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lhis d.lssertation deals Mtth the assessment of tbe
ultinate strength of conventi.onally reinforced. concrete
grillages, as occur in bulld1ngs and. brid.gêsr under con- ::: :

eentrated loads a¿d. with particular emph.asis on plastie :::-::':: ì:

hinge theory for grillages.
Two id.entical, å-scale models, were built in the lab-

oratory for two tests. lhe first test involved. applying 
',,,r.,,,,,,,,a eoneentrateil load at tbe eenter of the grillage, lhis 
,,..:,t,.-test was perforned. in two sections. lhe first part pro- 

'

eeed,ed until yielding occumed., and the second part pro- ;:,::;i'.:."

ceeded. to d.estructlon. [he second test involved. applying
a palr sf concentrated. load.s to the interior longitud.inal 

lof the second. gr1llage. This test eontinued until the ;

mod.e of loading ehanged. ì.:
In the first test the coLlapse load. was 1.50 tines the

load pred.lcted. by the netb,od. of conbined. ultinate desiga
a^nd.p1astichingetheory.rntheseeond'testtheeo11apse
load was 1.21 times the pred.lcted loadl. rncreased. concrete
and steel strengths partially e4plaineô the increase in ,,'
theeo11apse1oad.s.IVIenbrarreandarehingactioninthein-
teriorgr111agebeanswasa1soused.toexp1ainadditiona]-

.i. :i.:: -.::_.:i

increase in the collapse loads. lhe eoncept of a hanging ,';,,,,,,i,';,,

network of steel reinforcement was usecl to explain the :,,'.::_,.r1,,,

3.arge deflectior.s. lhe behaviour of the two grillages ;:',.'::.'

under static load. to destmction was also compared. and
d.iseussed.

Thetestresu1tsfromthisstudy1nd1catethatthe
:i.:.:t'.¡t'r.,irtt:

combined. ultinate strength and. plastic tringe theor"Sr for i i,noi'Li..r

reinforced. concrete grillages is valld and. safer within
certain Ii-nitations.
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NOTATTON

Acage ...,.cross-sectional- atea enclosed. by reinforcing cage

;:, r. ::1: :-Asc .-.-...&f€â of eompression stgel in beam 
;,,_,.,,,.,,:,.

Ast .......€Lxeâ of tensile steel in bea^n

b .....,...$Iidth of beam

bt.........wid.th of reinforcing cage 
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d .........ovêxa11 d.epth of bea^m :,i::l

d.f .........depth of reinforeing cage i,','r,r".'.
: 
..';'l.' .i';

d.n ....o...depth of neutral axis of bea^n
i

Idlrd2...ð.7.depth to steel in level-s 7-r2....J
få .,.o....crìrshing strength of 6 xl'Z-Lrr concrete cylind.ers

fü". . o . . . . . cr:ttshing strength of concrete prisra

fy, $. . . . .yie1d stress i-n steel-

fst .. o.... stress in tensile steel :

fy" .... o..yield. stress in compresslon steel
,fyt ...... .yieId. stress in tensile steel- ì ,

Fy ........y1eIding strength in one steel- bar

K .........coefficient ;,.'-''¡.-;u

M .........bendi.ng monent in a bea.u . ''. :

;.,::,, ,:. ,t.,

ql ........u]-timate moment of a bean :,:':'.:,rr:.::1¡

M13 ......,ultimate moment of an interior bea.n

Mp,f ... ... .ult1mate moment of a^rr exterior bea.n

Mf ... o...,torsional moment in a beam

M¡n ....,..torsional- moment in an exterior bea^u
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lugBg.Ðucqr0N ANÐ EEVrE\,'t

1.l- Introd.uction.

lÏith the constant introd.uction of new and_ better con-
stzuction material-sr englneering research is, to a greater
extent, playing an important part 1n developing neïr¡ ânafyt-

'ica1 theories and build.ing techniqt¡es. [he goa] of any re-
search is to develop a logical analytical systen which en-
sures that a structure will have sufficient strength to re-
sist a system of l-oads lmposed. upon it, and. to transmit
these l-oads safely to its foundations.

In the past the method of ensuring the strength of a
structure Tyas by means of linear elastic analysis, which
l-lmited the maximum el-astic stresses to a deslred fraction
of the stress at which elastic behaviour terminated. The
maxlmum allowabl-e stress for mild. steel was set at a per-
centage of the Xield stress, whereas for concrete, a per-
centage of the cylinder or cube crushing strength deter-
mined the ral-lowable workir.g stressr'. Thus for several de--
cades the lheory of El-asticity governed engineering analy-
sis.

In conjunction with the Theory of El-a.sticity, lab-
oratory investigation helped to fornulate empirical neth-
ods of design and. analysls. These nethods often required
simplifying assumptions in order to develop a practical
design netb.od and, because of this, they were rather con-
servative and uneconomicaL.

The el-astic nethod. of analysis proved most efficient
for slmple determinate structures where the elastic strength
and the reaL strength were related 1inearly. However, this
Jinear relationship was not val-id. for indeterminate struct-
ures unless they were made of a¡r el-astic, brittle material
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such as gl-ass. In indeterminate stmctures constructed of
mil-d and. intermed.iate grad-es of steelr or where this type
of steel is used- as reinforcenent 1n eoncrete, the flplasticrf

behaviour of this materlal pernits ihe redistribution of
stress at high l-oad.s. The ability of a ductile material
such as ¡oild steel-, with its resenred. strength, to redlst-
rlbute load from high stress regions to l-ess highly stres-
sed areas was not read.ily recognlzed in practice¡ excêpt
in such classical- exanples as steel rivet groupings and fil-
l-ets.

In the 1920r s and f950ts 1t was recognized that elastic
analysis of indetermlnate stnrctures produced. excess stren-
gths and. lnvestigations began to find- the tnre ul-tlmate
strengths of such structural systems. Iloweverr it was not
until- after the Second. Vtrorld VIar, when bul]ding naterial-s
virere in short supply, particularly in Europe, that the pop-

ularity of ul-timate strength method.s of analysis gathered.

momentu¡r.

The use of Ul-timate Strength Design for reinforced. con-
crete has f1na1Iy been recognized. as more consistent than
Elastic Design. Ultimate Strength Ðesj-gn recognizes the
actual- behavlour of a reinforced concrete member at ulti-
mate capacity, and. it is the only method that predicts the
strength of a section. A specifled. overl-oad factor 1s ap-
plied. to each service l-oad to obtain the d.esired. ul-timate
load. capaclty. As the overload. factor is used to d.esign

for the actual- ultimate strength, a uniformly consistentt
more accurate, safety factor will be obtalned. for al-l units
of a st:ructure. El-astic nesign, or Yforking Stress Designn

uses allowable stresses with the straight-Ilne theory and-

the actual- factor of safety is obscured and. n.ay va;ry widely
with d.ifferent types of nembers. \fith Ul-timate Strength

i.. -.'::.''
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Design it is per&issible to appfy a Lower load factor to
dead load than to live load¡ which is logleal and desirable,
as the d.ead Load.s to which a member is to be subjected. are
usually known with greater precision than live loads. Dif-
ferent l-oad. factors for live and dead l-oad. Lead. to a more
real.istic safety factor. .ùnother advantage of Ultinate
Strength }esign is that it generally will resuJt in more
eeononical stnrctures with safety unlform at all points.
It allows ful-I utl}ization of higher strength steel-g arxd.

concretes, whereas tflorklng Stress Design underestinates the
contribution of higher strength steels. Uniler Ultinate
Strength lesign, strength is of prime iuportanee and ser-
viceability and appearance are second.ary.

Even though ULtinate Strength Ðesign is slowly replae-
ing \{orking Stress Ðeslgn for sirnple designs, North .A¡neri--

can building codes still prescribe an elastic analysis for
al-I ind.eterminate concrete stlrrctures. For bulldings of
the usual type of constrtrction, spans, and story heights,
cod.es permit the use of approxirnate methods of analysis for
the deternination of el-astic moments and shears within cer-
tain ranges of variation in span lengths and load.s. Ilhen
the external moments and forces in a stnrcture have been
deternined by the theory of elastic fra^mes, the design of
sections ean proceed using Ultinate Strength Design.

Engineers are lncreasingly beeoning aware that the be-
haviour of ind.ividual..nembers in any' composlte strrrcture is
that of the structure as a whole, rather than that of seBar-
ate units. [he inportanee of consid.ering the composlte be-
haviour of the complete structure und.er foad in both elastic
and ultimate analyses is evldent. It is easy to see that
thj-s type of analysis is rather d-ifficult and. it is only
comparitively reeently that conposite action in stmetures
has been stu.d.ied in d.etail.

ïn und.ersta^:rding the strength of composite reinforced
co,¡rcrete stlructures, the study of flexural grillages in-
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creases our knowledge of the subject as it plays an inport-
ant part in both buildings and brid.ges. fn the past, how-

ever, in the analysis of build.ings the skeletal framework
has been isolated. fron the strrrcture as a whole and. then
caLculations have been mad.e on the framework alone. In
brid.ge work, where the naj-n and transverse beams more cLear-
1y define a gri11age, composite action between beams and.

slab has quite frequently been consld.ered. However¡ where
composite action has been used. in analysis of bridge d.ecks

the usual nethod. has been the equivalent l-bea¡r system,
which is in effect the grillage approach.

The strength analysis of a plastic grillage is goyern-
ed by the principles of l-init arrr1y"i"( a) . A correct sol-
ution is found when coincident upper and. lower bound. soLut-
ions have been obtalneÖ. The analysis of grillages by the
plastic hinge method. is d.epend.ent on the existence of suf-
ficient plastic rotational capacity at each hinge to enable
the conplete mecharrism to form without premature fail-ure.
Sufficient plastic rotational capacity exists in hinges of
under-reinforced. concrete bea.ms. Hovuever, for bea^ms havlng
high fle:mral steel ratios or when considering torsion
hlnges, extreme caution must be exerclsed-. AIso it is not ,;,,,1,.,,¡;¡,;,,

pernissible to incl-ude the brittl-e strength of a member in
such an analysls unl-ess it ean be shor¡na that the I'brittl-e -

fb)hingefr 1s the last to form\"'. In cases where brittl-e
rrhingesrr are 1nclud.ed in th.e strength analysis, failure
will be catastrophic. Due to the high load factor recom-

j mend-ed. in cases of this rlatrr""("), it nay be preferable to i..,Í,|,',,;'...,'..:

assume a plastic hinge strength of zero at the brittl-e
hinges and. calcul-ate the sfualler but non-catastrophic plast-
1c failure strength.
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1.2 Reyiew.

The amount of experimental work done on the composite
action of reinforced concrete grillages has been extremely
snall. The earl-iest work done in this field. was by Nyland.-
u"(u). He performed. two tests on reinforced conerete gri]--
lages in 1945. Each of the grillages rrrras comprised of five
beams e¿nd. was supported at four polnts. [he grillages were
tested by loading the secondary bea^m at two centra] points.
lhe results indicated. that a fallure foad greater than
that predicted by limit analysis was obtalned. and t},at tor-
sional- rotations in the grillages were from three to six
times those observed. in torsional- control- tests.

rlrlork rel-ated to this stud.y was also d.one by Heyman(u,f),
who described. a method. for the l-imit deslgn of transverse-
1y loaded- square grid.s. He r¿ade the usual assumptions of
plastic theory as applied to steel- stnrctures. IIowever,
the fund.¿mental- assumption that full- moment red-j-stribution
occurs may Lead to error if applied- to concrete grillage
structures where torsion failures are possibl-e. À.1.1.
3"¡r""(S), in consid.ering the d.esign of reinforced and pre-
stressed. concrete frames, considered it necessary to cal-
cuf.ate rotations in plastic hinges aad proposed a method-

oI dor-ng t.nl_s.

Ànother series of tests on concrete grrllage ;brid.ges,
lhì

knor¡rrri to the writer, was performed. by Reynoto"(b). fn his
research Reynold.s used nine smal-l- scale prestressed brid.g€sr
conprising a preliminary st:ructure, six right bri-d"ges, and

two skew brid.ges. Good. agreement was found. betu¡een analyt-
ical results and experiment, \ìrith the ultimate load. of each

of the brid-ges tested. slightly in excess of the estimated
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ul-timate l-oad.. fn Reynold.st analysis, however, the strength
of brittl-e torsion tthinges" was incl-uded. These hinges were
fortunately the l-ast to form and the cal_culated l_oad was re-
alized.. For al-l of the grillage brid.ges there was a decrease
in strength after the maximum load was reached.. This d.e,"
crease was most severe in one of, the skew grillages tested
a¡rd was to be expected as a skew stnrcture carries more load
through torsion than d.oes a right gri11age. Reynoldsr tests
also ser\¡e to show that in order to develop a plastic fail--
ure, ad.equate shear strength is required.

More recently a serles of concrete grid- frame and beam
tests, simllar to th.ose conducted in this study, were per-
formed by Klus *rrO wrng(h). Using conputer analysls and.
model- tests, it was ind.icated that moment distribution in
grid frames could be pred.icted within t 15 percent using the 

idisplacement method analysis and. includ.ing the effects of
torslon. rf torsiorl was neglected. in the analysis, it was
found. large errors could. occur for certain load.ing con-
ditions.

f .5 Ob.iect of lhe lests.

The purpose of this study was to examine the design of
right-angled concrete grirlages using u]tinate strength
analysis in combination with a plastic hlnge theory and. to
eo&pare the theoretical w:ith the actual test results. cer-
tain eontingencies ïvere accounted for; the main bea¡ns s¡ere
mad.e rigid enough so that plastic hinges would form in the
secondary lnterior bea.rns, and. also enough shear reinforce-
ment was placed. in al-l beams so as to ensrrre ad.equate shear
strength. The behaviour of the stru-cture was al_so to be ob-
s elîred..

: :.1'i.:: ;.i.1
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ït was hoped. that the resul-ts of this study would. aid

in the und.erstanding of reinforced. conerete bea^n and sl-ab
composite st¡rrctures. rn conjunction with research done by
lansd.own!t)u+u other studies initiated at the university of
Mar.ri toba( i tk) , a valid method of predicting the ultirnate
strength of composite stnrctures could, in tine, be aehiev-
ed.

The study itsel-f included the building and testing of
two i-d.entical f-sca1e nod.el grillages. The results of the
two tests to destruction, under different loading conditions,
were then anal.yzed.



-t:ri;1:):1tÈ
lt':t_.1 t:l

-B-

HI STORI CA], BTB],]OGRAPHY

(a) Greenberg, H.ü. a^nd rrlimi-t Analysis of Beams and. , .:. ::,

?tager, W. Fra.mesft. Proceed.ings A. S.C.E. r : : ::

v. 77, St. 59, Feb. L95t, pp.12.

(n) Re¡rnolds¡ G.C. {lhe Strength of lrestresseil - -:......
0oncrete Gri-11age Brid.gesrt. .,;.,tt't:'tt

:i:".:.

lond.on, Cement and- Concrete ,;:,: r:,
Associatlon, T,R-L/268, June L957 . ',.',',', i

(c) Report of a Committee on
Structural- Safety. The Stnrct-
ural Englneer, v. 33¡ rr. 6,

Lg55r .

