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Abstract

In this thesis, two approximation techniques which generate the characteristic functions of
bandpass filters are investigated and implemented in Pascal language. The techniques
described are not based on the usual frequency transformations from a lowpass filter. The
first algorithm consists of two stages: an interpolation stage for the approximation by zeros,
and a pole-shifting stage for obtaining a new position for the poles. The second algorithm
uses two transformed variables to achieve a simple representation of the characteristic
function. The efficient Remez algorithm is modified and applied in the optimization

process.

Some examples which contain multi-level bounds in the stopbands as well as in the
passband, have been used to test the algorithms. The results are considered acceptable and

the degrees of the resulting functions are as low as possible.

These algorithms were implemented on a Macintosh II computer in double-precision form.

iv



Acknowledgements

I would like to express my sincere gratitude to Professor G. O. Martens for his supervision
and encouragement during the research of this thesis and throughout the M. Sc. program.

I would also like to thank my colleagues V. Cheng, M. F. Ng, and especially T. K. Chung
for many informative discussions. Many thanks to all my friends for their supports all
through these years, especially Buggle and Cecilia.

A heartfelt thanks to my parents, they have brought me to this day and taught me the
lessons of life. They also give me the wisdom to overcome all the difficulties in this work.

Most of all, I wish to dedicate this thesis to my one and only love,
Jeanny Yin Ha MAK.

I realize that most of the time you did not know what I was doing or why it took so long
but you have your faith on me. Without your continuous and unquestionable support, I will

never complete this thesis.



Table of Contents

AADSITACE «.eereiverererteeeseteerirese st ee st e s se s sesseasee s enaaesaneba s n e ae e eeeasbenteasratebaothesatsseatesrasenrass iv
ACKNOWICHZEMENLS .ottt s e e ebe v
Table Of CONLENES .cvcvveeerciscciiiii st b ss s st bsesressbesbs s s bb e sbnenbn e s vi
LSt OF FAZUIES 1.uveeeiririnicriiiiine st sene e e na s e e b ssn e b e e sbobaebes viii
Chapter page
1 INErOQUCEION ... et sss b b st sbs s aa s ssbn s ne e sas 1
2 Background Information............cocniiiiiniinininin e 4
2.1 Feldtkeller BQUAtION ....ccooiveeieeeccrereectenentse st sn s s et seesssesnnesnosasans 4
2.2 Bandpass FAlEr......uvieiiiimiiniiiniin st ressen et ssasae 5
2.3 Remez ALGOTHIM .......eveecmircerrreierecn e rnetrscasesesse s nr e sresscsesansssessssesrassssasssssnnas 8
3 Squared Magnitude Approximation............ccvoininiiiiiiienecn e 10
3.1 SPeCIfICAtON ...ttt et 10
3.2 The Cohen AlZOrIthm....c.coiveevii ittt ssrsbe s 14
3.3 The Interpolation STAZE ......ccovverrerirreerinerieseerristerresnsesnssssrss e sessseessassessessessens 16
3.4 Polynomial INterpolation........cccoveviiviviinrinininiiininsse e srssnise 18
3.5 The Pole-Shifting Stage......cccovvrrreririiccreerncrrenienerisesssssssnassesasssss s sssnsssesess 19
3.0 EPIOZUE ..eceviiiiiiiiit ittt s e s b s 22
4 Attenuation APProXimation ............cccceuiireiiniininiinniiimmrisncse oo 24
4.1 SPECIHICAIIONS tevvernririerriecererrieiereerteses et sesesree s e sbeesessstesnesssesresnassaesssesasssssessssaens 24
4.2 The Transformed Variable ........cocoviiveiiiiiiinininenneeneenan. 26
4.3 The Devleeschouwer and Grenez Algorithm.......vevvernincnnininiionnenne. 29

vi



5 Experimental Results and DiSCUSSION.........ccccocmiiiinininiccie e 37

5.1 Program Development of Cohen Algorithm .......cceeinvieiiniiicciennneecnneees 37

5.2 Program Development of Devleeschouwer and Grenez Algorithm.......cccovveuens 39
5.3 Application of Cohen AlZOTithm.....ccciviveiviiniiiiiii e 43
5.4 Application of Devleeschouwer and Grenez Algorithm .......cccevvveninicennincninnnns 53

5.5 DASCUSSION tuiverererrirenrinetsresesansieisosortesissississtssisssosessessessessesssssssssesssssssnssssssessssses 67

6 CONCIUSIONS .....coveviiriiiieiiec et r s et st b st et st s s a s st sabes 68
Appendix A: Program Listing of Cohen Algorithm........ccovvmicrincincnnncnnnne. 70
Appendix B: Program Listing of Devleeschouwer and Grenez Algorithm ..........c.c... 123
REfrENCES ..ot st a b 140

vii



List of Figures

Figure 2.1:
Figure 2.2:
Figure 2.3:
Figure 2.4
Figure 3.1:
Figure 3.2:
Figure 3.3:
Figure 3.4:
Figure 3.5:
Figure 3.6:
Figure 4.1:
Figure 4.2:
Figure 4.4:
Figure 5.1:
Figure 5.2:
Figure 5.3:

A simple bandpass filter .......coeiiveiiic e 6
Frequency transformation of lowpass to bandpass filter.........cccevvvcenrccrnenne. 6
Lowpass to bandpass filter with asymmetric requirements.......coveeverrerreervenes 7
Remez algorithm.. .ot eree e ssessresre s eesreseeens 9
J{x) for a Dandpass fIller .....uerveriereeneirenrscsereesiesessesessesenssesrsssssaesssares 11
Rational function resulting from Interpolation stage.........cocevoveecrrvercecncenneens 14
Rational function resulting from Interpolation stage.......cccocerimricenienrennencnn. 15
Discrepancies (overshoots) resulting at the k" interpolation :..........eeveveenees 17
Newton’s Interpolation AlZorithim .......ccceveveerecirvvcrinioninnenenenrensssiessieseens 18
The Cohen AlZOrithm ...c.cvceiiiiiiiniiiiri e 23
x-y mapping for the bandpass filfer......co.covvevverceirinneninirn e 27
The UeTative PrOCEAUTE ..cveervtirrirccerrieeerieretrreersreesenesseessnesnrsssneesasansassnenaes 31
The Devleeschouwer & Grenez algorithm ........ocvcvevvveverveenncnneninione e 36
Zeros outside Stopbands.........ccvviiievinninie e 39
An arc crosses between two stopbands........cocvveieiiiienneniin e 40
Existence of x,, x_, Or DOth e 41

Figure 5.4a: Stopband attenuation of the characteristic function from example 1.1 ....... 44

Figure 5.4b: Passband attenuation of the characteristic function from example 1.1 ....... 44
Figure 5.5a: Stopband attenuation of the characteristic function from example 1.2 ....... 46
Figure 5.5b: Passband attenuation of the characteristic function from example 1.2 ....... 46

viii



Figure 5.6a;
Figure 5.6b:
Figure 5.7a:
Figure 5.7b:
Figure 5.8a:
Figure 5.8b:
Figure 5.9a:
Figure 5.90:
Figure 5.10a:

Figure 5.10b:

Figure 5.11a:

Figure 5.11b:

Figure 5.12a:

Figure 5.12b:

Figure 5.13a:

Figure 5.13b:

Figure 5.14a:

Figure 5.14b:

Figure 5.15a:

Figure 5.15b:

Stopband attenuation of the characteristic function from example 1.3 ....... 48

Passband attenuation of the characteristic function from example 1.3 ......

Stopband attenuation of the characteristic function from example 2.1 .......

Passband attenuation of the characteristic function from example 2.1 .......

Stopband attenuation of the characteristic function from example 2.2

e

Passband attenuation of the characteristic function from example 2.2 .......

Passband attenuation of the characteristic function from example 3.1 ..

Stopband attenuation of the characteristic function from example 3.2
Passband attenuation of the characteristic function from example 3.2
Stopband attenuation of the characteristic function from example 3.3

Passband attenuation of the characteristic function from example 3.3

Stopband attenuation of the characteristic function from example 3.1 .......

-----

.....

.....

-----

-----

Stopband attenuation of the characteristic function from example 3.4 .....

Passband attenuation of the characteristic function from example 3.4 .....

Stopband attenuation of the characteristic function from example 3.5
Passband attenuation of the characteristic function from example 3.5
Stopband attenuation of the characteristic function from example 4.1

Passband attenuation of the characteristic function from example 4.1

Stopband attenuation of the characteristic function from example 4.2 .....

Passband attenuation of the characteristic function from example 4.2 .....

X

.....

-----

-----

-----

.48

50
50
52
52



Chapter 1
Introduction

The design of linear, time-invariant and stable lumped-element filters is one of the most
important subjects in classical network theory. This kind of network design is normally
based on the determination of real rational transfer functions. This requires the design
specifications to be given in the form of prescriptions for the transfer behaviour of the
network, For a fixed degree, the parameters of the transfer function (constant multiplier,
zeros and poles) serve as the design parameters to fulfill the design specification. In order
to guarantee the realizability of the network, the transfer function must be free of poles in
the half-plane Re s >0 including the imaginary axis of the complex s-plane.

A characteristic of the filter design problem is the kind of specification which always must
be seen in view of realizability. Most of the time, a filter is designed on the basis of its
attenuation characteristic only. It is specified in the form of a continuous, finite and
non-negative function in a real frequency variable over the total frequency domain.

While ultimately a real rational transfer function is required, usually an approximation
technique is used to first obtain a real rational characteristic function. The characteristic
function has the maximum possible number of equal (or nearly equal) ripples in a passband
and exceeds some frequency dependent requirement in two stopbands. The complete
solution of this approximation problem has a general and a particular part: the description of
the form of the characteristic function, which has given poles and is equal (or nearly equal)
ripple in the passband, and the choice of the number and position of these poles to satisfy
any given requirement. The ease with which the second part can be performed in a
particular case should be an important factor in the choice of the form of the characteristic

function [1].

In most filter applications, the synthesis of LC filters implies an important asymmetry
between the number of capacitors and the number of inductors. Since inductors are larger,
less easily implemented, more expensive, and more dissipative than capacitors, much
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attention has been given to the problem of designing bandpass filters with minimum
numbers of inductors. This minimum is achieved when a filter with an even number, 2N,
of degrees of freedom can be realized as a reactance ladder network containing NV inductors.
The degree of the approximating function is also an essential parameter. It must be chosen
sufficiently high to meet the tolerance specifications. On the other hand, economic
considerations dictate that it be as low as possible.

Traditionally, a bandpass filter function is obtained from the optimal lowpass function
through a frequency transformation. This restricts the selection of the optimum to the set of
functions obtainable through such a transformation. Also this transformation cannot be
applied to the frequency-asymmetrical bandpass filter, i.e., a bandpass filter whose
attenuation is not symmetrical on a log-frequency scale.

The objective of this thesis is to investigate two approximation techniques which generate
the characteristic function of the bandpass filter without the frequency transformation.
Also, the approximation techniques are implemented in a computer program. The classical
approximation problem is described very briefly in [2], [3]. The discussion is limited to
lowpass or bandpass filters with an equiripple or maximally flat passband response.
Moreover, functions used in the design of filters have often been characterized as
approximations to certain ideal curves known to be nonrealizable in practice [3], [4]. A
proper characterization, however, would have been the selection of a function from a
collection of allowable ones, fitting within certain bounds and resulting in a physical
electric circuit of minimal complexity [5].

Both of the approximation techniques can be applied on any finite number of suitable
bounds in the passband as well as in the stopbands. The well-known Remez algorithm [6]
is used in modified form in both techniques for the iterative procedure. Chapter 2 will
provide more detail about this algorithm. A discussion of the limitation of the frequency
transformation will be provided as well. Also the general background of the characteristic
function in filter design will be included.

Chapter 3 describes the squared magnitude approximation developed by Cohen [7]. This
approximation combines the polynomial interpolation method and the pole shifting process
to achieve an optimal characteristic filter function. Newton’s Interpolation Algorithm is
used for the first part of the interpolation problem.
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Techniques based on linear programming [8], [9] or nonlinear programming [10], [11]
have been proposed in order to remove the restriction on equiripple or maximally flat
passband response. Chapter 4 describes the attenuation approximation developed by
Devieeschouwer and Grenez [12]. The algorithm describes an iterative approximation
process, somewhat similar to Remez’s second method [13], for an arbitrary stopband
specification in the Chebychev sense. A new transformed variable is introduced to achieve
accuracy near the passband edge. At the end of each of these two chapters, a brief
description of the algorithm flowchart is given.

All polynomials in this thesis are expressed in product form. This is because of its low
error sensitivity compared with polynomials which are in coefficient form [14].
Throughout the interpolation process, polynomials are kept in product form by applying the
zero-finding algorithm. The details of the algorithm are not discussed in this thesis.
References to this are given as required.

Subsequently, experimental results and discussion are provided in Chapter 5. Several
examples are presented to illustrate the effectiveness of both approximation techniques.
Finally, Chapter 6 summarizes the work presented in this thesis and presents topics for
future research.



Chapter 2
Background Information

2.1 Feldtkeller Equation

A lossless two-port network is characterized by its wave scattering parameters. The

scattering matrix
| h of.
S=—-
g f _Oh$

where g, i, and fare the canonic polynomials of the complex frequency variable s and
o = 1. The analytic continuation of Feldtkeller Equation is

gg. =hh, + ff. 2.1)

The lower asterisk ‘.’ indicates Hurwitz conjugation. For real polynomials this
corresponds to replacing s by —s and is equal to the complex conjugation for s = jw; i.e.,
f(s)= f(=s). According to [15-17], the polynomial g from (2.1) must be a Hurwitz
polynomial; i.e., a polynomial with its zeros belonging to the left-half of the complex
plane. Also, the polynomial f is monic as well, i.e., the leading coefficient of fis unity.
The validity of (2.1) for lossless two-ports is proved in Williamson [14].

Divide (2.1) by ff. to obtain

88 _y (2.2)
P b
The reciprocal of (2.2) is
UL :—lhh (2.3)
88 1+—
i
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which can be written in squared magnitude and attenuation form as

1
L = 5 (2.4a)
8 h
1+|=
2 2
o =—10log,, z = 1010g10(1+ % J (2.4b)
g

where « is the attenuation in dB, f/g is the transfer function and A4/ f is the characteristic
function of the two-port network. Eq. (2.4) is normally used for the approximation of the
transfer function. The polynomial g is obtained from the characteristic function A/ f by
using (2.1). Since g, & and f are real polynomials, all zeros of these polynomials are either

real, or pairs of complex conjugates.

The expressions (2.4) show that the zeros of fand 4 are the attenuation poles and zeros,
respectively. They are preferably located on the imaginary axis in order to create the
maximum number of attenuation poles in the stopbands for the zeros of fand attenuation
zeros in the passband for the zeros of / {18]. From (2.1), the degree of g is equal to the
larger degree of the polynomials fand A, or possibly to the degree of both polynomials if
they are the same. In case the degree of fis lower than that of %, there are in addition as
many attenuation poles at infinity as there are units in the difference between these degrees.

2.2 Bandpass Filter

Mathematically, the frequency axis is divided into intervals called bands. One of them, the
passband, is divided into sub-intervals with various upper-bound constraints on the value
of the polynomial. Others, the stopbands, are divided into sub-intervals with lower-bound
constraints. The passband and stopbands are separated by transition bands. A bandpass
filter has a passband [w_, , ®,. ], set between two stopbands [0, w_, ] and [w,,, ), with
w_,<w_, and w,, <w,, . This is shown in Figure 2.1.

Traditionally, a bandpass filter is obtained through the frequency transformation from an
optimal lowpass filter. This transformation leads to a distortion of the attenuation
characteristic of the symmetrical lowpass filter. Figure 2.2 shows the nature of that

distortion.
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144

f
f
|
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|
w w
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Figure 2.1: A simple bandpass filter

w

Figure 2.2: Frequency transformation of lowpass to bandpass filter
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It can be seen that the upper transition band, from w;, to w7, is wider than the lower
transition band of the transformed bandpass filter, from @’ to w’,. Also, this
transformation limits the bandpass filter to the symmetrical requirements of those of the
lowpass filter. If the requirements are asymmetrical, they will be made symmetric (as
shown in the dotted line of Figure 2.3) to those of the lower stopband after the
transformation.

)] (03]
Figure 2.3: Lowpass to bandpass filter with asymmetric requirements

The frequency transformation can only be satisfactory when either the requirements are
symmetrical, or the filter degree is not too high. In addition, the synthesis of a bandpass
filter based on frequency transformation from a low pass filter is an over-simplified method
whose cost is often higher due to extra elements in the circuit [18].

As a result, a unique approximation technique is required to generate bandpass filters
directly. The attenuation requirements can be multi-level, asymmetric with respect to the
upper and lower stopbands. The circuit will be less complex compared to those obtained by
frequency transformation. This also makes no sacrifice of the degrees of freedom.
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2.3 Remez Algorithm

In the investigation of the two approximation techniques, the Remez algorithm is used. It
has been applied to the computation of polynomial rational approximations with
considerable success. There are many possible variations of the algorithm. The original
Remez algorithm can be found in [13] and other variants in [2], [6]. It is a method of
exchange, but rather than exchanging one point at a time, it exchanges all points, in
general, at one time. This algorithm consists in locating the 7+ 1 points (where n is the
degree of the approximating function) and taking these points as the next set of points upon
which the function is approximated.

A simple description of the Remez algorithm is presented to provide some insight of the
approximations presented in this thesis. The Remez algorithm consists of following steps
[187:

* choose an initial set of (n+1) abscissas, x;, in the interval [a, b);

* construct a polynomial, P,(x), presenting errors, k; which is defined as

k;= P,,(xj)—f(xj)
These exrors are identical in absolute value to a value %, at the abscissas;
o find the abscissas of the error local extrema in the interval;

e replace each abscissa x; by the abscissa of the closest local extremum, whose error
is of the same sign;

e iterate from the second step until £ does not increase any more.
A simple example is shown in Figure 2.4 with the error curve corresponding to the

polynomial P, (x) on the abscissas x,, ..., x,. After applying the Remez algorithm, x,, x,,
and x, are replaced by x;, x;, and x, respectively.
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A
erior

X, X, ' X,

Figure 2.4: Remez algorithm

This algorithm is applied in modified form to approximate the transfer function by the
algorithms described in the next chapters.



Chapter 3
Squared Magnitude Approximation

The primary intent in this chapter is to provide a brief description of the squared magnitude
approximation for a rational bandpass filter function. The approximation is developed by
Cohen [7]. This approximation is basically split into two parts: the first one uses the
interpolation by a polynomial for the passband; in the second part, the use of pole shifting
achieves the approximation to any specifications in the stopband. The attenuation
specifications are general, multi-leveled, allowing for free attenuation poles.

3.1 Specification

A realizable approximation to the ideal magnitude-vs-frequency response of a filter transfer

function is usually expressed as

I

- 1+’ f(w?) G-

|H(jo)f

The above equation is the same as in (2.4a) but with different notation. One important point
is that the fhere describes a function of the squared magnitude of the characteristic function
is completely different from that in (2.4a). This fis a rational function of @?* and is
expressed as a ratio of polynomials. Within this chapter, frefers to the function described
above in (3.1). The above equation describes the squared magnitude of the transfer
function H(jw). € is some constant. With a change of variable,

¥ = > (3.2)
f(x) can be specified by the following conditions [5]:
f(x)=0 forall x>0 (3.3a)

flx)sU. for x, , <x<ux i=1,2,....,m (3.3b)
i i—-1 i

10
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f(x)= L forx . <x<x_,, i=1,2,...,¢ (3.3¢)
f(x)=Lr, for x,,  Sx<x,, i=1,2,...,v (3.3d)
where x ,=0,x. =%y, x,=Xx,, X,, =%,

x, and x_ are the passband edges;

x_,. and x, are the left and right stopband edges respectively;

0< U, £1, with U, =1 for some i, are upper bounds of f(x) specified in the
passband;

LI >1 are lower bounds specified in the left stopband,;

Lr; >1 are lower bounds specified in the right stopband.

This specification is illustrated in Figure 3.1, where the interval [x_, x, ] is the passband,

x_) and

[0, x_,] and [x,, o) are the left and right stopbands, respectively, while (x

—5

(x,, x,) are the transition bands.

f(x)

- .__.____.....__.......“......._-____J

xs +1 X

i
i

{
t

O x—S—Z x—s—l
Figure 3.1: f(x) for a bandpass filter

As can be seen in the above figure, there can be any finite number of steplike bounds in the
passband and stopbands. This kind of characteristic behaviour can be specifically identified
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by introducing two distinct discontinuous functions.
The “ceiling function” C(x), used for the passband, is defined as follows:

C(x)=U, for x_ <x<x i=1,2,...,m (3.4a)

X_ =X <X <..<X, <X, =X,

C(x_): C(}co):U1 (3.4b)
C(x,)=C(x,)=U, (3.4¢)
C(x;)=min(U;, U,,) i=1,2,....,m—1 (3.4d)

The “floor function” F(x), used for the stopbands, is defined as follows:
for the left stopband:

F(x)=LI for x__,<x<x__,, i=1,2,...,¢ (3.52)
O=x__ , <x ,,<..<x_,,<x_ <X

F(x_)=11, (3.5b)
F(0)=F(x_,_)=Li (3.5¢)
F(x__)=max(LL, LL,,) i=1,2,..,t—1 (3.5d)

for the right stopband:

F(x)=Lr, for x,,  <x<x,,; i=1,2,..,v (3.5e)
X, <x,<x,, <.<x,, =0

F(x,)=Lr, (3.59)
F(x,,;)=max(Lr;, Lr,,,) i=1,2,...,v—1 (3.5g)

As described in Equation (3.3), the basic electric filter design criteria thus become
0< f(x)<C(x) for x. <x<x, (3.6a)

f(x)= F(x) for 0<x<x__ and x> x, (3.6b)
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As mentioned earlier, f(x) is a rational function, which can be expressed as a ratio of

polynomials:

flx)= WACH (3.7)

D, (x)

where N,(x) is a polynomial of degree n and D_(x) is a monic polynomial of degree g,
and where ¢ is restricted to be less than 1. And the order of f(x) is equal to n. Thus the
filter transfer function has the order n. According to the conditions in (3.3a), any real zero
of N in [0, ) must be of even multiplicity; also it cannot be located in the stopband
because of (3.6b). Because of (3.3a), any real zero of D in [0, oo) must be of even
multiplicity if it lies in (0, o) and it cannot be located in the passband because of (3.6a).

A rational function f(x) with minimal order, #, is sought such that it will satisfy the
constraints (3.6). Therefore, the degree of the numerator in f(x) should be as small as
possible and f{x) should exhibit as large a value as possible in the transition bands
(x.,,x.)and (x,, x,). In other words, it maximizes F(x_ ) or F(x,), or both. This
allows the realizability of a bandpass filter with minimal complexity.

