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ABSTRACT

TITLE: SOME ASPECTS OF MARKET EQUILIBRATION PROCESSES IN
ECONOMIC THEORY

Equilibrium method in economic theory is based on
analysis of planned behaviour, without regard to its feasibi-
lity outside equilibrium. Consequently, theorems derived by
means of this method are crucially dependent on planned be-
haviour as it determines equilibrium, stability, market pres-
sure in disequilibrium and description of paths outside
equilibrium.

The purpose of this thesis is to examine the role of
realized, as opposed to planned, behaviour in disequilibrium,
and the possible consequences of taking into account the fact
that planned behaviour in disequilibrium is unfeasible. More
‘specifically, planned behaviour may not be relevant as a de-
terminant of any of the following: the stationary state, pres-
sure on market variables outside equilibrium, or conditions
for stability of equilibrium. Nor may it be relevant as a de-
scription of disequilibrium paths. The aim is to examine real-
ized behaviour in these contexts and to compare stationary
states, stability conditions and disequilibrium paths with
those derived from analysis based on planned behaviour.

The analysis employs a classification of endowment ef-
fects on demand as an analytical framework, and distinguishes
feasible from unfeasible income, sales and production plans.

A review, interpretation and critical evaluation of previous
work on the subject is undertaken. This provides directions
and points of departure for the main analysis in this thesis.

The main analysis develops explicitly dynamic disequi-
librium models of production and exchange, and conducts com-
parisons of stationary states, stability and disequilibrium
paths, with those of models in which only planned behaviour
is taken into account. Models are constructed for a single
market (with the commodity assumed first non-durable and later
durable, and the market structure either competition or mono-
poly). Furthermore, aggregate disequilibrium models of pro-
duction and exchange are developed, with and without invento-
ries and exchange money. Market structure in these models is
that of perfect competition.

The principal results of the analysis are that whereas
the stationary state in pure exchange is sensitive to real-
ized transactions within the market period, introduction of
production considerationsin both a partial and general disequi~-
librium setting makes the stationary state insensitive to real-
ized behaviour in the longer run (market period equilibrium is
still sensitive). Stability is more difficult to satisfy when
realized behaviour is taken into account. The model used in
the equilibrium method, however, was found to be stable when
the disequilibrium model was. This result, together with the
invariance of the stationary state means that comparative sta-
tic theorems derived by means of the equilibrium method are
not changed. Finally, disequilibrium paths of explicit disequ-
ilibrium models were found to be radically different from those
predicted by models based on planned behaviour.
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INTRODUCTION

This investigation is concerned with the equilibration
process in economic theory.More specifically, the main pur-
pose is to examine the role of realized disequilibrium be -

haviour in relation to the traditional equilibrium method and

the associated tatonnement process of equilibration.Conse-
quently, the focus and concern of this thesis are with dis-
equilibrium analysis and comparison of results to those of
the equilibrium method.

In order to enlarge upon the above statement,a brief
description of the equilibrium method will first be under-
taken; the scope, focus, and main questions raised in this
investigation will be discussed; the importance of the is-
sues raised will be indicated; finally, an outline of the
work will be given.

(a) The equilibrium method. The notion of equilibrium

is fundamental, and indeed indispensable, to the method of
traditional eéonomic theory. More specifically, the great
majority of "meaningful" theoremsl in the discipline are de-
rived from comparisons of eguilibria. Indeed, some theorists
would even claim that there are only theories of equilibri-

. , , 2
um behaviour in economics.

vy e

1 The term ié due to P. Samuelson,(i947), on whose
work the description of the equilibrium method in the text
is largely based.

2 Compare K. Lancaster, (1968), p.201.
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The established method of equilibrium analysis involves
postulation of the behavioural functions involved in the phe-
nomenon to be studied3 as well as the conditions that have to
be satisfied for equilibrium to prevail. An examination of
basic characteristics of the equilibrium position is then
undertaken? Once this is completed, the analysis proceeds to
ask the main question. How do the values of variables involved
change when something in the model under analyéis changes?

- The factor changed may be the initial conditions (the
starting point of the analysis), an exogenous variable (a
force external to the system), or an internal parameter of
the model ( the form of a behavioural function). Once such
a parametric change is speéified, the analysis proceeds to
examine the change in the variables of the system. The para-
metric change may be permanent, intermittent or transient,
and the consequent effect on the variables of the system may
be investigated from several points of view. One might, for
example, be interested in the short-run reaction of the sys-
tem to the change; the effect on the long-term equilibrium

of the system; or, the effect on some characteristic of the

3 At this stage, the choice of variables to be studied
and the scope and detail of the analysis are determined.

4 It has first either been proved or assumed that eg-
uilibrium exists.
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motion itself (for example, the periodicity, dampening or
amplitude of the adjustment)?

It is clear from the above outline that the method can
apply to what are conventionally called "static" as well as
"dynamic" systems? Indeed, it has been termed the (equilib-
rium) comparative dynamic methodz subsuming as well the well-
known method of comparative statics as a special case?

By way of clarification of the general method, it is
useful to point out that preoccupation with the stationary
(or steady) state reveals the implicit assumption that al-
though economies are seldom ever in this state, they never-
theless tend to be "sufficiently" near it to justify descr-

iption in terms of equilibrium positions?

> With regard to the effect of initial conditions on
the long-term eqguilibrium,if the system is stable the station-
ary (or steady) state is not changed by a change in these con-
ditions,despite the fact that the immediate reaction to such
a change may be substantial.

6 gee R. Frisch, (1936), and P. Samuelson, (1947).

7 See F. Hahn and R. Matthews, (1967).

8 The latter involves static systems whose behaviour
over time is stationary,that is, the values of the variables
are constant in equilibrium. A permanent change is made in the
system and itsg effect is examined only from the point of view
of the stationary state. The old and the new equilibria are
compared and meaningful theorems on the effects of changes
are derived. See P. Samuelson; (1947).

,9 Compare J. Hicks, (1965), p. 16. Disturbing as it
may be; this is true for all comparative static and dynamic
analyses of equilibria. It does not apply to descriptions
of the process of motion towards equilibrium, of course.



A second observation involves the stability of the
stationary states to be compared. Comparison of equilibria
as a result of parametric change is meaningful only when the
model can be assumed to be stable, so that there may be assu-
rance that it will tend towards the new equilibrium, follow-
ing a disturbance:.t0 In fact, stability conditions are also
the soufce 6f most meanincful theorems in a large number of
models, static and dynamic. In the case of static models,
stability and its conditions refer to the " corresponding"
dynamic model, the stationary state of which is described by
the equilibrium of the static modelz.L1

Finally, for the method under discussion the stationa-
ry state values of variables are fully determined once plan-
ned behavioural functions and their parameters are specified.
Disequilibrium behaviour is not of concern. Also, descriptions
of the path of the system outside the stationary state are
given in terms of planned behavioural functions, supplement-

ed by initial conditionst?

10 If one happens to believe that stability is a
"natural" characteristic of the "actual" system under analy-
sis, he may be inclined to claim that stability is a require-
ment that the model has to satisfy in order for it to be a
good first approximation to "reality". If, however, the actual
system is viewed a priori as internally inconsistent and there-
fore possibly unstable, stability remains an assumption.

11 For a full description of the Correspondence Prin-
ciple see Samuelson, (1947).

12 The "exceptions" to this statement (such as explicit
non-tatonnement analysis) are discussed in Chapters II and III.
Such exceptions, however, are not part of the equilibrium method.



(b) The main issues to be investigated. It is, of

course, generally accepted that systems are in disequilibrium
for most (if not all) of the time. Since system behaviour in
disequilibrium is the rule rather fﬁan the exception, the
question arises as to the relevance and usefulness of the
planned behavioural functions of the equilibrium method. In
that method, these functions determine equilibrium values of
the variables, degrees of market pressure in disequilibrium,
stability conditions and meahingful theorems, and may also
be used to describe the disequilibrium behaviour of the.sys—
tem. The questions that arise may then be spelt out as fol-
lows: in a situation where disequilibrium is the rule rather
than the exception, are these planned functions and their
parameters relevant for the determination of the stationary
state? Is the behaviour implied by these functions important
as a force acting on the system outside equilibrium? Is such
behaviour the only determinantbof stability in the model?
Is it the sole determinant of meaningful theorems derivable
from the analysis? And, finally, how valid can it be in the
degcriptions of'systems in disequilibrium?

The importance of these gquestions is obvious. Indeed,
some of them have been asked,in some form or another, by the

originators of the methodological prototype discussed abovej.?3

13 See Chapter II for a historical review of these early
contributors.
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Some amplification may nevertheless assist in making the im-
portance of these issues clearer.

(i) In the equilibrium method, only planned behaviour
(as determined from solution of optiﬁization problems of agents)
and its parameters determine the stationary state. This means,
in general, that realized (as opposed to planned) behaviour
in disequilibrium is ignored as far as its effects on the eg-
uilibrium position are concerned. Thus, an implicit assumption
of this method is that realized behaviour outside equilibrium
is either irrelevant to the stationary state or (as a special
case) that no agent is allowed to act outside equilibrium.

The latter case of no actions in disequilibrium will be recog-
nized as the traditional"tatonnement" process%

(ii) The planned behavioural functions of the models15
are usually specified without regard as to the feasibility of
plans. However, by the definition of disequilibrium, some plans
will not be feasible. In this case, it is questionable whether
planned(unfeasible) behaviour is relevant at all as a force
acting on the system outside equilibrium.Nevertheless, in

traditional tatonnement analysis the framework is such that

14 The term"tatonnement®is used in this investigation
with the generally accepted meaning, to be formally defined
in Chapter I. This general usage of the term has been shown
to have reversed Walras’ use of the term.See W. Jaffe, (1967).

15 These planned functions could alternatively be called
"ex ante".
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it is precisely the portion of plans which is not realizable
that acts as a force on the system in disequilibrium. The
question is whether or not this is possible in situations where
the fiction of the "referee" or "auctioneer"l6,is partially
abandoned and where the system is assumed to be left to its
own devices in disequilibrium.

(iii) When stability analysis is conducted in convent-
ional theory, stability conditions are derived from planned
functions}7 Since, from (ii) above, unfeasibility of some
plans is certain in disequilibrium, the question arises how
realized disequilibrium behaviour may affect stability cond-
itions of the model analyzed. It is possibkle that, when this
behaviour is taken into account, stability conditions may'be
different from those derived under tatonnement assumptions.

(iv) Theorems concerning changes in equilibrium in res-
ponse to parametric changes are based on stability conditions,
and on the unique association of the stationary state with
a set of planned behavioural functions and parameters. But,
if it is possible for both the stationary state and the stabi-
lity conditions to be affected by realized disequilibrium
behaviour, it is a reasonable question to ask whether the

theorems so derived can still be valid.

16 This will be fully explained in Chapter I.

oy As has been mentioned in footnote 12 above, there is
work on stability analysis with realized disequilibrium beha-
viour taken into account. See K. Arrow and F. Hahn, (1971),
and Chapter IIT infra. ’



(v) Finally, the behaviour of systems in disequil-
ibrium is usually described in phase diagrams by means of
planned behavioural functions. Whether such description is
relevant at all depends on how closely, if at all, it app-
roximates realized behaviour in disequilibrium. The possi-
bility certainly exists (taking into account (ii) above) that
the approximation is poor. It is thus legitimate to ask how
relevant the tatonnement description is -- in the "as if"
sense -- for more "realistic"processes of equilibration}8

"In summary,the above questions show that the concern
in this investigation is with realized disequilibrium be-
haviour and its possible effects.Such behaviour may affect
the equilibrium position; may be relevant as a force on the
system in disequilibrium; may affect the stability of equil-
ibrium; may affect the theorems derivable from the equilib-
rium method; and may be more relevant for the description
of disequilibrium states.

(c) Purpose and scope of thesis.Importance. The pur-

pose of the present investigation is to inquire into the above
issuesi;byﬂmeans;,of: comparative analysis of the results of
the equilibrium method (and the associated tatonnement process)
+to those of disequilibrium analysis.More specifically, it

undertakes explicit disequilibrium analysis of production and

18 This point is independent of the earlier ones: real-
ized behaviour may leave the stationary state, the stability
conditions and the theorems intact, but it may still result
in different paths compared to those of tatonnement.
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exchange in simple models, and compares the results to those
of the equilibrium method.

The elaboration of the issues given above has served
to underline the importance of the questions that this invest-
igation attempts to answer. In one statement, if it turns out
that realized disequilibrium behaviour is a significant deter-
minant of the stationary state, the disequilibrium path of
the system and the stability conditions, most of conventional
economic analysis will have to be modified to take this into
account. If, on the other hand, it turns out that realized
behaviour does not play a significant role in these matters,
the usefulness and applicability of conventional theory will
be reinforced.

The scope in this investigation is confined to diseg-
uilibrium models of production and exchange in a single mar-
ket; and to aggregate diséquilibrium models of production and
exchange. Money is introduced only as a medium of exchange in
the latter models. Perfect competition is assumed in most of
the analysis, and monopoly in one instance.Inventory consid-

erations are taken into account.

(d) Limitations. The considerable difficulty of the

subject has basically determined’® the limitations of the

analysis presented here. Both the single-market and the aggreg-

l9Together with the ability of the writer of this
thesis.
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ate model used constitute only specific, simple formulations.
Although it does not appear the case that the conclusions of
this investigation are especially sensitive to the specific
assumptions and the structures of the models, the possibility
nevertheless exists, and has not been investigated fully. A
full investigation of the sensitivity of results to the spe-
cific assumptions of the analysis would of course be desirable,
and would presumably be achieved by relaxation and change of
the models’ assumptions. The only justification offered here
for the lack of such complete analysis is the generally used
-— and accepted -- observation that research proceeds step
by step. In this vein, suggestions for amplification, modifi-
cations and extensions of the analysis are given in the con-
cluding Chapter.

(e) Contribution to knowledge. Contributions original

with this thesis will be found in all of the following Chap-
ters. The specific observations and conclusions from analysis
that are deemed original are summarized in the final Chapter
of this thesis. It is perhaps worth mentioning at this point
that the bulk of the main conclusions are derived from the
analysis in Chapters IV and V, while contributions of "sec-
ondary"importance are in Chapters I, II, and III.

(f) Outline of thesis. Chapter I provides an analyti-

cal framework for the issues addressed in this investigation.
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More specifically, (a) a modern version of the general equil-
ibrium model of production and exchange is set out, in a form
amenable to manipulation. Variants of this model (most of the
time more specialized) are used thréughout the thesis, (b) 2
férmal presentation of tatonnement and non-tatonnement pro-
cessgses is given, the former for production and exchange and
the latter for pure exchange models. Moreover, a simple ex-
émple of comparative statics and the Correspondence Principle
serves to illustrate the importance of the equilibration pro-
cess for standard comparative statics. (c) Three kinds of
Y"income" or"endowment" effects are identified, and their
role in the equilibration process is outlined. (d) An intro-
duction to special problems of disequilibrium production is
made.
| Chapter IT contains a review, interpretation and crit-
ical analysis of early attempts at the problem of equilib-
ration, from L. Walras to Sir dohn Hicks. The framework devel-
oped in Chapter I is employed in some instances in order to
fix ideas, and in an attempt to classify these contributions
in terms of the kinds of endowment effects on which they con-
centrate.
Chapter III consists of a feview, interpretation and
critical evaluation of the more recent literature. For con-
venienée, this group of works is classified into two categ-

ories. First, are the formalizations and extensions of the
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analysis of eguilibration, which fall within the Walrasian
tradition. These are considered to start with Professor Paul
gamuelson’s dynamic formalization of the tatonnement process
in a multi-market context, and include recent énalyses and
proofs of stability in both the tatonnement (for production
and exchange) and the non-tatonnement process (for pure ex-
change only). An evaluation éf this group of works is under-
taken, for the purpose of ascertaining whether extensions in
this line of approach are desirable. A number of serious res-
ervations are made in this respect.

The second category of recent contributions to equilib~
ration, labelled"non-Walrasian" for convenience of exposition
only, includes the following: the cobweb model; models of the
"trade cycle; Professor Don Patinkin’s "spillover" effects; an
attempt to generalize the theory of spillovers by Professor
lerschel Grossman; Patinkin’s interpretation of the Keynesian
concept of involuntary unemployment as a disequilibrium phen-
omenon; Professor Robert Clower’s important suggestion that
quantities as well as prices should enter realized behaviour-
al functions in proper diseguilibrium analysis; and an attempt
to integrate Patinkin’s and Clower’s contributions, by Profe-
ssors Robert Barro and Herschel Grossman. The evaluation of
these works brings forward points of departure for further
analysis, some of which are used in this thesis.

Chapter IV is an attempt to address the issues raised
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in this investigation in the context of partial disequilibri-
um analysis of production and exchange. More specifically, a
single-market model of perfect competition is developed and
used to conduct comparative analysis of the tatonnement and
non-tatonnement processes in this model. The comparison is
conducted in terms’of stationary states, stability conditions
and behaviour outside equilibrium.The commodity is initially
assumed non—durable?0

The single-market model is then extended to include in-
ventory considerations (still under perfect competition), and
comparative analysis of this and the tatonnement version is
carried out for this case. Finally, a model of a monopolist
producing a durable commodity and maximizing profit over time
is developed, mainly to analyze and formalize the effect of
" inventory positions on production and sales plans.

The method of analysis in Chapter IV is partial, and
therefore neglects both the phenomenon of interdependence and
that of unfeasibility of production and income plans in diseg-
uilibrium. It does take into account, however, the unfeasibi-
lity of sales plans of producers (at expected prices) when

disequilibrium in production is admitted.

20In this case, the reduced form of the mathematical
structure of the model turns out identical to that of the cob-
web. The similarity ends there, however, aswill be seen in
the analysis of that Chapter.
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Chapter V develops an aggregate competitive model of
disequilibrium in production and exchange. In such a setting,
it is possible to take into account the phenomenon of econo-
mic interdependence. Moreover, it ié also possible to examine
feasibility not only of sales plans, but also of production
plans as well as plans for income creation%l

After explicit account has been taken of disequilibri-
um, comparative analysis of tatonnement and non-tatonnement
processes is carried out in terms of stationary states, sta-
bility conditions and out-of-equilibrium behaviour. Inventory
considerations are introduced informally, and comparative
analysis of this case is also conducted.

The analysis in this Chapter concentrates on a partic-
ular category of endowment effects; it incorporates quantities
as well as prices in the realized excess demand functions,
following Clower'’s suggestion; explicit dynamic analysis of
disequilibrium is conducted; énd, money is introduced as a
medium of exchange.

The final Chapter in this thesis, Chapter VI, contains
a summary of the conclusions reached in this investigation and
a non-exhaustive list of suggestions for further research.

(g)Definitions of terms. Notation. Tools used. Terms

are defined when introduced in each Chapter, in light of the

21 In fact, plans for income creation are sales plans
for inputs. Because of their importance for labour income,how-
ever, they will be kept as a distinct category of plans.
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fact that many are technical and require formal definitions.
Similarly, the notation employed will be explained as the
need arises. It has been deemed useful to use a single symbol
for a commodity, with superscripts denoting demand, produc-
tion and sales of it, and with asterisks denoting planned
magnitudes. The resulting notation is awkward to read for
the first time buf easy to remember thereafter, and has been
judged superior to a notation that would have to have used
six separate symbols to denote planned and realized demand,
production and sales of a single commodity.

The mathematical tools employed in this thesis are
fairly conventional, namely calculus; differential and
difference equations and their stability properties; a
simple application of Lyapounov’s second method for analy-
sis of stability; and, a simple application of the calculus

of variations?2

22 A remark on typing form may be in order here: the
words "tatonnement" and"non-tatonnement" occur so often in
this thesis, that it was thought expedient to omit the under-
lining in the text. Similar reasons dictated the omission of
the accent circonflexe from the word.




CHAPTER T
A FRAMEWORK FOR THE ANALYSIS OF EQUILIBRATION

This Chapter serves as an iﬂtroduction to the process
of equilibration and the specific problems associated with
it. More specifically, Section 1.1 contains a more or less
formal description of a general model of production and ex-
changel and the assumptions usually made in connection with
such a model. The model isﬂsuitable for both generalization
and specialization. This is its special feature; accordingly,
both the literature review of the next two Chapters and the
analysis of disequilibrium production and exchange in Chap-
ters IV and V are conducted with special variants (sometimes
more generalized but most of the time more specialized) of
the model set out in Section 1.1.

Section 1.2 provides the reader with a formalization
- of the tatonnement process of‘equilibration in the context
of the model of production and exchange of Section 1.1. More-
over, an example of the comparative statics and the corres-
pondence principle is given, which serves to illustrate the
comparative statics method and indicate the possible impor-
tance of the equilibration process itself for the basic theo-

rems usually derived from comparison of equilibria.

lBased in part on K. Arrow and F. Hahn, (1971).
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Section 1.3 contains a formalization of the non-
tatonnement process in a model of pure exchange. The
latter is again a variant of the general model of Section
1.1, without production.

Section 1.4 identifies, classifies, analyzes and
discusses the importance of the various "endowment effects"
for the equilibration process. The analysis of the Section
provides the main theme of this investigation, in the sense
that the various attempts at the problem of equilibration
can be, and are, classified in this thesis in terms of the
kinds of effects on which they concentrate. Three basic
"endowment effects" aré identified. Tatonnement processes
are found to deal with oniy the first of these while
variants of non-tatonnement processes in exchange are seen
to involve mostly the first and the second kind. Non-
tatonnement processes in production and exchange, on the other
hand, do involve all three kinds of effects.

Section 1.5 concentrates on a discussion of some
special problems associated with the introduction of non-
tatonnement in models of production and exchange; this
discussion is necessary in an introductory framework, in
view of the difficulty associated with analysis of this
kind.

1.1 The CGeneral Model: Setting, Assumptions and Behavioural

Functions

The economy represented by the model below has n
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commodities, which include producible goods and services and

non-producible ones, such as labour. The agents are m indi-
viduals acting as consumers and owners of stocks, and e firms
(or individuals acting as enterpreneurs) engaged in production
of commodities by use of other producible and non-producible
commodities, and for the purpose of selling these commodi-
ties to individuals. Technology, tastes and the initial com-
modity stocks are given, and all agents are price-takers.

The market stock of commodity i is the sum of the
stocks owned by individuals2 at a given time? If the stock
of commodity i owned by individual m is denoted by I?; the
total stock of this commodity in the economy 1is represented
by

I,= EI? (1.1).
The"endowment vector" of an individual m is defined as a
n-dimensional column vector with elements indicating gquanti-
ties of commodity stocks owned by individual m. The matrix
I (of dimensions nxm) with rows representing coﬁmodities and
columns representing the endowment vectors of individuals

is called the "endowment matrix" of the economy. One may

write, for this matrix,

Including those acting as enterpreneurs.

3 :
Firms are supposed to hold no stocks. This does not
present difficulties, since individuals acting as risk-taking
enterpreneurs may be assumed to hold them instead.
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I=[I]j<], (3=1,2,...n) and (k=1,2,...m) (1.1a)

The planned market demand for a commodity i
(i=1,2,...n) is the sum of the demands of individuals for
this commodity, q?*m, over m, the number of individuals.

It is assumed to be a (single-valued) function, continuous
and twice differentiable. It is also assumed homogeneous

of degreg zero in all nominal prices4, Pi (i=1,2,...n) i.e.,
the quantity demanded does not change when all prices change
by the same proportion.5 The market demand for commodity i
may be represented by

ax_ d*m__._m m m, _
Qi = %qiv -%Hi(Pl,..Pn,Il,..In) —Hi(Pl,PZ, ..... P_,I)

(1.2)
where the asterisks indicate planned magnitudes, i.e., values
that optimize behavioural functions without regard to the
feasibility of the associated plans in the market. The
distiﬁction between planned and realized behavioural functions
will be discussed and utilized later in this investigation.
Suffice it to say, at this point, that the term "planned"

is here used to identify the traditional functions indicating

4 1o be expressed in some unit of account.

S>'Some of these assumptions can, as is well known, be
derived as consequences of more basic postulates, but this is
not necessary for the purposes of the presentation in the text.

6Strictly speaking, it might be more proper to write
out all the elements of the matrix I in the function. However,
this convention of writing I only has been adopted in the
literature (for example, K. Arrow and F. Hahn, (1971), p.326,
T. Negishi, (1962), p.645), probably for economy of expression.
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behaviour of price takers and derived from assumptions of

optimization at given prices.

The specification of market demand in (1.2) applies
to all commodities, consumable or not. More specifically,
in the case of a primary input such as labour (which has
the consumable commodity leisure as an alternative use)
the demand indicates the amount of labour demanded by
consumers for its alternative use, leisure. Given the total
time available for labour during the period, the conven-
tional labour supply may be derived by subtracting the
demand for leisure from the total stock of 1abour time
available. If the commodity has no alternative use in
consumption the demand for it for consumption purposes is
zero at all prices.

The market production (as distinct from market supply)
is defined as the difference between gross outputs of the
commodity by all firms and of demands for this commodity for
use as intermediate input in the production of others.

Thus, market production is the net output volume available
fof final use in the economy. In the case of non-producible
inputs, this net algebraic sum is negative, indicating a net

demand for these inputs for production purposes. Market

7 The convention of representing all inputs and outputs
of a firm by a vector, with negative elements for the inputs
and positive for the outputs is common in the so-called
activity analysis of production. See T.C. Koopmans, (1951).
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production may be represented by

o* . o*
Q "éqi

e_..e _
i -—éFi(Pl...Pn) -Fi(Pl,P

T IEREER Pn) (1.3)

and is assumed to depend on all prices. As with market
demand, production is assumed a function of prices,
continuous, . differentiable and homogeneous of degree
zero at these prices. The asterisk again implies that this
is the amount of planned production without concern for the
feasibility of it in the market. |

The market supply of commodity i is defined as the

sum of market production and market stock, i.e.,
Q:; =Q; + I, (1.4).

In the case of a non-producible input such as labour the
"production“ is actually negative. The market supply is
the net labour time that would be available to individuals
for leisure if production plans were satisfied.

Finally, the market excess demand for commodity i is
defined as the difference between market demand and market
supply, i.e.,

* o odF _oS* o T 1.5
E; = Q) =07 =E (P ,Py,.....P , I) (L.5).

Since both demand and supply are continuous, differentiable
and zero-degree homogeneous functions of prices, so is the

market excess demand function in this model.
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Lastly, the notion of equilibrium in this model
should be more or less formalized. If the assumption of
free disposal of commodities is made, it is reasonable to
suggest that equilibrium may obtain'even with some excess
demands negative, i.e., with excess supply in some
commodities. The excess supplvaill, in this case, be
disposed of. When there is positive excess demand, however,
the system cannot be in equilibrium, since the unsatisfied
portion of that demand will not be disposable in the same
way as the commodities in excess supply. Thus, it seems

logical to define equilibrium as a situation where

* - -
Ei = Ei(Pl"°P

A

L DED : (1.6)
i.e., a set of prices at which excess demands are either
zero or negative. A negative excess demand implies that the
commodity is a free good in the period under consideration,
under the assumptions of the present model.8 The above
definition of equilibrium together with the assumption of
free disposal are consistent with a situation in which mis-

taken production volumes come to existence in a period or

with the case where the stock of a non-producible commodity

8 k. Arrow and F. Hahn, (1971) have proved that if
Walras' law holds a negative excess demand for a commodity
must imply a zero price for this commodity in eguilibrium.
See (1971), p.23.
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turns out to be a "free good".
The model to be used as framework for the analysis

in this and the following Chapters is now complete, and
consists of equations (l.1) to (1.65 above. Before the
discussion proceeds to another Section, howéver, it is
convenient to state here a number of additional assumptions
widely used in analyses of stability.

(a)Walras' law.With respect to market excess demands

for all commodities the additional assumption9 that Walras'

Law holds is made, i.e.,
* =
IP.E¥=0 (1.7)

which means that the sum of excess demands for all
commodities, evaluated at any prices, are zero.

(b) Gross substitutability.Commodities are defined as

gross substitutes if

E§j> 0 i#j, i,3=1,2,...n (1.8)

It should be noted that if (1.8) holds for all i and j, as is
stated in the definition, all commodities are gross substi-
tutes for one another. Moreover, since "commodities"

includes non-producible ones used in the production of others,

this definition extends to cases of production and exchange.

_9Which may be derived from basic postulates, in a
more detailed exposition.



24
It is worth noting here that gross substitutability
combined with zero-degree homogeneity of the excess demand
functions implies that the response of excess demand to
the "own" price is always negative.' Thus, from zero-degree

homogeneity (using Euler's theorem) we have,

%Eszj=0 (i=1,2...n) (1.8a)

With positive prices, if all commodities are gross substitutes

we have

%E*iij>0 (i=1,2,...n) i#j (1.8b)

which implies that

E*, . «
1i<0 (i=1,2,...n) } (1.8c),

“the result mentioned above.

(c)Diagonal dominance.This concept refers to a

matrix. In the present context this may be the Jacobian

of excess demands, which has elements IEij]’ or the Jacobian
of (own and cross-~)elasticities of excess demands with
respect to prices. The elements of the latter may be de-

noted by [eij]’ where

=% nk
e;;=E1 P, /B (1.9)

The elements of the Jacobian of excess demands are of course
(being. derivatives) sensitive to changes in the units of
measurement of commodities, while the elements of the

Jacobian of elasticities are not.
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Given the above preliminaries, the Jacobian of excess
demands is said to have a dominant diagonal (at the price
vector where the Jacobian is evaluated) if

(1) Eii <0 for all i ’7 (1.9a)

(i1) there is a vector with elements hi such that

th, |
1 1

* * ]
E¥, | &4 hiIEijl all i<n.
The definition implies that there exist some units of
measurement of commodities such that the diagonal term

dominates the off-diagonal terms.lo

On the other hand "elasticity diagonal dominance“ll
holds if

ey <0 all i#n (1.9b)
and les ;| >§eij

The definitions of diagonal dominance and of gross
substitutability have been given here for convenience of the
exposition of stability analysis, undertaken later in this
thesis.

. The discussion now proceeds to an example of the

tatonnement process of adjustment, as well as an application

lO”For more discussion on this definition see K. Arrow
and F. Hahn, (1971), pp.233-235.

1 See ibid, pp.292-294.

12
Chapter III.
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of comparative statics and the Correspondence Principle

using a simple variant of the model of this Section.

1.2 Tatonnement Processes, Comparative Statics and the

Correspondence Principle.

A tatonnement process of price adjustment provides
a rule according to which price changes when the system is
not in equilibrium, and remains unchanged when it is.
Transactions are "permitted" only in equilibrium. An agent.
or institution called "the auctioneer" is burdened with the
task of changing prices, and instructed to raise price when
excess demand is positive, and lower price when excess demand
is negative (and price is positive).

The above may be formalized as follows: Let

Ki=Ki(Ei) (i=1,2,...n) with Ki(0)=0 and KiE>0

(1.10)
be a sign-preserving function of Ei’ where KiE is the
derivative of Ki with respect to the ith excess demand. A

tatonnement process is, then, represented by
= ' ’ *<
P, =0, if Piéo and Ei=0’
and P, = Ki(Ei)’ (i=1,2,...n) otherwise. (1.11).
It is worth emphasizing that since, by assumption,
no transactions are allowed in disequilibrium the endowment

matrix I is a constant during this process and may be

dropped from the expressions for the excess demand functions.
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This disregard is possible only in a process where it is
either assumed that actual disequilibrium transactions do
not affect the equilibrium (or equilibria) of the model
or in cases where transactions in disequilibrium are not
permitted, as in the above tatonnement process. If, on
the other hand, one desires to analyze a situation where
transactions do take place in disequilibrium and are
possibly involved in the determination of the equilibrium
position, it is necessary to keep the original formulation
(1.5) intact. The non-tatonnement process formalized in
the next Section is a case in point.

Another way of making the above point is via the
definition of an equilibrium of the model when tatonnement
is assumed: given tastes,technology and the initial
endowment matrix, an equilibrium set of prices is a non-
negative price vector (?l;ﬁz,...ﬁn) such that excess demands
for commodities are zero (or non-positive at zerb price).
The definition implies that theinitial endowment matrix
determines (along with technology and tastes), and is there-
fore associated with, equilibrium prices. In contrast,
when a non-tatonnement process is assumed, the initial
commodity endowment is not a determinant of equilibrium

prices since this endowment is subject to constant change
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during equilibration.l3 This point will be amplified further
in the next Section.

It may be uséful to note that the tatonnement process
described here is in fact one for a’model of an economy
involving production as well as exchange. This is clear
from the specification of the excess demand function in
(1.5) above: the excess demand for a commodity is the
difference between demand and the sum of production and
stocks of the commodity. Obviously, from the assumption
that no transaétions are to be carried out in disequilibrium
it follows that no production or exchange takes place during
equilibration, but the auctioneer is supposed to record
planned magnitudes of commodities demanded and produced at
each set of prices. |

In the usual representation of the tatonnement process
of pure exchange models the gquestion of production does not
arise. In the present represéntation,.production cannot
take place without exchange since firms do not hold sufficient
stocks of commodities such as labour. The present representation
of tatonnement in a full model of production and exchange
thus does not seem to require additional assumptions about

what happens out of eguilibrium: if no exchange is to

13 e .
~ The initial endowment constrains, however, the range
of possible equilibria.
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take place, nothing else can.

With this final remark on the tatonnement process
and its implications the discussion may now turn to a
simple example of the process, including an illustration
of comparison of equilibria and the Correspondence Principle.
For the purposes of this illustration, the analysis of the
example concentrates on a single market for one commodity
and in typical partial analysis vein it regards all other
commodity prices constant.

Under the above simplifications, the market demand
and supply functions for commodity i may be written as

ax*

_ [V} o} _
Qi —Hi(Pl,PZ,...Pi,...Pn,I,a)—Di(Pi,I,a) (1.12)
s* _ o O o -
and Qi _Fi(Pl’PZ""Pi""Pn) +Ii—Si(Pi) (1.13)

where the superscript zero denotes constancy, the parameter
o is a shift parameter representing a change in tastes and
Di’si are obvious functional notations for this partial

model. Given the above partial specifications, the excess

demand for commodity i may be written
*=
Ei Ji(Pi,I,a) ;(1.14)

and the tatonnement process may be specified as

A

s <
P. =0 if P.= 0 and E = 0 (1.15)
1 1 1

. . * »
Pi =Ki(Ei) otherwise (lfl6).
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Assume that, given the endowment matrix, the shift
parameter and the other commodity prices there exists
an equilibrium price for commodity i,§i, such that the

’ 14
excess demand is either zero or negative. We then have

= <
* = ==
Bt =3, (B.,I,0) =b0 (1.17) ,

The standard question of comparative static analysis
in this simple framework is as follows: how is the
equilibrium price affected by a shift in the parémeter o
of the system? 1In other words, how do two equilibria defined
by different values of the parameter compare in terms of
prices and quantitiés?

Qualitative comparative statics seeks an answer to
this question in terms of the general direction of the change
in equilibrium price in response to the parametric change.

To answer this question, the equilibrium condition (1.17)
is differentiated with respect to the variable P, and the
shift parameter a to yield

Jipd§i+Jia do=0,1,e., dﬁi/da={3a/Jip (1.18),
where Jip is the derivative of the excess demand function
with respect to the price §i in the neighbourhood of
equilibrium and Jiu is similarly the derivative with respect

to the shift parameter.

14 guestions of existence and unigueness of equilibrium
are outside the scope of this investigation. See K. Arrow
and F. Hahn, (1971) or G. Debreu, (1959), as examples of
formal treatment of these guestions.
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The answer to the question of what happens to the
equilibrium price when the "taste" parameter changes 1is
seen to depend on the derivatives of excess demand with
respect to the parameter and the eéuilibrium price. The
derivative with respect to the parameter can be made
positive, i.e., an increase in o increases demand. The
derivative of the excess demand function with respect to
the price is the difference of the derivatives of the
demand and supply functions with respect to that price,
as may be seen from the definition of the excess demand
function, (1.5). Unless information is somehow obtained
concerning the sign of this derivative, no theorem on
vthe effect of tastes on equilibrium price is forthcoming.
Moreover, and more importantly, when the system analyzed
involves more than one equation the answer to the comparative
statics questions cannot usually be given even if the signs
of all derivatives are known:‘ this is because,. in the case
of numerous equations, the numerators and denominators of
such expressions as equation (1.18) consist of determinants
of matrices, the signs of which are not determined from
simple knowledge of the signs of their elements except in
special éases.

The Correspondence Principle was first expounded by

P. Samuelson as a partial solution to the above problem of
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15
qualitative comparisons of equilibria. He pointed out that

the equations describing the equilibrium stationary state of
a static system are indeed the same as the equations of the
stationary state of the "corresponding" dynamic system. The
latter was formulated as a tatonnement process of adjustment,
along the lines described above{ it was then seen that infor-
mation on the behaviour of the dynamic system could be used
to determine the sign of the denominator of the comparative
statics expressions. More épecifically, if the system could
be considered "stable" in some sense (to be defined below)
the stability conditions would provide direct information on
the sign of the denominator of expressions such as equation
(1.18).

To make the above explicit in terms of the simple
example of this Section, the Correspondence Principle amounts
to the statement that the dynamic system describing the
tatonnement process, equationé (1.15) and (1.16), has as
‘stationary state the equilibrium condition of the static
model. That is to say, the price movement stops when excess
demand is zero (or negative, and with the price zero in this
case). This is, of course, obvious from the specification of
the tatonnement process in (1.15). To complete this illus-
tration of the use of the Correspondence Principle a defini-

tion of "stability" and some technical manipulation is needed.

15 In Samuelson, (1947),
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An equilibrium is asymptotically locally stable if,
after a small displacement away from it the system tends to
return to this equilibrium. To use this concept, the
dynamic system (1.16) is linearized around the equilibrium

. . . . 16 .
price Pi via a Taylor series expansion™ to obtain

P.=

i KiJJip(Pi—Pi)+KiJi(Pi,I,a)=K. J. P.+C (1.16L)

iJ 1p 1

where C is the sum of the constant terms from the expansion.
Equation (1.16L) is a linear differentialAequatiQn

of the first order, with constant coefficients and‘a constant

term. The complementary-function solution, which is the only

one involving the time element and therefore thé only one

relevant for stabilityl7 is obtained from the homogeneous

part of this differential equation, by considering the

solution of

Py = Kig9ip%s " (1.16LH).

Try a solution of the form:

p(t)=p(0)e "t

(1.19)
by‘substituting it in (1.16LH). If it is to be a solution,
the equation obtained from this substitution must hold as

an identity for all t,i.e.,

q?ompare Samuelson, (1947).

17'I‘he particular solution only involves, in this case,

a constant term. See, for éxample, S. Ross, {1964).
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At At
AP (0)e —KiJJip P(0)e (1.20)

from which one obtains the condition A:KiJJip for the
equation to hold. Thus, the complementary-function

solution to the dynamic equation (1.16L) may be written
P(t)=P(0)e"id7ip"t (1.21).

Now from the definition of a locally asymptotically stable
equilibrium, the path of price over time must approach
some constant equilibrium value. This implies that the
time-dependent portion of the solution of the equation,
i.e., the complementary function, must vanish as time
approaches infinity. But this condition can be satisfied

only if the quantity KijJi is negative. Thus, in order

P
for the system to be locally stable,

KiJJip<O'l'e"Jip<O (1.22)
18

since Ki is positive by definition (equation (1.10) .

J
Once it is realized that Jip is the denominator of

the comparative statics expression (1.18) the usefulness of

stability analysis for the derivation of comparative static

theorems should be in plain view. The sign of the denomina-

tor of this expression is now definite from that analysis,

l8Thus, stability is not affected by the speed of
adjustment in this case. In some higher-dimensional cases
this may not hold, and in the discrete time formulation of
the adjustment process it does not hold. Examples will be
encountered in other Chapters of this investigation.
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and the answer to the question of how a change in tastes
affects equilibrium price can be given unequivocally.

It should perhaps be repeated that in higher
dimensional systems the numerators 5f comparable expres-
sions of comparative statics are sub-determinants of the
matrix of the full system. Thus, information on the sign
of the denominator is necessary but not sufficient for the
derivation of theorems of comparative statics in these
cases.™?

With this example of comparative statics and the
Correspondence Principle complete, one may briefly ingquire
into the importance of the equilibration process for the
derivation of comparative statics theorems. In this
connection, it may be remarked that the specific process
of adjustment assumed seems more or less crucial to the
comparative static theorems: it may not be possible to
obtain the same kind of inforﬁation under other adjustment
processes, such as a non-tatonnement. A full discﬁssion of
this point will have to await for Chapter III below.

The task undertaken in this Section is now complete.
In the next Section, a model of non-tatonnement adjustment

is formalized for a pure exchange economy.

;9For further discussion on the Correspondence Principle
see Arrow ~and Hahn ,(1971); K. LahﬁéSter (1962), (1964); and
W. Gorman (1964). S\

\
¥
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1.3 The Non-Tatonnement Process in Pure Exchange

The setting of the general model described in Section
1.1 needs modification in order to describe a model of pure
exchange. More specifically, the market production level
represented by equation (1.2) is set equal to zero at all
prices. Thué, the excess demand functions for commodities
are now dependent on demands by individuals and on stocks
alone.

If exchange is to take place in goods i.e., consumable
produéible commodities, it must be assumed that commodity
stocks have somehow come into being in the past, and that
the system starts with an endowment matrix of stocks, both
'in terms of total quantities of each good and distribution
of goods among individuals. 1In conventional accounts of
exchange models this endowment matrix is simply postulated.
This approach will be followed here. It will also be pointed
out, however, that it may be useful to regard the initial
endowment matrix as the result of production. It then be-
comes obvious that one way to conceptualize the whole process
of production and exchange is in terms of the seqguence:
exchange in inputs, production, exchange in goods. This
sequence will be discussed in Section 1.5 below.

Given the above, a non-tatonnement process of
equilibration allows transactions at disequilibrium prices.

The auctioneer is retained, and burdened with the tasks of
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price change and dissemination of information. More
specifically, the auctioneer is inétructed to change prices
according to the same rule as in the tatonnement process,

namely,

A

P.=0 .if P.° 0 and E. (1.15)
1 1= 1

°

Pi=Ki(Ei) otherwise (1.16) .

In addition, the auctioneer is supposed to give information
as to who 1is willing to exchange what quantities at each
step of the equilibration process. An alternative to this
assumption would bé a search procedure by means of which
individuals willing to exchange would seek each other. 1In
order to make this search process fruitful, however, other
no less unrealistic assumptions would have to be introduced?'0

In addition to price changes, and in contrést with
the tatonnement process, transactions at disequilibrium
prices change the endowment matrix of the economy. Changes
in the individual elements of this matrix may be represented
as'follows:

. o .
Ili“ =G, (Py,P,,...P ,I), (i=1,2,..n, m=1,2,...m) (1.23)

where G is a function showing the changes in endowments over

time. Changes in endowments in disequilibrium must obey the

21
following conditions:

20Compare Arrow and Hahn, (1971), p. 329.

21Compare ibid,p.326. .



38

PiI =0 for all individuals m (1.24) ,and
i

=

m
i

R
m

=0 for all commodities i (1.25).

The first condition says that the individual must pay for
any exchange he undertakes, hence the change in total value
of his endowment at existing prices is zero. The second
condition says that there cannot be change in the total
quantity of each commodity available in the economy, since
this is a model of pure exchange. |

In the analysis of stability of this process, the
functions representing changes in the commodity endowments
are usually specified in a more detailed form than (1.23).
Examples of such specifications will be given in Chapter III
of this investigation. The rest of the discussion in this
Section will concentrate on the basic feature of the non-
tatonnement process in exchange, namely the dependence of
the stationary state on disequilibrium transactions in this
process.

An equilibrium for the tatonnement process of Section
l.é was defined as a set of non-negative prices such that
(given the initial endowments, technology and tastes) excess
commodity demands at these prices are zero?2 On the other

hand, equilibrium when disequilibrium transactions are

2 C L .
2 Or non-positive at zero price.
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permitted is defined as a set of non-negative prices and an
endowment matrix such that (given technology and tastes) ex-
cess commodity demands at these prices and endowments are zero.
More formally, if there exists a ndn~negative vector

§=(§l,§2,.,.§n) and a matrix I such that

B} =E, (By,P,,...P_,T)20 (1.26)

2
the vector P and the matrix I define an equilibrium.

Given an initial endowment matrix I, the path of
exchahges in disequilibrium'will determine, at each moment,
the endowment matrix at that time. If it happens that the
endowment matrix and the associated price vector at any time
are such that excess demands are zero23the system is in
equilibrium. The variability of the endowment matrix during
disequilibrium exchange suggests that, given an initial
endowment, various price vectors are consistent with equili-
brium, depending on the SPecific path followed by the process
of adjustment. This is clearly a case where actual trans-
actions might play a significant role in the determination
of-the stationary state of the system. The further questions
refer to whether stability conditions, comparative static
theorems and behaviour in diseqguilibrium are also affected.

These questions will be dealt with in Chapters III, IV and V.

The point to be made here is that since the endowment matrix

3 o .
Or non-positive at zero price.
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is subject to change during the equilibration process
various price vectors become consistent with equilibrium,
and which one does become the equilibrium vector may
depend crucially on the path of eqﬁilibration.

1.4 Endowment Effects: Identification, Classification and

Importance

This Section identifies, classifies, analyzes and
discusses the importance of various endowment effects
present during the process of market equilibration. Because
endowment effects are the means by which actual transactions
may come to influence the stationary state, stability etc.,
their importance for the analysis in this investigation
should be obvious: indeed, various approaches to the
problem of market equilibration are classified herein in
terms of the effects on which they concentrate.

Endowment effects have traditionally been discussed
with reference to demand: thevdiscussién in this Section
begins with the demand side but in Section 1.5 it is indica-
ted that endowment effects may originate in the supply side,
at least in terms of the visible components of the system.

