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Abstract

We describe Alexander duality in three equivalent contexts: square-free monomial ideals,
simple hypergraphs, and simplicial complexes. The first major result gives necessary and
sufficient conditions for Alexander self-duality in each of these objects. As a consequence,
we show a novel equivalence between Alexander self-duality and intersecting, 3-chromatic
hypergraphs, about which Erdés and Lovasz posed a number of still open questions in the
1970’s. A recent topological study of Alexander self-duality gives an enumeration algorithm
for all such hypergraphs, which is only realizable for small n. We describe improvements for
a computational implementation of this enumeration algorithm that allow us to enumerate
all intersecting hypergraphs and all non 2-colorable hypergraphs with six vertices or fewer.
Further, we develop a technique called symmetric polarization to give generalized versions

of these results for generalized Alexander self-duality as it is defined for monomial ideals.
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Chapter 1
Introduction

The field of Combinatorial Commutative Algebra is, in large part, a dictionary between
Combinatorics and Commutative Algebra. Entries in this dictionary are typically written
about a correspondence between an algebraic object that is constructed by the data encoded
in a combinatorial object. One such example is the correspondence between ideals in a poly-
nomial ring generated by square-free, degree 2 monomials and the edges of a simple graph.
This correspondence—called the edge ideal of a graph-is very widely studied in Commutative
Algebra, and is central to the work in this thesis. Studying correspondences of this nature
allows us to ask algebraic questions and solve them combinatorially and vice versa. The
purpose of this Introduction is to provide an overview of the content of this thesis, as well as
the context within the larger body of mathematical knowledge that this work lies. Hence,
we will delay any definitions and technical discussions until Chapter 2.

As the title might suggest, Alexander duality is central to this work. The incarnation
of Alexander duality that we will use is “combinatorial” Alexander duality. Its progenitor,
“topological” Alexander duality is a statement of an isomorphism between the reduced co-
homology in degree i of a compact, locally contractible, nonempty, proper subspace of the
n-sphere, S™, and the degree n — i — 1 reduced homology of its complement [12]. The com-
binatorial version replaces S™ with a simplex and the subspace with a simplicial complex A.
Instead of directly taking a “complement” of A in the space, this version uses an “Alexander
dual” simplicial complex, AV.

The purpose of Chapter 2 is to interpret the construction of this Alexander dual via two
different correspondences. The first comes from noting that the independent sets of a simple
hypergraph define a simplicial complex. In the other direction, given a simplicial complex we
can reconstruct this exact hypergraph by noting that the edges of a hypergraph are exactly
the minimal non-independent sets, i.e. the minimal non-faces of the simplicial complex. The

second correspondence is the edge ideal correspondence between square-free monomial ideals



and simple hypergraphs. In Section 2.1 we start with a thorough algebraic description of the
nice structure of (square-free) monomial ideals and their combinatorial nature. We conclude
this section by introducing a novel operation that we call “symmetric polarization”. This
operation gives a mapping between monomial ideals and square-free monomial ideals, which
we use extensively in Chapter 4. Section 2.2 covers the requisite definitions and lemmas
about hypergraphs and includes a number of examples, some of which will be pertinent in
later sections. In Section 2.3 we finally introduce Alexander duality for simplicial complexes.
Further, we detail the hypergraph-simplicial complex correspondence and show that under
this correspondence, the “Alexander dual” of a hypergraph H is the hypergraph HY whose
edges consist of the minimal vertex covers of H. Chapter 2 concludes with Section 2.4. In
this Section we introduce the edge ideal correspondence between square-free monomial ideals
and hypergraphs. Under this correspondence the “Alexander dual” of an edge ideal is called
a cover ideal. In the algebraic setting, we show that this duality can be expressed entirely
algebraically via the minimal primary decomposition of square-free monomial ideals. We also
establish some preliminary results about the correspondence of induced subhypergraphs with
their algebraic counterparts and the behavior of induced subhypergraphs under Alexander
duality:.

Chapter 3 is the fruitful result of asking when a hypergraph’s edge ideal is equal to its
cover ideal. This problem is absent from the published literature in Commutative Algebra,
hence there is no prior work to report or build on. In Section 3.1 we answer this question,
showing this happens exactly when a hypergraph is intersecting and not 2-colorable. More-
over, we provide a construction of every such “self-dual” hypergraph on n vertices from a
hypergraph on n — 1 vertices that is either intersecting or not 2-colorable. Next, Section
3.2 gives an account of intersecting, non 2-colorable hypergraphs as they have appeared in
Combinatorics literature. Although intersecting hypergraphs are well studied in the field,
very little has been written about the case when they are also not 2-colorable. Chapter 3
concludes with Section 3.3 which is a summary of the literature in (Combinatorial) Algebraic
Topology involving Alexander self-duality, i.e. simplicial complexes that satisfy A = AY. In
this setting there is more to report on. Most relevantly, a 2019 paper by Marinko Timoti-
jtevié, [20], written solely about simplicial complexes corroborates many (but not all) of the
algebraic results of Section 3.1. The connection to intersecting, non 2-colorable hypergraphs
that we have shown is novel. Timotijtevi¢ also introduced a connected, bipartite graph where
each node is a self-dual complex and each edge corresponds to an easily computable “Hip”
operation on the edge’s endpoints. This graph is the focus of Section 4.2.

Chapter 4 is largely a generalization of Chapter 3. Monomial ideals can be viewed as

a generalization of square-free monomial ideals and [15] defines a “generalized Alexander



duality” for monomial ideals. The use of hypergraphs is instrumental in Chapter 3, so
we introduce a corresponding generalization that we call “multihypergraphs” where sets
are replaced by multisets. The purpose of Section 4.1 is to introduce these generalizations
and prove many generalized versions of the main results in Chapter 3. In some cases, the
symmetric polarization mapping from monomial ideals to square-free monomial ideals allows
the generalized version to be reduced to a similar problem in the classical, square-free version.
In Section 4.2, we use symmetric polarization in the opposite manner. In this section we
continue the work of Timotijtevi¢ from a computational perspective. Specifically, in [20]
Timotijtevi¢ reports computing the graph of self-dual simplicial complexes on up ton =5
vertices. We improve on this by computing the graphs for n = 6 and n = 7, the latter of
which is five orders a magnitude larger than the graph for n = 5. This graph however is
wasteful in the sense that it considers the labels of the vertices of each simplicial complex.
Specifically, simplicial complexes that are isomorphic may still be represented by different
nodes of the graph. We define a similar graph where the vertices are instead the isomorphism
classes of self-dual hypergraphs. This graph is much smaller, but much more computationally
expensive. In this setting, symmetric polarization and a few other “computational tricks”
reduce the run-time and computer memory required to compute this graph for n < 7. We
note that parts of this section are slightly less formal and rigorous than the rest of this work.
This is a purposeful choice as we intend to present a non-trivial computational problem
and implementation in a manner that is friendly to mathematicians with little to no coding
experience. For the inclined reader, we include the commented code resulting from this work
in the Appendix.

Finally we conclude with Section 4.3 which details the problem that inspired the devel-
opment of symmetric polarization. This problem deals with the associated primes of powers
of ideals and the persistence property. We start the section with a brief literature review
on the matter, which culminates—for us-in a Corollary given in [9] by Francisco, H4, and
Van Tuyl. We then provide a more direct, combinatorial proof of the result that utilizes

symmetric polarization and colorings of multihypergraphs.



Chapter 2
Preliminaries

In this Chapter we collect the necessary tools, objects, and results used in the main con-
tributions of this work. These contributions do not rely on a large body of prior research,
hence we directly establish most of these results. With the exceptions of the introduction of
symmetric polarization in Section 2.1 and a few statements in Section 2.4, the contents of

this Chapter are well-known in literature.

2.1 Algebraic Preliminaries

The theory of primary decomposition is an attempt to recover the Fundamental Theorem
of Arithmetic in rings that are more general than the integers (Z). In the more general
setting, in lieu of factoring elements of Z as a product of atomic elements, we express ideals
as the intersection of atomic ideals. The atomic elements of Z, primes and their powers, are
correspondingly replaced by prime ideals and primary ideals.

After Section 2.1, we will work only with monomial ideals, hence we do not need the full
generality of primary decomposition and other tools from Commutative Algebra. Instead,
we provide an account of the (largely combinatorial) structure of atomic monomial ideals.
We also interpret the results of more general theories in the case of monomial ideals, which
are relevant to our work.

Let k& be your favorite field and set R to be the polynomial ring in n > 1 variables
R = kl[zy,...,z,). We fix V = {z1,...,2,}, so equivalently R = k[V]. Unless stated

otherwise, every ideal belongs to R.

Definition 2.1. A monomial in R is an element of R that is a product of variables and a

non-zero scalar from the field k. If the scalar is 1 then we say the monomial is monic.

Definition 2.2. An ideal I is a monomial ideal if it is generated by monomials.



Definition 2.3. The multidegree (or exponent vector) of a monomial m = z{* - - %" is the

vector (ag,...,a,) € N* denoted by mdeg(m).

Remark 2.4. We explicitly include 0 € N. Consider also the partial order < on N” where
(a,...,a,) =< (b1,...,b,) exactly when a; < b; for all ¢ € {1,...,n}. Given a set of
monomials M = {fi,..., fs} wesay f; € M is minimal if there is no f; € M\{f;} such that
mdeg(f;) < mdeg(f;). We say the set of monomials M is minimal if every member of M is
minimal. Finally, we note that for monomials f, g € R, mdeg(f) =< mdeg(g) if and only if f
divides g.

Proposition 2.5. A monomial ideal I has a unique set of minimal monic generators, denoted

G(I).

Proof. A classic result from Hilbert’s Basis Theorem [2, Theorem 7.5 is that [ is finitely
generated by some set of monomials. Suppose [ is minimally generated by two sets of monic
monomials: M = {f1,..., fs} and N = {¢1,...,g:}. Note that because k is a field, the monic
assumption does not change the ideals that M and N generate. We will show M = N.
Since f; € I, there are some elements py,...,p; € R such that f; = Z?:lpjgj- This
sum is a monomial, so for some j we can write f; = p,g; (adjusting p; by some scalar in
k if necessary). We may repeat this argument for g; and write g; = g/ f, for some ¢, € R.
Hence, f; = pjqufe. By minimality of M, it must be that ¢« = ¢ and p;qr = 1. This shows
that M C N. An identical argument on an arbitrary element in N shows N C M, hence the

two sets are equal. O

Definition 2.6. A monomial ideal [ is square-free if mdeg(m) =< (1,1,...,1) for every
m e G(I).

Proposition 2.7. A polynomial belongs to a monomial ideal I if and only if each of its

monomial terms belongs to I.

Proof. If each term belongs to I we note that the finite sum of elements in [ remains in 7, so

the polynomial also belongs to I. Now, if G(I) = {fi,..., fs} and >, ., m; is a polynomial

in I where each m; is a monomial with unique multidegree, then we have py,...,ps € R such
that
S
D=2 vl
i€T j=1

Define p;; to be the (possibly 0) term of p; with multidegree mdeg(m;) —mdeg(f;). For each

i we consider the term on the right hand side with multidegree mdeg(m;). In particular, this
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term is given by the sum 22:1 fipji, and because two polynomials are equal if and only if

each of their terms are equal we have

S
mi=>_ fipji-
=1

This shows each term m; belongs to I. O]

Proposition 2.8. The finite intersection of (square-free) monomial ideals is a (square-free)

monomial ideal.

Proof. Tt suffices to show that if I, J are two (square-free) monomial ideals, then I N J also
is. Let T be a set of polynomials that generate I N J. If p € T then p € I and p € J, hence
by Proposition 2.7 each term of p is in I N J. Thus p can be generated by monomials and
thus is a monomial ideal.

If I, J are both square-free and z?m is a monomial in I N J, then so is x;m. Indeed, we
have some f € G(I) and g € G(J) such that f | z?m and g | z?m. Notably then lem(f, g) is

square-free and divides z?m, hence must also divide x;m. This shows IN.J is square-free. [

The argument in Proposition 2.8 extends more generally to show that for any monomial

ideals I, J we have

g(IrnJ)cflem(f,g) [ fed(), geG(J)}.

Proposition 2.9. A monomial ideal p is prime if and only if G(p) C V.

Proof. Suppose x;m € G(p) for some monomial m with positive degree. By minimality of
G(p), neither x; nor m belong to p, yet their product does. Hence p is not prime. This shows
the minimal generators of a prime monomial ideal must have degree 1.

Now, suppose p = (x;,,...,x;,). By Proposition 2.7 it suffices to show the product of
two monomials not in p is also not in p. If W = V\{z;,,...,x; }, then the monomials that
are not in p are precisely the monomials in k[W] C R, which as a subring is multiplicatively
closed. O]

Notation 2.10. For a subset W = {z;,,...,2;,} CV we denote:
e the prime monomial ideal py = (z;,,..., %) ;

e the square-free monomial my = x;, - - - ;..

s

11



Remark 2.11. The introduction of W in Proposition 2.9 is not necessary to show the
proposition, however we will later be interested in the natural ring homomorphism for which
p is the kernel. By Noether’s First Isomorphism Theorem for rings, the image of this map
will be k[V]/p = kE[W]. We will also later introduce a notion of duality, by which this map
will have a dual map with the same domain and image. We define both of these maps
algebraically below. The exact relationship of these maps will be the subject of Theorem
2.101.

We observe that R can be viewed as an infinite dimensional k-vector space where the
monic monomials define a basis. Both maps will be defined by their action on this basis,
hence are both linear transformations. Thus we will only need to check that these maps

respect (monomial) multiplication to show they are ring homomorphisms.

Definition 2.12. Let W C V and py\w be the prime ideal with G(py\w) = V\IW. We

consider the map my, defined on (monic) monomials:

0 if me pPv\w
T (m) = '
m if m ¢ pyw.

We linearly extend my to a map my : R — k[W], by defining my (3>_m;) = > mw(my).
Showing that 7y respects multiplication is equivalent to showing py\y is prime, hence the
map is a homomorphism of rings. We call 7y the projection map onto W, and note it acts
as the identity on k[W].

Definition 2.13. Let L be (any) commutative ring with identity and p be a prime ideal.

Let S = L\p, and construct a set of new elements
Sh={s" | ss'=1ands€S}.

The localization of L at p, denoted Ly, is the smallest ring that contains L and S~*.

Example 2.14. When L is an integral domain, the set S~! can be taken as a subset of the
ring’s field of fractions. In particular, if R = k[z] and p = (z), then R, is the ring of rational

functions whose denominator has a non-zero constant term:
D
Ry = {5 ' p.q € Rlz], and ¢(0) # 0} :

Moreover, R is an integral domain so (0) is a prime ideal. Hence R is the field of rational

functions, k(x).

12



Remark 2.15. Showing that localization is well-defined is a mostly straightforward exercise
in algebra, and we refer the reader to Chapter 3 of [2] for a proper treatment. Notably, any
element of R that is not in p becomes a unit in R,, hence p is a unique maximal ideal in R,.
Thus, localization indeed yields a local ring.

In the case that R = k[V], W C V, and pw = (W) there is a natural inclusion k[V] —
Ry, . We will modify this inclusion to define a map that is onto k[W] C R,,, .

Definition 2.16. For a given subset of variables W C V' and monic monomial m, we factor
m = mymsy where my € k[W| and my € k[V\W] are both monic. Note that m; and my are

well-defined and unique. We define a linear map @w : k[V] — R,,, on monic monomials:

Pw(m) =m-my' =my.
We now check that @y respects (monomial) multiplication. Suppose f, g are monomials
with f = fify and g = g192 as above. Then pw(f)pw(g9) = figi. We observe that fg =
(f191)(f2g2) is the unique factorization for fg, hence ow (f)ow(9) = ew(fg). Thus, pw is
a homomorphism of rings.

Further we note that the image of @y is contained in k[I¥], and when restricted to k[WW],
Pw acts as the identity. Thus, we call oy : k[V] — k[W] the localization map at W where

ow(p) = ow(p).

Remark 2.17. We note that for a fixed W C V, the prime ideal denoted by py\w in
Definition 2.12 is different from py in Definition 2.16. In the former, G(py\w) = V\W,
whereas in the latter G(py) = W. This follows Notation 2.10, and we choose this convention
(for the subscripts on the maps) to emphasize that these maps are both onto the same image,
Moreover, we note that both 7y, and ¢y can be defined as evaluation homomorphisms. If
W =A{xy,...,z.} then 7w (f) = f(z1,...,2,,0,...,0) and pw(f) = f(z1,..., 2, 1,...,1).
However, Definition 2.12 and Definition 2.16 are more natural to generalize in Chapter 4.

Definition 2.18. An ideal b is irreducible if it cannot be expressed as the intersection of

two strictly larger ideals.

Proposition 2.19. A monomial ideal b is irreducible if and only if G(b) = {x}',... z{"}.

Proof. Suppose b is a monomial ideal and G(b) does not take the form in the proposition
statement. Then there are coprime monomials f,g with fg € G(b). We note I = b + (f)
and J = b+ (g) are both strictly larger than b. A monomial in 7 N.J belongs to one or both
of b and (f) N (g) = (fg) € b. Hence I NJ C b. Since both I and J contain b, we have
b =1NJ, thus b is not irreducible.

13



Now, suppose with relabeling G(b) = {z7*,..., 2%} and I is any ideal that properly
contains b. We will show that b is irreducible by showing 29" ...z~1 € I\b. That is, the
intersection of any two ideals that properly contain b cannot be b.

Pick any polynomial ¢ € I\b. By Proposition 2.7 we may assume every term of ¢ is not
in b, otherwise we may subtract that term from ¢ and the difference remains in I\b. We pick
a term of ¢ with minimal multidegree, say ¢ with mdeg(q) = (b1,...,b,). By minimality,
there is no other term of ¢ with multidegree (cy,...,¢,) such that ¢; < b; for each i, and

ar—bi—1

because § ¢ b we have b; < a; for each i. Consider the product gz{ cogn=bn=l and

n

note that by construction every term of this product belongs to b, except for the monomial

cjx'l“_bl_l coeglnTbnl = gt ~z%~1  So just as before, we may subtract each of those
terms in b from the product to see that the monomial z* " - -- %~ belongs to I\b. [

Definition 2.20. An ideal q C R is primary if ¢ # R and pq € ¢ = eitherp € qor ¢" € q

for some integer r > 0.

Proposition 2.21. A monomial ideal q is primary if and only if
G(q) = {7, ..., xf my, o my b,

where each m; is a monomial in klx;,, ..., x;].

Proof. Suppose G(q) contains a monomial z;m such that there is no r > 0 with 77 € G(q).
By minimality of G(q), m ¢ q. Moreover, there is no £ > 0 such that z € q, otherwise the
smallest such power would be a minimal generator. Hence, q is not primary.

Now, suppose G(q) takes the form given in the proposition and that pg € q. It suffices
to show p ¢ ¢ = there is some r > 0 with ¢" € q. We assume the hypothesis and pick
r wisely. Let ¢ = g1 + --- + g¢ be a sum of monomials and note that by hypothesis, p has
a term f not in q with minimal multidegree. For any g with minimal multidegree among
{g1,...,9¢} the product f g is, by minimality of the multidegree of both factors, a term in
pq and thus belongs to q. Therefore § must be divisible by some element in {x;,...,x; }.
Moreover, every g; is divisible by some term of ¢ with minimal multidegree, hence every g,
is divisible by some x;; € {w;,,..., 75, }. If r = £-max{a,...,as}, then each term of ¢" is
a k-scalar multiple of H§:1 g?j where each b; > 0 and 25:1 b; = r. Note that there is some
Jj such that b; > max{as,...,as}, thus xfjj divides the term. By the inequality, the term is

divisible by a minimal generator of q. This shows every term of ¢" is in q. O]

Definition 2.22. The radical of anideal I C Risv/I = {p € R | p" € I for some integer r > 0}.

14



Remark 2.23. If q is primary, then ,/q is the smallest prime ideal that contains q [2, Propo-

ai

sition 4.1]. Thus, if q is a primary monomial ideal with G(q) = {z{’,...

then \/a = <.1'Z‘1, c. ,xis>.

Notation 2.24. We note that a monomial in R is entirely determined by its multidegree,

a
inssamh v 7mt}7

hence given some w € N" we identify the monomial M, = x7" - - - 2¥». Similarly, we denote
the irreducible ideal b, = (z;" | 0 < w;). Note that /b, = pw where W = supp(M,,) =
{Ii | 0< wi}.

Definition 2.25. For any p € R and ideal I C R, the colon idealis (I : p) = {q € R |pq € I}.

Definition 2.26. A minimal primary decomposition of an ideal I is the intersection of
primary ideals I = q; N --- N g5 such that no q; is contained in the intersection of the other

s — 1 ideals, and each ,/q; is unique.

Remark 2.27. Every monomial ideal in R admits a minimal primary decomposition. More
generally, [2, Theorem 7.13] shows every ideal of a Noetherian ring admits a minimal primary

decomposition.

Theorem 2.28. [2, Theorem 4.5] For any minimal primary decomposition I = q1N-+-N(s,
define p; = \/q;. The set {p1,...,ps} is precisely equal to {(I : x) is prime |z € R}. Hence,

this set is independent of the particular primary decomposition.

Definition 2.29. The set of associated primes of I is the set Ass(R/I) = {pi1,...,ps} in
Theorem 2.28.

