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Abstract

This work is concerned with fundamental aspects of functions of several

non-commutative (NC) variables, where the inputs are d-tuples of square matrices

of the same but arbitrary sizes. We provide an introduction to NC function theory

and discuss analytic properties of these functions in Chapters 1 and 2, following the

work of Kaliuzhnyi-Verbovetskyi and Vinnikov [11]. In particular, we present the Tay-

lor–Taylor formula, named after Brook Taylor, who established the classical Taylor se-

ries for commutative variables, and Joseph L. Taylor, who extended it to functions of

several NC variables, thereby laying the foundation of NC function theory [23]. These

Taylor–Taylor (TT) series take the form of power series in multilinear maps, captur-

ing the analytic structure of NC functions. As shown by K.-Verbovetskyi and Vinnikov,

one can find sufficient conditions (known as the Lost-Abbey conditions) under which a

power series of multilinear maps defines an NC function.

Building on this foundation, we focus on the realization theory of more general NC

functions. As shown in [1], analytic NC functions whose domains include the origin

(that is, the zero d-tuple (0, . . . , 0) of matrices), have operator realizations, meaning

that they can be entirely described by a simple rational expression involving finitely

many operators acting between Hilbert spaces. Moreover, the realization is unique up

to a type of isomorphism, provided that certain minimality conditions are satisfied.

Even if the realization is not minimal, one can apply the Kalman decomposition, which

constructs a minimal realization for a given NC function from any realization by com-

pressing the original realizations to a certain semi-invariant subspace.

A question that naturally arises is whether it would be feasible to extend the results

explained above to the case where the realizations are “centred” around a non-zero

d-tuple of matrices, Y , as was done by Porat and Vinnikov in [18, 19], for NC rational

functions. Their result showed that matrix-centre realization of NC rational functions

are necessarily finite dimensional. By considering general, infinite-dimensional matrix-

centre realizations we extend the matrix-centre realization theory to a much broader
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class of analytic NC functions. In addition to this, we prove that if a minimal realiza-

tion around any matrix centre, Y , is translated to another realization about a different

matrix-centre, X, then the minimality property is preserved by this operation.

Together, these results provide a better understanding of analytic NC functions and

further extend realization theory. In particular, we prove that any uniformly analytic NC

function admits a matrix-centre realization about an arbitrary point in its domain [13].
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Chapter 1

Introduction to Non-commutative

Function Theory

In this chapter, we introduce some basic definitions, terminology and notations. First,

we review the classical notion of realization and briefly explain how non-commutative

systems motivate the study of realizations in the non-commutative case. Then, in

Sections (1.1) and (1.2) we provide the formal definition of non-commutative sets,

non-commutative functions and their properties. The rest of the chapter explains the

difference-differential operators and studies analytic properties of non-commutative

functions.

Let us first consider the classical discrete-time, i/o/s (input/ output/ state) linear

system Σ of the following form:

Σ =


x(n+ 1) = Ax(n) +Bu(n)

y(n) = Cx(n) +Du(n)

Here, x(n) is the state of the system, which takes values in H. The input u(n) takes

the values in input space U, and y(n) is the output at time n taking values in output

space Y. All of the spaces H, U and Y are complex finite-dimensional vector spaces.
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The connection matrix (or impulse-response matrix) of the system Σ is defined as:

U =

A B

C D

 :

H

U

 −→

H

U

 ,

such A ∈ B(H), B ∈ B(U,H), C ∈ B(H,U) and D ∈ B(U) (they are bounded linear

operators from one vector space to another). If we start at an initial value x(0) at time

0 and feed this to the linear system Σ, we can construct the following formulas for the

input and output of the system at time n:

x(n) = Anx(0) +
n−1∑
k=0

An−1−kBu(k)

y(n) = CAnx(0) +
n−1∑
k=0

CAn−1−kBu(k) +Du(n) (1.1)

Next, we need to briefly define the Z-transform. This the main tool to convert a

discrete-time signal into a frequency-domain. In other words, instead of time, we want

to see how the input and output is distributed within different frequency bands. The

unilateral Z-transform is defined by:

xn 7→
∞∑
n=0

xnz
n,

in which {xn}∞n=0 is the underlying sequence (typically a discrete-time signal) and z is

a complex variable. Applying the unilateral Z-transform to the Equations (1.1) we get

the frequency-domain formulas:

x̂(z) = (I − zA)−1x(0) + z(I − zA)−1Bû(z),

ŷ(z) = C(I − zA)−1x(0) + TΣ(z)û(z), (1.2)
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where,

TΣ(z) = D + zC(I − zA)−1B (1.3)

is a rational function. For each z in a ball of radius ||A||−1 around the origin (|z| <

||A||−1), the geometric series (I − zA)−1 =
∑∞

i=0(zA)
i converges in matrix norm,

for each value of z ∈ C such that (I − zA)−1 exists and TΣ(z) ∈ B(U,Y) is a finite-

dimensional transformation with rational entries in z. We call this function a transfer

function of the system Σ.

Given the linear system above one can ask a natural question of whether an arbitrary

state h ∈ H is achievable if we initialize the system with the state x(0) = 0 and feed the

system with a series of inputs {u(k)}Nk=0 (for N > 0).

As noticed above, TΣ can encode the necessary information about an input-output

system. It can reveal the relation between the input and output of the system and

also reveals the internal state of that system. One example, which is of particular

interest, is when the input-state-output spaces are vector spaces consisting of matrices

and instead of the variable z, we have multiple variables. We note that TΣ(z) is a

rational function in z. Here, by rational function in single-variable z, we mean a

function of the form r(z) =
p(z)

q(z)
, for univariate polynomials p, q ∈ C[z]. Later, we

will prove that any such function has a finite-dimensional realization (A,B,C,D) ∈

Cn×n × Cn × C1×n × C. Conversely, one can prove that TΣ(z) in Equation (1.3), is

rational by computing (I − zA)−1 via Schur complements.

To obtain a rational function in d variables, we replace z with commuting variables

z1, . . . , zd and replace A ∈ Cn×n with A1, . . . , Ad, a d-tuple of matrices in Cn×n and B

with B1, . . . , Bd ∈ Cn. More accurately, we apply the following maps to the system:

zA 7−→ z1A1 + · · ·+ zdAd

zB 7−→ z1B1 + · · ·+ zdBd
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There exist some occasions in system theory where the evolution of the underlying

system is along a free monoid (defined in the following sections) rather than N ∪ {0}.

In this case, the non-commutativity of variables becomes a necessity. To get a non-

commutative rational expression we replace z1, . . . , zd with d formal non-commutative

(NC) variables z1, . . . , zd. In this case, we have:

TΣ(z1, . . . , zd) = D + C
(
I −

d∑
j=1

zjAj

)−1
d∑

j=1

zjBj . (1.4)

Choosing U = C, we obtain A ∈ Cn×n ⊗ C1×d, B ∈ Cd ⊗ Cn, C ∈ C1×n and D ∈ C.

We can also view this as a function on d-tuple Z = (Z1, . . . , Zd) such that Zj ∈ Cm×m

and m ∈ N by replacing:

zjAj 7−→ Zj ⊗ Aj

zjBj 7−→ Zj ⊗Bj ,

so that the transfer function (1.4) turns into:

TΣ(Z1, . . . , Zd)︸ ︷︷ ︸
∈Cm×m

= DIm + Im ⊗ C
(
Im ⊗ In −

d∑
j=1

Zj ⊗ Aj

)−1
d∑

j=1

Zj ⊗Bj , (1.5)

for (Z1, . . . , Zd) ∈ C(m×m)·d that are chosen such that the inverse(
Im ⊗ In −

∑d
j=1 Zj ⊗ Aj

)−1
exists. This is an example of a non-commutative (NC)

rational function which means roughly, that it is obtained by applying the operations,

+, −, ×, and (·)−1 to the free algebra of all complex polynomials in d NC variables

z1, · · · , zd. The technical definition and the proof of why this is in fact an NC rational

function can be found in Chapter 3. In particular, Equations (1.4) is an NC rational

function if and only if

(A,B,C,D) ∈
(
C(m×m) ⊗ C1×d

)
×
(
Cm ⊗ Cd

)
× C1×m × C
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in which m ∈ N is finite. The quadruple (A,B,C,D) is called the Fornasini-Marchesini

(FM) realization. In this thesis, we consider more general realizations,

(A,B,C,D) ∈ B(H)1×d × H ⊗ Cd ×H† × C.

where H is a separable, complex, infinite dimensional Hilbert space and H† is the dual

of the Hilbert space H.

As pointed out earlier, in system theory, when we want to move from one dimen-

sional to multidimensional systems, we replace the evolution along N0 = N ∪ {0} by

the evolution along Nd
0 (which is a monoid with respect to the operation “ + ”). In

order to move from the multidimensional commutative case to the multidimensional

non-commutative case we replace Nd
0 by the free monoid F+d (defined below). More-

over, if we have a non-commutative rational expression (defined in section 2) which is

defined at zero, then choosing appropriate matrices A,B,C and D, we can write that

non-commutative rational function in the form of Equation (1.4).

The function TΣ defined above is called a transfer function in the context of

(classical) control theory. For a non-commutative rational function r, such a repre-

sentation is called realization of r (centred at zero).

The theory of realizations was first developed by R.E. Kalman in [12]. The central

question in that paper of Kalman was that if we are given a impulse response matrix

of an experimentally observed system, how can we identify the linear dynamical sys-

tem (in this case, an input-output system) that generated that matrix? Kalman proved

that one can uniquely determine the input/ state/ output system by a finite realiza-

tion (A,B,C,D) if and only if the realization is minimal, meaning that the state space

dimension is minimum. We will define these terms formally in Chapter 3.
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1.1 Noncommutative Sets

We start by defining the non-commutative universe, which contains all the non-commutative

(NC) sets. These NC sets serve as the domain of NC functions.

Definition 1.1. 1. Let C be the set of complex numbers and d ∈ N. We define the

d-dimensional complex NC universe as:

C(N×N)·d :=
∞⊔
n=1

C(n×n)·d, C(n×n)·d := Cn×n ⊗ C1×d.

Here,
⊔

denotes the disjoint union, and ⊗ is the tensor product of vector spaces,

which in this context identifies

Cn×n ⊗ C1×d ∼= (Cn×n)d,

the space of d-tuples of n× n complex matrices. An element X of Cn×n ⊗ C1×d is a

row d-tuple of matrices:

(X1, . . . , Xd) ∈ Cn×n ⊗ C1×d, with each Xj ∈ Cn×n.

2. A subset Ω of the NC universe, is called an NC set if it is closed under direct sums

in the sense that for all X ∈ Ω ∩ C(n×n)·d and Y ∈ Ω ∩ C(m×m)·d (n,m ∈ N are

arbitrary), we have :

X ⊕ Y :=

X 0

0 Y

 ∈ Ω ∩ C((n+m)×(n+m))·d

We usually denote Ωn = Ω ∩ C(n×n)·d and call it the level n of the NC set Ω.

The formal definition of NC universe stated above is defined over Cd, however, it

is a special case of the NC universe defined in [11], in which it is defined by using

modules over unital commutative rings instead of Cd. The definition of d-dimensional

12



NC universe, where we consider d-tuples of matrices, is taken from [1]. Throughout

this thesis, unless stated otherwise, we work with this d-dimensional NC universe and

simply call it the NC universe.

Example 1.1. Consider the set Ω = Nilp(C) ⊆ CN×N which consists of nilpotent matrices

over C. In this particular case since C is a field, this means that for X ∈ Ω, there exists a

T such that TXT−1 is strictly upper-triangular (i.e. 0’s on and below the diagonal). This

Ω is an NC set.

In this thesis, we equip the NC universe and NC sets, as defined above, with various

natural topologies. All results in the theory of NC functions, including our original con-

tributions, are presented using the uniform topology, defined below. When applicable,

we explicitly note where results extend to other topologies.

Definition 1.2. Considering the Banach space B(Cn ⊗ Cd,Cn), we define the row norm

of Z ∈ B(Cn ⊗ Cd,Cn) as:

∥Z∥row := ∥(Z1, . . . , Zd)∥B(Cn⊗Cd,Cn) =

√√√√√
∥∥∥∥∥∥

d∑
j=1

ZjZ
∗
j

∥∥∥∥∥∥.
Likewise, for the Banach space B(H,H ⊗ Cd), we define the column norm as :

∥A∥col :=

∥∥∥∥∥∥∥∥∥∥


A1

...

Ad


∥∥∥∥∥∥∥∥∥∥
B(H,H⊗Cd)

=

√√√√√
∥∥∥∥∥∥

d∑
j=1

A∗
jAj

∥∥∥∥∥∥,

Consider a point in the NC universe at level s, namely, Y ∈ C(s×s)·d. We define:

r ·Bd
sN(Y ) :=

∞⊔
m=1

r ·Bd
sm(Y ) =

∞⊔
m=1

{
X ∈ C(sm×sm)·d : ||X − Im ⊗ Y ||row < r

}
(1.6)

Here, Im⊗Y is Kronecker product of matrices, meaning that Im⊗Y is a diagonal block

matrix with the matrix Y on the each block entry of the diagonal. We call r · Bd
sN(Y )
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the uniform row-ball of radius r > 0, centred at Y . By Proposition (7.12) of [11],

for any Z ∈ r · Bd
sN(Y ) there exist a ν > 0 such that ν · Bd

sN(Z) ⊆ r · Bd
sN(Y ). As a

consequence, these NC balls form a basis for a topology on C(N×N)·d which is known as

the uniform topology on C(N×N)·d. The open sets in the uniform topology are called

uniformly open NC sets.

The uniform topology is not Hausdorff, since two points Im⊗Y and Im′ ⊗Y cannot

be separated by the NC balls we defined above if m ̸= m′. However, if we define an

equivalence relation ∼ as follows:

X ∼ X ′ if and only if X = Im ⊗ Y and X ′ = Im′ ⊗ Y for some Y ∈ C(N×N)·d,

then the quotient space C(N×N)·d/ ∼, equipped with the quotient topology is Hausdorff.

For a set Ω ⊆ C(N×N)·d, the radical of Ω is the set:

radΩ :=
{
Y ∈ C(N×N)·d : ∃m ∈ N such that Im ⊗ Y ∈ Ω

}
.

We will say that Ω ⊆ C(N×N)·d is a radical set if radΩ = Ω.

Remark 1.1. radΩ is not necessarily an NC set, even if Ω is an NC set. Indeed, suppose

Ω ⊆ C(N×N)·d is an NC set which contains the matrices 0(2×2) and I(2×2) ∈ Ω2 and all

their direct sums, in any possible order. Then the 1 × 1 matrices 0 and 1 belong to radΩ

while their direct sum does not.

There is another topology that we can consider on C(N×N)·d. Suppose we have a

pseudo-metric defined as follows:

µrow(Z,W ) := ||It1 ⊗ Z − It2 ⊗W ||row,

in which Z ∈ C(n×n)·d and W ∈ C(m×m)·d with n,m ∈ N such that lcm(n,m) =

nt1 = mt2 . Here, lcm(n,m) denotes the least common divisor of both n and m. The
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corresponding topology on C(N×N)·d is induced by the NC balls of the form

Bµrow(Y, δ) := {X ∈ C(N×N)·d : µrow(X, Y ) < δ},

where δ > 0 and the NC ball is centred around a matrix point Y ∈ C(N×N)·d. These NC

balls form a basis for the pseudo-metric row topology on the NC universe C(N×N)· d.

We can obtain easily that the open balls in the pseudo-metric row topology are

radical, therefore the open sets in this topology are radical as well. We shall call the

open sets in this topology to be µrow-open sets and denote by B(N×N)· d
µrow the open balls

in the pseudo-metric row topology.

We would like to compare the uniform topology and pseudo-metric topology.

Proposition 1.1 (See [11] for a proof). 1. For every s ∈ N and every fixed matrix

point Y ∈ C(s×s)·d, and δ > 0 we have :

δ · Bd
N(Y ) = Bµrow(Y, δ) ∩

∞⊔
m=1

C(sm×sm)·d

2. If Ω ∈ C(N×N)·d is a uniformly open set, then radΩ is the smallest µrow-open set

containing Ω.

3. The NC set Ω ⊆ C(N×N)·d is a µrow−open set if and only if Ω is uniformly open and

radical.

Considering the µrow−equivalence relationship X ∼µrow X ′ ⇐⇒ µrow(X,X ′) = 0,

we can prove that the quotient space of C(N×N)·d with respect to this equivalence class

is equal to the quotient space of C(N×N)·d with respect to the equivalence class ∼, as

sets.

One other natural way of defining a topology on C(N×N)·d is to consider the in-

tersection of NC sets with the Euclidean open sets in each level. We call the NC set

Ω ⊆ C(N×N)·d finitely open if for every n ∈ N the set Ωn ⊆ C(n×n)· d is open in the
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row matrix-norm, i.e. the intersection of Ω with any C(n×n)· d is open in the Euclidean

topology of the C(n×n)· d. The topology induced by these open sets is called the finitely

open topology on C(N×N)·d.

Definition 1.3. An NC set Ω ⊆ C(N×N)· d is right admissible if for every X ∈ Ωn,

Y ∈ Ωm, and Z ∈ Cn×m there exists an non-zero r ∈ C such that

X rZ

0 Y

 ∈ Ωn+m.

Remark 1.2. If there is no risk of confusion, we will simply say that for every X ∈ Ωn,

Y ∈ Ωm, and every appropriate Z ∈ Cn×m, we have

X Z

0 Y

 ∈ Ωn+m.

What we mean by this is that there exists a nonzero r ∈ C as in the definition above, but

we choose to write Z instead of rZ in order to avoid repetition.

Example 1.2. Any uniformly open NC set Ω is right admissible: if we take X ∈ Ωm and

Y ∈ Ωn then: X 0

0 Y

 ∈ Ωm+n.

There is an r > 0 such that r · Bd
(n+m)·N

(
X 0
0 Y

)
⊆ Ω. If δ > 0 is small then

X δZ

0 Y

 ∈ r · Bd
(n+m)

(
X 0
0 Y

)

for small enough δ > 0, because

∣∣∣∣∣∣
∣∣∣∣∣∣
X δZ

0 Y

−

X 0

0 Y

∣∣∣∣∣∣
∣∣∣∣∣∣
row

=

∣∣∣∣∣∣
∣∣∣∣∣∣
0 δZ

0 0

∣∣∣∣∣∣
∣∣∣∣∣∣
row

= ||δZ||row = δ ||Z||row.
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Suppose that we have an NC set Ω. We say that Ω is invariant under similarities

if for every square invertible matrix S ∈ Cn×n, of appropriate size (n can vary and be

arbitrary), SXS−1 is also in Ω.

Definition 1.4. We can construct an NC set from a given NC set in the NC universe that is

invariant under similarities, and yet, preserves the essential properties of the original NC

set. Suppose that Ω ⊆ C(N×N)· d is an NC set. Then

Ω̃ := {SXS−1 : X ∈ Ωn, S ∈ Cn×n invertible, n ∈ N}

is an NC set. (Note that we define SXS−1 := (SX1S
−1, . . . , SXdS

−1) ∈ Ωn.)

Clearly, Ω̃ is the smallest NC set that contains Ω and that is invariant under similarities.

We shall call Ω̃ the similarity invariant envelope of the NC set Ω.

Now let X ∈ Ωn, Y ∈ Ωm, and let S ∈ Cn×n, T ∈ Cm×m be invertible, n,m ∈ N.

Then S ⊕ T ∈ C(n+m)×(n+m) is invertible, X ⊕ Y ∈ Ωn+m, and

SXS−1 ⊕ TY T−1 = (S ⊕ T )(X ⊕ Y )(S ⊕ T )−1 ∈ Ω̃n+m.

Hence, Ω̃ is closed under direct sums.

Proposition 1.2 ( [11], Proposition A.2). If Ω ⊆ C(N×N)· d is a right admissible NC set,

then so is its similarity invariant envelope Ω̃. Moreover, for any X̃ ∈ Ω̃n, Ỹ ∈ Ω̃m, and

Z ∈ Cn×m, one has X̃ Z

0 Ỹ

 ∈ Ω̃n+m,

and, respectively, for any X̃ ∈ Ω̃n, Ỹ ∈ Ω̃m, and Z ∈ Cm×n, one has

X̃ 0

Z Ỹ

 ∈ Ω̃n+m.

Proof. Let X̃ ∈ Ω̃n, Ỹ ∈ Ω̃m, and Z ∈ Cn×m. Then there exist X ∈ Ωn, Y ∈ Ωm, and
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invertible S ∈ Cn×n, T ∈ Cm×m, and r ∈ C such that X̃ = SXS−1, Ỹ = TY T−1, and

X rS−1ZT

0 Y

 ∈ Ωn+m.

Then X̃ Z

0 Ỹ

 =

r−1S 0

0 T

X rS−1ZT

0 Y

r−1S 0

0 T

−1

∈ Ω̃n+m.

1.2 NC functions and their Differentials

The definition of an NC function is as follows:

Definition 1.5. Let Ω ⊆ C(N×N)·d be an NC set. A mapping f : Ω → C(N×N)·d′, for

d, d′ ∈ N with f(Ωn) ⊆ C(n×n)·d′ , n ∈ N (f respects grading), is called an NC function if

f satisfies the following two conditions:

• f respects direct sums:

f

X 0

0 Y

 =

f(X) 0

0 f(Y )

 .

• f respects similarities: if X ∈ Ωn and S ∈ Cn×n is invertible with SXS−1 =

(SX1S
−1, . . . , SXdS

−1) ∈ Ωn, then

f(SXS−1) = Sf(X)S−1.

We can combine the two conditions here into a single condition which is originally

due to J. L. Taylor in [23] .
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Proposition 1.3. A mapping f : Ω → C(N×N)· d′ , with Ω ⊆ C(N×N)·d and f(Ωn) ⊆

C(n×n)·d′ , n ∈ N ∪ {0} respects direct sums and similarities if and only if it respects inter-

twinings: for any X ∈ Ωn, Y ∈ Ωm, and T ∈ Cn×m, one has

XT = TY =⇒ f(X)T = Tf(Y ),

For XT := (X1T, . . . , XdT ) and TY = (TY1, . . . , TYd).

Proof. Proposition 2.1 of [11].

Proposition 1.4 (Canonical extension of NC functions). Let Ω ⊆ C(N×N)· d be an NC

set, and let f : Ω → C(N×N)· d′ be an NC function. Then there exists a unique NC function

f̃ : Ω̃ → C(N×N)· d′ such that f̃ |Ω = f .

Proof. For any n ∈ N and X̃ ∈ Ω̃n, there exist X ∈ Ωn and an invertible S ∈ Cn×n

such that X̃ = SXS−1, and we set f̃(X̃) = Sf(X)S−1. This definition is correct,

since SXS−1 = TY T−1 for X,Y ∈ Ωn and for invertible S, T ∈ Cn×n implies that

Y = (T−1S)X(T−1S)−1, hence f(Y ) = (T−1S)f(X)(T−1S)−1 and Tf(Y )T−1 =

Sf(X)S−1. It is straightforward to check that f̃ : Ω̃ → C(N×N)· d′ is an NC function

and that f̃ |Ω = f . If g̃ : Ω̃ → C(N×N)· d′ is another NC function such that g̃|Ω = f , then

for any X ∈ Ωn and invertible S ∈ Cn×n we have

g̃(SXS−1) = Sg̃(X)S−1 = Sf(X)S−1 = f̃(SXS−1),

i.e., we have necessarily g̃ = f̃ .

We will call the NC function f̃ : Ω̃ → C(N×N)· d′ from Proposition (1.4) the canonical

extension of the NC function f : Ω → C(N×N)· d′.

Example 1.3. For an arbitrary holomorphic function defined on an open domain in the

complex plane, we can naturally construct an NC function: If f is holomorphic function in
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an open Ω ⊂ C, define Ω̂ ⊆ CN×N :=
⊔∞

n=1Cn×n by

Ω̂n := {X ∈ Cn×n : σ(X) ⊆ Ω},

where σ(X) denotes the spectrum of X. It follows immediately that Ω̂ is an NC set. f is an

NC function on Ω̂ by Riesz-Dunford holomorphic functional calculus (see [15], Chapter 9

for the precise definition), which is defined by:

f(X) :=
1

2πi

ˆ
γ
f(z)(zI −X)−1dz.

where γ is a piecewise smooth (C1), simple counter-clockwise contour such that Ran γ ⊆ Ω

and σ(X) is contained in the interior of γ.

We can simply prove that f satisfies the conditions of an NC function: Let X ∈ C(n×n)· d

and Y ∈ C(m×m). We have:

f

X 0

0 Y

 =
1

2πi

ˆ
γ
f(z)

zI(n×n) 0

0 zI(m×m)

−

X 0

0 Y

−1

dz

=
1

2πi

ˆ
γ
f(z)

zI(n×n) −X 0

0 zI(m×m) − Y

−1

dz

=

 1

2πi

´
γ f(z)(zI(n×n) −X)−1dz 0

0
1

2πi

´
γ f(z)(zI(m×m) − Y )−1dz


=

f(X) 0

0 f(Y )

 .

