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ABSTFÁCT

Part I:
The ms,croscoplc propertles of an antlferromagnet for

temperatu-res belorn¡ the Neel temperature are d erlved from
fhe spln nave Helsenberg Hanlltonlan by a varlational
method-, uslrrg bhe Dyson-r{aleev and Holsteln- prlnakoff
transformatlons, bhree soluttons valld for arbltrary splno
magnetlc fleld and untaxlal anlsotropy are d_lscussed. ln
öerms of Èhef-r theoretlcaL pred.lctlon for susceptrbllltyu
sublabtlce megnetlzati-on and. lnternal energy. speclfrcally,
'for zero e-nlsotropÍ, we obtaln a rlew result for the parallel
susceptlbS.llty and" derlve many propertf.es ln the Ìinlt of
f-nflnlte (classical) spln" Alsoo wê compâTe our three
solutlons for a flnlee vaIu.e of anlsotropy"

Fart II:
A method rs deveroped whereby lattrce Green functlons

, and tiatson-lrke rntegrals can be readlly conputed by split-
ü1ng them å-nto a sum of a power serres and an asymptotrc
serles" T?¡e raethod- ls i.rlustrated. by the evaltratlon of an
antlferroma.gnetlc lnÈegral aird. a baslc thermodynanLc lJatsonçs
3-ntegral an.oì. folIor,¡ed by a treatnent of the 8enerallzed.
tr:roblem on aJ-l the eublc J:atbLces o
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CHAPTER 1

INTRODUCTÏON

The alm of thLs thesls Ls to d-escrlbe a nethod for

Obtalnlngo aE low tenperaüureso the macroscopl-c propertles

of an antlfemomagnet by usj-ng a non-Hernltlan approxl-matlon

to the spln wave Helsenberg Hamlltonlan" By lnvoklng

the varlatlonal theorem, rve are able to flt a very general

trlal Ha¡rtltonlan to the exact llanllbonlan and- then de-

termlne many macroscoplc propertles (especlally suscept-

lblIlty) fron the approprlate d-erlvaË1ves of the free

energy. We are Lnterested. ln a three d.lmensl-onal Eelsen-

berg Ha¡nlltonlan wlth unlaxlal anlsobropy and. external

magneblc fleId.. Slnce antlfemomagnetlsm Is such an acblve

a-îea for research, 1t ls necessary to lnd.lcate v¡here thls

work stands ln relatlon to others; ln the followlng we

wl1l oonsld.er gegg of the relevqnt papers s

In t952, Kubo, And.erson and. ZLmanu flrst consLd.ered-

very low tenperature propertLes uslng non-lnteractlng

spln r^rave üheory. Kubo (tgsz) and. zLman (L952) looked

at, some of the bhernodynamJ-c propertles whereas And.erson

ttgsZ ) was concerned. nostly wl.th zero polnt devlatlotts.

KanamorL and. Yosld.a (t955) and. Kanamorl and Tachlkl- (tgeZ)

calculated. and. compared. some of bhe low temperature pro-

pertles such as magnetlzabLon and susceptlblllty. Oguchl
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(1960) derlved. 1ow temperature expanslon for varLou pro-

pertles to ord-er L/ 5^ " Lateru M,Bloch (tg63 ana bhesls),

who caleulated magnetlzatlon curves, showed. how ùo use

a self-conslstent meLhod. to obtaln formulae whLch glve

reasonable resul-ts up to B0 or 90% of the Neel temperaüure
--'f'fF, " Low (t963), Nagal (L969), Nagal and. Tanaka' (t969,

L9?O) and Kanamorl and Itoh (L968, L972) have compared.

bheorles to experlmental results " These authors have

all used the Holsteln-Prlmakoff transformatlons and. thus

Hermltlan approxlmatlons .

In t956, Dyson (L956) shorved. how to use a non-Hermltlan

Hanlltonlan to calculate some of the propertles of a ferro-
magnet and. obtalned. the famous '.l^t 

"o"rectlon term. For

an antlferromagneto trvo separate nbn-flernltlan Hamlltoni-ans

have been d.eveloped (Maleev t958, Demblnskl t96l+) and.

used as well as the one by Holsteln-Prlmakoff " IIarrls,
Szanleckl, Armour and. Herberù have made extenslve use of

the non-Hernltlan representatlons ln an attenpt to ca!-

culate exact low temperaüure expanslons, Harrls (L968,

tg69) consld.ered. + and. + expanslons, Szanleckl

(t905, L96Ba, 1968b, 797L) has dlscussed. the klnenaÈlca}

lnteractlon and zeto polnt devlablonsu and- Armour (L970,

L97I) and Herbert (f97O) have also looked at klnemaüIcal

effects. Recently, Co.Illns and Tondon (t972) have used a

non-Hermltlan Haralltonlan to calcul-ate bhe effect of

second nelghbour lnteracblons.

LLu (t966) attenpted to comblne a self-conslstent
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calculatlon surch as Bloch0s wlLh the non-unltary trans-
formatlons l¡:trorLuced by Dyson etÇ. Unfortunately, he

emoneously obLalned. a Bernlülan Hamlltonlan (rn arsagree-

menf , for example, rrrlth szanleckl r968a) and thus encount-

ered. no serlous probleros 1n a Green0s f'"rnctlon solutlon.
As welI, he dld. not obtaln agreement wlth Oguchl (1960)

ln respect to tl:e 1ow temperabure suscepü1bl11tles" Flax
and Ralch (t970) used. Llu's method to investigate the ani-
sotroplc Helsenberg llanlltonlan.

Our 1d-ea ls to d.ebermlne to what extent a non-Herm-

Ltlan ¡'Hamlltonj.an" ls capable of explalnlng the propertles,
partlcularly bhe srrsceptlbllltles, of an antlfemomagneÈ.

For this purposeo three alternate approxrmattons are xrade,

one lnvolvlng the Holsbeln-Prlnakoff transforrnatlon (where

we consld.er nore ter.ms than previous authors) and. tvro

uslng Dyson-Maleev transformatlons (where all terms are

baken) " The general plan then 1s to d,etermlne the best

solutlon to the Hamlltonlan. !{e rsllI show bhab each of
these representatlons 1s equlvalent to evaluatlng the

antlferromagnetic Hamiltonian in three different approxim-

aflons. The alm ls to use a varlatronal calculablon wlùh

s. very general anproxlnate Hanlltonlan and., by mf-nlmlzlng

the free energyo d.etermlne the best solutlon"
Unfortunately Lt soon becomes apparent that non_

Hermltlan Hamlltonians d-o not y1-e1d. approxlmatlons whLch

are upper bounds to the free energy. Thls nathenatlcal
crLferlon usually used to compâre approxlmatlons becomes
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lnval-ld. It ls shown however that bhe procedure used ln

varlatlonal nlnlmlzatlon has a useful generaLLzatlon fo

the non-Hernltlan cases and by such a nethod we can d.e-

termLne the best Þaramebers for the approxlmate Hanlltonlan

ln each case" Havlng obbalned the best parameters ln

three cases, the propertles are eompared from a practlcal

standpolnt.

The above proced-ure Is equlvalent bo chooslng some

approxlmate Hamlltonlan and uslng flrst order perturbatlon

theory. Second. order bheory ls not carrled. out for two

reasons: fLrst" the second order solutlon 1s a1gebralcaIly

complex and. second-, the results would. be expressed. ln

terms of slx dlmenslonal lntegrals whlch at the presenf

tlme are d.lfflcult to compute elther numerlcal]y or ana-

lyblca11y.

The Helsenberg nodel assumes fhat fhe process respon-

slble for magnetlc - ord.erlng 1s the palrwlse lnteractlon

of splns whlch are locallzed. at lattlce sltes. The energy

of lnteractlon Is proportlonal to the lnner product of

the spln vectors, the constant of proportlonallty belng

the exchange constant ( Läwd rn tg62) "
In most cases

the exchange constant between two splns decreases wlbh

lncreaslng separatlon so lt ls natural to assume that

nearest nelghbour splns conbrlbute mosf of the energy"

In an anblferromagnet the exchange constant 1s negatlve

and. thls tends to make nearest splns anblparallel.
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Another form of energy ln an anLLferrornagnet arLses

from anlsotropy (lçeffer L965) bhere belng two forms l-n

parLlcular, d1-po1ar-d.Lpo1ar and. unlaxlal, Although these

contrlbute substantlally less energy to the system than

the exchange energy,as we w111 see, the antlparallel
arrangemenÞ cannot be achleved. wlthoub some stabllLzLng

force. fn a ferromagnet, one can use a small flel-d- to

sËabllLze the sysbemi howeverr ln bhe antlferromagnetlc

case one sees that the spln arrangement makes thls lmpos-

sLb1e" Mathenatlcally, Lt 1s convenlent to take unlaxlal
anlsotropy lnto account whereas other forms become very

dlfflcult to handle. For thls reason 'hre conslder only

unlaxlal forces Ln a manner slmllar to Nagal and- lanaka

(Lg?O) who lncrease ühe role of urrlaxlal anlsotropy to
take lnto account the d.1po1a.r-d.1po1ar. Thls serves to

stab111ze the systen and. hopefully wl11 pred.lct ühose

mAcroscopic propertles whlch do not depend. sbrongly on

anlsofropy.

Due to bhe algebralc conplexlty of thls work, whlch

lncludes many transformatlons and- reÞresentatlons, fl-gure

1ls lnclucled- to help ln guldlng the reader through the

matheniatlcal d.etalls of the laber chapters, In thls f1-gure

the operators used. ln each representablon are summarlzed

and the type of space ls speclfled" The al-m ls bo trans-

form bhe Harnlltonlan fron proper spln space to an lnflnlte
boson space ln whlch the approxlrnabe Hamlltonlan Ls d1-
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FTGUBE 3-
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agonal. Our procedure relatlng spln and. boson spaces ls
novel- ln bhat the proper spln spâce ls proJected onto an

lnflnlte spln space lnmedlately and. then ühls 1s napped

Ln three separate Ì{¿rys onto boson spaces. Most authors

nap the proper spln space onto a subspace of the boson

space and then extend thls to the full boson space" The

former route ls taken as lt serves to denonstrate the

mathematlcar equlvalence of the varlous representatlons

of the Hanlltonlan - thls facl, ls necessary for a compar-

ltlve study. This ls done at the rlsk of confuslng the

reader who ls fanl11ar wlth the usual treatment of Dyson

(tgSí) etc" Howeveru these method.s d.lffer only Ln phll-
osophy and not ln outcome.

In chapter 2u we seb up three representatlons of
fhe Hamiltonlan ln reclprocal boson space" In chapter

3, an extenslon of the usual vartatlonal theoren ls d_ls-

cussed, allowlng us to obtaln three solubions. In ord.er

to obbaln these solutlons, 1t ls necessary to d,erlve non-

unltary generallzablons of the Bogolubov and zero-¡node

shlfü bransformatl-ons" By the end of chapber 3, a method

1s developed whereby three solutlons valld, for arbltrary
unlaxlal anlsotropy and magnetlc fleld are obtalned.

In chapter 4, a comparLson of Lhese solublons ls under-

taken. Fl-rste $re flnd many thermodynamlc propertles ln
bhe llmlt of vanlshtng fleld and. anlsotropy so bhat lve

can compare wlth oLher aubhors, namely Llu. hle ftnd that
the paralle1 suscepblbllj.by dlffers from hts resuLt.
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The comparlson of the three solutlons shows that one of

the non-Hermlblan approxlmatlons not only ls easlesb to

use but seems to glve reasonable results. F1na1ly ln
chapter 4o the results of the lnflnlbe sptn ltmlt are

derlved "

The second. part of thls thesls ls concerned. wlth the

seml-analytlc evaluatlon of lntegrals appearlng ln the

flrst part. It rùas posslble however to take the study

far beyond bhe anflferromagnet. conüext and conslder

Lattlce Green Funcülons whlch are currently a very acblve

àTeà of research. l{e glve a brl-ef lntroductlon to Lattlce
Green FuncbLons, reprlnt a paper we have publlshed on the

subJect and. then show how the necessary antlfemomagnetlc

lnf egrals may be hand-Led.
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CHAPÎER 2

GENEBAL FOB}IUI,ATT ON

A. HAMTLTONTAN

Let us conslder a latblce system composed. of f{ atoms

or partlcles each havlng locallzed. spln" Further consld-er

only those Lattlces whLch are separable Lnto two lnter-
penetratlng sublattlces of N/2- splns each. In such a

system each spln ls subJect to a torque whlch we wl-l1 assume

ls due to three lnteractLonsc a HeLsenberg exchange lnter-
actlon taken onl-y between nearest nel-ghbour splns u a Zeenan

force due to an external magnetlc fleld. and. a unLaxS-al

force whlch ls a result of anlsotropy"

The antlferromagneblc nodel consldered- ln thLs thesl-s

ls then characterLzeð, by the following Hanlltonlan

3,, " 3,r"u + T X 3,j"t'('i

+ lft*
I <---r 

=. 
<7 .> I"LZ 5,¿ + + )"jl

ll = sZ,
d5

--+

B (2"A"1)

D f,l, ( si)^ -F X ( sA)' J
¿.ú

rchere

a) T ls the modulus of the Helsenberg exchange

constant
.-,b) >, l-s a sum over sublattlce 1-

"l * ls a sum over sublattl ce 2
4

J
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<-td) + ls a sum ov@r Z nearest neLghbors
--+

e) S,¿ le the spln of the I sltø of sublattlce 1-

--)f ) .{-. le the spln of the J slte of sublattlce ?_. "xJ
g) 3 ls I-ande factor

h) þts ls Bohr Magnetont.-
1) E ls thø external magnetlc fleld taken to be

ln the zx plane ln ord.er to al-low calculatlon of

the paralle1 and perpendlcular susceptlbllltLes

J) Þ ls the coefflclent of unlaxlal anlsotroPl'

In order to Ölscuss eaeh part of (2"4"1) separately, we

d.ef Lne l-1, , V, 
" Vr and. V3 such that

H = T H,+ Tpg B=.Y + 3¡re ß- V" DV. * (2,4.2)

B. PROPBRTJ_ES_oF tOçAJ,LZ_ED SSIN

A slngle spln operator satlsfles the usual angular

momentum commutatlon relatlons whlch can be wrltten ln the

form

[t',s"] = s+

It*, s-J

where

ft:s-l =-s- ( 2.8 .1)

S! = S*-*¿SY 6

fhe ground state I o Þ ls def l.ned by

(2 
"B "2'l
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S-lo> = a , S=J o) = -Slo) {2r '31

and. the exclted. states by

In) = k"=)^n !)-"^ (s*)'lô> 
(2.8"4)

where bhe state ln) has f) spln devlablons fron the ground

staËe. These vecbors are orthogonal and have norm glven by

(2.8,5l

One can eas1ly construcE an orthonormal basls by

d.lvld.lng In) by Fr,'|"', rn the orthonor¡qal basls the

spln operators have a inabrlx representatlon (see flgure 2)

such Elnab
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Frçung 2 "

Spln matrlces Ln an

orthonormaL basls.
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-S
- (s- t)

_¡s_a)
o

s=

S

O

(es)% o
ç+r)'^ çr-*r)%

o

o
(a s)Yt

S- Ls the transpose
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C. PBoPEB SPI[é34c8_eld_q39ND STAIE

.A spln operator at a lattlce sLte satlsfles the re-

}atl-ons glven ln the prgceed.lng secblon. hle now requlre

ühat spln operators at dlfferenÈ sltes comrnufe loe.

(z "c.L)

so bhab we are deallng wlbh a represenfÐLtlon 1nvo1vLng the

d.lrect product of hJ spln operators. A basls for the Han-

llton1an (2.A"L) ls therefore a d.lrect prod.uct of states

of the form (2"8"4) " The space deflned by thls basls ls
.N

( e S +- ! ) d-lmenslonal and ls called the proper spln

space. our use of 'þropeJ'and. ":-rpropef' ln thls connectl-on

follows Dyson (t956,,

In the llmlt of classlcal spln (see appendlx I) lt
ls easlly seen that our flarulJ-tonlan wl-Il have a ground.

state such that splns on opposlte sublattlces are opposltely

d.Lrected (see as well Herbert Lg?O) " l¡le therefore rotate

every spln on sublattl ce 2 by 180 d egrees so that (2,8 ,3)

becomes

t<,t
-Ð --+ !
LS*L , S^"J

<'zJti- s:j f o"j) = slei*? ¡

s; f o,L) = o si to"¡) = cr

,i*1 = a

lq) = Slo,;ì

(2 
"C "2)

s,l r q¿) a (e$'rå ii> s^; I or¡) = casJ'n ìt)
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A state of l-nterest can be represented by the dLrect

product

lo,,) \Ô,i.>---- lo,*,,,) loo,)---- looi)- - --\o*"¡^)

or by

(2 
"C "3,

Thls state ls not an elgenstate of l--l for flnlte spln"

As a consequence the ground- state has zero polnt spln

vlave excltatlons and. ad Jacent splns are not qulte oppo-

sltely d.lrected. .

ït ls convenlent to rewrlte H ln terms of Sf and.