Definition 2.30. An irredundant irreducible decomposition of an ideal I is the intersection
of irreducible ideals I = by N --- N b, such that no b; is contained in the intersection of the

other s — 1 ideals.

Theorem 2.31. [15, Theorem 5.27] Every monomial ideal admits a unique irredundant

wrreducible decomposition.

Remark 2.32. Note that Theorem 2.31 implies that monomial ideals have unique minimal
primary decompositions. In particular, an irredundant irreducible decomposition provides
“finer” data than a minimal primary decomposition. To be precise, given an irredundant
irreducible decomposition I = by N --- N by, we relabel the irreducible ideals in the form
b;; such that any two ideals with the same first component have the same radical. That
is, \/m = \/m Now, we may group the irreducible ideals to give a minimal primary

decomposition:

T=b1,N - NbigNby N -Nbyg,N---Nb N Nbyg, .

q1 q2 qt¢

15



Hence if [ is a monomial ideal, then I = q; Ng2 N --- N g¢ is a unique minimal primary
decomposition. In Chapter 4 we will revisit Theorem 2.31 and work with the machinery

used in [15] to prove it.

The remainder of this Section involves working with monomial ideals and square-free
monomial ideals that are in different rings. The purpose of the remainder of this Section is
to establish our novel tool, symmetric polarization, which maps between the two types of

ideals.

Notation 2.33. For clarity we will use capital letters to denote variables and monomials in
one ring, and lowercase letters for variables and monomials in the other ring. In particular
we take V = {X;,..., X} and for some w € N" we set

w
V¥ = {xl,la o T1w s L2 - 5y Tn—1,wp_1s Lnls - - - 7$n,wn}7

where we view z; ; as the j-th “copy” of X;. We will primarily consider monomial ideals in

k[V] and square-free monomial ideals in k[V¥].

Definition 2.34. If w € N* and M € k[V] is a monomial with mdeg(}M) < w, then the

polarization of M is the square-free monomial:

Pol(M) = [] wi; € k[V¥].

X7 |M

Definition 2.35. Let I be a monomial ideal in k[V] with G(I) = {M,,..., M} and let
w = (wy,...,w,) be the minimal element of N such that mdeg(M;) < w for every M; €
G(I). The polarization of I, denoted Pol([), is the ideal in k[V*] minimally generated by
{Pol(M,) | M; € G(I)}.

Example 2.36. If I = <X§, X%XQ, X1X§> then V¥ = {I1,1,$1’2,£C173,1'271,32'272,272’3} and
POI(I) = <ZE1,1$1,2$1,3> 11212721, $1,1$2,1$2,2$2,3> .

In literature, polarization is a useful tool. Of particular note, Faridi [7] proved a number of
results about polarization itself and monomial ideals that polarize to ideals in correspondence
with “simplicial trees”. However, our interest in capturing various symmetries motivates
us to treat each z;; as an equal copy of x;, so we introduce a process called symmetric

polarization.
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Definition 2.37. For some w € N" let Y be the set of square-free monomials in k[V*] and
Z be the set of monomials in k[V] that divide m,,. We have a map S, : Y — Z,

S,(m) = H X;.

@, 5|m

Now, we define the symmetric polarization with respect to w, sPol(—;w) = S, to be a

(possibly) multi-valued function that maps monomials M € Z to:
M— S (M)={meY |S,(m)=M}.

Definition 2.38. If w € N" and [ is a monomial ideal in k[V] with minimal generators
G(I) = {M,..., M}, then the symmetric polarization of I with respect to w, denoted
sPol(I;w), is the square-free ideal in k[V“] minimally generated by:

{sPol(M;;w) | M; € G(I)}.

Example 239 If [ = <X12X2, Xg’) and w = (3, 3), then Vw = {.23171, 331,2,.T1,3,I271, .2?272, $273}

and

SPOl(IQW) = <$1,1$1,25C2,17 T1,171,2022, T1,101,272 3,
L1,121,3%2,1, L1,101,322,2, L1,1L1,3L2,3,
T1,2%1,3T21, L1,221,3T22, T1,2%13T23,

9U2,1$272$2,3>7

where the first nine generators are sPol(X?X,;w) and the tenth is sPol(X3; w).

Remark 2.40. Given a fixed monomial ideal I, one question we ask is when does I admit a
monomial ideal J and w € N* such that I = sPol(J;w)? In general, w = (1,...,1) and J = I

works. We now characterize every such possibility.

Definition 2.41. Given a finite set X, the group of all bijections from X to X is the
symmetric group on X, denoted Sx. When X = {1,...,n}, we will sometimes use S, to

denote Sy.

Definition 2.42. For a monomial M = X" --- X/ and permutation o € S, we define

o(M)= X7t ... X%0 1f [ is a monomial ideal, then we define o(I) to be the ideal with

o(i1) o(is)

minimal generators G(o([)) = {o(M) | M € G(I)}. We say [ is o-stable if o(I) = I.

17



Note, this is the extension of the natural group action of S,, on V' to a group action on

monomial ideals. As such, we have that if 0,0’ € S, then o(c'(1)) = (c0’)(I).

Lemma 2.43. Let I C k[V] be a monomial ideal, 0;; be the transposition of X; and X;, and
~r be the relation on V defined by X; ~; X; if and only if I is 0;;-stable. Then ~p is an

equivalence relation.

Proof. If (1) is the identity permutation then I is (1)-stable so ~; is reflexive. The trans-
position o;; is exactly oj; so ~; is symmetric. Finally, suppose X; ~; X; and X; ~; X,.
Then

Hence I is o;-stable, and X; ~; X,. O

Definition 2.44. If W = {x,...,2,} and I C k[W] is a monomial ideal, then a partition
W =WyU---UW;is [-admissible if every W; is a subset of an equivalence class of W/ ~; .

Notation 2.45. Given a monomial ideal I and an [-admissible partition W = Wy U---UW,
we set w = (|[Wy],...,|W;]) € N' and relabel the elements of W ~» V* such that W; ~»

{ZL’i’l, e 7xi,wi}‘
Example 2.46. Let W = {z1,..., 24} and
I = <$1$2$4, T1X2x5, T1T2T¢,
T1X3Ty4, T1X3T5, T1X3Tg,

ToX3Ty, TaX3T5, T2X3Tg,

l’4$51’6>.

We have W/ ~;= {{x1, 2, 23}, {4, 5, 26} }, and hence W = {z1, xo }U{x3}U{x4, 25} U{26}

is an [-admissible partition (among several others). For our own sanity later in Example
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2.48, we will substitute letters in lieu of the first index when relabeling W as:

{z1, 22} ~ {71, 20}
{373} ~ {yl};
{24, 25} ~ {wi, wal;

{z6} ~ {21}

Theorem 2.47. Let I C R = k[W] be a square-free monomial ideal and V¥ be a relabeling
of W as given by Notation 2.45 for some I-admissible partition of W. If

:< I x mgeg(1)>

@ 5|me

then I = sPol(J;w). Moreover, if there are some J', w', and relabeling VY s W such
that I ~ sPol(J';w’), then there must be some I-admissible partition of W such that J' is

constructed as above.

Proof. After relabeling, we note there is a natural action by the group G, = Sw1 X% S, on
R where each 0 = (01,...,0:) € G, acts on each variable by o(z;;) = %;,(;). Showing that
I is o-stable for every o € G, follows from the popular exercise in Group Theory showing
that S, is generated by its transpositions. Now, consider a monomial M € k[Xy,..., X;]
such that mdeg(M) = w. If m is some square-free monomial in I with S,(m) = M, then
sPol(M;w) is the orbit of m under G, hence by G,-stability, sPol(M;w) C I. In particular,
if m; € G(I) and o € G, then o(m;) € G(I). It then follows that:

sPol(J;w) = (sPol(S,(m;);w) | m; € G(1))
= (m; | m; € G(I))
=1.

Given any J', W', and ~~ as described in the theorem statement, we partition
V¥ = sPol(Xy;w') U - - - UsPol(X,; ).

By assigning each sPol(X;) ~~ W;, we recover a partition W = Wi U---UW,. It now suffices
to show that any pair zy,, x,, € W; has x,, ~; x4,. By assignment, we have some x; j, ~
and x; ;, ~ x,. We set o to be the element of G, with the transposition (j; ja) in the i-th

entry and the identity in all other entries, so that o ~» (¢; £3). We note that any sPol(—;w’) is
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necessarily G-stable, so in particular sPol(J’,w’) is o-stable. Applying ~~ to this statement
gives I is (¢ l)-stable. O

Example 2.48. Continuing with Example 2.46, our relabeling gives

I = (z120wy, T122Ws, 12221,
11wy, T1Y1wW2, T1Yiz1,
T2Y1Wy, T2Y1W2, T2Y121,

wWywWaz1).
Hence J, as given by Theorem 2.47 is:

J = (X?W, X*W, X?Z,
XYW, XYW, XY Z,
XYW, XYW, XY Z,
W?22Z).

That is, J = (X2W, X2Z, XYW, XY Z, W2Z).

Remark 2.49. Recall that in Example 2.39 we calculated sPol((X? X5, X3);(3,3)), which
is a square-free monomial ideal that is isomorphic to the ideal I in Example 2.48. Hence
taking J from Example 2.48, we have sPol((X? X5, X3);(3,3)) & sPol(J;(2,1,2,1)). Further
every other pair of a monomial ideal and element of N* that would symmetrically polarize
to a square-free monomial ideal isomorphic to these two comes from the other I-admissible

partitions mentioned in Example 2.46.

Lemma 2.50. If M € k[V] is a monomial with mdeg(M) = w and M' is the monomial with
mdeg(M') = w — mdeg(M), then

sPol(M';w) = {mye\w | mw € sPol(M;w)}.

Proof. We first observe that S, is multiplicative for square-free monomials my, my with
ged(my, my) = 1. That is, S, (mims) = S,(m1)S,(m2). Thus, for every my, € sPol(M;w)
we have

Sw(me) = Sw(mw)sw(mvw\w)‘
Hence, MM' = MS,,(mye\w) and myw\w € sPol(M';w). The argument for the other nec-

essary containment is essentially identical. O
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2.2 Combinatorial Preliminaries

Combinatorial Commutative Algebra is the product of combining two different fields, neither
of which has entirely consistent conventions for neither notation, names, nor definitions. In
this section, we introduce the combinatorial definitions as well as choices in terminology and
notation that are intended to be concise yet provide insight and clarity. Throughout, we
will repeatedly use the same hypergraphs, H; and Z(n) respectively introduced in Example
2.57 and Example 2.60 to illustrate examples (or non-examples) of most of the following

definitions.

Definition 2.51. A hypergraph H is a pair of non-empty, finite sets (V) E') called vertices
and edges such that:

e F is a subset of the power set of V;
e no pair of edges e, e’ € E satisfy e C €.

Definition 2.52. A subhypergraph of H on W is a pair Hy = (W, F) such that ) #W CV
and F={ec E|eC W}

Remark 2.53. For topological reasons that will be apparent in Section 3.3, our definition
of a hypergraph does allow singleton edges and isolated vertices, i.e. vertices that do not
belong to an edge. Note that a subhypergraph is entirely determined by two data: the parent
hypergraph and a subset of the parent’s vertices. Hence, the notation Hy in Definition
2.52 is unambiguous. Many authors refer to hypergraphs as “simple hypergraphs” and
subhypergraphs as “induced subhypergraphs”. In this work, we will only be concerned with
these objects, hence we drop the extra adjectives for semantic succinctness. Unless otherwise

specified, we always assume H = (V, E) and V = {z1,...,2,}.
Definition 2.54. A hypergraph is proper if every vertex x; € V is contained in some e € F.
Definition 2.55. A hypergraph is r-uniform if |e| = r for all e € E.

Notation 2.56. On occasion, it will be convenient to verbally specify the size of an edge.
If an edge has r vertices, we say it is an r-edge. For example, an r-uniform hypergraph is a

hypergraph with only r-edges.

Example 2.57. The set of 2-uniform hypergraphs are commonly known as undirected graphs
(without loops or repeated edges.) These hypergraphs are the easiest to represent pictorially.
We do so by drawing a dot or variable to indicate a vertex. We use lines connecting two

vertices to indicate an edge containing those two vertices.
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Below, we depict

Hy = ({z1, 29, 23,24}, { {x1, 22}, {x1, 24}, {22, 23}, {72, 24}, {23, 24} }).

T2
T T3
Ty
Figure 2.1: H,

Definition 2.58. The 2-uniform hypergraph C,, = ({z1,..., 2.}, {{zi,z;} | j —i =1 mod n})

is called the cycle graph with n vertices.
Definition 2.59. A hypergraph H is intersecting if for every pair of edges e, ¢’ € E, eNe’ # (.

Example 2.60. Depicting hypergraphs with larger edges is less straightforward. We borrow
notation from [3] where each edge is again depicted by a line connecting two of its member
vertices. If that edge contains more than the two vertices, its other members are listed along
the representative line. We depict this with the following family of intersecting hypergraphs
for n > 2:

Z(n)={zz1,.. .,z }, {{z1, ..,z b {2z}, {220} ).

X2, .oy Tn—1

T

$1 DY xn

~

Z(n)

z

Figure 2.2: Z(n)

Example 2.61. The complete r-uniform hypergraph on n vertices, K, with edge set £ =

{e €V | |e| = r} is r-uniform. If r > % then K] is also intersecting.
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Definition 2.62. Given a hypergraph H, a set W C V is independent if there isnoe €

such that e C W. Further, W is maximally independent if there is no independent set W’
such that W C W".

Definition 2.63. An s-coloring of a hypergraph is a partition of its vertices V = V;U- - - UV
such that each V; is independent.

Definition 2.64. The chromatic number of a hypergraph, x(H), is the smallest integer s

such that an s-coloring of H exists.

Remark 2.65. If an s-coloring of a hypergraph exists, we say it is s-colorable. H has a
1-edge if and only if it is not s-colorable for any s € N. In this case, we choose the convention
X(H) = oo.

Example 2.66. The maximal independent sets of H; from Example 2.57 are {1, 23}, {z2},

and {x,}. Hence, there is no 2-coloring of H; and there is a unique 3-coloring of H;. Indeed,

Example 2.67. The maximal independent sets of Z(n) from Example 2.60 are {z} and
{z1,..., 2, }\{x;} for 1 <i < n. Hence, there is no 2-coloring of Z(n). Any coloring of this
hypergraph must have {z} as one component. The remaining n vertices can be colored by
any partition consisting of two non-empty sets. If these sets have cardinalities n; and ns,
then n = ny 4+ ny and there are (:1) = (772) possibilities for a partition consisting of two

sets with these sizes. By symmetry, the following sum counts twice the number of these

()ee ()=

The equality follows by recalling that 2" is the sum of the n-th row of Pascal’s triangle.

partitions:

Thus, the number of 3-colorings of Z(n) is exactly 2"~! — 1. Because a 3-coloring of Z(n)

exists and there are no such 2-colorings, we have x(Z(n)) = 3.

Definition 2.68. A hypergraph with more than one vertex is critically s-chromatic if

x(H) = s and x(Hy\(s,}) < s for every z; € V.
Proposition 2.69. If a hypergraph is critically chromatic then it is proper.

Proof. We show the contrapositive; if H is not proper then there is a vertex z; that does
not belong to any edge of H. Thus H and Hy\ (., share the same edge set, and if W is
independent in Hy\(,,} then W U {z;} is independent in H. Thus any s-coloring of Hy\ (4,

yields a s-coloring of H, so H is not critically chromatic. O
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Example 2.70. The hypergraph H; from Example 2.57 is not critically chromatic. Indeed,
the subhypergraph given by removing the vertex z3 is Cj, the smallest graph that is not
2-colorable.

On the other hand, Z(n) from Example 2.60 is critically 3-chromatic. The subhypergraph
given by removing z from Z(n) has a single edge which is 2-colorable. If x; is removed, the
remaining edges are the 2-edges in Z(n) less the edge {z, z;}. This subhypergraph, a so-called
star, is 2-colored by the partition V\{x;} = {z} U{z1,..., 21, Tis1,- .-, Tn}

Definition 2.71. A vertex cover of a hypergraph H is a subset W C V such that WnNe # ()
for every e € E. Further, W is a minimal vertex cover if no proper subset of W is a vertex

cover.

Example 2.72. The minimal vertex covers of H; from Example 2.57 are {xq, 24}, {71, x3, 24},

and {.Tl, T, Ig}.

Example 2.73. The minimal vertex covers of Z(n) from Example 2.60 are exactly the edges

of the hypergraph. This property will be the focus of Chapter 3.

Lemma 2.74. W is a (minimal) vertex cover if and only if its complement, W = V\W, is

a (mazimal) independent set.

Proof. 1f W is a vertex cover, then each e; € E has some z; € W Ne;. Thus, z; ¢ W, so it
cannot be that e; C W. Hence W is independent. On the other hand, if W is independent
then each e; € E has some z; € e; with x; ¢ W. Hence, z; € W, which shows W meets every
e; and is thus a vertex cover.

Further, if W is a minimal vertex cover, then for every z; € W the set W\{z;} is not a
vertex cover. Hence the complement W U {z;} is not independent. This shows no set that
contains W is independent, so W is maximally independent. Similarly, if z; € W and W
is maximally independent, then no W U {z;} is independent. Thus, no W\{z;} is a vertex

cover and thus W is a minimal vertex cover. ]

We conclude this section by introducing “hypergraph expansions”. In Chapter 4 we
will use the s-th expansion of H to understand certain properties of (the s-th power of) a

square-free monomial ideal related to H.

Definition 2.75. The s-th expansion of a hypergraph H = (V, E), denoted H?, is a hyper-
graph with vertex set W = {x11,..., %16, 21, ..., Tn16,Tn1,---,Tns} and edge set Fy U Fy,

where
Fy = {{xilvj17""xit7jt} | {xh s ’xit} € E}
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consists of every possible “copy” of an edge in £ and

F2 = {{xi,aaxi,b} ’ 1 <a 75 b < 5}
consists of every possible size 2 edge with members that are “copies” of the same vertex.

Example 2.76. We consider the third expansion of P, the path with 2 edges. The solid

lines represent edges in F} whereas the dashed lines represent edges in F5.

T1,3 T23 3,3
/1 /1 1
/1 /1 1
[ [ )
[} [} 1 \
[ [ 1 \
[ [ 1 1
[ [ | 1
: | I | :
1,2 2,2 L3,2)
V! V! L
1 1 1
[ [N .
\\ \ \\ \ X II
v v b
v v ]
vl vl Iy
V! V! I
T X2 X3 T1,1 T21 T31
P (P )3
2 2

Figure 2.3: P, and (P)?

Remark 2.77. Hypergraph expansions grow very quickly; an edge with r vertices has s"
copies in an s-th expansion. Below, we depict the second expansion of the hypergraph that
contains a single 3-edge: Hz = ({x1, %2, 23}, { {1, 79,23} }). For clarity, we suppress the
label on each of the eight 3-edges by instead using colors. A blue edge contains the vertex
T99, whereas a purple edge contains the vertex = ;. Each of the dashed lines are the 2-edges

from F.

]
)

W —mmm———— W

8

Figure 2.4: (Hj)?
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2.3 Simplicial Complexes and Alexander Duality

We start this Section by briefly defining simplicial complexes and use them to define Alexan-
der duality in its first incarnation. Then we detail the correspondence between hypergraphs
and simplicial complexes, which consequently provides a second version of Alexander duality

for hypergraphs.

Definition 2.78. A simplicial complex A on a vertex set V is a collection of subsets of V'
closed under taking subsets, that is if f € A and g C f, then g € A.

Definition 2.79. An element of a simplicial complex is a face and a maximal face is a facet.

Remark 2.80. A simplicial complex is entirely determined by its facets. Indeed, the faces

of the simplicial complex are precisely the collection of subsets of the facets.

Definition 2.81. The Alexander dual of a simplicial complexr A, denoted AV, is the sim-
plicial complex on the same vertex set consisting of the complements of the non-faces of A,
that is:

AV={f|feVand f¢A}.

Proposition 2.82. Tuking the Alezander dual of a simplicial complex is an involution, that

18.
(AY) = A.

Proof. We first observe that (AY)Y = {f | fé AV}, Note that f & AY implies that f € A,
and hence (AY)Y ={f | f € A} =A. O

Definition 2.83. A simplicial complex A is called sub-dual if A C AV, and super-dual if
AY C A. In turn, A is called self-dual if it is both sub-dual and super-dual, and transient if

it is neither sub-dual nor super-dual.

Simplicial complexes are a useful tool to track the data of independent sets of a hyper-

graph, which gives rise to a correspondence between the two families of objects.

Definition 2.84. Given a hypergraph H, the set of independent sets form a simplicial

complex, called the independence complexr of H:
A(H)={W CV | W is independent in H}.

Remark 2.85. The independence complex of a hypergraph is indeed a simplicial complex
as the subset of an independent set is necessarily independent. Moreover, the minimal non-

faces of A(H) (i.e. the smallest sets that are not independent in H) are precisely the edges
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of H. Thus, the facets of the Alexander dual, A(H)", are the complements of the edges of
H.

Proposition 2.86. The independence complex gives a bijective correspondence between sim-

plicial complexes and hypergraphs.

