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Abstract

Hiclclen N¡lalkov moclels (HN,f Ntl's) have been stuclied extensively both in the fi-eqtten-

tist and Bayesian literature. Typically, the expectation maximization (EM) algo-

rithm is usecì fol likelihoocl inference. r'r'hereas N4arkov chain N4onte Carlo (N{CrN4C)

has lteen applied in the Balrss;.r setting u'hen the number of hiclclen states is knor'r'n.

\\¡lien the number of hidclen states is consiclerecl unknou'n, horver,€r, statistical com-

putation ancl anal¡.sis of HMNtI's becomes extremely clifficult clue to the complexit¡r

of the moclel. In the frequentist perspective, penalizecl liì<elihoocl ancl penalizecl niin-

imurn distance methocls have been used to estimate the number of hidclen st,ates,

rvhile the Bayssi.. approach typically relies on reversible jump NICN,f C to infer tlte

number of lúclclen states.

The contlibution of this thesis is to propose an alternative to the use of leversible

jump N,lCNilC l'or Bayesian inference in HNIN¡l's. Our methoclology is basecl on a

sampling procedure cleveloped bv F\r & Wang (2002). This method is based on tire

cliscletization of clensity fïnctions r'vith respect to the Lebesgue measure. One of

the great features of this method is its mathematical simplicity which mal<es it easy

to implement relative to most other sampling proceclures (inclucling reversiìrle jump

N'ICN4C). In Chapter 5. several exampìes are usecl to shorv how this technique can

be usecl to estimate the parametels as rvell as the number of hidden cornponents of

a FIN4N4 moclel.
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Chapter 1

Introduction

Clonsicler a real rvorlcl practical application in which a process of interest cannot be

clirectly oìrselu'ecl. Rather, it might be oltservecl through another plocess, rvith either

colitiuuous ol disclete state space. By analogy) \4/e ca.n thinli of a plocess (or signal)

being "coLLuptecl" b)' noise, u,ith the noisy signal being the o¡ly oì,rservaìtle quan-

tit¡', the uncorruptecl process being unobselvable. When the unobservable process

is a \4arl<ov chain, such a irair of processes is knorvn as a Hiclcien N¡larkov N4oclel

(HN4\4). In other rvords, a HN4N4 can be thought of as a bir,ariate process, rvith

one process being an unclerlying unobservable (Ìriclclen) cliscrete stochastic plocess

r,i,hich constitutes a Nlalkov chain. The other process is observable given its hidden

connterpart.

HN4N4's have lteen appliecl to a variety of fielcls for mocleling rvealdv clepenclent

obselvations, inclucling genetics (ChrirchilÌ, 1989), signal plocessing (Juang & Ra-

biner. i991), neurophS'siology (R'edhin & Rice. 1992), ì:riology (Leroux & Puterman,

1992). economics (Albert,k Chib, 1993), ancl ecology (Guttolp, 1995). For an ex-

teusive list of applications, interested reaclers ¿re referlecl to tlie monoglaphs of

N4acDonalcl & Zucccliini (1997) ancl Cappé et al,. (2005).

Although the basic theory of HMM's was introclucecl in the late 1960's, Baum ef

ø1. (1970) u'ere the flrst to clevelop an algorithm fol obtaining the maximum likelihoocl

estimates fol a HN4\tl. Note aìso that, HN,lNtl's rvere not extensively stucliecl until the

late 80's aucl early 90's, rvhen the consistency ancl asymptotic normality of HN4N4
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maximum likelihood estimatols were proved. See the u'orlç of Leroux (1992), Bicl<eÌ

eú al. (1998) ancl Douc & \4atias (2001) for cletaiÌs. A goocl tutolial to HNINI's can

l¡e found in Rabiner (1989).

In palallel, inference f'or Hi\4VI's from a Bayesian perspective n'às not consiclerecl

until after 1,he clevelopment of N4arlcov chain \4onte Carlo (N4CN4C) techniques. For

that matter, Robert et aL. (1993) rvere the first to apply NICN4C techniques in the

context of HN{NI's. Several important properties of the Nzlarkov chains thus intro-

clucecl were provecl, inclucling geometric convergencre, @ mixing and the centlal limit

theolem. A method of simuìating the hidden components of a HNIN4 using data aug-

mentation rvas also ploposecì. Chib (1996) proposecl another methocl for simuiating

these lridden components using the so-called Jorword-backward recursion which u'ill

be introclucecl in Chapter 3. Robert & Titterington (1998) consiclered the use of

non-informative priors basecl on a reparameterization of the model.

One of the important ancl difficult problerns linkecl rvith llÌVIM's is the estimat,ion

of the unhnolvn number of states of the hiclclen component of a HN4VI. The likelihoocl

ratio test lras been considelecl by Ryclén et al. (1998) and Giuclici et al. (2000).