(d) Nyland.er, I[. rrÎorsion and Torsiona]- Restraint
of Concrete Structuresrt. Statens
Komnitte for Byggnad.sforskning,
IrÍed.d.eland.en ldo. J, l-945 r pp .I38.

( e) Heyman, J. ftThe lir¡it Design of Space

il:ffiil:",';:"ffi1 ;: å:'ff:
195f r Þp.I57-L62.

(f) Heymano J.
' 'i - r;.. :,: a

!![he Trimit Design of a Traæs- \
versely load-ed Square Grld.rr.

Journal of .Applied. Mecha^:nics,

v. 19, rÌ. 2, June lg52t
pp.153-l-58.



(S) Bakere 4.1.tr.

( h) KI¡:.s , J . P. and.

Wa¡rg, C.K.

(i) I,ansdown, A.lvl.

(j) Yih, J.c.

(k) Teerachalcha¡ruti, S.

-9-

rtThe Ultimate-load- Theory Ap-
plied to the Deslgn of Rein-
forced and. Srestressed. Conerete
trg,"mêsrt. 1st. Edition, lond.on,
Concrete SubLications T,td. ¡ 1956.

rrÎorsion in Gr1d. Franesfr.
Torsion of Structural- Concrete,
A. C. f . Publication SP-l-8 , l-96lt*,
pp. B9-l-0].

ft/+n fnvestigation into the Ul-t-
imate Behaviour of Reinforced
Concrete Bea¡n and. Slab Stnrct-
ures, in particular Bri-d.ge }ecksn.
Ph.D. Thesis, University of
Southa^mpton, June 1964.

rrModel Stud.ies of Relnforced
Concrete Skew Sl-ab a.nd. Beam

Brid.ges Und.er ULtinate load.str.
M.Se. Thesis, Unlversity of
Manitoba, March l-967.

ÍA Stud.y of Reinforced. Concrete
Beam and Slab Bridge Decks
under Ultinate froad.str. I{, Sc.
Tbesis, University of Manitoba,
April l-968.

:: ; -'::.rr



.¿ ^ - ' ,!_1.- \\.¿ \,.._...:\.. ..i/!:{:.!..:r,: r:. .:ij ír:ï:îì:rs;

-10-

0HAPTER lr

ÐESIGN 0F gRItt.A.GES

2.L General Considerations.

In ord.er to test further the validity of the proposed
meth.od. of analysis for reinforced. concrete gr11lage s¡rs;

,tems, two fr-scaIe mod.els of a typical simply supported gril- 
;1,,,,::,,,,.1-,

lage systen were buil.t and tested. These grilJ-age models ';'',r"'.,'

cou1d.representeitheratwo-1a:eehighwaybridgeorastruet-
:i:.,i:;'li.,ural framework in a building.

The two stnrctures $/ere tested to destnrction unäer
two different loading eonditi-ons. lhe first model was test-
ed. usi ng a single coneentrated. l-oad applied. at the center.
The second. nod.el was tested. using two concentrated. Loads ap- 

ì

p1ieda1ongtheinterior1ongitud.ina1.Theseconcentrated.
loads were applied through steel bl-ocks, J inches square.

I

rt was cônsid.ered that concentrated loads represented the i

most seYere loading cond.ltion that arr¡r bea.m and. girder stnrct- j

urewou].d.berequired'toresist.The]-ocationsofthe1oad.'.
points for each of the tests are shown in Figures I a:nd Z¡
page 11.

ïn designing the grJ-11age nod.eIs, the nain exterior
bea.ms ïÍere purposely nad.e extremeLy rigid. llhis was done
so that aLl- of the plastic hinges would form in the interior
second.ary beans. rn this wâxr plastic hinge fornation a¡rd.

bea^m defl-ections could. be observed fairly easily in foc-
ations pred.icted by the eollapse theory. A layout for both i,*¡..r¡:.-:¡i

grillages 1s shown in Figure 5, page 12.

2.2 Ðescrjgb.þn of SriLlage.

The two grillage models ïvere not intended. to be exa^nples

i :t ::ì!r:,,j:i:i.ai

. :,^;.,, 1:! - ":-ì l_¡r"'-:j\:': ':'
la-:iì.ì. r.:¡':i. :l:'
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Fj.gure 1. load. ?oínt, Test No. 1

27 u | 74.5n

.:tt

Figure 2. load Points, Test No. 2
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of a partieular structure. They were chosen to represent
simple cases of grillages with rigid edge bea^ms. rhe mod-
els were designed. inctependently and. were not scaled. down
from any prototype. scale relations are important in mod.- 

1,.,,,,,r,j.,,el tests, howevèr, and in the next section various reLation- j.'::::'i:r':i::

ships are J-isted.
a framework of this type could. be used ej-ther in brid.ge

or building constnrction. rt is apparent, however, tbat in ,.,.,,,.
nost cases a floor or road.bed systen wiLl cover this type il1,i;;¡'

.:-l--r,:of fra.ne in ¡lractice. Two types of systens could. be used. .. .

îhe covering could be either integral with the frame or it l',.Ìr,ì,.

cou1d.beprecastunitswhiehareessentia11yse1f-function-
ling. The type of covering would dictate the type of analy-

sis such a composlte stnrcture would require.
:

2.7 Scal.e Relations,

v[hen testing a nodel of a full sea]-e structure, the 
.factors governing the collapse of the mod.el such as stress, 

,strainr and. loading d.o not scale down as read.ily as linear r ,

id.imension.
The scale relationships between the nod.eI'and. a full

scale structure are as fol-J-ows: 
¡:,:,:.ì,=i(a) All linear d.imensions are I as large in the nodel ,,,.,:,,.','i: : _. :..i;': i

as ln the actual strtrcture. ,..,f 
,,.i,,,

(b)' concentrated loads are G)2 as large for the nod.el
as for the actual stnrcture.

(c) Bea.m dead r-oad.s are computed from the nod.eI.
(d) steel eross-sectional areas are eonputed from the ir,,,,,,,,,.

mOd.el. ii-iiì.iìi...Ì'f

rhe various rerationships between a fulI scale st¡rrct-
ure and the ¡rod.els are shown in Table I, page 1{.
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[able f. Scale Relatignsþþg.

2.4 Ðesign of Modele.

Ultinate Strength Ðesign cf-Ulggefg.

Both of the grillage mod.eLs used in the tests were de-
signed using a combinatlon of ul-tinate strength analysis
and plastic hinge theory. The ultlmate strength analysis
of reinforeed concrete bea.prs is well establisfiea(l'2'5'+).
A method of analyzing bea¡n systems for steel structures has
been well established and. published. by Professor J.F. Baker
and bis colleagues at Cambrid.ge( 5) . This work has done a
great deal to pronote the use of ultinate load. anal¡rsis in
tbe d.esign of steel strructures, but so far this type of
analysis has rarely been applied to reinforced. concrete
strrretures. The reason for this is that d.oubt stil1 ex-
ists as to whether or not sufficient rotation can be ob-
tained fron a relnforeed. or prestressed concrete structure
to all-ow all the plastj-c hinges to form before faiLure of
one of these hinges occurs. [his is no problem in a steel
stnrcture rvhich has a^mple plasticity. One of the raain aims

't-r':-'l4t:i|?1
I:':: irì::

Mod el Prototype

Span length
\4'idth
Main Bean Spacing
Bean Sections

Concentrated load.

102 r'

78"
72n

6nx 6n

5nx 5n
(*)2p

541

261

24'
24nx 24n

l,znx 20n

P
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of this study is to show th.at enough duetility can be achiev-
ed. in reinforced concrete stnrctures to permit plastic hing_
€S.

several neth.od,s ean be used_ to increase the ductility
of a concrete section. One method. of achieving this is to
insure that bars are adequately anehored. Ånother nethod
ie to have sufficient shear reinforcing in the form of spir-
als a¡.d. closed tles or stirrups.

ïf therefore, in the analysis, it is assumed at failure
that the resistance moment at each plasti_c hinge i.s the ult_
inate moment of that sectÍon, this presumes that sufficient
rotation wil-l occur to aLlow the last hinge to forn before
any of the other hinges fa¿l. A series of tests devised and.
carried out by n",,"t(6) seem to indicate that sufficient rot-
ation wil-l always be achieved- with reinforced. concrete sec-
tions; and a further extensive series of tests initiated by
the E\¡ropearì conmittee for concrete is already under Ìyay.
As mentioned earlier, doubt stirl exists as to whether the
above assumptions are val-id. Researchers such as Matto 

"U(ZZ)enphasize that the strains that can be d.eveloped in the Gorr-
erete and reinforcing steel in a reinforeed concrete member
are consid.erably less than those which ca¡r. be d.eveloped in
a mi]-d steel member. Consequently, instances cârl occur in
whieh the strain capacity of a reinforced. concrete hinging
section is exhausted before furl redistribution of bending
moments is achleved. in the strr¿cture as a whole. Mattoek
believes that it is neces,sary to consid.er the deformation
of the hinging regions and to limit their rotation to known
safe vaLues. rf, howeverr vr€ proceed on the assumptlon that
all hinges ca¡r rotate sufficiently, urtimate load. analysis
can be earuied out in two ways -- viitual work and equilib_
rj-u¡0.

As with bea.ms¡ e prane frame is analyzed. when it is
subjected. to the working load multipl_ied by an appropriate
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1oad. factor. und.er the load.ing configuration a s¡rstem of
hinges is serected whÍch will all-ow th.e stnrcture, or part
of the stmcture, to fail-. This is equivalent, in slab
analysis, to selecting a yield-l-ine pattern. some point of
the strueture is then given a virtual d.isplacement and by
the method of virtual work an equation is obtained. relatlng
the moments in the plastic hinges to the value of the ap-
plied. Load.s. lïith slabs, this equation is regardeil as the
sol-ution, slnce except in the sinplest cases it 1s not pos-
sible to prove that this solution is the nost critical-.
Howeverr with fra¡nes, 1t is possible to find. if this solu-
tion is the most critical. rhe so]ution obtaineil by virtual
work can therefore be regard.ed as the upper bound value of
the collapse load.

fn order to investigate whether the seLected. pattern
of binges is the most critieal-, the equilibrium of the frane
ean be checked. to find whether or not the collapse nod.e Ís
a statically admissible system. rhis merely entails cheek-
ing by equiJ-ibriun that the ultimate strength of the va.r-
ious sectlons is not exceeded.. lhe sol-ution thus obtaíned
by equilibriun is a lower bound. value of the collapse load.
rf the lower bound has the sarqe value as the upper bound,
th:is solution is the correct one or an ad.nissible system,
if it is notr the selected hinge pattera i.s iacorrect a¡rcL

the process must be repeated with a ne\¡v system of hinges.
.å,ny bending moneat d.istribution such that at no cross-
sectlon d.oes the bend.ing nonent exceed. the linit moment
for the cross-s€ction is called an tfadmissibletf d.istrlbu-
tioa of bending moments. Tt is for this reason that in
the analysis of the grillages und.er consideration, the eniL

uoments in the exterior bea^ns have been assigned a vaLue of
z,ero rather than some other arbitrary value.

Ii[hen pla:nning this stud.y, the prime consid.eration in
desi-gning the nodel grillages vùas to h.ave ar1 of the plastic
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hinges fornlng in the secondary interlor members. ![ith the
one concentrated load. at the center, the failure mod.e that
ïvas desired can be seen in Figure 4¡ page 18. lhe exterlor
longitudinals a"nd transversals were designed. to remain rigid
and strong enough so that neither torsional nor bend.ing hing-
es vi¡oul-d appear at eonnecting points with the interior mem-

bers. Upon completion of the first test it was seen that
the exterior menbers ïvere perhaps too rigid. a¡.d repetition
of the first loading mod.e woul-d Êerve no useful purpose.
rt couId. readily be seerl that the sarre collapse mechanism
would. form and no new information would. be obtained.. rt was
at this time that a d.ouble concentrated load systen along the
interior longitud.inal was considered.. The expected failure
node for this loading combination can be seen in Figure 5t
page 18.

rn general the plastic d.esign of the bea^ms folrowed. the
British system lrtth partieular reference to Joneu(7). fn
his work Jones uses the test results of Eognestad, Hanson
and. McHerr"r(+) in deal-ing with the d.istribution of stress in
the compression zone of reinforced. conerete bearnsr ås well as
the ultimate compressive strain at bea^m failure. fhe torsion-
ar- strength of the exterior beams was based. on a roethod by
trurlsdown(8). Altbough some investigations by Nylanu""(9)-
and by Cowan and Armstron*(10) indicate that snall amounts
of bending d.o not ¡aaterially decrease torsional strength,
the exterior beams were mad.e strong enough in torsion to
take into account any unknowns

Current d.esign cod.es were used to d.etermine the propert-
ies of the concrete and- steel. fn the initial ealculations
a cylinder compressive strength of SOOO psi. was used for
the concrete and the steel was assu¡ne-d. to have a yierd stress
of 401000 psi.

Monents and. steel percentages were calculated. for i-ndiv-
idual bea.ms. Illhen the various failure modes were exanined,

l;{-:::t:,

i::i<:.-irê
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j.t was necessary to check
Ðeta;ll-ed calcul-atlons for
Append.i.x A, page 107.
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if beam strengths
the various beams

v/ere adequate,
are shov¡n in

Figure 4.
Þrobable Failure Mode for Test No.

Figure 5..

Probable Failure Mode for Test No.
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CHAPTF,R ]]]

MO}EIS ANÐ IOAÐTNG ÂPP.ARATUS

J.1 Construction of Mod.els.

fwo reinforced. concrete grillage nod.els were constnrcted.
for testing. As previously mentioned., both models were de-

, signed using ultimate strength techniques a^nd were id.enticaL
1n all respects. Detalls concerning model size and. appear-
åJoce Tyere given in the previous chapter. Table I, page 14¡

:.' gives data on mod.el seal-e relations and. tr'igure 5, page 12,
shows a plan of the modeLs.

Preparation for the pouring of concrete was started by
buil-ding a collapsible wooden form for the grillage mod.els.
The form was constmcted of 7/4 incn plywood. cut to size

sf the form allowed. for easy d.is-assenbly so that the sane
form coul-d also be used for the second grillage. .A.IL of the
formts interior const¡nction joints vrere eovered with mask-
ing tape in order to help retain moisture during the curing
period.. the interior of the form was also shellacked and
just prior to the pouring of eoncrete, the forn was lightly
o1led. llhe assembled. forn appears in Figure 6, page 20. i

Ihe steel reinforeing cage was identical for both moô-

els. Figure 7¡ page 2O, shows a completed. cage. The steel
relnforclng was assembl-ed. outsid.e the wood.en form and close
checks yÍere kept on d.i¡eensions to ensure that the cage would

i fj.t into the form when completed., The building of the re-
inforcing cage was a very d.el-icate operation as tolerances
were very sma1I.
- Exterior bea.n reinforeing consisted of four #4 Aars

top and botton as the nain steel. A cross-section of an

}fi+;i¡irifj,':*1

. ' .t
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Figure 6 " Plyrrood- Form for Gril-lage ll,lod.el "

Figure 7. lìeinforcing tage for Grillap;e I''{od-els "
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erterior bea,¡n showing main steel and. ties can be seen in
Figure B, page 22. Two #4 bars, with two 90o bends in each,
formed cl-osed. loops in the exterior bea.ms. Eight such sets,
four top and. four bottom, constituted the main steel rein-
forcing for the main bea^ns. lhe splices in these loops were
located in regions where moments were consid.ered. to be min-
inal or nil. The 90o bar bend.s d.id not conform to standard
practice as the actual bend.s ïvere much sharper than those
recommended by the .A.nerican toncrete Institut"( f e ') , A plan
view of a corner detail ean be seen in Figure 10r page 24.
lhe sharp bends were required. because of the relatively
snall cross-sêctional area and the large anount of steel.
ït was felt that for test purposes, this procedure would.
not effect test results to any great extent. Figure 10,
page 24, al-so shows tlne #IO wire ties used d.iagonally at
all corners.

