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CHAPTER I

INTRODUCTION

As was noted in a recent paper by Cohen and Berkal (4), the
propagation of waves in shells has considerable practical importance in
addition to being of theoretical interest. The concept of a wave to be
employed in this treatise defines a wave on a surface to be a propagating
curve across which there may be discontinuities, or jumps, in certain
physical quantities or their derivatives which are continuously defined
elsewhere. This treatment of a wave as a singular curve with respect
to some function moving on a surface relies upon techniques developed by
Hadamard (8). A thin shell may be idealized as the materialization of a
surface simply by constructing surfaces pafallel to some reference
surface. This is analagous to the beam and flat plate being considered
as a materialized line and flat surface respectively.

The basic theory uscd to investigate the propagation of singular
surfaces in elastic media, and therefore applicable to singular curves,

19)

is discussed in the works of Hadamard, Truesdell and Toupin , and

(18) . .
Thomas . In particular, Thomas treats the problem of first order waves
in a continuous homogeneous isotropic media employing three dimensional

D)

elasticity theory. More recently, Cohen and Suh and Cohen and
Berkal (4,5) have investigated strain and acceleration waves in elastic
surfaces, membranes, and shells by applying the method of Hadamafd to
approximate linear theories of these media. Cohen and Suh treated the

membrane as a two-dimensional Riemannian space while in (4,5) an extrinsic

point of view trcated the membrane and shell as surfaces embedded in
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Euclidean space. The method employed yields the propagation velocity,
the shape of the wave curve, the growth-decay equations for the magnitude
of the discontinuity, any coupling effects involving higher order modes,
as well as allowing a classification of the types of waves which can
propagate.

Cohen 3 has examined, from an embedding viewpoint, the problem
of axisymmetric wave propagation in shells of revolution within the
framework of a linear shell theory based on the following postulates:

1. The shell is thin.

2. The transverse normal stress is negligible.

3. Normals to the reference surface of the shell remain normal

to it and undergo no chénge in length during deformation.
(Kirchoff hypothesis).

4, The deflections of the shell are small,

The results of this paper showed that two types of waves could
propagate, each with its own characteristic velocity, similar to results
from three dimensional elastic analysis. The waves were classified as
longitudinal-bending (irrotational) and tramsverse-twisting (equiareal),
the first type arising from the equations of motion describing torsionless
axisymmetric displacements and the second arising from the equations
governing purely torsional motions. It was found that these waves propagated
as circles of latitude, hence independent of the polar angle so as to
maintain axial symmetry, in the direction of the meridian curves of the

shell reference surface. In addition differential equations governing
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the variation of the wave strengths were given and that governing bending
waves was integrated giving an inverse relationship between wave strength
and curve radius. Equations predicting coupling of second order
longitudinal-bending waves to third order jumps in the normal displacement
component were also found.

The purpose of this study is to examine this axisymmetric problem,
as presented in (3), employing the method of Hadamard in conjunction with
a less restrictive or higher order linear elastic shell theory. Kraus (9)

(10) (15)

suggests such a theory based on the work of Naghdi and Reissner
which accounts for the effects of normal shear and normal stress. The
inclusion of more rotatory inertia terms and normal shear strain and stress.
effects removes the inconsistenéies inherent in more approximate theories.
The theory developed may be referred to as a seven mode theory while that
of (3) corresponds to three modes. The only restriction retained is that
the displacements of the shell remain small so that they may be referyed
to the unstrained configuration whereas a finite displacement criteria
would give rise to a nonlinear theory. The thinness assumption in a
modified form is also delayed in the derivation.

Chapter II deals with the basic theory relevant to the problem .
of wave propagation in a shell of revolution. The idealization of a shell
as a materialized surface and the no£ion of wave curves necessitates a
knowledge of the differential geometry associated with these concepts. The

geometry of curves is discussed first followed by its extension to surfaces,

both being developed from an embedding point of view. The results for a
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generaiized surface are then applied to a surface of revolution. The
coordinate system to be employed in the shell analysis is shown to be a

.

consequence of the materialized surface concept and the metric is derived
for an orthogonal system. l

The kinematics of small displacement theory, as governed by a
series displacement fuqction, are considered in relation to shells. Hooke's
law is applied to shells allowing the definition of certain integral
quantities, some of which may be thought of as stress resultants and couples,
on the shell reference surfgce.

Hamilton's principle is given and then employed in conjunction
with the constitutive equations to yield the equations of motion for a
shell. This derivation gives seven equations of motion. The equations are
shown to separate into two groups in the case of a shell of revolution under
axisymmetric conditions, one group describing torsionless motions and the
other describing torsionalvmotions.

The chapter is concluded with a discussion of the kinematics of a
singular curve propagating on a surface. The normal time derivative of a
surface function is defined corresponding to an observer moving with the
wave curve. It is shown that a wave curve in a shell of revolution,
involving a discontinuity in some axially symmetric function on the shell
reference surface, propagates as a circle of latitude in the direction of
the shell meridians, its velocity being independent of the polar angle.

In addition, the kinematic compatibility relations are given for use in

the analysis of the wave propagation problem.
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In Chapter III the problem of axisymmetric acceleration waves
propagating dinto the stationary unstrained reference surface of a shell
of revolution is investigated with regard to propagation conditions and
velocities of propagation. It is found that the equations of motion
governing torsionless motions yield two separate systems of propagation
conditions, one system involving longitudinal displacement derivative
jumps and the other second order normal jumps. Eigenvalue problems are
presented for each of the simultaneous systems making up the propagation
conditions. The solutions to these problems are shown to be the
propagation velocities associated with the derivative jumps involved and
are characteristic of these jumps. It is argued that these acceleration
waves may be classified, according to their propagation conditions, as
"longitudinal waves'" and "normal waves'. Longitudinal waves are further
subclassified, in a physical sense, as longitudinal strain waves and
longitudinal bending waves. A normal acceleration wave may be composed
of a second order normal shear strain wave, normal strain wave, or normal
strain rate wave. The propagation conditions give coupling effects among
the modes involved in each instance.

A third wave classification, that of "transverse acceleration
waves', arises from the torsional equations of motion., These equations
give propagation conditions resultiné in a third eigenvalue problem and
the subclassifications transverse shear strain acceleration wave and
transverse twisting acceleration wave.

Chapter IV is devoted to an examination of the growth~decay problem

for the discontinuities across a wave curve. Once the procedure is
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presented the problem is analyzed first within the framework of the
equations describing torsionless motions. Two simultaneous differential
equations governing the variation in strength of longitudinal waves are
found as well as a system of three differential equations regulating normal
acceleration waves. In addition, it is shown that coupling effects exist
that predict, in general, third order longitudinal strain and bending

waves accompanying a normal acceleration wave. In the case of lengitudinal
acceleration waves, the assumed wave is generally a third order wave with
respect to the displacement components normal to the reference surface.

The method is applied to the equations of motion governing
torsional motions to derive the decay equations for transverse waves. A
system of two differential equations is found.

The final chapter is concerned with the solution of the
propagation velocity and growth-decay problems for specific examples of
shells of revolution. The conical shell is examined with the hope that
its simplifying of the whole propagation problem will give useful insight
into the general case. Two propagation velocities are found, one
corresponding to longitudinal waves and the other to both normal and

(18)

transverse waves. These speeds are the same as those derived by Thomas
for irrotational and equiareal waves respectively and by Cohen (3) for

his longitudinal-bending and transvefse—twisting waves. It is suggested
that the seven mode theory of this study could be reduced to a six mode
theory by certain deletions. In addition it is found that longitudinal

strain and bending waves can propagate independently as can the three

normal wave modes and the two transverse modes. An examination of the
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spherical shell gives wave speeds for longitudinal and transverse waves
differing from those of the cone by a common correction factor.

The growth-decay equations are solved for the conical case
yielding an inverse relationship between wave strength and wave curve
radius for all wave classifications identical to that obtained in (3)
for bending waves. A focusing effect, which could lead to possible shell
fracture, is produced. The coupling effects between longitudinal acceleration
waves and third order normal waves are discussed as well as the reverse
relationships. Finally, it is suggested that the acceleration wave
propagation problem for a shell of revolution could be reduced to that

of the conical shell by making a suitable thinness assumption.
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CHAPTER 11
GEOMETRY, GCVERNING EGQUATIONS AND

WAVE PROPAGATION

2.1 Differential Geometry

Some slight knowledge of the geometry of curves is required for

the later development of the theory of surfaces.

2.1.1. Curves in Euclidean 3-Space (E3)

2.1.1. . (a)Parametric Representation

A curve in E3 can be thought of as the path of motion of a point.

At eaci point, u, in an open interval, I, in the real numbers, ug <u < Uy,

a curve has the representation (Fig. 2.1)

x(@) = G @), %@, x3W), 2.1)
where xi(i = 1, 2, 3) are real-valued differentiable functions. If él’ Ez,
53 represent the natural frame field at a point then

x(u) = xl(u)e1 + Xz(u)é2 + x3(u)e3, (2.2)

which can be interpreted as the position vector of a point on the curve.

2.1.1. (b) Tangent Vector

For each number u in I, the velocity vector of x at u is the tangent

vector
dxl (u) dx2 (u) dx3 (u)

1 I 2 3
x (w) = du > du > du )x(u) ?

(2.3)

at the point x(u).



Fig. 2.1 Parametrization of a Curve
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The geometrical definition (Fig. 2.2) follows from the limiting
process

dx _ lim  xQu + Au) - x(u) _ lim Ax

du Au~o Au fu—o E§  ?

(2.4)

In order to reparametrize the curve x with arc length s as the new

parameter, define

s = 4 | a, (2.5)
u
1
1 2 2 2 3
where I xl(u)[ = (xl(u) . xl(u))2 = [Efi_ + Efg_ + Efg ] .
du du du

The curve x(u(s)) has unit speed as

1 _ oy dx(u(s)) du (s) _ QE_(S) dx(u(s))
| x s | = | =37 35 = 3 | & |
- %%.(S) %E_(U(S)) - 1. (2.6)

. dx . .
Therefore the velocity vector s 1s a unit tangent vector.

2.1.1. (c) Frenet Formulas

The arc length parametrization of a curve will be used in this
, . , : . 3
section to derive measurements of the change in shape of a curve in E7,

. . . dx . .
As was shown in the preceding section s - T is a unit tangent

-1 dt .
vector on the curve x(s). The derivdtive t~ = 15 will measure the

turning of the curve since t has constant unit length for each s in I.

Differentiating T * t = 1 results in 2 © - El = 0, so El is orthogonal
to t and, therefore, normal to x(s). The curvature of x(s) is defined by

the real-valued function x(s) = | El(s)| the reciprocal of which is the



Fig.
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2.2 Tangent Vector
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radius of curvature. Restricting k to values greater than zero, the unit

- El .
vector N = — gives the direction in which x(s) is turning and is defined
as the principal normal to the curve, (Fig. 2.3)

The vector b = £ x N (a unit vector) is then defined as the binormal
vector to x(s), and together with its mutuaily orthogonal unit vectors t and
N comprises the Frenet frame field on x(s). Since the Frenet frame is
intrinsic to the curve itself and not EFuclidean space, it contains geo-
metrical information unobtainable from consideration of the natural frame,
i.e. Euclidean co-ordinates.

In order to make use of this information the derivatives of the

three vectors forming the triad must be expressed in terms of the triad

itself. As seen in the preceding discussion t = %%- giving El = §E§-= N.
Since b is a unit vector b ' b = 1 and differentiation gives °

261 - b = 0. Also, differentiate b + £ = 0 to obtain Bl -t +b - El = 0
then El - t=-b - El =-b - N =0. It follows that El is orthogonal to

b and t and is therefore a scalar multiple of N. The torsion function

il

. . =1 = .
of the curve x(s) is now defined such that b ~tN. The torsion measures

the rate of change of the plane formed by t and n, the osculating plane.

. =l = =
It can be shown by orthonormal expansion that N =t + tb. S
Summarizing the formulas as given above
- — - . [ { B
dt O 7 O ) / L N

s 0 \§~»  0 t S T jv
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X

Fig. 2.3 Geometry of a Curve
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2.1.2. Theory of Surfaces

The preceding results for curves can now be extended to surfaces

as required for shell theory development.

2.1.2. (a) Parametric Representation of a Surface in E3

A surface in E3 can be written as a function of two parameters,
called a coordinate patch, as follows (Fig. 2.4)
Ylags o,) = (x(a;, a5, X, (005 ay)s Xa(0qs 0,)), (2.8)

where X, (i =1, 2, 3) are real-valued differentiable functions on the open

set D in Euclidean two-space (Ez). Again let El’ 52, 53 represent the
natural frame field at a point, then

Y(al, az) = xl(ql, az) e; + xz(al, az) e, + x3(al, az) eqs (2.9)
which, analagous to the curve, can be interpreted as the position vector

of a point on the surface.

By holding o, constant and varying ays the curve Y(al, a;), called

2

the al~parameter curve, is obtained. The uz—parameter curves are obtained

similarly. Together these two families of curves cover the surface
y(ay, o,).
The velocity vector at a point on the ai~parameter curve is giveﬁ

by
_ axl 8x2 3X3

Y’i = ( aa.a
1

s Ga )y o B 1,2 (2.10)
i %%

where the comma denotes partial differentiation and the subscript y indicates
that the point of application is Y(al, uz). These two velocity vectors

define a tangent plane on the surface.




Fig. 24 Parametrization of a Surface

....g'[...
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2.1.2. (b) Normal Curvature of a Surface

The shape operator at a point on a surface is defined as follows

S(v) = -, o, (2.11)
where Vv n is the covariant derivative of the unit normal vector field,
n, of the surface with respect to the tangent vector ¥. The shape operator
measures the turning of the unit normal,'and therefore that of the tangent
plane, in the v direction, and can be shown to be a symmetric linear
operator on the tangent plane of the surface.

The normal vector function can be constructed by the following

procedure.

Ry 0 = i (2.12)
' %2 ERTI
Define: ?,l : ;’l = E
Yoy " Yey = F _ (2.13)
Yoy * sy =G
From the definition of vector cross product and dot product

5oy %7y L= 1 Ty 1] Ty | otn0 (2.1
'-Y-,l * "Y-,z = l -\?’l ll .Y_’z | cos © (2.15)

where 8 is the angle between the two vectors. Substituting Eq. 2.13 into

Eq. 2.15
cos § = F
VEG
————
giving sin 8 = V(EG - F)/EG

Therefore, employing Eq. (2.14)
- Yoy X Yoo 2
n(OLl, OLZ) —-/":_._—’:-:2.‘*— where EG - F~ # 0. (2.16)
VEG -~ F
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. 2 . v e ,
EG - ¥ is never zero since Yy, by definition, is a regular mapping, i.e.

the velocity vectors are never zero.

If u is a unit vector tangent to the surface v (u az) at a point,

5

1

then the normal curvature of ?(al, az) in the u direction is defined as
k(d) = S(u) * u. (2.17)

If x(s) is a unit speed curve on the surface ?(al, az) with

initial velocity §1(0) = u, the Frenet apparatus of x combined with the
fact that ill 0 = S(il) . il yields (Figure 2.5)
K@ = S@ - T=%7(0) + f=r(FO) R =c) cos 6 (2.18)

The normal curvature of ?(al, a2) in the U direction is then
k(0) cos 0, where «(0) is the curvature of X at x(0), the point of

application of 4, and 6 is the angle between the normal to the curve, N,
and the normal to the surface, n. Since the normal to the curve, N, gives
the direction in which it is turning (Sec. 2.1.1.(a)), the sign of the
normal curvature will tell which direction the surface is bending, relative

to the choice of 7, moving along x(s).

Define three more geometric quantities as follows

L = S(;ﬁl) : .Y-sl = .Y-’].l *n
Moo= S(Y,) * Y,y = S(Vh,) T Yay = Y,y @ (2.19)
N = S(;az) * ;?2 = ‘?’22 ° E

If arc length s is employed to paramefrize (al, az), then the reparametriz—

ation ;(al, ay) = ?(al(s), a,(s)) is a curve on Y(a, a,).
- -~ da - da
day _ 3y 1 3y 2 _ =
ds = %w, ds " %a, ds O (2.20)

where t is the unit tangent vector at a point on the curve,
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Xi

Fig. 2.5 Normal Curvature of a Surface



do - do

at . _ 2t 1, 3t 2
ds Bal ds 8&2 ds

: do

da dao da - 2.2
- 1,2 - 1 2 Y500 GT)
=V (GE ) T2V, 3 s v 22

- 2 - . - 2

B Yoyg dal + 2Y,12 dal daz + Y99 duz ) _

= 5 = kN
ds

Now consider the unit tangent vector to the curve Y(s)

dy dy _ dy . dv _ 4

ds ds 2 >
ds

dy + 4y = ds’.

The final expression for distance on the surface is

2 - - - -
ds” = (Y,l dal + sy daz) . (Y,l dal + sy duz)

2 -
Y’l ¢ Y’l dal + ZYal * Ysz dOLl daz + Y:2' * Y;2

From Eq. 2.13
2 2 2
ds = E dul + 2F dal daz + G daz .