The Akail<e information clitelion (AIC) ancl Bayesian information criterion (BIC)

have ìreen used ìry Leloux & Puterman (1992) and NlacDonald & Zucchini (1997).

Hol'el€r, these methods have not been provecl to leacl to consistent estimators of the

mtmber of hidden states. Balas & Finesso (1992) cleveloped a consistent estimator

using the penalizecl likelihoocl method, r'r'hereas Nf ackay (2000) proposecl a consistent

estimatol of the number of hiclclen stal,es in tlie stationary hiclclen Ndalkov moclei

b¿rsec.l on a penalized minimum clistance methocl. In the Bayesian setting, inference

fol tlre mtmber of hidclen states has also ìreen consiclerecl. Robert et al, (2000) appliecl
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the levelsible jump \4CN4C technique developed l.ry Green (1995) in the context of

H\{\,,t's.

In this tiresis, rve apply the sampling method clevelopecl by F\r .9 \&'ang (2002)

to come up with an alternative to the use of reversible jump N4CrN'f C in performing

Ba¡'ssi.r infèrence for HNiN4's. This methocl plovicles not only a way to estimate tire

palameters of the HN4NI, but also the numbel of components (or- hiclden states) of

the nncler'ìying N4arkov chain s,hen it is consiclerecl unknori,n. Specifically, Cliapter 2

presents ltasic clefinitions ancl introcluces HN'l\4's. In this chapter, u,e ¿lso cliscuss the

three important basic problems (as suggested ìry Rabiner, 1989) Iinkecl rvith HN4M's.

These ale the evaluation of t,he HNdN4 likelihoocl. the reconstruction (or estimation)

of tlie sequence of hiclclen states, ancl parameter estimation. In Chapter 3, we reviel,

infelence for FIN4N4's r.rsing NiCN4Cl techniques b¡, f6çsring on the sirnuÌal,ion of tìre

hidcleri chain, accorcling to the methodologies suggested by RoÌrert et al, (1993) and

Chib (1996). In Chapter 4, rve introduce the sampling methocl developed ìry F\r &

Wang (2002) ancl present the methoclology u'e clevelopecì for Bayesian inference in

I{\,1N4's which relies on this technique. Chapter' 5 plesents valions applications of our

methoclologv, including cases of HNf N¡l's liaving an unhnou'n numbel of components.



Chapter 2

Hidden Markov Models

As was previously mentioned, hiclden N4arkov moclels can be thought of as bivariate

stochastic processes. One process, being unobservable, constitrites a Marl<ov chain,

while the other process is observabìe given tlie liiclclen state of the Markov chain. In

the first section of this chapter, we give â ver¡r blief intloduction to Markov chains

ancl r,liscttss some related concepts that lvill be relevant later on. The rest of the

ch¿ìpl,er u'ill focus on HMNI's.

2.I Markov Chains

A simple u'ay to clescribe a cliscrete time stochastic process is as fbllou's: it is a

sequence of random variables X : {Xr}, nhere t € T : {0,1,2,3...}. Let the

sample space of X be denoted by .5. Througliout this thesis, \Ã¡e cjonsicler only cases

lr,here 5 is a finite set. More specificaliy, we assume here that 5 : {1, 2,...,Å;}, fbr

sorne integer k.

In tlris setting ú is callecl tlie time inclex, X¿ is callecl the state of tÌte process rtt

ti,tnet.anclSiscalledthrcstatespaceoftheplocess. Not'supposethatthestochastic

process X has the propert), that the clistribution of the next state -X¿+r given t,he

culrent state X¿ and all the past states X0, Xr,..., X¿-i depencls only on the cun'ent

stat,e. \lathem¿ticaììr,. u,e then have

P(Xr*r:i,t+t lXr :'ir,Xt-t: it-r,...,X0: ¿o) : P(Xr*t:'it+tlXt:ir), (2 1)
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for all ?i¡, d1, ..., i¿¡1 € 5.

