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Abstract

In this thesis, two approximation techniques which generate the characteristìc Íì¡nctions of

bandpass filters a¡e investigated and implemented in Pascal language. The techniques

described are not based on the usual frequency transfomations from a lowpass filter. The

first algorithm consists of t\.vo stages: an interpolation stage for the approximation by zeros,

and a pole-shifting stage for obtaining a new position for the poles. The second algorithm

uses two transformed variables to achieve a simple representation of the characteristic

function. The efficient Remez algorithm is modified and applied in the optimization

process.

Some examples which contain multi-level bounds in the stopbands as well as in the

passband, have been used to test the algorithms. The results are considered acceptable and

the degrees of the resulting functions are as low as possible.

These algorithms were implemented on a Macintosh II computer in double-precision form.
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Chapter I
Introductíon

The design of linear, time-invariant and stable lumped-element filters is one of the most

important subjects in classical network theory. This kind of network design is normally

based on the determination ofreal rational transfer functions. This requires the design

specifications to be given in the form of prescriptions for the transfer behaviour of the

network. For a fixed degree, the parameters of the fansfer function (constant multiplier,

zeros and poles) serve as the design parameters to fuIfiIl the design specification. In order

to guarantee the realizability of the network, the transfer function must be free ofpoles in

the half-plane Re s 2 0 including the imaginary axis of the complex s-plane.

A characteristic of the filter design problem is the kind of specification which always must

be seen in view of realizability. Most of the time, a filter is designed on the basis of its

attenuation characteristic only. It is specified in the form of a continuous, finite a¡rd

non-negative function in a real frequency variable over the total frequency domain.

While ultimately a real rational transfer function is required, usually an approximation

technique is used to fust obtain a real rational characteristic function. The characteristic

function has the maximum possible number of equal (or nearly equal) dpples in a passband

and exceeds some frequency dependent requirement in two stopbands. The complete

solution of this approximation problem has a general and a particular part: the description of

the fonn of the characteristic function, which has given poles and is equal (or nearly equal)

ripple in the passband, and the choice of the number and position of these poles to satisfu

any given requirement. The ease with which the second part can be performed in a

particular case should be an important factor in the choice of the form of the cha¡acteristic

function [ 1].

Il most filter applications, the synthesis of LC filters implies an importmt asymmetry

between the number ofcapacitors and the number of inductors. Since inductors ale larger,

Iess easily implemented, more expensive, and more dissipative than capacitors, much
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attention has been given to the problem of designing bandpass filters with minimum

numbers of inductors. This minimum is achieved when a filter with an even number, 2N,

of degrees of freedom can be rcalized as a reactance ladder network containing N inductors.

The degree of the approximating function is also an essential parameter. It must be chosen

sufficiently high to meet the tolerance specifications. On the other hand, economic

considerations dictate that it be as low as possible.

Traditionally, a bandpass filter function is obtained from the optimal lowpass function

through a frequency transformation. This restricts the selection of the optimum to the set of

functions obtainable through such a transforaation. Also this transformation cannot be

applied to the frequency-asymmetrical bandpass filter, i.e., a bandpass filter whose

attenuation is not symmeüical on a log-frequency scale.

The objective of this thesis is to investigate two approximation techniques which generate

the characteristic function of the bandpass filter without the fi'equency transformation.

Also, the approximation techniques are implemented in a computer program. The classical

approximation problem is described very briefly in t2l, t3l. The discussion is limited to

iowpass or bandpass filters with an equiripple or maximally flat passband response.

Moreover, functions used in the design of filters have often been characterized as

approximations to certain ideal curves known to be non¡ealizable in practice [3], [4]. A
proper characterization, however, would have been the selection of a function from a

collection of allowable ones, fitting within certain bounds and resulting in a physical

electric ci¡cuit of minimal complexity [5].

Both of the approximation tecbniques can be applied on any finite number of suitable

bounds in the passband as well as in the stopbands. The well-known Remez algorithm [6]

is used in modified fom in both techniques for the iterative procedure. Chapter 2 will
provide more detail about this algorithm. A discussion of the limitation of the frequency

transformation will be provided as well. Also the general background of the châracteristic

function in filter design will be included.

Chapter 3 describes the squared magnitude approximation developed by Cohen [7]. This

approximation combines the polynomial interpolation method and the pole shifting process

to achieve an optimal chalacteristic filter function. Newton's Interpolation Algorithm is

used for the first part of the interpolation problem.



ChqÐÍer I : Itllroduclíon

Techniques based on linear programming [8], [9] or nonlinear programming t101, tl ll
have been proposed in order to remove the resÍiction on equiripple or maximally flat

passband response. Chapter 4 describes the attenuation approximation developed by

Devleeschouwer and Grenez [12]. The algorithm describes an iterative approximation

process, somewhat similar to Remez's second method [13], for an arbitrary stopband

specification in the Chebychev sense. A new transformed variable is introduced to achieve

accuracy near the passband edge. At the end of each of these tvvo chapters, a brief

description of the algorithm flowchart is given.

All polynomials in this thesis are expressed in product form. This is because ofits low

elror sensitivity compared with polynomials which are in coefficient form [14].

Throughout the interpolation process, polynomials are kept in product form by applying the

zero-finding algorithm. The details of the algorithm ar€ not discussed in this thesis.

Refercnces to this are given as required.

Subsequently, experimental results and discussion are provided in Chapter 5. Sevelal

examples are presented to illustrate the effectiveness of both approximation techniques.

Finally, Chapter 6 summarizes the work presented in this thesis and presents topics for

future research,



Chapter 2
B ackground I nformatíon

2,1 Feldtkeller Equation

A lossless two-port network is characterized by its wave scattering parameters. The

scatteúng matrix

where g, ft, and/are the canonic polynomials of the complex fiequency variable s and

o = +1. The analytic continuation of Feldtkeller Equation is

ss. = hh" + ff" (2.1)

The lower astedsk ' -' indicates Hurwitz conjugation. For real polynomials this

corresponds to replacing s by -s and is equal to the complex conjugation fol s = j(ìi i.e.,

/-G) = /(-r). According to [15-17], the polynomial g fiom (2.1) must be a Hurwitz

polynomial; i.e., a polynomial with its zeros belonging to the left-half of the complex

plane. Also, the polynomial/is monic as well, i.e., the leading coefficient of/is unity.

The validity of (2.1) for'lossless two-ports is proved in Williamson [14].

Divide (2.1) by /- to obtain

98" _, , hh.
(2.2)tr. tr.

The reciprocal of (2.2) is

tr._ 1

hh"öó, I + _______:

Æ
JJ+

,=1l.' 
or.l

s l¡ _on.l

(2.3)



Chapî er 2 : B ackçrouncl Inforntaíiott

which can be wlitten in squared magnitude and attenuation folm as

l¿l'- r

lsl -,*l4l'
t/t

(2.4a)

o = -,0.r,.1/l' = t..r,,[t. 
lf l')

(2.4b)

where a is the attenuation in dB, f lg is the transfer function and ft// is the characteristic

fi¡nction of the t\ryo-pofi network.Eq. (2.4) is normally used for the approximation of the

[ansfer function. The polynomial g is obtained from the chamcteristic function å.// by

using (2.1). Since g, lr and/are real polynomials, all zeros of these polynomials are either

real, or pairs of complex conjugates.

The expressions (2.4) show that the zeros of f and h arc the attenuation poles and zeros,

respectively. They are preferably located on the imaginary axis in ordel to create the

maximum number of attenuation poles in the stopbands for the zeros of/and attenuation

zeros in the passband for the zeros of å [18]. From (2.1), the degree of g is equal to the

largel degree of the polynomials/and å, or possibly to the degree ofboth polynomials if
they are the same. In case the degree of/is lower than that of h, there are in addition as

many attenuation poles at infinity as there are units in the difference between these degrees.

2.2 Bandpass Filter

Mathematically, the frequency axis is divided into intervals called bands. One of them, the

passband, is divided into sub-intervals with various upper-bound constraints on the value

of the polynomial. Others, the stopbands, are divided into sub-intervals wíth lower-bound

constraints. The passband and stopbands are separated by tlansition bands. A bandpass

filter has a passband fr-",r-"1, set between two stopbands [0, ar-,]anO [ø.,,."), with

@_" < @_" and a;*" < ar*". This is shown in Figure 2.1.

Traditionally, a bandpass filter is obtained ttu'ough the frequency transfonnation fi'om an

optimal lowpass filter. This transformation leads to a distortion ofthe attenuation

characteristic of the symmetrical lowpass filter. Fi gure 2,2 shows the nature of that

distortion.
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(ù (ù (ù. (t).

Fígure 2,1: A símple barulpass filter

0 @'-" (t)'-" a'-" @i" ú)

Figure 2.2: Frequency transþrmalion of lotvpass to barulpass filter
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It can be seen that the upper transition band, from ari" to arj", is wider than the lower

transition band of the transformed bandpass filter, from ø1" to 4r1". Also, this

transformation limits the bandpass filter to the symmetrical requirements of those of the

lowpass filter. If the requirements are asymmetrical, they will be made symmetric (as

shown in the dotted line of Figure 2.3) to those of the lower stopband after the

transformation.

Figure 2.3: Lowpass to bandpass fiher with asymmerric requiremenls

The frequency transformation can only be satisfactory when either the requirements are

symmetrical, or the filter degree is not too high, In addition, the synthesis of a bandpass

filter based on frequency transformation fiom a low pass filter is an over-simplified method

whose cost is often higher due to extra elements in the circuit [ 18].

As a result, a unique approximation technique is required to generate bandpass filters

directly. The attenuation requirements can be multi-level, asymmetric with respect to the

upper and lowel stopbands. The cilcuit will be less complex compared to those obtained by

frequency transfomation. This also makes no sacrifice of the degrees of freedom.
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2.3 Remez Älgorithm

In the investigation of the two approximation techniques, the Remez algorithm is used. It
has been applied to the computation of polynomial rational approximations with

considerable success. There are many possible variations of the algorithm. The original

Remez algorithm can be found i¡ [13] and other variants in [2], [6]. It is a method of

exchange, but rathel than exchanging one point at a time, it exchanges all points, in

general, at one time. This algorithm consists in locating the n + 1 points (where z is the

degree ofthe approximating function) and taking these points as the next set of points upon

which the ñ¡nction is approximated.

A simple description of the Remez algorithm is presented to provide some insight of the

approximations presented in this thesis. The Remez algorithm consists of following steps

[18]:

. choose an initial set of (z + 1) abscissas, .rr, in the interv al la, bl;

. construct a polynomial, P,,(.r), presenting enors, fr, which is defined as

n, = r,,(x,)- f(x,)

These enors are identical in absolute value to a value fr, at the abscissas;

. find the abscissas of the enor local extlema in the interval;

. replace each abscissa x, by the abscissa of the closest local extremum, whose enor'

is of the same sign;

. iterate from the second step until ft does not increase any more.

A simple example is shown in Figure 2.4 with the enor curve conesponding to the

polynomial P,,(x) on the abscissas xt,..., x6. After applying the Remez algorifhm, x, x,
and x, are rcplacedby xi, x4, and xi, respectively.
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Fígure 2.4: Remel algorithm

This algorithm is applied in modified form to approximate the Íansfer function by the

algorithms described in the next chapters.



Chapter 3
Squared Møgnítade Approxímøtíon

The pdmaly intent in this chapter is to provide a brief description of the squared magnitude

approximation for a rational bandpass filter function. The approximation is developed by

Cohen [7]. This approximation is basically split into two parts: the frst one uses the

interpolation by a polynomial for the passband; in the second part, the use ofpole shifting

achieves the approximation to any specifications in the stopband. The attenuation

specifications are general, multi-leveled, allowing for ftee atteruation poles.

3.1 Specification

A realizable approximation to the ideal magnitude-vs-frequency response of a fìlter transfer

function is usually expressed as

,,2 1

VUa)l = t¡?16, (3.r)

The above equation is the same as in (2.4a) but with different notation. One important point

is that the/here describes a function of the squared maglitude of the characteristic function

is completely different from that in (2.4a). This/is a rational function of a-l2 and is

expressed as a ratio of polynomials. Within this chapter, /refels to the function described

above in (3.1). The above equation describes the squared magnitude of the transfer

f,¡nction H(jill). e is some constant. With a change of variable,

x= 0)" (3.2)

/(x) can be specified by the following conditions [5]:

l@)>0 forall¡>0 (3.3a)

f(x)<U, for x,-, (.r( x, i=1,2,...,m (3.3b)

10
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f(x)> LI,

f(x)> Lr,

for x-"-, lxlx_,-,r,

for -r.*,_, 1x1x"*¡

i =1,2,...,t

i =t,2,..., v

(3.3c)

(3.3d)

where t_,_,=0, x_=xo, Ít=x,,,, J,*u=-i
x* and x- are the passband edges;

.r_" and 4 are the left and right stopband edges respectively;

0 < Ui < 1, with Ur = 1 for some i, are upper bounds of /(.r) specified in the

passband;

Ll, > 1 arc lower bounds specified in the left stopband;

Zr, > 1 are lower bounds specified in the right stopband.

This specification is illustrated in Figure 3.i, where the interval [x- , x- ] is the passband,

[0, x-" ] anA [x", "") are the left and right stopbands, respectively, while (x-", -r- ) and

(.r* , x" ) are the transition bands.

x_,_¡ x_._, x_, x_ xt X2 xs

Fìgure 3.1 : f(x) J'or a bantlpass filter

As can be seen in the above figure, there can be any finite number of steplike bounds irl the

passband and stopbands. This kind of characteristic behaviour can be specifically identified
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by introducing ¡vo distinct discontinuous functions.

The "ceiling function" C(x), used for the passband, is defined as follows:

C(x)=U, lor x,,r<x<x, i=7,2,...,m (3.4a)

12

x_=xo<\ <...< 4¡_r 1x,,, = xr

c(x-)= c(x")=u,

c(x.)= c(x,,,)= Y,,,

C(r,)= min(u,, u,-,)

(3.4b)

(3.4c)

i=1,2,...,m-1 (3.4d)

The "floor function" F(x), used for the stopbands, is defined as follows:

for the left stopband:

F(x)=1¡, for x-"-, (r(r-s-¡+r i=I,2,...,1 (3.5a)

0 = f_"_, ( f_"_,*l (...( f_,+r < 'r_" < 'x_

F(x_") - L¡, (3.sb)

F(0)= F(x-,-,)= Lt, (3.5c)

F(.r-"-,)= max(Lt,,L1,,,) i=1,2,...,t-l (3.5d)

for the right stopband:

F(x)=¡¡ for.r"*,-, 1x1x"*¡ i=1,2,...,v (3.5e)

f*(4(4*r(.,,(f"*u=-

F(x")= 27, (3.sÐ

F(4-,)=max(rr,,Lr,*,) i=1,2,...,v-1 (3.5g)

As descdbed in Equation (3.3), the basic elec¡'ic filter design cliteria thus become

0 < /(.r) < C("r) for x_ I .r I .r* (3.6a)

f G)> F(x) for 0 < x <.r-" and .r >.r. (3.6b)
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As mentioned ea¡lier, /(x) is a rational function, which can be expressed as a ratio of
polynomials:

i(")= g"!'l G.7)
Dr(x)

where N,,(x) is a polynomial of degree n and 4(r) i, a monic polynomial of degree 4,

and where 4 is restricted to be less than n. And the order of /(x) is equal to z. Thus the

filter transfer function has the order n. According to the conditions in (3.3a), any real zero

of N in [0, -) must be of even multiplicity; also it cannot be located in the stopband

because of (3.6b). Because of (3.3a), any rcal zero ofD in [0,.o) mustbeof even

multiplicity if it lies in (0, "") and it cannot be located in the passband because of (3.6a).

A rational function /(.r) with minimal order, n, is sought such that it will satisfu the

constraints (3.6). Therefore, the degree of the numerator in /(x) should be as small as

possible and /(x) should exhibit as large a value as possible in the transition bands

(r-",r-)and (x*,.v"). In other words, it maximizes F(.r-")or F(a), orboth.This

allows fhe realizability of a bandpass filter with minimal complexity.

The optimal rational function /- (x) has the pole-zero form

13

rt@-,,)'r.@)=a"¿-
Ii('- p')"
i=1

(3.8)

where all z, and p, arcreal, x-<zi<x+, and ¿ satisfies either 0< p,<x-" or p.) x".

4, is some real positive value which is acrually the same as e' in 13.1¡ and where n and q

are even. Within the passband, from r_ to the left of the fust minima and from the right of
the last minima to x*, as well as in every interval between two adjacent minimas, this

optimal function will reach its maximum allowable value C(x) at at least one point. Thus, it

has nl2 distncf zero minima and nf2-1 maxima in the passband. If the positions of the

poles is anticipated, this optimal function will be completely characterÌzed by its behaviour

in the passband.
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3.2 The Cohen ,{lgorithm

The importance of this algorithm is to attempt to cofiect the maximum discrepancies of a

rational function which does not satisfy the specifications indicated in Equation (3.3). The

algorithm starts to interpolate the numerator of the rational function by keeping the

denominator fixed. That is, with initial poles fixed, an interpolating plocess is performed

which passes the cuwe through the extrema and the proper end values in the passband.

After the first interpolation, the extrema of this newly obtained rational function will, in

general, not satisfy the conditions (3.3a,b). Using these new extrema and end values, a

second interpolation is carried out. This process is repeated until the interpolation points

stabilize. This is called the ínterpolalìon stage.

The rational function resulting from the interpolation stage will, in general, not satisfy the

conditions (3.3c,d). This situation is illustrated in Figure3.2.

Figure 3,2: Rational function resulting fiom Interpolation stage.

To be raised in stopbaruls in pole-shifting stage.

The rational function is lower úan the floor function in the stopbands. The next step is to

raise the rational function over the stopband region. This is to be done fu a pole-slzifting

sløge. Using first-order approximations, a set of pole shifts is determined with the goal of

raising the offending minima in the stopbands. This stage is somewhat similar to the global
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exchange method proposed by Remez [6]. This is to achieve the equiripple approximation

to any specification in the stopbands. This pole-shifting routine involves the solution ofa
set of linear equations.

Another case which may have occuned after the interpolation stage is illustrated in

Figule 3.3.

Figure 3,3: Rational function resulîing f'rom Interpolalion srage.

To be lowered in stopbands in pole-shifting stage.

The rational function is larger than the specifications in the stopbands. In the pole-shifting

stage, the rational function will be lowered until it equals the specified floor function to the

left of the rightmost pole in the left stopband zurd to the right of the leftmost pole in the right

stopband. This will result in raising the rational function in the transition band to yield an

attenuation as large as possible. The above two aspects of the pole-shifting stage may be

combined in a single process.

After the pole-shifting stage, if the resulting rational function still does not satisry

conditions (3.3), because the zeros no longel satisfy (3.3a,b), the whole algorithm is

repeated starting with the interpolation stage. But this time the revised set ofpole locations

is used, This altemation of stages is repeated until the desired attenuation behaviour results,

i.e., conditions (3.3) are satisfied.

15



Chanter 3: Sauared Maenilude ADDroxìnlalion

3.3 The Interpolation Stage

Initially, if the positions ofthe poles are not fixed, tbe ql2 poles are randomly placed in

any convenient location in the stopband. These pole positions arc pÍo) , (i = 1,2, ... , Sl2).
Then the n + 1 interyolation abscissas are randomly selected from the passband, namely,

the.rjo), (; = 0,1,..., n). The approximating rational function is in the form

a,,.ff(x-z!")

I6

(3.e)

with zeros e,(0). A polynomial interpolation algoúthm is then used to interpolate the points

for i even (3.10a)

for I odd (3.10b)

"f(o'(r) = -;r--)/2 ^

ll("-Pi'')'
t=l

/(o(xf')) = c(xf" )

.f(o)(xfo))= 6

thereby determining the zfo) and the constant multiplier, 4,. The interpolation algorithm

and how it is applied is described in next section (Sec. 3.4). After getting, all the 4's, the

locations of the minima of /(0)(x) arc obøined next, ou."ly, yÍo), yjo, , ... , yjlì. They all

should be found in the interval (r-, r-). Within each of the intewals (between two adjacent

minima):

["- , vÍ" ), ... , (vÍ", v,'i) )' .. ' , (vliì, '.] i = 1,3..... n-3

a point y,fo), I even, is located such that/(yjo))- C(rÍo) ) is maximized. A new set of
interpolation abscissas is then determined as

x,tlr =r<ol i=0,1,,,,,n (3.11)

The new abscissas x,f') arc compared to abscissas xfo). If they are not equal, a second

iteration is performed. This will produce "f(t)(") and the new abscissas .rjt). The

comparison is canied out again and so on. On the other hand, if they are equal, or

lxjk-" - rÍt ¡ 
is less than some chosen tolerance for all l, the interpolation proceclure is

stopped.
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For clarity, the resulting rational function is then called g(') (-r). This process is refened to

as the interpolation stage. The interpolating rational function g(t)(x) satisfies conditions

(3.3a,b) but may not necessarily agree with (3.3c,d). This is mentioned earlier and

illustrated in Figures 3.2 a¡td3.3.In the other case, if conditions (3.3c,d) are satisfied, it is

a solution, but may not be the optimal one. The process is passed to the pole-shifting stage.

For the stafing solution of the n + 1 interpolation abscissas, it is convenient to take equally

spaced points on [.r- , x. ]:

17

It is also to be noted that the y,(o), I even, are relatively easy to obtain. Each y, must be

located at either one of the break points of the bounds in the passband, i.e.

x-, xþ x2, .. . , x,-t,.x+, or else at a maximum of /(¡)(x) as illustrated in Figure 3.4.

(a) (o)

Figure 3.4: Discrepancies (overshoots) resulting at the k't' ínterpolation:

(a) at minima arul maximum of interpolation raTional

function f(k) (x); (b) at minima antlbreak point;
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3,4 Polynomial Interpolation

From the last section, in order to obtain 4 's in (3.9), an ordinary polynomial interpolation

is required. Since the poles, p,'s are ilitially chosen, (3.9) ca¡r be written as

nþ-.1.,)= Í*,(,¡.ftQ-0,",¡' (3.13)
i=0 ¡=l

Applying the conditions in (3.10), the right hand side of (3.13) can be replaced by a

constant, p,, which is associated with the proper abscissa x,. For clarification, the abscissa

x, is replaced by ø,. Therefore, a set of interpolation points (ø, , B, ) is formed. By a

theorem in [19], if a,'s arc distinct, a unique polynomial U(x) can be interpolated having

degree n such that

u(a,)-P i=o,r,...,n (3.14)

where U(x) corresponds to the polynomial of the left hand side of (3.13). The d, are

distinct since the abscissa .r, are all separated on the passband. Therefore the interpolation

of U(.r) is accomplished by using Newton's Interpolation Algorithm [19].

The pseudo-code of Newton's Interpolation Algorithm is shown in Figure 3.5.

1.

2.

?

4.

I
6.

begin
u(x):= þo;

M(x):= I;
for fr:= 1 until n do

begin

7.

8.

9.

10. end

11. end

M(x):- M(x)x(x- ao-,);

,;=lu(ao)l-';
d ,=lþ, - u(an)jx 

";
u(x):=U(x)+ õ x M(x)

18

Fígure 3.5: Newton' s Interpolation Algorilhm
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where ft is an integel iteration index; U(x) is the expression for the polynomial in (3.14);

ak Md Pk are the abscissas and ordirates of the interpolation points, respectively; M(x) is

the monic polynomial which constitutes all factors (.r - 4) where I I fr; and ô is the

coefficient ofhighest power in U(x).

