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ABSTRACT

Utilizing Granger's definition of cauvasality, this study
demonstrates that vector autoregressions can be uéed to test
contradictory causal specifications of competing economic
theories. A statistical procedure is developed for the
specification of vector autoregressions which serve ‘the
above purpose. This specification entails the use of model
selection criteria. Based on an evalﬁation exercise three
model selection criteria—--AIC, SBC, and PHI--are recommended

for model specification.

Application of this procedure to a test, wusing Canadian

data, of two models of fertility indicates that the relative
income model performs better, as judged by model selection
criteria, than the male-female wage model. This exercise
also indicates that the causal relationship between fertili-
ty and labor force participation of married women is unidi-
rectional from the former to the latter, is of relatively
short duration, and is weakening over time. This causal re-
lationship may be ignored in models designed to understand
long run behaviour of these two variables; however, their
joint specification, taking account of their lag structures,

can yield better results compared to single specifications.
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Chapter 1

INTRODUCTION
all induction is blind, so 1long as the deduction
of causal connections is left out of account; and

all deduction 1is barren so long as it does not
start from observation [J.N. Reynes, 1890: 164].

1.1 PROBLEMS WITH CONVENTIONAL ECONOMETRICS

The conventional approach' to econometric modelling has not
been successful in a number of areas. Firstly, it is well
acknowledged that, so far as forecasting is concerned, the
economic-theory based econometric models have performed not
better, worse on some occasions, than the "naive," "atheor-
etical," data-based (or statistical-theory based) time se-
ries models [Harvey, 1981a: 34]. This is notwithstanding
the fact that the econometric models use larger information
sets in contrast to the univariate time series models. Hen-
dry and Richard [1983: 129] observe that when an econometric
model is reduced to a univariate autoregressive moving aver-
age (ARMA) model [Zellner and Palm, 1974; Wallis, 1977] the
resulting variance of the innovations of the ARMA model will

be greater than or equal to the corresponding innovation

variance of the econometric equation. Therefore, "fitting

! Some aspects of the conventional approach will be clear in

the course of this presentation. A standard text book in
econometrics in general does not deviate from the conven-
tional approach.
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worse than a univariate time-series model is a prima facie

‘evidence of dynamic misspecification in an econometric equa-

tion."

The above conclusion of Hendry and Richard is attributa-
ble to the "narrow" foundation,' the economic theory, upon

which econometric equations are built. This accusation is

not unwelcome by economic theorists. Hicks [1979: 2] ex-
presses his judgement on economic theory as: "There are few
economic 'laws' which can be regarded as at all firmely

based." Blaug [1980: 160-162] gathers that "At any rate...
few modern economists would claim that economics has so far
produced more than one or two laws."? In a footnote to this
statement Blaug draws attention to a remark by Samuelson:

Samuelson... remarks that years of experience have
taught him how treacherous are economic "laws" in
economic life: e.g. Bowley's Law of constant rel-
ative wage share; Long's Law of constant popula-
tion participation in the labor force; Pareto's
Law of unchangeable inequality of incomes; David-
son's Law of constant private savings ratio; Colin
Clark's Law of a 25 percent ceiling on government
expenditure and taxation; Modigliani's Law of con-
stant wealth-income ratio; Marx's Law of the fall-
ing rate of real wage and/or the falling rate of
profit; everybody's Law of a constant capital-out-
put ratio. If these be Laws Mother Nature is a
criminal by nature.

Secondly, the economic discipline is rife with competing
theories which are hardly encountered within a single econo-

metric framework. In other words, conventional econometrics

is preoccupied with "confirming theories (via ‘'correct’

2 However, neither Hicks nor Blaug states what these firmly
based economic laws are.
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signs and magnitudes of estimated parameters, ‘and high R?

values) rather than evaluating alternative theories..."

[Mizon, 1984: 134]. Though there is no simple answer to the
question of theory choice in economics,?® it is disturbing to
see that econometrics has not been able to shed much light
on the controversies surrounding competing theories. Blaug
[1980: 261], for example, sees the status quo as: "In many
areas of economics, different econometric studies reach con-
flicting conclusions and, given the available data, there
are frequently no effective methods for deciding which con-
clusion is correct. In consequence, contradictory hypothesés
continue to co-exist for decades or more." Térascio and
Caldwell [1979: 991] remark: "few debates in such fields as
industrial organization or macroeconomics have been resolved

on empirical grounds, though empirical testing is prolific."

Thirdly, even 1if econometric models are formulated to
test a single theory, these models are so dependent on the
theory that the role of the econometric model is reduced to
determining "the orders of magnitude of a small number of
unknown coefficients" pertaining to the theory [Hendry and
Richard, 1983: 113]. An obvious subject of this criticism
is the econometric "identification” procedure, put into ef-
fect by the Cowles Commission program [Hood and Koopmans,

1953], and which still remains in the toolkit of the practi-

3 The question of theory choice plays a key role in methodo-
logical discussions in economics. See Tarascio and Cald-
well [1979] for some of the issues involved.
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tioner. Under this program the identification is achieved
by imposing restrictions on the '"structural" parameters
based on a priori theoretical considerations. However, the

very restrictions we impose to identify a structure could be

the ones which underlie many of the controversies.

Sims [1980; see also Liu 1960] points to the "incredible"
nature of the econometric identification procedure. He disa-
grees with the common claim of "overidentification" of si-
multaneous systems. The identification, he argues, is
achieved not because there 1is more than enough or enough
prior information to impose restrictions but because the
structures are forced to be identified. Kalman [1982], at-
tacking the identification from a system theoretic view
point, argues that the econometric identification chooses
one canonical form by imposing restrictions based on "preju-
dices" (data independent assumptions) which preempt the
whole idea of identification. Leamer [1985], who is not much
satisfied with Sims' alternative program, yet convinced by
Sims' critique, argues that the weakness of the Cowles pro-
gram 1is its complete commitment to the selection of the
exogenous variables and identifying restrictions when only a

partial commitment is possible.?

4 Leamer's alternative is a Bayesian solution though he ful-
ly appreciates the problem of choosing prior ditributions
especially within the context of simultaneous equation
systems.
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In summary, the conventional approach to econometrics has

been to use economic theory to construct an econometric mod-

el, with little or no attention paid to data properties, for

the purpose of testing the theory. Since this procedure nec-

essarily involves imposing certain restrictions on the model

on the basis of a priori theoretical considerations (assump-

tions), it may preempt the modeler's objective by producing

an artifact (the econometric model) which does not shed much

light on what the theorist attempts to understand.

1.2 SYNTHESIS FRAMEWORK

Economic data are mostly comprised of time series and two

approaches are at hand for modelling these time series: one

is economic theory based econometrics and the other is sta-
tistical theory based time series analysis. These two ap-
proaches have developed mostly independently of each other

and have remained virtually disjoint until recently. There

is now a growing concern for developing a combined approach

which addresses some of the questions which conventional

econometrics has failed to solve.?®

In any descipline the necessity of a logical model, a

theoretical abstraction, is undeniable. It is economic theo-

ry which provides insights about economic phenomena, brings

5 For an illuminating piece on the synthesis approach which
is now getting recognition as time series econometrics,
see Hendry and Richard [1983] with discussions by Deist-
ler, Engle, Granger, Kloek, Mizon, and Newbold. They all
appear to be in agreement on the fruitfulness of a synthe-
sis.
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real world complexities into an understandable and manage-
able framework, and postulates causal links among variables
that one observes within the nonexperimental setting of the
economy or the world itself. Nevertheless, the economic
theories developed so far are mostly formulated to fit into
idealized states, static worlds. It is, however, promising
to see that theories of intertemporal optimizing behavior
are beginning to develop, which may help, in future, vin the
dynamic specification of econometric models. After surveying
the approaches hitherto directed to this end, Trivedi [1984:
183] concludes that "there are very strong reasons for not
imposing strong prior information in distributed lag analy-
sis... It seems inevitable and not at all unreasonable that

practicing econometricians should resort. to data-based pri-

ors." Economic theory, therefore, has to be taken as a
first approximation, not as an end itself, in econometric
modelling. Time series modelling, on the other hand, pro-

vides dynamic structures and reveals many data properties,
mostly ignored by economic theory, which need explanation.
In summafy a meaningful, purely time series approach is not
possible without some initial economic theory, but an econo-
metric model specified purely on the basis of economic theo-

ry may be misleading.

It is necessary to be more specific in order to highlight
succinctly the issues involved and to arrive at the objec-

tives of this study. For this purpose, following Hendry and
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Richard [1983], I will concentrate on a "stationary stochas-
tic world" though this assumption is not necessary.® In the
presentation to follow immediately, the formulation of the
data generation process (DGP) is drawn from Hendry and Rich-
ard although remaining arguments are my own, unless acknowl-

edgement is made.

Let z(t)? be an observed vector of variables of dimension
K, assumed to have come from a stationary stochastic process
with a certain joint density function. Further, 1let z(t)
indicaté the observation matrix available up to time t, with
N denoting the sample size. It will be assumed now that
there exist appropriate and adequate transformations, if
necessary, to approximate the data generation process by a
normal, linear equation system. Given a finite dimensional
unknown parameter vector 6 and the matrix of initial condi-
tions, 2(0), the DGP or its approximation can be expressed

as
z(t)|z(t-1),6~N(u(t),Z), t=1,...,N (1.1)
where

pit) = Blz(t)|2(t=1),6] = = 'Ajz(t-i) (1.2)

6 It is generally assumed that nonstationary series can be
transformed to a stationary one without loss of informa-
tion.

Since the computer SCRIPTing facility used to print this
output does not allow letter subscripts (or letter super-
scripts) the conventional letter subscripts such as t will
be inserted in parentheses as in z(t).




Z = El(z(t)-u(t)) (z(t)-ult)) " |2(t-1),0]. (1.3)

In (1.2) Ai'slare square (KxK) matrices of coefficients
with p being the maximum lag 1length, which is assumed here
to be known. The Ai's as well as Z are functions of 6. 1In
(1.3) =z(t)-u(t) 1is the innovation process which 1is white
noise by construction. By defining u(t)=z(t)-u(t) we arrive

at the dynamic specification:

z(t) = 'ZiAiz(t—i)+u(t). (1.4)

1=

This can compactly be written using the lag operator L

(Liz(t)=z(t-3)) as
A{L)z(t) = u(t), | (1.5)

where A(L)=A0L°+A1L‘+...+APLp is a polynomial matrix in L
with Ay defined as an identity matrix (i.e., Ap=I). The
z(t) process will be stationary if det[A(L)1=0 has all roots

greater than unity in absolute value [Hannan, 1970: 326].

The system (1.4) 1s a vector autoregression (VAR) 1in

which every variable depends on the lags of its own and of
every other variable. The econometric formulation of this
syétem usually allows for contemporaneous relations, 1i.e.,
Ao#I, which gives rise to what is known as "simultaneity."
However, the system (1.5) with Ao being unrestricted in any
form is not uniqgue. The time series approach to the "iden-

tification"” of this system is to set Ao=I and leave the co-




9
variance matrix of u(t) unrestricted. An alternative way to
do this is to transform Ay to a triangular matrix, hence a
diagonal covariance matrix; this, however, gives the appea-

rence of a "causal-chain."

In practice the dimension of the vector z(t) can be unop-
erationally high and a large number of variables in z(t) may
be remotely related to the particular phenomenon the inves-
tigator is trying to understand or explain. The role of eco-
nomic theory becomes quite‘apparent here. That is, economic
theory enables us to reduce the dimension of z(t) to a very
much smaller set of variables of interest. The theory also
postulates the causal links among these variables, classi-—
fies them into endogenous-exogenous groupings, and provides

us with models® for further investigation.

For notational convenience let us redefine z(t) to be the
reduced vector of variables (i.e., after integrating out the
unnecessary variables) of dimension k (k<K). Using economic
theoretic arguments, z(t) can be decomposed now as
z(t)=[y(t),x(t)]', where y(t) 1is a vector of endogenous
variables and x(t) is a vector of exogenous variables. Thus,
the econometric formulation corresponding to (1.5) (with

z(t) redefined as above and Ag#I) can be written as

8 Following Hendry and Richard a model will be defined as a
"reduced reparameterization of the data generation pro-
cess" [p. 117].




B(L) c(m)||y(t) e (t)

1}

(1.6)
D(L) F(L)|]|x{(t) ea(t) |,

where e; and e; are serially independent error series. Fur-

ther, by the assumption of exogeneity of x(t), D(L)=0 and e,

and ez are not contemporaneously correlated.

Since D(L) is assumed to be zero (1.6) reduces to

B(L)y(t)+C(L)x(t) = e, (t) (1.7)

F(L)x(t)

e2(t). (1.8)

The subsystem (1.7) 1is the usual dynamic "structural"

formulation® in econometrics and the subsystem (1.8) 1is the

one which is ignored from econometric models. Expanding

(1.7) and premultiplying it by Bo~' (Bo is assumed to be of

full rank) we get the "reduced" form which expresses current

endogenous variables as a function of lagged endogenous and

current and lagged exogenous variables. Imposing a priori

restrictions on (1.7) in order to obtain a unique correspon-

dence between the reduced form and structural form parame-

"

ters 1s called "econometric identification."”

® To comply with the text book presentation, (1.7) can be
written as Boy(t)+B*x(L)y(t)+C(L)x(t)=e (t), where
B*(L)=B;L'... up to max lag, or By(t)+I'x(t)=e,(t), where
Bo=B (beta) and I'=(B*(L) C(L)) and x(t) in the latter case
is redefined to include all the lagged endogenous and cur-
rent and lagged exogenous variables which are called pre-
determined.
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We can now focus on more specific questions. An apparent

s

difference between the dynamic formulations of the structur-

al form and the reduced form is that the structural form al-

lows for what engineers call "instantaneous coupling" or

contemporaneous relationships. An important question needs

to be raised here: What theretical justification is there to

call one form "structural" and the other "reduced" if the

only difference between the two is the presence or absence

of contemporaneous relations? If we agree that cause and

effect necessarily involve a time lag, however short it may

be, and given that the sampling interval is exactly the same

as the causal lag, then the so-called reduced form must be

the one which whould correctly reflect the structure of the

decision making process of agents.

Granger [1982] consideres the issue of "apparent simulta-

neity" which gives rise to much of the contemporaneous rela-

tionships (or instantaneous coupling) observed among vari-
ables. He recognizes three causes, among possible others,

which can account for instantaneous coupling: (1) the pres-

ence of overlapping variables which results from aggregation

over space, agents, or commodities; e.g., M1 and M2 money

supplies are two overlapping variables; (2) the sampling

interval is longer than the minimum causal lag which creates

a problem of aggregation over time; (3) missing causal

variables. All of these, obviously, demand contemporaneous

relationships in econometric models to take account of data
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problems, but such an allowance for contemporaneous rela-
tions in the model should not imply that the actual causal
lag is instantaneous. Nevertheless, there are situations
where the causal lag is so small that for all theoretical
and practical reasons this lag could be ignored and the mod-
els can be constructed using contemporaneous relations
alone. For example, a consumer going to buy a kilogram of

beef in a supermarket will respond to price (i.e., decides

to buy or not) almost instantaneously.

If the difference between structural and reduced forms
does not lie in the presence or absence of contemporaneous

relations in the model, then the issue is the meaning of

"structural."” Leamer [1985] has discussed the unsatisfacto-
ry nature of the text book definitions of the concept
"structural," and points to the definition used by Koopmans
and Bausch, and by Hurwikz, which has been resurrected by
Sims [Sims, 1986] in consequence of Lucas' well known cri-
tigue. According to this definition a parameter is structur-
al if it is invariant under a certain class of interven-
tions. Leamer goes on to point out further:

the traditional distinction between the "structur-
al" form and the "reduced" form of a simultaneous-
equations system makes sense only if you are imag-
ining a modification [intervention] that alters
one of the "structural" equations and 1leaves all
others unchanged. Such a modification alters the
reduced-form parameters but leaves unchanged most
of the ‘"structural"-form parameters. But, as
pointed out by Sims (1977[b]), there are many hy-
pothetical modifications that can be expected to
leave the reduced-form parameters unchanged and
these parameters can equally well be regarded as
structural. [p. 265] :
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Once the contemporaneous relations in (1.7) are allowed,

Qe face the problem of econometric "identification" to which
we have already refered in the previous section. An impor-
tant related problem is the ignoring of (1.8) under the as-
sumption of exogeneity. If Lucas' [1976] critique is taken
seriously, then the parameters in (1.7) will no longer be
"structural"; they depend on the underlying structural pa-
rameters and the parameters of (1.8). Moreover, there are
serious concerns that even the exogeneity specifications im-
posed by the economic theory need also to be tested [Geweke,

1980al .

It is in light of these problems that Sims has favoured
estimating an unconstrained VAR in which all the variables
are considered endogenous. This formulation, though‘ not
structural from a conventional viewpoint, has a wide range
of applications.'® Forecasting is a well established appli-
cation of models such as VAR in time series analysis.vIn re-
sponse to the <claims of Sargent and of Leamer that the VAR
cannot be used for policy analysis, Sims [1986] has demos-
trated how such an exercise could be carried out using the
VAR approach. The VAR procedure also allows us to formulate
an encompassing framework to test competing theories without
having to impose a priori restrictions favouring one theory

over another.

'0 gee Cooley and LeRoy [1985] for a summary and a critigue
of different intended uses of the VAR approach.
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Sims' procedure, however, has been characterized by some
[Cooley and LeRoy, 1985; Leamer, 1985; see also comments on
Leamer by Eichenbaum] as atheoretic on the ground that it
pays no regard to economic theory. This criticism may be
relevant, but only partially. The VAR procedure cannot
choose the relevant variables without utilizing a theory.
Given the relevant variables, one can specify a VAR model
Qithout the use of economic theory. If one perceives this as
a substitute for economic theory, then the above criticism
has its relevance. Such a perception, however, misses an im-
portant difference between VAR procedure and economic theo-
ry. As we have already pointed out, the former is a statis-
tical procedure which tries to capture the correlatién
structure of the variables within a given sampling period.
The latter, on the other hand, has a much more general ob-
jective of explaining the wunderlying causal structure which
gives rise to the observed correlations among the variables.
Thus, the VAR procedure, in my opinion, is an important
econometric tool, not an atheoretic substitute for economic

theory.

If the objective of the VAR, as is of ours, 1is tovformu—
late an encompassing framework for testing competing econom-
ic theories, we propose the following procedure. First con-
struct the economic model of interest with the

endogenous-exogenous classification of the variables. Then

compare this model with competing models to identify common
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grounds. If there are variables which are considered exoge-

nous by all the models, then these variables may be held

exogenous in the VAR model, too.'! This reduces the dimen-

sion of the VAR model and helps conseve degrees of freedom

since we can limit the dimension of the VAR to the number of

variables endogenous in all the economic models under con-.

sideration. Then, without imposing any further restrictions

of any economic model under investigation, specify and esti-

mate the VAR using a statistical approach (see Chapter 3).

The VAR model thus estimated will show the interdependence

among the variables which are endogenous and also the influ-

ence of the common exogenous variables on these endogenous

variables. This provides a test of competing hypotheses

within an encompassing framework.

1.3 OBJECTIVES OF THE STUDY

One important limitation of the VAR approach is the absence

of a procedure for specification of the lag structure of the

variables involved. As mentioned earlier, economic theory is

of little help in dynamic specifications. A common practice

followed by the wusers of VAR is to assume a common lag

length for all the variables in the model. Thus, in (1.4) p

is a common lag length assumed to be wvalid for all the k

variables. However, in reality these variables are likely to

have different lag lengths and a procedure must be developed

"1 This specification is slightly different from that given

in (1.4) where all the variables are endogenous to the
VAR model.




to estimate these lag lengths.

More specifically, since there are k variables in (1.4)
there are (kxk) lag 1lengths to be estimated. These lag
lengths may be expressed in terms of a lag length matrix P*
which is of dimension (kxk) for (1.4). The typical element
Pij of P* is equal to the lag order of the polynomial aij(L)
of A(L) in (1.5). One objective of this study is to develop
a statistical procedure to specify a VAR model so that the

model will have an estimated lag length matrix P* instead of

an assumed common lag length p.

The second objective of the study is an application'of
the above procedure to evaluate competing causal specifica-
tions of economic theories of fertility concernig the ob-
served negative association between income and fertility.'?
The concept of causality to be utilized here 1is that of

Granger's.

1.4 ORGANIZATION OF THE STUDY

Implicitly this study consists of two parts excluding the
final chapter. Chapters one to three constitute the first
part and chapters four and five the second. Although chap-
ter one provides the background for the whole study, it
bears more closely on chapters two and three. Thevfirst part

is basically a theoretical exercise in time-series economet-

'2'The application of VAR procedure has been vary much lim-
ited to macroeconomics and to my knowledge there has been
no such an exercise carried out in fertility economics.
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rics culminating with the first objective being fulfilled.
The second part is an empirical application as specified in

the second objective.

Since Granger's concept of causality 1is the basic ingre-
dient of the causality tests to be used in the study, chap-
ter two is devoted to an examination of Granger's concept
and the tests based on it. Having stated the relationship
between Granger-causality conditions and the coefficients of
a VAR, chapter three develops a statistical technique to
specify VAR models. The chapter is concludes by demonstrat-
ing the application of the technique to a simulated experi-
ment. Chapter 4 contains a c¢ritical evaluation of two eco-
nomic theories of fertility while a test of these theories,
using Canadian data, 1s the subject of chapter five. The
final chapter provides a summary and conclusions of the
study. The bibliography consists of three parts: the litera-
ture on causality and time series econometrics utilized to
compose the first three chapters, fertility and related lit-
erature referenced in chapters four and five, and sources of

data for chapter five.




Chapter 1II

TESTS OF CAUSALITY BASED ON GRANGER'S DEFINITION

It is not intended in this chapter to get involved in a dis-

cussion of the intricate issues surrounding the concept of

causality. Taylor [1967] has attempted to summarize the
philosophical definitions of "causality" since the time of
Aristotle, while Hicks [1979] tries to clarify the usage of
this concept in economics. The objective of this chapter is
to examine the highly specific concept of causality proposed
by Granger [1963, 1969, 1980, 1982], and to review the de-
rived testing procedures. Granger's definition of causality
has gained popularity in the last decade and a half because

of its operational nature.

2.1 GRANGER'S DEFINITION OF CAUSALITY
Granger's concept of causality is built upon a predictabili-
ty criterion proposed by Wiener. This definition relies on a

central axiom that the future cannot cause the present or

the past, whereas an allowance 1is made for future expecta-
tions to cause the present, given that these expectations
are based on past information. The following is a restate-

ment of this definition based on Granger [1982].
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Suppose we are intererested in whether the vector series

x(t) of dimension p causes another vector series Y(t) of di-

mension g. Let U(t) be the universal information set as of

time t and let U(t)-X(t) denote all this information exclud-

ing X(t). Further, let F and E denote the conditional dis-

tribution function and statistical expectation respectively.

General Definition:

X(t) causes Y(t+1) if

FIly(t+1)]|u(t)] # Fly(t+1) |Uu(t)-x(t)] (2.1)

That is, if the extra information in X(t) alters the condi-

tional distribution of ¥Y(t+1), then X(t) 1is said to cause

Y(t+1).

In practice U(t) is not known fully, hence we have to use

a smaller information set, 1I(t), which includes X(t) and

¥(t). Granger reserves the term prima facie cause to refer

to this situation in order to recognize the possibility that

the assessment of causality may change when the information

set is changed. Further, the specification of the whole dis-

tribution of Y(t+1) may not be possible; therefore, one may

define causality 1in terms of a necessary condition, 1i.e.

causality in mean.




An Operational Definition:

X(t) 1is said to be the prima facie cause in mean of

v(t+1) with respect to the information set I(t) if
Ale)[Y|1]1 = E[Y(e+1)|1(t)] - BLY(t+1)|1(t)-X(t)] (2.2)

is not identically zero. If it is identically equal to zero,

then X(t) does not cause Y(t+1),

The causality in mean can be associated with improved
ability to forecast in a "least squares" sense. For this we
assume that the above means are the optimum, unbiased least
squares predictors of Y(t+1) given the corresponding infor-

mation sets.
Let
e(t)[Y|1-%] = v(t) - E[lv(t)|1(t-1)-x(t-1)] (2.3)

be the one-step forecast error of Y(t) given the information
set I(t-1)-X(t-1). That is, e(t) is that part of Y(t) which
cannot be predicted by I(t-1)-X(t-1). e(t) 1in (2.3) 1is a

zero mean, white noise series.

Similarly let

e(t)[Y]1] = ¥(t) - BlY(t)|1(t-1)] (2.4)
be the one-step forecast error given I(t-1).

Now (2.3) - (2.4) yields

e(t)[Y]|1-X] = e(t)Y]1] + A(t-1)[Y]|1] (2.5)
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where A(t-1) (defined in 2.2 above) 1is a known gquantity at
time t-1 and is uncorrelated with e(t)[Y|1I], which follows

from the definition of e(t)[y¥|1].13

If £, Z,, and Z3 denote the covariance matrices of the

three guantities from left to right in (2.5) then we have

21 = X, + 23 (2.6)

If X(t) causes ¥Y(t+1), then A(t-1) will not be zero (see

eg. 2.2) and Z; will be a positive definite matrix and so is

Zy - Lj. (2.7)

This implies that point forecasts of ¥Y(t) can be improved
if X(t) is used in the prediction, i.e. the forecast error
variance of each Y{(t) will be smaller if X(t) is used in the

prediction.

Different aspects of this definition can easily be demon-
strated in a bivariate setting. For this purpose let us re-
define I(t) to consist of only two series, x(t) and y(t),

which are now assumed to be covariance-stationary'? scalar

'3 Granger observes that the decomposition of original fore-
cast errors (eq. 2.5) shows that white noise residuals
cannot always be interpreted as random shocks if there
are ommitted causal variables.

'4 A time series is said to be covariance stationary (or
wide-sense or weakly stationary) if its meah and variance
do not change through time, and the covariance of the se-
ries at two time points will depend only on the distance




22
time series. Further, let %(t) and §(t) be the past values
of x(t) and y(t) while %(t) and §(t) be their past and pres-

ent values. Let 02 be the predictive error variance.
Definition 1:

x is said to cause y if o2(y/¥,%) < o2(y/¥). That is, x
is said to cause y 1if y is better predicted by both past

values of y and x than by past values of y alone.
Definition 2:

Feedback is said to occur if o2(y/¥,%) < o02(y/9) and
02(x/%,9) < 02(x/%). That is, both x and y are causal to

each other.
Definition 3:

x 1is said to cause. y instantaneously if o2(y/y,%) <
02(y/9,%). That is, if current x helps in the prediction of
current y then instantaneous causality is said to occur. In-
stantaneous causality also implies instantaneous feedback in

this definition.?'%®

between these time points and not on time itself. TWO
time series, x(t) and y(t), will be jointly covariance
stationary if, at lag k, cov[x(t),y(t-k)] is independent
of time t for all k and means of x and y are finite. The
joint stationarity implies individual stationarity.

'S It is worth noting that instantaneous causality 1is not
possible by definition. However, it could arise in prac-
tice when the minimum causal lag is less than the sam-
pling interval and/or when there are missing causal vari-
ables and/or when there are overlapping variables (see
Section 1.2).
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2.2 RELEVANCE OF GRANGER'S DEFINITION
The apparently pure statistical nature of Granger;s defini-
tion has led some [e.g. Pierce, 1977] to use it as a substi-
tute for economic theory in the specification of causality,
hence to criticism by others [Zellner, 1979; Conway et al.,
1984; Leamer, 1985]. Although a predictability test could
reduce the possibility of associating a spurious correlation
with causality, still we need a theory to identify such as-
sociations as causality. After surveying the literature on
causality, Zellner [1979] suggested that a better definition
of causality would be that proposed by Fiegl [1953], i.e.
predictabilify according to a law (or set of laws). By law,
Zellner means an empirical generalization rather than a

"pure" deductive conclusion [Zellner 1981].16

We can see, however, that this definition is not at vafi—
ance with that of Granger's. Granger [1980] argues that his
method can be viewed as "informal Bayesian", i.e. one may
start with some prior beliefs about causality between vari-
ables, and change (adjust) these beliefs after a causality
test. An important source of such prior beliefs is economic
theory. Since the operational definition of causality uses a
limited information set, a theory is essential in suggesting

the relevent variables. If one can believe that the theory

'8 Zellner sees pure deduction, the propositions of which

have no reference to the real world, as "denk spielen"
[zellner, 1981]. Hicks [1979, ch. 3] also argues that if
a theory refers to facts at all, then deduction 1is a

bridge between two inductions.
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is "firmly based," then the causality imposed by the theory
on the model can be taken for granted and there 1is no need
to refer to "Granger causality." Thus the conventional

tests of regression coefficints are only "conditional tests"

since they take the causal specifications of a particular
theory as correct [Granger, 1980]. However, the absence of
"firmly based" theories and the presence of contradictory

theories in economics demand "unconditional causality tests"”

in order to differentiate between such theories and to spec-
ify properly the econometric models. If we accept the propo-
sition that the presence of causation implies predictabili-
ty, then the causal impliéations of economic theories can be
brought into a proper test by investigating their predictive

performance using Granger's definition.

Another use of Granger's definition is to invoke pre-
dictive relations which may lead to discovery of new laws or
theories. This is a form of what Zellner [1981] calls "re-
ductive inference;" i.e. the recognition of unusual and sur-
prising facts leading to the formulation of new theories. A

well known example of this are the theories of consumption

prompted by Kuznet's observations.

