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ABSTRACT

The propagation of é singular curve is considered in linear elastic
theories of shells. First and second order waves with respect to'displacement
are considered in membranes and in a bending theoryf~~The speed of
propagation; the shape of the wave, the decay equationé, and certain coupling
effects are established.

The method of procedure involves consideration of the discontinuities
in the equations of motion and the derivatives of these equations, the
,dynamical compatibility equations, and the use of certain geometrical and
kineﬁatical identities.

The relevant dynamical theories of membranes and shells are derived
along with the dynamical compatibility equations and any geometrical and
kinematical identities required. |

A discussion of time derivatives of double temsors is preéepted.

‘which gives a unified foundation to various definitions of time

derivatives.
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CHAPTER I

INTRODUCTION

In the context of this dissertation a wave is defined to be a time
persistent submanifold of the body manifold which divides the latter
into two parts such that certain physical or geometrical quantities
which are continuous elsewhere are discontinuous across the submanifold,
although the one sided limiting values exist. Iflfhe body is considerea
to be three dimensional then the wave is a singular surface with respect
to some quantity and it is in general propagating through the body.
Certain types of bodies, called shells, can be idealized by considering
a materialized surface. 1In this case a wave is a singular curve with
respect to some quantity.

The term wave is commonly used to refer to at least two other
notions, characteristic manifolds and harmonic oscillations. As pointed

(L)

out by Truesdell and Toupin these three definitions are in general

not equivalent, although in some cases they may coincide.
The general methods used to investigate the propagation of singular

surfaces in elastic media were developed in the definitive works of

2) (3) (w)

Hugoniot( , Hadamard , and Duhem . The problem of wave propagation

in various types of materials and under different conditions has since

(5)

been dealt with by various authors. In particular, Thomas has considered

shockwaves or first order waves with respect to displacement in linear

(6,7)

elastic and plastic materials. Truesdell has investigated acceleration

waves in non-linear elastic materials and he has also extended the

(8)

mathematical foundations of the study of singular surfaces. Ericksen’



has studied the propagation of acceleration waves in incompressible

elastic media. More recent work involving the analysis of acceleration

(9,10) (11) .11(12)

, Bowen and Wang Hi

, and Balaban, Green, and Naghdi(lu). Green(ls)

waves has been carried out by Chen

(13) has dealt with

(16)

Suhubil

wave propagation in initially deformed bodies. B.T. Chu has considered

shock waves in incompressible elastic solids. Wave propagation in

dissipative materials or materials with ‘memories has been investigated

by Chen and Gurtin(l7), Coleman, Gurtin, Herrerar, and Truesdell(lB).

(19)

McCarthey and Eringen have dealt with wave propagation in micropalar

visoelastic materials.

In a recent paper Cohen and Suh(QO)

noted the technological interest
in the propagation of singular curves in membranes and shells. They |
then proceeded to analize shock wave propagation in a linear elastic
membrane theory. Their theory, however,,wés developed from an intrinsic
point of view.

This study attempts‘to extend their results by investigating the
propagation of shock and acceleration waves in a linear membrane theory
and in a linear bending theory of shells, both of which are developed
from an embedding point of view. Mention is briefly made of a non linear
membrane theory as well. The method employed for investigating singular
curves yields the speed of propagation, the shape of the wave curve, and
decay equations for the strength of the discontinuity. In the case of
shock waves it is shown that a higher order wave with respect to the
component of displacement normal to the surface accompanies the shock

wave. The coupling of these waves is explicitely illustrated.

In Chapter II the relevant geometrical and kinematical aspects of



moving suffacesareconsidered. A discussion is includedbof differentiation
of tensors and double tensors. The very general way in which differentiation
with respect to time is treated facilitates the way in which what Truesdell
and Toupin call the displacement derivative is defined in Chapter III(Ql).
This chapter is concluded by giving the transport theorem in two dimensions.
This theorem is used in Chapter IV in deriving theequationsof motion.
In Chaptef III the kinemétics of a singular curve is discussed.

The diagrém'on the reference surface of the wave curve is considered and
the speed of propagation of the diagram is shown to be continuous and it

is related to tﬁe speeds of propagation of the wave curve on either side

of the wave. The consequenceé of "small" displacements on the discontinuities
of the surface normal and the mass density are found. In addition, the
relationships between the speeds of propagation of the diagram and the
‘wave curves are found under the condition of sﬁall displacements. Then

a moving singular curve is considered on a stationary surface. A special
parameterization of the moving curve is shown fo exist such that the
velocity of a point on the curve which retains the same value of this

curve parameter is normal to the curve. By veferring to Chapter II
derivatives of double tensors are defined corresponding to observers

moving tangential to the wave curve at a fixed time and moving normal

to the wave curve with the normal speed of the curve. Once these
derivatives arve defined the first order geometrical and kinematical
compatibility relations are derived. The chapter is concluded with the
derivation of all higher order compatibility relations which are required

in ensuing chapters.

Chapter IV involves the derivation of the equations of motion and



the dynamical compatibility equations. TheAEulerian and Lagrangian forms
of these equations are presented. Finally, it is shown that for "small"
deformations there is no difference in these two approaches.

In Chapter V the static linear membrane theory of Green and Zerna(zz)
is modified to include inertia effects. After the governing equations
are established the propagation of shock and acceleration waves into the
stationary unstrained reference surface is considered. It is found in
both cases that two types of waves can exist; each of which propagates
with a characteristic constant speed. Because the speed of propagation
is constant it is argued that the successive positions of the wave curve
on the reference surface together with the orthogonal trajectories to
these curves form a geodesic parallel net. The decay equations for the
strength of the discontinuity are derived. In addition, it is found
that a Higher order wave with respect to the component of dispacement
normal to the surface is coupled to the assumed shock or acceleration
wave. Except for the latter, the results for shock waves are the same

(23) in their treatment of a linear

as those derived by Cohen and Suh
elastic surface from an intrinsic point of view. At the concluéion of
+his chapter the propagation conditions are derived for a very general
non-linear membrane in which accelerationwaves afe considered.

Chepter VI is devoted to an examination of wave propagation in bars.
It is seen that is necessary to include rotary inertia effects in order
to obtain a propagating wave. The suggestion is made that such effects
must be included in dealing with bending moment theories of shells.

In Chapter VII the static linear theory of shells proposed by

(24

Green and Zerna ) is modified to include inertia effects; both linear



and rotary inertia terms are introduced. A motivation for the choice
of the rotary inertia term employed is provided. Once the theory is
presented, the problem of shock and acceleration waves propagating into
the stationary, unstrained, reference surface is investigated. As in
the case of membranes two types of waves are recognized to exist, each
with a constant characteristic speed. Once again, the argument that the
successive positions of the wave curve on the reference surface and the
orthogonal trajectories to these curves form an orthogonal net is
relevant. In the case of shock waves the decay equations for the
strength of the discontinuity are the same as those for membranes. Higher
order waves with respect to the component of displacement normal to the
surface are coupled to the shock waves for transverse:- waves. Tor
longitudinal wa&es an acceleration wave with respect to the normal
component of displacement will accompany the shock wave only if it is
initially excited. In the case of normal acceleration waves the assumed
wave in general is an acceleration wave with respect to both components
of displacement normal to the cﬁrve. The in-surface component is coupled
to the surface normal component and it will therefore exist in general
whether initially excited or not. This i1s not the case with the other
‘component however. It will exist only #f it is initially excited. On
the other hand, tangential acceleration waves. are in general accompanied
by a higher order wave with respect to the component of displacement
normal to the surface.

The final'chapter presents a number of examples. The solution of
the decay. equations is discussed for the case of a surface of cénstant

Gaussian curvature. A right hellicoid is an example of a surface on



which it is possible to find longitudinal shock waves using the membrane
théory such that the acceleration wave which is in general coupled to
such waves does not appear. Similariy, surfaces of revolution are such
that it is possible when using the membrane theory to find transverse
shock waves which do not have the usual accéleration wave coupled to
them. The example of waves eminating from a point on Ehe side of a
0

circular cylinder is presented. The undulating nature/ the acceleration
wave which accompanies a tangential shock wave in the membrane theory is
interesting. Finally, both shock and acceleration waves propagating on
a cone are considered. The decay:'equations are solved and it is suggested
that this example might be compared, with care, to the resuits of‘an
experiment by Kenner, Goldsmith, and Sackman(zs?.

A comma will be used to denote partial differentiation. If aﬁy
ambiguity exists as to what is being held fixed this will be removed by
placing a vertical line after the derivative followed by the variables

being kept fixed. Latin indices willin general assume the values 1,

2,3 and Greek indices the values 1,2.



CHAPTER II

KINEMATICS AND GEOMETRY

The notion of a materialized surface is an idealization. It
approximates the physical situation which exists when two closely
spaced surfaces of large extent compared to their separation define
boundaries for the material. Such a physical system is called a shell.
In problems involving shells it is convenient to make the above approximation;
It is important then to be able to describe the geometry and motion of
a moving surface,

A geometric surface, S, is defined as the point set in three

dimensional Euclidean space, E3, given by

K= ™ | (1)

k  qs . . .
where % are curvilinear coordinates in E3, and where the above single
valued Ffunction is defined over some domain in the space of ordered

. - : 1.2 . .
pairs of real numbers (u,u” )} such that the function is at least of

1 \ . k '
class C and the matrix Xy has rank = 2 everywhere except at most on
a set of measure zero. Points belonging to the set of measure zero will
be called singular points and other points will be called non-singular
points. Because the above matrix has rank = 2 at non-singular points

. 1.2 1.2 3,. . X o
the mapping (u ,u”) + (x7,x " ,x ) is 1-1 in open neighborhoods of u
o .
space. The parameters u can then be considered as local surface
coordinates.,

If the functions

L ‘ | (2)



are introduced such that the functions are of class ¢! and the Jacobian,

a'

J =lv ’B“# 0 in some region of u® space then

W= ua(vey) (3)

and S can be given equivalently by

) ()

The parametric representation of the surface is not unique. Indeed since
both ua and VB' can be considered as surface cqordinates the functions
relating them can be considered as a t;ansformation of surface coordinates.

At any time t an identification can be made between the material
points constituting the shell and the geometrical points of the surface
which they are thought to occupy. At some reference time, which for

convenience can be taken as t = 0, the surface coordinates of the

. . A . . .
material points are U~ and the corresponding spatial coordinates are

= Ky (5)

At time t, xk are the spatial coordinates of the surface. The motion
of the material is described by specifying the position which a material
point occupies a8 a function of time. In other words the motion is

given by

xk = xk(UA,t) (8)

Tt is assumed that the motion is continuous and continuously differentiable
as many times as required everywhere over the reference surface except

possibly on a curve on this surface. It is also assumed that the motlon



mapping is one-one. This is equivalent to assuming that mass is not
created or destroyed and that mass is inpenetrable.

As has been seen the surface of material points is given at any
time t by xk = Xk(UA,t). The UA can be thought of as surface coordinates
on the surface occupied by the material points at time t. The UA were
initially introduced as the surface coordinates on the surface at the
reference time. The UA are called convected surface coordinates. As a
material point moves it always retains the same surface coordinates if

convected surface coordinates are used to describe each surface. Such

need not be the case. If the functions
N ) (7)

1 :
are introduced such that they are-of class C and J =‘u%Al #: 0, then

o= P, : (8)

and by combining equations (6) and (8) it is seen that

& = Tty (9)

Thus new surface coordinates can be introduced by such time dependent
transformations. The surface coordinates of a material point followed
in its motion are given by equation (7) and in general they differ from

surface to surface. The motion can then be given equivalently by

»
|

A ) (10)

or by

xk(ua,t) and ¥ = ua(UA,t)

b
i



10

Obviously, transformations of surface coordinates and transformations of
spatial coordinates are unrelated.
. \ . . k k, A .
A geometric curve C on the moving surface glven by x° = x (U ,t) is

a point set on the surface given by
A .
= x (UT,t), U = U(g,t) (12)

where UA = UA(q,t) is defined over some domain in the space of real
numbers q, and where the single valued function UA = UA(q,t) is at least
of class C! and the derivatives UA,q are not both identically zero.
Because of. the latter requivement the mapping q - (ul,uz) is one-one in
open neighborhoods of q space. The parameter q can then be considered

as a coordinate along the curve. It is also possible to specify the
surface coordinates of those points constituting the curve by eliminating
q between the equations UA = UA(q,t). Then these surface coordinates

are given as the solution set of a condition of the form
oA
g(U,t) = 0 : (13)

where at least one component of &, is not equal to zero. It should
. . . . O, A
also be pointed out that if different surface coordinates *ua = uw (U ,t)

are used to describe the surface then the curve is given by
&= ) and ¥ o= wXq,t) (1)
The u” may alternatively be given by

£u¥,t) = 0 | (15)

The same conditions apply to these representations of a curve as apply



il

to the previous forms. Important examples of curves on a surface are

. . & . . .
the coordinate curves. The u” coordinate curves at any time t are given

by

u2 = constant = ui, xk = (ul,ui,t) | (16)
and the u2 coordinate curves are given by

ul = constant = ui, xk(ui,uQ,t) ‘ (17)

Tensor analysis is used throughout this dissertation. No attempt
will be made to present a thorough development of this topic. The

classical approach to tensors is nicely presented by Sokolnikoff(26>.

A more modern treatment is available in an outline by Spivak(27).
Further references to tensor analysis are intended as definitions of
‘notation or as clarificatibn of some features, such as differentiation,
which will be used later.-

From the modern point of view aAtenéor is an entity defined without
peference to coordinate systems. A tensor is defined as a real valued
multilinear mapping over a product space consisting of copies of a vector
space and its dual space. A consequence of the definition is that once
a basis {Eili = 1,2,...n} has been chosen on the n dimensional vector
space and the dual basis {g?!j = 1,2,...n} has been associatedfwiih‘thétdual5
space such that E?(Ei) = 62 then any tensor can be decomposed into a |
linear combination of certain fundamental tensors whiéh are related to
this choice of base vectors. The coefficients of such a representationl

are called the components of the tensor and these differ in general

with the choice of bases. A tensor field is a collection of tensors,



il

one defined at each point of a manifold with respect to the local tangent
vector space and its dual space. There exists a natural choice of base
vectors in both the tangenf and dual spaces associated with each coordinaté
system on the manifold.

If V and V® are a vector space and its dual space respectively and
T and S are typical tensors whicﬁ for example are defined on.the product
spaces V x V x V¥ and V¥ x V respectively then the tensor product T v S,
is defined as a tensor over the product space V x V x V¥ x V& x V, If
(XJ’XQ’Ei)e VxVxVE, (EQ,V')E V% x V, and (11=22’Ei’ﬂe’v JE VXV X VE

® V¥ x V then the tensor product is defined by

T v S(¥y eV, iy slps¥g) = T(¥y 57y, )8(Hy57g)

It can be shown that {g?vg#vgivgmvg}lj,k,i,m,l = 1,2,...n} are
fundamental tensors such that any tensors over V x V x V¥ x V¥ x V can

be written as a linear combination of these tensors.’ The coefficients of
such a combination form the components of the tensor with respect to the
basis {Eili = 1,2,...n}t. Such a tensor is said to be covariant: of
order 3 and contravariant of order 2. Tﬁié example is easily generalized.
A scalar or a tensor field of order 0 is defined to be a real valued
function of the coordinates of the underlying manifold.

From the classical point of view a collection of coordinate systems

i i

is considered and a set of real functioms of position, t;%'::.éj s
. 1 t

associated with each coordinate system x*. These quantities are the

is

components in the x* system of a contravariant tensor of order s and a
covariant tensor of order t with respect to the transformations relating

the coordinate systems considered if



i3

»

Al....As _ Al As I3 Jg ll ...ls‘
t B B - X, i LR X, i X, B e X, B t » -
. l".. 't l s l 't . 'jl...'jt
‘ Al AS A
where t é"' p are the quantities associated with the X coordinate
* l.... 't

system.

The components of tensor fields as defined initially transform the
same way with respect to coordinate transformations as do the tensors in
the classical definition. Once base vectors have been chosen there is a
one-one onto correspondence between the quantities which transform in
_this manner and the tensor entities themselves. The classical notion
of tensors suppresses the concept of fundamental or base tensors and
deals only with the coefficients. The fact that a tensor is an entity
which has various representations is obscured by this point of view. It
is common to think ofvécﬁorsaé difected line segments in Euclidéan space. .
This is possible because'any'vector space of order n is isomorphic to
the vector space of line segments directed from the origin of an n
| dimensional Euclidean space. Quite obviously, a directed line segment,
which is the geometrical vector entity, is unaltered by a change of
coordinates. It is evident that a given line segment can be decomposed
into a linear combination of basic line segments which can be chosen in
an infinite number of ways. If {gili = 1,2,...n} represents a set of
basic line Segmenfs then any vector A can be written as A = Aigi.
Although a general tensor can not be as conveniently visualized, in some
circumstances there is epistomblogical merit in using notation which
gxplicitly shows the base tensors. Such notation might be helpful when

derivatives of tensors are discussed.



1y

In a metric space the metric can be looked upon as a linear trans-
formation which maps the tangent space at any point onto the corresponding

dual space in a one-one fashion. Then if A is the linear transformation

= 3 1.3y = Ik .
Ae,) a4 and A “(e’) = a’e (18)

where aij is the positive definite non-singular matrix of the metric

tensor .with respect to the bases chosen and akj is the associated metric

tensor defined by &a,, = 6%; §5=1ifk =1 and &
ji i? i _ i

0 if k # i. If
T is a tensor over V x V& x V then

T o= T el ve, v ek

- Jok — -1 -

By virtue of the metric linear transformation V¥ x Vi x V= A(V) x Ve x V
k

is isomorphic to V x V¥ x V. Then the tensor Tl K& Ve ve is defined
such that
1. ' Coede 3 k,,-1, ay, b
T k& Vve ve (e, e e, ) = T:].k e ve, v e (A (eM),e e )
o omele 3 k,_ad b
= Tj.k e ve, v e (a eq08 )
Therefére,:
Tab - aadT'b' (19)
oeC d.c :
The metric then establishes a mapping between Tabc e, v Eb v é? and
Tébé Eé Ve v g?. This mapping is a isomorphism between the tensors

defined over V¥ x V¥ x V and those defined over V x V¥ x V. This
example illustrates that in a metric space the tensors defined over
any n copies of the tangent space and the dual space are isomorphic to

the tensors defined over any other n copies of the tangent and dual spaces.
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On a surface embedded in a space of greater dimension, tensors
o] o

with components t lé"' pB can be defined with respect to the tangent

1 q
plane or with respect to transformations of surface coordinate systems.

Since the transformation of surface coordinates and the transformation
of spatial coordinates are unrelated, it is possible to define ‘on the

surface, in the obvious fashion, mixed spatial -and surface tensors,

tllO .o Ols. OGl. LN 2 .ap

oojloncsjto 'Blv.otéq

When the surface under consideration is embedded in three dimensional

.Euclidean space. the corresponding tangent plane at each point of the
surface is contained in the corresponding tangent space of the embedding
space. A vector in the tangent plane; that is, a surface vector, can be
represented as an element of the two dimensional tangent space associated
with a point on the surface br as an element of thg three dimensionai
tangent space associated with a point in the embedding space. Given a
surface vector in terms of its surface components, what are the
corresponding spatial components?

To answer this question a curve on the surface is considered in
the parametric form'xk = xk(ua(q,t),t). The contravariant surface
vector u%q is a tangent to this curve. The corresponding spatial
representation of the tangent to the curve is

k k o ‘
x,q = X’OLu’q ‘ (20)

1f A% is an afbitrary contravariant surface vector then by integrating
the equation u?q= A% a curve is obtained such that A% is a tangent;to
~the curve. Then the spatial representation of this tangent vector, 

i i i o

AT = X5 = XA ’ - (21)/



i6

. . . . . (03
is the contravariant spatial vector associated with the surface vector A,

As an example the u2 coordinate curve is considered, where u2 is the
parameter along the cufve. Then 35; is the surface representation of
a tangent to the curve and EE;- ai: the spatial components of this
vector. Similarly, the ul 220rdinate curve has a tangent vector given

o k
by E-I and the corresponding spatial representatlon is gi- .

1
The fact that the surface is embedded in a metric sg:ce induces a
a metric upon the surface. The length of a surface vector is defined
by the length of the corresponding three dimensional vector in the
embedding space. An infinitesimal displacement on a surfa;e at a fixed

time, duu, is giveﬁ spatially by dx* = Xfudua; Therefore the length

squared of this displacement is

2 _ i3 i3 Lo, B o, B
ds® = gijdx dx> = ,gijx,ax,Bdu du” = aaBdu du” - (22)
where gii is the spatiai metric tensor and
IR . I
a8 gijx,ag,8 - (23)

defines the induced metric tensor with respect to the surface coordinates
such that a3 is symmetric and positive definite. Also, the length

: | . 2
squared of any other contravariant vector, Aa, is given by IAa[ =

a,B

a BA A" and the cosipe of the angle 6 between two unit contravariant
vectors A% and BB is'given by cosb = a BAOLBB.

Thé existence of a surface metric tensor has the same consequences
for surface tensor analysis as the existence of a metric tensor in the

embedding space has on tensor analysis there. A symmetric assoclated

metric tensor, aaB, can be defined such that
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af o
a aBY GY

(24)

where 6$ =lif a=vand = 0 if o # v in all coordinate systems is the
oB

Kronecker delta tensor. a and a,Yp are involved in the processes of

raising_and lowering indices. For example, t?éy = aapaBGtéoY. In

particular, with every covariant vector AB there is associated a unique

of o

contravariant vector Aa = a AB. It has been seen that A™ = xfaA is

' the spatial representation of A%, Therefore, the spétial components of

‘AB are
A = A RCEE g..xja 0“3AB (25)
Bt gij = gij oy 13 »
The quantities
r¢ = 2'--aOL0 a + a - a } (26)
BY 2 Bo’y = Tyo’B By’c

define the Christoffel éymbols of the second kind on the surface. They

are not tensors but transform in the Ffollowing way:

o' o ol o' o ‘ '
PB'Y' = FBYu,augs,uYY' + u’du’B'Y' (27)

Multiplying this by uea, gives

a' p 0 B Y
TB'Y'u’a' FBYu’B'u’Y' (28)

uE)B'-yl

The anaiggous expression in the three dimensional space is also valid

and both expressions will prove useful when discussing differentiation.
At a point P of a manifold tensors are defined with respect to the

fangent and dual spaces at P. A priori, the tensors at P are unrelated

to the tensors at another point Q. If mappings are established between
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the tangent spaces at P and Q and between the dual spaces at P and Q
then these mappings can be used to induce a mapping between the tensors
at P and those at Q. Since the tangent spaces at P and Q and the dual
spaces at P and Q are of the same order, an infinity of isomorphisms
can be established between corresponding spaces at P and Q. A rule
which relates the tangent spaces and relates the dual spaces at different
points of the underlying manifold is called a connexion. In general,
a mapping between the tangent spaces at P and Q is associated with each
curve linking the two points. Therefore, the image at Q'of a tangent
vector given at P will depend upon the curve traversed in going from
P to Q. Similar remarks apply to the mappings between the dual spaces
at P and Q.

A vector V_ at P, which may be an element of the tangent space or

Ip

the dual space at P, is said to be parallel to a vector V. at Q with

.._Q

respect to a given curve passing through P and Q if YP is mapped to

V. as a result of the connexion along the curve. In equivalent

o)

semantics, that is to say thaty¥ . results from the parallel transport

Q
of XP from P to Q along the given curve.
k k . . . e
If x = x (q) is a curve along which a connexion has been defined

and T(q) is a tensor field along the curve then the absolute derivative

of T along the curve is defined as

dT _ 1im I4I(q + Ag) - T(q)

where Ii‘(q + Aq) is the image at xl(q) of the element of the tensor

field at xl(q + Aq) mapped by the mapping induced by the connexion, and
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where T(q) is the éctual element of the tensor field at xi(q). From
the definition it is obvious that %% is a tensor of the same kind as T.

In order that absolute differentiation of tensors satisfy properties
analogous to ordinary differentiation of functions it is necessary to
impose some restrictions upon the choice of connexion. If the connexion
is a linear mapping, then it is seen.from the definition that the
derivative of a sum is the sum of the derivatives, the derivative of a
scalar is the ordinary derivative of a function, and the derivative of
a tensor product obeys the rule analogous to the product rule of ordinary
differentiation of functions. If_z_is a tensor field not only over the
curve bﬁt over the n dimensional embedding manifold it would be desirable
if differentiation along a given curve could be decomposed into differentiation
along n independent directions in a manner analogous to the breakup of a
directional derivative of a function. If a linearvconnexion can be
found such that this last property is vaiid for the differentiation of
both contravariant and covariant vectors; that is, for elements of the
tangent spaces and dual spaces, then since the product rule is valid
with respect to tensor products the differentiation of tensors would
have this property as well.

In what follows it will be shown which linear connexions give
absolute differentiation the properties requested. Such a connection is
assumed to exist. Initially, only contravariant vectors, or elements
of the tangent spaces, are considered. {Ei} and {EK} are the coordinate
base vectors of the tangent space corresponding to two arbitrary coordinate
systems X%XK. The absolute derivative of the base vector e along the

.th . . ey s . . .
| coordinate curve is a vector so that it is a linear combination of
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thé base vectors. . Thus

gy Kk
-a-x—]:- = I‘ij _e_k (30) .
Similarly,
dE
=K . M .
w ~ T Ew (s1)
The base vectors in the different coordinate systems are related by
_ oK
e, = Xy By (32)
Therefore, K
I'ke = d-e_i = d<X’i-E_K) = XK 2 +AXK -—-—dEK
ij—=k dxj dxj »1j—K *1 dx]

However, because of the assumed nature of the connexion the derivative

dE

ag%-can be decomposed into derivatives along the XK coordinate directions.

Thus
dxj XL 7?5 KL *3-M
and hence
Mo = X B + 3% E
ij=k Y13 217297 KL

. .Uk . . co s 4
but since EM = Xonly and the & are linearly independent it is seen that

K _ K Kk K L Kk M
rij = X’in’K + X,iX,jx,MI‘KL | (33)

It is easy to show that this transformation of the symbols T?ﬁ called

the connexion coefficients for the tangeht space is transitive. That is,
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if these coefficients are specified in one coordinate system then the
coefficients in any other system are uniquely found by the above
transformation rule.

If A = Aiia__i is an arbitrary contravariant vector and xi = xi(q) is

a curve then

e s et ead e
dqg =i dq dq ij dq %k

(3u)
must be thé form of the derivative in the xk coordinate system, and in
fact since the xi system is arbitrary this must be the form in any
coordinate system. The quantity in brackets transforms as a contravariant
vector, Thus.if its components are zero in one coordinate system they
are zero in all coordinate systems.- According to the definition of the
absolute derivative, the defiVative of a parailel vector field must be
ZEero.

With the foregoing iﬁ mind, arbitrary continuous functions F?j are
assigned in any xi cbordinate system. Using the transformation rule
given in equation (33) for the coefficients of connexions for the
tangent space cooresponding quantities are found in all other coordinate

systems. Then a contravariant vector A is defined as undergoing parallel

transport along the curve x" = xl(q) if

k i .
dA k dx’ i1 _ : ‘
Because of the transformation law for Fij, the condition is the same in

every coordinate system. Using the theory of linear homogeneous first

“order systems of differential equations it is seen that a unique solution
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exists which assumes a given value at a given point on the curve., If
q = 0 is taken as the given point and A(0) as the given value at q = 0
it can be shown that the solution of this system of equations can be

written as

Kq) = n}jf(q) a3 (o)

k(28)
3
This provides a linear mapping between the vectors at q = 0 and those

where n?(q) is continuous and is independent of A*(0) and n?(o) =N

. at any other point on the curve. Because there exists a unique splution

which takes on any given value at a given point the mapping is one-one

and onto. This means that the matrix n? is non-singular and an inverse

matrix C;lexists. The linear transformation with the matrix representation

n? in the xi coordinate system is taken as' the mapping between the

tangent plane at point q = 0 and the tangent plane at any point g along

the given curve. The connexion is then partially specified but nothing

has yet been said about the mappings amongst the dual spaces. Because

differentiation of contravariant vectors does not involve the dual spaces

the specification of the total connexion can be postponed. In the present

context it remains to be shown that the partial connexion defined leads

to a derivative of contravariant vectors which has the properties desired.
Because the connexion is continuous the derivatives exist. The

linearity of the connexion leaves only the decomposition property of the

derivative to be proved. If it can be shown that the derivatives of

the coordinate base vectors satisfy this property then the derivative

of any contravariant vector does. The absolute derivative along the

curve ™ =-xi(q) of the 1*P coordinate base vector in the x* coordinate

system is
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de.

