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Abstract

Model order reduction techniques, such as the moment matching based Padé
approximation methods, have recently been introduced as new computer-aided design
tools for the analysis of interconnect networks. Techniques based on model order
reduction have demonstrated a high computational efficiency in solving interconnect
problems as compared with conventional simulation methods.

This thesis presents a multipoint Padé approximation based method to analyze
interconnect networks containing frequency-dependent multiconductor transmission
lines. The proposed method yields reduced-order frequency—domain and time-domain
solutions of the interconnect problems by using all the moment sets available at all
frequency expansion points. Since the computation effort associated with multipoint
moment matching techniques is proportional to the number of expansion points, a new
algorithm for the selection of expansion points is developed. As a result, the proposed
multipoint Padé approximation method requires a smaller number of expansion points for
the same accuracy as compared with existing multipoint moment matching techniques,
yielding a reduction in computation time.

In order to accurately and efficiently generate moments associated with frequency-
dependent lossy transmission lines, a modified matrix exponential method is introduced.
Recursive formulas are derived for fast computation of the transmission line moments
and can readily be incorporated in existing moment matching techniques. The proposed

method is further extended to handle interconnects characterized by measured or

ii



simulated frequency-dependent transmission line parameter data. The accuracy and
efficiency of the proposed method are demonstrated through its applications to numerical
simulation for a variety of interconnect examples, including the simulation of transients

on frequency-dependent power transmission lines.
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Chapter 1 Introduction

Chapter 1. Introduction

1.1. OBJECTIVES AND MOTIVATION

This thesis presents an efficient approach to transient and frequency-domain analysis
of interconnects modeled as lossy coupled transmission lines. Interconnects are often
found in a variety of electric circuit structures such as VLSI chips, multi-chip modules,
electronic packaging, printed circuit boards, as well as power transmission systems, and
are used to connect electrical components for signal propagation. Typically, interconnects
are modeled with large linear networks, which may contain hundreds or thousands of
lumped resistances, capacitances, inductances, and/or distributed elements, such as
transmission lines. As a result, interconnect analysis generally requires the solution of
extremely large linear networks [1]-[4]. In addition, at relatively high signal speed, the
electrical length of interconnects becomes a significant fraction of the operating
wavelength and high-frequency effects of interconnects such as ringing, signal delay,
distortion, reflections and crosstalk can no longer be neglected. The accurate prediction
of interconnect performance under these conditions requires that distributed quasi-TEM
models, such as lossy coupled transmission lines, be simulated directly, without using
lumped element approximations. Consequently, the use of conventional simulation tools,
such as SPICE [5] or ASTAP [6], to perform interconnect analysis could be

computationally inefficient or even prohibitive.
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Driven by the need to accurately obtain solutions of interconnect problems at
reasonable computational cost, the development of efficient model-order reduction
techniques for interconnect analysis has become recently a topic of active research in the
area of electronic design automation. The reduced-order model of a linear system can
capture, with acceptable engineering accuracy, the important features of the original large
system over the frequency bandwidth of interest. This results in significant savings in
computational expense since the size of the reduced-order model is much smaller than the
original system. The advances in this field have been reported in the literature and are
summarized in reference [2].

The motivation behind the work conducted by the author of this thesis is to develop
more efficient model order reduction techniques to analyze general interconnect networks

containing distributed transmission lines.

1.2. LITERATURE REVIEW

In this section, the model order reduction techniques proposed by various researchers
are briefly discussed. These techniques can be classified into two main groups: moment-

matching Padé approximation methods and Krylov-subspace based methods.

Moment—matching Padé Approximations

The need for the development of alternative analysis tools for large interconnect
networks has led to the introduction of moment matching techniques, such as the
Asymptotic Waveform Evaluation (AWE) algorithm [7]. Pillage and Rohrer first
proposed AWE in late 80’s as an efficient technique for approximating the waveform

response of general linear lumped circuits [8], [9]. AWE approximates a linear network
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response from a Taylor series expansion of the network frequency response. The CPU
cost required is approximately equal to that for one frequency point analysis of the
network. The moments, which result from coefficients of the expansion, are matched via
Padé approximation [10] to a reduced-order rational function model containing only a
relatively small number of dominant poles and residues. The resultant reduced-order
model can be used to compute the time-domain and frequency-domain responses of the
linear network with considerably less CPU cost than conventional simulation methods.
The AWE algorithm has been extended to analyze networks containing both lumped
elements and lossy coupled transmission lines [11], [12], and applied to interconnect
networks with nonlinear terminations [13], [14]. In combination with electromagnetic
computation methods, moment matching techniques have also been applied to solve
many applied electromagnetic field problems [15]-[19].

Although moment-matching techniques have successfully been applied to a variety
of electrical engineering problems, it is observed that moment matching techniques that
are based on a single frequency point expansion can, in general, extract only a small set
of dominant poles and the approximations obtained will be accurate only near the
expansion point. This is due to the numerical instability of the Hankel matrix which is
used to determine the coefficients of the denominator polynomial of the reduced-order
rational function. Thus, this deficiency of the AWE algorithm prevents the application of
single-point moment matching techniques from accurately characterizing networks that
contain distributed transmission line models, where high-frequency effects are significant .

and usually require a larger number of poles for an accurate analysis.
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In order to achieve accurate and efficient simulations of interconnects in the presence
of distributed transmission line models, the Complex Frequency Hopping (CFH), a
multipoint moment matching technique, has been introduced [20]. By using multiple
point expansions in the complex frequency plane and using a single point Padé
approximation at each expansion point, CFH provides an accurate approximation for a
desired frequency range. A binary search algorithm is typically used for selecting the
expansion points on the imaginary axis and the poles extracted from each expansion are
then selectively collected to construct a unified network transfer function. In [21], a
technique of generating a set of approximate transfer functions over the entire frequency
range of interest is proposed. Employing again a binary search technique, this multiple
transfer function based approach reduces the number of necessary expansion points and
an inverse fast Fourier transform (IFFT) or a set of poles/residues extracted from the
resultant transfer functions is used to obtain the transient response. The CFH multipoint
moment matching technique has also been applied to full wave interconnect models and
to electromagnetic analysis [22]-[25].

In order to improve the accuracy of CFH, a method based on multipoint Padé
approximation was proposed in [26]. In this method, the location and the number of
expansion points are determined from currently existing pole information, as in [20], and
then all the moments generated at the expansion points are matched to a single transfer
function. The multiple point expansion techniques can produce more accurate
approximations over a wide frequency range than single-point moment matching and

have proven useful in analysis of high-speed interconnect networks. Nevertheless, the
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computational cost of the multipoint moment matching techniques is relatively higher

and proportional to the number of frequency expansion points.

Krylov Subspace Based Methods

As an alternative to the direct moment matching based model reduction techniques
such as AWE, the Krylov subspace based reduced-order modeling methods have been
recently introduced for the efficient simulation of linear systems. They include Padé via
Lanczos (PVL) [27], and Arnoldi [28], [29] algorithms. Unlike the moment-matching
Padé approximation methods, which construct the reduced-order model using extracted
dominant poles of a given system, the Krylov subspace algorithms perform model order
reduction based on extracting the leading eigenvalues of the system. Since Krylov
subspace based algorithms match moments implicitly to obtain reduced order transfer
functions, they circumvent the numerical ill-conditioning that is associated with model
reduction techniques that utilize a direct moment matching processes, such as in the
AWE algorithm. This enables the Krylov subspace methods to produce a higher-order
approximation as compared with the AWE. Although the Krylov subspace based
techniques are well conditioned, their applications have mainly been limited to lumped
systems, like RLC networks, and the extension of the existing Krylov subspace
techniques to handle distributed systems in general is not always straightforward [30].
For example, these techniques are not readily applied to networks that are characterized
with measured or tabulated data.

Another important issue associated with model order reduction is the passivity

preservation [31]-[36]. Passivity implies that a network cannot generate more energy than
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it absorbs, and, thus, no passive termination of the network will cause the system to
become unstable. Preserving passivity of an original system can greatly reduce the
probability of an unstable simulation. PRIMA (Passive Reduced-order Interconnect
Macromodeling Algorithm) [31] was introduced as a Krylov subspace method and is
capable of providing passive, stable reduced-order models of RLC circuits. On the other
hand, the passivity of a reduced-order model generated from moment matching based
Padé approximation methods is not necessarily ensured, while the stability can be
maintained by removing unstable poles in a post-processing phase [7]. Nevertheless, by
applying the correction or compensation procedures such as those presented in [37]-[40]
to a reduced-order model that is generated from moment-matching based Padé
approximation methods, it is possible to enforce the non-passive reduced-order model to

be passive and, thus, to mitigate any potential instability from the transient simulation.

Other Methods

Instead of generating a global reduced-order model for interconnect network
consisting of lumped elements and distributed elements, several techniques have recently
been presented for the development of macromodels of distributed transmission lines
[41]-[46]. In [41], [42], a discrete model for multiconductor interconnects with frequency
dependent parameters was developed using compact difference approximations [47] and
then PRIMA was applied to generate a passive reduced-order model for the transmission
line system. The Matrix Padé approximation (MPA) method was proposed for. the
analysis of distributed multiconductor transmission lines [43], [44]. This method is based

on the matrix rational approximation of exponential functions in describing the
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Telegrapher’s equations. In MPA, the coefficients needed in the macromodel are
computed analytically using a closed-form Padé approximation of the exponential matrix.
As a result, it can generate high-order approximations and preserve passivity of the
reduced-order model. A comparative study of the MPA and the generalized method of
characteristics [48] was conducted and the results were reported in [49]. It was noticed
that the waveforms obtained by using the MPA might exhibit early-time oscillations for
long line simulation and it was suggested in [49] to use higher order macromodels for
accuracy improvement. In [45], an optimal matrix rational approximation (OMRA)
technique has been proposed to control the macromodel impulse response beyond the
maximum frequency of interest and thus to minimize early-time oscillations observed
when using the MPA. A performance and accuracy comparison between OMRA and
MPA can also be found in [50]. Very recently, a new segmentation-based technique was
presented for the transient analysis of multiconductor transmission lines [46]. In this
method, poles and residues are extracted analytically from half T-ladder networks, which
approximate the multiconductor transmission lines. In order to efficiently develop
reduced-order models of transmission line systems, the dominant poles are selected by
applying selective rules to all poles extracted. However, a number of redundant poles
may be involved in using this method. Also, like the MPA, this method might require
higher order approximations to generate accurate waveforms in the case of long line

simulation.

1.3. OUTLINE AND CONTRIBUTIONS

The research work presented in this thesis is focused on the development of

techniques in the scope of multipoint Padé approximations based on moment matching
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for efficient simulation of interconnect networks with frequency-dependent lossy
transmission lines. The reason for choosing a multipoint moment matching scheme is
mainly due to its applicability to general distributed systems as well as its simple
mechanism of error-control. The significance of the research work is that the proposed
method can be applied to calculate, in a more efficient manner as compared with
conventional techniques, the frequency and transient responses of interconnect networks
consisting of linear lumped components and dispersive transmission lines. In addition,
macromodels of multiport linear networks can be developed by using the proposed
method. Passivity enforcement, if needed, can be done by means of compensation
techniques in the post processing stage, as suggested in the literature [37]-[40].