Proof. This is the logical conclusion of combining Remarks 2.80 and 2.85 as well as Proposi-
tion 2.82. In particular, Proposition 2.82 shows that taking the Alexander dual is a bijective
correspondence of simplicial complexes. In turn, Remark 2.80 means a simplicial complex is
determined both by its minimal non-faces as well as its facets. In the case of independence
complexes, Remark 2.85 notes the edges are precisely the minimal non-faces, hence both H

and A(H) are entirely and uniquely determined by the same data. H

Example 2.87. For small n it is convenient to use a Hasse diagram to visualize a simplicial
complex, and in our case also the non-faces. We do so by representing subsets of V' as a string
of its elements, and lines between these sets represent the relation “contains one fewer/more
element.” The depictions below show the entire partially ordered set 2V, so we use black to
represent faces of a simplicial complex and gray for the non-faces.

Recall that in Example 2.57 the maximal independent sets of Hy are {x1,z3}, {z2}, and
{x4}. These are the facets of A(Hy) = { {z1, 23}, {z1}, {z2}, {3}, {4}, 0 }.

Figure 2.5: A(H,)

Finding the Alexander dual from this diagram is a straightforward task; we list the
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complements of the non-faces from top to bottom and left to right:

A(Hl)v = { 0, {za}, {zs}, {wa}, {21}, {3, v}, {1, ma}, {22, 23}, {70, 23}, {71, 22} }

1T 13 Tol3 T1T4 T3T4

/

I ) T3 Ty

\@/

Figure 2.6: A(H,)Y

Indeed, we can observe that the facets of A(H;)Y are exactly the complements of the
edges of Hy. It suffices to recall that H; has every possible 2-edge except for {z1,z3}, the
complement of {xy,x4}. Finally, we note that A(H;) is sub-dual, and equivalently A(H;)"

is super-dual.

Proposition 2.88. A(H)" is the independence complex of the hypergraph whose edges con-

sist of the minimal vertex covers of H.

Proof. Let HY denote the hypergraph for which A(H)Y is the independence complex, that
is A(HY) = A(H)Y. By Remark 2.85 the edges of HY are complements of the facets of
A(HY)Y = A(H), or rather the complements of the maximal independent sets of H. Thus
by Proposition 2.74 the edges of HY are the minimal vertex covers of H. O

Definition 2.89. The Alexzander dual of a hypergraph H is HY = (V, F') where F is the set

of minimal vertex covers of E.

Example 2.90. Taking H; from Example 2.57, the edges of H" are the minimal non-faces

of A(Hy)Y, or rather the minimal vertex covers of Hj :

Hlv = ({$1,$2,$3,$4}, { {562,%4},{%17553,564}, {5317%2,553} })
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2.4 Edge Ideals and Cover Ideals

This Section is essentially an algebraic continuation of Section 2.1 that makes use of the tools
introduced in Section 2.2 and Section 2.3. We start with a correspondence between square-
free monomial ideals and hypergraphs. Under this correspondence, Alexander duality takes
yet a third form. Remark 2.97 provides a thorough account of Alexander duality’s behavior
under the three-way correspondence between simplicial complexes, hypergraphs, and square-

free monomial ideals.

Definition 2.91. Given a hypergraph H, the edge ideal of H, denoted I(H), is the square-

free monomial ideal with minimal generators:
G(I(H)) ={me. |ec E}.

Remark 2.92. The edge ideal gives a bijective correspondence between hypergraphs on
V ={zy,...,z,} and square-free monomial ideals in R = k[V]; both the edges and minimal

generators uniquely determine a given hypergraph or monomial ideal.

Definition 2.93. Given a hypergraph H, the cover ideal of H is the square-free monomial

ideal given by the minimal primary decomposition:

J(H) = (] pe.

eeE

Proposition 2.94. If my is a square-free monomial in J(H) then W is a vertex cover of
H, hence the minimal generators of J(H) correspond to the minimal vertexr covers of H.
That 1s,

J(H) = (mys | f is a minimal vertex cover of H) .

Proof. For each edge e € E, my € p.. Thus there is some x;, € e such that z;, | my, or
rather {z; } CeNnW. Thus W is a vertex cover of H. O

Proposition 2.95. A square-free monomial myy is in I(H) if and only if W is a non-face of
A(H), and by duality a square-free monomial my, is in J(H) if and only if W is a non-face
of A(HY).

Proof. Suppose my, € I(H). For some edge e € E, m, | my thus W contains the edge e
and is not independent.

If W is not independent, then there is some e € E with e C W. Thus, my = mempn. €
I(H). For the dual version, recall that the edges of HY are the minimal vertex covers of
H. O
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Example 2.96. We give the minimal generators and minimal primary decompositions for

the edge and cover ideals of H; in Example 2.57:

I(Hy) = (w129, £124, ToT3, Loy, T3Ty)

= (w9, x4) N (@1, 23, T4) N (X1, T2, T3)

J(Hl) = <$1,I‘2> N <.§L’1,IE4> N <LU2, .173> N <I2, $4> N <l’3, LU4>

= <$2$4, T1X3T4, $1$2$3> .

Remark 2.97. Definition 2.89 and Proposition 2.94 show that edge ideals and cover ideals
are Alexander duals in the sense that J(H) = I(H"), and in turn I(H) = J(H"). Moreover,
we note that this notion of Alexander duality can be described algebraically for square-free
monomial ideals. In particular, my, is a minimal generator of the edge ideal if and only
if py is a component of the minimal primary decomposition of the corresponding cover
ideal. In Chapter 4 we will make use of an algebraic generalization of Alexander duality for
monomial ideals where minimal generators are instead in correspondence with components
of the irredundant irreducible decomposition of the “generalized dual”.

We have equivalently described Alexander duality for three different objects, as well as
bijective correspondences between these objects: simplicial complexes, hypergraphs, and
square-free monomial ideals. The figure below summarizes each of these relationships. The
dotted line is included to emphasize the easier computation between simplicial complexes
and hypergraphs. In particular, finding the facets of the Alexander dual of the independence
complex of H can be done by listing the complements of the edges of H.

Simplicial Complexes: A(H) +—v—> A(H)Y

A \( A T

Independence Complexes

~ ~ \I/
L
p)
<

Hypergraphs: H

A A /]\

Edge Ideals

2 2 \l/

Square-free Monomial Ideals: I(H) +—v—— J(H)

ol

Figure 2.8: Alexander Duality and Correspondences

We have shown that the following problems-that describe moving between the left and the

right of the diagram—above are equivalent:
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finding “the Alexander dual”;

finding the minimal non-faces of a simplicial complex;

finding the minimal vertex covers of a hypergraph;

finding the maximal independent sets of a hypergraph;

finding the minimal primary decomposition of a square-free monomial ideal.

The utility of Alexander duality extends far beyond the problems above; for example the
following theorem shows finding the chromatic number of H and a certain ideal containment

problem are equivalent.

Theorem 2.98. [9, Theorem 1.1] If H is a hypergraph and J = J(H) its its cover ideal then
X(H) =min ({s | m{ " € J°}).

Proof. We will show that an s-coloring of H exists if and only if the membership mj ' € J*
holds. Note that if W is a vertex cover of H, then the monomial nf—v‘; = myy corresponds to
an independent set.

(=) Suppose V.= Wj U---UW; is an s-coloring of H where each W; is necessarily

mS
a vertex cover. Then my = my-—-- - my- = -~ -+ % and so ¥
1 s mwy mwg

\ e = Mmw, - - my,. Hence
mf/_l is the product of s monomials, each corresponding to a vertex cover, and thus belongs
to J°.

(<= ) If m{7' € J*, then there are s vertex covers Wi,..., W, such that m{ ' =
my, -+ - my,. Reversing the prior argument, we get that my = my- - myz-, hence V =

W, U---UW, is an s-coloring of H. O]

Algebraically, Alexander duality gives a map between square-free monomial ideals. In
Theorem 2.101 we show how this mapping relates to the ring homomorphisms 7y, and @y
introduced in Definition 2.12 and Definition 2.16, respectively. However we first must show
that these homomorphisms also map one square-free monomial ideal to another. In general,

the image of an ideal need not even be an ideal, for example consider the inclusion Z — Q.

Lemma 2.99. If I is a (square-free) monomial ideal and W C V', then mw (I) is either a

(square-free) monomial ideal or 0, and ow(I) is either a (square-free) monomial ideal or
kKW,
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Proof. We start with the projection map. We partition the minimal generators of I, G(I) =
AU B such that A C k[W] and BN k[W] = 0. That is, my acts as the identity on A and as
the zero map on B. By definition,

mw(l) = Tw Z pim; pi € R
m;€G(I)

= Z WW(pi)ﬂ-W(mi) + Z Ww(pj)ﬂ'w(mj) Di,Dj € R

m;EA m]EB

= { > mwlp)mi | pi € R}

m;EA

= { > pim

m;EA

The last step follows because my is surjective and the final set is the definition of the ideal
generated by A in k[W]. Hence, if A is empty, then my (I) = 0, otherwise my (I) is a
monomial ideal. If [ is square-free then every monomial in A is square-free so my () is also
square-free.

Now we consider the localization map. A similar argument gives:

ow()=qew | > pmi| |pi€eR
mieg(f)

= Z piow (mi) | pi € k[W]
mieg(])

Thus, @w(I) is the ideal generated by ¢w (G(I)) in k[W]. We note that ¢y maps (square-
free) monomials not in k[V\W] to (square-free) monomials in k[W]. Hence, if G(I)Nk[V\W]
is empty then @y (I) is a (square-free) monomial ideal. Otherwise, ¢y (G(I)) contains 1 and
pw (1) = k[W]. O

Remark 2.100. In Lemma 2.99 the set of monomials, A, is minimal hence G(my (1)) = A.
The minimal generators of oy (1) are not clear from the proof of the lemma, though we will

now show they take a nice combinatorial form.

Theorem 2.101. If H is a hypergraph and W CV then I(Hw) = mw (I(H)) and J(Hw) =
ow(J(H)). In other words, the following diagram (of maps between square-free monomial

ideals) commutes.
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J(H) —2— J(Hw)

Proof. Let {ey,...,es} be the edges of H. We rearrange labels so that {e,...,e,} are the
edges contained by W, i.e. the edges of Hy,. Note that by Remark 2.100 G(mw (I(H))) =
{me,,...,me,} hence I(Hw) = mw(I(H)).

We now show that J(Hw) = ow(J(H)) by showing its dual statement:

mw(1(H)) = (ow (J(H)))".
If {fi,..., fe} are the minimal vertex covers of H then
](H> = <m817"‘7m6s> =Pp 0Py

and
J(H) = <mf17"'7mfe> =Pey M- M Pe,.

By Lemma 2.99 we have:

SOW(J<H)) = <90W<{mf17 cee 7mfz})>

= (mfmw, e ,mmw> .

If {g1,..., 95} are the minimal elements of { f1NW,... fiNW}, then oy (J(H)) is minimally
generated as (my,,...,mg,).
Let 1 <7 < a. We observe that the monomial m., belongs to the intersection pf, N---Npy,,

and in particular e; intersects each f; N W. That is to say

Me, € Priow N == N Pew € Py N+ Ny, = (w (J(H)))".

This shows my (I(H)) C (ew(J(H)))Y.

If my € (ew(J(H)))Y is a square-free monomial then Z meets each g;, hence meets
every f; N W. In other words my € pp N---Nps, = I(H), or equivalently, Z contains
an edge of H. We lastly observe that because Z is a subset of W, the edges of H that
Z contains are also edges of the subhypergraph Hy,. This means my € my (I(H)), hence
mw(I(H)) = (ew(J(H)))" and the proof is complete. O
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Remark 2.102. In the proof of Theorem 2.101, we explicitly address the cases when the
image of my and @y are 0 and k[W] respectively. These occur simultaneously and precisely
when the edge set of Hy, is empty. Technically this does not satisfy our definition of a
hypergraph, however the argument holds throughout by following the convention that the
edge ideal of a hypergraph on W with no edges is 0, and its cover ideal is k[IW]. Note also
the empty set generates the 0 ideal and the empty intersection of ideals is the entire ring

We conclude this Section and Chapter with a brief consideration of the symmetries of

hypergraphs and square-free monomial ideals.

Remark 2.103. The natural action of the symmetric group 5,, on V' extends to subsets of V.
IfoeS,and W= {x;,...,2;,} €V then o(W) = {2s3,),- -, %o@,) }- This action extends
further to collections of subsets of V, which are precisely the data that define hypergraphs,
square-free monomial ideals, and simplicial complexes. Thus, this action induces a large
number of isomorphisms of these objects. We will later be interested in counting the number
of these objects “up to isomorphism”. The action S, on V provides the n! isomorphisms
that there are to consider, but we must account for when a collection of subsets is fixed by

a permutation.

Definition 2.104. An element o € S,, is an automorphism of a hypergraph H if for every
edge e € E the image o(e) is also an edge of H. The automorphism group of a hypergraph,

Aut(H), is the collection of every automorphism of H and forms a subgroup of S,,.
Example 2.105. The automorphism group of the graph below is S5 x S5.

N

Lemma 2.106. For a hypergraph H and permutation of its vertices o, the following are

equivalent:

(i) o € Aut(H);

(ii) 1(H) is o-stable;
(i1i) o € Aut(HY);,

() J(H) is o-stable.

35



Proof. (i = ii) If 0 € Aut(H), then:

U(I(H)) = <m0(e) ‘ e c H>
= (m.|e€ H)
— I(H).

(i = i) If o(I(H)) = I(H) then by Proposition 2.5, G(o(I(H))) = G(I(H)). So, for
any edge e € H, m, () is a generator of I(H) and thus o(e) is an edge of H.

By duality we have also shown (iii <= iv). It suffices to show that (i = v), as its
dual statement is (i4¢ = ii). By definition,

o(J(H)) = (my(s) | f a minimal vertex cover of H).

We show that if f is a minimal vertex cover of H and o € Aut(H), then o(f) is a minimal
vertex cover of H. We note that because o € Aut(H), so is o~ '. If e is any edge, o~ (e) is
also an edge. Thus, f meets 0~!(e) and consequently o(f) meets e. Because f is minimal,
every f\{z;} is disjoint with some edge g € E. Consequently o(f)\{z¢)} is disjoint with

the edge o(g). Hence o(f) is a minimal vertex cover of H. O
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Chapter 3

On Self-Duality

The purpose of this Chapter is to describe when objects are equal to their own Alexander
dual, i.e. self-dual. In Section 3.1 we characterize self-duality primarily from an algebraic
perspective. In Sections 3.2 and 3.3 we provide an account of what is known about self-dual

objects in Combinatorics and Algebraic Topology, respectively.

3.1 An Algebraic Characterization of Self-Duality

We recall that a simplicial complex A is self-dual if and only if it is both sub-dual and
super-dual, i.e.
A=A < ACAYand AV C A.

We start by describing the hypergraphs and square-free monomial ideals corresponding to

when A is a sub-dual or super-dual independence complex.

Lemma 3.1. If H is a hypergraph then the following are equivalent:
(i) A(H) is super-dual;
(i1) H 1is intersecting,

(i) I(H) C J(H).

Proof. (i = i) If A(H)Y C A(H) then every facet of A(H)Y is independent in H. Thus,
the complements of the facets of A(H)Y are vertex covers of H. We recall from Remark
2.85 that the complements of the facets of A(H)Y are the edges of H, so every edge of H is
a vertex cover of H. Hence every pair of edges of H has non-empty intersection and H is

intersecting.
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(1i = iii) If H is intersecting then every edge of H is a vertex cover of H and thus
contains a minimal vertex cover of H. Hence every minimal generator of I(H) is divisible
by some minimal generator of J(H). The inclusion I(H) C J(H) immediately follows.

(it = i) Suppose I(H) C J(H) and W is a non-face of A(H). By Proposition
2.95 my € I(H). By assumption we have my € J(H) and thus W is a non-face of
A(HY) = A(H)". Since every non-face of A(H) is also a non-face of A(H)V, it follows that
every face of A(H)Y is also a face of A(H). Thus A(H)" C A(H) and A(H) is super-
dual. O

Lemma 3.2. If H is a hypergraph then the following are equivalent:
(i) A(H) is sub-dual;

(ir) x(H) = 3;
(iii) J(H) C I(H).

Proof. (i = i) If A(H) C A(H)" then every independent set of H is independent in H".
In other words, every independent set in H does not contain a vertex cover of H, hence no
independent set of H is a vertex cover. Thus, if W is independent in H then there is some
ew € E such that eyy N W = (0. This shows that H is not 2-colorable; if V' =W U W' and
W is independent, then W’ must contain ey, and cannot be independent.

(i = i) If H is not 2-colorable then every pair of independent sets W;, W has
W, U W, C V. Hence every pair of vertex covers has non-empty intersection; W, N Wy 2 0.
Thus H" is intersecting, so by Lemma 3.1 I(H"Y) C J(H"). By duality, this means J(H) C

I(H).
(i1i = ) It J(H) C I(H) then I(HY) C J(H"). Applying Lemma 3.1 gives A(H") is
super-dual, hence A(H) is sub-dual. O

Corollary 3.3. Intersecting hypergraphs and non 2-colorable hypergraphs are in bijective

correspondence via Alexander duality.

Proof. This is an immediate consequence of applying Theorem 2.101 to Lemmas 3.1 and
3.2. O

Theorem 3.4. If H is a hypergraph then the following are equivalent:
(i) A(H) is self-dual;
(i) H is intersecting and x(H) > 3;

(i) I(H) = J(H);
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(iv) Every edge of H is a vertex cover of H, and every vertexr cover of H contains an edge

of H;
(v) For every W C V, exactly one of W or W belongs to A(H).

Proof. The equivalence of (i), (ii), and (¢ii) is straightforward by combining Lemma 3.1 and
Lemma 3.2.

We note that every edge of H being a vertex cover of H is equivalent to H being inter-
secting, hence by Lemma 3.1 we have I(H) C J(H). Because the square-free monomials in
J(H) correspond to vertex covers of H and the square-free monomials in /(H) correspond
to sets that contain edges of H, we observe that J(H) C I(H) <= every vertex cover of
H contains an edge of H. Thus (iv) is equivalent to (i7i). The equivalence of (i) and (v) is
given by [20, Theorem 2.4 (iii)]. O

Corollary 3.5. If H is a self-dual hypergraph and not of the form (V,{x;}) then x(H) = 3.

Further, if H has more than one vertexr and is proper, then H is critically 3-chromatic.

Proof. If H is self-dual and has a 1-edge, then it must be of the from (V, {z;}), otherwise if
H has any other edge then it is not intersecting and consequently not self-dual.

We now give a proper 3-coloring of any self-dual hypergraph with edges of size 2 or larger.
Pick any edge e and a vertex z € e and color z blue. Next, color every other vertex in e red.
Finally, color every remaining vertex green. There is no edge that can be colored entirely
by blue or red, because such an edge would have to be a subset of e. Also, no edge may
be colored by green, because every edge must meet e, which has no green vertices. Finally,
because only z is blue, this coloring induces a valid 2-coloring of Hyn(.y. If H is proper, then

every vertex can be chosen for z which implies H is critically chromatic. [

Corollary 3.6. If H is a self-dual hypergraph then the facets of A(H) are exactly the com-
plements of the edges of H.

Proof. Edges are, by definition, the minimal non-faces of A(H). Hence by Theorem 3.4 (v)

their complements are the maximal faces of A(H). O

Example 3.7. As mentioned in Example 2.73, the edges and minimal vertex covers coincide
for every hypergraph in the family Z(n), and hence the family consists of self-dual hyper-
graphs. Alternatively, we can arrive at the same conclusion by combining the observations

that this family is intersecting in Example 2.60 and (critically) 3-chromatic in Example 2.67.
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1T 13 Tol3

Figure 3.1: A(Z(3))Y

Example 3.8. If » > 1 and n = 2r — 1 the complete hypergraph K] is self-dual. To see

this, note that K7 is intersecting because r > 21 = 2. It suffices to show that a vertex

cover must have more than r — 1 vertices. Indeed, if W C V and |W| < r then {W‘ > T, SO

there is an edge that W does not meet and W is not a vertex cover.

Example 3.9. The hypergraph on 7 vertices with 7 edges given by the lines of the Fano
plane is self-dual. Note that in this finite geometry each line consists of three points. The

lines are depicted as 6 lines and one circle in the figure below.

T

i) T

xs3 X5
T4

Figure 3.2: Fano Plane
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Explicitly, we have:

Hp = ({z1,... 27}, { {z1, 20, 23}, {3, 24, 25}, {21, 25, w6 }, {21, 24, 27},

{x27 Ts, ‘7:7}7 {%3, Tg, 567}, {x27 Ty, 'T6} })

The Fano plane serves as an example (or counter-example) in many areas of mathematics.
For example, the Fano plane is the smallest finite projective plane. We refer the reader to
[18] for a brief account of what this means. Some of the details in the paragraph titled “Hall’s
Magical Labelling” in [18] will be relevant in Section 4.2. We note that the title of this article
gives a mnemonic for the lines of a Fano plane on the vertex set {A, E, H, R, T,W,Y}.

Remark 3.10. We recall the three axioms of projective planes:
(i) two distinct points are contained in a unique line;
(1) two distinct lines intersect in a unique point;

(11i) every point is contained in at least three lines and every line contains at least three

points.

If we take the edges of Z(n) from Example 2.60 to be the lines of a finite geometry, then
this geometry satisfies (i) and (¢7) but fails (ziz). Such geometries are known as “degenerate”
projective planes. Axioms (i7) and (7i7) guarantee that the lines of a finite projective plane
define the edge set of a proper, intersecting hypergraph. Moreover, axiom (i) means every
edge of this hypergraph is a minimal vertex cover, a necessary but insufficient condition for
self-duality:.