It is noted that the interpolating polynomial in (3.13) is in product fom. This is because the

coefficient form polynomials are very sensitive to enors incuned during numerical

processing [14]. Thus, U(.r) in Line 9 of the above algorithm is determined in product

form. The zeros of U(x) can be determined by a special zero-filding routine. On the other

har;rd, M(x) is already in product form which is shown in Line 6. The detail of the zero-

finding routine will not be discussed in this thesis. They can be refened to in [20].

An important point has to be noted when this algorithm is applied. According to

Williamson t i 41, the set of interpolation points (a, , p, ) has to be arranged in ascending

order based on the ordinate magnitudes. Otherwise critical cases may occur if the a, values

are clustered close togedrer and the p, values vary by many orders of magnitude. If the

læge-ordinate points are interpolated fust, the entire interpolation process becomes

insensitive to the comparatively very-small-ordinate points occurring later. As a result,

some accuracy may be lost during this process and the interpolated poþomial may not

accurately reflect the interpolation points from which it was derived. On the other hand, if
the small-ordinate points are interpolated first, an accumte interpolation process is

preserved.

3.5 The Pole-Shifting Stage

The approximation of /(.r) is continued with the rational function g(1)(x) in the

pole-shifting stage. Let pjo) to be the rightmost pole position in the left stopband. An

abscissa y,, (i=t,2,...,q12), is found within each of the intervals in the left stopband:

[0, pÍ" ), (pf"' , pf'),. . . , (pl3ì , pj'' )

and within each of the intervals in the right stopband:

(plîì, pi?i), , (r;,1, ol''), (ol'', -)

t9
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Abscissa yi is located such ttrat g(')(¡ )- ,Ç'(y, ) is minimized. For obtaining the pole

displacements tpÍo', (¡ = 1, 2, ..., q I 2), consider the distance fu nctions

nþ,, n)= r(t,)-s(')(r,, r(o)) (3.1s)

where p =(rÍ"',nf',...,rÍt'). rrtr p(0)aboveistheonewhichwasinitiallychosen

arbitrarily. If this p(0) happeni to give the optimal rational functions, it will follow that

h(1,, l(o)) = 0. If this is not the case consirler the possibility of an improvement by

changing p(o) by ao amount Áp to a new p. The Taylor series expansion of h(y,, p)

aound p(o) gives

h(t,, n) = h(t,, n "\.(f.ou,. #). rr,, orl,-,,",

i =1,2,..., sl2 (3.16)

It is noted that only the frst two terms of the expansion are retained. Since ft(y, , p) = 0 is
desired, impose this condition, i.e. require that

(% .'l
o=h(y,,2(o))+l )ap, *l n(y,, p) i=1,2,...,q12

[;í ¿p¡ )

Replace å by F' (y, ) - St" (y, ) in the last equation to obtain

o = r(y, ) 
_ g,,, (y,, r,, I 

_(f.^r, . *) r,,, {r,, r¡1, _,,,

i =1,2,..., ql2 (3.17)

After the equation is learranged and the designation of the parameter p is dlopped from

g(t), it is written as

% >r¡t^.¡
I{ì#.¡pjo'=r(y,)-g"'(y,) i=1,2,...,q12 (3.1s)
j=t uP j
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For the partial derivative of B(t)(¿) with resp ecf to p j, assume g(') has the form as in

(3.8). Taking the natural logarithm of both sides, it becomes

%%
lns(')(y) = tna,, +\2tnlt - z,l-\2tnlt - n,l t:. tel

¡=l i=l

Taking the panial derivative with respect to pj, it is then written as

t âgt"(y)_ " 
(-l)

__ìì___î . _____:_ =_2._ (3,20)g'''(y) dP¡ !- P¡

Therefore,

a1

dg"'(v) _ 2g"'(v)
dp:o) - (v-pj'')

(3.2r)

Combining (3.18) and (3.21), the pole displacements, Àp,f 
0), are obtained by solving the

system of 4/2 linear equations:

f':d"?r¿) oo:0,=r(y,)-e(,,(y,) i=1,2,...,q12 (3.22)
fr Y,- P'¡''

Thus the new pole positions are calculated as

po) - p(o) + 
^p(o) 

i=1,2,...,q12 (3.23)

This ends the pole-shifting stage. This stage is different from the interpolation stage in that

this process is not iterative. If by some chance 
^p(0) 

- 0 , i.e. p{t\ = Orot , then g(t) - /- is

the optimal rational function sought. Otherwise, the whole algorithm is restarted. Only this

time, the following rational function is used instead of (3.9).

¡tor¡,¡ - numerator of 8(t)(¡) e.24)J \^t- %

äþ-p!")'
i=l

From the /(0)(.r) interpolation abscissas are obtained for the detemination of tlìe

interpolation function /(')(x) as described above. This interpolation process evenfually

leads to g('z)(x), which is then used in the pole-shifting stage, etc.
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The rational function which results from this algorithm may not satisfy conditions (3.3c,d).

Especially in the intervals [2", x-, ] and [¿ , p"-, ], the rational function may happen to be

below the specification levels in the stopband edges. In that case, the poles may be

redistributed differently between stopbands and the whole plccess started anew. If úis still

fails to satisfy (3.3c,d), there may be no rational function of numerator degree ¿ which can

satisfy (3.3c,d). The whole process is then restarted using rational functions of numerator

degree n+2.

If, however, the optimal rational function resulting from the algorithm satisfies all of(3.3),

then it is "the" optimal function sought, and it can be shown to be unique [7].

3,6 Epilogue

Due to the linearization of the Taylor expansion and the shift of the essential frequencies,

several iterations are necess¿uy. It is expected that convergence can be guaranteed if the

displacements adopted for each shift stage are kept small in magnihrde, even if the solution

of the set of linear equations results in large values. This suggests that after solving for lhe

Á¿'s, they are normalized by a certain constant in order to make them small. But the

directions of the shifts are still the same. The method of the search for this normalizing

constant will be explained in Chapter 5.

As mentioned earlier in (3.7), 4 is linited to be less than n. In the pole-shifting stage, when

locating yu within the interv" (rr, -), two situations may occur. When ¿ ( q, f(x) will
approach 0 as r --) co. In this case, y" will be located at "o! And also, the rational function

may not satisfy condition (3.6b). Thus, q is limited to satisry q < r,.

The whole process of this squared magnitude approximation is summadzed as a flow chart

shown as in Figure 3.6.
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set itemtion counteì' / :1

construct & interp olate f(k)(x)
{k+ l) tk)xi ' = yì '

f¡nd minimum of ¡(t)1x; at y,!o ì¡ is odd

find ) j- ] I is even, between each (y,t*', y,.Ïl ) , i ls o¿¿

such ihat f G)(y(o) 
) - C(yÍn') is maximized

ln) = tln'

find abscissa y , between poles such that 
I Stn-t'{f, ) - F(y, )lis minimized

constrrct & solve the set of linear equations for A p,(') using abscissa y,

Figure 3.6: The Cohen Algorithm



Chøpter 4
Attenuøtíon Approxímatíon

The previous chapter briefly described the squared magnitude approximation using an

iterative interpolation process and a pole-shifting routine for the characteristic function ofa

bandpass filter. In this chapter, the concept of attenuation approximation is presented. This

approximation techlique was introduced by Devleeschouwer and Grenez ii2l. It is
described for the approximation in the Chebyschev sense of an arbitrary attenuation curve

in the passband and in the stopbands by a real transfer function. The approximation process

is ¡educed to a common optimization problem. It is then solved by the efficient Remez

algorithm which is the original approach, and is extended to more general passband

specifications. This method was first described n [22] for analog filters. In addition some

of the rransmission zeros or attenuation zeros can be fixed at prescribed frequencies. The

applied optimization procedures are mainly based on linearization meihods.

The approximation algorithm described here is originally designed for both analog and

digital (recursive) filters. Only the analog bandpass filter design is described in this thesis.

Transfonned variables are used to obtain a unique formulation. In order to improve the

computational accuracy, a second transfolmation is then used. This transformation gains its

advantages for the optimization of the bandpass filteÌ. For other filter designs, different

transformations are employed. They can be found in t121.

4.1 Specifïcations

A transfer function ä(s) of a bandpass filter is to be determìned which has a degree as low

as possible. It must satisfl the following specifications:

a(f)>- a"(f) in the stopbands (4.1a)

(4. ib)0< a(f)< a"(f) in the passband
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where ø(/) is the attenuation function and is defi¡ed as

ø(/) = -ro logla (¡zn f)l'

nd a"(f) is the given specification function. Since the amplitude of II(s) should

approximate unity in the passband, it is convenient to use the characteristic function K(s),
which is related to the transfer function È1(s) according to

(4.2)

(4.3)

The approximation parameters are the zeros, poles and the constant factor of If(s). The

advantage ofthese parameters is due to the fact that the zeros and poles of ø(/) are

identical to those of K(s) on the imaginary axis s = jrd. This follows immediately from

ø (/) = - r o rog 
I 
a ( ¡2, f)1" - to :r,slr + lr< ( ¡ z n ¡)l' )

(4.4)

Because ofthis, it is possible without difficulty to choose initial values for the

approximation parameters, namely, all the attenuation zeros (AZ) in the passbands and all

the transmission zeros (TZ), orjust poles, in the stopbands. The form

r(r)= c* '"*'lIG' +@?)-"' o)i+o' i=1,2,...,n (4.5)
¡=l

is chosen for the characteristic function where positive integers of m, (i = 0,1, ... , ")
conespond to TZs and negative integers correspond to AZs. For the variable parameters

Co and a,, initial values must be assumed. These will be iteratively improved as described

later. m, is called the multiplicity of the singularity. m, is normally equal to +1 . For

multiple poles/zeros, rn, l l or m, à 2. Themultiplicity m- of the singularity at infinity
does not appear in (4.5) but is given by the difference between the numetator and the

denominator degrees of the rational function K(s).It is derived directly fÍom (4.5) as

tn*=-t7to-rf*, Ø.6)
i=l

fr(s) is detued by

fr(s) = n1"¡.61-', (4.7)
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Obviously, it is an even function ofs. Therefore, the variable y is introduced according to

y = -s2 (4.s)

The specification originally given on the axis s = júd is transfened to a specification on the

real axis of the y-plane. Hence k(s) can be written as

k(Y)=c,'Y "' i\|-Y,)-'"" (4's)
i=t

where C, = Cl and y, - Ø? , i =1,2,...,n

For real frequencies, y is real, positive and increasing for increasing Ílequency.

4.2 The Transformed Variable

In order to improve the accuracy near the passband limits where the zeros tend to cluster', as

well as to simplify the solution of the approximation problem [6], a new transformed

variable will be used in the optimization procedure. The transformed va¡iable x is related to

the variable y by

7=r 'z (4.10)
!-rt

where /, and t, ate the y values corresponding to the passband limits with

t, : passband lower edge, and t, : passband upper edge. The passband is mapped onto

the negative real ¡-axis and the stopbands onto the positive real x-axis. The -r-y mapping is

illustrated in Figure 4. 1.

References 124-261 give a detailed justif,rcation of this particular choice of transformation.

To take the full advantage of the numerical properties of the transformation, the entire

synlhesis process must be performed with the x vatiable.

26
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B C D E F G=-(r') (rr)
C=-- D E F GA

Figure 4.1 : x-y mapping for the bandpass filter

It is noted that when y approaches .", .r is mapped to i. Ard ',vhen y approaches 0, r is
mapped to trftr. Therefote, G=1and l=hlt, on the.r-axis in Figure 4.1.Itis assumed

that no zero (TZ or AX.) is located on a passband edgo. After some algebraic manipulations

with the substitution of (4.10), (4.9) becomes

(4.1i)

with

k(x)=c,.fIQ-,,¡-""
¡=l

xi+0

v,-r"
!¡-1,

fr*t = 1

î.
¡,

í =1,2,...,n+2

i = 1,2,..., nmi =2m¡

mlø=m*

m!,*z = mo

C, is related to C) as follows. From (4.10), y is wlitten in terms of .r as

t,x - 1^

x- |
(4.12)
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Upon substituting this into (4.9), it becomes

k(x)=ç,(#I^ U(X +:)'
=,,ffi t*#5(.-.,,

/ , \-'b -)L , (, 
-, \-"u --lr

=c, ti^ l,-?l .('-r)"'".1I('-rf* nl= I .il(-'-,,)-'""
UI ,/ i=l ì=l\^i './ i=l

According to (4.6),

k(x)=ç,,,^ (,-1)' (¡-1)-,,,- U[=)' lI(,-r)-,,,', (4r3)

Thus, comparing to (4. I 1)

' ,' -rr\-'""c,=c,.t,"'" nl= | 1+.t+¡
,=, 1r,-1J

Notice that the function ft(x) has no singularity at infinity.

For the optimization process, a logarithmic transformation converts k(x) into a sum of
terms, each of these terms conesponds to a zero (or pole) only. A function p(x) is used

which is defined by

É(.f)=hl¿(r)l=hft(r) (4.1s)

Since k(.r) is a magnitude squared function for any real frequency, it must be

non-negative. Thus, B(x) is a leal function of x.

+2

þ(*)=ce-\m;'tnlx-x,l r+.tol
i=l

whele C, = hlc',l
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l-nt þ"(x) be the tra¡sformed function of Inø,(.r). Thus, the filter specifications in (4.i)

become

29

þ(*)> þ"(*)

þ(,)< þ"(*)

in the left and right stopbands, and

in the passband.

(4.1'7a)

(4.t7b)

(4. l8a)

(4.18b)

4.3 The Devleeschourver and Grenez Algorithm

The passband and stopband weighted margins are defined by

M¡¡, : minimum over the passban d of (þ"(x)- þ(x))lw 
",

Mr, : Ifl¡i*u. over rhe sropbands of (É(r) - p,( x))lw 
",

where l4lr" and Iür, are two positive constants. Some of the zeros .r, are defined to be

movable and others a¡e fixed (such as the one at s = 0, - or at some fiequencies

prescribed in the specifications). The optimal bandpass filter will be obtained in the

Chebychev sense if movable zeros and the constant CÉ are found such that

D = min(M 
"r, 

Mr") i, maximum.

An arc will be defined as the portion ofthe p(.r) curve between two adjacent movable

zeros or between a movable zelo and the adjacent band limit. This is the general definition

of an arc, given by Fujisawa [23]. A fixed zero, whose frequency is prescribed in the

specifications, does not limit an arc. @vidently, zeros at s = 0 or - are always considered

as fixed zeros.) If there are n", free AZs and nu, freeTZs, there are nu" + 1 and nu, + I
arcs in both passband and stopbands, respectively. All these zeros x, are ananged in a

specific order on the .r-axis. The nu, movable AZs are first placed on the negative side.

Then the no, movable TZs are located on the positive side, and followed by the others, the

fixed zercs. The optimality condition is then known to be: If the filter is optimal, then the

(weighted) margins (4.18) under/over each arc are equal.

The iterative design plocedure, based on the Remez exchange method, is now described. It
is similat'to that given in [2]. The procedure is car¡ied out in the following steps:

1) The iteration index ft is initialized, t = 1 . Then an initial set of zeros

x!t) , (i = 1,2, ... , S) is selected randomly with
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2)

3)

q=nDP+nïs (4.t9)

The transformed frequencies xjk), (j=1,2,...,nun+1) are found such that the

mægin under each arc of the passband is minimum. Additional fansformed

frequencies x','(o), (j=1,2,...,nur+i) are found such that the margin over each

arc of the stopbands is minimum. An example of the locations of all the movable

AZs andTZs, and the xj(r), .r/(¡) is shown in Figure 4.2.

A new set of zeros x,ft*t), (i = 1,2,... , q) is found such that

p(k+t)(x,@)= p,"(x,,Ø)_w o, .o

þ(k+t) (x'^Ð ) = þ, "(xi 
ß)) + w o,. D

(i = 1, r, .. . , nap + r) (4.20)

(¡=t,2,...,nu,+r) (4.2r)

where B(*+r) denotes the B function conesponding to ¡10*t). This is a system of
q +2 nonlinear equations in 4 + 2 unknowns: the 4 free zeros, C, and D. This

system ofequations is solved by linearization around the preceding position of the

zeros x[k) .

4) Ifall x!*t) = *{*), (i=1,2,..., ø), then the optimal filter function is obtained.

Otherwise, fr is incremented by 1, fr:= fr + 1. Step 2 is repeated. A new set of xj(*)

and x"G' is found and so on. Note that the TZs can move easily from one stopband

to the other. This is an important advantage of working with the-r variable.
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þ(x)

îw=2
nm= 1

r¿ = 1 is aftxedTZ

Figure 4.2: The iterative procedure

As described in Step 3, the system ofequations have to be linearized in order to solve for

the zeros. Substitute (4.16) into (4.20), which becomes

n+2

Cu -\m!.lnlx'(t) - rc+') 
| = P ( xi@) - w o,. D (¡ = t, 2,..., no, + t) (4.22)

Ì=l

Consider

r(-rjk-l)) = t¡ ltl(k) - /k+r) 
|

(4.23)

Using the Taylor series expansion to linearize f("Ín-t') around the prececling position of

the zeros, xft), it becomes

F(x!n-')) 
= 

F(x!k')* (rÍo-" - 
"lkt ). 

¡'(xft)

=mlrl*'-rl-'l-ffi
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(4.24)

(4.29)

Substitute (4.24) back into (4.22) to obtain

f.-, ffi + c u + w 
", 

. o = ß "(x;(r\ 
+{,*l .lr"l.¡r-'f -, 

I 
. T#;]

(¡=t,2,...,n0"+1) (4.25)

Similarly, Equation (4.21) becomes

i -, ffi + c n - w R s 
. D = þ "(xi 

(r, 
) 

+ 
Ë.*' 

.l^1,r," -,:, l. #pl
(i=t,2,...,nu"+1) (4.26)

As can be seen from Figure 4.2, there are two special cases: j = 1 and j = nsp + 1; that is,

.ri = -oo ¿1d xi,",*r=0, respectively. Consider xj = -æ, From (4.25)

_(k+ r )

-,#---,¡¡=o (4'27)
^ 
j - ^i

lt follows that

Cþ +wap ' o = p"(xi¡')+fmi.lnlxj@ - x!Ðl+ m¡,-,.hl.rj(*'} - xj!]l

+mi,.,'tnlxj@ - x!,kl,l G.28)

Then from (4.6) and (4.1 I ), it follows that

-a
m|*t = m* = -mo- Lmi and m!,*r=no

i=l
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Hence, (4.28) becomes

cfl +w Bp 
. n = þ"(x1í')+fm¡ .ftnlxj$\ - xÍo)l- tnlxrrtr - 

"rtr ¡¡
i=l

+mo.frnlxi@ -.yliìl-hl.r4,) -./*) l] (4.30)

or it can be written as

cn+w.p.o=p,(x1(r)+f-! ^i¡ffi|.,. ,"lffil,0,,,
{5 ¡1 = -co, (4.31) will finally become

CB +w Rp. D = p"(-"o) (4.32)

The other case is xj = 0. Equation (4.25) becomes

i^i.t]*c,+wo,.D= p"(0r+¡j'¡.[r"1"¡-,1-r] Gß)îi ' -x!r' o 
,=,

After ttre linearization, there are q + 2 equations from (4.25) and (4.26) in the system

which also include the special conditions (4.32) and (4.33). The matrix equation is shown

in Figure 4.3. The *Ír"' , Cø and D can be obtained by solving this maaix equation.
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4.4 Determination of the Transfer Function

Combining (4.3) with (4.'1), (4.8) and (4.10), the transfer tunction becomes

ä(s). È1(-s)1",-,,-",, = --l-;Y-r 1+ k(x)

The factorization is achieved by using the x variable to keep the accuracy. Some particular

points have to be noticed.

" If there exists a singularity of É(x) at infinity and it has a positive multiplicity, it

will lead to aTlZ at s = 0.

. The zero x*, (if m*, > 0) is transformed into s = "".

. ln the case that 4 is in the gap between the two stopbands (G < ¡, < A on the

x-axis of Figure 4.1), it indicates that the conesponding y, is imaginary. The

corresponding TZ is rcal. If the kind of filter is not expected, the zero must be fixed

by either placing it on a gap edge or splitting it into two zeros of smaller multiplicity

and placing each on a gap edge. The optimization procedure is then stafed again.

. Another case is when x, falls outside the stopbands (i.e., x, > B or E < x, < F in

Figure 4.1), which indicates that the coffesponding y, is in either transition bands.

If this is not allowed, that zero will be shifted to the nearest edge. Details of this

situation and the one before will be explained in the next chapter'.

. In (4.18), W o, and I/r, are introduced as two positive constants. They are used to

control the margin width under/over the arcs. For example, in order to have

maximum margins in the stopbands, they can be set to Iryrp = 0 and Wrs = 1. It is

important that both of them cannot be equal to 0 simultaneously. Otherwise, the

matrix in Figure 4.3 will be singular. Thus it cannot be solved for a unique solution

for each of the unknowns.

Figure 4.4 illustrate the flow of operations in this algorithm.

35
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set iteration counter ¿:1

choose initial zero x,(k)

find xj(*)in the passband

such that under each arc is minimum

find, xj'(r) in the stopbands

such that over each arc is minimum

construct the linear system

pt*+t>çr'rkt¡= þ"çxik'¡-w u, .D

þ(k+1) (xn(k)) = þ 
"1x':(k) 

¡ +w u, 
. D

solve for xlr*t',Cr,D

-x.(k+t) 
= xG) i

Íansform r,(¡*') back to a-l

Figure 4.4: The Devleeschouwer & Grenez algorithnt



Results and Discussion

Chapter 5
Experímental Results and Díscuss¡on

In this chapter, the approximation techniques described in this thesis are applied to several

problems. Each example will be run on different sets of initial values in order to show the

convergence of each technique. Both of the techniques are implemented in computer

programs. The listings of the programs are given in Appendix A and B. The format of the

inputs are also included. Some modifications are applied in order to improve the efficiency

of the programs. The details of the modification will be discussed. All the extrema in both

algorithms are found by applying the Golden Section Search [21].

