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Abstract 

This thesis investigates the use of a combined finite element and perfectly matched layer 

approach in modeling guided elastic wave motion in infinite plates and cylinders and its 

potential applications to non-destructive evaluation. Underlying principles of the per-

fectly-matched, absorbing layer are demonstrated on one-dimensional wave propagation 

in a semi-infinite elastic rod. 

Feasibility of using the perfectly matched layer as absorbing boundary condition in the 

finite-element modeling of guided elastic wave propagation and scattering is studied for 

the canonical problem of shear horizontal wave motion in isotropic plates. Numerical re-

sults in this study are validated against exact analytical solutions. Excellent agreement 

has motivated the endeavour to take the technique to the next level of pressure, shear-

vertical wave motion in isotropic and transversely isotropic plates. 

Time-domain, finite-element formulation of the perfectly matched layer for pressure, 

shear-vertical wave motion was validated through comparisons with semi-analytical lit-

erature data and reciprocity checks. Numerical implementation of the model was em-

ployed in studying the effect of crack presence on the time of arrival in a pitch-catch, 

non-destructive inspection arrangement. Predictions made confirmed previously-reported 

experimental findings. 



Extensions into three-dimensional, Cartesian and cylindrical spaces were validated 

against reported data. Practical examples of wave scattering in damaged concrete beams, 

oil and gas pipelines, and composite shells demonstrated the potential use of the proposed 

model in simulating elastic-wave based non-destructive inspection. Up to 80 % of the 

computational time needed to run an extended-mesh, finite-element model can be saved 

by introducing the perfectly-matched, absorbing layer to the finite-element model as the 

current thesis proposes. This significant saving in computational time by the proposed 

FE-PML model can accelerate the production of artificial neural network training data or 

help tackle complicated non-destructive testing applications.  
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Chapter 1 

Introduction 

1.1 Preamble 

Plates, beams, and cylinders are encountered so frequently in engineering applications. 

Bridge slabs, pipelines, and rails are few real-life examples, see Figure 1.1. They may de-

teriorate due to sever service or environmental conditions. Interior and exterior pipeline 

wall thinning, for example, poses a major problem for the oil & gas industry due to re-

duced integrity. Another example is the development of cracks in concrete bridge slabs as 

a result of overloading or drastic changes in surrounding temperature, which is typical of 

the North American climate. Therefore, safety regulations and economical strategies may 

require regular inspections or continuous monitoring of these structures in a non-invasive 

fashion.  

Non-destructive inspection (NDI) can be visual, optical, magnetic, radiographic, thermo-

graphic, nuclear, or elastodynamic. Elastodynamic, NDI can be either vibration- or elas-

“If I have seen further it is by standing on the shoulders of giants” Isaac Newton’s letter 

to Robert Hooke on February 5, 1675 
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tic-wave-based. Vibration inspection exploits variation in modal frequencies, mode 

shapes, frequency response functions or time histories to characterize a defect [1, 2]. Tra-

ditional elastic-wave inspection methods (e.g. pulse-echo, through transmission, and 

pitch-catch) employ a single point source/point receiver arrangement to recognize a de-

fect from changes in received signals [3]. Modern elastic-wave imaging techniques (e.g. 

synthetic aperture focusing technique, SAFT) employ multiple source/receiver arrange-

ment to scan a structure for defects [4].  

 

Figure  1.1 Real-life examples of cylindrical and plate-like structures 

In the context of elastic-wave NDI, cylindrical and plate-like structures are collectively 

known as elastic waveguides and the waves propagating in them are known as guided 

elastic waves. The presence of guided elastic waves with long wavelengths has given 

elastic-wave inspection methods great potential in rapid, long-range examination of cy-
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lindrical and plate-like structures. Several researchers have investigated this potential [5-

8]. Dalton et al., for example, have concluded that guided elastic waves possess good 

sensitivity to localized damage [6]. Rose has given an extremely comprehensive account 

of the state-of-the-art as well as the future vision of NDI with guided elastic waves [7].  

In structural health monitoring with guided elastic waves, a comparison between the 

measurements of a flawed structure to the measurements of an identical but flawless one 

is needed. Conducting such a comparison by physical experiments is not only expensive 

and time-consuming but may also be impossible in some cases. Fortunately, mathemati-

cal modeling offers a viable alternative. Mathematical modeling can be analytical, nu-

merical, or a combination of both (semi-analytical). Analytical and semi-analytical mod-

els are accurate and inexpensive. Moreover, our basic understanding of elastic-wave phe-

nomena is from these models. However, they are based on simplifications of geometry 

and/or boundary conditions. Therefore, they are only applicable to simple cases. The 

more practical yet complex problems can only be handled by numerical methods. 

1.2 Numerical Elastic-wave Modeling 

More than fifty years ago, major developments in engineering and technology were 

driven by advances in experimental and analytical techniques. The advent of powerful 

computers has accelerated the use of already-existing numerical methods and motivated 

the development of new ones. By now, numerical methods have become so widely ac-

cepted and intensely used that one can argue that they constitute the third pillar of mod-
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ern research and development in both academia and industry beside experimental and 

analytical techniques. For example, any researcher or new product developer cannot dis-

pense with, at least, basic understanding of how finite element analysis (FEA) and com-

putational fluid dynamics (CFD) work. 

Waveguide

Numerical Model

Measured Response

Predicted Response

Inverse Solver
Signal Crack Profile

 

Figure  1.2 A schematic structural health monitoring setup using guided elastic waves 

In the field of elastic-wave NDI, the status of affairs is no different. Numerical elastic-

wave modeling plays a vital role in elastic-wave NDI for the following reasons. Numeri-

cal elastic-wave modeling represents an integral part of any structural health monitoring 

setup using guided elastic waves [9], see Figure 1.2 In the setup, understanding the for-

ward problem of elastic-wave scattering through numerical modeling is the first step to-

wards solving the inverse problem of identifying scatterers [10]. For example, the results 

of numerical elastic-wave modeling can train an artificial neural network (ANN) to solve 

the inverse problem or even solve other intractable forward problems [11-15]. Last but 

not least, numerical elastic-wave modeling has been very helpful in all phases of advanc-

ing new elastic-wave NDI methods [16, 17].  
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Nnumerical methods are used in the field of elastic waves to model: 1) free waves in a 

flawless waveguide; 2) the impulsive response of a flawless waveguide (Green’s func-

tion); or 3) the interaction of elastic waves with flaws in a waveguide (scattering prob-

lems).  

1.3 Free Guided Elastic Waves 

In 1972, Dong and Nelson [18] have proposed the implementation of an approximate 

Rayleigh-Ritz based stiffness method (1D finite element through the plate’s thickness) to 

study natural vibrations and waves in laminated orthotropic plates. It has been shown that 

Dong’s method is accurate and numerically efficient over a broad range of frequencies 

[19], and for any type of anisotropy [20]. Kausel [21], and Kausel and Roësset [22] have 

implemented a stiffness method that is similar to Dong’s method to anisotropic wave 

propagation in laminated soil. Liu et al. [23] have extended Dong’s method to study the 

effect of anisotropy on the speed of energy transmission in hybrid composite plates. Rat-

tanawangcharoen et al. [24] have employed a displacement-based Rayleigh-Ritz ap-

proximation method, similar to Dong’s method, to obtain initial guesses for numerical so-

lution of 3D dispersive relation derived through a propagator matrix method. Pan et al. 

[25] followed the same approach as in [24] to investigate the effect of a viscoelastic coat-

ing on modal dispersion in a steel plate. Onipede and Dong has extended Dong’s method 

to study 3D dispersion of guided elastic waves in rectangular cross-section infinite plates 

[26]. It is worth mentioning that dispersion properties can be obtained by using 2D-FFT 
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[27, 28] or Time Frequency Representations (TFRs) [29-31] of computed time histories 

or laser-measured signals. 

1.4 Elastodynamic Green’s Function 

Elastodynamic Green’s function is an indispensable ingredient in the boundary element 

method (BEM) [32]. It is also needed for inverse identification of impact loads [33].   

Numerical evaluation of 2D elastodynamic Green’s function using a combined finite 

element method (FEM) and normal mode expansion (NME) technique was reported by 

Zhu et al. [34] and Pan et al [35]. Extending this method to 3D problems involved the use 

of numerical integration [36-39] or Cauchy residue theorem [40-42] to perform spatial 

Fourier transformation. The use of pure FEM to compute elastodynamic Green’s function 

in 2D and 3D was also reported [43, 44]. The computational time consumed by the FEM 

was a burden especially in 3D. 

1.5 Modeling Elastic Wave Scattering 

There are several numerical methods to model guided elastic wave scattering. These 

methods include: the finite element method (FEM), the spectral finite element method 

(SFEM), the finite difference method (FDM), the BEM, the strip element method (SEM), 

the elastodynamic finite integration technique (EFIT), and the mass spring lattice model 

(MSLM). The most frequently used numerical method in modeling guided elastic wave 
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propagation and scattering is the FEM. The use of FEM in elastic-wave modeling can be 

sorted under two main categories: pure or hybrid. Pure usage of FEM can be through nu-

merical implementations or commercial software packages. 

1.5.1 Pure FEM Implementations 

Examples of pure implementation of the conventional h-version FEM are the works of 

Ludwig and Lord, You et al., Alleyne and Cawley, Alleyne et al., and Tang and Cheng. 

Ludwig and Lord reported the use of transient FEA to simulate ultrasonic non-destructive 

testing (NDT) processes [45]. This approach has been followed by You et al. to study ul-

trasonic attenuation in viscoelastic solids [46]. Alleyne and Cawley studied the interac-

tion of ultrasonic pulses with rectangular surface defects in plates under plane-strain con-

ditions following the same approach [47]. Alleyne et al. and Lowe et al. investigated re-

flection and mode conversion of guided elastic waves from circumferential notches in 

steel pipes using a 3D membrane FEM [48, 49]. Tang and Cheng have compared the total 

waveform of laser-generated longitudinal modes in a hollow cylinder simulated by NME 

to FEM predictions concluding a good agreement [50]. The use of other FEM versions 

has also been reported [51-53]. Issa et al. reported the use of a p-version FEM to model 

elastic wave propagation and scattering [51]. In a p-version FEM, the polynomial order 

of the interpolation functions can be increased in order to achieve convergence. The use 

of partition of unity FEM (PUFEM) and a particular instance of it known as the extended 

FEM (XFEM) to model guided elastic wave propagation and scattering has been reported 
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[52, 53]. Hu et al. have reported the use of PUFEM to model elastic wave propagation in 

Reissner-Mindlin plates [52]. Recently, Rabinovich et al. have developed a computa-

tional framework, in which an XFEM and a genetic algorithm are used to investigate the 

detectability of small cracks in 2D structures using arrival time [53]. 

1.5.2 Commercial FE Packages 

In addition to the numerical implementations, the use of FEM through commercial soft-

ware packages has also been reported [54-63]. Moser et al. investigated the use a com-

mercial FEM code in modeling plate and thick-ring structures by validating FEM results 

against optically-measured data and predictions made by NME [54]. They considered 

meshing and post-processing capabilities the real advantages of commercial FE packages. 

Zhu used an FEM package to simulate the generation and reflection of guided elastic 

waves in a finite-length steel pipe having corrosion defects [55]. Zerwer et al. reported 

the use of ABAQUS, a commercially available FEM package, to model 2D Rayleigh 

wave scattering from near-surface discontinuities in isotropic plates [56]. Bartoli et al. 

demonstrated the use of ABAQUS/Explicit, to model guided elastic wave scattering of 

broad-band vertical bending mode from transverse-type defects in railroad tracks [57]. 

Jeong and Park employed ANSYS, another commercially available FEM package, to 

model propagation and interaction of laser generated ultrasound [58]. Chong has also 

used ABAQUS/Explicit to simulate elastic wave scattering from several types of defects 

along with shelling in rail head [59]. Erdem reported the use of ABAQUS in FEM simu-
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lation of guided elastic wave scattering in cracked graphite rods; results were successfully 

corroborated with experimental measurements [60]. Protopappas et al. reported to use of 

ABAQUS in 3D FEM of guided elastic wave propagation in intact and healing long 

bones [61]. Baskaran et al. used ANSYS to simulate 2D Time-of-Flight Diffraction 

(TOFD) of guided elastic waves in thin structural waveguides in order to help select op-

timal parameters in TOFD measurements [62]. Very recently, Ke et al. reported the use 

of a commercial FEM code in 3D modeling of an air-coupled ultrasonic NDT system 

[63]. 

1.5.3 Hybrid FE Implementations 

The most popular, hybrid approach of implementing the FEM is the so-called global-

local FEM (GLFEM), semi-analytical finite element (SAFE), or the hybrid method. The 

latter term will be used throughout this thesis to refer to this technique. The hybrid 

method is a technique that combines a finite-element (FE) idealization of a bounded re-

gion containing the crack (or inhomogeneity) and a wave function expansion in the exte-

rior region. Continuity conditions of displacements and interactive forces are applied at 

discrete points on the common boundaries between the two regions. This procedure re-

sults in a system of linear equations in the unknown wave function amplitudes. These 

amplitudes are used to obtain the reflection and transmission coefficients of an incident 

wave. 
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The use of the hybrid method may date as early back as to 1969 when Lysmer and 

Kuhlemeyer [64] approximated an infinite half space by a finite model whose convex 

boundary was supported on infinitesimal dashpots oriented normal and tangential to the 

boundary. They analyzed the response of this model to spatially limited harmonic excita-

tions by utilizing the FEM. Lysmer also reported a dispersion study [65] of free Rayleigh 

waves in an infinite layered medium. The layered medium was divided across its thick-

ness into a finite number of infinite sub-layers that are, indeed, 1D finite elements. This 

discretization led to a generalized eigenvalue problem that was solved, at each frequency, 

for the eigenvalues (wavenumbers) and the corresponding eigenfunctions (mode shapes). 

Later, Lysmer and Waas modeled a layered, plane, infinite structure that contained geo-

metric irregularities and rested on a rigid base by dividing it into three regions: a bounded 

region containing the irregularities and two (left and right) semi-infinite regions joined to 

the bounded region along vertical boundaries [66]. They idealized the bounded region 

with finite elements and used 1D finite elements (identical to those reported earlier for 

Rayleigh waves) to represent free Love waves in the semi-infinite regions. It should be 

noted that a similar approach to the hybrid method was also used by electrical engineers 

in the 1970s to investigate the scattering of electromagnetic waves [67-69]. Datta et al. 

were able to apply the hybrid method to the field of elastic waves in their study of dif-

fraction of horizontally-polarized shear (SH) waves by edge cracks in a half-space [70]. 

Angelov and Ivanov reported the use of the hybrid method in analyzing transient pres-

sure, shear-vertical (PSV) waves excited by line loads in semi-infinite isotropic media 
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[71]. The first application to waveguides was made in 1982 by Abduljabbar et al. in a 

study of the scattering of SH waves by a symmetric crack in a plate [72]. The hybrid 

method has been since used to model the scattering of Lamb waves by cracks [73, 74] 

and weldments [75]. It has been also used to study plane-strain wave scattering by sur-

face breaking crack in transversely isotropic plates [76]. More recently, the hybrid 

method was reported in a study of Lamb wave interaction with delamination in carbon fi-

bre reinforced plastic (CFRP) laminates [77]. In the case of a horizontal crack the SEM 

can be used instead of the FEM in order to reduce computational cost. An example of this 

approach was reported by Liu and Lam [78]. The hybrid method has been also used to 

study 2D wave scattering in a cylinder containing an inhomogeneous region, a crack, 

and/or a weldment [79, 80]. Implementation of the hybrid method in 3D was reported for 

plates by Zensheu and Mal [81] and for cylinder by Mahmoud et al.  [82]. It should be 

made clear at this point, that the hybrid method introduces an Absorbing Boundary Con-

dition (ABC) by forcing displacement and force continuity at the interface between the 

finite and infinite regions. Theoretically, these ABCs are exact. 

Another form of combining the FEM with NME was reported in the context of modeling 

plate waveguides with integrated piezoelectric transducers. Moulin et al. have introduced 

the use of FEM to model an infinite composite plate with an integrated piezoelectric 

transducer.  The mechanical field created by the piezoelectric transducer was computed 

from the FEM model and then introduced as a forcing function into the NME equations 

[83]. This approach was followed by Grondel et al. in studying the influence of piezoce-
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ramic transducer characteristics on Lamb waves for the purpose of designing a dual pie-

zoelectric transducer that is capable of exciting the A0 Lamb mode in composite plates 

[16]. This technique has been successfully used by Hu et al. to locate damage in metallic 

structures [17]. 

1.5.4 Spectral Finite Element Method 

The SFEM is a high-order FEM that combines the flexibility of FEM and the high accu-

racy of spectral methods. The SFEM is based on exact solution of a polynomial eigen-

value problem of free waves (the dispersion equation) whereby exact solutions (the mode 

shapes) are employed as element interpolation functions. This yields exact stiffness and 

mass matrices. Hence a problem can be represented by fewer elements than standard FE 

formulation. In fact one spectral finite element can be used across the thickness of a com-

posite plate compared to several finite elements needed in a corresponding FE idealiza-

tion. Thus, SFEM offers great saving in computational cost if compared to similar fre-

quency-domain FE formulation. 

There are two SFEM approaches: an FFT-based approach [84] and an orthogonal-

polynomial-based approach [85]. The former approach is more efficient with simple 1D 

and 2D problems. The latter approach is more suitable for problems with complex ge-

ometry and for those in 3D. Kumar et al. employed a frequency-domain, spectral finite 

element with embedded transverse crack to simulate various cracks in a composite beam 

[86]. Wang et al. developed a concrete-steel interface spectral element to study guided 
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wave propagation along the steel rebar in reinforced concrete [87]. Palacz et al. followed 

an FFT-based SFEM approach to model flexural-shear coupled wave propagation in 

laminated and delaminated multilayer composite beams [88, 89]. Chakraborty and 

Gopalakrishnan developed a spectral plate element to analyze wave propagation in lami-

nated composite media following an orthogonal-polynomial-based SFEM approach [90]. 