Definition 2.1.1 For a, stlchclstz,c process X : {X,} , xf (2.I) 'ts satzsfied for all

ú > 0. then the 'process X 'is called a Markou Chai,n. Furthermore, 'iJ

P(Xr*r: jlxt: ?) : P(X**r : jlxk: i)

for uLLt,k QT, and all,'i, j € S, then the ch,nin is sazd to be tzme-hotnogeneous

Note that the conclition that tlie chain is tine-homogeneous is equivalent to

P(Xr*t.: jlXt: i) : a¿j,

fbr'¿rll t €T ancl d,.j e 3, tliat is, the conclitional distribut,ions are the same as tilne

evol¡.'es. In this càs€, ú,;i is referred to as a one-step trans'itton 'probabi,l'tty and the

square matlix A : (¿,r)¿,¡u" is called the ctne-step trans'iti,on'probability ma,tri,:t:. The

A matlix \s a stochasttc matrix, that is, evely rorv {A¡ : (a;¡)¡es: z € 5} of A

cleflnes a clistribution. since

01a¡¡ 11.

and

Ðnø :1', for all ¿ € 5'
j€5

Also. deflne the n-step transition probabilities as

ot) : p(xr*n: jlxt: i).

ancl let A(") clenote the n-step transition probabilit¡' matrix. The folÌou,ing theorem

can be obtainecl
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Tlreorem 2.1.2 Let X : {Xr} be a ti.tne-hotnogeneous Markou chctzn. Then, the

n - s t e'p tran s i t'i, o n p ro b a,b i,lzti, e s s ati s fy

1. the Cha'pman-Kohnogorou equat'ions:

4(r+n¡: r1(r)4("), for alt, t,n) 0;

2. AØ): A', Jor alt n) 0.

An important consequence of the previous resuit is that the transition proìrabilities

of the \4¿irkov chain X are full5' determinecl by the one-step transition probabilities,

that is, ì-rl' the A matrix.

Defirrition 2.7.3 The 'initial d.i,stri,but'ion oJ a d'iscrete time lttlarkou chain zs the

'probab'il,it'y 'ma,ss functzon ('p.m.f.) r : (n¡)¡es, wl¿ere

r¡ : P(fr. :2.).

In oth,er words, n ts the mctrg'inal distributi,on oJ'Xo.

Proposition 2.L.4 If X has an i,ni,ti,al distrtl¡utton r, then (A")rn 'is the yt.m.f. of

X,,, that i,s

P(X.: j) : l",nli)
i€s

: ((4")7")¡

for a,ll j € S, where T d,enotes trans'posi,tio'n of a, tnatrz:t: or uector'.
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The ploof of this result is straightforrvard. as conclitioning on X¡ leacls to

P(X,: j) : Ð Of¿ : jlXo: r,)P(Xo : z)

i€s

\- - ^(n): .l-T'u,j
i€ó-

: 11A{'))rzr)r.

The resr.rlt then fbllorvs from Theorem 2.1.2.

Defirrition 2.L.5 LetX be a fu[arkou chazn wi,tl¿ one-step tra,ns'it'ion ¡trobobzh,ty ma-

t,r't:t A. Then, a, dzstribu,t'ion {n¡, j € 3} whi,ch sati,sfies

T j:Lîi¡u¡jt
?€5

Jor alL j € S 'is called a, stat'ionary di,strilt'uti,on of X.

Note that the previous set of equations can be r'r'ritten in matlix folm, as

¡ç : ,LT ¡r.

impìr'ing t,hat zr is a properly normaiized eigenvector of AT associatecl rvith the

eigenvalue 1. The terminology "stationary" in Definition 2.1.5 is due to the fact that

if the initial clistribution of the chain is taken to be rr, then the marginal clistribution

of X¿ is unchangecl as time e'u'olves, that is, for any t € T and j e 5,

P(-X¿ : i) : P(Xo: i).

In othel u'ords, both the conditional and marginal distributions are unchanged. A

folmaì proof of this is done bf incluction. \Âie here consider onl¡, 1¡" case of t -- 
.1.
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In this case,

P(X1 : j) : t P(Xr: jlX,,: i)P(Xo: i)
t€s

:Ðnoo"
t€s

:1Tj

: p(Xo - i).

The general case of I > 1 follows from using the same arguments.

The existence and uniqueness of the stationar-y distribution of X clepends on the

speciflc properties of the N4arl<ov chain. There exist niany results that can be nsed to

est¿Lblisli t,he existence/uniqtieness of the st¿rtionary clistribution of a Vlarhov chain.

\,V'e state one here that is going to be goocl enough for our purpose. First, note that

a transition probability matlix A is saicl lo be regul¿r if there exists n ) 0 such that

n|i)to vi,j e 3

In other \\¡olcls, some power n, > 0 of A leacls to a matrix that is strictly positive in

all its entr-ies.

Tlreorem 2.L.6 IÍ tÌte one-step transitzon ytrobabili,ty tnatrzr A, of a tirne-homogeneous

ll[u,rko'u c:ha,t,nX 'is regula,r, thenX admits a un'ique stati,onary di,stribution.