Starting with the demand side, the first task in this

Section is the identification of endowment effects on

individual =-- as contrasted to market -- demand for a commodity,

say commodity j. Next, endowment effects on the market

demand functions are identified.
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The demand functions of an individual m for
commodities have been denoted by equations (1.2) in this
Chapter. These functions are derived from the standard
problem of utility maximization of én individual subject
to his budget constraint. 1In what follows, a brief dis-
cussion of this problem is undertaken which serves to
identify the endowment effects on demand.

Consider an individual m maximizing his utility
.om m m m,
Ut =0"(q],dy .. ) (1.27)

subject to a budget constraint

IP.q0 m
1 1

g, =LP.I

i*i 1ITi (1.28)

First order conditions for a maximum are given by
_ . m__m _
UI:.[: -AP;=0, (i=1,2,...n) and IP,(T7-q1)=0  (1.29).

where U? is the partial derivative of the utility function
with respect to commodity i,) the Lagrangean multiplier and
all other symbols have already been defined in Section 1.1.
These conditions form a system of (n+l) equations in (n+1l)
unknowns (priceé and the Lagrangean multiplier) and may be
solved to derive demand functions of the form of equation
(1.2) above. For the purpose of identification of endowment
effects it is convenient to take the total differential of

these conditions with respect to all parameters, i.e.,
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prices as well as initial commodity endowments. One then

obtains
B T Or ]
UpqrUjgreeens ..-Uy -P,| |da,| pdp;
UZl;U22,e ©c¢c o e o o -Uzn—Pz dqz Xdpz
= (1.30)
Unl,Un2 J o e o0 000 .Unn—Pn dqn }\dpn
S N ax L(T,-q;)dP, +3P.aT,

where Uij is the cross—partiél derivative of the utility
function Um, and the superscript m has been dropéed
temporarily, for expositional convenience.

Denoting the (n+l)x(n+l) matrix by A, the vector of
changes in the variables by dg and the vector of changes in
the parameters by dp one may write

A dg = dp (1.30a)
instead of (1.30).

25

Using conditions (1.29) the determinant of matrix A

may be written

24
The last equation in (1.30) may be multiplied by

-\ to obtain uniformity in the P. which border the matrix.
For purposes of the present expo%ition, however, this does
not make a difference.

> . .
And indeed any cofactor of this determinant which is
formed by deletion of rows and columns other than the last.
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]A|=(—1/X2)iU (1.30b)

bl

where |Ub! is the bordered Hessian of the utility function
U. This relation will be used presently.

The change in the quantity demanded of commodity j
in response to parameter change526is then given by Cramer's
rule:

aq, =_l2.gpl _ flagslap+la,, 5113(13-q;)dp,+1P, d1,]
j [A] |A]

(1.31)

where |A,dp|is the determinant formed by substitution of
27
the vector dp for the ith column of A, and Aij is a cofactor

of A. Using (1.30b) one may write, instead of (1.31),

glUij!dei AU
dg. = +
q] ]Ubl

{g(li—qi)dpi+§PidIi}

(1.32)
The first term in this expression is the well-known substitu-
. 28 . . .
tion term of price changes. The second is an "income" or

endowment term, which consists of two components: the

26One can of course consider changes of one parameter
at a time. Thus, when only dP.#0 in (1.31), the equation
shows the own price effect on demand. When dpy ,J7k is
considered, one obtains the cross-price effect.
27i.e., a determinant of order nxn obtained by delet%gn
of the ith row and jth column of A and given the sign (-1) J-

28 .
Weighted by the changes in prices, dPi'
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endowment effect of a price change, which is the product of

the outside term and the first term in the bracketsz? and

the endowment effect of a change in the endowment vector,

which is the product of the outside and the second bracketed
term39 Both endowment effects have the term outside the

. . 1
brackets in common. Denoting the latter by C? , and the

substitution terms by Sij320ne may write, instead of (1.32),

dg. = §S

5 jAP;+C 3 (T -q;) AP +C I AT, (j=1,2,..n)

ij
(1.33).

With the mechanics of the problem out bf the way, the

discussion may now proceed to identify and analyze various

endowment effects. The term Cj§(1i—qi)dPi, which results

from change in price, will be labelled Endowment Effect of

the First Kind in this investigation. As is obvious from the

expression, endowment effects of the first kind depend not
only on the term Cj but also on the"degree of participation"
~of the individual in the market for the specific commodity

whose price changes. Suppose, for example, that the price

29Weighted by price changes, again.

30Weighted by endowment changes.
31'I‘he sign of C. is ambiguous, as is known from conven-
tional demand theory.

32The sign of S

.. 1s negative, and the sign of S..,i#j
. . ii 1]
is ambiguous.
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;of commodity i changes; the endowment effect of this change
in price is, then, equal to Cj(Ii—qi)dPi. Besides the term
Cj' the strength of this effect depgnds on the absolute
value of (Ii—qi), which represents the‘hegree of participation"33
of the individual in the market for the commodity. If, for
example, this term is zero, it implies that the individual
‘does not enter the market34for this commodity at all, i.e.,
the individual is content to consume his initial endowment
of this commodity. If the term is positive it means that
the individual is a seller34and consequently stands to be
affected by a change in the price to the extent of the amount
sold, which is precisely the term (Ii—qi). If, finally, the
ferm is negative it means that the individual is a buyer34
and therefore stands to be affected by price change to the
extent of the amount bought, again equal to (Ii—qi).
Endowment effects of the First Kind exist irrespective
of changes in the quantities of commodity stocks with which
the individual is endowed: even if these quantities remain
constant, a price change sets such effects in operation as
long as as Cj differs from zero and the individual partici-
pates in the market. Thus, effects of the First Kind can

occur quite independently of other effects, as long as there is

33Ehat is, the difference between his'actual and util-
ity-raximizing stock of the commodity.

34At the initial prices where the maximum utility was
calculated.
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price variation. Because of this, one may wish to label

these effects pure price effects on demand, to distin-

guish them from other effects, which sometimes involve
price and gquantity variations, and sometimes only quantity
changes.

Endowment Effects of the Second Kind occur when a

change in the composition of commodity endowments is
followed by a price change. They thus operate in two
steps: first, the term %Pidli will denote the change in

the endowment composition, and then the re-evaluation of

the new endowment will produce pure price effects on this
- new endowment, through the-term Cj§(Ii—qi)dPi.

To make this clear, consider an individual par-
ticipating in exchange of commodities, and let this indi-
vidual purchase, at the initially given prices, dIi of
commodity i for de of commodity j. Assuming that no
credit transactions are permiﬁted, theAexchange must satisfy,

from equation (1.24) above,
P;AI;=P.dI,, i.e., JP,dI,=0 (1.24) .

The effect of this transaction at the initial prices is thus

simply to change the composition (but not the value) of

the endowment vector of the individual. More specifically,
his quantity of i is now (Ii+dIi) and of j (Ij+de), Thus

if a price change then occurs in either commodity, the pure
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’price effect resulting from it will not be the same as if
the transaction described above had not taken place.
Consider, for example, a change in the price of commodity
i, occurring after the above transaétion has been completed:
since the individual was assumed a buyer of i, the term
(Ii+dIi—qi) -— which shows the changed endowment of i --

35 In either case, the

is now either negative or zero.
individual is affected in a lesser degree by the. subsequent
price change, since the transaction by which he obtained
dIi has reduced (other things equal) his participation in
the market for commodity i. Alternatively, the effect of
the subsequent pricerchange on the modified endowment may
be_separated into two terms,b Ci(Ii—qi)dPi and'cidIidpi.36
The first is the pure price effect (of the First Kind) that
the individual would experience with the price change even
if he had not previously changed his endowment composition
- via exchange. The second term indicates the effect on
demand for i due to the previous transaction, and is the
Endowment Effect of the Second Kind. If the price Pi has

risen, the individual buyer has gainéd dIidPi in endowment

value, and the effect on his demand for i is consequently

51t will be zero if it is assumed that the individual
purchased the optimal guantity of i,qi, in the transaction.

36One of course could avoid the product of two
differentials by telling the above story in terms of discrete
changes.
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The gain in the endowment value described above
will affect not only the demand for commodity i but all
commodity demands38as can be seen f?om (1.33). The effect
of the gain on the demand for commodity j is given by
deIidPi .

From the above it is obvious that endowment effects
of the gSecond Kind operate only when first the endowment
composition and subsequently the price vector are allowed
to change. If there is a subsequent price change, the
change in the endowment composition affects demand via
endowment effects of the First Kind. Thus, endowment effects

of the Second Kind could be labelled quantity and price

effects, since the necessary conditions for them include
both quantity and price variation.

Finally, it may be noted that the total endowment
quantity of commodity j or i ih the economy does not change:on-
iy redist:ibution is involved between individuals. Thus,

‘the second kind of endowment effects could alternatively be

called redistribution effects: this makes clear that such

effects operate in exchange and they are to be distinguished

37Whether the demand for i increases or decreases from

this gain in endowment depends on whether C is positive or
negative, i.e., on whether the commodity is superior or
inferior.

388ubject to non-zero values of Cj, j=1,2,...n.
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from others involving net increases in endowment gquantities.
The next category of endowment effects involve
precisely such net changes in endowment quantities. For
the moment, it is not necessary to examine how these changes
come about; this will be discussed below in this Section.
Consider a change in the initial endowment of individ-
ual m, consisting of an increase of the quantity of commodity
i, denoted by dIi as before. The consequent change in the
value of the endowment is PidIi’ and the effect of this
endowment change on the demand for commodity j is CjPidIi.
This kind of effect on demand for commodities will be |

labelled one of the Third Kind. It is obviously a pure

quantity effect, in the sense that it is attributable to

changes in the initial quantities of commodities with which
the individual is endowed, and it does not require price(
variation to operate. Moreover, it cannot operate under.re—
distribution of commodities among individuals at given prices,
since in this case the total change in the individual endow-
ment at these prices is zero, by (1.24). This endowment
effect thus operates only when the total valuée of the endow-
ment increases due to change in quantity.

It may be useful at this point to consider the meaning
of the term Cj in equation (1.33): it is easily seen that it
is in effect the marginal propensity to consume commodity 7,

i.e., it is the change in the quantity of j demanded per
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unit change in the value of the endowment. This latter
change may be brought about by price changes (in the case
of endowment effects of the first two kinds) or by physical
endowment changes with prices constant (in the case of
effects of the Third Kind). 1In either case, the effect bf

a unit value change in the endowment is the same and equal

to C..
: J

The question now is: How can a new change in the
quantity of a commodity come about in an economy of pure
exchange? The answer is, of course, that it cannot, since
equation (1.25) prohibits this from happening, and indeed

defines a pure exchange model. Such a change can then only

happen when production is allowed to vary. In the sequential

' T ' 39
scheme alluded to in Section 1.3 above a variation in pro-

duction of commodity i will have to be reflected in a change
in the initial endowment of some individual in the economy,

without any compensating chanée-elsewhére. A hidden condi-

tion for the existence of endowment effects of the third

Kind is, then, change in volumes of production. Tt goes

without saying, therefore, that such effects will not he
present in pure exchange models.
This completes the identification, classification and

analysis of the three basic kinds of endowment effects on

[e)
3%nd more fully discussed in Section 1.5 below.

L.
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demand. Some remarks’as to the situations in which these
effects are important follow.

Endowment effects of the First Kind are important
in any situation where individuals hold stocks and prices
vary. There is no need for redistribution or change in
production to oécur for them to operate: thus, they are
‘ present in a situation of tatonnement process of equili-
bration via price. Indeed, they are the only endowment effects
present in that case. Clearly, such effects will turn out
to be important in stability analysis of such a process.
This will be seen more clearly in Chapters II and III below.

Endowment effects of the Second Kind need both commod-
ity redistribution and price change in order to operate.
They are thus non-existent in a tatonnement process, which
precludesvredistribution of commodities until the equil-
ibrium price véctor is established. Such effects are of
course relevant in a non—tatoﬁnement pgocess of price change
where redistribution is allowed at disequilibrium prices.
Thus, such effects are important, together with those of the
First Kind, in stability analysis of non-tatonnement pro-
cesses, further discussed in Chapters III, IV and V.

Endowment effects of the Third Kind are relevant
only when production changes are allowed in the analysis.
They are thus non-existent in analyses of pure exchange

models.




Before this Section is

important to indicate how the three kinds of

effects affect the market (as opposed to the

demands for goods. Summation of (1.33) over

yields,
m__m

Bl

(1.

where m is the number of individuals, as before.

expression it is easily seen that effects of

drawn to a close,

q.)dP . +ZChEP. ATy
i imjitiTi
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it is
endowment
individual)

individuals

(jJ=1,2,...n)

34)

From this

the First Kind

are present in the market demand under the same conditions

as with individual demand.

Endowment effects of the Second

Kind require that the terms C? be different for each

individual m, otherwise there is no effect on demand.

Finally, the Third Kind of effects are present under the same

conditions as for individual demand.

The discussion of endowment effects is now complete.

The next Section deals specifically with problems associated

with introduction of production in a non-tatonnement setting.

40
Section 3.1.3.

‘This point is elaborated upon in Chapter III,
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1.5 Non-Tatonnement in Models of Production and Exchange

This Section discusses problems of non-tatonnement
analysis when production is taken into account. The role
of endowment effects in a production and exchange model of
non-tatonnement is also discussed.

The definition of a disequilibrium transaction in the
exchange model is simple and straightforward, namely, an
exchange at a disequilibrium price, a price which does not
clear the market. A model of production and exchange, however,
necessitates examination of input markets, the production
process itself, and the commodity markets of the exchange
model. The analogous definition of a disequilibrium
"transaction" in this model might then refer to an exchange
of inpﬁts at an input price which does not clear the input
market under examination; or, it could refer to an exchange
of commodities at a pricé which does not clear the commodity
market.

Disequilibrium transactions in such a model, there-
fore, may occur in both the input and commodity markets. But
this is not all that is necessary to mention when production
is introduced: if only flows created within the market
period are considered, the operation of the commodity market
requires that hiring of inputs and production has preceded
the commodity exchange process. Otherwise, neither commcodi-

ties nor income will have been created, and the commodity
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market is plainly not in existence as vet.

It is perhaps convenient to visualize the above
sequential process as follows: individuals functioning as
"enterpreneurs"4l(whose initial endowments are more or less
specialized in a non-producible commodity called "exchange
money") purchase inputs from other individuals at going
prices and pay in terms of "exchange money", a non-producible
commodity among those in the model. Production proceeds
on thé basis of hired input services, and commodities come
into existence. The situation now has the individual
enterpreneurs holding stocks of producible commodities, and
other individuals (with endowments "specialized" in these
inputs) holding stocks of exchange money. The endowment
of the latter group of individuals is thus now "specialized"
in money, and the endowment of the enterpreneurs in producible
commodities. This is in no conflict with the specifications
of the model described above in this Section, and it seems
plauéible as a representation of the process in a model of
production and exchange. As for the "specialization™ with
regard to enterpreneurs' and other individuals' endowments,
it actually seems to correspond to "reality" much more

closely than other specifications.

41 . . ‘o .
" If a commodity called "organizational ability" is

specified, these individuals must be assumed to hold stocks
of it.




55

The difficulty presented above with regard to the
necessity for a "sequence"42does not appear in the
tatonnement model of production and exchange, since
equilibration in that model proceedé on fhe basis of planned,
as contrasted to effective, demands and supplies. Thus,
planned input supply is accompanied by a planned demand
for commodities, on the basis of income planned from the
supply of inputs. 1In the same way, planned input demand
is accompanied by planned commodity supply by producers,
on the basis of the planned input employment. Thus,
equilibration analysis in this system does not require
that any production plans43be carried out in disequilibrium:
in fact, it requires exactiy the opposite, namély that‘nd |
plans be put into effect until the equilibrium price vector'
is found.

The situation in disequilibrium models of production

and exchange, in contrast, requires output to have been

42The necessity for such a sequence may be questioned.
Introduction of commodity inventory makes it possible, prima
facie, to have disequilibrium commodity exchange before or at
the same time as production, provided that the "wealth" which
has been accumulated from previous periods, is allowed to
vary at the time of the transaction. However, since both the
commodity stock and the "wealth" stock repletion require
production the introduction of stock considerations does not
invalidate the statement in the text. Moreover, the presence
of inventories and wealth stocks imply prior production, too.

43Or, for that matter, any other plans.
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produced for purposes of exchange in disequilibrium. But,
if output is to have been produced before the establishment
of an equilibrium price vector and while input markets are
in disequilibrium, the income creation plans of agents in
these markets will not be realized. Moreover, chances are
that production plans may not be realizable, under circum-
stances of excess demand for one or more inputs. Finally,
sales plans may not be realizable in the sense that either
the market for the commodity does not clear at the expected
price or that this price has to change for the market to eg-
uilibrate.

The conclusion of the foregoing is that disequilibrium
‘in models’of productibn and exchange implies the possibility

that income creation, production and sales plans may be un-

feasible. Moreover, when interdependence of production, income,

expenditure and sales is taken into account, it is easily

seen that falsification of one category of plans may bring
about another.

Little discussion exists on the feasibility of income
. and production plans in disequilibrium. An analysis of this
matter will be undertaken in Chapter V. With respect to sales

. 44 .
plans, three broad categories of disequilibrium production

44 .
: The term i1s used as a synonym for "non-tatonnement?




57

and exchange models may be distinguished. The first category
includes those in whicﬁ the false production volume is put
onto the market and demand is destroyed or created as the
case may be by means of pure price variation so that equilib-
rium is temporarily established. These are pure price adjust-
ment models. Because of the mistake involved in the estima-
tion of production volumes, the price of the commodity must
adjust to bring about equilibrium and the cost is borne by
the firms involved, that is to say by the enterpreneurs.
Thus, the cost of this equilibration process appears as an
endowment effect of the third kind, since it implies that

the income of séme input-owners taking the risks of produc-
’tion is smaller than expected.

The second category of models corrects the discrepa-
ncy between production and demand not through price but
through quantity variation. Thus, given the prices that are
to stay constant the productibn volume is put to the market
and what is not sold is accumulated in inventory (or, the
excess demand is satisfied by inventory depletion).

A third category of models would have both invéntory
change and price change sharing the burden of equilibration
in the market period. Models in this category are very scarce
indeed.

| In all the above models, production plans in the next
period are modified to take account of past mistakes,and this

variation affects demand by means of endowment effects
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of the Third Kind once again. Also, production plans are
affected by the situation in the input markets, in the sense
that, unless equilibrium prevails, some production plans may
be unfeasible.

The above is only a preview of the problems associa-
ted with introduction of production in non-tatonnement pro-
cesses. A fuller discussion of this matter is contained in
Chapters III, IV and V. Suffice it to conclude here that the
sequeﬁce of input eXchange, production and commodity exchange,
introduces the possibility of mistakes in production volumes
which carry forward in the form of endowment Effects of the
Third Kind. Moreover, feasibility of production plans in

disequilibrium is not always assured.

1.6 Closing Remarks

The aim of this‘Chapter has been to provide an intro-
ductory framework for the analysis of equilibration problems
and to present a formalization of equilibration processes,
as Qell as to give an example of the way meaningful theorems
in.economics are derived. The next two Chapters use the con-
cepts of this Chapter in a historical review of the literature.
Chapters IV and V apply the general model presented here to

the process of equilibration in particular settings.



CHAPTER ITI

REVIEW, INTERPRETATION AND CRITICAL ANALYSIS OF THE EARLY

LITERATURE

This Chapter discusses the work of such early contrib-
utors to the problem of equilibration as Walrasl, Edgeworth%
Marshall3, Wicksteed4, and HicksS. Section 2.1 deals with
Walras’ treatment of the equilibration problem, both in pure
éxchange and in production and eXchange. Section 2.2 dis-
cussesEdgeworth’s contribution in this respect, while
Marshall, Wicksteed and Hicks are dealt‘with in Sections 2.3
2.4 and 2.5 respectively. Section 2.6 summarizes the con-
clusions of the analysis of this Chapter. The aim of this
historical review, interpretation and critical analysis of
this early work is not only to provide a background for the
research undertaken in this investigation but also to pu£
the contributions in the general framework of thié thésis
wherever possible. Moreover, it will be seen that the anal-
ysis of Chapter V of this thesis is, in a loose sense, con-

nected with the approach implied by Edgeworth to the problem

of equilibration.

1 (1954).

2 (1881), (1925).
3 (1920).

4 (1933).

5

(1946) .
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2.1 L. Walras

Leon Walras6 may be considered the firét theorist to
face seriously the question basic to the phenomenon of market
eqguilibration, although others béfore him may be said to have
mentioned the concept of tatonnement in relatively the same
context.7 His preoccupation was to show that the actual mar-
ket mechanism may be considered to achieve essentially the
-same result as that indicated by the solution to the mathe-
matical problem of equilibrium of exchange. This was pre-
sumably to be achieved by the market through a process of

tatonnement, or groping, towards the equilibrium price. 1In

Walras' own words (or, rather, in the words of his translator):

"What must we do in order to prove that the theoreti-
cal solution is identically the solution worked out by
the market? Our task is very simple: we need only show
that the upward and downward movements of prices solve
the system og equations of offer and demand by a process
of groping."

Walras is concerned here with the empirical relevance

of his system of equations for the model of commodity exchange.

Unless it can be shown that the market possesses behavioural
and institutional mechanisms that lead it to the equilibfium

set of prices within a reasonably acceptable time span, the

©(1954).

7cf. W. Jaffe, (1967)

8Walras, (1954) , p.170, (8§125).




| 61
system of equations of exchange loses much of its signifi¥
cance as a tool descriptive of the equilibrium of exchange
and its characteristics. This, of course, is not to be
taken to imply that Walras was aware of all the behavioural,
institutional and time-span problems associated with the
question of identification of the actual market solution to
that of the. equation system; but he did seek to establish
some correspondence between the market and the theoretical
formulation.

Walras' own treatment of the process of tatonnement

has been éharacterized as "wholly inadequate",9 and "

10

a
swindle".
cally asserts that the market mechanism of exchange in the
case of many commodities is convergent, i.e., stable, and
.moreover that it tends to the set of prices established by
the static set of equations of the mathematical model of ex-
change. It should be noted that the second statement not
only implies stability, but also uniqueness of the equilib-

rium set of prices, and independence of that set from the

path that the market foilows during equilibration. Obviously,

this set of propositions requires more than simple assertion,
and, as will be pointed out later, proofs (which have now

been furnished in the literature) require assumptions and

“Jatfe, (1967), p.5.

10 R. solow, (1956), pp 87-89.

According to Jaffe's interpretation Walras basi-



62
behavioural and institutional specifications that never en-

ﬁered Walras' own discussion of the matter.

It may be, however, that the above interpretation is
too harsh. One might wish to recognize that Walras was suc-
cessful in showing static stability in the case of the two—'
commodity model of exchange. As for multi-commodity ex-
change, while it is true that‘he could prove very little
about stability it is also true that the relevant paragraphs
of the Elements contain interesting remarks as to conditions
which were later found to be necessary for stability. AAt
one point, for example,ll in which he attempts to show that
the multi-commodity equilibrium will be stable, we find
Walras suggesting that stability would be probablé if we
 remember that the response of the quantity demanded of a
commodity to its own price is a "direct" (hence stronger)
effect while the consequent changes of the other prices are
only indirect (hence weaker) effects on the quantity demanded
of the commodity in question. This, of course, is certainly
no proof, as Jaffe notes. But it is interesting to note that
‘later literature does contain a proof of stability of multi-
commodity exchange based on diagonal dominance.12 When ex-
pressed in terms of responsiveness of quantity demanded to

prices, diagonal dominance means that the response of the

Hyalras, (1954), p.172 (§130).

12See Chapter III, Section 3.1.1
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quantity demanded to the own price is greater than the sum
of the responses of the same quantity to other prices, which
is what Walras alluded to. Thus, if he cannot be credited
- with a proof he should at least be credited with perception.

At the same time, it may be fair to state that Walras
either has no conception of what trading at fdlse prices does
to equilibrium or he suspected the problems associated with
it‘and shied away from its analysis. One does find, however,
that Walras believed in a very high speed of actual market
adjustment. Thus,

"the rapidity and reliability of the practical solu-
tions leave no room for improvement. It is a matter of
daily experience that even in big markets where there
are neither brokers nor auctioneers, the current equili-
brium price is determined within a few minutes, and con-
siderable guantities of merchandise are exchanged at that
price within half or three-quarters of an hour. In fact,
the theoretical solution wggld be absolutely impractica-
ble in almost every case."

It is this and related remarks in Walras' book that
give rise to the questioh whether he allowed disequilibrium
transactions to take place in his description of the equili-

14

bration of the exchange model. Peter Newman,15 for example,

suggests that Walras did explicitly allow for such transactions

l3Walras, (1954), p.106

14Ibid, pp. 105-106 (8860-61), and pp. 169-172 (§§l25—
130).

15(1965) pp. 101-103.
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and refers to pages 84-86 and the above passage for evidence

relating to Walras' discussion on disequilibrium trading and
the speed of convergence to equilibrium respectively.

While it is true that some discussion on disequilib-
rium transactions is there on pages 84-86 and while Walras'
belief in the speed of adjustment of the actual market is
evident from the above passage, one might agree with
W. Jaffe that Newman's interpretation strains conjecture too
much. This issue, of course, would be of interest as a sub-
ject in the history of economic thought and may be considered
to reduce to the following alternative statements:

(i) Walras, being a careful theorist and having
announced at the outset of his discussion of the tatonnement
mechanism that his purpose was to show that the market arrives
at a solution identical to that of the equations of exchange,
could not have considered transactions at disequilibrium
prices, irrespective of his belief about the speed of con-
vergence. This viewpoint is reinforced by the fact that in
the model of production and exchange Walras explicitly ex-
cludes disequilibrium transactions, via use of "tickets" in

disequilibrium.

Loyairas, (1954), pp. 169-170 (§§124-125) .
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(ii) While it is true that Walras was a rigorous and
careful theorist, it is also true that in the particular
instance under discussion he did experience difficulty. As
was pointed out, he came to assert simply that the market
mechanism will converge to equilibrium. What equilibrium

17 It is then con-

he did not say, as Jaffe himself notes.
ceivable that Walras did not mean an equilibrium identical

to that yielded by the equations of exchange, but one very
close to it (since the speed of convergence he believed to

be high, and hence the bulk of transactions would take place
at equilibrium) .

Related to the above issue is the question of the
meaning and analytical use of the Walrasian theorem of equiv-
alent redistributions of commodity holdings. Jaffe18 sug-
gests that the theorem has relevance for the Walrasian theory
of tatonnement which was‘missed by Walras himself. He also
points out that modern writers have not taken into account
the result of this theorem when they state the conditions for
invariance of equilibrium prices under commodity redistribu-
tion among individuals.

It may be useful, then, to examine the meaning and

possible analytical use of the Walrasian theorem of "equiv-

alent redistributions of commodity holdings", and its possible

Y7 5a8fe,(1967), pp. 5-6

181134, p.3
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“relevance to the Walrasian theory of tatonnement. A related
question is that of necessary and sufficienticonditions for
invariance of equilibrium commodity prices in the Walrasian
model of tatonnement exchange. |

The theorem of "equivalent redistributions of commod-
ity holdings" states that

"given several commodities iﬁ a market in a state of

general equilibrium, the current prices of these commod-
ities will remain unchanged no matter in what way the
ownership of the respective quantities are redistributed
among the parties to the exchange, provided, however,
that the value of ?he sum gf the quantiiées possessed by
each of these parties remains the same"

It seems clear that an equivalent redistribution of
commodity holdings is defined by Walras as one which has the
.Same value, calculated at the equilibrium level of prices.

It is also clear that such redistribution will not change the
total quantity of each commodity available for consumption

and exchange. The theorem, then, suggests that a change in
the commodity composition of ﬁhe initial individual endow-
ments of the participants in the exchange does not affect theﬁj
final solution of the equations of exchange (that is, it does
not play a role in the determination of equilibrium prices)

in the case where the value (in terms of the numeraire, and

calculated at these equilibrium prices) of the endowments is

the same for each individual participant, after redistribution.

19Walras, (1954), p.185.
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In order to determine the possible analytical use of
this theorem, consider a tatonnement process without "false
trading"20 in which the price change has the same sign as
that of excess demand. Although no transactions take place
before the final equilibrium price is arrived at, it should
be obvious that the values of the commodity holdings of the
individual participants keep changing as the system gropes
toward equilibrium, for the simple reason that prices at
which these values are calculated vary during the process.
This is, of course, due to the operation of endowment ef-
fects of the first kind.

When a process with disequilibrium trading without
transactions on credit is considered, the individuals who
turn out to have gained (lost) from the disequilibrium trans-
action of the previous moment (or period) can be shown to
have experienced an unambiguous increase (decrease) in the
value of their holdings compared with that value before the
disequilibrium transaction, when both are calculated at
prices of the present period. This is the endowment effect
of the second kind, discussed in Chapter I.

Thus, while in both processes the value of endowment
of the individual changes during the process of equilibration,

the difference is that without disequilibrium transactions

20, . . s .
l.e., transactions at disequilibrium prices.
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that value changes only with the operation of endowment
effects of the first kind. With disequilibrium transactions,
however, when an individual is allowed to transact at a given
set of prices and thus change the physical quantities of
commodities‘in his initial endowment, the value of his new
endowment is different from the value of the old endowment
(with both values reckoned at a price vector different from
that in which the disequilibrium transaction took placeZl).
This difference in the value of the endowments is responsible
for "income" or "endowment" effects of the second kind on the
demand of the particular individual.

Thus, one finds that irrespective of false trading or
not the value of the individual commodity endowment will
change during the process of equilibration for the simple rea-
son that prices at which the value of this endowment is cal-
culated change during the process. This remark serves to
vpoint out that the analytical use of the "equivalent redistri-
butions of commodity holdings" cannot be in the framework of
the process of equilibration of the market: because the es-
sential characteristic of the theorem is invariance of the
endowment value calculated at a given price vector, while the

essential characteristic of the equilibration process is price

21Because no transactions on credit are permitted, the
endowments before and after the false trading will have the
same value if reckoned at the price in which false trading
took place.
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change.

It may be asked why it is necessary to revalue the
endowments of the individuals during the process of equil-
ibration. The reason is, of coursé, that such revaluation
is necessary for the determination of the quantity demanded
at various prices, and is part of the conceptual experiment
via which the planned demand curve is determined.

Thus, the use of the theorem is restricted to sit-
uations where the price does not change: more specifically,
it may be used to show that the equilibrium price vector
which results from the equations of exchange depends solely
on conditions of market supply, demand and on the distribution
of wealth (that is, on the total quantities of commodities,
the utility functions of theé individuals and on the equili-
brium value of their endowment) and not so much on conditions
of distribution of the total avallable supply of physical
quantities of commodities among 1nd1v1duals, since, according
to the theorem, the latter can be varied in specific ways and
still leave equilibrium prices unchanged.

To make the matter clearer, it may be appropiate to
consider the example of exchange of two commodities, such as
bread and meat. Given the preferences of the participants in
the exchange, and their endowments of physical quantities of
those fwo commodities, we assume that an equilibrium relative

price exists for a tatonnement process without disequilibrium
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transactions. This eéuilibrium price ratio may be obtained
from the solution of the system of excess demand functions
of the participants. The theorem then suggests that this rel-
ative price will not change even if we start off the individ-
ual participants with very different physical commodity allo-
cations,22 provided that the values of those new commodity
allocations, calculated at the equilibrium relative prices,
are the same as before. 1If, for example, an individual was
in possession of some quantities of both commodities in the
first case, given the equilibrium prices (parameters to him)
he may be a supplier of bread and a demander of meat. I1f,
however, in the redistribution of commodity holdings he is
found at the beginning to hold no bread at all and meat in
quantity whose equilibrium value is the same as that of ini-
tial quantity of bread and meat he had before, he will ob-
viously end up supplying meat in exchange for bread, in
equilibrium, and the equilibrium price will be the same.

The meaning of the theorem is, then, that it is the
equilibrium value of the physical quantities of the initial
individual endowments which, together with preferences and
total supplies, determines the equilibrium prices: it does
not matter what the composition of this equilibrium value is

in terms of physical quantities.

22These will have to add up to the given total market
quantities, however.
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The above example also shows that the theorem suggests
that the question of who will supply what commodity in demand
for others depends on the distribution of the physical quan-
tities.

Consider Figure 2.1, which is a standard Edgeworth box
descrlblng exchange of two commodities by two individuals be-
having according to parametrically given prices. The theorem
says that any initial endowment lying on the line AB will lead
to the equilibrium price ratio described by the tangent of the
angle 0, i.e., all offer curves derived from initial endow-
ments lying on this line intersect at E. During the equilib-
ration process, the endowment values will vary for the reasons

described above.

O*

O'k

Figure 2.1
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Jaffe seems to’believe that the theorem may be used
in connection with a tatonnement process (with or without
false trading) and suggests that Walras

"missed perceiving the relevance of his 'theorem of
equivalent redistribution...' to his theory of taton-
nement, since the proof he formulated...begs the ques-
tion. He calculated the value of the equivalent com-
modity holdings in terms of the mathematically determined
prices, which ipso facto guaranteed a solution at the

same equilibrium prices’? Had he calculated (it) at
another se53of’prices, the solution would not have been
the same." :

It has already been ?ointed out that the theorem has
no use outside equilibrium, and this shows that Jaffe's
criticism of Walras having missed perceiving its relevance
is unjustified, although it is true that Walras could possi-
bly have seen the importance of false trading for his scheme
had he examined the theorem more closely. 1In order to eval-
uate the force of Jaffe's criticism, however, it may be
instructive to examine his suggestion for calculation of the
value of equivalent commodity‘bundles.in terms of other than
the equilibrium prices. Jaffe suggests that in this case the
solution would not have been the same. Actually, under an
equivalent redistribution of commodity holdings there cannot
be a solution satisfying the equilibrium conditions of the
markets unless the prices come to be the mathematically de-

termined prices. This may be seen in Figure 2.1 where the

233affe, (1967), p.3.
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evaluation of the bundles C,C* in terms of another price
ratio does not lead both parties onto the contract curve
(a unique equilibrium is assumed in the Figure).

Jaffe's statement that calculation of the values of
the endowment at another set of prices would yield another
equilibrium price vector seems to imply that the value of the
endowment is calculated at one set of prices, and afterwards
the equilibrium veétor is found on the basis of the given
money value of the endowment. This is clearly inappropriate,
since the value of the endowment should be calculated at the
set of ruling prices, and thus its value in equilibrium de-
pends on the equilibrium price vector. Thus, Walras' calcu-
lation of the value of equivalent redistributions at the
initial equilibrium prices was meant to check whether the
market excess demands would be zero at these prices, after
redistribution had taken place. He would then be able to
claim, as he did, that equilibrium prices do not change.24
There is, however, an implication that may be drawn

from the theorem as regards alternative sufficient conditions

for invariance of the initial solution prices of the model of -

tatonnement exchange. One such sufficient condition is shown

by the theorem to be the invariance of the eguilibrium values

of individual endowments.25 Another one 1is invariance of the

24Equilibrium is assumed to be unique.

25Together with unchanged total gquantities of commod-

ities.
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physical quantities in the endowment of each individual.

The second of these sufficient conditions is quite
strong: not only does it require that the total market quan-
tity of each commodity be constant, but it also demans a
fixed distribution of quantities of all commodities among
individual participants.

The first condition has the same requirement with re-
gard to the total market quantities, but it is a little weak-
er on their distribution, since it suggests that the latter
may be varied as long as the equilibrium value of each indi-
vidual endowment remains constant.

On the other hand, neither of the above conditions is
necessary for invariance of the equilibrium prices. This is
so because it is conceivable that in a non-tatonnement process
with false trading the equilibrium values of the endowments
may change but the consequences of these changes for excess
demand may cancel one another. We then have the same equi-
librium prices but different endowment values (at these pri-
ces) fof some or all individuals. It may be worthwhile to
stress that the cancelling out refers to the consequences of
different endowments on excess demands; the endowments have
different equilibrium values from the initial ones. The to-
tal market excess demands, however, may be the same if the

. 26
consequences of these different endowments cancel out.

6Contrast with Jaffe's elimination of the endowment
changes themselves: Jaffe, (1967), p.3.
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In terms of Figure 2.1t is possible that from an endowment
off the line AB there may exist a price line of slope 0 tak-
ing the market participants to a point on the contract curve
other than E but with the same marginal rate of substitution
as that of E.

Jaffe, however, claims that the condition provided by
the theorem of equivalent redistributions is not only suffi-
cient but also necessary, when he states that:

"If follows from this theorem that if the values of...

assets are affected...and do notzyemain unchanged, the
prices...must also be affected".

This implication is incorrect.28

If neither of the above conditions is necessary but
only sufficient, the question arises whether it is preferable
in any sense to use the one rather than the other. 1In this
respect, it seems proper to use the weakest sufficient con-
dition available, although this does not imply that the stron-
ger one is improper or incorrect. Thus, Jaffe's criticism of

D. Patinkin is couched in an unjustifiable manner when the

former says that

271pid, pp. 2-3.

28In a later passage Jaffe has the weaker, and correct
statement that when the endowment values change "equilibrium...
is unlikely to remain unchanged" (ibid, p.4, italics mine).
If by "equilibrium" he means not only the equilibrium commod-
ity distribution but also the final price by which equilibrium
was arrived at, this statement is in contradiction to that
quoted in the text.
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"Patinkin...leaves one with the impression that what

is needed is constancy in the quantities of the physical

components of the individual endowment collections, when

in fact‘what is required for a unique equilibrium is ggn-
stancy in the values of these separate endowments..."

As mentioned above, neither condition is necessary.
Jaffe implies that his condition should be used by Patinkin
becaﬁse it is necessary, while he should have suggested that
his condition is a weaker sufficient condition, hence prefer-
able.

One may conclude from the above discussion that the
theorem of equivalent redistributions is most relevant with
regards to equilibrium positions, namely it describes suffi—
cient conditions for invariance of equilibrium prices to some
distributional changes in the endowments.  While it may be
true that it gives the weakest conditions available, it is
not correct that it gives necessary conditions. Therefore,
it could have helped Walras only marginally as regards the
question of disequilibrium transactions; nmoreover, the fact
that its conditions for price .invariance are weaker than oth-
ers does not render other conditions improper or useless.

The theorem of equivalent commodity holdings has been
examined at some length because it provides conditions under

which endowment effects of the second kind cannot operate on

demand and consequently cannot change the equilibrium price

291%id, pp.16-17,
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vector despite disequilibrium transactions. This, then, is
one case where actual transactions outside equilibrium do not
affect the stationary state of the model: the case is clearly
interesting because of precisely this feature.

There is, as a matter of fact, a case where the theo-
rem's conditions on price invariance under commodity redis-
tribution are indeed necessary, as well as sufficient, (i.e.,
unless redistributions satisfy the conditions of the theorem
equilibrium prices do change, and if they do satisfy these
conditions prices remain the same), This is the case where the
utility functions of all participants in exchange are homo-
geneous and strictly convex. If this is so, it is well known
that the marginal rate of substitution depends only on the
ratio of commodities. Moreover, strict convexity of indiff-
erence surfaces guarantees that to each marginal rate of
substitution there corresponds only one commodity ratio. The
contract curve of the exchange model in this case exhibits
the characteristic that to each commodity ratio there cor-
responds a given marginal rafe of substitution and vice versa.
Under these conditions, it is necessary and sufficient for
invariance of equilibrium prices that any commodity redistri-

30

bution among individuals be equivalent as defined by Walras.

Consider, as an illustration of the above, Figure 2.2 be-

30Thus, in this particular case Jaffe would be righ? to re-
gard the conditions of the theorem both necessary and suffi-
cient.
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low. To each point oﬁ the contract curve there corresponds a
unique equilibrium price ratio, since each point is associated
with a different commodity ratio. Let the initial commodity
distribution be on the line AB, at boint C. Then, any equi-
valent redistribution, such as C*, will not affect equili-
brium prices, while any non-equivalent one will have to affect
’them, since the offer curves from a point off AB, such as
point D, will intersect on another point of the contract curve,

such as E' rather than at point E. o

U

¢

*
D C

Figure 2.2

2.2 F.Y. Edgeworth

In his early writings3l Edgeworth may at best be inter-
preted as unclear in his own thoughts én the matter of trans-
actions outside equilibrium. His main concern seems to be the
question of "determinate contract", i.e., an indefinite number
of "final settlements". Some definitions of terms are required

for proper discussion of Edgeworth's concerns and analysis.

3lF. Edgeworth, (1881). : IETNCE
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A "contract" ié defined as an action by an agent taken
with the consent of others affected by this action32; the
"field of competition" with reference to contracts consists
of all the individuals willing and éble to recontract about
the articles under consideration33; a "settlement" is a con-
tract which cannot be varied with the consent of all the
parties to it; a "final settlement" is one which cannot be
varied with recontract within the field of competition; and,
contract is indeterminate when there are an indefinite number
of final settlements.34

The essential ambiguity in Edgeworth's early work re-
fers to the question whether he allowed the contracts at each
stage of the equilibration process to be carried out: "recon-
tract" i.e., may be interpreted to mean either that contracts
are annulled and others take their place in the process of
equilibration; or that théy are carried out and another set
of contracts takes place. 1In the first case it seems clear
that the process is similar to the tatonnement of Walras. 1In
the. second, the further question arises whether new sets of
contracts take place within the specific market period, or

the next one.

32ipid, pp. 16-17.

33ipid, p.1s.

34ipid, p.19.
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To make things clear, assume that the system starts the
market period with given tastes, technology and initial en-
dowments. Let contracts be formed (as contrasted to "carried
out") at disequilibrium prices. The first possibility in inter-
preting the term "recontract" is to take it to mean that in
disequilibrium contracts may be annulled and others formed
within the period; the equilibration process will then stop
when a "final settlement" is reached.

The above is obviously similar to the Walrasian taton-
nement process, with the possible exception that the price
setting during equilibration seems to be done by those who
find it profitable to enter into new contracts, rather than
the Walrasian auctioneer.

The second possibility is to interpret the term "re-
contract" to mean that contracts formed at disequilibrium
prices are carried out after they are‘formed. Two cases now
arise: either no more contracts are entered into in the gi-
ven market period or not. In the first case, the system must
be considered to proceed to economic activity within the period
on the basis of the initial disequilibrium contracts. Obvi-
ously, equilibrium is not attained in the market period un-
der this interpretation. However, it is possible to post-
ulate that the system starts the next market period with
exactly the same initial conditions as before, with the excep-

tion that traders now know that the previous period's contracts
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can be improved upon. Sufficient repetition of this pro-
cess may be considered legitimate for analysis of determin-
ation of what could be called the "normal", as opposed to
"market period" price.

In the second case, after the first series of contracts
has been formed and carried out it is possible to visualize
a new set of contracts during the same market period. This
is, of course, the genuine process of non-tatonnement within
the market period, as defined in Chapter I above.

The discussion may now return to Edgeworth's work. 1In

the Mathematical Psychics his main concern seems to be fhe
conditions of determinate contract. He starts his analysis
with "the simplest case of contract"35, involving two per-

sons and two commodities, and constructs the now widely used
contract curve in the model of exchange. He then shows that
many equilibria are possible in this situation, i.e., contract
is indeterminate, since all points on that portion of the con-
tract curve which is enclosed by the indifference curves pass-
ing through the initial endowment are eligible for equilibria.
The final outcome depends on the bargainingabiiity<3f the par-
ticipants, since no price taking can be assumed in this context.
In this early discussion of indeterminate equilibrium Edgeworth

does not specify whether the participants in exchange enter

> Bdgeworth, (1881) pp.20-30.
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into a series of contracts: however, he may have adopted the
possibility of disequilibrium transactions in that model guite
early in his thought. This possibility must be recognised,
since one finds Edgeworth remarking (in a comment on Jevons'
equations of exchange) :

"Why, indeed, should an isolated couple exchange every
portion of their respective commodities at the same rate
of exchange? or what meaning can be attached to such a law
(the Jevonian Law of Indifference) in their case? The
-dealing of an isolated couple would be regulated not by
the theory of exchange...(under perfegg competition) but
by the theory of the simple contract. (The theory of
bilateral exchange) (parenthetical statements inserted).

Here Edgeworth may be taken to mean that, since the
outcome of the process of exchange between an isolated couple
is indeterminate in any case, there is no reason to impose the
Jevonian rule which, in the theory of multilateral exchange,
is necessary for uniqueness of the equilibrium price.

With his analysis of the case of "simple contract"
complete Edgeworth turns to the case of increasing the "field
of competition", the number of traders in the market. He
states that his purpose is to prove that indeterminateness of
contract gradually vanishes as the number of traders in the
market increases, since "recontracting" is now possible.

His discussion has provided the beginning of analysis of the

core of an economy, designed to prove that the set of possible

30pggeworth (1881), p.109.
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equilibrium points shrinks to a single point as the number
of traders increases.37 It is not clear, hoWever, what
Edgeworth meant by "recontracting" in this case: it is pos-
‘sible to interpret the term either as a variant of the taton-
nement process38 Or as a recontract from period to period,
‘all periods Starting with the same initial endowments.39
In the first case, one may say that as far as disequilibrium
transactions are concerned, Edgeworth followed in the path of
Wairas. In the second case, it may be said that he adopted
a.discussion of determination not of the market period equiii—
brium price but of a more "normal" long-run price, by adopting
a4 repetitive process of actual disequilibria.

Textual evidence that the first interpretation may be
true is furnished by such statements of Edgeworth's as the
following:

"You might suppose each dealer to write down his demand,

how much of an article he would take at each price, with-
out attempting to conceal his reguirements; and these data
having been furnished to g3 sort of maﬁget—machine, the
price to be passionlessly evaluated".

37See, for example, K. Vind, (1965).

3855 qia n. Kaldor, (1933-34).

9It is of course also possible to interpret the term as
~actual "formation and completion" of contracts within the market
period. 1In this case, even with competition the equilibrium is
indeterminate, as it depends on the path of actual transactions,
and Edgeworth is Obviously wrong in his claim of determinateness,
if he is so interpreted. However, there is no textual evidence
for this interpretation, while there is some such for recontract
from period to period as will be seen below.

