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Abstract 

Curved poles may vibrate noticeably when excited by the wind. The finite 

element method can be utilized to analyze these beam-like stmctures. A three-node, 

curved beam element has been developed for the static and dynamic analysis of curved 

poles. Shear defonnation as well as rotary inertia effects are inciuded. Furthemore, 

reduced integration is used to prevent the shear locking problem. Severai exarnples are 

used to veriQ the accuracy and computational efficiency of this element. The results 

agree well with exact solutions or results taken from the literature. The element is used to 

analyze the wind induced vibrations of curved tr&c poles. Natural frequencies and the 

corresponding mode shapes are computed. T h e  integration is utilized to compute the 

dynarnic response of curved poles having hexagonal and octagonal cross-sections. The 

initiation of galloping is investigated and critical wind speeds are found. 
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Chapter 1 

Introduction 

1.1 Description of the Problem 

T r S c  poles are exposed to wind. Hence they expenence wind induced vibration 

which may result in their failure. A few years ago, several Iight poles on Provincial 

Highway No. 59, located by the floodway near Winnipeg, Manitoba, cracked close to 

their bases due to wind loads. These poles were replaced before failure. Because a light 

pole has a curved part, it is difficult to fuid an analytical method to deal with the dynamic 

response. To analyze the wind induced vibrations of curved poles, the finite element 

method, which is a powerful approxirnate technique, can be used. The purpose of this 

thesis is to derive a curved beam element and provide a procedure to analyze the dynamic 

response of curved traffic poles when they are excited by the wind. 

1.2 Literature Review 

Much effort has been devoted since the 1970s to develop a curved f i t e  elernent. 

R. K. Wen et al [Il, for example, derived a two-node, curved beam element but excluded 

the shear deformation. Other researchers [2- 141 included the shear de formation. 

However, mostly two-node elements were considered for which an unknown radius of 
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curvature, R , cannot be found easily. Although three or more node curved elements [2-81 

have dso been formulated, they require either R to be given explicitly [4], or the 

displacements in the plane of curvature be excluded [3,7], or a shell based derivation [5] 

may make them unsuitable for slender poles. An unconventional approach has also been 

advanced [8,13] in which the cwatures at three nodes are reduced to displacements and 

rotations at bvo nodes. Although the scheme is used easily, its denvation is laborious and 

the mass matrix, as well as the extemal load vector, detrimentally involve trigonometric 

fiinctions. 

Another problem observed for curved beam elements is that shear and membrane 

locking may happen. This phenornenon c m  occur for deep thin arches where an element 

becomes very stiff so that the computed displacements may be too small. It happens 

because shear and membrane energies are overestimated when Ml  integration is used in 

the finite element displacement method [ 151. Several procedures, including reduced 

integration [15- 1 71, curvature based elements [8,13] and a hybrid displacement-stress 

formulation (1 41, are able to remedy the locking problem 18-1 0,13- 151. 

Although the above developments have been achieved, very little research has 

been performed with three dimensional, curved beam elements to analyze the wind 

induced vibrations of traffic poles. 

1.3 Present Work 

A three-node, curved beam element is developed in this thesis that is based purely 

upon simple polynomial approximations. It pemiits general motions and includes shear 



deformation as well as rotary inertia effects. Reduced integration, which is implemented 

easily in the finite element displacernent method, is utilized to avoid locking. Exact 

solutions and previously published results for several static and dynamic examples are 

used to assess the element's performance. Finally, as an application of the element, the 

flee vibration and dynamic response of trame poles under wind loads are analyzed. 

Aerodynamic loads are fomulated for the curved pole by using the data denved fiom 

wind tunnel experiments. Direct t h e  integration is used to obtain a dynamic response. In 

addition, the initiation of galloping is investigated. 



Chapter 2 

Formulation of Three-node Curved Beam Element 

2.1 Element's Geometry 

Consider the element of a bearn illustrated in Figure 2.1 (a) whose cross section is 

assumed to be symmetrical about both the 4 and r] axes. The centroidal axis, s, curves 

in the C,x plane with a radius of curvature R .  When R is not given specifically, it can be 

approxirnated by using a circular sector that passes through the element's three nodes. 

Details are given more conveniently in Appendix A. This method is easy and can 

reasonably approximate the curvature. 

2.2 Displacement Functions 

Suppose that u, v and w are the displacements at the centroidal axis in the 

6, 7 and x directions, respectively. The 8,,8, and 8, are the total rotations of a cross 

section about the c, 7 and x directions, respectively. The displacement bctions of the 

three-node eiement are assumed to be: 

and 
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Figure 2.1 Curved beam element showing (a) the displacements of node i , and 

@) the global coordinate systern, OXYZ , and the natural coordinate 5 .  
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where, for example, ui is the C displacement at the lefi side of the element, Le. node i . 

N, , N, , N, are shape functions. Furthemore, the following standard relation is adop ted: 

Next, assume that: 

where a,, bi and ci , i = 0,1, 2, can be determined f?om the following conditions: 

N, (- 1) = 1 N, (O) = O Nl (1) = O 
N2(-1) = O N2(0) = 1 N,(I) = O 

N,(-1) = O  N3(0)=0 N, ( l )= l .  

Hence; 

so that 

On the other hand, 

From Figure 2.1 (b), 
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Le s3 = Le and s, = - 
2 

where Le is the length of  the element, hence 

2.3 Strain Energy and Stiffness Matrix of the Element 

Consider next a typical point (s,<, 7 ) of the element whose displacements in the 

5, q and x directions take the f o m  [2,13]: 

The corresponding 

w1: 
longitudinal and shear strains (Le. E, y and y ,, ) c m  be written as 

and 

Equations (2.6) through (2.8) c m  be expressed in tems of 6 as: 



Chapter 2. FomuZation of Three-node Curved Beam Element 

and 

Here {q }  is the vector of the element's nodal displacernents, so that: 

where 

r 
[q]i =[ui  e,, vi e, y. O,] for i = l , 2 , 3 .  

[B]$?], and [ B ] ~  are the element's stmh matrices, details of which are given in 

Appendix B. 1 .  In addition, the twist about the x axis is 4, [3,18,19] so that : 

where [ B I ,  is given again in Appendix B. 1 . 

For convenience, the total strain energy of the element is decomposed into the 

three components: 

UL =(I I  +Ur +ut 

where the membrane and bending energy is: 
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the shear energy is: 

and the torsional energy is: 

The A and Kr are the area and tonional constant of a cross-section; E and G are the 

Young's modulus and shear rnodulus, respectively. When the cross-section is circular, K, 

is simply J ,  the polar moment of inertia about the beam's centroidal a i s .  On the other 

hand, k, is a standard shear correction factor that accommodates a variable shear sh-ain 

over different cross sectional shapes. For example, k, is 9 6  for a rectangle, 0.9 for a 

circle, and 0.5 for a circular, thin-walled cross section [20,21]. 

By combining equations (2.9) through (2.14) in a conventional rnanner, equation 

(2. Ma) can be rewritten in the matrix forrn: 

in which the element stif'fness matrix, [k], is given by the component matrices: 

where 
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The [ k l m m b m ~  md [kl&dhg contain temis involving only EA or EI , respectively, where 

I is the moment of inertia of the beam's cross-section. Furthemore, 

and 

Because it is difficult to calculate the above integrals analytically, numerical integration 

is used. Gaussian Quadrature [20] is employed here to calculate the component 

stifniess matrices. Fu11 three-point integration is used to compute [k]kding and [k]*. 

However, when full three-point integration is used to caiculate [k]membmne and Pll 
locking will happen. Then the widely employed reduced integration method [15,17] is 

utilized, Le., two-point integration is used to obtain [/ildmne and L k I r .  

2.4 Kinetic Energy and Mass Matrix of the Element 

The element's kinetic energy, T, can be divided in an analogous fashion to the 

strain energy, so that: 

where 
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and 

A dot superscnpt indicates a differentiation with respect to tirne, r . The C and 1, are the 

moments of inertia of a cross-section of the beam about the and r]  axes, respectively, 

whereas p is the beam's density. Finally, 

and the fom of the mass matrix, [ml ,  is given in Appendix B.1. Its elements are 

computed by employing three-point integration again. 

2.5 Equations of Motion 

The equations of motion c m  be formulated for an element by using, Say, 

Lagrange's equation. For an undamped structure, they take the standard form: 

where is the load vector correspondhg to {4}. The overall structural matrices, 

[K] and [MI, are assembled conventionally [20] from the element matrices and the 

resulting equations of motion take the usual fom: 
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{Q) is the vector of the structure's nodal displacements and {P} is the corresponding 

load vector. For static problems, {O} = {O) so that the last equation becomes 

[KI {QI = { P l  - 

On the other hand, harmonic motion is assumed for fkee vibrations so that: 

{Q} = {O} cosW - P) and { P} = {O) 

where {O} is the amplitude vector, o is the circular natural frequency and g> is the 

phase angle. Then equation (2.20) reduces to: 

([KI -@'[MI) {QI = (01 (2.22) 

Equations (2.21) and (2.22) are solved numerically by invariably utilizing double 

precision arithrnetic and the IMSL programs DLSASF and DGVCSP, respectively [22]. 

2.6 Equivalent Loads 

The load vector for an eIement is 

{PI = { P . )  + {PP} (2.23) 

where { p e }  is the equivalent load vector arising fiorn the distributed loads and { p , }  is a 

concentrated load vector. 

Next, suppose that the distributed loads (forces and moments per unit length) at 

cross-section s are: 
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and assume that: 

w here 

The [ Nu ] through [ N ,  ] are given in Appendix B. 1. Then, the load vector { p ,  } is 

forrnulated in a conventional way as: 

w here 

and 
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2.7 Formulae for PIane Problems 

In engineering structures, plane problems ( Le. ones in which al1 the loads are 

exerted in a single plane, for example in the <- x plane of Figure 2.2) are very 

cornmon. See, for instance, Example 3.2 which is considered later in Chapter 3. In this 

situation, only u,B, and w are needed, and 

where N, , N 2 ,  N ,  are identical to before. 

From equation (2.9), the longitudinal strain reduces to: 

Figure 2.2 Two dimensional curved beam element. 

From equation (2.1 O), the shear strain is: 

du d c  w 
Ys, = ,,- O, +R = [BI&} 

where 
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[BIE and [ B ] ~  are given in Appendk B.2. 

The strain energy of the element is: 

where 

and 

(i, j = 1,2, - - 9) 

The conesponding kinetic energy is 

where [ml is given in Appendix B.2. 

The equivaIent load vector is: 

where 

and 
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[ N ,  ] and [N, ] are detailed in Appendix B -2. 

If { F )  is constant for an element, the following results can be obtained from 

equation (2.3 7) : 

2.8 Summary 

The formulae of the three-node curved beam element have been derived by using 

the finite element displacement method. There are six degrees of freedom at each node. 

Shear deformation and rotary inertia effects are considered. Reduced integration method 

is employed to avoid locking. For couvenience, the formulae for plane problems are also 

presented. 
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Examples 

Computer programs STATIC and FREEVIB are written in FORTRAN 77. 

STATIC is for the static analysis, FREEVIB is for fiee vibrations. Details are given in 

Appendix C. The following illustrative examples are used to assess the proposed, three- 

node element ' s performance. 

3.1 Static Problems 

Example 3.1 Cantilevered Beam under a Concentrated Force 

A straight, uniform cantilevered beam, having length L ,  is subjected to a 

concentrated static force, P, applied at the f?ee end, as shown in Figure 3.1. The force 

lies in the c- 7 plane but its line of action does not coincide with the centroid of the 

beam's cross section. Therefore, the beam will bend and twist simultaneously. The exact 

Timoshenko based solution at the fiee end is [21,23]: 

and 



Chapter 3. Examples 18 

where PF and P, are the components of P in the and q directions, respectively, 

and M, is the moment of P about the x axis. kt is the torsion factor. The following data 

are used here: E = 200 GPo , Poisson's ratio p = 1 / 3, h = 20 mm, b = 10 mm , 

kt = 0229, a = 30' and P = 50 N . Moreover, for the rectangular cross-section 

considered, k, equals 5 / 6 [21]. Table 3.1 lists the Timoshenko solution and data 

obtained at the fiee end with the proposed element for two bearn lengths, L . It can be 

seen that merely one element produces data that is Wzually identical to the Timoshenko 

solution. 

Figure 3.1 Cantilevered straight beam. 
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Table 3.1 Tip defiections for Example 3.1 

L l h = 4  L / h = l O  

Tirnoshenko FEM Timoshenko FEM 

solution [21,23] 1 element solution [2 1,231 1 element 

ec ( md ) 2.40000 1 o4 2.39999 1 o4 1 .5oooo x 1 o - ~  1 .5oooo x  IO-^ 

v ( ) 1.29560 x 1 O-' 1 -29560 x 1 o - ~  2.00390 x 1 O-' 2.00390 x 1 O-' 

Exampl2 3.2 Cantilevered Quarter Circle under an In-plane Force 

The straight beam of the previous example is replaced by the uniform quarter 

circle configuration shown in Figure 3.2 (a). The quarter circle has a square cross section 

and its material and dimensional properties are: E l G = 2.6, p = 03 , k, = 5 1 6 , 

h = 25.4 mm, b = 25.4 mm . It is cantilevered and a static in-plane force, P = 44.48 N , is 

applied at the fkee end, B.  When the beam is moderately thick ( so that conventional 

beam theory can be used), the anaiytical deflections at B can be found, by using 

Castigliano's theorem, to be [2 11: 

m3 nPR RPR u=- +- 
4EI +4GAk, 4EA 



Figure 3.2 Canti levered quarter circle under (a) an in-plane force, and (b) an out-of 

-plane force. 
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These formulae are used to determine the ratio of the deflection, computed with an 

increasing number of elements, to the corresponding anaiytical deflection at B .  The 

ratios are presented in Figure 3.3 for different ratios of R / h . It can be seen that tip 

deflection ratios are similar for a given number of elements and R l h ratio. Rapid 

convergence is evident and excellent agreement usually occurs with the use of only three 

elements. 

Example 3.3 Cantilevered murter Circle under an Out-ofplane Force 

A quater circle which has a circular cross-section is shown in Figure 3.2 (b). 

It is subjected to an out-of-plane force. The related data are: E = 200 GPa . 

,K = 1 / 3 .  k, = 0.9, d = 20 mm, P = 5 N . By using Castigliano's theorem, the analytical 

deflections at the fkee end are [2 11 : 

and 

Figure 3.4 shows the deflection ratios at the fkee end for R l d = 10 and 100. It can be 

seen, again, that the agreement is excellent and three elements give accurate results. 



Nurnber of Elements Nunber of Elements 

Figure 3.3 Tip deflection ratios for Example 3.2; (a) R I h = 10 ; (b) R l h = 20 ; 

( c ) R / h  =SOand(d)R/h = 100. 



Figure 3 -4 Tip deflection ratios for Example 3.3; (a) R / d = 1 0 and (b) R 1 d = 1 00 . 



3.2 Free Vibrations 

In the followùig Examples 3.4 and 3.5, E / G = 2.6667 and k, = 5 / 6. The 

natural n-equency coefficient, a, = on,/-, is used and the density, p,  is 

chosen so that the ratio pAL4 I (EI) is one. 

Example 3.4 A Straight, Simply-supported Beam 

The naturai fiequency coefficients of the freely vibrating, simply supported 

square beam illustrated in Figure 3.5 are computed by using the proposed element. 

Numerical values are listed in Tables 3.2 and 3.3 when E = 200 GPa , b = 10 mm and 

h = 10 mm . Two slenderness ratios, L l F = 10 and 50, are assumed. The F is the bearn's 

cross-sectional radius of gyration. The tables also list the corresponding Timoshenko 

solutions [24] and the lowest results (Le., the best results ) obtained with the three-node, 

straight beam element which is labeled T2CL6 in reference [24]. The total number of 

degrees of freedom ( DOF ) is also given because it is more indicative of the 

Figure 3.5 A simply supported beam. 
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Table 3.2 Frequency coefficients, a, , for Example 3 -4; L 1 F = 1 0 

Mode Timoshenko Reference [24] Number of  present elements 

number soIution 10 elements 4 10 20 

n 1241 (40 DOF) (16 DOF) (40 DOF) (80 DOF) 

computational effort involved. With the use of ten elements, the present element 

usually produces slightly greater naturai frequencies than T2CL6. Both elements 

generally generate somewhat higher naturd fkequencies than the Timoshenko 

solution, especially at the large L 1 P = 50 ratio. However, Table 3.3 demonstrates that 

progressively increasing the number of present elements (and, presumably, also 

increasing the number of the T2CL6 elements) quickly reduces the differences. 
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Table 3.3 Frequency coefficients, a,, for Example 3.4; L / ï = 50 

Mode Timoshenko Reference [24] Number of present elements 

number solution 10 elements 4 10 20 30 

n Lw (40 DOF) (1 6 DOF) (40 DOF) (80 DOF) (1 20 DOF) 

1 9.78902 9.78909 9.79647 9.78922 9.78903 9.78902 

2 3 8.2444 38.2485 38.6628 38.2560 38.2451 38.2445 

3 82.9860 83.03 10 86.9903 83,1057 82.9936 82.9874 

4 140,950 141.190 153.861 141.544 140.991 140.960 

Example 3.5 In-plane Vibration of a Semicircular Arch 

Figure 3.6 shows a semicircular arch for which E = 206.85 GPa , b = 25.4 mm 

and h = 25.4mm. Naturd fiequencies are computed for slendemess ratios of 

IrR / P = 10 and 50. Results calculated with the proposed element are compared with data 

taken fkom references [9] and [25]. Sixty two-node, curved beam elements and thirty 

straight, three-node Timoshenko elements are employed, respectively, in these 

references. The cornparisons are given in Tables 3.4 and 3 S. Four significant figures are 

used to conform with the values given in references [9] and [25]. These tables 



demonstrate that the present element gives comparable naîural fiequencies to the two- 

node c w e d  beam element but with noticeably fewer elements (and a fewer nurnber of 

degrees of fieedom). 

Figure 3.6 A sernicircular arch. 

