 2277t 2.789¢ 3.405°
ro (A) 1.8 2.1 3.1
A(em /A% | =1.3053767 x 107 —=3.787479 x 107 —1.900680 x 14
B (em™'/AY) | £2.496021 x 107 +8.447639 x 107  +6.232360 x 10°
C (em™'/A%) | —2.394704 x 107 —9.457013 x 107 —1.032289 x 107
D (em™'/A?%) | +£1.5338266 x 107 +7.088689 x 107 +1.140793 x 107
E (em™'/A) | —7.447284 x 10° —4.004876 x 10 —-9.498711 x 10°
F (em™h) +2.900397 x 10% +1.820423 x 10"  +6.339796 x 10°
Lass (amn) ; 4.0026 20.179 39.948

Table 6.1:

Constants used in helium. neon. and argon modified Lennard Jones (12-6) potential.

References: t: e Buer. 1938: &

1962.

Hirschfelder et al.. 1954: ~: Fender and Halsey.
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Energy
Temperature
Distance
Time
Velocity
Mass
Momentum

h

kg
I K
1]

1 amnu

cu’”
K
A
107" s = 0.1 ns

m/s = A/(1071° s)

em~! s? / m?

em™! 0.1 ns/A

5.3088374 x107¢ em~' 0.1 us
1.05343727 <107 J s
2.99792438 x10™" cm/s
1.380638 x 10~ J/K
0.6950387 i~

3.0341125 x10°* cm™!
1.6605402 x107°" kg

Table 6.2: Units

95
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SUrprising.

An interesting note is that if the Jacobi fields are linear when the potential is
zero. then they have nonlinear structure ouly when the potential is acting. There-
fore. when the Jacobi fields are nonlinear the collision is actively veeuring.  For
example. in Figure 6.2 we see that for the given trajectory the collision ocenrs dur-
ing ¢t € (0.01.0.0175)107" 5. This circumstance can provide a rough estimate for
the duration of a collision, and we see that the duration of a He-He collision with
velocity 600 m/s is ~ 107! seconds (of course. this result can be recovered in a

similar manner from a graph of the momentum).

Fignre 6.3 shows two representative eiements of Y'WVy(tlz,). These functions as
well are linear in rime when the potential is essentially zero. and show the possibiliry

for growth to large size for large time.

Figure 6.4 shows the classical trajectory as well as the quantum trajectory
(Equation (3.26}). The quantnm trajectory begins at the same value as the classical
trajectory. and does not differ appreciably from the classical trajectory nnril the
trajectory enters the reeion where the potential is significancly nonzero. For trajec-
tories which have a large impact parameter the qnantum aud classical trajecrories
are essentially the same. This result vccurs since the potential is nearly zero over

the entire trajectory.

Figures 6.5 and 6.6 shows the contributions to the classical and quantiun tra-
jectories for g(tlz,) and gi(t{zy) as a function of time. It can be seen that the frst
. . o ciectory =1 ¢tl=) has a s - oseillatory Strie
(uanti correction to the rrajectory = z,7'(t}zy) has a stronger oscillatory strue-

ture than rthe classical trajectory when the collision is occuring. This behavionr

impacts the integration over y. as we shall see in section 6.3.1.
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L

) 1 1 1 § B 1

1 2 3 4 5 6 7 8
impact parameter

-10

Fignre 6.1:
Classical trajectory (=i (#]z9). =4 (#120))

The potential is helinm. and the initial conditions are velociry = 600 m/s. b = 1.3A.

y = —10A.
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NV g12(t]20)
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Q2 L L
g gQes a0 04015 ac2 0025

N ialtlze)

3 aQos a0t ao1s Qo2 Q025
ume
Figure 6.2:
Sample Jacobi fields as a function of time. The potential is helinm. and the inittal
conditions are velocity = 600 m/s. b = 1.8A. y = —10A. The x-axis is time i nuits

of 107! seconds.
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NN gral(t|zy)

R [ RPN BRI DR W
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-70Q00 |
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L 1 L
a 0005 qat QoS QdQ2 3325

Figure 6.3:
Sample TV g(t|z) as a function of time. The potential is helinm. and the initial
conditions are velocity = 600 m/s. b= 1.8A. y = —10A. The x-axis is time in nnits

of 10719 seconds.



CHAPTER 6. APPLICATION TO HELIUM. NEON AND ARGON I

2 ] T L L 5 T 1 ]

oF R
2 F -
> 4 - J
6 ! .

!

|

}

I
8 ' 4

i

|

l

_10 [ A L 1 A 1 i S i
1 2 3 4 5 6 7 8 9
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Fienre 6.4:
Classical and quantum trajectory
.. R H C. _(0) (0)
Plots: solid line: (=7 '(t|z0). (tl_u
(lUEC(“(l line: £ (tl-_u) + —'“'l (t'~()) -{p ’ft'_ - .,. (fl_u)

The potential is helinumn. and the initial condirions are velm ity = 600 m/~. b = 1.3A,

= —10A.
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Figure 6.5:

g2 gqcas

Plots of ={” (#]9) and & ={*)(|z). The potential is helium. and the initial condirions

are velocity = 600 m/s. b = 1.8A. y = —10A. The x-axis is time in units of 107"

seconds.
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)

h2 12 5.
T-.; If!~(lj

Plots of =\")(#i=,) and

are velocity = 600 m/s. b = 1.8A. y = —10A. The x-axis is time in units of 107

seconds.
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Fienure 6.6:

) . - - - - - - . -
= (#|20). The potential is helinm. and the initial condirions

> ~4

10



CHAPTER 6. APPLICATION TO HELIUM. NEON AND ARGON 103

6.2 Orbiting in a Lennard Jones Potential

In this section we will examine forward glory and rainbow scattering. and derive

conditions for which orbiting ocenrs in the Lennard Jones (12-6) potential.

Two cases which make the differential cross section singular are forward glory
scattering and rainbow scattering [Child. 1974: Zare. 1988]. Forward glory scattering
occurs at an impact parameter bgoy when the angle of deiection (y) is equal to
zero. Rainbow scattering occurs at an impact parameter bainbow When the rate of
change of the angle of deflection with unpact parameter (Jy/3b) is zero. Four an
example of the effects of rainbow and glory coutribntions to the JWKB semiclassical

approximation see Ford and Wheeler. 1959.

The angle of deflection as a function of impact parameter is shown in Fignre 6.7.
along with an estimate of the size of the quantum corrections after the collision. It
1s seen that cthe quantum corrections to the coordinates are largest for trajectories
which have an tmpact parameter slighlty less than binbaw: the quantiun corrections
to the momentum are largest here as well.

Forward glory scattering is shown in Figure 6.8. The ¢uantum trajectory does
not differ from the classical trajectory to the degree that is seen in rainbow scatrrer-
ing at large times (see below). However. the quanoium trajectory is seen to oscillate
about the classical trajectory near closest approach. This vseillation is evident in
all trajectories near closest approach (cf. Figure 6.4). and ix nor a property of
forward glory scatrering.

The classical and quantum trajectories for rainbow scattering are shown in Fie-
ure 6.9. It is seen that the quantum trajectory near the classical rainbow trajectory
can deviate markedly from the classical. For low velocities this deviation can be

. . . b4 -
very significant. and the expansion tu O(h°) may not be valid. However. as long
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as the expansion is valid over all but a small region of phase space. the average
valies of dynamical quantities should still be correct. This result is not surprising
since the particle spends the most time engaged in a close collision for rainbow
scattering. and this is precisely the region where quantumn effeces will he largest.
Rainbow scattering is also very sensitive to initial conditions. a property which the

Jacobl fields measure.

Orbiting can be thought of as a special case of rainbow scattering where the
angle of deflection is —oc. that is, there exists a vertical asvmptote at b,p; rather
than a minimum at bejnbow. For the Lennard Jones potential. the existence aned

position of bykie can be derived analytically [Stogryvn and Hirschfelder. 1939].

Figure 6.10 illustrates the sitnation which results in orbiting. The effecrive

potential. Vig(h. r. E). contains the centrifngal potential and is given by [Goldsrein.

12 5 [.‘
V(b r. E) = de ((5) - (rf) ) + ’f . (6.2)
- . =

Iu Figure 6.10. the top enrve is Vog(he. r. E.). and has a poinr of inflection at 7.

1951

for b = b, and E = E.. The middle curve is Vig(by. . E). anel it has a maxinmin ar
r for b = by and energy E. The borrom enrve is Vg(0.r. E). which is <simply the
Lennard Joues (12-6) potential since the centrifugal potential is zero for trajectories

with zero angular momentum.

Analytically. the conditions for orbiting are

L;H'(bo. r. Eu) = E() . (63)

Via(bo FLEy) = 0. (6.4)

where by 1s the initial impact parameter at infinity, 7 is the radins of che orbit. and
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impact parameter

Fignure 6.7:
Solid line: classical angle of deflection (radians).

Dotted line: |R,. — R,} /R.. (size of quantum correction)

) A o .,
where R, = \/(:i )(tlsu)" + :§ )(t|:u))-.
2 (2 2 Lt 2 _(2) .
and R, = \/(:{”’m.-.,) + B tm)) T+ () + B )
The potential is helinm. and the initial conditions are velociry = 300 m/~. 4y =

—20A. The time is taken to be 0.1 x 1071 5. Rainbow scarrering is seen to ocenr
at b = 3.136A. Forward glory scattering oceurs at b = 2.673A. The vertical scale

applies to both functions
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Figure 6.3:
Classical and quantum trajectory for forward glorv scattering

Plots: solid line: (:{0)(1‘]:0). :.iul(t[:.,“
dotted line:  (={7(t]z0) + B =1 t125). =P (¢]20) + Z=P (#1200
The potential is He-He. and the initial couditions are velocity = 300 m/s. y = —20A.

b=12675A.
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Figure 6.9:

Classical and quantum trajectory for rainbow scattering

Plots: solid line: (:5”)(1‘1:., ; :S))ltl:(;”
dotted line: (:?”[t!:.;l <+ %::“(f[:ul- :.'..”’lt[:.;) - L?.‘L”ffi:n”
The porential is He-He. and the initial conditions are velocirv = 500 m/s. y = —20A.

b =3.136A.
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Fignure 6.10:

Effective potential energy enrves
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Ey is the kinetic energy at infinity. Solving this set of equations for by and 7 yields

. 1o / Eo\]°

. — ' 1 —_ . -—

I E” (l'f‘ E,):l (6 J)
2er3 [ —12712 67" 3

b') = Eu ( ,‘:1:5 + ,‘.lj )] ) (6‘6'

e. For £ > E. no orbiting

o

wild

where we have identified the critical energy E. =
will occur (as r is no longer real). For E = E. we have the condition for classical

orbiting. The critical values of the parameters become

&
R)

_ 36er?

3

Fo=3%50.b, == . [.=0bE. (6.7

C

(W] )
i
18

The critical values i Equation (6.7) can also be obtained by solving the rriple
of equations which mnust be satistied at the onset of orbiting. Vog(b..r.. E.) = E..

VigtbeFe Eq) = 00 V(Do P EL) = 0 for E.. b.. and 7.

Metastable states exist for a region around bgph;e for which the angle of deflection
15 > —27. The quantum correction is largest for these metastable srates. and
the expansion to O(h*) may not be valid for large times for these rrajecrories.
Fignre 6.11 shows a typical metastable state. Nwmnerical instabiliries for these
trajectories do not allow us to caleulate with accuracy the quantum trajectory. [r
has been noted for the problem of line shapes [Meinander. 19935] thar bound and

free states have ro be computed with different methods since the trajectories have

such different character.

Bonud srates. which correspond to negative euerev solntions. are nor possible

for two body scatrering svstems.,

In this section we have seen that the qnantum corrections are most dominant

for trajectories which exhibit rainbow scattering. or. if the enerev is low enonugh.
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Figure 6.11:
Classical trajectory for metastable scattering
The potential is He-He. and the initial conditions are velocity =250 m/s. y = —70A.

b = 4.064A.
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He-He Ne-Ne Ar-Ar

E.(cm™") | 5.6826 19.850 69.615
velocity, (m/s) | 260.64 216.95 288.76

Table 6.3: Critical values for orbiting

orbiting. The present numerical package is unable to correctly determine the quan-
tum corrections in the case of metastable states. Any future attempts to extend
the theory to higher orders of £ should concentrate on these regions of phase space.

Table 6.3 contains the critical values for He. Ne, Ar.

6.3 Expectation Values

We now are able to calenlate expectation values using the formalism of Moyval
(quantum mechanics. In this section. tvpical functions will be examined in detail

with respect to their behaviour with changing b and y for varions times.