S 
* as follows

H, = ã lsi si,r * å( s[s*, t s" s,l"r)l

+ 7, [rÍ., 5i * * (*r 5"i * su_, s,. ) ]¡t

V : 4 s; + XsÍ,t¿l

U =*f,(s;+s,;)-r +1,(s,i*5i) (2.c.4)¿\)

v- = t (si)- + X (s'î)' 
o'3 ' ¿ J

The ral-slng and lowerlng operators Ln H, and" V are the

cause of the state (2"C.3, not belng an ei.genstate of H ê

In general the ground state of an antlferromagnet Le a

I'o,t ro,)3 
ë
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llnear cornblnat|on of spln d.evLated states" Only l-n the

11m1-t of c1asslcal spln does (?-.C"3) become the ground

state,
The ground. stabe of the antlferromagnet has been

stud.led. by many authors - Anderson(1951 ,1952), Kubo(t952),

oguchl(1-960) , Davls(1960), Marshall(L955), Lleb and Matbls

(L962), and. PratE(L96L) and albhough stIll a llve lssue

because of the klnernetlcal effecr, (Herberü L9.70, Szanleckl

L97L), ls not a partlcular concern 1n bhls work"

D. PROPERTIES OF BOg_ON OPEIìATORS

Boson operators are deflned by the relatlons

[b,b*] = t ., [b",f: = o (2"D.].)

rf Iand. b ls the ad.Jolnt of b " Lettlng the vacuum stafe

of our boson system be I ") u lt satlsfles

(olo)=l- ., bto)= O ê
(2 "D "2)

The exclted. stabes are orLhonormal lf we deflne them as

- t/. z.-¡-\/)
lrr) = (nl)-'* (b.l' lo) ., fr', o (z.D"j)

that ls (v^n I n) = 5*, ^ e

It 1-s also convenlent to deflne a number operator

.A = Ë" b and. lt follows that

[f,À] = -f , [b,âJ =b (2 "Ð.1+)
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^and. rrìrr) = nlrt)
Note that our boson operators are deflned on an lnflnlte
d-lnenslonar space. rn order to seb up a correspondence

between spln space and. boson space one nây eLther enlarge

the (as+r) d.l¡nenslonal spln space or conlyact the boson

space; Ìùe choose the former course though other authors

use the latter(Dyson 1956) 
"

Matrlces for boson operâbors (see flgure )) are

1r^ = (çrr-r) Eo,rr., )

t^ = .'u.,'le Sy,^*, ,

b+^ = *tla Çn,, ,., d

(,2 
"D " S)

E. EXTNiDED SPTN SPACE

Conslder the spln matrl-ces (see flgure 2) and- make

the natura] extenslon to lnflnlte d.tmensLonal space (see

fLeure tl) that ls

sio = [l - (\J1"' L/' (as) ia 
åk*r,Â



( 1e)

FIGIIBE ? 
"

Boeon matrlees
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OJ-

?

3^n=

o

O

t, O

?'o o
3't^

o

.+t-b

o

b r" the transpose of k 
l



(?L)

FTGURE 4.

SpLn natrlces ln extend.ed. spln space

partltLoned Lnto proper and. 1-mproper

parts.
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(s-i)

(s*t)

O
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O
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(zs'i''
t-
I

I
tL
¡

I

I
I
I

ô
. -lr-(?s+¡¡'' .,

.S - J-s the transposu 
"f 

Sf
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but k and. -P- range from L to

bhe same commutatlon relatlons

spln matrLcesî however So and

ad.Jolnt but satlsfy

cO " Such matrl-ces satlsfY
(2.8.1 ) as the orlglnaL
S- are no longer mubually

(s*)-f = ( s-f (2.8"2)

Thls means that S*= S++ S- ls not a Hermltlan operator

ln extend.ed. space. From Lhe rnatrlx representatlon (fl8ure 4)

one can show bhat St l-s normal ( SFcommutes wlth (S-)+ )

and. sYmmetrlco

These mabrLces are defLned on a larger space which ls

formed. by ad Jolnlng an 1-mproper space to the proper spln

space" Taklng bhe d.lrect product of fV such spaces glves

a space for the Ea¡rlf bonlan l-{ whlch ls made up of a (aS+l)N

d-Lnensional proper spln space and- an lnflnlte d.lmenslonal

lurproper spLn space. H ls no longer a Hermltlan operabor

ln extend.ed. space"

The effect of operatlng ln ühls extended spln space

wlth operabors whlch orlglna1ly are d.eflned ln the proper

space ls termed the klnematl-cal eff ect by Dyson (L956) 
"

Slnce thls w111 lead. to an error 1-n c+lculatlng the

eLgenvalues of ll lb ls referred. to as the klnematlcal

lnter¿rcbLon" trde shall- lnvestl-gabe the consequences of

uslng thls extend.ed sp1-n space ln the sectlon (3"4) '
We can note however thab ln the l"lm1t of lnftnlte spln

the proper spln spaoe becomes lnflnlte and. the kLnematlcal



(zt+)

å.nteractlon Ls zeîo, Thls means that at least there exl-sts

a solutLon whl-ch l-s valld for classlcal spln" The present

work adopts the phllosophy lnherent ln mosb of the lnvest-

lgablons of spln wave problems, that the error lntroduced

ln uslng the exbended. space should be small- for large spLn.

The eonsensus of prevlous lnvestlgatlon suggests that the

results so obtalned w111 be useful even for S = L/?-

F. HOLSTEIìü:P3II'44OFF TBANSFORyIATION

The Eolsteln-Prlnakoff (HP) transformaùLon ls a mapplng

fron the extend-ed. spLn space to a boson space. lhls mapplng

5.s eastly constructed- by notlctng that Sr (see equaùlon

2.8"5) ls a prod-uct of two matrl-ces

sT* =

where

Z
L

Êuo Bo- (2"F.1)

(2 
"F "21

(2.F"3)

Êo- =

Bo". =

( ? 5 )/o ,"'.r'/" S Ì*, rn+ r

Ir- t/er]''' 6n,^

[J ",^ l"s a d.lagonal matrlx and. has eleme¡'lts whlch are
Ân

functlorç of n (see equatl-on 2 "D"6). ñx.r l-s a slmple

mulËlpie of f (see equatlon 2 "Ð"5). fhe conventLonal

¡nebhod for constructlng bhe HP transformablon 1s somewhat

d.Lfferenb (see for example Kl,ttel, Quantum Theory of

S olX-ds ) .



The ful] rnappLng for eaeh spln on both sublattLces

le repreeented- ln operator notatLon by (henceforth we let

à=n)
-z_ -l-S,L -.è S+ t,',L

^+ ,t^.-l- ' | ...t/Jts,i -à (as)" b,,- ( t - ds n,¿ )
t1^

s,¿ -) 1, s)'/t ( r - * ñ,1 )'* b,;_ (2,F.4)

{zs)

S fl,r*, . Srr"j - t)t¡*s n*o)

+ es t;*, ('- ,ãtr r,;.r)"* tli ( r- *.^où"" 3

+ hernl.tlan conJugate

Thls transformatlon ls llnear, unltary, preserves the

spln commutablon relatlon (canonlcal), and therefore

preserves the elgenvalues of fJ ø

In bhe boson representatlon the Hamlltonlan becortes

H,: à 4 I f- s3* 5n,'".. sr,¡*' - {t,.ñ.j*" )

+ ãs b1¿(, - à r',,rj'' ür.u (r - *, nejt')'o 3

+ àE IC-se+
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'V' 
=

Vt=

Z n^i
J

bl, (r- *

<'7/- flrL

(¿ s)'t 
''-{1

, 1a s¡'/a
'f'.a

(2,F ,5)

t,,. )''o

¿? þai \ I - as
.v

.J

n"j )''^ h.cn

U : 1 ( sL ?1n,; +û,Lr,r) * Z (slag nai oû^iilrj)

A maJor problen of the HP approach ls now apparent;

ln order to þroceed. wl-bh the calcul-atlons lt 1-s necessary

'bo expand. the square root operaÈors found. ln fhe above

equatlon (Oguchl l,96OI " Such an expanslon ls not valld

for Ð; ) 7S and u even Ln the proper spaceo ahl flnl-te

number of terms only approxlmately represents the Eamllt-

onlan. Howevero thls does have bhe ad.vantage of naklng

H flernlt1an. Retalnlng three terms ln the expanslonu

whlch amounts to an expanslon ln S to order J"/st (Harrls

1968), we get

[(- s" + 5-,o,; ¡- s vla ¿+E - ñ,¿ ñ^¿rs )H,= àã

.+ ,+
? S V,;b^,,t ü.*t (n,, t^ fla,-*s )

b"r., ñ; f)¡;.1,

blrr, (t),', r'r,; + n¡.doç ar¿.r )l

t+
Z b,¿

Ë,;

t
J+ gs

,
e

/ês
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+

, | ,f r+t 8S br¡+s b¿¡ û,i,t naj

- *t fU', b"j (r,rru nrjt6 o ,orj 
^,¡ )l

62"n"6)

-f- hø€n

a | (?s)'/o,vt-"1
þ

+ (u =)''' f?j

b"j =

q=

#r"'t;n,;?'r,;)

;þ'É'¡r"¡t'',i)

L
+s

t

+s

fr

üi

v,¿fr,;

t¡"-o -

hr@"

V, and. U remaln unchanged. "

At thls stage lt ls posslble to take ad_vantage of the

translablonal l-nvarlance of the lattlce and for thls purpose

Ì,üe lntrod.uce Fouriet^ transform operators. Let

b,L.

+
b,L

k

(å)^ã '{k

/ 2\/.ç -l\N) + c-rk

-+

- r.l..e
-)+ ,[e

d.,

. R,j

tz .F .Z'l
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îÞ
The reelprocal vecÈors k (tfre vector dependence of sub-

sertpts ¡v111 be onltted) deflned by thls operatlon satl-sfy
the usual property

-+
k 'R,i, = ?rr x (rrrt*s**) (2"F"9)

crhere R,'.. ls the posltlon of the i th *tor. Thls transform
can be thought of as a further mapplng onto reclprocal
space bhat d.oes not change the elgenvalues of H "

Wlth thls substltutton ¡se obtaln

j S? / -f r+ |fJ, = - N z-S^ + az-S { ( c*cr + dx dr

=r l(k) C,:di * X(h\ crâ*. ) (z.F"e)

2- <-7-n, fr" [+xCr.-r.') .il cr dår dd*v

+ Y(ktf ) 
""f 

cx c r*V dur. ( 
' 
o fr)

+ l(xt7 ) cf*7 cI ex, cl r.'Í. (' * ä= )

+ Y(r.) .o då o\ro? clu,_F (,r- * )

+ r(r.) "i d-".f ,{l 
fr_ 

du, ( t n å ) l



+sl'.J k'o

t29)

r3, 
t co dl' àI, d rn7. cl¡*7'.1 Å,-Z,olY¿k)

-r+ ch' Cv.*?Cr.*Z n CV'-1.'nf do V(t )

ì.K

+
ck,,

? 
"l ck, c.,, då? àu,o',, à.**l-3, \(r.-r.'- I")

c[ dlr aI.z d*T_ l,ot d*, d*,, x (k)

"l-, c[,*1, 
"[,-z',? 

cr, cx, d* 'l(r.)

" 
{t.I, .-d|"l.{I,, *g-1,, d,u*? Y ( u- k'- !" )J

V

( 
"i ci ci, , c1c.¡** o,+8,_ î

* dId*idi, dr dk+k,n- o,,-l) + h.c"

= ¡çs' - ?s Ç tclcn- dic*)( r - å)

"r 2 f ( cl c¡", c¡. 
î c t-E * aiai 6d¡.o/- ..1.*,-7 )Nffii\

" ,lIdT,d*-,r)

v.J
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¡ehere

+*
v(k) = + 7, -. k" Ks

5
4z,F.10)

and. we have used.

-)+-+
ç ? ç e'(k-k')"R':-àk,X' = F.r î n (2"F"11)

Thls representatlon ls Eermltlan and. the boson operators

have been commuted. so thab they appear Ln normal ord.er ( ef

preceed-s C , ¿+ preceed-s d and c preceeds J), rt ls

1-nportant to note that the elgenvalues of thls Hamlltonlan

are not the same as'those of (2,4.1) for two reasons.

Flrst (2.4"1) operabes ln a proper spln space and. (2"F"9)

operabes Ln an extend.ed. spaee and- second, even lf we al"low

(2""{.1) to operabe Ln extend.ed. spln space bhen (2"F"91 ls

stlll not equlvalent slnce we have used an expanslon for
square root operaÈors.

G. DYSON-MALEEV I TRANSFORI'ÍATTON

In flgure 5 we d.eflne a d-lagona1 transformatlon natrlx

lr- = t. ò"r,, whl-ch has elememts glven by bhe recurrance

relatlon

-t- -r- f q - (.e-:tl 1-"^ ?Tt= co-,L I- 7S-J + br,"u," ,, -Q- 
>, ä, (2"G.1)

wlbh t, = .l- " Iü ts easlly seen that such a matrlx ls
non-slngular and non-unltary" If one transforms S=,
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EIcURE-5

Transformatlon matrlx -l- correspond'Lng

f,q Dyson-llaleev transformatlon "

Transformed matrlx Sf'
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S+ and- S- (see flgure 3') wlth -l- so ùhat

-]--'s"T = 3=
(z "c.z)

A-t s*T = ã* T-'S-T= ã-
a new representatlon for the. spln matrLces ls obtalned."

ThLs representatl-on was lntrod.uced. by Dyson (t956) and.

l¡taleev (f958) " The Dyson-Maleev I (DUf ) representatlon

uses thls transforrnatlon on the spln operators of sublattLce

2 and. transforms sublattlce 1 accord-lng to ühe lnverse

--lnatrlx I n

The fuII one-to one mapplng (a1so used. by Armour. L97I,

LLu- t9660 Harrls L968) for each spLn and. both sublattl-ces

Ls represented- ln operator nobablon by

s;-+ -S*t"it,;

s,i - ¿as)'/o b:

5,;-| (as)'/a [lr,;- (as)-' *b,;b,:l

s; -Þ s- 4ib"i

t;* (as)'/eb'

(2"c"3)

sh -Þ ¿as)'/' iü; - (Às)-' q ü¡ b,;1



(3&)

Thls transformatl-ono &S we w1.11 see, yLel-d.s terms ln the

Hanlltonlan lnvolvtng up to 
'+ 

operators. There 1s an

albernate transfornâtLon (Di"1II ) ¡¡hlch uses the same T
for both sublatblces and. we wL11 lnvestlgate bhls ln

sectlon H where we wlll see þhat bhe Hanlltonl-an lnvolves

terms up to 6 operators.

The DMI represenËatlon has bhe effect of lnbrod-uclng

a rsHamlltonlanF whlch ls not Eernltlan even ln bhe proper

subspace. Although thls seems llke a d.lsad.vantage lf
enables us to overcome the erpanslon requlred by the EP

nethod-, In the boson representatlon ll becomes

l¿'H, = 1 L- S'- + Sr,L * 5-^i., -t)i,ñr,,+tu¿E

7,
J

<7\/.l /J t ltL
L

+ S b,i boi.*:

+ ã t - S' -r Srn,;,x + Srrj - 7'l,irs fl.j

rsß,¡,,f,j -þ {,,{r"j

L 11,1 b,i b*¿rsl

¡rj (2.G.t')
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va = $'"T ( bÌ' * b,L - * n,i b,L )

, (?r)'"ç ( i_ i+ t. ì \+ -Z- + \ þ"j + 5,j ?s b*i n"j )
('-t

% = +'(st- ãSfl,¿+r),1 n,'.)

+ 7,(="- ÂSflr; + no."flrl) é'
J

Perfornlng a Fourler transform (see 2.F.7) we obLaln a

representablon for H ln recLprocal boson spaee

Hn = N= s'+ ?=S ã ["Jc* + "tf a*
h

+ Y(x) *fd,: + Xtç-l.oAn ]

zl
N Ét} [ +vck- ).' ) ef,c,.d,i-Ê drl. a

+ ?V(lr.*f ) ci c¡ co,o?. d**1.

+ ? Y(k) .i r{å t C¡-l_.\r ]

V,= 4 ("fco* otîa,..)

Vr = GNl'" [ .]+ co * .À: * do

åØ 5ñ ã, ( 
"åtr' 

cr cr.' n dl dJ .1o.,.,)J

(2"G"5)
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U B Nsa- ?sX (cico-dÏd.)(r-?t)
kr

oL t. (n+..'tr. - ,+,f ^t I+ ñ #u 'vrrLL' -k+?cr- t + di "lrj dr*E d *'-, ) a

Thls representati-on of H now has the followlng d.es-

Lrable propertLes; lt has a flnLte nunber of terms andu

Ln the extend.ed space, 1t has the same elgenvalues as ll o

H. DYSON-I{ALEEV TT TRANSFORMATTON

Thls transfornatLon d.enoted by DMII (also used. by

Armour t97L, Herberb t97on Earrrs L96e, coIIlns and. Tond.on

L972) fs characterlzed. by

s:-+ -€.r* I
-lro

S; + c"s)7* f¿

__ . ¿^^a,,J-a f, t , _*-),1 --à (a> ¡ L DrL - ( a s)-t b,; b," b,¿ J

,z .+, (z'E"L)

)aj -Þ S - \; brj

(f + 1^o\t/a ft " 
o'{- t' t -1

-:J .ås)"'Lb.j (ast'bajbrjbrij

S.. ¿as)'/r f-,*.J *J 6

Ib represents a bransformatl-on by T-t 1""" sectlon G)

for bobh sublabtLces.

carrylng out the same procedures as ln secþLon F and
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G ylelds 1n the boson space

H, = ã 
(- s" o Sz1,å a Sn.ir6 - Ð,1 ñ¿irf

+ s b1. t*.*, t fl,¿ b,ä baÉor-

+ S b,; bai*s + flaúos b"¿,s b,i

L+ 4ß û,ë b,í fla¿rs bel*6 )

+ V, 
(- s" o S r,jou + Sr4 - fl,j*o fl"j

+-l.f
S b,;0, b"¡ E n*j b'j b,jns-

(2,8"2)

% = ã Ctl?sn,i +{)t¿n,;) * I 
(*4"*nÉ *r-r,j nr¡) 

ø
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Uslng (2"F.7) agaLn transform to recl-procal boson spaceå

L¿s& abba1n the followLng expressLon whlch ls equlvalent

to (2 "H.2) e

llo = NzS*+ ?=-SãtcJc*+dldk

+ xth) clåi" + XLr.) .*å*]

æ i ë {-Y(x-u') c[ co,dLl .{ç,*f

+ 2 r (Ð cn di d.x*t, d É-7.

