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ABSTR/TCT

The problem of deflnlng lmpedanco panameters for
cyllndrfcal dlpoLe antennas ls dfscussed, A revlew of

the one-dlmensfonal formulatlon of the anter¡na model fs

outllned" The olements of the reactlon eoncept are pres-

ented and then speclaLlzed to the case of coupled cyl1nd-

rlca-L dfpoles. A method of fmprovlng the trial approx-

lmaülons by the reactlon mothod Ls dlscussed. Appllc-

atlon of the reactlon mothod then leads to an approximate

expresslon for mutuaL fmpedance. A compuÈer program 1s

then used to caLcul-aüe numerlcal rosults from thLs form-

üIa" Flnallyr graphe of computed numerlcal lmpedanees

aro prosenfed,.
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CHAPTER I
INTRODUCTION

Tho concepü of reactÍon was lntroduced by Rums"yl* *"

a fundamental obsenvable üo slmplffy the formulatlon of

boundary value problems ln electromagnetfc thoory. Beginnlng

wlth the ldoa that cLassloal analyses of electromagnetlc

problems aro basod on the thoory of flel-ds whlch satlsfy
Plaxwellts equatlons, Rumsoy suggests that, from the point of

vfew of an exporlmenter, the postulate of fields may bo

quostloned on the grounds that any experLment deslgned to

moasuro these flelds necessarfly consists of measuring the

effeets of the ffeLds over a small but finite reglon. The

postulate ls therefore lncompatlble wlth the process of
perforrnlng the observatfon. Rumsey then Ínüroduced a

physical. observablo whlch he üermod tt¡reactfonff and gave 1t

the s¡mbo1 (arb) e

The reactlon (a¡b) fs a scalar, and gfves a floasure of

the coupllng between two sources rralf and ftbtro !{hlLe tho field
quantlties are lmpllcftly lncluded fn the formuLatlon, the

reactlon method does not attempt to measure (or eompute)

these fleLds at a pofnt, but rathen Íncludes the lnformatLon

carrfed by the field quantltles as an fntegrated effect over"

the measurfng r;r' observing devÍcec

* fhe numeral denotes referenoe number as tlsted 1n blblLography
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Approxlmate soLutlons to mar4f problems Ín electromagnetlc

theory may bo obtalned by means of the roactíon technfque.

Consider for e:(amp1e, the problem of determlnlng the rmrtual

fmpedance between a palr of couplect dlpole antentras. This

ca.nnot bo soJ"vod dLree t.l.y, flfn0e the ourrcnü clfstrlbutJ.ons

on ùhe antennas are not knolrrr" Howeverr ff assumed current

distrlbutlons aro used, applfcatfon of the reactlon concept

leads dlroctly to an appro¡dmate soLutlon whlch ls statlonary

(tn the sonse of the Galculus of Varfatlons) with respect to

small variatlons of the assumed current dlstributlons about

the true current dlstrlbutfons " That fs, fnstead of attemptlng

to sol-ve the actual, but more dtfff cult problemr the reactLon

method seeks to roplace the correcü (but unknown) current

distrfbuülons wtth approxlmate dlstrlbutLons which are then

adJusted so that their reactlons wlth centaln trtost¡r sources

arg comect. In essence, ühe procedure fs to make the approx-

lmate sources rrLookrf the same aa the correct sourcos accordLng

to the physlcal tests whlch are Ínherent 1n the problem.

The purpose of thls lnvestfgatlon blas to formuLato by

means of the resction method. an approximatlon to the nrutual-

J.mpodance between I palr of coupled dlpole anùennas o A compufer

program for the calcuLatlon of numerLcal resulùs 1s derlved

from thls forrm¡Latlon, and graphs of computed mutuaL lntpod,ances

are presenfed.

ïn ehapter II, e brf.ef summarlr of the clrcuLt aspects of
a d.lpole antor¡na fs presented" Ttre end. effecüs and the gap
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f;roblem sr6 dfseussed, and ühe one-dimenslonaL formulatLon

revl ewod.

Chapter III outLÍnes the elements of the rea.ctl-on concopt

method"

ïn Ghapter fV, the reactLon concept J_s applied to the

problem of a paln of coupled dlpore anteruras, and the mutual

lmpedance approxlmatlon dorlved.

Ounves of mutual lmpedance are pnosented ln Chapte¡ %
aLong with a d.lsousefon of the ¡"esuLts obtalned,"



CHAPTER TT

DEVELOPMENT OF THE CÏRCUIT MODEL

The problem of deternlnlng the lmpedance parameters of

an antenna system fs essentfally a problem of attempttng to

find a solutlon to a set of three dimensional" voctor blave

equatÍons that satlsffes the speclfled boundary eond.ltLons.

No general method Is avallable to handLe thls. Instead, the

usual approach (developed by E' Ha11án7) fs to replace the

three dfmenslonal problem by a quasl-oD€ dlmensfonaL problem

and attempt to solve the Latter"

Tho sfüuatton Ls further compllcated by tho fact that

any pratlcal antenna ls fed from a tnansmlssfon 1lno. Thfs

aspeot of the problem rm¡st be carefully exa¡nfned ln ord.er to

galn an understandfng of the operatfonal- sfgnlflcance of tho

deflned lmpedances. This Ls the so oall-ed gap problem Ln

antenna theory,

A dlscusslon of this gap problem and an outLlne of üho

one dimenslonal fonrnrlatlon fs presented ln thLs chapter"

The one dimenslonal model dÍscussed fs that to whfch the

reaoÈfon method ls to be appl-led ln Chaptor ÏV.

T MIE GAP PROBLEM AI{D THE END EFFECT

Bofore conslderlng the prob3-em of coupled anterrnas, 1t Ls

well to eÃanlne the sÍngle, cyLlndrfcal dlpole antenna shown

Ín flg¡re 2 L" The sntenna ls center drfvon from a trans-
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mlssLon Lfne with a conductor separatÍon b = 23 . If an

attempt fs made to doflne an J.nput fmpedance Zo fon thi.s

antonna, fü 1s fóund that transmlsslon Ilne effocts cannot

be lgnored when b has a nonzero vaIue. That ls, with non-

zø?a separatlon, an lmpedance cannot bo doflned that ls a

p:roperty of the dlpole antenna alone. Howeverr t<1ng7 shoï¡¡s

that lf the separatlon ls made sufflclently small (Loe., tho

foll-owlng fnequallty fs satisfled, nameJ-y, 13O.rt, winere f
Ls the phase constant) r the eoupllng beüween charges on the

antenna and those ln adJacent parts of the llne Is reduced.

sr¡fffcfently that an Lmpedâ.nce Zg ca¡r be deflned as

z5=+
r5

As 5 ls msde üo approach zero, Zt approaches Zo, and the

Lmpedanoe so deflne.d 1s a property of the antenna structure

alone, lndopendent of the ofrcult to whfch lt 1s connected"

b E 25_t

T

Ftgure 2-L" Genter dnlven dlpole a¡rtenna"
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The rosult ls a hypothetlcal. antenna whlch extonds unbrokon

from z = -.!. W , = +.!.. In effect, the conditfon fs oquiv-

alent to repJ.acing the scal-ar3 potentlal. dÍfferonce V6 across

terrnlnals that are soparatod by a ffnite dlsta.nce by a dls-
contfnulty 1n ecalBr pot'entlal across termfnal.s that sre

separated by a vanlshlngly small dlstance. Thls hypothetLcaL

drlvfng sorrlrce ls termed a sllce or beLt gencraüon¡

Ffgure 2-2. cyllndrlcal Antenna Dnlven by a slice Genorator.

Correlatlon of T,hoory and Experlment

Experlments7 have shown that lf the apparont lmped.ance

of an antenna termlnatfng a transmfsslun llne Ls moasured

¡repoatedly as the spaclng of the conducbors ls d,ecreased.

progressiveLy, and ühe va-Luoe so obtafned aro extrapolated.
to zero lfne spaclng, the vaLues aü sero spacfng may be

f.dentffled wlth those calcuretod from the conflguration of



flgure 2-2 wfth 5 = 0" In this manner,

slgnlflcance fs glven to the proporüles

by sllce generators.

a¡r

of
operatlonal

antennas d:rlven

9_urrent Sogfce Represqnt atlon
ïn a prooeeding sectlon, the antenna drlvfng mechanr-sm

was pLctured Êa a h¡rpothetical sllco generator feeding current
to the antenna conductors. Howevor, as far as appllcatlon of
the reactfon method ls concerned, 1t ts moro conveni.ent to use

the current source representatlon of Harrlngtor8" fn this
representatfono ùhe feedlng mechani.sm fs vfewed as a shont

column of lmpressed current fo e"r3-sting e,eross the gap as shor¡ln

fn flgu:no 2-3, As Ta14,poÍnts out, thf s representation of
the gap problem Leads to tho ssme soLutlon as the sll-co

genenaüor repnesont atlon 
"

{t_-Ís ( Impres sed cument )

Flgu:ee 2-3. Antenna d:r'lven from a cumont souro€e



B

Coqplod Anüonnas

If a pafr of dlpoLe a-ntennas Ls consldared, the trans-
mlsslon l1ne effects notod prevlously aro further complf.cated

by ühe fact that coupllng occurs not on-1y betweon an arttenna

and lts lSnansmlssfon Lfne, but aLso botwoon ft and the t¡'ans-

mfssfon llne of the adJacent antenna. In order to a.rrLve at

fmpedance parametors that are propertles of the antonna

configuratfon alone (lndependent of the oxternal- clreuit),
üha same tochnlque of uslng slLoe generators may be empJ-oyod..

The fundamontaf. eircult of ff gure 2-l¡ then r"esuJ-ts. Tmpedanee

*= la

Z= .16
7fo

Zrv

Z=0 -

Zr--{5

Flgure 2-4. CoupLed DJ.polo Antonnas o

parametens for thf s case a.re governed onLy by the physf-cal-

geometry of the system and the frequoncy. rf alr dimensfons

ene e¡cpr'ossed Ln wavelengths" tho f.mpodanco parametors atre
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dotormlned only by the quantities Ynrln, r, , A5 and. d"

0peratlonaL slgnlflcance ls agaln obtafnod by comparing tLro

computed lmpedancos wlth measured val-ues rrhlch have beon

determlned by extrapol"atfng the measured resuLts to zoro gap

spaclng.

ilnd liffect
ïn the one dÍmonsfonal forrmrlatlon to foIlow, the

condftfon that the current fs zeîo at the ends of the df.poles

ls lmposed' Whfle thfs Ls tnue for an antenna wlth hen:-t-

sphonlcal onds, lt ls not true when the antenna Ls composed.

of a sol"fd cyllndrlcal conducton wlth flat ends or a tube

wlth open ends. Howevor, fon the latter two cases, KJ.ng

states that the effectlve hal-f S.ength of the antenna exceed.s

fhe physloal hal-f J.ength by an amount that 1s dLfflcuLt to
determlne accurately, but that ls of the onder of magni.tude

of the radÍus.

Ftgure 2-5' ^A,nteruras r¡ith Eemrspherical and prans Ends"



The model lLlustraùed 1n ftgrre 2-l Is a physíoalIy

unavallable cyllndor of rad.lus r and half -longth I tf,tt
has no charge.nble surf aces beyond. the ed,ges at , = ! !..