\l'e lefer the reacler to Tayior and Karlin (1998, section 4.I) fol more details. I-lorv-

ever, as a note for reaclers that ale expelienced s'ith Nlalkov chain theorS', rve point

or.tt that a flnite state N¡larkov chain having a regular transition probaìtilitl' matrix is

necessalily ir.r'educible ancl elgoclic. (The convelse is also trtie.) The liey point to ìte
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made her.e is that a stationar)' N4arkov chain having a regular transition proìrability

matrix is fuìly specified by its one-step transition proìraìrility matrix A. Incleecl.

from Tlieolem 2.1.2. for any n ) 0, the n-step transition probabilities are given by

A(n) - 4". Aiso, because of Theolem 2.1.6. this impliecl tire initial distribution of

tlie chain is the unique clistribution zr rvhich is a solntion to

r : .LT¡r,

that, is, the unique distribution zr that is an eigenvector of AT associ¿rtecl with

eigenvalue of 1. For more details on N¡larl<ov chains, lve refer the reacler to

monogr-aphs of Karlin ancl Taylor (1998) ancl Ross (2007).

2.2 Hidden Markov Models: Notation, Definition and As-

sumptions

\\ie nori plesent tlie fblmal cleûnition of a I{N{N4 (cl. NdacKav, 2002).

Definition 2.2.1, A pair oJ stochasti,c processes {Xr,)i} ts sa'id to consti,tute a Hr,d-

den Markoa Mod,el, (HMMI) if it satzsfies the followzng two conditions:

1. {X¿} zs a ttme-homogeneous Marltou ch.ain wtth transztton probabi,l'ity matri't,

A : {aur} and i.ni,ti,al probabi,ltty uector n : {ri}, where i, j € 3 : {1, 2, ...k}.

Conrl'itionally on Xt,\i. i,s i,ndependent of\'1,Y2,.. . ,\i-t,Y*t,\i.+2,. . . ,\'7 a,nrl

Xr, Xz, . . ., X¿-t,Xt+rt Xt+2t. . ., Xr.

Note that the conclitìon of time-homogeneity is not necessarily required rvhen

defining HN'lN,i's. \\¡e. hon'ever inclucle it here as it is going to ìre assumecl b¡, clefault

the

the

2.
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throughout the rest of this thesis. Note also that this definition implies a HN¡IN4

is characterized by two probabilistic mechanisms: namely, an unobselved N4arkov

cliain {X¿} r,vith k states, and a set of distlibution functions for the observables {}'¿}

given each hiclden state. Commonly, the clistribution of li given the hiclden state X¿

is assumecl to follow a specifiecl irarametric family, that is,

YlX,:i- f(ylon),

rvhele / is a generic function that clenotes either a density function (continuous case)

ol a lrlobability mass function (discrete case) indexecl by a parameter d. Here, X¿

cari be thought of as a missing label that selects the parametel used to genelate fi,

but t'ith the current labeÌ -Xi clepencling on the previous laìtel X¿ 1.

\{arginalizing over the hiclden state X¿ gives the follorving interesting form fol

the unconditional clistlibution of the observable yi kf. Clhib. 1996)

(
I ll:' f (v,lr.o)r, ir ú: 1,

Í(a,): 1

f ri:' f fu,lo¡)p(x, : i') ir t > 2,

tr r\

rvhich is the clistribution of a finite mixture. Note that, since the hiclden states consti-

tute a Nlarl<ov chain, the observations {i'i} generated through a Ht\tiN4 are clependent

anci possibl), not identicaìly clistributecl. Hor,vever. if the initial distliìrution is taÌ<en

to be a stationaly distlibution of the hiclden N4arl<ov chain, then the clistr-ibution of

)i becomes 
À

f(v,):Ðf(u,lr'')n, vú > 1, (2.3)
i:1

thus leacling to iclenticalll,' clistlibutecl, but clepenclent observations. Note that the

correLation betrveen obserrations apploaches zero as the time difference ìtetween these

l0
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obselvations ltecomes large (c/. Albert, 1991). Hence, HN4\,f 's can be thought of as an

extension of i.i.cl. mixture moclels ivhich are snitable for modeling u'eakly cleirendent

obselr,ations. B1' opposition, the most common mixture setups call for inclepenclent

oìrserr.ations arising fiom the same mixture clistribution. In this thesis, rve u'ill focus

on the iclenticallS, distributecl clepenclent mixtttre moclels of the t¡'pe (2.3). That is,

r,r'e u'ill concentrate on stationar), HN4Nrl's.