Recently, Zak has adopted an orthogonal-polynomial-based SFEM to analyze elastic 

waves in isotropic plate structures, wherein a spectral plate finite element was formulated 

[91]. A recent account of the history of SFEM can be found in [92]. 

1.5.5 Finite Difference Method 

The FDM solves elastodynamic wave equations by replacing the derivatives in space and 

time with their finite-difference approximations. For discretization in space of a spatially 

varying material, two basic difference schemes are used: the homogeneous and the het-

erogeneous. For discretization in time, the explicit scheme is the most common. In the 

explicit scheme, the wavefield is updated over the entire grid at each time step. Implicit 

schemes involve matrix inversion to update the wavefield at each time step; they are, 

therefore, less common. Examples of using the FDM in modeling elastic wave scattering 

by cracks are the works of Harker [93], Scandrett and Achenbach [94], and Wu and 

Chong [95]. Probably, one of the earliest attempts to apply the FDM to guided elastic 

wave scattering is the work of Harker. Harker applied the FDM to elastic scattering of 

Lamb waves in cracked plates. He demonstrated the potential of the FDM in modelling 
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NDI system.  Scandrett and Achenbach employed the FDM to simulate ultrasonic inspec-

tion of inner-surface breaking cracks, where time-domain signal and snapshots of dis-

placement were presented. Wu and Chong employed a heterogeneous FDM with stag-

gered grid to study impact induced transient elastic waves in plates with surface-breaking 

cracks. Implementations of finite difference time domain (FDTD) method combined with 

the perfectly matched layer (PML) have been frequently reported in modeling bulk elastic 

wave propagation and scattering in infinite media for NDI [96-99]. Also the use of com-

mercially available FDM software packages is not uncommon [100]. 

1.5.6 Boundary Element Method 

Time-harmonic elastodynamic BEM formulation is derived by applying Green’s recipro-

cal identity (GRI) to wave partial differential equation (PDE). This identity converts a 

volume (domain) integral to a surface (boundary) integral, therefore, comes the often-

used name boundary integral equation method (BIEM). This reduction in dimensions is a 

significant advantage over domain-type approaches like the FEM and the FDM. Another 

important feature of BEM is the rigorous treatment of the Sommerfeld radiation condition 

for an unbounded medium. However, BEM has been broadly used in solving various bulk 

wave scattering problems compared to very few studies of guided elastic wave scattering 

[101]. Of those studies is the 2D study by Cho and Rose of modal conversion at the edge 

of a semi-infinite plate [102]. They also reported another study of the interaction of Lamb 

waves with surface breaking cracks in a plate [103]. However, there are few BEM studies 
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of 3D bulk wave scattering, to the best of the author’s knowledge BEM has not been yet 

used to study guided elastic wave scattering in 3D. It should be noted that BEM could 

play the same role of the FEM in the hybrid method [104-108]. In this case, the hybrid 

method was sometimes referred to as the hybrid FE-BE method, since the exterior region 

is modeled by 1D finite elements (or sub-layers) [106-108]. 

1.5.7 Strip Element Method 

The strip element is a 1D finite element that is infinite always in one direction and can be 

finite or infinite in the other two directions. This element is ideal for modeling un-

bounded stratified media and layered guides. A strip element that is finite in one direction 

and infinite in the other two directions is, in fact, an infinite layer or a sub-layer. It is 

sometimes referred to by this term in the literature. Infinite strip elements are the same as 

the sub-layers used by Dong and others to analyze free wave dispersion in laminated 

plate and cylindrical structures [18-26]. Liu and Achenbach have employed the SEM in 

analyzing scattering of plane-strain elastic waves in anisotropic laminated plates [109]. 

1.5.8 Elastodynamic Finite Integration Technique 

The EFIT starts with elastodynamic governing equation in integral form. In this tech-

nique the spatial discretization is done by integrating the differential equations over a 

control volume or cell. Temporal discretization in time is done through a second-order 

central difference scheme [110]. 
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1.5.9 Mass Spring Lattice Model 

The MSLM [111] can be used to simulate and visualize ultrasonic wave propagation and 

interaction with cracks. In the MSLM, the inertia of the medium is modeled by lumped 

masses interconnected together by stiffness that is expressed by finite difference. 

1.6 ABCs and the PML 

As it has been pointed out earlier, the hybrid method introduces an exact set of ABCs. 

Another category of ABCs is represented, for example, by the work of Clayton and En-

guist [112]. In this category, the wave equation in the boundary region is replaced by a 

one-way wave equation that does not permit the energy to propagate back from the 

boundaries into the numerical domain. The technique was applied successfully to acous-

tic and elastic waves striking a rigid boundary at a small angle of incidence. At large an-

gle of incidence, these boundary conditions become numerically unstable and inefficient. 

To overcome this problem, Higdon proposed a combination of first order boundary con-

ditions [113]. Givoli et al., on the other hand, presented a higher-order, Higdon-based 

technique for wave propagation in semi-infinite, time-dependent waveguides [114]. The 

idea of absorbing outgoing waves by exponentially reducing wave amplitudes in time 

(i.e. damping) inside a boundary strip surrounding the computational domain of interest 

was proposed first by Cerjan et al. [115]. They employed a Fourier method for analyzing 

acoustic and elastic waves to demonstrate the idea. Moreover, the wave amplitudes were 
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reduced at discrete nodes without reformulating the governing equations of motion. 

Twenty discrete nodes were needed to reduce reflection coefficients to a few percent. 

Sochacki et al. [116] introduced Cerjan’s idea to 2D equations governing acoustic and 

elastic wave propagation. In addition to the exponential damping used by Cerjan, they in-

vestigated other dampers and indicated how an optimal damper can be chosen.  Moulin et 

al. introduced the use of an attenuating layer to FEM simulation of an infinite composite 

plate with an integrated piezoelectric transducer. Each attenuating material constant con-

tained a non-zero imaginary part that accounts for attenuation [83].  Following a gradual-

damping approach, Liu and Quek Jerry recently studied Lamb wave propagation in an in-

finitely-long plate by exponentially increasing damping in a boundary layer [117]. Ziemi-

anski proposed the novel use of ANN to formulate a transmitting boundary in modeling 

elastic wave propagation in infinite domain with FEM [118]. 

A PML whose interface with the computational domain does not return any reflection at 

any frequency or angle of incidence, was first introduced by Berenger [119] to solve 

Maxwell’s equation in computational electromagnetics (CEM) using an FDTD method. 

Chew and Weedon [120] interpreted the PML as a complex coordinate stretching. This 

interpretation widely inspired researchers to apply the PML to other disciplines. Hastings 

et al. introduced the PML to PSV elastic wave propagation in an infinite medium [121]. 

They employed the FDTD method to formulate a PML for the stress-velocity equations 

in the form of compressional and shear potentials. Chew and Liu showed the feasibility 

and stability of the PML solutions for 2D and 3D stress-velocity, elastodynamic equa-
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tions in isotropic elastic media [122]. Liu formulated PMLs for elastic wave propagation 

in polar and cylindrical coordinates [123]. Liu introduced integral complex coordinate 

stretching to keep the number of unknowns in the formulation the same as that for Carte-

sian coordinates. Collino and Tsogka applied the PML to a linear elastodynamic problem 

in anisotropic heterogeneous media using FDTD [124]. They reported a 1% (artificial) re-

flection coefficient for a layer thickness corresponding to five FDTD space steps. These 

numbers indicate the relatively better computational efficiency of the PML compared to 

the damping layer used in [115, 116]. Becache et al. used the PML with a mixed FEM 

and FDTD to overcome the inadequacy of the latter for irregular geometries [125]. Ko-

matitsch and Tromp introduced a time-domain formulation of the PML boundary condi-

tion for the second-order, seismic wave equation that is amenable to explicit Newmark 

time integration [126]. A spectral element method is used to implement this formulation 

to solve PSV problems in infinite elastic media. Good agreement was reported with pre-

vious results. In two consecutive papers, Basu and Chopra reported steady-state and time-

domain formulations of 2D (anti-plane and plane-strain) elastodynamic problems in an 

infinite layer resting on a semi-infinite elastic media [127,128]. Unlike the research in 

[125], the time integration in [128] was implicit and a system of equations was solved at 

each time step. Just recently, Basu extended the work in [128] to 3D and made it amena-

ble to explicit time integration by lumping inertial matrices inside the PML [129]. Studies 

in [118-129] employed a split-field technique to formulate time-domain, perfectly 
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matched layers to avoid convolution in time. A non-splitting formulation was reported by 

Wang and Tang [130]. 

1.7 Scope and Significance 

The objective of this thesis is to introduce the use of the PML in combination with the 

FEM to the numerical modeling of guided elastic wave propagation and scattering by de-

fects in infinite plates, beams, and cylinders. The purpose of this thesis is to numerically 

investigate the feasibility of using the PML in elastic wave modeling as it relates to ultra-

sonic NDT rather than to break new ground in the mathematical theory of ABCs. The 

plates, beams, and cylinders are assumed isotropic. Only the special anisotropic case of 

transverse isotropy is considered. General anisotropy is outside the scope of this thesis. 

To the best of the author’s knowledge no such investigation has been yet reported in the 

open literature. 

Some capabilities of FE-PML modeling become very clear when the technique is con-

trasted to the hybrid method. The latter gives us the understanding of wave propagation 

and interaction with flaws on the steady-state, single-mode level. However, the only way 

to produce real-life transient time histories is to use Fourier-transform inversion. On the 

other hand, the FE-PML can be formulated directly in the time domain.  

Computational time effectiveness of FE-PML modeling can be magnified by comparing 

it against standard FEA of 3D elastic wave modeling. In this particular case, the computa-

tional cost is proportional to the fourth power of frequency (three from dependence of 



 1.8 Thesis Outline  20 

 

 

element size on wave length and one from time/frequency discretization). Despite the in-

creasing size of available computer memory and speed running 3D FE codes is still a 

burden. The proposed FE-PML significantly reduces mesh size by replacing a big part of 

the mesh with small-size absorbing layers. 

Finite Element Analysis of Guided Elastic Waves (FEAGEW) computer code is the soft 

outcome of the current research work. The program can simulate wave propagation and 

scattering in, infinite (or finite), plates and cylinders. However, the scope of this thesis is 

restricted to plates and cylinders, FEAGEW can be, ultimately, used to simulate any elas-

tic waveguide of arbitrary cross-sectional shape. Based on the reported successes in the 

literature, transient time histories from FEAGEW can be used to obtain waveguide dis-

persion properties using TFRs. 

1.8 Thesis Outline 

This section presents an overview of the thesis overall picture. It explains the chapters 

sequence and how each chapter contributes to the fulfillment of the aforementioned ob-

jectives. Basic principles of the PML and the FEM are presented in Chapter 2 by working 

out the details of a combined FE-PML model for the simple case of longitudinal wave 

propagation in a semi-infinite slender rod. Both frequency- and time-domain formula-

tions of the model are given. 

The feasibility of using the FE-PML model to predict elastic wave propagation and scat-

tering behaviours in infinite plates is investigated in Chapter 3. The simple case of SH 
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waves in an infinite, isotropic plate is considered in both frequency and time domains. In 

Chapter 4, the results from the FE-PML model is validated against literature data and 

confirmed through a reciprocity check. Conclusions drawn from a numerical study of 2D 

elastic wave scattering in a cracked plate using the FE-PML model agreed with reported 

experimental findings. 

The most practical situation of 3D wave propagation and scattering in plates and cylin-

ders is covered in Chapters 5 and 6, respectively. Chapter 5 presents the FE-PML formu-

lation in Cartesian coordinates for wave propagation and scattering in infinite rectangu-

lar-cross-section plates and beams. Example applications to elastic scattering in cracked 

concrete beams were given. 

In Chapters 6, the FE-PML is formulated within a cylindrical coordinate frame. Numeri-

cal implementations are validated and several applications to NDI of oil and gas pipelines 

and composite cylindrical shells are presented. Chapter 7 summarizes overall conclusions 

and establish a vision for future development directions. 



 

 

Chapter 2 

Fundamentals 

2.1 Introduction 

The two major ingredients of the numerical modeling technique proposed in this thesis 

are the PML and the FEM. This chapter presents the foundations of each tool by using 

the scalar equation of longitudinal elastic wave motion in a semi-infinite slender rod as a 

simple illustrative example. First, the two basic concepts behind the PML will be intro-

duced: impedance matching and complex coordinate transformation or stretching. While 

wave motion inside the computational domain will be governed by the standard, scalar 

wave equation, the equation is altered inside the PML region by a complex coordinate 

stretching along the infinite propagation direction. In order to use the PML with the FEM, 

one has to formulate the transformed equation inside the PML region within the FEM 

framework. Starting with the PDE of steady-state wave motion, a Galerkin method, 

which is a special variant of the method of weighted residuals (MWR), is employed to 

“As far as laws of mathematics refer to reality, they are not certain; and as far as they are 

certain, they do not refer to reality” Albert Einstein (1879-1955) 
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reach a combined FE-PML formulation in the frequency domain. Time-domain, FE-PML 

formulation involves the following steps: 1) the displacement wavefield in a displace-

ment-based PDE of steady-state wave motion inside the PML is split into two parts re-

sulting in two PDEs; 2) the two PDEs are inverse Fourier transformed back into the time 

domain; 3) FE equations are formulated using the Galerkin method; 4) at last, a central-

difference integration scheme and Euler’s method are utilized to march through time 

steps. 

 

Figure  2.1 An infinitesimal element of a slender rod undergoing a longitudinal wave mo-

tion. 

2.2 Longitudinal Waves in a Slender Rod 

Let us consider the problem of longitudinal, elastic wave propagation in a semi-infinite, 

isotropic, slender rod. Transverse wave motion, coupled to longitudinal one by Poisson’s 

ratio, ν , can be neglected based on rod slenderness. The rod is assumed to have a con-

stant cross-sectional area, A , uniform mass density, ρ , and a Young’s modulus, E . 

Consider an infinitesimal element of the rod extending between x and x x+ ∆  as shown 

in Figure 2.1. Net positive force acting on the element accelerates its mass according to 
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Newton’s second law leading to the equilibrium equation expressed in terms of axial 

stress f Aσ =  as follows: 

,
.

x
uσ ρ= ��                                                          (2.1) 

A double over-dot denotes second-order differentiation with respect to time. Axial stress 

σ is related to axial strain 
,xu through Hooke’s law as follows: 

,
.

x
Euσ =                                                          (2.2) 

Substituting Equation (2.2) into (2.1) results in: 

, 2

1
.xxu u

c
= ��

                                                        
(2.3) 

Bar wavespeed, c , is defined as: 

.
E

c
ρ

=
                                                          

(2.4) 

 Equation (2.3) admits a steady-state propagating solution in the following closed-form: 

( )

0 ,j x ct
u u e

ξ− −=                                                     (2.5)  

whose real part is given by 

( )0 cos .u u x ctξ= −                                                  (2.6) 

The bar wavespeed, c , in Equations (2.5) and (2.6) is expressed in terms of ω  and ξ  as 

follow:  

 .c
ω

ξ
=

                                                           
(2.7) 
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If a numerical solution to the PDE in (2.3) is sought, the problem domain has to be trun-

cated due to limited computational resources (memory and CPU time). This truncation 

will results in unphysical reflection, u
�

, from the artificial boundary introduced by the 

confined computational domain. Let us assume that the computational domain is termi-

nated by a rigid boundary at x L=  such that the following Dirichlet boundary condition 

applies: 

0.
x L

u u
=

+ =
�

                                                     (2.8) 

 A reflected wave, u
�

, travelling in the negative x- direction can be written as 

( )

0 .j x ct
u u e

ξ +=
� �

                                                     (2.9) 

  Substituting Equations (2.5) and (2.9) into Equation (2.8) results in 

0

0

1.
j L

a j L

u e
R

u e

ξ

ξ

−

= = −�                                                 (2.10) 

The amplitude reflection coefficient,
 a
R , in (2.10) quantifies the intuitive fact that the en-

tire wave will reflect back into the computational domain. a
R  can be formulated in terms 

of the characteristic impedance of the rod that is analogous to the resistivity of an electri-

cal conductor with the force, f , and velocity, u�  being analogous to potential and cur-

rent, respectively. Let us consider a sinusoidal, tensile force applied to the rod at the ori-

gin as shown in Figure 2.1. 

00
.j t

x
f p e ω

=
=                                                   (2.11) 
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This force will excite a longitudinal wave motion in the rod that can be described by 

Equation (2.5). By definition, the force in the rod is given by 

,
.

x
f AEu=                                                      (2.12) 

Substituting Equation (2.5) into Equation (2.12) and the result into Equation (2.11) will 

determine the unknown displacement amplitude, 0u . Thus, the displacement wavefield 

excited by the force in Equation (2.11) can be written as  

 ( )0 .
j x ctjp

u e
AE

ξ

ξ
− −

=                                                (2.13) 

Differentiating Equation (2.13) with respective to time yields the corresponding velocity 

wavefield in the bar as 

( )0 .
j x ctp

u e
AE

ξω

ξ
− −

= −�                                                (2.14) 

A single over-dot denotes first order differentiation with respect to time. Therefore, the 

characteristic impedance of the rod is the ratio between the amplitude of force to the am-

plitude of velocity, i.e. 

0 .
f AE

Z A E
u c

ρ= = =
�

                                          (2.15) 

As we have shown earlier, if the rod is terminated by a rigid boundary at x L= , both 

positive wave, Equation (2.5), and negative-going wave, Equation (2.9), exist in the do-

main. In this case the impedance at any x is given by 

0 0
0

0 0

.
j x j x

j x j x

f f u e u e
Z Z

u u u e u e

ξ ξ

ξ ξ

−

−

+ −
= =

+ +

� �

� �
� �

                                     (2.16) 
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Therefore the impedance of the rigid boundary at x L=  

0 0
0

0 0

.
j L j L

L j L j L

u e u e
Z Z

u e u e

ξ ξ

ξ ξ

−

−

−
=

+

�

�                                            (2.17) 

 We can now use Equation (2.17) to express the amplitude reflection coefficient in terms 

of impedance as follows 

0

0

00

1

.

1

j L

L
a j L

L

Z

u e Z
R

Zu e

Z

ξ

ξ−

+

= =

−

�

                                            (2.18) 

As we can see, a rigid boundary introduces infinite impedance at x L= . On the other 

hand, a matching impedance at x L=  will cause no reflection. This brings us to the no-

tion of a PML. 