Table 3.4 Frequency coefficients, a,, for Example 3.5; nR / F = 10 

Mode Reference 1251 Reference [9] Number of present elernents 

nurnber 30 elements 60 elements 4 10 20 

n (1 79 DOF) (1 79 DOF) (23 DOF) (59 DOF) (1 19 DOF) 

1 12.87 12.79 12.90 12.79 12.78 



Table 3.5 Frequency coefficients, a , ,  for Example 3.5; xR / F = 50 

Mode Reference [25] Reference [9] Number of present elements 

number 30 elements 60 elements 4 10 20 

n ( 1  79 DOF) ( 1  79 DOF) (23 DOF) (59 DOF) ( 1  19 DOF) 

1 2 1.60 2 1.53 2 1.85 2 I .54 21 -53 

2 62.57 62.35 65.54 62.44 62.34 

3 120.8 120.3 132.8 120.7 120.3 

4 146.3 146.4 150.7 146.6 146.4 

5 199.6 199.2 2 19.0 200.8 199.1 

6 2 12.0 212.1 258.3 2 2 2.5 212.0 

7 278.2 277.7 3 50.2 282.0 277.6 

Example 3.6 Out-ofplane Vibration of a Simply Supported Quarter Circle 

The circular natural fkequencies are calculated for the example shown in Figure 

3.7. The related properties are: E = 100 GPa , h = 10 mm, b = 20 mm , 

G K , / ( E I c ) = 0 5 ,  L I  J I , l A = 2 0 0 ,  p=0.0001kglmm3 and k , = 5 / 6 .  The results 

are presented in Table 3.6 in cornparison with the analytical solutions given in reference 

[26], the results obtained by applying a Green fùnction with the parameters n = 10, 

m = 40 [27], and FEM results [27] fiom the use of thirty two-node elements. It can be 

seen from this table that the natural fkequencies obtained by using fifieen of the proposed 

elements are lowest except for the first fiequency. 



Figure 3.7 A simply supported, quarter circle. 

Table 3.6 Natural fiequemies, o, (rad / s), for Exarnple 3.6 

Mode Re ference Reference FEM Number of present elements 

number [26] Lw [271 5 IO 15 

n (89 DOF) (29 DOF) (59 DOF) (89 DOF) 

1 0.82750 0.82777 0.82865 0.82810 0.82760 0.82758 

3.3 Concluding Remarks 

From the above examples, it can be seen that the results computed by using the 

curved bearn element agree well with published results. However, the present element is 

somewhat inferior to the best, currently available three-node straight element for straight 

beams. On the other hand, it is advantageous fiom a computational perspective to use the 

three-node curved element for curved beams. 



Chapter 4 

Wind Induced Vibrations of Traffic Poles 

4.1 Introduction 

TraEc poles are beam-like structures that often have both straight and curved 

parts. They are flexible so that a wind may cause them to vibrate. This behavior may be 

due to either vortex shedding or to galloping 1281. Vortex shedding is the periodic 

formation and shedding of vortices, as shown in Figure 4.1 [29]. The shedding causes the 

pressure on  each side of an object to be altemately reduced and increased. Then 

appreciable vibrations of the body may result, especially if the object has a natural 

fiequency close to the vortex shedding frequency. Gailoping, on the other hand, is a self 

excited oscillation that involves a large amplitude and low (0.1 to 3 Hz) Bequencies. It is 

induced by aerodynamic instabilities that stem fkorn an object's cross-sectional 

asymmehy. Rectangular or D cross-sections are particularly susceptible to galloping [29]. 

Wind loading research has developed over the past four or so decades and it has 

been used in practical problems [28-351. However, only the most pertinent recent 

examples are given here. A flexible, square sectioned, slender cantilever bearn has been 

examined in [30]. In the analysis, experimentally obtained, quasi-static air forces were 

used in a Galerkin andysis to obtain the beam's deflection at its tip. Ln reference 
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[31], the effect of dynarnic wind loads was found on cornpliant towers. However, the 

calculation of the wind loads was perfomed by using equivdent static loads. The finite 

element method (FEiM) has also been used. The authors in [32], for example, proposed a 

one degree-of-fieedom, non-linear model of self Iimiting cyclic wind loads for the 

analysis of flexible structures subjected to vortex shedding. A numencal simulation of the 

dyuarnic response of broadcasting antennas under wind loads was perfomed by using the 

FEM [33]. The researchers in [28] analyzed the f?ee vibrations of t r a c  poles, which 

had only straight parts, by using two-node beam elements. Flather [35] also analyzed a 

curved trafic pole by using two-node, straight beam elements. On the other hand, 

experiments have been perfonned in a wind tunnel to understand the vibration inducing 

mechanism for cantilevered poles [30]. The authors in reference [28] did more 

experirnental research about cantilevered traffic poles by performing water table, tow 

tank and full scaie field experiments. They found that vortex shedding at Reynolds 

numbers (Re) in the range fkom 300 to 3 x 10' (called the subcritical region) occurs at a 

Strouhal number around 0.2. The Strouhal number is in this neighborhood for most traffic 

light poles. From their experiments, they observed that large amplitude vibrations of 

cantilevered hamc poles are caused by galloping, not by pure vortex shedding. 

Furthermore, they found that galloping is most Likely to occur in a steady wind when the 

wind direction is within t7.5' of normal to the cantilever signal ami. The associated wind 

speed is typically fkom 4.5 to 13.4 mis. 

C w e d  beam finite elements are needed to deal with curved poles. However, 

research about the dynamic response of curved poles has been very scanty. Furthermore, 
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a three-dimensional analysis is necessary. This is because the most dangerous situation 

(for the initiation of galloping) seems to be when the wind's direction is approximately 

normal to the curved pole's plane and vibrations are observed in this plane [28]. 

In this chapter, the previously discussed three-node curved beam element, whose 

displacements are in three dimensions, is used to analyze the wind induced vibrations of 

curved light poles. The initiation of galloping is investigated. Vortex shedding is not 

discussed further. Critical wind speeds, which correspond to the magnitude of a steady 

wind speed that is just large enough to initiate galloping, are found for poles having a 

hexagonal or octagonal cross-section. The wind's direction is approximately normal to 

the curved pole's plane of curvature. The effects of structural damping and the wind's 

direction are also investigated. 

4.2 Reynolds and Strouhal Numbers 

The two most influentid effects in an air flow are due to the air's viscosity and 

inertia. The Reynolds number, Re, is a non-dimensional parameter which is a measure of 

the ratio of the inertial to viscous forces. Re is given as: 

Re = U , D / v ,  (4.1 ) 

where (If is the fiee stream velocity. D is the width of the structure perpendicular to the 

air flow and v ,  is the kinematic viscosity of air. Re is an index of the type of flow that 

may be expected to occur. The air flow around a circular cylinder, for example, is show 

in Figure 4.1. Each flow situation is identi fied by a Reynolds number region. At Re s 1, 
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(cl 

Figure 4.1 Flow past a circular cyiinder at different Reynolds number, Re 1291. 
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the flow remains attached to the cylinder. At Re a 20, the Bow remains symrnetrical but 

separation occurs and large wake eddies are fonned. For 30 5 Re 5 5000, altemating 

vortices are shed fiom the cylinder that form a clear "vortex trail" downstream of the 

cylinder. When 5000 5 Re 5 2 x los,  the transition to turbulent flow occurs in the wake. 

The wake narrows appreciably for Re 2 2 x 10'. 

The phenornenon of vortex-shedding can be descnbed in terms of a non- 

dimensional Strouhai number, S, , defined as: 

where f ,  is the fiequency of a complete cycle of vortex shedding. The Strouhal number 

is a function of Reynolds number, surface roughness and the fiee stream turbulence. 

Figure 4.2 illustrates the relationship between the Strouhal and Reynolds numbers for 

circula cylinders having either a smooth or a rough surface. 

When the wind speed is around 10 d s ,  for example, the Reynolds number is 

approximately between 6.7 x 1 o4 and 2 x 1 O' (Le. in the subcritical range) for the 100 mm 

to 300 mm pole diameters considered here. Then the airflow is turbulent in the wake, as 

shown in Figure 4.1. The corresponding Strouhal number is seen fkom Figure 4.2 to be 

about 0.2. 
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REYNOLDS NUMBER 

Figure 4.2 Relationship between the Strouhal and Reynolds numbers for circular 

c y linders [34]. 

4.3 Description of Light Poles 

The tapered steel light pole shown in Figure 4.3 is analyzed next. It consists of 

three parts, two straight parts, AC and DE, as well as a curved part, CD, which is a 

quarter of a circle. Hexagonal and octagonal cross-sections are analyzed. A lamp, which 

is not shown in Figure 4.3, is usually attached to the tip of the pole. The mass of the lamp 

considerea here is 39 kg . Other related data are: 

E = 200 GPa G = 80 GPa k, = 05 

p , ,  = 7850 kg / m3 p, = 1.19 kg/ m3 

D A = 2 3 2 m m  D B = 1 5 4 m m  Dc=1192mrn 
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Figure 4.3 A curved light pole. 
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D, = 82 mm DE = 70 mm 

hAB = 455 mm h,  = 3.04 mm. 

where DA , DB, Dc, D, and DE are the values of D at cross-sections A ,  B, C, D and E , 

respectively. Moreover, h, and h, are the pole's constant thickness for part AB and 

BE , respectively. When the wind's direction is normal to the structural plane ABE , the 

dimension D illustrated in Figure 4.3 is perpendicular to the wind's direction. 

4.4 Equations of Motion 

By using the conventional theory [36] for the whole structure, the form of the 

equations of motion can be derived as: 

where [ M I ,  [c] and [ K ]  are the global stnichual m a s ,  damping and stifiess matrix, 

respectively. The {Q}, {Q} and {Q) are the nodal displacement, velocity and acceleration 

vectors, respectively. {P} is the correspondhg nodal load vector. When the extemal 

loads are aerodynamic forces and moments, {P} is a function of the nodal displacements 

and velocities which, in tum, are fûnctions of thne. (See the later Section 4.7.) 

4.5 Damping Matrix 

It is difficult to experimentally measure the damping matrix [c] . Therefore, 

several approximate methods are employed. In this thesis, the most common approximate 
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form of proportional or Rayleigh darnping 1371 is used. Then [Cl is given by: 

where a, and a,, are constants which c m  be evaluated fkom: 

Here 6, and Sn are the measured damping ratios for two modes having the natural 

fkequencies o, and on, respectively. If 6, = 6, = 6, then equation (4.5) simplifies to: 

4.6 Aerodynamic Experiments 

Wind tunnel experirnents are perfonned to obtain the aerodynamic coefficients of 

the wind load by applying a quasi-steady theory. Full-scale experiments could not be 

performed due to the limited dimensions of the working cross-section of the available 

wind tunnel. Therefore, the tests are carried out on geometrically similar but smaller 

models. According to the similarity requirements [29], the Reynolds number is kept 

approximately the same for both the model and (full scale) prototype poles. Because the 

taper of the pole shown in Figure 4.3 is small (about 1 : 150), constant cross-sectional pole 

models (not tapered poles) are used for simplicity. As the maximum wind speed 

obtainable in the wind tunnel is about 32 d s ,  and 4m/s is at the lower end of the range of 

wind speeds observed to produce galloping in practice, the scale one-eighth for the model 

is realistic. However, if one model is made for the complete pole, it would be too big to 
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Top View 

Figure 4.4 Showing (a) the total aerodynamic forces acting on the curved, rigid pole; and 

(b) the aerodynarnic forces per unit length of a straight, rigid pole. 
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Wool tuft 

Figure 4.5 A curved pole positioned in the wind tunnel at Z, = 90' . 
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put in the wind tunnel. Consequently, to use the one-eighth or so scahg,  a model had 

to be wind tunnel tested in two separate components. The two components consist of one 

component which corresponds to the combined cunred-straight part shown as part BE in 

Figure 4.3; the other cornponent is for the solely straight part, AB . They are illustrated in 

Figures 4.4 (a) and 4.4 (b), respectively. The interaction of the airflow between parts AB 

and BE is assumed to be negligible. Figure 4.5 shows a wool tufted model in the wind 

tunnel. The relatively straight Nfts around point B suggest that the assumption is 

reasonable. 

The drag force, PD, shown in Figure 4.4 (a), is defined dong the wuid's direction. 

The lift force, PL , is vertical and the horizontal side force, P, , is perpendicular to both 

PD and PL. These forces are usually given in tems of aerodynarnic coefficients by: 

p, is the density of air, Uw, is the fiee stream air speed, and D is a typical dimension 

of the pole's cross-section. However, the wind's angle of attack on the model pole is 

varied so that the model's dimension normal to the airflow varies with the wind direction. 

For example, it varies between D and D, for the hexagonal cross-section presented in 

Figure 4.3. For convenience, D is taken as the (constant) distance between any two 

opposite flat sides for both the hexagonal and octagond cross-sections. Furthemore, L, 
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in equation (4.7) is the total outside periphery length of the cunred model BE. 

C,,CLc and Cs= are the drag, Lift and side force coefficients for the curved model BE . 

The rolling, yawing and pitching moments, M R ,  M ,  and Mp respectively, are the 

corresponding moments about these three directions. They are given by: 

where CM=, CM, and CM, are the rolling, yawùig and pitching moment coefficients for 

the curved model BE. Similarly, there are drag and side forces for the straight pole 

model AB. However, the measured moments are negligible, regardless of the cross- 

section, so that only the forces per unit length are shown in Figure 4.4. They are given by: 

and 

where CD and Cs are the drag and side force coefficients for the straight model AB . 

The aerodynarnic forces and moments are non-dimensionalized to obtain the 

aerodynamic coefficients. Both hexagonal and octagonal cross-sections are tested. 

Measured data are shown in Figures 4.6 through 4.8 when the wind speed is 3 1.4 m/s and 

the Reynolds number is 2.7 x 1 o4 (Le. in the subcritical range). The reference angle, 
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Figure 4.6 Aerodynamic coefficients for the hexagonal c w e d  mode1 BE. 

*The analyzed position. 
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Cm (degree) 

Figure 4.7 Aerodynamic coefficients for the octagonal curved mode1 BE . 
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à, (degree) 

(a) 

O 30 60 90 120 
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(b) 

Figure 4.8 Aerodynarnic coefficients for straight poles having a (a) hexagonal; and (b) 

octagonal cross-section. 
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0) 

Figure 4.9 Cubic spline interpolation for the aerodynamic coefficients of a straight pole 

having a (a) hexagonal; and (b) octagonal cross-section. - cubic spline interpolation, 

expenmental data, i the analyzed position. 
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a, (degree) 
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(W 

Figure 4.10 Cubic splhe interpolation for the calculated aerodynamic coefficients of the 

curved part, CD , having a hexagonal cross-section. - cubic spline interpolation, 

calculated data. 
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90 

a, (degree) 

(a) 

Figure 4.1 1 Cubic spline interpolation for the calculated aerodynamic coefficients of the 

curved part, CD , having a octagonal cross-section. - cubic spline interpolation, 

calculated data. 
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- 
a, = O', for the curved mode1 is taken to correspond to the position when part ED in 

Figure 4.4 is dong the wind's direction and the wind blows fiom point E to point D . In 

addition, two opposite flat sides (of either the hexagonal or octagonal cross-section) are 

perpendicular to the wind's direction at a, = 0' for both the curved and straight model. 

It can be seen nom Figures 4.6 through 4.8 that the trends of these curves are 

sirnilar for the hexagonal and octagond poles. Theoretically, the data at 5, = OOand 

360" should be the same. However, there are small differences behveen these two angles 

in these figures. The drift is likely due to a temperature change during the wind tunnel 

experiments, even though the wind tunnel and its instrumentation was run for several 

hours before starting an experiment. In this thesis, only the positions around Zn equal 

90' are analyzed because the pole is most susceptible then to galloping. (A star is used in 

the figures to highlight this particular orientation.) 

Next, because the measured aerodynamic coefficients for the curved model 

BE include the effects of the straight parts BC and DE, the aerodynamic coefficients 

for the purely c w e d  part CD of the mode1 are calculated by subtracting the effects of 

the straight parts frorn the measured coefficients. Details of the calculations required to 

compute the aerodynamic coefficients for the curved part CD are given more 

conveniently in Appendix E. The cubic spline interpolation program given in IMSL [22], 

DCSAKM, is used to curve fit the measured and calculated data. These cuves are 

presented in Figures 4.9 through 4.1 1 in the range of ai, around 90'. The effects on the 

aerodynamic coefficients of various Reynolds numbers and a lamp located at the tip of a 
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pole are investigated. In the experiment, a tubular section is mounted coaxially at the tip 

of the curved pole model to simulate a lamp. The tube has a length of about 20 mm, its 

inside diameter is approximately equal to the maximum dimension of the cross-section of 

the model, and its thickness is about 2 mm. The related figures are given in Appendix F. 

The aerodynamic effect of the lamp simulator is small. On the other hand, because the 

wind speed in the wind tunnel could not be changed over a large range, the effects of 

Reynolds number could not be analyzed realistically over a large range. 

4.7 Aerodynamic Loads 

The {P} term in equation (4.3) is created by the wind load. The most dangerous 

situation, in which the wind's direction is essentially perpendicular to the c w e d  pole's 

structural plane (i.e. a, = 90' in Figure 4.4). is analyzed. Fint, because the pole is so 

slender and its Reynolds number is in the subcriticd range, it is reasonable to suppose 

that the airflow does not reattach to a downstrearn part of the pole [29] at Zn = 90' . 

Indeed, the sirnilar orientation of the wool tu& shown in Figure 4.5 suggests that the 

wind pressure is distributed quite unifomly over the model. Therefore, a uniform 

pressure assumption is adopted in the finite element model. 

A c w e d  pole can be divided hto three parts: the vertical straight part AC shown 

in Figure 4.12, as well as the curved part CD and the horizontal straight part, DE. The 

X - Y - Z shown in Figure 4.12 corresponds to the global coordinate system 

and the x - - 9 is the local coordinate system. The x and C are dong the tangential 



Figure 4.12 Global and local coordinate systems. 

and normal directions of the centroidal axis of the pole, respectively, and 7 is 

perpendicular to the x - C plane. Let the angle between the wind's direction and 

the structural plane ( the X - Y plane ) be 90' t 14. (4 1 1' is a small offset angle. The 

following denvation presents the formulae for calculating the nodal forces that are 

needed in the finite element analysis for the curved pole. 

(a) The vertical part AC 

The forces acting over a unit length of the vertical part, AC, of the vibrating pole 

are shown in Figure 4.13. When Z = O ,  Uwa is perpendicular to the < direction. Due to 

the pole's dynarnic rotation, 6, , induced by the wind, the local coordinate plane C - v ,  
which corresponds to the pole's static configuration, instantaneously takes the 



Chapter 4. Wind Induced Vibrations of Trafic Poles 

Figure 4.13 Aerodynarnic forces per unit length acting on AC. 

orientation 5, - 7, illustrated in Figure 4.13. Consequently, a vibrating pole experiences a 

relative wind U, , as suggested in Figure 4.13. The magnitude of II, and its direction, 

a,, with respect to the original t - q system are [38]: 

and 

(4.1 Ob) 

In the above fomulae, the approximations sin E ; E and cos 2 z 1 are reasonably used 

because 14 11'. Also, it is assumed that LI,, >> 1 ~ 1  because the later numerical 

computations indicate that I Iw ,  for galloping is typically around 13 m/s and li;l is about 

O.Irn/s. Then 
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The wind's instantaneous angle of attack, a, is : 

E and Eare taken to be positive in the plan view's clockwise direction but SC, and 8, 

are positive in the counterclockwise direction, as indicated in Figure 4.13. On the other 

han& the relation between â and the a, used experirnentally is: Zi = Z,,, - 90' . 

