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ABSTRACT

A synthesis algorithm of lossless 2-port networks is presented which is based on a
simplified characterization of elementary sections and on an extraction step that eliminates the
need for performing basic polynomial operations such as polynomial multiplication and
division, zero finding, continued fraction expansion, solution of non-trivial simultaneous
equations and rational interpolation. Each elementary section is characterized using a triplet
of numbers {y; , p (y1) , d (¥}, where y; is the location of the transmission zero, p (y;) is
the value of the reflectance at the transmission zero, and d () is the value of the return
group delay at the transmission zero and is only required for reciprocal sections. During the
extraction of a section that realizes a particular transmission zero, the triplets that characterize
the remaining transmission zeros are recomputed using a pair of simple algebraic expressions
that only require complex multiplications and divisions. If the extracted section is chosen
appropriately, the recomputed triplets characterize a lower-order network and the resulting
realization is canonic. The extraction step is repeated after selecting the next transmission
Zero.

Tt is shown that a cascade (chain) decomposition of lossless and real two-port networks
characterized using scattering variables can be completed to within a constant section by
applying the above procedure. In the disctrete-time domain, the triplet characterizing every
elementary section is, analogous to the analog domain, given by {z,- ,p(z), 6 (z,-)}, where
zi = (1 + w)/(1 — yr). It is shown that p (z;) = p (¥;) and 6 (2;) and d (y;) are related by a
constant, It follows that the synthesis algorithm is applicable to both the continuous-time
(analog) domain in the form of lumped L.C and commensurate distributed networks and to the
discrete-time domain in the form of wave digital filters. All types and multiplicities of
transmission zeros are allowed, with multiple zeros handled in a slightly different way from
distinct zeros.

It is shown that all elementary sections of degree one and two can be derived
systematically from a basic 4-port topology that is matched (i.e., has zero reflectance) at each
port. By terminating two of the ports with basic reactances — which, in the wave digital
(WD) domain, map to allpass sections — all elementary 1st- and 2nd-order sections can be
obtained such that the corresponding WD circuits consist of only one basic building block —
called the 2-port adaptor. A 2-port adaptor is the WD equivalent of an ideal transformer and
its normalized scattering matrix corresponds to a planar rotation. The above derivation is an
independent verification of the fact that every orthogonal scattering matrix can be factored
non-uniquely into a product of planar rotation operators.

A computable WD circuit for the general 2nd-order reciprocal and nonreciprocal sections
is derived via the factorization of the scattering hybrid matrix. It is shown that the underlying
topology is still that of the matched 4-port with the two allpass terminations forming a
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coupling network. Giving up one degree of freedom by setting p (z;) = z;, results in a
simplified WD circuit that has a single-multiplier control of the transmission zero and is
structurally Jossless, i.e., the circuit allows a canonic number of quantizations and remains
ideally lossless after the quantizations have been performed. Structural losslessness leads to
low sensitivity of the filter response to parameter variations.

By terminating two other ports with allpass sections, canonic sections are derived that are
structurally lossless and consist of a minimum number of 2-port adaptors. It is shown,
however, that these sections cannot be made reflection-free without giving up crucial degrees
of freedom. However, these sections are still useful, but to ensure computability, they must
be terminated on both sides by reflection-free sections, as shown in an example. Other
examples are presented that demonstrate the numerical robustness and relative immunity to
roundoff error accumulation of the synthesis algorithm. They also show the effect of
interchanging the reflectance and transmittance, as well as using voltage versus power wave
2-port adaptors, on the sensitivity of the filter response to parameter quantizations.
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L. INTRODUCTION

Canonic decomposition of lossless two-port networks in the continuous-time domain is a
classical problem that, due to its importance, has received a great deal of attention over the
years [1]-[9]. An elegant and efficient solution to this problem is of great interest since
filtering, as realized using an electrical circuit or network, is a frequently occuring operation
in most electrical engineering applications. Also, due to the remarkable advances in VLSI
technology in recent years, the problem has resurfaced in the discrete-time domain in the
form of wave digital filters [11],{14]-[16]. However, as will become clear in this thesis, the
two problems are essentially equivalent due to the close relationship that exists between wave
digital filters (WDFs) and their analog counterparts.

Filter design based on inserting a lossless 2-port network between two resistive
terminations has received most of the attention since such networks exhibit the best
properties. Among these, low response sensitivity to element variations is of great
importance. In this area, the pioneering work of Cauer [7] and Darlington [8] deserve special
mention. They proved a critical result, namely:

A given rational function Z(y) is realizable as the driving-point impedance

of a lossless 2-port network terminated in a (1Q) resistor (see Fig. 1.1), if
and only if Z(y) is a positive real (p.r.) function (i.e., Z(y) is real for real

yand Re{ Z(y) ) >0 forRe{ v} >0).

1(y)
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O

Fig. 1.1. Realization of an arbitrary positive real impedance Z(y/).

The main problem of network cascade synthesis can be stated as follows: starting from Z(y)
or some other equivalent characterization, exiract low-order realizable lossless subnetworks

such that the overall cascade connection terminated in a 1€2 resistor has the prescribed Z(y).
(See Fig. 1.2). Each subnetwork N; in Fig. 1.2 realizes a particular transmission zero. The
mechanics of extracting (or removing) a subnetwork N; can be quite involved and, generally,
depend on the nature of the transmission zero being extracted. For example, if all the
transmission zeros are at infinity, then a continued fraction expansion of Z(¥), or its



reciprocal Y(), is sufficient to complete the synthesis [2]. This covers the classical
Butterworth and Chebyshev response cases. If the transmission zeros are all distinct, which
is the usual case for transfer functions that are highly selective, then general 2nd-order
reciprocal (Brune) sections are required. If, in addition, the transfer function has
transmission zeros with non-zero real part, which can result from an attempt to optimize the
phase response, then the extraction of nonreciprocal sections is necessary. This thesis deals
with transfer functions of the most general type.

Upon completion of the extraction step, the remainder impedance Z;{y) is obtained (see
Fig. 1.2) and the process is repeated until Z;, = 1.
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Fig. 1.2. Network cascade synthesis.

For the process to be successful each extraction step must satisfy the following:
(a) The extracted subnetwork must be realizable with physical elements.
(b) The positive real property of the remainders Z;(y) must be maintained.
(c) The remainder Z;(y) must be of lower degree than Z;_1(y) unless a zeroth-order
section is being extracted.

If the order of the extracted N; is the difference of orders of Z;(y) and Z;.1(y) Vi, then the
process is canonic, i.e., the sum of orders of N; equals the order of N. This thesis deals
with canonic cascade synthesis of real networks only.

Most of the practical difficulties encountered during the extraction step stem from the
particular representation of the subnetwork N; , i.e., the choice of signal variables and the
form of polynomials. Traditionally, one used the chain matrix representation [2], [28], as
shown in Fig. 1.3a, where the overall chain matrix K is a product of all the subnetwork
chain matrices K;. An alternative due to Belevitch [1], [9] uses wave quantities for signal
variables (see Fig. 1.3b), and the cascade decomposition can be accomplished by factoring
the scattering transfer matrix T (henceforth simply called the transfer matrix). It is now
generally accepted that the transfer matrix T is a better tool for network synthesis because its
representation requires only three polynomials - referred to as Belevitch's representation -
whereas four rational functions are needed for the chain matrix K (see Fig. 1.3). In passing,



we should note that in order to derive computable digital filters that are modelled on analog
filters, one must use wave quantities for signal variables instead of the more obvious voltage
and current signals [10]. Hence, synthesis based on the T matrix is applicable to both the
analog and digital domains.
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Fig. 1.3 Network characterization using (a) chain matrix K and (b) transfer matrix T.
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The factorization problem can be formulated in many different ways. One possibility is
to solve a set of simultaneous equations which are obtained from the coefficients of the
canonic polynomials f(y), g(y), and 2(y) [3],[4]. However, it is known that the coefficient
form representation is inappropriate for highly selective filters, i.e. ones with a high degree
and a narrow band, due to the high sensitivity of element values to variations in the
coefficient values [5]. This problem is usually circumvented by using the zero form
representation for the polynomials. Williamson successfully used this form in his
reformulation of the factorization problem as a rational interpolation problem [31]. However,
as is the case for most zero-form algorithms, an efficient and reliable zero-finding routine is
required. Such an operation consumes a lot of computer time, is not always reliable, and
generates roundoff error which can accumulate to excessive levels unless an elaborate
extraction method is employed that at each stage uses only the input data [31]. It is shown in
this thesis that comparable results can be achieved using much simpler techniques.

An alternative method, which simplifies the mechanics of the extraction step somewhat,
operates on the input reflectance

hy) _Z(y) -1
8(y)  Z(y) + 1

py) = (1.1)

which, for positive real Z(y) , can be shown to be bounded real (passive) [1]. In this
approach, the remainder reflectance is obtained by forcing cancelling common factors
between the numerator and denominator (see Fig. 1.4) [16],[19],[20]. However, in order to



force the cancellation of common factors, it is usually necessary to either find the zeros of or
perform long division on both the numerator and denominator polynomials. These
operations are computationally intensive and again generate roundoff errors.
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Fig. 1.4 Basic two-port (pair) extraction step from [16},{20].

In this thesis, a novel synthesis algorithm is presented that eliminates the need for
performing all basic polynonial operations, particularly zero finding, as well as solving a set
of simultaneous equations. It is shown that instead of the usual polynomial representations,
only values of the reflectance and, for reciprocal sections, the return group delay (henceforth
simply called the delay) evaluated at all the transmission zeros are required to complete the
synthesis. These values form an equivalent characterization of the overall network as well as
of each individual elementary section. It is mainly due to this characterization that a
simplification can take place. During the extraction step, a canonic section is removed that
realizes a chosen transmission zero, followed by the recomputation of reflectance and delay
values at the remaining transmission zeros. By appropriately selecting the extracted section,
the process of recomputation generates new reflectance and delay values that correspond to a
lower-order network. This step is accomplished by applying two simple formulae, as
derived in Chapter IV, that require only simple polynomial evaluations. Synthesis is
completed by iterating the basic extraction step. The algorithm can synthesize lossless filters
in the y-domain in the form of lumped LC and commensurate distributed networks, and in
the z = (y+ 1)/(y- 1) - domain in the form of WDFs. All locations and multiplicities of
transmission zeros are allowed. Since the algorithm is free of elaborate logical procedures
and sophisticated computational tools, it is ideally suited for a first time user in need of a
quick solution. The relative speed with which a particular solution can be obtained allows for
experimentation and optimization of the final realization.

The prototype used throughout is the lossless two-port network inserted between
resistive terminations. It is well known that such a structure offers very low sensitivities to
element variations in both the continuous- and discrete-time domains [11, p. 273],[43].



Other terminations are possible; eg, the load-port can be open-circuited [24], or an ideal
source can be applied to the source-port [25]. However, these prototypes have been shown
to suffer from higher sensitivities [26].

As already mentioned, with the advent of the transistor and the subsequent microchip, the
focus has shifted from continuous-time to discrete-time filtering (or digital filtering), where
the continuous-time signals are sampled and the sample values are represented and processed
using binary arithmetic. Digital filters are recursive numerical algorithms, and in this sense,
can be said to have been invented by mathematicians in the 19th century [32], thus predating
continuous-time filters. Advantages of digital filters are many, some of which include:
reduced cost, flexibility of implementation, filter parameters are independent of temperature
variations and ageing, complete design methodologies are available, cf [32], [33]. With
modern super-efficient digital signal processors (DSPs) that can perform an addition and
multiplication step in 200 ns, digital filters have become a viable alternative to analog filters
for most real-time applications. For very high sampling frequencies, specialized VLSI
circuits can be designed [34],[35].

However, the most important advance in digital filtering came when it was discovered
that the superior and desirable properties of doubly-terminated lossless analog filters, such as
low sensitivity and passivity, can also be achieved in the digital domain by imitating the
topology of analog filters. The resulting class of digital filters is called wave digital, and was
originated by Fettweis [10]. The term wave refers to the fact that, instead of voltage and
current variables, incident and reflected wave quantities

a=v+Ri , b=v-Ri R anarbitrary positive reference

must be used to ensure computability, i.e., no delay-free loops. Wave digital building
blocks, also called adaptors, are lossless under linear (infinite precision) operating conditions
and can be made passive under nonlinear (finite arithmetic) operating conditions if an
appropriate truncation scheme is employed. Normally, magnitude truncation [12] and
overflow saturation [13] of the signals between the adaptors are sufficient for the suppression
of zero-input granularity oscillations and forced-response overflow oscillations, respectively.
These nonlinear functions can be easily implemented with most digital signal processors. In
addition to eliminating parasitic oscillations, WDFs consisting of a simple interconnection of
passive building blocks also enjoy low sensitivity to parameter quantizations in the passband.
If the transmission zeros are distributed independently among the cascade of canonic
sections, then low sensititivity is also present in the stopband.

Properties of losslessness and passivity lead to many other desirable properties [11] and
make WDFs the primary choice for many applications; eg. WDFs provide two
complementary transfer functions, the reflectance and the transmittance, without additional
cost and are ideally suited as branching filters in polyphase arrangements in subband coders



[36],[37], and in PCM/FDM transmultiplexers [38]; WD bandpass filters have been designed
for isolating the harmonic voltage and current signals in a control loop of a self-tuning reactor
that eliminates unwanted harmonics in a power station [39]. Although WDFs require more
additions than the conventional digital filters [40], such a criterion is no longer as important
due to the efficiency of modern DSPs. Instead, properties such as nonlinear stability, low
sensitivity, modularity, pipelineability (parallelism) are of greater importance [15],[41].
WDFs have been shown to possess all these properties [11]. A comprehensive survey of
wave digital filters along with a 400 item reference list can be found in [11].

Recently, there has been a lot of attention directed towards the so called orthogonal filters
which possess similar properties {14]-[16]. However, these structures have been shown to
be normalized voltage WDFs, otherwise known as power WDFs [111,[17],[18]. Voltage
WDFs are normally preferable since they require fewer multipliers, remain lossless even with
quantized multipliers, have lower sensitivity, and make better use of the dynamic range.
Power WDFs, on the other hand, are optimally scaled to minimize the probability of
overflow but, with quantized coefficients, can only be made passive with the result that the
transmission zeros move off the unit circle. This problem diminishes as more bits are used
for the multipliers.

In Chapter II, we reiterate some of the conclusions reached in [11] and present some
additional properties of the reflectance and the return group delay of lossless, real two-port
networks that pertain to the synthesis problem. Belevitch's representation theory is presented
which forms a minimal set of necessary and sufficient conditions for a lossless scattering
matrix to be realizable [1]. A derivation of basic wave digital building blocks is given.
Finally, a connection between continuous and discrete-time domains is discussed.

Chapter 1II deals with the characterization of elementary sections using values of the
reflectance and delay evaluated at the location of the transmission zero. It is shown that
starting from a basic 4-port topology, all the 1st and 2nd-order sections can be derived in a
systematic way for both the continuous and discrete-time domains. A 2nd-order section with
one degree of freedom less but some very desirable features {29] is analyzed where the
additional constraint is imposed using a nonlinear optimization algorithm [42]. A network
equivalence is applied that equates the transfer matrix with the hybrid matrix and allows a
simple derivation of WD sections comprised of only delays and one basic building block,
called the 2-port adaptor, whose scattering matrix is given by

Sez[—cosﬁ? sin 8 } (1.2)
sin@ cos 0
and is clearly related to the planar rotator. A class of similar WD sections are derived based
on the factorization of the scattering matrix. However, it is shown that these sections have
some practical limitations.

One of the more desirable properties of digital circuits with quantized multipliers is the



confinement of transmission zeros of reciprocal elementary sections to the unit circle where
they contribute most efficiently towards the overall attenuation. It is shown in Chapter III
that this property does not hold for passive WD circuits, i.e. where two quantized multipliers
(see eq. (1.2)) are used for each power wave 2-port adaptor (this includes orthogonal filters).

Passivity stems from the fact that sin?8 + cos26 = 1 cannot be satisfied with binary fractions.
However, the confinement property does hold for lossless WD circuits comprised of voltage
wave 2-port adaptors with only one quantized multiplier and the scattering matrix given by

1 0
S, = —0s 6 1+cos® =P SgP~!  where P=[ } (1.3)
0 cotf2

1—cos @ cos 6

where, it 1s assumed, the multiplier in P in (1.3) can be shifted out of the circuit. This
condition is satisfied by most circuits. The use of voltage wave adaptors also reduces the
amount of passivity (loss) that is generated by each section (if lossy elements are still
present), which in turn improves passband sensitivity.

A simplified synthesis algorithm is presented in Chapter IV, Itis shown that for distinct
transmission zeros, the algorithm takes on a particularly simple form. If some of the
transmission zeros are multiple, the reflectance and delay functions are evaluated instead on a
circle centered at the location of the multiple transmission zero — a representation referred to
as the sample characterization. Although this representation is more elaborate, it can be
recomputed during the extraction step using essentially the same formulae as for the distinct
zero case. A two-stage extraction step is described where a primitive canonic section is

extracted first, followed by an ideal transformer ¢» 2-port adaptor that induces a desired
property for the overall section; e.g., reflection-free port, straight-through connection at some
frequency, etc. (Note: we use the character <> to denote the bilinear mapping between the
analog and WD domains.) Finally, several methods, and their relative merits, of extracting
the final ideal transformer (2-port adaptor) are described.

Several design examples are presented in Chapter V which illustrate the important aspects
of the synthesis algorithm as well as general properties of WDFs. A very narrow-band 14th-
order bandpass filter [22] has been selected to demonstrate the low rate of roundoff error
accumulation. Another example shows the practical differences of realizing a given transfer
function as a transmittance and as a reflectance. A comparison is made between quantized
structures realized using power and voltage wave 2-port adaptors. Other examples
demonstrate the feasibility of obtaining simplified designs where each 2nd-order section has
one degree of freedom less.



II. ANALOG AND DIGITAL LOSSLESS TWO-PORT NETWORKS

This chapter deals mainly with the characterization of lossless and real two-port networks
using scattering parameters. Such a characterization is most natural for doubly-terminated
analog networks and, more importantly, leads to computable (wave) digital networks.
Because of the close link, it is possible to present this characterization without making
explicit reference to the complex frequency variable being used.

2.1 On the Connection between Continuous and Discrete—Tirﬁe Domains

Signals in digital circuits are discrete-time signals and, as a first step, can be expressed as
impulse -train modulated continuous-time signals, i.e.

x(B) =x() 2 &-nD)= 2 x(uT) &t-nT) @2.1)

H = -oo

where T is the sampling period. A discrete-time signal is defined as the sequence of
numbers, {x(n)}, which correspond to the areas under the impulses in (2.1) [33]. The
definition of the z-transform of a discrete-time signal follows from the Laplace transform of

x5(1) and the mapping z = e57T , i.e.

oo

> x(nT) [ 8t —nT) et dt

H= -00

L[xs(®)] :

(2.2)

oo oo

= 2 x(nT)esTn= 2 x(n) z" = X(2)

H=-c0 N = -co

The Fourier Transform (s = jw) of x4(¢) is periodic in @, i.e., the frequency response
of an analog network with the impulse response x4(t) is periodic. A class of analog networks
with an impulse response that can be expressed as x,(f) are the commensurate distributed
microwave networks [2]. Since x;(f) can be identified via (2.1) with {x(n)}, it follows that
the corresponding discrete-time network has an identical frequency response. A class of
discrete-time networks which are derived this way is called wave digital, and was originated
by A. Fettweis in 1971 [10].

The mapping z = 5T implies that wave digital filters (WDFs) follow from the process of
discretization of commensurate distributed networks which, as we shall shortly see, are
closely allied with the lumped-element networks. As a result, WDFEs can be viewed as



numerical simulations of analog networks. Desirable properties of analog networks, such as
losslessness and low sensitivity, are mapped directly to the digital domain,

The process of discretization and subsequent mapping to the wave digital domain can be
seen most clearly by considering a section of uniform lossless transmission line of

characteristic impedance R and a one-way delay of 7 seconds, as shown in Fig. 2.1a.

(a) (b)

Fig. 2.1 (a) Unit element and (b) its wave digital image.

The chain parameters for this section are given by
[Vl] cosh(st) R sinh(s7) { V, ]

= i =K[ V2} . (2.32)

R% sinh(s7) cosh(s7) -1

An alternative characterization which leads to simple and computable digital circuits uses
wave quantities for port variables, as shown in Fig. 2.2a.

I A
O:_T—— ANALOG Ny
(2) v R ) R DIGITAL
B PORT PORT
—_ 4—_____
B

Fig. 2.2 Wave quantities as port variables.
In general, for each port
Aj=Vi+ Rid; and B;i=V;-Ri; (2.4)

are the incident and reflected voltage waves, respectively, and R; is an arbitrary positive port
reference. WD circuits can usually be simplified by a judicious choice of port references R;.



A WD "port" corresponding to an analog port is shown in Fig.2.2b. Conceptually, the two
ports differ greatly since, for the analog port, the port variables share the two leads and
cannot be physically separated, whereas for the WD port, port variables are partitioned
between two independent uni-directional signal-flow paths.

Applying (2.4) to (2.3a) yields the scattering transfer representation

[ii] :[ coeD—sinhs) O e ][A,; ﬂ -T[27] (2.3b)

with port references Ry = Ry = R. For this choice, the chain and transfer matrices are related
through a similarity transformation:

T=PKP! where P——[ i “‘f]. (2.5)

The two-port in Fig. 2.1a is referred to as the unit element (UE), and the term
"commensurate" means that all the elements in a particular distributed network have one-way
delays that are an integer multiple of the basic delay 7[2]. Expressions such as (2.3b) can
be simplified by using a complex frequency variable defined by

eT—1_z-1
esT+1 z+1

= ISI = = 1 = T
v tanh( ] ) t=L z=es (2.6)
which is referred to as the Richards variable [2]. This mapping allows distributed networks

to be described using polynomials in y. Substituting yin (2.3b) yields the scattering
transfer matrix characterization of a unit element:

1+ )
HE e e e

-y |

A WD equivalent of a unit element is shown in Fig. 2.1b. (Note: the words image,
equivalent, translation, and correspondent are used interchangibly when referring to the range
of the mapping between analog and WD domains).