 

Figure  2.2 An artificial damping layer is attached to the truncated computational domain 

at termination boundary, x L=  

2.3 Complex Coordinate Stretching 

In a PML, a non- physical damping layer is introduced at the termination boundary of a 

computational domain, see Figure 2.2. 
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The real -axisx is mapped into the complex domain by what is known in the PML litera-

ture as complex coordinate stretching that is defined as [131] 

( )
0

.

s x

s

x s dsζ
=

=

= ∫                                                   (2.19) 

Coordinate stretching function, ζ , can be written as a function of frequency and an al-

ways-positive damping profile, ( )d x , that vanishes within the computational domain and 

gradually increases within the damping layer as follows: 

( ) 1   ,x x Lζ = ≤                                                  (2.20) 

( )
( )

1    .
P

d x
x L x L L

j
ζ

ω
= + < ≤ +                                     (2.21) 

According to Equations (2.20) and (2.21), the imaginary part of the complex x-

coordinate, x , assumes a nonzero value only within the damping layer ( PL x L L< ≤ + ) 

and vanishes within the computational domain of interest ( x L≤ ). Furthermore, The 

damping profile, ( )d x , can be real or complex. A real damping profile can dampen 

propagating modes only. A complex damping profile can dampen both propagating and 

evanescent modes. In this section, a real damping profile is assumed. Introducing the 

complex coordinate, x , into the steady-state solution in Equation (2.5) will yield the fol-

lowing steady-state solution inside the PML region: 

( )

 
( )

0
.

s x

s L

d s ds

j x ctcu u e e ξ

=

=−
− −

∫

=                                             (2.22) 
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Figure  2.3 Stretched complex coordinate, x , in the complex plane 
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Figure  2.4 Real part of steady-state harmonic solution in the infinite physical domain 

(continuous) and the truncated domain with a PML (dashed) 
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Thus, the real part of the solution inside the PML region is 

( )

( )
 

0 cos .

s x

s L

d s ds

cu u e x ctξ

=

=−

∫

= −                                         (2.23) 

Figure 2.3 shows the mapping of the coordinate x-axis into the complex plane inside a 

PML with a constant damping profile, 0.25d = , and 2ω π= . A plot of the wave ampli-

tudes in Equations (2.6) and Equation (2.23) versus x , for 0 1,  0.25,  2u d ω π= = = , and 

2ξ π= are shown in Figures 2.4. It is evident that complex coordinate stretching dampens 

the wave amplitude such that amplitude reflections at model boundaries are insignificant. 

2.4 Governing PML Equations 

Equilibrium equation and constituent relation inside the PML can be obtained from Equa-

tions (2.1) and (2.2), respectively, by replacing x with x such that 

, ,x uσ ρ= ��                                                        (2.24) 

,
.

x
Euσ =                                                       (2.25) 

From Equation (2.19) we can write 

1
.

x xζ

∂ ∂
=

∂ ∂
                                                     

(2.26) 

Substituting Equation (2.26) into Equations (2.24) and (2.25) yields 

,
,

x
uσ ζρ= ��                                                       (2.27) 
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, .x

E
uσ

ζ
=                                                       (2.28) 

Thus, steady-state equilibrium inside the PML is governed by: 

2

, .x uσ ζρω= −                                                    (2.29) 

Equation (2.29) is subject to the following steady-state boundary conditions 

0,   (Dirichlet boundary condition)
Px L L

u
= +

=                           (2.30) 

00
.   (Neumann boundary condition)

x
pσ

=
=                            (2.31) 

2.5 Frequency-domain FE-PML Formulation 

Let us seek an approximation, ( )u x� , to the unknown displacement solution, ( )u x , in 

terms of discrete values, ( ) ( )  1,...,l l nQ u x l n= = , and prescribed (interpolation) basis 

functions, ( ) 0,1,...,
l n

N l n=  as follows 

0

1

,
nn

l l

l

u N N Q
=

= +∑�                                                (2.32) 

 Where 
nn  is the number of discrete points (or nodes) in the problem domain. The func-

tion 0N  should satisfy the prescribed Dirichlet boundary condition, i.e. 

0 0.
Px L L

N u
= +

= =                                                 (2.33) 

Thus, approximation u�  becomes 

1

.
nn

l l

l

u N Q
=

=∑�                                                     (2.34) 
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An approximation, σ� , to the unknown stress solution, σ , should follow from Equation 

(2.28) as
 

,

1

.
nn

l x l

l

E
N Qσ

ζ =

= ∑�                                                  (2.35) 

Substituting approximate solutions, σ�  and u� , into Equation (2.29) will yield, as a result 

of their approximate nature, the following error or residue, R(x): 

2

,
( ) .

x
R x uσ ζρω= +� �                                                (2.36) 

The residual, ( )R x  , is forced to be zero in an average sense by integrating the product of 

the residual, ( )R x , by weight functions over the entire problem domain, [ ]0, PL LΩ = + . 

The number of weight functions is the same as the number of unknown discrete dis-

placements, l
Q ( )1,...,

n
l n= . So far, this procedure describes the well-known MWR. A 

special variant of MWR is Galerkin MWR, in which interpolation functions, 

( ) 1,...,k nN k n= , are used as weight functions as well: 

( )2

, 0;           1, 2,..., .k x nN u dx k nσ ζρω
Ω

+ = =∫ � �                          (2.37) 

After expanding the differential term using integration by parts, Equation (2.37) be-

comes: 

2

,0
;           1,2,..., .

PL L

k k x k nN N dx N udx k nσ σ ρω ζ
+

Ω Ω

− = − =∫ ∫� � �             (2.38) 
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Substitute for Neumann boundary conditions from Equation (2.31) and for u�  and σ�  

from Equations (2.34) and (2.35) into Equation (2.38) to get: 

2

, , 0

1 1

;          1, 2,..., .
n nn n

k x l x l k l l k n

l l

E
N N Q N N Q dx N p k nρω ζ

ζ = =Ω

 
− = − = 

 
∑ ∑∫

 

 (2.39) 

Exchange the sequence of integration and summation signs and factor out 
lQ  such that: 

2

, , 0

1

;          1, 2,..., .
nn

k x l x k l l k n

l

E
N N N N dxQ N p k nρω ζ

ζ= Ω

 
− = − = 

 
∑∫       (2.40) 

It should be noted that the right-hand term contribute to the right-hand (load) vector only 

for 1k = . 

x1 x2 x3 x4
xi xi+1

xnn

1 2 3 i
ne=  nn-1

 

Figure  2.5 FE discretization in 1D using linear finite elements 

2.6 Standard FE Procedure 

In a standard FE procedure, the entire problem domain is divided into a finite number, 

,
e

n  of non-overlapping sub-domains (or elements), [ ] ( )1= ,  1,..., 1i

e i i nx x i n+Ω = − . Figure 

2.5 shows the discretization of the domain, Ω , into 1
e n

n n= −  linear, 1D elements; ele-

ment numbers are circled. Each element, i , connect two global nodes, 1 and 
i i

x x + . 
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x1 x2 x3 x4
xi xi+1

xnn

1 2 3 i nn-1

= Q1 = Q2 = Q3 = Q4
= Qi = Qi+1 = Qnn

q1
1 q2

1 q1
3 q2

3 q1 
i q2

i q2 
nn-1

+ q1
2 + q2

2 + q2 
i-1 + q1 

i+1
+ q1

4

 

Figure  2.6 Connectivity between local and global nodal values of the solution 

Equation (2.40) is integrated over each element domain rather on the entire problem do-

main. In so doing, global nodal values, i
Q , are defined in terms of local nodal values on 

each element domain. This is illustrated in Figure 2.6. Similarly, global basis functions 

are defined by piecewise-continuous and linearly-independent local shape functions, 

( )=1,..., 1;  =1,2i

k nn i n k−  as shown in Figure 2.7. 

 

xi
xi-1 xi+1

i-1 i

1

n2
i-1 n1

i

 

Figure  2.7 A plot of i
n as a combination of n2

i-1
 and n1

i
 

 

Local shape functions fulfill the condition: 

( )
1  for ,

0  for ;  , 1,2.

i

k l

k l
n x

k l k l

=
= 

≠ =
                                     (2.41) 
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Approximate solution, 
i

u� , over element domain, [ ]1,i

e i ix x +Ω = , can be formulated in 

terms of local shape functions, and local nodal variables, i

lq , ( )1, 2l =  as follows: 

2

1

.i i i

l l

l

u n q
=

=∑�                                                     (2.42) 

Unlike the displacement wavefield, i
u� , the damping profile, ζ , is not interpolated over 

each element domain. Rather it is evaluated globally during numerical integration of ele-

ment contributions. Now, Equation (2.40) can be written after standard FE assembly of 

elemental contributions, denoted by Π ,  as follows 

{ }
21 1

2

, , 0
1 1

1

;          1, 2.
n n

i
e

n n
i i i i i i

k x l x k l l k
i i

l

E
n n n n q dx n p kρω ζ

ζ

− −

= =
= Ω

   
Π − = − Π =  

   
∑ ∫     (2.43) 

Equation (2.43) can be written in a matrix form as: 

( )
1 1

2

1 1

2 2

, , 0

1 1

,

,  ,  ;    1, 2,

n n

i i
e e

n n
i i i i

i i

i i i i i i i i

k x l x k l k

l l

E
n n dx n n dx n p k

ω

ρ ζ
ζ

− −

= =

= =Ω Ω

 Π − = − Π 

= = = =∑ ∑∫ ∫

k m q p

k m p
      (2.44) 

where 
ik  and 

im are element stiffness and mass matrices. The right-hand side of Equa-

tion (2.44), 
ip , vanishes at inter-element boundaries (upon assembling element contribu-

tions) and must be evaluated on external boundaries where derivative boundary condi-

tions are specified. Equation (2.44) can be made more compact by putting it in the form: 

 

( )2

1 1 1 1

1 1 1 1

,

,   ,  ,  .
n n n nn n n n

i i i i

i i i i

ω

− − − −

= = = =

− =

= Π = Π = Π = − Π

K M Q P

K k M m Q q P p                        

(2.45) 
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, , ,  and K M Q P are global stiffness, mass, displacement, and load vectors, respectively. 

2.7 Time-domain FE-PML Formulation 

Substituting Equation (2.25) into Equation (2.24) yields 

( ), ,
.

x x
E u uρ= ��                                                    (2.46) 

The steady-state form of Equation (2.46) can be written as: 

( ) 2

, ,
.

x x
E u uρω= −                                                 (2.47) 

Applying the chain-rule to Equation (2.47) results in the steady-state equilibrium equa-

tion terms of 
i

i

x

x

∂

∂
 ( )1, 2i =  and the damping profile d as follows: 

( ) ( )
2 2

, , , ,
.

xx x x xx
Eu x Eu x uρω+ = −                                     (2.48) 

Using Equations (2.19) and (2.20), 
i

i

x

x

∂

∂
 ( )1, 2i =  can be written as 

( )
,

x

j
x

j d

ω

ω
=

+
                                                  (2.49) 

( )

2

,

, 3
.x

xx

d
x

j d

ω

ω
=

+
                                               (2.50) 

Substituting Equations (2.49) and (2.50) into (2.48) yields the following displacement-

based governing equation: 

( ) ( )
, , ,

2 3
.

xx x x
Eu Ed u

u
j d j dρ ω ρ ω

− =
+ +

                                      (2.51) 
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Substituting for the two terms on the left-hand side of Equation (2.51) by 

( )
,

1 2
,

xxEu
u

j dρ ω
=

+
                                                (2.52) 

( )
, ,

2 3
,

x x
Ed u

u
j dρ ω

= −
+

                                               (2.53) 

will result in 

1 2.u u u= +                                                      (2.54) 

Equation (2.54) implies that the displacement wavefield, u , has been split into two com-

ponents, 1u  and 2u . In order to invert Equations (2.52) and (2.53) into the time domain 

without convolution, the damping profile, d , is assumed real. Thus, by inspection, in-

verse Fourier transformation of Equations (2.52) and (2.53) can be written as 

2

, 1,xx
Eu d u

t

∂ 
= + 

∂ 
                                              (2.55) 

3

, , 2.x x
Ed u d u

t

∂ 
− = + 

∂ 
                                           (2.56) 

In order to facilitate the solution, Equation (2.56), containing a third-order differential 

operator, will be split into two equations: one containing a second-order differential op-

erator and the other containing a first-order differential operator as follows: 

2

, , 3,x x
Ed u d u

t

∂ 
− = + 

∂ 
                                           (2.57)

 

3 2.u d u
t

∂ 
= + 

∂ 
                                                 (2.58)

 



 2.8 Explicit Time Integration  38 

 

 

Following the FE procedure outlined in the previous section, Equations (2.55), (2.57), 

and (2.58) can be written as 

[ ]1

1 1 ,−= −��
Q M P K Q                                               (2.59) 

1

3 2 ,−= −��
Q M K Q                                                  (2.60) 

3 2.= �Q Q                                                         (2.61) 

A over-bar is combined with a single over-dot to denote the first-order differential opera-

tor ( )t d∂ ∂ + and a double over-dot to denote the second-order differential operator 

( )
2

t d∂ ∂ + .  Matrices M , 1K , and 2K are obtained from the following element-level 

counterparts by standard FE assembly procedure outlined in the previous section: 

1 1 1 1

1 1 1 1

2 2

, , , ,

1 1

2

0

1

,   ,   ,  

,  ,

,  ;   1, 2.

n n n n

i i
e e

i
e

n n n n
i i i i

1 1 2 2
i i i i

i i i i i i

1 k x l x 2 k x l x

l l

i i i i i

k l k

l

n En dx n d En dx

n n dx n p kρ

− − − −

= = = =

= =Ω Ω

= Ω

= Π = Π = Π = Π

= =

= = − =

∑ ∑∫ ∫

∑ ∫

K k K k M m P p

k k

m p

                    (2.62) 

2.8 Explicit Time Integration 

Rewrite the second-order differential equation (2.59) in its expanded form as follows: 

[ ]2 1

1 1 1 1
2 .d d −+ + = −�� �Q Q Q M P K Q                                   (2.63) 

At time 1i
t t += , Equation (2.63) becomes: 
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( ) ( ) ( ) [ ]2 1

11 1 1 1 1 1
2 .

i i i
d d

−

+ + +
+ + = −�� �

iQ Q Q M P K Q                            (2.64) 

In a Newmark explicit time integration scheme, the velocity, 
( )1 1i+
�Q , and the displace-

ment, 
( )1 1i+

Q , are taken as: 

( ) ( )
( ) ( )1 1 1

1 1 1
,

2

i i

i i
t

+

+

 +
 = + ∆
 
 

�� ��
� �

Q Q
Q Q                                      (2.65) 

( ) ( ) ( )
( )1 1

1 1 1 1 1
.

2

i

i i i

t
t

+

+ +

 ∆
 = + + ∆
 
 

��
�

Q
Q Q Q                                   (2.66) 

Substituting Equations (2.65) and (2.66) in Equation (2.64) results in 

( ) ( ) ( ) ( ) ( ) ( ) ( )

( )

( ) ( ) [ ]

2

2 2

1 1 1 1 1 1 1 1 1

2 1

11 1

2
2

.

i i i i i i i

ii

d t
d d t d t d d t

d t

+ +

−

+

∆
+ + ∆ + ∆ + + ∆ +

+ ∆ = −

�� � �� �� � ��

��

Q Q Q Q Q Q Q

Q M P K Q
        

(2.67) 

Rearranging terms in Equation (2.67) results in the following equation that determines 

( )1 1i+
��Q in terms of 

1Q , 
1
�Q , and 

( )1 i
��Q  

( )

[ ] ( ) ( ) ( )

( )

1

1 1 1 1

1 1 2

1 2
2

.
1

i i i i

i

d t
d d t

d t d t

−

+

 ∆    − − + + ∆ +      =
 + ∆ + ∆
 

�� �

��

M P K Q Q Q Q

Q             (2.68) 

Similarly, the first order system in Equation (2.61) can be written in general the form: 

2 2 3.d+ =�Q Q Q                                                    (2.69) 

Equation (2.69) can be made discrete at time 1i
t t += as follows: 

( ) ( )
( ) ( )

2 1 2

2 1 3 1
.

i i

i i
d

t

+

+ +

−
+ =

∆

Q Q
Q Q                                        (2.70) 
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After rearranging terms, 
( )2 1i+

Q  can be written in terms of 
( )2 i

Q  and 
( )3 1i+

Q  as follows 

( )

( ) ( )( )
( )

2 3 1

2 1
.

1

i i

i

t

d t

+

+

+ ∆
=

+ ∆

Q Q
Q                                            (2.71) 

In this chapter we have demonstrated in details how to formulate and implement the PML 

within the framework of a standard FEM procedure in one dimension. In the next chapter 

we will consider the 2D problem of SH wave propagation and scattering in an infinite 

plate. 



 

 

Chapter 3 

SH Waves in Infinite Plates 

This chapter presents FE formulations of the PML for guided SH wave motion in an infi-

nite isotropic plate in both time- and frequency-domain. Numerical results based on these 

formulations are validated against: 1) exact analytical representation of the SH wave mo-

tion due to an out-of-plane uniform stress applied across the plate’s thickness; 2) fre-

quency-domain hybrid modeling of the SH wave motion due to various loading condi-

tions; and 3) extended-mesh finite-element (EMFE) solutions of various problems in the 

time-domain. 