Similarly, it is easy to show that f respects joint similarities and the grading sizes (meaning

that f takes n× n matrices to n× n matrices). Hence f is an NC function.

Example 1.4. The NC unit ball Ω = 1 · B1
N(01×1) (in one variable) is an NC set. Its
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similarity invariant envelope is

Ω̃ = {Z ∈ C(N×N) : rspec(Z) < 1}.

where rspec(Z) is the spectral radius of the matrix Z ∈ Cn×n. We need to show that

Z = SXS−1 for some X ∈ Cn×n with ∥X∥ < 1 and some invertible S ∈ Cn×n. It suffices

to show this for Z a Jordan cell, i.e., for

Z =



λ 1

. . .
. . .

. . . 1

λ


with |λ| < 1. Let ϵ > 0 be such that 0 < ϵ < 1− |λ|, ensuring that ∥X∥ < 1, where

X =



λ ϵ

. . .
. . .

. . . ϵ

λ


.

Then Z = SXS−1 with S = diag(ϵ−1, . . . , ϵ−1︸ ︷︷ ︸
n times

).

Clearly the NC function f : Ω → C(N×N)· d defined by f(Z) = (I − Z)−1 can be

canonically extended to an NC function on Ω̃ using the same formula.

1.2.1 The NC Difference-Differential Operator

The direct-sum property in Definition (1.5) is applied to block-diagonal 2 × 2 ma-

trices, where all off-diagonal (in particular, upper-right) blocks are zero. The main

idea in this section is to to show the following : if one evaluates an NC function,

f : Ω ⊆ C(N×N)·d → CN×N, on a block upper triangular matrix,
(
X Z
0 Y

)
, with X ∈ Ωn,
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Y ∈ Ωm and Z ∈ Cn×m ⊗ C1×d, one can show that:

f

X Z

0 Y

 =

f(X) ∆f(X,Y )(Z)

0 f(Y )

 . (1.7)

where Z 7→ ∆f(X, Y )(Z) is a C-linear operator from Cn×m ⊗ C1×d to Cn×m. The

formal definition of ∆f(X, Y )(Z) will be given in Definition (1.6). We follow [11] to

show the properties of this map and prove the it acts as a “right NC difference operator”

when Y ̸= X, and as a “right NC differential operator” when Y = X.

Analogously, one can define the left NC differential operator by considering the

lower triangular matrices. We will only focus on the right NC differential operator and

we will simply call it the NC differential operator. The definition and properties of the

left NC differential operator can derived by symmetric arguments from the right NC

differential operators.

To see that the matrix on the right side of the Equation (1.7) is actually upper

triangular, denote

f

X Z

0 Y

 =

A ∆f(X,Y )(Z)

C D

 .

We have X Z

0 Y

In
0

 =

In
0

X.

By Proposition (1.3),

A

C

 = f

X Z

0 Y

In
0

 =

In
0

 f(X) =

f(X)

0

 .
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This implies that A = f(X) and C = 0. We have also

Y
[
0 Im

]
=
[
0 Im

]X Z

0 Y

 .

By Proposition (1.3),

f(Y )
[
0 Im

]
=
[
0 Im

]
f

X Z

0 Y

 ,

which implies that D = f(Y ) and that again C = 0. Thus, (1.7) holds ( [11], Proposi-

tion 2.2).

Given an NC set Ω, the assumption that

X Z

0 Y

 ∈ Ωn+m for all X ∈ Ωn,

and Y ∈ Ωm, and Z ∈ Cn×m would be too strong. We can put weaker assumptions on

the NC set Ω. The key observation is the following property of ∆f(X, Y )(·):

Let f be an NC function on an NC set Ω. Let X ∈ Ωn, Y ∈ Ωm, and Z ∈ C(n×m)·d

be such that X Z

0 Y

 ∈ Ωn+m.

Then (1.7) holds, where the off-diagonal block entry ∆f(X, Y )(Z) is determined uniquely

by (1.7) and has the following property. If r ∈ C is such that

X rZ

0 Y

 ∈ Ωn+m, (1.8)

then

∆f(X, Y )(rZ) = r∆f(X,Y )(Z); (1.9)
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for every X ∈ Ωn, Y ∈ Ωm, and Z ∈ Cn×m, (See [11]. Proposition (2.2) for the proof

of this homogeneity property).

Using this homogeneity property, Equation (1.9), we can define ∆f(X,Y )(·) : C(n×m)·d →

Cn×m, for any X ∈ Ωn and Y ∈ Ωm, if Ω is any right-admissible NC set:

Definition 1.6. Let Ω be right admissible NC set, and let f be an NC function on Ω. Then

for every X ∈ Ωn, Y ∈ Ωm, and Z ∈ Cn×m, and for non-zero r ∈ C such that

X rZ

0 Y

 ∈ Ωn+m

we define first ∆f(X, Y )(rZ) as the (1, 2) block of the matrix f

X rZ

0 Y

 and then

define the NC difference-differential operator ∆f(X, Y )(·) : Cn×m ⊗ C1×d → Cn×m

by:

∆f(X, Y )(Z) = r−1∆f(X, Y )(rZ). (1.10)

Using the homogeneity property (1.9), and the fact that ∆f(X, Y )(Z) is uniquely de-

termined by Equation (1.7), the right-hand side of (1.10) is defined unambiguously for

all Z ∈ C(n×m)·d := Cn×m ⊗ C1×d.

The NC -difference-differential operators has the following basic properties:

1. Let f be an NC function defined on an NC set Ω ⊆ C(N×N)·d. The mapping Z 7→

∆f(X, Y )(Z) is a C-linear mapping, meaning that:

∆f(X, Y )(sZ1 + Z2) = s∆f(X,Y )(Z1) + ∆f(X, Y )(Z2),

for s ∈ C and every X ∈ Ωn, Y ∈ Ωm, and Z1, Z2 ∈ C(n×m)·d (See Proposition (2.4)

of [11]).

2. If f : C(N×N)· d → CN×N is a constant NC function, i.e., there is a c ∈ C such that
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f(X) = cIn (= diag[c, . . . , c]) for all n ∈ N and all X ∈ Cn×n, then

∆f(X, Y )(Z) = 0 for all X,Y, Z of appropriate sizes.

3. If f, g : Ω → C(N×N) are NC functions on a right admissible NC set Ω ⊆ C(N×N)· d

and a, b ∈ C, then

∆(af + bg)(X, Y )(·) = a∆f(X, Y )(·) + b∆g(X,Y )(·),

for every X and Y of appropriate sizes.

4. Let l : C → C be an C-linear mapping. We extend l to a linear mapping from Cn×m

to Cn×m, n,m ∈ N by l([µij ]) = [l(µij)]. Then l is an NC function from C(N×N)· d to

C(N×N), and

∆l(X, Y )(Z) = l(Z) for all X,Y, Z of appropriate sizes.

In particular, if lj : C(N×N)·d → C(N×N) is the j-th coordinate NC function, i.e.,

lj(X) = lj(X1, . . . , Xd) = Xj ,

then

∆lj(X, Y )(Z) = Zj ,

for all d-tuples X, Y, Z of complex matrices of appropriate sizes.

5.(Product Rule) Let f : Ω → C(N×N) and g : Ω → C(N×N) be NC functions on a right

admissible NC set Ω ⊆ C(N×N)· d. We extend the multiplication operation in complex

numbers to matrices over C of appropriate sizes. It is easy to check that f ·g : Ω → CN×N

is an NC function.
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Then

∆(f · g)(X, Y )(Z) = f(X) ·∆g(X,Y )(Z) + ∆f(X, Y )(Z) · g(Y )

for all n,m ∈ N, X ∈ Ωn, Y ∈ Ωm, and Z ∈ C(n×m)·d .

Proof 5. Without loss of generality, we can assume that Ω is similarity invariant, i.e.,

Ω̃ = Ω; see Remark 2.5 of [11]. Then by Proposition (1.4), for arbitrary X ∈ Ωn,

Y ∈ Ωm, and appropriate Z ∈ Cn×m one has

X Z

0 Y

 ∈ Ωn+m.

Therefore we have:

(f · g)

X Z

0 Y

 =

(f · g)(X) ∆(f · g)(X, Y )(Z)

0 (f · g)(Y )

 . (1.11)

On the other hand,

f

X Z

0 Y

 · g

X Z

0 Y

 =

f(X) ∆f(X,Y )(Z)

0 f(Y )

 ·

g(X) ∆g(X,Y )(Z)

0 g(Y )


(1.12)

=

f(X) · g(X) f(X) ·∆g(X,Y )(Z) + ∆f(X, Y )(Z) · g(Y )

0 f(Y ) · g(Y )

 .

Comparing the (1, 2) blocks on the right-hand sides of (1.11) and (1.12), we obtain

the required formula for ∆(f · g)(X, Y )(Z).

6. (Chain Rule) Let f : Ω → C(N×N) and g : Λ → C(N×N) be NC functions on right

admissible NC sets Ω,Λ ⊆ C(N×N), such that f(Ω) ⊆ Λ. Then the composition g ◦ f :
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Ω → C(N×N) is an NC function, and

∆(g ◦ f)(X, Y )(Z) = ∆g(f(X), f(Y ))(∆f(X, Y )(Z))

for all n,m ∈ N, X ∈ Ωn, Y ∈ Ωm, and Z ∈ Cn×m.

Proof 6. Without loss of generality, that Ω is similarity invariant, i.e., Ω̃ = Ω; see

Remark 2.5 of [11]. Then, for arbitrary n,m ∈ N, X ∈ Ωn, Y ∈ Ωm, and Z ∈ Cn×m

one has X Z

0 Y

 ∈ Ωn+m.

Therefore,

(g ◦ f)

X Z

0 Y

 =

(g ◦ f)(X) ∆(g ◦ f)(X, Y )(Z)

0 (g ◦ f)(Y )

 . (1.13)

On the other hand,

g

f

X Z

0 Y

 = g

f(X) ∆f(X,Y )(Z)

0 f(Y )

 (1.14)

=

g(f(X)) ∆g(f(X), f(Y ))(∆f(X,Y )(Z))

0 g(f(Y ))

 .

Comparing the (1, 2) blocks on the right-hand sides of (1.13) and (1.14), we obtain

the required formula for ∆(g ◦ f)(X, Y )(Z).

Definition 1.7 (Invertibility domain of an NC function). Let f : Ω → C(N×N) be an NC

function on a right admissible NC set Ω ⊆ C(N×N)· d. Let

Ωinv :=
∞⊔
n=1

{X ∈ Ωn : f(X) is invertible in Cn×n}.

Then Ωinv is a right admissible NC set and we call it the invertibility domain of f for

27



which f−1 : Ωinv → C(N×N)· d defined by f−1(X) := f(X)−1 is an NC function.

If Dom f = Ω is uniformly open, so is Dom f−1 = Ωinv and if f is uniformly contin-

uous on Ω then f−1 is also uniformly continuous on Ωinv.

6. Let f be the NC function as in the definition above and let f−1 be its inverse. We

have:

∆f−1(X, Y )(Z) = −f(X)−1∆f(X, Y )(Z)f(Y )−1

for all n,m ∈ N, X ∈ Ωinv
n , Y ∈ Ωinv

m , and Z ∈ Cn×m .

Proof. Note that Ωinv is an NC set since f respects direct sums. We show next that if Ω

is right admissible, then so is Ωinv: Let X ∈ Ωinv
n ⊆ Ωn, Y ∈ Ωinv

m ⊆ Ωm, and Z ∈ Cn×m.

Then there exists an invertible r ∈ C such that

X rZ

0 Y

 ∈ Ωn+m.

We have

f

X rZ

0 Y

 =

f(X) ∆f(X,Y )(rZ)

0 f(Y )

 .

Since f(X) and f(Y ) are invertible, so is the right-hand side. Therefore,

X rZ

0 Y

 ∈ Ωinv
n+m,

and Ωinv is right admissible.

Since we have:

f−1

X rZ

0 Y

 =

f(X)−1 −f(X)−1∆f(X, Y )(rZ)f(Y )−1

0 f(Y )−1

 ,
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we conclude that:

∆f−1(X, Y )(rZ) = −f(X)−1∆f(X, Y )(rZ)f(Y )−1,

which implies the required formula for ∆f−1(X, Y )(Z) by linearity.

1.2.2 Finite difference-differential formulas

Theorem 1.1 ( [11], Section 1.2). Let f : Ω → CN×N be an NC function on a right

admissible NC set Ω ⊆ C(N×N)·d. Then for all n,m ∈ N, and arbitrary X ∈ Ωn, Y ∈ Ωm,

and S ∈ Cm×n ,

Sf(X)− f(Y )S = ∆f(Y,X)(SX − Y S). (1.15)

Proof. We may assume, without loss of generality, that Ω is similarity invariant, i.e.,

Ω̃ = Ω; see Remark 2.5 of [11]. For arbitrary n,m ∈ N, X ∈ Ωn, Y ∈ Ωm, and

appropriate S ∈ Cm×n (in the sense of Remark (1.2)), since Ω is an NC set, one has:

Y SX − Y S

0 X

 ∈ Ωm+n.

Clearly, Y SX − Y S

0 X

S

In

 =

S

In

X.

Therefore, by the result of Proposition (1.3), we have:

f

Y SX − Y S

0 X

S

In

 =

S

In

 f(X),
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i.e., by Equation (1.7):

f(Y ) ∆f(Y,X)(SX − Y S)

0 f(X)

S

In

 =

S

In

 f(X).

Comparing the (1, 1) block entries in the matrix products in the right-hand side and in

the left-hand side, we obtain

f(Y )S +∆f(Y,X)(SX − Y S) = Sf(X),

which yields (1.15). So far, the Equation (1.15) is obtained for appropriate S ∈ Cm×n.

For arbitrary S ∈ Cm×n, one can multiply both sides of Equation (1.15) by r ∈ C and

the desired result of the theorem can be obtained by considering linearity of difference-

differential operator.

Naturally, one can define the Gâteaux derivative of an NC function f at the point

X ∈ Ωn in the direction of H ∈ Cn×n as follows: Given the equality (1.15), one can

specifically write it as

f(X + tH)− f(X) = ∆ f(X + tH,X)(tH) = t ·∆ f(X + tH,X)(H).

If for every n ∈ N, and every X ∈ Ωn and H ∈ Cn×n, there exists a ϵ > 0 such that

f(X + tH) is bounded for |t| < ϵ, then, by dividing both sides by t, we have:

f(X + tH)− f(X)

t
= ∆f(X + tH,X)(H). (1.16)

For the right-hand side the this equation, by definition, we can write:

f

X + tH H

0 X

 =

f(X + tH) ∆f(X + tH,X)(H)

0 f(X)

 . (1.17)

If f |Dom(f) is (row) matrix-norm continuous at each level (equivalently, if f is con-
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tinuous in the finitely open topology), then the left-hand side of Equation (1.17) is a

continuous function of t. This proves that :

lim
t→0

∆f(X + tH,X)(H) = ∆f(X,X)(H).

Taking the limit from the left-hand side of Equation (1.16), gives us the Gâteaux

derivative (G-derivative) of the NC function f at the matrix point X in the direction

of H:

∂Hf(X) := lim
t→0

f(X + tH)− f(X)

t
= ∆ f(X,X)(H).

Here, we can prove a surprising proposition. We can prove that if an NC function is

continuous, then it is holomorphic, meaning that the directional derivatives of the NC

function exist.

Proposition 1.5. Suppose f : Dom(f) ⊆ C(N×N)·d → CN×N is an NC function with

a uniformly open NC domain Dom(f) (it can just be open in the finitely open topology

i.e. each Domn(f) := Dom(f) ∩ C(n×n)·d is an open set in the Euclidean topology of

C(n×n)·d), and assume that f |Dom(f) is (row) matrix-norm continuous at each level, i.e.

f is continuous in the finitely open topology. Then all the directional derivatives of f exist

at any point X ∈ Dom f .

Remark 1.3. Any uniformly open set is finitely open (open in finitely open topology).

Hence, if f is continuous with respect to the uniformly open topology, it is continuous in

the finitely open topology.

Proof of Proposition (1.5). Choose X ∈ Domn(f) and any direction H ∈ C(n×n)·d. con-

sider

f

X + tH tH

0 X


with t ∈ C, small enough so that

(
X+tH tH

0 X

)
∈ Domn(f) is in the domain of f (this is
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possible because Dom(f) is assumed to be a uniformly open NC set). We also consider

St =

In −t−1In

0 In

 , S−1
t =

In t−1In

0 In

 .

Since f is an NC function, the equality f(StXS−1
t ) = Stf(X)S−1

t must be true. Because

of continuity, we know that

f

X H

0 X

 = lim
t→0

f

X + tH H

0 X

 .

So, we have

f

St

X + tH 0

0 X

S−1
t

 = f

X + tH H

0 X



= St f

X + tH 0

0 X

 S−1
t = St

f(X + tH) 0

0 f(X)

S−1
t

=

f(X + tH)
f(X + tH)− f(X)

t

0 f(X)

 .

Therefore, we conclude that :

f

X H

0 X

 = lim
t→0

f(X + tH)
f(X + tH)− f(X)

t

0 f(X)

 ,

which means that the limit

lim
t→0

f(X + tH)− f(X)

t
= ∂Hf(X),

exists. Since this is true for all directions H, we conclude that f is holomorphic.
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With a bit more work, one can show that “local boundedness” implies holomorphic for

an NC function.

Definition 1.8. Let f : Dom f ⊆ C(N×N)·d → C(N×N)·d′ be an NC function. We say that

f is uniformly locally bounded if given any Y ∈ Dom f , there exist a uniformly open

neighbourhood of Y , say Λ, on which f is uniformly bounded in matrix-norm.

Lemma 1.1. (See for example [11], Theorem 7.23) Let f : Dom(f) ⊆ C(N×N)·d →

CN×N be an NC function on the uniformly open NC set, Dom(f). Then, if f is uniformly

locally bounded, it is holomorphic, meaning that for any X ∈ Domn(f) and any H ∈

C(n×n)·d, the derivative ∂H f(X) exists and is equal to ∆ f(X,X)(H).

An NC function f has nice properties when we take its NC difference-differential

with direct sums, similarities, and intertwinings in the arguments of the derivative.

These next propositions show how ∆f(X,Y )(Z) behaves with respect to direct sums

and joint similarities.

Proposition 1.6. (See [11], Proposition 2.15) Let f : Ω → CN×N be an NC function on

a right admissible NC set Ω ⊆ C(N×N)· d. Then:

∆f(X ′ ⊕X ′′, Y )

Z ′

Z ′′

 =

∆f(X ′, Y )(Z ′)

∆f(X ′′, Y )(Z ′′)

 , (1X)

for n′, n′′,m ∈ N, X ′ ∈ Ωn′, X
′′ ∈ Ωn′′, Y ∈ Ωm, Z ′ ∈ Cn′×m, Z ′′ ∈ Cn′′×m;

∆f(X, Y ′ ⊕ Y ′′)
( [

Z ′ Z ′′
] )

=
[
∆f(X, Y ′)(Z ′) ∆f(X, Y ′′)(Z ′′)

]
, (1Y)

for n,m′,m′′ ∈ N, X ∈ Ωn, Y ′ ∈ Ωm′, Y ′′ ∈ Ωm′′, Z ′ ∈ Cn×m′
, Z ′′ ∈ Cn×m′′

;

∆f(TXT−1, Y )(TZ) = T∆f(X, Y )(Z), (2X)

for n,m ∈ N, X ∈ Ωn, Y ∈ Ωm, Z ∈ Cn×m, and an invertible T ∈ Cn×n such that
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TXT−1 ∈ Ωn;

∆f(X,SY S−1)(ZS−1) = ∆f(X, Y )(Z)S−1, (2Y)

for n,m ∈ N, X ∈ Ωn, Y ∈ Ωm, Z ∈ Cn×m, and an invertible S ∈ Cm×m such that

SY S−1 ∈ Ωm;

If TX = X̃T , then

T∆f(X, Y )(Z) = ∆f(X̃, Y )(TZ), (3X)

for n, ñ,m ∈ N, X ∈ Ωn, X̃ ∈ Ωñ, Y ∈ Ωm, Z ∈ Cn×m, and T ∈ Cñ×n;

If Y S = SỸ , then

∆f(X, Y )(Z)S = ∆f(X, Ỹ )(ZS), (3Y)

for n,m, m̃ ∈ N, X ∈ Ωn, Y ∈ Ωm, Ỹ ∈ Ωm̃, Z ∈ Cn×m, and S ∈ Cm×m̃.

Combining the formulation in the proposition above, we get the following:

Proposition 1.7. [11] Let f : Ω → CN×N be an NC function on a right admissible NC

set Ω ⊆ C(N×N)·d for d ∈ N. Then:

∆f(X1 ⊕X2, Y1 ⊕ Y2)

Z1, Z2

Z3, Z4

 =

∆f(X1, Y1)(Z1) ∆f(X1, Y2)(Z2)

∆f(X2, Y1)(Z3) ∆f(X2, Y2)(Z4)

 , (1.18)

for n1,m2, n2,m2 ∈ N, X1 ∈ Ωn1, X2 ∈ Ωn2, Y1 ∈ Ωm1, Y2 ∈ Ωm2, and

Z1 Z2

Z3 Z4

 ∈ C((n1+n2)×(m1+m2))·d,

with block entries of appropriate sizes. If either n2 or m2 is 0, the corresponding block

entry is void. Furthermore,

∆f(TXT−1, SY S−1)(TZS−1) = T∆f(X, Y )(Z)S−1, (1.19)

for n,m ∈ N, X ∈ Ωn, Y ∈ Ωm, Z ∈ Cn×m, and invertible T ∈ Cn×n, S ∈ Cm×m such
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that TXT−1 ∈ Ωn and SY S−1 ∈ Ωm.

If TX = X̃ and Y S = Ỹ , then

T∆f(X, Y )(Z)S = ∆f(X̃, Ỹ )(TZS). (1.20)

Proposition 1.8 ( [11], Proposition 3.1). Let f : Ω → CN×N be an NC function on a

right admissible NC set Ω ⊆ C(N×N)·d for d ∈ N. If n1, n2 ∈ N, X1 ∈ Ωn1 , X
2 ∈ Ωn2, and

Z1 ∈ C(n1×n2)·d, then:

(1) If TX1 = X̃1T , then:

T∆f(X1, X2)(Z1) = ∆f(X̃1, X2)(TZ1)

for ñ1 ∈ N, X̃1 ∈ Ωñ1, and T ∈ Cñ1×n1.

(2) If X2T = TX̃2, then:

∆f(X1, X2)(Z1)T = ∆f(X1, X̃2)(Z1T )

for ñ2 ∈ N, X̃2 ∈ Ωñ2, and T ∈ Cn2×ñ2.

Example 1.5. Given the NC function h(X1, X2) = (X1X2−X2X1)
−1, we want to compute

∆h(X, Y )(Z). Note that if we take g(X) = X−1 and f(X1, X2) = X1X2 − X2X1, then

using the chain rule in subsection (1.2.1), we can write:

∆(g ◦ f)(X, Y )(Z) = ∆g(f(X), f(Y ))
(
∆f(X, Y )(Z)

)
in which X = (X1, X2) and Y = (Y1, Y2) and also Z = (Z1, Z2). We can compute

∆g(X, Y )(Z) as follows:

g

X Z

0 Y

 =

X−1 −X−1ZY −1

0 Y −1

 .
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so it follows that ∆g(X, Y )(Z) = −X−1ZY −1. We can also compute the first-order deriva-

tive, ∆f(X, Y )(Z) as follows:

f

X Z

0 Y

 =

X1 Z1

0 Y1

X2 Z2

0 Y2

−

X2 Z2

0 Y2

X1 Z1

0 Y1



=

X1X2 −X2X1 X1Z2 + Z1Y2 −X2Z1 − Z2Y1

Y1Y2 − Y2Y1

 .

Therefore, we get the following as the first-order derivative of h:

∆h(X, Y )(Z) = −h(X) (X1Z2 + Z1Y2 −X2Z1 − Z2Y1)h(Y ) =: s(X, Y )(Z).

We can check that s(X, Y )(Z) satisfies the property of Proposition (1.7). First we want

to show that:

s(X ⊕X ′, Y )

Z

Z ′

 =

 s(X, Y )(Z)

s(X ′, Y )(Z ′)

 .

The left hand side is equal to :

−h(X ⊕X ′)

X1 0

0 X ′
1

Z1

Z ′
1

+

Z1

Z ′
1

Y2 −

X2 0

0 X ′
2

Z1

Z ′
1

−

Z2

Z ′
2

Y1

h(Y )

and after computation, it will easily follow that the equality above holds true. The same is

true for the second argument, namely:

s(X, Y ⊕ Y ′)(Z,Z ′) = (s(X,Y )(Z), s(X,Y ′)(Z ′)).