The interior bea^n reinforeinj consisted. of two plain
ff2 bars top and. bottom. Figure jr page 232 shows â Gross-
section of the interior beams. Th,e #2 bars were all well
avrchored in the exterior beams. The top #2 bars $rere wrap-
peðr in stlrrup fashion, around. the main exterior bea^m steel
as shown in Figure lLr page 24. Ihe bott on #2 bars ïyere
bent arouniL four #4 dowet bars which generated enough bond.

strength to guaiantee against pul1-out. These dowel bars
can be seen in Figure 7, page 24. lhis elaborate procedure
$/as follolved. to ensure that bond. failure would be no prob-
len at bea.n junctions, as well as to increase the duetility
of the section at the eonnection. Figure 12, page 25, gives
an excell-ent plan view of the center of the grillage where
the transversal and longitucLinal cross. lhe figure shows
tie spacing as weLl as the a.uount of clearance between the
steel cage and the form.

The shear steel in both the exterior and interior bea¡ts
consisted of #11 gauge steel wire ties at intenrals of one

.ì.:: : l
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Eigure 8. Cross-Section of Exterior Beams.
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Reinforcing:
2#zbars!&B
#11 ties @ ln

Clearance:
å" top & botton
5/8,, sides

Figure p. Cross-Section of fnterlor Bea.ns.



Figure 10. Plan Yiew of Corner Ðetail "

Figure 11" Ànchorage of Lnterior Beam Top Bars.
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Figure 12. PLan Yiew of Gril-l-age Centre"

..,\.rln {'::ùr;:-..--ìj_r:i,".,.::{.$j!
..*lì::*¡-ll$$i:li*V,-,

Fi-gure 11" Grillage Ã.îod.el- Ready for Concrete,
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ineh" Such close stirru-p or tie spacing was used_ to ensure
that shear fail-ure woul-d not occur before the collapse l-oad 

"
As mentioned previously, #10 gauge yrire ties r/rere al_so used.
at the corners" In order to facilitate hand.l_ing, #3 bars,
in the forn of hooks, were placed- in each corner of the mod.-

eLs" These handling hooks can be seen in Figure I|t page 25,
which shows a grillage nocì.eI ready for concrete, 'rhe brack-
ets, al-so appearing in this figure, were used. to prevent the
plywood- form from bulging due to the concrete.

fhe concrete mix design used for the two test mod.e]_s

was the saJ[e. In general, a J000 psi, , non-air-entrained
concrete with a slump of 5 to 6 lnches vr¡as sel_ected.. The
water/cement ratio of the mix was 0.55. The maxlmum ag-
gregate size was linited to 7/B of an inch, High early
strength PortLand Cement tvas also used for both models.

The concrete was mixed in a l-aboratory counter-current
rapid mlxer in batches of 3"5 cubic feet" fhree batches
tvere required for each grillage nodel-, arid two stand.ard
cylind.er samples were taken from each batch. The concrete
was trucked from the mixer to the form in wheel-barrows and
the concrete then shovell-ed into the for&. Because of the
el-ose kTrit steeL cage, the concrete had to be thoroughly
vibrated into place using a 3/4 inch, square head. vibrator"
The vibrator fitted quite well- between the maln steel and
the ties and even though a great d.eal of vibration was re-
quired, later cuts through the members showed that there
was no noticeabl-e segregation.

Slight trowelling vras requlred. to get an even top sur-
face, a¡d after several hours when the concrete had set
slight]y, the curing process began" curing involved. cov-
ering the entire model with wet burlap and plastic sheet-
ing for a períod of seven d.ays" The burlap was watered
don'n every day in ord.er to ensu.re that it remained_ moist.
After the seven d.ay period, the mod.els were removed from
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the form and cured in the open air until- the tests \,iiere ru.n.

5" 2 Pfopgr-[ieg o€ i,{a-Le]rial-Þ.

lension tests rvere performed on samples of each rein-
forcing bar used in both grillages" Tension tests r./ere also
performed on samples of the fftl gauge wire used as tles oïr
the bea.rns and. the #l-0 gauge wire used as tles at the corners"
The properties of the steel are shown in table II, page Zg.
The wire, þ-ine]n a^nd. å-inch bars all- exhibited a !rcrizontal
yield. plateau follor,ved- by considerable strain hardenlng and-

elongatlon before fallure" Yield points for all bar speci-
nens were found" by the 'rhalf of the polntertt method., ¿.1-L

steel- speclmens tested showed. sufficient d.uctility and per-
cent elongation over an B lnch length averaged over 20 per-
cent.

The concrete nix d-esign for the t¡¡vo grillages was the
same, The eoncrete had, an aggregate/cenent ratio of 5.+ and
a water/cement ratio of 0.55. Slight differences in the a-
mounts of water used for d.ifferent batches were necessary
to compensate for free moisture in the aggregate and to keep
the workability of the various batches approxlmately the
sarne. Tv¿o standard. test cylinders were cast froi-il eaclt 7.5
cubic foot batch" The properties of the concrete were ob-
tained fron conpression tests and. split eylinder tension
tests of the 6n x r2il cylinders. Tests for concrete stren-
gth lvere made at 7 days a.::d at the time of testing of eaeh
nodel-. lhe results of the tests are listed in [able III,
page 29.

J.J loading Appaqeüus agd fngtruioents.

The steel load.ing frame used for the tests rras a free
standingr stiff structural-steel reaction frame, rhe frame
appears in tr'igure L-lr page 34" This reaction frame, in ef-
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TABLE IlI. Properties of Concrete.

7
At time of testing

(?6 ¿ays )

7
At time of testing

(r55 days )

Average Compressive
Strength (ps1. ), fc,
6tt x 1-2,, cylinder

3u830

6 ,060

Average Tensile
Strength (psi,), ft.
6tt x I2', cylinrler

3,Bg0

5,290

¡
N)\o
I
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feet a portal fra¡le, conslsted of two columns connected at
the top by four ehamels, two on each sid.e, artd anchored. at
the bottom to tvro heav¡r steel bea¡as, vuhich eomprised. the
base of the frame. the two large wefd.ed. steel- beam abut-
mentse u.pon rvhich the nodel- was supported., were al-so anehor:
ed to the beams forning the base of the frame. load was ap-
plied. to the model by a hyd.raulic, hand.-operated. jack with
a marimum capacity of 200 kips. T$¡o nethods were requlred
to indicate the applied load." For the lower applied loads
a hydraulic pressure cell-, attaehed to the hydraulic line,
and- used. in conjunction with a Budd strain indicator gave
the d.esi-red. load read.ings. Y/hen the pressure ce]l-rs capae-
ity vras exceed-ed, a valve was turned to keep it from becom-
ing d.a.naged- and a pressure dial- gauge was used to indicate
applied Load.. The puinp, Budd. strain indicator and pressure
dial- gauge can be seen in Figure 14. Soth of these systems
were calibrated agalnst a 200 kip testing naehine in order
to obtain the relationship betvreen the applied load and gauge
readings. The ealibratlon curve of the punop and. hydraul-ic
strain equipment is sho¡¡v-n in Figure 15 r page 3L" Figure 16,
page 32¡ sholvs the calibration curve of the pump arrd pressure
dial gauge.

i"É. j:.s
.it$i.lÌi\l
*'....::.ls

Figure 14. Pump aTrd. load. Indieating Àpparatus,
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The l-oad was applieci- to the nodel-s in a dlfferent man-

ner for each of the two tests. Fi-gure f7r page 34, shows
the testing arra:rgement for the first test" In the first
test the single l-oad was applied. to the grillage using a rol_-
ler bearing consisting of two grooved, J indn square, steel
bl-ocks with a ball bearing in between, lhe head_ of the jack
rested on the top block and the base of the jack was clamped
to the channe1s forming the portal fra.me" Flgure l8r page

74, shorvs this arra.:egement clearly.
For the second- test two equal point loads were applied

to the interior longitud-inal. -4.s before, the base of the
jack was attached. to the channels of the portal frpme, but
this tlme the head of the jack rested on the center of a
stlffened- r spread-er-beam" the point l-oads were transfer-
red. from the spreader-bearu to the concrete bearn by means of
two rol-ler bearings id.entical to the one used- 1n the first
test" Figure f9r page 55, shows the overall test set-up for
the second grillage, wh11e Figure 20, page 35, shows in d_e-

tall- the loading arra:rgement vuith the spread.er-beam.
The grillage model rested, upon four supports stand.ing

on the heavy steel- bea.m abutments, Án arrangement of three
d-lfferent kind.s of supports was usecl to ensure si-rople sup-
port for the grillage model at each end-. These supports con-
sisted of one fixed support, two supports that allowed move-
nent in two directions and one support that al-lov¡ed. movement
in one d-irection' The various supports and. their actual po-
sitioning ca:r be seen in Figures 2L, 22, 23 a:rd 24 on pages

76 and 77. The layout of the supports lvas planned. to give
the model s'uabillty under d.efLection caused by the loading
as v'¡el-l as sone freedom of movement to adjust to loading
cond-itions" In case the ¡rodel shifted. fron its supports
during load.ing, safety precautlons i¡/ere taken. large steer-
angles were attached to the abutments to prevent the gril-
lage mod-el- from slipping beyond the abut¡nents and four wood-
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Figure L7. Testlng Aruangement for First Test.

Flgure 18" Load-lng Arrangement for First Test.
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Figure 19" Testing Afrangement for Second- Test.

Flgure 2Q. Loading Arrangement for Second Test"
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Figure 2l-, 0rTwo-Direction?¡Grillage Supports.

Fi gure 22 , r¡ One -Direct ion¡t Gri 11age Support .
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en wedges, trvo on each end, vrere also placed on the abutments
to arrest any unforeseen large ¡aovements" Both the steeL an-
gles a¡rd the v¿ood-en wedges remained cl-ear of the model dur-
ing the actual testing. fhe wood-en wedges, however, \r,rere

used to prop up tbe mod.ef r¡vhen the supports lvere being put
into place. The sâlre arrangement of supports was used for
both grillage model- tests,

Three types of read-ings were roade during the tests --
deflection, rotation and l-atera] movement. To measure l-at-
eral movement, two dia] gauges mounted on magnetic stand.s

attached- to the steel- beam abutmento and bearing on snall
steel- pad.s on the grillage mode], lvere used-. This arrar.ge-
ment lvas located. at the fixed support and is sho\'úll in Figure
24, page 77 "

To measure rotation, scales mounted on aluminum bases,
were attached to the sides of the exterior longitud-inals so

that one was even with the top of the longitudínal and the
other with the bottom, these scal-es vÍere placed- at the
center of the longitudlnal-s where they corrnected- with the
interior transversals. Rotation was then measured by i:reans

of two transits¡ onê for each longitudinal-" The horizontal-
scales and the transits can be seen in Figures L7 z lB, L9

and. 20 on pages 74 and 35 "
Defl-ectÍon measurements of the grillage bea.ns were

made in two vì/ays. One method consisted- of using dj-al- gauges

accurate to L/L)OO of an inch" These dial- gauges were at-
tached to an independent steel- franework by magnetic stands,
and small steel pad.s provided- bearing for the gauges on the
concrete beams. The framev¡ork for the gauges, which lvas be-
fov¡ the mod,el, consisted of steel- angles clanped firmly to
the large steel beam abutments, Jluring testing some of the
dial- gau.ges rvere reset when their length of travel was ex-
ceeded.. The gauges and the fra:nework can be seen- in tr'igures
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2I, 22 and. 23 on pages 36 and 37,
Steel scal-es, slx inches in length, vì/ere also attached.

to the top surface of the grillage to rÅeasure d.eflection.
The scal-es, set in aluminum bases, were attached to the
beanrs by means of glue in identical- positions to the dial
gauges beneath the grillage, An engineering level was used

to read the scal-es to an accuracy of L/JOO of an ineh, The

level was set upon a special support which was fixed- to a

pair of angÌes anchored- to two vertical columns" The l-evel
and- transit arrangement can be seen in Figure 17 t page 74t
a.::d. Figrre 19, page 55 "

The combination of nethod.s for read-ing deflections al--
lowed read.lngs over a wide range. the dial gauges fell- in-
to tlo categories -- those rvith a range of 1 inch and those
with a range of 2 inches" Yilhen deflections reaehed a crit-
J-cal stage for ind-iv1d-ual- gauges, they v¡ere reset. Thls
proced.ure continued. as long as feasj-ble" \'fhen the d-efl-ec-
tions beca.me quite large, the dial- gauges and their support-
ing frainework had. to be removed.

level readings of the steel scales v,/ere taken frorn the
beginning of the tests, Some of the scal-es could. no longer
be read when d.eflections becaioe large" There v,¡as also slight
error in some oí the scal-e read.ings in that the scal-es on

the interior beans dld not remain vertical. However, in the
total- a¡rount of travel- of the scal-es, six inchesr the error
induced- l.¡as consid.ered negligible" ft was bel-ieved- that
even if each reading were corrected", the l-oad-defl-ection
curve woufd appear unchanged-"

In the first test a hydraulic point gauge was al-so

used. to measure center defleetion" It v¡as set up to measure

the length of piston travel-. However, final- readlngs could"

only gJ-ve an approxinatlon of the total defl-ectlon due to
several d.ifficul-ti-es which ivil-l- be explalned in the next
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chapter. Ihe point gauge and- its supporting rriember aire
sh.ov,¡n in Figure lB, page 3+,
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Each test was plarured to be carried out 1n one run
lasting approximately four hours" However, the first test
had to be completed over a two day period, as on the first
run, the jackts piston reached its maximum length of travel
before total collapse of the grillage" This turn of events
required. extending the length of travel- of the piston by in-
sertlng a section of steel- beam between the base of the jack
and the chamels of the portal frarne, It can read.ily be

seen that this procedure made defleetion read.ings not entire-
Iy accurate for the second- run" Other tha¡r this instance,
the testing proced.ures were basically the sarne for both
grillages.

The placlng of the grillage models onto the loading
frame foll-owed a fairly sinple procedure, One of the large
steel abutments was removed from the frame using a movable
hoist and the concrete mod.el was wheeled into positlon un-
der the portal fra¡ne on dollies. By means of a block and"

taekle, attached to the channel-s of the portal, the model-

was raised to a suitable height and the abutrnent was moved

back into place a:rd. anchored" fhe grillage was then low-
ered. onto its supports which were encl-osed in wooclen jack-
ets to prevent movement. Án example of this encl-osure can

be seen in Figure 18¡ pagê 14. fnstrument frames were then
assembled and gauge placercent coul-d commence when desired.
At this point the concrete was painted with a watered. doum

white latex paint so that cracks forming during the test
would- be read.ily visible.
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0n the morning of the test all of the instrumentation

lvas set up. This incl-uded the dial gauges, the steel scalesu
the level, the transits and the strain ind.icator whlch neas-
ured l-oad through a hydraulic pressure cel-I" In the after-
noon the actual- testing proceed.ed until completion"

During the test, besid.es the defl-ectlon and rotation
readings that vüere being taken, observatlons as to the crack-
ing and ul-timate behaviour of the structure were also noted"
.4. series of black and. white still pj-cturesr âs well as L6 nmo

motion pictures* ïtlere taken to show the progress of each
test.