In chapter two, the basic definitions and formulations used in moment matching
based Padé approximation techniques are presented. The general process of moment
generation and moment matching is described. The performance of reduced-order model
solutions using moment matching based Padé approximation is outlined. After various
existing moment matching techniques are reviewed, a new method is introduced in
chapter three for efficient simulation of interconnect networks that can include lossy
coupled multi-conductor transmission lines. The proposed method is based on multipoint
Padé approximations which employ all the moment sets available at all updated
expansion points and can be used to efficiently obtain a closed-form solution of the
interconnect network. As multipoint expansion methods involve the solution of the
network equation at extra frequency expansion points and, thus, require a relatively
higher computation cost when compared with the single-point expansion methods, it is

very important to reduce the number of expansion points as much as possible. With this
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objective, an improved algorithm for the selection of the frequency expansion points is
presented, which results in a smaller number of expansion points being required for the
same accuracy and yields a reduction in CPU cost. The performance of the new algorithm
is investigated through several numerical examples. In chapter four, a review of existing
techniques for the generation of moments associated with a distributed transmission line
model is given. They include the eigenvalue moment method and the matrix exponential
method. In order to improve the computation efficiency, a modified matrix exponential
method is introduced for the generation of the moments for frequency-dependent lossy
transmission lines. The proposed method yields the same accuracy as the original matrix
exponential method [20], but has a computational efficiency which is comparable to that
of the eigenvalue moment method [11]. A recursive procedure for calculating the
moments for multiconductor transmission lines with frequency-dependent parameters is
presented. The accuracy and efficiency of the proposed method are demonstrated by
numerical examples. Chapter five focuses on application of the proposed multipoint
moment matching method to transient simulation of interconnect networks containing
frequency-dependent lossy transmission lines. As the frequency-dependent transmission
line parameters can be obtained from electromagnetic simulation software or directly
from measurements at a set of discrete frequency points, curve-fitting techniques that
approximate the tabulated line parameters and integrate them into the existing moment
matching simulation are described. An example of simulating an interconnect network
containing frequency-dependent transmission lines is considered. Also in chapter five,
transients on frequency-dependent power transmission lines are analyzed using

multipoint Padé approximations. Due to the strong wideband frequency dependency of
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power transmission line parameters, the multipoint Padé approximations may yield ill-
conditioned matrices and cannot directly be applied to simulating transients. To
overcome this difficulty, an improved multipoint Padé approximation method is
introduced. The new method is then used to analyze frequency dependent power
transmission line examples, including a single-phase power transmission line and a three-
phase power transmission line. Comparisons of the numerical results obtained by using
the improved multipoint method with those obtained by using conventional methods

and/or commercial simulation programs are provided.

10



Chapter 2 Moment Matching Techniques

Chapter 2. Moment Matching Techniques

This chapter begins with the introduction of the general concepts of moment
matching techniques. This is accomplished by first describing the Asymptotic Waveform
Evaluation (AWE), which is a single point moment matching based algorithm. The
general mathematical formulation used in the process of moment matching is presented.
In view of the limitations of the AWE, a more elaborate multipoint moment matching

techniques will be presented in the next chapter.

2.1. NETWORK EQUATIONS

"
L

Fig. 2. 1. Linear network containing lumped components and arbitrary linear

elements

Linear lumped

subnetworks.

Consider a linear network containing lumped components and arbitrary linear

subnetworks, as shown in Fig. 2.1. The arbitrary subnetworks may contain distributed

11
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components such as multiconductor transmission lines. Without loss of generality, the
modified nodal admittance (MNA) matrix equation [51] of the network with an impulse

input excitation can be written as,
d &
ngz@)+Gk&)+2§lhjkﬁ)~b§0)=O @.1)
c=1

where the entries of vector z(t) are node voltage waveforms, independent voltage source
currents, linear inductor currents, and port currents; C and G are constant matrices whose

entries are determined by the lumped linear components; b is a constant vector with
entries determined by the independent voltage and current sources; D, =[d,;],
d, e {0,1}, ie{,2,--,N,}, je{1,2,---N,_}, with a maximum of one nonzero entry
in each row or column, is a selector matrix that maps i_, the vector of currents entering
the linear subnetwork «, into the node space R of the network; N, is the total number
of variables in the MNA formulation; N, is the number of external terminals of the
linear subnetwork « ; N, is the number of linear subnetworks; and &(t) is the unit

impulse function.

The first, second, and fourth terms in (2.1) cover the network’s lumped components
and independent sources. The third term describes currents at subnetwork terminals and
then maps them into the rest of the network through the matrix D, .

A general way to describe the frequency domain equation of the transmission line
subnetwork « is in the form

AV (s)+B.I.(s)=0 (2.2)

12
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Where V, and I, represent the Laplace-domain terminal voltage and currents of the
subnetwork «, respectively. In the special case where the subnetwork x consists of a
multi-conductor transmission lines system, 4_ and B, can be described in terms of the
line parameters.

Taking the Laplace transform of (2.1) and using (2.2), we can write compactly

[sC+G D, D, --- D, | o
Iz
ADl B, 0 - 0 (5) b
T II(S) 0
AD! 0 B, - 0
: L o | L6)|=|0 2.3)
0 . .
__ANx .D]{/: O O SN BN: | _INs (S)_ _0_
or
[¥(s)lx(s)=E 24)
where

x(s)=[z(s) 1,6) L) - 1,6
E=[b 0 0 - 0]

and the superscript 7 denotes the matrix transpose.
The formulation of the network equation can be illustrated by considering an

example circuit shown in Fig. 2.2. In this case, the matrices and vectors defined in (2.3)

are given by
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Chapter 2

Fig. 2.2. An example circuit containing lumped components and a transmission line

subnetwork.
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S O O O O OO -
O O O O O O = O
S O O O O = O O
S O O O~ O O O

X(s)=[z(s) L)
Ls)=lr, 1, 1. 1]
zZ(s)=y, v, v, v, v, v, I, L]
b=[0 0 0 0 0 0 0 1]

A, and B, are 4x4 matrices and are related to the terminal voltages and currents of the

subnetwork in the form

" 1,
v I
Al 2|+ B| =0
V3 ]c
v, I,

Several techniques are available for computations of 4, and B, for the distributed
transmission line subnetwork k. The modified matrix exponential method, which can be
used to efficiently generate 4, and B, for distributed transmission line models with

frequency-dependent parameters, will be proposed in chapter four.
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2.2. MODEL ORDER REDUCTION

A solution for X(s) over a frequency band can be obtained by repeatedly solving the
matrix equation (2.4) at a sufficiently large number of frequency points within the band.
This is computationally too expensive and even prohibitive as soon as the size of matrix
Y reaches a few hundreds. A more efficient way to deal with this problem is to use model
order reduction techniques.

Consider any component of the solution vector X,(s). The actual transfer function

for the output can be represented in a rational function form as

Xz(s)=H<s>=% @5

where P(s) and Q(s) are polynomials in s with the degree of the numerator less than or
equal to the degree of the denominator. Applying a partial fraction decomposition on

(2.5) yields

H(s)=c+§: i

=S =P

2.6)

where p; is the jth pole of the system, &, is the jth residue associated with the specific
output, N, is the total number of system poles, and the constant ¢ represents the direct

coupling between the input and the output. By applying the inverse Laplace transform to
(2.6), the time-domain impulse response of the output is expressed in closed form in

terms of poles and residues as
NP
Wi)=cs()+> ke .7
Jj=1

As we are interested in analyzing a large network containing distributed components

as well as lumped elements, the numerical computation of all the system poles becomes
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impractical when the number of unknowns of the network reaches a few hundreds. An
efficient alternative is to approximate the actual (high-order) network transfer function
H(s) with a reduced-order model that exhibits closely the same frequency characteristics

as the actual one.

2.3. MOMENT MATCHING FORMULATION

A reduced-order network transfer function can be realized using moment matching
techniques. Moment matching techniques generally consist of two main steps: moment
generation and moment matching. In the process of moment generation, a set of linear
network unknowns is expanded in a single or multiple Taylor series. The coefficients of
the expansion(s) are known as moments because they are related to the time moments of
the transfer function. For illustration, consider the network matrix equation (2.4); the

unknown vector X (s) can be expanded in a Taylor series about a complex frequency

point § =, as

X(s)= i M, (s-s,) 2.8)

Here M, is the nth moment vector of the Taylor expansion about s = s, and is given by

1@

125" [ (S)]S=sk E 2.9)

M,

Moment matching techniques employ a recursive relationship to compute the

moment vectors. This relationship is given by

v, -3

r=1

0 Y(s} M, (2.10)
os’ ’

$=8),

with
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Y(s, )M, =E 2.11)

From (2.10) and (2.11), it can be seen that the generation of moment vectors about

one expansion point s =s, requires only one LU factorization and each vector M,,

(n=1) can be obtained by performing only one forward-backward substitution. As a

result, the CPU cost associated with this procedure is approximately equal to that for the
solution of the network equation at one frequency point.

To generate the moments of the network, one needs to calculate the derivatives of

Y (s) at the frequency expansion point s = s, . Using a superscript (¥) to represent the rth

derivative at s = s, , we have

C 0 0 0 ]
AYpr  BY ¢ 0
A9p7 o BYP .. 0
R . 2.12)
0
APp;, o o .. BY
and
0 0 0 0 ]
A”DI B 0 0
AYDI 0 BY 0
o= 0 0 (r>2). (2.13)
0
A9 0 0 B\
If the network contains lumped components only, it is readily seen that
=0  (=2) (2.14)

and (2.10) can be reduced to
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Y(s, )M, = —[%Y(s)} M, (2.15)

s=5;

In the case where the subnetwork « contains distributed transmission lines, (2.14)
does not hold, and this in turn requires the calculation of higher order moments of the
transmission lines. Several approaches can be used to generate moments of distributed
multiconductor transmission lines. They include the eigenvalue moment method [11], the
matrix exponential moment method [20], as well as the modified matrix exponential
moment method [52] introduced by the author of this thesis. Their performance in the

generation of transmission line moments is discussed in chapter four in detail.

Moment matching describes a process where a set of coefficients of a low-order
approximate rational transfer function is found such that the moments of the approximate
function match a given number of initial moments of the original function. For the sake
of illustration, moment matching techniques that use one single frequency expansion

point are first considered. Let s, be an arbitrary expansion point. The Taylor expansion
of the transfer function for a selected output of the network is given by
H(s)zmko+mk1(s—sk)+mk2(s—sk)2+--- (2.16)
where m,,,, n=0,1,2,---, are moments that are generated from (2.10)-(2.11) about the
expansion point s =s,. To determine the coefficients of an gth order rational function
H (s) which approximates H (s), we extract the first 2¢ moments m,, 0<n<2q-1,

and then match the moment set to the corresponding coefficients of the rational function

H(s) as follows
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2] a,+ass+--+a, s
no_ 0 1 g-1
D my,(s—s,) Ty P (2.17)
pry +bys+b,s” +--+b,s
or
2¢-1 3 5 <9l
Yy Gy taS+-ta,
my,§" = — —— (2.18)
=0 1+b5+---+b,57

with §=s5-3s,.
The coefficients of the numerator and denominator polynomials in (2.18) are computed

from the moments by using,

Mpo My My g-1 || b, My,
m m m h m
k1 -](2 kq bq.-l — k,-q+1 (2' 1 9)
My g1 Mg Mr g1 || b My 2g-1
i A
a,=> my, b, ; i=0,12,-,¢-1 (2.20)
—

where l;o =1. The approximation transfer function A (s) in (2.17) , which is known as a

Padé approximation, is determined once the coefficients 4, 4,,---,4,,, b, b, are

calculated. By using a partial fraction decomposition, we can write H (s) in the form of

i) - ¥

j=1s—p_j

(2.21)

The poles p, of H (s) in (2.21) can be obtained by applying a root-solving algorithm to
the equation

bys?+b, 5"+ +bs+1=0. (2.22)
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The residues & ; are related to the poles and the moments by

Al Al Al = 7]
D b o Dy K o
a2 A2 A2 -
1 2 3
. T = (2.23)
P Py o Dy _kq_ My g1

Finally, applying the Laplace transform to (2.21) yields the approximate impulse

transient response of the output in the form
- 4 .
W)= ke” (2.24)
j=1

More details on moment matching algorithms can be found in [7].

While moment matching techniques based on a single point expansion can be
accurate in generating approximations for several types of linear circuits, inaccurate
results were sometimes observed due to the inherent limitations of Padé approximations
[10]. Padé approximations attempt to extract pole/residue information from the moments.
It was noticed that Padé approximations are sensitive to the evaluation of the moments,
any small deviation in the value of the moments causing large deviation in the value of
the poles, which then result in errors in the simulated waveforms. Therefore, it is critical
that one should perform Padé approximations on high precision machines and use
numerically stable algorithms in computing moments. Moreover, numerical experiments
showed that a single moment matching Padé approximations typically generate no more
than eight accurate poles since the matrix in (2.19) can become increasingly ill-

conditioned as its size increases [27]. In order to improve the accuracy of the
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approximation, implementations of moment matching techniques that are based on

multiple point expansions have to be considered.