Accorcling to Rabiner'(1989), there ale thlee basic ploblems ¿-rssociatecl with

H\,iN{'s. They are:

1. Horv clo rve efficientlv evaltiate the likelihoocl function of the HN,fN,l?

2. Hori' do u'e uncover the hiclclen states of the model parameters?

3. Flolv clo r,ve estimate the moclel parameters?

The first problem is the problem of evaluating the iikelihoocl fìrnction f'or specific

vaÌues of the palameters ancl is usualìy referrecl to as 1,he scoring proìrlem. The

second is the ploblem of "reconstructing" or Iìncling the "most ìikel¡," hiclden state

secluence given the observation sequence. This is at tlie core of areas such as speech

recognition, and is r-eferrecl to as the clecocling ploblem. Note that u,hen the number

of components k (that is, the numìrer of hidclen states) is ltnor'vn, the thircl problem is

simpl¡, one of estimating the parameters of the moclel. whereas rvhen k is unlmown,

it also Ìrecomes a problem of moclel select,ion, that is, flncling a rnoclel that best fi1,s

the given oìrservations among a class of HN4M's with different complexity.

L1
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2.3 The Likelihood Function of a HMM

Let us assume for the moment that given X¿, the clistribution of )j is inclexecl ìry

a single parameter. Fol* example, a Poisson clistribution rvith mean d, or a nolmal

clistribution u'ith mean zero and unknorvn var-iance ø2. In this setup, for a given

number of hicìclen states k, u'e have k2 parameters to lte estimatecl from the hiclden

N¡larl<ov chain (the elements of A), and k parameters to be estimated from the clis-

tril'll.tion of the obselvables {X} Rememì¡er that we assume the initial clistril¡ution

zr is a stationary distlibution of X, so tliat X is here fully specifiecl b1, its one-step

transition plobabilitv matrix. Let þ : (att,(trrz,...,akk,0t,02,...,0t). Note that @

contains all the par¿ìmet,ers to be estimated.

2.3.1 The Form of the Likelihood Function

I2

Fol a fixed nurnber' À, of components and given {X¿ : ú

distribution (clensity or mass function) of Y : (Yr,...,)r)

conditional indepenclence.

P(ylx, ó) : P(Ut, ..., llrlr1, ..., xr, ó)
T

:U-'|,'lx" Ó)
t:I
T:lf Ílu'lo'')

T

P("1Ð : P(nt,...,rrlô): *", fI cL.,-,,,,,

is,

1,2, ..., T), the joint

by the assumption of

(2.4)

On

is

tlre otÌrel hand, the joint probability of the hidden state sequence X : (Xr, ..., Xr)

(2.5)
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n'lrele r : (nt,. . . , ¡t-r) is the initial distribution of X (and thus, ìty assumption,

is ¿rlso the unique stationary clistribution of the chain). il.4ultiplying (2.a) anct (2.5)

¡rrocluces the joint density of x and y as

P(",y\ó): P(yl*, ó) P@ló)

: (Û r(a,t.",,) (,..,Û.',-,,.,) (2 6)

Thus, the likelihoocl of the oìrsewed sequence. obtained by summing ovel aìl the

possible hiclclen state sequences. is

L(þlv) : P(yt,...,yrló): Ð Ð ¡r,,,Í(!t|0.,)fl ct,,-,,,,f (1¡t10,,,). (2.7)
'l'l :1 ¿*?':1 t:2

Note th¿rt this fbrm of tlie likeiihoocl involves à sum of k" terrns, each of u,hich is

itsell'a plocluct of T2 telms. Obviously then, it quicklv becomes inl'easible to evaluate

this likelihoocl except fol very small valties of k ancl ?. Horvever. u'ith a slight

modification. (2.7) can be expressecl in the follorving matrix form (c/. N4acDonald &

Zucchini, 1997, p.78)

(2.8)

u'ith

D(s') : D'ias{f (utl?t¡, ..., f (arl?n)},

.Ít+ : 1r . Di,ag{Í(ar ldr), ..., Í@rl?x)},

L:k x 1 vectorofones,

rvlrere Ditlg {d1, ...,dn} stancls for a r¿ x rz cìiagonal matlix rvith cliagonal entries

ch, . . ., c/" . This form of the likelihoocl is actuaily a iot easier to compute than that

given in (2.7). Hor,vever, evaluating the likelihood is still not a simple task. For

this, n'e rely on the so-caÌled forward-backward algorithrn cleveloped ìr)' Buu- ,,

r(ótv): -- 
flitorr,lo)j 

,,
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aJ. (f970). Note, Leroux & Putterman (1992) oìrservecl that this algorithm can be

r"rnstable since it may converge to zero or diverge to infinit5,. All of these issues rvili

be aclclressecl in the next trvo subsections.