The drag and side force per unit length are: 

and 

where CD and Cs are the drag and side force coefficients for the straight pole, 

respectively. They are shown in Figure 4.9 where 85' 5 a, 195'. i.e., -5' 1 Z i  < 5 ' .  

Next, the forces per unit length dong the Z; and q, directions are: 

and 

F ,  = F D ~ ~ ~ Z - F s ~ ù i 7 Z .  (4.14a) 

From the numerical calculations, the rotation 6, is about 03' when the wind speed is 

around 13 d s .  Hence, 6, is small and the directions Gand are used for the 6, and q, 

directions in the calculations, i.e. 
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Fc, z Fg and F ,  z F, . 

(b) The curved part CD 

Consider the unit arc length shown in Figure 4.14 which is used to analyze the 

aerodynamic forces acting on the curved part CD. The # in this figure is the angle 

between the s and X axes. Because the aerodynamic forces are given in the X ,  7 

and Ydirections (see Appendix E), first find the velocities and rotations about 

the X and Y axes. They are: 

and 

Next 

= (v, - CI,, sin 2)' + (uwind COS E + Y)' 
2 

z (Y., - uwind E )  + (uwnd + v)' 

and 

- - 
a = a, -0,. 

The aerodynamic forces per unit arc length are: 

(4.1 Sa) 
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Figure 4.14 Aerodynamic forces per unit arc length of CD when observed dong the 

wind' s direction. 

Figure 4.15 Aerodynamic forces per unit arc length of CD when observed fiom the top 

of the pole. 
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1 F, = - ~,U;DC' sin ( 
2 

and 

where FL is the lift force, while CD, C' and Ci are the drag, side and lift force 

coefficients for the curved part CD, respectively. Sùnilarly, the rolling, pitching and 

yawing moments per unit arc length are: 

1 Fm = - p , ~ ~ e l ~ Z ~ ~ ,  sin ) 
2 

where CL, C'Np and CL, are the rolling, pitching and yawing moment coefficients for 

the curved part CD, respectively. These coefficients are presented in Figures 4.10 and 

4.1 1. Next, the aerodynamic force and moment per unit arc length dong the X, direction 

are : 

Fr, = -FD sin E - Fs cos Z 

and 
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Finally, the forces and moments per unit arc length in the c ,~ ,  and x directions can be 

obtained as: 

Fc = Frl sin#+ FL cos4 

F ,  = FD cos Z! - Fs sin E 

F, = -Fr, cos (+ FL sin 4 

and 

FM = FHT, sin@- F, cos# 

Fm, = -Fm cos E - F,, sin Z 

F, = -FAcrl cos # - F,, sin 4 . 

As before, the direction 7 is used for 7, in the calculations because the rotation 8,  is 

small again. For instance, when the wind speed is around 13 mis, 8, is about 025'. 

(c) The horizontal part DE 

The forces acting on a unit length of the horizontal part DE are shown in Figure 

4.16. The 6 -  q system still corresponds to the static position of the pole. As for the 

vertical part A C  , 

ufeI = Ù* + (u, , ,~~ + c)* 

and 

- u 
a,, z 

CI, +Y 
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Figure 4.16 Aerodynamic forces per unit length of DE . 

and 

CD and Cs are the sarne as before. The forces per unit length in the c, and 7,  directions 

are: 

and 

As before, the directions rand r ]  are used for and q, , respectively. 
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The equivalent consistent load acting on an element can be obtained by using 

equation (2.27) and numericd integration. However, to simplify the calculations a 

lumped load vector [38] is utilized to avoid the numericd integration and Save 

computational tirne. It is given by: 

(4.27) 

The equivalent load vector of an element can be calculated now by using the above 

formula. Then the load vector {P} , which is required in equation (4.3), can be assembled 

ffom the elernent load vectors. 

4.8 Direct Time Integration 

Because { P )  is a fùnction of the nodal displacements and velocities which are 

related to time, it is not easy to decouple equation (4.3) to a set of independent, single 

degree of fieedom systems in order to employ modal superposition. Here step-by-step, 

direct numerical integration is used. The standard Newmark- method [36,39] is chosen. 

The following formulae are pertinent to this method. 

For a darnped structure, the equations of motion at instant t j  are: 

[ M I { Q } ,  + [']{QI + [KI{Q} j = { p l  j 

Similarly, at instant tj+, = t j  + Atj,  the equations of motion become: 

[MI{Q} j+l + [cI{QI ,+, + [KI{QIj+, = {PI j + l  
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On the other hand, according to the Newmark-p method [36,39]: 

and 

It c m  be s h o w  from equation (4.3 1 )  that: 

Substituting equation (4.32) into equation (4.3 0) gives: 

For convenience, define the vectors: 

Now rewrite equations (4.32) and (4.33) in the fom: 

and 
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Then substitute equations (4.36) and (4.37) into equation (4.29) to yield: 

in which 

and 

{q ,+, = {p l  j+, + [M]{Q)~ + [cl{~}j (4.38~) 

{elj+, cm be obtained from equation (4.38), then {Q} and {Q},+~ c m  be calculated 
j+ l 

from equations (4.36) and (4.37). 

From reference [40], the Newmark- P method is unconditionally stable provided: 

It is recommended in reference [36] to take P,  = 0.6 and ,O2 = 0.3025. A commonly 

used time step is At = T, 110 [36], where T, is the naturai penod of the nth mode. In this 

thesis, At = 0.02 s (< T, / 10 for the analyzed poles) is used because the lowest two 

fkequency modes dominate a pole's defiection. (See Section 4.1 1 .) 

The initial conditions comsponding to the displacements, velocities and loads at 

time to = O should be known to begin the numerical integration procedure. From equation 

(4.28): 
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If the mass matrix [Ml is singular so that its inverse dose not exist, vector {Plo may be 

taken as the nul1 vector 1361. 

4.9 Tapered Poles 

The cross-section of a tapered pole considered here varies a h o s t  linearly dong 

its centroidal mis. Then A, I,, I, and J are functions of 6 in formulating the properties 

of a finite element. Hence, these variables must be included inside the related integrals 

when the element stifiess and mass matrices are calculated. 

4.10 Additional Masses 

Only the mass of a pole alone is considered in the previous derivation of the m a s  

matrix. However, there are usually lights or signs mounted on a t r m c  pole. A light's size 

is usually small in cornparison with that of a pole observed on streets. Therefore, these 

lights are considered as lumped, point masses that are added at the translational degree of 

fieedom of a coincident node. The mass moments of inertia of the light are neglected 

because the lights are considered to be points so that their etTect on the corresponding 

rotational degree of freedom is negligible [35]. 



Chapter 4. Wind Induced Vibrations of Trafic Poles 

4.1 1 Numerical ResuIts 

4.1 1.1 Free Vibrations 

Natural kequencies are computed for the pole shown in Figure 4.3 by using the 

program FREEVIB. Fifieen elements are used to mode1 this light pole, Le. there is a total 

of 31 nodes. Figure 4.3 shows the distribution of the nodes and Table 4.1 gives the 

resulting six lowest naturai fkequencies, w, , for the hexagonal and octagonal cross- 

sections. It can be seen that the introduction of a 39kglamp (or about 17% of the rnass 

of the pole alone) not unexpectedly reduces the on . However, the percentage reduction 

of a particular on is similar, regardless of the cross-sectional shape. (Note that the 

corresponding natural fiequemies for a circular cross-section are given in Appendix D.) 

The six lowest Eequency mode shapes are shown in Figures 4.17 and 4.18 for the 

octagonal light pole. The corresponding mode shapes for the hexagonal cross-section are 

very similar, except that the lowest two mode shapes (corresponding to w ,  and o, ) are 

interchanged if there is no larnp. The modal coupling between the out-of-plane and the 

in-plane vibrations is small. Typically it is less than six orders of magnitude. When a 

39 kglamp is added, the coupling is decreased for the octagonal cross-section but it 

remains nearly the same for the hexagonal cross-section. In addition, if there is no lamp, 

more modal coupling exists for the octagonal cross-section than for the hexagonal cross- 

section, but the opposite is tnie when the lamp is introduced. 
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Table 4.1 Lowest natural frequencies, o, (rad / s) , for the light pole 

Mode Hexagonal cross-section Octagonal cross-section 
number 

n With a lamp Without a lamp With a lamp Without a lamp 

1 out-of-plane* in-plane out-O f-plane out-O f-plane 

7.57063 1 1 A4675 7.74687 1 1.68540 
2 in-p lane out-O f-plane in-p Iane in-plane 

2 1.64227 40.94778 22.13030 4 1 -84075 
3 in-plane out-of-plane in-plane out-O f-plane 

25.2278 1 41.10205 25.67305 42.66639 
4 

out-O f-p iane in-plane out-O f-plane in-p lane 

52.25575 79.08447 53.89742 80.86093 
5 in-p lane out-O f-p lane in-plane out-O f-plane 

6 1 -46298 85.77957 62.67030 88.97935 
6 out-O f-plane in-plane out-O f-plane in-plane 

* predominant motion 
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o, = 7.48227 rad / s (out-of-plane) 

o, = 22.1 3030 rad / s (in-plane) 

oZ = 7.74687 rad / s (in-plane) 

o, = 25.67305 rad / s (out-of-plane) 

4 y  

a, = 53.89742 rad / s (in-plane) 0, = 62.67030 rad / s (out-of-plane) 

Figure 4.17 The six lowest fiequency mode shapes for the octagonal tight pole 

with a lamp. 
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0,  = 1 1.68 140 rad / s (out-of-plane) o, = 1 1.68540 rad / s (in-plane) 

a,  = 41.84075 rad / s (out-of-plane) 
. \  6 y 

0, = 42.66639 rad / s (in-plane) 

Y 

O, = 80.86093 rad I s (out-of-plane) o, = 88.97935 rad / s (in-plane) 

Figure 4.18 The six lowest fiequency mode shapes for the octagonal light pole 

without a lamp. 
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4.1 1.2 Dynamic Responses 

Program DYNA is written to compute the dynamic response for wind loads. (The 

details are given in Appendix C.) Figures 4.19 and 4.20 show the dynarnic responses 

under a steady wind speed of 9 m 1 S .  It c m  be seen fiom these figures that there are both 

out-of-plane and in-plane deformations and beating appears. The penod of the beating, 

T , ,  is given by [Ml: 

Measurements nom the two figures indicate that: 

T, =3.7s o, ==7.4radIs and o, ~ 9 r a d I s .  (4.42) 

The above data is compatible with equation (4.41) so that the two lowest fiequency mode 

shapes, one predominantly out-of-plane and the other largely in-plane, dominate the 

dynamic deflections. A similar beating phenornenon also exists for the dynamic 

responses under other wind speeds. Then the lowest two natural fiequencies are 

comparable in value and, regardless of the vibrational plane, they are both bending 

modes. The third and higher mode shapes are invariably involved very little in the 

dynamic deflection. On the other hand, most of the structural damping is likely to occur 

at the base of the welded pole, regardless of whether the motion is largely in-plane or out- 

of-plane. Therefore, it is reasonable to assume 6, = 6, and Rayleigh damping. 
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time (s) 

time (s) 

tirne (s) 

Figure 4.1 9 Dynamic deflections for the hexagonal light pole wi th a larnp when 

6=0.002, Z = 0 5 '  and Uwid = 9 m / s .  
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Figure 4.20 Dynamic rotations for the hexagonal light pole with a larnp when 

6=0.002, Z=05' and LI, = 9 m / s .  
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4.1 1 -3 Investigation of Galloping 

Whether a light pole is stable or not at a given wind speed, Le. whether galloping 

is initiated or not, can be s h o w  computationally. The critical wind speed, LI,, , can be 

found by gradually incrementing the wind speed, Uvind , in steps of 0.1 mis. The 

procedure is illustrated in Figure 4.21. Convergence of the along wind, temporal 

deflection, v , at the pole's tip is found, for exarnple, for different values of Uwi, until 

LI,,,, reaches 13.5 m/s. From a visual inspection, M e r  increases in (lu, make v 

diverge. Therefore U,, is 13.5 d s .  

Figures 4.22 and 4.23 show the deformation at the critical speed. Figures 4.24 

through 4.27 present the displacement histories at the four critical wind speeds. Figures 

4.28 and 4.29 show how the cntical wind speed changes wiîh structural darnping ratio 

and the wind's direction. The accuracy of the critical wind speed is about t 0.1 m/s and 

the dynamic deflections are computed for the first 40 seconds. For the octagonal pole 

with a larnp, Uc~, is greater than 20 m/s when S = O, E = -OSa. Therefore, this case is not 

shown in Figure 4.29. The effect of the wind's direction is given in Table 4.2. 

Figures 4.24 through 4.27 show that 14 1 lu1 is about 2.5 at al1 the four cntical 

wind speeds. This ratio is reasonably consistent with the comparable ratios found in the 

two lowest fkequency modes. Moreover, the correlation between the ratio of v and the 

approximate average drag force per unit length is consistent with that observed in 

Example D.2. For example, v = 0.03 m in Figure 4.24 and the average drag force per 

unit length is about 12N / rn so that the ratio is 0.03/12 = 0.0025 m2 1 N . In Example 
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D.2, on the other hand, v 1 0.005 m and Fo = 2N 1 rn, which give the sarne 

0.0025 m2 1 N ratio. This result also suggests that the displacement in the wind's 

direction, v , is created mainly by the drag force. 

Comparing Figure 4.28 with Figure 4.29, the cntical wind speeds are generally 

seen to be slightly lower for the hexagonal than for the octagonal cross-section. Hence, 

the octagonal cross-section is somewhat more stable. This observation is intuitively 

reasonable because a straight circular pole is more stable compared with other cross- 

sectional shapes and the octagon is closer to a circle than a hexagon. As expected [34], 

the cntical wind speed increases with a larger darnping ratio, 6. Furthemore, Table 4.2 

indicaies that the initiation of galloping is very sensitive to even a srna11 change in the 

wind's direction nom the 9O0orientation. When a lamp is added, the cntical wind speed 

usually increases except for the 89' and 895' directions in the case of the hexagonal 

cross-section. 

The critical wind speed usually diminishes when the surn of the slope of Ci 

venus Z plus Ci is negative (Le. dd,  / da + d, < 0). The trend suggests that the 

classical Den Hartog criterion [29] (Le. dC, 1 da + CD < 0 )  can still be used as an 

indication of the initiation of galloping. However, a hexagonal pole with a lamp is an 

anomalous case, i.e. the galloping initiation in this case is not completely dependent upon 

d q  1 da + Ci. This phenornenon may be due to the coupling of the aerodynarnic forces 

and moments. Its clarification requires fiirther investigation. 
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time (s) 

time (s) 

time (s) 

Figure 4.21 Showing the dynamic behavior of different wind speeds for the hexagonal 

light pole with a larnp when 6 = 0.002 and ï? = 05'. 
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(a) t = 2s 

(b) t = 20s 

Figure 4.22 Deformation history at the criticai wind speed of the hexagonal light pole 

withalampwhen 6=0, E=05'and U,, = t l m / s .  



Chapter 4. Wind Induced Vibrations of Trafic Poles 

(a) t = 2s 

Out-O f-plane In-plane 
(b) t = 20s 

Figure 4.23 Deformation history at the critical wind speed of the hexagonal light pole 

without a larnp when b = 0, Z = -05' and LI,, = 8.7 m / s . 
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Figure 4.24 Dynamic response of the hexagonal light pole with a lamp when 

6=O, E=05' and U,.;,, = l l m l s .  
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Figure 4.25 Dynamic response of the hexagonal light pole without a lamp when 

6 = O ,  E=-05' and LI,, = 8 . 7 r n / s .  
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Figure 4.26 Dynamic response of the octagonal light pole with a lamp when 

6=0, I=O.SO and U,, = I l  m / s .  
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Figure 4.27 Dynamic response of the octagonal light pole without a larnp when 

6 = O ,  E = I e  and U, = 1 0 m / s .  
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Figure 4.28 Critical whd speeds for a hexagonal light pole having different structural 

darnping ratios, 6, and exposed to various wind directions, 2 .  Showing (a) without a 

lamp and @) with a lamp. 
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Figure 4.29 Cntical wind speeds for an octagonal light pole having di fferent structural 

damping ratios, 6, and exposed to various wind directions, 2. Showing (a) without a 

larnp and (b) with a lamp. 
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Table 4.2 The effect of the wind direction for the hexagonal light 

pole wîth a larnp when 6 = 0.002 and LI,, = 145 m / s 

Stability 

- 1.0" (9 1" ) Stable 

Unstable 

4.12 Concluding Remarks 

The proposed element is used to investigate the wind induced vibrations of trafic 

poles. The computationai results show that the two Iowest fkequency modes, one of 

which is out-of-plane, the other is in-plane, dominate the dynamic deflections. The 

critical wind speed, which just initiates galloping, is sensitive to the wind's direction 

and, as expected, it increases with a larger structurai damping ratio. These results are 

consistent with field observations [28]. Indeed, the computed critical wind speeds are in 

or above the 4.5 to 13.4 m/s range observed in the field [28]. The computed results also 

show that the critical wind speed usually increases when a lamp is introduced and the 

octagonal cross-section is somewhat more stable than the hexagonal one. 



Chapter 5 

Conclusions 

5.1 Concluding Remarks 

A three-node curved beam elernent has been developed that includes shear 

deformation and rotary inertia. Several static and f?ee vibration problems are used to 

veri@ that the proposed element, in conjunction with reduced integration, avoids locking. 

The computed results agree well with exact solutions or results taken h the literature. 

Wind induced vibrations of curved tr&c poles are analyzed by using the 

element. Natural fiequencies and mode shapes are computed and the formulae are 

denved for the aerodynamic loads. The method to obtain the aerodynamic coefficients is 

provided. Time integration is used to obtain the dynamic responses which are shown to 

be dominated by the two lowest frequency modes. One of these modes is predominantly 

out-of-plane and the other is in-plane. The critical wind speeds of c w e d  poles having a 

hexagonal and octagonal cross-section are found for the initiation of galloping. It is 

shown that the critical wind speed is related to the wind's direction and the shuctural 

damping ratio. The octagonal pole is usually more stable than the hexagonal pole. In 

addition, the computed results suggest that the Den Nartog criterion can be normally used 

to indicate the initiation of galloping. 



Chapter 5. Conclusions 

Suggestions are given next for friture work. 