2.4. PASSIVITY OF REDUCED-ORDER MODELS

The moment-matching based Padé approximation techniques can be used to
construct macromodels of multiport linear networks. Macromodeling is useful in
overcoming the difficulties encountered in solving mixed frequency/time domain
problems since it allows large linear distributed systems, which are usually characterized
in the frequency domain, to be represented by macromodels and then inserted into
standard nonlinear solvers or general-purpose circuit simulators [2]. To ensure the
accuracy of the simulation results, the macromodels generated are required to be not only

stable but also passive. For a linear N-port network characterized by an admittance matrix
¥(s), the network is passive if and only if [53]: 1) Y(s*)= Y (s) for all s, 2) ¥(s) is
analytic in Re(s)>0, and 3) ¥(s) is a positive real matrix, i.e., z*7 [YT (s*)+ Y(s)]z >0 for
all complex values of s satisfying Re(s)>0 and for any arbitrary vector z. In the practical
case of networks with symmetric admittance matrices, the condition 3) also implies that,
Re(¥(s)) = 1YT (s* )+ Y(S)J/ 2 must be a positive definite matrix for Re(s)>0.

Since the poles/residues generated by Padé approximation techniques are either real
or in complex conjugate pairs, the resulting reduced-order model for an admittance
matrix ¥(s) can always satisfy the first condition. Since the entries of Y(s) are obtained

in the form of rational functions with real coefficients, the second condition is also
satisfied. However, the reduced-order model cannot ensure the condition 3), even though

the stability is ensured by removing all the unstable poles. Thus, it is necessary to assess

22



Chapter 2 Moment Matching Techniques

the resulting reduced-order models for a possible passivity violation. In the case when
passivity is violated, adequate compensation techniques, such as those presented in [37]-
[40], can be implemented to enforce non-passive reduced-order models to be passive. In

this way, any potential instability in the transient simulation can be eliminated.

2.5. SUMMARY

In this chapter, the concepts and fundamentals of single-point expansion based
moment matching techniques are reviewed. The formulations used in the processes of
moment generation and moment matching are presented. The limitations related to
applications of moment-matching based Padé approximation techniques for interconnect

analysis are discussed.
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Chapter 3. Multipoint Padé Approximations

It has been observed that approximations relying on a single expansion point can
only extract a small number of dominant poles due to ill-conditioning of the Padé
approximation matrix and will be accurate only near the expansion point [20], [27]. In the
analysis of networks containing transmission line models, high frequency effects can be
significant and techniques that extract only a small number of poles may not provide
accurate waveform estimation. In order to overcome the limitations associated with
single-point expansion based moment matching techniques, multiple point expansion
based techniques have been considered in the literature [20], [21], [26]. In this chapter, an
improved method that is based on multiple point expansions and Padé approximations is
presented for efficiently computing the frequency and transient responses of large

interconnect networks.

3.1. FORMULATION FOR MULTIPOINT PADE APPROXIMATION

Suppose we expand X (s) at K expansion points s,, k=1,2,:--, K, and truncate the

expansion (2.8) at each expansion point to the first 2N vector moment terms. For a

specified output X, (s), K moment sets are generated, comprising 2NK moments,
m,, =M ,m],, n=0,1,2,---,2N —-1. We then match the K moment sets to a rational

network transfer function of order g = NK in the form
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-1

a, +a;s+---+a, s
ot g-1 _ IN-1
—mko+mk1(s_Sk)+"'+mk,21v—1(s_sk) »

1+bs+--+b,s*
k=12 K (3.1
Using the variable substitution § = s —s, , we then obtain the following equation for each

of the expansion points

- Ao - Ag-1
+a,5§+---a, 57
0 1 ~1 - AIN-—
— —=my, +my§+-+m, 87, (3.2)
bs+---+b,57 '
by +b,5 .
k=12,--- K
where
by =1+ b;s} (3.3)

q .

h = J J=i ] = ca

b,»—Zb,(i)sk : i=1,2,-,¢ (3.4)
q_] i . .

ai = aj(J)Sli_lﬂ z':(), 1:.”:q_l (3.5)

with ( ) denoting the binomial coefficient. Now, multiplying both sides by the

denominator of the rational function in (3.2) and, then, equating terms with like powers
of § upto §*" yields for each k
dy = my,b,

a, =my,b, +myb,

A

Ayyg =My +0+ My anabo - (3.6)
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Equations in (3.3) can be written in a compact matrix form as

Q.c=m, , 3.7
where ¢ = [ao e dyy b b ]T is a vector that contains the coefficients of the
rational transfer function to be solved, m, = [mko My oy ]T is a moment vector,

and Q, isa 2N x 2g matrix and is expressed as
0.=lc, ¢, -BcC, -BC, | (3.8)
where €, and C;, are two vectors of dimension 2W, i.e.,

¢, =1 o - of (3.9)

T
C,, =[s;g (f)s;’“‘ (2Nq_l)s;j"2N+lJ : (3.10)

C, isa 2Nx (g ~1) matrix which is defined as

(e ()
0 1
C, = 0 0 (3.11)
O O e q9- ] sq_z‘N
] N -1
and B, is a matrix of size 2N x2N and is given by
m,, 0 0
m m 0
B, =| " Lo (3.12)
Mpana Myona 00 My
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The combination of the matrix equations for all expansion points results in a 2g x2q

matrix equation in the form

0, m,
Qf c= ”fz (3.13)
O« m

The solution of equation (3.13) yields the coefficients of the rational transfer function

g-1
Gyt asteeta,s

H(s)= . (3.14)

l+bs+--+b,s*

It is to be noted that the values of some of the entries in the matrix (3.13) are
expected to be large as the number of expansion points K increases. This is because the
order of the rational network transfer function in (3.1) will increase as X increases. As a
result, the matrix may become ill-conditioned in some cases. In view of this, it is
important to use double precision arithmetic, and employ an adequate frequency scaling

such that the absolute values of frequency expansion points are reduced to about unity.

3.2. ALGORITHM FOR SELECTION OF FREQUENCY EXPANSION POINTS

In implementing the multipoint moment matching for simulating large circuits, the
computational cost is dominated by the moment-generation stage, which requires the
solutions of the network matrix equation (2.4) at different frequency-expansion points.
To minimize the number of frequency-expansion points, a new, more efficient algorithm
for the expansion point selection is developed in this section by combining a bisection

search technique with a multipoint Padé approximation for all the moment sets available
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from all updated expansion points. As a result, the number of expansion points required
can be reduced as compared with that in the previous techniques [21], [26].

To illustrate the algorithm, assume that there are currently K expansion points within
the frequency range [0, f,.]. Let H, (s) denote the rational Padé transfer function

generated by the moments of all K expansion points. If we specify a middle frequency
point f between two consecutive expansion points, let H,,(s) denote the rational Padé
transfer function generated from the moments of K-1 expansion points that are the closest
to that mid-frequency point (see Fig. 3.1). The search algorithm is described below,
starting with two expansion points:

Stepl: Set f,=0and f, =1, ..

O Existing frequency expansion point

@ Mid-frequency point being examined

A

\ f=(+ 12,

S

L%LXEH/O >

H,, (S) H, (S)

Fig.3.1. An illustration of the search algorithm in the case of 3 existing expansion points
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Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

Expand the network impulse response at f, and f,, using equation (2.8).
Construct H ,(s) from moments in the expansions at f, ; and f, using
equation (3.14).

Construct H,,,(s) corresponding to the mid-point f = (f, + /)2

If IHH,, Jj2nf )—Hm,.d (2 )| <&, where ¢ is a specified error tolerance,

proceed to step 6. Otherwise, expand at the mid-point and update H (s)
to include the moment information from all existing expansion points.

If no mid-point expansion is needed between any two consecutive
expansion points, end the algorithm. Otherwise, repeat step 4-5 using the

new subintervals, with f; and f}, corresponding to each new subinterval.

Once the search process is completed, a network transfer function in the form of the

rational function (equation 3.14) is automatically generated which is accurate over

[0, £, ] The poles of the network transfer function for the interval [~ o> finae | can be

obtained by first finding the roots of the denominator polynomial and then duplicating

them for the conjugate quadrant. As in the AWE or PVL implementation, the multipoint

Padé approximation approach may also produce a few unstable poles. If poles with

positive real part occur, we simply discard them at this stage. The residues k%,

~

J

corresponding to the ¢’ remaining stable poles p, can be obtained by a least squares

approximation solution of the following system of linear equation

~

k,

;

S TP

=H(s,), i=-m -0, m (3.15)
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Here s; are 2m+1 frequency fitting points within [— Sonas fmax], with s_, =5, and with

H (s, )=H,(s,) for >0, such that H (s, )=H:(s,). The number m is usually

chosen to be larger than (q’——l)/ 2. Instead of solving this complex linear system of
equations, we transform it into a real linear system and solve it to determine the
approximate residues. This finally yields a single network transfer function which has a

frequency domain form and a corresponding impulse transient response in the form

N 3
As)= L (3.16)
6)=37
ht)= i/éje"’f' : (3.17)
J=1

3.3. NUMERICAL RESULTS

3.3.1. Interconnect Circuits with Lossy Multiconductor Transmission Lines
The multipoint Padé approximation method was applied to the interconnect circuit
example [21] shown in Fig.3.2. The circuit contains two lossy coupled transmission lines
and is excited by a 1 V pulse with 0.4 ns rise/fall time and 5 ns duration. Both lines have

the same length of 0.1 m while line 1 is characterized by following parameters:

494.6 63.3 62.8 —-49
L= nH/m C= pF/m
63.3 494.6 -49 628
75 15 0.1 -0.01
R= Q/m G= S/m
15 75 -0.01 0.1
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Line 1 Line 2
500 250
— E— I
T T VWy L o
1pF —I__ I
+ = =
_J_l_ 50{‘}%-
%100@
= 750 1000
= L = = 100H
—AAN— - — AN Ve
250 500 1pF I
— I

Fig. 3.2. Interconnect circuit with lossy multiconductor transmission lines.

and the parameters for line 2 are:

4946 633 78 0.0 628 —-49 -03 0.0
63.3 4946 633 178 -49 628 -49 -0.3
L= nH/m C= pF/m
7.8 633 4946 633 -03 —-49 628 -49
0.0 7.8 633 4946 00 -03 -49 628
50 10 1 0.0 0.1 -0.01 -0.001 0.0
10 50 10 1 -0.01 0.1 -0.01 -0.001
R= Q/m G= S/m
1 10 50 10 -0.001 -0.01 0.1 -0.01
00 1 10 50 0.0 -0.001 -0.01 0.1
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04 T T T T T
actual response

0.35 — X — proposed method _

0.3

0.25

Vour (V)

02

0.15

0.1

0 0.5 1 1.5 2 25 3

0.05 : ;
Frequency (GHz)

Fig. 3.3. Frequency response at the load end of the circuit in Fig. 3.2 for an impulse

excitation.

The frequency response at the load capacitor has been calculated using the proposed

method with f

e = 2.5 GHz. Using ten moments at each expansion point, it was found
 that four frequency expansion points were required at 0, 0.625, 1.25 and 2.5 GHz. Fig.
3.3 shows the comparison of the approximate frequency response with the actual
response obtained by solving equation (2.4) at 1024 frequency points. The resulting
transient waveform is shown in Fig. 3.4 and compared with the result obtained by

applying an inverse fast Fourier transform (IFFT) to the actual response. The CFH

multipoint moment-matching technique [21] has also been applied to simulate the circuit.
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With ten moments employed at each expansion point, the CFH required seven frequency

expansion points to achieve the same accuracy.

0.35 T T ]
IFFT

— X — proposed method

03

0.25

0.2

Vout (V)

0.15

0.1

Time (s) x 10

Fig. 3.4. Transient response at the load end of the circuit in Fig. 3.2 for a 1V pulse

excitation with 0.4 ns rise/fall time and 5 ns duration.

The second example circuit [54] is shown in Fig. 3.5 and was examined to further
demonstrate the performance of the proposed method. The circuit contains two lossy
coupled transmission lines. Both lines have a length of 5 cm and identical parameters

given by
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Ba T gy

150 | PoT

1502

Fig. 3.5. Interconnect network with lossy multiconductor transmission lines.