The parameters for the Wigner function of the Gaussian. Eqnarion ¢3.100).
are given in Table 6.4. We can see that the Ganssian is indeed squeezed. with a
large dispersion in the coordinates and a small dispersion in the momentum (recall
that the dispersion in the momentun is £?/22?). The Taylor series expausion
in the momentum that was performed means that we are working with only oue
momentum. and so the Gaussian is centered at that momentvun. The Ganssian is
ronghly forry times as large as the potential (A7/2 = 200 ~ 40 x (2r,,.)).

Figure 6.12 shows how classical and quantum trajectories evolve for a tyvpical
initial y and changing impact parameter for a helimun potential and initial velocity

¢ = 430 m/s. Both sets of trajectories stay ontside of the smooth core region
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Figure 6.12:

Classical (top) and quantum (bottom) trajectories for He-He near closest approach

for a velocity of 450 m/s.
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A 20 A
f]l 2 ."\
Ii_p - l‘l[) A

p emem” 01 ns/A

Table 6.4: Gaussian parameters

r < ro = 1.8 A. It is seen that trajectories are significantly scattered only for small
impact parameters. usually b ~ brainbow + (brainbow — bgiory). This region must be
treated accurately in the phase space average to obtain meaningful results. As well.
it can be seen that for the 6's in this region the y integral can involve fiumetions char
are changing rapidly (if the time at which the average is needed puts the particle
near closest approach). These cousiderations are discussed in detail aloug with
assuciated errors with the numerical integration in Appendix C. The next sections

examine the structure of tvpical fuuctions which are to be integrated.

6.3.1 y Dependence

In this section we will examine typical functions that are to be averaged for strnctnre
in y. The range of the y integration was taken to be [-240.-70]. This Gaussian is
isolated from the potential at ¢t = 0 and we are treating a true scattering situatiou.
This isolation of the Gaussian at ¢ = 0 allows us to exploit composition riles which

greatly simplifies the caleulation.

The classical gitiz) satisfies the composition formula
) 1

Jalta]2) = galtz: — tilg(ti{z)) . (6.3)
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Taking derivatives vields composition formulas for Vg and YV g,

Vas(ta]z) = Vgaqlty — tilg(tifz))V g alti]z) . (6.9)
NV V0adp(ta]2) = VWV (ganelts — t)lg(t1]2)) VY gep(t1] 2V gqus(trfz)
+N gay(ta — t1lg(t1]2)) VNV grsp(teiz) . (6.10)

Counsider a trajectory with fixed impact trajectory b and momentum p. For this
impact parameter. there is a y, for which at all y < y,, the potential is essentially
zero. The initial y for the trajectory will be vne of the y < y,,. Let ¢, be the time

it takes to reach y, from y.
taly) =tn = (yn —y)m/p . (6.11)

For t < t, the trajectory is in a region where the potenrial is essentially zero.
and we can use the free particle results to detine g. Vg, and YN g, For t > ¢,
Equations (6.8)-(6.10) can be nsed by identifving ¢, = t,. t, = f. and =, = g(f,]2)

and we have

gn(t{:' = f/}.yn){f'—tn;:n) .
v!]nJ( ti:l = v.‘l},yq.“)(t - tu )I:u)vgir;#' tr;&:) .
TS tz) = NV Vel — tal 2 ) Vol (8] 2Tyl (2al2) - (6.12)

The function =% has the same form of the composition miles as g, in the zerorh

vrder approximatiou.

St = 0.t <,

-('-’)(Un)(t_tuf:u] (6.13}

A ¢

This structure is useful to us since for a wave packet which 1s 1sotated from the

potential at ¢ = 0 the z, which appear in Equations (6.12) are the same for a fixed
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Percentage Error
(‘l’c()?x’m(.(ls ); (‘/1[):{1)73(95 ) <"/([)?1).-3( aﬁ!]s )
5.0x 107% 1.1 x 107 44 x 1077

Table 6.3:

Accuracy of zeroth order perturbation scheme

impact parameter. For a given impact parameter b,. the dynamics of g. Vg, and
V' Vg need only be solved from diferential equations for the trajectory with rhe
largest y. All uther trajectories that begin with impact parameter b, can be defined

via the time shift composition rmles (Equation (6.12)).

Of course. the potential is never truly zero. even at large distances - decaying
as 1/r" for the Lennard Jones potential. The =, are not identical for different 4's
with the same impact parameter. Table 6.5 examines this zeroth order perturbation
approximation for a tvpical function. gs. The potenrial nsed was helinm. wirh an
initial velocity of 600 m/s. The columns represent the quantiry 100 x 14, — 4,),/ 4.
where 4, 1s the result from solving urdinary differential equations for each trajec-
tory. and A, is the result from using the zeroth order perturbation approximation.
We can see that the wavepacket treated in this thesis is far enongh removed from
the potential at ¢ = 0 that this approximation is valid. This zeroth order ap-
proximation reduces the time of the calendation by a factor of 17, which was the

motivation for its meluston.

Figures 6.13 and 6.14 show the structure of typical functions that have to be

integrated at five times during the collision. These sraphs show the functions (of.
e} o) b
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— Yy

Fignre 6.13:
F, (ef. Equation (6.14)) as a fauction of y. for b = 1.7362A. Lefr-right-top-bottom:
Classical parr. first Moyal correction. momentiun expansion correction. The system
is helinun at veloeity = 300 m/s. All plots are given for the function ar rhe five

times .0, 0.232. 0.280. 0.308 and 0.448 x 107" 5. See text for discussion.
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Figure 6.14:
Fys (cf. Equation (6.14)) as a function of y. for b = 1.7362A. Left-right-top-bottom:
Classical part. first Moval correction. momentum expansion correction. The svstem
is helinun at velocity = 500 m/s. The classical part is given for the function at rhe
five times 0.0. 0.232. 0.230.0.308 and 0.443 x107" 5. The Moval and momentium

correction are given at 0.280 x 107" 5. See text for discussion.
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Equation (5.120))

-AT2R?

F, == — ybap{ ~ATHR? = 2yG) } Qa2 720G S, by 0) . (6.14)

where S/ (t.b.y.0) is one of (cf. Equation (3. 109)) (g(,(t,-u) (classical part).

.‘T,'j.,' (ga(t]zo)) (first Moval correction). or (_,—"S) 0;“( )(J‘,(t1~.,)) (momentum ex-

pansion correction).

Figure 6.13 shows all three contributions to the average value for the coordinate
g1(t|zo). The first graph in Figure 6.13 is the classical contribution. The large
Gaussian curve is the function at ¢ = 0.448 x 107" s: the next largest curve is the
function at time ¢t = 0.308 x 107'% s: etc. At # = 0 this function is simply a scaled
version of the Gaussian being scattered. For ¢ > 0.448 x 107! s, -,vt(”)(gl(t}:.,)) will
be linear in time. This results in a function which grows so that the area nnder rhe
curve grows linearly with time. The shape of the function for these large times is

simply a scaled version of the original Gaussian shape.

The second graph in Figure 6.13 is the first Moval correction to the average value
tor the coordinate g,(#]zy). The five curves represent the function at the five times
in a manner analogous to the classical part. For this function. however. we see the
appearance of a ‘spike’ strncture for times during which the significantly nonzero
portion of the Gaussian is located near the potential. This is directly due to the
spike structure which occurs in the functions :f")(t[:(,) (cf. Figure 6.3). The function

(u; (t1zy) hax a mnch smoother profile near closest approach and this translates inro
a smmooth classical part. For large times we see that the spike structure is given a
small weight by the Gaussian and this function is a scaled version of the original
Ganssian which will grow in a manner that ensures the area nunder the curve grows
linearly with time. At ¢ = 0 this function is strictly zero. as the quantum corrections

are zero at t = (.
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The final graph in Figure 6.13 is the momentum expaunsion correction to the
average value for the coordinate g;(#|zy). The five curves represent the function at
the five times. The spike structure in this function does not oscillate as much as
in the Moyval correction. and is dne to the strueture exhibited at closest approach
by the funcrons VN g1,4(tz0) for o = 4.3.6 (¢f. Figure 6.3). The same large time
growth thar was present in the classical and Moyal parts is seen in the momenrum
correction. At ¢ = 0 this function is zero. however this is not true for all functions -
most notably. the rank two tensors g2 with « = 4. 5.6 have a momentum correction

part which is equal to 1(£)? at ¢ = 0.

Figure 6.14 contains the classical part of the average for gs(t}zy). The structure
which is present here at times when the Gaussian is near the potential center is
dne to a rapidly changing momentnm along the trajectories at those times (of.
Figure 6.6). The smooth upper and lower curves denote the integrand at the pre-
collision time t = 0 and the post-collision time ¢t = 0.448. respectively. The upper
curve is determined solely by the Wigner function. Its slow variation is a resulr of
the large value of A. The +°) plor is read as follows: for the inrermediate time
0.280 x 107" s, the y function hegins on the rop branch (y < =143 A). In & region
aronnd y = =141 A cthe trajectories are nndergoing active inreraction with rhe
poutential and kere the curve shifts to the smooth lower branch. In this manner
the orginal ¢ = 0 function which must be integrated is changed to a new function
at later times by the movement of the Gaussian over the potential. After a large

elapsed time the function becomes constant.

The behaviour of the Moyal correction to the average valiue for gs(#iz,) for the
single time 0.280 x 107! 5 is also shown in Fignre 6.14. and is similar in straeture to
that for the classical part of the average. Here. however. the structure near closest

approach is determined by the action of :L )(tl:.,). which is much more oscillatory
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{cf. Figure 6.6 for an example of the differences in strneture for the = and =2

parts of the quantum trajectoryv for momentun).

The momentum expansion correction for ¢t = 0.280 x 107" 5 is shown in Fie-

ure 6.14 and is similar to the Moval correction in structure.

6.3.2 b Dependence

Once all the y integrations have been performed. a b integration mnst be performed.
The functions which are described in this section are obtained after the y integration
discussed in the previous section is done. and thus are not for a fixed y value. The
fiunctions are of the form

¢ —A_"’R:
£, =

o +3/2\3

/‘xr dyberp {—_\'3( R — 2;;:]-3)} D0 (22770 ) S0 (2. by 0) .

- (6.13)
where S, (t.b.y.0) 1s one of (¢f. Equation (5.109)) ‘::())(_f/(.itl:“l) (classical parr).
or i_,:--,,(",’(gu(ﬂ:u)) (first Moyval correction). or (—_,—'3_;).’ ",f';,“”(g/,,(fi:..)) (1momenrnmn

exXpausion correctiou).

Figures 6.15 and 6.16 show the types of functions which must be integrared.
For both g (¢]=z) aud gs(t|zy) the classical part of the average has a large Ganssian
shape for large impact parameters. This is of course expected due to the large size
of our Gaussian. Any modification to the functions for + > U oeenur near by b for
which trajectories (elassical and quantum alike) are siguificantly scattered. From
the graph of the classical part of the average for gy (#|z9) we can identify by, ~ 2.65
A. and brpuboe ~ 3.15 A. Furward glory impact parameter will result in g (#]z0)
being essentially constant for all time. and rainbow impact parameter will resnlr in

a minimum of g, (tjz,).
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Figure 6.15:
F, (Equation (6.13)) as a function of b. Left-right-top-bottom: Classical parr.
zoom of classical part. first Moval correction. momentnum expansion correction.
The svstem is heliiun at velocity = 300 m/s. All plots are given for the funerion ar

the five rimes 0.0, G.232. 0.2%0. 0.308 and 0.448 x107™ 5. See rexr for discussion.
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Figure 6.16:
F,, (Equation (6.13)) as a fiunction of b. Left-right-tup-bottom: Classical part.
zoom of classical part. first Moval correction. momentiun expansion correction.
Initial conditions eiven by velocity = 300 m/s. All plors are given for the funetion

at the five times 0.0, 0.232. 0.280. 0.308 and 0.44S x 107V 5. See texrt for disenssion.
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The Moval and momentum corrections both show similar behaviour. They begin
to have significant structure near bgory. and they have a maximum near brginpon (11
fact. always for a b slightly smaller). The Moyal correction is seen to be significantly
nonzero ouly for impact parameters which are less than 2brampon — bgtory. In fact. for
helinm at a velocity of 430 m/s. ~ 90% of the total value of (7,["’(3/. )) 1s coutalned
in b € (0. 2bninbow — Dgtory]. However. the momentum correction in general can have
support at larger impact parameters and the large degree of cancellation which

occurs for momentum correction integrals makes these contributions important.

6.4 Results

In this section we will examine the data that were obtained in a nunber of different
ways.