II ONE DII4ENSIONAL FORMULATION

It was mentloned fn a prevlous sectlon that the throe

dimensLonal coupled antenna problem was not anrenable to

analysls and the¡refore ¡ a' orrê dLmenslonaL formulatlon would

be presenüed instead. In essonce, this lnr¡olves replacing

the r¡o1ume ùtstrfbutlon of current denslty l-n the anter¡¡ra

conductors by an axlally dlstrlbuted fllamentary cument

along tbe center of the dlpole" Rlgorous Justificatlon of

thls procedrrro may bo found ln the Itüenatu"uo"

Vector PotontlaI Formulatlon

The oleotrlc field lntensity E- may bo roLated, to the

chargos and curronts ln a system thrrough the potential.

funcüfons Þ and lA . Tho doffnlng relaüfonshÍps are

E=-vo e4at

and

J.V

à$
)tv.A
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When the ülme varLatLons are harmonic, ühese reduco to

E= _vÕ- aa la aa aa aa 2-L

V,lA= -i-f*0 2-2

i-n
.otaaaaaac

Solvlng 2 2 for Õ and substltutfng lnto

e¡cpresslon for E entlrely ln terms of A '

f-= v (v. /A) - i wlA

where

2-1
It ls

yLelds an

: Lr')-1 þ'
.cÒ..."... 2 - 3

2-¿+aaaaaactGa

The vector potentÍaL Á 1s related

system ührough ühe fntegral8

(rr - ;ßf
A= ttlllf.-" J'r

' J)) 4rcv

to the currents ln the

ooc.ô.e .r. 2 - 5

Volame'

whore r Ls the distance from the pofnt at which A 1s bei-ng

deterrnlned üo the elemenü of lntegratlon" f,I t" the voLume

distrlbuülon of current densltyu

Tt may be seen fnom oquatLon 2 - 5 that l^ ls a vector

ln the É¡ame dlreotfon ru f,f " Thus, 1f the current di.strlbut-

Ê=-æ
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lon ls entlre3-y z-dlreo ted, A w111 havo only a ,z-componont

as welL. In tho ono dlmenslonaL formuLatfonr only tho

z-oomponont of E ls of lnterest. Solvlng equatlon 2 - 3

for üho z-comporent of E y1e3-ds

Er= Jo(Au**&) '."""c' 2 6- P- àzz

ConsLden the slngl-e dLpole a¡tenna sholtn f n f lgure 2-6.

Ffgnre 2-6" SLngle DLpo1e Antor¡ra"

In the quasl-one dfmenslonaL forrnrS.atlon, the t¡olume

dlstnfbutfon of curnent densfty Jl- 1s repLaced, by a flL-
amentary z-ùfreotod cr¡rrent I(zr)r and Aã oaleulatod accord.lng



to ühe J.ntegral
I

f ; ßYL rr(r,)-g_d,¿r,Ar=-în I y
J

-T
Note that ühe prlmed verlable

a¡terura,

L3

refers to the axfs of the

Comblnlng equatlons 2 6 and 2 7 yields an expross-

fon for E, fn terms of the ouruent I(zr). It 1s

!.
f/

F: = -j3of3\ ff¿')ll"z d rJ \
-!.

+ r.¿.
P' )z

CIonslder the ür¡o antenna system of ffgure 2-7"

d a',
.Þ

2-7o Geometry for two antonnaseFlgure
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.lu
(_

\',
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The vector Potentlal at anY Point P

surfaces ls obtalnod by surnning the

eaoh antenna. Thus

-[a

l^ I r 'ßr'Ãr=æ1 \r,*)s-'' d4+LJ r'
_ !.n

outsfde the antenna

contrlbutLons duo to

.ßY, ?
ter'¡ e J' 

¿ ti T"' 

,-:.......: : g

If the true curuent dlsürlbutlons Ia(zå) *td %(z[)
hrere known, 1t r¡ou}d üheoretically be possfble to porforra

the lntegraülon and obtaln Au" Appllcatlon of equatLon

Z - 6 would then yield Er. fn prLnciple, lt wouLd. thus be

posslble to solvo the problem d1rectly"

Tn v10w of the facü that ühe ourrent dlstrLbutl-ons

f*{zl) and IO(zj) are not knotrno and ln fact can not be

soLved. for dlreot1y, some sort of approxlmatlng procodtre

musü be used.. Iteratlve type solutfons for the curyent

dlstrfbutLon a¡rd. the impedance pararneters havo boen pres-

ented by Klng and Harrisonz and by Te13" Both these anal-

yses r¡¡ere lfmlted. to the caso of ldontical anterrnas" Tho

rosults obtal-neô were quito good for thip antennas.



CHAPTER III

TTIE REACTION CONCEPT

An outllne of the roactfon concopù Ls prosented f.n

ühls chapter. The deflnltton and properties of the reactlon

&re consldered and the lmpedanco proportles of a two port

netnork are exprossed ln torms of the varlous reactLons

inr¡oLved" A procedure fon lmproving the tnlal appro¡Lmat-

lons used. |n calculatfng the reactlons Ís dlscussod"

Reciprocltv Theorems

ConsÍder tr,¡o sots of AG sources T" ardÌ Iu of the

aamo frequency and oxfsting ln the Eame l-lnear modlwn.

Denote the fieLds prod.uoed by the trstr source' acÛLng

alone as Eo and lHo and thoee produced by the rrbrr source

acting alono as IE¡ and lH b . These tr¡o sets of quantitles

may be reLated ln a slngle equatf.on known as a recl,procf.ty

theorom" Two forms of pure field recLprocfty theore¡r¡¡¡

are eonsfdored below"

Carson9 has pnesented a pure ffeld recl-proclty

theorem fn the form of r¡olume fntegrals lnvolvlng

oLectria current denslty end eleetrfc fteld Íntensf.ty"

TE Íe

(( cn6 " tn) J ?' = f f(f r" "rr) ¿T
l)) JJi coe ce .eoe. 3 _ r.
VL t/b
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where vol-umo V* lnoludos antenna rrarr and Vb fnolud.es

antenna ttb lf .

A ssoond pure fleld reof.proolty theorom lnvo3-vtng

electrlc- and magnotfo-fleld Íntonsftíes b¡aa denlved. by

Lorentz9 fn the form of the surfaee fntegral o¡q)rossLon,

bel"or¡.

ff ,Ê. x |Hu - E¡ x rH"), ¿ s

se

= (l (ErxlH^-Eoxlflo) "ÅS
))
5¡ .öc.....o. J 2

Surfaoe s* enolosos antenna tran a¡lú srrrface sp encloses

antenna llb n.

The steps leadlng to equatlons 3 - L arìd 3 2 a.ro

outllned ln Appendlx A.

Ðeflnftlon of Reactlon

Rumsey has given tho na¡ne tþeactlonrr to the 1ntegnals

appearing ln equatlons 3 - f and 3 - 2o By deflnLtf.on,

tbe reaotLon of ffeld rran on source ltbrr ls



a, -,

In thfs rptaülon, the roclproolty theorom bocomes

(bra) = (arb) .......... J - 4

In vfow of the equlva1once of tb'e two reclpnocfty

equatS.ons, an alternato statement of neactfon fs

(a,b) = 
ffrn,x 

lHn - E^ xlllu)' J.1 

.....oc 3 - S

Useful- Identltles
Let rtcrf r€present a thlrd source of the sa¡no freq-

uency as ltart and rrbrl, a.nd exf.sülng 1n the sam@ lLnear

medLum" MakS.ng ueo of tho Lfnearf.ty of the fleLd equationse

the folLowfng usoful ldentlty 1s obtalned.

5¡

(o, (b +c)) = 4a, b) * (a ¡ c)

Anoühen usefuJ. Ldonülty 1o

( 4", b) = A(e¡ b) = 4a, Ab)

whe¡re A fs a soal"ern quanültye

o..r..."." J - 6

öf oe e ocoo. 3 - 7
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A Reclpnoolty Theorem of the Mlxod' [Ypo

KouyoumJiar¡Io has d,evolopod en o¡cpressLon for
voJ.tage lnducod 1n one antonna by anothon Ln terme

the neatutJ.on. Tho physfcaì. sf tuatf'on Ís deploted

flguree 3-1 and J-2.

Eo , lHn

,Sb

q---<
\¿

Flgtrro 3-1. Flrst sLtuatLon: Antenne rtart transnd.ts a¡d
antenna rrb fr r€oeÍves .

As shown 1n flgure 3-1r antenna rrarr Ís dråven by

a cument source fa at lts termÍnals, and antenna .rry'ì 
¡t ls

open olrculted. Voltage V6. ls the open oLrcult voltago

at the terminals of ante¡rna frbrr.

In the eeoond sltuatlon shovrn ln flgure 3-2, antenna

rbn j.s drlven by e er¡rrent souroo Ib, and wl.tago Vu6 J.s

the opon cfroufü wLtage Índuced at the tormlnal-s of

antenna ugflo

'r>r/Va
'rv

the

of
1n

ì

ì

I

I

I
,
t

I

5q\
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Er, IH¡

I
t'\',f?b,
'-1

,Á
r-s^Vu \

I
I

I

I

I

I

I

Ftgræo 3-2" Seoond sltuatfon: Antenna ffbrt trarlsmlts ar¡d.
ante¡rna ltalt recelves c

In terms of tbe above defLned quantftÍesr Kouyoum-

Jlan dorÍved the foLlowÍng expressÍons

(arb) = vu" Ib

(bra) = V*b I,

eceaÕaaore

oaaacaaaac

3

3

H

-9

Equatlons I - B and 3 - 9 reLate fteLd quantltS-es to

to¡mfna]. (cfrcuit) quantitfes, and thus, they are

reciprocf ty theorems of the mfxed (ffel-d-of¡:cuLt) typo"

Impedance In Tonms of Reactlons

To reLate the above reclprocJ"ty theoretff¡ to the

usual cLrcuft theory representatlon of e two pont netwoirk,

let the tr+o a¡rtennas be representod, (fneofaæ aB thel"¡r
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tormlnal behavloun

maürlx equatfon

= _ (Jnl)

l'^^
L'0"

z.
ao

zaa ]H .........o 3 - 10

tet the partLal response UrJ be the vol-tago at port rrirr

due to source I, at port rrJ rt. Each eument source sees

the othen port open-clrcuited; hence

= 
vrj

.......oo. 3 - lL
^tJ TJ

In terms of the cfrcult
thus

reaoülons, (JrÍ) = Vfj rJt

,,J

Equatfon J - L0

r*

rr rj

may nolr

- (a¡ a)

-(b, a)

be expanded as

(a¡b)

(b, b)

a.aaaaaaôe 3 -3.2

va
I. V,þo

These equatlons are to
of a pain of aoupJ.ed dLpoLe

ls concerned) by the followlng

ore.oooe 3 - i-3

be applled to the enalysf.s

antennas fn Chapter IV"
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4, Mo41f1ed Reaçtlon Intee:ral

Nelthor equatlon 3 I nor equatlon J - 5 Ls suLt-

abLo for eva].uatlng tho reaotlon (arb) , slnce the totaL

fleLds E* and Eb vanlsh on the p,erfeoüly cond.uctJ.ng

su:cface of the antenna. Rlchmondll however, prosents all

aLüernate equatlon whlch Ls useful for computing (arb) e

By resoS.ving the flelds lnto lncident and scattered. comp-

onents, he obtaÍns the following e¡cprosslon

x Hb) " d6

....0oo.eo 3 - i-4

rlhere lL^ 1s the lneldent eloctrLc fleld intensíty" NoÈo

that thI.s no J-onger vanlshes on the antenna surface, sLneo

the fncidont, rathor than the total ffold fs usod"

The su¡rface curuent JIr, ott the motal can be Lntrodueed.