Despite these uses of Granger's definition, it is not an
all encompassing definition of causality. Granger himself
admitted that his definition may not be acceptable to phi-
losophers [Granger and Newbold, 1977; Granger, 1980]. One

important aspect of Granger's definition is its dependence
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on time in an asymmetric way: the assumption that time runs
unidirectionally. Although recent developments in theoreti-

cal astrophysics may dispute this assumption, the relevence

of time asymmetry (hence Granger's definition) in many areas

including economics is hard to deny. Simon [1953], though

his definition of causality is not the same as that of Gran-

ger's, argues that the necessary ingredients of a definition
of causality are a functional relation and the asymmetry of
the relationship. He continues:

There is no necessary connection between the asym-
metry of this relation and asymmetry in time, al-
though an analysis of the causal structure of dy-
namic systems in econometrics and physics will
show that lagged relations can generally be inter-
preted as causal relations.[73-74]

Hicks [1979] also emphasizes the same point by arguing that

”

the work of economists is in time, "historical time;" hence

in economics reference of cause and effect to time is hardly

deniable. Geweke [1982, 1984] gathers arguments from other
fields to strengthen the central axiom of Granger's defini-
tion. For example, he guotes Bunge, who, talking about rela-
tivity, argues that the cause must preceed or at most be si-
multaneous with the effect. In any case to avoid the
possibility of other connotations of the word causality we
will adopt hearafter the now common term "Granger causality"

or "G-causality."




2.3 GRANGER-CAUSALITY TESTS IN A BIVARIATE SETTING
G-causality can be expressed in a number of equivalent ways
and these have been summarized by Pierce and Haugh [1977;

see also Skoog, 1976] under three theorems.!'?” These equiva-

lent conditions have led to the emergence of different test
procedures which in practice have yielded contradictory re-
sults [see Feige and Pearce, 1979]. 1In this section we will
review four of these tests which have been commonly used in

applied work.

2.3.1 Sims Test

Let (x,y) be jointly covariance stationary (see footnote
14), a purely indeterministic process with mean zero.'® Then
Sims' [1972] Theorem 1 states that y does not cause x in
Granger's sense if, and only if, 1in the vector moving aver-

age (Wold) representation

x(t) a(L) b(L)||u(t)
= (2.8)
y(t) c(L) a(n)i|v(t)

'7 See Price [1979], Pierce and Haugh [1979], Evan and Wells
[1983], and Layton [1984] for further discussions of
these theorems.

'8 In practice x and y may be stationarity-induced variables

through transformations. Purely indeterministic means

that the best linear forecast p period ahead of the joint
process conditional on the past values is going to be, as

p is increased without limit, the unconditional mean of

the process itself.
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b(L) can be chosen identically zero.'? Here a(L) etc. are
polynomials in the lag operator L (i.e., a(L) = jgogij)
and u and v are mutually uncorrelated white noise innovation

processes.,

Sims' Theorem 2 states that y can be expressed as a dis-

tributed lag of current and past x's (with no future x's)

with a disturbance process that is orthogonal to past, pres-

A R R e S A T

ent, and future x's if, and only if, y does not cause x in

Granger's sense.2? Thus, when b(L) = 0 (2.8) reduces to

x(t) a(L)u(t)

c(L)u(t) + a(L)v(t)

y(t)

and

y(t) = c(L)a" " (L)x(t) +d(L)v(t)

= v(L)x(t) + £(t) (2.9)

where v(L) is one-sided (no negative powers of L enter). As
a result a regression of y on future, current, and past x's
must result in zero regression coefficients for future x's.

Hence, Sims' test is to write (2.9), with pre-determined po-

9 Two versions of the proof of this theorem, one due to
Sargent and the other due to Sims, have been provided by
Sargent [1979, Ch. 11]. Given that b(L) is zero, premul-
tiplying (2.8) by the inverse (assuming its existence) of
the polynomial matrix in (2.8) will yield the autoregres-
sive representation of (2.8) with a lower triangular
polynomial matrix. This will indicate the claim of Sims'
theorem.

20 gims' Theorem 2 shows that Granger noncausality coincides

with strict econometric exogeneity. For further discus-

sions of this see Sims [1977b], Zellner [1979], Geweke

[1981a], Granger [1981], Hendry and Richard [1983], and

wu [1983].




sitive integers p and q, as
y(e) = Zv(3)x(e-i) + £(t), (2.10)

and to test the null hypothesis that v(j) = 0 for j<O.

If £(t) in (2.10) is serially independent, this test can
be conducted by constructing the F-statistic from the re-
stricted and unrestricted models in the usually way. How-
ever, f(t) 1is not serially independent (see 2.9) and this
poses serious problems in the application of Sims' test.
Sims suggests either to prewhiten the data series or to use
a GLS procedure. But prewhitening requires considerable
skill and Feige and Pearce [1979] find that the test results
are guite sensitive to the <choice of a prewhitening filter.
The GLS procedure, on the other hand, demands restrictions
on the variance-covariance matrix of the disturbance term.
Under these circumstances the statistical testing has to be
carried out using a test statistic such as likelihood ratio
(LR), Wald (W), or LaGrange multiplier (LM) which converge
in distribution to a chi-square variate asymptotically.?2!?
Apart from these difficulties one also has to specify the
lead and lag lengths, g and p, in (2.10). The common prac-
tice is to set them arbitrarily; we will see later that this

can lead to unsatisfactory results.

21 See Evans and Savin [1982] for a study on a possible con-

flict among these test statistics due to the presence of
a systematic numerical inequality W2LR2LM "under certain
circumstances. See also Engle [1984] for a simple pres-
entation and a survey of these principles.




2.3.2 Modified Sims Test

Geweke, Meese, and Dent [1983] have suggested a modification
to Sims' test, which avoids the need of using prewhitening
filters or GLS procedures required for the original Sims'

test. In the modified test, (2.10) is written as

y(e) = ZalDye-9 + L viixe-5) + wle) (2.11)

where the disturbance term w(t) is serially uncorrelated by
construction. After determining r, g, and p (which remains
as a problem), the null hypothesis that y does not cause x,
i.e. v(j) = 0 for j<0, can be carried out using LR, W, or

LM test statistics, as in Sims' test.

2.3.3 Granger Test

Assuming that the (x,y) process defined above has the vector

autoregression representation

A(L) B(L)|[x(t) ux(t)

c(L) D(L)|{y(t) v*(t) |,

where A(L) etc. are polynomials in the lag operator L (i.e.
A(L) = _%OAjEj) and Ao=Do=1 Bo=Co=0 and u*(t) and v*(t) are
white joise processes possibly mutually contemporaneously
correlated, Granger [1969] proves that y does not cause x
if, and only if, B(L) = 0. Further, it can be shown that
whether or not B(L) - 0, the instantaneous causality (or in-

stantaneous feedback) is present if, and only if, cov(ux(t),

v¥(t)) # 0 [see Skoog, 1976: 25-27].
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Unlike Sims' result, which is, of course, mathematically
more general, Granger's result implies an immediate statis-
tical test. Thus, given that B(L) = 0, the null hypothesis
that y does not cause x can be tested by regressing x on
past x's and past y's and testing whether the regression
coefficients of past y's are zero as a group.2?? This test
can be carried out using LR, W, or LM test statistics as in

Sims' test.?3

Even in this test one has to specify the lag lengths of x
and y. The common practice is to set them arbitrarily. How-
ever, the ommission of relevent lags may produce serial cor-
relation in the error term. Further, unless one has strong
reasons to believe in wunidirectional causality, it becomes
necessary to estimate the full model (2.12) to take account

of feedback effects.

2.3.4 Pierce-Haugh Cross Correlation Test

Pierce and Haugh [1977] presented an alternative test pfoce—
dure for G-causality based on work by Haugh [1976, original
1972]. Their approach is to characterise G-causality by
means of the cross correlation function between the univari-
ate innovation series of x(t) and y(t). The following is

only a verbal presentation of their procedure; the theoreti-

22 gsargent [1976] was the first to apply this test.

23 Although it is possible to carry out a separate test on
instantaneous G-causality the direction of causality can-
not be established purely on statistical grounds.
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cal Dbasis of characterizing G-causality by means of
univariate innovations is found in the above citation. The
logic of using the univariate innovations is that they are

the components of the original series which cannot be pre-

dicted by their own past; hence the association (contempora-

neous and lagged) between the 1innovations of different se-
ries must reveal the causal pattern between the original

series as is intuitively understood by Granger's definition.

The Pierce-Haugh procedure involves the following steps:

1. Transformation of the original series to induce sta-

tionarity.

2., Fitting wunivariate autoregressive moving average

(ARMA) models to the transformed series using Box-

Jenkins approach and estimation of the univariate in-

novations.
3. Estimation of the cross correlations between univari-

ate innovation estimates and testing for causality.

I1f we redefine u(t) and v(t) as the univariate innova-
tions of the stationary series x(t) and y(t) (u and v here
are different from those in 2.8) then the cross correlation

at lag k can be estimated as
B(k) = Za(t-k)9(t)/[Z62(£)E02(£) 17, k=0,%1,... (2.13)

where " indicates the estimated values. Thus, significant

cross correlations for k>0 imply that x causes y, because
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the past x-innovations in (2.13) are significantly correlat-
ed with current y-innovation. Other causality events can be

stated in a similar way.

Note that if the true innovations, u(t) and v(t), were
known, then we can estimate the sample cross correlations
r(k) between u(t) and v(t). Haugh [1976] has shown that un-
der the null hypothesis of series independence the c¢ross
correlation estimates r(k) and r(k) have the same asymptotic
distribution, that is, they are independently normally dis-
tributed with zero means and variance N-', where N is the
sample size. Therefore, the overall independence of the two
series can be tested using the statistic

m

Sy = Nk‘:‘—n{?z(k)' . (2.14)
which has a chi-square distribution with 2m+1 degrees of
freedom, where m is a pre-specified integer. Further, Pierce

[1977] has proposed the statistic
mAZ g
Sy = Nkélr (k), (2.15)

which has a chi-square distribution with m degrees of free-

dom, to test for unidirectional causality.

Since the univariate innovations are white noise the
cross correlations and the regression coefficients of these
innovations are proportional to each other. Pierce and Haugh
advocated <cross correlation analysis since it provides a
symmetric procedure to examine the causality between the two

series.
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Pierce [1977] applied the cross correlation analysis to
test for —causality between a number of monetary variables
and found rather weak relationships thus refuting the strong
relationships postulated by certain economic theories. This
has led others to reexamine the whole procedure. Schwert
[1979], for example, has shown that even if the true innova-
tions were known, the distributed lag structure between in-
novations can be substantially different from that of the
original series. Nelson [1979] has indicated that the weak
relationship found between the innovation series is consis-
tent with the strong relationship between the original vari-
ables because the cross correlation procedure substitutes an
estimation of an unlimited number of correlations for tests
based on a small number of parameters. Further remarks on

the theoretical properties of the procedure are found in

Sims [1977al, Granger [1977], Schewert [1979, Appendix B],

Pierce [1977], and Price [1979]. Finally, as in Sims' test,

the required pre-whitening procedure is not simple.?24

2.3.5 Small Sampling Properties of Causality Tests

As reported in previous sections, causality tests have not
always produced compatible results in applied work and this
is quite likely a result of the difference in relative size

and power of different tests in small samples. Unfortunate-

24 some important issues related to prewhitening are dis-
cussed in Chatfield and Prothero [1973], Newbold . and
Granger [1974], Prothero and Wallis [1976], Davis,
Triggs, and Newbold [1977], and LJung and Box [1978].
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ly, all the test statistics discussed above have known

distributions only asymptotically and only under the null

hypothesis of no causality. Therefore, a comparision of the
tests when the alternative is true is not possible. Geweke
[1981b], and Geweke et al. [1983] have used an indirect
method called "approximate slopes of the tests", which is
also asymptotic, to compare the tests under the alternative.
In any case, the small sampling properties of these tests
have to be evaluated, given the current state of knowledge,

only through sampling experiments.

The findings of three such experiments, Nelson and
Schwert [1981], Guilkey and Salemi [1982], and Geweke et al.
[1983], show that, in sample sizes ranging from 50 to 200,

the Granger test and the modified Sims test are more power-—

ful than the Sims and the ARMA residual tests (cross corre-
lation as well as regression tests).?% Nelson and Schwert
find that the ARMA residual tests are less powerful, even if

the true innovations were known. Sims test appears to be

guite sensitive to the methods used to correct for serial
correlation. Another interesting finding of these studies is

that the overparameterization of the regression models, the

25 Only Nelson and Schwert, among the above three groups,
have investigated the ARMA residual tests. In another
study Geweke [1981b] has compared the cross correlation
test with the modified Sims test as tests of series inde-
pendence and finds that the latter performed better.
Battaglia and Carlucci [1982] also have conducted a simu-
lation experiment on causality tests and find mixed re-
sults. They caution against the inadequate treatment of
serial correlation in the regression models.
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practice arbitrarily followed in applied work to avoid the

possibility of omitting relevent lags, leads to loss of pow-

er'

In addition to the power of the Granger and the modified
Sims tests, they are easy to implement since only OLS esti-
mation is required. Of the two, the Granger test is the
simpler which also tends to save more degrees of freedom.
Guilkey and Salemi also find that the Granger test consis-
tently outperfo:med the modified Sims test by small amounts;
thus they strongly recommend the Granger test to the practi-
tioner. However, in order to retain more power due care must
be given to proper parameterization. Another advantage of
the Granger test is that it can easily be extended to a mui—
tivariate setting, which will be the subject matter of the

next section.

2.4 GRANGER-CAUSALITY TESTS IN A MULTIVARIATE SETTING

The bivariate G-causality tests discussed above are essen-
tially single equation tests though they warrent estimating
two seperate equations for x and y to test for feedback.
However, as can be seen from models (2.8) and (2.12), a more
appropriate method would be to estimate the system simulta-

neously within the vector time series framework.?® The rele-

26 Caines and Chan [1975] is an early example which uses the
vector time series approach to test for G-causality. Un-
like Sims, Caines and Chan test the hypothesis that y
does not cause x, which they <call "x is feedback free,"
by constructing the likelihood ratio statistic from the
constrained and unconstrained vector ARMA models.
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vence of this approach becomes much clear when there are

more than two variables involved.

Application of G-causality to multivariate settings is

hampered by the complexities involved 1in vector time series
modelling. 2’ Skoog [1976] has extended the bivariate propo-
sitions to the multivariate setting and investigated the
theoretical aspects of bivariate causality in a trivariate
system. Hsiao [1982] has further elaborated the trivariate
system (which can also be a tri-vector system) and set forth
the conditions under which direct, indirect, and spurious
causality could occur. Rather than reiterating the symbolic
definitions of Hsiao, we will explain these definitions ver-

bally and then characterize them in a vector autoregression.

If the G-causal relationship between two variables is in-
variant with a change of the information set, then direct
causality between them is said to occur.?® As understood by

the term 1itself, indirect causality between two variables

occurs through some other variable(s). The distinction be-
tween direct and indirect causalities in practice requires
the assumption that the largest 1information set one consid-

ers includes all the relevant variables. Hsiao has defined

27 Multiple time series modelling has received considerable
attention in recent years [see Newbold, 1981 and 1984 for
references]. This will definitely encourage studies in
multivariate G-causality tests.

It is worth recalling Granger's term prima facie cause
(section 2.1) which he has reserved for situations in
which causality changes with changing information sets.
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two types of spurious causality, one of which had already

been pointed out by Granger [1969]. Type I spurious causal-

ity is said to be present if a variable is found to be cau-
sal only in a larger information set, but not in a smaller
information set. This will be illustrated shortly by means

of an example. Type II spurious causality could occur due

to the ommission of a causal variable which is, in fact, the
cause of the correlation between the two variables under in-
vestigation. An example given by Granger [1980] is "light-
ening and thunder"; the former appears to be the cause of
the latter whereas both are caused by a third variable, at-
mospheric conditions. This type of spurious causality could

be detected by moving to a larger information set.

The above causality relations can easily be characterized
by zero constraints on a vector autoregression.?? Consider

the trivariate (or the trivector) covariance stationary sys-

tem X = (X4, X2, X3)' which 1is assumed to have the vector

AR representation A(L)X(t) = u(t) with A(0) =1, i.e.,

X1 811(L) a12(L) 813(L) X4 uq
Xo| = a1 (L) a22(L) azs(L)||X2] + |u» (2.16)

X3 az1(L) az2(L) asz3z(L)]||[Xs us i,

29 Skoog [1976, p.51] observes that the vector autoregres-—
sion is superior to vector moving average representation
in characterizing multivariate causality. =~ Kang [1981]
has presented the necessary and sufficient conditions for
G-causality in vector ARMA models.
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_ @ 1 ] .
where aij(L) = lflaUl L.  and (uy, uz, uz) are white noise
processes possibly mutually contemporaneouly correlated such
that cov(uy, uz, uz) = Z. (The subscript t has been ommited

for convenience.) Then the following G-causality character-

ization is possible:

1. X, does not cause xj directly if, and only if, éTL(L)
=0, (i,j = 1,2,3).
2. X3 does not cause X, if, and only if, A(L) 1is lower

block triangular.

3. X3 causes X; indirectly (but not directly) if, and
only if, a3(L) = 0 and a;2(L) and a.3(L) are not
zero for some lags.

4, There is type 1 spurious causality from X3 to X, if,
and only if, az.(L) = 0, as3(L) # 0 for some lags and
there exists a nonzero c(L) = co + ciL + cpL?%2 + ...
such that [-a;2(L) -a13(L)] = c(L)[1-a22(L) -a,3(L)].

5. There is type 11 spurious causality from X3 to X, if,
and only if, a;a(L) = 0, az3(L) = 0 and a;,(L) and

azz2(L) are not zero for some lags.?3°

30 proposition (1) is the same as Skoog's [1976] Proposition
(6), condition (i) (p. ©50) except that proposition (1)
above allows room for the possibility of indirect causal-
ity. Proposition (2) is a direct extension of the bivar-
iate theorems proven by Granger [1969], sims [1972],
Caines and Chan [1975], Skoog [1976], and Pierce and
Haugh [1977]. The proof of propositions (3) to (5) are
found in Hsiao [1982].
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Since proposition (4) may not be straightforward, we il-
lustrate its meaning with the following example. Consider
the following trivariate AR(1) structure which satisfies the

conditions of proposition (4):

—bL —L
—bL(1—eL)" ' —cL{1—eL)"!

0 1—dL

where u, v, and w are the innovations.

Notice that [-bL -cL] (1-eL) [-bL(1~eL) "' -cL(1-eL) '],
thus c(L) in proposition (4) is equal to (1-eL). In (2.17) y
and X can be treated separately since z depends only on its
own innovations. Solving x equation for x and substituting
into y equation, we would be able to verify that y does not
depend on z. An alternative way to see this is to transform
(2.17) into MA form by inverting the polynomial matrix. The
conditions in proposition (4) will guarentee that the matrix

position (1,3) of this inverse will always be zero and since

u, v, and w can always be chosen to be orthogonal to each

other, the MA representation removes the dependence of y on

X

Thus although vy appears to depend on both x and =z in
(2.17) the dependence on z is spurious because this depen-
dence disapeasars in the smaller information set consisting

of y and z. However, checking the last condition in proposi-
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tion (4) would be difficult in practice due to rounding er-

rors and other difficulties: therefore, a roundabout way to

test for type I spurious causality 1is to use smaller infor-

mation sets in a larger system.

As in the bivariate single-equation case, there 1is no
unigue testing procedure for G-causality in the multivariate
case. The likelihood ratio test can be conducted by con-
structing the restricted and unrestricted vector models as
was done by Caines and Chan [1975] (see footnote 26). Tids~
theim [1981] has suggested a LaGrange multiplier test. How-
ever, before carrying out any of these tests, one has to
specify the lag lengths of the variables involved. A proce-
dure for lag length specification\and testing for G-causali-
ty in a multivariate setting will be developed 1in the next

chapter.

2.5 SUMMARY

According to Granger's definition a variable X is said to
cause another variable Y if Y can be prediced better by in-
cluding X in Y's predictive information set than without it.
This is a highly operational concept compared to many other
notions of causality. Therefore, the conflicting causal im-
plications of competing economic theories can be brought

into an encompassing test using Granager's definition.

The causality tests currently in use are essentially

single-equation methods, which can handle only two variables
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at a time. Among the four tests discussed in this chapter--

Sims test, modified Sims test, Granger test, and cross cor-

relation test--the Granger test has been found, by others,

to be promissing both in terms of performance in simulation

exercises and its simplicity. Further, since it deals with a

single equation of a VAR model, the extension of the proce-

dure to VAR 1is straightforward.

The use of VAR for causality testing entails important

features which a single-equation cannot handle; that is, the

ability of VAR to take account of spurious causality. It is

shown in Section 2.4 that four types of causality events—-

direct, indirect, Type I spurious, and Type II spurious cau-

sality-- can be examined mostly as zero constraints on the

parameters of the model.




Chapter III

VECTOR AUTOREGRESSION AND TESTING FOR GRANGER-
CAUSALITY

3.1 INTRODUCTION
Vector autoregression (VAR) models have already appeared in
chapters 1 and 2, but for the sake of completeness of this

chapter the model (1.5) is reintroduced below:
a(L)z(t) = u(t), (3.1)

where z(t) 1is a (kx1) vector of random variables with zero
means, u(t) is a (kx1) vector of random shocks, or one-step-
ahead forecast errors, which are white noise with zero means

and

E[u(t)u(s)'] = I, t=s (3.2)

= 0, t#s.

That is, the components of u(t) are univariate white noise
processes, uncorrelated with each other at different time
points, but possibly cross correlated at common time points
(i.e. contemporaneously correlated). Therefore, Z need not
necessarily be diagonal. Further, A(L) is the (kxk) polyno-

mial matrix of maximum order p with Ap=I; i.e. A(L) = AoL? +

p .
ALY + ..+ A,L , where L is the lag operator. The process

in (3.1) will be stationary if the roots of det[A(L)]l=0 all
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have modulus greater than one [Hannan, 1970: 326]. A typical
element of A(L) may be written as

P
fJaiq_Ll.
1=0

= i 1 * =
Thus p Wﬁf pii' and the lag length matrix is P (p&j).

One disadvantage of using VAR models instead of VARMA

(vector autoregressive moving average) models is that the

former may not be as parsimonious3' as the latter. VARMA
models, on the other hand, pose two problems: lack of
unigueness (see any standard text), and difficulty of esti-
mation [Tiao and Box, 1979]. Tiao and Box have demonstrated
the inadequacy of the conditional 1likelihood approximation
to the exact likelihood (see Section 3.3.2) when the MA
(moving average) component is present. Therefore, VAR models

possess compensating advantages compared to VARMA models.

Although in vector time series modelling every variable
is taken to depend on every other variable, the model can
easily be extended to include exogenous variables. However,
when competing theories refer to the same set of variables
with conflicting endogenous—-exogenous categorizations or
when the exogeneity implied by the theory 1is not firmly
based, then one has to consider the complete set of vari-

ables as endogenous to avoid the possibility of inflicting

37T A model is said to be parsimonious if it contains rela-
tively few parameters. The meaning of this is well embed-
ded in Milton Friedman's statement: "A hypothesis is im-
portant if it 'explains' much by little..." [See Harvey,
1981a: 5-6].
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spurious restrictions. In this chapter all variables will be
considered endogenous and the extension of the VAR model to

include exogeneous variables is straightforward.

A crucial problem in multiple time series modelling is
the determination of the lag orders of the variables in the
model, for which economic theory is of little help. In the
application of the causality tests discussed in the previous
chapter, the common practice has been to specify the lag or-
ders arbitrarily. We have already mentioned in Section
2.2.5 that overparameterization 1leads to loss of power.
Thornton and Batten [1985] have conducted an extensive in-
vestigation on money-income causality by using different lag
length specifications in the Granger test (See Section
2.2.3). They find that the arbitrary lag length specifica-
tions such as (4,4), (8,8), etc. on the dependent and the
independent variables yield contradictory results. They
also find that the longer lag length for the dependent vari-
able to account for autocorrelation and the shorter 1lag
length for the 1independent variable to conserve degrees of
freedom does not work well either. However, the lag lengths
specified by three "model selection criteria" have, in gen-

eral, provided compatible results.

The objective of this chapter 1is to present a sequential
procedure to estimate the lag length matrix P* and then to
evaluate the performance of this procedure in sampling ex-

periments. A discussion of existing procedures is given in
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Section 3.2, and Section 3.3 presents the sequential model
building strategy. The final specification of the model thus
reached can be used for causal inference. A theoretical
evaluation of the model selection criteria, which play an
important role in our modelling strategy, 15 contained in
Section 3.4. The sampling experiment and the results are
presented in Section 3.5 and the last section provides a

summary of the chapter.

3.2 EXISTING MODEL BUILDING PROCEDURES

3.2.1 Single Time Series Methods

A number of statistical procedures of model building are
present both in standard regression and time series analy-
ses.32 In the time series literature the classical hypothe-
sis testing procedure has been used in AR modelling for a
long time [see Priestly, 1981a: 370]. The addition or dele-
tion of a lag under this procedure depends on a (convention-
ally) pre-determined level of significance. In practice,

however, the nominal and the actual significance levels may

32 Three important reviews on model selection procedures are
Hocking [1976] Amemiya [1980], and Judge et al. [1980].
Using the standard regression model with nonstochastic
regressors these studies, when taken together, have dis-
cussed, among other things, (1) the classical hypothesis
testing framework, (2) model selection criteria, and (3)
biased estimation procedures, basically the Stein rule.
In general, they were critical about the first as a model
selection procedure. Amemiya favours the use of a selec-
tion criterion such as PC or AIC (see the text). Judge
et al. support the Stein rule estimator. Hocking is of
the opinion that due to the difficulties of a rigorous
mathematical analysis of these techniques, "the use of a
particular method has to be established by practical con-
siderations (i.e., through simulation exercises).
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differ and the choice of an optimal level of significance

remains unresolved.

Another approach to AR modelling is the residual variance
plot. The residual variance is expected to decrease as more
and more lags are added and then fluctuate when the true or-
der is reached. This method requires a skillful guess of the
order which minimizes the residual variance since the plot

does not itself indicate a unique choice.

The Box-Jenkins approach to wunivariate ARMA modelling is
well known but the procedure 1is highly "judgemental"
[Zellner and Palm, 1974]. Model selection critera such as
RZ or Theil's R? are hardly popular in the time series lit-
erature. Even within the regression framework their weak-
.nesses are well known [see Hocking, 1976; Judge et al.,
1980; Granger and Newbold 1974]. The model selection cri-
teria to be discussed later are a response to the weaknesses
of the traditional methods which, as viewed by Akaike
[1974], are inappropriate to a situation such as time series

modelling which involves multiple decision making.

3.2.2 Multiple Time Series Methods

Unlike the single series methods, multiple series modelling
strategies have shown a retarded development due to their
complexity. The procedures hitherto developed to specify
VARMA models share three basic features found in univariate

Box-Jenkins approach: 1. tentative specification, 2. esti-
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mation, and 3. diagnostic checking. Among these, the tenta-
tive specification is the most laborious phase. At least
four types of specification strategies may be found in the

literature.33

First type: These procedures use univariate residual

cross correlations to identify the full model [Haugh and
Box, 1977; Granger and Newbold, 1977]. The procedure, how-
ever, suffers from the weaknesses discussed in Section 2.3.4
and its extension to systems larger than bivariate for si-

multaneous accounting of the relationships is difficult.

Second type: Tiao and Box [1979] have extended the uni-

varate Box-Jenkins procedure to the multivariate case. In
this procedure the sample auto and cross correlation matri-
ces are used to 1identify MA structures and partial cross
correlation matrices derived from a stepwise autoregression
are used to identify AR structures. (This latter strategy

dates back to Quenouille, 1957.)

Both the first and the second type procedures use the hy-
pothesis testing framework in the specification process. An
acknowledged drawback of these procedures 1is that they rely
heavily on the model builder's skill and judgement, and that

judgemental requirement is rather decisive.

33 These four groups do not include the statespace modelling
procedure suggested by Akaike [1976].
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Third type: These procedures use univariate model speci-

fications to suggest a structure for the full model [Zellner
and Palm, 1974; Wwallis, 1977]. Since the univariate model
building depends on Box-Jenkins methodology, skill and
judgemental requirements play a very important role in these

procedures.

Fourth type: The modelling strategy here is to specify
single equations (any number of variables) to identify the
full model [Hsiao, 1979; Abeysinghe, 1982]. These procedures
differ from the previous ones in a distinct way: they are
designed to specify VAR models only, not mixed processes.
By this manner they try to avoid the difficulties of VARMA
modelling mentioned 1in Section 3.1. Further, they differ
from Sims [1980] type (somewhat arbitrary) determination of
a common lag order for all the variables and the Tiao—-Box

type stepwise autoregression.

The problem with assuming a common lag order (p) for all
the variables is the severe loss of degrees of freedom. In a
VAR with a common lag order the number of parameters to be
estimated grows with the square of the number of variables,
thereby exhausting the degrees of freedom very quickly.
Sims has discussed the problems associated with the loss of
degrees of freedom. Instead of an arbitrary determination of
p, it may be estimated using a model selection criterion
such as AIC. However, Nickelburg's [1985] small sampling ex-

periments on the use of model selection criteria to estimate

p show mixed and unsatisfactory results.
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Although stepwise autoregression is designed to estimate

a lag length matrix, P¥*, thié is approached through a series
of VAR fits with common lag orders p=1,2,..,P, where P is
the largest order considered. Hypothesis testing is used at
each step to determine Px*, In small samples this procedure
also suffers from the problems of severe loss of degrees of
freedom, thereby biasing the hypothesis testing procedure at
each step. Further, since the significance of the coeffi-
cients is determined by t values, misleading P* is likely to
appear, given the small sample size usually encountered, due
to distorted t values resulting through the effect of multi-

collinearity among the lag variables.