5.1 Program Development of Cohen Algorithm

ln the process ofthe pole-shifting stage, the pole displacement 
^pr 

is obtained by solving

(3.21). In order to guarantee convergence, Â¿ will be kept small in magnitude. The search

for the possibly "small" A¿ is done by normalizing the A¿ with a "scale" factor. Each

time anew À¿ is found in the pole-shifting stage, a temporary new pole position pi is
obtained. It is calculated as follows

p^ir=p(kr+Lp(k) i =1,2,...,512 (s.1)

where pfr) is the pole positior aT. k'f iteration; Âpf¡) is the pole displacement at t'l'
iteration. .l is an integer scaling factor, andj is an index counter for the ratio of the scale

factor, defined in the range (1,2,...,5). p','i' is the temporary new pole position that

corresponds to the j'l'scale. (5.1) will give anew pole position with a (maybe "small")

shift in the same direction of Âpf,) for every L

For every plti' , the Least-square Distance will be calculated only when the new rational

function is under the floor'firnction accolding to

37
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(s.2)

where 7fi) is the abscissa coÍesponding to ihe j'l' scale latio, which is the minimum point

from gj*)(y!')- f(iì). Al!), is the least-square distance on the stopband associated with

the j'l' scale. gjk)(x) is the same as g(n)(r) io the pole-shifting stage except that the pole is

replaced by p;(i). It is defined as

llo: l,V = {il r:r, (vÍ,, ) - r (t!,, )ll'

//2^

fl("-,'')'
sÍ*)(t)= ",. U-- .

fIþ - puu)'
i=t

(s.3)

The least-square distance, r1jl" is found the same way except that it is over the passband

(s.4)

where q,fi) is the abscissa conesponding to the j'l' scale and is located such that

sÍr'(o!tt) - c(o[i) ) is maximized. After a new pole-shifting, the rational function may not

satis$ condition (3.6a). Ary abscissa which is over the passband is used to calculate this

least-square distance. Next, a!1)", tne least-square distance of both the stopband edges, is

defined as

lla!1)"ll'=lþÍr'(.-")-r('-")il'+llsÍ-'(+)-r(+)ll' (s.s)

This is also true only if gj*)(.x) < F(.r) for each of the stopband edges. Otherwise 0 is

assumed for the conesponding term. This is to ensure that the rational function is above the

stopband edges. Finally, the total least-squale distance, ¿/, is defined as

¿< 
t t'z = llar 

n,ll'z * ll,tt!) "ll' 
* 

ll,t: l) "ll'
(s.6)

The minimum l(i) is chosen with the optimal j- scale ratio such that the shift will result

with the least-square distance on those abscissa which do not satisfy the specifications. The

new pole position is then defined as

llu;,:,11" = flr:r, (øÍ,, ) - c(eÍ,, 
) ll'
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pÍou'=pÍn'+Lpf'' J;
scat e

11 Lp.G\ = 0 for all l, the above process will be ignored. In order to obtain a very "small"

Âp,f 
*), scale factor, .S, can be set to a large value ( ,S = 50 in the program). On the other

hand, this will slow down the whole pole-shifting stage.

5.2 Program Development of Devleeschouwer and Grenez Algorithm

As mentioned in Section 4.4, it is possible for an 4 to be in the gap between the two

stopbands. Another case is that .r, is out of the stopbands; this conesponds to the transition

bands in the y-axis. An example of this situation is shown in Figure 5.1.

xq xí

Figure 5.1: Zeros outsitle stopbaruls

If this situation is not allowed in the approximation, those zeros which are outside of
stopbands, xo and xu in Figure 5.1, will be shifted to the nearest stopbands edges, i.e.,

they are shifted to xi and xj, respectively. But the new pole after this shift cannot be

allowed to remain on the edge. In Step 2 of the algorithm, a minimum x/ is found over

each arc of the stopbands. If the zero is shifted to the edge, a minimum point will vanish.

Therefore, the zero has to be shifted to the edge within a tolerance (0,001 is chosen in the

program) in order to preserve the minimum point with that zelo.

xI
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Similarly, when a zero is located between two stopbands, x, from Figure 5.1, it will be

shifted to the nearest edge, i.e., it is replaced by xj . The same method is applied to this

zero to preserve the minimum. Alother way to solve this problem is to split it into two

zeros of smaller multiplicity and place one on each gap edge. This method complicates the

process because a new zero is created. Thus the fust method is prefened in the progÌam.

When searching for the minimum xi' in the arc which is between úe stopbands, there

appear two points to be considered for the minimum. This is shown in Figure 5.2.

x¡_t x'l xí x¡

Fígure 5,2: An arc crosses between nvo stopbanrls

In this situation, the two points on the edges (x'j utd x'i inFigure 5.2) are considered for

the minimum, but only the smaller one is chosen. Another possibility is that either y -+ .o

or )r = 0, or both may exist. This conesponds to .r- = 1, Ío = fr/t,, respectively. Since

any prescribed fiequency does not limit an arc, the minimum is searched for in the same

way as before. Separate cases aLe shown in Figure 5.3.

In the figule, it can be seen that between the zeros, x,_, and x¡, only one minimum is

considered even though one more arc appears between them. Thus, either x'j ot xij is
chosen depending on which one is smaller.

In the input specifications, if the attenuation is large, the d ft¡nction (defìned in (4.2)) can

be simplified as follows. Combining (4.2), (4.3), and (4.4), it is written as

40

d(/)= 10los[1+¿(r)] , = ¡znJ
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x¡t x'l xo xí )(i

(b) xo exists

x,_, x'j x* xo x'l x,

(c) both Ío and .r- exist

Fígure 5.3: Existence of xo, x-, or both

For large È(s),

d(/)= 10los[¿(s)]

or from (4.8)

a(y)- loroe[¿(])l
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or from (4.10)

a(x) = t61or¡¿1')l= roll!(Ð
In(10)

and finally from (4.15)

o(*\=rc þ?),
ln(10)

This is applied to the input of the program when ft(i) > 20d8.

The least-square distance method is also applied to compare the old set of .xi*-r) with the

new x!*). This is to ensure that the process is not repeated indefinitely, especially to

prcvent the pole fiom shifring around the stopbands.

42
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5,3 Application of Cohen Algorithm

Example 1: The specification of this example is similar to the one in Figure 2.3. This

simple specification is chosen to point out tho results on differcnt sets of initial values. The

specifications can be seen as dotted lines in all ofthe figures that follow. The polynomials,

/and å, have been ÍÌequency norm alized by a factor 2n.1000. The figures are drawn with

attenuation (in dB) vs. normalized frequency (in kHz).

Example 1.1: The first example has the following initial values corresponding to the

characteristic function in Figure 5.4. The iritial zeros are selected to be equally spaced. The

initial poles are randomly chosen.

initial abscissas initial pol-es
1,2.34 6.00
t2.68 10.00
L3 .02 16 ,50
13.36
L3.7Q
L4.04
14.38
L4.72
l_5 , 06

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 10

5 .2543147 09L50877 448e+9
0. 000000000000000000 + L2. 04s93392s30837ss7
0.000000000000000000 + L2 .48s06205 s8 0107519
0.000000000000000000 + 13 . s49sL7 24998213224
0. 000000000000000000 + 14.7815384s24524222L
0. 000000000000000000 + 1s . 34690068 466L122L4

Polynonial f of degree 6

1.000000000000000000
0.000000000000000000 + 10.68306078L8724L802
0. 000000000000000000 + ].L. 4937 84243962631-64
0.000000000000000000 + 15 .7t36687934 0 89428I

43



Chapter 5: Experínenîal Results and Discussiott

Êq
'c'
co
ñltá
c)

80

70

60

50

40

20

10

0
7 I I 10 11 12 13 14 15 1ô 17 18 19 20

Normalized Frequency (kHz)

Fìgare 5,4a: StopbaruJ attenuation of the characteristic functionrt'om example Ll

2.0

1.8

1.6

1.4

1.2

1.0

0.8

u.b

0.4

0.2

0.0
12.0 12.5 13.0 13.5 14.0 14.5 15.0 15.5 16.0

Normalized Frequency (kHz)

Êq
'c¡
étt
1
it
6.)

Figure 5.4b: Passbarul attenuation of the characteristic functionfrom exatnple LI



Chanter 5: Exnerimental Results and D¡scussion

Example 1.2: The following initial values are similar to Example i.1, except that the

initial zeros are purposely chosen close to the lower passband edge. The result is not

affected. This is because the interpolation stage generates a unique polynomial for the

passband. The characteristic function is shown in Figure 5.5.

initial abscissas initial poles
12.10 6 .00
12.20 10 .00
12.30 16.50
1,2 .40
t2 .50
12 .60
L2.70
1_2.80
L2 .90

The characteristic function obtained by the algoritlrm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 10

5 .2543L47 09L50877 446e+9
0.000000000000000000 t 12.04593392530837557 j
0.000000000000000000 + 1"2 .48s062055I0107 519 j
0. 000000000000000000 + L3.54951724998213224 j
0.000000000000000000 + 14.781s384524524222L j
0.000000000000000000 + 1s.34690068466!L22r4 j

PolynomÍal f of degree 6

1.000000000000000000
0 .000000000000000000 + 10. 68306078L8724r802 j
0.000000000000000000 + It .4937 8424396263164 j
0.000000000000000000 + L5.7L366879340894288 j
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Example 1.3: The initial zeros remain the same as in Example 1.1. This time only the

poles are changed. The changes of the positions of the poles can be seen in Figure 5.6.

4'7

ìnitial abscissas initial pol-es
8.00
9.00

16.50

12.50
12.80
t3.20
L3.50
13 .90
L4.20
14.60
14.90
t5_30

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 10

5 . 104227 0I9B 46357 37 0.-+9
0 . 000000000000000000 t L2 . 0 47 7 61 32992L9L037
0.000000000000000000 + L2 .49 4884L7 8037 56942
0.000000000000000000 + 13.56192105551688730
0.000000000000000000 + 74 .7 9230940 8 08 5118 6 3
0 . 000000000000000000 t 15 . 3 487 93667 8L49 4345

Polynomial f of degree 6

1.000000000000000000
0.000000000000000000 t L0 .9264557 3297 463075
0 . 0000000000 00000000 + Ll. 3 4925 46087 4910 487
0.000000000000000000 + 15.689923s4350136796
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Example 2: The specification of tlris example is taken from [12]. This example prcsents

multilevel specifications in the passband as well as in the stopbands. The polynomials,/

and å, have been frequency normalized by a factor 2n.1000.

Example 2,1: Since this example has multi-level specifications, a higher order

polynomial is lequired. The input for this example has the following inìtial values and

conesponds to the characteristic function in Figure 5.7.

initial abscissas initial poles
5.40 2.00
5.80 3 .00
6.20 4.00
6.60 15.00
7.00 20.00
7.40
7.80
8.20
8.60
9.00
9 .40

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Po.lynomial h of degrêe 12

4. 7 4L9860476L8690390e+5
0 . 000000000000000000 + 5 . 07 57 38s4 422107 2682
0.000000000000000000 + s.3514393060854499L2
0 . 000000000000000000 + 6 . 33Q7 7 5L9334834939 4
0. 000000000000000000 + 7 .73674651s987279962
0 . 000000000000000000 + 9 . 28382995 41 847 33567
0.000000000000000000 + 9.88909402193L434663

Polynomial f of degree 10

1.000000000000000000
0.000000000000000000 + 2.8839866830768s4059
0.000000000000000000 t 4.402s7377830259826r
0.000000000000000000 + 4.817078431632080558
0 . 000000000000000000 + 10 . s03072349953212L00
0. 000000000000000000 + L2. 0L6036471391500560
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Example 2.2: This time different poles are chosen and the zeros are kept the same as

Example 2.1 , since in Example 1.2, it was shown that no matter how the zeros are

changed, the result does not change much. The corresponding characteristic function is

shown in Figure 5.8.

initial abscissas initial poles
5.40 2.00
5.80 3.00
6.20 4 .00
6.60 10.s0
7.00 15 .00
7 .40
7. B0
8.20
8.60
9.00
9 .40

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Pofynomial h of degree 12

5 . 6995967 99L36046096e+5
0.000000000000000000 + s.08839238922L405s58
0.000000000000000000 + s.4931,s3603250s90484
0 . 000000000000000000 + 6 . 4287 0 45 4r9 662s3526
0.000000000000000000 + 7.8s6346860394778388
0 . 000000000000000000 + 9 . 3L0297 L40 4L9867 49s
0.000000000000000000 t 9.8891420487672582L5

Polynomial f of degree 10

1.000000000000000000
0.000000000000000000 + 2.7 49rL403L46r6267s3
0.000000000000000000 t 3.8t0626269537346L28
0.000000000000000000 ! 4 .63007 527 s720r58620
0.000000000000000000 + 11.45923863s06s949390
0.000000000000000000 + 10.689063090562989460
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Figure 5.8ø: Stopband attenuation of the characteristic functionftom example 2.2
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ChaDler 5: ExDerínrcnlal Resulîs and Discussíotl

5,4 Application of Devleeschouwer and Grenez Algorithm

Example 3: This specification is the same as in Example 1. The polynomials, f and h,

have been ftequency normalized by a factor 2n .1000.

Example 3.1: The initial values in Example 1.1 have been tested and do not generate a

similar result. Thus the following values are chosen for the test. The conesponding

characteristic function is shown in Figule 5.9.

53

Yi

L2.L0
12 .30
1,3 .7 0
15.20
15.35
20.00

7.00
10.00

Irti

-2 (initial zero )

-2
-2
2 (initial pole )
2
2

Mo= 0
cx : 2.00
wBP = 0, [4BS : 1
# of Attenuation zeros : 5
# of Transmission zeros : 3
No real Transmission zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree l-0

9 . 2119868 985 9232587 6e+9
0. 000000000000000000 t 72.04970351444368106
0. 000000000000000000 + 12.49947s46809637230
0.000000000000000000 + 13. s0 9410 24 68342417r
0 . 000000000000000000 + 14 . 68449540168852s47
0 . 000000000000000000 + 15 . 327 3L686281930904

Polynomial f of degree 6

1.000000000000000000
0.000000000000000000 + 10.40503979373769278
0 . 000000000000000000 + 7t. 3322a663028388318
0.000000000000000000 + 1"6 .22627 50355827 4393
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Fígure 5.9a: Stopbanrl attenuation of the characterisfic îunction from example 3.1
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Figure 5.9b: Passband attenuation of the characîeristic lunction f.om example 3.1



Chapter 5: Experimental Results and Discussìon

Example 3.2: Based on Example 3.1, the same initial poles are used in this example with

unevenly spaced zeros, The corresponding characteristic function is shown in Figure 5.10.

The resulting function is very sensitive to the initial values. Even the initial values in

example 3.1 have been chosen after many tests.

Yi ru

7 L2,2Q -2 (initial zero)
2 L2.40 -2
3 13 .70 -2
4 15.00 -2
5 15.20 -2
6 20.00 2 (initial pole)
7 7.00 2
8 10.00 2

Mo:0
Cx : 2 ,00
I4BP:0, WBS- 1
# of Attenuation zeros = 5
# of Transmission zeros : 3
No real Transmission Zero ? TRUE

The characteristic function obtained by the algorittm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 10

7 . 37 8607L23A26667980e+9
0 . 000000000000000000 + 12. 0647 4052935842666
0.000000000000000000 + 12.4933477593300616s
0.000000000000000000 I 13.48486461L73998s72
0.000000000000000000 + 14.6s884695931239003
0 . 000000000000000000 + 15 . 3324 4 4L1s698t97 97

Polynomial f of degree 6

L.000000000000000000
0.000000000000000000 + 10.35696s594935729L5
0.000000000000000000 + 11.3441s30738712s688
0. 000000000000000000 + 16.20465277918208I98
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Figure 5,10a: Stopbarul attenuation of rhe charucterísîic funuion from example 3.2
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Example 3.3: Based on Example 3.1, the same zeros are used. The initial poles are

realTanged to show the effects of the initial pole positions. The conesponding characteristic

function is sho\ryn in Figure 5.11. The changes of zel'os in the passband are significant.

5'1

YI

12.10
12 .30
13.70
t5.20
15.35
1_8.00
8.00

11- 00

Íri

-2 (initial zero)

-2

-2
2 (initial pole )
2
2

Mo:0
Cx - 2.00
wBP = 0/ WBS=L
# of Attenuation zeros : 5
# of TransmissÍon zeros = 3
No real TTansmission Zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 10

7 .537 4804485307 4657 0e+9
0.000000000000000000 t 12.06896365374062065
0 . 000000000000000000 + L2. 51"925534395231430
0 . 000000000000000000 + L3 . 50927 229441838860
0 . 000000000000000000 + t4 . 925t032022L487 L89
0.000000000000000000 + 15.30436918613485065

Polynomial f of degree 6

1.000000000000000000
0 . 000000000000000000 + L0 . L28290126 490286L4
0 . 000000000000000000 + 11. 35959053 9803L27 29
0, 000000000000000000 + L6.79949450044944089
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Fìgure 5.11a: Stopband attenuation of the characteristic function from example 3.3
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Figure 5.11b: Passband attenuation of the characteristic function from example 3.3
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Example 3.4: Based on Example 3.1, mois set to have a pole at s = 0. The same initial

values as in Example 3.1 are used. The conesponding charactefistic function is shown in

Figure 5.12.

I L2.I0 -2 (inltial zero)
2 12.30 -2
3 13.70 -2
4 ]-5.20 -2
5 15.35 -2
6 20.00 2 (initial pol,e)
7 7.00 2
I 10.00 2

Mo= 2
cx: 2.00
wBP = 0, t4BS = 1
# of Attenuation zeros : 5
# of Transmission Zeros = 4
No real Transmission zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree l-0

L .3263457 6354525647 3e+6
0 . 000000000000000000 + 12. 04 67s888 432228Lr7
0.000000000000000000 + t2 .43664097 085 4717'16
0 . 000000000000000000 + 13 . 39517 39247 60a5969
0.000000000000000000 + 74 .67 909997 021228L86
0.000000000000000000 I 15.30892599074993180

Pol-ynomial- f of degree I
1.000000000000000000
0 .000000000000000000 + 0. 00000000000000000
0 . 000000000000000000 + 70 .7 457 4t7 4536325849
0.000000000000000000 + 11.3746151s397993L45
0 . 000000000000000000 + 16 . 22233831315 463s27
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Figure 5.12a: Slopband attenuation of the characteristic function from example 3.4
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Fígure 5,12b: Passband attenuation of the characteristic function ftom exarnple 3.4



Chapter 5: Experimental Results qnd Discussion

Example 3.5: Based on the example 3.1 , the same initial poles and zeros are used in this

example with W"" and W^ changed. This shows that the effect of the width of the

margins is significant. The conesponding characteristic function is shown in Figure 5.13.

Though the result is not obvious, the úpples in the passband are approximately equal in

margin width.

mt

1, 12,10 -2 (initial zero)
2 12.30 -2
3 13.70 -2
4 15.20 -2
5 15.35 -2
6 20.00 2 (initiat pole)
7 7.00 2
8 10.00 2

Mo:0
Cx - 2.00
wBP = 1, WBS:0
# of Attenuation zeros : 5
# of Transmission Zeros = 4
No real Transmission zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

PoÌynomj-al h of degree 10

5. i.513 3 6 3 918 9 3 201834e+9
0 . 000000000000000000 + 12 . 0s204608 443945720
0. 000000000000000000 + L2. 49 456 68a7 59r4a532
0.000000000000000000 + 13.s05966s166392043L
0.000000000000000000 + 14.69s98131330014682
0 . 000000000000000000 + 15 . 30550299 662252417

Po.Iynomial f of degree 6

1.000000000000000000
0 . 000000000000000000 + L0 . 3957 7 617 227 7 59463
0.000000000000000000 + 11.3512876s76a25028L
0. 000000000000000000 + L6. 20465277918208898
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Figure 5.13a: Stopbanrl attenuation of the characteristic function fîom example 3.5
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Figure 5.13b: Passbarul attenuation of úe characteristic function from example 3.5
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Example 4: This example is the same as Example 2. The polynomials,f ar.d h., have

been fi equency normalized by a fa cior 2n ' 1000 .

Example 4.1: As mentioned in Example 2.i, this approximation requires more poles to

meet tlìe multi-leveled specification. To best approximate this specification, a pole is set at

s = 0. The conesponding characteristic function is shown in Figure 5.14.

63

4
5
6
7
I
9
10

Yi

5.10
5.40
6.50
7.50
9,00
9.90

1r..00
13.00

2 .00
4.00

nli

-2 (initial zero )
-2
-2
-2
-2

2 (initial pole )
2
2
2

Mo:2
Cx - 2.00
WBP = 0/ I^IBS : 1
# of Attenuation zeros = 6
# of Transmission zeros : 4
No real Transmission Zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 12

9. 16982857001I47 6454e+5
0.000000000000000000 + s. 09r.1329L9222259876
0.000000000000000000 + 5 .5335877 46r940L97 48
0.000000000000000000 + 6 .47 2616858404367 932
0.000000000000000000 t 7.888686913368s35970
0.000000000000000000 I 9 .333225334 8317 82 63 5
0.000000000000000000 + 9.89481333714308018s

Polynomial f of degree 10

1.000000000000000000
0.000000000000000000 t 0.000000000000000000
0.000000000000000000 + 3.s840436s34L9447275
0 . 000000000000000000 + 4 . 6 47 01"6 42L25839289 4
0 .000000000000000000 + 70 .37677L77 000781193
0.000000000000000000 + 13.06563546909918193
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Fígure 5.14a: Stopband attenuation of the chøracteristic function rt-om example 4.1
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Figure 5.14b: Passband altenuation of the char.acterisric fitnctionfi.om example 4,1
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Example 4.2: Random initial values are used instead of fixing the pole. The

conesponding characteristic function is shown in Figure 5.15. It can be seen that the

ripples in the passband do not reach the upper bounds specification.

1 5.10 -2 (initial zero)
2 5 .40 -2
3 6 .50 -2
4 7.90 -2
5 9 .30 -2
6 9.90 -2
7 10.40 2 (initial pole)
8 13.00 2
9 24.00 2
10 1.00 2
11 4 .30 2

Mo: 0
Cx = 2 ,00
I^IBP:0/ WBS:1
# of Attenuation zeros : 6
# of TrânsÍLission zeros : 5
No real Transmission Zero ? TRUE

The charactertstic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 12

8. 317148817814617386e+5
0 . 000000000000000000 + 5 . 09L22589068867 2L02
0.000000000000000000 + s.s3636736059s796740
0.000000000000000000 t 6 .47 8247 9948312241_82
0 . 0000000000000000 00 + 7 . 897 087 9 49957 37 287 4
0.000000000000000000 + 9 . 336393079 4490263!3
0.000000000000000000 + 9.89s06066608149s431

Polynomial f of degree 10

1.000000000000000000
0.000000000000000000 + 0. 0940510732017554L973
0. 000000000000000000 + 3 .7 089430249s113s88100
0 . 000000000000000000 + 4 . 647 657 07 17 99 667 52000
0.000000000000000000 + 10.3764788647697909s00
0.000000000000000000 + 13.0454601874171402700
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Figure 5,15a: Stopbantl attenuation of the characteristic function from example 4,2
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Chaqter 5: ExDetinrcntal Results and Discussiotr

5.5 Discussion

From the results of the last two sections, some significant features of these two algolithms

can be deduced. The Cohen algorithm always generates rational functions which meet the

passband specifications with the maximum points equal to the upper bounds. But this is not

true in the stopbands, since there is no indication as to how to choose the initial poles. This

requires several pole shifts to lower the function. It may not guarantee that the pole

positions are optimum. Thus, the initial pole positions are very impoltant.

The choice of the initial abscissas does not cause a problem in the inte¡polation stage. The

interpolation stage takes most of the approximating time especially if the degree of the

polynomials is very high. The product form for poly'nomials is used to avoid high

coefficient sensitivity in the addition of polynomials in the application of Newton's

Interpolation Algorithm, thus requiring considerable time for zero-finding.

The Devleeschouwer and Grenez algorithm uses less time for the approximation. This is

because the rational function is transformed into logarithmic form. This greatly reduces the

evaluation time for the function when itis of high degree. The algorithm, however,

requires the weighted margins for the stopbands and passband. The resulting function will
not be equal to the upper/lower bounds of the specifications. Also the initial values cannot

be randomly chosen. This algorithm is very sensitive to the initial values. The initial values

in the last two section have been chosen after many tests in order to give the best results. In

some cases, the zeros are shifted to the wrong side of the axis (for example, TZ move to

the negative side of the .r-axis).
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Chøpter 6
Conclusions

In filter design, a very common p¡oblem is to find the characteristic function. ln general,

this is easier for lowpass filters than for bandpass filters. Usually, bandpass filters are

obtained through ftequency transformation. This li¡rits the specifications of such a filter. In
this thesis, two approximation techniques are investigated. Though they are not limited to
the approximation ofbandpass filters; in general, they can be applied to all kinds of filters
using the same technique.