5.2 Recommendations for Future Work 

Further investigations about the galloping of curved poles could be performed. The 

coupling effect between the aerodynamic forces and moments on the criticai wind 

speeds could be investigated M e r .  An analytical condition to find the cnticai wind 

speed could be pursued. An investigation about the dynamic stability after the 

initiation of galloping could be undertaken. 

Experiments to determine the dynarnic response of c w e d  poles under wind loads 

should be carried out to veriQ the prograrns and computed results. 

The time integration of the equations of motion couid be refined to reduce the 

computational effort, such as transfonning to the p ~ c i p a l  coordinate system; using 

an expeditious method. 
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Appendix A 

Calculation of an Element's Radius of Curvature, R 

Assume that the coordinates of the nodes 1, 2 and 3, with respect to the global 

coordinate system, are (XI, I; ), (X, , & ), (X, , Y,  ) , respectively. Node 2 is not 

necessarily at the element's center. See, for example, Figure A. 1. For convenience, let 

K=x-X, F = Y - q  (A. 1 a) 

(A. I b) 

To obtain the curvature of an element, use a sector of a circle to approxirnate the 

cuve, Le. assume that nodes 1, 2 and 3 are on a circle whose equation is: 

( x - ~ ) '  + ( j 7 - ~ ) ~  = R ~ .  (A.2) 

Constants a, b and R cm be detemined from the following algebraic equations: 

solving these equations, it can be shown that: 
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Figure A. 1 Coordinate systerns. 

and 

R can be found by substituting equations (A.4a) and (A.4b) into: 

To simplify the computations when the given node 2 is not at the center of the 

element, which is shown as 2' in Figure A.l, use 2' to do the static or dynamic 

calculations. Then interpolate the results fiorn 1 ,  2' and 3 to the original node 2. The 

calculation of the coordinates ( z2,, K. ) of point 2' is given next. 

Let: 

K k j y - ~  and j%F-&. 

From equation (A.2): 



AppendU- A. Calculotion of an Element 's Radius of Cumture, R 

and, from equation (AS), 

because R t O so that K'and F' cannot be both zero. Subscnpt i designates a node. 

For convenience, define the angle £tom the X' axis to the i th node as 8,. . (Figure A.2, 

for example, illustrates the situation when Oi corresponds to 6, .) Then 

Bi can be obtained from z: and Et in the following way: 

Figure A.2 Coordinate transformation. 



Appendk A. Calculution of an Element S Radius of Curvature. R 

and 

For z; # O and Cr# O, let 

so that 

and 

0, and 8, can be found from(x,', r') and (xi, z'). Then, at point 2', 

O,. = 4 +O3 Fi. = R cos 8,. and CI = R sin O,. 
2 

so that 

and 

Therefore, the coordinates of point 2' are obtained. Moreover, 

(A. 10) 

(A. 1 2) 

(A. 13) 

(A. 14a) 

(A. 14b) 

(A. 15) 
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As explained in Section 2.2, 

so that, nom q, 

There fore, 

(A. 16) 

the displacements at the original node 2 can be obtained fiom the above Ç, by 

using equation (2.1) in the main text. The following diagrarn gives the flowchart which is 

based upon the above methodology. 

input the 
coordinates of 

nodes 1,2 and 3 

Calculate R and Le 

Calculate the coordinates 
of  the elements center 2' 

Use nodes 1,2' and 3 to do a 
static or dynarnic analysis 

Calculate displacements 
at the original node 2 

Output results at 
nodes 1,2 and 3 

Figure A.3 Flowchart 



Appendix B 

B.1 General Formulae 

Details are given here of the curved element's mass and stifbess matrices whose 

development is outlined in Chapter 2. The elernent's strain matrices are: 

-2 
for i = 1,2,3 

and a prime superscnpt denotes differentiation with respect to 5 .  On the other hand, 

[BI& = [BK, BKi] (B-2) 

and 

O O - w  3 O] 
R 

for i = 1,2 ,3 .  

Furthermore 

Pl, = [%VI 4 2  %3] 

in which 

1 

(B.3) 

for i = 1,2, 3 .  



O O O -IV; 1 for i = 1,2,3. =, 

Next, u, v and w can be written in the fonn: 

= [ Y ,  I{d 
where 

1 = [Nu, Nu, Nu31 

O O O ]  for i = 1, 2,3. 

where 

and 

w here 

[KI = [Nu,  Nv, K 3 1  

[IVvi] = [O O Ni O O O]  for i = 1,2, 3. 

(8.5b) 

(B. 5c) 

(B.6b) 

(B. 6c) 
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and 

[N,] =[O O O O Ni O ]  for i = 1,2,3 . 

Similarly, 

0, = [ ~ e :  ] {q)  

where 

and 

Moreover, 

where 

and 

whilst 

= [O  Ni O 0 0 O ] for i = 1,2,3. 

[ N , ~ ]  = [O O O Ni O O] for i = l ,2 ,3  

and 

[lVeXi] = [O  O O O O N ~ ]  for i = 1,2,3. 

(B. 1 Oa) 

(B. l Oc) 



where 

and 

where 

(B. 1 la) 

(B.1 lb)  

(B. i 2a) 
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mw = j p ( l , ~ , ~ N , ~  + I,N,,.N,,)dr i, j = l ,2,  -18. (B. 12b) 
t, 

Next, 

so that 

and 

The remaining 

(B. l4b) 
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Then 

where 

and 

Finally, 

[ml = [ml, + [ml 1, + [ml,,, - 

B.2 Formulae for a Planar Problem 

For a plana problem, the above general formulae reduce to: 

(B. 1 Sa) 

(B. 15b) 

(B. 16) 

(B. 17) 

where 

Ni 2 [BI. =[-- --QI,; -Ni; 1 for i = 1, 2, 3. 
R 4 4 

and 
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Next, 

u = pu ]{4} 

w here 

f u s 0  

w here 

and 

Then 

w here 

and 

(B. 19) 

Moreover 



and 



Appendix C 

Implementation of Computer Programs 

The cornputer program STATIC is used for the static anaiysis of curved bearns. 

On the other hand, FREEVIB is used to obtain the natural frequencies and mode shapes 

of a curved beam. DYNA fin& the dynamic response. Al1 three programs are written in 

FORTRAN 77. Figures C. 1 through C.3 present the corresponding flowcharts. Then the 

three prograrns are given. Subroutines DLSASF (to solve linear equations) and DGVCSP 

(to solve eigenvalues and eigenvectors) in the International Math and Statistical Library 

(IMSL) [22] are utilized. These programs are run in the Unix system. 
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/ input element 
information; / 

loads; boundary 
conditions 

Correspondhg 
subroutine 

3 ECURVA 

Generate element stifïkess matrix; ASSEM 1 
s ESTIFF 

S W E  

Generate element load column; ASSEM2 
assemble system load column """ * CELOAD 

3 BNDY 

SoIve equations by using IMSL; 
------3 SOLVEQ 

obtain nodal displacements 

Output nodal 
displacements 

Figure C. 1 Flowchart for STATIC. 



input eIement 
information; structural 
properties; boundary 

conditions 
Corresponding 

subroutine 

Generate element stiffiiess and t ASSEM1 
mass matrices; assemble system -------- ESTIFF 

stiffness and rnass matrices; ' EMASS 
impose boundary conditions SHAPE 

Calculate element properties 

Calculate eigenvalues and 
eigenvectors by using IMSL 

- - - - - - - - - > ECURVA 

/ Output eigenvalues 
and eigenvectors 

l 

Figure C.2 Flowchart for FREEVIB. 



Input element and 
structural infoxmation; 
boundary conditions; 

aerodynamic coefficients; 
wiud speed Corresponding 

I subroutine 

Generate element stfiess and mass ASSEM 1 

3 ESTlFF 
mass and damping matrices EMASS 

S W E  

Generate element Ioad column; ASSEM2 
assembIe system ioad colurnn """' 

CELOAD 

1 Impose boundary conditions 1- -- - --+ BNDY 

equations by using IMSL; obtain ------ 1 nodal displacerncnts, uclocities 
I and accelerations I 

Output results & 
Figure C.3 Flowchart for DYNA. 
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............................................................... 
* * 
* Program Name: STATIC 

~escription: static analysis of beams by using * 
3 -node curved beam element (6-DOF) * 

* (including shear deformation t 

* and rotary inertia) ir 

* * 
*************************************************************** 

Definition 

- - - - - - - - - -number of elements 
m---------- total number of nodes 
ND---------- total number of degrees of freedom 
NP1-NP3-----the number of Gauss integral points 
E , G  - - - - - - - -  -modulus of elasticity 
SK - - - -  - - - - - -  shear correction factor 
ELEN--------beam element length 
EAREA-------beam eiement cross-sectional area 
EIN, 
EIZ,EIT-----element cross-sectional moments of inertia 
SSTIFF------system stiffness rnatrix 
SLOAD-------system load column 
ÇDIÇP- - - - - -  - system displacement column 
DISTP (1, JI --uniformly distributed load Pu, W and Pw 

of ith element 
EK-------- --eletnent stiffness matrix 
XI---------- local coordinate 
CUR(1) - - - - -  -curvature(l/R) of Ith element 
NOD ( 1, J) - - - -global node number of Ith element 
ID(1,J) - - - -  -global freedom number corresponding to Ith element 
IDE- - - - - - - -  -nurnber of degrees of freedom of each node 
INOD------- -number of nodes of each element 
NNE= INOD * IDE 
unknown dispiacement: input 500.0 

subroutine name funct ion 

ESTIFF calculate element stiffness 

CELOAD calculate element equivalent load 

evaluation of the interpolation function 
and the derivatives at the Gauss points 

ASSEMl assemble system stiffness 

AçSEM2 assemble system load 

BNDY impose boundary conditions 

SOLVEQ salve linear equations by using IMSL 
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COMMON/SDATA/SSTIFF(SOO , 500) , SLOAD (500) SDISP (500) 
COMMON/FDATA~/ELEN(SO) , EA.REA(50) ,EIN(SO) ,EIZ (50) , EIT(SO), 

&CUR(SO) , EfG,SK 
COMMON/FDATA~/NE,NN,ND, IDEIINODINOD(50,3), ID(SO,l81 
COMMON/FDATA~/NP~,NP~,NPB,NPT 
COMMON/FDATA~/X(IOO) ,Y(100) , XN(100) ,YN(100) 
COMMON/EDATA/EK(~~,~~) 
COMMON/SHP/SN(~) ,DSN(3) ,SNU(18) ,SNV(18) ISNW(18) ,SNTHN(181 , 

&SNTHZ(i8) ,SNTHX(18) ,SNF(18) 
DIMENSION DISTP(5OI6) ,TK1(250000) ,CX2 (50) lSNN(3) 
IMPLICIT DOUBLE PRECISION (A-H, 0-2) 
OPEN (UNIT=lO, FILE='static .datl ) 
0 ~ ~ ~ ( ~ ~ 1 ~ = 2 0 , ~ 1 ~ E = ~ s t a t i c . o u t ~ )  

read general data and initialize variables 

IDE=6 
INOD=3 
WRfTE(20,lO) 
FORMAT (lx, input datat 
NP1=2 
NP2=2 
NPB=3 
NPT= 3 
WRITE(2O18) NPl,NP2,NPB,NPT 
FORMAT(lX,tNP1=',I3f2XItNP2=tfI3I2Xf'NPB=tfI3f2XftNPT=ïI3~ 
READ(10,*) NErNN,E,GfSKrMO 
WRITE(ZO,~O) NE,NN,E,GtSKtMO 
FORMAT(lX,tNE=tlIS,2XItNN=1,I5,2X,'E=',El5.6,2X,'G=t, 

&ElS. 6,2X, 'SIC= ' , F10.6,2X, 'MO= I ,I2) 
READ(10, *)  (EAREA(1) ,EIN(I) rEIZ (1) , EIT(I) 1 I=l,NE) 
w~1TE(20,12) (IIEAREA(1) ,I=l,NE) 
FORMAT(lX, 'I=I, 13,2X, 'EAREA=' , EIS.6) 
WRITE(SO,~~) ( I f E I N ( I ) f E ~ ~ ( I ) , E I T ( I ~ I I = ~ f ~ )  
FO~T(lX~1I=t,I3,2Xf~EIN=ïrE1446,2X,'EIZ=tfEI4.6f2Xf 

&'EIT=',E14.6) 
READ(1O1*) ((NOD(I,J),J=~,INOD),I=~,NE) 
WRITE(20,25) 
FORMAT(lX, 'NOD=' ) 
WRITE(SO,*) ((NOD(ItJ),J=l,INOD),I=llNE) 

IF(MO.EQ.l) GOTO 11 

CALL ECURVA ( CUR, ELEN, CX2 ) 

GOTO 15 



READ(~O,*) (SDISP(I),I=l,ND) 
WRITE(20,30) 
FORMAT ( lx, ' SDISP= ' ) 
WFtITE(SO,*) (SDISP(1) , I=l,ND) 
READ (10, * )  (SLOAD(1) , I=l,ND) 
WRITE(20,40) 
FORMAT ( lx, ' SLOAD= ' ) 
WRITE(SO,*) (SLOAD(I),I=l,ND) 
READ(10, *)  ((DISTP(1,J) ,J=1,6) ,I=l,NE) 
WRITE(20,45) 
FORMAT (lx, ' DISTP= ' ) 
WRITE(SO,*) ((DISTP(I,J),J=1,6),I=l,NE) 

generate ID according to NOD 

DO 70 I=l,NE 
DO 80 J=i,INOD 
IO=(NOD(I, J) -1)*IDE 
IEO= (J-1) *IDE 
DO 90 II=1 , IDE 
ID(1, IEO+II) =IO+II 
CONTINUE 
CONTINUE 
CONTINUE 

WRITE (20,85) 
FORMAT(lXI 'ID=') 
WRITE(20,88) ( (ID(I,J) ,J=1,18) ,I=l,NE) 
FORMAT (lxI 915) 

CALL ASSEMI 

CALL ASSEM2 (D ISTP , ELEN, SLOAD) 

CALL BNDY (ND ) 

WRITE (20,130) 
FORMAT ( lx, ' SLOAD= ' ) 
W R I m  ( 2 0 ,  *) (SLOAD(I), I=l,ND) 



DO 600 I=l,ND 
TKl (ND* (J-1) +1) =SSTIFF (1, JI 

CALL SOLVEQ (ND. TK1, SLOAD, SDISP) 

IF(M0 .EQ.l) GOTO 211 
DO 700 I=2,NN-1,2 
xxl=cx2 (I/2) 
SNN(1) =-O - SDO*XXl* (1.ODO-XX1) 
SNN(2) =l.ODO-XXl**2 
sm(3 =o. SDO*XXI* (1- ODO+XXI) 
DO 710 J=5,0,-1 
SDISP (6*I-J) =SNN(l) *SDISP (6*  (1-1) -J) 

h+SNN (2) *SDISP (6*I-J) 
&+SNN(3) *SDISP ( 6 *  (If11 -J) 

CONTINUE 
CONTINUE 

print  solutions 

WRITE (20,200) 
FORMAT( 1 
WRITE (20,205) 
FORMAT (IX, 'output data ' ) 
WRITE (20,210) 
FORMAT(lX, *Nodal Displacements: * )  

DO 220 I=l,NN 
WRITE (2OI3OO) 1 
FORMAT (lx, 'Node' ,131 
WRITE (20,310) SDISP (6*I-S) , SDISP (6"I-4) , SDISP (6*I-3) 
WRITE (20,320) SDISP(6"I-2) ,SDISP(6*1-1) , SDISP (6*I) 
FORMAT(lX, 'U=I ,D17.10,2Xr 'THZ=' ,D17.1012XJ IV=' ,DIT. 10) 
FORMAT(lX,1THN=1.Dl7.IOl2XI'W='ID17.10,S=',Dl7.lO) 
CONTINUE 
END 

SUBROUTINE ESTIFF (K) 



DATA GAUSS/4*O.ODO,0.5773S02692DO,-O.5773502692DO,2*O.ODO, 
&0.0D0,0.7745966692D01-O-7745966692DOI0.0D0, 
&0.3399810436D0,-0.3399810436D0~O08611363116D0,-0~8611363116D0/ 

DATA WT/2.0D0,3*0,0D0,2*1.0D0,2*0.0D0,0.8888088889D0, 
&2*0.5555555556D0,0.0D0,2*0.6521451549D0~2*0-3478548451D0/ 

DO 10 I=l,l8 
BZ (1) =O. ODO 
BN (1) =O. ODO 
BT(I)=O.ODO 
DO 10 J=1,18 
B(I,J)=O.ODO 
C(1, J)=O.ODO 
D ( 1 , J )  =O.ODO 
EK(1,J) =O. ODO 
CONTIrn 

Bl=O.SDo*E*EAREA(K) *ELEN(K) *CUR(K) **2 
B2=2. ODO*E*EIN (K) /ELEN(K) 
B~=-E*EAE~EA(K) *CVR(K) 
B ~ = S  .oDo*E*EAREA(K) /ELEN(K) 
B S = ~ .  ODO*E*EIZ (K) /ELEN (K) 
B6=E*EIZ (K) *CUR (K) 
B ~ = o .  SDO*E*ELEN (K) *EIz (K) *CUR (K) * * 2  

cal1 SUBROUTINE SHAPE to evaluate the interpolation 
functions and their derivatives at Gauss point X 1  

CALL SHAPE (X1 , K) 
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B(17,17) =WT(Nl,NPl) *DSN(3) **2*B4+B(17,17) 
CONTINUE 

CALL SHAPE (XI, K) 