= _ lim , k k
—Ea' = a0 (eil!(q) - Gi) Ek (37)
k e . .th
but eill(q)gk is the image at q = 0 of the i~ base vector at g, and
1
egl](q) is given by
k k 3
e, ¢ = .(q)63
1] Q) Cj(q) 1(a)
Therefore,
k k k
4, 1in (z;(a) - 97) . - ey . (38)
dq q+0 q - dq q=0 -k

where the limit exists because E?(q) is continuous. Differentiating the

relation, n;zi = 61, gives

g

an., . 1 dci

; nj o = 0 (29)

ml
oy (I8!
("B
A

. e 4 . i i
I£ A is a vector which is everywhere along x = X (g) parallel to A(0)

then
. .
X)) = n}]?<q>A3<o>
and
k k
3, o X an.(q) . an. .
k dxd i Gl g 53,1
- — 3 - S 2 T - — !
rij g A" (q) 3q i A°(0) 3q 147 (q) (10)

where the Ffirst equality comes from the condition for parallel transport

of a vector. Because this is to hold for en arbitrary such vector

I o R (u1)



By combining equations (39) and (41) it is seen that

3 .
5 9% . ax3
j dqg . Tkj dq

‘Multiplication by Ci gives the result

1 :
i 1 ad
dq kj "1 dq

Substitution into equation (38) gives

de. 3

=i _ 1 dx

& T %0 &
but

1 1

Ci(O) = §; so that

8 Lo oad

dq ij dq =1

Along the xk coordinate curve,

AN

'dgi .
iy 1
ok = Tieey

therefore,

dgi dgi dxk

dg . 4 da

The absolute derivative of an arbitrary contravariant vector A is

24

(42)

(43)

(4u)

(u5)

(46)
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i
dA d(A"e.) i . de, i
—_ - da + Al__:l.‘. = ((_1_[\;_1. T

—_——— 2 e—e,
dq dq dq —i dq dsed

: 3

3 K %@ &
(47)

This is the result which was to be provad. It should be noted that the

quantity in brackets transforms as a tensor of contravariant order one

and covariant order one; it is called the covariant derivative of A. Also

it is evident from the above that if A is defined only along the curve

x* = xl(q), then

i . . K
dA” A1 J adx
a5 Tjk A aq e (u8)

ar
'dz':(
The differentiation of covariant vectors involves only the mapping
amongst the dual spaces of the manifold. In order to find partial
connexions such that differeqtiation of covariant vectors satisfies thé
properties required, an argument is employed which duplicates the
discussion given for differentiation of contravariant vectors except
that the dual space and covariant vectors are substituted for the tangent

: . sas =1
space and contravariant vectors. -Quantities, T

rn? called the coefficients

of connexion for the dual space, are arbitrarily specified in any coordinate
i . ‘s . .
system x~. The corresponding quantities in any other coordinate systen,

X : .
X, are found from the transformation rule

=L k L k L =l
I = iy + Xy >?,N x;. T

= : 9
KN Xoxn “ok °1 “kn (19)

" Then a covariant vector A is defined as undergoing parallel transport

. i i .
along the curve x~ = x (q) if
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dA . 3

-aﬁ" Tij Ay an. =0 - (50)
- Because of the transformation law for fik’ the condition is the same in
every coordinate system. The solution of this system of linear
homogeneous first order differential equations establishes an isomorphism
between the dual spaces at any two points and this is taken to partially
specify the GOnnexion. The derivatives of covariant vectors exist and

satisfy the required properties when this partial connexion is used.

The absolute derivative of an arbitrary covariant vector A is

aa aca.e™) A,
- _ i _ i

. de dA, j
C— = = el+A —_ = ...._}..._TkA)_d.}_{_.el
dq dq dq — i dq de ij’k” dq —
(51)

The quantity in brackets is a tensor.of convariant order two and contra-

variant order zero and it is called the covariant derivative of A+ If A is

. defined only along the curve x" = xl(q), then

dA da, 3. :
- _ 1 sk dx i
w 0755 rij A I & (52)

In the preceding discussion the coefficients of the connexion for
the tangent space F;k and for the dual space T;k were in general chosen
independent of each other. When these coefficients have been determined
the connexion has been specified. The connexion has been chosen such
that the derivative of a tensor product‘of tensors is determined by a

rule analogous to the product rule of ordinary differentiation. There

is another type of product called the inner product. It will be recalled
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that elements of the dual space simply map elements of the tangent

space into real numbers and elements of the tangent space map élements

of the dual space into real numbers. In particular, g?(gi) = 62. Then
the inner prodﬁct of a covariant vector Vig} and a contravariant vector, ’

Ule, is defined as the scalar invariant,

i3 = J = v.udst =
v.e (U gj) v,U'e (e ) = V.U dj A (53)

The absolute derivative of an inner product is of course just the ordinary
derivative. Is the inner product differentiable according to the product

rule? To answer this question the following difference is considered:

At aveh) o g AWle)
“—-aa—— - [*-—aa—— (U Eﬁ> +‘(Vi§_) __—?Ef—q
av, . b vy de’ 5 au’
= UtV g [(—Eﬁ'i fVi-fa-d-)(Ue)+(Ve )(—-ch— &y
3 %85
+ U -aa-)]
av, . i dav, . . k . i
- i i du— i1 =i 1 dx i dau
= —EE-U + Vi —Ean [—EE-U Vi Flk e ——E-U Eﬁ Vl —aa
AN : k
i J=sl dx
VU ey ——dq]
k .
1 dx i
A (r - T30 . (54)

If the inner product is to be differentiable according to the product
rule for arbitrary vectors and for arbitrary curves, x* = xl(q) then as

seen above
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T' = I ‘ : (55)

In what follows the coefficients of the connexion are chosen to satisfy
this requirement.

Using the product rule for differentiation of tensor products the
: i i
coefficients of the absolute derivative of a temsor T = T lu"' s

J .

vEllﬁ.a.vejt defined along the curve x* = xl(q) are

i i i i
DT l:.. . 4T l:... s. . T : i1 :
edptetde crdyteeede ko dx® L tl...Tk-1"Tk+l.. s
_..--.—_1.)-_-———- = ) + z Pln TT . .
q q k:l . q ..]l....'.‘..".....j‘t
o1 &R ta.l. eeeaaas 1s

- 7T (56)

k=1 AP 99 eedpeedpntiigr et
If T is a tensor over the embedding manifold then the coefficients of
the covariant derivative of this tensor, a tensor of covariant order one

greater than T, are defined as

i i i i s i, i i .1 i
» l:ll. S. :n - T l:.n. S-' 0 + z 1-| k T l:'l.’ k"'l k+lcc S.
I.'Jl.‘ ]t, -ojlo.-o]t, k=l ln ..]l..,.'..'.'.‘.'..]t
t i i
- z 11:!- Tl ---------- csess S (57)

k=1 IKP e dpte Tttt

and the coefficients of the absolute derivative are given by

i i
desee 8

DT "% T s
sedpeeeedy g Leeees dx

n

: . —_— (58)
-Dq ..jl....jt;n dq :
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The contraction of two indices of the tensor T associates a tensor
" with T which is of covariant order one less and contravariant order one less

than T. For example, if the fir¢L contravariant index and the last

i 3 .
covariant index of the tensor T- & vg_lv;.vg?t

.7 are contracted
..jlutooj l

then the resulting tensor is

i i N S TUUTC N B
(T l-.-o S ( )) e v..vgi T l:'oo Si v..ve’ .
-o]lov.'jt l ) “jl"" 1 _:LS

i i
leeoo’s

"
|o®

where the T 7 3
C.jl.... l

transform as do the coefficients of a tensor of covariant order one less’
and‘contravariant order one less than T. By making use of the product
rules for inner products and for tensor products it is seen that the
coefficients of the absolute deriVativevof the contracted tensor are

i, e...1 i i

T At TP S T n i i . n
sedyreeety eyt 1 2 s  dx 1 Jtitts &
' bq d HRETE ioag " Tia T35, 17
Dgﬂ; q FIERRRE 1 q 1 ..jl.]t_l q
. i
i i -o-l e S S

n
s dx

s n . .
+ 2 I' k T l k l k+l dx - Z l ll' 8 0 ¢ 0 000 00 OJ—
= ..1 dq

P ln ooj -ocooonoc.coooi dq - I'-.

l.... s
4T i s i i i i . n
I Sl oo O S
dq k=2 ln .']l'."."'..'ll .v dq
) til o 11........;....181 d}c‘;n (59)
k=1 K o1t IkertIkerccty M
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A final remark about differentiation and the connexion concefns the
metric tensor on a manifold where such an entity exists. It has already
been mentioned that the matrix of coefficients of the metric tensor
can be considered as the representation of a one-one onto linear

transformation mapping the tangent onto the dual space such that

s L patesy = ataed
T(g;) = a;4e T(A"e;) = A 3348 . (60)
and '
-1 3y . Ik -1 Iy = jk
T () = a¢g, T (Ajg_)_ = Aja Y . (61)

In general, the linear transformation T is a function of position on the

. . . k . .
manifold. If a contravariant vector field, A e, 1is given along a curve
i i - s s . . .
x~ = x (q), then the linear transformation T associates with it a covariant

vector field Ajg? such that Aj“= Akakj; In order to determine whether T

commutes with the process of taking the absolute derivative the following -

difference is considered:

TG ) - ST ) =.T<<9§-k-+ s S ahe) : %—E(Ajg_j)
- (g§_+ rf; S Ahae - <qu - T g_xc% 8¢
) = (% + r};j 93(‘1-]:- Ai)aki-e-l - (%—El- (A% ) - I’J%ki’a‘-z A% e’
- SV (g YRS S - e2)
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Therefore, T and absolute differentiation commute for all curves x— = xl(q)

and all vectors A" if and only if

a_ . - Fl 1

nj,.k nk alj - ij ®n1 0 (63)

In what follows it will be convenient to consider coefficients of
the connexion which are symmefric in the linear indices., Then permutation
of the indices in equation (63) gives two additional equations and
substraction of one of these from the sum of the other twovproduces a
result which when multiplied by the associated metric tensor yields

Iy, = aa

nk nj,k (64)

* k0 T %n,3)

Therefore, the connexion coefficients must be the Christoffel symbols if
T and absolute differentiation are to commute. The covariant derivative
and the absolute derivative of the metric tensor are then zero. Therefore
when the Christoffel symbols are chosen és the connexion coefficients
parallel propagation of vectors leaves the magnitude of vectors and the
angles between vectors invariant.

Tensor fields or any Ffunctions defined over some region of space
may also be functions of various parameters. The most frequently
occuring parameter is time. It is possible to define a number of.
different derivatives involving time. Before investigating some of these
derivatives perhaps it is best to clarify a few points.

Suppose that A(xi,t) is a function defined over some region of
space, where xi are the coordinates, and it also depends upon the time

parameter t. Then for every value of t, A has a value for every point
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in its domain. In general, if attention is fixed on a given point ip
space x:.L then the value of the function A at that point varies with time.
Rather than record the variation of A with respect to position at a fixed
time or with respect to time at a fixed position it is frequently
required that the variation of A with respect to time be determined when
attention is fixed on a point which tfaverses space as a prescribed
function of time; that is, xi = xi(t). The word "observer" is often used
to refer‘to the point of fixation whose trajectory is a prescribed function
of time.

A cdordinate system is said to be fixed in space if each geometrical
point of physical space is considered to have the same coordinates for
all times. Coordinate systemé which are got from a fixed system by means
of a time dependent coordinate tfansformation are called moving coordinate

. i, . k' . .
systems. Thus if x* is a fixed system and x  is a moving system

1 1 !
xk = xk (x%t), xk = xk(xk’t)

An observer is said to be "fixed with respect to the coordinatevsystem
xkg3‘when the point of fixation‘is.given by xk = xk(xk:t) where xk' is
kept constant.

The absolute and covariant derivatives of tensors have already been
discussed. A tensor field T is often dependent upon the time parameter
t, so that T = Eﬁx%t). In what follows various time derivatives of
such a tensor field shall be investigated.

Instead of considering t as a parameter it is instructive to consider

. . s . . . . i .
at time t the original n dimensional manifold, for which x~ are coordinates,

as a surface embedded inan n+l dimensional space, for which x* and t are
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coordinates, in such a way that t = constant is the equation of the
subﬁanifold. A unique coordinate surface then passes thréugh every point
6f the n+l dimensional manifold. At each point in the n+l dimensional
.space the tangent plane of the coordinate surface E = constant forms an
‘n dimensional vector space. -The dual space associated with the tangent
plane is another such space. ~Tensors can be defined at each point of

the embedding manifold over copies of these n dimensional vector spaces.
The notation Exxi,t) denotes the element at xi,t of such a tensor field.
In keeping with the point of view in which t is considered as a parameter
and T is a tensor over the n dimensional manifold with coordinates xi,

it is of interest to consider the representation of the tensor in
coordinate systems for the n+l dimensional manifold which results from

the system described above when transformations of the following form

are undergone:

XK

x(x¥,t), K=1,2,0n, i= 1,2,..n - (65)

Xl'l"l'l

o = o(t) ' (66)

where these relations are invertable.

The discussion of derivatives of tenéors of the type described above
is very similar to the earlier discussion of absolute differentiation.
The first requirement is to be able to compare tensors defined at
different points in the n+l dimensional manifold. As before, the
existence of a mapping amongst the various tangent planes and of a
mapping amongst the corresponding dual spaces induces mappings amongst

the tensors defined with respect to-these vector spaces. The'mappings



amongst the tangent ﬁlanes together with the mappings amongst the dual
spaces will be referred to as connexions. The connexion between two
points will in general depend upon the curve traversed»inwgoing from one
point to another.

If xa = xa(q), o= 1,2,..,0+1 and xn+l = t, is a curve in the ntl
dimensional manifold along which a connexion has been defined, and T(q)
is a tensor field along.the curve, the element of the field at each
point being defined with respect to the loéal tangent plane and the

corresponding dual space, then the derivative of T along the curve is

defined as

i% _ lim I4|(q + Aq) - T(q)

dq Ag>0 Ag (67)

wﬁere I4I(q+ Aq) is the image at xa(q) of the element of the tensor field
at x* = xa(q + Aq) mapped by the mapping induced by the connexion and T(q)
is the actual element of the tensor field at xa(q). It is obvious from the
definition that ;%y is a tensor of the same kind as T.

The development from this point onward is nearly the same as the
previous discussion of absolute differentiation and so only an outline
‘will be given. In order that the differentiation defined here éatisfy
pfoperties analogous to those satisfied by ordinary differentiation of
functions, the connexion is taken to be a linear mappingf If T is defined
not only along a curve but over the nt+l dimensional embedding manifold
then the connexion is restricted so that differentiation along any curve

can be decomposed into differentiation along n+l independent directions

in a manner analogous to the breakup of a directional derivative of a

function. Because of the linearity of the conmexion, the derivative of a
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tensor product obeys the product tule.. Therefore, if a linear connexion

can be found such that differentiation of covariant and contravariant

vectors has the properties required then differentiation of all tensors

has these properties.

If {Ei} and {EK} are the coordinate base vectors of the tangent

. i K . . . . .
plane in the x~ and X coordinate systems respectively, if a connexion 1is

assumed to exist such that differentiation has the required properties,

and if
dgi .
= = T e, i=1,2,..ny 0
dxd io =
and
dE g
:—*Ai = 1 E, K =1,2,..n;3 A
ax KA =
then
. de
— .d L K
T e, = = = S(X,.E,) = X,.
io —] dxa dxa i
but
e O N
- N bl - b1
ax’ dXA o KA =L ’a
so that
3 _ UK K A LL
Mo g5 7 Xogq B T %1% o kAFs,
- K ] KA ]
= (X5 Foy + X% X’LFKA
Therefore,
o S B ] pL
ig X’iux°x ‘ X°lx’ax’L*KA

n
1,24, 041y % +1

1,2,..,041; T

t

)

(68)

(69)

(70)

(71)
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I .

If A= Algi is an arbitrary contravariant vector and x” = xa(q) is

any curve in the n+l dimensional manifold then

da i ., de i

. . . o)
— _d i _. dA i~ _ ,dA 1 Lk dx
W T Wl sttt Gt e T

would be the form of the derivative in any coordinate system. The‘
quantity in brackets, because.of the transformation properties of Fga’
trénsforms like a contravariant vector.

The above discussion provides the motivation for the following

definition of the parallel propagation of a comtravariant vector A along

the curve x% = xa(q)l A undergoes parallel transport along the curve if

k . o
dA k ,1dx™ _
g + ria A il 0 , (73)‘ .

The condition is the same in all the allowable coordinate systeﬁs. As
before, once the P?a haveabeen chosen, the integration of these equations
along the curve x¥ = xa(q) in the n+l dimensional manifold provides a
one-one onto linear transformation amongst the tangent planes at the
different points on the curve. This is taken as the partial connexion.
Without duplicating the previous analysis given with respect to absolute
differentiation here it suffices to say that the derivative of a
contravariant vector A exists and satisfies the required properties when
the differentiation is defined with respect to a partial connexion as

specified. Then

dA i . o i . 2,0 '
- dA” | Li Lk dx - (dA a1 Gk dx
@ Cat et wu T at ke e
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‘where the last equation results if A is defined everywhere and not only
on the curve. The first term accounts for the change in the coefficients
and the'second term for the change in the base vectors.

The differentiation of covariant vectors is treated in a similar .

. fashion. Coefficients of connexion T?a’ which satisfy the same

- . i . . .
transformation laws as the Fja,<are introduced in any coordinate system

and the transformation rules are used to determine the T;a in any other
coordinate system. Then a covariant vector A is defined as undergoing
parallel transport along the curve x% = xa(q) in the n+l dimensional
manifold if

dAk .

-T

o
i .
dq ko

dx

Ai aq = 0 - (75)

This condition is the same in all the permissible coordinate systems
because of the transformation law Tiu' The solution of this system of
linear homogeneous first order differential equations establishes an
isomorphism between the dual spaces at any two points along the curve.
This mapping is taken as a partial connexion. With this partial
connexion the derivative of a covariant vector A exists and satisfies

the required properties. Then

dA dA, o dA,
i

_ 1 =k dx”, 1 _
dg -~ 0755 - Tio & dq)g- - (dxa

o .
k dx~ i
- FiOL Ak) < & (76)
where the last equation results if A is defined over the n+l dimensional
manifold and not only on the curvé. The first term accounts for the

change in the coefficients and the second term for the change in the

base vectors.
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. The condition that the inner product of a covariant vector Vig} and
and a contravariant vector Ujgj be differentiable according to the product

rule is investigated by looking at the following difference,

d . i d iy, id,. 1 ax® ai i
@Vl - LEgVie ) Wey) Vet GHUTe )T = ViU e (T - Ty)
(77) -

The detailed steps are analogous to those used in deriving equation (54).
If the inner product is to be differentiable according to the product
rule for arbitrary vectors and for arbitrary curves then as seen above

. '
e © Tia (78)

This is taken to be the case in the ensuing discussion.

Using the product rule for differentiation of temsor products, the
.

coefficients of the derivative of a tensor with coefficients T 3 Sj

. " . *e l... ’t

defined along the curve X% = xa(q) are

D opls L od oles 0§ kg Tll...lk—llk+l;.ls
Dq ..jl"jt dq "jl...jt k:l la dq ..jl..'."..‘.'..jt‘
.t l dxa ll..“"....'..ls
- ) T T Lttt . (79)
k=1 J* 99 eedpeeden ert e

If the tensor is defined over the embedding manifold then the coefficients

of the covariant derivative of this tensor are

s L4 JlenTs § s T S R
'.]l".']t;a 4 d}{a '.jl..‘A.jt k:l la ..Jl..‘..'..'.‘.....jt
t i i

- I'J.- T l‘."..l.‘..'. S (80)

k=1 k% e dn Tt 3y
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and the coefficients of the derivative are

i i i .
D 7 l i S = T lesed

¢
DG " eedeee oo U T - =)
1 T 1 ts30

The differentiation of a contracted tensor follows the same rules as
established for the absolute differentiation of a contracted tensor.

If the n dimensional manifold, which has been viewed as a surface
embedded in an n+l dimensional manifold, has a metric then the matrix of
coefficients of thaf metric can be considered to be the representation
of a one-one onto linear transformation which at any point of the n+l
dimensional manifold méps the tangeﬁt plane of the surface t = constant

onto the corresponding dual space. If Ak is a contravariant vector field

Zx
then the linear transformation T which was just described assoclates

with it a covariant vector field Ajg? such that Aj = Akakj. In order to

determine whether T commutes with the process of taking the derivative
the following difference 1s considered
& (a% ) - L (rafe, ) = TR VS S S
da S dq X daq ij,o io 713 jo Ti17=
| (82)
where the details leading to this equation are analogous to those leading

to equation (62). Thus T and differentiation commute for all curves and

all vectors if and only if

1 1

- - = 3
aij,oc riu a1j 'rja a1 0 (83)
This can be written as
1 1
- - T =
aij,k I‘ik ?lj “dk 21 0
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a.. :
onyl

'wherevby definition Pi = I

For the sake of convenience it is assumed that
(8u)

Then as already seen when considering absolute differentiation the first of these
conditions is equivalent to taking the connexion‘coefficients F;k'as the
Christoffel symbols. Because of their transformation rule the connexion

coefficients PiN are the Christoffel symbols in all permissible coordinate

n(n+l)

5 independent

systems. The second of these conditions is really
equations for the n~ quantities Pi. A solution to these equations, but

not the only one, is

Ioo Lk |
Fi y a ag | (85)
If a coordinate system can be found for which aij is independent of time

then choosing T;f= 0 is consistant with condition (85). Then the

condition for a contravariant vector to undergo parallel propagation

along the coordinate curve t = t, x* = constant is
dAl + I,i Aj an+l = dAl = 0 ( 86 )
dt 3 dat dt

i s . . .
or A~ = constant. Therefore, in this coordinate system the coordinate

o . . i
. base -vectors &; at any point on the coordinate curve t = t, X = constant
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map into the coordinate base vectors at any other point on the curve.

In some other coordinate system XA; A= 1,2,..n+l; Xn+l = 0 where

XK = XK(xi,t),c = g(t) the quantities P? # 0 in general. This-is seen
from the transformation ruleé for the connexion coefficients. Under these
circunstances, that is when P?k are chosen as the Christoffel symbols

and F§ = 0 and aij is independent of time, then parallel propagation

along any path in the n+l dimensional manifold is such that the magnitude
of a vector and angle between two vectors are left invariant. The
derivative of the metric tensor is zero.

If the Christoffel symbols are chosen for Fék and F§=Oxbut'aij“i8'not
independent of time, a linear connexion has been defined which satisfies
all the properties requi?ed except now differentiation along an arbitrary
path and application of fhe linear transformation'associated with the
metric tensor do not commute. It isAreadily seen from equétion (82) thét
- these operations.do commute when the curve is restricted to be of the
form t = constant, xi'=.xi(q). For a general path however such a connexion
does not lead to parallel propagation which preserves lengths or angles.
The derivative of the metric temsor is then non zero in general over an
arbitrary péth.

If the connexion coefficients are chosen in an arbitraryﬂcoordinate
system XA, A=1,2,..ntl; X?+l = g(t), such that TiM are the Christoffel
symbols andvfi = 0 then the connexion coefficients in any other coordinate
system xa, @ = 1,2,..n+1 such that xii= xi(XK,c), xn+l = xn+l(Xn+l) can
be found from the transformation rule. The quantities P?k quite obviously

are the Christoffel symbols. The quantities T; are not in general zero.

The transformation'rule,given in equation (71) yields
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s R 7 K ntl j K M j
I3 LR TR ’LTK HRETLNE ) ’LFKM (87)
Since F; = 0,
3L LK 1 3 K 3 AL
T3 (X 1270y %oy X’ix¥n+lX’LFKM (88)
but
L o_ ok Lo,k 1.L.»
Ty = Fowarto t ¥ oaoonTia (89)
so that
5 N 3
Iy = & +1[X Yag Kyt Xog¥s g Kag + X n+lX’Mrll (50)
however,
I My o 3 M .
Gy e 1% )y Xaroner T XX n+1lx Yoy (o1)

and together with the chain rule these results can be combined to yield

i M m .'K 3
I; = (x3yKs g 12005 Xy + (X, +1[x )x,MF (92)
‘s i i,,K, 3 .n+l n+l
By writing x~ = x"(X"(x”,x ), % ) and considering the derivative with

n+l .
respect to x keeping xj fixed it is seen that

_ i K i K m
0 = (X’n+l|X ) + x,K(x,n+llx ) (93)
Therefore,
e - 3 K
x’w(x n+l! ) == Gop XD (st)

When this is substituted into equation (92), the following result is proved:

K

X7),

I - L (] _
1 '(X’n+1| 3 7 N +1

kS >F (95)

th . . .
The n+l"" coordinate in any of the allowable systems 1s always an

invertible function of the time t alone. Therefore,
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. 3 ' 1 . ;| .
o= - (:K g;géio’i ) (;K g;gﬁiﬂfil T ;K’i ;;géi' (96)
where vi = x];tIXK is the velocity of the XK coordiﬂate system relative
to thexxj system. In all coordinate systems in which anl = t this
becomes '
'rg = - V;,i (97)

For convenience sake, only such coordinate systems will be considered
in the future.

Time derivatives are derivatives along some curve in the n+l
dimensional manifold on which the time t is taken as the parameter. Such
a curve is given in general by x* = xl(t), t = t. The curve specifies
the observer. If the connexion is specified in some coordinate system
n+l . I I
X7, A= 1,2,..n+1; X = t, by the Christoffel symbols PKJ and by FJ =0

then the coefficients of the time derivative along the curve X = XK(t),

t = t, of some contravariant vector in any coordinate system xa,
0= 1,2,..0+1; xn+l = t, as given by equation (79) are
pad &% _ aAd LAl v Al  (s8)
—— [ 2 - — . T = e
Dt |.d = x3(t) dt ik dt XK i

where the upper letter after the vertical line indicates in which
coordinate system the connexion coefficients were chosen and the lower
expression specifies the observer. If Al is defined everywhere then
I K 3 g o4
pad | X _ 9A L oax viiia (99)

s = 2| Leal o
Dt ! xj = xj(t) ot xi sy 4t <K



1y

T+ should be recalled that this means that

an x5 5, %
e s .- DA PR e (100)
It | xd = x3(t) Dt | x7 = x3(¢)r =]
o . . ' A
If the x coordinate system is taken to be the system then
L :
pa® XJ 5 oAk L. X ax”
Dt | X = X (%) ot |X L dt (101)

which is consistent with the choice of connexion coefficients in the X
system.
When the curve in the n+l dimensional manifold is given in some @
) n+l B
coordinate system, A = 1,2,..ntl; O = t by 6~ = constant, t = t then
the time derivative of a contravariant vector can be expressed in the
x% coordinate system as
— : oAt | i v J v )

st 8 = Gk th et f .

Ls3 & (102)

Where the lower letter following the vertical line is to indicate that
the observer is specified by keeping this quentity fixed. TFurthermore,
if the ex coordinate system corresponds with the XK system, the

coordinate system in which the connexion coefficients were chosen such
K

. that FI = 0, then the above equation reduces to
dA i . 3 . i
- _ ,0A i v IV, .
e IR Tl IR S QS L
i . 3 . 1
JA Lalv J v, .
Sl T e LR (102)
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This case is called the Lie derivative of the &ector A. It is evident
that the preceding examples can be generalized to give the derivatives
of any tensor. Once the depivatives of the base vectors in the tangent
plane and.the dual space are known the product rule for differentiation
can.be used to get the derivative of any tensor.

It should be noted that the above discussion includes absolute
differentiation as the special case where t = constant, :«:fL = xi(q). The
separate treatment of absolute differentiation is really redundant, but
it was 1ncluded here because of its eplstomologlcal merit.