The average value for a function is separated into contributions from three
sonrces. the classical part. the Moval correction. and the momentum expansion

correction (¢f. Equation (3.108)-(5.111))

)

[} . 4 r . )
A L e (ﬁ) GO
The spread in ¢,. £ = 1.6 is given by
spread, = (4.%(t)) — (g:(2))” . (6.16)

which is expanded to O(A') as

spread = Classical + Moyal + Momentum+O(A™)

where

Classical = (4" (g?)) - ((‘n(u)(y.')));
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Moval = [(n‘“(ﬂ.")) —20-a0) (":f”'(.r/.))}

h\*r , , .
Momentum = (—'-) (0" ) = 203" ) (] - (617

Error estimates are provided nsing the notation 12.3436(7) which means that
the calculation was done using two different b grids and the resnlt from the first

calculation was 12.3436 and the result from the second was 12.3437.

6.4.1 Correction Dependence on Time

At t = 0 the Moval +\#) corrections are always strictly zero. The momentim
correction. however. can be nonzero at time zero. How these corrections vary with
time will be examined for helinm with a veloeity of 300 m/s. The state of this
svstem was fouud at a total of twentyv-six times. This required five ms of the

program with different times for each rn.

The collision veenrs trom + = 0 to + = . however. there is a time inrerval during
which the Ganssian is near the potential and the collision is acrively ocenring. This
time interval was arbitrarily decided to be when the classical average momenrinm in
the ¢, direction ((‘7,(0)(_(/5))) is not constant to a part in 107>, This gives an interval
from 0.288 to 0.637 x10~'° s as the collision time. For ¢ < 0.288 x 107" 5 the
Gaussian has vet to have significant interaction with the porenrial. and we are in
a pre-collision time interval. For ¢t > 0.637 x 107! 5 the Ganssiau has effectively
completed its interaction with the potential. and we are in an asymptotue tune
region. The time of closest approach for the Ganssian is takeu as the time when
the classical average R%. (v(g* + ¢2)). is a minimnm. This results in a classical

time of closest approach of teeq = 0.467 x 107 s,
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Times reported include three pre-collision times. fourteen collisional times. and

nine asvimptotic times. Tables 6.6-6.12 contain the data.

Note that the spread ~ (g?). and that the labeling we have emploved in Eqna-
tion (6.17) is appropriate since the classical part of the spread corresponds to the
7 part. the Moyal with ¥, and the momentum wicth 97+, Table 6.11 can
be compared with Table A.1 to illustrate how this wave packet spreads relative to
a free wave packet. It is seen that at ¢ = 0.420 x 107'% the wave packet is still
behaving essentially as a free wave packet. By ¢ = 0.330 x 107'%. however. the
wave packet has interacted sufficiently with the potential to deviate markedly from

the free case.

The product of the spread in the coordinate g, and the associated momentum
gi+3 vields the Heiseinberg uncertainty principle (HUP). which mnst be obeved by
quantum systems. Table 6.12 contains the HUP as a function of time for ¢ = 1. At
t = 0 the HUP is satisfied by the minimum relation. as expected since we have a
Gaussian wave packet. As time progresses. the HUP prodnct 1s always greater than
1 /4. These results demounstrate the quantum nature of onr svstem. It is interesting
to note that at £ = 0 the contribution to the spread in coordinate is entirely
coutained iu the classical part of the average. and the spread in the momentmm
is entirely from the momentun correction.  This resnlt highlighrs the fact thar
the momentnum correction is fundamentally different from the Moval correcrion.
The classical part and momentum correction are both determined by 4" evolntion
(which can be nonzero ar ¢t = 0). whereas the Moyval correcrion 1s determined hy
-,'t(!' evohition (which is always zero at ¢ = 0). The moumentum correction conle. in

fact. have been grouped with the classical part to decrease the time of calenlation.

Figures 6.17 and 6.19 are graphs of the average values with respect to time.

Graphs of the spread are not included as thev are similar to the graphs for (7).
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The contribution to the total average value from the momentum correction is
seen to be small. and the nse of the Tavlor expansion for our squeezed Ganssian is
seen to be valid.

From Tables 6.9 and 6.10 it is obvious that the asvmprtotic behaviour with re-
spect to time for all three contributions to the average value of a strictly momentum
based operator are constant. Since the data points for the asyvmptotic region ocenr
at equally spaced points. the asymptotic time behaviour of coordinate observables
is best presented in terms of forward difference tables. The forward differences of a

function ¢, defined at equally spaced j are defined by the recursion relations
1 (m .
Alle, = AV =g
AW = A = A —e)) (6.13)
If ¢, — j¥ as j — x. the forward differences exhibit the behavionr

A(k)l'l — constant. j — 3¢ 16.19)

Akl g — <. 16.20))

Table 6.13 shows that the average values of ¢ have rhe asvmprorie nime dependence
(2 2 (0) . .

(M) ~ (g0 ~ (2 () ~t = (6.21)

Table 6.14 shows that the average values of g have the asymptotic time dependence

)

Gty ~ (i) ~ Oy ~ Pt — x (6.22)

The relative size of the corrections is of course important. and Fignre 6.20 shows

how the relative size of the corrections for typical observables grow.

In the case of g; both the Moyal and momentum correction do not grow to large

size after the collision. The Moyal correction only begins to become significantly
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Time 7 Na1)) B (%) @) Totl
(107195 (4)

0 1.99999999 1074 10~ 2.000000
0.240 | 1.99999997 10— 101! 1.999999
0.288 1.99999994 -7.95x 107% -1.4x 10°% 1.999999
0.335 | 1.99999664 -4.98 x 107° -19x%x 10~° 1.999990
0.383 | 1.99993770 —1.20800 x 10—+ 32477 x 107" 1.999822
0.393 | 1.99989721 —2.11708 x 10~ 1.1896 x 1077 1.999697
0.403 | 1.99983567 —3.38311 x 10~ 2.4146 x 1073 1.999501
0.420 | 1.99966589 —7.98322(17) x 10~} 6.610(08) x 10~3 1.9938933
0.467 | 1.99842729 —4.70509(10) x 10~3 4.9944(37) x 10~  1.094221
0.513 | 1.99372923 —1.53265537(3) x 107% 1.6782(79) x 10~%  1.982142
0.530 | 1.99448274 —2.07137 x 1072 22570 x 1073 1.976024
0.340 | 1.99369138 —2.43041 x 10~* 26279 x 10~ 1.972015
0.330 | 1.992877S1 —2.830773 x 10™* 3.0106 x 10~* 1.967311
0.372 | 1.99106629 —-3.66938 x 10~? 3.8624 x 10~ 1.933238
0.393 | 1.98922311 —+.36498 x 10~* 4.7267 x 10~ 1.943300
0.615 | 1.98736920 —5.47450 x 1073 3.3936 x 10~ 1.938222
0.637 1.98351236 -6.38371 x 102 6.4606 x 10~ 1.923082
0.658 | 1.98365489 -7.30419 x 102 7.3275x 1073 1.917942
0.680 | 1.98179774 —-8.21994 x 10~* $.1948 x 1073 1.907793
0.693 | 1.98065459 -8.78333 x 10~ $.7282 x 10~ 1.901347
0.707 | 1.97951089 -9.34714 x 10~° 9.2611 x 1073 1.893301
0.720 | 1.97336774 —-9.91073 x 10~* 9.7946 x 10~* 1.8890353
0.733 | 1.9772250(2) —1.047432(1) x 10~! 1.0328(7) x 10~* 1.382810
0.747 | 1.0760819(20) —1.103790(1) x 10! 1.0861(0) x 10~ 1.8376564
0.760 | 1.97494842 —1.16015 x 10~" 1.1395 x 10~° 1.370338
0.773 1.97379527 —1.21631 x 10~! 1.1928 x 102 1.864123

Table 6.6:

Averages values for ¢, as a function of time.

The potential is helinm. and the velocity is 300 m/s.
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T

Time +Nedy BT (&) 366 Tow
(10717 5) (A%)

0 203.999999 10~ 10—V 204.000
0.240 | 203.999999 10~ T.2232 211.223
0.288 20+4.000010 1.6x10°7 10.4044 214.404
0.335 | 204.000820 0.0014375 14.1618 218.164
0.383 | 204.021979 0.0490329 18.5020 229 570
0.393 | 204.039325 0.0919187 19.4828 223.614
0.403 | 204.067939 0.166236 20.4900 224724
0.420 | 204.157052 0.4137729(33) 22.22728(9) 296.797
0.467 | 205.054005 3.3304768(1)  27.43390(36) 2335.338
0.513 | 208.121465 14.920349(52)  33.0243(3) 2536.044
0.330 | 210.050856 22.7397 33.0338 267.5326
0.5340 | 211.437676 28.3872 36.2400 276.284
0.350 | 213.060448 35.3607 37.4408 23835.308
0.372 | 217.228143 33.3699 40.0291 310.624
0.393 | 222.236977 76.1053 42.3986 340.940
0.615 | 228.498018 103.6643 43.1306 377.313
0.637 | 235.61707S 136.0308 47.6866 419.335
0.633 243.723097 173.3645 50.2074 167.299
0.630 : 232.331361 2135.5167 52.7111 521.059
0.693 ! 233.926346 243.3776 34.2433 357.048
0.707 | 263.397474 274.0837 33.7767 596.014
0.720 | 272.244205 306.1331 37.3000 635.677
0.733 | 279.466707(42) 340.026(53) 58.818(21) 678.311
0.747 | 287.06498(501) 373.764(3) 60.330(3) TI3.744
0.760 | 295.039032 413.346 61.336 T70.221
0.773 303.388852 452,772 63.337 319.498

Table 6.7;

Averages values for gi as a function of time.

The potential is helinm. and the velocity is 300 m/s.
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Time | (+¢2)  Z(P2) (&) ©0"wd) ol
{10710 5) (A%

0 19800.005 10-3° 10~ 19800.003
0.240 | 4841.0157 10-2 7.2252 4348.241
0.283 | 3089.0625 -3x107? 10.40-44 3099.467
0.335 | 1750.3395 -0.003739 14.1610 1764.346
0.383 | $24.96414 -0.113305 18.4870 $43.338
0.393 | 683.93542 -0.208330 19.4585 703.136
0.403 | 360.88663 -0.370421 20.4525 530.969
0.420 | 395.73034 -0.8992821(4)  22.15855(6) 416.939
0.467 | 198.03333 -6.909003(8) 27.31525(17) 218.439
0.313 | 387.96675 -30.251148(64) 33.4272(69) 301.143
0.330 | 549.10311 -43.8999 35.9706 339.174
0.540 | 669.27291 -37.3863 37.6041 649.291
0.330 | 807.03971 -71.1146 39.3204 TT3.2653
0.572 | 1163.9323 -107.26438 43.3262 1102.194
0.393 ! 1607.3463 -152.4425 47.7238 1502.628
0.613 | 2131.2829 -207.4342 32.3099 1976.339
0.637 | 2737.7367 -272.1746 57.6316 2523.244
0.633 | 3426.7062 -346.6257 63.2330 3143.318
0.680 | 4198.1911 -430.8110 69.1827 3836.363
0.603 | 4713.9649 4874331 73.0300 1299.337
0.707 | 3260.9334 -347.7948 77.0181 4790.212
0.720 | 3839.2393 -611.8169 $1.1361 3308.398
0.733 | 6448.7731(76) -679.326(4) 33.439(3) 5334.638
0.747 | 7089.3430(53) -730.923(1) $9.869(1) 6423.439
0.760 | T761.3622 -826.008 94.443 7029.997
0.77+ $464.8272 -904.7S0 99.163 7639.210

Table 6.3:

Averages values for g3 as a function of rime.

The potential is helinm. and the velocity 1s 300 m/s.
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Time (12(g4)) 2P (&) (02" 9))  Total
(10719 ) (10~ %(cm ™" 0.1 ns/A))

0 10-3 10— 1073 1%
0.240 | -0.000001670 10-7 -2.8%x107" 1073
0.283 -0.000117796 -l.4x10~ -1.6x1077? -0.0013
0.335 | -0.003880639 -0.0062 -TA4Ax107? -0.04853
0.383 | -0.053800-422 -0.1169 0.00732 -0.1629
0.393 | -0.083411010 -0.1925 0.01506 -0.2608
0.403 | -0.124592386 -0.3051 0.02682 -0.4029
0.420 | -0.224270167(76) -0.605312(4) 0.061133(60) -0.7684
0.467 | -0.70335908(13) -2.4491268(3) 0.27991(37) -2.3723
0.313 | -1.19465186(94) -3.085327(3)  0.35017(1) -3.7300
0.330 | -1.300399204 -3.8239 0.6082 -6.5161
0.340 | -1.3443343509 -6.1702 0.6316 -6.3831
0.330 | -1.376437191 -6.4433 0.6477 -7.1720
0.372 | -1.414840203 -6.83191 0.6643 -7.3694
0.393 | -1.428932991 -6.9863 0.6689 -T.T463
0.615 | -1.433101735 -7.0478 0.6695 -7.5114
0.637 | -1.434097440 -7.0660 0.6694 -7.8307
0.638 | -1.434289748 -T.0704 0.6693 -T.8354
0.630 | -1.434313924 -7.0713 0.6693 7.8363
0.693 | -1.434324435 -T.0714 0.6693 -7.8363
0.707 | -1.434324723 -7.0715 0.6693 -7.3363
0.720 | -1.434323036 -7.07153 0.6693 -7.5363
0.733 | -1.43432548(61) -7.071484(0) 0.6693(2) -7.8363
0.747 | -1.434325353(67) -7.071484(0)  0.6693(2) -7.8363
0.760 | -1.434323396 -7.0715 0.6693 -7.3363
0.77 -1.434325424 -T.0715 0.6693 -7.3363

Table 6.9:

Averages values for gy as a function of time.