For testing the condition related to the similarities, it suffices to prove that :

s(TXT−1, TY T−1)[TZT−1] = T (s(X,Y )(Z))T−1.
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This holds because h is an NC function, which by definition respects similarities. Fur-

thermore, each term in the expression X1Z1 + Z1Y2 − X2Z1 − Z2Y1 is an NC func-

tion in the sense that each respects direct sums and similarities in its arguments. Since

s(X, Y )(Z) = −h(X)(X1Z1 + Z1Y2 − X2Z1 − Z2Y1)h(Y ) is linear in Z and composed

of NC functions, it follows that s(X, Y )(Z) is an NC function, as it satisfies linearity in Z

and preserves direct sums and similarities in all arguments.

1.3 Higher order NC difference-differential operators

In this section, we study the notion of higher-order difference-differential operators for

NC functions. These higher-order difference-differential operators also have natural

invariance properties with respect to ⊕ and joint similarity. We also present finite

difference formulas related to these higher-order difference-differential operators.

While this section is based on Chapter 3 of [11], our approach differs slightly.

In [11], the theory of higher-order NC functions is developed first, followed by the

introduction of the corresponding difference-differential operators. Here, we begin

with the ℓ-th order difference-differential operator of an NC function, and state the fi-

nite difference-differential formulas of higher order (related to higher order derivation

of NC functions). This will provide a minimal and sufficient foundation to introduce

“Taylor-Taylor series” of NC functions in the next chapter.

Definition 1.9. Let f : Ω ⊆ C(N×N)·d −→ C(N×N)·d′ be an NC function, with

Ω ⊆ C(N×N)·d a right admissible NC set.

Let ℓ ∈ N. For every X0 ∈ Ωn0, . . . , Xℓ ∈ Ωnℓ, Z1 ∈ C(n0×n1)·d, . . . , Zℓ ∈
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C(nℓ−1×nℓ)·d such that:



X0 Z1 0 · · · 0

0 X1 . . .
. . .

...

...
. . .

. . . Zℓ−1 0

0 · · · 0 Xℓ−1 Zℓ

0 · · · · · · 0 Xℓ


∈ Ωn0+···+nℓ ,

one has:

f





X0 Z1 0 · · · 0

0 X1 . . .
. . .

...

...
. . .

. . . Zℓ−1 0

0 · · · 0 Xℓ−1 Zℓ

0 · · · · · · 0 Xℓ




= (1.21)



f(X0) ∗ · · · ∆ℓf(X0, . . . , Xℓ)(Z1, . . . , Zℓ)

0 f(X1)
. . . ∗

...
. . .

. . .
...

0 · · · 0 f(Xℓ)


,

in which ∆ℓf(X0, . . . , Xℓ)(·) is a mapping from C(n0×n1)·d×C(n1×n2)·d×. . .C(nℓ−1×nℓ)·d

to C(n0×nℓ)·d′. We call ∆ℓf(X0, . . . , Xℓ)(·), the ℓ-th order difference-differential oper-

ator of the NC function f .

A similar argument can be made, as in Definition (1.6), about why we are consider-

ing right admissible NC set as our domain of definition.

The definition above gives us the ℓ-th order difference-differential operator as the

upper-right corner entry of the right-hand side matrix of Equation (1.21). The remain-

ing block entries of the right-hand side of Equation (1.21) can be completed as follows:
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Lemma 1.2. With the same conditions as in the Definition (1.9), the matrix on the right-

hand side of Equation (1.21) is:



f(X0) ∆f(X0, X1)(Z1) ∆2f(X1, X2, X3)(Z1, Z2) · · · ∆ℓf(X0, . . . , Xℓ)(Z1, . . . , Zℓ)

0 f(X1) ∆f(X1, X2)(Z2) · · · ∆ℓ−1f(X1, · · · , Xℓ)(Z2, · · · , Zℓ)

...
. . .

. . .
. . .

...

f(Xℓ−1) ∆f(Xℓ−1, Xℓ)(Zℓ)

0 · · · 0 f(Xℓ)


Outline of the Proof. Suppose we are given the following matrix:

D =


X G 0

0 Y H

0 0 Z


and we are asked to find f(D) for an NC function f . We break this 3× 3 matrix into a

smaller block matrices as follows:

X ′ =

X G

0 Y

 , H ′ =

 0

H


so that:

f

X ′ H ′

0 Z

 =

f(X ′) ∆f(X ′, Z)[H ′]

0 f(Z)

 .

We know that

f(X ′) =

f(X) ∆f(X,Y )[G]

0 f(Y )

 ,

so to find ∆f(X ′, Z)[H ′], we consider:

∆f(X ′, Z)[H ′] =

A

B

 .
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Note that:

(0 In)

X G

0 Y

 = Y (0 In),

and using (1) in Proposition (1.8), we have:

(0 In)∆f(X ′, Z)

 0

H

 = (0 In)

A

B

 = ∆f(Y, Z)[H].

On the other hand, we can take:

Y ′ =

Y H

0 Z

 , G′ = [G 0]

using Proposition (1.6), we have:

∆f(X,
(
Y H
0 Z

)
)[G 0] =

[
∆f(X, Y )[G] A

]
in which A = ∆2f(X, Y, Z)[G,H] is the second order derivative of f . In conclusion we

have:

f


X G 0

0 Y H

0 0 Z

 =


f(X) ∆f(X,Y )[G] ∆2f(X, Y, Z)[G,H]

0 f(Y ) ∆f(Y, Z)[H]

0 0 f(Z)


The key take-away from the preceding calculation is this: for an ℓ × ℓ block upper-

triangular matrix D̃, the super-diagonal block entries (those above the main diagonal)

of f(D̃) are precisely the (first-order ) difference-differential operators of f , provided

that they exist. This can be computed systematically by sliding a 2 × 2 window along

the diagonal blocks of D̃ and applying the first derivative formula at each position.

This observation naturally extends to higher derivatives. Consider now sliding a 3×3

window along the diagonal of D̃ and evaluating f on each such block. The calculations

illustrated above reveal that the entries on the second super-diagonal (two positions
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above the main diagonal) encode the second-order difference-differential operators of

f .

More generally, this pattern continues: the k-th super-diagonal of f(D̃) contains the

k-th order directional derivatives of f , which can be extracted by examining (k + 1) ×

(k+1) diagonal blocks. This process will ultimately give us the matrix that contains all

the derivatives of f up until the order ℓ.

In the proposition below, we figure out how the ℓ-th difference-deferential is uniquely

determined and also it reveals that ∆ℓf is calculated iteratively by evaluating NC func-

tions of increasing orders on 2× 2 block upper triangular matrices at each step.

Proposition 1.9. Let Ω ⊆ C(N×N)· d be an NC set. Let f : Ω → CN×N, and for a k ∈ N, let

X0 ∈ Ωn0, . . . , Xk−1 ∈ Ωnk−1, Xk, Xk′ ∈ Ωnk , Z1 ∈ Cn0×n1, . . . , Zk−1 ∈ Cnk−2×nk−1,

Zk ∈ Cnk−1×nk , and Zk′′ ∈ Cnk−1×nk′′ . Let Z ∈ Cnk×nk′′ be such that

Xk′ Z

0 Xk′′

 ∈ Ωnk+nk′′ .

Then

∆kf

X0, . . . , Xk−1,

Xk′ Z

0 Xk′′

(Z1, . . . , Zk−1, (Zk′ Zk′′)
)

(1.22)

=


∆kf(X0, . . . , Xk−1, Xk′)(Z1, . . . , Zk−1, Zk′)

∆k+1f(X0, . . . , Xk−1, Xk′ , Xk′′)(Z1, . . . , Zk−1, Zk′ , Z)

+∆kf(X0, . . . , Xk−1, Xk′′)(Z1, . . . , Zk−1, Zk′′)



T

Here ∆k+1f(X0, . . . , Xk−1, Xk′ , Xk′′)(Z1, . . . , Zk−1, Zk′ , Z) is determined uniquely by
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(1.22), is independent of Zk′′, and has the following property. If r ∈ C is such that

Xk′ rZ

0 Xk′′

 ∈ Ωnk+nk′′ ,

then

∆k+1f(X0, . . . , Xk−1, Xk′ , Xk′′)(Z1, . . . , Zk−1, Zk′ , rZ) (1.23)

= r∆k+1f(X0, . . . , Xk−1, Xk′ , Xk′′)(Z1, . . . , Zk−1, Zk′ , Z).

For k = 1, the matrices Z1, . . . , Zk−1 do not show up in (1.22) and (1.23).

Theorem 1.2 (Multi-linearity property of difference-differential operator ∆). Let f :

Ω ⊆ C(N×N)·d → CN×N be an NC function, with Ω ⊆ C(N×N)·d being a right admissible

NC set. For every X0 ∈ Ωn0 , . . . , X
k ∈ Ωnk , X

k+1 ∈ Ωnk+1, the mapping

(Z1, . . . , Zk+1) 7→ ∆k+1f(X0, . . . , Xk+1)(Z1, . . . , Zk+1),

where each Zi = (Zi
1, . . . , Z

i
d) is a d-tuple with Zi

j ∈ Cni−1×ni for i = 1, . . . , k + 1, from

C(n0×n1)·d × · · · × C(nk×nk+1)·d to Cn0×nk+1, is (k + 1)-linear over C. That is, for every

X0 ∈ Ωn0 , . . . , X
k ∈ Ωnk , X

k+1 ∈ Ωnk+1, ZI , ZII ∈ C(n0×n1)·d×· · ·×C(nk×nk+1)·d, and

c ∈ C, the following holds:

∆k+1f(X0, . . . , Xk+1)(cZI + ZII)

= c∆k+1f(X0, . . . , Xk+1)(ZI) + ∆k+1f(X0, . . . , Xk+1)(ZII).

1.4 Finite difference formulas of Higher Order

We present an analogue of Equations (1.15) for higher order NC functions. Theorems

(1.3) and (1.4), are special cases of Theorems 3.19 and 3.20 of [11]:
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Theorem 1.3. Let f : Ω −→ CN×N, where Ω ⊆ C(N×N)·d is a right admissible NC

set. Then for all n0, . . . , nk ∈ N and k ∈ N, and arbitrary X0 ∈ Ωn0 , . . . , X
k−1 ∈

Ωnk−1 , X, Y ∈ Ωn, Z
1 ∈ Cn0×n1 , . . . , Zk ∈ Cnk−1×nk , we have:

∆kf(X0, . . . , Xk−1, X)(Z1, . . . , Zk)−∆kf(X0, . . . , Xk−1, Y )(Z1, . . . , Zk) (1.24)

= ∆k+1f(X0, . . . , Xk−1, Y,X)(Z1, . . . , Zk, X − Y ),

and,

∆kf(X0, . . . , Xk−1, X)(Z1, . . . , Zk)−∆kf(X0, . . . , Xk−1, Y )(Z1, . . . , Zk) (1.25)

= ∆k+1f(X0, . . . , Xk−1, X, Y )(Z1, . . . , Zk, X − Y ).

Theorem (1.3) is a consequence of the following more general result.

Theorem 1.4. Let f : Ω −→ CN×N, where Ω ⊆ C(N×N)·d is a right admissible NC set.

Then for all n0, . . . , nk ∈ N and k ∈ N, and arbitrary X0 ∈ Ωn0 , . . . , X
k−1 ∈ Ωnk−1 , X ∈

Ωn, Y ∈ Ωm, Z1 ∈ Cn0×n1 , . . . , Zk ∈ Cnk−1×m, S ∈ Cm×n, we have:

∆kf(X0, . . . , Xk−1, X)(Z1, . . . , ZkS)−∆kf(X0, . . . , Xk−1, Y )(Z1, . . . , ZkS) (1.26)

= ∆k+1f(X0, . . . , Xk−1, Y,X)(Z1, . . . , Zk, SX − Y S).

Remark 1.4. Setting X = Y + tZ (with t ∈ C) in Theorem (1.3), we obtain:

∆kf(X0, . . . , Xk−1, Y + tZ)(Z1, . . . , Zk)−∆kf(X0, . . . , Xk−1, Y )(Z1, . . . , Zk)

(1.27)

= t∆k+1f(X0, . . . , Xk−1, Y, Y + tZ)(Z1, . . . , Zk, Z).

Using an argument similar to the one before Proposition (1.5), it follows that:

∆k+1f(X0, . . . , Xk−1, Y, Y )(Z1, . . . , Zk, Z)
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is the directional derivative of

∆kf(X0, . . . , Xk−1, ·)(Z1, . . . , Zk)

at Y in the direction Z, i.e.,

∆k+1f(X0, . . . , Xk−1, Y, Y )(Z1, . . . , Zk, ·)

is the G-derivative of

∆kf(X0, . . . , Xk−1, ·)(Z1, . . . , Zk)

at Y .
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Chapter 2

Analytic Properties of

Non-commutative Functions

In this chapter, we aim to present and review the basics of analytical properties of NC

functions as stated in the textbook of Vinnikov and Kaliuzhnyi-Verbovetskyi (Chapters

4,7, and 8 of [11]). We begin with the definition and properties of Taylor-Taylor for-

mulas and continue to prove theorems on how local boundedness and analyticity are

related in this setting. We then discuss the “radius of convergence” of Taylor-Taylor

series of NC functions.

2.1 Basics of Taylor-Taylor Expansion of NC Functions

First, we would like to present the way the Taylor-Taylor (TT) expansion of an NC

function is constructed and discuss the basic properties.

Theorem 2.1. Let f be an NC function defined on the right admissible NC set Ω. Let

n ∈ N, and Y ∈ Ωn. Then for each N ∈ N and arbitrary X ∈ Ωn,
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f(X) =
N∑
ℓ=0

1

ℓ!
(∂

(ℓ)
X−Y f)(Y ) + ∆N+1f(Y, · · · , Y︸ ︷︷ ︸

N+1 times

, X)(X − Y, · · · , X − Y︸ ︷︷ ︸
N+1 times

). (2.1)

The notation for derivatives in the Theorem above is defined in (2.3).

Proof. Using Equation (1.15) and Theorem (1.3), we obtain

f(X) = f(Y ) + ∆(1)f(Y,X)(X − Y )

= f(Y ) + (∂
(1)
X−Y f)((Y, Y )) + ∆(2)f(Y, Y,X)(X − Y,X − Y )

...

= f(Y ) + (∂
(1)
X−Y f)((Y, Y )) + · · ·+ 1

N !
(∂

(N)
X−Y f)( Y, . . . , Y︸ ︷︷ ︸

N+1 times

)+

∆(N+1)f( Y, . . . , Y︸ ︷︷ ︸
N+1 times

, X)(X − Y, · · · , X − Y︸ ︷︷ ︸
N+1 times

).

which is the same as the series above.

The following corollary can be derived directly from Theorem (2.1), concerning the

case where X and Y in the series expansion, need not to be of the same size.

Corollary 2.1. Suppose f : Ω → CN×N is an NC function with Ω ⊆ C(N×N)· d a right

admissible NC set, and Y ∈ Ωs (level s of the NC set Ω). Then for each N ∈ N and

arbitrary m ∈ N and X ∈ Ωms,

f(X) =
N∑
ℓ=0

1

ℓ!

(
∂
(ℓ)
X−Im⊗Y f

)
(Im ⊗ Y, . . . , Im ⊗ Y︸ ︷︷ ︸

ℓ+1 times

) (2.2)

+
(
∆N+1f

)
(Im ⊗ Y, . . . , Im ⊗ Y︸ ︷︷ ︸

N+1 times

, X)(X − Im ⊗ Y, . . . , X − Im ⊗ Y︸ ︷︷ ︸
N+1 times

)
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Theorem 2.2 (Theorem 7.2 of [11]). Let an NC function f : Ω ⊆ C(N×N)· d → CN×N

be locally bounded in the finitely-open topology, where Ω = Dom f is finitely-open NC set.

Then

1. f is G-differentiable.

2. For every n ∈ N, Y ∈ Ωn, Z ∈ C(n×n)·d, and each N ∈ N,

1

N !

dN

dtN
f(Y + tZ)

∣∣∣
t=0

= ∆Nf(Y, . . . , Y )(Z, . . . , Z),

where Y appears N + 1 times and Z appears N times.

We also use the following notation more frequently, as it is more consistent with our previ-

ous difference-differential operator notation:

1

N !
∂
(N)
Z f(Y ) := ∆Nf(Y, . . . , Y )(Z, . . . , Z). (2.3)

2.2 Operator Spaces

In this section, we investigate the convergence of the Taylor–Taylor (TT) expansion of

an NC function around a matrix centre. Our goal is to determine when the remainder

term in the finite expansion vanishes in norm, ensuring the existence of an infinite

series representation.

In other words, we are interested in conditions under which

∥∥∥(∆N+1f
)(

Im⊗ Y, . . . , Im⊗ Y︸ ︷︷ ︸
N+1 times

, X
)(

X − Im⊗ Y, . . . , X − Im⊗ Y︸ ︷︷ ︸
N+1 times

)∥∥∥ −→ 0 as N → ∞,

so that

f(X) =
∞∑
ℓ=0

1

ℓ!
∂(ℓ)
X−Im⊗Y f(Im ⊗ Y ) (2.4)

holds as a norm-convergent series.
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Each coefficient in (2.4) can be viewed as an ℓ-linear map

f̂ℓ(H
(1), . . . , H(ℓ)) := ∂(ℓ)

H(1),...,H(ℓ)f(Im⊗ Y ), f̂ℓ : (C(n×n)·d)ℓ → Cn×n.

By identifying f̂ℓ with the corresponding linear map

fℓ : C(n×n)·d ⊗ · · · ⊗ C(n×n)·d︸ ︷︷ ︸
ℓ−fold tensor product

→ Cn×n,

we may, by Paulsen’s Theorem [16], interpret fℓ as a completely bounded multilinear

map in the sense of operator space theory. This observation naturally leads to an NC

analogue of the Cauchy–Hadamard formula, where the radius of convergence of the TT

series (2.4) is expressed in terms of the completely bounded norms of the coefficient

maps f (ℓ).

Definition 2.1 (Concrete operator space, cf. [4, 15]). Let H be a complex Hilbert space

and let B(H) denote the bounded linear operators on H with the operator norm. A linear

subspace

E ⊆ B(H)

that is closed in the operator norm is called a concrete operator space. For each n ∈ N we

equip the matrix space Mn(E) with the norm inherited from B(H⊕n) by the identification

Mn(E) ∋ [xij ] 7−→
(
ξ1 ⊕ · · · ⊕ ξn 7→

n∑
j=1

xijξj

)
∈ B(H⊕n).

Definition 2.2 (Abstract operator space, Ruan’s axioms [4, Section 2.1]). An abstract

operator space is a complex vector space E together with a family of norms

{∥ · ∥Mn(E) : Mn(E) → [0,∞)}∞n=1

satisfying the following axioms (Ruan’s axioms):
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(R1) (Matrix direct sum) For all m,n ∈ N and all x ∈ Mn(E), y ∈ Mm(E),

∥x⊕ y∥Mn+m(E) = max{∥x∥Mn(E), ∥y∥Mm(E)}.

(R2) (Compatibility with scalar multiplication) For every n,m ∈ N, x ∈ Mm(E), and

α ∈ Mn,m(C), β ∈ Mm,n(C),

∥αxβ∥Mn(E) ≤ ∥α∥Mn,m
∥x∥Mm(E) ∥β∥Mm,n

.

Definition 2.3 (Ampliations, cf. [15]). If φ : E → F is a linear map between operator

spaces, then for each n ∈ N the n-th ampliation φn : Mn(E) → Mn(F ) is defined

entrywise by

φn([xij ]) := [φ(xij)].

Definition 2.4 (Completely bounded maps and cb-norm [15], and [4, Section 2.2]). A

linear map φ : E → F is called completely bounded (CB) if

∥φ∥cb := sup
n∈N

∥φn∥ < ∞.

Here ∥φn∥ denotes the operator norm of φn between the Banach spaces Mn(E) and Mn(F ).

If ∥φ∥cb ≤ 1, then φ is called completely contractive.

Definition 2.5 (Completely isometric maps). A linear map φ : E → F is a complete

isometry if for every n ≥ 1 and all x ∈ Mn(E),

∥φn(x)∥Mn(F ) = ∥x∥Mn(E).

The notion of complete boundedness generalizes boundedness in the category of

operator spaces: instead of just controlling the norm of φ, one requires uniform control

over all matrix ampliations. This reflects the fact that the correct morphisms in operator

space theory are completely bounded maps (rather than merely bounded ones).
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The following theorem below shows that the abstract axioms faithfully capture the

concrete setting. In practice, this guarantees that one may always work concretely

inside B(H) without loss of generality.

Theorem 2.3 (Ruan’s theorem [4, Thm. 2.3.5]). Every abstract operator space is com-

pletely isometrically isomorphic to a concrete operator space. More precisely: if E is an

abstract operator space, then there exist a Hilbert space H and a linear complete isometry

J : E −→ B(H),

so that J(E) is a concrete operator space and the matrix norms on E coincide with those

inherited from J.

2.2.1 Complete Boundedness for ℓ-linear maps

Let E and F be an operator spaces. Given P ∈ Mi,j(E) and Q ∈ Mj,k(E), their

Haagerup tensor product is

P ⊙Q :=

 j∑
γ=1

Pαγ ⊗Qγβ


1≤α≤i
1≤β≤k

∈ Mi,k(E ⊗ E),

and for C ∈ Mi,k(E ⊗ E), its Haagerup tensor norm is

∥C∥h := inf
{
∥P∥E · ∥Q∥E

∣∣ P ∈ Mi,j(E), Q ∈ Mj,k(E), P ⊙Q = C
}
.

The algebraic tensor product E ⊗ E equipped with ∥ · ∥h will then be an opera-

tor space, which is usually denoted by E ⊗h E. More generally, E⊗ℓ = E ⊗ · · · ⊗ E︸ ︷︷ ︸
ℓ times

equipped with the Haagerup tensor norm is an operator space. Here, given C ∈
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Mi,k(E
⊗ℓ), setting m0 := i and mℓ := k,

∥C∥h = inf


ℓ∏

s=1

∥A(s)∥E

∣∣∣∣∣∣ A(s) ∈ Ems−1×ms , A(1) ⊙ A(2) ⊙ · · · ⊙ A(ℓ) = C

 .

Suppose we are given a multilinear map:

g : E × · · · × E︸ ︷︷ ︸
ℓ times

−→ F.

Next, consider the linear map:

g(ℓ) : E ⊗h · · · ⊗h E︸ ︷︷ ︸
ℓ times

−→ F,

which is given by

g(ℓ)(H(1) ⊗H(2) ⊗ · · · ⊗H(ℓ)) := g(H(1), H(2), . . . , H(ℓ)), H(i) ∈ E.

We then say that g is a completely bounded ℓ-linear map if g(ℓ) is completely

bounded, and one sets ∥g∥CB = ∥g(ℓ)∥CB. More generally, in this way one gets a one-

to-one correspondence between completely bounded multi-linear maps and completely

bounded linear maps on tensor products of operator spaces, where corresponding maps

are often treated as one and the same. In particular, whenever H(1), . . . , H(ℓ) ∈ Mm(E),

we can extend the definition of the multi-linear map g to such tuples of matrices over

E via

g(H(1), . . . , H(ℓ)) := g(ℓ)(H(1) ⊙ · · · ⊙H(ℓ)).

In our case, gℓ : C(s×s)·d × · · · × C(s×s)·d︸ ︷︷ ︸
ℓ- times

→ Cs×s is a ℓ-linear. Viewing C(s×s)·d ≃

B(Cs ⊗ Cd,Cs), and so we can view gℓ as a completely bounded linear map on the

operator space C(s×s)·d ⊗ · · · ⊗ C(s×s)·d (ℓ times), equipped with the Haagerup tensor

norm, taking values in Cs×s.
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It is convenient to introduce the Haagerup tensor product adapted to our setting,

where E = Cs×s and Mm(E) = (Cs×s)m×m, as follows: If P =
[
Pij
]
1≤i,j≤m ∈

(Cs×s)m×m and Q =
[
Qij
]
1≤i,j≤m ∈ (Cs×s)m×m, then we use the notation

P ⊙s Q :=

[
m∑
k=1

Pik ⊗Qkj

]
1≤i,j≤m

in which P ⊗Q = [PijQ]1≤i,j≤m

for the Haagerup tensor product of P and Q, viewed as m × m matrices over the

tensor algebra of Cs×s .

This notation requires an explanation: Suppose that we are given a ℓ-linear map,

ĝ(ℓ) : C(n×n)·d × C(n×n)·d × · · · × C(n×n)·d −→ Cn×n.

(As an example of such map that we can consider is:

ĝ(ℓ)(·, · · · , ·︸ ︷︷ ︸
ℓ times

) = ∂
(ℓ)
(·, · · · , ·︸ ︷︷ ︸

ℓ times

)
f(Y ),

where f is a uniformly analytic NC function in a uniformly open row ball around Y ∈

C(n×n)·d. See Definition (2.6) for a definition of uniformly analytic NC function).

One can identify ĝℓ with the linear map:

G(ℓ) : C(n×n)·d ⊗ C(n×n)·d ⊗ . . .C(n×n)·d −→ Cn×n,

defined by:

G(ℓ)
(
X(1) ⊗ · · · ⊗X(ℓ)

)
:= ĝ(ℓ)

(
X(1), · · · , X(ℓ)

)
.