It is well known (¢f. [1]) that for finite projective planes there is an integer r > called

the order of the projective plane such that:
e there are 2 + r + 1 points;
e there are r? + r + 1 lines;
e cach line contains 7 + 1 points;
e cach point belongs to r 4 1 lines.

For the Fano plane, » = 2. Moreover, the Fano plane is the only finite projective plane with
order 2. We next show that the Fano plane is the only finite projective plane whose lines

give the edge set of a self-dual hypergraph.
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Proposition 3.11. If H is a hypergraph whose edges are the lines of a finite projective plane
with order r > 2, then H is not self-dual.

Proof. By Theorem 3.4 (iv) it suffices to find an independent vertex cover, because no vertex
cover of a self-dual hypergraph is independent. Pick an edge e € F and let W = e\{z;} for
some x; € e. Of the r2 4+ r 4 1 edges in F, each of which has size r + 1:

e 1 of them intersect e at x;, these are the lines that are not e and contain z;, hence they

do not meet W and only meet each other at z;;
e 72 of them intersect W at one vertex, these are the lines that do not contain x;;
e one of them (namely e) intersects W at r vertices.

To find a vertex cover it suffices to add a collection of r vertices to W, one from each of the
r edges described by the first bullet. Call this collection W’. However, to ensure W U W’
is independent, all r points in W’ cannot come from a single edge described by the second
bullet. There are r" distinct choices for picking W', and only 72 of those choices are contained
by an edge described by the second bullet. Hence, if » > 2 we have given an independent

vertex cover. O

We now show that self-dual hypergraphs can be constructed from smaller, intersecting
hypergraphs, but first recall that a square-free monomial my, denotes the product of the

elements in W, as introduced in Notation 2.10.

Theorem 3.12. [f H = (V, E) is an intersecting hypergraph then ¢(H) := I[(H) + zJ(H)
is self-dual in R|z].

Proof. We first note that ¥(H) is a square-free monomial ideal, hence is the edge ideal of
a unique hypergraph on V' U {z}. For succinctness we will also refer to this hypergraph as
() = (VU1 7).
Let
F'={f Cc V| f a minimal vertex cover of H},

and define F' = F'\F to be the set of minimal vertex covers of H that are not edges of
H. Thus, Y(H) = I(H) + zJ(H) is minimally generated by {m. | e € E}U {zmy | f € F}.
We use the shorthand zF = {zf = fU{z} | f € F'}, and define the edge set of 1)(H) to be
T=FEUZzF.

We use Theorem 3.4 (iv) to show ¢(H) is self-dual. Consider an edge e € E C T. By
our intersecting hypothesis, e meets every other edge ¢/ € E. Every other edge in T belongs

to zF and thus contains a vertex cover of H, which must intersect e. Thus, each edge of the
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form e € E is a vertex cover of ¥)(H). Now, consider an edge zf € zF C T. Clearly this
edge meets every other edge in zF at z. Further, f is a minimal vertex cover of H so zf
meets every edge of the form e € E. We have shown every edge in T is a vertex cover of
W(H).

It remains to show that every vertex cover of ¢(H) contains an edge of ¥)(H). Let W be
a vertex cover of ¢(H) and first assume z € W. Since no e € E contains z, W\{z} must
intersect each e € E. That is, W\{z} is a vertex cover of H, and must contain some minimal
vertex cover of H, say W'. If W’ is also an edge of H then W’ € E, otherwise W/U{z} € zF
is a subset of W. Hence, W contains some edge in 7. Now, suppose z ¢ W. We observe
W must intersect each element of zF' somewhere other than z. Further, W must intersect
the edges in E that are minimal vertex covers of H. Thus, W meets every vertex cover of
H and thus is a vertex cover of the Alexander dual of H. Hence, W contains some minimal
vertex cover of the Alexander dual of H, which by definition is an edge of H. Thus every
vertex cover of ¢)(H) contains an edge in 7', and thus ¢(H) is self-dual. O

Corollary 3.13. FEwvery self-dual hypergraph can be constructed by v in Theorem 3.12.

Proof. Suppose H is self-dual on V' U {z}. Since H is intersecting, so is Hy. It suffices to
show that H = ¢)(Hy ). Because I(H) = J(H), the diagram in Theorem 2.101 collapses to:

e

I(Hy)

We have ¢(Hy) = I[(Hy) + 2J(Hy) = I(Hy) + z¢y(I(H)) and consider the minimal gener-
ators of Y(Hy). If m. € G(I(Hy)), then e is an edge in H that does not contain z. Thus,
me = @y (me) and m, is a minimal generator of 1)(Hy ). Every other minimal generator
of Y(Hy) is of the form zpy(m.) for some edge of H, say e, that does contain z. In this

case, the monomial zyy (m.) is precisely me, hence I(H) and ¥(Hy ) have the same minimal
generators and H = ¢(Hy). O

Corollary 3.14. Every intersecting hypergraph on n vertices not of the form (V,{x;}) is a

subhypergraph of a unique 3-chromatic, intersecting hypergraph on n + 1 vertices.

Proof. Theorem 3.12 shows that 1 is a map from intersecting hypergraphs on n vertices

to self-dual hypergraphs on n + 1 vertices. Corollary 3.13 shows that 1 has inverse 7y .
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Corollary 3.5 shows that the image of ¢ is 3-chromatic and intersecting if it is not of the
form (V U {z},{z;}). Finally we note that m((V U {z},{z;})) = (V,{x:}), the excluded

form. O

Corollary 3.15. If H is a hypergraph with x(H) > 3 then ¢¥Y(H) = J(H) + zI(H) is
self-dual in R[z].

Proof. Note that ¢V(H) = ¢(H"). Since x(H) > 3, Lemma 3.2 gives that J(H) C I(H).
In turn then, I(HY) C J(HY), so HY is intersecting. So by Theorem 3.12 the hypergraph
WY (H) =y(HY) is self-dual. O

Proposition 3.16. ¢/(H) is a proper hypergraph if and only if H is proper and not self-dual.

Proof. If H is self-dual then ¢)(H) = I(H) + 2I(H) = I(H), so no edge of ¢(H) contains z.
Similarly, if H is not proper and no edge contains x;, then no minimal vertex cover contains
x;, hence no edge of ¢)(H) contains x;. In either case, 1)(H) is not proper.

On the other hand suppose ¥(H) is not proper. We first consider the situation where
no edge of ¥ (H) contains z. The domain of ¢ is intersecting hypergraphs so by Lemma 3.1,
I(H)C J(H). If m € G(J(H)) then zm € G(y»(H)) if and only if m ¢ G(I(H)). This shows
J(H) C I(H) thus H is self-dual. Finally if no edge of ¢/(H) contains z;, then none of its
subhypergraphs (including H) has an edge that contains z;, and so H is not proper. O

Example 3.17. H = (V,{V'}) is trivially intersecting with I(H) = (my) and J(H) = py.
If n=1then I(H) = J(H), otherwise ¢)(H) = I(H) + zpy = (my, 221, ..., 2x,). Forn > 2
this is exactly Z(n) from Example 2.60.

Example 3.18. Let H be the 3-chromatic graph below. We construct a self-dual hypergraph

using V.
I Ty

|\ |

X2 xs3 Zs

](H) = (-’ﬂlxm L1123, X223, $49€5>

We note that the minimum vertex covers of a disconnected graph are given by every possible

union taking one minimal vertex cover from each component. In this case, we have:

J(H) = (901162954, T1X2X5, T1X3T4, T1X3T5, T2X3T4, 9172373«735>-
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Taking xg in the place of z we have a 3-uniform self-dual hypergraph with edge ideal:

\Y
(0 (H) = (95111721'4, T1X2X5, T1X3T4, T1X3T5, T2X3T4,

ToX3xs5, T1T2Le, L1X3T6, L2X3Tg, $4375556>-

Remark 3.19. We observe that in Example 3.18, H is a non 2-colorable r-uniform hyper-

graph where every minimal vertex cover has size r + 1. Applying ¢V to any hypergraph that

satisfies this description gives a self-dual r + 1-uniform hypergraph. In Section 4.2 we will

be able to show that for » = 2 there are exactly six such non-isomorphic graphs, namely H

from Example 3.18, KZ, Cs, and the three depicted below.
[ ] [ J

In general not every self-dual r 4+ 1-uniform hypergraph admits such a construction. For
example, a seventh (and in fact, the only other) self-dual 3-uniform hypergraph is the Fano
plane Hp. For any choice of W with |IWW| = 6, the image pw (Hp), i.e. every pre-image of

Y, is isomorphic to
<$1$4> XTols5, T3Tg, T1X2X3, L1T5Te, T2L4Tg, $3$4x5>‘
Remark 3.20. If W = {x,,...,26} and we take H from Example 3.18 then we have

ow (VY (H)) = (w914, ToXs, T3y, T3Ts, ToTzly,

ToT3T5, Tale, T3le, Talsle, TaTsTe),
where the minimal generators are:
V
ow (V' (H)) = (xoy, ToT5, T3Ty, T3Ts, Tole, T3le, TaTlsTe).

This gives the edge ideal of a hypergraph that is (necessarily) not 2-colorable, but different
than H. We emphasize that ¢ and 9" are both invertible for a fized choice of z.

We next study, up to isomorphism, the number of pre-images that 1) and vV have. For

45



example, if we choose W' by removing one of x5 or x3 from {z1,...,z6}, then oy (VY (H))
is isomorphic to ¢ (¥ (H)) above. Similarly, if we choose W” by removing one of x4 or 5
from {x1,...,x¢}, then py»(¢¥(H)) is isomorphic to H. Hence, up to isomorphism, ¢"(H)

has only 2 pre-images.
Notation 3.21. If W = V\{z;}, we take m; = mp .
Lemma 3.22. If o € S, and m is a monomial then o(m;(m)) = 7y (o(m)).

Proof. If x; | m then m;(m) = 0 and x,¢) | o(m), so then both o(m;(m)) and 7, (o(m)) are
0. On the other hand, if x; { m then m;(m) = m and z,(; { o(m), so both expressions are

equal to a(m). O

Theorem 3.23. If H is a self-dual hypergraph, then m;(I1(H)) = 7;(1(H)) if and only if x;

and x; are in the same orbit of Aut(H).

Proof. We take I = I(H) throughout.
( <= ) Suppose that o € Aut(H) (or equivalently by Theorem 2.106 that [ is o-stable)
and that o(z;) = ;. By Lemma 3.22 we have

o(m:(1)) = o3y (0 (1)) = m;(1).

Hence o defines an isomorphism between m;(/) and m;([).

( =) Suppose m;(I) = m;(I). Then there is some o € S, such that o(m;(I)) = 7;(1).
It must be that o(z;) = z; (otherwise these ideals are not in the same subring of R) so we
apply Lemma 3.22 to get 7;(/) = m;(0()). Taking z = z; when applying ¢ to both sides
gives I = o(I), hence o € Aut(H). O

Remark 3.24. We note that the result in Theorem 3.23 does not generally hold. In partic-
ular the (=) direction does require self-duality, or rather 7; to have inverse ). Consider

the following counter-example:

](H) = <$1l’27 T3, T3Ty, Tals, T5T6, 371$3906>-

e N
N e

ZT3 T4

) Ty

T3
T Tg
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We observe that 7 (I(H)) and 76(I(H)) both result in a path with 5 vertices, but Aut(H)

is trivial, so x1 and xg are not in the same orbit.

Corollary 3.25. Up to isomorphism, the number of pre-images that v and ¥ have is the
number of orbits when the automorphsim group of (the hypergraph corresponding to) the

maps’ 1mages acts on V.

Lemma 3.26. If H is self-dual and W = V\{z;}, then Aut(Hy ) is ezactly the isotropy
subgroup of Aut(H) that fizes x;.

Proof. Suppose o € Aut(Hy ), clearly o(i) = i. By Lemma 2.106 both I(Hy ) and J(Hy)

are o-stable. Moreover as a ring homomorphsim o respects addition. We take z = z; when

applying ¥, so

o(Y(I(Hw))) = o(I(Hw) + z:J(Hw))
=o([(Hw)) + 2,0 (J (Hw))
= [(Hw) + @i/ (Hw)
= ¢(I(Hw))

Hence o belongs to the isotropy subgroup of Aut(H) that fixes z;.
Now, suppose o belongs to the isotropy subgroup of Aut(H) that fixes z;. We note
I(Hy) =m(I(H)), so applying Lemma 3.22 gives

o(mi(I(H))) = mo(@ (0 (1(H)))
= mi(I(H)).

Thus I(Hy ) is o-stable, so o € Aut(Hy ). O

Remark 3.27. We note that Lemma 3.26 also does not hold when the self-dual assumnption

is dropped. The counter-example from Remark 3.24 shows this.
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3.2 Self-Duality in Combinatorics

In Section 3.1 we primarily discussed self-duality of square-free monomial ideals from an al-
gebraic point of view. The result of Theorem 3.4 provides a novel connection to 3-chromatic,
intersecting hypergraphs (i.e. self-dual hypergraphs) which have been studied in Combina-
torics. In this section, we provide a summary of what is known about self-dual hypergraphs
as they have been studied in Combinatorics in the form of 3-chromatic, intersecting hyper-
graphs.

Self-dual hypergraphs first appeared in Combinatorics literature in [6], a paper published
by Erdés and Lovasz in 1975 that is famous for introducing what is now known as the Lovéasz
Local Lemma. The primary focus of this paper however was finding certain bounds for r-
uniform, intersecting hypergraphs. The first half of the paper is about “simple” hypergraphs,
where the intersection of every pair of edges has size 1. The second half of the paper is
about self-dual hypergraphs which includes four constructions of some r-uniform, self-dual

hypergraphs and four relevant theorems each of which we include below.

Remark 3.28. Each of the following is a family of uniform, self-dual hypergraphs given by
[6].

(i) K5 4, the complete r-uniform hypergraph on 2r — 1 vertices, e.g. Example 3.8.

(ii) Let V = {xy,..., 29,2} and label each of the % 2:__12) partitions V = W, ; UW, 5 where

(Wia| = |[Wig] =r—1,and let Y = {yi, ... ,yl(zrfg)}. Then the hypergraph (VUY, E)

is r-uniform and self-dual where
E={eCV]r=lel}U{y,UW;;|je{1,2}}.

(iii) Let H be an r—1-uniform self-dual hypergraph and take r new vertices W = {z1,..., 2z }.

Then (V U W, E’) is r-uniform, 3-chromatic, and intersecting where

E'=WuU{eU{z}|e€ Fand z; € W}.

(iv) Let S = (W, F) be an s-uniform, self-dual hypergraph with W = {1,...,n}. Also let
Hy, ..., H, each be t-uniform, self-dual hypergraphs with disjoint vertex sets Vi,...,V,
and edge sets Ey, ..., E,. Then H = (V,E) with V =V, U--- UV, and

E={e U Ue,

ei; € By, andil,...,iseF}

is st-uniform and self-dual.
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We would refer the reader to [6] for the proof that (iz), (iii), and (iv) indeed produce
self-dual hypergraphs, however they say only that the matter is straightforward.

Theorem 3.29. [6, Theorem 6] If m(r) denotes the minimum number of edges of an r-

uniform, self-dual hypergraph, then m(r) < 7% for infinitely many r.

The proof of Theorem 3.29 follows by iterating the construction given by Remark 3.28
(1v) with the Fano plane.

Theorem 3.30. [6, Theorem 7] If M(r) denotes the mazimum number of edges of an r-
uniform, self-dual hypergraph, then rl(e — 1) < M(r) <r".

Theorem 3.31. [6, Theorem 8] If N(r) denotes the mazimum number of vertices of an

r-uniform, self-dual hypergraph, then

1/2r —2 r{2r —1
- 2 —2 < N(r) <~ .
2(T—1>+T = <r)_2(7"—1>

Erdés and Lovasz also considered the possible sizes of pair-wise edge intersections of

uniform, self-dual hypergraphs.

Definition 3.32. The intersection spectrum of a hypergraph is the set
T(H) = {len f| | e, [ € F}.

Theorem 3.33. [6, Theorem 9] If r is large enough and H is r-uniform and self-dual, then
|Z(H)| > 3.

In [6], Erdés and Lovasz mention that 3 is the best lower bound that they could prove
for the size of the intersection spectrum of self-dual, r-uniform hypergraph as r goes to

infinity, as given by Theorem 3.33. Contrarily, to this day there is no known example with

IZ(H)| < 5%, Moreover, they also comment on the largest intersection of any two edges,
where there is no known example with max(Z(H)) < r — 2. In 2022, Buci¢, Glock, and
Sudakov showed that the cardinality of the intersection spectrum of a self-dual, r-uniform

hypergraph goes to infinity as r» does with the following theorem.

Theorem 3.34. [5, Theorem 2] The intersection spectrum of a self-dual, r-uniform hyper-

graph has size at least € (lo‘g/(i)) .
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3.3 Self-Duality in Algebraic Topology

In [20], Timotijtevié¢ gives an account of self-dual simplicial complexes, much of which we en-
capsulated algebraically in Section 3.1. In one result, Timotijtevi¢ shows a bijection between
sub-dual complexes with vertex set V' and self-dual complexes with vertex set V U {z}. He
shows this bijection by constructing a so-called “root operator” and its inverse the “upgrade
operator,” which are equivalent to the maps ¢y and vV, respectively. Further, he pro-
vides topological descriptions of these maps which we recount after providing the relevant

definitions.

Definition 3.35. If A is a simplicial complex and f is a face of A, then the link of f is
linka(f) ={WeA|Wnf=0and WU f € A}.

Definition 3.36. If A is a simplicial complex with vertex set V', the cone of A, C'A, is the
simplicial complex with vertex set V' U {z} and facets {f U{z} | f a facet of A}.

Timotijtevi¢ shows that if A is sub-dual on V' then ¥(A) = AY UCA, and if A’ is self-
dual on V U {z} then ¢y (A’) = linka/(z). He also considers the (computational) problem
of knowing if two self-dual simplicial complexes are isomorphic, where he mentions that
one need only compare the preimages of 1. This is advantageous because their vertex sets
have size n — 1, so there are only (n — 1)! isomorphisms to consider rather than the initial
n!. In Section 4.2 we will consider a number of computational problems, including further
improvements on this one.

A major result for self-dual simplicial complexes that Timotijtevi¢ provides that cannot
be viewed as a consequence of Section 3.1 is the construction of a connected graph G(n)
where the nodes are the self-dual simplicial complexes on n vertices. By graph, we mean
G(n) is a 2-uniform hypergraph. We will refer to the vertices of G(n) as nodes in order
to avoid confusion with the vertices of its constituent (corresponding) hypergraphs. These
vertices are then connected by an operation that takes one self-dual object and returns

another. This operation is most easily described in the language of independence complexes.

Definition 3.37. Let H be a self-dual hypergraph and e be an edge. The flip of H with
respect to e, denoted F.(H), is the hypergraph with independence complex:

A(F(H)) = eU (A(H)\e).

That is, one maximally independent set is replaced with its complement.

50



Essentially, a facet of the complex is swapped for its complement. It is straightforward
to see that this operation has an inverse I and that the set e U (A(H)\€) still satisfies the
property equivalent to self-duality given in Theorem 3.4 (v). However, the fact that this is
actually a simplicial complex should also be checked. We note that by Corollary 3.6, every
proper subset of the new facet, e, is already contained by A(H)\e. Moreover, removing a

facet from any simplicial complex yields a simplicial complex.

Definition 3.38. The graph of self-dual hypergraphs of dimension n, G(n), is the graph
where each vertex is a self-dual hypergraph with n vertices and the neighborhood of each
self-dual hypergraph H is {F.(H) | e € E}. That is, two hypergraphs are adjacent exactly
when they differ by a single flip.

Example 3.39. We give a visual depiction of G(3). There are exactly 4 self-dual com-
plexes on 3 vertices. The Hasse diagram in the middle, labeled Az, corresponds to the
(hyper)graph K?2. The remaining three diagrams are labeled A; each corresponding to the
self-dual hypergraph with the singleton edge {x;}. The dashed lines with arrows depict the
flip F,, and therefore the (directed) edges of G(3). In particular, these start at e as an edge
(i.e. minimal non-face) and end at e as a facet. The dashed lines without arrows display
relevant complements within the Hasse diagram. Finally, each color represents each edge of
G(3) in its (undirected) entirety.
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Figure 3.3: G(3)

Below we depict G(4) in much less detail. Each blue vertex is a self-dual hypergraph

with a singleton edge, each orange vertex is isomorphic to Z(3), and each purple vertex is
isomorphic to a K? adjoined with an isolated vertex. Hence, up to isomorphism, Z(3) is the

only proper self-dual hypergraph on 4 vertices. We explore more about G(n) for larger n in

Section 4.2.
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Figure 3.4: G(4)

Below, we give a depiction of G(5). As with the depiction above, each color represents
an isomorphism class. We note that between the 81 nodes, there are only seven colors. One

focus of Section 4.2 is to reduce this “waste”.
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Figure 3.5: G(5)

Lemma 3.40. /20, Corollary 3.4] The graph G(n) is bipartite and connected for any n > 1.