The potential is helium. and the velocity is 300 m/s.

130



CHAPTER 6. APPLICATION TO HELIUM. NEON AND ARGON

Time CHEUA) 2y (&) 04" ed)  Toral
(10710 5) (1073 (cm ™! 0.1 ns/A)?)

0 10— 10743 0.352296834(0) 0.3323
0.240 | 0.000004952 1.8 x 10~° 0.3523 0.3523
0.288 | 0.000342318 2.4 %1071 0.3524 0.3537
0.335 | 0.011434595 0.0117 0.3551 0.3616
0.383 | 0.148427565 0.2238 0.3671 0.7393
0.393 | 0.225950579 0.3701 0.3679 0.9640
0.403 | 0.331088229 0.3891 0.3657 1.2860
0.420 | 0.5763920(1) 1.17707(8) 0.34783(5) 2.1013
0.467 | 1. 64—}5563(6) 4.8558315(2)  0.1787(91) 6.6790
0.513 | 2.58799625(44) 10.26257(3) -0.0165(53) 12.83340
0.330 | 2.763339736 11.8141 -0.04356 14.3360
0.540 | 2.833091136 12.3497 -0.05107 15.3337
0.330 | 2.882906073 13.1351 -0.03376 15.9642
0.572 | 2.933937916 13.9492 -0.05206 16.5268
0.393 | 2.952916441 14.3227 -0.04741 17.2232
0.615 | 2.957073206 14.4617 -0.04323 17.3742
0.637 | 2.957320172 14.5040 -0.04453 17.4176
0.638 | 2.957918961 14.3145 -0.04423 17.4282
0.630 ! 2.957923423 14.3163 -0.04434 17.4301
0.693 | 2.957922154 14.3169 -0.0445+4 17.4303
0.707 | 2.957919861 14.5170 -0.04437 17.4305
0.720 | 2.937919767 14.3170 -0.04440 17.4303
0.733 | 2.95792026(51) 14.31701(699) -0.04440(17) 17.43053
0.746 | 2.95792023(46) 14.531701(699) -0.04440(17) 17.43053
0.760 | 2.957919816 14.5170 -0.04440 17.4303
0.773 | 2.957919814 14.3170 -0.04440 17.4305

Table 6.10:

Averages values for g7 as a function of rime.

The potential is helinm. and the velocity is 300 m/s.
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Spread in g;

,
Time !' Classical Moval  Momentum Tocal
(10-" 5) | (A2)

0 |199.99996 10~ 10-19  199.99996
0.383 | 200.02223 0.04952  18.3020  218.3737
0.393 | 200.0397+ 0.09276  19.4828  219.6133
0.403 | 200.06860  0.1677 20.4900  220.7262
0.420 | 200.15839  0.4170 222270 222.8024
0.467 | 201.06029  3.3493 274519 231.8614
0.313 | 204.13353 149813  33.0176  252.1374
0.530 | 206.07289 22.3223  35.0268  263.9220
0.340 | 20748287 28.6842  36.2204  272.2396
0.350 | 209.08889 354727  37.4288  2S1.9903
0.630 | 248.90384 215.3426  32.6786  317.4250
0.693 | 255.00335 2442235  34.2110  333.4401
0.707 26147901 2744333 35.7400  301.6728
0.720 | 26833027 306.5232  57.2613  G32.1168
0.733 | 275.35729 340.0441  38.7769 6747749
0.747 | 283.16008 376.2006  60.2869  7T19.6473

Spread for ¢ as a fanction of thne.

Table 6.11:

The potential is helinm. and the velocity is 300 m/s.
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Spread in g4 Spread in g, HUP
Time Classical Moval Momentum Total Total
(10~19 s) (10~3(cm™' 0.1 ns/A)?) (A%) (h*/4)
0 10=* 107 0.33229679 0.33229679 |  200.0000 1.000
0.383 0.14342754  0.2238 0.3671 0.7393 213.53737 2.293
0.393 0.22595051 0.3701 0.3679 0.9640 219.6153 3.005
0.403 0.33108807 0.5891 0.3657 1.2859 220.7262 +.028
0.420 0.57639148 1.1771 0.3478 2.1013 222.3024 6.644
0.467 1.6445516  +.8538 0.1787 6.6790 231.8614 21.978
0.513 25879820 10.2624  -0.01649 12.8339 252.1374 43.926
0.530 27635228 11.8140 -0.04355 14.5360 263.9220 34443
0.540 2.3350731  12.5496  -0.05106 13.3336 ‘ 272.2396 1 39.246
0.550 2.3828871 13.1349 -0.03375 15.9640 ‘ 281.9903 l 63.8391
0.680 29579029 14.5164 -0.04432 17.4300 ! 217.4250 ; 127.999
0.693 2.9579016 14.5167  -0.04432 17.4300 i 333.4401 ': 136.908
0.707 2.9578993 14.5168  -0.04435 17.4303 5 591.6728 i 146.366
0.720 2.9578992 14.5168  -0.04438 17.4303 ] 632.1163 } 156.371
0.733 29578997 14.5168 -0.04438 17.4303 ! 67-+.7749 I 166.923
0.746 29578997 14.5168  -0.04438 174303 | T19.6475 i 178.024
Table 6.12:

Spread for g4 as a function of time.

The potential is helinm. and the velocity is 300 m/s.

Special unit: A*/4 = 7.045938 x 107* (cm™! 0.1 ns)”.
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Time | (:"g0) A [ BePg0y A (A @) Al
(10~ 5) A 1073 107%A 107°A
0.680 | 1.9317977 -1.1431 -8.220 -0.00363 3.195 0.0533
0.693 | 1.9806346 -1.1437 -8.783 -0.00364 8.728 0.0333
0.707 | 1.9795109 -1.1432 -9.347 -0.00564 9.261 0.0333
0.720 | 1.9783677 -1.1427 -9.911 -0.00363 9.794 0.0336
0.733 | 1.9772250 -1.1438 | -10.47¢+  -0.00564 10.329 0.0532
0.747 | 1.9760818 -1.1334| -11.038  -0.00563 10.361 0.0334
0.760 | 1.9749484 -1.1531| -11.601  -0.00364 11.395 0.0333
0.77 1.9737953 -12.165 11.928
Table 6.13:

Forward difference tables. The potential is helinm. and the velocity is 300 m/s.

nonzero ouce times are reached for which significant portions of the Gaussian have

been scattered. During the time when the Ganssiau is near closest approach rhe

Moval correction grows most rapidly. Althongh this collisivnal time appears to be

the period of most rapid growth. the Moval correction can aquire an asviptoric

dependence which grows more rapidly than the classical part. cansing the Moval

correction to dominate the average value at large times. This effect is seen for rhe

observable g; (Figure 6.17). where the Moyal correction is seen to grow to exceed

the classical part. Since ¢ at t = 0 corresponds to the impact parameter. rhis is

not an nnexpected resule, as the classical part of the average for ¢, will remain near

its initial value for onr system. We see that the size of the momentium correction

remains well bounded for all times.
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()
w

Time | (%”(g)) A A T EGPgH) Al A
(10710 5) A A

0.680 232.83314 6.0951 0.3739 2135.5317 28.360 1.847
0.693 258.9265 6.4710 0.3757 243.877 30.20v 1.8342
0.707 265.3975 6.8467 0.3738 274.084 32.049 1.844
0.720 2722442 T7.2225 0.3738 306.133 33.893 1.845
0.733 279.4667 7.5983 0.3757 340.026 35.738  1.844

0.747 287.0650 Y.9740 0.3760 373.764 37.582  1.344
0.760 295.0390 38.3500 i +13.346 30.426
0.773 303.38%0

Time | (&) @2"gf) AP AP
{10719 5) A

0.680 32.7111 1.5344 -0.0032
0.693 34.2435 1.3312  -0.0790
0.707 | 33.7767 1.5233  -0.0056
0.720 | 37.3000 L5177 -0.0036
0.733 38.8177 15121 -0.0057
0.747 60.3298 1.5064 -0.0057
0.760 61.8362 1.5007

0.77 63.3369

Table 6.14:

Forward difference tables. The porential is helinm. and the velocicy is 300 m/s.
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6.4.2 Correction Dependence on Mass

The mass enters the Moyal and momentum expansion corrections in a complex
manner. and its effect is not easy to predict without numerical analysis. In chis
section we will examine the effect of changing the mass on a svstem with fixed
potential and velocity. We examine the corrections at the same final rime after rhe
collision is over. Changing the mass affects the kinetic energy. and so the average
position of the Gaussian wave packet at this time will be different for different

111asses.

Increasing the Mass

In this section we examine the asvmptotic behaviour of the corrections as mass
approaches infinity. The six svstems analyzed are helium at a velocicy of 300 m/s
for the following mmltiples of the mass of helium. m = 2.4.6.8.10.12.14. Two

observables were chosen.

Fu = giltlzi + g3itlz) = git]2) 16.23)
Fi o= gi(t]z) + g3(t]2) + gi(tl=) . (6.24)

and the effect of increasing the mass was determined by examining the (nanriries

in Table 6.13. which are at the time ¢y = 0.747 x 1070 s,

Figure 6.21 <how that the momentun correction for both functions has rhe
asymptotic value
) oy -
FEo~m ™ m—=x. (6.23)
This is not at all surprising since the momentiumn correction involves two derivatives

with respect to momentum. If the observable has a dependence of in® on mass. then
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| S BLEmm T EEE
2 3.6433 x 107  6.8579x 10~*  2.0711x 10°7  1.0489 x 1073
4 1.0496 x 10~  1.7129x 10~%  9.2128 x 10~%  2.6224 x 10~
6 4.3327 x 107%  T7.6112x 10~* 1.3778x 10~”  1.1655 x 10~*
3 f 27537 x 107" 4.2810 x 10~*  6.6416 x 10™'"  6.3360 x 107>
10 i 1.7708 x 107" 2.7398 x 10~*  3.0960 x 10~'Y  4.1958 x 10~°
12 1.2311 x 10™*  1.9026 x 10~* 1.7168 x 10~!" 2.9138 x 107>
14 9.0378 x 10~7  1.3979 x 10~*  1.0514x 10!  2.1407 x 1073
16 6.9073 x 10~ 1.0703 x 10~*  6.9910 x 10~'"  1.6390 x 107°
18 5.4452 % 1077 84571 x 107° 49336 x 107! 1.2930 x 10>

Table 6.15:

Effect of increasing the mass on averages values. The potential is helinm. the resnles

are at t = 0.747 x 1079 s for ¢ = 300 m/s. Mass unit is nig,. = +.0026 ammn.

we have

124

0.’-“”(()’ e

h':lJ)(()) I"d

This is not an asvmptotic result. it applies for any value of the mass.

~ m-

3

Figure 6.22 shows that the Moyval correction for the function F is asymproric

23

to rn~*. The Moval correction for F,. however. seems to be asyvmptotic to m™".

Decreasing the Mass

4

To examine the effect of decreasing the mass. we determined the corrections for
eight systems - helinm at a velocity of 600 m/s for the masses taken to be the
following fractions of the mass of helinm. m = 24/16.16/16.12/16.8/16.7/16.6/16.

5/16.4/16. Table 6.16 contains the data. and Figures 6.23-6.24 are plots for ¢ and
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¢, values of the Moyal correction. The momentum correction is not examined sinee

it has been shown that it will possess an m™* dependence.

The Moyal correction is seen to have a stroug dependence on mass when the
mass becomes small. For all observables examined the Moval correction changes
sign relative to the classical part at low mass. Decreasing the mass increases rhe
angle of deflection for rainbow scattering. and thus increases the importance of the
corrections for reasons already discussed (cf. Chapter 6.2). At sufficiently small

mass orbiting will occur and the approximation breaks down.