The question that arises naturally is: how does G(ℓ) act on X(1) ⊙ · · · ⊙ X(ℓ), where

each X(j) ∈ C(mn×mn)·d?

Here we take ℓ = 2 and m = 2 to illuminate the situation: Given X ⊗ Z where X,Z ∈
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C(2n×2n)·d and we consider X ⊙ Z with C(n×n)·d denoted as E, so that X,Z ∈ E2×2,

X =

X(1,1) X(1,2)

X(2,1) X(2,2)

 , with each X(i,j) ∈ C(n×n)·d.

The Haagerup product is therefore:

X ⊙ Z =

X(1,1) X(1,2)

X(2,1) X(2,2)

⊙

Z(1,1) Z(1,2)

Z(2,1) Z(2,2)



=

X(1,1) ⊗ Z(1,1) +X(1,2) ⊗ Z(2,1) X(1,1) ⊗ Z(1,2) +X(1,2) ⊗ Z(2,2)

X(2,1) ⊗ Z(1,1) +X(2,2) ⊗ Z(2,1) X(2,1) ⊗ Z(1,2) +X(2,2) ⊗ Z(2,2)

 .

In this case, let ĝ(2) be defined as follows:

ĝ(2) : C(n×n)·d × C(n×n)·d → Cn×n

ĝ(2)(·, ·) := ∂
(2)
(·,·) f(Y ).

for f being a uniformly analytic NC function and for X,Z ∈ C(2n×2n)·d, then ĝ(2)
(
X,Z

)
can be computed, by what has been said above, in the following way:

ĝ(2)
(
X,Z

)
=
(
id2 ⊗ ∂

(2)
(·,·) f(Y )

)
◦ (X ⊙ Z)

=
(
id2 ⊗ ∂

(2)
(·,·) f(Y )

)
◦

X(1,1) ⊗ Z(1,1) +X(1,2) ⊗ Z(2,1) . . .

. . . . . .



=

∂
(2)

(X(1,1),Z(1,1))
f(Y ) + ∂

(2)

(X(1,2),Z(2,1))
f(Y ) . . .

. . . . . .


and the rest of the matrix is computed in the same way. In the equation above, X ⊙ Z

is a 2× 2 block matrix, and id2 ⊗ ∂
(2)
(·,·)f(Y ) is the second ampliation, meaning that we
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apply the mapping ∂
(2)
(·,·)f(Y ) to each block of the 2× 2 block matrix X ⊙ Z.

By Proposition (3.3) in [11], we use the following notations, all of which have the

same meaning:

(
∂
(ℓ)
X−Im⊗Y f

)
(Im ⊗ Y ) =

(
idm⊗∂

(ℓ)
(·) f(Y )

)
◦ (X − Im ⊗ Y )⊙

ℓ
s (2.5)

= ℓ!∆ℓf(Y, . . . , Y︸ ︷︷ ︸
ℓ+1 times

) (X − Im ⊗ Y )⊙
ℓ
s , Y ∈ C(s×s)·d

As a final result to this section, we would like to state a result from Paulsen, as

in [16].

Theorem 2.4. Let E be an operator space and let φ : Cn×n → E be a linear map. Then:

∥φ∥cb ≤ n
√
n ∥φ∥.

This theorem shows that if the domain of the linear map is finite dimensional, then

boundedness of the linear map φ, automatically gives us the complete boundedness of

the φ.

2.3 Taylor-Taylor Series

The Taylor-Taylor formula (2.2), gives rise to analytic properties of NC functions. To

extend the summation above to an infinite sum, it is required to discuss particular

subsets in the NC universe.

Let Ω ⊆ C(N×N)· d be an open NC set. Recall that an NC function f : Ω → CN×N is

called uniformly locally bounded if for every n ∈ N the function f |Ω is locally bounded

on a uniformly open neighbourhood of Y , i.e., for every Y ∈ Ωn there exists δ > 0 such

that f is bounded on uniform ball δ · Bd
nN(Y ).

Remark 2.1. Clearly, a uniformly locally bounded NC function is locally bounded in the
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finitely-open topology.

Definition 2.6. Let Ω ⊆ C(N×N)· d be an open NC set. An NC function f : Ω → CN×N is

called Fréchet (F-) differentiable if for every n ∈ N the function f |Ωn
is F-differentiable,

i.e., f |Ωn
is G-differentiable and for any X ∈ Ωn the linear operator δf(X) : C(n×n)·d →

Cn×n, defined as δf(X) = ∆f(X,X) is bounded. In this case

lim
∥Z∥→0

∥f(X + Z)− f(X)− δf(X)(Z)∥
∥Z∥row

= 0

for all X ∈ Ωn and || · ||n−row being the matrix norm of level n ∈ N for a d-tuple of

matrices Z. An NC function f : Ω ⊆ C(N×N)· d → CN×N is called analytic if for every

n ∈ N the function f |Ωn
is analytic, i.e., f |Ωn

is locally bounded and G-differentiable.

The NC function is called uniformly analytic if it is uniformly locally bounded and G-

differentiable.

By [7], Theorem 3.17.1, if the NC function f : Ω ⊆ C(N×N)· d → CN×N is uniformly

locally bounded, then f |Ωn
is also uniformly continuous and F-differentiable. It follows

that the NC function f : Ω → CN×N is continuous in the finitely-open topology (i.e., all

its restrictions f |Ωn
are continuous) and F-differentiable.

Proposition 2.1. Let Ω ⊆ C(N×N)· d be a uniformly open NC set. If an NC function

f : Ω → CN×N is continuous with respect to the uniform topologies on C(N×N)· d and

CN×N, then f is uniformly locally bounded.

Proof. Given s ∈ N and Y ∈ Ωs, it follows from continuity that there exists an NC ball

r ·Bd
sN(Y ) ⊆ Ω such that ∥f(X)−f

(
Im⊗Y

)
∥sm < 1 for all m ∈ N and X ∈ r ·Bd

sN(Y )sm.

Then

∥f(X)∥sm ≤ ∥f (Im ⊗ Y )∥sm + 1 = ∥Im ⊗ f(Y )∥sm + 1 ≤ ∥f(Y )∥s + 1.
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Proposition 2.2. Suppose that we are given a uniformly analytic NC function:

f : Dom(f) ⊆ C(N×N)·d −→ CN×N.

Let Y ∈ Doms(f). Then there exists a radius r > 0 such that for every X ∈ r · Bd
sN(Y ) ⊆

C(N×N)·d, we have:

f(X) =
∞∑
ℓ=0

1

ℓ!
∂
(ℓ)
X−Im⊗Y f(Y ). (2.6)

Proof. By definition of f being a uniformly analytic NC function, there exists r > 1 such

that for every X ∈ r · Bd
sN(Y ), the map

t 7−→ f
(
Y + t(X − Y )

)
is analytic in the complex variable t on r · D(0), with D(0) being the open unit disk

around the origin D(0) := {s ∈ C : |s| < 1}. This analyticity follows from the existence

of all Gâteaux derivatives of f .

Hence, for such X, the matrix-valued function:

f̂(t) := f(Im ⊗ Y + t(X − Im ⊗ Y ))

admits the usual Taylor expansion at t = 0:

f(Im ⊗ Y + t(X − Im ⊗ Y )) =
∞∑
ℓ=0

1

ℓ!

dℓ

dtℓ
f(Im ⊗ Y + t(X − Im ⊗ Y ))

∣∣∣
t=0

tℓ.

By Theorem (2.2), each derivative term can be expressed as

dℓ

dtℓ
f(Im ⊗ Y + t(X − Im ⊗ Y ))

∣∣∣
t=0

= ∂
(ℓ)
X−Im⊗Y f(Y ),

so that

f(Im ⊗ Y + t(X − Im ⊗ Y )) =
∞∑
ℓ=0

1

ℓ!

(
∂
(ℓ)
X−Im⊗Y f(Y )

)
tℓ.
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Finally, setting t = 1 gives

f(X) =
∞∑
ℓ=0

1

ℓ!
∂
(ℓ)
X−Im⊗Y f(Y ),

and the series converges absolutely on the uniformly open row ball r · Bd
sN(Y ), as de-

sired.

Theorem 2.5. ( [11], Theorem 7.21) Let an NC function f : Ω ⊆ C(N×N)· d → CN×N

be uniformly locally bounded on a uniformly open NC set, Ω. Let s ∈ N, Y ∈ Ωs, and let

r ·Bd
sN(Y ) be an NC ball about Y such that r ·Bd

sN(Y ) ⊆ Ω and f is bounded on r ·Bd
sN(Y ).

Then, for every 0 < r′ < r, m ∈ N, and X ∈ r′ · Bd
sm(Y ), we have:

f(X) =
∞∑
ℓ=0

1

ℓ!

(
∂
(ℓ)
X−Im⊗Y f

)
(Y ), (2.7)

where the series converges absolutely and uniformly on r′ · Bd
sN(Y ). in the sense that:

∞∑
ℓ=0

sup
m∈N,X∈r′·Bd

sm(Y )

∥∥∥∥∥∥∥
1

ℓ!

(
∂
(ℓ)
X−Im⊗Y f

)
(Y, . . . , Y︸ ︷︷ ︸
ℓ+1 times

)

∥∥∥∥∥∥∥
sm

< ∞. (2.8)

Proof. By assumption, we have ||X−Y ||row < r′ < r. Let X(λ) = Y +λ(X−Y ). Then:

||X(λ)− Y ||row = |λ| ||X − Y ||row < |λ| · r′.

So X(λ) ∈ r · Bd
sN(Y ) for all |λ| < r

r′
such that

r

r′
> 1. In particular, there exist a ϵ > 0

such that:

X(λ) ∈ r · Bd
sN(Y ) : ∀|λ| ≤ 1 + ϵ.

Now, for any Z ∈ r · Bd
sN(0), the function f(Y + tZ) is matrix-valued analytic function

of t in {t ∈ C : |t| ≤ 1}, bounded above in the row norm by a constant M ≥ 0. Using
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the Cauchy estimate, we have :

1

ℓ!

∣∣∣∣∣∣∂(ℓ)
Z f(Y )

∣∣∣∣∣∣
sm

≤ M.

So, taking Z = X(1 + ϵ)− Y ∈ r · Bd
sN(0), then:

1

ℓ!

∣∣∣∣∣∣∂(ℓ)
X(1+ϵ)−Y

f(Y )
∣∣∣∣∣∣
sm

≤ M.

Note that X(1 + ϵ)− Y = (1 + ϵ)(X − Y ).

By ℓ-linearity, ∂(ℓ)
(1+ϵ)(X−Y )

f(Y ) = (1 + ϵ)ℓ ∂ℓ
X−Y f(Y ) and therefore,

1

ℓ!

∣∣∣∣∣∣∂(ℓ)
X−Y f(Y )

∣∣∣∣∣∣
sm

≤ M

(1 + ϵ)ℓ
.

Therefore, Equation (2.8) holds and the Taylor-Taylor series (2.7) converges absolutely

an uniformly on r · Bd
sm(Y ).

Corollary 2.2. ( [11], Corollary 7.28) Let Ω ⊆ C(N×N)· d be a uniformly open NC set.

Then an NC function f : Ω → CN×N is uniformly locally bounded if and only if f is

continuous with respect to the uniformly-open topologies on C(N×N)· d and CN×N if and

only if f is uniformly analytic.

Theorem 2.6. (See [11], Theorem (7.9)) Suppose that Y ∈ Ωs ⊆ C(N×N)·d and r ·

Bd
sN(Y ), a uniform open ball of radius r > 0, which is the largest so that r · Bd

sN(Y ) ⊆ Ω.

Let f : Ω → CN×N be a uniformly analytic NC function, and suppose that:

f(X) =
∞∑
ℓ=0

fℓ

X − Im ⊗ Y, . . . , X − Im ⊗ Y︸ ︷︷ ︸
ℓ− times

 , (2.9)

for X ∈ r · Bd
sm(Y ), and fℓ :

(
C(s×s)·d

)ℓ
→ Cs×s is a ℓ-linear mapping.

Then

ℓ! fℓ(H) =
(
∂
(ℓ)
H f

)
(Y ),
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for every ℓ ∈ N ∪ {0}.

Before the proof of the this theorem, we provide an explanation about how the

theorem holds for term ℓ = 2 and when d = 2:

Let X be defined as:

X :=


Y Z1 0

0 Y Z2

0 0 Y


so that:

X − I3 ⊗ Y =


0 Z1 0

0 0 Z2

0 0 0

 ,

then:

f(X) =
∞∑
ℓ=0

fℓ ◦
(

0 Z1 0
0 0 Z2

0 0 0

)⊙ℓ

=

f0 ◦
(

0 Z1 0
0 0 Z2

0 0 0

)⊙0

+ f1 ◦
(

0 Z1 0
0 0 Z2

0 0 0

)⊙1

+ f2 ◦
(

0 Z1 0
0 0 Z2

0 0 0

)⊙2

+ higher order terms.

Note that : 
0 Z1 0

0 0 Z2

0 0 0


⊙0

=


I3 0 0

0 I3 0

0 0 I3

 ,


0 Z1 0

0 0 Z2

0 0 0

⊙


0 Z1 0

0 0 Z2

0 0 0

 =


0 0 Z1 ⊗ Z2

0 0 0

0 0 0

 ,

and

id3⊗f2


0 0 Z1 ⊗ Z2

0 0 0

0 0 0

 =


0 0 f2(Z

1, Z2)

0 0 0

0 0 0


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so that the series can be written as:

f(X) =
∞∑
ℓ=0

fℓ ◦
(

0 Z1 0
0 0 Z2

0 0 0

)⊙ℓ

=

(
f0 0 0
0 f0 0
0 0 f0

)
+

(
0 f1(Z

1) 0

0 0 f1(Z
2)

0 0 0

)
+

(
0 0 f2(Z

1,Z2)
0 0 0
0 0 0

)
.

The 4th term in the series,

f3 ◦


0 Z1 0

0 0 Z2

0 0 0


⊙3
s

= f3 ◦



0 0 Z1 ⊗ Z2

0 0 0

0 0 0

⊙


0 Z1 0

0 0 Z2

0 0 0


 = 0

Comparing the (1, 3)-entry of the matrix :


f0 f1(Z

1) f2(Z
1, Z2)

0 f0 f1(Z
2)

0 0 f0


with Equation (1.21), we can deduce that f2(Z1, Z2) = ∆f(Y )(Z1, Z2). Moreover, we

can use Lemma (1.2), and find f0 = f(Y ), f1(Zj) = ∆f(Y )(Zj) for j = 1, 2.

Given the series (2.9), with fℓ being defined as ℓ-linear mapping from ℓ copies of

C(sm×sm)·d to Cs×s, the problem is that the input of fℓ may be a (Cs×s)m×m matrix.

Then, just like what we have done in Section (2.2.1), we amplify the mapping fℓ to all

the entries of the m×m matrix. Namely, we take:

X :=



Y Z1 0 · · · 0

. . .
. . .

. . .
...

. . . Zℓ−1 0

. . . Zℓ

0 · · · · · · · · · Y


,
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and would like to compute:

f(X) =
∞∑
ℓ=0

fℓ(X − Im ⊗ Y )⊙ℓ =
∞∑
ℓ=0

fℓ ◦


0 Z1 0 ··· 0
. . .

. . .
. . .

...
. . . Zℓ−1 0

. . . Zℓ

0 ··· ··· ··· 0


⊙ℓ

the first term f0 = f(Y ) would be

idℓ+1⊗f0



Y 0 0 · · · 0

0
. . .

. . .
. . .

...

Y 0 0

. . . 0

0 · · · · · · · · · Y


=



f0 0 0 · · · 0

. . .
. . .

. . .
...

f0 0 0

. . . 0

0 · · · · · · · · · f0


.

Similarly, for f1(X − Im ⊗ Y ) we can compute:

idℓ+1⊗f1



0 Z1 0 · · · 0

. . .
. . .

. . .
...

. . . Zℓ−1 0

. . . Zℓ

0 · · · · · · · · · 0


=



0 f1(Z
1) 0 · · · 0

. . .
. . .

. . .
...

. . . f1(Z
ℓ−1) 0

. . . f1(Z
ℓ)

0 · · · · · · · · · 0


.

Using



0 Z1 0 · · · 0

. . .
. . .

. . .
...

. . . Zℓ−1 0

. . . Zℓ

0 · · · · · · · · · 0


⊙



0 Z1 0 · · · 0

. . .
. . .

. . .
...

. . . Zℓ−1 0

. . . Zℓ

0 · · · · · · · · · 0


=



0 0 Z1⊗Z2 0 · · · 0

0 0 Z2⊗Z3 . . .
...

. . .
. . .

. . . 0

. . . 0 Zℓ−1⊗Zℓ

0 0

0 · · · 0


.
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we have for the second order term:

idℓ+1⊗f2



0 0 Z1⊗Z2 0 · · · 0

0 0 Z2⊗Z3 . . .
...

. . .
. . .

. . . 0

. . . 0 Zℓ−1⊗Zℓ

0 0

0 · · · 0


=



0 0 f2(Z
1, Z2) 0 · · · 0

0 0 f2(Z
2, Z3)

. . .
...

. . .
. . .

. . . 0

. . . 0 f2(Z
ℓ−1, Zℓ)

0 0

0 · · · 0


Continuing this process, one can compute as a standard linear algebra fact, that we

have:

(X − Im ⊗ Y )⊙sℓ =



0 0 0 · · · Z1 ⊗ · · · ⊗ Zℓ

. . .
. . .

. . .
...

. . . 0 0

. . . 0

0 · · · · · · · · · 0


so that

idℓ+1⊗fℓ



0 0 0 · · · Z1 ⊗ · · · ⊗ Zℓ

. . .
. . .

. . .
...

. . . 0 0

. . . 0

0 · · · · · · · · · 0


=



0 0 0 · · · fℓ(Z
1 ⊗ · · · ⊗ Zℓ)

. . .
. . .

. . .
...

. . . 0 0

. . . 0

0 · · · · · · · · · 0


,

and again by direct computation, one can deduce that (X − Im ⊗ Y )⊙sn will be a zero
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matrix for any n > ℓ. In short, we can write:

f





Y Z1 0 · · · 0

. . .
. . .

. . .
...

. . . Zℓ−1 0

. . . Zℓ

0 · · · · · · · · · Y




=



f0 f1(Z
1) f2(Z

1, Z2) · · · fℓ(Z
1, . . . , Zℓ)

0 f0 f1(Z
2) · · · fℓ−1(Z

2, . . . , Zℓ)

...
. . .

. . .
. . .

...

...
. . . f0 f1(Z

ℓ)

0 · · · · · · 0 f0


.

This will be in particular useful to us in the following proof:

Proof of Theorem (2.6). Using the explanation prior to this proof, for every Z1, . . . , Zℓ ∈

C(s×s)·d there exists a real t > 0 such that

f





Y tZ1 0 · · · 0

. . .
. . .

. . .
...

. . . tZℓ−1 0

. . . tZℓ

0 · · · · · · · · · Y


︸ ︷︷ ︸

=:X(t)


=



f0 f1(t Z
1) · · · · · · fℓ(t Z

1, . . . , t Zℓ)

0 f0 · · · · · ·
...

...
. . .

. . .
. . .

...

...
. . . f0 f(t Zℓ)

0 · · · · · · 0 f0


.

Using the properties of NC functions and given that fℓ is multi-linear mapping, we see

that fℓ(t Z1, . . . , t Zℓ) = tℓfℓ(Z
1, · · · , Zℓ), and thus

fℓ(Z
1, . . . , Zℓ) = t−ℓfℓ(t Z

1, . . . , t Zℓ),

is uniquely determined by f(X(t)). On the other hand, if t > 0 is sufficiently small, we

have X(t) ∈ r · BsN(Y ) and the series (2.9) converges—see Theorem (2.5). Then we

have by Equation (1.21) that:

fℓ(Z
1, . . . , Zℓ) = ∆ℓf(Y, . . . , Y )(Z1, . . . , Zℓ) =

1

ℓ!

(
∂
(ℓ)

Z1,··· ,Zℓf(Y )
)
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Remark 2.2. The Equation (2.9) above, is an infinite power series expansion around a

matrix centre Y ∈ Ωs. We can consider this as a uniqueness theorem for convergent NC

power series expansions of an NC function, about the matrix centre Y ∈ C(s×s)·d.

In what follows, we will expand the Taylor-Taylor series even further, using “partial

difference-differential operators” to obtain a power series of multi-linear maps indexed

by the free monoid–the set of all words in d letters:

Definition 2.7. The free monoid, F+d , consists of the words, ω = i1 . . . in, composed of

letters ij , chosen from the alphabet, {1, . . . , d}. The product on the free monoid is given

by concatenation of words with the empty word ∅ being the unit of the monoid. The length

of the word is also denoted by |ω|, which is equal to n in our case here.

The free monomial zω, is defined in the obvious way: if ω = i1 . . . in then zω = zi1zi2 . . . zin

and z∅ = 1. The free algebra of all NC polynomials in the variable z is denoted as C⟨z⟩,

and the ring of all formal power series (FPS) with complex coefficients will be denoted by

C⟨⟨z⟩⟩. Moreover, if ω = i1i2 . . . iℓ then ωt is defined as ωt := iℓ . . . i1.

Similar to the definition above, if X = (X1, . . . , Xd) ∈ (Csm×sm)d and ω = i1 · · · iℓ,

then

X⊙sω := Xi1 ⊙s · · · ⊙s Xiℓ .

With the definition above, we can extend the result of this chapter further to the

case of power series of multi-linear maps indexed by the free monoid.

Definition 2.8 (See [11, Section 3.5 & Corollary 4.4]). Let {ei}ℓi=1, the standard

orthonormal basis for Cℓ and let A = (A1, · · · , Aℓ) ∈
(
C(N×N)·d

)ℓ
, meaning that each

Ai is an element of C(N×N)·d for i = 1, · · · , ℓ. So, for example, A1ei1 is the i1-element of

the ℓ-tuple of matrices A. Consider a word ω = i1i2 · · · iℓ. In Equation (1.21), if we put

Z1 = A1ei1 , · · · , Z
ℓ = Aℓeiℓ, we get the partial difference-differential operator of order

|ω|, of an NC function f at (Y 0, · · · , Y ℓ) ∈
(
C(N×N)·d

)ℓ+1
. In other words, we have:
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f





Y 0 A1ei1 0 · · · 0

0 Y 1 . . .
. . .

...

...
. . .

. . .
. . . 0

...
. . . Y ℓ−1 Aℓeiℓ

0 · · · · · · 0 Y ℓ





=



f(Y 0) ∆f(Y 0, Y 1)(A1ei1) · · · ∆f(Y 0, . . . , Y ℓ)(A1ei1 , . . . , A
ℓeiℓ)

0 f(Y 1)
. . .

...

...
. . .

. . . ∆f(Y ℓ−1, Y ℓ)(Aℓeiℓ)

0 · · · 0 f(Y ℓ)



(2.10)

and the partial difference-differential operator of f at Y = (Y 0, · · · , Y ℓ) ∈
(
C(N×N)·d

)ℓ+1

of order |ω| is ∆f(Y 0, . . . , Y ℓ)(A1ei1 , . . . , A
ℓeiℓ) denoted by ∆ωt

(·)f(Y ):

∆ωt

(A1,··· ,Aℓ)
f(Y ) := ∆f(Y 0, . . . , Y ℓ)(A1ei1 , . . . , A

ℓeiℓ)

where the notation ωt is defined in Definition (2.7). For any n ∈ N, ∆ωt

(·),(·),...,(·)f(Y ) =

∆ωt

(·),(·),...,(·)f((Y
0
n , · · · , Y ℓ

n) : C(n×n)·d ⊗ C|ω| → Cn×n is a multi-linear map from |ω|

copies of C(n×n)·d into Cn×n.

We have written ∆ωt

X f(Y ) as a short-form notation for ∆ωt

X,...,Xf(Y, . . . , Y ), where

X ∈ C(n×n)·d is repeated |ω| times and Y ∈ C(n×n)·d is repeated |ω|+ 1 times. That is,

∆ωt

Ai1 ,...,A
i|ω|

f(Y ) is multilinear in the ‘directional arguments’, Aij ∈ C(n×n)·d, 1 ≤ j ≤

|ω|.

Recall the Taylor-Taylor series of an NC function f : Ω ⊆ C(N×N)·d → CN×N around
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a matrix centre Y ∈ Ωs:

f(X) =
∞∑
ℓ=0

1

ℓ!

(
∂
(ℓ)
X−Im⊗Y f

)
(Y ) : X ∈ r′ · Bd

sm(Y ).

Also, recall from notation that we set right after Theorem (2.2), that we defined,
1

ℓ!
∂
(ℓ)
X−Im⊗Y f = ∆(ℓ)f(Y, · · · , Y )(X − Im ⊗ Y, · · · , X − Im ⊗ Y ). Let us for a moment

denote Z = X − Im ⊗ Y . Here Z is a d-tuple of s× s complex matrices. Therefore, we

have

Z =
d∑

j=1

Z ej : {ej}dj=1is the basis of Cd.