*%pagewortn, (18s1)), p.30.
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This is in reference to Walras' tatonnement process,
in the theory of multilateral exchange. Edgeworth does not
‘raise issues with regard to the absence of disequilibrium
transactions in this Walrasian framework: his object is,
rather, to prove that equilibrium is determinate not by the
Walrasian method but by an analysis of perfect competition
with "recontract".41

On the other hand, textual evidence exists that sup-

ports the second interpretation: for example,

"So a landlord on exg}ry of lease recontracts, it may

be, with a new tenant", or,

"let us imagine a simple case -- Robinson Crusoe con-
tracting4yith Friday. The articles of contract: wages. ..

labour".

In both the above cases the nature of the commodity

exchanged is such that it is possible to postulate that ind-

ividuals return at the beginning of each market period with

the same initial commodity endowment.

The evidence in the early writings on whether Edgeworth

did examine disequilibrium transactions is thus not definite.

Ten years later44 Edgeworth retumedto the model of
isolated exchange (barter) and adopted A. Marshall's

account of equilibration in that model45 which involves ex-
41

Edgeworth, (1881), pp.30-31.

421014, p.17.

431pia, p.28.

Y pagevorth, (1925), pp.313-310.

45Marshall, (1920).
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change in disequilibrium prices during the market period.

At the same time, however, he repeated his statement that

"the essential condit&gn of indeterminateness is the
absence of competition".

Clearly implied in this is the statement that if the
number of traders increases in the exchange model equilib-
rium will be determinate.

However, if disequilibrium transactions are allowed,
(i.e., if contracts are formed, carried out, and others for-
med and carried out in the same market period) equilibrium
will not be determinate in Edgeworth's sense. Thus, Edge-
worth may be interpreted as having failed to see the fact
that disequilibrium transactions may cause indeterminateness
in multi-lateral exchange.

Alternatively, it may be suggested that Edgeworth had
his mind fixed either on the case of contracts which could be
annulled within the period (tatonnement), or he was, from that
time in his research, moving towards a theory of determination
of normal price, as the alternative interpretation discussed
above suggests.

It is seen that, in his effort to describe the
equilibrating mechanism of the market Edgeworth may either be
considered to have adopted the tatonnement of Walras or, more

appropriately, may be interpreted as having by-passed the

46Edgeworth,'op.cit., p.317 .
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problem of market period price determination in favour of
what may be called Edgeworthian normal price formation.47
Textual evidence of his later work48 seems tosupport the
second interpretation.49 For exampie,

"...two kinds of higgling may be distinguished as
appropriate respectively to short and long periods.
First, we may suppose the intending buyers and sellers
to remain in communication without actually making ex-
changes, each trying to get at the dispositions of the
others...By this preliminary tentative process a system
of bargains complying with the conditions of equilibrium
is, as it were, rehearsed before it is actually performed.
Or, second, one may suppose a performance to take place
before such rehearsal is completed. On the first day in
our example (of equilibration in the labour market) a set
of hirings are made which prove not to be in accordance
with the disposition of the parties. These contracts
terminating within the day, the parties encounter each
other the following day (fn.3: they recontract, in the
phraseology of Mathematical Psychics) with dispositions
the same as the first day -- like combatants armis animis-
que refecti,” -- in all respects as they were at the be-
ginning of the first encounter, except that they have ob-
tained by experience the knowledge that the system of
bargains entered into on the first occasion does not fit
the real dispositions of the parties. The second plan of
higgling was supposed in the example (of the labour mar-
ket) -z, the plan which is more appropriate to "normal"

price” (Parenthetical statements inserted)

Once this second interpretation of Edgeworth is accep-
ted. as more appropriate, it may be useful to comment on the
implications, usefulness and possibility of extension of this

approach.

47Compare D. Walkexr, (1973).
*8pageworth, (1925), pp.333,452,453.

49First suggested by D. Walker, in an attempt to dispel
the common interpretation that Edgeworth had not considered
disequilibrium in any different manner from Walras. See
D. Walker, (1973).

>Opdgeworth, (1925,Vol.T) p.40.
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The method involves a sequence of market periods in
which disequilibrium prevails. Repetition of market periods
having the same initial conditions accumulates enough exper-
ience for the participants to be aﬁle finally to settle on
"normal" prices, which would in theory be determined by the
equations of the model under a tatonnement process.

The above needs certain conditions to be satisfied in
order to become relevant to the process of equilibration:
specifically, it must be aséumed that the disequilibrium of
each period does not affect the initial conditions of the fu-
ture periods. This is obviously a strong assumption, violated
in cases of "carryover" of any sort from the disequilibrium
of the one period to the situation of the other periods.
Moreover, the speed of adjustment must be relatively high, if
the assumption of identical initial endowments in each period
is to be defensible.

Edgeworth, of course, made no such assumptions for the
process of normal price formationattributed to him in this inter-
pretation. The approach suggested by him is nevertheless ob-
viously useful, especially in a model of production and ex-
change where the market period may reasonably be assumed to
involve disequilibrium: it is not reasonable to suggest that
because the input markets are in disequilibrium no production
takes place. Thus the approach in which the labour and other

input markets open at disequilibrium prices, hirings are made



88

and production is undertaken on the basis of such hirings
seems to have merit.

In Chapter V of this investigation a disequilibrium
model of production and exchange is developed along the lines
of the Edgeworthian repetitive process, with initial condi-
tions of each period sometimes independent and sometimes de-
pendent on the situation of disequilibrium of the previous

periods.

2.3 A. Marshall

Marshall saw the problem of indeterminacy of equilib-
rium and in his t&pical way tried to find simplified sets of
assumptions that would make the supply and demand apparatus
insensitive to disequilibrium transactions. His first ap-
proach to the problem was to assume that "every dealer...
has a perfect knowledge of fhe circumstances of the market",
and to conclude from this that no buying or selling would
happen at prices other than the equilibrium one. This, of
course, assumes away the problem and is not very different
fr&m Walras' approach. Marshall, however, proceeded to say
that

"It is not indeed necessary...that any dealers should

have glthorough knowledge of the circumstances of the mar-
ket."

Ola. Marshall, (1920), p.334.
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and accepted the possibility that a certain volume of trans-
actions would take place at disequilibrium prices. He asser-
ted, however, that the final price under these circumstances
"would be probably close" to the eéuilibrium price as derived
from the solution of the initial supply and demand equations,
- and justified his position by suggesting that, for any par-
ticular market, the marginal utility of the commodity falls
~with the increase in the quantity held by the individual
while the marginal utility of money is relatively insensitive
to the amounts held of money and this commodity. In effect,
Marshall postulated constancy (or approximate constancy) of
the marginal utility of money.

This Marshallian assumption has generated considerable

52 The reasons for the debate may

debate in the literature.
be found in the lack of clarity of the assumption and in the
multiple use to which it was put. More specifically, Marshall
did not make clear precisely What he aésumed to be constant,
and-as a consequence some writers interpreted him saying that
the marginal utility of the numeraire is constant, while

others interpreted such constancy to refer to the marginal

utility of general purchasing power. Moreover, it was not

52See V. Pareto, (1927), Appendix, art.56 ff, p.585 ff;
E. Wilson, (1935), (1939)} P. Samuelson,in O. Lange, (1942), pp.
75-91; J. Hicks, (1946), Pp.39-40; H. Liebhafsky, (1961);
R. Bilas, (1965); N. G. Roegen, (1968); C. Higgins and H.
Liebhafsky, (1968); D. Walker (1969); E. Wilson, (1935) and
(1939).
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" made clear with respeét to what the marginal utility of in-
come was assumed constant: when constancy refers to the
marginal utility of the numeraire it is reasonable to imply
that the utility is constant with fespect to increases of
the quantity of the commodity. When, however, it is the
marginal utility of general purchasing power that is consid-
ered constant the question arises as to whether it is con-
stant with respect to increases in that purchasing power or
With:respect to changes in prices.

The multiple uses to which Marshall put the assumption
aggravated the problem of ambiguity. The assumption is
used in at least three distinct cases: to "prove" the law
'of demand, to discuss the concept of consumer surplus and
finally to have the commodity market equilibrate with false
trading without ambiguity as to the final equilibrium price.
Thus, oné passage_reads,'

"The richer a man beco§§s the less is the marginal
utility of money to him".

This is in conjunction to the derivation of the law of demand
whére Marshall says that in stating the law he has not con-
sidered éhanges in the marginal utility of money. Also, in
his discussion of the consumer surplusS4 he points out that

the substance of his argument would not be affected if he

3Marshall, (1920), pp.96 and 690,

>41pid, p.132.
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took account of changés in the marginal utility of money
which presumably happen as a consequence of changes in the
prices of commodities. 1In the associated footnote he argues
that the neglected elements would Qenerally belong to the
second order of small quantities, and in the Mathematical
Appendix > he makes the point that the marginal utility of
money can be kept the same throughout (presumably while pri-
ces are changing) if one assumes that the consumer's expendi-
ture on any one commodity is only a small part of his total
expenditure. According to Marshall, this condition takes
care of Giffen's case, mentioned in his text.56- In stating
the condition that the consumer spends a small percentage of
his income on each commodity Marshall refers the reader to
his discussion of market equilibration with false trading.57
In that discussion the marginal utility of money is not al-
lowed to change appreciably and the assumption is justified
on the basis of the condition.that theﬁconsumer spends a small

part of his total resources on the commodity in question. In

55Ibid, Note VI, p.842.

>01bid, pp.132-133.

57Ib1d p.334. The actual reference in Marshall's note
is to Book V, Chapter III, Paragraph 3, but this must be a
typographlcal mistake. I have taken the reference to read:
" Book V, Chapter II, Paragraph 3, which is the discussion on
market equilibration, and where the condition of a small per-
centage of expenditure on each commodity is mentioned.
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the associated Appendix on barter58, Marshall discusses the
exchange of two commodities for one another for the case of
two individuals and more than two individuals and comes to
the conclusion that the final equilibrium rate of exchange is
indeterminate, because it depends on the path of false trad-
ing. He then proceeds to suggest that the uncertainty of the
final equilibrium price depends indirectly on the fact that
one commodity is traded for another instead of being sold for
money. This is because the marginal utilities of the commodi-
ties exchanged are functions of the amounts of commodities
held, while money can be thought of as having approximately
constant marginal utility. To show that this is the case
Marshall suggests that if one of the commodities is available
in large quantities in the endowments of both sides of the
market, its marginal utility to the participants in the ex-
change can be considered constant and the consequence of this
is that the final equilibrium price with false trading is not
dependent on the path of that trading. In the mathematical
note to this Appendix59 he becomes more specific and writes
out the contract curve equation in the case of constant marg-
inal utility of the one commodity. This equation shows that
the contract curve is a straight line parallel to the one com-

modity axis and the final equilibrium price along that curve 1is

581bid, Appendix F.

>91pbid, Note XII, pp.844-845.
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a constant, dependent on the net amount exchanged of the
commbdity whose utility varies with its quantity.

Since the interest here is in the assumption of con-
stant marginal utility as it can be used in the theory of
rarket equilibration with false trading, most of the discus-
81on which follows concentrates on this use of the assumption.
In this connection, it will first be shown that if constancy
of the marginal utility of income is taken to mean constancy
of the equlllbrlum marginal utility per dollar with respect

to a change in 1ncome,60

this result can be obtained if the
marginal utility of one commodity consumed in equilibrium is
constant. It then follows that pure price and pure quantity
-endowment effects for all other commodities except the one
whose marginal utility is constant are zero, and consequently
the law of demand holds for these commodities without exceptions.
Moreover, close examination of the Slutsky equation of
value theory shows that Marshall's condition of a small per-
centage of expenditure on each commodity has use, since under
theAabove assumption equilibration with false trading may fol-
low an erratic path, but the final equilibrium price is not
affected by that path.

In order to show the above, it is useful to recall the
formulation of the individual's problem of utility maximiza-

tion, discussed in Section l.4. From the formulation of this

problem (equations 1.30) it is clear that the change in the
60

Given a utility index.
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value of the Lagrangean multiplier in response to a change
in the endowment quantity of commodity i is given by

Al

dir/dr, (2.1)

2
—1/37 U, |

where |U|is the determinant of the Hessian of the utility
function. Also, it will be recalled that the equation ex-
pressing the change in the quantity demanded in response to
price and endowment changes is

z [Uijlxdpi . AU

I I Y

{g(li—qi)dpi+§PidIi} (1.32).
Clearly, if one column of the unbordered Hessian in (2.1) is
zero, the change in the equilibrium marginal utility per dol-
lar which results from a change in the endowment of the consu-
mer ié zero. But a zero column in the Hessian implies con-
stancy of the marginal utility of the respective commodity,
both with respect to its own quantity and with respect to
changes in the quantities of the other commodities. The com-
modity in question is then independent in the Péretian sense
from all the other commodities.6l Thus, it has been shown
that constancy in the marginal utility per dollar with res-
pect to a change in the endowment can be obtained if a good

is independent of all others in the Paretian sense and it has

a constant marginal utility with respect to its own quantity.

61The discussion requires that the utility index be
known. Otherwise, a non linear monotonic transformation of
it will change both the value of the derivative of A and the
values of the partials of the utility function.
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If this is the case one can also show that pure price
effects of the first kind and pure quantity effects of the
third kind are zero for all commodities other than the one
which has constant marginal utility. From equation (1.32),
the numerator of the expression for the marginal propensity to
consume commodity i in response to a change in the value of

the endowment involves the determinant U which contains

n+l,3’
a column of zeros (except for the marginal propensity to con-
sume the commodity with the constant marginal utility).

Given that, it follows that any increase in the endowment
value will be entirely devoted to an increase in the consump-
tion on the commodity with the constant marginal utility.
This is to be expected, since one commodity in the optimiz-
ing bundle of the consumer has a constant marginal utility
per dollar: an increase in expenditure is properly channeled
into this commodity, since increase in expenditure of the
other commodities would lower the equilibrium marginal util-
ity per dollar that can be obtained and would thus xesult in
a non-optimal bundle. Thus, the additional remark has to be
made that the above results only hold when the commodity with
a constant marginal utility is contained in the optimizing
bundle of the consumer. Moreover, it may be useful to add
that when the increase in income is in terms of a commodity
other than the one with constant marginal utility the indiv-
idual consumer will exchange that additional quantity of the

commodity with the one that has constant marginal utility for

him.
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Another remark that can be made with regard to

Equation (1.32) is that the Law of Demand is seen to hold un-
ambiguously for all commodities other than the one with the
constant marginal utility, since pure price endowment effects
are zero. Moreover, Equation (1.32) explains Marshall's re-
peated reference to a small percentage of expenditure on

one commodity as one condition under which constancy of the

marginal utility of money is a valid approximation. In this
case, it is not the term Cj-that is equal to zero but the
term (Ii—qi) which is made arbitrarily small. The unaccept-
able result that an increase in the endowment leads to an
increase in the consumption of one commodity only is avoided.
But we can still say, from Equation (1.32) that a change

in the own price results under most circumstances in a change
of opposite direction in the quantity demanded, which is a
statement on the approximate validity of the law of demand.
The concept df the consumer surplus seems also justifiable

on the basis of this assumption. What cannot be justified

is the statement relevant to uniqueness of equilibrium in
exchange when false trading takes place: the effects of such
trading can only be zero if the term Cj is zero and not if
the expenditure on the commodity is small. This explains why
Marshall had to use the constancy assumption when it came to
the discussion of uniqueness of equilibrium prices, while in

other places he contented himself with the condition that the
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expenditure on the commodity in guestion was only a small per-
centage of total expenditure of the consumer.

The consequences of the assumption of constant margin-
al utility of one commodity for the shape of the contract
curve and for the equilibrium price vector in the case of ex-
change of two commodities can be seen from the equation of
the contract curve in that case. Let Il and 12 be the quan-
tities available of commodities 1 and 2, and let q? be the
équilibrium quantity of commodity j (j=1,2) for.individual
k (k=1,2). We must have, then,

1, 2.
dp+a; =1,

(2.2)

1, 2
Iyta,=I,

and the individual utility functions can be written

U

U (qi,q%) for the first individual, and

(2.3)
A%

Il

G (qirqé) =V (qi,q%) for the second.

In equilibrium we must have

dq2 U \Y%

—-djq—-]? = -[3—— = - (2.4)

Where Ui,Vi are the first partials of the utility functions,
and the superscripts of g have been omitted for simplicity.
Equation (2.4) is Marshall's equation for the contract

curve. Given the Marshallian assumption of constancy
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U21 = U12 = 0 and V21 = V12 =0 (2.5)

the equation of the contract curve becomes a function of a3
only, yielding q; = J (or constant), which shows that the
contract curve is a straight line parallel to the axis of

the commodity with the constant marginal utility. More im-
portantly, the marginal rate of substitution along the con-
tract curve is a constant given by Ul(J). Since the equili-
brium price ratio must equal the marginal rate of substitu-
tion it follows that the equilibrium price ratio is constant,
and thus it does not matter which point on the contract curve
is the final equilibrium point. The power of the Marshallian
assumption in ensuring a unique equilibrium price ratio with
or without false transactions is now in plain view. It

is unfortunate that the assumption has such objectionable im-
plications for the theory of demand, mentioned above.

It may be worthwhile at this point to discuss an alter-
native interpretation of the Marshallian constancy assumption.62
To avoid the implication that all increases in income are
spent on the commodity with constant marginal utility it
may be stipulated that the assumption refers to individuals

whose income is such that their budget includes a number of

62Georgescu - Roegen, (1968), p.180.
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commodities which have the same marginal utility per dollar
and are needed in small quantities only. Similarity in
marginal utility per dollar implies that the consumer is in-
different between various commodities at the margin of his
budget. The stipulation that the commodities are needed only
in small quantities implies that their marginal utility de-
clines sharply after these quantities are obtained. Therefore,
each increase in income is now spent on some additional new
commodity. Each new commodity has roughly the same marginal
utility per dollar as the last, hence the marginal utility

of money remains approximately constant to the purchaser.

This assumption would not violate the basic result of
equilibrium price invariance in the case of exchange with
false trading if it were true that the number of items which
enter the budget of each consumer is invariant to false trad-
ing. If this were so the income effects on the commodities
already in the budget of the consumer would be zero and since
the effect of false trading is always an income effect there
would be no change in the equilibrium price of those commodi-
ties. However, although the income effect with respect to
the commodities included in the budget is zero, it is not
zero with regard to the commodities not included in the budget
at this level of income. Hence, a gain in income will cause

additional demand of the marginal commodities and a loss in
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income will reduce the demand for those or other commodities.
Therefore, this interpretation of Marshall's constancy of
marginal utility of money does not yield the desired in-
variance of the final equilibrium price.

Finally, the following remark may be made with regard
to the comparative statics of Marshall's scheme: since in
equilibrium the marginal utility per dollar for each consumer
is equal to the constant marginal utility per dollar for the
one commodity, an increase in income that takes the form of
any commodity whose marginal utility is variable will, in
the general equilibrium system of exchange, result in ablower
relative price for that commodity. If, however, the increase
takes the form of a change in the quantity of the commodity
with the constant marginal utility, equilibrium prices do not
get affected. ‘

This concludes the discussion of Marshall's assumption
on the constancy of the margihal utility of money. The case
is an example of his typical mode of theorizing: the object

was to guarantee a certain result and this is precisely what

the assumption did.

2.4 P. Wicksteed

Of all the early contributors to the problem of mar-
ket equilibration, Wicksteed is the most neglected by modern
writers. Yet not only did he correctly perceive the problems

of a typical market for a commodity during equilibration.
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He also stayed clear of the barter formulation which occu-
pied most of the other economists of his time. Moreover,

he used one market with money as medium of exchange in his
discussion of the problem of equilibration, and with this
partial equilibrium analysis avoided the various problems

of the Walrasian model of exchange in which everyone is in
the tatonnement of every market during the period of equili-
bration. This partial equilibrium approach permits Wicksteed
to consider a fairly realistic market which does not need

an intellectus angelicus for the function of price adjustment.

Rather, the process of price formation proceeds via "intel-
ligent estimates" by the sellers, of the price which would
produce equilibrium. This attempt on the part of the sellers
fixes the actual price at any moment. Thus, as far as the
problem of price formation is concerned, the process is
postulated to be the sellers' business, by means of a series
of estimates of the equilibrium price, the current market price
being the latest estimate. Buyers are price takers in this
framework.

At the beginning of his analysis Wicksteed asserts,
without elaboration, that the estimated (actual) market price
will tend to approach the equilibrium price. He does,
however, add that this statement neglects "certain secondary
reactions" whose discussion he puts off for a later part

of his analysis.
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Before proceeding with a short discussion of Wick-
steed's approach, it may be useful to note that he also
examines the possibility of different terms of exchange to
different buyers and disposes of it‘with the assumption of
competition among sellers and dealings among the buyers. It
is in the seller's interest to endeavour to form

"the most accurate possible estimate of the equili-

brating price, and to ask nothing above it, unless some
mistake 23 the part of his rivals enables him to do so
safely."

With those two details out of the way we can now éx—
amine Wicksteed's discussion of disequilibrium price forma-
tion. He suggests, without much analysis, that if

"the sellers collectively made an error in their

judgemen? and named sg%ething below or above the true

equilibrium price..."
the stream of customers coming into the market would have to
transact at these prices, that is accept them as parametric-
ally given and form their purchasing plans accordingly. This
has the effect of "destroying" or "creating" demands for the
commodity in gquestion, since with a lower price there may be
mo£e customers who may buy more of the same commodity and with

a higher price fewer people may buy less of the commodity than

they would at the equilibrium price. If it is assumed,

635, Wicksteed, (1933), p.226.

41514, p.222.
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as is by Wicksteed, that customers appear in the market

only once, conclude their transaction and do not return,
this destruction or creation of demand is final. Thus
the sellers are obliged, during the final stages of the
market period, to set a price which is not necessarily near
the initial equilibrium solution price of this market, in or-
der to clear the remaining stock or to shut off excess demands.
Wicksteed's main point of difference with the previous con-
tributors, of course, is that the customers do not stay in
the market waiting for the equilibration process to come to
an end (as they do in Walras' and Marshall's cases). This
characteristic could be called "imperfect market attendance”
and, in my opinion, is one of the most important steps to-
wards a realistic examination of the problem of equilibration
in exchange in that it attaches some significance to the time
element in the process. Wicksteed understands this perfectly
well, as is shown by the following quotation:
"This process will always and necessarily occupy time.
"The persons potentially consituting the market will not
all be present at the same time, and therefore the com-
position of the collective scale...must be a matter of
estimating conjecture. The transactions actually conduc-
ted at any moment will be determined in relation to the
anticipgged possibilities of transactions at other mo-

. ments."

Wicksteed is also aware that, in the case of disequili-

brium transactions, although the market may clear the trans-

651114, p.236.
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actors are not in full equilibrium since they have acgquired
commodities at different prices. Hence the marginal utility
per dollar for each transactor is not the same for the
commodity in question.

The forégoing remarks, it is hoped, have placed
Wicksteed in his proper position as far as the efforts to-
wards analysis of the eguilibration process are concerned.
His contribution is in sharp contrast with the previous con-
tributors who consistently assume that the participants in
the exchange remain in the market for the whole duration of
the equilibration period. In this connection, it would be
interesting to ascertain whether it is the assumption of the
constant marginal utility of money or the assumption of all
the transactérs being present during the period of equilib-

ration that is more necessary for the truth of Marshall's

statement that‘the market would probably close near the equil-

ibrium price, with the equilibrium amount of gquantity trans-
acted.66 That is to say, if traders in the Marshallian scheme
allowed to énter the market, purchase whatever quantity they
wish at the going price and depart, will the final equilib-
rium price, the price at which the market clears, be unaffec-
ted by such disequilibrium ﬁransactions?

This and the related general guestion of equilibration

in a market with imperfect attendance seem interesting direc-

60)arshall, (1920), p.278.

are



105

tions for research. They will not be pursued in this in-

‘vestigation, however.

2.5 J.R. Hicks

As far as a single market for a commodity is concerned,
Hicks follows in Marshall's footsteps with a few clarifica-
tions. He then concerns himself briefly with the question of
generalization of Marshall's assumption.67

ﬁith regaré to the single market Hicks shows by ex-
émple the simple fact that the effect of trading at disequil-

. . . . 68
ibrium is an income effect.

He then repeats Marshall's
assertion that if the expenditure on the commodity in ques-
tion69 is a small portion of total expenditure on goods, dis-
equilibrium transactions will not affect the position of the
demand curve appreciably since the accompanying income effects
will not be great.

In an attempt to generalize this result (of insensitiv-
ity of equilibrium price to transactions at false prices) for
maﬁy markets Hicks suggests two distinct possibilities that
can serve his purpose. First, if the transactions at false
prices are limited the accompanying income effects will be

small. Hicks argues that such transactions must be limited

if any intelligence in price fixing is shown.

67(1946), pp.127-129.

680f the second kind, in our terms.

69Which depends, in our terms, on the degree of market
participation (Ii—qi). ‘ ,
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The statement about limited volume of transactions at
false prices can safely be considered an assertion, espec-
cially in the case where different buyers reveal their in-
tentions to buy at different intervals throughthe market day
and not at the same time. That is to say, when a price is
fixed and the purchasers of the commodity appear in the mar-
ket at successive intervals, (as with Wicksteed) even the
most intelligent price fixing may not prevent a sizeable
number of large disequilibrium transactions from taking place.
Thus, Hicks obviously has in mind the case in which all the
buyers and sellers of the commodity are in the market at the
same time. In this case, if a false price is set the buyers
will indicate their intention to buy at this price simul-
taneously. The total excess demand (or supply) will show it-
self almost immediately. It may then be reasonable to assume,
with Hicks, that transactions at false prices will be limited
in volume since the sellers will immediately attempt to
correct the "false" price.

A second reason why the final equilibrium price may
not be affected by disequilibrium transactions according to
Hicks is that some offsetting must be expected to happen.
Everyitransaction at a disequilibrium price yields gain to one
person and loss to another in the form of an endowment effect

of the second kind and consequently shifts the market demand

and supply curves. If the effect of the gain is exactly the same
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as that of the loss then the total effect on excess demand
in the market is zero and the equilibrium price is not affec-
ted. This result can be expected to hold in approximation
when the two sides of the market (bﬁyers and sellers) are
similar in their distribution of expenditure among goods
(i.e., in the propensities to spend, C?).

This statement, like the first one of Hicks, again de-
pends on the crucial assumption of the presence of all tra-
ders in the market during the whole of the market day. If
only the sellers remain, as is usual in the operation of a
more realistic market model, it is only the effect on théir
ggggly cur?es that will remain in the excess demand, hence
there is no possibility of offsetting these effects on the
equilibrium price.

With endowment effects of the second kind effectively
assumed away, Hicks proceeded to analyze the stability of a
multi-commodity model of exchange; in this, we find him tak-
ingvbff from Walras. Using what has been labelled as a com-
parative statics method he discussed conditions of perfect
and imperfect stability. This analysis was conducted in

terms of an implicit tatonnement process, but it is interest-

ing to note that endowment effects (this time of the first
kind) were again found to be the only possible source of in-

stability even in the tatonnement model.70 Such instability

70g0e J. Hicks, (1946), pp.316-317, and below in the

text.
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could be caused if strong asymmetry exists between buyers

and sellers in the endowment effect coefficients, C?, that is,
if those who have a large excess supply of a commodity also
have a large propensity to consume that commodity7l and

vice versa.

The attempt by Hicks to generalize the Walrasian an-
alysis did not result in a dynamic formulation of the equa-
tions of exchange under tatonnement assumptions: rather,
Hicks defined stability in a very special non-dynamic manner,
and his work on this matter was therefore subject to criticism
by later contributors to the problem of equilibration.72
However, a number of conditions have been found under which
the Hicksian stability conditions are equivalent to more
"appropriate" dynamic conditions; Moreover, Hicks' proof that
endowment effects of the first kind are the only possible
source of instability in tatonnement seems to survive in the
full analysis of local dynamic stability of equilibrium.73
it seems useful, therefore, to give a brief discussion of

Hicks' analysis of stability of multiple markets.

"lsee 3. micks, (1946), p.316.
72See P. Samuelson, (1947), and Chapter III in this
investigation.

73See Arrow and Hahn, (1971), pp.296-298 for a formal
exposition of the importance of such endowment effects for
local dynamic stability.
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Hicks74 defines stability in multiple exchange to mean
that a rise in the price of a commodity (starting from an
equilibrium) must create excess supply for it. The question
arises, howevér, whether this happéns in the face of all
other commodity prices given (in which case other markets
might be affected by the rise in the price of the commodity
under examination) or whether it is supposed to hold even
after some or all of the other prices have been adjusted to
neutralize the effects of the initial price rise on the ex-
cess demands in these markets. If the first condition only
is satisfied, that is, if a rise in the commodity price cre-
ates excess supply with all other prices constant the system

is called imperfectly stable. Similarly, if a rise in the

price creates excess supply in the respective market even
after some other prices have been adjusted to keep the situa-
tion unchanged in other markets, equilibrium in this market

is imperfectly stable.

. YA .
A system of commodity exchange 1@/not unstable if a

rise in the price of a commodity creates excess supply in the
respective market even after all other prices have been ad-

justed.75 Finally, a system is perfectly stable if a rise

in price creates excess supply in the respective market under
all possible adjustments, i.e., with one or two or more prices

- adjusted to neutralize the effects of the initial price rise.

74 (1946), pp.66-71, and 315-317.

75This is a statement on the value of partial derivative
of excess demand with respect to prices.
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The above definitions will now be formalized in terms
of the framework given in Chapter I (Section 1.1) and the
derivation of the relevant stability conditions will be
carried out. Consider the excess demand functions of a pure

exchange system, giveﬁ in Chapter I,

Ei =Ei(Pl,P2,.....Pn,I) (i=1,2,.n) (1.5)
where production levels at all prices are set to zero, in

accordance with the definition of pure exchange. Take the

total differential of this equation system76 to obtain
i — T el
dEl Ell'El2' ...... Eln dPl
dE% E B Jooesss I dap
2 _ 21'722 2n 2 (2.6)
*
dEn Enl 'En2 Foeeoeos Enn LdPn
or,
dE=JdP (2.6)

where dE and dP are column vectors and J is the Jacobian of
the excess demand equations (1.5). Using the definition of
market excess demand (in pure exchange) as the difference be-
tween demand and the commodity stock, and noting that this
stock ié constant in the exchange ﬁodel, the change in the

market excess demands Eg is equal to the change in the market

: 76Keeping all endowment quantities, i.e., the endow-
ment matrix I, unchanged, in accordance with tatonnement
assumptions.
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% ,
demands, Q? . But the latter can be written, from equation

(1.34) (taking neote of the assumption that I does not change):

*
c‘lQ‘ii = g™, ap. + pc®

m m .
ElSypy dby + ROy BTy~ g Py (351,2,..m) (2.7)

where all terms have been defined in Chapter I. In matrix

form, this system of equations may be written,

mood [o.m m o] Me.m,.m m m, . m m]||x
1 - -

dE1 %Sll’%slz”'%sln dP1 I’%Cl(ll ql), ..... anCl(In qn) ap
o m m m m,_m__m m,.m__m

4dE2 %821,%822,..%82n dP2 I%CZ(Il ql)’ ..... IZIZICZ(In qn) ap
L] — ° L] ® 3 + < L] L2
* m m m m,._m_m m, m__m

_dEg _%Snl’%sn2"'%sng SPE L%Cn(ll ql), ..... IZnCn(In qn);?P

(2.7)
or, in more compact notation,
dE=SdP+CdP (2.7)

where S is the matrix of pure substitution terms and C that
6f éure price endowment effects.77
With the mechanics of the problem complete, the formal-
ization of the Hicksian definitions and the stability cbndi—
tions for these may be given. In the equation system (2.6)
above consider a change in the price of commodity 1, all
other prices constant. The change in the excess demand for
the commodity is, then, obtained from this system by setting

alli dPi (except dPl) equal to zero and solving for dEi to

obtain

77As defined in Chapter I.
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dEI = ElldPl (2.8)

from which it is obvious that a fall (rise) in prices will

create excess demand (supply) only if

Ell <0 . (2.9).

For all markets to satisfy this condition, we must have

E.s <0 for all i=1,2,...n (2.10),

i.e,,'all the first order principal minors of J in (2.6) must
be negative.

Now consider the same experiment of a éhange in price
of commodity 1, with the additional consideratibn that the
price of commodity 2 is adjusted to maintain equilibrium-in
the reépective markét?8 The system of equations (2.6) may
l,dP2 different from zero and all other
prices unchanged. Moreover, the excess demand in the second

again be used, with 4P

market will remain unchanged, by the definition of the experi-

ment. Thus, the first two equations of (2.6) are reduced to

*=
dEl E..dap

1194%; T E

129P5

(2.11)

0 =E21dPl +‘E22dP2

78The system is assumed to be in equilibrium before
the experiment starts.
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In order for a fall in Pl to cause excess demand in the res-
pective market under these circumstances, it is easily seen79

that we must have
(EllE22 —E21E12)/E22<0 (2.12)

Since, from condition (2.10) E is negative, the system is

22
stable in this case if the determinant in the numerator is
positive. This determinant is one of the second order princi-
pal minors of the matrix J in equation (2.6). Repetition of

this experiment for commodities other than the first yields

the result that for stability all the second order principal

minors of J must be positive.

The same type of experiment may now be conducted, this
time with two other prices adjusted to take care of the dis-
crepencies caused in other markets from a change in the price
of the commodity under consideration. One then finds that

all third order principal minors of J must be negative, for

stability.
The condition for perfect stability emerges naturally
out of the above series of experiments: this is that all

principal minors of J must alternate in sign, with positive

sign for those of even order.
Having established these stability conditions, Hicks
was able to deduce the comparative statics laws of the model

of pure exchange using the information on the signs of the

"By solving (2.11) for dE%/dP,.




114

principal minors.80 Moreover, using the result that the
substitution matrix S in equation (2.7) is symmetric and
negative definite,81 he was able to claim that the only
possible source of instability (in his scheme of definitions)
resides in the pure price endowment effect matrix C of equa-
tions (2.7) above. As has already been mentioned, this re-
sult resurfaces in analysis of local dynamic stability.

This concludes the discussion of Hicks' efforts to-
wards analysis of stability in multiple markets of tatonne-
ment exchange. Before the discussion proceeds to modern dy-
namic analysis of this problem in the following Chapter, a
summary of the early contributions will be undertaken, in

the next Section.

1.6 Summary of Early Contributions to Equilibration.

The attempts at analysis of stability discussed in
this Chapter have some common characteristics: for example,
they are chrondlogically early attempts; they all lack expli-
cit dynamic formulation of the problem of market equilibra-
tion; the most important concern in most of them is the
question of how the actual market may approximate the solution
values of prices obtained from the system of equations of ex-

change; most of them deal, or attempt to deal, with the

801945y, pp.73-77, and 317-319.

8lFrom second order-conditions for utility maximization.
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question of disequilibrium transactions and how these might

affect the equilibrium position and, finally, most of them
contain some discussion of stability.

In an attempt to summarize the discussion of this
Chapter, it may be said that Walras was concerned, first,
with the question whether the actual‘ﬁarket solution of the
equations of exchange approximated the mathematical solution
of the equation system; second, he attempted to prove (and
succeeded, in the two-commodity case) that the system of
equations is stable under some conditions; third, he maykbe
interpreted to have been unaware of the possible effects of
transactions in disequilibrium; and, finally, he developed
‘'some conditions under which equilibrium prices would remain
invariant to commodity redistributions among participants in
the exchange.

Edgeworth spent some time with the model of barter,
but was mainly concerned to prove that there exists a rela-
tionship between the "field of competition" and "determinate-
negs"vof equilibriﬁm. With regards to disequilibrium trans-
actions, different interpretations are possible, though it
seems reasonable to take the position that Edgeworth adopted
a view of the equilibration process in which the system ad-
justs not in the market period but in a sequence of such
periodé. In this process, disequilibrium transactions do
take place within each period, but something must be speci-

fied about effects of these transactions carrying over from




116
period to period.

Marshall saw the effect of disequilibrium transactions
on equilibrium price and established conditions under which
any commodity redistribution via disequilibrium exchange
would have no effect on equilibrium. It is unfortunate that
in a general equilibrium framework these conditions are un-
acceptable since they imply objectionable properties of de-
mand functions. For partial analysis purposes, however,
Marshall's solution seems acceptable.

Wicksteed confined himself to partial analysis, but he
did bring in the aspect of time in the equilibration pro-
cess, an aspect totally neglected by previous (and later)
Jwriters. His insistence on what I have called "imperfect
market attendance" is certainly justified, and provides a
pointer for research in the problem of equilibration in ex-
change. | |

Finally, Hicks is claséified with the early contribu-
tors ior the sole reason that his approach was not explicitly
dynamic. However, his contribution to the analysis of taton-
nement exchange may be judged superior to all those before
him. He defines stability and develops conditions for it; he
shows that the only source of instability resides in the terms
connected with pure price endowment effects; and his analysis

yields a full range of comparative static results.
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The Hicksian contribution to non-tatonnement exchange
is much less: it consists of the conjectures that, first,
the volume of disequilibrium transactions would be small and
therefore may be neglected without considerable danger; and,
second, that some offsetting may be expected to happen bet-
ween the gains and losses experienced via endowment effects
of the second kind on excess demands. Such offsetting would
be due to similar marginal propensities to spend on commodi-
ties (similar C?) between those experiencing gains and those
having suffered losses from disequilibrium exchanges. How-
ever, the Hicksian contribution to non-tatonnement exchahge
is not used any further in the stability and other analysis
developed by Hicks and for this reason it is of no conse-
quence for the rest of his work that his contribution to non-
tatonnement consists of a set of assumptions.

The next Chapter discusses more recent analysis

of equilibration for models of production and exchange.



CHAPTER IIT

REVIEW, INTERPRETATION, AND CRITICAL EVALUATION

OF MODERN WORK ON MARKET EQUILIBRATION.

' This Chapter is a continuation of the review undertaken
in Chapter II; it covers work on stability and equili-
bration processes after the contribution of J. Hicksl. More
specifically, Section 3.1 deals with formalizations and exten-—
sions in the "Walrasian tradition" of analysis, i.e., in the
framework of the traditional general equilibrium model of
prdduction and exchange. The discussion in this Section in-
cludes dynamic formalizations of the Walrasian tatonnement
process; various conditions for "local stability“z; an enume-
ration of situations in which the Hicksian conditions for per-
fect stability are equivealent to dynamic stability conditions
proper; and "global stability" analysis. The Section also
- contains a review of extensions in the direction of non-
tatonnement analysis of the pure exchange model. A summary
and evaluation of this strand cf "Walrasian" analyses are un-

dertaken in the last part of this Section.

1 (1946).

2 Stability concepts are defined in the appendix to this

Chapter.
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Section 3.2 discusses a group of works which may be
classified as (not necessarily conscious) attempts at disequi-
librium analysis in the general context of models of produc-
tion and exchange. Some of these models are partial such as
the well-known "cobweb" model; others are aggregate, such as
cycle models; and others finally belong to the family of gene-
ral equilibrium models, such as those used by D. Patinkin,3
R. Clower,4 and H. Grossman.5 Thus, it is not the type of
model used that constitutes the common characteristic of the
works discussed in this Chapter. Rather it is the attempt,
conscious or otherwise, at some form of analysis involving
disequilibrium. Neither is the equilibration process in
every case specified in terms of price change. In some in-
stances, quantities are burdened with adjustment (as in the
case of cycle models) and in other cases (as in the work of
Barro and Grossman)6 no adjustment takes place at all. Per-
haps this justifies classification of these models as "non-
Walrasian." A summary and evaluation is undertaken in the
last part of this Section. Finally, Section 3.3 contains

the conclusions of the analysis in this Chapter.

3(1965) .
4(1965).
5(1971).

6(1971).
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The discussion of formalizations and extensions of the
model in the Walrasian tradition is inciuded in this investi-
gation for obvious reasons: formal stability analyses of both
tatonnement and non-tatonnement processes are clearly attempts
to establish conditions under which equilibrium is "attain-
ablg,“ and thus comparative statics has meaning. In the pro-
cess, it is discovered that, atvleast in pure exchange models,
the equilibrium position is affected by diséquilibrium trans-
actions. On the other hand, the works included in Section
3.2 also concern themselves in some sense with the same ques-
tions, though in different frameworks of analysis. Moreover,
in some of these works there are useful pointérs at directions
of research,'some of which are taken up in the present inves-
‘tigation. Thus, it is both uséful and proper to review thesé
contributions.

This Chapter is, like the previous one, in the nature
of a review. Nevertheless, it is deemed that some of the ex-
positions, and in particular the Sections on evaluation do
constitute contributions to knowledge in the subject. The
discussion in this Chapter uses, to the extent possible, the
géneral framework set out in Chapter I of this thesis. An
appendix with definitions, local stability analysis and use
of Lyapounov's second method for global stability is at the
end of the Chapter: these are the main tools used’in this

Chapter togefher, of course, with differential equation
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systems.

3.1 Formalizations and Extensions in the "Walrasian Tradition"

Section 3.1.1 below deals with the formalization and
stability analysis of the tatonnement process; both local
and global stability are discussed. Section 3.1.2 contains
contributions in the nature of extensions to the Walrasian
tatonnement, since these involve analysis of non-tatonnement
processes. Finally, Section 3.1.3 provides a summary and an
evaluation of both tatonnement and non-tatonnement works in

this Walrasian framework.

3.1.1 Formalizations in the Walrasian Tradition

(a) Samuelson's formulation and local stability analy-

sis. The first formalization of the standard Walrasian model

of production and exchange in a fully dynamic framework was

7

carried out by Samuelson, ' in a framework of tatonnement. He

used the dynamic specification similar to that of equation (l.ll)8

7(1941), (1944), and (1947), p.270ff.

_ 8The difference is in the lack of concern for negative
prices. If the non-negativity condition on prices is includ-
ed -- as it should be -- the additional specification of the
tatonnement given in equation (1.11) is required. See Arrow,
Block and Hurwicz (1959), and Mackenzie, (1960), for a treat-
ment of the problem.
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above. More specifically, he postulated that prices
outside equilibrium would move according to the rule:

P, = K, (E¥) (i=1,2,...n) (3.1)
where all symbols have been defined in Chapter I, and E; may
be interpreted as excess demand in the model of production
and exchange. Samuelson then linearized the system around

equilibrium (described by the prices ﬁi' i=1,2,...n) to obtain

P.= E*(P)+K IE..(P.-P.) = K,_ IE,.P.+C (i=1,2,...n 3.2
i= EF(P)4R j i3 (Py7Py) = Kip B3 5P ( ) (3.2)

where P denotes the equilibrium price vector and C the sum of

constant terms of the expansion, while KiE

pectively, the partial derivative of the Ki function with res-

and E.. are, res-
1]

pect to the ith excess demand and the partial derivative of
the ith excess demand with respect to the jth price. The so-
lution of the homogeneous part of this equation system is of
interest for stability. Samuelson further simplified his a-
nalysis by assuming that all KiE equal unity9, thus reducing

the homogeneous part of the system to -

Pi = ?Eiij (i=1,2,...n) (3.3).
A trial solution to this system is of the form,
p.(t) = A,e © (i=1,2,...n) (3.4)
i i ' , * o o o A L

Substitution of the trial solution (3.4) in (3.3) yields the

9'It was later pointed out by Arrow and Hurwicz, (1958),
that this in fact is not a restrictive assumption, since it
involves change in units of measurement of commodities only.
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charactéristic polynomial of the Jacobian matrix J of the sys-
tem of excess demand equations19 The characteristic polynom-
ial is of degree n in ). Thus, the solution to the dynamic
system (3.3) may be written,

ALt 1

Pi(t) = §Bije j (i=1,2,...n) (3.5)l
wherg Bij are constants dependent on the Jacobian and the ini-
tial conditions, and Aj is the»jth characteristic root of J.

For local asymptotic stability it is necessary and
sufficient that the real parts of the characteristic roots of
~the Jacobian matrix J be negative. Samuelson was able to
.show by example that the Hicks conditidns for perfect stabil-
ity are in general neither necessary nor sufficient for dynam-
ic stabilityl?

The contribution of Samuelson is obviously important.
For the first time, the problem of multimarket tatonnement
adjﬁstment is cast in a ““roper" dynamic form and subject to
formal analysis of local asymptotic stability. Necessary and
sufficient conditions are derived for such stability, too.
This concept of stability, howe&er, refers to small displace-

ments of the system from the equilibrium position: more

10 .
“This matrix has been defined in Chapter II, equation

(2.6).

lIf not all the characteristic roots of the polynomial
are distinct the solution is written in a somewhat different
form. The stability of the system is not modified, however.
See, for example, P. Samuelson (1947), p. 271n.

'(1947), PpP. 271-274, and also (1944).



124

general global stability aﬁalysis had to awéit the work -of

Arrow and Hurwiczl§

(b) Hicksian and true dynamic stability. The question

of the relationship of Hicks’ conditions to Samuelson's may be
expfessed as follows: since the Hicks conditions for perfect
stability require that the mat:ix'J be negative definite, and
the true dynamic conditions require its characteristic roots
- to have negative real parts, Whén"ddesia gegative defi-
nitE”matrix also have characteristic foots with negative real
parts? And furthermore, when - do characteristic roots with
negative real parts imply negative definiteness of the matrix?
Samuelson contributed to this matter . by remarking
that |
(1) If the Jacobian of excess demands is symmetrical,
i.e., if Eij=Eji (the response of the ith excess
demand to the jth price equals the response of the
jth excess demand to the ith price) the Hicksian
and the dynamic stability conditions are equivalent,
i.e., the one set implies the otherl%
Further, L. Metzlerlsproved that the Hicksian conditions
(ii) are necessary (but not sufficient) if the equilib-

brium is to be dynamically stable for all possible

13'(1958).

14
(1947), p. 271.