The optimal rational function f~ (x) has the pole-zero form
%
H (x-z )2
(x)=a, S~ 3.8
f ( ) n % , ( )
H (x=p;)
i=1
where all z; and p, arereal, x <z <x,, and p, satisfies either 0< p, <x__ or p, = x,.
a, is some real positive value which is actually the same as £ in (3.1) and where n and ¢
are even. Within the passband, from x_ to the left of the first minima and from the right of
the last minima to x,, as well as in every interval between two adjacent minimas, this
optimal function will reach its maximum allowable value C(x) at at least one point. Thus, it
has n/2 distinct zero minima and #/2 —1 maxima in the passband. If the positions of the
poles is anticipated, this optimal function will be completely characterized by its behaviour

in the passband.
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3.2 The Cohen Algorithm

The importance of this algorithm is to attempt to correct the maximum discrepancies of a
rational function which does not satisfy the specifications indicated in Equation (3.3). The
algorithm starts to interpolate the numerator of the rational function by keeping the
denominator fixed. That is, with initial poles fixed, an interpolating process is performed
which passes the curve through the extrema and the proper end values in the passband.
After the first interpolation, the extrema of this newly obtained rational function will, in
general, not satisfy the conditions (3.3a,b). Using these new extrema and end values, a
second interpolation is carried out. This process is repeated until the interpolation points
stabilize. This is called the inferpolation stage.

The rational function resulting from the interpolation stage will, in general, not satisfy the
conditions (3.3c,d). This situation is illustrated in Figure 3.2.

-
|
|

e A G e o — —

Figure 3.2: Rational function resulting from Interpolation stage.
To be raised in stopbands in pole-shifting stage.

The rational function is lower than the floor function in the stopbands. The next step is to

raise the rational function over the stopband region. This is to be done in a pele-shifting
stage. Using first-order approximations, a set of pole shifts is determined with the goal of
raising the offending minima in the stopbands. This stage is somewhat similar to the global
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exchange method proposed by Remez [6]. This is to achieve the equiripple approximation
to any speciftcation in the stopbands. This pole-shifting routine involves the solution of a

set of linear equations.

Another case which may have occurred after the interpolation stage is illustrated in

Figure 3.3.

e o — M e Gt o — —

Figure 3.3: Rational function resulting from Interpolation stage.
To be lowered in stopbands in pole-shifting stage.

The rational function is larger than the specifications in the stopbands. In the pole-shifting
stage, the rational function will be lowered until it equals the specified floor function to the
left of the rightmost pole in the left stopband and to the right of the leftmost pole in the right
stopband. This will result in raising the rational function in the transition band to yield an
attenuation as large as possible. The above two aspects of the pole-shifting stage may be

combined in a single process.

After the pole-shifting stage, if the resulting rational function still does not satisfy
conditions (3.3), because the zeros no longer satisfy (3.3a,b), the whole algorithm is
repeated starting with the interpolation stage. But this time the revised set of pole locations
is used. This alternation of stages is repeated until the desired attenuation behaviour results,

i.e., conditions (3.3) are satisfied.
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3.3 The Interpolation Stage

Initially, if the positions of the poles are not fixed, the ¢g/2 poles are randomly placed in
any convenient location in the stopband. These pole positions are p®, (i=1,2,...,¢/2).
Then the n+1 interpolation abscissas are randomly selected from the passband, namely,
thex(?, (i=0,1,..., n). The approximating rational function is in the form

1

FOG) = 3.9)

q2
()
i=1

with zeros z'”. A polynomial interpolation algorithm is then used to interpolate the points
f w’(xf"’) = C(xfo’) for i even (3.10a)

FO)=0 for i odd (3.10b)

thereby determining the z'* and the constant multiplier, a,. The interpolation algorithm
and how it is applied is described in next section (Sec. 3.4). After getting, all the z,’s, the
locations of the minima of f®(x) are obtained next, namely, (¥, %, ..., y%. They all
should be found in the interval (x_ , x+). Within each of the intervals (between two adjacent

minima):;
2570 I (0 Vor) NN UL VE N i=1,3,...,n-3

a point ¥\, i even, is located such that f(y®)— C(y*) is maximized. A new set of
interpolation abscissas is then determined as

X = y© i=0,1,...,n 3.1D

The new abscissas x'” are compared to abscissas x*. If they are not equal, a second

iteration is performed. This will produce f”(x) and the new abscissas x*. The

comparison is carried out again and so on. On the other hand, if they are equal, or
XD — x| is less than some chosen tolerance for all , the interpolation procedure is

stopped.
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For clarity, the resulting rational function is then called g™ (x). This process is referred to
as the interpolation stage. The interpolating rational function g (x) satisfies conditions
(3.3a,b) but may not necessarily agree with (3.3c,d). This is mentioned earlier and
illustrated in Figures 3.2 and 3.3. In the other case, if conditions (3.3c,d) are satisfied, it is
a solution, but may not be the optimal one. The process is passed to the pole-shifting stage.

For the starting solution of the n +1 interpolation abscissas, it is convenient to take equally
spaced points on [x_, x, |

0=y il x) i=0,1,...,m (3.12)
n

It is also to be noted that the y*, i even, are relatively easy to obtain. Each y, must be

é

located at either one of the break points of the bounds in the passband, i.e.
X_, X, Xyseers X, X,, OF else at a maximum of f*(x) as illustrated in Figure 3.4.

U.

P\ I

|
|
|
\ % e / \ y&u/ o/
i T 1

\J/ y \4'/ o P \:/
(a) (b)
Figure 3.4: Discrepancies (overshoots) resulting at the k™ interpolation :

(a) at minima and maximum of interpolation rational
function f®(x); (b) at minima and break point;
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3.4 Polynomial Interpolation

From the last section, in order to obtain z;’s in (3.9), an ordinary polynomial interpolation
is required. Since the poles, p,’s are initially chosen, (3.9) can be written as

M

%
[1(r-22)= 1) ] (x-p) (3.13)

i=0

Applying the conditions in (3.10), the right hand side of (3.13) can be replaced by a
constant, ;, which is associated with the proper abscissa x,. For clarification, the abscissa
x; is replaced by ;. Therefore, a set of interpolation points (a,. , ,8,.) is formed. By a
theorem in [19], if «,’s are distinct, a unique polynomial U{x) can be interpolated having
degree n such that

Ula,)=B, i=0,1,...,n (3.14)

where U(x) corresponds to the polynomial of the left hand side of (3.13). The ¢, are
distinct since the abscissa x, are all separated on the passband. Therefore the interpolation
of U(x) is accomplished by using Newton’s Interpolation Algorithm [19].

The pseudo-code of Newton’s Interpolation Algorithm is shown in Figure 3.5.

1 begin

2 U(x):= By;

3 M(x):=1;

4 for k:=1 until n do

5. begin

6 M(x):=M(x)x(x— o, );
7 c:=[M(a, )]_1;

8 §:=[B, ~U(a,)]xe;

9. U(x):=U(x)+ 8 x M(x)
10. end

11. end

Figure 3.5: Newton's Interpolation Algorithm



Chapter 3: Squared Magnitude Approximation 19

where k is an integer iteration index; U(x) is the expression for the polynomial in (3.14);
o, and fB, are the abscissas and ordinates of the interpolation points, respectively; M(x) is
the monic polynomial which constitutes all factors (x - z,.) where [ < k; and 6 is the
coefficient of highest power in U(x).

It is noted that the interpolating polynomial in (3.13) is in product form. This is because the
coefficient form polynomials are very sensitive to errors incurred during numerical
processing [14]. Thus, U(x) in Line 9 of the above algorithm is determined in product
form. The zeros of U(x) can be determined by a special zero-finding routine. On the other
hand, M(x) is already in product form which is shown in Line 6. The detail of the zero-
finding routine will not be discussed in this thesis. They can be referred to in [20].

An important point has to be noted when this algorithm is applied. According to
Williamson [14], the set of interpolation points (c;, ;) has to be arranged in ascending
order based on the ordinate magnitudes. Otherwise critical cases may occur if the ¢, values
are clustered close together and the 3, values vary by many orders of magnitude. If the
large-ordinate points are interpolated first, the entire interpolation process becomes
insensitive to the comparatively very-small-ordinate points occuiring later. As a result,
some accuracy may be lost during this process and the interpolated polynomial may not
accurately reflect the interpolation points from which it was derived. On the other hand, if
the small-ordinate points are interpolated first, an accurate interpolation process is

preserved.

3.5 The Pole-Shifting Stage

The approximation of f(x) is continued with the rational function g’(x) in the
pole-shifting stage. Let p!” to be the rightmost pole position in the left stopband. An

v

abscissa y,, (i =1,2,..., q/2), is found within each of the intervals in the left stopband:
[0, ), (P, 7). ., (P2, P)

and within each of the intervals in the right stopband:

@ (0) (0) (0) (&)
(pv+l ! pv+2)’ e (pg__l’ p% )’ (p% ) OO)
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Abscissa , is located such that g(y,)— F(y,) is minimized. For obtaining the pole
displacements Ap{”, (i=1,2, ..., g/2), consider the distance functions

Wy, p)=F(3)~¢" (3, ') (3.15)

where p=(p®, p, ..., pio)) The p'” above is the one which was initially chosen

arbitrarily. If this p' happens to give the optimal rational functions, it will follow that
h(y;, p®)=0.1f this is not the case consider the possibility of an improvement by

changing p® by an amount Ap to anew p. The Taylor series expansion of (y,, p)

(0}

around p*’ gives

(3, p)= h(y,, p°)+ (Zﬂp, 5 ] )], o

i=1,2,...,q/2 (3.16)

It is noted that only the first two terms of the expansion are retained. Since (y;, p)=0 is
desired, impose this condition, i.e. require that

0=h(y,, p”)+ {ZApJ g ] (> p) i=1,2,..,q/2

Replace h by F(y,)—g""(y;) in the last equation to obtain

J'

O:F(y,) (1)(),!’ (0)) [ZAP; ] (1)(3’:’3’)! o

i=1,2,...,q/2 (3.17)

After the equation is rearranged and the designation of the parameter p is dropped from

g, it is written as

A =F(y,)- 8" (1) i=1,2,...,q/2 (3.18)



Chapter 3: Squared Magnitude Approximation 21

For the partial derivative of g(y,) with respect to p;, assume g has the form as in
(3.8). Taking the natural logarithm of both sides, it becomes

Ing®”(y)=Ina,+3 2Inly—z|-> 2|y p| (3.19)
i=1 i=1

Taking the partial derivative with respect to p;, it is then written as

m .
(1)1 20, D (3.20)
gPy)  9p, y-p;
Therefore,
%°0G) _ 28°0) 3.21)

IO (y-p)

Combining (3.18) and (3.21), the pole displacements, Ap{®

, are obtained by solving the
system of g/2 linear equations:
% 50
287y, .
Z—()-Ap?) =F(y)-8" () i=1,2,...,q/2 (3.22)

()]
j=1 Y TP

Thus the new pole positions are calculated as

PO = p@ 4 Ap® i=1,2,...,q/2 (3.23)

i

This ends the pole-shifting stage. This stage is different from the interpolation stage in that
this process is not iterative. If by some chance Ap®” =0, ie. p@ = p©@, then g¥ = f* is
the optimal rational function sought. Otherwise, the whole algorithm is restarted. Only this
time, the following rational function is used instead of (3.9).

ator of o
FO(x)= nunf;latm of g% (x) (3.24)
2

I1(-v)

i=]

From the £”(x) interpolation abscissas are obtained for the determination of the
interpolation function f’(x) as described above. This interpolation process eventually
leads to g®(x), which is then used in the pole-shifting stage, etc.
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The rational function which results from this algorithm may not satisfy conditions (3.3c,d).
Especially in the intervals [p,, x_ ] and [x,, p,,, ], the rational function may happen to be
below the specification levels in the stopband edges. In that case, the poles may be
redistributed differently between stopbands and the whole process started anew. If this still
fails to satisfy (3.3c,d), there may be no rational function of numerator degree n which can
satisfy (3.3¢,d). The whole process is then restarted using rational functions of numerator

degree n+2.

If, however, the optimal rational function resulting from the algorithm satisfies all of (3.3),
then it is “the” optimal function sought, and it can be shown to be unique [7].

3.6 Epilogue

Due to the linearization of the Taylor expansion and the shift of the essential frequencies,
several iterations are necessary. It is expected that convergence can be guaranteed if the
displacements adopted for each shift stage are kept small in magnitude, even if the solution
of the set of linear equations results in large values. This suggests that after solving for the
Ap,’s, they are normalized by a certain constant in order to make them small. But the
directions of the shifts are still the same. The method of the search for this normalizing

constant will be explained in Chapter 5.

As mentioned earlier in (3.7), ¢ is limited to be less than n. In the pole-shifting stage, when
locating y, within the interval (pi, oo), two situations may occur. When n< g, f(x) will
approach 6 as x — co, In this casze, y, will be located at «! And also, the rational function
may not satisfy condition (3.6b). Thu.zs, ¢ is limited to satisfy g <n.

The whole process of this squared magnitude approximation is summarized as a flow chart

shown as in Figure 3.6.
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Figure 3.6: The Cohen Algorithm




Chapter 4
Attenuation Approximation

The previous chapter briefly described the squared magnitude approximation using an
iterative interpolation process and a pole-shifting routine for the characteristic function of a
bandpass filter. In this chapter, the concept of attenuation approximation is presented. This
approximation technique was introduced by Devleeschouwer and Grenez [12]. It is
described for the approximation in the Chebyschev sense of an arbitrary attenuation curve
in the passband and in the stopbands by a real transfer function. The approximation process
is reduced to a common optimization problem. It is then solved by the efficient Remez
algorithm which is the original approach, and is extended to more general passband
specifications. This method was first described in [22] for analog filters. In addition some
of the transmission zeros or attenuation zeros can be fixed at prescribed frequencies. The
applied optimization procedures are mainly based on linearization methods.

The approximation algorithm described here is originally designed for both analog and
digital (recursive) filters. Only the analog bandpass filter design is described in this thesis.
Transformed variables are used to obtain a unique formulation. In order to improve the
computational accuracy, a second transformation is then used. This transformation gains its
advantages for the optimization of the bandpass filter. For other filter designs, different
transformations are employed. They can be found in [12].

4.1 Specifications

A transfer function H(s) of a bandpass filter is to be determined which has a degree as low

as possible. It must satisfy the following specifications:
a(f)z o, (f) in the stopbands (4.1a)

0<a(f)<alf) inthe passband (4.1b)

24



Chapter 4: Attenuation Approximafion 25

where a(f) is the attenuation function and is defined as
a(f)=-10log|H(j27f)[ (4.2)

and ¢ (f) is the given specification function. Since the amplitude of H(s) should
approximate unity in the passband, it is convenient to use the characteristic function K(s),
which is related to the transfer function H(s) according to

1

T+ K(s)- K(=s) (43)

H(s)-H(-s)=

The approximation parameters are the zeros, poles and the constant factor of K(s). The
advantage of these parameters is due to the fact that the zeros and poles of «(f) are
identical to those of K(s) on the imaginary axis s = jw . This follows immediately from

a(f)=—10log|H(j2r f) = 1010g[1+}1<( 2 f)ﬂ (4.4)

Because of this, it is possible without difficulty to choose initial values for the
approximation parameters, namely, all the attenuation zeros (AZ) in the passbands and all
the transmission zeros (TZ), or just poles, in the stopbands. The form

K(s)=C,-s™ -f[(s2 +wl )" w20, i=1,2,...,n (4.5)
i=1

is chosen for the characteristic function where positive integers of m, (i =0,1,..., n)
correspond to TZs and negative integers correspond to AZs. For the variable parameters
C, and w,, initial values must be assumed. These will be iteratively improved as described
later. m; is called the multiplicity of the singularity. m, is normally equal to +1. For
multiple poles/zeros, m, < ~2 or m, = 2. The multiplicity m_ of the singularity at infinity
does not appear in (4.5) but is given by the difference between the numerator and the
denominator degrees of the rational function K(s). It is derived directly from (4.5) as

m, =—m, =2y m, (4.6)

i=]
k(s) is defined by

k(s)=K(s)-K(-s) (4.7)
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Obviously, it is an even function of s. Therefore, the variable y is introduced according to
y=—s (4.8)

The specification originally given on the axis s = jw is transferred to a specification on the
real axis of the y-plane. Hence &(s) can be written as

N

k(y) = Cy . y—"fo . H (y -y, )_2"'" (4.9)

=l

where C,=C; and y,=w], i=1,2,...,n

For real frequencies, y is real, positive and increasing for increasing frequency.

4,2 The Transformed Variable

In order to improve the accuracy near the passband limits where the zeros tend to cluster, as
well as to simplify the solution of the approximation problem [6], a new transformed
variable will be used in the optimization procedure. The transformed variable x is related to

the variable y by
y=2"h (4.10)
y—

where ¢, and ¢, are the y values corresponding to the passband limits with
t, = passband lower edge, and ¢, = passband upper edge. The passband is mapped onto
the negative real x-axis and the stopbands onto the positive real x-axis. The x-y mapping is

illustrated in Figure 4.1.

References [24-26] give a detailed justification of this particular choice of transformation.
To take the full advantage of the numerical properties of the transformation, the entire

synthesis process must be performed with the x variable.
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A B C b E F G=« C=-w D E F GA B

(1) - (t,)
Figure 4.1: x-y mapping for the bandpass filter
It is noted that when y approaches <o, x is mapped to 1. And when y approaches 0, x is
mapped to ¢, /1, . Therefore, G =1 and A =¢,/t, on the x-axis in Figure 4.1. It is assumed

that no zero (TZ or AZ) is located on a passband edge. After some algebraic manipulations
with the substitution of (4.10), (4.9) becomes

+2

k(x)=C.- H(x - X )_m'{ 4.11)
i=1
with
x,#0 i=1,2,...,n+2
. —
x‘.:y* 2 m{ =2m, i=1,2,...,n
Y. —f
Xyl = 1 ]n’;+l =m,
t, ;o
‘xn+2 = t_ ’nn+2 - ’n'O

C, isrelated to C, as follows. From (4.10), y is writien in terms of x as

y= hx—f, (4.12)
x—1
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Upon substituting this into (4.9), it becomes

—mp n _ _ ~2n1;
k(x):Cy-(tix_tz) _H(tlx X, t2]

x—1 o x—1 x, -1

i=1

C, (x—-1)™ H (x“l)(x,--"i)( 5)

1 i=]

~o 3 n _ 2,
— Cy ‘t]ﬂno '[X—%-] '(X"l)mu .];]i:(x__l)bui H[z —tij . | (x——_x,.)—Zm,-

According to (4.6),

-y " _ <2 n
k(x>=cy-r;”’°'(x“%J -(x—l)""“-H(MJ T2 @13)

1 i\ X% —1 i=1

Thus, comparing to (4.11)

—2m
C.=C,-t™ H(ﬂ) (4.14)

X1
Notice that the function k(x) has no singularity at infinity.

For the optimization process, a logarithmic transformation converts k(x) into a sum of
terms, each of these terms corresponds to a zero (or pole) only. A function S(x) is used
which is defined by

B(x) = In|k(x)] = Ink(x) (4.15)

Since k{x) is a magnitude squared function for any real frequency, it must be
non-negative. Thus, B(x) is a real function of x.

n+2

B(x):Cﬁ—Zm{-lnlx~x,.| (4.16)
i=1

where €, = En]Cx[
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Let B.(x) be the transformed function of In ¢, (x). Thus, the filter specifications in (4.1)
become

B(x)=B.(x) in the left and right stopbands, and (4.17a)

P(x)<B,(x) in the passband. (4.17b)

4.3 The Devleeschouwer and Grenez Algorithm

The passband and stopband weighted margins are defined by
M, = minimum over the passband of (B,(x)— B(x))/Wy, (4.18a)

M5 = minimum over the stopbands of (B(x)— B,(x))/W (4.18b)

where W, and W, are two positive constants. Some of the zeros x, are defined to be
movable and others are fixed (such as the one at s =0, oo or at some frequencies
prescribed in the specifications). The optimal bandpass filter will be obtained in the
Chebychev sense if movable zeros and the constant C; are found such that

D= min(MBP , MBS) is maximum.

An arc will be defined as the portion of the B(x) curve between two adjacent movable
zeros or between a movable zero and the adjacent band limit. This is the general definition
of an arc, given by Fujisawa [23]. A fixed zero, whose frequency is prescribed in the
specifications, does not limit an arc. (Evidently, zeros at s =0 or o are always considered
as fixed zeros.) If there are ny, free AZs and n,, free TZs, there are n,, +1 and n,, +1
arcs in both passband and stopbands, respectively. All these zeros x, are arranged in a
specific order on the x-axis. The n,, movable AZs are first placed on the negative side.
Then the n,, movable TZs are located on the positive side, and followed by the others, the
fixed zeros. The optimality condition is then known to be: If the filter is optimal, then the
{weighted) margins (4.18) under/over each arc are equal.

The iterative design procedure, based on the Remez exchange method, is now described. It
is similar to that given in [2]. The procedure is carried out in the following steps:

1)} The iteration index £ is initialized, k£ = 1. Then an initial set of zeros
x, (i=1,2,..., q) is selected randomly with
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2)

3)

4)

q =gy + Ny (4.19)
The transformed frequencies x/, (j=1,2,..., ny, +1) are found such that the
margin under each arc of the passband is minimum. Additional transformed
frequencies x7*, (j=1,2,..., ng +1) are found such that the margin over each
arc of the stopbands is minimum. An example of the locations of all the movable
AZs and TZs, and the x/®, x7® is shown in Figure 4.2.

A new set of zeros x**", (i=1,2,..., q) is found such that

i

ﬁ(ma)(xf_{k))zﬁs(x{(k))_WBP.D (j:1,2,...,nBP+I) (4.20)

ki J

J

k) f Larlkd Y (k) .
B ()= Bo(xy @)+ Wy - D (j=1,2,...,m+1)  (421)
where B**" denotes the B function corresponding to x**”. This is a system of
¢ +2 nonlinear equations in ¢ +2 unknowns: the ¢ free zeros, C; and D. This
system of equations is solved by linearization around the preceding position of the

zeros x°,

Ifall xX**V =~ x®, (i=1,2,...,n), then the optimal filter function is obtained.
Otherwise, k is incremented by 1, k:= k1. Step 2 is repeated. A new set of x}”‘)
and x7* is found and so on. Note that the TZs can move easily from one stopband
to the other. This is an important advantage of working with the x variable.
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8

B(x)
6- ng =
Ny =1
“ x, =1 isafixed TZ
2_
0 o X X L h 4
: / X, X, x,
Vi \(
rH
-, x|
x| =—c0
- 4]
- 6]
X
‘8 I i I T T i
-6 5 -4 -3 2 1 0 1 2

Figure 4.2: The iterative procedure

As described in Step 3, the system of equations have to be linearized in order to solve for
the zeros. Substitute (4.16) into (4.20), which becomes

n+2

C,— Y m-In
i=1

#{k) (k+1)
)Cj —X;

=B () =Wy D (j=1,2,...,mp+1)  (422)
Consider

F(xfk“)) = ln!xj’.(k) — xrD

(4.23)

Using the Taylor series expansion to linearize F(x{**") around the preceding position of
the zeros, x*, it becomes

F(x) = F(x) 4 (60 — ). 7 (x0)

kY k) 'xi( o - x:(k)
TN I_ © 0
/ X~ x;

=ln




Chapter 4: Attenuation Approximation 32

e ®

(k+E) _ (kY (k) i

F (x,. hllx I G w T T ; (4.24)
J xi xj x,-

Substitute (4.24) back into (4.22) to obtain

n+2 (k+1)

n+2 (%)
r K o) 10 _ 4o A
me PN +Cp+ Wy D= ‘B( )+ [ln|x |+ ) x(k}J

i=1 J i i=I J'

(i=1,2,..,05 +1)  (425)

Similarly, Equation (4.21) becomes

xﬂ(k)

)
”(k) (k)|+ X; }
e
y x!

n+2 (k+1) n+2
2r(k}
Zm u(k) @ —w TG~ Wis D=6, ( ) Zm

(F=1,2,., e +1)  (4.26)

As can be seen from Figure 4.2, there are two special cases: j=1 and j=n,, +1; that is,

x/=—ccand x; ., =0, respectively. Consider x;=—oo. From (4.25)

npp+1
xi(k+1)

-—————————x;(k) =P =0 (4.27)
It follows that

Cy+Wy,-D= ﬁs(x}“")-l—Zm{ In|xj® - (’"|+m,,+[ lnlx’(k) x5

i=l
+m,, - In|x/® — 5, (4.28)

Then from (4.6) and (4.11), it follows that

My, =M, =~Hy— Zm{ and m, , =m, (4.29)

i=1
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Hence, (4.28) becomes

(%)

Cy+Wpp-D= B( ’("’) Zm{-[hl x;(")~x§“]-2n x}‘“—xm}
i=1
g - [1n] £ = 58|~ In| 1, ® - x5 ] (4.30)
or it can be written as
“ X0 x® 1w _ )
Cy+Wyp-D=B,(x))+ Zm In| m |+ o In| (4.31)
n+l xj ‘xn+2
As Xj = —oo, (4.31) will finally become
Cy+ Wy -D =B (~0) (4.32)
The other case is x; = 0. Equation (4.25) becomes
n+2 (k+1) n+2 .
m!- x(“ +Cy + Wy, -D= P, (0)+Zm [In|x*]-1] (4.33)

i=1

After the linearization, there are g + 2 equations from (4.25) and (4.26) in the system

which also include the special conditions (4.32) and (4.33). The matrix equation is shown
(k+1)

in Figure 4.3. The x;""", C; and D can be obtained by solving this matrix equation.
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4.4 Determination of the Transfer Function

Combining (4.3) with (4.7), (4.8) and (4.10), the transfer function becomes

H(s)- H(=s)|,.._

1
~xty
X

T T k(x)

The factorization is achieved by using the x variable to keep the accuracy. Some particular

points have to be noticed.

o If there exists a singularity of k(x) at infinity and it has a positive multiplicity, it
willlead toa TZ at s =0.