Since the normal curvature of the surface is given by «kN * n,

from Eqs. 2.19, 2.21, and.2.24-

2 2
L dal + 2Mdocl daz + Ndoz2

2 2=
E dal + 2qul daz + Gdoc2

dy. hid
k('ds) I

(2.21)

(2.22)

daZ% (2.23)

(2.24)

it follows

(2.25)

where I is termed the first fundamental form, or metric, of the surface

and II is called the second fundamental form. Considering Eq.

2.25 it can

be seen that the normal curvature depends only on the direction of the

tangent vector to the curve which is being examined on the surface.



=20~

2.1.2. (c) Principal Curvatures

The maximum and minimum values of the normal curvature, k, of a
surface at a point are termed the principal curvatures of the surface at
that point, and are denoted by kl ad kz. The directions in which these
extreme values occur are called principal directions of ?(al, az) at the
point and unit vectors in these directions are called principal vectors.

From Eg. 2.17, if k has its maximum value kl in the direction of

the unit tangent vector e

1
kl = k(el) = S(el) SR (2.26)
If 52 is a unit tangent vector orthogonal to El, any unit tangent vector,

i1, at the point can be written in terms of this orthonormal basis for the
tangent plane to the surface (Fig. 2.6)

4 = u(®) = cos 0 él + sin 6 Ez. (2.27)

As a result, ‘the normal curvature at the point becomes a function
on the real line such that k(G(e)) = k(8). Set Sij = S(éi) . Ej

for 1 < i, j < 2. Then

k() S(cos 6 e, + sin 6 e (cos 6 &

1 2) + sin 6 e2)

1

(2.28)

22°

- 2 . . 2
= co0s 6 Sll + 2 cos 6 sin 0O S12 + sin G‘S

Differentiating Eq. 2.28 yields

dk (0)

~ . ‘ 2 .2
10 = 2 cos O sin B (822 - Sll) + 2(cos 8 - sin 6)812. (2.29)

However, if 6 = 0, u = U(0) = e, implying from Eq. 2.26 that k(6) is a

1
dk (0) _

a6 0.

maxdimun, kl, at 6 = 0, so



/ [0}
n
ci
S}
W
| o

Fig. 2.6 Orthonormal Basis of a Tangent Plane
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Fq. 2.29 then gives S = 0 and becomes from Eq. 2.26

12

dk (0)

do (2.30)

= 2 cos O sin 0 (822 - kl)

In order to find the other extremum set Eq. 2.30 equal to zero. Then

cos H sin 8 (S - kl) =0, (2.31)

22

and either (a) 822 = kl or (b) cos 6 = 0.

In case (a) above,S = k(Ez) = k(él) implies that the normal

22

curvature at the point remains unchanged in all directions. Such a point

is called an umbilic point.

Case (b) gives U = G(%O = 52 and the minimum curvature k(%) = 822=
k(éz). It can be shown by orthonormal expansion that S(El) = Sll El and
8(52) = 822 éz. If k(éz) = k2, then it follows that

S(El) = ky El y S(EZ) =k, &,. ' (2.32)

The prinicpal curvatures of Y(al, az) at a point are the
characteristic values of S, and the corresponding principal vectors are
the characteristic vectors of S. The principal vectors, as such, are
orthogonal.

The Gaussian curvature of a surface is defined as the real-valued
function K = det S on y(al, az). The mean curvature of the surface is

1 .
H = & trace S. Thus, the Gaussian and mean curvatures can be expressed

2
in terms of the principal curvatures as follows
K=1k ky, H=K Tk (2.33)
2 2

In terms of the tangent vectors, ?,1 and ?,2, at a point on the surface,

it can be shown that
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_ GL + EN - 2FM

_ LN - M2 -
2(EG - F4)

>
EG - F2

K

* (2.34)

Now, if the principal directions at a point correspond to the directions
of the parametric velocity vectors, F = 0 due to the orthogonality
discussed previously and from Eq. 2.19 and Eq. 2.32

M = S(V,l) . 7,2 = a S(El) : béz =abk, e e, =0 (2.35)

where a, b are real numbers. Orthonormal expansion of the shape operator
gives

S(r,1) = a ¥,y +by,,. (2.36)
Taking the dot product of Eq. 2.36 with 7’1 and ?,2 and employing Eqgs.

2.13, 2.19 and 2.35

L

=L M
as=yg b = G 0, (2.37)

Eq. 2.36 can then be rewritten

cS(E) = L .z (2.38)

E 1»
where ¢ is a real number.
From Eq. 2.32 the principal curvature in the 7,1 direction is

- L _ 1
K, = § = % -

1 1 (2.39)

Similarly, application of the shape operator to the ?,2 velocity vector

gives the principal curvature in this direction as

. N _ 1
k2 T 6 R,

2 (2.40)

where the inverses are called the radii of curvature.
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2.1.2. (d) Gauss and Weingarten Equations

The velocity vectors at a point on the surface Y(al, az) in
combination with the unit normal function at the point (defined in
Sec., 2.1.2.(b)) can be thought of as a defective triad on the surface,
defective in the sense that ?,l and ?,2 are not unit vectors and are not
necessarily orthogonal. This triad is analagous to the Frenet frame
field for a curve and, considering the discussion of the merits of that
system, it will be advantageous to have the derivatives of the three
vectors forming the triad in terms of the triad itself.

The derivatives of the tangent velocity vectors can be written

as follows

Ya11 a3 Yoy * o8, Y,y *oagm
Ysy9 bl Ysq + b2 Y’2 + b3 n (2.41)
Yagg = C1 Yoy FoCy¥sy +ocgm

where the coefficients are real-valued functions on the surface at the

point under consideration. The determination of these coefficients is

(17)

carried out in Struik’ The final equations, called the Gauss

equations, are given by

Y —;‘ Iop 2 ; (5.

Ya11 11 11 Y5y

_ | 2 - L

Voo =Tz Ty M| X Ty BERCIES)
_ 1 2 .

Voo T2z Tz )L™

where the Christoffel symbols are

ol _ GE, - 2FF, + FE,
2

11
2D
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2E F ~ EE - FE

P2 ’1 >2 1
11 2D2

GE,, - FG,
Ly s (2.43)

2D

L1 EG,, - FE,,
12 2D2
L1 26 F,, = GG,; - FG,,
22 2D2
L2 EG,, = 2F F,, + FG,,
22 2

2D

and D2 = EG - Fz.

Similarly, it will be useful to complement the Gauss equations by
the equations whichexpress the derivatives of the unit normal vector in
terms of the moving triad. The equations, called the Weingarten equations,
are given by

oy 5T T2

(2.44)

n’ = ————————— e ]

2 DZ D2

where D2 = EG - Fz.

2.1.2. (e) Codazzi Equations and Gauss Condition

The Gauss equations, Eq. 2.42, also termed the partial differential
equations of surface theory, are not independent but must satisfy specific
conditions of compatibility, These conditions are expressed by the

equations



(‘-Y-’ll),z = (7,12)’1 b (Y’zz)’l = (Y’lz)’z' (2'45)

Employing Eq. 2.42 gives

1 - 2 - - _ 1= 2 _ -
(Fll Y;l + Fll Y’Z + Ln)92 - (F_].Z Y’l + Plz Y;z + Mn),l 3

1= 2 - - 1 - 1 - _ (2.46)
o ¥sy * Tpp Yoy F MA), = Ty oy F Ty ¥ap + Na)yy

Carrying out the indicated differentiations and again employing the Gauss
equations, Eq. 2.42, and the Weingarten equations, Eq. 2.44, results in two
identities between the vectors of the triad. In order to be satisfied

these identities give six scalar equations, three of which are given:

by
2

(a) “E LN - M2 _ 2 2 1.2 1,2 2.2 2. 2

2 = To1 " Tar,2 T Tofr ~ Toafag * T10Tin = Taafan

1 2 1 2

) Ly, =M, =LI,5 + M(T o -T.1) - N3, (2.47)

_ 1 2 1 2
(c) M,, =N, = LT,0 + M(I,2 -T;3) - Njo.

From Eq. 2.34 it can be seen that the left-hand side of Eq. 2.47(a)

contains the Gaussian curvature of the surface. Therefore, the Gaussian

curvature depends upon E, F, G and their first and second derivatives and,

as such, is a bending invariant. The three scalar equétions which have

been omitted express this theorem of Gauss in different analytic form,

Eq. 2.47(b) and (c) are known as the Codazzi or Mainardi-Codazzi equations.
A consideration of the compatibility equations associated with

the Weingarten equations, Eq. 2.44, obtained by expressing ﬁ’lZ = 5,21

and using Eq. 2.42, results in equations equivalent to the Codazzi

equations. If the parametric curves of the surface are orthogonal, then
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F =0 and Eq. 2.34, Eq. 2.43, Eq. 2.47(a) give

et Il N iy ML Uit NS Wil R
2G 7’1 2G 7?2 4EG 4EG 4G2
E’ G’
+ —2‘—2—‘%. (2.48)
4G

For the sake of convenience set

A = VE, A, = vG. (2.49)

Carrying out this substitution and the indicated differentiations,

Eq. (2.48) becomes

A A, A 2
2 1 A 2 71 A 1 @A, )
-ACAK = = (& "2,1),, + = (G 1,2) - T/ 1,2 s
172 Al A2 1 Al A2 A1A2
2
s @y )T L A A L LA A (2.50)
AA 2 2
172 A A
1 2
Noting that
A A
2 1 A 1 A 1 A 2
& 231)’ G Zyl)a I 251( ), s
Al A2 1 Al 1 A2 Al 1
A A A A
2, AL, G Lo, -4 fLad, (2.51)
A 2 2 A 2 2 A, 7?2
1 A 2 A 1
2 2
the final expression for the Gauss condition becomes
_ Loa 1A
-AlAZK = (Al 2,1),1 + (A2 1,2),2 . (2.52)

If the principal directions coincide with the parametric curves,
then not only does F = 0 but M = 0 also. The Codazzi equation, Eq. 2.47(b)

with Eq. 2.43, Eq. 2.39, and Eq. 2,40 yilelds



However, employing Eq. 2.39

a2 24
*2 Rl ’2 Rl

|

Eqs. 2.53 and 2.54 give

A

R W

1 Rl
which reduces to
A
1 1 A

(_)s = 3 132

Rl 2 R2

Similarly, Eq. 2.47(c) gives the

A

2 1 A
( ): = = 2,1
R2 1 Rl

The three equations, Eq. 2.52, Eq. 2.56, Eq. 2.57, thus express the

~28—

S
2
A2 M .
w2 M2
1
= % Ao .
2

second Codazzi condition as

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

compatibility conditions for a surface, the principal directions of which

lie along the parametric curves.

2.1.2. (f) Surface of Revolution

If a curve, C, in a plane, P, is revolved

which does not meet C, it sweeps

circles in the surface generated

called parallels and the different positions of C

called meridians (Fig. 2.7).

. R 3
out a surface of revolution in E .

about an axis in P

The

by each point of C as it is revolved are

as it is rotated are
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[ ~~=—parallels

Fig. 2.7 Geometry of a Surface of Revolution
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1f the parameters, (al, az), of the surface are assumed to be ¢
and 0 respectively, where ¢ is the angle between the axis of revolution
and the normal to the surface at the point under consideration and ¢ is
the angle of rotation from a reference axis, and YO(¢) is the perpendicular

distance of the point from the axis of revolution, Eq. 2.8 gives

Y(¢, 8) = (v (¢) cos 6, v _(¢) sin 8, g(¢)). (2.58)
The parametric velocity vectors are given by Eq. 2.10 as
@ Toy = (1) cos 8, v, ') sin 0, & @),

- (2.59)
®) Yig = (v, (¢) sin 6, v _(¢) cos 8, 0),

where the prime denotes differentiation with respect to the parameter in-
volved.

Eq. 2.13 gives

E=v '@’ + g'®?,
¥ =0, (2.60)
G = YO(¢)2-

The normal vector function, given by Eq. 2,16, is

B o= A (8 @) v () cos 0, ~g'(8) v (6) sin 6, v () v, (D). (2.61)

The acceleration vectors of the parametric curves are given by

Vogy = (o (@) cos o, Y011g¢> sin 8, g'1(4)),
?’¢6 = (myo(¢)1 sin e,yol(¢) coslﬁ, 0), (2.62)
:'Y-,OG = (—Yo(d)) cos 0’ “YO(¢) Sin 6’ O)'

Employing Eq. 2.19 in combination with Eqs. 2.61 and 2.62 yields
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Lo o @M@ v @) v, @) - g @) v @) v e,

M=o, (2.63)
HORROS

N = VEG

Since both F and M vanish the meridians and parallels, which are
the parametric curves, coicide with the principle directions of the surface.

The principle radii of curvature are calculated from Egs. 2.39 and 2.40 to

be ' 3/2
v, @ + & @] e
R, = , .
Lol v, fw - gt v e
R, - 0@ [y tp? v gt@?l

g ()

From Eqs. 2.49, 2.60, 2.64 and the Gauss-Codazzi conditions given by Egs.
2.52, 2.56, 2.57, it can be shown that these compatibility relations are
satisfied. Therefore the surface of revolution described by the quantities

A Rl, and R, is a valid surface.

2

A reverse procedure may be utilized to obtain a more convenient

l’ A’2’

form for the surface of revolution. If the above four quantities are
specified as functions of the parameter ¢ and Al = Rl’ A2 = YO(¢), the
first fundamental form is given by Eq. 2.25 as

d82 = R 2 d¢2 + YO(¢)2 de

2
l .

(2.65)

The quantity Yo(¢) can be shown to be equal to -—R2 sindé for a surface of
revolution. The Codazzi conditions are then identically satisfied and the

Gauss condition yields the result
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1 .
Y (8)" = -Ry cos ¢. (2.66)
Eq. 2.66 can be proved geometrically. Thus, the quantities specify
a valid surface except for its position in space. Since all quantities
are functions of the parameter ¢, Eqs. 2.49, 2.60,and 2.64 together with
the previous assumptions specify the function g(¢). Eq. 2.58 is then
satisfied which shows that the surface described is a surface of revolution.
If arc length along a meridian is employed as a reparametrization

of the ¢-parameter curves (meridiamns), Eqs. 2.5, 2.59(a), and 2.60 yield

ds(¢) = VE d¢. (2.67)
Since VE = A1 = Rl’ the final result is

do _ 1

s Rl . (2.68)

where s is the arc length along a meridian and is not to be confused with

the s employed in the surface metric given By Eq. 2.65.

2.1.3. Shell Coordinates

A shell may be idealized as the materialization of a surface.

This approximates the real situation which exists when two surfaces, closely
spaced relative to their extent, form the boundaries of the material.

As the solving of problems in three~dimensional elasticity is
extremely difficult in most cases, simplifying assumptions have been made
which have led to theories describing the behaviour of thin elastic shells,
One of the many theories which have been developed will be utilized in

this treatise.
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The prime assumptions upon which linear thin elastic shell theory

is based are that the shell is thin and that its deflections are small.

Novozhilov(lz)gives, as his criteria for thinness, the limitation
h 1
max ('R') < —2—0 ’ (2.69)

where h is the shell thickness and R will Be the minimum radius of

(9

curvature of some reference surface. However, Kraus gives his
maximum ratio as one tenth, so no generally accepted definition is
available.

The second assumption, that the displacements of a point are
small, permits all quantities describing the shell space to be written
in terms of some reference surface and allows a linear theory to be
developed.

The reference surface mentioned above is generally taken to be
the middle surface of the shell or the surface that has been materialized
by constructing parallel surfaces equidistant above and below it. This
choice is suited to an elastically homogeneous material which will be
assumed here.

In this sense, a point in the shell space may be written in terms
of the curvilinear coordinates, or parameters, of the reference surface
and the surface normal function. This representation from Eqs. 2.8 and
2.12 is
l—i(a,ot,Z;)=—Y'(0L,0L)+E,ﬁ(oc,a)-b-<2;<h. (2.70)

1 2 1 2 1 2772 2
From Eq. 2.22 it can be seen that a curve in (al, Cos r) space can also be

parametrized with respect to arc length giving the shell metric as
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ds®™ = dR * dR. (2.71)

9y da. + 3y daz + ¢on dal + ¢on da, + dgn. (2.72)

1
Bal Baz aal aaz

However, dR = 2

Substituting this expression into Eq. 2.71 and then employing

Egqs. 2.13, 2.19,and the Weingarten equations, Eq. 2.44,noting that on a

curve, y(s), S(%%) = —-%2 (S), yields
as? = {E - 21g + ié @L? + m® - 2rm0) % ) dalz
D
+ {6-ac+L @+ ad - 2m) o? ) de, + g’
i 2
1 2,+,2
+2 {F - 2M¢ + =, [M(GL + EN) -~ FON + M) ]c"} do; da,. (2.73)
. D '

If the parametric curves of the reference surface are chosen to
coincide with its principle directions, F = 0 and M = 0 from Sec. 2.2.2.(c)

and the shell metric, Eq. 2.73, becomes, using Egs. 2.39, 2,40 and 2.49

2,2 . T2 2 2 . 1.2
ds” = Al (1 R ) dal + A2 (1 2 YT da

1 2

22 +dc? . (2.74)

Choosing one of the parallel surfaces a distance ¢ from the reference
surface, the arc length along an ai—parameter curve on this surface will.
be, from Eq. 2.74

- _r P
dsi(;) = Ai(l Rl) dai, i 1, 2 | (2.75)

The principle radii of curvature of this parallel surface will

be simply R, - ¢ and R, ~ ¢. From Eq. 2.74 Al = |R,

= &
2 = A0 -3

1 1

and A L A2 (1 - %-) on this surface.