The rnethod of loading both grillages was d.ifferent.
As mentioned previously, the first grillage was loaded. with
a concentrated. l-oad at the center. The second grillage was

loaded r,vith two concentrated- l-oad.s along the interior long-
itud.inal by means of a spread.er*bea.mu In each test the
load.s r¡iere applied to the concrete nod.el through 5 j,nch

square steel blocks. The aruarrgement of loading for the
two tests can be seen. in Figures l-B and 20r orr pages 74 and.

75 respectively"
For both tests deflections were measured. by dial gauges,

as wel-l as scafes read. by leveI. fn the first test, a total
of fifteen d.ial gauges was used to measure d.eflection in-
clud.ing two gauges that ïvere used to measure l-ateral move-

ment at one of the corners, Thlrteen steel- scal-es, set on

aluminum bases, were al-so used to read. vertical deflection,
In the second. test, the two dial- gauges used. to measure lat-
era] movenent were eliminated. a¡rd fifteen d.ial- gauges and

fifteen steel scales were used to measure vertical d.efl-ect-
ion. In both tests four steel scales, two per beam, were
also used to measure rotation of the external- longitudlnals,

* The motion pictures are kept
ing Ðepartnent, Uni-versity of

on file at the Civil- Engineer-
irlanitoba"
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Ðial- gauges were removed" when d.eflections were such tbat
readings could no longer be talren" Gauge positlons, l-oad

points and- support arrangement can be seen in Figures 25

and 26 , or1 pages +4 and +5 "
Before actual loading commenced, an initial jack load

was applied. to both grillage mod-eLs and then released, This
test load. was used as a check to ensure that the l-oad. was

centered properly, that the grillage sat wel-l- on the supports
and that the instruments were functioning properly. Yfhen

this initial load.ing was completed., al-l of the dial gauges

lvere'Leroed.ttand the readings on the steel scales, taken by
l-eveL, Tvere record ed..

In the two grillage tests the basic load lncrement was

200 lbs. [his lncrement was varied to meet specific cond.it-
ions in each test.

At each load- increment, for both tests¡ âs nuch data
as possible was gathered.. Ihls lncl-uded. dial gauge read.-

ings, leve1 readingsr âs wefl- as transit read.lngs in order
to ilonitor rotation of the main exterior bearns" Cracks

were marked., vrith va.rlous eolour fel-t narking pens¡ âs they
d.eveloped ar:.d can clearly be seen on ali. photographs talcen

of the tests. Numbers marked along sÍd.e crack patterns in-
d.lcate approximately the load.s at which the crack lines ap-
peared-. The narked. loads vary slightly fron the true l-oad.s

l-isted- in the observatlons a:rd. used. in all load-deflection
curves,

4.2.!. Observalions fro4 lest #1a.

the first grillage, with the single concentrated l-oad

at the center, wes to be tested to d.estruction in one run"
Ilov¡everr âs the length of travel of the piston ran out be-
fore total- destruction of the grillager a second- run had to
be carrled. out. [o achieve sufficient length of piston
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TEST #r

A load Point

c Gauge Posj-tion

SUPPORTS

D Fixed
A*Þ Two-Directional
+
E One-Ðirectional
ú

Figure 25" Gauge Positions and Support Arrangement.
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TEST #2

E loa¿ Point

o Gauge Position

SUPPORTS

tl Fixed
A*Ð* Two-L¡irectlonal-
v
-ê_

þJ One-llirectlonal-

Figure 26. Gauge Positions and. Support Arrarrgement.
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travel for the second TûTr, a Wl'-beam v¡as inserted_ between
the base of the jack a¡rd. the portal- channels" ;iLso ad.dit-
i-onal steel- bl-oclcs were placed between the head of the pis-
ton and the rol-ler bearing through which load. was applied
to the grillage model-. this arrangement can be seen in
Figure 55, page 56,

The first run progressed. very smooth.ly. the grillage
mod.el sat on its supports very well as load was applied and

cracks did not appear for sone time, It was not until- a
Load. of l-060 l-bs. that the first cracks appeared. at the cen-
ter of the grillage a.nd at the beam junction in the vicinity
of gauge 5" Á,t a load of 1260 ]bs, no new cracks occurued,
but the cracks imrnediately und-er the l-oad propagated. Al-l-

cracks increased in length as the l-oad reaehed 2050 1bs.
i.t this point new cracks appeared" near the center of ihe
grillage on the interior beams at pred-lcted hlnge locations,
From a l-oad of 2250 l-bs. to 2470 J-bs.? ne\¡r cracks appeared-

on the interior beams near their junctions with the exter-
ior nemb€rso These cracks \¡/ere also in predicted hinge
qrôq Gg¿ 9qÐ a

!'fhen loadlng reached. 2650 l-bs., the l-oad. began to drop
off slightly and this was thought to indicate first yield..
The grillage continued to take increased. l-oad.1ng and bet-
\ryeen 2830 and. 5220 lbs, cracks at the center of the grillage
increased in length" ¿l-so tv¡o new cracks appeared on the
interior longitud.inal member between gauge locations 6 and

7"

-A.s loading progressed from 3+20 l-bs. to 4000 l-bs. r no

new developments occurred except for the cracks at the cen-
ter, lvhich began opening up and contlnued to do so with
each l-oad lncrenent. ¿.t 42OO lbs. new cracks appeared in
the interior longitudinal about one foot fron the junctlons
with the exterior transversals. Ät ++0O }bs. and 4600 l-bs,
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cracks continued. to open up at the center, iit a load. of
4780 l-bs" new cracks occurred. at the junctions of the int-
erior a"nd. exterior beams"

Ät this polnt¡ yield.ing u.nder l-oad lvas very great and
it was d.ifficult to reach 5000 1bs. It was decided_ to try
load-ing at increments of 400 lbs. fhis involved. continuous
punrping and. a load. of 53BO lbs, r,vas reached. Hor,vever, this
load. could not be held- and the l-oad_ d.ropped d.own to 1000
lbs. At 57BO lbs, cracks appeared- in two l-ocations on the
exterlor members. Torslonal cracks appeared on -i;he exter-
ior beams at junctions with the interior beanse and. several-
craeks appeared at the corners of the exterior grid" Garrges
6 ? 7 and. B were reset and l-oading was again attempted_. A
l-oad of 5080 lbs. was achieved. but it d-ropped. off very rap-
1d,1y. Upon further load.ing, a load of only 4980 lbs, couLd
be achieved.

¿.t this point gauge readlngs were discontinued. Jack-
ing was continued. and defl-ection Íncreased_ conslderably.
The test continued- until- the two botton bars of the lnterior
tranrsversal broke at a point d-irectly under the load, A

read-ing was taken on the hyd,raul-ic point gauge and the tot-
al- defl-ection v,¡as 0"854 ft" Inereased deflection coul_d not
be achieved.r âs the jack had- reached_ its ful-l length of
travel.

The above constituted the first part of test no. l_ and
the entire sequence of events can be traced. in Figures zB to
73 Lrrcl:asive, pages +9 to 5L. load-defl_ection curves for
several- gauge positions appear in Flgure 27, page 48, fest
d.ata is listed in Á.ppend.ix Br page L]-z. Rotation of the ex-
terlor beams was negligible to this point in the test, ft
\ryas decided that observation of further d.efl_ection might be
useful a¡rd the jack was reset as deseribed_ earl_ier. The
second. section of test no. 1 proceed-ed from this point.
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Figure 28. Early Crack Development'

Figure 29 , Cracking on Unders i cì e of Gr j llage 
"
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Figure 70. traek Development Directly und.er f-,oad.

Figure 5L. Broken Transversal Bars.
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4u2,2. Observations fron lest #lb.
lïhen the steel beam was inserted. between the base of

the jaek and. the portal frame, and extra blocking was in-
serted between the h.ead of the jack and the rol-ler bearing
resting on the grillage, testing proceeded as before. Ie-
flection readings lvere taken with the hydrauLic point
gauge. These read.ings coul-d only be considered approximate
as the gauge was rrzeroed tf for the second ru.n according to
the total d.efl-ection of the first run" That is to say that
rebound upon unl-oading was not taken into account,

il.s load. was applied, center defLection contlnued. to in-
crease a::d the cracks continued to open. li.s the d.efleetion
lncreased., Load aga^in bega"n to increase. At a l-oad of about
6100 l-bs. the d.efl-ection was "927 ft" lhis load. remalned
quite stead.y and yielding seemed to be taking place,

load , after remaining stead.y for some time, again be-
gan to increase. At a l-oad. of 7100 lbs. the deflection in-
creased from "961 ft" to .984 ft" load then increased a-
gain to 'l7OO l-bs, as the d.eflection reached I"OZL ft"

Up to this point no observable rotation of the exter-
1or beams was noticed." However, yield-ing again seened to
be taking place and the load. at a d.efl_ection of 1 .O4j ft"
was 7500 lbs.

Á.s the grillage center deflection increased-, the model
again began to take lncreased l-oad." -A.t a d.eflection of
L.o76 ft" the l-oad. cl-irabed to B7o0 l-bs" under this road--
ing the stru.cture again began to yield. severar interest-
ing developments occurred. at this tj-me, on the interior
tra;nsversal definite hinge action had d.eveloped on either
sld-e of the load. point. This phenomenon lvas observed ear-
lier but it was more pronounced at this time. This d.evel-
opment can be traced in Figure 35, page j6, and Figure 41¡
page ,9"
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¿.t this load of 8500 Ibs" sl-ight rotatÍon and rateral

d-isplacement of the exterior longitud-inals was observed. for
the first time, However, the exterlor transversal-s still
d.id not show ar¡r rotatj-on or verticar- d-1sp1acement. lTith
the load- hold.ing a¡rd the deflection increasing a sharp re-
port was heard at a defl-ection of ],O97 ft. The l_oad_ in-
med.iatel-y dropped off to 5goo rbs. and eventually to 5o0o
l-bs. [he loud noise was a result of a top bar breaking in
the interior transversal at the beam junction yLear gauge 12,
The bar which broke can be seen in Figure 76, page 56, and.

shov'¡s all the signs of a typicar tension failure" Necking
is quite visible in the photograph,

Âfter dropplng off rapidly, ti:e load again began to in-
crease. At a defrection of 1"1-08 ft. the l-oad. vras holdlng
at' 7200 l-bs. After a short whil-e, the l-oad again began to
increase and at a defl-ection of l-.r29 ft., the load, reached-
7800 lbs. At this point nev¡ cracks appeared around the nid.-
points of the interior longltudinal-s and- the old craclcs con-
tinued to vriclen azrd- spread. i\To lncrease in the exterior
longitudinal rotation coul-d be d.etected. at this point"

The l-oad eontinued to cl-imbu and when it again reached
the previous maximum of 8500 l_bs", both bottom bars of the
interior longitud-inal- broke. The l-oad d.ramatically dropped.
off to 4750 lbs. and. the deflection read.ing at this point
was l"l-68 ft" The tv,¡o broken bars of the interi-or longit-
udinal can be seen in Ì.igure 58, påge 57. No increase in
exterior longitudinal- rotation v¡as observed "

load again was applied., a.:rd at a deflection of 1,20g
ft" the l-oad- reached. 5900 l-bs" This load remained- steady
as defl-ection increased_ to I.26+ ft. l\t this point a bar
or bars broke inside one of the interior beams and the load
dropped to 24oa l-bs. Jacklng continued and. road agaln be-
gan to increase as defLection increased-. -A.t a l-oad of 4600
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lbs. a¡:d- a deilection of l-"508 ft. internal- cracking was

heard. in the interlor longitudinal" lrs load_ contlnued to
increase along r¡¡ith the deflectlon, spalling of concrete
occurred on the interior transversal- betlveen gauge posi-
tions 2 a.:nd 4. lhe rotation of the exterlor longitud.inal_s
also remalned quite small- as before"

load- contlnued to increase until it reached. 5900 l_bs.
at a deflection of l- "454 ft" when a report was heard and the
l-oad d-ropped off to 4800 l-bs. rt was not apparent what bar
had broken, The load. continued to fluctuate and. agaln be-
ga:r to increase. At 57OO lbs. and a d.efl-ection of 1.481_ ft.
the top bar of the interior longitudinal broke under the
load point with a sharp report and. the l_oad dropped to 5600
l-bs "

lhe structure was stil-l able to take renewed_ loading
and- at a loacl of 4800 l-bs., the oth.er top bar of the inter-
ior longitudinal broke at a d.eflection of l_"569 ft" The
load. then d.ropped, off to 0lbs. when the top bars of the
interior longitudlnal- were eompletely broken"

At this point the l-oad plate tilted and no further
loading was possible. Ihe grillage was shifting on its
supports as the l-oad was being applied at an aragle. ff
the l-o¿ld- plate had. not tilted, more deflection could per-
haps have been obtained. until the interior transversal_
bars had- broken completely. Neverthel-ess, the final_ point
gauge reading sirowed- a total d.eflection of I"6L3 ft. Fig-
ures 55 to 42, pages 56 to 59, show the progress of the
grillage coÌlapse qui-te wel-L"
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Figure 39. Section of ],ongitud'lnal- of Test"

Figure 40. section of longitudinal- at End. of Test.
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Flgure 41. Transversal Conpletion of Test.^+é, l)

Figure 42. Side View of Gril]age at End. of Test"
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4. 5 Observations frog_!ggt_#?.

lïhen the first test lvas completed, it was thought that
no new infor¡nation v¡ould- be gained by loading the second
grillage in the saJne marrner as the first" A system of two
concentrated loads, acting upon the interior longitudinal,
was finally decided uporl. This loading arrarlgement was pre-
viously shown 1n Figures 19 and 20 on page 35.

The jack load.ing increment varied. during the test. At
the beginning of the test the increment was 400 l-bs. Thi.s

meant that each of the coneentrated l-oacls increased- by one*

half of this anount or 200 l-bs. ÐurJ.ng the test the jack
loading increment was red-uced to 200 l-bs. for a short tine
and then increased again to 400 lbs. fn the fol-lowing dis-
cussion the loacls referced. to are the concentrated load val-
ues and. not the total load upon the gr11lage.

Initial loading progressed sinoothly" The grillage sat
wel-l upon its supports and it was not until a ]oad- of 53O

lbs" that the first crack appeared und-er the load. at gauge

position $. At a l-oad of 725 lbs" a craek appeared on the
interior tra^nsversal on one side of its junction lvith the
interior longitud1nal" Craclcs appeareil near the load at
gauge position 7 at 925 l-bs" r âs well as on the interior
tra¡:sversal on the other sid.e of its junction wlth the int-
erlor longitud.inal. Between l-oads of. 925 and. 1315 lbs. the
existing craclcs contlnued. to propagate.