(3448 0 0 497.6 76.5 152
R=| 0 3448 0 |Q/m, L=|765 497.6 765 |[nH/m,
0 0 34438 152 765 497.6

1082 -19.7 -0.6
C=|-197 1124 -19.7| pF/m, G=0
| —-0.6 -19.7 1082

Fig. 3.6 shows the impulse frequency response of the network obtained by using the
proposed method with the maximum frequency chosen to be 5 GHz. Using 10 moments
for each expansion point, it was noticed that five expansion points were required, with
their locations at 0, 1.25, 2.5, 3.75 and 5 GHz, resulting in 44 stable poles. The exact

frequency response obtained by solving the equation (2.4) at 1024 frequency points is
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2.5 B ¥ T T i T T
H ———— actual response
~— 4+ — proposed method
2r _
% 1.5¢
>
1_
0.5¢
0
0

Frequency (GHz)

Fig. 3.6. Frequency response of the interconnect network in Fig.3.5 calculated at the

output node V.

also shown in Fig. 3.6 for comparison. The transient response, corresponding to a 1V
pulse with 0.1 ns rise and fall times and 1 ns duration, as determined by the proposed
method, is shown in Fig. 3.7. The result obtained by using the exact frequency response
and then applying the IFFT is also shown. The CFH technique [21] was also applied to
the same problem. Using 10 moments as above, the CFH technique required 17
expansion points to achieve the same accuracy. When the number of moments was
increased to 14, it was found that 9 expansion points were required for CFH while the
proposed method still required only 5 expansion points. In other words, to achieve a

solution with the same accuracy as in the proposed method with the same number of
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expansion points, CFH requires higher-order moments at each expansion point. This also
results in an increased computation error since high-order moments contain more
truncation error due to the recursive generation of the moments. Similar observations
were also reported in reference [55]. It is worth to note that the expansion points used in
[55], which are identical to the ones as shown above, were selected in a heuristic manner.
However, the proposed search algorithm can automatically generate these expansion

points in the multipoint Padé approximation.

1 5 T T T T T T
—— IFFT

proposed method

Time (ns)

Fig. 3.7. Transient response of the interconnect network in Fig. 3.5 for a 1V pulse

excitation with 0.1 ns rise and fall times and 1 ns duration.
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3.3.2. Solution Accuracy and Convergence Analysis
To verify the accuracy and efficiency of the proposed algorithm, a simple circuit
which contains a lossless transmission line as shown in Fig. 3.8 was simulated. The exact

frequency response at the load resistor is given by [56]

H(s) 1

T 0256 —025¢°

With the maximum frequency of interest at 5 GHz and 8 moments at each expansion
point, the multipoint Padé approximation method required 5 expansion points (located at
0, 1.25, 2.5, 3.75 and 5 GHz) to obtain an approximate frequency response at the load
resistor. Comparison of the approximate frequency response with the exact response is
shown in Fig. 3.9. The network was simulated using the CFH technique [21] taking 8
moments at each expansion point and the result is also plotted in Fig. 3.9. It is noticed
that the CFH simulation result is obtained with 17 expansion points, this being more than
3 times the number of expansion points required in the proposed method. Also shown in
Fig. 3.9 for comparison is the sixth order AWE result, which demonstrates that numerical
instabilities degrade higher frequency solutions in this method. In order to compare the
accuracy of the proposed method with that of the above mentioned techniques, relative
errors in the frequency response with respect to the exact response was computed. The
results plotted in Fig. 3.10 show clearly that the accuracy of the proposed method over
the entire frequency range of interest is much higher than that of AWE or CFH. Fig. 3.11
presents the dynamic change in relative error of the approximate response in the process

of implementing the proposed search algorithm. As it can be seen, the accuracy of
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successive approximations is constantly improved by using all the moment sets available

from all updated expansion points.

Fig. 3.8. An interconnect circuit with one lossless transmission line.

06 T T T T

0.3

—~ i ]

> 0.2t —e-- proposed 1 i
' ~--- CFH ook
— exact N 1
-------- AWE ;

0.1t 4

o

--------- N
0 1 R ! 1 1 i g,
0 1 2 3 4 5 6 7
Frequency (GHz)

Fig. 3.9. Frequency response at the load end of the example circuit in Fig. 3.8.
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Chapter 3.

— proposed
—- CFH

AWE

I01I9 JATIR[OY

Frequency (GHz)

Fig. 3.10. Relative errors in the frequency response of the example circuit shown in Fig.

3.8.
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Relative error

-------- 2 points
--------- 3 points
- 4 points
—— 5 points

0 1 2 3 4 5 6 7

Frequency (GHz)

Fig. 3.11. Relative errors in the frequency response of the example circuit shown in Fig.
3.8. The circuit was simulated by the proposed method for various number of expansion
points: 2 points [0, 5GHz], 3 points [0, 2.5, 5GHz], 4 points [0, 2.5, 3.75, 5GHz], and 5
points [0, 1.25, 2.5, 3.75, 5GHz]. The number of moments used at each expansion point is

8.
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The convergence of solutions obtained by applying the proposed multipoint Padé
algorithm to interconnect problems can be evaluated by the standard deviation parameter

o, which is defined as in [57].

o= |23k

NS

where #Vis the number of frequency points used for evaluation, X, is the actual solution

for the i point and X ; 1s the multipoint Padé approximation solution for the same point.

Consider an interconnect circuit example taken from [7]. The interconnect circuit
contains three sets of lossy coupled transmission lines, as shown in Fig. 3.12, and the
lengths of the lines 1, 2 and 3 are 0.05m, 0.04m and 0.03m, respectively. The electrical

parameter matrices for the three transmission lines are identical and are given as

494.6  63.3 62.8 -4.9
L= nH/m C= pF/m
63.3 4946 -4.9 628
75 15 0.1 -0.01
15 75 -0.01 0.1

First, the circuit was analyzed at the output node ¥, by using an increasing number of

out
expansion points. The approximate frequency response produced by using one expansion
point at the origin with 8 moments, as compared with the actual frequency response at the
output, is shown in Fig. 3.13. Increasing the number of expansion points to three yields
the frequency response shown in Fig. 3.14. The converged solution was obtained by

implementing the proposed multipoint Padé approximation algorithm with five expansion

points and with an error tolerance & =107, as displayed in Fig. 3.15.
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250 Vot
— AN —- —
Interconned,
#2 2pF L
==
500 10002
500 = - =
AN\ — AN — — N,
Interconnect ToF 2502 | Intercormed 3002
L #1 PF — # TonE
Lo = —
1pF——
75Q 1000 10002 100C2

Fig. 3.12. A lossy coupled transmission line network.

0.7 T T T T

—— actual
------ approximate

0.6

0.5+

0.4

Vour (V)

Frequency (GHz)

Fig. 3.13. Frequency response at the output node of the example circuit in Fig.3.12
obtained by using one expansion point at the origin. The number of moments used at the

expansion point is 8.
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0.7 T T

actual
------ approximate

Vout (V)

Frequency (GHz)

Fig. 3.14. Frequency response at the output node of the example circuit in Fig. 3.12
obtained by using three expansion points [0, 2.5, 5GHz]. The number of moments used at

each expansion point is 8.

0.7 T T
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06 ‘jfb\ —+— approximate

0.5F 3(

Vou (V)
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0.2 ’l\k

p
0.1 *“*‘N 1
ot

o 1 2 3 s 5
Frequency (GHz)
Fig. 3.15. Frequency response at the output node of the example circuit in Fig. 3.12

obtained by applying the proposed algorithm with five expansion points [0, 1.25, 2.5, 3.75,

5GHz]. The number of moments used at each expansion point is 8.
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Next, the convergence behavior of the multipoint Padé approximation solutions was
analyzed with respect to the number of moments chosen at each expansion point. With a
pre-specified and the highest frequency of interest GHz, In Fig. 3.16, the solution
accuracy, measured by the standard deviation parameter ¢ as related to the indicated
number of moments taken at each expansion point and the corresponding number of

expansion points, is shown for a range of frequency up to f,,,. =5 GHz, and for a pre-

specified error tolerance £ =10 and for #=201. It can be seen that choosing a smaller
number of moments at each expansion point requires the same or a larger number of
expansion points to achieve convergence and vice versa. In other words, there is a trade-
off between the number of moments and the number of expansion points required to
achieve a desired accuracy. Also, it is observed that the proposed multipoint Padé
approximation method converges to a solution (within the specified error tolerance) for
any number of moments chosen at each expansion point, as long as the number of
moments is not more than 16. As mentioned in chapter one, the necessity to not use more
than 16 moments at each expansion point is solely due to the limitations associated with
direct moment-matching Padé approximations [27]. The example circuit was again
analyzed using the proposed multipoint Padé algorithm when the pre-specified error
tolerance is reduced to 107 and the results for solution accuracy are plotted in Fig. 3.17.
The same observations regarding the solution convergence with respect to the number of
moments and the number of expansion points are made in this case, except that the
multipoint Padé approximation algorithm may require a larger number of expansion

points to achieve a higher accuracy requirement, e.g., 4 expansion points in the case
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£=107 vs. 3 expansion points in the case £=10", when the number of moments
chosen at each point is 12.

Finally, the convergence rates of the solutions obtained by applying the proposed
multipoint Padé approximation algorithm and the CFH technique to the example circuit
are compared and the results are presented in Fig. 3.18. It can be seen that, when the
same number of moments is chosen at each expansion point, the CFH technique requires
a larger number of expansion points to produce a solution of same accuracy, as compared

with the proposed multipoint Padé approximation algorithm.

—=— Moment=4
10° - —— Moment=6
—— Moment=8
—-o— Moment=10
- Moment=12
—#— Moment=14 U
—= Moment=16

\
\
A

o
(=]

1 1

2 3 4 5 6 7 8

Number of expansion points

Fig. 3.16. Analysis of solution convergence (e = 107).
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Fig. 3.17. Analysis of solution convergence (¢ = 107).
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Fig. 3.18. Analysis of solution convergence (¢ = 10™).
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The convergence analysis of the multipoint Padé approximation solutions was again
conducted using the example network shown in Fig. 3.5. This network was first simulated
with an increasing number of expansion points and the results were compared with the
actual solution. Fig. 3.19 shows the approximate frequency response at the output node
obtained by using ten moments generated at the origin, while Fig. 3.20 displays the
frequency response produced by using moments generated at three expansion points. The
frequency response produced by using only one or three expansion points, as shown in
Figs. 3.19 and 3.20, is obvious inadequate to model the response of the circuit. The

frequency response which agrees well with the actual one was obtained by implementing
the proposed multipoint Padé approximation algorithm withe =107, resulting in five

expansion points being required, and is plotted in Fig. 3.21.

25 T T

actual
------ approximate

1.5r

Vou (V)

0.5

Frequency (GHz)

Fig. 3.19. Frequency response at the output node of the example circuit in Fig. 3.5
obtained by using one expansion point at the origin. The number of moments used at the

expansion point is 10.
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Vout (V)

Fig. 3.20. Frequency response at the output node of the example circuit in Fig. 3.5
obtained by using three expansion points [0, 2.5, 5GHz]. The number of moments used at

each expansion point is 10.

Vout (V)

Fig. 3.21. Frequency response at the output node of the example circuit in Fig. 3.5

obtained by using the proposed algorithm with five expansion points [0, 1.25, 2.5, 3.75

25

1.5¢

0.5¢

actual
------ approximate

Frequency (GHz)

25

1.5

0.5

actual
—+— approximate
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5GHz]. The number of moments used at each expansion point is 10.
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The example circuit was then simulated using the multipoint Padé approximation
method to study the solution convergence behavior with respect to the number of
moments chosen at each expansion point. Figs. 3.22 and 3.23 show the standard deviation
o with =201 evaluation points of the approximate solutions obtained by using the
proposed algorithm when the error tolerance is specified to be 102 and 107, respectively.
It is again observed that, when the number of moments chosen at each expansion point is
not more than 16, the resultant multipoint Padé approximation solutions are convergent in
both cases and that, solutions obtained by using an increasing number of moments at each
expansion point can, in general, achieve convergence with a smaller number of expansion
points being required.

Based on numerous simulation experiments for example circuits similar to that
presented in this study, it has been found that, in the application of the proposed
multipoint Padé approximation method to analyze typical interconnect circuits: (1) using
no more than 16 moments at each expansion point guarantees solution convergence; (2) a
choice of the number of moments between 8 and 16 at each expansion point produces
convergent solutions with an optimum computational efficiency determined in relation
with the number of expansion points.