3.1 Statement of the Problem 

A schematic of the problem to be treated in this chapter is given in Figure 3.1. A point 

circumscribed by a full circle denotes an outward normal to the plane of the text. The 

layout depicts an infinite, stress- and body-force-free plate having a uniform dimen-



 Statement of the Problem 42 

 

 

sionless thickness, h . Coordinates x  and z  as well as the out-of-plane y -displacement, 

v , are made dimensionless with respect to the plate’s thickness, h , as follows 

 1,  ,   ,   .h x vzh x z v
h h h h

= = = = =                                 (3.1) 

h=1

(xp ,1)

x = xτ

p

τ(z)

z = 1

z= 0

(0, zc)

(-Lc / 2 , 0.5)

yx

z

(Lc / 2 , 0.5)

(xo ,1)

Ω∞Observation Point
∇

 

Figure  3.1 A schematic of the problem 

 

 

In Equation (3.1) and the later Equations (3.2)-(3.4), dimensional variables on the right-

hand side are underlined. Afterwards, only dimensionless quantities are used. The mate-

rial of the plate is isotropic with shear modulus and density denoted by µ  and ρ  respec-

tively. Stress, σ  and surface traction, τ , are made dimensionless with respect to the di-

mensional shear modulus, µ , such that 

1,  ,   .
µ σ τµ σ τ

µ µ µ
= = = =                                       (3.2) 
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The plate could be subjected to an out-of-plane stress, τ , that is distributed uniformly 

across its thickness or an out-of-plane, dimensionless line load, p , acting on its top sur-

face, see Figure 3.1. The dimensionless form of  p  can be written as 

.
p

p
hµ=                                                         (3.3) 

Load time dependence takes either the Gaussian or one-cycle-sinusoidal forms shown in 

Figure 3.2. In Figure 3.2 and throughout this chapter, time, t , and angular frequency, ω , 

are made dimensionless with respect h , µ , and ρ  as follows 

  
 

  

1,  ,  1,  ,   ,s s
s s

s s

c t ch
c c t

c c h

ρ µ ωρ ωρ ρ= = = = = = =               (3.4) 

where  sc and s
c  are, respectively, dimensional and dimensionless shear wavespeed of 

plate’s material. The plate may or may not contain a crack. If a crack exists, it can be a 

buried horizontal crack or a surface-breaking vertical crack. 

3.2 Governing Equations 

The equilibrium equation for harmonic SH wave motion in an infinite flawless plate can 

be written as follows: 

, , .yx x yz z vσ σ+ = ��                                                     (3.5) 

Applying forward Fourier transformation to Equation (3.5) produces the steady-state 

equilibrium equation 
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Figure  3.2 Time histories (top) and corresponding frequency spectra (bottom) of (a) a 

Gaussian and (b) a one-cycle sinusoidal signal 
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2

, , 0.yx x yz z vσ σ ω+ + =                                                (3.6) 

Relevant constitutive relations of the plate’s isotropic material are: 

, ,,   .yx x yz zv vσ σ= =                                                 (3.7) 

Substituting the relations in Equation (3.7) into Equation (3.6) gives the governing dis-

placement-based equilibrium equation as follows 

2

, , 0.xx zzv v vω+ + =                                                  (3.8) 

Γ +

(xp , 1)p

ΩC

yx

z

O

ΩP-

Ω i
e

z= 1

z = 0

h=1

(xo , 1)
L -L

ΩP+

LP

Γ -
��� ��� 

PML PML

∇

 
 

 Figure  3.3 A schematic of the plate’s FE-PML model 

 

Figure 3.3 shows a layout of a combined FE-PML model of the infinite plate. The infinite 

physical domain of the problem, ∞Ω , is replaced by a computational domain, C
Ω , sur-

rounded by two (thick-lined) PMLs, P−Ω  and P+Ω , with two (left and right) interfaces, 
+Γ  

and
−Γ . Thus, the finite problem domain now is P C P− +Ω=Ω ∪Ω ∪Ω  
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The response of the plate to applied loading is computed within the boundaries of the 

computational domain, C
Ω . Modeling the infinite plate shown in Figure 3.1 with a finite 

PML model involves a complex coordinate stretching of Equations (3.6) and (3.7) in the 

infinite x -direction by replacing the x -coordinate with a stretched coordinate, x , as fol-

lows: 

2

, , 0,yx x yz z vσ σ ω+ + =                                               (3.9) 

, ,,   .yx x yz yv vσ σ= =                                               (3.10) 

Stretched x -coordinate, x , is defined by Equations (2.19), (2.20), and the following 

damping profile: 

( )
( ) ( )

( )

,

0 ,

.

P

P

d x L x L L

d x L x L

d x L x L L

− − > ≥ − +


= − ≤ ≤
 < ≤ +

                                (3.11) 

It should be noted that a complex damping profile is used in conjunction with the FE-

PML formulation in the frequency domain while a real damping profile is used in the 

time-domain, FE-PML Formulation. Using Equation (2.26), Equation (3.9) can be cast 

into the form 

2

, ,
0.

yx x yz z
vσ ζσ ω ζ+ + =                                           (3.12) 

Boundary conditions applicable to Equation (3.9) in the case of an applied point load to 

the top surface of the plate as shown in Figure 3.3 are: 

( )( ), 0,   (Dirichlet boundary condition)Pv L L z± + =                     (3.13) 



 Frequency-domain FE-PML Formulation 47 

 

 

( )

( ) ( )
,0 0,

   (Neumann boundary conditions)
,1 ,

yz

yz p

x

x p x

σ

σ δ

= 


= 

                  (3.14) 

where δ  is the  Dirac delta function. 

3.3 Frequency-domain FE-PML Formulation 

Let us seek an approximation, ( ),v x z� , to the unknown displacement solution, ( ),v x z , 

in terms of discrete values, ( ) ( ),   1,...,i i i nQ v x z i n= = , and prescribed (interpolation) ba-

sis functions, ( ) 0,1,...,l nN l n=  as follows 

0

1

.
nn

l l

l

v N N Q
=

= +∑�                                                  (3.15) 

 The function 0N  should satisfy prescribed Dirichlet boundary condition, i.e. 

( )( )0 , 0.PN v L L z= ± + =                                           (3.16) 

Thus, approximation v�  becomes 

1

.
nn

l l

l

v N Q
=

=∑�                                                      (3.17) 

Approximations, yx
σ�  and 

zyσ� , to the unknown stress solutions, yx
σ  and 

yzσ , should fol-

low from Equation (3.10) as 

, ,,   .yx x yz zv vσ σ= =� � � �                                               (3.18) 

Substituting approximations, σ�  and v� , into Equation (3.12) yields a residue: 

2

, ,( , ) .yx x yz zR x y vσ ζσ ω ζ= + +� � �                                       (3.19) 
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Using Galerkin MWR to force the residual, ( , )R x y , to zero 

( )2

, ,
0;           1, 2,..., .

k yx x yz z n
N v dxdz k nσ ζσ ω ζ

Ω

+ + = =∫ � � �                (3.20) 

Expanding the differential stress terms using integration by parts yields 

( )2

, ,

1
1

0
0

                = ;   1, 2,..., .

P
P

PP

k x yx k z yz k

zx L L x L Lz

k yx k yz n

z x L Lx L L z

N N N v dxdz

N dz N dx k n

σ ζ σ ω ζ

σ ζ σ

Ω

== + = +=

= =− −=− − =

+ −

+ =

∫

∫ ∫

� � �

� �

     (3.21) 

Substituting Equations (3.14), (3.17) and (3.18) into Equation (3.21), followed by ex-

changing the integration and summation signs results in: 

2

, , , ,

1

1
;    1, 2,..., .

nn

k x l x k z l z k l l k n

l

N N N N N N dxdzQ N p k nζ ω ζ
ζ= Ω

 
+ − = = 

 
∑∫  (3.22) 

The FE form of Equation (3.22) is obtained by following a standard FE procedure similar 

to the one outlined in Section 2.6 [132].  This procedure yields the element stiffness ma-

trix, mass matrix, and load vector given, respectively, in terms of element-level shape 

functions,  n , as follows 

2

, , , ,

1

1

1
[ ] ,

,

;           1,..., ,

e
n

i
e

e
n

i
e

n

i

k x l x k z l z k l

l

n
i

k l

l

i e

k n

n n n n n n dxdz
ζ

n n dxdz

n p k n

ζ ω

ζ

=

=

= + −

=

= =

∑ ∫

∑ ∫

k

m

p

ΩΩΩΩ

ΩΩΩΩ

                      (3.23) 

After FE assembly, the governing equation can written in the form 
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2

1 1 1

,

,   ,  ,
e e en n n

i i i

i i i

ω

= = =

 − = 

= = =

K M Q P

K k M m P pΠ Π ΠΠ Π ΠΠ Π ΠΠ Π Π

                                  (3.24) 

where K  is the global stiffness matrix, M  is the global mass matrix, and P  is the sur-

face traction vector. The complex linear system in Equation (3.24) is solved for steady-

state nodal displacements, Q . The computer sub-program LEQT1C from the Interna-

tional Mathematical and Statistical Library (IMSL®) was used. 

3.4 Time-domain FE-PML Formulation  

A displacement-based, PML formulation of the previously stated problem can be ob-

tained by replacing x with x  in Equation (3.8) as follows 

2

, , 0.xx zzv v vω+ + =                                                (3.25) 

Using the chain rule to expand the first differential term on the left side of Equation 

(3.25) results in 

( )
2 2

, , , , ,
0.

x xx xx x zz
x v x v v vω+ + + =                                     (3.26) 

Using Equations (2.49) and (2.50) along with wave equation splitting, Equation (3.26) 

can be written as 

1 2 3,v v v v= + +                                                    (3.27) 

[ ]
2

1 , ,
xx

j d v vω + =                                                (3.28) 

[ ]
3

2 , , ,
x x

j d v d vω + = −                                              (3.29) 
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2

3 , .zzv vω− =                                                     (3.30) 

Inverse Fourier transformation of Equations (3.28) through (3.30) yields the following 

displacement-based governing equations in the time domain 

1 , ,xxv v=��                                                         (3.31) 

4 , , ,x xv d v= −��                                                      (3.32) 

4 2 ,v v= �                                                         (3.33) 

3 ,v .zzv=��                                                        (3.34) 

Note that Equation (3.29), which has a third-order time derivative, is split now into Equa-

tions (3.33) and (3.33) that involves only second- and first-order time derivatives, respec-

tively. An FE representation of Equations (3.27) and (3.31) - (3.34) can be written as: 

1 2 3,= + +Q Q Q Q                                                (3.35) 

1 1 ,= −��
MQ K Q                                                    (3.36) 

2 ,
4

= −��
MQ K Q                                                    (3.37) 

4 ,2= �Q Q                                                        (3.38) 

3 .3 = −��MQ P K Q                                                  (3.39) 

Matrices ( )1, 2,3i i =K  and M  are obtained by standard FE assembly of the correspond-

ing element-level matrices as follows: 

1 1 1 , ,
1

,     ,

e
ne

i
e

nn
i i

k x l x
i

l

n n dxdz
=

= =∑ ∫K k k

ΩΩΩΩ

ΠΠΠΠ                                 (3.40) 
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2 2 2 , ,
1

,     ,

e
ne

i
e

nn
i i

k x l x
i

l

n d n dxdz
=

= =∑ ∫K k k

ΩΩΩΩ

ΠΠΠΠ                                (3.41) 

3 3 3 , ,
1

,      ,

e
ne

i
e

nn
i i

k z l z
i

l

n n dxdz
=

= =∑ ∫K k k

ΩΩΩΩ

ΠΠΠΠ                                 (3.42) 

1
,      ,

e
ne

i
e

nn
i i

k l
i

l

n n dxdz
=

= =∑ ∫M m m

ΩΩΩΩ

ΠΠΠΠ                                  (3.43) 

1
,     ;     1,..., .

en
i i e

k n
i

n p k n
=

= = =P p pΠΠΠΠ                                 (3.44)                        

A solution of Equations (3.35-39) can be computed at each discrete time steps as follows 

( )

( ) ( ) ( )

( )

1

1 1

2

1 2
2

,

i i 1 i 1 i

1 i+1

d t
d d t

1+d t + d t

−  ∆    − − + + ∆ +      =
 ∆ ∆
 

�� �

��

M K Q Q Q Q

Q           (3.45) 

( ) ( )
( ) ( )

,
1 i 1 i+1

1 i+1 1 i
t

2
= + ∆

�� ��
� �

Q + Q
Q Q                                      (3.46) 

( ) ( ) ( )
( )

,
1 i +1

1 i +1 1 i 1 i +1
t t

2

 
 = + + ∆ ∆
 
 

��
�

Q
Q Q Q                                  (3.47) 

( )

( ) ( ) ( )

( )

1

2 4

2

1 2
2

,

i i 4 i 4 i

4 i+1

d t
d d t

1+d t + d t

−  ∆    − − + + ∆ +      =
 ∆ ∆
 

�� �

��

M K Q Q Q Q

Q               (3.48) 

( ) ( )
( ) ( )

,
4 i 4 i+1

4 i+1 4 i
t

2
= + ∆

�� ��
� �

Q + Q
Q Q                                       (3.49) 

( ) ( ) ( )
( )

,
4 i +1

4 i +1 4 i 4 i +1
t t

2

 
 = + + ∆ ∆
 
 

��
�

Q
Q Q Q                               (3.50) 
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( )

( ) ( )( )
( )

,
1

2 i 4 i+1

2 i +1

t

d t

+ ∆
=

+ ∆

Q Q
Q                                         (3.51) 

( ) [ ]1

3- ,i3 i+1

−=��Q M P K Q                                            (3.52) 

( ) ( )
( ) ( )

,
3 i 3 i+1

3 i+1 3 i
t

2
= + ∆

�� ��
� �

Q + Q
Q Q                                       (3.53) 

( ) ( ) ( )
( )

.
3 i +1

3 i +1 3 i 3 i +1
t t

2

 
 = + + ∆ ∆
 
 

��
�

Q
Q Q Q                                (3.54)                             

The current time-domain PML formulation is simpler and more computationally efficient 

than the time-domain PML formulation given by Basu and Chopra [128] where viscous 

damping needs to be involved and a system of equations has to be solved at each time 

step. Formulation of exact ABCs by NME for frequency-domain FE modeling for SH 

wave propagation and scattering in an isotropic infinite plate is presented next. 

3.5 Exact ABCs by NME 

3.5.1 Free SH Waves in an Infinite Plate 

Substitute the harmonic solution for the wave equation into Equation (3.9) followed by 

the imposition of the following boundary conditions: 

, 0,1
0.

z z
v

=
=                                                      (3.55) 

 This will result in the following dimensionless, displacement solution 
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( )

0

cos  .lj x t

l l

l

v C z e
ξ ωβ

∞
− −

=

=∑                                           (3.56) 

Here 
l

C are arbitrary constants and the dimensionless wave numbers, 
l

ξ and
l

β , of the th
l  

mode in the x and z  directions, respectively, are related to the dimensionless frequency 

ω , by the following relationship 

2 2 2 .l l lβ ω ξ π= − =                                                 (3.57) 

The solution given in Equation (3.48) can be divided into symmetric and anti-symmetric 

motions about the plane 0.5z = . It can be shown [133] that the symmetric and anti-

symmetric modes correspond to 0, 2, 4,  ...l = and 1,3,5,  ...l = , respectively. The fre-

quency spectrum of the first three pairs of symmetric and anti-symmetric SH wave modes 

in a plate are shown in Figure 3.4. The dimensionless displacement, i
v , at point ( ),i ix z in 

the plate can be approximated by the summation,
 i
v� , of a finite number, M , of normal 

modes, i.e. 

( )

0

cos  .l i

M
j x t

i l l i

l

v C z e
ξ ωβ − −

=

=∑�                                         (3.58) 

Equation (3.47) can be written in matrix form (with a suppressed time factor, j t
e

ω ) as 

,
i i

v =� G D                                                      (3.59) 

{ }0 1 2 ... ,  cos ,i l l l iCo Co Co Co Co zβ= =G                        (3.60) 

{ }0 0 1 1 2 2 ... ,  .l i
T j x

l l lC E C E C E C E E e
ξ= =D                        (3.61) 

Using Equation (3.8), 
( )yx i

σ  can be approximated similarly as: 
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( ) ,
iyx i

σ =� H D                                                     (3.62) 

{ }' ' ' ' '

0 1 2 ... ,  cos .i l l l l iCo Co Co Co Co j zξ β= =H                     (3.63) 

The formulation of ABCs from the free SH wave eigendata is presented next. 
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Figure  3.4 Frequency spectra of free SH waves in a plate 

 

3.5.2 Hybrid FE-NME Formulation 

In the hybrid method, the plate’s infinite domain is divided into a finite region,  CΩ , sur-

rounded by two infinite regions,  −∞Ω  and  +∞Ω , see Figure 3.5. Vertical, left and right, 

interface boundaries between the two regions are  +Γ  and  −Γ , respectively. If the plate is 

cracked, the crack should be contained inside  CΩ , while  −∞Ω  and  +∞Ω  should be crack-

free. Loading can be applied either to  CΩ ,  −∞Ω , or  +∞Ω  depending on material attenua-
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tion and how far the observation and the load are separated. If the plate’s material is 

highly attenuative (e.g. concrete or polyethylene), the loading and observation points 

must be located very closely, thus, allowing the load to be applied to the narrow  CΩ .  

This configuration is adopted in the current hybrid modeling to allow for a direct com-

parison with the FE-PML model for which loads can only be applied inside  CΩ . Appli-

cation of the load to  −∞Ω  or  +∞Ω  is computationally economical for large load-

observation separations. It has been considered by Zhu et al. [134] where Green’s func-

tion was used to form the incident displacement and stress fields. 
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Figure  3.5 A schematic of the hybrid model. Finite elements are used to idealize the ir-

regular computation domain,  CΩ . 

 

Absorbing boundary conditions are enforced on the boundaries  −Γ  and  +Γ  by evaluating 

the scattered displacements and stresses as follows 
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, ,,   ,S S

yx

Γ Γ= =Q GD S HD                                            (3.64) 

{ }1 2 3 ... ,
T

nΓ
=G G G G G                                      (3.65) 

{ }1 2 3 ... .
T

nΓ
=H H H H H                                     (3.66) 

A superscript “S” denotes the scattered wave field. A subscript/superscript Γ  refers to 

nodes located on the boundaries  −Γ  and  +Γ . nΓ
 is the number of nodes on the com-

bined boundary,   − +Γ ∪ Γ , which is dictated by the FE discretization of the bounded re-

gion  CΩ . The FE form of Equation (3.6) can be obtained by following the standard FE 

procedure [133], in which the left side of Equation (3.6) is pre-multiplied by a trail func-

tion, N , and double integrated over  CΩ  as follows: 

2

, , 0;    1,2,..., .