1n place of Á x ÌH5 to obtaln the following result

ar'
(e,b) r \\ (8"'Jrr)ds

))

o.oce eoc.o 3 - 15

fl ,o
sb

5b
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Combln1.ng oquatlons 3 - LZ and 3 - L5 gfvos

zab B - #, ff ,., 'JL,) rs

56

, 
..o..r.o.o 3 - L6

ff the truo expnesslons for E; e¡rd Jlr, were knourn, they

coulcl bo substf tuted fnto equatlon 3 - 16, and. (at Least

Ín princfple), the f.ntegratlon performed to obtaLn tho

mutual J.mpedance directly. However, such Ls not the casee

and somo sort of approximatlng procedura must be employed"

Constrelnts

In many ca.ses, ovaLuatlon of (arb) by appl-Lcation

of any of the definlng fntegrals l-s lmpossfble becauso

the tnue ffelds and sources are ur¡lonowno However, Lt Ls

ofton possibLe to dotermlne approxlmatfons to the deslred

reactlons by assuming trlal fl.elds (or sources) to approx-

lmaüe the ürue fields (or souncos)" To be speciff.c,

suppose an appnoxLmatlon to the reactfon (arb) ls
desiredo' I"€t the correct vaLuo of (arb) be denoËed by

(carcp)o (The frctr stands for coruect). ff 1t wore

posslble to adJust the appnoxl-matlon (arb) such that

Ò..e oeoe e e 3 - 17(a¡b) = (c"rcO)
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thon ûhe lmpedance calculated accordÍng to oquatlon

3 - 16 would be coruecü. ObvÍously¡ thLs ls too much

to expect: lndeed equatlon 3 - L7 cannot be enforced'

becauso lt ls not known how to ca.J.culate (c*rcb). Iü

fs possible howeven, to utlllze the reactlons (c"rb)

and (6rc¡) ln the followlng me.nner. Let the approxlmatlon

(arb) bo constralned accordlng to

(arb) =(c"rb) = (a¡c6) .o.oc..e .o 3 - 18

(Thfs ls a rostrLcod, case of the more general constralnts

J.mposod. by equatlons 3 - 19 and I - 20) " Enforcf-ng

equatlon 3 - l-B makes ilþrr look the samo to rrarr as i.Ë

l-ooks to the oorrect value tto* : eimultanoously, tratt f.s

made to look tho ss¡no to rrbrr as ft Looks to ttobtt.

T'ho neactlon (arb) constralned aocordlng to oquat-

lon 3 - 18 ls statlonary for sma1l varlatlons of rfatr and

?rbrf about tho correct values """" and ""b". tfrls ts

shor+n ln Appendlx Bo

It was menüloned prevlously ühat equatf-on J - LB

Ís to bo rogard.od, as a special case of a more generaS-

restrlctlonu Thls w111 now be consldoned. ln more d.etail"

Equatlon 3 - LB suggeots thaü the reactfon betwoen some

arbttrary tesü source ft:çrr and the appro¡dmatLon rrarr 1s
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to bo made equaL to the reactlon betwoen thls test

soureo and tho corroct lrarrr namely tt"rtt. Expressed

mathomaticallyr the condltfon 1s

(xra) = (x¡c") .......... ) - 19

If fn the process of enforcing I - 19r every avallabLe*

test souroe rr)çfr 1s used, a'nd the approxlmatlon rrarl

adJustod suoh ühat 3 - 19 holds for al.l "xu, then rtatt

and rtcrr are fndisttrnqufshable from the polnt of v:l-ew of

any measunements that can be mad.e uslng the test sources

avaflable "

Slnllarly for the rrbrr approxlmatlon, enforce the

oondltlon

(yrb) = (yrcb)

r,¡hero ttytt 1s

check against

ar¡y a.nbltrary
tt"b tt 

o

test souroe avellable to

antenna problem, the on1y
rf&rr and ltblr. Lettf.ng ¡tx¡r

Avafl-able Test Sources

In the coupled dipole

avaÍlable test sourceg are

* A test s.ource ls
¡reactlon wlth ühe

consldered to be avalLabLe Lf Lts
correct sourco can bo cal-euLatedo



take on ühese vaLuos ln equatlon 3 19 yle1ds

(ara) r (a¡c*)

{b¡a} *i (b¡o"}

1'

Theso same test sourqes (lrarr and rfbfr) Lre avalLable as

the nyn test source" Using thêm f.n equatlon 3 20 givos

tr¡o ¡noro relatlonshlPs

cc......to J 2I

i.oo.tno". J 22

(arb) = (arcp)

(brb) = (brcb)

Equatfons 3 21 and J - 22 are used' J-n Chaptor IV to

adJust the approxlmatlons for the coupled' antenna

probLem.

Trla]. Ðist¡:ibutlon of Llnear Combinatlons

Ihe above procod,ure fnaplles that somo means must be

avalLabLe whereby ühe approxlmatfon can be adjusted at

each step ln the process. Thls may be done by lncludi-ng

ad.Justablo constants (variatlonal parameters) ln the

deflnltlon of the trLaL dLstrlbutLonsr and choosf-ng

those parameters whlch best sul-t the condltlons of the

prObleme
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A slmP3-e moans to lnclude

oxpress the ürfa]. distrlbutlon

of functlons of the for'¡n

these paramoters ls to

as a Llnear combinatLon

=UurVv
=Mm*Nn

wheretheadJustableparametersu'V'Mand.Naretobo
d.etermlned.(Note:Ifahlgherorderapproxlmatlonis
d.eslrod.r addltlonal paramoters and functlons would be

included). Tho funotions ut Yt m and' n are to be ehosen

such that the oxpressfons for trart and trbff satísfy the

bound.aryconùltlonsoftheproblemforanycholceof,U'
Vr M ard N.

a

b



CHAPTER TV

APPLICATION OF THE REACTION CONCEPT TO THE

COiIPLED AI¡ITENNA PROBLEM

As mentloned ln chapter rr, a dfnoct sor-utton fon the

fmpedance panamoters oan noü be obtainod since the actual-

current dfstrlbutlons on tho antennas a.re unknown, Thus,

some sorü of approximaüfng procedure fs roquLned.

The approxlmatlng proceduro to bo applled, here is
based. on the reacü1on concept of v. H. Rumsey. rÈ ylel-ds

the serne set of equatlons as obtaLned by r,evis ana rar5
usJ.ng a varLatlonaL teorrnfquel Fbrmulatfon of the probJ.em

fn üorms of the reacüÍon concept follows.

Antenna ïmpeda¡rce Equations ln Terms of Reactlons

Tbe antenna conffguratlon to be considered. is shor,ra

1n flgure l+-l-. From the termlnals, ühe a¡rte¡rna syste:n may

bo considored as a two port network. The tr"¡o port equatj.ons

are

= Z"*I*(0) + 2.616(0)

= Z5*I"(O) + 26516(0) oe öo....o. I¡ - L

Tho paranetors zaa, zab and. Zoo charactenlze the Lmped,anco

behavlor¡¡r of the antonnas o Note that Zab = Zba.

va

vb

* LovLs and Tal mad.e
the problem (roference

no numerlca1 compuüaüfons to compLete
20).
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Ff gure 4-1. 1¡¡o Coupled Anüennas o

In torms of ühe reactLons doveloped

equatlon þ - I ¡nay bo wrltüen as

rfrf o\z^^ + ra(o)roto )zab =

z-!¿

?--?¿

ln Chapter TII,

(arb )

(uru¡ra(o)ro{o)zu" * ro2{o)z¡u =

(a' a)

(bo a)

ooooôcoooo ¿r 2

The set of equaülons l¡ - z &re stationary wf.th nospect
ts smaLL varfatlons of tho assurnod eurnent dåstrfbutions
abouù the t¡rue cu::rent d.lstnibutlons ( see Appendtx B) "
Thus¡ if trfe-l ou:nronüs aro assu¡ned which d.tffen fnom the
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true cunrents by enrors of the flrst order, the calculatod,

lmpedancos wfIl dlffer from the true lmpedancos by er.rors

of the second orden.

Choioo of Trlal Functfons

The ohoice of tnia1 distnLbutlons Ls to be made such

that the boundary condltlons of the one dlmensional model

are satlsfled. ALso, slnce fü ls doslnable to use trial
dfstrfbutlons r¡hich closely áppnoxlmato the true cu::rent

distrlbutlons, the choice can be fnfluenced by certaln
experimentel or theoretlcaL results r.rhich suggest what fonm

the appnoxlmatlon shoul-d take, For exaroplee the curcont

distrfbutlon along an open-onded dissipatLve transmisslon

l1no (w1üh smaLl attenuatlon) ls of the form

I(z) = Io

Based. on ühls,

Isrn B

Ta14

( -e.

suggests a Ërial cumont of the for¡n

I(z) = A sfn lS(i- - z) * Bf (.L - z) cos p("[. - zJ

where A and B are the adjustable parameters to be d.etermlned.o

Approxlmatlon Uslnq_Tr1 al Functlons

For conven{ence, the axlal dlrectlon on antenna ltarr

w111 be d.enoted. by rtsrt, and that on antenna rrb" by ttzttø

The prlmes on the va¡LabLes wLIl now be dropped. In the

event that any confusÍon shouLd arl-se, the primes can be

rofnserted at that point fn ühe dfscusslon,
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The assu¡ned trlal or:rrents to bo used are

Ir(s) = u etn p1!"- lst) + vf (,f"- ¡"1) cos þ ({- rsr)

I¡(ø) = l¡ s]-n[3(!r-rzt) * *P(lr-r,zy¡ cosft(.L-tzt)
..o....... lf - 3

Doflne the fol-lowJ.ng shortb.and notatlon for the trlal.
functlons

sp

"(3
o...n..... j4 - 4

At tbe feed. polnts

u(0) = ro

v(0) = vo

m(0) = *o I

n(o) = ro

)Ò..ô...." l¡ - 5

Using 4 - 4, the currents þ - J may be expressed. as

I"(s)=uu(s)+Vv(s)
Ip(z) = M m(z) + N n(z)

1/^ - rs r)

( ly- rz¡)

u(s ) = sin 13( l"- rst)

v(s) = ¡3 ( h- tst ) co

m(z) = sLn F(lr- tzt)

n(z) É p (lr- t"tl co

e.o..".... l¡ - 6
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At the termfnals

ra(o )

rb(o)

(.a¡ a) =

(brb7 =

( arb) =

(b, a) =

=Uoo+Vto
=Mto+Nto ccocôc..o. tt 7

Aecordlng to the reactlon concept, all trf aI distÌ'f -
buülons should appeer the same to the trlal flelds as to

the ünue ftelds; henoe, enforce the followlng condltLons

(a, c")
(brc5)

( ae c5)

(b, e"7
âacc

Slnce a

.rr""r l¡ - B

=Uu+Vv,Conslder the r eactlon (arb)

ühfs may be expanded as

(arb) = U(urb) + V(vrb)

SlnlLarLy

4a¡cp) = U(urcp) + V(vro¡)

To force equaLlty of these reacüions,

.c6cocc.or ¡+ - 9

co.rócc.o" l+ - 10

impose the condltlons

( urbT

( vrbT

( u, c6)

(v¡ cO)

ciôôcccôcø 4-1L
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Recal-I that the reactJ.on beüween any two sources th¡rr

and |txff fs by doffnitlon

(w,x) = \tl(4",W)¿T
)) )

úa Iune

where E* ts the electrls fleld due to the Bourco [, .

Note that ühe fntegrand has a value onl-y where the

current dlsür1butlon J¡exJ-sts, namely the ,rclu¡ne contaln-

lng the ftxrf anterura. Thus, the lntegratlon need be carrLed

out only throughout the vol-ume contalnÍng tho 'rxrr antenna.

ff the antenna ls assumed to be a perfect conductor,

^* 
Eå = 0 on the antenna surface, excopt at the feed.

(note: Symbo1 rr"fr 
"¡ands 

for correcü) o Thus

(cç¡x) = Vxw I* .ocoo.cocc 4 - Lz

for sny |txft, where Vrro, ls the voltage across tho rrxrr anterrna

üerminals due to the ff e1d Ei, and I* ls the component of
cument at the feedpofnt assocÍated. wfth Tr .