+ ? x tr.-7) .i cç C¡+ î. åo*1.

+ 
ã,rr,.fan, "x. 

dl.r dÈï, dË,* l-î' t(r-r'-1." )

V = *X 
(cico- alao\

va; tî'"[.irco*ál+do

* * ã ( ti.u c"c*' " d:*' du a* ) ]

y- Ns'- tt T (cfco* dl.t*)(t- ft)

" ft ã, ( cfci c*,& c* 
7 " dl dl d--r .\*.y ) 

6

The DMII representatlon has a dlfferent forn than

(z.E,j)

V

DMI but ls equlvalent and. has the same elgenvalues o ltlote
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the 6 operator terns ln (2"fl.,z) and (z"H"j) that arlse
fron the product Z S; SI*, ln (2.A,1). inere are at
Least trso other equlvalent s'llamLltonlansæ formed by takl"ng

the ad.Jolnt of DMI and. DMII but they d.o not appear Èo

}.ead. to any dlff erenc€s o
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CHAPTER ?

PIETHODS OF APPROXIYIATION

å. VARIATIONAL THEOBEI4

X.) Conventlonal theory

In ord.er to calculate the bhernod.ynanlc propertles

of H we can make use of the rnod-lfled. PelerLss theorem

(FaIk t963, L96L+\" Thls theorem süates that the exact

free energy ls alr^rays less than the sum of s (a) ttre free
energy assoclated ralLh an arbltrary tr/cü ensemble €-F't"
and. (b) bhe expecbatlon, ln bhe trrc-I e.rt*:¡r.,bfu. of the

d.lf f erence between the 
. 
exact HanllltonLan and. the tr.¡sl

Hanl-ltonlan" Mabhenatlcally bhls Ls expressed_ as

( 3 "A,1)

where

E

f,= Ë ln

( n - H.Z

[t. -- P 
H"]

F=
and where

= Tn. [ "- 
PH'(tj-rr"l)/r. e-PH-

k = Bolbz¡nar¡nss constant

t/ ut

T ,= Absolute bemperature 
@
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Usl-ng thle theorem a v¡eLl known method of approxlmatLon

becomes apparent" One chooses a tnÉi.I Hanlltonlan ll.
whlch d.epends on one or more paramebers c( and. nlntmlzlng

expressLon (3,4,1) JÍields the mbestru value for these

¡raramebers.

However, the proof of thls theorem lmpllcltIy assumes

that both H and. Ho are Eernlülanå lf elther l-l or Ìlo

ls non-Hermltlan the lnequallty, ln general, ls not valld-.

Thus vre can use thls theory to ealculate the propertles

of l1 only ln the HP representatlon; Ln thls case we obtaln

sn upper bound. for lu " For the non-Hermltlan cases we

wLl} need. a generaLlzatlon of bhls approach.

2) Sta'þenenb of generaS- varlatlonal theorem

ïn thls sectlon we âre concerned v,rlth the case Ln

whleh H ls Hermltlan and. H" (.< ) ls non-Eermltlan.

Consld.er a very general statement of bhe varlatlonal theorem

(Park, Quanüum Theory, p"2)6)z
.f.

Let Y^ be an exact n th eLgenfunctlon, whlch we w111

not assume nornallzed-u and. suppose that a small error or

ehange Ls made ln lt. l{e requLre to know the comespond.lng

ehange Ln the energy f:^, I,ie wrlte 8^ as

E,J%-Y^ (3 "A "2)1 f v*þr W
J l^ l, I ¡1

and. þhen we let U become Y^ -n 
"6 

f^ and correspondlngly,



(,1+2')

E n', becomes F^ n 5 E^ , Taklng d.lff erenbLals glves

5E* Iv-*% r E.( IsY"-tí *f Y,*s Y^)

= f sX-H*, + f v"..Hs% e

I_
Er"ì

(3,A.2)

or

Uslng the Eerrnlblclty of H and. the fact that y^ ls an

exacb elgenfunctlon glves for the rlght hand s1d.e

( fsf-,*f-* f Y^"s*,)

so that

6E. [*,-% = c

5E- = O e ( 3 "A "le)

ThLs shows that lf one can guess close enough to the

correcb wave functlon for any statlonary state whatevero

then t,he error fn {}-i) w111 always be a hlgher order j.n

small- quantLbles than that of the r¡rave functlon.
If f-+ S % ana 'll are related by a non-unltary

transfornatLon the bheorem remalns vaIld. (however 5 %
.iå

ana 5l-" are no longer slmply relabed-). Thls theorem

can be applled. to bhe free energy by replaclng 14 by e. PH

and Ç by e--Ér^ and. noblng tFrat e-PFl ls HermtbLan"
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ThLs property of the solutlon has been observed before

and 1t 3.s noted that although bhe varlatlonal functlonal
ls statlonary at the exact solutlon, lt has ln general

nelther a mlnlmum nor a maxlmum (Ah-san, Jensen and smlth

L?TL) 
"

on the basl-s of the nodlfled pelerls theorem and the
general variaùlonal statenent we postulate the followlng
crlterlon¡ The mbestæ value for the parameüers of the

tr.r.i-,t l- non-Hermlblan Hamlltonlan sattsfrru the condltlon

*"[q + (u- H">,J (3.A"5)

howevern Èhe free energy ealeulated. l-n thLs way ls not

necessarlly greater than the exact free energy f-" ø

To show that the lorser bound no longer holds Ls slmple-

ühe free energy ln general l-s eomplex and, the ord.erlng

relatlonshlp ls not deflned."

01ear1y one of the probleurs ln the proof of (j.A"S)

ls fhe subJectlve nature of mbest¡0. One notes that any

value for oc forrns an approxlmatlon to the solutlon so

that the real proble.n ls i^¡hlch to choose" rf the mlnlmum

vaLue for (3.4"1) Ls @besb* for a Hernltlan approxlnatj-on

then l-b nlnlmlzes the effecL of hlgher order perturbatlons"
ïn thls sense one expects (j"n"5) to represenb the lebesb!¡

eolutLon 
"
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3) Proper spLn space

In the followlng dl-scusslon lÄre are concerned only

wlth bhe proper subspace l-ntroduced. ln chapber 2 " Ïn

the spln representatlon H ls Hernltlan and ln the DM

boson representatlon H 1s non-Hernltlan. Chooslng some

approxlmatlon ( H. etther Hermltlan or non-Hernltlan)

to ll 1n boson space ln general w111 not be Hermltlan

when transformed back to spln space. Slnce the Èrace l-s

lndependent of representatlon we see that any approxlmatlon

to l-Ì ln reclprocal boson space amounts to approxlmatf.ng

a HermlLlan Hanlltonlan ¡vlth one whlch Ln general ls non-

Hermltlan "

It r¡ould be very fortunate lf we could choose an

approxlmate Hamlltorrlan ln boson space whlch fransforms

lnto a HermlUän Hantltonlan 1n the spln representatlon.

Such approxlmatlons are posslble but they seem too nal-ve

to represent adequaüeIy the propertles of an antlferro-
magnet. For example, lf one took the Tslng terms (z

cornponent of spln) these would transform lnüo a lIerrrltlan

Hanlltonlan ln the spln repres.entatlon but they d.o not

predlct spln wave excltatlons"

4) Ktnematlcal effects

There 1s another problem assoclabed wlth thls Lheory"

It can be shown that the spLn Hamlltonlan Ln exbended

spLn space l-s not bound.ed bel-ow (Armour t97L)g Thls

3-mp11es that any exact solublon to the free energy ls
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meanlnglesso Fortunately an approxlrnate theory saves

us from thls dl]emma" Conslder the followlng anôlogy:

lle want to efluculate bhe lntegral

L - fl@-;r^)e dx-

for large values of 13 o

æ- fron ( 0, 1) to ( O, 'o¡

H =' 2c- ?ce

has no lower bound..

e-Fu(to

An extenslon of the d.omaln

clearly l-nd-lcates that

(3"A.6)

of

(3"A"?)

ïf we approxlmate the lntegral by

+---)d*
pl
ï'
tì

J6 P; ( 3 "A,8)

now an extenslon of the do¡aal-n lntroduces only a small

error provld.ed we cLo not take too many Èerns ln the ex-

panslon 
"

The anõlogy 1s complete by ldentlfylng traee wlth
Lntegratlon, lrnproper space as d omaln ( 1, c.r ) , and. l-16l

wlth X " The lmportant conslderatlon then ls nob Lhe

result of klnematlcal effect on l-l butu more lmportantu

the k1-nenatLcal effect on llo" If l-lo ln tmproper space
rlrepresents ì-lo ln proper spln space then we can say that

we have an asymptotlc seri-es solutlon for H. We wlll
show that ll. ls bound.ed bel-oru,
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B . APPROXI MTE jHAM nu

The basLc crlterLa for an approxl-rnate HamLltonlan

are Èhab lb represents bhe propertles of the system and

lt has an exact solutlon. UsuslÌy thls Ls guaranteed b)

selectlng the domlnanT- part of the fuIl Ha¡slltonlan and

treatLng the remalnder as snall. For our case, ãt lor,q

temperatures, one expects that those terms contaf n1-ng the

fewest number of boson operators w111 domlnate d,ue to the

fact that the ground state has been antlclpaüed. by (2"C"2).

Chooslng those terms (see equatLons 2.F "90 2"G.5 and. 2,H.3)

contaLnlng only one and- two boson operators Ls a natural
candS.date for such a tr.rò1 HamlltonLan"

In order to take lnto account the hlgher ord-er terms

we lntroduce elght parameters €o n " ,4,4, .Çl-ç and obtaln

Ho = - NlIz S^+ ?ìfzs X
!( t €a.ti"l *

.r- å. TCf.) cfcl,f + s+ V(k) 
"x.\n ]

r ry (qc" + %cl {- %do+a* dl'

I e, c{cu

(3"8"1)

Note that thls Ls a non-Her¡nltla¡ *Hamlltonlan'! but we

w111 show that lt has an exact solublon and. has real

elgenvalues.

The solutlon of thls operator lnvolves the use of

fwo non-unltary transformaLlons. Flrst make a sh3-ft ln

fhe zero mode ferms represented. by



ck

el + Sr,o ( sN )'/o e,

bx o Sr," (su)"'g.

bl " Ex,o csN)"" f+.
Thls transformatLon 1s not strlcüly llnear bub ls an afftne
fransformatlon and can be made llnear only by lntroduclng
a larger d.lmenslon space. l,Ie wtll nob d.Lscuss lts non-

ll-near aspects but refer the Lnterested. read.er to clark
and. Derrl-ck (Mathematlcal Methods 1n solld and. superfluld
Theory) ' Howevero a slnllar transformatron has been used

before (Kubo t952, Oguchl t96O) and. Lt does not seem to
l-ead. to any dlfflcuLtles.

Shlftlng the terms lnvolvlng two boson operators
glves rlse to s1ng1e, zero mod.e operators wlth coefflclents
lnvolvlng €¿ and e¿ " These terms can be mad.e to cancel

the one boson terms appearlng ln (3"8"1) by chooslng the

approprlate P, , o " Pt+. The P¿ whi-ch achleve thls can-L L' \
cellaËl-on satlsfy

e, = +fzs ( e^ç, - €u4 VG3o* á, € n )

(t+z )

+ck=

dx =

dl :

(3 
"B "2,

.3"
¿fÏz. S (t;g - x+Ç.r)/{t,t*-4r.r) 

(3.n.3}
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f* = #. (e,r, - î+"r) /{r,r,- zrr"¡) 
è

Thls leaves

f-t= - rvT¿se o 2T-SZ I e,of,e,. * r^ blbu

+ e. dtÐ qf bi + ár ((ìò oxb*J
( 3.8 "tl)

- ?ìi-z-SaN (e, g,¿r" ' t* pt(+ r rs p,pnn€ïg,g. ) ,

A second transfornatlon ls needed to reduce thls to

d.lagonal representatlon whlch can be done by means of

nod.lfled. Bogulubov transfornatlon (Oguchl tg6O') ¿

Qk = (r<ocoshê,n.- [¿I "rr,,r, 
e,, ) ,/ f cosrr (S,*-t"J ]''o

crf =.(;þo"r, ó*o- px "r'r, 9"r. ) / fcosh (O,x- o".) lu^
(3,8,5)

bu=(-"Fosrr Qu* pr,, "r'n Ó,,.. ) / f cosh (D,*-8*¡,.Iu"

Uþ t-;*cosnQ* + pî "r'n 9" * ) / fcosh (o,*- s. *)l't
Thls non-unltary transformatlon 1s canonlcal (see appendlx 2)

and. therefore deflnes new boson operators 4t, PO and.

^/l -n.+-^ substltuttng ln equatton (3"8"4) and. setbtnga<¡ n lrf\ o v

bhe coefflclenLs of the berms dr.p^ ana tJFI equal to

a

&
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ze¡:o (see append.lx 3) yle}ds condltLons on the parameters

9,* 
"n¿ 

Ô"* as functlons of €r "'€"f " Flnally we obbaln

(3"8,7)

Ho = - NTzs'+ ?T.s 4 c I rJ-{k - pî p-l

+ ?T-s ã J' I c rì ]r)a ( ñ.- D" ) rckfl"'(of,.n *pt Þ-* r )

q3"n"6)

vrhere

fl = å (r,=*r*)

g : à trr.r ra - 13- Ey )

C = t,(r,-r,)

D = à (ar-t,t) 
@

In thLs representatlon t,he tr¿Jà1 Hanlltonlan 1s seen

to be dlagonal slnce Lt depend.s only on the number operators

flh-- ,{rn and /l,i'Pf Po r these take on values O ,L " 'ñ"
For llo to have a lower bound. places the followlng con-

dltlon on lts paramefers

(3.8"8)
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Thls oondl-tlon trs obtalned by nottng that - L ÉY¿X) * 1- 
"

We now have an approxlmate HamllbonLan whlch ls bound.ed.

below and. has real elgenya [-u.ês,

The physlcal lnterpretatLon of (3"8.6) can be nade

ln terms of spln waves " One excltes both *i1* type
_ ^ë^waves and. Pr Pr type rmaves and. the dlff erence ln energy

requlred to d-o thls ls gl-ven by eC " As we wlL1 see,

C 1s dlrectly proportlonal to an external magnetlc fleld
ln the z dlrectlon so that a magnetlc fLel-d ls sald to

spllt the energy spectrum. In thls plcture the lower

bound condlblon (3.8"8) ls equl-valenb to requlrlng the

dlsperslon functlon to be posltLve"

E"TPECTATION VALUE OF H

In thls sectLon we w111 show how to calculate the

fo3-lowlng ürace

T,^ ( rJ e- itr")h(e-Pn") = ( r-r¿
/

( 3.C,1)

where l-1" ls deflned. ln sectlon (3.8) ana f-l ts glven ln
elther of sectlons (2,F), (2"G) or (2"8)"

A stralght forward nethod conslsts of expresslng

H and. H, ln a representatlonr 1.n whlch Ho ls dlagonal

(1.e. the ¿ ,ç represenLablon) and" bhen only the dlagonal

elements of l1 conbrlbute to < H >, , Any term Ln I-l

whlch can not be expressed as a funcblon of y'l¡ =r(kr. an¿
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l= [3i'P* wlll be off d3.agonal and can be onltted' We

Èhen make use of bhe followlng resulbs whl-ch are wel-l

Ïcno¡¡n f or boson statlstLcs;

1nr'z

(3.C,2)

:
e*e,

Thls glves an expresslon for < H>r ln terms of bhe average

occupatlon numbers (of !-i" ) v¡hrch are hrown.

The stralght forward. approach outllned. above Is nob

praetloal d-ue Èo the amounL of algebra lnvo1ved.; howevero

lt ls posslble to slnpllfy such a proced.ure and thls w111

be d-one ln appendlx 4" In the followlng, we w111 slmply

motlvate and. then wrlte d.own the end results.
If we deflne ühe followlng quantltles

lnr t¿) = {no),(,or)-

d, = - * ã <"fth+ d;ct* + t(u).l.tl + ((Ð"*d*ì

dn= - * ã<ofc*+cllc'[r.). ( 3.c,3)

4z= årT (c,lco-Cl.\*l

d+ = *" 4 rck) <.ildi - e,..[r)
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then by transformLng lnto the dlagonal representablon

ftrst by shlft,lng accordlng to (3"8"2) to obtal-n

@ ( 
C, P^ n PrCr " €^p+n (,C.)

de= - å T, <afau+4t.1 (e,f,- C.tr)
(3"C"4)

ds= - *, 4 ,olqo l,{b*> - (f ,e.- (tpo)

d,t = " *, X r¿xt ({b;- q*bà - ( g,gn- (,¡.)
where now the ll-near boson terms w111 have zero expectatlon

and. have been onltted" Next the Bogolubov transformatlon

bakes us lnto the dr,,í3 ¡ representatlon Ln whlch the

approxlmate Hamlltonlan ls d.lagonal and. the o/t u 

" becorne

(see appendlx 2)

I gz lt ¿n\,1¿r,\ .1 /cosh €k. -Y(t)srnrrdr.lÞ( = - ;J ã [e.")+(ni )* r) l#Ëiffi f - t]
( g, P. o 

Cu (+ * (^€ro (, P., )

{a= - 
'i, ïr(<nùo(ní)-')(tr#fr) - rJ - (?(^*(,(i)

- å ãL:a((n)"+(ní.ì+r)
(e, 

¡,* - f,f. )

ds

4+= cosh 8x slnhA0, rl
oosñ-N{ ^ * {
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or ln the notatå.on of append.Lx 2 anð. 3

,Â \ / - \da= {daà- ((,e^+prPt)
(3"C"6)

' ''/A \ / \dt= (oU2o r],p.-(s(+)

-r^.\ / - \

4= (/+2o- \9.(q-(,(") o

lle can now express < H > , where t4 v¡as glven l-n terms

of thc C*, c,tgrby uslng equatlon (3"C"3) buto thls belng

s. shorthand- mebhod., the equablons are only valLd lf 4;

Ls taken ln the **,f3\( representatlon namely (3"C.5).