It has been seen that time differentiation of tensors 1nvolves the
;pecification of a path or an observer, a connexion, and the representation
of the components of the depivative in different coordinate systems. An
assumption is uéually made that physical space can be coordinized by
rectangular Cartesian coordinates which have a tlme lndependent metric
associated with them. If in this coordinate system P - are chosen to
be thé Christoffel symbols and Tj ape chosen to vanish then lengths and
anglés are preserved during parallel propagation. This choice of the
connexion leads to the usual covariant time derivative. It is thué seen
that the above assumption together with the requirement that parallel
propagation preserve lengths and angles leads naturally.to the usual
time derivative. This assumpfion and the parallel'propégation condition
need not be included in general. |

The concept of a tensor field can be broadened. If M and N are two
different manifolds with coordinates xi, i=1,2,..m, and ua, 0= 1,2,..0,
respectively than doubie tensor fields depending on the parameter t

can be defined on a manifold with coordinates xl, ua,t; Through each
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point in thism + n + 1 dimensional manifold there passes a unique pair

of submanifolds from the two families of submanifolds, u® = constant,

t = constant which is m dimensional and has m dimensional tangent and
dual vector spaces, V and V¥, associated with it, and’xi = constant,

t = constant which is n diménsional and/iaZimensional tangent and dual
spaces, U and U* associated with it. A double tensor field is defined
Hsuch that at éach point of them + n + 1 dimensional manifold its element
is a multilinear real valued mapping of a product space consisting of
copies of V and V¥ followed by copies of U and U*. For example, if T

is a real valued mulfilineap mapping of V x V¥# x V% x U* x U xU then

T is said to be a double tehéor‘of contravariant order iwo and covariant
order one with respect to M and of contravariant order one ‘and covariant
order two with respect to N. If in some xi;ua,t coordinate system {Ei}
and {g}} where i = 1,2,..m are the coordinate base vectors of V and V#
and {fa} and {f?} where o = 1,2,..n are the corresponding quantities of
U and U* then it can be Shown that the set of double tensors over

VX VR VEx U%Fx Ux U,

1
{gve.vev

& Ve VIV ;‘E_B v £7]1,5,k = 1,2,..m and &,B,y = 1,2,..n}

where v is the analogue of the tensor product, is such that any other
double tensor over this product space can be expanded as a linear

combination of the double tensors in this set. Thus

jka 1 B ., &Y
. e ve, vV Ek v fa vi vt

E“ = TlnooBY - '—]

al

i’ it, i ) o', o . . .
When x~ = x~ (x7,t), u =u (u,t), and 0 = o(t) then the coefficients
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transform according to the rule

‘|.’ 1 ‘ 3 st 1 1 3
j'k'a - xf.,xg k' o' B Y. T.jka

T sty $1%05 Kol gUag Uayr 5T ay

As with tensors, once base vectors have been chosen there is a one-one,
onto correspondence between the quantities which transform in the manner
of the coefficients of double tensors and the double tensor entities
themselves.

The discussion of differentiation of double tensors ii completely

e}

analogous to the preceding discussion of differentiation/t;nsors. The
first requirement in order to define derivatives is to be able to compare
double tensors at different points. If mappings exist amongst the V at
different points in the m + n + 1 dimensional manifold and amongst the
V¥, the U, and the U¥* then mappingé are induced amongst the double
: tensoré defined with respect to these vector spaces. The fundamentai
mappings will be referred to as comnexions. If T(q) is a double tensor
field along the curve,

xT = xl(q), W = ua(q), t=1t(q)y, 1 = 1,2,ema= i,2,..h

then

TR0}

dq Ag0 Aq

(104)

where T;(q + Aq) is the image at q of the element of the double tensor
=1 q q

field at q + Agq mapped by the mapping induced by the connexion and T(q)
ar '

is the actual element at q. Eﬁi is a double tensor of the same kind as T.

Rather than emulate the discussion of the differentiation of tensors

~ a summary of the pertinent results will~be given.‘ The coordinate
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transformations in the n + m + 1 dimensional manifold shall be restricted
. sy s ' . i, i o, o

such that x~ = x° (xl,t),ua = o (ua,t), t=1t., IfT Leeeers.. lé' PB

) .']l....Jt. l..q

are the coefficients of a typical double tensor T in ‘any .

acceptable coordinate system of the n + m + 1 dimensional space where T

is defined on a curve x = x (q), u¥ = ua(q),-t = t(q) then the coefficients

of the derivative along this curve are

ll....ls..al....ap l....ls... leess p

DT - . aT
_..]l"'..jt"sl'.!.sq - . ..]l...'jt...sl.....eq
Dq ' dq
s L Aear, ikt tsn %0 %

+ ) (T =——+T. =) T : A
k=l ln dq _-l dq o':]l‘o-0lbltn'oAtoonjtcilBlotnqu:

___) ll-co-cottooto.lSoaaltoolap

- k=1 kW dq jk dq ..]1..jkflljk+l..]t..81....8

q

-—) T
OY dq G dq> . jlo.g j_t-' Blatcco.-o.nou Bq

; § “k au’ 0‘k dte 1. % %1%, %

» Y i 0,

O du O dt l’.'. S . ll.l'..'.".... p

- % (A —_—+ A, =) T (105)
k=l . BkY dq Bk dq cnjlooa jto-Blo .Bk—lcsk'f'l‘.sq
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where
Bk Bk i R
dx] ij <k . dt i= dua io <k
(106)
Ha N Lo | 2® £ | N
au® aB =y dt o =B axt aj =B

and where these connexion coefficients are arbitrarily chosen in some
coordinate system e#cept that F?g and AZj have been chosen to vanish.
The coefficients in any other system can be found from the transformation
. rules for these quantifiés, which in turn can be obtained in the same
fashion used to obtain equation (71). In what follows M and N will be
considered to be metric spaces and T?j’ AlB will be chosen to be the

“k

Christoffel symbols of M and N respectively. T,

i A;? will be chosen to

be zero’ in some cbordinatg system. Because of the transformation rules
these quantities are also fhe Christoffel symbols and vanish respectively
in any other coordinate system. Furthermore, in some coordinate system
F;, Ag will be chosen/ggnish. In any other acceptable system the

transformation rules require that

K vK. Z vZ
PL = - ’fgL’ AF = - T (107)
b3 u :
: vK .4 i K
where xi = X;t_xi is the velocity of the x~ system relative to the X
z
system and Zu = U§t & is the velocity of the u? system relative to

the UZ system. As with tensors if the metric tensors are not dependent
upon t then the choice of the connexion made above means that parallel

propagation in the m + n + 1 dimensional manifold preserves lengths and
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angles. Implicit in equation (105) is the notion that differentiation
of the inner product obeys the product rule.

It will prove useful to investigate the case where the manifold N
is embedded in the manifold M. In particular, N is considered as a
surface in Euclidean space. v are any surface coordinates and xi are
spatial coordinates which can be considered fixed in space. Then

i i, o i o . . X .
x~ = x (u,t). In the xl,uo,t manifold this situation corresponds to a

submanifold Q given by x* = xl(ua,t), W= ua, t = t. A moving curve

on the surface given by w” = uu(q,t) corresponds to the two dimensional
. . i i, o o, o,

submanifold of Q, R, given by x~ = x (u,t), u = u (g,t), t =t. Ift
is constant or g is constant a curve is defined on Q. As an example
Tlu(q,t) are ‘teken as the coefficlents of a double tensor defined on R.

Then if the connexion is chosen such that in the xl,uu coordinate system
i 0 i %o
Fj, AB°Fja ABi

the observer is given by the curve t = constant defined above then the

vanish and F;k,AgY are the Christoffel symbols, and if

coefficients of the derivative of tla(q,t) are given by equation (105)

so that in any coordinate system XK,UA,t

DTA K K LM T K T
5o © T Ayalt + I‘LM TAX,q AAI, T zU,~ (108)
K . .
If T A is defined over Q then
———-—DTKA (UT( t),t) (TK £ TR b XM AZ X YU
TIq dt/t) = AT Tt A %o T ATt 57
= of (109)
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‘where TKA;F’ called the total covariant derivative of TKA, éQﬁéiS the
quantity in brackets; and it can be shown by its transformation properties
.that it is a double tensor of covariant order one greater than TKA with
respect to N. If the observer is given by q = constant and TKA is
defined over R, then the coefficients of the derivafive of TKA(q,t)

are given by equation (105); so that

i o
DTKA X . T
» . K K L M K
— = T + I T X - ALLT WU,
Dt | =constant Avtlq T Tt A%,tlq T TAIT IUt]q
K .
v L v K
- 4L TA F 0L;AT 5 (110)

where the upper letters after the vertical line indicate in which system
the connexion coefficients were chosen and the lower notation refers to
the observer.
. . . i i, a

In the case where N is a surface fixed in space, x~ = x"(u’). Then
if TKA is defined over Q equation (110) becomes
DTK ia

u

A T Xyu’ _ X
5t (U (q,t),t) 4 = constant = TAt gb + T

K 0 v L v K
AT “tlq xi;L A

(111)
These examples are easily generalized to take into account any double
tensor.
It is usually convenient when dealing with tensors or double tensors
to suppress the fundamental or base vectors and to deal only with the

coefficients. Having gone through the derivation of the derivatives,
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, tﬁe coefficients of such derivatives are now meaningful and may be
interpreted term by térm. In the ensuing chapters the coefficients of
tensors will be used. This completes. the discussion of tensors.

'The discussion of differential geometry is now resumed.

In the three dimensional éeémbedding space the permutation tensors

are defined by

. 1/2 ijk _ -1/2
ik = & eiqi € = g e;4k (112)
where eijk =ul;—l,0 if ijk is an even or odd permutation or if any two

indices are equal, and g is the determinant of the metric temnsor.

" On the surface, the surface permutation tensors are defined by

/2 . B é—l/Ze

€ = @ eup> € = (113)

qB

wher'e"é‘ocB = 1,-1,0 depending on whether off is an even or odd permutation
or whether the indices are equal, and a is the determinant of the surface
metric tensor.

Useful identities which follow from the definitions are

cB ; 0B o0 gi
€yg® = SYGO sch . (114)
and
ipq _ sPsQ _ £9sP
€5 = ajsk Sjék (115)

The cross product of two spatial vectors Al,Bj is a vector Ci given
by Ci = eijkAjBk. Two vectors are orthogonal if the angle between them

is gu Ci is orthogonal to At and‘Bl since the cosine of the angle between

i i, _ i iRk s i,
C” and A" is cos.eCA CiA = eijkA A°B Q. Slmllar;y, C” is orthogonal
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to BI. ‘Thus a unit vector nivorthogonal to the tangent plane of the
surface can be found by taking the cross product of any two independent

vectors in the tangent plane and dividing by their magnitudes. x%

o
are two such vectors. Thus
- i .k, pq.  ._s _t u . v - 1/2
n, eijkx’lx’2(g epStX’lx’Q squvx,lx,z) (116)
If one factor is expanded as follows,
R R S § I K
€19k 31 %o 7 %ap Eigk X0 ¥o
and the other ' is expanded using equation (115) then it can be shown
that
- 1 0B 3k .
n, = ¢ Eijk X3 Xop | : (117)
If this equation is multiplied by Ecp and equation (1l1l4) is used then
- 3 k :
ecp ny €ijk X g X’p _ (118)
If instead, equation (116) is multiplied by gpl sstp xEO and equation
(115) is employed then
t . p _ _of
sstp Xogh = AT Egp X (119)

If Aa is a non zero surface vector then there exists a surface vector

3% = EU"BAB orthogonal to A&. This is evident from the result cos@AB =

aaYBqAY = EGBABAQ =0, If AE is a unit vector then sc is Ba. This is

. . . . . (o4
easlly shown by looking at the expression for the magnitudes of B~ and
Yy y ng P ag

by using equation (114). In particular, if ¥ = ua(s,t) is a curve on

B B 8

the surface then Vo = euBt , Where t~ = Us and s is arc length, is a
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unit vector normal to the curve. Incidentally,tq is a unit vector and

o _ ds _d o ds _. o B \1/2
any other tangent u,q "I t~ has a magnitude aq (aaBu ’qu’q) .

Having introduced the unit normal vector tc a surface it is now
possible to discuss another fundamental surface tensor the elements of
which constitute the coefficients of the so called second fundamental

form. From the definition of the covariant derivative it is easily

_ _ k e s
shown that aGB;Y =0 aéd gij;Y = gij;kx’y = 0. Thus from the‘deflnltlon
- of aaB,
= = " i .3
0 GaBsy T Bij My ¥og T 815 ¥3q *ipy

If cyclic permutations of this equation are written and one of the three
equations which result is subtracted from the sum of the other two and
i i . |
the faet that X’GB = x 380 is émployed then

i .3

0 = gij X;BG x,Y

The .x,rgq:’cg:l;)s.x'.-L are orthogonal to the surface vectors XEY so that

708

i i .
X30p = baen | (120)

These equations known as Gauss's formulae define baB so that

byg T Figg i | (121)

The geometrical role of baB is exposed by the followipg discussion.,
If s is the arc length along a curve xi = xi(ua(s,t)t) on the surface
then ti = x%s is the unit tapgent to the curve and the first Frenet
equation for curves in space is |
) .

i i .
Dt _ Dx i
= = KR
Ds 2
Ds
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where D/Ds.is defined in equation (108) and where K is the curvature and
R" is a unit vector called the principal normal vector. Rl in general

does not coincide with n*. If 8 is the angle between n" and RT then

- i - D x™ i
cosf@ = nR, = —= (122)
i 2 KX
Ds
However,
2 1 Duu
D"x” xi & uB i ’s
3 -] b1 i H
Ds2 of “’s ’s o Ds
so that
_ i o B _ 0,8
Kcosf = X34p ngour u, o = met t (123)
v . o o
If the parameter along the curve is q then'u,S =_u,qq,s and
K = Kecosfh = e (121)
n ' a dugdup
op

where baB are the coefficients of the second fundamental form and kn is
called the nofmal-curvature corresponding to theAdirection 2. It is
seen from the definition that Kn depends only on the direction of the
4fangent. In general, there arve many surface’ curves passing through the
‘point under consideration which have a given tangent in cdmmon. In
partiéular, the plane containiné the normal to:.the surface and the gi&en
tangent directioninxarsectSthé surface inlsuch a curve, called the
normal section. K is obviously the curvature of a normal section.

A result which is allied to Gauss's formulae can be obtained by

s .

. . . . . 1
taking the covariant derivative of the equation g;jn nd = 1. Then

i3, =
A gijn no3. 0
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Therefore, nga must lie in the tangehf plane-and S0

5 _ B3 |
n: = .nd X3g v _ (125)

If g..nlxz .= 0 is differentiated and, use is made of equations (120) and
B S , , 4 -

(125) then

- B 5 |
n%a = - b xig , (126)

These are called Weingarten's equations.

Another result can be obtained in a similar fashion. The tensor

derivative with vespect to the arc length s of the equation aagugsués =1
4 o _
leads to the result that Eﬂﬂi is a surface vector normal to itself,
’ o Ds '

so that
Lo ) : ,
Dt~ _ o - :
e = oV | (127)

'where ta,= u?s, O is called the geodesic curvature of the curve, and Va
is the unit normal to the curve. Using the facts that v* is a unit vector

and that v is normal to t” together with equation (127) yields

Qo
. R\i.. = _cta (128)
. Ds )

Returhing to tﬁe definition of normal curvature, it is possible to
define the‘mean and the Gausslan curvatures at each point of a surface.
These quantities reflect the geometrical characteristics of the
neighborhood of the point on the surface. Given a direction t¥ in the

tangent plane at the point P on the surface the éorresponding normal

8

curvature is Kn(ta) = b, %", If K is optimized subject to the

B
o, B

condition that aast +” = 1, the result is the eigenvalue problem:
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(b )tB = 0 (129) .

g " AaaB

Because buB and aaB are real symmetric tensors the eigenvalues are real
and are called the principal curvatures. The corresponding eigenveétorsv
" are called the principal directions at P. It can be shown that the
eigenvectors are ofthogonai if the eigenvalues are distinct and can be

chosen to be orthogonal in case of duplicity. If A A2 are the principal

l’

curvatures then the mean cufvature H is- defined as
2H = Al + Az - (130)
and the Gaussian curvature is defined as

K -=. xlxz : ’ | (131)

The characteristic equation of the eigenvalue problem given in equation

(129) together with the theory of algebraic equations yields

. b : . ‘
| K = Y , ; (132)
and

2H = a b ' _ : - (133)

The Riemann-Christoffel surface tensor is another tensor that

frequently appears. It is defined by

n - M o, 0 N 0
R'uBY raY,B, rdB,Y + FBG PaY , ryo raB {(13u)

This tensor appears naturally when the commutation properties of covariant

differentiation are investigafed. From the definition of R4 and of

oy

covariant differentiation it is easily shown that



n
A - A = R. A 135
o;8Y  TosYR oBy'n (185)
This can be generalized to give
A ~ A = 1 R?a By %a...a o (180
1° %38y 1%y 1= MY %% iM%

It can be shown that the covariant form of this tensor R = a R?
cafy on ey

has the following properties:

RaBYG = - Raecy = - RBayc = Rycas (137)
Rogyo * Foogy * Foyos = O (138)
Finally, the Ricci tensor is defined by Ryg = R?aBn (139)

Using the results alreédy established the derivation of the Gauss-
Codazzi equations, which restrict the forms of aaB and baB’ is straight
forward. .In equation (135) Aa is taken to be X%a' However, the left
hand side can be written in a di fferent form by using equations (120) and
(126)fA-ihen muitiplication by ng and X5 P yields

Pugsy " Payie T 0 | (140)
and

b (1u41)

Ruogy = PasPuy ™ PoyPus

These are the Gauss-Codazzi equations. The second of these is really one

independent equation, -

Rinip = b (142)
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The Gaussian curvature is then given by

R

K = —at2 (143)

It is now seen that K depends only on the components of a,8°

Eisenhart(zg),proves that if 348 and baB are given functions of u”
and aOLB is positive definite then sufficient conditions for the existence
of a function xk = xk(ua), that is a surface such that o and baB are
tﬁe fundamental tensors of this surface ére that a8 and baB satisfy the .
Gauss-Codazzi equationé.' The surface is determined to within a rigid
body motion in space.

If a moving surface is considered,its.motion, it will be recalled,

A

was given by xk = xk(U ,t), where UA are convected surface coordinates.
For a materialized surface keeping UA fixed amounted to following a given
material particle in its motion. The velocity of a material particle‘

relative to the x* spatial coordinate system is defined as

+

K KA - . (14)

v = X,_tU

In general, the quantitieé defined as the velocities in a given spatial
' coordinate system form the components of a contravariant vector only
with respect to the time independent coordinate transformations from the

given system.

The moving surface can be described by xk = xk(ua,t), where u* are
arbitrary surface coordinates. Then
rk = o. ' (1u5)

x’t u

give the rates of change of the spatial coordinates with respect to time
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of a geometrical point on the moving surface which always has the same
. o N k
label in the u~ surface coordinate system. r 1is a vector under the
' ‘s . k
same conditions required for v to be a vector.
k . . .
»° can be considered to be a vector once a spatial coordinate
system has been chosen. Therefore components can be taken tangential

and normal to the surface. Thus,

<= &ﬁ-+T%&d v (1u6)
Truesdell and Toupin (30) have shown that G is independent of the choice
of surface parametrization. It is possible to chose surface coordinates

GA such that TA = 0. Then it is easy to prove that

A

C o 0, |
T = A = Wsa G,t a

w5 | o | (147)

Thus the tangential velocity i is the velocity of the u® coordinate
system relative to the'@A system.

Tn the above reference it is also stated that the necessary and
sufficient conditions that aaB; baB’G’T? functions of w® with 248 positive
definite, be the coefficients of the first and second forms, the normal
surface velocity, and the tangential velocity, respectively, of a moving
surface xi = xi<u?t),are that aaB"baB satisfy the Gauss-Codazzi equations

and the following two equations:

- 2Gb (148)

aaB,t‘uY * 2T (0s8) of

Gb'b ‘ (149)

Y. <.
Th 08 o yB

S Y -
baB,t‘uY T Pagsy b<dTB>;Y ¢

When spatial vector fields are defined over
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a moving surface or over a curve on such a surface it is often convenient
to utilize the fact that any spatial vector at a point P can be written

as a linear combination of an arbitrary triad of three independent vectors.
at P. At a point on the surface a natural triad which is useful is the

. and
set consisting of the unit normal to the surface nl/any two independent

vectors in the tangent plane such as the vectors x%a. Along a curve on
.a surface the unit tangent X%S and the unit in-surface normal to the

i i 0O y . i .
curve V- = xiy together with the surface normal n® form a natural triad.

For example, if At is a spétial vector field defined over a surface then
At = A%, + Ant | ©(150)
where the components are given by

A = An, , (151)
and

A = Ai-xi, Béﬁv (152)

It should be noted that AY is a surface vector. If B* is defined over

the curve xl(ua(s,t),t) then

Bt = QxfS + RV" + Bn” (153)
where

Q = Bixfs, R = Bl\)i, and B = Binl (154)

In the tangent plane at a point on the surface any two independent
vectors form a basis. Therefore if A% is a surface vector defined along

a curve it can be written as
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6] o (8

B~ = Eu,S + FV o (155)
where E = B u? and F = B va
o °s 04

A useful result which follows is the identity

glj = aanfa;EB + n'n’ o (158).

To prove this an arbitrary vector ry is considered. Then gljrj is a
vector and so using equations (150),(151), and (152) it can be decomposed
such that

ij

X B i
3 (g rjxk’ﬁa )X,

[t}
H
il

K i
of (g rjnk)n

Bo i _j ij
(a x,ax:lB +n nj)rj
but since rj is arbitrary the above identity is proved.

Similarly, the identity

R

aaB o B B

= uul_ v (157)

is wvalid along a curve and may be proved by employing an arbitrary vector
N and decomposing aaBrB using equations (153) and (154).

A double tensor Ska can. be considered as a set of spatial vectors
for.whiqh;a specifies the vector and k specifies the component. Then

by virtue of equation (150),

KO o ssaxlfB + %5 (158)

Thenutaking the total covariant derivative and using equations (120) and
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(126) it is seen that

ko Ba B0y Kk o Bay i
S Sy (s b.S )x,B + (S5 + bBYS n

sy~ by y (159)
A special surface coordinate system which is often convenient in
the neighborhood of a curve on the surface is the geodesic parallel
coordinate system., Before defining this coordinate system the following
definition is required. A geodesic curve on'the surface is a curve which
satisfieé the equation,
o

DU9S _
s = (150>

where D/Ds was defined by equation (108). An equivalent definition of

a geodesic, by virtue of equation (127), is a curve for which the geodesic
curvature vanishes. The theory of differential equations ensures that
for a fixed time there is only one geodesic passing through a given point
and having a given direction. To begin the definition of the geodesic
parallel coordinate system a curve C is taken on a surface S. Through
every point of C a unique geodesic passes which is orthogonal to C. It

- can be shown that in a sufficiently small region of S containing C every
point has passing through it one and ohly one of the normal geodesics
through C. The orthogonal trajectories to the geodesics together with
the family of geodesics form a coordinate net. If u2 is chosen as the
parameter which is constant along a geodesic and d¥ is chosen to be
constant along the orthogonal trajectories, this u? coordinate system

is the geodesic parallel coordinate system.

It is now apropos to find expressions for the geodesic- curvatures
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of the coordinate curves of an orthogonal system. Along the curves u2 =

constaht d52 = alldulQ; so that ta = (a. 1/2

11 ,0) are the components of the

. . . 1
unit tangents. Along the orthogonal trajectories or u = constant curves

ds 2 - a,,du 93 SO that the components of the unit tangents to these

22772
- 1/2)

2
09 . along the u =

a .
curves are v = (0,a The geodesic curvature O

1

constant curve satisfies

and when this is expanded and use is made of equation (26) then it is

found that
91n(a l/2)
c. = - a 1/2 11 (161)
1 ' 22 2
ou
Similarly, the geodesic curvature 02 of the u; = constant curve is
- 1/2 aln-<a221/2)
02 = - all (162)

Ju
Returning to the discussion of the geodesic parallel coordinate
system, it is evident that since the system is orthogonal, the geodesic
| curvature o, along the geodesics u2 = constant is given by eguation (161).
However, the geodesic curvature along a geodesic curve is zero. Therefore
equation (161) yields the fact that ajy = all(ul). It is thus possible

to define a transformation of coordinates by

-1 1.1/2. 1

u S all(u Y T du
(163)

-2 2

w o= u

so that in the new system the metric tensor is
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a = a = 0 (164)

The geodesic curvature of the ﬁl“= constant curves is then given by

, 1/2
8ln(a22 )

sk (165)

o, = -
It is easily seen that ul = constant if and only if ﬁl = constant and that
u2 = constant if and only if ﬁz= constant, so that the new coordinate
curves are the same as the old coordinate curves. Furthermore, ﬁl is
now arc length along the geodesics. This means that the orthogonal
trajectories to the geodesics are curves which are the loci of points
which are equidistant from the given curve C as measured along the geodesics.

In passing, it might be worthy to note that using the definition of

RGBYé and the fact that the Gaussian curvature of the surface is given by
equation (143) an explicit expression can be found for K in terms of the
components of aaB(Sl). In the geodesic parallel coordinate system
because 522 = 1 the expression for K is particularly simple. It is
K = =-a 1/2 Efiéggiiil | .(166)
5 T % T 12
3 _

By differentiating equation (165) it is easily shown that
—2 2 3%4+x : (167)

The final topic treated in this chapter concerns the transport

theorem on a moving surface in three space. The surface metric tensor



66

is usually time dependent. This theorem states that if { is some function
defined over the surface and if S is a region of this surface bounded

by a curve C then

d = Y .0, |
= Lllidd = fs {cw,tjus * 5= a,tIuS)dc + §C iYn ds (168)

where"uB are surface coordinates.on the’ deformed surface, a is the

determinant of the surface metric tensor, and 8% = u?t UT where UP are

the coordinates of the undeformed surface.
. o ' .
To prove this theorem, u  are taken to be surface coordinates at

any time t. The vector element of area associated with the vector product

of any two surface vectors dﬁo,LduB with spatial vrepresentation ax’ and
dxk is ‘ _
: -ik 3k =0, B
doi eijkdx ax eijkx’aX’Bdu du

Using equation (118) it is seen that

The magnitude of the element of area is

- =0, B
do = easdu du

This is a tensor equation and is valid in any coordinate system. In

particular it is valid in a convected coordinate system Ur. In this

system aw™ and duB have components dﬁA, duz. ‘The element of area in the

coordinate system is

- ~-A. X
do = eAzdu du
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whereyz is the determinate of the surface metric in the convected
coordinate system.

In the reference state the vectors used to define the above area
element have the representation dﬁA and dUz in the convected coordinate
system. The element of area on the reference surface correspondingkto

these vectors has a magnitude given by

- 1/2 =A%
X = epx AT TduTdu

where A is now the determinate of the surface metric tensor in the

reference state in terms of the convected coordinates. Therefore,

do _ (A1/2
o = & (169)
However,
a,. = % 4B
AZ Bagtra %0 1
Then
- 2 2
A = !aAZI laaB]J = ad | (170)
o
where J = ]u,Al
Substitution of (170) into (169) results in
o - &Yy : (171)

dz A

where A is independent of time.
¥ is any function of position on the surface and of time. If S is
the region of the deformed surface which is occupied by a quantity of

material which is followed in its motion then equation (171) gives the result
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[‘W _ f w(a)l/2 &
8 O

where SO/%ie corresponding region of the reference surface. Taking the
derivative d/dt of this equation, where d/dt implies that the observer
follows the material as: it deforms; the region of integration on the

right hand side is independent of time and hence the derivative can be

taken under the integral sign. Then

a o 14 1/2
EE‘J Udo = f 7, T (a7 na
S S. A
: 0
1 dy /2. Y da 1/2 43
f =7 (ga ot ——-71 » oot Ve gpdl (172)
SO A 2a
It will be shown later that
% = gan® (173)
au® a8
and
.O‘
at
su
Then using the chain rule,
da - OB
= - a,t]UT s, uB + 1 asg (175)
where ﬁB = u§t]UA' Combining equations (172-175) the following result

is obtained:

a fyao - awoov N:
dtf\”f = fs [——+ 'z‘a'.a’t{us“l’(“’ Ba )](

0

2y1/2 ;45
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. . 0
= fs G+ 7 oefu® T V)

Using the chain rule again, it is evident that

a

= = O
dt = w,tlUr = ‘P,‘t]uB + u lp,a

Therefore,

——fdzdc = [y B+—-ly-a B + (ﬁo‘\,b)- Jdo

dt tht T 22 Ttfu "o
(31)

If Green's theorem in two dimensions is employed the last term can be

written as

. Co . O ‘
féu “’)'3ado = écu wnads | (175)

where C is the boundary curve of S and n, is the unit.subche normal to C.

Therefore,

g-t- fswdd = J . -g-f—[us + -2—‘a”- g—jt- luB)dc + écﬁaqmuds

If the region of integration‘s is changing in é prescribed fashion
instead of deforming with the actual material an analogous result could
have been arrived at by considering the region to be associlated with an
imaginary material which has the same velocity on C as the prescribed
velocity. The result would .differ in that ﬁana on the right hand side
would be replaced by-the outward normal velocity of the boundary C.

Returning to the two results which were previously stated without

proof, the proofs are now provided. First, it shall be proved that
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o g
dt s o
u

where J = |u§A . From the definition, J = J(u?A). Therefore,

. : o
ag _ ag Wy
dt au® dt
. ’A
- but
‘ o o au®
duy, ) Bu,A. . ;3(5%'|ur) ) 5o
dat- -ot U SUA BUA
Also
9J  _ : o _ A
- = cofactor Usp = U’aJ
Bu,A

because Uea is the inverse of u?A and J = ]u?Al. Therefore

.a .u
&= JUéOL ____BuA‘ = J—-—-—aua (177)
au. ou .
Second, it shall be proved that
a,. = 2a AP . ' (178)

Towards this end the quantities AGBY are defined as

- 1 -
bagy = 7%y,8 T 2y,a ” %as,y’

and the cyclic permutation is

va,8 * 3Ba,y T 3y8,a’

Therefore by adding

Bosy +vAysoa = Bay,B | | . (179)



71

By definition,

o. _ _oy - ' _
AOLB = a 'A . (180)

= = £
a,B aaaY adY,B (cofactor aay)aay,B
S:'anevaO"Y is the inverse of aaY,
= aaXa » (181)

Combining equations (179-181) the following result 'is obtained

= a aaY(Aa + A, ) = a(AgB + Azs) = 2aAZB

B By T “yBa

1
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CHAPTER III

KINEMATICS OF A SINGULAR CURVE AND GEOMETRICAL
AND KINEMATICAL COMPATIBILITY RELATIONS

The phenomena which will be investigated here are concerned with
the propagation on a surface of a curve across which certain physical or
- geometrical quantities undergo a finite discontinuity although they are
continuous elsewhere on the surface; This chapter is devoted to an
exposition of the relevant kinematics of such a situation.

