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CHAPTER T

INTRODUCTION

Linear progra.nming methods are today an accepted and widely

used technique of analysis in the fiel-d of econonics. Generalization

of such methods towards v¡hat T, C. Kooprnans eallsrtActivity Analysisrf

has Ïed to the realization of the connections tha.t exist between 1in-
ear programnning and the rest of standard. economic theory. Another

generalization proceeded ùowards spatial models and yi-elded a series

of complex interregional sysLems capable of practical apptications to
quesLions referring to nult,iregional economies. These latter mod.els

derive dÍrectly as generalizations of a most abstract scheme developed

by T. c. Koopmans in trl] , ch. 3, *d Þ{ . The mathematics or [rr-]
is quite complicated r¡hil-e in [f{ roopmans makes an attennpt at bett,er

com,'nunicaLion with general economists. up to now, however, very few

at'tørnpts have been made at communica.tion as regards the complex inter-
'regionat systems developed out of Koopmansr general scheme, except in
lsard t9].

The aim in this thesis isthteefold: (a) to show how the conplex

interregional linear programm-ing models can be derived fron the simpler

linear programnring models and thus help in t-he und.erstand.ing of these more

comprex systems, (u) to bring out, in fhe course of this i.ntegrat,i.ç¡, the

economic interpretation of these morlels ancl relate them to stand.ard. notions



of economic theory, and (c) to stress the formal si:nilarity of these

models.by adopting a specific method of exposition that brings out that

simil-arity and substantiates the contention that Lhe abstract frame-

work of Koopmans forms their basis. This hel¡.rs those unacquainted with

the literature on interregional linear programming carry over their know-

Iedge of spaceless linear prograrnming anaJ-ysis in studying the lj-terature.

Interregional linear prograrûning considers the tra.nsportation

sector explicitly, as was to be expected. From various linear progran-

ming models on this subject I have chosen for consideration in this t,he-

sis a family of models that lend themselves to practical- ap.olication and

are at the same time quite general

ChapterII of this thesis contains a simple spacelsss linear pro-

gramning mod.eI, an elementary e:cposition of the econornlc interpretati-on

of the model and ifs method of solution which bring out the way in which

the probtem of econo¡nic choice is handled by the methoC. An attempt at

relating the results of the technique to economic equili-brium is also

made, and some differences from neo-classica'l- analysis are pointeC out.

The |tratson dreLrelr of this chapter is twofold: to provide a simple

basis for e:<position ar:d economic interpretation of linear programming

and to set out a simple model (l4oaet I) ufrieh constitutes Lhe basis of

a much more complicated model in Chapter V.

Chapterlllexamines the well known transportation problen in lin-

ear programming as well as a variation of it which yi-elds Lo generaliza-

tion towards the general model ef Chapter IV. T¡s dual to the transpor-

tation mociel is also exanined and the connection of the nodel to spatial
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equilibrium and óf the dual prices to equilibrium prices is examined.

Chapter IV proceeds to an account of the way in wfrich the sinple

transportation model can be generalized and culminates in ar¡ inter-

regional linear programming model by A. Hurf er [Z] ' ,;.,1,i;,,

chapLer vgeneralizes the simple nodel of chapùer Ilto another

interregional model by I'1. Harwitz tl]
Pinali¡', ChapterW is dèuoted to rrformal comparisonrr of the :, ,,

models in Chapter IV and V to one another and to other models by T'I. f satd i::':"r::':::

[9] , g. stevens þt] and L. I{oses tt6]. An evaluaLion and some conc-l-usions '' l'
;. : . '

end the C hapter

I have attempted in thj-s thesis to integraLe the relevant litera-

ture by bringing its similarities to the fore. In some ways this has

forced me to approach the node'ìl from a'novel ang1e, and in sonte places

I have run into unsettled qu*"iiorru. ltrhen I di'clrl attempted an explana-

tion but I did not always succeed.. I uould very much hesil,aLe to use the

word'ttoriginal,|toindica.tet}ieseefforts,sinceIbe1ievetIra'toriginaIity

constitutes much more than what I have done. In footnot'es, then, I have 
.r :,,:r.,:¡,.

indicated when a passage in this thesis is a product of my efforts to under- 
;,::t',,'.''
..:. ' '-

stand Lhe literature, by using the ruord trnovelfr - for lack of a more appro- '' : ' 'r. _.f:: r:

prJate one.

L:ì:::-.
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LT NE.AR PIì,OGRA]ü'{ II{G

The 6hapter will be clevoted to an elementary exposltion'

of the lechnique of linear prograniúng' As stated i-n the introduc-

tion, the general approach wj"Il- consist of an attenpL No inl,erpret

the rnathematical f eatures of fhis meLhod in econorn-ic terms.

Section 2,0 sets ouL the mathematical stru-cture of the

general lincar progrananing problern j-n a very elementary form. Pure

matherr'a.tical- questions connectecl with the method are not examj.ned,

Section 2,1 gives a general economic interpretation of the

U.nea,r programrning protrlem. This procedure helps, by bringing orrt

the general .features of Lhe mefhoa, .to deterrnine general situal,ions

urhere the method is apf¡]icable.

Section 2.2 is concernecl with a specific economic er,ample of

l,he mel,hod a.nd explains dua.Iify and efficiency in econorn-ic terms.

Finally, section 2.1 elaborates on some special.. characteris-

tics of -lincar programniing wiLh regard to emplo.vmenL of resources.

2.O TI1E }.{ATI#]'4ATICAT, STRI]CTURE OF LINEAR PROGR.¿\M'{ING

tain'i.ng

led the

Linear programming is basically a mathemaLical technique per-

to the maximiz-ation or m-inímization of a lj.near function (cal-

ttobjective functiontr) subject to a number of constraints in the
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form of linear inequalil,ies or equalil,ies. In lhj.s seclion I will only

staLe firc problern.in iLs ma.thenatical form and mentj.on some mathematica-l

guestions connectecl with it, LogeLhe:: wiùh references for tiose i.nterested

in pursuing l,hese matLers further. In factrthe rrraison d,r etrert of this

sectron is Lo provide a fra¡ner¡'o.rk for the general economic interpretal-ion

in 2.I.

2.0.0. l4axinrizati-on anil l{inimiz-ation: DuLLfnCCf

1

A basic mathematical- f eature of the L.P.r teclrnique is that

of rrclualiLyrr. This means Lhat to each ma:cimizabion problem there cor-

respond.s a minimizal,ion problem and vi.ce versa. The trno problerns are

usualJ-y call-ed rtdua^l- l-inear prograrrning probl.emsrr or rrcluaJ- linea.r pro-

gr:amsrr, Gr:neral. I¡r, the problem one sbarLs wiLh is call-ed the trprimalrr,

whether it is the naxinj-z,ation or the mininizal,ion proì:lem. The corres-

ponding problenn is then cal-Ied i.ts "dual-rr. In a.ny case, lhe terms 'tpri-

rnal'r ol'rrcl.ualrtshoukl not be specifica.ll-¡' ¿""o"iat'ed with maxini:¿ation or

mininiz.¿lLion: the primal proble.rn may be either a maximization or a minj--

mizaLion problem. The clual wiII fhen be the oþposite of Lhe primal.

I''t should perhaps be noted that t,he clual progrûns are connected

through their pararneters. The parameters of the primal enter the dual,

'bhough in a rearranged fo::m. This j.s macle clearer in the next two sub-

sections, ard bears an important economic inlerpre'bation as i^rj.l--l b'e seen

Iater3



2.0.1 . The I-rirnçr l-: i4athemalica.l Fornrul.a-Þ,ie!

Let f (x1¡ x2r ... h.) be a linear funcl,ion in n variablesr'

wìii ch i-s Lo be maximiz,ed.

^/\ì¡ (xr, ..i rn) can be writLen in any of the followrng alter-

natr.ve to"*":

+. l-- .. \ -f (xl ... *r) = pf a *Ortrt... Pn *r,

sl-- -,\-'Z1- (xI ... xrr/ = 1., Pi *i

f (n ... x ) : I-n ., - - - .'-l r-- ---/'I rr Lor, o, "' ooj L*rt 
*, "' *n_l

f (xr x-) - px

In (1d) p is a rot¡ vector and x a column vector.

Iire l.inear inequi.rl it,y constraints may similarly

arry c;f l;he followi.ng fortns:

â.,, x^ {- ...
L. ¿.

â^^ x^ + "..¿z¿
I
I

I
d ¡. 't' tto
m2 2.

f4 ìñ)

( ru)

T J.D/

f r .\

(ld)

be written in

' ,r'XSD-
ll-l

./Xn\ 2

xn\m

* a2n
(

,,(
¡nfl

;lll-l
b'l,l

Ibl_'l

^ -l T'lolr, I l^lla^ | l" | -¿n I | 2l \
ttla I lxlAN-J L ÎJ

.h -2

l(-r

or: 
[".,.'| -'-
I

| "rt
It^

Li*

.11 r ,\a 1
II. I

azr 
"l- *

(

I

ax+

(za)

/ rx\a,., \].K K

I*L?- "'

a
22

a. ^...n¿

(2"¡
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Ax ( 2d)

In (e¿), A is the matri:c (u'.) of (2c), x the column vector of

x1r s and b the column vector of b. I s.

An additionaÌ constraint present in linear prograrruning is

that variablës are not permitted to takå up negative values. This

is usually called the rrnon-negativi-Lyri condition, and is staLed as

foll-ows:

x.
]-

orxTro(¡a)
where x is the col-umn vector of xrr s and 0 is the nx1 null vector.

A typical maximiz,ation problem in Ð.p. is then,

ma¡clnize (f)

subject to

(2) ana (3)

orr in the matrÍx notation,

maxj,mj-ze^' \- (ra)r\ar *2 ..\, - PX

subject to Ax -( u (2d)

'and xÞo (¡¿)

2.O.2. The Dual: l{athematicaJ- }'ormulation

The dual corresponding to the problem in 2.0.I is a minimiza-

tion problem, stated as follows:

tfinimize

B (yr, y2, ... rm) = blrl {bzyziÉ ...+bmym (¿r)



Subject üo

"u- Yt i uer Yp- t ... + a*. ,^Vo,

Ð 17 | ô r' .!oIZ IL, 
^ZZ 

yZ I .., * ãr.,2 yn,)7 Þ
2

Iul_nÏl * n:2r, yZ * ... 4 n,_ yolz p,

v
Í.autvu)z ni (i=l-...n) (¡u)

[",-ltl
I url

llttlr. I

L"'l

and to the additional requirernent -that

vi
or

- r-- Inor e (li, ... ç) = 

=. 

Èi J,j (iurr)

ôr o (,, - \ - fT , *l r 
-f- \/r i3 \J1r ... J^) - Lbl, ur.... bm llV.,, f r... "-.] 

(¿")
' /È ¿ a nÌ.,

^ñ - l--or I (rr, ... yr) - br) (¿¿)

"--l"rùl
Ial

m./ |
"'-l

I

I

Ia. 
lmu

I *2L

) '*^^ '. .'- 1¿

["
| --l

l-t^
|'"1

( s")

oll

vl

p
^ f(^l

"l-r, *2r, '"

or /it-v \ ntv

v
n

( ¡o)

v) o ( 6¿)



ln (¡r¿) ¡ is 1,he colr.rmn vector of 'oi.ts, as in (ea). In

( i¿) Â i.s tlic mat¡:i;< of a. ,., as in (Z¿), p is bhe rovr vecLor of pir s,AK'

as in (f¿). The transpose of a vector or rnatrix is denoted by a

'prirne.

?-.O.3. Formal Relations -IJetr+een Dua.l Titnear Proqrams

The relatJ.cnship alleged in 2.0.0 between the primal ancl Lhe

dual problens now becomes apl:aren'b. Consider the two prcbler.rs in their

mosl cornpa.ct nol,a't,ion:

PRI}IAI, DUAL

l4aximize ÞX

SubjecL to Ax 4 b

ancl *\o

tv:ì hl ml t ô ñr ft

:

Subject to Aty \ pi

ñh^ \ arctltLl J - 
v

F'irst,, l,he par;uleters i.trvolved in the trvo pro'olems are 'bhe

q:mê

SeconC, the sym:iLefiry in the t,ranspos:ltion of par.lñeters frorì one
'.- ,t::._::

piroblern to the other is easily notj.ceable: (a) tfre veclor p of the objec- .,,,

tive function in the primal has been transposed and transferrecl to tlie ,' ,

' : _::.:.;.:,i::

right-hancl si-de of the consLraints in Lhe dual, (¡) the veclor b on l,he

right-hanC-siCe of the consl,raints in the primal has been lra.nsposed

and. Lransferred to lhe objectj.ve function in 1,he clual and- (c) the ma,t-\ '/ t 
t'.:"t t 

"-t:tri-x A in Lhe prirnal has been transposed in Lhe dual-, -r:r.r: "i':

Third, it should be noted that the nrlmÏ¡er of constrai.nbs in the

pri.rnal (inclutling bhe non-negal,ivity constrainLs) is the saríre as in tlre



'l^

dual, i.e. m+n. If the non-negativity conditions are not taken

into account, ít turns out that the number of variables Ín the pri-

mal (n) becomes the m¡nber of constraints in the dual, and the nun-

ber of constraints in ühe prÍmal (m) becomes the mu¡ber of variables

in the dual.

An importarit property of the d.ual linear programs is that

the rnaximr¡n value of f(x, .... *rr) is equal to the mi-nimum value of

e(fr, ... ¡ro,). AIso, if a soluüion to the ma¡cimum (or minimum) prob-

Ie,m exists, its d.ual also has a solution.3

These formal syntnetri-es should not, however, give the impres-

sion that one of the dual programs is redundanlwtrile it is true that

^ ¡ \ t r ,. y-), the variables x. and Y, bear dis-max I lrx1¡ '. \/ - mln I \l1r ,- um,, ---- r K

tinct econornic interpreùations and are b-oth useful i.n terms of understand-

'ing the basic notions in the theory of economic choice. This wilt be-

cone apparent in sections ,2,2 and 2.3 below.

2.L L.P" AND ECONOI4IC CHOICE: A GEXffi,AL IIJTffi,PRETATIOII

In (ec) of 2.0.1, each colur¡n of the rum matrix may be generally

ínterpr.eted to represent an economic tractivitytt. The notion need not be

restricted to any particular type of economic activity; it is quite general

and may be used to represent an activity in production, in consurnption, in

transportation etc. This explains the variety of uses of the linear program-

ming technique, from very specific and pra,ctical questi-ons to quite general

problems.



The (constant) nunbers in each column of the matrix usualì.y in-

dicate'what the respective activity needs to operate at a unit level;

this is not a general interpretaLion, howeven, since sometimes the

rrresultstr(as contrasted to the rrneedstr) of the actÍvity are recorded

in its column along urith its "need.srt. Differentiation between the two

is achieved througþ a sign convention (e.g. ninus signs for therrneedstt

and plus signs for the trresults'r).

A word about ühe term trunit level of activityrr used in the pre-

vious paragraph is in order: this is defined with reference to one of

the (possibly many) ttresultsrrof the aetivity by specifying arrunitrr of

it for the purpose, and then calculating what the activity Itneedstr to

produce this trunitn. Consider, for example, the activity. of produci.ng

seed oiI. Choose seed oil as the result of the activity in terms of

which the unit level of actj-vity is to be defined; choose an appropriate

unit for the result, e.g., torrs. Therrneedsrtof the activity (i.e., some

of the nurnbers, "ik it the relevant column of A uJ:il1 now be calculaLed

with reference to one ton of seed oil. Any other tiresults't of the activity

besides seed. oil will also be recorded along with the rrneedstr of the activity

(on1y with a dj-fferent sign).

Concentrating on therrneed.strof each activity and turning to (2a)

of 2.O.!, the meaning of tile left-hand sid.e of each inequal-i-ty becomes

clear: â,, is what must, be used of trsourcetrlby activity I in order
II

that the latter operate at its unit level. Taking xi as the 1evel of

operation of the particular acùivity i, it is caSily seen that af *f

represents the totalrrneedsrrof activity l for|tsourcerrI when the activity

u



l,)

is o¡-reraLed at the l-evel x1 . A sim.i.-ì-ar ini"er.oretation holrls for

avnan* +hab iL refers to act,ivi Ly 2. TLre left-hand side ofol.2 n2-' ç^uçÌJu u

the fírst equat,ion Lherefore represents lhe sum total- of rtneedsrt of

all activities fron rrsourcetr l, when they operate at l-evers x1(i=rr...n) 
,,.,,,,,,,-,,.,,,.,,,
: : t.__t-a_

respectively. This interpretation camies over to any re-lation of sys-

tem (2a).

To be sÌ.rre, unl-ess Lherfsources'l are defined Lo be I'primary 
,,,, ,,,,,,,,¡,

r.eqntlreênlt-i.".,non_produciblebyanyacti.vity,theaboveinl,erp::eta-,-

tion is troL so general . Suppose, for exa:nple, that rrsourcerr J is pro- ', , i,',

ducible by one or Ìrore ¿icl,i-vj.1,ies, say actj-vit,ies 2 and Ä.. Then, 
^32

and. a.., are unibrrresull,srr o-[ the relevant activiti-es ¿rnd the left-
)Lv

hanrì, side of equabion I of sysl,em (Za) of 2,0.f must, be. separated 
;

int,r^ror.lat.t,q:;¡^x+aX"whichisthetrconbrj.buLion|tofactivi. .".)?_ --z , *3h .'h:

ties 2 ancl l. to l,he availal¡i t-i-l,y of rrsottrcerr l; and the rest w}rich is :

'Llle s;um total of 'rnecds'r of all- aci,ivities fromrrsotlreettJ. Obviously

srnme kind of si,'n cnrrr¡r:rrl'.i orri s reouired tc disLinquish a and a,rurirç rl¡rr.i vr ,rr¿,¡r vvr -.. -3?_ 
3l+

frorn a.ft- obher a (ì{ - l - n. U / 2 U / f\.'l!ç \" - -r "o' 
¿Lt '\ / 4t 

r..:.....j...

The inter.preLal,j-on of 1,he right-han3. sitle of tÌre eqrrations of :',':i:-,':,.:',;

sysi;en(Za) of 2.0.I Ís, r:f course, the a.vaj-labili-ty limits of ttre ,'' ' , ,..^

||SourceSlr.Thus,b"istLreavaiIab1eamountofl|591¡¡ggll3(not1"aking

intc.account *t't.ç 
"-orl 

be contributed by activit,ies if 'rsourcerr J is re-

producible), and the same holds for every Un (k 
= l, ... rn). Feasibiì-ity : ..: l

i-.i:-- jji::-''

of whatever is pwsued is imposecl by the restriction that the sum total

of çierrneedsn of al-l activities from eachrrsourcerr shoul.cl noL exceed the

avail-ability J-i.mi ts of the "soltrce'r.
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Turning r,o the ob ject-ive funcl,i-on (t or 2.0,r) Lhe vector

D = I-n - n pl represcnbs the unìl; ssn¡rÍbution of eacflt L"l' Y7t 
nr

activity to a quantitatively expressible objective. For example:

p2 represenr,s the conLribut,ion of activity 2 to ilris airn, when the

activj-ty is operated a,t unit Level. The purpose¡ of course, is to

maxj¡-ize Lhe total contr.ibution of the acU-vities, subject to the

constraints of rrsou-rcett availability ancl to the additi.onal- constraint

t,hat ühe maximj-zing activit.v levels (x., ) musù not be negative.-t-

The non-Lriviality of ttris problem is assured when Lhree con-

ditions r"" 
"ãbi-=fied: 

(r) the avail.ability limits of at least rwo

sources are fini-te, (b) thc varicus acLivÍties compete between the:n-

serves for t,he use of linii-Led "so'rrces'r, md (c) no acLivity can be

judgecl oul,right as technically superior to aJ-]. others. An expl¿rnabion

fol-.'lorvs

First, suppose that the availabi]-ity -limits of al--l- rtsourcesrt

:re infinito ì -çr'r ç rlr¡J'r[uu, t.Q. s sources are avaif able in v¡hatever a¡nount needed.

s.ince the objective function is lj-near (i.".r, since t,he unit, contribu_

l,ion of each actj.vity to the aim remains constant, irrespect_ive of the

Ieve] of.=operation of the activity) the value of the funcbion varies

direcfry with the levels of activities. BuL since the ava.irabiJity

limits of all. sources are infinité, any anci all activil,ies ca_n be

operated at any rever. Hence, the varue of the objective funct,ion ca¡

l¡e macle as rarge as desiredf and ilrere is an infinit,e number of warrs

in whj-ch this can be clone (".g,, by using any one a.cLivity, provided j.ts

contribuLion to fhe airn is positive). In this case, the econoinic problem
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is trivial or, ra.ther, there exists no economic problem at alll

. As a second case, assume that the availability limits of all

trsourcesrtare infinite except one, say the fifth. fn the s¡'sfsr¡ (Za)

of 2.O.1 the only relevant constraint is then the.fifth inequality 
:

namely,

"5r *r , ^52 
*z* :.. * .5r, *r,

together, of course, w-ith the non-ìegativity conditions (3).

ThisprobIerniènotforma11ytrivial,butitisindeedvery

simple to solve. Consicler the ratios:

PtP4"p
-, 

ll ....... 3
€[-r a a)L 52 5n

Pi
The economic meaning of E:-. is that it is the rrreüurn'r of the ith i

")r_
activity per unit of the trsourcerr. used. It is the contribution of

the ith activity to the aim, per unit of thettsourcerrused by it.

Obvi.ous1y,theobjectivefunctionr^riIlbe¡naximized.bJ'usingthe

activity with the highest rrreturn per unit of sourcetr at the maximum ,

possible leve1.6

To illustrate case (b) tbotu, consider the problem:

I{aximiSeprx-+p x¡p,,x^ =f (x)I '2_ 2' -'J 
3

subject to



.1:, 1- _:.:__.--r-..:.....',.,.-.':--....:..r:-...-.::.---.'--¡;.;..-..;;.;.;..:i1..;¡
:

*l 'l

LL

U

n

ô

a)

t,2

^

^

n

a

*A2

f"rltl
l*^l| 'l<tt-_tx I

L3J

In thj.s exanple, the availability levels of "sourcesrr are

finite, but the activiLies do not compete for theír use. fn other

v,rorcls, v¡haL is neetled by one activit¡' is not needed by an;. oLher,

ancl this sir::ptifies the prc;blem irnmensery' Assuning that' all pts

are posiLive (i.e., tha;b a-Ll activities have something to contri-

buLe to the ainr) the sol.irl,ion of Lhe problenn is obvious: for acti.viLy

1, check Lhe rat,.ios bl. ancl b, and choose the smal.lerJ this will- be i
äÏr TÃ,

the l-evel- LhaL helps; ¡n¿r.y.im.i.ze f(x), subject to the consLraints sct b¡r

the avail.rbilj-tyJ-:i.mil;s b-, and br. The same procecl-ure is to be folloi^¡ed

for each activify.
,In tìiis last ea.se, the v¿rious activities do not conpebe for

the sa¡tê scarce "sources", nei.Lher does one 1:roduce sornething needed b¡'

another activity. l'lence, they are independenL in the sense lhat'the level

of operation of each cloes not auiend on the levels of others.B

To shol the necd for condition (c), consi-der the folloi'ring Lech-

nology:
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Source

Source

Result

Act.3

I
-5 1

,-l

Act. I

a-5
| -ro

L,

1

2

Acl... 2

_20

-3o

1

The result is the sa'ne in all activities (e.g. a certain connrodity).

Obviously, actiyity I is rrtechnical-ly'r superior to ùhe other two
(

since it requires less of both ttsourcestr to yield the same result.

Choice is restricted from the stant to activiLy 3.

To summarize the above, then, it can be said that the L.P. tech-

nique j-s suitable for tackling problems of choice betr¿'een interdependent

activities. Problems of choice with not obvioìrs solutions arise in cases

where there exist restrictions and where the eLements subject to choice

are interdepende*rb., and, of course', where there exists more than one way

of satisfying the exogenously given aiinl

It cannot be overstressed that a large category of allocation

problems in economics are essenüially problems of choice as described

above. Linear programming can thus be a very useful technique in tackling

these problems.

2.2 LïNEAR PROGRÆ44ING: AN ECONOÞ1IC EKÆ{PLE

In this section I shall make an attempt at presenting a simplified

economic problem in linear programming form and at explaining the mathema-

tical features of the problem in specific economic terms. Both the primal

and the dual problens will be examined.
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2.2.O Thc Prima1

Z.Z.O.O. The Setup anci the As:;rrnptions

Suppose a closed econoay with [he follovring characLeristics:

(i) Ttrere are turo ttresorlreesrr or trprimary fa,ctors of prodrrc-

tionrr . 'rResources" are defined to be cornnrociilies available in nature

and nob reproducibre by any activity, at l-east v¡ithj.n the time-span

considered in the problem.

(:,i) Tne technorogy available to this economy specifies three
rractir¡itiesrr of procuction. An rractivity' is here defined. as a conì-

bination of qual-itativel¡' defined comno.litj.es (in our case, resources)

in fixecl quantita.tive ra.tios, as inpu{,s, Lo procl,,ice rrflnaltr conunoc¡-ties

in fix<:d qr.remtitaLive r.atios to l,Ìre jnputs:. A ilfinaln cornmodiLy is one

not ava j-l-abl e in nal,ure brit, de s1red in itself ( pre:runably by consulners,

llut we shal-l be abstractin,g flronl the demancl side of Lhe nrol:t r¡n j-n l,his

examplc).

To clear the above clefinition of an activiLy, consicler Lhe fol-l-ov¡-

i n s ov¡m 'rl a.

Resource r [-rltl" 2 l-e I

Finalconmoctityl I t lt-lI'inal- cor.r,iodity Z LO.5J

This activi-ty uses a comì:ina.ticn of ! units of (qualite.tivei-y definecl,

Lhat is, hontogeneous) resot.trce I and 6 units of (also honro,geneo,-,r)to.u-

sotlrce 2 to prcduce l and 0.5 urrits of final coirinrocÌiLies I ¿rnd 2. From
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thc defjnition, the quantita.tive raLio of inputs (-5, or É) i" given/-o,
and constant. This obviously means lhat within this srrecifj.c activitl¡

there is no possibiì,ity of primary facfor substitution. In other words,

an activj-ty as defined. represenLs one poi nf on the procluction isoquant

of neo-cl-assical *"ono*i"".44

The requirement that the final comodities produced by the ac*

tivity bear constant quantj-tative ratios to i;he in¡uts is another way

of stating tlre assumption of constant returns to scale.

(:.i1.) Itrach of Lhe activir,ies given by the existing technolory

n.n (nnt-irr,i-^ into account, the resLrictions imposed by ühe linritedv<\¿rri rr¡uU or,\,UullU t IlC I-tj¡jt/I.-LUU_LOIIS _LIl

ava.ilabilily of Lhe resorrrces) be expanded or r,ed.uced to any level of

operation.

Th:Ls is Lhe assum¡.i;j.on of clivisj-biì if;r: i-t irnplíes that given

fhe actirrity 
I

-o

I

of the previcu

nl

pl-e, any level

aL

ôl

nôq

of it i-s po-"sible, 9.&.t

is possible, and so Ís

ù exam

-)
L

aI
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llhe resultanL vector ,shows the eomposite needs and productive re-

sults of activities I and 2 when they are operaLed at levels 2 and' 3

respectively.

(v) Ttre prices of the final- commodities are given and constant.

(vi) Intermediate comnrodities have been rrnetted. outrr (the rele-

vant technique is in 4.2, below).

(vii) The purpose is to mæcimjze the saJ-es receipts

2.2.O.L. The Data

(i) Tfre quantities

Resource 1

Resource 2

(ii) suppose that

Act. I

Resource I
Resource 2

Final Comm. I
Iu2

tru3

-10

-l+
I

o

0

of resources available are as fol-Iows:
f-l
160 I

l- | measured in appropriate unite
L18J

the technolory is as follows:

Acl".z Ael. 3

-2[ -2fl with resources
I measured in the

-6 -3 | saneunitsa.s
I above, and finalo o I :*::'i:'ä',i:ï

O t I nriateunits
II OJ

where each coÌumn represents one

(iii) The prices of final

final comn:odity I
llll2

''il3

activity.

commocliti es

I zl
l,t
Lrj

are

expressed in
per unit of
commoriity
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Sj,nce the a.im is Lo rna-rimi.ze salesi r:eceipts, the coinnloilibies

ca:r be l,aken oui, of the mal,rir by aclopt,ine as unit level for each

^^+i,,i+., l.t-^+ -r^duurvr,,.), rJ'r(1u rcvel- rvhicfr gives 1þl of revenìte. The acfi-vities, as

oir¡an i- /i; I -esult in ä2, 'å)+, a.n¿ l]}3 per unit of opera.lion, res-v LrL t('_t ,#4, e:Lv ty,) yvl rf¿rf (

nan*'i'¡alr¡ ni.'ision of the col-ulnns ty 2, 2, and 3 respectively,

cives r^rha.t we w:¿nt:

?t

-2

aì

-6

n

0

I

17

-t

-1.

0

I
I

16 7l
Ir.5 r- |.J

fr
I

Iz
I

rev ellr,r c)

lie can

ma1;rix

It can be easily verifieci thaL ea.ch activjLy ncw gives $1. of

v.rhen o¡..'eral,ed ¿il, thjsrrncrn"t uniL level- giver by l,he m¿.Lrix.

i.Ìrus dispose of t,he conunoCities ¿rnC r¡l.j-Le Lhe LechnoJ-ogj.cal

as fol-l.ows:11

Iiesource

Resourc e

2.2.0.2. Formulat,ion of the Problem: lloclel ï

Denoùe k;y x. t xnt x^ l,he activity levels ( jn cloll ar
L.)

thal, maxirnize folal- receir;ts: since at t,hc unit }evel each

contributes {Þl to revenue, rnre seel< 'bo maximj¿e

R = J-x1 {1x2 + lx"

On-the other hancl, when Lhe lctivit,ies are of.,er¿lted

xI, *2, t3, they absorb resoltrces. i''ie have:

arrl rroal

activity

a.L level-s
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toLal- arnount absorberi of resource 1 is 5xt- + 6*2. + T*a

and Lhe sailìe as above of resorlrce 2 is 2x, *a.,5*Z- + Ìx'

an,l these ¿lJnounts shor.lld not exceed the availabi.lity timits of re-

sources as give;r by ( L) oJ' 2.2.0.1, i.".,

5xr + 62 1 Tx.. --{. óo

2x, t 7.5x2* tx, ( re

As a last reqr:ir.enenb, negative l-eve1s of

Livifies have no economic meaning, i.e., we musl

\>o *z) o

êrrri..,.-Fi ¡2ô +h^ n1. ObleÌi" iS:v¡¡v'y¿-..";-

l,iaximizeR=2x,. = [i I I]
ir

o.oeration ofl the ac-

have

*2 o

m

t-'lNx II 2l
l".lt)ILJ

F'l
lra IL)

(r")

^

and to

'i7 o (i = 1,2,1) (1")

This can be seen bo be a stande¡:d linear programming problern, b¡r

comparison wiLh what has been saj-d i.n 2.0.1. AIso, coi,rpârison ivith the

exanrpJ-es set out jn secLion 2.I shows Lhat the Ìrrobl-em -ls neither tri=
vial nor ""u"¡-" to so]-ve, j-n Lhe sense Lhat (a) constraj.nfs exist (b)

act,ivities alîe j-r:terdepenclent in t,heir use of l-imitecl resources and,

sub.ject 1,o

Ii
I

1,2L-

-l71 1". II l-l¿rl lx lt.-| ,llxlI ?IL')
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the resL.

c.¡n l ,.o irld:prì nnf ni ohf âqv .J(r\.úvq v(rv¡J.Ijr¡u .rr t,aehni rìâl 'l v srrne¡fg¡ to all

2.2.O.1. Sla.ck Variab] es

It v-'oulcl be easier, for ôornpufaLionaf reasons, if the systetn

(2c) o.f the previcus section i^rere one of eouaLions ratlìer than inequah--

1,ies. This can eas:iJ.y be done by J-ntrocÌucing aclCitional variabl-es (calì.ed

'rslack" variables) to tfte inequalitjes, as follor^rs:

Ihe first inequal-iLy of (2c) is

5*l { 6x^{7x^¿)

Ì:y adcl.ing up a positive varj able x, to tlre lefi,-hancl sitie

5x-,{6x. 1'/x^#r*. =60r¿_31ç
r,¡e h¿'rve a,n eorta.-ì.r-ty. Tlle ecoriornic mean:in¿¡ ofì Lhe variabl" 

"), 
musi- L.e

obvj-ous; s-ince t,he sulr 5x., -l- 6*^ 4]* represenLs the tobal amount of-L Z 3
resoulice trsecl by LLle three acl,ivit"Les when they o1-iera.{:e at tire -levels

xl , x..:t-nd x^ r-espectivcly, the expression Ìx, represents t,he a¡roirnL of¿)t+
lhe res;ource left unused. The amount used and that lvhich remains iclle

musl (by the ciefj.nition of the unused amount) be equal lo the amou.nt

avail-able of the resource. The fect tha.L an addifional reslr,iction of

non-negal,ivity is imposed on x, (x, 2, O) eì'rsrlres that t,he original in-lç !',
equalify is satisfied r^¡hcn the coresponding equalil,y is, and vice versa.