The resulü l¡ - 12 applled to the reactlons in equatf.ons

4 - 11 yields

(bru) = (c6ru) = Vab uo

(brv) = (cbrv> = vab tn

Tho remalnfng reactfons tn [ - B may be üreated Ln a
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sfmflåt Írarrnar r The results are presented below"

ô.o (a)

c. c (b)

o c. (c)

! o. (d)

oÒr (e)

c.o (f)

o.ô (g)

{r " c (h)

(aru)

(arv)

(aom )
(arn)
(uru ¡
(b, v)
(brm)

( brn)

vr*
v"*
V.- oa"

vba

v.ao

vab

vuu

vuu

u
o

vo

flo

Do

uo

to

m
o

tl
o

,acôo h - 13

Tf (a) and (e) sre add,ed, the result ls

(aru) + (brü) = - üo(Vaa + V*u) = - üo V"

where V" 1s the total voltage across the terml-nals of the
rratf anterula. SÍnce s. = U u + V v and b = M m + N n, the

left hand sl-de of thÍs equatlon may be expanded according

to the fdentftfes of Chapter III, Thus

U(uru) + V(urv) + M(urm) + N(urn) = - uo V*

tomblnlng (b) and (f)r (c) and (e) and

ühree moro equatlons " In maürfx form,

equaülons are

(d)

the

and (h) ytelds

resultfng four
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(uru)

(ur v)
(urm¡

(u, n)

(u, v)
(v' v)
(vrm¡

(v, n)

(u, m)

(m, v)

(mrm)

(m, n)

(urn)

(n, v¡

(mr n)

(n, rù

U

v

M

N

%
vo

%

%

V]'l
u"l

Vl'l

%J

cÕ.cocc 4 - 1¿+

Eqrratlon { - 14 may be written fn å noro compact form

by deflnlng [ß.1 as the square matrlx of reactlons, tP] as

the col.umn natrlx of parametersr and [U] r" the colum¡l

matrl,x appearlng on ühe rlght h.and slde of ¿+ - th. fn

thfs notatfon, [ - 14 becomes

tßltPl -lvJ rc.'c.""ro /-¡ - 15

Denoto the lnverse of the reactlon matrJ.x by t'f ]
Solvfng for the parameter matrl"x yfelds the resuLt

[6t]= tTl tyl . o. '. Ò c. c. 4 - 16

In expanded form, equatton 4 - 16 fs

U

V

M

N

ttt t:.z

tzt bzz

t3r t3z
thr t[z

tr3 tth
EÐ 

'artl3 t¡4

'trl t44

uo

vo

fro

Do

V
a

v
a

1¿
o

V.
o

r.cr.".tr. l¡ - L7
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All entrles ln the LT] rnatrlx aro doterml-ned whon [dl] f "
Ínverted, Both the [R] and the [îJ matrlces a.re s¡rmmetrico

Uslng the base currents deflned as J+ - 7 fn the two

po¡"t aquatfone l¡. - I yleLda

V" = Zr*(Uuo + Vvo) + Zab(MIno + ho)
Vb = Z6r(Uun + Vvo) + Zhb(Mrh + rutr)

)orrrcccor 4 - LB

If the parameters U, V, M a::Ìd N from l¡ - LT are substltuÈed.

Lnto l+ - LB, the followlng result l"s obtaJ.ned

tt+ * r/" 4" tr*)

+ m?oila tru * tÅo 4o y'¡4 * rlo üo t,

,- \/ ( 
= /.+ Vu I /"" (ao ú"t,s * "?r/d1/a 

tru * t{oña

\á 
[4^(çt,, 

+ âwo'ot,,+Nltrr) * Zab(uontot,u

*)+tj

* lou Gl,'tss n âdo ¿lofr+ +n' t*;j = C

This can be fnterpreted as a set ï¡hleh must hold. for arry

arbf tra¡ry set of drivtng vortages v, and vbo ThLs can bo

the caso only Lf the coefficLents of Vu and VO vanish

lndlvldually' setting these coeffl-cfents equal to zero

allows us to solve far Z^6n The ffnaL resuLü Ís
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uomoü13 * ìrorotfh + voilote3+ vonot¿l
Zab =

wlth

A
ó!..r.o...4 - ].9

uhene A fs ühe determlnant

dI = ro'*r.r- n 2 *oootl' o roztzz

Ëlut de

lu' u4

dz= *otoü13 * oo*o*rh n 
^ouotz3 

* %ootzli

d3=dz

dh = %'*¡: + 2 monot3¿l * "f *,*U

ôiccr..rr. l+ - 20

Equatlon [ - 19 wlth auxl]lary reJ-abions ¿+ - 20 forms

the basfs of the computer solutlon fon Z*0"

All entries ln the ff{"1 matrix are reactlons between

the varlous trlal functlons¡ and may be Lntegrated directJ-y

as shown 1n Appendlx C" Although the lntegratJ-ons are J-ong

and lnvo3-ved, all reduce to closed form, wlth the final
rosults expressed ln terms of slne and eoslne lntegrals"
When all entrfes have been computedn the resul-tLng matrLx. fs
lnvorted ts d.etermine the [?Jmatrix, Wfth all *rJ known,

equaüfon l¡ - 19 yJ.olds the nr.nnerieal" values fon Z*O for" that
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partlculsr cs.se under conslderatlon" The computen pnograxl

for ponformlng the computaùlons 1s shown 1n Appond1x D, and

the numerl-ca1 results eJpe presented fn graphJ.cal- form J.n

ühapter Vc



CHAPTER V

RESULTS AND CONCLUS]ONS

Mutual lmpedances between pairs of coupled df-poles

rñrere caleulated on tho fBM System 360 Computen using the

program shown fn Appendix D. The results are presonted,

ln graphicaL form on the followfng pagesc

To specffy the length to diamete:r natÍo, the comrnonly

used pararneter -fL ls employed" ft fs deflned as

where

JL = 2 !r\H)

-0 = half-length of dfpole

4 = radlus of dipole

Comparlson wlüh 4]nq rs .Bgsjrf.t.s,

Slnoo a llmited amounü of experl"mental data was

avallabler Dost of the resul-ts were checked by eompari-son
.7

with Klngrsrdata" Kfngrs daüa l"s known to be good for
short, thln antennas. It aan be seen from the graphs that

the nesults check very nJ-cely wlth KJ-ngts for the conditlons

stated" Note houever, for thícker, longer antennas, the

results calculated accondlng to the reactlon method devlate

somewhaü from Klners daüao

Comp arison witþ-Experlmo nt

1Ìlr¡o eets of e:rperfmental data ale"e presonted. by Kfng.
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Flgure l-2 shows tha rosults for ldentlcalr half-wave

d.lpoles of mod,ora.to thicknesa (JL = 9'3). For thls oaso, Lt

may be seen that both Klngts and the newly computod resuLts

agree qulte wel-I with experlment, wlth the results caleulated

by the 16actÍon method agreefng somowhat better than Kingts.

Experfmental results for ldentlcal, full--trave length

dlpoles are shown as ffgure 5-3" Although Klng compared

hls calculated resulbs wlth the data shown, thls comparison

Ís not really va]ld, slnce the ealculabed results are for

the case fL = 10.0 anð, p-9- = 3rI57, wherea.s, the experlmontal

results a,re for the ease JL = 10"7 and (31 =o ' Data computed'

from the roactlon formulatlon ls shown for both ca.ses for

comparlson, As may be seen, neither Kingrs results nor the

reaotlon method resul-ts agree very wel"l wlth experlmenü"

The f allure of both nethods at antlresona.neo can be

attrlbuted to the lnadequaey of the cu¡:ront ropresentatlon

for thfs partlcular Length" At thLs lengthr tho tormLnal

curuonü f s very small-, but the current at other polnts o¡1

the anterìÌla can be very Langeo Flgure 5^f (a) J.Il-ustrates

the general nature of the problomn Two possÍbIo dLsùrlbutions

are shown, each havfng tho same termlnal cu:r'rent, bub qulte

dlfferenü Values at other polnts on the dipoLe" Sfnco the

flel-d quantltl-es depend on the current over the whole ]-ength

of the anteruran qulte dlfferent results will be obtalned ln

each ca.se" Thls problem fs not unique to the fuli-wavelength

caae, but J.s less serlous fon other lengths (see flgure 5-1(U))"
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(b)(a)
4

Flgure 5-l-- Possfble approxfmate curronü distributlons.

An fmprovemenü Ln the reactlon method solution couLd

llkely be obtalned by addlng addltlonal" terms to the cur.rent

app¡"oxlmaü1on, Ar anaì.ytlc solutlon to closed fonm for thås

caso would represent a for"mldablo task" Thls suggests that

any further atüempts aü lmprovfng the solutlon should be

made uslng ühe üechnl-ques of numerlcaL l-ntegnatLon"

ConcIUslo49

The mutual fmpedance erçpresslon derfved fn Chapter IV

¡represonts a useful approxlmatlon for determining mutual

J.mpedance betwoen coupled dlpole anrtennas of moderate

length and thlckness" Wlùh a sÍx seeond solutlon tlme per

snf¡lrer, the progran J-n AppendLx D J-s useful to qufckly

obtaln approxlmate numenfeal data for coupled. dipoies u

tJhlle .hl,le nesults a.ppear to be bettor than KJ.ngts, no

conel-uslor¡ can be drawn Ln thls rogard untll furthor
exporJ.montal data fs avaÍIablea
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Ff gu:r'e 5-5. Mutual fmpodance curves for eoupled dipoles.
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Flgune 5*.J'4" Mutual impedance ourves for couplod dipoJ-es "

J?-a = 2O.O

¡il. = 2"U57

'O-¡' = 20 "0

H, = 2.457

,Iriilliltiitl'-:i
i .-r ,-l ¡ r-- .-r , / ¡ 1.. r.r

ii'iiliili.r.lril
rii:ii,il,i1rtllll
jillr;iil;illirr:i

iiiililiiliriilliii
;li:liiiiliiiililii

iiiililrl,r,iiiil

iiiil:liiiliiiiiiiri

iiiliiiiil':illiiili

(iiliiiiliiiiiiiii

r l l-i.
ìiîi
1-:_i i'rrì-r
-ìi-i-i
1¡-ì-i-rn
l:i-r
lf,!

ñ

' i i Ì i,' ;: i- : :: i'::' ij..: l:; : : : l :'-i.: i-ll';-l----l :l; -=irl=:::¡::--:=
'i i i 1 ::.::: i:.1':_:t :.i,.:'ì.r:t:.',-:':.:.1: I

; l : : ll-:'1-l:,.;j--i::.1,;;-l-i-:- - i-r'.
i l.l I I I i; l l- :-,;:, ;..'I::i : {::-.: : l'.':::: Ii,I i l:.il í-.:-,:ì .i-i.li. i- ;i-:::-i :,:rj Ii*;#::i*:.¡;:i;i: #

I I1 i I :-j : l:::: -¡-i.1.1- i l'i::: ¡.:'-:,.j r'.-:l
, ll. | | r-r: I I r....1 1.r.r,1...r...-ì t,...,:.--.-:r' ì i : 1 i ,ìì-j-.=:.-::.'.-:1. a;:-;::-:1::::l-;
: :, : | :.1.:11: ::-.!i.:-..,:i.:.- l rl-: =-i':--.-
i' r-;-Lii :i'i-- - I--r-ii-----.--
; :l:':,r¡-i tl.--i i-::;_l j-f=¡li.:r
I i i 

' 
I | ;.'1.;:':_:'l_:;jr_r.::__:l:-i: l;__;j'l¡ ,IlI ¡ 1 

'-¡ l :r1 -¡-'-- t- ' , _r_jj:_:_::]
; ii': l ;:ì_:1:]lr-;.-l :i.1 ;i-l-_ ;._i i__j_: ;Iil:IIril:-l:,-jj;i:j .-i- :-i--l:;,-:I
¿j.-j-;-r-::|jú tl';.l::- r- - "r'-'.''
ilïì:-'ri-: ¡ ]llF::ä-,-rr--:' fI;II
, . I .l :1 | ,.1.....:.-.-l.i.i.L I,, -:i-- ,, 1 - -i
;Ii i|':ILiIt'i-'f:i _-i"t t_'a--l
I ;i1 iì l: i[l-q-;;:l-=:t|::: l]-,'t:r:| ,,il.:.: ,:l_:_ij.J.ì :::: :i .-;l:-riL



APPENDIXES



APPENDTX A

RECTPROCITY AND T}IE REACTTON CONCEPT

rn thls appendix, varfous forms of the rocLprocity
theonom aro considened and noLated. to ühe reactlon theorera.