At L5L5 l-bs. several neu¡ cracks appeared on the inter-
ior beams. 0n the interior longitudi-nal, cracks appeared.

at the center as r¡¡e}l as at the junction with the exterlor
transversal near gauge l-ocation 1l-" 0n the interlor trans-
versal cracks appeared at ihe junctions with the exterior
longitud.inals. As the l-oad reached ,:.-5.:..5 lbs. t-ûore cracks
appeared. on the lnterior transversal-s near the center and.
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cracking occurued at the junction of the interior longitud_-
inal and exterj-or transversal_ near gauge 5"

At l-61-0 1bs. nev¡ cracks appeared on the interior trans-
versal betvreen gauge Loeations L2 and I and betv¡een gauge
l-ocatlons B and 4, -A.t the same tíue the cracks c àt all of
the lnterior bee"n junctions rvÍth the exterior beams, propa-
gated from th.e top of the interior beams toward the bottom"
These cracks continued to lengthen when the l-oad. reached
1710 l-bs. New cra.cks al-so appeared- on arl of the interior
bea-rns approxinately 6 inches from their junctions with the
exteri-or bearns. fhese cracks started. at the top of the
beams and. progressed d.ov¡¿n the sides"

iil-l existing cracks continued. to propagate as loadlng
proceed.ed and at 2000 Ibs. the first torsional cracks ap-
peared on the exterior beams. -A-s l-oad. lncreased to 23oo
l-bs. new cracks were developing und.er the l-oad points and
near the center of the grillage"

The grillage continued to take l-oad. well-, and the only
aevelopments as the l-oacl increased. from z3o0 to 2ïgo lbs.
were soae nev¡ cracks on the interior transversal between
gauge locations I and 14, When the load. reached. 2890 lbs",
yielding was obserned as the l-oad dropped off considerably
at this time"

Âfter sone yíel-ding, the grillage again began to take
increased. load.ing. When the load reached 75jO lbs. the
grillage again began to yield. consid-erably. As d.efr-ection
increased, the l-oad again begarr. to inerease" I¡Then the l-oad.

reached ,B5O lbs", naJry new cracks d.eveloped, Increased
cracking was evid-ent at the center of the grillage and. the
exteri-or members showed increased. torsional cracks both at
nid.span and. at the corners. Flgure 45 shows cracking near
the l-oacl points. See page 66,
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lleflection contir¡-led- to i-ncrease as the ro¿d- reached
4100 lbs' Ât this load new torsional cracks appeared on
the exterior beams and nev¡ cracks appeared at the junctions
of the interior transversal-s and. the exterior longitudinals.
v{ith the l-oad renaining at this }evel-, oef}ection continued
to increase marked.ly,

The cracks contlnued. to open und.er ttre load points and.

at the beam junctions, Although d.eflection continued. to j,n-
creaser the torsion cracks on the exterior beams no longer
appeared to propagate. The pred.icted. collapse mechanisn had
forned. and can be seen in Figure 46r page 66"

The l-oad. continued to fluctuate and. from the previous
high of 4l-00 lbs,, the load began to drop first to 572j 1bs.
and. then to 5285 lbs. Upon reaching that low, the load a-
gain began to rise" ¡.t first it reaehed 3785 lbs" and corj.-
tinued. to increase. at 4900 l_bs, the collapse mechanism be-
gan to change in appearance. the interior longitudlnal be-
tween the l-oad.s no longer remained- stralght, but started. to
bend. up at the center where it joined. with the interior
transversaf' [his development indicated that the failure
mechanism was changlng mode. Figure 47, page 67 t shows this
new collapse mod.e.

The load eonti-nued to increase and at a l_oad. of 6000
lbs" the ne'uv mode of failure vras elearly developing, At
7800 l-bs. the interior longitudinaL was 1 5/4 incines high-
er at the center than at the l-oad polnts. Àt 8790 lbs. the
bottom steel in the interior longitudlnal broke in the vic-
inity of gauge $. Figure 49, page 68, shows the broken bars
directly under the load- point. At this time the spreader-
bearo, by which loading v'¡as being carried. out, tvas bearing
at the center of the gril]-age and. further load.1ng was corl-
sid.ered to be too difficul-t to anaryze. The final defr-ec-
tlons for the interior longitudinal were 9.LZj inches at
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the center and 12"25 inches at the l-oad. points. lhe state
of the grillage at the completJ-on of the test can be observ-
ed in Figures 48 to 54 on pages 67 to 70,
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Figure +5" Early track Ðevelopment"
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Figure +6" Further Crack Development.



Figure 47, thange
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j.n Cracking Pattern.

Figure 48. Seetion of longitud-inal at End of Test.
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Figure 4p" Section of Longitudinal at End. of Test"

Figure 50" Final Collapse Configuration"



*6ç-

Figure 5L" Section of Transversal at End of Test"

$1

L';

Figure 52" Section of Transversal at End of Test"
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Figure 57. Torsion and. Fle:nrre Cracks on Exterj-or Transversal.

Figure 54" Torsion and Flexure Cracks on Exterior longltudinal.
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CHÄPTER V

J,.L\AIYSIS OF THE GRIIIAGES

fhe two grillages were anal-yzed uslng a combination of
ul-timate strength and. plastic hinge tbeories. Even though
the nanner of load.ing each of the grillages was different,
the saJne principles of analysis were used in investigating
tbe ultinate l-oad of each stltrcture. In the th.eoretical
analysis the caLculatlons conslsted of finding the plastic
moment of the beams, find.ing the torslonal moment of the
beans and find-ing the ul-timate l-oad based. on the eonbined

ultinate ]oad and plastic hinge theories. Various modes of
collapse were investigated. and. the mode giving the smal-l-est

ultlnate l-oad was eonsid-ered the critieal- mode.

5.1 Plaqlic Bend.ing ilioraent.

lhe nethod. used. to analyze tb.e grillage beans for their
ul-tlnate flexural strength was basically the British method-

as explained by Jooe"(7). lhe various ul-timate strength theo-
ries vary in their approach to the d.istribution of the coil-
crete compresslve stress, however, most theorles which pre-
dict the ultimate moment are essentially the salne and gen-

erally the following assuutptions are made:

( a) lhe ciistribution of the concrete compresslve stres-
ses can be defined. Usually this is d.one by means of coef-
ficlents from whicb the average compressive stress and pos-
j-tj-on of the centre of pressure cp.n be assessed'

(b) The beam will_ fail when the ¡raximum compressive

strain in the bean reaches a particul-ar vafue.
(c) fhe distribution of the eoncrete strain is 1inear

(which is the sarne as saying that, the strain at any level
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varies d-irectly as the d-istance from tire neutral axis).

(¿) the aïerage strain in the steel- has the sarre
valae as the strain in the concrete at the sane level-"

(e) The concrete d.oes not resist tension.

The equations set down by Jones for the cal-cul-ation
the ultimate moment in doubly reinforced beams arei

zubda/9

Ð
v:r,dl/ 6

of

Ä""fy"

Ascfyc( dr-
l$¡fyt -+

dz)
zubdl/9

If longitudinal forces are equated. and. we initially
assu&e that the steel is yield.ingt

Astfyt = Âuçfys + +/9 :uadn

dn = 9/+ua (A"1fyt * Assfyc).or

By taking monents about the tensil-e stee1,

- åarr) + Assfyc(dr - dz),

zr;-bdt/gf yt

Mu = 4/9 unatt( a1
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the value of d.r, having been found by the prevlous equation"

It is quite obvlous, fron the cross-section of the
main bea.ms used in the grillage, that too much compression
steel has been used, fn reality the compression steel
lvould. probably not reach the yield point, but the vatue of
the ultimate ¡noment would- not be materially affected. Bas-
icall.y, the reason lvhy so mucb. compression steel was used
j-n the exterior beams was to provid.e adequate torsional
rigidity" lhe interior beams, on the other hand., had. a
minimum of tensil-e a¡.d. compressive reinforcement, This
steel, in conjunctlon with closed- lateral- hoops, provided.
a symì'netrical reinforclng cage.

Example ca}culations of ihe ultimate moment eapacíty
of the grillage beams is sholn in É.ppend_ix A, page f07"

5, 2 Torsi onaL l,{oment.

The nethod- used. to find- the torsional moment of the
erterior bea.us in the grillages v/as establ-ished. by lrrrsdown(8)"
fhe equati-ons suggested by lansdown are for beans subjected
to pure torsion. These equations were consldered quite
satÍsfactory by the authorr âs tests by Nyland""(9) as vyell-

as Cowan arrd Arnstron*(10) ind.icated. that snall- a¡nounts of
bend.ing lncreased. the torsional- strength of a beam. It 1s
belj-eved. that the rfself-prestressingrr effect in a cracked.
bea.m affects favourably the torsional strength of the meÍt-
ber, raising it to the sa^Be order of strength as that of
the uncracked. nember"

In general, the ï¡ansdolrn theory deal-s with helicaJ-
transverse reinforcement as this systen is of a uore fund.-
amental- nature. A relnforcing eage of longitudinal- bars
a:rd. transverse hoops is conceed.ed to be a rnore practical
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system a:rd is dealt with in the fol-Lou¡ing aanner, The con-
tribution of longitudinal bars and hoops to the strength of
a concrete nember may be estimated by transforming the ac-
tual- reinforcement into an equivalent hel-ix and- then pro-
ceeding as for the case of helical reinforcement.

For a rectangul-ar beam and hel-icaL rei-nforcement T-,ans-

down has found. that the torque eontributed. by the steel
(and its associated eonerete stress) isl

E nxFyx sinptt", = tr A"ug" ---*õ----i (K1 + I{")

where As¿gs is the area enclosed by the reinforcing cage
(bt " dt ) " This equation is applicabl-e to square as well as

rectangular sections in which cas€ K1r as the proportion of
steel- on the long sides of a be¿mo is the same as K*, the
proportion of steel on the short sides,

The torque developed. car¡rot be far from that predicted
by the yield.ing of the lqhole length of hel-ical bars, and a
good approximatÍon results if one sets Kl = Ks = 1" Sub-
stituting one obtains

Mr"t =
10

) Acage
n¡Fyx sinp

õ---- 
o

fn tra"nsformlng a system of longitudinal bars a^nd clos-
ed. hoops or stirrups, lansdov,,'n has found that the actual- re-
inforcement nay be replaced with an equival-ent 45-degree
hel-ical cage, having a steel ratio equal to the lesser of
the longitudinal- or transverse ratios, and the tfsurplusrl

steel- ignored..
ft was found convenient for purposes of calculation,

to lsork i-n terms of the equlvalent yielding force per unit
length, R, d.eveloped by the rej-nforcements. Thus n long-
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itudinal bars in a uember have a.n equival-ent yielding force
of

dy¡
RI, = --Õ-

per unit length of circumference, lvhere FUtr is the ylelding
strength of one longitud.inal bar, whereas hoops at pitch,
Þr have an equíval-ent yielding force of

Rr = :¿I'p

per unj-t of beam, [he equiva]ent helix force then becomes

the l-esser of Rg and R¡ r i"e. Rpi11.

The transformation to the equivalent 45 degree helieal
reinforcement is completed by noting that

n*Fyx = C. Rmin â

By noting this and knowing sinp = .7O7 (as p = 45o),
the torsional- moment reduces to

i\ig = 2"536 A"rgu R i* o

An exa^nple ca.Iculation for the exterior grillage beams

is shown in Append.ix A, page 107,

5 . 5 Grillage itTq. 1"

Analys s.

the loading on the first gril-lage consisted. of a single
point loa.d at the center. Ihe high bendlng strength of the
main bea^¡rs and the relative weakness of the interior beâmsr
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suggested that the failu.re vúould. probably be
the interior beams" three various mod-es of
investigated. to finô the ultinate load that
could take.

lhe fi-rst mod.e of collapse lnvestigated
plastic hinges forning at the center of the
longitud.inals.

confined. to
collapse vúere

the grillage

consisted- of
three grillage

A virtual work equation was found
simplest forn of calcul-ation.

to be the quickest

P..ró

6

1AøPv
Dr' 11

4MU"0 + 2llhpe

51 0
4MBpØ + 2M1pØ

4lüpp + 2l\{fp
E1 tr'l
)L ).L

= 4 x 155,000 + 2 x l6,L7O
5L

12,000 + 63+

L2s634 Lbs,

51

D11Ì -
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The second. mod-e of collapse investigated took into ac-

count the possibl-e fornation of torsional hinges in the ex-
terior nembers.

Torsional Hinge

Bending Ilinge

Po6' = 4M810¡ + 4I'iB19g + 2l{Ipg}

0r.= 5 Om=
+9,5

+ 21'ilIpeÎ

Pod = 4túm3-+ 4urvrJ-+ zatry-i6-+ 2!nrp7{:5

4Mnt + 4MB1, + 2M1p + 2lrhp

Æ3 T:5 W T5
4xzor700+4xzo*Zee+

49,5 3+"5
2r4BO+3156A+655+957
7 1650 lbs"1)tll

2 x 16 ulTO + 2_x 16.]-79
49 "5 74.5
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The third a^nd final mod.e of collapse lnvestigated,
considered. the possibility of all of the plastic hinges
forning in the interior beans. This mode of collapse v/as

the one generally antieipated a^nd. the grillage bea,ms were
originally so proportioned, that this mod.e would be the
probable collapse mode,

Prr6=4M1¡0O+4MIpeT

oT- =

4 x 6"l-79 + 4 * t6,L79
+6 "5 3r"5

11790 + 2?050

5?4+O l-bs'

6
3r.5

Pqd= 4iri1p S + 4Ài1p Á
+6,5 5L.5
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Assuming that the third r¡ode is the failure node
equilibrium check of the gr11lage reveals:

FoB.lJ. of the Interior I,ongitud.lnal-

f6, L70

in. -lbs "

>i{o = 0

= 16 yITO

uonVr. = 32'340Ð _&"5_

16rl-70-46"5Vt=0
695 lbs,

+

F.BnÐ. of the fnterior fra.:csversal

16 ?tlo (
in. -lbs.\

16,l-70
in, -Ibs "

-A.t the center
695

16,1-70-3I"5YT-0
ArG25 Ibs.

Total

r ro25

=*o 
:

o*. Vn =

0

16,170

22-3+o
7r,5

+

695

695

I ?A25
l.r025

I,025 695

t A+, ..as"/
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F"B"D" of the External- longitudinals

lrO25 l-bs.

trl rt
)J-

End. shears = Irp25 = 5L2"1 1bs,
2

F.B.Ð. of the External- Transversals

End Shears =

M @ center of bea¡r

695 = 347 "l lbs"
2

= 347 "5 x 36 = IZr500 1n.-lbs.

Reaction at one corner

= 347"5 + 512"5 - 860 lbs.

Check of total reaction
f

= 4 x 860 = 5r+40 lbs. /
=¡__--
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TVlonent Diggraro"

L6 ,J-70 1n, -l-bs. 6 rl-7A in. -lbs '

26 ,l-50 Ûi. -l-bs.

a2r5oo 1n. -].bs.

Shear Ðiagra.n"

747,5

5f2"5

LrO25 lbs"



*82-

5,4 G ifl-age Nor_2"

Analysiå.