'Io elaborate on this last point, suppose thal, x, were perrnj-tterl to
4

take negative values. TLre result would be thaL x, corrld artificial.Ly aug-
Ll

ment l,lie amount of the resource available, a.ncì the origi.nal inequaì-ì.ty
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constraint would not bear a o¡¡e-to-one conespondence r,,rith the de-

rived.equality constraint. For example, we could have x, : 100

x, = I0O j =.100 and *h= -I7lrO. This set of values would satisfy

the equality constrainL, but the values of x1r *2, *3 wou-l-d not satisfy

the original inequality, which is the original meaningful constrainL

imposed by the data. Introductíon of the slack variable x'r that isr

wÍthout the additional non-negativity restriction would change the

problem, which was not intended.lS

The same procedure can be fol-.lowed with regard to the second

inequality of 2c. ï'le the.ïl get,

5l1 + 6xr*7Y+tx'+. o*5 = óo

zxl t 1.5x21 r*3+ o*tr4 rx, = 19

Obviously, we must use a separate slack variable for the second

inequality, as there is no reason to inrpose the additional restriction

Èhat the amounts unused of each resource must be equaf.

The system of (ec) anA (3c) of 2.2.0.2 can then be written:

:l
r-

x.\ 0
+

!.5 I =[l
t_
x-

2

*3-

X
h

x
5-

( 2d)

(i 1, ...5) ( ¡¿)
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and -Lt musL bc lrorne in minrJ th¿tL t,Lris s.ysLe,'n is eqrii.val.ent to the

¡ /¡ \ /^ \slislrcn \?-c)r\)c) in t,he sense that a set of values of >1. t,hat satisfy
l-

/zr \ /^ \ , ' - /^,\ /^,\
\2c) t (3cl satisfy (2ct), (3ci) al-so, ¿rndì vice versa.. In economj.c Lcrrns,

the naLure of Lhe constrainfs is not af|ccted by t.Lre i-ntroductl-on of Lhe

/-\.14s]acK (or surplus/ varl-a[)Ies.'

The usual asSurnption about Lhe cor.l,ribrlfi6¡ of the slack ',iariables

Lo tlre objective funcl,ron of the probÌem is Lhat they do not conLribute

anyt,hing. 'ihe ob jective functron (Ic) is then wrilten

ft= [r r t o o] [. *r, *zr' *3, *tr, *]/ \ rdl

whicÌr is bhe same functÍon. i¡Je a.re thus assrrrecl tha.t Lhe systen (f¿),

(2.r1), (¡¿) is equiva..l-ent to 1,he origina.t (tc) , (2"), (3.),.

Âs sbated a.t the beginning of bhis section, the introcluction of

the sl-¡rcl:l v¿rri.ables vra.s neal'rt to si';n¡rlify the problen fron Lhe colnput,a-

t,i-onal po.inl, of view. For cei:tain cases of theoretj-cal analysis, horvever, i

sl-ack variables acquire a qui-te dÍfferenl, ancl imtrcrbant st.qndin¡1: il witl

be rccaJled that Ix, represents 1,he amount of res;ource I noi; used by any
4

a.ctivity. 'Ihe assumlrtion is 1,haL the exisl,ence of tilis unusecl amounl, does

not modifJ' the chjecLive function. This jrnpt.ies th¡t the a¡rount unused can

be cìisposeti of freely, l,hat j.s, without requiring inpul,s for its cli-sposal.

In anoLher, ìnore theorel,i.cal., proble:n it ,rigtrt be desirabLe to investi.qaLe

this si't,uation without maki-ng tire rrfrr;e disposafrr assumpLion. l"laturall.y,

in this ca.se il j.s Lhe system (1¿) (e¿) (¡¿) (v¡ith (la) mo¿.ifiect accorcti.ngly)

rr¡hiclL js bhe o::ig;inal probJ-ur.t5

2.,2.O.1+ I¡ealiÞle. Ija:;ig ]lea.sill e. a.n,,l Or,,Lj-murn Solul,iorrq

Our: ¿rim i-n t,he problern of Lhis secLi.on is to rnax:Lrr:ise the sales
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¿o

receipts subject to the constraints imposed by resource avaiJ-ability.

Attsolutiontris defined as a set of values of the variables of the prob-

1em, rr, x.r, xr, x,, x.. 8.9., arrsolutionrli.s x1 = 100 *z= o 3 = 0rzth)
x. = L+I+O x- = -I82. In this trsolutj-onrr, the objective funcLion takesh5
the value I0O. It uill be observed, however, ühat though t,his seü of

values of the varj-ables satisfies the constraints (Z¿), it violates the

non-negativity conditions on x, and. x-. Hence, the first distinction r^rith4,
reference to solutions:

A |tfeesibletr solution is a set of values of the variables ( a set

of activity levers) tnat satisfies the constraints (2d) and the non-

negativity conditions (3¿), if.such a solutior, "ri"t".16
The nr¡mber of unknowns is usually greater than the number of

equation constraints in a linear programming proble^j? tni, means

that, if there exists a solution, there r,rirl usually exist more than

one solutionsla to the system (2d). The same wiII usual-ly hold for

feasible sol-utions¡ if there exists one there will exist morc than one,

In the specific problem of this section, for example, one can

see that the sets of activity leve1s below constitute some of the feasible

solutÍons (Índeed, the nunber of feasible solutions is infinite).
Tabfe 1: Some Feasible Solutions of (eO)

Variable xr*z*3i*5 r (x)

Solutíon (a)
(u)
(")

(¿)
(u)
(r)

060
0t5
3._I 0

3
1 l+2

59
5A

o0
90

7.J 0
31T

21
3I

18
0
0

13.5
nÉ.

5.5

rì
o

102

I
o

f ,. ,\
\ conurnued/
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r(x)x^xx.xz3h5xIVariable

Solution (e)
(r')
(i)
( ¡)(r)

L5 3.5 10
07ro

37.5 9 t+.5
0310
0 18-60 8.000

n'(

The question funnediately arises, the¡r: how are we to proceed

in finding, a¡nong the infinite number of feasible solutions available,

one w?rich maxÍmizas ùhe objective function?

A nr¡mber of mathematicat theorems eliminate the difficulty.

These theorems assure us that i-n order to find an Itoptimumrt solution

(i.u., a feasible solution which maximizes the objective function) we

need only exarnine the rrbasic feasible solutionstr. Since the nr:rnber of

basic feasible solutions is finite, the difficulty is surpa"sedjg

A ttbasic feasible solutionrt is a feasible solution in which the

number of variables that can be different frorn zero is equal to the num-

ber of equationslo rt canbe seen that solutions (a), (¡), ("), (j), (k)

are basic feasible solutions, in Table 1.

An iterative procedure has been devised vuhich proceed.s fron one

basic feasible solution to another and, with the help of a choice cri-

üerion, deterrnines an optimum solution (it sfrould be borne in m-ind that

this optimum solution j s not necessarily unique; other basic - and non

basic - feasibte soluLions may be optimum solutions, too)tt Ttre method is

callecl the trsimpì-ex methodlr. In accordance with the aim pursued in this

thesis, I shal-l investigate only the economics of the simplex method in the

next secLion.

l+15
505

l+.5 o o
0100
0060

7
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2.2.0.5. Solution of the Problem: The Economics
of the Simplex l4efhod

From 2.2.1+., our problem was:

To maximize sales receipts
, : -1:_.

R = f(x) = xt,{xr#x, (1)É.t
subject to the constraints

5xl * 6*^ { 7*^ {- *, = 60 (z)
2" 3" b ,

zx¡4,.5x21 t3 # x, = tB (Ð : 
:

-.: -' 
--and xLt x2t *3, *,., *.

¿L+)

- From the discussion in ühe previous section we know that we need con-

sider only two activities at 4 time.

An.,obviouschoiceistoproducenothing31Thisu"iItmeanthat

the levels of activities L, 2e 32 (x1, x2, xr) are chosen to be zero.

On the other hand, the total amounts of 
"uuo-rr"ces 

available wiII re-

main id1e, i.eo the'leve1s of activities 4 and 5 !,ri11 be xU = 60

x_ = 18. Total sales recei-pts are seen to be z,ero, since keeping
5

resources idle does not contribute to sa-les receipts. This is solu- ,::.

tion (a) in Tabre r of 2.2.0.4.?' 
':

,.'.,,

Since we are to proceed iùeratively, we may find another (basic) ,',

feasible choice of activity IeveIs, compare the sales receipts in the

two choices and keep the choi-ce which yields the greater receipts. Ac-

tually, however, the method proceeds in a slightly di-fferent way, by 
".

using a mathematica^I crÍterion whj.ch has a direct and very il:nportant

interpretation for the theory of economi.c choice. I i^rill. proceed to

state this criterion by example.
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Let us isolate the activit'y with the highest unit contribu-

tion to sales receipts; since all activities have the same unit

contributi-on, we wiII examine them in Lurn.

Consider activity 1. Its resource requirements per unit are

! and 2 respectively and its unit contribution to reeei-pts is $l-. The

basic econornic question which arises is as follows: ïre can use 5 units

of resource I and 2 of resource 2 i-n two al-ternative ways; either oper-

ate activities 4 and J at the levels 5 and 2 respectively, or operate

activity 1 at the l-evel of unity. If we make the first choice, we have

recei-pts equal to zero. If, however, we choose to use these.a;nounts of

resources by operating activity I at the level of unity, we have receipts

of {þ1. By sti-cking to the first choice, that is, we actua}ly ]gg re-

ceipts that we could have had39

The sarne.procedure for activities 2-and 3 .shows that by using

each one of them at unit level we could increase our receipts by {þ1

respectively.

A little reflection shows that the question posed above lies

at the heart of the allocation problem in economÍcs. I will- elaborate

on this point in section 2.2.L.

Since there is no difference between the unit gains of activi-

ties 1, 2e 3t we can choose activity I to operate in the program. trtie

cou.l-d of course choose to operate activity 1 at a level that permits

both activities ln and J to operat,e at sone positive level (as in solu-

tion (i) of Tab1e I of 2.2.0.1). But this is to be avoided for two

reasons: firsf, we wi-II economj-ze in compuLation time by not consÍdering
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three-variable solutions (i."., non-basic feasible solutions) md,

second., it would pay fo operate activity I at the highest possible

level (since its unit contribution to the sales receipts is con-

stant):

To find the highest possible level at which activity l- can be

operated we proceed as follows: IâIe know that activity 1 operaLed a.t

unit, level is equivalent - in terms of resource use - to the sum of

activities /.¡ at leve] five and I at level two. Since we are to con-

sider two variable (i. e. basic feasible) soluti-ons only, v¡e seek to

find the levels of activity I that will make it impossible for activi-

ties 4 and. 5 to be operated at positive levels.

Nolrr in the first basic sol-ution the activity levels were as

follows: x = ó0, x- I 18. Since activity I at r¡rit level i.s equiva-
lL '.5

lent to x, : 5 and x, = 2, it is obvious that if we set >q = ! we
4)t,r

wilÌ have to have *5= O.*' Alsor if we set a - 12 we will have *4 = 0.

The choice is nov¡ beùween x1 : 9 and' x2 = Lz"'ealíttle refrection shows

26
that the least of the two is the maximum possible level of x1. 't'Je have

thus determined that *l = 9 must be substituted for x, in the next basie

solution. The second basic solution, that is, contains n, = p and x, to

be d.eùermined.

A look at the resource needs of activity I at the level 9 shovrs

that only 15 units of resource I are left. Hence x, = 1-5. Our second
4

basic feasibl-e solution is, then, solution (b) of Table 1r i.o.¡ xI = 9,

x, = ]-5t x = xô I x. I O. The total revenue from activity I will be
42t)

{þ9 an¿ that of activity 4 $0. Hence the value of f(x) wil-1. be !þ9.27

2n
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of activiLy Z.

I'Ie have, agai-n, two aJ-r,ernatives: either use 6 uni's of reso'i:ce
1 anclf.5 u':rts of ::esource z by oper-ating acti-vities I ancr r¡ at revers
0'75 a¡rcr ?,25 respectì-ve1;., or use Lhose same anounbs of..resor:rces by
opera'ting act:iv-lty 2 at,the l-evef of unity. The receipLs assocj.ated with
t'he fj-rst clioice are ifo.75 (since only activiby l contrib,tes.Lo re'enue),
wlrile th'se associat'ed with the seconrl choice are {}Ì. Between these two
al-ternative uses of the sa¡ne bund.re of resources, il, is the second r,,,{lich
contribur'es more to the given pui-p,ose (i."., Lo revenue m.axi_misa.tion). By
sticking to the fi-rst, Lhen, we lose #,0.75 _ {i;f : $e.25 per unit of non_
o;oeration of activiLy 2.

l3y the same reasoning we fincl that we can use Z units of resource
l- and l- unif of resource 2 in tr,¡o arternal,ive ways: ejLher by o¡rerati'g
acÙivities l- and 4 at the 1evels 0.5 and 4.J respective]_y (with to¡al re_
venue lio.5; or by opera,t.ing activil,y I at uni.f rever. r3y sticking to bhe

.ltl 
":,Al,i':,:,:::^¿:.:

The question i s rnhether t,his soruticn gives the maxim,,a re_
venue possible. To answer it, v¡e musL go rhrouqh ilre same procecrure
as wit,h the first basic feasible solution.

Let us sLa,rt with activit.ï xr: it, neecls ó and l_,5 units of
resorlrces l- and 2 respectively, ancr gives,iit or revenue (alr these, per
unit level of operation). The same totaJ- amount of resources is neecled
byactivitiesIanCj4iftheyareoperat,edat,1eve1s*].=O.75andx,

2.25. Tlris can be easily checkecl: 
tt'

r-1r5l ltl le Io.75 I l+ 2.25 1 l: I- I
IL'l 

r '-""'L,) - 
Lt rJ ' the'nit requirements
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first alternative, ì¡Ie lose $0.5 - {NI = S0.5 per unit of non-operaLion

of activi Ly 3.28

Finalty, the same procedu::e shows that we can use 0 units of

resource 1 and. one unit of resource two either by operating activities

I and /¡ at levels 0.5 and -2.J respectivel-y, or by operating activity

5 at unit level. This alternative, however, will have to be discarded,

since by sticking to the first alternative hIe eain $05 - $O = $0.5 per

unit of non-operation of activity 5.29

To summarize the discussionr ïIe have three alternatives:

(a) tceep operating activities l and /u at Ievels p and Il,

(b) substi-tute activity 2 in the program, to gain $0.2J of revenue

per unit of its operation¡ md

(c) substitute activitJr 3 in the program, to gain $0.5O of revenue

per unit.

Taken at face value (i.e. in terms of gains per unit of activiÙy)

it seems rogical to proceed to alternative (")1o Forrowing exactly the

salne procedure as when we moved from the first to the second basic sohr-

tion, we find thaü activity J will be operated at the level *, = t i
and activiüy 4 will be x. : 0. Activity t hrill be operated at level

ãl l+

å=?J. Thefullsolutionisrthenrxl=f1 x =Q x =3Lrj3233
*1, = O *1 = O solution (c) in Table 1. The tolal revenue associated

with this solution is {þ10 2.
3

To check whether this is an optirnal solution, we need only consi-

der activiiy 2 as an alternati.r"ie It is then founC that the alternative

is either activities I and 3 at levels O.J and O.! respectiveJ-y, or activit.y



2 at unil level-. Since both ¿ùLernâ.tives contribute the sarne re-

venue ({ll) we l-ose {ll - :l|l = ,$O ty non*oi)erîeting activiLy 2. Iìence,

r^.,c have aruive,L at an opLimum solution. That is, an¡'oLher feasible

set of activity levels will yíeld either .$ìtO 2 of revenue or less
-lt . -''
'- .'.'. .. - a'

7
The last sLa.fement of the preceding paragraph makes it cle¿r;'

t.h¡t, t.h¡r ont,ìmr¡m solution tirat we have founcl is nof; necessaril-y uni-v¡rv vr v+.¡¡

que. Indeed, in lhis probJ-em Lhere are more than one optimrrm solu- 
,,,,,.,,, ,,

fions.?ã This can be seen by the fact that the contributions to re' ' : :'

venue by the t'¡o al-ternatives above are equal . This siLuation means ' ,'' ,i.'

that activity 2 can be subsLituted at unit level (or at any other

possible level) for acl,ivib¡'I aL l-evel 0.5 and activity I at level

o.5, and total revenue wil.l. noL change. If, for example, we operate

x^att,hemax.intumpossib.]'eleveI(inruhicLrcaSeX2=O)we8u,L3lr2t
xr =l+ x,.,=62 xj:0 x, =Q x-:Oandtotalrevenue6f $I02. /r-¿3)453

Incleecl ib can be seen th¿Lt if we start from the optimum solu* 
:

1,ionx]:7f x-,=O t^'::JI x, lO x.=O anclproceedsubstitrrt*
-?¿334)

ing activiL:l 2 fo:r ac1,.ivil,ies l- and 3. 1n the ratio 1: 0.5, A.l, we 
.:t.:.:,:...;:...,1

sel an infinite nrrmber of opt-i-mum solrrtionsr, all- yietding the sane mar-i-- : ::':i-:: 
'-:

6vv q¡ vç ¡¡tl¡¡rvvr v¿ vl'v ¿ - ---' u ': .1 : :

mum revenue. This, o.f co,lrse, neecì not happen j.n al-I lj-near progrr,rnning ',,

n.r,nbl .ms: most. nr-bl crns h¿l.ve a unique opti,mum sol-ution. The specific 
:i ' " '

PI VvI çlll!). r¡¡vu v lJ¡

exarn¡:Ie hapi.:ens to have infinite-optimun solutions.

2,2..0.6 Grg:hical Soluli.on 
,:,:: :: : .::

_ ,,.,:.;1,,ì.,,..,-:.,.

The siniple protrleni t,ha.L we are urorking wibh aJ-lows a.graphical

solul,ion, too. The gra¡ihical approach Lo Lhe solution has its us<:[rtl-

ness, though it cannct be a substitute to the meLhod of section 2.2,O,5,
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since it brings out different aspects of the problen.

If we are to use two-dimensional diagrams we ïrill have to

measure resource quantities on the axes. Activities will then reP-

resent points in the positive quadrant, and all- their possible levels

of operation will be on straight lines passing ührough the origin.

Considerr for exarnple, act,ivity 1:

resource 2

resouree I

Eig. 2.I 
,

Point a on the line 0R, shours the resource quantities needed by the

activity at unit leve} of operation. Point b=(IO, 4) shows what, the

activity needs in order to operate at level 2. Obviously, 0b = 20a.

from the assunption of constant rel,urns to scâl e. Any point on @P,

between O a¡d a represents the activiüy at a level snall-er than unity.

It hrilt be clear that the needs of the activity at each level are rep-

resented by a unique point on @pl and vice versa.

In Fig. 2.2)I have graphed all- three activities: points &, b,

c, represent the activities l, 2, ) at, unit level. The quesüion a¡'ises

about the meaning of the poinfs on the line abc.

2'
)L+
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i{of e¡

of resources

nni naq Tl^o

resource 2

f n ct r,nl- r¡i-f h

+,haL ;¡iel-ds ,il

sane holds for

f ìr.rl nni nf : ne--nnpqanl-.q

^f nat¡onrra :f lha oir¡r.n

r^i-to h ¡nd ¡.
l-i\/J_¡¡ur

a comb,in¿.ti-on

final cotfiloditi¡

?r3

t6?
resou-rce L

I'.i9.2.2.

ÌJov¡ cons.icler ¡-:oir-rl, d. on ¿rL;. Il, c¿.n be easily provecl that (i) d::ep-

resenLs 1;ire l,oL¿r-L facLon euanLil.ies needed by activity P.l a1" Ieve.l-

ll
arrl-,J.us activil,y p, at, l-evel b (or, the qúantil,ies nu"i"¿ bl¡ Pt

li¡t. I r¡vol a' nlus those needecl b)' p- at level "t'): ¿ìnd (i-i) d rep-vv+gì/¿<vJ',.---.\_'_/

res(:'nts conl;ine.Lions of a,ctivities flta.t, qive a total of ..j|t in revenue.J)

The sa¡le liolrls for ever'¡, po.inL oñ abc. It is then seen tltet abc is an

iso-revenue curve, i."., it represents acLivjties or combinations of

act,j.vities that resulf in,i¡Ì o-[ revenue. NoLe that the general shape cf

thj-s line (ivhether it is a straj.qht or brolcen J-ine, whether j.Ls slope
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negative or positive or nixed) depends on the coÍmrodity prices

relation to the technolory.36

Now consider the line efg: it is parallel to abc and @ =

2ñ, fO = 2bO, gO = 2cO. [t can be easily seen that it is an j-so-

revenue curve for {Ë2. Obviously, a whole family of such iso-revenue

curves can be drawn, covering the area plO P3.

Let us üurn to the resource availabilities! resource 1 is

available at a maximum of 60 rrnits and. resource 2 at a naximum of

18 units. fhis can be represented as point b in Fig. 2.1.

Resource 2

Resource I

Eíg. 2.J

ObvÍouslyr ilI poiirt outside the rectangle ,'Oabc is infea-

sible; any point inside is feasible, though it does not employ the

resources tuttyr3T and any point on thl line ab (or bc)r €.8., point

g (point e) employs fuJ-l-y resource 2 (resource I). A1so, the only

point that employs both resources fully is point b=(60, 18).

In Fig. 2.1¡ I have put the two diagrams together. It will.

be remembered that the problem was to maximise revenue subject to the

consLraints of resource availability and the non-negativity conditi-ons

36

ls

t"n
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on the activity Ievels. Since we operate on the positi-ve quadra:rt,

non-negativity conditions are always satisfied; the other constraints

are embodied in the figure. Note, finalÌy, that the farther an iso-

revenue curve is from the origin, the more revenue it shows. ,r:,

consj-der the iso-revenue curve efg. since 
"g = !ao, efg shows

activity combinations yieldíng $5 of revenue. AII combinations on efþ

are feasible. Obviously, we can do better than that, as in hij; this shoi¿s $9,,,'
' :.

of revenue, and the part hiv is aLL feasible. fncid.entally, our second ba-

sj-c solution in 2.2,O,! is Point h.

Now consider pqr. It yields more than $IO 2, but it contains no
3

feasible point, Obviously, the line we seek is klnrn, whose only feasible

pointisI,withrevenue$lo3.1canbereachedbyoperatingactívity1
3

at level W (7 f) and activify 3 at level x (3 1). Both resources are fuì-ly
33

enployed.. (Indeed, I can be reached by a combination of activities I and

2 also, as well as by ccxnbinations of all activities, as e>cplained in
:2.2,0.5). s

In this secti-on, I have not exploited the particular advantages 
,,.,,,,

of the graphical approach. This wÍL1 be done in secti-on 2.1. 
,,-l

3B
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2.2.I Scoirorni.c rlffici ey:c.¡

2.2.L.0 Pffi.ci.enc.-,' ol' Li:esor:rce il.ll.oe¡¡Licn. airrl. Resor¡rce
Va.l.rrafi.on: li Prevj-er^r of' tirc l]rral

In checking lhe optimal-jty of the tìrj.rd bas;ic s.,ìution (x^
I

= 7 L x? = 3 I x" l t, = x. r O) of the previous subsection I as-,,i,'..,.'',,,,'.
3'3''4)

serLeC thal, we ciid not neeC to check the alternatives of operating

activities 4 an¿ 5.3É It, r^ritl, hor,rever, be insLructive for.quite

another purpose to examine these al-terna{,ives. ,'.'.,,. .

:

First, it is to be remembered l,hat rL = I (or x, = 1) mean 
,,,,.

th¿lt activity /¡ (or 5¡ is operatecl at unit level, that is, one unit . '::i

of resource r (or 2) remajns unenploycc.. rL follows Lhat in the t,hird

basic (and opfimal) so.l-rrt,ion we have full eniploym.nL)Y of both resoì)rces

(x = I = 0). ;l¡5
Le1, rrs now cher:k i,he al-ternatives of operating either activity

t+ or 5: I slarb rviLh ;ictirity r¡. 
i

, tt hrill be fourul't;ha1; activity { operated at, unit leve_l is

eqrrivalent - from {,he ¡;oint of view of resource use - to activibies I

anci 3 operaüed a1, Ievel-s -! and 2 respectiu"Iy.4O Vle have ¡::;;,..,:.,,9 E ,,,;,,;,,.;,a.,;;.

- J tl + 3 x" = x, (1) ,.:.:.' :gg)4'
The left-hand side combj-rraLion of activities yields - I (.¡f)n Z (gf)

99
= {i] of revenue, while the right:hand-side yieJ-cls zero revenue. I.lence,

.9
if rn¡e decicÌe to operate activity /¡ instead. of a.ctivities I ancl 3, we losg. 

t,r,.:,,..1,,,

{iI - lii;O ='llÀ p*" unitary operation of activit.y 4. Âl-ternatively, by non-
99

operabing activiLy {, r^re gain iirO - ;ir+ = $) -l by unitarJr non_opera.ti.on,
99



¿lo

As far as activíty J ís concerned,

equÍvalent to activities I and 3 operated

pecfively. ltle have

¿rI
we find that it, is

at levels -? and -l res-
99

The left-hand side yiefds $¿ or revenue. Hencer we rose {å3 per unitary
99

operation of activiüy 5, or we gain {l! by non-operation (per unit level).
9

The main question is about the economic meaning of the two num-

bers associated hrith the resources, nanery, {|J for resource t and. {l!
99

for resource 2. what does it nean to say that we lose $l by unit

operation of activi ry l+? rt w:iI1 be recal-red that ror-o3"r"tion of

activity { means furr employmenü of the resource, while operation of

activity l* at positi-ve level means unemploy:nent of resource l. Hence,

we can say that $f is what we lose in revenue if we employ J.9 units of
9

resource I instead of ó0 (recel-I that, in the optimal solution, resource

l- l.¡as fully employed). $]' that Ís, is the marginal contribution of re-
9

source I to revenue, and can be called the marginal- revenue productivity

of the resource. The same interpretation holds for resource 2.

Interestingl)¡r the ímplied analogy with standard. neocl-assical

allocation theory proceeds further: multiplication of the quantities

of factors employea (in ühe optimal sol-ution) by their marginal revenue

products (at the optimal solution) yields

60. f + 18.3 = ro-?
993

which is exactLy the maximum ft.r"nrru attainable.

l\-ð*3= *5



The two rrvaluesrr associated ürith the ürnn¡ resources are then

seen to impuLe the total revenue to them, in conforrnity with the s.ban-

dard neoclassical theory of dislribution.

2.2.I.I Efficiency: L.P. and Ngo-cl-assical Economics

I sha1l now make an attempt at explanati-on of the notion of

effici-ency, ard its relationship to resource valuation. ._;

The simplest notj-on of efficiency refers to cornniodity bun¿les:

given the technology and ttre quantiùies of resources available, a feas-

i.ble comrnodity bundle is efficient if there is no other feasible bunclle

with a greater quantity of at least one corlmodity and with ec¡ual quanti-

tÍes of the rest of the comr,odities. Consider the case of two conmodi-

ties. Given the technolory and the resources available a standa,rd produc-

tion possibility area may herp explain the notion of efficiency (Fig . 2.5).

According to our definition, bundle a is not efficient since there

exists¡' for example, a feasibre bundre b which has more of one com.-

modity (yr) and the same quantity of the other conr.riodity (rr). vie could

of course have picked point d or c for the comparison (indeedr ær poinL

in the area abc is superior to a).

Now let us examÍne point b. CIearIy, there is no oLher feasible

Fíg. 2.J

lEÈ. Lrf{fþ1ft

^î-**-*:-g:S
fi*.*r,+.irris
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bundìe w,ith more unj.l,s of one cornnodj.lry and at ì-easb equa.L quentity of

t.ìre other, Ilence, b is an efficient bundl-e. The sa-me rui.ll hold for ever¡'

poinl on Llr<r prorLucti on-possi h.iì ity [r'ont,ì er, ebdc:t.

The notion of an efficient f-)oj.nt is bhils seen to be a technical

conce;oL reJ-atJ.n¡1 to producbicn anrl al-locatj.on of resolìrces. It rloes not,

hnr.¡ar¡an rl r.'rr¡c ref er to full emplOynent Of all- reSOUrCeS, aS Lhe above

expxrple ma¡' inrply. This can be seen from the fol-Lo',"rj-ng r'lJ.near-proglran-

rni lrr,-tvi-lert of' exarillle: Let

rcpresent tlie activit¡r prodr:cing

us;e of llesollrces A, B, aj.Id

Iì

1t

lhe activity produci.ng YZ. Alsor lqt

il,.

rro 
l-' I

B l-3 Itt
","1 

t 
J

corriilodir-t)' y1 l.ly

t-tal

t-
I

t-

L

an.l,ities of resotrrces
t,?

ear progra.r,rming assrrm¡rtions.-'-

I rnsorrre.es. ure can construct

z

n
U

r --l
A l-250 Itl
B | -f2O I r'epreserit thc qu

LJ

availa.ble and, f:lnally, m¿r]çe the usual- lin

Gj.ven this technology ancl Lhe ouanLiLies o

the l.rrochrcti-on-possibil.it,y area as fol-l-ows

Full emplo¡':nent of factor A in l,he

?-1
1?.51

1.,,1
I

'J

procluc Lion of y1 (notwil-hsta:r cli ng



the linrits imposed. by factor B) gives a maximum of 50 r¡:rits of

)r . Full employrnent in the productÍon of y^ gives 20 r:nits of
tz

y . Because of non-substitutability of resources and constant
2

returns to scale, the rnarginal rate of transfonnation of Jr, to

y_ is a constant. Hence the production-possibility frontier for-2

resource A is a straight line joining the two e>rtreme combina-

tions. The same reasoning applies for resource B. The combina-

tions are shown in Fig. 2.6 below.

Reso,rçce Þ

(adq

(geeqçce A

Obviously, the set of feasible bundles from the point of

vj-ew of both resources is the area Oacd. Moreov€rr on alI burdles

lying within (not on the North-east boundar.y of) ttre area Oacd need.,

for their production, fewer units of both resources than are avail-ab1e.

Finalty, all bundles lying on the segment ac (except bundle c) em-

ploy resource A fully, but not resource B. The reverse holds for

bundles on the segnent dc (except, bundle c). To witr only bundle
l+Ì*

c needs, for its production, to fuIly ønploy both resources. By

our definition, hovrever, bundle c is not the only efficient poinb:

: a.a- ::.. l'a l ::. -'.":,
: : -.'- -_..':-'-:-i, -.-'--,: 

.--: .::1.r.....,.--:,:.;¡.ri-- :j- :;, : ::' .:.

.1.

l+3

j:--1.,......::1

Jz

(;rol 6ol
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the locus of (the infinite nuinber of) efficient points is üho fron-

tier acd. It is thus seen that the notions of efficiency of resource

use and that of full emplo¡rment of resources are not necessarily

equivalent.À5 fü is true, f,o*"t"r, that an efficíent bundle wiII em-

ploy at least one resource fully./'

Obviously, the notion of efficient commodity bundles (or

equivalently, of efficient use of scarce resoìrrces) seems to be a

technical one, disengaged frorn such economic considerations as dernand,

price. and prb.fit. Tnis is f,orrrially tme, as c¿n be seen from the rele-

,vaùt clafinition.

!tre can, however, define an efficient commodity bundle 1n rela-

tion to a set of prices for the comnnodities consj-d.ered. Such a br.indl-e

will have to be, so to speakr 'rrdoublyrr efficient, i.e., it hrill- have

to satisfy two requirements: firsi, it, wilL- have to be an efficient

bundle in ühe sense defined above and, second, it Ïril-L have to be ef-

fieient from the 'econo¡nÍc point .6f view. fn other words, it wil-l- have

to satisfy some kind of ','(usualty) a monetary objective, besides being

technically ef ficient.

In still other word.s, the notion of, efficient conmodity bundles

(or, what is the same thing, the notion of efficient resource utiliza-

tion) is closely rel-ated to the notion of the production funclion in stan-

dard econo¡nic.theo ry.lrT Both notions represent sets of e-ffic j.e.nt choi.ces

available to an econornic agent or agents (or, for that matter, to a plannì-ng

authority). An efficient bundle rellative to a set of prices, on the oLher

hand, is an elernent of thj-s set of choices that satisfÍes an acldit,j-onal re-
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optimal choice appropriate

found by calculus methods.
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economíc theory such a bundle represents an

to the given set of prices, and is usual-ly

Consid.err for example, the case (¡'ig. z.Z)

where ef is the production possibility frontier of Fig. 2.5 and U

is a horizontal section (isoquant) of the societyt s assumed. utility
surface. Point d is seen to satisfy two requirements: it is tech-

nicalty effiôient (as it lies on ef) and it maximises a utitity in-

dex. Point d can then be caf-led efficient in relati-on to the seL of

prices given by the slppe of the lin" gh.48 No other efficient point

Ís seen to satisfy this second requirement., And another set of prices

(as implied in another utility surfaèe) will produce another trefficient'l

point in this t'doublett sense.