6.4.3 Correction Dependence on Velocity

We have seen how the correcrions vary with mass. now we wish ro examine the
dependence of the corrections on initial velocity. How the Moval corrections vary
with velocity will be important for future work when no momentun expansion is
made and an integral over all momentnums will be required. Neglecting the Moval

correction in appropriate regions will greatly improve the speed of sich calenlarions.

Tables 6.17-6.13 contain the data for a helinm svstem which has initial velociries

of = 1200.1000. S00. 700. 600. 300. 430. 400. 351, 300 m/s.

For a high velocity. the corrections will decay in an asymprotic manner. It muse
be noted that how the corrections will decay is a function of the observable being
considered. It can be seen in Figure 6.25 that the momentum correction enters irs
asviuptotic region before the Moval correction does. As well. the Moyval correcrion
for g; exhibits an asvmptotic decay towards »7*. while the momentnm correction

-
decayvs as 77,
[t is seen that it is possible for the classical part of the average to becowme zero

for some velocity. thus increasing the importance of the corrections even though we



CHAPTER 6. APPLICATION TO HELIUM.
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Mass (mye)

':_:7('70[23,73 (gl ))

A%, () 2
T("'é 373(97))

Z (2
97,‘(70 az3 (s )

=
A= 12} 2
= (¥ 37alyi))

(20372 (91)) (0 223 (97)) (t0'sza (94)) (2 323 (93))
24/16 T21x 1074 -2.17x 102 -1.79 -1.34x 107!
16/16 1.59x 1073 -7.32x107% ~788x 10" —4.63x 107!
12/16 245 x 1073 -167x 107! -6.78Sx 107! -9.03 x 107!
8/16 L1Tx 107 -3.535x 107! —-1.86x 10! -1.33
7/16 -271x 107* -3.15x 107"  3.34x 107" —1.24
6/16 -145x 1072 8.29x 10™* .37 +34x 107!
3/16 -5.43 x 1072 1.839 3.12 T.26
1/16 -2.24x 107" 3.22 19.73 19.60
Mo ) | SHpmA) Themsy b Thhdd
24/16 83T x 107 147x 107 347 x 107 1.51 x 10~}
16/16 2.75x 1077 5.19x 107 230x 107 5.31x 107°
12/16 6.4+ x 107%  1.18x107*  6.37x 1077  1.21 x 10~*
$/16 2,10 x 107% 266 x 107 3.38x 107% 270 x 10~?
T/16 3.05x 107%  241x107%  3.13x 10°° 2.41 x 107
6/16 +32x107% —-6.24x 1077 4373 x107¢ -9.20x 10~°
5/16 6.28x 107% -1.31x10"" 6.69x10"¢ —1.69x 107!
1/16 -212x 107% —-4.23x 107" -1.77x 107" —4.71 x 10!

Table 6.16:

Effect of decreasing the mass on average values for ¢, and ¢,. The poreutial is
helinm. the velocity is 600 m/s. The results are at ¢t = 0.373 x 10~ 5. Special nnir

1s my. = 4.0026 amn.
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—> 1mass (ITHe)

Figure 6.23:
Moval corrections for €; as a function of mass. %(7‘&;':1)73(F))/('IV(E,'_{,’-,-'-,[F)). The solid
lines are F = g; and the dotted lines are £ = ¢7. The top graph is for /7 = 1. rhe

bottom graph is : = 4.
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Fignre 6.24:
Moyal corrections for €, as a function of mass. %(7,‘,_’2,),-3( F))/(-,,‘,ff,’,.,,( F)). The solid
lines are F = g; and the dotted lines are F = ¢g7. The top graph is for i = 2. the

bottom graph is ¢ = 3.
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are in a region where the corrections themselves are becoming small ( Table 6.18 for

gy near v = S00 m/s).

The qunestion of kinetic energy dependence arises. and Figure 6.26 adcdresses
this issue. At the time ¢ the collision is essentially over. and the average position
for the Ganssian is approximately the same for all systems shown in the graph.
vet a quit different dependence is shown from changing the velocity and changing
the mass. This shows that there is a mass and velocity dependence. and not a
kinetic energy dependence. This is since the individual trajectories have a mass

and velocity dependence. not a kinetic energy dependence.

6.4.4 Correction Dependence on Perturber

Finallv. we examine the how the corrections differ between helinm. neon. and argon
for a fixed veloeity. In Table 6.20 we compare ratios of the corrections to the classical

part for the average value of g5 at a velocity of 450 m/s.

As expected. the corrections are largest for helinm. the lightest sysrem. What
might be surprising is that the corrections are comparable for argon and neon. even
though argon has a larger mass than neon. The reason for this is that the porenrial
depth as well as mass affect the size of the corrections. Comparing helinm and neon

we see that the mass and potential depth change by factors of (¢f. Table 6.1)

mx. 20 _ €xe 2D -
~ — ~J. ~ 3.9.
IMye 4 €He i
while for neon and argon we have
M ac 40 €ar ST
~—~2. ~—~353.
mye 20 Exe 25

The depth of the argon potential is mnch greater than that for neon and this
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v ty ("/t‘?)(.‘]l)) u, (Jl)) ( ) (03, (0) 7) Total
(m/s) (10710 y) (A)
1200 0.137 | 2.0030680 7.0516 x 10~* 5.0581 x 10~? 2.0038237
1000 0.224 | 2.0021355 1.0798 x 103 1.0400 x 10~* 2.0033393
300 0.230 | 2.0003009 1.7981 x 103 2.3249 x 10~ 2.00233153
700 0.320 | 1.9986480 2.3930 x 10~? 4.3101 x 10~ 2.0013511
600 0.373 | 1.996058¢ 3.1722 x 1073 8$.0017 x 10~ 2.0000308
300 0.448 | 1.9913044 3.6333 x 10~3 1.6634 x 1073 1.9971051
430 0.498 | 1.9846424 2.7126 x 10~3 2.3339 x 10~* 1.9308889
400 0.560 | 1.9346424 —1.3003 x 1073 40184 x 107 1.9863605
330 0.640 | 1.9798413 -2.0409 x 10~* 6.6218 x 10~* 1.9660541
300 0.747 | 1.9760829 —1.1047 x 10~" 1.0814 x 10~* 1.3764269
2 | ety B (&) @) Toal
(m/s) (10719 s) (A?)
1200 0.187 | 233.63897 -0.7216 4.1609 237.0983
1000 0.224 | 235.46322 -1.8692 3.9706 239.3666
S00 0.230 | 233.47436 -3.3338 9.2713 242 3913
700 0.320 | 241.09326 -9.68153 12.0413 243.4330
600 0.373 | 243.30004 -18.4336 16.2368 243.2782
300 0.448 | 233.833618 -35.6909 22,9495 241.1148
450 0.498 | 260.34906 -45.8073 27.9002 242.9420
100 0.360 | 270.53023 -39.3060 34.3636 263.6129
350 0.640 | 2S1.7S404 T4.3227 44.0930 400.4047
300 0.747 | 287.06301 373.1013 60,2435 T22.4150
Table 6.17:

Averages values for g; and g{ at

time after collision as a function of velocity
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¢ | G S0 (&)@ 9))  Towl

(m/s) (10719 s) (10=3(em™" 0.1 ns/A))

1200 0.187 | 0.7T150111 0.169153 0.01209 0.89625
1000 0.224 | 041177+ 0.21622 0.02073 0.64372
300 0.230 | 0.0303340 0.28392 0.040530 0.36025
700 0.320 | -0.2056469  0.33734 0.06067 0.19236
600 0.373 | -0.4885735  0.38495 0.09683 -0.00679
500 0.448 | -0.8347512  0.37100 0.16834 -0.29521
150 0.498 | -1.0344293  0.25267 0.23130 -0.33046
100 0.560 | -1.2433154  -0.14014 0.32699 -1.05646
330 0.640 | -1.4234017  -1.46672 0.473453 -2.41667
300 0.747 | -1.4343236  -7.07773 0.66398 784612

e ty Gty BaDwhy (&) : (@24, (g}))  Toral

(m/s) (10~ s) (1077 (em™! 0.1 ns/A)-

1200 0.187 | 13.687944  -0.43296 0.213836 15.453+4
1000 0.224 | 11.629129  -0.77631 0.20903 11.061S
300 0.250 ; 8.247720 -1.338336 0.19273 7.0571
700 0.320 6.357019 -1.89796 0.17807 3.1371
600 0.373 3.707976 -2.6427 0.134153 3.2104
500 0.443 4.340317 -3.337T 0.10733 1.4101
450 0.498 4.310374  -3.67082 0.06944 0.9090
100 0.560 1.205878 -2.43638 0.01635 1.7658
350 0.640 3.782339 3.98200 -0.04660 T.T178
300 0.747 2.957920 14.43362 -0.048283 17.3982

Table 6.18:

Averages values for gy and g7 at time after collision as a funection of velocity

150
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Figure 6.25:

Moval and momentumn corrections as a function of velocity.

Top graph: dashed line: ™ fit. dotted line: 2 fit.

Bottom graph: dashed line: »~* fit.
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Fignre 6.26:
. u) . . ; . .
Moval correction ( ,! (_,vl NAG? ' (q, )) as a funcrion of kinetic energy. The solid
line is kinetic energy being Varied by varving the velocity: 5 for this curve can be

found in Table 6.17. The dotted line is from varving the mass: ¢y = 0.747 x 1075,
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¢ m/s) RGN ) Fedel) ) e e
‘ (v, (91)) (0 () (M (g?)) (v, (97)
1200 | 3.5204x 10~* 2.3387 x 10~* 3.0881x 10~* 1.7808 x 10~*
1000 | 5.3932x 10~% 5.1945x 107> 7.9383x 107*  2.3357 x 107¢
300 |8.9839x 10~ 1.2622x 10-* 22431 x 10~% 3.88373 x 10~*
700 1.1973 x 10~3  2.1365 x 10~* 4.0157 x 107> 4.9945 x 10~*
600 1.5893 x 10~%  4.0087 x 10~ 7.5187Tx 107*  6.6138 x 10™*
500 | 1.8251x 10~ 8.3612x 10~* 1.4059 x 10~!'  9.0403 x 10~*
150 1.3640 x 10~3  1.2742x 10~ 1.7561x 10~!  1.0696 x 10~!
1400 | 9.07T14x 10~  2.0247x 10™* 1.4602x 107" 1.2777 x 107!
330 1.0308 x 10~%  3.3446 x 107 26447 x 107" 1.3649 x 107!
300 | 5.3904x 107%  3.4723 x 1077 1.3067 2.0988 x 107!

Table 6.19: Average values as a function of velocity.

133

stronger interaction vvercomes the fact that the mass is increased to produce com-

parable corrections.
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t B (v (g (E; (g5))
(10719 %) Helinm Neon Argon
0 0 0 0
0.280 | 1.0930 x 10~% 3.1054 x 10~* 1.0323 x 1077
0.311 | 3.7748 x 10~*  1.0563 x 10~* 3.9127 x 17
0.342 | 6.8811 x 10™* 1.9077 x 10~ 7.72200 x 10~°
0.498 | 8.6448 x 10~* 2.3837 x 10~* 1.0272 x 10~
t (&) @29 /42 (g5))
(10~ 3) Helium Neon Argon
0 0 U 0
0.280 1.8057 x 107°  1.0238 x 107™% 35.1141 x 107
0.311 | 4.4036 x 10~ 2.2627 x 107> 1.0980 x 1077
0.342 9.7128 x 10™% 43762 x 1077 24404 x 1077
0.498 | 1.0382 x 1073 3.1978 x 10™> 2.6279 x 1077

Table 6.20: The size of the corrections for He. Ne. and Ar at ¢ = 450 m/~.

Helimun 3.22
Neon 3.77
Argon +.98

bratmbore {A) X rammbow (radians)

-0.93
-0.62
-1.18

Table 6.21: Rainbow scattering particulars (¢ = 430 m/s).
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Chapter 7

Conclusion

The research contained in this thesis has resulred in a nnmber of advances i colli-

sional dyunamics.

The role of the components of the induced dipole moment in collisional nter-
ference in the pure rotational spectrumn was determined for HD-He and HD-Ar.
Line intensity was found to be largely determined by the compounenr with rhe same
symumetry as the allowed dipole moment. The mixing of other components aces to
reduce the line intensity. Line asymmetry. however, was found to depeud to a great
extent on the mixing process due to cancellation among contributions from varions
components. Thus, line intensity and asymmetry are sensitive to different details

of the HD-X interaction.