So we can write :

1

ℓ!
∂
(ℓ)
X−Im⊗Y f = ∆(ℓ)f(Y, · · · , Y )(Z, · · · , Z)

= ∆(ℓ)f(Y, · · · , Y )(
d∑

j1=1

Z ej1 , · · · ,
d∑

jℓ=1

Z ejℓ)

=
d∑

j1=1

d∑
j2=1

· · ·
d∑

jℓ=1

∆(ℓ)f(Y, · · · , Y )(Z ej1 , · · · , Z ejℓ)

=
∑
|ω|=ℓ

∆ωt

Z f(Y ) (2.11)

This observation guides us to write the another form of the Taylor-Taylor series of an

NC function f , around matrix-centre Y ∈ Cs×s, indexed by the free monoid Fd+, given

that the NC function satisfies the assumptions of Theorem (2.5):

f(X) =
∞∑
ℓ=0

∑
|ω|=ℓ

∆ ωt

X−Im⊗Y f(Y ) =
∑
ω∈Fd+

∆ ωt

X−Im⊗Y f(Y ) (2.12)

For this case, the convergence formulas similar to Theorem (2.5), can be obtain

similarly as above by the relation in (2.11). Moreover, similar to the Remark (2.2), if

f is uniformly analytic in a uniformly open neighbourhood of 0 = (0, · · · , 0) ∈ C1×d,
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given any ω ∈ Fd+, one can compute that [1]

∆ωt

X f(0) = f̂ωX
ω, f̂ω ∈ C,

so that this gives a free power series expansion of f(X), and any such fcan be identified

with a free formal power series ( [11], Corollary 4.4). Meaning that at Y = 0 we have:

f(X) =
∑
ω∈F+d

f̂ωX
ω.

So, the conclusion is that using the convergence theorems stated so far, the free

formal power series converges absolutely and uniformly in r · Bd
N for a 0 < r < Rf ,

where Rf can be computed using by Popescu’s generalization of the Hadamard formula

[1],
1

Rf
= lim sup

n→∞
2n

√∑
|ω|=n

|f̂ω|2. (2.13)

which is similar to radius of convergence defined in ( [11]), and |f̂ω| is the modulus of

the coefficient of the free power series above.

Example 2.1. We would like to present an example of the partial difference-differential of

a simple NC function. Consider f(Y1, Y2) = Y1Y2 − Y2Y1. We aim to compute the partial

difference-differential operator ∆(21)
H f(Y, Y, Y ) in which Y = (Y1, Y2) and H = (H1, H2).

First, to compute ∆
(1)
H f(Y, Y ), we do as follows:

f

Y He1

0 Y

 =

Y1 H1

0 Y1

Y2 0

0 Y2

−

Y2 0

0 Y2

Y1 H1

0 Y1



=

Y1Y2 − Y2Y1 H1Y2 − Y2H1

0 Y1Y2 − Y2Y1

 =

f(Y ) ∆
(1)
H f(Y, Y )

0 f(Y )


Therefore, we get ∆(1)

H f(Y, Y ) = H1Y2 − Y2H1, which is compatible with the limit defini-
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tion of the derivative in the direction of (H1, 0):

lim
t→0

f(Y1 + tH1, Y2)− f(Y1, Y2)

t
= H1Y2 − Y2H1.

For the partial difference-differential operator ∆(21)
H f(Y, Y, Y ), we carry a similar compu-

tation:

f


Y He1

0 Y He2

0 0 Y

 =


Y1 H1 0

0 Y1 0

0 0 Y1



Y2 0 0

0 Y2 H2

0 0 Y2

−


Y2 0 0

0 Y2 H2

0 0 Y2



Y1 H1 0

0 Y1 0

0 0 Y1



=


f(Y ) ∗ H1H2

0 f(Y ) ∗

0 0 f(Y )

 , in which Y = (Y1, Y2).

Hence, this shows that ∆(21)
H f(Y, Y, Y ) = H1H2. We would also like to show here how this

partial differentiation of f is different from G-differentiation of f . For example, we can

compute ∂He2∂He1 f(Y ) as:

∂He1 f(Y ) = H1Y2 − Y2H1.

Considering the limit definition of the G-derivative, if we take the NC function

g(Y2)[H1] := H1Y2 − Y2H1, we would have:

∂He2∂He1 f(Y ) = lim
t→0

g(Y2 + tH2)− g(Y2)

t
= H1H2 −H2H1 ̸= ∆

(21)
H f(Y, Y, Y ).

2.4 Lost-Abbey Conditions

So far, we have assumed that the function f is an NC function, and then we asked the

question of whether we can expand this NC function to a Taylor-Taylor series. Here we
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ask the converse question: Given a series

∞∑
ℓ=0

fℓ(X − Im ⊗ Y, . . . , X − Im ⊗ Y︸ ︷︷ ︸
ℓ times

), (2.14)

with Y ∈ C(s×s)·d and fℓ : (C(s×s)·d)ℓ → CN×N, for ℓ ∈ N ∪ {0}, being ℓ-linear maps

and X ∈ C(sm×sm)·d, what conditions makes this series an NC function? The following

conditions are called Lost- Abbey conditions for NC functions [11]:

Proposition 2.3. (See [11], Remark 4.3) The infinite series (2.14) is an NC function if

and only if the following conditions holds true:

Sf0 − f0S = f1(SY − Y S), (2.15)

and for ℓ ∈ N ∪ {0},

Sfℓ(Z
1, . . . , Zℓ)− fℓ(SZ

1, Z2, . . . , Zℓ) = fℓ+1(SY − Y S, Z1, . . . , Zℓ), (2.16)

fℓ(Z
1, . . . , Zj−1, ZjS,Zj+1, . . . , Zℓ)− fℓ(Z

1, . . . , Zj , SZj+1, Zj+2, . . . , Zℓ)

= fℓ+1(Z
1, . . . , Zj , SY − Y S, Zj+1, . . . , Zℓ),

(2.17)

fℓ(Z
1, . . . , Zℓ−1, ZℓS)− fℓ(Z

1, . . . , Zℓ)S = fℓ+1(Z
1, . . . , Zℓ, SY − Y S), (2.18)

for every S ∈ Cs×s.

Here is a brief calculation as an evidence why the proposition is true: We want to

prove that f(X) =
∑∞

ℓ=0 fℓ (X − Im ⊗ Y ), is an NC function. For the invariance under

direct sum, we have

f

X 0

0 X ′

 =
∞∑
ℓ=0

fℓ(
(
X 0
0 X ′

)
− Im ⊗ Y, . . . ,

(
X 0
0 X ′

)
− Im ⊗ Y ) =

f(X) 0

0 f(X ′)


for X ∈ C(ms×ms)· d and X ′ ∈ C(sm′×sm′)· d, mainly because each fℓ is an NC function

itself.
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Next, we need to show that if X ′ = SXS−1, we have Sf(X) = f(X ′)S. First, using

Equation (2.15), we have:

Sf0 = f0S + f1(SY − Y S),

Sf1(X − Y ) = f1(S(X − Y )) + f2(SY − Y S,X − Y )

and therefore,

Sf0+Sf1(X−Y ) = f0S+f1(SY )−f1(Y S)+f1( SX︸︷︷︸
=X ′S

)−f1(SY )+f2(SY −Y S,X−Y )

by Equation (2.18):

f1(X
′S) = f1(X

′)S + f2(X
′, Y S − SY )

f1(Y S) = f1(Y )S + f2(Y, Y S − SY )

and therefore:

Sf0+Sf1(X −Y ) = f0S + f1(X
′− Y )S + f2(SY − Y S,X − Y )+ f2(X

′− Y, SY − Y S).

We can take one more step: if we add Equation (2.16), to both sides of the last equation

above, we get:

Sf0+Sf1(X − Y ) + Sf2(X − Y,X − Y )

= f0S + f1(X
′ − Y )S + f2(SY − Y S,X − Y ) + f2(X

′ − Y, SY − Y S)+(
f2(S(X − Y ), X − Y ) + f3(SY − Y S,X − Y,X − Y )

)
= f0S + f1(X

′ − Y )S + f2(X
′ − Y, SY − Y S) + f2(X

′S − Y S,X − Y )

+ f3(X
′ − Y, SY − Y S,X − Y )
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Now, using Equation (2.17) on the term f2(X
′S − Y S,X − Y ), we get:

= Sf0+Sf1(X − Y ) + Sf2(X − Y,X − Y )

= f0S + f1(X
′ − Y )S + f2(X

′ − Y,X ′ − Y )S

+ f3(SY − Y S,X − Y,X − Y ) + f3(X
′ − Y, SY − Y S,X − Y )

+ f3(X
′ − Y,X ′ − Y, SY − Y S).

Continuing this process, if one can show that this iterative process converges, it would

follow that Sf(X) = f(X ′)S is indeed true.

2.5 Convergence theorems for NC Power Series

An interesting question that can arise within the context of power series defined up

until here, is that when does a power series converge to an NC function on its domain of

definition? More accurately, given that following power series satisfies the Lost-Abbey

conditions around a matrix centre Y ∈ C(s×s)·d:

f(X) :=
∞∑
ℓ=0

fℓ(X − Im ⊗ Y, , . . . , X − Im ⊗ Y︸ ︷︷ ︸
ℓ times

) (2.19)

we want to see if it actually converges to an NC function (or when does it have a radius

of convergence), given the ℓ-linear mappings

fℓ : (C(s×s)·d)ℓ −→ Cs×s, ℓ = 0, 1, . . . and X ∈ C(sm×sm)·d m = 0, 1, . . . ; the power

series centred around the matrix point Y ∈ C(s×s)·d.

Furthermore, let

µcb = lim sup
ℓ→∞

ℓ
√
∥fℓ∥cb, ρcb = µ−1

cb . (2.20)

The next theorem shows that ρcb acts as the radius of convergence for the series (2.2).

Theorem 2.7. ( [11], Theorem 8.11) 1. The series (2.19) converges absolutely and uni-
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formly on every NC ball δ · Bd
sN(Y ) with δ < ρcb, in the following sense:

∞∑
ℓ=0

sup
W∈δ·Bd

sN(Y )

∥∥fℓ (W − ImW ⊗ Y
)∥∥

smW
< ∞, Y ∈ C(s×s)·d. (2.21)

Here mW is the size of a block matrix W with s× s blocks. Furthermore, the series fails to

converge uniformly on any δ · Bd
sN with δ > ρcb.

2. For any uniformly-open NC set Γ ⊆ ρcb · Bd
sN(Y ), f |Γ is a uniformly analytic NC

function.

Proof of part 1. When 0 < δ < ρcb, then we have:

µcb = lim sup
ℓ→∞

ℓ
√
||fℓ||cb < ∞.

and by choosing ϵ > 0 such that ϵ < δ−1 − µcb, there exist a C > 0 (see [11, page.

137]):

||fℓ||cb < C(µcb + ϵ)ℓ, for ℓ ∈ N ∪ {0},

and therefore, for W ∈ δ · Bd
sN(Y ) with δ < ρcb:

||f(W )|| =

∥∥∥∥∥
∞∑
ℓ=0

fℓ
(
W − ImW ⊗ Y

)⊙ℓ

∥∥∥∥∥ ≤
∞∑
ℓ=0

sup
W∈δ·Bd

sN(Y )

∥∥∥fℓ (W − ImW ⊗ Y
)⊙ℓ
∥∥∥
smW

=
∞∑
ℓ=0

sup
||W−ImW

⊗Y ||smW
=δ

∥∥∥fℓ (W − ImW ⊗ Y
)⊙ℓ
∥∥∥
smW

=
∞∑
ℓ=0

δℓ sup
||W−ImW

⊗Y ||smW
=1

∥∥∥fℓ (W − ImW ⊗ Y
)⊙ℓ
∥∥∥
smW

(2.22)

in which mW is chosen so that W and ImW ⊗ Y are of the same size. We know that:

∥∥∥fℓ (W − ImW ⊗ Y
)⊙ℓ
∥∥∥ ≤ ||fℓ||cb ||

(
W − ImW ⊗ Y

)⊙ℓ ||h ≤ ||fℓ||cb ||W − ImW ⊗ Y ||ℓh
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So, knowing that δ(µcb + ϵ) < 1, we have:

∞∑
ℓ=0

δℓ sup
||W−ImW

⊗Y ||smW
=1

∥∥∥fℓ (W − ImW ⊗ Y
)⊙ℓ
∥∥∥
smW

≤
∞∑
ℓ=0

δℓ||fℓ||cb ≤ C
∞∑
ℓ=0

δℓ(µcb + ϵ)ℓ < ∞. (2.23)

Now suppose δ > ρcb. Then for any ϵ : 0 < ϵ < µcb − δ−1 and L > 0 there exists

ℓ > L such that ∥fℓ∥cb > (µcb − ϵ)ℓ. For any such ℓ there exists W ∈ δ · Bd
sN(Y ) with

∥W − ImW ⊗ Y ∥ = (µcb − ϵ)−1 < δ such that

∥fℓ
(
W − ImW ⊗ Y

)⊙ℓ ∥ > (µcb − ϵ)ℓ∥W − ImW ⊗ Y ∥ℓ = 1.

Hence the sequence ∥fℓ
(
W − ImW ⊗ Y

)⊙ℓ ∥, ℓ ∈ N ∪ {0}, does not converge to 0

and the series does not converge uniformly on δ · Bd
sN(Y ).

Proof of part 2. Note that we assumed at the beginning of this section that the general

term in the series (2.19), obeys the Lost- Abbey condition. It follows from Part 1, that

f is uniformly locally bounded: For W ∈ δ · Bd
sN(Y ) with δ < ρcb:

||f(W )|| =

∥∥∥∥∥
∞∑
ℓ=0

fℓ
(
W − ImW ⊗ Y

)⊙ℓ

∥∥∥∥∥ ≤
∞∑
ℓ=0

sup
W∈δ·Bd

sN

∥∥∥fℓ (W − ImW ⊗ Y
)⊙ℓ
∥∥∥ < ∞.

(2.24)

So the series at right-hand side of Inequality (2.24), converges and this shows that

f(W ) is uniformly bounded in δ · Bd
sN(Y ) for any δ < ρcb. Therefore, by Lemma (1.1)

and Definition (2.6), f is uniformly analytic in ρcb · Bd
sN(Y ).

In conclusion, f |Γ is uniformly analytic NC function.
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Chapter 3

Realization Theory of Noncommutative

Functions

In this section, we present some basic theorems for the “realization” of NC functions,

also known as the linearization trick in the free probability literature. (See for exam-

ple, [6].) First, we discuss basic definitions and properties of realizations and their

corresponding NC functions and characterize them. In particular, we review the re-

sults which prove that an NC function has a finite-dimensional realization if and only

if it is a noncommutative rational NC function centred around 0. We set the necessary

preliminaries and present the conditions for minimality of the realization and Kalman

decomposition around the origin.

Next, in the second section, based on [1], we build a realization of an NC function

around a matrix centre given the assumption that the NC function has a realization

around 0. Also, we present the analytical properties (e.g. the existence and explicit

form of the associated power series) of the realization corresponding to a function and

present conditions on the realization itself to make it a realization corresponding to an

NC function.

We aim to set the stage here in the first two sections to provide some results in

the last section regarding the realization of an NC function around an arbitrary matrix
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point.

This chapter is closely aligned with the papers [18, 19] as well as the paper [1] for

results regarding infinite-dimensional operator realizations.

3.1 Introduction to Realizations: Definitions and Basic

Properties

A one-dimensional realization is a triple, (A, b, c) ∈ B(H)×H×H where H is a complex,

separable or finite–dimensional Hilbert space and B(H) denotes the Banach space of

bounded linear operators on H. Any realization defines an analytic function in an open

neighbourhood of 0 by the realization formula,

h(z) := b∗(I − zA)−1c,

and we write h ∼ (A, b, c) if h is defined by the realization in this way. Here, if

|z| < ∥A∥−1, then the inverse of the linear pencil, LA(z)
−1 := (I − zA)−1 can be

expanded as a convergent geometric series so that

h(z) =
∞∑
n=0

(b∗Anc) zn, |z| < ∥A∥−1,

is an absolutely convergent Taylor series. Conversely, we present an argument from

( [1]) in this chapter, that shows a one-variable formal power series, h ∈ C[[z]], is

the Taylor series of an analytic function in an open neighbourhood of 0 then it has a

realization, h ∼ (A, b, c), in which case we say that h is familiar ( [1], Lemma 3.1).

Definition 3.1. Let A ∈ B(H)d. The linear pencil LA is defined as an affine linear
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function on C(N×N)·d:

LA(Z) := In ⊗ IH −
d∑

j=1

Zj ⊗ Aj =: In ⊗ I − Z ⊗ A; Z ∈ C(n×n)·d.

Definition 3.2. A descriptor realization is a triple, (A, b, c), with A ∈ B(H)d := B(H)⊗

Cd, b, c ∈ H. Here, note that A ∈ B(H)d is viewed as a column d–tuple,

A =


A1

...

Ad

 ∈ B(H)d.

The transfer function, h, of the descriptor realization, (A, b, c), can be defined as the

NC function with the domain of invertibility of LA(Z), given as:

Domh :=
∞⊔
n=1

Domn h; Domn h := {Z ∈ C(n×n)·d | LA(Z) is invertible},

via the formula:

h(Z) := In ⊗ b∗LA(Z)
−1In ⊗ c.

We will write h ∼ (A, b, c) to denote that h is the transfer–function of this realization.

Definition 3.3. The invertibility domain of the realization (A, b, c) defined as:

D(A) = {Z ∈ C(N×N)·d : LA(Z) is invertible}.

The following results on the inversion map on B(H) are well known:

Lemma 3.1. Let T ∈ B(H), in which H is a Hilbert space and T is in the space of bounded

linear operators on H. Suppose that ||T || < 1. Then the series
∑∞

n=0 Tn converges in

operator norm to (I − T )−1.
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Using this theorem it follows that the inverse operation, sending each operator to

its inverse, is in fact continuous:

Proposition 3.1. Let T ∈ B(H) for a Hilbert space H. The map T 7→ T−1 is continuous.

Proof. Let S ∈ B(H) satisfy:

∥S − T∥ <
1

∥T−1∥
.

Set E = T − S, so that ∥E∥ < ∥T−1∥−1. Then

T−1S = I − T−1E, ∥T−1E∥ ≤ ∥T−1∥ · ∥E∥ < 1.

Since ∥T−1E∥ < 1, the operator I − T−1E is invertible by the Neumann series

lemma, and

∥(I − T−1E)−1∥ ≤ 1

1− ∥T−1E∥
≤ 1

1− ∥T−1∥ · ∥S − T∥
.

As S = T (I − T−1E), we obtain

S−1 = (I − T−1E)−1T−1,

and therefore

∥S−1∥ ≤ ∥T−1∥
1− ∥T−1∥ · ∥S − T∥

.

Now consider the difference:

S−1 − T−1 = S−1(S − T )T−1 = S−1ET−1.

Taking norms yields

∥S−1 − T−1∥ ≤ ∥S−1∥ · ∥S − T∥ · ∥T−1∥.
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Substituting the upper bound for ∥S−1∥, we see that as ∥S−T∥ → 0, the right-hand

side tends to 0. Hence S−1 → T−1 in the operator norm.

This shows that the inversion map is continuous at every invertible operator T .

Corollary 3.1. The set of all invertible elements in B(H) is open in the operator norm

topology. In particular, if A ∈ B(H) is invertible, then B ∈ B(H) is invertible if

||A−B|| < 1

||A−1||
. (3.1)

Lemma 3.2. The invertibility domain of the realization (A, b, c) is a joint similarity in-

variant uniformly open NC set.

Proof. It is straightforward to check that

LA

Z 0

0 W

 =

LA(Z) 0

0 LA(W )

 .

so that D(A) is indeed an NC set. One can also check that

LA(SZS
−1) = I ⊗ IH −

d∑
j=1

SZjS
−1 ⊗ Aj

= SS−1 ⊗ IH −
d∑

j=1

SZjS
−1 ⊗ Aj

= S
(
I ⊗ IH −

d∑
j=1

Zj ⊗ Aj
)
S−1

= (S ⊗ IH)LA(Z)(S
−1 ⊗ IH).

so LA(SZS
−1) is invertible if and only if LA(Z) is invertible. That is Z ∈ D(A) if and

only if SZS−1 ∈ D(A). Therefore, D(A) is joint similarity invariant.

It remains to show that D(A) is uniformly open: We show that given Z ∈ D(A), we

can find a uniformly open ball containing Z which is inside D(A).
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Let us denote by Ds(A), the level s of the NC set D(A), defined as

Ds(A) := {Z ∈ C(s×s)·d : LA(Z) is invertible}.

Given Z ∈ Ds(A), we consider ||Z⊕m − W ||row where W ∈ C(sm×sm)·d, and we

know that LA(Z) is invertible. We can determine when the inverse of LA(W ) exist.

Observe that:

||LA(Z
⊕m)− LA(W )|| = ||(Z⊕m −W )⊗ A||row ≤ ||(Z⊕m −W )||row ||A||col.

We can take ||Z⊕m −W ||row <
1

||A||
1

||LA(Z
⊕m)−1||

, then we will have:

||LA(Z
⊕m)− LA(W )|| < 1

||LA(Z
⊕m)−1||

so the condition (3.1) is satisfied. By Corollary (3.1), we conclude that LA(W ) is

also invertible. This proves that a uniform open NC ball of sufficiently small radius, is

contained entirely in D(A).

We want to show that in a uniformly open neighbourhood of 0 ∈ C(N×N)·d, any

realization defines a holomorphic NC function and vice versa. Here, we consider the

multi-variable case. First, note that for Z ∈ C(n×n)·d we have:

∥Z ⊗ A∥ = ∥(Z ⊗ IH)(In ⊗ A)∥ , Note: (A⊗B)(C ⊗D) = AC ⊗BD

=

∥∥∥∥∥∥
d∑

j=1

Zj ⊗ Aj

∥∥∥∥∥∥
B(H)⊗Cn×n

≤ ∥(Z1 ⊗ IH, . . . , Zd ⊗ IH)∥︸ ︷︷ ︸
∈B(Cn⊗H⊗C1×d,Cn⊗H)

∥∥∥∥∥∥∥∥∥∥


A1

...

Ad


∥∥∥∥∥∥∥∥∥∥︸ ︷︷ ︸

B(H,H⊗Cd)

= ∥Z∥row∥A∥col.
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So if ||Z||row < ||A||−1
col then ||Z ⊗ A|| < 1. Therefore,

h(Z) = In ⊗ b∗
∞∑
j=0

(Z ⊗ A)jIn ⊗ c =
∑
ω∈Fd+

(b∗Aωc)Zω. (3.2)

Note that as an operator on H ⊗ Cn,

∥∥∥∥∥∥
d∑

j=1

Zj ⊗ Aj

∥∥∥∥∥∥
B(H)⊗Cn×n

≤ ∥Z∥row∥A∥col,

so that the operator LA(Z) is invertible in ∥A∥−1
col · Bd

N(0). Therefore,

∥A∥−1
col · B

d
N(0) ⊆ Domh, and

∥h(Z)∥ ≤ ||b|| · ||c||
1− r ∥A∥−1

col

; ∀Z ∈ r · Bd
N(0) for 0 < r < ∥A∥−1

col .

As a consequence, h will be uniformly bounded on any NC row-ball of radius

∥A∥−1
col > r > 0, hence, using Corollary (2.2), uniformly analytic on this uniformly

open NC row ball ∥A∥−1
col · B

d
N(0) . Since D(A) is uniformly open, we conclude that h is

uniformly analytic on all of D(A).

By evaluating h on jointly nilpotent points Z in r ·Bd
N(0) (See for example [11], Chapter

5), we see that any h that admits a realization (A, b, c) can be identified with the formal

power series, h ∈ C⟨⟨z⟩⟩,

h(z) =
∑
ω∈F+d

ĥωz
ω, where ĥω = b∗Aωc.

Indeed, this also follows readily from expansion of LA(Z)
−1 as a convergent geometric

series for any Z in r · Bd
N(0), r = ∥A∥−1

col, as in Equation (3.2).

In the case of one variable functions defined in a unit disk in the complex plane C,

the Hardy space is defined as the Hilbert space of square–summable Taylor series in
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the complex unit disk, denoted by:

H2(D) := {f ∈ O(D) :
∞∑
j=0

|f |2j < ∞ if f(z) =
∞∑
j=0

fjz
j} (3.3)

in which O(D) is the set of holomorphic functions defined on the unit disk in the com-

plex plane.

Equip H2(D) with the inner product and norm given by the ℓ2–norm of Taylor coeffi-

cients:

⟨f, g⟩H2 :=
∞∑
n=0

anbn, ∥f∥H2 :=
( ∞∑
n=0

|an|2
)1/2

,

where f(z) =
∑

n≥0 anz
n and g(z) =

∑
n≥0 bnz

n. Under this inner product H2(D) is

isometrically isomorphic to ℓ2(N0) via the map f 7→ (a0, a1, . . . ) [1,20]. One can easily

check that (zn)∞n=0 is an orthonormal basis of H2(D).