2.3.2 The Forward-Backward Algorithrn

It shoulcl be clear that the evaluation of the likelihoocl function is of particular impor-

tance as most statistical proceclures typically clepencl on it (for exampìe, likelihoocl

r-atio testing and mocleì selection). As u'as rnentionecl above, the likelihoocl can be

computecl using the forivard-backrvard algolithm. lVe present hele a simpie version

of the algolithm that rvas suggestecl by Baum eú ol. (1970), which is essentially a

"pnrely fon'varcl" version of theil algorithm. For this, let

cvt(i,) : P(yr,...,llt, Xt: ilÓ),

for ú : 1, . . . , 7 and 'i : 7, . . . , k. These are referrecl to as the forward uaria,bles ancl

c¿rn ìre soh.'ecl for recursively. Incleecl. for l: 1, u'e have

a1(2,) : P(At, Xt : i,lá)

: P(Xt : i,lo) Í(ytlXt : 'i, ó)

: noÍ(atloo), (2.e)
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for i : 1,...,k. Also, f'or' ú : 2,3,....7, u'e càn write

at(i) : P(Ur,'!tr, .--, !/t, Xt :,11Ô)

À

: t P(Ar,Ur,...,!1t, Xt-r : i, Xt: jló)
i= 1

À

: f P(Xt : j,A,lXr-, : i,!Jt,...,Ut-r, ó)P(X,,r: i,lJt,..,At,ló)
lJ
;-1

À

: t P(Xt : i,arlxr-r: ¿, ó)P(Xt-r : i,ut,...,ar-ló)
¿:1

À

: I P(arlxr: j,Xt-t: i,ô)P(Xt: jl,Yt-t: i,ó)P(Xt-r: i,,!r,...,ar-lô)
i:I

È

: t f (atlxt: j, þ)a¡ia¿-{i)
j:1

À

: lfu'10¡) | o,-,(r)nor. (2.10)
z:1

Ðcluations (2.9) ancl (2.10) together allou, a reculsion to be set up that will leacl to ob-

taininga¿(i) foli: I,...,kancl t: I,....T. First, thevaluesof a1(1).....a1(k) are

calcrilatecl frorn (2.9). Then, cr¿(1),...,a¿(Å;) are olttainecl from crr-r(1),...,a¿-r(fr)

through equations (2.10) recursively for l:2,...,7. Note that equations (2.9) and

(2.10) are l<nou'n as the foruard, equations. The usefulness of the foru'arcl equations

comes fi'om the fact that, in terms of the forrvarcl variables. the likelihoocl can be

rvlitt,en as

L(ôIV) : Í @r, !J2, ..., yrló)
È

: t P(at'az' "''lJT' xr : ilÔ)
i:t

A

: t ar(2,)./r
i':r

l5
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In principle, this last explession allorvs efficient computation of the liì<elihoocl. Hol'-

ever) as u'as mentionecl earlier, Leroux & Putterman (1992) observecl that this

methocl of evaluating the likelihood can be unstable because a¿(2,) may be too small

to be clistinguishaìrle from zero. One remedy to this instability is to rescale the a¿(z)'s

throughout the recursion by clivicling them lry Dl=ror(z). Other scaling techniques

ale available. see for instance, NiacDonald.l¿ Zucchini (1997, p 79). We outline one

such methocl in the next subsection.

2.3.3 Rescaling the Forward Equations

Bvaluating the lil<elihood using the forwarcl equations may srg¿,' from the so-called

uncler'florv/overflou' problem, that is, the lil<elihood may converge to zero or cliverge

to infinit5' as I increases. Tcr see u'hy this is the case, note that the forward variable

can also be expressecl in the following vector form

l6

dt: drl[{o{u")a)
s:1

(2.11)

lvìrele

a¿ : {cv¿(1), a,(2), ..., ar(k)},

D(y") : Dias{f (U"]¡0ù,..., f (a,l0r)},

It can ìre seen flom (2.11) that the foru'arcl variable contains a summation involving

terms of the form

([".".". ) (g/(v.re'.))

Hence. in the case u'here f (10,") is a probability mass function, each telm of the

prer,.ious procluct is less tlian 1, and so, as I gets large, a¿ converges to zero. On

the othel hancl. if /(.1P,") is a highly concentlatecl density function, then each of the
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f (10,") can be extremely lalge, possiblv leacling to a¿ diverging to infinitl,. One ri,ay

of get,ting arouncl this difficult)' is Ìry rvay of rescaling the forrvarcl valial.rles as \\¡e go

tlu'ough l,he iterative pr-ocess. To clo this, deflne the fir'st scaling coefficient as

l-A l-1
cr - lf o'(.r)l

L¡=r I

Hence, at t:1, the foru,ald valiaìtles are rescaled ìt)' ml"¡rtptting by c1, that is,

crr(i) : c7a1('i), forzl :1,...,k,

n,heLe a is usecl to denote the lesc;alecl c;oefficients. 'lhen, applving (2.10) directly to

the lescaied for-ri'arcl lariables. r,r'e define at t: 2.