The second grlllage was identical to the first in all
respects. The load.ing of the grillage differed., howeveru
as tv'¡o concentrated l-oads r¡/ere placed on the interior long-
itudinal instead- of one concentrated. load at the center.

lwo modes of failure were considered" for the second
gri1lage. Each of the collapse modes confined the plastic
hinges to the interj-or bea.ms as suggested by the colrapse
of grillage no. 1"

The first mode of collapse investlgated considered_ a
fail-ure similar to the first grillage"
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z( "7 4a6prù) = 4liilIpot + 4i,,{1p0g

,7 42Pv8= zu\y¿fl_ + zi\r4i

"742Pu= ?-ë-1-,]lp* , "=lrrtrQ

= 695 + Ie02J = l-1720 lbs.
. oP.,, = l-2_7?O = 21320 l-bs.

-t^.IL1

0r= 5--=46 '',
ÐefLection under the

oT=
3L.5

loads = 54.56= 0.7426
46.5

collapse consid.ereo. plasti-c hinges
the l-oads.

The second mod.e of
forning d"irectly uncler

0-= 5lr 

-
á^//

0m= 5- 3l-,5
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2(Pu6 )

Pu!É

4[,{rP0t

2Mrr-8-
))

4L{1p0g

ZMr, -8-" 3r.5

+

+

D
-11 2_x 16 

" 
170 + 2 ,x l.-6¿Z933 5r"5

980 + L?O25

2rO05 lbs.Pu

Assuming that the second collapse
modee aÍ7. equilibriun checlc reveals:

F,B.D. of the Interior longitudinal

node 1s the failure

t6 |LTO

in" -lbs "

2l[o = 0

= 16,l-70 + 16,170 - 73VL = 0

uo.V. = 32,340 = 980 l-bs.Ð T



F.B"D, of the fnterior
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Iransversal

L6 ,r7 O

in, -lbs i

At the center

16 ej.To
in" -lbs.

ãMo 0

L6¡L7O + 16,170 3L.5VI = 0

.o. V1 = 2U349. = I,O25 l-bs"
3L,5

I?025
Total 980

980
L ?O25

l ro25

41010 = 2Po

u*" PU = 2rOO5 f¡"' /

r,025



-86*
F.B.Ðn of the External- I.rongitud-ina:-

End Sheats = LgO25 = 5I2.j lbs,
2

I/1 @ center of beam = 512.5 x 5I -- 26rLjo in.-lbs"

F.B"D" of the External- Trar:.sversal

End Shears = 980 = 490 lbs.
2

Reaction at oiLe corner

= 490 + 5L2.5 = l-r002.5 l-bs,

Check of total reaction

= 4 x t,OO2u5 = 41010 l-bs, I

l-r025
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iWonent Ðiqgra"m.

17 1650

Sbear Diêgr_ap.

+90

26 rr5}

in" -l-bs.

lbs"

lbse

980 lbs.



oo

5,5 Test Resul-ts and niscussion.

( ") Gril-l-age No* l-.

rt is of lnterest to note, before going into a d.etail-
ed- d-iscussion of test resul-ts, the criterion of fail_ure or
collapse for concrete beams. Two rnain types of failure ex-
ist. concrete bears can faÍl- either by prinary crushing of
the conc:rete or by fail-ure initiated by the yielding of the
steel' rf the fai]ure is a primary conerete fail-ure it 1s
usually call-ed. a compressj-on faiture , and- if the fail-ure is
initiated by the yield-ing of the steel- it is car-led a ten-
sion fail-ure. rn the first grillage test, a flexural fail-
ure initiated. by the yielding of steel- best describes the
mod.e of collapseo

The maxi¡rum l-oad_ resisted by griltage no. 1, in the
two part test performed. upon it, was 8500 l_bs" By the a-
bove d-efinition of fai]ure this could. hardty be construed.
as the failure or collapse load. Both yield.Íng of steel,
as witnessed by the broken bars, and crushing of concrete
had. occuged- before this point. The finar- d,eflection,
r'615 ft', also could not be tolerated- in a viorklng struct-
uree rt ca¡r be seerr, hov¿everu in Figure 34, page 55, that
two d,istinct stages of failure occurred.. The first stage
is the one most readily associated- v¿ith concrete fallure--
namely yielding of steel and er.ushing of concrete. The
second stage of fail-ure of the griltage is associated r,vith
catenary action of the reinforcing steel- or a hangi-ng re-
lnforcement netv¿ork at large deflectiolls. A d.etail-ed exa^rn-

ination of increased loading with large defLections will- be
dealt witll in the general discussion"

Studying -t'igure 27 , page 48, shows that th.e probable
yield or collapse load for the grillage was in the region
of 53Bo lbs" This load- yields a ratj-o of observed to car--
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cuLated strength of l-,56. Tbe pattern of cracks, developed
at this point, ind.icates th¿Lt the collapse mechanlsm is the
sarne as the pred-icted- rnode of failure. It is also interest-
ing to note that torsional cracks bega:r to appear in the ex-
terior members when the l-oad. reached the 5180 lb. value.

In the observatlons of the first grillage test, it was

mentloned that there may have been some yield lvhen the l-oad

reached- 2630 l-bs. From the load-deflecti-on curves, there
does not seem to be any yield plateau at this l-oad" It
does appear, however, that yield. began near the 5000 l-b"

mark for the center portlon of the grill.age. load contin-
ued. to increase to 53BO Ibs. a¡rd then d.ropped off again to
the 5000 lb, l-evel- v'¡here it renrained. fairly constant.

Several reasons coul-d. explain the larger tiran antlcip-
ated collapse load of 55BO lbs" tr'irst of al-l-, a greater
concrete strength than the design val-ue und.oubtedly added-

to the increased. l-oad. Second, the steel strength had to
be greater than ind.icated. Table II, page 28, shows that
the average yield. stress of the frtt ø steet, for the first
grillage, was 1Br4O0 psi. The sane table shows that the
average yield stress of the t" Ø steel- for the second gril-
1age, was 65r5OO psi" llre large discrepancy indicates that
an error in testlng the steel of the first grillage nay
have occurred, as the steel used- in both grillages carne

from the sane bund.l-e of bars, -Al increased yield point
lvoul-d- definitely account for some of the increase 1n the
collapse load-" If an analysis is mad.e with the yield
strength of the L" Ø steel- at 4B,0OO ps1" or 20 percent
greater than the previously assumed value, the ratio of
observed- to calculated strength becomes 1"30"

A third. reason for the larger collapse load may have
been the effect of membrane actlon in the interior beams.

fn composite beam and. sl-ab stnrctures, it has been ind.ica-
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ted in tests at tÌre Univer'sity of L,lanitoba that membrane

forces in conjunction lvj-th arching action can j-ncrease the
yield load of a structure as much as I"77 tirnes the ind.íca-
ted toa¿(If )" [ests by Kani(f2) at the university of Toronto
ind-icate that concrete beams, subject to flexural loadlng,
transforn lnto a tied zrch and. that the capacity of the re-
naining arch may be higher than that anticipated- for the
beam"

lests of trarisversally l-oacled. reinforced concrete plates
reveal-ed. that actual- l-oad-defl-ection rel-ationship differs
from that of the yield- l-lne theory Q3).. One of th.e factors
responsible for this fact is the membrane acti-on 1nd_uced as
a resul-t of finite deformation" At early stages of loading
the membrane aetion is compressive andu depend_ing upon the
boundary conditions, may result in a signifieant lncrease of
the collapse load over the l-imit l-oad rendered. by the yield.
line theory" Äs d.efl-ection lncreases, the membrane action
changes from a compressive to a tensile one. Continuation
of plastic d.eformation prod.uces significant changes in geom-

etry of the structure and the sl-ab is transformed. into a
ilplasticrr or rftensil-e membranefr. fhis resul-ts in an. increase
of load" with increasing d.eflections. fn this case the strength
of the structure l-ies 1n the hanging network of rej-nforcement.
The strength of this rrtensil-e membranerr is limited- only by
the l-imit of plastlc elongation of the reinforcement. Both
compresslve and tensil-e membrane actions are dependent, how-
everr orl the restraint offered. by the surround-ing structu-re.
Tl:e exterior beams of the grÍllage tvere rigid enough to pro-
mote this type of membrane action in the interior grillage
beams o

This rftensll-e menibranetf or hanging network action of
reinforcement could- explain th.e man-ner in which the grillage
resisted- l-oading beyond the first stage maxlmum of 5380 Ibs"
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Fron observatÍon during the test, it was fairry obvious that
a ha:rging network of reinforcement resisted the load. The
concrete und,er the l-oad gradualJ-y broke aviay and the l-oad
plate eventually rested- d_irectly on the reinforcing bars"
A precise analysis of the stresses in the steel would- be in-
possible. Several- bars had. broken and the manner in r¡¡hich
stresses had red.istributed could only be assumed,. rn addi-
tionr localized areas of very high straln concentration ex-
isted at the junctions of the interior and exterior beams
as well as directly beneath the l_oad.

The development of cracking under load-ing was previous-
ly d,escribed. in the observations of fests no" l-a and. l_b.
However, the exact nature of the cracks was not previously
given" rn the first part of rest 1L0o l-, the initial- cracks
that developed were tension cracks d.ue to moment. As the
l-oad- a¡rd. d,eflection increased-, these cracks tend.ed to widen
consid.erably in the areäs of high stress concentratlon--
namely at the junctions with the main bearos and d-irectly
beneath the load. rt is interesting to note that only one
diagonal crack appeared on the interj-or beams. Thls crack
can cl-early be seen on the interior longitud.lnal- i-n Figure
37, page 5L, and su,bsequent pictuÍ€so Near the conpletion
of this phase of the test, torslonal cracks appeared- on the
exterlor beams" These, however, were not of a very severe
nature" Crack d-evelopment in the first part of Test no" t
can be traced. in Figures 28 to 15, on pages +9 to j!.

In the second portlon of Test no. l-, vertical cracks
due to moment continued. to form on the interior beams,
These cracks eventually opened- and. a pronounced. bending or
hinging took place on the tra¡rsversal- at a point approxi-
mateLy 9 inches from the junctions with the main beams a^nd_

the same dlstance from the load point, I.igure 4f , page 59c
shows tiris developnent, crushlng and. spalling of concrete
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also took place in this part of the test. lo'rvards the end_

of the testu the load- plate rested upon the reinforcing
bars rat}rey than upon the concrete" Figure 38, page 5'1 ,
shor¡,rs this situation clearly"

lleflection arrd rotation read.ings for the exterior beams

were record-ed- only in ti:re first part of fest noe l_" [he
largest defl-ection of a main bearn was 0"23O lnches at gauge
location l-2, lhe rotation at the eenters of the main long-
iiud.inal-s \¡/as + degrees l-0 minutes or 0,07212 radians" Se-
vere cracking was not observed on tlre exterior bea¡ns"

lhe snall- values for d.eflection and rotation could be
expeeted. for the heavy exterior beams bec¿¡use of their high
ul-timate bending and torsional- strengths. Increased- concrete
a^::d steel strengths further lncreased. the exterior beam cap-
acity to resist load. Tests perforrned. on sectlons of gril-
lage no. I and ou-tlined in Appendix Cr þage l-l-7¡ show that
the bending strength was approximately 92 percent greater
than the original. calcuLated strength. ff actual concrete
strength, actual steel yield. strengths a:rd- action of d.owel
bars are taken into account, the increase in strength is 1n
the ord.er of 24 percent, The aetion of the d.owel- bars, used.

to anchor the interior beam steel-, increased- the bending
strength of the exterlor bearns substa::.tiaL1y. The ul_tinate
moment capacity of the exterior beams, taking into account
the actual concrete and steel strengths of grillage no. 1,
was LB9r200 1n"-l-bs. the ul-tlmaie mo¿llent capacity taking
into account the action of th.e dowel bars j-n the center por-
tion of the beams as \,vell-e wâs 237 ?l-O0 in.-l-bs" this figure
conpares to tb.e observed value of 2941000 in.-l-bs" The ef-
fect of the dou¡el bars was not fully conside::ed 1n the orig-
inal analys1s,

Torsion tests conducted on sections of grillage no. I
revealed arL average yield strength of 301650 in"-1bs" This
comperes very favorabl-y with the origlnal cal-culated val-ue
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of 301700 1n.-l-bs" If actual yielC strengths for the long-
itudinal and. tie steel- are used in recalculating predieted
torsional- strength, the yield. or ultimate strength becomes

26eL50 j-n"-l-bs. The ratio of aetual- to pred-icted- strengths
now becomes 1.17.

By viewing pictu.res of Tests 1a and. Ib, it can. be seen
that shear and d.ia.gonal tension d.id- not influence the col--
lapse mode of the stru.cture. It appears that the precau-
tions taken to avoid- shear problems proved_ adequate,

(b) grittaee-No_e. 3"

In the seeond. test the collapse or failure load. of
4100 lbs" was slightly &ore thar¡ twice the predicted. col-
lapse load of 2005 l-bg. However, if the concrete strength
at testing, as vuell as the yi-eld strength of the t, ø steel
in the second. grillage are used. as design d.ata, the pre-
d.icted collapse load. becomes 3550 J.bs. Using this figure,
the actual collapse load to predicted collapse l-oad ratio
is 1.25. fhis ratio glves a more realistic comparison be-
tween'test a¡.d theoretical- values. As mentioned previoils-
ly in the dlscussion of the first test, tbe other portion
of the load increase may have been d.ue to compressive and.

tensile membrane action combined with arching acti-on in the
interior grillage bepmso

As in the first test, the grillage was able to with-
stand a l-oad, greater than that norrnally consid.ered the fail-
ure loadr or in other words two stages of collapse rr¡ere in
evidence, After the pred.icted. failure mod.e was aeb.ievedu

load-ing was continued, At first the load dropped off to
7300 lbs" and. then began to clinb again. Figures 43 aad 44r
on pageÞ 64 and 65, show that the naximum load achieved. was

BS}O l-bs, lhis figrere represents one of the eoncentrated.
l-oad.sr so that the total J-oad withstood, wae 161780 J.bs,
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It is possible that this load could have been greater, as
the test was terminated before totaL d.estruction, \rlhen th.e
spread.er-beam, separating tb.e Ioad.s, came to rest upon the
concrete at th.e center of the grillage, loading was d.íscon-
tinued" Thls, in effect, v¡ould have constituted a third
point load., and analysis of such a loading system would. have
been very difficult" It is believed, as in the first test,
that a hanging network of reinforcement or rrplastic membranett
enabled the Load to achieve such magnitud.e. Accurate anal-
ysis of stresses would. agaln be nost difficult, as several
bars had. broken and. stress red.istrlbution wlthout strain
gairges wouLd be inpossible to d.etermine,

Crack developnent proeeed.ed. as expected. in the seconil
grillage test, FLexural crael<s d.eveloped und.er the l-oad
points as well as at the junctions of the interior and ex-
terior beams. .A.s load.ing increased., the cracks increased
in both length and width and the compressive zorte of the
bea^ms gradually decreased. The increased. stress in the cout-
pressive zone eventually reached the eompressive strength
of the concrete a¡.d the destruction of the compresslve zoue
brought about flexural failure of the gril1age"

At fail-ure, the plastic hinges that forned. at the junc-
tion of the interior transversaL and lnterior longitudinal
proved. very interesting. the bend.ing h'inges formed. exactly
at the junction with th.e interior longitudlnal- a¡d. the crack-
ing that developed. coul-d. al-nost be classified. as torsional.
In any na"rurer, the weakening of the interlor longitudinal
at these hinge locations, along with transformation of the
interior beams into a "plasticn or rftensile nembranetr, led
to a change of col-lapse mode as loading reached 49OO lbs.
Às nentioned. earlier, this increased. loading at large def-
Jeetions wilL be more fully discussed in the general dis-
cussion.
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lorsional eracks bega^n appearing on the exterior bea"ms

at a load of 72OO lbs, These cracks were not of a severe
nature ju.st as in the flrst test" .A.gain cracks due to bend.-
ing were not severe on the exterior bea^ms.