The line shape due to collision-induced interference for the vibration-rotarion
spectriun of HD-He was caleulated. nsing borh a rigid rotator model of HD and a
model that inclnded HD vibrations via a vibrationally depeudent potential. The
results indicate that line intensity is not very sewnsitive to the vibrational state

dependence of the intermolecular porential but that the line asymmetry is. Colli-
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sional propagation effects were shown to be important among rotational levels in
the ground and excited vibrational state. The collisional interference phenomenon
seems to cousist of two distinct effects which may be complementary sonrces of

information on intermolecular interactions.

The first compneational version of Moyal quantiun mechanies to treat three di-
mensional systems with physically relevant parameters was developed. The system
treated was the scattering of a Ganssian wave packet by the helinm. neon. and

argon interaction potentials.

A large number of checks from a variety of sources were derived and nsed to

test the consistancy and accuracy of the results.

Sensitive areas of the phase space average were identified. Integrals over impact
parameter and y were examined in detail. It was found that the classical parr of
the average in general has smoother functions in b and y than the corrections. Also.

coordinate dependent functions are smoother than momentum dependent functions.

The region of phase space which prodices rainbow scattering was determined ro
result in the largest qguantum effects. The Moyal correction was found to be small

fur impact parameters greater than 20,000 — Oglory-

The corrections to average values was examined in detail for helinumn at a velocity
of 300 m/s. It was shown that the corrections have an asymprotic tiime behavionr
which is the same as that of the classical part of the average. bt that they may

grow as £ — ¢ to dowminate the total average.

The corrections tu the average valiue was examined as a function of mass aud
velocity. The Moyal corrections were seen to change sign relative to the classical
part of the average in both cases. The momentum correction was shown to have

}

an m~?* dependence. More complex asymptotic behaviour of the Moyal correcrion
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was examined for both the mass aud the velocity.

Comparison between the size of rthe correction for the systems helinm. neon.
and argon was performed. Helinm was found to exhibir the largest correcrions.
Althongh argon has a mass twice that of neon. and thus might be expected to have

relatively small corrections. the corrections for argon aund weon were found ro he

comparable. This is due to the stronger interaction in the argon potential.

Possibilities for future research in Moval quantum mechanics are many and

varied:

(§V]

(S]]

Include the integral over momentnm in the phase space average and
thns remove the momentnm expansion correction. allowing one to treat

scattering for Gaussians which are not squeezed.

Develop a version of the theory which can calenlate accurately che gqnaun-

tum correction for metastable and orbiring trajectories.

Develop a tirst vrder perturbation theory which would allow the wave

packer to be located closer to the potential center at ¢ = 0.

The theory as presented is Cartesian based. A spherical version can be
developed which would more naturally treat the symmetries of a central

force collision problem.

Rathier than treat a pure state as we have with rhe scarrered Ganssian

(p = >< v|). treat a statistical eusemble (p = ¢ —HIT Ty —HIT,

Apply Moyval quantum mechanics to line shape problems in general. or

to other theories which use the classical path approximation.
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ot
w

© Apply Moyal quantum mechanics to the collisional inrerference in the

spectrum of HD-X problem.

Work has already begun on 3 and 4. Before problem 6 can be addressed. 1-3

should be investigated and well understood.



Appendix A

Spread of Wave Packet

The caleulation of the spread of a three dimensional Ganssian wave packet for a
free particle. althongh simple. will provide a nseful overview of the structures Moyal

(quantnm mechanics nses to caleulate expectation valnes.

The three dimensional Gaussian wave packer ar time ¢ = (} is given by

1 3/4 :
oA o = (T_A-') Ll’[l{*i-;—l(ln-l'l -~ Pady Py
1 - 2 -~ ) - .2
T5N ((Jlt — Q) F (L= @) ey — q.-;)‘)} . (A1)

This wave packet is centered about ¢. has mean momentwmn p. and spread X, [t is

unit normalized.

_/ '»"J(-X-f--l')l."u(_x..:..r)fl.z' =1. (A2}
R.‘l

The Wigner funcrion of the wave packet is given by

Wyg(A.z) = 3 (IL'I)(A.f.-l‘))(l.‘()(l. E.-l')l)u' ().
1 r ! . ' )
= 72‘7/}'{3 de e g 4 %it_‘g(A.f..l.'))(l.‘.’u‘A.f..l'”q— %) (A.3)

159
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In the position representation we have [Sakuri. 1983]

v A

134 (3 _ t - R
(q + ;IUQ(A. f..t))(l.")o(.l.f. .L‘)Iq - ;) = u‘o(A. z.q + j)')l;'o(A. .4 — ;) .

1 \3? 1 2 o . L
= (-—__\_,) ”P{—I;» ("1 + 3 +f-'§) t oz (Bren st para + pars)
1

-\ ((‘Il —q) + (g2 —62)2+(f13—(73)2)} (A

and performing the integral in Equnation (A.3) we find that the Wigner function of

the Gaussian is

1 3 A-, - ) - ) - )
Wyo(az) = (;{) N’P{—F ((P: — ) F(p2—p2)” + (p3— Px)')
1 — 9 - D . - ) -
-\ ((‘11 — i)+ (g2 —q2)” + (g3 — f[:x)')} . (AI)

Equation (A.3) is the same as Equation (3.100) which was derived in a differenr

nianuer.

Expectation values are found from
(.-l(t)),‘.u(._\__;) = /R"' dpdqUe( Aw )wya(=) . (A.6)

For a free particle the trajectory is of course known. and is given suuply hy:

q(t) = ¢+ &t . (A7)
n
mlt) = p = constant . (AS)

Since the free particle Hamiltonian H = p?/2m is quadratic in z. the Weyl

symbol evolution vperator is given strictly by the classical parr.

Co(Aw) = v Aw) = Auwlg(t]2) . (A9

To evalnate the spread of the wave packet we will require (§)w and (5w

Since these are fiunctions only of ¢ and not g,. the symbols are simply ¢ and o]
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It is a simple matter to show that

. D
((I,’lt)),‘.n(_l_:" = /’:"1 (lp/ llq ((1, + ';;t) 'U'_"o(A.f)

= g+ By (A.10)

('jl"(t))u'o(_\.:') = /3'11'/ ‘l‘l( "'_f) gl 2)
m

Rt :
+(d+ f't) (A.11)

+ —
.2 2m*\-

and the spread of the Gaussian is given by the familiar [Merzbacher. 1970 pg. 164

spread in g, = (.7 (t)wgra.s) =~ (Gi(t) )w(_3 5 - (A.12)
A hit?

= — X A.13

2 (l * m-’.l*) ( !

In a similar manner one can determine the spread in the momeutum t be

spread in p, = (B.2(1))ve(as — (15;'{1‘)).':,0(_\_5, . (A.14)
h? r o )

= (.)A_g—rp:) _(Px) - ‘.‘\.1-’))

= & ALG

= 'jl—_ - (A 16

In this thesis. we nse a wave packet that has A = 20 A. The spreading in p i~
the same for all atoms at all times for a free wave packet. and iy 1.3902 x 107! (kg
m/s)? = 3.522967 x 107° (em~! 0.1 ns/A)2. The spreading in the position of a free

wave packet for different atomns is given in Table AL

The spread can also be caleulated nsing the alternate method of obtaining ex-
pectation valies. namely evolving the Wigner function aud leaving the syvmbol for

the operator tixed at its t = 0 valne.

(-‘i(t))u-g(A.s) = /R“ (lq dp Aw L _, (u',..o(,_\._:)(:)) .
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1 : Al , 1 a
= — lydp Aw ] ¢ ———(pi(—t) = p) — —lqpi—t) —i‘s.
‘_._h/.(ff P Au J:p{ e pi(—=t) —p) pl ) “f

=1 ! '
1 3 A L, 1 ,
= E[Rs dq ‘iP'“‘WE erp '"ﬁ-—.»(Pi -p) - E_—.(fh —ptfme—q)7 .

Setting Aw equal to g;. g7. pi. p} will recover Equations (A.13) and (A.16).

Reduced Spread in q (A7)
Mass |t =042 t=0.33 t=0.68
(amn) (107" s)
He-He 2.0013 | 222.233 235.338  238.205

Ne-Ne  10.0895 | 200.872  201.391  202.290
Ar-Ar 19.974 | 200.222  200.333 200.584

Table A.1:

Spread in position of a free Gaussian with a #+ = 0 spread of 200 AZ.



Appendix B

Bessel Function Reduction of

Equation (5.121)

In this appendix we wish to explicitly determine the Bessel function form of Equa-

tion (3.121)

Q (f):/- l[(}f.l’p{—f(‘usff}‘Rulw(ﬁ)’--‘R,.,",,”(Hl (B.1)
0

R R U T Ry SN
thar is nsed for scalar. vecror. and rank two rensor observables. We have nrrodueed
€= 22",
To begin we will rewrite Eqnation {B.1) iu a form that exposes the sine and
cosine dependence explicitly. The rotation martrix R is given as

( cos® 0 sind 0 0 0O

0 1 0 () () ()
—smmf 0 couséb 0 (U )
Rier=| O Lo . (B.2)
0 0 ¥ cosf® (0 siné
0 0 0 0 1 0

\ 0 0 0 —sinf 0 (Tosb‘)
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The rotation matrix can be expressed by wsing matrices which define ics strnetnre.

(1000 0 0) (0010 0 0)
000000 000000
001000 100000
A= B =
000100 000001
000000 000000
\0 0000 1) \0 00 L 00
00000 0) (01011 1)
010000 101111
000000 0L 0111
C: D:
000000 111010
000010 111101
\0 0000 0 \1 1 1010
(ononuo}
000009
100000
E =

000060 0
\0 00100

These matrices are such that A locates the cos 8's: B locates the sinf's: C locares

the ones: D locates the zeros: E locates the —sin@'s. The entries of R are then
given by

Ruu(g) = (Ap + Buu + Cuu){—l)E‘w("Us H)A‘w‘-"iua)yw - 1B.3)

Thus. Equation (B.1) can be expressed in general as

Qe n pinem (§) = (H (l - D“J,,J)> (—I)Z:ﬂ Bujvy x

J=1



APPENDIX B. BESSEL FUNCTION REDUCTION OF EQUATION (3.121)165

2w n n
/ {19 61'1) {__f oS 9}. ((~05 9)2):{ -"u;“; (Sill 9)2}:[ B“J“’J(B.-L)
0

where we have used the fact that 1 — D,, = 4,, + B, + C,.. These integrals
will have cos? 8sin* 6 in the integrand. and can be converted to multiple angle form

using trigonometric identities.

The Bessel function is detined as [Bowman. 1938 p. 90]:

']n(:) _ i -1 €_mﬂ+l:sinﬂdg . (BS)

a 27 J=
where n is an integer. and = is a complex number. Using Euler’s relation. (¢7* =
cos.r + isin.r). the modified Bessel function [,,(€) (J,(:&) = "[,(€)). and =z = i

we can cast Equation (B.3) into the form:

1 T

E (cos nd — i sinnf)e "0 4g
LT J—n

MIL(E) =
_ )‘l‘/ Cosnee—ssinﬂ‘w_,")i/ sin nde ~€5m9 g {B.6)
T Jerm 2T S

Equating real and imaginary parts for n odd or even vields the imporrant relations

forn odd. n =2n" + 1:

/' Sin (20 + DFle TG = (=1 L (8) . (B.7)

. »
/ ::rus(fn' - l_iH]f “Swdgy = ). {B.3)
-T
for n even. n = 2n':

/”[sin(?r:')ﬁ]c_ESi"”:lﬂ = 0. {B.9)

/" [cos (2n' + 110]e~500d8 = 27(=1)" [t E) . 1B.1t)

For a scalar observable. we need to evaluate the function

-2

Q(€) =/u T e~ g (B.11)
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The integrand is a perivelic funceion. and the range is a complete period. Therefore,
we may safely replace the range of integration with (—7.7). If # = ¢ — 7/2. then

cos § = siné’. and Equation (B.11) becomes

e = [ eenvag

-1

= 27ly(f) . (B.12)

which follows from Equation (B.10) with n’ = 0.

For a vector observable. consider the element Q) (y). Using a merhod similar

to the scalar observable analvsis. we have

Du(€) = /{;-' e €0 cos 4 db .
= [ gy

= —2=L,(8). (B.13)

where the last step emploved Equation (B.7) with n’ = 0. In a similar manner. we

can show that the only nonzero components of €,,(€) are

= Q.:;;}=Q..H=Q". (Bl-“

(B.13)

For a rank two rensor observable. consider the element

2w .. )
in[(f) = /0 c"""“’ovus'ﬂfl() .