C

k yx x k yz z k nN N N v dxdz k nσ σ ω
Ω

 + + = = ∫∫                 (3.67) 

Performing the integration in Equation (3.67) by parts along with the interpolation of dis-

placement using the same trial function, N , and the imposition of the bound-

ary/continuity conditions on  CΩ  leads to 

[ ]
,

;   , 1, 2,..., ,nS
k l n

Ω Ω

Γ Γ

   
= =   

   �

Q P
K

Q P
                               (3.68) 

( )

2

, , , ,[ ] ,

;    1,2,..., ,

;   1, 2,..., ,

.

C

k x l x k z l z k l

k

,S

k yx k

n

N N N N N N dxdz

N p k n

N dz k n

n n n

ω

σ
− +

Ω

Ω
Ω

Γ
Γ

Γ ∪Γ

Ω Γ

= + −

= =

= =

= +

∫∫

∫� �

K

P

P
                         (3.69) 
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K is the dynamic stiffness matrix. A subscript/superscript Ω  refers to the degrees of 

freedom inside  CΩ . ΩQ /
ΩP  and ΓQ /

,SΓ�P are nodal displacements/load vectors inside 

 CΩ
 
and on the combined interface boundaries   − +Γ ∪ Γ , respectively. nΩ  is the number 

of nodal points inside  CΩ . The integrals in Equation (3.69) are performed over each fi-

nite element, 
i

e
Ω , using local shape functions, n . Elemental contributions are, then, as-

sembled together through a standard procedure. This will result in the dynamic stiffness, 

K , and the internal load vector, 
ΩP , to be defined as 

2

, , , ,
1

1

1

,   [ ] , 

,   ;    1,2,..., .

e
ne

i
e

e

nn
i i

k x l x k z l z k l
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k n
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n n n n n n dxdz
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=
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Ω Ω, Ω,

=

= + −

= =

∑∫∫K = k k

P = p p

ΠΠΠΠ

ΠΠΠΠ

               (3.70) 

The boundary load vector, ,SΓ�P ,  

{ }

,

1 2 3 ... ,

   1,2,..., .

S

T

n

k k k

,

N dz k n

Γ

− +

Γ

Γ

Γ ∪Γ

=

=

= =∫

�P FD

F F F F F

F H

                                    (3.71) 

Sub-structuring the dynamic stiffness, K , in Equation (3.69) into four sub-matrices fol-

lowed by the substitution of SΓ,Q and ,SΓ�P from Equations (3.64) and (3.71), respectively, 

yield the following 

.
ΩΩ ΩΓ Ω Ω

ΓΩ ΓΓ

     
=    

     

K K Q P

K K GD FD
                                     (3.72) 
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Through algebraic manipulation, Equation (3.72) can be written in terms of the unknown 

ΩQ  and D  as follows 

( )
.

T T

ΩΩ ΩΓ Ω Ω

ΓΩ ΓΓ

     
=     

−      

K K G Q P

G K G K G F D 0
                            (3.73) 

Equation (3.73) is a complex linear system of equations that is solved for 
Ω

Q  and D  by 

lower-upper (LU) decomposition. Steady-state displacement responses are converted into 

time histories by using a discrete inverse Fourier transform. Numerical examples predict-

ing the response of an infinite plate to anti-plane loading are presented next for the PML 

and the hybrid models. 

3.6 Numerical Implementation 

3.6.1 Sizing the Extended FE Mesh 

In order to explain how the EMFE model is sized, let us consider the load-observation 

configuration shown in Figure 3.6. This load-observation configuration is symmetric 

about the centerline of the EMFE model with a 2 TL separation distance between the load 

and the observation. The objective is determine the minimum length, EMFEL , such that re-

flections of the fastest wave mode traveling at maximum group velocity, ,maxgc , from 
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both boundaries does not show up within the time-window width of the applied load, eT . 

The following inequality satisfies that condition  

,max

,max

.
2

e g T
EMFE

g

T c L
L

c
> +

                                          

(3.74) 
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Figure  3.6 Illustration of EMFE model sizing 

3.6.2 RMS Error 

A measure of error in the FE-PML predictions relative to a reference prediction is con-

sidered in a root-mean-square (RMS) sense as follows: 

( )

( )

1
2 2

1

2

1

.

sn
i i
FE PML R

i
RMS

n
i
R

i

s s

s

ε
−

=

=

 
− 

 
=  
 
  

∑

∑
                                      (3.75) 
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i
Rs  and i

FE PMLs −  are, respectively, the reference and FE-PML predictions at a sampling 

point (time or frequency), i, and sn  is the total number of sampling points. In this chap-

ter, the reference predictions are the exact and the EMFE results. 

3.6.3 Selection of the PML Parameters 

The damping profile assumes the following empirical form: 

( ) 0
.

m

P

x L
d x d

L

 −
=  

 
                                               (3.76) 

The width of the damping layer, PL , and the exponent, m , are selected based on a rudi-

mentary trial-and-error procedure at all times. There are some available empirical formu-

lae in the literature to determine the amplitude of the damping profile, 
0d . Alternately, it 

can be determined by trial and error, which is adopted in this chapter. 

3.6.4 Numerical Examples 

The infinite plate considered in the following examples can be flawless, or it can contain 

a surface-breaking vertical crack ( )0.5cz = , or a horizontal crack ( )1.0cL = . Loading, 

1.0p =  and ( ) 1.0zτ = , are applied at ( )0.5,1.0−  and ( )0.5, z− , respectively. In Exam-

ples 2 and 3, the boundaries of the EMFE model are set at 15x = −  and 15x =  in order 

to shift the initial arrival of the shear wave reflection outside the duration of the applied 
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load. The response is predicted at ( )0.5,1.0  in all examples. Linear, four-node elements 

are used in all FE meshes unless stated otherwise. For all types of elements, element di-

mensions are fixed at 0.1x∆ =  and 0.1z∆ =  in the x  and z  directions, respectively. In 

modeling a flawless plate or a plate containing a vertical crack, the boundaries  −Γ  and 

 +Γ  are taken at 1.0L = ± . In the case of a horizontal crack,  −Γ  and  +Γ  are moved to 

1.5L = ±  to accommodate the lateral extent of the crack. The thickness of the absorbing 

layer is always 0.5
P

L = unless stated otherwise. It should be noted that a total number of 

20 modes are used in the hybrid method throughout all examples. 

Three numerical examples are considered. The first example compares the steady-state 

predictions made by the hybrid method and the PML method with exact analytical solu-

tions for a flawless plate. It also contrasts the hybrid and PML predictions in terms of ac-

curacy and computational efficiency. The second example compares FE-PML modeling 

results to those obtained by an EMFE. The third example considers the response of the 

plate to a high-frequency, wide-band, one-cycle sinusoidal signal for which a time-

domain FE-PML model and an EMFE model are employed. 

Example 1:  ABCs versus Exact Analytical Solution 

Predictions made by the hybrid method and the PML method (given that 0 10d =  and 

1m =  are assumed in Equation (3.76)) for the flawless plate’s steady-state displacement 

response to a uniform anti-plane stress, 1.0τ = , are shown in Figure 3.7. Excellent 

agreement is clearly evident with the exact analytical solution [133]. RMS errors in the 
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frequency-domain FE-PML predictions relative to exact analytical solution are 2.18% in 

the real part and 3.25% in the imaginary part. This numerical example was executed on 

an HP® Pavilion a805n, personal computer. It took 24 and 59 CPU seconds (or a ratio of 

1:2.4) to produce the hybrid and the PML predictions, respectively. 

In Figure 3.8a, a point load, 1.0p =  is applied instead. An exact analytical solution also 

exists for this case [133]. The hybrid method produces now somewhat less accurate re-

sults than the PML approach even when quadratic, eight-node elements are used. See 

Figure 3.8b. RMS errors in the hybrid predictions relative to exact analytical solution are 

14.1% in the real and imaginary parts. These errors for the frequency-domain, FE-PML 

predictions are 3.03% and 3.13%, respectively. 

Degradation of the hybrid method’s accuracy as L  increases has been reported previ-

ously by Zhu [135] for plane-strain, PSV, hybrid modeling in plates. On the contrary, in-

creasing the lateral dimension of the bounded region enhances the performance of the 

FE-PML method [128]. In order to illustrate this observation, consider the steady-state 

responses to a point anti-plane load ( )1.0p =  of two, otherwise identical plates contain-

ing either a vertical crack or a horizontal crack. Predictions made by the PML and hybrid 

method are shown in Figure 3.9. The hybrid predictions in Figure 3.9a made by using 

1L =  deviates from the FE-PML predictions by RMS errors of 13.24 % and 13.29 % in 

the real and imaginary parts respectively. The hybrid predictions in Figure 3.9a made by 

using 1.5L =  deviates from the FE-PML predictions by only RMS errors of 5.4 % and 

5.5 % in the real and imaginary parts respectively. 
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This example also was executed on an HP® Pavilion a805n, personal computer. It took 

25 and 96 seconds to produce the hybrid method predictions in Figures 3.9a and 3.9b, re-

spectively. The corresponding times for the PML method are 60 and 174 seconds, or 

about 2.4 and 1.8 times longer. Thus, the percentage difference in CPU time between the 

hybrid method and the FE-PML method is lowered from 140% for a vertical crack to 

82% for a horizontal crack. The FE-PML predictions shown in Figure 3.9 for 0.5
P

L =  

are superimposed in Figure 3.10 onto the corresponding curves for 0.3
P

L = .  It can be 

see that reducing the PML thickness affects somewhat the response of the vertically 

cracked plate. For a horizontally cracked plate, on the other hand, the response is hardly 

affected. However, the CPU time is reduced from 174 seconds to 125 seconds bringing 

the percentage difference between the hybrid and the FE-PML methods to 30% only. 

Example 2: Time-domain PML versus windowed FE Modeling 

Several results introduced in Example 1 are reproduced in this example by using direct, 

time-domain FE-PML analysis. Both the time-domain FE-PML formulation presented in 

Section 3.4 (for which 0 20d = , 3m = ,  1.0L = , 5.0
P

L =  are used in Equation (3.76)) 

and an EMFE model. Figure 3.11 shows response time histories of a flawless plate to a 

uniform stress and a point load. The RMS error in the time-domain FE-PML predictions 

with reference to the EMFE results are 10.7% and 10.8 for Figures 3.11a and 3.11b, re-

spectively. This numerical example was executed on a DELL PRECISION M6300 lap-

top. The time-domain FE-PML consumes 36 seconds while the extended FE model takes 
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86 seconds or about 2.9 times longer. Corresponding predictions for the two cases of a 

vertically- and a horizontally-cracked plate are shown in Figure 3.12. The RMS error in 

the time-domain FE-PML predictions with reference to the EMFE results are 11.3% and 

12.5 for Figures 3.12a and 3.12b, respectively. 

Wide-band signals (see Figure 3.2b) add an additional computational burden to fre-

quency-domain methods due to the large number of discrete frequencies to be handled. 

This is not a problem for direct time-domain methods. Moreover, by using direct time-

domain analysis, instantaneous snapshots of the time-evolving displacement field can be 

obtained more conveniently. This is demonstrated by the following example. 

Example 3: Time-domain PML at higher frequencies 

Snapshots of an infinite flawless plate’s instantaneous responses to a point load, whose 

time dependence is a one-cycle sinusoid, see Figure 3.2, are shown in Figure 3.13. The 

snapshots are produced by using an EMFE model, Figure 3.13a, and a time-domain FE-

PML model, Figure 3.13b. 

Previously used parameters for the EMFE and FE-PML models remain in effect. The 

same color map is used to produce all the images presented in this example. Correspond-

ing snapshots for the vertically- and horizontally-cracked plates are shown in Figures 

3.14 and 3.15, respectively. Notice that triangles point to the surface opening of the verti-

cal crack in Figure 3.14 and to the tips of the horizontal crack in Figure 3.15. A visual in-

spection suggests that the differences between the corresponding images produced by the 

two approaches be hardly noticeable. The presence of the vertical crack is distinguished 
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by a higher displacement field (a brighter spot) in its vicinity. The diffraction of the shear 

waves around the tips of the horizontal crack can be noticed by carefully comparing Fig-

ures 3.13 and 3.15. These observations support the assertion made in the Introduction that 

a crack’s effect on shear waves is localized. 

3.7 Conclusions 

A combined FE and perfectly matched, absorbing, boundary layer approach to model SH 

wave propagation and scattering in infinite, isotropic plates is contrasted against exact 

analytical solution and exact ABCs formulated in terms of eigendata through the hybrid 

method. The hybrid method employs exact ABCs, however, its accuracy is a function of 

several parameters. Of those parameters is the width of the bounded region. It is shown 

that the RMS deviation in the hybrid predictions, compared to exact analytical/FE-PML 

solutions, dropped from 14% to 5% by increasing the width of the bounded region by 

50%. 

The combined FE-PML approach is implemented in both time and frequency domains. 

Maximum RMS error is about 3.0% in the FE-PML predictions compared to exact ana-

lytical solutions. In the time domain, a maximum RMS error of about 12% in the FE-

PML predictions compared to the results of an EMFE model is observed. The frequency-

domain, FE-PML model consumes more than twice as much computational time needed 

by the hybrid method, however, yields more accurate predictions. On the other side, the 

time-domain, FE-PML model require less execution time than the EMFE model.
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Figure  3.7 Steady-state response of a flawless infinite plate to an anti-plane load distrib-

uted uniformly across its thickness (____ Re. analytical; -------- Im. analytical; ∆ Re. hy-

brid; ◊ Im. hybrid;  R. FE-PML; Ο Im. FE-PML) 
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(b) 

Figure  3.8 Steady-state response of a flawless infinite plate to an anti-plane point load us-

ing (a) four-node elements; and (b) eight-node elements with hybrid predictions (____ 

Re. analytical; -------- Im. analytical; ∆ Re. hybrid; ◊ Im. hybrid;  R. FE-PML; Ο Im. 

FE-PML) 
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(b) 

 

Figure  3.9 Steady-state responses of an infinite plate containing (a) surface-breaking ver-

tical crack and (b) buried horizontal crack to an anti-plane point load ( Ο Re. FE-PML;  ∆ 

Im. FE-PML; _____ Re. hybrid; ------- Im. hybrid) 
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(b) 

Figure  3.10 Reproduction of PML predictions given in Figure 3.9 for a reduced damping 

layer widths of 0.3 compared to a 0.5 in Figure 3.9 ( Ο Re. FE-PML;  ∆ Im. FE-PML; 

_____ Re. hybrid; ------- Im. hybrid) 
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(b) 

Figure  3.11 Time-history responses of a flawless infinite plate subject to an anti-plane (a) 

stress and (b) point load (______ windowed FEM; ----------- FE-PML) 
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(b) 

Figure  3.12 Transient response to an anti-plane point load for an infinite plate containing 

(a) a vertical crack and (b) a horizontal crack (______ windowed FEM; ----------- FE-

PML) 
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Figure  3.13 Snapshots of the displacement field in a flawless plate due to an anti-plane 

point load, p, predicted by using (a) an extended FE mesh and (b) a time-domain FE-

PML. 
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Figure  3.14 Snapshots of the displacement field in a vertically-cracked  plate due to an 

anti-plane point load, p,  predicted by using (a) an extended FE mesh and (b) a time-

domain FE-PML. 
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Figure  3.15 Snapshots of the displacement field in a horizontally-cracked plate due to an 

anti-plane point load, p, predicted by using (a) an extended FE mesh and (b) a time-

domain FE-PML. 

 



 

 

Chapter 4 

PSV Waves in Infinite Plates 

This chapter investigates the applicability of a time-domain implementation of the dis-

placement-based, combined FE-PML formulation to numerical modeling of elastic, PSV 

wave propagation and scattering in infinite plates for the purpose of crack characteriza-

tion. Results obtained using the proposed model satisfy reciprocity and verify available 

analytical and semi-analytical solutions. The results of forward scattering by cracks con-

firm previous experimental findings by Hudgell et al. [140] and can potentially help op-

timize experimental parameters. 

4.1 Description of the Problem 

The subject of this chapter is an infinitely-long plate having a uniform thickness, h , with 

and without a crack. The plate is described using a rectangular coordinate system. The 

origin is located on the bottom surface of the plate as shown in Figure 4.1. The infinite 

physical domain of the problem, ∞Ω , is a planar -x z cross section. The plate is excited 
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by a line load, p . A crack perpendicular to the -x z plane can be described by the 

( , )c cx z coordinates of its tip, its length,  cL , and the counter-clockwise angle, α , it 

makes with the positive -axisx . Displacements and lengths are made dimensionless by 

dividing them through plate’s thickness, h. Elastic constants, stresses and surface trac-

tions are divided by  55c  to get their dimensionless counterparts. Dimensionless line load, 

time, and frequency remain the same as defined by Equations (3.3) and (3.4) after replac-

ing µ  with  55c . In this chapter we seek the replacement of the infinite domain,  ∞Ω , 

with a truncated domain, CΩ  and two PMLs,  P−Ω  and  P+Ω , at x L= ± , see Figure 4.2. 

As a result of the above replacement, we obtain a combined problem domain, 

  C P P− +Ω = Ω ∪Ω ∪Ω . 

4.2 FE-PML Equations 

Steady-state, PSV wave motion of the infinite plate in Figure 4.1, is governed by the fol-

lowing displacement-based equilibrium equation [136]: 

{ }

2

11 12

12 22

55

,

 ;  , = , ,

0 1 0 0 0

0  0 0 ,  0 1 .