As has been seen in the preceding chapter a deforming surface in

three dimensional Euclidean space-is given in parametric form by
3 .
X = xl(u?t) (1)

wherve u” ave the surface coordinates and where the matrix x%d.has rank
two everywhere except possibly on a curve or at isolated points. A curve

on such a surface is given by

x* = x (u¥(q,t),t) or by xl, = xl(u?t), fu%t) = o0 (2)
where f(u?t) = 0 gives the surface coordinates of the points on the curve.

- The surface at some fixed time is given by

&= Kl (3)

where UF are surface coordinates of the reference surface. This function,
its derivatives, and all other geometrical quantities referring to the
reference surface are continuous by hypothesis. As already noted the

mappi,rig T '
W o= uWHu,t) , (4)
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is one-one and onto and is continuous.
Tn a +two dimensional space a curve across which. certain functions
are discontinuous but continuous elsewhere, a wave curve, can be described

in the following equivalent ways:

£Fut) = 0 or W = u¥(q,t) (5)

where f,d exists and is not zero and where g is a parameter along the

curve and u?q exists and is not zero. xi and da are assumed to be continuous
across this curve although derivatives of these quantities may not ke,

Taking the time derivative of f(ua(q,t),t) = 0 keeping q constant gives

the result

£ay w4 £a4, u?t q = 0 (6)

The covariant surface vector'f,06 is a surface vector which is normal to

+he curve. The unit normal to the curve is

* + -1 .
\)d - faa]fasl (7>

aB+

~ where [ffsl = (a 1/2

f’a f’B) . In general, allowance must be made for
the possibility that the surface metric tensor might be discontinuous.
 The + and - denote the limiting values of quantities on opposite sides

of the curve. Then combining equations (6) and (7) yields

o -+ =1
+ - = - -
u * Vg, u’t%q (f’tlud)tf’s

(8)

It should be noted that u£+ is the component in the 9& direction of the

. . o. LR,
curve velocity with respect to the parameter q,u,t]q. However, w, 1s
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B

seen to be independent of the choice of q. If a™ is continuous then
so is u_.
n -
In the three dimensional space with coordinates u?t the wave curve

sweeps out the surface
£(uit) = 0 (9)

. . . i i, o
Quantities which are continuous everywhere on the surface x~ = x (u,t)
. . o,
except on the wave curve f(u?t) = 0 are continuous everywhere in the u,t

(82)

space except on the surface f(u?t)_= 0. Hadamard's lemma states
that any directional derivative in this surface of a function W(u?t)-can
- be written using the chain rule and one sided derivatives. Thus, if +

- and - are used to denote quantities on opposite sides of the surface

then
dwi + +
- - a - '
al = waa usl‘+ w»t t’l - (lO)

where 1 is the parameter along a curve in the surface f(u?t) = 0, and
-w,i and w,: are one sided derivatives. The proof of this lemma hinges
on the fact that the polygonal paths between two near points required in
the standard proof of the éhain rule can be found such that these paths
lie exclusively on one side of the. surface. As avresult, the standard

~ arguments are valid here as well.

In particular if the curve on the surface f(u?t) is given as

o o , e :
: = t ; L t =t (11)
v ulq, )lq = constant’® -

L]

. . i i, .0
so that in equation (10) 1 becomes t and if Y is taken to be x* = xl(u,t)

then .
i

i x idE o ‘
X ,th (X,tlug) + (X?a) u,th (12)
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+

The one sided velocity of a material point is defined to be xtt[Ur .
Since this derivative is defined along a path entirely on one side of the
o . . . . .
surface f(u,t) = 0 in u?t space. the chain rule applies if one sided

derivatives are used. Hence,
i ok i £ 1 o +
(X,tIUI') = (X,tlua) + X’OL (u"tl»UP) (13)

o , . e .
If v is the unit in-surface normal to the curve on the * side of the

curve then
+ + +

i B

vooo= x%g v (14)

The normal component of the velocity of the curve relative to the velocity

~of the material is given by subtracting equation. (13) from equation (12)
: . +

J

+

and multiplying the result by gijv 3 thus this quantity Pn.vis defined by

+ - +
t i (i 5 _ T B,o . o +
P Desp)q = (og|ul 7V gy = gy (wsyyg u’_tlur) (15)
so that
S A (16)
n n n n n

+ + + '
n’ u o, and v are the components

where on the * side of the curve Gi, Y
in the in-surface normal direction of, the spatial velocity of the curve,
the spatial velocity of a.material point, the surface velocity»of the
curve, and the surface velocity of a material point. It should be noted
that Pi is independent of the choice of surface coordinates as Gi - Vi

is independent of the surface coordinates. Also Pi is independent of the

o+
choice of q, the surface parameter, as u; has been shown not to depend

upon q.
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Since the mapping given in equation (4) is one-one, onto, and
continuous there exists a curve in the reference state which is the image
of the wave curve on the deformed surface. This curve will be referred
to as the diagram. The surface coordinates in the reference state of

the diagrém are given by .
reol,e) = £Xult),r) = o (17)

As before, the diagram sweeps out the surface P(U{t) = 0 in the three
dimensional space with cbordinate'UT and t. This sufface divideS'Ugt space
into two regions. .The mapping in equation (3) maps the regions "above"
and "below" the dividing4surface<in.U€t space onto the corresponding
region .in u?t space., The symbols +.aﬁd - .will be used to denotg quantities
on opposite sides of the surface. No ambiguity results because points
on one side of the dividing surface in UEt space are all on one side of
the dividing surface in u?t space., | |

The quantities u?r and-u?tlUP are in general allowed to be discontinuous
across the surface F(UFt) = 0 although they are continuous elsewhere. The

following one sided derivatives can then be found using the chain rule

+ o %
Far = f?au’P | (18)

and

t o *
(F’tlUR) = f’tlua + f’a(u’tlUr) ' (19)

,ﬁlq, where‘vh‘is the unit normal in the

reference surface to the diagram and q is a parameter along the diagram,

. +
An expression for UN =.VAU

g el . . k- :
can be’.found in-the’ 'same way as an expression for:un was found. Hence,
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+ £, %-1
U = - Ey T Fay T (20)

i)l/2 A

+ *
where rF,A l = (AAZF,AF, and A7 is the associate metric tensor

for the reference surface. It can be shown that UN+ = UN .
In order to prove this result the differential of u? = ua(UEt)
in any direction aléng the surface F(U{t) = 0 in U?t space 1s expressed

using Hadamard's lemma. Then

u?;dUr + u?t SA dt = dua
or
wWaut + % A at = ad®
T iU

Subtracting one from the other gives the result

0 .. o _ :
Cu,pldu + [u,tlUA]dt = 0 (21)
where [A] = A" - A", Similarly, Hadamard's lemma can be used to find
4.7 +
FypdU" + F, dt = 0 (22)
4 - I‘ -
F,pdU" + F,.dt = 0 (23)

Then using the method of Lagrangian multipliers equations. (21) and (22)

can be combined such that

Ot _+

[ B ot _+
[u,p] = ATF,p and [u,t]UP] A

F (2u)

Equations (21) and (23) can be combined such that

[u3pd = A%y, and [u?tlur]’ = A%7F, (25)
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From equations (18) and (19) it can be shown that

[F,n]1 = f,a[u?r] (26)

’T

and

r,, 1

o ‘
¢ f’o&[u’t[UT] (27)

Combining equations (25) and (26), and (25) and (27) it is evident that

. _
Fop = Fap = [F,] £ e Fop (28)
or
+ : (A
Fop.o® (L + £, X7 )F,p (29)
and
+ - o -
Fop = Fay [F,t] = f’a A F’t (30)
or
+ o\ - : :
Fop = (1 + £ih Iy (31)
By combining equations (20),(29), and (31) it is seen that
o a .
U = Uy . (32)

The derivation of this result requires (1 + f;dka > 0. If'VZ is the unit

in surface normal to the diagram on the * side of the curve then

, ' - -y=1
- i+t _ o 3 -
vy F F,AIF,Z!, = (1+ £, YL+ £ vA (33)

vz'and'vk- are taken to have the same sense then (1 + f,uka > 0.

It is easily seen that if u?r and u?t]UF'are continuous then F,F

If

is uniquely defined in any case.
th

and F T are continuous so that U

t|u N

A wave curve is of order n with respect to the motion if the n

. . . i i, I . . .
derivative of the motion, x" = xW(U,t), is discontinuous but all
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lower order derivatives are continuous. In what follows the deformed
and undeformed surfaceslwill be assumed to be continuous. Thus zero
order waves will not be considered. Shock waves and acceleration waves
are first and second order waves respectively.

The analysis considered in later chapters will for the most part
deal with the linear theory of elasticity in which deformations and
" potations are assumed to be "small". Majuscule and minuscule letfers
and indices will be associated with the undeformed strain free stationary
reference surface, S, and the deformed surface, s, respectively. It is
the purpose of the ensuing discussion to find an expression for the ratio
Pni/UN which is applicable to the case of "small" displacement;. What
is meant by "small" shall be made clear later.

By combining equations (19) and (20) it is seen that

* -  _ _ o x
[Eopliy = - Fp = “Eag|® f’a(u’tlur) (3t)

+ £ %
where lF,K] = (AAZF';AP,E)]'/2 and AAZ is the associate metric tensor on S.

O . . . .
u~ is any coordinate system on s. However, it can be seen that since

f(ua(q,t),t) = 0 on the curve then

: o ) ‘ )
f,tlua +'f’a u,th = ,f’t[q = 0 (35)
Therefore,
' . o O *
£, (u,, . - (u I
UN = 20, ,th "tlU (36)

+
I, p 4
The unit normal to the wave curve which lies in the surface is given Dby

‘equation (7) so that
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% - ‘
Foy = Vy ]f,B] | .(37-)
where
+
+ of” 1/2 oBt Ax X *_ +.1/2 ALt x  £.1/2
|£.gl = (2 : £,4558) - @ U ¥sgFspTsy) SR Faplsy) /
Therefore equations (36),(37), and (15) yield
B
LN
U, = Sh.: (38)
IFo

As seen in Chapter II if U§S is the unit tangent to the diagram and

S here vefers to arc length then the unit normal to the diagram which

lies in the reference surface is given by

z
Vi = By U,S (39)

where Epx is the covariant permutation tensor on the reference surface

which was defined in equation (II-113). Similarly, the corresponding

unit normal to the wave curve is

Vo T Fos%rs
where here s is the arc length along the wave curve. Alternatively,
from equations (33) and (7) it is seen that
* bod + . -1
v, = F, lr,zl vy = f:,a[f,Bl‘ (#1)
When these results are combined with equation (18) the result is
. * + + +
* o t o
= f = )
lF,Zth £, Wop lf,Blvau,r (u2)

Since‘VA is a unit vector, by using equations (40) and (42) it can be
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shown that

2 AZ a_ Y+€ + u? ue (143)

= lf’sl sy Wo3fartyp™s s

IE.5l7

On the deformed surface convected coordinates, ug can be defined such that
a material point on the deforming surface always bears the label it had

z z Z L, 0,y .
on the veference state. Therefore, u = U . However, U =U (u,t) is a

one-one onto mapping and so the points on the wave curve are given by

v (u¥(s,t),t) (1)

u = U

Then using Hadamard's lemma it is easily shown that

_ LZE o : '
Wy, T Usy s (45)
Equivalently,
o. Y o
up, T U5y Wy (46)

Then substitution from equation (46) into equation (43) demonstrates that

& -*

"
A@“’ Erleg (7)

IF,EIQ - [fggl'v AZ—

=% . .
where €prp S the surface permutation tensor on the deformed surface in

the convected coordinate system. That is,

_ (A )1/2 - 1/2( )1/2 i* 1/2

= e (48)

€r0 (%

-

+ :
where A~ is the determinant of the deformed surface metric tensor, aAZ’
in the convected coordinate system and A of course is the determinate of

the reference surface metric tensor, AAZ’ in the same coordinate system.
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s s . . . Ak Ax
Then by combining equations (47) and (48) and noting that Us g U,S it
is seen that
12 2 AL o N ,
|E.gl° = lf,Bl A7, U EgyUs (F) (u9)
If it is noted that
 _ .9 38 \
U’s - U’S 9s |t (50)
then by utilising equation (89) it is clear that
| 2 £2 38 | 2 &
iqu)l = lfasl ('é-s— l-'c> <X (51)

Upon substitution from equation (51) into equation (39) it is evident that

= 9s 2 Ai
A = )% (

— = G5 &) (52)

The coordinate system in the embedding space is for convenience sake
chosen to be rectangular Cartesian. xi denotes the position occupied in
space by a material particle on the deformed surface whose position in the
reference configuration was Xi. Then the displacement, Wi, in the

Cartesian system is given by

x* = X W (53)

. . .(383) gystematic . .
Signorinil has developed a - method of approximate solution

in the theory of finite elastic deformation. In this approach the
displacement function W= is assumed to be an analytic function of € which

vanishes when € = 0. Therefore the series expansion is
. [ee] . . R .
We) = ) €W | (54)
n .
n=1
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i 1 &
where W = -— If ¢ is chosen to be small enough then
n n n -
de"|e =0
. ’\; .
wtoN ews (55)
1
When this is substituted into equation (53)
. . . a3 .
xt = X4 W(e) VXD o+ ewr (56)

1

The series could have been extended so that higher order terms in € were
included. By taking £ small, it is sufficient to consider only the first
order approximation.

It follows from the definition that

y - ]a x - 1 eAq)eZA i
‘ -2 ZazPon
1 AQ A 1+' j+ j+
Fe e Ky Xyg KogXip (57)

where the last equation follows from

£ 4% it | :
ay = XNy (58)
By differentiating equation (56) and substituting into equation (57) it

is found that

&

o+
i i 1 7yeed 55 ol ]
+ swl,A)(X’z + ewl’z)(x, + swl’fbxxﬁ + eW

= _ 1 MDA
A = e ( *A A)

f\)

(59)
Tn order to be consistent with the approximation made above, second order

and higher terms are neglected. Then

+

3 ]
ap X ZX°®€W1 A (60)

-t

£ 1 A8 TA A% _TA L,
Amo= Fe

X.J,Ax,zxj X3A - De X
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Since Wl is a spatial vector defined over the reference surface it
is possible to decompose Wl into components tangent to the surface and
normal to the surface. TFollowing the example given in equation (II-150)

W; becomes

i _ LA i _
W= XypWy * N wl (61)

Then equation (II-159) yields

A+

Ay L
15 B + B, W N (62)

_ A i
= (v W OX5, + (W o+ Byl

™M

X
Wl

where BAZ are the coefficients of the second fundamental form of the
reference surface. Substitution from equation (62) into equation (60) and
utilisation of the orthogonality conditions for X%A and N* together with

equation (II-114) yields

-t r« T
AT = A{1l + QE(ngr BrWl)} (63)

The definition of the arc length of the wave curve and its diagram

are
as? = dUAdUZ dUAdUZ (64)
and
2 A, T
ds® = AAZdU dau | (65)
However,
S ¢ ¢ wt )
ay = Xyp Koy 7 (X’A + R,A) X’Z + >y

and if W % €W, then
1 i ; 11 A
aAZ = (X SA + €L, A>( ,Z + vy,z)' = X,AX,Z 4+ (Wl A D) + X,A PZ

(86)
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where second order terms in £ have been neglected. Combining equations

(65),(66) and (67) gives the result,

2 i % l 'T
a2 = as? v eib iy ¢ gt Davtat
Therefore
Js- 2 _ £ i1 l z
(5§- t) = 1+ ——§~(Wl, X’Z ’A l’Z)dU du (67)
ds
By substitution from equation (62} it can be shown that
35 | \2 2 rt T AL E
S = 8 -
(zg 1) = 1+ " Wisp = BpWy) ApgdU dv (68)
The results of equations (63) and (68) can be used to find from
4
equation (52) the series expansion in € of P;/UN in which higher order
terms than first order are neglected. Thus
P+ + T A
._n.__ = - J
5 1+ 2 {Wl,® <I>1 ——-(w A - BpW, JALsdU au} (69)

N dS

This.is the expression which was to be found.

Another point of interest, in the same Véin"as the preceding
discussion, is the question of the continuity of the deformed surface
normal as a first order wave curve is crossed when only "small"
vdisplacements are considered. By differentiating equation (53) and then

taking the jump in the resulting equation it is seen that
1 i i i
5,0 = [X,0+ D050 = 05,0 (70)

where the spatial coordinate system is still rectangular Cartesian and
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where‘X%h’is, of course, continuous. When Wi N ewi does [X%A] = [W%A] #0
imply that the unit surface normal is discontinuous across the wave curve
on the deformed surface? This is the question which the following discussion
attempts to answer.

The unit normal to the deformed surface is given by equation (11-117).

A convected surface coordinate system will be used here. Then,

1 AT ik
2

n, = = ce X
& eljk Ny

i (71)

where n. is the unit normal to the deformed surface and EAF is the
representation in the convected coordinate system of the contravariant
permutation tensor on the deformed surface.

By definition

AT AT -1/2 (72)

where eAP is the two dimensional permutation function. If A 1/2 is

-peplaced in equation (75) by the expression in equation (63) and the

binomial expansion is employed neglecting second order and higher terms

in € than
AT _ AT 0} o .
e = ¢ {1- S(Wl;Q - By} (73)
ar M .
where € = 75 is the permutation tensor on the reference surface.
A .

Substitution from equation (73) into equation (71) together with

replacement of fo with XfA + ewi A produces the result
. 9

= }..AP ' - , @ - o 3:+] k
ng = g ey (1 - ey - By YHKs e, WXop 4 €Wy sp)
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Using equations (62) and (II-117) this equation can be expanded so that

to first order in €

Ad

n, = N, -eA xi’(l,p(wl;A + 32Awi> (74)
: When‘the.jump in this equation is considered
(1 = - e'x; Wy )] (75)
since W' % s
[n,1 = - AA@xi,QEW;A] (76)

It can be concluded that a necessary and sufficient condition for the
normal to the deformed surface to be continuous across a wave curve of

. Y
first order or greater when WA awi is that

W5, ] = 0 | (77)

Before leaving the notion of a "small" displacement it will prove

useful to find the expression for 59- which is correct to first order

o
in €. p is the mass per unit area of the deforming surface and P is
the mass per unit area.of the reference surface. Towards this end the

conservation of mass is written as
pd:c = podZ ’ ( 78 )
where dI is the area of the reference surface which deforms into the area

element do. Therefore,

L. &

(79)
P 0 do
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However, it was seen in equation (II-169) that

dr _ (A\l/2
rr (K) (80)
so that '
& = B (81)
(¢} A :
in i . .
When W. v €Wy then equation (63) gives
o= (Y2 o 1+ g P gl )y Y2 (82)
P n ;T 'l
o A .
so that to first order in €
P - r_.r _
b 1 e(wl;r 3rwl) _ (83)
The jump of this equation is
i} T
' Sinee,Wi N eWi
: T
1 = -
Cpl po[W;r] (85)

This concludes for the moment the discussion of the consequence of
"small" displacements.

In the ensuing discussion all relationships developed will refer to
a moving curve on a surface whieh is fixed in the embedding three
dimensional Euclidean space and which has continuous surface quantities.
The aaB’baB and their derivatives are continuous everywhere. ua is taken

to be a surface coordinate system on such a surface such that a point on
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the surface has the same coordinates at all times. On the surface a moving:
curve at time t, C(t), is given by u* = ua(q,t) where ¢ is a parameter
along the curve. The rate of change of surface coordinates for an
observer who moves with the curve in such a way that he always is at a
point of the moving curve with a fixed value of the curve parameter q is
u?th. With respect to time independent surface coordinate transformations
u?th is a surface vector defined on the curve. As was shown in eguation
(II-155) such a vector can be decomposed into components tangential and
normal to-the curve such that

u?th = unva + Tu?q (86)
where V* is the unit normal and u?q is a tangent vector to the curve,

and it was shown to be ihdependent of the choice of g, and

_ O
Yy T u,thva
_ .a B Y., 0\=1/2
T = u,th u,qaas(aYcu,qu,q)

" Can one choose a curve parameter Sy such that u?tls = unva and such that
' o
Sq is the arc length along the curve at some reference time? !

If one can find such an Sq then

qQ = q(so,t) | (87)

which can be inverted. Also, the chain rule requires that

O

- \ = O o
u Vo= u,t(q(so,t),t)lSo u,th + Usg by q’tlso (88)

By combining equations (86) and (88) it is seen that
T(q’t) = - q”‘tls ,(89)
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Differentiation of q = q(so(q,t),t) and q = q(so,t) with respect to t
keeping q fixed and ¢ keeping t fixed respectively and combination of the

results yields

-1

- = 8 . ‘(S g0

Tefs, T %o,tla Co,alt] 20)
Combining equations (89) and (90) yields

So,qft T(BT) = S5 klg (s1)

s, must be a solution of this first order homogeneous partial differential

(3u4)

equation. It can be shown that a unique solution of equation (81) is
determined by the requirement that. the surface s, 7 so(q,t) representing

the solution in so,q,t space shall contain a specified curve,

g = qk), t = k), and s = s_(k)

such that
T -1

q' (k) - tr(k)

. If the specified curve in so,q,t space is given by

. q = q(s,to), t = t, s, = s

where t_ is some reference time and s is the arc length along C(t) at the
reference time then the determinant above becomes sy which does not
vanish identically because. q and s are both acceptable parameters for the

curve. Hence there is a unique solution of equation (91), s, = so(q,tL
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such that s = s at t = t.. This solution can be inverted as s_, = 0,
o o o qlt
by virtue of equation (91), implies- that Sq is a constant which can not
be so if 5o is a parameter along C(t).
If Sq is taken as the parameter along Cc(t) then
u?*l = v - (92)
ClS n

where C(t) is given by W& = ua(so,t)t The function W = ud(so3t) can be
viewed geometrically as defining two one parameter families of curves on
the surface. If t is taken as constant and Sy is taken as the parameter
then the C(t) system of curves is obtained. Alternatively, if S, is kept
constant and t is taken as the parameter then a system of reference point

paths is defined. u?ﬁ is tangent to the former system and u?t[s
o

s lt
(o] .
is tangent to the latter system of curves. Because of egquation (92)

a -
adBu’t‘S u,s lt = 0 (93)
[o] (]

Therefore, the .curves given by s, = constant are the orthogonal trajectories

of the curves C(t).

If glq,t) is some function defined on the moving curve W = uu(so,t)

(3u)

then the displacement derivative of g is defined to be

Tg, ' (ou)

Sg _ - _
g{'(qat) = g’t So = gath ) aQ

where equation (89) was used. If g is defined on the surface then

)
0

|

o4
= B @t BV , (95)

o7}
ot
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In order to define the analogue of the displacement derivative of a
double tensor Y which 'is defined on the two dimensional submanifold of

% = ua(q,t),.t = t it is necessary

the x%u?t space given by xi = xi(ua), u
to specify a connexion and.an observer. The coordinate systems x%uu in
which the spatial and surface metrics are time indepdendent; such systems
exist as the surface is assumed to.be at rest in Euclidean.space, is-
chosen to be the coordinate system in which F 3’ Pl", and AB vanish
and_F;k and AgY are the Christoffel symbols. The observer in the
xi,u? t manifold.is specified as the curve x':L = xi(ua);“ua = ua(q,t),
t=t,q= q(so,t), s, = conétant. This curve is embedded in the
submanifold Xi = xi(ua), ¥ = ua(q,t),“t=t. It is the curve in the xi,
u? t manifold which corresponds to the normal trajectory to the given
surface curve in Euclidean space. The derivative required is now given
by equation (II-105) where S, plays the role of q. The coefficients of
the derivative of a typicél double tensor with cosfficients w%a(q(so,t),t)

are given by equation (II-110) so that in the x},uq system and all coordinate

systems obtainable from it by time independent coordinate transformations

1 O
. XU . . . . .
D 1 ? - 1 1 o i3 kK .y i Y
Dt w'u s w'a,th * w'a;q q"‘c’]s‘d§+ I‘jk‘p’ocj‘ln\" Aan'Yunv
o
(96)
If w%a is defined over the the submanifold x* = xl(ua), u® = ua, t =t
then
. o la . . :
D i |x,u i i B
v . . = . . 97
Dt v al v u,t}uB Y OL;Bv %n (97)
)

This derivative will be. referred to as the absolute derivative of the

o

Dt w will be used.

double tensor Y.. The notation —-



o
u =

93

Using equation (II-108) the. derivative of Y along the curve-xl ='xl(ua),

o U £
u (q,t),t = constant in the X7, ua,t manifold is given as

p i _ i 1.5 k¥ i B

o

If Y is defined on the submanifold x” =~xl(ua), u = ua, € = t then

p i _ ,i B '
ﬁa,w. ) ‘ (99)

The examples in the last two paragraphs are easily generalized.

A fixed surface S in three dimensional Euclidean space, %" = xl(ua),

at time t = constant corresponds to a two dimensional submanifold,. Q(t),

o (01

. i i . i o .
~given by x° = x.(ua), w = u, t = constant, in- the xl,u ,t manifold. As

t changes this two dimensional submanifold sweeps out a three dimensional

o o

submanifold Q, X" = x;(ug), W =u,t=t. Amoving curve C-on S, which

vos . + - . . . .
divides S into two parts A. and A at time t, A+ being the.region into

which C is propagating, is described on S by'uu = ua(q,t),'where q is the

parameter along the curve at time t. In the xl,uu,t manifold this curve

at t ='consfantTcdrresandé to_afcufvé'R(t)ﬁémhedded in-Q(t) and given by

i
X -

J .

xl(ua),'ua = ua(q,t), + = constant. As t changes, this curve sweeps

" out a two dimensional manifold, R, embedded in Q and given by x* = xl(ua),

)
u =

ua(q,t), £ = t. Obviously, R(t) divides Q(t) into two regions Q+(t),

- . . T - .
Q (t) and R divides Q into two parts Q ,Q . At t = constant there exists

a one-one onto mapping between § and Q(t) and between C and R(t). Thus

Q represents the points of the xl,ua,t manifold swept out by S as t changes

and R represents. the points of this manifold swept out by C as t changes.

A double tensor can be said to be defined at a point of § as a function of
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time in the sense that a point of S at a given time corresponds to a unique
point of Q where a double tensor has been well defined.

A quantity, W(u?t), is defined on Q3 that is ¢ is defined on the
surface S at all times. At any point of Q; that is, at any point swept
out by S, except possibly on R, the points swept out by C, ¥ is such that
it is continuous and has continuous derivatives along the v” and t
coordinate directions, and also ¥ and the derivatives of ¥ approach
unique finite limiting values:denoted by superscripts + or - when a point
on R, a point on C at some time, is approached along arbitrary curves
entirely within Q+ or Q respectively. Q+ and Q are the regions covered
by A" and A” respectively as t changes. Then the jump or finite dis-
continuity in ¥ is denoted by [V] = w+ -V . [Y] is the difference between
the two limiting values of ¥ at a given time and at a given point on C.
wi(q,t)’and hence [YP(q,t)] are assumed to be continuous and differentiable
quanfities on R; that is, on the moving curve C. In ﬁassing, it can be
seen that

feel = vLol + W16 = [W16 + ¢ [o] (100)

I+ will be shown in the following discussion that the jumps in the
derivatives of Y along the v and t coordinate directions can be expressed
in terms of jumps in derivatives along the in-surface normal to C and as
derivatives along curves in R; that is, derivatives on the moving curve, of
jumps in lower order derivatives. Thus, the jumps in the derivatives of
1V are related to the jumps in lower order derivatives. In general, a
quantity can not be so specified such that the jumps in the quantity and
its derivatives are arbitrarily specified. For this reason, the relations

relating the jumps in the derivatives will be called compatibility relations.
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Since the restrictions on the jumps are due to geometrical and/or kinematical -
arguments the compatibility relations bear the prefix geometrical, kinematical,
or mixed.

In the x%u?t coordinate system the quantity Y is taken to be a function
v WCu?t) defined over Q or over S for all times. The parameter along the
curve C is chosen to be the arc length s. Then along C at a fixed time
or along R(t), wts and w:s have been assumed to exist. Hadamard's lemma
states that any directional derivative .on R.of a function w(u?t) can be
written using the chain rule and one sided derivatives. The proof of
this lemma follows readily from the existance of the polygonal paths
required to prove the chain rule which lie execlusively in Q+ or in Q .