There are three common and equivalent viewpoints for H2(D): 1) the coefficient

viewpoint (Taylor coefficients in ℓ2); 2) the disk viewpoint (holomorphic functions on

D whose Taylor coefficients are square summable); 3) the boundary viewpoint (See [8]):

the radial limits f(eit) = limr↗1 f(re
it) exist for a.e. t, and the boundary function lies

in L2(∂D). Moreover, the map V : H2(D) → L(∂D) which identifies every h ∈ H2(D)

with its radial boundary limits is an isometry [8].

These viewpoints can be summarized into the identities below:

∥f∥2
H2 =

∞∑
n=0

|an|2 =
1

2π

ˆ 2π

0
|f(eit)|2 dt.

This identity (coefficient ℓ2 norm = boundary L2 norm) is the Parseval (or Plancherel)

identity for H2(D), for a certain choice of the orthonormal basis of H2(D).

Also consider the Hardy algebra, which consists of all bounded holomorphic func-
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tion in D, explicitly defined as:

H∞(D) = {f ∈ O(D) : ||f ||∞ = sup
z∈D

|f(z)| < +∞}. (3.4)

Lemma 3.3. We have H∞(D) ⊆ H2(D) .

Proof. (See [8]) Let f ∈ H∞(D), so ∥f∥∞ = supz∈D |f(z)| = M < ∞. For each fixed

r ∈ [0, 1), apply the maximum modulus principle to f on the closed disk Dr = {z ∈ C :

|z| ≤ r}. This yields

sup
|z|=r

|f(z)| = max
z∈Dr

|f(z)| ≤ M.

Thus, |f(reit)| ≤ M for all t ∈ [0, 2π], and

1

2π

ˆ 2π

0
|f(reit)|2 dt ≤ 1

2π

ˆ 2π

0
M2 dt = M2.

It follows that

sup
0≤r<1

1

2π

ˆ 2π

0
|f(reit)|2 dt ≤ M2 < ∞.

which implies that f ∈ H2(D) by definition.

Moreover, the means 1
2π

´ 2π
0 |f(reit)|2 dt are nondecreasing in r (as |f |2 is subhar-

monic), so the limit

∥f∥2
H2 = lim

r→1−

1

2π

ˆ 2π

0
|f(reit)|2 dt ≤ M2 < ∞

exists and is finite. By the boundary viewpoint (and Fatou’s radial theorem [21] for

bounded holomorphic functions), the radial limits f(eit) = limr→1− f(reit) exist for

a.e. t ∈ [0, 2π], and the Parseval identity gives

∥f∥2
H2 =

1

2π

ˆ 2π

0
|f(eit)|2 dt ≤ M2 < ∞,
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so f lies in L2(∂D) as required. Therefore, H∞(D) ⊆ H2(D).

Let h be holomorphic map defined on an open neighbourhood of the origin so that

there exists a real number r > 0 such that h(rz) ∈ H∞(D) ⊆ H2(D). In H2(D) we

denote by :

S : H2(D) → H2(D), (Sf)(z) := zf(z),

the unilateral shift operator, and by

1 ∈ H2(D)

the constant function 1, i.e. the basis element z0. Considering the orthonormal basis

(zn)∞n=0 we can write the following expansion for h:

hr(z) := h(rz) =
∞∑
n=0

ĥr,nz
n : ONB expansion

so that one can obtain the coefficients by ĥr,n = ⟨zn, hr⟩ = ⟨Sn1, hr⟩ = ⟨1, S∗nhr⟩.

Therefore, we deduce that (S∗, 1, hr) is a realization for hr. Thus, for the function h

with the expansion

h(z) =
∞∑
n=0

ĥnz
n

which is not necessarily in the Hardy space, we can write

h(rz) =
∞∑
n=0

ĥnr
nzn

so that ĥn,r = ĥnr
n = ⟨1, S∗nhr⟩, meaning that ĥn = ⟨1, (1

r
S∗)nhr⟩H2.

Hence, (r−1S∗, 1, hr) is a realization for h around the origin.

In conclusion, we have proven the following one-variable case of the following result

from [1]:

Lemma 3.4. An NC function, h, is uniformly analytic in a uniformly open neighbourhood
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of 0 ∈ C(N×N)·d if and only if it is familiar, i.e. if and only if it has an operator realization.

It will also be convenient to consider Fornasini–Marchesini (FM) realizations.

Definition 3.4. An Fornaisni-Marchesini (FM ) realization is a quadruple (A,B,C,D),

where

A =


A1

...

Ad

 ∈ B(H)d, B =


B1

...

Bd

 ∈ H ⊗ Cd, C ∈ H∗, and D ∈ C.

An FM realization is often written in the block operator–colligation form:

A B

C D

 =



A1 B1

...
...

Ad Bd

C D


:

H

C

→

H ⊗ Cd

C

 .

As before, we then define the transfer function, h, of the FM realization (A,B,C,D) as

a function with domain

Domh =
⊔
n

Domn h; Domn h = {Z ∈ C(n×n)·d | LA(Z)
−1 exists},

via the formula:

h(Z) := DIn + In ⊗ CLA(Z)
−1

d∑
j=1

(
Zj ⊗Bj

)
=: D + In ⊗ CLA(Z)

−1Z ⊗B.

In particular, as discussed above, there is an r > 0 so that r · Bd
N(0) ⊆ Domh, and

h will be uniformly bounded on any NC row-ball of radius ∥A∥−1
col > r > 0, hence it is

uniformly analytic on this NC domain. We will write h ∼ (A,B,C,D) to denote that h

is the transfer function of this FM realization.
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Minimal Realizations

The other notion that we consider in this chapter is minimality. In a finite-dimensional

realization (H being a finite-dimensional Hilbert space), we say that a realization A ∈

C(n×n)·d is minimal if n is as small as possible. In [1], it is shown how we can generalize

this notion to infinite-dimensional Hilbert spaces, as follows:

Definition 3.5. Suppose (A, b, c) is a realization. We define the controllable subspace as

CA,c :=
∨

ω∈Fd+

Aωc, (closed linear span) (3.5)

and the observable subspace as:

OA∗,b :=
∨

ω∈Fd+

A∗ωb, (3.6)

and the realization is said to be controllable if CA,c = H and observable if OA∗,b = H. We

say that a realization (A, b, c) is minimal if it is both controllable and observable.

The definition of minimality above, matches with the finite-dimensional case where

it is a theorem that a finite–dimensional realization is minimal if and only if it is both

observable and controllable. Minimal realizations are unique up to a natural notion of

isomorphism [6], as shall be discussed in the following sections.

We can also define minimality for FM realizations as follows:

Definition 3.6. As before, we will say that the FM realization, (A,B,C,D), for h, is

minimal, if

H =
∨

ω∈F+d ,
1≤j≤d

AωBj =: CA,B , (3.7)

and
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H =
∨

ω∈F+d

A∗ωC∗ =: OA∗,C . (3.8)

The subspaces CA,B and OA∗,C of H defined above are called the controllable subspace

and the observable subspace of the FM realization and we say the FM realization is con-

trollable if H = CA,B and observable if H = OA∗,C . As before, (A,B,C,D) is said to be

minimal if it is both controllable and observable.

3.1.1 From Descriptor Realizations to FM Realization and vice versa

Remark 3.1. If we have an NC function that admits an FM realization, one can show

that it also admits a descriptor realization and vice versa. If h has descriptor realization

(A, b, c) then one can define

H′ :=
∨
ω ̸=∅

Aωc, A′ := A|H′ , Bj := Ajc, C := (PH′b)∗, and D := h(0),

where PH′ is the projection onto H′. It follows that (A′, B, C,D) is an FM realization of

h. Moreover, it is readily checked that if (A, b, c) is a minimal descriptor realization then

(A′, B, C,D) is a minimal FM realization.

Conversely, if (A,B,C,D) is an FM realization of h on H, one can construct a descrip-

tor realization, (Â, b, c) on Ĥ := H ⊕ C by setting Âj |H := Aj and defining Âj0 ⊕ 1 :=

Bj ∈ H. That is, with respect to the direct sum decomposition Ĥ = H ⊕ C,

Âj =

Aj Bj⟨0⊕ 1, ·⟩
Ĥ

0 0

 .

Next, one defines b := C∗ ⊕ D1 and c := 0 ⊕ 1. It is easy to verify that (Â, b, c) is then

a descriptor realization of h. If (A,B,C,D) is a minimal FM realization, then (Â, b, c)

is controllable, but it may not be observable. However, even if it is not observable, its
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observable subspace has codimension at most one in Ĥ.

Proof of Remark 3.1. Suppose that we are given an NC function h and its descriptor

realization h ∼ (A, b, c). So, by definition and Equation (3.2), we have:

h(Z) = In ⊗ b∗

 ∑
ω∈F+d

(Z ⊗ A)ω

 In ⊗ c =
∑
ω∈F+d

(b∗Aωc)Zω.

We notice that AjH
′ ⊆ H′, because for ω ̸= ∅, we have Aj(A

ωc) = Ajωc ∈ H′.

Moreover, for every ω ∈ F+d :

b∗Aωc = ⟨Aωc, b⟩ = ⟨A′ωc, P |H′b⟩.

and for ω = ∅, we get the first term in the series expansion which is h(0) = In ⊗ b∗c. so

that we can write the series expansion above as :

h(Z) = h(0)+
∑
ω ̸=∅

⟨A′ωc, P |H′b⟩ = h(0)+
∑
ω∈F+d

⟨A′ωBj , P |H′b ⟩Zω = h(0)+
∑
ω∈F+d

j=1,··· ,d

CA′ωBj Zωj .

= DIn+
∑
ω∈F+d
j∈N

In⊗C(Z⊗A′)ωZj⊗Bj = DIn+ In⊗C
∑
ω∈F+d

(
Z ⊗ A′)ω ∑

j=1,··· ,d
Zj⊗Bj .

= DIn + In ⊗ C (I ⊗ IH′ − Z ⊗ A)−1
d∑

j=1

Z ⊗B

We can also prove easily that the realization (A′, B, C,D) is both controllable and ob-

servable, given that the initial realization (A, b, c) is controllable and observable. For

the controllability we have:

∨
ω∈F+d

j=1,··· ,d

A′ωBj =
∨

ω∈F+d
j=1,··· ,d

Aω|H′Ajc =
∨

ω∈F+d

Aωc = H′.
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And for the observability condition, we have:

∨
ω∈F+d

A′∗ωC∗ =
∨

ω∈F+d

(A∗|H)ω PH′b = PH′
∨

ω∈F+d

A∗ωb = H′.

This shows that if (A, b, c) is minimal, then (A′, B, C,D) is also minimal.

Conversely, suppose h ∼ (A,B,C,D) is an FM realization, and for x ⊕ α ∈ Ĥ we

have Âj(x⊕ α) = Ajx+Bjα⊕ 0 = (Ajx+Bjα, 0) and c = 0⊕ 1. We observe that:

Âjc = Âj0⊕ 1 = Bj ⊕ 0.

Thus, for ω = i1 · · · in ∈ F+d , we can write:

Âωc = Ai1 · · ·Ain−1Bin ⊕ 0 ∈ H ⊕ C.

Moreover, for ω ̸= ∅, we have:

CAωBin = CAi1 · · ·Ain−1Bin = ⟨Ai1 · · ·Ain−1Bin , C
∗⟩H

= ⟨Ai1 · · ·Ain−1Bin ⊕ 0, C∗ ⊕D1⟩H′ = ⟨Âωc, b⟩.

Considering the first term D = h(0) = b∗c corresponding to ω = ∅, we can write:

h(Z) =
∑
ω∈F+d

b∗Âωc Zω = b∗L
Â
(Z)−1c.

Now, with the assumption that (A,B,C,D) is controllable and observable, we can

prove that (Â, b, c) is controllable, because:

∨
ω∈F+d

Âωc =
∨

ω∈F+d

(Ai1 · · ·Ai|ω|−1Bi|ω| ⊕ 0)⊕ (0⊕ C) = H ⊕ C = Ĥ.
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However, the observability may not happen because:

∨
ω∈F+d

Â∗ωb =
∨

ω∈F+d

Ai1 · · ·Ai|ω|(C
∗ ⊕D1),

and the span on the right-hand side may not contain the subspace 0⊕ C.

As stated in [6,18] and also in a more general setting, in [1], we can build realiza-

tions of NC functions by synthesis, meaning that we can start with simple realizations

and construct other realizations of sums, products and inverses of NC functions. The

algorithm is similar to the one stated in references mentioned above.

3.1.2 How to construct Realizations of Sums, Products and Inverses?

Given two realizations (A, b, c) ∼ g and (A′, b′, c′) ∼ h with A ∈ B(H) and A′ ∈ B(H′),

there is an algorithm for constructing descriptor realizations of sums, products and

inverses as follows [1]. A descriptor realization for g+h is given by (A+, b+, c+) where,

A+
j := Aj ⊕ A′

j , b+ :=

 b

b′

 , and c+ :=

 c

c′

 . (3.9)

A descriptor realization for g · h is given by (A×, b×, c×), where

A×
j :=

Aj Ajcb
′∗

0 A′

 , b× :=

 b

c∗b′

 , and c× :=

0

c′

 . (3.10)

And a descriptor realization for g−1, assuming that g(0) = b∗c ̸= 0, on the Hilbert

space Ĥ := H ⊕ C, is given by (A(−1), b(−1), c(−1)), where A
(−1)
j ∈ B(Ĥ), 1 ≤ j ≤ d,
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b(−1), c(−1) ∈ Ĥ and,

A
(−1)
j :=

 Aj − 1
b∗cAjcb

∗ 1
b∗cAjc(0⊕ 1C)

0 0

 , b(−1) :=
1

c∗b
(−b⊕1), and c(−1) := 0⊕1.

(3.11)

We can also use the same argument to obtain the sum, product and inverse of a

Fornasini-Marchesini realization. Let (A,B,C,D) ∼ g and (A′, B′, C ′, D′) ∼ h be FM

operator realizations on separable, complex Hilbert spaces H and H′, respectively. An

FM operator realization for g + h is given by (A+, B+, C+, D+) where,

A+
j := Aj ⊕ A′

j , B+
j :=

Bj

B′
j

 , C+
j := (Cj , C

′
j), and D+ := D +D′. (3.9)

An FM realization for g · h is given by (A×, B×, C×, D×), where

A×
j :=

Aj BjC
′
j

0 A′
j

 , B×
j :=

BjD
′

B′
j

 , C× := (C,DC ′), and D× := D ·D′.

(3.10)

An FM operator realization for g−1, assuming that g(0) = D ̸= 0, is given by

(A(−1), B(−1), C(−1), D(−1)), where

A
(−1)
j := Aj −

1

D
BjC, B

(−1)
j := − 1

D
Bj , C(−1) :=

1

D
C, and D(−1) :=

1

D
.

(3.11)

It is well known that these formulas give realizations for sums, products and inverses

in the case of finite-dimensional realizations. Here we calculate the inverse realization

of the realization of g ∼ (A,B,C,D). The fact that Equation (3.11) above gives an FM

realization for g−1, for example, can be checked using the Woodbury identity [24], for

FM realization:
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Woodbury matrix identity: (A+ UCV )−1 = A−1 − A−1U
(
C−1 + V A−1U

)−1
V A−1

given that A−1, C−1, and
(
C−1 + V A−1U

)−1 exist.

Applying this to the FM realization:

g(Z)−1 =
(
D + CLA(Z)

−1Z ⊗B
)−1

= D−1 −D−1C
(
LA(Z) + Z ⊗BD−1C

)−1
Z ⊗BD−1

= D−1 −D−1C
(
I − Z ⊗ A+ Z ⊗BD−1C

)−1
Z ⊗BD−1

=
1

D
In − 1

D
C
(
I −

d∑
j=1

Zj ⊗ (Aj −
1

D
BjC)

)−1
d∑

j=1

1

D
Zj ⊗Bj .

which, by comparison gives us the Equations (3.11).

Remark 3.2. If (A,B,C,D) is a minimal FM realization so that D ̸= 0, then it is easy to

check that (A(−1), B(−1), C(−1), D(−1)) is also minimal, as in [18], section 5.2. Indeed,

assuming (A,B,C,D) is minimal, we have:

∨
ω∈Fd+
1≤j≤d

A(−1)ωB
(−1)
j ⊇

∨
AωBj = H, and

∨
ω∈Fd+

A(−1)∗ωC(−1)∗ ⊇
∨

A∗ωC∗ = H.

Definition 3.7. An NC rational expression r, is any expression by applying +,−, · and

(·)−1 to the elements of C⟨z⟩, the ring of free polynomials. The domains of valid NC

rational expression is Dom r = {X : r(X) is defined }. We consider the equivalence re-

lation defined by r1 ∼ r2 if r1(X) = r2(X) for all X ∈ Dom(r1) ∩ Dom(r2) (r is valid

if Dom(r) ̸= ∅). An NC rational function is an equivalence class of valid NC rational

expressions with respect to this relation.

We can prove here, as an example, that a finite-dimensional realization (A, b, c)

(meaning that A is being finite-dimensional), always corresponds to a rational NC func-

tion, the equivalence classes of rational expressions with common domain. If f(Z) is an
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NC rational function, it means that it is in fact a rational expression applied to d-tuple

of matrices Z. By using the either of the algorithms above, we can easily show that any

NC rational function has a finite-dimensional realization. This is mainly because of how

we construct the realization of sums, products and inverses, as represented in at the be-

ginning of this section and it is known as synthesis which is introduced in [18]. We

know that the FM realization for 1 is given by (1, 0, 0, 0) and the FM realization for Zk

is given by (0, δk,j , 1, 0) (or equivalently, the descriptor realization is given by (0, Z, ek),

in which Z = (Z1, . . . , Zd) and ek is the k-th element of the standard orthonormal basis

of Cd). This shows us that these realizations are finite dimensional. Moreover, we saw

earlier in this section, how we can construct the realizations of sums, products and in-

verses. Note that if start with 1 or a monomial Zk, for a rational expression, we should

only apply a finite number of these rules to these monomials and therefore, we can

conclude that the final result, namely a realization for a rational expression, will be

finite dimensional.

Conversely, if (A, b, c) is a finite-dimensional realization of size m ∈ N, for an NC

function f it means that:

f(Z) = b∗(I ⊗ Im − Z ⊗ A)−1 c

for such realization with A ∈ C(n×n)·d. We can sketch a proof of why this is in fact an NC

rational function. As a sketch, we take n = 2 and also d = 2. Given Z ∈ C(m×m)·d , we

assume that the equality above holds. Note that here in this case (because n = d = 2),

we have:

A =

A1

A2


in which

A1 =

a11 a12

a21 a22

 , and A2 =

a′11 a′12

a′21 a′22


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so that LA(Z) = Im ⊗ I2 − Z1 ⊗ A1 − Z2 ⊗ A2, which is equal to

Im − Z1a11 − Z2a
′
11 Im − Z1a12 − Z2a

′
12

Im − Z1a21 − Z2a
′
21 Im − Z1a22 − Z2a

′
22

 ∈ Cm×m ⊗ C2×2.

Now, using the following Schur complement formula, we want to compute the inverse

of the block matrix of LA(Z):

M =

A B

C D

 −→ M−1 =

 (M/D)−1 −(M/D)−1BD−1

−D−1C (M/D)−1 D−1 +D−1C(M/D)−1BD−1


in which we assume that the inverse of D and M/D := A − BD−1C exist. Here,

we observe that the entries of inverse of the block matrix of LA(Z) will be a rational

functions of Z1 and Z2. By calculating the inverse formula for the other values of n

and d, although with more calculations, we see that just similar to this case here, the

realizations in the form of b∗(I ⊗ Im − Z ⊗A)−1 c, fit into the definition of NC rational

functions.

Example 3.1. We would like to provide an example here, to demonstrate that if the real-

ization is finite dimensional, then the corresponding NC function is indeed rational.

We can take for example:

A1 =

1 1

0 1

 , A2 =

0 1

1 0



b =

1

0

 , c =

0

1


So the linear pencil would be:

LA(Z) =

In 0

0 In

−

Z1 Z1

0 Z1

−

 0 Z2

Z2 0


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=

In − Z1 −(Z1 + Z2)

−Z2 In − Z1

 .

Now using the Schur complement formula, we have:

LA(Z)
−1 = (M/D)−1 −(M/D)−1(−Z1 − Z2)(In − Z1)

−1

−(In − Z1)(−Z2)(M/D)−1 ∗

 ,

in which (M/D) is defined as:

(M/D) = (In − Z1)− (Z1 + Z2)
(
In − Z1

)−1
Z2.

Therefore, the NC function corresponding to the realization would be:

h(Z) = In ⊗ (1, 0)LA(Z)
−1

 0

In

 = −(M/D)−1(−Z1 − Z2)(In − Z1)
−1.

This clearly demonstrates that the NC function h is a rational NC function.

3.1.3 Uniqueness of Minimal Realizations

With respect to specific transformations, minimal realizations can be considered to be

unique.

Definition 3.8 (Closed and closeable operators). Recall that a linear map L : DomL ⊆

H → J, with dense linear domain, DomL, in a Hilbert space, H, and range in a Hilbert

space, J, is said to be closed if its graph is a closed subspace of H ⊕ J. Such a linear map

is closeable if it has a closed extension, L̂, i.e. DomL ⊆ Dom L̂ ⊆ H and L̂|DomL = L.

If L is closeable, its closure, L̄, is defined as its minimal closed extension, which can be

obtained by taking the closure of the graph of L in H ⊕ J.
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A subset, D ⊆ DomL of the domain of a closed linear operator, L, is called a core for

L if (D , LD) is dense in the graph of L. In particular, if L is closeable with closure L̄, then

DomL is a core for L̄ (See [20], Section VI.2).

Remark 3.3. In the definition above, we write L ⊆ L̂ and say that L is a restriction of L̂.

In particular, L is closeable if and only if the closure of its graph in H⊕ J does not contain

any vectors of the form, 0⊕y for y ̸= 0. Equivalently, L is closeable if and only if whenever

xn ∈ DomL, xn → 0 and yn = Lxn → y ∈ J, then necessarily y = 0. One can prove that

L∗ is densely-defined if and only if L is closeable, in which case L̄ = L∗∗, i.e. the bi-adjoint

is the minimal closed extension of L.

Definition 3.9. Let X : H → J be a closed, densely-defined linear map on Dom X ⊆ H.

We say that X is a pseudo-affinity, if X is injective and has a dense range. Suppose that

A ∈ B(H) and B ∈ B(J) are bounded linear maps such that ADomX ⊆ DomX and

XA ⊆ BX, then we say that A and B are pseudo-similar.

The following uniqueness theorem is stated in [1] and we refer to that paper for the

proof. A similar statement can be proved for FM realizations.

Theorem 3.1 (Uniqueness of minimal realizations). Minimal realizations are unique up

to unique pseudo-similarity. That is, if (A, b, c) and (A′, b′, c′) are two minimal realizations

defined on H and H′, respectively, for the same NC function, h, then there is a closed,

injective and densely–defined linear transformation, S : DomS ⊆ H → H′ , with dense

range so that for all p, q ∈ C⟨z⟩,

(i) The non-closed linear span of (C⟨A⟩c, SC⟨A⟩c) is dense in the graph of S

and S(p(A)c) = p(A′)c.

(ii) The non-closed linear span of (C⟨A′∗⟩c, SC⟨A′∗⟩c) is dense in the graph of S∗ and

S∗q(A′∗)b′ = q(A∗)b.

Given an arbitrary realization (A, b, c) of an NC function h defined on H, we can

always find the minimal realization associated to h by compressing to a certain “semi-

invariant subspace” [1].
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Suppose J is a Hilbert space and Σ is a semigroup of operators on J. If H is a sub-

space of J and Q is the orthogonal projection onto H, then H is called semi-invariant

under Σ provided QW1QW2Q = QW1W2Q for all W1 and W2 in Σ. When this happens,

the family of operators {QW |H : W ∈ Σ} is a semigroup— called the projection of Σ

onto H—and the natural map of Σ onto its projection is a homomorphism [22].

Let (A, b, c) ∼ h be any descriptor realization of h on H. Define the minimal space

of (A, b, c) as the subspace

MA,b,c := CA,c ⊖ O⊥
A∗,b ∩ CA,c.

Then, MA,b,c is the direct difference of the nested, A-invariant subspaces, CA,c and

O⊥
A∗,b∩CA,c, and is hence semi-invariant for A. That is, if Q0 : H → MA,b,c denotes the

orthogonal projection, then

Q0A
ωQ0 = (Q0AQ0)

ω, ω ∈ F+d ,

so that the compression to MA,b,c is a surjective, unital homomorphism of the unital

algebra generated by A, Alg{I, A1, . . . , Ad}, onto Alg{I, A(0)
1 , . . . , A

(0)
d } where A(0) :=

Q0A|MA,b,c
.