Lemma 3.41. [20, Proposition 3.3] If H, H" are self-dual hypergraphs on n vertices, then
every shortest path from H to H' in G(n) is given by a sequence of flips with respect to
complements of the elements of A(H)\A(H'). That is, if A(H)\A(H') = {Wh,...,Ws} is
ordered such that W; C W; only if i > j, then the sequence

(H, Hy = F(H), ..., Fyp-(Hi—y), ..., Fp-(He—y) = H')

18 a shortest path.

Remark 3.42. Self-dual hypergraphs are interesting objects in their own right, however they
also seem to be related to certain moduli spaces. In particular, Gianae Panina’s work outlines
these connections. In [17], Panina describes the construction of an n — 3 dimensional combi-
natorial manifold that is homeomorphic to the moduli space of a planar polygonal linkage.

In [10], Panina and her former Masters student Galashin show that the rules governing this
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construction are truly governed by a self-dual simplicial complex, and that one can drop the
planar polygonal linkage and generalize the construction for any “quasilinkage” i.e. self-dual
complex. In particular, they build a regular CW-complex where each r-cell corresponds to a
cyclically oriented n — r-coloring of a given self-dual hypergraph. In [16] Nekarov and Panina
use subsets of self-dual complexes to give various compactifications of the moduli space of

n-punctured rational curves that generalize the Deligne-Mumford-Knudsen compactification.

Lastly, we note that while Section 3.2 and Section 3.3 summarize the work of other
authors, the contents of Section 3.1 are essentially all original. In particular, we are the first

to show there is a connection between the work discussed in Section 3.2 and Section 3.3.
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Chapter 4

On Monomial Ideals

4.1 On Generalized Self-Duality

We generalize some of the results in Section 3.1 by replacing the partially ordered set 2" and
partial order C with a subset of N” and the partial order < introduced in Remark 2.4. In
this setting, the notion of being a minimal vertex cover is no longer useful for our purposes.
Instead, the important property that we are concerned with is being the complement of a

maximal independent set.

Definition 4.1. A multiset is a triple W = (W,w,n) where W = {X;,,..., X;.} is a set
with 1 <i; <nand w = (wy,...,w,) € N" such that X; € W if and only if 0 < w;. We call

o W the support of W,
o w the multidegree of W;
e n the dimension of W.

Definition 4.2. We say the multiset W = (W, w, n;) precedes the multiset V = (V, v, ng) if
ni1 = ng and w =< v. We denote this by W < V.

Example 4.3.
({XlaXQ}v (27370)a 3) j ({X17X27X3}7 (373a1)a 3)

Notation 4.4. Note that any multiset can be recovered entirely from its multidegree. In-
deed, for some vector of natural numbers, w, take W = {X; |0 < w;}, and n to be the

number of entries in w. Hence throughout this chapter, we will interchangeably use:

e V= (Vun)asuv;
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o W= (Ww,n) as w;
o N=(f,n.n)asm;
e (e,€,n) as e.

We will similarly apply this convention to multisets with explicit numerical values. For
example, the statement in Example 4.3 would be (2,3,0) < (3,3,1).

Notation 4.5. We will frequently wish to consider a multiset with “a single element”, so §°
will always be the element of N™ with 1 as the i-th entry, and 0 in every other entry. For
example if n = 4, then 6% = (0, 1,0,0).

We now introduce generalized versions of a number of set operations.

Definition 4.6. If YW <V then the complement of W with respect to V, denoted V\W, is

the multiset determined by v — w.

Note that the support of V\W need not be V\W. When the multiset V is clear from
context we may denote V\W = W. For example, if we take the pair of multisets from

Example 4.3, the complement is (1,0, 1).

Definition 4.7. The intersection of two multisets W NN is the multiset determined by
(min(wy, m), ..., min(w,, n,)). Note, Myn, = ged(M,,, M,), where each M is the monomial

with the multidegree given by its subscript, as introduced in Notation 2.24.

Lemma 4.8. If w < v and n =2 v and all complements are taken with respect to v, then the

following are equivalent:

°* w1

MW|M77;
o wNn=uw,

<@

)

°
=

w

&
=

S

N7 =1.

Definition 4.9. The union of two multisets, W W N/, is the multiset determined by w + 7.
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Continuing on, we generalize the notion of a hypergraph in a manner that that is com-
patible with viewing monomial ideals as a generalization of square-free monomial ideals. To
this end, we introduce an “edge ideal” correspondence between monomial ideals and this

generalization.

Definition 4.10. A multihypergraph is a pair H = (V, &) where V = (V,v,n) is a multiset
called the base multiset and € = {ey,..., €} is a set of multisets called multiedges, each of

which precede V and no pair of distinct multiedges €, € € £ satisfies € < €.

Remark 4.11. Note that because each multiedge precedes V, every multiset in the definition
of a multihypergraph has the same dimension. As with hypergraphs, we will always assume
H = (V,E) where V = (V,v,n), unless otherwise specified.

Definition 4.12. A multiset w is independent in H if w < v and there is no € € £ such that
€ = w. We say w is mazimally independent in H if there is no w’ # w with w < w’ such that

w' is independent in H.

Definition 4.13. The edge ideal of a multihypergraph, denoted I(#), is the monomial ideal

in k[V] with minimal generators
G(I(H))={M.|ec&}.

Example 4.14. Let H = ((2,3), {(2,0),(1,1),(0,2)}). Then I(H) = (X3, X; X5, X3) . Note
also that the maximally independent multisets of H are (1,0) and (0, 1).

Definition 4.15. The cover ideal of a multihypergraph, denoted J(#), is the monomial

ideal in k[V] with minimal generators
G(J(H)) ={M,, | V\W is maximally independent in H}.

Example 4.16. We consider the same multihypergraph from Example 4.14, where J(H) =
(X1 X3, X?X2). Note that while the base multiset of a multihypergraph does not affect its
edge ideal, it does affect the cover ideal. If instead, H’ is the multihypergraph with base
multiset (2,2) and the same multiedge set as H, then J(H') = (X1 X3, X7 X5)

Proposition 4.17. If w is the complement of an independent multiset in H, then for every
e €&, we have w + ¢ £ v.

Proof. By independence we have that for all € € £, ¢ A w. By substituting @ = v — w and

then rearranging, this is exactly w + ¢ £ v. [
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Definition 4.18. [15, Proposition 5.23] If I is a monomial ideal and v € N™ such that each
M, € G(I) divides M,, then the generalized Alexander dual of I with respect to v, denoted
I is the monomial ideal that satisfies M,, € IV if and only if M,_, ¢ I for all w < v.

In Definition 4.18 we cite a proposition—not a definition—in [15] because this equivalent
formulation is more suitable for our purposes. We note however, that Theorem 2.31 is proven

by using generalized Alexander duality.
Lemma 4.19. If H is a multihypergraph with base multiset v, then I(H)V = J(H).
Proof. For every w = v the following are equivalent:

o M, ., €J(H);

e w is independent in H;

there is no € € £ with ¢ < w;

M, & 1(H);

M,_y, € T(H)W.
]

Lemma 4.20. [15, Theorem 5.24] If I is a monomial ideal such that for each M, € G(I),
w = v, then (IPHF =T,

Notation 4.21. Although symmetric polarization (defined in Definition 2.37) is defined on
monomials and monomial ideals, it may act equivalently on multisets. For some multiset
w =< v we denote

sPol(w;v) = {W | my € sPol(M,;v)}.
Similarly, we may apply symmetric polarization to a multihypergraph to yield a hypergraph:

sPol(H;v) = <V“, U sPol(a;v)) .

eef

We now make extensive use of symmetric polarization to build up to a generalized version
of Theorem 2.101, namely Theorem 4.30.
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Lemma 4.22. For a multihypergraph H, if H = sPol(H;v) then the following diagram of

maps between monomial ideals commutes.

sPol(—;v)

Proof. Tt follows directly from definitions that S, and sPol(—; v) are inverses. Similarly, the
edges of H are defined to be precisely the image of £ under sPol(—;v). Since both edge ideals
are generated by the monomials corresponding to these sets of edges and multiedges, we have
sPol(I(H);v) = I(H). The Alexander dual maps being involutions follow from Lemma 4.20
and Remark 2.97. It now suffices to show that w is maximally independent in H if and only
if every member of sPol(v — w;v) is a minimal vertex cover of H.

Suppose that every f € sPol(v — w;v) is a minimal vertex cover of H. Thus VV\f is
maximally independent in H. By Lemma 2.50, S, (myw\¢) = M,,, and by independence there
is no e € E = (J.¢sPol(e;v) such that e € VV\ f. So, there is no S,(m.) = M. such that
M. | M,. That is, w is independent in H. For maximality we consider any §’ < v — w and
show there is some ¢ € £ such that ¢ < w + §*. For any f € sPol(v — w;v) there is some
z;; € f such that z;; € sPol(d%; v) because ¢ < v — w. By maximal independence of VV\ f,
there is some edge e € E such that e C (VV\ f) U{z;;}. Thus there is some multiedge of H,
e with M. = S,(me), with M. | S,(m\ f)uga,,}) = Muysi. This shows € < w 4 6", hence w
is maximally independent in H.

Now, suppose that w is maximally independent in H. It suffices to show that every
member of sPol(w;v) is maximally independent in H i.e. (by Lemma 2.50) every member of
sPol(v —w;v) is a minimal vertex cover of H. Every edge of H belongs to sPol(g;v) for some
e €& Soif W € sPol(w;v) and there is some e € E with e C W then S,(m.) | Su(mw).
Or rather there is some € € £ with M. | M, hence w is not independent, a contradiction.
For maximality, consider some x; ; € VV\W. We will show some edge e € E is contained by
W U {x;;}. Since z;; ¢ W and W U {z;;} C V", we have that w + §° < v. Hence there is
some multiedge ¢ € £ with ¢ < w + 6°. Hence, for every W’ € sPol(w + §%;v) there is some
e € sPol(e;v) with e C W’. So in particular W U {z; ;} contains some edge e of H. This

means every element of sPol(w;v) is maximally independent in H. O

Definition 4.23. If H is a multihypergraph and w < v, then the submultihypergraph on w
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is H, = (w, F) where
F={eef|e=xuw}.

We briefly recall the projection and localization maps on square-free monomials (and
square-free monomial ideals) introduced in Definition 2.12 and Definition 2.16, as we now

lead towards defining generalized versions of these maps.

Corollary 4.24. Composing the diagram in Lemma 4.22 twice with the diagram in Theorem

2.101 gives the following diagram, where W = V¥,

I(H) —M [(H) —™ s [(Hy) —— I(H,)
[v] \Y \Y [M
J(H) m} J(H) <P—W> J(Hw) —_— J(Hw)

Example 4.25. Let H = ((3,3),{(3,0),(2,1)}) and w = (2,2). For simplicity we will
use V = {X,Y} and V¥ = {x, 22, 23,y1,¥0,y3}. Hence, [(H) = (X3, X?Y) and J(H) =
(X2, XY?). Further,

sPol(I(H);v) = ( x122%3, T1T2Y1, T1T3Y1, TaT3Y1
T1X2Y2, T1T3Y2, T2X3Y2

T1ToY3, T1T3Y3, Tol3ys ),

and sPol(J(H);v) = ( x122, T123, ToT3, T1Y1Y2Y3, T2Y1Y2l3, T3Y1Y2ys )
Continuing, we have W = {x1, 29, y1, y2 }, so mw (sPol(I(H); v)) = (x122y1, T122y2) and

ng(sPol(J(H);v)) = <$1$27 Ty, T2, T1Y1Y2, T2Y1Y2, yly2>
= <=’701, T2, yl?/2>~

Lastly, S, (mw (sPol(I(H);v))) = (X?Y) and S,,(¢ow (sPol(J(H);v))) = (X, Y?).
Remark 4.26. We consider the compositions
II =38, omy osPol(—;v)

and

® =S, o py osPol(—;v).
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Note that sPol(—;v) is set-valued and its image need not be contained in a fiber of S, o Ty
or a fiber of S, o py, as illustrated in Example 4.25. In particular, if < v then the set
II(M,) has size either 1 or 2. If there is some 1 < ¢ < n such that both v; — w; and 7, are
non-zero then there is some my € sPol(M,;v) where f € W, so 0 € II(M,). Further, if
n < w then M, € II(M,).

For the other composition, we have ®(M,) = {M.|n—((v—w)Nn) e InNw}.
The bounds come from considering the extreme cases when applying ¢y to elements in
sPol(M,,;v). For the lower bound, we consider a monomial m; € sPol(M,;v) such that
that pw(ms) has minimal degree. This is given by maximizing the size of f N (VV\W),
which can be done by setting fi = {2, i1, Tip—p+1} and f = UL, fi. We note
that fAW = UL fiNnW and fi N W = {w., ..., Tiv—n+1} taking the convention that
if wy < v; —mn; + 1 then {zu,,..., Tiv—n41} = 0. Since pw(ms) = msaw, the monomial
S.(my) has multidegree (|fi "W, ...,|f. N W]). We note that

|fi " W] = max(w; — (v; —nm; +1) +1,0)
= max(n; — (v; — w;),0)

=n; — min(v; — w;, 7;).

Thus mdeg(S,,(mys)) = n—((v—w)Nn). We note that although the f we constructed need not
be a unique subset of V¥ that minimizes the degree of ¢y (my), any other such minimal f’
must have that fN(VV\W) = f'/n(VV\W). It follows that mdeg(S,,(ms)) = n—((v—w)Nn).

For the upper bound, we consider g C V¥ that maximizes the degree of ¢y (my). Taking
g ={xi; | 7 < mn;} achieves this, and gnW = {z; ; | j < min(7;,w;)} . Hence mdeg(S,,(m,)) =
nnNw.

For all of the e with n — (v —w)N7n) < e I nNw, we take § = nNw —¢e and h =
{z;; | 14+6; <j<mn+0;}. We then have S,(pw(ms)) = M.. Informally, h is constructed
by “shifting” each g; towards f; by the amount dictated by &;.

Although these compositions are multi-valued, we will choose the minimal elements of
their image when defining generalized versions of 7y, and ¢y,. This choice is so that the

generalized versions of these maps give the generators of the ideals their images “should” be.

Definition 4.27. We define 7, as a map from monomials that divide M, to monomials that

divide M, (or zero) as:
0 ifnAw
M, itn=<w.

62



Definition 4.28. We define ¢, as a map from monomials that divide M, to monomials that

divide M, (or one) as ., (M) = M,_((v—w)m)-

Remark 4.29. The maps 7, and ¢, are not (generally) ring homomorphisms like their
square-free counterparts. We emphasize that they are only maps between monomials, they
do not respect multiplication as their domains and images are not closed under multiplication.

If I is a monomial ideal, we define m,(I) = (m,(M) | M € G(I)) and similarly ¢, (/) =
(ou(M) | M € (1)),

Theorem 4.30. For any multihypergraph H and w <X v, the following diagram commutes.

Proof. This follows as 7, and ¢, are defined to be the minimal elements in the images of

the corresponding compositions in the diagram given by Corollary 4.24. O]

We now move towards generalizing Theorem 3.4, by giving essentially identical combi-
natorial criterion for self-dual multihypergraphs. First however, we must consider what a

multihypergraph coloring is.

Definition 4.31. The chromatic number of a multihypergraph, x(#), is the smallest s such
that V =W, W .- - W W; can be written as the union of s multisets that are independent in

‘H. We call such a union an s-coloring of H.

Theorem 4.32. For a multihypergraph H
x(H) =min{s | M;™" € J(H)*}.

Proof. Suppose V = W, W ---J W, is an s-coloring of H, and let w; be the multidegree of
W;. Thus we have

V=w;+ -+ ws
(s—1v=sv—w; —+ — wy

(s—Dv=(v—w)+- -+ (v—ws).

Hence,
Mt =M, o, - M,_,, € J(H)".

63



Just as in Theorem 2.98, the argument can be reversed to show that M:~! € J(H)* if and

only if there is an s-coloring of H. ]
Lemma 4.33. If H is a multihypergraph then x(H) > 2 if and only if J(H) C I(H).

Proof. The following are equivalent:

o J(H) CI(H);
e the complement of every independent multiset in H precedes a multiedge;

e for every independent w, v — w = @ precedes a multiedge;

there is no 2-coloring of H;
o \(H) > 2.
m

In addition to a generalized version of hypergraph coloring, we must also introduce a

generalized notion of intersecting.

Definition 4.34. A multihypergraph H is intersecting if for every pair of edges €,¢’ € £
e+¢ Ao

Lemma 4.35. A multihypergraph H is intersecting if and only if I(H) C J(H).

Proof. The ideal containment I(H) C J(H) is equivalent to saying that every multiedge of H
is the complement of an independent multiset. Equivalently, every pair of multiedges e, € £

satisfies ) A €. By substituting € = v — € and rearranging, this is exactly e +n A v. O]
Theorem 4.36. If H is a multihypergraph then the following are equivalent:

(i) H is self-dual;

(i1) H is intersecting and x(H) > 3;
(iii) I(H) = J(H);

(iv) Every multiedge of H is the complement of an independent multiset of H, and the

complement of every independent multiset of H contains a multiedge of H;

(v) For every w < v exactly one of M,,, M,,_,, is in I(H).
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Proof. The equivalence of (i), (ii), and (iii) follows from Lemma 4.33 and Lemma 4.35.
In the proofs of these lemmata we noted that the two conditions of (iv) are equivalent to
I(H) C J(H) and J(H) C I(H) respectively.

Finally, we observe (iii) <= (v) by applying Lemma 4.19 to see that (i) is equivalently
I(H) = (I(H))"!. The definition of I'"! yields the equivalence. O

Example 4.37. We explicitly consider generalized self-duality in the simplest setting pos-
sible, namely in k[X]. Let I = (X") for some r > 0. We recall that a square-free ideal of the
form (X;) is self-dual for any choice of V. As a monomial ideal, I is the edge ideal of many
multihypergraphs with multiedge (r) € N'. These different multihypergraphs depend solely
on a choice of base multiset. However, this base multiset highly impacts the behavior of the
cover ideal.

Since we are working with just one variable in this case, every multihypergraph has a
base multiset v such that (r) < v. We note that n = (r—1) is always maximally independent
in H, so J(H) = (V") is generated by its complement. Hence we have J(H) = (Xv~"*1)
and we observe that this means I(H) = J(H) if and only if r = v —r + 1, ie. v =2r — 1.

Remark 4.38. The equivalent condition in Example 4.37 of (X") being self-dual in k[X] is
reminiscent of Example 3.8. This is no coincidence, and we now consider the consequences

of the choice of v = (n) on symmetric polarization:

sPol(I(H);v) = (sPol(X";v))
= {mw | So(mw) = X" and W C{xzy,...,2,}})
I(K),

where K7 is the complete r-uniform hypergraph on V = {z1,...,z,}.

Example 4.39. We consider the highly symmetric hypergraph Z(n), where in particular,
Aut(Z(n)) = S,. Indeed, I(Z(n)) is the symmetric depolarization of (X", ZX), which is

self-dual with respect to w = (n, 1).
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0

Figure 4.1: Hasse Diagram of Example 4.39

We make a visual comparison between this diagram and the Hasse diagram of A(Z(3))
in Example 3.7. We may view the monomial ideal in fewer variables as capturing a large
portion of the “horizontal” symmetry of the square-free monomial ideal, without removing

the “vertical” symmetry responsible for Alexander duality.

Lemma 4.40. If H is an intersecting multihypergraph, then W(H) = I(H) + ZJ(H) is
self-dual with respect to (v, 1) in R[Z].

Proof. We closely follow the argument given in the proof of Theorem 3.12. We first note that
U(H) is a monomial ideal, hence is the edge ideal of a unique multihypergraph with base
multiset determined by (v, 1) where each multiset has dimension n + 1. For succinctness we
will also refer to this multihypergraph as ¥(#). All complements denoted with a [J are with
respect to (v, 1), otherwise we will use v — [J. We also recall that mdeg(Z) = 6.

Let F' be the set of complements of maximal independent multisets of H, and set F =
F'\& to be the elements of F’ that are not multiedges of H. The multiedges of ¥(H) are:

e &, the multiedges of H (in dimension n + 1 with €,,; = 0), and
o JF={Zn=nwi"t |ne F}

We take T =E U ZF.

First, we show that for each 7 € T, the complement 7 is independent in W(H). If
e € £ C T then by the intersecting hypothesis, M, € J(H) so € is independent in H. Thus
no € € & precedes €. We also show that € is not preceded by any Zn € ZF. Since any such
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7 is maximally independent in H, (ey,...,€,) A v —n, or equivalently A v — (€1,...,€,).
Thus Zn £ €, so € is independent in W(H).

We now pick some Zn € ZF and show z7 is also independent in W(H). If Zn/ € ZF then
(Z0)ns1 = 1 and (Zn),41 = 0, hence Zn £ zm. If € € € then by definition, (e}, ...,€,) &
v — 1, hence € A Zn. We have thus shown that for every 7 € 7 that the complement 7 is
independent in ¥(H).

It suffices to show that if W is independent in W(#) then there is some 7 € T such that
T = w. Suppose W is independent in W(#), then every 7 € T has 7 A w.

We first consider if w,,; = 0. Note that because each ¢ € £ has ¢,,1 = 0 we have
(€1,...,€n) & (w1,...,wy). Thus (wi,...,w,) is independent in H. Hence there is some
n € F' with (wy,...,w,) 2 v —mn,s0then n < v — (wy,...,w,). By hypothesis (@)1 = 1,
so then Zn X w.

