ANTIFERROMAGNETISM IN THE SELFCONSISTENT
SPIN WAVE APPROXIMATION
AND THE
EVALUATION OF LATTICE GREEN FUNCTIONS.

A thesis
submitted in partial fulfilment of
the requirements for the degree of
Doctor of Philosophy
at

" the University of Manitoba

by

David James Austen

June, 1973




ANTIFERROMAGNETISM IN THE SELFCONSISTENT
SPIN WAVE APPROXIMATION
AND THE
EVALUATION OF LATTICE GREEN FUNCTIONS

By: David James Austen

A dissertation submitted to the Faculty of Graduate Studies of
the University of Manitoba in partial fulfiliment of the requirements

of the degree of

DOCTOR OF PHILOSOPHY
© 1973

Permission has been granted to the LIBRARY OF TIHE UNIVER-
SITY OF MANITOBA to lend or sell copies of this dissertation, to
the NATIONAL LIBRARY OF CANADA to microfilm this
dissertation and to lend or sell copies of the film, and UNIVERSITY
MICROFILMS to publish an abstract of this dissertation.

The author reserves other publication rights, and neither the
dissertation nor extensive extracts {from it may be printed or other-

wise reproduced without the author’s written permission.



ACKNOWLEDG EMENTS

The author would like to express his gratitude to
his supervisor, Dr. P.D. Loly for his guldance during
the course of this thesis. He would also like to thank
the University of Manitoba and the National Research

Council of Canada for their financial support.



ABSTRACT

Part I1:

The macroscoplc properties of an antiferromagnet for
temperatures below the Neel temperature are derived from
the spin wévehﬁeisenberg Hamiltonian by a variational
method. Using the Dyson-Maleev and Holstein- Pr;makoff
transformztions, three solutions valid for arbitrary spin,
magnetic field and uniaxial anisotropy are discussed in
térms of their theoretical prediction for susceptibility,
sublattice megnetization and internal energy. Specifically,
for zero esnisotropy, we obtain a new result for the parallel
susceptibility and derive many properties in the limit of
infinite {(classical) spin. Also, we compare our three

solutions for a finite value of anisotropy.

Part II:

A method is developed whereby lattice Green functions
and Watson-like integrals can be readlly computed by split-
ting them into a sum of & power sexies and an asymptotic
series. The method is illustrated by the evaluation of an
antiferromagnetic integral and a basic thermodynemic Watsonfs
integral and followed by & treatment of the generalized

problem on all the cubic lattices.
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PART

ANTIFERROMAGNETISM
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CHAPTER 1

INTRODUCTION

The aim of this thesis is to describe a method for
obtaining, at low temperatures, the macroscoplc properties
of an antiferromagnet by using a non-Hermitian approximation
to the spin wave Helsenberg Hamiltonian. By invoking
the variational theorem, we are able to fit a very general
trial Hamiltonian to the exact Hamiltonian and then de-
termine many macroscopic properties (especially suscept-
ibility) from the appropriate derivatives of the free
energy. We are interested in a three dimensional Helsen-
" berg Hamiltonian with uniaxial anisotropy and external
magnetic field. Since antiferromagnetism is such an active
area for research, it is necessary to indicate where this
work stands in relation to others; in the following we
will consider some of the relevant papers:

In 1952, Kubo, Anderson and Ziman, first considered
very low temperature properties using non-interacting
spin wave theory. Kubo (1952) and Ziman (1952) looked
at some of the thermodynamic properties whereas Anderson
{1952) was concerned mostly with zero point deviations.
Kanamori and Yosida (1955) and Kanamori and Tachiki (1962)
calculated and compared some of the low temperature pro-

perties such as magnetlzation and susceptibility. Oguchi
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(1960) derived low temperature expansion for variou pro-
perties to order 14/55a . Later, M.Bloch (1963 and thesis),
who calculated magnetization curves, showed how to use

a self-consistent method to obtain formulae which give
reasonable results up to 80 or 90% of the Neel temperature
Te o Low (1963), Nagai (1969), Nagal and Tanaka (1969,
1970) and Kanamori and Itoh (1968, 1972) have compared
theorles to experimental results. These authors have

all used the Holstein-Primakoff transformations and thus
Hermitian approximations.

In 1956, Dyson (1956) showed how to use a non-Hermitian
Hamiltonian to calculate some of the properties of a ferro-
magnet and obtained the famous *r% correction term. For
an antiferromagnet, two separate non-Hermitian Hamiltonians
have been developed (Maleev 1958, Dembinski 1964) and
used as well as the one by Holstein-Primakoff. Harris,
Szanieckl, Armour and Herbert have made‘extensive use of
the non-Hermitlan representations in an attempt to cal-
culate exact low temperature expansions. Harris (1968,
1969) considered *%‘ and ?% expansions, Szanieckil
(1965, 1968a, 1968b, 1971) has discussed the kinematical
interaction and zero point deviations, and Armour (1970,
1971) and Herbert (1970) have also looked at kinematical
effects. Recently, Collins and Tondon (1972) have used a
non-Hermitian Hamiltonlan to calculate the effect of
éecond neighbour interactions.,

Liu (1966) attempted to combine a self-consistent
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calculation such as Bloch's With~the non-unitary trans-
formations intreduced by Dyson ete. Unfortunately, he
erroneously cobtained a Hermitian Hamiltonian (in disagree-
ment, for example, with Szaniecki 1968a) and thus encount-
ered no serious problems in a Green's function solution.
As well, he did not obtain agreement with Oguchi (1960)

in respect to the low temperature susceptibilities. Flax
and Raich (1970) used Liu's method to investigate the ani~
sotropic Heisenberg Hamiltonian.

Our idea is to determine to what extent a non-Herm-~
itian "Hamiltonian" is capable of explaining the properties,
particularly the susceptibilities, of an antiferromsgnet.
For this purpose, three alternate approximations are made,
one involving the Holstein-Primakoff transformation (where
we consider more terms than previous authors) and two
_using Dyson-Maleev transformations (where all terms are
taken). The general plan then is to determine the best
solution to the Hamiltonian. We will show that each of
these representations is equivalent to evaluating the
antiferromagnetic Hamiltonianh in three different approxim-
ations. The aim is to use a variational calculation with
a very general avproximate Hamiltonian and, by minimizing
the free energy, determine the best solution.

Unfortunately it soon becomes apparent that non-
Hermitian Hamiltonians do not yield approximations which
are upper boundé to the free energy. This mathematical

criterion usually used to compare approximations becomes
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invalid. It is shown however that the procedure used in
variational minimization has a useful generalization to

the non-Hermitian cases and by such a method we can de-
termine the best parameters for the approximate Hamiltonian
in each case. Having obtalned the best parameters in

three cases, the properties are compared from a practical
standpoint.

The above procedure is equivalent to choosing some
approximate Hamiltonian and using first order perturbation
theory. Second order theory is not carried out for two
reasoﬁs: first, the second order solution is algebraically
complex and second, the results would be expressed in
terms of six dimensional integrals which at the present
time are difficult to compute elther numerically or ana-

lytically.

The Helsenberg model assumes that the process respon-
" sible for magnetic. ordering is the pairwise interaction
of spins which are localized at lattice sites. The energy
of interaction 1is proportional to the inner vroduct of

the spin vectors, the constant of proportionality being
the exchange constant (Lﬁwdin 1962). 1In most cases
the exchange constant between two spins decreases with
increasing separation so 1t 1s natural to assume that
nearest neighbour spins contribute most of the energy.

In an antiferromagnet the exchange constant is negative

and this tends to make nearest spins antiparallel.
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Another form of energy in an antiferromagnet arises
from anisotropy (Keffer 1965) there being two forms in
.particular, dipolar-dipolar and uniaxial. Although these
contribute substantially less energy to the system than
the exchange energy,as we will see, the antiparallel
arrangement cannot be achleved without some stabilizing
force. In a ferromagnet, one can use a small field to
stabilize the system¢ however)in the antiferromagnetic
case one sees that the spin arrangement makes this impos-
sible. Mathematically, it is convenient to take uniaxial
anisotropy into account whereas other forms become very
difficult to handle. For this reason we consider only
uniaxial forces in a manner similar to Nagai and Tanaka
(1970) who increase the role of uniaxial aniéotropy to
take into account the dipolar-dipolar. This serves to
stabilize the system and hopefully will predict those
macroscopic properties which do not depend strongly on

anisotropy.

Due to the algebraic complexity of this work, which
includes many transformations and representations, figure
1 is included to help in guiding the reader through the
mathematical detalls of the later chapters. In this figure
the operators used in each representation are summarized
and the type of space 1s specified., The ailm is to trans-
form the Hamiltonlan from proper spin space to an infinite

boson space in which the approximate Hamiltonian is di-
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FIGURE 1

Schematic representation
of Hamiltonians (in boxes)
and transformations used

in text.
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agonal. Our procedure relating spin and boson spaces is
novel in that the proper spin space is projected onto an
infinite spin space immediately and then this is mapped
In three separate ways onto boson spaces. Most authors
map the proper spin space onto a subspace of the boson
space and then extend this to the full boson space. The
former route is taken as it serves to demonstrate the
mathematical equivalence of the various representations
of the Hamiltonian - this fact is necessary for a compar-
itive study. This is done at the risk of confusing the
reader who is familiar with the usual treatment of Dyson
(1956) etc. However, these methods differ only in phil-
osophy and not in outcome.

In chapter 2, we set up three representations of
the Hamiltonian in reciprocal boson space. In chapter
3, an extension of the usual variational theorem is dis-
cussed, allowing us to obtain three solutions. In order
to obtain these solutions, it is necessary to derive non-
unitary generalizations of the Bogolubov and zero-node
shift transformations. By the end of chapter 3, a method
is developed whereby three solutions valid for arbitrary
uniaxial anisotropy and magnetic field are obtained.
In chapter 4, a conparison of these soclutions is under-
taken. First, we find many thermodynamic properties in
the limlt of vanishing field and anisotropy so that we
can compare wlth other authors, namely Liu. We find that

the parallel susceptiblility differs from his result.
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The comparison of the three solutions shows that one of
the non-Hermitian approximations not only 1s easiest to
use but seems to give reasonable results. Finally in
chapter 4, the results of the infinite spin limit are
derived. |

The second part of this thesis i1s concerned with the
semi-analytic evaluation of integrals appearing in the
first part. It was possible however to take the study
far beyond the antiferromagnet context and consider
Lattice Green Functions which ére currently a very active
area of research. We give a brief introduction to Lattice
Green Functions, reprint a paper we have published on the
subject and then show how the necessary antiferromagnetic

integrals may be handled.
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CHAPTER 2

GENERAL FORBMULATION

A, HAMILTONIAN

Let us consider a lattice system composed of N atoms
or particles each having localized spin. Further consider
only those lattices which are separable into two inter-
penetrating sublattices of PL/Q. spins each. In such a
system each spin is subject to a torque which we will assume
is due to three interactions: a Helsenberg exchange inter-
action taken only between nearest neighbour spins, a Zeeman
force due to an external magnetic field and a uniaxial
force which is a result of anisotropy.

The antiferromagnetic model considered in this thesis

is then characterized by the following Hamiltonian
-3 ?? -3 ?i
H = T ZS‘, S:Z T DPaied + T JZ(_ Si,')‘*fsa 9':)
[ O .
—3 y = —%' ]
+ (3#\9,8{‘2 Se o+ ; SOJ (2.4.1)
| - Z\2 Zo\ A
- [ ¥ (SIS (s ]
c 3

where
a) J 1s the modulus of the Helsenberg exchange
constant
b) jzz 1s a sum over sublattice 1

c) j{: is a sum over sublattice 2
J
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a) 5;3 is a sum over 7 nhearest neighbors
e) E;; i8 the spin of the 1 site of sublattice 1
f) Eig i8 the spin of the j site of sublattice 2
g) q 1is lande factor
h) M8 is Bohr Magneton
i) ]§ is the external magnetic field taken te be
in the zx plane in order to allow calculation of
the parallel and perpendicular susceptibilities
j) D is the coefficient of uniaxlal anisotropy.
In order to discuss each part of (2.A.1) separately, we
define H,,V,,V, and Vi such that

H=7 H,"f C\““l& Bz\/, T M B \[2 - Dv3 . (2.A.2)

B. PROPERTIES OF ILOCALIZED SPIN

A single spin operator satisfies the usual angular

momentum commutation relations which can be written in the

form
:S'z_) st - < ) [31) S“]‘: - (2.5.1)
[s7,57] = as®

where
<t - s™¥4:sY (2.B.2)

The ground state 0> 1s defined by
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$Tjo» = © , S*jo> = -s o> (2 B.3)

and the excited states by

Ha

- v
Iny> = [(as) na] (s jo (2.B.1)

where the state Im> has 77 spin deviations from the ground

state. These vectors are orthogonal and have norm given by
<nIm> = S.m Fn (2.B.5)

Foz 2-(1-88)---o (1-222) .

One can easily construct an orthonormal basis by
i
dividing InY by F.’* . 1In the orthonormal basis the

spin operators have a matrix representation (see figure 2)

such that
z
Sk& = —(S—\'\+|> g\g&
“+ ™ 9__3 - '/9_ l/‘2 l/
S \_} - (:23'. R (Q$Ba gk,&ﬂ (2.B.6)

- ,) Y */
Sha= L1- &% LR ) S s
I x £ (@s+1)

£ % (as+)



FIGURE 2.

Spin matrices in an

orthonormal basis.
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Y
- (s-1)
-(5-2)
$* =
O
s)
es)* O
CAI—S)/A('X,-%E Uz}
st = ~
O
L

e +
5 is the transpose of S o
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C. PROPER SFIN SPACE and GROUND STATE

A spin operator at a lattice site satisfies the re-
lations given in the preceeding section. We now require

that spin operators at different sites commute i.e.

]?gL )%i;] = F§;L )?g;kj = 0 (2.c.1)
so that we are dealing with a represenﬁ%&tion involving the
direct product of ™ spin operators. A Basis for the Ham-
iltonian (2.A.1) is therefore a direct product of states
of the form (2.B.4). The space defined by this basis is
(;LS~%E.§%I dimensional and is called the proper spin
space, Our use of”propefiandlﬁmpropeféin this connection
follows Dyson (1956).

In the 1limit of classical spin (see appendix I) it
is easily seen that our Hamiltonian will have a ground
state such that spins on opposite sublattices are oppositely
directed (see as well Herbert 1970). We therefore rotate
every spin on sublattice 2 by 180 degrees so that (2.B.3)

becomes

z

2 b ) Y-
S fo7 = - S%%Z Sa; 105 7 = SHL;{}? :

L

e
S 1o, v = O ) Sp 105,2= O | (2.C.2)

- ' t —
S. o> =@ 1> S,

: ;107 = (as)2 11>
).
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A state of interest can be represented by the direct

product

1047 ---- V07 \O\wn7 \O;n>-“‘ \O@S>‘ - *-\O;N/;>

or by

§\O‘> 800? (2.C.3)

This state is not an eigenstate of H for finite spin.
As a consequence the ground state has zero point spin
wave excltatlons and adjacent spins are not quite oppo-

sitely directed.

.“-
It is convenient to rewrite H in terms of S and

ST as follows

o= 57 [Sh Sher A0S+ S She)]

L8

.z z A - -
+ Z: IS5 Sy 2 (SsSy + SR
“ 3

-2 z
vV, = EZ S T <EZ Sa
¢ J
/. = L23(3f+gf>+-L (Sf+57)
= g 2L (St Sy 2 2, (ap+ 2 (2.C.4)

v

3

V= 2 (sh) v 27 (S

The raising and lowering operators in fﬁ and \4_ are the
cause of the state (2.C.3) not being an eigenstate of H .