The common feature of the procedures suggested by Hsiao
[1979] and by Abeysinghe [19821, is that the variables are
admitted 1into the equation sequentially (for details see
next section). Hsiao ignores the covariance matrix I in the
first stage and specifies each equation by combining Gran-
ger's definition of causality and Akaike's final prediction
error (FPE) criterion. The effect of Z‘is taken into account
at the stage of estimating the full model. Diagnostic check-
ing is carried out by overfitting and underfitting the full

model using the hypothesis testing framework.?34

34 Hsiao's procedure has been applied by Hsiao [1979, 1981,
1982], Caines et al. [1981], McMillin and Fackler [1984],
and Thornton and Batten [1985].
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Abeysinghe [1982], on the other hand, specifies the VAR
model with a diagonal Z and a triangular Ao matrix, by com-
bining model selection criteria (Akaike's AIC, BIC and
Schwarz's SBC) and the hypothesis testing framework. It is
important to note, however, that Hsiao has presented his
procedure in a more general framework, whereas Abeysinghe

has confined his to a bivariate system.

Since both the model selection criteria and the hypothe-
sis framework have their own weaknesses, incorporating both
in the model specification makes it difficult to attribute
the poor performance of the procedure to either of them.
The model selection criteria, however, provide a non-arbi-
trary and less judgemental methodology for model building.
Therefore, they will constitute a major ingredient of the

specifiction procedure presented below.

3.3 SEQUENTIAL MODEL BUILDING STRATEGY FOR VAR MODELS

The procedure presented below stems from the fourth type of
modei building procedures discussed in the previous section,
and tends towards Hsiao's methodology. The procedure is pre-
sented here in an open framework so that a specific format
could be reached after evaluating its performance in sam-

pling experiments.

This procedure shares three stages of modelling (tenta-
tive specification, estimation, and diagnostic checking)

common to all the procedures discussed in Séction 3.2.2.
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Each stage of modelling will be presented in the three sub;
sections to follow. The model selection criteria (MSC's; see
Section 3.4) alone are used in the entire specification pro-
cess and the choice of a particular MSC is left to be deter-
mined later on the basis of their performance in small sam-

pPles in relation to the specification procedure used.3%

3.3.1 Tentative Specification
The following zero mean bivariate process of (x,y) is used

for illustrative purposes:

x(t)

a(L)x(t) + b(L)y(t) + u(t) (3.3a)

y(t) = c(L)x(t) + a(L)y(t) + v(t), (3.3b)

where a(L) etc. are polynomials in the lag operator L and u
and v are zero mean white noise innovations with (2x2) co-

variance matrix Z which is assumed to be nondiagonal.

Since it is possible to obtain consistent parameter esti-
mates by applying OLS to each equation separately (see Sec-
tion 3.3.2), i.e. by ignoring Z, the tentative specifica-
tion proceeds by specifying each equation of the system
separately. The lag lengths are chosen by minimizing a cho-

sen MSC by varying the lag 1length p between zero and P,

35 Although Hsiao chooses FPE by linking it to Granger's
definition of causality, we will defer this decision to a
later stage. The use of an MSC as a test of G-causality
differs from wusing the hypothesis testing framework,
which is commonly applied for testing for G-causality, in
that the significance levels determined by the MSC's are
non-arbitrary. However, the choice of an MSC in the pres-
ence of many with similar attributes is difficult.




where P is the highest order considered arbitrarily.

The most effective way to specify (3.3a) 1is to consider

all the possible 1lag combinations between zero and P for x

and y and choose that combination which minimizes the chosen
MSC. This amounts to calculating (P+1)2 MSC's, and for a k
variable system this number rises to (P+1)< MSC's; i.e. an

exponetial increase of the computational burden.

The computational burden of a complete search can be re-
duced to a great extent by determining the lag orders of
a(L) and b(L) in (3.3a) sequentially. That is, determine the
order of a(L) first by regressing x on lag x by increasing
the lag order (p) from 0 to 'P; given the chosen order for
a(L), then determine the order of b(L) by varying p of y
from 0 to P. Thus, the number of MSC's to be calculated is

reduced to 2(p+1),36

An immediate question is what determines the sequential
order of the variables entering the equation. It may be ar-
gued that x has to be regressed on its own past first. The
justification for this follows from Granger's definition of
causality. That is, the secondary variables are relevant in-
sofar as they can supply additional information not already
supplied by one's own past. However, the same line of argu-
ment cannot be extended to determine the sequential order of

the secondary variables. This may be determined arbitrarily

36 The exact number is actually 2P+1 since the zero lag for
y is the already calculated lag length for x.
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or by using prior information.3?7 If these variables are or-
thogonal to each other, then an arbitrary decision will be
perfectly acceptable. Since orthogonality 1is very unlikely
the entire sequential process is subject to what may be

called a "proxy effect."

The proxy effect is the possibility that the lags of the
first entered variables act as proxies for the later entered
variables and thereby weaken or nullify the influence of the
later entered variables. This possibility may be illustrated
by rewriting the process (3.3a and b) as a bivariate AR(1)

model. Thus,

1—aL. —bL| |x(t) u(t)

= N (3.4)
—L 1-dL|{y(t) v(t)

Now using the relation adjA=detA.A~' and pre-multipling both
sides of (3.4) by the adjoint of the polynomial matrix we

get

37 Caines et al. [1981] applying Hsiao's procedure to a tri-
variate system, added the variable with the lowest FPE
from bivariate equations first. In other words, the se-
quential order is determined on the basis of what may be
called "minimum of minima" or "minmin" principle. This
obviously increases the calculation burden. For a k vari-
able equation the number of FPE's required to be calcu-
lated at univariate, bivariate, trivariate,..., and k-
variate stages are respectively P+1, (k-1)pP,
(k-2)P,...,1. Thus the total number of FPE's required is
2P[k(k-1)+1]+1 which is larger than the kP+1 requirement
if the sequential order 1is arbitrarily determined. The
estimation of submodels, however, would be necessary to
test for spurious causal relations.
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x(t) 1—dL bL| Ju(t)
[(1—aL) (1—dL)-bcL?] = (3.5)
y(t) cL 1—aL||v(t)].

Each equation in (3.5) is a univariate ARMA(2,1) model with
an identical autoregressive part [Zellner and Palm, 1974;
Palm, 1977]. This also means that each variable can be ex-
pressed as an AR(w) process. Thus, by autoregressiﬁg X into
infinite past it is possible to capture the effect of all

other related variables.

The proxy effect arising from the sequential procedure
may be minimized or possibly eliminated by choosing an MSC
with a larger penalty term (Section 3.4). It 1is expected
that the sampling‘ experiments will shed some 1light on this

problem.

It is now possible to outline . the steps of the tentative

specification stage [see Hsiao, 1979].

1. First regress x and y in (3.3a and b), all the vari-
ables in the full model, on their own past by varying
the lag orders from 0 to P and estimate the orders of
a(L) and a(L) by locating the minima of the chosen
MSC. If a minimum occurs at P or close to P the val-
ue of P has to be increased.

2. Now take x and keep its own lag order determined in
stép (1) fixed and add y to the equation. Determine

the lag order of b(L) by minimizing the MSC over y-
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lags from 0 to P. When there are more than two vari-
ables in the model continue the process by admitting
variables sequentially wuntil all the variables are
exhausted.

3. Repeat step (2) for equation (3.3b) and determine the
order of c(L). Continue this process for all the
equations in larger models.

~ 4. Combine the single equation specifications to identi-
fy_the full model. The joint estimation then may be

carried out as described in the following section.

3.3.2 Estimation

In the univariate (scalar) case the AR model of 6rder p can
be estimated by the LS method utilizing the last N-p obseva-
tions, where N is the sample size. Given a serially indepen-
dent innovation process the Mann-Wold theorem [Harvey,
1981a: 48; Priestly, 1981a: 346] shows that the LS estimates

are consistent and asymptotically normally distributed.

If the innovation process is Gaussian the exact likeli-
hood function can be written as the product of the condi-
tional likelihood of the last N-p observations (given the
firs£ p observations) and the likelihood of first p observa-
tions [Harvey, 1981b: 12-17}. The LS estimation now becomes
equivalent to the conditional ML estimation. It can be

shown [Harvey, 1981b: 122] that the large sample difference

between the exact ML and the regression (LS) results are




56

very minimal. Monte Carlo studies have indicated that for
an AR(1) process sample size as small as 20 observations
produce only neglegible difference in estimates by the two
methods. However, the difference tends to increase in small
samples as the order of the AR process increases and when
the roots of the AR polynomial get closer to unity [Harvey,

1981b: 135-136].

The estimation methods of wunivariate AR(p) models can
easily be extended to VAR(p) models, where p is now a common
lag order for all the variables.3® The estimation procedure
of model (3.1) will be illustrated by means of a VAR(1) mod-
el; the extension to a VAR(p) hodel is straightforward.
Moreover, it is well known that an AR(p) (vector or scalar)
process can always be represented as an AR(1) process

[Priestly, 1981a: 797].
The first order VAR(1) model will be written as
z(t) = Az(t-1) + u(t), (3.6)

in which it is assumed that wu(t) has a multivariate normal

distribution with zero mean and variance Z.

38 Although our objective is not to assume a common p, for
ease of presentation of the estimation method we assume
existence of a VAR(p) model instead of a VAR(P*) model.
For different methods of estimation see Priestly [1981a:
346-52].
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Given the vector z(t-1), z(t) 1is distributed as a multi-
variate normal with mean Az(t-1)- and the covariance matrix

Z. Thus, the conditional likelihood, given z(1), is
_N-1
L.(a,2/z)C|Z] 2 exp{~-(1/2)trZ-'S(aA)}, (3.7)

where

S(A) = [z(t)-Az(t-1)]1"[z(t)-Az(t-1)].

The exact likelihood function can be derived by multiply-
ing (3.7) by the unconditional density function of z(1).
From (3.6) we can see that z(1) 1is multivariate normal with
zero mean (this becomes obvious when (3.6) is written as
(I1-AL)z(t) = u(t)) and cov(z(1)) =V = AVA'+Z [see Harvey,

1981b: 49]. Thus the distribution of the vector z(1) is
£lz(1)]1e€ |V|Zexp{-(1/2)z(1) 'V 12(1)} | (3.8)

Multiplying (3.7) by (3.8) and taking the log gives the ex-

act log likelihood function as

logL = const. —(1/2)loglv|—§%LloglZl—(1/2)trZ“S(A)
-(1/2)z' (1)v-1z(1). (3.9)

The matrix V depends on A, and the derivatives of log|V|
with respect to A are complicated functions. Box and Jenkins
[1970: 277] have shown (for the univariate case) that for
large N, 1log|V| can be ignored, hence to this order of ap-

proximation the exact ML estimates of A are given by mini-
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mizing the last two terms of (3.9). However, if we assume
that z(1) is fixed then (3.9) reduces to (3.7) 1in log form
and maximization of this conditional likelihood 1is equiva-

lent to the minimization of

0
"
Int
I ™M=

2[z(t)—Az(t—1)]'Z“[z(t)—Az(t—1)]. (3.10)

The minimization of S in (3.10) is equivalent to the mul-
tivariate LS criterion. Since the system in (3.10) resembles
a seemingly unrelated regression with the same set of vari-
ables on the right hand side, the OLS estimation of each
equation separately provides fully efficient and consistent
estimates even if Z is not diagonal. However, if the lag or-
ders of the right hand side variables are different, which
is similar to the case of constraints across equations, the
OLS on each equation still provide consistent parameter es-
timates but they will be less efficient than the joint pa-
rameter estimates [Nelson, 1976]. Nelson has derived the as-
ymptotic results for an AR(1) model and shown that the gain
in efficiency 1is greater, the larger the contemporaneous
correlation and the greater the difference between two AR

parameters of the two equations.

Asymptotically efficient estimators for the joint system
can be obtained in two steps. Since consistent estimates are

possible from OLS applied to each equation separately, in

the first stage OLS can be used to estimate Z from the sin-
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gle equation residuals. In the second stage, the system pa-

rameters can be estimated jointly given the estimate of z,
using the multivariate Gauss-Newton scheme. I is then rees-

timated from the joint system.

3.3.3 Diagnostic Checking

Diagnostic checking can be carried out by overfitting and
underfitting. Instead of using the hypothesis testing
framework, we propose to specify a number of Px's, including
the one identified from single equations, and to examine
which P* minimizes the chosen MSC from the joint estimation.

The MSC now has to be redefined to suit the joint model.

For example, if the lag length matrix identified from the

single equation specifications is

then we can specify a number of P*'s in the neighborhood of

the above matrix such as

for diagnostic checking. An objective way to choose Px's is
given in Section 3.5.4 with a complete demonstration of the

recommended diagnostic checking procedure.
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3.3.4 Some Remarks on the Procedure
The above sequential procedure has a number of attractive
features. It is designed to estimate the lag length matrix
P*., This would be behaviourally more meaningful and statis-
tically more efficient as compared with a common lag order.
The estimation procedure is straightforward, simple and less
costly; only OLS and seemingly unrelated regressions are
necessary. Thus the extra cost required at the tentative
specification stage may be offset by the less costly estima-
tion procedure. Skill and judgemental requirements are mini-
mal since the entire procedure relies on MSC's to perform a
better job. The MSC's also remove the arbitrary significance

level requirement of the classical hypothesis testing frame-

work.

The sections to follow will evaluate this procedure in

detail.

3.4 EVALUATION: MODEL SELECTION CRITERIA

The performance of the specification procedure described in
the previous section depends crucially on the performance of
the chosen MSC (model selection criteria). Unfortunately a
large number of such criteria has emerged3® and there is no
sound ground for choosing one for practical use. An impor-

tant characteristic of the MSC's is that they try to trade

3% Hocking [1976], Amemiya [1980], Judge et al. [1980], and
Priestly [1981a, 1981b] provide a good secondary source
to many of these criteria.
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off the bias associated with a parsimonéous parameterization
against the inefficiency arising from overparameterization
(see Appendix A). However, very little is known about the
sampling properties of these criteria under different model
structures, though some «criteria are reported to be quite
useful in practice [see Akaike, 1974]. Many of these cri-
teria are designed for linear relationships and their final
form is a function of the error sum of squares, thus all of
them are related. In this section we demonstrate how these
criteria are related to each other with reference to a uni-
variate AR model. In our sequential specification, as the
number of variables entering a single equation grows, the
lag or the parameter count variable , p, has to be set equal

to the exact number of regression coefficients estimated.?*?

Akaike [1974] has developed a general framework for model
selection using the Kullback-Leibler information measure and
defined the now well known AIC criterion (Akaike Information

Criterion) as

AIC(p) = -2log(maximum likelihood) + 2p, (3.11)

where p is the number of independently adjusted parameters.
An estimate of the model size, p, 1is obtained by minimizing

AIC(p) over p=0,1,...,P, where P is the largest model size

40 Because of scripting difficulties of letter subscripts,
and for notational clarity o?(p), i.e. o0? with subscript
p, will be denoted by 0% and o2(p-1) by 02; throughout
this section unless otherwise specified. Here 0% and o2,
refer to the vaiances of p and p-1 parameter models, re-
spectively.
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considered. The second term in (3.11) is regarded as a pen-
alty imposed on the maximum likelihéod estimation of the
model size (ML estimation of the model size would be the
largest model considered). Thus (3.11) provides a solution
to the bias-variance trade-off mentioned above. The AIC may
be viewed as an extension of the criteria based on mean

square prediction error (MSPE) suggested by Akaike [1969]

and others.

Following Atkinson (1981) we can write (3.11) in a gener-

al form as
-log(maximum likelihood) + ap/2, (3.12)

where « is either a constant (mostly 2, as in 3.11) or a
function of the sample size. In the following presentation
the values of a of each criterion will be derived explicitly
in order to evaluate and compare the asymptotic properties

of these criteria.

For a linear regression, including AR models, (3.12) be-

comes
(N/2)1logo? + RSS(p)/20? + ap/2 + const., (3.13)

where 02 is the error variance and RSS{(p) is residual sum of
squares of the p-parameter model. If o0? is taken as the com-
mon variance for all models or if it is assumed to be known,
then (3.13) yields a general <criterion for 1linear models

[see also Geweke and Meese, 19817,
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C(p,a) = RSS(p) + apo?, p=0,1,...,P, (3.14)

which is to be minimized over p.

If 02 in (3.14) is replaced by its unbiased estimate, 02,

and a by 2 we get Mallow's [1973] criterion, MC,
MC = 0% + (2p/N)o2?, (3.15)

where 0% = RSS(p)/N. A monotonic transformation of (3.15)
yields Mallow's C, = [RSS(p)/62]+2p-N [Amemiya, 1980]. This

criterion involves the practical difficulty of estimating

g2,

Another criterion which could directly be derived from
(3.14) is Akaike's [1969, 1970] FPE (Final Prediction Error)
or Amemiya's [1980] PC (Prediction Criterion). Amemiya de-
rived PC by taking the expectafion of the MSPE for the sub-
set model and this, in effect, is similar to replacing o? in

(3.14) by 6% =RSS(p)/(N-p) and a« by 2. Thus we get
FPE(p) = PC(p) = (1 + p/N)o%. (3.16)

If 0} is replaced by the ML estimate ¢? = 0%(N-p)/N, then
(3.16) becomes

FPE(p) = (1 + p/N)(1 - p/N)~15%, (3.17)
and the binomial expansion yields

FPE(p)

= 0%[1 + 2p/N], for large N, - (3.18)

o3l1 + 2p/N] + O(N~2)
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with « = 2 being expressed explicitly.

When both dependent and independent variables form a mul-
tivariate normal distribution, the expectation of the MSPE
for the subset model, after dropping the terms involving
only N, yields another «criterion named SP [see Hocking,

1976, Amemiya, 1980]:

SP(p) = (N-p) 0%
= oiN"VY(1 - p/N) "2, (3.19)

where 6% and 0% are defined as in FPE above. The binomial

expansion of (3.19) yields

SP(p) = 3N~ (1 + 2p/N) + O(N~2)

= FPE(p)/N, for large N, (3.20)
and obviously a« = 2 in SP(p), too.

If 02 in (3.13) 1is replaced by the ML estimate 6% and «

by 2 we get
AIC(p) = logo} + 2p/N. (3.21)

The Taylor series expansion of the logarithm of (3,17)

yields

AIC(p) = Nlog[FPE(p)], for large N. (3.22)

Sawa [1976] has arrived at a new form of information cri-

terion using the same Kullback-Leibler measure, but depart-
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ing from Akaike concerning the idea of the true model. Sawa
measures the distance between what he calls the pseudo-~true
parameter values and the postulated parameter values. His

criterion, named as BIC, is defined as
BIC(p) = Nlogo$+2(p+2){062/0%-2[62/5%1}, (3.23)

where 02 is an independent estimate of true variance. If 5?2

£ 0% then
BIC(p) = Nlogo?+2(p+1) = AIC(p+1), (3.24)

with 1 added to p for the independent estimate of o¢?2.
Though a« = 2, BIC tends to favour more parsimonecus models
than AIC as seen from the behaviour of the ratio 62/0%,
which increases and approaches unity as p is 1increased in
large.samples. Chow [1981] has also suggested a correction
to AIC, but both Sawa's and Chow's corrections lead to prac-

tical problems of estimating o?2.

Parzen [1974] has suggested a criterion which measures,
as he describes, the integrated relative MSE of the spectral
estimate for each p. Parzen has shown that this leads to the
calculation of what he calls CAT (Criterion Autoregressive

Transfer function) defined as

CAT(p) =

.

[ Mo

O(N—j)N'ZGJT2 - (N-p)N~ 1572 (3.25)

where 0% is defined as before. The value of « imbeded in

this criterion can be found indirectly by taking CAT(p) -
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CAT(p-1) and comparing it with FPE(p) - FPE(p-1). Using the

large N definition of FPE given in (3.16) we get
FPE(p)-FPE(p-1) = (1+2p/N)[5%-02,1+(2/N)52,.

Around the true order of the model 0% ¥ 0%:, hence the above

is approximately equal to (2/N)o%. Similarly,

%
CAT(p)-CAT(p-1) = :ﬁ@(N—j)N’ZEEZ—(N~p)N"5;2
p-1 N .
-[ Z (N-jI)N"25:2 - (N-p+1)N-15:-%]
3=0 J
= (N-p)N~267%2- (N-p)N" 1672+ (N-p+1)N~15:%

s (2/N - p/N2)o72,
for 0%¥0?2, around the true order of the model. For large N

we get CAT(p) - CAT(p-1) = (2/N)57?2, thus a = 2 in CAT, too.

Schwarz [1978] developed a Bayesian criterion “for model
selection by evaluating the leading terms of the asymptotic
expansion of the posterior density. Thus he proposed to

choose the model which maximizes
SBC(p) = log(maximum likelihood) - 1/2(logN)p (3.26)

over p. Here we use SBC to abbreviate Schwarz' Bayesian Cri-
terion. For the linear model considered so far, (3.26) be-

comes
SBC(p) = logof + (plogN)/N, (3.27)

which is to be minimized over p=1,...,P. Unlike the selec-

tion criteria discussed above, a in SBC is a function of the

sample size, i.e., a(N) = logN.
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Chow [1981] has, however, shown that (3.26) is a poor ap-
proximation to the posterior probability for small N. Akaike
[1978, 1979] has also developed a Bayesian modification to
AIC, which he calls BIC. This criterion is very similar to
SBC except that Akaike's BIC places a higher penalty on
large models. Geweke and Meese [1981] have introduced a mod-
ification to SBC, but their criterion involves the difficul-

ty of estimating o?2.

The last criterion to be mentioned 1in this section is
that of Hannan and Quinn [1979]. They have suggested a mod-
ification to AIC for reasons to be discussed in the next

section. Their modified AIC is defined as
PHI(p) = ¢(p) = logd? + (2pcloglogN)/N, (3.28)
where ¢ is an arbitraty constant to be chosen greater than

one. The a in this criterion is equal to 2cloglogN.

3.4.1 Statistical Properties of the Selection Criteria

The model selection criteria considered in the previous sec-

tion can be categorized into two groups: (1) those with con-
stant «, i.e., « = 2, and (2) those with a« a function of the
sample size, N. In the first group are MC (or Cp), FPE

(=pCc), spP, AIC, BIC, and CAT. The SBC and PHI are in the

second group. This division helps to understand the asymp-

totic properties of the criteria in the two groups.




3.4.1.1 Asymptotic Properties
Akaike [1970] has shown that the FPE criterion does not pro-

vide a consistent estimate of the true order of an autore-

gression and suggested a modification to FPE in order to

achieve consistency. Shibata [1976] has derived the asymp-

totic distribution of the order estimated by AIC for an

AR(po) model, where po is the true order, and found that

this distribution depends only on po and P, P being the

largest model order considered, and not on the values of the

autoregressive parameters. This investigation also shows

that AIC overestimates the true order asymptotically with a

non-zero probability, though the probability of over-fitting

dies out fairly qQuickly.

Bhansali and Downham [1977] have further investigated the

FPE criterion by expressing (3.18) in a general form by re-

placing 2 by a. They have shown that a consistent estimate

of the model order can be obtained by arbitrarily increasing

a. They have further pointed out that the choice of P is not

crucial provided that P>pg. Hannan and Quinn [1979] have

shown that a consistent estimate of equation order can be
obtained by defining an increasing function of N, «(N), such

that «(N)/N tends to zero as N tends to infinity. They also

showed that a(N) attains its lower bound when

a(N) = loglogN. Thus SBC and PHI are consistent estimators

of the equation order while others with « = 2 are not. A

further study of the consistency of differnt criteria has
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been provided by Geweke and Meese [1981]. Using exogenous
regressors they reaffirmed the inconsistency of those cri-

teria with constant «a.

3.4.1.2 Small Sample Properties

The inconsistency of AIC and other «criteria with fixed «
need not be considered a defect of these criteria [Akaike,
1970; Hannan and Quinn, 1979]. On the one hand, consistency
is an aysmptotic property whereas in practice we have to
deal with finite small samples. The finite order AR models,
on the other hand, may be an approximation to an infinite
order AR or some other process. Therefore, these criteria
choose only the best approximation to such a process in a

finite sample.

Unfortunately an analytical study of small sampling prop-
erties of these criteria is virtually impossible. 1In conse-
qguence, we have to rely on simulation methods to understand
their properties in small samples. A number of such studies
already exist designed with reference to a particular prob-
lem, e.g., scalar autoregression or scalar ARMA models.
Shibata[1976] found that though the asymptotic distribution
of the order estimated by AIC does not dépend on the size of
the AR parameters, 1in small samples they affect the distri-
bution. It has also been found that SBC tends to underesti-

mate the true order in small samples as the parameter values

become smaller. The objective of Hannan and Quinn's modifi-
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cation to AIC is to reduce the effect of underestimation

found in SBC while retaining its consistency property.

As a practical guidance, Bhansali and Downham [1977] sug-
gest to use different a's in (3.18) to find whether the cho-
sen order shifts with incresing a. If the order does not
shift with increasing « we have more confidence in the cho-
sen model, whereas sharp changes in the order chosen is an
indication to be more careful in the model choice. How-
ever,the choice of a particular « remains unanswered.
Therefore, instead of changing « arbitrarily one could use a
number of different criteria with different a's (or with
different penalty terms) to see if they yield the same model

order.

3.4.2 Model Selection Criteria and the Hypothesis Testing
Framework

Using the selection criteria to choose a model is equivalent
to using the hypothesis testing framework with test statis-
tics such as F or the 1likelihood ratio with critical points
(hence significance levels) determined objectively. For ex-
ample, if AIC is used to choose between two standard regres-
sion models, one nested in the other, we choose model 1 with
p parameters instead of model 2 with p+g parameters if
AIC{<AIC,. This decision rule is equivalent to choosing mod-

el 1 if [Sawa, 1978]

F < [exp(2q/N)-1].(N-p-q)/q, “ (3.29)
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where F = (N-p-q)(0:1%2-022)/qo22, where 62's are the ML
estimates of the error variances of the smaller and the
larger models respectively. The right hand side of (3.29)
is the critical point associated with minimum AIC rule. As
compared to conventional 5% or 1% level of significance, the
significance level associated with the minimum AIC rule var-

ies depending on N, p, and Q.

Sawa has tabulated the critical points and the levels of
significance associated with minAIC and minBIC for some cho-
sen N, p, and (g=1). His table shows that minAIC as well as
minBIC usually allows significance levels higher than the
conventional levels. For moderate values of p (e.g., p=3)
the significance level for minAICl varies from about 30 per-
cent to 16 percent as the degrees of freedom increase from
10 to 1000.%' (The corresponding figures for minBIC are ap-

proximately 10 percent and 16 percent.) The link between the

other selection <criteria and the hypothesis testing frame-
work can also be demonstrated, but such an attempt is beyond
the scope of this chapter (see Sawa [1978], Amemiya [1980],

and Judge et al. [1980] for more information).

41

The general contention of the c¢ritiques of the classical
hypothesis testing framework is that the significance

level should decrease with increasing sample size (Mizon,
1984: 139).




3.5

3.5.1

1.

EVALUATION: SMALL SAMPLE PERFORMANCE

In this section we carry out two sampling experiments: the
first is designed to assess the performance of the model se-
lection criteria in small samples at the tentative specifi-
cation stage, and the second to evaluate the overall model

building procedure.

Experiment 1

Experiment 1 is designed to pursue the following objectives.

The distributional pattern of the model selection
criteria over different parameter structures.

The ability of the model selection criteria to pick
the correct lag when the order of the autoregression
is finite.

The sensitivity of the selection criteria to the pa-
rameter size.

The possibility of finding Granger-noncausality when
in fact it is present.

The sensitivity of the lag distributions.to the se-
quential order of the regressor variables: an evalua-
tion of the proxy effect.

The sensitivity of the model selection criteria to
the presence of contemporaneous correlation.

The performance of the model selection criteria under

finite and infinite order autoregressions.
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3.5.1.1 Experimental Design

Two types of experiments are designed below: (1) the true
model is a finite order VAR, and (2) the true model order is
infinite. 1In the latter case all the model selection cri-
teria provide biased estimates of the lag order. Both types

of experiments are confined to bivariate models.

For the finite order VAR we use the following first order

model:
z(t) = ®z2(t-1) + v(t) (3.30a)
which can be expanded as

y(t) d11 12| |y(t-1) vi(t)

n
+

(3.30b)
x(t) P21 P22 x(t-1) Vz(t)

where v(t) 1is a vector of normal random variables with zero

mean and covariance matrix Zv such that

0? 012

v
012 03

There is no contemporaneous correlation (see Section 3.1)
if z, is diagonal. However, since we are interested in al-
lowing for the presence of contemporaneous correlation in
our models we can write (3.30a and b) in a convenient form

(for data generation) with a diagonal covariance matrix as

az(t) = Bz{t-1) + u(t) | (3.31)
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where A is chosen to be upper triangular (for uniqueness)
and u(t) = [uy(t),us(t)]' is a vector of normal random vari-

ables with zero mean and diagonal covariance matrix z, -

By premultiplying (3.31) by A~' we get (3.30a) such that

A" 'B=¢, A 'u(t)=v(t), and A“‘ZuA"'=ZV.

The parameters of the model (3.31), hence of (3.30), are

specified as follows.

1 —aq2]|y(t) .5 by} |y(t—1) u(t)
= -+ (3.32)
0 1]1ix(t) bsy .5 x(t—1) ux(t) |,
and 1 0
Ly =
o 1.

The valuses of ai12, by2, and by, are specified so as to ob-
tain some desired values for ¢, and ¢27 which enable us to
evaluate the objectives specified at the begining. These

parameter values are given in Table 3.1.