A

ai| : f (u,le,¡ \ a,1i¡ n,,
i_l

À

: c,.f ktrlÐÐa1(i)a¡,
ti:1

: qaz(.i).

Not'. let

A2(i) : c2ai1),

u,hele the second scaling coefflcient is clefined as

',: [å"äo)]
Oltviouslv.

t7

ã2(¿) : cyc2a2Q),
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for zl : 1,...,Å,. For general t > I, using the same trick leacls to

k

crî (i) : Í (u'10 ¡) | tu, - r(i,) at¡
i:7

- (fi"") ,,r,td,)È *¡-¡(i)o;¡
\s=1 / ¡:t

: ([.,) o,{-,),

ancl alìorvs us to further clefine

a,(j):^iU) [t*l(i)'l : c¡aî(j): (n") *,0) (2 12)

t7 I \il/
As this last result is valìd lbr ú : ?, it is possible to compute the likelihoocl from

k /r \-r k /r \-l
L(ótv): 

Ðo¡(i) 
: (U") !ar{zr : (U") ,

since. conveniently,
À sÅ' * ,.,

f ar{zl : è=lsr(zl : 1.

i=, Di:' ai(.1)

rvhich shoulcl be clear upon looking at (2.12) once again. Obviousìy tiris implies that

the log-likeìihood can be computed as

T

t@lv):-Ðlogc¿,
t:I

ancl thus, involves only the scaling constants! Since the log-likelihood is computecl

as a sum of the log scaling factors, this u'ill avoicl the underflow/overflou' problenis.

\\¡e point out that the rescaìing method presented here r'r'âs originaÌi¡. suggestecl b¡,-

R.abiner (1989).
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2.4 Reconstructing the Hidden States

In man1. plactical applications, estimating the hidden states is the central question

of interest. For some applications, finding an incliviclually most lihely state is suffi-

cient,. while other applications may require that a most likeìy sequence of states be

estimated. For example, in gene sequencing. X¡ conlcl represent a DNA base ele-

rnent rvhereas X : (Xr,...,-Kr) rvould then represent a gene. The implernentation

of the fir'st apploach is done b), calculating P(-X¿ : ilyt,...,AT,@) f'or each ú ancl zi,

ancl deternining u'hich state rl gives the highest probability for each ú. The seconcì

alrlrloach lequires fincling a seqllence of stat,es i: (*r, ir,...,Xr) maxlmizing the

joirrt prol-raìrility P(r1 ,lc2, ...,rrl3h,!J2,...;yr, ó). \\/e norv bliefly outÌine hou, these

ploblems can be appr-oachecl.

2.4.L Estimating Individually Most Likely States

In olcler to flncl indiviclualìy rnost likely states, r,ve clefine for'i : I,..., k

l3t('i) : f (arnt, ..., ttrlX, : i, ó),

fol I : 1,...,7 - 1, ancl, ìry convention, l3r(i) : 7.

l9



Chapter 2. Ifidden LÍarkov Models

Note that

20

[Jr('i) : Í(yr*r, ...,urlX¿ : i; ó)
1: ---------------li P(Ar*t, "',lJT, X, : ilÓ)

P(Xt : ilÓ)- '"'- L. ...) rr 1''L

A
I: ) P(y,-r....,Ar. X¿ - z. Xt,, - jlÓ)

? P(Xt:4Ó) - \r¿-¡ 1¿r'
t- I

I.

I: ) ' 
Í(yt*r, ...,ArlXt : 'i, Xt+t : j, ó)P(Xt : i,, Xt+t : jlô)? P(x, : zlþ)

J-T

: t f (ar*r, "',l1rlXt+t : i, Ó)P(Xt+t : ilXo : i, Ó)
J:I

À

: t f (ar*rlX,*, : j,þ)f (ur*2,...,!/rlX¡¡1: i,Ó)ct¡¡
'i-I

À.

: I a;¡f (at+tlÉ¡)0,*t(i),
j:1

f'or'ú:1,...,T-I. l'lotice,ho$'ever,thatthep'salecomputecìr'ecursivel¡,going

b¿ickn'alcls. that is flom ? clown to ú, ancl thus are referrecl to as the bachuto,rrl

ua,rzo,bles.

Nox'. fincling the inclivicluall¡' most likel¡' state is to fincl a single state X¿ that

maximizes P(Xt: ilAr,...,ar,ô), that is,

X¿ : ârg max P(X¿ : ilAr, ...,Ar, Ó)

- arg max P(y1, . . . ,!tr, Xt : 'ilÓ), (2.13)

tlris last equaiity holcling because Í(a,.,...,ar\ó) : L(ólv) is a constant rvith res¡rect
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to X¡. Hou'ever. note that

P(y t, ...,lJr, Xt : iló) : f (yt, -.-, arlXt

: f (!lt,---,atlXt

: P(At, ...,Ut, Xt

: at?)lltQ,).