Sinilarly, in the linear programming example, consider first
the following set of constant prices' p1 5 V, = l+. The total re-

venue functio¡ then becomes R =-pl II t V2 y2 = 5yI¡ hyz. The total-

revenue surface lies in the space of three dimensions, and is a plane
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through the origin (due to the assr:r¡iption of constant prices). To

find the efficient bundle rerative to the given set of prices assume

that the aim is revenue maximisation. Take horizontaf- sections of

the revenue surface (iso-revenue lines) , þo get Fig. 2.8

line

Fig. 2.8

wtrere acd is the production-possibility frontier of Fig.2i.6. rt turns

out that bundre d .(0d units o¡ rl and zero units or yz) is the effic-
ient one, given this set of pri"es.49 At another set of prices¡ sax

pl = 2.5 pZ = 4, bundle c turns out to be efficient instead.

rt vdrt have become .apparent, in the above dj-scussion that

the simple linear programmÍng exannple of this.section and the slightly

more complicated one that we have posed and solved in section 2.2.0 are

formally equivalent. It is thus seen that linear programming is desigrred

to solve specifically the probtem of fínding, arnong a nr¡nber of efficient'

points, one that maxirnizes a given li-near functíon for a given set of
. 5a)prl-ces. --

In this sense, the teehnique is completely equivalent to the sian-
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dard ca.l-culrrs tecÌtniques oll cconornic thoory (thouqh, rnhen i.t cones

to specif'j-caf,ion ofl funcb j-ons ancl fornulalion of colrstrai-nt,s, L.p.

tur"ns out to be a. riiucl-r more generar and deeper Lool for econorn-ic

analysis. Álsor the resrrL.l,s of the tv.ro analyses might clif.r"er con- ,'.,,,
. 5l

siilerabl;'.)'* JusL a.s slandard rrconLinousrr eccriomic anar-..¡s.ls cle-

ni ¡'f o an'.-i 'ì i h-'ì 'Irru LJÞ r.'9u-Lrr-urrLrm poi-nts by solving problerris of extrenra of f,rncfionsr 52

'L-P- dnr'* nraci ".elr¡ t,ha sarno t.Ìrin.-. in n saf.rrn ofl dì f'f'orent, .ìr.ìeci-fica- .. . .<.4 . qvvLi y¡ vv-LvvrJ u¡¡ç Ðq¡ttv VLtLtL.-.\, _Ll¿ A ùUUttIJ 9¡ u¿.rJ LI r/rru Jrlrg' 
...;

tions. This is so¡netirnes suìrressed b¡, the fact fhat 1..P. (ancl, i-n
,.t.- i

its iuo:"c geñêri'l- fornir:Ia.ti-on, activil,¡' anal-ysis) is .e r,iore gcneral

nethocì of analysj-s, corç]ete1;, free o.fl i,he instit,ufi.onal specj.fica-.

1,ioirs Lha.t abound in standard ncoclassj-car economi.c ilreoi:y. As a

resuJ.t, ib mey lool< as j-f il, bears no rel-a.tionship 1,o standarLl neo* l

cl¿rsr:i.ca-l- econc¡;nics. Ilut vrtri,Le it is tt'ro ¡hal, L.P. is more general
.i

e.nd c¿ut be used -i n varicrts .Ltrsl;j-triLj.orr¿ll sel;ups (l'or e;',atlple -i.¡ a

centr.';,].1;. ¡:lannecl cconou:y), i.t, is al.so true tfrat'it,s; cal,eAor.ì_cs can

be ¡i;iven jn:;titu{,ion¿rl l:¡;ccì-fica'bions thel, bring :Lb qu:ite close to
q2

fì'¡'n"r'fc¡i"1 .'^^,;trpetitjve and welfare model of neoclassicaf econolnics.''' :.:i...vvrrr¡!,vv¿vr_vv (¿L¡u vr( tU(rUIei)i:-iIL;cLL tjL;(JI 
....._.::

'ff.-. ^.i-,--¡.. ^--^-,---r ^ -¡ ¿r.. r - - ^-r-:-ulcr sr-tì1p-Le exain¡-'fs of tir-is section isi a, cÐ.se in poinb: a nunber of :

assruptions ¿nd s;lecif i.cat-i.c;rs can furn it, -i.nlo the stariclarcl profit-

mÐcimi.s.1.f-i-on problern of the perfectly competitive firrr -in the short r,'.,n.54

2.2.I.2 Ulltcient_QÌ¡qiqqs and Shador.r (DuaI) Prices

It will be cl-e¿rr froin the above cliscussi-on that tlic optima.L

:iolu1;ionx1 =7L x2 = 3I x)=x, - x. l0 Lc l,he 1.l:rob.lem of Z.Zr 
3 J '3 ¿ 4 5

j-s an efficieni, bundle a1, l,he given set of corrnodi-L;' pr:i_ces. The naxi-

mtull revenue a.ssoci.aLed viith this br:ndle is qijtO:. The values ¿rssoci-al,ed
3



t.Q+-,

with the two scarce resources urere 1 and ! respectively, and were
99

seen to e-ll.ocate the ma¡cimum total- revenue attainaþ1e (at the given

prices) to the scarce resources. These resource values arä in ef-

fect the solution of the dual problem, and are usually call ed rrshad.owtr

or "accountingrt prices. They can be used. as guides for the efficient

a-Llocation of resources, in the sense that actual prices cannot exceed

the shadow prices, if the (an¿itional) units of the resources are to
<Ã

be enployed..t'

2.2.2 The Dual

2.2.2.1 A Graphical Solution

fhe problem of 2.2"0.

T,o rec

(ra¡

( ru¡

(r")

(2")

( z¡)

-tl,\)

ï now pr:oceed to formulate the dual to

apitulate, the 'prinal problsr was:

maxjmize f(x) = ftr,I, Ð f"r-, k
I

subject to

f5 6 71 ["] - l-¿olI I t+.t4t I

andxiV o i=1r.,3
Formally, then, the ¿uaI is56

minimize e(u) = feo, ra] fur, ";'
subJect to

l- 5 21 Þ,1 ['lt tt*t>t Il6 1-51 1", l-ltlI I L-J I Ir 'J L'J
and u) o i=1, 2. (2")



To see the eccnoinic nea.nì,ng

easier. r"o ¡¡riLe it in 1,he Jlorrn:

'-..r-^ ^/.,\ - /-n ,.lll-l-nl.nl-Lze g\ tl/ = ou ul +

subjecl, to
5 u.* 2t.,

l- '-

ó u.. + l.J u.7)- ¿.

17 ., r ì ,, (-
l rìr r rl^ //rL,

\--^*1, 'z ( "

l19

nl'thiq q¡¡.f om i l- ¡n,¡rr Ìra

I
( 2")'l a) ---L() U.

i
I

Ir
-L'

l

(eu)'

(e"),

Since thc lrhysical quantitj.es 60 and l8 are nultipJ.ied anrl

adde.l j.n1,o one honogeneous su;Tr, u, and u, have Lo be soine kinrl of

prices f-or bhe resources. 1{hat is sougìrt is a set of prices ul,

u^ l;hat r,;i.Il minir,rj-ze 1,irc lot¿rl value of ::esources g(u).

fn lhe firsf 5ncqua.Iì'Ly of (Z¡)' the -teft-hand si,le s'm is

oÌ.)vi-()ìrirly the cc¡sj:, oll ¿lc Liv.i 1,¡r I aL unit, leve-l- o f' cper.:rtion, rnrhile

fhe ri.glit-ha.ntl sj.de.is l,he revenrìe of {;he a.cLj.v-it;r ¿rb unit levo},

øi Virrr 1.1.,r r;r.'ì ens ^1' I l'., ,.',{- . .:r{ n Th¿¡ i nonrral i'l-..¡ g¡j-ir1r]-aLeS 1,hA.t,jí.:_vf-.lf rj,;¡r: lri t\,çú uJ. !,rL-\¡i¡rj,5E. rrl9 l.rrç:-jL4a.Ll.u.) ÐvJ-ptaJ-t_1 vço vLtta.

act,ivi.t,y f. i.s nol, ¡ierrn.ì-LLeil l,r¡ creale an;y orofit. The sa.¡re inter-

¡ireLa{,ion hrl-ds for Lhc o1,h<;r Lwc inequalibies of (Z¡)t.

As for (2")', Lhe resource prices are not perirrit,ted to be

ne.'rl..i rrá Tlri e i c irrqt-'i Îi r'd hr¡ tì.^ ^^^"'--+ ì,.* ^ f fr.o'â di qnnq:¡l¡¡9¿;uui- v\r. It¡.1.Ð ¿i) JUÞVrl IÇ'.¡ r/?Y vllç qùÐl¿llt;rurL,il U-t !r L,u \{¿r}.rvJ(.4,

menbioned in 2.2,0.3.

The corni:uLationaJ- p"o""d,r"o for lire so].u1,j-cn cf t,lle clual

differs slightly from th.et of f,Ìie sol-uLion of Lhe wima-1.. Since,

hovrever, Llie col.unns of thc mabrix in (e¡) a.re purely fictit,ious

activi.ties, and ttreir "levels" of operation are tlte ¡rrices of the
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resources, it would be rather confusing to go through the computatjons

and try to explain Lhe econornics of the simplex nethod in this case.

Instead, I h':ill solve the probÌem by the graphical approach. But

fi-rst some observations on ühe constraints and the objective funálion

of the problem.

The require.ment that no activity shall have its primary re-

sorlrc.e costs smaller than its revenue ensures complete allocaLion¡

of the revenue to the scarce resources, which is compatible with

traditional theory.

the.objective function can te looked upon as the total rrin-

comerl of the Ì"esources v,¡hen fully empl-oyed. The economic explanation

of minimizaüion of this function proceeds as foll-ows.

The actual quantities of resources ernployed (given the final

commodity prices) depend on the technology and the resource prices.

Given the technolory, a set of high resource prices may be such thaL

the resource costs of operating the activiùies exceed their revenues.

In such a case, no acti-vity will be öperat-ed and, of course, no re-

sourÇes will be employed. The actual income of resource holders will
be zero. The objective function, hor¡reverr will show a positive value.

The unemployment of resources shows, on the other hand, that the va-

lue irnpuüed to resources (by choice of the resource prices) is higher

than the actual contributÍon they can make to revenue in circumsLances

of optimal allocaüion. If resource holders insist on these prices,

misallòcation (i.e. waste) of resources wiII occur sj-nce the comnodiLy

bundle chosen under these circumstances has zero ouantities of a.l-I com-
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modities and is obviously not efficient. The econony stays at the

origin ofFig. 2.6 above. It, is then seen that a lower set of re-

source prices are needed if the economy is to move to a more sensible

resource al-location, i.e. to an efficj-ent commodity bundle. lrlhen these

prices are tried, it is found that ( a) the economy operates on its pro-

duction-possibiljty frontier (b) the actual returns to resource holders

ar'e equal to the naximum revenue attainable on the frontier and, (c) the

value of the objective function is at its minimum, which is also equal

to the maximum revenue attainable (as waþ already shown in 2.2.1.0),

. I now proceed to a graphical presentatj-on of the solution. In

Fig. 2.8, the line ÁF represents all prÍ-ce combinations for which activity
<q

I breaks uvetl' Lines BE and CD reþresent the same things for activities
2 and I respectively. The line l-abell-ed g(u) = 18 has a slope of - .@

18
and represents al1 sets of prices u.t, u for which the objective functipn

achieves Lhe value l-8.58 
2

To start¡ choose the resource-price pair represented by poi.ng G

(u., = 0.1.65 ue = 0.45). These prices are feasible from the point, ofI¿,
view of the constraints, as can be seen by substituting them into (eu)t

and (ãc)t. Graphicalty, ttris is ascertained by the fact that any pair

of u.,, uô on the right of the rrfrtntierrr CJF satisfies all three inequal-
I¿

ities of (Z¡), and, of course, (ec)l.

As can be seen from (2b)r, however, at these prices no activity breaks

even. Hence no activity will be operated, and the full amounL of resorrrces

available wiII be unemployed. Resources are ttoverpricedrr and the result

is waste. The rrwould-berr i-ncome of the resource-olmers is SI8, but their
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actual recej,pts are zero.

obviously, what has been said of the price-pair G 
"* be saicl

in relation to any price pair lying to the ri-ght of the line cJF,

on the other hand, any pric+-pair on the Iefü of this same rine is
infeasible, as it violates at least one constraint. Considerr for
example, point B (u, = I ur= 0.66)z it vioÌates the third constraint

of (e¡)t, i.e. makes activity I profÍtable.

Obviousl¡ what remains are price conrbinations on the "frontieru
cJF. Let us therefore consider point c (u., = e u. = l). At this priceIZ
pair the lrwould-bert returns of resource ov,rners are stirl {!rg. Lforeoverr

activity I breaks even, and. thus ca¡r be operated ó the mäxim¿ possible

Ievel, which is x. - ¿g (ógçæ), Resource r is thus fulì-y employed,- ) '7 7 - r
together urith 60 units of resource 2. Actual- receipüs of resource olrners

are 60.0 + l{ . I = $60, vuhich is exactly equal to the revenlle attaine.bte77
bythisprogra.m(xr=0 xr=O *"=1Q *r,=O x5=Ig-_@). Thatre-)74'7
venue, however, is not the maximum possibre (6o (to 2¡. The resource

prices are such that - given the cor:¡nooity prÍJ""t- ,lu resu.lting a-l-Loca-

tion is not efficient in the rrdoublett sense of section 2.z.L,r (i.".,
optimal) despite the fact that it lies on the frontier of the producLion-

possibility area (it aoes because it employês one resou-rce furly).
To witr the situation stands as follows: given the technology

and the resource quantities we have a production-possibility frontier,
on r,¡trich all points are usualry efficient59 in the technical sense,

\lolarr given a set of commodj-ty prices (perhaps, refrecting the relative
desirabiliüy of comnrodiLies) there exist, among the efficient, points
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of the frontierr one or more optimal points that maximise revenue.

If we stipulate that no activity in an optimal prcgran shal-l operate at

a profit or loss, the set of resource prices conpatible with the opti-

rnal points is unique. This unique set of resource prices is what we

ar.e trying to find. Any other set of resource prices will produce a

prcgram (a point in the producti-on possibility area) which is either in-

effieient (tite that given by the set of prices G) or it is technically

efficient but not oþtima] in relation to the commodity prices.

Let us.return to the problem of fincling these resource prices. 0b-

viously, on the line g(u) = I8 we have pri-ce seLs that give us either

no production at all (al-l points on line except point C) or sone procì.uction

which js not optimal. Moreover, (and this is in line with our aim of minj.-

mizing e(u)) there is ample room for moving the line g(u) parallell-y to

the teft, (i.". making its value less). In Fig. 2.9, then, let us try the

Iine g(u) = 12.

On this line, all price cornbina.tions lying on the segment BK ( ev.-

cept point K) are not feasible. On the other hand, al.l price conbinations

on the segment KF (except points K and F) produce a zero-production situa-

tion. lrlhat remaiRs are price-sets K and F.

considerr first, the price-pair n (", = h ", = h) 
where activ-

51,;y 3 breaks even. Obviously, we have the same sÍtuation as r,riLh the price

pai-r C, except for 'rv¡ould-be'r resource ineome. The latter is fþI2 aL K

(60 . t + 18 L). Activity 3 is operaLed at the 1evel 4 t" at C, vrith
11- 11 7

actual resöunce income of 60.1 .f60. À- =11711
AA¡ - /^n

- vV.
t7r7 r,(t í

Activ:-ty revenue is
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ì'je ca-l then coltcl ude th¡it for alì- price pairs })'ing on CJ

(e,-,ccpt J)aclivity I wil.l be operabed ab t,lre l-evel 60, with acbual
7

rcsìou¡ce ej-:r)Io\¡menL (>O lniLs of I ancl 60 unit,s of ? ¡nrì act.uel re-
-; -'--- '-'

soulîce inconie of ;,¿ó0. The only thing 1,hat dj f,lers on tÌlese points
,7

is the val-ue of g(u), r'uhicli gets sma'ì-ler as ide move from C to J.

Ì'low cons:Lcì.er point F (u-, = O.2r u. : O). Ât, bhis price-pair,
l-¿

it j.s activit,¡' f v¡llich breaks even. It r^'ill be oireraLed al 1,he ma.xi-

^"':ì ì ^ 1^--cl rr = Q wi f..|¡ frrl'l a-¡r'ìnxmnni Of feSOU.fCe 2 and efn-llluri VlrÐ- f rJ-LU Ivvú-L il - 7 wr Ull lUaI Urr:]JIUJlrrullt, L

ploymcill 01 L5 unif s of resoui:ce l. 'rtdould berr resource incone is

:iìì2 r¡ì,il o rntrr¡l resoì.iÌ.ce incc;ire )s \JxO.2 l8x0 = .ï9, eqrial to thell'**,

reve:ìue oll lire a.ctj-vi l,y. Incident¿Il)'r this ¡,rice pair (!') is beLf er

the.n li frorn the poi.nt of view of e-ctual resource lievenne.
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Thtrs, ¡¡e have not yet reachecl ttlc ma;.,irnum revenue, nerther

have we reached 1,he mininrum g(tr), as the l¿t-ler c¿m be shifted to

the left and st,ill contain sone fle¿.rsil',].e 'rrice-pnir. l'{oreover, t^,'hat

bIe saj-d aborrt ¡he rel-alic,nshi¡r betrr'ec+n price-pair C and al-l obhers on

a ¡ | , r\CJ (except, J), el.:viously hokls for the relationsh'ip betr+een ¡rrice-parr'

F and alì others on irJ (except J). That is, 1'or any price-pair on l'J

(except J) the si.l,uation will be as for price-pair F (t.o., xI= 9

xo= 0 Xa= 0 x,= 15 x^-= 0, acti-'rity revenue : acl,ual- resource4ÐL)

recei-pts =- {il9 )
/\except f'or g(u), r^rhich v¡ill be l-ess.

Ii remains, then, to shift C(u) to the left, to pass thro,rgh .I.

This has ì:een dcne in Fi.¡1. 2"10. First: it is bo be o't¡served that no

a1 .hor trri^,= n:ir 6¡ t,h.l'b I jilç: i-s feasible exce¡rl J, (rt. f v2 = 2).
9-9

Tot,al rrwoul-d-be" returns a,t'e 60 x 1 + L8 x 2 -_ 2. I{oreoverr al.l- ac-
993

livj-ties bl'eal< erve¡! The prob-l.ern emerges as 1,o rvhich acti.vitiee; to
/

^¡ronrto rrr'ì nl r^¡lr:¡* I ¡sr¡o-l .. Ìr"l'v ,r¡rc\(, J-ev\,..1,), ,.,ur-. w€ can post¡rorre it I'or the next sectLon.

Ì¡^- +Ìro n^,¡nvr'f r^rr, nrrì r'inì¿ ¡n{ ìrri t.-r I rt. I nr¡o'l 7 I anct actlvity 2 at- r/¡ u¡¡v r.ñ¡:rv¡¡vt 

?

Ievel I l. Their tota.i l"esr)ìrrce neecls are 60 arr¿ í8 res¡:ectiveJ-y. Actn¿rl
3

rerìorìrce j.nco:'¡re is 60 x J, + L8 x ! =-3? 
eqr.tu.l to the t'r,'¡ould-berr incoine

9 9 3 ..
^--ì ^.-,,.r +^ +rn^ ma>d-mum rev.enìte attainable in the optj_nal sohlLions toC.¡.lU ç(.1 tlcll VV Ul ¡ g lr¡olll¡¡¡ølt .1. V v çr lt{9 (Lú VaLLtavL I ¿¡l (

'l-ha 'r¡''inrrl nrnhì g¡¡1. Ì'rre þave fOUncl l,v¡O ShadOvl priceS thal, Are cotTrpabibf e

v¡ith t,Ìie technology, 1,hr: resource avaiiabi-t,ty an:l the f-lnal coirunoCi.ty

prices. l,,le h¿rve rc.:.clled the encl of a rather long journey.

2.2.2.2 Drrel- Priees As,GuiScs Lo llesorrrce Al-Loc¿rl,ion

f now Lalre up LhcrrquanLit,¡'rt problern rvhich ¿.ìrí)se in 1,he previous

secLi.on. It r^rill be rci.rc¡nberr:d that a1, ¡roint J of Fig. 7 (u.,'= f u1 = 3)-rg,,r.

)(
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all activities broke even, so the problem arose of which activities

to use at which level, in orcler to achieve the maximum revenue.

First, a word about the facL that, in our example, aII three

: activities break even.lhis is really a rather special case, as will 
,,,,,-.¡,'-,.,.,

be seen in the next section, and corresponds to the case of an j-nfinite

number of optimal solutj-ons to the prÍ.mal. ihe usual case Ís that, at

the optimizíng dual prices, as many activibies break even as there are . :

6o ' r,
resources, i.e., the optimal solution to the primal is unique and

t.einq nn]r¡ ir.¡a ¡ 
::,:,:::t:

çont,ains only two activities at non-zero leveI. r..::.

"' As far as our tlquantity[ problem is concerned., however, it
:.
I would remain if, saÍ.r only activit,ies I and J broke even at point J

| - ^\(\= 
å "r=3).

To iflustrate, I will first examine the case for a centrally

i planned econorqy. The criterion that only those activities which breal<

i even be operated is not enough for specification of the levels of the

i activities, even wkren the dual resource-prices are known to the planning l

I authority; a separate ealculation is needed, with the following procedure, 
,,,.,.
.::_:-::::-:.

' pind out wh¡-ich activities break even (suppose that they are ac- " """¡"'
':

I tivÍty t and activity 2) at the given dual prices. In the pnimal, drop all . , ,: :,
::r'

other activities to get

ma>rinise Ltx- (f)r3
':.:

'. t,t, 
. ,l -',_-.j subject to

54+7x^ I 6or3
2:ç,*tx

J-
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Drop aì-1. lhose ccnsLrai.nl,s u,irj ch corresipon,i to resources rriLh clrral
A't

nnico. onrr-l l-^ -^*^ /;- ^"- ^ ^- ' v-r
l,r rçÞÐ er.ir¡(rr ve /,w! \) \J-ri uut' u ¿t-jernone). chanue the inequalit-,y

si¡ns inl,o equat.ion signs ancì sclveo¿ the sysl,em:

60

J xl7
I

Zxr*1

-ouX
I

X
1

(2) 
'

togetx.,=7¿ xr=3]
3)3

and na)í.j-mum revenue r.r + x^ : LO 4t'¿
3

Nov¡ ex¿inine Lhe case for a perfectl.¡ competif ive econoiny v¡ith,

l,hree indusLri-es, each fÍrm j-n each indusLr;, 1'o"tng given constant

prices o:fl rcisources (u1 = I v, = L) and of conmorii.t,ies (p1 = 2
Ary7Y

P" = 3 y3 = l*) .mtl cach firm j.n eacl'r i.nclu$tr¡r ¡r"ing Lhe s¿urie tech-

nolr:¡¡r (as re¡rresentecl by lhe corumns of J,he ma.irrj-x (2c) oÍl z.z,o.z).
Assume, as above, thal, only act,ivjties l ancì 3 break even a.l, lhe.li.ven

corn,'roclil,y a:ltl resotrrce prices. Thusr only coruro.Jities 1 ancl 2 r¡ri.l I be

produced. Ilowever, Lhe all-ocatj-on of resor.irces betweerr Lhe two industri-es;

(Iet atone among the firms in each inclusbry) is lnclelu"*inrtu.63 This is
a comi,on þroblen r^*ten consLant.-returns-Lo-scale producLion functions are

/lo4
,cql1mâri H õn^ur!,u¡r,vq. ¡rçrrve, even in a cornpetí.t j-ve economJ¡, a plalrning aulhorit,y is

needed Lo dictate the level-s of opu"ntion of ea.ch indusLry'bhat, r^¡ilI mal<e

revenue atLain its n*'aximum. Ïle s€rrne procedrire will have to be fo.l.'l orved

as in the case of a centrùl.y planr.red econoìny.

2.3 l,IIJlÙÆ1, PROGR^l/ï{Il'lG: STRIICTm^L Iì.ELATT0l'isill-PS i:litT-i.,EEN COl,l,.ODITY PR.ICES,
RItSOWCI' QU^I{TITII{S, A¡ID TDCiII\JOLOGY 65

The e;la;npre gi-ven i.n section 2.2. wÍrs rel,Ìrer speciat .in'Lwo respects:



l':- :,: l.:;::.: l ^'::1:-,_fì.i':':*

fj-rst, the rerationship between technology and factor availabil_ity

was such that fuII emplo¡rment of þþ! resources was possible within

a relatively great range of conmodity prices. Second, there hrere an

infinit,e number of optimum solutions to the problem.

The aim in this section is to. show (a) the effect that commod.-

ity prices can have on the optimal sorution, given the technolory and

the resource availabiì-ity, (u) Tire effect that commodity prices can

have on the number of optimum solutions, (c) Ttre effect that conmodity
i

prices can have on full employment of resourees in the optimal solution,

(9) The effect tha.t the relationship between technolory and resource

availability can have on the emplo¡nnent of resources, irrespective of

comnodity prices. The aPProach in this section will be graphical

only. 
:

2 .3. 0 trStruc tural f r . llnemplolr¡nent

This is_ case (¿) of 2.). Consider the same technology as in

2.2.O.2, with different factor availabilities

6I

fs 6 ?1 Resource 1

tl
e 1.5 IJ Resource 2

and depict these activities in Fig. 2.11:

Resource 2

i:l

o\ 
('{o'r 

gì

Fig. 2,II

Resource I
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I said in 2.2.0,6" i,haL an¡, point, on the -l-inc at;c represenrs

a coir,l",'inaLion of ¿s¡jyft,ies, ard i,hat lhere is a fanily of such lines

act,rl¡l.l'l rrllr:over'ìnoll t,he ârê:ì n- O p exLen¡linr" t.n inl'iniJ-.r ìn Lhe IIBev v\+!e.!-LJ *.. r,l u n3 unuorrrf,_L¡rü uv rl¿r J¡rruJ _LII

,tiruct,i.on.6ó That'is, everJ¡ poì.nt in this area represents a combj.na-
_i: j:.:':: 

-

tion of activifies, and ibs co-ord.ina,tes show total quantilies of re- '-::-:";,-;:;':,;,,,

sÕìrre.es e;¡nlo-¡erì br¡ t.ho ,.o.r,o.¡iue combination( S). It, fOIlOwS tha.bv¡¡v ¡ vr¡rvv u¿ v I vv¡¡¡uli¡oututl 

/
rrbuncllesrr of resources lying within this area are Ìrotential'lyuT ,urru
pmnlnrrrlr'1 ,: *h¡l io lho-o a--i -+^ ñ ^^-i-i*¡l.l ^* ^'fi ^^1.:--:ri ^- r-ì^^r '. t: : : :'-----t -.,af is, there exisfs a combinaLj-on of act,ivi-ties l,hat em- .:::::.

ta:..':..:-. 
":.,:la.

rll ntrq ì-'nt.h roqnì1Fôôc frr'ì 'l rrH¡UJ P UV UT¡ I çJUUJ U gD I L{-L.f J .
,;,.t: 

t.;,,;,,¡ ., ,t;t,t

llow consicÌer the dafa on resource ava.ilabirit¡' ¿¡.¿ yield

poinl, cl (or, in fact, any point oul,sj.rle the area Ð- O n ): t,lre¡s exj.st"* 't-f " t3'
tvro kinrls of conbinations of acLjviljes that can give 1,hjs point: (i) 

"
combjnalion ot" pl and p. (or p-, and pâ, o¡ po and p.r o. prr p,., and p.)r- ¿ J- ) -¿ ) L 2 'J'
v¡j.bh one acl,ivity')per¿Ìted :rL a negirlive level, Ðnd (j.j) a. combi,nation of 

j
j

Itac'Lll&lrr ¿rctivi.tie" (p-,r p^r p..) ancl slaclc variabl-es, with all tractr-¡al,rl
L¿.J

activil,ies operal,ecl at non-ne:?¿t1;ive level-s and the sia.clc variables operated
Ad

at, poir i!_-i.Vç levels. ""

Co¡ù-i.nabion (i) j-s, of corlrse, to be rejecLed, since ne.4ê.five levels :::: :: ::, :,''
'::j-::-::":l:"-:: '

of activities are not arlmis;sible. As for combination (ii), the i:resence in .,::::,:

it of a sla.ck variable at Ì-'osi1,jve level shows that bot,h resource quant,ities ':

shown Lry point d cannot be acLual-ì..y fuÌly e.mployed.

The above cotrcl-usi-on i s in.sensitive to a chanqe in conmoclity pri,ces:
a-:: :: ,: ::,:;- ;::.r

such a change vrill only al-te:: 1,hc shape of t,he l-ine abc but wil-l never mal<e ::':'''

it extend outside the area pI 0 pr. It fbllows that at no sct of commotlity

prices is full empl6;'r¡snl, of resource 2 Þossible. lÍe can call- Lhj_s case



j:.!:i.i "
j,:1,:;:;i),-ij:::::
ì..:{-li.:.:.}:1:

\))

one of rrsl,mcturaÌrr unernployncnL, as i1, oc(iurs from fhe fact 1,hat

Lhe seL of resor¡rce <ru-antities av¿rilabl-e is not ¡rLra-Lanceclrt r.rj-th

-t^\^teclrnology (i.e., it does not fa.ll v¡ithin bhe area pI O pl. Or

v,re ca,.t sa;r ¡,1'r,,..|: ,'""o,rr'"" 2 is atrfree comnocli-tyrr, ali,hough LLlis seems

to me as [,oo ilrnpersoral- a Lerminologf (su.pirose resor)ïce 2 were tabour?)

llhe solution to the prinnal is, ol' course, point e, vrith only

activity I opera-ted af the ¡naximum possible leve-l- (8), with a maxjmum

revenue of î;8. The scluLion is u,ni-que.

ln the duaÌ, the sÌope of g(u) changes. !-rom Fig. 2.12 it,

can be seen lhat Lhe resor-rce-pri-ce pair ririnimizing g(u) is q = O.2

n- = O wi t.h ar:l,ivi t,v I o, r,r¡t.ed llenen. hre spe thaL when a resoui:ce

"o,o", 
ouL not, ful.J¡' employed jn the final soluLion its ciual price is

,"r,, (Ìienc e l,lrr: terminol.crij.i' ltfree corn:nodit¡'tr).

'l'his res¡ulb of' sLructurai unernplo;rinent i-s ra.ther uncomrnon in

s'L¡rnclarcl neocl.as;sj.c¿Ll- cconornj.c theory, víl-rel'e1,he I'r,vell--behavednessrl

of i.ircrrlrrc'Lion Jlur¡clions perniil,s any degree crf subsfil,ubion of ::esolrrces"

'l'n n.rn*n^sl +hq assum¡';l;i-On of fj-xed coeffj-cicnts j-n lj.ne¡¿r l)rofirårnn.in,rl

permibs s,-rbsbiLu|ion only in bhe indirect, gerrs;e of combina.Lions of ¿c-
LO

l.ir¡'ìr,q :rrrrl {-}iiq nnI:r r¡il.h'in n r., ,,* -, J elita1 n ran8e.

2.3.L Corn-"rori!,1¡ Prices .md Lhe Optimal- Sohrtion
(Ca":ies û., b, c, oI 2.))

Consitler the original- data of thc proìllen of 2.,2 (given -ln

^ ^ ^ r\2.2,0.1) \ri.th a.diff erenL set of prices:
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Then, our rrtechnolog¡r per iioJ-ì 
""',70 is as foll-ows:

[-to z+ ilr'l
| ¿ 6 tl
L)

and i.n 1¡i3, 2..r) Lhe optimaÌ solution is point, d hri.th resource z no|

fully etn|Io¡'ed. 'Ihis happens despite the fact that the resorrrce avail-

a.bilify poinL .lies wi'bhin 1,tie area pl o n, and is thus ¡:ofentj.a-l-ly e-m-

!:1oy¡.5ì-s. rn thi.s casc, conu;rodity pri-ces ar.e in such rela.i;j-on to the

1,echnolo,,y thaL the¡' rendel- acLivii;ies l- anrl 2 unacceptabl.e. As can be

seern fi:on [,he {)} iso-revenue trcurvert, point c rying on activity ] is t,he

oirly reì-evant one from the vrhoie t,riangl.e, as it yields {5f of revenue by
7Iusi.n¡i less resources than any othe:r conbj.naLion.

So there seenis to be one kincl of une.mplo¡'rnenL ar.ising simply.

frorn tlie strength of demand in relafion to technol_ogy.

'T'ig. 2.r[ sliows t,he cua]- to this probrem. The dual- prÍces t]ra|

rninimize g(u) are at Ir, i.e., uI = + , t, = 0. The onl¡' a.ctiviLy oper,a.tecl

j-s activj.L:¡ 3, at level I !.
7

It is thris seen that:

(r) Different seLs of conulocli.Ly ¡:rj.ces .yi.e].d d1ff erent optimal

sol-utions to Lhe sirme problen ("sametlin Lerrns 6f t.oe.ì'rno'lnørr ¡¡¡] resor).rce
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l. 11Ç(

avai.Iab:i l ity) .

(¡) Tne nurnìrer of optirnal sr>lutj.ons (one or ihfinit,e) der:encls

on the se1, of pr,ices.