Examples of the shorthand. method. are glven Ln appendlx 4"

The equablons becomec

1) Holsteln-Prlnakoff

< H¿ = - NzS' [(r+,.,)"- ..,J- *,1 * f, *^(-,-rJ

tP Qlr ç*i - (',-.,)'*ti )l

(Vi).= - SN"/. (j"c"?)

<vàl = *Ë',C,tg,) [ r o (, * å) lú# lnQ,n.*)]

- *S (prq*) [ L + (,* a! ¡ 
{"r" Å') - fr {*,-u)"J

+ (Xg"),
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(%), = Ns' I r" ? (,- å) do* ? (*"'n /.t)]
2l Dyson-Maleev I

(v,), = - Sñ'za

( t-1,)" = - rv=t'ff 
'*,r,)"- 

(rs+*+)*]

63"c"9)

(vr)o = ry (¿o."6u) + t? e, Iro (,'o*'.)]

+ *Pg- [ro (',-'.)] " 
t+(pîç'+C.rî)

(vsì= N/S' I r " Ê (r- t)d. r ?('"'+ri)i

3) Dyson-Maleev II

<i{;) = -NzSa [(ro',)"-*i-tf - ?nou+

+ (r, - a¿. -ro)(*rt* å(*,-"r"lt^ -tl- {t*")l

(V,7 = - SÑ"f= (3.c"9)

( v*) : ry (g"*g+) + ry e, fr +- ( 
"o 

*'.)ì

-,- ?C, I r * (,*-,.) 1 * (Ë (glo" *¡'3 8+)

(Vr) = Ns"I l+- ?('-å)"<"u ?(...o'+"J)]
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q" STATIONARY POINT SOLUTION

l{e are lnterested. ln statlonary pol-nt solubl"ons to

the free energY

F = t+(H Fl.Z +(hlsherord.erterms)

= <HZ - -rS* (5'Ð t
where S" ls the enbropy assoclated' wlth the trn'4.1

Hamlltonlan. The entropy for bosons ls vqel-] lceown (Bloch

L963) and can be wrLtben

S = k 4f-(n*ì l^ (n) - (<n*) + l) In (<nà r- l) l
{,j "D "2J

+ \ T r(níà ì"{^ll- (<n;)+ r) tn (<ní). ",I G

In the prevlous secblon we have seen that (H)t

ls a functi-on of J¡ o ' ." ¿+. Ilowever, these are expressed'

Ln terms of d*,p,- by equatlon (3.c.5) so that F ls an

expllctt fmctlon of the elsht quanblbles (nà , 1ní Z'
Oh , AG*, (r ,."u (+. A speclflcatlon of these quan-

tl-tles or the orlglnal set t, u."u {.{ u ç; uuu,ût com-

pletely d.etermLnes a solutlon.

Dlf f erentLatlng wlth respect to &k and A 8r. gl"ves



à<il¿
?ûx

à1I)"
ò4,

Þ<H>"
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.+ ã<rlZ è*;
fr, 5;¿ ãDr

rXHl à<pìr
L ?"<r ãx= J

a

slnh 8x
coshlre)- 3{=

t
I n

=-7 D t'

- ./.n, \
and.\'t"*/o

( 3 "D.4)

( 3.D.5)

?at
Dlfferentlablng
yLelds

F

-7
fo

-L

?TzS

2I. S

( Roß)t- (Pr"

(n+s)'- (R'

u- c3

c3

lr
lr

- ñ) f(R)" ]'/*

- u')x t*) 1'*

+ è(tl> X(k) slnhe slnhc¡sk)
ò a+ coshcreù

These equatlons are slmllar to those

they can be satlsfled. bY

I

=-ãn ?STì"
) èda

><H>
' ã*rf

wlth respect (n),

1 <ni) = eYP(13€;)-t

(4p"3"3) so thaf

I

(3"D.3)

è< H¿ Y(x) conh &q

(nr) =

where

á'x =

€F=

The solutlon to these equatlons ls obbal-ned. self-
eonslstently, Guesslng values for 46 o ". u4+ and. uslng (3,D,1+)

gLves us values for Ê , ß,C u Þ" Substltutlng these

i_n (j"D"5) and. uslng (4p,,1.4) an& (3.C"6) glves new values

for <t u " " 4çn Repeattng thls procedure hopefully ylelds
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self-conslstent values for <¡ ebc'

We have not yet deterrnLned values f or Ê, , u . n p¡ "

These are obbalned. by d.lff erenttat,lng equatlons (3,C"5),

(3.c,?), (3"C"8), and. (3.C"9) wLth respect to (r ebc"

gtvl-ng four equatlons Ln the f our unknovrns (, , " " u (T"
Thls w111 be done ln chaPter 4,

E" DISCUSSTON OE CHAPTER "
hle shall delay bhe calculation of the propertles of

bhe antlferromagneË untl1 the next chapter" Iillth the

equatlons developed Ln thls chapber one can ealculate

the propertles of an antl-ferromagnet for any unlaxlal

anLsotropy anp nagneLlc fleId.. The three approxlmatlons

all yle1d sllghtly d.lfferent results we would- ll-ke bo

choose bhe best o¡rên usually I,Ùe can d-lstlngulsh between

two solutlons by chooslng the one wlth the lowest free

energy" Hovfever, ln the non-Hermltlan approxlmptlon

thls no longer serves as a crlüerlon"

lJe would. expect that the Dyson-Maleev solutlons are

more accurate by recalllng that for a ferromagnet cancell-

atlon (oguchl Lg6O) of Lerms occurs for HP but not for

DM. If bhLs ts truen then lt l-s sü111 dlfflcuLt to choose

between DllI and. DivlII . However, Dl'lI has bhe fewest number

of terms and. therefore ls easler to lls€o

Ib Ls somewhat encouraglng that the d.Ifferences be-

tween DI{I and. DMII are much less than one mlght expect

from equatlons (3.C.8) and. (3,C.9). Thts can be seen Ln
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bhe followlng wayc Consld.er zeto fLe1d and. zeTo anlso-

tropyu bhen usLng equartlon (3"D.8) we obtatn

L) DMr

R= t+-1r

$= o

C' - (*¡+;+)

þ:-C*st4+)

2) DMrr

fi = r+v, +- à *i " l(o,-*J'- à"î - à *$ - à*+(<-*)

g= -à<f +ît*,-*,)* oþ.ui *i"-'- à aç(t,-¿o)

(a"8,1)

(3.8"2)- ¿+ * 1r( t, -.ro - -.¡ )

þ = - dà- *+-iui ^f,t*,-')*+ à*Îo i*f - à*+@t-oo-ur) ê

e= -o¿b [f* (*,-".n-*ç)J,

Now c,¿+ can be ellmlnated. from these equatlons by the

relaLlon

d"¡ = '(*r-./*) å
( 3 "8"¿+)
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v¡hleh f ollows f rom equatlons (Ap "3.4)

The propertles of Lnterest depend. malnly on the d-ls-

pers5-on funcblon.

( 3 . E"¿l)

so that the qualltles (n+ß) , (4"-D") and C are most

fundamental" For each case we wllL determlne these quant-

ltles to order 4a (we assume J, ,4, n4g are of the same

oröer of sma]lness). ,

L) ÐMr

#+= (*,*ro)Jì+ oC"¿3)

Ê+Ê = J-+d, ( 3,8.5)

I t^*B)e- cA'- f)õ(',Ò']''" tc

Ê*-Dt= (r+o,)t- J: + CQ3)

C= *d3 [t*(*,-**)l '+ oC-¿?)

2T DMTI

d.|= (-1ì-a=")'/t + o(¿3)

A+ß = t*dr -i- o(<3) (3,8"6)

C = - rs [t * (*,, - ".*)J + 
"o 

C".=)

Ê*-D^ = (t**r)t* lr*,--')t--tÍ +-o(ø3)
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So we observe bhe surprS-slng fact that bhe term ln .¿a

3-s the same Ln both cases for (Rt g) ana for C " The

quanÙLty /ìa* Þ" d.lff "r" Ln ord.er Ò(¿') u howevero thls
ls of hlgher ord.er slnce lt appears 1.n conJuncblon u¡lth

X(X)" whlch Tânges from zero to one loe. the propertles
are more sensltlve to Fl+ ß and. to C. than they are to

R"- Dt o

Therefore we expect onLy thlrd. order d.lfferences

bebween DMI and. DIIII whereas second. ord.er d.lfferences

occur between EP and. DM.
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CHAPTER I+

CALCULATIONS. RESULTS AND DISCUSSION

A" TDEALIZED ANTIFEBRO}TAGNET USING DMI

There Ls some d.Lfflculty ln d.eflnlng the properüles

of an ld-eal antlferromagneü !n that for zeTo anlsotropy

the system l-s unstable. Iïowever lf we determlne bhe pro-

perbles wlth a small amount of anlsotropy and. then allovr

that to become zelo, a unlque solublon ls the result.

For ealculatlng propertles lnvolvlng an external flel-d

one must let the fLeld. tend to zero before the anlsotropy

thus keeplng the system stable aE a1,L tlmes. We lntro-
d.uce srnal} parameters Ô tr.¿ Ï so that equatlon (2"A.2)

beeomes

+
t-n

where

A=

11 "

I

\(S¡z-)

For convenlenee, w€ shall flrst consld.er only Èhe

solutlon for the DI'II representatl-on. We are lnterested

ln such propertles as lnternal energy, specLflc heat,

sublattlce magnetLzaLLon, Lotal nagnetlzatlon and. spon-

taneous susceptlblllty" these properbles are lmmed.lateIy

> / (rz)
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obtalnable from the f ree ènergy by wfi11 kno¡,¡n meLhod.s.

1- ) _I¡rrLe¡:nal energy

The !.nterna1 energy t-/ can be calculated from ühe
1_free energy f by the formula

U a 3^ (ør) {T"A"z)Ol5 t

Slnce ln a self-conslstent approxLmatlon all parameters

depend on P one musÈ be eareful" However chooslng

{flu)o , (ni )" , &x , A9¡ as functlons of F

u = Þ(r¡e) ã(n*)"+ __-_._n )cÞr) D cao¡
â (nx)- 

" 
p

r_ ä c pr)¡
à þ lon,-,

)tosu¡ AP (f"t"3)

(f"a.4)

fhe d.erlvatlves à$V)7ð(Au). " ".âr€ zero by the statlonary

poLnt cond.ltlon leav1-ng

where the partlal 1s taken hold.lng all self-conslstent pcrya-
J

meLers constant" Therefore

r) = 2^tF(H¿-s")
aÞ' '
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as one mlghb expect"

For zero fle1d. and zero anlsotropy one obtalns from

(3"c.8) and (3.8"1)

and

fl = (t+.,,) G=o

Q= -(¿r+r+) ) D= -(¿l+,/,r) @

Solvlng for dO uslng equatlon (3.E.3) glves

Ç= þ= Þ d.3 (t*-.,)/(¡ +"{¿) " (4"4.?)

For zero external f1e1d we expect 4l (see subsectlon 2)

to be zero so tlnat, the solutlon ls

l.,l = -f,t{z-St ( to*,)t (4"A.8)

and.

ft = (r+"t,1 B=C= þ= o q)

The solutLon for
equatlon (ep.3,4); a method for dolng so ls lllustrated
J.n part II of thls thesls" The self-conslsbenf solutLon

for (l+.u,) r" plobted ln f Lgure 6 for a CsC-t- type

antLfemomagnet" The reduced temperabure scale whlch
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FTGUBE 6

RenormaLlzaLLon parameter l+"<, of an

ld eal C- C-{. type antlf erronagnet

as a functlon of temperature and.

spln.
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was chosen by tricrl and. error, seems to be very convenlent

for comparlson of dlfferenb spln values. Note that dr+€¡)
Ls strlctly decreaslng wlth temperatur€-thLs property

has aJ-ready been used. ln sectlon (3.8.) 
"

?l. Total meenellqeÞlon 1¡1 z-d.lreôtlon

$= ( r- å)& + a&or*
(l+"A"9)

Ðz- =
ãF

From equatlon (+,4"1) wlth h^= O the statlonary

solutlon becomes

ft = ( t+v,)

(= * o¿3 ffi, + ?tas

'D=

where we have used. equatlon (2 "8.3)
To obbaln bhe roagnetlzatlon one d.lfferentlates the

free energy wlth respect to ßr-.

where by an argument slmLlar to that leadlng to equatlon

(3,A"ll) all self consLstent parameters can be held. constant,

Eowever

&s= å4(<a{aol-<fiîP*ì) (,n"A"11)
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rç
Nsî

rL
r-t eXP (pe*) - t

L
].

For snall C (see equatlon 3"D,5)

exp(Fr,: ) - L

c:o - (¿t'4"12)

obtaln a solutlon

(4"A"13)

.t/

-3

where

t-

and. therefore

C
7

Uslng (4.A.L2) and. (4..A"9) üÍe can

for d3,

üs= h= ï

+ fr* å ffi erl-*

f-nz_ ß=(t¿^u)n¡.ir 
[1 

+ +aæI (þ.A.r.4)

for smal1 externar fleld.. Al-rowt"* B= to become zero shows

that ùhe spontaneous magnetlzatlon ln the z-d.lrectlon 1s

zeto" Thls subsectlon arso d.emonstrates bhab the parameter

¿3 has a physlcal lnterpreLatlon belng proportlonal_ to
ffi=.

J ) . Subl._a!tl= ce_ nra-gngÞ:L Zeb lon

The contrlbutlon to the free energy nade by lntro-
d.ucl-ngu ln the z-d,lrecÈlonu a fleld ßn.. whlch lnteracts
only wlth the splns of sublatbl_ce 1 Ls glven by
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1tru8,. E si
(t+"A"15)

= 1 r^g Brr s,t't ( | + ,'t^+ 
"23 ) 6

Dlfferentlaülng

ãF
1tre Stu(r-hdanr.) (&"A"t6)ò8,^

and. lettlng ß,-+ A (lmplles that ll=O from prevlous

sectLon) Ëhe spontaneous sublatbLce magnetLzatlon becomes

{fi,. = €$s sl.l(t+"2*) (ll.A.l7)
ü'

The graph of (r+-J f-s dl-splayed- ln flgure ?"

4 ) .F*arel lel Þ_u_qge_p_t_!þ!t,1!y

There are two deflnltlons of suscepblblllty commonly

å.n use:

) fnt-a) X,, (13=) = 'ñ_ 
(4"A. j.8)

b) 7,, (R.) = ínz /z_ ó

rn the tlnlt as B.* O ,X,, (o) = 7,,(o ) so that the

spontaneous susceptlblllty has a unlque defLnltton" Uslng

deflnltlon b)*we can obtaLn t,he suscepÈLb111by lmmed.lately

fron eqrraLlon (4 
"A " 1&) i
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FTGURg 7

Sublattl-ce magne tlzatLon of an ld.eal
/- nÀ\-sL-L type antl-ferromagnet as a

functlon of tenperabure and- spln"
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"4

TEXTIPERATURE

A6V

(7kB/S(s+r ).rz)

s=5/2
I
,

V/S=t/2
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(Î,.^sìPNï [r + 1(i+¿)]-!Llìlz L'r-'e (r*r")J (4.4"19)

where we have alread.y leb 0 = O .

An alternate nethod- for obtalnlng therrnodynamic pro-

pertles l-nvolves the use of correlablon fu¡ctlons" The

exact spontaneous susceptlblllty ls glven by

where

s: : * 7. tt,îo s,:) = * 4] (cfc*-,tia*\ 
@

Thls ls the Kubo llnear resporrse fu¡ctlon mebhod (Kubo

t957 ) and. has been ôerLved. for the case where the expect-

atlon ls taken uslng the exact Hamlltonlan H, " L.lu

(t966) fras used the followlng mebhod for ealculatlng

susceptlblllty u namely

X,, co) = c¡r,o)'*" 
J 

oaï+ c.) {( ùZ ¿c (4.A "21)

where the expectatlon 1s calculated- uslng the approxlmabe

Hanlltonlan Í1, " We shall show that thls method does not

yLeld the same result as (4,4"19) 
"

Usl.ng the fact Lhat [Sl , H,l = o we set

,, (o) = {3*Jru" j:atslcc) si c'¡) dz (4"A.zo)

<si s;), (Lþ,A "22)



Q2)

= (I,*u)" p F.,(cc;c*-dî.År)(.ic¡-dJdx)l d

The best solutlon for the unperburbed HamllbonLan has

ß = C - D = () so that f¡= flhr. Rewrltlng l-n nornal

ord,er one can decouple wlthout'fruther error to flnd.

where

( .l eþ), : <d¿*ì

7c,, (o) = cXF*)'f. ã ( 2 <{c)< d|d)" (u.r.z3¡

< c*cl 7 f.t-Yro)*Jr )

L /re?t'' -r) 6

'Ï,, (o) = ? cT¡.^*)'13 { (fl*t* n,.)

? ? (îr,e)ap 4 sla, 
(''s"zt+)

and uslng deflnltlon (j.A.IZ)

7,, (o) 
=

( 
3 ¡^r¡)o Hl I
LlTz

/)L =

Therefore

whlch Ls only part of (þ"¡.19).

(l+ 
"A "2 5)
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Thls lllustrates an lmportant reason for uslng the

free energy as a method. for obtalnlng thermodynamlc quanf-

ltLes. Certalnly, wlthln the restrlctlons of the approx-

funate Hanlltonlan l-1", tf one optlmlzes the free energy

and. obtalns all properbLes dlrectly fron lt one ls assured

of computlng the eorrect soluüLon. There seems to be no

Justlfl-catlon for uslng (4.A"2L) lnstead. of (¿+"4.20) and.