Now, suppose w,11 = 1. If 1 is the complement of a maximally independent multiset in
H then either (n,0) € £ or Zn € F. In both cases, by independence of w and by hypothesis,
n 2 (wi,...,wy). S0 v — (wi,...,w,) A v—n. This shows that v — (wy, ..., w,) precedes no
maximally independent multiset in ‘H and therefore must be preceded by some multiedge of
H, say (€1,...,€,). So, € = (€1,...,€,,0) € &, and we have ¢ < @. Thus the complement of
every independent multiset in W(#) is preceded by some multiedge in W (#). O

Remark 4.41. We recall that Corollary 3.13 to Theorem 3.4 provides a classification of
self-dual square-free monomial ideals as the image of ). One may hope a similar Corollary
to Lemma 4.40 holds, but we observe otherwise as Example 4.42 gives a self-dual multihy-

pergraph where every entry of the base multiset is larger than 1.

Example 4.42. We recall Example 2.39: if [ = (X?X,, X3) and w = (3,3), then V¥ =

{$1,17$1,2,$1,3;$2,1,$2,2,$2,3} and

SPOl([QW) = <$1,1$1,2ZIZ‘2,17 T1,171,2T22, T1,101272 3,
T1,121,3%21, £1,121,3T22, L1,1L1,3T23,
T1,2%1,3T21, T1,221,3T22, T1,2%13T23,

I2,1$272$2,3>'

The reader may also notice this is isomorphic to the ideal given by 1V (H) in Example 3.18.
Indeed I symmetrically polarizes to a self-dual, square-free monomial ideal, however we also
note it is itself self-dual with respect to w = (3,3). We provide the relevant Hasse diagram

below.
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X3 X7 X,

N N

X1.Xs X2

N
~.,

0

Xf/
\X

Figure 4.2: Hasse Diagram of Example 4.42

Remark 4.43. We continue the train of thought from Remark 4.41. Example 4.42 shows
that not every self-dual multihypergraph is the image of W, so perhaps this is not a general
enough approach. One obvious potential generalization of Lemma 4.40 would be that if H
is intersecting, then W' (H) = I(H) + X;J(H) is self-dual with base multiset v+ 6. However,

Lemma 4.44 shows this cannot be.
Lemma 4.44. If H is a self-dual multihypergraph, then v must have an odd entry.

Proof. Tf every entry of v is even, then w = ¢ € N". However, w = v — w, so M,, cannot
satisfy exactly one of M, M,_,, € I(H) thus H cannot be self-dual. O

Lemma 4.45. A multihypergraph H is intersecting if and only if sSPol(H; v) is an intersecting
hypergraph.

Proof. Foreache € &, set emin(e) = {2 | 1 <j <&} and epax(e) ={z;; | vi —&; <j <n}.
Note that for any two edges in sPol(#;v), say e € sPol(e;v) and f € sPol(n; v) the smallest
possible e N f| is given by |emin(€) N €max(n)]-

If sPol(H; v) is intersecting, then in particular for every e, € £ the intersection ey, () N
emax (7)) is non-empty. Hence, there is some i such that {@;1, ..., @i, } VW {Tiv—nit1s - Tiny }

is non-empty. That is, v; —n; + 1 < g, or rather v; < g; + n;. Thus, H is intersecting.
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If ‘H is intersecting, then for each pair e, € £, the intersection ey, (€) N emax(n) is non-
empty. Thus the pairs of edges of the hypergraph sPol(#;v) with the smallest intersection

size have non-empty intersections, i.e. sPol(#;v) is intersecting. O
Corollary 4.46. A multihypergraph H is not 2-colorable if and only if x(sPol(H;v)) > 2.

Corollary 4.47. A multihypergraph H is a self-dual multihypergraph if and only if sPol(H;v) C
k[VY] is a self-dual multihypergraph.

We could prove the following Theorem with a similar analysis as the proofs of Theorem
3.12 and Lemma 4.40, however we have developed enough knowledge of self-dual multihy-

pergraphs to avoid some of this tedium.

Theorem 4.48. If H is an intersecting multihypergraph and r > 1 then the multihypergraph
with edge ideal
U.(H):=1I(H)+ Z"J(H)

and base multiset (v, 2r — 1) is self-dual.

Proof. We will apply Corollary 4.47 by showing that W, () symmetrically polarizes to a
self-dual hypergraph, L. We note that W,(H) is a monomial ideal such that each minimal
generator M, divides M, 2,—1). Hence we will refer to W,.(H) as a multihypergraph on (v, 2r—
1).

This multihypergraph W, () is intersecting. For any pair of its multiedges, say ¢ and
1, we consider three possible cases. If both 7,0 (¢) and 7, 0)(n) belong to &, then e +
n £ (v,2r — 1) by the definition of H being intersecting. If m(,)(¢) € € and n = (7', r)
where 1’ is the complement of a maximal independent set of H, then by Proposition 4.17
e+n £ (v,2r —1). Finally, if both € = (¢/,r) and n = (/,r) then e +n £ (v, 2r — 1) follows
by inspecting the last entry.

We now consider the hypergraphs H = sPol(H; (v,2r —1)) and L = sPol(V,.(H); (v, 2r —
1)). Both are intersecting by Lemma 4.45. If we take w = (v,2r — 2) then we have the
following relationships among edge and cover ideals, I(H) = sPol(I(H); (v,2r — 1)) and

I(L) =sPollI(H) + Z"J(H); (v,2r — 1)]
= sPol[I(H); (v,2r — 1)] + sPol[Z" J(H); (v, 2r — 1)]
= I(H) + sPol[Z" J(H); w] + 29,1 sPol[Z" 1T (H); w]
= I(H)+ J(H)[sPol(Z";w) + z9,_1sPol(Z" 1 w)].

In the last two lines, note that the symmetric polarizations are with respect to w. Fur-

ther, we separate zo,_; from the other z; to help us consider the subhypergraph L' =
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TV oU{z1,. 200} (L).  As the subhypergraph of an intersecting hypergraph, L’ is intersect-
ing. It suffices show that I(L) = (L) = I(L') + z9,—1J(L). This is sufficient to conclude
the proof as this shows L is self-dual and since L is also the symmetric polarization of W,.(H),
Lemma 4.40 implies ¥,.(H) is self-dual.

We now calculate /(L). From Theorem 2.101 I(L') = Tyvugz,,... 2,03 (L (L)), and by the
calculation above this is I(L') = I(H) + J(H) sPol(Z";w). So, every edge of L’ is either an
edge of H or a minimal vertex cover of H that does not contain an edge of H adjoined with
a size r subset of {z1,..., 22, 2}

To calculate J(L'), suppose W is a minimal vertex cover of L. Since my(I(L')) = I(H),
there is some minimal vertex cover of H, say f, such that my | pye(mwy) ie. f C W. We
consider two cases for W.

If W intersects every minimal vertex cover of H, then W is a vertex cover of H" In other
words, W contains an edge of H. Hence, by minimality, W contains no z; as W intersects
every edge of L' somewhere in V.

Otherwise, there is some minimal vertex cover f’ of H such that W N f’ = (). Then it
must be that W meets every size r subset of {21, ..., z9,_o}. By minimality of W (as a vertex
cover of L') this means W = fU{z;,..., 2, _,}.

Thus for every my € G(J(L')), either my, € I(H) or my € J(H)sPol(Z" ! w). Lastly,
we observe that J(H)sPol(Z™1;w) C J(L') because if f is a vertex cover of H then f U
{Ziy -+, 2i,_, } meets every edge of L. Thus I(L) = I(L") + 2,1 J(L'). O

Example 4.49. The multihypergraph H = ((4),{(3)}) is intersecting with maximally inde-
pendent multiset (2). Hence J(H) = (X?) and Wy(H) = (X3, X2Z?) is self dual on (4, 3).
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Figure 4.3: Wy(H)

Example 4.50. The multihypergraph H = ((2,2),{(2,1),(1,2)}) is intersecting, with max-
imally independent multisets (0,2),(1,1), and (2,0). Hence J(H) = (X2, X1 X,, X2) and
Uy(H) = (XX, X1 X2, X272 X1 X0 Z%, X2 Z%) is self dual on (2,2, 3).

We re-examine Remark 4.41, with the hope that Theorem 4.48 provides a classification
of self-dual monomial ideals as the image of W,.. Again, this hope fails as we will show in
Example 4.51.

Example 4.51. The multihypergraph
,C - ((27 27 3)7 { (27 17 0)7 (]‘7 27 0)7 (17 ]'7 2)’ (07 27 ]')7 (27 07 3) })

is self-dual. As a counter-example, it suffices to observe that only the third entry of the base
multiset of IC is odd, but there are multiedges where the third entry is not 2. Thus, I cannot
be the image of any ¥,. Moreover, we observe that 7(9,0)(K) = H from Example 4.50.

Definition 4.52. If H is a multihypergraph then D(H) is the partially ordered set of inde-

pendent multisets in H.
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Remark 4.53. We now consider a generalization of the flip operation introduced in Defi-
nition 3.37 for self-dual monomial ideals. Just like in the square-free case, it is convenient
to work with the (downwards-closed) poset of independent multisets which determines a
multihypergraph. If H is a self-dual multihypergraph, D = D(H), and w is maximal in D
then for all n < v, exactly one of n or v — 7 is in (D\{w}) U {v — w}. However, it need not
be the case that (D\{w}) U {v — w} is the set of independent sets of a multihypergraph. In
particular, the poset (D\{w}) U {v — w} is not generally downwards closed with respect to
<.

Definition 4.54. Let H be a self-dual multihypergraph, w be a maximally independent

v—4"
2

H. The flip of H with respect to w, denoted F,(#H), is the self-dual multihypergraph with
independent multisets F, (D) = (D\{w}) U {v — w}.

multiset of H not of the form for some i, and D be the set of independent multisets in

We now give two examples to show why maximally independent multisets of the form

v=5"
2

from F, s is not downwards closed, and hence does correspond to a multihypergraph.
2

are prohibited in Definition 4.54. In particular, we will show that the poset resulting

Example 4.55. Let H = ((2r — 1),{(r)}) be the self-dual multihypergraph from Example
4.37. In this case D(H) = {(0),(1),..., (r — 1)} which has unique maximal element (r —1).
So, Fir—1)(D(H)) = {(0),(1),...,(r —2),(r)}, but it cannot be that (r) is independent in a
multihypergraph and (r — 1) isn’t.

Example 4.56. We give another counterexample showing that the failure in Example 4.55
is not an artifact of working in only one variable. Let H = ((2,3),{(2,1),(1,2),(0,3)}). The

independent multisets are represented in the Hasse diagram below.
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X? XY Y?

Figure 4.4: Hasse Diagram of D(H)

Calculating Fio,0)(D(H)) yields the self-dual multihypergraph with multiedge set {(2,0), (1,2)}.
Similarly, calculating Fig2)(D(H)) yields the self-dual multihypergraph with multiedge set
{(0,2)}. However, Fi1 1y(D(H)) yields a partially ordered set displayed in the diagram below,

where the red line shows where downwards containment fails.

/XY?\ )
. o
\ @ /

Figure 4.5: Hasse Diagram of F{; 1y(D(H))

X2

Lemma 4.57. Let ‘H be a self-dual multihypergraph and w € D(H) be mazimal. If v has

more than one odd entry, or v has ezxactly one odd entry (v;) and w # “ji, then F,(D) is

the set of independent multisets of a self-dual multihypergraph.
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Proof. By Remark 4.53 it suffices to show that F,(D) is the set of independent sets of a
multihypergraph i.e., F,, (D) is downwards-closed with respect to <. Since D is downwards-
closed and w is maximal in D then D\{w} is downwards closed. We now consider the multiset
that we will add, v — w. Note v — w is the complement of a maximal independent multiset
in H so by self-duality, v — w is a multiedge of H. Thus for every unit vector € that satisfies
e X v —w, the multiset v —w — ¢ € D. It follows that F, (D) fails to be downwards closed if
and only if w, the multiset we have removed from D, is also v —w —e. In this case, v = 2w+¢

which is exactly the case that w = ”‘T‘Si. O]

Proposition 4.58. If H is a self-dual hypergraph and v has exactly one odd entry, say v;,

the (H).
Pmof. fw=" 25' = % Thus w < w, and since only one can
belong to the downwards closed D(H), it must be w. ]

Definition 4.59. The graph of self-dual multihypergraphs with base multiset v, G(v), is
the graph where each vertex is a self-dual multihypergraph and the neighborhood of each
self-dual multihypergraph H is {Fg(H) ‘ ceeé \{%}} . That is, two multihypergraphs are
adjacent exactly when then they differ by a single flip.

Example 4.60. There are six self-dual multihypergraphs on the base multiset (3,4). Below
we display the graph structure of G((3,4)) by representing each node with its edge ideal.

(X2Y2Y3)

_—

(X3Y, X2Y?2 XY3 Y4
(X3, X2Y2 XY3)

\

(X3, X2V, XY1)

(X2Y,Y4)

G((3,4))

Figure 4.6: G((3,4)) with Ideals
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Below, we depict the same graph in more detail by representing each node with its Hasse
diagram of independent multisets. Each thick line represents an edge in G((3,4)). The
endpoints of the thick lines show the maximally independent multiset that is removed/added

by the depicted flip. The dots in red show the maximally independent multisets of the form
(3,4)—(1,0)
2

5



Figure 4.7: G((3,4)) with Hasse Diagrams

We now generalize Lemma 3.40 and Lemma 3.41.

Proposition 4.61. If Hs and H; are nodes in G(v) then a shortest path between these two
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nodes has length |D(Hs)\D(H:)| -

Proof. Let D; = D(H;). We first observe that in general if n = |D,\D;| and w € Dy is
maximal, then |F,,(Ds)\Dy| € {n — 1,n + 1}. If w € D,\D; then by self-duality v — w € Dy,
hence F,(D;)\D; = (Ds\D;)\{w}. Otherwise, if w ¢ D,\D, then by self-duality v —w ¢ Dy,
hence F,(D;)\D; = (Ds\Dy) U{v — w}. It follows that any path between the two nodes has
length at least |D,\Dy| .

We also note that if D \D; is non-empty, it contains a maximal element of Dy. Suppose
otherwise and take some maximal w € D \D;. Since w is not maximal in D; there is some
n € Ds NDy with w < n but w ¢ D;, a contradiction because D, is downwards closed.

Thus, to construct a shortest path from H, to H;, at each step H; it suffices to pick
Hir1 = F,(H;) where w is maximal in D;\D;. O

Corollary 4.62. The graph G(v) is bipartite.

Proof. From the proof of Proposition 4.61 we have that for any sequence of adjacent nodes
Hi, Ha, ..., H, the size of the set D\ D; has the same parity as i. Hence, if H; = H,, then

¢ is odd and this sequence traverses ¢ — 1 edges. Thus every cycle is even. O]
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4.2 On the Enumeration of Intersecting Hypergraphs
and Non-2-Colorable Hypergraphs

The graph of self-dual graphs of dimension n, introduced in Definition 3.38 and denoted
G(n), enumerates every self-dual hypergraph of a given size. In this section we explore this
enumeration from a computational perspective. We begin by showing that the maps my,
and pp can be used to further enumerate every intersecting hypergraph and every non-

2-colorable hypergraph, respectively. Though we first briefly recall Notation 3.21 where

i = T\ {a,}

Proposition 4.63. Every intersecting hypergraph with n vertices has an edge ideal given
by mni1(I(H)) for some self-dual hypergraph H with n + 1 vertices. Similarly, every non-2-
colorable hypergraph with n vertices has an edge ideal given by @, 1(I(H)) for some self-dual
hypergraph H with n + 1 vertices.

Proof. The first part of the proposition follows from Corollary 3.14. The second part follows
by applying Corollary 3.3 and Theorem 2.101 to the first part of the proposition. O

Remark 4.64. In [20], Timotijtevi¢ both introduces the graph G(n) and uses Wolfram Alpha
to compute G(n) for n < 5. The author only describes this as an “elementary computer
assisted calculation” so, beyond this, their computational methodology is entirely opaque.
We develop and describe in detail a Python implementation that is capable of enumerating
G(n) for n < 7. This implementation, however, is not an elementary pursuit as the number
of nodes in G(n) grows quite quickly: for n = 5 there are 81 nodes but for n = 7 there are
1,422,564 nodes.

Algorithm 4.65. The following algorithm, Breadth First Search (BFS), is a standard graph-
traversing algorithm in Computer Science.

1 #Breadth First Search
2 def Breadth_First_Search(root):

3 visited_nodes = list(root)

4 nodes_to_process = list()

5 current_node = root

6

7 while len(nodes_to_process) > 0:

8 for neighbor in neighbors(current_node):
9 if neighbor not in visited_nodes:

10 visited_nodes.append(neighbor)
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11 nodes_to_process.append (neighbor)
12 current_node = nodes_to_process.pop(0)

13 return visited_nodes

The basic idea of BFS is that, by the end, each node is stored in the list visited_nodes.
The algorithm starts with the input of a given node called root, the first current_node.
At each step, the current node’s neighbors are either appended to both lists if they haven’t
yet been visited, or nothing is done if they have already been visited. The step concludes at
line 12 by updating the current node to be node at the front of nodes_to_process. This
continues until every node has been processed.

A nearly identical algorithm called Depth First Search (DFS) similarly traverses graphs.
The only change required is that line 12 of DFS is instead:

current_node = nodes_to_process.pop(),

which removes the node at the end of the list i.e. the most recently added node. Both
algorithms have the same time and space complexity, but traverse the nodes of the graph
in a different order. BFS will first traverse the nodes closest to the root and then expand
outwards, while DFS behaves in the opposite manner. Given that the graph is connected,
both algorithms traverse the entirety of a graph, otherwise they only traverse the connected
component that root belongs to.

The names for both algorithms come historically from the case when the (directed) graph
is a tree that is storing data in the nodes. In this case, lines 9 and 10 need not be included.
The algorithms traditionally stop when a specific datum is found or the entire tree has been

traversed, hence they are “searches”.

Remark 4.66. Algorithm 4.65 provides the high-level structure of our enumeration algo-
rithm. However, this algorithm requires an implementation of the neighbors function, and
does not detail how nodes are stored or compared to each other. The specifics of our imple-
mentation can be found in the Appendix, but we provide a general overview.

We first consider a “naive approach” of storing each node as the list of facets of its
simplicial complex. In this setting, the implementation of neighbors used by Algorithm
4.65 is straightforward. With access to current_node we have a list of its facets, hence
every neighbor of the current node can be computed by performing the flip operation on
each facet. In particular, this computes list of facets of each neighbor. For small n this
approach is sufficient, however when n becomes large, line 9 becomes exorbitantly expensive

for two reasons. First, it is run many more times as there are many more complexes and
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moreover the complexes have more facets. Secondly, the list visited_nodes also becomes
large, so checking if a complex is in the list takes longer.

To address this inefficiency, we make use of so-called “dictionaries” that are widely used
because they typically provide much faster access to data when compared to other data

structures like lists.

Definition 4.67. In Computer Science, a dictionary is a data structure that represents a
function with a finite domain and range. In particular, elements of the domain are called
keys and elements of the range are called wvalues, and additionally both the keys and the

values must be able to be stored in a finite way.

Notation 4.68. We will borrow Python’s notation for dictionaries. If d is a dictionary that
represents the function f, then d = {key_1: f(key_1), ... , key_n: f(key_n)}. We

may also refer to (and assign) key-value pairs with the notation d[key_i] = f(key_1i).

Example 4.69. We store G(n) as a dictionary. Each node has an associated integer called
id. The keys of the dictionary are all of the id’s, and the value for each node is another

dictionary of the form detailed in Example 4.70

Example 4.70. We store each node of G(n) as a dictionary. Recall that every node itself
is a simplicial complex. It is also useful to store various other data at each node, such as a
list of neighbors’” id’s. Each simplicial complex is stored as a list of its facets. For example,
if d3 is a dictionary that stores G(3) and the node that stores A from Example 3.39 has
the id 0, then d3[0] = {‘complex’: [{1}, {2}, {3}], ‘neighbors’: [1, 2, 3]}

Example 4.71. Putting Examples 4.69 and 4.70 together, G(3) is stored as the following

dictionary.

1d3 = {

2 0: {‘complex’: [{1}, {2}, {3}], ‘neighbors’: [1, 2, 3]},
3 1: {‘complex’: [{2, 3}], ‘neighbors’: [0]},

4 2: {‘complex’: [{1, 3}], ‘neighbors’: [0]},

5 3: {‘complex’: [{1, 2}], ‘neighbors’: [0]}

6 }

Remark 4.72. In practice, the dictionaries we use for each node are more complicated, but
Example 4.71 suffices to show the utility of dictionaries in storing data.

We now return to our purpose for introducing dictionaries in the first place. By using
a dictionary for visited_nodes in lieu of a list, line 9 of Algorithm 4.65 need not check

equality of neighbor with every single other simplicial complex. In particular, the keys of
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this dictionary are certain numerical invariants of simplicial complexes. Each value of the
dictionary is a list of nodes whose simplicial complexes all have the numerical invariant of
the corresponding key.

For example, if the numerical invariant is the number of facets, then the dictionary
visited_nodes in Example 4.71 would be {1: [1, 2, 3], 3: [0]}. In short, the use of
this dictionary removes the waste of testing the equality of two simplicial complexes if they
do not share the same invariants given by the keys. In practice, the key we use is a vector

that encodes each of the following invariants:
e A vector where the i-th entry is the number of facets of size ¢;
e A vector where the i-th entry is the number of facets that z; belongs to;
e A vector where the i-th entry is the number of pairwise facet intersections of size 1.