Therefore,

\Pi = \f uy (101)

D
Ds o s

If the result on one side is subtracted from the result on the other, then

D - _ D 4 D - _
3_;&10 = B‘s'"’ ~1-)—S-w4 = N”a]“’s (102)

where the first equation is a direct consequence of the definition of D/Ds.

When' this equation is multiplied by asyusﬁ

rs_,and identity (II-157) is used

the following result is shown to be valid.

b _
[w,Y] = BvY * 3 [w]uY,s (103)

where B = [w,a]va. This is called the. first order geometrical compatibility

‘relation for V.

Similarly; the derivativesﬂgz-w+.and %?’w- have been assumed to
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exist. Hadamard's lemma is again invoked so that as suggested by

equation (95)

§ t * + o ' :
g‘E Ip = Ip,tluOL + "(I),a un\) (lo‘_-#)

Subtraction of one equation from the other gives the result

_ 8
W’t[u“] = [yl - Bu, (105)
where %¥-EWJ = %E-w+ - %;‘W- follows from definition of %E-and B = [w,a]vq.

This is called. the first kinematical compatibility relation for .

If the yﬁu?t) is taken to be a double tensor defined over Q; that
is, over S for all times, then the derivatives %g-w+ and %g-w— as defined
by equation (98) have been assumed to exist. The first term on the right
hand side is just an ordinary derivative so that Hadamard's lemma yields

x *
‘P,S = ‘PLY uYS (106)

When this is substituted into equation (98) evaluated on both sides of R

and. the two .resulting equations are differenced then it is found that

D _ D _+

D w = [u: TuY ‘
-V = DvsTuly (107)
‘where the first equation is a consequence of the definition of D/Ds and
where; denotes the total covariant derivative. The indices on Y have been
suppressed. As before, multiplication by aasuﬁfS and the use of identity
(II-157) gives the first geometrical compatibility relation for the

double tensor Y. Thus
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DP;OL] = AV, t %S— wjua,s ' : (108)

Similarly, the derivatives %E-w+, %E'w-’ as defined by equation (96),

have been assumed to exist. The first two terms on the right hand side

of equation (96) can be written using Hadamards lemma as

+ +

o= Lyt uan (109)
When this is substituted into equation (96) evaluated on both sides of

‘R and the two resﬁlting equations are differenced then it is found that

Wl = S -V = W

D .Y '
o ol + DJ;,Y]\) u (110)

*tlu

Therefore,

N

[\b,t‘uoa] = —g—; [¥l - Bu, (111)

where B 1is defiﬁed following equation (1035. This is called the first
kinematical compatibility relation for the double tensor Y. The indices
on ¥ and B hagg7guppressed.

The identities developed for the double tensor Y of course apply to
the special case where Y is a scalar or function.

The higher order compatibility relations are obtained by an iterative
procedure from the lower order relations. Before proceding further it
will prove useful to obtain expressions for %%-ugs and %%-va, which will
" be involved in. deriving the higher order relations. From the definition
of D/Dt in equation (95), the interchénge of the order of differentiation
in the first term, and the chain rule applied to the last term, it is

possible to write
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_ D ,o . .D ,o0o
s—u, = '55'(u’tls) * 3 (u’s>s’tlso (112)

Combining equations (112),(86),(89), (I1-127), and (II-128) yields

o - _ a (4
T)‘_E- u,s = (T’S Oun)u,s + un’s\) (ll3)

where 0 is the geodesic curvature of the wave curve, and s is the arc
length along the surve.
It can be shown that T’s = ou,. To do this the expression for T

given in equation (86) is considered. Then

T’s - (ua,su’t[s),s ua,ssu’tls * ua,s(u’tls),s (11%)
From equation (II-127) it is seen that
- - Y 8
Ya,ss (dva * AaBuY,sufs)
Substitution of this into.equation (114) yields
= Y Yy B o
T,y = ou * uy,s{(u,’;s)",tl,s + Asau-isu’.tls} (115)
where equation (II-110) indicates that the expression in brackets is
the tensor 2—-u¥ « Therefore
Dt S|g
= D Y _
T,y = Ou + U s B Ws _ (116)

However,-the derivative of the equation which indicates that u, is a

unit vector yields
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a 2—-ua u8
o8 Dt ’s s ’s

and when this is substituted into equation (116) the result is
T,S = Gun (117)

It is now seen that

D o _ o . L
5€‘u’s_ = usY A (118)

By differentiating the conditions that vB is & unit vector and that
it is normal to the unit tangent and by using equation (II-155) to

decompose 1—)—"‘\)O{' it is seen that

Dt
D .0 o :
EY F Yy ,s%s (119)

In deriving the second order compatibility relations the indices on

double tensors will be suppressed for convenience sake unless they are
i i o, O
l...”8¢ee 1. p

directly involved in the derivation. To begin with, if ¢ . .
"31"']t"'81"8

is an arbitrary double tensor then ¢;B is substituted for 4
Y in the first order geometrical compatibility relation (108). Then
30,1 = D93, VY + 2= [¢3.In (120)
*Ra By o Ds ~"’BTd.s

Equation (II-136) provides an eXpression foz*--q);m-B -,¢;Ba. By taking
the jump in this equation, multiplying the result and equation (120) by
N?, and adding these two equations it is evident that

B _ % D - -8B G % Ly B
[¢,a81v | = AV, 5o [¢,B]v ta‘+‘kzl Lo . BB, _m8 .. Bq]R.Bkasv
: k+1
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EN 1...°‘k1°‘k+1..p.]°‘k WP

R. (121)
k— oo-nBlonoootcoccooc nC‘B
v o B o e s .
where A = [¢;aB]v Vv and t = Uy . The combination of equations (108),
(II-127), and (II-128) yields
2

D _ D
Ds [¢;8] = (-0\ + 1-):2— [¢])’CB + (

DA D
== +0 Y [cb])vB (122) .

where A = [¢;a]va and ¢ is the geodesic curvature of the curve. The
second order geometrical compatibility relation is obtained by substituting
from equation (121) into equation (120) and then substituting from equation

(122) into the result. Then

2
[¢;Ba] = 3\"\)8\)& + (%—i—‘- +0 -g—s—w])(tsva + VBtOL) + (-OX + —E;—z— [(b])tBta

.la -..........-u
1

R R I AL W R Y

+ Z Lo R, vy - T 0o
k=l ooooB B ln8k+l..8q BkB( OL kzl e e BJ.ooOcooaoo.c Bq
% oY
R'nBY\’ N (123)

This is called the second order geometrical compatibility relation for
the double tensor ¢. It shouid be remembered that the indices on ¢, A
and % have been suppressed.

In order to obtaiﬁ the second order mixed compatibility relation for
the double tensor ¢,¢;B is substituted for Y in the first‘order kinematical
relative, equation (111). Then

CT1 o= [eee). T = Dore: 1 - [es. oY '
,B] - [(¢’B)’t] - Dt [¢3B] [d),BY]\) u (124)

n

[(9,,.)
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where the first equality follows from the definitions of the differentiations.
The derivative of equation (108) together with equations (118) and (119)

yields
) 2

D _ D :
5t [0sg) = Gops [0 - My e

(5eps + (———X + =— [<I>] u )

B n,s Vg
' (125)
Now by substituting from equations (123) and (125) into equation (124)

it is seen that

D

- Y D

[$¢;B)at] = (BE-A - Aun + 35-[¢] un,s)vB + (- uo ——-[¢]
2
- ——-(u A) + [¢])t
5 % % Y
-u K9] IRY
n kzl ""81"Bk—ln3k+l..8q B BY
P o n
1o %%-1"%41, @ ) % vY
+u Lo IR. (126)
| n kzl Byoeeeenarenan Bq ngy”

This result is called the second order mixed compatibility relation for

the double tensor ¢. The indices on ¢, A, and % have been suppressed.
The second order kinematical compatibility relation is obtained by

substituting ¢’t for ¥ in equation (11l1), the first order kinematical

compatibility relation. Then

(60 = 220050 - [0, 050 (127)

Differentiation of equation (111) gives the result

-———[cb]-——)m ~a 2y (128)

5 .
Dt [¢,t] Dt o
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Substitution of this result and the result of equation (126) leads to

the expression,

‘ - 2
= N® - D a-aaly - 2
[¢’tt] - vlun 2?n Dt A=A Dt un unun s Ds [¢] * Dt Lol (129)

This identity is known as the second order kinematical compatibility
relation for the double tensor ¢.

The higher order compatibility relations which will be derived below
will not be completely general. The restriction placed upon them are
.ﬁotivated by the purposes for which they are-required.

First, the third order geometrical compatibility relation for a
double tensor ¢ will be derived for thé case in which [¢] = 0. In the
second order geometrical relation, equation (123), the index & is changed

to Y andvthen(ﬁ%xis substituted for ¢. Then

[os Vv {D2 [o; 1 ~ olo; IV, t
Soom gV * 1= Losd - oles B

L9501 =
: aBy Ds | ¥
D (re:. TV D ro. . RS
+ {53 (L9534, V) + 053 E¢,aJ}(thB + thY) + [¢’n]R’a36”;vy
.'a .."'..'l" a
1 )} n e
+ Z (¢ IRV, LV
=1 BB By BT BB
P N n .ell
+ 1 [¢ lB T2 er PB ]R?L}:]Bcvcv (130)
k:l LN 2 l..'.‘.......... q;a Y
Equation (II-136) provides an expression for ¢;QBY - ¢;BGY' The
jump is taken of this equation with [¢] = 0. Then the resulting equation

oY

and equation (130) are multiplied by v'V' and the former is subtracted
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from the latter. .This provides an expression for [¢;ucn]vcvn which can

be substituted into equation (130). Thus

Y .
T A | T Y U1 AN S | PR SR
[¢’GBY] = {Ava + 55([¢,5n]v eV + 0 5= [dsgdt v }vaY
-+ [¢ ]R VSVGV v 4+ 2 E [¢o.aloo.-..-oolaoap ]Rn ) vgvav v
Y k=1 ot Pre BBt oBosst B9 By

P N R n e 0. p2
“2 ¥ e lB e-1"%41 >, ]R'kagvcvavsv . {___L¢9
,kzl s e l.-cc--aooo,o. q;G n Y | DS

c" . n D ri. mife y o an
- olés,, v Ht tY + { <[¢,anlv )+ 3 E¢,a]}<thB + thY>

6 ..U'l.......oo..O"

Tos IR] gV Yy * % Ko 3.8 8 PB ]R?B'B Wy
e D= R W L S R P

-+

P FLIER ne, . ..0 ces
- 7 ¢ B -1k Py ]R??BGvcv (131)
Kol e eBleeeriiiiiieen, a0 ) Y ‘
- o B v
where A= [¢;GBY3v AVARVAIR
order

From the first and second / geometrical compatibility equations,
equations (108) and (123), with [¢] = 0 together with (II-127) and (II-128)

it is evident that

[os41 = Ay, (132)
D _ D _ .

3z [03,0 = g3 2 Vg - At (133)
p? p?"

—5 s 1 = (———vk - Ao v+ (= 20 ~ A=A ——-o)t (134)

Ds ‘ Ds



104

I ]
[¢;BY] = AvaY - GXtBtY + BE'A (thcx + VBta) (;35)
\ 2
D ro. = (2% D an Ao VPRV
5;-[¢,BY] (3z A+ 29 53 A)vaY + ( X‘Ds ¢ - 30 53 x)thB + (- A0 - AC * — A)
(thB + thB) o | (136)

Combining equations (130) to (136) yields the third order geometrical
compatibility relation for the case where the double tensor Y satisfies

the condition [¢] = 0,

N
X

1]

' D D ,
o‘\) \’Y + (~A s g - 30 Ds A) tatBtY

[wsaBY] = - 8

D v D ;
+ (5o X + 20 53 M(EVV, + TV Ve tY\’aVB>

' q WOidsosell '
n 0 "1 P n n G
AvnR'aBGV V. o+ Z (2R. v, + R. v vy

4

y oL BB T BaoB T BRI Y
i E, L ek kv VY (187
kel "'Bl"""Bq noo B

If ¢ is an arbitrary double tensor and g;BY is substituted for ¢ -in

equation (111) then
| [(d3p0)50d = D ro; ]-- (63, 1V u ’ (138)
gy’*t” T Dt T URY Byc”" n
If instead, (¢;B)’t is substituted for ¢ in equation (11l) then

. = D . . Y
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Subéfifurion,from (138) into (139).leads to the conclusion that

), 1 o= 2 , L PO N , 0,Yy2
[(¢’B)’tt] - "D—t" [(¢,6),t] Dt [q)’BY]\) U.nv+ [d)aB.YO.]V Vv un

(140)
To this péint no restrictions have beenvimposed upon the foregoing
relations. If ¢ is assumed to be a spatial tensor or a scalar and [¢] = 0
then equation (1lu40) takes a special form., Substitution from equations
(126), (135), and (137) into equation (140) togéther with the use of
equations (118) and (118) yields the third order mixed compatibility

relation for a spatial tensor or scalar ¢ for which [¢] = O,

N . 2
_ N2 0D D D D,
[sghaeed = Wy - 5pXuy - 29 (5o hu + =52 - 5 ()
D
- 55 (M IV
2D & D 2 p? D
+ {un Fo &t 20 3= hu ¥ Xun,sun + Acun,sun - 555 Y~ Ua,s 5 A
+ ¥ p? (u M)}t (141)
Yn,s T Dibs ‘'n B : -

If ¢ is a double .tensor such that [¢] = 0 and [¢;d] = 0 and if u is
constant then equations (138) and (138)- take special forms. With these
restrictions in mind, it is seen that substitution from equations (123) and
'(l37) into equation (138) together with the use of equations (118) and
(119) gives the following third order mixed compatibility relation for
the double tensor ¢,

it D o
VY - u =— A (t

¥y = Uy B gy t Y

LY
¥ 8),+ uncrktBbY

(1u2)

.oy
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With the same restrictions, equation (139) upon. .substitution from
equation (126) and (l42) becomes, when equations (118) and (119) are
employed,

D v 2

_ o~ 20 N
F(¢;B),tt] = (- 2un BE-A + uhA)vB *ou

D
-ﬁ-'s—- At (143)

B

This is another of the third order compatibility relations required for -
the double tensor ¢, when [¢] = 0, [¢;a3 = 0, and u is constant.

The third order kinematical compatibility relation for the double
tensor ¢ under.the‘conditions of the preceding paragraph is obtained by

first substituting ¢’tt for ¢ in equdation (111). Then

= D Y

[¢’ttt] ’tt

Substitution from equations (129) and (143) and use of equations (118)

and (119) yields

"
N I NI : (145)
n" " “n

[¢’ttt]" Dt

This is the third order kinematical compatibility wrelation for the double
tensor ¢ when [¢] = 0y [¢;B] = 0, and*un is constant.

| The remaining relations which will be employed are thé fourth order
geometrical and mixed compatibility relations for a scalar or spatial
tensor ¢ under the conditions that [¢]. = 0; [¢;a].= 0 and w is constant.
The derivation. is begun by changing thé index o to p and then.replacing

¢ with ¢;GBY in equation (108): Then,

_ . o,
w;aﬁyp] = [¢y,aBYc]v Vo * T3 [¢>,&BY (1u6)

- ¢3 1l. If this

Equation (II-136) provides an expression for [¢; aBoy?”

aBpy
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B

equation and equation (146) are multiplied by V" and the former is

subtracted from the latter then an expression for [¢; ]vy in terms of

[¢;a8yo

Once again equation (II-135) is appealed to in order to get an expression

ospy -~ Papsyl
(146) then yield an expression. for [¢;GBY0]vYVG in terms of [¢;

aBpY
]vac results. This result is substituted into equation (146).

for [¢; This result and: the modified form of equation

B.Y, 0
aBYGJv viv

which in turn is substituted back into the modified form of e%uation (1u6).
’ ny

uAufinalmrepetition~oﬁhthew?rocessggives:[¢;aBpY] ip,terms of % = [¢;&BDY]quvavY’
[¢;GB]’ and [¢;aBY]' Therefore this equation can be put into-the required

form with the help. of equatioms. (123), (137), (II-127), and (II-128). Thus

n, )
ny- v Ny
- % DY, sl %
. £¢’aBpY] A vavBVpr + (DS A+ 3 DS‘AG)(tavava + ﬁsvavpvY + tpvavsvY
% D2'\: N Co
+ T VVeV,) t (- Ao + 5;§-A - 2Ac)(tat8vvaA+4tathBvY+ tytyVgY,
D %% D
. +-tBtpvavY + tBthpva + tpthavB) + (- 30 5§-A,, A 53 q)(vytatstp
+ VvVttt + VvtttV t,totl) +3%62t tLt t
pa By Bay'p a B Y p aBYP
A n o noon .o CONS
LN FAY ) . lL"
+ 2AvnR 8o’ vpvy_+ AvnR apov vaY + XvnR 8oV vayy (147)

This is the required fourth order geometrical compatitility relation for
the scalar or spatial tensor ¢ where [¢] = 0 and [¢;a] = Q.

The néxt compatibility relation which is found for a scalar or
spatial tensor is obtained by replacing ¢ by ¢;@B in equation (129) where

Cu is.taken:to'befconstani;and:E¢];;;0,1[¢;a]= 0.. Then,
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2
- . WSu? - oy D ) Yy . D .
1 = [¢’OLS’Y5 v ULn 2‘ln Dt ([q)’oceij )+ '1;;2— [¢’aB]

[(¢’a8 tt

(148)

Using equations (123), (187), (1u7), (118), and (119) it is evident that

Yo 2w Y 20 & 2D o
[(¢;a5>,tt1 = (Au + o2 A= 2w FE AV Vgt (uy 5‘5 A+ 3ou; g A
- 2u - b:D x)(t Vgt tvva) + (—%qui + ui _P];Z—Q—‘ri’
- 222%0” + 2w = Gonteg + 2% v nch\’G (149)
Again this result is valid for ascalar or spatial tensor such that Lol = 0,

[¢;a] = 0, and u_ is constant.

Another relation is obtained by substituting ¢;asyfor ¢ in equation

(111). The same conditions used in the preceding paragraph are assumed

to apply here. Then,

_ D ) . S
[(¢;OLBY),t] = w’aﬁ*{] - E¢,d6¥6]v u_ (150)

Substition from (137) and (147) together with use of equations (118) and

(118) yields
N N D2

_ _ Y A% _ P_‘ - D
[(q);aBY) ,t] = (-——— X u PN \)B\)Y + (D,CDS A U 5o 3u 0 5o X)

(tOLVBvY + thavB + th vB) + (-—( >\O') tug o>\

2
-u D Y v o2
pol ——-—DSQ A+ 2un)\c )(tOLtB\)'Y + tat‘Y\)B + tB‘cha)

D o o O
+ (Sund Z— At WA s. c)(tatBtY) 2u 7\\) R‘ochr v

N
- u X V_RD \)G\)B-uk\)R Wy (151)
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This compatibility relation applies'to a scalar or spatial tensor such
that [¢] = 0, [¢;a] = 0, and u is constant.
The final compatibility relation which is to be found is the relation

concerning (¢; To obtain it, under the same conditions as applied

a)’ttt'
in the previous par{agraph,,(qb;d),t is substituted for ¢ in equation (129).
Then

2
Bu¥y 2 .
R 2n B n0es ), P+ B 163,

C(ds )5, 1 = [(d;
o’ Pttt t

aBY
(152)

Then using equations (126}, (142), (151), (118), and (119) the result is

the required compatibility .relation for a scalar or spatial tensér such

that [¢] = 0, [¢;a] = 0, and w is a constant. That is,

" v
. n \ 2 n 2

q _ 2D % Y D n 2D D n

.[((b,cc)',t_t_t] <un Dt A - U.n>\ - 2un 5 A+ 2un T A - U. - >\)
Dt D‘t

2 n 2
2 D Y 3D % 3.D 2 D v
¢ o gops ¥ - g5 % - 3o g 4+ 2%, 5 Dt

(153)

If ¢ is a spatial tensor or a scalar such that all derivatives up to

but not including fifth order are continuous then it can easily be shown

that %
i
; = - v,V Y
[¢,a8thJ Au v %o (154)
and v
Y | .
N [¢;a8%tf] = - Aunvavs : , (155)
Y
N
where A is defined in the obvious way.
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CHAPTER IV

EQUATIONS OF MOTION AND
DYNAMICAL COMPATIBILITY RELATIONS

Physical systems occupy non zero volumes of Euclidean space. When
the voiume occupied by the continuous system is bounded by two closely
spaced surfaces of large extent compared to their separation then such a
system is called a shell. The approach adopted here is to idealize a
shell by treating it as a materialized surface. The equations of.motioﬁ
of such a surface are obtained by the direct approach(ss).

It is postulated that in an inertial frame of reference, in a
rectangular Cartesian coordinate system, the equations of motion of a

region r of the deforming materialized surface bounded by a closed curve

C are
i ' d i
J t7ds + j pf7do = EE'j pv dg (1)
c r

and
f(ml + eljkzjtk)ds + J (1 + eljkzjfk)pdc = %E'J (peljkzjvk+pjl)dc
c

r r

(2),

where the region r may or may not contain a singular curve but where
quantities are continuous everywhere else and have finite limits as such
a curve is approached. The quantities which occur in equations (1) and

(2) are:
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t ~ the force per unit length of ¢ exerted on r.by the material
outside ¢

f - the externally applied body force per unit mass

p - the mass per unit area of the deforming surface

v:‘L - the velocity of a material point

mi - the couple per unit length of c exerted on r by the material
outside ¢

zi - the position of a point on the surface relative to the origin

of the coordinate system
1 - the externally applied body couple per unit mass

i
J

the intrinsic angular momentum per unit area
Equations (1) and (2) express the conservation of linear and angular
momentum.,

If equations (1) and (2) are applied to an infinitesimal triangle
in a region of the surface not containing a singular curve then the
stress vector associated with a surface curve fhat has a unit normal

vector v* is given by(37)

£e%) = *ckévcS 3 | (3)

- where th is the stress vector acting on the us = constant coordinate

curve. It can be.seen that

By = - % (1)
Similarly,

mk(va) = mkava, mk(-va) = —'mk(va) | (5)
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These equations are tensor equations and are valid in any spatial and
in any surface coordinate system.
Substitution from these equations into equations (1) and (2) and

(38)

the application of Green's theorem , yields when the region of

integration is considered to be arbitrary,

k$ _da k ' ' '
t *8 + pfk = paft‘v (6)
k§ k. kij i .38 X
mois t Pl + e ljz;;‘s‘t:1 = p %{- 3 (7)
 If equation (II-105) is employed to define a tensor time derivative %F
in which the observer in x%,ua,t space. is defined by UA = constant,

T )
x" = x (Uét), u? = ua(Uét), t = t where UA are convected coordinates,

. . . . . . A :
and the connexion is given in a fixed spatial system and the U system

, i I i% %% . i I .
by having rj’AP’rjA’ATi vanish and rjk’ATA be the Christoffel symbols,
then
D k _ ,k, k i, 3
5¥-A = A,t UT + rijA (x,t UT) (8)

Equations (6) and (7) can be written so that they are valid in any spatial
coordinate system which is related to the given Cartesian system by a

- time independent transformation, and in any surface system. Then,

k& _ D _k
t ,6+pfk—p—ﬁ-€v : | (9)

k& k. k1 i 56 _ D .k
m 38 + pl t g elijx’ét = P o J . (10)

The restriction on the choice of spatial coordinates is due to the fact

that vk'transforms as a vector under only such transformations.



If equations (1) and (2) are applied to a pegioh of the deforming
surface, r, with a singular curve, 8, given by uq = ua(q,t) passing
through it, then it can be shown that restrictions are imposed upon the
jumps in several physical quantities. The curve § divides the region r
into two regions r+ and r in each of which all quantities have been
assumed to be continuous. ¢ and ¢ designate the curves which together
with 8 bound r' and v~ respectively. Vz is the unit normal to § and it
is chosen to be in the direction of propagation. ¢ is assumed to be
propagating into r+.

The surface integrals over r are in general improper integrals
because of the possible discontinuity of the integral at 6. The values
of such integrals are given by taking the sum of the integrals over v
and » . By employing the two dimensional transport theorem, equation
(II-168), an expression can be found for the time derivative of an
integral over r' or r . This is so because all quantities are continuous

over these regions. Thus for an arbitrary function Y it is clear that

A

. ' o1 i
UA vds + | - u’t!qvaw s

_ 1 o
Lwdc = L(\p,t oB * E'a’t‘UB)dg +Ii u,,
T c

H

(11)
where a is the determinant of the metpic t+ensor and where the normal to
the bounding curves is always taken in the sense.of the propagation of §.

By combining equations (1),(2),(3),(5), and (1i) and by taking
the limit as ¢ and ¢~ approach the segment of § which was contained
within the original region r it i1s seen that the areas of v and v

approach zero so that only the line integrals are non zero, and since the
= s
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result applies to.an arbitrary. segméntnof § it can be concluded that

KO, k ‘
[ty [-pv'e 1 . (12)

m<%,1 = b 1 (13)
Tt should be noted that equations (12) and (13) are tensor equations
and are valid in any spatial coordinate system obtainable from the initial
fixed rectangular Cartesian coordinate system by a time independent
transformation. The surface coordinate system is completely arbitrary.
These two equations are called the dynamic compatibility equations. The
first of these expresses the conservation of linear momentum at.a curve of
discontinuity. The discontinuity in the stress forces across the singular
curve must equal the net momentum flux from the curve. The second
equation. expresses the conservation. of angular momentum.at a curve of
discontinuity. .The discontinuity in. the moments attributed to the couple
stresses must equal the net flux of angular momentum carried by the intrinsic
angular momentum of the mass elements.away from the curve,
Since equations (9) and (10).are vector equations it is possible to
. decompose each. of these equations into‘components tangential. and normal
to the surface as was.shown in equation. (II-158). Therefore with the aid
of equations (IIelSB),.(II=159),.(IIrlLB) and (II-119) it can be shown

that equations. (9) and (10) become

Be B, B _ D ii By '
5, = bt +of = pFr vV SN (1)
o of D i
" £ - — . i . 5
T, * baBt + 0 PFEV Dy (15)
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Ba . B.a 4B By, .o _ D .i3 By o

m3, —bt +pl” ta Eyat = P ITH8sE (18)
o o Ba D .i '

LR baBm * Pl g ot = Pprimy (17)

Equations (14) and (16) express the conservation of the tangential
components of lineaf and angular-momentum,respectively. .Equations. (15)
and, (17) likewise express the.conservation.of the normal. components of
these.quantities.

In deriving equations. (9) and. (10) the stresses, couple stresses,
and mass density were defined with.respect to.the. deforming surface.

Such need.not.be the.case. It.is possible.to.define these quantities
with respect to the reference surface. This. will be done. in. the ensuing
paragraphs and the form of the equations of motion in terms of these
quantities. will be found as. well.

As bgfore,.minuscule letters and indices are to refer to the defomred
surface and majuscule.lettefs and indices are. to refer to the reference
sufface. u* and UA are arbitrary coordinates on the respective surfaces,
the only restriction'is that UA be fixed in the reference surface for
all times. Equation (II-7) is valid and can be.inverted.

£ W ='ua(s,t) picks out the surface coordinates of the points of
a curve ¢ on the deformed surface, where the parameter s is arc length
along the curve, then the corresponding points on the reférence surface,
~given by UA =‘UA(ua(s,t),t), define a curve C. The arc length along this
curve is denoted by S. As shown in Chapter II the unit normals to ¢ and

C are given respectively by
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- B _ z , _ :
Voo T Eagtes? VA T -EAZU’S _ (18)

In a convected coordinate system,

C o= | '
vy = Epsls (19)

where eAZ refers to the reference surface and EAZ refers to the deformed
surface. Equations (18) and (19) together with equation (II-112) yield

A\1/2
vy (P77 8. - (20)

where A and A are the determinants of the metric tepsors on the reference
and deformed surfaces respéctively in the convected coordinate system.