The development fs essentf ally that of Rl.chmondlltl-z and.
Fì

HamingtoD,*.

Reclpro cllJ
In most equatlon*e, all quantÍttes Lnvolved are

understood to relate to a corrunon sLtuatlon. A recf.proeity
theorom on the othen hand, brlngs togother quantj.tios from
fwo dlfferont sf tuatlons fnto a sfngJ_e equatJ_on,

Conslder for example, the sLbuatl"on depÍcted by

figures 3-i. and J-2, The reciproclty theore¡ns of equation

3 - 1 and 3 - 2 nel-ate the quantf_ti.os F" , ÌHo. and l-o
when antenna trarr ls transmitting and, antenna rrbrf ls
¡ecelvlng to the quantfties Fb , lHu "nd 

Tt when

antenna tfbn fs transmlttfng and srÀtenraa 'tarr J.s r.eceLvfng.
Furthermore, the ffeld quantitfes may bo relatod. to tho
cfrcuft quantltf es by means of the ttmrxed.t¡ recÍprocJ.ty
theorems of equatÍons 3 B ancl 3 ^' 9 u

Lorent z Re c f pllo c LLL__Theonem

For the followfng dåscussion, i.t ls convenLent to
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dlvfdo spaco fnto regfons as shown fn ff.gure A-L"

-----ç -Z -.
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Figure A-J-. Dlvlslon of spaoe lnto regfons.

Surface ul enclosos al-I sourees, and sZ 1s chosen as

the surfa.co of a largo sphereo

Let an'benna rrart transmLt fnto the ontd-romont which

Ls free space evorywhero outsldo ühe iregJ-ons bounded by

sa and s5 as shown ln ftgure A-2o Tho regåon boundod.

by s5 J.s occupLed. by the ope¡l efrcuited recelvf.ng åre-ber¡nao

Denote tho flelds produCIed by anterura trarr l-n Èhfs

enviroment as IF^ and lHo o External to the "ott"u

,\\

-/;\ /\Y/l
/l

,/l
'/t



-,/ |

5d

Eo , ¡{^ I
I

I

lAntenna ttbtt

\\¿Í"< I

I

I

/r4 Antenna

'- --
lrail

Flgure A-2. Tìnansmlsslon between two anüonnas.

regÍon bounded by s1r the fleLd oquations are

_Vx [* = â lH_

- 
- ill ¡ rl.vx fnÂ = q lLa

0

where the f¡ree spaoo paipametens â

Z, È iørt,rf

'1 = ì,^rg,J

oacoce cocg A

-^eIlO g are Eivenc-

6occooo A - 2

when the fLelds va?y harmonLcally rulth H.mo.

Now let antenna frbtf radl ato J.n the onvLroment

whlch f.s free spac€ ovexSrwhene outsido Ea a.nd s6c

?

'lrv



>o

!,Ilthin s* fs located the open cLrouftod roceLvlng anteni?âe

E¡rbernal to ühe source regJ.on, bhe rrbrr flo1ds are rel-ated

by

- vx Eu : â lH¡

l| ta lt-
V)a [-{5: I Es

).....o. A - 3

Soalarly multfplytng the seeond of equatfons A - l-

by E-b and ühe ftrsü of A - 3 by lklo and addLng yf-eJ.d.s

-v, (E¡" *þ[o) = Î F"' Er + â lf{o " fH'

)....... A - +

whore tho Left hand slde has been simpJ-J.fled. by the

ldenttty

V, (Axts)= IB,(Vx,#,) - A"(vxB)

¡o.c..oe A - 5

A sl-mfLan devolopmenü 1n ter"ms sf the othe¡r bwo of oquat-

LonsA-landA Jylelds

- V, (E*xll-lr)= Î ¡Ë"'86 + â Ft^,ll-{u

to.oooeooo A - 6
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SubtraotLng A - 6 from A - l¡ rosults ln

V, (lEo xlllu * Fu x ÌHn) = o
.rr.t...." A - 7

Equatlon A 7 fs va1J.d ln the source froe roglon

bounded by sI and s2o By fntroducing suitable cuts, the

reglon of lnterest can bo mado stmply connected. Then,

applying the dl.vengenco theorem and f.ntegnat:1ng through-

out thfs aou:roe free reglon yJ.eJ'ds

oo.o...oce A - B

In vLew of the radf ation condltf.ons, the contrLbuÛion

to thLs 5-ntegnal vanLshes over tho surface st when the

radius of the large sphore ls al-lowed. Ëo Íncroase to

lnflnityn Equatlon A - B thon roduces to

(( rEu xlHb - lEuxlnn) " Ås = o
))

.oc.o.e e co A - 9

Th1s fs the generalJ.aed Lorentz reeÍprocf.ty tbeorem as

prosentod by Rfehmond"

\\ (lEo. x ¡Hb - [Eux lH") ' à5 : o
))

sr+tr

st
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The Reactlon In_teerat

Slnce eeuaùlon A - 7 ls valfd at all points outside

of sg and sp, equatÍon A - 9 can be reduced to

ffr(
((,q"Hr-E¡xlHo).J s * \l(F*'l¡15-lp5xd-1"),Js - o
)) J)
5e 55

Finally

ffc 
n" x tilu - Eu x ,'t*), J s

5q

oo.....ôco A - 10

oocrooro.. A - L2

Sources of the Fl-elds

The envfroment undor consideratlon Ls free spaee

evor¡rwhere outsfdo of the üwo smal] subrogions boundod

by sa and sp respectlvely, The constants of free spaso

ff
= [( cno- H^ - E' xlþlr), J s

))
5b

rrreactÍonrr to each of the

n A - 10, Thus, by definLtion

ut\ | a
lf16/ ' d è

.r..o A - l-L

lty theorem becomes

Rumsey has glven the name

S.ntograLs appeanlng f.n equatlo

('
(arb) = \ 1 

(Er*lH. -lEo'x
))
S6

In thLs notation, the rocfproc

(.bra) = (aob)
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are donoted by f and e , and the characterLstLcs of
Èhe antenna matertal-s at'o described by q. , fn and -€q.

for ar¡tonrra ttatt, and by oj , þ¡ and €.L for antenaa ttbtto

Let antenna rrarf tra:rsmit lnto the envl-roment whreh is
free space even¡rwhere outside of sa, except fon tho nogion

bounded by sb whlch eneloses the open circuLted. r'eeeivfng

antenna. Denote the fLeLds Ln thls enviromenb as Eo and

lfio. . The prlma-ny source of the fields Ls the source
?

current Jl-j wtthfn sa" Scattorlng from ühe antenna

stnucfures can bo considered to have as Lts sources th.e

conductlon eurrenta w1ühf-n s, and sp"

!úLthln ßa, the fl"e1d equabf.ons are

-vxE^ E âolH^

V"lH* E î, lE* +4'

wbere 
Ê* = î^l*^
^\" = (q + ä.**)

conslden the second of equations A - 13, Ad.d,l.ng and

subtracting û E, yieLds
I

Vxlll* Ë îtE" + (î,-i)8" *U*

rG........ A - 13

* Íf- -TT

= I lEo. -{- JjoL
d



o¿

u /.\ á\11- -Tt-Á
= ri^ -î)lbo*rawhere

Simlla:rl-y

-Vx[L = âlH" -F M'
where lt44 = (ã^ -e) H"

Sf nco éa. = 4 and fao = f for non-magnetJ.e conductors,

the effective rrourrentrt densltles roduce i;o

Mo.=o

Thus

and.

I 
wrrhrns*

vxlHo = î lE*+JL

_ vx IEc

7
f 

ln free space

)

-vxEo=âIH"

= âlH"

VxlHu = î E.
.cc0ôccr.. A - 15

It musù Ì¡o noted however, that the total field.s
Frt¡
E a and. ll1o. eanrÐt be determj.nod from oquations A - i-5

aIono, slnce the contrLbutlon fnom the lnduced currents

wlthfn op have noü yet been accountod for" Thls wLll-
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ngw be consldered. WÍthLn 8b, the ffeld equatlons aro

- Vx F-* il-+^EZb

e

, these csn be l,¡ritten

^ Á/A - ..t-ooôeoecoaóa

ilr 
^ 

ñVx þ"t". = ,fra Eo

Notfng thaù Jau = f and Cb = 4

as

-VxF-o = ll-l 
^

Vx lf-{o = Î E* -t- q5

Í¡nore

u, =(îr-Î)e=6ËEo cô.ocoocre A - 17

ïnsofar as determínlng the rfarr fLeLds ls concerned.,

the effective currente gLven by equatS.ono A - 1¿+ and.

A - L7 can be thought of as source currents* in an

otherwl.se Ìromc¡ geneous reglon.

ìÊ Not" that slnce Jo rne ,T^t are functions of lE^ ethey are not known unti-I Eo fs obtained, On the o.ther
þtttd, Eo. cannot l¡e found unless Ã and S^" a¡,e lmolcjí¡u
Thus, one l-s led to an J.ntegrar oquation probl-erno unless
suLtable approxlmatfons can be madeu the problem j.s vinÈ-ually an fntractable on€ o Nonothelesse 1t Ls usefuL at
!tr1. stage to tne¿rt the cunrenÈ densftl"os JL and. S^t as1f they w€ne know¡tu
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ReactLon Expnes-god as- a VolJHne fnt:ema1

Maxwell¡s equatlons wlthLn the regJ-on bounded by

sb are

-vx Eo- = âb H*

Vx Tl-lo r 
$o 

E"

VX Es E â, lHr"

Vx lHy E 
$ r, 

IE, -t- J-r^

eô6c." A - l-B

By appLi.catÍc¡n of the dlvergence theorem, the surfaee

Lntognal. f.n equatlon A - Ll becomes a volun¡e J.nËegraJ-

of

V. (Eux lHo - E* x lH")

UsLng the vector ldentlty of equatfon A - 5 along with
equatlonsA-lByle1ds

V. (Eu x lHo- EoxHo) = Eo "T;



Thus

ff 
t,^ rH. - Eo x rlrs). r s : 

fff 
,r" .W) ¿r

Thls then results ln the followLng altornate forrn of
the reactfon lntogral

(a,b) F 
f[rE^ "[') 

J 1
.co.o...or A - L9

Reactlon 1q -Te.-rn?,s-gå the {Ðcldent 4l-,glds_

iChfle equatíons A - 11 and A - 19 Lre expressj.ons

for the reactfon (arb) , they are dl"ffieult to apply

slnce the total fi"eld.s En and lHo lnvolve contnl-bu.bj.ous

from both effectÍve cu¡"rents ( q of equatlon A - 14

and "J/^- of equatfon A - 17) n Arr a].tornate form derLved.

by Rf chmond cl-reurnvents thLs dLfffculüy" The deveJ-opmenl:

ls outlfned boLow"

The envlronmentunder consideratl-on Ls as follows-
antenna rra.rr enclosed withln s* and. radLatl.ng l-n the

presence of antenna ttbrr (opon-cLrculted) wJ-thi.n sp" The

totar fLelds ln thls environmentcan bo consLd.e¡.ed. as the

superposltfon of tr*o components

(1) That drro üo the voLumo d,istributi.on of electric

o>

Nbsb

db
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curr€nt Jt radlating lnto free spaeec

(2) That due to the voIì¡me dlstrfbutlon of eleetc'Ls

current Jot rad.f atfng lnto fneo spacee

lhe fle1d quantlties aro resolvod lnto components

accordlng üo

rç.r"-.5ll- l-{- , lLll-4 t tl-ê -f ü-q

lHn Ell-lJ +lHJ
,oeorc€e A - 20

,-i ,r ti
The fLelds lh.o. and lHo" are deftnod as thoso cornponents

of the total ffelds whi.ch are duo to the eurronts within
*5 urSsu alone" Sfnllarly, b; end lH" aro those components of

the totaL fLelds whieh aro due to cu.rrents wJ.thln s5 elono.