Lt 1s now clear that thls does not always yleld the best

so1utlon.

The resuLt (4.4.19) whlch Is our esttnate of X,,
and- Llues result are graphed. ln flgure 8.

ls attached. to the tall on the S__å result

approxlnatlon ls consldered poor Ln thls

5) Perpend-lcular susceptlblllty
Galculatlng bhe perpend.lcular susceptlblltty lnvolves

flndLng statlonary polnts, wlth respect to varlatlons of

p' ,.",Q4 to the free energy" Placlng h?-= O 1n equatl-on

(l+ 
"A ,1) we obtaln

1t¿) = -TzNSã f, ( r o', )'- C*.* *o)"

+ t r- aB (,- *r) ** + a& (".*.+ ,J)
II
a-r ¡q

î
( p,*f.* C. t- (+)

h^
?

No slgnlflcance

slnce our

reglon.

IhxT
(c,- Pì o= ]

(4 "A.26)
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EIGURE I

SusceptlbLllbles of ldea1 C"C{
type antlferromagnet ln the

DMï approxlnatlon as a functlon

of tenperature and- spln.
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d.

The entropy 5ø does not depend. on P, o ".,P+ ! however.- \'
o/f eu"o4* have an exp1lclt dependence as seen by equa-

tLons (3.c"6). That ls

4, = (p^*pa)
A(, (3"A"2?)

j

e-l-c .

lùe can slmp1lfy the calculatlons by dlscard-lng all
terms ln hlgh ord.ers of h, slnce evenüuaIIy we w111 take

the l1mlt as hu-+ O " Note, a prlorl, that e; ls of

ord er h= whereas o(t and o¿^ are of ord er '}'r"* . We c&rr

d-eternine the ord er of ls by calculatlng C

c= Ë *,.
(4.A.28)

= * (*"+ /+) +- â9a1a + (e,-f+)ìr + L

and. uslng (r+.4.12)

ã3 ï Ir*?ffif -ôï]-',u.u"rr,

so that o13 (and .1ç ) are of ord er l.r1 .

Dlfferentlatlng f and retalnlng only lowest order

terms produces the followlng four equatlons:

2(,ou)(¿r,n-pr) -? o(t -*)g rVÙa^g,r !t¡t'e") = o

Z C,o*,)(g*nf.)+ ?o(t- Ð g= + Lf&trQr* *Û*,(.) = c)
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!(r+*,)(g,*¿ra)+"&(r- à)F, +*ù¿^e, r V = o (b.A"30)

?(,*<) (¿r,-fl+) raeC,- åJg+ rft/*p* * ? = e

whlch have the soluülon

lr= ( tr"za)
Pt= Pz= F t\ ^ L o cl \!! ¡' ' eþ i4"A.31)

h,. 1-

P,= Pr: ã
From these equatlons we see that P; ls d-3.rect1y related

to ttrefî'leerse fleld \-- ; for zero fleld ln the x dlrectlon

we do not need to consld.er llnear boson terms ln the app-

roxlmate Hanlltonlan. Note that lf ê = O we cannot

obtaln a solutlon for e. slnce the set of equatlons (4'4"30)

l.s lndetermlnateî however, ln the llmlt A + o one obtal-ns

a unlque solutlon"

To obtaln the susceptlblllty one uses

X,(o) = t,- r-* * \ = +9'N",,, (+ è¡ \'-r- 8,"+o \ Þ* èB* / - J z ùlln" \ 1.,^ il_,_ I

= 
(Ît¡)tN l+"/è

ìr. 
(4 

"A "32)

Nowlettlng t=o glves

(1Ès)=ñ ( r¡'¿*)7r(o) = 4T=- ( I +"t,¡

Thts result ls plotted Ln fLgure L

(t+ "e "33¡
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6l Þ¡-qcl.tt*q hee!

The deflnltlon of speclflc heat 1s the followlng

è'/aT (lr-.4 .34)

Uslng equatlon (4"4"8)

(ll "4" 35)

slnce dr 1s a compllcated. self-eonslstent functlon of

T lt seems best to obtaj-n ù, /¿fby numerl_caI dlff-
erentlatlon or from the slope of flgure 6. Thls requlres

a rather accurate calculatlon of ¿" such as the one carrLed

out ln part II "

7) Sqnqqary aq4" 4lqquqs'lq-n

Flrst a suuunary of the propertles obtalned- ln thls
sectlon z

Inbernal erlEr?)r

Cv=

(1 z -TNz-St(,r.{ì)è

ToËal magneblzatÍ-on

l"v^)=: o

Sublattl ee magnetl zatl on

(4.A,9)

(4"¿. t4)

fln= = îAoSN/(t*;*) (4..e.t2)
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ParalLel susceptlbllltY

x,,= ç| Nï'[r*+ffi1-'
Perpend lcular susceptlbl11tY

X. = 
cllu. )* fv 

! t+ <*) (4.A.32)' L rTz (tta,)
Speclflc heat

C.., = - ?T= S*xJ ( r+<,) E"{, /Zt
urhere

d,= åã [(,-xcx\'þtrr (çÙ-r-]

( 4.R. 36 ¡

(4"4.19)

(4.n ' 35¡

r
and.

(4 "e "371

Thls model h¿.s been solved before by Llu (t966) .

Hls method Lnvolved the use of Green functlons and he

obbal-ned the same dlspersl-on relatlon (l+"A")?) and. he

also obtalned equaLlons (4.e "36) " He however dld not

conslder terms of the form /- and. /,L and as we have seenest

áx = ?TzS (,+*,) (r- ¡'<u)")'/* é
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both of these terms contrlbute bo the parallel suscepf-

å.blllty" Els d-erl-vatlon of X,, 1s d.lscussed- ln subsectlon

¿+ earller ln thls sectlon" All other results are Lhe

same lt ls somewhat surprlslng ühat the method used'

here for cätcp1s¡1ttu the perpend-lcular susceptlblllty

does not lead to a new resulf.
The Iow tenperature expanslons of o(t u da. agree

wlth those obtalned. by Oguchl (L96A) and. Llu to order

1 / S¿ " Our formula for X,, (4.4,19) agrees wlth

Oguchl but not wLth Llu who lneorrectly claLmed agreement

wlth Oguchl- " X. calculaùed. here however, agrees wlth
I

Llu and. not Oguchl the F berms ln the perpend.lcular

susceptLbLllty seem to d.epend. on the representatl"on used.

The method. of ealculatl-on ln f lgures 6 "7 o and- I
proceeds as follows. One chooses a value for d say 0

and. then calcula.tes a new value uslng equablon (4.4.36) 
"

ThIs proced.ure ls repeated. untl1 convergence 1s obtalned.

For red.uced. temperatures above .8 bhls nethod d-oes not

lead to convergence" In thls reglon lt ls necessary to

numerlcally calculate a d.erlvatlve of the "/t functlon

and. thls method (caLled Newtones method) works very well

and. Iead.s to fast convergence"

B. TDEAL ANTIFEBROMAGNET --HP AND DMII

1) Holçtel.n-Prlqahqff

The sol,ublon to an l'd.eal *rrlrru""omagnet uslng HP
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representatlon Ls stral-ght-forward; bhe solutlons are

obtalned ln the same manner as for DMI.

fnternal energy

U = - 5ñ2. Sa L- (r**,)* *= (ar- t*)
I+Fs

I ,a/
¿t da tr'¡-**) +
I

Total magnetlzablon

i e,-r*)31

(&"8"1)

(t*.8"2)

(4.8"3)

t-l

J t4"8"&)

nn --ll. ,2 
- 

le)

Sublattlce magnetl zabL on

M,r_ =

Para11e1

x,,=

susceptlblllty

q1)' N:r [ lu
4Íz L-

Perpendl cular susceptlbl 11ty

X¿= s^Åß)o N [¿ o (,. *")
4J-z

lL + *, .r i,, *, zr*l
where

xf
(rlrg) - AN(k)e

+('" ä¿,,-'))

*- t*ll (¿l"8.5)
* ïk,-6f-

.!
SN

corh(St - tJ

Xft"SNr(t+<o)

4n = tL icñrß)"- Ao v(k)'J '/'
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?li'ç sz L= N'+ *Ð
€; = ?Tz S [ (n*B)a- Ê'y(kf JY'

snd

n = (r+x,) * ;,tr'/ù - å .J * ã,*,-'.)'
(l+"8.2)

8 = ;| t*, - a.:) + * "î - 3 G,- **)* - i u,( ¿,-,.J *

(&"n.6¡

2) Lyson-ltlaleev IT

Unfortunately, the solutlon to an j_d.ea1 antlferro-
magnet uslng the DMII representatlon does not exlst"
Thls can be seen by recalllng the cond-ltron requlred, for
fhe approxlmate Hanll_tonlan to have a lower bound. t,e.

(4"8.8)

The solutlons for DMII wlth flnlte anlsotropy and zero

f L eld are f rom (3 "8.2\ and ( 4.4 " 1 )

R = | + d, o å ¿1. * ? a-,-*,)"- **o(v,-"ro) -

C=O

+-;
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f) - | .a 7 ' -a t ,a ,fi = - à ui - i Q,-o*)* + -i¡ *f + * **(r,- r.)
(4"4 "9¡

- d,f + ,<^( <r- *a- ".n) * (, - å + ?,.o)&

Þ Ç 4/* o+- å ,i -i(u,--zJ * ì"f - \u,¡(*,-,."-":.1 )

4u= (r,-r.)Þ/ñ'Î

Neglectlng terms ln t'for smal] e , we flnd the con-

d.ltlon c

e >, i ki-*Jt + o (.<z) @

\, a.s/ ' t (4'8'10)

the cond-ltlon for a lower bound ls not establlshed., At

flrst thls seems llke a prohlbltlve condltlon; however,

the magnltud"e of d* pred-lcted- by equatlon (4.8.10) ls
very snall (ô=tún for -I= o,S= å) " Thls amount of anlso-

tropy ls probably less than the error lneurred. ln the

approxlmatlons reqrilred. by our treatment"

One can easlly cl-rcumvent thls problem by replaclng
a saall amount of anlsotropy on the system (Note bhat

for 5 =å thls ls not posstble slnce ( S=)* =consLant 3

howeveru w€ w1]1 not concern ourselves wlth that problem

here ), Thls w111 be done ln the followlng secLlon"

c. CoMPABISON OF HP, DF1I AND DMII

As we have seen, ln ord.er to have a solutlon to the



(Bt+)

DMII systen Lt ls necessary to assume some value for t .

1,{e wL11 therefore choose $= ,O? and compute the prop-

ertles of bhe three solutlons usLng thLs value of & ,

To lnsure that there ls no confuslon as to what ls com-

puted.u;uå w111 glve the form of the soluülons agaln.

For all three cases we have

t Xt(<n¿"(nJì+r) (n+e)-âr(rl" _r1dr= -s-ñïL - 
lcn+sry-LJ

(€,e* * €"P* * €*P* *P,f.)
/ 1vÍ(*o)*(nl)_+l)@ t){e = - lJ Q c \ ¡\'ô''k'o= | I ¡ffi)r -6¡a-oâ)utql% 

- r f

(e,e**Crgr) (&'e"1) 

v

tQt

(n,.ì

É,.
FI

s*=

L

J.
T
L

7

3

,13

-{-

et"
Â .-{-

f'/^ -7

- e'€.)

) <""1 =

ç ß)'- (Ê"- oo)b-($'l

tß)t- (ßa-o")VCt*)l

(f'en
1_

eP¿'. - J-

tTz- S ffc^

Tz. S f l,o?
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For eaell case r,le havei

I{q These equabhons are nol. the nost general; they are

valld. only if one of h-- and la- l" zero (1,e. P; takes
L

on a d-lf f erent forra i-f l.=* O ) but usually rue need. only

one of then, .

1) llolsbeln-Prlnakoff

fì = ¿ ¡'1-*r,)



(l+"c,3 )
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The neþhod. of calculatlon proceeds ln an lteraülve

fashlon. Choosl-ng an lnltlaI value for 4, u," /"t say

0 !{e can d.etermine the paramebers f ¡ o ø e ¡>O 
and, then

Fì ,oø0 D . Uslng these glves new values for 1¡ o"uu

dq " Thls procedure ls repeated untll ùhe d.eslred. con-

vergence ls obfalned.. þle have already noted ln the ld.eal

Ð!lï case that at some value, slmple lteratlon no longer

eonverges. tr{e have clrcumvented. thls problem for the

ldeaI case but we w111 not concern ourselves wlth thts
problen here" Although we could flnd the solutlon for
hlgher temperatures, the effort d,oes not seem Justlfled."

The flrst graph, flgure 9u where we have taken h-=
I æ f',hz =0 and'

soIutlon" For each temperature, we have decreased_ the

anlsotropy from "02 r¡ntll the solutlon d.lsappears" Thls

represenbs the nlnlmum amount of unlaxlal anlsotropy re-
qulred to stablllze the system. Looklng at lt from the

opposlte polnt of vlelc, Lt represents the anount of (negatlve)

effectlve anlsotropy pred.lcted. by the nod.el 1.e" HP 1s

very süable compared to DMIï " The graph essentlally
confLrms the polnt brought out Ln secblon (3"8); at 1ow

temperatures the d.lfference bebween the DllI and DMII ls
smaller bhan between DM and- HP" As was d.l-scussed ln sec-

tton (4"8) tne amounts of effectlve anLsobropy predlcted

by these models ls very srnall and Ls probably less than

the accuracy of the results. Thls also shows bhat there

ls an lnherent uncertalnty due Lo the dynamlcal lnteractlon
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FIGURE A

Amount of rrnlaxlal anlsotroPY

requl-red. to stablllze a sPln

5/2 " Cs C! antlferromagnet

as predLcted bY ÐMI, DI{IÏ and

EP.
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and. even lf one lolew exactly the anlsotropy of a real
systemu dynanl-cal effects would stLll cloud. the lssue.

We see that the DIvIII solutlon becomes unstable at a re-
d.uced. bemperabure of about " 625 (:.as) 

"o that although

at low temperature Dìv[I has reasonable results, lt does

not ad.equately extend to hlgher bemperatures. F1na1ly

the strong stablllty of HP ls an unreasonable result slnce

l-t seems unll-kely thab the dynanlcal lnberactlon can lead

to an effecblve stablllty (tnfs however Ls tJ-ncertaln) "

ïn flgures 10-13, the propertles of the antlfemo-
magnet are compared for S= 5/L 

"

1) I¡rtgf¡a . en-ergy

All three mod.els pred.lct essentlally the same lnternal
energy, The three formulae used. are

HP

U = - xlìfz 3" I LL+a,)* - rr" - tf o o*(nr- -o)
J.
LFS

(oJn

Èa(t-

(¿t- *r)a+suJ - a*'r )l
.r \ l
as/da 2 ("2^a * "rf ) 1

DMI

[ < ,o-,)"- (*zNJìi-z- Sa

+9 L:-+-

*ro)^ I

¿ (-^"* *r*)-7*ùr= *

U=

2(r-

(4.c.5)
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DMIÏ

l)= -fVìi-zS" IC,*.,)"-"..t- af -?d,.tr

(.\- Å^- /"t) (-r" * þL^,-,.J" - ^,i -

-r ¿9 Lt u 7 ( t- å) da* Z (".," r¿s^) I
l¿.wlth h,.= hz =0, These are plotted ln f1-gure 10.

For HP lre see bhat the dlsperslon relatlon ls d.lff-
erent fha@t DMI and. apparently thls tends to compensate

for the addltlonal terms ln the expresslon above" For

DMII whlch has much the same dlsperslon relatlon (as

DMI ) , 
the term 3-nvolvlng &y tend.s to compensate f or the

extra terms" Thls leaves a si-mlIar energy curve 1n all
three cases "

?) Sublabtice nnagnetlz?.tlon

For bhls case I¡Ie plot uslng L,r. = L= =0 the quantity

ft,. = Tl"n NS (rr--zr) (It."c.6)

whLch 3-s valld for I{P, DMI and DMII" The sublatttce
magneblzatLon plotbed. ln flgure II seems to vary much

more wlbh l:epresentatlon than the l-nternal energy. Thls

reflects the facb that þhe sublabtLce magnetlzatlon de-

pend.s m,ore strongly on the effectlve anlsotropyo

a *i)
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FIGURE 19

Internal energy of a spln

5/2" CsC9 Ëype

antlferromagnet as predLcted.

by HPu DMf and. DMII.
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FTGURE 31

Sublattlce magrletlzatlon of

a spln 5/2, CsC-f. type

antlf erromagnet as pred-lcbed.

by HP o Dllf and DMf I .
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3l -Pera1-lel suscepLlbl-11Lv

Placlng hz =0 and. L. = "QIg6 ( tnf s corresponcì.s to
a 20,000 gauss flelrL) we have solved. bhe same equaLLons"

In each case we w111 choose deflnj_tlon (3.A.L8b) and

oalculate

X,, û./B^= tguÐ" NSd¡,/casr=), (u"c.?)