B (4,4) =WT(Nl,NPB) *DSN(l) **2*B2+B (4,4) 
B(2,2) =WT(Nl,NPB) *DSN(I) **2*BS+B(2,2) 
B(6,2) =WT(Nl,NPB) *SN(l) *DSN(1) *B6+B(6,2) 
B (6,6) =WT (N1,NPB) *SN(l) **2*37+B (6, 6) 
B(lOl4)=WT(N1,NPB) *DSN(l) *DSN(2)*B2+B(1014) 
B(10,lO) =WT(Nl,NPB) *DSN(2) **2*B2+B(1OIl0) 
B(8,2) =WT(Nl,NPB)*DSN(l) *DSN(2) *B5+B(8,2) 
B(8,6) =WT(Nl,NPB)*SN(l) *DSN(2)*B6+B(8,6) 
B(8,8) =WT(Nl,NPB) *DSN(2) **2*B5+8(8, 8) 
B(12,2) =WT(Nl,NPB) *SN(2) *DSN(l) *B6+B(1S12) 
B(l2,6)=WT(Nl1NPB)*SN(1)*SN(2) *B7+B(12,6) 
B (l2,8) =WT(Nl,NPB) *SN(2) *DSN(2) *B6+B (12, 8) 
B(12,12)=WT(Nl,NPB)*SN(2)**2*B7+B(12112) 
B(l6,4) =WT(Nl,NPB) *DSN(l) *DSN(3) *B2+B(16,4) 
B(l6,lO) =WT(NI,NPB) *DSN(2) *DSN(3) *B2+B(l6,10) 
B (l6,l6) =WT(Nl,NPB) *DSN(3) **2*B2+B (l6,l6) 
B(l4,2)=WT(Nl1NPB) *DSN(l)*DSN(3)*55+B(14,2) 
B(14,6)=WT(NlINPB) *SN(l) *DSN(31fB6+B(14,6) 
B(i4,0)=WT(Nl,NPB) *DSN(2)*DSN(3) *BS+B(14,8) 
B(l4,l2) =WT(Nl,NPB)*SN(2) *DSN(3) *B6+B(l4, 12) 
B(14,14)=WT(Nl,NPB)*DSN(3)**2*BS+B(l4,14) 
B(l8,2) =WT(Nl,NPB) *SN(3) *DSN(l) *B6+B(l8,2) 
B(18, 6)=WT(NlINPB) *SN(l) *SN(3) *B7+B(l8, 6) 
B(18,8)=WT(Nl1NPB) *SN(3) *DSN(2) *B6+B(I8,8) 
B(l8,l2) =WT(Nl,NPB)*SN(2) *SN(3) *B7+B(18,12) 
B(18,14)=WT(N1,NPB)*SN(3)+DSN(3)*B6+B(18,14) 
B(l8,l8) =WT(Nl,NPB) *SN(3) **2*B7+B(18, 18) 
CONTINUE 

CALL SHAPE (XI, K) 



Appendix C. Implernentation of Cumputer Programs 

DO 32 1=1,18 
DO 34 J=l,I 
C (1, J) =O. SDo*sK*EAREA (K) *G*ELEN (K) * (Bz (1) *BZ (J) +BN (1) *BN (J) ) 

&*WT(NI,NP2) + C ( I I  J) 
CONTINUE 
CONTINm 

CONTINUE 

DO 40 Nl=l,NPT 
Xl=GAUSS (NI, NPT) 

CALL SKAPE (XI, K) 

BT(2) =-SN(1) *CUR(K) 
BT (6) =2.0DO*DSN (1) /ELEN(K) 
BT(8) =-SN(2) *CUR(K) 
3T(12) =2 .ODO*DSN(2) /ELEN(K) 
BT (14) =-SN(3) *CUR (K) 
BT (18) =2.ODO*DSN (3) /ELEN(K) 

DO 42 I=1,18 
DO 44 J=l,I 
D (1, J) =O .5DO*G*EIT (K) *ELEN(K) *BT (1) *BT (JI *W (Nl, NPT) +D (1 , J) 
CONTINUE 
CONT INUE 

CONTINUE 

DO 65 I=1,18 
DO 65 J=I+l, 18 
EK(II J) =EK(J, I) 
CONTINUE 
RETURN 
END 
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cOMMON/SHP/SN(~) ,DSN(3) 1SNU(18) 1SNV(18) ,SNW(18) ,SNT'HN(18) 
&SNTH2 (18) , SNTHX (18) , S-8) 

IMPLICIT DOUBLE PRECISION (A-Hl 0-2) 

DO 20 I=1,18 
SNU (1) =O. ODO 
SNV(1) =O.ODO 
SNW (1) =O. ODO 
SNTHN(I)=O.ODO 
SNTHZ (1) =O. ODO 
SNTHX(1) =O.ODO 
SNF(1) =O.ODO 
CONTIrn 

DSN(1) =XI-0.5DO 
DSN (2) =-2.ODO"Xl 
DSN(3) =Xl+O.SDO 

SNW (5) =SN(l) 
SNW (11) =SN(2) 
SNW(17)=SN(3) 

SNTHZ (2) =SN(î) 
SNTHZ (8) =SN(2) 
SNTHZ (14)  =SN(3) 
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for element 1,generate element stiffness matrix EK 

CALL ESTIFF ( 1 ) 

DO 35 J=l,NNF2 
IJ=ID (1,J) 
DO 30 K=l,NNE 
IK=ID (1, K) 
SSTIFF (IJ, IK) =SSTIFF ( IJ, IK) +EK(J, K) 
CONTINUE 
CONTINUE 
CONTINUE 
mTuRN 
END 

SUBROUTINE BNDY (ND) 
COMMON/SDATA/SSTIFF (500 500) , SLOAD (500) , SDISP (500) 
IMPLICIT DOUBLE PRECISION (A-H,O-2) 

DO 70 I=l,ND 
IF(SDISP(1) .GT.400 .O) GOTO 70 
DO 40 J=l,ND 
IF(J.EQ.1) GOTO 40 
SLOAD (J) =SLOAû (JI -SSTIFF (J, 1) *SDISP(I) 
SSTIFF ( 1, J) =O. ODO 
SSTIFF (JI 1) =O - ODO 
CONTINUE 
SSTIFF (1, 1) =1- ODO 
SLOAD (1) =SDISP (1) 
C O N T I m  
RETURN 
END 

c - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  
SUBROUTINE ASSEM2(DISTPrELEN,SLOAD) 
COMMON/FDATA2/NE,NN,ND, IDE, INOD,NOD(SO, 3 )  , ID(501 18) 
DIMENSION DISTP(50,6) , ELOAD(18) ,SLOAD (500) ,ELEN(SO) 
IMPLICIT DOUBLE PRECISION (A-H,O-2) 

NNE=INODt IDE 
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generate element load matrix ELOAD 

for element 1 

DO 40 J=l,NNE 
IJ=ID (1, J) 
SLOAD (IJ) =SLOAD (1s) +ELOAD (JI 
CONTINUE 
CONTINUE 
RETURN 
END 

DO 5 I=l,NN 
XN(I) =X(I) 
YN(1) = Y ( I )  
PI=3.l4lSS26DO 
DO 10 I=l,NE 
X2=XN(N0D(If2) ) -XN(NOD(I, 1)) 
X3=XN(N0D(II3) -XN(NOD(I, 1) ) 
Y2=YN(NOD(I,2) -YN(NOD(I,l) 
Y3=YN(N0D(If3) ) -YN(NOD(I, 1) 
C=2. ODO* (Y2*X3-Y3*X2) 
~=(-~3*X2**2+~2*~3**2-~2**2*Y3+Y3**2*Y2)/C 
B=(X3*~2**2-~2*~3**2+Y2**2*X3-Y3**2*X2)/C 
R=DSQRT (A**2+B**2) 
CUR(I) =~.ODO/R 

DO 30 fl=1,3 
THT=DATAN(DABS (YP (Il) /XP (11) ) ) 
IF(XP(I1) .EQ.O) GOTO 40 
IF(XP(I~) .GT.O) GOTO 50 
IF(XP(I1) .LT.O) GOTO 60 
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IF (YP (Il) .GT. O) TH(I1) =PI-THT 
IF(YP(I1) .LT-O) TIf(Il)=PI+TEIT 
IF(YP(I1) .EQ.O) TH(I1) =PI 
CONTINUE 
THN2= (TH(1) +TH(3) ) /2.0D0 
XPN2=R*DCOS (THN2 ) 
YPN2=R*DSIN ( m 2  ) 

X2N=XPN2 +A 
Y2N=YPN2 +B 
XN(NOD(I,2) )=XN(NOD(I,l) )+X2N 
YN(NOD(I,2) ) =YN(NOD(I,l) )+Y2N 
ELEN(1) = (DAES (TH(3) -TH(l) ) ) *R 
S2=(DABS(TH(2) -TH(l)) l*R 
CX2 (1) =2 -0DO*S2/ELEN(I) -1.ODO 
CONTINUE 

SUBROUTINE CELOAD (PZ, PMZ, PN, PMN, PX, PMX, ELEN, ELOAD) 
COMMON/SHP/SN(~) ,DSN(3) ,SNU(18) ,SNV(18) ,SNW(l8) ,SNTHN(l8) , 

&SNTHZ (18) ,SNTHX(l8) tSNF(18) 
DIMENSION ELOAD ( 18 ) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

C 
Cl=ELEN/4 - 0DO 

C 
DO 10 1=1,18 

10 ELOAD(1) =O.ODO 
C 

ELOAD (1) =PZ 
ELOAD ( 2 ) = PMZ 
ELOAD (3) =PN 
ELOAD ( 4 ) =PMN 
ELOAD (5) =PX 
ELOAD (6) =PMX 
ELOAD (7) =2.0DO*PZ 
ELOAD (8) =2.0DO*PMZ 
ELOAD (9) =2. ODOfPN 
ELOAD (10) =2.0DO*PMN 
E L O A D ( ~ ~ )  =2 .ODOfPX 
ELOAD (12) = S .  ODO*PMX 
ELOAD (13) =PZ 
ELOAD (14 =PMZ 
ELOAD (15 ) =PN 
ELOAD (16) =PMN 
ELOAD (17 ) =PX 
ELOAD (18 =PM 
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C 
DO 3 0  I = 1 , 1 8  

30 ELOAD (1) =Cl*ELOAD (1) 
RETURN 
END 

SUBROUTINE SOLVEQ(N,A,B,X) 
DIMENSION A ( N ,  N) , B (NI , X (N) 
IMPLICIT DOUBLE PRECISION (A -H I  O-Z) 

c 
CALL DLSASF (N, A ,  N I  3,X) 

C 
RETURN 
END 



Appendix C. Implementation of Cornputer Programs 

C * Program Name : FREEVIB * 
- 

C * D2scription: free vibration of beams * 
C * by using 3 -node curved beam * 
C * element (6-DOF) * 
C ( including shear de format ion 
C * and rotary inertia) e 

C * 
C ************************************************************ 

Definition 

NN------ --total number of nodes 
ND-------- total number of degrees of freedom 
NP1-NP3---the number of Gauss integral points 
NC-------- the number of constrained DOF 
NDA - - - - - - - the number of active DOF 
NDA=ND -NC 
E , G  - - - - - -  -modulus of elasticity 
SK- - - - - - - - shear correction factor 
ELEN------ beam element length 
EAREA-----beam element cross-sectional area 
EIN, EIZ, 

C EIT-------element cross-sectional moments of inertia 
ERO------ -ro, beam element mass per unit of volume 
SSTIFF----system stiffness matrix 
SMASS-----system mass matrix 
EK--------local element stiffness matrix 
EM--------local element mass matrix 
XI--------local coordinate 
CUR(1) - - - -  curvature(l/R) of Ith element 
NOD (1, J) - -global node number of Ith element 
ID(1,J) ---global freedom number corresponding to Ith element 
IDE-------number of degrees of freedom of each node 
INOD------number of nodes of each element 
EVAL------eigenvalue(OMEGA**2) 
OMEGA-----natural frequency 
EWC- - - - -  -eigenvector 
NNE=INOD*IDE 

subroutine name 

ESTIFF 

SHAPE 

f unc t ion 

calculate element stiffness 

calculate element mass 

evaluation of the interpolation faction 
and the derivatives at the Gauss points 

assemble system stiffness and mass 
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SOLVEQ calculate eigenvalues and eigenvectors 
by using IMSL 

COMMON/SDATA/SSTIFF(~OO~ 500) SMASS (5001 500) 
COMMON/FDATA~/ELEN(~O) 1 ~ ~ ~ ~ ~ ( ~ ~ )  EIN(SO) 1 ~ ~ ~ ( 5 ~ )  I ~ ~ T ( 5 0 )  

&CUR(5O) IEIGtSK 
C ~ M M O N / F D A T A ~ / ~ ~ N N ~ ~ ~ I D E ~ I N O D ~ N O D ( ~ ~ , ~ ~ ~ I D ~ ~ O ~ ~ ~ ~  
COMMON/FDATA~ / m l ,  NP2 NPM NPB NPT NP4 
COMMON/FDATA~/X(~OO) ,Y(I00) (100) tYN(lOO) 
C O M M O N / E D A T A / E K ( ~ ~ ~ ~ ~ ) ~ E M ( ~ ~ ~ ~ ~ )  
COMMON/SHP/SN(3) IDSN(3) ISNU(18) ISNV(18) rSNW(18) tSNTHN(l8) t 

&SNTHZ(l8) ,SNBT(18) , S m 8 1  
DIMENSION EVAL(500) ,EVEC(50OIS0O) IOMEGA(500)I 

& T K ~  (2SOOOO) ,TM1 (ZSOOOO) ITEVl(2SOOOO) 
IMPLICIT DOUBLE PRECISION (A-HI O - Z )  
OPEN(UNIT=lOIFILE=lfreevib.dati) 
OPEN(UNIT=20,FILE='freevib.out') 

read general data and initialize variables 

IDE=6 
INOD=3 
WRITE (20,lO) 
FORMAT (lx, input data l) 
NP1=2 
NP2=2 
NPM=3 
NPB = 3 
NPT=3 
NP4 =4 
WRITE(2018) NPllNP2,NPMINPB1NPTrNP4 
FORMAT(lXI 'NPI='I1312X11NP2='I13~2XI 'NPM=111312X, 'NPB='l131 

&2XI 'NPT=' , 13,2XI 'NP4=',I3) 
READ(10, * )  NEINNI NC, ERO,EIGrSK,MO 
WRITE(20120) NE,NN,NCIEROIEIGISKIMO 
F O R M A T ( l X I 1 N E = ' I I S I 2 X ~ ' N N ~ ' l I S ~ 2 X ~ 1 N C ~ ' I 3 ~ 2 X ~ ' E R O ~ ' l E l S ~ 6 I  

& 2 X I ' E = ' l E 1 5 . 6 I 2 X I ' G = ~ I E ~ S . 6 I 2 X I ' S K = ' , F 1 O . 6 r 2 X l ' M O = ' I I 2 ~  



CALL E CURVA ( CUR, ELEN) 

ND=IDE*NN 
NDA=ND -NC 
WRITE (SO,l6) NDINDA 
FORMAT(lXI'ND='I1312XI 'NDA='II3) 

READ (10, *)  ( (ID(1, J) , J=l,l8) , I=l,W) 
WRITE (20,301 
FORMAT(lX, 'ID=') 
WRITE(20,40) ((ID(f,J),J=1,18) ,I=l,NE) 
FORMAT (lxI 915) 

DO 50 I=l,NDA 
DO 60 J=l,NDA 
SMASS (1, J)=O.ODO 
SSTIFF (1, J) =O. ODO 
CONTINUE 

CALL ASSEM1 (NDA, ERO) 

CALL SOLVEQ (NDA, T K l  , TM1, EVAL, TEV1) 

DO 460 J=l,NPA 
DO 460 1=1,NDA 
EVEC (1,J) =TEV1 (NDA* (J-1) +I) 
WRITE(201910) 
FORMAT ( lx, ' EVEC= ' ) 
DO 900 J=NDA-6,NDA 
WRITE (20,920) J 
FORMAT (lxI ' J=' , 13) 
WRITE(20,930) (EVEC(I,J),I=l,NDA) 
CONTINUE 
FORMAT (lx, 3D23.14) 
DO 210 I=l,NDA 
OMEGA(1) =DSQRT (EVAL (1) ) 

print solutions 

WRITE (20, SOS) 



SUBROUTINE ESTIFF (K) 

COMMON/FDATAI/ELEN(SO) ,EAREA(~O) ,EIN(SO) ,EIZ (50) ,EIT(SO) , 
&CUR(SO) E t G r  SK 
COMMON/ FDATA~ /NPl, NP2, NPM , NPB , NPT , NP4 
COMMON/EDATA/EK(~~, 18) ,EM(18, 18) 
COMMON/SHP/SN(~) ,DSN(3) ,SNU(18) ,SNV(18) ,SNW(l8) ,SNTHN(l8) , 

&sNTHZ(I~) ,SNBT(l8) ,SNF(18) 
DIMENSION GAUSS(4,4) ,tJT(4,4) ,B(18,18) ,C(18,18) ,BZ(18) , 

&BN(l8) ,BT(l8) ,D(18,18) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

DATA ~~~SS/4*0.0D0,0.5~73502692D0~-0.5773502692D0,2*0.0D0, 
&0.0DO10.7745966692D0,-0.7745966692D0,0.0DOl 
&0.3399810436D0,-O.3399810436D0,0.8611363ll6DOl-O.86ll363ll6DO/ 

DATA ~~/2.OD0,3*O.ODO,~*1.0D0~2*O.ODO~O~8888888889DO, 
&2*0.5555555556D0,0.0D0,2*0.6521451549D0,2*0.3478548451D0/ 

DO 10 I=1,18 
BZ (1) =O. ODO 
BN (1) =O. ODO 
BT (1) =O. ODO 
DO 10 J=l, 18 
B(I,J) =O.ODO 
C ( 1 , J )  =O.ODO 
D(I,J)=O.ODO 
EK(I,J)=O.ODO 
CONTINUE 

Bl=O. SDO*E*EAREA (K) * ELEN (K) *CUR[K) **2 
B2=2.ODO*E*EIN (K) /ELEN (K) 
B3=-E*EAREA(K) *CUR (K) 
B4=2 . ODO*E*EAREA (KI /ELEN(K) 
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cal1 SUBROUTINE SHAPE to evaluate the interpolation 
functions and their  derivatives at Gauss point X1 

CALL SHAPE (XI, K) 

B (11 1) =WT(NlfNPl) *SN(l) **2*Bl+B (1, 1) 
B(5,l) =WT(NlfNPl) *DSNofSN(l) *SN(l) *S3+B(SI 1) 
B(S,S)=WT(Nl,NPl)*DSN(l)**2*B4+B(5,5) 
B(7,1)=WT(Nl,NPl)*SN(l)*SN(2)*BI+B(7,1) 
B(7,5)=WT(Nl,NPl)*SN(2) *DSN(I)*B3+B(715) 
B(7,7) =WT(Nl,NPl) *SN(2) **2*Bl+B(7,7) 
B(ll,l)=WT(Nl,NPl) *SN(l) *DSN(2) *B3+B(llI 1) 
B(11, 5 )  =WT(NllNPl) *DSN(1) *DSN(2) *B4+B (11, 5) 
B(11,7) =WT(Nl,NPl) *SN(2) *DSN(2) *B3+B(l11 7) 
B (11, il) =WT (N1,NPl) *DSN (2) **2*B4+B (ll,ll) 
B(13,1)=WT(NlINPl)*SN(1) *SN(3)*Bl+B(13,1) 
El (13,s) =WT(Nl,NPl) *SN(3) *DSN(I) *B3+B(l3,5) 
B(l3,7) =WT(Nl,NPl) *SN(2) *SN(3)*Bl+B(13,7) 
B (13,ll) =WT(Nl,NPl) *SN(3) *DSN(2) *B3+B(13, 11) 
B(13,13)=WT(Nl,NPl) *SN(3) **2*Bl+B(13,13) 
B(l7,l) =WT(Nl,NPl) *SN(l) *DSN(3) *B3+B(17, 1) 
B(l7,S) =WT(Nl,NPl) *DSN(l) *DSN(3) *B4+B(l7, 5) 
B(l7,7) =WT(Nl,NPl) *SN(21 *DSN(3) *B3+B(l7,7) 
B ( ~ ~ , ~ ~ ) = W T ( N ~ , N P ~ ) * D S N ( ~ ) * D S N ( ~ ) * B ~ + B ( ~ ~ ,  11) 
B(17,13)=WT(Nl,NPl) *SN(3)  *DSN(3) *B3+B(l7,l3) 
B(l7,17) =WT(Nl,NPl) *DSN(3) **2*64+B(l7, 17) 