In general the ground state of an antiferromagnet is a
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linear combination of spin deviated states. Only in the
1imit of classical spin does (X.C.3) become the ground
state.

The ground state of the antiferromagnet has been
studied by many authors - Anderson(1951,1952), Kubo(1952),
Oguchi(1960) , Davis(1960), Marshall(1955), Lieb and Mattis
(1962), and Pratt(1961) and although still a live issue
because of the kinematical effect (Herbert 1970, Szanleckl

1971), is not a particular concern in thils work.

D, PROPERTIES OF BOSON OPERATORS

Boson operators are defined by the relations

[b,bd= 3 | [v, wl=-0 (2.D.1)

.-r-
and b 1is the ad joint of ¥3 . Letting the vacuum state

of our boson system be N33 s, 1t satisfies

(ol0) =L b1 = o . (2.D.2)

]

The excited states are orthonormal if we define them as
-Ya +3\7
= ' )a jo 2 O
Iy = (in!) (b Y, N20 L
that is (MIn) = S, n »
It is also convenient to define a number operator

A« b and 1t follows that

W, Al = N o e, n) = b (2.D.4)
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A
and MIN) = nin) .

Note that our boson operators are defined on an infinite

dimenslonal space. In order to set up a correspondence

between spin space and boson space one may either enlarge
the CaS+l) dimensional spin space or contve<t the boson

space; we choose the former course though other authors

use the latter(Dyson 1956).

Matrices for boson operators (see figure 3) are
N
’Y\lﬁm = (v =1) gg_)m

~¥ iy
b= ™"

AN g/o_)fV\‘H

, | | (2.D.5)

_ /a
kﬁfn = m é;+brh a

E. EXTENDED SPIN SPACE

Consider the spin matrices (see figure 2) and meke
the natural extension to infinite dimensional space (see

figure 4) that 1is

=
+ _% v Y 2.E.1)
s, = [1- 92770 ™ 8, ,, ‘

i

- -2 Va0 Y
Sps = [l' as] WG Ohat, 2,
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FIGURE 3.

Boson matrices
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O
A
e
)
7n =
O
| .
[
1% 0
2'/3 O
g» _ 3‘/3
O

+
b is the transpose of b
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FIGURE 4,

Spin matrices in extended spin space
partitioned into proper and improper

partse.
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but X and £ range from 1 to o0 . Such matrices satisfy
the same commutation relations (2.B.1 ) as the original
spin matrices; however S+ and S~ are no longer mutually

ad joint but satisfy

+ _ ¥
(s*¥) = (37 (2.E.2)

This means that Sx: S*4+ S~ is not a Hermitian operator

in extended space. From the matrix representation (figure 4)
one can show that S™ is normal ( S commutes with (Sx)+)
and symmetric.

These matrices are defined on a larger space %hich is
formed by adjoining an lmproper space to the proper spin
space. Taking the direct product of N such spaces gives
a space for the Hamiltonian t4 which is made up df a (QS+Y)M
dimensional proper spin space and an infinite dimensional
improper spin space. H 1s no longer a Hermitian operator
in extended space.

The effect of operating in this extended spin space
with operators which originally are defined in the proper
space is termed the kinematical effect by Dyson (1956).
Since this will lead to an error in o&ioulating the
elgenvalues of H 1t is referred to as the kinematical
interaction. We shall investigate the consequences of
using this extended spin space in the section (3.4).

We can note however that in the limit of infinite spin

the proper spin space becomes infinite and the kinematlical
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interaction is zero. This means that at least there exists
a solution which is valid for classical spin. The present
work adopts the philosophy inherent in most of the invest-
igations of spin wave problems, that the error introduced
in using the extended space should be small for large spin.
The consensus of previous investigation suggests that the

results so obtained will be useful even for S = /2.

F. HOLSTEIN-PRIMAKOFF TRANSFCRMATION

The Holstein-Primakoff (HP) transformation is a mapping
from the extended spin space to a boson space. This mapping
+
is easlly constructed by noticing that S (see equation

2.E.5) is a product of two matrices

S = g A, B,  (2.F.1)
where
Hkm = (ES)UQm'/;, S\k,fvﬁ-l | (2.F.2)
U]
Bmw1 = [1_—.Q/E$] b ggmq ) (2.F.3)

{3}4“ is a disgonal matrix and haé elements which are
functions of #) (see equation 2 .D.6). quw\is a simple
multipie of E? (see equation 2. .D.5). The conventional
method for constructing the HP transformation is somewhat
different (see for example Kittel, Quantum Theory of
golids).,
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The full mapping for each spin on both sublattices

is represented in operator notation by (henceforth we let

A
N= 7 )

z +
SnL - - S -+ ﬂ,,_
-+ “/9. + e ./‘l
Si = (@)™ b, (1- a3 7”.L>
{
]
- iy __L A
Si = ()7 (1-33 n.) by (2.F 1)
2 ) ,-. .
S S = My

1 l
s;g - as)? (1= 25 NN by,

—

iy + \ Ha
Sa = @) by (1= 35 Napd

This transformation is linear, unitary, preserves the
spin commutation relation (canonical), and therefore
preserves the elgenvalues of Y .

In the boson representation the Hamiltonian becomes

i

Lo

T

-+ By 'I.). i/
\ ' 2 :
+ 2 Zj 2 (‘ ST+ S Ness + S‘Y’a\; - ﬂod%; ﬂlo)

+ | \
+ 35 by (v- 25 7’7.‘;%)‘!1 \otzl\ (- 2% V\QDUQ g

+ hermitian conjugate
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Vo= Z’n,; - Zﬂ;@ (2.F.5)
& J

<
|

E
+ iy
= @57 b (1= & )"
2 L

25),}2 “+ . . I/a.
+ .(.-—%—l—- Z ba3<\’3$ ﬂa,)) + h.c.
J

\/3 = Z‘: (SQ—QSY],; +”/),L7/)“'_) -+ %3 (Sa"g‘s/):{:) + 2\']7/\,;\5)

A major problem of the HP approach is now apparent;
in order to proceed with the calculations it is necessary
to expand the square root operators found in the above
equation (Oguchi 1960). Such an expansion is not valid
for 7); > 2S5 and, even in the proper space, any finite
number of terms only approximately represents the Hamilt-
onian. However, this does have the advantage of making
- Hermitian. Retaining three terms in the expansion,
which amounts to an expansion in S to order /st (Harris

1968), we get
\
e 3 5[5 Snis S e
LG

+ T d o+t |
~+ E S L)“'_ \9;“',.5 - b,@ bgai (’)’7,"+~7’7;‘_’+5>

{ ‘ -+

+ 99 EIL 5;&2 My, Mais

i 7
I b bass (N M + Nyias ”aus)]
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L 2
+ 2 2 [(-—S + S + S5+ 7 ijve /\;\',)

28
+ + o+
| I T . o i
+ £S l),év’g L)a\) - D E!J,g ‘O;d (Y),J,rz) + ﬂa\\
£+
T 85 bld+s \39\) ﬂi\sfﬁ 7’)9\)

(2.F.6)

“Eg" L L
‘Ia + Lo 1
+  h.e.

V, =and \/3 remain unchanged.

At this stage it is possible teo take advantage of the
translational invariance of the lattice and for this purpose
we introduce Fourieyr transform operators. Let

2 2

' D ke Ris
by = (B) Ze, e
+ ] I + _L—)"ﬁlb
b, = (‘,‘\T) 2; Coe
- = (2.F.7)
'/ __‘.k'Ra
by = ()2 et
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..?.

The reciprocal vectors k (the vector dependence of sub-
scripts will bve omitted)vdefined by this operation satisfy
the usual property

- =

kf, R“: = 2m X (integer) (2.F.8)
where R;L is the position of the C th atom, This transform
can be thought of as a further mapping onto reciprocal
space that does not change the eigenvalues of H.

With this substitution we obtain

H = «Nisg +azs% (Cfck—a—d:okk

¢

PO eF AT 400 c\ A, ) (2.F.9)

<7 ‘ +

Adys
kKg. TR

+ Ylkag) ) Cy Chrg Ay g G+ 32)
+ X(kqj CZ:*Z ey e, AN rp (v 52)
+ ¥ (x) C\« ng/— O\k*% O\k'“%— (H' §1qu>

+
+ ¥ ofdi, cx:[% Ay (v 2]



(29)

~ f—» Z L, d d v Ayrg Ayg’cl i (ZVX(Q
+ Ck Cy Cilrg” Cyt %'+ d X (k)
- 2cl ey o dkf% Ayrg Aytrgog” ¥ Uld)')
+ O Ay diug dyogrg dyrdyr B0
+ C:*fl- C;’“Z’. c:u,g'f? Cyr Cy o\k 1 (68
- Beror e iy diieg gl ol ¥ (e Wow)]
V, = Z: (ehe, - didy)

_ (SN + +
va = > [C'o + O\o

A\ + ¥, ¥
- G+ 35)msm 2, () e + dldw dne)

+ + +

-+ d%‘ O\\k, dk" O‘% -d\‘i‘*';’k"“")&"-» Z ) <4+ heCoe
Vv, = NS - ”Sz(ckc\g a1 - 3)

2 - .
YN (Ck Cy C;-:r? Cw-g ¥ O\:d"" d“*g‘ C'Ly“—? )

kk'g
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where
%R
] (Ko Vg
Yk) = — ; c (2.F.10)
and we have used
G-v)-R
) k" ° i
2 < ¢ -
S = o g e ) (2,F.i1)

This representation is Hermitian and the boson operators
have been commuted so that they appear in normal order (Cff
preceeds C , d+ preceeds d and C preceeds c))e It is
important to note that the eigenvalues of this Hamiltonian
are not the same as those of (2.A.1) for two reasons,
First (2.A.1) operates in a proper spin space and (2.F.9)
operates in an extended space and second, even if we allow
(2.A.1) to operate in extended spin space then (2.F.9) is

still not equivalent since we have used an expansion for

square root operators.

G. DYSON-MALEEV I TRANSFORMATION

In figure 5 we define a dlagonal transformation matrix
"flﬂﬂ :-faL Skrn which has elememts given by the recurrance

relation

Ya

(8-207"
_t);:t,q—z[l" 25 + 8}’25,..3 Q03 a (2.G.1)

P

with T,= 1. It is easily seen that such a matrix is

non-singular and non-unitary. If one transforms f;z}
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FIGURE 5.

Transformation matrix T corresponding

to ‘Dyson-Maleev transformation.

' +
Transformed matrix S °
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SV oana ST (see figure 3) with | so that

T T2 5%
(2.G.2)

TUSTTEE | TUeTTa R
a new representation for the spin matrices 1is obtalned.
This representation was intrﬁduced by Dyson (1956) and
Maleev (1958). The Dyson-Maleev I (DMI) representation
uses this transformation on the spin operators of sublattice
2 and transforms sublattice 1 according to the inverse
matrix T .

The full one-to one mapping (also used by Armour. 1971,
Lin 1966, Harris 1968) for each spin and both sublattices

is represented in operator notation by
- +
Su: — - S+ \SIL 1312,
+ ) + .
Sip 7 (as)? by (2.6.3)
- J )+
S = (as)* Ebd,' (29) Eﬂ.bﬁ,bﬁ]
z AN \
S, — S - bé‘:& \o%

. a
S @) by
- ' "2 - . U B - -
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This transformation, as we will see, yields terms in the
Hamiltonian involving up to 4 operators. There 1s an
alternate transformation (DMII) which uses the same 7T
for both sublattices and we will investigate this in
section H where we will see that the Hamiltonian involves
terms up to 6 operators.

The DMI representation has the effect of introducing
a "Hamiltonian®™ which is not Hermitian even in the proper
subspace. Although this seems like a disadvantage 1t
enables us to overcome the expansion required by the HP

method. In the boson representation H becomes

o <2
He - 2 [ S + SY"L‘?- S"”Ai—a—% - Nays

L’S L

+ + 1+
+ 5 bul \33:}8‘ T2 bul baz‘.r% 7’);¢+z

* Sbibus — 7 M b biis]

V, = §£Z7qd." EZ My (2.G.4)
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\/:,\ = <ES) Z < bu_ + b\u - 5‘_:3 AN \O,L )
_(__E__S_)/l + N
+ 2 Z Q\D‘Z‘A‘f‘ b3J — 35 b"*:) r)a")>
\/3 = %:‘Z (SQ = Q*Sﬂu', T ﬂrll.ﬂl'l.)

+ ; ($%- as i + N M)

Performing a Fourier transform (see 2.F.7) we obtain a

representation for H in reciprocal boson space
2 +
Ho= - N2S°+ 2252, [org + dl o,
[y R
+ 30N e dy +¥UN e A ]

LY

=
N kk

o

% ]:4‘3/(\“ )‘) C C‘\xdk“'% C”\\,d.&

+ E\{Lhﬁ C:' Cx Cx‘*-?— O\\'\*E’-
+
4 2 X(%’\B Q: dy\fg. dk'-} C’k\'\l]
2; (cigk“ o\: c\\&3 | (2.G.5)

\/'—2 (SN) EC + Cg +c\ -\—c\

X

..L + . + ,t
- SN §_‘( (C)d-\: (-kc\\' + C\s‘ dk/ clk-&- k/ )]
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. +
\é = NSQ‘ ESE}; <C)’,Ck"dkdkj(1-§%>

L2 + ot
RI_ 2 (ClsCL' k+%ct-"‘} + dkd}-" dwg Olk'—g > -

'k
This representation of F* now has the following des-

irable properties; it has a finite number of terms and,

in the extended space, it has the same eigenvalues as \ﬂ

H., DYSON-MALEEV IT TRANSFORMATION

This transformation denoted by DMII (also used by
Armour 1971, Herbert 1970, Harris 1968, Collins and Tondon
1972) is characterized by

~+
Sz - -S4+ b» E‘L
+ a y
Se = @) oy

52: — (23)" [ by - cas)”! \3 b.b,:]
(2.H.1)
Z. o +
'S;j - S- hﬁblhﬁ

L 1 i ¥ '
523 — (as)™ [3015 ~ Casd £>aj L;,Jf \7;3]

- TP
Sa; = (@) by

QJ ry

"‘
It represents a transformation by Td (see section G)
for both sublattices. °

Carrying out the same procedures as in section F and
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G yields in the boson space

] 2 -
H' = j% (""' S + b’ﬂ,"' + Sn:“:fa - y)“.' nafné‘

+ 4+ {
+ S)O;L‘O{A-s - 2 N, b:i b:ulfg

g R
+ S biL baivs — 2 ﬂ;,,,'.;.g badr& b,[,

1

+ 74__3 Ny buf Nairs b;uif&‘ )

. ,
+- Z ("'S + Sﬂx‘i{-g +gﬂ;{) -’7’),\5,,57’)

Js

—~

2

+ . |
_+ be\ps}gzi - 2 m% ba& sz-fS

« L
+ S b‘d“*z \DN - 2 ﬂad+z bu'.kz E'ld

|
LS ey by Mg o )

o (2.H.2)
\/l = Z N, — Z) ﬂa:}
¢ v
oy V2 “+ ) +
V;l = g"'é‘?: ; ( bnl. + b;,’, - ;"Z’S bu_ bl; b,;_)
25y [\t Ay r
S e ey
\/3 = Zj (Sa— ?-'37’),;+/),‘- Y),;) + \‘)Z.J <Sa~ 137‘)&. +,),?2:) na;)
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Using (2.F.7) again transform to reciprocal boson space

t#¢& obtain the following expression which is equivalent

to (2.H.2):
H, = - N2S™ & 225 2 [cre, +o\’§c\;
+ 0D erdl + Y0 e dy ]
E AX0¥) EF Co s At
=y 3 Sy

+ 230D Cy. d:’ O‘L}dz_ O\\J«z.