2 2
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The Codazzi equations, Eqs. 2.56 and 2.57 give

z = _ L

(2.76)

‘ z 4

1

2.2 Constitutive Equations

The constitutive equations of a material involve the relationships
which describe its behaviour at a point as it deforms. These relation-
ships comprise the strain-displacement relations, or kinematics of the

material, and the stress-strain relations.

2.2.1, Kinematics

The assumption of small displacements, as mentioned in Sec. 2.1.3.,
allows the deletion of terms involving the products of displacements or
of their derivatives in the derivation of the strain-displacement relations
from three-dimensional elasticity theory.

It can be shown that for a curvilinear orthogonal coordinate

system the above small displacement assumption yields the following linear

strain-displacement relations(lo).
u. 3 9g. u
_ 2 i 1 e k .
€i = —.—BOL. (@1‘) -+ ""‘“‘Zgi kél ———BOL ‘/é—— , 1 1, 2, 3 (2.77)
i k k
1 3 Y 3 %
Vi3 T Vem. [gi'é‘(;. (/g) + 85 %a. (@J.-)]-1=l, 2, 3, i#]
i%] J i i |
In shell coordinates, or (al, s ;) space, the displacement

vector at a point of the shell space will be given by
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U(oy, 0y, 2) = Up (o, o 8 T+ Uylag, ay, 2) Ey + Wy, ay, 2B, (2.78)

where the vectors El and EZ are unit vectors along the parametric curves
of the parallel surface in which the point lies.

The quantities in Eq. 2.77 which are expressed in a spatial co~

ordinate system, become, in shell coordinates, using Eq. 2.74

Ay = 0y, Gy = 0o oy = g,

uy = Ul’ u, = U2, uy = W, (2.79)
= -5 = - & =

g; =41 Rl), g, = A, (1 R2), gy = 1.

As was seen in Sec. 2.1.3., a point in the shell space is simply
on a parallel surface and, as such, may be written in terms of the
referénce surface. It follows, then, that a real-valued function on the
shell space may be written in terms of a function on the reference surface.
This may be accomplished by expanding the function iﬁ a Taylor-Maclaurin
series about the reference surface, 7 = 0., The region and nature of
convergence of these series have not been established as yet, however.

The displacement components of Eg. 2.78 under such an expansion

become, in a truncated series,

Ul(al, az’ g) = ul(al, az) + CBl(O:l’ az)’

Uplays ag, 2) = uylag, ay) + 2B,(ay, o), (2.80)

2

1 g Wll(oc a,)
W(al, Uy g) = w(al, az) + w (al, az) + 0 i 727

3y W W 2 W
) 9y 2 1M 11 sl
where 61 =0 62 T ;Z§ . (2.81)

it
b
il
|
<
il
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In a strictly physical sense, the quantities Uys Uy, and w
represent the components of the displacement of é point on the reference
surface, while the quantities Bl and 82 represent the rotations of the
normal to the reference surface in the directions of the oy and a,
parameter curves, respectively. The quantity wl represents the normal
strain of the reference surface and w11 represents the rate of‘change of
this strain along the normal to the feference surface.

Now, employing Eq. 2.77 and substituting into it Eqs. 2.76, 2.79

and 2.80, the strain-displacement relations become

2
e = 1 (elo + cell + %— 8111),
2
e = 1 (520 + cezl + %- 5211),
2 1 - g/R2
1 11
e, = W + W -,
_ 1 @.° 4 ca. by 4L 6,° + cszl), (2.82)
Y12 T T = g/R; L 2] T - /R,
2

N S o 1.z
Yln‘l—g/Rl(“l ot g a0

1

_ o 1 z
an”l—g/Rz(“z touyt F ey ).

where
3
_ o 1 uy . u, aAl v o 1 3u2 . uy 8A2 w
= P > e - L
1 Al o A1A2 Baz Rl 2 A2 aaz A1A2 o R2
. 1 « wl . 1 " wl
- =5 s = -5
1 1 R1 2 2 R2
i1 - --wll 11 = —wll
€1 R ’ ) R ’



-38-

B o, L 2 _ 1 _1 B o_ 1 fti_ 2 2
1 Al aal A1A2 Baz 2 A2 8a2 AlAZ aal
R T e T T T B
- N AT A —_—’ = v ‘-"-~—_—-—’
1 A1 ul A1A2 8&2 2 A2 daz A1A2 aal
o 1 ow ul o 1 ow u2
u = = =+ == 4+ B u = = — + = + f_,
1 Al aal R1 1 2 A2 8&2 R2 2
" 1 _ 1 Bwl y 1 _ 1 Bwll
1 Al Bal 2 A2 Baz
(2.83)
L1 dw'! L1 aw'!
= —_ X = = W ,
1 Al aal 2 A2 Baz
O T R T P T N W
b .
1 A1 Bal A1A2 8&2 2 A2 3@2 A1A2 aal
Also set
A u A u
1 1 o 2 3 2 1 3 1
To= B o+ B, 0 = R D e (D
1 2 12 A1 Bal 9 9 8&2 A1
2.2.2. Stress~Strain Relations

From elasticity theory, the stress-strain relations for a
homogeneous isotropic material are given by Hooke's law. In a material of
this nature the total state of stress at a point is defined by the stress
components in three mutually perpendicular directions. Therefore, at each
point in the shell space, these directions will be chosen to coincide with

the shell coordinates at that point. Hooke's law is given by

1
1 n [bl -V (02 + on) ],

[02 - v (01 + On)] "

N
bz | b



Y12

1
= [on -V (o1 + 02)] R (2.84)
t12 _ ' _ o

¢ * 'in ¢ * Yon ¢

where ol, Oos and On are the normal stresses along the three orthogonal

directions of the triad at a point; 81’ €2, and en are the normal strains

in these directions;

and an are the

Poisson's ratio,

t, , and t

t12’ 1n are the shearing stresses;

2n Y122 Yin

corresponding shearing strains; E is Young's modulus, v is

and G is the shear modulus.

The first three equations of Eq. 2.84 may be solved for the normal

stresses to yield

Q
{

jeal]
1l

where

_%_ , [a- Vz)gl v+ Ve, + €],
E

1-v
2 .
T2 [(L=vDe, + v(I+0(y + )], (2.85)
E 2
2 [ -vDe  + v@+W( + )],
1 - E .
1-v- 2v2

In order to simplify succeeding derivations a set of relations,

the first ten of

on the reference

be defined.

which may be thought of as stress resultants and couples

surface of a differential element of the shell space, will

h/2
o,
1
i
tij (1 - R:) dg ,
|
t.
in

h/2



~40-

h/2
M, o,
Y= Va-2yrder,  di,j=1, 2 (2.86)
R, )
M t,. J 17
ij ij
-h/2
h/2
7 (- ™
fsi i (1 - c/Rj)c
2
P, o, (1 - c/Rj)c /2
<< T, &- = ~< tiy (- c/Rj)cz/z rdes
A o (1 - z/R1> (1 - c/Rz)
K?./ Lgn (1 -¢/R) (- c/RZ{Q
~h/2

In order to carry out the integration indicated in Eqs. 2.86,

certain manipulations must be employed which make use of expansions of the

type

3.5 & 2
3t st F S L0, %< (2.8])

1 -x
log(1 T X)——2 (x +
If x = C/Ri, i=1, 2, the only additional restriction encountered is that
now (c/Ri)2 < 1. These manipulations are explained in Appendix A, the

final results being

h/2

(1 - z/R.) 2
! R = h + b : 3
sy (- oR) S ¢ R
h/2 3
R e T R R RS KRN
/2 (TR i : 173
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h/2
(1 - ¢/R.) 3 2
D o2 _n o ,mE 1 1
S TRy v 4 = 17 D+ & g1, (2.88)
j i i
~h/2
h/2 |
[ g P - d oLy
j i h|
~h/2
h/2
SR 4 R pes? 11
T -7/R) % 7 3o 28R, © R, R. y
-h/2 J J J *

Substituting the last three of Eqs. 2.84, Eqs. 2.85 and Egs. 2.82 into
Eqs. 2.86, then making use of the results given by Eqs. 2.88, yields the
relationships between the stress resultants and couples and the quantities

given by Egs. 2.83 as follows

N. = Eh {1 - vz)e,o + v(l + v)(s,o + wl)
i 2 i J
1-v
2 11
h 2 11 11 2w
+o7 LA - vDHe " +va+ v)(ej ~ 3 )]
o
2 € 2
h 1 1 2 i 1 3h 11
TR R GG e R 5 M
i i i i
o
2 B. 1
— o h_ .l — .l _l + 8' { 3 =
Nij = Gh { Ylj -+ 12 R. R.) (R, 1 )} s :f-,:] ] 152
i j i i43]
3 " 1
M. = Eh” 9 { (1 - vz)e,l + v(l + v)(e.l -+ w11 - %— )
T 1201-v9) * J j
2 € 1 £ 11
1 1 2 o 3h i i
+ (Ri - Rj) (1= [ey” + 55 Cﬁ;— + =1



3 2 B
Gh 1 1 o  3n° Pi
= i —— -— — _* Pomiiuin R
T L L TR 200 R,
i 3
O
2 2 "
_ o,n” 11,1 1 1. M 1 3h 11
Q = 6h g+ uT G DG ey faor v o
i i i i
11
3 2 u. i
_ Gh e N i o,3h i, 1
5; = 1o L +(Ri Rj)[1+20 G *7 )11,
T - cn’ w4 3?11 3n° A l)(_“_io+ 1, 5n° 11,
i 24 WMy 40 "i 20 ‘R, R.'R, " HMi T Ser, M1 ’
i i i i
Fh 2. o ) 1
P, = 15—(—1—_\)2){ (L - v )ei + v(l + \))(sj + w) (2.89)
2 11
3h 2. 11 11 2w
+ 75 [(1 - e, T+ v( + \))(ej - x ) ]
3
(o]
2 € 2
3n° 1 1 2. %4 1 5h 11
T R 7O RIA-VIGT e Fggg 5 )
i 3 i i
A V(N + N, - M- ﬁ)
R R
2 2
h 1 h 1 1. 11
+ Bh[Q 4+ ) v - (= + =)w— ],
I2R R, 12 'R, T R,
B = w0 +M, - 2P, - 2P)
R R,
3 2
Eh 1 1.1 3h 11
ST Tl S -PA A S G J
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2.3. Equations of Motion

It will now be assumed that the displacements of a point in the
shell space are time dependent. This is accomplished by merely adding an
additional parameter, t, to Egs. 2.80.

The theorem of minimum potential energy states that of all dis-
placements satisfying the given boundary conditions for a material, those
which satisfy the equilibrium equations make the potential energy an
absolute minimum. In other words the potential energy functional will be
stationary when the displacements are those of the equilibrium state. For
the dynamic problem the kinetic energy must also be included in the
functional, adding a time dependency. 1In this form the theorem is known
as Hamilton's principle, stated as follows

t

§ S (m-T) dt = 0. (2.90)

t
o]

where m is the potential energy of the deformed material and T is its
kinetic energy.

If it is assumed that there are no external loading functions
or body forces acting upon the material, the potential energy is given by

the strain energy density function

4 Oij Eij dav, i, = 1,2,3 (2.91)

where the summation convention is in effect.

The kinetic energy is given by the expression

1 . 2 . 2 )
T = 5 6 p(Ul + U2 + W7)av, , (2.92)




iyl

where U U2, and W are the displacement components from Egs. 2.78 and

1,
2.80 and where the dot denotes partial differentiation with respect to
time.

The volume, dV, of a differential element of the shell space is
found, employing Eq. 2.75, to be

dv = Al(l - c/Rl)Az(l - c/Rz) dal do,, dz. (2.93)

(2)

2
Taking the variation of the integrand of Eq. 2.91

and noting that the stress-strain relations, Eqs. 2.85, may be written in

the form o,, = C.,, e.., the following result is obtained,
ij ij i

Se e,. 60_.. (2.94)

1 - 1
§( 05 €..) = 1j +t 3 ij = ij

1o
j ij 2 "ij
However,

= , 6 . : .
Gcij CiJ eij (2.95)

Substituting Eq. 2.95 into Eq. 2.94 and using the expression for Oij gives

1 _ . .
8(3 935 S15) T ig %44 (2.96)

The variation of Eq. 2.91, employing Eqs. 2.93 and 2.96 and integrating
over the time interval involved, becomes

t
= S0
8 i P dt { 4 (ol Se, + o, Se,. + o 6en + tiy 6Y12

1 2 72
+oeg 8yt oty 87, JAA (L = ¢/RD (L - ¢/R,)

dal dgz dzdt. (2.97)
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Now, substitution of the strain-displacement relations, given
by Eqs. 2.82 and 2.83, and the stress resultant and couple definitions,

given by Egs. 2.86, into Eq. 2.97 yields

t t
5 1 ) 1 PAN,  BAN, N, 2A N, 94, QA
S o Pdt = ~ [ f J {C + + - - )
3a od. 3o da R Su
t t o 1 2 2 1 1 1
o) e} 1 2
PA,N,  BAN, N, BA, N, 3A  QAA
+ ( Bl + da. + da. da,. R )6
1 2 1 2 2 )
3A.Q. 9A.Q N. N
+ [ 35 L, ai 2,488 (E1—+-R—2)]aw (2.98)
1 2 1 8
3A M. BSAM A 3A
. ai 1, ai 21 , M, 8(11 M 80Lz _ QA ys8,
1 2 2 1
MMip MMy PAy gy BAL g aa
+ ( 30, + da + 21 da. 1 da. 21 2)65
1 2 1 2 2
3A.S.  BA.S M M
et At Lo B LA g
1 2 1 9
SA_T.  9A.T P P
ot e 2 M Loy 2 DB e g 4o, at
3a 30 R R 1 9%
1 2 1 2
&
+ {o &1 (N Suy + N, u, +Q, &w + 1, 68 + M) 68
1 11
+5, 6wt 4T, Swll) Ajde dt
t
J J
+ L4 (N Suy + N, Su, + Q) Sw+ M, 68 + M, 68,

1 . 11
+ S1 Sw™ + Il Sw™ ) A2 daz dt.
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Examining the definition of kinetic energy, Egq. 2.92, the
expression becomes, upon utilization of Egs. 2.80 and 2.93 followed by

integration over the thickness,

orar - 5 Lo o+ %;-élz +hGy” +'%; B’

to to 41 %
+hw2+lll—23— 1 +—?~2—w12+3—2—0 11%
+§?2— (ll‘; 1'112 +g élz + 11‘; 1'122 + %—;— 322 (2.99)
+—}11; v’v?‘ +—g—g-€v€¢11 + —g—gﬂrlz + 2—8}(1774) ﬁyllz)}AlA2 dal da2 dt,

where p is assumed constant.
Consider the leading term of the integrand of Eq. 2.99 as an example
of the manipulations involved in taking the variation of this equation.

The procedure is as follows:

. 2 .
Gul = 2 ul 6u1.
But o (. 6u.) = 4 Su. + &, 68
Ut e MY Up ¥ T Yy %Yy
hich gives §a.2 = 2 2 (a. & )—2."6
which gives &4,” = a5 (4 Sug ap Su,.

This result, when substituted into the integrand, gives

t t1
S R A B Il G PR T B
t t )

1 Sy JA A do. do, dt.

12771 2

(2.100)
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Integrating the first term on the right hand side of Eq. 2.100
with respect to t will give the initiai conditions for the deformation of
the shell. If the variations in the displacements are assumed to vanish
at the arbitrary times tO and tl’ the initial conditions are set and this
term is zero.

Applying this technique to the remainder of Eq. 2.99 yields the
variation of this equation to be

t t

1 1 2 2
S - S 7 7 ‘h” v bk 1 1 ys
¢ ¢ Tat t ou w PRLQ ) ) -y G+ B ] Sy
o o 1 2 172 1 2
2 2
h . h 1 1 .-
+oh [+ ) 6, -3 G+ R By Sy
12 1 2
2 2 2 2
h h° 1 1 1 ,h 3h 11
+oh [+ =) - & + =)W +5- (I +==—) W% Jéw
12R,R, 12 "Ry R, 24 20R R,
3 02
ph _L 1, .
1 2 12 : .
3 2
ph __3h" .
+ [-G + &) i, + (1 +5==2) B, 168
12 1 5 20R1R2 2 2
3 2 2
P 2d s by oo e -2 Syt T
1 2 172 Ry 2
3 2 2 2
ph 3n? | o3l 1, .1  3h 5h L1190 11
o LA+ 551 RZ) W -3 (Rl + R2) Wk g (Lt 28R1R2) W 16w

} A1A2 dal daz dt.