DefLection and rotation of the exterior bea¡ns was again
snall-, The maximum deflection of an exterior beam was 0,268
inches at gauge l-ocation 2" Rotation at the center of the
exterlor longitudlnals was 5 degrees 21 minutes or 0 "09340
radlans o

Fron the photographs of the test, it can be seen that
shear and. diagoraL tension d.id. not play a great role in.the
collapse of the structure at 4100 lbs, As loa.di-ng progres-
sed beyond this point some of the d.iagonal cracks that had
forrned. earlier did open up and propagate. Fle:mral, not
dlagonal, failure was responsible for the collapse of the
st¡rrcture"

(c) General Ðigcussiqq.

Collapse for both grillages tested., followed. the sa.me

general pattern. Each grillage showed. two distinct failure
stages. fn the first grillage the two stages were fully
d.eveloped, whereas, in the second. grillage only the first
stage was clearly d.efined. and. further loading would. have
been necessary to d.evelop the second stage,

As nentioned earlier, it is believed that both grillages
resÍsted initial load.lng by bending action in conbination
with compressive menbrane actlon. At this point in the load-
ing the steel strains in the interior beams t ãt their junc-
tions with the exterior beams, lqere tensile at the top and
compressive at the bottom,
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As deflection of the center portion of the interior

bea.ms increased., the menbrar,e action changed- from a com-
pressive to a tensile one. .A.t this point in load.ing, stralns
in the top and, bottom steel ïvere both tensile. The top
steel in the interior bea.ms probably had. a large tensile
straln, and stress in the steeL would- in all probability be
the yieJ.d. stress" [he ]¡otton steel, however, would have a
s¡naller tensil-e strain as 1t was cha:rging from a compressive
to a tensile strain and. tbe stress in the bars wouJd. be Less
than the yield. stress. :r't this point the beans stíll posses-
sed. soiue bend.ing resistance,

Continuation of deflection gradually produced changes
ln the geometry of the structure and the interior bea^m sys-
tem was gradual1y transformed. into a hanging network of re-
inforcenent or a 'rtensile membranerr. lhis phenomenon re-
sulted. in a¡r increase of load u¡:lth increasing d.eflection
untiL the fail-ure stress of the reinforcement bars was reacb-
edu

This developnent can be traced. in the fol-l-owing sin-
plified explamation.

q'

fy

f'"
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free body diagram of one of the members.

Pu =Pconventional + Padditional

P"oorr"rrtional represents the load. that the structure
is able to withstand by bending. In the early stages of
loading, d.eflectlon is smal-L and Fsenyentional d.oninates
the right hand. side of the above equation. At thls stage
there is only a very small tensile force in the members so
the vertical eonponent of f is negligible" Iloweverr âs de-
flection incre¿ises the load is resisted by a hanging network
of reinforcement and the tensile foree in the bars becomes

significant. i.t this stager ?additional, the vertical com-
ponent of the tension forces 1n the menbers begins to don-
inate the right band side of the equation and P"orryentional
d.ue to bend.ing gradually disappears.

-A.s deflection becomes quite large the length of the
members increases due to straln ar:.d the following situation
arises.
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r = f(5)

As O and ó increase, 5- lncreases as ¡ = ¡(sec 0 - 1) or
6=ssino

= Tf,¿tlso 6 =ãË whereA='A'o
and E = E; = 29rOOOr000 psi"

nn T = 5+E but E - g
eI 

'r - steel- stress

and .'n T =W
Þ< as 5= Lê

r can norv be øy or greater as in the strain hardening rangeo

rTnw T=AsEð= åsE6sinO alr.d--T-- r--
Padditional= fsin0

[herefore, as tbe rotation of the bea.ns increases, the
tension force in the steel increases until the steel stress
reaches its failure value. Thus Paddltiorr*1 becones larger
as d.eflection increases a^ad. the ultinate load reaches the
second. failure stage or the ultinate strength of the hangiag
reinforcement network"

fn order for this type of rrtensile membraaerf or 'rplastic
menbrerterrto forrnr the beams must be restrained. by rigid ed.ge

bea¡ns but tbey nust al-so be free to rotate. This theory of
increased. load.ing with increased. d.efl-ection helps to er¡rlain
the two stages of failure for the grlllages tested."
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(d) Sunmary of Ðiscussion"

lable IV offers a sumnary of erperimental and. anal-
ytical values ( corrected. for knornm bea.n strengths ).

[ab]e IV. Summary of Results.

I.,{odel

Pu

Theoretical
(]-bs. )

P

tr'irst Phase
( lbs. )

Faetor
P

Second. Phase
( tus, )

GriJ.lage No. 1

Grillage No" 2

+ rl+0

t,330

5 r3BO

4, 100

l"30

L" 27

8r500

8 1794

In general, both grillage mod.els resisted load.ing in
the sa.me maryrere In the first stage of failure, the grj.llage
strength was d.ue to bend.ing action in eonjunction with com-
pressive and tensile membrane action. lhis mernbrane action
ïvas founil to influence the ultimate load. sign:lficantly in
eacb of the modelso As deflection became quite large, the
stmcture was transformed. into a nplastic membrane't and. load-
ing increased as d.eflection increased" lhis action account-
ed for th.e second pbase of collapse which was evident in
both grillage tests.
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CH¿.PTER VI

COIICLUSIOI{S i,NÐ SUGGESI]Oi"{S gOR _FttRTItER RESEI{ROII

It nay be concluded from the material presented in
this study that the method. of comblned ui-timate strength
and plastic h:lnge theories is valid a¡rd safe when it 1s
used. in the analysls of reinforced concrete grillages,
Llthough. concentrated. load.s were used in this investiaga-
tion, any method of loaiLing, concentrated loacls, d.istrib-
uted. loads or combinations of the two can be applied to
any form of grillage and a collapse uechanism can be found
fa1rly readi.ly.

In the design of reinforced. concrete sections, it is
generally accepted. that the plastic d.esign nethod is a
more log1ca1 and economical one than tb.e elastj.c nethod..
However, when the ultlnate strength and plastic h.inge theor-
ies are applied to a stnrcture, the analyst must bear in
nj-nd. certain limitations pertaining to the propertj_es of
materialsr their relation to one another and. linitations
which arlse in cases of extremely severe types of loading.
The accuracy of this nethod of analysls is d.ependent to a
great extent of the accuracy with which the ultimate
strength of th.e separate elements can be predlcted under
various load.ing conditions.

One of the nost diffieult areas in which a pred.iction
must be made is that of shear and. diagonal tenslon. In the
tests cond,ucted for this study, the ind.ividual menrbers were
over-d.esigned. for shear and. the problen of a premature
shear failure d.id. not occuro Ânother area to guard against
is the for¡r¿¿tion of ttbrittl-e hlnges'f in v¡hich case fail-ure
would be catastrophic.

Another importa"nt factor upon which the ultinate
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strength and plastic hinge theories d-epend is the avail-
ability of ductility 1n areas of the structure v¡here plastic
hinges may form" Too littLe or too nuch steel may affect
the ductility of a section a¡rd. the plastic monent may not
be reached.. Visual evidence durlng the tests showed that
there was adequate ductility in the gri-llages tested and

this indicates that rotations at plastic hinges do not nec-
essarlly have to be ealculated for simil-ar grillages"

Both grillage mod.els had. tlvo stages of collapse. For
the first stage, the actual collapse load.s were larger than
the predieted. loads" larger than design concrete a¡.d steel
strengths accounted. for a portion of the increased foad-s,
Compressive and tensiLe menbrane forces acting in conjunc-
tion witb arching action were proposed as other factors af-
fecting the faílure load. Tncreased loading oecumed. after
the first stage of collapse as the d.eflections of the int-
erior members increased.. [o explain this phenomenon, it
was suggested that the structures had become "pIasticfl or
rrtensile membranesfrn A characteristic of this type of ha^ng-

ing relnforcement network 1s that its strength is linited.
only by the linit of plastic elongation of the relnforcement.
fhe strength exhibited by this system is greatly in excess
of that found. by ultimate strength F.nalysls"

In the original analytical analysis of the exterior
menbers of both grillages, the bend.ing strengths were under-
estimated. Dowel bars, used at the centers of aLl exterior
members to a¡rchor interior beam steel, were found to influ-
ence ultimate moment to a fairly large degree" Inereased.
concrete e¡cd steel- strengths al-so ad.ded to greater moment
capacity" ilctual torsional strengths of erterior grÍ1lage
members agreed falrly well wlth predicted values even though
the yield strength of the tie reinforcing was slightly belol
the assuned. value,
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rt is the author's consld.ered. opinion that fi.r.rther re-

search into the behaviour of grillages wil-r yield valuable
infornation j-n naking the ul-ti¡sate strength and plastic binge
theories a useful- tool for the analysis of composite concrete
structures' tr\rrther grillage tests shoul-d. attenpt to dupli-
cate as closery as possible actual practieal designs. Tn
th,e tests conducted. by the author, the exterior members were
d.eliberatery made excessively strong so that faiLure nod.ee
coul-d readily be pred.icted. although the tests proved. suc-
cessful and. provided need.ed preliminary results o rnore re-
search is required in simiLar as weLl as nore complicated
grillages"

!'iork in this field is at present going al:ead. at the
university of ]llanitoba, several eoncrete beam and slab
structures have alread.y been tested. and at this writing
a rel-atively complicated grillage systen is being tested..

Two other areas of research could. contribute to gril-
lage frame use and knowledgeable applieation. These areas
are the effects of repeated loads a^nd the predictability
of lin1t design techniques.

This study provides onfy prelininary findings in a
very complex field, of researchn rt 1s hoped. that the data
gathered here, used. i-n conjunction with other research,
wiLl eventually lead to a vali.d- method. of predieting the
ultimate strength of couposite concrete structures,
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APPENDIX X.

ÐESTGN 0F GRTIIAGE ÐEA_MS

1) Relnforcement for Exterior Beams.

BEÁ.M SECTION

For ff = T.OOO ps1.

fp"t = 0"85 få

C\i
d

I
As2fs2

aslfsl

Äsl-fsl- = cCubdr= + Äs2fs2

ff, = 71850 psi.
c<17 = 2t38O ps1"

Él = 0"462

Ec = O.OO557

Aslfsl- = Astfst

FORCE D]AGRAM

-et
11 =-c

J8

þnbarsl&B

aoøo

Aszfs2 = Ascfsc
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fyt = 401000 psi"

dn= 9-(
4ub

¡4^¡\Astryt - Ascryc )

Mu=

=

2) ReÍnforcement for Interior Beans.

ft,barsT&B

fy" = 36rO0O psi,

4 ubdn (
9

!. x 31850
9

161100 +

= ___ 9 ( .B x 4o,0oo - .B x 761000 )4x3rB50x6
= __ 9_ ( 12,000 2B,B0o )

4 x 3r85o x 6

( 3,zoo )--96;ãõõ-
= 0.3 inches

d1 - ådr" ) + as¿fyc ( dr * ð"2 )

x 6 x "7 $.175 "150) + .8 x 76?ooo(+"7i)

136 rgo0 IST .OOO in. -lbs.

c\l
d#

rt-
As2fs2

Äslfs]

FORCE ÐIAGRAM
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For ff = 3?OO0 psi.

fp=r = 0"85få

Astfsf = ocubdr, + A"2f*2

ri = 7?B5O psi.
ocì¡ = 2r5BO psi.

P = 0.462
€c = o.oo357

Asl-fsl- = Astfst

fyt = 401000 psi"

fl
L[= *C

;re

As2fs2 = Åscfsc

fye = 76 e0O0 psi.

d* = =1- 
( Aslfyt - ,A,ssfyc )

4ub

= =-_L=_ ( .1 x 4o r ooo .l- x 76, ooo )4 x 3,85Q x 3

= -3Q0- = 0.078 inches
3,B5O

I{u = { ubdr, ( dr - ådn ) + Assfyc ( dr _ d,2 )
9

= 4 x 5?850 x 9 x 0.078 ( 4"+zz ) + O.t_ x 36:000 ( + )
9

= l r77O + 14, 400

= L6 rI7O in. -lbs,
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3) Cal-culation of Torsional À'lonent for Exterior Beams.

v{ith eal-cul-ation based on the lam.sdovrrn iúethod and re-
f erring to prevlous d.iscussion on page 7 j,

HT = 2.536 ,lcage Rmin o

l!'or both grillages:

H
@@

c

^-Ãträcage - )c)

s=2(br+

pitch = p =

FYtr = 4otooo

of ífI]-

x 5"5

d')

I 1n.

psi "

= 30 ,25 in.Z

= 2(5.5+5.5 ) =22in,

FYT = 40e000 PSi'

Area

ot. R¡ =

auge l,4iLre

x 0.20 x

art)

I
= O"0l-O i:n,Z

40 
' 
000 = 2 ?91O ;-b/ in.

22

of longitudinal bars

dvr,--r
where n = number
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Rf = FyT = 0.010 I 40.090 = 400 lb/jn,
pr-

lhe equivalent helix force then becomes the lesser of
RT and R¡ , i.e" Rmin"r therefore Rg = Rmin"

"'..i.ri1 = 2.556 4""g" R¡oln

= 2.536 x 50"25 x 400

= 50?7OO in.-]bs.
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0
0
0
0
n

" 
001

,001
.002
,002
.003
" 003

" 004

" 
005

,005
" 
006

" 
007

" 007

" 
008

.008
" 009
,010
,011
" 012

" 
013

"014 I

.016 I

"or6l
"016 I

"015 I

"015 I

"013 I

I ¿j.

Dial Gauge Rea"dings in Inches, Load Readings 1n Pounds 
"

0
0
0
0
0
0

,001
" 001

" 001
,002
" 

002

" 002

" 
002

.003
- 003

" 
003

" 
004

,005
" 
005

.006
" 

007

" 007

" 
008

" 
008

,009
" 010

" 010

" 011

" 010
, 010

" 
009

l?