(if m

n+l

o The zero x > 0) is transformed into 5 = co.

n+l

* In the case that x, is in the gap between the two stopbands (G < x; < A on the
x-axis of Figure 4.1), it indicates that the corresponding y; is imaginary. The
corresponding TZ is real. If the kind of filter is not expected, the zero must be fixed
by either placing it on a gap edge or splitting it into two zeros of smaller multiplicity
and placing each on a gap edge. The optimization procedure is then started again.

e Another case is when x, falls outside the stopbands (i.e., x, >B or E<x; <Fin
Figure 4.1}, which indicates that the corresponding y, is in either transition bands.
If this is not allowed, that zero will be shifted to the nearest edge. Details of this
situation and the one before will be explained in the next chapter.

° In (4.18), W,, and W, are introduced as two positive constants. They are used to
control the margin width under/over the arcs. For example, in order to have
maximum margins in the stopbands, they can be set to W,, =0 and W, =1.Itis
important that both of them cannot be equal to 0 simultaneously. Otherwise, the
matrix in Figure 4.3 will be singular. Thus it cannot be solved for a unique solution

for each of the unknowns.

Figure 4.4 illustrate the flow of operations in this algorithm,
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set iteration counter & =1

L4
choose initial zero x;

(k)

=

4

k).
find x""in the passband
such that under each arc is minimum

Y

kY .
find x* in the stopbands
such that over each arc is minimum

/

construct the linear system
k+1), (k) (k3

BT ()= B(x;" )~ Wy, D
k+1) o (k) (k)

By =B, x [Py + W D

4

=kl solve for x**, C;, D

k+1 k
2D o x® 9

1

forall i

k+1
transform x\*""? back to w

Figure 4.4: The Devleeschouwer & Grenez algorithm
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Chapter 5
Experimental Results and Discussion

In this chapter, the approximation techniques described in this thesis are applied to several
problems. Each example will be run on different sets of initial values in order to show the
convergence of each technique. Both of the techniques are implemented in computer
programs. The listings of the programs are given in Appendix A and B. The format of the
inputs are also included. Some modifications are applied in order to improve the efficiency
of the programs. The details of the modification will be discussed. All the extrema in both
algorithms are found by applying the Golden Section Search [21].

5.1 Program Development of Cohen Algorithm

In the process of the pole-shifting stage, the pole displacement Ap, is obtained by solving
(3.21). In order to guarantee convergence, Ap, will be kept small in magnitude. The search
for the possibly “small” Ap, is done by normalizing the Ap, with a “scale” factor. Each
time anew Ap; is found in the pole-shifting stage, a temporary new pole position p; is
obtained. It is calculated as follows

pi’(j):pi(k)+Ap.(k)-—§— i=1,2,...,q/2 (5.1)
where p®* is the pole position at ” iteration; Ap{*’ is the pole displacement at k"
iteration. .S is an integer scaling factor, and j is an index counter for the ratio of the scale
factor, defined in the range (1,2, ..., 5). p/"” is the temporary new pole position that

corresponds to the j”scale. (5.1) will give a new pole position with a (maybe “small”)

shift in the same direction of Ap!* for every i.

For every p/"?, the Least-Square Distance will be calculated only when the new rational

function is under the floor function according to
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4'

g (y?)=F(y?) 5.2)

i=t

where ! is the abscissa corresponding to the j* scale ratio, which is the minimum point
from g (y)~F(y?). di) is the least-square distance on the stopband associated with

the j” scale. g{(x) is the same as g*’(x) in the pole-shifting stage except that the pole is
replaced by p/. It is defined as

1(x-2)

¥ x)=aqa, S (5.3)

"y
]:[ (x p:(j))

The least-square distance, d'7, is found the same way except that it is over the passband

pass

"d(_r)

pass

(o)~ o) (5.4)

where @7 is the abscissa corresponding to the j* scale and is located such that

“)(go,“’ ) C(qof” ) is maximized. After a new pole-shifting, the rational function may not
satisfy condition (3.6a). Any abscissa which is over the passband is used to calculate this
least-square distance. Next, dj;,’;e, the least-square distance of both the stopband edges, is
defined as

2

(5.5)

8" ()= F(x.)

This is also true only if g*(x) < F(x) for each of the stopband edges. Otherwise 0 is
assumed for the corresponding term. This is to ensure that the rational function is above the
stopband edges. Finally, the total least-square distance, d, is defined as

2= 6]
d +ild

edge

d(;)

stop

(5.6)

+”d(1)

pass

The minimum ¢ is chosen with the optimal ;~ scale ratio such that the shift will result
with the least-square distance on those abscissa which do not satisfy the specifications. The

new pole position is then defined as
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K3

PO = p® L AR T i=1,2,...,9/2 (5.7
scale

If Ap®® =0 for all i, the above process will be ignored. In order to obtain a very “small”

!

Ap®, scale factor, S, can be set to a large value (S = 50 in the program). On the other

1

hand, this will slow down the whole pole-shifting stage.

5.2 Program Development of Devleeschouwer and Grenez Algorithm

As mentioned in Section 4.4, it is possible for an x, to be in the gap between the two
stopbands. Another case is that x; is out of the stopbands; this corresponds to the transition
bands in the y-axis. An example of this situation is shown in Figure 5.1.

| |
| |
| |
| |
| |
| |
| |
| |

Xy X4 Xg X5 x5 X
Figure 5.1: Zeros outside stopbands

If this situation is not allowed in the approximation, those zeros which are outside of
stopbands, x, and x, in Figure 5.1, will be shifted to the nearest stopbands edges, i.e.,
they are shifted to x and x/, respectively. But the new pole after this shift cannot be
allowed to remain on the edge. In Step 2 of the algorithm, a minimum x;' is found over
each arc of the stopbands. If the zero is shifted to the edge, a minimum point will vanish.
Therefore, the zero has to be shifted to the edge within a tolerance (0.001 is chosen in the
program) in order to preserve the minimum point with that zero.



Chapter 5: Experimental Results and Discussion 40

Similarly, when a zero is located between two stopbands, x, from Figure 5.1, it will be
shifted to the nearest edge, i.e., it is replaced by x{. The same method is applied to this
zero to preserve the minimum. Another way to solve this problem is to split it into two
zeros of smaller multiplicity and place one on each gap edge. This method complicates the
process because a new zero is created. Thus the first method is preferred in the program.

When searching for the minimum x;” in the arc which is between the stopbands, there
appear two points to be considered for the minimum. This is shown in Figure 5.2.

| |
| |
| |
| |
| |
| |
| |
| |

7
Xy X

Figure 5.2: An arc crosses between two stopbands

In this situation, the two points on the edges (x7 and x;’ in Figure 5.2) are considered for
the minimum, but only the smaller one is chosen. Another possibility is that either y —
or y =0, or both may exist. This corresponds to x_ =1, x, =1t,/1,, respectively. Since
any prescribed frequency does not limit an arc, the minimum is searched for in the same
way as before. Separate cases are shown in Figure 5.3.

In the figure, it can be seen that between the zeros, x,_, and x,, only one minimum is
considered even though one more arc appears between them. Thus, either x” or x;’ is

chosen depending on which one is smaller.

In the mput specifications, if the attenuation is large, the o function (defined in (4.2)) can
be simplified as follows. Combining (4.2), (4.3), and (4.4), it is written as

a(f)=10log[1 +k(s)] s=j2nf
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T | a } \jf
| | | L
| | | |

i 1. | |
X4 X)X, x; X Xy x, X X X;
(a) x_ exists (b) x, exists
| ‘l \] i
| L
| | )
XX, X, Xy X, X;

(c) both x, and x_ exist

Figure 5.3: Existence of x,, x,, or both
For large &(s),
a(f)=~10log[(s)]
or from (4.8)

a(y)= 10log[k(y)]
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or from (4.10)

Ink(x)
a(x)~10loglk(x)|=10—===

(x)~ 101og[k(x)] in(10)
and finaily from (4.15)

<108
ax) =105 1703

This is applied to the input of the program when &(s)>20dB.

The least-square distance method is also applied to compare the old set of x*™ with the
new x'°, This is to ensure that the process is not repeated indefinitely, especially to
prevent the pole from shifting around the stopbands.
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5.3 Application of Cohen Algorithm

Example 1: The specification of this example is similar to the one in Figure 2.3. This
simple specification is chosen to point out the results on different sets of initial values. The
specifications can be seen as dotted lines in all of the figures that follow. The polynomials,
fand A, have been frequency normalized by a factor 27 -1000. The figures are drawn with
attenuation (in dB) vs. normalized frequency (in kHz).

Example 1.1: The first example has the following initial values corresponding to the
characteristic function in Figure 5.4. The initial zeros are selected to be equally spaced. The

initial poles are randomly chosen.

initial abscissas initial poles
12.34 6.00
12.68 10.00
13.02 16.50
13.36
13.70
14.04
14.38
14.72
15.06

The characteristic function obtained by the algorithm follows (for each polynomial the
constant multiplier is followed by zeros):

Polynomial h of degree 10

5.254314709150877448e+9

0.000000000000000000 + 12.04593392530837557 j
0.000000000000000000 + 12.48506205580107519 3
0.000000000000000000 + 13.54951724998213224 j
0.000000000000000000 + 14.78153845245242221
0.000000000000000000 + 15.34690068466112214 ]
Polynomial f of degree 6

1.000000000000000000

0.000000000000000000 = 10.68306078187241802 j
0.000000000000000000 + 11.49378424396263164 j
0.000000000000000000 * 15.71366879340894288 3}
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Figure 54a: Stopband attenuation of the characteristic function from example 1.1
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Figure 5.4b: Passband attenuation of the characteristic function from example 1.1
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Example 1.2: The following initial values are similar to Example 1.1, except that the
initial zeros are purposely chosen close to the lower passband edge. The result is not
affected. This is because the interpolation stage generates a unique polynomial for the

passband. The characteristic function is shown in Figure 5.5.

initial abscissas
.10
12.
12,
.40
12.
12.
12.
12.
.90

12

12

12

The characteristic function obtained by the algorithm follows (for each polynomial the
constant multiplier is followed by zeros):

20
30

50
60
70
80

Polynomial h of degree 10

Scooooum

.254314709150877446e+9
.000000000000000000
.0000000000006000000
.000000000006000000
.000000000000000000
.000000000000000000

H H =+

Polynomial f of degree

1.000000000000000000
0.000000000000000000
0.06000000060000000000
0.600000000000000000

+
+
+

12.
12.
13.
14.
15.

6

10.
11.
15.

initial poles

6.00
10.00
16.50

04593392530837557
48506205580107519
54951724998213224
78153845245242221
34690068466112214

68306078187241802
49378424396263164
71366879340894288

s e e e e

fde e
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Figure 5.5a: Stopband attenuation of the characteristic function from example 1.2
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Figure 5.5b: Passband attenuation of the characteristic function from example 1.2
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Example 1.3: The initial zeros remain the same as in Example 1.1. This time only the
poles are changed. The changes of the positions of the poles can be seen in Figure 5.6.

initial abscissas initial poles
12.50 8.00
12.80 9.00
13.20 16.50
13.50
13.90
14.20
14.60
14.90
15.30

The characteristic function obtained by the algorithm follows (for each polynomial the
constant multiplier is followed by zeros):

Polynomial h of degree 10

5.104227019846357370e+9

0.000060000000000000 + 12.04776732992191037 7
0.000000000000000000 + 12.49488417803756942 j
0.000000000000000000 + 13.56192105551688730 j
0.000000000000000000 + 14.79230940808511863 j
0.000000000000000000 = 15.34879366781494345 j

Polynomial f of degree 6

1.000000000000000000

0.000000000000000000 £ 10.92645573297463075
0.000000000000000000 + 11.34925460874910487
0.000000000000000000 £ 15.68992354350136796

S Wy S
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Figure 5.6a: Stopband attenuation of the characteristic function from example 1.3
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Figure 5.6b: Passband attenuation of the characteristic function from example 1.3
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Example 2: The specification of this example is taken from [12]. This example presents
multi-level specifications in the passband as well as in the stopbands. The polynomials, f
and A, have been frequency normalized by a factor 27-1000.

Example 2.1: Since this example has multi-level specifications, a higher order
polynomial is required. The input for this example has the following initial values and

corresponds to the characteristic function in Figure 5.7.

initial abscissas initial poles

5.40 2.00
5.80 3.00
6.20 4.00
6.60 15.00
7.00 20.00
7.40
7.80
8.20
8.60
9.00
9.40

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 12

4.74198604161862039%0e+5

0.000000000000000000 * 5.075738544221072682 7

0.000000000000000000 & 5.351439306085449912 5

0.000000000000000000 + 6.330775193348349394 5

0.000000000000000000 + 7.736746515987279962 7

0.000000000000000000 £ 9.283829954784733567

0.000000000000000000 £ 9.889094021931434663

Polynomial f of degree 10

1.000000000000000000

0.000000000000000000 £ 2.883986683076854059 j
0.000000000000000000 = 4.402573778302598261
0.000000000000000000 £ 4.,817078431632080558 j
0.000000000000000000 + 10.503072349953212100 J
0.000000000000000000 * 12.016036471391500560 7
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Figure 5.7a: Stopband attenuation of the characteristic function from example 2.1
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Example 2.2: This time different poles are chosen and the zeros are kept the same as
Example 2.1, since in Example .2, it was shown that no matter how the zeros are
changed, the result does not change much. The corresponding characteristic function is

shown in Figure 5.8.

initial abscissas

The characteristic function obtained by the algorithm follows (for each polynomial the

.40
.80
.20
.60
.00
.40
.80
.20
.60
.00
.40

LWOWROIIIaneyot

initial poles
2.00
3.00
4.00
10.50
15.00

constant multiplier is followed by zeros):

Polynomial h of degree 12

CLOOOoOODO WL

.699596799136046096e+5
.0000600000000000000
.000000000000000000
.000000000000000000
.000000000000000000
.000000000000000000
.000000000000000000

[ fb I H H 1+

Polynomial f of degree

OO OO

.000000000000000000
.0000000600000000000
.000000000600000000
.0000000000000600000
.000600000000600000
.000000000000000000

*
*
*
s
+

.088392389221405558
.493153603250590484
.428704541966253526
.856346860394778388
.310297140419867495
.889142048767258215

OWw-Joy i,

10

2.749114031461626753
3.810626269537346128
4.630075275720158620
11.459238635065949390
10.689063090562989460

e e e L L

e e e L e
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Figure 5.8a: Stopband attenuation of the characteristic function from example 2.2
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Figure 5.8b: Passband attenuation of the characteristic function from example 2.2
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5.4 Application of Devleeschouwer and Grenez Algorithm

Example 3: This specification is the same as in Example 1. The polynomials, fand 4,
have been frequency normalized by a factor 27 -1000.

Example 3.1: The initial values in Example 1.1 have been tested and do not generate a
similar result. Thus the following values are chosen for the test. The corresponding
characteristic function is shown in Figure 5.9.

i Yi mi

1 12.10 -2 (initial =zero)
2 12.30 -2

3 13.70 -2

4 15.20 -2

5 15.35 -2

6 20.00 2 (initial pole)
7 7.00 2

8 10.00 2

Mo = 0

Cx = 2.00

WBP = 0, WBS =1
# of Attenuation Zeros =5
# of Transmission Zeros = 3
No real Transmission Zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the
constant multiplier is followed by zeros):

Polynomial h of degree 10

9.211986898592325876e+9

0.0000000000000600000 + 12.04970351444368106 7
0.000000000000000000 + 12.49947546809637230 ]
0.000000000000000000 * 13.50941024683424771 7
0.000000000000000000 + 14.68449540168852547
0.000000000000000000 * 15.32731686281930904

Polynomial f of degree 6

1.000000000000000000

0.000000000000000000 £ 10.40503979373769278
0.0006000000000000000 £ 11.33228663028388318
0.000000000000000000 £ 16.22627503558274393

[N
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Figure 5.9a: Stopband attenuation of the characteristic function from example 3.1
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Example 3.2: Based on Example 3.1, the same initial poles are used in this example with
unevenly spaced zeros. The corresponding characteristic function is shown in Figure 5.10.
The resulting function is very sensitive to the initial values. Even the initial values in
example 3.1 have been chosen after many tests.

i Yi mi

1 12.20 -2 (initial zero)
2 12.40 -2

3 13.70 -2

4 15.00 -2

5 15.20 -2

6 20.00 2 (initial pole)
7 7.00 2

8 10.00 2

Mo = O

Cx = 2.00

WBP = 0, WBS = 1

# of Attenunation Zeros =5

# of Transmission Zeros = 3
No real Transmission Zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the
constant multiplier is followed by zeros):

Polynomial h of degree 10

7.3786071238266673980e+9

0.000000000000000000 £ 12.06474052935842666 j
¢.000000000000000000 + 12.49334775933006165 J
0.000000000000000000 £ 13.48486461173998572 j
0.000000000000000000 + 14.65884695931239003 j
0.000000000000000000 £ 15.33244411569819797 7

Polynomial f of degree 6

1.000000000000000000

0.000000000000000000 + 10.35696559493572915
0.000000000000000000 + 11.34415307387125688
0.000000000000000000 * 16.20465277918208898

| S P
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Figure 5.10a: Stopband attenuation of the characteristic function from example 3.2
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Figure 5.10b: Passband attenuation of the characteristic function from example 3.2
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Example 3.3: Based on Example 3.1, the same zeros are used. The initial poles are

rearranged to show the effects of the initial pole positions. The corresponding characteristic

function is shown in Figure 5.11. The changes of zeros in the passband are significant.

i Yi
1 12.10
2 12.30
3 13.70
4 15.20
5 15.35
6 18.00
7 8.00
8 11.00
Mo = 0O

Cx = 2.00

WBP = 0, WBS = 1

# of Attenuation Zeros

-2 {initial =zero)

2 (initial pole)

5

# of Transmission Zeros = 3
No real Transmission Zerc ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the
constant multiplier is followed by zeros):

Polynomial h of degree

.537480448530746570e+9
.000000000000000000
.0006000000000000000
.0006000000000000000
.0000000000006000000
.0000000600000000000

OO OO
H =+ H

Polynomial f of degree

1.000000000000000000

0.000000000000000000 +
04.000000000000000000
0.000000000000000000 £

10

12.
12.
13.
i4.
15.

6

10.
11.
.79949450044944089

16

06896365374062065
51925534395231430
50927229441838860
92510320221487189
30436918613485065

12829012649028614
35959053980312729

LS L W gy S S W

[ A
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Figure 5.11a: Stopband attenuation of the characteristic function from example 3.3

20
18-
16+
1.4*:
124
10-

Attenuation (dB)

0.8+
0.6
04+
0.2-

0.0 i v | T T T i v T T T T Pty ¥
11.5 12.0 12.5 13.0 13.5 14.0 14.5 15.0 15.5 16.0

Normalized Frequency (kHz)
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Example 3.4: Based on Example 3.1, m, is set to have a pole at s = 0. The same initial

values as in Example 3.1 are used. The corresponding characteristic function is shown in

Figure 5.12.
i Yi mi
1 12.10 -2 (initial zero)
2 12.30 -2
3 13.70 -2
4 15.20 -2
5 15.35 -2
) 20.00 2 {(initial pole)
7 7.00 2
8 10.00 2
Mo = 2
Cx = 2.00

WBP = 0, WBS = 1
# of Attenuation Zeros =5
# of Transmission Zeros = 4
No real Transmission Zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 10

1.326345763545256473e+6

0.000600000000000000 £ 12.04675888432228117
0.000000000000000000 + 12.43664097085471716
0.000000000000000000 £ 13.39517392476005969
0.0000000000000000060 + 14.67909997021228186
0.000000000000000000 £ 15.30892599074993180

Polynomial f of degree 8

1.000000000000000000

0.000000000000000000 £ 0.0000006000600000000
0.000000000000000000 £ 10.74574174536325849
0.000000000000000000 + 11.37461515397993145
0.000000000000000000 £ 16.22233831315463527

| SR U S50 O P W

[ T S S i



60

Chapier 5: Experimental Resulls and Discussion

140 -+
120 1
100 +

80

Attenuation (dB)

60 -

20 -

0 v 1 ¥ I ¥ I T i ¥ 1 M i v ] 1 i ¥ i T i ¥ L] v T

0 2 4 6 8 10 12 14 16 18 20 22 24

Normalized Frequency (kHz)

Figure 5.12a: Stopband attenuation of the characteristic function from example 3.4
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Figure 5.12b: Passband attenuation of the characteristic function from example 3.4
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Example 3.5: Based on the example 3.1, the same initial poles and zeros are used in this

example with W, and W, changed. This shows that the effect of the width of the

margins is significant. The corresponding characteristic function is shown in Figure 5.13.

Though the result is not obvious, the ripples in the passband are approximately equal in

margin width.

i Yi
1 12.10
2 12.30
3 13.70
4 15.20
5 15.35
6 20.00
7 7.00
8 10.00
Mo = O

Cx = 2.00

WBP = 1, WBS = 0

i of Attenuation Zeros =
# of Transmission Zeros =
No real Transmission Zero

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree 10

5.151336391893201834e+9

0.000000000000000000 % 12.
04.000000000000000000 = 12,
04.000000000000000000 + 13
0.000000000000000000 £ 14
0.00060006000000000000 X 15

Polynomial f of degree 6

1.0600000000000000000
0.000000000000000000 £ 10.
0.000000000000000000 * 11.
0.000000000000000000 £ 16

-2 {initial zero)

2 (initial poile)

5
4
? TRUE

05204608443945720
49456681759141532

.50596651663920431
.69598131330014682
.30550299662252417

39577617227759463
35128765761250281

.20465277918208898

e e L e

e e e
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Figure 5.13a: Stopband attenuation of the characteristic function from example 3.5
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Figure 5.13b: Passband attenuation of the characteristic function from example 3.5
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Example 4: This example is the same as Example 2. The polynomials, fand 4, have

been frequency normalized by a factor 27 -1000.