In order to compare the solution convergence of the proposed multipoint Padé
approximation algorithm, the CFH technique was also applied to analyze the example
network considered. In Fig. 3.24, a comparison of the standard deviation of solutions
obtained by applying the CFH technique and the proposed multipoint Padé
approximation algorithm is presented. It can be seen that, using the same number of

moments at each expansion point as in the proposed algorithm, the CFH technique
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requires a larger number of expansion points to obtain a solution with same accuracy as

that in the proposed algorithm.
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Fig. 3.22. Analysis of solution convergence (g = 107%).
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Fig. 3.23. Analysis of solution convergence (g = 10™).
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Fig. 3.24. Analysis of solution convergence (¢ = 10™).
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3.3.3. CPU Cost Comparisons

To demonstrate the efficiency of the proposed multipoint Padé approximation
algorithm, two relatively large interconnect circuits containing lossy transmission lines
were investigated. The first example circuit is obtained by cascading the circuit block
[55] shown at the top of Fig. 3.25 five times such that the resulting circuit has a total of
35 transmission lines. The second example is a circuit which contains a total of 70
transmission lines, constructed from cascading the circuit block ten times. All lines in the
circuit block are assumed to have zero conductance while their resistance is taken to be
the same value of 10 Q/m. For each type of line, the capacitance C, the inductance L, and
the length of / are given as follows: line T1, C=100 pF/m, L=60 nH/m, /=0.03 m; line T2,
C=100 pF/m, L=100 nH/m, /=0.05 cm; line T3, C=120 pF/m, L=60 nH/m, [=0.03 m; line
T4, C=100 pF/m, L=60 nH/m, /=0.04 m; line T5, C=150 pF/m, L=100 nH/m, /=0.02 m.
The excitation source applied is a 1V pulse with 100 ps rise/fall time and a 5 ns duration.
In using the multipoint Padé approximation algorithm to simulate both example circuits,
the maximum frequency of interest was chosen at 4 GHz and the required number of
frequency expansion points for each case was five. As an example, the transient
waveform at the output node of the second example circuit, containing 70 transmission
lines, is plotted in Fig. 3.26. Also shown in the Fig. 3.26 is the result obtained by using a
direct solution of the equation (2.4) at 1024 frequency points and then applying the IFFT
technique to the resultant frequency response. A comparison of CPU costs from
simulating the two example circuits. using the proposed multipoint Padé approximation

algorithm, the CFH technique, and the direct solution is given in Table I. In the
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Fig. 3.25. Interconnect circuits used for CPU cost comparisons consisting of multiple

cascaded subcircuits.
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Fig. 3.26. Transient response at the output node of the interconnect circuit containing a

total of 70 lossy transmission lines [55].

TABLE ]
COMPARISON OF CPU COSTS (10 MOMENTS USED AT ALL EXPANSION POINTS)
Number of Number of lumped CPU Time in second i
Transmission Lines elements Proposed CFH Direct
method algorithm solution
Circuit 1 35 131 4.07 8.18 251.82
Circuit 2 70 261 17.35 39.7 1432.5
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examples presented, the same number of moments at each expansion point was used in
both the CFH technique and the proposed multipoint Padé¢ approximation method.
However, it is possible that the performance of the CFH technique, as well as the
proposed technique, can be optimized by using a different number of moments at each

expansion point.

3.4. SUMMARY

To efficiently analyze interconnect networks containing distributed transmission
lines, a new method which is based on multipoint Padé approximations has been
introduced. The proposed method differs from existing moment matching techniques in
that it utilizes all the moment sets at all updated expansion points in the process of
yielding approximations and can be used to efficiently obtain a closed-form solution of
the interconnect network response. Meanwhile, an improved search algorithm for the
selection of frequency expansion points has been presented, resulting in a smaller number
of expansion points being required for the same accuracy and yielding a reduction in
CPU cost. Several examples were studied in order to demonstrate the performance of the
proposed method. In the first two examples, interconnect circuits with lossy
multiconductor transmission lines were simulated using the conventional approach and
the proposed method. The numerical results obtained in frequency domain and time
domain for both cases are in excellent agreement. Next, an interconnect modeled with a
lossless transmission line was analyzed and was used to further investigate the accuracy
of the proposed method. The frequency responses of the interconnect circuit were
obtained by using the proposed method and the existing moment matching techniques,

and their relative errors with respect to the exact frequency response are computed. It was
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shown that the proposed method exhibited higher accuracy over the entire frequency
range of interest. In addition, the convergence rates of solutions obtained by using the
proposed method were studied. The comparison of CPU costs was conducted by
simulating two relatively large interconnect circuits for the case of equal moments at all
expansion points. It was shown that, compared with conventional methods, the proposed
multipoint Padé approximation method is more efficient in simulating large interconnect

networks.
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Chapter 4. Moments for Frequency Dependent

Transmission Lines

When applying moment matching techniques to simulation of interconnect networks
containing lossy coupled transmission lines, the transmission line moments are usually
generated by using either the eigenvalue moment method [11] or the matrix exponential
method [20]. In the eigenvalue moment method, moment generation is performed by
using the eigenvalues and eigenvectors of the transmission line propagation matrix. The
truncation error in the computation of the eigenvalues and eigenvectors increases for
higher order moments, resulting in a degradation of accuracy for waveform evaluation.
The matrix exponential method was introduced to improve the computation accuracy of
the moments. The method generates moments by expanding the transmission line
parameter matrix as a Taylor series. In [54], the matrix exponential method was extended
to handle transmission lines with frequency-dependent parameters. Although the matrix
exponential method yields more accurate moments, it is computationally more costly than
~ the eigenvalue method due to the slow convergence of the matrix exponential series. In
this chapter, a modified matrix exponential method [52] for generating the moments of
frequency-dependent lossy transmission lines is introduced. The proposed method yields
the same accuracy as the original matrix exponential method, but also has a

computational efficiency which is comparable to that of the eigenvalue moment method.
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4.1. MODIFIED MATRIX EXPONENTIAL METHOD

Consider a linear interconnect network containing distributed transmission lines and
its model using a modified nodal admittance formulation [51]. When employing the
moment matching approach, the generation of frequency derivatives (moments) of the
modified nodal admittance matrix is required, which in turn requires computation of the
transmission line moments.

Fig. 4.1 shows a lossy coupled transmission line that contains N conductors. The
multiconductor transmission line can be characterized by the line length and the per-unit

length (p.u.l.) transmission line parameter matrices, i.e., series resistance matrix, R , the

i,(0,1) i(x, 1) i(d, 1)
—

vl(o’ t) Vl(x: t) Vl(d’ t)

iz(o’ t) iz(x: t) iz(d: t)

— .

v,(0,7) v,(x.7) v,(d, 1)
]
®
o

i, (0,7) iy (%, 1) iy(d. 1)

—— N
Vy (O: t) Yy (x, t) Vi (d: t)
Ground : : !
x=0 X x=d

Fig. 4.1. Multiconductor transmission line of length d.
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shunt conductance matrix, G, the series inductance matrix, L, and the shunt capacitance
matrix C. The line voltages v(x,z) and line currents i(x,¢) at points along the

transmission line are described by the Telegrapher’s partial differential equations, i.e.,

%v(x, f)=—R*i(x, t)—L*-g;i(x, ) @.1)

9 i, 1) = =G #v(x, 1) = € xLv(x, 1) 42)
ox ot

with

Y1 (x, t) i (x, t)

v(x, )= vz(fc’ /) i(x, 1) = ’2():“’ 2 4.3)
Yy (x, t) Iy (x, t)
Taking Laplace transform of (4.1) and (4.2), the multiconductor transmission line is

described by the following equations:

%V(x, s)=—(R+sL)I(x,s) (4.4)

—aa;l(x, s)=—(G+sCW(x,s) 4.5)

In the case of coupled lossy transmission lines with frequency-dependent parameters,
the transmission line moments can be derived from the Laplace-domain partial

differential equations

5 [V(x,s)}_ 0 —Z(S)} [V(x:s)} (4.6)

ox| I(x,s)| {— Y(s) o0 I(x,s)
with
Z(s)= R(s)+sL(s) 4.7)

Y(s)= G(s)+sC(s) (4.8)
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where Z(s) and ¥(s) are the p.u.l. impedance and admittance matrices, and R(s), G(s),
L(s), and C(s) are the p.u.l. frequency-dependent series resistance, shunt conductance,
series inductance, and shunt capacitance transmission line parameter matrices,

respectively.

From (4.6)-(4.8), the relationship between the voltages and currents at the far end of

a transmission line of length d, V(d,s), and I(d,s) and those at the near end, V(0,s)

and I(0,s), can be described in terms of the transmission line parameter matrix 7T as

[V(d,s)} _ T(S{V(O, S)} 4.9)

I{d,s) 1(0,5)
where
T(s)=etM (4.10)
0 -z
F(s)= [_ Y6) O(S ] 4.11)

The p.ul impedance and admittance Z(s) and ¥(s) matrices can be expanded as a

Taylor series in the form

Z(s)= i Zs" (4.12)
n=0
Y(s)= iyns" (4.13)
n=0
and thus
F(s)= iFns" (4.14)
n=0
with
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Fol? % 4.15
e ER (4.15)

For the special case when the line parameters R, G, L and C are frequency
independent, wehave Z, =R, Z, =L, Y =G, Y, =C,and Z, =Y, =0 for n>1.
In the implementation of moment matching techniques, the coefficients of the Taylor

series expansion of the transmission matrix T(s) are required

1(s)=[r]+ F), FO | Fs (4.16)
I 2! nl

In the matrix exponential method presented in [20], [54], the expansion coefficients are
obtained by substituting (4.14) into (4.16) and collecting terms with same power of s.
The computation of the coefficients in this manner usually requires summation of a large
number of terms due to the slow convergence of a series of the exponential type.

In order to more efficiently generate the moments of transmission line systems, a
modified matrix exponential method is presented in this chapter [52]. Starting from (4.12)

and (4.13), the product Z(s)¥(s) can be written as a Taylor series expansion in the form

Z(s)Y(s)= i W, s" (4.17)
with
W, = iz,,_,yi (4.18)

Let the matrix T(s) be expanded in the form

-l W Ee by e

By expanding (4.10) in an exponential series as in (4.16), we have
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T(s):[l O}Fd[ 0 ~Z(s)}+d2 {Z(S)Y(s) 0 }

ul-v(s) o | 2] o  ¥()z()

a0 - Z(s) (s)Z(s)]

3| -Y(s)Z(s)¥ (s) 0

ir
L4 Z(s)¥(s)Z(s)¥ (s) 0 . (6:20)
a | 0 Y(s)Z(s)¥(s)Z(s)
Equating (4.19) and (4.20) gives
© dZ d4
Als)=>"A4,s" =[1]+ —EFZ(S)Y(S)+ E—Z(S)Y(S)Z(S)Y(S) +-- (4.21)
n=0 . .
Now, using (4.17) and matching powers of s yields the recursive formulas
A, =[1+>4,,, (4.22)
Jj=1
Ai = iAH]J 5 i=12- (423)
J=1
where
dW,,
A, =—" (4.24)
' 2
WA
A =g*y AR =23, 4.25
5y T B @2
It can be easily shown that B,, C,,and D,, for n > 0, are also calculated as
D =4 (4.26)
C,=-dY, —Zn:YkUn_k] (4.27)
L k=0
B,=-d| Z, 6~ y ZkU,’,_k} (4.28)
. k=0
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where the superscript ¢ denotes the transpose of a matrix and

ai iy i=0,1,---. (4.29)

It can be seen that the number of terms in U, required for a desired accuracy is the same
as in A, [see (4.22) and (4.23)]. Compared to the original matrix exponential method, it

has been found that the proposed approach is more efficient, the series in (4.22) and
(4.23) requiring a relatively smaller number of terms for convergence. The faster
convergence is due to two factors. First, in contrast to (4.16), the terms in the series
(4.21) will decay more quickly due to the faster increase in the values of the
denominators. Secondly, the size of the matrices in (4.21) is only half of that of the
matrices in (4.16). This results in less computational effort for calculating the line

moments by the proposed recursive procedure.

4.2. NUMERICAL RESULTS

Three examples are given to demonstrate the performance of the method described in
section 4.1. As a first example, the interconnect circuit from [20] as shown in Fig. 4.2 is
considered, which consists of two cascaded lossy transmission lines with identical length
d . Line 1 is characterized by the parameters Rd =25Q, Gd = 0.005S, Ld = 0.1 puH, and
Cd = 40pF. Line 2 has the same parameters except Rd =3.125Q. Fig. 4.3 displays the

magnitude of the moments of the voltage ¥, at a frequency expansion point at the origin

out
as generated by the presented method and by the matrix exponential method in [20].
Identical results are obtained, but with less computational effort. For example, using the

smallest machine precision as the truncation criterion, the matrix exponential method
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(4.16) typically required twice as many terms for convergence as compared to the
presented method (4.21) (28 versus 14 for moment number 15 in Fig. 4.3). Fig. 4.3 also
shows that the moments generated by the eigenvalue moment method exhibit an increase
in numerical truncation error for higher order moments.