Substitution of Egs. 2.98 and 2.101 into the equation of Hamilton's
principle, Eq. 2.90, yields an identity when the coefficients of the

arbitrary variational displacements under the area integral are each zero.
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These seven coefficients give the equations of motion for the shell. The
two line integrals in Eq. 2.98 give the boundary conditions for the shell
as their integrands must also satisfy the identity. However, neither

these conditions nor the initial conditions are required for the analysis

procedure to be employed.

The equations of motion are then given by

0A,N; MNPy g By g My
2a + oa + 12 oo -2 led -1 R
1 2 2 1 1
2 2
h I S S RN
- AAy eh [A ) 4 -5 g) Bl =0,
182 1 2
AN, BAN, 3, . A o A
da + da + 21 do. 1 o0 -2 R
1 2 1 2 2
2 2
h I IS R
- AA b [ M+ e U, -5 G+ ) B8] =0,
iR i 2
94,Q, 94, Q, Aa N N,
5 v T T2 Gt o)
1 2 1 2
2 2 2 2
N S R BN S 3m° 11,
- AA) oh [ F )i - gy G PR )W 4o (L F ) ] = 0,
189 ) 1%
2,M, 2 M, y A v A,
50, T 5 vz - 25y QA4
1 2 2 1
3 2
ph> . 1 1. 3% o4
Ap, T [FG o+ g+ U ggppe =0,
1 2 182
SAM DA M 5A 34
Mo 1 V) M, %%
2Az, k2o, My 2 Q,A A, (2.102)
1 2 1 2
3 2
- ph™ 1 1 3h” -
AA, T L (Rl + RZ)UZ o 20R1R2)82] 0
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8A28l dA_S M M

1°2 AA M 2
+ - + %1% (= + 25 - MALA
Bal aaz R1 R2 172
3 2 2
oh 1 1. 3% 1 3wt 1 1 .11
- AA = [+ F)w A+ (1 + o -  + H)w '] =0,
1% 12 R TR, 20R K, 0 R TR,
| + "ty + M4y (i + 32-) ~ BAA
Bal Buz Rl R2 1772
3 2 2 2 2
oh 3h° ... 3n°,1 1..1, 3h 5h° 11
Ajhy o LA+ 20R1R2)w 20 ‘R, + RZ)W tao 4 F 28R1R2)W ]

The preceding equations of motion, Eqs. 2.102, in combination with
the strain-displacement relations, Egs. 2.82, and the stress resultant-strain
relations, Eqs. 2.89, form the basis for a high order linear shell theory
which accounts for the effects of transverse normal stress, for the effects
of transverse shear strain, and for the effects of rotatory inertia. The
theory outlined will be a closer approximation to the exact three
dimensional elasticity theory than will the classical theories which ignore

these effects with the exception of a few rotatory inertia terms.

2.4, Governing Equations for Shell of Revolution

In order to facilitate usage in subsequent chapters, it is
advantageous to write the kinematical relations and the dynamical relations,
or the equations of motion, in terms of the parameters applicable to a
shell of revolution. The reference surface parameters employed will be
those of Sec. 2.1.2.(f) where the parameters a, and o, are the angles ¢ and

1 2

6 respectively.

= 0.
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The representation of the surface of revolution to be used will

be that given by Eq. 2.65, the metric. In addition, set

Rl = Y¢’
RZ = Yy (2.103)
Then, Eq. 2.66 becomes
dy (9)
- = - cos ¢ ,
do T
and, Y,(9) = -y, sin ¢ . (2.104)
The Gaussian and mean curvatures, from Egs. 2.33, are
1 sin ¢
K = = s 2H =y, + Y,
oYy YO(¢)Y¢ 6 ¢
1
v, ()
cos o
d set k = = - 2.105
anc se Y, @ Y, @)y, (2.103)

where k is the geodesic curvature of a éircle of latitude and L denotes
differentiation with respect to the parameter involved.

If the ¢ parameter curve is reparametrized employing arc length
along the curve as the new parametrization, then Eq. 2.68 applies. It
will also be assumed that the displacement components, given by Eq. 2.78{
of a point in the shell space are independent of the polar angle, 0, giving
rise to an axisymmetric situation siné¢e 6 is the angle of rotation of the

generating curve. Eqs. 2.80, with time dependency added, become

u, (s, t) + ¢ B

o (s, t),

Uy (¢(s), ¢, t) o

it

U, (¢(s), ¢, t) ug (s, £) + T B, (s, t), (2.106)

0
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2
L

11
5 w (s, t).

Wo(4(s), T, £) = w(s, t) + zwl(s, £) +

Using Egs. 2.68, 2.103, 2.104 and 2.105, the strain-displacement equations,

Egqs. 2.82 and 2.83, are obtained as follows:

2
1 o 1 4 11
U + + =
“ -/, (6, Fte, 7 e )
2
_ 1 o 1, ¢ 11
€y = T—:~E7§g (ee + gee + 5 g ),
e = - (2.107)
1 0 1 1 0 1
= —— + 4o +
2
1 o 1 z 11
Yon = T - C/Y¢ Wy By F3 M D
2
_ 1 0 T 11
Yen T T - c/vg g T og” +35 g )
where
ou
o __¢ _ w_ ° . ¥
€¢ ey Y¢ s €q ku¢ . s
> L K Wl € L K Wl
= - T = =
¢ ¢ e 0 R
Jin ! |1 w'l
- b = = T bl
¢ Y¢ 6 Yg
Ju
o _ 8 o _
By =35 By = kug
3B
1 _ 9 1
8¢ =55 69 = kB0 s (2.108)
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(a)

(b)

(c)

(d)

(e)

ueo =;{-2- + BO »
uel =0 ,

Uell -0

Kg =k8¢ s

Y¢60 = gzg- + kue

Employing Eqs. 2.105 the stress resultant-displacement relatiomns,

2.89, become

N

¢

=Cc{ ({1 ~ V2)€¢O + v(l + v)(eeo + wl)

+

2

2T @ - vz)e L vl + v) (e o 2y lel) ]
¢ 6 ¢
2 1 9 11
+0LK(Y6-—Y¢)(1—\))(Y6 K€¢O+e¢ + 15 g Ke, )}
B{ (1 - vz)e¢l +v(@ + v)(eel + W11 T Y le)
. 11
2 1
+K(Y6‘Y¢)(1—\))[E¢o+%a@e Ke, +3j®- 1,

_ 1 _ 0 ., 9
= paf e F Ky, Y¢)[u¢ + 3 aly, K

¢

{ v

¢

(e]
p {uw, =+

o]

11

2 ¥y

9
+t 10

O

+ ocK(Ye - Y¢)(Ye Ku

¢

11

1

11

0

9
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15 11..
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(£) P¢ =B { (1 - V2)€¢O + v(l + v)(eeo + wl)

+ To @ [ (1 -v )e¢ll + vw(l + \))(cel1 - 2Y¢ lel)]

11

+'% aK (Ye - y¢)(l - vz)(ye K€¢o + €¢l + %%-aye Ke¢ )y 1,
(g) A = v [ N¢ + Ny - Ky, M¢ + Y, M,) ] v (2.109)

+ Eh [ (1 + aK)wl ~ 2aKH wll 1,
(h) B = v [ M¢ + M, - 2K(y, P¢ + Ye Py) ]

+ Eeh [- 2K H wh o+ (1 + %-aK)wll 1,
where

-~ vz), B = Eh3/12(1 - V2), ¥ = Gh, a = h2/12. (2.110)

. C = En/Q1

Interchanging the subscripts ¢ and 6 in the first six equations
yields an additional six expressions. An interesting property of the
above equations, which will become significant upon examination of the
equations of motion, is that, with the exception of Qe, Se, and Te, all

can be shown to be dependent upon the displacement components U, and W by

¢
substituting Eqs. 2.108. Qe, Se, and Te are dependent upon the U6
component.

The remaining four resultant-displacement relations are obtained

by again interchanging subscripts in the following two equations.

_ 0 0 1
N¢0 = u {Y¢6 + aK(YO - Y¢)(YO KB¢ + B¢ ) 1,
Moo= o { 1+ KRG, -y +2ay, K& D)) (2.111)
$6 o " Y¢l Py T 5 a¥g BB ) .
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Similarly, it can be shown that these expressions are dependent
only upon the UG component of displacement.

A consideration of the equations of motion, Eqs. 2.102, noting
the preceding discussion on dependencies, suggests a division of the
equations into two distinct groups. Reducing the equations to those of
a shell of revolution by means of Egs. 2.68, 2.103, 2.104, and 2.105 and
then substituting Eqs. 2.109 and 2.111 results in a grouping of five

equations dependent upon U, and W and a grouping of two equations dependent

¢
upon Ue. The equations of motion, grouped accordingly, then become
oN ‘ .
(a) —ias + kN, - Ny =Yg KQ, = oh[(1 + aK)u¢ - 20K H 5¢] ,
oM 9 )
() Jas + kM, - M¢) - Q¢ = poh [~ 2K H i, +1+g aK)Bq)], (2.112)
BQQ . K H .1
(c) Y kQ¢ + K(Ye N¢ + y¢ Ne) = ph[ (1 + aK)%W - 20 W
0 9 W11
+ 5 (1 + z oK) ] s
38
(d) | ———?as - kS¢ + Ky, Mo+ oy, M) -A = poh [~ 2K Hw
+(1 + % aK)wl - —g- oKH wll],
oT . ooh 9
(e) Jas "kT¢+K(Ye P¢+Y¢ P) =B =" [(l+§aK)W
18 1,9 15 .11
< ORHW + 5 a(l + == aK)¥ ]
and
Myo )
(a) el k(N(w + Neq)) - v, KQ = oh[(1 + oK), ~ 20K H 36],

(2.113)
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oM
(b) 00 em

_ _ . 9 ..
. + M8¢) - Q. = poh 2KH 4, + (1 + : uK)BO .

b0 6 0

Egqs. 2.112 describe torsionless axisymmetric motions since none
of the resultants or couples involved is related to the in-plane shear
stress which causes twisting. It follows that Egs. 2.113 govern purely
torsional motions since the in-plane resultants and couples contained in

these two equations are dependent only upon the in-plane shear stress.

2.5. Elastic Waves

In the context of this treatise, a wave will be defined as a
moving curve, propagatingon the shell reference surface at rest in its
undeformed position, across which there may be a discontinuity in some
field variable or in its derivatives. In this sense, a wave is a singular
curve with respect to the discontinuous quantity. A discussion of the

theory employed to investigate wave propagation under this definition can

(8) (19)

be found in the works of Hadamard s Truesdell and Toupin , and

Thomas(lg).

In a two dimensional space a propagating wave curve can be
described by

a, = ui(q, t), i = 1, 2 (2.114)

where q is a parameter along the curve and ass exists and is not zero.
The curve velocity in each coordinate direction with respect to the

parameter q being held constant is given by o, . However, in the three
ot
the wave curve sweeps out a

dimensional space with coordinates ai q
»

surface, Y(al, t). Quantities which are continuous everywhere on

OLZ,
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the shell reference surface, except on the wave curve, are continuous
everywhere in Gy t space except on the surface ?(al, Gy s t). Hadamard's
lemma states that any directional derivative in this surface of a function
w(al, az, t) can be written using the chain rule and one sided derivatives.
If + and -~ are used to denote quantities on opposite sides of the surface
then, with the aid of Eq. 2.114, the normal time derivative is defined to
be

+ 2o *  Ja

+
st ot L w2 a2
5t T da. 9t T da. 3t (2.115)

where the * quantities are one sided derivatives. 1In actuality this
derivative gives the rate of change with respect to time of the function
involved as seen by an observer moving with the frame of reference of the
wave curve and can be applied to quantities defined everywhere on the
reference surface or to those defined only on the wave curve. Thus, if
the function ¢ is any field quantity or one of its derivatives, Eq. 2.115
applieé across the wave curve.

If the field quantity w(ul, o t) on the shell reference surface

(m)

2’

is independent of the «, parameter and ¥ = 3" w/aalm, then employing

2
Eq. 2.114 gives Eq. 2.115 as

ﬁy‘m)i _ gyfm)i+ fﬁl_w(m + 1)z

st ot St > (2.116)
where, as was noted previously, Gal/éf is the velocity of the wave curve
in the direction of the oy coordinate curve.

This function can be written in terms of the parameters of the
reference surface of a shell of revolution, becoming ¥ (s, t) when arc

length is used as a reparametrization of the ¢ parameter curve. Eq. 2.116

then shows that, for functions associated with a shell of revolution and
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independent of the polar angle or © parameter curve, the direction of
wave propagation will be along the ¢ parameter curve reparametrized with
respect to s. In other words, the wave curve propagates along the
meridians of the shell with velocity independent of the polar angle since
the third term of Eq. 2.115 vanishes. Restricting the field quantity,
Y(s, t), to dependency only upon the ¢ parameter curve implies that the
wave curve will be a 6 parameter curve or a parallel curve.

(m)

The jump, or discontinuity, in ¥ across the wave curve is

quantitatively defined to be

™y = ym+ - (2.117)

E

where w(m)+ and w(m)— are the limiting values of w(m) as the wave curve

is approached from ahead and from behind the direction of wave propagation
respectively. The wave curve is said to be of order m with respect to
the quantity ¢ if [w(m)] £ 0, [w(k)J =0, k=0, 1, «o..m~ 1.

From the definition of the quantities involved it can be shown

that
(m) (m)

o vl _ rev

5T = 5 1. (2.118)

The kinematical conditions of compatibility, obtained by
manipulating Eqs. 2.116 and 2.118, are given by

[i__l]_i_(m):l _ I; n. (—G)n -k (Sk J:lll(n -k + m)J (2.119)

5l k=0 (n - k)! k! étk ? :

where G = Sul/ét, the velocity of propagation.
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Eq. 2.119 holds for all n and any order wave provided G is
constant, and in particular for n = 1 for first order waves and n = 1, 2
for second order waves if G is not constant.

Other restrictions on the possible discontinuities in the
derivatives~will result from a consideration of the equations of motion.
These conditions may be termed dynamical conditions of compatibility
since they depend on the dynamical equations which govern the behaviour
of the sﬁell space. When these dynamical compatibility equations are
combined with the kinematical conditions of compatibility,as given by
Eq. 2.119, important information concerning wave classification, speeds of
wave propagation, wave growth and decay, and coupling between various types
of waves, or discontinuities, is obtained. This theory will be applied to

shells of revolution in the succeeding chapters.




59

CHAPTER III

WAVE PROPACATION CONDITLONS

3.1. Analysis Procedure

The shells considered here will be shells of revolution which
will be subject to the linear shell theory developed in Chapter II. It
will also be assumed that all disturbances are axisymmetric and are
small so that the approximations of linear elasticity are valid. Under
these conditions the equations of motion given by Eqs. 2.112 and the
kinematical conditions of compatibility given by Eq. 2.119 are consistent
with the approximations being made.

The problem to be dealt with is the following. A curve,
singular with respect to a quantity of given order as defined in Sec,
2.5, is assumed to be propagating across the initially stationary and
undeformed reference surface of a shell of revolution. This singular
curve divides the reference surface into two regions in each of which
all quantities and their derivatives to whatever order required are
continuous and all these quantities have unique finite limits as a point
on the curve is approached from either side. The reference surface, and
therefore the shell space, remains continuous and there is no dis-
continuity in the surface normal at the singular curve or in any other
aspect of the surface geometry. The problem then is one of determining
the propagation conditions, or speed of propagation, of this wavé curve.

The equations of motion and the constitutive relations are
valid at each point not on the wave curve. In addition, each term in

these equations approaches a finite limit as a point on the wave curve
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is approached from one side since each can be written in terms of the
displacement functions, given by Eqs. 2.106, on the reference surface.
Therefore, by taking the jumps'in the equations of motion, the jumps or
discontinuities in the quantities occurring in these equations are
related to one anotherf If the constitutive relations are used to relate
all terms in the equations of motion to the displacements and the
derivatives of the displacements, then taking the jumps in the equations
of motion produces relationships involving the jumps in the derivatives
of the displacements. The kinematical compatibility equations can then
be applied to these jumps resulting in equations which will hopefully

be soluble for the speed of propagation of the advancing wave curve
relative to the material at rest in front of it.