0
.002
" 005
,007
,009
" 
012

" 016

" 
019

" 
022

,026
,029
.033
.037
" 

0l+2
,047
.051
,056
" 

O6O
, Q65

"o7r
, A?7

" 
082

, OBB

" og5

" 
102

" 
109

" 
118

" 
128

" 
138

" 
l_40

,143

I2

l
H
ts
u¡
!

l0
1"003
l"oo6
1,010
" 013

" 
018

" o22

" 
o27

,032
" 038
,043
" 048

'055,062
" 

069
.07 5
" 

082
* 0Bg

" 095

" 
104

" 
113

,l-20
,]28 

]

,a37 I

,r47 
IJ56 I

,:.66 I

"r7g I

.2ro 
I

"2rg I

"230 I

1l_

lo
" 
0oJ

,006
" 008
, 010

" 014

" 017

" 
020

,o24
" 028
,032
,036
,041
"045
" 

050

" 055

" 
060

"065
" 

07o

"O?6,083
" OBB
,og4
" 
100

" 
108

,115
,r24
,134
_l.LÞ3

"L46
"150

t_0

0
.005
" 
0r1

" 0l-7
, O23

" o3l+

" 043

" 
051

" 061

" 071
,083
,099
" 
115

" 120
.r42
" 
158

"r74
"rg2,211
,231+
o262
.284
"308,3+2
"39B
,484.
,6l-3
,745

I"027
1,117
I,382

B

0
009
010
0r6
02l.
030
037
045
052
061
070
085
0gB
IL2
r23
t37
I5L
r69
T87
2AB
233
252
275 

I

305 I

i46 I

,uie 
I

56r I

686 I

e56 I

03? I

342 I

7

@

0

" 
007

" 
014

" 
021

,o29
.047
,058
.Q6g

" 083
,096
, f13
,I34
"r55
"173,rg2
" ¿IO

'239,268
,29B
,338
" 381
.418
'459
"5l.9,620
"77 5

l- 
" 
013

r.255
1,784
r,962
2.5r7

o

6

o

€

o

l0I "oo5I "oroI "or5I " o2o
I " 

o3o
| "o36I .044
| "o5z| " o6o
I 'o7o

" 
083

,096
,ro7
.l_18
,]-33
" 
148
J66
,184
.zOLþ
,229
,z+B
,27l'
,302
"354
"435,560
.68?
"9571,150

L "33L

I

l+

o

o

o

ê

@

o

o

o

e

o

o

o

o

o

o

o

o

6

o

a

o

1"
1"

0

" 
005

,011
,or7
,023
,034
,o4z
,050
"059,070
" 

081
,096
" 
1l_l

"125
"L39
"r55,L6g
, fB7
,zo6
,229
"256,278
,303
"337,395
"4Bz,6lo
,7t+5

1"009
l- 

" 
102

r,373

)

0
0
0

"002
" 

005
,008
" 
011

,014
,018
" 

021

" 03?
,038
" 

038

" 
038

" 043
, ot+T

,05r
,056
" 

061

" 
066

,o74
" 

078

" 
084

" 
091

"099,L07
" 
118

,r25
1aË

øL))

,132
"L33

¿

0
,003
. oo6

" 010
,013
.018
,o22
" 

026
,031
,036
.041
, o4Z

' o5l+
, o6o
,066
" 072
,078
" 

085
.090
.097
" 
106

" 
1l-3

*120
,L27
,L37
,148
" 
160

"r70,181
,185
"TB7

Iqu*
f,Oaà\

0

" 003
. oo5
,008
,010
,013
" 
or6

" 
019

.Q23
"026
" 

030
,034
,039
, Q43

" o4B
,052
"056
" 
o6l

,065
" 

070
,078
" 082

" 
OBB

"og3
" 
101

" 
109

,118
,rz6
"]-3+,I39
.140

0

90
270
47o
660
870

ro6o
1260
l+50
t65o
185 o
2050
2250
?43o
2630
2B3o
3030
3220
3420
36oo
3Boo
4ooo
+200
4¿loo
4óoo
+7Bo
4gBo
51Bo
5380
5000
5 08o
49Bo



0
0

"01.01
"01
,01
"02,02
, o?.

"03,03
"03,04
"04
*05
"05
"06,06
,06
,06
"07.08
*oB
.09
,09
,11
,11
"12
"13
,13
'l-3

Steel Scale Reacl-ings in Inches, Load Readì-ngs 1n Pounds 
"

0

" 0l-
,01
"01
,02
"02
"03
"03,04
"04,05
.05
"06,07
"07
"08
"09.09
"09,10
.ll
"l-2
.12
"14,14
,L5
"16-l r7
o!l

"18
"lB
"18

I
H
H+
I

ar

"01
.01
.01
"01,42
,02
"02.03
"03
"04
"04
"04,05
"06
"06
"07,07
"07
"08,08
"09,09
"10
"11
"12.13
"13
,1lþ

"14

0
0

"01
"01
,Oz
.03
" olf
,a5
"06
"07,08
"09,11
,12
'13
"r5
"I7
"18
"20,22
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12
o ))

"38

0
0
0
0
0
0

"01
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"01
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"01,01
"a2
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"02
"02,03
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, o¿f

,04
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"04,05
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,06
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'07

0
,01
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"03
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,O7

'09
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,13
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.27
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,35
,44
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0
0

.01
,01
,02
"03.04
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,05
"06,07
,08
,09
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,12
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,20
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0
0
0
0
0
0
0

"01
"01
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"01
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"01,01
r02
^02,02
'02,02
,03
"03,03
.04
,04
,04
.05
"05,06
"06
"06
"07

0

" 
0l-

"01
'02
"03
"04
'05
"05
"06,07
,08
,10
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'I5,r6
,I7
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,2r
'23,26
,28
'3l-,34
"þo,49
"62.76
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0
0
0
0

,01
,01
.02
,02
,02
"03
.03
,03
.04
,04
"05
"05,05
"06
"06,07
,07
"08,09
'09,10
,10
,12
r12
.13
"13,lll

0
,01
, 0l-
,01
.a2
,02
"03
'03
, o¿l

" 
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,05
"05,06
"06
"07
"08.09
"09.10
.10
" 

11,
,L2
,13
"13.14
'a5,16
'17
'19
. l-B

"19

0
0
0

01
0l-
01
02
02
02
o3
03
04
04
ot+
05
o5
06
06
a7
07
OB
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09
o9
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11
T2
I2
I3
I3
14

1"013
r,253
T.783
r,9 53
2,493

0
9o

270
4To
660
870

r.060
l_260
1450
l-650
185 o
2050
2250
243o
263o
28)o
3030
3220
3420
36oo
3800
4ooo
4200
44oo
46oo
47Bo
49Bo
51Bo
5380
5 000
5 oBo
4980

o

I

o

o

6

e

o

o

o

o

o

@

o

@

6

o

g

@

o

o

o

o

e

c

o

o

o
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K
0

135
330
530
725
a2<

II25
L3L5
l-515
161 0
171 0
1800
19 00
2 000
21 00
23OO
2t+90
269o
28go
3090
3285
3850
41 00
4100
4100
3725
3285

I

Dial Gauge Read-ings ln Inches , Load Rearlings ln Pouncls 
"

va!ò lvØa-!vr!vvufvar

0
0
0
0

" 002
,009
" 

019
,029
" 

037

" 
043

,047
"052.057
" 061
,06?
"075
" 

086

' o9l+
,LO5
" 
113

. f20
" 
t5B

" 
178

,rg7
.1gB
" 
lBg

2

0

" 
005

"0r2
" 019
,026
'037
" 

050
,062
'07I+
" 
081

" 
087

,093
" 
100

, 105

" 
114

"126
" 140
.L5L
"l-65,r76
,186
,237
"26r
,285
,285
,268

3

0
,003
" 008

" 013

" 
018

,o25
"o34,042
" 

051

" 
056

" 
o6o

"065
" 

070
,o73
,079
" 

OBB

" 
0gB

.108

.TI7
,r24
" 
131

" 
168

" 
186

Lt.

0

" 008
.019
,o2g
" 0þ1

" 
061

,086
" 110

'r37
" 
f50

,l-63
,L76
" l8B
'199,2L5
"239,268
,29r
,32r
,347
"3?6,555
,?L6

L272
r"65Q
2"549

6

0
0
0

" 
003

" 012
,033
,047
" 066

" 
085

"095
" 
104

" 
114

,723
"L3T.rt+j
.j.63
" 
185

,204
.227
,21+B
,271+
,4j6
" 587

1, 005
1"204
t_.581_

7

r:r- t 1Ç¡-L .lvUe Lø

0
,008
,051
"063
. o77
,\02
,l-32
,l-64
.rg6
,2L2
,226
,240
"255.268
,287
"3r9
"35+
"382.1120

"454
"49g
"7771"045

L,666
2 "036
2 "?66
4 "456

B

0

" 
009

,022
,0)6
" 

051
,077
" 
109

" 
l-4.0

,17?
,rg4
,209
,226
"24r
"256,2?6
"308
"345
"3?6
"t+L5
"r+5I,499
" 
806

r, o97
r,768
2 "T4B
2 "Bgg4,733

9

0

"042,042
" 
045

" 060

" 
085

,118
"l46
, Ì83
"200,2r5
"23l-
"246
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"308
"344
"373,4r3
,446
"496
" 
810

1"108
r,? 69
2 "l-2B2,832
t+,556

10

,202
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" 
191

0
,004
" 013

" 019
,o2g
" 
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,063
" 

084

" 104
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"r24.r33
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"I5L,l.62
,LB?
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,3 00
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"636.705
"895.257

T2

0

" 008
,019
" 

0?9

" o4l
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" 084
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}OB
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,209
,233
,260
,?.84
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t?

0

" 
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" 008
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,024
"032
" 

039

" o4B
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,064
" 
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"092
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100
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"r1-7,r23
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" 
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" 
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0

" 
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" 016
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,032
" 

043
,055
, o66

"o72
"o77
" 084
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" 
101
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,136
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116

,I22
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1
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tr
0

135
Ta
530
725
925

rr25
I3I5
t5r5
1610
171 o
1800
19 o0
2 000
21 00
23OO
2+9o
269o
2Bgo
3090
3285
3850
4100
4roo
4100
3725
3285

I

Steel Scale Reaclings in Inchesu Load Read.lngs in Pouncls.

0
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" 
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"09
"09
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"03,04
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rr¡¡(5ù9 J.eUL .t\O¿ Lò
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"22,2r
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U

"01
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"02,04
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,Q7

"08,10
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0
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"01
"01
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"01
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ASPEI{ÐIX O

TESTS OF GRTIIAGE EIEMENTS

lYhen the tlvo grillage tests were completed, the exter-
ior beams of both grillages r¡üere stil-} in good condition.
One grillage was then cut apart using an el_ectrical po\lrer
saw with a d.ia^mond tip blad.e. The two exterior tra^:rsversals
were used. in torsion tests, while the two exterj-or longitud.-
inals vìiere subjected. to flexural tests.

FIEXN-RA¡ TESTS.

The loading
as appears 1n the

configuration for the flexural tests was

following dlagra^u.

Þn¿u j{o.-I

Load. ( l-bs. ) Defl-ection ( in" ) load çtus, ) Deflection (in" )

2, oo0

4r000
5,000
6r000
7roo0
BrO00

9,000
l_0 ,000
l-0,040
fo 

' 
9oo

1l-,000
1l_,000

t_l_,100

0

o "r39
0.202
0,269
a.326
0 "5gB
0"475
0.576
0.7L7
r"7+5
r.4+6
L.6l-5
r"910

1l 
' 
5oo

1l 
' 
5oo

l_1,500
t-I,700
l_l_,600

l_1r 700
lf 

' 
9oo

tl,800
tl-,000
11 

' 
400

rt r 45o
LLr45O

2"O40

2"460
2.672
2.870
3,360
3"650
,"850
+ "L+0
4 "678
+.89+
5"265
5.528

&Iax. l,oad. = 11,900 lbs.
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BEAM llo.2

L,oad. (l-bs. ) Ðeflection (in, ) load (lbs. ) Defl-ection ( in" )
2,000
4,000
5,000
6 ,000
7r000
B,000
9,000

t0,000
l_l,000
11,l_80

LL r 220

l-l-, +2o

IL r54o
l_2,000
t_2,000

12,000
L2 rr+O
fl 

' 
900

t2, 000

12 ?r7 o

L2,280
tl,820

0

0.L+4
0.l-79
0.2+2
0.304
0.36+
o"+52
o.5L+
0"67+
O.9ot7

r"201
r"360
1.603
t"775
L.897
2"L9+
2,250
2.460
2.483
2.527
2.58+
2.759

t_2, 000
L2r260
12r56o
12,000
12 ,t7 O

L2 r 2B0

12'47O
fl 

' 
790

t2 r 25O

12,520
l'2e250
12,4oo
l-2eo+o

t2 r3BO

L2 
'59O

l-2,000
l_2 r 080

L2r470
12,000
1l_,800

12r+5O

2.79t
2"q36
2.90O

7.076
3.L77
3.265
). )+o
3.555
5"598
7.654
3.77 4

3"8-12

4"066
4"126
4.237
4.468
4"68+
4.778
5.01-9

5.263
5.359

Max" load = L2r590 l_bs"

The average maxj_mum l-oad. = 1þ900 t 12.599 = l}r245 lbs"
L

.oolhe a¡¡erage Iúu = ll = 12,242 x_96 = 294?OOO in.-lbs,++
Ratio of Actual to Originally pred.ieted. I[onent = 2941009 = L,g2

Lir r0OO

Reasons for the large difference in val-ues were increas-
ed. concrete strength, increased steel strength and the effect
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of the four íi4 dowel- bars present at the center of the ex-
terior bes.ms for interior bea.u steel anchorage. In the o-
rlginal analysis the d.owel- bars were not consid.ered. in mom-

ent cal-culatlons. If increased. concrete strength, increased.
steel strength and the effect of doweL bars are considered.,
tbe foll-owing ratio erists,

fhe Ratio of Actual to Predicted. l,{oment = ?24¿@9 = 1,24
277 ,rOO

Th:is flgure presents a more real-lstic value between
predicted and. test val-uesn A typical exterior bea"m after
testing can be seen in Figure 55c page l-zJ-.
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TORSIOI\T.åI TESTS"

Tbe two exterlor transversal bars were tested in a tor-
sion machine, The test setup can be seen in Figure 56, page

lzf-,
BEÂ-&i No " I

l,.lonent (in.-Ibs. ) Ðegrees of Roto Comments

7rr1Qo

44 ? 8oo 25

82

First cracks appear
and. apparent yield"
Max. moment; cracks
open-ing and concrete
spalling off"
i{ax. rotation"

The average yield moment = 301000 + 211100 = 501650 in.-l-bs.
2

Ratlo of Actual to Predicted. Iúonent = &^@. = ,999
70 1700

If actual yield strengths for the longitudinal- and tie
steeL are used in recalculating predieted torsional strength,
the yield. or ultimate moment becomes 26rl5o in.-lbs, The

ratio of actual to predlcted strenghts now becomes 1.lJ. The

two ratlos show excellent agreenent between precLicted a.¡rcl. ae-
tual values. The two transversals tested can be seen in Fig-
ures ,7 and. 58 on page I22.

[loment ( in. -]bs, ) Ðegrees of Rot" Comments

,o r ooo

45,880 28

90

First cracks appear
and apparent yieId..
I'{ax, moment; cracks
opening and. eoncrete
spalJ.iag off.
Max" rotatlon"

BE-å.M No. 2
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Figure 55. longitudinal at End of Flexural lest"

Figure 56. Testing Àpparatus for Torsion Test.
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Figure 57 . First Bea.n at End of Torsion lest "

;d.:.ì:.':iJ

i!ì!i:rìr:,ìi:::rìl:tr,:,¡
i::lt;ititi.lt:iJ:rìia:it¡.

Figure 58. Second Beam at End of Torsion Test.