20 CONTINUE 
C 

DO 25 Nl=l,NPB 
Xl=GAUSS (NI, NPB) 

C 
CALL SKAPE(X1,K) 

C 
B (4,4) =WT(Nl,NPB) *DSN (1) **2*B2+B(4,4) 
B(2,2)=WT(Nl,NPB)*DSN(l) **2*8S+B(2,S) 
B ( 6 , 2 )  =WT(Nl,NPB)*SN(l) *DSN(l) *B6+B(6,2) 
B(6,6) =WT(Nl,NPB)*SN(l) **2*Bï+B(6,6) 
B(lO,4) =WT(Nl,NPB) *DSN(l) *DSN(2) *B2+B(1014) 
B (10,lO) =WT(Nl,NPB) *DSN(2) **2*B2+B(10,10) 
B(8,2)=WT(Nl,NPB)*DSN(1)*DSN(2)*B5+B(812) 
B(8,6)=WT(Ni,NPB)*SN(l) *DSN(2)*B6+B(8,6) 
B (8,s) =WT(Nl,NPB) *DSN(2) **2*BS+B(8,8) 
B(12,2)=WT(NlINPB) *SN(2) *DSN(l)*B6+B(l2,2) 
B(l2,6) =WT(Nl,NPB) *SN(l) *SN(2) *Bï+B(l2, 6) 
B(l2,8)=WT(Nl,NPB) *SN(2) *DSN(2) *B6+B(l2,8) 
B(12,12)=WT(Nl,NPB) *SN(2) **2*B7+B(12,12) 
B(16,4)=WT(NllNPB)*DSN(1) *DSN(3) *B2+B(16,4) 
B(16,lO) =WT(NI,NPB) *DSN(2) *DSN(3) *B2+B(16, 10) 
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B(16,16) =WT(Nl,NPB) *DSN(~) **2*B2+B(16,16) 
B(14,2) =WT(Nl,NPB) *DSN(l) *DSN(3) fBS+B(14,2) 
B(14,6) =WT(Nl,NPB) *SN(l) *DsN(3) *B6+B(14,6) 
B(14,8)=WT(NlINPB) *DsN(~)*DsN(~) *B5+B(14,8) 
B (14,12) =WT(Nl,NPB) *SN(2) *DSN(3) *B6+B (14,12) 
B(14,14) =WT(Nl,NPB) *DSN(~) **2*B5+B(14,14) 
B(18,2) =WT(Nl,NPB) *SN(3) *DSN(l) *B6+B (18,2) 
B(~~,~)=WT(N~,NPB)*SN(I)"~N(~) *B7+B(18,6) 
B(18,8) =WT(NI,NPB) *SN(3) *DSN(2) *B6+B(18,8) 
B(i8,l2) =WT(NI,NPB) *SN(2) *SN(3) *B7+B(l8,12) 
B(18,14) =WT(NI,NeB)isN(3) *DSN(~) *B6+B(18,14) 
B(18,18) =WT(Nl,NPB)  SN(^) **2*~7+B(18,18) 
CONTINUE 

CALL SHAPE(X1,K) 

DO 32 I=1,18 
DO 34 J=l,I 
C ( 1 , J )  =0.5DO*SK*EAREA(K) *G*ELEN(K) *(BZ(I) *BZ(J) +BN(I) *BN(J) 

&*WT (NI, NP2 +C (1,J) 
C0NTIN-m 
CONTINUE 

CONTINUE 

DO 40 Nl=l,NPT 
Xl=GAUSS (NI, NPT) 

CALL SHAPE (XI, K) 



Appendix C. Implernen fation of Compu fer Progrnms 

SUBROUTINE SHAPE (XI, K) 

DO 10 I=1,3 
SN(I)=O .ODO 
DSN (1) =O. ODO 
CONTINUE 

DO 20 I=1,18 
SNU(I)=O.ODO 
SNV(I)=O.ODO 
SNW(I)=O.ODO 
SNTHN(1) =O. ODO 
SNTHZ (1) =O. ODO 
SNBT(I)=O.ODO 
SNF(I)=O .ODO 
CONTINUE 

SN(1) =-O. 5DO*Xl* (l.OD0-XI) 
SN (2 ) =I . ODO -Xlf*2 
SN(3)=0.5DO*Xl* (l.ODO+Xl) 



DSN(1) =XI-O. SDO 
DSN(2) = - S .  ODO*Xl 
DSN (3 ) =Xl+O.SDO 

C 
SNU(1) =SN(l) 
SNtJ(7) =ÇN(2) 
SNU(13)=SN(3) 

C 
SNV(3) =SN(l) 
SNV(9) =SN(2) 
SNV(15)=SN(3) 

C 
SNW(5) =SN(l) 
SNW(11) =SN(2) 
SNW(17)=SN(3) 

C 
SNTHN(4) =SN(l) 
SNTHN(10) =SN(2) 
SNTHN(l6) =SN(3) 

C 
SNTHZ ( 2 )  =SN (1) 
SNTHZ (8) =SN(2) 
SNTHZ(14) = S N ( 3 )  

C 
SNBT(6) =SN(l) 
SNBT ( 12 ) =SN (2 ) 
SNBT(18) =SN(3) 

C 
SNF(2)=-0.25DO*ELEN(K) * C U R ( K ) * ( - O . ~ D O * ( X ~ * * ~ ~ + ~ X ~ * * ~ ~ / ~ . O D O  

&+5.OD0/6.ODO) 
SNF(8) =-O .sDO*ELEN(K) *CUR(K) (XI- ( ~ 1 * * 3 )  /3.ODOi-2 .ODO/3 - 0 ~ 0 )  
SNF(l4) =-0-25DO*ELEN(K) *CUR(K) * (O.SDO* (~1**2) + (Xl**3) 13 - 0 ~ 0  

&-1.OD0/6.ODO) 
C 

RETURN 
END 

c - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -  
SUBROUTINE ASSEM1 (NDAI ERO) 
COMMON/EDATA/EK(~~, 18) ,EM(l8, 18) 
c ~ M M ~ N / ~ D A T A / ~ ~ T I F F ~ ~ ~ ~ , ~ o o ~ ~ s M A ~ ~ ~ s ~ ~ , s ~ ~ ~  
COMMON/FDATA~/NE~NN,ND,IDE~INOD~NOD(SO,~) ID(5OIl8) 
IMPLICIT DOUBLE PRECISION (A-HI 0-2) 

C 
NNE=INOD*IDE 
DO 40 I=l,NE 

C 
C for element 1, generate element stiffness matrix EK, 
C mass matrix EM 
C 

CALL ESTIFF (1) 
C 

CALL EMASS (I,ERO) 
C 

DO 3s J=l,NNE 
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SUBROUTINE EMAS S ( Kt ER0 

DATA GAUSS/4*0.OD0,0.5773502692D0~-O.5773502692DOl2*O-ODOl 
&0.OD0,0.7745966692D0,-0.7745966692DO~O.ODO~ 
&0.3399810436D0,-0.3399810436D0,0.8611363116D0,-0.8611363116D0/ 
DATA WT/2.0~0,3*O.ODO,2*1.0D0~2*O.ODO~O~8888888889DO~ 

&2*0.5555555556D0,0.0D0,2*0.6521451549D0,2*0.3478548451D0/ 

DO 10 I=1,18 
DO 10 J=1,18 
A(I,J) =O.ODO 
B ( I , J )  =O.ODO 
D(I,J)=O.ODO 
EM(I,J)=O.ODO 
CONTINUE 

CONSTl=ERO*EAREA(K) *ELEN (KI /2. ODO 
CONST2=ERO*ELEN (K) / 2 .  ODO 
CONST~=ERO*EIT (K) *ELE~J(K) /2. ODO 

CALL SKAPE (XI, K) 

DO 50 I=l,l8 
DO 50 J=1,18 
A(I,J)=A(I~J)+(SNv(I)*SNU(J)+SNV(I)*SNV(J)+SNW(I)*S~(J)) 

&*WT (NI, NPM) 
B ( 1 ,  J) =B (1, J)+(EIN(K) *SNTHN(I) *SNTHN(J) + 

&EIZ (KI "SNTHZ (1) *SNTHZ (J) ) *WT(NI,NPM) 
CONTINUE 
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CONTINUE 

CALL SHAPE (X1 , K) 

DO 40 I=1,18 
DO 40 5=1,18 
D(1, J) =D(I, JI +(SNBT(I)+SNF(I) ) * (SNBT(J) +SNF(J) ) *WT(Nl,NP4) 
CONTINUE 
CONTINUE 

DO 60 I=1,18 
DO 60 J=1,18 
EM ( 1, J) =CONSTl*A (1, J) +CONST2 *B (1, J) +CONST3 *D ( 1, J) 
CONTINUE 
RETURN 
END 

DO 5 I=l,NN 
XN(1) =X(I) 

5 YN(1) =Y (1) 
PI=3.1415926DO 
DO 10 I=l,NE 
X2=XN(NOD(I,2)) -XN(NOD(I,l) ) 
x3=XN(N0D(If3)) -XN(NOD(I,~) ) 
Y2=YN(NOD(I,2) -YN(NOD(I,l) ) 
Y3=YN(NOD(If 3) -YN(NOD(I,l) 
C=2. ODO (Y2 *X3 -Y3 *X2) 
A= ( - ~ 3 * ~ 2 * * 2 + ~ 2 * ~ 3 * * 2 - ~ 2 * * 2 * ~ 3 + ~ 3 * * 2 * ~ 2 )  /C 
B= (~3*~2**2-~2*~3**2+~2**2*~3-Y3**2*X2) /C 
R=DSQRT (A**2+B**2 ) 
CUR(1) =l.ODO/R 

C 
XP(1) =-A 
YP (1) =-3 
XP (2) =X2-A 
YP (2) =Y2 -B 
XP (3) =X3-A 
YP(3) =Y3-B 

C 
DO 30 I1=1,3 
THT=DATAN(DABS (YP (11) /XP (II) ) 
I~(Xp(11) .EQ-O) GOTO 40 
IF(XP(I1) .GT.O) GOTO 50 
IF(XP(I~) .LT.O) GOTO 60 

C 



IF (YP (Il) .GT. O) TH(I1) =PI-THT 
IF(YP(I1) .LT.O) TH(I1) =PI+THT 
IF(YP(I1) .EQ.O) TH(I1) =PI 
CONTINUE 
THN2=(TH(l)+TH(3) )/2.ODO 
XPN2 =R*DCOS ( T m 2  ) 
YPNS=R*DSIN (THN2 ) 
XSN=XPN2 +A 
YSN=YPNS +B 
XN(NOD(I:,2) )=XN(NOD(I,l) )+X2N 
YN(NOD(I,2) )=YN(NOD(I,l) )+Y2N 
ELEN (1) = (DABS (TH (3) -TH (1) ) ) *R 
CONTINUE 

WRITE(20,80) (I,XN(I) ,YN(I) ,I=l,NN) 
FORMAT(lX, 'N0DE1,I3,2X, 'XN=',F10.4,2X, 'YN=',FlO.4) 
RETURN 
END 

RETURN 
END 



Program Name: DYNA * 
Description: dynamic response of beams by using * 

3 -node curved beam element (6 -DOFI * 
(including shear deformation) * 
tapered pole 

* 

Definition 

- - - - - - - -number of elements 
NN------- -total numbex of nodes 
ND-------- total number of degrees of freedom 
E , G  - - - - - -  -modulus of elasticity 
SK-------- shear correction factor 
NP1-NPB---the number of Gauss integral points 
ELEN------beam element length 
W - - - - - b e a m  element cross-sectional area 
EIN, EIZ 
EIT- - - - - - -dement cross-sectional moments of inertia 
SSTIFF----system stiffness matrix 
ÇWS----- system mass matrix 
SDAMP-----system damping matrix 
SILOAD----- system load column 
SDISP-----system displacement column 
SDISPB----system displacement boundary condition column 
SVELO----- system velocity column 
SACCE-----system acceleration column 
EK-------- element stiffness matrix 
EM------- -element mass matrix 
XI--------local coordinate 
CUR (1) ----curvature ( l / R )  of Ith element 
NOD (1, J) - -global node number of Ith element 
ID (1, J) - - -global f reedom number corresponding to Ith element 
IDE------ -nuniber of degrees of freedom of each node 
INOD------nuder of nodes of each element 
WIN------- wind speed 
PZ, PN, PX, 
PMZ,PMN,PMX---nodal distributed load (N/m) 
ARO------ -air density 
ERO------- material density 
CD0,CD etc.------ --aerodynamic coefficients 
BCD0,BCD etc.------- -aerodynamic parameters 
DD - - - - - - - -dimension of the cross-section 
NNE=INOD*IDE 
unknown displacement: input 500.0 

subroutine name func t ion 

ESTIFF calculate element stiffness matrix 
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EMASS calculate element mass matrix 

CELOAD calculate element equivalent load column 

SHAPE evaluation of the interpolation function 
and the derivatives at the Gauss points 

assemble system stiffness, mass and 
damping matrices 

ASSEMS assemble system load column 

BNDY impose boundary conditions 

SOLVEQ solve linear equations by using IMSL 

read general data and initialize variables 

IDE=6 
INOD=3 
WRITE (20,lO) 
FORMAT (lx, ' input data ) 
NP1=2 
NP2=2 
NPM=3 
NPMl=4 
NPB=4 
NPT=4 
NP4=5 
WRITE(20,8) NPl,NP2,NPM,NPM1,NPBfNPT,NP4 
FO~T(lXI'NP1=',I3~2Xf'NP2='~I3~2X,'NM~'~I3~2XItNPMl~'lI3~ 

&2X1 'NPB=' , 1 3 ,  SX, 'NPT=' I3 I2Xt 'NP4=I 13) 
READ (10, * )  NE,NN,E,G,SK 
WRITE(20,SO) NE,NN,E,G,SK 



READ(10, * )  RO(1) ,RO(Nl) ,RO(NO) ,RO(NN) 
READ ( 10 , ) ABLL , BCLL , CELL 
DO 62 I=2,N1-1 
xx= (1-1) *ABLL/ (NI-1) 
RO (1) =RO (Ni) + (RO (1) -RO (NI) ) * (ABLL-XX) /ABLL 
DO 64 I=N1+lINO-1 
xx= (1-NI) *BCLL/ (NO-NI) 
RO (1) =RO (NO) + (RO (NI) -RO (NO) ) * (BCLL-XX) /BCLL 
DO 66 I=NO+l,NN-1 
xx= (I -NO ) *CELL/ (NN-NO 
RO (1) =RO (NN) + (RO (NO) -RO (NN) * (CELL-XX) /CELL 
PI=3.1415926DO 
DO 68 I=lINN 
DD(1) =2.0DO*RO(I) 
WRITE(20,22) 
FORMAT (lx, 'DD=' ) 
WRITE(20, * )  (DD(T) , I=lINN) 

READ(lOI*) ERO,ARO,ACO,ACI 
WRITE (20,15) EROIARCIACO ,AC1 
FORMAT(lX, 1ERO=',F10.512XI tARO=tIF10.S12XI oACO=tf 

&F10.512Xf 'ACl='IFIO.S) 

RE.=AD(lO,*) BREAK 

DO 24 I=l,NO 
FAI (11 =PI/S. ODO 
DO 26 I=l,NH-NO 
Il=NO+I 
FA1 (Il) =PI/2. ODO -I*PI/ (2. ODO* (NH-NO) ) 
DO 27 I=l,NN-NH 
Il=NH+I 
FA1 (Il) =O. ODO 
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DO 32 I=î,ND 
SDISPB(1) =SOO.O 
SDISPO (1) =O .ODO 
SVELOO (1) =O. ODO 
SACCEO (1) =O. ODO 
SLOADO ( 1 ) =O. ODO 

READ (10, *) (SDISPB (1) , I=l, 6) 

REAû(10,*) EBS 
WRITE(20,Sl) EBS 
FORMAT(lX, 'EBS=',FlS-6) 
DO 50 I=l,ND 
DO 60 J=l,ND 
s W S  (I,J) =O.ODO 
SSTIFF ( 1, JI =O. ODO 
CONTINUE 

generate ID according to NOD 

DO 70 I=1,NE 
DO 80 J=l,INOD 
IO= (NOD (1, J) -1) *IDE 
IEO= (J-1) *IDE 
DO 90 II=1, IDE 
ID (1, IEO+II) =IO+II 
CONTINlTE 
CONTINUE 
CONTINUE 

WRITE (20,851 
FORMAT (lx, 'ID=' ) 
WRITE (20,881 ( (ID (I,J), J=1,18) , I=l,NE) 
FORMAT (IX, SIS) 

CALL ASSEMl(ERO,ACO,ACl,CML,TT) 

CI=I. ODO/ (BETA*DT*DT) 
CS=GAMMA/ (BETA*DT) 
C3=1.ODO/ (BETA*DT) 
C4=l. ODO/ (2.ODO*BETA) -1. ODO 
CS=GAMMA/BETA-1.ODO 



C6=DT* (GAMMA/ (2. ODO *BETA) -1. ODO ) 

WRITE (20,480) 
FORMAT(1XI1Nodal Displacements:') 
WRITE(20,482) NN 
FORMAT(lX, 'NODE', 13) 
WRITE(20,484) 
FORMAT(lX, 'TI ,16X, IV' ) 
FORMAT(IX, IT1 ,16X, 'THN',2OX, 1Wtt20X# ' T H X I  

FORMAT(lX, 'Tt, 16X, 'V' , 20XI 'THZ' , 20X1 'Ut ) 

CALL ASSEM2 (ELEN 
&BCDO , BCSO , BCD, BCS 
&SLOAD , NO, NH , EBS) 

DO 410 I=l,ND 
Q (1) =Cl*SDISPO (1 
R (1) =CS*SDISPO (1 
DO 420 I=l,ND 
SUM=O . ODO 
DO 430 K=l,ND 

FA1 , WIN, SDISPO , SVELOO AR0 DD, 
BCL,BCMR,BCMY,BCMP,BREAK, 

CALL BNDY (ND, SA, AA, SDISPB) 