Thls ls nob bhe dlfferentlal suscepblblllty buË the magneü-

lzatlon per f1eId for a srnsll fleLd.,

These results are ploüted. ln flgure L2 and, have been

dlvlded by üemperature squared.. Along wlth bhese resul-bs

1s the zero anlsotropy result (zero fleld) predlcted" by

DMI. Thls gLves us some l-d.ea of the anlsotropy d_epend.-

ence of 'Xr, 
"

4 ) P-e-rpe-nöl qula-r _s-us pe-Bt_tì__t_ll!y

Solvl-ng the equatlons wlth h-= h=_=0 and uslng the

followlng formulae

HP

Xt=

Dl'1ï

c IAß)a N ( Y, ( ,* ds) 
da/? - =/,, <: ;a

4Tz L+ ¿t * t u, + f (*,-*¿)t_ *.,*Î*å f ,_ àuaç)

¡=7

f lrÐil
4T-

l{-/a

*t,'à.
'Ï- 

=
| ì-"¿t + r-e"rr)
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FIGURE L2

Parallel susceptlblllty of an

ldeal spln 5/2rC.sCf- type

antLferromagnet as pred.lcbed

by HP, DMf and DMII for Ó ="Q2

and. as pred-lcted by DMI for &=0.
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DIV1TT

ã¡ (r¡to)o N f +/a'x
^! ï-r"- l+/rr tlr(l-alr+J;^)

we obbaln the curves 1n flgure L3. lhe result for DMII

ls d.erlved. ln append-lx 4.

5) Ire-e-slrqf-s¿

For acad.emlc Lnterest, a pIoü of bhe free enerþy

l"s iglven ln flgure 14. Note bhat for an effecblve bemper-

ature of ,6

HP tr = -l"L3tg
ÐMT F =:1"L332
DMII F =-f"L335

We see that DivlII has the nlnlmum free energy and. that
HP F¡as the largest.

6 ) Ç-qnq1_us_j.pq

The lnstablllty for DI'{II and. the large effectlve
anlsofropy for HP make then l-ess deslrable for constltu-
tlng a solutlon bhan the DI'II case whlch ls not only the

sLmplest to use but ln ad.d.ltlon, has d.eslrable effecttve
anlsobropy propertles .

7 \ Dlscusslon

The val-ue of & ="o? for the anlsotropy chosen r-n

thrs sectlon has been shom by Nagar and ranaka (rg?o) to
nepnesent ühe acbual amounþ of anlsobropy ln ÞlnF. at r=0"
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FIGURE Jå

Perpend.Lcular susceptlbl1Lty of
a spln 5/2, es C-8- type

antlferromagnet as pred.lcted. by

HPu DMI and. DMII"
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FIGURE 1I+

Free energy of a spln 5/2,

CtCÂ type antlferromagnet

as pred.lcted by HP, Dl4I and. DMII.
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However slnce the anlsobropy 1s 96% atpolar-d.Lpolaru wê

wLll have the lncorrect tenperature d.ependence. Neverthe-

less, from equattons (3"C.8) we can calculate that bhe tem-

peraLure dependence d-ecreases Lo zeto at about a reduced

fernperature of .p and- bherefore has the same general trend

as bhe anlsotropy measured ln lr{rnF^. Also representatlve

of I'{nF* ls the spln value 3=J/2 and lattl-ce structureC*cÅ "

The numerl-caÌ work done ln thls sectlon has noL been

carrled out by sennl-analytlcal methods but rather by a
nethod. proposed. by Loly and Huett (Lg?Z) " Thls mebhod

uses 10,000 polnts scattered at rand.om Ln the lrred.uclbl-e

zone of bhe reclprocal labtlce and compresses then to obtaj.n

a rlon-ì.rnlforn d.lsLrlbutlon of potnts welghted to take Lnto

account the large contrLbutlon of k=0 values " lrle have not

taken the curves past a reduced" temperature of .8 due to
Lhe breakdov,rn of the slmple lteratlon process. ft ls felü
fhab bhey could be extend.ed lnto bhls reglon however, one

would. use large amounbs of compuüer tlme.

The seml-analytlca1 and. numerlcal neùhod.s have been

checked agalnst each other where posslble and. rt ls found.

fhaf the numerlcar ¡rethod. has an error of less Ehan 276"

n" ÏNFINITE SPTN LIMTT*

In seetlon (3"C) we

sentatlon 1s the easl-est

accurate" Thereforeo wO

have argued. that bhe DMI repre-

to use and probably the most

wl11 conslder only Lhls approx-
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lmatlon and examl-ne the resulbs ln the 1lmlb of lnfLnlte

spl.n, zero fleld and. zeîo anlsotropy. For thl-s case we

can slurply bake bhe results of secblon (l+"4) and evaluabe

the Lnflnlte spln 11m1t.

There are essentlally three reasons for conslderlng

thls classlcal case the most lruportant belng thab the

klnematlcal effect tend.s bo zero and. the asynptoflc nature

of the approxlmatlon d.lsappears" Secondly, the soluflon

to ühe ld.eal classlcal antlferrornagnet should- be bhe same

as Ëhe ferronagnet (see append.lx 1) thus glvLng a check

on the general meùhod. (Loly 1970). Thlrd.lyo Lhe equatlons

Èake on a much slnpllfled. form, maklng computer calculatlons

unnecessary.

The meanlng of l-nfl-nlLe spLn ls the followlng: let

T -- ? / (J.ts"-) (4.D.1)

so thaü as S-oor ,T-o O keeplng -¿' flnlbe, thls has

ühe effecb of maklng the spf-n vector usually of length
¡-
JS(s'+t ¡ lnto length S , bhereby glvLng rlse to the

concept of classlcal spln" Thls sp1-n ls not quantlzed.

and. can take on any orLentablon wlbh respect to a flxed

co-ordlnate system. Thus we have a problen sLnllar to
the one 1-n appendLx l- "

Consld-er flrst the deflnltlon of -{o glven by (4"4,36)

f}& 7?J
5,-2.7(* ñ14r -- ;, L r - rcx¡'l'/ä"out (l+.D"2)
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where

For large S bhe argument of the hyperbollc cotangent

fends Lo zera

coth: :c

so that

#r = *-' å -1-- ñ,,, * z v + ., (å) l. (e.D",+)

Puttlng S->* \

r*l

Thls has bhe solutlon

(4"D.5)

(4"D"6)(¡*ø,)= þ(t +E-)
Chooslng the plus slgn glves

I(r+.2,)= ä(roSr-r)
(4.D.7 )

= L- +î h.^- åzto-- a
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A slnllar resulL holds for ¿a . From (l+"1"%)

tçda= 
"s 

¿L

so that

[3 t¡t )'i.52v
-¿2N1.. Lr- E(v.¡1-'Ëotrr (l+.D"8)

Z fÍ-r(kf l-'4-o ('/r) ,
þ r (4,D"9)/(t+2,') ¡t

-L=?a- lc)<)a Nt

obtaln ln the lLnlt

o{a.

Make

I

?s )t-
ts 7

bhe followlng deflnltlon ( for C'C!- (P= L,3g32ot+)

(¡.) = -e- A,v i(

and- rve f1na1Iy

e L\)
+ ( t*'1, )

and.

(l¡ro)= L'

=L-19 +

L
3-- r('k)

+@

(4 "D.10)

tc*t /Z (a -Jñ)

The fLnal quantlty of lnteresb ls

d.uced. by ( ¿l.A . 12 )

.T- gT^ F t) eP 
t;

__¡- = r" A L¿P{rTr

sa ?t
( r+"^,,) 

a /¿-; ú(kfJ

( ¿l.D 
" 11)

?
C- c'tl

-.+.__
3e' @

T r^¡hlch ruas lntro-

(þ"D"12)

y o(=)Z
k

t6

þ

S

SAAJ 1-
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Taklng lLmlb as 5 -à oo

= z u) / Z(r+"r.,)e
(4"D"13)

_t I

= ? tUJ + 4 -¿al-,.) +--- 
o

We are now ln a poslblon bo wrlüe down expllclty the

properfles of an ldeaI, Lnflnlte spln antlferromagnet"

Internall energy

U = -TNrz-Sa(l+"r,)L

= - .rñz S^ (t-+ ,[J )^/ + (4.D 
" 
L4)

Total magneblzatLon

N)-= o
Sublattl c e rnajqnetl àati on

fl,.= lAo 5NJ ( r+t*)

r ZUJ I (4"D,16)
= îpos^/ Ll-- p(,+rFã)l

= JtrosN(t-'Ø/+ 
t'-/,^- 

""--)

(þ.D 
" L5 )
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Paral-lel suscepblblll ty

' (lFs)eNr:r [l+ Z. (t+",)l-1
7,,= ìrî/ 

Nrr- ' 7 c*"¡1 (4"D.1?)
4*fz-

?ì5-z- (t+J;ã;^ L 7(r+J-r-c-'c.ú/z))

= 
(¡¡^s)"t, r.t-'J r -/Bo. u lt- #-ç"(!-e)*--7

Perpend.l cuùar susceptlblll ty

v (lgs)' f-J ( l+ "zJ
rl - ïTz (l +<,)

C, = -ZT=stñ(rro,\U," >'r

= 3ru1.. (,*,,,) à*'
a<.

r , - (t'-JË)= NJk^ :-r5 I Jl-t

(4.n 
" t9¡

= Nks (t^oi¡c"frer+ )
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CH.APTER <

gUMMARY

The nethod descrlbed ln bhls thesls provldes an

example of a v¡ay of obüalnlng an approxlmate solution
by uslng a non-Her¡lltlan Hamlltonj-an" Anoüher example

of such a nethod occurs Ln ferromagnetlsm where the same

Ðyson-Mareev transformatlons are used.î however ln that
case the approxlmate Ïlamlltonlan Ho 1s Hermltl_an ln
reclprocal boson space" rn our case, Ho Ls not Herurltl-an

ln reclprocal boson space and only after the Bogolubov

transfornatlon does Ho become Hermltlan. The lnpllcatlon
of these two examples ls the followlng: one can use a

non-unlnary fransfornatlon to obtaLn an approxlmate sol-
utlon provld.ed. there exlsts a representatlon ln whlch

F{ o ls Hermlblan. In that represenLatLon J{o may be

a reallstlc physlcal solutlon to the full Ha¡nlltonlan

H * a drawback belng that, one cannot compare solutlons
on the basls of a mlnlmum free energy.

Of relevance Èo antlferromagnetlsm are the three

approxlnatlons obtalned here whlch are valld for arblt-
rary unlaxlal anlsotropy and- magnetlc f1eld. Clearlyo

f-nvestlgatlons of bhe fleld dependence and anl_sotropy

d.ependence of n,ârif macroscoplc propertles can be d.one

wlth the equaLlons developed." It appears as 1f DMI ls
the preferred sorutl-on to do thls wlth as rt has deslr-
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able effectlve anl"sotropy propertles, Of partlcular
eonsequence 1s bhe DMI formula for 1(r¡ for the zero

anlsotropy llmlt whleh ls a new result and shows consld-

erable lmprovement over Lj.uos (tgeí) result. As wel1u

the lnftn#espln results d.erlved. ln sectlon (#"n) have

not been glven before",.

Prellmlnary comparlsons wlth experlrnent for X,,
have been undertaken wlth the publlshed. results for
fn^ tr- . However, Nagal and Tanaka (Lg?o) who used-

a HP method- have obtalned. excell-ent agreement wLth the
experlmental results. slnce we have lncorporated anlso-
tropy ln the same manner as they have, wê expect to obtaln
a slnllar agreement thls ls due to the fact that bhe

three solutlons for /,, (see flgure tz) are very stmllar
and. d.o not depend crltlcally on represenbatl_on.

one of the shortcomings of thls moder ls the pred.lc-

tlon for Xr " None of the mod,els presenËed. here are

capable of expralnlng the upturn l-n the experlmental re-
su1ts. rt ls felt that the Helsenberg nodel should ex-
plaLn that aspect and. ln fact Kanamorl and. Itoh (L9??)

have shown that second order theorles wllr glve an upturn
trend. They have used a HP approxlmatron and lt now seems

Lhat one could use DMr and. calculate the second- ord,er

effectsi however, one would be faced wlth the problern

mentloned ln the lntroductlon, namely large amounts of
algebra and slx dlmenslonal lnbegrals.

Flnally of mathematrcar lurportance 1s the Bogorubov



(rtz¡

transformablon ltself whlch, ln bhls worku has been

generallzeð. to lts non-unltary form,
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APPD\IDIX 1

CLASSICAL HAMILTONI4N

In the llnlt of classlcal spln (Hel1er and- Kramers

L%l+ ) we can represent bhe Helsenb@rg Hamlltonlan (2"A"2)

by(uslng spherlcal co-ord.lnates)

H, = S" Zr
¿ò

V= S4

cos 8¿ cosQ¡n5 +sln 4,¿ =rrr 
8a.-*u 

"o" 
(Ø,r-árnt) ]

+ Sa ã t cos Ôr¡ cos ð,¡r5 +sln B"¡ srn&u'1s cos (Ö ,i,t- dr¡) 1

f srn Q¡-co" Q,¿ *stn 4;"o" É.¡ l

f cos P. *cos ð'n I

f """* Q¿ +cos * &orl

We see that a ground- sùabe of l{, occurs for

Ô,¿ =O 8ai -- rT (Ap" 1- "2 )

and. ls the antlferromagnetlc ground state,
If we rotate one sublatblce by 180 d.egrees so that

Ô,¿ + 8,¿ + rT then cos 8,¿+ *cos(9,;*r) and- srn l8,r\)

- sln(ó,; * tr ) and H, $ - lJo " By changlng the stgn of

T B¡e see that the ferromagnetlc Hamllbontan TH, Ls the

same as bhe anblferromagneblc Hamlltonlan. Thls however

ls not true for Vt , \ä but h¡:lds for V. . Therefore

Ln the lLmtt of classLcal sp1-n and zero fleld the ferro-

^Ç
L

-avòL-
¿

V"= (Ap" L. L )

ö



(tt7 ¡

magnetlc and anbl-ferromagneblc Hamlltonlans have the same

eLgenvalü€s.

other references concernlng the classlcal llnlt
are Loly and. Mlkuslk (t920) and Mlkustk (thests).
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APPENDTX 2

NgN-!$rgARy Bocol,rJBov TRAr{sFoBr'I4Tr ON

The relatlonshlp bebween bhe Ol. , bn and. the dk n F*
used Ln the text ls glven by

O-ä, O = (d* cosh €. - pil 
"rnr., 

Orts ) / þosh (o,*- Or*)l ?*

CLi O = (o.f coshs - p¡*s1n¡Drp)/þosh (o,n-ôa,lJ?a

(.Ap.2 , 1 )

d' b* A = þ <f, srnrr4ro pxcosh ó,n)/fcosh (o,*-8oo)l'/*

O-' biO = (- o* sLnh 4O tat"osh &rn),/ [cosh ( êrr-O,ùl'/^

We have assumed. that the operator O exlsts and, has an

lnverse. C deflnes a non-unLtary transfornatlon except

for those cases where ftn= 9rr. for whlch Ô becomes unltary
and. the transformatlon becomes the usual Bogolubov trans-
formatlon.

The above relatlons deflne a canonlc¿¡l transformatton"

Conslder for example

= o[o-äi uo-rctuO - o-'**Oo-'al-o]o-'

= CL *iÏ<,ncoshft," cosh&66+ e-f¿ -

[oi r ôHl ** ol q* - q* oI

= o(t)o-t =*.L
(,np.2 "2)



( 119)

[a^, bo.J = ô
So that Lf the dui , Þr. operators sabj.sfy boson commutaülon

relatLons so do the GF , bx and vlsa versao

eonslder the followlng operators

Iq, = *, + ("1ûr + bi b^ +Y(rlqïUi +y(k)onb,J

â,= ;h ç (oia* * bîb*)
(4p"2 

" 3)

A= * ã Y(k)(oîbl-a*b*)

¡uhere one hopefurly wlll not be confused. wlth the boson

operators o(o and. the new operators þ, , Then ln the

dt. ' 13,. representatlon

Â | 
-tlt 

+
¿, = _ sN X [{".;"¿n *p:^Fv,+r)(ffi+fr-,._y(k)sl"n **)

f *fpl $drf.,*)(å*ffi'-Ytv-)cosn "*)
- ( oid- *nÊ^) *å** Ll
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È (oo*pl- /* pr) #*oft I I

&= ,* 4(*{¿o-ÊIp,.)

i*= - ,* ãF(r) 
(",rl,/n*pî Ê*nr) #åF*_ slnh aô*

x ttÒ ( xiBi + /uÊ*) #*ft slnh ÀÔx

+ ytç.) ('Jpf -'oÉ*) ffi5._ F L 1
where

&,. = 8,t,*0t\.

ADs= åo*óou
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APBqIPIX ?

AEILIç:ATION OF BOGOLUBOV TRANÊI¡'ORMATION

l{e want to dlagonalLze bhe operaLor Ho glven by

ßå, o ?cä3 r?D}.t) ron .3.2)!-lr= - NTzs' (1* ?Êi,

¡qhere

I

ñ; ?(rs+fa)
I

$= â krrâ ¿ -r e-

I-lo = - NTzSa + ?T=-SZ (r, o¡o* * r*bi b,-

+ fg Y Cr.) oî 4 * t,f Y(Y¡ 6¡*b* )

Uslng appendlæ 2 (see Ap.Z"3) we can express thls as

+â

rr)

c: à(r,-¿,)

D = itt=-tr) ¿,

ïn bhe ¿ ,{3 representatlon ì ls glven by (Ap"2,ll) .