Example 4.1: As mentioned in Example 2.1, this approximation requires more poles to

meet the multi-leveled specification. To best approximate this specification, a pole is set at

s = 0. The corresponding characteristic function is shown in Figure 5.14.

i Yi
1 5.10
2 5.40
3 6.50
4 7.50
5 9.00
6 9.90
7 11.060
8 13.00
9 2.00
10 4,00
Mo = 2

Cx = 2.00

WBP = 0, WBS =1

# of Attenuation Zeros
# of Transmission Zeros

-2 (initial zero)

2 (initial pole)

=6
= 4

No real Transmission Zero ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the

constant multiplier is followed by zeros):

Polynomial h of degree

.169828570011476454e+5
.00000006000000006000
.000000000000000000
.000000000000000000
.000000000000000000
.0000600000000000000
.0006000000000000000

SOOoCOoOOWw
H

Polynomial f of degree

.000000600000000000
.060000000000000000
.000000000000000000
.0000000000000006000
.0000000000600000000
.000000000000000000

COOO QO
H

12

.091132919222259876
.5335877461940159748
.472616858404367932
.888686913368535970
.333225334831782635
.894813337143080185

NeRaVe TN B+ I 81 I &

10

0.000000000000000000
3.584043653419447275
4,647016421258392894
10.37677177000781193
13.06563546909518193

e e e e e e

e Ude UL L
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Figure 5.14a: Stopband attenuation of the characteristic function from example 4.1
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Example 4.2: Random initial values are used instead of fixing the pole. The
corresponding characteristic function is shown in Figure 5.15. It can be seen that the
ripples in the passband do not reach the upper bounds specification.

i Yi mi

1 5.10 -2 {(initial zero)
2 5.40 -2

3 6.50 -2

4 7.90 -2

5 9.30 -2

6 9.90 -2

7 10.40 2 (initial pole}
8 13.00 2

9 24.00 2

10 1.00 2

11 4.30 2

Mo = O

Cx = 2.00

WBP = 0, WBS = 1

i of Attenuation Zeros = 6

# of Transmission Zeros = 5
No real Transmission Zerc ? TRUE

The characteristic function obtained by the algorithm follows (for each polynomial the
constant multiplier is followed by zeros):

Polynomial h of degree 12

8.317148817814617386e+5

0.000000000000000000 % 5.091225890688672102 7
0.000000000000000000 + 5.536367360595796740
0.000000000000000000 * 6.478247994831224182
0. 000000000000000000 £ 7.897087949957372874
0.000000000000000000 £ 9.336393079449026313 j
04.000000000000000000 £ 9.895060666081495431 ]
Polynomial £ of degree 10

1.000000000000000000

0.000000000000000000 + 0.09405107320175541973 j
0.000000000000000000 £+ 3.70894302495113588100 7
0.000000000000000000 * 4.64765707179966752000 3
0.000000000000000000 £ 10.3764788647697909500 7
0.000000000000000000 £ 13.0454601874171402700 7
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Figure 5.15a: Stopband attenuation of the characteristic function from example 4.2
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Figure 5.15b: Passband attenuation of the characteristic function from example 4.2
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5.5 Discussion

From the results of the last two sections, some significant features of these two algorithms
can be deduced. The Cohen algorithm always generates rational functions which meet the
passband specifications with the maximum points equal to the upper bounds. But this is not
true in the stopbands, since there is no indication as to how to choose the initial poles. This
requires several pole shifts to lower the function. It may not guarantee that the pole
positions are optimum. Thus, the initial pole positions are very important.

The choice of the initial abscissas does not cause a problem in the interpolation stage. The
interpolation stage takes most of the approximating time especially if the degree of the
polynomials is very high. The product form for polynomials is used to avoid high
coefficient sensitivity in the addition of polynomials in the application of Newton’s
Interpolation Algorithm, thus requiring considerable time for zero-finding.

The Devleeschouwer and Grenez algorithm uses less time for the approximation. This is
because the rational function is transformed into logarithmic form. This greatly reduces the
evaluation time for the function when it is of high degree. The algorithm, however,
requires the weighted margins for the stopbands and passband. The resulting function will
not be equal to the upper/lower bounds of the specifications. Also the initial values cannot
be randomly chosen. This algorithm is very sensitive to the initial values. The initial values
in the last two section have been chosen after many tests in order to give the best results. In
some cases, the zeros are shifted to the wrong side of the axis (for example, TZ move to
the negative side of the x-axis).



Chapter 6
Conclusions

In filter design, a very common problem is to find the characteristic function. In general,
this is easier for lowpass filters than for bandpass filters. Usually, bandpass filters are
obtained through frequency transformation. This limits the specifications of such a filter. In
this thesis, two approximation techniques are investigated. Though they are not limited to
the approximation of bandpass filters; in general, they can be applied to all kinds of filters
using the same technique.

The Cohen algorithm separates the approximation of zeros and poles into two stages. An
interpolation algorithm is applied to generate the zeros of the characteristic function. The
approximation of the pole positions is done by linearization. This simplifies the process by
defining the locations of the zeros first, then approximating the poles. But there is no
convergence guarantee for obtaining the function with randomly chosen initial values. Also
the function is introduced in rational product-form, which requires a zero-finding routine
for keeping the polynomials in product-form during the interpolation process. Most of the
approximation time is spent on that routine. A more efficient zero-finding routine is
required. A method to initially indicate the choice of poles is needed. This will guarantee
the shift to be in the right direction.

The Devleeschouwer and Grenez algorithm uses two successive changes of variables to
convert the design problem into a common optimization problem. This is done by the
efficient Remez algorithm. This algorithm is applied simultaneously to the transmission
zeros and attenuation zeros. It can be used to design a large class of filters. The limitation is
that the attenuation function must be bounded by zero in the passband. The algorithm is
very sensitive to the initial values. Transmission zeros or attenuation zeros can be fixed at a
prescribed frequency or at s =0, 5= co. Also, the initial pole positions do not guarantee

convergence.

68
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For further improvement, a way should be developed for locating the initial values for the
poles that would guarantee the convergence of the poles to an optimum position.



Appendix A
Program Listing of Cohen Algorithm

The computer program that describes the Cohen algorithm is included. Note that this
program (and the one in Appendix B) is written in the PASCAL computer language
running in double precision arithmetic on the Macintosh IT computer using a Think Pascal
compiler.

The input file to this program is described as follows:

# of level in the left stopband

normalized frequency (in kHz) characteristic attenuation {in dB)

# of level in the passband

normalized frequency (in kHz) characteristic attenuation (in dB)

# of level in the right stopband

nermalized frequency (in kHz) characteristic alttenuation {in dB)

number of zeros {not degree of zeros!)

initial abscissas (in kHz) in passband
initial abscissas (in kHz) in passband

number of poles

initial poles

7C
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program Bandpass;

uses

Types, Complex, Arithmetic, Polynomial, Plotting;
const

MaxNoOfPole = 10;

tolerence8 = 1.0e-8;

tolerenceil 1
tolerence18 = 1.0e-18;
lteration_Limit =
Search_Limit = 5;
Interpolation_Limit = 20;
ScaleFactor = 20;
PoleinSingle = TRUE;
PolelnDouble = FALSE;
type
SquareMatrix = array[1..MaxNoGfPole, 1..MaxNoOfPole] of extended;
Distance = record
error: boolean;
least: extended;
end;
var
DataFile: text;
Pass, Left_Stop, Right_Stop, Abscissa: complexPairArray;
Xminus, Xplus, X_s, Xs: complex;
Transfer_Function, Optimal_Function: rational;
Least_Distance, Optimal_Least_Distance: extended;
No_Shift, rational_Found: boolean;
r, ¢, TwoPi, In10, EndPoint: extended;
lteration, Optimal_index, Optimal_lteration: integer;

{Selects data file produced by "apple Edit"}
procedure SelectDataFile (var DataFile: text; prompt: Str255);
var
windowRect: Rect;
StringName: Str255;
begin
HideAll;
with windowRect do begin
left := ScreenBits.bounds.right div 2 - 150;
right = left + 300;
bottom := ScreenBits.bounds.bottom - 10;
top := bottom - 28;
end;
SetTextRect(windowRect);
ShowText;
write(Prompt);
SysBeep(2);
SysBeep(2);
StringName := OldFileName('select data file from disk");
writeln(' ', StringName};
reset{DataFile, StringName);
end; {procedure SelectDataFile}
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procedure Read_Signal

(var DataFile: text:
var Left_Stop, Pass, Right_Stop: complexPairArray);

procedure Input Signal (var InFile: text; var signal: complexPairArray);

var
i: integer;
begin

readin{InFile, signal.size);

for i := 0 to signal.size

do begin

readIn(InFile, signal.cPair[i].x.Re, signal.cPair[i].y.Re);

signhal.cPair[il.x.Im :=
signal.cPair[il.y.lm :=
end
end;
begin

0;
0;

Input_Signal(DataFile, Left_Stop);
Input_Signal{DataFile, Pass);
Input_Signal(DataFile, Right_Stop);

end;

procedure Print_Signal {var Left, Pass, Right: complexPairArray; msgl, msg2: Str255);

procedure Qutput_Sig
var
ir integer;
begin

nal {var signal: complexPairArray; msge: Str255);

writeln(msge, "', ' ' : 5);

for i := 0 to signal.size

do

writeln(signal.cPairfi].x.Re : 29 : 20, signal.cPairlij.y.Re : 35 : 20)

end;
begin
writeln;

writein('Specifications:’, msg1l : 8, msg2 : 34);
Output_Signal{Left, 'Left Stopband');
Output_Signal{Pass, 'Passband');
Qutput_Signal(Right, 'Right Stopband’);

end;

procedure Input_tnitial (var DataFile: text; var Abscissa:

var
i, last: integer;
zero, pole: extended;
begin

with Abscissa do begin
readin{DataFile, size);
size := size * 2;
writeln;

writeln('Initial abscissa :
writeln('frequency' : 27,

var Poly: polynomial);

(# of zero = ', size div 2 : 1, )");
'omega square' : 30);

cPair[0].x := Pass.cPair[0l.x;

writeln(cPair[0].x.Re :
last := size - 1;

84 : 20);

complexPairArray;
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for i := 1 to last do begin
readin{DataFile, zero);
cPairfil.x.Re = sqr{TwoPi * zero);
cPairfil.x.Im := 0O;
writeln{zero : 28 : 10, cPairfi].x.Re : 36 : 20);
end;
cPair[size].x := Pass.cPair[Pass.size].x;
writeln{cPair[size].x.Re : 64 : 20);

readin{DataFile, Poly.deg);

Poly.rep := prodRep;

Poly.coef[0] := C_ONE;

writeln('Initial poles :  (# of pole = ', Poly.deg : 1, "}";

for i:=1to Poly.deg do begin
readin(DataFile, pole};
Poly.coeffil.Re := sqr(TwoPi * pole);
Poly.coef[il.im := 0;
writeln{pole : 28 : 10, Poly.coef[i].Re : 36 : 20);
end

end

end;

procedure Convert {var signal: complexPairArray);
var
i: integer;
begin
with signal do
for i := 0 to size do begin
cPairfli].x.Re := sqr(TwoPi * cPair[i].x.Re};
if (cPairfil.y.Re >= 20) then
cPairfi].y.Re := exp(cPair[il.y.Re * In10 / 10)
else
cPair[i].y.Re := exp(cPair{il.y.Re * In10 / 10) - 1;
end
end;

procedure Time_Spent (var StartSec, EndSec: longint; msg: Str255);
var
TotalSec: longint;
DateRec: DateTimeRec;
begin
TotalSec := EndSec - StartSec;
Secs2Date(TotalSec, DateRec);
with DateRec do

writeln('Total time for ', msg, ' = ', hour : 2, "', minute : 2, ', second :

end;

function Rational_Evaluation (var F: rational; X: complex): complex;
var
zero, pole: complex;
begin
zero := polyEval(X, F.num});

2);
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pole := polyEval(X, F.den);
Rational_Evaluation := CDiV{zero, CMUL{pole, pole))
end;

procedure Plot_Signal (var F: raticnal; Start, Stop: extended; OutFileName: Str255);
var
k: integer;
plot: PlotPtr;
outFile: text;
h, Xi: extended;
X, Y: complex;
begin
New(plot);
rewrite(outFile, OutFileName);
writeln(outFile, "™);
writeln(outFile, 'Freq', chr(9), 'Atin(dB}');
plotr . ArraySize := MaxPts;
h := (Stop - Start) / plot*.ArraySize;
X := CZERQ;
Xi := Start - h;
for k := 0 to plot*.ArraySize do begin
Xi = Xi + h;
plotr.xpts[k] := Xi;
X.Re := sqr(TwoPi * Xi);
Y := Rational_Evaluation(F, X);
ploth.ypts[k] := 10.0 * In(Y.Re + 1) / In1G;
writeln{outFile, plotr.xptsfk] : 10 : 8, chr(9), plotr.ypts[k] : 25 : 10);

end;
plothA.xmin := Start;
ploth.xmax := Stop;
plotht.ymax := +INF;

plotr.ymin := -INF;
plotr.discrete = FALSE;
plott.grid := TRUE;
ploth.xdiv := 10;
plotr.ydiv = 10;
PlotVec(ploth);
dispose(plot);
close(outFile);

end;

procedure Print_Rational (var F: rational; SinglePole: boolean; msg: Str255);

var
i, j: integer;

begin

writeln;

writein('BandPass Characteristic Function (hh*/if*) ', msg);

write(' ' : 14, 'Zeroes (degree', F.num.deg : 3, ), ' ' : 22, 'Poles (degree');

if SinglePole then
writein(F.den.deg : 3, 1Y)
else
writeln(F.den.deg * 2 : 3, ")%);
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fori:=0to F.num.deg do
ifi=01then

writein{* ' : 7, F.num.coef[0].Re : 34, F.den.coef[0].Re : 34 : 25)

else begin
if SinglePole then
jo=i
else
ji=idiv2+imod 2
if j <= F.den.deg then
writeln(F.num.coef[i}.Re : 35 : 25, F.den.coef[jj.Re : 40 : 25)
else
writeln{F.num.coef[i].Re : 35 : 25);
end;
end;

procedure Print_Error (msg: Str255; X: extended; code: integer)
begin
writeln;
write('(ERROR : ");
if {code = 2) then
write(X : 1 : 25);
writeln{msg);
if (code = 1) then
writeln{' ' : 10, 'Try another initial values or increase the order
else
Halt;
end;

function Cmin (x, y: complex): complex;

begin

if CABS(x) < CABS(y) then
Cmin := x

else
Cmin =y

end;

function Cmax (x, y: complex): complex;

begin

if CABS(x} > CABS(y) then
Cmax := x

else
Cmax = vy

end;

function Ceiling (X: complex): complex;

var
Ceil: complex;
m, it integer;
begin

m := Pass.size;

if abs{X.Re - Xminus.Re) < tolerence8 then
Ceil = Pass.cPair{i].y

else if abs(X.Re - Xplus.Re) < tolerence8 then

of poles/zeros. '}
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Ceil := Pass.cPairlm].y
else if (X.Re < Xminus.Re) or {(X.Re > Xplus.Re) then
Print_Error(' is out of the passband', X.Re, 2)
else begin
i=1;
Ceil := C_ONE_;
repeat
if {abs(X.Re - Pass.cPair{il.x.Re) < tolerence8) and {i < m) then
Ceil = Cmin{Pass.cPair[il.y, Pass.cPair[i + 1].y)
else if X.Re < Pass.cPair]il.x.Re then
Ceil := Pass.cPair[il.y;

fo=i+1
until (Ceil.Re >= 0) or {(i>m)
end;
Ceiling = Ceil
end;

function Floor (X: complex): complex;
var
Xsr_1: complex;

function SignalBetween {var Signal: complexPairArray; X: complex): complex;
var
i integer;
Fir: complex;
begi
i=1;
Fir := C_ONE_;
repeat
if (abs(X.Re - Signal.cPairfi].x.Re) < tolerence8) and (i < Signal.size) then
Flr := Cmax(Signal.cPairlil.y, Signal.cPair[i + 1].y)
else if X.Re < Signal.cPair[i].x.Re then
Flr := Signal.cPairli].y;
f=i+1
until {Fir.Re >= 0) or (i > Signal.size);
SignalBetween := Flr;
end;

begin (* Floor %)
Xsr_1 := Right_Stop.cPair[Right_Stop.size - 1].x;
if (X.Re <0) or {X.Re > X_s.Re) and (X.Re < Xs.Re) then
Print_Error(’ is out of the stopbands', X.Re, 2)
else if (X.Re <= X_s.Re) then
if CABS(X) < tolerence8 then
Floor := Left_Stop.cPair{1].y
else if abs(X.Re - X_s.Re) < tolerence8 then
Floor := Left_Stop.cPair[Left_Stop.size].y
else
Floor := SignalBetween(Left_Stop, X)
else if abs(X.Re - Xs.Rs) < tolerence8 then
Floor := Right_Stop.cPair{1].y
else if X.Re > Xsr_1.Re then
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Floor := Right_Stop.cPair[Right_Stop.sizel.y
else

Floor := SignalBetween(Right_Stop, X);
end;

function {_minus_C (var F: rational; X: complex): complex;
var
Fx: complex;
begin
Fx := Rational_Evaluation(F, X);
f_minus_C := CSUB(Fx, Ceiling(X});
end;

function Max_Golden (var F: rational; AX, CX: complex;
function Max_Func (var U: rational; X: complex): complex): complex;
var
f1, f2: complex;
BX, X0, X1, X2, X3: complex;
begin
BX.Re := AX.Re + {CX.Re - AX.Re) / 3.0;
BX.Im := 0.0;
X0 = AX;
X3 = CX;
X1 = BX;
X2 := CZEROQ;
X2.Re := BX.Re + ¢ * (CX.Re - BX.Re);
f1 := Max_Func{F, X1);
f2 = Max_Func(F, X2};
while (ABS(X3.Re - X0.Re) > tolerence8 * (ABS(X1.Re) + ABS(X2.Re))) do begin
if 2.Re > f1.Re then begin

X0 = X1,
X1 = X2;
X2.Re :=r * X1.Re + ¢ * X3.Re;
f1 = f2;
f2 1= Max_Func(F, X2)
end
else begin
X3 = X2;
X2 = X1;
X1.Re ;=1 * X2.Re + ¢ * X0.Re;
f2 = f1;
f1 = Max_Func(F, X1)
end
end;

if (f1.Re > i2.Re) then
Max_Golden := X1
else
Max_Golden := X2
end;

function g_minus_F (var F: rational; X: complex): complex;
var
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temp: complex;
begin
temp := Rational_Evaluation(F, X);
g_minus_F := CSUB({temp, Floor{X));
end;

function Min_Golden {var F: rational; AX, CX: complex;
function Min_Func {var U: rational; X: complex): complex}: complex;
var
fo, f1, 12, f3: complex;
BX, X0, X1, X2, X3: complex;
begin
BX.Re := AX.Re + (CX.Re - AX.Re} / 3.0;
BX.Ilm := 0.0;
X0 = AX;
X3 := CX;
X1 = BX;
X2 := CZEROQ;
X2.Re := BX.Re + ¢ * (CX.Re - BX.Re);
f1 = Min_Func(F, X1);
f2 = Min_Func(F, X2});
while (ABS(X3.Re - X0.Re) > tolerenceB8 * {ABS(X1.Re} + ABS(X2.Re)))
and {abs(X3.Re - X0.Re) > tolerence10) do begin
if f2.Re < f1.Re then begin

X0 = X1;
X1 = X2;
X2.Re :=r * X1.Re + ¢ * X3.Re;
f1 = f2;
f2 := Min_Func(F, X2);
end
else begin
X3 = X2;
X2 = X1;
X1.Re :=r * X2.Re + ¢ * X0.Re;
f2 = f1;
f1 = Min_Func(F, X1};
end
end;

{0 := Min_Func(F, X0);
3 = Min_Func{F, X3);
if (f1.Re < f2.Re) then
if {f0.Re < f1.Re) then
Min_Golden := X0
else
Min_Golden := X1
else if (f2.Re < f3.Re) then
Min_Golden := X2
else
Min_Golden := X3
end;

procedure Evaluate_Abscissa (var F: rational; var Abscissa: complexPairArray);
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var
pole: complex;
ii integer;
begin
fori:= 0 to Abscissa.size do
with Abscissa.cPair(ij do
ifimod 2 = 0 then begin
= Celling{x);
pole := polyEval(x, F.den);
y = CMUL(y, CMUL(pole, pole));
end
else
y = CZERO;
end;

procedure Newton_Interpolation (var U: Polynomial; var Data:

var
M, New_M: Polynomial;
Alpha, Sigma: complex;

k: integer;
begin
U.rep := prodRep;
M.rep := prodRep;
U.deg := 0;
M.deg = O;

U.coef[0] := Data.cPair[0].y;
M.coef[0] := C_ONE;
for k := 1 to Data.size do begin
M.coeflk] := Data.cPairlk - 1].x;
M.deg = M.deg + 1;
Alpha := polyEval{Data.cPair[k].x, M);
Alpha := CDIV(C_ONE, Alpha};
Sigma := polyEval{Data.cPairik].x, U);
Sigma := CSUB(Data.cPair[k].y, Sigmay};
Sigma := CMUL{Alpha, Sigma);
if CABS(Sigma) > tolerence18 then begin
New M = M;
New_M.coef[0] := CMUL(Sigma, M.coef[Q]);
U := FindprodRepOfSum(U, New_M)
end
end;
end; { procedure Newton_Interpolation }

procedure Sort_Abscissa (var AR: complexPairArray);
var

M, N, k, i: integer;

sort: boolean;

temp: complexPair;

egin
= AR.size - 1;
= AR.size;

be
N :
M :
k=0

complexPairArray);
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sort := FALSE;
while (k <= N) and not sort do begin
ki=k+ 1;
M=M-1;
sort := TRUE;
fori:=0to Mdo
if CABS{AR.cPair[il.y) > CABS{AR.cPair[i + 1].y) then begin
temp := AR.cPairfi + 1J;
AR.cPairli + 1] := AR.cPair[i];
AR.cPair[i] := temp;
sort ;= FALSE
end
end
end;

procedure Sort_Zeros (var U: polynomial);
var
M, N, k, ii integer;
sort: boolean;
temp: complex;
begin
N := U.deg - 1;
M = U.deg;
k = 0;
sort := FALSE;
whife (k <= N) and not sort do begin
k:=k+ 1;
Mi=M-1,;
sort := TRUE;
fori:=1to Mdo
it CABS(U.coef[i]} > CABS{U.coefli + 1]) then begin
temp := U.coef[i + 1];
U.coefli + 1] := U.coef[i];
U.coefli} := temp;
sort ;= FALSE
end
end
end;

procedure Locate_abscissa_zeros (var F: rational;
var NewX: complexPairArray; Asize: integer);
var
i, last: integer;
begin
NewX.size := Asize;
fast := Asize - 1;
NewX.cPair[0].x := Xminus;
fori:=1to lastdo
if (i mod 2 = 1) then
NewX.cPair[i].x = Min_Golden(F, F.num.coef[i], F.num.coef[i + 1], Rational_Evaluation)
else
NewX.cPair[i].x := Max_Golden(F, F.num.coef[i], F.num.coeffi + 1], f_minus_C);
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NewX.cPair[il.x := Xplus
end;

procedure Interpolation_Stage {var F: raticnal; var Abscissa: complexPairArray);
var
Abscissa_InOrder, NewX: complexPairArray;
I, | integer;
success: boolean;
StartSec, EndSec: longint;
begi
j =0
success = FALSE;
GetDateTime(StartSec);
repeat
ji=i+ 1
Evaluate_Abscissa(F, Abscissa);
Abscissa_InOrder := Abscissa;
Sort_Abscissa(Abscissa_InOrder);
Newton_Interpolation{F.num, Abscissa_InOrder};
Sort_Zeros(F.num);
Locate_abscissa_zeros{F, NewX, Abscissa.size);
i= 0
while {i <= Abscissa.size)
and CEqualityTol(NewX.cPair[i].x, Abscissa.cPairfi].x, tolerence8) do
i=1i+1;
if i > Abscissa.size then
success = TRUE;
for i := 0 {0 Abscissa.size do

