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.ABSTRACT

Ä general numerícal method 
- 

sn lsoparametrfc finiÈe-elemenÈ

technique 
- 

ls developed for the solutj.on of integral equaÈion fornu-

latlons of three-dimensíonal boundary-value field probJ-ens. In contrast

to filling the region nith three-dimensional elements as needed in.the

partíal diffêr.entiâl equation approach, 1n the integral formulation,

el€ments placed on bouldary surfaces only are consldered. The nethod

Provides hlgh order approxiúatíon of the unknown function over a

bounding surf ace des ctibed by essentially two-dÍEensÍona1 nonplanar

€f.erents. In common r,zith alternatíve procedures, the finiÈe-element

nethod involwes the formatlon and the solution of a system of algebraic

ëqüations. The uatrj.x equations are derived from the RayleÍgh-Ritz

procedure. the use of an isopår¿metric mapping permits nuoerical inte-

gratlons over su¡face elemeDts, of arbítrary shapes, to be perforÀed over

a sirople t¡vo-dime¡sÍosal siuplex. This also makes gossible the devel-

opmerf,t of a fu11y automated general algorithn applicable Èo arbitrary

configurations. The computer implementation is discussed. S aüÌp1e tesÈ

results for both scalar and vector fields a¡e included, The variatíonal

a¡proach j-s compared.r¡ith the conventional constant approximation Point-

Eatchirg methorl. Comparís on is also Dade bet!ùeen the point-Eatching

amil the variati.o¡al methods involving identical higher-order approxÍ-

mati¡g function. Results obtaÍned indicate Êhat the varlatíonal

a¡rp:oach is lrettêr thåE the poiflt-Eatchlng nethod ln both cases. A

successive €lens!.t iteratlve s cheme ls also descrlbed to handle Problerûs

(i)



of sizes dernanding a core nemory in excess of the available capaclty.

In sunmary, thls work has achieved the generaLization of the fínite-

elenent concept to lnclude its application to Èhe solution of integral

equations.
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CIiAPTER I

INTRODUCTION

In solvlng bormdary-value ffeld problens, two distlnct approaches

of solutlon exfst: the partlal differential and the boundary integral

approache6. In the differeatlal method, the behaviour of the field

l-ns1de and on the bor.¡ndary of the domaÍn Ís described by partial differ-

eartial equåtions. If the fle1d distribution 1s the quanÈlty of 1nÈerest,

the solution 1s obtained dLrect1y by solvlng the differentlal equatlons.

ÌIowever, Lf the source is to be fomd, it is obÈaíned indiTectly by díffer-

@tLatÍon of the fl"e]-d. Alt€rnatively, one rnay assume a glven fleld

dLstribuLfon to be represented by some form of source distributions on

tbe bound,ary of the region, which are obtained as solutíoDs of integral

equatiÐas [1,2,3]- ltre approach is kno¡¿n as the boundary lntegral equa-

tíori ûethoil. lt refers to the class of nethods çhere the governing

eqEatlûa 1s an iategral èquation relating Èhe unkno¡^'n functj-on defined

ori the borfidary only to kno¡¡n fíe1d quantities on the boundary.

To soIve, for exa:rp1e, the prcoblem of fÍnding Èhe potentj-al distri-

br¡tf,nn go.veÌned by the Laplace eqr¡åtion

-fo=o (1.1)

subject to prescrlbed bormdary conditions, one rDay derive the solution

frou an j¡tegxâl formulation. DenotÍng by G(p lq) the free-space Green's

fwrcÈion for (l-.1), in three-dimenslonal- space, we have



c(plq) = at6ã-

The poEen¿fal at a Polnt

source dlsÈrlbutlon o on

(1. 2)

p roay be represented by means of a slngle-layer

the boundary s in the forn [4]

ó(p)

Suppose that a DfrlchLeÈ condltlon

ô(q) = e(q) qes

(1.3)

(1.4)

If Èhe source disttl-butlon o on S 1s

satlsfled, the probleo 1s solved. Applyfng

an integral formulatlon of the Prob1eû Is

(1. s)

first klnd.

interface problen. on part

ls speclfied on tlìe boundary.

determined such thaÈ (1.4) ls

the boundary conditfon (1.4),

gfven by the ercpression

= c(P) PSS

¡¡hfch 1s a Fredho1ln lntegral equatlon of the

Referfng to F18. 1.1 t¡hlch dePicts an

of the bormdary the interface condltion

= Jr.,nlo, 
o(c) dc

ir",n'n, o(q) dc

âó âó
l- dn ¿ òTr

(1.6)

ls to be speclfled. Taking into consideratlon the discontlnulty properties

of the normal derivatlves, the sÍng1e-layer representation (1.3) yíelds

a Fredholm lntegral equation of the second kínd [25]



*orot ff rolol uo = o Pes2 (1. 7)

fo¡ the interface condltion. Equatlon (1.7) together vtth (1.5) provldes

a coüplete integral formulatlon to the problem of Ïig. 1.1.

In both the partial dLfferentlal and the lntegral eqüatlon approaches,

exact soLutlon of, for exanple, equarions (1.1),.(1.5) or (1.7) by analyti-

ca1 techniques 1s usually not possible. Approxlmate solution by nrmerlcal_

úethods 1s the naturaL cholce. The nrmerlcal procedure involves the re-

placenent of the continuum equation by a set of algebraic equations.

The size of the matrÍx system is, in general, directly related to the

size of the region in r¡hich the continu¡.rm operatot is defined. For

problems wíth large regions, the parrial differential equatj.on approach

suffers because the rmknor^m fr¡nction is defÍned over the entire regj.on.

On the other hand, the inÈegrål equatíon method, because the problern is

fornulated in terms of a function on the boundary, has the advantage of

requiring a snallår nuuber of unknovms. This is particularty advantageous

€l

+ (er-er>Jro(a)

ðó-czin

Fig. 1.1, An interface problen



fn open-region problens. However, for reglons contalniûg nonrml.form

lnhouogenelties, the lntegral equation fornulation requires a speclal

Greenrs function qrhlch is as dlfficult to flnd as solvlng the orlgÍnâl

problen. The r0ethod ls therefore of advantage for homogeneous or un1-

fornJ-y lnhonogeneous reglons where free-space Greenrs funcÈl"ons are

applLcable. On the other hand, the partial dlffe¡ential approach handles

inhornogeneltles easÍly. Several nethods have been reported for solvÍng

open-reglon problerns. The boundary relaxatlon nethod [516] assunes a

boundary conditfon on an artfflclal bouodary, solves the partlal dLffer-

entLal formulatlon'and updates Èhe assuued condition iteratively through

an lntegral relaÈion defl.ned on the boundary. The pícture frame ¡rethods

[7r8r9] use aû integral equatíon formulation to defíne the fíe1d in the

uníform regíon exterf.or to an artfffcÍal1y inposed boundary. The interior

partial diffelential formulation and the exterior integral equation are

coupled to yíeld a solutf.on to the complete problem. No approximation âs

to bormdary conditÍons is lnvolved and the solution is obtaÍned by consíd-

erlng the fÍeld in all space. In [7] and [8], a complete equi.valent

source representation comprising both the single and double layer sources

f.s used whereas the dipole layer contributÍon ís neglected in [9]. More-

over, Ín [8], two artificial boundaries are defined thus sídesteppíng the

Greenrs functlon singularity. In general, for large problems r,¡iÈh local

lnhonogeneities, it is most appropriate to use both the dífferential and

the lntegral equatton methods simultaneously t101 .

The technology for partíal differentíal equations is well-developed.

ln addition to the somehrhat classical finite-difference di.scretizatíon of

differential operators, the finite-el-ement discretízatíon [11,12] based



on the variationaL nêthod [13] has been proved a useful nethod of

obtainíng ân approximâte solution Èo partial differentíal equatíons. The

essential idea of the nethod is to divj.de the regÍon in which the problen

is to be solved into arbitrary size of trian€iu1ar or rectanguLar subre-

gLons (ca1led elenents), penníEting a close approximation to boundary

shapes. Coloplicated geonetry can be dealt r.r'lth easily. The unknosn func-

tÍon ls uniquely specified by a discrete number of Íts val,ues associated

with specified nodal points of the region. Then the staÈionarity (or nini-

uizâtion in Èhe case of posit ive-defÍni te operaÈors) of the functional

vLth respect to the nodal values yields a discretized system of equatíons,

the solution of which gives an approximaÈe solution to the problem.

It is evident that a hÍgher-order approximation would yield a better

lepresentatíon to a contlnuous function than r'¡ould the constant approxi!0a-

tion. hrhile high-order implementation plays a practical roLe in províding

an approximate solution to problems described by partial differential equa-

tions, flat surface eleuents with constant values of approxínation are most

customaríly used Ín solving integral equations. The method of no¡rents [14]

is the most commonly used method. Except for problems involving simple

geometry and for situations where physical knowledge. may furnish a speciel

sêt of expansion functions, general practíce is to enploy pulse expansion

and point-matching díscretizåtion. The procedure has been rePorted in the

nr¡nerical solutÍon of integral equations arising in many differenÈ fields,

for exanple, in elasticity I15-17], sound radiation [18,19], elecEromag-

netic râdiation and scåtterir.g 120-22), The pulse approximation to a

conlinuous iunction rvould generally require more varjables tÌ1an a hígh.'r-

order approxination. The former Ehus demands a greater computíng cost



than v¡ould the latEer for a soLution of comparable aceuracy.

Cruse [23], 1n his work on three-dlmenslonal elastic stress analysis'

i[proves upon Èhe effÍciency of pulse expansion approxlnratlon by allowlng

a llnear variation of the function over a surface nodelled in a piecewise

flat sense. The dlscretized sysÈem of equations r¿as deríved by the point-

natching approaeh. Silvester and Hsieh [24] described a Galerkín procedure

for the solution of integral equâtions arising in electric and magnetic

statlc fields. McDonald, Friedman and llexler [25] reported a varíational

approach r'rhereby convergence vas guaranteed for operators having a positive-

defÍnite conponent [13]. It has been sho¡m that for a self-adjoint opena-

tor, the resulting discretized system of equatíons are Ldeqtical to those

obtaÍned from Èhe Galerkin method. I'or Ínterface problems betlteen dissí¡ui-

lar medÍa, Lt has also been shor¿n t26J tlj.ai, the Galerkin and variatlonal

approaehes correspond. ¡'or È\,ro-diEensional problens, [25] obtained the

solution by a pure variational approach with a single polynourial- approxi¡¡a-

tlon over the entire region. The approach lends equal rùeight to al-l por-

tlons of Èhe region. For three-dímensíona1 problems, only pulse expansion

approxilrâtÍon over piecewise flat surfaces was previously available.

In Èhis work, the finite-element nethod is established for the solu-

tion of boundary integial equatíons for Ëhree-dimens ional fields. The

technique Ís a naÈura1 extension of the isoparametric finíte-elenent nethod

comonly used fo¡ the solution of partíal differential equaÈions. It

pentr1ts píecevrise pollmomÍal epproxímations to the unknown functíon and

êl1o!¡s high-order modelling of curved surfaces wíÈh a consequent reduction

in the sígnificant but often negl-ected geometrical mode11íng error. The

use of an isoparanetric rlappÍng, which enables all numerical integrations



to be performed over a t$ro-dimens ional simplex, facÍlítates Èhe devel-

opment of a package of FoRTRÀN computer programs applicable to problems of

arbitrary configuration, The above-mentioned nethod is described ín

Chapter II.

Lachat and !,Iauson [27] described a related method for elastic analy-

sis using a paraneÈric representatj"on for both the function and the georne-

Èry. The matrij( equation was deri.ved from a point-mâtchíng discretization.

Moreover, a banded system was assumed. In the finite-element solutj-on of

a partial differentj.al equaÈÍon, a sparse matrix results from subdivision

of thè region, whereas for integral eqr¡ations, because lntegraJ- operaiors

account for mutual interaction between all pairs of elements, the resulE-

ing natrix is dense. For conputational economy, si.mplifyÍng approxima-

tions, such as neglecting Èhe effect of disfant elements and hence seiting

Èhe corresponding matrix entries to zero, may be made, I{owever, such

ãpproxiEations are ad. hoc and, must be JustÍfied on ân indivídr¡al basis.

Unfortunately, reference L27J gave no discussion to the occurence of the

banded systen. A successive element iterâtive sche¡ne is described in

Chapter lI for the solution of large problems.

In ChapÈer IIl, Dirichlet problems of electrostatícs are formulated

as Fredholm íntegral equations of the fÍrst kind and are solved by the

finite-element method. In Chapter IV, the integral finite-element method

ls denonstrated by solving a Fredholn integral equation of the second

kind with a Eagnetic scalar potential-. It is shovn that the single-fie1d

formulation yÍe1ds an í1l-conditioned formulation in coûrputing field

values in the region exteríor to the perneable body. Àn intcgrâtíon



scheme, analogous to Ëhat used in the ísoparametric finite-eleÐent

approach of Chapter II, is described for the voluÐe integratiofi involved

in Lhe. computatlon of üagnetic field due to current sources.

Chapter V describes thê Eethod for vector fÍe1ds. ln partícular,

the displ-acenent problem of elasÈiclÈy is considered. In sr¡mary, the

obJect of th-is presentation is to inttoduce a novel nu¡rerical method 
-

the boundary Íntegral finiLe-eleuent nethod 
- 

for the solution of bound-

ary integral equaÈlons. Its applÍcability is deEonstrated with both

scalar and vector solutions of FredhoJm integral equations of the first
and the second kinds covering the most frequently encountered fornulations

in engineering applications.



CHAPTER II

FINITE ELEMENT SOTUTION OT INTEGRAL EQUATIONS

The essence of nr.merical solution of integral equatj.ons is to

transform the inÈegral operator equatlons Ëo a sysfeB of algebraic equa-

tLons which can then be solved by standard proceclures [30]. The nost

connonly used method for such a trå.nsformaÈion is Èhe nethod of moments

with pulses for the expaûsion functíons and delta funcÈions for Ehe

testfng functions [14]. The nethod replaces the curved or flat boundary

by N planar subregLons over each of whích the unknor¡n functíon is assuned

to be constanÈ. one Èhen constrains the integral equatíon to hold at N

poínts on the boundary, thus obtaining a set of N linear alSebraic equa-

tlons to sol-ve for the N constant funct.ior¡ values. Such aPProxímations,

although faír1y easy to implement, are urmecessarily crude.

In Èhis chapter, an lsopalanetric finÍte-elemenÈ method is Presented

for solvlng boundary integral equations of Èhree-dinensional fÍelds.

Flrst, a systematic approach to deríve a variational for¡nulation for

nonself-adjoint operator equations is descrÍbed. The method' based on

the well-developed fini.te-element method for two-dimensional parÈial

dÍfferential equatlons wíth extension to deal wÍth an arbitrary surface

in space, Ís derlved. Special sÍngularlty treâtment required for

the kernel of the lntegral operators is describe<i. Furthermore' an

Iterative scheme ís presented whích provides an alternative aPProach to

cater for lar€e problètrrs" finally, the computer implementation is

discussed.
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2.1 TITE }'UNCTIONAL

Consider the operaÈor equatlon

Ko=g

<KorT >= (6r(41 )

h'here the palr of brackets Ís deflned by t31l

r
where K ís a real lntegral operator defined by K... = | f{slst)...as'.

J

Assune that there is an adjolnt operator, Ka, to the operator K niËh the

property

(2.1'

(2.2)

(2.3)

The superscript * denotes the complex-conj ugate. An operator, K, is said

to be self-adjoÍnt íf

<Ko,T>=<orKT> (2.4)

EquatÍon (2.4) follows dÍrectly fron (2.2) if K is self-âdjoint, thât Ls,

if K = Ka. It can easily be verifíed thaÈ the fntegral operator of

(2.1) is self-adjoint if the kernel, K(slsr), satisfies the relation

x(slsr) = K(s r ls) (2.s)

ThaÈ Ís, self-adj ointness of an integral operator requires the kernel be

s)rmtretric. In general, the adjoint operator of a complex integral opera-

tor is one r^rith the kernel being replaced by its complex-conj ugate Èråns-

POSe.

(urv)=J,r.r*a"



The ¡¡e1l-known stationâry princlple [13] states Ëhal for a self-

adjoint operator K, if oo is such that Koo=g, ùhen the functíonal

F= < Ko,o > - < o'g > - < 8,6 > (for conplex o and/or g) (2.6)

or

F = < Ko,o > - 2< o,g > (for the real ease) (2.7)

is statÍonary at o=õo .

lf K is nonself-adJoint and 1f oo and To are such that Koo=g and

Ka'r =h. then the functionalo'

F = < KorT > - < g,T > - < d,h >

ls stâtfonary at o=Oo and T=Îc.