+ E\GL\Of}) C:’ Cw Qy,'+z. d\d-?.

?2 . + i 173
+ ) N
Nas X¥k13% C C}'\ C—)r\ dy\_@% O\k‘}_z dk_g—z..? K(k k- )
- + _ A~ .
) E; e O\kd\(\\. | (2.H,3)

& EEIREEHES

sk S (e Crt e A e ) ]

Kk

NS~ RS E;.) (C:Ck»r d:o\\.\)(l_ ELS>

X
{i

+
,.—_ ;\Z‘z_ ( C C}d% C‘J_Z + d: O\k' d\&g C\kl_z>

The DMII representation has a different form than

DMI but is equivalent and has the same eigenvalues. Note
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the 6 operator terms in (2.H.2) and'(Z,HQB) that arise
from the product 2, S;'S:;@ in (2.A.1). There are at
least two other equivalent "Hamiltonians® formed by taking
the adjoint of DMI and DMII but they do not appear to

lead to any differences,
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CHAPTER 3

METHODS OF APPROXIMATION

A. VARIATIONAL THEOREM

1) Conventional theory

In order to calculate the thermodynamic properties
of H we can maké use of the modified Peierls® theorem
(Falk 1963, 1964). This theorem states that the exact
free energy 1s always less than the sum of: (a) the free
energy assoclated with an arbitrary tryial ensemble cz“ﬁH°
and (b) the expectation, in the tricl enwmble of the
difference between the‘exact Hamiiltonian and the trial

Hamiltonian. Mathematically this is expressed as

E £ R+ <H-H.>, (3.4.1)
where
i3 He
W = “”ﬁé In [Tre ]

<H-H, 2, = Tr [e’pH"(H-Hoﬂ/TT— e
;B = 1/ KT

and where

k ~ Boltzmann®s constant

T = Absolute temperature .
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Using this theorem a well known method of approximation
becones apparent. One chooses a trixdl Hamiltonlan Ho
which depends on one or more parameters o and minimizing
expression (3.4.1) yiclds the "best" value for these
parameters.

However, the proof of this theorem implicitly assumes
that both H and Ho are Hermitian; if either M or He
is non-Hermitian the inequality, in general, is not valid.
Thus we can use this theory to calculate the properties
of r4 only in the HP representation; in this case we obtain
an upper bound for E; » For the non-Hermitian cases we

will need a generalization of this approach.

2) Statement of general variational theorem

In this section we are concerned with the case in
which H 1s Hermitian and H,.(x) is non-Hermitian.
Consider a very general statement of the variational theorem
{Park, Quantum Theory, p.236):

Let #ﬁ, be an exact nth eigenfunction, which we will
not assume normalized, and suppose that a small error or
change 1s made in it. We require to know the corresponding

change in the energy Ezr,a We write E}q as

E, [, = [REHY, (3.4.2)

and then we let qﬁ become \K;ﬂ—ﬁiqi and correspondingly,
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Eﬂ becomes Eﬂ + §E,\ o Ta%cing differentials gives
SE, [ 4, v EL( [SUE [ %rs¢.)
= [s¥ndo+ [£inst, .

(3.8.2)

Using the Hermiticity of H and the fact that kH,\ is an

exact elgenfunction gives for the right hand side

= B, ([stih+ [ s4)

so that

gEV\ Y\K*% = O

or

SE, = O , (3.4.4)

This shows that if one can guess close enough to the
correct wave function for any stationary state whatever,
then the error in <H>'Will always be a higher order in
small quantities t_:han that of the wave function.

If %4— ) "l/n and ‘7‘/” are related by a non-unitary
transformation the theorem remains valid (however S LH,,
and 5%% are no longer simply related). This theorem
can be applied to the free energy by replacing H by e'pH
and . by E‘r&a‘ and noting that E’:’."PH is Hermitian.
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Thls property of the solution has been observed before
and it is noted that although the variational functional
is stationary at the exact solution, it has in general
neither a minimum nor a maximum (Ah-Sam, Jensen and Smith
1971),

On the basis of the modified Pelerls theorem and the
general vériational statement we postulate the following
criterion: The "best™ value for the parameters of the

trial non-Hermitian Hamiltonlian satisfies the condition

‘§3< [F +<n-1] = © 5 (3.A.5)

however, the free energy célculated in this way is not
necessarlly greater than the exact free energy F;, 0

To show that the lower bound no longer holds 1is simple-
the free energy in general is complex and the ordering
relationship is not defined.

Clearly one of the problems in the proof of (3.4.5)
is the subjective nature of "best®. One notes that any
value for of forms an approximation to the solution so
that the real problem is which to choose. If the minimum
value for (3.A.1) is "best® for a Hermitian approximation
then it minimizes the effect of higher order perturbations.
In this sense one expects (3.A.5) to represent the "best"

golution.
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3) Proper spin space

In the following discussion we are concerned only
with the proper subspace introduced in chapter 2. In
the spin representation H 1s Hermitian and in the DM
boson representation H 1s non-Hermitian. Choosing some
approximation (H, either Hermitian or non-Hermitian)
to F% in boson space in general will not be Hermitian
when transformed back to spin space. Since the trace is
independent of representation we see that any approximation
to H in reciprocal boson space amounts to approximating
a Hermitian Hamiltonian with one which in general is non-
Hermitian.

It would be very fortunate if we could chooée an
approximate Hamiltonian in boson space which transforms
into a Hermiﬁén Hamiltonian in the spin representation.
Such approximations are possible but they seem too nalve
to represent adequately the propertles of an antiferro-
magnet. For example, if one took the Ising terms (z
component of spin) these would transform into a Hermitian
Hamiltonian in the spin representation but they do not

predict spin wave excitations.

4) Kinematical effects

There is another problem assoclated with this theory.
It can be shown that the spin Hamiltonian in extended
spin space is not bounded below (Armour 1971)!¢ This

implies that any exact solution to the free energy is



(45)

meaningless. Fortunately an approximate theory saves
us from this dilemma. Consider the following andlogy:
We want to caikculate the integral
Y pe-x?)
c dx (3.4.6)

(o]

for large values of Fg . An extension of the domain of

X from (0,1) to (0,e0) clearly indicates that

H= =-2 (3.A4.7)

has no lower bound. If we approximate the integral by

b
x
§ e P (1e P +--c ) doe - (3.4.8)
o

now an extension of the domain introduces only a small
error provided we do_not take too many terms in the ex-
pansion.

The andlogy is complete by identifying trace with
integration, improper space as domain (1,20), and Ho
with 2C . The important consideration then is not the
result of kinematical effect on ‘4 but, more important,
the kinematical effect on f%o, If Y*o in improper space
represents ‘40 in proper spin space then we can say that
we have an asymptotlc series solution for %{, We will

show that Y*o is bounded bvelow.
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B, APPROXIMATE "HAMILTONIAN®"

The basic criteria for an approximate Hamiltonian
are that 1t represents the properties of the system and
it has an exact solution. Usually this is guaranteed bj
selecting the dominan® part of the full Hamiltonian and
treating the remainder as small. For our case, at low
temperatures, one expects that those terms containing the
fewest number of boson operators will dominate due to the
fact that the ground state has been anticipated by (2.C.2).
Choosing those terms (see equations 2.F.9, 2.G.5 and 2,H.3)
containing 6n1y one and two boson operators is a natural
candidate for such a trial Hamiltonian.

In order to take into account the higher order terms

we introduce eight parameters € ,..5,0,,.9. and obtain

) 2
H, = - NT2 5"+ 23725 g[é.ctck v £, dvd,

o

+ as‘c’(k)ck"o&\t_g- E,¥0) e, dy ] (3.B.1)

(SN)

e (00 Uﬁcj+03do+¢+d:> ‘
Note that this 1s a non-Hermitian "Hamiltonian" but we
will show that 1t has an exact solution and has real
elgenvalues.

The solution of thls operator involves the use of
two non-unitary transformations. First make a shift in

the zero mode terms represented by
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llQ

. + 1a

y (3.B.2)
o

dl = by + Se (M) 0,

e

This transformation is not strictly linear but is an affine
transformation and can be made linear only by introducing
a larger dimension space. We will not discuss its non-
linear aspects but refer the interested reader to Clark
and Derrick (Mathematical Methods in Solid and Superfluid
Theory). However, a similar transformation has been used
before (Kubo 1952, Oguchi 1960) and it does not seem to
lead to any difficulties.

Shifting the terms involving two boson operators
glves rise to single, zero mode operators with coefficients
involving &; and Pl . These terms can be made to cancel
the one boson terms appearing in (3.B.1) by choosing the
appropriate (J, ) oo [)q. The (7:, which achieve this can-

cellation satisfy

il

1 . '
- f{'—f_z.—g <€;L(T3. - 5363)/(6153“ £, ‘S"-I-)

e

B 1 )
Pr= = 5555 (G0 - £, 0)/ (e, - E5) (3.2.3)
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1 :
a3.s (894 - &9 >/(€'Ea - &,5,)

i

Cs
C+

This leaves

1
ATLS <'€l¢3 - &y O?_) /Cg‘,fa.— 235‘;&) .

(A

o= - NI2.S2 + 2325 zk [ 2,q:q\« + £, !o;&)k

+ &, {0 q:: bt * g“r‘«“‘3 ka“} (3.B.4)

A o2 . .
2928 N (glfl(ba +& (35("7% +€3(-71(~7++g‘1(0i(93> s

A second transformation is needed to reduce this to
a diagonal representation which can be done by means of

s modified Bogulubov transformation (Oguchi 1960):

‘ - | Y
Q, = («ycosh§ = Ry sinh G, )/ [ cosn (8,-&;,) ]

Q: :-.(dz_cosh Gak— ]3;.\ 8inh Gm\ ) /I_ cosh (@\k—- &1\3 ]
| (3.B.5)
. e |
bk:(;-o(QEOSh &t )g\x sinh O ) /[ cosh (8,,.-&; \\)J ?

I
LT}Q—'/}\costh-*- Fj: sinh@ak) /[ cosh (&,k*&ak)]‘a .

This non-unitary transformation is canonical (see appendix 2)
and therefore defines new boson operators X, ;Bk and

-, ,+e Substituting in equattron (3.B.4) and setting
O(K (S

the coefficlents of the terms o(“p,\ and ”(k+F>t equal to
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zero (see appendix 3) ylelds conditions on the parameters

@,k and 61k as functions of £ ..&y. Finally we obtaln
Hy= -« NT25%+ 2725 Z\k Cl e, - P; BJ
: 2 sV,
+ 232S %2 [ (p+B) - (P ) 0] 3(«?&& vi—p:ppﬂ)
- (A+®) X (3.B.6)

- ET?-SQN (2‘@€a+ ga@a()ﬁﬁ— 23{)2(3?#—2“.0/(03)

where

}
? <‘E’3+ €%>

D
T

b
B= B+, -~ €4 )
(3.B.7)

C = zlg-5)

3

D é(gz"s¥) e

In this representation the trpal Hamlltonlan 1s seen
to be diagonal since it depends only on the number operators
| Ny = T, and Ny = f}tﬁr\; these take on values O,]1 ..20,
For Hb to have a lower bound places the following con-

dition on its parameters

A
(H‘FB) - (HQ—'DQ> - C«a. >/’ O « (30B08)
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This condition is obtained by noting that -1 (Wt L
We now have an approximate Hamiltonian which is bounded
below and has real eigenye bues.

The physical interpretation of (3.B.6) can be made
in terms of spin waves. One excites both °ﬂj°(k type
waves and.[3:(3k type waves and the difference in energy
required to do this is given by 2C . As we will see,

C is directly proportional to an external magnetic field
in the z direction so that a magnetic field i§ said to
split the energy spectrum. In this picture the lower
bound condition (3.B.8) is equivalent to requiring the

dispersion function to be positive.

C. EXPECTATION.  VAILUE OF H

In this section we will show how to calculate the

following trace

He 2H,
”l'}(f-fe"3 %v<€'m ) = <H7, (3.C.1)

where }40 is defined in section (3.8) and H is given in
either of sections (2.F), (2.G) or (2.H).

A straight forward method consists of expressing
H and H, in a representationi 1in which f4a is diagonal
(L.e. the a(,fg representation) and then only the diagonal
elements of /H contribute to <(F4ﬁ>o, Any term in f{

which can not be expressed as a function of ?7k:od;ﬂ‘and
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' +
7qk<[%\ﬁk will be off diagonal and can be omitted. We
then make use of the following results which are well

known for boson statlistics:
<np.>9 = <ﬂP§°

<np 1y, = NNy, (3.C.2)

@
&

.4

ete,

This gives an expression for ‘<FV70 in terms of the average
occupation numbers (of H, ) which are known.

The stralght forward approach outlined above is not
practical due to the amount of algebra involved; however,
it is possible to simplify such-a procedure and this will
be done in appendix 4. In the following, we will simply
motivate and then write down the end results.

If we define the following gquantities

o, = = 3n 2 G+ Al + YOI + ¥0e,dy %y

g

3

4 + +
=~ 5 2 <o, +did,
. (3.C.3)

iR + +
= - SNZK) <C6 - didy Y,

i : +
L = = su 2 SO <eFd) ~ e Ay

S
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then by transforming into the dliagonal representation

first by shifting according to (3.B.2) to obtain

o = - 50 25 <afa s b+ e b +xda, b,

CCipar @s04 7 @204+ 0,0

4

i

SN Z}: <Q:Q,‘+\b:kk>o - <E’,(°:." (315(?'1)
(3.C.4)

- §;\j¥<a‘{ak— b b, >, - (p,(?a-@(%)
dhr - & TR b % oD

where now the linear boson terms will have zero expectation
and have been omitted. Next the Bogolubov transformation
takes us into the o(;;,ﬁ;,\ representation in which the
approximate Hamiltonian is diagonal and the oy 's become

(see appendix 2)

Z[<< <)+ 1) Lcosh aS f‘;ﬁ:ﬁ % - $Ws1nn &, )-—1]

- <<>,&+(% Catt C2C4* GiPad

L= = oSN ZT(@D *’<f) > +1) <gg:}l: A&) - -1-] - ((3: Cat (s (74)

ol == SN Z C<Y"O <ﬂk>3 ((;'(31 Cs (JL,) (3.C.5)

i
== 50 2 [ WU, 1) Seshhstnn b,y ]

- ((‘)J("r *(’,(’«3)
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or in the notation of appendix 2 and 3

o = <D = (0,051 CsCu Tt P4+ O P

o, = LD, - (p,[J,J— s P+ )

(3.C.6)

R,
il

5= <% = (ppa- )

QL}>O“ <€1(?q = (’3> .

We can now express < H >O ,,where H was given in terms

XN
Y

of the C,, dk?by using equation (3.C.3) but, this being
a shorthand method, the equations are only valid if OQ‘

is taken in the o(k,f?;\‘\ representation namely (3.C.5).
Examples of the shorthand method are given in appendix 4.