The key property of the mapping in (2.6) is that rational transfer functions in y are
mapped to rational transfer functions in z, and vice versa. This means that the
approximation and synthesis problems can be solved in either domain. Moreover, it is
known that a distributed network which is a simple interconnection of UEs can be formally
equated with a corresponding lumped-element LC circuit because the two share the same
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two-port scattering matrix representation in  [2]. This can be seen most readily by
considering the driving point impedence of a UE with open and short-circuit terminations at
port 2, i.e., from (2.3), (2.4) and (2.6) we have

21 I1 tanhsT2 v or f2 (42 2) (2.82)

7= %L =R tanh sT/2 = Ry for Vp=0 (A2=-B3) . (2.8b)
1

A UE terminated according to (2.8a, b) is called an open- and short-circuited stub,
respectively, and clearly has the same formal properties with respect to ¥ as do a capacitor
and an inductor, respectively. The corresponding wave digital circuits obtained from Fig.
2.1 are shown in Fig.2.3.

o_______
(a) Z.______l__—
yC
O
(b) Z=wylL

B=-z14

Fig. 2.3 Symbolic representations of (a) a capacitor and (b) an inductor in the y, 5, and z
domains, respectively.

It follows that a formal equivalence can be established between distributed networks with
open- and short-circuited stubs (UEs) and lumped networks with capacitors and inductors,
respectively. In fact, most authors prefer to use the simpler lumped symbols for capacitors
and inductors when deriving a prototype for a WDF, with the understanding that the actual
complex frequency variable being used is the Richards variable y and the resulting filter
response is periodic in .

The mapping in (2.6) has some additional properties [11],[44] which are listed below:

1. The imaginary axis ¥ = j¢ is mapped onto the imaginary axis s = jw and one-to-
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one onto the unit circle z = e /9T where
¢=tan (4D 2.9)

and ¢, @, and T represent the real frequencies for the lumped, distributed, and WD
networks, respectively.

2. The Nyquist range 0 < @ < /T is mapped one-to-one and onto the range
0 < ¢ € oo, It follows that the frequency responses of WDFs and their corresponding
lumped filters are the same with the frequency variables related by (2.9).

3. Stable filters in whichever domain are mapped to stable filters in the image
domain, i.e.

Rey>0 < Res>0 < |z|>1 (2.10)

Re <0 © Res<0 < |z]<1

A two-port closely related to the UE is the quasi-reciprocal line (QUARL), which, as the
name implies, does not have the same delay in both transfer directions, but their sum is equal
to 7T [11]. Two instances of a QUARL which are of importance for WDFs are shown in
Fig. 2.4,

B
Ay T 2 o Ay - B,
By Ay By Az
O et O ot—| T ta— = O

{ Bi] z1 0 [Ag}
A} 01 By
Fig. 2.4 Two instances of a QUARL.

The other important one-port terminations are the resistor and a resistor in series with a
voltage source. These can be derived using (2.4), and are shown in Fig. 2.5.

(@) C_pE y - ® <R Vv =

Fig. 2.5 Resistive terminations and their WD images.



2.2 Ideal Transformer and its Wave Digital Equivalent — the 2-port Adaptor

Basic one-port terminations and their WD equivalents were derived in the previous
section. In this section, we derive a WD equivalent of the most basic and ubiquitous zeroth-
order two-port — the ideal transformer. WD equivalents of analog multi-port networks which
do not store or dissipate energy (i.e. nonenergic) are called adaptors, and their purpose is to
ensure that laws equivalent to Kirchhoff's voltage and current laws hold in the wave domain.
In order to derive a flowgraph (i.e., a digital circuit made up of adders and multipliers) for an
adaptor, it is convenient to start from the scattering matrix representation which, in general, is
related to the transfer matrix by

Bl:lz{ S11 S12 H/h}:_l_[ T2 T11T22—T12T21HA1]:S{A1] 211
{Bz Sa1 S22 [lA2] Taal 1 ~T21 Asy Asy (2.11a)

Bi]:[TH le][Az]z_l_{Slezl—SuSzz Si1 HAQ]ZT[AQ} 5 110
[Al Ty T2 JB2) Sna —S22 1 1By Bs (2.11b)

An ideal transformer and its chain matrix are shown in Fig. 2.6.

I 0 i/

e 4G i

Fig. 2.6 Anideal transformer and its chain matrix.

The corresponding voltage wave scattering and transfer matrices obtained from (2.11) and
(2.4) for general port references R and R are given by

n2 B g, R (S T S (5}
[Bl]: 1 Ry Ry [Al] [Bl}:_l__ Ry Ra [Ag]
Bal 2 Ru| 2n Ry p2|lAz Al 2nf o Ry o0 R1 1B
ka2 k2 Ry Ra (2.12)
-5 (3] =
Ag B,

There are three instances of (2.12) that are of interest: (1) For n = 1, the circuit in Fig. 2.6 is
equivalent to a simple direct connection of two ports with different port references, and
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(2.12) reduces to

Y 1+"y 1 1....’}! .=R1——R2
S""_{l—'y Y:i , T ——[ ] where ——~—1 5 (2.13)

A flowgraph corresponding to (2.13) is called the 2-port adaptor; (2) The case Ry = Ry
corresponds to the normalized voltage (power) waves, and (2.12) can be expressed as

Sez[—cesﬂ s1n9} ’ Tp=—1 [ 1 —cosﬂ} (2.142)

sin@ cos @ sin 8| —cos @ 1

1-n? , 2n (9)
where cos 0= sin @ = = p=tan{< 2.14b
14+ n2 14+n2 2 ( )

Sy is essentially equivalent to the planar rotation (Givens) operator [18]. (3) Finally, for
n2 = Ry/R, , expressions in (2.12) reduce to

S I L ) L P B PR

S, corresponds to a pair of inverse multipliers (by = nap and by = ay/n) that introduces a
frequency-independent scaling factor when placed in front of a one-port or as part of the
overall cascade. As such, they are usually referred to as scaling multipliers.

By letting = cos 6, which implies n2 = Ry/R1, egs. (2.13)-(2.15) can be combined as
Sg=P1S,P , Ty=TyT,=T,Ty (2.16)

i.e., a normalized 2-port adaptor is equivalent to a voltage wave 2-port adaptor cascaded with
a pair of inverse multipliers. (Note that 2 in (2.15) is now given by n2 = Ry/R;.) This
equivalence is depicted symbolically in Fig. 2.7a, and the corresponding flowgraphs are
shown in Fig. 2.7b. In Fig. 2.7a, we use the convention of placing the rotation angle & and
the heavy bar on the side belonging to port 1. The flowgraph of the 2-port adaptor
(henceforth, the prefix voltage wave will be omitted) in Fig. 2.7b is not unique. Many other
flowgraphs can be derived and some of these can be found in [11},[45]. A particular choice
of flowgraph is usually dictated by the properties of the DSP that implements the filter [46].

The main feature of the 2-port adaptor in Fig. 2.7 is that the number of multipliers that
must be quantized in order to ensure realizability equals the number of degrees of freedom,
which in this case is one. Consequently, the 2-port adaptor is structurally lossless. This is
in contrast to the normalized 2-port adaptor which requires two independent quantizations.
The flowgraph of the 2-port adaptor in Fig. 2.7 was first derived in 1971 [10].
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normalized 2-port 2-port adaptor

Fig. 2.7 (a) Symbolic representation of the decomposition of a normalized (power wave) 2-
port adaptor into a (voltage wave) 2-port adaptor and a pair of inverse multipliers; (b) the
corresponding flowgraphs.

Another zeroth-order two-port of interest is the gyrator which, along with its WD
equivalent, is shown in Fig. 2.8.

5 h Aj By
+ n RS = > —0 n=tan(ﬁ)
vi INel1o v 12
2 _1-
1 q “ 2 1 cos 6 T2
- 0 O 4_0_0_ sin 6 = —22_
B As 1+n2

il

)
i sin@ -cos@ cos @

[ 0 n ]{ng Sy= ~cos § —sin 6 | Ty= -1 -1 —cos 8
I/n 0 li— sin @ 1

Fig. 2.8 A gyrator and its WD image.

Clearly, WD flowgraphs of the gyrator and the ideal transformer are equivalent except for the
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negation of A, in Fig. 2.8. Note also that, for both cases, the flowgraphs are of a simple
nature, requiring only 4 (1) multiplications and 2 (3) additions for the normalized and voltage
wave 2-port adaptors, respectively. The relative ease of realizing such two-ports in the WD
domain is in direct contrast to the difficulty of realizing an ideal transformer or a gyrator in
the analog domain. Indeed, many analog structures that were only of passing or academic
interest due to realization problems, have resurfaced in the WD domain [17]. Moreover, as
will be shown in Chapter III, WDFs can be so structured that they consist of only 2-port
adaptors and delays, thus achieving a high degree of modularity.

In practice, the pair of inverse multipliers in Fig. 2.7 can usually, but not always, be
ignored. Their effect in such cases is to change signal levels within the flowgraph without
affecting (except for a frequency independent shift) relevent transfer functions. However,
for the normalized 2-port adaptor, two independent quantizations are required (see Fig. 2.7)
for realizability, i.e., (2.14a) in fact corresponds to

Saﬁ= = Taﬂ=~ 2.17)
B o B —& 1

where the transfer matrix was obtained using (2.11b). Consequently, more quantizations are
performed than the available number of degrees of freedom, and the resulting WDF can no
longer be mapped to a lossless analog network, For this reason, a voltage wave 2-port
adaptor is preferable to its power wave counterpart since the former preserves losslessness
(S.,R ST=R, R=diag{Ry, Rg}) even when ¥ is quantized to a binary fraction, whereas
the latter requires two independent quantizations of & = cos € and = sin 6 such that, at

best, passivity (i.e. Sg B S o <) can be achieved. This is so because a? + % = 1 cannot be

satisfied using only binary fractions, and therefore power wave 2-port adaptors cannot be
made lossless. Losslessness, however, is a very desirable property since it leads to low-
sensitivity and, consequently, to low roundoff noise power [11]. We should point out that
WDFs comprised of normalized 2-port adaptors can be made to approach lossless structures
with arbitrary closeness by simply allowing more bits for the multipliers. With today's 32-
bit digital signal processors that allow 16 bits for multipliers, virtual losslessness can be
achieved in most cases, but each case must be examined on an individual basis. However,
for a microprocessor implementation, it is still desirable to keep the number of multiplications
to a minimum. One advantage power wave adaptors in general do possess is that they make
efficient use of the dynamic range, thereby maximizing the signal-to-noise ratio.

16



2.3 Elementary Allpass Sections

WDFs are an interconnection of ports that topologically match the ports of classical
analog filters. Most of the ports are terminated in elementary one-port sections, with two
such terminations shown in Fig. 2.3. Most of the one-port terminations in the analog domain
are Foster functions (i.e. reactances) [2], which map to allpass sections in the WD domain.
In this section, some of the elementary allpass sections are presented with lumped analog
circuits used as prototypes.

In the wave domain, a one-port is characterized by its reflectance (see Fig. 2.2):

Z—-R
Z+R

=B - 2
S A (2.18)
where Z is the driving-point impedence of the one-port. If Z is a Foster function, then for
w=j¢ > z=el, Z=jX(¢)and|S|=1, i.e., S is an allpass function. The lst-order
allpass sections in Fig. 2.3 can be generalized by allowing reference R to be independent of
the element value; the results are shown in Fig. 2.9.

Aj
o— >
R =R2—wR1 o Szl—yz
(@ R —ﬁ;; Ro+ YRy z—y R
_Ri-R O
O________ R1+R2 Bl
Ay
_I'lle—Rl _}'Z-—l O
(b) Ry yRa YRy + Ry 2 Ry
SRRy OO
R2+R1 Bl

Fig. 2.9 Elementary Ist-order allpass sections.

It follows from the denominator of S in Fig. 2.9 that to guarantee stability it is necessary and

sufficient that%g— >0 ¢ |¥ < 1. It can be shown [45]-[47] that for the circuits in Fig. 2.9
1
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&|i2=_1“7 and ’Ez_“ _1-7 2.19)
IAIZ 1+y Aille 1|9 (

2
where || FI[3 :=2—1£I IF(ef9)|2 d@ and || F|l., := max |F(e1'9)|0 <0 < n are referred to as the
o

L, and L_-norms, respectively [33]. For scaling that minimizes the probability of overflow,
all the L_-norms are set to one, i.e., the amplitude of B, at steady state in Fig. 2.9 is never

larger than that of A;. This is true in (2.19) for ¥> 0, which can always be ensured by
applying the equivalence [11] shown in Fig. 2.10.

O———b Cc—p
‘ B -1
O—= Y O—Os— ¥

Fig. 2.10 2-port adaptor equivalence when one of the ports is terminated.

As y—1 in (2.19) Ly -0, and the allpass section has poor dynamic range, i.e., the
amplitude of B; at steady state, for a majority of input frequencies, is nearly zero. In such
cases, it is better to use the normalized 2-port adaptor, and (2.19) changes to

‘—91H2=1 and ’Ell|= hlnl atz=1 orz=-1 2.20
‘AIZ Aille ¥V 1= ' (2.20)

It has been shown that such scaling minimizes roundoff noise [45]-[47].

Elementary 2nd-order allpass sections can be obtained from cascading two UEs from
Fig. 2.1, with the second UE terminated in either an open or short-circuit. The two
possibilities are shown in Fig. 2.11. Note that the reflectances of the two allpass sections
differ by a minus sign which means the two circuits are duals of each other. The L; and L..-
norms for Bo/A; are the same as in (2.19), and for B4/A; can be found in [46].

In general, allpass sections comprised of normalized 2-port adaptors have all Lp-norms
equal to one, whereas 2-port adaptor realizations with positive ¥s have all L..-norms <1.
From the point of view of scaling, the latter choice is usually too conservative and makes
poor use of the dynamic range, which is another way of saying that the signal-to-noise ratio
is Jow. Normally, a pair of inverse multipliers are inserted at port 2 in Fig. 2.11 to improve
the dynamic range.
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22_?2(1 —’}'})Z—')’l Ro+R1+Ry Ry + Ry

Fig. 2.11 Elementary 2nd-order allpass sections.

It is known that many transfer functions of interest can be expressed as a difference of
two allpass terms [11],[48]. If WD allpass sections are used to realize such a transfer
function, the resulting digital filter is called a WD lattice filter. The corresponding analog
filter has a symmetric lattice structure, and its canonic equivalent is shown in Fig. 2.12.

Ry
M

@¢

Zi+1

i=3,4

Ay 2

@
7 -1:1 —p! 53
-1
H Ry = A 2B,
L S
Zi-1 By_Si-53

Fig. 2.12 Symmetric lattice filter and its WD equivalent.

19



In many ways, WD lattice filters are the most efficient WDF structures available — the
main drawback being increased sensitivity in the stopband due to the requirement that the two
allpass outputs be exactly in phase to create a transmission zero (see Fig. 2.12). However,
for most applications, acceptable stopband behaviour can be found via optimization of the
binary-fraction-valued coefficients.

A simple example, that has found a practical application [39], can be constructed from a
2nd-order allpass section, say §3, in Fig. 2.11a, and a Ist-order allpass section, say
S4 with 75 as the coefficient, in Fig. 2.9a. The resulting lowpass filter can be transformed to
a bandpass filter by applying the simplest lowpass-to-bandpass mapping z-1 — —z-2 [33].
The resulting allpass sections are shown in Fig. 2.13. The bandpass transfer function is
given by 2Tpp(z) = S4(—22)~ S3(—22) whose response on the unit circle is shown in Fig.
2.14 for the following set of coefficients:

00391=1——9—l— 00592=L—— cos B3=1—

2048 2048

23
512

This filter was designed to isolate a chosen harmonic voltage and current signals in a power
generating station. A phase comparison of the filtered signals is then used to control a tuning
reactor that provides a path to ground for the unwanted harmonic.

O— 1,1
$5—m o l ezl ‘

O= -] ;! 1 “Ol, ;-1
o —-b(}l—b—z'i

|\ Q—— & I l -

O 1

Fig. 2.13 Allpass sections for the example filter.

Since all the multipliers are close to one in magnitude, it is imperative that the normalized 2-
port adaptors are used to achieve acceptable dynamic range. Overflow oscillations are
eliminated using saturation arithmetic [11},[13]. That such a simple method can guarantee
suppression of overflow nonlinearities is one of the most important features of WDFs.
Although a conservative scaling criterion, such as L., could be used to eliminate overflow in

most digital filters, it provides no guarantee that the filter can recover from an internal,
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randomly-induced overflow that may occur during a prolonged operation — which is an
important feature of the present application. In such cases, it is important to guarantee that no
overflow oscillations persist. Saturation arithmetic has been shown to be sufficient in WDFs
for this purpose.

100 1Y f
90
801
707
60 -

501

Attenuation/dB
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Nommalized Frequency
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T T T T v

0.00
0.4925 0.4975 0.5025 0.5075

Normalized Frequency

Fig. 2.14 Stopband and passband responses of a bandpass filter.
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2.4 Belevitch's Representation of Lossless Two-Port Networks

A lossless two-port network with port references Ry and Ry is shown in Fig. 2.15a. A
natural way of characterizing such a two-port is to use normalized scattering variables

Vi+ Ril; Vi— Ri; .
Aj=—t_——tt Bij=——=— i=1,2 2.21
‘' 29R; ‘OWER; @21

which are known as the incident and reflected power waves, respectively [1]. Power waves
are simply normalized voltage waves (see (2.4)), and are used here for convenience. One
can convert from one to the other by inserting an ideal transformer (a pair of inverse
multipliers n and 1/ (see 2.15)) where n2 = Ry/R4. It is customary for power WD circuits
not to explicitly show the port references, as they may all be set to one, and any difference
between the resistive terminations is accounted for with an insertion of an appropriate ideal
transformer.
There are three useful groupings of the scattering variables:

15 S0 - ] el e
{Bz S21 S22 142 Al 7T A B2l 7 A Bz( 'b:€)

where S, T and H are 2x2 matrices referred to as the scattering, transfer and hybrid matrix,
respectively. For the resistive terminations shown in Fig. 2.15a, the entries of the S matrix —
called the scattering coefficients — can be obtained using (2.21) and Fig. 2.5:

_Z1—- Ry _L—Ry _ [BL Yy /B2
Si 21+ Ry S22—22+R2 Sa1= Ry E; S12.= Ry Ey (2.23)

where Z1 and Z; are the input driving-point impedences at ports 1 and 2, respectively.
S11 (8722) s called a reflectance (or a reflection coefficient), and it corresponds to the fraction
of maximum power available from source E; (E;) that is reflected by the interconnecting
network and dissipated in Ry (Rg). S21 (S12) is called a transmittance (or a transmission
coefficient) and it corresponds to the remaining fraction of maximum power available from
source Ej (E,) that is transmitted by the lossless interconnecting network N and dissipated in
Ry (R1). Normally, we identify the transfer function with the transmittance, but WDFs have
the additional advantage of allowing the transfer function to be identified with the reflectance.
Since only one circuit is used, WDFs are by far the most efficient means of generating two
complementary transfer functions. In the analog domain, such an advantage is not readily
available due to the difficulty of extracting the reflected signal. Note also that the
transmittances are proportional to voltage transfer functions.
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Fig. 2.15 (a) A lossless two-port N inserted between resistive terminations and (b) its wave
digital equivalent.

A significant and practical simplification in the characterization of lossless two-port
networks was achieved by Belevitch who showed that the scattering coefficients can be
expressed using only three polynomials and a unimodular constant [1]. He proved that for
real, realizable and lossless two-port networks, matrices in (2.22) necessarily take on the
following forms:

[ o] g B ] e [op o]
S g[ f -O'h*] » T f Chx g » H —Chs ~_f g (2.24a,b,c)

and the polynomials f, g and 4 satisfy the following necessary and sufficient conditions:
1. Polynomials f, g and k are real in some complex frequency variable, say v,
and the subscript asterisk denotes paraconjugation, i.e., for a real polynomial

S+(y) = f(-y), which is also referred to as Hurwitz conjugation.

2. g(y) is a (Hurwitz) polynomial with all its zeros strictly in the left-hand plane.
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3. ois either +1 or -1 for real two-ports. For reciprocal two-ports, o is specified
by the ratio f /f+, whereas for nonreciprocal two-ports it can take on either value.

4. The scattering matrix S for real lossless two-ports is paraunitary, i.e., S+S =1,
where matrix paraconjugation also includes transposition and I is the identity matrix.
Given the canonic form in (2.24), the paraunitary property is equivalent to

88+ = hhx + ffx ' (2.25)

which is the analytic continuation of the Feldkeller equation.

Due to the conformal nature of the mapping y = %i— , Belevitch's representation also holds

for the WD domain except that now paraconjugation y — —y & z — z°1, and

felzW)i=zmf(z), hel(z1):i=zmHz), ge(z-1):=2"mg(z), where m=deg g(z). (2.26)

Also, g(2) has all its zeros strictly inside the unit circle. For both domains, eq. (2.25) is
equivalent to

1 =|£,Ll2 + iir' for y=jp & z=e/9T where ¢=tan (QE) (2.27)
8 2
which is known as the Feldkeller equation and which clearly displays the complementary
nature of the scattering coefficients. We conclude that, except for spacial consequences of
the mapping, WD two-ports are formally equivalent to their analog counterparts. It follows
that the network problems of synthesis and transfer function approximation can be conducted
in either domain.

A WD circuit equivalent to the analog circuit in Fig. 2.15a is shown in Fig. 2.15b. In
practice, the circuit is driven with a single source, i.e., E; = A2 = 0. We continue now with
further properties and definitions.

For a nonenergic multi-port interconnection of wires, ideal transformers, gyrators and
circulators, the scattering matrix is orthogonal [18], i.e.

STS =1 , and for voltage waves §'GS=¢ . S=G'SG"” (2.28ab,.)

where G is a diagonal matrix of port reference conductances (reciprocal resistances).