The Cohen algorithm separates the approximation of zeros and poles into two stages. An
interpolation algorithn is applied to generate the zeros of the characteristic function. The
approximation of the pole positions is done by linearization. 1ftis 5implifies the process by
defuing the locations of the zeros first, then approximating the poles. But there is no
convergence gu¿uantee for obtaining the function with randomly chosen initial values. Also
the function is introduced in rational product-form, which requires a zero-finding routine

for keeping the polynomials in product-form during the interpolation process. Most ofthe
approximation time is spent on that routine. A more efficient zero-finding routine is
required. A method to initially indicate the choice ofpoles is needed. This will guarantee

the shift to be in the right direction.

The Devleeschouwer and Grenez algorithm uses two successive changes of variables to
convert the design problem into a common optimization problem. This is done by the

efficient Remez algorithm. This algorithm is applied simultaneously to the transmission
zeros and attenuation zeros. It can be used to design a large class of filters. The limitation is

that the attenuation function must be bounded by zero in the passbanct. The algorithm is

very sensitive to the initial values. Transmission zeros or attenuation zeros can be fixed at a

prcscribed frequency or at s = 0, .r = "'". Also, the initial pole positions do not guarantee

convergence.
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For further improvement, a way should be developed for locating the initial values for the

poles that \ryould guarantee the convergence of the poles to an optimum position.



Appendíx A
Program Lístíng of Cohen Algoríthm

The computer program that describes the Cohen algorittrm is included. Note that this
program (and the one in Appendix B) is written in the PASCAL computer language

running in double precision arithmetic on the Macintosh II computer using a Think pascal

compiler.

The input file to this program is described as follows:

# of level in the left stopband

normalized frequency (in kHz) character¡stic attenuation (in dB)

# of level in the passband

normalized frequency (in kHz) characteristic attenuation (in dB)

# of level in the r¡ght stopband

normalized frequency (in kHz) character¡stic attenuation (in dB)

number of zeros (not degree of zeros!)

in¡tial abscissas (in kHz) in passband

inilial abscissas (in kHz) in passband

number of poles

initial poles
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program Bandpass;
uses

Types, Complex, Arithmetic, Polynomial, Plotting;
const

MaxNoOfPole = 10;
tolerenceS = 1.0e-8;
tolerencel0 = 1 .0e-'10;
tolerencel S = 1.0e-18;
Iteration_Lim¡t = 10;
Search_Limit = 5;
lnterpolation_Lim it = 20;
ScaleFactor = 20;
PolelnSingle = TRUE;
PolelnDouble = FALSE;

type
SquareMatr¡x = arrayl1 ..MaxNoof Pole, l..MaxNoofPole] of extended;
Distance = record

error: boolean;
least: extended;

end;
var

DataFile: text;
Pass, Left_Stop, Right_Stop, Abscissa: complexPairArray;
Xminus, Xplus, X_s, Xs: complex;
Transfer_Funct¡on, Optìmal_Function: rational;
Least_Distance, Opt¡mal_Least_Distance: extended;
No_Shift, rational_Found: boolean;
r, c, TwoPi, 1n10, EndPoint: extended;
Iterat¡on, Optimal_index, Optimal_lteration: integer;

{Selects data file produced by "apple Edit" }
proceduro SelectDataFile (var DataFile: text; prompt: Str255);

var
windowRect: Rect;
StringName: St1255;

begln
HideAll;
with windowRect do beg ln

left := ScreenBits.bounds. right div 2 - 150;
right := left + 300;
boitom := ScreenBits.bounds.bottom - 10;

top := bottom - 28;
e nd;

SetTextRect(windowBect) ;

ShowText;
write(Prompt);
SysBeep(2);
SysBeep(2);
SlringName := OldFileName('select data lile from disk');
writeln(", StringName);
reset(DataFilê, StringName);
end; {procedure SelectDataFile}
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procedure Read_Signal (var DataFi¡e: text;
var Left_Stop, Pass, Hight_Stop: complexPairArray);

procedure lnput_Signal (var lnFile: text; var signal: complexPa¡rArray);
var

i: integer;
beg ln
Ieadln(lnFile, signal.size);
f or i := 0 to signal.size do beg ln

readln(lnFile, s¡gnal.cPairlil.x.Re, signal.cPairIi].y.Re);
signal.cPairfil.x.lm := 0;
signa¡.cPair[i].y.lm := 0;
end

on d;
begln
lnput_Signal(DataFile, Left_Stop);
lnput_Signal(ÐataFile, Pass);
lnput_Signal(DataFile, Bight_Stop);
end;

procedure Print_Signal (var Left, Pass, Right: complexPairArray; msg1, msg2: Str255);
procodure Output_Signal (var signal: complexPairArray; msge: Str255);

var
i: integer;

bêgin
writeln(msge,':','' : 5);
for i := 0 to signal.size do

writeln(signal.cPair[i].x. Re : 29 : 20, signal.cPairli].y.Be : 35 : 20)
end;

begln
writ e ln;
writeln('Spec¡ficat¡ons:', msgl : 8, msg2 : 34);
Output_Signal(Left,'Left Stopband');
Output_Signal(Pass,'Passband');
Output_Signal(Right,'Right Stopband');
ênd;

proceduro lnput_lnitial (var DataFile: text; var Abscissa: complexPairArray;
var Poly: polynomial);

var
i, last: integer;
zero, pole: extended;

beg in
wlth Abscissa do beg ln

readln(DataFile, size);
size := size * 2;
writ eln;
wr¡teln('lnitial abscissa : (# ol zero = ', size dlv 2 : 1,'l'l;
writeln('frequency' i 27, 'omega square' i 30);
cPair[0].x := Pass.cPair[0].x;
writeln(cPair[0].x.Re : 64 : 20);
last := s¡ze - 1;
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for i:= 1 to last do beg¡n
read ln (DataF ile, zero);
cPair[i].x.Re := sqr(TwoPi * zero);
cPair[i].x.lm := 0;
writeln(zero : 28 : 10, cPairli].x.Re : 36 : 20);
end;

cPair[sizel.x := Pass.cPairIPass.sizel.x;
wr¡teln(cPair[size].x,Re : 64 : 20);

read ln (Data File, Poly.deg);
Poly.rep := prodRep;
Poly.coeflo] := C_ONE;
writeln('lnitial poles : (# of pole = ', Poly.deg : 1, ')');
for i:= 1 to Poly.deg do begln

read ln (DataF ile, pole);
Poly.coef[i].Re := sq(TwoPi . pole);
Poly.coef[i].lm := 0;
writeln(pole : 28 : 10, Poly.coef[i].Re : 36 : 20);
ênd

end
ênd;

procedure Convert (var signal: complexPairArray);
vaf

i: integer;
begln
wlth signal d o

for i := 0 to size do begin
cPairIi].x.Re := sqr(TwoP¡ . cPair[i].x.Re);
if (cPairlil.y.He >= 20) thên

cPairlil.y,Re := exp(cPairlil.y.Re . ln'10 / 10)
else

cPairlil,y.Re:= exp(cPairlil.y. Re * In10 / 10) - 1;

end
end;

prooedure Time_Spent (var Startsec, EndSec: longint; msg: Str255);
var

TotalSec: longint;
DateFìec: DateTimeBec;

beg in
TotalSec := Endsec - Startsec;
Secs2Date(TotalSec, DateRec);
with DateRec do

writeln('Total time for', msg, '= r, hour :2, ':', minute : 2, ':', second : 2);
ênd;

functlon Hational_Evaluation (var F: rational; X: complex): complex;
vaf

zero, pole: complex;
beg in
2s¡q ;= polyEval(X, F,num);
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po¡e := polyEval(X, F.den);
Ralional_Evaluation := CDIV(zero, Cl/UL(pole, pole))
ênd;

procedure Plot_Signal (var F: rational; Start, Stop: extended; OutFileName: Strzs5);
var

k: integer;
plot: PlotPtr;
outFile: text;
h, Xi: extended;
X, Y: complex;

beg in
New(plot);
rewrite(outFile, OutFileName);
writeln(outFile,'.');
writeln(outFile,'Freq', chr(9),'Attn(dB)');
plot^.Arraysize := MaxPts;
h:= (Stop - Start) / plot^.Arraysize;
X := CZERO;
Xi := Start - h;
for k:= 0 to plot^.Arraysize do begin

Xi :=Xi +h;
piot^.xptslkl := Xi;
X.Re := sq(TwoPi . Xi);
Y := RationalEvaluation(F, X);
plot^.yptslkl := '10.0 . ln(Y.Re + 1) / ln10;
wr¡teln(outFile, plot^.xptslkl : 10 : 6, chr(9), plot^.ypts[k] : 25 : 10);
end;

plot^.xmin := Start;
plot^.xmax := Stop;
plot^,ymax := +lNF;
plot^.ymin := -lNF;
plot^.discrete := FALSE;
plot^.grid := TRUE;
plot^.xdiv := 10;
plot^.ydiv := 10;
PlotVec(plot^);
dispose(plot);
close(outF¡le);
en d;

procedure Print_Ratlonal (var F: rational; Sing¡ePole: boolean; msg: St1255);
var

i, j: integer;
beg ln
write ln ;

writeln('BandPass Characteristic Function (hh-/ff.)', msg);
write(' ' : 14,'Zeroes (degree', F.num.deg : 3, ,)', ' , : 22, 'poles (degree');
if SinglePole then

writeln(F.den.deg : 3, ')')
else

wr¡teln(F.den.deg . 2 : 3,')');
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for i := 0 to F.num.deg d o
lf i= 0 th en

writeln(" : 7, F.num,coef [0]. Re : 34, F.den.coef[o].Re :34:25)
else begin

lf SinglePole then
j := i

else
j:=idiv2+imod2;

if j <= F.¿sn.deg then
wr¡teln(F.num.coef[i].Re : 35 : 25, F.den.coefül.Re : 40 : 25)

else
wr¡teln(F.num.coel[i].Re : 35 : 25);

end;
snd;

procodure Print_Error (msg: Str255; X: extended; code: integer);
beg¡n
write ln ;

write('ERROR: ');
if (code = 2) then

write(X : 1 : 25);
writeln(msg);
It (code = 1) thên

writeln(' ' : 10, 'Try another initial values or increase the order of poles/zeros. ')
else

Halt;
o nd;

funGtlon Cmin (x, y: complex): complex;
begln
if CABS(x) < CABS(y) then

Cmin := x
else

Cm¡n := y
end;
functlon Cmax (x, y: complex): complex;
begin
lf CABS(x) > CABS(y) then

Cmax := x
else

Cmax := y
end;

functlon Ceiling (X: complex): complex;
var

Ceil: complex;
m, i: integer;

beg in
m:= Pass.size;
lf abs(X.Re - Xminus.Re) < tolerenceS then

Ceil := Pass.cPair[1].y
else ¡f abs(X.Re - Xplus.Re) < tolerenceS then
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Ceil := Pass.cPa¡r[m].y
else if (X.He < Xminus,Re) or (X.Re > Xplus.Re) then

Print_Enor(' is out of the passband', X.Re, 2)
êlse bsg in

i:= 1;

Ceil := C_ONE_;
repeat

if (abs(X.Re - Pass.cPairli].x. Re) < tolerence8) and (j < m) then
Ceil := Cmin(Pass.cPair[ì].y, Pass.cPairli + 1l.y)

else lf X.Re < Pass.cPairli].x. Re then
Ceil := Pass.cPairIi].y;

i:=i+1
unlil (Ceil.Re >= 0) or (i > m)
end;

Ce¡ling := Ceil
en d;

function Floor (X: complex): complex;
va r

Xsr_1: compiex;

funcllon SignalBetween (var Signal: complexPairArray; X: complex): complex;
var

i: integer;
Flr: complex;

begln
i:= 1;

Flr := C_ONE_;
repeat

¡f (abs(X.Re - Signal.cPair[i].x. Re) < tolerenceS) and (i < Signal.size) then
Flr := Cmax(Signal.cPairlil,y, Signal.cPairli + 1l.y)

else It X.Re < Signal.cPairlil.x.Re then
Flr := Sig nal.cPair[i].y;

i:=i+1
until (Flr.Re >= 0) or (i > Signal.size);
SignalBetween := Flr;
end;

beg in (- Floor -)

Xsr_1 := Right_Stop.cPairlBight_Stop.size - 1l.x;
if (X.Re < 0) or (X.Re > X_s.Re) and (X.Re < Xs.Be) then

Print_Error(' is out of the stopbands', X.Re, 2)
elso if (X.Re <= X_s,Re) lhen

if CABS(X) < tolerence8 then
Floor := Left_stop.cPaif[11.y

else if abs(X.Re - X_s.Re) < tolerenceS then
Floor := Left_Stop.cPairILeft_Stop.size].y

else
Floor := SignalBetween(Left_Stop, X)

else ¡f abs(X.Re - Xs.Re) < tolerenceS thon
FIoor := Right_Stop.cPair[1].y

else lf X.Re > Xsr_1.8e then
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Floor := Right_Stop.cPairlRight_Stop.sizel.y
else

Floor := SignalBetween(Right_Stop, X);
end;

function f_m¡nus_C (var F: rational; X: complex): complex;
var

Fx: complex;
bêg¡n
Fx := Rational_Evaluation(F, X);
f_minus_C := CSUB(Fx, Ceiling(X));
snd;

funollon Max_Golden (var F: rational; AX, CX: complex;
function Max_Func (var U: rational; X: complex): complex): complex;

vat
f 1, f2: complex;
BX, X0, X1, X2, X3: complex;

beg ln
BX.Be := AX,Re + (CX.Re - AX.Re) / 3,0;
BX.lm := 0.0;
X0 := AX;
X3 := CX;
X1 := BX;
X2 := CZERO;
X2.Be := BX.Be + c - (CX.Re - BX.Re);
f1 := Max_Func(F, X1);
f2 := Max_Func(F, X2);
whlle (ABS(x3.Re - X0.Re) > tolerenceS . (ABS(X1.Re) + ABS(X2.Re))) do bêgin

lf f2.Re > f 1.Be then begln
X0 := X1;
Xl ;= X2;
X2.Re := r. X1.Re + c * X3.Re;
11 i= l2i
f2 := Max_Func(F, X2)
end

elso bêg in
X3 := X2;
X2 i= X1i
Xl,Re := r. X2.Be + c. XO.Re;
f2 := l1i
f1 := Max_Func(F, X1)
end

end;
if (f 1.Be > f2.Re) then

Max_Golden := X1

e lse
Max_Golden := X2

end;

functlon g_minus_F (var F: rat¡onal; X: complex): complex;
vâr
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temp: complex;
bêgin
temp := Rational_Evaluation(F, X);
g_minus_F := CSUB(temp, Floor(X));
ênd;

funclion Min_Golden (var F: rational; AX, CX: complex;
function Min_Func (var U: rational; X: complex): complex): complex;

var
t0, t1, 12, f3: complex;
BX, X0, X1, X2, X3: complex;

bsgin
BX.Re := AX.Re + (CX.Re - AX.Re) / 3.0;
BX.lm := 0.0;
X0 := AX;
X3 := CX;
X1 := BX;
X2 := CZERO;
X2.Re := BX.Re + c - (CX.Re - BX.Be);
f1 := Min_Func(F, X1);
f2 := Min_Func(F, X2);
while (ABS(X3.Re - X0.Re) > tolerenceS . (ABS(XI.Re) + ABS(X2.Re)))

and (abs(X3.Re - Xo.Re) > tolerencel0) do bêgln
if f2.Re < f1.Re thon begln

X0 := X1;
X1 i= X2i
X2.Re := r. X1.Re + c * X3.Re;
'11 := 12:

f2 := Min_Func(F, X2);
end

else beg ln
X3 := X2;
X2 := X'1;

X1.Re := r " X2.Re + c * X0.Re;
Í2 t= Í1i
f1 := Min_Func(F, X1);
end

end;
f0 := Min_Func(F, X0);
f3 := Min_Func(F, X3);
lf (f 1.Re < f2.Re) then

if (fo.Re < Il.Re) then
Min_Golden := X0

else
Min_Golden := X1

else if (f2.Re < f3.Re) thên
Min_Golden := X2

else
Min_Golden := X3

end;

procedure Evaluate_Abscissa (var F: rational; var Abscissa: complexpa¡rArray);
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var
pole: complex;
i.iñ{ôÂ6r.

begln
f or i := 0 to Abscissa.s¡ze d o

with Abscissa.cPair[i] d o
lfimod2=0thenbegin

y:= Ceiling(x);
pole := polyEval(x, F.den);
y:= CMUL(y, CMUL(pole, pole));
end

ê lsê
y := CZERO;

en d;

procedure Newton_lnterpolation (var U: Polynomial; var Data: complexPairArray);
var

M, New_M: Polynomial;
Alpha, Sigma: complex;
k: integer;

begln
U.rep := pÌodRep;
M.rep := prodRep;
U.deg := 0;
M.deg := 0;
U.coef [0] := Data.cPair[0].y;
M.coeflo] := C_ONE;
for k:= 1 to Data.size do begin

M.coeflkl := Data.cPairlk - 1l.x;
M.deg := M.deg + 1;

Aìpha := polyEval(Data.cPairlkl.x, N/);
Alpha := CDIV(C_ONE, Alpha);
Sigma := polyEval(Data.cPairlkl.x, U);
Sigma := CSUB(Data.cPairlk].y, Sigma);
Sigma := CMUL(Alpha, Sigma);
lf CABS(Sigma) > tolerencelS lhen begln

New-M := M;
New_M.coef [0] := CMUL(Sigma, M.coel[o]);
U := F¡ndprodRepOfSum(U, New_M)
end

end;
ênd; { procedure NeMon_lnterpolat¡on i
procedure Sort_Abscissa (var AR: complexPairArray);

vat
M, N, k, i: ìnteger;
sort: boolean;
lemp: complexPair;

beg ln
N := AR.size - 1;

M:= AR.size;
k;= 0:
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sort := FALSE;
while (k <= N) and not sort do begin

k:= k + 1;

M := M - 1;

SOTt := TRUE;
for i:= 0 to M do

lf CABS(AR.cPair[i].y) > CABS(AR.cPairl¡ + 1].y) then begin
temp := AH.cPair[i + 1];
AR.cPairli + 1l := AR.cPairlil;
AR.cPair[i] := temp;
SOTI:= FALSE
end

end
ênd;

procedure Sort-zeros (var U: polynomial);
vat

M, N, k, i: integer;
sorl: boolean;
temp: complex;

begln
N:= ¡.¿"n - t'
M := U.deg;
k:= g;

sort := FALSE;
while (k <= N) and nol sort do begin

k:= k + 1;

M := M - 1;

sort := TRUE;
for i:= 1 to M do

if CABS(U.coeflil) > CABS(U.coefli + 1]) then begin
temp := U.coel[i + 1];
U.coef[i + '11 := U.coef [i];
U.coeflil := temp;
sort:= FALSE
end

end
end;

procedure Locate_absc¡ssa_zeros (var F: rat¡onal;
var Newx: complexPairArray; Asize: integer);

va r
i, last: integer;

begln
NewX.size := Asize;
last := Asize - 1;
NewX.cPair[O].x := Xminus;
for i:= 1 to last do

lf (i mod 2 = 1) then
Newx.cPair[i].x := Min_Golden(F, F.num.coef[i], F.num.coef[i + 1], Rational_Evaluation)

€lse
Newx.cPairli].x := Max_Golden(F, F.num.coef[i], F.num.coefli + 1], f_minus_C);
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Newx.cPairIil.x := Xplus
end;

procedure lnterpolat¡on_Stage (var F: rational; var Abscissa: complexPairArray);
var

Abscissa_lnOrder, Newx: complexPairArray;
i, j: integer;
success: boolean;
Startsec, Endsec: longint;

begln
j:=o;
success := FALSE;
GetDateTime(StartSec) ;

re peat
j := j + 1;

Evaluate_Abscissa(F, Abscissa);
Abscissa_lnorder := Abscissa;
Sort_Absc¡ssa(Abscissa_l nOrder) ;

Newton_lnterpolation(F.num, Abscissa_lnOrde0;
Sort_Zeros(F. num);
Locate_abscissa_zeros(F, Newx, Abscissa.size);
i:=0;
while (i <= Abscissa.size)

and CEqualityTol(Newx.cPairIi].x, Abscìssa.cPair[i].x, tolerenceB) do
i := i + 1;

if i> Absc¡ssa.s¡ze the n

success := TRUE;
for i := 0 to Abscissa.size do

Abscissa.cPairIi].x := Newx.cPair[i].xi
unt¡l success or (j > lnterpolation_Limìt);
GetDateTime(EndSec);
if not success thên

Print_Efio('Can"t interpolate the zeros l', 0, 1)

else begln
wr¡teln('# of interpolation =', j:3);
Time_Spent(StartSec, EndSec,'lnterpolation');
end;

en d;

function Check_End (EndPoint: complex): complex;
begln
if EndPoint.Re > X-s.Re then

Check_End := X_s
else

Check_End := EndPoìnt
end;

funclion Check_Start (StartPoint: complex): complex;
beg ln
if StartPoint.Re < Xs.Re then

Check_Start := Xs
elsê
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Check_Start := StartPoint
end;

procedure Locate_abscissa_poles (var G: rat¡onal; var NewX: complexPairArray);
vaf

i: integer;
StartPoint, EndPoint: complex;

beg in
NewX.size := G,den.deg;
EndPoint := Check_End(G.den.coef[1]);
Newx,cPair[1].x := Min_Golden(G, CZERO, EndPoint, g_minus_F);
i:=2;
whlle (G.den.coeflil. Re < Pass.cPair[0].x. Be) do bogin

EndPoint := Check_End(G.den.coeflil);
Newx.cPairli].x := Min_Golden(G, G.den.coefli - 1], EndPoint, g_minus_F);
¡:=i+1
ênd;

while (i < G.den.deg) do begln
StartPoint := Check_Start(G.den.coefIi]);
Newx.cPairli].x := Min_Golden(G, StartPoint, G.den.coefli + 1], g_minus_F);
i:=i+1
ênd;

StartPoint := Check_Start(G.den.coefIi]);
EndPoint := Right_Stop.cPairIRight_Stop.size].x;
EndPoint.Re := EndPoint.Re " 2; { increase searching length }
NewX.cPairli].x := Min_Golden(G, StartPoint, EndPoint, g_minus_F);

f or i := 1 to Newx.size d o
Newx.cPairlil,y := Rational_Evaluation(G, Newx.cPair[i].x);

end;

procedurs Matrix_Evaluate (var A: SquareMatrix; size: integer);
var

k, row, col, last: integer;
w: extended;

procêdure Exchange_Row (var A: SquareMatrix; size, k: integer);
var

i, j: integer;
temp: extended;

begin
i:= k + 1;

whlle (i <= size) and (abs(A[i, k]) < tolerencel S) do
i := i+ 1;

if (i <= size) lhen
for j:= 1 to size + 1 do begln

temp := A[k, j];
Alk, jl := A[i, j];
Ali, jl := temp;
end

else
Print_Error('Matrix cannot be evaluated !', 0, 3);
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snd;

beg ln (* Matrix_Evaluate .)

last := size + 1;
for k:= 1 to size - 1 do bêgin

lf abs(A[k, k]) < tolerence8 then
Exchange_Row(A, size, k);

for row:= k + 1 to size do
if abs(A[row, k]) > tolerencelS lhen begin

w:= Alk, kl / Alrow, kl;
for col := k + I to last do

A[row, col] := A[k, co¡] - w * Alrow, col];
Alrow, kl := 0;
end;

end;

for k := size downto 2 do begln
A[k, last] := Alk, lastl / Alk, kl;
A[k, k] := 1 .0;
for row := k - 1 downto 1 do begin

f or col := k - 1 downto row d o
A[row, col] := Alrow, coll - Alk, coll . Alrow, kl;