The equations become:

1) Holstein-Primakoff

<H,>‘,-~N7_.5 [Ci+e,) - _Dz .g-LFSo((a/ o)
(e =3 -
- = (gt 5atd = (=e) v ) ]

<\/l>o: = SNedy .(3,C°7)

\

N ,10/7 3, 2
<V = CS ) +Pa) L1+ (+32) 5 bl /77(“2*“3)1

+ SNA)((’J)T(k}) El"" ("’“ tS)CO(A—?_"(&)" %(v\’a“‘ 3)2]

+ o((f’),
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<V, = ns e 20- F) g+ Rats 42)]

2) Dyson-Maleev I

<HI2; = "NZSR[(wo(!)a_ ("/31‘“%)&]
VY, = = SNy (3.C.8)
(sn) ;
s Bl + G20 e )]
(SN

T P [1+ ()] (Sm((’ Ct (s ),

V3= NS® [1+20- é%BxQ + 2(«34—»@)]

3) Dyson-Maleev II

‘<H;>°: - Nzg? [(H—tx‘\a‘__ ,,(:, ,,/:_ Eo(ao(%

' .
o+ e - 3]

<V)7o: - SNDJB (3.C.9)

D) -

vy, = B (eaves) + 58 0 [ L+ Cara)]
(srq){)3 [1+.(a - ]‘P(E%?(G?€1+P§e*)

Ve, = NSt ax BO-35)etor 2040 g))



D. STATIONARY POINT SOLUTION

We are interested in stationary point solutions to

the free energy

o= Fo + < H - Hb Z 4+ (higher order terms)
= <H2 - TS, (3.5.1)
where S, is the entropy assoclated with the triAl

Hamiltonian. The entropy for bosons 1is well known (Bloch

1963) and can be written

S.= k Z[<nk>o},\<@,;(m¥zmln<<nk>o+s)]
(3.D.2)
+ k2202 1adn = (s ) In (Kepo+ )]

In the previous section we have seen that '<\4\?°
is a function of o/, ,... ;. However, these are expressed
in terms of Cﬁ<,f5h‘ by equation (3.C.5) so that F 1s an
explicit function of the eight quentities <n. >, . <N 7,
O »AO, ., o1 en P4 - B specification of these quan-
tities or the original set éi v os Ey o T, ,e,,ct; com-
pletely determines a solutlon.

Differentiating with respect to é;k and AJSK gives

w
a(HG > = 27 B<H>O BD(L’_ - o
D6 = D YD)

- [D<H24_B<H§mméﬂmm“D<Hz YR
= > Der, Jeosh (n0,) Dty cosh(A8,)
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—

28, o XL 28y

= [—B<H>° + D<H>°] sinh &y ICHY, YR corh &
e, D, - coshag)™ S
3

<H, o oNHD, e,
28z, EZ = © (3.D.3)

+ H % X0 sinh & sinh (M)
o Ay cosh(pe))

These equations are similar to those (Ap.3.3) so that

they can be satisfied by

D4H Y, L <UD,

S -3 A ; W.g;: =-5 B ; (3.D.4)
EALECHENE NN Ak O

’29(3 D) B-DQ} E *

H
Differentiating F with respect to <ﬁk§r) and <7’7;-.>0

yields

_ 1 ) 1
N2 = EPEeY=T S < = ExptaEnTT (3:0-5)

where
o
£.= 2325 1 [(ara) - (A% B 17"+

£, = 2725 2 [ (e (P50~ e g

The solution to these equations is obtained self-
consistently. Guessing values for 04 ,,,,o(% and using (3.D.4)
gives us values for A , B, C, D, Substituting these
in (3.D.5) and using (Ap.3.4) and (3.C.6) gives new values

for o, ;.. .. Repeating this procedure hopefully yields



(57)

self-consistent values for o etc.
We have not yet determined values for (% ,,,.6%_0
These are obtained by differentiating equations (3,C.5),
(3.€.7), (3.C.8), and (3.C.9) with respect to (% etc.
giving four equations in the four unknowns (2 ,,.,(9 .

L’-
This will be done in chapter 4.

E. DISCUSSION OF CHAPTER 3

We shall delay the calculation of the propertles of
the antiferromagnet until the next chapter. With the
equations developed in this chapter one can calculate
the properties of an antiferromagnet for any unlaxial
anisotropy and magnetic field. The three approximations
all yield slightly different results - we would like to
choose the best one. Usually we can distinguish between
two solutions by choosing the one with the lowest free
energy. However, in the non-Hermitian approximation
this no longer serves as a criterion.

We would expect that the Dyson-Maleev solutlons are
more accurate by recalling that for a ferromagnet cancell-
ation (Oguchi 1960) of terms occurs for HP but not for
DM. If this is true, then it 1s still difficult to choose
between DMI and DMII . However, DMI has the fewesﬁ number
of terms and therefore ls easler to use.

It is somewhat encouraging that the differences be-
tween DMI and DMII are much less than one might expect

from equations (3.C.8) and (3.C.9). This can be seen in
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the following way: Consider zero field and zero aniso-

tropy, then using equation (3.D.8) we obtain

1) DMI
A=+
R= 0
_ (3.E.1)

D=~ (gt )

2) DMII

Loz A 1
A= Hred + 2 %t 4_(’(\“"(9.3&' _éx;(sa— b %y ——é:p("/'("/\‘o(a)
B= —F i+ 2 () + BTt

(3.E.2)

- Loa b %2 1 a, L s L
D= -y oy 3t F o) BT G B )

Now 0&+ can be eliminated from these equations by the
relation

D
0{..}_ = - (0(1'—0/1) —f_q— (BQEOL!’)



(59)

which follows from equations (Ap.3.4)
The properties of interest depend mainly on the dis-

persion function.

Va
[ <H+Bya~ (R°- Du)z(\qa] tcC (3.E.4)

so that the qualities (A+R) , (A*-D?) and C are most
fundamental. For each case we will determine these quant-
ities to order a(a(we assume o, 2oy o<y are of the same
order of smallness). ,

1) DMI

oy = (b(|~°/;\bzb+ OC°13>

+ R = 1+
Are T (3.E.5)
N S I T
C = —o El+<«~~ﬂ} + O )
2) DMII
oy = (=) oly + O (®)
ATR T Jae, + O(<P) (3.E.6)

C = —of @1 v (=) | ¥ OGP

ﬁq—ﬁaz(y+dﬂa+«%(¢P¢Qa~oél+ O(MS)
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So we observe the surprising fact that the term in o(a
is the same in both cases for (At B) and for C . The
quantity A%~ 0% differs in order O(«?), hbwever, this
is of higher order since it appears in conjunction with
K(*Cf'which ranges from zero to one i.e. the properties
are more sensitive to P+ and to C than they are to
A%- D> .

Therefore we expect only third order differences
between DMI and DMII whereas second order differences

occur between HP and DM.
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CHAPTER 4

CALCULATIONS, RESULTS AND DISCUSSION

A. IDEALIZED ANTIFERBOMAGNET USING DMI

There is some difficulty in defining the properties
of an ideal antiferromagnet in that for zero anisotropy
the system 1is unétable° However if we determine the pro-
perties with a small amount of anisotropy and then allow
that to become zero, a unique solution is the result.

For calculating properties 1nvoiv1ng an external field
one must let the field tend to zero before the anisotropy
thus keeping the system stable at all times. We intro-
duce small parameters S andle so that equation (2.4.2)

becomes

H= TH + S2TW\V + SZ'S\\,L\/D_ - 3‘7_8"\/3 (4.A.1)

where

1l

> /(T2

2

-5

h

i

-
QMe B /(532D

For convenience, we shall first consider only the
solution for the DMI representation. We are interested
in such properties as internal energy, specific heat,
sublattice magnetization, total magnetization and spon-

taneous susceptibility. These properties are immediately
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obtainable from the free énergy by will known methods.

1) Internal energy

The internal energy U can be calculated from the

free energy F by the formula

.02 ,
U = T (pF) (4.A.2)

Since in a self-consistent approximation all parameters

depend on 13 one must be careful. However choosing

A o<"\,:>¢ Gy A&, as functions of 13

iJ =

AEF) D (R Db
CASAR AT C DW8Y IR (Ha.3)

D (pF)
Bﬁ .<n).>0 e s T

The derivatives B(PF)/BG\)D .so.8Te zZero by the stationary

.

point condition 1éaving

DRP
2P

where the partial is taken holding all self-consistent Pcwa-—

—
-~

<Y, - = o (Foh)

meters constant° Therefore

v

i

2 (@<ny, - S,
a@<ﬁ& )

<MD, o - (4.A.5)

il

<H?,
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as one might expect.
For zero field and zero anisotropy one obtains from

(BOC,'B) and (3.E.1)

U = - TI\’ZSQ[ (_\‘\'o(\\a-(“s‘*‘ “%}a] (4.A.6)
and

A= (1+w) 1 B= 0O

C = —(roty) , D= —leyroty)

Solving for o(y using equation (3.E.3) gives

C=D= - oty Clee )/ (14 (4.4.7)

For zero external field we expect o, (see subsection 2)

to be zero so that the solubion is

U= -JTNzZS™ (1+)? (4.5.8)

and

Hz(l"'dl) ) B:C‘-'—-D:O,

The solution for o involves evaluating the éum in
equation (Ap.3.4); a method for doing so is illustrated
in part I1 of this thesis. The self-consistent solution
for (L+«,) is plotted in figure 6 for a CsC fype

antiferromagnet. The reduced temperature scale which
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FIGURE 6

Renormalization parameter 1+« of an
ideal CsCL type antiferromagnet

as a function of temperature and

spin.



(65)

{1+ #,)

o2 R .6 o8 1.0

TEMPERATURE (ZI{B/S (8+1)Jz)



(66)

was chosen by triol and error, seems to be very convenient
for comparison of different spin values. Note that (%%»%@E
is strictly decreasing with temperature~this property

has already been used in section (3.E.).

2) Total magnetization in z-direction

From equation (f.A.1) with l - © the stationary

solution becomes

A

i

(14
B = ( 1 - E%é\>5}'4— PYCHN
(4.4.9)

_ - . (l*"oﬁ) & <
C ?i." ol ZT::;:b + £

v _(’*"(\3
= ('*1%1)

where we have used equation (2.E.3)

\
—
— o

To obtain the magnetization one differentiates the

free energy with respect to 732,

~oF |
M, = - 2B, f}ng SN ety (4.4.10)

where by an argument similar to that leading to equation
(3.A.4) all self consistent parameters can be held cbnstant,

However

| | |
oLy = - U5 Z (<O()‘+0(k>o “<ﬁ:ﬁk>03 (4.A.11)
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<O 1 - 1
= T NS Z [ exp(pe)- 1 explpg,) - 1] .

k

For small C (see equation 3.D.5)

c%s = ‘EZ .]:
T
where
Cigzek
—_ STz R , |
= — | 3E,
1 ~ E‘;(eﬁ L__l)a cso o (k.a12)

Using (4.4.12) and (4.A.9) we can obtain a solution

for o%s
(1+4) <9«:1:]"’:L
- T [ + L U
= h g LTI (h.8.13)
and therefore
CBL(gpIN I [J_ + I (H-"(.)]
2 = BTz 2 () +=a) (4.A.14)
for small external field. Allowing EL to become zero shows

that the spontaneous magnetization in the z-direction is
zero. Thls subsection also demonstrates that the parameter
°{3
ms, ,

has a physical interpretation being proportional to

3) Sublattice magnetization

The contribution to the free energy made by intro-
ducing, in the z-direction, a field Eﬂz.which interacts

only with the spins of sublattice 1 is given by
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i

2
- cﬂ}AB<I3rz ;é; S

(4.A.15)
= - (3},\‘3/%‘1 SI\/’(“"O’(a'}’dQ,) ®
Differentiating
oF _
-5 9 Mo SN Citeg v o) (b.4.16)
3

and letting B, O (implies that «, =0 from previous
section) the spontaneous sublattice magnetization becomes

m,, = qPe SN (14 ) (4.48.17)
The graph of {1+«<,) is displayed in figure 7.

4) Parallel Susceptibility

There are two definitions of susceptibility commonly

in use:

=~ )
a) (B,) = oMz
X ) 0B, (%.A.18)

b) 7<‘n (’BZ3 = My /’B-z_ .

In the 1imit as B, O, X, ()= X, (0)so that the
spontaneous susceptiblility has a unique definition. Using
definition b)ﬁwe can obtain the susceptibility immediately

from equation (4.A.14);
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FIGURE 7

Sublattice magnetization of an ideal
C:S(ji- type antiferromagnet as a

function of temperature and spin.



(NSS/*B)

SUBLATTICE MAGNETIZATION

(70)

I I l 1 i

o2 o4 .6 .8 1,0
TEMPERATURE (ZkB/S(S+1)Jz)



(71)

X, (@) = SN [3_4, T (=) ‘]“"i’

4Tz 2 (1+) (b.4.19)

where we have already let &= O,
An alternate method for obtaining thermodynamic pro-
perties involves the use of correlation functions. The

exact spontaneous susceptibility is given by

\ﬁ'
’XH(O> = (3})\3}&}\}? J <TS;Z(’C) S_: (03> dT (4.,A.20)
where

] z > |
z _ - S . = — + +
Sy = N Z;( it S =N Zk (clo ~did,) .
This is the Kubo linear response function method (Kubo
1957) and has been derived for the case where the expect-
ation is taken using the exact Hamiltonlan f4, . ILiu
(1966) has used the following method for calculating

susceptibllity, nanmely

X, (o) = Cgfxs\n‘Na SP@‘S?(’C? ST AT (b.8.21)

where the expectation is calculated using the approximate
Hamiltonian f{_, . We shall show that this method does not
yield the same result as (4.4.19).

Using the fact that [Sg‘)kh]:.o we get

%, (07 = (que)y pN? <STSTDL (4.8.22)
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= (3N6>Q p ;)\, <(C:Ck“ C\:C&»} (C:-’.Ck"‘ a\l‘k O‘};)>O 4

The best solution for the unperturbed Hamiltonian has
B =C=D=0 s0 that N = N/, Rewriting in normal
k K

order one can decouple without further error to find

Lot ) = (O\W‘*‘)Qﬁ Zk(2<<?{€k70<d1d@0 (4.4.23)

- 2 iR <e Ay + <ared + <Ak
where | |

L (@Y L
£ [1-x0r]> %

4 @+ 100D
<C:d\:>o = <Ckc\k>o =7 {4- X(\'Ja.]'la

<epe ) = <A =

o

7n,o= L/ (P 1)

Therefore

X, (o) = RGueY B 2 (024 n,)

- . Zz 6)38’“‘ (4.A.24)
= Me)” 3
U (ef®_1)"
and using definition (3.A.12)
(gued)* N T
X, (o) = L (4.4,25)

4z
which i1s only part of (4.A.19).
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This illustrates an important reason for using the
free energy as a method for obtaining thermodynamic quant-
ities., Certainly, within the restrictions of the approx-
imate Hamiltonian }499 if one optimizes the free energy
énd obtains all properties directly from it one 1s assured
of computing the correct solution. There seems to be no
justification for using (4.A.21) instead of (4.A.20) and
it is now clear that this does not always yield the best
solution.

The result (4.4.19) which is our estimate of /<
and Liu's result are graphed in figure 8. No significance
is attached to the tail on the S=P% result since our

approximation is consideredé poor in this region.

5) Perpendicular susceptibility

Calculating the perpendicular susceptibility involves
finding stationary points, with respect to variations of
(D, ,ae,ég to the free energy. Placing}m1= O in equation
(4.A.1) we obtain

N2 = =Tz NS® [0~ ey

+ & + a8 (1-3%) o, + 28 G lt D/s'"\)

L
= (p,+ear Gt P4 ) (1.4.26)

— }151 ( T ) ol — hy ( - ) ¢
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FIGURE 8

Susceptibilities of ideal CsCAL

type antiferromagnet in the
DMI approximation as a function

of temperature and spin.
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The entropy So does not depend on f, ’ .e,(-l} ; however,
o/, Me,,o/% have an explicit dependence as seen by equa-

tions (3.C.6). That is

?_f{‘ = - ((Jaq—eg-)
of (3.A.27)

N

etc.