In Structure 1 X and Y are independent, while in Struc-

tures 2-5 there is a unidirectional relation from X to Y,

i.e. one-way G-causality. Structures 6 and 7 represent
feedback systems. The feedback is introduced to Structure 3,
which has a slightly weak unidirectional relation, to see

how feedback is likely to impair the performan¢e of the mod-
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TABLE 3.1

Parameter specification for VAR(1) model

STRUCTURE |a12 b12 ba1|¢d11 ¢22 12 ¢21| 0F 03 o012
1 0 0 0f .5 .5 0 0(1.00 1 0
2 o 1 .1 0l .5 .5 .15 o(1.01 1 .1
3 .6 .1 0| .5 .5 .40 0(1.36 1 .6
4 o1 .6 0] .5 .5 .65 0(1.01 1 .1
5 .6 .6 o[ .5 .5 .90 0(1.36 1 .6
6 .6 .1 .11.56 .5 .40 .1|1.36 1 .6
7 .6 .1 .31.68 .5 .40 ,3(1.36 1 .6

el selection criteria in weak relationships. The roots of
all the determinantal 1lag polynomials are real and greater

than unity in absolute value.

In order to obtain an infinite order VAR we use the fol-
lowing first order VMA (vector moving average) model.
y(t) 146 44L G12L1|vyi(t)
= (3.33)
x(t) 6,1L T+6,,L | (va(t) ],
where v(t)=[v,;(t),v2(t)]"' is a vector of normal random vari-

ables with zero mean and covariance matrix I .

The corresponding autoregressive model for (3.33), assum-

ing invertibility, is then

1+911L 612L -1 Y(t) V1(t)

921]:: 1+922L X(t) Vz(t)

or
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¢11(L) ¢42(L) ||y (L) vi(t)
= (3.34)
¢21(L) ¢22(L) | [x(t) val(t)
where
¢11(L) ¢12(L) 1+911L 912L -1
¢21(L) ¢22(L) 921L 1+922L
1+622L —612L
= D'1
-62¢4L 1+64,4L
and D = (1+911L)(1+922)“912921L2.

Setting #21=0 to obtain a wunidirectional relation we get

$21(L)=0 and

¢11(L) = (1+911L)_1=(1+911L+9%1L2+...) (3.35)
¢22(L) = (1+622L)—1=(1+922L+932L2+mot) (3.36)
$12(L) = —0,1,L(1+61L) 1 (146,,L) 1

= -64,L[ f [.2 92?]9%2]Ln]. (3.37)
n=0 " j=0
The analytical solution to the feedback system where

621#0 is more complicated than the above case.

The parameter specifications for the model (3.33) are
given in Table 3.2. Here the coefficient matrix © is set
equal to the ® matrix of Table 3.1. For all the structures

in this table the covariance matrix is specified as

Zy = | (3.38)
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TABLE 3.2

Parameter specification for VMA(1) model

STRUCTURE
PARAMETER 8 9 10 11 12
011 .50 .50 .50 .50 .50
022 .50 .50 .50 .50 .50
612 0 .15 .40 .65 .90
021 0 0 0 0 0

In order to generate v(t)=(vi(t),v,(t))' with the covari-
ance matrix given in (3.38) we use the Cholesky Decomposi-
tion of Zy, i.e., factorize Zy as Zy=CC', where C is lower
triangular, and then transform a Normal(0,I) vector
u(t)=(u,;(t),uz(t))' as v=Cu to obtain v with the above co-

variance matrix. The matrix C is equal to

The experiments were conducted using sample sizes 50 and
100, each with 100 replications. The normal random deviates
with zero mean and unit vériance were generated by calling
the SAS subroutine RANNOR. This subroutine uses the Box-
Muller transformation to tfansform uniform random numbers
generated by the subroutine RANUNI which uses a 'primemodu-
lus multiplicative generator' to generate uniform random

numbers between 0 and 1. First the initial conditions were
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set to zero and then ug(t) and u;(t) were generated for
t=1,2,...,N+100. The first 90-99 observations were then dis-
carded to minimize the effect of the arbitrary initial con-
ditions. Enough data were generated to keep N constant for
all the lag variables. The random number generator was re-—
started, but with different seeds, for each structure, and
was continuously run for the 100 replications. This intro-
duces a quasi-independence to the experiments over the

structures and the replications.

After generating all the variables for a given structure,
we follow the sequential model fitting procedure presented
in Section 3.4. Since we are interested in the performance
of the model selection criteria in this process, it is suf-
ficient tb specify only the first equation in (3.30) which

in an unspecified form can be written as

y(t) = %

i=1

a(i)y(e-i)+ £ B(i)x(t-1)+e(t). (3.39)

First we form the lag distribution of y alone by varying
the lag length between 0 and P, and then form the lag dis-
tribution of x over the same lag range given some prespeci-
fied lag lengths for y. Since the value of P is unknown, it
is generally advocated to increase P as N increases [Akaike,

1971; Geveke and Meese, 1981]. Thus the values chosen are

P=5 for N=50 and P=10 N=100.%2 The SAS procedure RSQUARE

%2 Omoto, Nakagawa, and Akaike [1972] have advocated to keep
P below N/5k, where k is the number of variables in the
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plus a DATA step was used to calculate the chosen model se-
lection criteria and then the SAS procedures RANK and FREQ
were used to form the freguency distributions utilizing the
minimum criterion values. CP and BIC were calculated using
the true variances.(A sample computer program used to gener-—
ate data and calculate the model selection criteria is given

in Appendix B.)

3.5.1.2 Results of the Sampling Experiment 1

All the tables related to this section are given at the end
of the section. The distribution of lag lengths estimated
by the chosen model selection criteria in samples of size 50
are shown in Table 3.3. In this table the analysis is con-
fined to the Structures from 1 to 5 only. Table 3.3 as well
as Table 3.4 provides some preliminary results which help
reduce the amount of numerical work in the subsequent exer-

cises. We make the following observations from Table 3.3

1. A sample of size 50 relative to the VAR(1) model ap-
pears to be large enough to confirm the asymptotic
properties established in Section 3.3.1. That is, the
distribution of CP, SP, CAT, FPE, and AIC are very
similar and there is virtually no difference between
FPE and AIC. However, the distribution of BIC remains

somewhat different from those in the same group (i.e.

model (k=2 in our case). Geweke and Meese [1981] have
set P equal to N/InN. We, however, adhered to the former
rule of thumb in our choice of P.




80
those with a=2, see Section 3.4.1).
The frequency of picking the correct lag order for y
(i.e. lag y=1) remains quite high throughout all the
étructures, except Structure 5, and this is remarka-
ble in the case of SBC. We have to note that ¢::=.5,
the coefficient of y(t-1), 1is a reasonably high val-
ue, within the range zero to one, which should be
picked up by any good model selection criterion.
Nevertheless, there is a likelihood that the lag
leﬁgth estimate of y will be greater than the true
lég due to the possibility that lag y's attempt to
capture some of the effect of x's, since y enters the
equation first (i.e. the proxy effect). Our results,
however, show that the freduencies for lag y>1 are
small and the pattern of these frequencies reflect
the typical attenuating behaviour of the model selec-
tion criteria rather than any effect of the sequen-
tial procedure.
The distributions of lag x given lag y = i
(i=1,2,3,4) reveal an interesting feature: the lag x
distribution does not depend on the pre-specification
(or the misspecification) of lag y, i.e. no proxy ef-
fect is present. However, there must be an upper lim-
it to the (mis)specification of lag y without affect-
ing the specification of lag x because a VAR model

can be reduced to a univariate AR(®) process (Section

3.2.2).
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The frequency of picking the correct lag order for x
given a lag y depends on the size of ¢;2. The impli-
cation is that when ¢, is small, in Structure 2 for
Vexample, the frequency of concluding, at least tenta-
tively, that X does not G-cause Y is rather high (see
frequencies at lag x=0). This frequency is quite high
in the case of SBC, which has a tendency to underfit
the model order. Expectedly, this frequency goes to
ZEero as ¢i12 increases.
Structures 2-4 were rerun by setting the contempora-
neous covariance (o12) to zero to assess the impact
of its presence or absence on the performance of mod-
el selection criteria. These results are reported in
Table 3.4. Comparison of Table 3.3 and 3.4 shows that
the 1lag distributions are very much the same in
Structures 2 and 4 where the contemporaneous covari-
ance is very small (o4.=.1). However, the freqguency
of picking the correct lag for y improves in Struc-
tures 3 and 5 when the contemporaneous covariace of
.6 is set to zero; this is especially remarkable in
Structure 5. We have already mentoned in Secton 3.3.2
that the single equation estimates are less efficient
when cross equation correlation is present and large.
The above finding shows that it also affects the lag
length specification 1in our sequential procedure.
This appears to be more serious when the lagged cor-

relation is large (Structure 5, ¢12=.9). This speci-
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fication error 1is expected since that the variance
estimate entering the model selection criteria at a
given lag length from a single equation is larger
than that from the joint estimation. The implication
of this finding is that the diagnostic checking stage
has to be devised carefully so as to uncover possible
misspecifications that could occur at the tentative

specification stage.

Our next step is to assess the consistency of the above
findings over all the different structures given in Tables
3.1 and 3.2 as the sample size as well as the maximum lag
order (P) increases. However, because of the distributional
similarity of CP, SP, CAT, FPE, and AIC in the sample size
50 and because of their asymptotic convergence, we decided
to retain only one of them, namely AIC, as a representative

of the group; AIC is the most well known among them. We also

decided to drop BIC since it requires knowledge of the true
variance or an estimate of it. Thus we proceed with AIC,
SBC, and PHI in the rest of the analysis. Further, the dis-
tribution of lag x|lag y is now confined only to three cas-

es, i.e. lag y=1,4,8,

The simulation results of the autoregressive structures
given in Table 3.1 are reported in Table 3.5. We can observe
from this table that the previous findings are still main-

tained. In particular we can make the following remarks.
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The frequency of picking the correct lag for y does
not show an improvement at sample size 100. This is
obviously because of the dependence of the 1lag dis-
tributions on P which increases from 5 to 10 as N in-
creases from 50 to 100.
The distribution of lag x given a lag y does not
change even if lag y is misspecified to be 8, i.e. no
proxy effect is apparent yet.
The frequency of picking the correct lag order for x
given a lag y improves as the sample size increases
even if ¢,2 is small. At the same time the freguency
of erroneously concluding that G-causality (lag x=0)
is absent goes down with the increase in N. The lag
x distribution given lag y=1 corresponding to Struc-
ture 2 at sample size 200 (not reported here) showed
a substantial reduction in the frequencies at lag
x=0; the percentages of reduction for AIC, SBC, and
PHI are respectively 56, 73, and 63. The same exer-
cise for Structure 3 reduced the lag x=0 frequencies
to zero.
The introduction of feedback to Structure 3, 1i.e.
Structures 6 and 7, has not changed the previous re-
sults. The frequencies at lag y=1 have, however, in-
creased because of the increase in ¢4 in Structures

6 and 7 (see Table 3.1).
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The simulation results of the moving average structures
(i.e. the infinite order autoregressive structures) given in

Table 3.2 are reported in Table 3.6. Here we are more inter-

ested in analysing the possibility of finding G-noncausality
when, in fact, G-causality is present since the other
aspects, such as lag length specification, do depend on N
and P as well as on the parameter zise. Any finite parame-
terization here is only an approximation to the true autore-
gression, It is, however, useful to report all the observa-

tions that we could make from Table 3.6.

1. The lag y distributions across the structures 8
through 12 are similar, though not strictly compati-
ble as in previous tables. AIC in general tends to
pick a longer 1lag at both N=50 and N=100; the lags
with highest frequencies range from 1 to 3. SBC and
PHI are more likely to pick lag y=1 for N=50 and lag
y=2 for N=100. This parsimony, given the sample size,
is quite consistent with the theoretical structure
for y, which declines geometrically from 0.5, the
highest cofficient, at lag 1 to 0.0625 at lag 4.

2. The distribution of 1lag x given a lag y shows a

changing pattern, except in Structure 8, as lag y and

612 change. This pattern can be observed easily by
reading through the columns under N=100. For lower
values of 64, (e.g., .15 and .4) the lag x distribu-

tion tends to move towards the lower end of the lag
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scale as lag y 1is increased from 1 to 4 and 4 to 8.
This pattern reverses when 6;, is high (e.g. .65 and
.9). That is, the lag x distribution tends to move
toward the upper end of the lag scale with increasing
lag y. The behaviour of the lag x distribution when
612 is small appears to be a result of the proxy ef-
fect. However, it is difficult to understand, without
an analytical solution, why the pattern reverses when
61, rises. Moreover, this distributional pattern
changes when o012 is set to zero (see Table 3.7). It
is not clear, therefore, whether it is due to the
proxy effect or contemporaneous correlation or both.
3. In Structure 8 where X does not cause Y, the frequen-
cy of picking the correct lag for x (lag x=0) given a
lag y is quite high. And this distribution does not
depend on the lag y specification. On the other hand,
the frequency of erroneously concluding that there is
no G-causality (i.e. picking lag x=O) is quite high
for small values of 6,, (e.g. 6;2=.15), given 6,5 and
622, though, this frequency goes down with increase
in sample size. For large values of 6, (e.qg.

612=.65) the possibility of such a conclusion is vir-

tually zero at both sample sizes for all criteria.

4. Structures 8 through 12 were reanalysed by setting
612 to zero (Table 3.7) and it was found that the
distributional patterns did not always remain the
same, indicating the influence of coéntemporaneous

correlation on the results of Table 3.6.




3.5.1.3 Conclusions from Experment 1

In contrast to Nickelburg's [1985] study in which he finds
unsatisfactory performance of a number of model selection
criteria in estimating a common lag order for VAR, we find
they perform quite satisfactorily in small samples if the
model order is finite and if the sequential procedure given
in Section 3.3 is used for order specification. Since there
is no correct finite lag order for infinite order models,
due care must be given to the possibility of finding Gran-

ger-noncausality when, in fact, such causality is present.

As it is unknown whether the model order is finite or in-
finite it is always advisable to estimate a lag order by a
mix of model selection criteria such as AIC, SBC, and PHI
since they are designed to balance the bias-variance trade-
off in small samples. The use of these three criteria is
particularly important because they have different emphases

on the bias-variance trade-off.

If the three criteria disagree with each other, especial-
ly regarding the presence or absence of G-causality, this is
an indication that the parameter values are small. However,

the probability of reaching an incorrect conclusion can be

substantially reduced by increasing the sample size even if
the parameter values are small. In this regard AIC is less
likely to reach an incorrect conclusion of 'no G-causality.'
Thus, Hsiao's choice of FPE (which 1is equivalent to AIC in

large samples) for detecting G-causality can be maintained.
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Nevertheless, when the parsimony of the model order becomes
more important, i.e. where variables with low causal

strength could be ignored, SBC or PHI could be used.

Since the presence of contemporaneous correlation is of-
ten the case, due to data aggregation and omitted variables,
specification error is 1likely even if the parameter values
are high. Therefore, diagnostic checking has to be carried
out carefully using the joint models as demonstrated in the

next sampling experiment.?3

43 Experiment 2 follows Tables 3.3-3.7.
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STRUCTURE 2: X causes Y, ¢12=.15,

012=.1

Lag

CP

CAT

FPE

BIC

SBC

PHI
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Table 3.3 contd.

STRUCTURE 3: X causes Y, ¢12=.4, 012=.6

Lag y Cp SP CAT FPE AIC BIC SBC PHI
0 0 0 0 0 0 0 0 0
1 66 67 66 65 65 68 S7 82
2 14 17 17 16 16 16 3 11
3 9 9 9 9 9 9 0 1
4 5 5 6 6 6 5 0 4
5 4 2 2 4 4 2 0 2
Lag x given lag y = 1
0 19 18 18 16 16 19 36 21
1 53 47 46 46 46 56 56 59
2 15 16 16 18 18 14 5 14
3 7 8 9 9 9 6 1 3
4 4 4 4 4 4 4 2 2
5 2 7 7 7 1 1 0 1
Lag x given lag y = 2
0 15 17 16 16 16 20 37 22
1 53 47 46 44 44 59 52 54
2 16 17 17 17 17 13 9 17
3 7 8 9 9 9 4 1 4
4 7 6 7 8 8 3 1 2
5 2 5 5 6 6 1 0 1
Lag x given lag y = 3
0 16 18 17 16 16 21 36 20
1 53 48 47 46 46 57 53 55
2 - 15 15 17 17 17 12 9 14
3 10 10 10 10 10 8 1 7
4 4 4 4 4 4 2 1 2
5 2 5 5 7 7 0 0 2
Lag x given lag y = 4
0 17 15 14 14 14 21 34 22
1 53 51 50 48 47 60 53 50
2 14 16 16 14 13 13 11 16
3 6 8 8 9 9 5 1 4
4 6 6 6 7 7 1 1 6
5 4 4 6 8 10 0 0 2
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TABLE 3.4

Distribution of lag length estimates in 100 replications
(VAR(1) Structures 1-5, N=50, o04,=0)

STRUCTURE 2: X causes Y, ¢12=.15

Lag CP SP BIC SBC PHI
0 2 2 3 2 2 2
1 80 81 78 81 94 86
2 8 9 10 8 2 6
3 4 2 2 3 1 2
4 6 5 5 6 1 4
5 0 1 2 0 0 0
Lag given lag y
0 50 50 52 74 59
1 29 29 29 29 23 27
2 6 6 6 7 2 3
3 5 5 7 5 1 4
4 7 7 8 6 0 5
5 3 3 5 1 0 2
Lag given lag y 2
0 47 48 54 74 57
1 30 30 29 21 28
2 5 3 3 7 3 2
3 6 7 8 4 2 5
4 9 8 0 5 0 6
5 3 4 6 1 0 2
Lag given lag y 3
0 48 47 57 76 57
1 33 30 30 19 28
-2 4 5 5 5 6 3 2
3 6 7 6 7 4 2 5
4 7 8 8 9 3 0 6
5 2 3 6 7 0 0 2
Lag given lag y 4
0 47 46 58 73 54
1 31 32 29 21 30
2 5 5 6 7 4 3
3 6 6 6 3 2 4
4 7 7 7 3 0 6
5 4 4 8 0 0 3
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TABLE 3.4 concluded
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TABLE 3.5

Distribution of lag length estimates in 100 replications
(VAR(1) Structures 1-7, N=50 100)

STRUCTURE 1: X, Y independent, ¢12=0, 042=0

AIC SBC PHI
Lag y N=50 |[N=100 N=50 [N=100 N=50 |N=100
0 2 0 2 0 2 0
1 74 71 95 94 84 88
2 10 11 3 4 8 9
3 3 7 0 1 3 1
4 7 5 0 0 3 1
5-10 4 6 0 1 0 1
Lag x given lag y = 1
0 71 72 95 97 85 89
1 9 10 3 3 6 8
2 2 6 1 0 2 0
3 6 1 0 0 1 1
4 6 3 1 0 5 1
5-10 6 8 0 0 1 1
Lag x given lag y = 4
0 69 71 94 95 81 87
1 11 9 5 4 6 7
2 3 6 1 0 2 2
3 3 0 0 1 4 1
4 8 5 0 0 5 1
5-10 6 9 0 0 2 2
Lag x given lag y = 8
0 - 66 - 93 - 87
1 - 10 - 4 - 6
2 - 8 - 1 - 2
3 - 0 - 2 - 1
4 - 4 - 0 - 1
5-10 - 12 - 0 - 3
Maximum lag order considered for N=50 is 5.




TABLE 3.5 contd.

STRUCTURE 2: X causes y, ¢12=.15, 012=.1
AIC SBC PHI
Lag y N=50 |N=100 N=50 [N=100 N=50 |N=100
0 1 0 1 0 1 0
1 77 70 95 95 87 85
2 11 12 2 2 7 9
3 4 7 1 1 2 2
4 5 5 1 1 3 3
5-10 2 6 0 1 0 1
Lag x given lag y =
0 47 30 73 64 61 47
1 27 43 24 35 26 42
2 5 8 3 0 3 6
3 8 2 0 1 4 1
4 8 5 0 0 4 1
5-10 5 12 0 0 2 3
Lag x given lag y =
0 41 35 72 67 54 49
1 26 38 23 32 30 40
2 6 8 4 0 6 7
3 7 2 1 1 3 1
4 9 4 0 0 5 1
5-10 11 13 0 0 2 2
Lag x given lag y =
0 - 31 - 63 - 49
1 - 39 - 36 - 39
2 - S - 0 - 7
3 - 3 - 1 - 3
4 - 5 - 0 - 0
5-10 - 13 - 0 - 2
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TABLE 3.5 contd.

STRUCTURE 3: X causes Y, ¢12=.4, 012=.6

AIC SBC PHI

Lag y N=50 |N=100 | N=50 |N=100 | N=50 |N=100
0 0 0 0 0 0
1 65 69 97 9 82 86
2 16 12 3 11 9
3 0 1 3
4 0 4 1
1 0 2 1
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TABLE 3.5 contd.

=.65, 012=.1

612

STRUCTURE 4: X causes Y,
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TABLE 3.5 contd.

STRUCTURE 5: X causes Y, ¢12=.9,012=.6

AIC SBC PHI
Lag y N=50 |N=100 | N=50 |N=100 | N=50 [N=100
0 0 0 0 0 0 0
1 39 16 71 53 49 37
2 38 57 26 42 34 51
3 9 15 1 4 8 8
4 10 5 2 1 8 3
5-10 4 7 0 0 1 1
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TABLE 3.5 contd.

STRUCTURE 6: Feedback, ¢12=.4, ¢21=.1, 012=.6

AIC SBC PHI
Lag y N=50 |N=100 N=50 |[N=100 N=50 |N=100
0 0 0 0 0 0 0
1 76 74 98 99 88 92
2 8 7 2 1 5 5
3 6 7 0 0 2 1
4 6 4 0 0 4 1
5-10 4 8 0 0 1 1
Lag x given lag y = 1
0 15 5 37 13 24 5
1 49 67 56 84 56 85
2 19 13 4 3 13 7
3 6 2 1 0 2 1
4 4 2 2 0 4 0
5-10 7 11 0 0 1 2
Lag x given lag y = 4
0 14 4 36 13 23 6
1 45 62 50 80 53 79
2 15 11 12 6 15 9
3 9 7 1 0 - 3 3
4 7 3 1 0 3 1
5-10 10 13 0 1 3 2
Lag x given lag y = 8
0 - 4 - 12 - 6
1 - 60 - 78 - 78
2 - 10 - 8 - 9
3 - 7 - 1 - 3
4 - 3 - 0 - 2
5-10 - 16 - 1 - 2




TABLE 3.5 concluded

=.4, ¢21=.3, 012=.6

$12

Feedback,

STRUCTURE 7:
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TABLE 3.6

STRUCTURE 8: X does not cause Y,

912=0

012=.6)

Distribution of lag length estimates in 100 replications
(VMA(1) Structures 8-12, N=50 100,

AIC

SBC

PHI

N=50

N=100

N=100

N=50

N=100

0 2
1 37
2 35
3 13
4
1

8
0 5

0
15
38
17
10
20

0
60
32

8

2
51
33

8

3

3

0
35
42
16

3

4

0 -

67
10

5
6
2
10

Ne

L OO 0NN

woNOIdW

Maximum lag order considered for N=50 is 5.




TABLE 3.6 contd.

STRUCTURE 9: X causes Y,

AIC

SBC

PHI

N=50

N=100

N=100

N=100

1
28
35
16
13

7

0
6
35
25
14
18

w o

33
17

17
45
23




STRUCTURE 10:

TABLE 3.6 contd.

X causes Y,

912=.4

AIC SBC
N=100 N=50 |N=100
0 1 0
4 50 26
21 32 45
28 14 24
19 2 5
27 1 0




TABLE 3.6 contd.

STRUCTURE 11: X causes Y, 012=.65

AIC SBC PHI

Lag y N=50 [N=100 | N=50 |N=100 | N=50 |N=100

0 2 0 2 0 2 0
1 28 9 58 35 42 21
2 30 26 26 45 28 40
3 23 29 12 15 21 26
4 5 15 1 4 4 9
5-10 12 19 1 1 3 4




TABLE 3.6 concluded

STRUCTURE 12:

X causes Y, 812=.9

AIC

SBC

PHI

N=100

N=100 N

N=100




TABLE 3.7

STRUCTURE 8: X does not cause Y,

Distribution of lag length estimates in 100 replications
(VMA(1) Structures 8-12, N=50 100, o042=0)

AIC

SBC

PHI

N=100

N=100

N=100

0
14
42
20
10
14

w o
O NP =N

>
A~ = U -

0
26
51
16

4
-3

OW=UVJNO

1

OO =N -

lag y =
9

— O =N

Maximum lag order considered for N=50 is 5,
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TABLE 3.7 contd.

STRUCTURE 9: X causes Y, 6:2=.15

AIC SBC PHI
N=50 |N=100 N=50 [N=100 N=50 |[N=100
2 0 2 0 2 0
35 15 65 54 47 33
33 46 27 40 36 45
15 18 5 4 6 15
11 7 1 2 7 4
4 13 0 0 2 3
given lag y = 1
53 37 85 86 70 59
21 20 12 8 16 17
9 20 2 5 5 17
7 8 0 1 5 3
6 5 1 0 3 2
4 10 0 0 1 2
given lag y = 4
52 39 87 86 70 61
19 12 9 9 16 16
10 13 2 4 6 13
6 10 1 1 4 4
4 9 0 0 1 1
9 17 1 0 3 5
given lag y = 8
- 35 - 85 - 59
- 14 - 10 - 19
- 13 - 4 - 11
- 12 - 1 - 5
- 8 - 0 - 1
- 18 - 0 - 5




STRUCTURE 10:

TABLE 3.7 contd.

X causes Y,

912=.4

AIC

SBC

PHI




TABLE 3.7 contd.

STRUCTURE 11: X causes Y, 0812=.65

AIC SBC

Lag y N=50 [N=100 N=50 |N=100 N

0 9 1 12 2

1 53 44 74 82

2 19 29 13 13

3 8 9 1 3

4 6 3 0 0
5-10 5 12 0 0
Lag x given lag y = 1

0 0 0 4 0

1 3 0 21 5

2 32 18 41 43

3 35 29 29 36

4 19 25 3 13
5-10 11 28 2 3
Lag x given lag y = 4

0 0 0 4 0

1 2 0 13 1

2 17 3 28 20

3 21 24 37 43

4 28 23 12 23
5-10 32 50 6 13
Lag x given lag y = 8

0 - 0 - 0

1 - 1 - 2

2 - 1 - 25

3 - 19 - 42 .

4 - 27 - 17
5-10 - 52 - 14




TABLE 3.7 concluded

STRUCTURE 12: X causes Y, 6472=.9

" AIC SBC PHI
N=50 |{N=100 N=50 |N=100 N=50 |N=100
19 10 24 11 22 11
52 54 69 79 64 72
15 18 7 8 11 13
3 7 0 2 2 3
4 0 0 0 0 0
7 11 0 0 1 1
given lag y = 1
0 0 0 0 0 0
1 0 7 0 2 0
16 5 40 22 26 10
38 28 37 48 41 44
31 32 11 24 22 32
14 35 5 6 S 14
given lagy = 4
0 0 0 0 0 0
0 0 4 0 0 0
7 1 27 8 16 2
26 11 39 47 30 29
33 25 18 26 30 31
34 63 12 19 24 38
given lag y = 8
- 0 - 0 - 0
- 0 - 0 - 0
- 1 - 7 - 1
- 10 - 48 - 29
- 25 - 26 - 30
- 64 - 19 - 40




3.5.2 Experiment 2

modelling strategy presented 1in Section 3.3.

This experiment is designed to gain further insight into the

It

also pro-

vides a comprehensive demonstration of

all the stages,

in-

cluding diagnostic checking, of the model building proce-

dure. The experiment 1is conducted using single realizations

50, 100, thus replications are

of sample sizes and 200;

avoided. For the purpose of comparison two alternative esti-
mates of the lag length matrix will also be obtained: one by

using AIC to estimate the maximum lag order of the whole

system and the other by using the multivariate Box-Jenkins

procedure advocated by Tiao and Box [1981]. A sample comput-
er program usable for system estimation is provided in Appe-

nix B, Section B.3.

3.5.2.1 Model Descriptions

The model we examine is a trivariate AR(2) one with the fol-

lowing structure imposed on it.

x(t) .5L+.15L2 —,5L —.2L x(t) vi(t)

y(t)| = |0 .6L+.15L2 ,1L+.5L2 y(t) |+{va(t)

z(t) 0 0 LIL+,15L2 [ |z (t) val(t) |,

(3.40a)

where v 1is assumed to be a normal random vector with zero

mean and covariance
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«5 1 .4 (3.40b)

This model 1is designed to capture a number of features
commonly encountered 1in real applications. These features
may be illustrated by relating the variables (x,y,z) to the
subject matter of the next chapter, 1i.e. determinants of
fertility. Thus we may consider x, y, and z as:
x: variable (or vector of variables) of interest (e.g. a
fertility measure)
y: intermediate or proximate variable(s) (e.g. contracep-
tion)
z: causal variable(s) (socioeconomic variables, e.g. years

of education)

In the model we have postulated that (dx/dy) < 0, (dy/dz)
> 0, and (dx/dz) < 0. There is indirect relation between x
and z working through y while the direct influence of z on x
is weak. PFurther, we have introduced a response delay of y
on x: the influence becomes strong only at the second lag.
The influence of own past is assumed to be positive but rap-
idly dampened. The covariance matrix Z ref;ects the contem-
poraneous correlation structure of the model. All the roots
of the determinantal polynomial of (3.40a), i.e. roots of
|A(L) |=0, were chosen to be greater than one 1in absolute

value. The smallest root is 1.15 and the largest, in abso-

lute value, is 5.81.
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As in the previous experiment a vector u=(u; u; uz)' with
zero mean and covariance matrix I was generated by calling
SAS subroutine RANNOR and then the vector v was obtained by
setting v=Cu, where C is the lower triangular matrix ob-
tained by Cholesky decomposition of Z. The matrix C is ap-

proximately equal to

1 0 0
.5 .8660 0
.2 .3464 .9165].