DO 440 J=l,ND 
DO 440 I=l,ND 
TKl (ND* (J-1) +1) =SA(Il J) 

CALL SOLVEQ(NDITKlIAAISDISP) 

DO 450 I=l,ND 
SACCE (1) =Cl*SDISP (1) -Q (1) 
SvELO (1) =C2*SDISP (1) -R(I) 

print solutions 

IF(MOD(NUM1,S) .NE.O) W T O  550 
WRITE(20,470) NUMl*DT 
FORMAT(lX, IT=', FlO.2) 
I=NN 

WRITE (20,490) NUMl*DT, SDISP(6*I-3) 
WRITE(20,490) NUM1*DTISDISP(6*I-3) ,SDISP (6*I-41, 
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F0RMAT(1X1F6.2,2~,E18.8,SX,E18.8,SX,E18.8) 
WRITE(201490) I,SDISP(~*I-5) ,SDISP(6*1-4) ,SDISP(6*1-3) 
WRITE(20,49S) SDISP (6*I-2) , SDISP(GfI-11, SDISP(6*I) 
FORMAT(lX,'NODE',I5l2Xl'U=1ID17.10I2X,'THZ=',Dl7-lOI2X, 

&'V=',D17.10) 
FORMAT(1X,1THN=',Dl7.1OI2XI'W=1ID17.10,S=1IDl7.lO~ 
DO 520 I=l,NN 
WRITE(20, SOO) 1 
FORMAT (lx, 'Node ' ,I3 ) 
WRITE (20,510) SDISP(6*I-5) ,SDISP(6*I-4) ,SDISP (6*I-3) 
WRITE(201530) SDISP(6*1-2) ,SDISP(6*I-11, SDISP (6*I) 
FORMAT(lX~1U='lD17~1Ol2Xt'THZ~'~D17~10l2Xl'V~~~Dl7~lO) 
FORMAT(1X,'THN='lD17-1012XI'W=r,D17-1012XI 'THX=',D17.10) 
WRITE(20,560) SVELO (6*I-5) ,SVEL0(6*1-4) ,SVEL0(6*I-3) 
WRITE (2OI57O) SVELO (6*I-2) , SVELO (6*1-1) , SVELO (6*I) 
F O R M A T ( l X ~ ' W = ' l D l 7 ~ 1 O I 2 X ~ 1 V T H Z ~ 1 ~ D 1 7 - 1 O I 2 X I 1 W ~ 1 ~ D l 7 ~ l O )  
FORMAT(lX,'VTHN=',D17.1OI2Xl'W='IDl771Ol2XI1VTHX='lDl7.lO) 
CONTINUE 

DO 610 I=l,ND 
SDISPO (1) =SDISP (1) 
SVELOO ( 1) =SVEL0 (1) 
SACCEO ( 1) =SACCE ( 1) 
NUMl=rnl+l 
IF(NUM1.LE.NUM) GOTO 405 
END 

SUBROUTINE ESTIFF(K,NOD,TT) 
C 

C WT------------------ Gauss weights corresponding to 
C the Gauss points  
C B,c,D-------------- -element matrices needed t o  calculate EK 
C 

COMMON/FDATA~/ELEN(~O) ,R0(500) ,DD(SOO) ,CUR(50) EIGISK 
C O M M O N / F D A T A ~ / N P ~ , N P ~ ~ N P M ~ N P M ~ ~ N P B ~ N P T ~ N P ~  
COMMON/EDATA/EK(l8,is),EM(l8,10) 
COMMON/SHP/SN(3) ,DSN(3) ,SNU(18) ,SNV(18) ,SNW(18) ,SNTHN(18) , 

&SNTHZ (18) ,SNTHX(18) ,SNF(18) 
DIMENSION GAUSS(4,4) ,WT(4,4) ,B(18,18) ,c(18,18) ,B2(18) , 

&BN(l8) ,BT(18) ,D(18,18) ,NOD(5O13) ,TT(50) 
IMPLICIT DOUBLE PRECISION (A-H,O-ZI 

C 
DATA GAUSS/4*0.OD0,0.5773502692DOI-O.S7735O2692DOl2*O.ODOI 

&O. 0D0,O. 7745966692DO , - O .  7745966692D0, O. ODO 
&~.3399810436D0,-0.3399810436D0,0.86ll363ll6DOl-O.86ll363ll6DO/ 
DATA WT/2.0~0,3*0.0D0,2*1~0D0,2*0.0D0,0.8888888889D0, 

&2*0.5555SS5556D0,0.OD012*0O6521451549DO12*0~3478548451~0/ 
C 

KI=NOD ( K I  1) 
K3=NOD (KI 3 )  

C 
DO 10 I=1,18 
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BZ (1) =O - ODO 
BN(1) =O. ODO 
BT (1) =O - ODO 
DO IO J=1,18 
B(I,J)=O.ODO 
C(1,J) =O.ODO 
D(1, J) =O.ODO 
EK(I,J)=O.ODO 
CONTINUE 

DX=DD(K3)+0.5DO*(l.ODO-XI)*(DD(Kl) -DD(K3) 1 -TT(K) 
BB=O.S7735DO*DX 
EAREA=6.ODO*BB*TT (K) 
WRITE(20,33) K,EAREA 
FORMAT(IX, 'ELEMENT' , 13,2X1 IEAREA=I ,D15.6) 

Bl=O - 5DO*E*EAREA*ELENofCUR (K) *CUR (K) **2 
B3=-E*EAR.EA*CUR(K) 
B4=2. ODO*E*EAREA/ELEN(K) 

cal1 SUBROUTINE SHAPE to evaluate the interpolation 
functions and their derivatives at Gauss point X1 

CALL SHAPE (XI, K) 

B(1, 1) =WT(NIINPl) *SN(l) **2*Bl+B (1, 1) 
B(511)=WT(NllNPl)*DSN(1) *SN(l) *B3+B(5,1) 
B(5,5) =WT(Nl,NPl) *DSN(l) **2*B4+B(S,5) 
B(7,l) =WT(Nl,NPl) *SN(l) *SN(2) *81+B(7,1) 
B(7,5) =WT(NIINPl) *SN(2) *DSN(1) *B3+B ( 7 , s )  
B(7,7)=WT(NllNPl)*SN(2)**2*~~+~(7,7) 
B(ll,l)=WT(Nl,NPl) *SN(l)*DSN(2) *B3+B(lll 1) 
B (1lI5) =WT(NIINPl) *DSN(l) *DSN(2) *B4+B (11,s) 
B(l1,7) =WT(Nl,NPl) *SN(2) *DSN(2) *B3+B(1117) 
B(11, il) =WT(Nl,NPI) *DSN(2) **2*B4+B(ll,ll) 
B(l3,1)=WT(Nl,NPl) *SN(l)*SN(3) *Bl+B(13,1) 
B(l3,5)=WT(NlINP1) *SN(3) *DSN(I)'B3+B(13,5) 
B(13,7)=WT(NlINPi)*SN(2)*S~(3) *Bl+B(13,7) 
B(l3,ll) =WT(Nl,NPi) *SN(31 *DSN(2) *B3+B(l3, 11) 
B(13r13) =WT(NIINP1) *SN(3) **2*Bl+B (13, 13) 
B(l7,l) =WT(Nl,NPl) *SN(l) *DSN(3) *B3+B(lï, 1) 
B(l7,5) =WT(Nl,NPl) *DSN(1) *DSN(3) *B4+B(l7,5) 
B(l7,7)=WT(Nl,NPl) *SN(2)*DSN(3) *BZ+B(l7,7) 
B(l7,ll) =WT(NI,NPl) *DSN(2) *DSN(~) *34+B(l7, 11) 
B(l7,13)=WT(NI,NPl)*SN(3) *DSN(3)*B3+B(17,13) 
B(l7,I.î) =WT(Nl,NPl) *DSN(3) **Z*B4+B(lî,l7) 
CONTINUE 

DO 25 Nl=l,NPB 
Xl=GAUSS (NI, NPB) 
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BB=0157735DO*DX 
EIN=2 .ODO* (BB-O .577DO*TT(K) ) *TT(K) * (OO5D0*DX) * * 2  

&+4.0DO*BB*TT (K) * (O. 25DO*DX) **2 
EIT=6.ODO*BB*TT (K) * (O. SDO*DX) **2 
EIZ=EIT-EIN 

C 
B2=2.0DO*E*EIN/ELEN (K) 
B5=2.0DO*E*EIZ/ELEN(K) 
B6=E*EIZ*CUR (KI 
Bï=O. SDofE*ELEN(K) *EIZ*CUR(K) **2 

C 
CALL SHAPE (XI, K) 

C 
B(4,4) =WT(Nl,NPB) *DSN(l) **2*BZ+B(4,4) 
B(2,2)=WT(NlrNPB) *DSN(1)**2*BS+B(2,2) 
B(6,2) =WT(Nl,NeB) *SN(l) *DSN(1)*B6+B(gI2) 
B(6,6) =WT(Nl,NPB) *SN(l) **2*Bï+B(6,6) 
B(10,4) =WT(Nl,NPB) *DSN(l) *DSN(2) *B2+B(1014) 
B(l0,lO) =WT(Nl,NPB) *DSN(2) **2*B2+B(lO,lO) 
B(8,2) =WT(Nl,NPB) *DSN(l) *DSN(2) *BS+B(8,2) 
B(8,6)=WT(NlINPB) *SN(l) *DSN(2)*B6+B(E16) 
B(8,8) =WT(Nl,NPB) *DSN(2)**2*BS+B(8,8) 
B ( 1 2 , 2 ) = W T ( N l , N P B ) * S N ( 2 } + D S N ( l )  *B6+B(l2,2) 
B(1216)=WT(Nl,NPB)*SN(1) *SN(2)*B7+B(l2r6) 
B(12,8) =WT(Nl,NPB) *SN(2) *DSN(2) *B6+B(12,8) 
B(12,12) =WT(Nl,NPB) *SN(2) **2*B7+B (12, 12) 
B(l6,4) =WT(NlINPB)*DSN(1)*DSN(3) *B2+B(16,4) 
B(l6,lO) =WT(Nl,NPB)*DSN(2) *DSN(~) *B2+B(l6,lO) 
B (16,16) =WT (N1,NPB) *DSN(3) **2*B2+B (16, 16) 
B(14,2) =WT(Nl,NPB) *DSN(l) *DSN(3) *BS+B(l4,2) 
B(14,6) =WT(Nl,NPB) *SN(I) *DSN(3) *B6+B (14,6) 
B(l4,8) =WT(Nl,NPB) *DSN(2) *DSN(3) *BS+B(l4,8) 
B(14,12) =WT'(NI,NPB) *SN(2) *DSN(3)*B6+B(14,12) 
B(l4,l4) =WT(Nl,NPB) *DSN(3) **2*BS+B(l4,l4) 
B(18,2) =WT(NI,NPB) *SN(3) *DSN(l) *B6+~(18,2) 
B(l8,6) =WT(Nl,NPB) *SN(l) fSN(3)*B7+B(18,6) 
B(l8,8)=WT(NlINPB) *SN(3) *DSN(2) *B6+B(18,8) 
B(l8,12)=WT(Nl,NPB) *SN(2)*SN(3) *B7+B(18,12) 
B(l8,l4) =WT(Nl,NPB) *SN(3) *DSN(~) *B6+B(l8,l4) 
B(18,18)=WT(NlINPB) *SN(3) **2*Bî+B(l8,18) 

25 CONTINLJE 
C 

DO 30 N1=lINP2 
Xl=GAUSS (Nl,NP2) 

c 
CALL SHAPE (XI, K) 

C 
BZ (1) =2. ODO*DSN (1) /ELEN (K) 
BZ (4) =-SN(1) 
BZ (5) =SN(1) *CUR(K) 
BZ (7) =2. ODO*DSN (2) /ELEN (K) 
BZ (10) =-SN(2) 
BZ (11) =SN(S) *CUR(K) 
BZ (13) =2. ODO*DSN(~) /ELEN(K) 
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DX=DD(K3) +O .5D0* (1-ODO-XI) * (DD(K~) -DD (K3) ) -TT (KI 
BB=0.57735DO*DX 
EAREA=~-OD0*BB*TT(K) 
DO 32 I=l,l8 
DO 34 J=1,1 
C (1, J) =O, SDO*SK*EAREAfG*ELEN (K) * (BZ (1) *BZ (JI +BN (1) *BN (J) 

&*WT (NI, NP2 ) +C ( 1, J) 
CONTINUE 
CONTINUE 

CONTINUE 

CALL SHAPE (XI, K) 

DX=DD (K3) +O. SDO* (1. ODO-XI) * (DD (KI) - D m )  ) -TT (K) 
BB=0.57735DO*DX 
EIT=~. ODO*BB*TT (K) * ( O .  5DO*DX) **2 
DO 42 I=1,18 
DO 44 J=l, 1 
D (1, J) =O. sDO*G*EIT*ELEN(K) *BT (1) *BT (J) *wT (Nl, NPT) +D (1, JI 
CONTINUE 
CONTINUE 

CONTINZTE 
DO 60 I=1,18 
DO 60 J=l,I 
EK(I,J) =B (1, J) +C(L JI +D(L J) 
CONTINUE 

DO 65 I=1,18 
DO 65 J=I+l, 18 
EK(1, J) =EK(J, 1) 
CONTINUE 



SUBROUTINE SHAPE (XI, KI 

SN------------ --element shape functions N at XI 

DO 10 I=1,3 
SN(I)=O.ODO 
DSN(I) =O.ODO 
CONTINUE 

DO 20 I=1,18 
SNU(1) =O.ODO 
SNV(1) =O. ODO 
SNW (1) =O. ODO 
SNTHN(1) =O,ODO 
SNTHZ (1) =O. ODO 
SNTHX(1) =O.ODO 
SNF (1) =O. ODO 
CONTINUE 

DSN(1) =XI-O .SDO 
DSN(2) =-2.ODO*X1 
DSN (3) =Xl+O . SDO 

SNTHZ (2) =SN(l) 



COMMON/FDATA~/ELEN(~O) ,R0(500) ,DD(SOO) 1 El Gt SK 
C O ~ O N / F D A T A ~ / N P ~ ~ N P ~ ~ N P M ~ N P M ~ , N P B ~ N P T ~ N P ~  
COMMON/EDATA/EK(~~, 18) ,EM(18# 18) 
COMMON/SHP/SN(~) ,DSN(3) ISNU(18) 

&SNTHZ(l8) ,SNTHX(l8) lSNF(18) 
DIMEXSION GAUSS(5,S) ,WT(5,5) lA(18118) ,B(18,18) ,D(18, 18) 

&NOD(5013) lTT(50) 
IMPLICIT DOUBLE PRECISION (A-Hl 0-2) 

DATA ~~~SS/S*O.OD0~0.5773502692DO~-O.5773502692DO~3*O.ODO~ 
&0.0D0l0.7745966692D0I-OO7745966692DOl2*O.ODO,O.33998lO436DO, 
&-0.3399810436D010.8611363116D01-0-8611363116D01 
&0.ODOlO.OD0l0.5384693101D0I-O.538469310lDOlO.9O6l798459DO, 
&-0.9061798459DO/ 
DATA WT/2.0D0,4*0.0DO12*1.0D013*0.0D0,0.8888888889DOl 

&2*0.5555555556D0,2*0.0D0,2*0.6521451549DOl2*O.347854845lDO, 
&0.0D0,0.5688888889D0l2*OO47862867O5D0l2*O.236926885l~O/ 

Kl=NOD (KI 1) 
K3=NOD (KI 3) 
DO 10 1=1118 
DO 10 J=1,18 
A(Il J)=O.ODO 
B(I,J)=O.ODO 
D(I,J) =O.ODO 
EM(Il J) =O. ODO 
CONTINUE 

DO 20 N1=l1NPM 
Xl=GAUSS (NI, NPM) 
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CALL SHAPE (XI, K) 

DO 50 1=1,18 
DO 50 J=1,18 
A(1, JI =A(I,J)+(SNU(I) *SNU(J)+SNV(I) *SNV(J) +SNW(I) *SNW(J) 1 

&*EAREA*WT (NI, NPM) 
C O N T I m  
CONTINUE 

DX=DD (K3) +O. SDO* (1. ODO-XI) (DD (KI) -DD (K3) ) -TT (K) 
BB=0.57735DO*DX 
EIN=2 .ODO* (BB-0.577DO*TT(K) ) *TT(K) * ( O  .5DO*DX) **2 

&+4.0DO*BB*TT(K) * (O. 25DOtDX) **2 
EIT=6.ODO*BB*TT (K) (O. SDO*DX) +fS 
EIZ=EIT-EIN 

CALL SHAeE (XI, K) 

DO 52 I=T, 18 
DO 52 J=1,18 
B (1, J) =B (1, J) + (EIN*SNTHN(I) *SNTHN(J) +EIZ*SN'lXZ (1) *SNTH2 (J) ) 

&*WT (N1 , NPM1) 
CONTINUE 
CONTINUE 

DX=DD (K3) +O. SDO* (1. ODO-XI) (DD (KI) -DD (K.3) -TT (KI 
BB=0.5773SDO*DX 
EIT=B.ODO*BB*TT (K) * (O. 5DO*DX) **2 

CALL SHAPE ( X I ,  K) 

DO 40 I=1,18 
DO 40 J=1,18 
D(II J) =D(I,J)+EIT* (SNTHX(I)+SNF(I)) * (SNTHX(J) +SNF(J) *WT(NlINP4) 
CONTINUE 
CONTINUE 

DO 60 I=1,18 
DO 60 J=1,18 
EM(I, J)=CONST~*(A(I, J)+B(I,J)+D(I, J) ) 
CONTINUE 
RETURN 
END 

SUBROUTINE ASSEMI (ERO, AC0 , AC1, CML TT) 
COMMON/EDATA/EK(I~, 18) tEM(18t18) 
COMMON/SDATA/SSTIFF (SOO,SOO) #SMASS (500,500) , SDAMP (500, 500) , 



&SLOAD (500) , SDISP (500) 
COMMON/FDATA~/NE,NN,ND, IDE, INODlNOD(50, 3 )  , ID(501 18) 
DIMENSION TT(50) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

for element 1,generate elernent stiffness matrix EK, 
mass matrix EM 

CALL ESTIFF (1 NOD , TT) 

CALL EMASS(I,EROINODITT) 