The proof is direct. Let o=oo+E ând T=To+n, then

(2.8)

F(o,t) = F(oo+g,ro+n)

= ( KdotTo > + < KE'T' > + < Koo'n > + < KE'n >

- 4 B,To > - < Brl t - . oo,h > - < t,h > (2,9)

Also,

I'(oorTo) =..Koo,ro, - < g,To t -. oo,h > (2.1C)

Therefore

F(o,r) - F(oo,ro) = < I(E,n > (2 . 11)

Since < K6,n > is second order in t,n, F(o,T) is stationary about o=o.-

and r=t .
o



t2

By tâking the approxl.mating functfons o and T to be

TTú=dcr,=dõ (2.L2)

(2.13)

and

where q, 1s a vecÈor of LnÈerpolatlng fmcÈions and o and T contal-n the

varfational paraneters, the functlonal given ty iZ.A¡ produces

r = gT. Kg,gT t f - . B,gT > r - oT < o,,h (2.t4)

Itpon taktng the varlation wÍth respect to r, (2.L4) results ín a sysÈen

of equatlons

TT1=Td,=d,T

T< Kg,g )o=(8r0>

whÍch is algoríthmicalJ.y identical to

nethoal. It may also be noted that by

functÍ.ons to be

(2.1s)

that obtaÍned from Galerkinr s

Eaking the set of approxÍnatÍng

(2.16)

(2.t7)

(2.18)

resultÍnþ fron the noment method in

and

TTo*gg=gg

T^ ^Tr=!E=E!'

the sysËen of equatlons (2.15) is

**o,Êt>o=<g'Ê>

which ís the system of equâtions

general.
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Bxpressilìg explicLÈly, the functional (2.8)

operator

Ko(s) = po(s) o(sr ) dsr

for the ÍnÈegra1

+ Jr<sl'')

Jr,^ts)o{")a*
(2.20)

* = J 
f<"1 [po(s) + f *,"1"'ro,=')crs,i ds -

(2.L9)

J s{").n{")a" -

= x(stls), (2.20) reduces to, for real o and g'rf r(s lsr)

r=Joc"r lpo(s) + 
J 

*{"¡=')o{"')dstl ds - z 
J e(=)o(s) as (2.2r)

In the following sectÍon! the flniËe-element discretization 1s

descrlbed for obtaining the Rayleigh-Rl.tz equations.

2"2 FINITE ELEMENTS AND TIIE TAYLEIGH-RITZ PROCEDI'RE

The finite-element method using Raylelgh-RÍtz procedure [32] provldes

an effÍcient Èechnique for finding the stationary point of the functÍonal

(2.20). 1¡he deta11 of the nethod for partial differential operators is

gÍven Ín [11, ]"2I .

The basfc phílosophy of the nethod is the divf.sion of the region of

lnterest fnÈo snaller reglons (elernents) over each of which the mknor.m

fuú¡ction ls represented by an approPrÍate Èrial- function. A further inPor-

tant feature ís that Ít PerniËs one element to be considered at a tíme

resultíng Ín algotithmic generalÍty and sinplicity. The variatlonal method

1n its pure form, on Èhe other hand, represenÈs the unknor¡n function by a
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trla1 functlon defined over the entfre regfon of ínËerest.

Now, suppose Lhe reglon r'rhere Èhe unknown functlon ls deflned 1s

dlvi¡led lnto Èriangular subregions ag shown tn Fig. 2.J-. Over each e1e-

merit, the unknown, say f, is assumed to vary in a polynonial fashlon, 1n

contrast to the Pulse approxlm¿tfon used Ín [25]' for example" Further-

!0ore, thls variâtion ls expressed 1n terms of the M element nodal values

where the subscrl.pt k refers to the kth elemenÈ' fn, betng the iÈh nodal

value of the kth element and

tf
fk = .x- otfkf

1=-L

I
M = ä (M1)(N+2)

for a degree N approxfination.

(2.22)

(2.23)

Fig. 2.1 FinLte-ele¡rent subdivislon of a region



I'he d. terns are the approprlate Ínterpol-atory functions, kno!¡n as the

shape functlons, which by defÍnÍtíon takes on the values

For a flrst order approxlmation (N=1) 1n tlro variables, we have I'f = 3.

Tte three ¡mknown parameÈers are Èhe nodal values at the three vertlces

of the trlangul"ar eLement. Hence along each slde of the elenent, the

fl.rst order approxÍnâtíon is uniquely deternÍned by the ftro nodal values.

This ensures continuity of the f$ction across the coxnmon side of ftro

adjacent elements. Síni1ar1y, for N = 2, the six nodal- variables are

placed as sho¡vn in Fí.g. 2.2, having three values along each side to

unlquely speclfy a second order approxinaÈion.

Tls. 2.2
Node arrangements
1n elements

N=1 N=2

In vector îotaxíoî, (2.22)

tI
q. = lt {o

êt node i

at other nodes.
(2.24)

-T=t, d
-l( -

- T-tr=9lr

1S

(2.2s)
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,u = Int froru("lsr<"1 
ds ro + f *1" ¡r')gt{"r) ds'dsl rr

Js t

$here the superscrlpt T denotes the transposet

and lnT = [fu1,f¡2,...,fkM].

Itre functíonal contrlbutlon from element

tutine (2.25) into (2.21), for example, ve get

E= F,
1

The stationary Point of F and' thus,

equation Ís obtãined by differentiating F wiÈh

paraxûeter and setting each resultÍng equation

T
s = lor,dr,...,51

k Ís obtained by subsÈi-

(2.26)

(2.27)

the soluÈion of the oPerator

respect to each variational

to zeror i.e. '

n
x

r=1
!¡r tJ" s<"1

"k

[ *(") o(")
J5.

k
- 2t:

çhere n Ís the total nr.mber of elements. For a subdi.vÍded region'

(2..26) ís applied to each element in turn and srn to yÍeld the total

contrÍbution

n

i=1

âF
ff=0, t=1,2,"',n' Q'28)

-l

fxom (2.26) anð (2.27)' (2.28) ls a sys tem of equatlons of the form

s! = Þ (2.2e)

where S is an NxN dense matrlx (N being the total number of nodes), f an

Nx1 vector of the unknor¿ns and b an Nxl knornm vector. The elements of S
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and b ale glven, respectively, bY

s.. =
r-J

îx la (s)
9ev ., J P.Q,r

t+X lc
tevl jso P¡1

o (s) ds
P¿r

(s) r I x("1"') o- (s')
kevS Jsn "tj

dsrds (2.30)

(2.3r)

whêre D^ - ls the 1ocal node number ltÍthln element 1, of node l. V. ls the-'---- - 'J¿i t-

set of elenents sharíng node i as one of the nodes and V.r. ls the set of

ele¡nents having both i and j as .lts nodes.

O'ne should note here one of Èhe essentíal differences betÌteeo the

flnlte-elernent díscretizatÍon of Partial differentÍal formulations and

integral fonrulations. Since the LnËegral oPeration accouDts for the

nutual lnteractlon betli'een paírs of elements, Èhe off-dia8onal entries of

the coefflcient matrix g in Q.29) are conPleteLy ftlled. lfhereas in the

partlal dlfferentÍal discretizatlon, only nodes connected to elenents that

are adjacent to the element r¡nder consideratíon contríbutes to non-vanish-

íng off-díagonal enÈries 1n the correspondíng S natrix. A sParse natrix

therefore results from Ëhe subdivislon of the regíon and moreover, a banded

systen nay be obtalned by an appropriate nr¡mbering of the nodes.

For conputaLional- economy, simplifyíng assumptions ' such as neglect-

Íng the effect of dlstant elements and hence setting Èhe corresponding

mãtrix entries Èo zeror may be made tn Èhe integral case. However, it ls

Èo be emphasized that such approximatioDs are ad hoc and mrrst be jugtified

br = rlui Jru""' orrr(") d"
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on an lndivldual basís. A banded system was assurned ín the work on

elastÍc analysÍs by Lâchat and Watson [27]. Uufortunately, no exPlânation

rras gfven for the occurance of the banded natrix.

2.3 ISOPARAI'{ETRIC INTEGRAI, ELEMENTS

Conslder an arbÍtrary surface S in space over whích the lnteglal

operator Ís deflned. The fintte-elemênt method descrÍbed in Section 2.2

enables one to dlvíde S into subreglons and to Ëreat each subregion

lndividually"

Now, in conttâst to the cor¡Bon procedure of apProximating the

region by piecewise flaE su¡faces ln the numerical soluÈ1on of lntegral

equâtioris, a paranetric rePresentaÈ1on 1s used which ytelds hlgh-order

approximatíons.

Referring to ¡'ig. 2.3, a ].oca]- coordÍnate systen q-n and the giobal

coordlnate sysËem x-y-z are defined as shoçn. A rnapplng from the 1oca1

coordlnates to Ëhê g1oba1 coordinates ls derived by assurnlng each globa1

coordl.nate to be a polynomial frmction of the local- cooldinates. Express-

ing this polynomic varÍation in terns of Èhe M node-points on the surface

and restrícting the elements in the global system to correspond to the

È!¡o-dÍmenslonal simplex defined by the vertices (0,1)' (0'0) and (1'0)'

r¡e have

M
x = . X- d., (E,¡)

a=-L

Mx o= (6,n)
i=1 ¡

IlI a, (6, n).:-i -f

x.
L

-1

z.'Iand

(2.32)



19

shere M and d are defl.ned as tn C2.23) and (2,24), and (xi,yl,zl) are

the g1oba1 coordinates of node i. Expressions (2.32) ate essentíalIy

pararetrlc equatlons defÍnlng a fanlly of surfaces in space. By takl"ng

the o fuctions to be llnear Ín E and n, the surface S ís a plane tri-

angle 1n space. For plecewise llnear boundary surfaces, this flnlte-

elemenË nodeL ls exacË and the linear mapplng ls.sufficient. llowever,

the Dapping provLded by (2.32) al1ows elements in the g1oba1 system to

be nonplanar. I,líth htgher-order terms ln ct, the globa1 surface can

aasume any reasonable curvature- Ln order to Provlde a good represenÈa-

tÍon of the surface.

Table 2.1 gr.ruuarízes the shaPe functlons for the flrsÈ ar¡d the

second order approxLmat ions.

€ =const.

? =Const.

(a) Local coordlnaÈes

The sinplex elemenÈ and
Íts ÈransfornaÈion to the thlee-space

(a)
(b)

clobal coordlnates

Fig. 2.3



The shape functions a- (ãrn)

t-

l-

2

3

t+

6

TABLE 2. ]-

N=1

n

1-E-n

To fntegrate (2"30) and (2"31) over the simplex, one must obtain

the expression for the differential area" Differential changes in posi-

tlon 1n x-y-z due to changes Ln E-rl are

.- /pr t- 
^ 

â.r ,\ âo ^arr(Ð=ËdEi+ËuEj+ËdEk

N=2

n (2n-1)

ancl

(l-E-n) G-28-2n)

EQE-7)

4n (l-E-n)

4E(l-E-n)

4€n

air(n) = # un î *# dn î +ff an Ê

The ðifferential area is

dE: di, x di,

2t

From (2.33) and (2.34)" the transfornation factor be6*'een the Ëvro-

¡ìJmensíona1 siuplex and a surface in space ls

r=w

Q.zz)

(2.34)
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vhere che lff. terns âre

ArJ =

the ¡of.nors of

ârl
âEl

,tl
ãnl

'l

la* ãv
lat aE

l* âv
lan ân

L' I

(2.36)

taken along the botton rot'o In the speclal case of t-n sinPlex to trro-

dl-nensional x-y plane uappiag,, the above transforrnatio¡ reduces to the

fan11lar forrn use<l for ûro-dinensional lsoparametríc elenents in solvfng

partlal dífferenttal equaLloDa. The Jacobian of transforroation 1n this

case Ls

J= (2.37)

Now, for the rmkno¡sn fmction fr 1DsÈead of a?proxi,matíng it by

piecewLse constant or linear variation coflrnonly used in the numerical

soluÈion of lnÈegral equations' the fi.nite-elenent method developed here

allows f to vary in a polynorol.a:l fashion. I'urtherEore, anêlogous to the

geometric repxesentatloÊ, the variation of f is lepresented in teros of

the shape fwictlons and the nodal values of the fEcÈion r"-hích are yeÈ to

be deternined. Therefore

Mrt = iI1 or ftr. (2'38)

!ühere the subscrlpt k denotes the kth subreglon and fn. terrûs are the

ãx -?zãE âE

âx -b.ân ân
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tmknov¡n nodal valueso The eIênents so deflned ensure continulty of

fr¡nctíon along the lnterfaces of adjacent elements.

2.4 EVAIUATION OF TIiE UATRIX ENTRTES

To generate Èhe S rûatrfx of (2.29), fron (2.30) a typical Íntegral

of the forn

sJ (c) (2.39)

Ls to be evaluated. It lnvolves the evaluatlon of a double surface Lnte-

gra1" The lsoparanetrlc måpping of the previous sectLo!. allovs the lnte-

gratlon to be perforned cver a símplex. To do this, the Íntegrand of

(2.39) has to be evaluated at a speciflc set of pofnts over E-n. For any

glver¡ point ín the local- system, the correspondlng Íoage polnts iû the

global systen are easfly formd wlth (2.32) and so, fn effect,

c(Ern ltt,n') a(Et,n') is known.

The algoriihm for perfono.ing the double integratíon w111 now be

descrlbed. Suppose the reglons of lntegratlons for Èhe outer and the

ínner lnÈegrals are S, and S2r respectively, as shovn ln FÍg. 2.4.

1t'
J^ r tnt o.o 

^\ ^_ 
J H to) oso

ol loo \ /x'x\ "tz
/ -o

=Io¡F(es) / ":y' /*sr* \=Io,.H(q¡),t-

f" or,n, j" xtnler
"k "t

ds dsqp

Eí9. 2.4 lntegration regions and sarnpling poÍnts
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Applying the quadÌature formula [33] to evaluate the lntegral

(2.39), we have

"r. 
F(P¿) Q.40)

!ûhele pl and a¿: ! = 1r2r... rn are the samplJ-ng poJ.nts ¿nd the r,reighrs,

r€spectlvely, of the quadrature forrnula used. f(pr) is the fr¡nctLon value

at p = pl, of the íntegrand for the outer lntegraL, 1.e.,

(2.4r)

If ï(p) werê ari explicj.t erpression fn p, straightforfrard substl.tr¡tíon of

? = p¿ Bives the value of I'(pO) directly. ,i\n approxíoate value for Èhe

integral (2.40) is thus obtafned as the sun of Èhe product of the weight

¡¡ã the frùction val.ue I(pr) at each sampl.ing poturt pl, 9' = L,2,. . . rn.

Lorvevel, I'(pr) as given by (2.41) fnvolves an lntegratj-oû over 52,

i.e., the lntegxatioû

fJrr*rrlcl cr(e) dso! <tso =

r(ps) = cr(nol Jrxtr*l.r) ar(q) dss

(
n(Pt) = J" *(nrlol e(c) dsq

"2

J. ortn'
"t

n
x

!,=7

(2.42)

¡.ùicä 1s yet to be evaluated. Once E(p[) .ís formd, F(pO) ls icnown fro¡r

¡(pc) = a(ps) E(pr) Q.43)

Now, consider X(l¿ll) being a fr.¡nctlon r¡hlch Ís singrrJ ar: at 9 = p,

and is of the form
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r<(psls) = -frh1_

tne then requirès:Èhe *evaluaÈi on¡of

u(pr) = f,-Ëç *,

e2,4t+>

(2.4s)

In nearly alJ- prsactLcal situatlona, it is not pcesibJ-e to integrate
i

(2.45)i analytically. Hence, nr:merfcal quadrature ís needed. The in¡egranal

of. Q.asi is a weLl--behaved regular funcÈ1on íf rhe poinr pg 1l9s out-

side of the regfon of integration 52. In this case, â qua.dTature formula

can be applied to yíeLd an approxÍnate val-ue ÈÕ H(pl), that is

lt
H(pt) = 

,11 ", h(e") (7.46\

where q, is the rth sampling point for the region 52, ar the correspond.ing

!¡eLght at Irr and h(Sr) = c(Cr)/ler-tUl. From (2.40), (2.43) and (2.46)i
I

the integrêl (2.39)ì ís therefore giveû by

nn
o 

'= 
o.It tll u.o"t ot(ru) h(et)

Q.47)

For the tegions of inÈegrâlions shoÌün ln FÍg" 2"4" SL rld.t, rr"

not conneeted to eêch other. The'poínt p¿ appearing in (2,45) does not

f.ie fn Sr. Therefore, (2.47) is always applicable dírectly"

llhen S, overlaps S, as shown ín Eig" 2"5(a\" pg for S1 ahiays lies

erlthin the region of fntegration 32 ,for the Íntegral H(pg) glven by

frnortn' fr.*tn'n' ar(r) dsods
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Fig. 2.5

(b)

Overlapping eleûeÍ.ts
lrdj acent elenents

Q.45)" The integrand in (2.45) is singuJ-ar at pr. In this case, nuneri-

cal quadrature formu1as expressed by Q.47), do not yleid acceptable

results. As a mâtter of fact, using the varíational procedure, pn may

coincide s'ith one Õf the sâspling points fox Sr. In this case, (2.47)

faíJ.s altogether due to dívlsion by zero. However, even if pr, the slngu-

lar point' does not cofnelde with any of the saurplirrg point, a situåtíon

frequently encountered i.n the point-Dåtching approach ¡.rh¿re the Eatchíng

polnt ûìay be arranged so Èhat dívislon by z.eto does not occur, rrr¡¡ierlcal

resulÈs obtaíned dJ.rectly ftoa (2.47) r'í1I îot be accepÈable. The addi-

Èlon and subtracÈion tectmÍque 1251 xo be descrlbed in the fo1lov-tng

sectl-on Ls needed to haridle the slngular lntegrand of Sr.