- If a is the detérminant of the metric tensor of the deformed surface

in an arbitrary coordinate system then by combining equations (1I-170),

-(18), and (20) it is seen that

_ ol (34172
\)ads = U, (A) Jvpds | (21)

where J = lu?Al.
The stress tensor Tkz is defined through the relation

% ds = ™y as o (22)

K
t 5

Combining equations (20) and (22) yields

S (‘-‘2—)1/2 gt | (23)
-1 A . s kZ , .
where J = = 1U,a|. Similarly, the couple stress tensor M =~ is defined by

" the requirement that

mk“vads = Mkz'\f ds " ' (2u4)
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so that

ko _ ‘uoc ( )1/2 (25)

Before substituting from equations (23) and (25) into the equations
of motion preliminary results are required. If Akoc is an arbitrary double
tensor of the type indicated and the spatial coordinate system is rectangular
Cartesian then combining the definition of the total covariant derivative

of Aka with the result of equation (II-178) yields

A = a2 (12408, (26)
a P
Another preliminary result to be established is the fact that
o

(u,rlUéBl>,a = 0 . (27)
To prove this result the differentiation is carried out yielding the
expression,

o

WU U!U’B‘ ]U B! u,r (28)

but the rules for differentiating a determinant can be invoked to show
that

BUA (29)

LA, 80

where VAB is the cofactor of the element U, so that expression (28)

becomes

o B.A o
uspsls IU,B[ + V) Usp 0o (30)

By differentiating the relation UeBu§T =6§ it 1s seen that

A _ I A B8 T . .
U,Ya = - U} YU,Bu,ZFU,a | | (31)



“and together with the rule for expaﬂding a determinant,
Z 1B
lvseldy (32)

this shows that expression (30) which is the left hand side of equation
(27) equals zero which of course is equation (27).
Now by employing equation (26), equation (9) can be written in

rectangular Cartesian coordinates as

z{l/z(al/thB),B + of" = g?vk_ (33)

Then substitution from equation (23) and use of equations (27), (III-81)

and (II-170) produces the result,

A—l/2 (Al/QTkZ + po(fk _ 4 k) = 0 (34)

)y e

By virtue of equation (26) this result becomes

Tk%A -}-'po(fk - g;t-vk) = 0 | (35)
where the mass density, Og» and the covariant differentiation are now
with respect to the reference surface. This equation although derived
for the case whére the spatial coordinates are rectangular Cartesian is a
tensor equation at a point on the reference surface and hence remains
valid in any allowable spatial coordinate system.

If vk is the velocity in the rectangular Cartesian system 7% and Sk

. . . . k
is any other allowable spatial system then the velocity in the @ system

veferred to a point on the reference surface is given by

' .

572
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where v° = Z?t T, z2 being the position of the material point on the

U
derforming surface. %E-was defined and its form in the preferred frame
was given in equation (8). Its form in any other allowable system is

given by (II-105) and from the fact that the allowable systems are fixed

with respect to the preferred system it is evident that for a vector

such as vk defined on the reference surface

k
D k _ _k _ 96 a ‘ ‘
YT VoY T UF Pt 7

The equation governing angular momentum in which .quantities are
defined with.respect to the reference state is obtained in an analogous

fashion. Thus the tensor form of this equation is

kT 31 " a .3

k D .k, _ _
Mp + G elija—z—é-z,zT + P (L -3 i) =0 (38)

where Z° are the‘rectangular Cartesian coordinates of the point on the
reference surface whose position on the deforming surface is given in
rectangular Cartesian coordinates as zi. As before, in an allowable
coordinate system Gk the derivative of the vector jk defined on the

reference surface by

k .
jk - aea ja. (39)
0Z ' '
where ja is the representation in a rectangular Cartesian system, is

D .k _ .k -
BErj = ;,t UP (40)
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The aim now is to decompose equations (35) and (38) into components
tangential and normal to the reference surface. By following the example

of equations (II-158), and (II-159) equation (35) becomes

AT AT A

T - BT +pF = 0 V‘tlu (u1)
and
A AT -
TSy + BppT + PgF “%V’tluz | (42)
where
A _ D 3 ZA _ D i
v.oF TF v X’ZGle and v o= BE-V Ni

and Gij is the spatial metric tensor at a point on the reference surface.
k .

r o= fk so that F%F denote the components with respect to the reference
surface.

Equation (38) is somewhat more involved due to the second term. When

equétion (¥I1-158) is used

i i
EEE- = (AZAG.. §§ﬂ )x op t (EE—-N.)Nk (43)
3z 1 az® 9z% *
and when this is substituted into equation (38) and equation (II-158)
(II-159), (II-118), and (II-119) the resulting equations are
Az AT AT T q 2 A Ay
M iy - BgM + € qux z Zx pT 4 oL = P, UZ (uu)
and .
A AT, TA. op 2 .a AT, pL = pJ,. | (45)
M3y + Bpp #egph G XSz pKapT 0 0" ’t|U

where jk = Jk and lk = Lk so that J%J,LéL refer to components with respect

to the reference surface. Equations (41),(42),(s4), and (45) are the
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required equations. They do not lend themselves to an intuitively
attractive physical interpretation.

In order to derive the dynamical cbmpatibility equations in a form
in'which,quantities refer to the reference surface, equations (1) and (2)
with the aid of equations (III-81),(3),(5),(22), and (24) are rewritten
so that the integrations are over a region of the reference surface R or

over its boundary C. Then

kA k.. _ d k
f T "v)ds + f poF a4 = 3¢ f A (46)
C R
and ' A
f (MkA—vA + ekljlejAvA)ds + . fpo(Lk + ekljzlPJ)dZ
C ' R
- kij i3 . [k
I f.(e z7v + J7)p,dZ (47)

where dS is an element of arc length of C and dI is an element of area of
R, and where the spatial coordinate system is rectangular Cartesian. Theée
equations are to be valid when applied to the massoccupying a region of

the reference surface R which is traversed by a segment of the diagram A

of a wave curve, Because of the possible discontinuities in the integrands
the derivatives on the right hand sides of equations (46) and (47) can

not be taken under the integral signs. As was done when dealing with the
deforming surface, the surface integrals are divided into the sum of two
integrals. ‘The domains of these integrals are the regions R" and R, the
portions of R not yet reached by A and already traversed by A respectively..

ct and C denote the curves which together with A bound R and R~ respectively.
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The unit normal to any of the boundary cﬁrves will be taken in the sense
C

of the propagation of A. On R' and R~ all quantities have been assumed
to be continuous. Therefore the transport theorem, equation (II-168),
can be emplpyed on integrals over R+ and R*. On the stationary reference
- surface and in any surface coordinate systeﬁ on it whichlis fixed, the
metric tensor is not explicity dependent upon time. Also, the boundary
of R, C = ¢+ ¢, always consists of the same material points and so ct
and C  are fixed on the reference surface. If A is given by UA = UA(q,t)

then the process by which equations (12) and (13) were derived can be

emulated to give

(7w, = - 0 UyLv"] | (48)

and

kA - k _
M ]VA = - pOUNEJ ] (49)

These equations which are vector equations can be decomposed into
components tangential and normal to the reference surface. Then they
become

AT _ A
‘[T v, = - pOUN[v ] (50)
[TIv: = - pU,[v] - | (51)
r 0N
and similarly,

AT A |
[M ]VI' = -pOUN[J] (52)

o' v, = - o] | (53)

where vk and jk are given by equations (38) and (39).
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(39)

It was briefly mentioned in Chapter III that Signorini has

developed a systematic method of approximate solution in the theory of
finite elastic deformation. In this approach it is assumed that body
forces and moments are analytic functions of a parameter € which vanish

~when € = 0., Thus

fk = sfi + o(eQ)k, 1k = al? + o(aQ)k : (54)

where fi and li are the coefficients of the first order terms in €. The

displacement in a rectangular Cartesian coordinate system is defined by

x> = X" +wWw _ (55)

W" is also assumed to be an analytic function of € which vanishes when

€ = O;v Therefore

We) = ] (56)
. n=1l )

where W:L = 32—

n .
; 4_ Wl| . The theory of linear elasticity results
n nl ,.n e= 0

if € is chosen to be small enough and if terms in the various expansions
of order two or greater in € are neglected. Then for example

i i
noEWD

W 1

ko ko
- are assumed

kA kA
The stress and couple stress tensors t ,m ,T ,H

2

analytic functions of XtA’ XtAZ’ and possibly of higher order derivatives

with respect to fixed surface coordinates on the stationary reference
surface such that the functions vanish when the arguments take on their

reference surface values.
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It is the intent of the ensuing discussion to show that in the
case of a linear elastic medium the equations of motion and the dynamical
compatibility equations with respect to the deforming surface and those
with respect to the reference surface are equivalent. That'is, the two
sets of equations are the same up to and including first order in €.

The spatial coordinate system will be taken as rectangular Cartesian.

Then equation (55) is valid. The notation 0(e™) will mean terms of order

n and greater in €. Sometimes indices will be assigned to this notation
indicating that each of the terms implicitly represented carries the
assigned indices.

The first step involves finding the expansions for those quantities
that are encountered in the equations of motion and the dynamical compat-

ibility equations. To first order in € it is evident that

i i . ’
veo= EW,, UA : (57)

and
i

15, and xJ;Az = XfAZ-i- sWi,Az (58)

X%A = X%A + EW

In equations (III-63),(III-68), (III-69), (III-74), and (III-83)

it was shown that

%

"(% 2 o 14 oe)®  (59)
S,, = 1+ 0(e) | (60)
S o= 1+ 0(e) ‘ (61)
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n, = N +0(e); | (62)

and

p= Pyt o(e) (63)

The rate at which the singular curve progresses through the material, UN’
is independent of the deformation process and hence of €.
From their definitions expansions can be found for a number of

geometrical surface quantities. Thus,

ayy = A+ 0(e)s (64)
aAZ - AAZ + O(e)AE (65)
r _ ,T T 4
EAZ = Ay + 0(€)s (66)
where the Christoffel symbols on the left hand side are with respect
+o the deformed surface and in a convected coordinate system and the
Christoffel symbols on the right hand side are with respect to the
reference surface. Also,
bpy = Bpp t O0(€)py (67)
and
L L I
by = By + 0(€), (68)

Equation (21) can be expanded to give

N _vA(l + 0(g)) (69)
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By substitutiﬁg from equation (58) into the arguménts of the stresses
and couple stresses and by writing the Taylor expansion of these functions
taking the term of order zero to vanish by hYpothesis then it is easily

seen that to first order in €

kA kA

t = et] _ (70)
n = emTA ' ‘ (71)
and -
TkA = STTA (72)
MkA = sM];A (73)

If substitution is made from equations (70-73) into equations (23)
and (25) the results are that to first order in €

0 N T N %

(74)

The last preliminary result required comes from the fact that the
intrinsic angular momentum at a point is found from a constitutive relation
of the form

ko Lk, i
o= TTES) (75)

such that jk(o) = 0. Since X%tA = sWi,tA to first order in €, the'Taylor

series about 0 yields a series in € which to first order is

5 = eji ' ' (76)

By employing the preliminary results it iIs now possible to prove the

main results. All quantities in equation (9), (10), (35) and (38) are
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expanded in terms of € and second order and higher terms are neglected.
All equations are written in rectangular Cartesian spacial coordinates

and convected surface coordinates.
Equations (57-73) gives the pertinent expansions. When equations (74) are
employed it is easily seen that the equations of motion to first order

in € are the same whether taken with respect to the deformed or with
respect to the reference surface. To first order the equations in any

allowable coordinate system are

kA k

TSy + ppF = powk’ttlUZ (77)

kA kl i3z k _ k

M5, 4 6 elin,ZT + P LT = SRV UA (78)
where

TkA = QTEA, Fk = EF?, Wk = ku

 and similarly for the other quantities. In addition, the covariant
differentiation is with respect to the reference surface.

To first order in € the dynamical compatibility relations given by
equations (12) and (138) can be shown to be equivalent to those given by
equations (48) and (49). This is accomplished by employing equations

(69-74) and (61). The results to first order in € are

kA : :
i R R R Y (72

kA k
M ]VA _-pOUN[J ] ’ (80)

where TkA = eTﬁA and similarly for MkA,Wk, and Jk.
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The equation of motion and the dynamical compatibility equations
are spatial vector equations and hence can be decomposed into components

- tangential and normal to the deformed surface or tangential and normal

k

to the reference surface. It is easily shown that if a vector Ak = eAl

then to first order in € it makes no difference which surface is used.
This is done using equations (II-150), (II-151), (II-152),(58),(62), and
(85).

Each term in equations‘(77—80) satisfies the condition described
above. Therefore, the decomposition of these equations to fir%% ?% >
does not depend upon the surface used. In the ensuing chapters the
linear theory of elasticity will be used unless otherwise specified so

that equations (77-80) are the required equations. To first order in €

equations (77-80) when decomposed give

AT AT A A

T 5p = BRI + p B = pow,ttluz (81)
A AT _

To5p + BypT - + 0,F = pow’tt]Uz (82)
AT r. AT I A A |

Mg - B?M + AT e T+ p LT = pOJ’tlUZ (83)
T AT A _

Mip + BypM o 4 eAATA + Pyl = pOJ’t[UZ (8u)

AT A '

[T7 vy = - pOUN[w,tlUZ] ~ (85)

(v, = - oUW, (.51 | (86)

, A 0N t|U ‘

AT - St
v, = - p U Lo ] . - (87)
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. A _ ' . .
[M ]vf = - pOUN[J] (88)

where TAP = ETAP and similarly for the other stresses and for the

1

components of Wk'and Jk.

For the sole.purpose of comparing with other theories a new surface

(40)

tensor is defined such that

AL AN TE I A . TI
N = A EAPM 5 MA = -A sAPN

Substitution into equations (83),(84), and (87) yields

AT AL AT A AZ
NTp o+ AT g, pBRM - oy oo L PoA eAZJetlUF (89)
where
A AL A
¢t = - A EAZL
Sy ir -
M’I‘ - eAZ'B?N + EAATAA + poL = pOJ’tlUZ (90)
and
AL _ AL T ‘
[N ]vb = pOUNA srz[J ] (91)

This change of variable is introduced in order to be able to more readily
compare these equations with those of other theories. These equations
are mérely new representations of the same physical restrictions.

In sumary then, the equations of motion and dynamical.compatitility
equations. used in the linear. theory of shells. are equations. (81),(82),

. (85),(86), and. (88-91).
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CHAPTER V

WAVE PROPAGATION IN A LINEAR THEORY OF MEMBRANES

A membrane is defined as a shell in which no couple stresses or
shearing stresses can exist. In this sense a membrane is the two
dimensional generalization of an extensible string. . The membranes considered
here will be subject to the linear theory developed in Chapter IV. This
means that equations (IV-81), (IV-82), (IV-89), (IV-90), (IV-85), (Iv-86),
(IV-91), and (IV-88) are equations of motion and dynamical compatibility
equations which are consistent with the approximation being made and hence
can be used. It should be remembered that by hypothesis the reference
surface with respect to which these equations are written is stationary
and strain free, and all geometrical quantities which refer to this
surface are continuous everywhere except possibly at isolated points,
These singular points will not be dealt with in the ensuing discussion.
The results derived therefore will apply to regions of the reference
surface hot containing such points.

The problem posed is the following one: A singular curve of given order,
as defined in Chapter III, is assumed to be moving across a previously(
stationary, strain free, membrane surface. The disturbance is assumed
to be small so that the approximations of linear elasticity are valid.

The curve divides the surface into two regions in each of which all
quantities and their derivatives to whatever order required are continuous
and all these quantities have unique finite limits as a point on the
curve is approached from one side. The surface itself remains continuous
although the possibility that the deforming surface has a "kink" or

discontinuity in the surface normal at the singular curve is retained
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when dealing with shock waves. Discontinuities in other aspects of the

surface geometry at the singular curve are possibilities for waves of

any ordenVOf course,‘al; geometric quantities on the reference surface

are continuous everywhere except possibly at isolated points. The

problem then is to determine the speed of propagation of the singular

curve, the shape of the curve, and ﬁhe equations governing the growth or

decay of some quantity which measures the size of the disturbance across

the wave curve of given order, from the equatioms of ﬁotion, the dynamical

compafibility relations, and the constitutive relations by employing

whatever geometrical and kinematical compatibility identities are required.,
The constitution relations used in the linear membrane theory given

‘here are those of Green and Zerna(ul>; Here they shall be taken as

being postulated. Then

AT T'A ‘DHAPZA

T = T = Oy (1)

where
- X ,

Mo = 5 (WA;O.+ w@;A - 2BA@W), (2)
WQW are the components of displacement tangential and normal to the
reference surface,

WTEh 525 {(1-n)(aBBATE 4 AREATRy 4 onalTahy (3)
and

(119)

h being the constant thickness of membrane, E the three dimensional
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Young's modulus ‘and n Poisson's ratio.

The fact that a membrane is being considered means that

Therefore the equations of motion (IV-81), (1v-82), and (IV-90) become

AT A A

Thp +eef = po“’ttluz (5)
AT - . |

Byl + OpF = Qoh,tt]UZ (8)

TAT - TFA . €7)

and equation (IV-89) is identically satisfied. The only dynamical
compatibility relations which are not identically zero are equations -

(1v-85) and (IV-86) and these become

[T Jvp = Pl s 2] (8)

and

] (9)

(o]
n

- pode’t

UZ

The dynamical compatibility equations suberficially refer to the
diagram, the image of the wave cur?é on the reference surface. UN for
instance is the speed of propagation of the diagram in the reference
surface. However, the diagram and the wave curve are coincident in the
situationenviéagedhere. This is because the wave curve is propagating

. - ’ . . i
into the reference surface at rest and unstrained. Since W = 0 on the

virgin side of the wave curve it is seen from equation (III-69) that

P = U ' , (10)
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The geometrical and kinematical compatibility equations which will
be employed are given by equations (IXI-108), (I11r-ii1), (IIr-123), and
(III-129). In Chapter III minuscule indices were used as these identities
were derived for any surface on which all geometric quantities are
continuous. In their applications here these relations are to refer to
the diagram and the reference surface so that majuscule indices will be
used.

Before preceding with the analysis a word should be said about the
method to be pursued. The equations of motion and the constitutive
relations are valid at each point of the surface not on the wave curve.
Furthermore, each term in these equations approaches a finite limit as
a poinf on the wave curve is approaéhed from one side. Therefore, by
taking the jumps in the equations of motion, the jumps or discontinuities
in the quantities occuring in these equations are related to one another.
If the constitutive relations are used to relate all terms in the
dynamical compatibility relations and in the equations of motion to the
displacements aﬁd the derivatives of the displacements, with the
‘exception of the externally applied forces and moments which ingidentally
. are assumed to be continuous,>fhen taking the jumps in the equations of
motion produces relationships involving the jumps in the derivatives of
the displacements. As is seen from the geometrical, kinematical, and mixed
compatibility identities, if the order of the derivatives of a double
tensor ¢ is raised by one and the jump is taken then the number of
quantities introduced which are geometrically and kinematically speaking
unrelated to the jumps in lower order derivatives equals the number of

components of the double tensor. These quantities have been denoted
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above by t¢1,l,% et cetera. Thus the jumps in the equations of motion
and the dynamical compatibiiity equations provide equations involving
the above quantities, where the displacement is the double tensor ¢ and
the speed of propagation is UN' It is hoped.that these equations can
be solved to yield the value of UN and an expression for the growth or
decay of the amplitude of the disturbance.

It should be pointed out that if a spatial vector eguation denoted by
AW = 0 , (11)
is decomposed with respect to the reference surface such that

At = AN, + A = 0 (12)

so that

AA = 0, A = 0 : (13)

then the jumps of equations (13) are equivalent to the jump of equation
(12), because X%A and N- are continuous. If the total covariant

derivative is takenapf equation (12) then

t
o

’Al;z = A%zxiA + A;ZNl = . (14)

so that

A

Ajy = 0 and Ay (18)

i
o

and the jumps of equations (15) are equivalent to the jump of equation
(14). Similar remarks are valid for the higher order derivatives of
equation (11).

. The following in#estigation will be concerned with the propagation
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of schock waves with respect to the displacement. in the linear
theory of membranes. A shock wave with respect to the displacement is

a singular curve in the membrane surface such that [W"] = 0 but at least

i i
*t|u A

is assumed that the curve is persistent with respect to time and that it

one component of W T or W:, is discontinuous across this curve. It
is propagating into the reference surface which is unstrained and at
rest.

The analysis is begun by noticing that the dynamical compatibility

relation given by equation (9) together with identity (III-111) indicates

that :
w = 0 (16)

where w3 = [W;AJVA. As a result .of the fact that W3 is continuous,
equation (III-108) indicates that [W§A] = 0. This is the condition, given
by equation (III-77) that the normal to the deformed surface be continuous
across the wave curve.

Combining equations (8),(1),(2), and (3) with identities (III-108)

and (III~111) and employing the decomposition of the quantity
wy = wvy ot Wty ‘ (17)

[WA;XJ\)z yields

_ A
where tA = UA s and w

(18)

t
(=]

2
(D ~ pOUN)w
D 2.~

(5 (1-n) - pOUN)w = 0 , (19)

These are called the propagation conditions for a shock wave.
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it is seen from identities (IIIFlO8).and (III-111) thatA[Wi’tIUr] =0
if [Wi;A] = 0. Therefore, for a shock wave [Wi;A] # 0 for at least one.
component. Equation (14) indicates that this is equivalent to saying
that at least one component of EW§A] # 0 or [W;A] # 0. From identity
(III-108) it can?%éhcluded that at least one of w}a, orfw3 must be non
zero for a shock wave. It has already been shown in equatién (16)
however, that ws = 0; therefore, at least one of w and & does not vanish.

If w # 0, then from equations (18) and (u) it is seen that

U2 = 2—-— = .._..._.__—-—-Eh ) (20)

o Po 0, (1-n")

0

When this value is substituted into equation (19) it is found that
A

w= 0 ' ' (21)

If w # 0, then from equations (19) and (#) it is seen that

2 _ D(1-n) _ h
Uy = 2, - 2p0Z1+n) (22)

]

Upon substitution inte equation (18) it is clear that

w = 0 (23)

It should be pointed out that in both cases U§ is a positive real

valued constant. UN is the speed of the diagram.. In the problem being

considered it is also, as shown in eéuatioh.(lo), the speed of the wave
curve relative to the material on the side of the wave curve not yet
effected by the propagating disturbance and at rest.

- In the first case, when Wy = WV 5 the application of identity (III-108)

indicates that

L Wo ,l = 0 (21)

Yasr ™ Wraa
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. + _ . . . .
but since WA-Z = 0 this means that immediately behind the wave front
: 2

S NS ' (25)

W AT

that is to say, since it can be shown that w[A-Z] is the in-surface

- .
rotation of the material, the material behind the wave is not rotating.
The wave. is said to be irrotational. In addition, it is clear from the

definition of the velocity that

v = b

i i
tlUr]X’A + [V, b (26)

and then using identity (III-111) and equations (16) and (21) it can be

shown that

vi = Uvai : (27)

. . .t
where V" = vaA. Of course, v* = 0. Because the velocity behind the

wave is in the direction of propagation,an irrotational wave is also
called a longitudinal wave. Finally, from equation'(III—BS) and identity

(I1I-108) it is clear that

-

p = po(l + w) and p- = pO (28)

This relates the density behind the wave, p , to the density in front of

the wave front po.

N

In the second case where Wy = wty s identity (III-108) applied to the

jump in the two dimensional analogue of the cubical dilatation

EWA;A] = 0 (29)
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0 this means that

but since W%A+
w?& = 0  (30)
Because of equations (III-79), (III-88), and (29) the area of an element
immediately hehind the curve is'unchanged from its area on the reference
surface. Such a wave is called an equiareal wave. Equation (III-111)
when applied to equation (26) and subject to the conditions of equations

(16) and (23) yields

i ~1
v = Uy wXyg (31)
i+
because v© = 0. Because the velocity behind the wave is in a direction

tangential to the wave curve, an equlareal wave is also called a-
{ransverse wave. Finally, the discontinuity in the mass density is given

by equations (III-85) and (III-108), so that
oo = p = py (2)

Thus, for an equiareal wave the mass demsity is continuous.

As has already been mentioned, for both types of possible waveé the
speed of propagation of the diagram, UN’ is constant. Also in the problem
being considered the actual wave curve and the diagram are coincident.

It is poésible to predict the shape of the wave curves for all times
~once the curve is knqwn at some reference time. This information, as
will be shown, is a direct consequence of the fact that Uy is constant.

It was demonstfated in Chapter II by the discussion surrounding

equations (III-86 to III-92) that given a moving curve on a surféce,

UAb= UA(q,t) where q is the parameter along the curve at time t, then it
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is possible to find a time dependent transformation of the curve parameter

q = ,q(so,t) (33)
such that |
| A _ |

U’tlso - UN‘VA : ' (34)

where UN is the speed of the curve along the normal direction to the curve

'Nve and such that Sy is the arc length along the curve at some reference
time. Here, the curve is taken to be the diagram on the reference surface

and hence UN is the speed of propagation of this curve. The function

UA = UA(SO,t) can be viewed geometrically as defining two one parameter
 families of curves on the reference surface. Members of the family of
diagrams are given by taking t to be a constant. A tangent to these

. A .
curves is the vector, U,S . Members of the other family of curves are
ojt

specified by choosing s, to be a constant. Then U is a tangent

"

2

| Tisg

vector to these curves. It was shown in Chapter III that U’tls and
0

A

U, are. orthogonal. Thus the family of curves given by 8y = constant

sO t

is the family of orthogonal trajectories to the family of diagrams or wave
curves.

The unit vector to the orthogonal trajectories of the wave curves
is found by dividing Uétlso by the magnitude of this vector, but from

equation (34) its magnitude is UN’ so that

vA _ 1 UA ‘ _
=z , =
UN t s0

A

U’Q 5 (35)

is the unit tangent vector to the orthogonal trajectories, where Q= UNt'

defines a new parameter along the orthogonal trajectories which must be
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the arc length and where vA is of course the unit normal vector to the

diagram or wave curve. It was seen in equation (III-119) that

= = -U .t ’ (36)

b but U, is a constant here so that

A
where t = U’S’ N

D A .
o = 0 : | (37)
Therefore,

DA D A _ LD A '
B-Q-(U’Q‘So) = v = o ==V = 0 (38)

where Q is the arc length along the orthogonal trajectories to the

. diagrams and ga-is defined by equation (II-105) with the same connexion
as used in the definition of the derivative in equation (III-96).
Equation (38) is the condition, as given by equation (II-160), that the
- orthogonal trajectories to the diagrams be geodesic curves on the
reference surface. The discussion surrounding equations (II-160) to
- (II-163) indicates that the diagrams and. their orthogonal trajectory form
a geodesic parallel coordinate system on the reference surfade. Thus if
the diagram or wave curve is given at some reference time and the
orthogonal geodesiés are dravn on the reference surface then the wave
curve after an interval of time At is given by the locus of points a
distance along {he geodesics UNAt from the reference curve. This
curve is orthogonal to the geodesics as well.

Another aspect of wave propagaticn to be investigated in the linear

theory of membranes involves finding. the equations .which govern the growth

or decay of some gquantity which.measures the magnitude of the disturbance
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which is propagating. The wave strength M is defined by

M = _(wAwA)l/2 (39)
therefore if'wA = WY

M = ol ' (10)
'and if

Wy = ZBtA

Moo= |0 | ;' | (u1)

This definition iIs quite naturai and M = 0 if and only if the wave ceases
to be of first order.

The decay equations come from éonsidering the conservation of the
surface components of linear momentum. Thus by combining equations (1),

(2),(3), and (5) with identities (III—lOB),4(IiI—128), and (IIX-129) and

by employing the decomposition of the gquantity BA = [W%ZP]VXVI
Moo WA e B | (42)

it can be shown that

D ;N p . 2 D

T {10 - 22(1-Muw + 2(1M) (55w - wi)} = pO{UNw - 20y ﬁ—_w}(us)
~and

T {2(lfn)w - 4Tw + 2(Ln) (g et wi)} = pO{UNw - 20y 5% w}l (un)

where I is the geodesic curvature of the wave curve on the reference

surface.
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From this point, the two types of waves are treated separately.
First an irrotational or longitudinal wave is considered; thus w = 0.
Substitution from equation (20) into equation (43) and use of the fact

A
that w = 0 yields

D 1
bl = = 5
5 5 W = Zw (45)

Substitution from equation (40) gives
.2 |
g = FIM (46)

For the same type of wave, w = 0, substitution from equation (20)

into equation (44) produces the result,
D n
== w

DS (u7)

W =

The case of equiareal or transverse waves.is now considered; therefore,
w = 0. Substitution from equation.(22) and use of the fact that w = 0

allows equation (u4u4) to be written as

~ L
w = 3 Zw (48)

If equation (41) is employed then equation (48) becomes equation (46).
If substitution from equation (22) is carried.out in equation (43)

0. it is seen that

for the case where W.

D4 = -4 O (u9)
Ds .

It has been seen that the equations governing the growth or decay of thg

wave strength, M, are identical for longitudinal. and transverse waves.
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The solution of this equation will be comsidered in an ensuing chapter which
will deal with examples.

The final aspect to be.investigatéd concerns the. derivatives of the
componeht.of.the displacement normal to the.curve, that i1s . W. It has
already been. seen. that VW, ’A’ and W are continuous. . Are all derivatives

of W continuous? To . answer this question, equations. (1),(2),(3), and (6)

are combined with identities (III-108) and (III-129).to yield

AT A 3 203
D{(l—n)BArm v+ nBAw}b, = U (50)
In. the case of longitudinal waves where wA‘=,wvA equation (50)
becomes

pCI v% Bt = LK) + 2nd (51)

Qhere‘K(vr), given in equation (II-124), is the normal curvature in the

direction normal t§ the wave curve and H, given in equation (II-133), is

thé mean curvature of the reference surface, at .the point being considered.
In the case . of transverse waves where wAU= atA equation (50) becomes

"3 AI‘
w o= 2BMtvw : (52)

In géneral then, a singular curve which is a first order wave with
respect to the in-surface components of displacement is a second order
wave with respect to the component of displacement normal to the reference

surface.