In order to demonstrate the computational efficiency of the proposed modified
matrix exponential method in generating moments of transmission lines, two lossy
multiconductor transmission line cases are considered as a second example. The first case
considered is a transmission line consisting of two-conductors with a length of 0.1m and

characterized by the following line parameters:

403.043  76.96 45.65 -12.319
L= nH/m C= pF/m
76.96  403.043 -12.319  45.65
10 0
R= Q/m G=0.
0 10

The second case is a four-conductor transmission line which has a length of 0.1m. The

line parameters are given by

4946 633 7.8 0.0 628 -49 -03 00
63.3 4946 633 7.8 -49 628 —-49 -03
L= nHm C-= pF/m
7.8 633 4946 63.3 -0.3 -49 628 -49
0.0 7.8 633 4946 0.0 -03 —-49 628
50 10 1 0.0 0.1 -0.01 -0.001 0.0
10 50 10 1 -0.01 0.1 -0.01 -0.001
R= Q/m G = S/m.
1 10 50 10 -0.001 -0.01 0.1 -0.01
0.0 1 10 50 0.0 -0.001 -0.01 0.1

The proposed modified matrix exponential method was applied to generate line moments

at a frequency expansion point, f =0, for each of transmission line cases. The number
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Fig. 4.2. Circuit containing two cascaded lossy transmission lines (from [20]).

Fig. 4.3. Comparison of moments generated by the proposed technique, the matrix
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exponential method in [20], and the eigenvalue moment method.
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of terms required for convergence with respect to moment number are displayed in Figs.
4.4 and 4.5. Also shown in the Figs. 4.4 and 4.5 are the corresponding results obtained by
using the original matrix exponential method. Table II shows the number of terms
required for convergence when computing the 12th transmission line moment at several
frequency points for the proposed method and the original matrix exponential method. It
can be seen that the proposed modified matrix exponential method typically requires half
the number of terms for convergence as compared with the original matrix exponential
method. Numerous other numerical experiments have also verified the above observation.
This enables the proposed method to be more efficient in computing the moments of
coupled transmission lines as compared with the original matrix exponential method.

As a third example, a printed circuit coplanar strip transmission line is considered,
with the skin effect loss taken into account [58]. The circuit and its geometry are shown
in Fig. 4.6 and Fig. 4.7, respectively, and the transmission line has a p.u.l. inductance

L=0.805969 uH/m and capacitance C =88.2488pF/m. A frequency dependent

conductor impedance Z;, due to the skin effect, is accounted for as [58]

(4.30)

where R, =86.207Q/m is the p.ul. dc resistance and f, =393.06 MHz. The source

voltage is a ramp function rising to 1V in 50 ps. The transient response at the load resistor
is shown in Fig. 4.8, as computed using the multipoint moment matching technique
described in chapter two, with the line divided into four identical sections. The moments

for 9 frequency expansion points, with f, =6.5 GHz, were generated using both the

max
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matrix exponential method [20], [54] and the presented method [52]. Fig. 4.8 shows that

results are in good agreement. The number of terms required to achieve convergence

using the presented method was again half of that required by the matrix exponential

method in [20].

25 T 1 T T
O original matrix exp. method
2 proposed method
20t o
C
G
%) O G]
g 15+ 00 1
B o0 o
g o o
"g 101 )
= O o g
Z, O 0
O O o
o o
5_. C D EI ................. N -
I}
O O
O O
0 1 ) L 1
0 3 6 9 12 15

Line moment number

Fig. 4.4. Comparison of the number of terms required for convergence in generating the
moments of a 2-conductor transmission line using the proposed method and the original

matrix exponential method.
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Fig. 4.5. Comparison of the number of terms required for convergence in generating the
moments of a 4-conductor transmission line using the proposed method and the original

matrix exponential method.

TABLEII

NUMBER OF TERMS REQUIRED FOR CONVERGENCE IN GENERATING
THE 12" MOMENT OF TRANSMISSION LINES

Transmission | Transmission line with 2 coupled | Transmission line with 4 coupled
line example conductors conductors
Freq (GHz) 0 2.5 5 0 2.5 5
Proposed 8 27 38 12 31 44
method
Original
matrix 17 55 77 25 63 89
exponential
method
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Fig. 4.6. Lossy printed circuit transmission line (from [58]).
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Fig. 4.7. Cross-sectional dimensions of the two-conductor circuit in Fig. 4.6.
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Fig. 4.8. Transient response at the load end of the circuit in Fig. 4.6.

4.3. SUMMARY

In this chapter, a modified matrix exponential method has been proposed for
efficiently generating the moments of interconnects modeled as lossy coupled
transmission lines with frequency dependent parameters. The proposed method can
generate transmission line moments that are identical to the original matrix exponential
method, but with less computational effort. Under the same truncation criterion, the
original matrix exponential method typically requires twice as many terms for

convergence when compared with the proposed method. A recursive procedure for
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calculating the moments for multiconductor transmission lines with frequency-dependent
parameters has been derived. Numerical experimentation showed that the modified
matrix exponential method can be used for accurate and efficient generation of moments
of frequency-dependent multiconductor transmission lines and can be readily
incorporated in existing moment matching techniques for an efficient interconnect

analysis.
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Chapter 5. Frequency Dependent Transmission

Lines with Sampled Data

In this chapter, the techniques presented in chapter three and chapter four are
extended to handle multiconductor transmission lines with frequency dependent
parameters characterized by sampled data. Unlike the assumption that transmission line
parameters are constants with respect to frequency, these parameters are functions of
frequency, such as that due to inhomogeneous dielectric and ohmic loss-induced
dispersion. The frequency dependence typically becomes more noticeable as the
operating frequency increases. Therefore, it is necessary to take into account its effects
for accurate and reliable high-speed interconnect simulations.

Some approaches have been presented in order to incorporate frequency dependent
transmission line parameters, which are usually obtained in the form of sampled or
measured data, into model order reduction algorithms. In [59], the least squares method
was used to curve-fit sampled transmission line parameters to piecewise polynomials as
functions of frequency. The curve fitting technique was then integrated with the CFH
algorithm to obtain transfer functions of interconnect networks. The curve fitting of line
parameters using polynomial representations has a disadvantage in that multiple
polynomials are often required in order to accurately model lines parameters that show
strong frequency dependence over a wide spectrum. Also, in implementation of moment

matching techniques based on multiple point expansions, it is necessary to take care of
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any cross over between expansion points and polynomial break points. The authors of
[54], [60] used a weighted least squares method to approximate measured data as rational
functions of frequency. To avoid ill-conditioned problem arising from the approximations
of transmission line parameters over a wide frequency range, local approximations about
expansion points were performed and the derivatives extracted from the local
approximations were used to calculate moments of transmission lines. The main
drawback of this method is that it requires knowledge of the frequency expansion points
so that the line parameters can be approximated over partitioned frequency ranges, which
may prevent the method from being used in practical applications as it is difficult to
determine a-priori information on the expansion points necessary for obtaining accurate
system responses. In [61] and [62], the vector fitting algorithm [63], [64] was applied to
approximate frequency dependent p.u.l. transmission line impedance and admittance
matrices. The equivalent lumped circuit element representations of multiconductor
transmission line are then obtained by using a segmentation approach. The reduced-order
model of the transmission line can then be generated using a proper model order
reduction algorithm. To ensure accuracy of simulation over a wideband, however, the
segmentation method requires a large number of equivalent circuit elements, which leads
to a large circuit matrix. In [43], the frequency dependent line parameters are first
approximated using rational functions of frequency. The rational functions are then
represented with a number of circuit elements with which time-domain macromodels of
the transmission line can be realized. However, to accurately account for line delay, this
method requires high-order Padé approximations or a large number of line segments [49].

Techniques to incorporate sampled/measured network parameters, such as through
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admittance and scattering parameters, into model order reduction algorithms have also

presented in the literature [38]-[40], [65]-[69].

The applications of multipoint Padé approximations to transient simulation of
frequency dependent power transmission lines are also highlighted in this chapter.
Transmission line structures are commonly found in electrical power delivery systems.
Efficient simulation of transients on power transmission line networks is important for
characterization of power system performance. Conventionally, transients on power
transmission lines can be computed using time domain techniques such as
PSCAD/EMTDC simulation program [70], [71], but the associated computation effort is
generally high. Furthermore, even though the multipoint Padé approximation method has
been successfully implemented in solving interconnect circuit problems, its applications
to transient simulation of power transmission lines is not always straightforward task.
Due to the conductor skin effect and the ground return frequency dependency, power
transmission lines parameters show strong frequency dependence over a wide spectrum
which is different from that typically found in electronic circuit cases. As a result, the
application of the multipoint Padé approximation method to solving power transient
problems may bring about solution instability. More specifically, the matrix that is used
to yield the coefficients of Padé rational transfer function is prone to be ill-conditioned
when a multipoint Padé approximation method is used to simulate frequency dependent
power transmission lines. To deal with this issue, an improved multipoint Padé
approximation method is proposed in this chapter for the analysis of transients on

frequency dependent power transmission lines.
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5.1. APPROXIMATION OF FREQUENCY-DEPENDENT LINE
PARAMETERS

Frequency-dependent transmission line parameters can be obtained from various
electromagnetic simulation software or directly from measurements at a set of discrete
frequency points. Since the computation of transmission line moments requires
information on the frequency derivatives of the line parameters at the expansion point(s),
it is difficult to incorporate such tabulated line parameters (or measured data/sampled
data) directly into existing moment matching algorithms. Pre-processing in order to
approximate the line parameters by differentiable functions is needed.

In this section, techniques that can be used for curve-fitting the measured frequency-
dependent transmission line parameters over a desired frequency range will be described.
They include the classic polynomial app;oximation method and recently developed
vector fitting technique [63], [64]. Examples of their application in approximating
frequency dependent line parameters will be provided with individual simulation cases

presented in this chapter.

Polynomial approximation

Let r(a)) be one of the parameters to be approximated in the form
r(a))=r0+r1a)2+r2a)4+--- (5.1)
In (5.1), we use even functions of @ =27zf to ensure the result is real when converted to

the s domain, i.e.,

2 4
r(s)= ¥, +r](l.) (ja))2 +r2(—1—_j (ja))4 +oe=7 +r]'s2 +r2's4 + - (5.2)
J J
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The coefficients of the polynomial in (5.1) are obtained by using a least squares
approximation method to fit the values of the polynomial to the given line parameter data
at a set of discrete frequency points, 7 (a),. ), i=1,2,-,
r+nol +rol +=7(0,) i=1,2- (5.3)
When using polynomial representations to approximate frequency dependent line
parameters, a single polynomial is often not be suitable to adequately curve-fit the line
parameters over a wide frequency range. In these cases, it is necessary to use multiple
polynomials to describe the complex dependence of the line parameters on frequency.
Once the coefficients of the polynomials have been found, the derivatives of
frequency-dependent line parameters can be readily obtained. The modified matrix
exponential method described in chapter four can then be used to generate moments

efficiently.

Vector Fitting Technique

For the case that the measured or calculated transmission line parameters exhibit a
strong frequency dependency over the frequency band of interest, a more advanced curve
fitting technique, such as Vector Fitting algorithm [63] [64], is often used. Vector fitting
is a methodology for accurate fitting of frequency domain data with rational function
approximations. For brief illustration of the method, consider a measured line parameter

r(s) obtained at a set of discrete frequency points. Vector fitting approximates r(s) using

a rational function representation in the form of

r(s)zi 5 drse (5.4)

n=1 s....pn
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where residues &, and poles p, can be either real or in complex conjugate pairs, while d

and e are real constant terms. Vector fitting estimates the unknown coefficients in (5.4) in
two stages. First, it assumes a set of starting poles distributed over the frequency range of
interest and then yields an improved set of poles via a scaling procedure. Next, the new

set of poles is used to replace the starting poles and the residues k,, and the constant

terms d and e are obtained by solving an overdetermined linear problem. Compared with
curve fitting using polynomial approximations, the vector fitting technique is more robust
in accurately approximating sampled frequency dependent line parameter data. The trade-
off is higher computational cost. Details on implementation of vector fitting algorithm

can be found in reference [63], [64].