Theorem 3.2 (Kalman decomposition). Let (A, b, c) be any descriptor realization of h

on H, and define the minimal space, MA,b,c, as in Equation (3.8) above, with projector

Q0. Then setting A(0) := Q0A|MA,b,c
, b0 := Q0b and c := Q0c, (A(0), b0, c0) is a minimal

realization of h .
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Chapter 4

Operator Realization around a

matrix-centre

We have seen before that an NC function f is uniformly analytic in a uniformly open

neighbourhood of 0 := (0, . . . , 0) ∈ C1×d if and only if it has a realization f ∼ (A, b, c).

For an NC function f , with the realization f ∼ (A, b, c), the moments of the realization

are b∗Aωc = f̂ω with f̂ω being the Taylor-Taylor coefficients of f at 0. Hence, our

motivation in this section is the question of whether an analytic NC function f about a

matrix centre Y ∈ C(m×m)·d, has a realization centred at Y , which somehow determines

the Taylor-Taylor series coefficients of f at Y .

In the case of functions with one variable, we can see that if f is holomorphic in an

open neighbourhood of y ∈ C, it has a “realization centred at y”, f ∼y (A, b, c) in the

sense that

f(z) = b∗
(
I − (z − y)A

)−1
c

=
∞∑
j=0

b∗Ajc(z − y)j

in which, the term f̂j := b∗Ajc is the Taylor coefficient of the function f at the point
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y. We can prove this as follows: let g(z) := f(z + y) so that g would be a holomorphic

function in a disk centred at the origin of a given non-zero radius. Therefore, by the

results of the previous section, g has a realization, lets say g ∼ (A, b, c). So, we can

write:

f(z) = g(z − y) = b∗
(
I − (z − y)A

)−1
c

= b∗
(
LA(y)(I − zLA(y)

−1A)
)−1

c, LA(y) := I − yA

= b∗
(
I − zLA(y)

−1A
)−1

LA(y)
−1c.

Therefore, we can consider the realization of f at y, a translation of the realization of

g ∼ (A, b, c) explicitly written as f ∼y (LA(y)
−1A, b, LA(y)

−1c).

Similar to the case of one complex variable above, if an NC function f ∼ (A, b, c),

with A ∈ B(H)d and Y ∈ C(m×m)·d, Y ∈ Dm(A), we can construct a matrix centre

realization of f about y, f ∼Y (Â, b̂, ĉ) using a similar “translation process”.

Definition 4.1 (Completely bounded norm for column d-tuples). For a d-tuple of com-

pletely bounded linear maps:


A1

...

Ad

 : Cm×m ⊗ C1×d −→ B(H).

i.e. 
A1

...

Ad

 ◦ (Z1, · · · , Zd) =
d∑

j=1

Aj(Zj) =: A(Z).

We denote by ||(A1, . . . , Ad)
T||CB, the column cb-norm of this linear map, which is defined

as in Definition (2.4).

Definition 4.2. Let Y ∈ C(m×m)·d. A descriptor matrix-centre realization of Y , is a
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triple (A, b, c)Y , where A = (A1, . . . , Ad) is a d-tuple of linear maps,

Aj ∈ B(Cm×m,B(H)),

with H being a complex, separable Hilbert space and b, c ∈ B(Cm,H). We define the

linear pencil as a function LA(X) given as:

LA(X) := IH −
d∑

j=1

Aj(Xj).

The invertibility domain of the realization is defined as:

DY (A) :=
∞⊔
n=1

DY
n (A).

such that

DY
n (A) := {X ∈ C(mn×mn)·d

∣∣∣ LA(X − In ⊗ Y )−1 exists }

Definition 4.3. If for any X ∈ DY
s (A),

f(X) = Is ⊗ b∗ LA(X − Is ⊗ Y )−1 Is ⊗ c.

We say that f is a quantized transfer function of (A, b, c)Y and write f ∼Y (A, b, c).

Remark 4.1. Note that the quantized transfer function may not be an NC function as it

may not obey the joint similarity condition [13]. It is however, always graded and respects

the direct sum. However, quantized transfer function is uniformly bounded, as it is a

convergent geometric series with a positive radius of convergence.

Remark 4.2. It is a result of Paulsen that for operators Âj : Cn×n → B(H), from a

finite-dimensional vector space to B(H), boundedness implies complete boundedness [See

Theorem (2.4)].

Our emphasis on complete boundedness here, stems from the need to analyze the Tay-

lor–Taylor expansion of the realization and, in particular, to control its Hadamard radius
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of convergence (2.13). When studying realizations of the NC functions, each coefficient in

the corresponding Taylor–Taylor series involves multilinear maps acting on matrix tuples

of the form b∗Aωc. Ensuring that these maps are completely bounded guarantees uniform

control of their norms at all matrix levels as discussed following Definition (2.5).

Remark 4.3. Since each Aj ∈ B(Cn×n,B(H)) is a linear map on a finite-dimensional

operator space Cn×n, each Aj is completely bounded [16]. Therefore, one can consider A

as a completely bounded linear map from the column operator space (with d components)

over Cn×n into B(H), A ∈ CB(C(n×n)·d,B(H)) and define :

||A||CB := ||(A1, · · · , Ad)
T ||CB.

Proposition 4.1. The set DY (A) is a uniformly open NC set.

Proof. First, it is clear that DY (A) is closed under ‘⊕’ and therefore by definition it is

an NC set. Suppose that Z ∈ DY (A), which means that LA(Z − In ⊗ Y )−1 exists. If W

is in an open uniform ball of radius δ > 0 around Z, we have :

||(Z − In ⊗ Y )− (W − In ⊗ Y )||row = ||Z −W ||row < δ.

Furthermore, this means that :

||LA(Z − In ⊗ Y )− LA(W − In ⊗ Y )|| < δ · ||A||CB

=⇒ ||I − LA(Z − In ⊗ Y )−1LA(W − In ⊗ Y )|| < δ · ||A||CB · ||LA(Z − In ⊗ Y )−1||

If δ > 0 is taken to be sufficiently small, i.e. δ <
1

||A||CB · ||LA(Z − In ⊗ Y )−1||
, then

we have:

||I − LA(Z − In ⊗ Y )−1LA(W − In ⊗ Y )|| < 1.
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This implies that:

I − (I − LA(Z − In ⊗ Y )−1LA(W − In ⊗ Y )) = LA(Z − In ⊗ Y )−1LA(W − In ⊗ Y )

is invertible. Therefore LA(W − In⊗Y ) is invertible (See Lemma (3.1)), and therefore

W ∈ DY (A). This shows that any uniformly open NC row ball of sufficiently small

radius around any point in DY (A), is contained in DY (A).

Theorem 4.1. For every X in the NC open row ball centred at Y , of radius of ||(A1, . . . , Ad)
T||−1

CB

(or in other words, for any X with ||X − Is ⊗ Y || < ||(A1, . . . , Ad)
T||−1

CB):

LA(X − Is ⊗ Y )−1 =
∞∑
ℓ=0

A(X − Is ⊗ Y )ℓ

=
∑
ω∈F+d

A(ω)(X − Is ⊗ Y ),

where A(ω)(X−Is⊗Y ) = Ai1(Xi1−Is⊗Yi1) . . . Aid(Xid−Is⊗Yid) if ω = i1 . . . id ∈ F+d ,

ij ∈ {1, . . . , d}.

Proof. Expanding the linear pencil LA(X − Is ⊗ Y ), we have:

LA(X − Is ⊗ Y ) = Im ⊗ IH − A(X − Is ⊗ Y ) = Im ⊗ IH −
d∑

j=0

Aj(Xj − Is ⊗ Yj).

The convergence criteria of the series

LA(X − Is ⊗ Y )−1 =
∞∑
ℓ=0

A (X − Is ⊗ Y )ℓ

is that

||A(X − Is ⊗ Y )|| ≤ ||(A1, . . . , Ad)
T||CB ||X − Is ⊗ Y ||row < 1.
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If ||X − Is ⊗ Y ||row <
1

||(A1, . . . , Ad)
T||CB

for A = (A1, . . . , Ad) ∈ CB(Cm×m ⊗

C1×d,B(H)),

the series above converges and therefore the inverse of the linear pencil exists.

It is readily checked that:

A(X − Is ⊗ Y )ℓ =
∑
|ω|=ℓ

Aω(X − Is ⊗ Y ), such that ω ∈ Fd+,

where if ω = i1i2 . . . ik:

Aω(X − Is ⊗ Y ) := Ai1(Xi1 − Is ⊗ Yi1) . . . Aik(Xik − Is ⊗ Yik)

we can write the expanded geometric series of the linear pencil as :

LA(X − Is ⊗ Y )−1 =
∑
ω∈Fd+

Aω(X − Is ⊗ Y ).

The same criteria is also sufficient for the existence of the inverse of LA(X − Is ⊗ Y )

and the convergence of the expanded geometric series above.

Given the theorem above, we can now connect the terms of the Taylor-Taylor series

of an NC function at a given point in its domain of definition, Y ∈ Cm×m. Note that:

f(X) = Im ⊗ b∗ LA(X)−1 Im ⊗ c =
∑
ω∈Fd+

b∗Aω(X − Is ⊗ Y ) c, (4.1)

and that b∗Aω(X−Is⊗Y ) c are |ω|-linear maps acting on (X − Is ⊗ Y, . . . , X − Is ⊗ Y︸ ︷︷ ︸
d−times

).

By the uniqueness theorem in Chapter 2, Theorem (2.6) and its version for series in-

dexed by free monoid (See page 64), and Equation (2.12), we have that the series

(4.1), is equal to the Taylor - Taylor expansion of f at a matrix centre Y . In other

words, we obtained the following:
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Lemma 4.1. Let Y ∈ Dommf , where f is an NC function. If f ∼Y (A, b, c), then the

Taylor–Taylor series of f at Y is given by the multilinear partial difference-differential

maps,

∆ωt

X−Is⊗Y f(Y ) = Is ⊗ b∗Aω(X − Is ⊗ Y ) Is ⊗ c. (4.2)

where ω = i1 · · · ik ∈ Fd+ and X − Is ⊗ Y ∈ C(sm×sm)·d.

That is, if the Taylor–Taylor series of f ∼Y (A, b, c) centred at Y ∈ Dommf converges

at X ∈ C(sm×sm)·d, then

f(X) =
∑
ω∈Fd+

∆ωt

X−Is⊗Y f(Y ),

where the terms of this series are given by Equation (4.2).

In the next theorem, we consider the relation between Lost-Abbey conditions and

realizations. Note that in all of the results presented so far, the assumption is that

the NC function f is defined at the origin, and then we build realization with this

assumption. Recall that the quantized transfer function of a matrix-centre realization

at Y need not to be an NC function. It will be an NC function if and only if it obeys the

Lost-Abbey conditions:

Theorem 4.2. Consider the series:

f(X) :=
∞∑
ℓ=0

fℓ(X − Im ⊗ Y, . . . , X − Im ⊗ Y︸ ︷︷ ︸
ℓ times

), (4.3)

with Y ∈ C(s×s)·d and fℓ : (C(s×s)·d)ℓ → CN×N, for ℓ ∈ N ∪ {0}, being ℓ-linear maps

and X ∈ C(sm×sm)·d. Then f ∼Y (A, b, c) is a uniformly analytic NC function on the

uniformly open NC set DY (A), if and only if the |ω|-linear maps:

fℓ(·, . . . , ·) =
∑
|ω|=ℓ

b∗Aω(·, . . . , ·) c, ℓ ∈ N ∪ {0},

obey the Lost-Abbey conditions.
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Proof. If we assume that f is a uniformly analytic NC function, using the facts that the

linear maps b∗Aω(·, . . . , ·) c, are the terms of the Taylor-Taylor series expansion of the

NC function f around Y (because of Lemma (4.1)), we can deduce from Proposition

(2.3), that the |ω|-linear maps fℓ obeys the Lost-Abbey conditions.

If f ∼Y (A, b, c) obey Lost-Abbey conditions at matrix point Y , then it is uniformly

bounded on a r ·Bd
sN(Y ) for any r < ||A||CB. Hence, since uniform boundedness implies

uniform analytic property, it follows that all the partial derivatives of f exists and hence

the series
∑∞

ℓ=0 fℓ(X − Im ⊗ Y, . . . , X − Im ⊗ Y︸ ︷︷ ︸
ℓ times

) defines a unique NC function f which

is uniformly analytic on its domain.

4.0.1 Minimality of Descriptor Realizations around a Matrix Centre

For a realization around a matrix centre, controllability and observability can be defined

in a similar way to the definitions presented in the first section of this Chapter, both for

descriptor and FM realizations. Moreover, the translation of realizations here is derived

from the arguments in [1] for the finite-dimensional matrix-centred realizations of NC

rational functions, in which the same propositions are stated for FM realizations.

Notation: If ω = i1 · · · i|ω|, let Aω : Cm×m⊗C1×|ω| → B(H) be the |ω|–multilinear map

defined as:

Aω(G1, · · · , G|ω|) := Ai1(G1)Ai2(G2) · · ·Ai|ω|(G|ω|) ∈ B(H), Gi ∈ Cn×n.

Also define the |ω|-linear map, Aω† as:

Aω†[G⃗] =
(
Aω[G⃗∗]

)∗
, G⃗ := (G1, · · · , G|ω|);Gi ∈ Cn×n,

where G⃗∗ denotes component-wise adjoint.
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Definition 4.4. [13] Given any realization, (A, b, c)Y , around a matrix centre Y ∈

C(n×n)·d, we define the controllable subspace,

CA,c :=
∨

ω∈F+d

RanAωc,

where, if ω = i1 · · · i|ω|, then Aω : Cn×n ⊗ C1×|ω| → B(H) is the |ω|–multilinear com-

pletely bounded map defined as before:

Aω(G1, · · · , G|ω|) := Ai1(G1)Ai2(G2) · · ·Ai|ω|(G|ω|) ∈ B(H), Gi ∈ Cn×n.

The realization, (A, b, c)Y , is said to be controllable if H = CA,c. Similarly, we define

the observable subspace,

OA†,b :=
∨

ω∈F+d

RanAω†b,

where, if ω = i1 · · · i|ω| and Gi ∈ Cn×n then

Aω†(G1, · · · , G|ω|) := Ai|ω|(G
∗
|ω|)

∗Ai|ω|−1
(G∗

|ω|−1)
∗ · · ·Ai1(G

∗
1)

∗ ∈ B(H).

As before, (A, b, c)Y is said to be observable, if OA†,b = H.

Note that here, we define Aω as a |ω|–linear map on |ω|–tuples of n × n matrices,

whereas earlier in our discussion of Taylor–Taylor series of a function with a matrix-

centre realization, we defined a similar |ω|–linear map on |ω|–tuples of elements H(i)

of C(n×n)·d, Âω, which is related to Aω by

Âω[H(1), · · · , H(ω)] = Aω[H
(1)
i1

, · · · , H(|ω|)
i|ω|

].

Hence,

RanAωc =
∨

Gi∈Cn×n,
v∈Cn

Ai1(G1) · · ·Ai|ω|(G|ω|) c(v).
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Definition 4.5 (Minimal realization around a matrix centre). A realization (A, b, c)Y is

said to be minimal, if it is both controllable and observable.

4.1 New Results on Realization theory around a matrix

centre

In this section, we present several results that extend the realization theory of NC

functions and allow us to build matrix-centre realizations of more general NC func-

tions. Namely, we can build realizations of an NC rational function r in m NC vari-

ables composed with m-tuples of NC functions g1, . . . , gm that have realizations at 0.

Our results in this section provides a way of building realizations for such functions,

f := r ◦ (g1, . . . , gm), even if f is not defined at 0. Recall from Definition (2.7) that the

set of all NC polynomials in d non-commuting variables z = (z1, · · · , zd) is called free

algebra and is denoted by C⟨z⟩.

Definition 4.6 ( [1,13]). Given any p ∈ C⟨z⟩,

p =
∑

|ω|≤N

p̂ωz
ω,

we can view p(A) as a multi-affine linear map in np :=
∑

|ω|≤N ; p̂ω ̸=0 |ω| – arguments

in Cn×n into B(H).

Namely, given two words, α, ω ∈ F+d and c ∈ C, we define:

Aα + cAω : Cn×n ⊗ C1×(|α|+|ω|) −→ B(H),

in the obvious way:

(Aα + cAω)(G1, . . . , G|α|, H1, . . . , H|ω|) := Aα(G) + cAω(H),
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for G = (G1, . . . , G|α|) and H = (H1, . . . , H|ω|), Gi, Hj ∈ Cn×n.

For simplicity of notation, when we view p(A) for p ∈ C⟨z⟩ as a multi-affine linear map

in np copies of Cn×n, we will often simply write

p(A)[G⃗]

for the image of G⃗ := (G1, . . . , Gnp) ∈ Cn×n ⊗ C1×np under p(A).

Definition 4.7. Suppose we have an NC polynomial of the form:

p(A) =
∑

|ω|≤N

p̂ωA
ω,

The conjugate of this NC polynomial is defined as:

p(A) =
∑

|ω|≤N

p̂ωA
ω,

where p̂ω is the complex conjugate of the complex number p̂ω.

Similar to the theorems stated in the previous section of this chapter, we aim to ex-

tend Theorems (3.2) and (3.1) to matrix-centre realizations. We start with an analogue

of Theorem (3.1) for this case.

Definition 4.8 (Analytic equivalence realizations around matrix point Y ; See [1]). Let

A ∈ (A1, · · · , Ad)
T and A′ ∈ (A′

1, · · · , A
′
d)

T be two column d–tuples of linear maps

Aj : Cn×n → B(H) and A′
j : Cn×n → B(H′). We say that A and A′ are ana-

lytically equivalent around Y and denote it by (A, b, c)Y ∼ (A′, b′, c′)Y , if there exist

b, c ∈ B(Cn,H) and b′, c′ ∈ B(Cn,H′) so that the realizations (A, b, c)Y and (A′, b′, c′)Y

are both minimal and define the same quantized transfer function in a uniformly open

neighbourhood of Y ∈ Cm×m. That is, A and A′ are analytically equivalent if there exists
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an r > 0 so that

b∗LA(Z − Is ⊗ Y )−1c = b′∗LA′(Z − Is ⊗ Y )−1c′, ∀Z ∈ r · B(sN×sN)·d,

or equivalently (See [13], Lemma (2.7) for a proof),

b∗Aωc = b′∗A′ωc′ ∀ω ∈ Fd.

If (A, b, c)Y ∼ (A′, b′, c′)Y , where A′ ∈ CB(Cn×n,B(H′))d, we observe that :

DY (A) ∩DY (A′) ⊇ r · Bd
mN (Y ), where r := min

{
∥A∥−1

CB;col, ∥A
′∥−1
CB;col

}
,

∥A∥CB;col := ∥(A1, · · · , Ad)
T∥CB.

Recall that the definitions for the following theorem are stated at the beginning of

Section (3.1.1):

Theorem 4.3. Suppose that (A, b, c)Y ∼ (A′, b′, c′)Y are minimal analytically equivalent

realizations at Y . Then there is a unique pseudo-similarity, S : DomS ⊂ H → H′ so that

for all p, q ∈ C⟨z⟩:

(i) RanC⟨A⟩c is a core for S and Sp(A)[G⃗]c(v) = p(A′)[G⃗′]c′(v) for all G⃗ ∈ Cn×n ⊗

C1×np and v ∈ Cn.

(ii) RanC⟨A′†⟩b′ is a core for S∗ and S∗q(A)†[G⃗]b′(u) = q(A)†b(u) for all G⃗ = (G1, · · · , Gnq), Gi ∈

Cn×n and u ∈ Cn.

Proof. We need to first check that S is a well-defined linear map. Namely, if p(A)[G⃗]c(v) =

0 ∈ H, we need to show that p(A′)[G⃗]c′(v) = 0 ∈ H′. For any q ∈ C⟨z⟩, and any

H⃗ = (H1, . . . , Hnq), Hj ∈ Cm×m and u ∈ Cm, since (A, b, c)Y ∼ (A′, b′, c′)Y , we have :

0 = b(u)∗q(A)[H⃗∗]p(A)[G⃗]c(v) = ⟨q(A)†[H⃗]b(u), p(A)[G⃗]c(v)⟩H

= b′(u)∗q(A′)[H⃗∗]p(A′)[G⃗]c′(v) = ⟨q(A′)†[H⃗]b′(u), p(A′)[G⃗]c′(v)⟩H′ .
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However, since (A′, b′, c′)Y is assumed to be minimal,

H′ = OA′†,b′ =
∨

q∈C⟨z⟩
Ran q(A′)†b′,

and we conclude that p(A′)[G⃗]c′(v) = 0, as required.

We want to prove that S is closeable. We need to show that pn(A)[G⃗]c(v)
n→∞−−−−→ 0

and Spn(A)[G⃗]c(v)
n→∞−−−−→ y′ imply y′ = 0.

Since the linear transformation Lv = q(A′)[H⃗]v is defined everywhere, q(A′)[H⃗]b′(u)

(See Definition (4.7) and (4.4), for the notation q(A†)) has the property that:

⟨q(A′†)[H⃗]b′(u), y′⟩ = lim
n→∞

⟨b′(u), q̄(A′)[H⃗∗]pn(A′)[G⃗]c(v)⟩H′ H⃗∗ := (H∗
1 , · · · , H

∗
nq)

= lim
n→∞

⟨b(u), q̄(A)[H⃗∗]pn(A)[G⃗]c(v)⟩H

= lim
n→∞

b∗(u)q̄(A)[H⃗∗]pn(A)[G⃗]c(v) = 0

and because of controllability of (A′, b′, c′) is implies that y′ = 0. This suffices to prove

that S is closeable.

Next we want to show that S is injective. First, let us prove that Sp(A)[H⃗]c(v) = 0

then p(A)[H⃗]c(v) = 0. Because (A, b, c) is controllable, we can conclude that for every

h ∈ H if Sh = 0 implies h = 0. So, our assumption is that

Sp(A)[H⃗]c(v) = p(A′)[H⃗]c′(v) = 0.

On the other hand, by equivalence of realizations, the following equality is true:

b∗Aω[W⃗ ]c = b
′∗A

′ω[W⃗ ]c′, ∀W⃗ = (W1, · · · ,W|ω|) ∈ Cn×n ⊗ C1×|ω|,
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so we have for every q ∈ C⟨z⟩

p(A′)[H⃗]c′(v) = 0 =⇒ b∗q(A′)[G⃗]p(A′)[H⃗]c′(v) = 0

⇐⇒ ⟨q(A′†)[G⃗]b, p(A′)[H⃗]c′(v)⟩H′ = 0

⇐⇒ ⟨q(A†)[G⃗]b, p(A)[H⃗]c(v)⟩H = 0

which implies that p(A)[H⃗]c(v) = 0.

Additionally, we claim that C⟨(A′)†⟩b′(u) ⊆ DomS∗ and that S∗q(A′†)[G⃗]b′(u) =

q(A)[G⃗]b(u) for any q ∈ C⟨z⟩. For every p ∈ C⟨z⟩:

⟨q(A′†)[G⃗]b′(u), Sp(A′)[H⃗]c′(v)⟩ = ⟨b′(u), q(A′)[G⃗]Sp(A′)[H⃗]c′(v)⟩H′

= ⟨b(u), q(A)[G⃗]Sp(A)[H⃗]c(v)⟩H

= ⟨q(A†)[G⃗]b(u), Sp(A)[H⃗]c(v)⟩H.

Therefore, by the definition of the Hilbert space adjoint of a densely–defined linear map

S∗q(A′†)[G⃗]b′(u) = q(A†)[G⃗]b′(u). By a symmetric argument, it follows that C⟨A′†⟩b′ is

a core for S∗.

Theorem 4.4 (Kalman decomposition [13]). Let f ∼ (A, b, c)Y be a realization centred

at Y ∈ C(m×m)·d and let Q0 be the orthogonal projection onto MA,b,c ⊆ H. Then

(A(0), b0, c0)Y is minimal realization of f .

Proof. Given the realization (A, b, c)Y around a matrix centre Y ∈ C(m×m)·d, we define

the minimal subspace MA,b,c as

CA,c ⊖ (CA,c ∩ O⊥
A†,b).

Let A′(G) = A(G)
∣∣
CA,c

∈ B(CA,c)
d be the restriction of A to the controllable sub-

space CA,c for any fixed G ∈ C(m×m) ⊗ C1×|ω|, which is a bounded linear map. If
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we take P ′ to be the orthogonal projection onto CA,c, defining b′(u) = P ′b(u) and

c′(v) = c(v) ∈ CA,c as bounded linear operators from Cm to H. Indeed, (A′, b′, c′)Y is a

controllable realization on H′ = CA,c because:

CA′,c′ =
∨

ω∈F+d

RanA
′ωc′ =

∨
G⃗∈Cn×n⊗C1×|ω|

v∈Cn

A
′ω[G⃗]c′(v)

=
∨

(P ′AP ′)ω[G⃗]c′(v) =
∨

Aω[G⃗]P ′c(v)︸ ︷︷ ︸
=c(v)

= CA,c = H′,

using the A−invariance of P ′. Since

b′∗(u)A′ω[G⃗]c′(v) = (P ′b(u))∗(P ′A[G⃗]P ′)ωc(v) = b∗(u)Aω[G⃗]P ′c(v)

= b∗(u)Aω[G⃗]c(v) = u∗f̂ω[G⃗]u,

we can see that (A′, b′, c′)Y is a controllable realization of the NC function f around the

matrix centre Y , which is analytically equivalent to (A, b, c)Y . We define the subspace

M :=
∨

RanA′ω†b′ ⊆ CA,c with orthogonal projection Q0 ≤ CA,c. If we consider the

space CA,c ⊖ M , we can show that:

x ∈ CA,c ⊖ M ⇐⇒ 0 = ⟨A′ω †[G⃗]b′(u), x⟩

⇐⇒ 0 = ⟨Aω †[G⃗]b(u), x⟩

⇐⇒ x ∈ CA,c ⊖ (CA,c ∩ O⊥
A†,b) = MA,b,c.