SetLlng the coefflclents oo / 'T;t ^ / -r^+'r \.< k lrr+ /o Êr) "rd (tJFI- -* p ^)
equal to zero yleld-s two equablons for &* and Agh 

"

(ep"3,t)



(A+ß):lnþ d'.
cosn ( ao,,)

(Ê ra) sj¡þlao")
cosn 8|-K

The solutlon ls

slnh(A8r.) =

(122)

Ir 'r bK(ù srnn'tlsx)J =

? -D 
t6(Y')

ãffi(Añ @

SYtu) / r¡rß)

qx(U) cosh &,

(4p"3"3)

take

pT(rÐ
slnh êr 

= ft n*e) "- c A"- ú) xcxfJ'/a

Imposlng these cond.ltlons the operators

fhe slnp11fled- forrn

4t =

t
h.

f'
l(nn+ ni * r )"f c Ê* s)t*

r-l- (n+ 0 ) J

[rf** - ßÌ. f]ù

(-å**fqÊ-.,1-$'1

J¿

f\
4o=

lcz
ñà

t,

-t r/f5r.¡4'f
}<

Flnally lJ" ls dlagonal and. can be wrttten

Ho = - NJì5-z-S' r- 2T, S :
þ

c" (nr.- I,l ) (Ap"3.5)

¿Êà-D"¡ ù-tF)" l'r*+ ?Tz S



r,t4¡

where

fl,- = *J r¿o

nJ = f¿ip* ú
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APFENDTX 4

AIÉEBRA FoR { t+ }.
SlnpllflcaþLon of bhe algebra resbs malnly on Lhe observal,lon

ühaf i-f cpI:g_ls:b_qkqr¡, one cat: l-nterchairge bhe ord"er of

shlftlng, robatlng (Bogolubov) and taking the expectatlon.

ïn order to change bhe ord.er of rotatlng and. taklng the

expectatlon, we nobe ühat Cli ana \:f, act as créatlon

operators v¡LLh respect to "rrldx. (see equatlon 3.8"lt,) "

Slml1ar1y Clk and- tr. are d.esbruetion operators so

we know rhar rerms of rhe form (af b¿ and (crr.bl¿ wtll
be zero rvhereas berms of the form <"ilbÌ¿and (a*bà w111

be non zeto" Therefore equatlon ()"C"2) tells us that a
ter¡n of the form

ä (+Y(v-r')af,ao, uår b,.,*, ì (Ap. &. 1 )

decouples (wlthout further approxlmabion) to

The above sbep req.ulres the propert¡r

I (r.- \.') = ycklYLu') +x'(v)Y'(v-') (Ap"A."3)

where "6t ls an odd. funcLlon so Eyrat the sum over 6'tfl*
) ,l+\

1O\:b,./o ca-ncels ld.entlcally. thls properby ls true for
all the cublc lattlcesjfor i¡rhlch ltk-) !.a à sun or prod.uct

of cosines" 1u€o
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To counmute t'he operatlons of takrng bhe expectatlon
and shlftlrug one sees that a term of the form

7,
kk',

( ,.f, xc\.-1.') ef, cv-, cÅ 16 co,*f ).' (Ap.Ål"4)

when shlfte,:c üo the ûr, b< representatlon wlll lnvolve
only 4-oper:,eltor termg,2=operator t,erms and consta.nt ternis ø

All p-'opc*r'ator tern:.s lchlch are not creaËion'-annlhi-1at1on

palrs w111 Êtave zeTo expectatlon. The remalnlng terms are

t,
kk, [+<..iq,l(t,bul + tfv(ûY(k')(c*\ +\'/ I \lx Ðr.. ,/o \Q5r. b¡] )*

+Lt ( t:p, S,.,o (tn,t.'l n f ?rfr S*,," (oï'o).' 
(ap.l+.5)

o fe,'{r* E*,o vr¡)(q*,bul * #g,C. Ex,,oï(x) <"t lì)
'nr- s (,p*C. p+ soo Sk,o J è

These can l:e regrouperl- to

ç"

"l+.{<"dc)o+Ëç"C,p)(--- )--: I (4p"4.6)
,Lz,

r- Íi
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and. for lnstance

qT?,/

4((c{c \. c' - \ (hp"b.7)
k r ,. Å\. /* .l- Ôko P,?t ) = /n-d, I

By ühl-s method, a.lr four operaLor ter¡os are expresslble
ln terms of ¿, e o o dri."

The od,d operator terms can l:e hand-fed by fl.rst sl:lftrng
one operator to reduce lt to an even term for example

z
kk'

(c.,i c;f c\.*u.,1

("I G,,.,)o 
O n - t (af,a*)¡,

fJ^ r)(,¿l ¡
\L

* e:?,
'Thus, all ocid orcler tei'ias can be expressed. ln terms of
/r ru,e dt¡ Ð.nð- (, 0"."r(,4-"

<-)ã¿-
lrì''

(1ip.4 
" B )

l<\.'

7 ?f* (*,-rr)
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APPENDIX (

PERFENDT CULAR SUSCEPTIBI LI TY_-:_ lMI I
SLnce thls result ls not easy to obtaln, the followlng

outllne should be helpful. The free energy ls

t-

+ ( ,¿, - de-q) Qi + àt",-*,.)o - å -i )

!==/^\(4P"5"1){ (p,r €*r C"-pr) T ((,*p").o

+ I + ?e U- å) la 4 
"ùn: I

k*f S" o

DLff erentlatlng w1-th respect to (, , (* and. neglectlng
po!{ers of 0 ê) leaves

1) ? t r."z¡ ) ( (,* C.) + ?t, ps- e *r (g,_ç" )

+ eC" (*n** å (¿,-,oo)t ) + 7 eoxo(a,-.o)

+ &(n , -**)^ * +( r*.zr) +? g (, - å -+ ?¿o)p*> o
(4p"5.2)2l ? [r+"zo) (p^r-6) - ? o^(r. - ? *, ( gu nCJ

+ ? pu/^(*,-*r) u P-(o, -o")a+ tnxlL

+ ?s(t-* +?¿o)g= : o e
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These tp¡o equablons can be expressed

I 
o',

L *',
Qra

Q¡-a

l(r+a,\ - 2dr

?(;l(i) ")
(4p.5.3 )

where

'l/ \ -lLLI+dr )-l-lla I

(jra= ?(l+ot,) -?o'u +l'<ot'2,

and the solutlon ls

Ga,= a(r+/,)-Qor^)u,t + L*,._ot)'

ïu^'Lx,-** ) + ? & (r- à + â "<.)

2u* uQ*l +- â C'¿r-**)*

- Ð + ?& (t- i"or-*)

(ep.5,4)

Gr, =

4ra =

(-s
cy(r-å+û-<o) - å(*,-*o)a.+ ô(.3)
6r(r r"z,) (,- $' * ?d .- 3 I *.-.2-ì "¡ì'-t , *t * ?: C,- *. +2'r)+- -

fl"= - lt r"
I

ô(r- *+4"¿.)[t--J -(4-"rn)r + o(.-t)
CI(t+ur) (r- *s*a'J - ì ("¿,-"2*f * u-^(r- f +,2<.) +--

Iy-tx-

=- 3

The equatLons

(a- '(z so

obtaln

for
that

(,'

(,=

(+ are s1mllar to those for

CI C+ = f ". 
. FlnallY we



" ('+-t)€ (Þ¿+Ç-')Ë +'æ+t

(cr)o+t".*==-t),-3. +=qrr -'" ) ! - (-r-c + sf -f )€ (,æ +r 7

(rP) o +

(rr)ç + .C'-''n) E - (-^e+ sf -!)ç(ïz'+t) =

( hàu'à) *(o-+t)çr)*,J¡ 20 ,fu

(ræ+t ) 3

(6ztl
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PART II

A" TNTBODUCTION

The alm of thls part of the thesls 1s to deternlne

a seml-analytlcal neühod for evaluatlng l_ntegrals found

Ln part I, Whlle dolng so, lt was dlscovered that these

Lntegrals have appllcatlons to other parts of sol-ld state
physlcsu for example,, latblce vLbratlons, and arlse from

the solutlon of the Helnholtz equatlon on a d.lscrete

lattLce "

îhe solutlon of Helnholbz equatlon ts facllttated by

the use of Green functlons where a d-elta functlon drlves

the dLfferentJ.ål equatlon, For a perlodlc lattlce the

Green functlon ls glven by L

/n tr- \Þ (b)Y I -

where

1 ai k'r
E-E'.

lc
Nrî

Eo = 3=.-ercl.,.- c-.õ->

+ ( L - .,"-" k^ ce- 1., c-È,-)

ì..

k.)

(: r'

bc-c- "

? ( ¡ - .-,=¡k*cos kl - * ì.., ",:c[4 - ¿¡r)]*1']..)"
T'<-a .

ïn sectlon B of thls part, wê w111 reprlnt a paper

publlshed on the evaluatlon of these lntegrals, thelr
fhermodynamlc extenslon and an lntegral found ln antl-
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ferromagnetlsm known as c0 u fn sectlons C and Do we show

how genera1 asymptotlc expanslons lead" to a method of

eval-uatlon of the antlferromagnetlc lntegrals needed ln
part I"

B" LATTICE GREE¡ü FUNCTIONS

The followlng ls a reprlnt from the Journal of Corn-

puüatlonal Physlcse.
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B-"p¡jltfd from Jounval oF CoilrprIr^rroNÀr_ prtystcs
:Ul Iìights l{cscrvcd by r\cadcmic prcss, Ncrv Íoì'k ind London

Vol, ll, No,3, March 197.1
Printcd in Delgiuu

On the Evaluation of Lattice Green Functions and
Watson-Like lntegrals*

D. J. AusraN AND p. D. Lory

Departnent of Physics, Llniuersity of Maniloba, vítinnipeg, Manítoba, canada

Received February j, 1972

A method is developed whereby lattice Green functions and Watsonlike integrals
can be readily computed by splitting them into a sum of a power series and an asymptotic
series. The method is illustrated by the evaluation of an ãntiferromagnetic integral and
a basic thermodynamic Watson's integral and followed by a treatmeniof the generalized
problem on all the cubic lattices.

I. I¡¡tnooucrloN

Recently there has been considerable interest in the evaluation of lattice Green
functions (LGF) [1,2] and thermodynamic extensions of watson sums (Tws)
[3]; the basic watson sum or integral being a special case of LGF. The essential
ingredient of all these three-dimensional integrals is the appearance of the nearest-
neighbor dispersion function in a manner which gives a singularity in the integrand.
Through investigations to evaluate related integrals arising from the trvo-sublattice
character of an antiferromagtret we have developed a technique which can also be
used for the evaluation of LGF and TWS for all the cubic lãttices to any desired
precision.

These three-dintensional integrals arise as Brillouin zorle sums of large lattices
that have an essentially continuous distribution of wavevectors, while the Brillouin
zone sums are themselves a direct consequence of the lattice periodicity [a]. The
dispersion function considered in connection rvith LGF aid rwS is usually
restricted to problems that have only uearest-neighbor coupling, though most of
the models involved in physical theories become more realistic for longer-ranged
interactions.

These integrals may be rvritten in the following nlanner: starting with the
gencral LGF,

ILr(rt, I, nt, rt) : -* i I f" ¿., dy tl7 cos Ix cosltty cos nz . ll)\¿1r)" J J J _r ,l _ y¿(x, y, z) ' \./

* Research supported by thc Nationar Rescarch council of canarta.

Copyright @ l9?3 by Àcaclcnric press. Inc. 
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while the general TWS incorporates the Planck or Bose-Einstein distribution in
the following manner:

Tn(o,n, t,rn,tt) : # IIf_,dx cty dz
cos /x cos ntv cos ttz

exp{a[4 - y¿(x, y, z)]] - |
(2)

In (l) and (2) we have already converted the Brillouin zone sum to an integral,
simplified the wavevector variables to x, y, and z, and arranged that they range
over a cubic domain [5, 3]. Other ingredients of (l) and (2) are i, which distin-
guishes the lattices, i: I for sc, I : 2 for bcc, i: 3 for fcc; cy physically repre-
sents an inverse temperature giving 0 < ct < co, while r¡ * | represents an
external magnetic field (in the magnetic context) giving the range of interest as

I < 1 < @. l, m, n are integers which could be zero. The quantity T - y¿ is
known as the dispersion function, while y¿is a structure factor:

y, : -rl(cosx * cosy f cos e),

y2 : cos x cos JP cos z, (4)

tr: -|(cosxcosl, g cosy cosz * cosx cosz). (5)

i: l, sc,

i :2, bcc,

i : 3, fcc,

(3)

The singularities of the integrands of (1) and (2) occur for T : 1 at the origin
(x, y, z : 0) when the dispersion function vanishes. Furthermore, as c{ + 0,
T¿- ll¿la, giving a connection between TWS and LGF.

Arising from the two-sublattice character of antiferromagnets we find the fol-
lowing integrals:

v¿(8, I,m,n) : W ¡ ¡ f ,dx 4t a, ff+ffiffi, (6)

where å ) I represents ferrimagnetism, and physically we cannot generate the
case for i : 3, i: 1 being known as the NaCl type, i : 2 the CsCl type. There
is also some interest in the thermodynamic extension of (6).

Our method is closely related to a technique used in the evaluation of LGF by
Maradudin et al. [6,7]where an integralrvith limits from 0 to co is split to permit
the use of both power and asymptotic series. In the present paper we encounter
the sum of an infinite number of terms which can be split in an analogous fashion.

Section II shows horv a Fourier transform generates an infinite sum for
Vr(|,0,0,0) and in Section III a sinlilar result is found for ?"r(a, 1,0,0,0),
albeit in a different way, ancl gives a method of evaluating that specilìc TWS in a
region that was previously diflìcult. Finally, in Section IV, by developing general
asymptotic formulas, we consider the problem of calculating the general TV/S
for all the cubic lattices. ln doine so rvc also lìnd a orocedure for the scneral LGF
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(involving the split integral version) which was previously given only for the
restricted cases of lVr(T,0,0, 0) [6] and, l4r(q,0, 0;0) [g].t

Il. A¡¡rlnenRoMAcNETtc INTEGRALS, c,

The quantity arising in antiferromagnetism is actually V¿(|,0,0, 0) _ I, known
as c' [9] and for the cscl type (i : 2) was definitiveiy evarLraied by Davis [10].Davis' method was to expand the square root and integrate term by term. poi thl
Nacl type (t : 1), a larger number of terms arise in the expansion, the convergence
being very slow.2 However, another type of expansion 

"un 
b. used profitabry-.

Writing V : Vt(1,0, 0, 0), we have explicitly

v: I ffr" dxdydz
@JJJ_" ' (7)

Making use of the Fourier expansion [l l],

i ¡¡, :
î=.eW:i+n LrJo(mn\cosQnnt),1rI <1, (8)

where Jo(nur) is a Bessel function of the first kind. one finds

v:!-*- $ Jr('y) lf f" ^^^f ntlr /^^^ ,'r --",!,,@ )J)-,cos L 3 (cos'x+cos;'+cosz)J dxdydx' (9)

Expanding the cosine and using the following two identities:

71"
6 J-"fDrcos(/cosx): -/o(l), (10)

1c"
6 J_, r/-r sin(r cos x) : Q, (l l)

I Using a different procedure, Mannari and Kawabata [Extended \ùy'atson Integrals and their
Derivatives, Research Notes of Dept. of physics, okayanra university, No. J5 (196a)l cvaruated
W/r(,t,0,0,0) for all the cubic larriccs.

3 This expansion can be rewritten in terms of random wark probabirities

, :;.-j3g;P.,,(0, o, o).. ?_ rrt ilt Z)¡ r

Although this scries is slowly convcrgent it can bc accLrratcly cvaluated usirrg the Eulcr-Maclaurin
sumnration fornrula. [Fo¡ dctails, scc c. Dov', proc, Canl¡. ptti!. soc. so (lss¿).]
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@

V : ; + n L Jofum) Jot(nnrl3).
' m-l

This is evaluated as

V : ++' Ë- Jo(mn) Jos(mtrl3) f asymprotic expansion. (13)Z nr:L

The asymptotic expansion is obtained from the expression [11]

rs(x) æ (2lnx)L/z 
lcos(x -.14)fi - riå* ]

*sin(x-./Ðhrfu-ffi+ ]l

(r2)

(r4)

we found that ten terms in the expansion of (13) were more than sufficient for
seven-figure accuracy. using ,ô/ : 4 gives c, : 0.1567154, the same value being
obtained rvith l/:3,5. The best value previousry was 0.i56, given by Kubo [9]in 1952-

III. THenn¿oDyNAMrc lNr¡cnl1 T1(a, I,0, 0, 0)

Letting T(a) : Tr(u,7,0, 0, 0), we have explicitlv that

1 r¡¡¡r("):=i-fff" - dxdYdz
(2tr)3 Jl"t-"e . (15)

For small o (high temperature) rve can expand the integrand in a power series
about c¿ : 0 and integrate term by term rvith the result

r(,' w I :x): u - 2+ ÈrA*o'*-t¡ d 1zr, (16)

where ll is 'Watson's irrtegral I5l (: I.5163g6...) and

.a^ : (-tr)"'-' r- 
Þ, ø,*; _ú@É, tm#nr, (17)

-8,,, being Bernoulli's nltnlbers. The first ferv ternrs of this series lrave been given
beforc fl21.



For large c it is possible to lìnd an asymptotic low temperature expansion [13].A brief review is appropriatc bccause our method involves a modifìcation of this
expansion' Rewriting (15) as a geometrical series and interchanging the order of
summation and integration, we get

r(;):--+i lft" r ,, .
\zr)- n=t n J -,dx 

dy dz exp[-mu{l - (l/3)(cos x { cos/ * cos z)}].