15
" (1945) -
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spéeds of adjustment, KiE'
(iii) are equivalent to the dynamic conditions when all
commodities are gross substitutes!®

T. Negishil7attributes to Samuelson the following:

(iv) If J is quasi-negative definite (i.e;, if Jg+J'/2
is negative definite, where J' is the transpose of
J) both Hicksian and dynamic conditions hold.

And finally, Negishil§ Arrow-Hurwiczlgand Hahnzoproved

that

(v) If all commodities are gross substitutes and
either Walras' Law or homogeneity of demand func-
tions with respect to prices hold, not only are the
Hicksian and dynamic conditions equivalent, but
they necessarily hold i.e., the equilibrium is lo-
‘cally stable under gross substitutability and
Walfas' Law (or homogeneity).

Aé is obvious from the above array of results, the

Hicksian stability conditions generated ‘considerable

lﬁAs defined in Chapter I above.

17(1962), p. 643.
18 1953) .
19(1958) .

20(1958) .
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interest. It was not initially noticed, howeverzg that Hicks'
statement on the role of pure price effects for stability22
carries untouched into the dynamic analysis: for éxample, it
has been shown in Chapter I that gross substitutability and
homogeneity imply that the response of excess demand to
the own commodity price is negative, i.e., the commodity is
"normal". Income effects (pure price effects) alone can
change this situation, precisely as Hicks remarked. Moreover,
Hicks anticipated the analysis based on the assumption of
gross substitutability when he remarked that a moderate degree
of substitutability is all that is required for stability of
multi-commodity exchangez%

It is thus interesting that although Hicks’ method lack-
ed rigour and proper formulation of the dynamic mechanism it
nevertheless established, in a"practical"manner, the basic
conditions that have to hold = if stability is to be assur-
ed.

(c) Other dynamic conditions for local stability. Rela-

tions among various conditions. Contributions which followed

Samuelson’s initial formalization of Walras were not only

1
Until 1971, in Arrow and Hahn.

22Discussed in Chapter II above.
23

(1946), pp.72-73.
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concerned with the question of the Hicksian versus the dyna-
mic conditions; there was also the aim to develop other, read-
ily comprehensible conditions that would guarantee that the
characteristic roots of the Jacobian had negative real parts.
The reason is that the conditions on the characteristic roots
are not too illuminating in terms of economic implications;
nor. are they easy to compute.

Newman24has provided not only an excellent summary of
the stability conditions that were found but also an exten-
sion of this strand of works. A modified tabulation of the
results presented by Newman is given here. Three kinds of
Jacobian excess demand matrices are considered: a matrix
without additional conditions on its»elements, a matrix satis-
fying gross substitutability and a symmetric matrix. Results
are tabulated in each case. Thé symbol Sij‘means that
condition i implies condition j, but not vice versa. If
for a specific i and j we have Sij and Sji the two conditions
are equivalent and the symbol Eij is used to denote this fact.
Finally, the symbol §ij means that the condition i does not
imply condition j.

Table I below relates four conditions, namely: (i) the
condition that the characteristic roots of the matrix have

negative real parts (Routh-Hurwicz condition, as it is called),

24
(1959-1961), and (1961).
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(ii) the condition that the matrix be negative quasi-definite,
(iii) the condition that the matrix possess a dominant diag-
onal, and (iv) the condition that principal minors alternate
in sign (that is, the condition that the matrix be Hicksian,
as it has come to be called).

Entry in this Table should be only from each row. The
symbol in the row and the relevant column establishes the re-
lationship among the four conditions. In the case where both
Sij and Sji are found( equivalence is recorded at the right-
hand side of the table.

Table I

Relationship Between Stability Conditions
and Other Characteristics of a Matrix

Neg. Neg. Altern.
Real Quasi Dominant Princ. Equiva-
Parts Definite Diagonal Minors lence
(1) Negative a _ _
Real S ] S No
Parts 12 13 "14
(2) Negative _
Quasi- S S S .
Definite 21 23 24 Equivalent
(3) Dominant — S3, 532 534 conditions
Diagonal
(4) Alternat- _ _ _
ing Prin- 5,4 S42 543 Emerge
cipal
Minors

From the table, results 521 and 324 are due to

Samuelson25 while result S54/ that if the system possesses a

25 1947), p.438 and p.141, respectively.
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dominant diagonal it is stable, is due to Newmanl® Aas may
be seen from the Table, the results relating Hicksian stabil-
ity to true dynamic stability are also tabulated, in the
fourth row.

Tables II and III below give relationships of stabil-
ity conditions for Metzlerian and symmetric matrices respect-

ively. With respect to results, the equivalence E41 in Table

IT is due to Metzlerz.7 In Table III, the equivalence E41 is
due to Samuelson.28
Table II
Relationship Between Stability Conditions and
Other Characteristics of a Metzlerian Matrix
Neg. Neg. Altern.
Real Quasi Dominant Princ. Equiva-
Parts Definite Diagonal Minors lence
(1) Negative _
Real S S S E
Parts 12 13 14 31
(2) Negative
Quasi- S S S E
~ Definite 21 23 24 41
(3) Dominant S S S E
Diagonal 31 32 34 43
(4) Alternat- _
ing Prin- 841 842 843
cipal
Minors

26(1959-1961), Theorem 10, p.6.
*7(1945), pp.285-290.

28(1941), pp.110-111.
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Table IIIX

Relationship Between Stability Conditions and
- Other Characteristics of a Symmetric Matrix

~Neg. Neg. Altern
Real Quasi- Dominant Princ. Equiva-
Parts Definite Diagonal Minors lence

(1) Negative

Real S S S E
Parts 12 13 14 21

(2) Negative
Quasi- S
Definite

1}
0
=

21 23 24 41

(3) Dominant S S S E
Diagonal 31 32 34 42

(4) Alternat-

ing Prin~ S S
cipal 41 42 43

Minors

0l

(c) Contributions on global stability. The contribu-

tions discussed above in this Section have the common charac-
teristic that they analyze conditions for local stability of
equilibrium.z9 The meﬁhod consists of examination of a line-
arized version of the model under analysis. Thus, results
are valid only for the small neighbourhood for which the
linearization is a tolerable approximation of the non-linear

system. Moreover, most of the contributions mentioned above

did not utilize, in their derivations of stability conditions,

basic assumptions involved in the model of production and

zgvﬁih.the exception of Negishi (1958), Arrow and
Hurwicz, (1958) and Hahn, (1958) for the proof stated as
(v) above. ,
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exchange such as Walras' Law, homogeneity of demand func-
tions, etc.

Analysis (and proofs of global stability) under
tatonnement assumptions was first carried out by Arrow and
Hurwicz, and Arrow, Block and Hurwicz.30 In the following,
the proof for the case of three commodities, and that for
the case of any number of commodities, will be outlined.

Not only are these fesults important in themselves, they also
provide illustrations of how basic assumptions such as
Walras' Law, homogeneity, and the rather strong postulate of
gross substitutability (all defined in Chapter I) may be used
to secure stability results.

The system of tatonnement equations used to illustrate

the three-commodity case is a modified version of equation

. . ) 31
(3.1) above, with all speeds of adjustment equal to unity:
- _
Pi Ei (i=1,2,3) (3.6),

The assumptions are:
(i) Gross substitutability of all commodities at all
prices,

(ii) Zero-degree homogeneity of all excess demands,

0
For a three-commodity model, the proof of global sta-

bility was given in Arrow and Hurwicz, (1958). For a multi-
commodity one, the proof is in Arrow, Block and Hurwicz, (1959).
31

Any constant speeds of adjustment will also do, but
the analysis will not differ: all speeds may be reduced to

~unity by suitable choice of units of measurement of commodi-
ties. See Arrow and Hurwicz, (1958), p.525.
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(iii)Walras' Law,

(iv) Positive prices at all times,

(v) Existence of Equilibrium.

Under these conditions, it can be proved that equilib-
rium is unique?’.2 Moreover, from homogeneity it follows that
the prices may be normalized to make P3=l always. Finally,
from Walras' Law if the two markets (for commodities 1 and 2)
are in equilibrium, so is the third.. Thus, it is sufficient
to consider the first two markets, the adjustment equations

of which may be written (given the price normalization)
=F% —T %

pP1=E} (Py,P,) ,» and p,=E3(p,:pP,) : (3.7)

where p, are the relative prices of commodities 1 and 2.

The adjustment process may now be illustrated in a

phase diagram in relative price space, in Figure 3.1 below.

| * = N k E%=0 .

EY 0 o 2
21 't, TR

N*
Il
o

€

Figure 3.1 Py Figure 3.2 P

The equations E;=0 and E3=0 are plotted in this diagram, and

328ee, for example, Takayamna, (1974), pp. 321-325. The
stability discussion in the text is also based on this as well
as Arrow and Hurwicz (1958).
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‘are the loci of equilibria in the first and second market res-
pectively. From the assumptions of homogeneity and gross sub-
stitutability it follows that to the right of the equation
Ei=0~(in a directioﬁ of increasing pl) the situation is one of
excess supply, and vice versa for the left side. On the other
hand, the same two assumptions imply that to the right of the
equation E§=O there is excess demand in the market for commod-
ity 2, and vice versa for the other side. Given the dynamic
rule for price adjustment, the arrows in the Figure indicate
the direction of price movements in each of the four sections
-of phase space. Equilibrium is obviously stable, given the

way in which the curves are drawn to cut each other. It re-

mains to show that it is impossible for them to cut in another

way.
To prove that this is so, suppose the E{=O curve cuts
the E*=0 curve from above (see Figure 3.2). Then, in section

2
I of the phase space the situation in both markets is one of

positive excess demand, and, moreover, prices Py and p, are
both above their equilibrium values. But if this is the case,
the situation in the third market must also be positive excess
demand, by the assumption of gross .substitutability. Positiv-
ity of all excess demands violétes Walras' Law. Hence, it is
impossible for the curves to cut as in Figure 3.2. This
proves global stability’in the three-commodity case.

For the case of any number of commodities, proof of
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global stability utilizes equation (3.1) above (i.e., variable

speeds of adjustment)
fPi=Ki(E;) (i=1,2,...n) (3.1)

and the same assumptions as the proof for the three
commodity case. A sketch of the proof will be provided here.3

It is first proved, by use of Walras' Law, that the
norm (length in this case) of the price vector is constant,
that is, it moves, during the equilibration process, along the
surface of a sphere of given radius (the radius depends on the
initial price vector). It is then proved that under homogene-
ity and gross substitutability the sphere can only contain one
equilibrium price vector. Finally, it is shown that Walras'
Law, homogeneity and gross substitutability -imply that the
weak axiom of revealed preference holds for the economy as a
whole, that is, the values of excess demand at any prices,
weighed by the equilibrium price vector and summed are pos-
itive.

The distance between the price vector and the equilib-
rium price vector at any point in time is then used34to prove
global stability of the system. This distance is found to

diminish with time, and thus (with some discussion that shows

33 ‘ .
Based on Takayama, (1974), pp. 325-329, and Negishi,
(1962), pp. 629-636. :

This is, of course, a Lyapounov function for the sys-
tem. See the Appendix to this Chapter.
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that the price vector cannot be bounded away from equilibrium)
the proof is complete.

It is perhaps worth iemarking that Walras' Law is an
essential assumption in both the above proofs: for example,
in the three-commodity case it is this law that requires that
the two curves cut "the right way" in the phase plane; and in
the multi-commodity case it is Walras' Law that requires that
 the price vector moves only on a quite restricted area, name-
ly the surface of a sphere. This, of course, is not to be
taken to mean that the other assumptions are less important
~ for the stabiiity proofs: for example, homogeneity combined
with gross substitutability establishes the fact that when all
relative prices are above equilibrium the numeraire commodity
must be in (positive) excess demand, which is a vital part of
the proof that the curves have to cut the "right way" in the
three-commodity case.

. With the above discussion of the proofs of global sta-
'bility complete, one might wish to discuss the various devel-
opments following the above contributions. This would take

the present review off its main course, however3§ thus, in

35A brief indication of what followed may be given in

this footnote: Scarf, (1960),furnished examples in which ab-
sence of gross substitutability was assumed, and instability
was shown; explicit use of the second method of Lyapounov was
made, first by MackenZiep(196O), who acknowledged the idea to
Arrow; non-negativity of prices was examined by various con-
tributors; expectations were introduced into the analysis by
Enthoven and Arrow, (1956), Arrow and Nerlove, (1958), Arrow
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bringing the discussion in this subsection to a close a number

36will be mentioned,

of selected results given by Arrow and Hahn
without proofs.

First, it is'proved37that a two-commodity economy with
isolated equilibria38is globally stable under the tatonnement
rule of (nominal) price change. The proof uses only Walras'
Law,‘the assumption that equilibrium exists, a distance
(Lyapounov) function between actual and equilibrium price vec-
tors, and technical assumptions on the differential equation
system of tatonnement.

It appears that in the two-commodity model the
requirement regarding slopes of excess demand functions is not
really'necessary; at the same time, it must be remarked39that
the fact that such proof of stability cannot be giveh for
higher dimensions means that it may not be too sensible, in

stability analysis, to devote the most attention to the two-

commodity model of the écbnomy.

and Hurwicz (1962) and Nedgishi, (1964); and Uzawa, (1959-1960)
formulated the discrete time process and proved the main re-
sults.

36~(197l), Chapter XII.
37

Ibid., p. 283.
38 '

For the definition, see ibid.

39 ey
Compare ibid., pp. 282 -283.
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Another proof furnished in a succint way by Arrow and
Hahn establishes global stability of an equilibrium for a
tatonnement with constant speeds under the assumption that the
weak axiom of revealed preference holds for the economy.40

Finally, a number of results on the assumption of dia-
gonal dominance are furnished, some for pure exchange and some
for both production and exchange. The strength of the rele—
vant theorems is found to depend on the specific definition
of diagonal dominance adopted. In summary, Arrow and Hahrftl
prove, among other things, that an economy with "elasticity"
diagonal dominancé&zis stable, and an economy with "absolute"

diagonal dominance in some units of measurement at all prices

is also stable.

3.1.2 Extensions to Non-Tatonnement in the Walrasian

Model of Pure Exchange

After considerable work had been done on the stability
conditions of the tatonnement, it became increasingly clear
that the stability results could not be obtained without such

strong assumptions as gross substitutability among all

40 ipid., pp. 285-286.

41 ipid., pp. 292-296.

42 por definitions see Chapter I .
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¢

commodities at all prices. Research then turned towards the
‘examination of the non-tatonnement process (as defined in’Chap—
ter I) with the purpose of establishing whether allowance of
disequilibrium transactions made a difference to the stability
requirements. The contributions confined themselves to the
puré‘exchange model, for reasons partially explained in Chapter
I.. Moreover, while trade was allowed out of equilibrium in
these models, the institution of the auctioneer was neverthe-
leés retained for the reason that unless this is done some
explicit account of the manner: of -price setting in the system
‘must be given. It is not logically consistent to suggest that
price takers undertake to change prices under "market pres-
sure"4§ therefore the auctioneer is still necessary%é

| The first result in this line of analysis was published4
by Negishi4§ It was éhown'ﬂfﬁltheIKmftaUXHEment process des-
éribed in Chapter I is stable if universal gross substitﬁtabil-

ity at all prices and endowment distributions along with

3 «
; This point was first made by Koopmans (1957), and fur-
ther developed by Arrow, (1959). See also Arrow and Hahn, (1971)

p. 325. ‘ -

There is a strand of analyses of market operation with-
out the auctioneer. See Fisher, (1970), (1972); Diamond, (1971);
and Cook and Veendrop, (1975). This group of works will not be
discussed in this thesis.

45 .
The contributions to non-tatonnement analysis are so

close to one another that it seems useful to distinguish "publish"
from "discover" in this review.

46
(1961) .
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Walras' Law are assumed. Thus, it turned out that the consid-
eration of actual out of equilibrium transactions in the model
of exchange does not seriously modify stability conditions
eétablished by means of tatonnement analyses. This is clearly
an interesting result. It was of course also pointed out that
equilibrium depends on the specific equilibration path and the
associated transactions. Discussion of this and other points
 will be undertaken in the next part of this Section.
.47

A year later, Hahn and Negishi” 'proved that, if the

tatonnement process satisfies the so-called "Hahn process" of

disequilibrium exchange stability can be obtained under weaker
assumptions.

The Hahn process of exchange specifies that those who
are in the "short end" of the market at any time not
only are able to carry out their optimizing plans at these
prices but they do so at all times. That is to say, if there
is excess demand in the market no seller is found with more
than he is willing to hold at the given price vector, while if
there is excess supply no buyer is found with less than he
would be willing to hold. Thus, this is a specific form
for Ehe functions describing changes in stocks in non-

tatonnement, (equations (1.23) in Chapter I).

With the above specifications of the non-tatonnement

47(1962).
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and the additional assumptions of: (a) Walras' Law; (b) homo-
geneity; (c) the stipulation that each individual has some of
each commodity at the beginning of the process; (d) constant
speeds of adjustment; and (e) some technical assumptions as to
the nature of the demand functions, Hahn and Negishi proved,
via.the second method of Lyapounov, that the system approachd
an equilibrium (i.e., they provéd "quasi-stability").

. 48
Finally, Uzawa formulated the "Edgeworth barter pro-

cess" of exchange as another specific formalization of the

equations describing stock changes in non-tatonnement. ‘Accord-
- ing to this process, exchange is to take place if and only if
at least one individual gains by exchange and no individual
loses. Thus the digtribution of stocks following a disequilib-
rium exchange is more satisfactory to at least one individual
and less satisfactory to no one (at prices where exchangeltook
place).

On the basis of this specification, and by means of
.other assumptions4%Uzawa proved that the exchange non-

tatonnement system moves towards an equilibrium.

48(1962).

49

" Ibid., pp. 226-227. As Negishi, (1962), p. 661, re-
marks, this proof is not directly dependent on such assumptions
as Walras' Law and homogeneity. However, these assumptions may
be regarded as the rationale underlying the formulation of the
Edgeworth exchange process.



141
3.1.3 Summary and Evaluation of Contributions in the Walrasian

" Tradition

' The content of this part is sufficiently accurately
described in the title. First, a summary of the results in
3.1.1 and 3.1.2 is given and subsequently an evaluation of
the” contributions is undértaken, in the light of the main ques-
tions raised in this thesis.

‘(a) Summary. Contributions started with explicitly dy-
namic formulations of the Walrasian tatonneﬁent in multi-
commodity models, and derivation of conditions for true'local
~ dynamic stability. Other work followed which gave more read-
ily comprehensible conditions for stability than the mathemat-
ical requirement on. the characteristic roots. In the process,
the relation.\ of the Hicksian to true dynamic conditions
was clarified. Finally, a number of researchers proved local
stability by means of such postulates as Walras' Law, homo=-
geneity, gross substitutability and existence of equilibrium.

" The grodp of the above works was solely concerned with
Walrasian tatonnement, as defined in Chapter I.

Global stability analysis by means of distance func-
tions followed these works. The main assumptions were gross
substitutability at all prices, Wairas' Law, homogeneity and
existence of equilibrium. Stability was also proved for the
case of diagonal dominance. Finally, use of Lyapounov func-

tions in global stability analysis was made expliéit. The
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framework of these works was still the Walrasian tatonnement
model, mostly of production and exchange, but sometimes of

pure exchange.

Finally, in the framework of the pure exchange model

this time, contributions came which showed that actual dis-
equilibrium behaviour in exchange does not modify stability
of the system: more specifically, it was proved that the
system would be stable with disequilibrium transactions if
it was stable without them (that is, in tatonnement). More-
over, it was proved that disequilibrium transactions made

it actually easier to achieve stability, if one was willing
fo postulate specific rules for disequilibrium exchange.

(b) Evaluation. The formidable set of analytical

tools used in both the formalizations and the stability
analysis discussed above can scarcely fail to impress the
reader of the contributions reviewed in Sections 3.1.1 and
3.1.2. Nevertheless, the literature on stability of com-

petitive equilibrium is vulnerable to criticism, as will be

argued in the following paragraphs. Some of these objections

have already been made, while others are original with this
investigation. Indication will be provided for those points

that have already been made in the literature.

It may be more convenient to begin the evaluation with

the positive aspects and classify them into those applying to
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analyses of tatonnement and analyses of non-tatonnement pro-

cesses. Thus, with reference to tatonnement, one may make at

least three positive remarks:

(i) we now have a full analysis of pure price effects
in equilibration, for the model of production and exchange.
vTﬂis is certainly useful (but see critical point (ii) with
reference to these effects below).

(ii) we have learned things which were unknown before:
the proper formalization and stability analysis of Walrasian
tatonnement is now complete; Walras' conjecture that diagonal
dominance implies stability has been proved correct; Hicks'
proof that income (pure price) effects are the only source of
instability has been found to hold in proper dynamic settings;
in short, the contributions have certainly advanced knowledge.

With reference to non-tatonnement, positive points

include:

(iii) it is now known that the suspicion that disequi-
librium transactions might possibly cause instability in the
model of exchange is totally unfounded. Indeed, the reverse
is true, since equilibration is hampered by restriction of
the adjustment process to one of no transactions in dis-
equilibrium. (But see critical point as to the assumptions
involved in non-tatonnement, (i) below.)

(iv) The contention (known since Edgeworth and Marshall)



144

that disequilibrium transactions affect the final equilibrium
position has now been formally stated and taken into account
in analyses and discussions of non-tatonnement equilibration.
Moreover, some attempt has been made to find conditions under
which invariance of equilibrium prices to disequilibrium trans-
actions obtains. The theorem of equivalent redistributions

of commodity holdingsSOmay be considered to provide suffi-
cient (and sometimes necessarfﬂ) conditions for such invari-
ance. The Marshaliian>assumption of constant marginal util-:
ity of money52provides another condition. Finally, anoﬁher
rather obvious condition may be mentioned here: it is that

all individuals have constant and identical marginal propen-
sities to consume C?”. In this case, a transfer of commodi-
ties in disequilibrium exchange from one individﬁal to another
and a consequent'price change does not affect the exéess mar-
ket demand function.becéuse the gain experienced by one indi-
vidual increases the excess demand by exactly the amount it

is decreased due to the loss experienced by the other indivi-

dual. More specifically, the term C? in equation (1.34)53

50
See Chapter IT.

1
As has been pointed out in the discussion of the the-
orem in Chapter II.

52
See Chapter II.

3
Chapter I.
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for the excess market demand need not be under the summation
sign with these assumptions{ it pecomes constant and may be
taken outside the summation sign, which implies that the pure
price effects on demand are identical for all individuals per
dollar change in the evaluation of their endowments. But en-
dowment effects of the second kind can only operate on excess
demand if pure price effects are different. This proves that
constant identical C? is a sufﬁicient (though very strong) con-
dition for invariance of equilibrium prices in non-tatonnement.

It may be useful to provide an example of equal and
constant C?. The discussion will be confined to exchange of
two commodities by two groups and homogeneous utility‘func—v
tions. TIf the utility functions of the two participant'
groups in exchange are identical and homogeneous of degree r
in the variables x and y (the two commodities) it is well
known that their first partial derivatives are homogeneous of
- degree r-1 in the same v;riables. Hence, the rate of substi-
tution is homogeneous of degree zero in the same variables.
'This is the well known dependence of the marginal rate of
éubstitution on the ratio of the commodities alone.

Under these gircumstances it can be easily showh that
the contract curve must be:the diagonal in the Edgeworth box.
Let x and § represent the amounts of commodities X and Y of
the participant group 1, and x and § the total quantities a-

vailable. Then, group 2 combinations can be expressed as
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y -y and x - x. Thus, the rate of substitution for group 1
is a function of the ratio y/x while the rate of substitution
for group 2 is dependent on the ratio of (y-y)/(%-x). Along
the contract curve the marginal rate of substitution must be
equal for both groups: hence, the ratios y/x and (y-y)/{(x-x)

1°% But this will hold if y/% is equal to y/x

that is,when the contract curve is the diagonal of the box2

must be equa

And, finally, when the contract curve is a straight line the
ratio of the two commodities is constan;,hence the marginal
rate of substitution along the curve is constant. Obviously,
under such circumstances it does not matter where on the con-
tract curve the parties equilibrate sihce the price ratio is
the same along it. This ratio is dependent solely on the
quantities of the commodities available,x and y, and it thus
follows that any change in the quantitieé available changes

the equilibrium price ratio in an unambiguous way.

A number of criticisms may now be Cited, and made, with

reference to the contributions dealt with in 3.1.1 and 3.1.2.

Thus, with reference to stability analysis of tatonnement:

(i) the development of the tatonnement exchange model

4 . ' e 4. .

The requirement of a diminishing marginal rate of
substitution ensures that there exists a one to one relation-
ship between the marginal rates and the commodity bundles.

55 - - _ _
y-y _ Y : fae YOV XX : 'S = X _
4L = £ implies == = —— i.e. -1== 1
F-x - X vy x ! "y X
i'e" i:g + 4 _§.=.¥_
v < ' i.e., = < ! Q.E.D.
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has gone through a series of formalizations that wére gradual-
ly found necessary for its logical consistency. These formal-
izations have served to make transparent the fact that the in-
stitutional specifications required deny the model relevance
for the impersonal perfectly competitive market, as will be
shown presently. |

The necessity of institutional specifications becomes
obvious wﬁen the essential characteristics of tatonnement ex-
change are recognized, namelyfi6

(a) one price ruling at eéch’point in time (so that

buying and selling intentions to be aggregated
all refer to the same price)

(b) a procedure whereby the price is made known to

the participants

(c) collection and aggregation of buying and selling

intentions at the 'cried' price and

(a) application of some rule of price change in order

to reach equilibrium .

‘These obviously cannot be generated by the impersonal
forces of competition: what is needed is some institution to
facilitate the process and apply the rules. The literature
has used a number‘of.concepts, including "intellectus angel-

icus", "secretary of the market", "umpire", "auctioneer", etc.

6
On this and all the preceeding points, compare
D.A. Walker . (1973a). ,
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It has been pointed out that this institution is not merely
a concept to be used for elucidation of the operation of the

impersonal competitive mechanism, but a necessary addition to

the model if it is to exhibit the tatonnement propertie55?

It has also been remarked that if this institution is to be a
real one and not a market machine, it will have some capacity
for rational behaviour and some degree of freedom, which it
can use instead of the mechanical rule of price change in

the differential equations of the tatonnement modelsg

The first of the above remarks casts doubt on the ca-
pacity of the impersonal competitive model to achieve 1its
own equilibrium position, since the necessary institutional
addition of the price setter makes one wonder how much of the
competitive mechanism remains, while the second remark rein-
forces any doubts that oné might have regarding this issue
since the central institution of the price setter may have an
interest beyond the mechanical application of the Walrasian
pricing rule. But if this is so, the basic question arises
of the incentive under which this authority would operate,
and of interests which it would serve. 1In short, perfect
competition with central authority does not seem to be a

happy combination.

57 Koormans (1957) .

58 ¢, wWalker, loc. cit., p. 359.
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(ii) The impresive proofs of local and global
stability of tatonnement are beset by the common character-
istic of having to assume away the existence of Giffen goods.
In other words, basic assumptions of this strand of works
have effectively assumed the result, by specifying well-
known conditions that make pure price endowment effects
not inoperable but essentially harmless to stability. But
if the above claims are correct the value of these contrib-
utions reduces to finding conditions equivalent to the re-
quirement that endowment effects of the first kind be harm-
less for equilibration.

The claims advanced in the above paragraph may now
be substantiated. Most of the stability proofs are based on
the assumptions of zero-degree homogeneity and gross sub-
stitutability. It has already been shown in Chapter I that
gross substitutability coupled with homogeneity imply that
the own-price effect on demand is negative. Hence, these
two assumptions together in fact rule out Giffen goods. The
pure price effects on excess demands, that is, may be
"perverse" but they are never of a magnitude sufficient to
cause problems.

It has thus been established that the formidable
array of tools used in the stability analysis of tatonnement
exchange (and production and exchange) has resulted only in
ehumeration of conditions under which Giffen goods do not exist.

But this has indeed been suspected all along as a stability
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requirement, for example by HickéSQ

(iii) The analysis of tatonnement effectively abstracts
from endowment effects other than pure price. While this is
not a serious point, since research must proceed in steps, it
nevertheless has to be borne in mind.

(iv) The "low brow" question may be raised as to which
market takes precedence in terms of equilibration in a multi-
market system. Are all markets to be equilibrated at the
same time? Then, this implies that all individuals are some-
how able to participate in a global tatonnement process, which
takes place at a certain locale and encompasses all markets at

the same time. The process is surely fancifufo.

The above objections refer to the tatonnement process.

With respect to non-tatonnement:

(1) All analyses of stability with disequilibrium trans-
actions assume (implicitly) that all individuals remain in the
market for the duration of the equilibration process. This
may be called here the assumption of "perfect market attend-
ance". The question immediately arises, with regard to this
assumption, why individuals remain in the market during the

whole equilibration process if, at the same time, they are

59
(1946). See also Chapter II, infra.

60
One may nevertheless accept this difficulty, along

with the difficulty associated with "auctioneer".
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allowed to trade at disequilibrium prices. The assumption rel-
evant to this question is that price expectations of individu-
als in non-tatonnement are static, and are held with certain-
ty6% But, if this is the case, there is contradiction be-
tween this and the assumption of perfect market attendance.
Why would anyone stay in the market after having traded, even
though he expects prices to remain constant? Consider,
for example, a Hahn process of exchange. Let an individual
be at the "short end" of the markets given the price vector at
a point in time; then, it is questionable that this individual
has any incentive to remain in the market under these condi-
tions.

But if the possibility of exit of individuals from mar-
kets in disequilibrium is recognised, it is obvious that the
non~-tatonnement analysis has to be modified along lines simi-
lar to those hinted at by Wicksteeds% This has not been dis-
cussed in the literature.’

it is of course possible to suggest that individuals
remain in the market because of the incentive of speculation.

But then, some assumptionlother than static expectations should

be introduced to make speculative incentives operable, and

61'See Arrow and Hahn, (1971)

62(1933). See also Chapter II, infra.
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again the analysis of equilibration in that case will not be
the same as that which has been offered in the works discussed.
Neither will it apply to all markets, since not all markets
aboﬁnd with speculators.

(ii) The éssumption of perfect attendance is respons-
ible for endowment effects of the second kind becoming opera-
tive during equilibration: if an individual changes his endow-
ment at disequilibrium prices and leaves the market, the effect
on aggregate demand from the re-evaluation of his endowment
due to a subsequent price change will not materialize. Thus,
it is seen that the quantity-price effects have been given un-
justified importance in the analysis, due to the implicit as-
sumption here criticised.

(iii) Ironically, while most neoclassical analysis has
not considered effects of income redistribution, the non-
tatonnement analyses have focussed 6n it. As it turns out, re-
distribution effects in non-tatonnement exchange may not even
materialize in any operational sense, as has been argued in
(1iii) above. Moreovef, because the non-tatonnement analyses
have been confined to pure exchange models they have completely
ignored pure quantity effects, which, as the analysis in this
investigation show§3; are more important than éither those of

the second or the first kind, in an analysis of disequilibrium

631n Chapter V.
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in production énd exchange.

(v) Finally, among the positive points raised for the
analyses of non-tatonnement was the claim that it turns out to
be "more stable" than ﬁhe tatonnement process, at least under
certain specificatiéns. The question is, however, whether
this stability is at all useful in terms of information rele-
vant for comparative statics theorems. With respect to this
question, it may be remarked that if a stable non-tatonnement
system is perturbed when in equilibrium it is only by chance
that it will return to the same equilibrium. This is of
course due to the fact that the initial endowment matrix is
not uniquely associated with any equilibrium price vector in
non-tatonnement processes. But if more than one price ratio
is associated with a specific cluster of parameters nothing can
be said on the effect that changes in those parameters will
have on equilibrium prices. Thus, despite the strong results
on stability of non-tatonnement, "meaningful" theorems will
still have to be deduced from traditional tatonnement process-—
es, where actual transactions are assumed to play no role in
the determination of equilibrium.

The evaluation of contributions in the Walrasian trad-
ition is now complete. The next Section in this Chapter is
devoted to examination of attempts at analysis of disequili-

brium in both production and exchange.
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3.2 "Non Walrasian" Attempts at Disequilibrium Analysis

This Section critically reviews a number of different
contributions relevant to disequilibrium in production and ex-
change. The term "Non-Walrasian" is here used for classifi-
catory convenience only, that is, in order to distinguish the

material of this from the works discussed in Section 3.1.

3.2.1 The Cobweb Model for a Single Market

The literature on the cobweb modefylseems to have been
concerned with questions rather different from those addressed
in the present investigation. This will become obvious from
the remarks to be made in this Section. Nevertheless,
analysis of a non-durable commodity model of production and
exchange, where production is carried out "in disequilibrium,
has the same mathematical structure, in reduced form. This
analysis is carried out in Chapter IV; the aim of this Section
is to briefly discuss the traditional "cobweb" model as é
point of departure for tha£ analysis.

As it is well known, the cobweb model is usually speci-
- fied with quantity supplied dependent on the price of the pre-
vious market period. The equilibrium condition of this model
then imposes equality of the quantity supplied and the gquanti-
ty demanded in each market period. Since the quantity sup-
plied is determined by the price in the previoﬁs period,

the market period supply curve

64See Ezekiel, (1937); Buchanan, (1939); Samuéison,
(1947); Nerlove, (1958); Ackerman, (1957).

T g
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is in effect a vertical line in price-quantity space; there
is no room for variation in the quantity supplied during the
market period. Hence, in order for eguilibrium to be estab-
lished, the gquantity demanded has to vary with price change
in order to clear the market. On the basis of this condition
a difference equation in price is derived from which the
stability condition is déduced that the slope of the long-
period supply curve with reference to the price axis must be
less in absolute value than the slope of the demand curve with
respect to that axis.

The analysis briefly discussed above is conducted with-
out any mention as to what happens during equilibration in
each market period. Given the fact that the equilibrium
’price for each such period is determined by solution of the
market demand and given market supply equations, it is reason-
able to assume that the process of equilibration in the mar-
ket period follows the tatonnement process. . But then it
follows that stability of this process requires a downward-
sloping demand curve for the commodity.65 This requirement
is to be found nowhere in the cobweb literature.

The following points may be added with respect to the
cobweb model: |

(i) The cobweb model can legitimately be considered

5Given that the market supply curve is vertical.
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as one of production and exchange, with "disequilibrium" in
the production side. The model thus belongs to the first
category of disequilibrium production and exchange models,
as discussed in Chapter 1I.

(ii) The conventionally derived stability conditions
for the cobweb model are not sufficient for its stability:
it is also required that the demand curve slope downward at
all times.

(iii) It is possible to discuss a model of similar
structure, with a non-tatonnement process in each market
period. An attempt will be made in Chapter IV.

(iv) I£ is possible to introduce inventory considera-
tions in the structure of this model. This is done in Chap-
ter IV.

In summary,‘it is here claimed that the analysis of
the cobweb model in the literature has not only missed an
essential stability condition involved in the cobweb process
but also the opportunity to examine this model in terms of
its implications for disequilibrium in production, and in
production and exchange. This gap will be filled, it is
hoped, by the analysis of Chapter IV of this thesis. 1In the
process, some answers will be obtained to the basic questions
asked in this investigation, with reference to a partial

analysis model of production and exchange.
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3.2.2 Analyses of the Cycle

The discussion in this Section refers to such models‘
as have been develcoped by Hickéni Samuelsoﬂy% and the subse-
quent literature on mathematical models of the business cycle.

The models of this family have properly been labellecfi8
fix-price models, since prices are assumed constant throughout
with quantities taking the brunt of equilibration process. In
terms of the present investigation, the relevant question to
ask is whether the contributions under discussion are indeed
full analyses of disequilibrium, in the sense that they con—‘
tain a description of how the system tends towards its state of
"rest", both invthe market period and in the "longer-run".

In order to answer this question, consider, for example,
a fix-price model of the aggregate economy from the family of
multiplier-accelerator modelsﬁ9 Aggregate expenditure is the
sum of consumption and investment at fixed prices; its compon-
ents are found to depend on incomes of both the present and

the previous period. Since production and income are identical,

®%(1950) .
®7(1939) . |
6&y Hicks, (1965).

9 . .
Samuelson, (1939). Strictly examined, such models
are one-commodity, as has often been pointed out.
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.expenditure in fact depends on production volumes of both the
present and the previous periods. Moreover, without invento-
ries, commodity supply in each period equals commodity produc-
tion. |

Consider, now, the condition that is invariabily impos-
ed on such models in order to derive their dynamic equations.

This condition- is. that-expenditure edqual production in

each and every market period. 1In a fix-price model it is not
- possible to have shrinkage or expansion of the expenditure
components via price change; thus, the only other degree of
freedom is the income (production) level. Moreover, the con-
sumption component of aggregate demand in each market period
is indeed fixed and unchangeable, since it depends on income
created in the previous period.

How is the equilibration process to be examined under
such circumstances? Since production is required to equal
demand, and since the lat;er partiallykdepends on the former,
it is possible to interpret the model by saying that it
achieves equilibrium in the market period by means of a sort

of "tatonnement in quantity" rather than in price. That is to say,

the production volume may be experimentally varied, and the
consequent situation'examined from the point of view of clear-
ance of the market. The level of output that produces a de-
mand equal to it is selected, and market period equilibrium

is achieved. 1In the next market period, it will be necessary
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to repeat this process and find the new’ 0

production level at
which demand equals supply.

That the variation of quantity of production within the
market period may indeed be interpreted to be in the nature of
a tatonnement process in quantity I do not think it can be
doubted. The family of models discussed here then resemble,
in terms of equilibration processes, the cobweb model: in the

latter, price is "wrong" outside the stationary state, and

volumes of production dependent on this price are also

"wrong". During the market period, demand is brought to equal
supply by sufficient price change, in a tatonnement process.
In cycle models of the category discussed the market period
tatonnement is in terms of quantity produced.

Other interpretations of cycle models7% in fact formal-
ly equivalent to the one advanced above, are possible. Follow-
ing Hicks7? for example, one may effectively assume perfect
foresight on the part of producers. As a consequence, no

tatonnement process is now required during the market period,

since by means of the assumption of perfect foresight the

‘The output volume will change unless the system is in
its "stationary state".

I owe this point, and the associated reference to
Hicks, to my advisor B.L. Scarfe.

' 72(1959).



160
system achieves "temporary equilibrium" during this period,
without auctioneering. Another interpretation would be to
assume that producers have full knowledge of the circumstances
of the market, a la Marshall.73 It is obvious that both alter-
native interpretations achieve, in fact, the result of a
"quantity tatonnementr without disequilibrium actions permit-
ted, as has been argu;d above.

There is one additional remark to be made with regardv
to the models of the cycle discussed in this Section. Such
models totally ignore considerations of input markets, and
the consequent possibility that some production levels may be
unfeasible at current (and fixed) prices of inputs and out-
pﬁts. ‘These models thus not only by-pass the problem of mar-
ket-period equilibration and the consequent possibility of -
disequilibrium in that period, but they also do not take into

account the possible unfeasibility of output levels. The

model developed in Chapter V of this investigation takes

See the discussion on Marshall, in Chapter II.

74In a forthcoming book (to be published in 1976) .
B.L. Scarfe has a fix-price model with inventories which takes
explicitly into account the real possibility that (without tat-
onnement or perfect foresight or perfect knowledge) supply and
demand in the market period may not be equal. Inventory accum-
ulation or decumulation then takes place, which in turn affects
income and expenditure levels. While the model is one of genu-
ine disequilibrium, it is interesting to observe that in fact
its formal structure can be collapsed to that of the Metzlerian
model of the inventory cycle. Thus, it may be that despite ig-
noring market period problems, some formulations of cycle models
may not be all that far from proper disequilibrium analysis. This
point is certainly worth investigating.




161

explicit account of both problems.

It may perhaps be thought that the present interpreta-
tion of cycle models is too harsh; but examination of the o-
riginal works cited above will show that, in actual fact, the
contributors to the trade cycle literature cited do not seem
to be aware of the implications of assuming that, in each per-
iod, supply is set to equal demand.

3.2.3 "Spillovers" in the Theory of Multi-Market Equilibration

The concept of spillovers from the one market to the
other in a general equilibrium system during its process of
equilibration is due to Patinkin’® who credits Friedman for
pointing out to him the possibility. According to this idea,
the pressure on the price of a particular good to change
should come not only from the excess demand within that market,
but also, from excess demands in all other markets of the sys-
tem. In the original work in which Patinkin suggests the reform-
ulation of the dynamic adjustment mechanism to take into ac-
count the spillover he uses the argument to suggest a general-

ization of the Samuelsonian formulation of the Walrasian ad-

justment mechanism which, as we saw above, is a tatonnement

process. In the same paragraph, however, we find Patinkin

suggesting that the spillover effects are due to frustrated de-

75 (1952).
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mand from other markets where it has been impossible to sat-

isfy it. Thus,

And,

a

"The pressure on the price of say, 'shoes', comes from

two sources: first, the buyers who have not succeeded
obtaining all the shoes they wish to purchase at the
given prices; second, thQse who have not succeeded in
spending all they intended to (at the given prices) on
clothing, and redirect part of this unspent.income to
the new market." 76
little later,
"This type of market pressure has become a familiar
phenomenon of the post-war period...cleariy this char-
acteristic pressure of semi-permanent disequilibrium
should also be taken into account in the disequilibria
studied in dynamic-analysis. And onepossible way of
doing so is to generalize in the manner indicated

77 .

above."

Patinkin thus seems to be unclear about the fact that

his proposed generalization of the Walrasian adjustment mecha-

nism (which would make the rate of change of each price depend-

ent on the excess demand in all markets) does not really des-

cribe the phenomenon bf unsatisfied demand in some markets

76

D. Patinkin, Ibid., page 41.

77

‘D. Patinkin, Tbid., pages 41-42.

cmmm
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spilling over’others. Without transactions outside equili-
brium, and with perfect market attendance, there seems to be
no logical reason for spillovers in the excess demands of the
various markets while the process of equilibration is taking
its time. This is so because individual participants in ex-
change are not even given a chance to find out whether their
optimum plans are feasible given the conditions in the market.
On the other hand, in a process where disequilibrium transac-
tions are allowed the notion of spillovers is legitimate but
the mechanism of the price adjustment in this situation is
different from that of Walrasian tatonnement, as generalized

by Patinkin. This is so because in a non-tatonnement process

we must have, as mentioned above, some rules governing- transfer
of commodities among individuals at disequilibrium prices, as
well as perfect attendance.

In any case, Patinkin did not carry the idea of spill-
over further into his analysis nor did he make any use of re-
sults from it. Thus, this lack of clear delineation of the
conditions under which the spillovers are meaningful did not
have any consequence for his work.

An attempt at synthesis of fhe spillover concept with

the "dual decision hypothesis" of R. Clowe17"8 has been made by

(1965). Clower's contribution is discussed in 3.2.5.

o
o
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H. Grossman7.59 Grossman remarked that while Patinkin provid-
ed the concept of spillovers, he gave no analysis of the de-
termination of its magnitude or its effects. On the other
hand, Clower's "dual decision hypothesis" provides an analyt-
ical framework for analysis in one market when another is in
disequilibrium and therefore actual transacted quantities
differ from planned onesgq Grossman then proceeded to gener-
alize the Clower framework in a multi-commodity model, and to
incorporate the spillover coefficients suggested by Patinkin.

In the process of determining the effective constraints
imposed on individuals by disequilibria in some markets,
Grossman found himself on difficult ground: which actual
transactions in which markets are to be considered first,
and which later? 1Is the disequilibrium in market A to
affect transactions in market B or vice versa? Grossman as-
sumes, in effect, that actual transactions in all markets are
simultaneously determined, and so are effective demands in
these markets (the latter depending on actual transactions)8%
He recognises that this assumption in fact implies "dissemin-
ation of information" about actual transactions, and confesses

that such information and the consequent determination of

79
(1971).

80
"Cf. ibid., pp. 948-949.

81
Ibid., pp. 952-953.



165

relationships between effective demands of individuals and in
the aggregate)
"could only emerge from a recursive process involving
a sequence of individual and market experiments. The
present paper considers a special case in which this
recursive process is collapsed into an instantaneous
interaction." 82
But this set of assumptions seems to deny the reasons
for which spillovers happen, and indeed almost implies a ta-
tatonnement process of a sort. Consider a multimarket sys-
tem in disequilibrium: the assumptions suggest that individu-

als are able to estimate the feasible transactions that they

can undertake in each market, simultaneously for all markets.

But, the amount of transactions that would be feasible in
each market depends on the amount of spilloVers present in
the system. Thus, in order to determine spillovers, one needs
their values. This is obviously ciréular, and for this rea-
son the collapsing of the process into an instantaneocus inter-
action is a necéssary andrvital assumption of Grossman's anal-
ysis.

| But if the above remarks are correct, the process ana-
lyzed by Grossman could be viewed as a "tatonnement" in terms
of what is feasible in each market during disequilibrium. It
is in this sense that the Grossman contribution may be viewed

as an extension of the Wa. rasian tatonnement. The question of

82 Ibid.
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the actual sequence of transactions, it seems, is important

if spillovers are to make sense in disequilibrium analysis.

3.2.4 D. Patinkin on Involuntary Unemployment

In his discussion of the concept of involuntary unem-
ploymenéxaPatinkin attempted a sort of disequilibrium analysis
of the aggregate model in the framework of his model. His
starting point was that when a firm cannot sell the profit-
maximising quantity of sale’s in the market for some time, it
will eventually have to "take some step to bring current out-

put -- and consequently current input -- into line with cur-

rent sales. And this is the beginning of involuntary unemploy-

-84
ment."

This remark clearly implies that, at least in disequi-
librium, labour demand is sensitive to quantities (of inven-
tories) apart from prices. The same point was made later by
Clower, in a more general contextgé Patinkin, however, did
not formally introduce a modification into the functions of
his model to take this into account. Thus, in the account of

the story by Patinkin®® firms cut down on .production volume

83
(1965), Chapter XIII.
84 '
ikid., p. 318.
85
See Section 3.2.5 below.
86 '
(1965), p. 318 ff.