Alrow, lastl := Alrow, lastl - A[k, last] . Alrow, kl;
A[row, k] := 0;
e nd;

end;
A[1 , last] := A[1 , last] / A[1 , 1];
end;

procedure Check_Stop (var G: rational; var Xi: complexPairArray;
var BelowFloor: Distance);

va r
i: integer;
FlrX: complex;

beg in
if not No_Shift then

Locate_abscissa_poles(G, Xi) ;

BelowFloor.least := 0;
for i:= 1 to Xi.size do begin

FlrX := Floor(Xi.cPairlil.x);
if (Xi.cPairlil.y.Re < FlrX.Re) then

BelowFloor.least := BelowFloor.least + sqr(X¡.cPairli].y. Re - FlrX.Re);
end;

if (BelowFloor.least < tolerence8) then
BeiowFloor.error := FALSE

else beg ln
BelowFloor,least := sqrt(BelowFloor.least);
BelowFloor.error := TRUE;
end;

e nd;

procedure Check_Stop_Edge (var G: rational; var BelowEdge: Distance);
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va r
Left_Edge, Right_Edge: Distance;

procedur6 Check_Edge (var G: rational; X: complex; var Edge: Distance);
var

Gx, Flrx: complex;
begin
Gx := Rat¡onal_Evaluation(G, X);
Flrx := Floor(X);
Edge.least := sqr(Gx.Re - Flrx.Re);
if (Gx.Re > Flrx.Re) then

Edge.eror := FALSE
else

Edge.error := TRUE;
end;

begin
Check_Edge(G, X_s, Left_Edge) ;

Check_Edge(G, Xs, Right_Edge);
BelowEdge.error := Left_Edge.error or Right_Edge.error;
¡f nol BelowEdge.error or Lelt_Edge,error and Right_Edge.error thon

BelowEdgè.least := sqrt(LefLEdge.least + Right_Edge.least)
êlse if Left_Edge.effor then

BelowEdge.least := sqrt(Left_Edge.least)
e lse

BelowEdge.least := sqrt(Right_Edge.least)
end;

procedure Check_Pass (var G: rational; var OverPass: Distance);
vaf

i: integer;
Over: Distance;
Xi: complex;

procedure Check_Over (var G: rational; X: complex; var Over: Distance);
vat

Gx, Cx: complex;
begin
Gx := Rat¡onal_Evaluation(G, X);
Cx := Ceiling(X);
Over.least := 0;
iÎ (Gx.Re > Cx.Re) then begin

Over.error := TFUE;
Over.least := sqr(Gx.Re - Cx,Re);
end

else
Over.error := FALSE;

end;

beg in
Check_Ove(G, Xminus, Over);
OverPass := Over:
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i:=2i
while (i < G.num.deg) do begin

Xi := Max_Golden(G, G.num.coeflil, G.num.coefli + 1], Rational_Evaluation);
Check_Over(G, Xi, Over);
OverPass.error := OverPass.error or Over.error;
OverPass.least := OverPass.ieast + Over.least;
ii=i+2i
end;

Check_Ove(G, Xplus, Over);
OverPass.error := OverPass.error or Over.eftor;
OverPass.least := sqrt(OverPass.least + Over.least);
end;

procedurê Find_DeltaP (var G: rat¡onal; var Xi: complexPairArray;
var M: SquareMatrix);

var
last, i, j: integer;
temp: complex;

beg in
last := G.den.deg + 1;

for i:= 1 to Xi.size do bogin
temp := Rational_Evaluation(G, Xi.cPair[i],x);
for j := 1 to G.den.deg do

Mli, jl := 2. temp.He / (Xi.cPair[i].x. Re - c.den.coeflil. Re);
temp := CSUB(Floo(Xi.cPairlil.x), temp);
Mli, lastl := temp.Re;
end;

Matrix_Evaluate(M, G.den.deg);
end;

funcflon Check_DeltaP (var M: SquareMatrix; size: integer): boolean;
vâr

last, i: integer;
begin
i._ l.

last := size + 1;

whlle (abs(Mli, lastl) < tolerenceS) and (i <= size) do
i:= i+ 1;

lf (i > size) then
Check_DeltaP := TRUE

else
Check_DeltaP := FALSE;

end;

procedure Search_BestP (var G: rational; var Xi: complexPairArray;
var lV: SquareMatrix; var UnderFloor, UnderEdge, AbovePass: Distance);

vat
NewG: rational;
K, scale: extended;
Best_Factor, i, j, last: integer;
ln_Pass: boolean;
BelowFloor, BelowEdge, OverPass: Distance;
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Least_Distance, Total_Distance: extended;
beg ln
Least_Distance := INF;
scale := 1 / ScaleFactor;

last := G.den.deg + 1;

NewG.num := G.num;
w¡th Newc.den do

while (l < ScaleFactor) and not rational_Found do begin
j := j + 1;

K:= j. scale;
NewG,den := G.den;
i:= 1;

ln_Pass := FALSE;
(- check new pole whether in pass band .)
whilo ü + 0) and (i <= deg) and not ln_Pass do begin

coellil.Re := coeflil.Be + M[i, last] . K;
if (0 > coeflil.Re) or (coef[i].Re > Xminus.Re) and (coeflil.Re < Xplus.Re) then

ln_Pass := TRUE;
i := ¡ +'1;
end;

lf not ln_Pass then begln
Check_Stop(Newc, Xi, BelowFloor);
Check_Stop_Edge(NewG, BelowEdge);
ifj+0then

Check_Pass(NewG, OverPass)
else begin

OverPass.eror := FALSE;
OverPass.least := 0;
e nd;

lf BelowEdge.error then
TotaLDistance := BelowFloor.least + BelowEdge.least + OverPass.least

else
Total_D¡stance := BelowFloor.least + OverPass.least;

lf (Total_D¡stance < Least_Distance) then begln
Best_Factor := j;
Least_Distance := Total_Distance;
UnderFloor := BelowFloor;
UnderEdge := BelowEdge;
AbovePass := OverPass;
en d;

if not (BelowEdge.error or BelowFloor,error or OverPass.error) then
rational_Found := TRUE;

end;
en d;

if (Best_Factor = 0) then begin
No_Shift := TRUE;
writeln('Pole ¡s best not to be shifted !')
end

else beg in



Appendix A

K := Best Factor * scale;
wr¡teln('New delta p : with scaling factor =', K:1 :3);
for i:= 1 to G.den.deg do begln

Mli, lastl := Mli, lastl - K;
wr¡teln(Mli, lastl : 30 : 20);
G.den.coef[i].Re := G.den.coel[i],Re + M[i, last];
end;

end;
e nd;

procedure Pole_Shifting_Stage (var G: rational; var Least_Edge_Distance: extended);
va r

Xi: complexPairArray;
M: SquareMatrix;
Under_Floor, Under_Edge, Above_Pass: D¡stance;
Startsec, Endsec: longint;

beg ln
writeln;
GetDateTi me(StartSec) ;

Locate_abscissa_poles(G, Xi) ;

Find_DeltaP(G, X¡, M);
No_Shift := Check_DeltaP(M, G.den.deg);

rat¡onal_Found := FALSE;
¡f No_Shilt then beg ln

Check_Stop(G, Xi, Under_Floor);
Check_Stop_Edge(G, Under_Edge);
if not (Under_Floor.error or U nder_Edge.erro0 lhen

rational_Found := TBUE;
Above Pass.error := FALSE;
writeln('No pole is shifted !')
end

e lse
Search_BestP(G, Xi, M, Under_Floor, Under_Edge, Above_Pass);

writ e ln;
Least_Edge_Distance := Under_Edge. least;
if U nder_Edge,error thên

writeln('least distance Under Stop edges = ', Under_Edge.least : 27);
if U nder_Floor.error then

writeln('least distance Under Stop Band = ', Under_Floor.least : 27);
lf Above_Pass.error then

writeln('least distance Above Pass Band = ', Above_Pass,least : 27);
GetDateT¡me(EndSec);
Time_Spent(Startsec, EndSec,'Pole-Shifting');
ênd;

procedure Output_Optimal (var G: rational);
var

i, j, decimal: integer;
number, remainder, digit: extended;
Fw. Fl: rational:
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begln
i := 1;

w¡th G.num do
whlle (j <= deg) do beg¡n

decimal := abs(trunc(ln(coefli + 1l.Re - coefli].Re) / ln10 + 0.1));
number := trunc(coefli + 1].Re);
remainder := coefli + 1].Be - number;
for j := 1 to decimal do bègin

remainder := remainder * 10;
digit := trunc(remainder);
remainder := remainder - digit;
dig¡t := d¡git . exp(-j - ln10);
number := number + digiu
end;

coell¡].Re := number;
coefli + 1l.Re:= coeflil.Re;
i:=i+2;
end;

for i := 0 to G.num.deg do begin
Fw.num.coef[i] := G.num.coef[i * 2];
Ff.num.coef [i] := Fw.num.coef lil;
if (i Õ 0) then

Ff.num.coef[i].Re:= sqrt(Fw. num.coef[i]. Re) / TwoPi;
end;

Fw.den := G.den;
Ff.den := Fw.den;
for i:= 1 to Ff.den.deg do

Ff.den.coef[i].Re := sqrt(Ff.den.coeflil.Re) / TwoPi;
Fw.num,deg := G.num.deg div 2;
Ff.num.deg := Fw.num.deg;
Print_Rational(Fw, Polelnsingle,'in omega square');
Pr¡nt_Rational(Ff, PolelnSingle,'¡n lrequency');
end;

( 
- - - - . - - - - - - - - - . , - - - . M A tN p R Oc RAM - - - - - 

' 
- - . - . - - - - - - . - 

)
begin
DateTime;
c:= (3.0 - sqrt(5.0)) / 2.0;
r := 1.0 - c;
TwoPi :=2* Pl;
ln10 := In(10);
SelectDataFile(DataFile,'Select data file :');
OpenTextWindow(so, 50, ScreenBits.bounds.r¡ght - 50, ScreenBits.bounds.bottom);

Read_Signal(DataFile, Left_Stop, Pass, Right_Stop);
Print_Signal(Left_Stop, Pass, Bight_Stop,'fi','lff-/gg.l in dB');
EndPoint := Right_Stop.cPairlRight_Stop.sizel.x.Re;

Convert(Pass);
Convert(Right_Stop);
Convert(Left_Stop);
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Print_Signal(Left_Stop, Pass, Right_Stop,,Xì','f(Xi)');
lnput_lnitial(DataFile, Abscissa, Transfer_Function.den);
close(DataFile);

Xminus := Pass.cPair[0].x;
Xplus := Pass.cPairIPass.sizel.x;
X_s := Left_Stop.cPairILeft_Stop.size],x;
Xs := Right_Stop.cPair[0],x;

Opt¡mal_Least_Distance := -lNF;
Optimal_lterat¡on := -f ;

Iteration := 0;
Optimal_index := 0;

repeat
Iteration := lteration + '1;

writeln;
wr¡teln(r------------ lteration ', lteration : 1);
lnterpolation_Stage(Transfer_Function, Abscissa);
Pole_Sh¡lting_Stage(Transf er_Function, Least_D¡stance);
Pr¡nt_Rational(Transfer_Function, PolelnDouble,'¡n omega square');

lf rat¡onal_Found then
¡f (Least_Distance > Optimal_Least_Distance) then begin

Optimal_Least_Distance := Least_Distance;
Optimal_Function := Transfer_Function;
Optimal_lteration := lteration;
Optimal-index := 0;
end

else if (Optimal_index >= Search_Lim¡t) thon
No_Shift := TRUE

else bogln
wr¡teln(r**. Transfer lunction is not Optimal');
Optimal_index := Optimal_index + 1;
end

untll No_Shift or (Optimal_lterat¡on = -1) and (lteration >= lteration_Limit);

lf (Optimal_lterat¡on = -1) then
Print_Error('No Character¡stic Function is found.,, 0, 1)

else beg i n
write ln;
writeln('----*-*:-- O pt i m a I T rans f e r F u n cti o n -------------r);
wr it e In;
writeln('Optìmal f unction is found in ', Opt¡mal_lteration : 1, 'th iteration.,);
Output_Optimal (Optimal_Function) ;

Plot_Signal(Optimal_Funct¡on, 0, EndPoint,'ff./gg.');
writeln;
writeln('----:------ E n d o f P r o c e s s i n g -----------------');
end;

end.
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The following program listings are the 'units' which are required by the previous program;

they were developed by Prof. G. O. Martens.

un¡t Types;
lnterface

const
Pt = 3.141592653589793238462643383279;
MAXDEG = 30;

type

{...... ....'.)
{complex Types follow}

complex = record
Fle, lm: Extended

e nd;
complexPair = record

x: complex;
y: complex

ên d;
complexPairArrayType = array[0..101] of complexPair;
complexPairArray = rêco rd

size: integer;
cPair: complexPairArrayType;

end;
ComplexArrayType = arraylo..|\,4AXDEG] of Complex;

{...... ....".}
{polynomial Types follow}

polyRep = (sumRep, prodBep);
valueType = (fctpole, lctzero, fctkonst);
polynomial = rocord

rep: polyRep;
deg: ¡nteger;
coef: ComplexArrayType;

end;

{...... ......)
{rational Types follow}

rat¡onal = rec o rd
num: Polynom¡al;
den: Polynomial;

end;

{."..'. .......}

procedure DateTime;
procedure OpenTextwindow (left1, top1, rightl, bottoml: integer); {Opens Text Window}
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lmplementation

procedure DateTime;
vaÍ

secs: longint;
daterec: DateTimerec;

bêg in
GetDateT¡me(secs);
Secs2Date(secs, daterec);
with daterec do beg in

writeln(year : 4, '/', month | 2, 'l', day | 2)i
wr¡teln(hour : 2, ':', minute:2,':', second : 2);
end;

end;

procedure OpenTextwindow (lelt1, top1, rightl, bottoml: integer);
var

windowRect: Rect;
beg in
with windowBect do begin

left := left1 ; {10}
top := topl; {40}
right := rightl; {ô30i
bottom :=bottoml; {470}
end;

SetTextRect(w¡ndowRect) ;

ShowText;
end;

end,

{Opens Text Window}
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unlt Complex;
lnterface

u sgs
Ty p es;

consl
EQUALITY_EPSILON = 1 e-1 6;

functlon CZERO: complex;
funclion C_ONE: complex;
functlon C_ONE_: complex;
functlon Re_lm_to_C (Re, lm: extended): complex;
funclion CONJ (A: complex): complex;
functlon SCALE (K: extended; A: complex): complex;
functlon CABS (A: complex): extended;
function QUADl (A: complex): complex; { Reflects A into the 1st Quadrant}
function QUAD (A: complex): integer; { Determines the Quadrant}
function R_TO_P (A: complex): complex;
functlon P_TO_R (A: complex): complex;
function CADD (4, B: complex): complex;
functlon CSUB (4, B: complex): complex;
function CMUL (D, E: complex): complex;
funct¡on CDIV (4, B: complex): complex;
function CSQRT (A: complex): complex;
function kthPowerofo (k: integer; z: complex): complex;
funcllon complexNo (x, y: extended): complex;
function CEqual (4, B: complex): Boolean; { A =B exactly}
functlon CEquality (4, B: complex): boolean;
funct¡on CNEGATE (A: comp¡ex): complex;
funcllon ZerooRes¡due (A: complex): complex;
function CEqualityTol (4, B: complex; tol: real): boolean; {tolerance can be specified}
function Relatlvezero (testVal, reference: complex; tol: real): boolean;
funclion BelativecEquality (testval, reference: complex; tol: real): boolean;

lmplementat¡on

funcllon CZERO: complex;
var

z: complex;
begln
z,Re := 0;
z.lm := 0;
CZERQ := z;
end;

function C_ONE: complex;
var

z: complex;
begin
z.Re := 1 ;

7lm - n.

C_ONE := z;
en d;

a)
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f unction C_ONE_: complex;
v ar

z: complex;
begin
z.Re := -1;
z.lm := 0;
C_ONE_ := z;

end;

function Re_lm_to_C (Re, lm: extended): complex;
var

C: complex;
begin
C.Re := Re;
C.lm := lm;
Fle_lm_to_C := C;
end;

function CONJ (A: complex): complex;
var

B: complex;
begln
B.RE := A.Re;
B.lm := -A.lm;
Conj := B;
end;

function SCALE (K: extended; A: complex): complex;
beg ln
A,Re:=K.A.Re;
A.lm:=K.A.lm;
SCALE := A;
end;

functlon CABS (A: complex): extended;
begin
if (A.Re = 0) and (A.lm = 0) lhen

CABS := 0
else begin

A.Re := abs(A.Re);
A.lm := abs(A.lm);
if (A.Re = INF) or (A.lm = INF) then

CABS := INF
else beg in

lf (A.Re >= A,lm) then
CABS := A.Re " SORT(1 + SQR(A.lm / A.Re))

else
CABS := A.lm " SORT(I + SQR(A.Re / A,lm));

end;
end;

en d;
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function QUADl (A: complex): complex; { Reflects A into the 1st Quadrant}
beg in
A,Re := ABS(A.Re);
A.lm := ABS(A.lm);
Quad l := A;
end;

funcllon QUAD (A: complex): ìnteger; { Determines the Quadrant}
begin
if A.Re >= 0 thsn

if A.lm >= 0 then
QUAD := 1

else
QUAD := 4

else lf A.lm >= 0 then
QUAD := 2

e lse
QUAD := 3

end;

funotlon R_TO_P (A: complex): complex; { -n<angle<n}
var

B: complex;
R: extended;

begln
lf (A.Re = 0) and (A.lm = 0) then

R-TO-P := CZERO
else begin

B := QUAD1 (A);

if B.Re >= B.lm then
R := arctan(B.lm / B.Re)

e lse
B := pi / 2 - arctan(B.Re / B.lm);

case QUAD(A) of
t:

B.lm := R;

2:
B.lm := pi - R;

3:
B.lm:=R-pi;

4:
B.lm := -R;

ênd;
A.Re := CABS(A);
R_TO_P := B;
end;

end;

function P_TO_R (A: complex): complex;
var

B: complex;
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begln
B.Re := A.Re . cos(A.im);
B.lm := A.Re - sin(A.lm);
P_TO_R := B;

end;

functlon CADD (A, B: complex): complex;
var

C: complex;
beg ln
C.Re := A.Re + B.Re;
C.lm := A.lm + B.lm;
CADD := C;
en d;

function CSUB (4, B: complex): complex;
vat

C: complex;
beg ln
C.Re := A.Re - B.Re;
C,lm := A.lm - B.lm;
CSUB := C;
en d;

functlon CMUL (D, E: complex): complex;
var

C, CZero: complex;
begln
lf CEqual(D, Czero) or CEqual(E, Czero) then

C := Czeto
elsê begl n

C,Re:= (D.Re. E.Re) - (D.lm. E.lm);
C.lm:= (D.Re. E.lm) + (D.lm - E.Re);
end;

CMUL := C;
end;

funct¡on CDIV (4, B: complex): complex;
var

C: complex;
Fì: extended;

bogin
C:= CONJ(B);
R:= CABS(B);
A.Re := A.Re / R;
A.lm := A.lm / R;
C.Re := C.Re / Fì;

C.lm := C.lm / R;

CDIV := CMUL(A, C);
end;
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funclion CSQRT (A: complex): complex;
var

C: complex;
bsg¡n
C := R_TO_P(A);
C,Re := sqrt(C,Re);
C.lm := C.lm / 2;
CSQRT := P_TO_R(C);
end;

function kthPowerofc (k: ¡nteger; z: complex): complex;
vat

t, v: complex;
u: ¡nteger;

bêg in
t := z;
U:= k;
v,Re := 1;

v.lm := 0;
whileu+0dobegin

¡fumod2Õ0then
v:= CMUL(t, v);

t := CMUL(I, t);
u:=udlv2;
e nd;

kthPowerofc := v;
end;

function complexNo (x, y: extended): complex;
begin
complexNo.Re := x;
complexNo.lm := y;

end;

funct¡on CEqual (4, B: complex): Boolean;
begin
CEqual := (A.Re = B.Re) and (A.lm = B.lm)
end;

function CEquality (4, B: complex): boolean;
val

x, y1, y2: extended;
beg in
x:= CABS(CSUB(4, B));
¡fx=0then

CEquality := TRUE
êlsê bsgin

y1 := CABS(A);
y2 := CABS(B);
¡f (y1 > y2) then

y2 i= x Iy1
else
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y2:=xly2;
if y2 < EQUALITY_EPSILON then

CEquality := TRUE
else

CEquality := FALSE;
end;

end;

funclion CNEGATE (A: compiex): complex;
var

C: complex;
begln
C.Re := -A.Re;
C.lm := -A.lm;
CNEGATE := C;
end;

funct¡on ZerocResidue (A: complex): complex;
var

C: complex;
begln
C:=A;
lf CEqual(A, CZERO) then {changed to CEqual from CEquality 90/11/16}

C := CZERO
else beg in

lf (abs(C.Re) / CABS(C)) < EQUALITY_EPSILON lhen
C.Re := 0;

¡f (abs(C.lm) / CABS(C)) < EQUALITY_EPSILON thsn
C.lm := 0;

end;
ZerooResidue := C;
e nd;

function CEqualityTol (4, B: complex; tol: real): boolean;
var

x, yl, y2i extended;
begln
x:= CABS(CSUB(4, B));
if x = 0 then

CEqualityTol := TRUE
else begln

y1 := CABS(A);
y2 := CABS(B);
if (y1 > y2) then

y2 t= x ly1
else

y2:=xly2;
it y2 < tol then

CEqualityTol := TRUE
else

CEqual¡tyTol ;= FALSE;
e nd;
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end;

function Relat¡vezero (testVal, reference: complex; tol: real): boolean;
begln
RelativeZero := TRUE;
¡f not CEqual(testVal, CZERO) then

lf (CABS(CDIV(testval, reference)) > tol) then
Relativezero := FALSE;

e nd;

functlon RelativeCEquality (testVal, reference: complex; tol: real): boolean;
begin
testVal := CSUB(testval, reference);
if (CABS(CDIV(testval, reference)) < tol) then

Relat¡vecEquality := TFìUE
else

RelativecEquality ;= FALSE;
on d;

6nd.
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u n lt ArithmetÌc;
interface

usês
Types, Complex;

procedure SortCPairArray (var X: complexPairArrayType; N: integer);
{sorts in ascending order of y-mag--lrom Pascal Programs}

funct¡on MaxolTwolntegers (m, n: intege0: integer;
function M¡noflwoExtendeds (m, n: extended): extended;
functlon MaxofTwoExtendeds (m, n: extended): extended;

lmplomontation

procedure sortcPairAnav 
!".""i ."i" ïJ:ii:; 'iT:l:io,";);-Tlï'r'å*", prosrams)

procodurê QSortcPairArray (var X: complexPairArrayType; M, N: integer);
var

i, j: integer;

procedurs Partit (var A: complexPairArrayType; var i, j: integer;
left, right: integer); {sorts ¡n ascending order of y-mag--from Pascal Programs)

var
pivot: complexPair;

procedure Swap (var p, q: complexPair);
uat

hold: complexPair;
begin
hold := p;