0 0 0 1 1 0
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x z

u w , i k x z
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     
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                          (4.1) 
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Figure  4.1 A schematic of an infinite, cracked plate subject to a line load 

 

Computational representation of this infinite plate with a combined FE-PML model as 

shown in Figure 4.2, requires the replacement of the coordinate x by a stretched coordi-

nate, x , defined in Equation (2.19). Thus, frequency-domain equilibrium equation of the 

FE-PML model can be written as: 

2 .T

xx ,xx xz ,xz xz ,zx zz ,zz ω+ + + + = 0c v c v c v c v v                                  (4.2) 

Using the chain rule to expand the first three differential terms on the left hand side of 

Equation (4.2) followed by the evaluation of ,xx  and ,xxx  from Equations (2.49) and 

(2.50) results in 

[ ] [ ] [ ] [ ]2 3 2
+

T
,x xxxx xz xz zz

,xx ,x ,xz ,zx ,zz

d  
.

j j d j j dj d j d ω ω ω ω ωω ω
− + − =

+ ++ +

cc c c c
v v v v v v

    

(4.3) 
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Figure  4.2 A schematic of the FE-PML model of the infinite plate in Figure 4.1 

 

By splitting displacement wave-field [124], Equation (4.3) can be written as 

,
1 2 3 4

= + + +v v v v v                                                 (4.4) 

 [ ]
2

,
xx ,xx 1

j dω= +c v v                                                (4.5) 

[ ]
3

,
,x ,xx ,x 2

d  j dω− = +c v v                                             (4.6) 

[ ]+ ,T

xz ,xz xz ,zx 3j j dω ω= +c v c v v                                         (4.7) 

2 .
zz ,zz 4

ω= −c v v                                                     (4.8) 

Inverse Fourier transformation of Equations (4.5) through (4.8) yields the following dis-

placement-based governing equations in the time domain 
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,
,

1 xx xx
��v = c v                                                         (4.9) 

, , ,5 x xx xd= −��v c v                                                  (4.10) 

,5 2= �v v                                                         (4.11) 

+ ,
T

xz ,xz xz ,zx 3 3d
t t

∂ ∂ 
= = + 

∂ ∂ 

��c v c v v v                                   (4.12) 

.zz ,zz 4= ��c v v                                                      (4.13) 

In a standard FE procedure, the entire problem domain is divided into a finite number, 

en , of non-overlapping elements,  ( 1... )i
e ei nΩ = . Approximations to the solutions of 

Equations (4.9)-(4.13) are expressed over each element in terms of element nodal values 

and piecewise-continuous, linearly-independent basis functions,  ( 1... )
e

l nn l n=  with 

e
nn being the number of nodes in an element. Following a Galerkin method in eliminating 

the integral of the weighted approximation residuals over the entire problem domain, 

where basis functions are used as weights, results in the following FE form of Equations 

(4.9)-(4.13) 

{ }
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                        (4.14) 
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 1 ,
1

= −��
MQ K Q                                                 (4.15) 

2 ,
5

= −��
MQ K Q                                                   (4.16) 

,
5 2

= �Q Q                                                        (4.17) 

3 ,3 = −
��

MQ K Q                                                    (4.18) 

4 .4 = −��MQ P K Q                                                    (4.19) 

In Equation (4.14), nn is the number of global nodes in the FE mesh. Stiffness matrices, 

 ( 1...4)i i =K , mass matrix, M , and consistent load vector, P , are obtained by standard 

FE assembly of the corresponding element-level matrices as follows: 
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Inside Ω , standard FE equations corresponding to (4.2) can be integrated using a New-

mark explicit scheme. Inside P−Ω  and P+Ω , Equations (4-15)-(4-19) can be integrated in 

the followings steps: 
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The FE-PML model was programmed into a FORTRAN 90 computer code. The code 

was executed on a Dell Precision M6300 for several example problems. Results are pre-

sented and discussed next. 

4.3 Numerical Implementation and Validation 

Accuracy and stability of the FE modeling of elastic wave motion is dependent on ele-

ment dimensions, x∆  and z∆ . Several recommendations [137] suggest a minimum of 

eight linear or four quadratic elements per shortest wave length in order to correctly cap-
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ture a waveform. We will refer to this later as the eight-element rule. Moreover, stability 

of explicit time integration is critically dependent on time step, t∆ . A stable time step is 

given in terms of element dimensions, x∆  and z∆ , and pressure wave speed, pc , as fol-

lows [138] 

( )
1 2

2 21
1 1 .

p

t x z
c

−

∆ ≤ ∆ + ∆                                         (4.40) 

Basu [129] has found a stable time step for the FE model to remain stable in a combined 

FE-PML model. The real damping profile in the PML region assumes the form given in 

Equation (3.76) [128]. In all numerical examples throughout this chapter, 0d  and m  are 

tentatively kept at 10 and 1, respectively.  In the following, numerical results are pre-

sented to verify reciprocity satisfaction of both the FE and the FE-PML predictions and to 

establish their validity against available literature data. Time history responses are pre-

dicted at (5,1)  due to a loading at ( 5,1)−  in the form of a modulated Gaussian signal 

whose time history is given by:  

( )
( )

( )
2

0

2

2
exp sin .

22
c

G

t t
p t tω

σσ π

 −
= − 

  
                              (4.41) 

In Equation (4.41), σG is a parameter controlling the width of the pulse, t0 determines the 

time delay, and cω  is the center angular frequency. In this example, parameters σG = 0.8, 

t0 = 3, 
cω  = 3.14 are chosen. Time history and frequency spectrum of a Gaussian signal 

corresponding to these values are shown in Figure 4.3. 
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Figure  4.3 A modulated Gaussian signal (a) time history and (b) frequency spectrum 
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Figure  4.4 Frequency spectra for (a) the nickel layer and (b) aluminum plate (____ sym-

metric modes; ------- anti-symmetric modes) 
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Two sets of predictions were reported in the literature for this loading-observation sce-

nario. The first was reported by Pan and Datta [35] for a 100 -thickmµ , nickel layer 

whose dimensional properties were given as 11 22 298.95 GPac c= = , 12 129.53 GPa,c =  

55 84.71 GPac = , and 
38910 kg/mρ = . The second was reported by Liu and Achenbach 

[139] for an aluminum plate whose Poisson’s ratio is1 3 . Pan and Datta obtained their 

predictions analytically.  Liu and Achenbach employed the SEM and corroborated their 

results with those of the HNM. Dimensionless frequency spectra of the nickel and alumi-

num plates are shown in Figure 4.4. 

Frequency band upper limit of the exciting signal at 7ω = , Figure 4.3b, corresponds a 

maximum wavenumber 8ξ =  for both plates, Figure 4.4, i.e. a minimum wavelength 

( 2 )λ π ξ=  of about 0.8. Following the eight-element rule and Equation (4.40), a uni-

form FE mesh of 0.1-by-0.1  elements and a time step of 0.03 are employed to obtain the 

results presented in this section. Reciprocity is verified for the FE ( 15)L = and FE-PML 

( 5.1; 1.9)pL L= =  models by predicting vertical, top-surface displacement, w , at (5,1)  

due to a vertical point load at ( 5,1)−  and vice versa. Two sets of such predictions for the 

nickel and the   aluminum plates are shown in Figures 4.5 and 4.6, respectively. They are 

so indistinguishable that reciprocity is evidently satisfied. Figure 4.7a shows the horizon-

tal top-surface displacement at (5,1)  in the nickel layer due to a horizontal load at ( 5,1)− . 

Both the FE and the FE-PML results are in good agreement with corresponding analytical 
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predictions reported by Pan and Datta [35]. Figure 4.7b depicts horizontal top-surface 

displacement at (5,1)  in the aluminum plate due to a horizontal load at ( 5,1)− . Similarly, 

the FE and the FE-PML predictions are in decent agreement with its counterparts re-

ported by Liu and Achenbach. The CPU times elapsed during the FE (3000 elements) and 

the FE-PML (1400 elements) runs are: 772 and 498.2 seconds, respectively, thus saving 

35.5 % of CPU time by using the latter. 
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Figure  4.5. Reciprocity check of (a) FE and (b) FE-PML predictions in the nickel layer 

4.4 Applications to Crack Characterization 

The following numerical examples demonstrate some applications of the proposed FE-

PML model to numerical modeling of elastic PSV wave scattering in the context of 2D 

crack characterization. 
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Figure  4.6 Reciprocity check of (a) FE and (b) FE-PML predictions in the aluminum 

plate 
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Figure  4.7 Horizontal top-surface displacements at (5,1) due to (a) a horizontal load at (-

5,1) in the nickel layer and (b) a vertical load at (-5,1) in the aluminum plate. 
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Figure  4.8 A Ricker wavelet (a) time history and (b) frequency spectrum for Example 1 

 

Example 1: A vertically cracked, 175-mm thick isotropic concrete slap is considered. The 

vertical crack opens to the bottom surface of the slab. The crack tip lies at (0,0.5)cx = , 

i.e. 0.5cL = . Density and Poisson’s ratio of concrete are taken as 
32500 kg/m and 0.15 , 

respectively. The slab is excited by a Ricker wavelet in the form: 

( ) 2 2 2 23 3
1 2 exp .

c c

c c

p t t t
π π

π ω π ω
ω ω

      
= − − − −      

      
                     (4.42) 

Time history and Fourier transform of a Ricker wavelet corresponding to 2cω =  is 

shown in Figure 4.8. Figure 4.9a shows frequency spectra for the concrete slab in this ex-

ample. At the maximum significant frequency present in the exciting impact 25ω = , see 

Figure 4.8b, the wavenumber is, approximately, 14. That corresponds to a wavelength of 
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0.45. Following the eight-element rule and Equation (4.40), a uniform mesh 

( 0.05)x z∆ = ∆ =  and a time step of 0.008 are employed in the current example.  Conver-

gence of the FE-PML predictions of vertical top-surface displacement at (0.1,1)  due to a 

point load at ( 0.1,1)− for this discretization values is confirmed by comparing the results 

for 0.1,  0.05,  and 0.04x z∆ = ∆ = , see Figure 4.9b. Predictions of displacement time his-

tories in response to a vertical load are obtained by FEA with PMLs ( 1,  1)pL L= = and 

without PMLs ( 5)L = . Displacement time history responses at (0.2,1)ox =  to a vertical 

line load at ( 0.2,1)px = −  are shown in Figure 4.10, with very good agreement between 

the FE and the FE-PML predictions. It took the FE (8000 elements) and the FE-PML 

(1600 elements) executions 807.79 and 333.84 seconds of CPU time, respectively. That is 

a 58.7 %  saving in CPU time. Obviously, a relatively larger FE model dictated by a 

high-frequency excitation and a smaller FE-PML model due to load-observation close-

ness resulted in a higher saving in CPU time. Thus, FE-PML can allow a comprehensive 

study of the effect of crack presence on response time histories at a reasonable computa-

tional cost. 

Let us consider another loading-observation scenario. A vertical line load is applied to the 

bottom surface of the slab at 0.1px = − . Time history of vertical displacement, w , on the 

slab’s bottom surface, is predicted at 0.1ox =  by the FE-PML model for several values 

of crack length, cL . Predictions are shown in Figure 4.11a. The effect of the crack length 

on the arrival time, T , is evident. Figure 4.11b is a plot of the arrival time, T , versus the 
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crack length, cL . The relationship between T  and cL  is tri-linear. Arrival time is insensi-

tive to crack lengths less than or equal to 0.1. For crack lengths between  0.1  and 0.7 , 

the arrival time increases with the crack length at a constant rate. This rate increases at 

0.7cL = . This proportionality between the time delay of the transmitted wave and a 

crack’s depth confirms what has been experimentally reported by Hudgell et al. [140]. 

Example 2: Consider a delaminated, 6.35-mm thick, 0o (bottom)/90o (top) graphite-epoxy 

laminate. Geometric and material properties of the laminate are given in Table 1. Results 

are obtained by FEA with PMLs ( 1.1, 0.9pL L= = ) and without PMLs ( 6L = ). From 

Figure 4.12b and 4.13a, the shortest wavelength is calculated to be 0.4. Following the 

eight-element rule and Equation (4.40), a uniform 0.05-by-0.05  FE mesh and time step of 

0.005 are used in this example. Convergence for these discretization values is evident 

from Figure 4.13b. 

Time histories of top-surface displacements at 0.75ox =  due to a line load at 0.75px = −  

are predicted by FE (4800 elements) and FE-PML (1760 elements) models with CPU 

time consumptions of 4299.94 seconds and 1985.96 seconds, respectively. Thus, a 53.8 

% of the CPU time consumed by the former can be saved by using the latter. Results are 

in very good agreement as shown in Figure 4.14. The FE-PML model is further used to 

conduct a study of the effect of load-observation separation distance, D, on arrival time, 

T, of bottom-surface vertical displacement response due to a vertical line load applied to 

the top surface of the laminate. Four load-observation configurations considered in this 
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study are summarized in Table 4.2 and illustrated in Figure 4.15 with the shadow zone of 

a crack geometrically illustrated. 

Table  4.1 Material and configuration of the graphite-epoxy laminate in Example 2 

 

Lamina h  ρ  
11c  12c  22c  55c  

mm 10
3
kg/m

3
 GPa GPa GPa GPa 

0
 o

 3.175 1.578 160.72 6.43 13.91 7.07 

90
o
 3.175 1.578 13.91 6.91 13.91 3.49 

Figure 4.16a shows the time of arrival, T, versus crack length for the four configurations. 

It is evident that the closer the observation point is to the load, the more distinct the 

change in time of arrival becomes. It is noticeable also that each curve exhibits an abrupt 

increase in arrival time for different values of the crack length, cL . Figure 4.16b shows 

variation in arrival time, T, with load-observation separation distance, D. As the separa-

tion distance increases, the time of arrival becomes insensitive to smaller crack lengths. 

This is a clear indication that a varying arrival time, T, belongs, indeed, to a crack-tip dif-

fracted wave not a transmitted one. Thus, for a fixed load-observation separation, there is 

a critical crack length below which the observation point is no longer inside the shadow 

zone of the crack, see Figure 4.15. For configuration 1 and 2, these critical lengths are 0.8 

and 0.4, respectively. 

Table  4.2 Load-observation configurations 

 

Configuration 1 2 3 4 

Load (-0.75,1) (-0.50,1) (-0.25,1) (0,1) 

Observation (0.75,0) (0.50,0) (0.25,0) (0,0) 

D 1.5 1 .5 0 
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4.5 Conclusions 

This chapter has successfully proven the applicability a combined, split-field PML and 

FE approach to numerical modeling of PSV wave propagation and scattering in infinite 

plates. Results are in good agreement with available analytical and semi analytical solu-

tions. The FE-PML offers an economical computational tool for analyzing elastic PSV 

wave scattering problems in infinite plates. Saving in CPU times is application-

dependent.  

For applications considered in this chapter, the CPU time savings by the FE-PML model 

range between 29% and 87 % of the CPU time needed to run a corresponding FEA. Ap-

plication of the proposed technique has been used to study the correlation between the ar-

rival time of crack-tip diffraction and crack depth or delamination length. Such studies 

are crucially helpful in setting experimental parameters or analyzing measured NDT data. 
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Figure  4.9 (a) Frequency spectra in the concrete slab; (b) vertical top-surface displace-

ment at (0.1,1) due to a point load at (-0.1,1) is nearly invariant to further mesh refine-

ment. 
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Figure  4.10 :  Horizontal (a) and vertical (b) displacement time-histories at (0.2,1) due to 

a line load at (-0.2,1) in the flawless concrete slab predicted by FE (dashed) and FE-PML 

(solid) 
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Figure  4.11 Plots of (a) vertical displacement time histories at (0.1, 0) due to a vertical 

line load at (-0.1, 1) for different values of crack length, L c; (b) corresponding arrival 

time, T, plotted versus crack length, L c 
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Figure  4.12 A Ricker wavelet (a) time history and (b) frequency spectrum for Example 2 
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Figure  4.13 Plots of (a) frequency spectra in the graphite-epoxy laminate and (b) vertical 

top-surface displacement at (0.75, 1) due to a point load at (-0.75, 1) is nearly invariant to 

further mesh refinement. 
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Figure  4.14 (a) Horizontal and (b) vertical displacements at (0.75, 1) due to a vertical line 

load at (-0.75, 1) are predicted by FE (dashed line) and FE-PML (solid line) 
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Figure  4.15 Illustrations of the load-observation configurations listed in Table 2 and what 

is meant by the shadow zone of a crack. 
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Figure  4.16 Variations in arrival time, T: (a) with load-observation separation distance, D, 

for several delamination lengths and (b) with delamination length for several load-

observation configurations.



 

 

Chapter 5 

3D Waves in Infinite Plates with Rec-

tangular Cross Sections 

This chapter applies the FE-PML model to 3D scattering of transient elastic waves in a 

cracked infinite plate with rectangular cross section. FE predictions are validated against 

semi-analytical literature results. The effects of PML parameters on the RMS error are 

evaluated against reference EMFE predictions. The proposed model is shown, through 

numerical examples, to offer a huge saving in real run-time at a slight degradation in ac-

curacy. Practical applications indicate its potential in modeling elastic-wave-based NDE 

of engineering plate structures. 

“Even the best needles are not sharp at both ends.” Chinese Proverb 
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5.1 Description of the Problem 

The subject of the current study is an infinite plate with a uniform dimensionless thick-

ness, h, and a finite dimensionless width, b. The plate is described by a rectangular coor-

dinate system (x, y, z). The x-axis lies along the plate’s infinite dimension. The origin of 

the coordinate system coincides with the center of plate’s cross section. Figure 5.1 shows 

a horizontally-cracked plate subject to a line load in the negative z-direction along the y-

axis. The plate is assumed to be symmetrical about the y-z plane, therefore, only half of 

the plate is shown. Since information about propagating modes in the flawless unloaded 

plate are required for determining adequate FE discretization, free elastic waves in finite-

width plates are discussed next. 
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Figure  5.1 An FE-PML representation of an infinite cracked plate with rectangular cross-

section subject to a vertical load along the y-axis 



 Free Elastic Waves in Finite-width Plates 101 

 

 

5.2 Free Elastic Waves in Finite-width Plates 

Elastic wave propagation in finite-width plates has been studied by several researchers. 

Sample literature may include the early work of Nigro [141] and the latter works of 

Onipede and Dong [26],
 
Taweel et al. [142],

 
and Mukdadi et al. [143]

 
The latter works are 

based on a SAFE technique. A brief description of this technique is presented here for 

completeness. The reader may refer to relevant literature for details. In the SAFE tech-

nique [144],
 
the cross section of a plate is modeled by 2D finite elements. The y- and z-

dependence of the displacement field is interpolated over each element in terms of ele-

ment nodal displacements and Lagrangian shape functions. Propagation in the infinite, x, 

direction is modeled by analytical wave functions. The governing equations of motion are 

then derived by using Hamilton’s principle leading to a generalized eigenvalue problem 

in the frequency-wavenumber domain. When a propagating wavenumber is specified, 

these equations are solved for unknown frequencies. A dispersion plot of frequencies ver-

sus wavenumbers can be used to determine the range of propagating wavelengths corre-

sponding to an excitation frequency band.  