. e
i
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when they find out that they cannot sell expected guantities.
No discussion follows of how the excess inventory that has ac-
cumulated during the previous periods of excess supply is to
be corrected. Neither is mention made of the fact that the
adjustment in production to bring it into line with current
‘sales is not enough. Moreover, it is difficult to rationalize
why, in the price-taking environment of Patinkin's model,
firms would find themselves with accumulated inventories
rather than sell at lower prices.

In Chapter IV of this investigation an analysis of a
‘price—setter holding inventories over time suggests that it
is optimal for him to adjust both price and production vol-
ume in response to a maladjustment in inventory. Thus, a for-
mal justification is provided for modification not only of
the excess demand functions (to incorporate quantities as
well as prices) but also for the view that both quantities and
prices would be adjusted in these circumstances®’

It is thus seen that the point raised by Patinkin ié
taken up to some extent in this investigation, with scme mod-

ification38§

81n a situation of oligopolistic rivalry and the con-
sequent uncertainty the price change may indeed be quite low.
The model developed in Chapter IV concentrates on a price set-
ter not experiencing interdependence in the market for his pro-
ducts.
88
See Chapter V.
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3.2.5 Clower's Concepts of "Notional" and "Effective" Demands

It méy be fair to state at the outset of the discussion
that Clower's contribution to the fundamental question of dis-
equilibrium behavicur is one of the most important: this is
because it was he who first provided a specific suggestion
for modifying planned functions so as to make them relevant
for behaviour outside equilibrium.

In an early contribution to the matterg% Clower concen-
trated on the fact that when a market is in disequilibrium
only the short end of it can in fact be satisifed. Thus,
while both the guantity supplied and gquantity demanded at any
price represent planned magnitudes, chosen as optimal given
the price, only the short-end quantity (i.e., the quantity de-
manded in a situation of excess supply, and vice versa) can be
realized in disequilibrium. This, of courée, is the basis for
the Hahn process of exchange in non-tatomement, described
earlier in this Chapter. Clower used this point to advance an
interpretation of Keynesian economics different from the com-
monly accepted one.

Latergq Clower returred much better prepared with his
interpretation of the Keynesian method of analysis. He finds

that traditional analysis gives no information about realized

9Clower, (1960) .

90;Clower, 1965.
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("effective") as distinct from planned ("notional") transac-
tions in disequilibrium, and in general it assumes that ac-
tual transactions do not influence the equilibration process.
In other words, the pressure on the price to equilibrate does
not come from realized disequilibrium transactions in conven-
tional analyses of disequilibrium. A special case where this
holds is that of the tatonnement process, where no disequi-
‘librium transactions occur at all.

In Clower's view, Keynes disagreed with precisely
this aspect of traditional theory, namely that it is not a
general thecry of disequilibrium states. Thus, he isolated
a number of points on the basis of which he conducted his
criticism. One of these points was the relevance of Walras?
Law in the process of price formation (i.e., as a force act-
ing outside equilibrium). Keynes, according to Clower, may
be interpreted as either having accepted the law, in which
case the modern "neo-keynesian" interpretation of his contri-
bution is correct; or as having used a more general theory of
disequilibrium price formation, in which case his contribu-
tion should indeed be examined in a different light from
traditional interpretations.

This investigation is not concerned with matters of ex-
egesis in the history of economic analysis, except insofar as
they are immediately relevant to the aims spelled out in the

‘introduction. For this reason, Clower's discussion from now



17¢
on will be conducted in abstraction from the points of inter-
pretation concerning Keynes' work.

In an attempt to construct a model in which quantities

as well as prices enter the behavioural functions Clower
formulated the "dual decision hypothesis" according to which
actﬁal behaviour is the same as planned if other variables
(such as income, for example) are not falsified. If such var-
iables are falsified, however, the individual must be assumed
to proceed to optimization given the realized values of these
variabkles. Clower carried out this discussion in terms of the .
labour market (assuming it to be in a state of excess supply)
and suggested that unemployed individuals would have to re-
evaluate their positions in the commodity market in accordance
with the dual decision hypothesis. As a consequence, the
effective demand in that market may reasonably be expected to
be less than the demand calculated on the basis of planned
functions. Now, Walras' Law suggests that the excess sup-
ply in the labour market will, in a two-commodity model, be
reflected with excess demand of equal magnitude (at current
prices) in the commodity market. While Clower does.not
in,any way suggest: that Walras’ Law doés . not

hold for planned deménds the fundamental question raised is
whether it is reasonable to take this planned excess demand

as an indicator of equilibrating pressure in the commodity mar-

ket under the circumstances.
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The claim in this respect is, than, that planned
("notional", as called by Clower) excess demand may not be op-
erative at all in terms of pressure on prices outside eguili-
brium. The total of realized excess demands, on the other
hand, may not be zero. That is, it is possible to
have excess realized supply in one market which is not reflect-
ed in excess realized demand in other markets. This, of
course, does not mean that Walras' Law does not hold under
the circumstances, since the Law only‘refers to planned, not
realized excess demands in a system.

Clower's main point then is that once income appears
as independent variable in the market excess demand functions
-- Oor, more generally, once transactions quantities at false
prices appear as arguments -- traditional priée theory ceases

to shed any light on the dynamic stability of a market econo-

91
my .

The above points do not in any way imply instability of
the s¢ystem; the mere fact that realized excess demands do not
obéy Walras' Law is certainly not sufficient for that. How-
ever, the analysis of equilibration in terms of planned rather
than realized functions is dealt a rather serious blow with
this contention.

Clower concentrates, in his example, on the case of

91
Compare Clower, (1965), p. 123.
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excess supply of labour and its consequence, namely fal- -
sification of planned labour income. Without analysis for the
_case of excess demand for labour, however, he slips into
saying that>orthodox tatonnement analysis is valid when labour
is oh its supply curvé%{ The implication of this statement is
that as long as labour is on its supply curve all planned in-
comes are realized, hence planned excess demands are indeed
relevant as indicators of disequilibrium pressure. This, how-
~ever, is not correct. For when labour is in excess demand,
planned commodity production exceeds the realized magnitude,
since planned labour demand exceeds realized amounts of labour
hired. But this'implies that planned commodity excess supply
is in excess of realized excess supply, and Walras' Law is a-
gain not relevant for description of the actual disequilibrium
situation.

Finally, Clower does not build an explicit model with
which to consider pure diéequilibrium analysis of an economy
under his own formulation of excess demands dependent on quan-
tities: he therefore does not derive stability theorems (or
any other theorems) in his otherwise important work.

In Chapter V of this investigation, the point made by

Clower regarding quantities as arguments in excess demands is

92That is, no incomes are falsified in this case. As
will be showed below -- and in more detail in Chapter V, some
incomes will always be falsified outside equilibrium, hence the
statement is false.
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combined with a Hahn(constrained )process of exchange and with
Edgeworth's scheme of sequential equilibration. The result is
an explicitly dynamic disequilibrium model of production and
exchange. In formulating the model and examining its properties,
a number of slips in Clower's discussion (such as the one men-
tioned above) are corrected. When the model is extended to
include exchange money and commodity inventories, Patinkin's
contribution, as formalized in the work of Chapter IV, is
brought in, too.

3.2.6 Barro and Grossman: Integration of Patinkin's and

Clower's Contributions.

Barro and GrossmaQX3note that Patinkin is interested
in the effects that deficient commodity demand has on produc-
tion and unemployment, while Clower is concerned with the ef-
fects of unemployment on effective commodity demand. The
possibility for integration is obvious, after this rather in-
cisive remark. Barro and Grossman proceed to an informal
integration of Patinkin and Clower, and they produce a
scheme in which the relation between planned and realized
excess demands is brought out. They consider, for example,
the case of excess realized supplies in both the labour and
commodity markets, as well as the case of realized excess de-
mand in these markets.

The main purpose of Barro and Grossman is to give a

93(1971).
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method of analysis which shows the situation in all markets,
given a particular (constant) price vector. Given the situ-
ation, impiications exist for disequilibrium pressure on pri-
ces. However, Barro-Grossman do not explicitly investigate
these implications in a dynamic mode19% Thus, the claim in
their introduction that their purpose is to "develop a gen-
eralized analysis of both booms and depressions as disequili-
brium phenomena"gSCan at best be interpreted to‘mean that they
describe instantaneous situations of excess demand, and others
of excess supply, given a constant price vector. It thus
seems that the claim in their introduction should be taken
with a grain of salt.

The main reason why Barro and Grossman have not ana-
lyzed dynémic adjustment in disequilibrium seems to reside in
the fact that their work lacks explicit modelling of the dis-
equilibrium process in dynamic terms.

3.2.7 Summary and Evaluation of the "Non-Walrasian" Disequili-

brium Strands of Analysis

A summary and evaluation of the works discussed in this
Section (3.2) may be useful, .n view of its length. The sum-
mary of works is given first and an evaluation is attempted

below, in the light of the aims of this thesis.

4
‘Compare ibid., p. 84.

5_ .
Ibid., p. 83.
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The literature on the cobweb model seems to have impli-
citly assumed tatonnement in exchange during the market period.
It has not been noted, in this respect, that an additional
stability condition is required. The cobweb model can be made
oneAbf genuine disequilibrium:in both production and exchange,
and inventories can and will be introduced explicitly in Chap-
ter IV of this thesis.

Conventional cycle models involve, like the cobweb, some
' kind of tatonnement process or equivalent assumptions in the
equilibration process for the market period. They also ig-
nore supply side considerations. They will not be followed up
in this thesis.

Patinkin's concept of spillovers has no use in the ta-
tonnement process; it is obviocusly applicable in non-tatonnement,
with plans not fully realized in some markets. Patinkin does
not seem to have been clear about this, while the use of the
concept by Grossman suffe;s from his collapsing into an instan-
taneous process what is in effect a séquential phenomenon.

Patinkin's attempt at analysis of involuntary unemploy-
ment due to deficient commodity demand was hampered by his-
model,’which is one of the best representatives of modern neo-
classical systems of Walrasian parentage. However, the idea
of involuntary unemployment as a disequilibrium phenomenon is
worthy of attention. This idea is in part formalized in Chap-

ter IV in ‘the framework of a price setter with inventory,
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maximizing profits over time. Further, the formalized depend-
ence of labour demand and price on the inventory position of
the firm (in Chapter IV) is used in the analysis of Chapter V
for description of situations of general disequilibrium.

| Clower's "notional" and "effective" demands are by far
the most important of the ideas discussed in this Section.
His pdint that in disequilibrium it is possible that planned
excess demands may not be relevant as forces acting on the
system is also of great value as a suggestion of the reasons
why a theory of behaviour outside equilibrium must be sought.
The analysis of disequilibrium in Chapter V incorporates
Clower's basic pointé (with modifications to take care of a
slip or two) and builds on them.

Finally, Ba%ro and Grossman have succeeded in showing,in

a scheme interrelating Patinkin and Clower, the relation
between planned and effective magnitudes in various markets
given a disequilibrium price vector which remains constant.

3.3 Closing Remarks and Main Conclusions on the Modern Work In

Market Equilibration.

This chapter has reviewed and criticaliy interpreted
modein contributions in the general subject of market equilibra-
tion. Two main strands have been detected and deait with sepa-
rately, the "Walrasian" and the "non-Walrasian" one.

The main conclusion that seems to emerge from the re-

view and analeis of the "Walrasian" strand seems to be that
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although it has advanced knowledge in some sense, it neverthe-
less suffers from basic criticisms and weaknesses that seem
difficult to take care of: the assumption of perfect
market attendance; the effective exclusion of Giffen goods
from the models analyzed; the troublesome concept of the
auctioneer in view of the widely held belief that the perfect-
ly competitive price system solves the problem of allocation
costlessly; the iack of comparativé static theorems once dis-
’equilibrium transactions are allowed-

With regard to the "Non-Walrasian" group of works dis-
cussed, the general impression created seems to be that some
of them provide a much less formal but also richer framework
for analysis of disequilibrium: thus, Patinkin's involuntary
unemployment; Clower's notional and effective demands; the cob-
web model as one of disequilibrium analysis of production in
a partial setting; seem to be much more directly relevant to
analysis of actual equilibration processes. As has alrcady
been mentioned, the next two Chapters of this thesis will be
building upon these ideas in an attempt to handle the problem

of disequilibrium analysis.



CHAPTER IV

PARTIAL DISEQUILIBRIUM ANALYSIS OF PRODUCTION AND EXCHANGE

The critical summary and interpretation of the
literature in the subject of equilibration of economic
models, which was the subject matter of the two previous
.Chapters) has made it clear that there is little by way of
analysis of production and exchange in which trading is
permitted out of equilibrium, i.e., when the non-tatonnement
process is considered.1 One of the purposes of the present
Chapter is to provide an introduction to the special prob-
lems of non-tatonnement analysis when production is admitted
into the model.

The scope of this Chapter is partial analysis involv-
ing production and exchange. "Partial" should be taken to
mean that the analysis concentrates on one market, with con-
sequent neglect of the general interdependence present in
the system as a whole. Section 4.1 provides a description
of the analytical setting used in this Chapter, and also
points out factors typically neglected in partial analysis.
Since the next Chapter in this investigation, Chapter V,
deals with general analysis of equilibration the remarks as

to the abstractions used in the partial analysis here also

lThe reader may recall that theorems on the non-
tatonnement process involved a pure exchange economy.
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serve to outline, in part, the scope of the general analysis
in the néxt Chapter.

The main body of this Chapter consists of Sections
4.2, 4.3 and 4.4, in which analysis and discussion of simple
production cum exchénge models is conducted. The analysis
in these Sections attempts to provide answers to three basic
questions, some of which have already been asked in the‘
analysis of pure exchange. The questions refer to the sta-
tionary states of the models as well as to their equilibra-
tion processes and could be briefly formulated as follbws:

a. boes the stationary state of the tatoﬁnement model
change when non-tatonnement is considered, and if so how?

b. Does it become more difficult to satisfy stability
conditions under non-tatonnement equilibration?

c. How does the out-of-equilibrium behaviour of the
‘model change when non-tatonnement equilibration is taken
into account? :

An attempt to answer these questions is made in Sections
4.2 and 4.3, for simple models of price-taker producers and
for the cases of durable and non-durable commodity.

The introduction of production and consequently of
inventory considerations necessitates some analysis of the
way in which inventory positions may modify production plans
and input demand functions of producers. Analysis of this

problem, and derivation of a theorem on price, output and
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inventory policy by a price setter with sufficient knowledge
of his demand conditions is carried out in Section 4.4.

This theorem is found helpful not only in partial but also
in general analysis of equilibration, in Chapter V2. This
is another sense in which the present Chapter serves as a
bridge to the following one.

The general tenor of the conclusions to the analysis
of this Chapter is that introduction of non-tatonnement con-
‘siderations in a partial analysis setting does not seem to
modify the stationary state of the model of tatonnemenf.
Stability conditions are more difficult to satisfy than in
the tatonnement process, at least in the simple formulations
used in this Chapter. Since it'is found that the tatonne-
ment process is always stable when the non-tatonnement is,
comparative statics as known will still hold. Finally, the
out-of-equilibrium behaviour of the models is changed in

important ways when non-tatonnement is introduced.

4.1 Partial Disequilibrium Analysis: the Setting and the

Assumptions; Endowment Effects; Abstractions

This Section contains a brief description of the ana-
lytical setting of partial disequilibrium analysis to be
used in this Chapter, as well as the main general assump-

tions employed in the models used. The relationship of

2Section 5.3.d.
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these simple parﬁial models to the general model described
in the introduction is given. Moreover, a short discussion
of endowment effects as they operate in this framework is
included. Finally, attention is drawn to basic abstractions
of this analysis from questions of interdependence between
production and demand; and from questions of unfeasibility
of production plans of producérs and employment plans of
individuals.

(a) Setting and assumptions. Briefly, the analysis

in this Chapter confines itself to one commodity, all bther
commodity prices and quantities held constant in the pro-
cess. Input markefs are abstracted from, and input prices
are held constant also; it is assumed that inputs are always
available in sufficient quantity to permit production plans
to be realized.

In line with conventional partial analysis, produc-
tion volumes depend upon unchanging cost conditions, demand
conditions and stock positions of producers.3 These deter-
minants of production will be briefly considered in the

following paragraphs.

3In the model presented in the introduction, inven-
tories of all commodities are assumed to be held by individ-
uals. Here, in contrast, they are held by producers. A
reconciliation of this apparent discrepancy may be achieved
by assuming that although ownership of stocks of the commod-
ity discussed is with the individual agents, management of
production proceeds by taking inventory volumes into account
nevertheless. :
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Cost conditions must remain unaltered if input prices
and technology are assumed constant, and this is in effect
the assumption of the analysis below.

"Demand conditions" refers to information on revenue
possibilities. In the model employed in this Chapter, in-
formation on demand conditions is based on prices, which
are expected by producers with certainty (point expecta-
tions). Moreover, expectations of prices are static, that
is, are given by

P = P

et t-1

where Pe is the expected price at time t and P is the

t t-1
actual price at time t-1. Demand conditions (as expressed
in priées) are therefore expected to repeat themselves with-

out change.4

4A simple defence of this assumption is that it is a
natural first approximation to reality. However, one could
also point out that there exist results which suggest that
static expectations hypotheses are not more favourable to
stability than more complicated expectations functions:
for example, Enthoven and Arrow (1956) have shown that if a
multimarket exchange system is stable with static expecta-
tions it will also be stable with a simple formulation of
extrapolative expectations as long as adjustment speeds of
prices are sufficiently low. Moreover, Arrow and Nerlove
(1958) have proved that a multimarket exchange system with
adaptive expectations, irrespective of elasticity of expec-
tations, is stable if and only if the system with static
expectations is stable. Negishi (1964) has in turn proved
stability of the multimarket exchange system with adaptive
expectations in a non-tatonnement process, irrespective of
elasticity values. And, finally, Nerlove (1958) has shown
that a linear variant of the model of Section 4.3 of this
investigation with adaptive expectations is stable under
"less stringent circumstances than those required when static
expectations are assumed.
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Tﬁe assumption that expectations are certain does not
guarantee that they are correct; thus, in the model of this
Chapter, expectations are incorrect in each market period
except when "full equilibrium“ prevails. As a matter of
fact, "full equilibrium" or the stationary state in the
model of this Chapter cannot obtain unless the market clears
within the period at the expected price. Another way to ex-
press this is to point out that, in disequilibrium, planned
sales by producers (at the expected price) are not equal to
realized ones. This discrepancy between planned and realiz-
ed sales is the main disequilibrium feature of the models of
this Chapter.

Inventory positions in the commodity produced are
relevant as determinants of production levels in cases of
both production to stock and production to order, and irre-
épective of whether or not the commodity is durable. 1In the
case of production to stock, if the commodity is durable it
is here assumed that a positive inventory level is desired
by the individual firm for purposes of satisfying the specu-
lative and/or the transaction motives. This inventory level
is assumed to be given or may vary with price. When the
commodity is non-durable and production is to stock, the
desired inventory level at the end of each market period is
set equal to zero (since positive inventory holding beyond

this period is excluded by definition in this case).
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When production is to order, the inventory position
may be indicated by the volume of orders outstanding at each
time (order backlog), in both the case of durable and non-
durable commodity.

Given that production to stock is generally larger
than production to order, the analysis below will concen-
trate on this case.5 : S

With the discussion of the determinants of production
plans now complete, a number of other features of thg models
discussed in this Chapter may now be mentioned. |

The market structure in most of the following analy-
sis is that of perfect competition. However, when behaviour
of price takers out of equilibrium is discussed an element
of price-setting power is found not only admissible in the
analysis of market disequilibrium but also desirable, for
feasons to be discussed below. Thus, a small portion of the
analysis is conducted within the market structure of monop-
oly (Section 4.4 below).

Finally, the time horizon of disequilibrium models of
production and exchange is naturally longer -than the single

market period of the pure exchange model, for reasons to be

: 5Since the backlog of orders is basically a stock
variable (the same as inventory level is for production to
stock) generalization of the discussion in the text to cover
the case of production to order seems possible. Such gener-
-alization is not undertaken in the present investigation,
however.
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discussed below in this Section.

The description of the setting of the analysis above
has, it is hoped, made clear the relationship of the models
to be used in this Chapter to the general model presented
in Chapter I: this Chapter sets all commodity prices but
one constant, and the analysis concentrates on one market,
as in the example given in Chapter I.

(b) Endowment effects in partial disequilibrium

analysis. The analysis in this Chapter is one of production
and exchange in disequilibrium. As mentioned in Chapter I,
it is reasonable to proceed on the assumption that produc-
tion preceeds exchange, based on some expectations as to
future demand conditions. If this is the case, however, the
possibility of "mistaken" production volumes arises. Thus,
introduction of production considerations in disequilibrium
implies not only "false" transactions in input and commodity
markets but also false éroduction volumes, in the sense that
they cannot be sold at the expected ("planned") price.

The discussion in Chapter I distinguished three cate-
gories of disequilibrium models of production and exchange.
In terms of that classification, the models of perfect com—‘
petition in this Chapter are pure price adjustment models.
The "false" production volume is put on the market and the
price must vary sufficiently to clear it.

The model of the monopolist discussed in Section
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4.4, however, presents the case of a mixture of pure price
and pure quantity adjustment. A fuller description of it
must await for Section 4.4 below.

Given the above description, and the discussion of
the general setting of the analysis of this Chapter, endow-
ment effects as they operate in this setting may be briefly
mentioned.

Pure price endowment effects will operate whenever
there is a change in price; therefore, they are relevant in
the analysis that follows.

Pure quantity effects on demand can only operate when
the link between production and demand is explicitly consid-
ered; it will be seen below that this link is ignored in
partial analysis, hence production volumes which turn out
false will be allowed to affect only production plans, but
not commodity demand.

Finally, quantity-price effects are present whenever
non-tatonnement in exchange is allowed. These effects will
have to be taken into account in such casés, below.

(c) Abstractions from interdependence and feasibility.

The above described setting of partial disequilibrium analy-
sis obviously abstracts from a large number of phenomena.

The discussion which follows singles out two fundamentally

impOrtant abstractions, namely, the question of feasibility

of production plans of producers and of "employment" plans
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of individuals; and the dependence of demands on production

levels.

First, the abstraction of partial disequilibrium
analysis from input markets ignores the possibility that
either production or income creation plans may be unfeasible
in disequilibrium.6 More specifically, since input markets
~are not to be assumed in equilibrium all the time, production
plans may not be feasible if there exists excess demand for
inputs and no inventories of such inputs are available to
clear the markets. On the other hand, in a situation of ex-
cess supply of inputs production plans ére feasible but input
employment (and the consequent income creation) plans cannot
all be feasible. Such infeasibiiity of plans must reflect
itself on demand.7

Second the effects of variation of production volume
on incomes and demand (pure quantity effects) are ignored in
the anaiysis of this Chépter. Thus, demand conditions are
unaffected by such variations during disequilibrium. Demand
is assumed to repeat itself, unchanged, from period to

period, irrespective of production volume.

6Since planned and realized production magnitudes are
equal, the convention of representing planned magnitudes with
an asterisk is not followed here. Sales, however, are to be
taken as realized sales, when the price at which they occur
differs from the expected one

7To the extent that wealth stocks are used to sustain
demand, this may not hold fully.
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4.2 Price-Quantity Formation: Price-taking in the

Case of Non-durables

This Section contains an analysis of market equili-

bration in the simple case of production of a non-durable

commodity,8 The model is set out first, and the simplest

possible case of tatonnement in both production and exchange
is discussed for reference purposes. Then, the assumptions
of tatonnement equilibration in production and exchange are
dfopped one after the other and the consequences studied.
The main questions asked in this Section have already been
summarized in the introduction to this Chapter and they re-
late to the modifications that have (or do not have) to be
made to the stationary state, the stability conditions the
out-of-equilibrium behaviour and the comparative statics of
the simple model analyzed here when disequilibrium is allow-
ed in production and in both production and exchange.

(a) The structure of the model. Consider a perfectly

competitive industry whose demand conditions may be

8In mathematical structure, the reduced form of the
model of this Section when non-tatonnement is assumed in pro-
duction is identical to the well-known cobweb model. See
Ezekiel, (1957); Buchanan, (1939); Samuelson, (1947); Nerlove,
(1958); Ackerman, (1957). The analysis of this Section, how-
ever, has a totally different scope from that of the above
literature, namely, a comparative analysis of stability,
stationary states and out of equilibrium behaviour of models
with tatonnement and non-tatonnement processes. Moreover,
the stability analysis offered in this Section for the non-
linear variant of the cobweb model is not available in the
literature.
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represented by demand function which remains unchanged from

period to period and is of the form:

d
t

where Qi is planned market demand for the industry's output

Q. = H (Pt) (4.1)

at time t and Pt is the money price for the industry's pro-
duct, while Hp will denote the derivative of the quantity
demanded with respect to price.

It is legitimate to write the demand function in this
simple form with prices of other commodities and inputs held
constant, tastes also held constant and given the partial
analysis assumption that variations in the industry's level
of production do not influence the industry's demand for its
product. The more general analysis of Chapter V will take
some of the above effects into account. It is of course
possible even in partial analysis to have endowment effects
of the second kind present and the demand for the industry's
product in any period will then also depend on the specific
distribution of commodity endowments among individuals and
the change in these endowments in the process of non-tatonne-
ment in exchange.

On the production side, the representative firm in

this industry9 is assumed to face given production conditions

9The results of this Section are not changed in any
important respect if the fiction of the representative firm
"is dropped, but the assumption is retained for the ease of
exposition that it entails. Dropping the assumption implies
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and to behave as a price taker in an input market where
money wages are constant and all plans of the firm are real-
izable. The input markets, that is, are assumed to be in
equilibrium during the partial analysis of this Section, in
contrast to the analysis of the next Chapter where both
money wage changes and labour shortages are taken into ac-
count in the analysis. Production in period t-1 takes the
whole period to completé and is based on the price expected
. In accordance with static and cer-

t

et=Pt—l' Production is to stock, which

becomes available for sale in the next period, and may be

to rule in period t, Pe

tain expectations, P

written (taking into account the expectations hypothesis)

o

Qt—l = F(Pt_l) (4.2)
where Qi_l denotes aggregate production during period t-1.

Since this becomes available for sale in period t, and since

the commodity is here assumed to be non-durable the supply

in that period is set equal to the production at t-1, i.e.,
0y = 004 | (4.3)

which implies an optimum inventory level constant at zero at

the end of the market period for the non-durable case; This

will be modified when the analysis is extended to a durable

commodity in the next Section.

that the distribution of output of the industry among firms
may be allowed to vary. Since the only relevant magnitude

. for purposes of the present analysis is the industry supply,

the distribution does not make a difference to the results
of this Section. ,




191

‘Finally, market equilibrium implies the condition

d
t

The simple model of this Section, consisting of equations

_ A5
Q Qt (4.4).
(4.1) to (4.4) above, is complete and the next steps involve
analysis of it under various adjustment assumptions.

(b) Tatonnement in production and exchange. The

simplest case of auctioneering in both production and ex-
change (t-t for economy of expression) will be briefly
examined. The auctioneer must be assumed to conduct the
iteration for the equilibrium price before any production
takes place. Since the same price will be quoted to both
sides of the market each time, the lag between production
and supply is not relevant in the tatonnement process. The
auctioneer may then be assumed to proceed on the basis of
the rule

P -p =k (00 - 0% =x[H(®P) - F(P,)]  (4.5)

t+1 t t t t t

where k is the speed of price adjustment, and the lag

between production and supply has been dropped. Lineariza-

~tion of this equation around the equilibrium point yieldslo
Pt+l - (1 + ka—ka)PJC =0 , ‘ (4.6)
and the solution of this version is of the form
t
P, = AA~ where A=1+4+k(H ~F ) (4.7)
t ( P P

Stability requires that the absolute value of ) be less than

, lOAssuming that the equilibrium is at P=0. This in-
volves a simple transformation of axes, which is useful in
the stability analysis of this model via Lyapounov's second
method, conducted in the Appendix to this Chapter.
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unity, which requires that the following condition must hold:

-2/k < (Hp-Fp) <0 (4.8).
Leaving the left-hand side of the ineguality aside for a mom-
ent, the condition that the difference of the slopes of demand
and supply be negative is the well-known one that the slope
of the excess demand function be negative for stability.
The left-hand side requirement is one on the speed. The
system may be made stable by choice of small speed of ad-
justment if this is necessary, and this is of no consequence
since in the tatonnement process here described the speed of
adjustment is not a behavioural parameter but part of the
rule on the basis of which the auctioneer operates.ll

The stationary state price reached by the auctioneer
is the solution to equation (4.5) éfter substitution of a
uniform price for all P. Thus, the stationary state price
is that which equates supply and demand in each period with-
out necessity of price change between periods, since the
above substitution yields

B-P = k[H(P) - F(P)] = H(B) - F(B) = 0%2%  (4.9)

llIt may be useful to mention that if a continuous
adjustment rule were specified, the speed of adjustment
would not be involved at all in the stability conditions,
which would then simply be the right-hand side of (4.8).
This was the case, for example, of the analysis of a single
market in Chapter I (see equation 1.22).

12y is positive, and the product of k and H(P)-F (P)
. is zero. Hence, H(P)-F(P) must be zero.
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where P is the equilibrium price. Comparative statics
theorems follow for both price and quantity if the system is
stable.

The above completes the tatonnement analysis of the
simple model to be used in this Section. The analysis now
proceeds with relaxation of the tatonnement equilibration
assumptions and study of the consequences for the results of

the model.

(c) Non-tatonnement in production. First, let the
equilibration in production follow a process of non-tatonne-
ment, while exchange still follows the tatonnement rules.
This will be called the nt-t model, for economy of expression.

How is non-tatonnement iﬁ production to be combined
with tatonnement in exchange? The production at time t-1
must be assumed to proceed on the basis of the price expected
for the period t. Under static expectations, this price is
the same as that of period t-1. 1In period t, production
from t-1 becomes available for sale, and the commodity market
model that results is exactly the same as one meets in the
stability analysis of exchange, only that one commodity is
involved here instead of many. The tatonnement process in

exchange then solves, in each period, the equation

=0 _d
Qc-1 = 9%

where the bar over the supply variable denotes constancy of

= H(Pt) (4.10)

supply for period t in which exchange takes place.
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The condition for stability of the tatonnement process
in this simple case now has to be derived. The condition is
of course obvious, and does not require formulation of the
tatonnement process in mathematical terms:13 it is simply
that

H, <0 N | (4.10a) .

Unless this condition is satisfied, the tatonnement
process in exchange during the market period cannot lead to
an equilibrium price, and questions referring to how the
system equilibrates in the longer-run are obviously irrele-
vant.

Let it be assumed that condition (4.10a) is indeed
satisfied. The system then equilibrates in period t by price
variation sufficient to make the quantity demanded equal to
the quantity supplied. If it happens that the price required
to clear the market in period t is not equal to the price at
t-1, expectations of producers as to their revenues are
falsified, and this difference between planned and realized
values of sales affects subsequent production plans. The
price in period t is used for formulation of production plans
for t+1, and a different level of commodity supply is made
available in t+l with the process described above repeating

itself.

13The example worked out in Chapter I for the illus-
tration of the correspondence principle is sufficient for
this formulation. See equations (1.16L) to (1.22).
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The paths of production and prices over time in this
model may be obtained if equations (4.1), (4.2) and (4.3)
are substituted into (4.4) thus yielding the equation of
motion for this system:

H(P,) = F(P__;) o (4.11).

t-1

(i) Local Stability

Linearization of this equation around equilibrium
yields14

Hth = Fth—l (4.12)
the solution of which is

p_ =t (4.13)

t
where A is the initial value of price and A equals Fp/Hp'
" Stability is obtained as long as the absolute value of X is
less than unity.15 Figure 4.1 illustrates the relationship
between the prices in two consecutive periods indicated by
equation (4.12). The area of stability of the system is con-
tained in the shaded reéion between the two 45° lines in the
Figure, since the slope of equation (4.12) should not exceed

unity in absolute value. In Figure 4.1(a) it has been

assumed that Hp and Fp are of opposite sign and as a

14On the assumption that the stationary state price is

zero.

15Equation (4.12) is identical to the equation of the
cobweb model. Results are not the same, however, due to the
additional requirement imposed on the sign of H for stabil-
ity in exchange.
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consequence. the slope of (4.12) is negative. The motion to
equilibrium is then cyclical, as illustrated. If the respon-
siveness of both demand and supply to price are of the same
sign the slope of (4.12) is positive and the approach to

equilibrium is from one side, as in Figure 4.1 (b).
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(a) | Figure 4.1 (b)

(ii) Global Stability

The technique of linearization around thé eqﬁilibrium
point allows derivation of conditions for stability in the
small, since the linéar;zed form of the equation of the sys-
tem is an approximation of the non-linear function only in
the neighbourhood of the equilibrium point. Global stabil-
ity analysis of the system under discussion may be conducted
in terms of a Lyapounov functién, with more general conclu-
sions as to the requirements for stability.

Such analysis is conducted in the Appendix to this

Chapter. It is there shown that the local stability con-

ditions may be violated and the system may yet be stable.

e
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(iii) The Stationary State

The final question in the formal analysis of the
dynamic equation (4.11) refers to the stationary state.
The requirement for the stationary state is that price does
not change from period to period, i.e.,

H(P)-F(P) = 0 (4.9)
which is the same result as that obtained from the stationary .
state of the system with tatonnement, described by equations
(4.5) tQ (4.9) above. Thus, the assumption of non-tatonne-
ment in production does not change the stationary staté of
the full tatonnement model.

(d) Comparison of results. With the formal analysis

of the nt-t model complete, the discussion may now proceed
to compare the results of this model to those of the original
model of tatonnement in both production and exchange. As it
stands, the former model explains the formation of the equi-
librium quantity of output in an environment of non-tatonne-
ment in production with exchange in each period taking place
according to tatonnement rules. The price variation ex-
hibited by the fundamental dynamic equation of the system,
(4.11), is not in response to the tatonnement process in
exchange but in response to variation in the production
volume from period to period. Thus, the price variation is
in the nature of a compérative static change in the endow-

mént quantity of the exchange model in each period. The
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quantity Variation, however, is genuinely caused by the non-
tatonnement process in production since production volume
variations are real and the "wrong" volumes do get produced
in each period until equilibrium is reached, with the already
mentioned consequences on the revenue plans of producers.

With regard to the stationary state, it has already
been mentioned that it is the same for both the t-t and nt-t
models.

The local stability conditions of the model with nt-t
may now be compared to those of the t-t model. These condi-
tions are reproduced here for convenience:

. 16
-2/k<(H -F )<0 i.e., F >H
/\(pp ""pp

(4.8) for the t-t model
—Hp>Fp>Hp i.e., |Fp1<IHp| (4.13a) for the nt-t model.
All that the first stability condition requires is that the
slope of thé demand function be smaller than the slope of
the supply function. The second stability condition, how-
ever, requires that the’value of Fp lie between —Hp and Hp.
Obviously, the condition (4.8) for stability in the tatonne-
ment model is always satisfied when the other stability
condition (4.13a) holds, but not vice versa. Thus, it may
be concludes that the introduction of non-tatonnement in
production = this simple model renders stability more diffi-

cult to satiszfy than in tatonnement in both production and

exchange.

16Assuming that the L.H.S. of the inequality is always
'satisfied via small speed values: see above.
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Given that the stationary state of the two models is
the same and that the t-t model is always stable when the
nt-t is stable, it follows that traditional comparative
static theorems do not have to be changed when non-tatonne-
ment in production is introduced in the model of this
Section. This is obviously a useful result: the question
is whether it is robust to complications. An attempt to
answer this question will be made in the next Section where
inventory considerations will be introduced into the model.

Finally, a comparisoﬁ may be made of the out~of;
equilibrium price and guantity variation in.the t-t model
versus that observed in the nt-t model. The purpose for such
comparison is to see how close the tatonnement path of price
and quantity adjustment comes to the path of the nt-t model.
This is because the path of the t-t model, which is traced
by the auctioneer, has no claim to "realism" except in so
far as it approximates paths of more "acceptable" processes.

Consider, first, the possibility of cyclical behaviour
in the t-t model. For this to occur, the value of A in
equation (4.7) above must be negative. 1i.e., the following

inequality must be satisfied:
H - F < -1/k (4.18)
p p /

However, the value of k in this model can be made small

enough to violate this inequality, thus precluding cyclical

behaviour in the tatonnement process. Since the value of k
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has to be made small to satisfy the stability conditions
also, and since the speed in that model is not a behavioural
variable it is legitimate to set it sufficiently small. As

a matter of fact, it may be noted that the problems arising
with the value of this speed disappear in a tatonnement model
with continuous adjustment and such a model cannot exhibit
cyclical behaviour. Thus, it is legitimate to say that the
typical tatonnement path would be one of price and gquantity
approaching their equilibrium values from one side of the
equilibrium, that from which the system starts out.

In contrast with the above conclﬁsion, the possibil-
ity of cyclical behaviour in the nt-t model is real: in
fact, in the "normal" case of a downward-sloping demand and
a positively sloped supply curve, cyclical approach to equi-
librium is the only course of events to be expected in the
present formalization of equilibration in a single market,
as has already been pointed out in the formallanalysis of
the dynamic equation of the system, (4.11). Thus, it turns
out that the tatonnement process path of quantity and price
towards equilibrium is not a faithful representation of the
process formalized in the nt-t model of this Section.

Before a summary of the above comparisons is given it
may be useful to drop the assumption of tatonnement in ex-
change and briefly and informally analyze a model where non-

tatonnement is also allowed in exchange, the nt-nt model for
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economy of expression.

The introduction of the nt process in exchange makes
the demand of each period sensitive to the path of transac-
tions during equilibration in that period. As a consequence,
the equilibrium price that clears the market in each period
is not uniquely determined from the available supply and the
preferences of the buyers, and this indeterminancy makes
formal use of the model of this Section impossible for this
analysis. In a full analysis of this problem, the conditions
for stability of the modified nt-nt model may be diffefent
from those discussed above. Moreover, the path of quantity

and price through time may be different. However, the sta-

tionary state is not different from that of the t-t model.

To indicate the reason for this claim, it may be use-
ful to remind the reader that the demand function is assumed
not to change from period to period. This means that, at
least at the opening of "‘each period, the demand is represent-
ed by

Qd= H(P,) (4.1)

t t
This constancy implies that at the beginning of each period

the initial endowments of individuals are the same as they

were at the beginning of every other period.17

l7The fact that production changes from period to

period does not matter: it has been assumed that variations
in the production volume do not affect demand.
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The proof that the stationary states of the t-t and
nt-nt models are the same may now proceed. It will first be
shown that, if the variables of the nt-nt system attain the
values corresponding to the stationary state of the t-t
model, they will remain there. Secondly, it will be shown
that if the variables do not have these values, the system
cannot have an unchanging volume of production, except by
chance.

If the opening price of the system is the price at
‘which quantity supplied equals quantity demanded in the t-t
model, no false transactions can take place in the nt-nt
version. The equilibrium price is the price at which all
transactions will be carried out. In the next period, quan-
tity supplied will be the same, demand will be the same, aﬁd
the price will be the same, too. Thus, the system will re-
main in this position.

Now suppose that given a price other than that
of the stationary state, production proceeds according to
the long-term supply function. In the exchange process,
the only thing that can make the system stationary at this
price is a series of "false" transactions which shift the

demand for the period in such a way that the equilibrating

price is the price of the previous period. Thus, production
is sold at the price expected, and consequently the same

volume reappears in the next period. In order for the




203

system to remain at this price-guantity combination for more
than one period, however, the same fortuitous sequence of
"false" transactions must happen so as to shift again the
period's demand by the above mentioned amount. Clearly,
this is too stringent a condition to be satisfied for any
length of time: 1if it is not, price will be different and
production will move.

Thus, it is now plain that the stationary state of
the t-t model is invariant even wheﬁ non-tatonnement is
introduced not only in production, but also in exchange.

(e) Summary of results. A summary of the results of

this Section is now in order. Regarding the comparisons be-
tween the tatonnement and the nt-t models what we have in
effect is that in the present formalization the removal of
tatonnement from the production side leaves the stationary
state and the associated comparative statics theorems intact;
it makes the stability conditions more difficult to satisfy;
and it produces a path of quantity and price which the path
of the tatonnement process does not approximate. Thus,
while the comparative statics of the traditional analysis
can still be used, any analysis of the equilibration process
itself should concentrate on the paths of models such as
that of nt-t in this Section rather than that of tatonne-
ment. Furthermore, removal of the tatonnement from the ex-

change process as well as from production may not have
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consequences for the validity of the traditional comparative
static theorems since the stationary state is not modified.

The above results are obviously important and the
guestion arises whether they can withstand complications of
the simple formalization of this Section. The analysis of
the next Section, in this vein, introduces inventory con-

siderations in the model.

4.3 Price-Quantity Formation for a Durable in Perfect

Competition

The analysis in this Section introduces inventory con-
sideration518 in the price-taker model of Section 4.2. All
other assumptions of that model are retained. The discussion
here begins with an examination of the reésons for which the
price-taker producers of this model would desire to hold ih-
ventories. Following this, the necessary modifications on
the supply of the commodity in each market period are effect-
ed, and a formal specification of the general nt-t model
with inventories is given. Comparative analysis of stabil-
ity, stationary state and out of equilibrium behaviour is

then conducted for four variants of the general model, these

l8Durable commodity considerations have been touched
upon in a similar model by M. Ezekiel (1937); G. Ackerman
(1957); and M. Nerlove (1958). ©None of the above incorpor-
ates the inventory analysis of this section explicitly,
however: thus, no specification of the desired inventory
function is made, and the actual inventory position of firms
is not formally incorporated. Consequently, little of the
analysis that follows has been touched upon, if at all.
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latter obtained either by variation of the specific value of
the speed of inventory adjustment or by abstraction from
certain variables endogenous to the model.

The method of analysis in this Section is the same as
that used for the analysis of the non-durable commodity
model of Section 4.3, namely dynamic analysis using differ-
ence equations, but the order of the system to be discussed
here is higher, since the introduction of inventories adds
one dynamic equation to the formal model.

(a) Model formulation and structure. The main reasons

for which a producer may be induced to hold finished goods

inventory are usually classified as the speculative motive,
the transactions motive and the desire to smooth production
over time, also called the buffer stock motive.

The speculative motive refers to the desire to hold
inventory because specific price expectations make such in-
ventory holding profitable. Thus, an expectation of price
increase sufficient to compensate for storage costs may
induce inventory accumulation. The transactions motive
refers to the need to hold inventory to meet unexpected
increases in demand. Thus, if demand increases unexpected-
ly, the seller stands to loée both potential revenue and
customer goodwill if he is sold out. Finally, the buffer
stock motive suggests that if the firm expects production

variations and if the unit cost of production increases with
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increased volume, it may be optimal to accumulate inventory
in periods of low demand and ligquidate it when demand is
high.

It will be recalled that the model to be discussed

here is based, inter alia, on the assumptions of static

price expectations and perfect competition. As it turns
out, these two assumptions are incompatible with inventory
holding, at least from a strictly formal point of view.

The assumption of static price expectations suggests that
the speculative and the buffer stock motive cannot opefate
in this model, while the assumption of perfect competition
with the consequent impersonal character of the market sug-
gests that there is no customer goodwill to be lost when
the producer is sold out.

Despite the formal incompatability of inventory hold-
ing with the above assumptions, however, it is a matter of
fact that inventories are held by producers in durable
commodity industries approximating the perfectly competitive
model. The reasons, of course, must lie in the fact that
the assumptions of perfect competition and static price ex-
pectations do not fully and strictly hold under the circum-
stances. The argument advanced here on the applicability of
these assumptions is not empirical but refers to the logical
consistency of the assumptions themselves, as will be seen

in the discussion that follows.
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With regard to the assumption of perfect competition,
it has been remarked19 that a logical gap exists in the
formulations of perfectly competitive models, in that there
is no one to make decisions with respect to prices once the
fiction of the auctioneer is removed. Since decisions with
respect to prices are required outside equilibrium, the
implication is that perfect competition is logically consist-
ent with equilibrium alone. Outside equilibrium, the indi-
vidual perfect competitor faces a downward-sloping demand
for his product and he is aware of this fact, though con-
siderable uncertainty may exist with regard to the shape
and position of it, since actions of other sellers affect
it. For example, in a situation of excess supply every
firm knows that it faces a downward-sloping demand curve
unless all competitors follow its price change. Since, in
disequilibrium, there is no reason why a uniform price should
rule at all times, the possibility is real and as a conse-
quence the firm finds itself in the position of a price-
setter. Moreover, since full equilibrium can safely be
regarded as the exception rather than the rule in actual
markets, it is reasonable to assume that perfectly competi-
tive producers adopt attitudes inconsistent with the formal

characteristics of the perfectly competitive structure.

19K. J. Arrow, (1959).



208
For example, they will necessarily hold inventories during
a period of falling demands, and they may also wish to hold
inventories beyond it, due to the transactions motive.

The assumption of static price expectations may be
considered to include the additional assumption that sellers
have some notion of a "normal" range within which prices
should fluctuate. If this is the case, firms may elect to
accumulate or deplete inventories in response to changing
market conditions as they are reflected in the selling price
of each period. Behaviour of this sort amounts to a situa-
tion where the burden of equilibration is not borne totally
by price changes but also by variations in quantity which
are deemed desirable by firms.zo Strictly speaking, this
admits the speculative motive via "the back door", despite
the assumption of static price expectatiohs, but there seems
to be no inconsistency in this since the fact that a "normal
price range" is perceivéd makes the actual price vary within
this range, as will become obvious from the formal analysis

of the model, below.