In the case where S, and S, have a comtron side L (¡í9. 2.5(b)), for

any pO lying on L, the integral (2.45) over 52 has a singular iritegrand,

'ihe techniquc of subtractíon and addjtjon shich rubfracts off the singr:itar

functfon from the lntegrand vould then be needed for (2.45). The

(a)

(a)
(b)
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integrated functlon I¡(p) of (2.45), however, Ls regular" The lntegral

over S, therefore Lnvolves the integratlon of a ç'elL-behaved funcÈion.

lience, for the outer Íntegral, numerlcal quadrature expressed by (2.40)

always holds.

2.5 ITANDT,TNG OF KERNEL SINGI]LÂRITY

To lllustrate the approach ln handllng the kernel slngularÍÈy, con-

sider a kernel contalnlng a singular functlon. of the forn gíven by

(2.44). To remove the sl.ngularlty at q = p¿r the lntegrat (2.42).

r
H(Pr) = ,|" 

*,nrlo, a(q) dsn

"2

is expressed as

frrß<nllol o(q) - a(ps) x"(nrls)l dso + c(er)
I

J" 
*"(n9ln) a"*

'2
(2.48)

where K" is the singular portlon of the kernel and the closed-forn expres-

sion for the last Íntegral 1n (2.48) is assumed to exist. The fi.rst inte-

gral in (2.48) has a regular integrend and thus can be easily evaluated

numerÍcally whereas Èhe second 1ûtegral ls computed analytically.

Referríng to Flg. 2.6, an orthogonal coordlnate systen t-u-v ls

defined as shown. The t-u plane is ln the plane of Èhe elenenË and the

normal dl-rection, â, ís in the +1t direction.

The dlrecÈlon cosines of â are given by
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nx = [ (yc-yb) Þ 
^-zo) 

- (r"-vo) Q.-zo)ll?L

n" = [ (x.-xo) (2"-zO) - (".-\) (2"-zo)712!

n, = [(x"-xo)(1"-ro) - (x"-:tr) (r"-y]112|

where Ä ls.the area of the tríangle abc.

Fig. 2.6 Coordinate system for direct integration
x

I]re integral of. (2-44)

(2.4e)

(2. 50)
1t

¡.= I '--:=-:--- qsts lr_r, I

over the triangular eleEent can therefore be written in the t-u-v

coordínate system as
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'= 1., l"l.]

r f (r)
,,=[f =!u,,u.Jo Jo lx2+u2

t
=! u.,u.*f "
/t2+rz Ja"

¡ft(t) 1

I ¡^ç¿¡ /t2+r:2
dudt (2.51)

vhere f.(t), fb(È) and f.(t) aÍe the equaÈioûs of the 1lnès bc, ac and ab'

lespectively, in the t-u-v coordlnates. Each of the fntegrals fn (2'51)

is Ëo be evaluated analyttcalJ.y. r,et f(t) = mt * n. An lntegral of ¿he

fornr

(2.52)

Ís obtaÍûed âs

r'=rsinh-l(f +*¡ * 
#rfnlÇay ¡1n2+r) 12*2'or +n2)\

+ (n2 + r)r + ørl - r,"lÇ 41 lnl + nnl] 4.fi>

Equatfon (2.51) can Èherefore be conPutèd usfng the expresslon glven by

(2. s3) .

It is relevant to remark that the apPucabillty of (2.48) depends

co!ûp1ete1y or¡ whether the closed-form exPression for the síngular lntegral

can be found. The clctsed-form expresslons for the lntegral (2'50) over

nonplanar domains ¿re noÈ readily available. In this câser the curved

reglon of lntegratlon fs apProximated by â planar region and the elemenÈ

is defLned by the three vertex nodes a, b, c (Fig. 2.6) as
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x = oa(ç,n) x¿ + %(E,n) \ + crc(E,n) xc

y * üa(E'n) ya + %(E,n) yb + oc(E,n) yc (2.54)

z = c"(E'n) z. + o'(t,n) zO + o"(t,n) z"

where orr oO and c" belng the shape functions corresponding to the first

order approxination as gíven fn Table 2.1. Thls lntroduces an êrror

¡qhlch 1s a functlon of the closeness of the pLanar representati.on to Ëhe

curved reglon lnvol"ved 1n the second integral of (2.48). To obtaln a

¡easonable representation, in evaluating the second Íntegral, quadratlc

reglons of fntegratlon are approxinated by four planar subregfons defl.ned

by the slx nodes of an elemenÈ as sho¡,¡n In Tig. 2.7. This Is a convenlent

and systeûatic scheme as the subdivísion ls obtalned lrlth exisÈing ele¡oent

nodes and, hence, no extra data ls required and can be easily progranmed.

The approxination has been found to glve adequate results. Holrever,

should a better approxlr¡atÍon be needed, a flner subdÍvision nay be used.

Fig. 2.7 Subregions for dlrect integration
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2.6 SUCCESSIVE ELEMENT ITERATIVE SOLUTION

The lntegral flnite-element dlscretLzatfon, ln general results 1n a

dense sysÈem of equatLons ¡¡hlch is unfavourable in terns of both storâge

and cooputatlon. To handle econonlcally problems of considerable slzer an

eleuent-lÈeratlve scheme, ¡¡hlch does not Lmpose addltlonâl constralnts and

assumptlorrs, fa presented to suppleüent the flnlÈe-el-ement integral tech-

nique. The meÈhod is derlved froo a nethod glven by Shoananesh and Shafal

[34] used for solving loop current arrays. However' an essenÈlal dlffer-

ence ln the two approaches ls thatr 1n [34] ' the interactions of varfables

which are not dlrectly lntercormecÈed are not catered for. ¡Ience the

method oay faf1, for exarnple, for cases sThere the effects'of distant

aources are dominant due to focusing effects. This consÈraint need not be

luposed ln the üethod described here. The approach is analogous, in the

iÈerative sense, to the successive iterative procedures for Èhe finite-

difference nesh of a partial dffferential operator. As far as the riatrlx

constructlon Ls cÒncerned, the nethod is extended from Èhe flnite-element

partLal dlfferentÍêl approach of treating each elemenÈ lndividually ín

turn, although the procedure is much more eornplicated in the integral

oPefator case.

Suppose the boundary ls formed by n subregions each consisting of p

elenents with q Èota1 no. of nodes. The successive iÈerative scheme can

be expressed f¡opllcltly as

I

IJs.
1

Iro*a" l"', o(c+1) 1s')
k-1

¿sr=g(g)-.I-
1=I

x(s lsr) o(t+1) 1"'1 ds'

- i f *("1"') o(t) i",¡ ¿", (2.ss)
t=k+1 Js_
.1
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The rlght-hand sidè vector fs given by

lïl lf -h' "' "Jlt";'l -þ '' ""11";.,1

þ'J l',1 þ,, ',,Jþ,'*"i l.",' ",', i""' j
(2 .57 )

lyhere the bracketed supersctipt t denotes the lteration nrmber and Sn

refers to the kth subregion. The iteratLve process 1s fniÈiated by

asslgning arbltrâry vâ.Iües to all the r¡aknolnrs. The Raylelgh-Ritz aatri.x

equatíon correspondíng to a slngle subregion is generated fù1th the sources

on all other subregioos assumed to be knorfli. TtIe matrj: equation is of

the forn

(2.56)

rshere h is the vector of .{, nodal values for the first (k-1) subregi.ons

and f ls a vector of r nodal values for the renaining subregions (exclud-

lng the kth subreglon) at the (t+l)th iteration. Equation (2,56) is a

sysÈen of q equatlons to solve for the q unknown nodal values associated

r,ríth the kth subregion. For each subregion solved, the current updated

values are used ft¡nedfately for subsequent conputaticns. These "knoç'n"

sources hence contrlbutes Èo the right-hand side of the equaticn as if
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ooa f" 
"ot'rrtng 

a nesr problen l¡fth an augnented boundary conditlon. ïhe

process therefore lnvolves solvlng a systeE of the slze corresponds to

the total nunber of unknoç'ns lr-lthlû â single subreglon. Large problens

can therefore be handled at ease.

2.7 COMPI'TER IMPLE}IENTATION

The avallabf.llty of efflcleot eo¡oputíng softl¡are plays an lnporÈant

¡o1e ln the dévelopaent and the subsequêrit applLcations of any numerfcal

nethod. A ÎORTRÄN program is eoded for the above techrlique. It is

general purpose ln n¿ture and ís appllcable to both scalar aad vecÈor

fields.

The probleB geometry and elemenÈ fdentiflcatioû, through vertex

nuuberlng, are specifled by the lnput data. Only the vertices need to be

numbered, but they may be nuobered 1n any order. The appropriaËe ntEbel

of nodes requlred for a degree N approxfiûat1on 1s generated and ntnbered

auÈonatlcall-y fron the schene shown 1n Flg. 2.8 and lfg. 2.9

,N.iN.i
ÁrJ

Fig. 2.8 local numberíng

6

A*=3N=1
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speclfled verÈlces

generated nåde numbering

Ê7g. 2.9 Globa1 nunberinC (N =3)
element 1: 1-4-3
eleurent 2: 2-3-4

In addltlon Èo the hlgh-order approxlmatlon of the geonetry, an algorlth-

n1cally luportant property 1s also provfded by the paranetrlc represêiÊa-

tfon of the geometry described ln Section 2.3. Since g1oba1 elements are

referenced to the locaL system, the integration over each and every arbí-

trarlly shaped surface el-ements in the global system ls performed over

the trdo-dfmenslonal simplex. Thls contrlbutes to an essenÈíaL algorithníc

slnplfcLty. Furthermore, only the set of Gausslan poÍnts assocÍated v¡Íth

the sirûplex need to be generated - and thls fs done but once for all

elemenÈs.

Insofat as the linear equation-aolver Ís concerned, since Èhe matrix

S ln equatlon (2.29), resuLtlng fron the ,illscre tlzation, is dense, s târ¡-

dard Gausslan elf:llnatlon [35] fs used to solve the system of línear equa-

tfons. I^Iith the computer zèro at approximately 10-80 and infinity at

approxlnately 1080, t 40x40 rnat¡Íx having elements with numerical values

-tof the order 1"0 - is likely to yield a vanishi.n!ì determinant and hengg
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leads to a faulty termlrìatlon of the solutlon process. Sfnce Eultfplylng

each êlement of a Nxl{ natrlx [A] by a factor ß results fn the deterElnant

belng 6N tines the determlnant of [A], nulttplylng the elenents of thê

ûatrix by an appropríate scallng factor nflL obvlate the errors due Èo

zexo a¡d.l or LnflnLty deternLnanÈ.

2.8 coNcl,usroN

In thLs chapter, a new, efficlent and general algolithn 
- 

a genel-

alizatlon of Èhe finLte-element nethod for appllcatfon to 1nÈegra1 equa-

tl.ons 
- 

has l¡een presented for the solutlon of Fredholn equaÊÍoos arisíng

1n the boundary lntegr¿1 fornulatfons of three-dlmensional- ffelds. Thfs

is ¿ novel deparÈure as the flni-te-elerûent approxlmation nethod has tradl-

tlonally been euployed for partlal dlfferentfal equatLons.

The surface is nodelled by trÍangul¿r elements generated fron an

l.soparanetric úappfng and Èhe unkno¡vn funcÈ1on 1s approxfrnated by polyno-

nfals. Analogous.to the technlque for partiaL dlfferential equa¿1ons,

elements nay be placed where deslred for besÈ represefltatlon. fhe high-

order represeûtatlon l-s expected to yield fnproved results as coupared Èo

the consËant pulse approximatLon for the same ntrnber of variables. The

natrix is constructed by considering one element. at a time, in a fashÍon

analogous to the pårtia1 dlfferential finíte-eiernenË Èechnique. However'

the procedure is mote conpl-1caÈed here than for the partLal differentlal

equation case.

The natrlx equation ls dense whlch 1s châråcterlstfc of lntegral

equatlon fornulations. Thls is unfavourable as cornpared to the sparse

equatfons of the partlal dlfferentlal approach. llowever, the lntegral



anrra*on formulatLon harrlûg urknoç'ns on the boundary only involves much

fewer r¡nknoms. The successlve ele¡¡ent lteratLve scherne described provldes

one way to obviate solvlûg a large and dense matrlx equâtLon. OÈher

approaches such as Èhe fronÈal solutlon LAll nay also be coupleC to the

fnÈegral flnite-elenent Ee ¿hod devel,oped"
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CIIAPTER III

SOLUTION OF TI{REE-DIMENSIONAL ELECTROSTATIC

FIELDS IN OPEN RXGIONS

The need Èo solve a class of open-regÍon electrostatic problems

governed i.ry the Laplace equaÈfon

.,

-V-0 = o

arises frequently in, for example, the determination of Paraüeters for

open-krire Èransmisslon lines, mÍcrostrlP discontÍnuities and certain

antenna problerrs. For Problems having locally homogeneous regions'

boundary integral formulations, b¡r whieh the unknor.'n functions are deflned

only on the boundary and at inËerfaces rather than over the entire region,

provides an efficÍent method of solutÍon. The nethod has a clear advan-

tage when the region ís of infínite exteût. In such cases' a Problen

involvíng an infinite region is replaced by one having a finite region of

dinensÍon one Less than the orlgínal.

In this chapÈer; Èhe fínite-element inÈegral approach described in

Chapter II is presented to solve electrosLatic field problems. Conducting

boundarÍes having prescribed potentials ale replaced with charge distríbu-

tlons in free space having the same potenÈÍêls. Interfaces beÈween

regions of differing media are repl-aced. by Pol-arization charges. The

equlvalent source distribution formulation thus renoves the requirement

of finding special prob lem-dependen È Green's functíons and one needs to
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be concerned only wlrh the free-space Greents function.

Tte ífltegral equatlon is dlscretlzed using the isoparaeeÈric finÍte

element scheme prevíously described. The T-shaped conductor problem of

Sectio¡r 3.2, which is represenÈative of a Elcrostrip line dlsconÈinulty,

denonstrates the improvement in convergence of the presenË scheme. ?he

results are compared r,7ith those reported by McDonald, ¡'riedman and l,Iexler

[25] using pulse approximaÈions. The prolate spheroíd of Section 3.3

serves as an example of problems !¡ith arbítrary curved surfaces. Using

a slnple geometry, exact solution 1s avaÍ1ab1e for comparison. Agreement

r¡as found r¿ith an accuraey far in exeess of that whlch r¿ou1d be requLred

ln practical applicat lons.

3.1 T}tE INTEGRAL APPROACH

Consider the scalar problem of finding the electrostatic field

dlstributioû governed by the Laplace equation

t-
V-Ö(r) = o reR ( 3.1)

and havlng prescribed potenttal on the boundary

{(s) = g(s) ses (3.2)

It is well-knohrn that solution to the problen is unÍque [38]. As far as

Èhe resultíng field distributíon Ís conceined, one is free to replace the

boundary having prescribed potential by a source layer in free space

which produces Ëhe given potential on the boundary and hence, on the

who1e, the requíred fíeld distribution everywhere. The Dírichlet problen

nay then be posed in the fonn of an lntegral equation of the first kind
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o(sr) dsr - g(s)

where G is the free-space Greenrs function

{ J"t"l"''

frtt" l"'' ot""

(3.3)

( 3.4)

g(s) ds (3.6)

The Greents funcÈ1on gLven by (3.4) 1s syüretrical' that is'

c(;l;') = c(;'l;), the 1nÈegra1 operator in (3.3) is therefore self-

adjolflt. lhe unkoown functÍon o(s) 1s the equivalenÈ single-layer source

dLstributÍon to be detenûlned. It is obvious Èhat' for any charge dls-

trlbution o(s), the pótential. given by

Ic(rlrr) = *!-r- 
I

o(;) o(s) ds (3.s)

satfsfies the Laplace equatlon at all Points due to the nature of the

Greenrs function.. However ' 
(3.3) has a unlque solutlon [39] and the

required field dlstributíon ls produced by the set of charge dístribution

which satisfies the ptesctibed boundary potential.