The data were generated for t=1,2,...,N+100, where N is
the sample size, and then first 99 observations were dis-
carded, mimicking the previous experiment. However, unlike
the previous experiment we did not generate enough data to
keep N constant as the lag length 1is increased from 0 to P.
Instead, after obtaining a sample of size N, the initial
conditions for t=-P+1,...,-1,0 were set to zero as 1in any
other time series application. The value chosen for P is 10

for all sample sizes.

3.5.2.2 Tentative Specification

The tentative specification of the lag length matrix, P*, is
carried out using AIC, SBC, and PHI. The sequential order of
the variables to enter an eguation at the bivariate stage is
determined on the basis of the "minimum of minima” or "min-
"

min" principle (see note under Table 3.8). We find that this
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choice leads to better results compared to an arbitrary

choice.
TABLE 3.8
AIC values for x-eqguation, N=50
AIC values
Univariate Bivariate Trivariate
Lag: (p) x(p) y(p)|x(1) | z(p)|x(1){z(p)|x(1),y(1)
0 138.85 56.95 56.95 37.78
1 56.95%* 37.78% 52.67%* 37.48%*
2 57.31 39.72 53.65 38.99
3 60.22 39.47 55.34 40,66
4 60.77 40.64 57.33 41.55
5 62.56 42.20 55.35 43.24
6 64.32 43.90 57.06 44 .07
7 66.28 45.68 59.05 45,51
8 68.26 47.49 60.72 47.48
9 68.82 49,46 62.19 49.45
10 70.78 51.28 64.19 51.53

* minimum AIC values.

Note: The minAIC in the third column is less than the minAIC
in the fourth column. Therefore, y enters the equation
first at the bivariate stage.

For brevity of presentation we do not report all the cri-
terion values calculated in the specification process. How-
ever, for illustrative purpose we have reported in Table 3.8
the AIC values resulting in the specification of the x-equa-
tion when the sample size is 50. The lag orders chosen by

the three criteria are reported in Table 3.9. Although

these criteria lead to unique choices of the 1lag orders it
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is possible to utilize a second choice for the purpose of
diagnostic checking. The second choice would be the lag re-
lated to the second minimum if it occurs relatively close to
the first minimum. These choices are indicated by double

numbers such as 1|2 in Table 3.9.

We can easily compose the lag length matrices, Px's,
identified by each criterion by reading down the columns of
AIC, SBC, and PHI under each equation in Table 3.9. Further,
by combining the first and the second choices of lags we can
form a set of P*'s for diagnostic checking. By this manner
it is possible to avoid or minimize the use of arbitrary
choices of P*'s for diagnostic checking. Since SBC has a
strong tendency to underfit in small samples it would not be
necessary to choose a P* with the lag orders below those of
SBC for diagnostic checking. The P*'s corresponding to each
criterion read from Table 3.9 are given below. The P*'s cho-

sen from this set for diagnostic checking are given in Table

3.10.

Sample size 50:

X Y z X Yy Z X Y ¥4

112 1 1 1 1 0 1 0 0|1

—_—
—

P*(AIC)=| 0 1|2 4|2] P*(SBC)=|0 P*(PHI)={0 1 2

0 0 1]2 0 0 1 0 0 1




TABLE 3.9

Lag orders chosen by AIC, SBC, and PHI at the tentative
specification stage

Sample size 50

Specification x—-equation y-equation z—-equation
stage AIC SBC PHI AIC SBC PHI AIC SBC PHI
Univariate |x 1]2 1 1 ly 1]2 1 1 |z 1]2 1 1
Bivariate 1 |y* 1 1 1 |x 1 0 1 |x 0 0 0
2 |z 1 1 1 |z* 4|2 2 2]y 0 0 0
Trivariate |z 1 60 O|1]x © o 0 - - - -

Univariate |x 2 1|2 2 |y 2 1|2 2 |z 2 1 1]2
Bivariate 1 |y* 4|3 1 3|1|(x 5 1 1 (x 0 0 0

2 |z 1 1 1 |z% 2 2 2 |y 0 0 0
Trivariate z 1 1 1 |x 0 0 0 |- - - -

Sample size 200

Univariate |x 2 1 1}|2iy 9|2 1]2 2 |z 2 1 1]2

Bivariate 1 |y* 3 1 3 |x 5 2 2 |x 0 0 0

2 |z 3 3 3 |z*x 3 2 3|2y 0 0 0

Trivariate z 1 1 1 |x 0 0 0 [- - - -
Notes:

1. Each successive stage of specification is conditional on
the lag choice of the previous stage(s).

2. x, vy and z inside boxes are the specification variables
at the corresponding stage.

3. * indicates the variable which received sequential
priority on the basis of minmin principle at the
bivariate stage.

4. The double numbers such as 1|2 show the first choice]
second choice options. The second choice is based on the
second minimum value if it is relatively close to the
minimum value.
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Sample size 100:

X y z | X y z X y z
2 4]3 1 112 1 1 2 3|1 1
- P*(AIC)=|{0 2 2| P*x(SBC)=| 0 1|2 2| px(PHI)=|0 2 2

o 0 2 0o 0 1 0 0 1]2

Sample size 200:

X y z X y z X y z

2 3 1 13 1 112 3 1
P*(AIC)=|0 9|2 3| P*x(SBC)={0 1|2 2| px(PHI)=| 0 2 3|2

0 0 2 0o 0 1 0 0 1]2

We can make the following observations from the above ex-
ercise. When the sample size is 50 all three criteria tend
to ignore the lags with small coefficients, though a second
choice may be possible. As the sample size increases to 100
and 200 we observe mixed results: AIC does not underfit and
it may lead to profligate parameterization, SBC still under-
fits, and PHI shows mixed possibilities. Thus in practice it
may be difficult to arrive at the true P* with a single cri-
terion if the parameter values are small. However, since we
have three P*'s corresponding to each criterion we may be
able to arrive at the true P* by considering the consistency
of the first and second choices made by these criteria. This
choice becomes further possible since we know the overfit-

ting and underfitting tendencies of each criterion.
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It is also important to note that an arbitrary determina-
tion of the sequential order of the variables may lead to
unsatisfactory results. We can observe from Table 3.9 that
if x were added to y-equation before 2z then there is a high
possibility of choosing an incorrect nonzero lag for x (see
bivariate results). However, when the sequential order is
determined on the basis of the "minmin" principle z enters
the equation before x and the lag order chosen for x then

always becomes zero.

3.5.2.3 Diagnostic Checking and Final Specification

Having obtained a set of P*'s for diagnostic checking we can

now proceed to system estimation. The system estimation is
carried out using the "seemingly unrelated regression” (SUR)
procedure (see Section 3.3.2). The covariance matrix I is
replaced by the ML estimate (Z) to obtain SUR estimates of
AR parameters. Then SUR residuals are used to reestimate Z.
The MSC's now have to be redefined to suit the joint estima-
tion. For the joint system the maximum log likelihood may be
approximated by -(N/2)log|Z]. Accordingly the three MSC's

may be redefined as

AIC(P*) = Nlog|&| + 2p* (3.41)
SBC(P*) Nlog|&| + (logN)p* (3.42)
PHI (P*) Nlog|£| + 2(loglogN)p*, (3.43)

where each criterion 1is defined for a given P%, and p* is

the number of AR parameters corresponding to P* (i.e. the
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sum of all the elements of P*). These criterion values cal-
culated for chosen P*'s are given in Table 3.10. The minimum

criterion values are marked with asterisks.

Table 3.10 reveals quite 1intersting and promissing re-
sults. When the sample size is 50 none of the criteria
choses the true lag length matrix: AIC choses P*2 while SBC
and PHI choose P*3, We can easily observe that P*3 is more
parsimonious than P*2; thus SBC and PHI have ignored all the
small coefficient lags (see the true model). AIC, on the
other hand, has made a better choice by retaining the small
coefficient lag at matrix position (1,3). We will soon see
that this choice is much better than those of the two alter-

native procedures to be considered.

When the sample 'size is increased to 100 the three cri-
teria unanimously choose the true P*, However, at sample
size 200 SBC and PHI choose the true P* while AIC chooses
P*¥1, which 1is less parsimonious than the true one. This
shows AIC's tendency to overparameterize in large samples
(see Section 3.4.1). We may note that while none of the rel-
evant lags are missing from AIC's choice at sample size 200,
the minimum AIC value is relatively very close to the AIC of

the true P*.

From these somewhat limited simulation results, we may

conclude that in small samples the choice of AIC is prefera-

ble while in large samples SBC and PHI are acceptable. How-
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TABLE 3.10

System estimated AIC, SBC, and PHI for chosen lag length
matrices, P*'s

Sample size 50

Lag length matrix AIC SBC PHI
11 1
P*x1 = 0 1 4
0 0 1 16.5177 33.7259 23.0707
1 1 1
P*2 = 0o 1 2
0 0 1 16.1062%* 29,4903 21,2029
1 1 0
P*3 = 0o 1 2
0 0 1 16.3350 27.8072* 20.7037%
2 1 1
Px4 = 0 2 2
(True) 0 2 18.6016 35.8098 25.1546

Sample size 100

2 3 1
P*x1 = 0 2 2
0 0 2 -1.7911 29.4707 10.8612
2 4 1
P*2 = 0 2 2
0 0 2 -0.0686 33.7986 13.6380
1 1 1
P*3 = o 1 2
0 0 1 -1.4349 16.8013 5.9456
2 1 1
P*x4 = 0 2 2
0 0 1 -2.7895 20.6570 6.6997
2 1 1
P*5 = 0 2 2
(True) 0 0 2 -7.0157%* 13.8255%* 1.4190%
continued on the next page.
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Sample size 200
2 3 1
P*x1 = 0 2 3
0 0 2 -48,0195%* -5.1415 -30.6674
1 1 1
P*2 = 0 1 2 :
c 0 1 -35.5639 ~-12.4756 -26.2204
1 3 1
P*3 = 0 2 2
0 0 1 -41.,9318 -8.9487 -28.5840
2 1 1
P*4 = 0 2 2
(True) 0 0 2 -46.4208 -13.4372%* -33.0726*

* attached to numbers indicates the minimum values.

ever, the use of more than one criterion 1is always recom-
mended since they are likely to indicate possible misspeci-

fications.

3.5.2.4 Two Alternative Procedures

In order to compare our procedure with two alternatives, we
report in Table 3.11 the choices made by AIC when it is used
to estimate the maximum lag order (p) of the system as a
whole and the choices indicated by the Tiao-Box symbolic
representation of the partial correlation matrices. In addi-
tion to the visual inspection of the symbolic partial corre-
lation matrices , Tiao and Box use a chi-square statistic to
determine p, but we did not calculate this statistic. In

this symbolic presentation + and - signs are wused to indi-

cate the coefficients which are greater, 1in absolute value,
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than 2 times the standard error (sign indicates the sign of

the coefficient) and . indicates values in between.

TABLE 3.11

Maximum lag order of the VAR estimated by AIC and Tiao-Box
symbolic partial correlation matrices

Sample size 50
AIC: p =1
Partial correlations
Var/Lag 1 2 3 4 5-10
X + - Y Y . . . Y . . . ® . . Y
y ' . + . L] * - L] L] . ) L] L] + - * [
Z . . + . . . . . . . - . . . .
Sample size 100
AIC: p = 1
Partial correlations
Var/Lag 1 2 3-6 7 8-10
X + - . . . . . Y . . » . . Y .
y - + . L] » + L] L ] * + - - L] - L 2
Z L] Ll + - . - L] L] . - * L] L d L] .
Sample size 200
AIC: p = 2
Partial correlations ‘
Var /Lag 1 2 3 4 5 6 7-10
X + - - . - . . . - . . . '3 . . . . - . . Y
y . + + . . + - + - . - . - . . . . . . - .
Z . - + * L) L] . * L] L] L] L) . L] * + L] L] L] . L]
+ is >2.S.E., - is <-2.S.E., and . between
From this table we can see that AIC picks the correct
maximum lag order (i.e. p=2) only when the sample size is
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200. This reaffirms Nickelburg's findings (see Section
3.2.2). On the other hand arriving at the true P* by visual
inspection of the symbolic matrices is rather difficult. For
example, when the sample size is 50 we have two possibili-
ties: one is p=1 and the other is p=4. If the associated
lag length matrices are denoted by Px(1) and P*(4) then we

have

1 1 0 1 1 0
P*¥(1) = [0 1 0 P*(4) = {0 1 4
0 0 1 0O 4 11§,

It is easy to see that neither of these matrices approxmi-
mate the true oné. (Compare this with AIC's choice in sample
size 50 in our procedure.) An important lag is missing in
P*(1), i.e. matrix position (2,3), while in P*(4) there is a
false fourth order lag occuring at matrix position (3,2). We
can find similar problems at sample sizes 100 and 200, too.
Such distortions are quite likely to be a result of the mul-

ticollinearity problem we mentioned in Section 3.2.2.

3.5.2.5 Efficiency Gain of Using SUR Estimation

For the sake of completeness of this experiment we add one
more table reporting the standard errors of estimates from
OLS and SUR estimations and the final estimates of I corre-

sponding to the true model (Table 3.12).




TABLE 3.12

Standard errors of estimates from OLS and SUR estmation and
final estimates of Z (True model)

x-equation

N=50 N=100 N=200
Var OLS SUR OLS SUR OLS SUR
x(t-1) [12.5849 11.,9329| 8.4618 8.1065| 5.6421 5.3308
x(t-2) [12.4841 11.6465| 8.2747 7.7909| 5.2869 4.8932
y(t-1) }15.3923 15.0006| 9.6586 9.3785| 5.8311 5.5861
z(t-1) |[16.5243 16.4343(11.0313 11.0160| 6.9362 6.8796
| y-eqguation
y(t- 14.7744 13,7179 S9.7089 9.0296| 6.9307 6.2927

16.8377 16.3364|10.6828 10.3449| 8.0055 7.6152

t-1)

y(t-2) {14.5936 13.3396| 9.1974 8.4588| 6.3272 5.6780
t-1)
t-2) 17.4802 16.5679(11.1354 10.4181| 8.3996 7.6402

z-equation

z(t-1) |14.4308 14.3556| 9.9920 9.9913 7.0977 7.0670
z(t-2) |14.6183 14.5058|10.0392 10.0382| 7.1235 7.0816

Residual covariance matrix from SURE

X 1.88 .38 ~-.17 1.55 .38 .02 1.30 .45 .13
y .90 .25 .80 .23 .91 .30
z .77 .80 .83

Note: Standard errors are expressed as S.E.x10?

We can observe from this table that the gain in efficien-
cy of using SUR is rather marginal. (Note that SUR estimates
are more efficient asymptotically.) The low gain in effi-
ciency may be attributable to the correlation among the lag
explanatory variables and to the small cross equation corre-
lation estimates (not reported). (The cross equation corre-

lation estimates reach true values as the sample size is in-
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creased.) The estimate of Z reported 1in this table is a
result of only one iteration: further iterations appeared
unnecessary considering the closeness of OLS and SUR esti-
mates of Z. The estimate of I improves (i.e. 1is closer to

true Z) as the sample size increases.

3.6 SUMMARY AND CONCLUSIONS

In this chapter we have proposed a seguential model building
strategy for estimating the lag length matrix of a vector
autoregression. The major ingredients of the procedure have
come from Hsiao [1979] and Abeysinghe [1982]. It is aimed at
serving a dual purpose: the specification of the VAR model
itself and the derivation of causal implications from the
parameter estimates resulting from the final specification.
It avoids, therefore, the need for a secondary test for G-
causality though one could do so if it is required to con-

form to a conventional test procedure.

The model specification is carried out in three stages
similar to the Box-Jenkins model building methodology. These

three stages are, however, not mutually exclusive.

1. The tentative specification of the modél is done by
specifying each equation of the model seperately. The vari-
ables are added to each equation sequentially. A chosen mod-
el selection criterion will determine the lag order of each

variable entering the equation. The individually specified

equations are combined to identify the full model.
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2. The estimation procedure is basically least squares.
The estimation of single equations at the tentative specifi-
cation stage requires only OLS while the joint model may be

estimated using a seemingly unrelated regression procedure.

3. The diagnostic checking is carried out by specifying a
number of lag length matrices (P*'s) in the neighbourhood of
the tentatively identified one and then by examining the
values of the chosen model selection «c¢riterion calculated
from the jointly estimated model. The model which minimizes

the joint criterion value will be retained.

We have evaluated the performance of the procedure at
length. In order to aid the choice of a model selection
criterion we carried out an analytical exercise as well as a
sampling experiment. These evaluations led us to choose
AIC, SBC, and PHI for practical use. These were chosen not
because of their superior performance, but because they rep-
resent two groups of model selection <criteria on the one
hand, and they place three differnt emphases on the bias-
variance trade off on the other. The use of these three to-
gether, instead of one, is likely to work as a check against
misspecifications. Moreover, they can be used td arrive at a
set of lag length matrices for diagnostic checking as we did

in experiment 2.

The sampling experiments show that the performance of the

model selection criteria is quite satisfactory (as compared
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to Nickelburg [1985], for example) when the parameter values
are moderately high. These criteria tend not to agree with
each other when the parameter values are small, especially
regarding the presence or absence of G-causality, at the
tentative specification stage. To remedy this carefull diag-
nostic checking is required. If sample size could be in-
creased (e.g., from 50 to 100), these criteria perform bet-

ter even if the parameter values are small.

An important finding is that the presence of high contem-
poraneous correlation 1is likely to cause misspecifications
at the tentative specification stage. Such misspecifications
have to be uncovered at the diagnostic checking stage. An-
other aspect we were interested in was the proxy effect re-
sulting from the sequential specification. The evidence
from the VAR(») model on the proxy effect is not conclusive
enough, and it 1is virtually absent in the VAR(1) experi-

ments. Our diagnostic checking procedure appears to be quite

successful in eliminating such effects.




Chapter 1V

A REVIEW OF ECONOMIC THEORIES OF FERTILIY

"Are children inferior goods?" is a challenging question
that emerged when neoclassical price theory was applied by a
group of Chicago-Columbia economists to explain parents' de-
mand for children. Although this exercise has enhanced econ-
omists' awareness of economic demographic relaticnships the
answers given to the above question have not convinced the
majority of the profession.** On the other hand, there are a
number of alternative economic theories which can also be
used to explain the observed negative association between
income and fertility. The most closely related alternative
to the above theory is the Pennsylvania model proposed by
Easterlin, Pollak, and Wachter [1980]. The Pennsylvania
model may also be taken as representative of alternative
views on income~-fertility relatonship. The objective of
this chapter 1is to provide a critical evaluation of these

two theories.

44 Heckman and Willis [1975], two major contributors to the
price theoretic approach, write, for example: "A number
of explanations for the puzzeling inconsistency of the
"income effect' on fertility have been advanced, but it
is probably accurate to say that none has been universal-
ly accepted.” '

- 131 -




4.1 CHICAGO-COLUMBIA APPROACH

The Chicago-Columbia (C-C) approach to human fertility
clearly represents a seperate school by virtue of the unique
nature of the thoughts of the adherents. It was an attempt
to extend the boundaries of neoclassical price theory to the
terrain of fertility which has been in the domain of demog-
raphers and sociologists. Gary Becker pioneered the task in
1960,45% and the development of the theories of allocation of
time and human capital in the 1960's helped delineate the
.conceptual framework of the C~C economic model of fertility.
‘This conceptual framework is variously known as the "house-
hold production model," "new theory of consumer behavior,"”

or "new home economics."

The publication of two supplements to the Journal of Po-

litical Economy in early 1970's, which appeared as a Nation-

al Bureau of Economic Research (NBER) volume in 1874
[Schultz, T.W., 1974] exemplified the formal application of

the household production model to fertility.

4.1.1 Basic Framework
According to the household production model, the household

derives utility not directly from market goods as postulated

by traditional theory, but from a set of household produced

non-marketable "basic commodities" (Becker's term, 1965)

such as health, prestige, companionship, and child services

45 The idea of applying microeconomic theory to fertility
goes back at least to Leibenstein [1954].
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(a vector of attributes of children) the inputs of which are
goods bought in the market place and time of the household
members. A given household production technology will deter-

mine the properties of each production functon.

In applications of household production model to fertili-
ty, children are assumed to be consumer durables and each
family“® is assumed to maximize a lifetime family utility

function of the form [see Becker, 1981, Ch. 5]
U = U(N,2), (4.1)

where N is the quantity of children and Z is a composit com-
modity representing all other basic commidities.®’ This
utility function has to be maximized subject to a budget

constraint of the form
TN+ m2 =1, (4.2)

where I is "full income" (i.e., the sum of the nonearned in-
come, e.g., property income, of the family plus the poten-
tial wage income that could be earned if the total time of
the husband and wife were allocated to market work) of the
family and wy and my; are "shadow prices," which have to be

calculated using the explicit and implicit prices of market

48 Becker [1981], in his A Treatise on the Family, has used
the terms household and family almost synonymously (see
his Ch. 2).

47

The appropriate variable for N in (4.1) is child services
[Willis, 1974]. Keely [1975] points out that N is a poor
proxy for child services unless other attributes related
to child quality are held constant.
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goods and time inputs used in the production of N and Z. The
production functions of N and Z are assumed to have constant
returns to scale in order that the shadow prices do not de-
pend on the levels of N and Z. Since the cost of own time,
household technology, and efficiency in household production
are assumed to be different among families, these shadow

prices are expected to differ from family to family.

The optimal solutions resulting from maximizing (4.1)
subject to (4.2) are functions of the shadow prices and full
income; taste is assumed to be homogeneous or invariant. The
usual predictions of consumer choice . theory are expected to
hold here as well. That is, a rise in the shadow price of

children will reduce the demand for children, ceteris pari-

bus, and a rise in full income will increase the demand for

children, ceteris paribus, if children are a normal good.*®

4,1.2 Methodological Issues

The C-C model has stimulated a great deal of research. The
results have led T.P. Schultz [1981: 186] to conclude:
"Cross sectional studies of individual countries at all lev-
els of development have confirmed the qualitative pre-
dictions of this rudimentary demand theory of fertility."
Becker [1981: 95] also claims that this model is applicable

not only to modern developed nations of today but also to

48 When child quality is taken as an argument of the utility
function (4.1) the budget constraint (4.2) takes a nonli-
near form: See Willis [1974], DeTray [1974], Becker and
Lewis [1974], and Becker [1981]. '
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Western countries of a few centuries ago, as well as to de-

veloping countries of this century.

The C-C model has generated a fair amount of criticism as
well as alternative theories. Although some have responeded
to these criticisms quite positively [T.P. Schultz, 1981]
others have continued to reproduce the model in its original
spirit [Becker, 1981]. Kelley [1976] characterizes this
latter attitude of the school as showing "a mild intolerance

of other approaches."”

The basic methodology of the C-C school is the Chicago
approach to positive economics; that is, a model is evaluat-
ed only on the basis of its predictive ability while the re-
alism of assumptions and the explanatory power of the model
are considered less important. Ben Porath [1982], who ap-
pears more inclined toward the C-C approach than to any oth-
er, comments on Becker's Treatise as follows.

Indeed my main bone of contention with Becker has
to do with what one might call the "deductive il-
lusion.” Becker's style 1is to start with a spe-
cific theoretical formulation; certain implica-
tions are then deduced, and they are confronted
with some facts or data which provide a "test" of
the theory. The 1life history of better ideas is
often the reverse. A phenomenon is observed, a
theory is formulated within some framework to ac-
count for what is already known, additional impli-
cations of the theory are deduced, this includes
examinaton of new evidence, and the outcome gener-
ally %eads to a reformulation of the theory. I[pp.
59-60

Further, the C-C approach to theorizing 1is mathematics

oriented with the use of very abstract concepts. For Samu-
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elson [1976] the appearence of Easterlin's theory of Ameri-
can baby boom is a
relief from the rather sterile verbalization by
which economists have tended to describe fertility
decisions in terms of the jargan of indifference
curves, thereby tending to intimidate non-econo-
mists who have not mis-spent their youth in mas-
tering the intricacies of the modern utility theo-
ry. [p. 244]
As we shall see in the next section, one cannot ignore
the crucial role played by assumptions if a model is to ex-
plain real world phenomena. Abstraction, on the other hand,

vthough required, should not lead one to think that the exer-

cise is mere "denk spielen" (see Section 4.1.4).

4,.1.2.1 Assumptions
The C-C model rests upon a large body of assumptions. While
some of them appear to be reasonable others need reconsider-

ation. The most salient assumptions are:

1. Stable preferences

2. Maximizing behavior

3. Equilibrium

4, Existence of a family utility function
5. One-period planning

6. RKnown and fixed shadow prices

7. Constant returns to scale

8. Nonjointness in production

9. Mother's time intensity of children
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The first three assumptions are basic to neoclassical

price theory and the rest are specific to the household pro-
duction model. Each of these assumptiohs has received some
attention in the literature. In this section we reevaluate
these assumptions, especially to remind the users of the

model where further thinking is required.

1. Stable preferences: In the new household production
model, tastes are assumed to be stable over time and invari-
ant across the society. Probably the strongest statement
made so far about tastes 1is that of Stigler and Becker
[1977]: Like the Rocky Mountains, they say, tastes are the

same for every one all the time.

Utility maximization with stable preferences is the basic
postulate of traditional theory, too, but the traditional
theory does not rule out the possibility of variable tastes
(over time as well as across households). However, this
theory assumes that tastes, if variable, are totally unre-
lated to the other variables in the model. Accordingly taste
is left out, among other things, as the residual variation

unexplained by prices and income.?%?®

49 Becker has not been radically different from this ap-
proach when he wrote in 1973, together with Michael:
"For economists to rest a large part of their theory of
choice on differences in taste is disturbing since they
admittedly have no wuseful theory of formation of taste,
nor can they rely a well developed theory of taste from
any other discipline in social sciences since none ex-
ists." [Michael and Becker, 1973: 380]
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Not all economists are in favor of the assumption of sta-

ble or invariant tastes. Taste formation through interde-

pendent preferences, habit perpetuation, and so on, have

been recognized since the time of classical economists. A

few, only a few, noteworthy attempts in the postwar era to

incorporate taste 1into the formal model are: Duesenberry

[1949], Pollak [1970, 1976, 1978] in the nondemographic lit-

erature, and Easterlin [1973, 1978], Leibentein [1974,

1975], and Easterlin et al. [1980] in the economic demo-

graphic literature.

In developed countries the average family size has fallen

from large to medium to small.®° The preferred average fami-

ly size today, regardless of the budget constraint, 1is very

unlikely to be of large parity. Evidence gathered by Easter-

lin [1978: 67] indicates that the ideal or the preferred

family size of many adult Americans concentrate in the two

to four children range. Even if allowance is made for the

possibility that the ideals tend to be dominated by observed

behavior, large parity may not effectively enter the prefer-

ence map. The shift in average family size may have been

caused by factors other than a change in preferencs, but

eventually preferences also shift to accept the observed as

a norm.

50 Each parity size may be defined as more than six, four to
six, and zero to three children, respectively
[Leibenstein, 1975: 21]. :




139
Easterlin et al. [1980] point out that since controlled
experiments are not possible in this matter it is difficult
to disentangle price and income effects from taste effects.
But the introduction of habit formation into demand models
not only improves R?, but also changes the estimates of
price and 1income elasticities and marginal budget shares.
Further, they argue, with reference to the C-C model, that
assessing technological differences faced by different
households is no easier than that of tastes.®' They continue
to argue: "Indeed economists do not have very satisfactory
theories of systematic differences in technologies avail-
able..., and the problems posed by household technologies
are substantially more difficult because the outputs are of-
ten not measured directlf." Therefore, to ignore taste on
the ground that there is no theory of taste formation and to
incorporate technology on the ground that there is one, is

unacceptable.

Furthermore, the C-C models with such a restrictive set
of assumptions are not capable of determining a priori the
direction of fertility change in response to change in ex-
planatory variables. Willis [1974: 39] writes: "Since the
issues to be resolved in order to derive hypotheses about
the signs ... depend on the nature of family tastes, eco-

nomic theory as such has very 1little to say." Such expres-

51 In the C-C model, one factor that contributes to differ-
ences in the costs of household production (cross sec-—
tionally and over time) is the household production tech-
nology.
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sions indicate the need for explicit treatment of tastes in

the model.

2. Maximizing behavior: It is assumed there exists a

constraint-concerned calculating (rational) household (or
family) which always tries to maximize 1its own wutility.
Heckman and Willis [1975] try to justify this assumption as
follows:
[I1]t may strain the credibility of the reader to
suppose that behavior is in fact governed by the
complex calculations implied by our model... We
shall simply assert that it is plausible to imag-
ine that "rules of thumb" or "behavioral norms"
which emerge to guide decision making 1in complex
situations tend to be perpetuated to the extent
that they approximate optimal decisions.” [p. 115]

The most outstanding figure who questions the maximizing
postulate not only in relation to fertility but also in gen-
eral as a behavioral assumption, is Leibenstein [1976,
1981]. He argues that active decision making is less fre-
quent compared to passive decision making. People work most-
ly according to a routine and they do not change their be-
havior unless a significant change in pressure, caused by
some force, is observed. As pressure keeps changing the in-
dividuals change their behavior by looking at the behavior
of others in similar circumstances, or according to some au-
thoritative advice, or by making partial calculations. They

- do full calculations only as the last resort and only at

points of significant pressure change. Leibenstein, thus,

does not rule out maximizing behaviour. What he claimes is
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that routine behavior is more prevalent than maximizing be-
havior. This is so because the total cost (monetary as well

as psychic) involved in decision making is high.

However, child bearing, 1like marriage, 1is an important
decision that a couple has to make. It is likely that some
make full calculations, at the onset of the marriage, as to
the total number of children they are going to have. But
some may do these calculations only for the last child. But
in a one-period planing model, the best approximation one

could have is to make all the calculations at the begining.