(c) I¡ut,ì- eml:Io¡'inettt of resources in tlre optirnal solL.rLion al-so

depeuds on prices of coriniocli-fies. l-or fuìì- enplo.lrnent of resorr¡ces

t'here h¿''¡e to be sa.tisfied two conclitions: first, tLrc resource quantj--

ties avai.l-able nust, be in bal-ance,^ri-th ü-re exisfing technclog, (see

2-.3.o) âd, second, corrnroclity prices rilust, fall ,^rithjn cerLe.in r(qnn,êq
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CIIAPTEì IÏT

LIhIEAR PROGR/ù.î.íING MOD|iLS WITH SPACIAL

COIüSÏDMATIO}iS

, This chapter is devoted to an exarnination of the transporta-

tion model, an interpreLation of its dual and a reexamination of the

primal in the tight of a non-linear int,erregional equilibrium moclel.

Ex¿linination of these subjects paves the way to genereJizations of

the transportation model in Chapter IV.

3.0 TI.IE TRANSPORTATION }jfcDH,

This is a general rinear progranxning moder with a special

a:rd sirnpler mathematical structure being the only difference. Trris

simpler strucLure al-Iov¡s the use of solution methods other than lhe

simplex method.. since, however, this thesis is not concernecl with

computational problems except in so far they ill-ust,rete econorn-i-c no-

tions and since Lhese aspects were Laken up in chapterrr, this sec-

tion will be de.voted to"sorße special characteristics of this inodel v,rith

reference to upr"".72

3.O.I I'4odel II - : Total- Expofts Equal To In,oorts

The probrem tackred by this transportation noder is parl of

a nlore general problein of j-nLerregiontù equilibrium r^¡hicfr wil-I be

examined briefly in the next sectj.on. líilh this generaliaat,jon in
vicw r will state the trensportation probrem in the most general
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terris possible.

consider a crosed economy divided into n 
""gior"73 poten-

tJ-ally produci.ng and consu*ing74 a single homogeneous commo.liLy.

Productíon costs Lnay vary from region to region in both marginar

an<j. average terms. There is a maxinum prcd.uctj-ve capacity for
each region, inhich is fixed cluring 1,he period of examination. De-

marrd conditions may also varlr betr¡reen regicn",75 ginimumT6 trens-
porLaLion costs per unit, of colnnodiùy from region to region are knor,rrn

and constant.

The quesüions arising ín connection with this statj_c pa.rtÍar

equilibriui", sil,uatj-on have to do with the possi.birities of tra.de bet-
r'reen regions, the amounts rterçorted.rr and rrimportedtt and the after tra.de

equilibrium prices j-n ea.ch region. 'For the purposes of this secti.on

a'ssume thaL we are given part of the soluti-on to this problen as follov¡s:
(u) AIt regions pa.rticipate i.n trade, i."., ei.ther export

or impo"t.77 InIe may then number the regions so ilrat
those fron 1 to rn (( n) are net exporters (later atso

calf ed |toriginsrr) and those from m+t to n are importers

(also catled destinaüions),

Clr) The tot,al amount of exports of each

noted. ¡yXi (i = t, 2 .... ùi).

(") The total imporLs of each importing region are given,

denoted by Bi (j = in+1, ... n).

(a) uinimum uni-t transportat,ion costs are givcn, denoted

by s; ¡. (i = t, ... iñ, j = iri+l, ... n). The first sub_fJ

region is given, cle-
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script re.flers to the exporting ancl the

second to the importing region.

The problem Lhat rem.ains in ilris case is the question of
which origin wirJ- shÍp how much of üre cor,nodity üo uhi-ch destina_

tion. The crit,erion Lo be'sed in a¡lsv¡ering this question is ob-

viousJ-y tot,al tra.nsporLation costs of the systen. This is because

ccnparative advanta.ges of regions dtre to different conditi.ons of
supply anc,/or clennnd have alreacly been taken into account in answer-

i-ng tlre question "whi.ch region is Lo oçort or import hov¡ niuch'.
Productive capaeilies have also been taken into account in connecbi.oü

vrith this l-a1"ter nnpqti nn

fn linear programni.ng form, the problem is, then,
Fn

liinimize S=ããS. ¡ç.
i=l j=a¡¡f J 1J

le-r)
n

subject to - *. . ( x. ti
iiri +t 

*;i \ ni (i = Ì,."' lTf) (l-z)

ü1

Z *=:2 B. ( j - r¡1r ... n) (z-l)
i--t -u . 1J-I U

** .) O for aÌt- i, j'
' lJtl

HIz
1-_L

, condition (l-s) impJ.ies LheL (3-2) and ( 34) are actually
equality constraints. rt i.s impossible, for exarn¡rre, for any origin
not to ship a,I,l it,s exports xir since frr.i.s will- entail unsatjsfied
demancl in at leasL one ciestination.TS The s.:¡¿e remarl< hol-cls urj-th res-

and n
v<,ti
- jjt+l_ r

(?,-tr)

(r-s)



pect to (l-l). slack variabl-es are obviousry not necerìsarJ/ j-n this

special case.

The unknou'ns in 1,his probl.em are the inclividuar shi¡ments

x, .. The probrem ,has iri(n-m) unknowns ancì. n equarity constraints.
-LJ

Actually, hovrever, only n - r eonstra.ints are ind.ependeni,. 1'ha.t isr

if a set of x.. val-ues satisfies al-l but one constrai-nt in 3-z) end
r-J

3-Ð with an equality sign, then it must satisf¡r ¿¡r¡ one constra.int
õ^

al-so. The reasoning depend.s on the fact tha.t (3-5) musf hold. /Y say,

for exampre, that a set of xr. values satisf.ies atJ- but the fir.st equa-_U

tion constraint in (3 ,2)

' 1x.'. = X

"J2t?*^. = x^ (3'21)
1 l'Jj i3

1"^, : i-I IUJ ji

and alL constraints in (34)z

1x. , -Bi ir nÈa m-{- I
2*. :B
i ,ar llltz I h+Z

i:
-/ , -!-

4*ir^ : ,.
l_ -,

(i,-l')

a.ncì., of coìlrse, the non-negativity conditions.

Adding up a]l- equalities in (3-2) and in 3-$ we get

nE
:fn+1

,rr| n_ n
Z/*,, - t xi
ü:f. J:r4¡¡ rJ i=2

..

mI
j-

h-/xi.i = Z Il . respect,ively.
j=lo+f J

and
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ng{
xr. = Z B.- 2 x.

A+1 -J j-Ìn+I J i--Z I

and the right-hand sicle of this last eqr-ration must be equal to X.,,

uv (:-;).
In economic terms, since Lhe above seL of x. . values satis-

r.J

fies aL. the demands exactly (i.e., 34), it must exhaust al-l the

available exports XO, because toLal- inports equal tota"I exports.

On the other hand, exporLs fron regions 2 to I4 have been exhausted

(the set of \. saLisfies 3-Zt). Hencer ,the e{ports of origin I
-¿

musl, also be exhausüed. .

The above rerrarks ¿rs to the nurnber of ef fective constraj-nt s

serve to i.:rciicate that a tra.sic feasible (and hence the optimal) solr-t-

tion will- contain n-l variables. This is of use in tlie interpretalion

I of the dual, below.

r I will not take up 1,he solution of a specific transport,ati-on

problem, since the rrrinciple ís here the sarne as in Chapter 2 (thoirgh

' a si-mpler solution r,ethcd may be used) . IL seems worthv¡hil e for the

purposes of this thesis, however, to interpret the notion of rracfi-v'i'byrt

in this-io¿el and state and inLerpret the d.ual. To sim¡rlify, I wi-Ll as-

sume three origins and four destinations. The primal is, then
2 -t-mirrfnize S: åZ si,ix.i: (3-6)
't:l i-i,

subject to

And subtracLion of the first fron the second sum yielcls

nz
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s
27

iiL' J

353h

and 3 -:.
ãX¿
i=1

O-q)

The constraints i" (¡-Z) are accompanied by the activity labels

at the top and the relevant transportation costs at the bottom for e4po-

sitional convenience. Looking down by colfmns, origin number one has

four activiùies avail-able, Ltr, L5, ]16, and 1?. Each of thern trusestr one

unit of the comnodity available aü this origin (hence the minus sign)

and trprod.uces" the same commodity at each destinati.on, incuring ühe

transportation cost shov¡n at the bottom. The same holds with respect to

the other two origins. Ttre solution method. will proeeed by choosing

(n-1) activities each time and calculating Lheir tot,al transportation cost.

Comparison of activities outside the basis with those of the basi-s will.

proceed. exactly along the lines of Chapter 2r til-l an optimat sol.uti.on is
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The o¡:tirnal soluLi.on in the primat will incl-ude sj-x a,ctivi-ti.es,

and of these six at Iea.sl, one rn'ill belong to each origin and at least

one will transport the com;nodiLy to each desti.na.tion (ttri-s is becarrse
:1:.,;:,,;.',

or (ys) above). .lly the symmetry of duality, at l-east, one constraint ':ì::.';;::

from groups (a) (¡) (c) r+ilt be satisfj.ed with an equality, hence

{1, {r, t, wil-l appear without fail. Alsor ¿ll v* rnr.il_1. appear since-L 1. J ' - 
J -**^.Tt--*'

at leasrt one shi,oment will be mad'e to each destina.tion.o' The dual will-

then give six eQrÌa.tions in seven lrnt rror*", u. and v., to be cietermjned. ,, ,.,,
The val-ues to be determinecl will be the optj.mat onuË.Bt The degrer. of
f reedon avail-able in deternrining these val-ues correspon<is to t¡e retlun-

The dual of t,his ¡-rroblem is as foll-oi,vs:
2L

i.{aximize U. = -. I *, Xi + lr. Biç:r t=1 J u

subjec'b to

\o/

\c,

\ d.i

(¡-ro)

/a rr \
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dansy of one cons¿raint in the primal.

fn shortr the dual does not deternine absolute ltvaLuesrr but

only ttvaluett differences which should hol-d in equilibrium. The econo-

mj-c meaning of these ttvrl uett differences has intentionalty been .left

amblguous in this section. Econornic interpretation is taken up in sec-

tion 1.0.4,

3'O'2Ì'lodel fff: ãh') ãn:IL.,'J

As ar¡other variatj-on of the transportation ¡node1 consider the

case wher" ìXi ì 18.: this, of eourse, could not have been given by
1j

the more general problem that was briefly referred to in sectj-on 3.O,1,

the reason being Lhat fX. = { e 4ust hold i.f X* is interpreted as ex-'Li1ja

ports and B. as imports. Another interpretation is then needed here.
J

Consider a case where amounts Xi of a homogeneous corlÈnodity are

avaílab1e in ìm locati-ons for distribution to (n-iú) consumption points.

The consumption requirønents of these points are Bo ( j = irí+I, ... D) and

the unit transportation costs are given. The Olr""iron is to find a set

of shipments x. . which will rúnimj.ze
r-J

üis:-z
i=l

>-
J=¡4+

üi2
i=I

<.Z-
j:Mt

$.. x. .

I IJ r-J
(3-ra)

subjecL to

*r¡ ( &,- (i = t, ... ùí) ß-2")

*ij
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-hl

!'{e can still rnrrite (l-lù in this form, provided *t trj) 0, since in this

case fhe objective of cost minini-izaLion will see to it that no destination

receives more than it requires. Constraj-nts (3*3a) are thus in fact equal-

ity constra,ints.

Constraint,s (3-2a), however, are meaningful inequality constrai.nts

since (l-Sa) holds. 'u','e are then in need of slack or disposal activities

which will perform the'task of transferring the excess "f 7h. overãe,

to a fictittoqs destination et zero transportation cosLs. tüd need one such

activity for each origin, and the relevant s. . will be zero for such ac-
-¿

tivil,ies, thou$r tlreir coefficients will be the salne 3.s those of any other

meani.ngful activity. To sirnplify t.he e>çosition, with three origins and /

Lhree desfinetions and the slack variables aclclect, the fi-ctitious destina-

tion bearing the nunrber f, tiie problon is Lhat of section 3.A.I, equations

(g-6) tþ ß-9), v.dth s17r =rZ otu Þ32 equal- Lo zeto *o u? equa.l to

B,=k ki iB: ,
I i- I * ;-l o

f,- ! J-4
/

ft, is thus seen that the total amount of the slack is given

before tlre solution of tho problem. This pennits equation (3-9) to re-

rnain after Lhe introcluction of the slack variables. Formally, then, a

problem of the form (¡-f.) ø 3-5a) is l"ransformed to one of bhe form

(¡-r) to (3-5), the differences being:

5Y\<_ ,\.: /
i-l L /

I

B.
+1 J

I {-\9 t

*rj)., O for all i, i (f-¿nt)

n2
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( a.) rr the problern (3-ra) to (3-5a) has m origins and

(n+¡) clestinati.ons, the probl-em (3-f) to 3-5) de*

rived fron it has ln origins anú (n+ 1 - nr) destina-

tj-ons,

(¡) ',,ûiife the problern (3-ta) Lo (3-5a) has Ìi(når) unknotn'ns.

and n constraints, fhe clerived one has ni (n+1 - m) un-

knovrns and nt I constraints. Hor'rever, tne ãerj-ved prob-

lem has n meaningful constraints for reasons alreacl¡' noLed

ìn ? ô lLLt J.v.L.

This forrn of Lhe problem has not been given as rnuch aLtention

in the literature a.s the one in section 3.0.1. No'ber hornrever, that this

form leacls Lo generalizations that are quite close to ful-l scale inler-

regional moclels. The dual- of this problern uitl be int'erpret'ed j'n sec-

tion 3,0.4. .

3.O.3 The Genef'al Bconomlc Probletn

fn this section the general- econornic ,orobl-em whose part cau be

A2

solved b;r Lhe transporta.tion model ol 3.0.1 is examinedr"* for the case

of two regions. The supply ancl demand. conditf'ons in these regi'ons can l:e

represented in a back-to-baclc diagram as follows:

Fig. o3, r
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'Ihe supiily and deuand funclions are here represented by straight -Li.nes

for: purposes of diagrarmnatic convenience. Tlie Lrasic arguntent j-s nob

afiected by this sí;:rplÍfication. Both supply ancl de¡rancl in e:rclr region

are functi.ons of price. 
'

fn Fi8rre J.lrthe pre-Lrad.e equÍlibriurn prices in regions I and

2 arc- tt end n respectively. The relevant questions in lhÍs partiaJ-r-I *'* t') ' "-1'"- ----- a-'--

oarriì iìrnì,,m ci *,r¿flion are: the possibility of tra.de, t[e cìirecti6n of '-. :

....: 
J.

f.r¡de it.s emnnnt ancl the afLer-trade equilibrium prices ancl qua:rbifj-es'1*--_ -_* 

''t 
t'

The possibiJ-ity and direction of tra¡le obviousì-y de1:end on the

pre-tracle ¡rrice difference in relation to the given constant transporl,a-

tion cosbs. If Ê- p)""., ',vhere p1, þ^ are pre-tracle prices, region 2
L ¿I R.L I

will 'be an e>qport,er. If p^ - p. > s-. region 1 r,uill be an exporter. If'2. 'rl :L¿
the initial price difference ls smaller than the relevant trans,norte,tron

cost (þ., - Þ. < ic-t and p., - p., ( 5ì,r2) no trade will take pJ-ace. i
-r -2. 1J_ '¿ -a

The amount of Lrade (the X:. and B- of the transporta'bj.on protrlem)rj
may be said to clepend on c-l¿rsticíties of demancì and supi:l)' in the two re-

gions ,:

83 . .':'

AsoIutionofthi-sprob1ernwiI1yieidtheaboveaswe1}asLhe

quanLttie-s supplied locarry (wlrich are not cotrsiderecl in Lhe Lrans¡rorLabion : '

rnodeJ-) . It will also yielcl equilibriurn aff er-trade prices sati-sfying tÌic

follor^¡ins conditions :
;.:..:._ :

p., - p^.= 5r, if region 2 exçorts .'.,
! ¿. r_J-

and

- k if region 1 exportsPZ- PI- o].z
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alr J

The after-trade equi.Iibrium prices yielded by tlris problera have the

conven¡uionaf meani.nt, since they are derived froln eqni-Iì-bria of supcl.y

and dq.land, with one difierence: Lransporbation costs influence tlie

pnice structure in lhat the pri-ce spread betiveen regions in after-tracle

equilibrium cannot exceed thern. Thus, qiven one after Lracle equ.i-libriun

price anci Lhe inLerregional pattern of LraCe (rvhich region exports to
, \ - - t il^ivhich) all- prices are'rfrozen'r bJ'tÌre fact th¿+" they have tc saLisf)' the

AA
ec;uilibr-ium concìitj.ons above.'-'

ni n1- c

-fn rìi ¡rr.ammnl-.ic terms for

Lhe excess curves'

the case of ti^o rcgions, Fif,. 3.2 de-

?

1.

of region Ì (8.,) anct 2 (E^), calculated as S. - D for afÌ prices* -L' 2' í. i
f . 

^\(i - 1, 2). Þ1 ana prare the pre-tracle equilib::j-un prices *O pa v¡oiùcl
)

be the inLerregional er.¡uilil¡rirrn price (wil,h reg:'-on I exporbi-ng X1 = !3
a.nd region 2 importing B^ = q.,) j-f the transporbation cost $t, I,rere z,ero.

2- 1)'

0f) ühe other Lran^ 'ir G \ : ; f.har. r^rnrrld bc no Lrade. FinatJ-y,ur " '"r2 /¡ v, - v, u¡¡vrç vvvq¿u

with O G,tZ ( ÞZ - Þf say gl.2 a abr the after-tra.cle equiJ-i-briur prices

will be p1, p2r with pZ - pt = 5t2 and 1 = I = BZ..

In his quoted arbicle, P. Samuelson i.s coticerned w:lLh a nuitibcr of



interest,j.ng questions thlq+Lhj-s thesis wilt not relate as they do n¡L

ner.t.;¡in rli r'pcl.'lr¡ to j-1,s content, The purpose of i,tiis Seclj-on tresu+ ¡ vv urJ

simply to show the contexL in which the l,ransportation nodel of 3.0,t
farls as fa:: *: general economic anaÌysis j-s concerned, to help in the

interpretation of the dual- to the transportation prob-l e:r, and to show

Lhe ratj-ona1e by r¡hich exLensj-ons ancl generalizations of 1,he tr.ans¡rorta-

Lion model have p:oceeded. These natters r^ril-l be examined. in Chapler l¡.

3.0:L,Ilconornj-c Inte{pretations of the Dua,}s to the 'Iranstor.l;ation
j'/odels II and TIf

There are a nuïtber of interpretations of the ciual vafues ui an{l

v. in the transportation nod.e}. I considcr a}l of them i-mportant and. iÌ-
J

luminating and I rnrill tcl<e then up in turn.

One inLerpreiati-on 85 of model II relates dir.ectly to LÌic ¡eneral

proi;len of 3.O.32 the equilibrium condit,ions on a.f ber-lrade prices :i-n

this probl-ern are exactl-y the s.:me as the co:rstraint,s, (3-t-l) rvibh an equ,r-l.-

it¡¡ qion ì-f' rr i q i ntonnnolarr ¿5 l'.0.8. pri.ce at the e;<.corting re¡.¡ì^on j_"*Þ',J *i. *" ¡\'¡ vvvu

and v- as delj-vered price at the ímporting region j. Since tl-re cÌua-t_ to
J

the transportaLion moclel has one clegree of freedotìì, we neecl cne price

given fron outside lhe moclel to cletermj-ne the r.,ihol-e equil-ibri.um price

strucLure. If the price given fron outside is taken frorn the scl-ution

of the general- problen of ).O.), the prices derived fron the duaf r¡'j-11 be

identical to those found by tlre sol-ution of the generaÌ ¡:r:obl.em. The

transporta.t,ion model II is thus seen to be embedded in the ncre .qeneral

problem of 3,O.3 in the sense that, g.iverr the total amounl;s of exports

ancl im¡:,orts, one after-brade equilibri'.rm price and the l,ransporta.Li.on



(l:1.

costs, i-t det,errnines (in Lhe prima,l) the inleruegionå1. tr"ade strue.-,

t'"rre tdlich ¡nini;;Lizes transport cosls ancl whj-ch j-s id.entj-cal- to bha;t

vielded bw the solutj-on üo, the øenernl nrn6- 86
J¿v¿uvq vJ "he solutj_on fo, t.^- rr-,.-.

the interregionaJ- 
"tt""-tr".de equil-ibriuin price stnrcture a,gain iclen-

tical to that yielded b)' bhe problem in 3.0.3.

Building up on tiris interpretatior,rry 
"o.r"ider a large nrrnber

of merchants buying bhe coru'nodity fron the (given) exporLing re¡;Lcns

and selling it to the imporling regions. Their revenue,¡¡ould. be. in
total,

n
R = 2 vr B. (l-t3¡

i=r+I J J

and tireir cost, again J.n tota1,

c : Þ ui x. + i Zbi.ix.,- (3-rt+)
i=l r a i=r j=r*t'J r-J

In the aggregate, then, 1,hey will attempt to maximi u.r}g
m-15-.D4..v\'.rl = (1urB,- fr: Xi) ¿ Z sii x;r tJ-15)JJJ(r_¿ij,rJrJ

The first nart (in parenlheses) of (3--15) is the quant,ity to be marci-v \¿¡¡ ¡Jsr elrvrtço

rnized in the dual, subject to tlie conclitj-cns'of zero profit on aJ-] shi.p-

ments actuarly made (v. - u. \< "ij). The second par.L is ilre val_ue to
J r ' tr

be rrinimized in the primal subject fo its availability and reqrrire¡nent

consl,raints. It can then be said that lhe fict,itious merchants ab.bernrL to

rnaximíze (z-1il subject to the constraints (¡-e) ø (l-Ð ancÌ (3-tr),

3-t27. But maximj-zation of (3-15) subject to these coristraint,s j.s equiva-

lent to separabe minimization of (:-f)subjecL to 3-Z) to (¡-l), and

maxjmization of (¡-fO) sub ject to (3-ff ) .n¿ (3-fe).89 ,I,he 
;nayjmum val-ue



of T is zero, by the funiiamenLa.l tlieoren of rinear progra:amin-.i.9o

The nerchants, that is, encl up vrithout even Lhe normal- ¡rrolits at, equili-
briun, This is due to the fact that this is onry a parti,al mod.el, and

the exisLence of these merchants tc force the equilibrium in the corûpe- , i.

lit'ive economy may be just,ified by reference to disequiliorium ,rrcfits
thab they rvould *"ku.9l

rnanotherinterpreation,%on.cand'isregardprcJuctioncosts
t, 

'., 
t-' 

. 
t.

atrd proceed to deLermine the dual values by arbitrarily setting one 
,,.,,1,:t:.,..

vaJ-ue u-. equal to zero and sol-vinÀ for the rest. Values so com¡:r:t-,ed :i'
shou.l-d be Positive for .a dj.rect econornic inter.pretation and gris is
assured b)'trial and error jn sebting various u. equar -Lo ,.ro.93
The com;,ufed values of u. can be ranl<ed in ¿""""nding order of rnagni--

t',rde, anci the interpretation woul-d be thaf an origin with higìrer ui

than another is beLtcr located tharr the second, given the rlenand:; ¿urcl i

Lransl:orLation costs. Proximity to markets (given the cìemands a.itcl the

transport,at,ion costs) is Lhen refrected by the u1. Transpor,;atj-on
:

costs per unit do not, refl_ect this characteristic because the¡, ¿¡s ,r. 
t,:,ii:::,:,

facLor in deternining total- Lransportation Çosts, the other being the .:::1::':rr;

, 
t:'.. 

..'
i-nterregional shipments found in the opti.mal solution of the i:ri-nal. ,.,ì"

I,irhen it comes to the v., however, üris ap¡;roach in intei,pret,Lng

' the dual- ca;r only say that tf,qi 
"o.responcì to the most econonj-c dist::jbu-

t,inn nf nutnrrt. from the noint of view Of tOtal transportation COst. ,,',,,.,.,:,,'.,rrv¡rr u¡re l/v¿¡¡u vI v¿çw LrI U(]\,<aI Ul-d,llsljUI'UdUl-()jI UOttt/. .:.,:r.

Lastly, one inl,erpretation relates the dual variables to Ìocation
A¿t, /1 m..rents.' r'his interpret.ation abstracts, Iike the previous one, frorn l¡ro-

duction and in Lhj-s sense it relnoves the transportabion moclel I'rom jts

fì?
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pl_ace as part of bhe general economic problem of 3.0.3. Tl'ic given

amounts of K.. aL each location are here to be thorrght of as given

l'rrr t.ochnoì orrv- e.8. t wareho'rse capaci ty. 1'he problem is tilen t'rans-
v vva ¡¡ ¡v+v èÌ/ ,

formed into the folì-owing: A nuirl:,er in of ',var:ehouses having capacit;r

N:, (i = 1, .. úÍ) are full - of a comnnod.ity Lo be clistrj-btlted to a num-

bern_mofconsump|ionlocations,eaclrhavingagivenreqrti-renlentB'

(j = ln*1, .... n). Given Lhe unit transportat,ion costs Si¡r the

qrrestion is again Lo fi¡d the ininimum-trans¡'orLaf i-on-cost' pal'tern of

shipmen+-s. In this situaf ion, llte comrnodiLy ava:llabl e al lhe r't

warehouses may b" assrrted to have a given cost p, sane for al-l loca-

tions. The dual constrainLs can then be written

(v.+p)-(u+p) (c,* (i=I...m )' j i \ 'rJ: 
'

(i : in+t, ... n)

CaJ.ling (n.+ p) lhe FOB pfj."" of the comri,o.li-fy aL loca,Lj-ori i and
I

(fj * p) the delivered price at, j and assurijrlg one'consur.rption loca-

tion a¡rcl three ware.ho¡se locaLj.ons we have, for the clual const'rainfs;95

(ur* p) - (ur+ p)

(s5o p) - (ur+ p)

(vE+ p) - (r"+ p)
, ) ))

Assuning {X;;1ts,, aJ-l -three consl,ra.inLs will be satisfied
çL]J

with equality. The solution to thj.s ¡rrobì-e;n, j-s, of cortrse, frivial'

'llhe delivered glg at t,he consun¡;tion loc¿'bion wil-ì be equal to ;o plus

the highest unj-t Lrans;oortation cosL' Assitming tr¡) "25> 
i-35 the cle-

rivered price Lril-t be p*Êt5' Ilut Ít was arso defined as (vr+ pi' srlb-



stiLution of (po=,.) for (v.tp)
L))

yields

in the ec¡uality form of (3-fó)

I a-r zì

tr = 'tr5
]1^ = S__

1L)

u^: s.-
I tî

J "/

)
)
)
)
)

S =C)
L)

¿)
S

and the u can be directly int,erp::eted as rocation rents. The lrare-i . 4rrç

house manager at location l, that is, can charge p+u, for his cornro-

dity, u, beinS his rent due to better loca.tion of his wa,rehouse rela-
tive to the dema.nd rocal,;ion. Iris rent is quantitatively equal to the

difference between tire highest transportation costs (Êro) ancl the trans-
portal,ion cosl,s fro,-n his own (Ê.^). The warehouse at loc.ati-on l can

' J/

dispose of its product onl-¡¡ if it changes a FOB price eq'al- to pr hence

with u, = 0.

I'Jow assume that X.,t ,t^f X) B. but also that ïro+ X^ < B-r soJ-23'5LJ)
tha.t, alr consl,rai-nts in 3-rc1 are a.gai_n satisfj.ed \^rith equality. rf,v.,e

then inLroduce a fourth rva.ehouse with capacity T.:r, s'ch that

[, <8.- (x^+ k^)4)¿J
and located at the point of consumption (",. = O) rne get'4)

u, = 5-- - dtt)L5
u lst -ls2 L5 ?.5

u^ I 5-- - êJL'35
uf - ñt r4L)

warehouse

th i-s will

location d, LhaL is, ca;r change p+ ur for his comrocl.i.t;r,
4

eqr:al to Lhe delivered price, since

-^ \
vl

\/\./l /\ /^ lÊ'ì) \)-*-t
\
\
)\
)

The

But

^J-d,u

be
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(*'-* p) - (",{-p) = s.- = O 3-tÐ241+,
Obviously, thenr 15 = u4, the v.ts, that is, are the location rents

that warehouses would earn if located aL the poÍnts of consumption,

and there is no conceptual difference between then and the u.. put ,,, .,,,,

in another way, the location rent v, Ís equal to the transportation

cost of the first warehouse, si-nce

(rr.+ p) = (".. * p) ß-2o) , ,t.,)L5
ard is ttearnedtrby the warehouses at a rate d.iscounted by the trans-

, r-' ,,i.. ., 
,-portation cost:

t4 = ut5-"45 =u5
o3: 'L5-t35 =u5-t35 ß-2r)

' 11^¿ l-5. 25 5 z5

\ IL)L5
An expl-anation of the quantitative restrictions on the x.

imposed above is in order: *r* *r(u 
'was 

imposed. so tha.t warehouse

1wou1d'remaÍninthe|lopti¡¡¿1tt.so1ution.If,,**,),u,,tlregiven

rerationships betvreen unit transport costs dicüate satisfaction of 
,,,,,,i,,,,.,..,

B. sorern fror.r locations 2 ¿¡d 3r in which ca.se the rents change to 
j:::: 

;

' u, ='s2s - ,25 =; ',,',
': .:':ì:

uo = s-_ s__ (3_22)J .¿> 35
artd u- = s^_., 25

t ttt ttt

and. the first constraint of (:-f6) is satisfied with an inequality si.gn ' ' ''
in the solution (ttiat is, xl5 = O ín the solution of the prir:rai-).

Alsor if the inLroduced X, is greater than fhe differerrce Iì,. minus
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(Xr+ yrl , wlrich was supplied by v¡er.ehous;e I before the i-;rLro.duct,i-on,

the fourth warehouse will. displ.ace warehorrs-e l- (and RossibtT z and. ),
but assume Lhis away for the morent) and the structure or rur,t"'*i:l-
t-^.uç.

llarS^--s^-:0. z.) /_)

u = s^- - s?Ã (l-z_l)
3 ¿.> )'/

't*="25-:u5
It is obvious from (3-12) thaL, given the X". and B;r the rent

*iJ

structure depends on the transportation cosLs. Arso, from (3-rZ) and

3-zz-7, gi-ven the transportation cost,srLhe rent structure depencì.s on

capacit¡r in its relation to denand. Changes in capacity and/or clerna¡cl

that a.re large enou¡_$r r+ill- change the rent structur'e (i.". the solu't,ion

to the prol¡lcm). The exarple rvas given above as,regards to cÌra¡ges i-n

capa.city. In a ca,se perLai*njng to demand, if B_ i-" clran,eed to Br wherr. i
)5t

Br_5r2-3',
3-zz).

The above exa::r1;1es, involving only one consrrnpLion loca.l,ion, are

obviousJ-y sim¡rlified to such a. degree thaf they render tlie solution to l,he

transpcrtaLion problem triviaJ-. They do, however, make clear t,he notion

of ciual prices Ín Lerms of location rents. fn a lnore con;olical,ecl exam:,le

'l-ha rol .r*i nnc]¡ì vre Ìraf r^roan ii - 17u¡¡ç r er(¿uaurrÐru¡.rs between riir tjr -"j j *d capacities ancl clemancls v¡orr1d not

be so siripl-e, but the int,erpretation would carr)r over d j-rectl-¡'.

FinaIìy, there is the forma-l t'mathernaf,ical-rr inLerpret,alicn, comnon

to -ì-inear programmi ng problems: u. expresses the chanqe (decrea=e) in to-

tal transportation costs that woul-d resu.l1, if the capacity of ori.qin i

-1 : ,



i:::..:., rr,::t}::.:, :::-.:l:i,l

(iú

r/rere to be increa.sed by one uniL. Similarly, V. can k-re inl,erprel,erl
J

ov.ant'ìr¡ ¡q.rr. rn.l o'l-^ o- Iì.,^-,.- *r *¡¡\¡, o!Ð\/, o.\) urrç increa.se total j-n Lransporta{;ion '

costs that woulcl resu.l-t j-f the requirerìent B. incr"easeC by one uni.t.
| ¿ - ..'-t.t.t."-'"'

This ínLerpretaLion is, of course, in trmarginalrr terrns, that j.s it "': "1 
:

doeS not necesseþil.' on,-,'lv f^n a rtlUmp-srtrntr change. AlsO, il j-S Con-uÌ/. +J .r v ¡

ceptuall,¡r mc're directly applicable to tlie problem in 3.O.?. si_noe

changes in capacit¡r or ciernand v¡ou1cl violaLe equâl:i-ty (l-S) of Lhe prokrlen :,; ,;, ':

in 3.0.1. This may be one re¿J.son why bhis expl-anation is nob col;rnon in .:...,,,.,.;.'-.':.:r'.:' 
.

the literaLure on the transportation probl-em.,

Needless to say, al-f for.¡.r interpreta.t,ions sre useful. Tlre first

sirorvs|heinterregional.pricestrucLuretobed.eterni.rec1bythec1tlaL,

given one price. The second is of value i.n e.xplaining }ocational advan-

t.nro l'.Ìrnrrnh it faCes some diffjer:lt.iers jn cxnleininr¡ t,he.r.- The for.rri;hrv¡¡¡v u¿f rrvur.ufer rr¡ çô+r-Lo¿ltarr¿3 Urtç v j. 

/is dj-rectly ap1>licable as an invest,ment criterion, as wil-l- be seen l¡elor^¡.