20The behaviour of firms here is strictly analogous
to that encountered in "fix-price" models of inventory adjust-
ment. In these models, the implicit assumption is that price
change is not desirable, and the burden falls onto gquantity.
Similarly here, price adjustment towards the limits of the
"normal price range" is not desirable, and is therefore sub-
stituted by gquantity adjustment. Given that perfect com-
petitors would behave as price-setters outside equilibrium,
the analogy seems complete.
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The introduction of inventory considerations in this
Section may thus proceed on the basis of either the trans-
actions or the speculative motive or both. For reasons of
simplicity, and as a first approximation, only the specula-
tive motive will be employed in the formal specification of
the desired inventory function.21 More specifically, de-
sired inventory will be assumed to be a function of the
prevailing price, rising with a lower price and vice versa.
The closer the price approaches the limits of the perceived
"normal" price range, the greater the inventory accumulation
or decumulation is.

If inventories are held, the commodity supply in the
market in each period will consist of the production of the
previous period and a (positive or negative) fraction of
the difference between actual and desired inventories. De-

noting actual inventory by I, and the desired inventory by

t
Ig, the modified commodity supply function for the market
becomes:
S _ A0 _ orx
Qt Qt—l + k(It It) (4.19)

lA simple formalization of the transactions motive
would make desired inventory dependent on the actual sales
of the previous period. Since the latter have to equal
demand, and since demand in this model depends on price,
the desired inventory would end up a function of price, with
a one-period lag. The response of desired inventory to the
volume of sales would be positive, and the response to the
price could be negative or positive, depending on the re-
sponse of the quantity demanded to price. If demand is
normally sloped, desire. inventory varies negatively with
the previous period pri. =.
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where k is the speed of inventory adjustment.22 Desired
inventory (demand) is specified as

IE = I*(Pt), I; <0 (4.20).

The main difference that introduction of these inven-
tory considerations seems to make to the structure of the
non-durable model of Section 4.2 is on the supply side.
Whereas previously supply was always identical with last
period's production, the introduction of inventory now makes
possible the divergence between production and sales. This
divergence may be shown graphically, for one period, in
Figure 4.2. 1In that Figure, QO is the relation on the basis
of which production levels are decided, given the expected
commodity price. In the non-durable model, this also denotes
quantities that would be inelastically supplied given the
expected prices. On the other hand, the durable commodity
model has a distinct period supply curve, based on considera-
tions of actual as well as desired inventory and labelled QS
in the Figure. 1In the figure, P is the price at which the
variable desired inventory is made egual to the actual inven-
tory on hand. Obviously, the greater the amount of inventory
on hand the lower the price necessary to induce the firm to

hold this inventory. Consequently, the curve QS shifts

2Writing the supply function in this form implies
that inventory adjustments are effected through sales alone,
rather than production. Moreover, the whole discussion in
the text abstracts from inventory carrying costs, to be
discussed in the following section.
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Figure 4.2

downwards with actual inventory accumulation and vice versa.
The above discussion makes it clear that the effective
supply of the commodity in each period will be a function of
past events that have contributed to inventory accumulation
or depletion. Suppose, for example, that (Figure 4.3) Pt-l
is the price on the basis of which production plans proceed-
ed in period t-1. The commodity supply at t in the non-
durable model would be a vertical line St in the Figure. 1In
the durable model developed here, however, the commodity
supply may be either greater or less than the amount of pro-
duction, depending on the history of past periods and the
consequent actual inventory positions of the firms. Two

possibilities are depicted in the Figure: the curve QSl and

2

the curve Q° , the latter implying more actual inventory

than QSl. With the first curve, commodity supply at Pt-l

equals cd, while with the second it equals cg.
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Figure 4.3

The model may now be completed with the definition of
inventory change, as follows:
N _AS
t " Te-1 T Q2 "% (4.21) .

Inventory at the beginning of period t is equal to inventory

I

at the beginning of period t-1 plus production that became
available at the beginning of t-1 minus the sales during the
period t-1.

To recapitulate, the complete model consists of the

following equations:

of = ne,) (4.1)
Qg_, = F(P,__;) (4.2)
QS = Q7 (4.4)
0p = 00_; + k(T -I¥) (4.19)
I3 = I*(P) | (4.20)
I, - I, =90, -9, (4.21) -

‘This is a set of six equations in six unknowns, price and




213
demand (P and Qd) production and supply (@° and 0%) and
desired and actual inventory (I and I*). The model may be
collapsed to two fundamental dynamic equations in price and
actual inventory by substitution,23 with the following
result:

H(Pt) = F(Pt—l) + k[It‘- I*(Pt)] (4.22)
I, - = =-k[I - I%(

£ " Teo1 t-1 L)

(b) Tatonnement. . It is fairly obvious that in a

)] (4.23).

process of tatonnement in both production and exchange in-
ventories have no role to play, since production is not
undertaken before equilibrium is reached for each period,
and thus there is no possibility of falsification of expect-
ed prices and quantities. The behaviour of a model with
inventories in this case will be identical in all respects24
with that of the non-durable commodity model in tatonnement.
Therefore, analysis of the t-t process will not be conducted

@

in this Section, but the model of the previous Section will

23Equations (4.2) and (4.20) into (4.19) and the
result into (4.4) together with (4.1) into (4.4) yield the
difference equation in price, while (4.2) and (4.20) into
(4.19) and the result into (4.21) together with (4.2) into
(4.21) yield the inventory equation.

24The implicit assumption is, of course, that the
equilibrium price established by the tatonnement process will
be considered to persist in the future. In this case, there
is no reason for inventory creation for production smoothing
purposes, and production equals equilibrium sales. Neither
is there a reason, under these circumstances, for changing
inventories due to the transaction or the speculative motive.

T
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be used as basis for comparisons.

(c) Non-tatonnement in production. The discussion

now proceeds to formal manipulation of the nt-t model, as
summarized in equations (4.22) and (4.23). Linearization

of this system in the neighbourhood of equilibrium and summa-
tion of the constant terms arising from that linearization
results in the following system of difference equations of
the first order, with constant coefficients and constant
terms:

H +kI* -k P F 0 P c
PP
- = (4.24)
* -
0 1 I, kTh 1ok | (T c,

where the t subscripts denote time, while the letter sub-

scripts denote partial derivatives and the constants ¢ and

Cy summarize the remaining terms of the linear approximation

around the equilibrium levels of price and inventory, P and

E.25 An alternative summary notation of the above is

Axt~th_l = C (4.25)

where x and c are column vectors and A,B are matrices, all
with obvious interpretation from (4.24). A trial complemen-
tary function solution to the homogeﬁeous part of this
system is of the form:

t t

Pt = ali and It = b (4.26)

25 rhus, ¢, equals (Hp+kI§)5 —kE-FpE—H(§)+F(§)+k[i-I*(E)]
while ¢, is equal to kI ~kI% P ~k[I-I*(P)].




215

where a and b are arbitrary constants dependent on initial
conditions and XA is to be found from the solution to the
equation

|\a-B| = 0 (4.27).

On the other hand, a particular solution to the system is
obtained by setting all prices and inventories equal to
their equilibrium values in (4.22) and (4.23) which reduces
the ‘system to

H(P) = F(P) + k[I-I*(B)] (4.28)
and ~k[I-I*(P)] = 0 ‘ (4.29)

As is well known, the stability of the system depends
on the behaviour of the complementary function. From the
form of that solution in (4.26) stability is assured if and
only if X lies in the unit circle of the complex plane,

26

i.e., its modulus is less than unity. To find the values of

A, expansion of (4.27) is required which yields a polynomial

of the second degree in A of the form

2 -
+ alk + a2 = 0

where a =1, a.=(kH -F )/(H -ki*)-1

a A
O

and a2=[Fp(l—k)]/(Hp+kI;) (4.30)

According to Schur's conditions,27 the roots of the above

26The modulus of A is defined as its length.

27See Chipman, (1951), pp.119-120. According to
Chipman, these necessary and sufficient conditions that the
-roots of a polynomial lie in the unit circle of the complex
plane were first derived by Schur, (1917), and Cohn, (1922).
It was subsequently shown by Herglotz, (1924), that the Cohn
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polynomial in (4.30) will lie within the (complex) unit
circle if and only if the following inequalities are satis-

fied:

(1) ai > a2
(4.31) .
(ii) (ag - ag)2 > (ala2 - aoal)2

Samuelson has further simplified these conditions (in the
particular case of the second degree polynomial under study)

to the following (with a, = 1):

(1) l+a1+a2 > 0, i.e., al> —(l+a2)
(ii) l—az > 0 i.}e., a2< ]. (4.318.)
(iidi) l—d1+a2 >0 i.e., al< (l+a2).

A little more manipulation of these conditions is
necessary for the purposes of the analysis that follows.
Conditions (i) and (iii) above may be reduced to [all < l+a2,
and for this to hold the right-hand side must be pdsitive,

which implies |a,| < 1. Conditions (4.3la) above are, then,

5l
equivalent to
(iv) |a

|
1 2 (4.31b) .
v)  la,l

Finally, the conditions as written by Samuelson,

(4.31a), define three linear inequalities in the ay, a,

conditions are equivalent to the Hurwicz conditions that the
roots lie in the left-hand side of the complex plane. Schur
had given the relevant transformation that proved equivalence.
Finally, Samuelson, (1941), used the same transformation to
derive, from the Routh-Hurwicz ccnditions, the conditions
that the roots lie within the unit circle of the complex
plane. :

ERRRED
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plane, shown in the Figure 4.4 below:
a2

N\ 1 /

\ (ii)

_ /l al
N\

Figure 4.4

(iii)

From the Figure, the values of a; and a, must lie in the
triangle formed by the three inequalities.

The stability conditions of the model are now com-
plete, and the discussion will proceed to examination of
special cases of the general model developed above.

(i) Sub-model with the actual inventory position

ignored

A very much simpiified situation arises when it is
assumed, contrary to the full specification of (4.22) and
(4.23), that the effects of actual inventory variation on
the output supply are ignoréd. This implies dropping the
variable It in equation (4.22) and substituting a constant
(which may as well be zero). This heroic assumption allows
the analysis to proceed to a partial examination of the

system, where only the effects of the desired inventory hold-

ing on supply are considered. The sub-model so derived
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serves only és a step towards more general sub-models that
follow. With this assumption, then, equation (4.22) is
modified as follows:

H(Pt) + kI*(Pt) = F(P ) (4.22a).

t-1
The dynamic equation of this sub-model then differs from
that of the non-durable model of the previous Section by the
term kI*(Pt) on the left-hand side. The economic interpre-
tation of this equation is fairly clear, namely total demand
now consists of two components, that of demand for consump-
tion H(Pt) and that of a portion of demand for inventory
kI*(Pt)° The supply side is not modified because of the
simplifying assumption that it is precisely the effects of
actual inventory variation on supply which are ignored.

Solution of the linearized form of (4.22a) by the
. usual method yields,
p_ = aAY  where A = F_/H_+kT* (4.32)

p P p

The stability condition for this sub-model is that the ab-
solute value of XA be less than unifyf28 The stability con-

dition of the non-durable nt-t model, on the other hand, was

that the absolute value of Fp/HD be less than unity.

28Lyapounov function analysis of this system is of
course also possible. Equation (4.22a) writes G(Py) = F(Pg-1)
where G is the sum of functions H and KI*. Explicit solu-
tion for Py yields Pt=n(Pt-1) and Lyapounov function analy-
sis similar to that of Section 4.3 yields |n(Py)|<|P¢] as a
necessary and sufficient condition for global stability.

© e
s
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Comparison of the two conditions indicates that the model:
with inventories can satisfy the stability condition more
easily than the non-durable commodity model as long as the
demand function is downward-sloping, i.e., as long as Hp is
negative. But this latter condition must be satisfied for
stability of exchange in tatonnement.

Thus, in the case of a'"normal" demand function, the
desired inventory demand which also slopes downward with
respect to price makes the elasticity of total demand for
the commodity greater than previously and thus helps sétisfy
stability.

The discussion of this model is offered only as a
preliminary illustrative step: no reference to it will be
made in later sections involving comparisons.

(ii) Sub-model with zero speed of adjustment

For completeness of analysié, it may be worth noting
that the sub-model derivable by setting k=0 in equations
(4.22) and (4.23) above is, in effect, the non-durable com-
modity model of the previous Section. Moreover, the stabil-
ity conditions of that model may be derived by setting k=0
in the general expressions for stability, equations (4.31b)
above.

(iii) Full adjustment of inventory within each

period (k=1)

Here, it is assumed that the inventory discrepancy is
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fully corrected within each period, i.e., desired and actual
inventory coincide at the end of each market period. Thus,
the speed of adjustment k is set equal to unity.

| In the price-taker model of this Section, the case of
full inventory adjustment is actually the most plausible
logically and the most probable in practice: there seems to
be no reason why price-takers accumulating inventories be-
cause of a version of the speculative motive would choose to
adjust inventories only partially towards the desired amount.

Setting the speed of adjustment equal to unity in the

system (4.22) and (4.23) yields the simpler system

H(P) = F(P__,) + I_ - I*(P) (4.33)

1

and

= *
L = IM(Be

On the other hand, the stability conditions for this system

) (4.34)

are,29 from (4.30) and (4.31b) with k=1:

29As in previous cases, stability analysis may be done
via a Lyapounov function instead of the more usual and more
restrictive method used in the text. As is mentioned later
in the text, the dynamic system under discussion reduces to a
single equation, (4.36), which may be written

G(Pt) = J(Pt_l) : '

where G and J are functional notations for the sums of func-
tions H and I* and F and I* respectively. The above equation
can be explicitly solved for P_ to yield

Z t
Py = x(Pyy)

and Lyapounov function analysis similar to that conducted in
the Appendix yields that a necessary and sufficient condition
for global stability of the system is

[X(Pt)[<|Pt|

as before.

hace
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F_+I*
p P 30
<1, or, —(Hp+21§)>F >H (4.35) .

H +I* P P
P P

Moreover, the system (4.33) and (4.34) reduces to a single
equation in price as follows:

H(Py ) + I*(P) = F(P__;) + I*(P__ ) (4.36).

Finally, setting k=1 in the linearized version
(4.24) yields the linearized form of (4.36) which becomes
(neglecting constants)

(Hp + I;)Pt = (Fp + I;) Pt—l (4.36a) ..

It may be useful to discuss the economic meaning of
the fundamental dynamic equation of this sub-model. The
left-hand side of (4.36) denotes the total demand for the
commodity at time t, both for consumption and for desired
inventory purposes. The right-hand side denotes the total
supply in period t, both from production and from actual in-

ventories, I The amount of production is dependent on the

g
price of the previous period, and so is the amount of actual
inventories since the latter are always equal to desired
inventory amounts at the end of each period. Thus, actual
inventory at the beginning of period t is equal to desired
inventory of the period t-1, which depends on the price at

t—l.31

30Taking into account the condition H_+I*<0 for
stability in exchange. S

31It is thus not legitimate to "deduct the schedule of
excess supply from storage from the demand schedule from
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(iv) Partial adjustment of inventory (0<k<l)

For completeness of analysis only,32 a few remarks
may be made with regard to this case. The system of equa-
tions describing movements of inventories and prices in this
case is that of the original general dynamic equations (4.22)
and (4.23), and the stability conditions are given by equa-
tions (4.31).

In the "normal" case of positively sloped production
and negatively sloped demand with respect to price it may be
shown that the value of the coefficient a, increases as the
speed of adjustment increases.33 When k attains the value
of unity, the value of a2 is zero. Thus, the effect of this
speed on stability is that the lower it is the more restrain-
ed the value of a; must be. This may be seen more clearly

in Figure 4.4 above: At values of a, less than zero (k be-

tween zero and one) the value of aj must lie within a range

@

consumption in order to arrive at the demand" for the pro-
duct, as M. Nerlove (1958) does, since the schedule of excess
supply for storage depends on both the previous and the cur-
rent price in the present formalization. The lack of formal
specification of the desired inventory function and the speed
of adjustment of inventories in the literature of the cobweb
model is responsible for a number of ambiguities and mis-
understandings regarding the role that inventories play in
the cobweb process.

32Since the plausibility of the case k=1 has already
been argued.

33This can be shown by taking the derivative of a

with respect to k, from (4.30). 2

Frmsmns



223

narrower than the interval [1,-1].

(d) Comparisons. Part (c) of this Section has dis-

cussed four sub-models of the general model described. As
has already been mentioned, the sub-model in which inventory
positions are ignored, case (i), will not be used in compari-
sons.. Of the other three, the model with partial inventory
adjustment, case (iv), will be dropped in favour of the

model assuming full adjustment within the period, (iii).

Finally, the model with zero speed is in fact the non-durable

non-tatonnement-in-production, tatonnement-in-exchange model
of the previous Section. It will be remembered that this
model has been compared with the full tatonnement case in
that Section, and it was found that the stationary state was
the same, stability conditions were more difficult to satis-
fy with non-tatonnement, comparative statics were the same,
and the out-of-equilibrium behaviour of the non-tattonement
was not approximated by that of the tatonnement model.

The comparisons in this Section include, in fact, the
above comparisons, since the model presented here has the
non-durable case as a sub-model. To recapitulate, the sta-
bility conditions were,

Fp>Hp (4.8) for the tatonnement,

-H_>F_>H (4.13a) for k=0 in non-tatonnement
P P P production (non-durable)

and -(H +2I*)>F >H (4.35) for the durable case with
’ p P P P full adjustment (k=1).

g
¢
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Once these conditions are presented in this manner, it is
obvious that, as before, introduction of non-tatonnement in
production makes stability more difficult to satisfy (4.8
is satisfied when 4.13a is but not vice versa). However,
when inventories are considered as in the present analysis,
it is less "difficult" to satisfy stability than in the case
of no inventories (4.35 is always satisfied when 4.13a is,
but not vice versa).

The conclusion thus emerges that stability conditions
for non-tatonnement production with inventories considered
are more difficult to satisfy than conditions for tatonne-
ment in production and exchange, though it is true that
introduction of inVentory considerations makes stability
easier to satisfy than in the non-durable commodity case.

With the discussion of comparative stability condi-
tions reasonably complete, the analysis now turns to the
stationary state of the general model, ahd to comparison of
that with the stationary state reached by the tatonnement
model. For this purpose, the particular solution of the
general model of this Section is relevant, since if the model
is stable the complementary function component will tend to
zero as the system approaches the stationary state.

Equations (4.28) and (4.29) above describe a particu-
lar solution to the model. From (4.29) however, it is

obvious that since k is greater than zero the actual

© o
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inventory equals the desired one in equilibrium, i.e.,
I = I*(P). Substitution of this equation in (4.28) yields

H(P)=F(P) (4.37)
for the stationary state price of the system. But this
equation is identical to that of the non-durable tatonnement
model, i.e., equation (4.9) in Section 4.3 above.

Thus, it turns out that the introduction of inven-
tories in the nt-t model of production and exchange does not
in any way change the stationary state of the system. This
result was also derived for the nt-t model in the non-durable
commodity case and thus is robust to this complication. The
result is of course of fundamental importance to the useful-
ness of comparative statics analysis derivable from the t-t
model since unless the stationary state of that model sur-
vives non-tatonnement complications the comparative statics
of tfaditional analysis would have to be thoroughly re-
examined. It is obviously satisfactory to find that no such
re-examination is necessary, at least as far as complica-
tions examined so far are concerned.

The final question in terms of comparative analysis
of tatonnement and non-tatonnement processes refers to the
behaviour of the models out of equilibrium. It will be
recalled that the behaviour of the t-t model of Section 4.3
was judged to be as an unsatisfactory “apprbxifztion" since

the nt-t model without inventories would, under normal
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assumptions, display cyclical behaviour in its approach to
equilibrium while the t-t model does not. With respect to
the model of this Section, cyclical behaviour is again to be
expected normally34 and thus the same remarks with respect
to the behaviour of the t-t model are in order, namely that
the out-of-equilibrium behaviour of the model with tatonne~
ment is not a satisfactory indication of how markets will
equilibrate over time in thé absence of this device and
therefore that this part of the conventional tatonnement
analysis cannot be relied upon.

The discussion and comparative analysis of the model
of this Section is now complete. Before a summary of the
results is attempted it may be desirable to discuss briefly
how the results of the above analysis might be modified if
the assumption of tatonnement in exchange were dropped from
the model.

As in the case of the non-durable commodity model of
Section 4.3, the removal of tatonnement from exchange would
affect the out-of-equilibrium behaviour of the model, in the
sense that the path of prices and quantities towards equili-
brium will now be dependent on the specific exchanges under-

taken at disequilibrium prices, because endowment effects of

34At least as long as demand and supply are "normally"
sloped and as long as the desired inventory response to
price is less than the response of production in absolute
value.
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the second kind may shift demand for consumption.35 More-
over, the stability conditions of the model may be different.
The stationary state, however, will remain the same as that
of the t-t model for precisely the same reasons as argued
in Section 4.2 above with respect to the non-durable commod-
ity model. Thus, the further conclusion is obtained that
the stationary state and the consequent comparative statics
theorems of traditional analysis are robust with respect to
removal of tatonnement from both production and exchange, at
least in the simple formalization of the single-market model
used in this Section.

(e) Summary of results. A summary of the main

characteristics of the model and the results of this Section
is now in order. The model examined here is one in which
inventory adjustments are all intended and take place through
séles variations in response to price fluctuations. Produc-
tion does not fluctuate to take care of inventory adjustments
from period to period, mainly due to the fact that producers
are price takers. No inventory-carrying costs are consider-
ed. Comparison of stability conditions, stationary state

and out of equilibrium behaviour with those of the non-

durable commodity model as well as to those of the t-t model

351t is assumed that the demand for inventories,
while essentially speculative in character, does not exhibit
-endowment effects. Moreover, perfect attendance of buyers
throughout the non-tatonnement process is implied, as usual.

e
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of Section 4.2 suggests that stability is easier to satisfy
in this model, as compared with the model without inventory.
Stability is still more difficult to satisfy than in tatonne-
ment, however. The stationary state is the same as that of
the t~t model, and it does not seem to change even when
tatonnement is removed from the exchange side also. Finally,
the out-of-equilibrium behaviour of the model of this Section
cannot be expected to be reasonably approximated by the t-t
model.

Thus, the same general results seem to persist,
namely that while traditional equilibrium comparisons may
still be valid despite the absence of tatonnement from mar-
kets, stability and out-of-equilibrium behaviour may be quite

different in the absence of Walras' ingenious device.

4.4 Price-Quantity Formation for a Durable Produced Under

Monopolistic Conditions

The analysis in the present Section concentrates on
discussion of the equilibration'process for a durable when
the market structure is the polar case of monopoly. First,

a number of points are made with regard to the meaning of

the tatonnement and non-tatonnement process in this setting.
A formal specification and solution of a simple intertemporal
maximization problem follows, together with interpretation

of the profit-maximization rules so derived. Finally, an

attempt is made to compare the stationary state of this



229

profit-maximization problem with that of the conventional
"tatonnement" model of monopoly.
The method of analysis in this Section employs simple

calculus of variations analysis in order to obtain necessary

" conditions for maximization of the monopolist's profit over

the "planning" period.

As with the previous Section, the main aim of this one
is to examine in what sense the introduction of inventories
modifies the equilibration process and the consequent varia-
tion of production, input demand, and price during this
process.

(a) Preliminaries. When the market structure is one

of monopoly, it is no longer possible to entertain the
analytical fiction of the auctioneer setting prices during
the equilibration process: the producer himself who takes
the demand schedule as given rather than the price, sets the
"proper" price in these conditions, "proper" taken to mean
that it is expected to maximize his profit under the circum-
sfances. Even if one assumes, as in this Section, that the
monopolist knows his cost conditions, it is difficult to
visualize him with complete knowledge of the demand schedule
for his product. Nevertheless, this is the assumption in
the conventional static theory of monopoly.

It seems reasonable to label the situation in which

-the monopolist has full knowledge of his demand schedule one
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of "tatonnement", since in this case the producer as price
setter has all the information that an auctioneer would

finally collect if he was to proceed with price iteration.
A non-tatonnement process, it follows, is one in which the
monopolist does not have full demand information. In this
latter case, the possibility of discrepancy between demand

36

and production must be admitted and inventories come into

play.

Thus, the tatonnement model in this Section is that
of conventional monopoly analysis of static theory, and its
stationary state involves equality of the marginal costs of
production to marginal revenue from sales. In this process,
inventories can play no role, and may safely be assumed
equal to their desired value (which for simplicity may be
set equal to zero).

The non-tatonnement model, in contrast, must assume
that after demand has uﬁexpectedly changed it takes consider-
able time for the monopolist to proceed, by trial and error,
to his maximum profit position, i.e., it takes time and
mistakes for the monopolist to estimate his demand curve.
Inventories may fluctuate during this process, and even when
the estimate of the demand has been completed there is no
reéson to suppose that inventories will be at the desired

level.

36Compare K. J. Arrow, (1959), p.44.
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The analysis of this Section will concentrate on the
period after the demand has been fully estimated, but inven-
tories are in disequilibrium because of the preceding trial
and error process. This procedure is justified as a first
approximation since to discuss the trial and error period
one must plunge into a situation in which mistakesvare ob-
served and corrected sequentially.

(b) Model structure. With the foregoing preliminaries

out of the way, the formulation of the simple non-tatonnement
model of the monopolist is now in order.

Let Qo(t), Qs(t), P(t), I(t) and I*(t) represent
production, sales, price, actual and desired inventories
respectively, in a framework of continuous time. Cost and

revenue conditions are then represented by the following

relations:
c(t) = ¢ 10%(t), I(t)] (4.38)
and o (t) = s[p(t)] (4.39),

The first relation represents total cost of production and
inventory, while the second is the sales, or (what is the
same) the demand function for the monopolist's product. In-
ventories at any time are, by definition, equal to initial
inventory plus the time integral of the difference between
production and sales up to that time.

Assume that desired inventories are given and con-

stant. In the stationary state actual inventories will equal




232

the desired amount, leaving a conventional monopoly problem
of equating production QO to sales QS‘given (4.38) and (4.39).
If, however, demand conditions change unexpectedly,
inventories will have to change during the trial and error
period in order to accommodate the difference between demand
and production. The monopolist is now assumed to have esti-
mated the new demand schedule, but is still faced with a
gap between desired and actual inventory and the inventory
replenishment or liquidation process is thus set up. The
problem for the producer is to maximize profits during the
period of inventory adjustment37 by manipulating the vari-
ables at his disposal, namely pfdduction and sales. The
total profit of the firm during the adjustment period is
denoted by
z=[§z (t)e_rtdt=/ﬁg[R(t)-—C (t) ]e‘rtdt=ﬁ‘[gs (t)P(t)-C(t)]e Ttat
(4.40)
where Z is total discounted profit for the adjustment period,
z is profit at time t, r is a discount factor, R(t) is reve-
nue at time t, and the period of adjustment has been assumed

to extend from t=0 to t=A.

37The period of inventory adjustment may in another
problem be considered a variable, its optimal length to be
determined by profit considerations. This is not the concern
in this thesis, however, since the analysis here concen-
trates on the qualitative question of how production and
sales plans are affected by the inventory position. A varia-
~tion in the period of inventory adjustment, on the other hand,
will affect only the strength of this relationship, not its
direction.
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Z is a function of production and sales or, what is
the same, of production and price. The firm may then be
assumed to use production and prices as control variables
over time in order to maximize its total profit, given a con-
stant adjustment period and static demand and cost expecta-
tions.38 The problem is thus maximization of 72 by choice
of paths of the variables P(t) and Qo(t). Calculus of
Variations methods may be used to determine the necessary
conditions for maximum Z. These conditions will yield two
differential equations [in Qo(t) and P(t)] describing the
profit-maximizing paths of production and price through the
period.

(c) Solution, interpretation and comparisons. To

simplify the situation, one may set the discount rate éon—
stant at zero and specify demand and cost functions of the
simplest possible form:

c(t) = ag®(t)? + blI(t)-T#]2 (4.41)

0% (t) = c-dP(t) (4.42)
where a,b,c, and d are cost and demand parameters and I* is

optimal inventory, at which the total variable inventory

38Alternatively, it might be assumed that the firm
expects demand to be rising over time at the rate of growth
g and costs to be increasing at the rate h. The expression
for z(t) would then have to be modified as follows:

z(£)=10% (£)P () 9% —c(£)eMP1e™ a0 (1) (£) eitoc (b) it
There seems to be no reason to expect fundamentally different
‘results in this case provided the integral still converges.
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costs are at a minimum.39 The above specification then has
conventional U-shaped total inventory costs, and rising
total and marginal production costs. The revenue function
is of course standard, too.

Application of the method of Calculus of Variations
to the problem as stated in (4.40) -- with the simple speci-
ficiations given in (4.41) and (4.42) -- yields the follow-
ing differential equations for production and price if

profit is to be a maximum for the adjustment period:40

0° (£) =2~ [T (t)-T*] (4.43)
P(t) = b [I(t)-I*] (4.44)

An interpretation of these optimal decision rules is
in order. Assume, for the sake of exposition, that actual
inventory falls short of the optimal amount at the beginning
of the adjustment period. The rules then provide that both
price and production should be falling during the period of
adjustment, towards their étationary state values. This

implies that both production and price were initially

stepped up to levels above these stationary values, in

39Solution of the problem is also possible in terms

of the general specifications (4.38), (4.39) and (4.40).

The interpretation of the optimal rules so derived is a little

more difficult, however, and for this reason the analysis in
the text is carried out in terms of specific functions.

40For the detail of the solution see the Appendix to
this Chapter, part (b).
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order to take care of the inventory deficiency. Thus, the
price will be higher than its stationary state value, and
consequently sales will be lower. This will obviously con-
tribute towards inventory repletion, other things equal.
Moreover, production will be higher than its stationary
state value. Since, in that state, production is to equal
sales, it follows that, other}things equal, production will
exceed sales durihg the adjustment period. The excess of
production over sales will again contribute towards inven-
tory repletion.

Some of the foregoing may be illustrated with refer-
ence to the diagram of the elementary static problem. 1In
Figure 4.5, the stationary state solution is at E. With the
initial inventory level below optimal, the firm's price and
volume of production lie, at any point during the adjustment
period, above their stationary state values, since their
rates of change per unit of time are negative in this case.
In the Figure, P(t) and Qo(t) are two such values. It is
easi;y seen that production exceeds sales by the quantity
Qo(t)— Qs(t), the excess being allocated to inventory. Also,
the marginal cost of sales is GA and the marginal revenue
GB, which is greater than the cost by AB. Finally, the
marginal cost of production is HC, greater than the marginal
revenue of that volume (if sold) by CD.

The change in marginal revenue of sales and marginal
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cost of production, however, will be equal at any point in

time. This requires proof and explanation.

P

P(t

O Q 0 Q
Figure 4.5
From the demand function of the problem one finds
that the rate of change of marginal revenue at any point in
time is equal to41

% - 2p (4.45)

while the rate of change of marginal cost of production per

unit of time is

aMc _ 0 '
a—‘E—-— = 2aQ (4.46):

Finally, the change in total cost due to changes in the
amount of inventory at time t is equal to

dTC
dI(t)

= 2b[I(t)=-I%] (4.47) .

4lBy time differentiation of the marginal revenue and

.substitution of sales by price from the demand function.
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But then, the rules concerning the optimal paths of produc-
tion and price through time may be written, by simple manipu-

lation of (4.43) and (4.44) and taking into account (4.45)

to (4.47),
fo _ dMC _ . _ dMR _ %] = 4TC
2207 T qe TP T g T IO = gry (4.48)

which is equivalent to the statement that both the change in
marginal production cost and in marginal revenue of sales at
any point in time should equal the change in total costs re-
lated to inventory variation,42 The inventory variation

will of course equal the difference between sales and pro-~
duction at each moment, the difference beiqg nonzero as long
as the price and production volume diverge from their station-
ary state values.

The economic interpretation of this equality of rates
of change of marginal production costs and sales revenue
with the cost due to inventory change is as follows: the
firm which finds itself ‘with inventories different from the
optimal is faced with additional inventory costs which will
persist as long as the inventory discrepancy is present. It
thus pays to eliminate the discrepancy over time by using
both avenues possible, namely both a change in production

volume and a change in sales. The change in production

2Since the rate of change of marginal cost and reve-
nue are equal at all points in time, marginal cost and mar-
ginal revenue themselves will be equal at all times if their
initial values coincide. This is the case pictured in
FPigure 4.5.
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proceeds to the point where the change in marginal cost is
equal to the economy achieved from the change in inventory
at the margin. Moreover sales are changed to the point at
which the change in marginal revenue is equal to the same
cost saving. In this way, inventory change does not reduce
the profit that would be achieved at each "point", while at
the same time it helps remove permanently the discrepancy
in inventory which is associated with cost burden over.time.
With the foregoing explanation of the decision rules
sufficiently complete for the purposes of this Section, the
analysis may now turn to an investigation of the stationary
state of this model and comparison with the stationary state
of the tatonnement model of conventional analysis. The |
decision rules above suggest that the stationary state is
reached when inventories are at their optimal value I*.
But in this case the problem of this Section reduces to
that of tatonnement mdnépoly, since under static expecta--
tions there is no reason to make production diverge from
sales.43

Thus, the stationary state of the non-tatonnement

version of this Section is again identical with that of the

43Indeed, if it is made to diverge, profit will be
less than maximum, since the problem has been reduced to
single period profit maximization. If, however, demand and/
or costs are expected to change over time it may pay the
monopolist to allocate production over time differently
from sales. See A. Smithies, (1939).
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tatonnement model.

The out-~of-equilibrium behaviour of the non-tatonne-
ment model (apart from the trial and error period) does
differ from that of the tatonnement, however, since a demand
change necessitates inventory adjustment and this implies
that both production and price are different from their sta-
tionary state values for the duration of +the adjustment pro-
cess. Thus, when inventory is in excess, price rises and
production increases as adjustment proceeds to completion.

The implication of the above for the monopolist's
demand for inputs is obvious, namely the latter depends on
the inventory position of the firm, among other factors.

If inventories are above normal, production and input demand
are not at the level that the static one-period maximization
problem of monopoly suggests, but lower. Moreover, sales
are higher than the static model level, since price has been
set lower.

The reader will recall that the perfect competitor in
the case of durables (Section 4.3) behaved similarly with
reépect to commodity supply: when inventories were above
the desired level the supply was increased, as is ciear from
equation (4.19) of the previous Section. As already noted
in that Section, production was not used +o accommodate in-
ventory discrepancies. The analysis here suggests that this

is also the case, at least for monopolistic producers facing
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inventory carrying costs.

4.5 Partial Disequilibrium Analysis of Production and

Exchange: Summary of Conclusions

Given the simple formulations used in this Chapter,
the conclusions that emerge may be summarized in the state-
ment that removal of tatonnement from production, with the
consequent possibility of "unfeasible" sales plans, does not
change the stationary state. The out-of-equilibrium behav-
iour is different with non-tatonnement, and therefore cannot
be approximated by that of the tatonnement model. In terms
of stability conditions, non-tatonnement processes require
more stringent ones in the partial model of production and
exchange under perfect competition. |

TheAimplication of the foregoing for comparative
statics is that there is no change to be expected from
introduction of non-tatonnement in production.

There are some obvious directions for further research,
and development of the analysis of this Chapter. In the case
of the perfectly competitive market, an extension to a multi-—
market system might be the first step. Further, input
markets could be introduced; the dependence of demand on the
volumes of production could be examined in this system.

In the case of monopoly, it is clear that the analysis
‘of this Chapter constitutes only a small step towards a full

discussion of price and quantity adjustment in this market
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structure. It is set out here mainly because it provides

a simple justification of the intuitively obvious statement
that when inventories are out of equilibrium both sales and
production are affected.

The line of development chosen in this investigation
is to extend the single perfectly competitive market modelé
of this Chapter to incorporate input markets and the depend-
ence of demand for commodities on income and the volume of
production. The multi-market framework is abstracted from
by aggregation. This extension constitutes the subject

matter of the next Chapter.



CHAPTER V

GENERAL DISEQUILIBRIUM ANALYSIS OF
PRODUCTION AND EXCHANGE

The focus in this Chapter is disequilibrium in an
aggregate model of general interdépendence, with endowment
effects of the first kind assumed "well-behaved",l and those
of the third kind focussed upon. The relationship of this
aggregate model to the general framework of Chapter I is ex~
plained below.

The main aim here is to examine the basic questions
raised in +this thesis in a context where plan interdepend-
ence, and feasibility, as well as pure-guantity effects are
important. The analysis is conducted in termz of dynamic
systems expressed in differential equations.

The following few paragraphs refresh the reader's mem-
ory with respect to the strands in the literature which the
analysis of this Chapter takes as points of departure. Fol-
1owing this, an outline of the contents of this Chapter is
given.

The state of knowledge as regards the equilibration

process under non-tatonnement in production and exchange is

‘not satisfactory, as has already been discussed in Chapter III.

tThat is, not causing prcblems of instability .
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To refresh the reader's memory as to the state of the arts
in the subject, R. Clower's attempts at an alternative in-
térpretation of Keyneg* contributionz, as well as D.
Patinkin's attempt at analysis of involuntary unemployment

in Chapter XIII of his Money, Interest and Prices3may be

viewed as the initial efforts to handle the problem at hand.
As has been mentioned in Chapter III, Clower's main contri-
bution was to point out that excess demand functions in a
non-tatonnement economy should contain realized incomes as
independent variables. Since planned excess demand functions
in a Walrasian economy do not take into account quantities,
Clower was able to show that Walras' Law is not relevant for
purposes of identification of market pressure in a non-
tatonnement economy when the situation is one of unemploy-
ment, i.e., when labour is off its supply curve. He did not
- proceed, however, to an analysis of the equilibration process
in these circumstances.

D. Patinkin also attempted, as mentioned in Chapter
IIT, a disequilibrium analysis of an aggregate economy but
did not advance it in any appreciable degree mainly because
he did not incorporate realized production volumes in the ex-

cess demand functions in a formal way. He did point out,

’R. Clower, (1960) and (1965).

3(1965).

oy
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however, that involuntary unemployment could arise if in

the process of equilibration producers reacted to the accu-
mulation of inventories by lowering production and demand
for la.bour.4 Since this remark implies that the excess de-
mand for labour is sensitive to guantities rather than to
prices alone, the modification to the labour demand function
is similar to that suggested by Clower,5 but it was not for-
mally carried out by Patinkin.

Finally, Barro and Grossman6 attempted an integration
of Clower's and Patinkin's points but did not produce an in-
ternally consistent model with proper interrelationships. As
a consequence their analysis of disequilibrium positions is
fragmentary, while that of the equilibration process itself
is non-existent.

The investigation in this Chapter starts with Section
5.1, where the general setting and the assumptions of the
model to be used are outlined. Moreover, matters such as

plan feasibility and of pure-quantity effects are discussed.

4(1965), p. 318 ff.

5Clower concentrated on the case of excess supply of
labour where labour's planned income does not materialize and
consequently effective demand for commodities has to take in-
to account realized rather than planned income. Patinkin ex-
amined the case of excess commodity supply where selling plans,
and consequently income of producers are not realized, with
consequent modifications in the demand for labour by these
producers.

®(1971),



245

Section 5.2 contains the analysis of the simplest
possible model in a tatonnement as well as a non-tatonnement
framework. The purpose of this Section is mainly to serve
as introduction to the later parts of this Chapter, and also
to illustrate in a concrete situation both the problems of
pPlan feasibility and endowment effects in disequilibrium.

- Section 5.3 contains the main analysis of this
Chapter. An aggregate model with exchange money is developed,
and tatonnement and non-~tatonnement analysis is conducted in
the case of the commodity being non-durable. Inventory con-
siderations are introduced informally, and a graphical analy-
sis of the durable~commodity case is attempted.

Finally, Section 5.4 contains comparisons and the con-

clusions of the analysis of this Chapter.

5.1 General Disequilibrium Analysis: the Setting and the

Assumptions; Endowment Effects

The present Section contains a brief description of
the analytical setting and of the main assumptions employed
in the general disequilibrium analysis conducted in this
Chapter. A number of remarks are made with regard to the ab-
stractions used, and finally endowment effects as they oper-
ate in this framework are discussed.

(a) Setting and assumptions. The model o be employed

in this Chapter is one of disequilibrium in production and
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exchange. The focus of the analysis is on interdependence
of production, income and exchange in disequilibrium, and it
is for this reason convenient to ignore distributional gques-
tions within this model.

To effectively rule out questions of distribution in
general it is assumed, first, that production conditions
for all producers in the economy are identical; it thus be-
comes possible to discuss the production side of the economy
as i1f only one producer exists°7 Second, all producible com-
modities in this economy are postulated to be produced under
identical technical conditions; it thus does not matter what
the allocation of resources among various commodities is,
since the per-unit of commodity requirements in resources are
identical for all commodities. Neither does it matter which
of these commodities consumers prefer more or less, since
cost conditions are identical also, and all commodities must
have the same equilibrium price.

In effect, the above two assumptions are equivalent to
the aSsumption that the production side of the economy con-
sists of one producer producing one commodity.

On the consumption side, it is assumed that all indi-
viduals are alike, in the sense that the distribution of

wealth among them does not affect the aggregate excess demand

Mith his possibilities suitably enlarged.
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for commodities. This condition is satisfied if the mar-
ginal propensities to consume8 are ihdependent of the amount
of endowment held by each individual and, moreover, are
equal for each individual. (The marginal propensity to con-
sume, that is, is the same irrespective of the level of
wealth that an individual holds, and the same for all indi-
viduals) .

Under the above assumptions on the consumption side,
the analysis may be conducted as if the economy has only one
consuming unit. Such an economy has been labelled "Hicksian",
and it has been proved that it possesses a unigque equili-
briumg9

With respect to non-producible commodities, it is here
assumed that labour is the only one with an alternative use
in consumption. All others havé no alternative use,

(i.e., they have a transfer price equal to zero) and are con-
stant in quantity, hence their supply is insensitive to price
variations.

- Money as a non-producible and infinitely durable com-
modity with utility is also introduced in the model of this
Chapter. It is then treated as "exchénge money" only, as

will be seen below (part ¢ of this Section).

8Denoted by C? in Chapter I.

See Arrow and Hahn, (1971), pp. 217-221.
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Finally, the producible commodity in the model to be
used is sometimes considered non-durable (Section 5.3.c) and
sometimes durable (Section 5.3.4).

The setting described above will be recognized as
that of a short-run aggregate model of the economy. The re-
levant problem of choice in this economy (with money absent)
is between the commodity and leisure. The single relative
price to be determined is that of the real wage, that is, the
price of leisure in terms of the other consumable commodity.
All agents in this simple economy are assumed to be price
takers.

As is proper in an analysis of general interdependence,
demand is here properly connected with production levels in
the economy, via income creation. The effect of variations
of production volume on income and demand has been labelled
a pure quantity endowment effect in this investigation; it is
further discussed below (Section 5.1.c¢). ‘

The market for labour ig consideréd explicitly in the
present analysis. Thus questions of feaéibility of plans for
production and of plans for labour employment and income crea-
tion are given full attention here, in addition to feasibility
of sales plans discussed in Chapter IV. When production or in-
come plans are unfeasible under the circumstances of the

market, planned incomes differ from realized incomes and in
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this sense there are again pure-quantity endowment effects
in operation, further discussed below (Section 5.1.¢).

Finally, disequilibrium transactions are allowed in
both the labour and the commodity market of the model. Ex~
pectations are assumed static and certain. Problems of de-
mand deficiency in the Keynesian tradition are assumed away,
in favour of a simpler "classical" framework, to be fully
described in the next Section.

This, then, is briefly summarized as an aggregate
short-run model of the economy, with leisure and one other
commodity as the subjects of choice; perfect competition;
static certain expectations; no demand deficiencies: and ex-~
plicit disequilibrium.

(b) Some remarks on the abstractions employed. The

discussion of the setting and of the assumptions just con-
cluded above has outlined the major abstractions used in the
analysis of this Chapter. Among the simplifications employed
is the set of assumptions that effectively renders all dis-
tributional questions irrelevant in this framework, namely,
the assumptions of one producible commodity, identical tastes
and identical production conditions. Another major simplifi-
cation is the neglect of "Keynesian" considerations of insuf-
ficiency of demand; finally, other abstractions include per-
fect competition, static price expectations, and "exchange"

money. Some remarks on each of these abstractions will be
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offered in what follows.

With regard to the neglect of distributional ques-
tions, the abst;action allows the analysis of interdepend-
ence of input and commodity markets to be much sharper than
otherwise. A multi-commodity general disequilibrium analy-
sis of production and exchange would have to consider a
number of input as well as commodity markets. Different
producers and individuals might also be assumed to make de-
cisions under differing production and choice sets. This ad-
dition would surely make the analysis quite general, and for
that reason perhaps less productive in the sense that it
would be relatively much more difficult to focus attention
on one specific aspect of the economy in this framework.

Moreover, analytical convenience suggests that re-
search proceeds better step by step: 1f, for example, it is
found that in the present framework no major problems arisé
in the equilibration process of the model, such problems
might then be expected to be found in settings where distri-
butional effects are important (or, in settings where other
simplifications of the model are removed).

Finally, distributional éffects of disequilibrium
transactions in pure exchange have already been discussed in

the literature:lO it is thus natural to concentrate on

10See Chapter III above.
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questions relatively untouched, such as the effects of inter—
dependence of input and commodity markets, and the pure-
quantity effects of unfeasible plans in disequilibrium. This,
as has been mentioned above, is the main focus of this
Chapter.

With regard to neglect of "Keynesian" considerations
of demand insufficiency, the only justification provided is
that of the analytical simplicity achieved once such compli-
cations are neglected. Asset markets can then be ignored,
and money as a medium of exchange (with utility of its own)
may be introduced in the model and considered as a substitute
for the producible commodity only. Clearly, a future direc-
tion of research’lies in incorporation of other assets as
money substitutes.

Finally, static expectations and perfect competition
may be briefly discussed. With regard to the first abstrac-
tion from (presﬁmably) more plausible mechanisms of expecta-
tion formation, it may be remarked that the initial develop-
ment of tatonnement analysis reviewed in Chapter III above
had to proceed along these lines originally; only later were
discussions on alternative expectations hypotheses taken up.
Thus, the abstraction of static expectations is only a first
step in disequilibrium analysis. As for the assumption of
price-taking, it is well known that despite its faults, it

still pervades most analyses of equilibration. Thus, no



252

apologies will be offered in this regard; analysis of price
setter behaviour is plainly much more difficult to do, given
the state of disequilibrium theory.