Clearly, the voltage wave scattering matrix Sis orthogonal to within a diagonal similarity
transformation — usually referred to as scaling. The steady-state power absorbed by a
nonenergic multi-port is given by [18]
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P=A+A-B:B = A«(I-STS)A (2.29)

where A and B are column vectors of incident and reflected power waves, respectively, and

B =S A. It follows from (2.28a) that P=0 VA, hence the term lossless. If some of the
available ports are terminated in frequency-dependent one-ports, then S has entries that are
functions of the complex frequency variable and (2.29) becomes

P= A«(I-S«S)A (2.30)

where dimensions of A and S have been accordingly decreased. If now P> 0 (i.e. I -S«S
is positive semi-definite) for Re w>0 and VA, then the partially terminated multi-port is
said to be passive. If, in addition, P =0 (i.e. I —S+S is identically zero) for Re w= 0 and
VA, then the multi-port is also said to be lossless. Thus, lossless networks are necessarily

passive. If all of the available ports, except for an input and output port, are terminated in
lossless elements, such as capacitances, inductances, unit elements, etc, then the resulting 2-

port is paraunitary (strictly lossless) since S+*S =1 holds Vy , and it follows that
P=0 V y, A. Some additional properties of lossless two-ports follow:

5. Both the transmittance f/g and the reflectance h/g are passive (bounded) functions
[1], i.e. g is realizable (Hurwitz) and

E=st o &<t y=io b=eion) (2.31)

which follows from (2.27). Note that the values of scattering coefficients are the same
in both the y and z—domain (see Property 2 p. 12).

6. Zeros of f are called transmission zeros., For transmission zeros on the
v =j¢ (z=e/oT) axis (unit circle), we have for both domains {é‘—)* = (é}—)* It follows
from (2.27) and the fact that all polynomials are real that

1=|tf o bopin = gzil for ¢=0@=1) or p=oco(z=-1) (2.32)

For transmission zeros with Re y> 0 z| > 1), the passivity property implies that

i+

’&[ <1 71> 1 (2.33a,b)

8
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where (2.33b) follows from (2.25) with ffx = 0.

7. A function defined by

’

— 8\ _& K
a(y) .—[ln (h)] = ~{g v b—(h v (2.34)
will be referred to as the delay.

Lemma 2.1: d(y) evaluated at ¥ = j¢ such that f(j@) =0, is real, positive, and equal to the
return group delay defined [2] by %) := Ev [[in (%“*”)” =Ev{d (W)}y— o
y=j¢

Proof: From the given f (j¢) = fs(G¢) = 0, it follows from (2.25) that
8Ud) g(—id) = h(jo) h(—j¢). Differentiating (2.25) and substituting these results yields
d (j§) = d«(j§) = d (—jp) = d"(j§); hence d (j¢) is real.

For a function which is the quotient of two real polynomials the even part of the function,
when evaluated at y = j¢, is the same as the real paﬁ of the value of the function at y =

J¢. It follows that d (j¢) = 7 (¢).

From él = ;;—; , we have d = Lz . The driving-point impedance of a lossless two-

port terminated in a resistance R; is given in terms of the open-circuit parameters by

7211 (Ra+ 229) - 2hy (2.342)

Ry + 299

At a y = j¢ transmission zero, z2(j¢) = z21(j¢) = 0 [2], and it follows from (2.34a) that

ZiP =11 =j X 11(¢2), where the 2nd equality follows from the fact that zyy is a Foster
function.  Differentiating (2.34a) and substituting z12(/¢) = z01(j¢) = 0 yields

Z'(j9) = z'll(jqb) > 0, where the inequality is a property of Foster functions [2]. Substituting
these results in the expression for d yields the required d > 0.

1-2z1 —2dz-1

In the WD domain, v = = dy=-———, and it follows that
1+z-1 (1+2"1}2
8 ' -2 d(y)
d(z-1):=(In(8(z 1)) =&(z-1)- {71 2.
(z-1) []n(iz{z )] -1 );{(1+z-1)2l,,=1—z'1 (2.35)
142!
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where differentiation is performed with respect to z-1. For transmission zeros located on the
unit circle {z = e/@T), it is more convenient to use

Sle-10T) := —e~oly (e—ifﬂT) = —t—i—%)— where ¢ =tan —a;‘l (2.36)
20032(@1)

2
It follows from Lemma 2.1 that § is also real, positive and, in an analogous way, equal to
the digital return group delay.

As will be shown in the following chapters, judicious application of the above properties,
together with Belevitch's representation, leads to a simplified synthesis algorithm which
relies on the characterization of elementary sections using values of the reflectance and delay
evaluated at the location of the transmission zero.

Finally, the conformal mapping that relates the analog and WD domains and allows a
common usage of Belevitch's representation, strongly suggests that there is no real need in
changing the terminology when passing over to the z-domain. Indeed, Fettweis [11] has
chosen to retain most of the nomeclature from classical analog filters when referring to their
WD images. This choice is illuminating and pedagogically sound since, in practice, the
context is usually clear and allows for no misundcrstahding. Unfortunately, in the
development of orthogonal digital filters, which have been shown to be equivalent to power
WDFs [18], mostly different terminology is being used [14]-[16],[19],[20],[25]. The main
reason given is that many of the resulting digital circuits have no known analog counterpatrts.
This is indeed the case but, as we have already remarked, the important point is that such
analog counterparts do exist — although they may be of little practical use — thus establishing
the formal link between the analog and WD domains. Another reason given is that familiarity
with continuous-time filter synthesis techniques, particularly as applied to LC circuits, is
unnecessary [25]. However, the main goal of filter synthesis is to split up an overall
network characterization into a sequence of low-order sections. How these low-order
sections are realized is a completely independent problem, and LC circuits do not have to
come into play. It is true that in the past LC circuits were directly mapped into the z-
domain, thus giving the mistaken impression that they were necessary. However, LC
circuits as prototypes are simply sufficient and not necessary, and were used originally
because they were readily available and could realize a majority of transfer functions of
interest.

To eliminate any confusion that may arise due to different terminologies, we provide a
correspondence list between the commonly used terms and the ones introduced for
orthogonal digital filters:
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(two)-port digital (two)-pair

incident (reflected) wave input (output) variable
s=_1_[h of*] T=[T“ le]

8| f —oh Tay Tx2
scattering (matrix) parameters transfer (matrix) parameters
reflectance input transfer function
transmittance cross transfer function
A I R R L
Asl floh g ]IBy B, Y Cc DIl X, X,
scattering transfer matrix T “chain matrix I1
passivity structural boundedness
passive (bounded) function - bounded real (BR) function
paraunitarity lossless bounded real (LBR)
reflection-free port 2 ~ T - delay based
gg* = hhx + ff+ 1+C+«C=A+A , 1+B«B=Ds+D, C+D=AsB
reciprocity: f = of+ : Ti2=T2 or AD-BC=1
power WDFs - orthogonal digital filters

The main pfacticai difference between the two columns is in the economy of Belevitch's
representation. Also, in a recent publication [18], Fettweis has pointed out that structural
boundedness, which is necessary for low sensitivity, corresponds to only external passivity.
Digital filters which are only externally passive, may not necessarily be amenable to the
simple suppression schemes that guarantee various aspects of stability under finite-arithmetic
conditions. On the other hand, computable digital circuits comprised of a simple
interconnection of passive (lossless) building blocks that emulate Kirchhoff's voltage and
current laws are internally passive. Such circuits are necessarily WDFs.
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2.5 Reflection-Free Property

Two interconnected subnetworks N; and Ny that share one common port are shown in
Fig. 2.16. The port references at an interconnecting port are set equal, i.e. R; = R}, so that
the corresponding analog port is a direct connection [11]. However, there is still a choice of
what that value should be. As shown in Fig. 2.16, the interconnecting port creates a loop
which, in order to ensure computability, must not be delay-free, i.e., at least one delay must
interpose somewhere along the loop [32]. Computability allows an ordered sequence of
computations to be written down for the filtering algorithm without creating infinite loops.
The original solution for this problem involved inserting a WD equivalent of the UE (see Fig.
2.1) [10]. However, it was later realized that a simpler solution exists which assigns
R;=Zi(y=1) or R; = Z(y=1), where Z; (Z;) is the input impedance looking into port i (/)
:ZZ:—_:%— (see 2.18),.and becomes

zero at = 1. Since y=1mapstoz-1=0,it follows that %— has at least one factor of z-1,
i

thereby satisfying the necessary condition. The same procedure can be applied to port j
instead. The assignment R; = Z;(y=1) is equivalent to setting s; = 0 in the constant
scattering matrix S that represents the multi-port Ny, and is referred to as the reflection-free
property since, if A; is the only nonzero input into the adaptor Sy, then B; = 0.

[49]. The reflectance looking into port i is given by % =
i

' N :
B; A Sk .
oO—— N —i--—o-:—f— A o W— 0
i
Sa( - | i Sk )S” i
O—— T (}48 < O—t— ——0
3 i ] Sjk '
¥ f
S D R NN M J
Z;

Fig. 2.16 Direct interconnection of WD adaptors.

The reflection-free property is necessary but not sufficient [111,{29]. This can be seen by
examining a cascade connection of three multi-ports, as shown in Fig. 2.16. The loop created
by a direct interconnection of ports i and j (k¢ and /) can be broken by setting
sjj = 0 (st = 0). However, a delay-free directed loop still exists via the off-diagonal terms
sjr and sg;. For some adaptors, setting §j; = spr = 0 also forces sjx = sy = 0, and the
flowgraph remains computable [29]. One such adaptor will be derived in Chapter 111
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2.6 Two-port Network Decomposition using Belevitch's Representation

A cascade connection of two lossless two-ports N, and Np is shown in Fig. 2.17.
Transfer matrices of N, and Np are given by

e bl sl B el B o A
Al fa Oalig*  8a Bag Ap Jb Oblip+ &b By (2.37)
— Ta[ Azq } ’ — Tb[Az} ‘
By, By

At a direct interconnecting port Vo, = Vip, Iag =~I1p and R, = Ry ; it follows from (2.4)
that Az, = B1p and Bag = Ayp which, together with (2.37), implies that the transfer matrix
for the combined network is given by

_ 1 Ogx h
T=T, Tb—f[ ohe g ] where (2.38)

G=0.0, ,» [f=fdv » &=8a8b+F Oaltathy . h=hegs+ Cpgarhp (2.3%a-d)

- - A W A e e e A A o A W W e e e W W o w wr  u A a W w w  w w

e e - A e e A e e e e A o A e e o e an e e e ae A e e A

By

[~

=31 —(<n o)’
pAl,d(lnp)

Fig.2.17 (a) Cascade connection of N, and Nj and (b) its signal flowgraph representation.
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The problem of network cascade synthesis amounts to factoring the transfer matrix T into
a product T; Ty, with each factor corresponding to a realizable transfer matrix as in (2.37).
Fettweis has shown that such a decomposition can always be found and, moreover, can be
performed minimally [3]-[4], i.e.,

deg g =deg g, +deg g» (2.40)

The solution is unique to within a pair of inverse ideal transformers or a pair of identical
gyrators inserted between N, and Ny, as shown in Fig. 2.18.

1 N N
[}
O— —O O O— —O
\ V
E N, n H 1 1 “ n N -
k3
' \
O— —O O O— O
)
' f
_________________________________________________ ]
X N \
\
O—— '® O —O— ——O
o ¢ e .t
\ N, ' b 1
2 !
O—- O O O 0O
' t

Lw ot m om i m R W W MM W M m om oW R W M OE R W W W WM Mmoo oW W e w m ow e w m ow m om m w

Fig. 2.18 Two equivalent solutions for the decomposition problem.

An important property of two-port networks arranged in a cascade can be seen by
examining the signal flowgraph representation of the cascade connection as shown in Fig.
2.17b. At a transmission zero Y = y, of N, we have f,(y,) = 0 which, together with the
assumption that A, = 0, means that the only path from the input terminal A to B is through

the branch with the multiplier g-Z— . It follows that for A;=e¥, we have

ﬁ—i( W) = i,—’(qfa) = 3—2(%) . For a reciprocal two-port N, we also have f+(y,) = 0, and both

transmittances that couple to Ny, are zero, thus leaving N completely decoupled from N, In
this case, we can show that we also have d(y,) =d, (). This we state in the form of a
Lemma.
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Lemma 2.2 : The values of the reflectance and delay functions of a lossless two-port
network evaluated at a transmission zero of the first member of a cascade are equal to the
corresponding values of that member, i.e.

pOv) =y =22y = pulye)  where  fu(ya) =0 2.41)

and

v =& )~y =82y ~ 12y = oY) where fur(Ya) =/ =0 . (2:42)

Proof: Starting from the definition of reflectance and substituting (2.39¢,d) for g and k
yields '

Sa*
+ 024 —h
P Bi _h _ a8+ Oagaths _hg fg_b___iig_b . (2.43)
At 8 ga8p+ Oahavhy  8a g+ o;,hi b
8a* _ hgr

From gusga = havhg + forfa and the given f(y,) = 0, we have

Substituting this result into (2.43) yields the desired (2.41).
Starting from the definition of delay from (2.34) and again substituting (2.39¢.d) for g
and & yields

= g, At V=Va
a

h. ha I_I_O,gg_*_hb
“hy 8b
(2.44)
—d. + (dxap + dp _ d*a+dbg
‘ g 86 14 g, 808D
1+ O'aga* hb ha* hb
8a ha . ._% (ke - gb hb
where d; = 2 h vy = 2 + s dp = 2 Ry (2.45)
8a* _ hax

As before, we have &— but also d«g = (d*.)+, where the latter follows from the fact that

hy &a
d+, as defined in (2.45) is the delay of N, at port 2 and, due to reciprocity, has the same
properties as d, . By Lemma 2.1, deg=(deg+ = (d«)" . Making appropriate substitutions

in (2.44) results in (2.42).
In the above, we have used the fact that (g«(y)) =-—(g'(l]f))* which, in the z-domain,

becomes (gs(z-1)) :=(zg(2)) = mzgs(z-1) — 22 [g'(z-i)]*, where m = deg g and similarly
for the h polynomial. Lemma 2.2 holds for both the y and z-domains. Note that (2.42)
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holds if and only if the first member of a cascade is a reciprocal section. The significance of
Lemma 2.2 will become apparent in Chapter III where it is shown that all 1st and 2nd-order
elementary sections can be characterized using only the set of values {Was Pa, da)in the
y-domain and {za s Pas 64} in the z-domain.

From (2.38) we have Tp = Tz T which yields

gah‘hag ga*g'ha*h
hp =——7-% , =222 —— — (2.46a,b)
"7 oddar T

where we have used the general fact that

i_ 1| 8 -h
= Of* [ -Chs Og»* ] (2.47)

which is obtained from the definition of the transfer matrix (2.24b) and the Feldkeller
equation (2.25). The cascade decomposition problem essentially reduces to the operation of
forcing the factor ff,+ to appear in both numerators of the expressions in (2.46). More
formally: given {0, f, g, k), find {0y, fa, 84> ) such that (2.39a,b) holds, Ay and g, given
by (2.46) are polynomials, g is realizable (Hurwitz), and deg hp < deg gs. Fettweis has
demonstrated that a canonic solution always exists [3]-[4]. Moreover, he has shown that
forcing the factor fufa+ to appear in the numerator of (2.46b), implies that the same factor
appears in the numerator of (2.46a) and vice versa, i.e., iy is a polynomial if and only if g
is a polynomial. However, the problem of forcing these factors can be formulated in many
different ways: e.g., Fettweis [3],[4] derives a set of simultaneous equations with the
coefficients of g, and h, as unknowns. However, sensitivity problems arise due to the
coefficient-form representation of the polynomials. Other methods [16],[20] rely on finding
the zeros of both numerators — an operation that requires an efficient and reliable zero-finding
routine — once an appropriate section N, has been selected. In Chapter IV, we propose a
method that circuamvents these basic operations.
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III. CHARACTERIZATION OF ELEMENTARY SECTIONS

In this chapter, we derive the minimal characterizations of all 1st- and 2nd-order
elementary sections for both the analog and WD domains. By minimal characterization we
mean the specification of the coefficients of f, g and h using a minimal (canonic) set of
parameters. The minimal set for all cases includes the location of the transmission zero that
the section realizes, value of the reflectance at the transmission zero, and, for reciprocal
sections, value of the delay at the transmission zero. It is shown that all elementary reciprocal
WD sections can be realized with an appropriately terminated matched 4-port adaptor.
Equivalent sections, comprised of only 2-port adaptors and delays, are derived using a
network equivalence that allows the hybrid matrix H to be treated like a transfer matrix.
Using this approach, the problem of finding structures for WD elementary sections reduces
to a building-up process which starts from the most elementary zeroth-order section (2-port
adaptor) and a delay (see Fig. 2.3). A 1st-order solution follows easily and is then used in
deriving the 2nd-order solution. A second set of solutions is obtained from the factorization
of the scattering matrix S. It is shown that these solutions cannot be made reflection-free
without giving up crucial degrees of freedom.

3.1 Derivation of the Matched 4-Port Adaptor [29].

Consider the 4-port network shown in Fig. 3.1 which, with appropriate terminations, can
realize all the 1st and 2nd-order reciprocal elementary sections. It is therefore of interest to
find the corresponding WD 4-port adaptor — a problem that has received some attention [51],
[52],129]. Here, we derive a simplified version of this adaptor using a process of shifting
parameters into the adjoining ports without compromising (except in one case) the known
capabilities of this 4-port structure.

—©o0 & o

o o Gi O ‘o)
Gy n I l 1 &)
o 'e)

Fig. 3.1 A 4-port topology used in deriving the matched 4-port adaptor.

A WD adaptor is a signal flowgraph — with signal leads grouped into ports — that realizes
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the matrix equation B = SA for some multi-port network using adders and multipliers. A
simple example is the 2-port adaptor derived in Section 2.2. In general, the number of
independent parameters that characterize an adaptor equals the number of ports minus one,
plus the number of ideal transfomer turns-ratios (gyration ratios) within the network. There
are four independent parameters for the network in Fig. 3.1.

The reflection-free property, described in Section 2.5, can often be used as a means of
deriving simpler WD adaptors. The idea is to reduce the number of independent parameters
by shifting them out of the structure and into the adjoining ports via 2-port adaptors. If the
parameters are chosen to be the port reflectances, then the process of shifting is equivalent to
making those ports reflection-free. This can be accomplished in a simple fashion by making
proper choices for the the port references. In Section 2.5, it was shown that the diagonal
elements of the scattering matrix that describes an adaptor are equal to the reflectances at
those ports. For the 4-port in Fig. 3.1, we can select three independent reflectances as
parameters:

Gi—Y;

= .= .1
G+ ¥ i=1,2,3 (3.1)

Sii

where Y; is the input conductance looking into port i with the remaining ports terminated in
their port reference conductances. The fourth reflectance is dependent because, in general,
for a nonsingular matrix S which is also lossless, X 5;; = sum of the eigenvalues (which are
either £1), which is equal to zero for the 4-port in Fig. 3.1 [29]. For the 4-port we have

_ GGy + (1 — n)2G,G4 + G3G4 - G1G3 + n2G 1G4 + G3Gy4
Gy + Ga+ n2Gy G + Gy + (1 = n)?Gy
_ G1Gy + n2G 1G4+ (1 - n)2G,G4
G1+ G+ Gy

Yl » Y2

. (3.2a,b,c)

Y3

The set {511 » 522 » 533 , ) forms an independent set of parameters that characterizes the 4-
port network. Adaptor structures based on 4 independent parameters plus a dependent

multiplier have been derived elsewhere [29],[51],[52]. Here, we select Gy =Y; & s11 = 0
in (3.1). The term G in (3.2b and c) is then replaced with (3.2a). Next, we set G = Yy

& 599 =01n (3.1). From (3.2b), we solve for G, = f(G3, G4, n) and substitute the result

in (3.2¢). Finally, we set G3 = Y3 ¢ 533 =0 and solve for G4 = f (n) from (3.2¢). The
resulting port references are given by:

G . G=E9L | G=nG ., Ga={T (3.3)
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where # is the only independent parameter that remains. The port references in general must
be positive which is ensured in (3.3) by 0 <n < 1.

The 4-port scattering matrix, with port references from (3.3), can be derived by
following the network analysis procedure developed by Martens and Meerk®tter [50]. They
have shown that the constant scattering matrix of a lossless multi-port network can be
partitioned according to link and twig ports, i.e.,

2NTK -1 INT(I— KNT
[b’} B ‘( ! o) (3.4)
by 2K I-2KNT a
where v; = NTy, vi=Ke; . (3.5a,b)

N is a matrix of turns-ratios of an ideal-transformer multi-port network that reduces to the
non-unit part of the fundamental cut-set matrix for a network consisting of "wire"
interconnections only. K relates twig voltages to link voltage sources when all the ports are
terminated in resistances with port reference values. A resistively terminated 4-port circuit
for solving (3.5) with ports (1 and 2) and (3 and 4) chosen as link and twig ports
respectively, is shown in Fig. 3.2.

nGq
o Ao
YWV
Gl + V4 _

1

1-n
(j: €] V1 n “ 1 V3 énGl
5 | 5

Fig. 3.2 A resistively terminated 4-port circuit used for solving (3.5) with ports (1 and 2)
and (3 and 4) as link and twig ports, respectively.

The solutions of (3.5) using the circuit in Fig. 3.2 are given by

)= [Gal=Nla) 2=l lea)=2¢2 '], G600

It turns out that 2K = (NT}I. Sustituting (3.6) into (3.4) yields
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by 0 0 n 1 ai a
0 0 1 1
by |_ " S A (3.7)
b3 1 -1 0 0 a3 a3
b4 I-n n 0 0 a4 a4

As expected, the diagonal elements are all zero and, consequently, each port is individually
reflection-free. However, in order to ensure computability, only ports 1 and 2 or ports 3 and
4 can simultaneously be treated as reflection-free, the reason being that only in these cases are
the corresponding off-diagonal elements equal to zero — a necessary constraint which was
described in Section 2.5. Since choosing a port reference to make the reflectance equal to
zero is also called "matching", the adaptor corresponding to Sy is called the matched 4-port
adaptor [29]. A signal flowgraph of the matched 4-port adaptor is shown in Fig. 3.3.

o O
?bz @
-1
T T a =~ C‘é b3:
2 —hH
O— ——0
1 My(w) 3
O— 4 —0
(L (L by —~ a3
a4 b4
(a) O (b)

Fig. 3.3 (a) Symbolic designation and (b) signal-flow diagram of the matched 4-port adaptor.