T
s.iar . -
= / e~ in? 9 de’ .
-

/"r t.—ésiuf)' (1 - (:')05 26’) (191 .
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LT[ pig T
- - [[ f,—Esmﬂ (lgl _/ C_—Es‘mﬂ oS 20/({01 .
2 - -

= [lo(&) + L(8)] . (B.16)

where the first integral is from Equation (B.10) with n’ = 0: the second is from
Equation (B.10} with »’ = 1. The nonzero components of ., ,,a...(S) are deter-

mined to be

Qun(E) = m[ll€) + [2(€)]
= Q1133 = Q1144 = Qllb‘tj = Q:mll = -Q:sm:;

Q

= 93344 = -Qntsﬁ = Quu = Qu.n = 14444

= Q44ﬁﬁ = Qn‘ml = Qm;:m = Qmsu = Qﬁm;.; .

Qi(8) = 7€) — L(9)]

0

= Qt346 = i3 = 93164 = L4613 = 2I4648

= Q643[ = Q64b'4 = —Ql.'m = —lem = _Q463[

= —Q4654 = —Q:zus = _Q.'lHti = -“va:z = _Qh'-Hlj .
Daa(l) = =270(8)

= Qs = Qoon = Qooas = Qouge = Qv

= Qugoo = Naass = Qe = Qass = Qsan

= Q5533 = Q5500 = Dsses = Lssaz = Douas -

= Q55 = V5500 = Nss55 - (B.17}



Appendix C

Error Estimation

Equation sets (3.80). (5.81). and (3.84) show the complexity involved in calenlaring
the necessary Jacobi fields. To obtain the next higher Jacobi field it 1s necessary to
kuow all the lower order Jacobi fields. Since these eqnations are solved nunerically
rather than analvrically. we would expect the YVg(t]z) to be less acenrare than
the gitiz) purely on the gronnds that the error i the g(t]z) will he propagared
into the solution for the Vg(#|z). This consequence will be especially rre of the
VVg(t|z). which will have the numerical error of both the g(tiz) and the Vg(t]z)
built into its solution. Numerical solution of these equations for trajectories which
are significantly scattered can be difficult. As this is the first time that Moyal
quantum mechanics has been cast into a compntational form. it would be heneficial
to disenss in some detail the checks that can he used to determine the acenracy of
the calenlation. We will begin with checks that exist at the level of the individnal

trajectory for the Jacobi fields.

168
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C.1 Quantum Trajectories

To help reduce the propogation of error through the calculation. we calculated g
and Vg at twice the number of time steps as VVg. We would like ro caleulate the
VT Vg at the same time steps as the ¢’s. bur since there are 6% = 216 elements of
V'YV g enongh memory was not available ro do this.

A simple but necessary condition that must be satisfied comes from the fact

that phase space is incompressible:

det\Vg(tlz)=1. (C.1

A more rigorous test that the Jacobi fields mnst sarisfv is the svmplectic cou-

dirion for a canonical transformation {Goldstein. 1981}:

V"gﬁ(ﬂ:).]“‘jvdgﬁ,(t}:) - =A,,,=0. (C.2)
Al =0. (C.3)
~.it

Taking derivatives of the above equation gives checks on higher order Jacobi fields.

NNk VTN gt 2) + N g () TN Nyttt zr = Ay = 0 1 C.d)
> idgaal =0 (C.3)
k.o s

Figure C.1 shows a typical result for Equation (C.3). Ar first glance it may appear
that the check is not very goud. but in the region where it appears to be growing
quadratically che terms in Equation (C.5) which cancel are extremely large and
growing quadratically. The cancellation is between terms of order ~ 10 ar the

final time.

Equations (C.3) and (C.3) are necessarv but not sutlicient conditions for the

correct Jacobi tields. Since they were derived from the symplectic condition. they
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ouly guarantee that the Jacobi fields have the correct svinplectic steneture. If the
Jacobi fields have been solved for in a manner which imposes the syvmplectic natnre.
it 1s quite possible to obtain results which satisfy the symplectic checks but i fact
vary greatly from the actual solutions. Due tu this problem. a variety of other
checks were used. and an attempt was made to use checks that came from a wide

variety of backgrounds.

The Jacobi fields also form a Lie algebra. and as such will be subject to the
constraints of that Lie algebra. An example is the relation

J R <00 .
= [La().@a(t)] = ~du(t) . (C.6)

Taking the Weyl svmbol of the above equation vields

{La(t).q2()}y, (2) = {Latt) @) }pyeon (=) - (C.7)
= —qlt). (C.3)

where Eqnation (C.7) results from Lj being quadratic in =, The ¢'s in the above are
the full /i dependent ¢uantities. Inserting rheir £ expansion and collecting powers
of i will vield equarions which the Jacobi fields mnst satisty. The ryvpe of checks

the Lie algebra generates are (where g3(t|z) = gs(t|z) = 0 has been emploved:

0 = aqi(t{z) + g5(0]2)Vi02(t|z) — g1 (0]z)V 2020t 2)

—g4(0[2)V5g2(t|z) + g2(0]2)V 1 ga(t]2) . (C.9)
0 = —qa(t]z) + gs(0]2)NV 4tz — g0V g (2] 2)
—g4{0[2)V 501 (t]2) + 92(0{=)V  qu(t]2) . i C.10)

0 = gu(t]z) + 95(0]2)Vygs(t]z) — q1(0]2)V 2gs5(t]| =)
—94(0]2)V 595 (t]2) + 92(012)V 1 ys(t]=) . (C.11)
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0 = —gs(tlz) + g5(0]z1V 4g4(t]z) — g (Y =)V ogal i)

—94(0'3)ng4(ff~’)+9'.'(0[3)Vlg4(t|:) . (C.12)

As with the svmplectic checks. we can differentiate Equations (C.9)-(C.12) to obtain
another 24 checks which contain higher order Jacobi fields. For example. taking

Vi of Equation (C.10) vields the 6 checks (A =1 ~ 6):

A = =Viega(t]z) + gs(0]2) Ve Van(tz) — gu0]2) Ve Nag (2]2)
— g1(0[2)VeVsg1(t]z) + 92(0]2) Ve Vg (£]2) (C.13)
+ Vg (t]z)ds — Vagi(t]2)0k — Vsgi(tz)dea + Vigi(2]2) 0k

= 1.

Figure C.1 shows the results for Equation (C.13) when & = 2. The Lie algebra check
15 seen to be linear at large time rather than guadratic as seen in the syvmplectic
check. This is true since Vg(#|z) and TN g(¢|z) are linear in ¢ when the porential
is zero. Cancellation in the Lie algebra case is berween terms with a maxinnun of
~ 10°.

Constants of motion can also be nsed to check the v (). <0 amd 204 stre-

tures. For example. the Hamiltonian H. the rotal angular momentin L7, or the

angular momentum component Lg should satisfy the relations:

-,,(”)(()) = constant . (C.14

2oy = 0. (C.15)
where () is the symbol of the constant of motion nuder considerarion. These provide
useful checks on all the structures which are in the equations for =™ (-) and ~™(-).

Figure C.2 contains plots of SN H). A great deal of structure is seen in the

terms which make up this quantity and the cancellation is excellent.
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A muore sophisticated type of check involves compound constants of morion. A
more complex Wevl symbol that is a constant of motion under the [, How is formed

by combining two or more of the simple constants of motion described above.

Proposition C.1 Let A. B be constants of motion with symbols a.b. respectively.

The compound constant of motion (-iB) will satisfy the relation

B}y(a.b)(z) — Biy{a.b)(g(t|=)) + 43 (ab)(z) = 0. (C.16)
where
(2 1 _,
5ab)(z) = —gB;_'(ga(t).g.,(t))[(V(.u\‘db),]ty(t!:n
1
+I;BI‘JB'.'3(UQ(”-gd(t)-y—y(t))
X [(Vaa¥s¥,b), + (T sa)iigttlz)) . (C.LT)
where
iTL,uV,b)s = '\‘;,:zT,,b-@-V.,u\“,,b. (C13)
(N, aS 5N Lb, = V,aVNLb+- NV N0+ Y AN/ C.19

Proof. The Weyl symbol of the prodinet of the operators Aand Bis given by the

star product (Equation (3.16)) as

(AB) (z) = axb(z). (C.20)
b 1A
= u(:)b(:)+l_71{u.b}(:)+é(%) B{._.-<u.l’)>—¢:)~f-()(h‘i.

The statement of constant of motion in the Moyval formalism 1s

Li(axb)(z) =axb(z). (C.21)
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or
r r ) (
71 ab)( =) )+ 5 ab)(2) +—u‘°’ {a.b})(= (‘;) B (< ab>=)(=)
A IS AC N
=a(z)blz) + i)— {a.b} (=) + 5 (%) B}, < a.b> (z) + O(h?) . (C.22)

We then collect powers of h. The O(h") part vields the equation
7 (ab)(z) = a(g(t[=))b(g(t]z)) = a()b(=) . (C.23)

This result is trivial since a and b are separately constants of motion. The O(h')

part vields

{a. b} (g(t]z)) = {a. b} (=) . (C.24)
This is again a classical result for two constants of motion. The O(h*) part vields

1

) ]- ) 4 -
_§Bf.' <a.b-i1z)= _§Bf‘-’ <a.b-(gitiz)) + ,-,["(uhl{:l ) i C.23)

| +—

Expand -,,(_"’(ub)(:) using the Leibniz mle. (ab)., = w.qb + by, and employ Equa-

tion (C.13} to ubtain

-,f"”(ab](:) = u(:)*,,"")(b)(:)+b(:)*,f"’l(u)(:)+:,-,“'(rtb)(:). 1C.26)
= 3N ab)(z). (C.27)

Equations (C.23) and (C.27) recover Equation (C.16). O

Figure C.3 displays the results from one of these compomd constant of morion
checks. the HL? case. The fact that there is a great deal of structure in the terms
{~ 107 at maximum) which cancel to near zero (~ 107?) is an excellent check of the
computational accuracy of the program at the level of the individual trajectories.
It also provides an excellent check on the internal consistency of the formal theory

underlyving the caleulation.
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Figure C.3:

Compound constant of motion HL?. The system is helium for a trajectory which has
initial conditions b =2, y = —-70
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Bottom: total. Top: The curves are the terins which make up Equarion (C.16). given by:
SO

+ ~BL(H.LY(g(t|2))

= — 1B (ga(t). g5(0)) (Vo H Y 5L, (gitl))
X 13 B12B23(ga(t). g3(2). g+ () (Vo HV 3V, La)s(g(t]2))
A - LBy

5 B12B13(ga(t). ga(t). g+ ()Y (Vo L* VsV, H)s(g(t]2))
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C.2 Average Values

Obtaining estimates of the error associated with the integration procedires nsed in
the program is essential. As we have seen. the functions that must be integrated can
have extremely sharp peaks that sit on a broad Gaussian backgronnd. In general.
it appears that the classical part of the average are functions which are smoother
(and therefore easier to integrate) than the Moval correction or the momentnum
correction. As well. functions which depend on the coordinates are smoother than

functions which depend on momentum.

[t should be emphasized again that the important structure to these functions
oceurs for b € (0.2, 4nbow — Dgiory]- Although contributions to the average valies
from b € [2brainbow — Dgiory. <] can be large. the functions are smooth and slowly
varving in this region. The computer program in fact spends ~ 8% of its rime

1

calenlating the contribution from b € [0. 2, qumbowe — Dgtory]-

The integration will never be any better than the resules at time zero. To start.
a grid in y and b must be chosen that can reproditce accurarely the time zero resules
(basically a reasonable sampling of phase space for which the mitial Ganssian is
nounzerv). For results at times other than zero the grid must be modified. bur
retain the basic characteristics which produce good t = 0 results. This will involve
adding extra points in the y and b integrations where functions are changing rapidly.
Computing time is an issue with the caleulation. and so it is not sutficient to simply
impose a fine grid over all of phase space - extra points must be added wirh care.
Extra points in the y inregration are added in a manner which is determined by the
time average values are required at. the potential used. and the initial momentoun
of the packet. The b integration points are dependent on the forward glory and

rainbow impact parameters (which in turn are dependent on the potential and
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momentum).

For all functions the time zero results are known either analytically or numer-
ically throngh a svmpolic language like Maple or Mathematica. and Tables C.1
and C.2 compares these results with program values. The results are seen to be

excellent. un the order of seven digits.

It is evident from the graphs in Chapter 6 (Figures 6.13-6.14) that a higher
density of points in the y region is required for times during which the collision is

actively occurring. and that this region of high density is a function of the time.