(c) Endowment effects. In order to discuss endow-

ment effects in the setting described above, it may be use-
ful to provide the reader with a preliminary glimpse at the
process of equilibration under non-tatonnement inlthe model
of this Section. Briefly, the market period opens with given
commodity and input prices; entrepreneurs hold mainly stocks
of money and non-producible resources other than labouf;
other individuals hold mainly labour stocks:; transactions in
labour at the initial prices take place; payments are made in
terms of money at the given prices; production of commodities
proceeds on the basis of the labour hired,l1 and exchange of
commodities for money follows. Pressure on prices from sur-
pluses or deficits in the markets &uring each period is re-
flected in a change of these prices at the end of the market
period. Thus, the new market period opens with different
initial prices, and the process repeats itself. It will be

remembered that this has some affinity to the process loosely

l]“And with the use of other non-producible inputs,
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described by Edgeworth in his discussiszn of the labour

market.12

Consider now the possibility of pure-price endowment
effects in the labour market: these cannot operate in this
framework simply because the assumption is that the market
opens with a given wage and all feasible transactions are
completed at this wage. On the other hand, pure-price ef-
fects in the commodity market will operate as long as there
is something to substitute the producible commodity with,
such as exchange money, for example. Such endowment effects
are assumed "well-behaved" in this Chapter.

With respect to endowment effects of the second kind,
it is obvious that in the labour market they cannot operate
because no price change and consequent re-evaluation of
stocks occurs within each period. In order for them to ap-
pear, one would have to assume perfect attendance in non-
tatonnement exchange in the labour market until equilibrium
is reached, an assumption rather implausible, and therefore

easy to reject.

12See Chapter II above. One might wish to specify
that, in this story, the production process itself does not
take too long a time. Alternatively, a lag structure could
be adopted, according to which production becomes available

for sale one period later: if the same kind of lag is assumed

between income and consumption, the situation is formally
very similar to that of the text. The framework put forward
in the text seems the most convenient for the treatment of
the problem in continuous time, which will be employed in
this Chapter. ‘
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In the commodity market, the assumption of identical
individuals, in terms of propensities to consume, precludes
second-kind effects whatever the assumptions on price change.
(The effect of identical and homogeneous utility functions
on these effects has already been discussed in Chapter III.13)

Endowment effects of the pure—quantity14 variety are
the main focus of the analysis of this Chapter: they operate
every time income is created by the process of production of
the commodity. As mentioned above, falsification of plans
for income creation brings forward endowment effects on de-
mand which make it differ from the planned amount. A more
detailed discussion of this point will be undertaken in
Section 5.2.c.

In summary, pure-price effects have been retained but
assumed to cause no instability, and pure-quantity effects
are focussed upon; second-kind effects are abstracted from

in the following analysis.

l3Section 3.1.3. The assumption of equal and con-
stant C. is effectively the same as that of identical and
homogengous functions.

14It may be objected that unless payment is in com-
modities, no quantity of commodity is involved. However, the
term "pure quantity effect" is easily extended to cover pay-
ment in terms of exchange money. Money would be considered
another commodity in this case. See Chapter I.
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5.2 An Aggregate Disequilibrium Model without Money

This Section provides a simple, in fact the simplest
possible, aggregate model of an economy in disequilibrium.

In such a simple setting, it is relatively easy to provide
illustrations of feasible and unfeasible plans; the operatim
of endowment effects. of the third kind; and the relevance of
realized rather than planned behavioural functions when the
system is in disequilibrium. Illustration of these matters
is the main purpose of the analysis of this Section: the
discussion here provides a step towards the analysis of dis-
equilibrium in a slightly more "relevant" framework, dealt
with in Section 5.3,

Part (a) below deals with the formulation of the
model, for a non-durable commodity. Part (b) provides an
analysis of the tatonnement process in production and ex-
change. Part (c) gives a graphical illustration of endowment
effects and feasibility of plans, while Part (d) contains
the disequilibrium analysis in this simple framework. Fin-
ally, Part (e) contains closing remarks.

(a) TFormulation of the model. on the production side,

producers are assumed to attempt to maximize the aggregate
planned quasi-rent on the (fixed) inputs other than labour,
~given the real wage at which the market opens. The problem

is, in the aggregate,
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. . X ok P ) d*
Ma}{llnlze Y t - Ql - (w t / t Ll (5 . l)
'! (:t: O () = f I, f > O f 0

where Yr* is total planned quasi-rent, QO* planned real pro-
duction, W and P the nominal wage and price,15 Ld* the total
planned demand for labour and f denotes the production
function, with fL p fLL its first and second derivatives.
The production set is thus assumed strictly convex.16

Asterisks have been used to denote planned magnitudes,
as mentioned above. Because the distinction between planned
and realized magnitudes is important in the discussion of
this Chapter, asterisks will be used throughout for planned
magnitudes. Corresponding realized (as opposed to planned)
magnitudes will be denoted by the same symbols, but without
asterisks.

First order conditions for local maximum of the above
problem yield equations from which planned labour demand and

production are derived, as functions of the real wage.l7 The

convexity of the production function (5.2) which makes the

15Expressed in terms of a unit of account. 1In what
follows, the terms "wage" and "price" will be used in this
way. "Real wage", on the other hand, will denote the rela-
tive price of labour.

- 16That is, whenever two points a and b belong to it,
the points on the line ab are interior points of it.

7 . . ;
Assuming the maximum exists.
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problem soluble, also guarantees that the functions below
have the "right" slopes. One may write,

o*

= * *
Qt F (wt), F* < 0 (5.3)
and Ld* = D¥*(w,) D* < 0 (5.4)
t t' w :

where w denotes the real wage.

This completes the production side of the model. One
additional point needs to be made, however, which is useful
in other parts of the analysis: this refers to the planned
quasi-rent shown (in real terms) in equation (5.1). This
magnitude is properly regarded as part of the planned income
in the economy, and is seen to depend on the real wage alone
(since planned production depends on the real wage, too).
More specifically, total planned quasi-rent may be written,
using (5.2) and (5.4),

*
v = f [D*(w.)] =w D*(w,) (5.5) .

and its derivative with respect to the real wage is negative,

since it may be written
*
ar™ /aw = (£ -w)D* -Dw) 18 (5.6).

In fact, equation (5.5) is the wage-price frontier for this

simple economy that is relevant to the producers as owners of

18

f. = w .

From the first-order conditions for a maximum,
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fixed inputs. Assuming only one fixed input,19 its rental
is readily derived from (5.5), and varies inversely with the
real wage. It is thus not legitimate to consider the gquasi-
rent as a constant in an analysis such as the present cne,

and the consequences of treating it as a arameter are not
q ng

unimportant, as will be seen belowezo

Individuals as consumers are assumed to maximize the

aggregate utility function?’

_ a* s*
U, = U(Qt r L)

: (5.7)

* * .
where Qg and 1° are planned commondity demand and labour

t

2
supply, respectivelyaz“

The budget constraint for this maxi-
mization problem includes labour as well as guasi-rent in-
come. Total planned income is equal to

% * * &
= ¥D 4 Y = vE o 1S

*
t t t t tt (5.8)

lgA harmless assumption in the present framework.

*Ocontrast with R. Clower, (1965), pp. 105 £f., where
this assumption is made. This leads to neglect of pure-
quantity endowment effects in at least one case, as will be
shown in (b) below.

21The utility function is assumed to represent a
strictly convex preference ordering, that is: (i) when
bundle a is preferred to bundle b, any bundle on the line ab
other than b is preferred to b, and (ii) when the individual
is indifferent between a and b bundles on the line ab other
than a or b are preferred to a or b.

22The quantity of fixed inputs other than labour does
not enter the utility function since these inputs are assumed
to have no consumption use. '
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where Y* is total planned income, and YW* total planned
labour income:both in real terms. The planned quasi-rent
income is a function of the real wage and may be written as

r* _ _r¥* r¥* ‘
Yt = Yt (w) YW <0 (5.9).

Thus the budget constraint which implies consumption of all
planned income may be written

— & — r# ) s*
Q. = Yt “~Yt (wt) + WtLt (5.10) .,

The individual problems of maximization of utility
subject to a budget constraint are in the aggregate equiva-
lent to maximization of (5.7) subject to (5,10)93 - The first-
order conditions for a local maximum yvield equations from
which the planned labour supply and the planned commodity de-
mand at all real wages are derived. The budget constraint
requires that planned income equal planned demand for the
commodity, and in this sense planned labour supply and
planned demand for the commodity are related. One may write,

g%

’ >

. = * 2 Z
Lt S (Wt) SQ N 0 (5.11)

ax _ - % 2
Qt = H (wt) Hw = 0 (5.12)

for planned labour supply and commodity demand, respectively.

The ambiguity in the signs of the derivative of these func-

tions is typical in choice problems with constraints, as is

23The proof for the "Hicksian" economy under study has

been furnished by -Arrow and Hahn, (1871), pp. 217-221.
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well-known. In this simple model, it does not seem to
matter, as it will be explained presently. In the model
that includes exchange money, the slopes have been assumed
“normal", thus effectively ruling out "misbehaviour" of pure
price endowment effects.

The basic structure of the model has now been des-—

cribed. It may be convenient, before proceeding to analysis

with this model, to summarize here the main behavioural func-

tions involved. These are,

0" = F¥(w) F% < 0 (5.3)
Q" = H*(w,) HE 20 (5.12)
5" = S* (w,) s. % 0 (5.11)
Li* =_D*(wt) D§ < 0 (5.4)

and they represent commodity production (which is identical
with'commodity supply in this model, since no inventory con-
siderations are yet introduced): commodity demand; labour
supply; and labour demand. All functioné denote planned
magnitudes. Consideration of plan feasibility and the con-
sequent distinction between planned and realized behaviour
will be undertaken below in this Section (part c).

The above planned functions can be combined to give

excess demands and supplies for the two markets in this model.

More specifically, one may write,



Q i g Q e II g (W ) e j v (W ) “".‘_: ' ( J ) E 4 5

EC A ot 4= . t i o - ) V\i‘ f2 >d (501.))

and EFf = L.~ i - L = D% (W ) S (W ) —EI’: (W' ) E* <0 ( 2> ! { )
f .{. t . \ t i i f 4 LW -~ o O

where Eg and EE represent excess demand for the commodity

and labour respectively, and Eéw and E their derivatives

*
Iw
with respect to the real wage.

Finally, if equation (5.1) is inserted in (5.10) above

one obtains

a* o* s* as

(5.17)

which is Walras' Law for this model econony, since it says
that the excess demand for commodities is equal to the ex-

cess supply of labour evaluated in terms of the commodity.

It now remains to explain why the slopes of the labour

supply and commodity demand do not matter in this simple
model. From the original problems of producers and con-
sumers above we have, when both markets are in equilibrium,
that the marginal physical product of labour (in production)
and the marginal rate of substitution of the ccmmodity for
leisure (in consumption) must both equal the real wage, that
is, equal each other. From the alternative problem of maxi-
mization of aggregate utility U = U(Q,L) subject to Q = F(L)

(where Q and L denote commodity and labour, as before) first

24The lack of ambiguity in the signs of Eéw and E¥*

will be explained presently. Lw
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order conditions require the same equality. Thus, when the

original system is in equilibrium, the alternative problem

has a maximum and vice versa. But the maximum of the alter-

native problem has been proved unique (under the assumption
of strict convexity of both the production and choice

25

sets). Thus, the equilibrium of the original problem is

also unique.

Moreover, the convexity of sets in the alternative
maximization problem guarantees that when the wage is below
its equilibrium value in the original problems, there is ex-
cess demand for labour and excess supply for the commodity.26
It thus guarantees that, irrespective of the slopes of labour
supply and commodity demand, the slopes of excess functions
are "normal", as specified in equations (5.15) and (5.16)
above.

(b) Tatonnement analysis. Given Walras' Law, the

excess demand in only one market need be examined, and the

adjustment mechanism of the tatonnement process may be

written,
- = * 3 = - *
W k[EL(wt)] or w. k[EC(Wt)] (5.18)
25 -
See T. C. Koopmans, (1957), p. 32, proposition 3.2.
26

This is because the alternative problem of maximiza-
tion of utility subject to the production function is actu-
ally the two original problems superimposed on each other.
This is seen more easily in a diagram. See, for example,

T. C. Koopmans (1957), pp. 18 ff.
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where k is the speed of adjustment. Solution of the linear-
ized form of this simple differential equation27 yields the

condition for local stability as follows:

" %
ELW < 0 or Ecw > 0 (5.19).

Stability is obviously satisfied, given the specifications of
the behavioural functions.

The discussion may now proceed to an introduction to
non-tatonnement analysis, by providing a graphical illustra-
tion of the problem of feasibility of plans in disequilibriumn,
and the consequent endowment effects of the Third Kind.

(c) Plan feasibility and endowment effects. The dis-

cussion of the model up to this point has been confined to
planned magnitudes. This is justified as long as the process
of equilibration is that of tatonnement, as was the case.
Once agents are allowed to "act" in disequilibrium, howéver,
the situation changes, as has already been mentioned above.
Here, an illustration of the unfeasibility of production and/
or income plans will be provided. (Sales plans are always
realized in the model of this Section. See (d) below.)
Moreover, the operation of pure-quantity effects due to
falsification of income plans will be discussed.

Consider disequilibrium in the model of production

27An example of the procedure has been given in
Chapter I, in relation to the illustration of the Correspon-
dence Principle.
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and exchange of this Section. The market period opens with

a real wage, transactions in labour take place at this wage
and production proceeds. The irrelevance of planned excess
demands in the commodity market resides in the fact that
actual supply and demand for commodities will, in fact, de-
pend on the transactions completed .in the labour market,
while the corresponding planned magnitudes depend on planned
transactions in the labour market. Thus, when the labour
market transactions differ from planned (which they must if
this market is in disequilibrium), it is plainly obvious that
realized supply and demend in the commodity market will be |
different from planned. Under such circumstances, it may be
desirable to consider realiied rather than planned excess de-
mand as a factor affecting the situation in the commodity
market.

To illustrate the above, Figﬁre 5.1 shows the produc-
tion function Q=F(L) and the indifference curves Ui derived
from the utility function U=U(Q,L), as well as a price line
AHJ whose angle with the horizontal axis is w and represents
thevreal wage assumed to rule when the labour market opens.
From the Figure, producers plan to hire Ld* quantity of
labour and produce 0B=QO* quantity of output, in order to

maximize their quasi-rents. Individuals base their plans on
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*
yr=g3Zc

Figure 5.1

.
QO:QQ=Y=B
x

yi=yTap

*
0 pdips_g

real planned income28 from quasi-rents which equals OA, and
the wage rate indicated by the tangent of the angle w.
Their planned labour supply is equal to LS*, and their
planned income and demand for the commodity OC=Qd*°

The situation in the labour market is clearly one of
excess planned labour supply at the given real wage. If one
considers planned magnitudes, this excess supply is matched
by excess commodity demand of the same value at the given
wage,29 an illustration of Walras' Law. The concern here,
however, is to examine plan feasibility. 1In this respeét, it
is clear that planned labour demand is cértainly feasible at
the given wage; hence, so is planned commodity production

and planned maximum quasi-rent. Thus, planned labour demand:

28Evaluated in units of the commodity.

29The excess planned commodity demand is BC, equal to
the planned excess labour supply GD multiplied by the real
wage, that is, w,
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production and quasi-rent are identical to their realized
magnitudes, and this is indicated by the equalities
Ld* = Ld ’ QO*= QO and Yr* =v' in the Figure.

Planned income from labour, however, is unfeasible at
the given wage: realized employment falls short of planned

a*

*
by the quantity L5 -1 » and actual employment is in fact

Ld* = 1L° . Realized income from labour thus is equal to GH
and total realized income is, of course, equal to total out-
put OB, which falls short of planned total income by the
amount BC (the amount of planned labour income not realized).

Some of the foregoing may be summarized in the relation

* * * * *
QO = Qo =Y = Yr + wl® < ¥ when Ld < LS (5.20)

which says that when transactions in labour and production
are carried out in a situation of excess labour supply the
consequence is that realized income is less than planned, due
to falsification of labour income plans.

Consider now Figure 5.2 with a real wage at which
there is excess planned demand for labour. Planned demand
for labour, and hence planned production and planned quasi-
rent income are all unfeasible under the circumstances. The
available labour quantity being LS*, realized labour demand
must be equal to it; realized production will be QO=OB,
which is also realized total income. The latter falls short
of planned income by the amount of planned quasi-rent income

which is unfeasible. That is to say, producers plan total
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income equal to planned production QO*=OFQ Planned quasi-
rent is 0C and planned labour costs are CF. In fact, they
can only hire LS* and produce Q°=0B with a realized quasi-
rent eqaul to 0A. On the other hand, the realized income of

individuals from labour is equal to planned, that is, GH.

Under excess demand for labour, then, production plans
are partially falsified, and quasi-rent income plans are
falsified, too. 30
In summary, the above illustrations have shown that

‘production proceeds while the labour market is in

OContrast this and the following discussion with that
of R. Clower (1965). Because Clower treats quasi-rent as
constant and always equal to its equilibrium value, he can
identify a difference between planned and realized income
only in the case of excess labour supply. The discussion in
the text, with proper treatment of quasi-rent as a variable,
has shown that planned and realized income will differ also
when there is excess demand for labour. Moreover, Clower
does not discuss unfeasibility of production plans, since he
concentrates on the case of excess labour supply.
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disequilibrium, total realized income will always fall short
of its planned magnitude whether there is excess supply of
or excess demand for labour. Furthermore, actual production
will fall short of planned production when there is excess
demand for labour.

Thus, the effects of disequilibrium transactions in
the labour market, followed by production, have been shown
to operate on income and production. The effects on income
ére recognized as those of the third kind. Consider, for
example, the case of excess labour supply: individuals plan
to sell labour services and obtain income in some means of
paymentBl with which to obtain the producible commodity.

Not all plans are realized, however, and thus the endowment
terms of some individuals in the quantity of means of pay-
ment are less than planned. True, labour in these same en-
dowments is still available, since it did not get employed,
but labour is not accepted in exchange for commodities in
the commodity market.

The effects of disequilibrium on market excess demand

for commodities are thus pure quantity effects. Moreover,

BlAt this point, one may assume that payment is in the
form of IOU's in commodities (alternatively, one could
assume that producers have "circulating capital"™ with which
they pay labour; this capital may be in the form of "wage
goods", that is, it may consist of producible commodity
stocks). Later in this Chapter, exchange money will be in-
troduced.
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the effects of unfeasibility of production on excess com-
modity demand are straightforward, namely realized supply
falls short of planned.

(d) Non-tatonnement analysis. With the above illus-

tration of the question of plan feasibility and the consequ-
ent endowment effects in disequilibrium, the analysis may
now proceed to non-tatonnement equilibration in the simplest
possible case. It will be assumed that technology and
tastes do not change during the period required for equili-
bration of the system. Thus, the conditions of demand for
and supply of labour will be the same in every market
period32 during equilibration. The excess demand for labour
in each period will be assumed to exert pressure on the
nominal wage (that is, the value of the wage in terms of a
unit of account) in the standard way, that is,

W = kl EE (wt) (5.21)

where w is the time-derivative of the nominal wage and W, is
the real wage as before.

In the commodity market, it is realized excess demand

for commodities that will be considered as a factor affecting

32Excess demand for labour cannot be satisfied
through inventory; neither does excess supply add to inven-
tcry. However, excess demand for labour in one market
period will be expected to result in a change in the wage.
See below in the text.
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the commodity price change. That this is a logical choice
follows from the discussion in part (c)} above, where it was
shown that realized magnitudes may differ from planned
(since not all planned magnitudes are feasible in disegui-
librium), hence pure-quantity endowment effects on realized
production and demand must now be considered.

Realized production in each market period will depend
on the situation in the labour market, and the consequent
transactions in labour between producers and individuals in
disequilibrium. Thus, in the case of excess labour supply,
realized production will equal its planned magnitude. 1In
the case of excess demand for labour realized production will
proceed only to the extent that labour is available. In
short, employment and the consequent production level will

always be constrained by the short end of the labour
33

market. Thus, realized production may be written
= £) = £DF W) = Fr(w.) if W.s w, with FE. 0
0° S e : T t £” w <
t - _ (5.22)
= = * = i 1
 f(Lt ) fis (wt)] G(wt) if W< W, with Gw> 0

where G is a functional symbol. The first part of this equa~

tion shows that realized production is equal to planned if

33This reminds one of the Hahn process in non-tatonne-
ment exchange, discussed in Chapter ITI, and of the same
point made by Clower, also discussed in Chapter III.
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the real wage is above equilibrium,34 that is, when labour
is in excess supply. The second part says that realized pro-
duction equals the maximum amount that can be produced given
the quantity of labour available when the labour is in ex=-
cess demand. The quantity of labour available in this case
is that of planned labour supply, as denoted by Li* above.

The response of realized output to a change in the
real wage then depends on whether the situation is one of ex-
cess deman@ or excess supply of labour. When there is excess
supply, a fall in the real wage towards its equilibrium value
increases the amount of labour optimally demanded by pro-
ducers, and therefore increases realized production. When
there is excess demand, in contrast, a fall in the real wage
reduces the amount of labour supplied35 and consequently the
level of realized production. This explains why the response
of production to the real wage is positive in this case,
while it is negative at real wages above equilibrium.

One component of the realized excess demand for com-

modities has thus been specified in the above discussion.

It remains to discuss the realized demand for the commodity.

34The value at which the demand for labour equals the
supply. Due to the assumption of unchanged technology and
tastes, this equilibrium remains unchanged throughout the
equilibration period.

35The assumption here is, of course, that the response
of labour supply to the real wage is positive.
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In the simple abstract model of this Section there is
not much choice as to the specification of the demand for
commodities: the choice problem of individuals in this
economy was confined to leisure versus consumption of the
single commodity. Thus, whatever amount of income forth-
coming from sales of labour services, it will be "spent"36
on the commodity. In other woxrds, realized commodity demand
must be assumed equal to income: when income is less than
planned, so is demand.

But the value of realized production is identically
equal to income created in the process. Thus it turns out
that in this simplest case realized excess commodity demand
is identically zero, since realized production equals
realized demand at all times.

It follows from the foregoing that in the present
model the sales plans of producers are never falsified (the
model in Section 5.3 allows for such falsification).

Before proceeding to a discussion of the implications
of equality of demand to income for the process of adjust-

ment, it may be useful to bring together all the components

36Again, the form of payment of labour does not make
a difference to the argument: if payment was in IOU's, they
will all be spent on commodity consumption. If it was in
terms of commodities from "circulating capital", repletion
of that capital and consumption by producers will exhaust
production. The case of payment in exchange money will be
examined in the next Section.
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of the model for easy reference. Thus,
a*

Planned Labour Demand: L_ = D*(w.), DX < 0, (5.4)

*
Planned Labour Supply: LS’ = S*(w,),6 S* Z 0 ’ (5.11)

t t'r w <
. * = * *
Planned Excess Labour Demand: EL EL(wt) ’ ELW'<O (5.16)
Realized Commodity Production:Qi = F*(wt)
(5.22)

or G(Wt)' F§ <0, G,> 0
Realized Commodity Demand: Qi =Y = Qz (5.23)
Realized Excess Commodity Demand: Ec = Qd - QO (5.24)
Wage Adjustment Rule: W = kl [Ef(wt)] (5.21)
Price Adjustment Rule:P = k, [Ec] (5.25).,

Of the two equations describing adjustment in this
framework, only one is in fact operative: +the value of
realized excess commodity demand (as distinct from planned
excess demand) in disequilibrium is identically zero. Thus
there is no pressure for price change in the commodity
market. Walras' Law still holds as far as planned excess de-
mands are concerned, and in this sense, excess planned
supply in the labour market is still matched by excess
planned demand in the commodity market according to equation
(5.17) above. However, the planned excess demand in the
commodity market cannot legitimately be considered as a de-
terminant of pressure on the commodity price, since it is
purely a theoretical demand: realized demand is necessarily
constrained by realized income, that is by the value of

realized production in disequilibrium.
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It may be thought that realized excess demand in the
model under discussion is equal to zero because of the fact
that total demand equals income. However, this is not the
assumption responsible for the lack of pressure on the com-
modity price under the circumstances: demand was supposed
to equal income also in the tatonnement case, examined in
Kb) above, but excess planned demand for commodities was not
equal to zero outside equilibrium. It is thus the consider-
ation of realized rather than plapned income and demand
that is responsible for the zero value of realized excess
demand for commodities at all prices. But consideration of
realized magnitudes is required in disequilibrium; it thus
follows that it is disequilibrium analysis which brings about
this result.

(e) Concluding remarks: To recapitulate, the main

result of the above analysis is that (under disequilibrium
production) disequilibrium in the labour market will fail to

produce a corresponding disequilibrium in the market for the

37

commodity . The implication of this result is that the

37Contrast this general statement with Clower‘s remark
that "Contrary to the findings of traditional theory, excess
demand may fail to appear anywhere in the economy under con-
ditions of less than full employment" (Clower, 1965,p.122).
Clower confines his statement to the case of excess labour
supply, because his treatment of quasi-rent as constant de-
prives his analysis of the general result. When the illegi=-
timate assumption of constant quasi-rent is dropped; the
~general statement of the text above holds.
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equilibration can take place. Thus changes in the nominal
wage from market period to market period are necessary in
order to bring the system to equilibrium. “Flexibility" of
the nominal wage (as expressed in the speed of response of
this wage to the excess demand in the labour market) is a
key factor in the ability of the system to "attain" equili-
brium. As for stability, the assumption with regard to the
responsiveness of excess demand for labour to the wage

(E*

Lw
locally stable.

< 0, in equation 5.16) assures that the system is

The stationary state of the non-tatonnement model is
the same as that of the tatonnement model of (b) above. The
out~of-equilibrium behaviour in non-tatonnement is confined
to the nominal wage, however.

The model presented here serves the function of making
clear some basic problems associated with equilibration under
non-tatonnement in production and exchange. Thus no further
discussion of it is necessary, and the analysis proceeds, in
the néxt Section, with formulation of a‘slightly more general
model with exchange money, and later with inventories. Com-
parisons relevant to the main questions raised in this in-
vestigation38 will be made with reference to that extended

model.

38See Chapter I.
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5.3 A Diseguilibrium Model with Exchange Money

The analysis here extends the model discussed in 5.2
to include one more commodity: non-producible "exchange
money", the stock of which is exogenously given and in-
finitely durable. The producible cbmmodity is still assumed
non-durable until Part (d) of this Section, where inventory
considerations are introduced explicitly, but informally, in
the model.

Part (a) below deals with the formulation of the
model necessary in order to include exchange money as an ad-
ditional commodity. Part (b) gives an analysis of the taton-
nement process of equilibration in thié model. Part (¢) pro-
ceeds to disequilibrium analysis on the assumption that the
commodity is non-durable, while Part (d) introduces the pos-
sibility that the commodity may be durable, and discusses the
consequences of inventory considerations in the model.
Finally, Part (e) contains closing remarks.

The main difference from the model of the previous
Section lies in the range of choice as to how income may be
"spent" in this model: it is now possible to demand not
only the producible commodity but also “exchange money". In
fact, the latter is a substitute commodity in the prefer-
ences of the typical individual, as will be seen presently.

The consequence of this increase in the range of
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- choice is that it is now possible for commodity demand to
differ from income. Total demand for the commodity and
money must, in this model, equal the sum of total income and
money balances, as will be seen in the specification of the
budget constraint below. It is not necéssary, however, that
commodity demand eqgual income and demand for money equal
money balanées, unless the system is in equilibrium. Thus
the consequence is that when commodity demand differs from
income (because demand for money differs from money balances)
it also diffexs from production, since the latter is iden-
tically equal to income.

As a result, sales plans of producers at expected
prices may not be feasible, except in equilibrium. The com-
modity is assumed initially to be non-durable, that is, sup-
ply equals production. In this case, the excess supply or
demand in the commedity market is taken care of by means of
price variation, in the manner analyzed in Chapter IV. When
inventory considerations are introduced, the excess commodity
supply or demend is corrected by both price and inventory
changes.

| Unfeasibility (and falsification) of sales plans has
consequences for production plans. In the case of non-
durable commodity, the effects on production operate through
price. When the commodity is durable, the effects on produc—~

tion come from price changes as well as from the fact that



278

inventories are different from their optimal values outside
equilibrium.

(a) Formulation of the model. The introduction of ex-

change money as an additional commodity may be made in the
standard way,39 through the utility function. The problem
of utility maximization is then solved to obtain demand
functions for money and the commodity, as well as the supply

function for labour. The problem may be written, in the

aggregate,
* * *
Maximize U= U(Qd ’ n° . md ) (5.26)
* J * * *
subject to Qd +n% = v o+ wL® o+ m° (5.27)

where md* is the real amount of money demanded (measured in
units of the commodity) and n® is the total real quantity of
money in the economy. The partial derivative of the utility
function with respect to real money balances is assumed posi-
tive. The budget constraint has, on the left-hand side, the
planned expenditure on the commodity and money, and on the
right-hand side, the incomes planned from quasi-rent and
labour as well as the money stock.

First¥order conditions for this maximum provide equa-
tidns from which the demand for commodities, the demand for
money and the supply of labour (all planned functions) may

be derived. These will, in general, depend on real money

39Compare D. Patinkin (1965).
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balances and the real wage.

In order to simplify the exposition below, it will be
assumed here that real balances do not affect the plans to
supply labour, that is to say, the derivative of labour
supply with respect to m is zero in this modelo40
Slopes of functions are assumed “normal®, that is,
pure-price effects are taken to be well-behaved.

Given the above remarks, the functions derived froﬁ

the first-order conditions of the maximization problem above

may be written,

ng = H*(wt,mi) P HX > 0, HE > 0 (5.28)

md* = N*(w ,ms) ;, N*# > 0, N* > 0 (5.29)
T ’ t't w m

1% = g (w.) S* > 0 (5.11)
t : t " Yw

where N is a functional symbol and all other symbols have
been explained before.

The production side of the model here is the same as
in the model of the previous Section, summarized in equa-

tions (5.1) to (5.4). Of these, only the planned production

4OIf money balances are allowed to affect the labour
supply, the excess demand for labour ceases to be homogeneous
of degree zero in the nominal wage and the commodity price.
Equilibrium in the labour market then depends not on the
value of the real wage but on the specific values of the
nominal wage and the commodity price. Since this dependence
will occur with tatonnement as well as with non-tatonnement,
abstraction from it is not expected to make a difference to
the results of the comparisons sought here.
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and planned demand for labour are useful here, and will be
reproduced together with the other equations of the model to
be analyzed. The complete model consists of

gs=

Labour Demand: L = D*(wt) ’ D§ < 0, (5.4)
*
Labour Supply: Li = S*(wt) ’ S; > 0, (5.11)
*
Commodity Production: Qz = F*(wt) ’ F% < 0, (5.3)

Commodity Demand: Qg*é H*(wt,mi) ; H$ >0 , HX > 0, (5.28)
Demand for Money : mi*= N¥(w_,mg) , NE >0, NE >0, (5.29)
and Money Supply (in real terms): m° = m° (5.30).

Before proceeding, it is useful to show Walras' Law
in the context of planned excess demands in this model, and
to write out these planned excess demands, as they will be
useful later. First, Walras' Law may be shown to hold for
the sum of planned excess demands in this model if the value
of gquasi-rent income from (5.1) is substituted into equa-
tion (5.27) to yield,

% - 0 + @¥- ) 4w - 5 = 0 (5.31) .
Thus, in tatonnement analysis at least, only two of the mar-
kets need be used. These will be the commodity and the
labour market.

Second, the excess demands for commodities and labour

may be written

* = * *
EL EL(wt) ’ ELW <0 (5.16)
and E* = Qd*— QO*= E* (w mS) E* >0, E* > 0,(5.32)
e t't ! Tow " “cm rAee
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where the signs of the partial derivatives with respect to
the real wage and the real money supply are directly derived
from the assumptions governing demand and supply.

It should be noted that the derivatives of planned
excess demands are with respect to real magnitudes. Since
these are the nominal magnitudes divided by the commodity
price, it is easy to derive partial derivatives of the ex-
cess demands with respect to the nominal wage and the com~-
modity price. These derivatives will be needed in the dyna-

mic analysis that follows and are,

2
* = mk E% = -p% ]
ELW ELw /P ﬁP : ELw (W/p™), (5.323a)
* = m% * = _(m% Mo 2
ECW ‘ECW / P ’ EcP (EEW + Ecm M7) (W/P )
s

where capital letters signify nominal magnitudes. Thus, M
denotes nominal money balances and EgW the partial derivative
of excess commodity demand with respect to the money wage.

The signs of these derivatives (given the assumptions
of the model under analysis) are,

< 0, E* >0 , E*¥ >0 and Eé <0 (5.32b).

¥
T IW LP cW P

(b) Tatonnement analysis. The nominal wage is as

usual assumed to respond to the excess demand in the labour
market, and the nominal price to that of the commodity
market. The adjustment equations are, then,

W

1

Ky [E*] ()] (5.21)

and P

i

s
k2 {Eé (Wt,mt)] (5.33).
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Linearization of this differential equation system around
the equilibrium wage and price and neglect of the constant
terms of this linearizationél results in the system (where

the signs of the derivatives are indicated)

e 7] B T (=) )1 [ 7
kS *
W kl 0 ELW‘ ELP W
- (5.34)
. (+) (=)
- % %
hP J “0 k2g‘ ECW ECP_J ~AP B
or, in short-hand notation,
V. = KAV (5.34)

wﬁere V is the vector of time-derivatives of W and P; K is
the diagonal matrix of speeds;A A is the Jacobian of excess
demands; and V the vector with elements W and P.

Stability conditions require that the trace of KA be
negative and the determinant of KA positivee42 Given that
B P
(5.32b) above), the trace condition is satisfied for any

and Eg are both negative (as has been established in

speeds of adjustment kl ’ k2 . As for the determinant of A,

41As it has already been pointed out, this neglect

has no consequences for the stability analysis of the model,
since it merely implies a transformation of axes.

42According to the Routh-Hurwicz conditions. See
Chapter III above, and, for example, Samuelson (1%947).
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its sign is also consistent with stability, that is, posi-
tive.43 Thus, the system is stable for any speeds of adjust-
ment. Moreover, its approach to equilibrium cannot be cycli-
cal,44 that is, both price and wage must approach it from

one side.

The dynamic movement of wages and prices during the
tatonnement process may be illustrated in a simple phase
diagram in wage-price space. In Figure 5.3, the line CEC
is the commodity-market-equilibrium locus, that is, the set
of combinations of wages and prices at which planned excess
demand for the commodity is zero°45 Points above this line
represent combinations of wages and prices at which there
exists excess demand for commodities while point below re-

present excess supply of commodities,46

3Using 5.32a, one finds that the determinant of KA
is equal to the expression klszﬁuﬁE*cm(stW/P');<whére o

bars denote equilibrium values. The expression for the
determinant is unambiguously positive, given the assumptions
of the analysis.

44The off-diagonal elements of KA are of the same
sign, and this precludes complex characteristic roots, as
examination of the well-known formula for these roots shows.

4Sstrictly speaking, the straight line in the Figure
is the linear approximation of the true line.
46

This follows from the sign of either Eép or E* .
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The line OEL is the labour-market-equilibrium locus.
Points above this line indicate excess supply of labour, and
vice versa for points below.

Examination of the algebraic expressions for the
slopes of these loci in (W,P) space will show that they must
cut in the way illustrated, given the assumptions of the

model.47

W C

Ta /
ITI¢

0 p
Figure 5.3

The diagram may now be used to illustrate the out-
of-equilibrium movements of prices and wages traced by the
auctioneer, while every participant in the market sits and
waits for equilibrium to be established. The reason for
such an examination is to provide the basis for comparison of
this path with the path of non-tatonnement. If it turns out

that the tatonnement path "approximates" the more "acceptable"

47The slope of the line OEL is _EEP/EEW evaluated at

equilibrium, which equals W/P. On_the othgr hand, the slope
of CEC is -EéP/E;W which equals W/P + EémM /EéW P. Thus, the

slope of the labour-market locus is less than the slope of
the commodity locus.
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non-tatonnement movement, so much the better for tatonnement
analysis of the process of adjustmeht itself. If not, such
analysis will have to be abandoned in favour of non-
tatonnement analysis of movement towards equilibrium.

Section I in Figure 5.3 is an area where both the wage
and the price are too high for equilibrium. There is excess
supply in both markets, and both wage and price tend to fall,
as the arrows in this Section indicate. Section IIT in the
Figure presents exactly the opposite problem, with too low
prices and éxcess demands. Finally, Section II is one of
excess commodity supply and excess labour demand, while
Section IV has the opposite situation,48

In conclusion, the tatonnement process in this model
is stable under the given assumptions, and does not cycle in
the approach to equilibrium. Moreover, it can be shown that
the dynamics of tatonnement will bring and keep the system
to a situation of either excess demand or excess supply in

both markets considered.49

48'1‘he money market is unambiguously in excess demand

when the system is in I, and in excess supply when in III.
It is not clear that the situation is in that market when the
system is either in II or IV.

49The proof of this statement is based on the fact that
most paths of the differential equation system tend to ap-
proach the "dominant characteristic vector" (the vector asso-
ciated with the largest root). In the case examined, this
vector lies in between the CEC and OEL lines. Thus, most
paths will be approaching equilibrium via either Section I
or III in the diagram.
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(c) Non=tatonnement eguilibration: - non-durable

commodity. As befofe, the introduction of disequilibrium
labour purchases and production in each market period re-
quires no modification of the labour market components of the
model. It is theAcommodity market that has to be modified
and this modification will be carried out first, followed by
analysis of the non-tatonnement process in production and
exchange. The commbdity is explicitly’assumed non-durable
in this discussion. Thus, sufficient price. variation

is assumed to clear the commodity market in each period.

It has already been shown that when false transac-
tions in the labour market are carried out, the total rea-
lized income from production following these transactions
falls short of its planned magnitude because of falsifica-
tion of either wage or quasi-rent income. In any event, the
determination of realized demand for commodities is in fact
based on realized income, which is a constant for purposes
of utility maximization in this case, and a source of pure-
guantity effects on demand.

The problem of utility maximization becomes,

Co _ s d d.

Maximize Ut _’U(Lt ’ Qt » M ) (5.35)
. d d _ s

subject to Qt tmg o= Yt + my (5.36)

where the amount of labour supplied is a constant, and so is
total income from labour and quasi-rent. The choice is now

between the commodity and money, given a constant income and
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an initial money stock. From the first-order conditions for
a maximum of this problem one obtains the realized demand

functions for money and the commodity as follows:

md = N(Y,ms) s N, >0 , N >0 (5.37)
t Y m
d S

Qt = H(Y,m") , HY >0 , Hm > 0 (5.38)

where the slopes of the realized functions have been assumed
"normal"®.

The demand functions thus derived are seen +o depend
not only on prices (via MS/P) as is the case of demand func-
tions of traditional theory, but also on quantities, namely

. . . . . 50 R
income realized from sales of input services. This inte-

~gration of quantities and prices in the gemand functions has

now been achieved. 1In fact, the realized demand for com-
modities (5.37) is easily seen to correspond to the tradi-
tional "Keynesian® expénditure function where the "real bal-
ance effect" introduced by Patinkin has been incorporated.

Thus, expenditure depends on “real income" and the value of

real money balances. The main point, however, is that "real

income" as a determinant of expenditure is realized rather

than planned income.

50This, it will be remembered, was the complaint
voiced by Clower (1965) where he suggested a solution to it
by means of the "dual decision hypothesis". As has been
pointed out in Chapter III and shown in this Chapter, planned
income is never realized in disequilibrium. Hence, the
concept of "duality" in the decision-making process loses its
meaning. The truth remains, however, that realized incomes
must enter demand functions, to take account of pure-quantity

effects in disequilibrium.
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In the model undexr discussion, realized income —-
which is identically equal to realized production =~ is a
function of the real wage ruling at the time when transac—
tions in inputs took place. This has been formalized in
equation (5.22) above, which may be used to substitute the
real wage instead of income in the realized demand functions.
With this substitution one obtains, for the demand for com-

modities,
* S -
a H [F (wt) ’ mt ] for w > w

Q= (5.39)

S o
H [G (Wt) R mt ] forw < w

The derivatives of this function with respect to the real

wage and with respect to the real money supply are as follows:
H =H,F* <0 forw > w
W Y'w

H
w

1

H.G > 0 for w < w (5.40)
Y w

and Hm >0 ,

that is, a rise in the real wage when it is above its equili-
brium value reduces commodity demand, because employment and
income of labour is reduced. On the other hand, a rise in
the wage when below its equilibrium value makes more labour
available for employment and the increased income results to
a higher demand. Finally, a rise in the real balances in-
creases demand for commodities. |
The demand side of the commodity market has now been

specified. The supply side is as in the equation (5.22),
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depicting realized production.

Walras' Law cannot be shown to hold with respect to
the realized excess demands in this model: as is obvious
from equation (5.36) above, the sum of realized excess de-
mands for money and commodities is identically zero at all
prices.51 Thus, either positive or negative excess demand
in the labour market fails to be reflected in the other
markets of the system.52 The consequence of this is that
the labour market must equilibrate by means of its own
devices.

It will be recalled that this same conclusion was
reached in the case of the previous Section, where demand
was always equal to income. Thus it has again been shown
that it is not the assumption of income-demand equality that
throws the burden of equilibration on the labour market; it
is rather the fact that realized and not planned excess de-
mands are considered in the disequilibrium analysis of this
and’the previous Section.

Though Walras' Law does not hold with respect to all
egcess demands, it certainly holds .for the sum of the realized

excess demand for money and the commodity, as has already

51
obvious.

52This is again a generalization of Clower's claim
(1965,p.122) that excess labour supply fails to be reflected

in the other markets of the system. See also Section 5.2(c)
above,

Substitution of QO for Y in that equation makes this
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been pointed ocut by means of equation (5.36). It is thus
possible to ignore what happens in the money market of the
system, since if it is in equilibrium, the commodity market
will also be in equilibrium.

The model to be analyzed here,thus,consists of the
equations for the labour market, and those for the commodity
market, just developed. These equations are reproduced here

for easy reference:

Labour Demand: Ld*= D*(wt) ' Dg <0, (5.4)
Labour Supply: Lsk: S*(wt) ; Sé >0 , (5.11)
Commodity Demand: Qd= H[F*(wt) or G(wt), mi] (5.39)
and Commodity Supply: QO =v[F*(wt) or G(wt)] ’ (5.22)

where labour demand and supply are planned and commodity de-
mand and supply are realized. As mentioned above, the money
market may be omitted.

The excess demands for labour and the commodity may

be written,

* = * * *

! EF _EL(wt), L. Q , Ef, > 0 (5.16)
_ d_ o _ * S q_ o

E =Q0"-Q° = HI[F (wt) or G(wt), m”]-[F (wt)

(5.40)
or G(wt)]

and the responses of excess demand for commodities to the
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nominal wage and the price of the commodity are53

Eq > 0 and E, < 0 for w > w
(5.41).

< 0 and E! 0 for w < w

1
EcW cP

Al

where the prime on the derivatives distinguishes them from
the same derivatives when the wage is above its equilibrium
value.

The discussion may now proceed to the equilibration
process, by specifying the wage and price adjustments in the

standard ways:

W = kl [EE] (5.42)
P = k2 [Ec] (5.43).

The linearization of this system around the equili-
brium must take care of the fact that the derivatives of the
excess demand for commodities with respect to the wage and
price are not the same on both sides of the equilibrium

point, as is clear from (5.41l) above. Thus, a "left-hand"

53 — * % =
From (:'42)'ECW (HYFw Fw)/P> 0, and EcP
W[F$(1_HY)-EcmM /P” which is less than zero at least as long
as Hyé 1. Since HY is in fact the marginal propensity to
spend out of real income, the assumption concerning its wvalue
is eminently reasonable.

The expressions for Eé

and Eé are identical to the

W p
above but with the term G in lieu of F*. Since G, is of oppo-

site sign to that of F*, the derivative E' _ is negative, while
while Eé is of ambiguous sign. This signcambiguity causes
problems for the stability of the system, as will be seen be-
low.
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and a "right-hand" derivative must be used, and each must be
supposed to hold when the proper values of the real wage are

considered. The linearized system may be written54

] T 7 ™ (~) S
W ky 0 E¥o E¥5 W
| = ' (5.44)
. (+) (-) ~ '
VPJ _E kg_J ECW EcP . P B} for w>w

or; in short-hand notation,

e’

V = KBV for w > w (5.44)

and, for the case of the real wage being below its equili-

brium,
. ™ (=) (+) 7 'r' N
* *
W kl 0 ELW ELP W
(5.45),
Sl (-) () ¢ -
. ; or w < w
LPJ i 0 k.z _ECW ECP_J P
or, in short-hand notation,
V = KDV for w < w (5.45).

The signs of the elements of the Jacobians B and D are given

in this notation. |
The mechanics of the formulation of the process of

non-tatonnement in this simple model are now complete, and

stability may be examined. The values of the determinants

54Neglecting constant terms.
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of KB and KD must be positive, and their traces negative.
As it turns out, the values of the determinants of XB and

KD are in fact egual to the common value:

k. k. wex 5 wmS/p3 (5.46)
17277 IW cm ©

which is unambiguously positive, given the assumptions made
in the formulation of the modele55 Thus, the first of the
stability conditions is satisfied by both determinants.

On the other hand, the trace condition is unambim
~guously satisfied only by KB, whose main diagonal elements
are both negative, as may be seen from (5.44). The trace of
KD, however, is not unambiguously negative, since the sign

of Eé is ambiguous.