By applying a diagonal similarity transformation (scaling), structures equivalent to Fig.

3.3 can be derived that consist of only 2-port adaptors. Let §4 =P-1§,P where
P=i{1, 1%@ , ;_—i , 1+ ﬁ} . The resulting 4-port adaptor along with its scattering matrix is
shown in Fig. 3.4a. Note that each nonzero block in the scattering matrix corresponds to the

scattering matrix of a 2-port adaptor (see (2.13)). The 4-port scattering matrix S4 can be

made orthogonal by choosing P = {1 Y —g—ﬁ , % , Y1 - n} . The resulting 4-port adaptor
along with its scattering matrix is shown in Fig. 3.4b.

37



a b3 aj b3

S N N

[ 9
(a) (b)
G G11+V_G i+v\(: G cos 6 =Vn
sin@=Y1-n
0
0—4—1 Gy e § O—-<—-l a0
I as b1 as
0 0 An 1+Vn 0 0 o Alen
Si= 0 0 1-Yn  ¥n S, = 0 0 T=n
“n 1+1fn 0 0
-y An 0o 0 “n V1-n 0 0
1-n +An 0 0

Fig. 3.4 (a) 2-port adaptor and (b) normalized 2-port adaptor (orthogonal) versions of the
matched 4-port adaptor in Fig. 3.3.

Of the three flowgraphs, the matched 4-port adaptor requires the fewest number of
arithmetic operations; i.e., 4 additions and 2 multiplications as opposed to 6 and 2 in Fig.
3.4a, and 4 and 8 in Fig. 3.4b. Another equivalent circuit that is of interest can be derived by
rewriting the normalized 2-port adaptor scattering matrix equation as

[bl]___ —cos 6 sin @ H —sin 6 —cose][o_}“al]

ba | sin® cos @ | i 10 (3.8)

_| —cos 6y sin G 0_1“[01] _ T
= [ o where 90—6—5

—cos 8 sin @

| sin 8y cos Gy |

The decomposition in (3.8) corresponds to one of many network equivalences that exist
between normalized 2-port adaptors. Some of these are shown in Fig. 3.5.
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Applying equivalences f and e from Fig 3.5 to Fig. 3.4b results in an equivalent flowgraph

shown in Fig. 3.6.
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Fig. 3.6 A flowgraph equivalent to Fig. 3.4b.
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Fig. 3.5 Normalized 2-port adaptor equivalences.
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The point of deriving the equivalent circuit in Fig. 3.6 is that when the normalized 2-port
adaptors are converted to 2-port adaptors via Fig. 2.7a, the resulting multiplier is given by

Y=cos (9— 7:/2) = sin @ = Y1 — n, in contrast to Fig. 3.4a where y=cos 6=vn . When the
multipliers are quantized to binary fractions, it is usually the case that one or the other is a

better approximation; e.g., 8 = n/6 where ¥ could be either 1/2 or ¥3/2. The difference,
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however, becomes insignificant when a sufficient number of bits are used for the multipliers.
Two of the most important 3-port adaptors are the parallel and series adaptors [11], as
shown in Fig. 3.7a and b, respectively.

o - o
+ : + 2
4$ O] H—»0 y-11-9 1
(a) 1 V2 Vi -t 1 l 3 S3=f ¥y -y 1
[e O-t—] 0 Yy 1-7v 0
o )
+ 4+ V2 -+ 2
O—+— H—0 l-y v 7
(b) W1 V3 1 —e— 3 S3=1-y v 7-1
-1 1 0
o 0

Fig. 3.7 (a) 3-port parallel and (b} series adaptors with port 3 reflection-free.

As their names imply, these adaptors allow a parallel and series interconnection of three ports
in the wave domain. By terminating port 2 in the analog domain with an inductance or a
capacitance, all 1st-order reciprocal sections can be obtained; if the terminating one-port is a
resonant circuit from Fig. 2.11, two types of 2nd-order reciprocal sections can be obtained,
The corresponding WD elementary sections are obtained by terminating port 2 in the 3-port
adaptor with the corresponding allpass section from Fig. 2.9 and 2.11.

The 4-port network in Fig. 3.1 can be transformed to a 3-port network by terminating
one of the ports with an open or short-circuit. For example, by open- or short-circuiting port
4, we have in the wave domain by = a4 and b4 = —ay, respectively, and (3.7) reduces to

by 1-n =n n q by n—-1 -n n a)
byl=|1-n n n-1 {02} v | ba|=|n-1 —n n-1 {az} (3.9a,b)
b3 1 -1 0 as b3 1 -1 0 a3
A comparison of (3.9a,b) with the matrices in Fig. 3.7a and b shows that the matched 4-port
adaptor can be made equivalent to within scaling to the 3-port parallel and series adaptors,

respectively. It follows that the 4-port adaptor can also be used to realize 1st and 2nd-order
elementary sections.
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3.2 1st- and 2nd-order Elementary Reciprocal Sections

In the previous section, it was shown that an appropriately terminated 4-post adaptor can
be used to realize all 1st-order and two types of 2nd-order reciprocal sections. If ports 2 and
4 in Fig. 3.1 are terminated in an inductance and a capacitance (or vice versa), respectively,
then an additional type of 2nd-order reciprocal section, called the Brune section, can be
obtained. All the above sections can be derived systematically by letting

ay = Syby and agq = S4b4 (3.10)

where S and Sy are elementary allpass sections and ports 1 and 3 are the input and output
ports, respectively. Fig. 3.4b can be redrawn; with ports 2 and 4 terminated according to
(3.10), as shown in Fig. 3.8. In the course of deriving Fig. 3.4b, a pair of inverse
multipliers (-n_, —1/¥n ) has been introduced at port 3 which, in addition to normalizing the
port reference, has also negated the voltage reference (see Fig. 3.2) at port 3. In Fig. 3.8,
this voltage reference has been changed back to that in Fig. 3.2 by inserting a pair of minus
signs at port 3 and using an equivalence from Fig. 3.5. In effect, ports 1 and 2 for both
normalized 2-port adaptors have been interchanged.

‘ b
oﬁb— —&-0— S o —b———io
' 6 |8 I
°+b 00— 54 |-O—a— ___‘ao
1 1

cos@=Yn sin@=Y¥1-n

Fig. 3.8 A redrawing of Fig. 2.4b with ports 2 and 4 terminated in allpass sections.

Fig. 3.8 illustrates that a particular two-port characterization factors in a natural way, i.e.,

[b1}= 1 l: 1 COSB][ Sq4 0 ] 1 1 ~cos 8 [01]
a3 sin Blcos 9 1 0 S sin | —cos 0 1 b3

(3.11)

B S,sin?6

| { $354—cos20  (cos 6) (1 - 5554) Mal]= H [al}
(cos 0) (S84 — 1) 1—SpSscos26 |03 b3

We recognize the grouping of wave variables in (3.11) as that corresponding to the hybrid
representation (see eq. (2.22¢)). Regrouping the wave variables according to (2.22a) and
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(2.22b) yields the scattering and transfer matrices:

.2 =
[bl]z 1 { S4 sin“@ (cos 6) (1 — S254) }[?FS[?] (3.122)
b3l 1 $,84c0528| (cos 6) (1 — S254) S, sin26 3 3
[ — { cos20-SS4  Sasin’0 ][al] -1[®] . G2
Ul (cos 6) (1 - S254)| =S, sin20 1 SpSscos? |L03 bs

It can be easily verified that the representations in (3.12) correspond to a lossless two-port,
i.e., S«S =1 where, for an allpass section S;, we have S = 1/5;. It follows from
Belevitch's representation (see (2.24)) that, for the representations in (3.12), the reflectance
and transmittance are given by

pi= h_ S4 sinZ@ ; f- (cos 6) (1 - S2S4) . (3.13a,b)
8 1 _ 5,54 cos28 & 1 -5,54c0s26

At a transmission zero we have from (3.13) that

$S4=1 = p=S (3.14)
. ’ )
and d=[ln3—] _[Arg S4] +[Arg Sa] cos?6 (3.15)
h —sin?0

where we have used the fact thatat y=j¢ <> z=e/oT |S,|=|S4]= 1.

We are now in position to derive all Ist-order reciprocal sections. As we have seen in the
previous section, we can choose S4 = %1 to realize all 1st-order reciprocal sections . This
choice is consistent with (3.14) since, for these cases, p = £1 (see Property 6 eq. (2.32)).
The possible locations of transmission zeros are Y= 0 <>z =1 or ¥ = o0 ¢3z =—1. At these
locations, a 1st-order allpass section S5 selected from Fig. 2.9 has the value S3 =+1 —a
value which can be made consistent with $254 = 1. However, for WD circuits, it is
important to have the option, if possible, of making port 3 reflection-free. For this choice,
the rules for terminating a matched 4-port adaptor to ensure computability require that ports 1
and 2 be terminated in reflection-free one-ports, i.e., we must choose S2 = +z-1, This choice
is not restrictive because, in addition to the location of the transmission zero, only one degree
of freedom is required to fix the location of the zero of g. This degree of freedom is
provided by (3.15), i.e,,

2 2
Sp=izl and Sq=k1 = d=260820 2 .4 §5-C08°0 _n (34
sin2¢ 1-n sinZg 1-n
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where 8 was defined in (2.36) and has the same properties as d in the analog domain,
Since the choice S3 = +z-! corresponds to Ry = R; (see Fig. 2.9), the reactive element value
in the analog domain is equal to the reference at port 2, i.e., from (3.3) and (3.16) we have
that

Go__n _d 3.17
Gy 1-n _2 3-17)

The canonic polynomials f, g and & are obtained from (3.13). The four different cases
corresponding to Sy = *z-! and §4=p =1, in both the analog and WD domains, are
given in Tables 3.1-3.4. |

By Lemma 2.1, d is real and positive. It is obvious from Tables 3.1-3.4 that for g to
be real and Hurwitz, it is necessary and sufficient that d be real and positive. In addition to
specifying the canonic polynomials, we also provide in Tables 3.1-3.4 two ideal transformer
values n; and ny which, when combined with the main two-port, induce the reflection-free
property at ports 1 and 2, respectively. In general, these can be obtained for both domains
using

COS"'}’I‘—'B:’{;—* , COS}’2=—(}% at y=1orz1=0 (3.18a,b)

and from (2.14b) ny = tanz(g) i=1,2" (3.19)

In deriving the above, we have used egs. (2.14a), (2.39¢,d), and the fact that a reflectance at

areflection-free portis zeroat y =1 e z-1=0.

For the WD domain, the primitive polynomials in Tables 3.1-3.4 are obtained by
substituting ¥ = (1 — z-1)/(1 + z-1) in the analog domain polynomials. The term primitive is
used to designate polynomials whose coefficients are simple functions (usually linear) of the
minimal characterization. The port 2 reflection-free polynomials are obtained from the
primitive ones by absorbing a normalized 2-port adaptor with the parameter cos %. Note that
port 2 referred to in Tables 3.3-3.6 is the output port, which is port 3 in the matched 4-port
adaptor. As will be discussed in Chapter IV, a section defined by the primitive polynomials
is extracted first, followed by an extraction of the chosen normalized 2-port adaptor (ideal
transformer). This is done to make the synthesis more flexible, and for numerical reasons.

As remarked earlier, the choice S4 = %1 also allows the realization of two types of 2nd-

order reciprocal sections that have port 2 terminated in one of the allpass sections from Fig.
2.11, i.e.,

_t 2z —cos aT) o S _Td- W)(‘I’g"‘l’)

1 (3.20)
127 cos oyl (1+ ¥ +y)

S2
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The transmission zeros are located at = jdg > z = e/®T where ¢ = tan apT/2. As before,
S, must be chosen reflection-free but, again, no degrees of freedom are lost. From (3.20)
and (3.15) we have

d= 4n

= — and § d 2n (3.21)
(1 —-n)(1+¢g)

~1+cos on=(1—n)

In order to satisfy §254 = 1 at = jdy ¢ z = /@7, it is necessary to associate the upper sign
in (3.20) with S4 = —1 and the lower sign with S4 = 1. The resulting two 2nd-order
reciprocal sections in both domains are given in Tables 3.5-3.6.

From Property 6 eq. (2.32), the reflectance of a general 2nd-order reciprocal section
evaluated at a = j¢ ¢ z = e/@T transmission zero is unimodular. It follows from (3.14)
that

Sa=el®* and Sy=eJ% at y=jp > z=e/D where ¢p=tan a7/2 (3.22)

Choosing Fig. 2.9a and b for S4 and S5, respectively, yields

Ry .
I
S4(1¢n)=§1 =eft = §_4— ¢gcot~‘21
R—4+f¢0 !
1 R (3.23)
| _yeiaT l—R_4 sin(a+ a)gT)
Salefod)=—i —=d% = m=—p=—p 2a)(:T
e/l — 1y 1+24% g ( _ )
AL
R,
Joo=—1 cot
Salige) =—Fb—meie = K22
j¢0—R2 +1 1 do
1 R T (3.24)
| + peial -2 c:os(a—wo )
S2 (e]mo = — :e—ja = »}ﬁz i —-_ 2 J
ol + 1 +%2 COS(a+ on)
R, 2
From (3.15) we have
29 ) si 20 )i
d=(1 + COS ?)31n o ond 5_:(1 +.cos B)S.m o (3.25)
— ¢y sin20 —(sin T} sin?8

In order to ensure the necessary condition d > 0 < §> 0, it is necessary that & < 0 in (3.25).
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In general, however, -7 < & < w. To allow the possibility of 0 < <z, we simply
interchange the input and output ports by permuting the rows and columns in (3.12a). Ata
transmission zero, we still have $,54 = 1 which now implies

p=5S,=ei%= g% where o i==-a = o <0 (3.26)

and (3.23)-(3.25) hold with a replaced with o,

Another solution for the case 0 < & < 7 is obtained by interchanging the types of
terminations for S4 and Sy, i.e., we choose Figs. 2.9b and a for S4 and S, respectively. In
this case we have

., Ry
Joos—1 cot&
S (jg)=—R1 gl = Ra__2
f¢0§-4-+ 1 1 ¢o
! (3.27)
. 1 _Ra (a+ cooT)
S4 (e]ﬂJoT)z____.___—_—::eja = Y= -
efoT + y 4B s (Oz— a)gT)
R Ry 2
2 .
5= —Jo
S2 (]q§0) =R =eJ2 = Ry _ Mo cot
R2 +jg 1 2
Ry
(3.28)
T il sin (a—- G)OT)
— W,
Sa (e-’“’"T = 1 - e =eJd% = pB= Ry _ 2
elol — 7y 1+‘31 sin(a-"weT)
Ry 2

The first solution is more convenient since it does not require a change in the
terminations. The canonic polynomials obtained from (3.13) for both domains are given in
Table 3.7. According to the rules of terminating a matched 4-port adaptor, the WD circuit in
Table 3.7 is uncomputable due to the delay-free loop created by the four 2-port adaptors.
Computability, however, can be achieved by giving up one degree of freedom by setting
gither

=0 = a=-ayT and % =-cos oyl (3.30a)
or $=0 = a=wyl + 7 and ¥ =cos wyT (3.30b)

Choosing (3.30a) or (3.30b) allows port 1 or port 3 to be reflection-free, respectively. The
latter choice leads to the following set of canonic polynomials:

f = (cos 8)(z2 —2(cos apT )z + 1) g =22 — (cos aoT )(1 + cos26 )z + cos?0 (3.31)
h=(sin20)z (—zcos T +1) = h+=(sin8)(z - cos wyT)
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A 2nd-order reciprocal WD section corresponding to (3.31) and realized using the WD
circuit in Table 3.7 (with p, = 0) has two important properties: 1) it retains losslessness with
quantized multipliers, i.e., it's structurally lossless; 2) a single multiplier 94 controls the
location of the transmission zero. However, with one degree of freedom less, the zeros of g
cannot be chosen freely. Their location is given by an intersection of two circles which are
defined in the following way: let z = u + jv

g2)=0 = (u - lon)z +v2=tan?apT and u2+ v2=cos26 (3.32)

CoS

A graphical representation of (3.32) is shown in Fig. 3.9.

A
z plane y
sin T
O — transmission zero @
O —pole - -
i
| an a7|
; h
- ¢ Wl —m/2 | I -
cos apT u
| co
¥

Fig. 3.9 Graphical representation of (3.32).

Choosing the constraint in (3.30a) resuits in the same situation except the roles of / and
fi« in (3.31) are interchanged. Although the constraint in either case appears quite limiting, a
design example is given in Chapter 5 where such sections are indeed used. Other examples
can be found in [29],[58]. In practice, however, a nonlinear optimization of the canonic
polynomials must be performed to determine if a filter, with each 2nd-order reciprocal section
constrained according to (3.30), can still satisfy the given specifications.
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Table 3.1 1st-order reciprocal section 1A

oO—IYY_o O
g =1 oco) =
L -2 iy =t
R 1 - d >0 h
n=—=d M=
o o o h=y d+2
O_.>__l l._...___o Port 2 Reflection-Free Primitive Polynomials
a1 b
o=1 o=1
) f=Yn (2t +1) f =268(z1+1)
1 g=nzl+l =(26-1)z1+25+1
h=1-n h=1—2'1
5 Sy =—z1 5=4 > cos Yy = 51 1
S4 =1 e
b cos 0=vVn -
ot el L[ <%| pen=1 /507 cosn 25+1
Table 3.2 Ist-order reciprocal section 1B
O
= j B __
2y 1 f=d Vi P
C R i d>0
g =y+d 4 ny=+v¥n
o o 0 h=-y a2
O__...___] ’_.—_b—o Port 2 Reflection-Free Primitive Polynomials
aq 3
g= ]_ o= 1
) f=Yn(z1+1) f=268(z1+1)
g=nzl+l =(26- 1)1 +25+1
1 —
-1 a h=n-1 h=z1-1
5 S, =z1 5 —-4 cos = 1 —
Sq4 =~1 e
b cos @=Yn = =
o e 1 L[| peny=a 507 o= 25+1
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Table 3.3 Ist-order reciprocal section 1C

I£ O
o o 0 o=-1 p(0) =1
¢ =2 f=dy ny=qf =
1; 1 d >0 n
g=dy+1 +1
= d m=r=
h=+1 n=—~t— n
o o o d+2
O—b-——‘ r_.,__o Port 2 Reflection-Free Primitive Polynomials
ai b
’ o=-1 o=-1
6 f=Yn (z1-1) f=28(1-21
g=nzl-1 g={1-28z1+25+1
Y h=n-1 h=zlt1
= 1 =4 cOs = 1
7] Sy =z o 5 >0 N 51
Sq =1 o y
cos @=Y¥n = I
ool L <%0 | p()=1 s+1 P

O
o=-1 p(0) = -1
Lz% " “ 1 I d >0 MV 2n -1
g=dy+1 o S
o o 0 =-1 "Tae2
Q_..__I [__>_o Port 2 Reflection-Free Primitive Polynomials
ag bs
o=-1 o=-1
6 f=Yn(z1-1) f=28(1-21)
-1 g=nzi-1 g=(1-28)z1+25+1
-1 h=1-n h=—(z1+1)
Sy = —z1 §=4>0 cosy = =1
0 : 2 251
S4 =—1 - {
b cos@=Yn = -
! | | a3o p(l) =— d+1 cos 2 285+ 1
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Table 3.5 2nd-order reciprocal section 2A

_ . ° ) d >0 o = Eal
e " H bog =y iy da+gd "
© © o h=gv A1) +a
Oﬂv I-—»-—E;O Port 2 Reflection-Free Primitive Polynomials
=1 o=1

f=Yn @2-2¢z1+1)

f=8G2-2¢0z1+1)

g
g=nz2— @l +nyl+ Dl g = (5 1)22-25p 21 + 145
Y a)oT” h=@-1)(g1-1) h=1-22
r(_)l_ | S =£1(—£—1—:—(P—) ¢ =cos a)o’z’“=~1;?'f Cos T _—i—_
4 gzt -1 1+¢¢ -
Si=1 — cos p —1—;:3
F Ty | pemnat =0 y5h o als
Table 3.6 2nd-order reciprocal section 2B
M e
iy’ y H 1 f=v"+¢ a0 m=p/ 51
L =-§ 8 =llf2+?2£‘lf+¢o A+ metE
Oﬂll r—>_b;O Port 2 Reflection-Free Primitive Polynomials
o=1 o=1

f=Vn @2-2¢z1+1)

h=(1-nm(@z1-1)

g=nz2— @ +npt+1)

f=8a2-201+1)
g=(6-122-28pz1+148
h=z2-1

1(p — o1 Py _
_z (?: z1) rp—oosa)gTzl ¢(; cos 1 =
6 gz —1 I+¢o 1
Sa=1 COSh_l«HS
, 8= = _o
dJd T_&o pleiaTy =1 S 0=1n =4/ <0
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Table 3.7 2nd-order reciprocal (Brune) section.

Y o=1
L .
IC ° !
C =y 2y gy
1
“ h=(cos Py + 2080y — gycos y
o =cos (Y + %COI%XV’— %tan%)
neco! L=l (- ta“% p o) =%, d>0
2 e, tan 6 -1  —1 <cosy=—30% 1
d ¢,
Primitive Polynomials

f=8(sin §{z2 - Acos ax]) 2! + 1) o=1
=(-1)z2-26os w,T)z1+d+1

] 1 I _z25sin (0@~ @)~ 2(sin o)zt +sin (@+ 0,7 )
z1 l I U z sin @, T’
| .
1 “Y 4— -Qf (oc+ax)1) Cos(a+on)
6 zl -
i (a ] cos( 7]
B _sin axT
d,].q__.i L4_°a3 sin (@~ apT)
Ty — gict - d . _ sino - CO_oT
plei®l) = o 1+cosa)0T>O 1 <cosy 55'111on<1 , ¢, =tan
COS( - sm(a wUT) ssnanl g
h= n= cos 0= S
COS((Z_GR)T) sm(a cqﬂ) §sin ol _
2 sin &
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3.3 1st- and 2nd-order Elementary Nonreciprocal Sections

A natural question arises with respect to the WD circuit in Fig. 3.8 as to what can be
achieved when the two normalized 2-port adaptors are made independent of each other. The
resulting circuit is shown in Fig. 3.10.

b
0B o] S, O PN
61 I 0, '
O S f-o—at— @0
173 a1

Fig. 3.10 A generalization of Fig. 3.8.