5.2. INTERCONNECT CIRCUITS WITH FREQUENCY DEPENDENT
TRANSMISSION LINES

Fig. 5.1 shows an interconnect circuit containing two lossy frequency-dependent
coupled transmission lines [54]. Both lines have a length of 5 cm and are characterized by

the same line parameters. The p.u.l. capacitance and conductance parameters are:

1.082 -0.197 -0.006
C=|-0197 1124 -0.197 |pF/cm, G=0.
-0.006 -0.197 1.082

The frequency-dependent p.u.l. resistance and inductance parameters of the transmission
lines are given at a set of discrete frequency points as shown in Table III and Table IV,
respectively. To compute the transmission line moments, each element of the p.u.l.
frequency-dependent resistance R and inductance L matrices is first represented as a

polynomial in s such that
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R(s)=R, + R;s” + R,s* +---. (5.5)

L(s)=Ly+Ls*+L,s*+---. (5.6)
The coefficients of the polynomials are then found by fitting the values of the
polynomials to the given line parameter data at the set of discrete frequency points using
a least squares approximation method. The approximated and the original Ry, and L, are
shown in Figs. 5.2 and 5.3, respectively. The impulse frequency response at the output
node of the network was computed by using the multipoint moment matching algorithm
proposed in chapter three [72]-[75]. With the maximum frequency of interest chosen at 5
GHz and using 10 moments in each expansion, it was found that only 5 frequency
expansion points were required, with their location at 0, 1.25, 2.5, 3.75 and 5 GHz. Both
the matrix exponential method [20], [54] and the modified matrix exponential method
described in chapter four [52] were used to generate the transmission li'ne moments at the
expansion points and the frequency response results are in excellent agreement as shown
in Fig. 5.4. Using the smallest machine precision as the truncation criterion, it was found,
as previously observed in chapter four, that the modified matrix exponential method
typically required half the number of terms for convergence when compared with the
original matrix exponential method. The transient response at the output node,
corresponding to a 1V pulse with 0.1 ns rise/fall time and 1ns duration, was simulated as
shown in Fig. 5.5. The results obtained by using the proposed method in both frequency

domain and time-domain are in good agreement with those in literature.
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15Q T Py
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Fig. 5.1. Interconnect network containing lossy frequency-dependent coupled

transmission lines [54].

5.3. SIMULATION OF TRANSIENTS ON POWER TRANSMISSION LINE
USING IMPROVED MULTIPOINT PADE APPROXIMATION

In the case of power transmission line simulation, it is observed that the matrix
equation obtained from multipoint moment matching using (3.1) is prone to be ill-
conditioned due to the very wideband frequency dependence of power transmission line
parameters. The parameters can vary by several orders of magnitude and differ from the
frequency dependence of the line parameters typically found in electronic circuit cases.
Further investigations reveal that the strong frequency dependence of the line parameters
can lead to a significant difference in the values of moments generated in the low
frequency range from those generated in the high frequency range. This in turn results in

the matrix equation being ill-conditioned if the whole frequency bandwidth of
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TABLE III

RESISTANCE AS FUNCTION OF FREQUENCY

Freq Ry Rxn
(GHz) (Q/em) | (Q/cm)

0.0001 3.4480 3.4480
0.0010 3.4480 3.4480
0.0100 3.4480 3.4480
0.1000 3.4480 3.4480
0.2000 3.4480 3.4480
0.4000 3.6140 3.6140
0.8000 4.0110 4.0110
1.0000 4.2440 4.2440
1.5000 4.8300 4.8300
2.0000 5.4210 5.4210
2.5000 5.9430 5.9430
3.0000 6.4400 6.5350
3.5000 6.8890 6.9920
4.0000 7.3030 7.4130
4.5000 7.6850 7.8020
5.0000 8.0510 8.1740
5.5000 8.3820 8.5110
6.0000 8.6800 8.8150
6.5000 8.9810 9.1200
7.0000 9.2550 9.4020
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TABLE IV

INDUCTANCE AS FUNCTION OF FREQUENCY

Freq Ly L, Ly Ly
(GHz) | (nH/cm) | (nH/cm) | (nH/cm) | (nH/cm)

0.0001 4.9760 | 0.7650 | 0.1520 | 4.9760
0.0010 | 4.9760 | 0.7650 | 0.1520 | 4.9760
0.0100 | 4.9760 | 0.7650 | 0.1520 | 4.9760
0.1000 | 4.8470 | 0.7630 | 0.1520 | 4.8460
0.2000 | 4.8460 | 0.7630 | 0.1530 | 4.8440
0.4000 | 4.7630 | 0.7630 | 0.1560 | 4.7580
0.8000 | 4.7400 | 0.7640 | 0.1620 | 4.7300
1.0000 | 4.7280 | 0.7640 | 0.1620 | 4.7200
1.5000 | 4.6420 | 0.7660 | 0.1620 | 4.6300
2.0000 | 4.6130 | 0.7670 | 0.1620 | 4.5990
2.5000 | 4.5910 | 0.7680 | 0.1620 | 4.5770
3.0000 | 4.5540 | 0.7700 | 0.1620 | 4.5360
3.5000 | 4.5210 | 0.7700 | 0.1620 | 4.5030
4.0000 | 4.4950 | 0.7700 | 0.1620 | 4.4760
4.5000 | 4.4730 | 0.7700 | 0.1620 | 4.4550
5.0000 | 4.4550 | 0.7700 | 0.1620 | 4.4370
5.5000 | 4.4400 | 0.7700 | 0.1620 | 4.4210
6.0000 | 4.4270 | 0.7700 | 0.1620 | 4.4080
6.5000 | 4.4150 | 0.7700 | 0.1620 | 4.3960
7.0000 | 4.4050 | 0.7700 | 0.1620 | 4.3850
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Fig. 5.2. Ry, values for the frequency-dependent transmission lines in the example

network in Fig. 5.1.
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Fig. 5.3. Ly, values for the frequency-dependent transmission lines in the example

network in Fig. 5.1.
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Fig. 5.4. Frequency response at the output node of the network in Fig. 5.1.

—— modified matrix exponential method

— -+ — matrix exponential method [20], [54]
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Fig. 5.5. Transient response at the output node of the network in Fig. 5.1.

—— modified matrix exponential method

—+ — matrix exponential method [20], [54]
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interest is considered. Consequently, direct applications of the multipoint Padé
approximation method to power transmission line analysis can produce incorrect
waveforms or even fail to obtain any solution.

To address this issue, an improved multipoint Padé approximation method that is
based on a frequency band division strategy is proposed [76]. The principle behind the
proposed method is to divide the original frequency band of interest into multiple
sections and apply the multipoint Padé approximation over each subsection to ensure the
solution stability, as illustrated in Fig. 5.6.

The key points of the improved multipoint Padé approximation method are
summarized as follows:

Step 1: Apply the multipoint Padé approximation algorithm described in chapter
three to a given frequency range of interest.

Step 2: Evaluate the condition number of the matrix equation resulting from the
application of (3.1).

Step 3: If the matrix condition number is worse than a pre-defined criterion,
divide the frequency range into subsections such that each matrix equation
obtained is well-behaved over each frequency subsection.

Step 4: Collect poles from each transfer function that is accurate over a
corresponding subsection (if any).

Step 5: Compute residues corresponding to stable poles using a least squares

approximation method.
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Fig. 5.6. Division of frequency band into frequency subsections.

Assuming the above algorithm results in ¢’ poles p, and residues k ; » the approximate

frequency domain and impulse transient response of power transmission lines can then be

written, respectively, as

o &k
A(s)= : (5.6)
6)=3 %
h(t)= qz ke (5.7)
J=

Assuming the frequency dependent line parameters are well approximated using
adequate curve-fitting techniques and utilizing the search algorithm presented in chapter
three for the selection of expansion points over each frequency subsection, the improved

multipoint Padé approximation technique is described by the flowchart shown in Fig. 5.7.
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Fig. 5.7. Overview of the improved multipoint Padé approximation method.
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5.4. NUMERICAL RESULTS

5.4.1. Single-phase Power Transmission Line
A power delivery system with a single-phase transmission line as shown is Fig. 5.8 is
used to demonstrate the performance of the improved multipoint Padé approximation
method. The power transmission line has a length of 10 km and a solid conductor of

radius 2 cm. The height of the line over ground is 10 m. The conductivity for line

conductor and ground is 2x10° S/m and 107 S/m, respectively. Fig. 5.9 shows the
circuit structure of the power system. The frequency dependent p.u.l. line parameters,
shown in Table V are computed at a set of discrete frequency points using Carson’s
formulation [77]. The frequency dependent p.u.l. resistance and inductance parameters
are then approximated using the vector fitting algorithm [63], [64] and are compared with
corresponding original data as plotted in Fig. 5.10 and 5.19, respectively. It can be seen
from the figures that the p.u.l. power line parameters display a strong frequency
dependence from Hz to MHz due to the conductor skin effect and ground return loss.
Since the network normally operates in the 100 Hz range but transients can exhibit MHz
bandwidths, it is important to model the strong frequency dependency over a wide
bandwidth. An attempt was made to simulate transients on the power transmission line
using the original multipoint Padé approximation method described in chapter three.
However, solution instability issues prevented the original multipoint Padé
approximations from correctly capturing the large number of poles associated with the
power line network. Fig. 5.12 shows the impulse frequency response at the output node
of network obtained by using the improved multipoint Padé approximation method

described in section 5.3. With the maximum frequency of interest chosen at 500 KHz, a
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total of 6 frequency subsections is needed for obtaining the waveform, resulting in a total
of 77 stable poles being generated. The exact frequency response obtained by solving
MNA matrix equation of the network is also shown in Fig. 5.12 for comparison. The
transient response at the output node, corresponding to a 1V pulse with 2 ps rise and fall
times and 20 ps duration, was simulated and is shown in Fig. 5.13. The transient response
obtained by using the exact frequency response and then applying the IFFT algorithm is
also plotted in Fig. 5.13, which is in good agreement with that obtained by using the

improved multipoint Padé approximation method.
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O 000t

Fig. 5.8. Power delivery system containing a single-phase transmission line.
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Fig. 5.9. Circuit structure of the power transmission line system in Fig. 5.8.
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TABLE V
FREQUENCY DEPENDENT p.u.l. POWER LINE PARAMETERS
Fr?g‘_fgcy R (Q/m) L (ui/m)
0.000100 0.000398 2.8215
0.000251 0.000398 2.7294
0.000631 0.000399 2.6374
0.001000 0.000399 2.5915
0.002512 0.000400 2.4998
0.006300 0.000404 2.4081
0.010000 0.000408 2.3625
0.025119 0.000422 22713
0.063096 0.000459 2.1807
0.100000 0.000494 2.1357
0.251190 0.000639 2.0463
0.630960 0.001005 1.9573
1.000000 0.001366 1.9121
2.511900 0.002810 1.8177
6.309600 0.006005 17268
10.00000 0.008794 1.6853
25.11900 0.018685 1.6106
63.09600 0.038588 15477
100.0000 0.054619 15200
251..9000 0.105580 1.4767
630.9600 0.194340 1.4444
1000.000 0.259270 14321
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Fig. 5.11. Inductance of frequency dependent power transmission line.
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Fig. 5.12. Impulse frequency response at output node of the power transmission line

shown in Fig. 5.8.
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Fig.5.13. Transient response at output node of the power transmission network shown in

Fig. 5.8.
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5.4.2. Transient on 3-phase Power Transmission Lines
The proposed method presented in section 5.3 has been used to simulate transients
on a 3-phase power transmission line system as shown in Fig. 5.14. The transmission line
example is taken from [78] and its tower and conductor geometry is shown in Fig. 5.15.
The length of the transmission line is 222.07 km. Each phase is connected to an inductor

of 39.8 mH and a resistor of 10 MQ. The excitation source for phase 4, B, and C is