P
The possibility of instability thus arises when the
real wage is below its equilibrium value, and depends on the

sign of the trace of KD, that is,

k + k E? (5.47)

%*
lELW 27cP

e

The economics of this case may now be briefly con-

sidered. Given the specification of the model under analysis;

55In fact, the value of the determinants of KB and KD

is almost identical with the value of the determinant of KA
in the tatonnement analysis in part (b) above. The only
difference is that it is the partial derivative of the
-planned excess demand for commodities with respect to real
balances that is involved in the value of the determinant
of KA, while hexe it is the derivative of the realized
function, Ecm .



294

it is clear what effect a change in the commodity price has

on the realized excess demand for commodities: on the one

hand, a rise in price lowers the real wage and makes for con-

ditions of excess demand for labour. Production falls as a

consequence of less labour available to employ, and
supply side of the commodity market tends to create
tions for excess commodity demand. Realized income
money balances, however, both fall as a consequence
rise in price, and therefore demand for commodities

falls.

the
condi-
and real
of the

also

If it happens that the fall in realized commodity de-

mand is greater than the fall in the commodity supply, the

response of excess demand to price, Eép ; 1s negative, and

there is no possibility of instability. If, however, the

fall in realized demand is less (in absolute value)

than the

fall in the commodity supply, the response of excess demand

to the price is positive, and the possibility of an

system is present.

unstable

Even when the response of excess demand for commo-

dities to price is positive, it is still possible that the

trace of the matrix D as shown in equation (5.47) be negative,
thus assuring stability. The determining factor in this case
is obviously the relative size of the speeds of adjustment of

price and wage. Thus, as is clear from (5.47), if the speed

of adjustment in the nominal wage is high relative to the
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speed of price adjustment, the possibility of instability
may never materialize.

Casual empricism does not seem to support the sugges-
tion that the speed of adjustment of wages 1s greater than
that of prices; the possibility of instability raised above
may thus become a reality, once the basic condition of the
negativity of'ECP fails to be satisfied. Some more dig-
cussion of this point is found towards the end of this
Section.,

The stability analysis of the system is now complete,
and the discussion may turn to the question of the path of
adjustment towards equilibrium, assuming that the system is
stable. If the initial real wage is above equilibrium, the
approach cannot be cyclical,56 while if the system finds it-
self with real wage below equilibrium, it may approach
equilibrium in a cyclical fashion.>’

Finally, the question of the stationary state of this
disequilibrium model may be raised: under the assumption
that the commodity is a non~durable, the stationary state
of the model does not change when diseqﬁilibrium behaviour

is taken explicitly into account: the labour market will be

56Both off-diagonal elements of B are of the same
sign, and this precludes complex characteristic roots.

57The off-diagonal elements of D are not the same
sign, and the possibility of complex roots exists.
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in equilibrium only when the real wage attains the same
value as that required for equilibrium in the tatonnement
version of the model. At this real wage, planned and rea-
lized income are equal, and probably the only adjustment
neCessaxy would be a change in nominal wages and prices such
that == while the real wage does not change -- the price of
the commodity adjusts so that demand er the commodity
equals supply. By Walras' Law as applied to commodity and
money demands, the money market will also be in eqguilibrium
under these conditions.

Before proceeding to a graphical illustration of
most of the above points and to an example of a parameter
change within this disequilibrium model, it may be desirable
to remind the reader of the assumption that the producible
commodity in this model is a non-durable. The implication
is that the market for it is “cleared“58 during each period,
and thus there are no carry-overs of inventories from one
market period to another. Such carry-overs will be intro-
duced informally in the next part of this Section.

Most of the foregoing may be summarized and

58The speed of adjustment of price, that is, may
assume to be high enough to achieve this effect. 'Since the
commodity is non-durable, it is plausible o think in these
terms. One could calculate the speed of adjustment neces-
sary to equalize the given commodity supply to the wvariable
commodity demand, via variation of real balances. The re-
quired value is k2 =p2 / EcmMs .
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illustrated in a diagram similar to that used for the taton-
nement process. In Figure 5.4 below, the line OEL is iden-
tical to the labour market equilibrium locus of the tatonne-

9

ment model.5 The commodity market equilibrium locus now has a

positive slope for real wages above equilibrium60 and possibly
a positive slope for values below equilibrium.6'l In the Figure,
this latter possibility is illustrated by three possible por-
tions of CEC below equilibrium real wage, namely, EC, EC' and EC".
W CL
W c g
7
1v I L , '
6143 II Ly //
[ ) ~
J]"} ¢ \\E
7 <

c H 4 .
II | i/ ~ &
T C 1
0 P 0 P
Figure 5.4 Figure5.5

The ambiguity of the slope of the lower portion of

CEC relates to the possibility of instability in the systemn.

59 as before, the slope is equal to -E*_/E* = y .
L/ F 2 Y s
60Equal to —ECP/ECW, that is, equal tow - —;EEL———-,
which is greater than w. Fa (1-Hy)

51 v e . L
Equal to EcP/E W This slope may be positive,

but it is always less than the equilibrium real wage, since,
with the above partial derivatives evaluated in the neigh-

bourhood of equilibrium the slope egquals w [l—EcmMs/GW(l—HQ)L
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In order for this possibility to exist, the slope must be
positive, as is the portion EC".62

The W,P space in the Figure is again divided into
four sections with the familiar circumstances of excess de-
mands for labour and the commodity and the consequent ten-
dencies in wage and price movements, summarized by the
arrows. The situation is similar but not identical to that
of the tatonnement process analyzed in the previous section,
since the approach to equilibrium may be different and the
possibility of instability is present. |

Figures 5.5 and 5.6 may be used to illustrate the ap-
proach to equilibrium in non-tatonnement. In Figure 5.5,
the characteristic vectors of matrix B above are shown as
lines LlLl for the dominant and L2L2 for the other vector.
Since matrix B applies in the case of excess supply of
labour, the characteristic vectors are relevant only for
this case. Thus, if the system is initially in section I,
it will remain there, while if in section IV to the right of
L2L2 , say point A, it will enter section I eventually. 1If,
however, the initial conditions are as at point H, the system

will cross to section III where matrix D becomes relevant.

Once in Section III, the system may cycle or approach

62Still, instability need not necessarily obtain, as
has been discussed above.
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equilibrium asymptotically or exhibit instability. In

Figure 5.6(a), the cyclical movement is illustrated which
everitually brings the economy to Section I and to equili-
brium. Figure 5.6 (b) shows the non-cyclical approach to

equilibrium,63 and 5.6(¢c) the unstable case.

IV .| Iv
II Cl!

E TT
E —
K/fIII o C TIT

P d (b) P 0 (c) P

Figure 5.6

The movements of the relevant variables in the above
’illustrated cases may now be discussed. When the system
starts with unemployment and excess supply (Section I), both
prices and wages fall but the real wage and production move-
ments may be in either direction, i.e., the real wage may
'fall and production may rise (as in the path from A to E in
Figure 5.5) or the real wage rise and output fall (as in the
path from G to E). When the initial position is excess de-

mand for commodities and excess supply of labour (Section IV)

63‘I‘he dominant characteristic wvector in this case may
be positively or negatively sloped. The path in the Figure
assumes a positive slope.
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prices rise and wages fall, output rises and the real wage
falls. The system may then either eliminate excess commo-
dity demand first, in which case it enters Section I, or the
excess labour supply first by entering Section IIT. With
the initial position in Section III, i.e., with excess de-
mand in both commodities and labour, the possibilities de-
picted in Figures 5.6 arise. Thus, (Figure 5.6 (a)) with
prices and wages rising the real wage may rise or fall for
some time and production will move in the same direction.
When excess commodity demand is eliminated and excess supply
‘appears (Section II), the real wage will unambiguously rise
since prices will start falling, and production will unam-
biguous;y rise, too. Elimination of the excess demand for
labour and appearance of excess supply will be the last
stage of equilibration in this case of cyclical approach.
Once in Section III, however, the system may approach equil-
ibrium by means of wage-price inflation, with rising real
wage and output (Figure 5.6(b)). Finally, it may exhibit
tendencies to instability, with prolonged wage and price in-
flation and recession in output, until either parameters or
speeds of adjustment change so that the real wage rises,
thus bringing the economy to Section II.

The reader is reminded that the possibility of insta-

bility (once it exists) becomes greater the less the speed
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of wage adjustment is in relation to the speed of price ad-
Justment. Thus, instability is probable to happen in a
situation in which labour is the loser in the wage~price
race.

Moreover, it may be of interest to note that in most
of the cases discussed above, the system must finally ap-
proach equilibrium frem Section I of the diagrams, which
means wage and price deflation. As will be seen in the fol-
lowing paragraph, price and wage deflation may be avoided by
means of an increase in the money supply. In the absence of
policy, however, and in the presence of some downward in-
flexibility, the process of equilibration may be painful.

It is obviously not legitimate +to identify the dyna-
mic movement of this model economy to the "real world" withe
out some elaboration of the simple model used in thig Sec-
tion. Nevertheless, it is interesting to see how parametric
shocks would work themselves out in this simple framework.
In the next paragraph, the effect of a change in the money
supply is briefly examined.

A change in the nominal stock of money will displace
the commodity equilibrium locus along OEL, to the right for
an increase and to the left for a decrease in MS. Thus,
for an increase in money supply, the path of equilibration

will be as in Figure 5.6, with the results of the "crude"
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quantity theory holding between equilibria. If the system
happened to be in Section I when the money supply changed,
some of the deflation necessary for equilibration will be
avoided.

With the analysis of the non-durable commodity model
complete, the discussion in part (d) below introduces non-
durability and inventories in an informal way.

(d) Disequilibrium analysis. Non-durable commodity.

As has already been mentioned, introduction of inventories
in the model implies that the commodity market no longer has
to clear by means of price variation sufficient to make de-
mand equal to production in each period. Inventory move-
ment may take up some of the discrepancy, and some price
change may also happen.

To the extent that inventory positions are changed to
accommodate part of the excess supply or demand in the com-
modity market, one must expect that inventory positions will
affect plans for production and demand for labour in the
next period. It thus becomes the case that production and
Sales plans, as well as demand for labour, are now dependent
on the inventory position which reflects the past history in
the commodity market.

The formal modification necessary to the model in

order to take account of inventory effects on the dynamic



303
movement of the system is thus not the simplest one, since
it involves making labour demand and supply of the commodity
dependent on the integral of past excess flow demands. Such
formal modification will not be attempted but instead the
obvious changes in results will be discussed, with the help
of diagrammatic analysis.

Consider Figure 5.7(a), an exact duplicate of those
illustrating the non-durable commodity case. Any point on
the line OL in this Figure indicates equilibrium in the
labour market. If firms are in stock equilibrium, the same
line describes labour market equilibrium in the model of the
present section.

Now suppose that firms have inventories in excess of
the optimum amount: then, at what was before the equili-~
brium real wage these firms will demand less labour,64 and
as a consequence, the line OL in the Figure indicates ex-
cess supply of labour rather than equilibrium in the labour
market. As a matter of fact, the demand for labour will be
lower than before at any real wage level if firms are in an
excess inventory position, and the opposite is true if there
is inventoxry deficiency.

This implies that the labour market equilibrium locus

depends directly on the inventory position, and rotates

4Because production will be less than sales in this
case. Compare the analysis of Section 4.4 infra.
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clockwise if inventories are in excess and counter-clockwise
if inventories are deficient. Moreover, this dependence on
inventories means that the slope of the locus at any time
depends on the past history of equilibration of the economy .
Finally, it has already been mentioned that in stock-flow
equilibrium where flow demand equals flow supply and in-
ventories are optimal, the locus is that of the non-durable
model.

The dependence of the labour market equilibrium locus
on the inventory position and consequently on the path of
equilibration is the first consequence of introducing inven-
tory considerations in the model under analysis here. The
second consequence concerns effective demand. The latter
has been assumed to depend on realized income which is iden-—
tical in value to realized production. But realized produc-
tion equals planned production when the real wage is above
equilibrium and firms are in the optimum inventory position:
hence w > w and inventories are in excess planned and
realized production will be less than they would be with
stock equilibrium. Since realized output is one of the de-
terminants of demand for commodities, that demand will be
less than what it would be if firms were in stock equilibrium

The above remarks with regard to the consequences of

inventory considerations on realized demand have been
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confined to the case where the real wage is above its long-

run, stock-flow equilibrium value. For levels of the real
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Figure 5.7

wage below this value, the planned production will again bhe
affected by inventory positions but since realized production
is less than planned, there will probably not be any conse-
quences on realized demand income and commodity stock dis-
equilibrium.

The third consequence of introducing inventory consi-
derations involves commodity supply as distinct from produc-
tion. If there is excess inventory, planned commodity
supply will be assumed to exceed production by the amount of
planned inventory liquidation, while with inventory defici-
ency planned supply will fall short of planned production.
The fact that planned production will not materialize at
wage levels below equilibrium complicates matters a little,

and the situation is better explained with the help of
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Figure 5.7.

In Figure 5.7(b), solid lines rebresent the ocoriginal
loci and dotted lines the new loci under the assumption of
a sudden inventory shock which has brought firms into a com-

modity stock surplus positi0n¢65

The labour market equili-
brium locus rotates to OL' from OL and the commodity market
equilibrium locus shifts to C'E'C' from CEC.

The rotation in the lebour market locus has been suf-
ficiently explained both in this Section and in Chapter 1IV.
The shift in the commodity market locus is due both to en-
dowment effects of the third kind operating on demand
through realized income, and to the effects of inventory
positions on supply, both mentioned above. At point A in
the Figure, production after the iﬁventory shock has taken
place 1is less than before, and so is income and demand.
Supply is the same as before. The result is excess commodity
supply at A, and a lower price level is needed to equilibrate
the market, that is, CE shifts to C'E'. At peint B, on the
other hand, production and income are the same as before,66

and so is demand, but sales are higher due to inventory

liquidation. Hence there is again excess supply at B, and

650ne may choose to think of this situation as caused
by a fall in the optimum amount of inventories of producers.

6Since realized production is less than planned, the
fact that planned production is less than before probably
does not matter.
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the commodity locus has shifted to E'CY' from EC.

In summary, inventory surpluses rotate the labour
market locus clockwise and shift the commodity market locus
to the left.

Now consider Figure 5.7(c) for the case of inventory
deficiency. The labour market locus rotates counter-clock-
wise as expected. For the commodity market locus, at point
A, production and income are higher than before and so is de-
ﬁand for commodities, while supply is either the same as be-
fore or less. Hence there is excess commodity demand after
the shock which produced inventory deficiency, and the locus

shifts to C'E' from CE. On the other hand, at point B,

=

. . C - 57
production is the same as before and so is income and demand,

Supply is either the same or less than before. Thus, point
B is either an equilibrium again, or a point of excess de-
mand, in which case EC shifts to E'CY.

In swmmary, inventory deficiencies rotate the labour
market locus counter-clockwise and shift all or portion of
the commodity market locus to the right.

With the consequences of introduction of inventories
clear at least in diagrammatic terms, the investigation now

proceeds to analysis of equilibration in this case. In

67The fact that planned production is higher than be-
fore is immaterial, since it is not realizable.
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Figure 5.8 the initial position of full stock-flow equili;
brium in the system was originally at E, but a decrease in
the demand for commodities68 has autonomously shifted the
commodity locus to C'E'C'. At point E there now exists ex-
cess supply of commodities though the labour market is still
in equilibrium.

For the sake of simplicity in expositiocn, let the
system stay at point E for one period. This implies price
rigidity and adjustment in the commodity market solely via
inventory variation. At the end of the period, inventories
are in excess and firms reduce their planned production at
the going real wage OW; full emﬁloyment of labour now re-
quires a fall in the real wage equal to the difference be-
tween the slopes of OL and OL'. At the initial price level,
the fall in the money wage necessary to achieve this result
is equal to Ea. The unemployment associated with this situa-

69 . \ .
since 1t occurs in a

tion has been called "involuntary",
situation in which the equilibrium real wage indicated by OL
rules but the labour supplied at this real wage cannot all
find employment. Since OL is clearly not "too high" for

stock-flow equilibrium, it is appropriate to attribute the

unemployment at E not to a real wage that is too high but to

68Implying an algebraically equal shift in the demand
money.

6900mpare Patinkin, (1965), Chapter XIII.



309

conditions of demand deficiency and price-wage sluggishness.
If price-wage movements were instantaneous, the system would
have moved to point E' by wage~price deflation and no change

in employment would occur.

W

Figure 5.8

The foregoing explanation of involuntary unemployment
is thus properly attributed to sluggishness in the adjust~
ment required from the price system in the face of a fall in
aggregate demand, and seems close to Keynes' view of the
matter in Chapter 19 of the "General Theory"?o Notice that
even a fall in the money wage by Ea may not increase employ-
ment for any appreciable length of time, since the output

implied by OL' cannot be sold, inventories accumulate and

70 (1936).
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the line OL' rotates clockwise again causing unemployment
in the system. The fall of the money wage by Ea did not
affect realized excess demand in any positive way, and thus
the wage change alone did not bring the system to equilibrium
neither did it correct the unemployment situation. It is
only through both wage and price falls that the situation
may be corrected, the price fall stimulating money demand
for commodities and reducing aggregate excess commodity
supply. The system may then move to both commodity and
labour market equilibrium, and finally to stock equilibrium,
too.‘71 The path towards equilibrium is not as simple as
before; however, because of inventory repercussions on the
economy, and to this analysis the investigation now turns.

Consider again Figure 5.8, and assume that the eco-

nomy had been operating for some time in stock-flow

le.iQng Pp.260 ££. The analysis in Keynes is not
explicitly in terms of inventories, but the general argument
seems very close to the above analysis, especially on page
261 where he allows enterpreneurs to expect that a reduction
in money wages will allow them to sell more output than be-
fore at an increased profit. This assumption is equivalent
to the static expectations assumption in the text, and
Keynes' enterpreneurs are disappointed at the proceeds from
realized output except in the case where the marginal pro-
pensity to consume is unity. Hence, unemployment is again
created. Finally, the effect of falling wages and prices
is the same here as in Keynes (pp. 267 ff.) ,though for
reasons different than Keynes' since the demand side of the
model her=z is "classical" in flavour.
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equilibrium at point E, but the demand for commodities
shifts, in period O?Z to C'E'C'. The resulting commodity
excess supply is only partially corrected via price change,
the price falling by Eb, and partially by inventory accumu-
lation. Period One thus opens with a higher real wage,73
and employment and production fall due to this hicher wage.
But this is not the only effect in this economy: inventory
accumulation has affected planned productibn negatively,

and the latter is less at all real wages than it was with
stock equilibrium. The situation is reflected in the ex-
cess supply of labour: if the money wage falls to c, it
will only reduce the portion of unemployment which is due to
the higher real wage. A further fall to d is required to re-
duce the unemployment caused by inventory accumulation.

The fall in production resulting from inventory accu-
mulation shifts the commodity locus further to C''E''C'' in-
tensifying the excess commodity supply situation in period
One. Both price and wage now fall in that period, in accord-
ance With the adjustment assumptions set out above, and the

economy moves southwest in terms of price and wage configura-

tion. The inventory accumulation of period one, however,

72It will be found more convenient to conduct the
following analysis in discrete time, for purposes of simpler
illustration.

73'I‘he slope of the line from the origin to b.
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again rotates OL' clockwise and shifts CY'E''C'' to the left,
cancelling out some or all of the effects of price adjust-
ment. If it cancels all these effects, the system is un-
stable. If it does not, the wages and prices finally %catch
up" with an equilibrium point such as E'' where there exists
flow but not stock equilibrium, since inventories are still
in excess. Gradual inventory liquidation at E'' shifts the
commodity locus to the xight and the labour locus is rotated
counter-clockwise, bringing the economy to a situation of
excess commodity and labour demand. Excess inventories are
now liquidated faster and scon become deficient, and the
situation completely reverses itself to one of boom and in-
flationary tendencies, with description that should be ob-
vious given the analysis up to this point.

The final stock-flow equilibrium position of the
economy is at E'. The stationary state solution is thus
againbinsensitive‘to the complications introduced in this
Section, but the path to equilibrium is again affected. The
situation now seems one of cyclical approach, if the system
is stable. The stability of this modified system is seen to
depend on all the factors affecting the stability of +the
simpler model and in addition on speeds having to do with
inventory adjustment. If the inventory adjustment proceeds
with high speed, the effects of that adjustment on produc-

tion and demand may be de-stabilizing. In terms of the
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above diagremmatic analysis, the higher such speeds are, the
more the loci of labour and commodity markets rotate and
shift in response to stock diseguilibrium.

The behaviour of real wages in this cyclical movement
is of importance. Returning to Figure 5.8, the real wage
may initially rise as the price falls to b, but thereafter
may be rising or falling, depending on relative speeds of
response of the wage and price. It is true, however, that
it will eventually be falling as the system approaches E"
and in this sense it may be said that the real wage in this
model behaves pro-~cyclically, at least for some time in the
recession. The same is true of the boom situation.

It is obvious that the analysis in this part can be
carried further, and indeed it could have been carried out
in more detail. However, enough has been done to provide a
basis for the comparisons sought in this thesis.

(e) Closing remarks. The disequilibrium model with

exchange money developed in this Section is the one on the
basis of which comparisons between tatonnement and non-
tatonnement equilibration will be carried ocut. The relevant
comparisons and the conclusions are contained in the next

section.
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5.4 Comparisons and Conclusions

The analysis of this Chapter has concentrated on pure
quantity endowment effects as they operate because of plan
falsification in an aggregate model where interdependence is
taken into account. All plans may be falsified in this
framework namely production, income and commodity sales
plans. Pure price effects have been assumed well-~behaved,
and those of the second kind have been assumed away .

The comparisons between tatonnement and non~tatonne-—
ment will be carried out in terms of the model of (b), (),
and (d) of Section 5.3, that is, the diseguilibrium model
with exchange money, including the durable and the non-
durable case.

Given the assumption of well-behaved pure price ef-
fects, exemplified in “normal® slopes of functions, the
tatonnement model was found stable under any speeds of ad-
justment; its approach towards equilibrium could not be
cyclical, that is, the wage and price had to approach egui-
librium values either from above or from below, depending on
initial conditions. Finally, its stationary state was de-
termined in the labour market, given the assumptions employed.

The non-tatonnement model with the non~durable com-
modity presented the possibility of instability despite

well-behaved pure price effects. This possibility was
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~greater the faster the speed of adjustment of price in rela-
tion to the speed of adjustment in the wage. Cyclical ap-
proach to equilibrium was also a possibility; finally, the
stationary state of this model was the same as that of the
tatonnement version.

The non-tatonnement model with a durable commodity
was not formally analyzed, but some tenfative results emerge
from its graphical analysis. Stability in this model seems
a complicated question, dependent on speeds of adjustment of
prices, wages and commodity inventories; the approach to
equilibrium seems almost certainly cyclical; and the sta-
tionary state seems to be the same as in all other cases.

In conclusion, despite the modifications and complica-
tions introduced into the analysis of equilibration by con-
siderations of disequilibrium, the stationary state seems
insensitive to these. The requirements for stability, how-
ever, if worked out on the basis of tatonnement, certainly
misrepresent what is required for stability with disequili-
brium transactions. The tatonnement process only needs well-
behaved pure price effects, while introduction of disequili-
brium and inventory considerations makes stability more
difficult to satisfy, and certainly makes speeds of adjust-
ment relevant to it. Finally, the approach towards equili-

brium in the disequilibrium case is almost certainly cyclical,
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whereas the possibility of cyclical behaviour does not exist
in the tatonnement process.

In summary, apart from the fact that the stationary
state of the tatonnement process (and the consequent com-
parative statics) remains the same, the rest of the analysis
of equilibration under tatonnement does not approximate, in
any satisféctory measure, the out-of-equilibrium behaviour
and the stability requirements when disequilibrium is ex-

plicitly considered.



CHAPTER VI
SUMMARY OF CONCLUSIONS. SUGGESTIONS FOR FURTHER RESEARCH

This Chapter provides a summary of conclusions reach-
ed in this investigation, and an outline of suggestions for
further research on the subject.

The conclusions summarized here are -- unless otherwise
stated -- original with this thesis. These conclusions
fall mainly into two general categories. First(there are
those which are not based on formal analysis, but are in the
nature of perceptions; observations regarding the relative
importance of factors involved in the problem under analysis;
and critical points and evaluative remarks on the existing
contributions. Second, there are those conclusions which
are derived from the main analysis in this thesis, and there-
fore constitute answers to the questions posed in this in-
vestigation. 6

Both categories of conclusions are deemed important,
for different reasons: the first category provides insights
to the problem at hand; assists in the choice of direction
that the analysis should take; and suggests important points
of departure for further analysis. The second category of
conclusions have obvious usefulness, since they provide

direct answers to the questions raised in this investigation.
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(a) Perceptions, observations, and critical points.

To begin with,l it is of considerable importance to realize
that the comparative static (or dynamic) method is based on
the determination of the stationary state by planned behav-
ioural functions and on the stability conditions based on
these functions.2 If it turns out that realized rather than
planned behaviour determines the stationary state or the sta-
bility conditions or both, it may be the case that tradition-
al comparative statics will have to take this into account.

The question as to whether planned behaviour is rele-
vant outside equilibrium arises because, by definition, some
of the (income, sales, and production) plans implied by this
behaviour are plainly not realizable in disequilibrium.

Moreover, if realized behaviour determines the out-of-
equilibrium path of the economy, the additional question
arises whether the path traced by planned functions is at all
an approximation of the disequilibriuﬁ path.

A useful framework in which effects of actual behaviour
may be discussed is provided by the classification of endow-
ment effects into "pure-quantity", “pure-price" effects, and

a combination of the two, the "quantity-price" effects. Most

1Most of the observations that follow are contained in
Chapter I of the thesis.

2Clearly, this realization is not original with this
investigation, except perhaps for the way in which the problem
is spelled out.
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of the work on equilibration processes can be categorized in
terms of the kinds of effects it concentrates upon.

When disequilibrium production is considered explicit-
ly, the possibility arises that no£ only prices but also
quantities may turn out to be "false". This important obser-
vation leads to a classification of disequilibrium models of
production and exchange in terms of the way in which "false"
production volumes are disposed of. Three categories are
distinguished: first are those analyses where the false
quantity is absorbed by demand by means of sufficient price
éhange; second, there is a strand of works where the discre-
pancy between supply and demand is taken care of by means of
inventory variations; and; finally, there exists the possi-
bility for an approach where the discrepancy is corrected

partially by price change and partially by inventory change.

‘The analysis in this investigation has proceeded with models

that correct the discrepancy‘either b§ price change alone,
or by a combination of inventory and price change. It is
obvious that this approach, which has both prices and inven-
tories change in the face of a "false" production volume, is
superior.

With regard to early contributions on the subject of

market'equilibration,3 L. Walras may be inteérpreted to have

3Most of the points made below are contained in
Chapter II of this thesis.
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been concerned mainly with the role of pure-price effects.
His conjecture that diagonal dominance is a sufficient condi-
tion for tatonnement stability has now been'proved correct.
On the other hand, his search for conditions that make equi-
librium prices invariant to quantity-price effects points
towards a direction of research that has not been followed
by modern works on equilibration.

Edgeworth's concept of "sequential equilibration"5 in
the determination of "normal">price has been judged useful,
and has in fact served as é point of departure for the analy-
sis in Chapter V of this investigation.

Marshall concerned himself briefly with realized trans-
actions in a partial equilibrium setting, and established a
condition under which the equilibrium price is insensitive
to such transactions.

| Wicksteed took the route of "imperfect market attend-
ance" in the equilibration process. From a casual-empiricism
point of view, this is an eminently reasonable approach to
take, though it has not been followed up. It seems reason-
ablé to expect that quantity-price endowment effects may not
be important at all in this process, since traders do not

stay in the market to experience a price change subsequent

“This point is due to W. Jaffe, (1967).

‘ 5This interpretation of Edgeworth is due to Walker,
(1973).
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to their transactions.
Finally,6 Hicks' establishment of the fact that pure-

price effects are the main problem in the stability analysis

~of tatonnement exchange is an important contribution. De-

spite the fact that he established it in a "non-dynamic"
setting, it re-surfaces in full dynamic analysis. In fact,
most of the proofs of dynamic stability in multi-market sys-
tems are effectively based on assumptions that make pure-
price effects unable to cause instability. Such exclusion
of Giffen goods is not the most attractive feature of this
strand of analyses.

Work on non-tatonnement processes of equilibration
has been confined to pure exchange models. Extension to in-
clude production is obviously desirable. In any event, it
has been found that quantity-price effects, which are given
the upper hand in the non-tatonnement process of exchange,
do not in fact make stability harder éo achieve.7 The
stationary state ié, however, sensitive to the path that
actual behaviour takes.

The contributions on stability of non—tatonnement
exchange, however, suffer from a serious defect: they assume

that all agents remain in the market for the duration of the

6Most of the following conclusions are contained in
Chapter III of this thesis.

7This stability result is due to K. Arrow and F. Hahn,
(1971).
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equilibration process, despite the fact that transactions
are allowed at all prices. While it is reasonable to have
market participants stay in the market for the whole duration
of the equilibration process when no transactions are allowed
outside equilibrium, the same assumption in non-tatonnement
analysis is questionable. Why, indeed, would an individual
who has succeeded in obtaining his optimal commodity bundlé
(at a disequilibrium price vector) remain in the market any
further?

There are two possible solutions to this contradic-
tory situation. One is, of course, to adopt Wicksteed's
"imperfect attendance" concept, and proceed to analysis of
the non-tatonnement process on the basis of a variable num-
ber of traders. A consequence of this is that quantity-
priée endowment effects might lose much of their importance.
If this is shown to be so, the concentration of present con-
tributions on these effects will in fact turn out to have
been partially a waste of effort.

The other possible solution is to postulate that
traders remain in the market for speculative reasons. But,
in this case, not only will the analysis have to include
specific assumptions on expectations, but also its scope and
the questions asked will be different.

Neither of the above seems a pleasant prospect for

the contributions on the subject of non-tatonnement in pure



323
exchange. This is the main reason why analysis of this
thesis does not use them as points of departure.

From the strand of works in other than the pure
Walrasian tradition, there are promising points of departure.
Thus, the partial disequilibrium analysis of production and
exchange in this thesis constructs a model whose reduced
form is similar to that of the cobweb model. For general
disequilibrium analysis, the points of departure are Clower's
distinction of notional versus effective demands; the feasi-
bility of plans in disequilibrium; and the role of inventor-
ies as determinants of disequilibrium behaviour, hinted at
by D. Patinkin. These considerations are examined in the
context of an "Edgeworthian" process of "sequential equilibra-
tion", with attention paid to the operation of pure-quantity
and other endowment effects.

(b) Main conclusions of the analysis undertaken. The

main results of the analysis undertaken in this thesis may
now be stated. In the context of partial disequilibrium
analysis8 with one (durable or non-durable) commodity under
perfect competition, where only sales plans may be unfeasible,
the result is that introduction of disequilibrium in produc-
tion (with the consequent "false" volumes of output) does not
change the stationary state of the model as compared to that

of the model with tatonnement. The importance of this result

8These results are derived in Chapter IV.
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is obvious: 'comparative static analysis can continue to use
the traditional method of deriving theorems, since introduc-
tion of disequilibrium in production does not make for
change in the equilibria that this—analysis concentrates
upon. (There remains the question of information from sta-
bility conditions, on which see below.)

When disequilibrium in exchange during each market
period is considered in addition, the claim in this thesis
is that the stationary state still remains the same (though
nothing has been said about its stability). Thus, the impor-
tance of the quantity-price endowment effects is reduced to
almost nil: it will be recalled from Chapter III and (a)
'above that they require rather unreasonable assumptions in
order to operate, but since it also turns out that their
operation itself is insignificant from the point of view of
derivation of theorems, there is little left in them worth
‘examining.

With regard to the stability conditions under disequi-
librium behaviour, stability is invariably more difficult to
satisfy than in the case where tatonnement is assumed.

Since non-tatonnement in pure exchange is stable under the
same conditions as the tatonnement process, the conclusion
follows that it is the introduction of production considera-
tions.in disequilibrium which makes stability more difficult.

With regard to the behaviour of the system outside
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equilibrium, the conclusion is that the out-of-equilibrium
path traced by the tatonnement process model is a gross mis-
representation of the path actually traced when disequili-
brium is taken into account in production. The latter path
tends to be cyclical most of the time, while the tatonnement
path is unlikely to exhibit cycles. Care should be taken,
therefore, not to mistake the insensitivity of the stationary
state to disequilibrium as licence to use other features of
the tatonnement model, such as its path of approach to
equilibrium.

Finally, the fact that stability conditions are differ-
ent when explicit disequilibrium is allowed does not seem to
change comparative static theorems derivable from tatonne-
ment analysis, for the reason that when the more stringent
stability conditions for the disequilibrium model are satis-
fied, so are the conditions for stability of tatonnement, on
the basis of which comparative analysfs derives signs of
variable changes.

In the partial analysis of monopoly in disequilibrium,
the conclusion is again that the stationary state remains the
same. Moreover, production and price are both sensitive to
the stock position of the producer, as would be expected by
intuition. The out-of-equilibrium behaviour of the disequi-
libriﬁm model again differs from that of the tatonnement

version.
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When general analysis of disequilibrium is under-
taken,9 the equilibration process is found to be crucially
dependent on feasibility of plans for income creation and
plans for production in addition to the sales plans. Endow-
ment effects of the pure-quantity variety are important in
this respect. Realized behaviour turns out different from
planned, and this has consequences for the equilibration of
the system, too. Thus, for example, the labour market has
to eQuilibrate largely by means of its own devices when
realized behaviour is taken into account.

Despite the above, the stationary state of the dis-
‘equilibrium model seems to be the same as that of the model
with tatonnement. Stability is again more difficult to
satisfy than in tatonnement, as before. Comparative statics
theorems do not seem to be affected by this, however; and
finally, the out—of-equiiibrium behaviour of the tatonnement
model is far from a faithful representation of the path
followed under disequilibrium.

This string of conclusions is thus seen to carry in-
tact from the partial disequilibrium analysis. Such insensi-
tiviﬁy may be considered an indication of the strength of

results obtained.

9Most of the conclusions which follow are derived in
Chapter V of this thesis.
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(c) Suggestions for further research. This could be

made a long section. The reason lies not only in the sim-
piicity and abstractness of the analysis employed in this
thesis, but also in the fact that search of the literature
has brought up a number of points that are judged to be worth
following up.

Thus, the search for conditions for invariance of
equilibrium prices in exchange, first undertaken by Walras
and continued by Marshall seems a worthwhile direction of
research. Results in this area would be expected to produce
conditions under which the equilibration process with félse
transactions does not bear on the equilibrium itself.lo

Wicksteed's concept of "imperfect market attendance"
is certainly worth pursuing for mechanisms of exchange, since
casual empirical observation suggests its plausibility.

With regard to models of the cycle, it may be worth-
while to examine in detail the question whether tﬁey allow
an implicit tatonnement assumption in the process of deriva-
tion of their basic dynamic equations.

With regard to the analysis developed in Chapter 1V,

a possible extension lies in the consideration of a multi-

loOne may remark that since quantity-price effects
require "unreasonable”" assumptions it may not be worthwhile
to search for conditions under which they are inoperative.
However, it has been mentioned that perfect market attend-
ance is not unreasonable for speculators in markets, and for
these markets, therefore, quantity-price effects will still
be relevant.
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market system, keeping the assumption of no dependence from
input markets. This would provide some insight of the
effects of interdependence (via prices) of demands and pro-
duction levels in a disequilibrium model of production, with
tatonnement exchange.

The analysis of non-tatonnement in exchange coupled
with disequilibrium in production should be formalized. Re-
sults from this line of research would establish, as mention-
ed above, the relative importance of quantity-price effects.

Finally, the analysis of monopoly with inventories
offered in this thesis is only a simple beginning to a con-
sideration of quantity-price dynamics.

With regard to the géneral disequilibrium analysis
of Chapter V, the first item in the agenda seems to be formal
introduction of inventories in the simple model used. Fur-
ther, more "realistic" expectation formation hypotheses could
be attempted; intertemporal choice could be introduced as a
possibility;{an attempt to extend the analysis to a multi-
commodity framework could be made; other assets alternative
to money could be introduced, "Keynesian" problems of demand
deficiencies could be examined; and price setting, and some
price rigidity or sluggishness in price adjustment could be
assumed.

It is not claimed here that the simple model developed

in Chapter V is amenable to all the above extensions and
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modifications without major change: neither is the list of
extensions and modifications exhaustive. The purpose has
only been to indicate that the analysis of disequilibrium is
in fact in an infant stage, and”thérefore a multitude of im-

provements are possible in a number of directions.
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APPENDIX TO CHAPTER III
STABILITY: CONCEPTS AND METHODS OF ANALYSIS

The brief discussion in this Appendix is based in part
on Newmanl. First, local stability is discussed and then the
second method of Lyapounov, both very briefly.

An equilibrium is locally, asymptotically stable if a
sufficiently small displacement of the system from equilibrium
results to a tendency of thé system to approach equilibxium,

given sufficient time. Consider the dynamic system
Pi = Ki(Eg) (i=1,2,..n) (1.11)

discussed in Chapter I. Assume that there exists a price vec-
tor at which all excess demands become zero, and linearize the
system in the neighbourhood of this equilibrium price vector

to obtain
P=KJP - (3.A.1)

Where é is the nxl dimensional vector of time derivatives of
prices, K is the nxn diagonal matrix of speeds of adjustment,
J the nxn Jacobian of excess demands and P the nxl dimensional
price vector. Modification of units of measurement to make
all elements in the main diagonal of K equal to unity trans-

forms the system to

Li1961).
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P = JP _ (3.A.2)

Global stability of this linear system implies only
local stability of the original system since the Jacobian J
has been evaluated in the neighbourhood of equilibrium. For
stability of the linear system (3.A.2) it is well-known that
the real parts of all the characteristic roots of J must be
negative.

Global stability necessitates consideration of the ori-
ginal, nonlinear system. In this respect, Lyapounov's second
method can be used. One must be able to claim that the‘SYS§
tem tends to feturn to equilibrium after a displacement, ir-
respective of magnitude.

Lyapounov's method utilizes, most of the time, some
measure of "distance" from the equilibrium. The aim is to
show that such a measure decreases as time vasses.

One possible defin%tion for a Lyapounov function may
now be given. Consider the system (1.11), now written as

follows:
P = £(P) . : (1.11a)

where P and P are nxl dimensional vectors and the assumption
is that equilibrium is at the originl. Suppose that there

exists a scalar function (from n-dimensional space to single

1 . . c . : e
A harmless assumption, since it involves re-definition
of P to measure derivations from any non-zero equilibrium.




338

dimensional one), with continuous first partial derivatives,

such that
(a) V(o)=0 {(where o is the null vector)
(b) vV (P) positive for all non-zero vectors P
(c) %(P) negative for all non-zero P, along the
solution of (l.1la)
(d) v(p) tends to infinity as the norm of P does

SO,
Then, the system is asymptotically stable iﬁ the large, i.e.,
globally stable.

Distance functions satisfy (a), (b), and (d) of the
above requirements. It thus remains, in order to prove stabil-
ity by this method, to show that (c) above holds.

As has been already mentioned in Section 3.1 of this
Chapter, this method or variations of it have been extensively
used to prove global stability in tatonnement and non-

tatonnement analyses.
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APPENDIX TO CHAPTER IV

(A) GLOBAL STABILITY ANALYSIS OF THE MODEL WITH NON-
TATONNEMENT IN PRODUCTION (SECTION 4.2)

Consider the non-linear fundamental equation of the

system of Section 4.2.c, solved explicitly for P:

-1 2
P =H © [F(P__, 1) (Ad4.11a)

and transform the axes so that the equilibrium price is

)1= £(P

zero, that is,

£(0)=0 (A4.14) .

The equilibrium origin of the dynamic system (4.1la)
is then uniformly asymptotically stable in the large if a
function V(P) can be found such thatl

(a) V(Pt)>0 for Pt#o

(b) AV(Pt)<O for Pt#O

where AV(Pt)=V(Pt)—V(Pt_l)=V[f(Pt_l)]—V(Pt_l)

(c) v(0)=0
(d) V(P_t)—>°o ad[Pt]|+w,
Let V(Pt)=Pt2, which obviously satisfies (a), (c) and

(d) , be the Lyapounov function for the system. For condition
(b) to be satisfied so that the system is stable as defined

we must have

_ 2 2
VIE(® _)1-v(P _)=£(P _4) =P _;<0 (A4.15)

lSee Chapter III, Appendix, for the continuous time
"variant of this method. For discrete time formulations see
Takayama, (1974), and Ogata, (1967), pp.486ff.
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or the equivalent condition

lf(pt)|<|Pt] (A4.16)
The condition (4.15) is represented graphically in Figure
A.4.2, which shows the graph of f(Pt) along with two 45°
lines. As long as the graph of the function lies in the
shaded area between the two 45° lines the system is stable

as defined above.
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It may be useful to consider the economic meaning of
the stability condition (4.10) before discussion of the
cases presented in Figure A.4.2 is undertaken. Closer ex-
amination of equation (4.1la) shows that f(Pt) denotes the
demand price necessary for market clearance of the commodity
supplied, given the price of production Pt' In the light of
this interpretation, the stability condition (4.16) says
that the demand price of each amount produced must always
be less in absolute value than the price on the basis of

which production proceeded in period t. Thus, the price at
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which the market clears in period t+1 must always be less in
absolute value than the price of period t on the basis of
which production became available. In this way, the "energy"
of the system becomes constantly dissipated and the equili-
bration process tends to the origin with time.

An examination of the two cases of Figure A.4.2 is
now in order. Case (a) depicts f(P) negatively sloped, indi-
cating that supply and demand responses are such that a fall
in price requires a rise in the demand price necessary to
clear the market. This will happen when the supply response
to a change in price is opposite in sign to the demand
response. For example, if the quantity supplied rises and
the gquantity demanded falls with a rise in price, a fall in
the price will bring forward less sﬁpply and will thus re-
quire a rise in the demand price necessary for flow equili-
brium in the market.

Suppose, for example, that the initial price is Po in
the Figure. Given the quantity produced on the basis of this

price, the demand price is P On the basis of this price

1°
there is again production, the clearance of which necessi-

tates a higher demand price (P2) than before. Thus, a fall

in the price from P, to P, raises the demand price from P

1 1

to P2. The system is seen to cycle‘around the origin and

approach it in the process. The case is equivalent to that

of case (a) of Figure 4.1 of the text but the rather
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restrictive condition 6n the slopes of the curves is now
replaced by the more general one of equation (4.16). The
generality of this latter condition will be discussed below.

Case (b) of Figure A.4.2 depicts a situation where a
fall in price necessitates a fall in the demand price for
flow equilibrium. This will happen when the demand and
supply responses to price are of the same sign. If for
example, a fall in price reduces both quantity supplied and
demanded, a lower price will bring forward less supply and
this will in turn require a lower price for market clearance.
Consider Po as the initial price: the demand price neces-
sary for market clearance is Pl from Figure A.4.2b. Given
this price, the amount supplied in the next period is such
that the demand price for market clearance is P2. Thus, a
fall of the price from Po to Pl necessitates a similar fall
in the demand price from Pl to P2. The case is similar to
(b) in Figure 4.1 of the text, and the approach to equili-
brium is from one side, that of the initial price.

The stability condition of equation (4.16), and its
graphical representation in Figure A.4.2 are more general
than the condition derived from the linearized version of
the dynamic equation, i.e., from equation (4.12) in the
text. The stability condition from that method was that the
ratio of price responsiveness of the two functions, Fp/HD'

be less than unity in absolute value. The implication was
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that the own price elasticity of demand at each and every
point must be greater than the elasticity of supply with
respect to the product price at each and every price~-quantity
combination.2 As may be seen from inspection of Figure
A.4.2, however, this need not be the case for stability of
the system to obtain: it is conceivable that the slope
conditions are violated in some range but stability may
still obtain. To see this more clearly, it may be desirable
to linearize the function f around a random point P*. The
linearized form then becomes:

f(Pt) = f(PE) + Fp/Hp (PEPg) (A4.17)
the slope of which is Fp/Hp° It should be clear that the
stability condition (4.16) may be satisfied even if for some
price ranges the slope of the above function is greater than
unity in absolute value, since (4.16) only requires that Pt
be greater than f(Pt) in absolute value.3

Thus, in the case of non-linear specification of
functions, it may be the case that the typical stability
conditions derived from the sténdard treatment of the problem

are violated and yet the system is stable. An illustration

2The own price elasticity of demand may be written
—HpP/Q and the elasticity of supply FpP/Q, where Q is
quantity. The requirement that the absolute value of F, is
less than the absolute value of Hp thus means that the elas-
ticities must bear the relationship mentioned in the text.

3The discussion of course impliés that £ is nonlinear,
and consequently Fp, Hp are functions of P.
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of this point is in Figure A4.2b; stability is present
throughout, but nevertheless the slope of f at, e.g., point

A is greater than unity in absolute value.

(B) SOLUTION OF THE MONOPOLIST'S PROBLEM (SECTION 4.4)
The problem is to maximize (assuming the discount

rate is zero)

A
o A — — :
Z—/féz(t)dt jZ}R(t) C(t)ldt (Ad.40)
with cost and demand functions given by
C(t)=aQ® (t) +b [T (£)-T%] 2 ' (A4.41)
0% (t) = c-ap () (A4.42)

and inventory at time t given by .
1(t)=[5 10°(x)-0° (x) 1 ax (34.49)
Use of the following trénsformations:
qo(t)=f§ 0®(xrax, ¢ ()=f° 0% (x)ax (A4.50)

enables one to write

A .s,, ) e
Zzﬁ[R(t)‘C(t)Nt:jo[cqg(qs)z ~ag%-b (g°-g®+1(0)-1*) Fart
q
that is, »
zzﬁ r(q®,8%, ©,6°) at .51y

Conditions necessary for the maximum of Z are4

F -d/dt(F..)=0 and F -d/dt(F, ) =0 Ad4.52)

qs "/ Fys qo "/ Fyo (
Calculation of the derivatives and substitution in (A4.52)
yields the optimal rules given in the text, equations (4.43)

and (4.44).

4See A. Danese, (1965).