The scale of the region of interaction is given by the scale of the potenrial. and
as time progresses the region of interaction sweeps out a function that is a scaled
version of the Wigner function of rthe Gaussian. It should be nored that if one
is only interested in the state of the svstem at time ¢ sufficiently long thar the
collision is over then the integration in y is much simpler to perform. The functions
{which have evolved into scaled versions of the Gaussian) are simple ro integrare

accurately.

The y integration is the most subject to error. As we shall see. the b integrarion
does not suffer from a moving region that requires a high deusity of poluts. and so
can be done acenrately with relative ease.

For the impact parameter held fixed. we have functions of y which mnst be
integrated. At a given time. only trajectories that began in the small region of the
coordinate space [y—. y.] will be in a region near the potential. All trajectories that
had initial y < y; will have moved bevond the potential (chis of conrse asstunes that
no orbiting has vecured). and all trajectories with initial y > y_ have yet to reach
the region of strong interaction. Tu be able to do the integration in y accurately.

it is obvious that the functions must be defined well in the y regions that have
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Analytical Program

< W Mg > bh=2 1.999 999 73
< W g) > §j=—140 —140.000 014
< +Ng4) > 0 103

< wWigs) > j=0.050 188 678 5 0.050 188 671 7
< Ng?) > A1 4+ b =204 203.999 973
< (g3) > A% 4 § = 19300 19800.004 9
< Mg > 21 =200 199.999 973
<) > p? =2.518 903 41 x 10=3 2.518 903 11 x 10"
< (’—')"O‘f:.‘”’, g1 > 1(£) =35220603x 1070 3.322965 S x 107
< (%) 0,;’-,‘,”u.-:’) > 4 (%)" =3.5229693 x 10™%  3.322968 § x 107"
< (&) 018g > L (%) =3.5220603 x 107° 35220683 x 107
< ViH > P = 300 299.999 939
< Us$:H > L =5977.442 3 5977443 7

Table C.1:

Accuracy of # = 0 values. The potential is helinm. the velociry is 300 m/s.
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Mathematica Program

< WKE) > 7.528 30 7.528 301
< WYy > —6.1988 x 10717 —6.19867 x 10~1°

< 4Ny > 0.100 377 0.100 377 357

<L > 1.017 64 1.017 637

<N HLs) > 0.753 671 0.753 670 9
< WNHL?) > 7.661 08 7.661 077

Table C.2:

Avccuracy of t =0 values. The potential 1s helinm. the velocity 1s 300 m/s.

arrived at the region of strong interaction at the times you are interested in. At
sufficiently large times the region [y_. y,| will be located far from the center of the
Gausstan. and the weighting factor of the Gaussian will make their contribution to
the average negligible.

Figure C.4 shows the points that were nsed to map a tvpical fuiucetion in both rhe
y and b directions. Oue of the best methods for checking the integration rontines is
to do the caleulation twice. the second time using a different set of points in phase
space. If the functions are well defined a shutfling of the integration points will have
ouly a small effect on the results. How well the two sets of data agree will give ar
least a lower bound on the accuracy of the resuldts. Table C.3 contains esrimares of
the error in integration using this idea for helhun at a velocity of 450 m/s. All the

functions are seen to be well defined.

Yet another check results from the rotational invariance that exists between the
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Moval correction to average value for gs(t|z,) as a funcrion of ¢ (top) and as a
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time (1070 s) (+{M(ga)) 2 </(£) (94)) ( ) (9; TN}

Percentage Change from using different y — b Grid

0.230 3x10™ 7Tx10™ 4x 1073
0.311 1 x10™% 7x10™ Tx 107
0.342 6 x 107" 7 x 10~ 9 x 107*
0.498 2x107Y  6x107 I x10-?

Table C.3: Effect of changing integration grids

directions é; and é4. This invariance causes the spreads in these two directions
to be equal. Any deviation from equality will be due to unmerical error. The
fact that the spreads should be equal while the average values that are inchuded
in the spread are not make this an excellent check on the utegration procedures.
Table C.4 examines this check at four times for helinm at a velocity of 430 m/s.

The results are again excellent.

Another method of checking the integration is to examine the average valne of
any constants of motion. These should remain constant at all times. since they
are coustant at the level of the individnal trajectories. The ~!” and O"',’-,,(“' parts
of the average should remain constant. The +*' part of a constant of motion is
strictly zero. and how close these functions stay to zero are excellent indicators of
the acenracy of the code at the level of an individual trajectory (cf. Figures C.2
and C.3). Unformuately. average values for the constants of motion do nor provide
a very good check on the integration accuracy. Since the constant of motion is
constant at the level of individnal trajectories. it does not provide a reliable means
of testing the integration. However. if the - part of a consrant of motion is not

zero to sufficient accuracy. it usually indicates the presence of metastable states
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time (107! s) (spread - sprear;)/spread,

0.280 2x 107
0.311 Tx 1074
0.342 2 x 1077
0.462 Tx 1073

time (107" 5) (spread; - spready)/spread,

0.280 2 x 1073
0.311 Tx 107t
0.342 T x107%
0.462 1 x 10!

Table C.4: Rotational invariance of spreads in ¢, and €3

Tables C.3 shows results for a case without metastable states. and Table C.6 shows
results for a case where orbiting is possible. The classical part of the average can
be obtained accurately when orbiting vecurs. bur the Moval correction cannot wirh

the present program.

Using different methods of integration is also possible. emploving a enbie spline
rather than a finite difference or Ganssian quadrarure. Other methods of integrarion
were examined during the early developement of the code. but average valnes were

not calenlated nsing other than the finite difference and Ganssian techniques.
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Time | (x"(H)) %PH)  (ONH <L) Z(4(H« L)
(10710 s) (em™') (em™* 0.1 ns/A)

0.000 | 16.9336795 10—+ 38.784210 10~3
0.156 | 16.9386795 1.133 x 10~ 38.784210 1.889 x 10~
0.189 | 16.9386794 1.377 x 10~ 38.784210 5.967 x 1073
0.280 | 16.9386767 3.973 x 10~  38.784204 5.622 x 1075
0.311 | 16.9386767 1.139 x 10~7  38.784204 9.754 x 1077
0.342 | 16.9386767 1.814 x 10~7  38.784204 6.591 x 103
0.489 | 16.9386767 2.114 x 10~7  38.784201 2.116 x 107
0.49S | 16.9386767 2.114 x 10=7  38.784201 2.115 x 10-7

Table C.53: Average values of constants of wotion: no orbiting. (He ¢ = 430 m/x)

Time | {-.,“”(H)) % ‘,’,("”(H)) ‘,,(O)(H x [?)) f'_T:(*,,m(H* L))

i

(1071 s) (em™') (em™ 0.1 us/A)
.000 2.22798655 10~ 3.69457S815 1y—H
0.504 3.22798633 S.21 x 10~* 3.69457S813 $.19 x 10~*
.560 3.22798633 7.66 x 107! 3.69457813 T.63 x 10~!
0.616 5.22798653 3.39 3.69457813 3.57
0.380 : 3.22798633 16.13 3.69457813 16.11
.896 5.22978653 16.20 3.69457S13 16.10

Table C.6: Average values of consranrs of motion: orbiting. (He ¢ = 250 m/«»



Appendix D

Flow Chart of Program

This appendix contains flow charts for the more important sections of the com-
puter program. Subrontine and/or NAG libraries used are quoted. as well as the
mathematical method used. if appropriate. Times quoted are approximate CPU
time spent on that portion of the calenlarion. The calenlarion nsed to derermine
these times was helinm ar a velocity of 700 m/s (total time for this system was 6
hours). Other sysrems will have differeur times. The compnter nsed was a VAX

AlphaScarion 400 4/233 with 96 MB RAM rnning VMS V6.2,

D.1 Trajectories

For a given c.b. y. determine g(t). S g(¢). S gt). ") 4204,

|START|
1

Is this the first trajectory calculation at this impact parameter? — [ 1

135
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Routine: DYNAMICS
T
Caleulate g(t) and determine time steps
Routines: PATH. NAG DO2LAF Time: 0.28 s

Method: Secoud order ordinary differential equation

i

Spline g1(¢) and ga(t)
Routines: PATH. NAG E01BAF Time: 0.01 s
{
Calculate Vg(t)
Routine: PATH. NAG DO2LAF Time: 3.50 s
Merhod: Second order ordinary differential equarion
Define ¢;. yit1. Vg(t) at half the points used to originally define them
Routine: PATH
{
Caleulare YV g(t) (Each inhomogeneous term is splined separately)
Rontines: PATH. NAG DO2LAF. NAG EO0IBAF Time: 21.00 s
Method: Second vrder ordinary differential equarion

Calenlate —1B{, < ga(t). gs(t) > (=) and 5B12Ba < galt) gslt) g () = (=)
Routine: BTUPLES Tune: 0.07 s
Calculate z(3)(t) and assign =P} ¢#)
Rontines: Z0OZ2, NAG DO2LAF Tune: 1.60 5

Merhod: Second order urclina.r}' differential c-'qna.tiun

156
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il
Assigu: tlm) =t glvm) = g Tglm) = Ty, TTgm) = TV g, oD = ()
Routine: DYNAMICS
+
[ RETURN |
1A
(L]
+
Define y,,. t,,
Routine: DYNAMICS
i
Define time steps ¢, for this trajectory

Routine: DY NAMICS

H
For t, <t, define ¢g.Vg. V¥ g. 21" =12 via free evolution formulas
Routine: DYNAMICS Time: 0.08 s
14
For t, > ¢, define g. V. V¥ g. 2 =12 via composition formmnlas

Routine: DYNAMICS Time: 0.08 s
l

Calenlate =3B}, < galt).g4(t) > (3) and 5 B12Bag < galt). gs(t). gait) > ()
Rourine: BTUPLES Time: .07 »
4
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D.2 Functions

Define the functions at the times ¢ along the trajectories. The time taken bv a
call to this rontine is approximately 0.71 seconds. A list of the functious thar are

defined is found in Table D.1.

1

Define functions at times t; along trajectory

Routines: See Table D.1

!
i
v

Spline functions over time
Rontine: Function. NAG EO01BAF
v
Extract value of functions at £;. storing in F,(y,: £

!
v

I RETURN ]

D.3 Average of Function F

. .y . - . )
Form the average of a function F at a specific time #. F being any one of _:“ "o,
) «
4 0). aj:,,!,”’((); for an observable O.

g,

4

Define potential coustants. mass. velocity.
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Function Routine Time (s)
VH fenchdham 0.02
VVH fenchddham 0.03

V.Ls.HL;. [ HL* fenavecehl) 0.36

gi fenavtimel .13
gig; fenavtime? 0.17
Table D.1:

The functions for which average values are calculated. The times reported are the
times that it takes to obtain valnes for the functions at all rhe #. The last three
entries have each compounent split into three parts. 9. <2 and i+, The tirst

two entries determine only the 410 part.

Define times ¢; for which averages are to be caleulated
Routine: Main
Detine impact parameter grid on interval 0.3]

Routine: Main

b,'=0

1
Define Bessel function €

Routines: X2SUB. X4SUB. NAG SI1SAEF. NAG S1SAFF
3



APPENDIX D. FLOW CHART OF PROGRAM 190

Determine yeoneer alitd Yrange that require
extra points for y integration
Routine: YPARAM
i
Define y grid on {Yuun * Yimar]
Rontine: Main
1

y] = yvnaz

e

Calculate TRAJECTORIES

b
Define FUNCTIONS
]
Next y,
If 4, < Youen — [ 2 |
T

Integrate F,(y,:f) over vi Store in Fy(b:#)
Routines: Main. NAG DO1GAF
Method: Finite Difference
1

Next b,

Ifb; >3 — [ 1|
T

Integrate Fy(b,:#;) over b: Store in Fit)
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Routines: Main. NAG D0O1GAF
Method: Finite Difference
1

Define Gaussian quadrature weights and grid for b in [3.130]

Routines: Main, NAG DO1BCF

+—

b;=3
i
1

Define Bessel function ()
Routines: X2SUB. X4SUB. NAG SI1SAEF. NAG S13AFF
!
Determine Yeenter ald Yrange that require
extra points for y integration
Routine: YPARAM

8

Detine y grid on [Ymn © Yinar]

Routine: Main

NS

Y; = Ymar

i
v

(4]
!
Calenlate TRAJECTORIES

{
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Detfine FUNCTIONS
1

Next y,

If ) < Yomen —
T
[utegrate F,(y,:£;) vver yv: Store in Fy(h,: #)
Routines: Main. NAG DOL1GAF
Method: Finite Difference
+
Next b;
If b; > 150 ——
LT
Integrate Fu(b,:£;) over b: Store in F(#)
Routines: Main
Method: Ganss Legendre Quadrature
Output F(#)

{
i
4

i STOP [
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