5.3 FE-PML Formulations 

We seek the replacement of the plate’s infinite, physical domain, Ω∞, with a combination 

of a truncated physical domain,  Ω and two LP-thick PMLs, ΩP =ΩP-∪ ΩP+, at     x = ± L, 
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see Figure 5.1. As a result of this replacement, we obtain the computational domain, ΩC
  

= Ω ∪ ΩP, shown in Figure 5.1. In what follows, this computational domain is discretized 

by 3D finite elements. Steady-state, 3D displacement v = {u  v  w}T

 
within the plate, is 

governed by the following equilibrium equation [136]: 

2                            + .

T

xx ,xx xy ,xy xz ,xz xy ,yx yy ,yy

T T

yz ,yz xz ,zx yz ,zy zz ,zz
ω

+ + + + +

+ + + = 0

c v c v c v c v c v

c v c v c v c v v                 
(5.1) 

Elastic matrices ( , = , , )
kl

k l x y zc are given by, ,T

kl k l
=c J cJ  where 
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J J J

                       

(5.3) 

Computational representation of this infinite plate with an FE-PML model requires the 

replacement of the x-coordinate by a stretched coordinate, x , defined by Equation (2.19). 

Thus, frequency-domain equilibrium equation of the FE-PML model can be written as: 
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2                                                            .

T T

xx ,xx xy ,xy xz ,xz xy ,yx yy ,yy yz ,yz xz ,zx

T

yz ,zy zz ,zz ω

+ + + + + +

+ + + = 0

c v c v c v c v c v c v c v

c v c v v             
(5.4) 

Using the chain rule to expand the first three differential terms on the left hand side of 

Equation (5.4) followed by substituting 
, x

x �  and 
,xxx  from Equations (2.49) and (2.50) re-

sults in 

[ ] [ ] [ ]3

2

2

1

                                                                      .

,x xx T Txx
,xx ,x xy ,xy xy ,yx xz ,xz xz ,zx

T

yz ,yz yz ,yz zz ,zz

d  

j j dj dj d

1

ω ωωω

ω

 − + + + + − +++

 + + = 

cc
v v c v c v c v c v

c v c v c v v

 (5.5) 

 By splitting displacement wave-field [124], Equation (5.5) can be written as 

,
1 2 3 4

= + + +v v v v v                                                (5.6) 

 [ ]
2

,
xx ,xx 1

j dω= +c v v                                               (5.7) 

[ ]
3

,
,x ,xx ,x 2

d  j dω− = +c v v                                           (5.8) 

[ ]+ + + ,T T

xy ,xy xy ,yx xz ,xz xz ,zx 3
j j dω ω= +c v c v c v c v v                            (5.9) 

2
+ + .

T

yz ,yz yz ,zy zz ,zz 4ω= −c v c v c v v                                     (5.10) 

Inverse Fourier transformation of Equations (5.7) through (5.10) yields the following dis-

placement-based governing equations in the time domain 
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,
,

1 xx xx
=��v c v                                                      (5.11) 

, ,  ,5 x xx xd= −��v c v                                                  (5.12) 

,5 2= �v v                                                          (5.13) 

+ + + ,T T

xy ,xy xy ,yx xz ,xz xz ,zx 3
= ��c v c v c v c v v                                     (5.14) 

+ + .
T

yz ,yz yz ,zy zz ,zz 4= ��c v c v c v v                                        (5.15) 

The FE form of Equations (5.6) and (5.11)-(5.15) 

,
1 2 3 4

= + + +Q Q Q Q Q                                             (5.16) 

{ }1 1 1 ... ,
n n

n
n n n

u v w u v w=Q                                (5.17) 

( ) ( ) ( ) ( ) ( ) ( ){ }1 1 1
... ;  1...4,

n n n
i i i i n i n i n i

u v w u v w i= =Q              (5.18) 

 1
,

1
= −��

MQ K Q                                                   (5.19) 

2
,

5
= −��

MQ K Q                                                   (5.20) 

,
5 2

= �
�

Q Q                                                        (5.21) 
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3 ,
3

= −
���Mq K q                                                    (5.22) 

4 .4 = −��Mq P K q                                                     (5.23) 

In Equation (5.17), nn is the total number of nodes in the FE mesh. Stiffness matrices, Ki
 

(i = 1…4), mass matrix, M, and consistent load vector, P are obtained by standard FE as-

sembly process of the corresponding element-level matrices as follows: 

1 1 1 , ,
1

1

,    ,

e
ne

i
e

ni n
i i

k x xx l x
i

l

n n dxdydz
=

Ω=
=

′= Π =∑∫K k k c                           (5.24) 
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=
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Inside ΩC, standard FE equations corresponding to Equation (5.1) can be integrated using 

a Newmark explicit scheme. Inside ΩP- and ΩP+, Equations (5.19)-(5.23) can be inte-

grated following the steps given in Equations (4.27)-(4.39). Numerical implementation of 

the current FE-PML model is discussed next. 

5.4 Numerical Implementation and Validation 

5.4.1 Numerical Implementation 

            The current FE-PML model was programmed into FORTRAN 90 computer 

codes. The codes were compiled and executed on Polaris, a High Performance Comput-

ing (HPC) System at the University of Manitoba. Polaris is equipped with 24 1050-MHz 

Ultra Sparc III CPUs. Analysis of CPU time consumption throughout the code indicated 

that a matrix-multiplication nested do-loop at each time-integration step accounts for 

98% of CPU time consumption. Therefore, the codes were compiled with an automatic 

parallelization flag allowing for all non-iterative do-loops to be parallelized. This resulted 

in 80% savings in real run-time compared to one-process execution. Moreover, all sym-

metric stiffness matrices were stored in a sky-line-symmetric storage mode. This allowed 

relatively larger problems to be run without exceeding available storage space and some 

additional savings in CPU time. 
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Stability of explicit time integration is critically dependent on a time step, ∆t. A stable 

time step is given in terms of element dimensions, ∆x, ∆y and ∆z, and pressure wave 

speed, cp, as follows [136]: 

( )
1 2

2 2 21
1 1 1 .

p

t x y z
c

−

∆ ≤ ∆ + ∆ + ∆                                   (5.31) 

Basu [129] has found a stable time step for an FE model to remain stable in an FE-PML 

model. 

Table  5.1 Material properties of nickel in kg/m
3
 and GPa 

 

5.4.2 Validation of the EMFE Results 

The EMFE results are validated against results from the semi-analytical model reported 

by Mukdadi and Datta [144].  Mukdadi and Datta employed a SAFE method to compute 

transient responses in layered plates with rectangular cross section. They modeled the 

plate cross section using 2D nine-node finite elements and modeled the propagation in 

the infinite dimension with analytical functions. This led to an algebraic eigenvalue prob-

lem in the frequency-wavenumber domain whose solution is used to construct 3D elasto-

dynamic Green’s functions by modal summation. Transient Green’s functions in the 

time-space domain were evaluated by a double Fourier transform inversion. They also in-

ρ 11c  12c  13c  22c  23c  33c  44c  55c  66c  

8.9 298.5 129.5 129.5 298.9 129.5 298.9 84.7 84.7 84.7 
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troduced an imaginary part to the frequency in order to circumvent integration difficulty 

at cutoff frequencies. Here, EMFE results are validated against SAFE results of a finite-

width nickel plate with a width-to-height ratio of 2. Density in kg/m
3
 and material con-

stants in GPa of nickel are given in Table 5.1. Dispersion curves of this plate are com-

puted following the procedure outlined in Section 2.2. Dispersion curves compared to 

those reported by Mukdadi and Datta [144] are in good agreement as shown in Figure 

5.2. The plate is excited by a Gaussian signal whose time history is given by Equation 

(4.41). In this example, σG = 0.8, t0 = 5, 
cω  = 3.14 are chosen. Time history and fre-

quency spectrum of a Gaussian signal corresponding to these values are shown in Figure 

5.3. 

Green’s functions, gkl, denote displacement in k-direction due to a unit line load, p, in the 

l-direction applied along the y-axis at (xl, yl, zl) = (0, y, 0.5h). From Figure 5.2, a center 

frequency of 3.14 in the exciting signal corresponds, approximately, to a circular wave 

number of 0.5π. Using the eight-element rule, a maximum elemental increment (∆x, ∆y, 

or ∆z)
 
of 0.1875 should be maintained in each direction. In this example, a constant ele-

mental increment ∆x = ∆y = ∆z = 0.125 is used. Using Equation (5.31), time integration 

step should be less than or equal to 0.045. The current results are obtained with an inte-

gration time step of 0.030. Green’s functions, gkl, are observed at (xk, yk, zk) = (10h, 0, 0) 

for extensional, flexural, and torsional modes, are shown in Figs. 4, 5, 6a, and 6b, respec-
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tively. Close agreement between the EMFE predictions and the results reported by Muk-

dadi and Datta [144] is evident. 

5.4.3 The Effect of PML Parameters on Accuracy 

The empirical damping profile used by Collino and Tsogka [124]
 
is employed in this 

chapter. This profile can be written as: 

( )
3 1

log .
2

m

p

p p p

c x L
d x

L R L

  −
=     

  
                                    (5.32) 

cp is the pressure wave speed of plate’s material and RP is a theoretical reflection coeffi-

cient from PML after discretization whose value is typically 10
-3

, which is adopted in this 

chapter. The RMS errors are evaluated against reference EMFE predictions. In Figures 

5.7 and 5.8, the L is replaced by L-x0, where x0 is the x-coordinate of the observation 

point. Both L-x0 and L are expressed in terms of the number of elements n0 and nP in each 

region, respectively, as follows: 

0
0

,    .
P

L x L
n n

x x

−
= =

∆ ∆
                                            (5.33) 

Figure 5.7 illustrates the variation of error, ε RMS, in extensional g33 with nP at different 

values of n0. Figure 5.8 shows the variation of error, ε RMS, in extensional g33 with n0 at 

different values of nP. These figures indicate that the error, ε RMS, is inversely proportional 
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to nP. However, ε RMS is not very sensitive to the change in n0.  It took 467 and 128 min-

utes of real time to produce the EMFE and FE-PML predictions, respectively, which in-

dicates that the FE-PML has saved 73% of the computational time needed to run an 

EMFE model. The measured error is utilized to investigate the effect of varying L and LP 

while keeping m constant at 2. 

5.5 Application Examples 

            In this section we present two examples of potential applications of the proposed 

technique in elastic-wave modeling for NDT. In both examples, a rectangular cross-

section concrete beam with a width-to-depth ratio of 2 is investigated. Concrete’s Pois-

son’s ratio of 0.15 is used. Dispersion plots of the concrete beam for extensional, tor-

sional, and flexural modes are shown in Figure 5.9. 

In the first example a concrete beam with a vertical crack halfway through its thickness is 

considered. The beam is point-loaded at (xp, yp, zp) = (0, 0, 0.5h) and its z-displacement is 

observed at (x0, y0, z0) = (1, 0, 0.5h). Gaussian load time dependence shown in Figure 5.3 

is assumed. Following the same steps outlined in the previous section, a constant elemen-

tal increment ∆x = ∆y = ∆z = 0.125 integration time step of 0.030 are used in this section. 

An error analysis detailed in Section 5.4.3 is employed to reach the following PML pa-

rameters: m = 2, L = 1, and LP = 3. However, a snapshot of the z-displacement in the x-z 

plane at y = 0 shows a distinct contrast especially at the crack tip, see Figure 5.11. 
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Observed z-displacement is shown in Figure 5.10. The effect of vertical crack presence 

on observed response is not very pronounced. In the second example, a horizontally-

cracked (at z = 0) concrete beam is considered. The beam has the same geometry and is 

subject to the same loading-observation arrangement as in the first example. Several 

horizontal cracks having the same crack length, Lc = 2 and different crack widths, Wc, are 

simulated. Same FE discretization and PML parameters from the first example are reused 

in this example. Results are shown in Figure 5.12. Obviously, the vertical response is 

more sensitive to the presence of a horizontal crack more than a vertical crack, see Figure 

5.10. Moreover, the vertical response is sensitive to the extent of a horizontal crack 

across beam’s width. 

5.6 Conclusions 

A combined FE and PML model for the simulation of transient elastic wave propagation 

and scattering in three dimensions has been presented for the case of an infinite plate with 

rectangular cross section. A detailed mathematical formulation of the problem featuring a 

central-difference Newmark’s-like time integration scheme is also provided. Numerical 

implementation of the proposed model involved the use of skyline storage mode of stiff-

ness matrices and the exploitation of automatic, loop-level parallelization on an HPC 

platform. Skyline storage and loop-level parallelization resulted in 80% saving in real 
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run-time compared to a one-processor execution. Accuracy of the proposed model is 

validated against a verified EMFE model. 

An RMS measure of error resulting from the termination of the FE model with a PML is 

formulated. According to this measure, the width of a PML has the greatest effect on its 

accuracy. A slight degradation in accuracy is a justifiable trade-off for a 73% saving in 

real run-time using FE-PML compared to EMFE. At last, two application examples dem-

onstrate potential use of the proposed model in elastic-wave simulation for NDE of con-

crete beams. 
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Figure  5.2 Dispersion curves for the finite-width nickel plate with a width-to-height ratio 

of 2. (____ Computed, • Mukdadi and Datta [144]). 
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Figure  5.3 Time history (a) and frequency spectrum (b) (____ Re.; ----- Im.) of the Gaus-

sian excitation 
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Figure  5.4 Response of extensional mode in a nickel rectangular plate with a width-to-

thickness ratio of 2 (____ Mukdadi & Datta [144]; ------ EMFE) 
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Figure  5.5 Response of flexural mode about y in nickel rectangular plate with a width-to-

thickness ratio of 2 (____ Mukdadi & Datta [144]; ------ EMFE) 
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Figure  5.6 Response of flexural mode about z (a) and torsional mode (b) in nickel rectan-

gular plate with a width-to-depth ratio of 2 (____ Mukdadi & Datta [144]; ------ EMFE) 
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Figure  5.7 Variation of error, ε RMS, with PML thickness, nP,  for several distances, n0, be-

tween PML and observation point. 
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Figure  5.8 Variation of error, ε RMS, with distance, n0,  between PML and observation 

point for several PML thicknesses, nP. 
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Figure  5.9 Dispersion curves for a flawless concrete beam with width-to-thickness ratio  

of 2 
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Figure  5.10 Vertical dimensionless response, w, of a vertically cracked concrete beam at 

(1, 0, 0.5) to a vertical point load at (0, 0, 0.5)  
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Figure  5.11 A snapshot of vertical dimensionless response, w, of a vertically cracked 

concrete beam (right) versus a flawless beam (left) at t = 9. 
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Figure  5.12 Vertical dimensionless response, w, of a horizontally cracked concrete beam 

at (1, 0, 0.5) to a vertical point load at (0, 0, 0.5) for different crack sizes 

 

 



 

 

Chapter 6 

Waves in Infinite Cylinders and Pipes 

In this chapter, the formulation of the FE-PML model is extended to the case of circular 

cylinders and pipes. Three types of wave motion: torsional, axially symmetric, and 3D 

are considered. Numerical implementation of the formulation is validated through a re-

ciprocity check. Results for the special case of a very thin cylindrical shell are validated 

against the results for an equivalent (same-thickness) plate obtained from a validated 2D 

FE-PML models. Several examples of scattering by annular and circumferential cracks in 

isotropic and transversely isotropic cylindrical shells and thick pipes are presented 

wherein results are analyzed and discussed. 

6.1 Description of the Problem 

Figure 6.1 shows a 3D FE-PML model of an infinite hollow circular cylinder with di-

mensionless inner dimensionless radius, i
r  , and dimensionless wall thickness,

 

h . The 

"Frequently, the difference between success and failure is the resolve to stick to your plan 

long enough to win" David Cottrell, a contemporary author 
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cylinder may or may not contain a crack. The load, p , could be a concentrated point load 

as shown in Figure 6.1 or a uniform circumferential load in the radial or angular direction 

(not shown).  

x

y

z O

Crack

p

z = 0

z = L

z= L+LP

ΩC

ΩP -

ri

h

r θ

 

Figure  6.1 An illustration of a combined FE-PML model of an infinite pipe 
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A domain-of-interest is designated by C
Ω , while the PML domain is given the symbol,

 

P
Ω . The computational domain encompassing C

Ω and P
Ω is modeled by finite elements. 

6.2 Governing Equations 

Consider the cylindrical coordinate frame Or zθ  shown in Figure 6.1. Strain-

displacement relationships at any point ( ), ,r zθ in the cylinder are given by [136]: 

0

0

,

0 1 0 0 0 0

= ,  = , 0 0 0 0 0 1 .