I'i-^'ì-l .- +ì.^ +t".i-J .i^ +^ +1,^ ---.ir ririlrJ t úrLv ,,.'j-rd i-s tr¡ tlie v¡ril,er of thj-s. thesis the lllosi; satis.[acbory

one from the point of vj.ew of l-inking the Lransportation nrdel- Lo the

genera'1. proL:lem of 3.O.3¿ Stevens did not ,oroceecl. to this Linl<age, ,,',',ta,,,.r,:.
-:_ll.':- :::-:i.-:'

however, and his conceirt of given cost at eâch warehouse may clîe¿te sone ,.', ,.,,,.,,,'.
'l:': .:..:.

uneasiness since it, is not linked to ¡rroclucbion. f sha.l-l attenpt, to 
:' : '

Lrring forüh this li-nkage in the next fer.r ¡raragraphs.

Consider two regions faciñg consl,arL retilrns to sc¿l-e in Lhe
::::t :_: :

procluction of one cornrnoclity, with the same variabl.e costs ¡lci: unit (but .,:,,,,:,,i ,','i',"

n^t naneqq¡nì1.' with the sa-rne capacity in 1.roCucl,i,on). The back-fo-back

rlieørar., in l.his case v¡orilcl be as in l'íg. ).J.
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Tz F'i-t" r 1r,-.i'1. ).)

Rergion 1is seen t',o have anrrexcess capaciL)'" of ab aL the

pre-1,rade equi]-ibri'lnn price F. Region 2 is facing a stron,g cleinancl

-in re].aLion bo i-tstrcapacity" and operates at fuII ca¡iacil,y at the

I.;r'ice pr. The siluation ,:rbvj-ous11r involves the short-run. The

capacity restrictions neercl not refer to capital stoclS they nay be

due to ¿ìny resource. Tiie excess c,:rves (S., - D.) ê,re as j.n l'j.g.
rJ

_.or'ig.3,3

l.f below.



meanl to shorv thaL an excess supply curve is a.ct.rraJly

tlìrrvê ¡f. nri c cq bre'ì ow t,hn eoni I i_Lrrium.

tt, the afLer-l,racle eguilibriu,l ¡rrice in regj-on 2
I

Peip + 
"r2

ancl irnports B^ will be 
"n.rrti-ru 

n - Prodrrr:ers in reøinn I will be¿ "" '-1

charging þ in a in¡o.rld of perfect cornpeLition, and they wi-l-} be ex-

n^-tino X Thoi¡ locaLion rent, u., wiII then be eq¡al tc z,ero silrcet"- "--..o .-I . -..;..- -I,

they are the (single) farthest sup;:lying prigin to destination 2.
. -',/0n Lhe o1,her ha.nd,

v^ I s.., -. s^^ r sr.¿ r< ¿/- L¿

In other word.s, Stevensr base pri.ce

exarnple. Thus, Stevensr inLerpretati-on is

S¿l,nuelson-0ournot problem where technology

and eidribits constant returns to scale.

9o

Tire lal-,elling is

an excess-demand

Tf -¿r Ðf2 _

v¡ill be

n- n¡ql. n iqt., -- p ]-n orlli

com¡-ra,tible wiih a gene::a1

is the same in aIì. r'cgior-rs

AcLual.ì-y, 13. Stevens consL¡rcts a s¡p;:ly curvc al the sill¡;ì-e

destj nation which implies a constant, base pri ce p irrespecLive of oub-

put, and hj-s clemand curve is inelasfic witir respect to price. But he

stops short of interpreting p as Lhe "o*orl const¿urt-per-unit varia.ble

costs in the general problem. The above exl-rlanation is deetned to jus-

tify 1,he assumptio:r of arrbase píice", a.s well a.s to make cJ-ear bhe

rea.son r,ùry, in a l-ineer technoiogy, it is caoaci.by cornbined ¡rith loca-

Lion thaL nakes for l,he exisbence of renfs (given the dern¿ncl ¿rncì. trans-

portation costs). !-or sìippose that capacíty in regi.on 2 w;ls nol, þcbuL

õA: u a::rcl v worrld then be al--l- zero. llith the sane unj-b varia.ble cosLs'ij
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and constant returns to scare, ard given the demands and the brans_

portation costs, it, is only regional capacity constraints which give

rise to trade, and h'ence earn rents. When the variable cost condi_

tions are different we cannot ascribe the ul"role vaf_ues of u1 and v.
to location. In fact, a Stevens approach seems inapplicable, since

ühe base price i-s not unique but there is one distinct pi for each

origin uhich cannot be deterrnined by. the transportaLion mode1. fn ilris
case, l-ocation and scarcily rent are mixed in u..96

rn fact, even in this lasf rrrinkagert case that ï have been

d.escribing, thi.ngs are not so crear: things were rather rrengineeredrr

so that the pre-trade ancl after-trade price in the exporting region is
the sane. This was so because exports of region I at price þ vrere

sna^Iler than the excess capacity in region 1. Another t¡,pe of diagram,

equivalent to Fig, J./¡ may help (pig. 5).

r,.g. ).)
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Fig. 3.5rLhe a:',es of region I ha.ve becn clis¡:-'l:aced i.rprr,arils

lry s.," fo shor.r lh¡,t e;qports from region I to 2 wj.Il cost lhe price-I¿

chargecl at regi.on I i-.hrs lrans¡rort cost. idhen tra,je opens Lher.e:is a
l

morninolarrl nrino spread p^ - p. Region Ì expori,s and 2 ini-.or.ts Lj_ll- bhi.s
¿

spread vanishes. This hap..ens when the price þ^fall-s to p^ (act,uaì-ty p+

s..i due tc axis transposition). rrpo.t= ro r"!ior,2 (B^;'^ou on, ex-
l/ - ô/-

ports from l are arbr and aL¡ = ¿rþt : L in Fig.3,!+.
¿

The special characteristic in these figures iu ¡i1r.rt expor.ts of

rec,jon I brinç, fnrf.h inf.ernoc"ì^nal pricu uÀ1ti-rrrium ltefore 1,he excessI \/f;.! v I ¡sr ìJt Lv.t et-l 
Tr-J¿ 

\

l
capaciLy in l,he regi-on is exhausted. Tf ,,¡J consid.er Fig. ).6, hov¡ever

(the difflerence is made by changing the capacit;r in l, buL cour-rj a^l-so h¿ive

been brouglrt, about b;'redrrci.ng transport costs or by increasing d-eirra:rd)

things are not as cl-ear as in þ-iS. 3.5t,

_ ____{¿

5r

Fig. 1.6

q' 6/



93

'l

Producers in region 1 change p. for their putput in inler-
l_

regional- equilibriuur r,,rhich is higþer than þ. I^Ie st1Il have, of course,

Pr=Prt s.À12

but, the relationship of Stevenst base price to production costs is somehow

lost: something has interfered, and I would hazard that it is relative

scarcity of tot,al capocity in relat,ion to clemand:; the total- rent

"tà = Þr-n u,iti"h was earned by location 2 in Figs. 3.4 and 3.5 is nor^r

increasecl to sl2+p n, a.na location l is a'lso earning pf - Þ. This

analysis cannof be done through li-near programming, however, as will_ be

seen in section À.0.



CiIAPTM, IV

scÌ.'il GEIIER,{,IãATIONS OF TIIE TRA,I'{SPORTATION I4ODEL (III)

In this Chapter I wil-l at,t,enpt a presentation of two models

by A. H,r"tur.9? the firsü is a generaliz,ation of the transportation

model ín 3.O2 to include production costs. The second. i-s a fult-

fledged mul-ti-co;¡r,"odity muLti-region nodel utilizing techniqrres of

.. general act,ivity analysis. This chapter also includes an trinter-

mediatettmod.el (V) designed. as a smooth step to Hurt,erts general

model-

/.¡.0 I'fode1 IV: ì'{in!,rLization of Production plus
Transportation Oosts

The ap¡rlicability of the transportati-on lnoCel- in 3.0.1 to

questions of general interregional equilibrium is obviousl¡' 11,niaeC by

the assumptions of given supi:lies and demands. Such a nodel cannot

' consider questions of spatial all-ocation of production and the effects

of transportation costs on such allocation. Moreoverr it is a one-

comilodit)'model and in this sense it, is partial. Sectiors3.O.2 - 3.O.1+

point towa.rds generaliziations of the trensportation moclel to relax the

assumption of given supl:lies at the origins. This is ul'raL the ncdel of

this section amounLs to.

Considerr first,, l,he model in 3. o.2 (I.tI): one obvious trgenerali.za.-

tion'r would be to dro^o the distinclion betweenrroriginrrandrrdesLinationrl

regions and assign a supply and a demand at ever;r regi-on. As lorrg as



capacity in region.f is not greater or equal to demand in regi-on i for
all i, there uourd exisù deficit regions where xi - Bi<o, and surplus

regions where x. - ui) o. x1 obviously does not represent total ex-

ports of region i, neither.does B, represent totar imports. Rather, when

Xi - BÍ <Or this numb_er represents thento{prßinports of region i. ldhen

xi. - Bi) o, this nrunber represents the upper rirLit, to exports (since

á *, > á B. the actuaJ- e>çorts of a surplus region cær be less than
vn\

^í - oi/'

The conditiìn that xi - Bi (o tor some regions is necessary

for the probrem not to be triviar: if trTr B, for,arl i and sr, :0
the solution is obviously that each region supplies its own denand and.

totaJ, transportation ðost is ,uro.98 For the possibility of trade to
exist in this scheme, then, the above cordition must hold

Actually, Sivel the assumption that intraregional transporta-

tion costs are zeto (sii = O), the above excursion is not really a generali-

zation: for consider the possibilities for v regi_ons;

xi-Bi) o i=t 1.....m 
ì

x*_B* ( o j-m.Èr, ....n í C¿_rlJ J \._ .) 
,.__,X:t-B;k = 0 k:n*1..... v )

each region must fall into one of these three ca,tegories, and t,he numbe::-

ing was made with these categori-es in mind. Now define

Ei=X1 -8, i=I¡....rn
Ij=Bj-Xj j=m+1,

The above trgeneralizationtr is then shov¡n

)
) (tr-z)

n)

to be trivial, in the sensc

95
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that it,

tovdo

subject

introduces no new

not participate in

M inimize

toh I x..
j'-rarr rJ

2
i=l r-J

elements into the problem:

ürade, and since s11 = 022Z .¿. s, . *ij
l-a j: r1+r r- J

since regions m +.l

the problem is still
(t'-l)

(t*-tr)

(t -s)

(t -o)

(t*-l)

(¿-s)

.r:. j 7r
án.2á tu y j j

0 for all irj

and

ånd ühis is identicaJ_ to.the problem i_n 3.0.2 êe. (l_f.) to (3_5a) .

This was intuitj-ve1y olvious, gi_ven the assumptions.

A meaningful generalization is seen to involve procluction costs

at each region. If the objective is defined as mini¡¡rization of the sum

of production and transporta.tion costs we cannot be sure that a surplus

region wilr not imporL. For suppose that xl - tr) o a,ra that cr) .2n

stt where c, is the constant unit cost of production in region i; il i.s

then quite possible that the region may imporü i-n the final solution

(deparding on the, total surplus on the other regions and on the structure

of transportation costs). Thus, we cannot maintain the definitions (t-Z)
any longer. Insteacl, the problem is,

Mininize 2 2 ci. xi i
i= I j=l rJ -rr

subject to

v¿,/z xii
l=] ' r (tt-,1)
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v2
4-r

xi;
*rJ J

1¿r-ro)

*. r7r O for alJ i, j (1,_ff)rJ ,'r

Vv
^.-r 1 tt r.. kano 

Ér^t 
' 

É, 
uj ( L+-rz)

wh er e:

"ij = "t+ sij the sum of unit procluction cost in region .i

and the unit tra;rsportation cost from region i to

region j

X-i = the marcimurn productive capacity in region i
Bj = tl-," given dernand. in region j

rn mathernatical- terns, the moder (¿-g) to (4-re) is seen to
t¡e the transpor.t,aLion moclel_ IfI .s?s. (l_fu¡ ø O_5a) with trans_

¡rorLation costs ecuar to cij. The econo¡nj-c irrterpret,ation changes 1

considera.bly, however: the mocìe1(¿-g) ø (4-12) incorporates procrrrc_

tion as well as transportal,ion. The choÍce involvecl he¡.e isthe coin-

bined one of where Lo r-i¡'ocluce and where to slrip the comrr-,oriity, a:rd is
to be rnade wit,h the objective of nrinini=,a|i.on of total- procrrrcti.on and.

transportation costs.

That the iniplications of this model- di.ffer from thos e of ).0.2. 
i

can be seen fro:rL an interpretaLign of ilre drral- i.n Lhe simple e;<ample

which fo1lows.9g

Consicler 2 reg:'.ons with the follovring suppl_¡, and clernand rela_
tions:

Dl : loo - 4pr o r( nr( 2l

Dz=tzo-6pz O.(nr(z¡



qrì

s, ( roo

sl= 0

sr( rro
Ðr=o

3rz= 5

't2. 
5

p( 5

v Þ.t5

P(r¡
o2l--

1a-u)

(t-re¡

(t*-:-l)

l''lhere Di , $., p. represents dernancl, su-ppl-y and price i-n region i a.ndr_'-1
st. the cost of transportation from i to j. The sup¡ily funcLions j.n

'f hi c avn''n] a av\j þiL constant returns to scal-e j n nrodrret.i on r^rith..L U VVIIJ \?UqI ¡IÐ |Ð È|Vq!V IJ] IJI ULIUU UI(,'II, WJ

capacil;'l-iniifs loo and ]50 unit,s for regÍ.ons I a,nci 2 respectivel¡,.

The pre-t::acle prices are (s"" Fi3' 4'1 ,be(o'Ð)

Þr=5 vr-=t5 (r'-lg)

with Dr = S.., : BO and D2 = S^ = 30. (¿-fç)fl_'-2

Since p.-p^("^-, ;r.rrd p^- p..'\",. region 1 will be an exoorterL '2 \-2I - '2 'I/ *L¿

and reg.i cn 2 an importer. Tllo excess supl:ì-y functions in t,he trro re-

gions are: (see Érg.4'2, be(oul)

Et = 1OO - (rOO - 4¡,1_) = ur6 or2r 5 (t+-z})

ED2 = tzo - 6l,z pz.(r5 (¿u-zr)

since, at afLer-trade eqr.rilibriurn, we have

FjSI = IÐ, and pZ - pt = "I2 (tr_Zz_)

equaLing (lr-ZO) to (4-211 and using (t+-22) we find

Pt = 9 PZ=l-h
t-i - ./, rl - ^/P, = 6t+ V, = 3S (tr-zl)

\ = roo 5r= o
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Gral;hical represent¿rtions of the ¡;re-Lracle and after-tra,le

solrrLions are shown i¡ Fi-gs. 4.L and l+'2"

Consicler:iow Lhe linear programn:,ing moclel (¿,-S) to (4-:-Z):

the rel-evant clata musL be,

Dt=64

tL= 5

"L2- >

n - ^/un- Jo

v^ 
- 

L)
¿

q -l"2-L - ' (tr-2,t,.)

Xt = IO0 i:, = 159

Note that the af{,er-trade equilibriuin quanl,ities demanded are taken

fron (lr-23), The rest is original- rlaLa. Thus, the nrodeÌ (¿-g) to

(lr-lZ) is .going to deterrnine tob¿ù regional exports by j-tself, aucl

not requi.re them as da1,a, as ì^ras the case i.n 3.0..1-. A1sor it dj.ff'ers

froml,he model of sectj-on 3.0.2 in that the laLber chooses 1,he ini;er-

reoinnql chirrma4lS \ ¡ t¡hich minimize total_ transportal.ion cosLs on-l ¡r.! vo+v¡¡\.* 
¿ J

l'ühat enables rrs to general-ize from the rnoclel of 3.0.2'to tlie

norlel (¿--S) to (4-12) is obvj.ousì-y the assump.ti.on of constant returns to

scaJ.e, cou¡:led with an inrplicit assumption of perfectly elastic fa,ctor

supplies at given factor prJ-ces in each region. 'Ihese Lruo assul;trrtions

rnake fol'the specific shape of Lhe suppl¡' frtnctions in Fig. 4.1-. The

concept of a maxirnum capacity can then be associa.teC w-i-th an upi)er

physical- limit Lo the supply of on" of the faclors. l4orc on thi-s point

will. be saíd in relation to Lhe fu1l"-fled,qed moclel.

Given the data in (l*-?.1) the (tri-vial in lhis case) problei'r is

I4inimize C = 5 tf + tO *r_r* L6 xrr+ L5 x22 (1,-25)

Subject to
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-xII -x12 -xl3 = -100

-*21 -*22 ' -xZ3 : -150

t'xtl* *2I = 64

\z+ x2-z = 36

\l+ *23 :150

\¡2r o for all i, i ( t*-27)

whe:'e a fictitious dest',inaLion J has been added. to convert inequali-
to eqrralities, as i¡ 3.o.2. The optimal- sol.ution is

*rr = ó4 
' 

\z = Z6 *r, = ? xr, = ::5o (Ln-z-e)

and ( t*-25) enumerates basic variabfes onIJ,.Po ,Ihe 
minrn,uri.l val_ue of

G is ó80. The model j.s ttrus seen to choose nol the interegionaì
shi;cnenLs x¡ wtri-ch satisfy the cleinands al, mini-m'.rm tot¿ù Lrans'or"- !

'l,ation cost (if it was Lo do this iL wouldayielcl ,.LJ_ = 6Lr, *2.2 = 36,

xrll = 36' *23 = 114))but t,he inl,erregionar. shi.¡rmenbs vuhich sab,i.sfly

Llie demands at minimum tot¿ù p::oduction plus transporLar,jon cost. rn
the process, it, cret,errnines importing ancr e4corting regions, too.

The dual- to tilis problem is:
.-I,taximize 

ó/*yI+ 36vrl ir5}{ jl - IOOF1 - f5o.ue (tn_zç)

. Subject to

vl_ - ur ( 5 (a)

r1 - 12 -.{ 16 (¡)

u2 - ur <í r0 (")

uz - u2l r¡ (¿) L+4o)

t3-tI

u3 - uz ( o (r)

(t'-t-61



IO2

-tand v.. u. >- 0
J' 1- '/

Since the optimal solution

cn¡ì v aanqfrrir+. f'¡l l"l
^^^ 

@¡¡q 
^.)1' 

vv¡¡Ð vr sr ]¡u J \ a/' , \ " / t
¿1 4)

ân ecnrs.litv in the dual . füe have:

I t ît ì\ ¿+-r-r../

f.n l-l¡a r'r'irnnl inrrn'ì 1¡êq'L , ')av\/ ,"*" -, -ì1.J 
' 

.'I2'

(A) and (f) wifl be satisfied rvith

.v] -ur =5
I

v -Ll :10
21

vô-u^-r).¿
v -u =0

\4-).)

and since the fictiLj-ous clestination 3 does not have any actual cle;,-ra.i-ld

at al,L, we seL va = 0 and ol-rlain

u.=Jur- ,-, = o 'a = IO uz - l, t3 = O (Lr-ll)

r^rith the cbjecbj-ve funcbion of the dual a.tta.ining bhe value ó80, as

e.xpected.

Ott" ¿iri;ct i-ntr:rpre|afj-on of l,he u, val-ues is 1,he fourth of-

fered -Ln scction 3.O.4, n:::nely: ur= 5 )O = u^ shovrs'Lh¡j.t, given Lher'.¿
t,echnology, 1;he structure of transportation costs and the clenanrl, re-

gion I satisfies that clemand most eccnomical]y frorc the ¡roint of viev¡

of total ¡rroduction a:rd transporte-tion costs. It should thus be con-

sidered first when addil,i.ons'Lo capacity (due to j-ncreasecl clcrna.nd) ¿..r,'e

considerêd. To see tÌtis, consider a shift in Uhe d.emand of regicn 2,

sliifting the curve ES in Fj.S. /r.2 to the rj"'iht so that iL does not

intersect IiS- : this will mean that producti on in regi-on 2 will have to
f

start lo satisfy some of tlre rcgionrs demancl .c,t P. - lJ per unit. but

'i 1' t,Ìr',¡ rìâ.nâc'i f.'r of rerticn I ìrn.tJ increaserJ- rlrorJt'^+i^- 'i^ --'-i^- 2 WOrfld{J- tr¡ru VutJqV¿Uj V¿ r v¿jr,v¡r .! ¡rLLs ¿r¡vl v(¿Uv\f , ¡/l v\¿qv u.r\/r¡ r¡¡ I \/O-¡.vr¡

not l.¡e rerluirecl. Total- systen cosl.s woulcl increase by 10 ¡:r-'r rrnit (5 for
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-'),

producti-onfJ for transportation) and

of J per unit, which is equal to u".

this would represent a saving

Be it noted again t,hat this in-

terpretation is in the rrmarginalrr sense. Ì4oreover, the val-ues of ri¿

depend on (among other factors) the technology available in each re-

,Bion'äs given by the production costs. Their use as indicators for

investmenü is then strictly dependent on the requirement that invest-

ment will change only the capacity but not the unlt costs. Obviously,

if we could invest in region 2 and create capacity to produce at

costs lower tha¡r 15 per.unit, say 9 per unit, the ranking of regions

according to the ut found would not be helpful in telling us whether

this investment is to be consiclered desirable. But thenr this dif-
ficulty can be overcome b¡. resolvj-ng the problem as if this invest-

ment had been d.one end comparing the first to the second situation from

the point of view of total system costs. On the other hand¡ ri = 0 means

that, given the data, investment in region 2 will not help in reducing

systeri costs.

ïthen it comes to the v., this interpretation can onl_y refer
J

to them ". tr-t" delivered p*i"e"fol in regionsl and 2. Given the general

problem (ln-tÐ tß (t+-Í I.-), this creates sone doubt: price differentials

are as they should be, that is

v^-v'=P--Pz- 'L- vz- r,, = s12

but the v{ are different from the p. by one unit. This needs sorne el-J -j
aboration.lo?

The model (f-f3¡ to (4-17) differs from the tinear progranming

formulation (4-e5) ø ,(lo-27) in onry one essentiar respect - the treat-

ment .of demand. the first, more general, model treats dema.nd as vari-ab1e

r^rith price and determines the equilibrium quantiLies dema:rded, r.*riì-e the



-ì -.":.:i: ...r..:.: i: 
"- -;-.::-l'.'::

1 l'lr,

linear programning model needs these equilibrium quantities as data

and considers them as given and constant irrespective of prices

ïn diagremnatic terms, the l-inear prograrnning model considers Fig.

d.J instead of Fig. 4.I and satisfies d.emands by using activitbs

(at feasible levels) that involve the lowest lotar system costs. De-

mands are then considered independent of price and this makes for the

discrepancy between the v, and pJ

lzog, Eig. 4.3

Since, howeiver, the price-differentials yielded by the linear

prograuuning mod.el are consistent with those of the more general problcm,

and since equations (lt-lZ) have one degree of freedom, ü/e may consider

setting øne v, equal to its respective p. and recalculate v. and u,:
JJJ].

vI = PI = 9 yields v2 = ll¡ tl = 4 12 = 1 13 = -t
and v1r v2 can now be direetly interpreted as the delivered prices i-n re-
gions l and 2. The objective function of the dual retains the sa,ne

rnaximum value, and the ui seen to'me to have an interpreLation as the

excesses, over cost assigned to the scarce capaci tÍes. Proclucers in



..;r:::::.r.r::.'r'Ì
::r-ì-.::.ÌiÌ::it::::;;ì.;

l^(

regi.on I, that is, recej-ve an additional { per unit of the comnodity

at equilibrium due to relativei-y scarce capacities. Consicler the

case of Figs. 3.3-3.5 of chapler ), section 3.o.l+t there, ut would

be zerrc and u^) 0 with the sarne interpretation.
2',

The meaning of v" in this interpretation is noL clear, hou'-

ever. Ï was not able. to pursue this further and I submit it as it

stands.

The problen of clelivered pri-ces raised above has some interest-

ing implications when one comes to the question of applicability of

the linear progrannning nodeI. For. suppose we have good reasons to

believe that for a certain commodity,

(a) there are numerous producers in each region,

(b) the production-cost behaviour is close to that

depicted by infinÍte1y elastic supply curves, and

(c) .transportation costs per turit are constant.

Application of the simple linear programming mod.el of this

chapter night then be tried and demands would logically be the observed

quantitíes demanded during the period under consideratÍon. But if the

actual- situation in the econony is close to that depicted by Fig. [.1,

the linear programrning moclel would not be able to yield the actual-

connnodity prices unless one of them were given from outside. To the

extent that dena.ncls are dependent on price, that is, the computed prices

will differ from those observed. All ühis apart'from other discrepan-

cies thaL rnight arise becarrse (t), (u) and (c)
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may not be good representations of the sj_tuatj-on.

hlhat is rather unfortunate in ttris connection is the fact

that possible discrepancies of the computed values frori the observed

ones cannot be assigned. unequivocally to each discrepancy of the

model fro¡:n the actual situation; Thusr a difference between computed

and.cbserved price differentials may be due to non-constant transport

costs, bub also to non-competitj_ve elqnents. I shal1 retum to üris

subject in the Iasü chapt,er.

4.1 A GENERAL MITLTI-REGION I4ULTI_C01,fi.{ODITY I4ODEL

4.1.1 -Qepera.tlziiìe , , Model IV

One major handicap of the model of section 4.0 fron the

point of view of general equilibrium anarysis isrof course, that it
deals with one commodity only. Thus it may be used. in studies of one

particular comnodiüy market of a mul-tiregional economy. One 'rextensionrr

of this model that comes to n-ind is to use one such model for each final
conmodity. This rfextensiont' does not nake the model more general, ho¡-

ever, for the following reasons;

The inpricit ássumption about given produclion costs c. in re-

gion i of the moclel of 4.0 was indeed that a1I other industries i.n the

economy were aL equilibriUm. Thus, our one-eommod.ity proclucing industr.¡'

was facing given prices for all its inputs and this fact, together with

constant returns to scale in its product,ion, yielded the speciaÌ fcrni of

the supply curve of the previous sectj_on. The sources of supply of in-
puts were chosen to mininize input costs. ff we 'rexLendrt the model t,o com-

prise more coni;rodities, we still need the unit cost-s of prorluction of ea.ch



a::i;!):;::r:.i;:;:.!1:i:i;::ì;:j::::j:i:ì,:li::i::lì:::;::::i:':::;,:ir:ira

lo'i
t1:-t

cotn o,.'liby i.n e¡.ch regj.on as a f)araniel,er oI J,]re nodcl-. iirll ()uT' aÍiÍ':iliÌ'tr.)-

tion of equi]-ibr'Íu'm in Lhe resl' of Lhe oco'ìoïnlr now'[)ecoÌìÌes LlnLena'iiJ c,

sj-nce r{e,3.re j.n fact to fi.nci tÌris equil.jbriur, frcni bltc sc¡]-lltj,on to

c-,ur, lnodel . 1-t 'bhis assrr.lll,tion i s tiropperì, 1,hen l.hc i.'r i-<: cs ¿¡,nrl- sot.;.r'ccs

nf inr¡rl'.s nf naeir industrv are to be de1-ernined froü 1,Lre sr.¡l.ut,i-on o.[vr -L¡¡l/q

Lhe niodel, ancl t,Ìrey wiì-ì in trrrn determj.ne the cos'Ls of irrodttctj.ci'1"

lie are j-n a viciou€: circl-e, that i-s: vle cannot start soJ-vi-rr¡3 tlie iirol-,-

lern wil,Ìrcrlt l,he unit. cosls of producLion, buL we ntusl sol-ve i-t' firsl;

jf r,"'c are to fjnci these cos{,s. Te show u'hat thc probleri exa.ct] y'anor:nfs

to I wil-1 firsL construcL a highly ir;rpo'Lhetì.cal- silu:Li,ion t'h¡¡1, avoi'js

lì ri-s im¡,âsse, and l,hen proceed to drop t,he siirrpl-ì fyi.ng ¿rss'unr,l-i.ons.

Consider a. rucrl-cl rrri-th t.nrolo3p.itrn.)¡ fa.cLors; attd- rro i-nLerrqerli¿rfe

¡3oocls neE,cled itr product,ion. llacÌr regi,on ha,s a. po,11. of [,hose f¡rct,ors
I 

^¿J¿rvrj-ì,¡¡.i ,-l-e 1,o j.ts g Lwo""I j,ndust,r.i.es for urìe :i.n tlte nrotÌ,.lcLj.on ol

f inal ;ioocls. Ihe prir,ürry facl,ors, Lìrab i.s, are non-l,ranspor''|,,a]rl-r: irel;-

r^rerin rioqions. The supply o.f' tlicse fecl,ors is perfecil y e.ì-ast--ì c ¡L ¿.i

,qi.ven r,rice for each, wi-Llr íìn u.pÌ-rer quant-i t)' lini't; :i.n¡'osei,i lr)t a¡¡aj l¡.ì;i.-l-*

ì l'r¡ lirnh in.ìrrsl¡y r¡-s;es 1;hese f'acLors in fjxed quantita.Li.ve r'::L-'Los 'Lo

rlr¡duce -i t.s sinrl e nuf.'rrt. lno ioi nl-. .,.r,r'llr,'.i'ì.'rr- one t,eehn'ì orre) andr al-.Ì
I\,I1,uuuw!UùÈJ.L¡5't-çv¡.¿UiluU\trvJv.!1]vl/]\/L¡(Lvv'|.\.IJ,

i ndusl'.ri efì en iov coitsl,ant reLurns to sce"l-e.vr¡ 
L¡ 

v¿f

1n thj-s híghLy siärpl i fied sj.tu¿iti-cnrfhe ttn,i-t cosl,s: oI I'l'orltrc-

tion 'i n each incì.usLr;i are si.ven rvhen t,tle unit ¡:,r'ices of' tlte 1:r-i-rrary

f¿l.ct,ors ilre given. 'Ihe general fcrnul-a woul-ri be:

iqi= ji,'ti. ipr+ it,'rr' jP:¿

wlLerc-: j"i = u,l.i l, cosL of

ì¿tln re.alon

,r;r'ocì,nc Li.on of comrnorìi t,¡' i ( f,y ì nclr,rst r;,' :!- )
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-1s 'rjn1;crnedi¿r.t.err dcina:rcl for l,l're irrocirrcl, o.1 -inclust,ry i):

Xi = lii+ Ij (i = 1, t) (tr_5,ù

'bliat j.s /i. - I, : Bi (i : t, ?-) (1,_lg)

llub I; = â1l K, r- a.i2 Xrr irnrl by substj but,i-on,

X. - ? air. [. = IJ; (i = t, 2) (t.,-3ç)a k:l .9,. k l-

'lhis r,ri.l ,L ire rec ogniz ed. as an -ì n¡;ut-ou1,i--ut, s¡rsi, enr. (ji.v elr lh e vectgr

of fi.rar cìer;la.ntl (l*-l't) one may seek 1,o find 1,tre reqri-i.red gro:;:- (-ì.n-

cì.wiing int,ernerlj.at,e irses) or:'Lput;s oll l,lie inctusLrics ihet, sat i.sf;, f,',ìs

cle:nand. The so-i-uLion is rrnioue, si,nce fìicre i,s onl-y one -,.,rA.,¡ o.Í' nro-

clrrci-ng each con:'ocl-ll,;r, llllris a.bsence of chc'ice nakes l,ossi-bl_e i;lie, r:.ielL.-i ,i,q

crrtl," of j.nl,errtíLed-i-¿.te col':l ,c,clil,je s by fhe folIoi.rj.::.g nroccdrrre: s..:sl,e_rri (1,-3r¡)

can l-. e v,':'i.-bt,en :

l-t-o, , - ,,r rl f u..l li,. II '- I | 'l= I'l (¡-r,o)
| .. r .. | | " I l'. I

L-"r, r-u'"1 
L 
t'r) ltl

L,llr,Lt :i.s (presr.,¡-r osj.n,t; l,i:¿1.t. l,ìlc: r;-r,sLen is sr,l-ubl-e)

|xI l-" -.1-r r' I
lll lt-n:l-:l'-''..1:? | l"r-I
| -^ 

| = l-"r, t-,rrl I ,^ I ri,-/ L)

L?) L r LzJ
"'t

( l,-t,.p-)

Y-¡

ì,-)

Tì

-,i'rrhere 8.. a.r'e bh e e.:lemc;nts of 1-',lle inverse nia.trix ofik
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of indusLry i reqrrires br. units of the first

direct and indirect resource requirements for

modity I arei

o" 
"ra* 

bu E

and similarly for the oLher

ort 
"r-ro 

bIz E

110

resource. Thus, the

one unit of fi-naf com-

ibl
2L

comr,roditJ¡)

=bt.: .-
¿¿,

(tr-trg)
II

Lz (a-¿¿)

and for the other resource,

or, trr* orru^

bet Etet orr'r, (tr-trs)

Since the b.n and Ern depend only on technolog,v vutrich is assumed

unchanging, we can rtnet outrt intbrnediate commòdities from /a-J{ and

write,

[,,:l
the br.. in(d-d6)representing the direct and indirect resource needs

r-K

of industry k from r""årr""" i...in order that the industry prorJuce one
.ç

unit of final output. This last technology matrix is of the same

form as that used in the'exarrple of section 2.2.O.I. It is thus seen

that assr:ming'away intermediate comrnodities in thal case did not really

cause any problen presupposing that we interpret the bt.k correctry.Iof

ft cannot be overemphasised that, trnetüing outrr of interrnediate

conrnoditÍes was possible because of the basic ass'unl',tion that there ex-

ists only one activity for the production of each commoclity, If l;rore than

.'