528.81 £0° kV, 528.81 £240" kV, and 528.81 £120° kV, respectively, at a steady state
frequency of 60 Hz. The frequency dependent p.u.l. line parameters were computed
using Carson’s formulation [77] at a discrete of frequency points and are shown in Tables
VI and VII. The sampled line parameter data were then approximated by implementing
the vector fitting algorithm [63], [64]. A comparison of the approximated line parameters
with the corresponding original data is given in Fig. 5.16 and.5.17, respectively.. It was
noted that the power line network couldn’t be analyzed using the original multipoint Padé
approximate method. The improved multipoint Padé approximation algorithm was
implemented to simulate transients on the 3-phase power line system. Fig. 5.18 and 5.20
show the transient responses at the load terminals of phase 4 and B, respectively. The 3-
phase power transmission line system was also simulated using the commercial
PSCAD/EMTDC simulator [70], [71] and the transient waveforms for phase 4 and B are

provided for comparison in Fig. 5.19 and 5.21, respectively.
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Fig. 5.14. Power delivery system containing a 3-phase transmission line [78].
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Fig. 5.15. Tower and conductor geometry for the 3-phase transmission line shown in Fig.
5.14 as generated using the PSCAD simulator [70], [71].
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FREQUENCY DEPENDENT p.u.l. RESISTANCE PARAMETES OF THE 3-PHASE POWER

TABLEL VI

TRANSMISSION LINE (FIG. 5.15)

Tty | Ri@m | Re@m) | Rs@m) | Ra@m)
0.000100 3.2125e-05 9.8420e-08 9.8427¢-08 3.2125e-05
0.000237 3,2260e-05 2.3304e-07 2.3307e-07 3.2260e-05
0.000562 3.2579¢-05 5.3137¢-07 5.5145e-07 3.2578e-05
0.001000 33007e-05 9.7835¢e-07 9.7857e-07 3.3005¢-05
0.002371 3.4345e-05 2.3094e-06 2.3101e-06 3.4339e-05
0.005623 3.7510e-05 5.4380e-06 5.4407e-06 3.7489¢-05
0.010000 4.1765¢-05 9.6070e-06 9.6131e-06 4.1718e-05
0.023714 5.5166e-05 2.2468e-05 2.2489¢-05 5.5000e-05
0.056234 8.7575e-05 5.2187¢-05 5.2261e-05 8.7000e-05
0.100000 1.3210e-04 9.1051e-05 9.1218e-05 1.3080e-04
0.237140 2.6773e-04 2.0758e-04 2.0814¢-04 2.6341e-04
0.562340 5.5756e-04 4.6508¢e-04 4.6687¢-04 5.4369¢-04
1.0600000 9.1345e-04 7.8626¢-04 7.9006e-04 8.8393e-04
2.371400 1.9044¢-03 1.6867¢-03 1.6979¢-03 1.8167e-03
5.623400 3.8900e-03 3.4900e-03 3.5212¢-03 3.6457e-03
10.00000 6.1532¢-03 5.5343e-03 5.5936e-03 5.6895¢-03
23.71400 1.1839¢-02 1.0623e-02 1.0767¢-02 1.0711e-02
56.23400 2.1785e-02 1.9419¢-02 1.9736e-02 1.9286¢-02
100.0000 3.1905e-02 2.8289¢-02 2.8800e-02 2.7872e-02
237.1400 5.4667e-02 4.8107e-02 4.9080e-02 4.6961e-02
562.3400 9.0633e-02 7.9291e-02 8.1033e-02 7.6892e-02
1000.000 1.2525e-01 1.0923e-01 1.1170e-01 1.0563e-01
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TABLE VII
FREQUENCY DEPENDENT p.u.l. INDUCTANCE PARAMETERS OF THE 3-PHASE POWER

TRANSMISSION LINE (FIG. 5.15)

Frequency
(KHz) Lyy (H/m) Ly, (H/m) L3 (H/m) Ly, (H/m)
0.000100 | 2.8181e-06 | 1.4923e-06 1.3727e-06 2.8183e-06
0.000237 | 2.7321e-06 | 1.4062e-06 1.2866e-06 2.7322e-06
0.000562 | 2.6460e-06 | 1.3202e-06 1.2006e-06 2.6462¢-06
0.001000 | 2.5888e-06 | 1.2630e-06 1.1434e-06 2.5891e-06
0.002371 | 2.5031e-06 | 1.1774e-06 1.0578e-06 2.5035e-06
0.005623 | 2.4178e-06 | 1.0922e-06 9.7258e-07 2.4184e-06
0.010000 | 2.3611e-06 | 1.0357e-06 9.1607e-07 2.3619e-06
0.023714 | 2.2765e-06 | 9.5173e-07 8.3200e-07 2.2777e-06
0.056234 | 2.1914e-06 | 8.6892e-07 7.4912¢-07 2.1933e-06
0.100000 | 2.1328e-06 | 8.1468e-07 6.9479¢-07 2.1353e-06
0.237140 | 2.0410e-06 | 7.3574e-07 6.1530e-07 2.0447e-06
0.562340 | 1.9530e-06 | 6.5938e-07 5.3911e-07 1.9585e-06
1.000000 | 1.8987e-06 | 6.1128e-07 4.9081e-07 1.9058e-06
2371400 | 1.8242e¢-06 | 5.4411e-07 4.2326e-07 1.8342e-06
5.623400 | 1.7586e-06 | 4.8445e-07 3.6313e-07 1.7723e-06
10.00000 | 1.7203e-06 | 4.4963e-07 3.2795e-07 1.7368e-06
23.71400 | 1.6717e-06 | 4.0564e-07 2.8337e-07 1.6927e-06
56.23400 | 1.6337e-06 | 3.7168e-07 2.4885e-07 1.6592e-06
100.0000 | 1.6141e-06 | 3.5432e-07 2.3108e-07 1.6422e-06
237.1400 | 1.5919e-06 | 3.3475e-07 2.1117e-07 1.6233e-06
562.3400 | 1.5767e-06 | 3.2152e-07 1.9763e-07 1.6105¢e-06
1000.000 | 1.5694e-06 | 3.1526e-07 1.9121e-07 1.6045e-06
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Fig. 5.16. Comparison of approximated line parameters with original data.
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Fig. 5.18. Transient response at the load end of phase 4 of 3-phase transmission line

obtained by using the improved multipoint Padé approximation method.

Fig. 5.19. Transient response at the load end of phase 4 of 3-phase transmission line

obtained by using the PSCAD/EMTDC simulator [70], [71].
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Fig. 5.20. Transient response at the load end of phase B of 3-phase transmission line

obtained by using the improved multipoint Padé approximation method.

Fig. 5.21. Transient response at the load end of phase B of 3-phase transmission line

obtained by using the PSCAD/EMTDC simulator [70], [71].
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5.5. SUMMARY

Transients on frequency dependent transmission lines characterized with sampled or
measured data have been studied using multipoint Padé approximations. In order to
approximate the frequency dependent transmission line parameters that are obtained at a
set of discrete frequency points, curve-fitting techniques, i.e. polynomial approximation
and the vector fitting algorithm were briefly discussed. Combined with the polynomial
approximation technique, the multipoint Padé approximation method presented in chapter
three was successfully used to simulate an example circuit that contains multiconductor
transmission lines with sampled frequency dependent parameters.

An improved multipoint Padé approximation method has been proposed for
simulations of transients on power transmission lines. The new method is based on
frequency band division technique and can eliminate the ill-conditioned problem
associated with original multipoint Padé approximation when applied to analyze
interconnect networks with frequency dependent parameters that vary over a very large
bandwidth. Numerical examples of power transmission line systems, i.e., a single-phase
power transmission line and a three-phase power transmission line, were simulated using

the improved multipoint Padé approximation method.
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Chapter 6. Conclusions and Suggestions

6.1. CONCLUSIONS

In this thesis interconnect networks consisting of linear lumped components and
multiconductor transmission lines were analyzed using reduced—order model techniques.
Specifically, an efficient method which is based on multipoint Padé approximations for
all the moment sets available at all updated expansion points was proposed for solving
interconnect problems. Since the computation effort associated with multipoint moment
matching techniques is proportional to the number of frequency-expansion points, an
improved algorithm for the selection of frequency expansion points was developed. As a
result, the proposed method requires a smaller number of frequency expansion points
when compared with existing multipoint moment matching techniques and considerable
saving in CPU cost is achieved when compared with the conventional IFFT algorithm. In
order to efficiently analyze interconnects with distributed transmission line models, a
modified matrix exponential method was introduced for fast generation of the moments
associated with frequency-dependent lossy transmission lines. Recursive formulas were
derived for an efficient computation of the moments of frequency-dependent transmission
lines and they can be readily incorporated into other moment matching techniques. It has
been shown that the modified exponential method not only yields the same accuracy as
the original matrix exponential method, but also has a computational efficiency which is

comparable to that of the eigenvalue moment method. In addition, the proposed method
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was successfully applied to analyze frequency dependent transmission lines characterized
by sampled data. To simulate transients on interconnect networks having parameters that
have a strong dependence over a very large bandwidth, such as power transmission lines,
an improved multipoint Padé approximation method was presented. The improved
multipoint Padé approximation method can eliminate the ill-conditioning problem that is
observed when original multipoint Padé approximations are used to simulate transients
on power transmission lines.

A variety of numerical examples were studied by using the proposed multipoint Padé
approximation method and numerical results were given in chapters three, four and five
of the thesis. In chapter three, two example circuits consisting of multiconductor
transmission lines were first examined using the proposed multipoint Padé approximation
method. Simulation results indicate that, with same number of moments employed at
each expansion point, the proposed algorithm requires a smaller number of frequency
expansion points when compared with existing multipoint moment-matching techniques.
Also, the accuracy and convergence rates of solutions obtained by using the proposed
method were investigated through the comparison of approximate frequency responses
with the exact ones. A comparison of CPU cost was made through simulations of two
relative large interconnect circuits using the proposed method, the CFH technique and the
conventional method. In terms of the comparison, it is obvious that the proposed method
exhibits a high computational efficiency, enabling it to be an efficient method for the
analysis of large interconnect circuits containing distributed lossy transmission lines. The
performance of the proposed modified matrix exponential method is demonstrated by

numerical results given in chapter four. It was noticed that the proposed method can
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generate transmission line moments that are identical to the original matrix exponential
method, but with less computational effort. Under same the truncation criterion, the
original matrix exponential method typically requires twice as many terms for
convergence when compared with the proposed method. An extension of the proposed
method to the case of interconnects modeled by coupled transmission lines with
frequency-dependent parameters was presented in chapter five. The frequency
dependency of line parameters is generally described in the form of sampled data. To
calculate moments of frequency dependent transmission lines, adequate curve-fitting
techniques are needed to approximate the measured/calculated frequency dependent line
parameters. The vector fitting technique has an advantage over polynomial fitting in
accurately approximating line parameters with strong frequency dependency over a wide
frequency range. This is important for moment matching techniques as Padé
approximations are sensitive to the accuracy of moments. In chapter five, applications of
m\ultipoint Padé approximations to simulate transients on frequency dependent power
transmission lines are highlighted. From numerical experimentation, it is observed that
power line parameters have strong frequency dependency over a wide frequency range,
which is different from the cases typically found in high-speed interconnects or printed
circuit boards. To compute transients on frequency dependent power transmission
systems, it is necessary to accurately model line parameters over a wide frequency range.
Also, the strong frequency dependency of the transmission line parameters can cause an
ill-conditioning problem in the process of performing multipoint Padé approximations.
Consequently, an improved multipoint Padé approximation method, which is based on

frequency band division, should be used in simulation of interconnect networks with
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wideband frequency dependence. It should be emphasized that although the improved

multipoint Padé approximation method was developed to simulate transients on

frequency dependent power transmission lines, it can also be used to analyze high-speed

interconnect circuits where solutions over a wide frequency range are desired.

6.2. SUGGESTIONS FOR FURTHER STUDY

Even though the method/algorithm proposed in this thesis has been successfully

applied to analyze a variety of interconnect and power transmission line examples, there

are still several topics that may be interesting to explore in the future.

1.

The multipoint Padé approximation technique can generate a stable reduced-order
model, but the passivity of the reduced-order model is not necessarily ensured.
The authors of [37]-[40] presented correction techniques that can be used in post-
processing to enforce a non-passive reduced-order model to be passive.
Combining these techniques with the multipoint Padé approximations and
applying it to simulate interconnect networks would be a good practice.

For transient simulation of large power delivery networks, the development of
reduced-order models from multiport power linear networks may be significant.
In chapter three, a bisection technique is coupled with the search algorithm for the
selection of frequency expansion points. The frequency expansion point is always
selected at the mid-point between two existing consecutive expansion points. An
optimal selection of the location of the expansion points based on known moment

information can further reduce the necessary number of expansion points.
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4. By combining with other full-wave techniques, such as FEM, MoM or PEEC
[79], the proposed method can be applied to solve general electromagnetic

problems.
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