As for the reciprocal case, the grouping of wave variables in Fig. 3.10 corresponds to the
hybrid representation:

[bl}z_l_ 1 —costh [ S4 0 ] 1 1 —cos6; 01]
a3 sinf —cos, 1 0 1/5; sin@; —cosf, 1 bs (3.33)
_ 1 [ S84 + cos@icosty —(SgS4cos(92 + cosei)hal] . [al] .
S sinf;siné, ~(SQS4cosl91 + cos@z) 1 + SpS4cos8cos6, bs bs

Regrouping the wave variables according to (2.22a) and (2.22b) yields the scattering and
transfer matrices:

| S4 sinBysinéy —(SgS4cos62 + cosGl)—
[};1] _L Sa2S4cos6; + cosby Sy sinfysinf, ) [21] _3 [al] (3.342)
3 1 + §,54c086;cos 6, 3 a3
-—(52.5’4 + COos 9100362) S4 sin@sint ]
[bi} L - S5 sin@;sin6; 1 + 5554c0s0,c056; | [43] T { a3] (3.34b)
& $284c0s0; + cosf, b3 b3

It can be easily verified that the representations in (3.34) correspond to a lossless two-
port, i.e., S+S =1 where, for an allpass section §;, we have Sy =1/5;. Tt follows from
Belevitch's representation (see (2.24)) that, for the representations in (3.34), the reflectance
and transmittance are given by
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S4 sinBysiné; £ _ 52840801 + €080y (335,

—h_
p‘_g

1 + 5954 cosfycosfy & 1+ $254 cosBicost;
At a transmission zero the following holds:
SpSa =080 o 5o, 800 (3.36)
cosf sinf;

It follows from Property 6 eq. (2.33) that the reflectance of a 1st-order nonreciprocal section

is real and | p|# 1 when evaluated at a = —r > z'! = —¢ transmission zero. In the analog
domain, there are four possible circuits that can realize a section with f = w+ r. However, all
four circuits are equivalent to within a gyrator [4], i.e., after absorbing an appropriate ideal
transformer, they differ at most by the value of 0. In the WD domain, this value can be
easily changed by absorbing a two-port defined by b, = a1 and by = —ap, which corresponds
to the simplest case of a gyrator with a gyration ratio of n = 1 (see Fig. 2.8). It follows that
a single prototype is sufficient. (Note: in the analog domain, it may be of interest to have
available two types of 1st-order nonreciprocal sections because reciprocal sections change to
their duals when being commuted with a gyrator — a feature which may not be desirable.)
One such prototype that is consistent with (3.36) can be obtained by letting Sy = 1 and
S, = —z-1, where S is again chosen to satisfy the termination rules of the matched 4-port
adaptor. (Note that by allowing the two non-zero off-diagonal blocks in S4in Fi g. 3.6 to be
independent, the matching conditions at each port are still satisfied.) The above choices yield

r— COSB] Sin92

from which we can solve for 6, and 8,. Since only two degrees of freedom are available,

we may arbitrarily choose cos8) > 0 and sinf, > 0. The canonic polynomials for the Ist-
order nonreciprocal section are obtained from (3.35), and are given for both domains in
Table 3.8. Note that the solution is unconstrained. Two important special cases of this
section are also given in Table 3.8. These correspond to an ideal transformer cascaded with a
QUARL (see Fig. 2.3).

The f polynomial for the general 2nd-order case is given by

f=y2-2r(cos pp)w+r2 <« f=22-2k(cos agT )z-1 + k? (3.38a)

1—r2+j 2rsin ¢y

1+7r2+2rcos ¢y

where k cos wyT + jk sin ayT = (3.38b)
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For this case, the reflectance is a general complex number, i.e., p (ref ¢’°) p (keiol) = Beio.
As in the reciprocal case, we choose Figs. 2.9a and b for 4 and S, respectively. A solution

obtained from (3.36) and (3.38) is given by

Ra :
R, T in 0 R
Sy(reivo) =B _peiasin® o Ra__r ([ gngy++/sin2py + tana)
24 4 yeito sin 6 Ry tano
1
3.39
- R (3.39a)
, — J o . si
St (kejon) = LT _ gojasin &y g2 K
keJ®T — sin 8, 1+84
Ry
re.f%_& g R
Sy (reito) = Ry dygetan b R _r (sm ¢ £ A/ sin?¢y + tan? )
reito 4 Ry 8 tan 6, Ra tan o
2
3.39b
N | R )
. J .
Sy (keior) = - XX 1 getan Oy o, o R
kel + B tan 6, 1+ B2
Ry
2 cos &y +1 Ri R
e b vt Bt
cos Oy = oSt where 572 Rl R2 (3.39¢)
ﬁzCOS &, cos 6y 2rcos¢»0+R‘1‘+R;
cos 6y

where R4/Ry = 2 and the signs in (3.39a,b) are chosen such that the resistance ratios are
positive. Substituting (3.39) into (3.35) yields the canonic polynomials with coefficients as
functions of the minimal parameter set {r, ¢o, B, 05} in the analog domain and {k, woT, B, (x}
in the WD domain. These are given in Table 3.9 along with realizability conditions which
ensure that g is Hurwitz and the overall two-port is real. Note that these constraints are
obtained with relative ease once the canonic forms of f, g and 4 in Table 3.9 are given.

As in the 2nd-order reciprocal case, the WD circuit in Fig. 3.10 is not computable unless
either S, or S4 is made reflection-free. This can only be accomplished by giving up one
degree of freedom. Letting 9% =0 < Sp = —z~! satisfies the termination restriction and,
together with (3.39b), implies that & = awpT. Substituting this constraint into (3.39) yields:

2
R—4=r2 o p= Ry — Ry :2k cosapl’ , costh = k2, cosf) = B /k? 1 (3.40)
R; Ri+Ry ™ 1442 cos By Bk2-1

53




The WD circuit corresponding to this solution is shown in Table 3.9. However, unlike the
reciprocal case, the four ports of the analog circuit do not all correspond to the WD circuit

ports. The equivalence merely holds for the two-port characterization given by (3.34).
The zeros of g are constrained in the same way as for the reciprocal case (see Fig. 3.9)

except that now the transmission zeros can move off the unit circle and cos?@ is replaced with

—cos8y cosBy.

Table 3.8 1st- order nonreciprocal section 1E

|(
1
=1/Rr

[y

3(

o=—1
ﬁ(_r)z
fewsr & g
rp?+1
g =yt (p )
-_-2"0 rz0 o przl
p?-1

Port 2 Reflection-Free

Primitive Polynomials

I——»———O

o=-1
f =@osB;)z1l+cos

h =(sin 8 ) (sin &)

g =(os 6 )os6y)z1+1

c=-1
f=@*-DE1+9)

g =(P*+ @)zl +1+pp
h=pl+e¢)el+1)

_ 1-p = _r+
cos & = P cos &) =¢cos 6 ="
, 1-
7 sin 0 =psin 6, Sn 0 =4/ s Lep)=p
b1 a3 -
0—4—] l—«ﬂ—o Cos}zz-p_(ijﬂ lelz21 o p?x1
L+p%
Special case: cos 8; =0 Special case: cos 6, =0
a b3 a1 b
O——] S ) O—p— z1|=0
a g
Ot —] 710 O —at—] L 0O
in as n as

og=1 f=sinf=cosf
g=1 h=-cos@=sin 6,

o=1 f=zlsin 8 =z"lcos &4
g=1 h=-cos @ =sin 6;
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Table 3.9 2nd-order nonreciprocal analog section

f =Giny) (W2 —2r (cos ¢o) Y +12)

. =w2+2r(cos¢o)(1+ﬂ2)

w42
1-p°
2r (sin ¢,)
= 2 YOy 2
h ={(cos ) y=+ pr— w—r
o =1 p (reits) = Beic

cosdh 20 < ﬁ2><1

5 .
Gy +H, =lic"s—‘i’")(ﬁ2+2ﬁcosa+1) -1 <cos'y=——2ﬁ;1;a <1
1-p (1-p")tan ¢
n=cottd R = G+ Hy C _L—cosy [ = Gi+H
2 —2r(1 +cos ¥)cos @, G +H; rz(l +cos?y)
Constrained ( o0 = wyl ) WD solution
oO—p——
a; l b3 Primitive polynomials and realizability conditions
f =@iny) @2-2k cos w,T) z1 +k2) o=1
(%)) 2 2 2,9
j T g _k ﬁz 2-2—2»’5(coscoo’l‘)z-l+1 ‘Bl;
T e 5 g
.- A o .
I l z h :(COS '}:{EW_—%T)Z‘z_( 1+k2)z-1_|ks—1n('a-l-—ahﬂ’).

pledaly =Beic  kzl & (21
6 B{1 - kY sin o

1< Y= <1
%‘J L«ES_O > k(l —ﬁz) sin apT

2
?4=2kcos awol” cos 92:—!(2 cosy = Bk -1
1+k2 cos G ﬁ?‘k2_ 1
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3.4 Derivation of a General Unconstrained 2nd-order Section

The constraints given by (3.30), which ensure computability for 2nd-order reciprocal and
nonreciprocal sections, may not always be imposed without violating the filter specifications.
1t is therefore necessary to have available unconstrained sections. In this Section, we derive
a computable, unconstrained WD section which can realize all 1st- and 2nd-order reciprocal
and nonreciprocal sections. There are many solutions possible [14],[15],[171,{30] due to the
nonuniqueness of factoring an orthogonal scattering matrix into a product of basic Givens
rotations, which are essentially equivalent to normalized 2-port adaptors. The resulting WD
circuits are comprised of only normalized 2-port adaptors and delays. However, the number
of these adaptors for the reciprocal case is usually greater than the number of degrees of
freedom, with the extra adaptors being dependent on the minimal set. It is in the nature of
this dependence that the many equivalent circuits can be distinquished —a dependence of a
linear nature being the most desirable. One such solution involves the matched 4-port
adaptor where ports 2 and 4, instead of being decoupled as in Fig. 3.10, now form a
coupling network, as shown in Fig. 3.11.

a b3
o—ib-—-—- 30— —O—F—— ———f——=O
6, l N & | l
o7 —— |t L o—t— ———o
1 1

Fig. 3.11 An alternative termination of the matched 4-port adaptor.

In order to show that there indeed exists a lossless two-port N, such that the circuit in
Fig. 3.11 realizes a general 2nd-order section, we first rewrite the scattering matrix equation
in (2.24a) in the following way:

FAR A P B T Y
-s(5]-s 2

The transfer matrix corresponding to Sy is obtained using (2.11b) and it turns out to be equal
to the hybrid matrix H of the original two-port, i.e.

(3.42)

* h —0g+ Ofx
! Z”L[ ol g ]= - [ 8 }=H 3.43
TR ok g2 T A (3.43)
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where Oy=-0 , fr=—Ch« , h=0dfs , g2=g (3.44)

Eqs. (3.42)-(3.44) describe a network equivalence which is illustrated for both domains in
Fig. 3.12.

ai b
s L o N
1 as
= ] jprrecreraen : ------------- b 2
o—b——# N -0
gorreree ! {
H ' an by
3 3
é erorerrael . Ny
b1y 12
1 Ny 2 H %
O~t— T IO
b] """"""""""""" [75)
Ta=H

Fig. 3.12 A network equivalence that allows the problem of factoring the hybrid matrix H to
be equivalent to factoring the transfer matrix of a related two-port network.

The 3-port analog circulators in Fig. 3.12 are defined by by =a; , b3 =ay , by = as. The
transfer matrix that corresponds to S is a unity, i.e., it characterizes a direct connection of
two ports, as shown by Nj in Fig. 3.12. The above equivalence was used in generating the
various normalized 2-port adaptor equivalences in Fig. 3.5.

Although the network equivalence in Fig. 3.12 is of limited use in the analog domain, it
has great practical utility in the WD domain. From the point of view of network synthesis,
the main feature of the above equivalence is the fact that f, = —~ch«, i.e., the transmission
zeros of Nj (zeros of fj) are the zeros of —ch«. At the outset, however, one can always
induce a desired factor in —ch+ by absorbing an appropriate normalized 2-port adaptor (ideal
transformer). For the 2nd-order cases in Tables 3.7 and 3.9, the primitive /# polynomials,
and consequently —oh+ as well, have two real factors; and for the port 2 reflection-free case,
one of the factors becomes y— 1 <> z-1. These factors now become the transmission zeros
of Nj, and it follows that N, can be realized as a cascade connection of two 1st-order
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nonreciprocal sections, with the section realizing y—1 ¢» z-1 being a special case (see Table
3.8) of section 1E. Therefore, the problem of deriving WD circuits for 2nd-order sections
reduces to deriving WD circuits for 1st-order nonreciprocal sections — a problem whose
solution is known.

The procedure of equating T, = H can also be applied in generating WD circuits for 1st-
order sections in Tables 3.1-3.4 and 3.8. These are now built-up from a zeroth-order section
(2-port adaptor) and the simplest Ist-order section shown in Fig. 2.3. In general, the
problem of generating higher-order canonic sections reduces, via the network equivalence in
Fig. 3.12, to a lower order problem. In fact, entire filters can be designed by using the
following iteration: induce a reflection-free factor (y—1 ¢ z-1) in h«; apply Fig. 3.12;
extract a special case of the 1st-order nonreciprocal section; repeat [151,[17]. The resulting
structures, however, do not have a cascade topology. '

For the general 2nd-order section with a reflection-free port 2, we have
fo =—0hs = cz-1(z=! + ¢y). A cascade two-port network with a corresponding f polynomial
is shown in Fig. 3.13.

as N b3
O_____p.___ _.».2__ z-1 Poo-. _.>._O
:
6,
T,=H | G N, & 4 —t| &
Z"‘]
!
6, j
[
O—ta— - : O
bl """""""""""" ‘ a
2] P1 P3

Fig. 3.13 A matched 4-port adaptor that realizes the required f2 = —6h« = cz -1z -1+ ¢p).

Note that the circuit in Fig. 3.13 is a matched 4-port adaptor with a coupling network N¢ (see
Fig. 3.11) that realizes both 1st-order factors of fo. The transfer matrix T is given by

[Z~1 0 H~(z—1+coselcos(b) sinfsint;
—a-lgi 1 -1
T,=T, 0 1 z-15inBsin6,  cosBicosbrz—!+1 Ty, (3.44)

] Z__l

cosByz-1 + cosB;
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where the transfer matrices for the 1st-order nonreciprocal sections are obtained from Table
3.8 and T, from (2.14a). The set of canonic polynomials is obtained from T,=H, i.e.,

f =—(cosBy)z2 + @:22)— z-1 + costh o=1
g = —(cosBp)(cosbs)z-2 + —(gg—?—)— z-1+1 a =(1 - 00390)(1 + 00593) cos (91 - 92) (3.45)
h = —(sin6g)(sin63) {z-1cosB, + cos8y) b =(1 + cosbp) (1 - coss) cos (6; + 6,)

By Lemma 2.2, the reflectance value pg of the st section in Fig. 3.13 can be obtained

by evaluating the overall reflectance ?—i= %"— at the transmission zero of the 1st section,

which is located at z-! = 0. The canonic polynomial set (d, f. &, h}, with port 2 reflection-
free, can be obtained by combining the primitive set { 0o, fo, go, o} from Table 3.7 or 3.9
with a normalized 2-port adaptor obtained from (3.18b), i.e.,

o=1 , f=sinnfo , g=go—cosnohex , h=hy—cosy0gox (3.46a)

where cosp = 29%(0) (3.46b)

Substituting (3.46) into the overall reflectance at z-1 = 0 yields

sin}sfo«(0) _ for(0)
20(0) — cosaohig+(0) ~ sinyago(0) (3.47)

po=120) -0 =
From the special case (cos 6; = 0) in Table 3.8 we have
cos By = —pp (3.48)
Comparing f from (3.45) with the forms given in (3.38) yields
cos B =—k?cos g =k%py and  cos 63 =-cos By = Po (3.49a,b)

for the nonreciprocal and reciprocal cases, respectively. Finally, the middle section in Fig.

3.13 is characterized by p; = sin 6y and ¢ _cos by where fo(—@1) = he(—¢1) = 0. To
sin 6, cos &
obtain p;, consider the circuit in Fig. 3.14, which was obtained from Fig. 3.13 by letting

z-1 = —¢ and using the decoupling property of lossless two-ports when evaluated at their
transmission zeros. It follows from Fig. 3.14 and the transfer matrix of the normalized 2-
port adaptor from (2.14a) that
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h
g% -@1) — Po

Jor(=¢1) (3.50)
- (1 ~ Po %(_(Pi))

sin}a) go(-¢1)

p1= where  S2(-@1) = (

82

The result in (3.50) holds for both reciprocal and nonreciprocal cases.

SN IR N oy S
J | :
O—t— et 1
by
hy
ﬁ(‘@l)

Fig. 3.14 Circuit derived from Fig. 3.13 by letting z -1 = —¢.
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f =—(cosBp)z—2 + —(iiﬁ z71 + costh

g = —(cosBg)(cosB3)z-2 + (Q—ZQ z1+1 a= (1 - cosBo) (1 + 00593) cOos (91 - 62)
=

1+ 00360)(1 —00593) cos (91 + 62)

o=1

h = —(sinBy)(sinB) (2*100392 + 00391) b

Fig. 3.15 WD circuit of a general 2nd-order section with port 2 reflection-free. Fora

reciprocal realization set 6p = 7 — 63,
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Given the primitive polynomials from Table 3.7 and 3.9, the circuit in Fig. 3.13 is now
fully specified. We have redrawn it in Fig. 3.15 with the input and output ports in standard
locations. By applying Fig. 3.6 to Fig. 3.15, an equivalent circuit is derived, as shown in
Fig. 3.16. This circuit has appeared elsewhere in an unnormalized form and without the
solutions for the multipliers of the 2-port adaptors in terms of the known input parameters
[11, p.307]. The conlusions reached in Section 3.1 regarding the equivalence between Fig.
3.4b and 3.6 apply here as well.

O a P - o b O
' T
oe|
- e
-1 |
—d il
~1
7-1

. go_ﬂ
Cbl ’ 030

Fig 3.16 A WD circuit equivalent to Fig. 3.15.

The solutions for ; in terms of the minimal characterization for the three different cases
(two reciprocal and one nonreciprocal) of a 2nd-order section are given in Table 3.10. These
were obtained from egs. (3.46)-(3.50) and the primitive polynomials in Tables 3.7 and 3.9.
The section designated by 2C realizes a pair of inverse real zeros and is therefore equivalent
to a cascade of two 1st-order nonreciprocal (1E) sections. The corresponding situation in the
analog domain is shown in Table 3.11, where the 2nd-order section is referred to as the C-
section [2]. In the WD domain, a realization of the C-section using the circuit in Fig. 3.15 is
preferable to the cascade of two 1E sections because, for the latter, quantization of the four

cos 6, _cos & ‘s

multipliers to binary fractions cannot always be achieved such that ¢ =
cos Oy cos 04

satisfied exactly, and the resulting cascade becomes nonreciprocal. Reciprocity, however,
can be approached with greater ease using the circuit in Fig. 3.15.