Fron (2.7), Èhe functlonal for the integral equaÈÍon (3.3) is

therefore

= å |, c<;l"l
"o Js

dsrds - z 
Jro{")

r=|[ot"r
"Õ Js

Approxinating o(s) by a llnear combination of the basis functions ct(s) '
Tt.e", o(s) = o(s)'o, substltuÈing into (3.6) and setti.ng the filst derÍva-

tives of , "aln t"]0..È to the variational parameters 6 to zero yi.elds
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the sys ten of equatlons

(3.7)

AlternaÈívely, the CalerkLû ûethod is Èo nultiply boÈh sides of

(3.3) by the basfs functions and f.ntegraÈÍog over S, i.e.,

* l,*'"'

* [et"¡ f","1"',"o Js Js

fe(") t+ f cl'1"') o(sr) dsrl ¿" = [q(") e(s) dsJ5- 'o JS Jg-
( 3.8)

SubstLtutl.ng o1s¡ = gT(s) !r the systeú of equatíons gÍven by (3.8) is

(3.e)

Comparing (3.7) and (3.9), the sysÈen of equatíons derived from

the varlatLonal approach ls ldenÈ1cal to that obtained by the Galerkin

nethod"

3.2 TIIE T-SHAPED CONDUCTOR

l,Ie nor,¡ consider a specific problem of findíng the electrostatic

fleld distribuÈÍon of two paralle1 T-shaped conductors kept at constant

poÈentials" The problen has been solved by McDonald, Friednan and l{exler

[25] usíng a varíational approach with pulse expansion functions.

The problen. Fig.3.1 shows two T-shaped conductors with the itpper and

the lor¿er plates lying in ihe z = l and z = -1 planes, respèctively.

The poleûtials f oÍ 'Èhe plaÈes are kepË ar +l and -l vc.i..gr r¿spûotiv'a11..
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Sytmetry consfderatlon allows the charge dLstrlbution to be sought

Ln Èhe posltlve quadranÈ" f.e., in the region x ) 0¡ y ) 0 and z = 1.

Froo (3.3), the equation to be solved 1s

(3.10)

where S ls the portLon of the plate Ln the Posftive quadranÈ at z = L

shown 1n 8tg. 3.2. G(xryrzlxtryr,zr) is the nodlfied Greents function

{ Jra,*"",t¡xr"Yr,1) 
o(x',Yr,1) ds = t

Fig. 3.1 The T-shaped conductor problem
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glven by

r-1 1 ' '-G(x,y,z¡xr,!t nzl) = G ím - m

I 1 

-r
ffi'ffi'

( 3.11)

Flnl.te-eleúênË ¿lÍscretÍzatLon " The regíon ts first divided inÈo tríangular

subregions"îLgF3"2showsÈhefinite-elementnodelused'Thereareseven

elements and elght vertex nodes" I'¡íth a fLrst-order aPProximation' the

eight nodal values of o(s) are Èo be fourid" For a second-order approxl-

Dation over each element, an addl.È1ona1 node 1s placed at the nidPoint of

each and eve.ry sitle. There are a total nur0ber of 22 nodes Ín Èhis case'

v

4

).t'á
íî {---- {:-

7C'qià---9

Fíg" 3.2 A finite-elenent model of Fig. 3.1
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Ttle etght vertlces are nr.rmbered 1n any order from 1to I as shom fn

Elg¡ 3"2" Î'hese are Èhe gLobal nodaL numbe¡s. ELenents are Located by

the global nrnbers of the three vertfces, for example " elenent 5 fs

referred Èo by the sequence 4-5-8"

Roi the purpose of illustratlon, the case N = 1 fs considered"

Fron (3"7), the dlscretÍzed systeE of equattons for (3.10) perÈalning

to the nodêl of Fig" 3.2 ts glven by

Ao=b (3.12)

¡¡here A ls a 8x8 Eatríx rúith the entry, alj, correspondfng to Ehe lth

rorE and JÈh columi gíven by

"tJ = ¡ l'o
neVt Jg PnÍ-m

(") 
o3u, frrra,"l"', onor(s') dsrds (3.12a)

,Tg 1s the vector of rmknown nodal values, g= loLro.""."'orl- and the Íth

entry of the SxL vector b 1s gÍven by

I
b-= I la (s) ds1 nev; J5 Pni'_ttr

In (3.12a), Vk, k = Lr'2r...r8, is Èhe set of elements sharing node k as

ona of the vertÍces and pni Ls the 1oca1 node nr¡mber nÍthi.n element m of

node 1. Referring Ëo Fig. 3.2, v1 = {1}, v2 = {L,2,3,7}, v3 = {6,7},

etc.. Equation (3.12) is a system of 8 equatíons Ín the 8 unknown o..

The coefficienË natrix is dense r¡hich is characteristic of integral

equatlon for¡nulatíons.

The fínite-element technique allows the naÈrÍx generaËing pEocess
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to. be carrled out one element aÈ a tfnè" A contrasÈ bet¡,¡een Èhe partlal

dtfferentlal dlscreÈfzatlon and Ëhe lntegral dlscreÈ1zåtlon 1s that fn

the parÈíal dlfferentLal case, fot each element, a M:Èl square rûâtrÍx

correspording to the !l nodal values of a sLngle elemeût 1s to be coû-

stlucted" In the caêe of integral eleDents, bêcause of the l-ntegral

operatlon, all eleoents contribute to the entrles of each and every row

in generatlng Èhe natrix equât.Íons for each fndtvfdual element. These

contrl.butlons fron all other elements excepË the one rmder consideÌation

can be lncluded ln the form of an augoented source Èern. Assrmfng, for

the moEent, the o., terns of all other eLeaents are known" the 3:(3 natrix' r.J

equatÍon for the kth elellent 1s thus

3¡r
,I., 

o*j 
,J" 

or(") .|" c(sls') cr(s') dsrds =
"k

or(s) ds -

| = L"2"3 ( 3.13)

Now, since the sources ate indeed not known, putflng Èhe rmknorrn terns

the left- hand side of the equations, we have

Í3
l, "t(Ðuln ,3ror3

I o.(s) ¿s
Jo L
"k

B I o.t"r t
j=I Jst ' 4ev,

I

Jto frn",","', onur(sr) dsrds

I
I c("1=') a- (sr) dsrds o. =
/ 5- Pg,i J

í = Lr2,3 ( 3.14)

SÍnce G is symne tric, interchanging the order of integration, (3.14) nay



be rer¡rltten as

t = L,2"3 (3.15)

Therefore, for each eleEe¡.t a set of three equations ín I unkno¡¡ns

Ls constructed. Ttrese equationg are constructed fot each e1eûeflË i¡r turn

end are asseubled to yield the global systeo of (3.12)"

Tl¡e Dâtrix entrles of (3"14) invol"ve the evaluaËíoî of the 1ûtegrâI.

,!, olu, Jrirrt"' frntt"l"'' cr'(s') its'ds oj = J"o'r(") 
u"

(3.1.6)

FroD (2.48), the integrål (3.16) Ís cornput.ed by f Ír:s t rewritÍng lt âE

l=11 +12 ( 3.17)

where

frart") Jr","'"', an(s') ds'ds

,, = f*on,", Jrtc{"1'')on(s') - cs(sls')on(s)J ds'ds (3.18)

r, = Jonc) ont") 
Jrc.{"|=r)

ds 'ds (3.19)
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GE contains the stngula,r functlon

c_1-el-err = I =---_-
s'-t-' /(*-x,)z+(y-y,¡2a1¿-2,)z

( 3.20)

The fírst terr of (3.17) ls regular aûd 1s conPuted nurnerically by

double appllcation of Gausslan quãdraÈure t33l over Èhe slnPlex as

detalled tn Sectlot 2.5" Itre lntegrated value ie

11 = ara, cr(sr) h(s, 'sr)
(3.21)

where

h(er,sr) = tc(sr ls, ) cq(sJ) : c" (s.lsr) eo(sr)J (3"22)

the closed-forn exPressioû for the inner integraL of T., fs given by

(2.53). The ouÈer tntegral ls then co!ûPuted directly using Gauasian

quadraÈure.

Nuneri¡al IeEgllÞ, The results obtaÍned are sunm€lized in Table 3.1.

For ease of comparlson, the Pulse-function variational solution is also

lncluded.

The pulse solution Iras obtaÍned r¡j.th the unknor¿n function beíng

approxfnaÈed by constants over rectangles shown in Fig. 3.3 for the

pos I tlve-quadrant Pl-ate. llith.the pulse solution using 24 variables '
the computed capaciLance is I25.6 pf whereas the finite-element nodel

ustng fÍrst-order approximation \^rith 8 unknornm variables, a comparable

yalue of L24.23 pf is obtained' Roughly, 24 arß, 54 pulse variables

nnXE
l=1 J=1
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Fig. 3.3 ConstanÈ-pulse approxÍmatLon for the T-plête problen

appear to correspond to the accuracy obtaíned by I and 22 variables,

respecÈively, the latter fnvolving srnooth polynomials. The co¡rpari.son

made here is slightly ln favour of Èhe finite-element approach due to

the fact Èhat a hlgher cepact ta.nce value in the pulse case is compared

Èo Èhat of the fÍnite-element case. In a subsequent exampLe, the

finite-ele¡ìent solutlon is conpared Èo the exact solution.

As far as the amount of computation involved is concetned, in

generating Èhe mettix equations, the pulse soluÈion using 24 variables

requires Èhe evaLuatlon of 300 double surface Lntegrals havlng taken

inÈo conslderaÈlon the sl¡nmeËries of the natrlx. On the other hand, by

a close exanination of (3.f5), the column entties in each roh' coîre-

sponding to one element can be generated by performing a double inte-

gration but once. A considerable saving results in not having to comput.è
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IASLE 3.1-

The Î-plate Problem

the double integral-s of (3.15) Ëern by tern. This is the algorlthn used

for constructing the matrix equation in the integraL finite-element

package developed. Therefore, for a soluÈion of cgmparable accuracy, Ëhe

fíniÈe-element rnodel with 7 elements and I varj.ables requires the evalu-

atiôn of 147 double surface integrals. 
.The 

finite-element approach is,

Èherefore, superlor to the pulse approxination in terns of computlng

effort,

Notlce also that by rneans of boundary integral formulatíons, simply

by solving a systen of I equations, lhe solution to the three-dímensioral

Cons Èant pr:lse over
rectangle

Triangular f Ínite ê1ecìent
wtth htgher order approxÍm¿Èions

No. of
þlses

Capacitance
(pf)

PoÈential
þ çz,z,z¡

Degree of
approxina-

No- of
nodes

capac iÈance
(pr )

Pote:rtiaL
$ {2,:,2)

6

24

54

119" 4

125" 6

L27.8

.1968

"2064

-2to2

1

2

I
22

L24.23

L27 "43

.2A564

. 21138
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probleu Ís obÈalned. Ìloreover, Èhe soluÈion ls obtalned 1n an inflnfte

space by perforrning the inÈegratl'on (3"5).

3.3 AN EI.].IPSOID

As ¿n examPle of problens rslth arbitt¿ry curved surfaces, the

integral- finfte-elenent nethod Ís applted to thê deterEination of the

capacltance and ghe flel¿ dlstrlbutlon of a ProlaËe spherold" I'or this

probleo, exacÈ solutlon, derived from the method of seParêtion of varí-

ables to the Partial dlfferentlal formulatJ'on, 1s available for compari-

son and servea Èo lustlfy the val-ldity of the technÍque and Èhe conpuÈer

íDplenentatÍon.

The problem. Conslder a Èhlee-¿llnensional el1lpsoida1 conducting body

with principål semi-axes a= 2" b = c = l and kept at a conslant potential

0 = 1" ¡ig" 3"4 shows Èhe configuration"

Making use of s¡nmetry, thê source distrlbutÍon is sought ovet

one-sixteenth of the ell-ipsoidal surface. Fron (3.3)' the equation to be

solved is

(3.23)
* Ir",*,r"'lxr,Y',2') 

Õ(x',Yt,z') <ls = 1

r¡here the domaÍn of integration S is over .one-síxteenth of the total

surface and G is the modified free-space Greents functlofr given by

. r 1 I -lG(x,y,zix',y',2') = 
^ 

{ffi7n+ r:;'-- =-7 6)
,/( *.r*' ) 

t+ (y ty, ¡'+1z.tz')' /(xxx')'+(vxz ')-+(ztv'\-

(3.24\
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the elllpsoid

Each Èe::rû on the right-hand side of (3.24) consists of eight terns forned

fron the eight posslble conbinations of the Plus ând minus signs associ-

aÈed wiÈh the xr, yr and zr.

Tiníte-element solution. The finite-elenent nodel used is shown by tiìe

dotted lines in Fig" 3.4. Seven elemenEs were used over one-sixËeenth

of the surface. It is well-recognised thât ån âccuraÈe definition of

bormdary shapes is one of the essentlal factors in obEaining accurate

solulions. In contrast to the conmon procedure of usíng a large number

of pÍecewise flat surfaces to ûodeL curved surfaces, the ellipsoidal sur-

face is approximated by curved surfaces generated fron the isoparâmetric

nappÍng described ín Section 2.4. îabIe 3.2 gives a neasuÌ:e of the close-

ness of the generated surface to the actual surfaee. For an exacl mapping'



50

the cokqr r takes the value 0.8992, being the radius of Èhe cross-

secÈ1on of the eI1ipsold at x = 0.875. The redirction ln the nodelllng

error from thê 11near nodel Ëo the curved surface nodel is obvious.

The results pÍesented in Table 3.3 give a clear indication of the

lEprovement Ln the accuracy of the soluEÍon obtained by using second-order

eleûents as compared to firsÈ-order elements" Here, by solving å system

of 22 equatlons corresponding Èo the second-order approxímatfon, the

fteld at any poÍnt Ín an infi.niÈe space Itrây be compuÈed directly from

the lntegral (3"5). Ttre exact value of the câpacÍtance 1n Table 3.3 is

evaluated froû the expresslon [40]

c = {B¡eo(a2_b 
z>) tuet#t,

ând Èhe potentíal þ at (xryrz) is given by

À - e ., -^ (^2+u)\ + ("2 -a2)\a = 81,;ã4F 'oc ¿u;;Eiz:;zF

222x * Y +-3-= t

,2*-rr' b2*u' 
"2ou

(3.2s)

(3.26)

where e is the chârge on the ellipsoid and u is the ellipsoidal- coordinate

defined by

(-.2.., a>b>c). (3.27)

An fÈerâtive aÞDroach. l,le have also solved the problen using the element

íteratíve scheme described in Section 2.7. Ine sane nodel shonn in

Fig. 3.4 used j,n the direct soluiian alproach is uged here_. The regíon

is divided into seven subregions each consisÈing of a single elenent.
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018990

0" 8670

0.8075

0.7509

o.6779

IABI+E 3 .2

Mapplng "t * = ó"875 fot
the ellipsoid *2 | 4r.¡2*"2 = L
kact r=æt- =o.8992

o. åooo

O.nf+3

0.3954

o.4957

o" 5906

TABLE 3.3

EJ.llpsoid - using linear triangular and curwed ele:ents

Capacltance
(execc = 146.33pf.)

Porenrlal 0 {0, z, o;
(exact = 0.59461)

llo. of
ejle¡ûenÈs

Degree of
approxirlatlon

No. of
nod es

Linear
Èriangular
elenenEs

Isoparane Erie
ele¡ents

Linear
Lriangular
elements

Isopara:èEric
e le:::r t s

7

1

2

9

22

IJO. öU

139.13

138.80

74 5.7 2

0.56905

o.57027

0.569C5

0.59t55



Tte lteratfve process 1s inlÈlated by suppressing the sources on all

subreglons except subregion 1" tror this subreglon" a set of M equatlons,

rrlth M belng related to rhe degree of approxÍroatlon N by ¡,1 = (N+1)(N+2)/2,

Eay nolr be corsfructed as

Jor<=l fc<" I "' )or(sr )ds?ds ".. J"r,", J"as 
I sr )o"(si)dsrds

st sl sl sl
_(1)
'11-

:

^(1)"lM

Jcrr(") 
a'

s

Jt,", J"," I s t )cr(s') ds r(1" 
" " " Jo,rr"l J"{" | "' )o"{"' )u"'u"

sr sl s1 sl

:

t ...
lc(-(s) ds!n
s

(3 '28)

In (3"28)., Èhe entrÍes to the right-hand sÍde vector b are due Èo

sources on subreglon 1 only, slnce all other sources are aesumed to be

zerro" Equation (3.28) fs solved for the nodal values of subregÍon 1.