P:= q;
q:= hold;
end; {swap}

begln
pjvot := Al(left + right) dlv 2];
i := left;
j := right;
whlle ¡<= jdo bogin

whilê CABS(A[|].y) < CABS(pivot.y) do
i:= ì+ 1;

whllê CABS(pivot.y) < CABS(Aül.y) do
j := j - 1;

lf i<= jthên begln
swap(Alil, A[j]);
i := i + 1;
j := j - 1;

end
end {while}

en d; {partit}
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begln {QSortCPairArray}
IfM<Nthênbêgin

partit(X, i, j, M, N); {div¡de in two}
QsortcPairArray(X, l\¡, j); {sort left part}
QsortcPairArray(X, i, N); {sort right part)
end

end; {QSortcPairArray}

bêgin {SortCPairArray}
QSortoPairArray(X, 1, N);
end; {SortOPairAnay}

functlon MaxofTwolntegers (m, n: integer): integer;
begln
lfm>=nthon

MaxofTwolntegers := m
e lsê

MaxOfTwolntegers := n;
en d;

function MinoffwoExtendeds (m, n: extended): extended;
bogin
lfm<=nlhen

MinoflwoExtendeds := m
else

MinOffwoExtendeds := n;
end;

funcllon MaxofTwoExtendeds (m, n: extended): extended;
begln
ifm>=nthen

MaxOfTwoExtendeds := m
elso

MaxofTwoExtendeds := n;
end;

end.
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unit Polynomial;
Interface

uses
Types, Complex, Arithmet¡c;

funcl¡on ZeroPoly (representation: polyRep): polynomìal;
function UnitPoly (representation: polyRep): polynomial;
function AddPoly (var p1, p2: polynomial): polynomial;
function MulPoly (var p1, p2: polynomial): polynomial;
funclion PolyEval (z: complex; var p: polynomial): complex;
funclion MaxPolyBadius (var p: polynom¡al): extended;

{max radius= mag of largest zero mag +0}
functlon MinPolyRadius (var p: polynomial): extended;

{min radius= mag of smallest zero mag +0}
funclion SortPolyzeros (var p: polynom¡al): polynomial;
funct¡on DFT_Coels (k, N: integer; r: extended; var p: polynom¡al): complex;
procedurs Storezero (teslZero: complex; var found_p: polynomial);
procedure FindcommonZeros (var p1, p2, common_p: polynomial);
function RemoveFactor_i (i: integer; var p: polynomial): polynomial;
funclion PicksHighestDegPoly (var p1, p2: polynomial): polynomial;
function PolyDelay (z: complex; var p: polynomial): complex; {f'lf evaluated at z}
function PolyDeriv (var p: polynomial): polynomial;
f unction PolyDelayPair (z: complex; var p1, p2: polynom¡al): complexPair;
funclion PolyDelayll (z: complex; var p: polynomial): complex; {f',/f evaluated at z}
functlon Laguerrestep (z: complex; p1, p2, q: polynomial): complex;

{see Orchard CAS Nov 1989 p.1377}
funcllon Findprod RepOfSum (var q'l, q2: polynomial): polynomial; {q1, q2 are in prodFep)

lmplemenlation

funclion ZeroPoly (representation: polyRep): polynomial;
var

q: polynomial;
beg ln
q.deg := 0;
q.rep := representat¡on;
q.coeflo] := CZERO;
ZeroPoly := q;

en d;

funclion UnitPoly (representat¡on: polyRep): polynomial;
var

q: polynomial;
begln
q.deg := 0;
q.rep := representat¡on;
q.coef[o] := C_ONE;
UnitPoly := q;

en d;
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functlon PolyEqual (var p1, p2: polynomial): boolean;
va r

i: integer;
begln
lf (p1,rep = p2.rep) and (p'1.deg = p2.deg) then begin

for i := 0 to p1.deg do
lf not CEqual(p1.coef [i], p2.coef [i]) then

PolyEqual := FALSE
o lse

PolyEqual := TRUE
end

elso
PolyEqual := FALSE;

end;

function AddPoly (var p1, p2: polynomial): polynomial;
vât

i, minDeg: integer;
q: polynomial;

begln
lr (p1.deg = 0) ând cEqual(p'1 .coer[o], czERo) then

q:=P2
else ¡f (p2.deg = 0) and CEqual(p2.coeflo], CZERO) then

q:= P1

êlse begln {nonspecial case}
if (p1.rep ê p2.rep) then bsg¡n

writeln('addit¡on of prodBep with sumRep not available');
ExitToShell;
end;

it (p1.rep = prodRep) and (p2.rep = p¡odRep) thên begln
q := F¡ndprodRepofsum(p1 , p2);
end

else beg ln
q.rep := sumRep;
lf p'l.deg < p2.deg then begln

minDeg := p1 .deg;
q:= P2;
end;

lf p2.deg < p1.deg then begin
minDeg := p2.deg;
q := P1;
end;

lf p1.deg = p2.deg then begln {check for degree reduct¡on}
minDeg := p1.deg;
while CEquality(p1 .coef[minDeg], CN EGATE(p2.coef [minDeg])) and (minDeg > 0) do

minDeg := minDeg - 1;

q,deg := minDeg
end;

if (p1 .deg = p2.deg) and CEquality(p1.coef [minDeg], CNEGATE(p2.coel[minDeg]))
and (minDeg = 0) then

q := ZeroPoly(p1 . rep)
êlse
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for ¡ := 0 to minDeg d o

Q.coef Ii] := CADD(p1 .coef Ii], p2.coefli]);
e nd;

end; {nonspec¡al case)
AddPoly := q;

ond;

f unctlon MulPoly (var p1, p2: polynomial): polynomial;
var

i, j: integer;
q: polynomial;

beg in
if (p'1.rep + p2.rep) then begin

writeln('multipl¡cation of prodRep with sumFìep not available');
ExitToShell;
en d;

lf ((p1,des = 0) and (cABS(p1 .coef[o]) = 0)) or ((p2.deg = 0) ano (cABs(p2.coef[0]) = 0))
then

q := ZeroPoly(p 1 .rep)
elsê begln

q.deg := p1,deg + p2.deg;
q.rep := p1.rep;
¡f (pl.rep = prodRep) and (p2.rep = prodRep) lhen begln

q.coef[0] := CMU L(p1.coel[0], p2.coef[o]);
for i:= 1lo p1.deg do

q.coellil := pl.coefIi];
for ¡ := p'l.deg + 1 to q.deg do

q.coeflil := p2.coelli - pl.degl;
end; {end ¡f prodRep}

lf (p1.rep = sumRep) and (p2.rep = sumRep) thsn begln
for i := 0 to q.deg do begln

q.coef[¡] := CZEBO;
for j := 0 lo p1.deg do

lf ((i - j) <= p2.des) and (0 <= (i - j)) then
q.coeflil := CADD(q.coeflil, CMU L(p1 .coef Ljl, p2.coefli - jl));

end; {end i for-loop}
end; {end il sumRep}

end;
MulPoly := q;

end;

function Prod PolyEvaluation (z: complex; var p: polynomial): complex;
var

l: integer;
value: complex;

begln
y¿¡ee ¡= p,coef[0];
for i := 1 to p.deg do

value := CMUL(value, CSUB(Z, p.coeflil));
ProdPolyEvaluation := value;
end;
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functlon Sum PolyEvaluation (z: complex; var p: polynomial): complex;
vat

i: integer;
value: complex;

begln
value := p.coef[p.deg];
1e¡ ¡ ;= p.deg - 1 downto 0 do

value := CADD(CMU L(value, z), p.coef[i]);
SumPolyEvaluat¡on := value;
end;

funclion PolyEval (z: complex; var p: polynomial): complex;
var

value: complex;
begln
if p.rep = sumRep then

value := Sum PolyEvaluation(z, p)
else

value := Prod PolyEvaluation(2, p);
PolyEval := value;
e nd;

funclion maxPolyRadius (var p: polynomial): extended;
var

q: polynomial;
x: extended;

begln
q:= SortPolyZeros(p);
x := CABS(q,coeflq.degl);
lfx+0thon

maxPolyRadius := x
e lse

maxPolyRadius := CABS(q.coef[o]);
end;

functlon minPolyRadius (var p: polynomial): extended;
vaf

q: polynomial;
x: extended;
i: integer;

begin
q:= SortPolyzeros(p);
x:= CABS(q.coef ['1]);
i:= 1;

while (x = 0) and (i < p.deg) do begln
i:= i + 1;

x:= CABS(q.coeff il);
end;

ifxo0then
minPolyBadius := x

else
mjnPolyRadius := CABS(q.coef[o]);
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en d;

functlon SortPolyzeros (var p: polynomial): polynomial;
var

B: com plex PairA rray;
q: polynomial;
i: integer;

beg¡n
q:= P;
for i := 1 to p.deg do

B.cPairlil.y := p.coef [¡l;
SortCPairArray(B.cPair, p.deg);
for i := 1 lo p.deg do

q.coellil := B.cPairlil.y;
SortPolyZeros := q;
en d;

funct¡on EvalRationaloncircle (z: complex;
{evluates a rational fct w¡th num=num1+num2 at N points on a circle of radius r about z )

r: extended; N: integer; num1, num2, den: polynomial): polynomial;
var

q: polynomial;
z1: complex;
value: valueType;
l, j: integer;

beg in
q.deg:= N - 1;
q.rep := sumRep;
for i := 0 to q.deg do begln

z1 := CADD(2, P_TO_R(Re_lm_to_C(r, 2 . Pl / N. i)));
q.coeflil := CDIV(CADD(PolyEval(21, numl), PolyEval(z1, num2)), PolyEval(z1, den));
e nd;

EvalRationalOnCircle := q;
end;

funotlon DFT_Coefs (k, N: integer; r: extended; var p: polynomial): complèx;
va r

i: integer;
value, z: complex;

begln
y¿¡rrs ;= p.coef[0];
fori:=1toN-1dobêgin

ifk=0lhen
z:= p.coef[i]

else
z := Cl\4U L(p.coeflil, P_TO_R(Re_lm_to_C(1, -2 - Pl * k . ¡ / N)));

value := CADD(value, z);
end;

value := scALE(1 / N, value);
for i := 1 to k do

value := SCALE(1 / r, value);
DFT_Coefs := value;
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en d;

procedure Storezero (testzero: complex; var found_p: polynomial);
beg ln
found_p.deg := foundlc.deg + 1;

found_p.coeflfound_p.deg] := ZeroCResidue(testZero);
end;

procedure lnterchangePolys (var pl, p2: polynomial);
var

q: polynomial;
beg ln
q := P2;

P2 := P1;
P1 := q;
end;

procedurê Findoommonzeros (var p1, p2, common_p: polynomial);
var

i, j, k, m, n, d: integer;
lnterChanged: boolean;

bègin
lnterohanged := FALSE;
common_p := UnitPoly(prodRep);
if p2.rep = sumRep then

writeln('Findcommonzeros is not available in sumRep')
else ¡f (pl.deg > 0) and (p2.deg > 0) lhen begin {begin outer if}

if p2.deg < p1.deg then begin
lnterChanged := TRUE;
lnterChangePolys(p 1 , p2);
end;

d := p1 .deg;
k:= 0;
ropeat

k:= k + 1;
m := -1;
n := -1;
for i := 1 to p1.deg do begln

if CEqual(p'1 .coef [i], CzERO) lhen begin
for j := 1 to p2.deg do

lf CEqual(p2.coelü1, CZERO) lhen begln
m:=i;
n:= i;
en d;

end
else begln

for j := 1 to p2.deg do
if RelativecEquality(p2.coef[], pl.coeflil, 1e-8) then begln
r,=j;
n := i;

e nd;
e nd;
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end;{i-loop}
It (1 <= m) and (m <= pz.deg) then begln

Storezero(p2.coef [m], common_p);
p1 := RemoveFactor-i(n, pl);
p2 := RemoveFactor_i(m, p2);
ond;

until (k = d);
lf lnterchanged then

lnterChangePolys(p 1 , p2);
end; {outer if}

en d;

funcllon RemoveFactor_i (i: ¡nteger; var p: polynomial): polynomial;
va r
j: ¡nteger;
q: polynomial;

b€gin
lf p.rep = sumFìep then begin

wr¡teln('RemoveFactor_i not available in sumRep');
ExitToShell;
end

êlss beg in
ifP.deg=0then

q:=P
else begln

q.deg := p.deg - l;
for j:= 0 to j- 1 do

q.coef [j] := p.coef[j];
for j := i to q.deg d o

q,coefül := p.coefü + 1l;
end;

end;
q.rep:= p.fep;
FlemoveFactor_i := q;
en d;

function PicksH ighestDeg Poly (var p1, p2: polynomial): polynomial;
begin
if p1.deg >= p2.deg then

P¡cksH¡ghestDegPoly := p1

e lse
PicksHighestDegPoly := p2;

end;

function PolyDelay (z: complex; var p: polynomial): complex;
var

i: integer;
21, 22: complex;
q: polynomial;

beg in
lf p.rep = prodRep then begin

z1 := CZEFO;
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tor i:= 1 to p.deg do begin
z2 := CSUB(2, p.coel[i]);
if CABS(22) = 0 then begin

z1.Re := INF;
z1.lm := INF;
end

else
z1 := CADÐ(21, CDIV(C_ONE, z2));

end; {end for loop}
end iend if prodRep)

else bêg ¡n
q:= PolyDeriv(p);
22 := SumPolyEvaluation(z, p);

lf CABS(22) = 0 then bêgin
21.Re := INF;
21 .lm := INF;
end

else begln
z1 := SumPolyEvaluation(2, q);
z1 := CDIY(21, z2);
ênd;

e nd;
PolyDelay := z1;
end;

functlon PolyDeriv (var p: polynomial): polynomial;
var

i: integer;
q, ql: polynom¡al;

begin
if p.rep = prodRep then begin

q := RemoveFactor_i(1, p);
lot i:= 2 to p.deg do begin

q1 := RemoveFactor_i(i, p);
q := AddPoly(q, q1);
end;

end
êlse begln

lf p.deg = 0 then begin
q.deg := 0;
q.coeflo] := CZERO;
end

else beg¡n
q.deg := p.deg - 1;

for i := 0 to q.deg do
q.coefIi] := SCALE((i + 1), p.coefli + 1l);

end;
en d;

q.rep := p.rep;
PolyDeriv := q;
en d;
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f unction PolyDelayPair (z: complex; var p1, p2: polynomial): complexPair;
va r

21, 22, 23: complex;
c_pair: complexPair;

begin
z1 := polyEval(2, p1);
7Q 1= p6ly9val(2, p2);
z3 t= CADD(zl , zz)i
lf CABS(z3) = 0 thên begln

21.Re := INF;
z'1 .lm := INF;
22.Re := INF;
z2.lm := INF;
ond

else beg in
z1 := CDIV(21 , z3);
22 t= CDIV (22, zs)i
ond;

c_pair.x := CADD(CMUL(21 , PolyDelay(z, p1)), CMUL(Z2, PolyDelay(z, p2)));
c_pair.y := CADD(CMUL(21, PolyDelayll(2, p1)), CMUL(22, PolyDelayll(2, p2)));
PolyDelayPair := c_pair;
en d;

function PolyDelayll (z: complex; var p: polynomial): complex;
vaÍ

i, j: integer;
21, 22: complex;
q, q'l: polynomial;

bêgin
if p.rep = prodRep lhon begin

z1 := CZERO;
for i := 1 to p.deg do

for j := i+ 1 to p.deg do begln
z2 := CMUL(CSUB(z, p.coef[i]), cSUB(2, p.coefül));
if CABS(22) = 0 then beg¡n

21 ,Re := INF;
21.lm := INF;
end

êlse
21 := CADD(Z1, CDIV(C_ONE, z2));

end; {end lor loop}
z1 := SCALE(2, z1);
end {end if prodRep}

olso beg ln
q:= PolyDeriv(p);
q1 := PolyDeriv(q);
22 := SumPolyEvaluation(z, p);
¡f CABS(z2) = 0 then beg¡n

21.Re := INF;
21.lm := INF;
end

êlse begin
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z1 := SumPolyEvaluat¡on(2, q1);
z1 := CDIV(21, z2);
ond;

end;
PolyDelayll := z1;
ê nd;

functlon Laguerrestep (z: complex; {see Orchard CAS Nov 1989 p.1377i
p'1, p2, q: polynom¡al): complex;

var
a0, a1, a2, H, new_2, sqrtH, den1, den2, den, q_delay: complex;
m: ¡nteger;
delayPair: complexPair;

begln
lf p1,deg > p2.deg then

m := pl .deg
elso

m:= p2.degi
m:=m-q.deg;
q_delay := PolyDelay(2, q);
a1 := CSUB(PolyDelayPair(2, p1, p2).x, q_delay);
a2 := cSUB(PolyDelayPair(2, p1, p2).y, PolyDelayll(2, q));
a0 := SCALE(2, CMUL(a1, q_delay));
H := CMUL(SCALE(m - 1, a1), SCALE(m - 1, a1));
H:= CSUB(H, SCALE(m - (m - 1), CSUB(æ, a0)));
sqrtH := CSQRT(H);
den'l := CSUB(a1, sqrtH);
den2 := CADD(a l, sqrtH)'
lf CABS(den1) > CABS(den2) lhen

den := denl
els6

den := den2;
new_z:= CSUB(z, SCALË(m, CDIV(C_ONE, den)));
Laguerrestep := nêw_zi
end;{functlon}

function FindprodRepofsum (var q1, q2: polynomial): polynomial; {q1, q2 arc in prodBep}
vat

startzero, testzero, constFactor, threshold, NZValAtZero: complex;
z, z'1,22,z.3,24, m1, m2, m3: complex;
k, counter, startingzerocount, potDeg, sumDegs: integer;
degRed, ConjPairPresent, ZeroFound: boolean;
p1, p2, found_p, common_p, startPoly: polynomial;
r: extended;

{..'... .....".)

function Fctval (startzero: complex; p1 , p2: polynomial): complex;
begln
FctVal := CADD(PolyEval(startzero, p1), PolyEval(startzero, p2));
end;

110



Appendíx A

functlon Fctvalzeroorconst (m1, m2, m3, 21, 22, 23: compiex): boolean;
var

dev: extended;
Value: boolean;

begin
Va|ue := FALSE;
íf CEqual(23, CZERO) or CEqual(m3, CZERO) then

Value := TRUE
else beg ln

dev := CABS(CDIV(CSUB(m3, z3), m3));
lf (dev < 1e-5) or CEqual(m1, m3) lhên {m1=m3 detects osciliations with period=2}

Value := TRUE;
en d;

It FALSE then beg in
writeln('mean=', m3.Re :30, ' ', m3.lm:30);
wr¡teln('dev=', dev : 30);
ênd;

FctValzeroorConst := Value;
end;

function FctvalEqualszero (startzero: complex; {changed to 1}
p1, p2: polynomial; tolerance: extended): boolean;

vat
z1: complex;

begln
FctvalEqualszero := FALSE;
z1 := CDIV(CADD(PolyEval(startzèro, p1), PolyEval(startzero, p2)), NzvatArzero);
it (CABS(21) < tolerance) then begin

FctValEqualsZero := TRUE;
end;

ond;

procedure CheckForDegreeReduction (var p'1, p2: polynomial; var potDeg: integer;
var degBed: boolean; var constFactor: complex);

var
tol, r: extended;
z: complex;
q: polynomial;

begln {assumes p1.deg = p2.deg)
degRed := FALSE;
tol := 1e-15;
r := '1 .1 . MaxofTwoExtendeds(maxPolyRadius(p 1), maxPolyRadius(p2));
lf r = g 1¡6¡

f := 1;
if RelativeOEquality(p1.coef[0], CNEGATE(p2.coef[0]), tol) then begin

repeat
potDeg := potDeg - 1;
q := EvalRationalOnOircle(CZERO, r, potDeg + 1, p1, p2, UnitPoly(prodBep));
z:= DFT_Coefs(potDeg, potDeg + 1, r, q);

until not Relativezero(2, pl.coef[0], tol) or (potDeg = 0);
degRed := TRUE;
constFactor := ZeroCResidue(z);
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if (potDeg = 0) then
if Relativezero(2, p1 .coef[0], tol) then

constFactor := czERo;
end {end if}

e lse
constFactor := CADD (p l ,coef [0], p2.coef[O]);

end;

procedure FindZerosAtOrigin (var p1, p2, found_p: polynomial;
var NZValAtZero: complex);

vaf
maxDeg: integer;
tol, r: extended;
z: complex;
q: polynomial;

begln
tol := '1 e-1 0;
r := minofTwoExtendeds(minPolyRadius(p1), min Polynadius(p2)) / 2;
if r = 0 then

maxDeg := Maxofïwolntegers(p1 .deg, p2.deg);
z := CADD(PolyEval(CZEBO, p1), PolyEval(CZERO, p2));
whlle Relativezero(2, pl.coef[O], tol) and (found_p.deg < maxDeg) do begln

Storezero(CZERO, foundS);
q := EvalRat¡onalonoircle(CzERo, r, maxdeg, p1, p2, found_p);

{rational=(p1 +p2)/found_p}
z:= DFT_Coefs(o, maxdeg + 1, r, q);
ond; {en d while}

NZValAtZero := z;
en d;

procedure SumTwoNonzeroPolysDegLessThanEquall (p1, p2: polynomial;
var found_p: polynomial);

begin
lf (p1.deg = 0) and (p2.deg = 0) then bogin

found_p.coefl0l := CADD(p 1 .coef [0], p2.coef[0]);
lf Relativezero(found_p.coel[0], pl.coel[O], 1e-10) then {set to 1e-10 on 90/9/23}

found_p.coeflo] := CZERO;
ènd;

¡f (p1.deg = 0) and (p2.deg = 1) then begln
found_p := p2;
found_p.coel[1] := CSUB(p2.coef[1], CD lV(p 1 .coef[O], p2.coef[0]));
en d;

if (p1.deg = 1) and (p2.deg = 0) then begln
found-p := p1;
found_p.coef[1] := CSUB(p1.coel[1], CDIV(p2.coef[0], pl.coef[o]));
ênd;

lf (p1.deg = 1) and (p2.deg = 1) then beg¡n
foundj.deg := 1;

found_p.coef[0] := CADD(p1.coef[0], p2.coef[0]);
if Relativezero(found_p.coef[0], pl.coef[O], 1e-10) then begin

foundJc.deg ;= 0;
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found_p.coel[0] := CM U L(p1 .coef [0], CSU B(p2.coefl1], pl.coell1]));
end

else
found_p.coef[1] := CDIV(CADD(CMU L(p1.coef[o], pl.coef[1]), CMU L(p2.coef [0],

p2.coef [1 1)), found_p.coef[o]);
end;

en d;

{.-

bsgin {begin FìndprodRepofsum }
P'l := q1;

P2 := q2;
common_p := U n it Poly(prod Rep);
FindCommonZeros(p1, p2, common_p);
found_p := UnitPoly(prodRep);

{Special cases}
lf (p1.deg = 0) and CEqual(p1 .coef[0], CZEBO) lhen

found-p := p2;
if (p2.deg = 0) and cEqual(p2.coef[0], czERo) then

found_p := pl;
¡f (p1.deg <= 1) and (p2.deg <= 1) and not CEqual(p1 .coef[o], CZERo) and not

CEqual(p2.coef[o], CZERO) then
SumTwoNonzeroPolysDegLessThanEquall(p1, p2, found_p);

{end special cases}
{ begin nonspecial casê}
lf ((p1.deg > 1) or (pz.deg > l)) and not CEqual(p 1.coef[o], CZERO) and not