We can simplify the calculations by discarding all
terms in high orders of ’qz since eventually we will take
the 1imit as h,-» O. Note, & priori, that f< is of
order kx whereas of, and o, are of order ’no . We caﬁ

determine the order of o3 by calculating C

F

e

-4

11!

|
=
W\

C

2 (4.A.28)

= -'(olsi-f/uf)"'a&’(g“ blf‘ (Pi".(g"}'>

and using (4.A.12)

— — o}
A = — %»i Coi-ed) L[ 1+ = Clasd O] (4.4.29)

2 ’2— R

2
so that o/, (and <) are of order h, .
Differentiating F and retaining only lowest order

terms produces the following four equations:

2(”’“’3((311'@_3) i 25’(’ - pj‘g)@ar L*&”(a(oa + %(H—ﬂ) = O

1
G

2 (1) ur 3 )+ 2O~ 32) o, + 4O, + %‘(/MQ
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g(w,z,)(@,»rm)+28(\-%s)p,+‘7L8'°<a€, + %’i =0  (4,4,30)

201+4) (pred) a8 -5y FH04p, 4+ 2 = ©
which have the solution
ha (l+eda)
(-’a‘* Cr= T T8 Q)+ Gli-2,+24)/2 (b.4.31)
ha 1
Cr=C+= T T8 (rxdtOU-TTX0/p

From these equations we see that (2: is directly related

to the*rg%%rse field kz;; for zero field in the x direction
we do not need to consider linear boson terms in the app-
roximate Hamiltonian. Note that if & = O we cannot

obtain a solution for 6{ since the set of equations (U4.A.30)
is indeterminate: however, in the limit (9 -» O one obtains
a unique solution.

To obtain the susceptibility one uses

1 oF (oMe)” N
= b (- 2= Ve - =R N, (LOF
Ky B:;‘o( Bx 2B/ Sz J»i:o(%x 'DT“,)
(aMB)aN '+°('a. (4.A 32)
J= Lf(u«\)»me-(]-&s‘;-axa)
Now letting & = © glves
Q)Y N (1)
X oY= == (Oi=) (4.4.33)

This result is plotted in figure 8.
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6) Specific heat

The definition of specific heat is the following

C, = VT (4.4 .30)

Using equation (4.A.8)

Cy = - 2T2S2NG+,) 24 /T (4.4.35)

since o/, is a complicated self-consistent function of

T it seems best to obtain :5¥‘/EYT"by numericael 4iff-
erentiation or from the slope of figure 6. This requires

a rather accurate calculation of ol | such as the one carried

out in part II.

7) Summary and discussion

First a summary of the properties obtalned in this
sections

Internal €ﬁ§r37\

U= -TINzS?Cr+a)™ (4.4.8)

Total magnetization

M_ - 0  (4.A.1b)

Sublattice magnetization

Mz = gpe SNO+<) (4.4.17)
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Parallel susceptibility

X, = Sﬁﬁiizl NI [11 I (‘*’Dﬁ) ]

Bz =+ o) (4.A.19)
Perpendicular susceptibility
2
(QMeY" N (f+ )
= ' — h.A, 32
‘XL 4Jz (i+ &) ( 32)
Specific heat
Cy = — 2287 (i+x) 2% /T (4.4.35)
where
‘2
- a €\
o(‘ = "';ZE [(\ ¥ O )coth (%*)- ]_]
<o T = ‘;:—U Z: [C"x“‘ﬂu)-“coth ()"37%)"" 1]
1 (4.A.36)
T = E:TZ.fB
- Zk: sinha(pg"/;o
and
i
&, = 2728 Cies)) (- vOO*) Ja . © (4.4.37)

This model has been solved before by Liu (1966).
His method involved the use of Green functions and he
obtained the same dispersion relation (4.A.37) and he
also obtained equations (4.A.36). He however did not

consider terms of the form,cgg and o<; and as we have seen,
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both of these terms contribute to the parallel suscept-
ibility. His derivation of 7<“ is discussed in subsection
I earlier in this section. All other results are the
same - it 1s somewhat surprising that the method used
here for calculating the perpendicular susceptibility
does not lead to a new result.

The low temperature expansions of cX,, A& agree
with those obtained by Oguchi (1960) and Liu to order

1/s2, our formula for X, (4.A.19) agrees with

Oguchi but not with Liu who incorrectly claimed agreement
with Oguchi. 754_ calculated here however; agrees with
Liu and not Oguchi - the E%- terms in the perpendicular
susceptibility seem to depend on the representation used.

The method of calculation in figures 6,7, and 8
proceeds as follows. One chooses a value for o, say 0O
and then calculates a new value using equation (4.A.36).
This procedure is repeated until convergence 1s obtalned.
For reduced temperatures above .8 this method does not
lead to convergence. In this region it is necessary to
numerically calculate a derivative of the of, function
and this method (called Newton®s method) works very well

and leads to fast convergence.

B. IDEAL ANTIFERROMAGNET - HP AND DMII

1) Holstein-Primakoff

°

The solution to an ideal antiferromagnet using HP
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representation is straight-forward; the solutions are
obtained in the same manner as for DMI.

Internal energy

- 1
U= -INz2SY [Qreg)® + 5 Xalo-,)

(4.B.1)
1A L 3
/_;. x5 (’%\'da) + o (0(.’“/9.) 1
Total magnetization
m_z - O ' (u'eB 02)
Sublattice magnetization
M‘L = 3/‘}‘6 SMCH“’(,-,L) (4.B.3)
Parallel susceptibility
2
(3+e)” NI T = -1
LTS Y [ 1+ =(1+ ':f(oq-o@) | s

Perpendicular susceptibility

w2 GET N LRS- Sl

4oz
[j’ + O(l Kl 71‘7,'3"(\

(4.B.5)

zf(‘( 0/3———0( ]

where

X
A Z[(mm - AY(® ' coth(j_{{? - l]
a1 SN Ll IcargY - APYOD] 2
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! (A+R) £EN
% 7 SN g[ LA+ AS (P ] 7 oo = ) 1]

*

- F% 1 (4.B.6)

A .
I = N };7 sinh”(,ﬁé{n)
€ = 2TzS [(Ar8Y - AR 17
and
!
A= (o) + 55 oy — fSL oty 4 %Co(“olk_)a
(4.B.7)

8 = §f"§ LO(I-Q"(Q_') + §L "(aq'” %53; ("ﬁ"‘aﬂa“ # ”(':1(’(\"“0-’) a

2) Dyson-Maleev 1I

Unfortunately, the solution to an ideal antiferro-
magnet using the DMII representation does not exist.
This can be seen by recalling the condition required for
the approximate Hamiltonian to have a lower bound i.e.

2
(A+BY - A2+ D -2 2 o s (4.B.8)

The solutions for DMII with finite anisotropy and zero
field are from (3.E.2) and (4.A.1)

3 a L

- dooa . ) 2
A = bholy+ g oLy ¥ T{.L""F 21" - Rxw<°‘/1“°(a>"7;°(q

c = O
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e §
B=-34- %("’r‘“:ﬁl* T+ F e (- )
(4,B.9)
A
TRy T Xa(“‘,—“a— ‘+§"‘ <’”JS+Q°{“«>&
Dz = o moy et e Pt L (e )
. 2 1+ 2 2 "f \ 2 +'f 4 2 ‘f 1Tra T "f

oty = - (4-DD/ A

a
Neglecting terms in O for small &, we find the con-

dition:
Q
? (D(F“da‘v ’3 o
S 2 I + O (<3?) | (4.B.10)

t (1= 5%

the condition for a lower bound is not established. At
first this seems like a prohibitive conditions however,
the magnitude of (3 predicted by equation (4.B.10) is
very small (S=i1577 for Tzo,s=%) o This amount of aniso-
tropy 1s probably less than the error incurred in the
approximations required by our treatment.

One can easily circumvent this problem by replacing
a small amount of anisotropy on the system (Note that
for S=% this is not possible since (S*)* =constant 5

however, we will not concern ourselves with that problem

here ), This will be done in the following section.

C. COMPARISON OF HF, DMI AND DMII

As we have seen, in order to have a solution to the
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DMII system it 1s necessary to assume some value for &,
We will therefore choose &= .02 and compute the prop-
erties of the three solutions using this value of & .
To insure that there is no confusion as to what is com-
puted,;ve will give the form of the'solutions again.,

For all three cases we have

o = - (N2, + <D +1)_(Are)- ASON _1
‘ s:\x § [(a+@)? - (AR-p) OO [7= }
T OOt Py +Cafr TR
oL (o : (8+0) -
%= - 5u E,Zé« K% 00, 1) [(e+B)2 (D2 )B4 15
_ (4.C.1)
{erpar )
} ¥
0(3: - Sp §<<ﬂk2" <ﬂ‘i>0> -~ ({DJPR—COz’P‘f)
o, = -+ 3] (DD, +<n! 4 ) DF D"
t N . f ~ ke )[(p,m,,)‘l_(ﬂ?—o“)2{00"‘]"’/g
~ (eapy - 0is)
1 | , 1
N, = ePé _ 1 y <L, elRe _ 1

€, = 2325 ZIAseY - (pr- pp Y R e 3

£'= 2T2S 3 LAY = (R-s)X00? T2 c §
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For each case we have<

Note These equations are not the most general; they afe
valid only if one of "n,Q and \1L is zero (i.e. ()L' takes
on & different form if kzi O ) but usually we need only

one of them.,

1) Holstein-Primakoff

i 1
- — o 3 7 3 ~ 1 oa

] )
R= (-2 + 5 g P( ("" R R N G

k%g {1+ ;;s - %0;&3 (4.C.2)
C“‘ Lﬁz/ “&( [}«},E(Mmc{\-&—&&"*l L'l :J

D= —~o(%[—£%—

’ (."(\“Dza—) -
) |
C= Ci=0= = Py
‘vx, 1+(’+ )a//"’ ”"— z

-~ e epm——

g L Lo a1 a2, & - -
1+az "’/a o, 4 7 (=)= 7 ;;(p;«swzdcg |

2) Dyson-Maleev I

\

Y
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B= & (i- 51-54—&"(@) - %‘jf

C: ?"1“_ 9/3('1-0/‘—}-2&)

2
D= — oy (144 /(144 (4.C.3)
= - - E’_Z‘ -
G= 6+ = & U=+ S0 —-Le+24)
broe Ci+ey)
(:)sz-? - ¥  (i+e,) + %(1-7'55+?¥1)

3) Dyson-Maleev II

- A 2 2 1 !
ﬁ - (]4—“!‘) + 2 a!;;‘ + ? (0("""(;1-) - Q"(Lf Co(‘—o(‘l) - ?o(f
- b2 2 2 p
A= - L2 %(o(‘-.xﬂ + ’7“’(5&'*' 2 g Lw'—xa‘)

- oyt d;(“’.“"‘aﬁ“ﬂ“‘ &-(1-F+24 ) - erh)a

ha
C= = ~ % R A Tyt 28-) oo
_ 4 L2 1 QpL et 2
= -y = %Lf’a;’(;““-f("i"’ﬁ) +3‘(3>+‘1‘°27
{
- 2 g (e — Ay -ty )
1”_)5- 1 , 1 (’(\“‘“z)a
(3'.. ()&: -8 it FU-Lir 2 )/a 1 SU-5
hax 4+ L L (“l"""lﬁl&
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The method of calculation proceeds in an iterative
fashion. Choosing an initial value for aﬁ ,oQ‘JQ say
0 we can determine the parameters G‘,oe, f@_and then
A ,... D . Using these gives new values for o/, ,..,
ozqe This procedure is repeated until the desired con-
vergence is obtalned. We have already noted in the ideal
DMI case that at some value, simple iteration no longer
converges. We have circumvented this problem for the
ideal case but we will not concern ourselves with this
problem here. Although we could find the solution for
higher temperatures, the effort does not seem justified.

The first graph, figure 9, where we have taken ku;:
hy, =0and S =5/3 1is a plot of the stability of each
solution. For each temperature, we have decreased the
anisotropy from .02 until the solution disappears. This
represents the minimum amount of uniaxial anisotropy re-
quired to stabilize the system. Looking at it from the
opposite point of view, it represents the amount of (negative)
effective anisotropy predicted by the model i.e. HF is
very stable compared to DMII. The graph essentially
confirms the point brought out in section (3.E); at low
temperatures the difference between the DMI and DMII is
smaller than between DM and HP. As was discussed in sec-
tion (4.B) the amounts of effective anisotropy predicted
by these models 1s very small and i1s probably less than

the accuracy of the results. This also showé that there

is an inherent uncertainty due to the dynamical interaction
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FIGURE 9

Amount of uniaxial anisotropy
required to stabilize a spin
5/2, CsCQ antiferromagnet

as predicted by DMI, DMII and

HP,
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and even if one knew exactly the anisotropy of a real
system, dynamical effects would still cloud the issue.
We see that the DMII solution becomes unstable at a re-
duced temperature of about - 625 (¥.25) 50 that although
at low temperature DMII has reasonable results, it does
not adequately extend to higher temperatures. Finally
the strong stabllity of HP is an unreasonable result since
it seems unlikely that the dynamical interaction can lead
to an effective stability (this however is dncertain).

In figures 10-13, the properties of the antiferro-

magnet are compared for S = 5/2 .

1) Internal energy

All three models predict essentially the same internal

energy. The three formulae used are

HP
_ 2 N a, L
U=z -NT2S [Lﬁ—+“\) "O/}a-'o/cf. + Lfsdgco(x‘o{al)
- ("(1““'9) ;2
T ( o<y 5‘9/;‘- C>/|~»<QQ+ a/f)—]
+ &L1+a(\——gj—s}a&+ ecbz;w.gﬂ
DMI

U 2 - 07292 [ Cr+e?= ¢ a
NT2S : oy ey ] (5.C.5)

PO LI+ RO 3)a, + 2 (g™ ) ]
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DMII

Uz -cnT28% L+ ol = oty - T ooy

+ & [ 1+ 20-35) e+ 2(=7+0) ]

with Lx;=1\z_=00 These are plotted in figure 10.

For HP we see that the dispersion relation is diff-
erent thata DMI and apparently this tends to compensate
for the additional terms in the expression atove. For
DMII which has much the same dispersion relation (as
DMI))the term involving 04? tends to compensate for the
extra terms. This leaves a similar energy curve in all

three cases,

2) Sublattice magnetization

For this case we plot using %x_=\%z =0 the quantity

M, = e NS (1ren) | (4.C.6)

which is valid for HP, DMI and DMII. The sublattice
magnetization plotted in figure II seems to vary much
more with representation than the internal energy,. This
reflects the fact that the sublattice magnetization de-

pends mere strongly on the effective anisotropy.
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FIGURE 10

Internal energy of a spin
5/2, CsC L type
antiferromagnet as predicted

by HP, DMI and DMII.
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FIGURE 11

Sublattice magnetization of
a spin 5/2, CsC type
antiferromagnet as predicted

by HP, DMI and DMII.
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3) Parallel susceptibility

Placing hx =0 and »¥L= .0196 (this corresponds to
a 20,000 gauss field) we have solved the same equations.
In each case we will choose definition (3.A.18b) and

calculate

}
Xu = mz/Bz_ = (3,(}533 NS"(:; /2 STl) . (k.C.7)

This is not the differential susceptibility but the magnet-
ization per field for a small field.

These results are plotted in figure 12 and have been
divided by temperature squared. Along with these results
is the zero anisotropy result (zero field) predicted by
DMI. This gives us some idea of the anisotropy depend-

ence of X,,.