As was noted in Sec., 2.4, in which the generalized constitutive
equations and equations of motion for a shell were reduced to those
applicable to a shell of revolution under axisymmetric conditions, these
equations are separéble into two uncoupled groupings, one dependent upon
the U¢ and W compoﬁents of the displacement and their derivatives and
the other dependent upon the US component and its derivatives. These
two groups will be kept distinct in the analysis of the problem outlined
above as it is to be expected that each will give rise to separate
discontinuity conditions across a wave curve. As was also pointed out
in Sec. 2.4, the first grouping above applies to torsionless axi-
symmetric motions, the second to purely torsional motions,

The problem to be investigated will be restricted to second order

axisymmetric displacement waves (m = 2), henceforth to be termed
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acceleration waves, for which the dynamical jump conditions are not
required. These conditions would have to be determined by the procedure

(18)

employed in Thomas involving the conservation of linear momentum
across a wave curve. Thus, the restriction to acceleration waves will

yield useful results without the complication of determining these

dynamical jump conditions.

3.2, Longitudinal and Normal Waves

Waves which are associated with discontinuities in the derivatives
of the U¢ component of the displacement will be called longitudinal waves
since the direction of propagation is along a tangent to the ¢ parameter
curve as is the direction of U¢. Similarly, the term normal waves will
be associated with waves dependent upon jumps in the derivatives of the
normal displacement component, W. The discussion in this section will

centre around the dynamical equations describing torsionless axi-

symmetric motions, Egqs. 2.112.

3.2.1. Longitudinal Waves

The problem of second order axisymmetric displacement waves as
governed Sy Egqs. 2.112 (a) and (b) will be considered in this section.

Employing the definition of a discontinuity, Eq. 2.117, and the
kinematic compatibility relations, Eqs. 2.119, it can be shown that

acceleration waves satisfy the following conditions

[w, 1 = [g,] = [s, = [8,1 = (6,1 = L8,



Wl = [l = O] = W] = ] = '] = i1 = ] -

]

6,0 # 0, [31 # 0 &1 # 0 '] # 0 '] 40, 6D

1
o

2
where  [31 = [E4, [1 - B4 . 3.2)
ds
All geometric functions on the deforming reference surface and
their first derivatives are continuous across the wave curve. This
"follows from the fact that the displacements are continuous across the
curve (there is no break in the reference surface) and their first
derivatives are continuous also.
Taking the jump in Eq. 2.112 (a) across a wave curve, assuming
that the material density remains constant as in the derivation of the

equations of motion and noting the above discussion, gives

ON '
It o+ k] - IyD - v xle] = enla + e[y, ] - 20 [B]]

(3.3)
Substitution of the three stress resultant-displacement relations,
Egs. 2,109 (a), (b), and (¢), and the appropriate strain-displacement
definitions from Eqs. 2.108 into Eq. 3.3 will result in an equation
involving the jumps in the derivatives of the displacement components
when Egs. 3.1 are utilized.

As an example consider the leading term in the jump of the

equation of motion being examined. To carry out the necessary manipulations,

first recall from Eq. 2.109 (a) that
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_ 2, o ) 1
N¢ = C{ (L -wv )a¢ + vl + \))(eO + w)
+ %—[ (1 ~ v2)€¢ll + vl + v)(eell - 2Y¢ lel)] (3.4)
1 11
+ aK(Ye - Y¢)(l - vz)(ye K£¢O + e¢ + %a-aye Ke¢ ) B

Differentiation of the above equation with respect to s and
then taking its jump, recalling that all geometric quantities and their
first partial derivatives with respect to s will be continuous for

acceleration waves and that the shell material is elastically homogeneous

yields
aN(b 2 o] ~ 0 ~1
[zrl=cta-vH e ] + va+vUde™] + 1)
3.5)
vl a-vy M+ va+wcEt - 2y xED]
2 ~ -1 9 ' ~ 11
toRlrg = v )@ =GR [ BT+ [e U1+ T5ayg REe," D3,

where the convention set up in Eq. 3.2 applies.

From the strain-displacement definitions giﬁen by Eqs., 2,108

€ 0 = Ei?- - y_ e [¢] = -ku - _\',!.
3 H
¢ Js Y¢ 6 ) Yo
) W 3.6
€¢ T 3s - ?—. ’ (3.6)
(p .
C 11 Wl C1 Wl .
= - , = ¥ _
¢ T4 6 Yo

Differentiating these relations with respect to s and then taking

their jumps gives
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~ 0 = 1 -~ ~ 0 ~ 1 r- ‘

€ 1= [uq)] - 7¢ w] , €q 1= - k[u¢] - 'Y—O[w:l ,

21 _rzoq 1 -1

€ ] [B<1>] v, v, (3.7)
[g¢11] _ i 417 , Eell] _ i !

However, in the case of acceleration waves Eqs. 3.1 apply and

the jumps become

[¢,°1 =[5, , 51 0,
(3.8)

e 11- 13

, 1, M= 0, I8 o

¢

Substituting Eqs. 3.8 into Eq. 3.5 and again employing Egs. 3.1

results in
281 = e[ a-v% [6,]+akery - v) @ = v) G K51+ [5,D] G.9)

By proceeding in the same fashion with the remaining terms in
Eq. 3.3 and then substituting the expressions obtained back into this

equation, it can be shown that

¢ [A - vHIE,T + oKy = v ) = v Gy KT+ [B,D] =

oh [(1 + aK)[u¢] - 20KH [é¢]]. (3.10)

The kinematic compatibility relations, Egs. 2.119, yield for

m = 0, n = 2 when applied to acceleration waves

[§~%ﬂ = ¢ [3]. (3.11)

ot
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Substituting into Eq. 3.10 for the two expressions of this type
and then collecting coefficients gives the final relationship between the
jumps in the derivatives of the longitudinal displacement components as

follows
[t -5 +cay, €A - vy - v,) = ph(l + ox)G% 1] [&¢]

tLeakl- vy -v) + zemknc’lE] = o (3.12)

¢

Taking the jump in Eq. 2.112 (b) across the wave curve results in
My - 9 T
Gel+k Bgl- DD - [ol=penl -2xuli I+ a+< a8 116.13)

Employing the stress resultant—displacement relations, Egs. 2.109
(b) and (c) alternating subscripts in (b) to obtain Me, the strain-
displacement definitions, Eqs. 2.108, and the conditions set by Egs. 3;1
gives the following results when the procedure outlined in the preceding

example is used

oM - ~ x
7221 = B LA - VOB, T+ Rag = 7)) = VAR, + Z avg K [B, 1)),
4,1 = Dol = [o1 = o. (3.14)

Substituting Eqs. 3.14 and the kinematic compatibility conditions

imposed by Eq. 3.11 into Eq. 3.13 yields the propagation condition

[BK (1 - vz)(y8 -~ y¢) + 2poh K H G2] [G¢]
(3.15)

+ [B(1 - v3) + %-B ayeKz(l - vz)(y8 -v,) - pah(l + %’aK)Gz][§¢] = 0,

Y4
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In order for a longitudinal wave curve to propagate Eqs. 3.12
and 3.15, the p?opagation conditions relating the derivative jumps, must
both be satisfied. This criteria results in a set of two simultaneous
homogenous equations in two unknowns. Since the equations are linear in
form,a nontrivial solution exists if, and only if, their coefficient
determinant vanishes. In other words, this new condition must be satisfied
if the wave curve is to propagate in the shell.

The determinant is given by

2 2
a;; ~ bt ajy T by,6
= 0 (3.16)
2 2
ayp Py C a5y 7 byyG
where
o 2 , 2., .2 _
a;; . < Cc(1 v)+CaYeK(1 ")(Ye Y¢) .
bll = ph(l + oK) ,
a = CaK(1l - vz)(Y -v,)
12 6 ¢’
b, = b,, = 20chKH, (3.17)
= BR(1 - vy, - v.)
a5 VI Grg = vy
_ 2 9 2, 2 _
3y = B(1 v) + 5 Bay, K°(1 v)(v0 Y¢) ,
b = pah(l + 3 oK)
22 5

Since all the quantities in Eqs. 3.17 are specified by the

geometry of the shell, the solution of the above determinant becomes an
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eigenvalue problem in G2, the speed of propagation being G. Expanding the

. S . . Lon2
determinant results in a quadratic equation in G~ given by

2
12)G + (a

— b..b.)GY =(

11P22 7 P1aPos byt

® 99 T 399Pyy Fapbyy F

2P a1P 11%22 7 212%1)
= 0 . (3.18)

Solving this equation for G2, that is the real roots, then gives
the speed or speeds with which a longitudinal wave curve will propagate.
The solution for the general shell of revolution involved here would
necessitate a prohibitive amount of algebra. For this reason the equation
will be left as such and solutions will be given in a later chapter for
specific shells of revolution.

The classification "longitudinal wave" arises from the fact that
the propagation conditions, Eqs. 3.12 and 3.15, involve only the relationships
between the derivative jumps of the components of the longitudinal
displacement. The jumps in the derivatives of these two components each
represent a wave curve.

Physically, the wave curve associated with the jump in G¢ can be
interpreted as a longitudinal strain acceleration wave as ﬁ¢ is the
longitudinal strain of the shell reference surface. Similarly, since B¢

represents a rotation of the surface normal in the longitudinal direction,

é¢ is the bending of the shell in this direction and the discontinuity in

TR

0 can be thought of as a longitudinal bending acceleration wave. These
two wave subclassifications propagate with the same velocity, as shown,and

are coupled by the propagation conditions. It should be noted that setting

one of the jumps equal to zero does not imply that the other also vanishes
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since the coupling depends upon the geometry of the shell under consideration.
As the coefficients of Eq. 3.18 depend upon the geometry of the

shell involved, this implies that the speed of propagation of a longitudinal

wave in this generalized shell of revolution depends upon the geometry of

the reference surface at each point and will vary as these geometric quantities

vary over the surface.

3.2.2. Normal Waves

The propagation of axisymmetric acceleration waves will be
considered within the framework of Egs. 2.112 (¢), (d), and (e) in this
section. The discontinuity conditions for acceleration waves as given by
Egs. 3.1 are still applicable here as is the discussion in Sec. 3.2.1. of
geometric functions, and their derivatives, on the reference surface.

The jump in Eq. 2.112 (c¢) across the wave curve is given by
L5571 - ko] + reyg [N 3 + v, [Ng1 ) = o[ + o) [4] (3.19)

- 20k ® [¥'] +g_‘- 1+ % ak) [i&“]]

Substituting the strain-displacement definitions, Egqs. 2.108,
into the stress resultant—displacement relations, Eqs. 2.109 (a) and (c)

with the subscripts interchanged in (a) to give N, and (c) differentiated

0
with respect to s to give 3Q¢/Bs, and then taking the jumps in these

quantities across an acceleration wave, for which Egqs. 3.1 come into effect,

gives
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[2—3@ = 0 LW+ 5 BT+ okry = v ) (rgk [+ ']
+ 35 evg K WD (3.20)
[Q¢] = [N¢] = vl = o.
The kinematic compatibility conditions, Eqs. 3.11, give
61 = ], [l = ¢2h1, w1 = PEil]. (3.21)

Substituting Eqs. 3.20 and 3.21 into Eq. 3.19 and then collecting

terms yields the propagation condition
2 2 z
o +wayg K5y, - Yy) = PRl + aK)G7] [w]
' 2 =]
+[ no K(y6 - Y¢) + 2pch K B 6] [w] (3.22)

@9 2 2y - ) 9 27 1511y
+L g + 5 watyg Ky, Yy) o7 b (1 + £ oK)G™] [ 7] 0 .

Employing the same procedure with Eq. 2.112 (d) and the applicable

stress resultant-displacement relations gives the propagation condition

[ieR(ry = v,) + 200h K H ¢?] %] (3.23)
9 2 2 9 2 <1
+{ pa + = Moy, K (Y6 - Y¢) - pah (1 + z oK)G™] [w]
9 2 9 2 24 (3117
+ [10 pa” K (Ye - Y¢) + 5 po hkKHG][&«"] = 0.

Again applying the same procedure to Eq. 2.112 (e) results in

the third propagation condition

9 2. 2 2 ak)G%] [w
by + Toreyg Klrg = v -y b L+ 5 a06"] [W]
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9 2 | 9 224 =]

+ [ oMo K(Ye - Y¢) % 5 P h KHG] [w] ' (3.24)
9 2,27 3 2 9 2 15 29rx11q _

+ [ o0 He + 78 MY K (Ye - Y¢) - 59 PO h(l + 7 aK)GIE "] =0 .

The three propagation conditions relating the jumps in the
derivatives of the normal displacement components, Eqs. 3.22, 3.23, and
3.24, must then be met in order to have a normal wave propagating in the
shell. This gives rise to a system of three linear homogenous equations
in three unknowns. As in the previous section the result is an eigenvalue
problem in G2 since the coefficient determinant of the system must vanish
in order to have nontrivial solutions.

The determinant can be set up as follows

2 2 2

ajy = b€ ajp + by,C ay3 = ;46
2 2 2

a5, + b21G a5y = b22G 2y, + b23G = 0 (3.25)
2 2 2

aqp = bg;C agy + bg,G 833 = b330

where

a = +pa K2( -Y.)

b11 = ph(l + oK) ,

a;, = uo K(Ye - Y(b) ,

b12 = b21 = 2pah KH ,

e .9 2 2
b = b = & h (1 +2 oK)

13 31 ) 5 ’
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a,; = UGK(YO - Y¢) s
a,, = wa +—g—ua2Ye }(2(’y6 - Y(b),
b.. = poh(l +2 oK) ,
22 5
8, = o5 ualK(y - vy (3.26)
b23 = %-pazh KH,
ag; = pa/2 +-%511a2Y6 KZ(Y6 - Y¢) s
ag, = %6 uaz R(vy - Y¢) ,
by, = -g-poczh KH,
8,4 = %B'UGZ + %%'“a3Ye K2(Y6 - Y¢),
b33 = ga-pazh (il+ %§~aK)

. . . . . . X 2 .
This determinant will yield a cubic equation in G~ upon expansion,
the real roots of which will be the propagation velocities of a normal
wave curve in a shell. This cubic can be solved by computer for specific

(19)

shell geometries » the algebra involved in the general case again being
prohibitive. |

The general classification "normal wave' is applied to all three
derivative jumps in the three propagation conditions since they are all
components of the normal displacement at a point in the shell space. Each
of these derivative jumps is itself a wave curve. All three will propagate
with the same velocity. This velocity, GZ, is a fun;tion of the shell's

reference surface geometry as the coefficients of the cubic equation are

real-valued functions of this geometry.
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These three normal displacement waves can be further subclassified
if they are examined in a purely physical sense. W represents a rotation
or shearing strain in the normal direction allowing an interpretation of
the jump in its second derivative, [@], as a normal shear strain acceleration
wave. The quantity wl is the strain at a point on the reference surface
in the normal direction. The jump [él] can then be thought of as a normal
strain acceleration wave. Difficulties are encountered with the third
component of the normal displacement, wll, since its physical interpretation
is not clear. w11 is the change in the strain in the normal direction and,
as such, its derivative jump, [éll], will be taken as an acceleration wave
represenﬁing this quantity.

As can be seen from the propagation conditions, one of these
normal waves may propagate alone or it maj be coupled to waves of the other

two types depending upon the geometry of the shell being considered.

3.3. Transverse Waves

The problem of second order axisymmetric displacement waves will
be considered in relation to the equations describing purely torsional
motions, Egqs. 2.113, in this section. The term transverse will be applied
to motions perpendicular to the direction of propagation of the wave cur&e
and tangential to the reference surface. Since the direction of wave
propagation in a shell of revolution is in the direction of the ¢-parameter
curves, a transverse motion will be in the direction of the 6-parameter
curves. Acceleration waves governed by these transverse motion equations
satisfy the following conditions as can be seen from the definition of a

second order discontinuity.



[w,] = [3,] = [g,]

|
™
™
[
(-}
I
(]
“

x = (3.27)
[ue] # 0 ’ [86] # 0 .

where the definition, Eq. 3.2, is employed.

The kinematic compatibility relations, Eqs. 2.119, give for

. 2 =z . 2 e '
[ugd = 6" [ud, [E1 = ¢ [B]. , (3.28)
The discussion in Sec. 3.2.1. on the continuity of the geometric
quantities on the reference surface and that of their first derivatives

across an acceleration wave curve is also valid here. The jump in

Eq. 2.113 (a) across a wave curve is then given by
BN, o
_ N _ _ . A .
[52] - x (INyd + DNy D = vy K[QT = ph[(1 + aB)[§,] (3.29)
- 20K H [ée]];
The stress resultant-displacement equations, Eq. 2.109 (c) with
6 substituted for the ¢ subscript and Eq. 2.111 (a) differentiated to give

8N¢e/as and subscripts interchanged to give Ne , are written in terms of

¢
the reference surface displacements using the strain-displacement definitions,

Eqs. 2.108. Taking the jumps in these quantities and then applying the

conditions for an acceleration wave, given by Egs. 3.27, yields

it

ullugd + ok(vg = v,) Gy K51 +[3, DT (3.30)

] = [Nl = [g] = o
Substituting these relations into Eq. 3.29 and using the kinematic

compatibility relations, Eq. 3.28, gives the propagation condition



Tl
[+ way, K¢y, - v.) - ph(L + ax)6?] [4 ]
0 o e 0 (3.31)

+ [ uaK(YO - Y¢) + 2poh K H GZJ[EOJ = 0.