=bl 2T

:.-

= 
'lìl
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ottrJ
o' 

,r_J
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olle ;lcll jr'-i [,J' e;d-s b:; for Lìie rìa];le colrï:,otl.i l,:/: 1,ì re rol'tL ì<.rrr 1,o I,llr; I:r',':ì ,*

Ierr ( 1,.-,"9,\ to (lr-lrZ-) invoL.ves choj-ce, e\¡cr .,,..j.t,h a :r-i ven tj na.l r,ì.ei¡.:¡nrl

vecï,or. 'rhis mean s bh¡1,1, r'¡e calrnol, fol,l ow tlr e a.'oove I'nej,'i-'i-nfl " ¡,r-ocerìrrrc

frort thc bcgin'rinr¡; in'¿er¡lieriiat,e cori-odities r,¡i11 ha-¡c 1,o lre licr'il, -i n Lhe

probl <:,"i1 t,Ìtrottghou-h,. Since j-nternectiale cor.irod.i.tres rc:¡.ri-r'r; ririrna:,-'v fac-
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srrre ì,Ìtat no 
",,'a.sLe 

t¡kes place. l{ore on thjs }as'b poÍ.nl will be s¡rj.cl

lie.l-or.¡.

The above ex,ar",rp1e of rrnettJ.ng orltrr the inLer¡ieclj-ate corril¡o,-Ìi-

ties v,;.1.s done, j.t should be ;ro'becl, l.rv concerr{,ra.ling in one re;¡iion

ancl ;rs-ï.rni-lnq iL c]-osecl. Iience, qi.ven lhe otL:er â.ss;i,il;,;-r'l,j-6¡5, there

I'Iii.s no cìroice involved in sa.tisf;¡.i ng fhe final. rlerrland. or" tno rerllon.

""ihcn 
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ancl fínal-, but no1, primary) is recoqni-sed to be poss-Ll,J-e ¿it, ¿r L;-ans-
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ti-on, tìic l-or3.i cal stelt js lo cori¡jcier pri-rnary f¿l.ctor er¡sl-;:: as fhe onJ-¡/

ccsr,;s oÏ 1,r'o,-lucl,j-on f or 1,lie s;'stem. Inl, errnedi-¡.-t,e coln;rtodii l,.Les, t.hll

i s Pr-o nnt. llnal,{,gç1 ct¡l'r ffori t,ho ìro,:ir'ninrr };rrJ'. iìrrr'ì nrr l-.},r¡ r-lrn-ì r-tù, clv ilUtJ ttçt/UtJ(l L'lJt/ l. I'OIil t,il(Ì Lre¡4-l-I|'Ill.fltj (il]L !ruI -r.ilS i,I.t'i; çil(i.r.Ce .fO-

cess â.ccording Lo-Llie criterj-ot'i cf ninirniz-i ng cosl;,ri. Tliis; lire:,'rs lh¿lt

fhe b.,. of (L-3l*) r^'iIì- lre us;ed, nr;f lhe br.;1. o.[ (lr-116) anc]. Lhe tech-.aK .r.t( -

nolo.ry 'n¡j-ll Ì¡e j.n tÌrc forln of (lr-lt).
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of activity producing comnodity k in region i and making it availab-l-e

in region j. Row (8) Iis1,s the unit, costs associated w-ith each activity.
Row (1) represerrts the in¡:uts of commod.ity r required for a unit of
production of commodity 2 in region 1. Row (e) tists the,nif of co:-.r-

modity 2 made availabre in region 1 (tne unity in the second. ror^r and

fi-rst column) minus rn¡hat is needed of sa:ne for its production (fpz).
nows (3) (4) are obvio's. Row (J) represents corcrodity 2 produced in
region I a'rd made avai.lable in region 2. Row (ó) represents conulodity

2 produced in region 1 and made availabl_e in region J.

The locutionrrmad.e avairable in region ....r: d.oes not speci.f¡r

the use of the commociity in the receiving region. T.he conrnodity may

be used ab;an intermediate input and,/or as finar output to satisfy
the demand in fha-t region. Thusr trade is made up of both.interrnedj.ate

and final commodities.

That there is more than one viay of satisrying final demancl in
each. region is nolr seen by the fact thaL, e.E..t region 2 has at reast
three obvious ways of satisfyi¡rg its demand for commocÌity 2. One choice

is üo procluce it itserf (using the technology of the second corunn of
(lr-UZa), vrith the associated costs)r'another to import iL from region I
(using the second column o,t (lr-sz)) an¿ another to inport it fron region

3. Actuallyr the problern of choice is more complicated than that, since

each of the äbove choices invol-ves other choices about the sources of
intermediate inputs to be used. in each activity.

I0â
l+.I.2l/iodel V

The discussion in the previous section ¡roints toward.s a nr::nl:er

r14
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of generalizations of the transportatj.on moclel of section 4.0 one of

which proceeds as follows:

Suppose that the primary fa.ctors in the various regions are

relatively abundant in relation to regional demand. Thus they do not

constrai-n the levels of activities in each region. Their supl:,ly is

still pèrfectly elastic at a given price, hov:syç¡ (ttris is somewhat

awkward under com.oetitive condi-tions: see section l+.î.3). 0n the

other hand, there Ís a mar<imum capacity in each industry of each

region, asòociated with its fixecl capitaJ- stock.

Since prirnary factors do not constitute constraints any

more, the technolog¡ of each region (for three regions, two cornmo-

(t-l*g) of th
For region i

[-' 
o

l0 -1

|'-'""-'

l_-"rl-'

dities, and two primary ru."to*fo? 
"h"rrgu" 

from that of (4-47) to

e previous section, to the one below.

(i=1r 213)

A*L2

"zà

Where tlie -1 in the first

that to produce commodity

needed; similarly for the

plained.

Distinguishing activÍties

fnn roni nn 'l

r-'l(tAt
lil I

l,ql
Lt'J [,] er-st)

| '"r I

ltt, ILJ
row and column of the 2;<2 maLrix indicates

1 in region i one ur¡it of capacity iAt i"

second row. The rest have already been ex=

by destination of output we v.rri.te,



l-r -r -1 o o
Ilo00-1-1
I

I t-attt -r"u -rtrr -r"rz -r'Lz-
la.
l 
-1 21 -1421 -r"21 r-r'r, -L'22

t--
lo 1 o o o
I

lo o 1 o o
I

lo 0 0 0 I
lo o o o o

|rfit rfr rf'r nïz t#z
i

with the explanation of rows as fo

(1) Capacity of industry 1

(2) Capacity of industry 2

:i::-t r:: f l;_:.'.1:i:.-:¡

116

(l*-st)

(¡) Commodity 1 (see e>çlanation of respective item in (¿r-¡Z))

(¿) Cor,anod,ity_ 2, same explanat,ion as in (3)

(5) conu,rodity I procluced in region I and lransported to reglon 2

(ó) Same as above, for transportation to region l
(7) Same as in (5), for corunodiby Z

(8) Sa¡ne as in (ó), for connodity 2

The primary factor and transportation costs associated vrith each ac-

tivity are as in (ln-sz) of the previous section. As for the tech-

nological rnatrices of the two other regions they are sinrllar to (lr-5i) .
The primar and the dual are presented in tabular form in Table 1.

Each column of Table I represents one aetivit¡r that is to be

interpreLed as the a,ctivities ,-" ln-lln At the botton of eacÌr column

is the symbol representing the rever of each activity. At the top of

I

Il_

2

2

0

-t
-111

-d I2
o

0

o
l

I

O1^IS:
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each colunn are the costs associated r'rith unit level operation of each

activity. For example column seven represents Lhe activity which pro-

duces comrnodi-Ly I in region 2 and transports ib to region t (efTf). A¡

the top of the column are the unit costs of this activity. l^tritfrin ttre

column, since this activify requires one unit of capaciLy for cornnodi ty
r in region z (;Ar), we fínd -1 in the respective rorv. 'l'he actj-vity

yields one unit of comnodity I in region I (available for final- danand

lB1 o* for intermediate usein region 1) and a.tI is found Ín the res-

pective row. The unit requirements of the activity for inLermediate in-
puts r and 2 are draron from the respective poors in region 2 and are

shown in the appropriate rov¡s.

The exbreme right column lists the capacities of the regions and

the finar dsnands to be satisfied. Qre negative signs in capaci-ties

and in the respective requirements of the activities carry the same mean-

ing as in the üransportation modeI, with the direction of inequality

reversed. This wil-ì- also be. seen below, in the formal presentation of

the model o

The primal can be read off Table I in the following way: Leü

x be the corumn vector of ij\ (at the bottom of tìie Table), A the

12 x 18 matrix (,^rrricrr cånst,itufes the main bocly of the tabre), Ç the

row vector with elements the costs of each activity (at the top of the

table) and B the column vector of capacities and final denand require-

mmts (at the exLreme right-hand side of the Tab1e) . The problem is,
tlren,

ar;ri:;::ii:.;::::'r::,i::;: :

!

I
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I,linimize C X

subject to A X 77 B

andX)zO

or, i-n fornral notatÍon

(¿-ssa)

(tn-56a, Ìn-57a)

" 232 23ã2
minimi'" 111 E,'i] Frùí <îf F"J["J[¡'.] (t-ss)

subject to 
- ? ,r*,-7 l\ (i = r,?,3 k=r,z) (tr-so)

j *'K

? ?a
á.ir*^ - 14 [0.*i] [",*uf 77 vB* (m = J,2 ( h-r;7)i ki L__--__J¡rJKJt p=L-r2J)

and ilt )f O for atì- i, i )!'l+-58)

where i, j, pr stand for regions ar¡d vary from I to 3 r

r stands for resources and varies from I Lo 2 t

k, m stand for conrnodities ard vary from I. Lo Z .

The linear forms (lr-ssa) and (L-55) o" identical, stat,ing

the total transportation and prímary factor costs that are to be mini-

mized. rnequal,ity (l+-5ù states that, for each region and. commocìit¡,,

the leve1s of the three act,ivities associated r¡ith one specifi-c cor¡.-

modity should not be greater (in absolute value) tnan the (abso¡-rte

value of) the procuctive capaci-ty avairable in the region. por ey,-

ample, for region :(ì=¡) and co¡nnodity 2(k=2) (l*-s6) reads (multip-

Iied by -1)

3txz+ llz I nxz

This can be read off Table l by.multiplying the sixbh row of the ma.ì,rix
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].'20

by the

at the

vector å .and setting this greater than the capacity listed

exLrsne right:

-g:f.z -3zxz -33x2
.Jk

rnequality (ln-sil will be e:plained in parts: 4tf^ represents the

poor of cormodity m made avairable in region n ïo" intermediate and

final use. For cornnodity 2 and regÍ-on 3 this reads

, r3Xef 23x2r33X,2

2-3

1 1 F"*] [tr---] 
, on the other hand, represents the total

needs of the activities of region p for comrnodity m as an intermed.-

iate. For the same region and conmodity as above this reads

r"zr [rrxr 
* tùt * rrxl *

Inequality (\-57) then says that

able in region J minus the anount

dities should be greater or equal

dity in the region.

3"zz þtxz + l*z'noÐ
the pool of corn:irodity 2 ¡nade avail-

used up ìn proauction of all comno-

to the final demand for that cornrno-

obviously, there are 2x3 restrictions on capacities (trre first 
: ;-:.::':::: r'

six rowþ of the matrix in Table 1) and ã,c3 restrictions on final demand

(the last six rows of ttie table) each referring Lo one conrnodity and. one

region. Inequality (4-58) i* se:,i-explahalory.

The optimal solution to this model will determine the regional

output of each conrnodity I i¡Tx (i :1rZr3, k = LrZ), the int,ere.gional
â

commotìity movqnents ijxt (i = Lr2r3 J=Lr2r3, i/ j, k=Ir2) and the local

prociuctior ij.q. (i:i) that wirl satisfy the regional- demands iBk aù the
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minimum total transportaLion and prinary factor costs, given the re-

gional constraints of capacity. For a solutÍon to exist, we must

clearly have

á tlx 7 L,u (t< = 1,2)
i

the difference being_ at least equal to the needs of the system for com-

modity k as an intermediate. I shall not examine the potential appl-ic-

ability of this model here. This wÍIl be done in Chapter 6 in connec-

, tion with a still more complicated model of the nev,t section.

The dual of this model is also presented in tabular form in

, Table 1. Turn the table ninety degrees clockwise and let tVU repre-

sent the price of conrnodity k in region i (the price refers to the

eornmodity both as intermediate and final), and .U. the sha.dow price of

capacity for commodity k in region i. The.ü,- and '-lJ,_ will be reoognized
I ]-K iI(

, to have the same meaning as the v. and u. in l{odel fV. Let V represent

, the column vector o, ,Un and .U fat tne top of the table) and C , A

B the same vectors as in the pì"i*al. The dual, then, is
'; mdximize 'B V (t*-Sg^)

', subject to 
'i 

:

A'r V,

and v \ ¡'\ (t+-6La)ta"
, orr in formal notation,

tt

2V 22
maximize tu1 frrù trr¡- zuí, t ril[ron-J (u-sr,,

¡! .J

subject to
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L22

2

Z [-.u.][.uJ
r Lr- rKJLr- rJ

3 i-1r 213

qa_6r)

2

ivr - I L%4F,l-,un 4 iiår. *

( j = rr'2,
aII i, k

+ [rur][r"l*[bz] [r"ãl

(¿-¿o)

k=1, z)

Qr-Az)

price of coi¡modiüy 2 in

I nust not difrer by more

'this is the usual- inter-

and 
,vk' 1uk

The objecLive of ühe dual is to maximiz,e the difference between the de-

livered value of final commodities and the rrshadow'r value of eapacities.

The interpretation ot 
run 

*u 
ruu 

is the sêrne as in l.{odel rv (section 4.ê).
The dual- constraints (¿-60) al-so have the same. interpretation as in that
moder and in moders of chapter 3 (see 3,o.L) thougþ they are a litil-e mcre

compricated. For commodity 2 derivered in region 3, from region l, ç4-óo)

reads

V

32
-t[tl [.ul . ['%.][",] - l,'^<332*

The inequality then statu:tog that the

region I and of the sane. cotnmodity in region

than the relevant transportation cost, 
...3" Z.

regional equili;brium condition. To see that this is actually what the

inequalit,y says consj.der the prÍce of commoC 'riy 2 in region I in a situa-
tion of perfectly compeLitive equiribrium¡., ,u, will then consist of
(a) tne prinary factor costs per unit of comnodíLy z, (¡) trre costs of
interrnediate inputu 0". unit, and (c) ttre ilcosts[ or "rpì"ity per uniL of
the commodity. Now, (*) is the bracketed term on the right hand side of
(l*-62), and. (¡) is Lhe bracþd;:: term on the teft hand side; (c) is rur.
Bringing them all on the left-hend side and substitutins -V for them v¡e-I2
find,



lìr:j-,,.. i

1,23

,v^ - -v^t2 12 L3z

which verifies the above reniarks.

At this point, it may be useful to aLtempt a con:rection bet-

ween th e model of th j.s sectioD cnrì rlrêr¡i rue l-.r..ar¡gportati_on rtodeis.

Let us consi.der

v_ - u_ < s.. (l-tt(r;) of 3.0.1) tlocet rI
)IL)

v.- 1rr4 "^+ s .

/_r\¿12

and ,rr, - {[r,rl[ruJuþ'.-,]Ett] - þql-. r2"r. 
+ [.u.][."il- f,urJh"J

(¿-óo)

(t-óO) c¡ur be writlen: J, -.V. (.,"". (¿,-óOa),,^.trer,e.,V. slands for'/_L r_L 'r¿I rl
-bhe t¡rac}<eLecl. ten;s in (4-óO). It will be renternbet ed th¿:t in .l,ire rncdel

of J.C..l-'v¡c¡ hacl t1o tne,:ìns of calculating absolrrte pr:i-ces un-l-ess one such i

price v¡¿rs: qiven fron'the sol-utj-on of the generar problern of 3.0.3 (see

sc;cLj,cin 3.o.1+ atrove). rn siri;.rL, jt det,erm-ìned only ec;ui]-ibr.ium price*

differcritiiùs. rn Lhc first 1nlerprctation of'fhis rnodel- (in 3.0.4.) one

price was givcn frorit oul,side anci the dual del¿ern-ìnecl tlre absol-ute nrice
qf.nrnf.rrna. in ? 'l I lh\ r, a¡n *rvr rlv vr.{i v; rlr ,.¿-L\ w/, (i1 u<¡,r "}tel'l be thougirt as equ.i.rarcnt to .'ìv. of

!I

t-60( a) .

0n the other hmrl /+-30(c) can be rvritlen:

u, - (ur+ c.)

ancl thus r., * ", 
: 10 ( see lr2t, and /r-3r) can be corisj-tle::ecl equJ.va.Ie¡t

i'
tb I'l ofÌ (4-60a). It, will be remsnbere;,Ì tlral, a-t;solute prÍ.ce rlel;c:rri-ì,n¿r.-

L:lon clid not need â¡r nnl..rirìa r,nice in l"loilel IV of 4..0. The probl.cn.! arose,
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however, of discrepancy beLween prices compuLed from the dual and

pricqs computed from the general problem i¡ which demands were depen-

dent on price.

Final-ly, (¿-eO) can be r,vritten:

2v'r - { [t', il[ro r] 
* 

[,. "r. i i ¡ t] " [, 
o rl[, " J 

* 
[r 

o ril [ r "l *
'

" l',u.il 4,.ps,
LL L)) _1. _

and the terms in bre.ckets are equivalent to 1V., of (4-óoa) again.J-f

Thus, one can see how the increasing complexit¡r ot'tne model

pays in terms of resul-ts. Mode1 If of 3,O.I wa.s given consbant suppl-ies

and denands and unit transportation costs and yielded only price dif-
ferential" (by itself). l{odel IV of 4.0 was given constant demands and

capacities, utiit variable costs of production and unit transpcrtation

cosLs and yielded equilibrium pnices under the assumption that demand

is completely i-nsensitive to price; it also yietded values of capacities

in a competitive equilibrium. Finally, the model of tfris section was

given constant demands and capacities, intermed.iate input requirements,

prj-mary f acto'r costs and unit transportation,costs and determined

equilibrium prices of com.nodities (under the same assumption about demand

as in l{odel Ïlf of 4.0) and an almost complete breakdown of these ¡'.0.8.

prices in terms of costs of inüermediate inputs, primary inputs and capa-

city inputs. "Armostrt in this connection means that the moder did not

determine primary factor costs but it took them as given.

rf, however, we seek a generaÌization of tire moder that wourd

also yield p::imary facLor prices in its dual solution, problems arise. lt r^¡ill

:ì:;:ì:l:
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be rernembered tha.t the ob jective function of the primaÌ'needed these

prices as data; thus, we cannot consider them as variables.

This difficulty is not unique with the model of this secti-on,

however. It runs through every l-inear programming formulation a¡rcl

derives from the fact that linear prograrn'rii-ng mo.Jels cannot handle the

demand side of the- economy successfully, neÍ-ther can they handle curvi-

linear resource supply fun¡tionslo9tn" Iinearity assumption, wl"rich is

basic to the linear programri,ing technique and lends itl immense compu-

tational ad.vantages ,.€xacts its prÍce by precluding a sensiblel{tÓ 
"on-

sideration of these tuo aspects of a general- economic systera.

The above guestion of prices did not arise with the simpler

modefs in this thesis since they were not so general as the model of this

section. This ird.icates that we have al-most reached. the present tilnits

of the linear prograrnming technique ifi analyzing general econornic prob-

l-ems.

The problem of prices has been handled in a number of different

ways by various authors, The next sectíon deals with one such way in

connection wifh the compleLe rnod.el of A. P.i;Hrrrtu..1ff

h.I.3 Ì¡IODEL VI: A.HURTER

One approach to the resource-price problem discussed in the

last paragraphs of- ühe previous section is to drop the assumption of re-

lative abundance of primary factors in relation to regional clenand. Thjs

rwiLLbe remembered to be the assrmption on which Model V wâs constructed

from the material of section-d.1.1. Dropping this assu¡rption is then seen
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to, necessitate the re-introduction of the resource coefficient of the

activities and the availability ri¡nits of the resources (Lìlr and h-35

of section {.1.1), since the possibility of resources constraÍning pro-

duction can¡rot ¡e 
"ul.ed out any longer. ,ì¡Ie 

can keep, hourever, the

'capacity resLrictions and specify that they refer to the availabiì_ity

of cçitaI stock. This makes clear the static short-run character of
the model once again. l¡lith the same s¡rmbols for resources as in'section
L.L.I, the model is presenüed in tabùlar form in Table 2. The symboJ_s in
parentheses represent another complication irrelevant to th'e problern being

discussed, ald should be disregard.ed for the monent (see be1or.r, in this
section). The model is then seen to differ from }fodel V onfl as to. addi_

tional resource constraints (I have assumed tr"¡c resources for e>çositionaJ-

purposesj the numbet àf t"uources assumed is i¡nmaterial to ühe argument).

Tabl-e 2 is to be read in exactly the same vray as T¿þ1s 1. In formal nota-
tion the prinal is:

3-32 2332
I"lini;nize á f á. Eiur.-ì lr*d,l+ 222á - ¡r È. -ìr. "_1 tt rr\

ì I ; LIJ"KJ Lai'kr' ;;;ì Li""Jli"'xJli/'r.J U+-55)

subject to
3
Ii:x,) -*A,_ (i=t, 2, 3 k=1r z) (t_St)
i -9 K' L R

(+.c )rr

(r=1, 2 i=I, z, 3) ( t,-Az\

l*r*
23

f 4 [0"-,J [o¡xtl 7z oB^ 
( + PFn) ¡

' (¡1 = !, 2 P= 1, 2, 3) ( L-57)
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and .î j'\. > 0 for all i, j (4-f'¿)
_LJ lt

Sti:l.l cii.sr:egarcìing llie s).¡nLrols in parenflreses, evcr¡rthing J-s Lhe s,r,-re

as i.rr i4oclet V except for (lr-6Ð: this sjr:i1-,-l-¡r sta.les t,hab lhe amounLs

o1' r'escurces used rri; b¡r Lhe various acti-vj1,ies of the regi-e¡ shoul-cl noL 
, ,,.

exceed the avail-abil-ity linLils of Lhe resour:ces jn theù r.-'gicn. 'Ihis

im ,l i ac f.ha cl-.¿tn.l neo'rrnn-f i nn nlt rêõ^rrrnêq ì¡:a'ino im,:,nhila Ì¡ot.r,ta¡.---.'-Jn reqlolìs

l {-}.^r,.1" *lra rccrrrnr.'l-i nn nnrrìrì a¡qi'l .r ha r,ennr¡a,'l hr¡ orrnri nn t.--A2 ,\ l,lÌOUi:n tIl € êSl LL¡rr/L,rvr¿ vuqrq va,,)rrJ uç r. çljruv çu ùy SUirun-Lnq /1r(JJ OVeli

i = lr ?, 3, it, is retainecl for reasons tliat will be exçlai-ned in Chap- ' '

ter ó). l'ol: rîcgion 2 anil resì).rce I (t-6il reads ".,

- h ( N .F Y + Y \ rì ( v r- -v J- ., \\ -ll--2"Lr,zr'i ' z.fL 23"r, - z_urz,2l^2 '22."?_'23Ì"2/ // 2''r

The due.l- to th j s morìel is

23 [-v-l¡-u r.,..rl_ ?2 t-u,li.o.-lmaxirrij.ze 2f. L¡-r.J L,;"¡ (-l- i'k/l- L< L:-krr_r x.,ki srr\/ ki -r'--/ 
/

(t.-6t*)Zl f '.rìr. ¡ / ^il-¿1 l;i'u..\l .lú \-.u /l
r:i. LLI'.rL lr l-fr

sulijec b tcr
',)

j"t, - 2
.nì

+ Z f ib-¡[ ,"f (t,-6s)
r

arrd -\f,-, * ,Q , .!Í*aK'1k- rr //
The neu¡ syrnbol .ld_ represents thi: "pricerrof the resorrrce r in regionr-
i'Lo be,:Ìel,errni-ned. !'l'lrcn Lhe relevant cc¡r'r:.;Lrairrb in Lhe irr-imal is l-¡incl-

ino in J'.ho nr't irri¿,f solulior:, Lhe price .id_ is llounrl posil,jve in Lire dua.l,+¡'() +¡¡ 
i. f

as al-r'eady sLarlcd in ühapl,er l.

l-.r -]l- r¡--l-Li rnkJl 1'ml
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The objective function of this model includes the value of

the resources (third term) as was to be expected, while the con-

straints contain one adclitional cost itqn, referrÍ-ng to the resources.

The original resource cost is also includecl, however, and this need.s '',',. ,,:

interpretation. :

A. Hurte"tt? durlnes ier as the minimum price of resource r in

regi-on i and argues that the introduction of such price as externally ::: '.:: :

'.''
given minimum resource cost to prodpcers, irrespective of the actual ...:.:..:

-.: l:":.

forces of the rnarket, tend.s to l-ead tfre systen to choj-ces not necessarily "';;-"'

the best from the social economic point of view. Suppose, for ex;çrple, :

that the minimum price of a resowce is higher than v,Èrat the market

forces would determÏ.ne if left unrestrai.ned¿ lhe imposition of this

minimum price then leads to underutilizat,Íon of the resource and drives
I

the econorny away from its production-possibility frontier. Hurter points

out the descriptive justificat,ion of this imperfection and etçlains the 
,

relationship between .hl and -e as follows:ir ir
(a) re = .,W- : O means excess supply of resource, . :,If l-r- -¿ .....:.
(u) *er.) o, iW-= O: the minimum price is too high relative :

]. t' - r l' :.:-.-.--.:

.to supply and demancU thêre exists inefficiency in the 
. :::'::

system,

¡/^\ - = O .W) O: the primary facLor is fully utilizecl .i.n\v/ i"r _ -- i..r/ -

the region . An increase in its availability will- lovrer '. . .'

total systen costs, ênd
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(a) te) o, iÏür) o: the resource is futly utilized

despit.e its rainimum price (i."., the minimun price

is too low relative to thaü determi¡ed by the rnarket.

he latter í" ,"jilr") .

. I shalt noì¡r proceed to oç1ain the rymboIs introduced in

parentheses in Tal¡Ie 2 and, equations (t+-(f.), (ln-Sl\ Q*-61-) , (tr-6Ð .

Though the model- of this section is quiùe generel in terms

of activities and "o**oJities, 
transportation appears nowhere as an

activity uþiIe its costs are given externally. Since activities a.re

distinguished by origin and destination (and, of course, by corn'c.odity

produced) transportation inputs could easily be introduced among the

inputs of each activiüy, in uùiich case we would face the same problem

as with the prices of resources. Hurterrs approach, however, is to

consty.uct a nodel suitable for government planning. The transportation

sector is assr::ned to becompletely controlled by the governmenü whj.ch

regulates transport rates and purchases resources and comnodities needed

as inputs by the transportation sect¡r. .G-- in (t--6Ð is the anountir
of resource r bought by the government in reþion i. Thus, the avail-abil-

ity of the resource r is,d.ecreasecl by this amount (.G ) from the st,art.

The govennment, that is, is assumed to have p"io.:-t] lu"r thu 1:rivaLe

sector in buying resources ut *," going market price. On the other hancl,

^F is the amount of conrnodity m required by fhe government in region p.vm
In this respect, the government stands equal to any other final user of

output. The interpretafion of the ctual foll-ows di.rectly from what was said

about the primal. '

I
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Tili.s r"roclel- is basi.cally arr extensj-on of l"fodel I to jr:clude

j.nben:,recli.;r'Le co;nr:oclifjes a.nrj. many regious, Variati-cns of iL have

'lr.pn irrrj.rl .ìqlrorì Ì,-- I.ì r-^-....113 ^.-' r) c+ ^--^--^LlL{ .l.he r,.rrrr¡qit.inrv\.._.¡¡ i. * _,¡¡ ìr'i. lsa¡cl''" a.rrd jJ. Stever,s The exltosjtion j.n

|t5this fhes¡i s follorvs Ì{. llarr'vitz.

).0 Ixleirsion¡¡f Ìiq{eL_l

!iiLh one re6ion, l,r,LO resorlrces; ai-id three comrioclities tlie bech-

nol.o¡ìc¡.1.. riral,ri.x and tlrc ï'eiioìtrc*: ava-il-aÏ-rilj Ly vcctor of Ì¡todef I wa.s

(ct. 2.2.o.:1. (ii), (i))

Resou¡'c e l-

ilesol:rc e 2

0crr"*iioi-l1- by l-

01i¡¡¡ 6,1i l";r I

0orn;,,oJity l

I-b

_-I

:t_.1

2t_

I
Ì.

I

l?
r ,-l
l- lL I| 1l
l- ', II cl, L-J(5-1)

( ,;-t\
b

0

U

'Ì. .

1.

0

0

t.,tlcre Llre ¡.rriiles on 1,Ìre lreso'.lrce coef fj cie:lts of lhe ac'¿ivi-ij-es are

i.n1;e:rled to shorv lÌra.1, i.i;t,ermeCi-a.1,e comrrioilities have been "neb'l,ed otrf 'r

by t e tocìlniryue des;criÏ;ed in {.I-.1. Lef us clrop otre cor.'"riod:lty ír'oiii

Li.ris schenc +,,o al-jen bhe climenôions of the model of t,his secl,ion 1,o l,irose

nI f_h. 6rr+.rrì ¡.11q ntr.>^].ar rn¿.t 'ìol, US f eilftrOdUCe i-nl,Cflfrerjiate COn¡OC-ltieiS.v.L , 
.-{.ru ..Lv r-

'l'r',i - l:¡t t-on ..ian -le neçCfj:.ìary _i.f we a.re to ex.be:rd t,þe nccle.l_ Lo niai:;' regi.ons,

a.s has ¿:l-re¿rclJ¡ been e;.4rlained j-n secljon /¡. 1.1. AfLei" Ìrofh s;l,r:¡.rs Ìl:ive

been t¿il<en (5*1) is cli;rnßec1 Lo (S-l) below.
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Consid.er nol.¡ activity l of region l r^lhen it produces andIttransportsrt

its outpuL to region l" Its requirements will be

Et, o, -(r_ort*rrtrt), -(rbzr+ntrt), t-r"rr-rrt1r, -1"21'ntzJ' '

and its leve1 will be represented by UXt..0n the other hand, when it
prod.uces and transporLs its outliut to region 2 its requirements w.ill be

l]-l aì -l ¡ + + I - I ¡ + + \ 5 \Í - a - \r ll/flr vt -\foff-fe"I1), - \lo2l- L2o2;1lr -I"11 -12v11, -1"21 -¡,ZV2L, iJ

and its level witt be denoted by -^X.. As beforerthe production method.
L2L

(tfrat is, the k-ris and the ars) does not change with the destination of

output. OnIy Lransportation requirements of the activity (the tts and

vt s) vary with it, and the unit of output of the activity has been tra.ns-

ferued to another column to shovr the change in destination of outprit.

Out of each original activity of region 1, then, we created J, according

to destination. The relevant symbols for the activity levels are

rtxr' ::IY t3xr' rlx2' r2Lr' t3xz
and are to be i-nt,erpreted in

the other two regions:

and

The objective jn this nodel is the'same as in l-lodel I: maxirniza-

tion of total i-ncome, but for al1 regions taken together. I{e thus need

the prices of the final conurodities in each region as data:

2rx1' zzl., zlx¡l zfl/ zzx

the same way as inl{cdel V. Simitarly, for

2t z3Lzt 
for region 2

3rxr, 3{t, 33xy, 3Lx2, 32x2, 53K2, 
for region J

ftur, Lvz, z\r' )vr' 3vt'3uil ( i-e1
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ancl '.,1e iiavc to t'i nl a r¡/aJ¡ oî -Llrf,roclucing only fi-rraÌ (etli nol :i-rrf,cr-

,\
medi a.l,c:) ou'.pirt, s i.n llrc bb jr:c Livc .frrnc t i on. Ol,viousl;r, [,frc variable s

. .1.,1j"k vrj.ll- no L cìo for 1;ii j s [-u]"ìrcs c sirrc c firc;y inclr;.clc i ilt¿.:r'¡redi at.c ;i¡o-

clucbion. fn ofhcr vro:'rìs, Ztjt-U clelrot es tl¡e tota] proclrrcli-on o,[ coirunoil.-
J

'i t.¡ k 'ì n rori on i i'"^r".'rì "* f ì..''¡', r'arl-. vrlr'i cir i s to '!.¡e used aS inLer.r;ted-ruJ r\ -r-¡¡ r i.-a;-¡-vr] r, -¡.¡1vr_¡r.u.r rrrj urr(ru i,,(¿J u rÍ¡r-LUjr ri)

ial,e .i-n;,uLs in 1;he producLion of ot¡'rer cor't¡oclilies.

Il, is l,Ìren ne;cessarll lo inlroduce a n'.;n'trer of rrdun't,yrr ac1-ivi-ties.