4) Perpendicular susceptibility

Solving the equations with hx= h, =0 and using the

following formulae

HP
2 \R
o CgReR (Ae o)y - %)
L 43—z 1+ o +~/—16—bn( 4— Lo (o, - Q)__—-Lo/ -\—-——-(,~ L+ 20 )
DMI
’ (94)7 N | oL
yJ‘ - 3/"5) a

TES e+ 2 (1= 3y f;1‘,,“0
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FIGURE 12

Parallel susceptibility of an.
ideal spin 5/2,CsC& type
antiferromagnet as predicted

by HP, DMI and DMII for & =.02
and as predicted by DMI for & =0.
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DMII

(jHe)ah} I+ <a
L= TR Vroty + S5 (1= 35 +Qety )

we obtain the curves in figure 13. The result for DMII

is derived in appendix 4.

5) Free energy

For academic interest, a plot of the free energy
is given in figure 14, Note that for an effective temper-

ature of .6

HP F = -1.1319
DMI F = -1.1332
DMII F = -1.,1335

We see that DMII has the minimum free energy and that
HP has the largest.

6) Conclusion

The instability for DMII and the large effective
anisotropy for HP make them less desirable for constitu-
ting a solution than the DMI case which is not only the
simplest to use but in addition, has desirable effective

anisotropy properties.

7) Discussion

The value of (G- =.02 for the anisotropy chosen in
this section has been shown by Nééal and Tanaka (1970) to

represent the actual amount of anisotropy in MnF, at T=0,
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FIGURE 13

Perpendicular susceptibllity of
a spin 5/2, CsC +type
antiferromagnet as predicted by

HP, DMI and DMII.
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FIGURE 14

Free energy of a spin 5/2,
CsCXA type antiferromagnet
as predicted by HP, DMI and DMII.
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However since the anisotropy is 96% dipolar-dipolar, we
will have the incorrect temperature dependence. Neverthe-
less, from equations (3.C.8) we can calculate that the tem-
perature dependence decreases to zero at about a reduced
temperature of .9 and therefore has the same general trend
as the anisotropy measured in MnF;L° Also representative
of MnF, 1s the spin value S=5/2 and lattice structureCsCHL.

The numerical work done in this section has not been
carried out by semi-analytical methods but rather by a
method proposed by Loly and Huett (1972). This method
uses 10,000 points scattered at random in the irreducible
zone of the reciprocal lattice and compresses them to obtain
a non-uniform distribution of points weighted to take into
account the large contribution of k=0 values. We have not
taken the curves past a reduced temperature of .8 due to
the breakdown of the simple iteration process. It is felt
that they could be extended into this region however, one
would use large amounts of computer time.

The seml-analytical and numerical methods have been
checked against each other where possible and it is found

that the numerical method has an error of less than 2%.

D, INFINITE SPIN LIMIT

In section (3.C) we have argued that the DMI repre-
sentation is the easiest to use and probably the most

accurate. Therefore, we will consider only this approx-
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imation and examine the results in the 1limit of infinite
spin, zero field and zero anisotropy. For this case we
can simply take the results of section (4.8) and evaluate
the infinite spin limit.

There are essentially three reasons for considering
this classical case the most important being that the
kinematical effect tends to zero and the asymptotic nature
of the approximation disappears. Secondly, the solution
to the ideal classical antiferromagnet should be the same
as the ferromagnet (see appendix 1) thus giving a check
on the general method (Loly 1970)., Thirdly, the equations
take on a much simplified form, making computer calculations
unnecessary.

The meaning of infinite spin is the following: let

\

T= P /(ptsaz) (4.D.1)

so that as S« , T O keeping T finite. This has
the effect of making the spin vector usually of length
sj3(34“> into length S, thereby giving rise to the
concept of classical spin. This spin is not quantized
and can take on any orlentation with respect to a fixed
co-ordinate system. Thus we have a problem similar to

the one in appendix 1.

Consider first the definition of =(, given by (4.A.36)

o = 2 1- %§ L1-%07] Reotn R (4.D.2)
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where

£ = 232S (1+«)) LA- \5(\03‘]'/3

L{' a /cl
= ’E:TETS (1o ) Ll ¥ ) 7

o

For large S the argument of the hyperbolic cotangent

tends to zero

cothh x = ;‘z+ %4— -~ (4.D.3)
so that
‘= = éj_- R MR OC"’g)g (4.D.4)
R+ N .
Putting S oo |,
o, = 7 T/¥<l+x,) . (4.D.5)

This has the solution

Cira)= 3 (L 2372 . (4.D.6)

Choosing the plus sign gives

{
(ite) = 5 i1+ Si-z 3
(4.D.7)
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A similar result holds for o/ . From (4.A.3%)

e 2 < _ - €, -
oA, = oS gl- ?’5;': Li-¥y)] coth )}EJWS? (4.D.8)

so that

A TS 2 -7 37 o (!
Aa = g El‘_‘ 20+ N Z)j L }T </5>(L°Ds9)

Make the following definition ( for CsCL ([J= 1.393204)

2 1 - 25 L
Gl = —-I:; 2 1—‘6000‘ N % l“X(k') (L"oDolo)

and we finally obtain in the limit S D 0

T J)

Ly = -
Lf‘(“”“l)
and
(=)= 1 - T/ (1-57%)
: (4.D.11)
- 1. Tt e R
L / 6 22 Y77,

The final quantity of interest is I which was intro-

duced by (4.A.12)

.
o Ll S
= ——— GK ¢
N Kk LeP™r-17] (4.D.12)

”

& S37
SN T % C1)T 16 L= ¥ 0D

]

&
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Taking linit as S > @

= 7§(*j///2.(t+-w{3a
(4.D.13)

ey

I £
= 7 W + 4 <? W + ---

We are now in a position to write down explicity the

properties of an i1deal, infinite spin antiferromagnet.

Internal energy

U= - TNz2S>(+e)™

i

- TN=8* (1+ 0122 )/ 4 (¥.D.1%)

= =INzS*(1- ©/p - ’CQ//(;'“ /‘\3/3’&‘*"‘“)

Total magnetization

M, = o (4.D.15)

Sublattice magnetization

Mm,, = 9P e SN Craey)

(4.D.16)

= qMa SN [l- a(u-u, @J

o~ 2 3
gpra SN (1 T = Ty T
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Parallel susceptibility

(qpme)? T G+ 7=t
K = WHe)” T [j“" = ] (4.D.17)

T 2 (1L )

(QrPe* Nz 14 ]”1
2Tz (1+3iez)? [ 2(“5_—?1“1"“)/?—3

t

() N oW [J_“ f(wﬁa)*’cﬂ(w—@*/',]'
83—2_ Y- | g

Perpendicular susceptibility

g N N )
}QL RS U+x)).

(3M8)> N A,
e, B 2(1+T“;4)}/(.1*—37‘é)

CgpeY N
= 2 [y L wede ]

(4.D.18)

S RES

Specific heat

CV - ET’LSQ N(H—x\\ 'g__;_‘

4.D,
= - YNk b+x)2f“ ( 9
g )
a7

IENEED)
SRyt
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CHAPTER 5

SUMMARY

The method described in this thesis provides an
example of a way of obtalning an approximate solution
by using a non-Hermitian Hamiltonian. Another example
of such a method occurs in ferromagnetism where the same
Dyson-Maleev transformations are used: however in that
case the approximate Hamiltonian ¥%o is Hermitian in
reciprocal boson space. In our case, %40 is not Hermitian
in recipfocal boson space and only after the Bogolubov
transformation does }40 become Hermitian. The implication
of these two examples is the following: one can use a
non-unitary transformation to obtain an approximate sol-
ution provided there exists a representation in which

f{o is Hermltian. In that representation i4o may be

a realistic physical solution to the full Hamiltonian

H — a drawback being that one cannot compare solutions
on the basis of a minimum freé energy.

Of relevance to antiferromagnetism are the three
approximations obtained here which are valid for arbit-
rary uniaxial anisotropy and magnetic field. Clearly,
investigations of the field dependence and anisotropy
dependence of many macroscopic properties can be done
with the equations developed. It appears as if DMI is

the preferred solutlon to do this with as it has desir-
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able effective anlisotropy properties. Of particular
consequence is the DMI formula for 1(” for the zero
anisotropy limit which is a new result and shows consid-
erable improvement over Liu's (1966) result. As well,
the infiri/Ze spin results derived in section (%.D) have
not been given before.

Preliminaryicomparisons with experiment for }f”
have been undertaken with the pﬁblished results for
M F;_ . However, Nagal and Tanaka (1970) who used
a HP method have obtained excellent agreement with the
experimental results. Since we have incorporated aniso-
tropy in the same manner as they have, we expect to obtain
a simllar agreement - this is due to the fact that the
three solutions for jfn (see figure 12) are very similar
and do not depend critically on representation.

One of the shortcomings of this model is the predic-
tion for ><L . None of the models presented here are
capable of explaining the upturn in the experimental re-
sults. It is felt that the Heisenberg model should ex-
plain that aspect and in fact Kanamori and Itoh (1972)
have shown that second order theories will give an upturn
trend. They have used a HP approxlmation and it now seems
that one could use DMI and calculate the second order
effects] however, one would be faced with the problem
mentioned in the introduction, namely large amounts of
algebra and six dimensional integrals.

Finally of mathematlcal importance is the Bogolubov
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transformation itself which, in this work, has been

generalized to its non-unitary form.
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APPENDIX 1

CLASSICAL HAMILTONIAN

In the 1limit of classical spin (Heller and Kramers
1934 ) we can represent the Heisenb&rg Hamiltonian (2.4.2)

by(using spherical co-ordinates)

H = g2 Z [ cos 8, cos& s +sin (9,; sin G5 cos (¢/;’¢u‘+5) ]
! {8
+ S* Zg | cos Gy cos S +sinGhs1inOp4 5 cos (¢,\5+5-¢3Q ]
)
\V/ = S Z [Sin G cos P, +sin &;cos SQ&;]
[

Vi

i

32; [003(97‘; +cos @,\é] (Ap.1.1)

\/;:_ SQZ [cosa‘@,;, +cos” &a}]

We see that a ground state of H, occurs for

2

S, =0 Spy = 1T (Ap.1.2)

and is the antiferromagnetic ground state.

If we rotate one sublattice by 180 degrees so that
Q. 8, +m ‘then cos 8-> —cos(8, +m) and sin (§,)~
— sin(S;+ ) and H - — H, . By changing the sign of
T we see that the ferromagnetic Hamiltonian TH\ is the
same as the antiferromagnetic Hamiltonian. This however
1s not true for \/‘ . \/l but holds for \/'3 « Therefore

in the limit of classical spin and zero field the ferro-
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magnetic and antiferromagnetic Hamiltonians have the same

elgenvalues.

Other references concerning the classical limit

are Loly and Mikusik (1970) and Mikusik (thesis).
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APPENDIX 2

NON=-UNITARY BOGOLUBOV TRANSFORMATION

The relationshlp between the A, , b, and the 4, . By

used in the text is gliven by

O—::tko = ‘(dk cosh@‘ka ]’Atsinh Gn‘)/[cosh(&,.\— 8;\‘3] ,/Q

{
/
O—‘Q:O - (o(:’ cosh@xn pksinh&zk)/icosh (@m—@a\gwj 2
{(Ap.2.1)

o LKO = (- OC:: sinh§, + chosh O,)/[cosh (0,-Oa )] /e

iyt |
o b 0= (- %, sinh Oyt cosh &)/ [cosh (OG-0 ] "

We have assumed that the operator O exists and has an
inverse. O defines a non-unitary transformation except
for those cases where Eﬁk= Eﬁg for which C>‘becomes unitary
and the transformation becomes the usual Bogolubov trans-
formation.

The above relations define a canonical transformation.

Consider for example
+ - + +
Loy ‘za\'%] = OOy m A Oy
_ -1 + -} - o =1
= O[T 007,00 a, 00" ol 0]o
= O[o("ir & 8 =T
= W ,,(wcosh iwcoshGhy+ & .

= oc(r)o =-1L (Ap.2.2)
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[ag\)bk] = O |

So that if the o(b.\ » (EY\ operators satisfy boson commutation

relations so do the Q , bk and visa versa.

Consider the following operators

A i
o = - 5 2 (afay + by b #X0I AL +x00a b,)

A L
“2= - 5N Z}j <QIQ\< ¥ \01\0\3

(Ap.2.3)

rd

X
I

il
")
z

- 3n % (ata, - b b, )

4: = 3 3 YWy~ a, b, )

where one hopefully will not be confused with the boson
A A

operators o and the new operators < . Then in the
S ‘3\\ representation

(cosh Oy _¥(0Jsinh (9k>
cosh AYCIN

:’, S Z U“‘v\"( +F‘%\f$y

- Tt sinh & _¥)cosh @ >
<°<k fkk + o i )<cosh 5o, K

- + AT inh AO
<°<\‘ F)k \*lgrxb (S>Orslh Agk - l ]
cosh 1

(Ap.2.4)

- h O
("(v\ ﬁk T o ) So5m AO,
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RGICEENRE -~
‘%‘ v ‘Z (4T ety - [3’&[3&3
L=~ S STHOO (bl py 1) S Ce S oy
-~ x(\«ﬁ(d;ﬁ;aﬁ v Pr ) % sinh Oy
+ YO pk - JF(S\A TS £S. 1 7
where

@\‘_ = (9\\\+®&\s

A&\* = &\k - @R\\ R
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APPENDIX 3

APPLICATION OF BOGOLUBOV TRANSFORMATION

We want to diagonalize the operator Ho given by

Ho = - NT2ST & ET‘LSZR (El Q):rok T 5’1\0—: \O\«
(Ap.3.1)

\ 4+
v £ %0 + £, ¥0da, b, )

Using appendix 2 (see Ap.2.3) we can express this as

HD“' - NT2* (1« 295‘ + 38§a+?co’:3 +’ED:(..,>(Ap°3.,2)
where

S

]

\

(78]
i

A

2 (€,rg ,-5,-5.)
|

.C: £ ( S"..é'a_)

}
D= 5(&g-a,)

IN
In the « ,[S representation = is given by (Ap.2.4).
Tt +
Setting the coefficients of GJK[}%.}. "/xﬁ‘s and (a/kf!.".— kP’x«}

equal to zero yields two equations for <9-k and Q@ko
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(A+R) sinh O,

st O [ 4+ DEOD stn(e8) ] = A¥K)cosn g
coS8 o =
(D86
(Araysinn (86 - DB
cosh & YTV

cosh{png,)
The solution is

sink(AG) = DYOD)/(A+rR)

A¥OD (Ap.3.3)

sinh &, = [(Ps*ﬁ)"‘—CA"‘—D"‘)%C\‘\\a‘jW o

ke

N
Imposing these conditions the operators . take

on the simplified forn

9 2
BT S O NG A ok A S ]
0{) - *SNZ: (O(kv(p:i‘ F:KP +‘}Z(H+l’>)é:‘ CHQ—DD‘)‘X(\QQJ%“ 1
~
X = - I + . (A¥B) 4
R g (G4 e a)imm)’—- (A=) ¥R T

~ 1
R IN E; ("(:“k - ﬁtp@

(Ap°30u)

u

DY)
.L E j + %

A .‘
oy SR8 (> TR ]\

Finally Ho 1s dlagonal and can be written

H o= - nT29 + 2325 z‘; c(n-n'Y  (ap.3.5)

} N ) a '};_
2728 37 E_(ﬂﬁﬂﬁl)af(mm% (AP F(R" §
*~

- (H+G3]
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where

3
4
X
T4
R

3
7(\
1}
~P
T+
“»
8
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APPENDIX L4

ALGEBRA FOR < H 7o

Simplification of the algebra rests mainly on the observation

that if care is taken, one can interchange the order of

shifting, rotating (Bogolubov) and taking the expectation.
In order to change the order of rotating and taking the
“+ + .

expectation, we note that Qy and bk, act as création
operators with respect to <%QV¥K (see equation 3.B.4).
Similarly CAk and Lng are destruction operators so

; +
we know that terms of the form <a;+ \0‘.}0 and <CX\.\\0\\>O will
be zero whereas terms of the form <Q:W§:§and <o, b, will

be non zero. Therefore equation (3.C.2) tells us that a

term of the form

g; Y0t Q. \0;8 bk,+g pA (Ap.%.1)
decouples (without further approximation) to
) "‘ (Ap.kt.2)
'. %Z , [L{* {atayy, <\;;f by 7, + B0ty ) oy b '701 o
The above step requires the property

¥ (=) 2wy W) 20N Y () (Ap.l.3)

B, / ) /
where ¥ is an odd function so that the sum over K'(k %
N -
<o§fhvzjcancels ldentically. This property is true for
all the cubilc latticesjfor which ¥ (k) is & sum or product

of cosines. 1.e.
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CDDU*‘"'\&‘) = m\am\«l +/¢va\1 M\gl

To commute the operations of taking the expectation

and shiftirig one sees that a term of the form
Z <L§;-\f(\<-k')eing\; Avree P (Ap.l.k)
KX ~ b ke 7 ‘o

when shifted to the ’ﬂk, ‘OK representation will involve

only 4-operator termsg . 2-operator terms and constant terms .