Abscissa.cPair[i]l.x = NewX.cPair[i].x;
until success or (j > interpolation_Limit);
GetDateTime({EndSec);

if not success then
Print_Error('Can"t interpolate the zeros ', 0, 1)

else begin
writein('# of interpolation =', j : 3);
Time_Spent(StartSec, EndSec, ‘Interpolation');
end;

end;

function Check_End (EndPoint: complex): complex;
begin
if EndPoint.Re > X_s.Re then
Check_End = X_s
else
Check_End := EndPoint
end;

function Check_Start (StartPoint: complex): complex;
begin
if StartPoint.Re < Xs.Re then
Check_Start := Xs
else
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Check_Start = StartPoint
end;

procedure Locate_abscissa_poles (var G: rational; var NewX: complexPairArray);
var
i integer;
StartPoint, EndPoint: complex;
begin
NewX.size := G.den.deg;
EndPeint := Check_End(G.den.coef[1l};
NewX.cPair[1].x := Min_Golden(G, CZERO, EndPoint, g_minus_F};
i= 2;
while (G.den.coef[il.Re < Pass.cPair[0].x.Re) do begin
EndPoint := Check_End({G.den.coef]i]};
NewX.cPair[il.x := Min_Golden(G, G.den.coefli - 1], EndPoint, g_minus_F);
i=i41
end;
while (i < G.den.deg) do begin
StartPoint := Check_Start(G.den.coef[i]);
NewX.cPair[i].x := Min_Golden(G, StartPoint, G.den.coel]i + 1], g_minus_F);
=i+
end;
StartPoint := Check_Start{(G.den.coef[i]);
EndPoint := Right_Stop.cPair[Right_Stop.size].x;
EndPoint.Re := EndPoint.Re * 2; { increase searching length }
NewX.cPair[il.x := Min_Golden(G, StartPoint, EndPoini, g_minus_F);

for i ;=1 to NewX.size do
NewX.cPair[il.y := Rational_Evaluation{G, NewX.cPair{i].x);
end;

procedure Matrix_Evaluate (var A: SquareMatrix; size: integer);
var
k, row, col, last: integer;
w: extended;

procedure Exchange_Row (var A: SquareMatrix; size, k: integer);
var
i, j: integer;
temp: extended;
begin
i=k 4+ 1;
while (i <= size) and (abs{A[i, k]) < tolerence18) do
=i+ 1
if (i <= size) then
for j:= 1 to size + 1 do begin

temp := ALk, ik
A[ks ]] = A[': J]-
Ali, jl = temp;
end

eise

Print_Error{'Matrix cannot be evaluated ', 0, 3);
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end;

begin (* Matrix_Evaluate *)
last = size + 1;
for k := 1 to size - 1 do begin
if abs{A[k, k]) < tolerence8 then
Exchange_Row(A, size, k);
for row := k + 1 to size do
If abs(Afrow, k]) > tolerence18 then begin
w = Alk, K] / Afrow, kJ;
forcol :=k + 1 to lastdo
Alrow, col] := Alk, col] - w * Alrow, coll;
Afrow, k] := 0;
end;
end;

for k := size downto 2 do begin
Alk, last] := ALk, last] / Alk, kJ;
Alk, k] = 1.0;
for row = k - 1 downto 1 do begin
for col := k- 1 downto row do
Afrow, col] := Alrow, col] - Alk, col}] * Alrow, k];

Afrow, last] := Alrow, last] - Alk, last] * Afrow, k];
Afrow, k] = 0;
end;
end;
Al1, last} := A[1, last] / A[1, 1];
end;

procedure Check_Stop (var G: rational; var Xi: complexPairArray;
var BelowFloor: Distance);
var
i: integer;
FIrX: complex;
begin
if not No_Shift then
Locate_abscissa_poles(G, Xi);
BelowFloor.least = 0;
fori:= 1 to Xisize do begin
FlrX := Floor{Xi.cPair|i).x);
if (Xi.cPair]i].y.Re < FIrX.Re) then
BelowFloor.least := BelowFloor.least + sqr(Xi.cPair[il.y.Re - FirX.Re);
end;
if (BelowFioor.least < tolerence8) then
BelowFloor.error := FALSE
eise begin
BelowFloor.least := sqrt(BelowFioor.least);
BelowFloor.error 1= TRUE;
end;
end;

procedure Check_Stop_Edge (var G: rational; var BelowEdge: Distance);
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var
Left_Edge, Right_Edge: Distance;

procedure Check_Edge (var G: rational; X: complex; var Edge: Distance);
var
Gx, Firx: complex;
begin
Gx := Rational_Evaluation{G, X);
Firx := Floor(X);
Edge.least := sar(Gx.Re - FIrx.Re);
if (Gx.Re > Firx.Re} then
Edge.error := FALSE
else
Edge.error := TRUE;
end;

begin
Check_Edge{(G, X_s, Left_Edge);
Check_Edge{G, Xs, Right_Edge});
BelowEdge.error = Left_Edge.error or Right_Edge.error;
if not BelowEdge.error or Left_Edge.error and Right_Edge.error then
BelowEdge.least = sqrt{Left_Edge.least + Right_Edge.least)
else if Left_Edge.error then
BelowEdge.least := sqrt{Left_Edge.least)
else
BelowEdge.least := sqgrt(Right_Edge.least)
end;

procedure Check_Pass (var G: rational; var OverPass: Distance);
var
i integer;
QOver: Distance;
Xi: complex;

procedure Check_Over (var G: rational; X: complex; var Over: Distance);
var
Gx, Cx: complex;
begin
Gx := Rational_Evaluation{G, X);
Cx := Ceiling(X);
Over.least = 0,
if (Gx.Re > Cx.Re) then begin
Qver.error = TRUE;
Over.least := sqr(Gx.Re - Cx.Re);
end
else
Qver.error = FALSE;
end;

It

begin
Check_Over(G, Xminus, Over});
OverPass := Over;
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j= 2;

while (i < G.num.deg) do begin
Xi = Max_Golden(G, G.num.coef[i], G.num.coefli + 1], Rational_Evaluation);
Check_Over{G, Xi, Over);

OverPass.error = OverPass.error or Over.error;
OverPass.least := OverPass.least + Over.least;
i=1i+2

end;

Check_Over{G, Xplus, Over);

OverPass.error = OverPass.error or Over.error;
OverPass.least := sqrt{OverPass.least + Over.least);
end;

procedure Find_DeltaP (var G: rational; var Xi: complexPairArray;
var M: SquareMatrix);
var
last, i, j: integer;
temp: complex;
begin
last := G.den.deg + 1;
for i:= 1 to Xi.size do begin
temp := Rational_Evaluation(G, Xi.cPair[i].x);
for j:=1to G.den.deg do
M[, jl := 2 * temp.Re / {Xi.cPairli].x.Re - G.den.ccef[j].Re);
temp := CSUB(Floor{Xi.cPair[i].x}, temp);
M{i, tast] := temp.Re;
end;
Matrix_Evaluate(M, G.den.deg);
end;

function Check_DeltaP (var M: SquareMatrix; size: integer): boolean;
var
last, i: integer;
begin
im= 1
last := size + 1;
while (abs{M[i, last}) < tolerence8) and (i <= size) do
fom i+ 1;
if (i > size} then
Check_DeltaP := TRUE
else
Check_DeltaP := FALSE;
end;

procedure Search_BestP (var G: rational; var Xi: complexPairArray;

var M: SquareMatrix; var UnderFloor, UnderEdge, AbovePass:

var
New(G: rational;
K, scale: extended;
Best_Factor, i, |, laskt integer;
In_Pass: boolean;
BelowFloor, BelowEdge, OverPass: Distance;

Distance);
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Least Distance, Total_Distance: extended;
begin
Least_Distance := INF;
scale := 1 / ScaleFactor;
jo= -1
last := G.den.deg + 1;
NewG.num = G.num;
with NewG.den do
while (j < ScaleFactor) and not rational_Found do begin
jr=jo+ 1
K := | * scale;
NewG.den := G.den;
i= 1;
In_Pass := FALSE;
{* check new pole whether in pass band *)
while (j < 0) and (i <= deg) and not In_Pass do begin
coef[i].Re := coef[il.Re + M][i, last] * K;
if {0 > coef[]].Re) or {coefli].Re > Xminus.Re) and (coef[i].Re < Xplus.Re) then
In_Pass := TRUE;
=104+ 1;
end;

if not In_Pass then begin
Check_Stop{NewG, Xi, BelowFloor);
Check_Stop_kEdge(New(, BelowEdge);
if j < 0 then
Check_Pass(NewG, OverPass)
else begin
OverPass.error :
OverPass.least :
end;
if BelowEdge.error then
Total_Distance := BelowFloor.least + BelowEdge.least + OverPass.least
else
Total_Distance := BelowFloor.least + OverPass.least;
if (Total_Distance < Least_Distance) then begin
Best_Factor = |;
Least_Distance := Total_Distance;
UnderFloor := BelowFloor;
UnderEdge := BelowEdgs;
AbovePass := OverPass;
end;
if not (BelowEdge.error or BelowFloor.error or OverPass.error) then
rational_Found := TRUE;
end;
end;

FALSE;
0;

it

if (Best_Factor = 0) then begin
No_Shift := TRUE;
writeln{'Pole is best not to be shifted 1)
end

else begin
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K := Best_Factor * scale;
writeln{'New delta p : with scaling factor = ', K : 1 : 3);
for i:=1to G.den.deg do begin
Mli, last] = MI, last] * K;
writeln(M[i, last] : 30 : 20);
G.den.coef[i].Re := G.den.coef[i].Re + M[i, last];
end;
end;
end;

procedure Pole_Shifting_Stage (var G: rational; var Least Edge_Distance:

var
Xi: compiexPairArray;
M: SqguareMatrix;
Under_Floor, Under_Edge, Above_Pass: Distance;
StartSec, EndSec: longint;
begin
writeln;
GetDateTime(StartSec);
Locate_abscissa_poles(G, Xi);
Find_DeltaP{G, Xi, M);
No_Shift := Check_DeltaP{(M, G.den.deg);

rational_Found := FALSE;
if No_Shift then begin
Check_Stop(G, Xi, Under_Floor);
Check_Stop_Edge(G, Under_Edge);
if not (Under_Floor.error or Under_Edge.error) then
rational_Found := TRUE;
Above_Pass.error := FALSE;
writeln{'No pole is shifted !')
end
else
Search_BestP(G, Xi, M, Under_Floor, Under_Edge, Above_Pass);

writeln;
Least_Edge_Distance := Under_Edge.least;
if Under_Edge.error then
writeln{'least distance Under Stop edges = ', Under_Edge.least : 27);
if Under_Floor.error then

writeln('least distance Under Stop Band = ', Under_Floor.Jeast : 27);
if Above_Pass.error then

writeln('least distance Above Pass Band ="', Above_Pass.least : 27);
GetDateTime(EndSec);
Time_Spent(StartSec, EndSec, 'Pole-Shifting’);
end;

procedure Output Optimal (var G: rational);
var
i, j, decimal: integer;
number, remainder, digit: extended;
Fw, Ff. rational;

extended);
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begin
= 1;
with G.num do
while (i <= deg) do begin
decimal := abs{trunc(In{coef[i + 1].Re - coeffi].Re) / In10 + 0.1}};
number := trunc{coeili + 11.Re);
remainder := coefli + 1].Re - number;
for j := 1 to decimal do begin
remainder := remainder * 10;
digit := trunc{remainder);
remainder := remainder - digh;
digit := digit * exp{-j * In10Q);
number = number + digit;
end;
coef[i].Re := number;
coefli + 1].Re := coef[i].Re;
i=1i+ 2;
end;

for i :=0to G.num.deg do begin
Fw.num.coef[i] := G.num.coef[i * 2];

Ff.num.coeffi] = Fw.num.coef]i];
if {i < 0) then
Ff.num.coef{i].Re := sqgrt{Fw.num.coef[i].Re} / TwoPi;
end;
Fw.den := G.den;

Ff.den := Fw.den;
fori:= 1 to Fiden.deg do

Ff.den.coef[i].Re := sqgri{Ff.den.coei[i].Re) / TwoPi;
Fw.num.deg := G.num.deg div 2;
Ff.num.deg := Fw.num.deg;
Print_Rational(Fw, PolelnSingle, 'in omega square’;
Print_Rational(Ff, PolelnSingle, 'in frequency');
end;

(******************** M A 1 N P R O G R A M *******************)
begin

DateTime;

¢ = (3.0 - sqgri(5.0)) [ 2.0;

r:=1.0 - g

TwoPi := 2 * PI;

in10 := In{10};

SelectDataFile{DataFile, 'Select data file :Y);

OpenTextWindow(50, 50, ScreenBits.bounds.right - 50, ScreenBits.bounds.bottom);

Read_Signal{DataFile, Left_Stop, Pass, Right_Stop);
Print_Signal({Left_Stop, Pass, Right_Stop, 'fi', 'Iff*/gg*l in dBY;
EndPoint := Right_Stop.cPair{Right_Stop.size].x.Re;

GConvert{Pass);
Convert(Right_Stop);
Convert(Left_Stop);
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Print_Signal(Left_Stop, Pass, Right_Stop, "™Xi', '"f(Xi)');
Input_linitial{DataFile, Abscissa, Transfer_Function.den);
close{DataFile);

Xminus := Pass.cPair[0].x;

Xplus := Pass.cPair[Pass.size].x;

X_s := Left_Stop.cPair[Left_Stop.size].x;
Xs := Righi_Stop.cPair[0].x;

Optimal_Least_Distance := -INF;
Optimal_lteration = -1;
lteration = 0;

Optimal_index := 0;

repeat
lteration := Heration + 1;
writeln;

writeln{'- - --- -~ lteration ', lteration :

interpclation_Stage(Transfer_Function, Abscissa);
Pole_Shifting_Stage(Transfer_function, Least Distance);
Print_Rational(Transfer_Function, PolelnDouble, 'in omega square’);

if rational_Found then

it {Least_Distance > Optimal_Least_Distance) then begin
Optimal_Least_Distance := Least Distance;
Optimal_Function := Transfer_Function;
Optimal_lteration := [teration;
Optimal_index := 0;
end

else if (Optimal_index >= Search_Limit} then
No_Shift := TRUE

else begin
writeln{"™**** Transfer function is not Optimal’;
Optimal_index := Optimal_index + 1;
end

until No_Shift or (Optimal_lteration = -1) and (lteration >= lteration_Limit);

if (Optimal_lteration = -1) then

Print_Error('No Characteristic Function is found., 0, 1)
else begin

writeln;

writeln(*-----mssmmeme Optimal Transfer Function -

writeln;
writeIn('Cptimal function is found in ', Optimal_lteration : 1, 'th iteration.’;
Qutput_Optimal (Optimal_Function);
Plot_Signal(Optimal_Function, 0, EndPoint, 'ff*/gg*'};
writeln;
writeln('------=m-mmemm - End of Processing e Y
end;
end.
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The following program listings are the ‘units’ which are required by the previous program;
they were developed by Prof. G. O. Martens.

unit Types;
interface
const
Pl = 3.141592653589793238462643383279;
MAXDEG = 30;

{*********k******‘ki’il**************************k**************}

{complex Types follow}

complex = record
Re, Im: Extended
end;
complexPair = record
X: complex;
y: complex
end;
complexPairArrayType = array[0..101] of complexPair;
complexPairArray = record
size: integer;
cPair: complexPairArrayType;
end;
ComplexArrayType = array[0..MAXDEG] of Complex;

{*************‘k***********‘k*******i****i******i‘****‘k****k****}

{polynomial Types follow}

polyRep = (sumRep, prodRep);
valueType = ({fctpole, fctzero, fctkonst);
poelynomial = record

rep: polyRep;

deg: integer;

coef: ComplexArrayType;
end;

{*****k*************************k***********t****************}

{rational Types follow}

rational = record
num: Polynomial;
den: Polynomial;
end;

{******‘k*i**w\'*********‘k*****i***********************i*i******}

procedure DateTime;
procedure OpenTextWindow (left1, top1, right1, bottom1: integer); {Opens Text Window}
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implementation

procedure DateTime;
var
secs: longint;
daterec: DateTimerec;
begin
GetDateTime(secs);
Secs2Date(secs, daterec);
with daterec do begin
writeln{year : 4, '/, month : 2, /', day : 2);
writeln(hour : 2, "', minute : 2, ', second : 2);
end;
end;

procedure OpenTextWindow (left1, top1, right1, bottom1: integer); {Opens Text Window}

var
windowRect: Rect;

begin

with windowRect do begin
left := leftl; {10}
top := top1; {40}
right := righti; {630}
bottom := bottom1; {470}
end;

SetTextRect(windowRect);

ShowText;

end;

end.
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unit Complex;
interface
uses
Types;
const
EQUALITY_EPSILON = 1e-16;

function CZERO: complex;

function C_ONE: complex;

function C_ONE_: complex;

function Re_lm_to_C (Re, Im: extended): complex;

function CONJ {A: complex): complex;

function SCALE (K: extended; A: complex): complex;

function CABS {A: complex): extended;

function QUADT (A: complex): complex; { Reflects A into the 1st Quadrant}
function QUAD (A: complex}: integer; { Determines the Quadrant}
function R_TO_P (A: complex): complex;

function P_TO_R (A: complex): complex;

function CADD (A, B: complex): complex;

function CSUB (A, B: complex): complex;

function CMUL (D, E: complex): complex;

function CDIV (A, B: complex): complex;

function CSQRT (A: complex): complex;

function kthPowerOfC (k: integer; z: complex): complex;

function complexNo (x, y: extended): complex;

function CEqual (A, B: complex): Boolean; { A =B exactly}

function CEquality (A, B: complex): boolean;

function CNEGATE (A: complex): complex;

function ZeroCResidue (A: complex): complex;

function CEqualityTol {A, B: complex; tok: real): boolean; {tolerance can be specified}
function RelativeZero (testVal, reference: complex; tol: real): boolean;
function RelativeCEquality {testVal, reference: complex; tol: real): boolean;

implementation

function CZERO: complex;
var
z: complex;
begin
z.Re = 0;
zIm = 0;
CZERO := z;
end;

function C_ONE: complex;
var
z: complex;
begin
z.Re := 1;
z.m = 0;
C_ONE = z;
end;
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function C_ONE_: complex;
var
z: complex;
begin
z.Re = -1;
zdm := 0;
C_ONE_ := z;
end;

function Re_Im_to_C (Re, Im: extended): complex;
var
C: complex;
begin
C.Re := Re;
C.lm = Im;
Re Im_to_C = C;
end;

function CONJ (A: complex): complex;

var
B: complex;
begin
B.RE := A.Re;
B.im := -A.lm;
Conj := B;
end;

function SCALE (K: extended; A: complex): complex;
begin

A.Re := K * ARe;

Aldm = K * Alm;

SCALE = A;

end;

function CABS (A: complex}): extended;

begin

if (A.Re = 0) and (A.Im = 0} then
CABS =0

efse begin

A.Re := abs(A.Re);
A.m := abs(A.lm);
if (A.Re = INF) or (A.lm = INF) then
CABS := INF
else begin
if (A.Re >= A.lm) then
CABS := A.Re * SQRT(1 + SQR(A.Im / A.Re))
else
CABS := A.lm * SQRT(1 + SQR(A.Re / A.Im));
end;
end;
end;
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function QUAD1 {A: complex): complex; { Reflects A into the 1st Quadrant}
begin

A.Re := ABS(A.Re);

A.lm := ABS(A.Im);

Quad! = A;

end;

function QUAD (A: complex): integer; { Determines the Quadrant}
begin
if A.Re >= 0 then
if Aldlm >= 0 then
QUAD := 1
else
QUAD = 4
else if Allm >= 0 then
QUAD =2
else
QUAD =3
end;

function R_TO_P (A: complex): complex; { -n<anglesn}
var
B: complex;
R: extended;
begin
if (A.Re = 0) and (A.lm = 0) then
R_TO_P:=CZERO
else begin
B = QUAD1(A);
if B.Re >= B.Im then
R = arctan{B.Im / B.Re)
else
R :=pi /2 - arctan(B.Re / B.Im};
case QUAD(A) of
1:

B.Im = R;
2:

B.Im = pi - B;
3:

B.m = R - pi;
4

B.lm = -R;
end;
B.Re := CABS{A);
R TO P :=B;
end;

end;

function P_TO_R (A: complex): complex;
var
B: complex;
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begin

B.Re := A.Re * cos(A.Im);
B.Im := A.Re * sin{A.Im);
P_TO_R :=B;

end;

function CADD (A, B: complex): complex;
var
C: complex;
begin
C.Re = A.Re + B.Rs;
C.Im := A.Im + B.Im;
CADD := G;
end;

function CSUB (A, B: complex): compiex;
var
C: complex;
begin
C.Re := A.Re - B.Re;
C.Im := A.lm - B.im;
CSUB := C;
end;

function CMUL (D, E: complex): complex;

var
C, CZero: complex;

begin

if CEqual(D, CZero} or CEqual{E, CZero) then
C = CZero

else begin
C.Re := (D.Re * E.Re) - (D.Im * Eim);
C.m := (D.Re * E.Im} + (D.Im * E.Re);
end;

CMUL := G;

end;

function CDIV (A, B: complex): complex;
var

C: complex;

R: extended;
begin
C := CONJ(B);
R := CABS(B);
A.Be := A.Re / R;
Alm = Alm / R;
C.Re :=C.Re /R;
C.m := C.lm / R;
CDIV := CMUL(A, C);
end;
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function CSQRT (A: complex): complex;
var
C: complex;
begin
C = R_TO_P(A),
C.Re := sgrt{C.Re);
Cim:=Cim/ 2;
CSQRT := P_TO_R{C);
end;

function kthPowerOIC (k: integer; z: complex):
var
t, v: complex;
u: integer;
begin
t =2z
u = k;
v.Re := 1;
vim = 0;
while u <> 0 do begin
if umod 2 < 0 then
v = CMUL{t, v);
t = CMUL(t, t);
u:=udiv 2;
end;
kthPowerOfC = v;
end;

]

function complexNo {x, y: extended): complex;
begin
complexNo.Re :
complexNo.Im :
end;