These updated approxinatfons are used l¡0nedlately 1n the form of augmented

sources in obtaining solutLons for other subregÍons. Therefore, for the

kth subregion, a systen of equaËions anal.ogous to (3.28) but lrith the

vecÈor b anended as

fÍ"i(.)d= - fcrr") 
nit 

þa"¡",) o(1){",) a",a"l

l3o 3k '=. ô, 
II'l

ljo,",o" - Ío,", i:l f',"is'¡ 6(1)r"'r a"'a" 
I

Irn sk '^rr l

(3.29)
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fa constructed. In (3.29)r the second sumatlon ls up Èo Èhe (k-1) sub-

reglon as the sources on remaining subreglons are not computed yet.

Each tLE€, an updatlng approxf.natlon Ls obtalned for the subregion under

considera!1on. T1le 1Èerative Process of (2'55) f.s repeated untll the

illfference ln solutlon betlrceû üro successlve Lteratlons fs smaLLer than

sooe prespecl.fied Èolerance"

Î¿ble 3"4 shows the coñ¡eÍgence characterfsÈlc for the flrst-order

approxl-nate solution. A Eonotone convergence to the solution ls observed.

A value of 138.43 pf for the cãPåcitance is obtained ln 6 fteratl'oûs as

conpared to 138.80 pf fron the direct solution scheme, the forBer involving

aolution of maÈtix equatfons only of order 3.

Point-aatching and varlatfcrtal coEÞ¿rlson. Instead of generatlng the

discretized equations froxû the energy functLonal Èogether wíth the

Rayleigh-Rttz procedure, Èhe contÍnur.m problen may be discretized by

srlÈing equation (3.23) directly at the n nodal Points to obtain a system

of n equatl.ons, whlle retaining the high-ordel aPproximaÈions of the

fr¡nction and the geomeÈry as ín the finite-elenent neLhod" ThÍs dlscre-

ËlzatÍon procedure of constrai.ning the equatíon aÈ Points is known as the

point-r,atchlng nethod. It is a specíal case of the'xnoment nethod [14]

r¡ith delta function testing.

Constraloing the equâtion aÈ n nodal Points' the polnt-nâtchlng

equåtions for (3.23) is therefore given by
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r

,Eu. Jc(=rl")cr,(s)dst s.
:-

,'3u" l"{", i "lcrro(s) 
ds

r
i1
I
I
I
i

:

i

- "ol !
I

I

,1
t

ol

r f"r,tÊv- J,S,

:

,r l s) or, (s) as ols)oro(s)ds

.(3 .30)

where srr %, ..., sn âre the node points ïhere equality is imposed on

the con¿l.nuum equatÍon. Tlìe righÈ-hand sfde vector of (3.30) is sinply a

vector of constarit 1 times the scalar g^ becâuse the surface is kept at

lmít potential" Note Èhat (3.30) is not a s]'r¡netric systen.

Ftg. 3.5 shor¡s a comparison of solution errors using Èhe poinÈ-

EâÈching and the variaEional Eethods. The variatÍonal approach requires

a snaller number of variables Èhan would the poinÈ-Eatching nethod for

the same accuracy. However, the variational approach involves the expen-

sive double integrations as conpared to single integrations required by

the poinÈ-matching meÈhod ín the evaluation of aatrix enÈries. yoreover,

the varlatlonal matrix Ís generaied on an eleEent basis. The eûounÈ of

computatlon involved therefore is also a ft¡nction of Èhe subdívision of

Ëhe structure. A rígorous coßIDârison ot- the conputatíon ccst irould not

be representaÈíve" Nevertheless, iE is undoubtlJ* thåt for a given number-

of variables, the variational aPproêch is Þóre exp¿nsive fjlåi1 the poinLr

I
r3o JG("o s.

L



IteraÈ1on No.

TASLE 3.4

Succ€gs{ve eleÍ€nt lteratLve solutlon --
The elllpsoid with N=1.

Direct solution value = i38.80PF

1,2345
capacltance 168.80 153.91 145"70 L4L.32 t39.24 138'43

E.'o
æ.
E
LrJ

ñ

8 t2 t6 2A 24

NUMBER OF VARIABLES

VariationaL and point-natching comparison

Point molch;rq
Voriotionol

Fig, 3.5



naf cl¡ j.*B lnÊt}rûí1. 0r¡ ti.ìe otlìer: hand, f or i:he same variables , Èhe I'ar:i-

âticiìa1 appro:ch yields bettcr rcsult. Moreovcr, r¡ith thc forncr. cne

1s g,;a::aateed of cÐcrergence f13] r¿hereas su¿h converg¡ence proo.f lacks

i.n iþe per:inË* aiishín8 rnetl¡üd" There is, tlìerefore,, a iråde-off ber¡¡een

the relåtive lieríts a-s !Értíoned of the tr^¡o approaches,
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CIIA.Pl]¡iR IV

SOLUTION OË MAG¡'IETCìSTATIC }'I¡]LDS

the technique describeci l:D Cbapter lI provicles an eifi.cient,

algori thniically simple arrd practical nethod of solving three-di.nens ional

probleins 'rith arbitrary geomeLries, In this châpter, the method is

illrrstrated to Ëhe solutioD of rnagnetostatíc fields.

Various integral equâtíon neLhods for the calculation of nagnetic

fields have been repor:ted by Tror.¡brj.dge [41], As pointe-d out in [41],

the nagne i.:i zaÈ j.or integral equation rnethod inr¡ol,r'es the vector: magnetj--

zation as the unknoLrn quântity defineci over the entíre volulc of perroe-

able materíals. Thus, numeríca1 discretizâtion in'rolving three conrpo-

nents of a vecEor quantity is performed over the entire regíon. The

scalar formulation, on rhe oiher hand, overcomes Lhe dísådvantage of

solving three components of a vectcr quantity. Furthernore. wj.th

boundary formrlaËions, only boundaries of regiols of dj-fferent Derrneâ-

bili.Èíes have to be divided into elenents. A boundary inËegral fornu-

1âtion in magneEic scalar potential is pr:esented ín [4]-] , in whi!:h both

the potelìtial Q and its normal derivative on boundary surfaces only are

treated as independent variables and are interpol-ated indepenrJently.

Tbj.s formuiation of having both S and its normal deìrivative as uuknowns

is para1le1 Èo the gcrierally referred to tr^¡o-field formulatj.on in
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el-astJ c:l!:y lrherrì both Lhe dlspiacemerrt and stress f ief.ds ar:e taken as

variables i.421. Â1terna i-i ïeIy , L,.v cr,rrribj.ni.n g tire j.rite;f ¿ice csnslrsinÈ

equr.tÍ.olrs a;r<1 tl:e go- tr:n:i.ng :i-rrli:gr:al eqnation clerive<i f ron ihe Grcen's

theoren, a boLrn<l:rry .integi:al equatíon in iiie nìagl)èLlc scalal Poiential

{l a,Lone is derived. This single-field forinuLatjou redrrces the' nurllber

of v¿riables and rcsults in conpuEational- savì-ng. The equation js

derived in Seciion 4.2. An integl:ation scheme is described in Sectjou

4.3 to compute the flee-späce field due io c'JrrerÌt sources in conductors

of aïbí Lrary cclnfi guratíans . In section 4,/¡, tt¡e finite-è1ement me¿hod

is applied to obtain an âppïoximate solutíori cf tl:e boundary íntegral

eq,JatÍon for the probl.em nf a permeable Prclate spheroíd in an unifonn

applieri fiel<i. The fie-id at âny Point in space is therr calculated from

the toundarry soiut-ion. Íi will be s l',cç-n that :hê c:r.p:essicn fcìr cpü+uti:]g

$ values in the l:egj-on exteî1or to the permeabie body is numerícaliy

unstable. NeverLheLess, the single-fie1d fornulatic¡u re<luces the nulìber

of variables an<1 is a pr:eferable forrrulation if c'nJy the field io the

permeabl-e r-egiorì is of interest. In Section 4'5, a magnet problen is

solved.

4.1 B.4SrC FrEi.D EQUATTCNS

The fuùdamental expresslons ¡¡l:ich govern the magnetostalic fíe1d

distrÍbution âre

Vxfr=i (4.1)

(4.2)i=o



where fl is Lhe magneti.c f.ield íuten.jitl/. i lhe cr¡rrenL density and i is

tbe nagrretlc íLux derrsity. In a linear rnedia. i1 and I-i are re1 ated 1i1;

õ=uä

ruhere ¡ is the permeabì-lity of the nagnetic materiâl .

Expressing the field fi 
"t 

.ttty point as the su r of tr.ro f iel.d compo-

rrents. fr and ä-cm

H=H +Hc tiì
G"4\

with i; beinc the fíeld due to current sources i ar:C ti= thê fiel.d clue toc-nt
polarization effectr' [41]. Equstíon (4.1) therefore yieJ-Cs

c

and

(.4 ,'.))

(4,6)Vxfr =0
m

tisiDg the Biot-Sâvart law, the field fr ís gíven by'c

(4.7)

r¡here the integration is performed over the entire region \'rl)ere current

source exists.

I'rom (4,6), the magnetlzâl;íon couponent fro' cau therefore be

expressed as Lhe gradlent of a scalar functlon
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ti =-Vóm' (4,8)

SuLir'LJ t.utirg it: "11) n (t.1,) ancl (4".3) j.nto (4.?), i:li+ f)oiss.)i, equaLj.o,-l fúr'f

the scalar: fíeid is

V. (p\r(r) = V" (pl{") (4.e)

ht the inter:fâcß betrreén regÍorrs of differ:i.ng mal:eri.al,s, Lh€j fl-Irx contí-

nulty condition ho-Lci s, i.e,,

B - =B ^NJ Û¿
(4 

" 
r_0)

r.'here II i.s Lhe nor:mal" at ihe i-ùterf åc€ ar¡(i sulùscl:i p¡s l. ár¡d 2 dÉrlloi:e

r,'e¿:ions 1 and 2, i'i5iiÈcLi1.rÈ1)¡. Iri:oar (''¡ .3) 
' 

(,'r ,ii) anð.(4.8) ' 
(4"i.tl) -- j.¡;

terrâs of scalar potelÌt1aL { - ís

(4 
" 

1.:J.)

r,¡here II denoties Lhe no¡mal co¡ûpânent of ihe source f iel-d II(. âf S "cn

f f fhe pemeabiJ.Íty of the region is cónsl:ânt, the- govei:rring dj-f f e::-

ential equation r:educes to tlìe LåpLace equatj.on

.. Aö(s) .. äó(s)' _ ..,u: :a"^i 
-- t,z iry =' {'J1-ìr2) ll(.r(s)

tV-0=o

since V'Il- = 0.
c

(4.12>



4,2 DEßM'T IOìf OF TllE BOUNDi+ II'ITEGRI'L EQirATlOl'¡

Consíder the problem depicEed in FÍg. 4.1. The magnetic fleld in

the pre,sènce of a permeable body placc<ì i.ri an erternal fiel<i ã. Cue Lo

cuirent sources of densiLy i is to be deterx0ined

Region 2

lto

Fig. 4.1 An interfâce problen

Denoting by r! and O tlnto functions contínlrous in R together with

fÍrst and sec<¡nd derivatÍves' the Greents second theoren is stated as

l-t--t
I t{r(r) v'0(r) - Q(r) v-ri-'(r) I dfì
J¡

= fr't,", \Q- q(s¡ Sl 'is
(4. L3)

Reqion

þr

where n ls the outraTard nornnl at the surface S.
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laking rl to be the Clr¿en?s function G(;l;t) riefin<:d by

(4 "L4)

fcrr ¿r harrnonic þ, tlte flrst Eern of the left-hand side i.lìtegral vani.shes

and (1r 
" 
1.3) yÍ elds

fo-*,t', v2c(Tii') an = jrictTl", +P - otsr ff (;is)l df,

(4. 15)

In three.-cl j.nensiona.L space, c (i I i t ) is given by

I
G(r lrf ) = --:--

4ri;-T'l
(4 

" 
16)

ïn [41], both the poÈentiâl 0 and íts norrûal derivatives $q on S are

treated a.s índependent varíabl,es. Thus, át the ín¿erface betweeD reglons

of rliffering permeâbílities, both q a"a ff are unknowns. the discretized

systeù of equations derived fron (4.15) is therefore underde têruined.

A,.ddit-ionat set of equåtions âre inËroduced from ínÈer-fêce co¡rdÍtions.

Now, consÍder sn obserJ¿rtiou point i i-.t nr. ApplyÍ-ng Greenrs

theorem to R^' $e have
z

f -., ðQz (s) - ac+"(;) = - i ¡c{îl"l -*= - 02(s) tY (ils)l ¿s (4.17).¿ 
Jg

The mJ.nus sign assoclated s¡tth i:he rl8ht-hand side ùìtegral 1n (4.17) is

lntroduced due to l-he nor¡û41 being defined as the 1¡rward nornal to Rr.

The sur:face fntegràl ls performed o'¡,'er the J-nterfåce betveen R, and Rr-



The iiltegral for tlìe bou¡darv at infíníty vanls'hes [4]"

Slmít-arl.y, appJ.ylng Greenrs theorem to Ea ar'd coDsí{Ìering an obser:-

\'âtion point i it a, ltuldu

(4.1.8)

I-.Ie now examine the integrâl-s in (1t.17) and (4"i8). The flrst

lnÈegr¿l oÍ (4.I7) an<i (4.18) has the forrn of the single laver potential-

rnhích is continuous a" i cro"".u tl¡e boundary surface S [4.J . Tite second

integral, resenblíng the double layer PoteiÌtial, is discontinuôus at S.

Letting

- I - èSr(s)
o1(;) = J.ttr;l"r 

a#i o(") # (rls)l ¿s

-itr(r) = fr J"ß(s)
$ ¡--J-¡ ¿.irn'ii-sl'

the dÍscontínuity as r approaches p frcn either

(Fig. 4,2) ís gÍven by [4]

(1.i.9)

si-de cf Lhe surface

(4 .20)

(4.2L)

r*(r) = :i: '(;) = ry. # J"u,=,r_ÌJ+

r-(p) = ßjo, r(;) = 9+fr [s<"1- i+"- ¿ .*" rs

à 1,
^ (-r-------r) cscn lp-s ¡

å r-l--l u"dn lp-s I

Fis,4.2
Notatíon for boun dary
l1mits of eqns. (4. 20)
and (4, 21)



Substítutfog (4,20) into the second integral ct (4.77) and r:earran¡¡j-ng

terÍûs e l're have

0"(s) f ä0., (s') |
ry "= -. jr.,"1",, lIÇ-1 as' - j^*o-(s'l 1* t" js') dsr (4-ì-z)

sínÍ14ï1y" f¡c¡n (4,2i.), os i 
"pptotches 

S, (4.18) yields

C,, (s) r i)0, (s') (Il-F= 
J*.{"¡"') 

-'lia"'- Jror{u't # f"lst) ds' (4.23)

iúcift g (4'.22'j to (4 . 23) nulLipl-ied by Þr, we have

-t | âÓ,(s') Ð9r(s')

i (u,+r{*) + ôz(")) = .jr","ls') 
(ur -j;-- -1i-) ¿s'

. I tu.*,(s') - Çr(s'), Ì3 a"Ist) dsi'' .ts L

(4.24)

Lnposing f:he ccnLinuity condiLíor-rs

öt(s) = 0, (s)

âS' (s) àôz(s) (4'25)

ur "-È- - -T" = (1"-r¡ H.r,(") ,

(4.24) ytei.ds

S *,", {- (u.-1) fr*,*', ff {u¡"') u"'

= (ur-l) jr.,"l"', lt",r(st) ds' (4-26)



Ecirtat-i.on (4,26) Ls aü integr¿rI equation of lhe¡ seccnd l.-ind in $. Ihe

field cornpc-rLren t È from the currenL sourccs, i.c,, the i.rnposc<J i'ieId,'(:

enters into the cxpressl'-on as ¡ir..r knonÍr ïight:-hand sid¡: Lern.

Now, for an obsen¡ation point i i.t it- , the (lreent s theorerrr

applicd tô .region R, Bives Lhe relation

I -. ðú a,..