Remark 4.73. Using dictionaries and invariants as described in Remark 4.72; we are able
to enumerate G(7). Although these improvements address one of the issues raised in Remark
4.66, nothing can be done to address the issue of the sheer size of G(n) for larger n. However,
the graph G(n) is highly redundant when considering self-dual simplicial complexes up to
isomorphism. For example, of the 81 nodes in G(5), there are only 7 simplicial complexes

that are unique up to isomorphism.
In an effort to reduce these redundancies, we now consider certain symmetries of G(n).
Proposition 4.74. There is an injective group homomorphism S, — Aut(G(n)).

Proof. We recall from Remark 2.103 that the action of S,, naturally extends to an action on
hypergraphs. That is, 0 — (H — o(H)). In particular this action preserves self-duality and
hence maps one node of G(n) to another. To check that the image is an automorphsim of
G(n), consider an edge {H, H'}. There must be some edge of H, e, such that F.(H) = H'.
It then follows that F,)(o(H)) = o(H'), so then {o(H),o(H')} is an edge of G(n).

To see that this mapping is injective, we need only consider n nodes of G(n), in particular
let H; = (V,{x;}). Suppose 01,09 map to the same automorphism of G(n). Then for each i,
01(H;) = 02(H;). Evaluating these actions gives H,, ;) = Hy,(;), hence the two permutations
agree on every ¢ and are equal. Finally, checking that this is a group homomorphism is

shown by noting that both groups have the same operation, composition:

ot (H—oot(H))=(H — o(H"))o (H — 7(H)).
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Remark 4.75. The injective homomorphism in Proposition 4.74 yields a natural S,,-action
on G(n). Under this action, the orbit of a node H is the set of hypergraphs that are isomorphic
to H and by the Orbit-Stabilizer Theorem has size %.

Definition 4.76. The graph of self-dual hypergraphs of dimension n up to isomorphism,
denoted G(n) , is the graph where each node is an orbit described by Remark 4.75, and
edge set {{[H1],[H2|} | {H1, Ha} is an edge of G(n)}.

Example 4.77. We show both G(5) and G~(5) below, with the same coloring as in Example

3.39. Each node of G~(5) has a unique color, and represents every node of that exact color
in G(5).

Figure 4.8: G(5) and Gx(5)
For n <5, each G=(n) is a tree and hence bipartite, however this does not hold for larger

n. Next, we show G~(6), where the yellow nodes represent the 3-uniform hypergraphs with

6 vertices. Notably, there is a 3-cycle of blue nodes just to the right of the yellow nodes.
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Figure 4.9: G~(6)

We now consider the problem of computing G~(n), and show that it can be computed

without first computing all of G(n).

Algorithm 4.78. We consider a slight modification of BFS, where we may start at any
node. In particular we restrict the condition of line 9 in Algorithm 4.65 even further so that

neighbor is appended to the lists if it is not isomorphic to any node in visited_nodes.

1 #Breadth First Search up to Isomorphism
2 def Breadth_First_Search_Iso(root):

3 visited_nodes = list(root)

4 nodes_to_process = list ()

5 current_node = root

6

7 while len(nodes_to_process) > O:

8 for neighbor in neighbors(current_node):
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9 new_representative = True

10 for representative in visited_nodes

11 if isomorphic(representative, neighbor):
12 new_representative = False

13 if new_representative:

14 visited_nodes.append(neighbor)

15 nodes_to_process.append (neighbor)

16 current_node = nodes_to_process.pop (0)

17 return visited_nodes

Lemma 4.79. Algorithm 4.78 produces the nodes of a connected subgraph of G(n) that

contains exactly one representative of each node of G=(n).

Proof. By construction, it is straightforward to see that Algorithm 4.78 gives a list of nodes
that induces a connected subgraph of G(n) that contains at most one representative of each
isomorphism class. It suffices to show that this list contains one representative of each
isomorphism class. Suppose by contradiction that there is some isomorphism class [H| with
no representative in this list. Then there exists some H' € [H| as well as N’ in the list with
minimal distance between them in G(n), say d. Because G(n) is bipartite, every neighbor
of N’ has either distance d — 1 or d + 1 to H'. Further, every neighbor of N’ is either in the
list or isomorphic to some node in the list. In the former case, by minimality, the distance
between the neighbor and H’ is d + 1. Hence, there must be some neighbor of N', say M’,
with distance d — 1 to H' and ¢ € S, such that M = o(M’) is in the list. It follows that
the distance between M and o(H’) is also d — 1, but this contradicts the minimality of the
distance between N' and H'. O

Remark 4.80. Lemma 4.79 shows that Algorithm 4.78 enumerates exactly one of every self-
dual hypergraph on n vertices up to isomorphism. This however, requires checking if many
pairs of hypergraphs are isomorphic. In general, for each check there are n! isomorphisms to
consider. Timotijtevi¢ mentions that in the case of self-dual hypergraphs, this can be reduced
to (n — 1)!. We now describe an approach to the isomorphism problem that significantly
reduces the number of permutations to consider, requires fewer comparisons, and is also
more memory efficient. The mathematical description of this approach is significantly more
informative than its implementation in code is, however we refer the interested reader to the
function isomorphic_reps in the Appendix for our implementation.

For any hypergraph H, we take the coarsest possible I(H )-admissible partition of its

vertices, i.e. the equivalence classes of ~j). Applying Theorem 2.47 gives a monomial
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ideal and hence a multihypergraph H that symmetrically polarizes to H. If each equivalence
class is a singleton, then there are still n! permutations to consider, however if just one pair
of vertices can be composed we have recovered Timotijtevié’s (n — 1)!. We note also that a
single multiedge € represents []; (ZZ) edges of the hypergraph it symmetrically polarizes to,
hence storing multihypergraphs is often more memory efficient.

Our approach extends further beyond reducing the number of variables via multihyper-
graphs as we may efficiently eliminate more permutations from consideration. If we are
checking if two multihypergraphs H,H’ satisfy o(H) = H’, then every entry in the base
multisets must have v,;) = v;. Hence we may partition the variables V' = Vi, ...

where each V; = {X; | v; =i} aswellas V = V], ..., V!

? 7 max

; Vinax(v)
(ny Where each V; = {X; [ v; =i}
If there is some ¢ such that |V;| # |V}/| then there is no permutation such o(v) = v’ and the
two multihypergraphs are not isomorphic. Thus we need only compute the actions of per-
mutations that satisty o(V;) = V/. In our implementation we eliminate more permutations
by constructing finer partitions based on several invariants of each variable. Specifically, we

have implemented the partitions V' = JV; ;, where

Vije = {Xi

Thus, the number of permutations to consider is:

[T Vil

i7j7é

v = 1, |{5€8|5¢>0}|:j,25i:£}.

eel

Remark 4.81. In the table below we give the number of vertices and edges in G(n) and
G=(n) for 3 < n < 7. With our current implementation, enumerating either G(8) or G(8)

seems entirely hopeless due to the sheer size of these graphs.

n | [V(G(n))| | [E(G(n))| | [V(G=(n))| | [E(G=(n))]
3 4 3 2 1

4 12 16 3 2

5 81 185 7 6

6| 2,646 11,276 30 46

7 | 1,422,564 | 10,552,451 716 3,127

Table 4.1: Sizes of G(n) and G~(n)
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4.3 A Note on the Associated Primes of Powers of

Cover Ideals

The problem that we consider in this section directly inspired our definition and development
of symmetric polarization. The problem deals with the associated primes from Definition
2.29. The story starts in 1979 with [4] when Broadmann showed that for a Noetherian ring
R and ideal I C R, there is some ng such that for all n > ng, Ass(R/I") = Ass(R/I"™). This
stability gives rise to the following property.

Definition 4.82. An ideal I C R has the persistence property if for every p € Ass(R/I™)
we have p € Ass(R/I™"") for all i € N and n > 1.

For the remainder of the section, we will take R = k[V'| which is indeed Noetherian.

Remark 4.83. Showing that an ideal satisfies the persistence property is generally a difficult
task. In the following proposition, we give a minimal primary decomposition of the powers
of the edge ideal of Z(n). Since this graph is self-dual, Ass(R/I(Z(n))) = {p. | e € E}. The
minimal primary decomposition shows that for r > 2, Ass(R/I(Z(n))") = {p.|e € E} U
{p{z,m,...,xn}}' Thus this ideal satisfies the persistence property.

We first introduce some notation used in the following proposition. For any w € N", we

set |w| = 1", w;, and B = [supp(w)|. For an integer r > 1, we define

r—2
Xr:U U M,

(=1 2<B<r—t,
|w|=r+£(8-1)

We take the convention that X, = ().

As an example, if n = 3 we have

Xy = {0(23;51953, B2rd Briwery, Priadad, Palviad, Praxl, Patry, Paded) }a € Sg}

where each o acts by permuting {x, x5, x3}. The first two monomials are given by ¢ = 1
and [ = 2, the next three are given by £ = 1 and § = 3, and the remaining three are given
by { =2 and § = 2.

Proposition 4.84. Let I = 1(Z(n)) = (zx1,2x9,...,2Zy,T1- - Tp), w € N* n > 2 and

r > 1. I" has a minimal primary decomposition given by

= <m pZ) NNl A .

ecE
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Proof. By Proposition 2.21 and Remark 2.23 it follows that each component is primary and
that the radical of each component of the intersection is unique. Thus it suffices to show
that I" is equal to the given intersection and no component of the intersection contains the
intersection of the remaining components.

We start with minimality. Note that 2" belongs to every component except for the prime
power corresponding to {zy,...,z,}. We also see that za!~'--.2"~! belongs to every prime
power, but not (2", z7,... 2", X,), as every monomial in X, is divisible by z2. Lastly, for
each 7, we wish to find a monomial m that does not belong to P but does belong to

every other component. If r = 2 we choose m = zf---a? 22 - -22. If r > 2 we choose

m =227 pl Tl - a7t We note that for each j # i, zxg_l divides m and belongs to
Ples) Now fix s, # i with s # t!, and consider m’ = 22272}, Observe that m’ divides
m and belongs to Plar o ant Further yet, m’ belongs to X, with ¢ = r — 2, which forces § = 2
hence |w| = 2r — 2.

We now show I" is a subset of the intersection. If m € I", then we have m = m,, - - - m., M.
For each e € E we have some y; € e e;, hence m = y; - - -y, M’ belongs to pl. It remains
to show that m belongs to (2", z7,..., 2l X,). Let £ be the number of e; that are the edge
{z1,..,2n ). If € = 0, then 2" divides m, if £ = r every z} divides m, and if £ = r — 1,
then the remaining edge e; = {z,7;} gives 7 divides m. Otherwise, with some relabeling
we have m = me, -+ -me,__, (21 - -CCn)EM. Now, each e; contains z so for some w’, we have
m = Myz"" (2 -+ 2,)"M. Note that || =r — . We set w; = w! + £ if w, # 0 and w; = 0
otherwise. Thus, |w| =7 — ¢+ B¢ and m = M,z""*M". This shows that m € (X,) .

Finally, we assume m belongs to the intersection and show m € I". Let s be the largest

power of z that divides m. We consider several cases:

e If s > r, then 2" divides m and further yet, m € pf, . gives some w with |w| =r

such that M, divides m. Together, this means z"M,, € I" is a divisor of m.
e If s =0, then each 2] divides m, hence m = (zy---x,)"M € I".

e If s=1, thenm € PY. .y Gives 27~ divides m, moreover m € (2", 2%, ... a7 X,) gives
biad 2

some 7 that divides m. Hence m = zx;(xy -+ x,) ‘M € I".

o If2<s<r thenm € pgzyxi} for each i means (zy - - - x,)"~* divides m. Moreover, some
monomial 2" M, € X, divides m. It suffices to show that there are at least s z;’s (with
multiplicity) in Trmay—s that is, lw| — B(r —s) > s. Since |w| =7+ ¢(f — 1), this is

equivalent to (r — s — £)(1 — ) > 0. The difference 1 — § is necessarily negative and

! This choice requires the condition n > 2; the claim still holds for n = 2 though the proof is a bit different
here.
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by maximality of s we have s > r — ¢, thus 0 > r — s — £, and the requisite inequality

holds.
O]

The associated primes of edge ideals of graphs are well studied, and in particular in
[14] Martinez-Bernal, Morey, and Villearal showed that the edge ideals of graphs satisfy the
persistence property. In [8] Fransisco, H4, and Van Tuyl posited a conjecture that would show
the same for cover ideals of graphs. However four years later Kaiser, Stehlik and Skrekovski

showed in [13] that the cover ideal of the graph below fails the persistence property.

In [11], H4 and Sun showed that this counter-example can be generalized by adding arbitrarily
more “columns” to the graph above. They also explored other obvious generalizations and
showed their cover ideals do have the persistence property. Finally, the only other known
square-free monomial ideals that fail the persistence property are given by [3]. In the work,
Bela, Favacchio, and Tran construct two hypergraphs by making certain additions to the
graph above, and show that the cover ideals of both also fail the persistence property.

In [9] Fransisco, H4, and Van Tuyl study the associated primes of powers of cover ideals
of hypergraphs, which results in the following Theorem. The reader may first wish to recall
the definition of hypergraph expansions (i.e. Definition 2.75).

Theorem 4.85. [9, Corollary 4.5 ] For a hypergraph H and s > 2, the following are equiv-

alent:
(i) pw € Ass(R/J(H)*);

(i1) there exists some w = (s,...,s) with supp(w) = W such that (H®)yw is critically

s + 1-chromatic.
Corollary 4.86. If H is a proper self-dual hypergraph, then py € Ass(I(H)?).
Proof. We have I(H) = J(H) and H is critically 3-chromatic by Corollary 3.5. O

Remark 4.87. Theorem 4.85 was proven by Fransisco, H4, and Van Tuyl by showing that
for a hypergraph H, (J(H)®)!¥! depolarizes to the s-th secant power of I(H?®). The latter
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ideal has a combinatorial (chromatic) description given by Sturmfels and Sullivant in [19].
The purpose of the work that follows is to provide a more direct, combinatorial proof of

Theorem 4.85.

Definition 4.88. A multihypergraph H with base multiset v such that |v| > 1 is called
critically s-chromatic if x(H) = s and x(H,_s) < s for every unit vector § < v.

Definition 4.89. Fix a hypergraph H and v € N". The pre-symmetric polarization of H
with respect to v is the multihypergraph psPol(H;v) = (v, F; U Fy) where F; = {e | e € E}
and F = {2 | v; > 2}. Note in the definition of F; we interpret sets e C V' as multisets
that are preceded by (1,...,1).

Remark 4.90. By construction we have:
I(H?) = sPol(I[psPol(H; (s,...,$))];(s,...,5));
and for any 0 # v = (s,...,s), we have:
I((H®)yv) = sPol(I[psPol(H;v)];v).

The purpose of this construction is to give a coloring argument about (sub)hypergraphs

of H® in terms of its pre-symmetric polarization which has vastly fewer edges to work with.

Lemma 4.91. Fiz a hypergraph H on n vertices and 0 # v € N". Any n =< v is (maxi-
mally) independent in H = psPol(H;v) if and only if every f € sPol(n;v) is (maximally)
independent in H.

Proof. If 7 is independent in psPol(H;v) then the multiedge set F» imposes that n =
(1,...,1). The remaining multiedges of H belong to Fi, all also precede (1,...,1), and
are in direct correspondence with the edges of H. Thus, the problem of deciding if n is
independent in H is equivalent to the problem of deciding if f € sPol(n;v) is independent
in H. O

Corollary 4.92.
sPol(J[psPol(H;v)];v) = J((H®)yv)

and
x(psPol(H;v)) = x((H®)ve).

The first statement follows by noting it is dual to the conclusion of Remark 4.90. The
statement about chromatic numbers follows because the both the vertices and (maximally)

independent (multi)sets of (H®)y+ and psPol(H;v) are in correspondence.
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Example 4.93. Let v = (1,1,1,2).
H = ({3’)1,%2,1'3,334}, { {1'1,1'2,.1'4}, {l’l,l'g,l';l}, {$2,l’3,$4} })
We have V¥ = {$1,1, T21,%31,T4,1, $4,2}a

(HQ)?/ = (Vvy{ {SE'4,1,~’C4,2},{SU1,1,33’2,17554,1}, {561,1,372,17554,2}, {561,1,373,17554,1},

{z11, 231, 042}, {x21, 31, X412}, {T21, T31,Ta2} }),
and
H = psPol(H;v) = (v,{(0,0,0,2),(1,1,0,1),(1,0,1,1),(0,1,1,1)}).
The maximal independent multisets of H are
{(1,1,1,0),(1,0,0,1),(0,1,0,1),(0,0,1,1)}.

No pair of these sum to an element of N” that is preceded by v, so H is not 2-colorable.

Therefore x((H?)yv) > 2 and the maximal independent sets of (H?)y. are:

{56'1,1, T2.1, 553,1}, {55'1,1, 374,1}7 {9171,1, 1'4,2}7 {952,1, 91?4,1}, {$2,1, 334,2}, {333,17 334,1}, {953,1, 1‘4,2}-

Here are four (of many other possible) 3-colorings of H :

(1,1,1,2) = (1,0,0,0) w (0,1,0,1) w (0,0, 1, 1)
(1,1,1,2) = (0,1,0,0) w (1,0,0,1) W (0,0,1,1)
(1,1,1,2) = (0,0,1,0) w (0,1,0,1) W (1,0,0,1)
(1,1,1,2) = (0,0,0,1) w (0,1,0,1) W (1,0, 1, 0).

Note that, for every possible unit vector 6° < v there is a 3-coloring with §% as a component.
Thus for every such ¢, x(H,_s1) = 2 because we have two independent sets that sum to
v — . Therefore both H and (H?), are critically 3-chromatic. This brings us back to
Theorem 4.85.

Lemma 4.94. For a hypergraph H and s > 2, the following are equivalent:
(1) pw € Ass(R/J(H)*) ;

(ii) there exists some v = (s,...,s) with supp(v) = W such that (H®)yv is critically
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s + 1-chromatic;

(iii) there exists some v = (s,...,s) with supp(v) = W such that H = psPol(H;v) is

critically s + 1-chromatic.

Proof. (i <= ii) is Theorem 4.85. (ii <= iii) is clear from Corollary 4.92. However, we
provide an alternative proof by directly showing (i <= iii).

We note that (i) is equivalent to the existence of some monomial M, € R with M, ¢
J(H)® such that py = (J(H)® : M;). In other words (¢) holds if and only if there is some
M € R such that:

(ta) My & J(H);
(ip) x;M; € J(H)® for every x; € W.

By Theorem 4.32 we have that (ii¢) holds if and only if there exists some v < (s, ..., s)
such that:

(idiq) M3~ ¢ J(H)*;
(iitp) M: € J(H)*TY
(17i.) x(H,_si) = s for every x; € W.

We take v = (s,...,s) — 0 and show (i, <= iii,) as well as (i, <= i, and ii..).
Note that because of the multiedges of H = psPol(H,v) given by F3, every independent set
nin H hasn < (1,...,1). Applying Lemma 4.91 immediately gives that H and H have the
same independent (multi)sets.

(i, <= 1iii,) The condition (i,) holds if and only if there are no s independent sets in
H, say fi,...,fs, such that My = ™% ... ;Z—;/ Treating each f; as an element in N", this

mfl E

condition is:

o=V -fi)+-+V-f)
($y...,8) —v=38V —f1 —-— [
o= —fi— e
(s=Do= (0 )t (v f).

Every summand of the last line is the complement of an independent multiset in H, and so
the last line is equivalent to M~' € J(H)*. This shows (i, <= iii,).
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(i <= 1iiip and iii.) The condition (i) holds if and only if there are s independent sets
in H, say fi,..., fs, such that «;M; = n’g‘—;/ -« Y2 This is equivalently:

1 mfs

F+o=V—-f)++(V—f)
F4+(s—Nv=@w—fi)+ -+ (V- f)
sv=(V—=6)+@w—fi)+ -+ - Ff).

This last line implies (i44;). However, we note that it also gives v — & = f; + -+ + fq,
which gives an s-coloring of H,_s;. Because the condition on x; in (4) is equivalent to the

condition on ¢/ in (74i.) we are done. O

We conclude the Chapter, and this work by possible extensions of this work in the future,

starting with a conjecture that builds on Lemma 4.94.

Conjecture 4.95. The edge ideal of every non 2-colorable hypergraph satisfies the persistence
property.

Sketch of Proof. Every edge ideal of every non 2-colorable hypergraph is the cover ideal of an
intersecting hypergraph. It suffices to show that H is intersecting, psPol(H;v) is critically
s-chromatic, and that f is maximally independent in H implies psPol(H; v + f) is critically
s + 1-chromatic.
If psPol(H;v) is critically s-chromatic then for each ¢° we have independent fi, ..., fo_1
with
(s—Dv=@w—-08)+@W—fi)++(v—Ff1).