(l 8)

This can be expressed as a product of modified Bessel functions by using the
integral representation Il 1]

1r¡I¡(u): ^. I coskxeucosadx
\¿7r) J _i

f("): I e-*"Io\Qnaf3), 0<c¿<co. (20)

Using the following asymptotic form Il ll of Io@),

Io(u) æ [e" l(2nu)L/2]11 * (1 l$u) | (9 ll2Suz) t ...1

(for a large), (20) may be expressed as

(r36)
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to obtain3

(22)

(23)

where

tþ): I llntn e4)

is the Riemaun zeta ft¡nction. This is an asymptotic series so that the results are
uscful only for large values of cv.

s This exprcssion apl)cars to have bccn fìrst dcvclopcd by Tanaka and Glass (unpublishecl
work) citcd in S. FI. Crr,rn¡,p e,no E. L. Bovo, pl.r,s. Rcu. Àl3j (1966), gll.

r(u)æ"Ð,@å*r[r+ffi+ 
]

: (*)''' luspt+ * Ksp) + ...1

(1e)

Qr)
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In order to get definitive results for smaller cv, consider the following splittingprocedure for (20):

/v-1
T(") : I e-^"Io\(nto,l3)

t (3l2na)stz \hel2) * (9/Sa) (*(sl2) + ...J, 0 < c < co, (zs)
where ("(p) is a truncated Riemann zeta function

t*þ): T
¿-¿ lfntp

Due to the fact that

(*(p) o ((ò1N,, e7)
for any cú we can always find N large enough so that (25) converges in the samemanner as (23) does wJren a is large. By triar and erroi we find that for six place
accuracy N must satisfy the condition

N l24la. (28)

with this method one can calcurate (*) for arbitrary a, though for ø ( I itwill be more efficient to use the high température series ltoj. For c¿ from I to 20

comparison of three methods r*-.¿.urutirÏÆrrliån ,..-, of high temperature series and ten
terms of low temperature expansion were used.

(26)

Loì¡/ temp.
expansion

(23)

Extended low
temp. expansion

(2s)

High temp.
expansion

(16)

0.05
0.1
0.5
1.0
3.0
5.0

10.0
15.0
20.0
25.0
30.0
60.0

2.98319 x 101

1.46722 x lOL
2.57418
1.09773
2.15221 x 10-r
9.l3l17 x l0-,
2.92608 x l0-2
1.54934 x 10-2
9.94337 x lO-s
7.06705 x l0-s
5.35277 x l0-3
I.87287 x tO-s

2.98319 x 101

1.46722 x t}L
2.s7418
1.09773
2.14803 x t0-1

9.94334 x l0-3
7.06705 x l0-s
5.35277 x t0-3
1.87287 x lo-s
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this method is particularly useful because it fills the gap left by the simple high
and lorv temperature series (see Table I). In this 

"onn"òtion 
we might note thãt

FIax and Raich [3] have proposed a crifferent method that appears to be weak for
large a [4] or low temperatures; our present method may be regarded as an
extended low temperature series while Flax and Raich [3] have basically extended
the high temperature series.

IV. Gr¡¡rnar M¡rsoo pon TWS ¡r¡¡n LGF FoR rHE T¡rnr¡ cusrc LATrrcEs

The evaluation of (r) and (2) proceeds in a similar way as for v and z(a). First
consider the integral

Qr(o, T, l, m, n)

7 ¡rnt: 
ù J J J _"cos 

/x cos my cos nz expf-uþ¡ - y¿(x, y, z)ll dx dy dz. (2g)

Fhis integral has an asymptotic (large a) expansion:

- p-a(a-l) K a*:{'")
Q.¿(o, T" I, m, n) o = *,, to ak , (30)

where in view of the asymptotic nature of (30) K is chosen according to the preci-
sion required [15] (for six-figure accuracy we found r0 usually appropriate), and
hasasmallcvexpansion.

Qn(o,T, I, nt, n) : e-.dn i orby,','rt, (31)
È-0

w.here af,.'!""'\ and br],'.*'"t are independent of a and. r¡. The coefficie nts af,,ln,n\ can
all be obtained from the following identities:

r¡(t) æ 
", f ffi, ¡rr1,

* : a6¡ !- P-re-'t ù'

(32)

lt
T|TW: r, l"#;#(-vtx)', v <x.

(33)

(34)
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Making use of (19) and (32) yields for s.c.

K

Qr(o,rl, I,rn,n) o ¿-etn-L\ | Ctci^Ck"(3ls;)í+i+k+s/2.
lik-o

Successive applications of (19) and (32)-(3a) yield for bcca and fcc

(35a)

Qr(o, T, l, m, n)

K
p s-øh-Lt I C¿|C¡*C¡"

llhl8:o

-. t(, +t+ rl2)T(r+ j+11Ðr(k *s* rl2)T(i +j+rf s* l)
^
X (l/cl)l+i+rc+¡+s+3 12,

Q"(o, T, l, m, n)

K2
4¿<tn-Lt I lC¡C,*CI"

¿ikîg:O P:O

,. T(k* s * rl2) T(j * r * s - p + tl2) T(r + t + p + U2)^ T+tpt (s -p)! r(i + rlÐ rU + UÐ r1a+rÐ
X (312cr)¿+t+k+î+8+312 (35c)

for alarge.
The coefficietts br]'r'nt are obtained in a straightforrvard manner from (29)

by expanding the exponential in a power series followed by term-by-term integra-
tion. Having calculated the coefficienß af.'!"'"\ and bf;.'T'"t for a specific integral
it is straightforward to use them to calculate this integral for all cr and ri using the
splitting technique of Sections II and III.

In order to evaluate To(u, q, I, nt, n) one makes use of the identity

(35b)

(36)

to express (2) as

Tr(o, T, l, tn, n) : i grt¡*, r¡, I, nt, n). (37)
j:1

d Joyce [8] has developed recurrence relationships for the a[oä0'0) which are nruch more cconom-
ical to use than (35b); however, for many problcnrs the gcncral cxpressions we usc (35a-c) are
quitc adequate.
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splitting this sum in a similar rnanrìer to (20) and using (30) and (31), (37) becomes

Tr(o, rl, I, m, n) ¿-ian \.
I-)
&-0

(iu)k bf:;",a
¡Í-1

-\'-L J:L

where

and ¡/ is given by (18) (see Appendix).
wr(T, l, m' n) caî be expressed in terms of e¿in the following manner (see (33)):

1 K 
^(I,m,n)+ T;E p, ïu- (w& * 312, u(r¡ - l)),

(*(p, x) : Ì."#

Wrh, l, rn, n) : I QrQ, r¡, l, m, n) dt.

(3e)

(38)

(40)

splitting the domain of integration by introducing a parameter s (analogous toif in (38)) and using (30) and (31), we obrain

WoQt, I, m, rt) : f, Uy,'y,ru I' e-tntr dt
/¡:0

K
-t i o,Ì.:1"., f- ",!J.# at. (41)

Ë:0 ds

In (38) and (41) the infinite sum in the first term has good convergence and corre-
sponds to the power series expansion which would be used to evãluate the Bessel
functions in the first terms of (13) and (25).

Co¡,tcrusloN

We have developed procedttres for the precision evaluation of generalized TWS
and generalized LGF for all the cubic lattices. Many applicatìons to physical
problems are Ilow possible. Prior to this work thcre has ueãn very little discussion
of TWS, attention having becn conccutratcd on LGF. Moreou.r, th. concentra-
tion thcre has been on the sc lattice for restrictecl values of l, m, n. In going beyond
the integrals discussed in this work one rvoulcl probably be involved in more
complicatecl clispersiott fttrtctions such as those resulting from longer-ranged
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interactions and then
results to an accuracy
numerical integration

( 141)

/{USTEN 
^ND 

LOLY

the expansions may beco¡ne too
better than I I may be achieved
scheme such as that proposed by

tedious. For those cases"
readily with a more direu
Loly and Hueft [t6].

Appr¡¡orx

To use the method described in the preceding sections it is important to beable to calculate truncated Riemann ieta functions accurately. This may beachieved by the folrorving rearrangements which overcome the siow convergenceof (39) for small x.

(*(p,x): | (e-*,lmn)

¡ e-(2Nm-t)æ e-eNm+¿_rrq I
LëW=ry- Oñm + t= 1yl

: å |=Ð,&ffi## rt'e¿x { (t - D, ee-,.,xr

- 
I T ((p+t,2Nx)l(p*r)f J ¡ /r" tl-lir I- N, ?*----2,r0- ñ |- à ('/ er' + (-r-::) etl-u,].

we h¿ve finally a rapidly converging series expansion in terms of the usuar Riemannzeta functions.
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From equablon (I+,A,36) for a CsC-q- bype labtlceo wê

obLaln bhe followtng Lntegrals

R,{.,1 = ¿**f tll:(r-xij3",n [ä('-f)''1 dæo\¡d,z

(t+21

ß,, (,¿) = ¿#. l/l 
" 

( r-xJ)1'ån t É (,- "J)''*J or.xd¡ åz

( rt+3 ¡

c. ANTTFEBROM-AGNETIC INTEGRALS

\/
where 0" ls glven by equatlon (3) 

"

We can evaluaLe these lntegrals by d-lvld.lng then

Lnto Èwo reglons u For ol < ? we use a hl-gh temperature

expanslon and. tor 4 ) ? we w111 use the extend.ed. low

fenperature method. d.eveloped. earller"

1- ) H X_eb-_T' eupe_re!_ìæ_åtçpen_8 }_-oL

Notlng that

o/ \ å O ¡ \l\3[<)-- -ú E l\al-</ (r+3)

ure see that bhe hlgh temperabure expansLon for all bhree

l"ntegrals follows from

| , € r, rlk-.f 
iT- +"r-t ,, x< rr.coth2t = ; f L :/' k=r (a¡-r)li kl a^

ot c å.6dz-
2 ernh

Ru(*)=,;r' lff'-
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' # C,._, (-,)L-l-ak-l-j_ + A _l(_! _-,, 
(44)æ h=r

ll
where Bk= Bernoulllss numberso and. Ck ls d.eflned. Ln

.fc.lol* 7.. lrtre v¡lII also need. the coefflclenüs deflned by

the followlng

whêre

bx = i,*r ltl
.(r-¡)za(r-ri) c-(r.-[.adz-- U+sl

o

b-, = û.J = l. 39 zto'f

bo : !+c/ = l,¡18636

b,

b*= l-c = L"- "o13o38

The remalnlng b^ t k > ? ) can be calculated. by expand-lng

ühe lnüegrand. ln a power serles followed. by term by term

lntegraflon "

The hlgh tenperature expanslons are

R, r.'<)

n"(".) = *+ +f.r-,b,u-.(-,)u- (ã)-' (46)

Þ lr= |



(t+5¡

?) Ex!en-4e4 Jq¡^r I_e_rlpele_lll_rg_ExleFele.n

The lotv temperaLure expanslon uses a dlfferent
expresslon for the hyperbollc coÈangent namely

æ
coth:c = jL + ? t, *- ?:cnn

Ívtzt (t+Z)

and. we also need an lntegral of the form

(48)ô(*) = ¿*r Jtt:('-y,'f' e-^t "j^*r= 
"

Uslng these results we obËaln

.,¡\cÐaâi(,[')= l-c+ ?Z #;rÐ(m*) (4e)
frËr (dd )

æ
R"t".) = l+ c' + ? 

^2=, 
aQn*)

t',,\àD¡\Rr(<)= 4l* K¿t'<; 6

It ls easlly seen ühat O(*) ft"" a d.lrect expanslon

ln berms of the b* d.eflned. earller
ôÒ

eJc*) = tr=o (50)

and. ln sectlon D we show that

expansi-on

Ð(*) rr*" the asymportc



tr .y
â (o) '^- .É' Z

lr
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aol¿^v 
6

Ln eq

co<L
n/ì= h'J

uatlon (¿'B) lnbo two parts

æ

/-=¡ =|

ß,{*¡ = l- cr-

I
+ 7t*rr*J '

R^t.) = l+c'+

ç++
lr'¿a

rìl\ ?l\.(<l =

+ 
¡T';-a

( 51)

Dlvld.lng the sum

^J-lZ
rr^= |

(,52)

m, and.and- uslng the dlrecü expanslon for small values of

the asymptotlc expanslon for large n4 ylelds

@

7 çr-/-t Ik:t-

](
flL
k=o

@

? x,l
)r=p 

*

l<7/,

g (++aT.)(âk+axek+3)a*
<ak

krô

€-vr,/tL
Ïr= c

](t,
Lr
h=o

(- r)k +Iþ-(ã'-u)lrâ>l

(,53\

l. I

f. (a+ax) (P}.*e) a*
-( al'

f /r \where )rr(Kl ls a bruncateð, Zeþa functlon glven by

æ
€ /u\ 5?)r Lrsr '= / ,

¡.n7 ¡\,

L /^v (54)
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In order to obtaln a preclslon of fLve declmals,

the fo1lowlng cond,ltlons are necessary" Flrst, w€ used

66 coefftcLents Ln bhe dlrect expanslon and- evaluated. all
Iexcept Þc, usLng d.ouble precLslon (14 flsures). Second.,

we obtalned. 10 coefflclenbs ln the asymptotlc expanslon

(J{ =10) uslng slngle preclslon. Thlrdo the value of fJ

was d.eterrnlned. by

\l = \1 /a +- L (,SS)

1"e, we asslgned. the lnteger closesf¡6, but less than

l1/d .i- ! . Und.er these cond.ltlons the ¡nethod. worked.

well for /. ). ? .

ASYMPTOîIC EXPANSÏON OF 8{4}

We are lnterested ln an asympfotlc expanslon for
the lntegral

D

where

(".) -- #, III -fÀ¿ 
åz- (r-xî)'". - ¿ (t -Ú""Jh

( 56)

Y* = cos u cos J coa-z 
@

StarLlng frorn the fransform

- C\J's
e.

J6
(, sz)
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, (58)

( sej

and. substltutlng

(\= L

s = (t-1")<^

we obtaln

vrl-th

b= \./ -þOao(L

,/?C:

we get

*o(,-Yi) ¿or¡ r Tr 
7 f* -/+t'

o(<) = + lll rT;'3*- 
io' e etr r¿J-í * J,

Next uslng another transform of the form

*f/+., ?n f* aa
e = lc I a* e-t *"o"h (bu)

ffiJo

/;-

?a.
IT

å (¿)

-tht" -¡.^t^ -ut/4X€, e e. cosh

(60)

({^nt u) 
@



( rl+g )

Slnce Y, t"rrg"" over posltl-ve and negaLlve values we

obtaln the ldentlty

where Q"{-, 1¡r!r^,n) has been lntrod.uced ln sectlon B"

Flnally we obtaln the 5.ntegral represenbaLlon

Ð (¿t*, o, o ,o ,o)

ôo{*t.^ ,a)o,o,o) * e&u =- # ..l.?n"'

c.rtof/^ îo Gt;*

*r. Jf f 
o 

doc{¡ olz- cosh ( t^uÉ'^ )

=,*r= JJI?-'{¡otz- 
.-q"u = Ð^ (*tu,o,o,o,o)

(61)

(62')

(6tl

-t/+t, _-o<"tt _u^/+xee-e-
The naJor contrlbutloa to the lntegrand. occurs for

t = .L and Ls.= ?o( so ühat for large d the asynptotlc

representatlon of 8^(*turoro,,9o) 1s approprlabe" From

equatlon (30)

we get



o(¿) = # I,Zr F- u h*t-*r:-*u 
uutn

(150)

l<

,. f Qn,r(o'o.,o)/\ L.
þ=o (<t;-)1,+V @

DeflnLng new varlables

.-|.l'+
¿- = ¿¿(-e

so that

t
4-E

leaves

1L
(z+x t)\rltx GttrT

Ë" çt-rl.r3la (az+ 2¿ e)k*?ta

os

d["
J,

K

X

Ð
AI \ Lñw("¿J = : t,

v/\

f o". l/,¡¿" 
_ z=t lcrz. e e

J-*t

Qr,rto,,o'o 
)

( 64)

(6s',1

(66)

The rnaJor contrlbutlon occurs for Z=O so that equatlon

(3þ) 1s approprlate. lIe have
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and. negLecÈ1ng an exponentlally snalL amount glves

For 7-arge 4 we can effecülvely replace the llnlts of Z-

by ao and. -aÐ . In thls form ühe lntegrals are now sep-

arable and have cl-osed- form solutlons"

Performlng the L'ntegratlons flnalLy lead.s us to the

result
q x .rrn+k+7å.. (7 1- I 'o P (arn+k+ 3¡pl (a"^- r)ll (m+ìl! olli'")

6/C.<)* /, t
^--o ?o ( rr )'lo d.^'? rn+ ã}' p (r"a7) (a"^) J

J(*

= + x a¡-/-,ak
IT¿{'a 

.Ë=o / /'

+ f 1 + At tt6' -l

= rr^,¿7 L - -/'¿e + /¿9*-" J

where we have used.

(o ' c,c) I(1--/ | - , k=l**,, (a rÐ¡lo I

t g k=ã
I

(^o)"^ f

= L A.tl )*=3 &.

Ç1'u la-s r

(68)
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The above expresslon allows us to calculate L0 co-

effl,clents ln the asymptotlc serLes for (56) " rn thle
form, the expressl-on can be generallzed. bo other lattlces
and. lntegrals (those lnvolvlng prod.ucts of coslnes) Uy

replaclng â*,, (o to¿o) by âu,at' ,ñtû) 
è

The coefflclenbs glven here agree wlth those calcul-ated.

by Oguchl (1960), ¡¡ho calcuLated. three termsrfor both the

C's C-.Q- and. Nl*C-q type l-atLlces.
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TABLE 2

Some of the coefflclents used

to carculate R¿ (".) 
"
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k Qk b, ck

0

1

2

3

4

5

6

7

B

9

L,0

6.0

116,0

4,?o3gg ro3

3,2?8BB rc5

3 " 50222 rc?

5"3tg3? ro9

t.ogoLz toLZ

z,Bggz} ro14

g "?n6B rcL6

L "LLg635

L.0

"926962

,8? 5

"8jSoz6

'802731+

"77 5764

.7 52686

.732570

,Zt478o

.)33333

,222222 tO-t

,ztt64o to-Z

.ztl.64o ro-3

"2L)??8 rO-4

,zt644o ro-5

"ztgz6o to*6

"zzzL46 rc-?

"2250?9 rO-8

,2e,805? rO-9

â.(

â.c*) = Zt-ttl
k=0 K i

ck ã PoouB^*,

X
".)ñ/ + Y au,/ ak

rrao(À A / d"

(-,.)k b

(au.t)JJ f nnr) j

k