The more important point, which has been emphasised by
many, is, however, a different one. That is, the individual

or household maximizing behavior does not necessarilly re-

sult in optimal solutions for the group (e.g., the Prison-
er's dilemma). Even Bernard Shaw has pointed out the poten-
tial conflict between parental decisions as to family size
and the collective interest as to total population size [see
Archives, 1983]. Arthur [1982] captures the essence of these
arguments thus: "lack of information, nonconvexities, exter-
nalities, indivisibilities, inéreasing returns, and prison-
er's dilemmas all call for the use of rules, rights, agree-
ments, hierarchies, organizational institutions- in short
structure." Thus, gquite contrary to the argument made by
Heckman and Willis, '"behavioral norms" arise as a solution
to the non-optimality of individual solutions rather than

as a result of individual solutions. Obviously this is a
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different type of rationality. At times individuals or in-
dividual households may follow a routine defined by society,
still the solutions may be optimal. This is a question

about the macrofoundation of microeconomics.

3. Eguilibrium: Although equilibrium analysis is well

accepted among fertility theorists, the stability of the
equilibrium is at question. The point to make here is essen-
tially related to the previous discussion of maximizing be-
havior. For the purpose of analysis the optimal solution re-
sulting from individual maximizing behavior may be called
"goal eqﬁilibrium" while the equilibrium resulting through
non-personal forces (e.g., the market) may be called "non-

goal equlibrium."S?2

The underlying assumptions of the C-C theory of fertility
ensures a non-zero goal-equilibrium 1level of children for
each family. This 1s so because the theory holds that the
marginal benefit (or utility) of an extra child declines
with the increase in the number of children and the parents
choose to have children wup to a point where the marginal
cost of having a child (usually assumed to be fixed above
zero) equals the marginal benefit of that child. There is no
guarantee, however, that this equilibrium will occur at or
above the replacement level of fertility. The experience of

developed nations is that there 1is a significant percentage

52 These terms are due to Chaing, Alpha C. "Chaing [1984]
Fundamental Methods of Mathematical Economics, Third ed.
(New York: McGraw-Hill).




143

of women who never marry [see Davis and Oever, 1982: 509]
and mostly have no children at all and still another signif-
icant portion, though married, have no children or have only
one child.%?® Unless an offsetting effect comes from those
who have more than two children, population growth should
decline to levels below zero [Caldwell, 1982: 264]. Under
these circumstances there is‘no guarantee that industrial-
ized nations will reach a stable "nongoal-equilibrium." As
Kingsley Davis [1983] speculates, we could expect the emer-
gence of a new set of "behavioural norms" which guarantee
the attainment of optimal and stable "nongoal-equilibrium”

level of fertility for the nation as a whole.

4. Well behaved family utility function: Utility func-

tion which is well-behaved, i.e. the conformity with assump-
tions such as continuity, strict quasi-concavity, nonde-
creasing form etc., is required for mathematical

tractability and to yield unique solutions.

The assumption of a family wutility function involves the
problem of aggregating the preferences of individual mem-
bers. Becker [1981] considers "altruism” as a unifying code
of preferences 1in a family. Thus the presence of an al-
truistic head, who is a benevolent dictator according to
Becker's descriptions, constrains selfish members from self-

ish behaviour. Becker has embodied this argument in his Rot-

53 In Canada, in 1981, 23 percent of ever married women who-
were 45 years of age and above had less than two children
[1981 Census of Canada, Catalogue 92-906].
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ten Kid Theorem [Ch. 8], which indicates that the selfish
acts of a member do find recourse from the altruistic head
who decides the slice of the 1income pie each member re-

ceives.

However, lack of information and disagreements over re-

source allocation among family members may limit altruism as

the basis of a family wutility function. Leibenstein [1976]

advocates the use of the individual as the unit of analysis
instead of the family or the household. An important impli-
cationvof using the individual as the unit of analysis is
that fertility deciéions are subject to husband-wife con-
flicts, which may not be uncommon. An understanding of the
mechanism of conflict resolution, which Becker attempts
through altruism, 1is a much needed research area, not only
for defining the suitable unit of analysis, but also for un-
derstanding fertility, divorce, and other family related de-

cisions.

5. One-period planning: This assumption indicates that

all child bearing, child rearing, and consumption decisions
are made by the couple at the outset of their marriage. This
assumption closes the door for sequential decision making.
Such an assumption is plausible if the couple is well in-
formed about their future, i.e., 1if there is no uncertainty
about events as yet not experienced. Given the difficulties
of constructing dynamic models, a one-period planning model

still may provide qQuite useful insights.
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6-8. Known and fixed shadow prices, constant returns to

scale, and nonjointness in production: All these assump-

tions are closely related. The commodity shadow prices are
equal to the marginal costs of producing commodities, and
under constant returns to scale, the marginal cost is con-
stant and equal to the average cost. As a result the shadow
price of a commodity does not depend on the commodity output
level produced. Under the assumption of nonjointness each
commodity appearing in the utility function is produced by a
seperate production process; therefore the commodity shadow
prices do not depend on the output levels of other commodi-
ties. As a result, the commodity shadow prices are exoge-
nously given to a household and commodity demand functions

satfsfy all conditions of the traditional demand functions.

The important question is how reasonable are these as-
sumptions in reality. The cost of rearing the second child
appears to be less than the first and subsequent costs may
be approximately the same (Leibenstein, 1975: fn. 161].
Therefore, both increasing and constant returns to scale may
be present. Pollak and Wachter [1975] have shown that even
if the assumption of constant returns to scale is retained,
the independence of relative shadow prices from output ler
els depends on the assumption of nonjointness. However, they
argue that jointness in household production is the rule not
the exception. Thus if these assumptions are more often vio-

lated than not, then shadow prices do depend on the commodi-
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ty output bundle a household chooses and therefore are not

exogenous.

Pollak and Wachter therefore recommend, instead of shadow
prices, the use of directly observable market goods prices,
wage rates, and nonlabor incomes in commodity demand func-
tions. These functions, however, cannot be interpreted as
demand functions in the traditional sense because the condi-

tions such as Slutsky are now not applicable.

9. Mother's time intensity of children: This assumption

will be discussed in the next section.

4.1.3 Research Problems: Fertility Decline and Income
Growth

We can now return to the opening question of this chapter
and examine the explanations provided by the C-C model to
the observed negative association between fertility and in-
come. The main line of argument of the C-C approach is that
the effective price of children does not remain constant as
income grows; rather it increases. Two price-augmenting ef—
fects associated with income, recognized by the C-C ap-

proach, are the time-cost of the mother, and child guality.

4.1.3.1 Time Cost
With the introduction of the notion of the opportunity cost
of time by Mincer [1962, 1963], the time cost became an im-

portant component of the price of a child. However, the time
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cost of a child is measured by the female wage rate under
the assumption that chidren are intensive in mother's time.
Thus it is argued that since the female wage rate has been
rising over time, the shadow price of a child must have been
rising also, and this acted to reduce desired fertility, de-
spite the rise in family incomes. In cross section analyses,
it is argued that the rich men tend to have wives with high-
er wage potentials [Mincer, 1963] or higher values of time
[Willis, 1974], hence rich families face a higher price of
children. And this price effect more than offsets the in-
come effect on fertility. Becker [1981: 98] states that two
thirds of the total child cost (price) in the'U.S. is due to

this time cost as measured by the female wage rate.

One problem of using the female wage rate to represent
the wife's time cost is the presence of mothers not working
in the labor market.%% In every developed country, except
the communist ©block, a large proportion of married women
(perhaps as large as fifty percent) in the medium and high
income groups are not in the labor market. Japan is a typi-
cal example where the level of fertility has declined quite
rapidly in a short period whereas the labor force participa-
tion of married women remains low. The guestion is, what is

the appropriate measure of time cost of nonworking mothers.

54 The term "nonworking mothers" will be used to indicate
those mothers who do not work in the labor market.

R
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The C-C model answers this question by assuming that a
mother chooses to allocate her total time to nonmarket ac-
tivities because her marginal productivity, hence the shadow
value of her time, of nonmarket activities is greater than
the market wage rate which she could command [T.P Schultz,
1981, Ch. 4; Becker, 1981: 26]1.5% This is a questionable
assertion. If a mother (or a woman) does not participate in
the labor market for cultural reasons, as is the case for
many medium and high income families of different cultures,
then the value of time argument is irrelevant in explaining

the fertility decline of these groups [Leibentein, 1974].

Even in industrialised developed countries, where (alleg-
ed) cultural biases are less apparent today, it was the
emerging factory system which replaced the household as a
production unit and pushed many mothers out of the labor
market and deprived them of their economic power [Davis,
1984]. Possessed with large families these mothers may have
stayed out of labor market by necessity rather than by
choice. It is interesting to see that, later, having a non-
working wife became a part of husband's status under this
nontraditional system which is now regarded as tréditional

by many. Therefore, both the necessity and value system ap-

55 In the case of working mothers, they choose a certain
number of hours to work in the market (assuming that they
have the option of this choice) by equating the market
wage rate to the marginal productivity of the nonmarket
‘activities. Thus they work in the market up to a point
where the wage rate exceeds the nonmarket marginal pro-
ductivity of time.
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peared to have played a role in determining the working

status of a wife.

Even if it is granted that some wives choose not to work
in the labor market because of marginal productivity consid-
erations alone, an important empirical guestion remains.
That is, how to impute values for time allocated to nonmark-
et activities? One approach to this problem is to use the
mother's education as a proxy for the value of her time.
However, education can influence many other things such as
taste, fecundity through consumption, infant and <child
deaths. Since all these variables affect fertility, one can-
not claim that the full effect of education on fertility re-

sults from the value of time alone.

T.P. Schultz [1981, Ch.4] has suggested the use of a wage
function with explanatory variables such as education and
training. First one estimates the wage function for a group
of working mothers and then, assuming the regression coeffi-
cients are the same for all mothers, predicts wages for non-
working mothers using their values of the explanatory vari-
ables. These estimates are in turn taken as the imputed
values of time for nonworking mothers. The success of this
procedure depends on many things. For example, if these two
groups differ in many aspects other than the chosen set of
explanatory variables then the imputed wages would be mis-
leading. Furthermore, since nonworking mothers are hypothe-

sised to have higher nonmarket marginal productivity (value
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of time) than the market wage rate they could command, the
use of the wage rate of working mothers in the calculation

of the regression coefficients biases the estimates.®®

Other than the two points discussed above in relation to
the time cost argument--the presence of a large segment of
nonworking mothers who may not work for reasons other than
‘marginal productivity considerations and the difficulty of
measuring their value of time if they do consider marginal
pfoductivity in choosing home or work--there 1is a third
point which needs consideration. That is, the assumption

that children are 1intensive in mother's time. There is no

doubt that children are intensive in someone's time, but

whose time is an open question.

Evidence‘appears to indicate that children are not so in-
" tensive in mother's time. Some estimates show that the time
requirement of a mother for an extra child varies between 5
and 20 hours per weak, depending on the age of the child,
birth order, and the method ‘of computing extra hours
[Weller, 1977: 506-7]. The upper limit, 20 hours, of these
estimates is only a half of a forty-hour work week. More-
over, in less developed countries where the extended family
is still prevalent, grandparents and older siblings often
provide the time for the young. Mothefs, in fact, spend a

substantial amount of time in agricultural work and other

6 In empirical work one has to be careful in mixing these
two samples because of the heteroskedasticity between the
two groups arisng from the wage imputation procedure.




151

nonchild activities. In developed countries, where the ex-
tended family has now almost dissappeared, obligatory
schooling of children has reduced mother's time intensity of
school-age children substantially [Davis, 1984]. The expan-.
sion of the day care industry and baby sitting facilities
may largely reduce the mother's time intensity of preschool-

age children.?b®’

I1f children are less intensive in mother's time than pos-
tulated by the theory, one has to explain the observed neg-
ative association between the female wage rate and fertili-
ty. In empirical applications of the C-C model very few
scholars have calculated the price of a child by incorporat-
ing the actual time cost and the cost of market purchased
goods.®® The use of the female wage rate in regressions of
fertility is based on the theoretical implication that the
greater the mother's time intensity of child rearing, the
stronger the negative association between fertility and the
female wage rate. Empirical studies mostly find a strong
nega;ive association. 1Is this evidence against the argument
that children are less intensive in mother's time than pos-

tulated? The answer would be, not necessarily. Although

57 Rasterlin et al. [1980] point out that time intensity
"results from the interplay of tastes, technology, and
the budget constraints,... [tlhere is little evidence to
support the notion that the technology requires child-
rearing to be time intensive independent of prices and
tastes." [p. 117]

58 Lindert [1977, 1980] is an exception who tries to measure
the relative cost of a child by fixing the input bundle.
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greater time intensity implies a stronger association
between the two, the reverse need not hold. Rising female
wages due to .market forces and falling fertility due to
forces unrelated to female wages are likely possibilities.
In the rest of this section we will 1investigate different
possibilities of the relationship among fertility, labor
force participation of wives, and the female wage rate and
in Section 4.2.1 we will examine causes of fertility decline

other than rising female wages.

A fruitful discussion of fertility decline and its rela-
tion to the female wage rate cannot be conducted in isola-
tion from the labor force participation (LFP) of women, mar-
ried women in particular. Extensive research has been done,
mostly using cross section data, on causality between fer-
tility and LFP of women. The relationship between the two
tends to be negative, especially if women are employed in

modern labor markets.5?®

Four types of causal relationships have been assigned to
the negative association between LFP of women and fertility.
Firstly, it is argued that the observed negative association
between LFP of (married) women and fertility is not a causal
Vrelation, but rather a result of other factors, mainly the
female wage rate [Mincer, 1963]. Becker [1981: 245] consid-

ers that falling births, rising divorces, rising LFP of

59 gsee Weller [1977] for a summary of research findings on
this relationship across nations.
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(married) women and a number of other demogrphic changes are
caused by the rising earning power of women. This 1is the
view taken by other advocates of the C-C model [see T.P.
Schultz, 1981, Ch. 6]. There are studies, however, which
find that even after controlling for other factors, the re-

lationship between fertility and female employment persists

[Weller, 1977].68°

Secondly, it has been argued that falling fertility,
among other things, has paved the way for rising LFP of mar-
ried women [Davis, 1984]. Davis from an evolutionary per-
spective draws attention to motivational factors of LFP of
married women. The basic thrust of Davis' argument is that,
despite the attraction provided by rising female wages and
increasing employment opportunities for women, there 1is a
large segment of married women not working in the labor mar-
ket even in 1980's. He therefore concludes that motivational
factors play an important role in pushing married women into
the labor market. One of these motivational factors is
smaller family size achieved at early years of marriage.®'
Davis argues:

A woman who is at home full time and yet has only

one to three children who are at school most of
the day has less than a full-time vocation. Put

60 Esterlin and a number of others have emphasised "rela-
tive income" as a major common cause of fertility and LFP
of married women [see Section 4.2.1].

61"

For example, a steady rise in LFP of married women in the
U.S. is evidenced only since 1930's and by this time the
average family size had already reached two to three
children per family [see Davis].

i
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in economic terms, the oppotunity costs of nonem-
ployment are very high in relation to the familial
needs being satisfied. [p.408]

Though Davis considers reduced fertility a cause of ris-
ing LFP of married women he does not discuss the causes of
fertility decline. However, his analysis strongly implies
that the secular decline in fertility is a consequence of
forces which were at work prior to the onset of rising fe-

male wages.

Another motivational factor which Davis emphasises is
rising separations and divorces, which also show a "lead"
felationship with LFP of married women. A career, Davis ar-
gues, provides a hedge against rising separations and di-
vorces, Even in the absence of separations and divorces, a
career could establish independence and self-worth of a
wife. Such a change in attitudes may have an important bear-
ing on rising education 1levels and the women's movement.
Thus, the female wage rate is only one explanatory variable

of LFP of married women.

Thirdly, it 1is argued that rising LFP of women causes
fertility decline. There may be a number of factors which
may explain rising LFP of women (see previous arguments).
Fertility, however, cannot be one of them. Furthermore, oth-

er explanatory factors must not show a lag relationship with

LFP of women, and the latter with fertility.
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Whatever reasons may be behind the rising LFP of women,
the guestion is why it relates negatively to fertility. One
explanation is "role incompatibility." That is, given that
the role as a mother is incompatible with the role as a
workér in the market, the acceptance of employment implies
some or full sacrifice of the other. Another argument is
the opportunity cost of time, measured in terms of foregone
income, if time ‘were devoted to children. (More on this
point latef.) Another way employment could affect fertility
negatively is through a change of tastes. Weller [1977: 509]
argues thét "employment may alter the taste matrix in such a
way that the females's tastes for child bearing vis-a-vis
other activities are diminished." Employment may also in-
crease the 1influence a wife has over family decisions and
provides an opportunity to exercise her desire to maintain
low fertility. Another mechanism through which employment
may affect fertility is increased age at marriage. Women may

delay marriage until a career is established.

Fourthly, some have argued that fertility and LFP of wo-
men affect each other [see Weller, 1977]. All the arguments
made regarding the first three cases become relevant in ex-
plaining mutual causation. Weller points out, however, that
sequentiallity or simultaneity of joint influence is not

well understood at this time.

The above discussion of the relationship between fertili-

ty and LFP of (married) women shows a diversity of opinion.
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One of the deficiencies of research done on this subject is

the inappropriate inferences made on causation based upon

cross-sectional data. Weller [1977:512] points out that "be-
cause this 1is a causal relationship being evaluated, the

analysis should be longitudinal."”

Before closing this subsection one more point has to be
emphasised with regard to the argument that rising female
wages increase the opportunity cost of time devoted to chil-

dren by the mother, therefore mothers choose market work at

the expense of children. A puzzeling guestion is why mothers
should consider only the opportunity cost of children 1in
their choice, but not the opportunity cost of work (in terms
of forgone number of children and other child-related
aspects). In other words, since both work and children offer
their own rewards (monetary as well as psychic), choice of
one implies sacrifice of the other, assuming the incompati-
bility of the roles as a mother and a worker.®%2 1In the C-C
model mothers must choose market work in order for the model

to work. One way to justify this is to argue that the re-

S S S S I

wards offered by work are greater than those of chidlren.

This may be so if one considers monetary rewards only. The
question is, can we ignore psychic rewards, net of psychic

costs. My opinion is that there is something other than the

62 Research on role incompatibility shows that the average
family size is the lowest for wage earners and the high-
est for the unpaid family workers. The self-employed cat-
egory falls in between. In general the wage earners have
the least flexible time arrangements for work [Ostry and
Zaidi, 1979: 55, note 31].
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‘choice' of above type that leads mothers to choose work.
‘Mothers choose work, instead of a large family, mostly out
of necessity and partly because of changes in tastes and at-

titudes (see Section 4.2.1).

4.,1.3.2 Child Quality

The other price (of child) augmenting effect of the C-C mod-
el is the interaction between <child quantity and quality.
The major advocate of this approach is Becker [Becker, 1960,
1981; Becker and Lewis, 1974]. Becker [1981: 102] thinks
that the most important cause behind the negative associa-
tion between income and fertility (secular as well as cross
sectional) is the price augmenting effect of the interaction

between quantity and quality of children.®3

Quality per child (Q) is another commodity in the utility
function of the family. Maximizing this utility function
subject to a nonlinear budget constraint, Becker shows that
the shadow price of a child depends on Q (i.e., wN=ch) and
the shadow price of Q depends on the number of children, N
(i.e., ﬂQ=pCN) where p, is defined as "constant cost of a
unit of quality." Becker defines ny as the "quality expen-
diture per child" and Ty as the "expenditure on N children
per unit of quality." Since each shadow price depends mul-

tiplicatively on the quantity of the other commodity, any

63 This claim is somewhat contradictory to his earlier
statement [Becker, 1981: 98] that two thirds of the child
cost in the U.S. 1is due to the mother's time cost.
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small exogenous change 1in one quantity can produce,
according to Becker, a larger change in equilibrium shadow
prices through the interaction effect even if these two com-
modities are not close substitutes. "Consequently," Becker
argues, "economic development can have significant negative
effects on fertility even when the 'true' income elasticity

of demand for <children is positive and sizable." I[p.

112].64

The first question one would ask is, what 1is quality?
Becker [1981: 95] defines child quality as "expenditure on
children in education, training, and attractiveness."®5 If
quality is expenditure, it is difficult to conceive how ex-
penditure could have a "price" [Arthur, 1982]. If Becker's
definition of TQ is rewritten as "expenditure on N children

per unit of expenditure," where the underlined word has re-

placed "quality," we get a circular statement which does not
carry any meaning. Furthermore, child quality is more sug-
gestive of child attributes, or "child outputs" than of
"child inputs" [Lindert, 1980]. A better term for Becker's
child quality would be resource intensity of a child [T.P.

Schultz, 1981].

64 Becker [1960] argued that contraceptive knowledge was a
major cause for high income families to have less chil-
dren. Later, however, he abandoned this argument, see
Becker [1981: 99].

65

Becker later redefines child quality as "adult wealth of
children" [Ch. 6, p.114].
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Apart from the definitional issues there are a number of

other problematic areas in the child quality argument. Dues-

enberry [1960] pointed out that parents do not necessarily
choose a level of child quality independent of their own
standard of living. Even if they do, it is likely that they
try to achieve some target quality level for their children.
Since taste is assumed to be homogeneous over income class-
es, the target quality level may correspond to some average
observed by all income groups (e.g. Bachelor's degree or
Master's degree). In this case Becker's argument implies
that poor families must have fewer children because they
will be more constrained by income when they try to achieve

the target quality for their children.

To illustrate the above line of argument assume the annu-
al income of a poor couple is $5,000 while that of a rich
couple is $25,000. Further, assume that the subsistence ex-—
penditure {(expenditure on necessary food, clothing and shel-
ter) for both families is $3,000. The poor family is now
left with $2,000 to spend on child gquality while the rich
family is left with $22,000 to spend on child quality. Even
if the rich family spends three or four times more on child
guality than the poor family could afford, the rich family
still could have more children than the poor family. How-
ever, if taste is endogenous then the above result can easi-
ly be reversed or made to be consistent with the observed

negative relationship between family size and income. We ex-—

plore this possibility in Section 4.2,
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According to Becker any small exogenous change in child
quality is sufficient to cause a chain reaction to augment
the price of children. How does this exogenous change come
about? Becker refers to some examples such as public

schooling programms to raise Q or family planning programs

to 1o@er N. However, both N and Q are parents' choice vari-
ables.7 Whatever program the government or some other agency
introduces, the resulting N and Q reflect parents' choices,
therefore ny and mq are not really exogenous. Empirical
tésting of the model is now made doubly difficult [T.P.
Schultz, 1981]1.6% In light of these problems, Rosenzweig and
Wolpin [1980] have attempted to test the interaction hy-
pothesis using the occurence of twins in India as an exoge-
nous increase in N, and they find that this rise in N lowers
child quality as measured by years of schooling. This exer-
cise, however, highlights the extreme difficulty of empiri-

cal testing of the interaction hypothesis.

4.1.4 Other Research Problems

An important research problem arising from the C-C model is
the identification of empirical analogues for the concepts
used in the model. The entire model rests on abstract quan-
tities. The arguments of the utility function are attributes
such as child éervices, child quality, health etc., and the
budget constraint involves the calculation of shadow prices.

Hannon [1982], commenting on Becker's [1981] Treatise on the

66 see the discussion on assumptions 6-8 in Section 4.1.2.1.




161
Family, writes: "Given the high degree of abstraction and
the crucial role of unobservables (utility functions, endow-
ments, efficiencies, heritabilities, prices of children, and
so forth) I wonder whether any data could be shown convinc-
ingly to be inconsistent with the theory." [p. 71] 1In other
wogés, these concepts leave an opportunity for users of the
model to interpret and measure these concepts as they wish
in order to obtain affirmative results which confirm ‘the

predictions of the theory [Leibenstein, 1980].

Another deficiency of the C-C model is its neglect of the
supply side of fertility. This is particularly important in
situations where the supply factors of fertility play a more
important role than the demand factors. A notable advance-
ment made by Easterlin is the inclusion of‘ the supply side

in the C-C model (see next section).

4,2 PENNSYLVANIA MODEL

A major competitor of the Chicago-Columbia model is the mod-
el proposed by Easterlin, Pollak, and Wachter [1980] of the
University of Pennsylvania. The major ingredients of this
model come from the synthesis framework developed by Easter-
lin [1978]. An overview of the Pennsylvania model (P-model)
has been provided by the authors themselves. 1In the follow-
ing discussion we compare and contrast the P-model with the

C-C model so as to highlight the differences and departures.
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The P-model combines the demand side of fertility empha-

sised by the C-C model and the supply side stressed by so-
cial demographers. Apart from supply side considerations,
the P-model differes from the C-C model in a number of dis-

tinctive ways.

/

As ‘with C-C model, the P-model is formulated in a static
framework (one-period planning), assuming the existence of a
family utility function which the family seeks to maximize.
However, the objective function of the C-C model has been
modified by excluding the child qQuality variable, by replac-
ing the quantity of children by completed family size (i.e.
births-deaths) and by inserting the following additional
variables: infant deaths, frequency of coitus, a vector of
practices such as lactation, 1length of time over which fer-
tility regulation is practiced, intensity of the fertility
regulation practices, and social averages representing liv-
ing standards and family size of the previous generation.
These social averages are introduced to endogenize prefer-

ences. The preference ordering of the other variables in the

utility function is conditional upon these averages. The so-

cial averages represent the aspiration levels of a family.

Similar to the C-C model there are constraints of house-

hold technology, time, and budget. 1In addition, the P-model

has three more constraints: a births function, a deaths

function, and an identity representing the completed family

size as the difference between births and deaths (infant and




child). All these constraints can be reduced to four basic
constraints: budget constraint, technological constraint, a

births function, and a deaths function.

/Unlike the C-C model, constant returns to scale is not a
neé§§sary assumption of the P-model. Furthermore, unper-—
ceiveéd jointness in household production plays an important
role in the P-model; that is, the unperceived effect of con-
sumption on fecundity and infant mortality. The time inputs
of the P-model include those of all household members, not
just husband and wife. A further difference between the two
models is that the optimal solutions for the household deci-
sion variables (basic commodities, market purchased goods,
time inputs, births, completed family size given deaths, and
the other arguments in the utility function éxcept the so-
cial averages) are not viewed as demand functions of shadow
variables. Rather they are functions of directly observable
variables which the household takes as given: goods prices,
wage rates, nonlabor income, household technology, births
function, deaths function, cost function of fertility regu-

lation, family's reproductive span, and the social averages.

A few more points of clarification are in order. Although
births is a choice variable in the P-model, infant and child
deaths are not. However, Easterlin et al. admit the possi-
bility that the family could influence the deaths variable

through patterns of consumption.®’ Further the P-model's

67 Note that the deaths variable does not enter the C-C mod-
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fertility variables are marital fertility and completed fam-
~ily size, not desired fertility. Since the family's repro-
ductive span (the difference between age at marriage and age
at permanent sterility) is given in the P-model, age at mar-
r{ége is not a choice variable in the model. The age at mar-
riS?e is determined by forces outside the model. This may be
so for an individual family, but if the (social) goal of
fertility control is population control then the agé at mar-

riage is an important variable to study.

In summary the most distinctive features of the P-model
are: endogenous preferences, unperceived jointness in
household production, and the supply side of fertility.
These are notable improvements over the C-C model, but fur-
ther improvement is required in areas such as family utility
function, coordination between micro and macro equilibria,
and dynamic decision making. Apart from these, there are a

few specific aspects of the P-model which require mention.

The P-model is quite general, and this appears to have
been achieved at the expense of predictions. Easterlin et
al. have not derived elasticities of marital fertility and
completed family size with respect to the predetermined
variables. Undoubtedly these elasticities would take very
complicated forms and a priori prediction of their signs

likely to be impossible without additional assﬁmptions. This

el though in the application of the C-C model to less de-
veloped countires, infant and child mortality is usually
added to the regression equation of fertility.
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by itself, however, cannot be considered a serious drawback
because even with such restrictive assumptions the C-C model
fails to 1indicate unambigously a priori the signs of many
elasticity coefficients. De Tray [1974], for example, con-
lu éé that "no a priori conclusions on fertility behavior

can\ybe‘drawn from the [C-C] model." Willis [1974] also

finds similar difficulties.

A further difficulty with the P-model is that its empiri-
cal application is severely hampered by a lack of data.
Easterlin et al. try to get around this problem by_incorpo—
rating special assumptions to break the model into four spe-
cial cases [see Easterlin et al., 1980 Section 2.3]. For
this purpose they incorporate the concepts of desired fer-
tility and natural fertility and compare them with actual
fertility. Desired fertility is the level of fertility a
family could realize in a "perfect contraceptive society,"
i.e. a society without contraceptive costs (economic costs
and preference drawbacks). Natural fertility, on the other
hand, 1is the level of fertility that results when no delib-
erate attempt is made to control fertility. It is consistent
with social and biological controls which produce a fertili-

ty outcome below the biological maximum.

According to these special cases, natural fertility is
the fertility outcome at low levels of economic development,

and for lower strata of socioeconomic classes. This is an

important departure from the C-C model because, as Easterlin
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et al. point out, application of demand models to a natural
fertility setting may produce misleading results. For exam-
ple, the income variable of the demand model may show a po-

sitive effect on fertility, but the income is more likely to

havé worked through the births and deaths functions, not

thrgﬁ?h choice. Therefore, the demand model may "fit," but
for the wrong reasons [Easterlin et al.: 84]. The relevance
of natural fertility declines at higher levels of economic
development and for higher strata of socioeconomic classes,
and the demand model, as espoused by Easterlin et al., be-

comes the relevant model.®8

4.2.1 Endogenous Tastes and Fertility Decline

Two different hypotheses have been offerd to explain the
negative association between income and fertility, one is
the price or cost (of children) effect emphasised by the C-C
model and the other is the endogenous taste effect empha-
sised by a number of other fertility models. The advocates
of the former hypothesis exclude a priori the latter hy-
pothesis by the assumption of homogenous preferences. The
advocates of the latter hypothesis, while not ignoring the
former hypothesis, argue that, given the large income dif-

ferentials and substantial income growth, it is implausible

68 Natural fertility becomes less relevant to traditional
societies if these societies practice social controls,
not covered by the natural fertility concept, on popula-
tion size. Outmigration is one such example. ~ See Leiben-
stein [1980: 136] for a list of population control meth-
ods practiced by traditional societies.
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for the cost of children, as measured by quality of children
or mother's time cost, to explain the negative association
under the assumption of homogenous tastes [Leibenstein,
1975: 3]. The P-model is an attempt to bring these two hy-
pQFhéses, with some modifications, 1into a single framework,

thé?gh the P-model lays emphasis on the latter hypothesis.