So then,
s—Dw+fl=w-"+@W+f—fi)+ - +@0+f—Ff1)

s+ fl=v+f+@w—=)+@w+f—f)+ -+ W+ [f— fo1)
s+ f)=w+f=0)+w+f—fl+w+f—fi)+ -+ 0+ [f— fo1)

Or rather, every psPol(H;v + f — ¢°) is s-colorable. It follows that psPol(H;v + f) is
s + 1-colorable as every §° is independent.
It remains to show (by using the intersecting property!) that psPol(H;v + f) not s-

colorable, i.e. there is no independent fq,..., f, with

s—Dw+fl=@w+f-fi)+ - +@+f-f)
Aside from Conjecture 4.95, there are a number of possible future directions for this work.
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Primarily, Theorem 3.4 allows us to restate the open problems that Erdés and Lovéasz asked
about uniform, intersecting, and 3-chromatic hypergraphs in terms of Commutative Algebra
and Algebraic Topology. Given our limited time and lack of true expertise, we were unable
to make any substantive progress on the matter. However, the connection itself invites a
large swath of algebraic and topological approaches available in reasoning about (uniform)
self-dual hypergraphs.

Understanding more about the structure of the graphs G(n) and G~(n) seems to be
a promising approach considering that the graphs give and explicit construction of every
hypergraph there is to consider. Anecdotally, in Figure 4.9 we see that all of the uniform
hypergraphs form a connected component, but this does not hold for G~(7). Moreover,
these nodes are all far away from the “root” (hypergraph with a singleton edge) used in our
algorithm. With this root, we are able to find uniform self-dual hypergraphs in say, G~(8),
much faster with DFS than BFS. A more sophisticated graph search algorithm may be able
to prioritize finding the uniform self-dual hypergraphs, rather than enumerating all of G~(n)
for n > 8.

In the case of multihypergraphs, the implementations of Algorithm 4.65 and Algorithm
4.78 can easily be modified to enumerate the graphs G(v) and an analogous (though yet
undefined) G~(v). Based on the discussion of Remark 2.49, if v/ corresponds to a finer (I-
admissible) partition than v, then each node of G(v) corresponds to a node in G(v’). Thus,
in a certain sense, each G(v) provides a “coarse” view of the structure of G(>_ v;) and is
easier to compute. Perhaps these coarse views can be combined in a way that provides a
more efficient enumeration of G~(n) entirely.

Finally, Alexander duality is itself, a statement about homology. Given the amount
of structure imposed by self-duality, we expect there is correspondingly nice structure in
the homology of these objects. Because homology is well studied in Commutative Algebra,
there are many techniques available to use in studying invariants like Betti numbers and

Castelnuovo-Mumford regularity.
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Appendix

The following code is written in Python and implements Algorithm 4.65 on line 358 as
search_by_equals and Algorithm 4.78 on line 435 as search_by_iso. The first 357 lines
are responsible for the majority of the computation via many “helper methods” that the
search functions call. The package itertools is imported and used to efficiently work
with permutations. Each method has at least a comment (in green, starting with ‘#’) that

describes its purpose.

1 import itertools

2

3 # ============================================================

4 # The following code works mostly with simplicial complexes.

5 # All complexes are assumed to be self-dual,

6 # hence facets are complements of edges in the corresponding hypergraph.
7 # Only the facets are stored.

8 # The facets are stored as a list of sets using Python’s implementations

9 # The variable n always refers to the number of vertices in the complex.
10 # The vertex set is {1, 2, ..., n}.

1] B e e e e e e e e e e e e e e e e e

12

13

14 # If every vertex is not contained by some facet.

15 def is_proper(simplicial_complex ,n):

16 for i in range(l,n+1):

17 missing = False

18 for facet in simplicial_complex:
19 if i not in facet:

20 missing = True

21 if not missing:

22 return False

23 return True

24

25
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26 # Adds ’face’ if it is not contained by any facet.

27 def add_if_maximal(simplicial_complex,

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
a7
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

# Adds ’facet’ and removes any former facets contained by

def

if len(simplicial_complex) > O:
for facet in simplicial_complex:
if face.issubset(facet):
return

simplicial_complex.append (face)

add_facet (simplicial_complex, facet):

copy_complex = list(simplicial_complex)

for copy_facet in copy_complex:

if copy_facet.issubset(facet):

simplicial_complex.remove (copy_facet)

simplicial_complex.append (facet)

# Returns complement of ’facet’.

def

get_complement (facet, n):
complement = set ()
for i in range(l,n+1):
if i not in facet:
complement .add (i)

return complement

# Performs the flip F_{facetl}.

def

flip(simplicial_complex, facet, n):
simplicial_complex.remove (facet)
for i in facet:

face = set(facet)

face.remove (i)

add_if_maximal (simplicial_complex,

complement = get_complement (facet, n)

face) :

face)

add_facet(simplicial_complex, complement)

# Returns the h vector.

def

h_vector(simplicial_complex ,n):

h = [0 for i in range(O,n)]

for facet in simplicial_complex:

i = len(facet)
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69 h[i] = h[i] + 1

70 return tuple (h)

71

72

73 # Tests equality of 2 complexes.

74 def equal_complexes (complex_1, complex_2):

75 if len(complex_1) != len(complex_2):
76 return False

7

78 for facet in complex_1:

79 if facet not in complex_2:

80 return False

81 return True

82

83

84 # Returns a vector where the i-th entry is the number of facets the i-th
vertex belongs to.

85 def vertex_distribution(simplicial_complex, n):

86 distribution = [0 for i in range(O,n)]

87 for facet in simplicial_complex:

88 for vertex in facet:

89 distribution[vertex-1] = distribution[vertex-1] + 1
90 return tuple(distribution)

91

92

93 # Returns a sorted list of the sum of each index over a multihypergraph’
s facets.

94 def sorted_edge_sum(iso_rep):

95 sums = [0 for i in range(0,len(iso_rep[0]))]
96 for facet in iso_rep:

97 for i in range(0, len(facet)):

98 sums [i] = sums[i] + facet[i]

99 return tuple(sorted(sums))

100

101

102 # Tests if complex is fixed under the transposition of vertices i amnd j.

103 def is_stable_transposition(simplicial_complex, i, j):

104 for facet in simplicial_complex:

105 if i in facet and j not in facet:

106 copy = set(facet)

107 copy.remove (1)

108 copy.add (j)

109 if copy not in simplicial_complex:
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110 return False

111 if j in facet and 1 not in facet:

112 copy = set(facet)

113 copy.remove (j)

114 copy.add (i)

115 if copy not in simplicial_complex:

116 return False

117 return True

118

119

120 # Gives the equivalence classes described by “_I in Lemma 2.43.

121 def find_symmetric_vertices(simplicial_complex, n):

122 vertices = [i for i in range(2,n+1)]

123 equivalence_classes = [[1]]

124 distribution = vertex_distribution(simplicial_complex, n)

125

126 for vertex in vertices:

127 matched = False

128 for equiv_class in equivalence_classes:

129 representative = equiv_class [0]

130 if distribution[vertex-1] == distribution[representative-1]:
131 if is_stable_transposition(simplicial_complex, vertex,

representative) :

132 equiv_class.append(vertex)

133 matched = True

134 break

135 if not matched:

136 equivalence_classes.append ([vertex])

137 return equivalence_classes

138

139

140 # Calculates omega and the map between variables W -> V in Notation
2.45.

141 def get_eqivalence_class_map(simplicial_complex, n):

142 equivalence_classes = find_symmetric_vertices(simplicial_complex, n)

143 map_vertex_to_eqiv_class = {}

144 t = len(equivalence_classes)

145 omega = []

146

147 for i in range(0,t):

148 equivalence_class = equivalence_classes[i]

149 omega.append(len(equivalence_class))

150
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151 for vertex in equivalence_class:

152 map_vertex_to_eqiv_class[vertex] = i
153 return (omega, map_vertex_to_eqiv_class)
154

155 # Returns a list of vectors in N°t that "polarize" to the given
simplicial complex via the given map.

156 def get_ppm_complex(simplicial_complex, map_vertex_to_eqiv_class, t):

157 ppm_complex = []

158 for facet in simplicial_complex:

159 ppm_facet = [0 for i in range(0,t)]

160 for vertex in facet:

161 equivalence_class = map_vertex_to_eqiv_class[vertex]

162 ppm_facet [equivalence_class] = ppm_facet[equivalence_class
1+1

163 if ppm_facet not in ppm_complex:

164 ppm_complex.append (ppm_facet)

165

166 return ppm_complex

167

168

169 # Returns a list of vectors in N°t that "polarize" to the given
simplicial complex.

170 def get_ppm_complex_no_map(simplicial_complex ,n):

171

172 base_multiset, map_vertex_to_eqiv_class = get_eqivalence_class_map(
simplicial_complex, n)

173 t = len(base_multiset)

174

175 ppm_complex = []

176 for facet in simplicial_complex:

177 ppm_facet = [0 for i in range(0,t)]

178 for vertex in facet:

179 equivalence_class = map_vertex_to_eqiv_class[vertex]

180 ppm_facet [equivalence_class] = ppm_facet[equivalence_class
1+1

181 if ppm_facet not in ppm_complex:

182 ppm_complex.append (ppm_facet)

183

184 return (base_multiset ,ppm_complex)

185

186 # Returns \sigma(facet), where oermutation is stored as a dictionary.
187 def permute_facet (facet, permutation):
188 new_facet = list(facet)
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189
190
191
192

for i in range(0, len(facet)):
new_facet [permutation[i]] = facet[i]

return new_facet

193 # Tests if a simplicial complex is isomorphic to the (polarization of

the) given reference.

194 def isomoprhic_complexes(simplicial_complex, reference_ppm_complex, n):

195

196
197
198
199
200
201 #

202
203
204
205

206
207 #
208
209
210
211
212
213 #

214 #

215 #

216

217

218

219

220
221

base_multiset_1, eqivalence_class_map = get_eqivalence_class_map (
simplicial_complex, n)
base_multiset_2 = reference_ppm_complex [0]

reference_ppm_complex = reference_ppm_complex[1]

t = len(base_multiset_1)

Isomorphic ppmc’s must have \omega’s that are permutations of each
other.
if sorted(base_multiset_1) != sorted(base_multiset_2):

return False

ppm_complex = get_ppm_complex(simplicial_complex,

eqivalence_class_map, t)

Isomorphic ppmc’s must have the same number of m-facets.

if len(ppm_complex) != len(reference_ppm_complex):
return False

if equal_complexes (ppm_complex, reference_ppm_complex):

return True

The next portion finds a permutation between the two complexes, if
one exists.

Rather than consider every permutation, we consider only
permutations \sigma, where \omega_i = \omega_{\sigma(i)?Z.
verticies_by_base is a partition of the verticies stored as a list

of lists, where the j-th list contains the verticies such that \

omega_i = j.
verticies_by_base = [[] for i in range(0,max(base_multiset_1))]
reference_verticies_by_base = [[] for i in range (0,max(

base_multiset_1))]

for vertex in range(0,t):
verticies_by_base[base_multiset_1[vertex]-1].append(vertex)
reference_verticies_by_base[base_multiset_2[vertex]-1].append(

vertex)
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222
223
224
225

226
227

228
229
230
231
232
233

234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252
253
254

255
256
257
258

Remove empty lists to avoid the considering the empty permutation.
verticies_by_base = [l for 1 in verticies_by_base if 1!=[] ]
reference_verticies_by_base = [1 for 1 in

reference_verticies_by_base if 1!=[] 1]

permutations stores the elements of the direct product of symmetric

groups, each permuting a list in verticies_by_base

block_permutations = []

for 1 in verticies_by_base:
block_permutations.append(itertools.permutations(1l))

permutations = itertools.product(*block_permutations)

For every permutation of verticies_by_base, construct perm_dic, a
permuttation of the vertex set sending elements of verticies_by_base
to reference_verticies_by_base.

for permutation in permutations:

perm_dic = {}
for block in zip(permutation,reference_verticies_by_base):
for i in range(0, len(block[0])):
perm_dic[block[0][i]] = block[1][1i]
matches = True
i=20
#Check if this premutation is an isomorphism.
while matches and i < len(ppm_complex):
facet = permute_facet (ppm_complex[i], perm_dic)
if facet not in reference_ppm_complex:
matches = False

i = 1i+1

if matches:

return True

return False

Computes the intersection spectrum of the facets of a simplicial

complex.

def intersection_spectrum(simplicial_complex, n):

spectrum = [0 for i in range(O,n)]
for i in range(0,len(simplicial_complex)-1):

for j in range(i+1l,len(simplicial_complex)):
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259

260

261
262
263
264
265
266
267
268
269
270
271

272

273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297

#

intersection_size = len(simplicial_complex[i].intersection(
simplicial_complex[j]))

spectrum[intersection_size] = spectrum[intersection_size] +
1

return tuple(spectrum)

Computes the intersection spectrum analog for multihypergraphs.

def multi_intersection_spec(multi_edges ,n):

#

spectrum2 = [0 for i in range(0,n)]
t = len(multi_edges [0])
for i in range(0,len(multi_edges)):
for j in range(i+l,len(multi_edges)):
intersection_size2 = 0
for k in range(0,t):
intersection_size2 = intersection_size2 + min(

multi_edges[i] [k] ,multi_edges[j][k])

spectrum2[intersection_size2] = spectrum2[intersection_size?2

return tuple (spectrum2)

Determines if two multihypergraphs are isomorphic.

def isomorphic_reps(iso_rep, reference_ppm_complex):

base_multiset_1 = iso_rep [0]

ppm_complex = iso_rep[1]

base_multiset_2 = reference_ppm_complex [0]

reference_ppm_complex = reference_ppm_complex[1]

t = len(base_multiset_1)

if len(ppm_complex) != len(reference_ppm_complex):
return False

if equal_complexes (ppm_complex, reference_ppm_complex):

return True

vertex_blocks = {}

reference_vertex_blocks = {}

#Compute vertex invariants that must be shared.

for vertex in range(0,t):
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298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320

321
322
323
324
325
326
327

328
329
330
331
332
333
334
335
336
337
338

supp_i = base_multiset_1[vertex]

supp_j = base_multiset_2[vertex]
sum_i = 0

sum_j = O

num_dividing_i = 0
num_dividing_j = O

for edges in zip(ppm_complex ,reference_ppm_complex):

i edges [0] [vertex]

j = edges[1][vertex]
if i>0:

sum_i = sum_i + i

num_dividing_i = num_dividing_i + 1
if j>0:

sum_j = sum_j + j

num_dividing_j = num_dividing_j + 1

if (supp_i,sum_i,num_dividing_i) not in vertex_blocks:
vertex_blocks [(supp_i,sum_i,num_dividing_i)] = []

vertex_blocks [(supp_i,sum_i,num_dividing_i)].append(vertex)

if (supp_j,sum_j,num_dividing_j) not in reference_vertex_blocks:
reference_vertex_blocks [(supp_j,sum_j,num_dividing_j)] = []
reference_vertex_blocks [(supp_j,sum_j,num_dividing_j)].append (

vertex)

#Stores pairs of sets of vertices that share invariants.
matched_blocks = []
for id_triple in vertex_blocks:
if id_triple not in reference_vertex_blocks:
return False
matched_blocks.append ((vertex_blocks[id_triplel],

reference_vertex_blocks[id_triple]))

block_permutations = []
for block in matched_blocks:
block_permutations.append(itertools.permutations(block[0]))

permutations = itertools.product (*block_permutations)
#Compute permutations and test equality under their actions.
for permutation in permutations:

perm_dic = {}

for block in zip(permutation ,matched_blocks):
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339 for i in range(0, len(block[0])):

340 perm_dic [block [0]1[i]] = block[1][1][1i]
341

342

343 matches = True

344 i=20

345 while matches and i<len(ppm_complex):

346 facet = permute_facet (ppm_complex[i], perm_dic)
347 if facet not in reference_ppm_complex:

348 matches = False

349 i = i+1

350

351 if matches:

352 return True

353

354 return False

355

356 # Implementation of Algorithm 4.65.
357 # root is the complex [n-1] has id O.
358 def search_by_equals(n):

359 next_id = 1

360 root_h_vec = [0 for i in range(O,n)]

361 root_h_vec[n-1] = 1

362 root_h_vec = tuple(root_h_vec)

363

364 root_distribution = [1 for i in range(0,n)]

365 root_distribution[n-1] = 0

366 root_distribution = tuple(root_distribution)

367

368 root_int_spec = tuple([0 for i in range(O0,n)])

369

370 root = {"complex": [set([i for i in range(1,n)])],
371 "neighbors":{},

372 "h_vec count": root_h_vec,

373 "distribution": root_distribution,

374 }

375 visited = []

376 to_visit = [0]

377 graph = {0: root}

378 ids_by_h_vecs_and_distributions = {(root_h_vec, root_distribution,

root_int_spec):set ([0])}
379
380 while len(to_visit) > O0:
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381

382 complex_id = to_visit.pop(0)

383 visited.append(complex_id)

384 simplicial_complex = graph[complex_id]["complex"]

385 known_neighbors = graph[complex_id]["neighbors"]

386 known_neighbor_facets = known_neighbors.values ()

387

388 copy_complex = list(simplicial_complex)

389

390 for facet in known_neighbor_facets:

391 copy_complex.remove (facet)

392

393 for facet in copy_complex:

394

395 new_complex = list(simplicial_complex)

396 flip(new_complex, facet, n)

397

398 new_h_vecs = h_vector (new_complex, n)

399 new_distribution = vertex_distribution(new_complex, n)
400 new_int_spec = intersection_spectrum(new_complex ,n)
401 new_complex_id = -1

402

403 if (new_h_vecs, new_distribution, new_int_spec) not in

ids_by_h_vecs_and_distributions:

404 ids_by_h_vecs_and_distributions [(new_h_vecs,
new_distribution, new_int_spec)] = set()

405

406 for old_id in ids_by_h_vecs_and_distributions [(new_h_vecs,

new_distribution, new_int_spec)]:

407 if equal_complexes(new_complex, graph[old_id]["complex"
1):

408 new_complex_id = old_id

409 break

410

411 complement = get_complement (facet, n)

412

413 if new_complex_id == -1:

414 new_complex_id = next_id

415 to_visit.append(new_complex_id)

416 next_id = next_id + 1

417

418 graph [new_complex_id] = {

419 "complex": new_complex,
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420
421
422
423
424
425
426

427
428

429
430
431
432
433
434
435
436
437
438

439
440
441
442
443
444
445
446
447

448

449
450
451
452
453
454
455
456
457

#

"neighbors": {complex_id:complement},
"h_vec count": new_h_vecs,
"distribution": new_distribution

}

else:

graph[new_complex_id] ["neighbors"] [complex_id] =

complement

ids_by_h_vecs_and_distributions [(new_h_vecs,

new_distribution, new_int_spec)].add(new_complex_id)

known_neighbors [new_complex_id] = facet

return graph

Implementation of Algorithm 4.78.

def search_by_iso(n):

next_id = 1

root = {"complex": [set([i for i in range(1,n)])], "neighbors": set
(), "sorted_base": tuple([1,n-1]1)}

visited = []

to_visit = [0]

graph = {0: root}

ppm_root = ([n-1,1], [[n-1,0]1)

root_h_vec = h_vector(root["complex"],n)

root_sums = sorted_edge_sum (ppm_root[1])

root_spec = multi_intersection_spec(ppm_root[1],n)
iso_classes_by_sorted_support_and_h_vecs = {(tuple(sorted(ppm_root
[01)),

root_h_vec ,root_sums,

root_spec) : [0]}
iso_reps = {0:ppm_root}
iso_reps_by_base = {tuple([n-1,11):[0]}

count = 0

while len(to_visit) > O:
count = count + 1
complex_id = to_visit.pop ()

visited.append(complex_id)
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458 simplicial_complex = graph[complex_id]["complex"]
459

460 for facet in simplicial_complex:

461 found = False

462 new_complex = list(simplicial_complex)

463 flip(new_complex, facet, n)

464

465 iso_rep = get_ppm_complex_no_map (new_complex ,n)
466 support = tuple(sorted(iso_rep[0]))

467 h_vec = h_vector (new_complex ,n)

468 edge_sums = sorted_edge_sum(iso_rep[1])

469 spec = multi_intersection_spec(iso_rep[1],n)
470

471 if (support,h_vec,edge_sums,spec) not in

iso_classes_by_sorted_support_and_h_vecs:
472 iso_classes_by_sorted_support_and_h_vecs [(support ,h_vec,

edge_sums ,spec)] = []

473

474 for old_id in iso_classes_by_sorted_support_and_h_vecs [(
support ,h_vec,edge_sums,spec)]:

475 old_iso_rep = iso_reps[old_id]

476 if isomorphic_reps(iso_rep, old_iso_rep):

477 graph[old_id] ["neighbors"].add(complex_id)

478 graph[complex_id] ["neighbors"].add(old_id)

479 found = True

480 break

481 if not found:

482 new_complex_id = next_id

483 to_visit.append(new_complex_id)

484 iso_reps[new_complex_id] = get_ppm_complex_no_map (
new_complex ,n)

485 iso_classes_by_sorted_support_and_h_vecs [(support ,h_vec,
edge_sums ,spec)].append(new_complex_id)

486 graph[new_complex_id] = {"complex": new_complex,"
neighbors": set([complex_id]), "sorted_base":support}

487 graph[complex_id] ["neighbors"].add(new_complex_id)

488

489 if tuple(iso_rep[0]) not in iso_reps_by_base:

490 iso_reps_by_base[tuple(iso_rep[0])] = []

491 iso_reps_by_base[tuple(iso_rep[0])].append(
new_complex_id)

492

493
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494 next_id = next_id + 1
495 return graph
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