If the wave curve had been assumed.to be an acceleration wave, that
is, a second order wave with respect to displacement, then the dynamical

compatibility equations (8) and (9) become identities and yield no
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information. Equation (50), which comes from consideration of equation

(6) and which is still valid, now gives the result,
na
= 0 (53)
The propagation conditions for acceleration waves come from considering
equation (5). By Considering equations (1),(2),(38), and (5) with
identities (II-123) and (II-129) and by employing equation (42) it can

be shown that

2

(D - pOUN)m = 0 (54)
and |

D,. 2N _

(5(1—n) - pOUN)w = 0 (55)

Thus it is seen that two kinds of acceleration waves are possible in this
: t o as "
linear theory of membranes, longitudinal waves when w = 0 and transverse
n
waves when 0 = 0. . For longitudinal waves identity (III-129) applied to

the acceleration yields

.- . .+
i o 2 i i -
w,ttle = U, W ,ttluz = 0
and for transverse waves
. , -, s
i- S el - -
W I = UK’ » ”’ttluz 0

_ | U

" These waves propagate with the same characteristic speeds as the
corresponding shock waves. The speeds of propagation for longitudinal
and transverse waves are given by equations (20) and (22) respectively.
Thus, the argument about the shape and successive positions of the wave

carries over from the discussion of shock waves.
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AIn order to find the decay equations and the relation of 33 to %
and 3, equations (5) and (6) are differentiated with respect to time,
that is, the partial derivative with respect to time is taken. The
jump in the resulting equations then allows the required results to be
found. The jump in the paftial derivative with respect to time of
equation (5) combined with equations (1),(2),(3), and (42) and used

together with identities (III-142) and (III-145) gives

W o= %-zm | (56)

8l

for longitudinal waves and

€e>
€ >

b_

) (57)

[w]
1}
O
[}

for transverse waves. The derivative of equation (6) together equations

(1),(2),(3), and (42) together with identities (III-126) and (III-145)

yields
" , A
~ n
= (BArvAvr + nBArtAtr)a = {(l—n)K(vr>-+ 2nH}w (58)
N3 |
where W~ = [W;O‘BJ'\JDL'V‘B for longitudinal waves, and
n .
ng A_TA , ]
W = 2BtV W : (59)

for transverse waves.
When dealing with acceleration waves in membranes which in general
are non linear, an analysis is followed which emulates the analysis of
. . . . . . (42)
acceleration waves in three dimensional elastic bodies .

The equations of motion of a membrane with respect to the reference

surface are by virtue of equations (IV-35) and (IV-38)
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K& k- aX  a _
Ty t po(F - =T Zagy UI‘) = 0 (60)
, 9Z
1 _a . .l _
51mrx’azfrT = 0 (61)

where the spatial system is fixed in an inertial frame and the surface
system is fixed in the reference surface which in turn is at rest in
the inertial frame. The dynamical compatibility relation is given by
equation (IV-48), so that’
< kT k - a
(07 vp = - UNpoX,a[z,t]_ : (62)
If the constitutive relation for the membrane is postulated to be

of the following form

o W @) (63)
then
| TkET = A%éFA z?Ar + rijTirxér + rierA (64)
where
R thr
3Z,A

. a .
If a second order wave with respect to z is assumed to be
propagating into the stationary, strain-free reference surface then the
wave curve and the diagram coincide, and

P o= Uy - - (65)

Substitution is made from equations (63) and (64) into equations (60),

(61) and (62).
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Then if the jump is taken of these equations the result is
kTA- a _ LkTAr a4 k - a 86
A.a. [Z:AI—:] - A'_a-'_ [Z’AT] T pox’a[z’tt] ( )

and equation (62) leads to an identity as does eqdation (61). By

. employing identities (III-123) and (III-129) it is seen that

k TA i _ 2 k . .
R/ PoUys (67)
where
a _ ra AL Xk _ .k a kTA_ -
S O A W z?iA}fam
so that
k k.21
- = 68
<Q‘i GipOUN)s 0 (68)
‘where
k -~k TA
Qg = Ay VTV

This is the propagation condition for amn acceleration wave in a membrane
which in general is non linear. Because si can not vanish for an
acceleration wave the speed of propagation can be found from this
condition.

In order té-proceed further a specific function must be chosen in

equation (63). This is not done here.
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CHAPTER VI

WAVE PROPAGATION IN BARS

Before going on to discuss the propagation of singular curves in the

linear bending theory of shells perhaps there is epistomological.merit

in examining the problem of a propagating singularity in a bending theory

of bars..

This problem does not contain the geometrical complexities of

the former one and hence might illuminate some features obscurred in the

shell problem. For completeness sake an: outline is provided of an

elementary derivation of the equations governing the mechanical behavior

of the bar.

For convenience sake,the bar is taken to be inextensible. Then

a bar initially along the x axis.in the x,yfplahe.undergoes”a deflection

y(x,t), a rotation caused by bending of Y(x,t) radiamns, and a distortion

due to shearing of B(x,t) radians. The linear and angular deflections

are assumed to be small.

where

It can be shown that the constitutive equations are as follows

M(x,t) EI, | : (1)

Q(x,t) k'pA(x)B(x,t) . (2)

M{x,t) is the bending moment about the z axis at the point %,
E and Y are Young's and the shear modulus respectively,

Q(x,t) is the shearing force,

k! is a numerical factor which depends’ upon the shape of the

cross section,
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I(x) is the afea moment of inertia about the z axis, and
A(x) is the cross sectional area.
The equations of motion are provided by a variational princiﬁal
which is

1
8 J (T + W)dt = 0 : (3)

t

T is the kinetic energy given by

L » L

_ 1 9 2 1 2 .

I N ORI UNE S ()
) )

where m(x) is the mass per unit length and J(x) is the mass moment of

inertia per unit length about the z axis. Then

m(x)

Ix) = pGOIG). =TT I(x) Kn(x) (5)

where k(x) is the radius of gyration about the z axis, p(x) is the mass

density and W is given by .

W= -V+ J p(x,f)y(x,t)dx | (8)

where p(x,t) is the body force and

1l 2 1 2
= = | BT U = '
v > f EI Yoo dx + 5 [ k'uAR dx (7

Combining equations (3),(4),(5),(8), and (7) it is apparent that

t 1

2[ (py - %—EIw,i - E-k'uAB2)dxdt (8)

t
5 [ 2J 2 v,2 + 217, )maxat + 8 J
t 2 t
: . 'tl

2.
tl A
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However, since the linear and angular deflectlons are assumed to be small

the total angle of deflection is approximately equal to Voge Therefore

Yo, =B+ VY (9)

X

Substituting from equation (9) for 8 into equation:(8) gives the result,

t

thr )
[ {y,.8(y,) + ¥, 8(9, )k Imdxdt - [

[ 51y, 800,,) + KAy, - )
+ t

1 1

6(y,t - P)dxdt + jf pSydxdt = 0

Once integration by parts has been performed and the boundary conditions

imposed then it 1s evident that
{k'ualy, - W}, - WYapp t P = 0 | (10)
2. .
1 IR YY. - - ] = .
(EIQ,X),X + k u%(y,x Y) - k mw,tt 0 (11)

" Equation (10) represents conservation of linear momentum and equation (11)
is the equation governing angular momentum.

Substitution from equation (11) into equation (10) requires that

22, =
- <B1w9x>9xx + ()< mq)ﬁ.t.t) - myﬁtt +P = O (12)

’x

. Now if the shearing -deflection is small and is neglected then

and furthermore 1f A,I,k and m are taken to be constants then

* k2my,*‘

= BV s XXttt

- = 13
RATE 0 N (18)
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The second term which is due to the rotary inertia is often neglected
relative to the term due to the linear inertia. Then equation (13)
becomes

- Ely,

(ui)

Jaunzemis has associated propagating singular surfaces in three
dimenéional bodies with oscillatory waveé in the limit as the wave length
approaches zero. Can singularities propagating in bars whose motion is
governed by either equation (13) or equation (14) be associated with plane
oscillatory waves in the limit as the wavelength approaches zero?

To begin to answer this question trial.oscillatory solutions of the

following form:

y = B cos 2%-(x - vt) (15)

are substituted into equation (1%) with p = 0. Then solutions are of
this form if
2 _ EI ,2m2

vo= = (—iﬁ (16)
Thus v, the phase velocity, approaches infinity as the wavelength A
approaches zero. Any disturbance which resembles a discontinuity would
be a linear combination of such solutions forming a localized wave packet
centered about a short wavelength. The propagation of this wave pocket
is associated with the group velocity of the packet. The group velocity

of a wave pocket is
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where ® = lv and 1 = %-. Therefore from equation (16) and (17),
U = 2v = 551/2 (18)

As the wavelength A approaéhes zero U is unbounded arid approaches infinity.
This result is physically unreasonable as the energy is propagated with
the wave pocket.

The dilemma is resolved by noting that it can be shown that the
approximations made in ignoring the rotary inertia terms in the derivation
of equation (14) are invalid at small wavelengths(us). Equation (13)
results from ignoring the shear deformation but taking rotary inertia

into effect. When atrial oscillatory solution of the form given in -

equation (15) is substituted into equation (13) a solution is obtained

only if
2
Vo= (e 2‘ )™t (19)
P Lk
Employing equation (17) it is seen that the group velocity is
2 2 2
1/2 -1/2 -
o= BP0 G L BV a5 o
4T h & Tk Tk

MtMlMﬁaswemmk@ﬂ,Lammm&smthgmwvdmﬁ%U,
approaches the value (E/p)l/z. For that matter the phase velocity v

also approaches (E/p)l/2 in the limit. It has been seen therefore that

the inclusion of rotary inertia in the equation of motion allows for a more
realistic result physically and indeed makes possible the existence of
oscillatory waves and wave pockets in the limit as the wavelength goes

+o zero.
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In order to ascertain whether a connection can be established
between oscillatory waves in the short wavelength limit and propagafing
singularities in bars, the latter must now be investigated. In the case
where rotary inertia was neglected the equation of motion in the integrated
form is taken to apply to all regions of the bar including regions

containing singular cross sectional planes. Thus

)

2 2
- = e 2
f Ely, dx e J my,tdx (21)
X *

If the singularity is at x = § then

X 13 X
2 _ 3 9 (2
f T e TS f madE T 5T f Y X
X : X g
1 1
or
% - + *2
- EIY’XXX x]_ : mth(g )g’t - mYat(E )g”t + fx my'a.t.tdx

1

In the limit as xy and X, approach § the dynamical compatibility equatiomn, -

EI[Y, ] = mG[y,tJ (22)

where G = E,t is the speed of propagation of the singularity, results.
The first order kinematical compatitility relation follows from the
definition of the displacement derivative of a function A given by
g‘% = Mogly * Gy | o (28)
Therefore,

_ 8 | _
A, 1 = 5 [Al - cla, 1 . (21)

’t
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If A=y and [y] = 0 then h
[y, d = -6ly, b (25)
'Letting A =y,  in equation (24) gives
[y,..] = =>[y,.1- 6Ly, .]
Yorg 5t -Vt Toxt
but if A = y,x then
[y, ] = [y, -6y, 1 (26)
Yatx St YSX stx ) .
so that
yo. ] = -8y, 1-26 21y, 1+ 6Ty, ] (27)
it 8t ’x 8t y’x Vogx

This is the second order kinematical compatibility equation.

Taking the jump in equation (14) and using identity (27) it is evident

that
_ 8G S 2
- Elly, .1 = m(- 52ly, 1 - 26 5= [y, 1+ 6°Ly, 1) (28)

Combining equations (22) and (25) yields
Elly ] = - mG2[y ] (29)
TXXX ’x

Equation (28) and (29) are the only equations available to describe the
phenomenum using this model. These two equations involve the five a

priori independent unknown variables [y,X], [y,xx], [y’xxx]’ [y’xxxx]’ and

G. Thus it is apparent that the system is underdetermined. If second
order waves are studied instead, then [y,x] = 0, and equation (29),
means that [y’xxx] = 0. The remaining equation involves three unknowns

and so is underdetermined. If third order waves are investigated, then
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equétion (29) indicates that such waves can not propagate. Equation (28)
likewise shows that fourth order waves can not propagate. By differentiating
equation (14) as many times as necessary and taking the jump in the result
it is evident that all waves of order three or greater with respect to

.y can not propagate. It has been pointed out that.in the case of first
and secﬁnd order waves that the constraints imposed by the physics of

the situation, that is, equations (28) and (29), are not sufficient to
determine a unique speed of propagation. It appears therefore that the
model chosen does not adequately define the actual physical situation.

The fact that all waves of third order or greater can not propagate ié
expected if the relationship between the plane waves of infinitesimal
wavelength and propagating discontinuities is wvalid.

What happens when rotary inertia is not neglected? If the‘relationship
between plane waves.of irnfinitesimal wavelength and propagating singularities
is valid it would be expected that waves of some order at least could
propagate and that the speed of propagation would be the same for both
viewpoints. In order to examine the situation when rotafy inertia is
taken into account and singularities are assumed to be propagating it is
necessary first to develop the dynamical compatibility equation
corresponding to equation (13). It is postulated that the equation of
motion in integrated form which is applicable to any region of the bar,

including one containing a singular cross sectional surface at x = § is

%2 o [ 8 (2
f - EIy’xxxde = 5E-J my,tdx + 5;-[ my,tdx
1 . R &
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%1

or

- Ely "2 = my, (E)E, - my, (ENE, + E: my,,, dx

*RXX|X ’t ’t R tt
1
2 - 2 + 2 [*2
-k my?xxt(g‘)g’t * Kk my’xx‘t:(g )E’t = km fx y’xxttdx
1 .
In the limit as kl and x2 approach £ this becomes
) _ ‘
- EIly, 0 = - m6ly, T+ k"mGly, ] (30)

" To find the required compatibility equations A = Yoy is substituted

into equation (24), so that

§ .
[y’xxt] - 3?'Ey’xx] - G[y’XXX] ' - (81)
If A = Y ot in equation (24) then
)
[y’xxtt] B 3¥-Cy’xxt] - G[y’xxxt] (32)

Also if A = - in equation (2u4) then

_ § e
[y’xxxt] - 3§'[y’xxx] - G[y’xxxx] (33)

Substitution from equations (33) and (31) into equation (32) yields

1 - & 1-2 ey, D -alry, 1+ek ]
=y gy TFE UV enkxt! T % S W oxxx ¥ Y xxx"-

N S— ot

If identities (34),(27),(31), and (25) are employed in equation (30)

and in the jump in equation (13) the results are
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(- EI + k"mG )[y,xxx] = 0
so that
G2=§.
P
and
[y’xxx] = constant

along the x axis, respectively. The Jjump in equation (13) yields the
same speed of propagation for fourth order waves. By differentiating
equation (13), the speed of propagation for any order wave is given by
equation (36). This is the same result obtained for oscillatory waves
of infinitesimal wavelength.

The important point, however, is that the inclusion of the rotary

inertia term in the equation of motion is what made possible wave
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(35)

(36)

(37)

propagation of any kind. When dealing with the propagation of singular

curves in.the linear bending theory of. shells, the above discussion
indicates that a term analogous to the rotary inertia term used here

should be included. This will be done.
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CHAPTER VII

WAVE PROPAGATION IN A LINEAR BENDING THEORY OF SHELLS

In Chapter V the propagation of singularitiés was investigated by
employing a linear theory to describe a membrane, that is a shell in
which couple and shearing stresses can not exist. In this chapter these
limitations of the shell will be eliminated. The theory of shells which
will be used in the ensuing discussion will be the linear bending theory

(46)

of shells proposed by Green and Zerna modified, however, by the
inclusion of dynamic contributions to the equations of motion including
rotary inertia effects. The approach used by Green and Zerna is. the one
in which the three dimensional equations of classical elasticity are
integrated over the thickness of the material bounded by two surfaces
separated.by a small distance compared to. their dimensions.. The equations
of motion thus obtained are identical to those derived in Chapter IV in
equations (IV-14) to (IV-17) if the twisting couple stresses, externally
applied twisting couples, and the normal component.of the intrinsic angular
- momentum are set equal to zero. In. the linear approximation discussed in
‘Chapter IV these equationsvcan be written equivalently with respect to the
peference surface as is done . .in equations (IV-8l), (IV-82), (IV-89), and
(Iv-90) with L = J =.0 and_MA = 0.

Green and Zerna make approximations in their bending theory. The
approximations which effect the equations of motion are the approximation
that the thickness of the shell is small compared to the minimum radius of

curvature of the so-called middle surface of the shell, and the approximation

‘that the shearing stress in the shell space and the derivative of the
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shearing stress with respect to a dimensionless parameter along the normal
to the surface are of the same order of magnitude, or that the latter is
of greater order of magnitude than the former. When the integrations
of the three dimensional equations of motiocn are carried out after having
taken account of . the foregoing approximations the results are that the
term involving the resgltant shearing stress TA is neglected in equation
(IV-81) and in equation (IV-89) the term involving NAZuis negiected;
equations (IV-82) and (IV-88) remain unaltered. There appears to be
little motivation for making these approximations when dealing solely
with the materializaed surface point of view. By appealing to the Green
and Zerna approach the circumstances under which it is legitimate to neglect
those terms neglected in the equations of motion are better defined. The
dynamical compatibility relations derived in .Chapter IV aﬁd given by
equations (IV-85), (IV-86), (IV-88), and: (IV-91) are retained unaltered
except that equation (IV-88) is an identity because MA and J have been
assumed to.vanish..

The equations-of motion and.the dynamical compatibiiity relations
in the linear bending theory of shells employed in the ensﬁing discussion

are the following equatiocns:

AT A A :
CThp t PF F pOW’tt‘UZ (1)
T L AT R :
T?P t By T PF = ‘pow,ttluz (2)

W s _?pOA%AsAAJétlUZ

(3)
> I‘ ¢
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2 = g8 - | | , (1)
and
' AT A .
[T7 I = Ui, | 2] | (5)
(i, = —u.p [W | X | (6)
T N0t U
[Nxz]vi = UNpOAXAeAA[JA] (7)

The constitutive equations in the present theory can be regarded as
being postulated. In fact, the constitutive relations for TAF and N>\Z
are those given by Green and Zerna, and the expression for JA is the
expression for the angular momentum found by integration over the thickness
of the shell less the angular momentum due to the moment of the resultant

" linear momentum after integration over the thickness. The constitutive

relations are postulated to be equations (V-1) to (V-u4) together with

AT ATZA .
N = - BH Aw,ZA‘ (8)
where
Eh3
B = ———p— : , (9)
12(1-n") :
and
A AT
J- = A€ (W,t UZ)’T (10)
where
% N

It is noticed that

B = AD : ' - (12)
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- There might be epistomological merit in reviewing briefly the
motivation for equation (10). In deriving the constitutive relations
~given in equations (V-1) and (8) Green and Zerna made use of approximations
equivalent to assuming a special form for the displacement of any point
in the three dimensional shell. If v% and u are the components of the
displacement tangential and normal to the middle surface of the deformed
shell and 63 is the height above the middle surface of a point in the

shell, then the displacement of this point is assumed to be given by

Bady B 3 B
ua(e,e ) = wa(e ) -6 w,a(e ) (13)
webe®y = wee®) | / (%)
where 68,63, B = 1,2 form a shell coordinate system(q7) and 63 = 0 gives

the middle surface.

In Chapter IV all variables were expanded in series form in a
parameter €, and a linear theory involved neglecting terms beyond first
order in €. Such a theory was considered a good approximation if the
displacements were small. In a rectangular Cartesian coordinate system
the displacement is taken such that

i

u = sui ' (15)

. where ui does not depend upon €. As was mentioned in Chapter IV, to
Fipst order in € the decomposition of a spatial vector which is homogeneous'
of the first order in € into components tangential and normal to a surface
does not depend upon whether the deformed or reference surface is employed;

the componenets are the same in either case. If the reference surface

is used, then the velocity of a point in the three dimensinnal shell is
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i A i i
v = u, X, + U, (186)
thK A thKN

K . .
where X are material coordinates.

The total angular momentum about a point fixed in space of an element

of the deformed shell is

h/2 3 3'
[ (§, + n + 0°n)Xvodsdd - (17)

where - h/2
dS is the area of the middle surface of the element of shell beihg
considered
0 is the volume mass density
s the thickness of the shell

h i
§O is a point on the element dS

|=

is the component of displacement relative to §0 tangential to
the surface of a point in the volume element being considered

is the unit normal to the middle surface

|

and
63»is the height about the reference surface of a point in the

element.
Since dS is infinitesimal in extent the magnitude of n is small so that
the total angular momentum is

h/2 h/2

E X vodsae® + I 6%axvodsas’ (18)
- h/2 - h/2

The first term is the moment of the resultant linear momentum of the
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element and the remaining term from the materialized surface point of

view is the intrinsic angular momentum associated with the point of

g,
the middle surface.

Now to first order in € the first integral in expression (18), the
linear momentum, can be written in components tangential and normal to
the middle surface in the reference or deformed state; it matters not
which, by substituting from equation (16). Then if pi is the linear

momentum per unit mass, the components tangential and normal to the

surface are

h/2
1 3 3
Py = —-f (w - 87(W,,), )ae® = W (19)
A L A’thK 87| K A*t| K
and
h/2
3 1 - 3
p = —-f Wy | K dB™ = W K (20)
SR el

In a similar fashioﬁ, to first order in € the intrinsic angular momentum,
the second integral in expression (18), can be decomposed into components
tangential and normal to the middle surface by substituting from equation
(16). Then if Ji is the intrinsic angular momentum per unit mass, the

components tangential and normal to the surface are

h/2 5
A _ 1 . AL_3 ; 3 3 _ h° AL
J° = E‘J_ /2 ) (Wz,thK -8 (w,z),tlxx)de = 13 (w,z),tlxx
(21)
and
J = 0 (22)

The discussion in this chapter to this point has established the

linear bending theory of shells which will be employed in dealing with
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the problem of the propagation of singular curves in shells. A more
precise definition of the problem to be solved follows. A singular curve
of a given order, as defined in Chapter III, is assumed to be propagating
on a materialized surface. The curve divides the surface into two regions
in each of which all quantities and their derivatives to whatever order
- required are assumed to be continuous. All these quantities have unique
finite limits as a point onthe curve is approached from one side. The
region into which the curve is:propagating is taken to be' stationary
and strain free. The disturbance which is propagating is assumed to be
small so that the linear bending theory of shells presented in this
chapter is applicable. All geometric quantities occuring in the governing
equations will be taken to refer to the reference surface. All geometric
quantities on the reference surface are continuéus everywhere except
possibly at isolated points. The deforming surface is assumed to be
continuous everywhere. However, in general discontinuities in various
geometrical quantities exist across the wave curve. The problem then is
to determine the speed of propagation of the singular curve, the shape
of the curve, and the equations governing the grbwth or decay of some
quantity which measures the size of the disturbance across the wave
curve of given order. This information is to be deduced if possible from .
the equations of motion, the dynamical compatibility relations, the
constituive relations, and whatever geometrical and kinematical
compatibility identities are required.

, in the situation imaginéd the wave curve on the deforming surface
and the diagram on the reference surface coincide so that it is evident

from equation (III-69) that
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PP = U : | (23)

It is this speed of propagation relative to the material at rest in front
of the advancing wave curve that will be found.

The method to be pursued will be the same as that used in Chapter V
for the case of membranes except that the governing equations are
different in this case. The discussion given there which pertains to the
procedure followed is applicable here as well. The remarks surrounding
equatioﬁs (V-11) to (V-15) are of equal importance to this chapter.

Two types of waves will:be investigated. Shock waves or waves of
order one with respect to the displacement will be considered first. Then
acceleration waves or second order waves with respect to the displacement
will be onalyzed.. In the case of shock waves, at least one component
of W%A is discontinuous across the wave front. It will be assumed however
that [W;A] = 0 where W is the component normal to the surface. From the
point of view where a shell is considered as a materialized surface it
appears that thé above assumption is restrictive and that only shock waves

where [W;A] = 0 will be taken into account. Shock waves where [W;A] # 0

appear to be neglected. Some insight into this question is obtained by
looking into what happens when a shell is regarded as a three dimensional
body. Then the wave curve on the materialized surface f(Get) = 0, where
GA are surface coordinates, is associated with a wave surface in the
three dimensional body which in a shell coordinate system GK is given by
f(eét) = 0 where 63 = 0 gives the middle surface. The condition that the
deformed shell be continuous is that the displacement ui, the tangential'

and normal components of which are given by equations (13) and (14), be
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continuous. - A necessary and sufficient condition that Uy and u be
continuous for all points in the three dimensional shell is that [WA],

[wl, and [W,A],all vanish. This is apparent from equations (13) and (14).
Thus what appears to be a restriction from the materialized surface point
of view on the type of shock waves being considered is a necessary
condition for a tﬁree dimensional sheli?be continuous and hence a necessary
condition for a shock wave.

The geometrical and kinematical compatibility relations employed in
the ensuing discussion are eguations (III-108), (IIr-111), (IIr-123),
(I11-128), (IIi—lQQ), (II1-137), (III-141), (III-182), (III-145), (III-147),
(III-149), (III-154), and (III-155). These compatibility relations will
be regarded as referring to the diagram on the reference surface and in
their application wiil be written using majuscule symbols.

The analysis, employing the linear theory of shells adopted in the
precediﬁg discussion, of first order singular curves or shock waves with
respect to the displacement and such that [W;AJ = 0 is begun by taking
the dynamical compatibility equation, eguation (5), and by combining it
with equations (V-1) to (V-3). Then if identities (III-108) and (III-111)
are employea, the propagation conditions are achieved. They turn out to
be identical to the propagation conditions for shock waves in membranes,
that is, equations (V-18) and (V-19). Therefore, two types of waves
exist eéch with its characteristic speed of propagation. The discussion
surrounding equations (V-18) to (V-38) is carried over intact to apply to
shock waves in the linear bending theory.

Similarly, if equations (V-1) to (V-3) are combined with equation

(1) and identities (III-123) and (III-126) are used then the decay
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equations result. Since the same equations héve been used for shock
waves in membranes and in the bending theory, the decay equations for
longitudinal and transverse shock waves are the same. The discussion
surrounding equations (V-39) to (v-49) is again applicable for shock
waves in this linear bending theory.

At this point the analysis of shock waves in shells departs from
the analysis of shock waves in membranes. It has already been seen that

W, W;A, and W T are continuous; the last of these following from

*t|U
(III-111). ' Ave all derivatives of W continuous? The answer lles in
investigating the consequences of the remaining dynamical compatibility
equations and equations of motion.

Equation (7) can be combined with'. . equations (8), (Vv-3), and (10)

together with identities (II-114), (III-123), and (III-126) to yleld

(B - pouﬁA)ms = 0 (24)

but because of equation (12) this is equivalent to

2.v3
(D - pOUN)w = 0 (25)

In the case of longitudinal waves the coefficient vanishes and nothing
can be said about &3. In the .case of transverse waves the coefficilent
does not vanish and 33 = 0. 33 = [W;AZ]ﬁAvZ of ‘course, and is associated
with an acceleration wave with respect to W.

If equation (3) is used to obtain an expression for the shearing
stresses which is then substituted into equation (6) and the resulting
equation is then combined with equations (8), (10), and (v-3) and

identities (III-137), (III-141), and (III-111) are employed then the

result is
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n _
2,3 3 N3
(B - pOAUN)w + 20 AU Dt - BIw =0 (26)

. n
where G° = [W;AZ

of the first term vanishes and the equation reduces to

P]vAvZVr. In the case of longitudinal waves the coefficient

PCE %-2233 (27)

E

where Q and the derivative were defined in Chapter V. In the case of

transverse waves equation (26) ylelds
n ' .
82 = o0 | (28)
" The final equation to be dealt with is equation (2). Again the
vshearing stresses are replaced by an expression obtained from equation
(3). Then the resulting equation is combined with equations (8), (10),
(V-3), and (V-1) together with identities (III-147), (III-149), (III-108),

and (III-111) to get for transverse waves

n, . .
n, v- A
ACa- .___.__]2___2__ {(1-n)BAzwf‘tz}w (29)

(B—DOAUN )

where from equation (V-4), (9), (11), and (V-22) it is seen that

D - 24 (30)

2 2
_(B'poAUN ) h7(m)

For longitudinal waves the process described yields

Na 2 2
n n, N3
A(Z%-z—D-—%-D I I RO S I CRNE o SR R
DQ g2 DQZ DQ DQ
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b Qe 7 AT AT AT AE e

ZAI,'V‘V'A ) + BpgV V' + mBpotitTe = oW (31)
N3 N3
This equation allows the determination of w in terms of wand w . If

n
‘ "
an acceleration wave with respect to W is not initially excited then ws

can be found in terms of w.