We denote A(0)[G] = Q0A[G]|MA,b,c
, b0(u) = b(u) and c0(v) = Q0c(v) and similar to

what we have above, we can write:
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b0(u)
∗A(0)ω[G⃗]c0(v) = b′(u)∗(Q0A

′Q0)
ω[G⃗]Q0c

′(v)

= b′(u)∗Q0A
′ω[G⃗]c(v) (Q0 being co-invariant for A′)

= (P ′b(u))∗A′ω[G⃗]P ′c(v) (b′(u) ∈ RanQ0 = MA,b,c)

= b(u)∗Aω[G⃗]c(v) = u∗f̂ω[G⃗]v

for every G⃗ = (G1, . . . , G|ω|) ∈ C(m×m) ⊗ C1×|ω|. This proves that (A(0), b0, c0) is a

realization for f .

To prove the minimality, we first observe that :

∨
ω∈F+d

A(0)ω†[G⃗]b0(u) =
∨

ω∈F+d

A′ω†[G⃗]Q0b
′(u)︸ ︷︷ ︸

b′(u)

= MA,b,c

for fixed G⃗ ∈ C(m×m) ⊗ C1×|ω| and u ∈ Cm. Moreover,

∨
ω∈F+d

A(0)ω[G⃗]c0(v) =
∨

ω∈F+d

Q0A
′ω[G⃗]Q0c(v)

= Q0

∨
ω∈F+d

A
′ω[G⃗]c(v), since Q0 is A′−co-invariant,

= Q0

∨
ω∈F+d

Aω[G⃗]c(v), since A′ = A|CA,c
,

= Q0CA,c = MA,b,c,

since MA,b,c ⊆ CA,c. This proves that the realization (A(0), b0, c0) on MA,b,c is minimal.
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4.1.1 Translation of Realizations

Given a matrix-centre realization f ∼ (A, b, c)Y , with Y ∈ C(m×m)·d and X,Z ∈

DY
n (A), we have that

f(Z) = In ⊗ b∗LA(Z − In ⊗ Y )−1In ⊗ c

= In ⊗ b∗(In ⊗ IH − A(Z − In ⊗ Y ))−1In ⊗ c

= In ⊗ b∗(In ⊗ I − (In ⊗ A)(Z −X)− (idn ⊗ A)(X − In ⊗ Y ))−1In ⊗ c

= In ⊗ b∗
(
In ⊗ I − LA(X − In ⊗ Y )−1(idn ⊗ A)(Z −X)

)−1
LA(X − In ⊗ Y )−1In ⊗ c

=: b
′∗LA′(Z −X)−1c′,

where b′, c′ ∈ B(Cmn,H′), A′
j ∈ CB(Cmn×mn,B(H′)), H′ := Cn ⊗ H, and for any

G ∈ Cmn×mn,

A′
j(G) := LA(X−In⊗Y )−1idn⊗Aj(G), b′ = In⊗b, and c′ = LA(X−In⊗Y )−1In⊗c.

and idn denotes the identity map on n× n matrices. This is essentially the same calcu-

lation as in [13], Section 5.2. Hence we have shown that f ∼ (A′, b′, c′)X .

Next, we would like to show that the minimality property of a realization is pre-

served through translations.

First, we set the stage for one-dimensional realizations: If f ∼ (A, b, c) ∈ B(H) ×

H ×H is a minimal realization at 0 ∈ C, we would like to show that f ∼z′ (A
′, b′, c′) is

also a minimal realization of f at z′ ( [13]). Suppose f ∼0 (A, b, c) ∈ B(H)×H×H is a

one-dimensional realization centred at 0 ∈ C. We will simply write (A, b, c) = (A, b, c)0

in this case. Then, for any z′ ∈ D(A), we can construct a realization of f centred at z′,

f ∼z′ (A
′, b′, c′)z′:

A′ := (I − z′A)−1A, b′ = b, and c′ = (I − z′A)−1c.
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The controllability subspace of (A′, b′, c′) is

CA′,c′ =
∞∨
j=0

A′jc′ =
∞∨
j=0

Aj(I − z′A)−j−1c.

Hence, (I − z′A)−1c ∈ CA′,c′, and

z′A(I − z′A)−2c = (I − z′A)−2c− (I − z′A)−1c ∈ CA′,c′ .

In particular it follows that CA′,c′ contains the linear span of (I − z′A)−2c

and (I − z′A)−1c. Iterating this argument yields

CA′,c′ ⊇
∞∨
j=1

(I − z′A)−jc.

Set T := (I − z′A)−1, a bounded, invertible operator and choose any λ ∈ C so that

|λ| > ∥T∥. Then, λI − T is invertible and

(λI − T )−1 =
∞∑
n=0

λ−n−1Tn,

is a convergent geometric series since ∥λ−1T∥ = |λ|−1∥T∥ < 1. Hence,

CA′,c′ ⊇
∨

|λ|>∥T∥
(λI − T )−1Tc.

Since T is invertible, 0 /∈ σ(T ), so that the functions e−n(λ) := 1/λn, n ∈ N are

analytic in an open set containing the spectrum of T , e−n ∈ O(σ(T )). Hence, by the

Riesz-Dunford functional calculus (see [15], Chapter 9 for the precise definition),

T−n =
1

2πi

˛
r·∂D

λ−n(λI − T )−1dλ, r > ∥T∥.
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so that

CA′,c′ ⊇
∨
n∈N

T−nTc =
∞∨
n=0

T−nc =
∞∨
n=0

(I − z′A)nc.

Hence, c ∈ CA′,c′ and

(I − z′A)c = c− z′Ac ∈ CA′,c′ ,

so that Ac ∈ CA′,c′. Continuing in this manner,

(I − z′A)c = c− 2z′Ac+ z′2A2c ∈ CA′,c′ ,

so that A2c ∈ CA′,c′, and we conclude that

CA′,c′ ⊇
∞∨
n=0

Anc = CA,c = H,

so that (A′, b′, c′) is controllable. The proof for observability is analogous to the proof

above.

Theorem 4.5 (Minimal matrix translations). If f ∼ (A, b, c)Y is a minimal realization

at Y ∈ C(m×m)·d, and X ∈ D Y
n (A) is arbitrary, then f ∼ (A′, b′, c′)X is also a minimal

realization of f at X.

Proof. The controllable subspace of (A′, b′, c′)Y is

CA′,c′ =
∨

ω∈F+d ;v∈C
mn

G⃗∈C(m×m)·n⊗C1×|ω|

(LA(X − In ⊗ Y )−1A)ω[G⃗]LA(X − In ⊗ Y )−1(In ⊗ c)(v),

and we want to prove that this is equal to Cn ⊗ H. Setting T := A(X − In ⊗ Y ),
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L := (I − T ) = LA(X − In ⊗ Y ) and Λ := L−1, we have that

CA′,c′ ⊇
∨

ω∈F+d ;v∈C
mn

G⃗∈C(m×m)·n⊗C1×|ω|
1≤j≤d

(ΛA)ω[G⃗]ΛAj(Xj − In ⊗ Yj)Λ(In ⊗ c)(v),

and hence, by summing over j,

CA′,c′ ⊇
∨

ω∈F+d ;v∈C
mn

G̃∈C(m×m)·n⊗C1×|ω|

(ΛA)ω[G⃗]Λ A(X − In ⊗ Y )︸ ︷︷ ︸
=T

Λ(In ⊗ c)(v).

Iterating this argument yields that

CA′,c′ ⊇
∨

ω∈F+d ;v∈C
mn

G̃∈C(m×m)·n⊗C1×|ω|
j∈N∪{0}

(ΛA)ω[G⃗]T jΛj+1(In⊗c)(v) =
∨

ω∈F+d ;v∈C
mn

G̃∈C(m×m)·n⊗C1×|ω|
j∈N

(ΛA)ω[G⃗]Λj(In⊗c)(v),

since T and Λ = (I−T )−1 commute and TΛ = T (I−T )−1 = (I−T )−1− I = Λ− I.

In particular, it follows as before that

CA′,c′ ⊇
∨

ω∈F+d ;v∈C
mn

G⃗∈C(m×m)·n⊗C1×|ω|
|λ|>∥Λ∥

(ΛA)ω[G⃗](λI − Λ)−1Λ(In ⊗ c)(v),

since for any λ ∈ C so that |λ| > ∥Λ∥,

(λI − Λ)−1 =
∞∑
n=0

λ−n−1Λn,

converges in operator norm. Again, by the Riesz–Dunford functional calculus, since

Λ is invertible, 0 /∈ σ(Λ) and 1/λj is holomorphic in an open neighbourhood of the
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spectrum of Λ so that

CA′,c′ ⊇
∨

h∈O(σ(Λ))
(ΛA)ω[G⃗]h(Λ)Λ(In ⊗ c)(v)

⊇
∞∨
j=1

(ΛA)ω[G⃗]Λ−jΛ(In ⊗ c)(v)

=
∞∨
j=0

(ΛA)ω[G⃗]Λ−j(In ⊗ c)(v)

⊇
∨

(ΛA)ω[G⃗](In ⊗ c)(v) ⊇
∨

(In ⊗ c)(v).

We now iterate the argument as before.

CA′,c′ ⊇
∨

(ΛA)ω[G⃗](In ⊗ c)(v)

⊇
∨

1≤j≤d; v∈Cmn

Gj∈C(m×m)·n

(ΛA)ω[G⃗]Λ(idn ⊗ Aj)(Gj)(In ⊗ c)(v)

⊇
∨

1≤j≤d; v∈Cmn

G∈Cmn×mn

(ΛA)ω[G⃗]Λ(idn ⊗ Aj)(Xj − Im ⊗ Yj)Λ(idn ⊗ Ak)(G)(In ⊗ c)(v)

⊇
∨

(ΛA)ω[G⃗]ΛTΛ(idn ⊗ Ak)(G)(In ⊗ c)(v),

where the last formula is obtained by summing over 1 ≤ j ≤ d. Iterating this argument

then yields:

CA′,c′ ⊇
∞∨
s=0

(ΛA)ω[G⃗](ΛT )sΛ(idm ⊗ Ak)(G)(In ⊗ c)(v).

Again, we now use that Λ, T commute and that ΛT = Λ− I to conclude that

CA′,c′ ⊇
∞∨
s=1

(ΛA)ω[G⃗]Λs(idm ⊗ Ak)(G)(In ⊗ c)(v),
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and hence as before,

CA′,c′ ⊇
∨

|λ|>∥Λ∥
(ΛA)ω[G⃗](λI − Λ)−1Λ(idm ⊗ Ak)(Gk)(In ⊗ c)(v)

⊇
∞∨
n=0

(ΛA)ω[G⃗]Λ−n(idm ⊗ Ak)(Gk)(In ⊗ c)(v)

⊇
∨

(ΛA)ω[G⃗](idm ⊗ Ak)(Gk)(In ⊗ c)(v).

In particular,

Cn ⊗
∨

Gk∈Cm×m

Ak(Gk)c(v) + Cn ⊗
∨

v∈Cm

c(v) ⊆ CA′,c′ ,

and iterating this argument shows that

Cn ⊗H = Cn ⊗ CA,c = Cn ⊗
∨

ω∈F+d ;v∈C
m

G⃗∈C(m×m)·n⊗C1×|ω|

Aω[G⃗]c(v) ⊆ CA′,c′ ,

so that (A′, b′, c′)Y is controllable. The proof for observability is analogous to the proof

above.

The final statement will follow from our construction of (A′, b′, c′)X . If Z ∈ Dkm(A),

then, since X ∈ Dm(A), by assumption,

LA(Z − I ⊗ Y )−1 = (I ⊗ I − A(X − I ⊗ Y )− A(Z − I ⊗X))−1

= (I ⊗ I − LA(X − I ⊗ Y )−1A(Z − I ⊗X))−1LA(X − I ⊗ Y )−1

= LA′(Z − I ⊗X)−1LA(X − I ⊗ Y )−1.

That is, invertibility of LA(Z−I⊗Y ) implies invertibility of LA′(Z−I⊗X). This proves

that DY
km(A) ⊆ DX

km(A′), and the reverse inclusion also holds by symmetry.
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4.1.2 FM Realization about a Matrix-centre and FM Algorithm

We can define the FM operator realization centred at a matrix point Y in a similar

fashion to what is said in Chapter 3. The main objective of this section is to present

formally the FM algorithm (also defined in Chapter 3 as synthesis).

Definition 4.9 (FM realizations around Y ). An FM realization at a matrix-point Y ∈

C(n×n)·d is a quadruple (A,B,C,D)Y , where, as before, A = (A1, . . . , Ad) : C(n×n)·d →

B(H) is a row d-tuple of linear maps, B =


B1

...

Bd

 ∈ B(Cn×n,B(Cn,H)) ⊗ Cd, C ∈

B(H,Cn), and D ∈ Cn×n. That is, each Bj : Cn×n → B(Cn,H) is a bounded linear

map.

The linear pencil of A, LA, is defined as before, and its invertibility domain (at Y ),

DY (A) ⊆ C(Nn×Nn)·d is defined as

DY (A) :=
∞⊔

m=1

DY
m(A) = {Z ∈ C(mn×mn)·d∣∣LA(Z − Im ⊗ Y ) is invertible}.

The FM realization (A,B,C,D)Y defines a quantized transfer function, h on DY
m(A) by

the formula:

h(X) = Im⊗D+Im⊗CLA(X−Im⊗Y )−1
d∑

j=1

Bj(Xj − Im ⊗ Yj)︸ ︷︷ ︸
=:B(X−Im⊗Y )

; X ∈ DY
m(A) ⊆ C(mn×mn)·d.

The notions of controllability, observability and minimality can be defined similarly:

Definition 4.10. If (A,B,C,D)Y is a matrix-centre realization at Y ∈ C(n×n)·d, we

define, as before, the controllable subspace,

CA,B :=
∨

ω∈F+d
1≤j≤d

RanAωBj ,
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and the observable subspace,

OA†,C∗ :=
∨

ω∈F+d

RanAω;†C∗,

Again, as before, we say that (A,B,C,D)Y is minimal if it is both controllable and

observable. (Both Theorems (4.4) and (4.3) as well as all of the results of previous sections

are readily adapted to FM realizations.)

As described in Chapter 3, Remark (3.1), (for the case of realizations at 0) one can

construct an FM realization from a descriptor one and vice versa. Namely, let (A, b, c)Y

be a descriptor realization at Y ∈ C(n×n)·d. Then define the A–invariant subspace

H′ :=
∨
ω ̸=∅

RanAωc,

with orthogonal projection P ′,

A′
j [G] := Aj [G]

∣∣
H′ , Bj [G] := Aj [G]c, C := b∗P ′, and D := b∗c ∈ Cn×n,

where G ∈ Cn×n. It is easy to check that minimality of (A, b, c)Y implies minimal-

ity of (A′, B, C,D)Y and both of these realizations define the same quantized transfer

function in a uniform row-ball of positive radius centred at Y .

Conversely, if (A,B,C,D)Y is an FM realization about Y ∈ C(n×n)·d, let Ĥ :=

H ⊕ Cn and define

Âj [G] :=

Aj [G] Bj [G]

0 0

 , b := C∗ ⊕D∗, c := 0⊕ In.

Then (Â, b, c)Y is a descriptor realization centred at Y , which defines the same quan-

tized transfer function in a uniformly open neighbourhood of Y . If (A,B,C,D)Y is
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controllable, then

C
Â,c

=
∨

ω∈F+d

Âω[G̃] c(v) =
∨

G∈Cn×n,v∈Cn

1≤j≤d

Bj [G](v) ⊕
∨

ω=ω′j∈F+d
ω′∈F+d , 1≤j≤d

Aω′
[G̃]Bj [G](v) = CA,B .

so that (Â, b, c)Y is also controllable. If (A,B,C,D)Y is observable, then (Â, b, c)Y need

not be observable, but its observable subspace has codimension at most n.

4.1.3 FM Algorithm (Synthesis)

Similar to what is preseted in Section (3.1.2), and also as in [18, Theorem 2.4] and [1,

Subsection 3.4], if f ∼Y (A,B,C,D) and g ∼Y (A′, B′, C ′, D′), then f + g, f · g, and,

assuming f(Y ) is invertible, f−1, all have matrix-centre realizations about Y given by a

natural extension of the Fornasini–Marchesini algorithm for realizations at 0. Namely,

a matrix-centre realization for f + g is given by (A+, B+, C+, D+) where

A+
j := Aj ⊕ A′

j , B+
j :=

Bj

B′
j

 , C+ := (C,C ′), D+ := D +D′.

A matrix-centre realization for f · g is given by (A×, B×, C×, D×), where

A×
j :=

Aj Bj(·)C ′

A′
j

 , B× :=

Bj(·)D′

B′
j

 , C× := (C,DC ′), D× := DD′.

Finally, a matrix-centre realization for f−1, assuming that D = f(Y ) is invertible, is

given by (A(−1), B(−1), C(−1), D(−1)), where

A
(−1)
j := Aj−Bj(·)D−1C, B

(−1)
j := −Bj(·)D−1, C(−1) := D−1C, D(−1) := D−1.

Verification of these formulas is a straightforward computation, and we refer the
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reader to [18, Theorem 2.4] for their proofs (in the NC rational/finite-dimensional

setting).

Given a rational function, one can use the above realizations for f +g, f ·g, and f−1

(if it exists), to build a realization for that rational function. This algorithm is known

as FM algorithm.

Remark 4.4. An analogous algorithm exists for descriptor realizations centred at Y ∈

C(n×n)·d. In our opinion the formulas for the FM algorithm are simpler and easier to work

with in many calculations. Another advantage of the FM algorithm over the descriptor

realization algorithm is that if (A,B,C,D)Y is minimal (and D ∈ Cn×n is invertible)

then the realization (A(−1), B(−1), C(−1), D(−1))Y is also minimal. (This is not the case

for the corresponding descriptor algorithm formula for the realization of the inverse of the

quantized transfer function.)

4.1.4 Applications:

The purpose of the theorems stated above is to extend the theory of realizations to a

larger class of NC functions.

By Lemma (3.4) , an NC function, f is uniformly analytic in a uniformly open neigh-

bourhood of 0 if and only if f has a realization, i.e. f ∼ (A, b, c) . Let B := B(H)d ,

and let OB
0 denote the set of all NC functions that have realizations. Then OB

0 is a ring,

using Section (3.1.2). One can construct a field of NC functions, MB
0 , called the field

of fractions of OB
0 as follows:

Consider the set of all rational expressions in z, denoted by C <( z )>, and an NC rational

expressions, r ∈ C <( z )>, composed with elements of OB
0 , that is r ◦ (f1, . . . , fm), m ∈ N.

We say an expression, r ◦ (f1, . . . , fm) ∈ C <( z )> ◦ OB
0 is valid, if its domain is not

empty. We say

r1 ◦ (f1, . . . , fm) ∼ r2 ◦ (g1, . . . , gn), r1, r2 : NC rational, n ∈ N,
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in which (g1, . . . , gn) ∈ OB
0 , if r1(f1, . . . , fm) = r2(g1, . . . , gn) for every X ∈ Dom(r1 ◦

(f1, . . . , fm)) ∩ Dom(r2 ◦ (g1, . . . , gn)) ∩ r · B(N×N)·d, for every r > 0. One can show

that ∼ is an equivalence relation and the set MB
0 , of all equivalence classes is a skew

field (See [14, Section (6.2)]) . Elements of MB
0 can be viewed as meromorphic NC

germs in a uniformly open neighbourhood of 0.

Suppose f ∈ MB
0 , such that f(x) = r(g1, . . . , gn)(x), in which r0 is an NC rational

function with each gj ∈ OB
0 and gj ∼ (A′j , b′j , c

′
j). Suppose Y ∈ Doms(f) so that Y ∈

Doms gj , for 1 ≤ j ≤ n. Therefore , by translation results we have gj ∼Y (A(j), bj , cj)

and by the FM algorithm we have f ∼Y (A, b, c) (see Section (4.1.3)). We conclude

that any NC function that is an NC rational expression composed with functions that

have realizations at 0 will have a matrix-centred realization about any matrix-tuple in

its domain.

Theorem 4.6. Let B := B(H)d and let OB
0 denote the ring of all NC functions that admit

realizations centred at 0. Let MB
0 be its skew field of fractions, i.e. the field of meromorphic

NC germs in a uniformly open neighbourhood of 0, as described above. Then every f ∈ MB
0

admits a matrix-centred realization about any point Y ∈ Domn(f) ⊆ Cn×n ⊗ C1×d. In

particular, if

f(x) = r(g1, . . . , gn)(x),

with r an NC rational function and each gj ∈ OB
0 , then for every Y ∈ Doms(f) there exists

a matrix-centre realization, centred at Y :

f ∼Y (A, b, c), Aj : Cs×s −→ B(H).

Proof. Let C <( z1, · · · , zk )>k denote the set of all rational expressions on k NC variables.

By construction (see [1, Subsection 5.2] and [14, Section 6]), every element f ∈ MB
0

can be represented as an NC rational expression composed with functions in OB
0 . That

is, there exists k ∈ N, an NC rational function r ∈ C <( z1, · · · , zk )>k, and functions
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g1, . . . , gk ∈ OB
0 such that

f = r(g1, . . . , gk).

The domain of f is then the largest NC set on which this composition is well-defined.

By Lemma (3.4), each gj ∈ OB
0 admits a realization at 0, say gj ∼0 (A(j), bj , cj)

with A(j) ∈ B. If Y ∈ Doms(f), then in particular Y ∈ Doms(gj) for each 1 ≤ j ≤ k.

By the translation results (Section 4 and Theorem (4.5)), the realizations of gj can be

translated from 0 to Y , yielding

gj ∼Y (Ã(j), b̃j , c̃j), Ã
(j)
i : Cs×s −→ B(H).

Applying the FM (or descriptor) realization algorithm to the composition r(g1, . . . , gk)

then produces a matrix-centred realization of f about Y . Hence,

f ∼Y (A, b, c), Aj : Cs×s −→ B(H),

as required.
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Chapter 5

Future Work and Directions

The skew field MC
d . Let OC

d denotes the ring, consisting of all uniformly analytic NC

functions f that admit realizations of the form:

f ∼0 (A, b, c), (A, b, c) ∈ C(H)1×d ×H ×H,

where C(H) is the closed two-sided ideal of compact operators on H. As shown in [1,

Corollary (6.3), Theorem (6.10)], the ring OC
d is a semi-free ideal ring in the sense of

P.M. Cohn [2], and therefore admits a universal skew field of fractions, denoted M C
d .

Elements of M C
d can be defined as equivalence classes of NC rational expressions

with coefficients in OC
d . Concretely, given f1, . . . , fk ∈ OC

d and an NC rational func-

tion r ∈ C <( z )>k, we obtain an element r(f1, . . . , fk) ∈ MC
d whenever the expression

is valid (i.e. its domain of evaluation is nonempty). Two such expressions are identi-

fied if they agree on the intersection of their domains inside every uniformly open NC

neighbourhood.

Thus MC
d is the universal skew field of fractions of OC

d . Its elements may be

viewed as uniformly meromorphic NC germs whose realizations take values in compact

operators. In this sense, MC
d provides a natural multivariate noncommutative analogue

of the classical field of meromorphic functions on C.
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Theorem (4.2) guarantees that any NC function f which is uniformly analytic in

a uniformly open neighbourhood of a matrix point Y ∈ Cn×n ⊗ Cd admits a matrix-

centred realization at Y . However, this does not imply that f belongs to the skew field

MB
d of uniformly meromorphic germs at 0. Indeed, [14, Theorem 7.2] shows that for

a matrix point Y , one can construct a uniformly analytic NC function defined near Y

whose evaluations take values in nilpotent matrices of arbitrarily prescribed order. Such

an f cannot belong to any skew field of fractions, because a skew field has no nonzero

nilpotent elements. On the other hand, if an NC function admits a finite–dimensional

matrix-centred realization, then it must be an NC rational function.

This leads to the following open problem, originally posed by V. Vinnikov: suppose

f has a matrix-centred realization

f ∼Y (A, b, c), Aj : Cn×n −→ C(H),

with values in compact operators on H. Is it then necessarily true that f ∈ MC
d?

As explained in [1], the field MC
d is a natural noncommutative and multivariate

analogue of the classical field of meromorphic functions on C. The resolution of this

question would clarify the precise scope of compact-valued matrix-centred realizations

within the framework of NC meromorphic function theory.
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