Arrduiamytt acl,ivlLy j-s cne whicfi Coes not actuali-¡r produce anylhi.ng, br;t

si;r1'J-y t,¿rhes one uniL ofl a coni,rodit;,- fro:n a pocl a,rô'Lransfers it for a

s¡rcci-al use. In the lrarLìcrrl¿ll'case of flris model- therrdrrnnlrract-i.vities

't ¿:kc cne uiril, ol' cacl'l conrrrr.r,,ì,i 1,¡¡ in each region for final r.rsê in tha1,

l'r:g-ì.orL (r,;fren 1,hcy are oi-reritl;cC at unit Ievel). Their only elerLent is tÌurs

ollc: ulli'1, of oul,!rrrf; 1n 1ùe;llirrro¡:riaLe rorv of the l,cchnologicaJ- rnel,ri-x.

U¡r ì,o 1-,i ,is Ì¡oinl, l. li;,Lve ris;ed a lrinus sj-gn for a.n, in¡;uL ancl a, i-.,]-r:.s

si-r1n lcr ln orrl,pi.il, of a.n i,rcLi.v-i-t¡'. ils sl.ated irr Chapter' 2, l,his j s sjnt,.,l.J'

a colìval[,jon. .1. 1; wil! Lre J'or.rrriÌ riseful- to usc exacl,l¡' Lhe opiosi-le colven-
trK

l,i-on jn l-lr ìr,rnocle-l-: m:i nils si-í3nl for ouLi--.r:Lt ¿lncj ¡rlus si-gns for i-¡,,'-rts;.-----

]¡Ilth tfre nc\^r con¡cnti-on ¿rrcì tLie i,nbrorluction bf bhe dum,:y a.ctivii,ies; thc

Lechno.l oli.cal. inafrj-x ol't,hc s;re[.s:; j-s as in Tab]c l, nade in 1,he rìí'ìlie'r^Iiìy

¿.s 'Jlab.Les I and 2. .Y,- j s l:hc; l-evel. of l,he rrdLlÌiÌi¡'tt ilctivi.f;r in rcgio;i ì
-i ll

.t. ^ì.-i ,. - ^^,,,.,.^.rì +., I< for flj rral uÍje. .
VaJ\,l.il" \,Vr¡L..Vu!uJ l\ .r.V,l.

The moclel- j.ntroclnces goverr"u¡enl, as a- clemander of fl.n¿.l loods ¿¡¿

rr; soltrces in LLle v¿ìr j-orrs regi,on-*. Iiovrever, tltr: govcrnnrent liere dces no1.

r.ourrl ¡t.c ci f.hor, tLle rFjLcs or the inpuLs of 1,r'ünsi..,ort,;¡,1;i.on secl,or: l,h:ì s

is beceuse ofl Lire flacl 1-,ha.t transl:ort.aíir:n ha.s bcen jnc-ludecl -i.n 1.Ìre tc;ch-
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noIory. The symbols for the government are as in Model VI.

As discussed above, the onþ variables that enter t,he objec-

tive function with a non-zero coefficient (price) are the l-evers of
dumr,y activities 1Y¡ (i = r, zr 3 k = 1, 2). The variabl-es are a,t

the bottom and the respective pri-ces "t uí" üop of the table, as us-

ua1.

The dual prices refer to tlìe constraining factors of the prob-

len and. are as follows: :

ilt . the rent on capacity to produce corranodity k in rcgion i
.;: = the rent on the primary factor " ir, ""gion il_r
rrl. = the shadow price of conunodity k. (as an interrnediate)rk

in region i
As ui:itrr Tables 1, 2, Lhe modetr can be read off Tabre 3 in

exactly ühe sane way. rn formal not,ation ühe primal is:

, 32 :

maxir,r-ize 22 '*V,- y (S_Z)
ik lk ik \/

subject to 
¿

2'
?tt./Á
4i#u
Ji

_iFL ( ¡_ro)

(i:tr 2,3 k-Ir 2)
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The objective funetÍon (5-?) shows the tot,ar varue of final commodi-

ties in all regions. (5-8) is the usuar constraint on cepacity (with 
;.:

the new sign convention) . (S-g) is the constraint on avairability of

resources. For íegion l- and resource 2 it reads:

(rbzr +uter) uxr + (rorr- * 
r-rt¿*) r2¡l-+ (roer* r3ta) r3xr I

/Ì. .L + \(tozz * rt"zl rr&z 
t (tbzz+tz'rr) ,*rl (torr'r3trr) 

r¡Ez ( ,',

Finally, rewrite (¡-fO) as follows:

ard lYk, i¡xu)f o for al-t i, j, k.

intermediate input demand.

The dual to this nodel- Í.s, in turn:

32
nrinimize 1? i,o, (iR, - iG,)* 4?r:u r{-

'( ¡-rr)

4 ,rx nV iYt iFt + 

+ ((i",ono r¡'r*) i$," (5-ro"¡

ThemeaningofLhisconstraiútis.,thatthetotalpoo1ofcommodity

k coming to r:egj-on i from al-l- sources should at least be equal to that l

dra¡¡:fromthepoo1for(a)fina]-demand(u)governmentdemanc1and(c)

1? ['nü [ 
"n]

ß-tz)

subj ect to
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1 ltn J [, "* * ,r ivr,] îÍt''t\[ t'"", 
,i ¡t"J *,0,, -

¡n^)/ o (L, i = I, ?., J n=1., z) (S-y¡

iil L 7r :-vL (:i. : r, ?, 3 k = L, z) (s-rL,)

and .\'J , ,U , .fl .Lr'Lk'i k'/ *- ''

(S-lg) st¿tes th¿.i, fhe cost of' each com,-oClty in e¿rch region (irrespec- .,.,

t-i_ve of r.Ìrere tlre cormo<iili¡ coä,,es froni) shor:.1 d be a.t least equa-l, to ilre ::,:.::
,,:,:,,]

]lrice o{- une conrroiljt,y jf n in th:r.t region. (S-u*) fixes Lhe necessr.r;,

rel¿:lj c.rnshi-¡-l between the irrice of the com,rortit-v a,s aì1 inlermedi-ote, Ì-l ,
a;rd tlier 1.,rj-ce of the conroili'b_r' as fì nal, V.

Tlic 1'rrinial ol. tli,is; tlc;del..[uncLi.ol'ts on the sarne pri,nciples as the

rnrrch ::i;nrr1r,:r lnc;clel l: gj.vr:n t,hc finaJ- conl.:,ocli1_y prices j.t choos;es ::. loi.nf I

on t,lle Ì'¡'1¡1dlt1'7 ol- the colrb jned 1.,r'oclrrcti.on l:K)ssì.bj1.i b¡. fronl,ier of ¿l.ll

L't:¡1j r::'rs f o;-;<ttfrer so Lh:il, t,olaL n:ìfi3'-,.r1- ¡,rocluc l i ¡; maxi;nizccl ,for t;he s¡rs_

Lem. ll ma¡' perhe.ps be useful- l,o ircint ouL t,hat the conbine.rcl Ol-ocluction

possibili-ty frnntier is net of rea.-L cos.ts of .bransi:crl (t¡e lresources ,:.:';,',;,,
::....'. -::-:.;:.

a':¡sorbecl bJ' tr¿.nsporl, a.re i;akcn inlo accc'int). The oj:¡imal sol.ubi-on ;, :

t'"1,"""u^is a conpetibive equilibriun at giverr priccs of J'in¿l.l- corn:loclj.i;ies

ernd ì-s, cf course, €ìn eJ'ficienL corirk-'ina'bion j-n the seìlse of secfion i?..2.1 .L.
Given l,he cor:lirro Ìil,;. ¡rices 1,he clua.l inputes fhe v.al r.ie cf tlie rna;ii.-

':.: i,.':
,num ou-tpi-tt (e.tl;ained in lhe o¡:Lima.l sol-uli on of t,l:e prirnr.rl) b¿ck to tÌre :

resiollrces a:r'J ca'paciti.es. In tire procesri, howev'cr., lhe drrall, {ebert:r,i.nes

( ìnLermecìia.le) con:rror.lil,y prices a.lso. Sj-nce the price of one ¿¡.nrl the sl:ne
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conmodity cannot be differenL uhen it j-s ,"å .u an interrnediate fro¡n

vuhen it is used as final, we get inan¡uality ( 5-14) . If n turns ouL greater

than V then the conurodity j-s not put in final use but is only used as inLer-

mediate.

The lasL point about the irl ¡ and ,Vn brings into mÍnC the 'rprice'r

problern'encountered in l4¡¿et VI. Indeed, the morlel of this section faces

the sa.ne problem, perhaps in a greater degree. To elaborate, the dual sets

out to find pricgs of corunodities but is restrained b¡,' the fact that these

compuLed prices, iñ k, must bear a certain relationship with the exogenously

given corrnodity prices ,Vn. The inconsistency is'clear: v'rhat is a variabl-e

is also a datum

One way out of this impasse is suggested by B, SL".r"n"lf7 and i'{.

lrgHarwitz**-. Impose on the primal an additional set of restrictions

iY u)f i9u (ú=1, 2, 3 k=1,2)

virere .8. is interpreted by Stevens as minimum consumption requirements
l-k

of cornnod.ity k in region i. If, in its objective of maxi-mization of the

value of finat output, the primal allocates a quantity of a final- commod-

ity exactly eoual to the regional ""qiir"*"nt 1B¡, this means that the

price 1V, set for the commodity in that region is too low (and, roughly- Ll(

speaking, the model avoids the region). ff this is the case, the dual-

vari-able associated Ì^rith the constraint will be positive. This variable

could then be ad,'ìed to the exogenous price tVU and the problem re-solved

with the nevr conunodity price, as if the latter ì^Iere Lhe actual prÍce. 0r,

1,he dual. value coul-d be consj-dered as a subsidy that shotrld be pai.d to

producers to bring the necessary final ouLput Lo the region.

It may be noted that the above approaches have not been exarninecl

adequately in the literature.



CHAPTER VT

FORMAL COìûDÁRISONS, EVALUATION AND COI{CLUSICI'J

Ïn this chapter an attempt is made at formal comparison of the

two basic models in this thesis (Vf ana VïI) ïrit,h each other and with

other sinr-ilar models. Section 6.0 is devoted. to this task. Furtherr an

evaluati-on of interregional linear progranlning mod.els a¡rd some conclu-

sions are attempted.

6.0 FOR].fAtr COI,IPARISONS '

6.0.1 l4ode1 VI (4. H$rteq\ a4d l.[o¿e1 VII (I,1. Harwit,zl

The formal sirailarity of the two models can be seen by exarnina-

tion of Tab1es e (tloaef Vf) and 3 (l¡o¿et VTI). The matrix of constraints

is seen to differ between the two models in three respects: ( r) signs, (b)

transport input coefficients, and (c) the last six columns of Tab1e J. The

difference in signs is purely a conventional one as was explained in Chap-

ter V. The transport input coefficieàts in Î{odel VII are included becau-se

transportation is just another activity in that model, consuming resources

and i-ntermediaüe inputs per unit of its output (tfris latter being defined as

transporüation of one r¡nit of commodity K from region i to region j). This

treatment of transportation all-o'¡s. for the multidimensionaJ-ity of the in-

dustryr s output, that 5-s, it can take into account differences i-n input re-

quirements as the specific destination of putput to be Lransported changes.

0n the other hand, in l{odeI VI transportation is handled exogenously. The

impliciü assumption there is that its intermedia.te and primary inputs are in-

cluded. in the governmentr s constant d.emands for pri:nary factors and. comrnodi-

ties.
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Difference (c) arj-ses because of the different object,ive of

the two models: Model VI takes regional finat demands given ancl pro-

ceeds to minimization of total production and transportation costs.

The unit production costs are given (by technolory and the rninimum

resource prices) and so a.re the unit transportation costs (Uy tfre

regulatory agency of ùhe government). Thus the variables need.ed are

only the ijkt. Model VIf however, takes prices of final comrnodities

given and proceeds to maximize the value of final output. Final- de-

mand by the private sector thus becomes a variable (.8, of l.{odeÌ Vf- r-K
is dropped) and six new activities are introduced to transfer output to

final use.

Basically, then, the forrnal dif ference between l{cd.els VI and.

vïr boils down to a price assumptior.fl8 tre prices assumed. as given,

that is, differ. I,fodel VI assumes Ínput prices given (not those of

interrnediate inputs, though) arid thus has to define as objective the

minimization óf costs. In its optimat solution it determines the final
cornrnodity prices and the rents to capacities that are consistent with

the technology and the consLraints (of capacity and demand) in a co¡n-

petitive equilibrium situation, and runs into the problem of having to

deternine prices of resources also, r^Èrich were assumed given when the

problem was posed. 0n the other hand l4odel VfI takes fi.nal commodity prices

as given and has to define the objective in terrns of maxinization of the

val-ue of finaJ- output. In its optimal soluLion it cleüermines the resource

and capacity prices consistent with the constiaints (of resources and

demand) in a competitive equilibrium sibuation, and nrns into the equiva-
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Co;rTnoiljty f,rj-ces vrirj.Cii t¡içlîe A.Sfjì-rnc:d ¿iveil v.'itcl Lìte 
',-'rOÌrlem 

vJ¿ìS llcSed.
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O.2 L. i'iol;est I'ic,Ìel'^- and ì'lodcl VT

-r

i,hat of i\.

,,^-.f ì *^,,+Ì-rul u r-r¡1/uu

of capaci.Li

minimi.ze.J.

12l
I'i osest moCe]. is, in il,s tkicorelical form ' , ver)r sjnil-a.r' to

Ilurbcr. The maj-n ili l'f erences are; (a.) inLrocl-uction of trans-

coefficic,:nl,s inl,o 1,he mabrix of technology, (¡) inLroil'rcLi.r:n

es in thc Lra,nsporLation sector and (c) Lhe c.¡uantity 1,o be

The introJiuction of transport input coeffi.cients was clone by L.
121

I4oses in exactly the sane I^Iay as in Ì4ode1 VIf .*^^ The introduction of

1,rans;¡;orL capa.cifies is sin^¿ilai' to the inLroclucti.on of capacities for

fhe prorl¡cing i.ndustries of each region. l'inaJ.ly, tlie objeclive func'bion

minimi:',es the quturtity of prì-nary inpuls requi-recì to satisfy the giv'en

fin¿ù dr,m¿rricl . l'ios;es ¿ìssLrmes one prinar)¡ j-nl,t:l.r Izillout', al-¡cl tiltLs liis objec..

ti-vc furrctíon is

111 (.,b.,u* t )-x.
k j j 

'j-il{ iilk'lj}t

v,,hc-:t'e Llie sribscri-nt 1i.s use,rl tc denot,e Labou-r. l4es:iest u-a,Y of statì'ng

t.lro r,l, ir:e.T.ir¡e=, firncl,ion seens to avoi.cl Llle urice probì-enl referred Lo j.n

1.23
tlle nrevj ous sectioir, 'rirrt, ffiis j..s done at the cosl, of ]le.vi.nî to asçrl;tlc

one prirrar;'factor, so tliab Z þas meatring as 1,he 1,olal- rrusnti-ly of laborrr

rcqr::-ired b), the sys1,cü to sati-"fj, Llie givcn fina.l clcrn¿,-'tcls.

6.o.3'rÌ,e rs¿r.rd\21 stevens'zfods,l ¿rr,cì lioder vTr

There sectilsi to be one essenbi-at dif ference bctt"¡eetr lhe i-sard-

Stevctts nroclel ancl nrodel Vf .l-: rnocleÌ Vff assumcs Í(:rsoLlrcclrl j:-'unol;jle ancl

consi...l.crs all fi. n¡-'L-l- cotilr,oJ j.i-i. c:; as pot cnt,j ¿rll")r i n1;ermccl-i al,e brrt ,loes nct

coris j-tler in t,eriuecli.r.t,c corilrrociiti es that are no1, lirlaL t e.i!., r¿'.1'I nj-cltcI o::e

at the ;njnc lic¡rcl. Tlris revcals a.n :irnplicit, ¡,sliul;r1,L,ion ¡l.,otl1, rnob,iI i-l,y of

sl,r'ici,Ìy -i.nl,crrnerl-i¿'t;e co;illorlj-l.ì.cli: na,l;lcl;¿, Lhcy n.r'c ccirl;iclerr:cl j-ln'roliil-c:.'l'ì,is
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Consider' e. rcsource j.n bì,c grouniÌ, (),n]. t nickr:.1 c¡re. Tl;c rcl cl¡rïìf

consLrai¡ib orr reriource cajì.'lci1,y wjl-L l;lrcn refer t,o l;ìre rate af r.¡lijcfrl,liis

ore ca:l be exLracted clur''i ng tire pcrioil of ex¡nr.i nE.l.ion a.nC- nol 1,o lÌre tol,¡l

ni.ckel ore rrirìerve. jirrt in Lh-ls case, tlrere nusl; e:cist a nrining acl.,.ivil¡r 16

carrJ ou.b iLs bask. Il,s ori'r;1rut, rvilL be a. sl,ri-cfly i.;lF-ernLecìiaì,e ¡;oc.rd, il.-,1-'

whi.cll 1,i;ere -i.l; no f j nal rienailcl. ijrrt 1,lle inoilel ¿l-ssluÌÌes lìrat, each .i nl,ernecl.-

'i a1'.n ccirr:-,ro,i-i !." ccl:si.c].ercd is also rìcrnanrìorJ lir¡ fl-ì na'l urìers. .,ìnrì l;liis ce.n bc:

c¿a,r 't-r¡ 'r-1,¿' {.:¡t tl',:{ ^"ñ".r- -^+'ìvi_ties for tr;:nsferrinrt i,o fi n,c.l- denancl areOççrI 'JJ U¡¡9 I(r,vU Uilru \rUrl':U f-Ua\/J IUt Ua.¿l¡Ð.1 çr l¿r¡ëi 1.,!/ J.¡ lro-t

dcfl:ined for ever¡' produced conlincclit,y. If iue kcep tliis interprctaL,iorr, fhe

oñ1.)¡ v¡¿t.i¡ oul is fc; assrlne f,hat jrroducLive i)roces)ses are rju¡ificienbly jnte-

grl'.l,ecÌ so Lha.t none Irro(luoc:r; a sLrict,-Ly in1,er'meclj-¿r1,e corrriro4ify. Tiii s, :ln -l,ur'n,

iln¡r.Li es; bll¿r.1, t,Ìre inlruLs ne:cil('.cì for e:<tra.ctj-on of Lhe resource are eri:ì;r.:cli ecl in

Ljre jni;ui, coeÍ'f ir.:-icills r.>f' L,hr: j,l'it,eqrrl.Led actjvity. i'ijc.kel ore ä.t L;hc r:rj-ne-

fic:,'ti, i.lir:nr.k:r:r; rr()t, ilp; cì:t.r' ;ì:l í.,. r..r'o(luc1. cf an¡, ¿çf j.r,rif¡,, wliich ìm;-..1 j...,'" tJl¿.rb'

-t'¿ -i-s nol; Lr¿;.ri:i¡r<;r'1,;;l;ì.e Ì-;clr^,reeil rcgions llril, has to be l'urther Ì,ìrc.,ccr.sed,i,ìlL(r

¡;.nell;r::Ì' r-:r-'ui-nc;,1i1-..'¡' befr-rre i t. trecolr es ;t:rbile.
Anr., t,h eìr a.L tern¿l b._i.ve,, fror^rever, '"ror:Id be lo keep LIic acti v.i i,;r ti¡a..b ex_

t,r'acl,s 1,};c ore s€)l)¿Ir¿tl,e j.n lhe lnodel . 'Ihis .v;o,rlcÌ erìLêri f ( a) ej Lher r'.rc¡ri.,.i,-,¡3

L]re relcv;:'Ìll -: Y.- or cc¡iisi,il er-in¡ its price .V',- ectrrel 1'a .¡.or¡ åq i¡rÉ¡ aclr.:al--[.)¡-_ -- ,t l. '----- Í'k
clo r,,it,ir i ijt't., :n¿ (t,) lut,ting 1;Ìlc relev¡:li governnent <lenlancl ., Fg r,,qul1. i.o

zerc-t (si ììce lhe goverltmcril i.s not .0.sr;uniecl to opera.1,e arr .i nciusl:r.ial orterpri se

cul si rie t,h e :;roc cl. )

'Ilie above second allcrnaLive ini,erpretal;i-on enables +.he ntoi-Ìe.l- l,c

consi,der' ¡11 s;1,r-lctly ini;ermccli.ate corunodi tics ( excepl lr-"nsporLai,i on

Scrvices) as mr.rl,i"le Ì-let,i'¡cen regi-olis;, ilttil l,hus; fhe choice llrocedure is

freerL f:'or;L an a.r'i;j.f,:icj-al constreir-,1,. iiy {,he lasL sl;a'beìl1onl' if is neant

bhaL, i f rve rJo r¡oL ado¡'t the seconcl ì.:r'berpr:eL¿;tion l,,nt ker:p l.he fj-r:.: [,r

we r.cq ¡j-r6r f ¡oliL t hc nodc.L l,o ;.,rocìrice sm e-l.f t:d ore on}y 'ì'n Lltc regj ons

that tnines exj-st. Sr.tppose, for ex.lnple, thal onìy onr: rc¡,;-lon i'n thc
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syrjte;ri hls a nickel ,-ni.nr:. 'lìren, even j,f nj cltel- orc al, bl're nlineite¡rcl

coulcl t,e -br..1ilsí;orted lo enobhcr regi,on and sÍreI1,e"ì tlie,¡c ai lnrrr:h

,lower uu-if l,ct al (rrnit procl'.rcL-ion 1.'1us uni.L lransjr.,orl,at,i-on) cosus,

tÌre mo.lel catrnot cc¡rsicìer l,iris possibiliL6 as il is exch:cìecl b¡r

:lqqrr¡r¡1-i nn

fL r^¡as nobed above Lh¡.f. 1,he seconcl alierna'Lj.ve inlen.¡re*,a-

flon oI nodel VII s1]ill considers fhat Lhe transnorl,¿r'tion seÌ:vi-ces

ncrrdcd 1,o tri;:-ls1-'ort all unit of com;lo.]i.t¡' ]¡ fron'ì region i to re¿¡rcn j

lLr¿st be rrrcduced. in regì.on i, thal, is, in Lhe reg:Lon of crigi.n. Tiris

is liec,luse ihe Lra.nsi--,ortati cii 'inlu,f coeí'.llicicnts are cinbotlj.ecl ( or ra-

Lhe-t", adCed) wj.ih the ;.'rorluclion coeffi.cj enfs of e;";ch a.cl,i-viL;r. 'llhis

'L::ea't nen1., ha.s tvlo cons ecìuenc es:

(a) l,ir,-- rlrral- rvilr noi qj-vc a shador,r,'pr:i.ce forl,he in't,er'i;ledj.aLe ¡1o<-:d

" t,raiìs;,i:r,L¡rl;ioyt scrvi,cclsI anrl

(ir) Lire nx,.iJr:.1. i.s l'r':s]..r'icierl froln choosing J,o a1 loc:.-bc l;iie í.rr-ocluct,i o;r

of't,ìrcs;e l;ervice:; 1,o l.,lrr,:se rogions tlial c¿a proti'.rcÞ t,lreÌir iììi)sl

econo;¡ j c irl.'l ¡' .

Tiie Isarcl-SL,evens mcrclel is a r^r;r;. ou1, of tÌr-i s dif fi.cult)r: rlîans-

¡:crL,ation $el'vices ar'e cx,i,rlj6i1,h' co".iilered a.n jn|r:rnierjj¿rte colllnocìj1,.-¡

ilro<luced by a sepa:'ale acl,-L'vill¡. .'lso, j-liLerlnedj-ai;e and .rj.na.l- coirli;iod'i.:

f,i.es a¡'r: kept sl;ricfly sc.oaral,e -i.n 1,ire i;rodel-. TÌris is a.cir.i.ev.3fl b;r 1:osi;l--

lati-ng fha.l tÌ:c outcoirre of cvcr;' activiL¡' j-s; ¿ur i-nr-err,ie.Ì-i.e!;c conLiilo'Jj L ..

\,I rì -, ^,-ì. --, -j n\'rvC Llltls nAVe, lof eaclt feillon:

(a) I'rocluctive AcL-i..¡-i-bies: there a,b¡;crb pri-nar;'inl-,ut,s ír¡rt-l

j n1;emediate goocÌ5 ( e:rce1rt, l.rans1,orl, s,.:rv'.ì-cc,;) ¡ncl i,::'oCucc

int er,¡leCli a (,ç .r^^rl ,. ( o',n -..* *,¡,-t¡gpOf t SCf Vi CeS) .
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(U) One acLivi1,;' prL)drlc i-r jij Lr:.::rs¡rorL ser,r j ces (int,erned:i:rt,<;) i;;.,

absorbing ¡rrimar"r ¡nil ii.,l,errnccli ei,e l-niruLs (e>rcepf Lransport,

:;ervice:¡).

(") Slri pmenL ¿rctiviLies: Lhese a.bsorb one unit of an j-n'Ler.irre,f-

ial,e cor¡l.oCit¡, an,C lyanslol.t services a.u.l yielcl l,Ìr:.t r-rnjL

of i-nt,ermecLiabe a.s ct!.u oui¡;ui in anoj,her reg-ion. linong

i;iren, there arc shipt,renl, acLi-vilies tr¿nsferr.ing i;Ìre int,er.-

nediaf e goc'cl "tra.;r:;por bLt,Í on servic esrt .

(o) pina] good acLj-vities: lhese absorb one unj.t of an i-nt,er-

necliatc conintodity a.ncl ;¡ielcl one unit of saüe a.s outpuL. TheJ¡

are drunry activiti_cs, bii¿.t is. fn nu,nber, i,hey a.re as nìanJr

¡rs the n'-:nÌ,c:: of [:i:i¡Ll- co-rr¡noclj-ties.

thjs t,r"cai'nent requ-i-re;" :rl-ìit,icla.l- colrsl,¡,¿¡j-nts on 1;l-le olrt,i;uL o.f' .Ln1,er*

t:recl .i t1,e coru;,od1'bies. The collll,rai.;rt;s rer:rrj.re 1,lr;r.1, 1,he 'bofa.l of ca.cI

inl,crrnc;.li.lie coni oiJ.i.t;r procìucc,l in a regi.on ¡r.ì-us Llre quar-rb:i L¡. sÌ:-Lplretl

:1n1.;o [.,hc rr:gio]1 f rrti;r i;tilcr rc:¡;i on:;, r'li.nus the qua:rti-ty usecl l.n l,he ro-

6ion rninur; v¡haL wr.s shi.pp':d. frorn lì-ri:; re.lion to oLherc, shou.l-d Iie equal

to :: nt'o

In al] oLher l.,asi-c respects '¿he Isar:-ì-Stevens nodel is Ll rc-; s¿ne

a.s i'odel- VlI.

6.I hn Ai.'l,einpl a.f iivaluati,on

I sllall devote Lhe firsl subsecl,ion Ì.¡elo',.¡ to so;;lc rvorCs of cûri-

tion i-n connec'bion wiLh tlie models co¡lsiclcre.l in [,h i.s L]resi-s. Tlre ¡ie>lt,

subsecfio:r will tiren b,c devof-eci to an ex¿:,r¡-ri-n¿rLion oJ'l;lic i,o1,enti.al of

these ii,ode-l-s in an api l-i c¿¡.bj-on.

r':; ;': ;:¡l:¡;
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ó.f .1 i4e.lhr:dol-,rqr. i.nd ¡ssun;;Li on:r

Fi.r s 1,, all rLoclels are s l:,a1, ic: . 'il rci r sc.-l_u'¿i.cns, 'th cn, gj.,re us no

clue ai,oril, v¡Ìra'c llre futr¡:e pel,h cC thc ecoìloiny v¡Lll be. Án;r i.¡1,,-,"t.,"o-

LaLion:; toi'rards t,iri-s ,$-recti-on shou-lcl be ma.cle.'*ri bh extreme c¿.rltiril.

Í)econd, the sclulions bo +.Ì-lc nodels describc a perfecL,l-y coinire-

tifive clui.libriun. Si-trce nob nany are ì)rei)¿lr.e.J lo assì.ltle thaL tlle Ð.c-

Luii- :i::r,i.'erIecf eco:romy' c,terates i-n thì,s wa.y, l,he usu,':,J- jusbifi ca.Li-otr f'or

rrq'i rrry nnr¡r'rnf i l ì rrg p-nr.1'ì,1--tbr_ì_Un lîOdgf S in ¿1ci.rral a.ppljca_lj_Ons is tÌ.r¿lb anr¿vru ¿rt ().v uLtaI

e,*tiÌrji.Ii:'ìtj.on of rliIi'erenccs bebwe,'-n t]ic nodelts sclrrLion ¿rncl f]iab oi ti: e

acLu¿ù ecortollt)/ r^ri-ì-l- rcveal l,fie parts of 'bhe l¡.ifer r¡ltere irr.,pe::llec'bi-arrs

ex:'LSf . Acceul,a:rce of t,irisi ju:il.ificat-ion does not solve ¿¡-ll- the prob-

len:;, t.hr.:r,r,:lii, l,itc rcason Ì.rcirip; tha.t, the clifferences referred 1,o above

ca.nno'b silfely bc ¡.scrj bed f.,o ncirt.-coìì",Ì-ìeli-t j.ve el-cy:l<rn'l,s cjll_r.¡: oLher íiÍjsìr¡.tnj:r- 
i

t-i ons jir t.lie ;noclc.l. (o.;l. , I,Itr, li.nearj t,y of i,roductj cn func'Li-g:,s arrrÌ t,ire

fi'cl I,ir:L t,ire sc,l i,r.t;ion ..¡¿l ì.rlr)s; refcr lo an eluiJ-ibrir-nn) ma¡r be resr:rc-;,i:i bl-<:

.lor cl.i sclr':;rr;rnci cs, a1r)art fr,o.l illscrelianci es rlue to j-naccuracl.¡ of t,he rÌrl;a.
. r2g

'l'l:i r"d, si¡tc e o¡r1.i na.Ì sr-,Iutioi:s of Llrr.-; mcxl el-s urjuål.Ly ,lif ,f cl: f"r'o¡r

actuel, mlrl<e't; sr.¡ luli-ons, t,hc cruestion ¡+.r.i-ses a-s l,e the uscftrlne ss of t,he

cc,l:rilxï'.1ì.t,,ive slat,jc tìreorc-::-rr.s clerivccl from thc n;ccle-l-s

l. b shouÌd be ncl,ccì, l'roi^rever, thal at-L three ¡roinl,s consi.lcrcci

¿rbove ¿i.re nof pec'lli.a.r'to lÌre modcls of this tlresis: fhe fjrst tr¡¡o:un

l,lrrough lhe mos1, pqrL o,[ ecol'ioinic l;Ìiccl';' ¿ntl f;lie t,ìrircl vrill a.1tir1¡¡ to a1_1.

;:Lcde-l s t^¡l l-icli clc.l not es1,i.;;,¡¡.Le r el.al; j onshi.¡rs, Ìrr¡t arc: basecl on ili. rect st at,i s-

1,:icaf dal-a.. The a.ns',.¡er t,o such cr-iLic.j:;ns wj-I.l- 't,hen i¡roba.bl.¡''t,e 'l;hai: given

bhe l,reserrt s1,aÌ,e oJ' l,heorel j cal k:-ror,vl.ecì.¡e i n oco;roriric:;, r.re sh¡.l l- l;:ive to cLo
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t..¡ith noCel s lravin,q Lhese ba.si c clcllicj enc_ies.

There al.e Lrn¡o 1toi.nl,s, ltoweve::, Lhn.t', are pecu.li.a.r to ¡1cner..a.'L

lrodels cast :in -lincar lirof,raxnrì-ì ng t,errrs: Lhe ilncariLy assr.r,r-rplion _i.n

prdclucbion anrl 1,he Lreat,nlcnt r:f den¿urcL.

The linearity a.ssunption is of course indispensable :ncl ;rrovl-ries

us lvj.th actual sclulj"ons to conpl__ica.Lecl. norfe_l_s. LIntil speci-fic mei,hods

of so.l-uLion; of non-'[inear ¡)rogra.iruni-ng r¡ccle-l-s have been f]c¡lncj we sìial-l

ìrave t,o clo rci bh rncdc1-s a.sf:irrij-n,g co¡rs1;¿rnf r,et,urns to sc¿.-Le in producti_cn.

Tlie sane reìllarl{s as al;ove irolcl w-ith respecl to t}re'bre¡tnent of

clerrancì (see also sect:ì-cn t*.L.2). t',ie sì.npIy do not, have a. v,ray of j_n1;ro-

ducing it into the linear prograrnlni-ng mocleì, becarlse of tlie ì-i-rrearib¡,

asr;"n1rt.i.on. Oonnectec rvi.t;l the c.ì elicir:nl, treal.rnent of rlerna.n,l i.s flie

"¡rr-ì ccrrirro';;ì-on Lhai, arises jn al.-L l-hcse mc.j.e-l-s. As noled ¿r,i-:ovc>lriosesl

vi',or)-c;1' a'¡o j il s -i t l¡uf pu Ls ir.no [,]rer' ¿rs-Lì.nìjtion j.n i- ls r'.'l¿ì.ce. Â¡¡l ¡r¡¡.;r,eçrrer,

t;hc rli.¡crer)ancy l.-,elween oLts,ervcd ârìcl com¡'¡l,od ¡rrj cr:s not,e:d at l,hr: end o.[

s;ecl-,j-cl-r /ç.0 i s noL avciclecl by hj,s assrmrp't,J-on.