Formation of taste and 1its influence on fertility has
been variously expressed since the time of classical econo-
mists. The <classical economists, like modern economists,
held the view that a rise in real incomes will raise fertil-
ity and hence population. However, Malthus saw that the rich
postpone their marriages to reduce births in order to main-
tain higher living standards [Malthus, 1959]. Bastiat ar-
gued, very much in a modern spirit, that not only the rich
but all groups of society will practice preventive checks to
maintain rising living standards [Archives, 1981]. Marx de-
fined the value of labor power as consisiting of three com-
ponents—--physiological, skill, and social needs--and argued
that reproduction is possible only if the workers are able
to satisfy all these needs [Abeysinghe, 1986]. These ideas
have been carried 1in to the present era under the concepts
of relative income, relative economic status, socioeconomic
status, and aspiration levels. [Easterlin, 1973; Leiben-
stein, 1975; Easterlin et al. 1980 are a few examples.] A

common theme that runs through these exercises may be summa-

rized in the words of Bastiat: "Once natural wants are sat-
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isfied, others arise that are artificial at the begining, if
you will, but which in their turn become natural through the
force of habit, and when they are satisfied, others arise,

and still others, with no discernible end." [p.337]

e

EEasterlin et al. focus on two forms of taste formation:
the) "socialization" effect and the "intrafamily" effect.
Thus, both consumption and family size decisions are influ-
enced by present and past consumption habits and family size
patterns of other families, including one's own parent fami-

ly.ss

A well known formulation of endogenous tastes is Easter-
lin's relative income hypothesis, which 1is used to explain
both the fertility and LFP decisions of women.’® An inter-
esting feature of the relative income hypothesis is that it
is designed to explain both the secular and cyclical (baby

boom) behaviour of fertility.

Relative 1income, as originally formulated [Easterlin,
1968], refers to the current income of young adults (e.g.,
age group 15-24) relative to the income of their parents.

This measures the ability of young adults to maintain a life

69 gsince habit perpetuation cannot be specified in a one-
period planning model, Easterlin et al. consider only the
average consumption and family size of other families. As
a further simplification, they disregard the influence of
current consumption and family size of other families and
focus on the lag influence 1i.e., the influence of the.
previous generation or cohort.

70 See Wachter [1975, 1977] for further work on this hy-
pothesis.
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style to which they have become accustomed prior to their
marriage. This is the "intrafamily" version mentioned above.
The "socialization" version can easily be incorporated into

this specification by allowing (with a lag) the life styles

of "%Fportant others" to influence desired standard of liv-

ing/éf young couples. Thus, relative income is current in-
come divided by desired income; the desired income is deter-

mined by a desired standard of living.

According to the relatiye income hypothesis, the post
World War Two baby boom is a result of increased relative
income while the subsequent fall in fertility and growth of
LFP of married women 1is a result of falling relative in-
comes. For example, the entry of baby boomers into the la-
bor market reduced their current wages relative to their de-
sired living standards which they had acquired during the
previous prosporous period. As a result fertility fell and

LFP of married women increased.

A question raised [T.P. Schultz, 1981] in relation to
relative income hypothesis is: Would there be another upturn
of fertility in the near future? The argument 1is that the
effect of baby boomers on relative incomes has now dissap-
peared and the adult children of baby boomers are likely to
have lower aspiration levels relative to the wages that they
are going to receive, thereforé causing an upturn of fertil-

ity. This same argument implies a withdrawal of married wo-

men from the labor market. This argument is based on the
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original formulation of the relative income hypothesis,
i.e., the intrafamily version. However, if we incorporate
the socialization version, for which Leibenstein [1975] has
provided a rigorous analysis, then the upturn of fertility
depends on how "status expenditure" patterns of different
sggial—status groups change as income grows.’' For example,
if "status goods"’7? become relatively cheap or if "intersta-
tus income compression"’3 ceases, then demand for children

may increase [Leibenstein, 1975: 31].

In summary, the two important variables in the endogenous
taste model are relative income (current income of young
adults relative to their desired level of income which is
required to maintain a particular 1life style) and (lagged)
average size of other families, especially that of status
groups to which a young couple belong or expect to belong.
Both variables are expected to exert a positive influence on

fertility.

71 Withdrawal of married women from labor force is a compli-
cated issue. Once set in motion, LFP of married women
may develop its own momentum and dynamic quite indepen-
dent of relative income effects.

72 Status goods are those conSumption goods reqguired to
maintain a life style of a particular social-status-
group.

73

Interstatus income compfession makes emulation and shift
to higher social status groups easier.




Chapter V

AN EMPIRICAL TEST OF FERTILITY MODELS

I%fthis chapter we will test, using Canadian data, the cau-
éél relationships specified by the two models of fertility
discussed in the previous chapter. The theoretical variables
entering this analysis are desired fertility, labor force
participation rate (LFPR) of married women, full income (see
Section 5.1.3), price of children, relative income, and av-
erage fertility of the society. Mutual causation of the
first two variables is of particular interest; therefore
they will be the endodenous variables of the VAR specifica-
tion. The last four variables are taken to be exogenously
determined, as postulated by the theories. Since we are us-
ing aggregate (national) data, average fertility of the so-
ciety will simply be lagged fertility itself. These lag ef-

fects are allowed to emerge from the VAR specification.

Empirical tests based on time series data of these fer-
tility models are severely limited by data deficiencies.
Firstly, the theoretically most suitable data series either
do not exist or are not available for comparable and satis-—
factory time lengths. Secondly, tests based on proxies may

be of questionable quality. Even for proxies, sufficiently

long annual data series of the same length are not readily
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available. Attempts to remedy these deficiencies are pre-
Sented in the next section. The statistical analysis is re-

ported in Section 5.2.7%

5.1 SPECIFICATON OF VARIABLES
5.1.1 Fertility
Following Wachter [1975], observed fertility, F(t), may be

expressed as:

F(t) = D(t) + [S(t) - D(t)]IpP(t) (5.1)
where D(t) = Desired fertility,
S(t) = Supply of fertility or natural fertility
P(t) = Failure rate of birth controls.

It will be assumed, on average, S(t)2D(t). If the failure
rate is zero (P(t)=0), observed fertility is equal to de-
sired fertility. 1f P(t)=1, 1i.e., no effective fertility
control, then observed fertility is equal to natural fertil-
ity. For 0<P(t)<1 there exists what may be termed excess
fertility. We assume, in developed countries including Can-
ada, that observed fertility is dominated by desired fertil-
ity; therefore, we may ignore the second term on the right

hand side of (5.1).75

74 Quarterly data series of recent origin would provide a
large sample size, but these avoid the baby boom period
which provides an important test of any theory of fertil-
ity.

75 In any event data on S(t) and P(t) are very difficult to
compile within a time series context. Further, note that
empirical studies of demand models which use F(t) as the
dependent variable implicitly assume that the second term
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Different measures of F(t) are available. The most widely
available is the crude birth rate (CBR); that is the number
of births in a given year per thousand of mid-year popula-
tion. This is not a satisfactory meésure because it ignores
the age-sex composition of a population. A change in the CBR
may be a result of changing age-sex composition rather than
a change in family size itself. A much better measure is the
age—-specific fertility rate; that is the number of births in
a given year per thousand females of a given child bearing
age. A summary measure, the total fertility rate (TFR), is
derived by summing the age specific fertility rates. Sta-
tistics Canada has published unbroken data series of age-
specific fertility rates and the TFR since 1921. We will use
the TFR in our analysis. TFR for selected years are given in
Table 5.1 and the full series is graphed in Figure 5.1. The
hump in the graph shows the postwar baby boom. The decline

of fertility after the baby boom appears to have begun in
1959.

5.1.2 Labor Force Participation of Married Women

An annual series of labor force participation rate (LFPR) of
married women 1is available, from published sources, only
since 1959. The source of these data is the Labor Force Sur-
vey which has been conducted since 1945, The LFPR of married
women shows a precipitous growth and the participation rate

of any other female age group would be highly inappropriate

on the rignt hand side of (5.1) is less important.
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as a proxy for the LFPR of married women (Table 5.1). There-
fore, it is desirable to estimate LFPR of married women us-—
ing employment data for the years between 1945 and 1959.
Data on female employment by marital status are available
from the Labor Force Survey since 1945. Estimates of LFPR of
married women were obtained by dividing employment data by
fhe population of married females. (See Table 5.1 for the

source of population data.)

For 1951 our estimate of LFPR of married women is 11.0
percent while the actual figure 1is 11.2 percent. We can,
therefore, expect the error margin of our estimates to be
small. These estimates show a slight decline in participa-
tion rates between 1945 and 1948 (a decline from 12.1 to
10.4; see Figure 5.1). This is consistent with the postwar
experience of males returning to work and wives to hoﬁséwork

[Phillips and Phillips, 1983:30-31]

Before turning to other data series it may be useful to
make some observations on Canadian fertility and LFP of wo-
men. The TFR had been declining during a period (till late
1930's) in which LFPR of married women had remained very
low. A steady growth of LFPR of married women is observable
only since 1950's. During this period fertility goes from a
baby boom to a bust. Unlike for married women, the partici-

pation of young females in the labor market has always re-

mained relatively high.
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TABLE 5.1

Total fertility rate and labor force participation rates of
women, Canada, selected years

Participation Rates

Year TFR married 25 & over|24 & under
1921 3536 2.2 13.9 23.8
1931 3200 2.4 15.8 25.3
1941 2832 3.5 17.8 35.5
1951 3503 11.2 18.4 40.8
1959 3935 17.9 23.0 -
1961 3840 20.7 25.5 39.4
1971 2187 33.0 35.4 50.8
1981 1704 50.6 48.1 63.2
1985 1669 54.7 51.6 64.6

Source: Statistics Canada, Vital Statistics, Cat. 84-
202; The participation rate of married women in the
Canadian labor force, Cat. 71-522; Historical Labor
Force Statistics, Cat. 71-201; Population estimates by
marital status, age and sex, Cat. 91-203; Historical
Statistics of Canada, 2nd ed.
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Figure 5.1: Total fertility rate and labor force
participation rate of married women
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5.1.3 Income

The theoretical measure of family income is "full income,"
the sum of non-labor income and potential labor income of
members of the family, basically husband and wife. The po-
tential labor income is obtained if the full time of family
members (e.g., 24 hours a day) is devoted to market work.
Full income thus does not depend on actual hours of work.
Measured family income, on the other hand, 1is endogenous to
the actual hours worked by family members as well as to fam-

ily size, the family decision variables; therefore, meau-

sered family income cannot be used in this analysis.

To overcome this difficulty, the income variable is most-
ly measured by the husband's actual income under the assump-
tion that the labor force participation and hours of work of
the husband is largely exogenously determined. The toﬁal an-
nual earnings of the husband still may contain endogenously
determined components, i.e., he may work extra hours to sup-
plement family income, or his income may contain family re-
lated allowances. A widely used measure, therefore; is the
male hourly wage rate or weekly or monthly salary which is

determined in the market place.

However, an unbroken time series of male wage rates is
not available. Historical Statistics of Canada (Leacy,

1983)7% contains a short series, from 1934 to 1969 with some

76 gince Historical Statistics of Canada is 'a well known
volume its reference will be exluded from later «cita-
tions.
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missing valuses, of wages of male workers in manufacturing
“industries, but this does not serve our purpose. Time se-
ries of wage data are available by industry as averages for
both sexes. These averages are, however, biased downward be-
cause of a generally lower average female wage rate. A bet-
ter proxy for the male wage rate would be the hourly earn-
ings of hourly rated wage-earners in the construction
industry. This is so because construction workers have been
almost one hundred percent males. Furthermore, the hourly
male wage rate of manufacturing mentioned above is very sim-
ilar to the hourly wage rate of construction industry during
the overlapping period of the two series:

Year 1945 1950 1955 1960 1965

Manufac. male wage rate $ .74 1.14 1.57 1.93 2.33

Construc. wage rate $ .74 1.06 1.52 1,94 2.53
Construction wage data from 1945 to 1970 can be obtained
from Historical Statistics of Canada, and from the Bank of
Canada Review. We wuse this series as a proxy for the male
wage rate. This series, extended by manufacturing male wage

series for the period 1934-1944 is graphed in Figure 5.2.

The decline in the real wage rate after 1978 (Figure 5.1)
is not peculiar to the construction industry. Statistics
Caﬁéda has recently begun to complile data on male and fe-
male annual earnings separately.’’ These data, provided for

selected years, show a decline in real average annual earn-

77 Statistics Canada, Earnings of Men and Women, Cat.
13-217.
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Figure 5.2: TFR, and construction wage rate in 1971 dollars
as a proxy for male real wage rate

ings (1984 dollars) of males from $22,700 in 1979 to $20,935S
in 1984. The striking feature 1is that the average earnings
of women does not show such a decline though the growth has
slowed down or become mildly negative. (Figure 5.3 depicts

this behaviour.)

5.1.4 Price of Children

Theoretically, the price of children is the shadow price of
a child. This involves an estimation of the real cost of the
goods and time input bundle used 1in bearing and rearing a
child. Since such a measure is difficult to compile, empiri-
cal studies use the female wage rate as a measure of the

price of children (see Section 4.1.3). Obtaining a long time
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series of female wége rate also poses problems. Female wage
‘data between 1956 and 1975 by selected office occupation of
five major cities--Halifax, Montreal, Toronto, Winnipeg, and
Vancouver-- are directly available from Historical Statis-

tics of Canada.’?®

Since the female labor force 1is heavily and increasingly
employed in clerical occupations [Phillips and Phillips,
1983:48-49], the average wage rate of female office clerks
and typists may be taken to represent the average female
wage rate. Of four occupational categories, office clerk
(junior and senior) and typist (junior and senior), the av-
erage weekly salaries of junior <clerks and junior typists
were almost the same in all the five cities. These salaries
also represented the median of the four groups. Therefore,
the average weekly salary of junior office clerks was taken
to represent average female wage rate. (The choice between
junior clerks and typists was arbitrary.) Furthermore, of
five cities, the Montreal salaries were mostly in the median
group, therefore Montreal was taken as the representative
city.”? Data after 1975 were taken from the Department of
Labor survey mentioned above. The survey was not published

in 1978; this missing value was interpolated. For 1985, the

78 The source of these data is Wage rates, Salaries and
Hours of Labor published annualy by the federal Depart-
ment of Labor.

7% Winnipeg and Halifax stand below the median while Toronto
and Vancouver above the median. This pattern, however,
seems to be changing in the 1980's.
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Canadian average was used. Data prior to 1956 are the
‘average weekly salaries of females in manufacturing indus-
tries published in Historical Statistics of Canada. Although
the amalgamation of female salaries of manufacturing with
that of junior office clerks may appear unusual, these two
serieskare not very different during the overlapping period.
Some of these averages for manufacturing industry and Mont-
real junior clerks are respectively: 1956 ($39, $38), 1958
($42, $43), and 1960 ($44, $43). The female wage series

thus constructed is graphed in Figure 5.3.
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5.1.5 Relative Income

The last series to construct is relative 1income. Relative
income refers more specifically to the current earnings of
young adults relative to their desired income or desired
standard of living.®° Since the desired standard of living,
hence the desired 1income, depends on one's own accustomed
way of living as well as the average standard of living of
other age groups or socioeconomic groups, construction of a
time series of relative income 1is severely handicapped by
data deficiencies. Furthermore, the income measures, in the
absence of full income, must not be endogenous to the family
decision variables, such as hours of work, family size, and

the number of family participants in the labor market.

For illustrative purpose it is possible to construct a
few measufes of relative income using Consumer Finance Sur-
vey data.®'! Annual income of male heads of families relative
to the income of heads of age group 45-54 (the highest fami-
ly income group) are given in Table 5.2.%82 This measure of

relative income shows a mild secular decline and a cyclical

80 Desired income here 1is not an unlimited guantity as one

might think. It 1is a historically and socially deter-
mined qQuantity.
81 Statistics Canada has conducted Consumer Finance Survey
at two to four year time intervals beginning in 1951 and
annually since 1971,

82 wachter [1977] 1introduced this measure. He uses family

' income as well as income of individual males. One diffi-
culty of constructing these measures is the change of age
grouping in certain years. We had to combine comparable
income groups to derive data since 1951 (see note under
Tables 5.2 and 5.3). :
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TABLE 5.2

Median income of male heads of families, by age group,
relative to age group 45-54 (%)

Year=* <24 25-34 35-44 45-54 55-64 265
1951 76.0 83.1 93.0 100 86.1 53.6
1954 78.1 86.4 90.1 100 93.3 56.4
1957 75.1 87.5 89.6 100 85.7 49.9
1959 74.9 89.2 96.5 100 91.1 50.1
1961 66.1 88.5 99.7 100 86.1 39.4
1965 65.2 91.1 99.6 100 79.7 39.4
1967 77.8 88.7 93.5 100 85.5 43.5
1969 73.0 88.6 94.7 100 85.5 41.4
1972 65.1 86.9 94.5 100 83.2 41,1
1974 66.5 84.7 94.2 100 85.2 41.9
1976 64.1 84.0 92.4 100 78.0 37.2
1978 63.8 82.1 92.4 100 81.0 38.7
1980 67.0 84.4 94.1 100 86.5 43.9
1985 56.5 80.4 94.6 100 86.8 -

* For years 1951-1959 family income is used.

Source: Based on Statistics Canada, Income Distri-
butions, Cat. 13-529, 13-521, 13-528, 13-534, 13-
544, and 13-207 various issues. :

movement.

The above measure of relative income 1is likely to be en-

dogenous due to the influence of hours of work and family

size on income. A fall in relative income may induce more

work, which in turn would affect relative income. This ef-

fect may be reduced if we consider the relative income of
young individual males. Table 5.3 shows the median income of
individual males in general (A), and those whose major
source of income is wages and salaries (B) relative to the

income of age group 35-44 (the highest individual income

group) . The secular decline in relative incomes 1is well
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pronounced in this table. To visualize the cyclical movement
the relative 1income of group A (age group 24 & wunder) is
graphed in Figure 5.4. It is interesting to see how both
fertility and relative income follow similar cyclical pat-
tern. Relative income shows a slight increase in mid 1970's,
but with more fluctuations, and fertility seems to be level-

ling off in this period.

TABLE 5.3

Median income of young individual males relative to age
group 35-44 (%)

A: Total Income* B: Wages & Salaries
Year <24 25-34 20-24 25-34
1951 44.8 90.4 - -
1954 47.5 96.8 - ~
1957 52.5 99.9 - -
1959 43,1 90.7 - -
1961 39.1 89.2 - 88.5
1965 31.0 89.8 - 89.4
1967 30.2 89.2 57.4 90.5
1969 22.7 93.6 49.5 88.9
1972 28.5 89.6 46.4 85.1
1974 31.2 95.0 48,2 83.7
1976 29.9 86.6 46.5 84.0
1978 28.9 82.3 46.5 84.4
1980 27.0 82.0 44.7 83.4
1982 26.9 84.2 42.6 80.1
1985 25.0 78.0 35.2 76.7

* After 1967 income data are for single, divorced and
separated males.
Source: See Table 5.2,
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Figure 5.4: TFR, and median income of young individual

males (24 and under) relative to age group
35-44

A problem with the above measures of relative income is
that lohg and unbroken time series are not available. Dif-
ferent proxies have been used for reltive income in time se-
ries exercises. One 1is Wachter's [1972] relative wage.
Wachter [1975] uses a simple moving average of the past ten
years of average real hourly wage rate of U.S manufacturing
production workers as a mesure of desired wage rate. Before
doing this, he multiplies the wage rate by the rate of em-
ployment (i.e. 1 - unemployment rate) to take account of the

possibility of having a job. The resulting wage rate is in-

terpreted as an expected wage rate.
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Wachter's relative wage rate, however, does not reflect
rfully the concept of relative income. It captures.the effect
of past standards of living, but not the contemporaneous ef-
fect of the socioeconomic environment in which young fami-
lies live. Our preliminary investigations showed that the
explanatory power of this relative wage is very low.®3 An-
other proxy suggested by Wachter [1977], which he uses to
analyse the labor force participation of women, 1is the pro-
portion of young adults aged 16-34 in the labor force. Given
other things the same, a larger supply of young adults in
the labor market would depress their wages relative to other
age groups, and therefore increase the labor force partici-
pation of women. When applied to fertility we would expect a
decline in fertility. However, if wage rates change for rea-
sons other than the proportion of young adults in the labor
force, the above proxy will not be appropriate as a measure

of relative income.

Because of these difficulties, we propose to measure rel-
ative income in a different way. Desired income of young

families at time t may be expressed as

y*(t) = y(t) + B(t), (5.1)

83 A regression of log of TFR on log of Wachter's relative
wage rate yielded (without a correction for autocorrela-
tion) a significant coefficient with expected sign, but
an adjusted R? of 0.07. The better fit of Wacher's model
is due mainly to the presence of 1lag fertility 1in his
eqguaton.
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where y* 1is desired income, y is full income, and B is
personal borrowing for consumption which includes housing as
well. If current full income is equal to desired income,
then B will be zero. This formulation is based on the obser-
vation that consumption indebtedness, on average, of young
families is much higher than that of older families. Accord-
ing to a recent Family Expenditure Survey [Statitics Canada,
19841, 80 percent of heads of families with no mortgage were
at least 45 years old, and 30 percent were aged at least 65.
On the other hand, only 38 percent of family heads with a
mortgage were older than 44, and only 3 percent were aged 65
or older. Other than mortgage there are borrowings for the

purchase of other consumer durables.
Dividing both sides of (5.1) by y*(t) we get:
y(t)/y*(t) + B(t)/y*(t) = 1. (5.2)

It follows from (5.2) that, if relative income, y(t)/y*(t),
of young adults is falling over time, their borrowings rela-
tive to desired income, B(t)/y*(t), must be rising. However,
given that lifetime net borrowings (borrowings-savings) have
to be zero, if not negative,®% young adults are constrained
to reduce total consumption, given lifetime full income. 1If
families aim at maintaining per capita consumption unaffect-

ed by the above constraint, they can reduce total consump-

84 In fact, with the decline of the extended family, saving
for old age security has become very important. Therefore
savings during working age may be viewed as a necessity
rather than a surplus.
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tion only by reducing family size. The other dimension of
this argument is that while families might try.to reduce to-
tal consumption by reducing family size, they may try to
earn additional 1income by sending other family members

(wives in particular) into the labor market.®5

Some families may avoid debt by economizing on per capita
consumption and restricting family size. This behaviour,
however, does not contradict the above argument since the
income constraint is operating in a similar way. These fami-
lies, instead of adjusting current income toward desired in-
come by borrowing, adjust desired income toward current in-

come by curtailing consumption.

If the above argument is accepted, then the relative in-

come measure may be written as,
y(£)/y*x(t) = y(t)/Iy(t)+B(t)]. (5.3)

Since full income 1is difficult to measure and measured in-
come is endogenous to hours of work, we wuse the following
procedure to estimate (5.3). Assuming that the major source
of income of young adults is labor income (i.e., 1ignoring
property income) we write the right hand side of (5.3), af-

ter dropping t, for the nation as a whole as

WH/[WH + B], (5.4)

85 Thus measured consumption divided by measured income (av-
erage propensity- to consume) may remain ‘constant over
time, whereas desired consumption relative to full income
may not.
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where W is the wage rate and H is either the actual or the
pdtential number of hours worked per year. If H is actual,
then WH is measured income; if H is potential, then WH is
full income. Since measuring potential H®® is difficult we

may write (5.4) with actual H as
w/[w+B/H] = W/[w+(B/X)(X/H)], (5.5)

where B/H is borrowing per hour worked and X is a population
measure. If we could find an appropriate population measure
such that X/H is a constant (a) then the endogenous part of

(5.5) will be eliminated. Thus (5.5) reduces to
RI = W/[W+aB/X], (5.6)

where RI stands for relative income. Annual data on actual H
for the total work force are available from the Labor Force
Survey since 1975, We find that the ratio of population
aged 15 and over to H 1is approximately constant (0.05) be-
tween 1975 and 1985. Assuming this constancy holds for the
three decades prior to 1975, we use a=0.05 and population

aged 15 and over as X in (5.6).

86 potental H may be estimated as a product of trend of av-
erage number of hours worked per week, trend of average
number of weeks worked per year, and peak to peak trend
of total employment. To be more appropriate, the average
hours and weeks must be for male full time workers and
total employment must be for young adult labor force.
This procedure was suggested by Professor Norman Cameron.
However, suitable data for our entire sampling period is
difficult to obtain.
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According to available data there are two components of
B: ~consumer and mortgage credit flows. Financial Flow Ac-
counts provide data on consumer credit flows after 1961. Al-
though this item is listed under the "persons and unincorpo-
rated business" sector, consumer credit is defined as
"credit extended to persons for the purchase of consumer du-
rables and other personal consumption.”" Data on consumer
credit outstanding prior to 1961 are available from Bank of
Canada Suppliments to Statistical Summary. Flow of credit
prior to 1961 was simply taken as the difference of out-
standing credit. Residential mortgage credit flows are
available as two components: mortgage credit for new resi-
dential construction and for exisiting residential property.
These data were obtained from the Bank of Canada Review, and
Canadian Housing Statistics, and Housing in Canada reports
published by Central (later Canada) Mortgage and Housing
Corporation (CMHC). Data for 1945 and 1946 were extrapolat-
ed. W in (5.6) is hourly wage rate of manufacturing industry
multiplied by employment rate (i.e., W is the expected wage

rate) .87

Relatve income measured by (5.6) is graphed 1in Figure
5.6. The unusual rise in relative income in 1982 (an unusual
year in many respects) 1is the result of a sharp decline in

consumer credit flow in that year. Considering this as an

87 Converting these data series to constant dollar terms is

not necessary since such a conversion cancel out in
(5.6).
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unimportant outlier a correction could have been introduced;

“however, we did not make such a correction.
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Figure 5.5: TFR, and relative income measured by (5.6)

5.2 STATISTICAL ANALYSIS
The variables used in this analysis will be symbolized as
follows. All the variables are in logarithmic form.®88

F: Total fertility rate

88 Logarithmic transformation is widely used in econometric
applications. This, in fact, has a number of advantages.
It reduces skewness, which is generally quite high in ec-
onomic data series. Further, most economic time series
are likely to have an increasing trend in both mean and
variance as in X(t) = T(t)z(t), where 2(t) 1is a station-
ary series and T(t) is the trend function. The log trans-
formation yields logX(t) = logT(t) + logz(t), which has a
trend in mean only. This can be modelled explicitly or
removed by differencing or by detrending.
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L: Labor force participation rate of married women
Wm: Male real wage rate (hourly) x employment rate
Wf: Female real wage rate (weekly) x employment rate

RI: Relative income as defined in equation (5.6).

The multiplicative factor, employment rate, 1is used fol-
lowing other studies [Butz and Ward, 1979; Wachter, 1975].
In short, fertility is expected to depend positively on
lagged fertility, negatively on LFPR of married women, posi-
tively on male wage rate (assuming the positive income ef-
fect outweighs the negative substitution effect), negatively
on female wage rate (assuming the negative substitution ef-
fect outweighs the positive income effect), and positively
on relative income. The LFPR of married women is expected to.
depend positively on lagged L, negatively on fertility, neg-
atively on male wage rate, positively on female wage rate,

and negatively on relative income.

Some commonly encountered single eqguation regression re-
sults related to fertility are reported in Table 5.4. The
upper portion of the table does not involve a correction for
autocorrelation, but conclusions drawn from this type of ex-
ercise are not rare. Butz and Ward [1979], for example, con-
clude from regressions with DW statistic ranging from .74 to
1.53, that a male income and female wage model can explain
both cyclical and secular movements of U.S. fertility. How-

ever, if they were to correct for autocorrelation they might

observe different results. For example, a cdorrection for
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TABLE 5.4

Some standard regression results

Dependent variable: F

Explana. Regression No.
Variable 1 2 3 4
Intercept 2.42 13.66 8.52 13.55
(2.99) (9.03) (98.03) (8.51)
wm -0.88 0.11 - 0.11
(-2.64) (0.44) - (0.44)
WE 0.82 -1.41 - -1.38
(1.57) (-3.29) - (-3.05)
RI - - 8.78 0.35
- - (7.76) (0.26)
Period 1934-85 1945-85 1945-85 1945-85
DF 48 38 39 37
R? .46 .84 .61 .84
Root MSE 0.225 0.136 0.212 0.137
DW .05 .15 .61 .15

After correcting for first order autocorr.

Intercept 8.13 10.56 8.09 10.37
(11.50) (10.86) (97.61) (9.59)
Wm -0.23 -0.22 - -0.25
(-1.51) (-1.29) - (-1.35)
WE -0.02 -0.59 - -0.54
(-0.11) (-2.18) - (-1.76)
RI - - 2.86 0.22
- - (3.14) (0.45)

DF 47 37 38 36

R? .15 .53 .21 .53
Root MSE 0.047 0.049 0.107 0.050

t-ratios are in parentheses.

first order autocorrelation changes our results quite sig-
nificantly (Table 5.4). Further, as may be seen in this ta-
ble the explanatory power of the male-female wage model is
lower when the sampling périod is lengthened to 1934 (re-

gression 1). In other words, when the sampling period is
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shortened (regression 2) to reduce the impact of the fertil-
ity cycle depicted in Figure 5.1 the male-female wage model
performs better as measured by RZ. As seen in the lower
portion of the table, the income effect is statistically in-
significant and not positive. Assessing the impact of the
sampling period on the relative income model (regression 3)
is not possible since data prior to 1945 are not available.
When the two models are combined (regression 4), the coeffi-
cients other than that of the intercept become insignifi-

cant.