The circuit in Fig. 3.15 is truly general in a sense that, for appropriately chosen 8;, it can

be made equivalent to all the WD circuits in Tables 3.1-3.9. The required 6; are given in
Table 3.12. The fact that one circuit realizes all is of interest from the VLSI implementation
point of view.
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Table 3.10 Solutions for three types of a 2nd-order section.
(The sign of cos 8 is set equal to —sgn (61p)).

section 2C 2D 2E
f (@z-—1)(z- ¢ z72— Y coswpT)z 1+ 1 22 2k(cosw,T)z- 1+ k2
p o) =p pledal) =¢jo plkeal) = fe o
d o[In g’ eI In g’
2pcosh c08 1 cosy 2k cos(axT Xos),
_ QN i+¢ —cosy—cos(e— apl’) 1 +k2
o= o0 2¢cos cos cos + cosy cos(anl’) cospy 2k cos(apT xosy
. A g
s p(l—q72)5 sin o ﬁ(l—k)smoc
(p2-1)g 8 sineoT k(1= B9 sinaT
o5 p{1-¢3(5+1) sinor o) | Bl1—#F sin(o — aa)
o*p* -1 (8 +1) sinaxT (1- 128 sineaT
o ~dtan ¥ dsin ¥ (1—[32) sin ¥
(5 +1) tn 1 (5+1)sin (1-4289 sin 1,
sin _tan p _lanp
ol sin ¥ tan y tan y
cos &
sin 6 —£o ’ \ 1—;0%) =Po ) ¥ 1_‘)0% —pPo ’ ¥ 1_p%)
cos 6 1 p2 1 —p? 1-p?
. gl 3 plsin 92 + 1291 plsin 92 + :21 5 plsin 92
sin 6 L - pio; 1-pigi 1 - pioq
cos &, 2 2 2
1- i— 1-
_ Picos 6y flz @1cos & fl > | rcos 61 A/ fl 5
Sin 92 1—'01(,01 1—,01€01 1—"101({)1
cos 83
ol P 1-ph po . N1-py | kpy , V1-k%3
sin O3
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Table 3.11 2nd-order reciprocal C-section

— f=—Gnp?-rt) o=l
I{ 2r (L +p?)
o 1y o —wls r P 2
c 1 g§=Vy 2 14
n “ 1 = II 1 =(y+ yo) (¥ + y)
o o h =(cos ?)(U’z—%w—ﬂ)
1+p 1-p y 2y, 1 —cos
Vo=r yi=r n =-—cot: L =—nr———ro _ 1 oS}
1-p L+p 2 r2(1 +cosy) 2y,
L -
I\ I\
, C =1/Rr €y
o +1 ol O
R 22—1 ' R, O
—_—— e 1
0 O O
2rpd 1+ pcosy
-1 = by = 2< T PY
< COS Y} 71 <1 g(r) p, re0 e p sl m cos 77 p
=—Gin ) (22~ @+ P2+ L) =p ld21 & przl
_ 3 A2 - _p(1~—§02)5
g = o - pilo 2_2_22_1+1/(p pro 1< cosy~————(p2~1)¢ <1
1-p? 1-p?
_ 2¢d A
b =(os ) (L +1/8) 22— (@ + l/p)z1+1—1/5) “Urop | ier
Table 3.12 Values of 0; that reduce Fig. 3.15 to those in Tables 3.1-3.9.
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1442
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3.5 Analysis of Fig. 3.15 with Quantized Multipliers

As discussed in Section 2.2, two independent quantizations of & = cos 6 and = sin 8

are required for each normalized 2-port adaptor to ensure realizability. Since o+ 7o
cannot be satisfied with binary fractions, it follows that losslessness cannot be achieved for
quantized normalized 2-port adaptors. Consequently, WD circuits comprised of them can
only be made passive, which means that nominally reciprocal sections no longer have
transmission zeros on the unit circle. Losslessness, however, is important because it leads to
lower sensitivity of the filter response to parameter variations. It is well known that at a
frequency for which the filter is exactly lossless, the derivative (1st-order sensitivity) of the
response with respect to any parameter must be zero because the filter transfer function
(scattering parameter) is passive and, therefore, it must decrease in amplitude as any of the
parameters — including the frequency variable — change from the value at which exact
losslessness was achieved [11],[43]. This argument does not hold for strictly passive
transfer functions.

o= -5
’}o-m
_——
6,1 02
cot > cot 3
gt 71— -—>-O—
12}
—___‘___—
tan &1 tan &2
2 2
— ,
by
O — O
b1 as

Fig. 3.17 Voltage wave equivalent circuit of Fig. 3.15



The amount by which the transmission zeros move off the unit circle depends on the
number of sources of passivity that the sections realizing those transmission zeros possess.
In Fig. 3.15 we have four sources of passivity. This number can be reduced substantially by
converting each normalized 2-port adaptor to its voltage wave equivalent by using Fig. 2.7a,
followed by shifting the resulting pairs of inverse multipliers out of the structure. Applying
this process to Fig. 3.15 yields, for the reciprocal case, a WD circuit shown in Fig. 3.17.
Note that not all inverse pairs of multipliers can be shifted out of the structure. The pairs

associated with 8y = 7 — 6 and 83 cancel each other out, which is one of the reasons for

choosing the structure in Fig. 3.15. The pairs associated with 6 and 8; can be grouped

together at one location, as shown in Fig. 3.17. This pair 1s given by
L (3. 51)

6, . [OFWUTH _p 0. 0 . [—T=R &
+W/?1—n>(l—n) =y o =Y T arm

COIZGZ1 cot = 3

and, in general, must be quantized independently. For convenience, we have assumed the
same exponent x for both multipliers. In practice, the sign of ¥ is chosen such that the
magnitude of the multipliers in (3.51) is as close to one as possible. This is accomplished by
correctly labeling port 1 (by placing the heavy bar on the corresponding side) of the
corresponding 2-port adaptor in Fig. 3.17.

The extra quantization must be performed in a passive way so that the overall section
remains passive and, consequently, the suppression schemes for nonlinear oscillations can be
applied. The passivity condition for the pair of quantized multipliers can be derived by
examining the circuit in Fig. 3.18.

¥
2
o, k I —
Ry ( :
o f S — o

n:: R3 R _km
2 R3+R7_ 221

B

@)

Fig. 3.18 Passive quantization of a pair of multipliers £ and %}(—
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The pair of inverse multipliers in Fig. 3.18 corresponds to a voltage wave ideal
transformer, which is known to be lossless. For a passive realization we must have R3 > 0,
which implies that

1H<1 & |km|<2% (3.52)

Expression (3.52) is the required condition. Note that if R3 in Fig. 3.18 corresponds to an
open- or a short-circuit, then |[f{=1 ¢ |km|=2%*, which can only be satisfied

nontrivially if £ = 1 and m = £2%%, or vice versa. This is the only case for which the
section in Fig. 3.17 remains ideally lossless.

The f polynomial corresponding to Fig. 3.17 with the quantizations from (3.51) is given
by

m{l-n1-pn  kpd+nA+P) . m
+ +

— 2 km
f=1z +z('yl'}ﬁ(1+221)+ e 5 653

Clearly, the transmission zeros have moved off the unit circle. The movement is minimized
if the integer k or rn with the lower absolute value is obtained first, and the other is chosen

such that the product km is as close to 2% as possible without violating (3.52).
For the quantized power wave structure in Fig. 3.15, the constant term for the monic f
polynomial is given by -

ro={o + pi){af + B){o + B3) (3.54)

To ensure passivity, each factor in (3.54) must be less than one, thereby making the shift
away from the unit circle much greater than in (3.53). In Section V, a design example is
presented with both types of adaptors which clearly illustrates the relative advantage of using
voltage wave over power wave adaptors.
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3.6 Quasi-Lattice Termination of the Matched 4-Port Adaptor

In Sections 3.2 and 3.3, we examined the possibility of realizing elementary sections
using the matched 4-port adaptor with ports 2 and 4 terminated in allpass sections. In this
section, we investigate an alternative termination possibility; namely, ports 3 and 4 are
terminated in allpass sections, i.e.,

asz = S3bs and as=Ssbg . (3.55)

The resulting structures for both domains, obtained from Fig. 3.1, Fig. 3.4b and the port
references from (3.3), are shown in Fig. 3.19.

®am 1 [T &

—0— ¥y }—o0— 5

+
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ol

S3 S4
V2 «
0
o 1 I |
_n-1; 1-(-nrs .
S3—n+Y3 S4—1+(1—n)Y3 cos@=Yn sn@=V1-n

Fig. 3.19 Matched 4-port adaptor with ports 3 and 4 terminated in allpass sections.

Again, the WD circuit in Fig. 3.19 illustrates that a particular two-port characterization factors
in a natural way, i.e.,

-

[bl] “n Yl-n }[530}{ “n Yl-n }[01]
bl | YT=n m JLOSd| yT—0 v ['%2
[ S+ -mss —vn(l—n)(sg-&)][a1]=s{a1]
A n(I—n) (S3—8s)  nSs+(1—-n)$3 @ %

(3.56)

The grouping of wave variables in (3.56) corresponds to the scattering matrix representation
(see eq. (2.22a)). The corresponding transfer matrix obtained from (2.11b) is given by
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It can be easily verified that egs. (3.56), (3.57) correspond to a lossless two-port, 1.e.,
S+S = I where, for an allpass section S;, we have S;» = 1/5;. It follows from Belevitch's
representation (see (2.24)) that the corresponding reflectance and transmittance are given by

pi= lgl =nS;+ (1-n)Ss , §= Nn =) (S3-54) . (3.58a,b)
At a transmission zero, we have from (3.57) that

Sy =354 = p=253=2354 (3.59)
and d= [m %] = _n[Arg S3] — (1 - m) [Arg Sq) (3.60)

where we have used the fact that at y = j¢ <> z = ejoT ,|S3]| =[S4]= 1.

The main feature of the WD circuit in Fig. 3.19 is that it is structurally lossless, i.e., once
all the normalized 2-port adaptors have been converted to voltage wave adaptors, the number
of remaining multipliers that need to be quantized is minimal and, consequently, a one-to-one
mapping to a lossless analog circuit always exists. On the other hand, the WD circuit in Fig.
3.19 can only be made reflection-free, say at port 2, if both S3 and Sy contain delays in series
(factors of z-1). This is because the set of all directed paths from a3 to b, includes both
allpass sections — in contrast to the paths between a3 and b3 in Fig. 3.8. Consequently, 1st-
order sections, where either 3 or 4 has degree one, cannot be made reflection-free in a
computable fashion, i.e., it is possible to induce the reflection-free property numerically
through cancellations, but the resulting circuit still lacks the required delay in series for every
directed path between a; and b2. For sections of degree 2 and higher, imposing the
reflection-free property would mean inducing a factor of z=1 in both the f and £
polynomials (sce (3.58)), which compromises the ability of choosing desired transmission
zeros and is therefore unacceptable. We conclude that the circuit in Fig. 3.19 cannot
simultaneously satisfy the requirements of the reflection-free property and an independent
selection of transmission zeros.

Forgoing the reflection-free property, the WD circuit in Fig. 3.19 can realize all 1st-order
reciprocal sections by letting S4 =1 and selecting S3 from Figs. 3.9a and b. For example,
letting

-1 _
Se=1 and S3=——_B (3.61a)
1 —2-1
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results in the following scattering coefficients obtained from (3.58):

;g:?n(l—n) (1+1)(1-1) and ﬁzrl(n-—'}g(l—n))+1—n—y3n (3.61b)
1-pz1 8 1 -zt

The degree of freedom provided by 7 is required for fixing the location of the pole (zero of
g). It would appear that the degree of freedom prov1ded by n could be used to induce a
reflection-free port 2 by simply letting

(3.62)
£}

= = =1—pz-1 =1- v = (1= 13)z-1
e =T @11, g=l-pzt , h=1-9 , =(1-1)

Comparing (3.62) to port 2 reflection-free polynomials in Table 3.3, it is clear that for

B= — 0 the two circuits are equivalent, as shown in Fig. 3.20. However, the WD circuit
1+8
in Fig. 3.20a has a structural reflection-free port, i.e., every path from a3 to b3 must pass

through a delay; whereas the circuit in Fig. 3.20b creates a factor of z-1 in h« numerically,
not structurally: Consequently, the former circuit is preferable.

nCTa I N o™ ] :

|
(@) I I Y (b)
B |
0
bt I by I a
cos 0= — B =._.6__ cos 8= ———L
5+1 5+1 26+1

Fig. 3.20 (a) WD circuit from Table 3.3 and (b) its equivalent.

By making the remaining selections for S3 and Sy, circuits that are equivalent to those in
Tables 3.1, 3.2 and 3.4 can be derived. If S3 is chosen to be a 2nd-degree allpass section
from Fig. 2.11, equivalent circuits for Tables 3.5 and 3.6 can be derived. In all cases,
however, the conclusions made with regards to Fig. 3.20 hold.
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Another type of 2nd-order section that can be realized with the structure in Fig. 3.19 is
obtained by letting

_ -1 - -1_ -
t ¥

= S: N ==
L—pel 7yt T g

which are allpass sections obtained from Figs. 2.9a and b, respectively. Substituting (3.63)
into (3.58) yields the following canonic polynomials:

f==2¥a(—n) (y? - y3y) g =y +yn)(y+ ya)

h=@n-1) W -2y sy

(3.64)

To ensure stable realization, the conditions y3 > 0 and yy > 0 must hold, which means that
a section described by (3.64) realizes a pair of transmission zeros on the real axis (see the f -
polynomial in (3.64)), i.e., a C-section from Table 3.11. An equivalence can be established
between (3.64) and the primitive polynomials in Table 3.11 by setting

_,1-p _9+p _ 1+p _9-p
uf3_r1+p<—>}g—1+p¢ , W_rl—pH%—l—pqo (3.65a)
and cos B=1vn =cos%’ (3.65b)

The solution given by (3.65) can be derived independently by solving (3.59) and (3.60). It
follows that, as an alternative to the WD circuit in Fig. 3.15, section 2C without a reflection-
free port can also be realized using the circuit shown in Table. 3.13. Note that the canonic
polynomials for this case are the primitive polynomials from Table 3.11.

For n = 1/2, the scattering matrix in (3.56) reduces to

_1 S3+ S84 54— 53
S 2184-83 §3+ 84 (3.66)

which characterizes a symmetric lattice filter [11], which was shown in Fig. 2.12. It is
common practice to set # = 1/2 when an entire filter is realized using the structure in Fig.
2.12. However, when the structure in Fig. 3.19 is used to realize a particular section, or a
group of sections, which is part of a chain connection, the degree of freedom associated with
n is fixed by the particular filter being implemented and, in general, is not equal to 1/2. For
example, the turns-ratio for the 2nd-order section in Table 3.13 is not a free parameter. It is
for this reason that we refer to the structure in Fig. 3.19 as quasi-lattice.
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Table 3.13 Quasi-lattice realization of non reflection-free section 2C

1-p _14+p
+p "1,
2rpd
n =cos?-=
pe—1 2
_ 1
(1 —ny
_$-r
B - pp

cos@=Yn = cos—g

sin@=Y1-n

As mentioned in Section 2.3, in addition to structural losslessness, WD lattice filters are
in many ways the most efficient WD structures available [11]. They can realize odd-order
Butterworth, Chebychev and Cauer (elliptic) responses [2],[5] with only as many 2-port
adaptors as the degree of the filter. They can also be used to realize a chain of elementary
sections more efficiently. For example, consider a chain connection of two elementary
sections shown in Fig 3.21a. By applying basic network equivalences [53], the circuit in
Fig. 3.21a can be converted to its equivalent shown in Fig. 3.21b. A match can be
established between Fig. 3.21b and Fig. 3.19 if the former circuit is cascaded with an ideal
transformer with the turns-ratio given by

1-m ,\/ (1-n)C
B ot~ = —1 .
v - Coon (-G < cos 8=2m (3.67)
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Fig. 3.21 (a) A cascade of two elementary sections and (b) an equivalent circuit that
corresponds to the quasi-lattice structure in Fig. 3.19.

It follows that in the WD domain, a chain connection of non-reflection-free sections 2D
and 1B and a 2-port adaptor defined by (3.67), can be replaced with a WD circuit in Fig.
3.19 with S5 and S4 from Figs. 2.11a and 2.9a, respectively. The resulting structure, as
shown in Fig. 3.22, requires one fewer 2-port adaptor than the cascade realization and is
structurally lossless. However, to ensure computability, it must be terminated on both sides
by sections with reflection-free ports.

(7}
cos9=Ym —_—

[

1 e e o
O» L T j—f
-1

At

Fig. 3.22 Quasi-lattice WD circuit of a 3rd-order section.
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IV. SYNTHESIS ALGORITHM

In this Chapter, we present a synthesis algorithm that, given a set of canonic polynomials
{f, g, k) with f given in factored form with a chosen order, provides sets of values
{wi, pi, di} in the y-domain or {z,-, Pis 6;) in the z-domain, with each set characterizing an
elementary section whose chain connection realizes the given {f, g, #}. Having obtained
these characterizations, it is then possible to derive the realization circuits. This step,
however, is completely independent of the cascade decomposition process.

Two cases are examined: 1) all the transmission zeros are distinct and 2) at least two
zeros share the same location. It is shown that the multiple-zero subset requires a slightly
different characterization — referred to as the sample characterization — from the distinct zeros.
Finally, several methods of extracting the last constant section (an ideal transformer ¢ 2-
port adaptor) are presented.

4.1 Cascade Synthesis of Lossless Two-Ports with Distinct Transmission
Zeros

The class of filters with distinct transmission zeros includes transfer functions with
optimum selectivity. Included in this class are Cauer (elliptic) responses which are known to
have the optimum selectivity, and are therefore of great interest.

We are given three polynomials f, g, and / that satisfy gg+ = hh« + ff+ and the other
Properties 1-7 from Section 2.4. For the distinct transmission zero case, the number of
transmission zeros always equals m = deg g, with one transmission zero possibly at
infinity. The complex transmission zeros are grouped with their complex conjugates, which
must always exist since f is real, to form real factors. The polynomial fis given in factored
form

L
=11+ (.1)

i=1

and the order of the L real factors specifies the desired sequence of transmission zeros in the
final realization. Common factors between g and & are allowed as long as m = deg g is
determined with the common factors included.

The first two steps of the algorithm convert the input polynomials into a set of numbers
which, in effect, forms a different but equivalent characterization of the lossless two-port
network. The algorithm is presented for the y- and z-domains in tandem because the
differences that do exist are minor.

Step 1. For the set of transmission zeros {y; : f; (yi) = 0} & {zi‘l i (zi'l) = 0} compute
the reflectance values
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pi=pi(vi)=L(w) i=1(DL 4.2)

For each transmission zero located at y; = j ¢; <> z;! = e7®T where ¢; =tan (93_2:2) it
follows from Property 6 (p.25) that it is sufficient to retain the argument of p;, i.e.
S pi= eidi “4.3)

As will be shown shortly, the unimodularity of the reflectance cannot change during the
decomposition process — a property important for numerical reasons.

For the z-1-domain, we use (4.2) and (4.3) with v; replaced with z;-1. Due to Properties
1-3 (p.11-12), the reflectance values for the two domains are the same.

Step 2. For each factor f; that corresponds to a reciprocal section, ie., fi = 0 fi+,
compute the value of the delay:

di=d;i(y) = %{Vf;)— %{y/,-) o dilz)= %(zgl)— %(z;l) (4.4a,b)

As was shown in Section 2.4 egs. (2.35), (2.36), it is convenient in the z-!l-domain to
multiply the d; (z;!) by —z;1, i.e. we define

0 = ~Z{1 d; (Z,-'l) (4.5)
For y; = j ¢; ¢ z;! = e59iT, we have from eq. (2.36) that

_ d;
%= 2cos2 (ﬁT—) 0

2
As ¢; -0 , T — 7, and it can be shown that §; = % Again, the delay values for both

domains are simply related.

Theorem 4.1: The set of values {y;, pi, di:i=1(1)L} & {z;l PP, 0= 1(1)L} is
sufficient to complete the cascade decomposition of a lossless two-port to within a constant
section. Moreover, these values are sufficient for any chosen order of the transmission zeros.

Proof: First note that the d; <> &; for nonreciprocal factors of f are not needed and are
included above and below for ease of presentation.
From Lemma 2.2 we have that the reflectance and delay values for the first member of a
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cascade are given by p; and d (61). In Chapter 111, it was shown that the set {y , p1 , di}
& {zl‘1 y P1s 61} forms a minimal characterization of every 1st and 2nd-order elementary
section. From this set, one obtains via Tables 3.1-3.13 the canonic polynomial set
{01,f1, 81, k). To add flexibility to the decomposition process, the set {o7,f1, g1, h)
is usually chosen to be the primitive set. We return to this point later. Note also that the
choice of f1, and hence the first section, is completely arbitrary, and is initially specified by
the user.

The next two steps of the algorithm, which are developed here as part of the proof of
Theorem 4.1, involve the recomputation of the remaining values {y;, p;, di: i =2(1)L} &

{z;1 WPy G i= 2(1)L] such that the new set characterizes a lossless two-port network with
L :
Jo = H fi and of degree m — my, where m; is the degree of section 1. The extraction and

i=2
recomputation steps are depicted in Fig. 4.1.

h
81
Ly
Oy Jo
T
g he
—O—<— | l—0
ol
51
{vi,pi,dii=1(1)L) (Wni» Poi» dpi 2 i = 2(1)L)
olz o, ai=100L) olzl, pu, &iii=200)

Fig. 4.1 Flowgraph representation of the basic extraction step.

At this stage, most other synthesis algorithms simply attempt to obtain, through various
means, the remainder polynomials { 03, fp, g, #i»). From (2.46), these are given by

o ~ O i =f_ , =g1*g~’11*h h =g1h—hlg 4.7a
*" o To T fifi+ *T oufifie @79

and were simply obtained from Ty, = TIIT. Fettweis has shown [3],[4] that a realizable
(Hurwitz) polynomial g, of degree rm —my can always be found. This is equivalent to stating
that there can always be found {0y, f1, g1, 711} such that the numerator of g in (4.7a)
contains the factor fifi+, and once this common factor has been cancelled, the remaining
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polynomial is strictly Hurwitz, i.e., all the zeros are strictly in the left-hand plane <> inside
the unit circle (z-plane). In other words, the factor fif1+ is a removable singularity. Forcing
the factor fifi+ to appear in the numerator of g, in (4.7a), also induces the same factor to
appear in the numerator A;, in (4.7a) [3],[4]. Most synthesis algorithms can be distinquished
from the practical point of view by the method they employ in effectively removing this
common factor.

However, to be able to extract the next elementary section, it is sufficient to know
{v2, pu(y2), dp(yn)) < {22‘ 1 Pz, 1), dp(z3 1)}, from which one again obtains via Tables
3.1-3.13 the canonic polynomial set {09, f2, g2, h2}. An explicit knowledge of
{Cb, fos &b, hp} is therefore not required in order to 'con'tin‘ue with the extraction process. We
now show how to obtain {wy;, pPpi, dpi:i=2(1)L} from the knowledge of
{vi, pi» d; 1 i =2(1)L}and {o1 , f1, 81, I}, and similarly for the z-domain.

From (4.7a) we have

b_p
_he_ sih—Mg Big—M
Pp == = . (4.7b)
8y oy (g;*g—hl*h) o] (8'1* _hl"’%)
1t follows from (4.7b) that at the remaining transmission zeros
Pri(¥) :[ 81Pi ~ I o poilzl) = [ gipi=i ] i=21L . (4.8)
01{g1+ — h1+Pi) Jy= ys : o1 (g1 — hyspi) i = 1

For a lossless two-port ppi(y;) # 0 or oo, i.e., if the numerator in (4.8) becomes zero, then
hi_ 81+
81 hl *

. . - h}hl* 1* [ 1# N o . . .
substituted into 1 = Rig1r +L1f—gigl* , yields Z121F w;) = 0. This contradicts our original

assumption that all the transmission zeros are distinct. Thus, eq. (4.8) poses no arithmetical
difficulties.

so must the denominator. For this to occur , we must have = p; which, when

Lemma 4.1: Unimodularity of the reflectance is preserved during an extraction step
described by (4.7b), i.e., if p; = /% then pp; = e/,

Proof: A reflectance can only be modular at y=j¢ ¢ z-! = ¢9T. Evaluating (4.8) at
vi=Jj ¢ o z;! = e 70T yields

i) = pilg1 - mpi) =Pi(81—/11P:)
pb!(]¢l) o1 (gl* — hI*Pi) o1 (g;‘ ~ h;p,‘)

_ pile1—inp]) _Pi
01 (81—’11;0?)* o

4.9)

exp |27 Arg (g1 — hup)]
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In deriving (4.9) we have used the fact that gi+(j§) = g1(-7¢) = 21(i¢), and similarly for
hi+. From (4.9), it follows easily that

api = 0; + 2Atg (g1 — i) - Arg (01) (4.10)

In the z-domain, we have gi+ = z-g(z) and hy» = z7™hy(z) where m; is the degree of

section 1. The term z-" induces an additional factor in (4.10), i.e.,

api = 0 + 2Arg (g1 — hyp) - Arg (01) - moT (4.11)

In summary, eq. (4.8) is used to recompute the reflectance values associated with

transmission zeros located off the j@-axis <> unit circle, and egs.(4.10)-(4.11) are used to
recompute the arguments of unimodular reflectances.