A11 pP-operator terms which are not creation-annihilatlon

pairs will Mave zero expectation. The remaining terms are

éz Lt <o, (oo, + FVOTOD ot ) ooy,

. { .’r‘
“f'L]L F,tea g\g)o <¥0¥'\OL'>° + 7/‘()3(2’(“ g\4‘,0 <Q\'\q¥\§o (ApoL!'°5)

+ %@;;;__{(D,% O, 0 Y@i)@yj ‘%2 + i L1z > Ko TOO Lot [:?;5

RTINS

These can e regrouped to

Z )ity é{<o;f:o‘y>a{;‘%'\;o(),pa\(“f ), o ] (Ap-H.6)

Kk’
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and for instance

2Kaf ey

- By this method, 21l four operator terms are expressible

- 2
c‘%cko(2?1> = ma»oq (bp.t.7)
in terms of o{r,eo ol

The odd operator terms can be handled by first shifting

one operator to reduce it to an even term for example

Z <C: C\”j C&w N >¢>

NN

- 40 ¢ al
= = 27 D e - 57,

W (A
- 2
Ca ¢

2 =2 (G(;me/z;\} + ()(:(3’

Thus, 21l ofd order terms can be expréssed in terms of

9((,6990!17[ 8.1’1(1 ()Ig_eoog,{f)é{..e
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APPENDIX 5

PERPENDICULAR SUSCEPTIBILITY -~ DMII

Since this result is not easy to obtain, the following

outline should be helpful. The free energy is

F= oS 28 [ - 2y - o0

+ (- =ty ) (o(:-\' fli (<, =) - ‘2" X:)
(Ap.5.1)
(P,T()a‘f'F3‘7“PL}) - <(’ e Yt
+8 + 28 (1- és)d;z -+ 2&"(; ]

- LTS,

o

Differentiating with respect to (?, . (Zf_ and neglecti‘ng
powers of O(j)leaves

1) 2 Lived,) (F,_+(95§ + 2ol P lef (ga—-ps p)

+ E(>3 (F+ T (- ) + B Lo (4= <a)

+ (e —o) e 2 (100) ¥ 28 (1- Z+ R ) = O

" (Ap.5.2)

2 Eo(,_f (()g 1‘6)1_5

2) EL‘.‘—J‘)((‘):U‘(%) - 2«‘;()

h
+E P%Xa(“““’(&)*‘[)&(“n““g)&"“ 3.

+29‘(l* +\?o< 3(33:0

4
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These two equations can be expressed

QN Q\D. @&l L,x I-}- o/u (Ap‘5°3)

- —
——

QAo C\aa (35 E 1
where

E(H-dﬁ - Qoqf + Eo(g“(/«, —ozl)*—f&(.l— '-ég*ra«l)

o
i

Q,. = 2(14—0/\) 4—'2er + 2“‘1‘ ,*_Q,zf” 4 an‘—xa);.

=2

Gy = 2(1et) = Ay = Qery + (- et)
Qoo (= V228 (1- 35+2)
Ciuy = R+ ‘7“41 Tl g - 23 >

and the solution is

2 = 2 2)
¢ b, O(1-33+3<) - B l<-=)" + OU<
3 =7 I -
3 @(H—oﬂ)(%—é'szx_,_}.— %(,(‘_,/1 2y %2(;_5‘*5--&34& 4=
(Ap.5.4)

{‘)‘2 o™ - "’lx 6(£" 51-:'5""“;2"‘/.1> C“’”’.z) "‘C"/)ﬂﬂa)a + OCO(L)

8 2 3 ™
OU) (- 35424) - 3 (-4 4 & (1 dyr 2 4

The equations for (7, . @f are similar to those for

()-& . (93 so that ‘@; (33 » (7,_f = (31 o Finally we
obtain
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X_L o ((7,+F3>(’+"(p~3 + (F:z*()"f)

- (|+.>/._QG((— 2 +24) - % (ﬁ—-»ﬁ)a +O(o(3>

3 N
(+4) & (- 35+ 2200 = 2 (4= T4 +2)4063)

T Ci+ery) + o ()
e 20 g v o) SCi-z) .




' PART II

LATTICE GREEN FUNCTIONS
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PART I1

A, INTRODUCTION

The aim of this part of the thesis is to determine
a semi-analytical method for evaluating integrals found
in part I. While doing so, it was discovered that these
integrals have applicationsto other parts of solid state
physics, for exampleﬁ lattice vibrations, and arise from
the solution of the Helmholtz equation on a discrete
lattice.

The solution of Helmholtz equation is.facilitated by
the use of Green functions where a delta function drives
the differential equation. For a periodic lattice the

Green function is given by 1

< ke
G(E)Y'w:' _[l_i. Z): 1 e v

E-Ek
where
Ek = _3-cco\<x- cca>ka - cco\<t S
= Y (1~ u:rokx Coblcxa kaB ot

- D

= 2 (’5 - Cf)b\(xCDSk\aw =D \Qa QDO\Q- oo Xy cc-;h)e

fea .
In section B of this part, we will reprint a paper

published on the evaluation of these integrals, their

thermodynamic extension and an integral found in anti-
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ferromagnetism known as ¢*. In sections C and D, we show
how general asymptotic expansions lead to a method of
evaluation of the antiferromagnetic integrals needed in

part 1.

B. ILATTICE GREEN FUNCTIONS

The following is a reprint from the Journal of Com-

putational Physics:.
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Reprinted from JOURNAL OF COMPUTATIONAL PHYSICS Vol. 11, No. 3, March 1973
All Rights Reserved by Academic Press, New York and London Printed in Belgium

On the Evaluation of Lattice Green Functions and
Watson-Like Integrals*

D. J. AUSTEN AND P, D. LoLy

Department of Physics, University of Manitoba, Winnipeg, Manitoba, Canada
Received February 7, 1972

A method is developed whereby lattice Green functions and Watson-like integrals
can be readily computed by splitting them into a sum of a power series and an asymptotic
series. The method is illustrated by the evaluation of an antiferromagnetic integral and
a basic thermodynamic Watson’s integral and followed by a treatment of the generalized
problem on all the cubic lattices.

1. INTRODUCTION

Recently there has been considerable interest in the evaluation of lattice Green
functions (LGF) [1, 2] and thermodynamic extensions of Watson sums (TWS)
{3]; the basic Watson sum or integral being a special case of LGF. The essential
ingredient of all these three-dimensional integrals is the appearance of the nearest-
neighbor dispersion function in a manner which gives a singularity in the integrand.
Through investigations to evaluate related integrals arising from the two-sublattice
character of an antiferromagnet we have developed a technique which can also be
used for the evaluation of LGF and TWS for all the cubic lattices to any desired
precision.

These three-dimensional integrals arise as Brillouin zone sums of large lattices
that have an essentially continuous distribution of wavevectors, while the Brillouin
zone sums are themselves a direct consequence of the lattice periodicity [4]. The
dispersion function considered in connection with LGF and TWS is usually
restricted to problems that have only nearest-neighbor coupling, though most of
the models involved in physical theories become more realistic for longer-ranged
mnteractions,

These integrals may be written in the following manner: Starting with the
general LGF,

Wi, I, m, n) = (271,)3 f f f" dx dy dz cos Ix cos niy cos nz

7 — yidx, y, z)

, Y

* Research supported by the Nationa! Research Council of Canada.
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while the general TWS incorporates the Planck or Bose-Einstein distribution in
the following manner:

1 g cos Ix cos my cos nz
Tiom b = o [ ds e ey oy =1 @

In (1) and (2) we have already converted the Brillouin zone sum to an integral,
simplified the wavevector variables to x, y, and z, and arranged that they range
over a cubic domain [5, 3]. Other ingredients of (1) and (2) are i, which distin-
guishes the lattices, / = 1 for sc, i = 2 for bec, i == 3 for fcc; o physically repre-
sents an inverse temperature giving 0 << « <C oo, while 5 5 1 represents an
external magnetic field (in the magnetic context) giving the range of interest as
1 <n < ./, m n are integers which could be zero. The quantity y — y; is
known as the dispersion function, while y, is a structure factor:

i=1, sc vy = %(cos x + cos y -+ cos 2), 3
=2, bee, Y5 = COS X COS Y COS 2, )]
i=13, fecc, ys = (cos x cos y -+ cos y cos z + ¢os x cos z). )

The singularities of the integrands of (1) and (2) occur for » = 1 at the origin
{x, y, z = 0) when the dispersion function vanishes. Furthermore, as « — 0,
T; — W;/a, giving a connection between TWS and LGF.

Arising from the two-sublattice character of antiferromagnets we find the fol-
lowing integrals:

cos Ix cos my cos nz

1 T
Vi, 1l,m,n) = W fff_,, dx dy dz [8% — vi(x, y, 2212 ° (6)

where 6 > 1 represents ferrimagnetism, and physically we cannot generate the
case for i = 3, i = 1 being known as the NaCl type, i = 2 the CsCl type. There
is also some interest in the thermodynamic extension of (6).

Our method is closely related to a technique used in the evaluation of LGF by
Maradudin et al. [6, 7] where an integral with limits from 0 to co is split to permit
the use of both power and asymptotic series. In the present paper we encounter
the sum of an infinite number of terms which can be split in an analogous fashion.

Section II shows how a Fourier transform generates an infinite sum for
Vy(1, 0,0, 0) and in Section III a similar result is found for Ty(e, 1, 0, O, 0),
albeit in a different way, and gives a method of evaluating that specific TWS in a
region that was previously difficult. Finally, in Section 1V, by developing general
asymptotic formulas, we consider the problem of calculating the general TWS
for all the cubic lattices. In doing so we also find a procedure for the general LGF
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(involving the split integral version) which was previously given only for the
restricted cases of Wy(, 0, 0, 0) [6] and Wi, 0, 0, 0) [8].2

II. ANTIFERROMAGNETIC INTEGRALS, ¢’

The quantity arising in antiferromagnetism is actually V(1, 0, 0, 0) — 1, known
as ¢’ [9] and for the CsCl type (i = 2) was definitively evaluated by Davis [10].
Davis’ method was to expand the square root and integrate term by term. For the
NaCl type (i = 1), a larger number of terms arise in the expansion, the convergence
being very slow.2 However, another type of expansion can be used profitably.

Writing V' = V (1, 0, 0, 0), we have explicitly

-1 g dx dy dz
V= (2w)3 .”f_,, [1 — (1/9)(cos x + cos y + cos z)2J'/2 * ™

Making use of the Fourier expansion [11],

i

(=D —g- + i Jo(mm) cos(mmt), | 1| < 1, 3

m=1

where Jo(mw) is a Bessel function of the first kind, one finds

V= %—I—ﬂnzl%lg:)%)fff; cos [—n;l (cosx—}—cosy+cosz)] dxdydx. (9)

Expanding the cosine and using the following two identities:
L [ dxcos(t cos x) = Jy(2) (10)
2m) ), ’ s
L fﬂ dx sin(¢ cos x) = 0 ¢8))
@Cmy J_, ?

* Using a different procedure, Mannari and Kawabata [Extended Watson Integrals and their
Derivatives, Research Notes of Dept. of Physics, Okayama University, No. 15 (1964)] evaluated
Wi(5,0,0,0) for all the cubic lattices.

* This expansion can be rewritten in terms of random walk probabilities

Lo}
2n)!

V=> ——u0np.0,0,0).

Z;) nlpl2in o ( )

Although this series is slowly convergent it can be accurately evaluated using the Euler—Maclaurin
summation formula, [For details, sce C. Doms, Proc. Camb. Phil. Soc. 50 (1954).]



(135)

318 AUSTEN AND LOLY
we have
V= -2’1 +a Y Jo(mar) J(um/3). (12)
m=1

This is evaluated as
o N
V= > + 7Y Jy(mr) Jo*(mm(3) + asymptotic expansion. (13)
m=1

The asymptotic expansion is obtained from the expression [11]

Ti5) ~ @ feosx — mja)[1 — %"(%%24_ -]
. 12 123252 _
+ sin(x — m4)|+, &~ EE T ]g (14)

We found that ten terms in the expansion of (13) were more than sufficient for
seven-figure accuracy. Using N = 4 gives ¢ = 0.1567154, the same value being
obtained with N = 3, 5. The best value previously was 0.156, given by Kubo [9]
in 1952.

II1. THERMODYNAMIC INTEGRAL Ty(x, 1,0, 0, 0)

Letting T(«) = Ty(x, 1, 0, 0, 0), we have explicitly that

1 m dx dy dz
Ty = ©@n) f”_,, exp o[l — (1/3)(cos x + cos y + cos z)] — 1 ° R

For small « (high temperature) we can expand the integrand in a power series
about « = 0 and integrate term by term with the result

T =210 % dprms,  w<nm (16)

m=1

where W is Watson’s integral [5] (= 1.516386...) and

_ (__l)m—-l m—1 1 k (2k)'
A= o B L e e L e . (4D

B,, being Bernoulli’s numbers. The first few terms of this series have been given
before [12].
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For large « it is possible to find an asymptotic low temperature expansion [13].
A brief review is appropriate because our method involves a modification of this
expansion. Rewriting (15) as a geometrical series and interchanging the order of
summation and integration, we get

1

() = oy

i f“‘” dx dy dé exp[—ma{l — (1/3)(cos x 4 cos y -+ cos z)}].
(18)

This can be expressed as a product of modified Bessel functions by using the
integral representation [11]

1 i 373 z
L) = oo f _cos kax guose dy (19)
to obtain?®
T = Y em[3maf3), 0<o< co. (20)
m==1

Using the following asymptotic form [11] of I(w),
I(w) ~ [e*/(2mu)*][1 + (1/8u) + (9/128u2) + -] @n

(for u large), (20) may be expressed as

s "El @mmaf3y [1 t Sy T ] (22)
- ( 2ix )3/2 [g(3/2) + %— L(5/2) + ] 3)

where
Up) = i 1m? o8

m=1

is the Riemann zeta function. This is an asymptotic series so that the results are
uscful only for large values of a.