I tc(rls) -# - +ri*) fr- iris)l ds = 0 <4.27)JS dn

Fro¡n (4.18) and (4,27) togethÉrc .rj.th the contínuity conditions (4,25),

the fíeld at an observation poínt i in n, due to the polarj zatlon effect

is gíven by

- (u..--1) f -. rn -.ó-(r) =+ llc(rls) ir (s)-d'-(s)#(rls)l'f' l-.r jq- ' ciì'' I ,jn '

¡ âó. (s)

Jrr.,tl", 
:*": o,{") ffi (ils)l ¿s =

_r
4"(r) = (u_-r) I [c(rls) H-_(s)'¿ T J5 ' cn - or(s) #,t1",,

(4.28)

to-Simi1ar1.y, fo-r- an observatiol point r in R' equation (4.17)

gether r^ri th the continuj-Èy conditions and the relation obtaj-rìed by

applying the Greenis theorem to Rl

give

(4.2e)

(4.30)
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iltre qradient of { gl'es tlìe Inôgnetizåtion col¡fiÕnent lln' The resul.Lan!

f ir¿ l-t1 is Èhen obtárl"-ned as tiìe vector s u¡i of the i:rvc f ield cornPolÌents,

íi ancl Écm

4"3 ì/TLU1IE ,|NTEGRATTCN ECR EìOURCË ITIELD

the fr tield ín the right-hanc', side of (4.26) due trr ct¡rrent sourcec.
ot. d.etsiLy i ís obt¿ined frcsr the iSiot-Savart laîI

(4. 31)

eilere thr: integraliot i$ to be perforned ûver r-hê enLj.j:e regiorl. ',ûhere

cuÍïoni i1åi.sti:i. ,\r-j nct¿C ttartt {-4.26}, the no:nsl conpcne nls :f Í - arc.(ì
i-o be deterained aL.iluadÏsturc points in lhe region of ínle-gration.

Ttre inLegratíon of (4.31) is tt¡ i.¡e catried or¡t nuuer:ically t¿=þsû¿1zs ¡ ¡¡s

cLosed-fonn expression ís not possi-ble,

AJr íntegration scheme is describeri Lo evaluå.te the volume integra-

tíon (4.31). Anal-ogous to the algorithn described in Chapter: II for

co!ìpúLíng Èhe surface irrfegral-s in Ehe fiûite-elerìent rue[hod" rhe vol r.rme

lnÈegration is pei:forned j.n local coo¡:dinates" lthis provídes algorithmíc

generalÍty of lhe entire pt:oco:durð and also fåcilitates a fr¡ll automation

of ùhe aigoritlrtr.

Tb'o types of vol.ume elements are desctíbed, the cube and the prisrn.

Consider fÍrst the crrbe eLernent ",,iith tlìe locaL coord-iDatê system u-v-w as

ailrr):.¡¡t 1rr frÍg. 4.3,

ã"= Ì; Jå=r#ltt.'
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Fig. 4.3 The cube e1ement

he l-oca1 and globai eoordinaÍes are therefore rel¿ted by

u = {(x-xr)(xo-xu) + (y-ya)(y¡-ya

.'= {(*-*a) (x.-x") + (y-r"a) (ye-ya

ç = i(x-xr)(xu-x") + (y-ya)(y¿-ya

The volurne

ït

ls therefore given by

^t f (u, rr,w) tiudvdrc

t (z-z ) (2. -z )j/u-ADAft

+ (z-z )(z 'z )jlvacac

+ (z-z )(2,-z )Ilvt.aoao

(4 .32)

(4.33)

(4.34)

integral

= [ r1*,y,") a.,
Jy

_ flu f'" f"u
Jo. i, J,,

àaa



By the si pLe transfcrmaticr

'l = uâ + (un-ur) ur

v=va+(v.-v.)vr

n = r,'ra + (w.-wo)wr

Ëhe lntegral- (4"3,1 ) is obtained as

(4.35)

(4. 38)

¡7, ¡l ¡L
r"=i I lr(",",r) lJl do'd.,'d*' (4.36)r Js j6 Js

vhere J is the Jacobían of l-ransformation girren by

J = (5-ur) (r'"-v") (w.-r^'.) (4.37)

A. triple appl-ÍcatÍon oi numerical quadratures ín one variable,

¡1 n

Jot{") u* = iIr- "ir("i)

yíe1ds, for (/r.3S ) '

l, f, J.t,",",') lr I du'dv'dIn'r = ,!, ,!, ¡!1 "r'¡"r. lJ I r(u:,vj,\^'i)

(4.3e)

r^rhere ihe coeffíclents a, ar:e the çefghts at u. and (ul,vj ,wi) are

quadrature polnts ín Èhe unit cube. These polnts need be generåted but

onci for: all volume lntegratÍons to be evaluaÈed.

Consf.dèr now the prlsrn element whtch provtdes a basic elenent for
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:in Lsgra tioÍ1. oveïr arb j,l¡:3ry r€jg-i ons naving rini Í:cr:r¡ c¡:oss-siect j or¡. lt

l"ocal r]oordinate s)'s tenr u-v-rn' is def ined as shor¡¡] )ù I'i-g- û " 
tr . Tlre

p1âne j.s j-rr 1:he piare of the cross-sÉlction.

Fi A' t:' ' k The Prism ei e en 1:

The volune iniegr:å1

(1+. r+0)r" -- [ r 1*,y, 
"1' Jv I f(x,v,') ¿x¿y¿z

Jg
xy

zt
Idv= |
J"

a

is to be eval.uated, Analogorrs to the planar trirsngular sur:face fínj-te

êlemènts, tl¡e surface S*, Ís representecl by the para ett:ic e>æ::essj-on

x=
n

. [. c* (u,v)

n
I o. (r¡,v)

t=l r

1

-a
(4 ^ 4r-)



Itre surfac-c integ,ral over Sxy is theretilre pe Íor:rr-reri c¡ve.:r Êhe ..;j-mpJ-r:x

in ¿:he u-v plane. 1'he in tegr:êi. (4,40) is; thus

¡7. ¡7 .l-v
12 = 

Jo Jo Jo r(u'v'r'r) JrJ, Lludvdvr

ruhere j, j.s the Jacobia¡.

J1 =

J^ = z. - z "/-Då

âx ðy
â¡¡ ãu

âx ðy
ãvã'

(A .42)

(4 .43)

{.tt. 44'i

Âs an exarripl e, l-he nagneLiu fí.jid due iû a cL¡f,fèÊ!¡: cíens j- l:)¡ crf

l- A/¡r2 in a square cond.ucto¡: of Fig. 1r.5 is calculated. usíng tl-re

\34\ 5 ? %

+ l
B5

%l 6 i? l>Q

f
oL A

=+ X
A w¡¡
-wm-

(a) (b) Cr:oss-secrion aÈ A

I'tg. 4.5 Element configuration of a sc¡uar:c corìductor



integreLion s clìc:îìe deecribed. The conductor j-s dívj-úed j-nto 8 cube and

B prism ele$rents, The ííeld at â poinl rl is ot¡taired by surnming t-he

contri.bulions due i:o eaclì and e\.ery elemenÈ. Ei.g. 4.6 sho-uùs the couputecì

fle1d at y = $, The accuracy of the colrputâtion ís examíned fro¡r the

relaLionshj.p

(4 .45)

Table 4.1 suï$iarizes velues of the contour integral (4.45) evaluated

åLcng the paths a, b and c shown in Fj.g. 4.5 using Simpsonrs ] rufu.

The ¿r-greement is satísfactoTy. Ho'¡rever, it i.s âpproprj-ate to Foinf out

thai experience Ín compuiirg the source lield Íor the mâgnet prob,Lem of

SecËion 4.i indicates that at poínts close to the conductcr higher order

Gâussian quådr:åture forrnula is needed.

TABLE 4. ].

Values of contour integral (4.45)

I (computed) I ( theorec tical)

t__r=fH.dt

Path â

Path b

lìath c

]-02475

L ,00226

0.99930

1.00000

1".0000c

1 .00000
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l, I

+4

+i
ii

+f
1f
À¡tt
,lfftt
¿Ãtt

ttîttt

a¿rêtt

111¿t.1

l¿{rll"ã

jt
ttl.r'!+

7fã- ¿F¿{

Éú//,f.re:

Fig. 4,6 H" fi.eld at y = 0 of Fig. 4,5



4. lt I?Ei<MEA.Ill.È llitOl,ATE Sllll¡lROID Iì'l IJNIFORM ITIULD

fle will nor,' il-1ustì:âte the fiDite-element boundary :integral

ãppraacÌr by co:rsi-Cering the problem of fin<Ìing the fiel.d distr:íbuLiùn

risul.ting Írorrr e ín¿ìgneÈic body immersed in a uüiform impressed fielci,

In thj.s case, sj-nce the sour:ce field lt" has no circulatj.ôn, it may be

exPr€jssJed as tire gi:adienÈ of â sca1a,: function

11 =-VYc
(4.46)

Frorn (4.4) and (4,8), the resultånt fielct in lhe presence of a permeable

body nay therefore be expressed in terms of a scalar potential as

H=-võ (4.47)

r,¡here

ó=üJ+0 (4.48)

'Ihus, i.n the special case of a uniform i.mpresseci field, the íntègrål

equation (4.25) nay be irriËten in terrns of f.

Since rf is harmonj c inside the body, from Green's Lbeorem, rve have

J""{"1"'> ff r"') ¿s' = 5t* lrr,"') Nf;-rulu') o"' (4.4s)

Fro¡n (4.48) and (4.49), (4.26) therefor-e yi.eLds

U l-1 - t-
-å- õ<"¡ + (u.-1) 

Jrõ,", 
* (sls') ds' = rþ(s) (4'50)

the sol-utíon of which glles directly the resul-tant fi.eld (in tenns of $)

due to the introduction of a permeable body in a uniform impressed fleld.



Once f is knowr:, from (4,28) an,l (4.30),

val-ucs of (r ar:e co:nputed by

the exteri.or aûd in te rior

- t*
ô(r) = ú(r) - (u_.-1) I ó(s)t Js

õ<;r = r¡¡r _ Si /,a,",

ãt,
^ ds
dn

AG,,- ds
on

(4.)-L)

(4 .52.)

respecLivel-y.

Fíg. 4.7 depícts the problern of a prolate spheroid oí principal

sern:'-*axis a = b = 1, c = 2 and of rel-ative perrneabiiiLy Ur plâced ir! a

unj.f or:m fiel.d of un: i: j.ntensity paralJ-e1 to the x-y plane.

ñ t\
lc\
I

lu

lr'r /

Ftg. 4.7 A permeable prol"ate spherold ln uniform fÍeld
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h'rÍth s)aflrrretry ab.ìut. the z ,=,0 planc and anti.symrleLr-y Jbout tlie y .' 6

planrr, the !:, rob:l-i:ûr is solved Íu the positive quadr:ånù o iy, i.e., over

r:ne-r.:-i. ghth oÍ Lhe sr¡rface. The, po¡li.'Lj-uc quadrarìt sr¡i:facer ís clividecl

intc triangular el6lments. Í'ig. 4.8 sho¡n's the fini.te-elenent model

iraving 14 el.ene¡rts.

Sí9. 4,8 A finlte-el"ement model of the problem cf Ïig. 4.7



To geuerate t'h(,Ì rì3lrí-K sysLelìr f or (4.50) , the a.l.gcrritlln tìesqrilìed

in detail ín Chapter Il ís applied. !'rrjm (2..3I), ihe natríx L?quation

for: Ëhe lith e1cïe;lt l'-s

I f"n*,",*1'(") 
¿" io * tu,-rljr,..r<"1 âG

a"
(s ls' ) ds' ds õ.oT(")

I' o(o ) ú(s) a'
,tu

tf¡lj=r i s.
J

(4 ,53)

whete Ë is the rolai number of elelnents. Tlie system of equâtiorìs

(4.53) ís generated for each elemenË in turn and is accurnulated tc pro-

duce the global systen for the complece strr¡cture. The singular inle-
)cgral in this case correspon<Iing to the kerne:l- ff f"l"') has the for;[

where $ and y are tlre components of the vector (x-x') in the t ancl

dírections, respectively. Let f(t) = mt + n, The íntegrâl

I (x-x-)
I=I l=¡- ds (4,54)I :- - r 1

r R I r-rp 
I

which is evaluated in the t-r¡--v ccordirìate system of Fig. 2.6 as

f (E) r f.(r)

I,ì-,fr-,-i'¿3dudr+J."f ,*.,fr.-;*;.""'(4'ss)
iita_t

)-
't

- î', [^r'n", (ßt .r_ vu
' - J,, J*,r+., tTÞffil"'' (4. s6)



t7

!".as tl-re cl osecl-ío.in expressíou given by

, $nr2 - y ..-t fuf+l)Tz+ c2æ.2 -3ni1.,. + y .-l (*Ír-.i )T2 + ct,nl
.r = --7--j:_"_ sr.n{r -r- ------r-===: st.n

,/mr¿ + ). l"zl lnf r t 1.,. I

')-
+ Ê .0os l+ ¿6:"Ðtr2* 2"z,nzrL* "| * mrr. + c^)t

9¡
- ß lce r:r!- </<r'] *tr] * 2"2^zrz * .f * o2r2 + .2.)l

"2

i t, /-t--- ß los f 
"] 

< l*r2 -tr) tr2 + 2"rmrtr, * "l -, mrr, + cr) I

')-
+ g .cog {} r/<^l"t)r}', zcrnrtr* "l * mrr, + cr)lt2 r

.-gtzry .-t {rr2+1)t, * "zrr2 . ßrt ..-l (*t2 +1)T, + c.,m,
'r --- - S1nn -- * -7:^-- 51nn

/-f +t 1"2 | ,/n{ + r l.t I

(4.57)

l'he integral of (4.55) åre conputed directly from (4.57).

Fig. 4.9 shows corìtours of constant õ ua * = 0 ín the presence

of the prolate spheroidal body with rel"ative permeability f, = 1ù usi.ng

second-order approxínation i,¡j.th 39 nodes. As expected, a unifor:rn field

of reduced irìLensity Ís; obser:ved insÍde the maguetíc body,



l¡Íg, 4.9 Equipotential conEour at x =.0
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To sho..v the i.nslabill-ty of the exterior 0 expressio;!, Èhe prob,t.iln

is also solved usin¡¡ equâtlon (4,26) íox tiìe scalar pot,É)nti¡ii (lue to

¡ro1;rr j.zatf.cn. Froú, the h.oundar.3 st; j.ulion, fhe \/írlues of /'¡ i-rt f:lre râg j ons

l.nteri-(rr: ånd exleri-or: Lo ttre rìagllet.ic r¡al:eri.¿1. âre then eoir,puteri fl:onì

(4.28) and (4 ")A) - 'IabTes 4"2 ¿nd 4.3 su¡¡u,¡rrí zc¿ r;h €) coüpüt.:rj v;.;j.rre-s r.r f (,

å.t a s€t of observati.on poínts (*,y,.) .