X
b

function CEqual {A, B: complex): Boolean;
begin

CEqual := (A.Re = B.Re) and {A.Im = B.Im)
end;

function CEquality (A, B: complex): boolean;
var
X, y1, y2: extended;
begin
X 1= CABS(CSUB(A, B));
if x = 0 then
CEquality := TRUE
else begin
y1 = CABS{A);
y2 = CABS(B});
if (y1 > y2) then
y2 = X [ yl
else

complex;
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y2 = x [ y2;
if y2 < EQUALITY_EPSILON then
CEquality := TRUE
else
CEquality := FALSE;
end;
end;

function CNEGATE (A: complex): complex;
var
C: complex;
begin
C.Re = -A.Re;
C.m = -Alm;
CNEGATE := C;
end;

function ZeroCResidue {A: complex): complex;
var
C: complex;
begin
C:=A
if CEqual{A, CZERQ) then {changed to CEqual from CEquality 20/11/16}
C:= CZERO
else begin
if (abs(C.Re) / CABS(C)) < EQUALITY_EPSILON then
C.Re := 0;
if (abs(C.Im) / CABS(C)) < EQUALITY_EPSILON then
C.lm = 0;
end;
ZeroCResidue := C;
end;

function CEqualityTol (A, B: complex; tol: real): boolean;
var
X, y1, y2: extended;
begin
X = CABS(CSUB(A, B));
if x =0 then
CEqualityTol := TRUE
else begin
y1 = CABS(A);
y2 := CABS(B);
if (yl > y2) then
y2 = X/ yt

y2 == x [ y2;
if y2 < tol then

CEqualityTol :
else

CEqualityTol :
end;

TRUE

FALSE;

]
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end;

function RelativeZerc (testVal, reference: complex; tol: real): boolean;
begin
RelativeZero := TRUE;
if not CEqual(testVal, CZERO) then
if (CABS(CDIV(testVal, reference}) > tol) then
RelativeZero = FALSE;
end;

function RelativeCEquality (testVal, reference: complex; tol: real): boolean;
begin
testVal := CSUB(testVal, reference);
if (CABS(CDIV(testVal, reference)) < tol) then
RelativeCEquality := TRUE
else
RelativeCEquality := FALSE;
end;

end.
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unit Arithmetic;
interface
uses
Types, Complex;

procedure SortCPairArray (var X: complexPairArrayType; N: integer);
{sorts in ascending order of y-mag--from Pascal Programs}
function MaxOfTwolntegers {m, n: integer): integer;
function MinOfTwoExtendeds (m, n: extended): extended;
function MaxOfTwoExtendeds (m, n: extended): extended,;

implementation

procedure SortCPairArray (var X: complexPairArrayType; N: integen);
{sorts in ascending order of y-mag--from Pascal Programs}

procedure QSortCPairArray {var X: complexPairArrayType; M, N: integer);

var
i, J: integer;
procedure Partit (var A: complexPairArrayType; var i, j: integer;
left, right: integer); {sorts in ascending order of y-mag--from Pascal Programs}
var

pivot: complexPair;

procedure Swap (var p, q: complexPair);
var
hold: compiexPair;
begin
hold := p;
D =q
g := hold;
end; {swap}

begin
pivot = A[{left + right) div 2];
b= left;
j = right;
while i <= j do begin
while CABS({Alil.y) < CABS{pivot.y) do

=1+ 1
while CABS{pivot.y) < CABS{A[j].y) do
jb=i-1

if i <= j then begin
swap(A[i], AIjl);
i=10+1;
j=1-1
end
end {while}
end; {partit}
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begin {QSortCPairArray}

if M < N then begin
partit(X, i, i, M, N); {divide in two}
QSortCPairArray(X, M, j); {sort left part}
QSortCPairArray(X, i, Nj; {sort right part}
end

end; {QSortCPairArray}

begin {SortCPairArray}
QSortCPRairArray(X, 1, N);
end; {SortCPairArray}

function MaxOfTwolntegers (m, n: integer): integer;
begin
if m >= n then

MaxOfTwolntegers = m
else

MaxOfTwolntegers = n;
end;

function MinOfTwoExtendeds (m, n: extended): extended;

begin

if m <= n then
MinOfTwoExtendeds :

else
MinOfTwoExtendeds :

end;

I
3

i
=

function MaxOfTwoExtendeds {m, n: extended): extended;

begin

if m >=n then
MaxOfTwoExtendeds :

else
MaxOfTwoExtendeds :

end;

1
3

t
=

end.
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unit Polynomial;
interface
uses
Types, Complex, Arithmetic;

function ZeroPoly (representation: polyRep): polynomial;
function UnitPoly (representation: polyRep): polynomial;
function AddPoly (var p1, p2: polynomial): polynomial;
function MulPoly (var pi, p2: polynomial}: polynomial;
function PolyEval {z: complex; var p: polynomial): complex;
function MaxPolyRadius (var p: polynomial): extended;
{max radius= mag of largest zero mag <>0}
function MinPolyRadius (var p: polynomial): extended;
{min radius= mag of smallest zero mag <=0}
function SortPolyZeros (var p: polynomial): polynomial;
function DFT_Coefs (k, N: integer; r: extended; var p: polynomial): complex;
procedure StoreZero (testZero: complex; var found_p: polynomial);
procedure FindCommonZeros (var pl, p2, common_p: polynomial);
function RemoveFactor_j (i: integer; var p: polynomial): polynomial;
function PicksHighestDegPoly (var p1, p2: polynomial): polynomial;
function PolyDelay (z: complex; var p: polynomial): complex; {f'/f evaluated at z}
function PolyDeriv (var p: polynomial): polynomial;
function PolyDelayPair {(z: complex; var p1, p2: polynomial): complexPair;
function PolyDelayll (z: complex; var p: polynomial): complex; {f"/f evaluated at z}
function LaguerreStep (z: complex; p1, p2, q: polynomial): complex;
{ses Orchard CAS Nov 1989 p.1377}
function FindprodRepOiSum {var g1, gq2: polynomial): polynomial; {q1, a2 are in prodRep}

implementation

function ZeroPoly {representation: polyRep): polynomial;

var
q: polynomial;

begin

g.deg = O;

g.rep := representation;

q.coef[0] := CZERO;

ZeroPoly = g;

end;

function UnitPoly (representation: polyRep): polynomial;

var
q: polynomial;
begin
g.deg = 0;

g.rep := representation;
g.coef[0] := C_ONE;
UnitPoly = q;

end;
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function PolyEqual {var p1, p2: polynomial): boolean;
var
i: integer;
begin
if {pl.rep = p2.rep) and {pi.deg = p2.deg) then begin
for i .= 0 to pi.deg do
if not CEqual{pi.coefli], p2.coefli]) then
PolyEqual := FALSE

else
PolyEqual := TRUE
end
else
PolyEqual := FALSE;
end;

function AddPoly (var p1, p2: polynomial): polynomial;
var
i, minDeg: integer;
q: polynomial;

begin

if (p1.deg = 0) and CEqual(p1.coei[0], CZERQ) then
q = p2

else if (p2.deg = 0) and CEqual{p2.coei[0], CZERO) then
q = pl

else begin {nonspecial case}
if (p1.rep < p2.rep) then begin
writeln{*addition of prodRep with sumRep not available");
ExitToShell;
end;
if {pl.rep = prodRep} and {(p2.rep = prodRep) then begin
g = FindpredRepOfSum(p1, p2);
end
else begin
q.rep = sumRep;
if pl.deg < p2.deg then begin
minDeg := pl.deg;
q = p2;
end;
if p2.deg < pl.deg then begin
minDeg := p2.deg;
q = pl;
end;
i pl.deg = p2.deg then begin {check for degree reduction}
minDeg := pl.deg;
while CEquality(p1.coef[minDeg], CNEGATE(p2.coef[minDeg])} and (minDeg > 0} do
minDeg := minDeg - 1;
g.deg := minDeg
end;
if (p1.deg = p2.deg) and CEquality{p1.coef(minDeg], CNEGATE(p2.coef{minDeg]})
and {minDeg = 0) then
q := ZeroPoly(p1.rep)
else
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for i:=0 to minDeg do
g.coef[i] = CADD{(pl.coef[i], p2.coeili]);

end;
end; {nonspecial case}
AddPoly := q;
end;

function MulPoly (var pt, p2: polynomial): polynomial;
var
i, j: integer;
. polynomial;
begin
if {pi.rep < p2.rep) then begin
writeln('multiplication of prodRep with sumRep not available";

ExitToSheli;
end;
if ({pi.deg = 0) and {CABS(p1.coef[0]) = 0)) or ({p2.deg = 0) and (CABS(p2.coef[0]) = 0))
then
q = ZeroPoly(p1.rep)
else begin
g.deg = pl.deg + p2.deg;
g.rep := pl.rep;

if (p1.rep = prodRep) and {p2.rep = prodRep) then begin
g.coef[0] := CMUL(p1.coei[0], p2.coef[0]);
for i :=1to pl.deg do
g.coef[i] := p1l.coef[i];
fori:=pl.deg + 1 to g.deg do
g.coeffi] := p2.coefli - pl.deg];
end; {end if prodRep}
if {p1.rep = sumRep) and (p2.rep = sumRep} then begin
for i := 0 to g.deg do begin
g.coefli] :== CZERO;
forj:=0to pl.deg do
if ({i -]) <= p2.deg) and (0 <= {i - j)) then
g.coef[i] := CADD{qg.coef[i], CMUL(p1.coef[j], p2.coefli - iI});
end; {end i for-loop}
end; {end if sumRep}
end;
MulPoly := q;
end;

function ProdPolyEvaluation (z: complex; var p: polynomial): complex;
var
i: integer;
value: complex;
begin
value := p.coef[0];
fori:=110 p.deg do
value := CMUL{value, CSUB(z, p.coefli]});
ProdPolyEvaluation := value;
end;
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function SumPolyEvaluation (z: complex; var p: polynomial): complex;
var
i: integer;
value: complex;
begin
value := p.coef[p.deg];
for i = p.deg - 1 downto 0 do
value = CADD(CMUL(value, z), p.cosffil);
SumPolyEvaluation := value;
end;

function PolyEval (z: complex; var p: polynomial): complex;
var
value: complex;
begin
if p.rep = sumRep then
vaiue = SumPolyEvaluation(z, p)
else
value = ProdPolyEvaluation{z, p);
PolyEval := value;
end;

function maxPolyRadius (var p: polynomial): extended;
var
q: polynomial;
x: extended;
begin
q = SortPolyZeros(p);
x = CABS(q.coeffq.deg));
if x < 0 then
maxPolyRadius = x
else
maxPolyRadius := CABS{q.coef[0]);
end;

function minPolyRadius {(var p: polynomial): extended;
var
q: polynomial;
X: extended;
i: integer;
begin
q := SortPolyZeros(p);
x = CABS{qg.coef[1]);
i=1;
while (x = 0) and (i < p.deg) do begin
i=1i+1;
x = CABS(q.coef[i]);
end,;
if x < 0 then
minPolyRadius = x
else
minPolyRadius = CABS{q.coef[0]};
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end;

function SortPolyZeros (var p: polynomial): polynomial;
var
B: complexPairArray;
q: polynomial;
i: integer;
begin
qi=p
fori:=11to p.deg do
B.cPair[il.y := p.coef]i];
ScortCPairArray(B.cPair, p.deg);
fori:=11to p.deg do
q.coef[l] := B.cPair[il.y;
SortPolyZeros = ¢;
end;

function EvalRationalOnCircle (z: complex;
{evluates a rational fct with num=numi+num2 at N points on a circle of radius r about z }
r: extended; N: integer; num1, num2, den: polynomial): polynomial;
var
a: polynomial;
z1: complex;
value: valueType;
i, j© integer;
begin
g.deg := N - 1;
g.rep = sumBep;
for i := 0 to g.deg do begin
z1 = CADD(z, P_TO_R(Re_Im_to_C{r, 2 * PI / N * i})});
g.coef[i] := CDIV(CADD(PolyEval(zt, num1), PolyEval{zt, num2)), PolyEval{z1, den));
end;
EvalRationalOnCircle = q;
end;

function DFT_Coefs (k, N: integer; r: extended; var p: polynomial): complex;
var
i: integer;
value, z: complex;
begin
value := p.coef[0];
fori:=1toN-1dobegin

if k=0 then
z = p.coef[i]
else

z = CMUL(p.coeffi], P_TO_R(Re_lm_tc_C{1, -2 * Pl * k * i / N))};
value := CADD(value, z);
end;
value := SCALE(1 / N, value);
fori:=1tokdo
value := SCALE(1 / r, valuse);
DFT_Coefs := value;
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end;

procedure StoreZero (testZero: complex; var found_p: polynomial);
begin

found_p.deg := found_p.deg + 1;

found_p.coef[found_p.deg] := ZerocCResidue(testZero);

end;

procedure InterChangePolys (var pti, p2: polynomial);
var
g: polynomial;
begin
q = p2;
p2 = pl;
pl = q;
end;

procedure FindCommonZeros (var pl, p2, common_p: polynomial);
var
i,  k, m, n, d: integer;
InterChanged: boolean;
begin
InterChanged := FALSE;
common_p := UnitPoly{prodRep);
if p2.rep = sumRep then
writeln{'FindCommonZeros is not available in sumRep')
else if (p1.deg > 0) and (p2.deg > 0) then begin {begin outer if}
if p2.deg < p1.deg then begin
InterChanged := TRUE;
interChangePolys(p1, p2);
end;
d := pl.deg;
K:=0
repeat
ki=k+1;
m = -1;
n = -1;
fori:=1to pl.deg do begin
if CEqual{p1.coeili], CZERO) then begin
for j:=1to p2.deg do
if CEqual{p2.coefij], CZERO} then begin
m = j;
n =i
end;
end
else begin
for j:=1to p2.deg do
if RelativeCEquality(p2.coef[j], p1.coef[i], 1e-8) then begin
m = j;
n:=i
end;
end;
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end;{i-loop}
if {1 <=m)} and {m <= p2.deg) then begin
StoreZero(p2.coef[m], common_p);
pl1 := RemoveFactor_i(n, p1);
p2 := RemoveFactor_i(m, p2);
end;
until (k = d);
if InterChanged then
interChangePolys(p1, p2);
end; {outer if}
end;

function RemoveFactor_i (i: integer; var p: polynomial): polynomial;
var
j: integer;
q: polynomial;
begin
if p.rep = sumBep then begin
writeln{'RemoveFactor_i not available in sumRep');
ExitToShell;
end
else begin
if p.deg = 0 then
g=p
else begin
g.deg := p.deg - 1;
forj:=0toi-1do
q.coef[i] := p.coef[jl;
forj:=ito g.deg do
g.coeflj] = p.coefj + 1];
end;
end;
g.rep = p.rep;
RemoveFactor_i = q;
end;

function PicksHighestDegPoly {(var p1, p2: polynomial): polynomial;
begin
if pl.deg >= p2.deg then
PicksHighestDegPoly := p1
else
PicksHighestDegPoly :
end;

p2;

function PolyDelay (z: complex; var p: polynomial): complex;
var
i: integer;
z1, z2: complex;
q: polynomial;
begin
if p.rep = prodRep then begin
z1 1= CZERO;
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for i := 1 to p.deg do begin
z2 := CSUB(z, p.coef[i]);
if CABS(z2) = 0 then begin

z1.Re := INF;
z1.lm = INF;
end

else

z1 = CADD(z1, CDIV(C_ONE, 22));
end; {end for loop}
end {end if prodRep}
else begin
q := PolyDeriv(p);
z2 := SumPolyEvaluation(z, p);
if CABS(z2) = 0 then begin

z1.Re = INF;
z1.Im = INF;
end

else begin

z1 = SumPolyEvaluation(z, q);
z1 := CDIV{(z1, z2);
end;
end;
PolyDelay := z1;
end;

function PolyDeriv (var p: polynomial): polynomial;
var
i integer;
g, qi: polynomial;
begin
if p.rep = prodRep then begin
q = RemoveFactor_i{1, p);
for i =2 to p.deg do begin
gt = RemoveFactor_i(i, p);
q := AddPoly(q, q1};
end;
end
else begin
if p.deg = 0 then begin
g.deg := 0;
g.coef[0] := CZERQ;
end
else begin
q.deg = p.deg - 1;
fori:= 010 q.deg do
g.coef[i} := SCALE((i + 1), p.coefli + 1]);

end;
end;
q.rep = p.rep;
PolyDeriv := g;

end;
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function PolyDelayPair (z: complex; var p1, p2: polynomial): complexPair;
var
z1, z2, z3: complex;
¢_pair: complexPair;
begin
z1 = polyEval(z, p1);
z2 = polyEval(z, p2);
z3 = CADD(z1, z2);
if CABS(z3) = 0 then begin

i

z1.Re := INF;
z1.m = INF;
z2.Re = INF;
z2.Im := INF;
end

else begin

z1 = CDIV(z1, z3);

z2 = CDIV(z2, z3);

end;
¢_pair.x := CADD(CMUL(z1, PolyDelay(z, p1}}, CMUL(z2, PolyDelay(z, p2}));
¢_pair.y := CGADD{CMUL(z1, PolyDelayll{z, p1)), CMUL(z2, PolyDelayll{z, p2)));
PolyDelayPair := ¢_pair;
end;

function PolyDelayll (z: complex; var p: polynomial}: complex;
var
i, j: integer;
z1, z2: complex;
g, qi: polynomial;

begin
if p.rep = prodRep then begin
z1 := CZERO;

fori:=1to p.deg do
for j:=i+ 1to p.deg do begin
z2 = CMUL(CSUB{z, p.coef[i]), CSUB{z, p.coef[i}});
if CABS{z2) = 0 then begin

z1.Re := INF;
z1.Im := INF;
end

else

z1 := CADD(z1, CDIV(C_ONE, z2});
end; {end for loop}
z1 := SCALE(2, zi1);
end {end if prodRep}
else begin
g := PolyDeriv(p);
ql := PolyDeriv(qg);
z2 = SumPolyEvaluation{z, p);
if CABS(z2) = 0 then begin

z1.Re = INF;
z1.Im ;= INF;
end

else begin
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z1 := SumPolyEvaluation{z, ql);
z1 = CDIV(z1, 22);
end;
end;
PolyDelayll = z1;
end;

function LaguerreStep (z: complex;  {see Orchard CAS Nov 1988 p.1377}
pi, p2, q: polynomial): complex;
var
a0, at, a2, H, new_z, sqrtH, deni, den2, den, g_delay: complex;
m: integer;
delayPair: complexPair;
begin
if pi.deg > p2.deg then
m := pl.deg
else
m := p2.deg;
m = m - q.deg;
g_delay := PolyDelay(z, q);
al = GSUB(PolyDelayPair(z, p1, p2).x, q_delay);
a2 = CSUB(PclyDelayPair{z, p1, p2}.y, PolyDelayii(z, q));
a0 := SCALE(2, CMUL(a1, g_delay));
H := CMUL{SCALE(m - 1, al), S8CALE(m - 1, al)};
H := CSUB(H, SCALE(m ~ {m - 1}, CSUB(a2, a0)));
sqrtH = CSQRT{H);
denl := CSUB(al, sqgrtH);
den2 := CADD{al, sqrtH);
if CABS{deni) > CABS(den2) then

den := dent
else
den := den2;

new_z := CSUB(z, SCALE{m, CDIV(C_ONE, den}));
LaguerreStep := new_z;
end; {function}

function FindprodRepOfSum {var gt, 02: polynomial): polynomial; {qi, g2 are in prodRep}
var
startZero, testZero, constFactor, threshold, NZValAtZero: complex;
z, z1, 22, z3, z4, m1, m2, m3: complex;
k, counter, startingZeroCount, potDeq, sumDegs: integer;
degRed, ConjPairPresent, ZeroFcund: boolean;
p1, p2, found_p, common_p, startPoly: polynomial;
r: extended;

{*************************i*******i**********i***************}

function FctVal (startZero: complex; p1, p2: polynomial): complex;
begin

Fctval := CADD{PolyEval(startZero, p1}, PolyEval(startZero, p2));
end;
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function FctValZeroOrConst (m1, m2, m3, z1, z2, z3: complex): boolean;
var
dev: extended;
Value: boolean;
begin
Value := FALSE;
if CEqual(z3, CZERO) or CEqual{m3, CZERO) then
Value = TRUE
else begin
dev := CABS(CDIV(CSUB(m3, z3}, m3));
if (dev < 1e-5) or CEqual(m1, m3) then {m1=m3 detects oscillations with period=2}
Value := TRUE;
end;
if FALSE then begin
writeln('mean=', m3.Re : 30, * ', m3.lm : 30);
writeln{'dev=', dev : 30);
end;
FctValZeroOrConst := Value;
end;

function FctValEqualsZero (startZero: complex; {changed to 1}
pl1, p2: polynomial; tolerance: extended): boolean;
var
z1: complex;

begin
FetValEqualsZero := FALSE;
z1 := CDIV(CADD(PolyEval(startZero, p1), PolyEval(startZero, p2)), NZValAtZero);
if (CABS{z1} < tolerance) then begin

FetValEqualsZero := TRUE;

end;
end;

procedure CheckForDegreeReduction (var p1, p2: polynomial; var potDeg: integer;
var degRed: boolean; var constFactor: complex);
var
tol, r extended;
z: complex;
q: polynomial;
begin {assumes pl.deg = p2.deg}
degRed := FALSE;
tol = 1e-15;
ri= 1.1 * MaxOfTwoExtendeds(maxPolyRadius(p1), maxPolyRadius(p2));
ifr=0then
r:=1;
if RelativeCEquality(p1.coeff0], CNEGATE(p2.coeff0}), tol} then begin
repeat
potDeg := potDeg - 1;
g := EvalRationalOnCircle{CZERO, r, potDeg + 1, p1, p2, UnitPoly{prodRep));
z = DFT_Cecefs(potDeg, potDeg + 1, 1, q);
until not RelativeZero(z, p1.coefl0], tol) or (potDeg = 0);
degRed := TRUE;
constFactor := ZeroCResidue(z);
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if {potDeg = Q) then
if RelativeZero(z, p1.coef[0], tol) then
constFactor := CZERQ;
end {end if}
else
constFactor := CADD{p1.coef[0], p2.coef{0]);
end;

procedure FindZerosAtOrigin (var pl, p2, found_p: polynomial;
var NZValAtZero: complex);
var
maxDeg: integer;
tol, r extended;
z: complex;
q: polynomial;
begin
tol = 1e-10;
r := minOfTwoExtendeds{minPolyRadius(p1), minPolyRadius{p2)) / 2;
ifr=20then
ro=1;
maxDeg = MaxOfTwolntegers(p1.deg, p2.deq);
z = CADD(PolyEval{CZERO, pi), PolyEval(CZERO, p2));
while RelativeZero(z, p1.coef[0], to!) and {found_p.deg < maxDeg) do begin
StoreZero{CZERO, found_p);
g := EvalRationalOnCircle{(CZERO, r, maxdeg, p1, p2, found_p);
{rational=(p1+p2)/found_p}
z := DFT_Coefs(0, maxdeg + 1, r, q);
end; {end while}
NZValAtZero = z;
end;

procedure SumTwohlNonZeroPolysDeglLessThanEquali (p1, p2: polynomial;
var found_p: polynomial);
begin
if (p1.deg = 0) and (p2.deg = 0) then begin
found_p.coef[0] := CADD(p1.coef[0], p2.coef[0]);
if RelativeZero(found_p.coef[0], p1.coef[0], 1e-10) then {setto 1e-10 on 90/9/23}
found_p.coeff0] := CZERQ;

end;
if (p1.deg = 0) and (p2.deg = 1) then begin
found_p = p2;
found_p.coef[1] := CSUB(p2.coef[1], CDIV(pi.coei[0], p2.coef[0]));
end;
if (p1.deg = 1) and (p2.deg = 0) then begin
found_p := p1;
found_p.coef[1] := CSUB(p1.coef[t], CDIV(p2.coef[Q], p1.coef(0]));
end;

if (p1.deg = 1) and {p2.deg = 1) then begin
found_p.deg = 1;
found_p.coef[Q] := CADD{p1.coeff0], p2.ccef[0]);
if RelativeZero(found_p.coef[0], pl.coef[0}, 1e-10) then begin
found_p.deg := 0;
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found_p.coef[0] := CMUL{pi.coef[0], CSUB(p2.coef[1], p1.coef[1))};
end
else
found_p.coeff1] := CDIV(CADD{CMUL(p1.coef{0], pt.coef[1]), CMUL{p2.coef[0],
p2.coef[1]}}, found_p.coef[0]);
end;
end;