Taking the jump in Eq. 2.113 (b) and proceeding in the same
fashion with Egs. 2.109 (¢) and 2.111 (b) yields the second propagation

condition as

DiaK(ye - v.,) + 2pch K H G2] [GG]
¢ (3.32)

9 2 .2 9 29 1% 7 L
+ Lua + Sua’y, Ko(yg - Yy) = poh(l + 5 oK)G 108, = 0.

A transverse wave will propagate if, and only if, these two
propagation conditions are satisfied. As in the previous section, Sec. 3.2,
these two linear homogenous equations in two unknowns lead to an eigenvalue

. 2
problem in G™,

The eoefficient determinant is given by

2 2
a5) = b6 ajp * by,6

) 5 = 0. (3.33)
391 T PyC 399 ~ Pyl

where
a = u tuay, K(v, - 7,)
11 6 3] o7
b11 = ph(l + oK) ,
a9 = 8y = uocK(Ye - Y¢) s (3.34)
b12 = b21 = 2p0h KH,
- 9.2 2 -

8yp T watguaTyy Kilvg = ¥,)

- 9
b22 = pah(l + 5 aK).
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Expanding the determinant gives Eq. 3.18 where the coefficients
are given by LEqs. 3.34 above. The real roots of this quadratic will be
the velocities with which a transverse wave can propagate in a shell of
revolution. As in Sec. 3.2 this velocity will be a function of the shell
geometry for the general case being considered.

Since the derivative jumps in the propagation conditions involve
only displacement components in the 6 direction, the classification
"transverse wave" is employed. Both waves represented bybthe two derivative
jumps will propagate with the same velocity, that given by the eigenvalue
problem. These two derivative jumps can be further subclassified. The
quantity ﬁe represents the in-plane shear strain-on the shell reference
surface. The jump in its derivative, [;6]’ corresponds to a transverse
shear strain acceleration wave in this sense. B, represents

0

the rotation of a normal to the reference surface in the direction of

the 6-parameter curves or parallel curves. Its first derivative, B can

6?
then be thought of as a twisting in the longitudinal direction and the
discontinuity in its second derivative, [ée] , corresponds to a transverse
twisting acceleration wave. As in the cases of longitudinal and normal

wa&es the propagation conditions govern whether or not one wave is capable

of propagating independent of the other. As was noted previously, this is

dependent upon the geometry of the shell.
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CHAPTER IV

GROWTH ~ DECAY EQUATIONS

4.1. Analysis Procedure

As in Chapter III the shells investigated in this chapter will
be shells of revolution subject to the restrictions of the small dis-
placement shell theory developed in Chapter II. Again axisymmetric
displacements only will be allowed. Therefore, the equations of motion,
the constitutive equations, and the kinematic compatibility equations of
Secs. 2.4 and 2.5 are also applicable here as they were derived in
accordance with these conditions.

In Chapter III the problem of a second order singular curve
propagating across a shell reference surface was analyzed so as to
determine the.types of displacement waves which may propagate, information
concerning coupling between the various wave modes possible, and the
velocities with which these modes propagate. As was seen, the propagation
conditions separated into three distinct systems involving seven possible
wave modes, each system yielding velocities of propagation from the
solution of an eigenvalue problem. Additional information dealing with
the coupling between wave modes and the growth or decay in the dis-
continuities in the displacement derivatives across the wave curve can
be obtained by finding the equations‘which govern the change in magnitude
of the discontinuities with respect to time, that is, the total time
derivatives of the jumps.

As was noted, the equations of motion and the constitutive

relations are valid at each point in the shell space not on the wave
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curve and each quantity in these equations approaches a finite limit on
each side of the curve. Differentiating the equations of motion with
respect to time and then taking the jumps in the resulting equations across
a wave curve yields relations involving the discontinuities in the partial
time derivatives of the stress resultant quantities in the equations of
motion., Substituting the constitutive relations in order to relate all

the stress resultants to the displacements and taking the indicated jumps
gives relationships governing the jumps in the partial time derivatives

of the displacements and their arc length derivatives. Restricting the
possible discontinuities to those of acceleration waves and employing

the kinematic compatibility equations results in the required growth-

decay equations. Making use of the wave velocity information and the
propagation conditions contained in Chapter III gives the final growth-
decay equations. The equations, in this form, give the desired information
concerning the coupling of acceleration waves to higher order waves and

the governing differential equations of wave strength variation.

Again, the analysis of the problem will be split into two
distinct categories as dictated by the separation of the equations of
motion. It is to be expected that the equations describing torsionless.
axisymmetric motions and those describing purely torsional motions will
result in two systems of growth-decay equations which are independent of
each other. Only acceleration waves will be considered in order fo
remain consistent with and to make use of the results of Chapter III.

The kinematic compatibility relations, given by Eq. 2.119, are

valid for second order waves with n = 3 only if the propagation velocity,
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G, is a constant. This fact must be accounted for in any applications

of the growth-decay equations as the eigenvalue problems of the preceding
chapter yielded wave speeds, in the generalized case, which were
dependent upon real-valued geometric quantities on the shell reference
surface. This would imply that these speeds are nonconstant for the
generalized shell. As a result the growth-decay equations of this
chapter will be applicable to shells of revolution whose propagation

velocities are constant for the wave modes involved.

4.2, Longitudinal and Normal Waves

The growth~decay characteristics of second order axisymmetric
displacement waves will be discussed in this section within the framework
of the equations of motion describing torsionless axisymmetric motions,
Egs. 2.112. These equations gave rise to propagation conditions involving
only the longitudinal and normal components of the displacement, hence the
classifications. The longitudinal and normal acceleration waves which
will be encountered in the ensuing analysis satisfy the conditions set
down in Egs. 3.1 which were derived from the kinematic compatibility
relations and the definition of a second order jump. The physical inter-
Pretations attributed to each longitudinal and normal wave mode in Secs.
3.2.1 and 3.2.2 are also carried over to this chapter.

Before proceeding any further it is appropriate to wrige down
the kinematic compatibility relations which will be employed. Second
order and third order relations will be required applicable to acceleration

waves. Eq. 2.119 gives form =1, n = 1
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[4,0 = -c[§1, [3] = -c[B1, [¥ = -cla],

[ = -o[#'], [#'1 = -o[&''] . .1
Form= 2, n=1

(6,0 = -o[d] + &80, 05, <lh] + &[5,

[# 1= -c[il + %;[@], #1 = o[ o+ Lqet1, (4.2)
(Al o ety 4 g_t[%n]

Form = 0, n=3

[, = 8,1 + 36 &£ [5,1, [B] = -6°[8,] + 36® $-[3,1,
W] = -O[F] + 3¢® S [81, W1 = -°[F1 + 3¢* & [#,
] = M+ 3e® &0, (4.3)

where G is restricted to a constant value.

The first growth-decay equation is derived by applying the
procedure outlined in Sec. 4.1 to the firs£ equation of motion, Eq. 2.112
(a). A consequence of the small displacement theory that is being
utilized is that all geometric quantities and their derivatives defined
on the shell reference surface are those of the undeformed surface.
Therefore, these quantities are functions of position only and afe
independent of time. Differentiation of Eq., 2.112 (a) with respect to

time, making use of the preceding information, gives
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2 : 3
3N N N 2Q 2 u
9 5 _ 9 - —¢ ¢
stos T KO3T 5t ) Yok 3% ph[ (1 + ak) e
338
- 26K H ———_?3—] . (4.4)
. ot

Taking the jump in this equation across a wave curve, recalling
that for acceleration waves all geometric quantities on the reference

surface are continuous across the wave curve since there can be no break

in the shell, gives

aN ,
221+ k(@] - [§,1) - vgk[§,] = en [Q +aR)[]

- 2aK H [é;]], (4.5)

where the dot denotes partial time differentiation of the quantity.

Employing the appropriate constitutive relatious as given by
the stress resultant-displacement equations and the displacement definitions,
Egs. 2.109 and 2.108 respectively, then makes it possible to express
Eq. 4.5 in terms of the jumps in the displacement derivatives alone. The
easiest method of doing this is to proceed term by term in Eq. 4.5 making
the required substitutions, taking the indicated jumps, applying the
acceleration wave conditions and kineématic compatibility conditions, and
then substituting back into Eq. 4.5.

Differentiating the expression for N,  given by Eq. 2.109 (a)

¢

first with respect to arc length and then with respect to time and taking

its jump yields
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.0

d€ €
BT o+ v+ (G2l o+ D

21 = cCa-v

: 11 ae 11

a3
SLa =D Lt 1+ va+ndgt 1- 2 1D @6

1 . 11
5¢° d€
oK@y, - ¥, (A = v (Rl [ ¢ 1+ 25 av k=t 1 1.

Performing the operations indicated on the displacement
definition terms in the right hand side of the above equation with the
aid of Egqs. 2.108, the acceleration wave conditions given by Egs. 3.1,
and the kinematic compatibility conditions given by Egs. 4.1 and 4.2

results in

Bé O . . W a ~ 6 - ~
521 = 8,0 - vok[¥] + 5 [§,7 = 6[8,1 + ¢ [6,1 + v x o[#] ,
Y
aéeo . . .1 -1
35 1= kel I+yxelwl, - [¥] = -d&] ,
. 11
.11 o€
e 7= 1R el et 1=vx o], .7
o8
+11 -1
B = - e '],
e d=-¢ B ]+ 7 81 + verelE].
Substituting these relations into Eq. 4.6 gives
aN
4] =c{ a-vHe o[3, 1+ % £ [3,1+ v,k c[&D)
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+ v(l + v)(k G [ﬁ¢] + vy KG[#] -6 [%l]) (4.8)

¢

+ % (1K@ = VD)6 + 3y k@ + v)6) [#1]

¢

+aklrg = v ) = V) v KG 6 8,1+ g7 [6,1+ vk 6 [¥])
-6 [ 1+ g 1+ v o 8T+ fp e ¥ o 1)

Differentiating with respect to time the expressions for N¢,
Ne, and Q¢,given by Egs. 2.109 (a) and (c) with subscripts interchanged
in (a) to give Ne,and following the procedure just outlined will yield

the following results

[ﬁ¢] = c[-a-vhe [ﬁ¢] +ooRQr = v A - v2) (- YK G[ﬁ¢] -G [§¢])] ,
[ﬁe] = -Cv (I +v)G [a¢] o (4.9)
[0,] = w -6 [F] -5 [#"]+arty - v,) ¢ v,k G[#] - o[d"]

=11
- ek e [MDh1

Substituting these terms, as given by Egs. 4.8 and 4.9, back
into Eq. 4.5 and making use of the third order kinematic compatibility
relations given by Egs. 4.3 results in a growth-decay equation involving
the displacement derivative jumps oniy. Upon collecting the coefficients

of the jumps the equation can be written as follows

[-0 @ -vHa +arkiorg -v)) + end + a6l [3,]
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2 2 %
+Ck (1 -v)Q + Y K (ye - Y¢))G [u¢J

+ [ c@ - vz)(l + aYg Kz(ye ~'y¢) ~ 3ph(l + aK)Gz] §E~[ﬁ¢]

[ cox (ye - Yq))(l - \)2) + 2p0h K H G2] G [§¢] (4.10)
+ CkaKlyg - v, ) (1 - w6 [B,]+ cakey - v, =5

24 & z
+ 6poh K H G“] EE[%]

+

[©a =% +1) vy K Q@+ ary K2rg = 7)) + Oy, k(@ + v 1e[]
2 2 z1
+ [ =ov@ +v) + oy Koy, - ) (€U - v+ [7]

[cd - vY) +u) %YSK(l +-59-0we K?‘(Ye -y, )

-+

¢

+3¢C %‘Y¢ Kv(d +v)]c [%11] = 0,

It is now possible to derive four additional growth-decay
equations involving arc length derivative jumps in the components of the
longitudinal and normal displacements by utilizing the four remaining
equations of motion in conjunction with the method which was employed for
the first equation. All four of the equations obtained contain terms in
the five displacement components as does the equation above. These

additional equations are found to be .
., 2 2 z 2 x
- [ BK (Ye - Y¢)(l - Vv7) + 2pch K H G7JG [u¢] + BkK(Ye - y¢)(l - viela

]

+ [ BK (vg - y¢)(1 - v2) + 6pah K H G2] %E [ﬁq)



-84

# =80 -vHa+ 2 ey Ky - ¥,)) + pah(l + 2 a6’ ] [éq)] (4.11)

B = v+ g avg Koy - 7,006 [5,]

+ B0 - vHA+ Fary Koy - v,)) - 3pah + 2 a6?] & B ]

+ [BA - v) +ua)y, Koy, - v,) +ule [6] + [syg k@ - vHya + 2

@Yy KA Crg = 7,))

)

+ 2 By Kv(l + v) +uocK(Ye - Y¢)JG [511] + [- Bv(l + v) +-lg-6ocYe KZ(Ye -y

¢ ¢

B - v2) +pa) + w2l eli™] = o.

- L@ - vH) + vy K+ oy, Ky - Yp)) F Oy kv + )16 [§]

¢
- L@ - v + werg K - vy +ule [R]
+ [ -w - woy, Ky, - Yy) +oh(l + w6l [4]
FRu(l 4oy, Ky, - )6 Lol + [+ uayg Ky, - Yy) = 3oh(l + 0x)C”]
$ 3
= [#]
- [va Ry, - Y,) + 20ch K H ¢*Je [&'] + x HaK(yg = 7,)6 [5']
+ Luek(y, - Yy) * Gpah K H %] % [#'] (4.12)

o 9 2 2 a 9 24, r311
+[-ug - To Mo Y K (rg = ) +p3 b + 5 aK)G7]6 [¢77]
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9 2 2 =11
Ly + g kuelyy Ky - v )16 [5]

2 2 =11
s g+ Tgualyy oy - v - 3% @+ 2wl L= 0,

[ - ovy Kt =76 + e - v + oo +vH] 6 4]

- Lo kG -y 6+ g8t K2A VDA 4w - oo - VD)

By, Ky (4 w2+ By, K(1 - vAHa + wle [§¢]

- [uo Rlyg - y¢) + 2pah K H G2]G [%] + oKy, - Y(p)c; [%] (4.13)
+ [ue K@yg - Yy) * Gpoh K H ¢’ %t— [#] + [ -ue - %UOLZYG KZ(Ye = Yy)

+oah(l + g ak)67]6 [#1] + [lua + § la’yg K2y = 1,276 [']

9 2 2 . 9 2 [ ~1
-+ DJa + B 1) Ye K (Ye - Y¢) - 3pah(1 + 5 aK)G ] St [W ]

9 2 9 2 2 3 2 211
‘[EUGK(YG—Y(b)'*‘gDOLhKHG]G[ ]+10kua K(rg = ¥, vy )6 [% 7]
+ [ -?—O-uazK(ye - ) +£7— p0L2h KHG ] [~1l] = 0.
2 9 2
- [(u%‘ye K + ByeK(l -V A A+ 200U + 7 ay Ky, - Y¢)) + BY¢K\)(1 + v A+ 2v)

- BK v(ye - Y¢)(l - vz)]G [ﬁ¢]
+ [ - u%- - %'aye KZ(Y6 - Y¢)QJ %- + B(1l - vz)(l + 2v) + Bv(l - vz))

+ Bu(l + vD)]c [E¢]
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9 2 2 9 24 iz
+ [ - u%- - T MY, K (ye - y¢) + p%-h (1 + g-aK)G Je [¥]
+[ep + 2k cx2 K¢y -y le [#]
us 1o kHo vy Koy = v,
9 2 2 5
+ [ u% + 10 % Yg K (Ye - ) - 302 h (1 + "OLK)G ] [W] (4.14)

9 2 9 2 2 =1 9 2 ~1
—-[mua Ky, —Y¢>+gpahKHGJG£wJ+1—O—m Ky, —Y¢>G[vv]

9 2 27 2 2468 =1
+ [ 1o Mo K(_Ye - Y¢) + T pa h KHG] EE- W]

9 2 27 3 2 9 15 z11
[ - 20 MO T Sg HaTY, K (Ye - Y¢) + o 50 P h(l + 7 aK)G ]G [% 7]
9 2 27 3 2
+[20ku0t +§‘§kuot‘YeK(Ye" )]G[W ]

9 2,27 3 2 :
[ Zgue” +3gue’yg Kl - v, v) - 25 eah (1 + 22 ae’] &[] = 0 .

These five equations then are the growth-decay equatiéns for
torsionless axisymmetric acceleration waves. It is advantageous at this
point to examine the Egs. 4.10 to 4.14 inclusive with reference to the
propagation conditions and possible wave velocities of Secs. 3.2.1 and
3.2.2. As was shown in these two sections longitudinal and normal
acceleration waves had separate propagation conditions which were uncoupled
as opposed to the coupling of modes which has occurred in the growth-decay
equations. Since the eigenvalue proplems for the determination of the
propagation velocities of the two types of waves were separate because
of this, it is a valid assumption,as will be seen later, that these
propagation velocities will also be distinct as an inspection of the
coefficients involved in the two problems will verify. This implies that

a longitudinal acceleration wave cannot be accompanied by a normal
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acceleration wave.