. it is ol-'vious fron 1,1ìe values of I al,¡ie 4.2 thaL fer the hj.Êh Fer:rire-

abÍltty case of U = 1000, a smalf deviat-':.on in the solutiori could lead tc

a J.arge change :i.n tbe computed values of $. Fc'r e-xanpie, ílie fielti at

an :rbservatÍon Point à = z = 0, y = 1.1 i.s ro þe coinprted. Using the

so-luiion of (4 .26) , equai,j.on (4 , 30) , thât is

o(;) = (u,-r¡ ¡[^6¡;is) u^,.(s),i, - i^,r(*) 39 17l"i ¿-.: G.6r.])

has tlia nr.rmer i. c values

ô(;) = 999 x (.32008_s - .n-a'6z)

= .522477 (4.61-)

Tne boundary solutiorr of (4"26) appeârs ír¡ the seconC íntegrâl of the

ri6¡ht-hand sÍcle of (4.60), l'¡ote that r,'ith 17" devíation in the secoùd

integral of (4.60), the computed value of (4.60) is

0(r) = 999 x ("320085 -,316366)

= 3.71493 (4.62>



"Tþ.BLE 4.2

Ânalysjs of eïter:joì: Q values ar (0,y,0) (p-1CCC)

A = "f cucn ris
- 2l:B = /ô i: d¡:

4 = (u-r) (A"B)

+d'= (u-t) (A-.9e8)

Lìe\'Íation (z) = 1oo( lÖd-(D l) i O

1. i" .320085

L.2 .27883_1_

1_.3 .24s938

1.5 .195849

1.6 ,r76332

L.7 .L59542

l-.8 .L44990

1.9 ,\32294

2.0 .1.2L1.54

A-B

.3tg562 -5.23001-xi0-4 .522471

-t,.278317 5.14001x10 - .513487

.245456 4.ïrgg3xL}-t; .48r-511

4l c ¡rrr ;, ,"1,r."'r-.-,^-4 . r.t¿i+f +ù

.195440 4,08992xr0-4 . /1085 83

.!75957 3.75003x10-4 .37 4628

.l-59199 3.43010x10-4 .342667

.L44674 3,16009x10-'4 .3lsó93

. r32003 2.90990x1-0-4 .2gc6gg

.120886 2.67997x70¿4 .267729

dr - Deviation- (''/")

3.71493 611.0

3.29388 54r.5

2.93364 5C9.3

2,36104 477.9

2.13244 469.2

1.93307 rt64.l

r" 76100 4s7.8

1.60941 453,6

L,47538 4s1. 1



TABI,Ji 4 . 3

Analysis of exierj.oi { values at (û,y,0) (l=l-0)

A = .fclicn ds
_ ,. âcb = lO ^- ds'dn
+ = (-rr_1) (A_B)

0d= (tr-l) (A-. 9eB)

Ðevíåtion (Z) = 100(l+u-OlllO

1,I .320085

r.2 .2 7 8831

l-.3 .?-45938

r.h .2187 46

1.5 .l-9s849

L.6 .L76332

L.7 ,159542

1.8 .144990

1. 9 .1,32294

2.0 .L2rr54

.Z,L9LO ,068175 .6L357 5

.2L9510 .459321 ¡ 533889

,19 3639 .052299 . 4 t-069L

,172236 .04651 ,418590

.i54217,04J.632 .374688

.13883ó .037496 .337464

0, I;eviat ion
' (í)

.636241 3.69

.553645 3.70

.488119 3.70

.434A9L 3.10

" 38856 ii 3. 7C

.349959 3.70

.125672 .033930 .30s370 "316675 3. ¡0

.1r4rso .030840 ,277560 .287E34 3.70

.104150 ,0ZBL44 .2532-96 .262669 3.70

,095376s .025777 .231998 .240581 3.70
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The change ín (-, fron (4.6i) to (4.62) amount s ta 6IL7". îhe il.I-

condii:Íonecì L¿havi.,:rr-r: of the systen is ihus evidcnt f ror,r (4.61) and

(4.62). Because cr the facÈor (u-1) in (4.60), ihe exte'nt cf i11-

condi.tioning increases wíth íncïeased permee-bility. For the particu-

lar example of unifo¡m imÞressed field consídered, the scalar potettial.

tf is known, the tolal fielC õ j-s therefore readily obtâin¿ble from che

exprr':ssion

0=Q+rlr

hlith (4.51), the exterior 0 vâ1ucs can also be computed by

(4.63',)

(4 .64)

It then appears thai (4.64) ',.¡ould be a more stable nethod for colnputing

exterior fields. Hor,Tevèr, unfortunately this ís not always true.

Expression (4.64) yields ?- satísfactory resulË on1.y if $ is obtained

direcLly as the solution orc the integral equation (4..50) (because, in

thj-s case, the er:ror in conputing the 0 values is ccmPatible to the

error of the solr.rtion tþ). 0n tirÈ other: harLd, for: Ö obtained fron the

solution 4¡ by (a.63), Èhe error in conrputírì8 þ usÍng (4.64) will be

magnÍfied inpLicitly as seen belor¡.

Applying Greenrs theorem, we have

- í - '^/l
ó(r) = -(ur-l) j"v(s) Ìf as

J*t"an¡", ff - v<*r # (;ls)l ds = o
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Equation (4.64) can i.'rerefor:e be expresseC as

which is ma the¡naticaily as we,'Ll as numerically iclentícal to (4.60),

The i ll-coudi t ioiled behaviour titerefore renâins with (4.64).

However, the unstâblê behaviour does no'a occur in computi.Iig

ínterior $ values as ís evident from Tables 4.t+ ar'd 4.5. The irÌtêrior

expression is numericall-y stable and resulËs obte.ined aì:e satisfactory.

In the folloiuing, an âlternate exp):ession íu p]-ace of (4.60) is

deríved.

!'ron (4.60), we have

- I rrr, lt¡
{,(r) = (ur-l) t-J 

.c<rlsl # d" - J*ú(s) 
*n' (rls) dsl (4.6:)

-4-."|'"u ¿*-f oSa"u-I js cn J5' cn (4 .66)

(4.67)

Since Q is harmoni.c, consider ârì observatiol] point exterj-or tcj the

permeable body, we have

¿=-fcl.o¿"nloP9u"' Jg dn Jg' on

where n is the out\,rard normal to the body as previously defÍned.

Combining (4.66) and (4.67) yíelds

ô = f tÍr" n"" a. - frc $g a": (4.68)



.IABLÊ 4.4

Analysis cf interj.o:: (, 'r"l-"cs et (0,y,0) (p=1000)

A .= .lGÌI.r, <is
1ì^

-g = Jô -^- cis' cirì

0 = (u_1)(A_B)/u

0u= (r-r)(A-.e98)/u
De.¡iatiorì (Z) = 100( IOu-O I I lO

0,I .041512

o .2 .083029 ., .

0.3 .LZ|ssL

0.4 . i66060

0.5 .207 t+7 7

0,6 .248593

a.7 .288931

0.8 ,3274,18

0.9 ,36189L

-.058373 .099 885

-.176742 .19977r

-,175108 .299659

-,233490 .39955

- " 291968 .499445

-.350758 . s99 351

-,410344 .6992i 5

-.47L753 .79923i

-.537260 .89915L

Qôa

.09 9 7 8_5r, .099202

.199571- ,198405

.299359 .297 610

.399150 .3968i8

.498946 .496029

.598752 .595248

.698576 ,694476

.798432 ,7937L9

,898252 .892884

Deviation
<7)

.584

. s84

.584

.584

.585

.587

.59 0

.597



TABÌ,8 4 . 5

Arìalysi.s of ínLerior ¡j,r .¡alues at (0,y,0) (¡,=iû)
Â = fc;r )..

¡-.ro#ias'dn
0 = (p_j,) (À_B) /u

0o= (u-r)('i-.e98)iu
Deviarion (z) = 100(l0d-0 l)/Ó

A_B

0.1 .0415120

$.2 .0830289

0.3 - .1.24551

0.4 .16ó06C

0.5 .2A7477

fl .6 .248593

0,7 ,288931

0.8 .327478

0.9 .361891

-.0460-583 .087s 70

-,0921119 .775r4r

-. 138160 .262 t'LL

-,L84216 .35027 6

-,230340 .437 817

-.276693 .525286

-.323637 ,612568

-.371938 .699 416

-,4233A9 .785200

ó ó_' 'd

. c7B813 "078399

,I57627 .156798

,236!t4 .235196

.315248 .313590

,394035 .39L962

.472757 ,470261

.5513r1 . s4839 8

.629474 .626L27

.7û6680 .702810

Deviati-on
(7.)

.5?-6

.526

.526

.526

.527

qta

.532

.539
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îhe facior (U-1)iU in (4.6i1) rends Lo unlty wiLh increasing perrne-

abili:;z l.'l:e¡:eas in ({.6q;, the f ectorl (ì"t-1) incl:eases r.rith U. Therefore,

Lhe diffÍcu1ty associated r.rith the subtraction of two al-nost identical,

lumbers (ioes nol ârise l¡ith (4,68) as is the case vrith (4.60) for large

p. Thus equalion (4.68) is a ùore stable for¡oirlation chan that gj-\,'en

by (4.60). .Ìtowever, (4.68) involves the ff tern. .Thís. suggests that

a two-fi.e-i-rl formula:j.on soiving bolh Ô and ff ai.""tfy would be pre-

ferab.le, j..e., equation (4.15) is applied to solve 'lor both O rnd #.
Ïn the fo11or¿ing section, å nagnet problen is solved in r¡hich the air:gap

fie-ld is derived frolq the ff sottrtioo, The numerj-cai data obËained fu'rther

justifies the alovo analysis,

4,5 A Ì"'"AGNËÎ

Tlre inÊegrâl fini¿e-element Eethod wi-Il now be applÍed to a nore

cornpJ-icated sËrucËure. Fig. 4.10 shoi¿s a c-shaped magret r,/ith circular

cross-section tâpered poles. TVo cylindricâl conduclors each carrying

a curreît of density 3 A/rn2 are placed coaxial h¡ith the top and boltosr

po1es. For this problem, the solution procedures consíst of two parts.

First, the free space source field H" (that is, the field in the absence

of the rnagnet) is to be cornputed. Equation (4.26) with the ríght-hand

side containing the knorùn source term is then solved for the magnetic

potential due to polarízatÍon. In thís câse, sínce VxH" # 0, the re-

suLtant field can not be represented by the scalar Íunction $ as for the

case of the uniform impressecl field of SectÍon 4.4.



Fie, 4,10 A magnet



To compute H-, fhe prism element descrÍbed in Seciion 4.3 ís used.c

By syrnmetry, only one-quarter of the problem is consj-dered. Fig. 4.11

shoLts lhÉÌ cross-secÈional vier¡ of the elemenL ârrángement in one quarter

Fig. 4.11. Cross-sectional víero of the prism elements for Lhe coil,

of the coil" Fig. 4.J"2 shoivs the f ini Èe-eleruent- mc-r<iel used for the ûìag-

net. of IÍ9" 4.10" The algorithÌn lor eva¡ijãting the v()lunc ;ilìtrgrai

E =+c 41f
(4.58):

is described in Sectíon 4.3. ¡ron (4.26), rralues ol: ll" ar:e to be obtåined

ât ths Gaussiåü points of each nagneÈ element. Gaussian quådrålur:e of

order l-1 rs¿s used ln the evaLuaLion of (4.58). Ior points at a greaÈer

distånce away frorn Èhe coil, lowet-order quadratul:e formul.a has been

proved saÈÍsfåctory. Ìloweverl hlgher-order formrrl.a io genei:al.J-y needed



in ccrnputing va.lues of iie at poí.nts underr.cath the coil, F-ig. 21.13

shohts the convergence cf the intrgt:ated valuc with inc::easeci quaclratui-e

order å.t an arbitrary Gaussian poinÈ (33. , -.36.3, qZ.4).

For the finj te-ellement model sfiotvÊ jn Ti.g. h.J.Z, there are- 13 eJ.e-

ments and 49 verrex n<¡des. Frorn (2.31), I:hÉ üâLr:íx equation, corre--

sponCing Èo the inregr-a1 equa¡icn (4.26),. fog a. singJ_e eleínenã, say, xrte

kth elernênt is

Lt-+1 I r
-, I " 

g(s)g'('s) ds Ók +
"k

gT<n') # (sls') rls,ds S.tu,-rlJ. Q(s)
tl

j=I Js.
J

H (srl
cn' dstds (4 ,:9)

Equations (4.59) are genèrâted for each êlement in turn as in aI1 pre.-

vious analysis. They are then assenbled to yield the g1oba1 sysÈeü.

fig. 4.1-4 shows a sketch cf :lìe contours of (r:in {:he inf:et:ioí regíon"

To obtaLn the field in the alrgap, the tq'o-field for¡nulation (4.15) in.¡olving
âÀ

$ and jf, is apptÍed. Values of $ havíng same order of accuracy as tlìat

derived fron the single-fieid expression is obtaÍned. Figure 4.15 shorvs

a plot of the z-component of the magnetlc fleld intensít]' ín a plane in the

airgap nidvray betlreen the poi-es.



.35 ---7

&z
I

I
If*-^Y

.g

i
I

t_

Fi-g. 4,12 Finite-eleupnt nodel cf the rllagnet



_d_

Ftg. 4, l2 ( con t Ír¡ued)



Fig. 4,13 Characterlstl" of H"r, as a funcÈlon of quadrature order

I a.t a point on the ûagnet pole face.



Fig, 4.i.4 contours of constsnt rÞ at x - 0



Flg, 4"15 Magnetic fiêld fnrenâfry ln fhe alrgap ai.ong p=0
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CHA?TER Y

DISPLACII{ENT T'ROBIE}1S IN'II{P-CE-DIMENS IONAL

, 
EI,ASTOSTATICS -. A VECTOR FTELD

The nethod devel.opcd íD chaPter II is by no means linited Èo the

sol-uÈion of scalar fÍelds, Extension to vector iields Ís fairly direcl.

To Íllustråte the applicatj-on of the tec.hnique to vector fields, tire

dispiacement probien in three-dímens ional elastosta.tics is consideted.

For three-dínensíonal vec.tôr formulations, three degrees of fr-.eedorn are

associated rüj.th each finiËe-el-emen¿ node resulting ín Ëhree times the

rrumber of equations of that required in tlìe scalar case.

5.1 BASIC FIELD EQUATIONS

The partial differential equatioD which gover:ns the elåstostâÈic

field disÈribu"ti.on wiËhÍn an elastic body R is 8íven by

,>-
uv-u+(tr+U)VV.u*Pb=0

-.¡where I = lur,ur,ual' is tire displacement vector with ur, u, and u,

beilg the xl, x2 and x3 conponents ' resPectively. l, ¡ are Lamers

constants, p is the rnass density aud 6 = [b1,b2,b3]T are the body forces

in the threè directlons. Fo¡: three-'dimensional problems, (5.1) Ís formed

froÐ three equalions r¿hich can be expressed more exPlicÍtly ås
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¡rV2ur.t.(),-rp)
âq âur âu? âu.

(:j + ^j-+ ã*:) + Ob, _0
d*i ù*2 ,.* lJ r

r â ãu¡ iiur ãur
¡rV'-u,) I' ii+t) :- (:'.1-:-' i ;--r) + Êb" -

" ¿r2 d*1 èxZ dx3

¡ â âu: ârrr âr-.
¡rV"rt^ + (Àr.u) 

- 
(.--i: -h ---a -! 

-) 
+ p¡^ =

' 3*3 ,l*1 à*2 3t3 J

r-ER

(5. ;l)

(s.3)

(5 .4)

Ilere, Lhe Ðirichl-et boundary-value prablem r¡ill be consider:e<Í !,'here the

dÍsplacenent cotrrponenÈs are prescribed on the bcundary, The complete

probl-en is therefore posed in the partj-aL differential formul"ation as

uv¿;(î) .r (r-!.r)vv.;(;) .+ pÊ(;) = o

ir.r = ã¡-r a '. q

r¿here S ís the boundary of R. r¡Ihen there are no body forces, !¡e hâve

t- -uV-u(r) + (À+u)W.u(r) = 0

ü(") = Ë(") s€s

reR

5 
" 
2 BoUNDARY INlllGIlÂL EQUÀTION Ì'ORMIJI,ATION

The Greenrs function to the operator of (5.i-), i.e., the solution

to (5.1) wíÈh the source beÍng a unit force applÍed in each dírection at

a poÍnt, ""y it, is t4.41

õ1îlî,r = -¡r#ã,- .-r*$t -t. ¡$þ nr (s. s)
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-=h'here l- =: u{ u.

and ñ= (x.-x.')(x.-x.')íì,û.'a a -l I rJ

r,¡íih surflnation iri = 1",2,3 over the coordÍnates understoocl, û- and û, are'Íl
unít vecLors. Fïom the defj-nition of the Greenrs funcLion, Lhe displace-

ments due to a source densíty 6(i) or. therefore given by

(5.6)

trhere the integration is performed over the eni:ire region I'here sources

are Dresent-.

Analogorrs to the theory of el-ectroslaÈic PoLential, the DirichleL

probleÐ (5.4) nay be formulateC in terrns of an equivalent source distrí-

bution on the boundary. fnstead of solvÍng for the dÍsplacernents directly,

one fÍnds the equÍvalent force dÍstribuÈion by imposing the constraint

that the. displacenenËs produced by the force sâtisfy prescribed boundary

values.

DenotÍng ¡y l(s) the equÍva1enÈ source on the bounda::y, frorn (5.6),

the displacemeÈts due to thÍs source are given by

( =__u(r) = ¡c(rlrt).b(rr) dfl

(5.7)

sfnce, on the boundary, the condítíon i(") = ã(s) is to ho1d, (5.7) ís

fherefore
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= s(s) (5"8)

Ëquallon (5.9) is âr-, lnitrgral eq'-lation j-n Lhe unlinc""r. f-

5.3 IN'|ÐGRAI, FINITE*I]LEMENTS FOR VECTOR FIELDS

The í:rtegral finiÈe-eieruent apFroech of previcus chapters is des-

cribed here fo JecÈor fields. The exlension fron the scalar to rhe

vecEor sase is fairly si:raighi f on^rard and obvious, although the procedule

is more invclved and conrpl-Ícated than for ttìè scalar case.