S This expression appears to have been first developed by Tanaka and Glass (unpublished
work) cited in S. H. CHArapP aAND E. L. Bovp, Phys. Rev. A133 (1966), 811.
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In order to get definitive results for smaller a, consider the following splitting
procedure for (20):

T(w) = Af e I3 (maf3)

m=l
+ (3/2me* 2 [{3(3/2) + (9/8) Ln(5/2) + -],

where {y(p) is a truncated Riemann zeta function

0<a< o, (25

tp) = 3 U, (26)
Due to the fact that |
In(p) ~ U(p)/N?, 27

for any « we can always find N large enough so that (25) converges in the same
manner as (23) does when « is large. By trial and error we find that for six place
accuracy N must satisfy the condition

N = 24/ (28)

With this method one can calculate T () for arbitrary «, though for « <lit
will be more efficient to use the high temperature series (16). For « from 1 to 20

TABLE 1

Comparison of three methods for calculating T'(«). Ten terms of high temperature series and ten
terms of low temperature expansion were used.

Low temp. Extended low High temp.
expansion temp. expansion expansion
@ (23) 25) (16)
0.05 2.98319 x 10t 298319 x 10t
0.1 1.46722 x 10t 1.46722 x 10t
0.5 2.57418 2.57418
1.0 1.09773 1.09773
3.0 2.15227 x 10t 2.14803 x 10—
5.0 9.13117 x 10-2
10.0 2.92608 x 10-2
15.0 1.54934 x 102
20.0 9.94334 x 10-3 9.94337 x 10-3
25.0 7.06705 x 10-3 7.06705 x 10-3
30.0 5.35277 x 10-3 5.35277 x 10-3
60.0 1.87287 x 10-3 1.87287 x 10-3
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this method is particularly useful because it fills the gap left by the simple high
and low temperature series (see Table ). In this connection we might note that
Flax and Raich [3] have proposed a different method that appears to be weak for
large « [14] or low temperatures; our present method may be regarded as an
extended low temperature series while Flax and Raich [3] have basically extended
the high temperature series.

IV. GENERAL METHOD FOR TWS AND LGF FOR THE THREE CUBIC LATTICES

The evaluation of (1) and (2) proceeds in a similar way as for V and T(«). First
consider the integral

Qi(as 7]5 l’ m, n)

= (—2;17? fff" cos Ix cos my cos nz expl—aly — yi(x, y, 2)]] dx dy dz. 29)

This integral has an asymptotic (large o) expansion:

e—on~1) K agcl.im,n)
Qi(a’ 75 la m, I’Z) ~ _a;;T * % ’ (30)

k=0 &
where in view of the asymptotic nature of (30) X is chosen according to the preci-
sion required [15] (for six-figure accuracy we found 10 usually appropriate), and

has a small « expansion.

o«

O, m, L m, n) = eman Y oipllmm), €2))

k=0

where af/;™™ and b{;™™ are independent of « and 7. The coefficients a{;™™ can
all be obtained from the following identities:

K ck
L)y~ ety -———tl+§/2 , [11], (32)
1=0
1 __.1 ® n—1,m-z
7= T ), e, (33)
1 1 3&Tk+p,
(x+y)»  xv ]EU I(p) k! (—y/x)7, y <x. 34)
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Making use of (19) and (32) yields for s.c.

X
Oy(o, 1, I, mym) s e=ot=D %" CHCmCn(3[o)Hi+R4312, (35a)

k=0

Successive applications of (19) and (32)-(34) yield for bee* and fec
QZ(a: 775 I: m, l’l)

K
R I W o o o

{jkrs=0

F(f-i-l-f—1/2)P(r+1+1/2)F(k+S+1/2)T(Z+J+r+s+l)
RS\ TG+ 12T+ 12Tk +12)TG+j+r+1)

X (1/0‘)i+f+k+r+8+3/2, (35b)
Q3(0‘, na 19 m, n)
K

2
A e—tln-1) Z Z Cilekan

$jkrs=0 p=0

Th+s+DT(4+r+s—p+ 1D IG+i+p+1/2)
27l (s — I TG+ 12 I'(j + 12) 'k + 1)2)

X (3[20)iHi+k+r+ats/2 , (35¢)

for « large.

The coefficients b¢;7*™ are obtained in a straightforward manner from (29)
by expanding the exponential in a power series followed by term-by-term integra-
tion. Having calculated the coefficients a{;/™™ and 5¢;™™ for a specific integral
it is straightforward to use them to calculate this integral for all « and % using the
splitting technique of Sections II and III.

In order to evaluate Ty(«, 7, I, m, n) one makes use of the identity

Z eie (36)
j=1
to express (2) as
Tie, n, ) = Y Qu(jay, 7, 1, m, ). 37)
=1

¢ Joyce [8] has developed recurrence relationships for the a{%"® which are much more econom-
ical to use than (35b); however, for many problems the general expressions we use (35a-c) are
quite adequate.
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Splitting this sum in a similar manner to (20) and using (30) and (31), (37) becomes
N-1 o
T, n, bhmym) = Y e ¥ (jat bitmm
j=1 k=0

1 I 4 a§cl.7n,n)
+ a7 —:,;— Enlk + 3/2, o — 1)), (3%
k=0
where

(39)

and N is given by (18) (see Appendix).
Wi, I, m, n) can be expressed in terms of Q; in the following manner (see (33)):

Wi, Lm,n) = [ Qu(t, 0, 1, m, ) . (40)
7 L Ot

Splitting the domain of integration by introducing a parameter s (analogous to
N in (38)) and using (30) and (31), we obtain

b s
Wiy, hmym) = 3 bitpon [ emtngt dy
0

k=0

© g—t(n-1)

K
+ 3 g | | g . 41

k=0

In (38) and (41) the infinite sum in the first term has good convergence and corre-
sponds to the power series expansion which would be used to evaluate the Bessel
functions in the first terms of (13) and (25).

CONCLUSION

We have developed procedures for the precision evaluation of generalized TWS
and generalized LGF for all the cubic lattices. Many applications to physical
problems are now possible. Prior to this work there has been very little discussion
of TWS, attention having been concentrated on LGF. Moreover, the concentra-
tion there has been on the sc lattice for restricted values of I, m, n. In going beyond
the integrals discussed in this work one would probably be involved in more
complicated dispersion functions such as those resulting from longer-ranged
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interactions and then the expansions may become too tedious. For those cases,
results to an accuracy better than | 7 may be achieved readily with a more direct
numerical integration scheme such as that proposed by Loly and Huett [16].

APPENDIX

To use the method described in the preceding sections it is important to be
able to calculate truncated Riemann zeta functions accurately. This may be
achieved by the following rearrangements which overcome the slow convergence
of (39) for small x.

WXy =3 (e=mem?)

m=N

e—(ZNm—l)z e-—(ZNm+Z—-l)ac
CNm —1p * N 3T = 1)@]

i
M
M=

=X > (2(2]\_/.:;;17 f:(;’("lt‘) r) [Fretx + (1 — Iy eti-na)

m=1 I=1 r=0
= L LpAn2N) Dp4+n[ & 1y 1y .
_N;,g, 2047 r' I'(p) [;(T) ¢ +( N ) enhe .

We have finally a rapidly converging series expansion in terms of the usual Riemann
zeta functions.
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C. ANTIFERROMAGNETIC INTEGRALS

From equation (#.,A.36) for a G CR type lattice, we

obtain the following integrals

R(o{} (Er\') j}'}' (- Klwcoth [ (\-% a}la u\'no\xao\z

e ' (42)

{ A i Mz
Ra(d):(mB J’[‘)lrr(l—?fl>c§th [%(l-xa) } obco?\ac\s.'z_

= T3 ol 'A OK?C =
00 @ || g Trmy T

-where \5& is given by equation (3).

We can evaluate these integrals by dividing ‘them
into two regions. For of< £ we use a high temperature
expansion and for o > 2 we will use the extended low

temperature method developed earlier.

1) High Temperature Expansion

Noting that

Ry (=) = — e &R, () )

we see that the high temperature expansion for all three

integrals follows from

)\\ (B QC

| -1

coth>x = — + Ex ( E tkk o < 1T
k=1 Qk-DM KL R
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’ ak—l

co
= L + 2 b=t <")

> k=1 ) (M»)

where BJ Bernoulli?s numbers, and C is defined in

f[:oklolg 2 We will also need the coefficients defined by
the following

| T INGSDYE
bk = &2';)3 j[ ) (‘“\51) o\xohaoﬁz. (45)

T

where

b, = w = 1.39320%

b, = f+c! = 1118626

b, = 1

b, = t-c¢ = 1,.- .0730738

The remaining E%‘( k. > P2 ) can be calculated by expanding
the integrand in'a power series followed by term by term

integration.

The high temperature expansions are

l 1< a3
R‘(o(\ = 07' -4 E Z/ Ck—’ bah (“l)y\ <§>

k=t

0 k-1

T —EL )L-;.Cwb.ma( " ( ) e

RQ<°<7 =

R|E
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(2=

M-

‘LL) (| k-1
R?)(O() = :Z - Ck-‘ b&y\-a («Q)&"B('\B (2(?:)&

k=1

2) Extended Low Temperature Expansion

The low temperature expansion uses a different

expression for the hyperbolic cotangent namely

oo
~ PoemMm
the = 1+ © c
cothx = 1 > (47)

and we also need an integral of the form

l/é

m (r-¥5)
i a'/; _o b
O¢x) = ¢ j” L) e dmd»aciz (48)

Using these results we obtain

&

R(«) = |-c+ P f de);z E (ma) (49)

M=)

<o

Ri(«)= 14"+ P—M O (me )

=1

RE(‘{) = - AO'!:( RaG’() .

It is easily seen that é3<°(> has a direct expansion

in terms of the bk defined earlier

) = 37 F b (-0 /i)

=0 (50)

and in section D we show that é)%) has the asympotic

expansion
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T <L

K |
0 (<) ~ "?‘a Zo A [ ™

(51)
Dividing the sum in equation (48) into two parts
oo N=-1 o0
>)= 2 e 2
M=} ™Mz} m=MN (52)

and using the direct expansion for small values of nn)and

the asymptotic expansion for large ™ yields

Rix)= t-c+ D Z[( r)“k(k )b, Q(fyz:,mk-;ﬂ

& i 2 (F+%) (A 2(2k+3D0,

TRt o6 e
R A AP L SVE I

Rylec) = l+c # ?%;[ : Zz L(E; M )]

+ g X g;d(;»+ati) Sy,

2> s U
(53)
°O k k Nl

R,(<) = - P Z[ (-1 ‘<°< b, (5]

x
g E 72 (2y2x) (Qk+3) Oy
TS o EL

where é;,(K> is a truncated Zeta function given by

fNUO = Z ':I-/rﬂk . (54)

mz=p @
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In order to obtain a preclision of five decimals,
the followling conditions.are necessary. First, we used
66 coefficients in the direct expansion and evaluated all
except ;;Oo using double precision (14 figures). Second,
we obtained 10 coefficients in the asymptotlic expansion
(K =10) using single precision. Third, the value of N

was determined by

N= 9/« + 1 (55)

i.e. we assigned the integer closesito, but less than
i9/«¢ + } . Under these conditions the method worked

well for « 272 .

\
D. ASYMPTOTIC EXPANSION oF & f{x)

We are interested in an asymptotic expansion for

the integral

T , av/a,
) h (-1,
O (=) = o I” o[;c&gdz(l";) € (56)
~iT
where
\0’9_: cos cos'j cos 2

Starting from the transform

_ads oo Qe o
e . 2 jolte e

= 57 ) ) (57)

A
4
o
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and substituting

s = (‘"’;)Na

we obtain
, n‘led s * g2 xﬂ(;«“(ﬂta
=4 - -
0 [ Jem [t e , (50
Next using another transform of the form
b/17LC a 2
e QC du € -c ucosh (bw) (59)
J._.
with
b = XO. o<t
c= 'Ip
we get

dude [ (7
O (<) = 'a’ii [ "dz?—;%_}“j cl't]duu

(60)

L LA
X € c c . cosh (fndt%> .
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Since Xa ranges over positive and negative values we
obtain the identity

[[ daccijo\z. cosh (¥, t )
(&«"7 (61)

T —Ka tu
— J—_?‘j}j Ol’)cdaol'z. Q (o(tu0000>
() T

where @a(p:,v]).k,m,rﬂ has been introduced in section B

Finally we obtain the integral representation

ao( < o0
Q(x) = — j dtj du Q(oc‘tu)o)o,o)o>
i o > (62)
- ger at? 2
X e._.cx t e W /171

The major contribution to the .1ntegrand» occurs for
<+ =1 and Li=Yo¢ so that for large o the asymptotic

representation of @;(afu)O)O/qO> is appropriate. From
equation (30)

Jtu X (0,0,0)
o (d—tb\}O)O)O}O) < O‘)-,a (63)
3/
(oz'tuk\ k=0 (o( t u»)

we get
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oo oo : 7 Q +°
OW) = %ij j dt fdu e e~ o L}e“
o o
. (64)
(0,0
N Qa, ) 10,°)
=0 <¢(—t-a>?’/a"’k @
Defining new variables
Z = et 942‘:
2
so that
- 4T < 7Z < o
leaves
oo o0 - ,/L,tt2 22
@(«):?ﬁijo\tj dz e e”
i o -
(65)

Qb)op)'

X
X Z Qyn

ko (O R (az+ Q)R

-4

The major contribution occurs for Z=0 so that equation

(34) is appropriate. We have

1 ~ 1
(z2+ o K75 (x EONa

(66)

[o24]

17 ( Flr¥2) _
z P(:f‘/ﬁr:.' (f{)

m=o

™
z <=t
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and neglecting an exponentially small amount glves

Oy = B Zﬂ ZDO Q7 T (melex /2D
= e . Y
T o s Y”’(\«J«%J mi 7<2\d-m+3 a\x+ /2
(67)

dz e~ (-=z)"
-t “

o e.— %{»ta T _z;’“
X J;dt tm—é—’&\v’r?,

For large o we can effectively replace the limits of 2
by o¢ and -0 . In this form the integrals are now sep-
arable and have closed form soiutionse

Performing the integrations finally leads us to the
result

o X oM A D0 N ) (ame M mA)!
oCI~3!

m=0 k=o ()’ p(;‘*'a""‘l"a‘k P(\d—g/;) (ar) ]

X
- _it. Q)&/D(Q.\\
m2x? kK=o
LL 6 (16 (é8)
- —= 1 + 2 + g+~ J
= | A Ve
where we have used
(o/o,o) _ _LL_ 3
Ay 2 @y v k=1
_ i__ , k= 2
B (8211:)’3/‘1 ¥y
- 1 a‘$ I : )\ - 3
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The above expression allows us to calculate 10 co-
efficlents in the asymptotic series for (56). In this
form, the expression can be generalized to other lattices

and integrals (those involving products of cosines) by

©,2,0) Lymyn D)

by xy ¢ o

The coefficients given here agree with those calculated

replacing Q, ¢

by Oguchi (1960), who calculated three terms ,for both the
Cs CQ and Nol2 type lattices.
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TABLE 2

Some of the coefficients used

to calculate R{_("() o



(154)

k ay bk Cy

0 1.0 1,118635 .333333

1 6.0 1.0 222222 10-1
2 116.0 926962 .211640 10-2
3| 4.70399 103 .875 .211640 10=3
4| 3.27888 105 .835026 .213778 10°%
5| 3.50222 107 802734 216440 10=5
6| 5.31937 109 775764 ,219260 105
71 1.09012 1012 752686 .222146 10-7
8| 2.89928 101% .732570 .225079 10-8
9] 9.71168 1016 714780 .228052 10=9

Q=) ~ 4
2o
Q ()

™)

O
-

1]

o

Bk-H

Cak+DH (ke)]