{‘ki’*******************‘k‘k********)‘r***********i**********‘k*k‘k‘k*}

begin {begin FindprodRepOiSum }
p1 = qi;
p2 = q2;
common_p := UnitPoly{prodRep);
FindCommonZeros{p1, p2, common_p);
found_p := UnitPoly(prodRep);
{Special cases}
if (pl.deg = 0) and CEqual(p1.coef[0], CZERO) then

found_p := p2;
if (p2.deg = 0) and CEqual(p2.coef[0], CZERO) then
found_p = p1;

if {p1.deg <= 1) and (p2.deg <= 1) and not CEqual{p1.coef[0}, CZERO) and not
CEqual{p2.coeff0], CZERQ) then
SumTwoNonZeroPolysDeglessThanEquali{p1, p2, found_p);
{end special cases}
{ begin nonspecial case}
it ((pt.deg > 1) or (p2.deg > 1)) and not CEqualp1.coef[0], CZERO) and not
CEqual{p2.coeff0], CZERO) then begin
startPoly := PicksHighestDegPoly(pi, p2);
startPoly := SortPolyZeros(startPoly);
if pl.deg > p2.deg then begin
potDeg = pi.deg;
constFactor = p1l.coef[0];
end;
if p2.deg > p1.deg then begin
potDeg := p2.deg;
constFactor := p2.coef[0];
end;
if p2.deg = pt.deg then begin
potDeg := p1l.deg;
CheckForDegreeReduction(p1, p2, potDeg, degRed, constFactor);
end;
FindZerosAtOrigin{p1, p2, found_p, NZValAtZero);
if potDeg = found_p.deg then
found_p.coef{0] := NZValAtZero;

if potDeg > found_p.deg then begin {begin finding nonzero zeros}
startingZeroCount := 0;
repeat

startingZeroCount := startingZeroCount + 1;
startZero := SCALE(1 + 1e-5, startPoly.coef[startingZeroCount]);
H startZero.Im = 0 then

if startZerc.Re = 0 then
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startZero := ComplexNo{i, 1)
else
startZero.Im := startZero.Re;
counter = {;
22 := CZERO;
z3 = CZERO;
m2 := CZERO;
m3 := CZERO;
repeat {begin iterations}
counter := counter + 1;
testZero := LaguerreStep(startZero, p1, p2, found_p);
startZero := ZeroCResidue(testZero);
z = CDIV(CADD(PolyEval(startZero, p1), PolyEval(startZero, p2)), NZValAtZerc);
z1 = z2;

22 = z3;

z3 = QUAD1(z);
mi = m2;

m2 := m3;

m3 := SCALE(t1 / 3, CADD(CADD(z1, z2), z3));
ZeroFound := FctValZeroOrConst{m1, m2, m3, z1, 22, z3) or {(counter = 30);
until ZeroFound;
if CABS(CDIV(kthPowerOfC{potDeg, startZero}, NZValAtZero)) = 0 then
startZero := CZERQO; {found zero can be set equal zero}
StoreZero{startZero, found_p);
ConjPairPresent := FALSE;
if (found_p.deg >= 2) then
if CEQUAL(CONJ(found_p.coefffound_p.deg - 11), found_p.coefffound_p.deg]) then
ConjPairPresent := TRUE
else
ConjPairPresent := FALSE;
z = CSUB(FctVal(startZero, p1, p2), CONJ(FctVal{CONJ(startZero), p1, p2)));
if (startZero.lm < 0) and not ConjPairPresent and (potDeg > found_p.deg) then
if RelativeZero(z, found_p.coef[0], 1e-17} then {changed 92/3/11}
begin
StoreZero(CONJ(startZero), found_p);
startingZeroCount := startingZeroCount + 1;
end;

until (found_p.deg = potDeq);

{end finding zeros}

end; {end potDeg >0}
found_p.coefl0] := ZeroCRaesidue{constFactor);
end; {end nonspecial case }

FindprodRepOfSum = MuiPoly(common_p, found_p};
end; {end function}

end.
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The following program listing is a modification (by the author) of a unit written by Smith
[27].

unit Plotting;
interface
const

MaxPts = 1000;

MenulD = T1;

DialogiD = 100;

Y_inf = 2.0e9;

type

PointsRange = 0..MaxPts;

PlotArray = array[PointsRange] of real,

PlotPtr = APlotRec;

PlotRec = record
ArraySize: PointsRange;
ymin, ymax, xmin, xmax: real;
ydiv, xdiv: integer;
window: WindowPtr;
xpts, ypts: PlotArray;
discrete, grid: boolean;

end;
var

PlotMenu: MenuHandle;

PlotWindow: WindowPtr;

Done: boolean;

DragRect: Rect;

procedure PictVec (plot: PlotRec);

implementation
function EndPoints (var x: PlotArray; xmin: real; size: PointsRange;
Start: boolean): integer;
var
k: integer;
found: boolean;
begin
if Start then
EndPoints := 0
else
EndPoints := size;
k= 0;
found := false;
while (k <= size) and not found do
if (x[K] >= xmin} then begin
EndPoints := k;
found := true;
end
else
ki=k+ 1;
end;
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function Scale (var ymin, ymax: real): real;

var
plotMax, plotScale, ymaxQ, ymin0: real;
t, k: integer;
begin

if abs{ymin} > abs(ymax) then
plotMax := abs{ymin)
else
plotMax := abs{ymax);
plotScale := 1;
if plotMax < 1 then begin
t = Trunc{in(plotMax) / In{10)) - 1;
fork:=1to () do
plotScale := plotScale / 10;
end
else begin
t = Trunc{in(plotMax) / In(10});
fork:=1totdo
plotScale := plotScale * 10;
end;
ymax0 := Round{ymax / plctScale + 0.49);
ymax := ymax0 * plotScale;
ymin0 := Round{ymin / plotScale - 0.49);
ymin := ymin0 * plotScale;
Scale := plotScale;
end;

function WriteScale {ymax: real; left, top: integer): integer;
var
s1, s2: Str255;
power: integer;
begin
if (abs(ymax) >= 1) then
power := trunc(in{abs(ymax)) / In{10} + 1.0e-8)
else
power := round{In{abs(ymax)) / In(10) - 0.49);
if (power < Q) or (power > 2) then begin
TextFace([bold]);
s1 = " 10e%
s2 := StringOf(abs{power) : 1);
if (power > Q) then
s1 := concat{sl1, '+, s2)
else
s1 := concat{s1, ', s2);
MoveTo(left, top);
DrawString(s1);
TextFace(f]);
end
else
power = 0;
WriteScale := power;
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end;

procedure XlLabel (rec: Rect; xmin, xmax: real; grid: boolean; xdiv: integer);
var
k, hpos, power: integer;
xDelta, num: real;
s: Str255;
begin
if xdiv <= 0 then
xdiv = 5;
xDelta = (xmax - xmin) / xdiv;
power = WriteScale(xmax, rec.right - 20, rec.bottom + 30);
for k := 0 to xdiv do begin
hpos := Round(rec.left + k * (rec.right - rec.left) / xdiv);
MoveTo(hpos, rec.bottom + 3);
LineTo{hpos, rec.bottom);
if grid then begin
PenPat{gray);
LineTothpos, rec.top);
PenPat{black);
end;
num := Kk * xDelta + xmin;
num := num / exp{power * In{10)); { change scale for output }
s := StringOf(num : 4 : 2);
MoveTolhpos - 10, rec.bottom + 18);
DrawString{s};
end;
end;

procedure Ylabel (rec: Rect; ymin, ymax, yscale: real; grid: boolean);

var
k, vpos, ndiv, power: integer;
num: real;
s, s1, s2: Str255;
begin

yscale := yscale / 1; {added to change scale divisions: divide by 1, 2, 5 or 10 etc.}
ndiv = Round{{ymax - ymin) / yscale);
power := WriteScale(ymax, rec.left - 47, rec.top - 8);
for k := 0 to ndiv do begin
vpos := Round(rec.bottom - k * {rec.bottom - rec.top) / ndiv);
MoveTo(rec.left - 3, vpos);
LineTo{rec.left, vpos);
if grid then begin

PenPat(gray);
LineTo(rec.right, vpos);
PenPat({black);
end;
num := ymin + k * yscals;
num = num / exp{power * In(10}); { change scale for output }

§ := StringOf{num : 7 : 2);
MoveTo(rec.left - 40, vpos + 4);
DrawString(s);
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end;
end;

procedure PlotCurve (var plot: PlotRec);
var
hpos, vpos, xaxis, i, j: integer;
n1, n2: PointsRange;
hscale, vscale, ymin, ymax, yscale: real;
rec, rec2: Rect;
begin
TextFont{times);
TextSize(10);
rec.top := thePortr.portRect.top + 20; { set graph rectangle }
rec.bottom := thePort*.portRect.bottom - 50;
rec.left := thePortr.portRect.left + 50;
rec.right := thePort*.portRect.right - 35;
ymin = +INF;
ymax := -INF;
n1 := EndPoints{plot.xpts, plet.xmin, plot.ArraySize, TRUE);
n2 := EndPoints{plot.xpts, plot.xmax, plot.ArraySize, FALSE);
hscale := (rec.right - rec.left) / (n2 - ni);
vscale := rec.bottom - rec.top;
for i := n1 to n2 do begin { find max & min points of plot }
if plot.ypis[i] > ymax then
ymax := plot.ypts[il;
if plot.ypts[i] < ymin then begin
ymin := plot.yptsfil];
J =1
end;
end;
if ymax > plot.ymax then { set max point if less than Y_inf }
ymax := plot.ymax;
if ymax > Y_inf then
ymax := Y_inf;
if ymin < plot.ymin then { set min point if less than -Y_inf }
ymin := plot.ymin;
if ymin < -Y_inf then
ymin = -Y_inf;
yscale := Scale(ymin, ymax);
if plot.ydiv > 0 then
yscale = (ymax - ymin) / plot.ydiv;
xaxis = rec.top + round(vscale * ymax / (ymax - ymin});
XLabel(rec, plot.xpts[n1], plot.xpts[n2], plot.grid, plot.xdiv);
Ylabel{rec, ymin, ymax, yscale, plot.grid);
MoveTo(rec.right, xaxis);
LineTo{rec.left, xaxis);
if not plot.discrete then
fori:=nil to n2 do begin
hpos := rec.left + round((i - n1} * hscale);
if plot.ypts[i] > ymax then
vpos := rec.top
else if plot.ypts[i] < ymin then
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vpos := rec.bottom
else
vpos = xaxis - round(vscale * plot.ypts[i] / (ymax - ymin));
LineTo{hpos, vpos);
end
else
for i := n1 to n2 do begin
hpos := rec.left + round((i - n1} * hscale);
if plot.ypts{i] <= ymax then begin
vpos = Xaxis - round({vscale * plot.ypts[i] / (ymax - ymin));
MoveTo(hpos, xaxis);
LineTo(hpos, vpos);
PaintCircle(hpos, vpos, 2);
end
end;
rec.right := rec.right + 1;
rec.botiom := rec.bottom + 1;
FrameRect{rec);
end;

function SetPlotParam (old_num: real; msg: string): real;
var
item, kind: integer;
str:  Str255;
dlog: DialogPtr;
box: Rect;
hand: Handle;
num: real;
begin
str 1= "
ParamText(msg, ", ", ");
dlog := GetNewDialog(DialoglD, nil, pointer{-1));
ShowWindow{dlog);
repeat
ModalDialog{nil, item);
GetDltem({dlog, item, kind, hand, box);
if item = 3 then
GetlText(hand, st);
until {item = 1) or (item = 2);
if (item = 1) and (str < ") then begin
ReadString(str, num);
SetPlotParam := num;
end
else if (str = ") then
SetPlotParam := old_num;
DisposDialog{dlogy};
end;

procedure SpoolOuPICT {var picHand: picHandle);
var
where: Point;
reply: SFReply;
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longZero, byteCount: longint;
err, fRefNum, k: integer;
begin
where.h := 104;
where.v = 45;
SFPutFile{where, 'Save the PICT as:, 'pict ', nil, reply);
if reply.good then begin
err := Creatse(reply.fName, reply.vRefNum, '?2??', 'PICTY);
err := FSOpen(reply.fName, reply.vRefNum, fRefiNum);
longZero = 0;
byteCount := SizeOf{longZero);
for k := 1 to (512 div byteCount) do
err = FSWrite(fRefNum, byteCount, @longZero);
byteCount := picHand.picSize;
err := FSWrite(fRefNum, byteCount, Pir{picHand?));
err = FSClose({fRefNum);
end;
KillPicture(picHand);
end;

i

procedure MenuCmnd (resuli: longint; var plot: PlotRec);

var
item, menu: integer;
rec: Rect;
pic: PicHandie;
begin

menu := HiWord(resuit);
if menu = MenulD then begin
item = LoWord(result);
case item of
1:
plot.ymax := SetPlotParam(plot.ymax, 'Y-max'};

2:
plot.ymin := SetPlotParam(plot.ymin, 'Y-min');
3:
plot.xmax := SetPlotParam{plot.xmax, 'X-max’);
4:
plot.xmin := SetPlotParam{plot.xmin, 'X-min'};
6:
plot.ydiv := Round(SetPlotParam{plot.ydiv, 'Y-div"));
7:
plot.xdiv := Round{SetPlotParam(piot.xdiv, 'X-div)};
9:
plot.grid := not plot.grid;
10:
plot.discrete = not plot.discrete;
11: begin

rec := thePort*.portRect;
pic := OpenPicture(rec);
PlotCurve(plot);
ClosePicture;
SpoolOutPiCT{pic);
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end;

12: begin
DisposeWindow(PlotWindow);
Done = true;
end;

otherwise

end;

if item <= 10 then
InvalRect(thePortr.portRect);

end;

HiliteMenu{0);
end;

procedure ResizeWindow (wi: WindowPtr; pt: Point);
var
rec: Rect;
I: longint;
begin
SetPort(wi};
with screenbits.bounds do
SetRect({rec, 200, 100, right, bottom - 20);
| = GrowWindow{w1, pt, rec);
SetRect(rec, 0, 0, LoWord(l), HiWord(l));
InvalRect(rec);
SizeWindow(w1, LoWord({l), Hiword(l), true);
end;

procedure MouseEvent (event: EventRecord; var plot: PlotRec);
var
wil: WindowPtr;
begin
case FindWindow(event.where, w1) of
inSysWindow:
SystemClick(event, wil);
inMenuBar:
MenuCmnd(MenuSelect(event.where), plot);
inDrag:
If wi = PlotWindow then
DragWindow(w1, event.where, DragRect);
inGoAway:
if wi = PlotWindow then begin
DisposeWindow(w1);
Done := true;
end;
inGrow:
if wi = PlotWindow then
ResizeWindow(w1, event.where);
otherwise
end;
end;

procedure UpEvent (event: EventRecord; var plot: PlotRec);



Appendix A 122

var
w: WindowPtr;
ref: longint;
begin

w = WindowPir{event.message);

if w = PlotWindow then begin
SetPort(w);
BeginUpdate{w);
EraseRect({thePort*.portRect);
DrawGrowlcon(w);
PiotCurve{plot);
end;

EndUpdate(w);

end;

procedure AddPlotMenu;

begin

PlotMenu := NewMenu{MenulD, 'Plot);

AppendMenu(PlotMenu, 'Set Y-max;Set Y-min;Set X-max;Set X-min'};
AppendMenu(Plotmenu, '(-;Set Y-div;Set X-div');
AppendMenu{Plotmenu, '(-;Toggle Grid;Toggle Mode;Save As PICT;Quit");
InsertMenu(PlotMenu, 0);

DrawMenuBar;

end;

procedure PlotVec;
var
rec: Rect;
event: EventRecord;
begin
with screenbits.bounds do
SetRect(DragRect, 4, 24, right - 4, bottom - 4);
Done := false;
AddPlotMenu;
SetRect(rec, 10, 50, 470, 250);
PlotWindow := NewWindow(nil, rec, 'Plot Window!, true, 0, pointer(-1), true, 0);
plot.window := PlotWindow;
repeat
SystemTask;
if GetNextEvent(everyEvent, event) then
case event.what of
mouseDown:
MouseEvent{event, plot);
updateEvt:
UpEvent{event, plot);
otherwise
end
until Done;
DeleteMenu(MenulD);
DisposeMenu{PlotMenu);
end;
end.
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Program Listing of Devieeschouwer and Grenez
Algorithm

The Devleeschouwer & Grenez Algorithm is implemented as a computer program which is
shown later. As mentioned before, this program is written in the PASCAL computer
language.

The datas in the input file for this program have the following format:

# of level in the left stopband

normalized frequency (in kHz) characteristic attenuation (in dB)

# of level in the passband

normalized frequency (in kHz) characteristic attenuation (in dB)

# of level in the right stopband

normalized frequency {in kHz) characteristic attenuation (in dB)

I
g

Hyp

Cs

initial zero (in kHz) 77
i'r'a.itial pole (in kHz) m,’ {for the right stopband)
i.rlllitial pole (in kHz) m’ {for the left stopband)
.ﬁ/BP

WBS

True or False for allowing TZ is real.

123



Appendix B 124

program linear;

uses
plotting;

const
Pi = 3.141502653580793238462643383279;
MaxDegree = 20;
tolerence8 = 1.0e-8;
tolerencel0 = 1.0e-10;
Search_Limit = 5;
Initial_Limit = 10;

inBeta = TRUE;
indB = FALSE;
type

arrayType = array[0..MaxDegree] of extended;
polynomial = record
deg: integer;
coef: arrayType;
m: array[l..MaxDegree] of integer;
end;
Signal = record
total: integer;
Xi: arrayType;
mag: arrayType;
end;
Matrix = array[0..MaxDegree] of arrayType;
var
Xpoly, Ypoly, Optimal_Xpoly, Old_poly: polynomial;
Pass_Freq, Stop_Freq: Signal;
Pass_Band, Left_Stop, Right_Stop: Signal;
NBP, NBS: integer;
WBP, WBS: integer;
DataFile: text;
t2, t1: extended;
i, k, Optimal_Index, Best_lteration: integer;
r, ¢, Int0, TwoPi: extended;
A: Matrix;
Matrix_Size, Nplusi, Nminus1, N: integer;
StartPt, EndPt, lastPt: extended;
Optimal_Least_Distance, Least_Distance: extended;
Optimal_Sought, No_real_TZ, negative_Zero: boolean;
Megative_Pole, Positive_Zero, Not_in_Order: boolean;
Under_Stop, Above_Pass: boolean;
StartSec, EndSec: longint;
DateRec: DateTimeRec;

procedure DateTime;
var
secs: longint;
DateRec: DateTimeRec;
begin
GetDateTime({secs);
Secs2Date(secs, DateRec);
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with DateRec do begin
writeln(year : 4, ', month ; 2, /', day : 2);
writeInthour : 2, ', minute : 2, ', second : 2);
end;

end;

{Selects data file produced by "apple Edit"}
procedure SelectDataFile (var DataFile: text; prompt: Str255);
var
windowRect: Rect;
StringName: Str255;
begin
HideAll;
with windowRect do begin
left := ScreenBits.bounds.right div 2 - 150;
right := left + 300;
bottom := ScreenBits.bounds.bottom - 10;
top := bottom - 28;
end;
SetTextRect{windowRect);
ShowText;
write(Prompt);
SysBeep(2);
SysBeep(2);
StringName := OldFileName('select data file from disk');
writeln(* ', StringName);
reset{DataFile, StringName);
end; {procedure SelectDataFile}

procedure OpenTextWindow;

var
windowRect: Rect;
begin
with windowRect do begin
left := 20;

right := ScreenBits.bounds.right - 20;
bottom := ScreenBits.bounds.bottom;
top := 40;
end;

SetTextRect{windowRect);

ShowText;

end;

procedure Read_Signal (var DataFile: text; var Left, Pass, Right: Signal);

procedure Input_Signal (var DataFile: text; var band: Signal);

var

i: integer;

begin
readin{DataFile, band.total);
for i := 0 to band.tolal do

readin{DataFile, band.Xi[i], band.mag[i]);
end;
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begin
Input_Signal{DataFile, Left);
Input_Signal{DataFile, Pass);
Input_Signal{DataFile, Right};
end;

procedure Print_Signal {var Left, Pass, Right: Signal; msgl, msg2: Str255);
procedure Qutput_Signal (var band: Signal; msge: Str255);
var
i integer;
begin
writeln(msge, ', ' ' 1 B);
for i := 0 to band.total do
writeln{band.Xi[i] : 29 : 20, band.magfi] : 30 : 20)
end;
begin
writeln;
writein('Specifications:', msgt : 9, msg2 : 29);
Output_Signal{Left, 'Left Stopband");
Output_Signal(Pass, 'Passband'};
Output_Signal(Right, 'Right Stopband’;
end;

function Transform (Y: extended): extended;
begin

Transform := (Y - t2) / (Y - t1};

end;

procedure Input_Initial (var DataFile: text; var poly: polynomiai;
var NBP, NBS, WBP, WBS: integer; var No_real_TZ: boolean);
var
i, N, Mi, Mo: integer;
begin
readin{DataFile, Mo);
readin{DataFile, NBP);
readin(DataFile, NBS);
N := NBP + NBS;
Mi = 0;
readin(DataFile, poly.coef[0]);
writeln;
writein{'Initial Rational function :);
writeln('t' : 2, 'Yi' 1 13, 'mi' : 12, 'Xi' : 25);
writeln('Cx = ' : 35, poly.coefl0] : 24 : 20);
fori:=11o N do begin
readIn(DataFile, poly.coef[i], poly.m{i]};
write{i : 2, poly.coef[i] : 156 : 5, poly.m[i] : 10};
Mi == Mi + poly.m[i};
poly.coeffi] := sqr(TwoPi * poly.coef{il);

poly.coef[il := Transform{poly.coef[i]);
writeln{poly.coef[i] : 32 : 20);
end;

poly.deg := NBP + NBS + 2;
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N := poly.deg - 1;

poly.m[N] = -Mo - Mi;
poly.coef[N] := 1;
poly.mipoly.deg] := Mo;
poly.coef[poly.deg] := t2 / t1;

writel{N : 2, 'Me ="' : 23, poly.m[N] : 2, poly.coef[N] : 32 : 20);
writeln{poly.deg : 2, 'Mo ="' : 23, poly.m[poly.deg] : 2, poly.coeffpoly.deg] : 32 : 20);
writeln;

readin(DataFile, WBP);

readin({DataFile, WBS);

readin{DataFile, No_real_TZ);

writeln{'WBP = ', WBP : 1, ", '"WBS = ': 10, WBS : 1);
writeln('# of Attenuation Zeros ="', NBP : 1);
writeln('# of Transmission Zeros = ', NBS : 1);
writeln{'No real Transmission Zero ? ', No_real_TZ);
writeln;

end;

procedure Freq_to_X {var Pass, Left, Right: Signal);
var
Temp: Signal;

procedure convert (var Band: Signal);
var
i: integer;
begin
with Band do begin
for i:=0to total do
Xi[i] := Transform(sqr(TwoPi * Xi[i]));
for i:=1to total do
if (magli] > 20) then
mag[i - 1] := mag[i] * in10 / 10
else
magli - 1] = In(abs{exp(mag[i] * In10 / 10) - 1));
mag(total] := magftotal - 1];
end;
end;

begin

Pass.Xi[0] := Pass.Xi[1];
Pass.Xi[Pass.total] := Pass.Xi[1];
convert{Pass);
Pass.Xi[Pass.total] := 0;
Pass.Xi[0] := -INF;
convert(Left);
convert{Right);
Temp := Left;