That 1s, the source of the f ncf d.ent f Lelds ( E:. ane ÌHj )

ls tbe ournent dlstributl-on

q = (i"-î)tE*+e* (wfthfn s*)

o..c.rce c" A - 2I

and the sounce of the soattered ftetds ( E: and. l.{j I is
the current dLstrfbutlon

J-ot (wlthi.n s6)

o0Òó6o.oe o A - 2?

= (î, -î)8"



67

Ma.rcwellts equatlons fon the Lncident components

are

-v^E; =2 ìH^i 7I wlthln s"
::\vxlHj=qEi+J[* )

t

I 
wlthrn so

7

f 
ln rree space

)

_vxEi=2lHJ

vxlHJ=îlË^dÁ

-, ^, 
trl !

- VX lb.a = z ltls

co..eoe A - 23

MaxwoLl-¡s equatlons for the scattened, components are

,,,i¡e4
Y X il-tc = t{ Eo'd

^, 
1|-

= Y Ea
t

,f't .r rrt l

-VxlLa= zltto

V x ÌHot I 
"rrhr.n s*

-VxEI=âll-1"' 7
I 

tn freo spaco

)
,,r < 5

v Ã fHo=: 'j o-o
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I 
ws.rhrn s5

= î Ei +J;'

sÀ

5b

sb

- Vo E'= 2 lil,t

rr 5v x ll-1"

..o...... A - 4

Now considor the reaotfon (arb) o

rr
(a,b)= \l(f 5xlH,- &xlHu)'J 5

))

= (( ,n,xruJ -E:xil{,) 'J s

l)

f(+ il(ur"F{n'- E'in}¡-{o) , Js
JJ

.oooo.Õ..o ¿. 25

It may now be shown wlth the aid of equatlons

A - 4, A - 3, A - 5 and ühe df.vergonce theorem that the

last 1ntegral ln A - 2t vanisheg" Thusr the roaction
(arb) roduces to

rr
4a,b7 = {((Er"lt{J -üxll{¡), Jg

))
6¡ e ..ôc0ec.. A - 26
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Eclu;i;j-on A - 26 may be convorted to a volumo integral

by fo3-lowLng the same steps usod to convert A - l-l- to

A - 19. The f i.na]- result ls

a(T,^ '

(a,b) = \f I (Ëi. Tb) JT
JJI

o.ooof .ooe A - 27

'ìlb

.-Trwhere J¡" 1s ühe wlume distrLbutLon of eLectrl-c cument

gi.ven by

Tb = cîr-î)Er

r.lJ.thf-n sO"

.c...oe eo" A - 28+T;
Þ

Approximatfons for Good Conductors

In practlce, a cyllndrieal dipole w111 be made from

material whlch 1s a good conduetor' fn thl-s casoo the

currents wLll tend to concontraüe a.s a thln layer near

the surfaee, and qui-ckIy go to z"aîo s.s one progresses

l-nward from the surf aco o

From a mathematlcal point of view, it Ls convenj-ent

to approximate the behavlour of a prac'cÍcal conduetor by

that of a porfect conductor, In thls case, the fields
wlthLn the conductor are ãero and ihe tangential eomp-

onent of the total oleetrLc fLel-d vanÍshes at the gurface 
"

Tho cu¡rents aro ùhen concontrated as a sheet of cunrent
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over tho surf o.c€o The conductÍon currents are no 3-onger

obtained from aE , buli rathor fr"om ,à x lil . Thus, the

cunront denslty J¡ of equatÍon A - 2J beoomes, 1n the J-imiÈ,

th.e surf ace current densLty}5r gf ven by

-\f. .\ ll I

¿b, = '"vr x lñ¡o !..r.'e ce c A - 29

The volwne Lntognatlon nor"l becomes a surface Íntegratlon
over the surface where the qurrent Jj- exists. Equation

"s

A - 27 then reduces to

aatt
(a,b) = \\ ( lE; .J[,) ¿ 5

JJ
c.core.e o" A - 30

sb

whon antenna itbfr ls composed of perfoeÈ conductorso

Now conslder oquatJ-on A - 19n The lntogrand vairishes

everywhere excepü across the gap" Integnat1ng over the

cross-sectlon of ühe gap yl€lds the total drJ-ving curuent

\" The cwrent Ib Ls assumed to be constant aeross 'che

S.ength of the Bap. Thus, equatlon A - 1"9 reduces to

(a"b)= lu^rln d.z

rI= rb \ t"ruo
)

-5

-t
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Ffnal1y,

( arb) = Vb" fU

r,,¡here V-^ fs the voltago aü the tormÍnalspa.

due to the ffelds of anber¡na "att, and Io

curront of anüenna rrbrr when Ít transmLts .

..!e e e ôe eo A - 3L

of antenna trb¡t

fs the driving

Approximatlne the Reactiqns

In all provlous dlscusslons, the currenü densi'cies

wero treated as lf they were known - fn reallty, they are

not" Itr¡wover, sLnce the medlum Ls homogeneous except for
two small Lsl-ands of matter, lt is possible to assume

curront dl-strLbutlons fn these subreglons, and from these,

obtain approxlmate expressions for lÉ anA l\-\ elsewhereo

Considor fon oxample, the situatLon when anterura rratt

is transmfttfng, The flelds producod by tl" curront

d.lstríbutfons wlthfn sa i,üero denoted Uy IEJ ane \\-{f o

0utsldo of s*r the flelds may be calculated by the veetor^

potentlal mothod as outllned 1n Chapter fI, using as the

source, the assumed current distribution wlthin s*"

To si.mpJ-f.fy the formulatLon of the problomr the

fLel-ds outsfdo of sa are often approxlmated by replacing
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the surface curront donsLty by a z-direoiecl fiLenentaz"y

curront conconbrated on the axLs of the di-polo and. cale -
ulatJ.ng the fLelds produced by thi.s" The vecton pot;entLaL

Ls then found from appllcation of oquatJ.on 2 - 7s and the

u-oomponen'b of the oJ-ectrLc field from oquation 2 - Bo

ConslderÍ-ne Tr to bo z-dÍreotecl, ihe do'o pnocluct
-ps

J.n equatlon A - 30 becomes sJ.mp1y the pnod'ucf of 'bhe z-

component of E.; a¡d. the u-component of J[, " Integrating

around tb.e clrcrunforence of antonna 'rbrr yf-eld.s the totaL

eument Tp(z) at anY Point Ec Equatl-on A - 30 'chen reduces

fo

(arb) = -t\..|b(z ) az

Substltutfng from equatJ.on 2 - B gtves

(arb) = )ro(z) c(21 ,z) dzs ð.2

oee A - 32

1{nero

G(zt ,zl E

,Qs

l,'r.

lu .!.urr
,r.r I I r"(r'
-l !r.

(t *þ#)+tP'
ooocoeeooc A-33



APPENDIX B

STATTONARY FORMULAS FOR TMPEDANCE

StatLonary Integna],s

Consfder the fntegral shown as equatlon B - 1o

o.....cceo B - l-

If the substÍtuül"on

i=y(*) +arl(x) ..oor..re e B 2

Ls made, the S,ntogna1 becomes a functfon of o( . That 1s

orocco..o" B - 3

br
Il{= | F(xrfrlt) d.x
)
G

b(
N("r)Ë \F(xrÍrÍ')dr(

,/
A

Tho Lntegral. N("<) Ls saLd to be statLonary fon

smalL x Lf the followlng condltlon Ls satlsfLed

dN(ê( ) |

'" i;' e co.ee èeoô B - 4

Er:forcLng the condLtlon of equatlon B - 4 l-eads to

E¡¡Ler¡e equatlon (r,*hleh Ls a first necessary cond.r.tion)

for determlnLng the extremal fr¡nctfon y(x) u¡hLch minjmizes

or maximLzes tho Lntegtral.
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In somo ca.ses, Ít fs not possfble to solve for
y(x) by thls procedure. ilowever, lf Lt can be shown

that the lntegral N ls statlonary, then an approxlrnate

solution may be obtalned by assumlng a trlal funciion

l(x), and evaluatj-ng the f.ntegral B - 3 wi.th thls choicen

ThLs of course does not yleld' the corroct valuo N(0)

whlch would. be obtained Lf the true y(x) llere use$, but

for smal1 o< , the e¡'¡or v¡111 bo smaLl. This j.s shou¡n

pletorLally Ln fJ.guro B - ln

N(")

Nra,¡.r=,

KJ--¡116o¡

o' o<l

(a)

o ç,(t

(b)

Figtæe B - 1o N(o<) versus o( for (a) statlonary formul-a
and (b) non-stationarY formul-a.

' 

" 
-a^For a givon error åb = a'l(x) Ln the approxJ.mation, the

eorrespondf"ng error Ln N("<) ts, in gen'eral, mueh smaller

for a statlonary fntegraL than for â DoÍl-stationary

integral.
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The Ritz Procedu.re

The Rftz method 1s a procedure for obtainlng approx-

imate soLutlons of problems whlch havo a stati.onary char-

acter. The procedure consj-sts essentÍally in assuming

that the desLnocl extremal can be approxlmated by a l-Lnear

comblnatfon of rrrlrr sultably chosen functlons of the forrn

y = caØi (x) + orØr{x) + o.. + cr,ønþr)

oo.o.oe e e B - 5

r"¡here the rrorstt are constants to be determined" Usually

the functions ØOln) are chosen in such a manner that this
expnessfon satlsfios the speclfJ-ed boundary conditions

fon any choLco of the rrcrsrrc In physioal. probl-ems, tho

general nature of ühe solutLon l"s often knor'm, arìd a set

of d ts 1s chosen Ln such s. lüay that some Linear eombinatl-on

of them may be expectod to satlsfactorally approxlmato

the soluü1on"

Statlona¡rr Character of the Reactlons

If two variatlonal paTameters dG and Þ(b are involvedu

tho condltlon for a statLonary fntegral Ls

Þ-O
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Applylng ùhls ldea, lt 1s easl1y shorun that the

roactlons of Chapter fII are stationary. For example,

consi.dor (arb) . It 1s deslred to show that the reactLon

(arb) ls statLonary for" sma1l va¡llatlons of rtart and ttbrr

about the correct value,s tt"*tt and t'"btt. To show Ëhis,

1eü

a=ca+o(q,oå

þ = cb + {ueb

Expanding (arb) ylelds

(arb) = (.^rcb) *dKea¡"b) +<(c¿re6) + o(.c*fo*reo)

The constralnts

(arb)= (o*rb) = (arc6)

leads to two moro relations

( a, b) = (c ar *U) * d¡(c sr e6)

(arb) = (cs¡c6) +,o(Jea, cb>

Substituting thoso fnto the above equatJ.ons yield.s

(arb) = (c"rc6)- otoo<o(e"rob) e ...oe cc.e B

SLnco (csrcb)fs not depend.ent upon eLthen o(A or db , it
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Ls easf.ly seon that B 6 fs satlsfled. for (asb)e thus

proving Íts statlonary character.

set of sLnruLt-

Stattonsrv For4ll:-Lgrs for Tflped.ance

L'Ifth the af.d of oquatfon A - 32, the

aneous equatLons 4 - 2 may be wrltten as

)
r;(o ) z^^ * 2 ra(o) rb(o) zub + rfrto )Z'' --

artli1'ì' 
^ 

't'
I. I .L^ tJ .¡.

ll a Ð,a a

ar+ l/ roGuuto
JJ

.oÒ.oe e ee e B - B

(('+2lt r G. Ï.ll e s,Þ þ)J

where the speclfic arguments of the Lntegral: have been

omltted. for convenLonce" Thaü Ls, the fo3.lowf-ng shorÙ

hand notatLon has been used

1* t,rr - a' (^- 
.