(¡.L.2 The i)oLenJ;ial of l-tioCel-s Vf ancl VU

I sh¿rll- conf ine m)¡ re.ìïarks jn tfris sul-,section lo i,ioclr¿,r-s Vi and

VIf so Lhat f can be specific. In any case, tlre for¡rr,al sir-,rilarj bv of 1,¡ie

models jus'"iflies l,his åpr.;¡6s.gh.

l4odel Vl is more cf a plánnin.; moclel tlran VII si-nce iL jsolal;es

1,he transportation sector or_rl,:;-i de'l,he mcrìcl_ and can-bhurs prov,i,cle:;orite

answers to ¡rclj-cy que:;1;i-ons rcl-afr:d to br.msport,aLion ancl regjonal- de-

..reJ-oplnent. Thc effrtcts of cha.ri6i,ng l';,:rnspori,¡.tion rat.¡s; on lhe or,rtr¡u.bs

of comloCil,-i.e s j-n ea.ch region can Ï.¡e calcrrlatr:{ þrr ¡o"'rlvi n,g Lì.re 1rro';1.cn:



'l raÌt /+C)

wi l,h l;lic prol:os;eiì changes j-n r¿rtes a..; cl¿rLa. The nev¡ sc:l,ut icn r.,'.i l,'L .' or-

t,lrc of ilecls bha I blie sc chi,rnges v.rjll li t{e-ì¡, hsvs on re6i cnal- oirlnuts a.nrj

er: i;lo;'iiLcirt,, ¿rs r.¡c;1,1. as on lire tota_L ourti¡it of i.,iic tra,nsí;or,tal,i-on sector.

The effects of e. change jn bhe regi-onat rlistr-ì.bution of {Ìovílï"r.j-

nítnt ilul'ciii,rses of finaj- '1oocìs; anrl resorrrc(ls catl als;o be cllor,rn bv rcsolrr-lri.c:

tìre,,otlel v'¡ibh Lhr: proposed iFk urd iG'.. ObviousLy s;uch chan8es wilJ- e.f-

fect :le.3ional ouLptrts, emplo.¡nent anrl resource use, an'l t,he olrtrrul, of' tìlc

tra:rirol,Laf i on secLor.

ln terins of the dua.l,, srch chanßesas Lhose ey,a:,rined above lr.jf-I.

chan¡;e l,Lrc dual- prices of co:ltrioli't,i-es, capa.c-i l,ies snd. liesourccs. co,r-

paris;ort of l,he new prices to fhose conîruLed it¿ l,he inj-",,ia..l so.l-ution

¡¡i.1.ì r;liqrw LÌrc effecl,s l;htt ¡ovc;Ì,íìtÌleltt po'Ì-ic¡' mey lìave :i n changj-ng tìle

rcl¿rl;i-vc ¡i'¿tr¿lc1;i.ve;Lexis: of rr;¡;j.orrs 1,c .i nv¿:s1,ors f :,y cÌrangi n,3 Lhe¿t/K),

,.Ln',l noi;i l-e laLrour' (1,¡' .1,"'',ni-n,{ t,}le i}j*) . ,liiiel,ircr o:^ nct _-i-nvr:sl,rnenf, lnct

]¡t; ,or:,,r' r^¡i..l, l foltol,, t,he ¡::il-'t..r::r,n cìi.cL¿terl Ì;y l,he clual. ¡x'iccr; is uncert,lrì n,

l.ìr)t'¡t:ver', l)ecause of imi-;er'.[ec't ic¡rrs 1,hat exi sb 1n the ecolony"

lllre initial- s;c-rl-uLj-on 1.,o tlre ¡.;i:i-rrieJ wil-l shor+ llre o,r;fimiù shi1.;pin¡4

¡raLl,ern: nol,wj,bhsLandi-ng LLre rernq.r"Ks ma.de in ó.1.1-, so;lie r.e-n¿ìrk:; ¿.r.f;oul,

non-cc)t1 l;eLiLi.veness coultl Ì:.ie ¡nad.e, [t],. conlpar,ing t,hcl optimal lo 1;he ¿rctua-1.

paf ter';r

The sllaciow prices of rE:sources in 1,he i-nti.al oi:lirnal so.l-utj-on wj-l--1.

also sLtc:r¡ +-hc regio"rs where soÌììe rescrr.rces are -i.n shorb supn-l;r (.., ltrT O)

and v¡j.Il thus give :indicatj-ons for 6ovcr,nln.:nf pol_ic;' on th j-s matlcr.

I¡i.n;:J-1"y, Lhe i.nl,rcrlrrction of a ner,.J pro<hrcti,.r'c ¿lcl,ivily j.n :l rer¡ion

couliì be l,esfed by ìr-rserl,iug r':ngineer:i.n;; estj-m¿ltes of i.Lf l,ecìrnolo,r-y ancl
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. capacity and resolving the model-. The new sorutÍon would show the

effects of such change on regional outputs, eLc. The above are instances

of application of sensitivity anaì-ysis and parametric programrning.

Moder vrr is more of a descriptive than a planning model. The

aim of the government should be defined as naximization of private income.

Parametric programrning can also be made in this model, except referring
to transportation rates. The uses are thus very similar to those of
t{cdel VI.

6.2 ConclugÍon

It' is ühe opinion of the author of thdsc, thesis that the two basic
model-s examined herein, as well as those formally sirnilar to them (section
6'o) provide quite useful tools for analysis of interuegionar policies. up

to norv, we have not been able to solve some basic problems noted above. But
then, science is bound to proceed forward. In the meantime, these models

are artrong the best we have available for analysi-s and policy.



FOOTNOTES

L. These initials wiII be used. for rrl,inear Progra.mning,r.

2, Sections 2.2.I, 2,2,2.

3. See Kuhn and Tucker (14) Paper No. 4, or Had1ey (5) Ch. g.

4. Given positive contributions of activities to it.

5. In mathqnatical termsrthere is no finite maximum.

6. This assumes divisibility. See 2.2.0.0. 
ì

7, Since this small-er nr¡inber indicates .the marimum feasible level
of the acitivity.

8. Tn rnathernatical teri;ns the matrix A Ín (2d) of 2.0.1 is decompos-

. able.

9. This is relevant to case (c) above, and is,also implicit in the
objeetive of the problem. The aim is to mayinize the sum
Plxr+...tp- q, not any particular p; x*. It is thusGen

that-the aclivitÍes constiLute aJ-ternätiüe ways of satisfying
an aim.

10. The fact that one can ggL and 35\! five units of resource I :

direct1yirnp1iesñomogeneityoftheunitsofthis]]eSource.
By the same token, final commodities are also assurned honogen-
eous.

1I. It is perfeCtly legitimate, of course, to define an infinite
number of activities in such a way that, their toùal-ity gives the
usual neo-c1asr.i"*,isoquant. See Koopmans (tf) and Dorfroeg, .,:,.,,.,
Sarnuelson, Solor^r (l) .

1l2. Since there no more exists any need for differentiation between -:"'
prinaar¡rfactorsandfina1corru.roditieS,wecana1sodisposeoft,he
minus signs.

L3, .Some other details should be borne in mind: the coefficÍent of
x,. must be positive and Ix, must be added to the left hand side
of a -4' inequality. OtherwiSe we have Lhe same problems as when x, ,,,,,.,,,,.,
is al-lor,¡ed to fake negative vaf-ues. 4 'i,.

: :.:. :.) .

0n the other hand, if the ineclualit)' is in Lhe)7 direct,ion every-
thing el-se is done the same rt¡ay éxcept that the e;qtression lx, is
subtra.cted froin the left hand side. x,. is then ca].lecl a srrplus
raúiab1e. +



1,t+. In lnathematical terms, the solution set of (Ze\ (3c) bears a
one-to-one correspondence with the solution set of (Z¿), (3¿).
Alsor the slack variables are unit vectors r"ùrich ca.n be thought
of as qnits of measurement (or as a basis) in the two dimensional
cñâ^ê nf fhg eXample.

1-5. 0n instances of using the free disposal assumption in models rncre
Beneral-. than that of the example see Koopmans (tf) and Debre,r (2).

L6. A feasible solution (i.e. a non-negative solution) exists for a
system Ax = b if and only if the vector b is an el-ement of the
convex polyhedfal cone generated by the colums of A.

Suppose for exanple that we have
¡l\max. f (x) = cI )11- c2 *z

subject to
at1 x1t a12 *e1 kt

t2I *I I azz *f u,

xi)O i=Ir 2

A¿dition of the slack vari-ab1es will produce more unknoums (four)
than equaLions (tro)

t'lith m aluaLions 4nd n unknovms, the matrix of a system of equ-a.-
tions can have maximum rank equal- to m. Since m(n, there will be
an infinite number of solutions (it is assumed, of course, that
Ín the system Ax = b s(A) = r(46)

OO I (lr¡). See Fladleyr(Ðrp, 52)

ltl

L7.

1A

2I.

¿¿.

where

L9. See Hadley, (5)rCh. 2rj.

20. For a precise definition see FIadLe;' (¡), p. 5L.

See tladley (ù, p. gg.

This is the most obvious basi-c solution. It is chosen for computa-
tj-onal convenience, since it is not going to be optimal unless the
comn''oclity prices are negative, or zere.

2). In rnathematic

(2) an¿ (3)

equaLionsal terms, a subsysl,em of

viíåîl 
FJ=tr¡
x
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xZ = y = O. l'ie Ìrave

A1 x=b

Since iank of 4., = rank of (\, b) = nrinber of unl<nornns t,¡e have
a unique solutiòn. The solution is non-negative because b lies in
the non nega.tive odlpnt of the tv¡o-dimensional spaee, and the
col-umns of rna.trix \ generate a convex polyhedral coue which j-s

the non-negative ovthant.

21+. In mathematical terms, the vectors of the rnatrix Ar of foctnote
2) form a basis(in ttris case, an osthogonaf- basis)-9f the two-
d.inensional Euclideail space. Hence, any vecior xeÊä can be rep-
resented as a linear combj-nation of xU alrd xr. In Lhe case of x,
we Ìtave' 

5*t, y ,*5 = xl-

is o¡tained

The two si-des of tiris equation represent alternative ways of using
5 units of resource I and 2 units of resot¡.rce 2. The vZqht-hand-
side choice yields $1. The difference O-1 shovrs r,È¡at iá lost if
we choose the left-hand-side, r,^rhile the difference I-0 shov¡s l+Ìrat
we gain if we implenent the right-hand choj-ce instead.

This can be giveì an al-ternative.e.xplanation: activity I a.L level
9 uses 9x2.= 18 units of resource 2, i.e. fully emplo;.s this re-
source. This means tÌrat the slack variable corresponding to this
resource (xr) must be zero.

If \- 9r resolrce 2 is not enough (see previous footnote). fn
othef words, constraint 2 is violated.

27. In mathematical- terms v¡hat we have d.one amorrnts to the follorrring:
From the rnatrix

F
lo

by setüing xI =

:lE.l =H

25.

¿o.

^-

)2 trø oln¡

[¡ t-l
-tl-t I

L2 OJ
Lhe qrstem

IìrI
of foctnote

A. /̂
and solved

se the submatrix

ì a r.¡o cof v - X- I XC I 0-.,.t).,""""."2)./

r 'l ["] = ["1
L2oJ L"rJ Lrel
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proccchlr'e clescri.ttcd -i ti
¿ br.i.x 'l,o chocs;e l;;' ^- pn'..^-r-
[j nci L^ r,re deter;îine ivÌ i i,clt

1.

) ar,-l t,rlrj.ch j s t,o ¿lo ( rc-
lrnt. nrrcp'.:.r:rr.'ì'ì i. f,¡]iç 1rgI r\/ L,

a.ncl i-s 'bhus seen 'bo econo-

to fi nd
LÌr e L c:rçt,
.i -^ +t-. r.t.J-r r¿; r,r ¡ .1 u

vec l-,or
bivi'¿;,,,
l'I 'rn rr e lr

nize in

x, = L5. 'llhe j-Ler¡t jve
. l.t.-ii{ ,.lcLry';r in in 1 rvÌl i.cd srrLn
ììo,,.r, Ar w¿r.s 

-fr ol. 't"
Lo r-J

er 1;ire ì;rasj.s (.-ìcfi-fl t:,' t
i i-,r'r:r l.'irr n r'ror:edl:.re cloes
i-bl-e sirbr,al,:::ici,ces of A,

io-,s.

XI=
heL

,
i s [.o enL
5). The

aI -1. t:crs s
colii;uba.t

¡l.cJ',ral I r¡ l-.irn er'.nnnmi n int.nr.nret,at,ion oî t,lti.s cete is so"te','¡lla.t,.Lvvuc4L'.¿,.

a,wkward si-nce tlrere is rrc econonic sense i-;r s-r-t'-in¡; that vre or')era,fe
a.cl,ivi-t;i d. aL a ncilâ.t.i.ve-i level. l{atÌre¡n¡ bj ca-1. '.J' bìre sol-rlt,ion to
¡-¡," i;.,sl,en Ú f1 ¡"¡ [O]I li *l-l 

I, il t-t llrnll,lfrllj- "J L '"r;J ti-J

n atl

-aì

28. l.n n¿r't,hcrrabical fenirs, tÌre coLunn*vecfors (pc¡int,s) of ilie in¿.t,::1.x
il^ of for:tncte ?.J are l-inearl¡ indepen'ìcnt ¿inrl [,hus frolr .lnoLhei'
'c,Ís;is of Ì''. SiÌlco xlr x?ë,1:', x^ ê.lirl x2 ca.n ì¡e (unirrrrel',') cxr')rcs-
secl as -l-insra.r coÍclrj.n¿rl;ioné of 1;he':bas1s ?ec't,ors. Ttle rest is ihe

"a.u à" in foo'tnoLe 2L.

2A

( i.e:. the .l-j.ne¡.r comb-i-ni1.,j-cn of activrties f-e'rd À. t,li¿rL tjvos ec-
1, j,;:i ti' 5) ca.nrot Ì'e ì'ìo:l.-ncqilt'i.ver -"i.rrcr.: l,i re vector (0, -L)t I:j es c:r-..t-
l;ì-'ìi,t,j¡c.: c()nvex 1.:ol-'.ri:rrCra.,l- colte 3eìlerúLccl l;:'y llit: vr:cLors o.í' L,iro

l',¡1,ri. ¿ iìs caïì ire sr.. l froill t,ìie rìie;:ratt Irr:-l-c,rvr:

30. Tl.ià r¿orcls tra.L fece v.,ll.uerr irrrply llla t, tlie cri.1,crj-on ilserì for .ì-r:le¿;tl;i-

[ic¿:tion oÍ the ]irost, '¡ -,T'ofit ablert acti.vi-1.-,' rc:f'erl: to Ilni t "pi''of:i 1',-

a);i-ì it;rrr onl.-/, l.;h j -'l.e l,Je are_ i.ì'Èere [;l,erl. in lra.xj:,rt1-zt.n::, io l,¡l ì^ev'enrle.

3I . Ali lfri s, of co,-trr,:e, i s f c¡urrd lrr¡ sclr¡i.rlq

H Ël=[:l
3:¿.. Tìl:Ls is l;ecar.r.se

I..ì acLi.vit,ir:rr /r. ¡nl
(l;) acf ivi Li es I ,Ìrd

conl,r'i.ìruLe z,eno
clo nob catis;c [,i-ie

revcÌ'ììt e
rcvenrre t o r.l i.n.ì.ni sh

5

3

(r,oì



there are more than one, there are infinÍte optimum sorutions.
Iraotey (5).

solving fs ¿l ["il [¿o-l
I U -t- | l

[z r.rJ[ "r\- þ-l
35. Every'point on the segment ab is represented by the linea,r com-

bination na + (t-n) b, L7 o)r O or kç f (f-t) c, L > k>..O

?? Tf
-/J.

See

3h. By

36. See below, sectton 2.3.I.

37. The unit vectors (slack variables) are part
span the whole non-negative octhant. Hence,
feasible.

38. See f4, 32.

39. This need not always be the case: see sectio

40. As usuarr we ìotve ' fS 11 f *rl I'r-lllll=[lL2L) L=J LOJ

0n the econornic interpretation of the soluti

41. By solving

15 | [{ì _lolt-ll-t=t_l[z tJ L1] Lll
42. fn the standard neoclassical theory, this is

plied. Full enployment of all factors is al-
frontier, ffid is achieved through factor sub
rrwell-trehavedrr production functions of h, y

t+3. Secti-on 2,2,O,O, (i), (U)' (W) (:-v) (vi).

t+t+. To find bunctle c, solve lS J.Z.\ f'-"r-lI ll f =P t+ J LrrJ
l+5, Indeed there are cases uhere full anplo¡nnent

plainly itn¡'ossib1e. Colrsider

l-5l+

of the problem. They
any point in Oqþc i s

n 2.3.

on see fjrr;. 29.

rêq^tlrn êq I e

indeed what i.s im-
ways the case on the
stitution on tl-re

2'

fr¡oltt
Ll2oj
or g¿!



I tr5

lr7 . 'filc lrot, j-oil oi' erí'f ic j.r:ni, r:oi-iiL scLs, ho.¡/rrr/c1", ì'i¡.r co:re or.rf of
(iile,.' t;i"1":ii,sr'u¡h.i l-c: Uìi¡-: ncLiori o.[ lrci,,ìi:cl--.ì.on f'rr:cl;.i.olf scciíiis
l,o ìr'lve ttee'.t l,'llic:n lor ;¡r',tnLecl by cco;r,.ri,.i s:t,:;. '.lf¡e .f'orru:ï. sic,,)Li.Íj
:jììÌrcrior 'Lo iÌic J-a.l, l,er', j.li na.:1.¡ r€ìsllecl;,r. Íjee äoop;Llaus, (l: )lrr)
\ 

¡-.!/ 
.

LrI. The i.,r'i ce ra.1.j-c, i-s of corìr se , eor;.a,1. l.c t,irc rìoc j..1.l- :aargi 'la.l- raie
of su-i:sli.trrliol i.'et',..¡ecri Lire Lrr.'o corrr,<;,,ì:l.f'ì cs, a.s well a s t,o r:.ì,c
'LecÌ.r¡ric¡l r'¿r.Lc ci' l-,ìrcirl,r'aiisforìnati oi'r, in l,ìris coilL.inu.or.ls
| 1,.-,.-.ì ^'l If¡,Ii.:_tçI

Ì+9. 'i'Lli s w¿:,. l,o ì:re ¡1.'1,-r<,.c'l;t:,.1 , Corsiocij-tv I us;r:s Iess c:f bo1,h re :;..)ìr.1.ç¿3
a,iC l,;c¿rrs e. i,.ì.giicr- ,r'r"ì ce ti,:;-l coiinoûit;r 2.

5r:. .r,,:iuafl--1..r llic cÌrr--,j.crt Í::et in i.l. usne-Ll¡,consist,s of an ¡r.rea.

, conl;ai-rir.l.'l ef Iicì..::iil; ,.:r,cì.- iner.ifi-ci c_.ni bunc]es. r'or noriria.L ci.i:ir.r.:l_
l,ì.o:is, ,,ol'reve:'', l,.i ¡r; l,c:clllj-1'ue concenlr¿;,tes on tlie e.í'.ii.c j r:,:1, ; o: ilL
seb, ,it:'rcl , ì.n frtcl:,, '.,n1)r Oil cxt,rerne pol.nbs, i-.c, on l-,¿l.sic flr¡¿;siì:Le
s,¡i.tlt-,i-oils i'ì.s I{e str,¡ r:,tr'-Lier. /'n cxceil.',,i oir Lc iii-i.g: sLa.1,ei:lcrri, ,l,s
t,ire fi r:;f. b¿.sic :;r:-ì..rr'1 ,''i c-,r:: . i\ot,e¡ however, t',Ìr¿if an i.nelÍici c"if
l-ro.i nl, -i r .,t c¿:,rrl.j.cì¿r1,e¡ .[or oir1,iäiâ.lity i-[ ;-,r.i ocs í:ì.]:(-jr tre.Î¡.:.ti.ve or ,a].i
irl C].O .

il , ,:i: l-,4,1.r:, [,ì;c:tt, i.i.i.r.,.1f , rr.cl;-i.vi.Ly atr:r];u'si.srr. l--1cr: Ì'íool;l,i¿rn ( 1.2) .

'.t2. 
-l-ll 

orri.f,r,r ¿r. r¡.1m1.;(.).r' (f f' crr::t)s: soe Íie:irr;r:l-son (r9), 0i;¡l:, l,er:s li,, -i.f. i,

5L. Íj,:,,: (3).

55 , il'll,i. s j-s trLr,e onli, rr'ì n tlr c "l- 
j. i,;j.{.trr i. e. as lolg ,": s tlie cotrt,ro:,; i L:i-r-rn

oÍ' L,he orLjnal. s;ol-ut,iciì (lo¡:s not, chaln3e, See ?..3'.

¡/
iO. >Aî .!.N. ¿1 .

57 . i:lqu¿¡ti oli: 5u1t 2u., = l-.

5!. irror;, ÚOrrr,ï- ItJrro : C, for C = l8

5?. Ìict,"':-l-r.¡¿r-.'s : coiìs,L(1er
jia--. 5x_ t (>x_-1 

?-

Srrh;;ec l, i,o | -5
\
tto 

^.
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llie I-'ronl-i cr' (assumiil.3 e.cbiviby I í)ro úr;c íl:j X1 å.r.; :cl a.c L.i ,¡ i t, ).
pr'3cir).ccs )'r).is qb c-

b'rit, o;ily 1,he ltart Ì¡c j.s eificie_nL, not .-lb.

6Q, 'rlri.s i-s nct eJr,vays f::ue: ,i+- holcls crl¡r r,l'relr in tire o1;fi:.ral soln-
i,j on aI .i. rescrt'ces are lul-l;' eiiploTed.

{rI . 1l'he re¿¡.son llor ilr.cirpin¡; i,hese constraj.nl-¡; ',..ril-l i-¡s s-vpl-a.i.rieil -i ;e
't hc no;rt, sect,j on.

62. rn ¡:iai,iieriial.,ica.l. lcrils, lLr: ¿lcLivil,j r:s 'Lir¿.f þ¡s¿.1< c.ven r,.il -l- r;e
o'ì)e,r'aLi.;i,q a.f non-.¿ero ]-evels :in l;he opliinal soiuti.on to ],he
i,r'i-i'111, ¿Llrd 1,he ríis(rr.rrces r,ribli ljcsitive dunl. jir.ices r,,¡il-l ì:,e
fu1,L¡' c:,ii¡:J-.o;;re-:rl, t',ll¡,b jo, fhe rcs;irective co;rsl;r.¿¡.i--r;l,s r.,'ïl_t. be
s¡:t-is f j eC wj LÌi a.:t eqrr.il. i '1,,.v si1¡n in l,lLe o;rt:i nal sol_u,-l, j.r:n. Tlhe
or'.i ¡ii.rrir.l ¡.rrolrÌ'.:;n j,s l,iic'r l,r¡.r.¡rs;í'orlrrer'l to 'l,iLai-. i.lr tÌie te;'lt .
liiiLr:r: L,llr,r sol iil:,ion i,o iÌte :t;-,;ron (2)' is urr:l.:rrc:, r^.rc ncoLI l-ì.).ll
u:t:.: 1;hc i,;rguirngc-rlrr1.t,.i-pli c'r l.echn_i-quc. ',fe necd c>nì;' ¡.;u1 vc ( 2)t
airi'ì l;tiirs;1,-i-tr-l'ue i.Ìre r'¿.tlur:r:ì oÍ' x., ) x2 i-l'l Lilc ob ject,i r¡e .f'rrrrcLi-on.
-l.ll, it:.,t,Je:v(:r'r onc roËr)llrce lracl äerr3 ¡:r:icc v¿e r.¡oul.cì Ìl¡rvr: L;ecti -l-cf'l;
r' j l,li ¡. rleart-i.n¡;lu-l- coi:::1,1-¡r j ned iraxi_lmln 1tt,rtL,J_r.:rn, 1;o Jre :;o..l.; r:cl Ì.,J'
i, ;.r¿r1¡augr::r- | r.r- j1n-i-''i ¡- r,:.

(r3. Sce,licr,rer.c¡ fn. ó0.

(,1:.. See Ðor.fma.,L Saniuelscn-Sc¡l.orn' (3), llenilcrson-Cjuanclt (g) .

1.,5. j'Íore or les:-, a 'rnovelrr Lre¡.Lr,:cnt .

66. Tlij.s j.s 1.,he convex polr'herlr.rl- cone gcncr¡rl.erl ì:y LLie LL:l-íl-l,i ne :: Op.,
6p^ (0p. is redun,lanb fro;n tilis i'oini; of vj.ew). --L

'-/-
a7. s,,í ¡ J.L.
/À5?, Scc,. fn. )'l oT sect-i cin 2.2.

('9. Th j-:; '.,o:i nf,s tow¡rrcls an aij$res¿ì ¡s ¡,r6iìcl. for ¡.r ecoììoirü¡, vrircre ìì;:e,tL-
ìrlo;.;n1,nt, corl,j e:d st i:ec¡rlr_ic of tl lirt re:rs1i"r.

'lL\. Sec 2.2.0.I.

7Ì. Sce 5?cLi rtrt 'Ì.1 f or ¿:iicrL Ìre r ex.iurrpJ-c.



I,,lhen an
I has the
itv.

1 \'.7-/ |

It should be noted in passing that the trtransporl'ationtt rnodel

can be used in problemä irrelevant to transportaLion. Tliis is
because it,s clefinition pertains to the structure of ibs matrix

of constraints, and. lot to its inLerpretatiolr r+hich can be

vãrieA tJ.epenCiñg o" tf-ru ,orob!gn. Tnà specific nar¡'e "transpor-
ta.tion modelrri" ¿"" to its first applicati-ons, wtri,ch did refer
;;-;;;";.--s"u É.-i: Hitchco_ck rrTne Distribution of a Product frorn

S;";;J 5o,rr""" io Nurnutous LocaJ-itiesrr, Jourlal of l{at}rernatic-q

and Physics, Vol . Ð, L9l+Lt p;'. 22\-)O'

Problems associated wíth the notion of a region will not concei'n
me in this thesis. The basic assumption throughout wil-l be
equívalent to cousidering a region as a point in econorúc space
(',,vfricn in turn means that transportation does not arise within
the region).

trPotentiallytr covers the possibility of zero supply or dernand in
a region.

75. fdentical conditions of supply and demand in all regions are
not allowed sinc'e there will be no basis for interre¿ional- tracle
in this case.

1A, , tri4.inimumrr impties solution of the so-ca]led trtranshipmenL'r prob-tv' tem. see Haälry (Ð, p. 168.
i-r-t A reAion cannot do bioth: see the section 39.3, Also regions not

" ' partlcipaùing in trade cari be ignored.

7.g. Alt feasible solutions will have to satisfy
!:

Í' *oo* =xr (i=rr...m)i ij -'-j

4 ,.o _B (j=m+Ir...n)i- 'ij - j
where 1*o. are.the elements of a feasible solution vector.rJ

79, The matri,x of equality constraints (3-2)' and (S-ù has ranl<
n - 1. See Fladrey r (¡), p. 275.

(¿.

7l+.

80. :q i appears in the optimal solution, tlte constraint wllich*'respective s.. in the dual is satisfied wiih en onrtrl-

Bl. The e->cposition here approa.ches the solution of lhe drial i.ndirectly
through the solution of the primal, by usi ng the symrnetry proper-
ties of duali.ty. See Chapter 2.



I (,4

82. See Samuelsr¡n (20).

53. One method is that provided by S. nnte (4)

Bt+.Exceptinthecasew1reretradetrbranchesoff|t,that,is,oneeX_
porting region monopolizes a.n'.mber of importi-ng regions and is cut
off from the rest. In Lhis case, two prices, one from each branch,

' *i11 Íf given determine the rest. See (20).

55. See Samuelson (Zo).

86.. For a procf based on a transformation of the general problem into
a.maximum problem see Samuelson, (ZO).

ttt,,'

57. Cf . Isard and Cst:'off, (fO).

88. This is correct only rrnder the assumption of ncn-existence of
external_ economies and di_secononies. See also ChapLer 2.

,

59. The proof relates to game theory. See Kulù and Tucker (f¡*)
pp.76-8.

90, See Chapter II.

9L. Cf. Stevens, (22),

92. cf. (¡), pp. L2J-6

93. If, by sel,ting a ui = O there arise sone negative values, the
smaJ-lest-val-ue u is set equal Lo r"ero and the computation re-
peated from the beginning. This procedure does nct affect the .:

analysis since the dual onJ-y determines relative and not abso- ,,
lute values, in this irìterpretation,cf. Stevens (e2) '-:

::
9t+. B. Stevens (22)

95. The number { is reserved for introduction of another warehouse
Iocation; beIow.

96. Cf . 13. Stevens (2l). .:.

9?. rn (z)

9d, Incleed, more than thal, is required. for a meani-ngful transportatjion
moclel: at leasl four regions must be consiclered.Çf . P. Samuelson
(zo).

99. rrltlovelrr with tlris thesis



l'i9

:1.0C. 'll^re s¡r ecific exairi;le .inrre l-vss clegen eracrr.

lc].. of. (z).

LOz. "i\ovelrr wi- Lh t lr i s lhesi s.

103. iiore l;han tr^'o factors <1o not, cha::¿1e lhe arguiienl.-,.

1O/1 . ll'he n'.liù:er of j-nr-lusl;ri.es (cor::iodi l;i¿:s) is al-so ilrunate.:ri¡I lo
J-he a.rfit:n:nt . There shc;ul.rl be at fe¿¡.st t'¡¡or ì'ìo¡¡Ie./er: íor the
noti.on of an i-¡:lcr;rLe .Ìi.¡ te comno;lit,y 1,o be d-i.scrrssed.

fO5. Thci;i::l.r there ¿ìre soììÌe irrol,lens ccncerlli.::¡ llie as'¡trnl:Lion tlrat
rrcha;r¿;ing pri.ces rvill not chtnie tìre technoJ-og,'". Ti'is is be-
ca'trìe i¡e have t'.nro prilr¿;¡'\, faclors. See l,ooprrta.L:s (tl.) Cftu.
v]l - rx.

10ó. llas.ic¿¡l.ìy ,\. IlurLe:"rs noCeI, sinipl'ì ficrl in a n',:nber of respec't,s.
See s;ectiou 4.l.3.

107. Tlri: iaotlel- can be er.,tended to any nrunbe:: of rcgi-cns, cot;i"rodj-Lies
;rnd ¡,rilri,try f'aclors. The ¡lilr'f i cul.ar n'.ul-bcrs havc Ì:ecn lle:le
cìlo¡;elt fo r expos i l, j onal sir:,1ili-ci-L;'.

I 0¿. 'l'irc fc.¡l-Ior,,,'i n¡1 l.hre c ¡trragraplr e;lTr-ì-¿¡1,1 t,i.on i s rìr>vel, v¡.ì t,h Lh j s
l,il e, s.;i s; ,

1a9. 0f. (:il) p.62.

1l(). Si-iripÌ-e, Iine¡r.f'rrncl,jc;'ls c¿-tn of cc)ur:'3o be coilsitle::,,:li. 0f. (:¿f)
p. 62- ¿*'t':t (fr) ch. 3.

I1l. (7), ito,t"t llr.

It-2-. (il , pi). 53-55

]13. (_çl .

1I+, (Zr).

U 5 . ('/), .llo,iel TV.

LL6. Il, is ustial- for Liic i-neclual iL;. si¡ns lo be j-n Lìie tt ¿ tt r-l.irr:cLj-ort , .,::,,:,:...
in a iria.xinlz.aLj-on j,)i:oi)l-cr.. Tllìs is reaiii l-y acirieved Ìt;r cÌiait;-i .11' 1,]13 , ,,.,¡,'¡,,

s-i-gn convenbi-on, as ivi.Ll. ile seet'r l-aLer'.

Il.?. ( er) . see al- s;o f sar'cl¡ ( g) .

u8. (7).



1ó0

l:19. Cf . I'Í. Harv,ritz a¡d A" itrrter, (7), p. lr1.

I20, L. liqsss, ( f e¡ .

121. L. l'ioses li¿'rs usecr a modeÌ much more similar to l{odel- vr Ìn an
a;cpli_c at_Lon. See (16) .

I22. I{. Ii¿¡r¡i¿z, Â. Hurter and L. i[oses have workecl with the re_
search division of the TransporLation CenLer of l,le¡til1,¡estern
Unj-versiLJ,', EvansLon, Itlincis.

I23. Thj.s necessity is not e>çlÍcitIy recogni zed by l.{oses.

I2tr. ni'I. fsard¡ (g),

J'2.5. B. Stevens, (ef ) .

126. rrNovolrr wÍth thjs Lhesis.

L27, Cf . Il. Stevens (tt), a.nd R. I(ugq-ne (13), pÌ:). LZ}-3O.

I28. Thj-s is ba_sed on an a.rgument suggested to roe by my arìviser,Ðr. P. Íj. Dhr.uvarajan.
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