IF (I.LT.NE) GOTO 20 
EM(l3,13)=EM(l3,13)+CML 
EM(15,15) =EM(lEi, 15) +CML 
EM(17,17) =EM(17,17) +CML 
DO 35 J=l,NNE 
IJ=ID (1, J) 
DO 30 K=l,NNE 
IK=ID (1, K) 
SSTIFF ( IJ, IK) =SSTIFF (IJl IK) +EK(JI K) 
SMASS (IJ, IK) = S W S  (IJJK) +EM(J,K) 
CONTINUE 
CONTINUE 
CONTINUE 

DO 60 I=l,ND 
DO 60 J=l,ND 
SDAMP (1, J) =ACO*SMASS (1 , J) +ACl*SSTIFF (1, J) 
R E m  
m 
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&BCDO,BCSO,BCD,BCS,BCL,BCMR~BCMY,BCMP,BREAK~SLOAD~NO,~~~~~~~ 
COMMON/E'DATA~/NE,NN,ND, IDEl INODINOD(501 3 ) ,  ID(sO, 18) 
DIMENSION ELOAD(18) ,SLOAD(500) ,ELEN(SO) IFAI (500) ,SDISPO (500) , 

&S~EL00(500) ,DD(SOO) ,BCD0(4,11) , ~ C ~ 0 ( 4 , 1 ( 4 ~ 1 1 )  ,BCS(4111) , 
&BCL(4,ll) ,BCMR(4,11) ,BCMY(4,11) ,BCMP(4,(11) 

IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

generate element load matrix ELOAD 

for element 1 

DO 40 J=I,NNE 
IJ=ID (1, J) 
SLOAD ( 1 J) =SLOAD (1 J) +ELOAD (JI 
CONTINUE 
CONTINUE 
RETURN 
END 

SUBROUTINE CELOAD(K,ELEN,FAI,WIN,SDISPO,SVELOOIARO,DD, 
&BCDO,BCSO,BCD,BCS,BCL,BCMRIBCMYI B C M P , B R , E B S )  
COMMON/FDATA~/NE,NN,ND, IDE, INOD,NOD(~O, 3) ID(50, 18) 
DIMENSION PZ(3) ,PN(3) ,PX(3) ,PMN(3) ,PMZ(3) ,PMX(3), 

&SDISPO (500) ,SVELOO(SOO) ,ELOAD(18) ,Kl(3) ,DD(SOO) 
&BCDO(4,11) ,BCSO(4,11) ,BCD(4,11) ,BCS(4,11) ,BCL(4,11), 
&BCMR(4,11) ,8cMY(4,11) ,BCMP(4,11) ,BREAK(ll) ,FAI(SOO) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

ALFO=O.l74533D-01 
DO 5 I=1,18 
ELOAD ( 1 ) =O. ODO 

calculate forces per unit length at node J 



FI=FAI ( 1) 
WINV=WIN+SVELOO(I3) 
WINE=WIN*EBS 
IF (I.LT.NO) GOTO 50 
IF (1.GE.NO .AND. 1.LE.NH) GOTO 60 
IF (1-GT-NH .AND. 1.LE.NN) GOTO 70 

C 
50 ALF=-SDISPO (16) +SVEL00 (Il) /WINV-EBS 
53 UREL2=WINV**2+ (SVEL00 (Il) -WINE) **2 

CDO=DCSVAL (ALF; 10, BREAK, BCDO) 
CSO=DCSVAL (ALE', IO,BREAK,BCSO) 
FD=0.5DO*ARO*UREL2*DD(I)*CDO 
FS=O . S D O  *ARO*URELS*DD (1) *CS0 
PZ (3) = -FD*DSIN (ALE') -FS*DCOS (ALF) 
PN (J) =FD*DCOS (ALF) -FS*DSIN (ALF) 
PX (J) =O. ODO 
PMZ (3) =O. ODO 
PMN (J) =O. ODO 
PMX (JI =O. ODO 
GOTO 20 

60 UY=SVELOO (Il) *DSIN (FI) -SVEL00 (15) *DCOS (FI) 
TIiZ=SDISPO ( 12 ) *DCOS (FI) +SDISPO ( 16 *DSIN (FI 
ALF=-THZ+UY/WINV-EBS 

63 UREL2=WINV**2+ (W-WINE) **2 
CD=DCSVAL (ALF, IO, BREAK, BCD) 
CS=DCSVAL (ALF, IO, BREAK, BCS) 
CL=DCSVAt (ALF, 10, BREAK; BCL) 
CMR=DCSVAL (ALF, 10,BREAKIBCMR) 
CMP=DCSVAL (ALF, 10, BREAK, BCMP) 
CMY=DCSVAL (ALF, 10, BREAEC, BCMY) 
FD=O . SDO*ARO*UREL2*DD (1) *CD 
FS=0.5DO*ARO*UREL2*DD(I)*CS*DSIN(FI) 
FL=O.SDO*ARO*UR.L2*DD(I)*CL*DCOS(FI) 
FMR=O . 5DO*ARO*UREL2*DD (1) **2*CMR 
FMYA=O . SDO*ARO*UREL2*DD (1) **2*CMY*DSIN (FI) 
FMP=O . SDO*ARO*UREL2*DD (1) **2*CMP*DCOS (FI) 
PY=-FD*DSIN (ALF) - FS*DCOS (ALF) 
PMY=FMR*DSIN (ALF) -FMP*DCOS (ALF) 
PZ (3) =PYiDSIN(FI) +FL*DCOS (FI) 
PN (J) =FD*DCOS (ALF) -FSfDSIN (ALF) 
PX (J) =-PY*DCOS (FI) +FL*DSIN(FI) 
PMZ (J) =PMY*DSIN(FI) -FMYA*DCOS (FI) 
PMN(J) =-FMR*DCOS (AM') -FMP*DSIN(ALF) 
PMX (J) =-PMY*DCOS (FI) -FMYA*DSIN(FI) 
GOTO 20 

70 ALIF=-SDISPO (16) +svELOO (11) /WINV 
UREL2=WfNV**2+SVELOO (Il) **2 

73 CDO=DCSVAL (ALF ,IO, BREAK, BCDO ) 
CSO=DCSVAL (ALF, 10, BREAK, BCSO) 
FD=O. 5DOfARO*UREL2*DD ( 1) *CD0 
FL=O . SDO*ARO*UREL2 *DD ( 1) *CS0 
PZ (J) = -FD*DSIN (ALF) +FL*DCOS (ALF) 
PN (J) =FD*DCOS (ALF) +FL*DSIN (AU?) 
PX (J) =O. ODO 
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PM2 (J) =O. ODO 
PMN (J) =O. ODO 
PMX (J) =O, ODO 
CONTINUE 

ELOAD (1) =PZ (1) 
ELOAD (2) =PMZ (1) 
ELOAD ( 3 )  =PN(I) 
ELOAD(4) =PMN(l) 
ELOAD(S)=PX(l) 
ELOAD (6) =PMX (1) 
ELOAD(7)=2 .ODO*PZ(2) 
ELOAD(8)=2.ODO*PMZ (2) 
ELOAD (9) =2 .ODO*PN(2) 
ELOAD (10) =2,ODO*PMN(2) 
ELOAD (il) =2.ODO*PX(2) 
ELOAD (12) =2.ODO*PMX(2) 
ELOAD ( 1 3 )  =PZ (3) 
ELOAD(14) =PMZ(3) 
ELOAD(15) =PN(3) 
ELOAD(16) =PMN(3) 
ELOAD (17) =PX(3) 
ELOAD(18) =PMX(3) 

DO 30 1=1118 
ELOAD (1) =ClfELOAD (1) 
RETURN 
END 

SUBROUTINE SOLVEQ (NI A, BI X) 
DIMENSION A(NIN) IB(N) ,X(N) 
IMPLICIT DOUBLE PRECISION (A-H,O-Z) 

CALL DLSASF (NI A, NI BI X) 

RETURN 
END 



Appendix D 

Verification of Program DYNA 

The cornputer program DYNA is written to take advantage of the Newmark- P 

method [36]. First, the program FREEVIB is utilized to calculate the natural fiequencies, 

and then DYNA is used to calculate the dynamic response. Several exarnples are used to 

corroborate the output of DYNA. Example D.1 is used to test the time integration; 

Examples D.2 and D.3 are used to test the whole program. However, there are no 

previously published results for Examples D.2 and D.3. In the following dynamic 

calculations, p, = 0.6 and P, = 0.3025 are always used. 

Example D. 1 (Example 6-9 given in [42]) 

A five-story building is modeled by the system shown in Figure D. 1. 

k, (i = 1 , 2 , 4 )  are the stifiess constants and mi (i = 1,2,-5) are the lumped masses. 

The structural stifniess and the lumped mass matrices, as well as the lowest three naniral 

frequencies, can be found in [42]. The building is exposed to a tomado which is 

descnbed by the concentrated force, ~ ( t )  , given in Table D. 1. 

The displacements ui (i = 1 , 2 , 4 )  are obtained by using the program DYNA. The 

results are presented in Table D.2 where 6 4 . 0 1  and Aî 4.002s. Table D.3 gives the 

corresponding results nom [42]. Here, the unit inch is used to conform with the unit 



employed in [42]. It can be seen that y and y in Table D.2 are a little different fiom the 

results presented in Table D.3. But, for the tip displacement u s ,  the maximum 

discrepancy is only 0.4%. The difference may be because the mode-superposition method 

and Runge-Kutta method are used in [42]. 

Figure D.1 Mode1 for Exarnple D.1 

Table D. 1 Data for tomado loading [42] 

T h e  (s) 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 



Table D.2 Displacements (in) of Exarnple D. 1 

Table D .3 Displacements (in) of Example D. 1 taken fkom [42] 

Time (s) U 1  4 U3 u.t US 
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Example D.2 

Figure D.2 shows a trafic pole that is the same as the one illusîrated in Figure 4.3 

but the cross section is circular now. Dimension D and the thickness h are the same as 

those descnbed in Section 4.3. The uniformly distributed force per unit Iength, 

4 = 2 ~ ( t )  N l m ,  acts on the pole, where ~ ( t )  is the unit Heaviside step function, 

shown below. 

I 

I time > 

Figure D.2 Example D.2. 

The lowest six natural frequencies are given in Table D.4. The mass of the larnp is 

39 kg (as in Chapter 4). The lowest six eequency mode shapes are very similar to those 

for the octagonal cross-section. The dynarnic responses are computed and they are shown 

in Figures D.3 and D.4. (Other deflections, which are not shown, are zero.) Here 

6=0.005 and A î 4 . 0 2 ~ .  Also, when F, is a static load, the deformations are calculated 

by using the program STATIC. The deformations at the tip are: 

Oc = -0.0001043 rad v = 0.002759 m 8, = -0.0003675 rad. 



These static values are noted at the nght hand side of Figures D.3 and D.4. At 26s, the 

mean values of dynamic responses are within 0.7% of the static data for the pole with a 

lamp and within 0.05% for the pole without a lamp. The dynamic results tend to the static 

solution when t + a, as indicated fiom the trends in these figures. On the other hand, 

the damping ratio, 6, obtained in a standard fashion [43] fiom the envelope curves of the 

response histories is within 1 5% of the input 6. 

Table D.4 Lowest natural fiequencies, tw, (rad 1 s) , for Example D.2 

Mode Circular cross-section 
number 

n With a lamp Without a lamp 

1 
out-O f-plane* out-O f-plane 

7.41 8 1 1 1 1.36528 
2 in-plane in-plane 

21.14463 40.69759 
3 in-plane out-of-plane 

24.8 1257 41 .50057 
4 

out-of-plane in-plane 

52.06839 78.66 1 59 
5 

in-plane out-of-plane 

6 out-O f-plane in-plane 

* predomioant motion 



Static value 

a 
.I 

0.0006 
e 

0.0003 
5 

0.0000 
3 

-0.0003 V 

5 -0.0006 -1 1 
10 20 

time (s) 

tirne (s) 

tirne (s) 

Figure D.3 Dynamic responses of Example D.2 with a lamp. 
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Static value 

tirne (s) 

10 20 
time (s) 

10 20 30 
tirne (s) 

Figure D.4 Dynamic responses of Example D.2 without a lamp. 



Eranrple 0.3  

The pole of Exarnple D.2 is reconsidered but a concentrated point force. 

P = 3 8 2  iV , is exerted at the fiee end. This example is shown in Figure D.5. The force is 

in the <- 7 plane, and it is located eccentrically fiom the avis with r = 0.056 m .  The 

force in the 7 direction is the same as the total force employed in Example D.2. 

Dynamic response histories are computed by using the data of the previous example. The 

results are shown in Figures D.6 through D.9. The static deformations are calculated as 

before. and at the tip they are: 

ir = 0.002274 m 8; = -0.00 1354 rad v = 0.0090 13 rn 

8, = 0.00 1 174 rad w = 0.002650 ni O ,  = -0.00 1 1-11 rad . 

Again. the static values are marked in the related figures. After 26s. the mean values of 

the dynamic responses are within 0.2% of the static data for the pole with a iamp and 

Cross-sec tion 

D 
1 > 

time 

Figure D.5 Exarnple D.3. 



Static value 

O I O  20 
time (s) 

0.020 
a -+ -. 0.015 
aJ 
5 
-. m 0.010 - 
E - 0.005 
> 

0.000 

O 10 20 30 
time (s) 

O 10 20 30 
time (s) 

Figure D.6 Dynamic deflections for Example D.3 with a lamp. 
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Static value 

10 20 
time (s) 

time (s) 

time (s) 

Figure D.7 Dynamic rotations for Example D.3 with a Iamp. 



Static value 

Figure D.8 Dynamic deflections for Example D.3 without a lamp. 



Static value 

Figure D.9 Dynamic rotations for Example D.3 without a lamp. 



within 0.03% for the pole without a lamp. As before, the dynamic results approach the 

static solutions as t + m .  The damping ratio, 6, obtained from the envelopes of the 

dynamic responses is still within 15% of the input 6. Compared with the results of 

Example D.2, it c m  be seen that, when the total load is the same in the q direction, the 

dynamic displacements due to the u n i f o d y  distributed ioad are smaller than those from 

the concentrated load. 

These three examples suggest that the results obtained from DYNA are 

reasonab le. 



Appendix E 

Calculation of Aerodynamic Coefficients 

The following section relates to the calculation of the aerodynamic coefficients 

for the purely curved part, CD , of a pole. 

Figure E. 1 Aerodynamic forces on the small scale mode1 BE. 



The curved pole model consists of three parts, one vertical straight part BC , one 

horizontal straight part,DE, and the joinùig, c w e d  part, CD, s h o w  in Figure E.1. 

Hexagonal and octagonal cross-sections are considered. Because the measured data 

include the effects of the three parts, the main idea in the following denvation is to 

subtract the effects of the two straight parts fiom the measured data to obtain the 

aerodynamic coefficients correspondhg to the purely c w e d  part, CD . This procedure 

permits a somewhat more detailed representation of the aerodynamic loads in the h i t e  

element model. 

The following data are used experimentally: 

and D = 12.7 mm. See Figure 4.3 for clarification. 

The drag and side forces acting on part BC are: 

and 

where CD and Cs are the drag and side force coefficients for the straight pole. They are 

given in Figure 4.8. Similady, for part DE , the drag and lifi forces are: 

and 

For the c w e d  part CD , assume that the air pressures in the PL, and P,, directions are 
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distributed unifomily. Then the forces are: 

where CL, Ci and C; are the drag, lifi and side force coefficients for the c w e d  part 

CD, respectively. They are dehed in Section 4.7. For the mode1 of B E ,  the total 

measured forces are (see Section 4.6): 

Cm, CL, and Cs= are presented in Figures 4.6 and 4.7, where L, = L, + L2 + 4 . On the 

other band, 

By combining equations (E. 1) through (ES), the following results can be obtained: 
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For the moment coefficients, the measured total yawing moment of the complete 

mode1 BE is M ,  . Now 

My = My, + M,D (E-7) 

where M,, is the yawing moment on part CD and M: is the moment contribution from 

the drag force. Furthemore: 

and 

The CM, is given in Figures 4.6 and 4.7. CL, is the yawing moment coefficient of the 

curved part CD . Also, 

M , D = M ~ + M ;  (E. 1 O) 

where M E  and M E  are the moment contributions fiom parts CD and DE, respectively. 

From Figure E.2, it cm be shown that: 

and 

The following result can be obtained fiom equations (3.7) through (E. 12): 

(E. 1 2) 

(E. 13a) 
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where 

and 

(E. 13c) 

Similarly, the total pitching moment is: 

M p  = Mm + M,D (E. 14) 

where Mp2 is the pitching moment on part CD and M: is the moment contribution 

Figure E.2 Coordinate system X'-Y . 
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fiom the drag force. Also 

and 

1 
M,, = -~,U:,D'CM,L, 

2 

(E. 15) 

(E. 16) 

C,, is presented in Figures 4.6 and 4.7. CL is the pitching moment coefficient of the 

curved part CD whose denvation is found nom: 

and 

From equations (E. 14) through (E.20), it c m  be shown that: 

where 

(E. 1 7) 

(E. 18) 

(E. 19) 



Next, the total rolling moment for the mode1 of BE is: 

where M: 

contribution 

MR = M: - M: + MR2 (E.22) 

is the moment contribution fiom the side force, M ;  is the moment 

fiom the lift force and M,, is the rolling moment on part CD . Furthemore, 

and 

where CM,, is given in Figures 4.6 and 4.7 again. CL, is the rolling moment coefficient 

of the curved part CD which can be found from: 

and 

Similarl y, 



By combining equations (E.22) through (E.30), C L  can be obtained as: 

where 

Therefore, the aerodynarnic coefficients of the c w e d  part CD cm be calculated 

from equations (E.6), (E. 13), (E.2 1)  and (E.3 1). The results are presented in Figures 4.10 
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Additional Aerodynamic Figures 

Figures F.1 through F.3 pment the effects of Reynolds number, the wind speed 

and a simulated lamp which is located at the tip of a pole, as descnbed in Section 4.6. 

From Figure F. 1, it can be seen that C, is nearly the same when Re is between IO4 and 

2 x 10' for the hexagonal pole. However, C, varies with Re for the octagonal pole. 

Figure F.2 shows that aerodynarnic coefficients are very close when the wind speed 

changes in a small range. Furthemore, it can be seen fkom Figure F.3 that the effect of 

the simulated lamp on the aerodynamic coefficients is small. 
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Figure F. 1 Drag coefficient, C,  , for a, = 90' but different Reynolds nurnbers. 
Results for the (a) hexagonal and (b) octagonal cross-section. 
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Figure F.2 The effect of the wind speed on aerodynamic coefficients for the octagonal 
curved model. - U,, =29.5rn/s; ---- U,, =3 1.4 m/s. 
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Figure F.3 The effect of the simulated lamp on aerodynamic coefficients for the 

octagonal curved model. - with the simulator; - without the simulator. 
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