I'he fürctionai. for the vec.tor problern (5 .8) i-s

t=
Joa{nl*'¡'f(s') 

dsr

dsrds - 2

Expressíon (5.9) is obÈained by applícation of (2.7). Fol-l-owing the same

line of approxi¡Dation as fol: the scaJ-ar case, Èhe unlcno-rm force function

is expressed ir! Èerms of its values, yet unknor^'n, assocj.ated rvitir speeí-

fied nodal poinls. To convenientl-y descríbe the procedure of disc):etiza-

tion, consider, for ihe monent, all elenents to be disjoint. Consider

also that all nodes and inËerpolaÈing pol]'noniaLs of this disjoíut struc-

Èute åre uniquely numbered, even Íncluding nodes that are to be coalesced

when the structlrl:e is reasse-ub]-ed. Thus

-T--'¡f(s)=ç1'(.)f=f'o(s) (s.10)

where q and f are colunn vectors of order equal- to M times the total-

nurnber of elenenÈs with !f related to the degree of pol¡mornfal approxlrmll.on

î_
3 = I f(s)'jp

t=
I e (" lu').t("'),R



99

Nbv

1

I'r =; (N+l)(li+z)
¿

Moreo./er, for this vector case, each entry to T, say Lhe kth entry Ï,-. is

a vector of the three components of î at the kth nodå1 poilì1.

The Ï terms are to take on values such thaË the functj-onal (5.9) is

rend.ered stationary. To accomplish this, subsLiLute (5.10) j.n¡o (5.9).

Thus

(s. 11)

1 /i l1ì -.rÈt-Il:c sL3LruIl¿laL) r5 uu La.l.rrc(l i.!j¡- srrf ('r=rrl--'-¿LlrjË \Jt ' r'j q' t ''

respect to each variaÈj-onal Ðaranetet in turÍr lrith e¿tch resulting equatíol.l

set to zero. ThÍs Ís convenj.entl-y represented by

4=o
âI

hrhich results ín

Separatíng the vector quantfties into Ëhelr individual components,

(5.13) ts a matrix equation of the forn

'"f f- 'n - --'n ( -F = ?'.1 s(s) I G(sls') d'(s') dsrds"i - zi'. I o(s) g(s) ¿s- JR JR J ¡¿-

r r- ( _
I a(s) I c(slst) tr,'(u') ,1"'d".1 = | cr(s) e(") ¿o (5.i-3)
,R JR JR

<s.L2)

Sf = b ( s. 14)
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corislstíîg of scaLêr entrj-es buË lhe order ls three tímes that of ihe

a:Ìalogons scal-ar problem. Iü generâtíng S and Þ' maErÍx entríes cùrres-

pondÍng t¡¡ Lndividual 1lodes thât coalesce, trhen the structure is re¿¡ssern'-

b1ed, are accuinul-¡.teci into r¡:w anC cclumn numbers that corresPond to the

g.lobal nurnbering schene. The construction of (5.14) i.s accornpl.Íshed on

an e1e¡jenL-by-e-1-enen t basi.s.

The nu.'rerj-cal 
.j-ntegration 

scheme f¿'r generating the S ând tt matrices

is described in Section 2.5. The síngular integrals in this case' rel-ated

to the dyadic Greenrs function (5,5), are

and

Ihe expression for the integral (5.15) is

(5.1"6) ís written, ín the t-u-v coordÍnate

(5.1s)

- (5. r.6)

given in (2.61). The integral

system of Fíg. 2.6, as

,_ - [ r-u,
I jp i;-l- |P'

I lx-x-) 2

= j* l'-í''=- 
u"-2

Íz=

where $ and y are Lhe ccmpoDents of

directicns, respecÈively. Let f (t)

of the fc¡rm

fÉp$-'- u"o. (s.17)
c/r- + u-)'

tf

T," T"b0

,fb ( L)

.l,

T rnÈ'lri

'= fo I.
(Bï!J$2, a,,a,
(r'r- + u-)

Èhe, vector (x-xn) in the t and u

= mt + n. The integrals (5.17) are

(s.18)
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r"'hich has the ci-oseil-for.rn expressÍon giver-r by

-f , -; 

-- 

'' j ') ')

I = ('(n-+1-)r-+2-rrr*12 - l"l) trç:+I4l I t'Ê:,;iX'' n2+1. '- nizt-t

- 7#;¡ @sz-zßt-^vz)l rsính-r'rt1:¡;;*o - "'

r* = C *o*3 a=I,2

,'r=c(S+*r2)

--1 mnnh r-¡
ln I

+ r sính-lÇ + ') + .çfu; {s"14ã ¡62+r¡x2 't- 2rnr + n2)u

+ (m2+1) r + mnl - L'lç; lnl + mnl] (s.1e)

bquation (5.19) i.s the basjc expressi-on r,¡seql Ëo conp!¡te the íntegral

(s.17) .

5.4 AN EXA}f?LE - A SPT1ERICAL CAVITY

Consider the problem of finding the dísplacement field for a spheri-

ca1 cavíty cenired et the origÍn \¡Íih pr.escribed displacements ul, u2 âüd

u3 at the surface r = 1 gíven by [¿S]

(s. 20)

vhere, for copper (whÍch 1s the case considered here), À = 11.82 x 106 psi

ancl y = 5.6 x 106 psi are the Lam6 constants and
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Írom (5 
" 
û) * ,-lì(i equatl.on to be soLved J.s

t-.
J c(s ls').f(s') dsr = rr(s)
,R

(5.21)

¡'rom s)¡{rmetry, the problem is solved over oue-eighlh of the spherí-

ca1 surface. i'1,g. 5,1 shorrs the finite-el.ement noilel rised. With N = 1,

thcre are seven nodes ea.ch havÍng three componenls of I as tlre unkuown

v¿rriabLes. Thia results l:.n a total number of 2L unkiror^m s' wh ich is ¡hree

tilres thai of an analogous scalar problem. Ior quadratic åpproxÍmatÍon,

!'t.g. 5;1 The flnlte-element model of the spherlcal cat"lty
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IABLE 5;I

The sphere - dispiacerrrenL aL z=z=O ' 
v=2

-.^-xiD units ot l-rJ-'inclÌes

Order of
âF,proxima tion

l.lo. of
varJ ebles

raL equatf
r elements

Ey.åc t
s o.lrrtion

(s.22)

io.I o.
I

Lo.44i6

I

,l
)l-0. 1

I ro-re I

[-0. r,:atzJ[':i*J

six nodes are associated. wíth each element. This results ín a total-

numb er of 19 nodes or 57 variables for the model used.'

The exact soluÈion of Èhe displacernents is gíven by [45]

rr = g .I9[-rû,r

", = t<$

a= ]-r2

,
r X¡'-I + -*-)ïrJ

where r = ¡1*r**rt)2 + (*r-*rt )2 + {"r-*rt)2lL wíth xrr=xrr=xrt=0" The

displacemenÈs at an arbÍtÌary PoÍnt x1=x3=0 and xr=2 are calclrlated and

given ln Tabl,e 5.1. Considerable ímProvenent ln accuracy is observed

by usÍng the seeond or:der ele-ments as compared to the first order

approximaÈ1on.

[ ,3,,, I

[0.:oers]
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CHA?TER VI

CONCLUSION

A ner¿ rl¡rnerical- rnethod 
- 

å generålization of the isoparametric.

flnite-element meEhod -- has been presented for the solution of bound-

¿ry integrâl equation fcrnulation of three-di¡sens ional fielCs. The

f,ornuLation of bouncJary-va1ue probJ-eus in teri:ls of integral equations

defined on boundary surfaces effectively reduces Èhe dimension of Lhe

probJ-eu by one. Thus, in solving a three-dínens ionai problern, che

nr¡merical discretizatíon is to be performeC only on the bounding sur:'

facc ;hich is essentj.¿l1y a t'rio- Cincns ion aL reÊ;ion. The res*lt$ . ..

obtained for a number of il-lustrative examples in various fields justify

the technique. Its applícabilit)t is denonstrated to both the scalar

and vector fíe1ds for¡nulated in terns of Fredholur integral equations of

the first and the seconC kf¡ids.

Tl¡e finite-el.ement method is flexible and convenient. Boundary

surfaces Eay be taken as â sin81e element or may conveniently be divided

lnto elements of arbitrary sizes. One is Èhus able to concentrate on

regions of particulaï lnterest. The two-Parameter' nonPlanar eleneni

prcvl-des â hlgh-otder nodelling of curved surfaces l,'li th a consequent

reductlon in the sLgnificant but often neglected geometrical nodellíng

error. These curved elemenÈs generated from Èhe lsoparametric mapp:'-ng

reduce the nuuber of elements requl.red for a given degree of approxluaclon.
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ltris means s:nal.lcr netrÍ.x ri j.zc as conparsC tÈ e uÌ-rert nethr¡ds r¡irj'ci'.

invcl.ve pl,anar rectitn¡1ular subareas and l¡l::i ct¡ ¡r:dtlc¿¿ tlÌt-' geo¡:reÈr j- c-ai-

mcCeliing error by i.r'ic::easirig i!'re nuùliêr of: $ub¿r reas . Iio i:eo','rlL ' the

use af iha, isíiparaoelri.. uaFpr:ng al]o¡'s al.1 nun.'fj-cal intçgr:aiíons

oyer: th¡ee-dirn¿ns ionâl srrrface e].enrents to be Þeìrfoïnled over: a síurple

tv,ro-d¡'.ueas ional s i.nirlex and. f acil i. tat.es the devel oPir¡en i of a f-vLLy -

autonaËed gene.râl algoriiåm. A.conputer pr-ogrâÉ' coded j-n ÍORTF'Aì'I 
'

has been devel.oped. The eniire proceclure is of generai pul:pose in

neture. ?robl-ens wíÈh arbiÈråry confi.guîation$ cân be h¿ndie'l r¡i¿h

eas e.

The polynornial- approximation over each finile elenent has been

shoum, using Èhe ellctrostatic T-piaÈÈ exarnple, Lo produce an âccut'¡]u-t

ehích would be produced by a constânt-pu1se poinr-matching solution

using tirice as many vaiiablês. Furi:irermore, results Índicai:e th¿ìE'

using identícal poJ-ynonial triaL functions' the varj-ational approach

requires a srnaLler system of linear equations than vould the point-

natching meÈhod for Lhe same accuracy. It has also been sho'.m that,

analogous to the self-adjoínt operator case' for nonself-adjoínl

Òperators, the systen of equatíons delived fron the Rayleigh-Ritz

procedure is identical to those thar ríould be obËaj.ned by the Galerkín

DûeËhqd. The elements deveJ-oped ensure continulty of the functioD

beÈween elemenÈs. If contl.n ltiês of derivâtives are required, elen¡ents

such ås tÌre HenTritlan element (e.g. [49j) may be constructed.

the matrix systen resul.tíng from the discretization of the ínte-

gral equation ls dense. Thls fs unfavourable as conparcd to tlie sparse

sysLern of the partlal differential equatlon approach. Depending on the

LndfvÍdual situatlorls cotsl-dered, r¡pproxÍmatlons such as rìeBlectJ-ng
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the contribution of distanL elenents rnay be made to yielcl a simPli.fied

sysËen.sj-ncethesLzeortllep]:ob]-erùScoiìSideredì.s::elatl.relysnralll,

a di,rect methocl of solution by l')aussian triangulariz¿t ion rtas used to

sol.ve Èhe l"inear equations. Dependin¡¡ on Ehe order of nagnitudes of

the matrix entïies and the size of the sysEem' preccnd i tionings of the

Íìatrix system such as normalizing and scalÍng, may be needed to avoid

a faulËy terminat ion of the equat ion-solving Process' For large s]¡stems'

the dense natrix eqiJations maJ- be hsndled. by, for exampj.e, a banded

üatïix iterative soluÈion methcd [37] trhich decomposes a matrix s iîto

the sultr of three comPonenËs as

S=L+B-FU

r¿irere. B is a t,arided matiix aníi U and L are thè ioi'¡er. :äd uPPûi. tTì;1rì311-

1år matricesr lespectively. The matrix equation

s¡=þ

can then be written as

BIi+l_ = b - (L+u)xi

Thus a banded system is solved ât each iËerative sta€ie' The rnethod

has been reported to be more effícÍent than the GaussÍan elimi'nation

¡reÈhod. To accomodate sltuâtioûs rn'here the core-¡Demory requiremenÈ

exceeds the available caPaclty' an iterative procedure rvhÍch solves

iterativel-y one subregion at a time of the entire structure ís descrfbed

in Chapter II. for each subreglon under conslderatloìì' the unknowns
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¡rssociated ïítlì lhr) reltainiùg subregiotts are assuÌned to be knrJrvrì. In

this case, one is solvíng, in Èerms of core-¡nemory requirement, a

probleur of si::e i:orr:aspondíng Eo that of a sirgle subr:egi.on (wliich may

consisE of one or rnore elemen.ts).

The generation of tlìe natrix enlries involves the evaluation of

dorrble surf¡.ce integrêls r¡hich :i-s an expensive operal-ion. To economize

coi¡putåtion, for distanË elements, a quaC-r-ature formula of lorrer orcier

¡ray be used. Àlternat j-'Jely, ínstead oi perforníng integrations nu;neri-

ca1ly, Csendes 146.] derÍ.¡ed an approxi:nate closed-form expresslo-.r for

the functional correspondirg to the integral constraini or¡ the bcundary

of â t\nro-dÍJner:s ional exteri.or regio: satisfying Laplacers equaËíon.

As a resuit, the required integratícn i.s repiaced by the evaluation of

a few lcgarÍthns end a few simple matrin operations. The saving in

computaÈion is significant.

Analrrgous to the isoparå.netric integraf finite elements, t\.ro

types of volu¡ne elements, the cube and the prism, were described for

comiruting the fÈee-space nagnetic fieLd due Lo current sources' All

integlatÍons were Cone Ín local coordinates. Ihe algor:ithm is thus

applicable Lo conductors of any configurations aud is of use whenever

:rnaLyticaL inte8råtions are noE possible. Gaussian quadrature of order

11 is obser:ved âdeqLtaÈe 1n al1 compuËatíon. For Points di.staDt from

the coil-, lorqer-order quadrat-ure formulas can l¡e used. It has been

bl.oright to the auti'rorrs attentíon recently that an âlgoritlìm descrj'bed

in [48] for conputing the denagnetizåLion lensor, using a seml-closed

form expression, is appllcable ând rvould probably be rnore efficienÈ---

thaìì performlng âll. lntegratior¡s nrrlnerically "



The coupling of parÈJ-al dífferential equations and inregral equa-

tions is ¿n effeclive for:fiul-ation for problerns involvj-ng open regions

r,¡ith local inh omogene i ti¿s. Reference [7-] repcrt-ed ar. approach rrhere

the constrãínt equations resulting fron a poinl-matching discre¿izâtion

of an íntegral equation is coupled to the variational Ciscretized sysEem

of lhe partiål dj.fferential "qrration. It is poiuted out in [10] that

the muEual constraint of the par.tiâ1 differenti¿i and the íntegral formu-

l.ations 'bof:h in a varíational form j-s fe1"t l-ikely to produce 'Detter

results. In vi-er,¡ of the finite-element íntegrâl approach developed,

partial differential equation and integral equation formulations may be

constrained in a varia.tionaL fashion and sol-utiorr with hígh accuracy is

expected. This bears further investigation.

For nonlinear probl-ems, one måy obraín a solution through an

lteralive procedurê based on the algorithm developed in this $/ork, The

effect of saluration n:.y be included as a source field and the volume

in.tegration scheme of SectÍon 4.3 is applicâb1e directly. The approach

therefore does not involve discretization over a volumetric region and

ihe essentÍål properÈy of boundary integral formul-atíons is preserved.

The single-fíeld formulation of Châpter IV, in which the interface

constraint equations ancl the gcverning integral equation derived fron the

Greenrs Ëheorem are combined to yíe1d a single equation in lhe nagneÈíc

scalar potentlal O, results ln a smaller system and is a preferable fornu-

lation lf only the field in the interLor reglon ís of inÈerest. It ls

concluded Lhat rtlìenevex exterior flelds are to be found, a two-fiel"d
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.fornulation in whlch boÈh Èhe PoLentla:L and lLs nor¡¡al cierivaÈíves

are lnÊerpolared lndependently ûust be used* Allernarively, a bor:rrdary

for¡¡rrlaElon in vectol Potenülal Eay, Perha?se aLso prove pron:Lsing '
This needs further invesligatíori'

ttte object of this thesls has beêri to achíeve a geûeralization

of the finlte-eleEent concept to Ínclude its appl-ication Ëo Èhe solution

of integral equåÈídns. In vLew of thís work, Ëhe Èera "finite e1eøenËs"o

r¡hich has been generally understood to roean the apPlication of that

techníque to Èhe soluÈ1on of parÈial differentLal equatLons exclusivel-y,

is to bê understood Ln a more general context" It eovers the applica-

tlon of the technÍque to both parti.al dff,ferentíal and inEegral

equâÈions.
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