\(r*è,*rr 
E -J3oÊl ) r*(z) G*r(zczt) lr,(zo) ð.zsð.2

)) lh, lh
Let the currents f* and IO be varied about their

true val-ues " Now, as shown by Levj.s and Taå5, the set of

equatlons obtal,ned f¡rom B B Uy mea¡a of tb.e variational-

calculus shows that

lZu^= iZ^b = åZOO = 0 c..oèo6e.e 
: 

- 9
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Thuso the simultanoous equatlons 4 - 2 irepresent a set

for which the Ímpedances are statlonary with respee'ü to

small varlatLons of the assuÌned current distributions
about tho true curront dlstrlbutlons.

tR
fv



AP}'ENDIX C

INTEGRATING THE REACTTONS

Because of the rooiprocaL nature of the reaetions,

tho matrl* [&l f" symmetrical. about the prLncLpa1 diag-

onal, and consequently only ten of the sLxteon reactions

are distlnct. Furthermore, aff ten of these reactions

may bo obtaLnod from four general Íntegrals, The foi:.r-

general fntegrals roprosent the roactÍons (urm) , 1Ltrfr) ,
(vrm¡ and. (vrn). By replacj-ng ,[, by ,f" tn those ir:.tegrals,

one obtalne the three reactj-ons (uuu) e (u, v) and (v, v) o

AlternatLvely, tt fo 1s replaced. by lt 1n the above genera1

lnte$'als, the reactl-ons (mrm) , (mrn) and (nrn) are

obtafned. Theso ten reactJ.ons completeJ-y specify the

roactlon matrix.

Inúegratfon of tho reactLon fntegral-s 1s long and

Lnvolvod, and only the maLn steps are outlined bolow.

I THE REACTION (urm)

expressed as

ds dz

The reactlon (urrn) may be
.!n o

( f^'(u,m) = 
. 

J 3of 
) )^ 

ro(s) r*

-le !!,

(a) G(suz)

tt.ctc.crc C - 1
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-\ êY
e Jl
Y

/ r- r )z IG(s,¿) = (l+ þ-a")

"=æ

where

-t ds

oa a a aa aaoc C2

J.L9¿Ltö

G(s o z)

.. C - 3

G(s, z)

InsortLng the orcpressf ons for \r(u) anA Ïro(z)
.lo '!'b( t((u,m) = i 3ol3 

) 
srn f t!"- r"r )[ 

[srn f (!r- tzt)

-tln -1.0,
DefLne the Ínnen fntegral as A. Thus

.(t
/

A = [ srn êt!, -tsl) c(s,z) dz
I / ooaoccco

_uþ() ,Lr(
= ] srn p(!t+ s) e(anz) az + (srn F(lt,- z)

'!t-)t-ab 9

EA- +A /̂

Consf.der A, c

(t . p
q = | srn (3 (.[r* z) 

"--J 
Ê * dz

4tl |'r
4t-o-'<t6 + +. l"r" ßúu+ ,) ) - (o.-J lu'\ dz(t" );: f''^' )*" lä ' )
'nf"{'



Õl

l"\
ld"/

leLds

oa
oi = \stn PU,* ùl*(e-J

Jn , )f\r
--Yb

fntegnatlng by parts twLco

. t ur=o

rr ..,/-Jtg"ll . ^.A 
I

A.r= sl,nB.ry/le ' /l -É! eosß(!.nz)"-'13"1¿ I "I¿tË ll t- t- 'Þ ,; 
Il-'o

7=o éo- ^lt

o

^. ( 'pn
- ,g' I sJ:nê(.!,n z) -u-J, o.ztll'r

-t!,

whon thfe expressLon J.s dLvfded by F"r lt is seen that the

last ierm is equal. to al. After canceJ.latJ.on, l, red.rlcos

to

Ar. = 
È, "r^r,n,*þ-t f ")

z,

-r "o"þ(sl

=O

(,Io+ z) e
¿

7=o
I

-r t3 -l

I

Z = -'4ø

A simllar devolopment yfelds the foLr-owl,ng olcprosslon

for Ae



Az = - 
å, 

aLn p.!ø3, ( å-'U 
" 

)l

ReoalL that A = \ * 42. Thus,

E'=-Q5

=4 f u-i Énr
FL ñi

Substltuti.ng thLs the expression for (urm) givos

- Jr

BZ

e=-(U
I

.-J F'lFl
Z=o

=C)t:IIt\I)
_Jb

, ( - ra-
A = ro 

] cos þ(!r- z) g-J É "lr L r v t 
,l=o

â cosfxefr:u-J"stnf(!^-'",lHP*'*

?=O

. 
È conp(!r- z)

"/2,^+ 
"-J 

(t n2
-ñ-

2

z
¡ ßn

cos $ (.Q,^ + z) e-d I
It,r

p-

2 cos ê!,,-{ Éoo 7/.-E t
"r.:.r.ceE o

whore R
o

Rt

R2

=l(1r-")z + dz

=lUu*u)2 + dz

Lnto

.pq

(urm)= -,J * |
-ro

- lêR.
,a Jl
L.

ß¿

sz + dz



oJ

!,n

(u,m) = - i 6, f srn p ( ln -',[Ë,'Éi a'Ui' ?, casftoåjP^rt r,
o

oô r.oc¡oe o C - I

FJ.nally

The remaLnlng i-ntegratl-on requir"ed. to red.uce ec,uation

c - 5 to cLosed, form wLLl be postponed. untll sectior¡. v"

ïI THE REACTION (v"m)

The neactlon (vrm) J.s gJ.ven by

.!b.h

(v,m¡ = J nf 
fi3e,-rsr 

) cos li (,f^-,-,,1 
| "r^ 13 

(,{n - ¡zr)

-.8o - Io

G(s, z) az/ u"
)

Tho fnner lntegraJ. Ls recognf.zed, as A ln eo.uation c - 3"
The result C - h may be insorted, dLneet1y to give

ln
f p^

(v,m) = - J oo( ø (,(o- s) cos ß(.lo- s) f "-JPn:.)t tl-ã:
òt-¿

qAo+ e-J PHz z cosþ,{¡+-j f "rl d.sîiÇl-neJ

.e .e ce e cco C - 6
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u+

III THE REACTION (vrn)

/'
I(v,n) = - i 30 l3l þ ( lo -tsl) cos ß (!' -rsl) s(s) ds

l)' t

^r4

"!u

where B(s) = \ ß (-l¡, -lzl) cos¡3(-$ -tzù G(srz) d.s

-'lrt 
I 

.r".....o" c T

Ï,et B(s) = 81 * Bz

ro
8., = \ ß ( f-+ ù cos (3(Åv+ z) G(s,z) d.zr- lf - I

t^

-t6
.!,"

a.
I

Bc = \ A t.!r - ") cos (J(-k - ù c(srz) &zé' )t I -
o

It is convenl-ent to further subdLvLde these integrals. For

example, 81 may be ercpr"essed a.s

8.., =B.f + I Bl'J'¿p'a

o( ^ rA'.ui = \ P 
r,l, * z) cos f (,t, o ù å-' 

l'" dz
Jû'

-*b

o

ni = Ç p , !v* 'z) eos 
¡å, 

(,(r+ 
")-f;- 

(u-tÉ'J u,
in.t 

- t " )4"\F l
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hrtegrating by parts twåco yLe1dsConsid.er Ui 
"

2=O

oQ

^iftr
a,; f!ø 9u''rz- ^lr" f:,, (L(u*n)it'\'

-'!,

^ ro-,. \ -¡a , -)16t,
- F' l Éfn+Ðcos¡3?n",)+ de

Ltn
_ -(¡

7
L
\
ì

dlvided ìry þ'
L^ .l)f 

^.ftt,to - lJI" A-i'-TeP

, tt ls seen that

canceilation, B:-

-ìÊ R.
,ÞJtl-ç

enz
/¿jF"\[?lþt

.!b
r -ìßF( si- þUr-=) u u'

)'F
o

'Q,o 
,o, g, 

+,
Br=

7= o

+- ( p!, si.. p.oo- cos flr)=-- 
i P*"

Ko

àza¡s

si = Fh, .,, ¡3.!r, +, (+'t")_l=; F "",É//b+z)-?tU" 
)_n,

* ít'!o

I¡Jhon thls expresslon Ls

tho Last term ls equaL

roduces to



p.A

where Ro and R, are the sane as defined. 1n section Io

and Ï Ls given by

7=Jh+")2 + d2

A slmilar development yield.s Ëhe following expressi.on for
B2

+ (Plrs i., p-ou - co" 
Ê 
!r\

c)

Make the foLlowf.ng deflnltlon

¡ l3r i ßfrF(srz) = g-t'-- o g-J {"^
rF

i'ij.th thls doffnltion, Bt and B, may be added to obtain
g(s), which, after canceLlation is

-jpß"e
O\o

r, 7ðz \
J



Bl

B = + f ç iÉu'-,. gip*' -{- a(p,t, s,^ ply - cos ftna) *j 
(,zu

P ¿ R, Kz \' - ' - 
Ku

,o' 7
- A¡Z I sfn P(!t-z) F(s,z) Jt \t)')

o
oeoce oe eoc C - B

This may now be substLtuted Lnto the expression for {von) c

I^Jhen thLs Ls done, lt ls seen that a group of terms combinos

io fornr (vrm) . Tho finaL result for (vrn) is

!o
f - ìêKo

(v,n) = 4v,vn) - î lzo ¡3.\ si^¡3.80 \ FU"-sJcotP(!o-s)eu' ds
I - 

)t 
I ßo

o

0{È
( Yr 1,

o l' ro f ) trrt-s) c',f(-[^"')l I 
s'" p(!t"-z)Fcr,z)JzJds

oo
o.oe ooe oce A - 9

The fina]. evaluatlon of thLs expressfon is postponed.

to Sectlon V.

/u



IV fHE REACTION (u,n)

/,
whene B(s ) = \ Ft,nr- taù .o' [3Qr- ¡nr) G<t,E) J a

-7, 
' 

n.oe e.ococ c - 10

!o

Evaluatlon of thLs expression r.s consld.ored. j.n the i:ext
soctLono

U EVALUATTON OF THE INTEGRAI,S

All reactlons oonsiderod in the pnevi.ous sections
can be expressed fn terms of the folror,ring six inte'gra3.s

rlo
4u,n) = J lo p I si" p(.{"-rsl) Bcsl ds

' -'o^ '

Thi.s integral has alneady been shown to :red.uce to equation
c - B" rf the result c - B is substiüuted. into the above

oxpresslon fo¡r (urn) , the follov¡ing is obi;a-tned.

(u,n¡ = (Rm) J 120 Flr"infÍb f",,rr/^-s)Ê"U'Çd,
o

'!n , flu
+ t vo p f';n 

p(-!a-') [ [s';p({a- 
a) Frs,z¡a"J J s

cocc.oeoeo C - 1L



'Pn aea * i- -rÉK'
N?= lsinþUn-.)l +"' +.L J t .L r\r

ÀÕ-
é.