There are a number of weaknesses in the above exercise.
As mentioned before the upper portion of Table 5.4 ignores
autocorrelation, hence is of doubtful validity. The lower
portion of the table is based on the assumption that the au-
tocorrelation is of first order. If it is of a different or-
der, then inferences based on the lower portion of the table
are also questionable. This analysis also ignores an impor-
tant interacting variable, LFP of married women. Further,
one has to be cautious when correlating variables with a
strong time trend. If the trend in the dependent variable is .
caused by the trend in the independent variable, then the
levels of variables may be used for analysis. However, since
we are not certain that we have not left out a variable
which may be the cause of a common trend, correlating levels

of variables may not be a profitable exercise. Some vari-

ables may develop built-in movements; LFP of married women,
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for example, may become independent of the initial push fac-
tors and may develop 1its own momentum, perhaps due to a
change in tastes. The analysis to be carried out next (VAR

analysis) is designed to overcome these difficulties.

5.2.1 Vector autoregression Analysis

We use the methodology of VAR modelling given in Chapter 3
(experiment 2) to construct a bivariate autoregression of F
and L with Wm, Wf, and RI as exogenous variables. It can be
seen from Figures 5.6-5.9 that the first differences of F
and L do not necessarily yield stationary series; therefore
the analysis was carried out using second differences of all

the series.?8®

Lags up to 10 were specified and the resulting AIC, SBC,
and PHI values froﬁ single equation specifications are given
in Tables 5.5 and 5.6. No lags were specified for exogenous
variables. Optimal 1lag specifications which emerged from

these two tables are given below.

F equation L eqguation
AIC SBC PHI AIC SBC PHI
Own lag 1 1 1 Own lag 1 1 1

Lag of L O 0 0 Lag of F 3 0 3

89 We analysed both first differenced and second differenced
series and found compatible results in most cases. How-
ever, there is a risk of misleading results by a mechani-
cal application of model selection criteria to nonsta-
tionary series [Hsiao, 1981].
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TABLE 5.5

Choice of own optimal lag by fitting one dimensional
autoregressions to F and L

F L
Own lag+ AIC SBC PHI AIC SBC PHI
0 -264.1 [-264.1 |-264.1 [-259.6 |-259.6 |-259.6
1 —272.6%|-269.2%|-271,4%[~265,9%|-264,.2%|-265,3*
2 -270.9 [-265.9 [-269.1 [-264.2 |-260.9 [-263.0
3 -269.8 |-263.2 |-267.4 {-264.1 |-259.1 |-262.3

+ Lags 4-10 are not reported for brevity.
* Minimum of 10 lags.

TABLE 5.6

Choice of cross lags given own lag=1 and other exogenous
variables in each equation

Lag of F equation L equation

F or L+ AlIC SBC PHI AIC SBC PHI
0 -269.5%[-261.2%|-266.5%|-267.2 |-258.9%|-264.2
1 -267.9 [-257.9 |-264.3 |-267.3 |-257.3 |-263.7
2 -266.1 [-254.4 |-261.9 |[-265.8 |-254.1 |-261.6
3 -264.4 [-251.1 }-259.6 [-269.9*%|-256.6 |-265.2%*
4 -263.7 |-248.7 |-258.3 |-267.9 |-253.0 [-262.6

+ Lags 5-10 are not reported for brevity.
* Minimum of 10 lags.

From these

optimal lags we

obtain two lag

(p*x's), i.e.,
F L L
1 O F 0
P*x1 = P*2 =
0 1] L 1

length matrices
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In addition to the above, we arbitrarily consider the
following set of P*'s to recognize the possibility that the
model selection criteria may have been too parsimonious in
the choice of cross lags in Table 5.6, since our sample size

is relatively small (41 years). These P*'s are:

P*3 P*4

P*5

P*6

Joint models corresponding to each of these P*'s were then
estimated by incorporating the following combinations of

exogenous variables:

Exogenous variables

Set Wm Wi RI
A X X -
B - - X
C - X X
D X X X
where (x) indicates the presence of the variable in the

specification and (-) 1indicates absence. Thus there are 24
joint specifications to consider. AIC, $BC, and PHI values
resulting from joint estimation of each of these 24 specifi-

cations are given in Table 5.7. The joint estimation was




dure described in Chapter 3.

Model selection criteria from 24 joint specifications

TABLE 5.7

carried out using the seemingly unrelated regression proce-

Lag matrix |Exo. set¥* AIC SBC PHI
P*1 A -546.13 -536.15 -542,55
B -544,98 -536.66%* -541.99
C -544,55 -534.57 -540.97
D ~-544.50 -532.86 -540.32
P*2 A -549.52 -534.55 -544.15
B -549,83%* ~-536.52+ -545,05%*
C -549,30 -534.,.33 -543.,93
D -548.89 -532.25 -542,92
P*3 A -544,72 -531.41 -539.95
B -543.60 -531.95 -539.42
C -543,66 -530.35 -538.88
D -543.15 -528.18 -537.78
P*4 A -546.33 -534,68 -542.15
B -545.56 -535.58 -541.98
C -545.06 -533.42 -540.89
D -544.75 -531.44 -539.97
P*5 A -544.63 -532.98 -540.45
B -543.05 -533.07 -539.47
C -543.25 -531.61 -539.08
D -543.00 -529.69 -538.23
P*6 A -541.50 -526.53 -536.13
B -539.57 -526.26 -534.80
C -539.88 -524.91 -534.51
D -539.94 -523.33 -534.00
** Exogenous variable set:
A: Wm, WE; B: RI; C: WEf, RI; D: Wm, WE, RI.

* Minimum criterion values
+ Second minimum of SBC

199
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The optimal choice of all three criteria (indicated by *
in Table 5.7) is the relative income model (set B). However,
AIC and PHI choose P*2 indicating a unidirectional G-causal-
ity from fertility to LFP of married women, while SBC choses
P*1 indicating no G-causality between the two variables.
(Note that the difference of SBC values of set B for P*1 and
P*2 are neglegible). This difference in the choice of P* by
the three criteria reflects SBC's tendency to choose parsi-
monious models. We observed from both first differenced and
second differenced series that the choice between the male-
female wage model (set A) and the relative income model (set
B) 1is rather a delicate one. For this reason we estimated
both models with both P*1 and P*2 for further examination.
Since one lag of second differenced series implies two lags
in levels, the joint models were estimated in levels by
specifying the lag orders corresponding to P*1 and P*2. One
lag of F from F equation was dropped due to insignificant
size of coefficients when both lags were present. The re-

sults are given in Table 5.8.

Keeping in mind the data deficiencies discussed 1in Sec-
tion 5.1, we can draw the following conclusions from this

analysis.

Fertility:

1. Elasticities of fertility (F) with respect to female

wage rate (price of children) and relative income are

statistically significant (using standard 1levels of




TABLE 5.8

‘Joint estimates for male-female wage and relative income
models with two causal specification bet. F and L

(1) No G-causality between F and L

Male-female wage model

Relative income model

Variable |Coeff. | S.E. |Pr>|t]| |Coeff. | S.E. |Pr>|t]|
F equation
Intercept| 12.953 1.348 .0001 8.456 0.203 .0001
F(t-1) 0.058 0.015 .0004 0.008 0.024 .7360
Wm 0.067 0.224 . 7645 - - -
wfy -1.342 0.381 .0012 - - -
RI - ~ - 8.779 1.096 .0001
L eguation
Intercept| -6.178 1.128 .0001 1.454 0.164 .0001
L(t-1) 0.084 0.051 .1086 0.235 0.115 .0485
L(t-2)| -0.076 0.039 .0570 0.119 0.092 .2039
Wm 0.024 0.180 .8956 - - -
1753 2.236 0.326 .0001 - - -
RI - - - -9.129 1.828 .0001
(2) Unidirectional G-causality from F to L
F eguation
Intercept| 13.042 1.348 .0001 8.143 0.215 .0001
F(t-1) 0.051 0.015 .0016 0.049 0.025 .0639
Wm 0.073 0.224 .7461 - - -
wf| -1.351 0.381 .0011 - - -
RI - - - 8.749 1.096 .0001
L equation
Intercept 4,696 0.845 .0001 2.492 0.044 .0001
L(t-1) 1.529 0.250 .0001 1.533 0.261 .0001
L(t-2)| -0.515 0.233 .0344} -0.662 0.260 .0160
F(t-1)| -0.484 0.079 .0001| -0.486 0.082 .0001
F(t-2) 0.182 0.077 .0245 0.225 0.086 .0131
F(t-3) 0.007 0.006 .2961 0.004 0.007 .5467
F(t-4)| -0.008 0.007 .2221| -0.010 0.008 .2089
F(t-5) 0.010 0.004 .0339 0.011 0.005 .0430
Wm 0.076 0.076 .3254 - - -
wf{ -0.594 0.227 .0137 - - -
RI - - - 0.646 0.371 .0914




202
significance such as 1, 5, and 10 percent) and have
expected signs. However, relative income elasticities
are much larger than female wage elasticities. That
is, a 1 percent increase in female wage rate leads to
a 1.3 percent decrease in fertility whereas a 1 per-
cent decrease in relative income leads to a 9 percent
decline in fertility (see Table 5.8 (1) and (2)).

The income effect, as measured by the male wage rate,
is positive as expected but statistically insignifi-
cant. This is a common finding of regression studies
of fertility. This indicates the difficulty of ex-
plaining the negative association between fertility
and family income by a male-female wage model as po-
sited by the Chicago-Columbia theory of fertility.
The strength of the relative income modelllies in its
focus on a wider range of effects, instead of a nar-
rower focus on the price of children, which counter-
acts the effect of rising incomes on fertility. This
can be expected theoretically [see Leibenstein, 1975]
even if one does not agree with our measure of rela-
tive income. This strength is further enhanced, in a
statistical sense, by 1its ability to capture all
these effects in a single variable. This is well re-
flected in the choice made by model selection cri-
teria in our exercise. While parsimony is an impor-
tant aspect of model selection criteria, they do not

necessirily choose parsimonious models if a less par-
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simonious model has greater predictive power. This
is evident from AIC's and PHI's choice of the rela-
tive income model of Table 5.8(2) despite the pres-
ence of more parameters.

Lag fertility, which takes account of the average
level of fertility of society 1in the Pennsylvania
model, appears to exert a significant positive influ-
ence on current fertility (except in the fifth column
of Table 5.8(1)). However, this effect is very small;

see the coefficients of F(t-1) of F equation.

LFP of married women

If it is assumed that there is no direct causal rela-
tionship between F and L (Table 5.8(1)), then female
wage rate and relative income elasticities have ex-
pected signs and are statistically significant. As
in the case of fertility, relative income elasticity
is much larger, in absolute value, than 1is female
wage elasticity. Male income elasticity has a postive
sign, but it is highly insignificant. Two lags of L
together exert a positive and significant influence
on current L indicating the built-in movements.

Unidirectional causality from F to L, detected by
model selection criteria (Table 5.8(2)), indicates
that current L depends on lagged fertility up to five
years. It is interesting that this coincides with the

pre-school age of children. The sum of these lagged
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fertility coefficients is approximately -0.3, which
indicates that a 1 percent decrease in fertility
leads to 0.3 percent increase in LFPR of married wo-
men.

6. Introduction of lagged F into L equation reversed the
signs of female wage rate and relative income, a re-
sult unacceptable theoretically, and has reduced the
absolute size of these elasticities quite signifi-
cantly. It is difficult to explain the incorrect sign
except by arguing that it may be a statistical arti-
fact. However, there is an explanation for the re-

duction of the size of the elasticies.

Unidirectional causality from F to L appears to
reflect short run behaviour. Regardless of the size
of the female wage rate or the level of relative in-
come, Many mothers may withdraw from the labor market
for about five years to raise children. 1In the long
run, we could expect these women to return to the la-
bor market.®® Thus in the long run there may not be a
causal relation between F and L. As a crude test of
this we estimated L equation wusing data five years
apart. (Such a test is <crude because there remain

only eight observations.) Then we introduced two lags

0 Female 1labor force participation by age has a saddle
shaped pattern, very high in young ages, low in child
bearing ages, and high in late ages. This saddle is, how-
ever, slowly disappearing [Phillips and Phillips,
1983:36-38].
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of F into L equation and obéerved that female wage
rate and relative income elasticities retain the ex-
pected signs and remain statistically significant.
Thus the models in Table 5.8(1) may be considered as

an approximation to long run behaviour.

Another interesting aspect to consider is that the
short run influence of F on L may be weakening over
time. The LFPR of mothers with pre-school age chil-
dren show a dramatic increase in recent years. For
example, LFPR of mothers with children aged 0-5 has
increased from 37 percent in 1978 to 52 percent in
1984.%' To shed more light on this, we divided our
sample period into two equal parts (1946-1965 and
1966 to 1985) and jointly estimated F and L equations

as specified in Table 5.8(2). From this exercise we

observed that for the period 1946-1965 the sum of the
coefficients of five F lags was approximately -0.3
while female wage and relative income elasticities

were insignificant and had incorrect (theoretically)

signs. For the period 1966-1985, the sum of the five

lag coefficients for the two models were -0.17 and

-0.10, a noticable reduction, in absolute value, from

the pre-1965 level. Further, the female wage and rel-

ative income elasticities had the expected signs, but

were still insignificant.

9! Statistics Canada, Family Characteristics and Labor Force

Activity: Annual averages 1977-1984, Cat. 71-533.




5 . 3 SUMMARY AND CONCLUSIONS
It is difficult to obtain or compile data of reasonable
length for time series analysis of fertility models. An at-
tempt was made to overcome these difficulties by using prox-
ies and the best possible estimates of relevant data series.
Annual data since 1945 were used for analysis. The fertility
measure is the total fertility rate. 1Income and price of
children variables of the Chicago-Columbia model were ap-
proximated, as 1is usually done, by male and female wage
rates. The male wage rate was proxied by the hourly wage
rate of construction workers. Relative income of the Penn-
sylvania model was estimated by incorporating borrowings for
consumption into wage income. This is a novel feature added

to this analysis.

Vector autoregression analysis was carried out using sec-
ond differences of logarithms of the data series. The total
fertility rate (F) and the labor force participation rate of
married women (L) were the endogenous variables whose mutual
causation was to be understood, while male and female wages
and relative 1income were the exogenous variables. After
choosing an optimal joint specification for F and L using
AIC, SBC, and PHI model selection criteria, the joint models

were reestimated using the levels of the variables.

The analysis revealed a number of interesting results
which are presented in the previous section. From these re-

sults the following conclusions emerge. In the short run
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there is a causal relation between fertility and labor force
participation of married women. This relation appears to be
unidirectional from F to L, and not from L to F. This short
run relationship is weakening over time. Therefore, a chang-
ing parameter model would be appropriate for short run spec-
ifications. 1In the long run, there appears to be no causal
relation between F and L. Although it is possible that de-
clining family size until the 1940's paved the way for wives
into the labor market, such a 1long lead lag relation seems
to have dissappeared after the 1940's. Thus the long run be-
haviour of F and L in the present era are likely to be gov-
erned by such factors as female wage rates and the relative
income. According to our model selection criteria, relative
income model explains the data better in terms of predictive
variance. The long run behaviour of F and L may be approxi-
mated, 1in the absence of a long series, by a joint model

similar to that of Table 5.8(1).




Chapter VI

SUMMARY AND CONCLUSIONS

Vector autoregression (VAR) analysis 1is an important addi-
tion to the tool kit of econometrics. Although in a typical
VAR model every variable is taken to be endogenous, depend-
ing on the type of application intended, a VAR model can be
spécified by including both endogenous and exogenous vari-
ables as in a dynamic simultaneous equation system. This
study demonstrates how VAR analysis could be used to formu-
late an encompassing framework for evaluating contradictory
causal implications of competing economic thories. The con-

cept of causality incorporated herein is that of Granger's.

One limitation of VAR modelling is the difficulty of
specifying lag orders of the variables entering a model.
Since economic theory is of little help in this respect, one
has to rely on statistical procedures to accomplish this
task. The practice of assuming a common lag order for all
the variables and determining this arbitrarily or through a
model selection criterion, though simple, does not yield
satisfactory results. By elaborating a procedure proposed
and applied by Hsiao, and by incorporating the features of

similar work of Abeysinghe, this study developes a procedure

for VAR specification which serves a dual purpose: specifi-
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cation of VAR models with variable lag lengths, and then to
test causal inferences of competing economic theories based

on this specification.

The specification procedure follows the three stages of
Box-Jenkins modelling, i.e, tentative specification, estima-
tion, and diagnostic checking. These three stges are not mu-

tually exclusive. The entire specification is carried out

using model selection criteria. At the tentative specifica-
tion stage, each equation of a VAR model is specified sepa-
rately by admitting variables to each equation sequentially.
The chosen lag orders are the ones which minimize a chosen
model selection criterion. The sequential order of the vari-
ables is determined on the basis of a "minimum of minima"
principle. Only ordinary least squares estimation is re-
guired at this stage. After identifying a set of lag length
matrices for the system as a whole, the system estimation
and diagnostic checking (final specification) are carried
out using seemingly unrelated regression procedures and sys-—

tem model selection criteria.

In order to aid the choice of a particular model selec-
tion criterion, an anlytical as well as an experimental
evaluation of a number of model selection criteria was car-
ried out.®? Based on these results, three model selection

criteria--AIC, SBC, and PHI--were chosen for model specifi-

2 A detailed 1listing of results and conclusions of these
exercises are presented in Chapter 3.
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cation. Use of these three criteria together aids diagnostic
checking and is likely to reduce the possibility of mislead-
ing results. So far as causal inferences (based on Gran-
ger's definition) are concerned, AIC appeares to perform
better. Thus Hsiao's choice of FPE criterion, which 1is
equivalent to AIC in large samples, can be maintained. How-

ever, AIC tends to profligate parameterization.

The above procedure is then used to test, using Canadian
data, two economic models of fertility, the Chicago-Columbia
model and the Pennsylvania model, both of which attempt to
explain the observed negative association between income and
fertility. The Chicago-Columbia model assumes invariant
tastes and explains falling fertility as the gesult of the
rising price of children. The price effect is mostly meas-
ured by the female wage rate and the income effect by the
male wage rate. The Pennsylvania model considers taste an
endogenous variable, and explains fertility movements by
relative incomes and society's average level of fertility.
Although the labor force paricipation (LFP) of married women
does not appear among these variables, empirical studies
abound which either take fertility as a determinant of LFP
of married women or LFP of married women as a determinant
cf fertility, 1in addition to the above variables specified

by the two models.

Statistical analysis carried out in Chapter 5 indicates

that the causal relationship between fertility and LFP of
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married women is unidirectional, from fertility to LFP of
‘married women. Further, this relationship appears to exist
primarily in the short run--i.e., the presence of pre-school
age children deter mothers from work temporarily--and is
weakening over time. In the long run, both fertility and LFP
of married women seem to be jointly determined by such
exogenous factors as the female wage rate and relative in-
come. However, joint specification of fertility and LFP of
married women by taking account of their 1lag structures is
likely to yield better results compared to single specifica-
tions. Optimal choice made by model selection criteria fa-
vors the relative income model, and relative income elastic-
ities are found to be much larger, 1in absolute value, than

the female wage elasticities.

There is further work to be done to improve the VAR spec-
ification procedure. If the lag order chosen by a model se-
lection criterion is five, then our procedure retains all
five lags, assuming that the influence of lags diminish as
lag order increases. However, it is possible that only the
fifth lag is relevant while the first four are irrelevant.
In our empirical exercise we used t-ratios to aid this deci-
sion. However, a better procedure should be developed for
determining the relevence of intermediate lags. Ungquestion-
‘ably, further research is required to compile better and

longer data series for more definitive empirical analysis.




Appendix A

BIAS-VARIANCE TRADE-OFF

Given a set of possible regressors the concern for choosing
a particular set (a parsimonious set) into the regression
arises out of the possible bias-variance trade-off. Since
these results are already well established a summary state-

ment will suffice here (see Hocking, 1976; Judge et.al.,

1980, ch. 11).

Consider the standard normal linear regression model
y=XB+e=X1B1 + X282 + e, (a.1)

where y is a (Nx1) vector of observations on the dependant
variable, X is a (Nxk) matrix of observations on k explana-
tory variables partitioned as X=(X;,X,) with ky;+ka=k, B is
(kx1) vector of parameters partitioned conformably as
B=(B1,B2)', and e is (Nx1) vector of normal random errors

with a zero mean vector and a covariance matrix oZ2I.

Let b=(b;,b2)' be the least squares (maximum likelihood)
estimate of B=(B8,,B82)' and 62 be the unbiased estimate of
0%. Further, let b; be the subset least squares estimate of

81 when X, is excluded from model (A.1) and let &2 be the

corresponding estimate of 02. Then we can derive,
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b = (by,by)' = (X'X) " 'X'y
X'Xy X1Xo | '|Xly
X3Xy X3X» X2y

02 = y'My/(N-k)

by = (XiX4) "1 (Xiy)

652 = y'Myy/(N-k,),

where M I-X(X'X) " 'X' and M; = I-X,(X!X,) 'X}.

I1f model (A.1) 1is true, it is well known that b and ¢2
are BLUE. Thus b N(B8,(X'X)"'02), and (N-k)62/0? is distrib-

uted as a central chi-square with N-k degrees of freedom.

As for the subset estimators we can show that B; 1is nor-

mally distributed with
E(b1) = 4 + ABz,
where A = (X}X,) 'X1X,, and

Var(b;) (XYX4) " '02, Further,

MSE(bB) (X'X41) " '02+AB,B8%A".

[l

The random variable (N-k;)&2/0? is distributed as a non-cen-

tral chi-square with

E(#2) = [02+4B5XM1X28,]1/(N-k).

Thus the following results can be established.




214
The subset estimator b, is biased unless 8,;=0 or X,
and X, are orthogonal.
The matrix Var(by)-var(b,) 1is positive semi-definite
whether or not 8,=0. That is, the LS estimate of B8,
when both X; and X; are included has precision less
than or equal to the LS estimate of B; when X, is ex-
cluded.
Whether the gain in precision is offset or not by the
bias, 1i.e. whether Var(b,)-MSE(B;) 1is negative or
positive definite, depends on whether the matrix

Var(b;)-B8,8% is negative or positive definite.

Unless B,=0 the subset estimator &2 is biased upward.




Appendix B

A SAMPLE OF SAS PROGRAMS USED IN SIMULATION

B.1‘ CREATING DATA SET

The following program generates normal random numbers with
zero mean and unit variance by <calling the subroutine

RANNOR. The variables X and Y are then generated according

to the parameter specification of the structure 2. The data
set is then retained for repeated use in experiments with

sample sizes 50 and 100.

;/ JOB ',,I1=40,T=50"

// EXEC SASV5,SIZE=3840K,0OPTIONS='S=80"

//OUT DD DSN=ABEYSIN.OUT. BASE,DISP=(NEW,CATLG),
// SPACE=(TRK, (50,5) ,RLSE),

/ VOL—SER—WORKO4 UNIT=DISK

DATA OUT.BASE;

SEED1=123247;SEED2=125549;

E=0;N=0;X=0;Y=0; /*INITIALIZATION*/

SUB1=0;

SUB2=0;

DO I=1 TO 10099;
YO=1;
X1=X;Y1=Y; /* LAGGED VARIABLES */
CALL RANNOR(SEED1,E):
CALL RANNOR(SEED2,N);
X = .5%X1 +E;
Y = ,1*X + ,5%¥Y1 + ,1*X1 + N;
Y2=LAG2(Y);Y¥3=LAG3(Y);Y4=LAG4(Y);Y5=LAG5(Y);Y6=LAG6(Y);
Y7=LAG7(Y);¥8=LAG8(Y);¥9=LAGI9(Y);Y10=LAG10(Y);
X2=LAG2(X) ;X3=LAG3(X);X4=LAG4(X) ; X5=LAG5(X) ; X6=LAG6(X);
X7=LAG7(X) ; X8=LAG8(X) ; X9=LAGI(X) ;X10= LAG10(x)
DROP SEED1 SEED2 E N;
IF MOD(I,50)=0 THEN SUB1=SUB1+1; /*REPLICATION FOR N=50 */
IF MOD(I,100)=0 THEN SUB2=SUB2+1; /*REPLICATION FOR N=100%/

- 215 -




IF 12100 THEN OUTPUT OUT.BASE;
END;

B.2 GENERATING FREQUENCY DISTRIBUTICNS

The following is a portion of the program used for generat-
ing freguency distributions of the chosen model selection
criteria under structure 2 with sample size 50. Procedure
RSQUARE plus a DATA step calculate the chosen model selec-
tion criteria. Procedures RANK and FREQ generate the fre-
quency distributions. Those frequencies under rank 1 corre-

spond to the minimum values of the model selection criteria.

// JOB
// EXEC SASV5,SIZE=1280K,OPTIONS='NOGRAPHICS NOSOURCE'
/OUT DD DSN= ABEYSIN.OUT. BASE,DISP=SHR

TITLE 'STRUCTURE 2 WITH N=50';
DATA BASE1;
SET OUT.BASE;
IF 1<5100;
PROC RSQUARE DATA=BASE1 NOINT Z=1.005 NOPRINT OUTEST=EST
SSE MSE CP SP JP AIC BIC SBC;
MODEL Y=Y1;
MODEL Y=Y1 X1/INCLUDE=2 STOP=3;
MODEL Y¥=Y1 X1 X2/INCLUDE=3 STOP=4;
MODEL Y=Y1 X1-X3/INCLUDE=4 STOP=5;
MODEL Y=Y1 X1-X4/INCLUDE=5 STOP=6;
MODEL Y=Y1 X1-X5/INCLUDE=6 STOP=7;
BY SUBT;
* ADDING HANNAN PHI AND PARZEN CAT;
DATA EST1;
SET EST;
BY SUBT1;
N=50;
DO J=1 TO 100;
IF SUB1=J+1 THEN DO;
PHI =N*LOG ( SSE_/N)+2* P_*LOG(LOG(N));
SUM+1/ MSE_;
CAT=SUM/N-1/ MSE_;
KEEP SUB _P_ _CP_ _SP_ _JP_ _AIC_
_BIC_ _SBC_ PHI CAT;
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END;
END;
PROC RANK DATA=EST1 OUT=RKND1;
VAR _CP_ _SP_ _JP_ _AIC_ _BIC_ _SBC_ PHI CAT;
BY SUB1;
PROC FREQ DATA=RKNDT;
TABLES _P_*(_CP_ _SP_ _JP_ _AIC_ _BIC_ _SBC_ PHI CAT)/
NOPERCENT NOROW NOCOL;
TITLE2 'AR Y1 REG X1-X5 MODELS';

B.3 SYSTEM ESTIMATION

The following piece of program may be used for system esti-
mation. It is written for the true model given in Section
3.5.4. It uses SAS procedure SYSLIN SUR to estimate the
full model using seemingly unrelated regression (SUR) proce-
dure. Then SIMLIN 1is used to generate the residuals form
SUR estimates and CORR is used to obtain sum of squares and
cross products (SSCP) matrix from residuals. A DATA step
plus the MTRIX procedure are used to calculate the covari-

ance matrix of residuals, AC, SBC, and PHI values.

SYSTEM ESTIMATION
SEEMINGLY UNRELATED REGRESSION PROCEDURE
AIC 5BC AND PHI FOR THE SYSTEM

TITLE 'AR SYSTEM ESTIMATION N=50';
DATA BASE3;

P 3 -

r
PROC SYSLIN SUR DATA=BASE3 NODFS OUTEST=EST1; /* NOPRINT */
X: MODEL X=X1-X2 Y1 2Z1/NOINT;
Y: MODEL Y=Y1-Y2 Z1-22/NOINT;
Z: MODEL 2=Z1-Z2/NOINT;
PROC PRINT DATA=EST1;
TITLE2 'LAG LENGTH MATRIX P*4 TRUE MODEL';
* ;
PROC SIMLIN EST=EST1 DATA=BASE3 TYPE='SUR' NORED;
ENDOGENOUS X Y Z;
EXOGENOUS X1-X2 Y1-Y2 21-22;
OUTPUT OUT=RES1 R=RX RY RZ;
*PROC PRINT DATA=RES1;
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* VAR X Y Z RX RY RZ;

PROC CORR DATA=RES1 PEARSON NOPRINT NOCORR
_ VARDEF=N SSCP OUT=SSCP1(TYPE=SSCP);
VAR RX RY RZ;

*PROC PRINT DATA=SSCP1;

* TITLE2 'SUR RESIDUAL SSCP MATRIX';

DATA SSCPA;
SET SSCP1;
IF _TYPE_='SSCP';
KEEP RX RY RZ;

*PROC PRINT DATA=SSCPA;

*  TITLE2 'SUR RESIDUAL SSCP MATRIX';

PROC MATRIX PRINT;
FETCH SSCP DATA=SSCPA;//* INPUT SSCPA TO MATRIX SSCP */
N=50; /* SAMPLE SIZE *
P=10; /* NUMBER OF AR PARAMETERS */
COV=SSCP#/N; /* ML ESTIMATE OF COV MATRIX */
D1=DET(COV); /* DETERMINANT */
AIC=N*LOG(D1)+2*P;
SBC=N*LOG(D1)+LOG(N)*P;
PHI=N*LOG(D1)+2*LOG(LOG(N) ) *P;

TITLE3 'SSCP COV DETERMINANT AIC SBC AND PHI';
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