Left := Right;
Right := Temp;
Left.Xi[Left.total} :
end;

]
-
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procedure Print_Error {msg: Str255; X: extended; code: integer);
begin
writelERROR : ");
if (code = 1) then
write(X : 1 : 20);
writefn(msg);
if (code = 3) then
writeln{' ' : 10, 'Try another initial values or increase the order of poles/zercs. )
eise
HALT;
end;

function exponential {X: extended; power: integer): extended;
begin
if {power = 0) then

expenential = 1
else if (power mod 2 = Q) then

exponential = exp{power * In{abs(X))}
else if (X >0) then

exponential := exp(power * In(X))
else

exponential = -exp{power * In(-X});
end;

function poly_Eval (var poly: polynomial; Y: extended): extended;

var
eval: extended;
i: integer;

begin

eval := poly.coef[0];

fori:=1to poly.deg do

eval := eval * exponential{(Y - poly.coeflil}), -poly.mlil);
poly_Eval := 1/ (1 + eval);
end;

function Beta {var poly: polynomial; X: extended): extended;
var
i: integer;
Alpha: extended;
begin
Alpha := In{abs(poly.coef[0]}};
fori:=1to poly.deg do
if (poly.m[i] < Q) then
Alpha := Alpha - poly.m[i] * In{abs(X - poly.coeffi]}});
Beta := Alpha;
end;

procedure Plot_Signal (var poly: polynomial; Start, Stop: exiended; inBeta: boolean;
QOutFileName: Str255);
var
k: integer;
plot: PlotPtr;
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outFile: text;
X, Y, h: extended;
begin
New(plot);
rewrite(outFile, OutFileName);
writeln(outFile, '*');
writeln{outFile, 'Freq', chr(9), 'Attn{dB)");
plot*. ArraySize := MaxPts;
h := (Stop - Start}) / plotr.ArraySize;

X := Start - h;
for k := 0 to plotr ArraySize do begin
Xi=Xa4h

plotr.xptsfk] = X;
if inBeta then
ploth.ypisfk] :
else
ploth.ypts[k] = -10.0 * In{poly_Eval(poly, sqr{TwcPi * X))} / In10;
writeln{outFile, ploth.xptsfkj : 10 : 8, chr{9), plotr.ypts[k] : 25 : 10);

Beta(poly, X)

end;
plotA.xmin := Start;
plotrf.xmax := Stop;
ploth.ymax = INF;

ploth.ymin := -INF;
ploth discrete := FALSE;
ploth.grid := TRUE;
ploth.xdiv 10;
ploth.ydiv 10;
PlotVec(plot?);
dispose(plot);
close(outFile);

end;

function Beta_Between (var Band: Signal; X: extended): extended;

var
i: integer;
begi
= 1;
while (X > Band.Xi[i]) and (i < Band.total) do
=104+ 1;
Beta_Between := Band.mag[i - 1];

end;

function Floor {X: extended): extended;
var
Flr: extended;
begin
if (X <0)then
FiIr := Beta_Between(Pass_Band, X}
else if (ABS(X} < tolerencei0) then
Flr := Pass_Band.mag[Pass_Band.total]
else if (abs{X - Left_Stop.Xi[0]) < tolerencelD) then
FIr := Left Stop.mag[0]
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else if (X > Left_Stop.Xi[0])) and (X < Left_Stop.Xi[Left_Stop.total]) then
Fir := Beta_Between(Left_Stop, X)

else if (abs(X - Left_Stop.Xi[Left_Stop.total]} < tolerenceiQ) then
FIr := Left_Stop.mag[Leit_Stop.total]

else if (abs(X - Right_Stop.Xi[0]) < tolerenceil) then
Flr := Right_Stop.mag([0]

else if (X > Right_Stop.Xi[0]) and (X < Right_Stop.Xi[Right_Stop.total]} then
FIr := Beta_Between(Right_Stop, X)

else if (abs(X - Right_Stop.Xi[Right_Stop.total]) < tolerence10) then
Flr := Right_Stop.mag[Right_Stop.total]

else

Print_Error{tis out of the Stopbands', X, 1);
Floor = Fir;
end;

function Over_Floor {var U: polynomial; X: extended): extended;
begin

Over_Floor = Beta(U, X} - Fioor(X);

end;

function Under_Floor {var U: polynomial; X: extended): extended;
begin

Under_Floor := Floor(X) - Beta{U, X);

end;

function Min_Golden (var U: polynomial; AX, CX: extended;
function Min_Func (var P: polynomial; e: extended): extended): extended;
var
fo, f1, f2, f3: extended;
BX, X0, X1, X2, X3: extended;

begin

BX = AX + (CX - AX} / 3.0;
X0 = AX;

X3 = CX;

X1 = BX;

X2 = BX + ¢ * (CX - BX);
fi := Min_Func(U, X1);
2 = Min_Func{U, X2);
while (ABS(X3 - X0) > tolerence8 * (ABS(X1) + ABS(X2)))
and (ABS(X3 - X0) > tolerence10) do begin

if 2 < {1 then begin

X0 = X1
X1 = X2;
X2 :=1* X1 + ¢ * X3;
fo = 11,
f1 = f2;
f2 = Min_Func(U, X2);
end
else begin
X3 = X2;
X2 = X1;

Xl =1 " X2 + ¢ * X0;
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{3 = {2;
2 := i1,
f1 = Min_Func(U, X1);
end
end;

fQ = Min_Func(U, X0);
f3 := Min_Func{U, X3);
if (1 < 12) then
if (f0 < f1) then
Min_Golden := X0
else
Min_Golden := X1
else if {f2 < 13) then
Min_Golden = X2
else
Min_Golden := X3
end;

procedure Check_Stop (Xa, Xb: extended; var StartPt, EndPt: extended;
var Split: boolean);

begin

if (Xa < Left_Stop.Xi[0]} then
StartPt := Left_Stop.Xi[0]

else if {Xa > Left_Stop.Xi[Left_Stop.total]) and (Xa < Right_Stop.Xi[0]) then
StartPt := Right_Stop.Xi[0]

else
StartPt = Xa;

if (Xa <= Left_Stop.Xi[Left_Stop.total]} and {Xb >= Right_Stop.Xi[0]) then begin
Split := TRUE;
EndPt := Left_Stop.Xi[Left_Stop.total];
end
else begin
Split := FALSE;
if (Xb > Right_Stop.Xi[Right_Stop.total]} then
EndPt := Right_Stop.Xi[Right_Stop.total]
else if (Xb > Left_Stop.Xi[Left_Stop.total]) and (Xb < Right_Stop.Xi[0}) then
EndPt := Left_Stop.Xi[Left_Stop.total]
else
EndPt = Xb;
end;
end;

procedure Locate_Abscissa (var poly: polynomial; var Pass_Freq, Stop_Freq: Signal);
var
i, ki integer;
StartPt, EndPt: extended;
Split, In_Left_Transit, In_Right_Transit: boolean;
Minimum, New_Index, New Minimum: extended;
begin
Pass_Freq.Xi[1] := -INF;
fori:=2to NBP do
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Pass_Freq.Xi[i] := Min_Golden{poly, poly.coef[i - 1], pbly.coef[i}, Under_Floor;
Pass_Freq.Xi[Pass_Freq.total] = 0;

for i :=1 to NBS do begin
k:= NBP +i;
if i =1) then
Check_Stop{(0, poly.coeflk], StartPt, EndPi, Split)
else
Check_Stop(pely.coeilk - 1], poly.coeflk], StartPt, EndPt, Split);
Stop_Freq.Xi[i] := Min_Golden(poly, StartPt, EndPt, Over_Floor);
if Split then begin
Minimum := Over_Floor(poly, Stop_Freq.Xi[i]);
New_Index := Min_Golden{poly, Right_Stop.Xi[0], poly.coeffk], Over_Floor);
New_Minimum := Over_Floor(poly, New_index);
if (New_Minimum < Minimum) then
Stop_Freq.Xi[i] := New_Index;
end;
end;
Check_Stop{poly.coef[poly.deg - 2], INF, StartPt, EndPt, Split);
Stop_Freq.Xi{Stop_freq.total] := Min_Golden{poly, StartPt, EndPt, Over_Floor);
end;

function Distance {var poly: polynomial; var Pass_Freq, Stop_Freq: Signal;
var AbovePass, UnderStop: boolean): extended;
var
dist, dist1: extended;
i: integer;
begin
dist = 0;
AbovePass := FALSE;
for i := 2 to Pass_Freq.total do begin
dist1 := Under_Fiocor(poly, Pass_Freq.Xifi]);
if (dist1 < 0) then begin
dist := dist + sqr(dist1);
AbovePass = TRUE;
end;
end;
UnderStop := FALSE;
for i ;= 1 to Stop_Freq.total do begin
dist1 := Over_Floor{poly, Stop_Freq.Xi[i]);
if (dist1 < 0) then begin
dist = dist + sqr(dist1);
UnderStop = TRUE;
end;
end;
Distance := sqri{dist);
end;

procedure Create_Matrix (var A: Matrix; Msize: integer; var poly: polynomial);
var
i, j, k: integer;
Nminus1, Nplusi, N: integer;
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sum: extended;

function Constant_Vector (var poly: polynomial; X: extended; N: integer): extended;

var
sum, temp: extended;
ir integer;
begin
sum := 0;
if (poly.m[N + 1] < 0) then
sum := sum + poly.m[N + 1] * In{abs(X - poly.coeffN + 1]});
if (poly.mi{N + 2] <= 0) then
sum := sum + poly.m[N + 2] * In{abs{X - poly.coeilN + 2])};
fori:=1to Ndo begin
temp = X - poly.coef(i];
sum := sum + poly.mfi] * (In{abs(temp)} + poly.coef[i] / temp);
end;
Constant_Vector := Floor{X} + sum;
end;

begin
Nminust := Msize - 1;
Nplus1 := Msize + 1;
fori:=1to Msize do
forj:= 1 to Msize do
if {| = Nminusi) then
Ali, Nminus1] = 1
else if {j = Msize) then
if (I <= Pass_freqg.total} then
Ali, Msize] := WBP

else
Ali, Msize] = -WBS
else if (i = 1) then
Aft, j] =0
else if (i = Pass_Freq.total) then
Ali, jl := -poly.mlj] / poly.coef[j]
else if (i < Pass_Freq.total) then
Ali, j1 := poly.m[j} / {Pass_Freq.Xi[i] - poly.coef[j])
else
Ali, j1 = poly.mfi] / (Stop_Freq.Xi[i - Pass_Freq.total] - poly.coef[jl};

N := poly.deg - 2;
for j := 1 to Msize do
if {j = 1) then
A[t, Nplusi] := Pass_Band.mag[0]
else if {j = Pass_Freq.total) then begin
sum := poly.m[N + 1] * In{poly.coef[N + 1]);
sum := sum + poly.m{N + 2] * In{poly.coef[N + 2});
fori:=1to Ndo
sum := sum + poly.mfi] * (in{abs(poly.coef[i})) - 1});
Alj, Nplus1] := Pass_Band.mag[Pass_Band.total] + sum
end
else if (] < Pass_Freq.total) then



Appendix B 134

Alj, Nplus1] := Constant_Vector{poly, Pass_Freq.Xi[jl, N)

else begin
k = j - Pass_Freq.total;
Alj, Nplus1] := Constani_Vector(poly, Stop_Freq.Xilk], N}
end
end;

procedure Matrix_Evaluate (var A: Malrix; size: integer);
var
k, row, col, last: integer;
w: exitended;

procedure Exchange_Row (var A: Matrix; size, ki integer);
var
i, j: integer;
temp: extended;
begin
i=k+1;
while (i <= size) and {abs{Ali, k]) < tolerencel0) do
fw=1+1;
if (i <= size) then
for j := 1 to size + 1 do begin

temp := ALk, j};
Alk, j] = Afi, jIi
Ali, jl = temp;
end
else
Print_Error{'Matrix cannot be evaluated !', 0, 2);
end;

begin (* MatrixEvaluate ¥}
last = size + 1;
for k := 1 to size - 1 do begin
if abs(Alk, K]) < tolerencel10 then
Exchange_Row(A, size, k};
for row ;= k + 1 to size do
if abs(Alrow, K]) > tolerence10 then begin
w = Alk, K] / Alrow, Kl
forcol .=k + 1tolastdo
Alrow, col] := Alk, col] - w * Afrow, col];
Alrow, k] := 0;
end;
end;

for k := size downto 2 do begin
ALk, 1ast] = Alk, last] / ALk, k];
Alk, k] = 1.0;
for row :=k - 1 downto 1 do begin
for col :== k-1 downto row do
Alrow, col]l = Afrow, col] - Alk, col] * Aflrow, K];
Alrow, last] = Alrow, last] - Alk, last] * Afrow, k;
Afrow, k] = O;
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end;
end;
Aft, last] := A[t, last] / A[1, 1];
end;

procedure Output_Xi {var Pass_Freq, Stop_Freq: Signal);
var
i, last: integer;
begin
writeln{'X"j' : 22, X"j' : 386);
if {Pass_Freq.total < Stop_Freqg.total} then
last := Stop_Freq.total
else
last = Pass_Freq.total;
for i := 1 to last do begin
write(i : 2);
if (i <= Pass_Freq.total) then
write(Pass_Freq.Xi[i] : 30 : 20}
else
write(' ' : 30);
if (i <= Stop_Freqg.total) then
writeln(Stop_Freq.Xi[i] : 35 : 20)
else
writeln;
end;
writeln;
end;

procedure Cuiput_Poly_X (var poly: polynomial);
var
i: integer;
begin
writeln('Rational function k(x) :'};
writeln('i' : 2, '%i' : 20, 'mi' : 25);
writeln{'Cx’, poly.coef[0] : 30 : 20);
fori:=1to poly.deg do
writeln(i : 2, poly.coef[i] : 30 : 20, poly.mii] : 15);
writeln;
end;

procedure Pole_In_Transition (var poly: polynomial; No_real_TZ: boolean);

const
difference = 0.001;
var
i, first, last: integer;
begin

first := NBP + 1;
last := poly.deg - 2;
if No_real_TZ then
for i ;= first to last do
if (poly.coef[i] > Left_Stop.Xi[Left_Stop.total])
and (poly.coef[i} < Right_Stop.Xi[0]) then begin
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if ({poly.coef[i] - Left_Stop.Xi[Left_Stop.tetal}) < (Right_Stop.Xi[0] - poly.coef[i]})
then
poly.coeffi] = Left Stop.Xi[Left_Stop.total] - difference

else
poly.coefli} = Right_Stop.Xi[0] + difference;

writeln("One pole is found in the gap between the Stopbands.');

end;

if (poly.coei[first] < Left_Stop.Xi[0]) then begin
poly.coeflfirst] := Left_Stop.Xi[0} + difference;
writeIn{'One pole is found in the Right Transition Band.";
end;

if (poly.coef[last] > Right_Stop.Xi[Right_Stop.total]} then begin
poly.coef[last] := Right_Stop.Xi[Right_Stop.total] - difference;
writeln{"One pole is found in the Left Transition Band.");
end;

end;

procedure Back_Transform (var Xpoly, Ypoly: polynomial; t1, t2: extended;
var negative_Zero: boolean);
var
i, Mo: integer;
diff, Cy: extended;
begin
Ypoly := Xpoly;
Ypoly.deg := Xpoly.deg - 2;
Mo ;= Xpoly.m[Xpoly.deg];
diff := 12 - t1;
Cy = 1;
negative_Zero = FALSE;
fori:=1to Ypoly.deg do begin
Cy := Cy * exponential(diff / (Xpoly.coef[i] - 1}, Xpoly.m{i]);
Ypoly.coeffi} := {t1 * Xpoly.coeffi] - t2) / (Xpoly.coef[i] - 1);
if not negative_Zero and (Ypoly.coef[i] < 0) then
negative_Zero := TRUE;
end;
Ypoly.coefl0] = Ypoly.coefl0] * exp(Mo * In(t1)} * Cy;
if (Mo < 0) then begin
Ypoly.deg := Ypoly.deg + 1;
Ypoly.m[Ypoly.deg} := Mo;
Ypoly.coef[Ypoly.deg] := 0;
end;
end;

procedure Ouiput Optimal (var Xpoly, Ypoly: polynomial; negative_Zero: boolean;
lteration: integer);
var
N, i: integer;

begin
writeln;
writeln('Optimal Rational function found in ', lteration : 1, 'th iteration:'});
writeln;



Appendix B

137

write('l' : 2, 'Xi* : 18, 'mi' : 15, 'Yi' : 18);
if negative_Zero then
writeln
else
writeIn{'fi' : 28);
with Ypoly do begin
write('"C' : 2, Xpoly.coef[0] : 27 : 20, coef[0] : 32 : 16);
if negative_Zero then
writeln
else
writeln(sqgrt{coef[0]) : 27 . 20);

write(0 : 2, Xpoly.coef[deg] : 27 : 20, m[deg] : 8, coefldeg] : 26 :

if negative_Zerc then
writeln
else
writeln({sqgri(coef[deg]} / TwoPi : 27 : 20);
=deg - 1;
fori:=11t0o N do begin
write(i : 2, Xpoly.coef[il] : 27 : 20, m[i] : 6, coef[i] : 26 : 16);
if negative_Zeroc then
writeln
else
writeln{sqrt{coefli]}) / TwoPi : 27 : 20);
end;
end;
end;

(*********t******i*** M A i N P R O G R A M
begin

DateTime;

SelectDataFile(DataFile, 'Select data file :);

OpenTextWindow;

Read_Signal{DataFile, Left_Stop, Pass_Band, Right_Stop);
Print_Signal(Left_Stop, Pass_Band, Right_Stop, 'fi', 'Alpha{fi) in dBY;

fastPt Right_Stop.Xi[Right_Stop.total];

TwoPi = 2 * Pi;

In10 := In(10};

ti sgr(TwoPi * Pass_Band.Xi[0]);

12 := sgr(TwoPi * Pass_Band.Xi[Pass_Band.total));

w

Freg_to_X(Pass_Band, Lefi_Stop, Right_Stop);
Print_Signal(Left_Stop, Pass_Band, Right_Stop, 'Xi', 'B{Xi);
Input_tnitial{DataFile, Xpoly, NBP, NBS, WBP, WBS, No_real_TZ);
close(DataFiie);

Pass_Freq.total := NBP + 1;
Stop_Freqg.total := NBS + 1;
Matrix_Size := NBP + NBS + 2;
Nplus1 := Matrix_Size + 1;
Nminust := Matrix_Size - 1;
N = Xpoly.deg - 2;

16},

*******************)
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¢ = (3.0 - sqgrt(5.0)) / 2.0;
r:=1.0-o¢;

Positive_Zero := FALSE;
Negative_Pole = FALSE;
Not_in_Order := FALSE;
Optimal_Sought := FALSE;
Optimal_Least_Distance := INF;
Optimal_Index = 0;

Best_lteration := -1;
k:=0
GetDateTime(StartSec);
repeat

k:=Kk+ 1;

Old_poly := Xpoly;

Locate_Abscissa(Xpoly, Pass_Freq, Stop_Freq);

Least_Distance := Distance(Xpoly, Pass_Freq, Stop_Freq, Above_Pass, Under_Stop);
write('Least distance = ', Least_Distance : 1 : 20);

if not (Above_Pass or Under_Stop) and (Least_Distance < Optimal_Least_Distance)
or (Least_Distance < tolerencel0) then begin
Optimal_Least_Distance := Least_Distance;
Optimal_Xpoly := Xpoly;
Optimal_Index := 0;
Best_lteration = k - 1;
writeln('*");
if (Optimal_Least_Distance < tolerence8) then
Optimal_Sought := TRUE;
end
else begin
writeln;
Optimal_Index = Optimal_Index + 1;
end;

if ((Best_lteration = -1} and {k > Initial_Limit})) or ({Best_iteration > -1)
and (Optimal_Index > Search_Limit)} then

Optimal_Sought := TRUE;

if not Optimal_Sought then begin

Create_Matrix(A, Matrix_Size, Xpoly);

Matrix_Evaluate(A, Matrix_Size);

i= 1

while {ABS(A]i, Nplus1] - Old_poly.coef]i]) < tolerenceB) and (i <= N) do
=10+ 1;

if (i > N) then
Optimal_Sought := TRUE;

end;

if not Optimal_Sought then begin
writeln;
writeln('-------~---~=emmmmomm- lteration #'" k:1,"  ccmmmmmmmeen 9
Qutput_Xi(Pass_Freq, Stop_Freq);
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fori:=1to Ndo begin
Xpoly.coefli] := A[i, Nplusl];
if (i <= NBP) and (A[i, Nplusi] > 0} then
Positive_Zero := TRUE
else if (i > NBP) and (A[i, Nplus1] < 0) and (i <= N) then
Negative_Pcle := TRUE
else if (i < 1) and (Xpoly.coefli - 1} > Xpoly.coei[i]) then
Not_in_Order := TRUE;
end;
Pole_In_Transition(Xpoly, No_real _TZ});
Xpoly.coef[0] = exp(AlNminusl, Nplusi]);
Cutput_Poly_X{Xpoly);
end;
until Optimal_Sought or Positive_Zero or Negative_Pole or Not_in_Order;
GetDataTime(EndSec);

if Positive_Zero or Negative_Pole or Not_in_Order then
if Positive_Zero then
Print_Error{'An AZ appears on the positive side of x-axis.!, 0, 3)
else if Negative_Pole then
Print_Error('A TZ appears on the negative side of x-axis.", 0, 3)
else
Print_Error{'Poles & Zeros are not in ascending order.', 0, 3)
else if (Best_lteration = -1) then
Print_Error('No transfer function is found., 0, 3)
else begin
writeln;
writeln{’-----=--==ucun- Optimal Transfer Function - s
writeln;
Secs2Date(EndSec - StartSec, DateRec);
with DateRec do
writeln{'Total time used = ', hour : 2, "', minute : 2, "', second : 2);
Back_Transform(Optimal_Xpoly, Ypoly, t1, {2, negative_Zero);
StartPt := round{Optimal_Xpoly.coef{1] * 1.2);
EndPt := round{Optimal_Xpoly.coef[N} * 1.2};
Plot_Signal(Cptimal_Xpocly, StartPt, EndPt, inBeta, 'Optimal B{x)");

Output_Optimal{Optimal_Xpoly, Ypoly, negative_Zero, Best_lteration);
if negative_Zero then
writeln('Rational function contains at least ONE real Transmission Zero 1"
else
Plot_Signal(Ypoly, 0, lastPt, indB, 'ff*/gg*");
writeln;
writeln(f------memmmecr e End of Processing - T
end;
end.
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