CEqual(p2.coef[0j, CZERO) then begln
startPoly := PicksHighestDegPoly(p1, p2);
startPoly := SortPolyZeros(startPoly);
lf p1.deg > p2.deg then bogin

potDeg := p1.deg;
constFactor ;= pl.coef[0];
end;

lf pz.deg > p1 .deg then begln
potDeg := p2.deg;
constFactor := p2.coef[0];
end;

if p2.deg = p1.deg thên begin
potDeg := p1.deg;
CheckForDegreeReduction(p1, p2, potDeg, degRed, constFactor);
end;

FindzerosAtor¡gin(p1, p2, found_p, NZValAtZero);
if PotDeg = found-p.deg then

found_p.coef[o] := NZValAtZero;
¡f potDeg > found_p.deg then beg¡n {begìn finding nonzero zeros}

startingzerooount := 0;
repeat

startingZeroCount := startingzerocount + 1;

startzero := SCALE(1 + 1e-5, startPoly.coeflstartingzerocount]);
ifstartzero.lm=0then

if startzero.Fìe = 0 then

.)
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startzero := ComplexNo(1 , 1)

else
startzero.lm := startzero.Re;

counter := 0;
z2 := CZERO;
Z3 := CZEBO;
m2 := CZERO;
m3 := CZERO;
rspeat {begin iterations}

counter := counter + 1;
testzero := LaguerreStep(startzero, p1, p2, found_p);
startzero := ZeroCRes¡due(testZero);
z := CDIV(CADD(PolyEval(startZero, p1), PolyEval(startzero, p2)), NZValAtZero);

72 '= 74,

z3 := QUADl (z);
m1 := m2;
m2 := m3;
m3 := SCALE(1 / 3, CADD(CADD(21, z2l, z3\);
ZeroFound := Fctvalzerooroonst(m1, m2, m3, 21, 22, 23) or (counter = 30);

until ZeroFound;
it CABS(CDIV(kthPowerOfC(potDeg, startzero), NZValAtZero)) = 0 then

startZero := CZERO; {found zero can be set equal zero}
StoreZero(startZero, found_p);
ConjPairPresent := FALSE;
¡f (found-p.deg >= 2) lhen

lf CEOUAL(CONJ(found_p.coeflfound_p.deg - 1l), found_p.coellfound_p.degl) then
ConjPairPresent := TRUE

else
ConjPairPresent := FALSE;

z := CSUB(Fctval(startzero, p1, p2), CONJ(Fctval(CONJ (startzero), p1, p2)));
if (startzero.lm + 0) and not ConjPairPresent and (potDeg > foundlc.deg) then

if BelativeZero(2, found_p.coef [0], 1e-17) thsn {changed 9213/11}
beg ln
StoreZero(CONJ(startZero), found_p);
startingzerocount := startingzerocount + 1;

end;
until (found_p.deg = potDeg);

{end finding zeros}
end; (end potDeg >0)

found_p.coel[0] := ZeroCResidue(constFactor);
end; {end nonspecial case }

FindprodRepOfSum := lvlulPoly(common_p, found_p);
end; {end function}

end.
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The following pro$am listing is a modification (by the author) of a unit written by Smith

127t.

un ¡l Plotting;
interface

consl
MaxPts = 1000;
MenulD = 1;

DialoglD = 100;
Y_inf = 2.0e9;

type
PointsRange = 0..MaxPts;
PlotArray = a rray lPointsFìange] of real;
PIotPtr = ^PlotRec;
PlotRec = record

ArraySize: PointsRange;
ymin, ymax, xmin, xmax: real;
ydiv, xdiv: integer;
w¡ndow: WindowPtr;
xpts, ypts: PlotArray;
discrete, grid: boolean;

end;
var

PlotMenu: MenuHandle;
Plotwindow: WindowPtr;
Done: boolean;
DragBect: Rect;

procodure Plotvec (plot: PlotRec);

implementatlon
functlon EndPoints (var x: PlotArray; xmin: real; size: PointsRange;

Start: boolean): ¡nteger;
vaf

k: integer;
found: boolean;

bêg in
lf Start then

EndPoints := 0
else

EndPoints := size;
k:= 0;
found := false;
while (k <= size) and not found do

if (x[k] >= xmin) then begln
EndPoints := k;
found := true;
end

else
k:= k + 1;

en d;
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funct¡on Scale (var ymin, ymax: real): real;
var

plotMax, plotScale, ymax0, ymin0: real;
t, k: integer;

beg in
if abs(ymin) > abs(ymax) lhen

plotMax := abs(ymin)
elso

plotMax := abs(ymax);
plotscale := 1;

lf plotMax < 1 then bêgin
t := Trunc(ln(plotMax) / In(10)) - 1;

for k:= 1 to Ct) do
plotscale := plotscale / 10;

end
else bêgin

t := Trunc(ln(plotMax) / In(10));
for k := I to t do

plotscale := plotScale . 10;
end;

ymaxo := Round(ymax / plotscale + 0.49);
ymax := ymaxO * plotScale;
ymin0 := Round(ymin / plotscale - 0.49);
ymin := ymino - plotscale;
Scale := plotscale;
end;

function Wr¡tescale (ymax: real; left, top: integer): integer;
var

s1, s2: Str255;
power: integer;

begin
if (abs(ymax) >= I) then

power := trunc(ln(abs(ymax)) / In(10) + 1.0e-8)
e lse

power := round(ln(abs(ymax)) / ln(10) - 0.49);
lf (power < 0) or (power > 2) then bêgin

TextFace([bold]);
s1 := '* 10e';
s2 := StringOf (abs(power) : 1);
if (power > 0) then

s1 := concat(s'1, '+', s2)
else

s1 := concat(s1, 'r, s2);
MoveTo(left, top);
Drawstring(s1);
TextFace([]);
end

else
power := 0;

WriteScale := power;
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end;

procedure XLabel (rec: Rect; xmin, xmax: real; grid: boolean; xdiv: intege4;
var

k, hpos, power: integer;
xDelta, num: real;
s: St1255;

begin
lf xdiv <= 0lhen

xdiv := 5;
xDelta := (xmax - xmin) / xdiv;
power := WriteScale(xmax, rec.r¡ght - 20, rec.bottom + 30);
for k:= 0 to xdiv do bsgin

hpos := Round(rec.left + k . (rec.right - rec.left) / xdìv);
MoveTo(hpos, rec.bottom + 3);
LineTo(hpos, rec.bottom);
lf grid then beg in

Pen Pat(gray);
LineTo(hpos, rec.top);
PenPat(black);
end;

num:=k.xDelta+xmin;
num := num / exp(power - ln(10)); { change scale for output }
s:= Str¡ngof(num : 4 : 2);
MoveTo(hpos - 10, rec.bottom + l8);
DrawStr¡ng(s);
end;

ênd;

procedure YLabel (rec: Rect; ym¡n, ymax, yscale: real; grid: boolean);
var

k, vpos, ndiv, power: integer;
num: real;
s, s1, s2: Str255;

begin
yscale:= yscale / 1; {added to change scale divisìons: divide by 1,2,5 or 10 etc.}
ndiv:= Round((ymax - ymin) / yscale);
power := Wr¡tescale(ymax, rec.left - 47, rec,top - 8);
for k:= 0 to ndiv do bsgin

vpos := Round(rec.boltom - k " (rec.bottom - rec.top) / ndiv);
MoveTo(rêc.left - 3, vpos);
LineTo(rec.left, vpos);
if grid then beg in

PenPat(gray);
LineTo(rec.right, vpos);
Pen Pat(black);
en d;

num:=ymin+k*yscale;
num := num / exp(power - ln(10)); { change scale for output }
s:= Str¡ngof(num : 7 : 2);
MoveTo(rec.left - 40, vpos + 4);
DrawString(s);
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en d;
e nd;

procedure Plotcurve (var plot: PlotRec);
var

hpos, vpos, xaxis, i, j: integer;
n1, n2: PointsBange;
hscale, vscale, ymin, ymax, yscale: real;
rec, rec2: Rect;

begln
TextFont(times);
Textsize(1 0);
rec.top := thePort^.portBect.top + 20; { set graph rectangle }
rec.bottom := thePort^.portBect.bottom - 50;
rec.lelt := thePort^.portRect.left + 50;
rec.right := the Port^.portRect.right - 35;
ymin := +lNF;
ymax := -lNF;
n1 := EndPoints(plot.xpts, plot.xmin, plot.Arraysize, TRUE);
n2 := EndPoints(plot.xpts, plot.xmax, plot.Arraysize, FALSE);
hscale := (rec.right - rec,left) I (n2 - n'l)i
vscale := rec.bottom - rec.top;
for i := n1 to n2 do beg¡n { find max & min points of plot }

if plot.yptsli] > ymax then
ymax := plot.ypts[il;

if plot.yptslil < ymin then bêgin
ymin := plot.yptslil;

end;
en d;

if ymax > plot.ymax lhen { set max point if less than Y_inf }
ymax := plot.ymax;

if ymax > Y-inf I hen
ymax := Y-inf;

if ymin < plot.ymin then { set min point ¡f less than -Y_inf }
ymin := plot.ymin;

if ymin < -Y_inf then
ymin := -Y_inf ;

yscale := Scale(ymin, ymax);
lfplot.ydiv>0then

yscale := (ymax - ymin) / plot.ydiv;
xaxis := rec.top + round(vscale ' ymax / (ymax - ymin));
XLabel(rec, plot.xptslnll, plot.xptsIn2], plot.grid, plot.xdiv);
YLabel(rec, ymin, ymax, yscale, plot.grid);
MoveTo ( rec. r¡g ht, xaxis);
LineTo(rec.left, xaxis);
lf not plot.discrete then

for i:= n1 to n2 do begin
hpos := rec.left + round((i - n1) - hscale);
if plot.ypts[i] > ymax then

VpoS := reo.top
else if plot.yptslìj < ymin then
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vpos := rec.bottom
else

vpos := xaxis - round(vscale - plot.yptsli] / (ymax - ymin));
LineTo(hpos, vpos);
end

else
for i:= nl to n2 do begin

hpos := rec.left + round((i - n1) . hscale);
¡f plot.yptslil <= ymax then begin

vpos := xaxis - round(vscale . plot.yptsli] / (ymax - ymin));
MoveTo(hpos, xaxis);
LineTo(hpos, vpos);
Paintcjrcle(hpos, vpos, 2);
end

end;
rec,r¡ght := rec.right + 1;
rec.bottom := Iec.bottom + 1;

FrameRect(rec);
ênd;

functlon SetPlotParam (old_num: real; msg: string): real;
vat

item, kind: integer;
str: Str255;
dlog: DialogPtr;
box: Rect;
hand: Handle;
num: leal;

beg In
str := rr;

ParamText(msg, ", ", ");
dlog := GetNewDialog(DialoglD, nil, pointe(-1));
ShowWindow(dlog);
rêpeat

ModalDialog(nil, item);
GetDltem(dlog, item, k¡nd, hand, box);
if¡tem=3then

GetlText(hand, st0;
until (item = 1) or (¡tem = 2);
lf (item = 1) and (str ê ") then begln

ReadString(str, num);
SetPlotParam := num;
end

else lf (str = ") then
SetPlotParam := old_num;

DisposDialog(dlog);
end;

procedure SpooloutPlCT (var pjcHand: picHandle);

where: Point;
reply: SFReply;
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longZero, bytecount: ¡ongint;
err, f RefNum, k: integer;

begln
where.h := 104;
where.v := 45;
SFPutFile(where, 'Save the PICT as:', 'pict ', n¡1, rep¡y);
¡f reply.good lhen beg in

err := Create(reply.f Name, reply.vRef Num, '????', 'PlCï'li
err := FSOpen(reply.f Name, reply,vRefNum, lRefNum);
longzero := 0;
bytecount := Sizeof(longZero);
for k := 1 to (512 dlv bytecount) do

en := FSWrite(f RelNum, bytecount, @longzero);
bytecount ;= pìcHand^^.picSize;
err := Fswrite(f RefNum, bytecount, Ptr(picHand^));
err := FSOlose(f RefNum);
end;

KillPicture(picHand);
ênd;

procedure Menucmnd (result: longint; var plot: PlotRec);
var

¡tem, menu: integer;
rec: Rect;
pic: P¡cHandle;

begln
menu := HiWord(result);
if menu = MenulD then begln

item := LoWord(result);
case item of
1:

plot.ymax := SetPlotParam(plot.ymax,'Y-max');
2l

plot.ymin := SetPlotParam(plot.ymin,'Y-min');

plot.xmax := SetPlotParam(plot.xmax,'X-max');
4i

plot.xmin := SetPlotParam(plot.xmin,'X-min');
6:

plot.ydiv := Round(SetPlotParam(plot.ydiv,'Y-div'));
7:

plot.xdiv := Round(SetPIotParam(plot,xdiv,'X-div'));
o.

plot.grid := nol plot.grid;
10:

plot.discrete := not plot.discrete;
11: beg in

rec := thePort^.portRect;
pic := OpenPicture(rec);
PlotCu rve(plot);
Close P¡cture;
SpoolOutPlCT(pic);
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end;
12: beg ln

DisposeWindow(Plotwindow) ;

Done := true;
end;

otherwise
end;
if item <= 10 then

lnvalBect(thePort^.portRect) ;

end;
H¡liteMenu(0);
end;

procêdure Resizewindow (w1: W¡ndowPtr; pt: Point);
va r

rec: Rect;
l: Iongint;

begin
SetPort(w1);
w¡th screenbits.bounds do

SetRect(rec, 200, 100, right, bottom - 20);
I := Growwindow(w1 , pt, rec);
SetRect(rec, 0, 0, LoWord(l), HiWord(l));
lnvalBect(rec);
S¡zeWindow(w'1, LoWord(l), H¡Word(l), true);
e nd;

procedure MouseEvent (event: EventRecord; var plot: PlotRec);
va r

wl : WindowPtr;
begln
casê Findwindow(event.where, w1) of
inSysWindow:

SystemClick(event, w1);
inMenuBar:

MenuCmnd(MenuSelect(event.where), plot);
inDrag:

lf w1 = Plotwindow then
Dragwindow(wl, event.where, DragRect);

inGoAway:
if w'l = Plotwindow then beg¡n

DisposeWindow(w1 );
Done := true;
end;

inGrow:
if w1 = Plotw¡ndow thên

ResizeWindow(w1, event.where);
otherwise
end;
end;

procedure UpEvent (event: EventRecord; var plot: PlotBec);
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var
w: WindowPtr;
ref: longint;

begin
w := WindowPtr(event.message);
lf w = Plotwindow then begin

SetPort(w);
Beg¡nUpdate(w);
EraseRect(thePort^.portBect);
DrawGrowlcon(w);
PlotCu rve(plot);
end;

EndUpdate(w);
en d;

procedure AddPlotMenu;
begln
PlotMenu := NewMenu(MenulD,'Plot');
AppendMenu(PlotMenu,'Set Y-max;Set Y-min;Set X-max;Set X-min');
AppendMenu(Plotmenu,'C;Set Y-div;Set X-div');
AppendMenu(Plotmenu,'C;Toggle Gr¡d;Toggle Mode;Save As PICT;Quit');
lnsertMenu(PlotMenu, 0);
DrawMenuBar;
end;

procedure Plotvec;
vaf

rec: Rect;
event: EventBecord;

begln
with screenbits.bounds do

SetRect(DragRecl, 4, 24, tight - 4, bottom - 4);
Done := lalse;
AddPlotMenu;
SetRect(rec, 10, 50, 470, 250);
Plotwindow:= NewWindow(nil, rec, 'Plot Window', true, 0, pointercl), true, 0);
plot.w¡ndow := PlotWindow;
repeat

SystemTask;
lf GetNextEvent(everyEvent, event) th en

case event.what of
mouseDown:

MouseEvent(event, plot);
updateEvt:

UpEvent(event, plot);
otherwise
end

until Done;
Delete lVlenu(Men u I D) ;

DisposeMenu(PlotMenu);
end;

end,
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Program Lístíng of Devleeschouwer and Grenez
Algoríthm.

The Devleeschouwer & Grenez Algorithm is implemented as a computer program which is

shown later. As mentioned before, this program is written in the PASCAL computer

language.

The datas in the input file for this program have the following format:

# of level in the left stopband

normal¡zed frequency (in kHz) chaÍacteristic attenuation (in dB)

# of level in the passband

normalized Írequency (in kHz) characteristic attenuation (in dB)

# of level in the right stopband

normalized frequency (in kHz) characterist¡c attenuation (in dB)

,n6

flap

ll¡s

C^

initial zero (in kHz)

initial pole (in kHz)

initiat pote lin t<t-tz¡

Won

wo,

True or False for allowing TZ is real.

mi

14 (for the right stopband)

àl (for the left stopband)

t23
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program lineaf;
u ses

p lotting;
const

Pi = 3.141592653589793238462ô43383279;
MaxDegree = 20;
tolerenceS = 1.0e-8;
toierencel0 = 1.0e-10;
Search-Limit = 5;
lnitial_Limit = 10;
inBeta = TRUE;
indB = FALSE;

type
arrayType = arraylo.. MaxDegreel of extended;
polynom¡al = record

deg: integer;
coef: arrayType;
m: a rray['l .. MaxDegree] of integer;

e nd;
Signal = rec o rd

total: integer;
Xi: arrayType;
mag: arrayType;

end;
Matr¡x = a rrayt0.. MaxDegreel of arrayïype;

var
Xpoly, Ypoly, Optimal_Xpoly, Old_poly: polynomial;
Pass_Freq, Stop_Freq: Signal;
Pass_Band, Left-stop, Right_Stop: Signal;
NBP, NBS: integer;
WBP, WBS: integer;
DataFile: text;
t2, t1 : extended;
i, k, Optimal_lndex, Best_lteration: integer;
r, c, 1n10, TwoPi: extended;
A: Matrix;
Makix_Size, Nplus l , Nminusl , N: integer;
StartPt, EndPt, lastPt: extended;
Optimal_Least_Distance, Least_D¡stance: extended;
Optimal_Sought, No_real_TZ, negat¡ve_Zero: boolean;
Negat¡ve_Pole, Positive_Zero, Not_in_Order: boolean;
Under_Stop, Above_Pass: boolean;
Startsec, EndSec: longint;
DateRec: DateTimeBec;

prooedure DateTime;
var

secs: longint;
DateRec: DateTimeRec;

begin
GetDateTime(secs);
Secs2Date(secs, DateRec);
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with DateRec do begln
wr¡teln(year : 4, '/', month | 2,'l', day :2)i
writeln(hour : 2, ':', mjnute:2,':,, second :2);
end;

en d;

{Selects data f¡le produced by',apple Edit" }
procedure SelectDataFile (var DataFile: text; prompt: Str25S);

var
windowRect: Rect;
StringName: Str255;

begin
HideAll;
with windowRect do begln

left := ScreenBits.bounds. r¡ght d¡v 2 - 150;
right := left + 300;
bottom := ScreenBits.bounds.bottom - 10;
top := bottom - 28;
end;

SetTextRect(w¡ndowRect) ;

ShowText;
wr¡te(Prompt);
SysBeep(2);
SysBeep(2);
StringName:= OldF¡leName('select data f¡le from disk');
writeln(", StringName);
reset(DataF¡le, StringName);
end; {procedure SelectDataFile}

procedure OpenTextwindow;
vat

windowRect: Rect;
begin
wilh windowRect do beg ln

left := 20;
right := ScreenB¡ts.bounds. right - 20;
bottom := ScreenBits.bounds.bottom;
top ;= 40;
ond;

SetTextRect(windowRect) ;

ShowText;
end;

procedure Read_Signal (var DataFile: text; var Left, pass, Right: Signal);
procodure lnput_Signal (var DataFile: text; var band: Signal);

var
i: integer;

beg in
readln(DataFile, band.total);
for i := 0 to band.total do

readln(DataFile, band,XÌ[i], band,maglil);
end;
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beg ln
lnput_Signal(DataFile, Left);
lnput_Signal(DataFile, Pass);
lnput_Signal(DataFile, Hight);
end;

procedure Print_Signal (var Lelt, Pass, Right: Signal; msg1, msgz: Slr255);
procedure Output_Signal (var band: Signal; msge: Str255);

var
i: integer;

begin
writeln(msge,':','' : 5);
for i := 0 to band.total do

wr¡teln(band.Xilil :29 :20, band.maglil : 30 : 20)
en d;

beg in
write ln ;

writeln('Specif¡cations:', msgl : 9, ms92 : 29);
Output_Signal(Left,'Left Stopband');
Output_Signal(Pass,'Passband');
Output_Signal(Right,'Right Stopband');
ê nd;

functlon Transform (Y: extended): extended;
begln
Transform := (Y - t2) / (Y - t1);
end;

procedure lnput_lnit¡al (var DataF¡le: text; var poly: polynomial;
var NBP, NBS, WBP, WBS: integer; var No_real_Tz: boolean);

var
i, N, Mi, Mo: integer;

beg in
readln(DataFile, Mo);
readln(DataFile, NBP);
readln(DataFile, NBS);
N := NBP + NBS;
Mi := 0;
readln(DataFile, poly.coef [0]);
writ e In;
wr¡teln('lnit¡al Rat¡onal function :');
writeln('i' : 2, 'Yi' : 13, 'mi' : 12, 'Xi' :25);
writeln('Cx =' : 35, poly.coel[o] :24 :20);
for i:= 1 to N do begin

read In (Data F¡le, poly,coeflij, poly.mlil);
wr¡te(i : 2, poly.coef [i] : 15 : 5, poly.m[i] : 10);
Mi := Mi + poly.mlil;
poly.coeflil := sqr(TwoPi . poly.coeflil);
poly.coeflil := Transform (poly.coef [i]);
wr¡teln(poly.coef [i] : 32 : 20);
en d;

poly.deg := NBP + NBS + 2;
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frl ¡= poly.deg - 1;
poly.mlN] := -Mo - Mi;
poly.coeflNl := l;
poly. mlpoly.degl := Mo;
poly.coeflpoly.degl := t2 / t1;
wr¡teln(N : 2, 'M- =' : 23, poly.mlNl : 2, poly.coeflNl :32:20\;
wr¡teln(poly.deg : 2,'Mo =' : 23, poly.mlpoly.deg] : 2, poly.coet[poly.deg] : 32 : 20\;
writeln;
readln(DataFile, WBP);
readln(OataFile, WBS);
readln(DataFìle, No_real_TZ);
writeln('WBP =', WBP: 1,',','WBS =':10, WBS:1);
wr¡teln('# of Attenuat¡on Zeros = ', NBP : 1);
writeln('# of Transmission Zeros = ', NBS : 1);
writeln('No real Transmission Zero ?', No_real_TZ);
wriì e In;
en d;

procedure Freq_to_X (var Pass, Left, Right: Signal);
var

Temp: Signal;

proceduro convert (var Band: Signal);
var

i: integer;
bsgin
wllh Band do þegin

for i := 0 to total d o
Xilil := Transform(sqr(TwoP¡ . Xilil));

for i:= 1 to total do
if (maglil > 20) thên

magli - 1l := mag[¡] .ln10 / 10
elss

magli - 1l := In(abs(exp(maglil - ln10 / 10) - 1));
magltotal] := magltotal - 1];
en d;

end;

beg in
Pass.Xi[0] := Pass.Xi[1];
Pass.XiIPass.total] := Pass.Xi[1];
convert(Pass);
Pass.XiIPass.total] := 0;
Pass.Xi[0] := -lNF;
co nvert(Left);
convert(R ig ht);
Temp := Lelt;
Left := R¡ght;
Right := Temp;
Left,XilLeft.totall := 1;
end;
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procedurê Print_Error (msg: Str255; X: extended; code: integer);
begin
write('ERROR: ');
if (code = 1) then

write(X: 1 : 20);
writeln(msg);
if (code = 3) then

wrìteln(' ' : 10, 'Try another initial values or increase the order of poles/zeros. ')

elsê
HALT;

end;

funclion exponential (X: extended; power: integer): extended;
begln
if (power = 0) lhen

exponential := 1

else lf (power mod 2 = 0) then
exponential := exp(power . ln(abs(X)))