Taking Eq. 4.10 into consideration, if the wave propagating
in the shell is a longitudinal acceleration wave for which the propagation
conditions, Eqs. 3.12 and 3.15, will permit both longitudinal strain and
bending waves to propagate together, then the derivative jumps in the
normal displacement components will vanish. The result is a differential
equation governing the variation in wave strength of both longitudinal
strain and bending acceleration waves and involving third order jumps

in each of the modes. The equation would appear as follows
2 2 2 %
[ -cQ -vHA+arg Ky - 7)) +eh0 + aK)GTIG [u¢]

+ Ck(l - v2) (1 + g KZ(Ye = 7,06 (6,1 + [ca - vya + oy K2(Ye =7y

!

3ph(L + oK)6”] 57 [4,]

~

2 = =
- [ cor(yy - Yy (L = V) + 2p0h K H ¢%lc [e¢3 + CkoK(y, - Y¢)(1 NEY [B¢]
2 29 & x
+ [ CaK(Ye - Y¢)(1 - v°) + 6pah K H G7] EE-[8¢] = 0 . (4.15)

Under the same conditions the growth-decay equation, Eq. 4.11,
yields a second differential equation relating the same wave modes as the
above equation. An inspection of the coefficients of the third order |
discontinuities in Eqs. 4.10 and 4.11 reveals that they are identical to
the coefficients of the corresponding second order modes in the iongitudinal
propagation conditions, Egs. 3.12 and 3.15. The assumption that a third
order jump in a displacement component propagating with a second order jump
in the same component is subject to the same propagation conditions as the

second order discontinuity leads to the elimination of the third order
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modes in Eqs. 4.10 and 4.11 when longitudinal acceleration wave conditions
are applied. This results in a system of two simultaneous differential
equations which will hopefully be soluble when the propagation velocity,

as determined in Sec. 3.2.1, is substituted. This solution will be a
measure of the variation in magnitude of a second order longitudinal strain
or bending wave as it propagates. Again the solution will have to be
limited to specific shells of revolution as the generalized case becomes
algebraically prohibitive for the advantage to be gained.

The remaining three growth-decay equations form a system of three
simultaneous differential equations involving the second order Jumps in the
three normal displacement components when the conditions for the propagation
of normal acceleration waves are applied and the assumption concerning the
propagation of third order discontinuities with their corresponding second
order discontinuities is invoked. Longitudinal acceleration waves would
not be associated with the wave curve in this instance. The solution to
these equations would govern the stréngths of normal strain and normal
shear strain acceleration waves as well as that of the wave associated
with the normal strain rate in the normal direction.

Application of the longitudinal and normal acceleration wave
conditions to the growth-decay equations as dictated by the respective
propagation conditions thus yields two separate systems of partial
differential equations. Reversing the procedure employed to obtéin these
equations, setting longitudinal acceleration wave jumps equal to zero in
the first two growth-decay equations and the normal acceleration Jjumps
to zero in the last three, gives some interesting results. Again using

Eq. 4.10 as an example, it becomes
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[ - e - v)a + oy, K2y - v,)) + ph(l + oK)G’] [3,]
- [ CaK(ye - Y¢)(1 - v2) + 2pah K B G2] [§¢] (4.16)

+[ i -vH + W)yg K (1 + ayg KZ(Ye =¥y Oy, Kv( 4 v)1 [#]

¢

- v+ v +arg Ky - v e - vA) + w1 L'l + [ea - vA) +w)

2 N
%—Ye K(1 + %—aye K (Ye - Y¢)> + 3G %‘Y¢ K (1 + v)] [Wllj = 0.

It can be seen from this equation that normal acceleration
waves are accompanied by third order longitudinal strain and bending
waves. Substituting the propagation velocity for these acceleration waves
and the growth-decay solution equations governing the strength of the
normal displacement jumps into Eq. 4,16 will give an expression regulating
the strength of these two third order longitudinal modes. Eq. 4.11, when
subjected to the same analysis, yields a second equation coupling the
third order longitudinél jumps and the normal acceleration waves resulting
in a simultaneous system of two equations in the two third order quantities.
Thus, the magnitudes of these jumps may be found as functions of the
normal wave.strengths.

Applying longitudinal acceleration wave conditioﬁs to Egs. 4.12;
4,13, and 4.14 shows that these acceleration wéves are coupled to third
order normal waves. Again a system of equations is obtained, this time
three equations governing the three third order normal displacement waves.
The solution of this system will then yield these third order normal modes

as functions of the longitudinal strain and bending acceleration waves.
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4.3. Transverse Waves

The growth-decay problem will be dealt with in this section
under the auspices of the equations governing purely torsional motions,
Eqs. 2.113. As was seen previously, the terms in these two equations are
dependent only on the transverse components of the displacement and, as
such, resulted in propagation conditions for a second order singular curve
involving only acceleration waves with respect to these two quanﬁities.
These transverse acceleration waves are subject to the conditions of
Egs. 3.27 as well as to the physical interpretations of each of the two
discontinuities given in Sec. 3.3. The analysis procedure employed here
parallels that of Sec. 4.2 for longitudinal and normal waves, restricting
the problem to second order axisymmetric wave curves only.

For second order singular curves, the kinematic compatibility
relations, Eq. 2.119, yield the following second and third order conditions.

Form=1, n=1

[6,] = -cl&1, [8,1 = -clf]. 4.17)
Form=2, n=1
(6, = -c 81+ 080, [B] = -clsd+ S [R]. 4.18)
Form =0, n=3

[6] = - ¢ [§,]1+3¢” &8, , [61 = -¢ [B,1+3¢” 2L8,1.4.19)

Applying the analysis procedure, as explained in Sec. 4.1 and

utilized in Sec. 4.2, to the first equation of motion, Eq. 2.113 (a),
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results in a growth-decay equation governing transverse shear strain and
twisting acceleration waves. The previous discussion involving the time
dependency of geometric quantities and of their derivatives on the shell
reference surface and the continuity of these functions across wave
curves is also applicable in this section. Differentiating Eq. 2.113 (a)
with respect to time and then taking its jump across a singular curve

gives

o . : :
[551 - & @1+ 08 D - v, ¥4] = enl (1 + o) [y

- 20K H ['ée]J (4.20)

By utilizing the constitutive relations as given by Egs. 2.108
and 2.109, the acceleration wave conditions as given by Egs. 3.27, and
the kinematic compatibility relations as given by Eqs. 4.17, 4.18 and
4.19 the above equation can be shown to be a growth-decay equation
relating the transverse displacement derivative jumps only. Eq. 4.20 then

becomes
2 29 3 N
[ -u - oy Ko(yg - Y¢) + ph(l + aK)G“]G [ue] + [ku + kiay, K2(Ye - Yd))JG[Ue]
+[p+ K2(y. - v.) - 3ph(l + aK)G?] S [&.] 4.21)
w ot oy, Yo T Yy P a 5T LUg .
- [ ua Rlyg = v,) + 2o0h K 1 6°J6 [§] + k wak(yg = v,)6 [B,]
+[ ua Ky, —v.) + 6pah K HG] S [8.] = o
Yo 7 Yy P st “"o :

The remaining equation of motion results in a second growth-

decay equation involving the second and third order modes of the preceding
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expression when the same procedure is employed. This equation is given

as follows

[ po K(Ye - y¢) + 2pah K H GZJG [66] + k uaK(ye - Y¢)G [ﬁe]
24 8 ~
+[paK(ye -y¢) +6puhKHG]-6-—t—[ue]
+ [ - po - -g—uoczvg KZ(Ye - vy) *+poh(l + -59- oK) GZ G [ée] (4.22)

9 2 2 =
+ [ kpa + T kuayg Koy, —Yq))]G [8,]

.

2 2 24 8 P

Eqs. 4.21 and 4.22 are then the growth-decay equations for
axisymmetric tranéverse acceleration waves. The assumption that the
propagation of third order jumps propagating with their corresponding
second order jumps is governed by relations identical to those governing
the propagation of the second order discontinuities in combination with
the propagation conditions for transverse waves, Eqs. 3.31 and 3.32,

allows Egs. 4.21 and 4.22 to be rewritten as follows

)

2 ~ 2
[ kp +k Hoy, K (Ye - Y¢)]G [u9] + [+ Hayy K (Ye - Y¢

- 3ph(1l + aK)GZJ %E' 66]
+ kpa Ky, - Y400 [ée] + [wa Ky, - Yy) * Gooh K H 6*] g; [Eej =0,
k ya K(ye - Y¢)G [ﬁe] + [ ua K(Y6 - y¢) + 6pah K H G2] %E-[ﬁe] (4.23)

9 2 2 2
+ [ kua + Shie’y, K (vg - Y¢)]G L8]
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- 9 2 2 9 24 8 P
+ [ po + T ROV K (Ye - Y¢) ~ 3pah(l + g-uK)G ] 52'[86] = 0 .

The solution to this system of two simultaneous differential
equations, obtained after the speed of propagation as found in Sec. 3.3
is substituted, will govern the variation in strength of the transverse
shear strain and twisting acceleration waves. This solution will have to
be limited to specific cases as the generalized case dealt with here
becomes overly complex algebraically. As can be seen, transverse waves

are completely uncoupled from all longitudinal and normal modes.
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CHAPTER V

EXAMPLES

5.1. Introduction

The propagation and growth-decay problems which have been
discussed, employing a high order linear theory of shells, have dealt
with a second order singular curve propagating into the stationary
unstrained reference surface of a shell of revolution. Due to the
orthogonality of the coordinate system being employed and the axial
symmetry of the problem, this singular curve, as was seen, propagates as
a circle of latitude in the direction of the shell meridians. The
propagation conditions for this curve resulted in eigenvalue problems
involving the velocities with which the curve may propagate, depending
upon which displacement quantity the curve is singular with respect to.
The propagation velocities were required in the solution of the partial
differential equations arising from the growth~decay problem. The growth-
decay equations for the curve gave relations governing the variation in
magnitude of the displacement singularities as they propagate and cdupling
these second order singularities to third order singularities. As was
pointed out, the solutions to these two problems would be extremely
cumbersome to obtain for the generalized shell of revolution. It proves
to be advantageous to choose one or ﬁwo specific cases in order to
facilitate further discussion in these areas. The example which yields
the simplest and perhaps most significant results is that of the conical
shell of revolution. The spherical case will also be employed whenever

it is thought to be of interest and does not become overly complex in
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comparison to the conical case. The propagation problem and the growth-
decay problem, each involving all three wave classification types, will

be kept separate in the ensuing analysis.

5.2. Geometry

The reference surface of a conical shell (Fig. 5.1) is
geometrically flat since its principal curvature in the direction of a
meridian, or s-parameter curve, is zero. Employing Eq. 2.105, the
Gaussian curvature then becomes

1
= — = 0, : (5.1)

For a spherical shell,(Fig. 5.2), with a reference surface of
radius y, the principal radii of curvature, recalling the results of

Sec. 2.1.2 (f), are both equal to this radius. Therefore

K = =, : ‘ (5.2)

5.3. Wave Propagation Conditions

This section will deal with the solution of the eigenvélue
problems of Chapter III for longitudinal, normal, and transverse waves
for conical shells and with the solution for longitudinal and transverse
waves in the spherical case.

The conditions which longitudinal waves must satisfy in order
to propagate are given by Eqs. 3.12 and 3.15. The eigenvalue problem

associated with these conditions is given by the quadratic equation,
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Fig.5.2 Geometry of a Spherical Shell
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Eq. 3.18., Substituting Eq. 5.1 into the coefficient relations for the
determinant, Eqs. 3.17, and then employing the results in the quadratic
gives, for a conical shell,

pzoch2 G4 - 2Cpah(l - \)2)G2 + Cza(l - \)2)2 = 0 . (5.3)

The solution to this equation may be found using the quadratic
formula and can be shown to consist of one root

2 _ cd - vz)

G oh "

(5.4)

Thus, both longitﬁdinal strain and longitudinal bending
acceleration waves propagate with this characteristic velocity in a
conical shell. Since the material density and the shell thickness were
assumed constant, as well és the material.being elastically homogeneous,
the wave speed is a constant. A consideration of_the propagation
conditions shows that they are both identicaliy satisfied and that the
two wave modes are uncoupled allowing one to propagate independent of
the other.

The normal wave problem is more complex due to the presence of
threé simultaneous equations which give rise to a cubic equation in the
propagation velocity. However, for a cone the solution simplifies

considerably as the associated determinant, Eq. 3.25, appears as follows
2 T 2
W = ph G 0 5 (- ph G67)
2 | .
0 a(u - ph G7) 0 . = 0, (5.5)

o 2 9 2 2
> (0 - ph G7) 0 55 ¢ & - ph GT)
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Since the value of a determinant is zero if all the elements

of a row or column are zero
G = - (5.6)

The propagation conditions, Eqs. 3.22, 3.23, and 3.24, are
identically satisfied by this constant velocity and, as a result, it
can be shown that there are no coupling effects among the three normal
wave subclassifications.

The quadratic equation associated with the transverse wave
case, with the aid of Eq. 5.1 and the coefficient relations, Egqs. 3.34,
becones

pza h2 G4 - 2upch G2 + uza = 0, (5.7)

which has one root given by
¢- = L (5.8)

This wave velocity again yields an identity when substituted
into the propagation conditions, Eqs. 3.31 and 3.32, which, as for the
previous two wave types, predict an absence of coupling between the wave
‘modes involved for a conical shell.

It should be pointed out here that, for this example, normal
and transverse waves propagate with the same constant speed, distinct
from that of longitudinal waves. The two propagation velocities, as given

(18)

by Eqs. 5.4 and 5.6, agree with those of Thomas for irrotational and
equivoluminal waves respectively as derived from three dimensional
elasticity theory. In light of the normal and transverse wave velocities

coinciding, it is interesting to note that if the discontinuity in the

; ~1
normal strain rate, [w l], and its coefficients are set to zero in
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Eqs. 3.22, 3.23, and 3.24 the resulting propagation conditions governing
normal waves have coefficients identical to those of the equations
governing transverse waves. This outcome could be expected if the [w11]
term were ignored in the derivation of the constitutive relations and
the equations of motion for a generalized shell given in Chapter II. A
six mode linear shell theory would be the result as opposed to the seven
mode theory which has been employed. '

It was shown in Sec. 2.5 that an axisymmetric singularity
propagates as a parallel curve in the direction of the meridians in a
shell of revolution. Thus,if a wave curve is given on the reference
surface of the cone at a reference time, say t = 0, the position of this
curve after a time t is given by the parallel on the cone a distance Gt
from the given curve as measured along a meridian in the units of the
propagation velocity. This is a consequence of the constant velocities
of the three types of waves and will be valid for any'shell of revolution
with this property.

Eqs; 5.4, 5.6, and 5.8 show that longitudinal acceleration waves
propagate with a velocity different from that of normal énd transverse
waves implying from the propagation conditions, as noted in Sec. 4,2, that
the second order discontinuities in the normal and transverse displacement
components vanish across a longitudiﬂal wave curve and vice—versa‘for
second order normal and transverse wave curves. The propagation conditions
for each of the three wave types predict no coupling effects among any
of the seven modes involved. Thus, in order for a longitudinal wave to
propagate, either the strain jump or the bending jump or both must be

non-zero but one may vanish. The same reasoning applies to normal and
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transverse waves and the modes which comprise each of them.

A consideration of the propagation problem applied to a
spherical shell, as an example of a more generalized shell of revolution,
yields additional useful information. Eq. 5.2 applies in this case as
Y¢ =Yg T Y. Employing these relations in conjunction with the
coefficient terms of the associated determinant for longitudinal wave
propagation, Eqs. 3.17, and substituting the resulting expressions into

Eq. 3.18 gives the following quadratic in G2

9

[ o%ah?(( + oK) (1 + 2 k) - 4er) J6" (5.9)

~Lcoah (1 - v + oK) + A +20x))16% + % 4 -v3) =0 .
5

The solution to this equation involves two real roots which can

be shown to be

1
6;, = ¢t -V [ a+Loex) s deo’®+ an)? ] ©(5.10)

1,2
6 9 2.2
oh [ 1 - < aK + 5 K ]

Thus, two propagation velocities are predicted for longitudinal
waves. Substitution of these velocities into the propagation conditions,
Egqs. 3.12 and 3.15, gives two simultaneous equations coupling longitudinal
strain acceleration waves to longitudinal bending acceleration waves.

This implies that in a spherical shell one is unable to propagate
independent of the other and that specifying the magnitude of one auto-
matically dictates the strength of the other.

Normal waves will be deleted here due to the complexity which
would be introduced and the difficulty encountered in solving the cubic

equation introduced by the eigenvalue problem. As discussed in Sec. 3.2.2,
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(zo)for a given spherical shell.

this problem could be handled by computer
Results paralleling those for second order longitudinal waves would be
expected.