To complete the proof of Theorem 4.1, we must also show how to obtain the delay

values of the remainder network. The delay function is defined by d := [ln %] From (4.7b),

we have in the y-domain

gre—hplt\[
PR IR Y L
‘ 81— -

h

(g1+) —(hl*g‘), _(81)' —(hx—%)’
gl*—hl*g‘ gl~h1‘% @12

) g+ 1llmg)+ amas) 8 &y )

g1 —hl*—g g1 -h]i—

=d+

hyrd gk |y deb g
+

h_ 8* _
81y h 81, h

=d +

where we have used (g+) = (g1(-¥)) =~ (g;(q/))* and similarly for hy+. At = y;, we have
from ggs = hh« + ffs that %(w,-) =‘%f~(1;f,-) and d (y;) = d=(y;), where the latter fact was
*

shown in the proof of Lemma 2.1.Substituting these results into the last line of (4.12) yields
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hy +di by — pi g,
dyi=di+ A(y)+ A(-y)  where A(%):{ : p.-g?—figl}ww (4.13)

For y; = j ¢4, eq. (4.13) simplifies to
dy; = d; + 2 Re {4 (i)} (4.14)

Note that the denominator of A (y;) cannot vanish for the same reason as for eq. (4.8).

In the z-1-domain, we have (g1+) =(z-mg1(2)) = myz g1+ — 22 (g;)*, and similarly for
l11=. Substituting these into (4.12) and (4.13) yields

hy +d; by - pi g,
dypi=d;+ Alz;") + 22 A(z)+zim;  where A(zgl)—:-{l 7 p‘giJ (4.15)
: pig1—h 71 =zt

For z;1 = ¢767, eq. (4.15) multiplied by —z;! simplifies to
8vi = & — 2 Re {A (eF@T) e-ixT} — my (4.16)

Having obtained {4, Poi, dpi 1 i = 2(1)L} & {zgl-l, Pbiy Opi 1 i = 2(1)L}, it is now possible to
continue on with the extraction process, i.e., subscript b in the above is dropped and the
next transmission zero is selected. This completes the proof of Theorem 4.1.

Summarizing the recursive part of the algorithm:

Step 3. Select transmission zero j. From the set of values {y; , p;, d;} & (zj‘1 o 5,-]
obtain from Tables 3.1-3.13 the corresponding primitive polynomial set {0, fj, g, hj}. If
desired, circuit parameters that realize this section may also be computed.

Step 4. Recompute the d; <> §; for the remaining transmission zeros using the formulae
(4.13)-(4.16) with subscript 1 replaced by j.

Step 5. Recompute the p; at the remaining transmission zeros using the formulae (4.9)-
(4.11) with subscript 1 replaced by j. When recomputing for a transmission zero at infinity,
the mapping W —1/y < z-1 —z must be applied to k; and g;, regardless of the type of
section j. For all 1st-order sections j, this mapping also induces 0; — 0.

Step 6. Drop subscript b and return to step 3 until all the transmission zeros are
extracted.

Step 7. Extract the final constant section (see Section 4.4).
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4.2 Recomputation Step Using an Ideal Transformer <> 2-port Adaptor

In practice, it is desirable to have the option of extracting three kinds of canonic sections:
port 1 reflection-free, port 2 reflection-free, and a feed-through at some frequency. The
simplest way of achieving this flexibility is to extract a section described by the primitive

polynomials first, followed by the extraction of an ideal transformer <> 2-port adaptor that
induces the desired property. The canonic polynomial set resulting from absorbing an ideal

transformer <> 2-port adaptor is given in Fig. 4.2a, where for port 1 and port 2 reflection-

._hf_. and cos 6= __h_Pj._
Op 8p* Op gp
analog domain, the ideal transformer is usually chosen such that it eliminates the ideal

transformer that was induced by the primitive polynomials themselves (see for example Table
3.7). This is in keeping with the usual criterion for analog circuit design, i.e., minimization
of the number of ideal transformers. Although an extraction of these zeroth-order sections is
an explicit step in the synthesis algorithm, they are usually absorbed in such a way that they
do not explicitly appear in the final realization.

free sections, cos 8= at y=1 (2'1 = 0), respectively. In the

.........................................

N

o o aq by

o—pt —0
@ Ne n ” ! (b) 9

ot—1

Lo, E O bl @®

=1, si = = tan-& b
f=fpsint o=0, n tan2 plza_} pzz%

h=hp"'(C03 9) O-p gp* 3 g=gp"(cos G)O}?hp* d] =_(1np1)’ d?.z"(inp?) '

Fig. 4.2 (a) Absorption of an ideal transformer. (b) Recomputation step using a 2-port
adaptor.

To complete the extraction step, the reflectance and delay values must be recomputed, as
shown in Fig. 4.2b. From Fig. 4.2b and eq. (2.14), it follows that

pp=PLTCSO L for pi=tl @.17)

—1+p1c059

79



For p) = ej®, eq.(4.17) reduces, using Lemma 4.1, to
tan %2 = tan2 & tan &L (4.18)

For the delay values, it follows from (4.13, (4.15) and (2.14) that

d1 & 1+cos20+(py + 1/py)cos 6
_ sin o f = it 4.19a,b
sin o1 or pp=el™ (4.19a,b,c)

I}
= [tan2 %] : for pp==%1

Tt has been observed experimentally that the two-stage recomputation process, in addition
to the flexibility that it offers, produces less roundoff error than the process that extracts

sections with the ideal transformer «> 2-port adaptor already absorbed. This is mainly due to
the fact that the coefficients of primitive polynomials can be obtained from the minimal set

{vi,pj,dil & {zj“l ' Pj s Ej} with high accuracy because of the simple nature of the

algebraic expressions involved; and the recomputation step using the ideal transformer <> 2-
port adaptor via (4.17)-(4.19) is also of a simple nature.

Ilustrative Design Example

To illustrate some of the results in this and the previous section, a simple example has
been constructed, as shown in Fig. 4.3. The canonic polynomials are obtained by combining
the three canonic sections using (2.39):

f=16Zy(y? + 1) F=2T@1-1DE1+1)(2+1)
g =4yt + 283 136y + 44y + 16 ¢ g=z4-z3-322-57-1-8 (4.20)
h=—4y*—4y? 4y? + 12y + 16 =-3z3-5z2-7z71 -1

and o= —1. The first two sieps of the algorithm involve evaluating the reflectance and delay
functions at all the transmission zeros, i.e.,

v =0 a;=0 di=2 Zf1=1 o =0 6 =1
[{f2=c>o =1 d2=6 > zil =_-1 =7 52=3 (4.21)
ya=j o3=-m2 d3=2 zl=—j ooy=-m2 &=2
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Applying step 3: the first row in (4.21) characterizes Section 1C from Table 3.3, as shown
for both domains in Fig. 4.3.

10} =1 o= 1 o= 1

=2 E1-1) f2=Y2 @1+ 1) =2 @2+1)
g1=2”1—2 ga=z14+2 g3=z‘2+2

hl =-1 hg =—1 h3 =-1

Fig 4.3 Design example of a 4th-order filter.

Steps 4 and 5 of the algorithm involve recomputing the remaining two rows in (4.21) using
the primitive polynomials for section 1C from Table 3.3, with the results given by

=00 (o= d =4
'] 2 2 4.22)

Gl=-lm=n &=2
yva=j m=n dy=2

'=j ;=71 8=2

The second stage of the extraction step involves choosing the zeroth-order section parameter
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that, for the example under consideration, makes port 2 of section 1 reflection-free. From
Table 3.3, we have cos € =—1/3. Recomputing (4.22) using (4.17) and (4.19¢) yields

(4.23)

wy=j oz=7 dy=1

Z:;l:—j oz=7m O3=1
The recursive part of the algorithm is now repeated. Row 1 in (4.23) corresponds to section

1B from Table 3.2. Recomputing the last row of (4.23) using the primitive polynomials for
section 1B from Table 3.2 yields

[ws=j aws=7m di=1] & |z7'l=—fjoz=n &=1 (4.24)
3

The reflection-free port 2 inducing parameter is given by cos 6= 1/3. Recomputing (4.24)
yields

[wa=j =7 d3=2] & |xgl=—fo=1 &H=2 (4.25)
3

Finally, (4.25) corresponds to section 2B in Table 3.6. The reflection-free port 2 inducing

parameter is given by cos 6= 1/3. At this stage, the last constant section is extracted —a step
which is presented in Section 4.4.
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4.3 Sample Characterization of Multiple Transmission-Zero Subnetworks

When at least two elementary sections share the same transmission zero location
7 zj‘l, it is not possible to obtain for the second and the following members of the

multiple set the required {p;, d;} <> [pj, 5]) from the overall {f, g, &} evaluated at

. -1
%(—)Zj .

This is because, at Y= yj <> z71 = zj"l, the 1st member of the multiple set
effectively decouples the remainder network, including the remaining members of the
multiple set. ' ' -

A solution to this problem , within the framework of reflectance values, has been
advanced by Martens [54]. Instead of the usual characterization {y; , p;, d;} ©

z}.‘1 ., Pis O } for each transmission zero of a multiple subset, a single characterization is

used for the entire subset of multiple zeros. Since insufficient information is available from

1

p evaluated at y=y;¢> z71 =2z without computing higher-order derivatives, the

J
proposed characterization takes the form of N =m+1 samples of polynomials 4 and g
taken on a circle with radius » centered at the location of the multiple zero, i.e. we compute

for a multiple zero v
{(Bin: Bjn=h{(y;+r W"), n=0(1)N-1} (4.262)
(8n: gjn=g (Wi +rW"), n=0(1)N-1) (4.26b)

where W=¢e/2%N N = m+1, and m = deg g. We refer to (4.26) as the sample
characterization.

The values p; and d; can be obtained from {4;,} and {g;,) by using the following method.
First note that it is always possible to express polynomials k and g as

N-1 N-1
hy =2 aly-w) .  gW= bilv—w) (4.27a,b)
i=0 i=0

where {a;} and {b;} are coefficients of the Taylor series expansion about y = ;. Evaluating
hand g in (4.27) at y = y; + r W" yields

N -1 N-1
hin= 2, @riWi® | giu= > biriwin (4.28)
i=0 i=0

Expressions in (4.28) have the form of the discrete Fourier transform (DFT) generalized to
radius r [33]. It follows that ({a;}and{%;,})and({b;)and {g;,}) form DFT pairs
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generalized to radius r. This also follows from an observation that a set of polynomial
coefficients can be thought of as representing one period of a periodic discrete-time signal
which, in turn, can be represented equivalently using its DFT coefficients. From
computational considerations during the cascade synthesis of lossless two-ports, it is much
easier, when completing the extraction step, to recompute the DFT coefficient set than the
corresponding Taylor series coefficient set, even though only the first two Taylor series
coefficients are needed to characterize any elementary section.
It follows from (4.27) and (4.28) that

-1 N -1
hy)=ao=2 3 hn . gW)=bo=3 2 gn (4.29a,b)
n=0 n=0
N-1 o N-1
K (y)=a =# hin W, gy =h ’"‘?lz\? S gin W (4.29¢,d)
n=0 n=0
h(y) gy Ky
and = et , d; = - 4.30a,b)
i 5w =g w) ) (

During the ith extraction step, the sets (h;,} and {g;,} where j > i, are recomputed in the

y-domain using (4.7a) with subscript 1 replaced with i, i.e.

hin 8i — &jn hi] - lgjn gix — hjn hi*]
oififix  ly-y, / fifir V=Y

hbjn =[ n=0(1)N-1 (4.31a,b)

where Win=Yj+rW" , n=0(1)N-1 4.32)

Note that the section being extracted (section i) could be the one that realizes one of the
multiple zeros ;. When recomputing using an ideal transformer ¢> 2-port adaptor with
n=tan 6/2, egs. (4.31) reduce to

. _ hjn+ gjncos 6 _ 8jnt hjycos 0
Wjpn=—"——————— , 8bjn =" —
sin “0

n=0(1ON-1 (4.33)
sin 20

Note also that the sample characterization requires an independent processing of polynomials
h and g from which one obtains the same characterization of section i.

In the z-l-domain, the multiple transmission zero at z-! = z;! case is handled in exactly
the same way as in the w-domain. The same equations (4.26)-(4.33) are used with y;
replaced with z;! and v, with
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Zil=zler,W" , n=0(L)N-I (4.34)

For both domains, to extract the ith section that realizes one of the multiple transmission
zeros, the p; and possibly d; (6,-) are needed which are obtained using (4.29)-(4.30). The
remaining members of the multiple zero subset are characterized using {hp;,} and {gpjn}. As
in step 6 of the main algorithm, subscript b is dropped and the next transmission zero is
selected.

Remarks:

1. The radius 7 (r;) is chosen to be 1/5 of the Euclidean distance between the multiple
ZeTo Y (z j'l) and the next nearest transmission zero. The values r and r, are usually different
and both are much less than one. This choice has been determined experimentally and has
been found to work well in practice. '

2. It has been observed through numerous examples that the expressions in (4.29) tend
to average out errors that might have accumulated in {#;,,) and {g;.}.

3. The sample characterization is not restricted to the multiple zero case. It can be
applied to characterize distinct zeros as well. For the distinct plus multiple zero case, using
the sample characterization for all transmission zeros simplifies the logical structure of the
overall program, at the cost of substantially increasing the total number of polynomial
evaluations. It has been observed that the accuracy of both approaches is comparable.

4. At the outset, the size of the sample sets characterizing the subnetwork that realizes the
multiple-zero subset could be limited to the degree plus one of that subnetwork. Also, after
each extraction step, the size of both {4;,} and {g;,} could be decreased by m; to reflect order
reduction. However, it has been found more convenient, from the point of view of
programming, to keep the size invariant. Also, the averaging-out-of-error effect is more
pronounced with the larger sized sets.

Hlustrative Example

Consider a cascade of three elementary sections with a multiple zero of order three located
at = 0, as shown in Fig. 4.4. The canonic polynomials for each individual section can be
obtained from Tables 3.3 and 3.4. The overall canonic polynomials for the circuit in Fig. 4.4
are given by

o=-1 , f=v? , g=v3+3y2+4y+4 | h=y?+4 (4.35)
Evaluating 4 and g at w=e/"%2 | n=0(1)3 sample points, yields the sample
characterization which is given by the first row of numbers in (4.36):

85



| N {
O I} O \1 O
Ci=3 1 9=
i 2
O O
pi=1,d =1 —1 Jdh=1 p=1,d3=1

Fig. 4.4 Example of a circuit with a triple transmission zero at = 0 and the sarnple
locations in the y-domain..

hy hp hp hia g1 g2 &3 & pi 4
j=1 5 3 5 3 12 1+3% 2 1-3 - 1
j=2 2 2 2 2 5 1+2 1 1-2 - -1 1
j=3 1 1 1 1 2 1+ 0 1-j — 1 1

p1 and d are obtained from row 1 in (4.36) and eqs.(4.29) and (4.30). Rows 2 and 3 are
obtained using the recomputation formulae (4.31) with rows 1 and 2 as input, respectively.

The problem of the decoupling property masking-out sections that follow the first
member is not limited to multiple zeros. It also applies for the case where f = I1 f; contains

factors, say f; and f, that are Hurwitz conjugates of each other, i.e., fy = £fjx. For real f,
this can happen in two cases:

fe=ffi=(y-n (w+n=y*-r (4.372)
Jo =ffe=(y2-2rcos g y+r?) (w2 +2rcos g w+r2) =yt —2r2cos 2¢ y2 +rd (4.37b)
Note that fc in (4.37a) corresponds to polynomial f of section 2C (see Table 3.11) and,
therefore, could be realized with that section. In the analog domain, fp from (4.37b) is
usually realized with the Darlington D-section. Here, however, we are interested in realizing
fc and fp with a cascade of two elementary sections which do not necessarily have to follow

each other in the overall cascade. For both cases, the overall {f, g, 1} evaluated at
v = y; = -y, (i.e., the zero of f) yields

1 =By =220y =Ly by = py (4.38)
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Since, in general, pg and p; are independent, eq. (4.38) implies that p cannot be obtained
from the overall {f, g, /) due to the decoupling property.

To obtain py from the overall {f, g, h}, first note that the fc and fp in (4.37) correspond
to reciprocal subnetworks. By Lemma 2.2, dc(y) = d (W) and dp(yi) = d (y). The
polynomials sic and g¢ can be obtained by combining the two elementary sections that realize
f; and fr. From (2.39) with @ and b replaced with j and k respectively, we have

T
dc :'—‘[ln &C‘] A0 73 U g

i h
A (439
‘ h ’ ' h ! |
gyt orhk(he) —dume) i+ o gtlar) ~ dusy)
h h
g+ il 5& hj+ ojgj+ g

At v =y = —y;, it follows from (4.38) that %(wk) = %‘-'_( We). Substituting this result into
j
(4.39) and solving for py yields '

gy (4 —d (w0 ) g
pr= 55w = ( 2ty —d (_%)] AN (4.40)
For the z-1-domain, replace y; with z;l and d; (—yp) with z;zdj {z) in (4.40). Note that
eq. (4.40) cannot be used for the multiple-zero case because then, y; = 4, which implies
that section j is reciprocal and, consequently, d; (y3) = d; (i) = d (W).

Eq. (4.40) was used in obtaining p; for the C-section in Table 3.11. The Darlington D-
section with fp from (4.37b) can be realized with a cascade of two 2E sections from Table
3.10 and Fig. 3.15, where the reflectances fje/% and fie/® are obtained from the overall
{f, g, k) and eq. (4.40), respectively. The reflectance for section & is computed after section
J has been extracted.
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4.4 Extraction of the Last Ideal Transformer <> 2-Port Adaptor

The degree reduction that is effectively induced during the extraction step ensures that,
after all the factors of f have been exhausted, the remainder polynomials, if these were
computed, correspond to a zeroth-order section. In general, the remainder polynomials are
nontrivial (i.e. hg # 0) because the extracted sections are chosen with a desired property and,
together, they comprise a network with canonic polynomials that may differ from the given
ones by at most a zeroth-order section. It follows that an ideal transformer <> 2-port adaptor
must be extracted to complete the synthesis, as shown in Fig. 4.5a.

o— @ - 0O __:0
i B2
(a) Ny Np, ~a— n H B
By Az
o——1l Lo o B sl
pP2L 3]
By,
, 0
sin 9
—— @
(b) 2779 eos cos @
sm 7]
(O A‘ﬁz_c*
O’gI_‘L*
8L m

Fig. 4.5 (a) Extraction of the last ideal transformer and (b) its wave flowgraph equivalent
when section L is evaluated at =y, <> z-1 =z, L

There are several ways of performing this step of which two are described here. The first
method is based on the decoupling property of an elementary section Ny, when evaluated at

the location of its transmission zero y= yg, ¢ z-1 = z; 1, This is shown for the WD domain
in Fig. 4.5b with an actual flowgraph of a normalized 2-port adaptor. To simplify the
presentation, we define the following: let

hr* hx -
P =0y, fg[}, , P2 ——O'? evaluated at ¥ = wLe—)z-l =le (4.41)
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where subscript L pertains to the last section. The situation is essentially the same as for the
recomputation step using an ideal transformer <> 2-port adaptor (see Fig. 4.2b) except that
now it is the parameter n <> 6 that is the unknown. It follows that eqs. (4.17)-(4.19) can be
also be used here with p; and p; replaced with por and p; respectively, i.e.,

2 _
1—n*_ pa—p2 (4.42)
1+n2 papr-1

} = éos 0=

1+,02L][1-P2

2 Z(Q)= _
n“=tan > 1*,02LJ1+P2

For pyy, = ef, it follows from (4.18) that p; = e/, and eq. (4.42) can expressed as

—tan2 |8 tan 02 ,
n? =tan (2)-— —— (4.43)

If por, = %1, then also py = %1 (see (4.17)) and (4. 42) is indeterminate. For this case, one
can use (4.19¢), i.e.,

P
n? = tan® (ﬁ) = {@]pﬂ' (%L (4.44)
2 da 8
where the delays are obtained in the usual manner. For the Example in Section 4.2, we have
L= 6—553—*{ —j)=-1and py = ——{Z}t(—] We, therefore, must use (4.44) from

which it follows that n2 = tan?6/2 = (4/4) = I,

The sign of # cannot be obtained by using this method without additional considerations,
However, the sign of n is usually of little importance since its only effect is to change the
sign of the transmittance. If required, it can be obtained by evaluating the transmittance at
any passband frequency.

The second method is based on using the sample characterization {4y} , {gr.} for the last
section, regardless of the multiplicity of the last transmission zero. After the last section has
been extracted, its sample sets {A1,} , {grn) are recomputed once again using (4.31) with
{oi, gi. hi) set equal to {0, g1, k). This recomputation step induces degree reduction
since section L completely removes the last transmission zero, from which it follows that the
sets {hiprn) . {gbLn) characterize a zeroth-order network. From (4.29a,b) and the definition of
a normalized 2-port adaptor in (2.14), we have

—cos @ n?2-1
= = 45
hoLn 7 (4.45)

1 i 1 1+n2 1 M
8o= 8L — ., hg==
N 2 " sin @ 2n N3 sin @
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1-n?2 —h . 2 1
and n=go+hg=—1L «> cos = =—8  ginf@=—tlt_=_L1 4.46
Bot o= G h 1+n2 &0 Ton? 8 449

For the Example in Section 4.3, we have hy3, = {0, 0, 0, 0} and gp3, = (1, 1, 1, 1}, which
yields gg=1,hg=0 = n=1. Since the sample characterizations of polynomials % and g
are processed separately, this method also provides the correct sign of ».