In the remaining part of this chapter the propagation of a second
order singular curve with respect to the displacement, or an acceleration
wave, sﬁbject to the same linear bending theory will be investigated.
Again the curve will be taken to be propagating into the stationary,

strain free reference surface. In this case
P = U (32)

as the wave curve and the dliagram are coincident. For a second order wave
[Wi] = 0, [W%&] = 0 and at least one component of [W%AZ] # 0. By virtue
of the discussion surrounding equations (V-11) to (V-15) this}gquivalent
to saying that at least one component of [W%ZF] or [W;ZTJ does not vanish
but [W%E] and EW;Z] do vanish.

Because acceleration waves are being considered, equation (5), the
» ‘dynamical compatibility relation which led to the propagation conditions
in the case of shock waves, is an identity. The propagation conditions
for second order waves are given by equation (7) and the jump in equation
(1). If equation (7) is combined with equations (8) and (9) together

with identities (III-123) and (III-126) then the result is
' 2.3 _
_.(D - oUW = 0 | | (33)

where equation (12) has been used as well.  Equation (1) together with
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equations (V-1) to (V-3), and (V-17) and identities (III-123) and (II1-129)
yields
2N
(D - poUN)w = 0 (34)

el

D 2\ »
(5 (1-n) - p 0w = 0 (85)

Equations (33), (34), and (35) are the propagation conditions for
acceleration waves as it is easily seen from identity (III-123) that

NN
1 =0 if and only if w3 = 0 and [W 1 =0 if and only if w = 0 = 0.

(W5 5 Sr3

As in the previous problems considered two cases arise if a non trivial
solution to these equations is to exist.

If the speed of propagation is given by equation (V-20) then equations
(33) ind (34) are satisfied identically. Equation (35) then requires
that B = 0. In order to have an acceleration wave at least one of 83
and © must be non zero. When identity (III-129) is applied to the

. .+
acceleration and the fact that witt UZ = 0 then it is found that

i - i g i
Wrpelgd = U vt o+ ONT) (38)

The acceleration is normal to the wave curve, so such a wave will be
referred to as a normal wave.

The second case arises when the speed of propagation is given by
equation (V-22). Then § = &= 0, as seen from equations (33) and (3u).
Equation (35) becomes an identity, and in order to have aﬁ acceleration

oy
wave ( must not vanish. Because W L = 0 identity (III 129) applied

’tt

to the acceleration yields

~

. - n 1 '
Wepe|gE = - Uy¥sg 2 _ . , (37)
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The acceleration behind the wave front is tangential to the wave curve.
Such waves will be referred to as tangential waves.

It is evident that in both cases the speed of propagation of the
wave cufve or diagram is cons%ant. Thus the argument advanced in Chapter
V for determining the shape of the wave curves.is valid here as well.
The net formed by the successive positions of the diagram or wave curve on
the reference surface and by the orthogonal trajectories to these curves
determines a geodesic parallel coordinate system on the reference surface.
The orthogonal trajectories to the diagrams were shown to be geodeéic
curves, Therefore, giVen a wave curve at some time, the wave curve after
a time interval At is the locus of points a distance UNAt from the initial
curve as measured along the orthongonal geodesics to the initial curve.

Equation (3) yields an expression for the shearing stresses which is
substifuted into equation (6).. The jump in the resulting equation
combined with equations (8), (10), and (V-3) and identities (III-137),
(III-141), and (III-11) results in equation (26). |

In the case where normal acceleration waves are considered this

equation reduces to

"
D %3 L (38)

On the other hand if tangential acceleration waves are considered

.
wa =0 and D # pU§ so that
n .
3 = 0 : o (39)
~ AT

where of course w3v= [W;AZ}VWT-

Again equation (3) gives an expression for the shearing stresses which
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is used in equation (2). The jump in the resulting equation is combined
with equations (8), (10), (V-3), and (V-1) and identities (I11-187),
(III-149), (III-108), and (II-11l) to obtain for tangential waves

n :

n,
n
w3 = 0 (u0)

The result of the same process for normal waves is giveﬁ by equation
(31) in which w is set equal to zero. The resulting equation relates
B e,

In the case of tangential waves, where it has been proven that mf%?
33, and %3 all vanish, if equation (2) is differentiated w&th respect to
time and the jump in the resulting equation is taken then‘§3 can be
related to in-surface quantities. Equation (3) again provides the
expression for the shearing stresses in equation (25. Equaﬁion (2)
differentiated, combined with equations (8), (10), and (v-1) to (V-3)
together with identities (III-154), (III-155), (III-126), (III-111), and

(III-145) yields for tangential acceleration waves,

n

") A

n

v, _D(l-m) BAZtAvZB (41)

2
(B-pOAUN)

where equations (V-4), (9), .and (11) give

._.__12_....._.2- = 5 24 (42)
(B—pOAUN ) h™(1+n)

Finally, the decay equation for the in-surface quantities are
obtained by differentiating equation (1) with respect to time and taking
the jump in the resulting equation. Then together with equation (V-1)

to (V-3) and identities (III-142), (III-111), and (III-145) the resulting
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equation ylelds in the case of normal acceleration waves

2 %a-w - Iu = for + nBAzt t )w (43)
and .

Dom % oL B, vAt)m’ (ut)

DS T Ty

In the case of tangential waves the results are

D v _ 1V

'D—Q'(.l) = = Iw ('4'5)
and

",

D " ",

Py = -6 (46)
Becauyse

i -

a measure of the strength of the discontinuity is given by the quantity

e RLWLERV2 o

In the case of tangential waves, it is seen that

~

u = o

so that from equation (45)

D 1 :
— = = 49
gt = 7 (49)
In the case of normal waves,
' - n,
M = (w2 + w32)1/2 _ (50)

where &° is found from equation (38) and & is found from equation (43).

It should be noticed that a normal acceleration wave has a component
- normal to the surface only if such a component is initially excited. An
in-surface component is present, as seen from equation (43), evenrif it is

not initially excited.
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CHAPTER VIII

EXAMPLES

The problems which have been discussed, employing either a linear
 membrane theory or a linear bending theory of shells, have dealt with a
singular curve propagating into the stationary unstrained reference
surface; hence, the wave curve and the diagram have coincided. It was
seen that the speed of propagation relative to the undisturbed material
is constant. As pointed out in Chapter V, this means that on the
reference surface the successive positions of the wave curve and the
orthogonal trajectories to these curves form a geodesic parallel net in
which the orthogonal trajectories are the geodesics. Thus if a wave
curve is given on the reference surface at a reference time, the position
of the wave curve after a time interval At is given by the totality

of points a distance UNAt‘from the given curve as measured along the
'vgeodesics passing through the initial curve and in the distance of
propagation.

It proves to be advantagous to choose a geodesic parallel coordinate
system on the reference Surface in which the successive positions of the
wavé curve are given by taking Ul constant and the geodesic which are
the orthogonal trajectories are given by taking U2 constant. Ul is chosen
to be the arc length along the geodesics.

An equation which appears in all the problems discussed when dealing

with decay is the equation of the form

D _1 | |
e = 3 Ig ‘ : 4 (1)
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where Q = Nt is the arc length along the geodesics measured from a
reference position, I is the geodesics curvature of the wave curve, and
g represents some quantity which measures an aspect of the strength of

the wave. In the geodesic parallel coordlnate system this becomes

9 1 9 1/2
—~5g = -5g—7 ) (2)
‘BU; 2 1

In(A,
3U 22

where I was replaced by the expression from equation (II-165) and where

Ul is arc. length along the geodesics.. Integrated this becomes.

AO
g - ( 22,.1/4 (3)
€0 Y

where

A22 is a component of the metric tensor in the geodesic parallel coordinate

system,-gb = g(Ué,U2), Ag2 = 22( O,U ), and Ul = Ué is the reference

(48)

curve. This result was obtained by Cohen and Suh where g represented
wave strength.

As shown in equation (II-167)

3 v = 2+x | ()

sut
where K is the Gaussian curvature of the reference surface. This equation
can be integrated fairly easily in the case where K is a constant. If
the reference curve is taken as Ul = 0 then Cohen and Suh showed that
for X = 0

and hence equation (1) yields

Y-S _____1_1_177 o - (6)
=) (1-I,07)
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Rather than integrate equation (4) and then substitute into equation
(1), in the case where K>0, equation (II-166) is integrated and the result

is substituted into equation (3). Then

A22l/2 = C cos(Kl/QUl) + D sin (Kl/QUl)
When U% =0
01/2 _
A22 = C
anéd from equation (II-165) 4
0 1/2
| P9 o2
0 0 1/2 e - C
A22 AU
so that
p = - cxx/?
0
therefore
. -~ 1/2
B = /51 l1/2 1)2 T ) / (7
o cos(x/7U7) - K/ 7E sin(X U
Similarly, if X<0 then
g - ( ‘ 1 1/2 (8)
&0 cosh(]K{l/zU;) - !Kll/QZOsinh([K!l/zUl)

where in;both equations (7).and (8) Ul = 0 is the reference wave curve.

- Therefore, on a surface of constant Gaussian curvature once fhe geodesic

curvature of the reference curve is given, a solution of equation (1) is

obtained from equation (6),(7), or (8). vt s length along the geodesics.
When shock or acceleration waves with respect to the displacement

are considered in the linear membrane theory the first non continuous

derivative of the normal component of displacement is found to be at
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least one order greater than the order of the wave. The coupling that
:is introduced by the govérning equations of the membrane manifests itself
in part in equations (V-51) and (V-52) in the case of shock waves and in
equations (V-58) and (V-59) in the case of acceleration waves. Thus shock
waves are in general accompanied by an acceleration wave with respect to
the component of displacement normal to the surface, and acceleration
waves are accompanied by third order waves with respect to the component
of displacement normal to the surface.

‘The condition for the vanishing of the accompaning wave for a
longitudinal wave is |

B

A% 0 (9)

BAEVA‘V'Z + nB

as is seen from equations (IV-51) and (V-58), and for a transverse wave

it is

A T _ _ '
BysUsgV = 0 (10)

A

which follows from equations (V-52) and (V-59). t  and vA are the unit

' tangent and unit in-surface normal to the wave curve. It has been seen
that. the wave curves and the geodesic normals to the wave curves form a
geodesic parallel net on the reference surface. tA and vA are then the
tangents to the parametric curves.

Condition (9) to be satisfied requires a geodesic parallel coordinate
system such that the parametric curves form an orthogonal net of
asymptotic directions. The direction tA is‘defined to be asymptotic

AZ

if AAZt t” = 0. Such a net of asymptotic directions is possible if and

only if the surface is a minimal surface; that is, the mean curvature.

of the surface.is identically 0(49). It can also be proven that the
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asymptotic lines are real and distinct only if the Gaussian curvature is

(50)

negative . ‘Iniaddition, of course, one family of curves must be

~geodesics. An example of uncoupling of this nature occurs in the case

of right helicoids. These are the only conoids that are minimal surfaces(Sl).
‘The parametric equations of a right helicoid are
X = 0t cos U2, X2 = Ut sin UZ, X° = au?+b (11)

- vhere X" are rectangular Cartesian. coordinates and a and b are constants.
. 2 _ . . . 3.

The curves U” = constant are straight lines perpendicular to the % axis,

and the curves Ul.= constant are helices about.the x3 axis with radius Ul.

Then the metric tensor is given by AAZ = XfAX§Z’ so that

A, = 1
A, = 0
o 2 1,2 (12)
Ay, = @+ w™)
2 1,2
[yl = 2%+ ()

It can be proven that if the parametric curves form an orthogonal
net, so that A12 = 0, then a necessary and sufficient condition for

1 (52)

2 . . .
U = constant to be geodesic curves is that Al be a function of U only

X
In the example above U2 = constant therefore are geodesics and

hence the Ul,U2 parametric curves form a geodesic parallel coordinate

system. The wave curves correspond to the helices Ul = constant and

they propagate along the straight lines. Ul is the arc length along the

straight lines,

The coefficients of second fundamental form are given by(ss)
_ ~-1/2
Boo= a7 Ky 2 Xy - Koy
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so that
B22 = 0
Bll = 0 . \ . (13)
_ 12 2.-1/2
‘Bl2 = a(U™" + a")

Equation (1) is the equation for the decay of the wave strength of
a shock wave or for that matter an acceleration wave in a membrane. .

Substitution from equations (12) into equation (3) means that
2 .12 '
a + UO )1/4

32 + U12

= ( (14)

L
Mo

0, for longitudinal shock waves equation (v-51)

Since Bll = B22

gives
N
w3 = 0

and for transverse shock waves eqﬁation‘(v-52) gives

IR RO R <a?+UgL 2)1/42) o
-« a = AT 1T 2. 5/80 |
(a“ + U )"

where M = lwl for this kind of wave.

The wave strength of an acceleration wave in a membrane is also given by
’\’ )

" n
equation (14). TFor a transverse acceleration wave w3 is related to W

n . .
in the same way that w3 is related to wy in equation (15) and for
0y

Ly
longitudinal acceleration waves w3 = 0 because Bll = B22 = 0,

In order that condition (10) be satisfied the coordinate curves of -

some geodesic parallel coordinate system must form a conjugate net. Two

directions pA.and tz are conjugate by definition if they satisfy BAsztz= 0.
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In addition, the coordinate curves must form én orthogonal net. However,
the only possible orthogonal conjugate net on a surface are the lines of
curvature of the surface. One family of parametric curves must be
~geodesics ?Swell. An example of uncoupling of this kind occurs on any
surface of revolution.

_The parametric equations of a surface of revolution are

2 = vt eos UB, X% = UrsinvU?, X% = 0uhH (16)

where ¢(Ul) is any single valued smooth function of Ul. The curves U =

‘constant curves are the meridians or generating curves of the surface.

Then
' _ 12
Aj; = 1+ 0
Al2 = 0 (17)
12
Byy = U

By virtue of the theorem quoted previously, the curves U2 = constant are
: geodeéics because All is a function of Ul alone. By defining new coordinates

by the transformations
1

U
ot f e ¢12)1/2dU1
Yo (18)

62 - U2

it

a geodesic parallel coordinate system is obtained such that ﬁlis‘the arc

length along the geodesics given by 52 = constant. The metric tensor is

o>t
il
=

11

i = 19
AL, 0 (19)
i = A = 012, = f(ﬁl>

22 22
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where f(ﬁ;)_is obtained by inverting equation (18).

Therefore, on a surface of revolution the circles given by taking
U™ = constant are chosen to be the wave curves. These waves propagate
along the geodesics given by 7% = constant.

The coefficients of the second fundamental form are given in the

original coordinate system by

B, = ¢11(1‘+ $12y" 1/2
‘B, = 0 _ (20)
B,, = ohpleL + §12)" 1/2
so that
: 5, - 3+ ¢12)-3/2
§12 = 0 (21)
5, = ot + ¢12)-1/2

Equation (1), the equation for the wave strength of a shock or

acceleration, is solved by substituting from equation (19) into equation

(3) so that
1 =1
w Yoz U
v = (—f) = (——-—_—i-) (22)
0 U £(07)
Because §l2 = 0, for transverse shock waves equation (V-52) indicates
that
& = o0 (23)

and for longitudinal shock waves equation (V-51) yields

1
¥ = t{¢ll(1 +»¢12)'3/2 + N é-I-(l + ¢12)-l/2}w (24)
U '
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where [wl = M for this type of wave.

In the case of acceleration waves in membranes equation (22) is
still valid as the equation for the wave strength. For transverse
acceleration waves |

o

%2 = 0 (25)
and for longitudinal acceleration waves 33 is felated to m in the same
way that 33 is related to w in equation (24).

A special type of geodesic parallel coordinate system is the geodesic
polar coordinate system. In a small enough neighborhood of a point P
there passes through each point one and only one geodesic which also
passes through P. The orthogonal trajectories to the geodesics through
P together with these geodeéics then forms a net which can be used as
a coordinate system in the neighborhood of P. This coordinate system
is called a geodesic polar coordinate system with its pole at P. Ul
can be chosen to be the arc length along the geodesics measured from P
and U2 can be chosen to be the angle at P between the geodesics., A
necessary and sufficient condition(su)_that a geodesic parallel coordinate

system such that

as® = avt? « A22(U%U2)d022 . (26)

be a geodesic polar coordinate system with its pole at Ul = 0 and with
U2 the angle between the geodesics is that
oA

1/2
1/2 _ 22 _ '
Byy T 1 (21

Geodesic polar coordinates can be associated with singular curves which
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owe their existence to intial disturbances in a very small neighborhood
~of the pole.

With the foregoing in ﬁind, the example is presented of waves
eminating from a point P on the side of a circular cylinder. A circular
 cylinder of radius a is considered with the axis of symmetry taken as
the X3 axis. The remaining rectangular Cartesian coordinates are chosen
such that the point P lies on the Xl axis and has coordinates (a,0,0).
The wave curves‘which are being sought are associated with a geodesic
polar coordinate system with its pole at P. The problem then is to find
such a coordinate system.

Parametric equations of the cylinder are

Xl = a cos Ul, X2 = a sin Ul, X3 = U2 (28)

Then the curves Ul = constanf are the straight line generators of the
cylinder and the 02 = constant curves are the circular intersections
with the X3 = constant planes. It is easily seen that the metric tensor
is

2

All = a, Al2 = 0, and A22 =1 (29)

‘and from equation (II-28) it is clear that.the Christoffel symbols vanish

on the surface, The coefficients of the second fundamental form are

B, = -a By = 0, B = 0 (30)
The geodesics on the surface which pass through P are given by
equation (II-160) which in this example degenerates to
22t

I =0

%
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The solutions are

Ul

U2

oS + d

eS + f

where c,d,e,f are constants and S is the arc.length measured from P. The
condition that the geodesics pass through P then means that d = £ = 0 and
the geodesics are given by

. 2
gwtut) = o=k (31)

U

where k is on arbitrary constant and k = ® is taken to mean vt = o.
. To £ind the orthongonal trajectories. to these geodesics it is noted
that
_ g,AdUAA = >O
-where dUA is tangent to the geodesics so that f,, is normal to this family.
" Thus | Y
1 &9

at = - =2 a?
g’l

If 6UA is a diffefential along the orthogonal trajectories to the geodesics .

then
AL
AAXdU SU = 0
or
gs
.22 2.1 2.2
All ("'- -é—;-;)dU SU™ + A22dU U = 0
so that
aZUléUl + U2602 = 0.

Integration gives the equation of the orthogonal trajectories to the
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~geodesics. Thus

a2Ul2 + U22 = constant (32)

are the required curves. Therefore, the new coordinates defined by

ﬁl - ‘a2012 + U22 4 |
9 y2 (33)
U = Y
U
are such that 62 = constant are the geodesics through P and ﬁl = constant

are the orthogonal trajectories.

The metric tensor in the new coordinate system is easily shown to be
‘ 2=-1
I 0= X L = o, R, = —28 (314)

— 9 —
11 4Ul 12 (a2 + U22)2

If another coordinate transformation i1s effected such that

ot - f (__0-1/2 . gi/2
(85)
U2 - 52
then the new metric tensor is
. a2U12
B = 1y By = 0 Ay T zzgfi?:;ZE;i (36)

. 2
so that g} is the arc length measured from P along the geodesics, U =
constant.

A final coordinate transformation is required to have one of the

coordinates be a measure -of the angle, at the polé, between geodesics.

7
N

If UA are new coordinates defined such that this is so then the metric

tensor in this system must satisfy equations (27). If the coordinate
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transformation is of the form
o= vt o= V) (37)

then the new metric tensor is

Ay = L A, = 0, Ay = A, (38)
ou
so that 5
NI
22 30% (a2+0?)
and
) K 172 _ 9 EL— a
sut 22 9 y? (a2+1122)“".
In order to satisfy conditions (27)
d yf_ a = 1
d ?U2 (a2+§?2)
which can be solved to get
g? = a tan U2 (39)
so that the new metric termsor is
Ay, = 1, A, = 0, Ay = U (%0)

The coordinate transformation between the original coordinate and the
final coordinates is

A ~

l 2 A A,
oto= e D , v? = U sin U7 | (u1)

so that the parametric equations of the circular cylinder, in the case

where the parameter curves form a'geodesic coordinate system about P such
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~

that Ul is the arc length along the geodesics measured from P and U2 the

angle at P between the geodesics, are.

. Ul cos U2 3 ~1 ~
= a sin (

~1
Y ), X~ = U sin U2
a ,

Xl = a cos (———EEEeE—O, X2

(42)

”~

Finally, the coefficients of the second fundamental form in the UA system

are

g - cos2U g - Ul sin U2 cos U

1l = ? 12 - a ’

S vt sin® U7 o -

22 — a . (43)

The wave curves are givén by setting Gl = constant in equation (42).
The geodesics are given by setting 62 = constant in these equationms, and
'they are all the helices through P together with the straight line
~ generator and circle through P.

Using the linear membrane theory for shock or acceleration waves
equation (1) becomes the equation for the wave strength M for both

longitudinal and transverse waves. Then the solution is given by

equation (3) so that
~1
u,

M 0,1/2 .
— = () ~ (44)
M, 5t .

~

where Ué is the reference wave curve and My is the wave strength on this

curve.,

As has been seen, in general the first discontinuous derivative of
the component of displacement normal to the surface is at least one order

~ greater than the order of the wave. In the case of a transverse shock
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wave this coupling is evidenced by the equation
ns -
o = 2B AEtAva (45)

In the example being considered this means that

Y Y% 1/2 sin u? cos U2
= 2w, (== (46)
0 Ul a

where w = M for this type of wave and hence Wy = MO' For a transverse
. N3, N L NB
acceleration wave w” is related to & in the same way that w is related
~
to w in equation (46).

If, on the other hand, a longitudinal shock wave is considered the

coupling mentioned above is given by

N3 AL 3
W = (B VT F nBAzUéSU,S)w (47)

In this example this means that

Gl
+ N sin2 U2]w (“9_1/2 (48)
0 Ul ’

n,
w3 2 72

— 1 i
= == [cos™ U

where w = M for this type of wave so that wy = M For a longitudinal

g . > " .
acceleration wave w  is related to w in the same way that w is related to
W

In the case of transverse shock waves propagating into an undisturbed
preference state equation (46) indicates that the normal component of
acceleration just behind the wave is'dependent upon the angle 62. On the
straight line and on the circle through P the normal component of acceler-
ation vanishes and it changes sign from one quadrant to another. This
component of acceleration is of the same magnitude but of opposite sign

at corresponding points on helices with the same rate of twist but with

different orientations.
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For a longitudinal shock wave equation (48) indicates that the
normal component of the acceleration just behind the wave is dependent
upon the angle 62, but it always has the same sign. On corresponding
helices with the same rate of twist but with different orientations
this component is the same,

The final example which will be considered is a cone of revolution

which is given by the following parametric equations:

Ul tan O cos U2

X =
X2 = Ul tan o sin u? (49)
X3 = Ul + Db

where X~ are rectangular Cartesian spatial coordinates, X3 is axis of the
cone, 0 is the half angle of the cone and X3 = b is the . ".iion of the
- apex. The metric tensor is then

_ 2 _ ‘ R
All = L+ tan"o , A12 = 0, A, = U™ “tan"a (50)

so that

1

|a = v tana(lttan’o)

!

Because of the theorem stated previously, the fact thaf All does not depénd
upon U2 means that U2 = constant are geodesics. A12 = 0 means the coordinate
curveé form an orthqﬁgonal net. U2 = constant are the straight line
~generators and Ul = constant are the circular intersections with the
planes X3 = constant. |

A geodesic parallel coordinate system such that one coordinate is

arc length along the geodesics is given by the coordinate transformation

defined by the equatioms,
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ot = (1 + tanQQ)l/zUl
, (51)
2 = v
Then the new metric tensor is
=12 2

- - - U tan o
A.. = 1, A = 0, A = — (52)
11 12 22 (l+tan2a)

- In the example being considered the wave curves correspond to the circles

ﬁl ='constant and these propagate along the straight lines.

The coefficients of the second fundamental form are

5 tanc

— (53)
(1+tan"a)

B = 0, B = 0, 322

The solution to equation (1) given by equation (3), in this example

becomes :
: =1 ' 1 3
U U : X, =D
B (D2 L (M2 - (2 (54)
g =1 1 3
- 20 U U X =D
where ﬁé is the distance of the. reference circle from the apex as
measured along a generator. If r is the radius of the reference circle

0
it is easily seen that ﬁé =1, csc & so that a convenient form of the
above is
. .
5 L r,esc & )1/2

g =1 =1
Q ro cse O+ U U0

(55)

To this point the type of wave being considered or the nature of the
material has not been specified other than the fact that a shock or

acceleration wave is being considered in a linear membrane or linear
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_ bending theory. The first case to be considered will be the membrane
theory. It suffices to treat shock waves only, as the result for acceler-
ation waves can be obtained by replacing "w" quantities by "%" quantities.
If longitudinal shock waves in membranes are being dealt with then
equation (54) with g replaced by w is the determining equation for w and
since the wave strength M = lw| it also determines M if g is replaced

by M. From equation (V-51) it is seen that

N3 N 0
“ % Tang “o 5T 372 (s6)

If. transverse shock waves in membrane are considered equation (54)
with g replaced by w is the determining equation for w and because M = ]w[
in this case it also determines M if g is replaced by M. Because §l2 =0

N ,
2 = o (57)
In the case where longitudinal shock waves are considered in the
linear bending theory of shells equations (VII-27) and (V-45) have the
form of equation (1) and so that their solutions are given by replacing

oy
g by wS and w respectively in equation (54), so that

-1
n .
9’_3_: (?9.1/2 (58)
N3 61
0
and
=1
U .
7(3" - (:_% 1/2 (59)
0 U

ny ' .
It should be noted that ws is independent of w. Therefore, an acceleration
wave with respect to the normal component of displacement accompanies

the shock wave only if such a wa#evis independently established. The
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coupling between the normal component of displacement and the in-surface
components of‘displacement manifests itself by relating higher order
derivatives. The wave strength M = le in this case and so it is given
by equation (é) as well,

For a transverse shock wave in the linear bending theory of shells

equation (V-48) has the same form as equation (1) so that from equation

(s14)
~ =1
U
w U
Ly
For this type of wave the wave strength is given by M = lwl, therefore

M is also given by taking g = M. It is also evident from. equation (VII-29)

and the fact that 512 = 0 that

= 0 | | (61)

Thus the coupling between the normal and the in-surface components of
displacement is such that the lowest order wave with respect to the
normal component of displacement that accompanies the shock wave is of at
least fifth order.

The situation in the case of transverse acceleration waves 1s analogous

to the situation existing for the same type of shock waves. Thus

N =1
" U
8= (P | . (62)
m U
0

Fa

. n '
and in this case |®| = M, also

o

N3 o= 0 (63)
W . .
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The final situation to be examined is the case of longitudinal
acceleration waves in the linear'bending theory of shells. Equation

(VII-38) is of the form of equation (1) so that

' 1

3 U

@ _ ,°0,1/2

ng T T (61
Wy U

Equation (VII-43) in the example being considered because

n,
- n ~
_____awl = -———?1 1nA221/4w + _jn 3
U 20U~ 20 tana
Using the integrating factor:522l/4 this equation can be integrated to
give : L “ﬁl
Y n n - : ' 0
o= 3o+ cotx 1 &y (DY 69
0 02 =1 =1
Uy ©

Thus in the case of a longitudinal acceleration waves the wave is in
general an acceleration wave with respect to the component of displacement
normal to the surface and also with respect to the componenf of displacement
normal to the wave curve but in the surface; At least one of these
conditions must be present. for a longitudinal acceleration wave to exist

at all. The acceleration wave with respect to the normal component exists
only if it is created by the initial disturbance. 33 is uneffected by

what is happening to the surface component. On the other hand, because

of the covnling the acceleration wave with respect to the in-surface
component of displacement exists regardless of whether or not it is created
by the initial disturbance. There are two effects involved in the change

n o ‘ .
of w . The factor (UO/Ul)l/2 zccounts for the geometrical effects, The
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factor ln(ﬁl/ﬁé) accounts for the coﬁtribution to B due to the coupling.
.Thus if %O is initially zero the coupling builds up the wave until a
point is reached where the geometrical effects start to dominate and the
wave then decays to zero as 5; goes to infinity.

In order to correlate the results of this type of analysis with
emperical results a singulaf curve is considered as an idealization of
a thin layer of material across which rapid changes take place. With
this in mind, the results of the current example of singular curves
propagafing in cones of revolution might be compared with the experimental
data of Keiner, Goldsmith, and Sackman(ss). They produced an impﬁlse at
£he truncated end of a cone with a half angle of 20°. The radius of the
middle surface of the cone at the truncated end was .125 inches. The
speed of propagation as calculated for a. longitudinal wave using the
above analysis is in close agreement'with the experimental vaiue. The
predicated relative wave strength, which is the same for shock waves in

both the membrane and linear bending theories, dropé off more slowly than

the experimental data.
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