For transverse acceleration waves, substituting Eq. 5.2 into

the coefficient relations for the eigenvalue problem, Eqs. 3.34, and again

utilizing Eq. 3.18 gives
[o%ab® (1 +aK) (1 + 2 oK) - 4or) 16" (5.11)

- [ wpah (1 + k) + (1 + %-aK))]G2>+'u2a = 0.

As was the case for longitudinal waves this quadratic has two

real roots given by

2 7 4 22 e
Gl’z = ulQ + 5 oK) * 75 o K+ 4aK) ] (5.12)
ph [ 1 - §~uK + %—aZKZJ

The correction factor, or the factor by which the propagation
velocity for a cone must be multiplied to yield its spherical counterpart,
is the same as that found for the longitudinal case in Eq. 5.10, The
propagation conditions given by Egs. 3.31 and 3,32 then predict coupling
between second order transverse shear and transverse twisting waves wheﬁ
the above wave velocities are substituted.

Since K is constant for a spherical shell,the propagation
velocities given by Eqs. 5.10 and 5.12 will also be constant. This will
also hold for normal waves since the coefficients of the determinant are
constant. Thus the discussion concerning the position of a wave curve on

a cone relative to an initial position is also applicable in this example.
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Longitudinal and transverse waves again propagate with different
velocities, given respectively by Eqs. 5.10 and 5.12. Thus, the transverse
wave modes will vanish across a longitudinal curve and vice-versa.
However, because of the coupling effects arising from the propagation
conditions, a longitudinal acceleration wave is made up of a strain wave
and a bending wave and a transverse wave would be comprised of both a
shear and a twisting wave. These results should also be applicable to
normal acceleration waves since, for the conical sheil, they propagated
with the same velocity as transverse waves and also because of the fact
a six mode shell theory would give propagation conditions for normal waves
identical in form to those for transverse waves. A proof, however, would
require the solution of the eigenvalue problem associated with transverse
acceleration waves,

Setting all terms in?olving (ocK)l/2 to zero in Eqs. 5.10 and 5.12
yields results identical to those obtained for the cone. It should also
be noted that a cone satisfied this condition and therefore the propagation
conditions for the three types of waves will be identical to those
associaﬁed with a conical shell., Making the assumption that (aK)%, or
h/lZ/YeY¢’ is negligible would then reduce the problem for a generalized
shell of revolution to that presented for a conical shell. A decision on
the validity of such an assumption, based on the accuracy of the resulting
approximation compared to an exact solution from three dimensional

elasticity theory, would then have to be made.
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5.4. Growth-Decay Equations

The significance of the growth-decay equations as the governing
differential equations of the strength of each wave mode and as a set of
relations predicting the coupling of second and third order wave curves
was discussed in Chapter IV. In this section the solutions of these
equations will be found for the special case of a conical shell. It
should be remembered that these equations were restricted to shells of
revolution having constant propagation velocities.

As was seen, the growth-decay equations separated into two
categories as a result of their derivation from the equations of motion.
The five equations associated with torsionless axisymmetric motions,
Egs. 4.10 to 4.14 inclusive, will be analyzed first in accordance with
the conditions imposed by the propagation problem.

Recall from Eq. 4.10 that for a generalized shell of revolution
2 2 2 3
["ﬂl"vﬂl+weKwe—mn+le+Mm]GhQ

+ Ck(1 - \)2) a+ ay, Kz(ye - Y(i)))G [ﬁ(p] + [c@1 - \)2) a -+ Y, Kz(ye - y¢))

1

24 8 =
3ph(l + OLK)G ] E—E [u¢]
- [ CaRGy, = v )@ = v®) + 200h K 1 6216 [£.] + CkeK(y, - v.) (1 = vAG[E ]
8 ) oy 0 ¢ ¢
+ [ CaRGy. - v )QA - 2) + 6pah K H éz] §—-[: ]
aklyg = v, v pa ST B¢

+ [ - v + wlyy KA+ ayg Kz(yO - y¢)) + 0Oy, K 1+ wvwle [w] (4.10)

+[ - co@@ +v) + (€L - v2) + oy, KZ(Ye - Y¢)]G [']
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+ [ = v¥) + ) Ly KU+ 9 114

T 07, Kz(ye - Y¢)) + 3C%-y Kv(l + v) ][

¢

Since the second order normal wave modes vanish across a
longitudinal acceleration wave and vice-versa, the following conditions

apply for longitudinal and normal acceleration waves respectively.

o] = 1 = [#11= o, [81 # o, [E]1 # o (5.13)

] =[] =0, [#] # o, [ # o, [¥'1+# 0. (5.14)

As was pointed out in the preceding section, for a cone one of
the associated modes must be non-zero in order for a wave to propagate
but not all need be.

By employing Eqs. 5.1 and 5.13, Eq. 4.10 can be rewritten as

follows for longitudinal waves
2 2 % 2 = :
[ -c@ -v9) +phc]c [u¢] + Ck(l - v9)G [u¢] (5.15)

+ [ ¢ - v2) = 3ph G2] S Ia,) - 0.

¢

Substituting the propagation velocity, given by Eq. 5.4, into

the above equation yields

2 8 = ~ )
¢ e8] = kal, - (5.16)

and [5¢] is arbitrary.
However, from Eq. 2.116 it can be seen that

¢ = &, | (5.17)
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giving

G — =

$
e ST (5.18)

This result, in combination with the third of Eqs. 2.105 and
Eq. 2.68, gives Eq. 5.16 as

Sy

1 8 = _ 1 o
[ 1 55 [8,1 = "% () O () . (5.19)
¢

Integrated, this equation becomes

[l

[&,] Y 1%
= - (5.20)
3,1, 0

where the subscript 1 indicates evaluation on a wave curve of radius Yo1®

Proceeding in the same fashion with the second growth-decay

equation, Eq. 4.11, and employing Eq. 2.110, results in

2 2 z 2 x !
[ ~c(1 -v") +ph ¢ ]G[Bq)] + Ck(l - v)G [sq)J (5.21)
+Le-v% -3nd® 1% 6,1 - o,

which is identical to Eq. 5.15 for a strain wave. Therefore, the equation

governing the strength of the bending wave will be given by

I8 ] Y,k
_ $1> , : (5.22)

where the convention used in Eq. 5.20 applies.
When LEqs. 5.1 and 5.13 are substituted into the three remaining
growth-decay equations, Lqs. 4.12, 4,13, and 4.14, the following set of

relations are obtained,
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(2) ~u B+ u +on 6D+ u +on cHEMI =0,

2 a _ 2 51
(b) Cv(l + v )[uq)] = alu -ph G7) [W], (5.23)
(c) [-u + 20cv(1 + vz)][§¢] + (-p + ph Gz)[%] + %6 o

2, 311
(-u +poh G7) [w

J = O .
Solving Egqs. 5.23 (a) and (c¢) simultaneously gives

- (u -oh 6 [E] = q +—Z-C\)(l + vz)[éq)] (5.24)

2 211
%(u—th)[w ]

= @ +\)2)[é¢] :
If the wave propagating on the reference surface of the cone
is a normal acceleration wave, then Eqs. 5.14 apply and employing these

relations in combination with Eq. 5.1 allows the growth-decay equations,

Egs. 4.10 and 4.11, to be written respectively as follows

oo + vy [#7, (5.25)

- [ea - v - on 6*T [G,]

o [ C(l - \)2) - ph GZJ [é(i)] u [\:fq-] + o [__ C\)(l + \)) +}_1_2:'| I:V:wlllJ .

The same method yields, for Eq. 4.12,
2 X ~ 2, 6 bt
(=w +oh 66 [¥] + kG [W] + (u - 3ph 67) 5 [¥] (5.26)
+%(—u+th2)G [%llj+kp%c[€v11]+%(u—3th2)—§—t— #l1=0.

Substituting the propagation velocity, Eq. 5.6, into this

equation gives
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= I = 6] xll I :ll -
kG[&] - 2 5T %] + 5 kG [w "] - o [«~°] = o, (5.27)

and [%] and [%ll] are arbitrary.
Applying this procedure to Eq. 4.14 results in a differential

equation involving the same jumps as above, given by

x S rx 9 =11 9 & rxllq
kG [w]—Z-G—E[w]-!-T(—)—akG [ J-——S—oa-d—tfw ] = 0, (5.28)

with the third order discontinuities being arbitrary.

Eqs. 5.27 and 5.28, when solved simultaneously, result in

25 %1 = k@, (5.29)
and
28 M- kM. (5.30)

Similarly, it can be shown that Eq. 4.13 becomes

S =k [F]. (5.31)

Qfn

These three differential equations are identical in form to
Eq. 5.16 implying that the solutions will be identical, thus having the

form

; .
bl . b - (5.32)

It is interesting to note that Egs, 5.23 (b) and 5.24 predict

that a longitudinal strain acceleration wave will be accompanied by a

third order normal strain wave and that a second order longitudinal bending
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wave will give rise to a third order normal shear strain wave as well as
to a fhird order wave representative of the normal strain rate. Egs. 5.25
show a normal strain acceleration wave having an associated third order
longitudinal strain wave and a coupling among the second order normal
shear strain and strain rate discontinuities and a third order longitudinal
bending wave. Substituting the second order wave strengths, as specified
by the solutions of the form given by Eq. 5.32, into these equations gives
relations expressing the third order jumps as functions of the initial
values of their associated second order waves.

As the growth-decay problem for transverse waves is distinct
from that for torsionless motions, it suffices to say that one or both
of the following conditions must be met in order to have a transverse

acceleration wave propagating,

[66] # 0, [éel £ 0. (5.33)

Using this criteria, Eq. 5.1, and the propagation velocity for
transverse waves, Eq. 5.8, the first growth-decay equation, Eq. 4.21, can
be shown to have a solution of the form given by Eq. 5.32 for transverse
shear strain waves. Similarly, Eq. 4.22 yields a solution of the same
form governing the strength of a transverse twisting wave. The third
order jumps, in this case, are arbitrary.

Note that the magnitudes of the second order modes are all
dictated by the same relationship as functions of the initial strengths.
This relationship, Eq. 5.32, indicates that when the radius of the wave

curve vanishes there will be a focusing effect which may produce shell
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fracture. It also indicates diminishing intensity as the radius of the
curve increases,

The growth-decay equations have not been examined with regard
to the spherical case because of the complexity of the resulting
differential and coupling equations.

Another interesting result can be obtained by setting all terms
in oK to zero in the growth-decay equations. The differential equations
governing the variation in wave strengths then become identical to those
of the conical shell example, The equations coupling the acceleration
waves to third order modes becoﬁe only slightly more complicated than
those of the cone with the addition of a few terms to some of the
coefficients. For example, under normal acceleratién wave conditions

Eq. 4.10 becomes
[ ~cqa - \)2) + ph G2] [E¢] + [ Cyy KA - \)2) + Cch K A+ v)] [%] (5.34)

—ov@ +v) [B1+3 ¢ v,k @+ [F1] = o

¢

Making the assumption that (ocK)l/2 is negligible would then reduce
the entire Qave propagation problem for a generalized shell of revolution,
that is both the propagation velocity and growth-decay problems, to that
of a conical shell, differing from it only in the third order coupling

equations.
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APPENDIX A

This Appendix contains the procedure utilized to carry out the
integrations indicated in the definitions of the stress resultant and
couple quantities. Approximate series expansions of the following type

will be used

log (i ; x) = -2 T EP , x2 <1 (a.1)
x n=1,3,5 =

The first of the required integrations appears as follows

Ba - gm, R, P2 @ -0 o
However,
A B
J J J
and
dR; = 0) = -dr . A.4)

Substituting Eqs. A.3 and A.4 into Eq. A.2 and integrating yields

R, e Ay 5 e
R [c - @® -R) 1og ®; - ;)]*h/é TR, Ry - R, )log(l+h/2Rj)

(A.5)

" The limiting values of the above expression must be found as one
or the other of the radii of curvature approaches infinity., 1If Ri > o

and Rj is finite the left hand side of Eq. A.2 becomes
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h/2 1 1-h/2R,
¥ ®ooo &7 7Ry les Gy (4-6)
which agrees with Eq. A.5.
Setting Ri finite and letting Rj » «© in Eq. A.2 gives
/2
" (1 -¢/R))dz = h . (A.7)
- /2 i

However, Eq. A.5 runs into difficulties at this point becoming an
indeterminate form. If Eq. A.l1 is applied to the right hand side of

Eq. A.5 the resulting expression is

R.h _IEJ'_Z 1-h/2R, 2 .
R R, =g ) log (1+h/2Rj) = nl1 +'1'2‘I€JT (RJT - fq}] > (a.8)

where the series expansion has been truncated at the second term.

This expansion, when employed in the right hand side of Eq. A.6,

gives
1-h/2R, h2
- Rj log (Tiﬁ7§§%o h (1 + "—"“2) . (A.9)
j 12Rj

Putting Rj finite and allowing Ri * « in Eq. A.8 and vice-versa
shows that this approximate expression yields the required results, that

is Eqs. A.9 and A.7 respectively.

The solution to the left hand side of Eq. A.2 then becomes

h (I - ¢/R,) 2

/2 i h 1 1

I g dt = h[ 14— & - =] . (A.10)
h (1 c/Rj) 2R, 'R R,

/2
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The second integration has the form

h,, (1-¢c/R,) R, h R, - R,
2 2

/! 23—:7E7§%7.;dg = 7?7 §%~:—Elo g , (A.11)
-h i i -h, 3
which can be shown to give

R % b, . R 2 By R,

R, -5 I mmy s ®-gr) ST gl - D )

S S 3 S § '

/2 Y] J

Employing Eq. A.4, integrating, and then expanding by means of

Eq. A.1 allows the right hand side of the above expression to be rewritten

R.2 1-h/2R. 3

- -t - - b AL L
®;-g ) L -h- Ry o (1+h/2Rj)] 1z & ° R

N| 1

(A.13)

where the series is truncated at the second term.
Checking the limits, using a procedure similar to that utilized for
the preceding case, yields for Ri - oo

?/2 1-h/2R. 3

— & = -t - 1 o
“hy, 1 - o/R de R; [ -n Ry log (l+h/2Rj)] IR,

i

(A.14)

for R, » w
J

h

S
~h

/2
/2

(1l - c/Ri)dc o (A.15)
i

These results agree with Eq. A.13 confirming that it is a valid
approximation to the integral solution sought.

The next integral expression of interest is



h (- z/R,) R, h R, - R,
—h/z J 1 "'h/z J
which becomes
R 3 h 2 R 3 h
j h” _ /2 z “ir b _ /2
KoLt ® SRR e S AR !
/2 9 /2
R.C R, .3 h/2 - R.C _
Gls-oal=-2 05 + ® -r) /% —A—d . (A.17)
.~ L R, 12 i j R. -
1 ---h/2 j

Noting that this equation is similar in form to Eq. A.12, it can

be shown to give

Ei h3 Ei? 1~h/2R,
K, 1z T & ® -R)[-bh-r log GrmpD]
1 1 ]
. 3 2
h 3h 1 1
“ =1z Do, § -, @a®
(I 1

where the series expansion has been truncated at the third term in this
instance. A check of this result at the limits used previously provides
confirmation.

The fourth integral is written as follows

h

h
/2 (1 - ¢/R) R, /2 R, - R, .
_é ZI—:—E7§%3'Q3dQ = §;- _£ §3(l + E%—:leﬁ dz . (A.19)
/2 3 i /2 g
This expression gives
.2 ?/2 C3 R.2 ?/2 R.Cz 2
®. -zh) o7 4= R L G - - o0dr L, (4.20)
TN T2 TN /273
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which can be compared to Eq. A.17 to yield

Ei o3 ) 1-h/2R. WS )
(Rj - R, Y L= 17+ Rj (-h -~ Rj log (—’*—*ll_,_h/ZRj))] T (R—i - @), (A.21)

where the series, Eq. A.l, is truncated at the third term. A check of the
limits also confirms this result.

The final integral expression to be considered appears as

h h
/2 (1 - ¢/R) R, /2 R, - R,

S i _ i J 4 i j

- T -7y & dt = _ ;o (1 + —)dg , (A.22)
h/2 (1 (;/Rj) R, h/2 Rj c

which becomes, upon integrating the first term and making the usual

manipulation in the second,

h 3
Ry 42 /2 Rt
L L + _ J _ 3 d
R, [ 55 Ry = By -, (—j—Rj — - ¢hded
Ypw F2 e
=Ri[—§-0—+(Ri—R)_h/2 Rj_gd;_]. (A.23)

The integral in this equation is of the form of the integral on the

left hand side of Eq. A.20. Eq. A.23 can then be shown to yield

Ei . .3 ) : 1-h/2R,
R, {gg + ® - R,IR, [ -5 + R,” (- h - Ry log (—-————iHh/ZRj))J}
5 2
- b >h .1 1 ,
= g0 L1+ 2R, R, Ri)] , | (4.24)

where the log series has been truncated at the fourth term. A check of the
left side of Eq. A.22 as the radii of curvature approach infinity proves

the validity of this result.