One case that deserves special mention involves a circuit where all the elementary sections
are chosen with port 2 reflection-free. In this case, pyi=0 Vi at z-1 = 0, which, with
reference to Fig. 4.5b, implies that the signal By, is independent of A, and, therefore, the
reflectance at port 2 evaluated at z-1 = 0 only depends on the last transformer ¢« 2-port
adaptor. It can be obtained from )

32 v . 1—-112
&£ =—0—=c0s 0=
As 8 1+n2

evaluatedat y=1¢>z1=0 (4.47)

For the case under discussion, eq. (4.47) is by far the most accurate method of obtaining
n as its computation only uses the input data. It also provides an obvious means of
investigating roundoff error accumulation since the value obtained from (4.47) can be
assumed to be correct, and values obtained using the other two methods must be comparable
to it. It has been determined this way that the other two methods are comparable in accuracy
but highly sensitive to any errors in the solution of gg« = hlix + ff+, i.e., the input data must
represent a lossless two-port, otherwise the three methods of obtaining the last transformer
provide different answers. Also, it has been observed for the examples so far examined, that
no discernible differences exist between the same filters synthesized in both the
v~ and z-1- domains.
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V. DESIGN EXAMPLES

In this chapter, we present three design examples with the aim of demonstrating: 1)
numerical robustness and relative immunity to roundoff error accumulation of the synthesis
algorithm; 2) the effect of interchanging the reflectance and transmittance and using voltage
versus power wave 2-port adaptors on the sensitivity of the filter response to parameter
quantizations; 3) the possibility of deriving simplified filter structures by imposing a
constraint from (3.30) on every general 2nd-order section and using the quasi-lattice structure
from Fig. 3.22.

Synthesis algorithms that use the primary data only once and thereafter employ some sort
of recomputation at each extraction step, generate roundoff error that tends to accumulate
with each step. The amount of roundoff error that is generated depends mainly on the
accuracy with which the extraction step is performed. For the algorithm described in Chapter
IV, the only sources of roundoff error during the extraction step, assuming that
piand d; (&;) are computed in steps 1 and 2 with maximum precision, are the recomputation
formulae (4.8)-(4.16). If care is taken in evaluating these expressions, the propagation of
error can be kept to a minimum. For example, it has been found experimentally that for
highly selective filters, dividing each term in (4.13) and (4.15) by g; reduces roundoff error.

5.1 Example of a 14th-order Bandpass Filter [22]

The first design example serves to demonstrate the numerical robustness and relative
immunity to roundoff error accumulation of the synthesis algorithm. An extremely narrow
band 14th-order bandpass filter {22] with a relative bandwidth of 0.025% has been selected
for synthesis in the y-domain. The zeros of the canonic polynomials {f, g, k} are given in
Table 5.1.

Table 5.1 Canonic polynomials for the filter from [22]

Transmission zeros Zeros of g Zerosof h
178.992424181e-1 -1.1552342827076e-5 &7 8.9977021150841e-1 + 8.998624919%-1
1 9.004825819¢-1 -1.9199339335190¢-5 45 8.9982635148176¢-1 1 8.997450966e-1
4 8.996210097¢-1 -1.9199339335362e-5 45 8.9989864851824e-1 4 8.997714358e-1
4 9.001039903e-1 -1.1552342827346e-5 47 8.9995478849159%-1 17 8.998270474e-1
4 8.996751863e-1 -3.4936618244783e-6 3 8.9998092104884e-1 4 8.998979526¢-1
17 9.000498137¢-1 -3.4936618243715¢e-6 47 8.9974407895116¢-1 4 8.999535642e-1
0.000000000¢+0 -8.9969779610465¢-1 4 8.999799034e-1
-9.0002721784407¢-1

The transmission zeros are all distinct and are located at y = j¢, thus permitting a

reciprocal realization where each section is characterized by a transmission zero ¢;, a
unimodular reflectance value, and a positive delay. Note that all finite transmission zeros in
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Table 5.1 are indistinguishable to three significant digits. Both g and & polynomials are
monic and the constant factor of f is 3.29421739¢-4. The sequence of transmission zeros
that is specified in Table 5.1 is realized with a chain connection of six 2D (Brune) sections

followed by sections 1C (w = 0) and 1B (y = c°) — eight sections in all followed by a
constant section.

For comparison, minimal characterizations {qb,- Lo, dii= 1(1)8} for the final realization
were obtained using two independent methods: 1) from the element values in the final
realization given by Gttlicher [22] by using the analog element formulae in Table 3.7, with
the results given in Table 5.2. The synthesis algorithm developed in [22] operates on the
driving point impedance and requires an accurate zero-finding routine; 2) The filter was
synthesized using an .algorithm developed by Williamson [31] which is based on rational
interpolation and performs two factorizations to extract each section —a method which at each
step uses only the primary data. Williamson's results agreed with Gottlicher's to six decimal
places in the worst case, but the program was executed with only a 14 decimal precision.

Table 5.2 Reflectance and delay value comparisons for Example 5.1.

o obtained fom [22] | o syntheszed | d obtained from [22]|  d synthesized

-1.681979729¢+0 | -1.681979729e+0 1.863999613e+2 1.863999613e+2
-1.556678547e+0 | -1.556678547e+0 3.778343342e+0 3.778343342¢+0
-9.890250576¢-1 -9.890250576e-1 1.278142565e+0 1.278142566e+0
-1.703290746e-1 -1.703290747e-1 2.230086653e-1 2.230086655¢-1
-1.440055120e-2 -1.440055121e-2 2.204588942¢-2 2.204588948e-2
-2.285924135¢e-3 -2.285924149¢-3 3.750590767¢-3 3.7505909006¢-3
0.000000000e+0 0.000000000e+0 4.890808654e-4 4.890809058e-4
3.141592654e+0 3.141592654e+0 1.245308063e+0 1.245307860e+0

The synthesis was performed using the two-stage extraction step as described in Section
4.2. The resulting {q’); L0, diti= 1(1)8} are given in Table 5.2. A comparison with
Goattlicher's results clearly shows a slow accumulation of roundoff error, with the worst case
for dg accurate to 7 significant digits. Such a slow rate is acceptable and, for common filter
specifications that are normally much less stringent, the roundoff error is completely
negligible. When the filter was synthesized using a one-stage extraction step, where the ideal
transformer is absorbed by the primitive section before the recomputation step, three
additional digits of accuracy were lost in the final section.

The final transformer value from [22] is given by n = 0.8317997714, and the values
obtained using the two methods described in Section 4.4 are given by: from (4.44) n =
0.831799704, and from (4.46) n = 0.831799443. Again, the correspondence is quite
acceptable, with the differences having no practical consequences. The frequency response,
shown in Fig. 5.1, was obtained by combining the synthesized sections in the frequency
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Attenuation / dB

domain using the following method: at y = j, the transfer matrix for each elementary section
can be expressed as

Ti (j§) = —Le [7' P"} where p,-:=—g% , w=adl 6D

"/1“|P£|2 Y Pi 1

where ¥ is clearly unimodular. The product of two transfer matrices Ty =T;T; at any
W= j can be obtained efficiently by using

* f+ :( Ay l* R
polieiol o ey (5.2a.6)
ntpi P %+ Pi P

Note that % is also unimodular and, therefore, only its argument needs to be retained.
Assuming that p; and p; are given in polar form, only two polar-to-rectangular and two
rectangular-to-polar conversions are required to evaluate (5.2). Once the overall reflectance

p is obtained, the magnitude of the transmittance follows from the complementary-
responses property in (2.27) and is given by v 1 | pl.
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Fig. 5.1 Frequency response for Example 5.1 with the horizontal scale in radians per second.
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5.2 Example of an 8th-order Bandpass Filter

The second example is an 8th-order bandpass filter taken from [16, Ex.7.1] and
synthesized in the z-!-domain. The transfer function is the result of an optimization with the
following specifications: find a bandpass transfer function with two finite transmission zeros
and transition regions from 0.3257 to 0.35x and from (.47 to 0.4257 such that the
passband ripple is within 1.5 dB and the minimum stopband attenuation is as large as
possible. The resulting canonic polynomial set {f, g, A} that satisfies these specifications is
given in Table 5.3, where Tp = f/g is the desired transfer function.

Because WD filters are inherently bidirectional and provide two complementary transfer
functions, it is possible to realize a given transfer function as either a transmittance or a
reflectance. For this example, the desired transfer function was realized both as a
transmittance and as a reflectance to show the differences in stopband sensitivities to
multiplier quantizations and the efficiency of the final realizations.

Table 5.3 Canonic polynomials for Example 5.2.

Zerosof f Zerosof g - Zeros of It

Radius Angle/n Radius Angle/n Radius Angle/rt
1 40.430034232 | 0.991526647455 | £0.350675396513 1 +0.351732711368
1 4+0.320538560 | 0.976757231041 | £0.364509517763 1 10.365109796566
0.977066484118 | +0.385806739120 | +0.385182448776
0.991727478015 | £0.399341528947 1 10.398308216049

Constant factor of f Constant factor of g Constant factor of £
0.00080521 : 1 0.938442111704

By letting Tp = f /g, we have a multiple transmission zero of order 4 at z-1 = 0, which is
characterized using the sample representation described in Section 4.3. The resulting WD
circuit parameters for an arbitrarily chosen sequence of transmission zeros are given in Table
5.4, WD circuits for sections 1E and 2D can be found in Table 3.8 and Fig. 3.15,
respectively. To ensure computability, all sections were chosen with port 2 reflection-free.
The parameter for the final 2-port adaptor was obtained using (4.47), and is given by
cos 6=-0.9384421117. We should point out that, initially, the data from [16] did not
satisfy gg+ = hiw + ff with sufficient accuracy to permit verification of the given circuit as
was evidenced by the three different answers obtained for the final 2-port parameter. The
Feltdkeller equation was subsequently resolved to allow a more acceptable match between the
results from the three different methods described in Section 4.4,
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Table 5.4 WD circuit parameters for Example 5.2 realized as a transmittance.

Section Transmission
Type Zero angle/n Bofr 0\/x 0y/n Os/n
1E 0 0.61226914 | 0.50000000
1E 0 0.87522338 | 0.50000000
2D 0.430034232 | -0.40234062 | 1.03255564 | 0.37250176 | 1.40234062
1E 0 0.52873577 | 0.50000000
1E 0 1 0.87719940 | 0.50000000
2D 0.320538560 | -0.39450193 | 0.96882327 | 0.37498973 | 1.39450193

Two types of multiplier quantization schemes were examined: 1) with two quantizations
per normalized 2-port adaptor such that passivity is maintained, and 2) each normalized 2-
port adaptor was converted to its voltage wave equivalent (see Fig. 2.7) and, wherever
possible, the resulting pairs of inverse multipliers were shifted out of the structure. This
amounts to replacing Fig. 3.15 with Fig. 3.17 for each 2D section. Also, every 1E section in
Table 5.4 has cos & = 0, which implies that the simpler special-case circuit from Table 3.8
can be used with the power wave 2-port adaptor replaced with its voltage wave equivalent.
The conversion step reduced the number of sources of passivity from 12 to 2. In total, the
circuit requires 13 2-port adaptors and two pairs of multipliers. The resulting frequency
responses for multipliers quantized to 8 bits are shown in Fig. 5.2. Note the improved
passband response for the voltage wave adaptor circuit. The stopband responses for the
quantized voltage and power wave designs are essentially the same as the ideal response

Letting Tp = 4 /g by interchanging polynomials 4 and f results in a transmittance with
four transmission zeros on the unit circle. The final realization, therefore, consists of four
2D sections. The choice of Tp = h /g was also used in [16]; a choice, however, constrained
by the fact that only a method for extracting noncanonic, reciprocal, and lossless sections
was given there, whereas the realization in Table 5.4 requires nonreciprocal lossless sections.
The final realization parameters are given in Table 5.5

Table 5.5 WD circuit parameters for Example 5.2 realized as a reflectance.

Section Transmission
Type Zero Angle/n 6o/ 61/m Gy/m &3/n
2D 0.351732711368 | -0.4153885 | 0.42783062 | 0.92390509 1.04153848
2D 0.365109796566 | -0.0680749 | 0.57423753 | 0.06063559 1.06807490
2D 0.385182448776 | -0.0684596 | 1.61677417 | 0.99804390 | 1.06845968
2D 0.398308216049 | -0.0417846 | 1.32278945 | 0.07551627 1.04178456
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Fig. 5.2 Passband and stopband responses for Example 5.2 realized as a transmittance.
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To ensure computability, all 2D sections were chosen with port 2 reflection-free. From

(4.47), the parameter for the final 2-port adaptor is given by cos 6 = -0.00090521. The
final realization requires 17 nontrivial 2-port adaptors, which is 4 more than the Tp =£/g
realization. The frequency responses for the two types of multiplier quantization schemes are
shown in Fig. 5.3

Again, the passband response for the voltage wave realization is superior to the power
wave one due to the smaller number (5 vs. 17) sources of passivity. The stopband
responses, however, deteriorate substantially for both quantization schemes. This is
because, in general, in order to effect a transmission zero with the reflectance, a perfect
cancellation of two signals in the first section must occur, i.e.,

b _ I 1* @
L =2+ S AN .
1 &1 GI);I a) (3-3)
where the second term must equal — -g% For quantized realizations where the reflectance g%

is generated by a one-port with several passive sources, such cancellations are difficult to
achieve due to the reduced magnitude of % and, hence, the deterioration. Due to the smaller
number of passive sources, the voltage wave circuit shows smaller stopband response
deterioration in Fig. 5.3 than the power wave design. In conclusion, the realization derived
from Tp = f /g is more efficient and has a superior stopband response.
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Fig. 5.3 Passband and stopband responses for Example 5.2 realized as a reflectance.
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5.3 Example of a 14th-order Bandpass Filter with CCITT specifications

The final example is a design of a 14th-order bandpass filter that in the passband satisfies
1/20 CCITT attenuation specifications with the reference point set at 7.2 kHz (0 dB), as
shown in Fig. 5.4a. Filters with these specifications occur frequently in the telephone
communication networks; e.g., for the sampling frequency set at 24 kHz, a digital
PCM/FDM transmultiplexer [38],[55] requires a digital filter with the above specifications.

0.6 0.642
0.44] - —
0.4 0.383
g8
g0l _ _ _
g 02, 0.417 0.633
o
& I
< 011 0.467 , 0.617
BUAVARR |
.11
—02 Y T T T v T T T T T T
0.35 0.40 0.45 0.50 0.55 0.60 0.65

Normalized Frequency
Fig. 5.4a CCITT specifications and the passband response for Example 5.3.

The simplest method of designing a bandpass filter is to start with a lowpass filter and
then perform a lowpass-to-bandpass transformation. In the digital domain, this
transformation takes on its simplest form, z —z2, when the center frequency of the bandpass
filter is chosen to be 1/4 the sampling frequency. Since the passband specifications are
asymmetrical for the bandpass filter (see Fig. 5.4a), the more stringent half is used in
designing the required lowpass filter. We start with a 7th-order canonic analog prototype, as
shown in Fig. 5.5, because analog filter design tables are readily available [53]. The canonic
network in Fig. 5.5 is obtained from a noncanonic ladder by removing the redundant
elements [29].
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Fig. 5.4b Stopband response for Example 5.3.

A 7th-order elliptic response designated by CC071050 [53] and frequency scaled by
kr=0.477 satisfies the lowpass specifications. As shown in Fig. 5.5, the filter is a cascade
of three sections which are characterized by

(¢1,061,d1} , {¢2,a2,d2,°°,7£,d4} , {¢3,a3,d3)

with the middle section corresponding to the quasi-lattice section from Fig. 3.21 which, in
effect, combines two elementary sections. A nonlinear optimization algorithm [42] was
applied to the filter to induce the constraints from (3.30) for the two Brune sections (i.e.,
o =— T and & = @,T + 7 where ¢; = tan @;7/2) thereby allowing the simplified circuits
from Table 3.7 to be used in the WD realization. Since in the corresponding WD realization
the quasi-lattice section must be terminated on both sides with reflection-free sections, the last
constant section, which results from this operation, must also be eliminated so as not to cause
a delay-free loop between it and the last Brune section. This poses an additional constraint
which was included in the optimization. It turns out that for the specifications in Fig. 5.4, all
three constraints can indeed be imposed.
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Fig. 5.5 Canonic analog prototype for Example 5.3.

The resulting WD bandpass filter with quantized multipliers is shown in Fig. 5.6, where
the most efficient circuit from Fig. 3.3b was used for each matched 4-port adaptor. The
quantized solution was obtained through an exhaustive search which is greatly aided by the
fact that all multipliers are bounded —1 < %; < 1 and, because the structure is lossless and
therefore has low sensitivity, a low number of bits is usually required. The corresponding
frequency response is shown in Figs. 5.4a and b with the frequency scale normalized: actual
frequency in kHz/12 kHz..

The analog element values that correspond to the lossless and quantized WD circuit are
given by

=36 =417 =38 =1
Ga=33 G1=7% 0o=73 ®=3

A parallel adaptor [11] was used to realize the 2nd-order resonant circuit in the quasi-
lattice section since it allows more quantized solutions than the circuit in Fig. 2.11a. The
overall WD realization requires 19 additions (assuming a; = 0) and 9 multiplications, most of
which are simple binary shifts. The design compares favorably with other solutions such as
the one in [56] which requires 40 additions and 12 multiplications, but with two fewer
delays. Another solution derived from a noncanonic prototype was given in [57] and
requires 30 additions and 9 multiplications (all of which are simple shifts), but 6 more delays
are also required. The circuit in Fig. 5.6 is therefore the preferable choice.
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VI. CONCLUSIONS AND RECOMMENDATIONS

It has been shown that a particular characterization of every elementary section, which is
both simple and minimal, leads to a cascade synthesis algorithm of lossless, real two-port
networks that has eliminated the need for performing basic polynomial operations,
particularly zero finding. In other words, the decomposition can be achieved without having
to obtain intermediate polynomials at any stage during the extraction process.

It is possible to characterize minimally every type of elementary section, reciprocal and
nonreciprocal, using a triplet of numbers

(i, p ), dw) © {hpEh, sGh)

where ;= ——"" . o pw=pGEH . d(g)=(1+cos oT )5 (en7)

The first number is the location of the transmission zero, the second is the value of the
reflectance at the transmission zero, and the third has been shown to be equal to the return
group delay and is only required for reciprocal sections. Because of the simple relationship
between characterizations in the continuous-time () and the discrete-time (z) domains, the
algorithm can synthesize lumped LC circuits and wave digital filters. The output of the

L
algorithm are the factors comprising the product of L transfer matrices, T = H T;, where L
i=1

is the number of sections and T ZJIT[ gf: z } is the scattering transfer matrix where the

set of polynomials {f, g , h : gg+ = hhs + ff+} is referred to as Belevitch's representation. All
types and multiplicities of transmission zeros are allowed. This is important in the case of
non-minimum phase transfer functions (i.e., ones with right-hand y~plane transmission
zeros) which become necessary when a design combining high selectivity with a good
approximation to phase linearity is desired.

During the extraction step, the triplets that characterize the remaining transmission zeros
can be recomputed using two simple algebraic expressions that only require complex
multiplications and divisions. If the triplet of the extracted section is equal to the
corresponding triplet obtained from the set {f, g, /i : gg+ = hhs + ff+), the recomputed
triplets characterize a lossless two-port with a lower degree such that the overall realization is
canonic, i.e., the number of reactive elements (delays) is equal to the degree of g. It should
be possible, however, to alter the synthesis algorithm to allow noncanonic synthesis, i.e.,
instead of extracting a canonic 2nd-order section with a unimodular e/® reflectance, a 1st-

order section is extracted first that sets the recomputed « to either 0 or 7, which is then
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followed by the extraction of a two-port with a resonant circuit (Tables 3.5-3.6). This
procedure would generate analog circuits that are free of ideal transformers.

Tt has been found convenient to split-up the recomputation step into two stages so that the
different requirements for analog and WD circuits can be dealt with simultancously. The first
stage of recomputation uses primitive polynomials whose coefficients are simple functions of

the minimal triplet. During the second stage, an ideal transformer <> 2-port adaptor can be
extracted that, in the analog domain, annihilates the ideal transformer that was possibly
introduced during the primitive stage, and in the WD domain, induces a reflection-free port.
The actual choice is up to the user. It has been found experimentally that the two-stage
recomputation step accumulates roundoff error more slowly than the nominally equivalent
one-stage step. The difference, however, is only significant for extreme designs. The
recomputation stage is the only source of roundoff error and it has been found that for
noncritical transfer functions the accumulation of roundoff error is negligible.

Because of the purely algebraic nature of the recomputation expressions and the
computation of initial triplets, the algorithm can be programmed with relative ease and hasa
high running speed. For example, it took only a few seconds on a personal (Macll)
computer to synthesize the 14th-order bandpass filter in Example 5.1. Such speed makes it
feasible to generate many equivalent circuits such that the final realization is optimum.

Realizations for all elementary sections can be derived systematically from a basic 4-port
topology that is matched at each port. As a result, the derivations are simple and generate
WD circuits whose flowgraphs consist of only normalized 2-port adaptors and delays.
Moreover, the number of parameters characterizing each circuit is minimal but the number of
multipliers that must be quantized is not minimal, thus necessitating a passive realization. By
converting to voltage wave 2-port adaptors, the number of multipliers that must be quantized
can be drastically reduced. For general 2nd-order sections with ei®i = tejoiT the number of
quantized multipliers is minimal, the circuit is structurally lossless, and only one multiplier
controls the location of the transmission zero. WD filters that are a chain connection of
structurally lossless sections have lower sensitivity to multiplier quantizations than passive
circuits. It would, therefore, be of interest to examine the possibility of generating an altered
set {f, g, h: gg+ = hhx + ff+) such that the condition e/® = e/®T for each general 2nd-
order section can be induced by extracting the simplest kind of the 1st-order nonreciprocal
section (see special cases in Table 3.8). This is in direct analogy to the procedure used for
generating noncanonic analog circuits.

A new WD circuit, referred to as quasi-lattice, has been derived that is inherently
structurally lossless and requires a minimum number of 2-port adaptors. This circuit is a
generalization of the WD lattice filter and must be terminated on both sides by sections with
reflection-free ports — a condition which can be satisfied by placing the circuit in the middle
of the cascade. An example of a realization utilizing this section has been shown to be very
efficient.
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