0 0 0 0 0 0

,

r ,r z ,z

T

r x y

r r

θ
θ

θ

= + +

 
 = − 
  

vv
J + J v J J v

J J J J J

εεεε

                           (6.1) 

where , ,  and 
x y z

J J J  are given in Equation (5.3); { }
T

rr zz z rz rθθ θ θε ε ε γ γ γ=εεεε is 

the vector of strains; and { }
T

u v wv = is the vector of displacements. Here u , v , and 

w  are the displacement components in the radial, circumferential, and axial directions, 

respectively. Assuming a transversely isotropic material the constitutive relations be-

tween strain, εεεε , and stress, { }
T

rr zz z rz rθθ θ θσ σ σ σ σ σ=σσσσ , can be written in 

terms of material constants as 
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                                    (6.2) 

Steady-state equilibrium at any point ( ), ,r zθ
 
inside the cylinder is governed by the fol-

lowing equations: 

( ) 2

, .
T

x 0T T

r ,r z ,z
r r

θ
θ ρω

−
+ + + = −

J JJ
J J v

ΤΤΤΤ

σ σ σ σσ σ σ σσ σ σ σσ σ σ σ                            (6.3) 

When the geometry of the cylinder and the applied load are both axially symmetric 

around z  the following conditions apply: 

0,  0.v
θ

∂
= =

∂
                                                     (6.4) 

Thus, Equations (6.1) and (6.3) can be reduced, for axisymmetric wave motion, to the 

following: 

{ } { }0
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,    ,    ,

0 0 1 0 0 0
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0 0 0 1 1 0
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( ) 2 .
r 0T T

r ,r z ,z
r

Τ

ρω
′ ′−

′ ′+ + = −
J J

J J vσ σ σσ σ σσ σ σσ σ σ                                (6.7) 

Furthermore, if the geometry of the cylinder is axially symmetric about z  while the load 

is uniformly applied around its circumference in the θ  direction, purely torsional waves 

are generated and the following conditions apply: 

0,  0.u w
θ

∂
= = =

∂
                                                 (6.8) 

Application of the conditions in (6.8) to Equations (6.1) to (6.3) reduces them to the fol-

lowing forms: 

, ,,  ,z z r r

v
v v

r
θ θγ γ= = −                                                (6.9) 

44 66
,  ,

z z r r
c cθ θ θ θσ γ σ γ= =                                           (6.10) 

2

, ,

2
.r

r r z z v
r

θ
θ θ

σ
σ σ ρω+ + = −                                        (6.11) 

Formulation of the FE-PML model for 3D, axisymmetric, and torsional wave motion in 

cylinders is presented next. 
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6.3 Formulations 

6.3.1 3D Waves in Cylinders 

Displacement-based equilibrium equation of 3D elastic wave motion in cylindrical coor-

dinates can be obtained by substituting Equation (6.1) into Equation (6.2) and the result 

into Equation (6.3). Replacing all z-derivatives in the resulting equilibrium equation with 

z -derivatives, where z is a transformed complex z-coordinate, yield the corresponding 

equation of equilibrium inside the PML region as follows: 

0 0

2

0 .

,r ,r , r , ,T

rr ,rr rr r r rz ,rz r 2 2

, z ,z ,zT T

z rz ,zr z zz ,zz z

r r r r r r

r r r

θ θ θθ θ
θ θ θθ θ

θ θ
θ θ ω

+ − + + + + + +

+ + + + = −

v v v v vv
c v c c c c v c c c

v v v
c c v c c v c v

        (6.12) 

( ) , 0, , ,kl k l r zθ=c  are given by: 

.T

kl k l=c J cJ                                                      (6.13) 

Expand the z -derivatives in Equation (6.12) in terms of z-derivatives. Following the 

procedure by splitting the displacement vector, v , and applying inverse Fourier trans-

formation to the resulting equation, will yield the following time-domain split equations: 

,1 2 3 4= + + +v v v v v                                               (6.14) 

, ,1 zz zz=��v c v                                                       (6.15) 

, ,  ,5 z zz zd= −��v c v                                                  (6.16) 
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,5 2= �v v                                                  (6.17) 

+ + + + ,
T T T, z ,z ,z

rz ,rz z z0 rz ,zr z 3
r r r

θ θ
θ θ = ��

v v v
c v c c c v c v                      (6.18) 

2 2
+ - + .
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rr ,rr rr r0 r r 0 4
r r r r r r

θ θ θθ θ
θ θ θθ θ = ��

v v v v vv
c v c c + c + c + c c v                (6.19) 

The FE form of Equations (6.14)-(6.19) is given by 

,1 2 3 4= + + +Q Q Q Q Q                                             (6.20) 

{ }1 1 1 ... ,
n n

n
n n n

u v w u v w=Q                                 (6.21) 

( ) ( ) ( ) ( ) ( ) ( ){ }1 1 1
... ; 1...4,

n n n
i i i i n i n i n i

u v w u v w i= =Q                  (6.22)
 

1
,

1
= −��

MQ K Q                                                 (6.23) 

2
,

5
= −��

MQ K Q                                                   (6.24) 

,5 2= �
�

Q Q                                                        (6.25) 

3 ;3 = −
��

MQ K Q                                                    (6.26) 

4 .4 = −��MQ P K Q                                                     (6.27) 

In Equation (6.21), nn is the total number of nodes in the FE mesh. Stiffness matrices, Ki
 

(i = 1…4), mass matrix, M, and consistent load vector, P are obtained by standard FE as-

sembly process of the corresponding element-level matrices as follows: 
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0 0 1

kl kl k l r zθ

 
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Inside ΩC, standard FE equations corresponding to Equation (6.12) can be integrated us-

ing a Newmark explicit scheme. Inside ΩP- and ΩP+, Equations (6.28)-(6.33) can be inte-

grated in the steps given in Equations (4.27)-(4.39). 
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6.3.2 Axisymmetric Waves in Cylinders 

Following the same procedure used in the previous section, the FE form of the governing 

equation describing axisymmetric wave motion inside the PML region of an FE-PML 

model of a circular cylinder can be summarized as: 

,
1 2 3 4

= + + +Q Q Q Q Q                                             (6.35) 
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Stiffness matrices, Ki
 
(i = 1…4), mass matrix, M, and consistent load vector, P are ob-

tained by standard FE assembly process of the corresponding element-level matrices as 

follows: 
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6.3.3 Torsional Waves in Cylinders 

For torsional waves in cylinders, the FE forms of the governing equations inside the PML 

region after splitting are: 
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Stiffness matrices, Ki
 
(i = 1…3), mass matrix, M, and consistent load vector, P are ob-

tained by standard FE assembly process of the corresponding element-level matrices as 

follows: 
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Numerical implementation of the FE-PML formulations presented in this section is dis-

cussed next. 
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6.4 Model Implementation and Validation 

The FE-PML models formulated in Section 6.3 have been programmed in Fortran 90. In 

order to validate the program an isotropic cylindrical shell with Poisson’s ration of 1/3 

and an inner-radius-to-thickness ratio, i
r /h , of 100 has been considered. Results are an-

ticipated to compare very closely to those obtained for a plate of the same material and 

thickness due to the high 
i

r /h  ratio. Two comparisons are made. In the first comparison, 

response time history of tangential displacement, v  , due to a tangential line load uni-

formly distributed around the outer circumference of the shell is compared to response 

time history of anti-plane displacement in the plate excited by an anti-plane line load 

[145]. In the second comparison, radial displacement, u , due to a radial line load is com-

pared to vertical displacement in a plate excited by a vertical line load [146]. In both 

comparisons, time history response of the shell is predicted by both 2D and 3D models. 

Figure 6.2 shows time history of tangential displacement in the thin shell at z = 5 due to a 

tangential line load applied at z = -5. Load time history is given in Figure 3.2a. Both 2D 

and 3D time-history predictions in the thin shell compare closely, as expected, to re-

sponse time history of anti-plane displacement in the plate. Figure 6.3 shows time history 

of radial displacement at z = 5 due to a radial line load at z = -5. Load time dependence is 

represented by Equation (4.41). The radial displacement in thin shell due to a radial line 

load is in very good agreement with vertical displacement time history in the plate due to 

a vertical line load. 
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Figure  6.2 Tangential (anti-plane) displacement time histories in the shell (plate) 

6.5 Results and Discussion 

In this section numerical results are given for an isotropic pipe and a transversely iso-

tropic cylindrical shell. The pipe material has a modulus of elasticity, E , and Poisson’s 

ration,

 

ν , of 210 GPa  and 0.29 , respectively. The longitudinal and torsional (shear) 

wave speeds are calculated to be 332.6 10
p

c = ×

 

and 35.96 10
s

c = ×

 

. The inner radius and 

wall thickness of the cylinder are 
 38
i

r =

 

and 5.5 h mm=  , respectively.  
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Figure  6.3 Radial (vertical) displacement time histories in the shell (plate) 

  

The cylindrical shell has i
r /h  ratio of 20. The cylindrical shell’s composite material is a 

[G90/G0]S glass/epoxy. The letter “G” represents the glass/epoxy composite. The follow-

ing number indicates the azimuthal angle of the fibre orientation with respect to the z-

axis. The subscript “S” denotes that glass/epoxy layers are stacked symmetrically around 

the middle surface of the shell. Properties of glass epoxy are taken from Liu et al. [32]; 

they are listed in Table 6.1 for convenience.  

Table  6.1 Material properties of glass/epoxy composite in GPa and g/cm
3
 

 

Property 1E  2E  12G  12ν  23ν   ρ  

Value 38.49 9.367 3.414 0.291 0.507 2.66 
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Three numerical examples are presented in this section. In all numerical examples, a 

Gaussian load time dependence in the form of Equation (4.41) is assumed. The following 

parameters used in Equation (4.34) σG = 1.2, t0 = 5, c
ω  = 3.14 are chosen. A Gaussian 

signal that corresponds to these values is the same as shown in Figure 5.3. 

6.5.1 Simulating PE Detection of Welds and Welding Defects 

This section presents an example application of using the proposed FE-PML model in 

simulating pulse-echo (P-E) detection of welds and welding defects in a steel pipe. The 

steel pipe, in this example, is welded with an orthotropic weldment. Mechanical proper-

ties of the weld orthotropic material are taken from Rattanawangcharoen et al. [80] and 

summarized in Table 6.2. A schematic illustration of the welded pipe with an ideal 

weldment is shown in Figure 6.4a. Two defected welds are shown in Figure 6.4b: a weld 

with an incomplete penetration or what is called root defect and a weld containing 

trapped gas pores. The latter defect is assumed, here, to cause percentage degradation in 

elastic constants and mass density of welding filler. 

Table  6.2 Material properties of glass/epoxy composite in GPa and g/cm
3
 

 

 

Property 11c  13c  33c  55c  66c   ρ  

Value 229 160 262 82 81 7.8 
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Figure  6.4 Schematics of a steel pipe with (a) ideal weld and (b) weld defects 

The radial line load was applied uniformly to the outer surface of the pipe at z = -6. Outer 

surface displacements are observed at z =-5.5. The problem is modeled by an axisymmet-

ric FE-PML model. The damping profile in Equation (5.32) is used along with the fol-

lowing parameters:  L = 6.1; Lp = 1.9 and m = 2. Square, linear quadrilateral elements 

having a (dimensionless) size of 0.1 are used to idealize the problem based on conver-

gence study. 
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The effect of introducing an inhomogeneity to the pipe is investigated by predicting ra-

dial and axial displacements for the seamless and ideally-welded case. The weld demon-

strates its presence very clearly in the time history response of radial displacement shown 

in Figure 6.5. Next, the effects of the two types of welding defects shown in Figure 6.4 

on radial displacement time history are investigated. Incomplete penetration of welding 

filler usually occurs when the gap between the two welded pipes is small. Here, four in-

complete penetration gap sizes:  0.02 h, 0.04 h, 0.06 h, and 0.08 h are considered.  

Figure 6.6 shows very clearly the reflections arriving from the gaps getting larger and 

larger as the gap width increases. Finally, the effect of gas pores presence inside the weld 

and the related weld material degradation is studied next. 
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Figure  6.5 A comparison of radial displacements in a seamless (black) and a welded (red) 

steel pipe. Reflection from weld is obvious. 

 



 Results and Discussion 139 

 

 

0 10 20 30
t

-0.015

-0.010

-0.005

0.000

0.005

0.010

0.015u 0.08 h

0.06 h

0.04 h

0.02 h

No Gap

 

Figure  6.6 A comparison of radial displacements in weld with different incomplete pene-

tration gaps. A reflection from the gap is getting larger as the gap width increases. 
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Figure  6.7 Reflection form welds flawed with different levels of material degradation due 

to gas pores. See Table 6.3 for notation. 
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Table  6.3 Representation of weld material degradation due to gas pores 

 

Table 6.3 explains the notation used to denote percentage degradation in mass density 

and elastic constants due to the presence of gas pores in a weld. Figure 6.7 shows reflec-

tions from various gas-pore degraded welds. The size of the echo is very sensitive to the 

level of gas-pore degradation. 
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Figure  6.8 A schematic of a glass/epoxy cylindrical shell with delamination 

A P-E technique is suitable for a structure that is accessible only from one side. In the fol-

lowing section a composite cylindrical shell that is accessible from both sides is simu-

lated during a pitch-catch (P-C) inspection. 

Notation 
Percentage Degradation 

Mass Density Elastic Constants 

(0,0) 0 0 

(5,10) 5 10 

(10,25) 10 25 

(15,40) 15 40 
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6.5.2 Simulating P-C Identification of a Delamination Defect 

In this example, the effect of delamination on the dynamic response of a delaminated 

glass/epoxy cylindrical shell to a radial line load is investigated. A schematic of the de-

lamination geometry is depicted in Figure 6.8. 

The load is uniformly distributed around the circumference of the shell at z = -2 and -1 

while radial displacements are observed on the opposite inner surface of the shell at z = -2 

and -1, respectively. Figure 6.9 demonstrates a clear contrast between observed radial 

displacements in a flawless versus a delaminated shell. Figure 6.9 shows the distinct re-

flection from the delamination’s edge observed at z = -2 grows stronger and closer to 

through-thickness transmission as the P-C points are drawn nearer to the delamination at 

z = -1. When the delamination lies across the P-C points, one should expect a delay in the 

received signal as it gets around the delamination. Such an expectation is confirmed by 

placing the P-C points at z = 0; radial displacement time history is shown in Figure 6.10. 

Transforming response time histories to frequency spectra through an inverse Fourier 

transformation can be a very useful means to identifying and locating delamination.  

6.5.3 Simulating Corrosion Identification in Steel Pipes 

Non-destructive identification of inaccessible corroded surfaces is a challenging task mo-

tivated by several practical applications. One of the primary drivers is inner-surface cor-

rosion of steel pipelines in the oil and gas industry. 



 Results and Discussion 142 

 

 

0 10 20 30
t

-0.008

-0.004

0.000

0.004

0.008u

 

(a) 

0 10 20 30
t

-0.008

-0.004

0.000

0.004

0.008u

 

(b) 

Figure  6.9 Radial time history responses observed in a pitch-catch arrangement at (a) z = 

-2 and (b) z = -1. 
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Figure  6.10 Arrival of through-thickness transmission was delayed with the pitch-catch 

probes right in the middle of the delamination. 

Figure 6.11 shows a schematic of a pipe experiencing localized wall-thinning, a corrosion 

by-product, on its inner surface. Several researchers have reported the potential and effec-

tiveness of using guided elastic waves to detect hidden corrosion defects in tubular and 

plate-like structures [147-149]. In these works, experimental investigations were com-

bined with numerical simulations. In addition, some literature reports dedicated entire 

studies to numerical simulation of the complex interaction of guided elastic waves with 

corrosion [55]. Here, we present a simulation study of a steel pipe with a part-

circumferential corrosion. The corrosion is simulated by the wall thinning schematically 

shown in Figure 6.11. However, the pipe is excited by an axisymmetric load; the problem 

is 3D due to the asymmetric corrosion. Radial outer-surface displacements excited by 
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loading the pipe at  z = 0, are predicted along several circumferential paths (between 0o to 

180o) at z = 0.125-1.000. 

These time histories are contrasted to their counterparts in flawless pipe. The presence of 

corrosion is obvious. The corrosion has a relatively stronger effect on the time histories 

predicted at points located directly above corrosion (z = 0.125-0.625). Circumferentially, 

the eye-catching change in predicted time histories from a flawless to a corroded pipe 

takes place at θ = 90 o, the corrosion edge. This key information can guide the identifica-

tion of a hidden corrosion and an estimate of its circumferential and axial extension in a 

similar experimental arrangement.  

6.6 Conclusions 

In this chapter the FE-PML model has been formulated and implement in cylindrical co-

ordinates for simulating propagation and scattering of guided elastic waves in infinite 

pipes and cylindrical shells. The model has been validated by comparing its output for a 

cylindrical shell with a 100 inner-radius-to-thickness ratio to the results obtained by using 

a verified 2D FE-PML for a plate; both are in agreement as expected. In addition to nu-

merical validation, the model has been physically verified by simulating practical NDT 

experiments. Applications include PE characterization of welded steel pipe, P-C testing 

of a delaminated composite cylindrical shell, and identification of an internal corrosion in 

a steel pipe. 
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Figure  6.11 A schematic of 3D wall thinning in the steel pipe 
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Figure  6.12 Radial displacement time histories predicted at different circumferential and 

axial locations 

 

 

 

 



 

 

Chapter 7 

Conclusions and Future Plan 

7.1 Summary of Conclusions 

This thesis advocates a combined FE-PML approach to modeling guided elastic wave 

propagation and scattering in infinite plate-like and cylindrical structures. The model has 

been validated. In addition, the applicability of the model has been demonstrated, and its 

pros and cons have been highlighted. Validity of the proposed FE-PML modeling has 

been established for SH (torsional), PSV (axisymmetric), and 3D waves in plates (and 

cylinders) has been proven through: 

1. Comparative studies of its predictions with: 

a. exact analytical solutions; 

b. semi-analytical solutions; and 

c. available literature data 

"There will come a time when you think everything is finished. That will be the beginning" 

Louis L’Amour (1908-1988) 
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2. Reciprocity check. 

3. Error analysis in reference to a validated EMFE model 

4. Reaching to same conclusion(s) reported by previous researchers. 

5. Predicting dynamic responses that reflect the physics of the problem. 

Applicability of the proposed FE-PML modeling to NDT of cylindrical and plate-like 

structures is demonstrated by considering practical examples linked to real industrial ap-

plications. The model offers substantial savings in computational cost compared to a full 

FEM simulation. These savings can reach up to 80% in 3D modeling. However, they 

come at the cost of 0-11% degradation in accuracy. Practically this can be acceptable if 

there is no other numerical means available for modeling. FE-PML results, however 

rough, can then be used to judge the feasibility of an experimental NDT program before a 

financial commitment is made, thus saving what could be wasted money. 

7.2 Future Work 

Contrasting the combined FE-PML model to the time-efficient BEM will complete the 

picture of the FE-PML advantages and disadvantages. Furthermore, the author foresees 

potential applications of the current research progressing in two paths. Along the first 

path, computational cost effectiveness of the FE-PML can be exploited to produce train-

ing data for ANNs. The second path would be a joint effort with experiments to under-

stand in depth the physics of elastic wave propagation and scattering in complex configu-
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rations. The two paths should proceed in synergy towards one destination that is inverse 

characterization of defects. 
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