êlso if (X > 0) lhen
exponential := exp(power - In(X))

êlse
exponential := -exp(power " lnCX));

end;

function poly_Eval (var poly: polynom¡al; Y: extended): extended;
va r

eval: extended;
i: integer;

begin
eval := poly.coef[0];
for i := 1 to poly.deg do

eval := eval . exponential((Y - poly.coeflil), -poly.m[i]);
poly_Eval :=1/(1 + eval);
end;

funclion Beta (var poly: polynomial; X: extended): extended;
vat

i: integer;
Alpha: extended;

bog ¡n
Alpha := In(abs(poly.coef[0]));
for i := 1 to poly.deg d o

if (poly.mlil o 0) lhen
Alpha := Alpha - poly.mlil - In(abs(X - poly.coeflil));

Beta := Alpha;
end;

procêdure Plot_Signal (var poly: polynomial; Start, Stop: extended; inBeta: boolean;
OutF¡leName: Str255);

vat
k: ¡nteger;
plot: PlotPtr;

t28



Appendíx B 129

outFile: texti
X, Y, h: extended;

beg ln
New(plot);
rewr¡te(outFìle, OutFileName);
writeln(outFile,'-');
writeln(outFile,'Freq', chr(9),'Attn(dB)');
plot^.Arraysize := MaxPts;
h:= (Stop - Start) / plot^.Arraysize;
X := Start - h;
for k := 0 to plot^.Arraysize do begin

X:=X+h;
plot^.xptslkj := X;
lf inBeta I hen

plot^.ypts[k] := Beta(poly, X)
else

plot^.yptslkl := -10.0 . ln(poly_Eval(poly, sqr(TwoPi ' X))) / In10;
writeln(outFile, plot^.xptslkl : 10 : 6, ch(9), plot^.ypts[k] : 25 : 10);
end;

plot^.xmin := Start;
plot^.xmax := Stop;
plot^.ymax := INF;
plot^.ymin := -lNF;
plot^.discrete := FALSE;
piot^.grid := TRUE;
plot^.xdiv := 10;
plot^.ydiv := l0;
PIotVec(plot^);
dispose(plot);
close(outFile);
en d;

funclion Beta_Between (var Band: Signal; X: extended): extended;
var

i: integer;
begin
i := 1;

while (X > Band.Xilil) and (i < Band.total) do
i := i+ 1;

Beta_Between := Band.magli - 1];

end;

function Floor (X: extended): extended;
var

Flr: extended;
beg in
íf (X < 0) then

Flr := Beta_Belween(Pass_Band, X)
elsê if (ABS(X) < tolerencel0) then

Flr := Pass_Band.mag[Pass_Band.total]
else lf (abs(X - Left_Stop.Xi[0]) < tolerencel0) lhen

Flr := Left_Stop.mag[01
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else lf (X > Left_Stop.Xi[0]) and (X < Lelt_Stop.XilLeft_Stop.totall) then
Flr := Beta_Between(Left_Stop, X)

elsê if (abs(X - Left_Stop.Xilleft_Stop.totall) < tolerencel0) then
Flr := Left_Stop.magILeft_Stop.total]

else lf (abs(X - R¡ght_Stop.Xi[0]) < tolerencel0) then
FIr := Right_Stop. mag[01

else lf (X > Right_Stop.Xi[0]) and (X < Right_Stop.X¡[Right-Stop.total]) thên
Flr := Beta_Between(Right_Stop, X)

else ¡f (abs(X - Right_Stop.XilRight_Stop.totall) < tolerencel0) then
Flr := Right_stop.maglRight_stop.totall

else
Print_Erro('is out of the Stopbands', X, 1);

Floor := Flr;
end;

function Over_Floor (var U: polynomial; X: extended): extended;
beg in
Over_Floor := Beta(U, X) - Floor(X);
end;

function Under_FIoor (var U: polynomial; X: extended): extended;
begin
Under_Floor := Floo(X) - Beta(U, X);
en d;

function Min_Golden (var U: polynomìal; AX, CX: extended;
functlon Min_Func (var P: polynomial; e: extended): extended): extended;

var
1|0, 11, f2, f3: extended;
BX, X0, X1, X2, X3: extended;

begin
BX := AX + (CX - AX) / 3.0;
X0 := AX;
X3 := CX;
X1 := BX;
X2:=BX+c.(CX-BX);
f1 := Min_Func(U, X'l);
f2 := Min_Func(U, X2);
while (ABS(X3 - X0) > tolerenceS . (ABS(X1) + ABS(X2)))

and (ABS(X3 - X0) > tolerencel0) do begln
lf f2 < f1 then begin

X0 := X1;
X1 := X2;
X2:,=r* Xl + c*X3;
l0 := f 1;

11 := f2;
f2 := Min_Func(U, X2);
ênd

else begin
va . vo,

X2 := X1;
X1 := r.X2+c-X0;
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13 i= l2',

12 := 11;

f 1 := Min_Func(U, X1);
end

e nd;
f0 := Min_Func(U, X0);
f3 := Min_Func(U, X3)'
lf (f1 < f2) thsn

if (f0 < fl) then
Min_Golden := X0

else
Min_Golden := X1

else lf (f2 < 13) then
Min_Golden := X2

else
M¡n_Golden := X3

en d;

procedure Check_Stop (Xa, Xb: extended; var StartPt, EndPt: extended;
var Split: boolean);

begin
if (Xa < Left_Stop.X¡l0l) then

StartPt := Left_Stop.Xi[01
else if (Xa > Left_Stop.XilLelt_Stop.totall) and (Xa < Right_Stop.Xi[0]) then

StartPt := Right_Stop.Xi[0]
olse

StartPt := Xa;

lf (Xa <= Left_Stop.Xilleft_Stop.totall) and (Xb >= Right_Stop.Xi[o]) then beg¡n
Split := TRUE;
EndPt := Left_Stop.X¡[Left_Stop.total];
end

êlse begln
Split := FALSE;
if (Xb > Bight_Stop.XilB¡qht_Stop.total]) then

EndPt := Rìght_Stop.Xi[Bight_Stop.total]
€lse if (Xb > Left_Stop.XilLeft_Stop.totall) and (Xb < Right_Stop.Xi[0]) then

EndPt := Left_Stop.XilLeft_Stop.totall
else

EndPt := Xb;
end;

end;

procedure Locate_Abscissa (var poly: polynomial; var Pass_Freq, Stop_Freq: Signal);
va r

i, k: integer;
StartPt, EndPt: extended;
Split, ln_Left_Transit, ln_Right_Transit: boolean;
Minimum, New_lndex, New_Minimum: extended;

begin
Pass_Freq.Xi[1] := -lNF;
lor i = 2 to NBP do
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Pass_Freq.X¡[i] := Min_Golden(poly, poly.coelli - 11, poly.coeflil, Under_FlooÐ;
Pass_Freq.XiIPass_Freq.total] := 0;

for i := 1 to NBS do beg in
k:=NBP+i;
if (i = 1) lhen

Check_Stop(0, poly.coeflkj, StartPt, EndPt, Split)
else

Check_Stop(poly.coef [k - 1], poly.coeflkl, StartPt, EndPt, Split);
Stop_Freq.Xilij := lvlin_Golden(poly, StartPt, EndPt, Over_Floor);
if Split th€n beg in

Minimum := Over_Floor(poly, Stop_Freq.Xilil);
New_lndex := Min_Golden(poly, Bight_Stop.Xi[0], poly.coef [k], Over_Floor);
New_Minimum := Over_Floor(poly, New_lndex);
lt (New_Minimum < Minimum) then

Stop_Freq.Xilil := New_lndex;
end;

snd;
Check_Stop(poly.coef [poly.deg - 2], lNF, StartPt, EndPt, Split);
Stop_Freq.Xi[Stop_Freq.total] := Min_Golden(poly, StartPt, EndPt, Over_Floor);
end;

functlon Distance (var poly: polynomial; var Pass_Freq, Stop_Freq: Signal;
var AbovePass, UnderStop: boolean): extended;

vat
dist, dist'1 : extended;
i: integer;

begin
dist := 0;
AbovePass := FALSE;
ror i := 2 to Pass_Freq.total do begln

distl := Under_Floor(poly, Pass_Freq.Xi[i]);
¡f (dist1 < 0) then begln

dist := dist + sq(dist1);
AbovePass := TRUE;
e nd;

en d;
Understop := FALSE;
for ¡ := 1 to Stop_Freq.total do begin

distl := Over_Floor(poly, Stop_Freq.XiIi]);
lf (dist1 < 0) then begin

dist := dist + sqr(dist'1);
Understop := TRUE;
en d;

end;
Distance := sqrt(dist);
end;

procedure Create_Matr¡x (var A: Matrix; Msize: integer; var poly: polynom¡al);
vaÌ

¡, j, k: integer;
Nminusl, Nplusl , N: integer;
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sum: extended;

funclion Constant_Vector (var poly: polynomial; X: extended; N: intege4: extended;
var

sum, temp: extended;
i: integer;

beg ln
SUm := 0;
if (poly.mlN + 1l + 0) then

sum:= sum + poly.mlN + 1] - ln(abs(X - poly.coeflN + 1l));
lf (poly.m[N + 2l o 0) then

sum := sum + poly.m[N + 2] - ln(abs(X - poly.coeflN + 2l));
for i:= 1 to N do begln

temp := X - poly.coef[i];
sum:= sum + poly.mlil . (ln(abs(temp)) + poly.coefli] / temp);
end;

Constant_Vector := Floor(X) + sum;
e nd;

beg ln
Nminusl := Msize - 1;

Nplusl := Msize + 1;

for i:= 1 lo Msize do
for j := 1 to Msize d o

lf (j = N¡¡¡¡¡s'l¡ 1¡.t
A[i, Nminusl ] := 1

else lf {j = Msize) then
It (i <= Pass_Freq.total) lhen

A[i, Msize] := WBP
else

Ali, Msizel := -WBS
else if (i = 1) then

A[1, j] := 0
else lf (i = Pass_Freq.total) lhen

A[i, j] := -poly.mljl / poly.coefljl
else lf (i < Pass_Freq.total) then

A[i, j] := poly.mljl / (Pass_Freq.Xilil - poly.coelül)
else

Ali, jl := poly.mül / (Stop_Freq.Xili - Pass_Freq.totall - poly.coelül);

N := poty.deg - 2;
for j := 1 to Msize d o

lf (j = 1¡¡¡sn
A[1, Nplusl] := Pass_Band.mag[01

else ¡f (j = Pass-Freq.total) then bogin
su¡;= pely.m[N + 1] . ln(poly.coeflN + 1l);
sum:= sum + poly,mlN + 2l .In(poly.coeffN + 2l);
for i:= 1 to N do

sum := sum + poly.mlil . (ln(abs(poly.coeflil)) - 1);
Aü, Nplusll := Pass_Band.maglPass_Band.total] + sum
end

êlsê if û < Pass_Freq.total) thên
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Aü, Nplusll := Constant_Vector(poly, Pass_Freq.Xìü1, N)
else beg ln

k := j - Pass_Freq.total;
Aü, Nplusll := Constant_Vecto(poly, Stop_Freq.Xilkl, N)
end

end;

procedure Matrix_Evaluate (var A: Matr¡x; size: integer);
var

k, row, col, last: integer;
w: extended;

procedure Exchange_Row (var A: Matrix; size, k: integer);
vaÍ

i, j: integer;
temp: extended;

begin
i := k +'1;
while (i <= size) and (abs(A[i, kl) < lolerencel0) do

i := i+ 1;

if (i <= size) then
for j:= 1 to size + 1 do begin

temp := Alk, jl;
A[k, j] := Ali, jl;
Ali, jl := temp;
end

e lse
Print_Error('Matr¡x cannot be evaluated l', 0, 2);

end;

bègin (. Matr¡xEvaluate .)

last := size + 1;

for k:= 1 to size - 1 do bogin
lf abs(Alk, kl) < tolerence'l0 then

Exchange_Row(4, size, k);
for row:= k + l to size do

if abs(A[row, k]) > tolerencel0 thên begin
w:= Alk, kl / Alrow, kl;
for col := k + 1 to last do

Alrow, col] := A[k, col] - w. Alrow, col];
Alrow, kl := 0;
e nd;

end;

for k := size downto 2 do begin
A[k, last] := Alk, lastl / A[k, k];
Alk, kl := 1.0;
for row := k - 1 downto 1 do begin

f or col := k - 1 downto row d o
Alrow, coll := Alrow, coll - Alk, coll - Alrow, kl;

Alrow, lastl := Alrow, Iastl - A[k, last] . Alrow, k];
A[row, k] := 0;
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end;
end;

A[1 , last] := A[1 , last] / A[1 , 1];
en d;

procedure Output_Xi (var Pass_Freq, Stop_Freq: Signal);
vat

i, last: integer;
beg in
writeln('X"j' : 22, 'X" j' :36'1;
lf (Pass_Freq.total < Stop_Freq.total) then

last := Stop_Freq.total
else

last := Pass_Freq.total;
for i:= 1 lo last do begln

write(i : 2);
if (i <= Pass_Freq.total) then

wr¡te(Pass_Freq.Xi[i] : 30 : 20)
else

write(":30);
lf (i <= Stop_Freq.total) then

writeln(Stop_Freq.Xi[ì] : 35 : 20)
else

w rite In ;

snd;
wr ite ln;
end;

procedure Output_Poly_X (var poly: polynomial);
var

i: integer;
begln
writeln('Rational function k(x) :');
wrjteln('i' : 2, 'xi' : 20, 'mi' :25);
wr¡teln('Cx', poly.coel[0] : 30 : 20);
for ¡ := 1 to poly.deg do

wr¡tein(i : 2, poly.coef[i] : 30 : 20, poly.m[i] : 15);
write ln ;

e nd;

procedure Pole_ln_Transition (var poly: polynomial; No_real_Tz: boolean);
const

difference = 0.001;
v ar

¡, first, last: integer;
begin
first := NBP + 'l;
last := poly.deg - 2;
lf No_real_Tz then

for i := lirst to last do
¡f (poly.coeflil > Left_Stop.XilLeft_Stop.totall)

and (poly.coeflil < Right_Stop.Xi[0]) then bêgin
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if ((poly.coefIi] - Left-Stop.XilLelt_Stop.totall) < (Right_Stop,Xi[0] - poly.coeflil))
then
poly.coefIi] := Left_Stop.XjlLeft_Stop.totall - difference

else
poly.coellil := Right_Stop.Xi[0] + difference;

wr¡teln('One pole is lound in the gap between the Stopbands.');
end;

lf (poly.coel[first] < Left_Stop.Xi[0]) then begin
po ly.coeflfirstl := Left_Stop.Xi[0] + difference;
writeln('One pole is found in lhe Hight Transit¡on Band.');
end;

if (poly.coefllastl > Right_Stop,XilR¡ght_Stop.totall) then begln
poly.coefllastl := Right_Stop.Xì[Right_Stop.totall - difference;
writeln('One pole is found in the Left Transition Band.');
end;

end;

procedurê Back_Transform (var Xpoly, Ypoly: polynomial; t1, t2: extended;
var negat¡ve_Zero: boolean);

var
i, Mo: integer;
diff, Cy: extended;

beg ln
Ypoly := Xpoly;
Ypoly.deg := Xpoly.deg - 2;
Mo := Xpoly. mlxpoly.degl;
diff := t2 - t1;
cy := 1;

negative_Zero := FALSE;
for ¡:= 1 to Ypoly.deg do begin

Cy := Cy " exponential(diff / (Xpoly.coef [i] - 1), Xpoly.m[i]);
Ypoly.coeflil := (t1 . Xpoly.coeflil - t2) / (Xpoly.coefli] - 1);
¡f not negative_Zero and (Ypoly.coeflil < 0) then

negative_Zero := TRUE;
ênd;

Ypoly.coeflo] := Ypoly.coef[0] * exp(Mo - ln(t'1)) . Cy;
if (Mo + 0) then begln

Ypoly.deg := Ypoly.deg + 1;

Ypoly.mlYpoly.deg] := Mo;
Ypoly.coeflYpoly.degl := 0;
end;

end;

procedure Output_Opt¡mal (var Xpoly, Ypoly: polynomial; negat¡ve_Zero: boolean;
Iteration: integer);

var
N, i: integer;

begin
writ e ln;
writeln('Optimal Rational function found ¡n ', lteration : 1, 'th iteration:');
writeln;
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wr¡te('¡' : 2, 'Xi' : '18, 'mi' : 15, 'Yi' : 18);
if negative_Zero then

wrile ln
else

wr¡teln('fi':25);
with Ypoly do beg in

write('C' : 2, Xpoly.coeflo] : 27 : 20, coelloj : 32 : 16);
lf negative_Zero lhen

write ln
else

wr¡teln(sqrt(coeff0l\ | 27 | 20\i
wr¡te(O : 2, Xpoly,coef[deg] : 27 : 20, mldeg] : 6, coelldegl : 26 : 16);
if negat¡ve_Zero then

write ln
else

wr¡teln(sqrt(coef[deg]) / TwoPi : 27 : 20);
N:=dsg-1'
for i:= 1 10 N do begin

wr¡te(i : 2, Xpoly.coef [i] : 27 : 20, mlil : 6, coef lil : 2ô : 16);
if negative_Zero lhen

writeln
else

writeln (sqrt(coeflil) / TwoP¡ :27 : 20);
end;

sn d;
end;

( 
. . . . . . . . . . . . . . - . . . - . M A rN p ROG RAM - . - . . . . - - . - . - . . - - . - 

)
beg¡n
DateTime;
SelectDataFile(DataFile,'Select data file :');
OpenïextWindow;
Read_Signal(DataFile, Left_Stop, Pass-Band, Right_Stop);
Print_Signal(Lelt_Stop, Pass_Band, Hight_Stop,'fi','Alpha(fi) in dB');

lastPt := Right_Stop.XilRight_Stop.totall;
TwoPi :=2* Pi;
ln10 := ln(10);
t1 := sqr(TwoPi . Pass_Band.Xi[0]);
t2 := sqr(TwoPi - Pass_Band.Xi[Pass_Band.total]);

Freq_to_X(Pass_Band, Left_Stop, R¡ght_Stop);
Print_Signal(Left_Stop, Pass_Band, Right_Stop,'Xi','ß(Xi)');
lnput_lnitial(DataFile, Xpoly, NBP, NBS, WBP, WBS, No_real_TZ);
close(DataFile);

Pass_Freq.total := NBP + '1 
;

Stop_Freq.total := NBS + 1;

Matr¡x_Size := NBP + NBS + 2;
Nplusl := Matrix_Size + l;
Nminusl := Matrix_Size - 1;

N := Xpoly.deg - 2;
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c:= (3.0 - sqrt(5,0)) / 2.0;
r := 1,0 - c;

Positive_Zero := FALSE;
Negative_Pole := FALSE;
Not_in_Order := FALSE;
Optimal_Sought ;= FALSE;
Optimal_Least_Distance := INF;
Optimal_lndex := 0;
Best_lteration := -1;
k:= 0;
GetDateTime(StartSec) ;

repeat
k:= k +'1;
Old_poly := Xpoly;
Locate_Abscissa(Xpoly, Pass_Freq, Stop_Freq);
Least_Distance := Distance(Xpoly, Pass_Freq, Stop_Freq, Above_Pass, Under_Stop);
wr¡te('Least djstance =', Least_Distance : 1 : 20);

if nol (Above_Pass or Under_Stop) and (Least_D¡stance < Optima¡_Least_Distance)
or (Least_Distance < tolerencel0) then begln

Oplimal_Least-D¡stance := Least_Distance;
Optimal_Xpoly := Xpoly;
Optimal_lndex := 0;
Best_lteration := k - 1;
writeln('-');
lf (Optimal_Least_D¡stance < tolefence8) then

Optimal_Sought := TRUE;
end

else beg in
writ e ln ;

Opt¡mal_lndex := Optimal_lndex + 1;

end;

lf ((Best_lteration = -1) and (k > lnitial_Limit)) or ((Best_lteration > -1)
and (Optimal_lndex > Search_Limit)) then

Optimal_Sought := TRUE;

lf not Optimal_Sought then begin
Create_Matr¡x(4, Matrix_Size, Xpoly);
Matrix_Evaluate(4, Matrix_S¡ze) ;

i:= 1;

while (ABS(Ali, Nplusll - Old_poly.coeflil) < tolerenceS) and (i <= N) do
i:= i+ 1;

lf (¡ > N) then
Optimal_Sought := TRUE;

end;

if not Optimal_Sought then beg ln
writ e ln ;

writeln('----------------------- I t e r a t i o n #', k : 1, ---------------');
Output_Xi(Pass_Freq, Stop_Freq) ;
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for i := 1 lo N do begin
Xpoly.coef Ii] := Ali, Nplusl l;
if (i <= NBP) and (Ali, Nplusll > 0) lhon

Posit¡ve_Zero := TRUE
else lf (i > NBP) and (A[¡, Nplusl] < 0) and (i <= N) lhen

Negative_Pole := TRUE
else lf (i o 1) and (Xpoly.coefli - 1l > Xpoly,coeflil) then

Not_in_Order := THUE;
ê nd;

Pole_l n_Transit¡on(Xpoly, No_real_TZ);
Xpoly.coeflo] := exp(AlNminusl, Nplusl l);
Output_Poly_X(Xpoly) ;

end;
until Optimal_Sought or Positive_Zero or Negative_Pole or Not_in_Order;
GetDateTime(EndSec);

lf Positive_Zero or Negative_Pole or Not_in_Order thon
if Positive_Zero then

Print_Erro('An AZ appears on the pos¡t¡ve side of x-axis,', 0, 3)
elss if Negat¡ve_Pole then

Print_Error('A TZ appears on the negative side of x-axis.', 0, 3)
else

Print_Error('Poles & Zeros are not ¡n ascending order.', 0, 3)
else if (Best_lterat¡on = -1) then

Pr¡nt_Error('No transfer function is found.', 0, 3)
else begln

wr it e In;
writeln('---------- Opti ma I T ran sle r F u n cti o n --------------*');
wr¡t eln;
Secs2Date(EndSec - Startsec, DateRec);
wlth DateRec do

wr¡teln('Total time used =i, hour:2,':', minute:2,':', second :2);
Back_Transform(Optimal_Xpoly, Ypoly, t1, t2, negative_Zero);
StartPt := round (Optimal_Xpoly.coef [1] . I .2);
EndPt := round(Optimal_Xpoly.coeflNl . 1.2);
Plot_Signal(Optimal_Xpoly, StartPt, EndPt, inBeta,'Opt¡mal ß(x)');

Output_Optimal(Optimal_Xpoly, Ypoly, negative_Zero, Best_lteration);
if negat¡ve_Zero then

writeln('Rat¡onal funct¡on contains at least ONE real Transmission Zero I')
êlso

Plot_Signal(Ypoly, 0, lastPt, indB,'lf./gg-');
wr ite ln;
writeln('-------------- E n d o f P r o c e s s i n g ----------------r);
end;

end.
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