N3=

0

("o
\Ê
0

e>

Id5

c -l-2

aooaeóa0ec 0-13

Js

ee C - f-lj-

-ìÉR" Ie.ul I
I

12 ll\z- J

r -rßR' -l l3K. I
("tn-s)cos Pu^-r)lÉ,' _+ ä"' J

- ìÉR" ,

e u' ds
Ro

0ÄL

\ s,; ß(!"-s)
Jl

o

.lo

\ 13 U"-s) cos f (

)'
o

-ì êRu
-(o-s) e ui 

"l 
s

Ku o..co.e e e e C - 15

Id5

- l-þ

IrJ,q-

B=

o.gcarecoc C - 17
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In torms of the above deflned lntegrals, ihe r'eactions

may be olqpressed as

(uom) = i6o(NI - 2 cosÊ,f.b$z)

(vrm) = i6o (N3 2 cos þ,(,b N\)

(v,n) = J6O ('rv, + 2( plrst,npl, - cos p[r)w, 2 6^N')

(orn) = - i60(Nr * z((5.qstnþ{v cos¡6-ri")N, - 2PN6)

e oooee oe co C - 18

Funetlon Subroutl-nes

In order to systemf-ze the evaluation of oquai;ions

C - 12 to C - J.7, the following functlon subroutines ere

deflned

/' '6(R-x)
E(x1,x2) = \ g.)l ¿x

,,K
\

lN" -'' ø *-x)
ri(xia:c2rrc3) = ) (x+trrå åx

rx' À(g(R-x\i^tt: \ - \ c*-Fx¡)1-.-lj ' JxYr\:Llenzto3t 
j, 

\'r '"', È



vl

where

Evaluati.on of E(x1ex2)

a change of varLables as

Thon

Ls straLgþtforward" DefLne

¡rie3-ds

z= (3to _x)

dz
dx

Thus dr = dz

zl

?l
ìcos z. àz

-Ê

-4
U

R

K

dofintng E(x1ex2)

a7' -n,t-u

= { e-J- Åz
Jz
¿âz

Z,Ir
; I sì^ 7 Jz
lt\uJz

2,

St¡bstltutf.ng fnto the iniegraS.

a7, -?I -^" ÅnE(x,,x2) = I +,
)E

I

t

J
2bL

S; crrl]

c-Lg

Is;cu,) -= Lc;G) - c; cz,il

otocÔecce0
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7t=f (,m',IL
tl¡

\/ì.tt )

vlnzJX=^

manner, the expl3esslon for H (xr crpsxzJ
J

zz= r(
L sLmLl"ar

to be

I^IherÐ

In
l-s shown

whero

/ -¿2.[.c dH(x1rx2rx3) = (*3 +

-¡zl \_e ¿ ) +

zaand. zzaro the same as -"rr:". ;:"" 

t - 20

The etcpresslon for lrf (x1rx2rx3) 1s

w(x1exaex3) E (xr' *+" #) e cx,,x")

+ ?X, H (x,,x.,o) - #. [au" f 
u=) ¿rz"

¡

,iu'l + Ê!"[Hrz' €!=)
: ( --i4 ,--j t, \l

- ti t - - + ii øe c..e e oe o C _ ZAd \ zL zl /) 
e e c..e e o(
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ConsLder Nl.

fT,^ pc.nù-.)[å,t 
Éu'.. s- i"u'] Js

o

s in p (!o-s) = q [ .if 
Gtn-s) 

- ;i|u!^-s) J

0
^ñ{

n"!r)f - ip(R" +s +18,)
I ê ¿l
I - cis/K.

L
I

I
J

.trn

- ÀP(!.-"!,) ( -¡P(nr;'lt I e- ¿'
t-

o'o'
,,lo

_np1"+,!) ( êe u. I .ç-
lR"

o

ConsÍatr f;he fLrst

Define n=!o- s

Then d.2( = dE

ReCuction of th.e fnteqrals io Closed For,;t

But

Lntogral in fhås expressiono

SubstirlutJ-ng this l-nto the oxpresslon for lVf. and

rearrs.nging yåelds 
o

, ( ¡þ(1^-!,) a -À(3(R,+ 5-- r.')
rr I \ o'lf--- '{ e. Tl Jur\L = z.Å 1 

r*

d r I Rì

-s +.!lr) ;þU'
às {- e''

À þ(R^- s -Ja)
J' Às



= J x=+J' = RRr=

utång yf"eld.s

.Aø-{n
-at\

É(R, 
-+ s - -!ò. ( -¿ p(R -x) ,t às = \ e u, dx

/R
'(, ø

Subs ilt
nr -;let

J nt
o

Àp(!"- -au)
g'/l Ë ( -(u, -l.r- -t")

E (-!0,/^-/r) + el Fu^nuo) E{-ln , -.{u-iu)

All other f-ntegraLs J.n N1

manner" The fLnal result

Nr = O"54
a

tê

may bo treated in a simi.lar

¿ìJ

-.{r)

ç
I
L

-!n

-!P t't^ *'('') 
v ( .!,u,,{- *Jr}l

- Ã(3(
. ÞtJl

("{u- 
")"
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Since N2a N3 and

same mannere only the

( i þ-{n
N^= ÀO"5Juu' E(o¡étL

ed in oxactS-y the

sented bolow"

)
E(o,.U) |

)

- ) 9(1"--!,,)
+ e. Jr i+ (-/o ,.!u--!o, -(r-!'\

+ ;4\u'o "h) y1 (-!u, -g.u+-!.¡", --{6- urTj

\T, H^r'¡ì .l t ¿s<aJ

results

.tl
A \ \4/Jr'to.

-1") +- e. J'

bo reduc

are pro

Nk = - o.up["'N" n(0,-!",,!,\ - ;iH. FN(o¡ 1^,-o^)i

The l-ntogral N5 fs
"Q" luar

N( = \ \ p (.tro-s) cosp(!u-s) si,., Fdu-z) Fcçt=) JzJ,2 ))', t

oO

Noi'i cosf (/^ - s) and sinp(,{u- z) may be e}qpressed in
exponentia1 formn Makfng use of the d.efj-nition of
F(srz)r the f.ntegral N5 may be expand.ed. as follows
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\Ĵ/

Å= | Jt
,J

ÀB
a -;zßs( I -iÉ(r+

Q(a,e) = \ É(A-s)sJ 
t / i g''

)' L I r
OO

A
f ( fts -ÀP(\r'+z-É

c(A,B) = \pfn-t¡ ì \.s- t')' {. J rOo

Af this poinù, f t fs convenLent to d.efino two func'cions
as follows

By makf-ng approprLato changes of variabLe, a13- inbegnais
in N5 can bo e)cprossod. in terms theso two funetions, The

fLnaL rosuLt is

( \ þ(tr,*-00) r
N( = -jo"zs\ eJr-- L Q(-a^,.-ør) ),- G(-Inr{r)j2óL

z-s) 7 ¡l\laz f cs
I

J

-; ß(!'o+-Qv\ -
_þ J 3 l"'^B ' *e' 

I O C_ -g^, _4,,) r_ G(_Q^. _ /o) J

+ ui1u'"-!'\ [ or .{u¡-1,\ a G(-&o--..r\}

-iPl."-'lø) r " 17
+ e,. '' L A(- no,!r) _.- G( -{"'-!r} I \

Eval-uatton of e(.Are) and. G(ArB) is posËponed. untll
N5 has been consLderod..



')0

After expansion, N6 may be e:pressod.

-( 1(t(!^-1') f l"/'--i15(v+s- a)=ô,zsle" LJ) +
O6

.Q".(,,,

(( -\ty(F+s-e) 1+ \ l4.'' ÅzÅs 
IJI T J

O()

+ eir3(r''u' f î(itu,r- 
s +n),¿, -i'&f( F-= *3,rJ

*¡-\ 
LJJ? elL')-))A *-oJ

OC' OO

,1, !, -!o -!t,
;ø(!'+/o)[ (( -iß(r+s+a) ( (' --¡þ( 

F+-s+ z ) I
-¿' l\\g'' - àzls*l\s-"' áu{rlLJJ v- jJ v j

oo eo

,!,n "(.u ,!" l,u
-ìþ(!,+-(,\l ('( -iÞ(v'- s -z) ((^ -iø(v-s - É) I Iout ,\19,, daJs+lld, dzJrfr¡-v L)lT oe'd5-'Jl o r)

Aøf a _iÊ(r-5+z),
= {' ( e-il JzJt

,)roo

Ag
= l.- i'f ' r Gi P('-s +?' 

,=l
) -)Y -.i

oo

aìJ

1- |CJÉ ëS

J'

N,o

Ðeflne

P(ArB)

Q(¿, ¡)
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ïn this notation, N6 boeomes

a \þ(!"--(o) [-^, ^ n \ -r- -l
N6 = o,Lsi ."-' - 

LP(- !a)--Pr) -T(!o,-!ùl
Iu

Consider the function P(ArB),
A- 8( f i --ip("-S+z),11P(¿,n)= \ t\å'' dejds

oo

-\(5LA^+-(s)r- -,-/ o or17+e Jr---- " L?U.",-l) -TG!^,-!r'J]

Define \^/= [3("-S+z)

* =Fæ *,) = P(#*\)
=¡l

!

(r-ç+s)
ìr'



L00

Thus dé= dw

where

Upon substitutlon, thero re
AWO

P(A,B) =f If -i"-l
)I.JWJ'o w"

sults

Jt

Wo=

wB=

Ro=

Ru:

f (r<,- s)

F(n"-s*- B)

s'+ d=

I-J (s-B)=r,- à'

by parts, make the foll_owingIn order to J-ntegnate

dofinitions

I

Then 4)=S

v/-Þ
f -iw ,

I -g-" du/
)w
w"

¿^i
,Às



1Ðl_

To determi.no -d-[Às

The Lnteg:rand 1s

8.16 o Therefore

I
c i".1.

è,s

-ìVte' Åw,-ü7o T s

, dÍfforentiate unCer ilhe i-r:tegral "

not a functLon of s, bu'b the l_infils

-iWPe'
wB

åw*
Às

l13(tro-s¡
JJt

-: Ro

ing yíelds
N^

f - ('o--j- , Ils\€-L / w ".*J
uto

-ìfa(Rs-e. */'

G
5+Þi

Subs'uiùut

5= A - s)
JsP(A,B) =

RÞ

Finally

P(A,B) = A ElnB,A)-

5=o

-s + B)
Js

H (0, Ar o) ' \ll ¡1 ^D r-\-i- lJ (- Þ-, Aó) 15 )

-ÀþGve- Jt

A

\s
)-

o

l-

where AB = A -B
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A simllar development yield.s the foLlowing for¡ruLaen

r(A,B) = Jul "-t'pA 
p(an,a) - ei-e,o) + E(0,-A)z {" L 

- o-i zFB n(B'-AB)l

c(A,B) = lt ì *t u(aB,¿) ' oLnt o,A, o) + H(-e,en,n¡]' L2

+ o "S[i+f o,A, o) r¡J( -Bro"ruü (

+ ;ap [uro,-A,o) - e-JarB H(8,-AB,-")]f
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THE COMPUT.þ]R PROGR..ô}T

The program !ùas coded. in FoRT;lAr{ for o1:erai;io:r on
the IBM System J60 computer. Al_though leng.ihy, tho
program J-s rather simple, with vory li-btLe branehing.
LLþoral ì¿se r^ras made of funci)Lon subprograms Èo sirnplify
the prograrnnfng. All ari'chmetic is perforrned Ín single
proclsion, with the excepi;ion of the rnatrix inversion
noutine whleh ts dono Ln dor¡bIe precision" Evaiuation
of the sino in'oeg:rals and cosino integrals is performed.

by means of a series expansion for argumenils less than
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greater" than oneo Total ruirni.ng timo per impedance

calculatlon Ls about six second.s u

A compleie lJ.sting of the progran follows 
"
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