: i,Ó)P(Xt: ilÔ)

: i,,ó)Ífut*1, ..., urlX, : i,,ó)P(Xr: ilÔ)

: iló) f (yr*t, ..., yrlxt : i,, ó)

2I

(2.14)

Thus the estimator of the individuall¡' most likely state can be founcl to be

X¿ : arg-p*,/(g,r ,...,Ar,X, :'iló)

: arg maxa¿(i)þ¿(i.),

rrhich <-:¿rn lle easilf iclentifiecl after har,'ing gone through the full forrvarcl-ìracku'arcl

reculsion. Note that the caluculation of t,he bacl<u'ard variables can also leacl to

uncler'flor'/overflou' problems. Hor'vever', r'emeclial measures clo exist. (For instance,

see Devijver', 1985.)

2.4.2 Estimating the Most Likely Sequence of States

In liglrt of the argument leacling to (2.13). estimating the most likely sec¡rence of

st,ates, tlrat is. fincling *: (Îr, ...,Xr) that maximizes P(r¡,...,rr|At,...,Ar;ó) 1s

eclnivalent to maximizing tlie.joint clistribution P(rr,...,rT,!/!,...,'yrlÔ). Thus. the

problern of flnding the most liliely sequence of states becones the problem of max-

imizing the complete clata likelihoocl (2.e. r'ithout averaging on the hiclclen states).

Er.en though the notation coulcl be somewhat confusing, it should be clear to the

reacler that the most lil<ely sequence of states * is not macle from the inclivicluaìly

most lii<ely states.
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A technique basecl on a recursive ploceclule, called the Vitelbi algorithm (c/.

Viterbi, 1967) is clesigned to solve this proìrlem. To carry out the Viter'bi algorithm,

the follou'ing tr'r'o quantities are neecled,

ðt(j) : max P(*r,...,r;ú-r, Xt: j,Ur, ...,ArlQ),
u1 ,...,Ír¿_1

ancl

4;t(i) : argmax[d¿- t(i)ao¡].

These clefinitions imply that ð¿(j) is the highest densit¡, along a single path leading

to Xr :7. ancl r/,¿(:) stores each maximal stage as the algorithm progresses. It can

be shou'n that d¿(J) satisfies the following lecursion,

ô'(i) : Ífu'10¡) maxfd¿-1(i)ao¡l (2. 1 5)

fo¡ l: 2,...,7.To solve I'or X: (Îr,...,Îr), u,ith initiaÌization dr(i) : r¿f (al2¡),

rnn d¿(j) recursively, storing the argument maximizing d¿(7) intþ¿(j). Then, choose

Xt: tþt+t(Xr*t)

: arg max[ òt(i.) a¿¡,*,),

for ú : T - I,T - 2,...,L Note that, the computation of the Viterbi algorithm

is sirnilar to the forward procedure, except for the maximization of equation (2.15)

replacing the summation of equation (2.10). In additon, the Viterbi algorithrn can

aìso suffel from underflow/over'florv problems. For remedies to this problem, reaclers

are leferlecl to Rabiner (1989) and Scott (2002).
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2.5 Pararneter Estimation using the EM algorithrn

Tlaclitionally, parametel estimation in HM\¡l's is clone through maximum Ìikelihoocl.

In practice, the N4aximum Likelihoocl Estimator (\4LE) is often solved for using

tlre Expect¿tion-Nlaximization (trNtl) algolithm (c/. Dempstel et a|.,1977), rvhich is

linou'n to handle problems lr'Ìrere missing data have occtu'r'ed. The aclaptation of the

E\f zrlgorithm to the context of HVIN4's is creclil,ed to Baum et aI. (1970). Tlie basic

plinciple of the ÐN4 algolithm is to iterate betu'een the E-step and the N4-step. In

the B-step, the conditional exirectation of the unobserved states is computecl given

the parameters. Tliis is clone b¡' using the foru'arcl-bacliwald algolithm. Then, in

the N'l-step, the likelihoocl function is maximizecl given the clata ancl the expect,ecl

states. The implementation of the EVI algorithm ah'r'ays le¿rcls to explicit folmulae

f'or the tlansition proìrabilities at the M-step if the parametric family f (Al0) uncler

consicleration belongs to an exponential famiiy. In specific cases, lil<e in the case of

the Poisson fämily u'ith unkno\\¡n paràmeter d, the N4-step is also explicit in 9.

For a time-homogeneous FIN¡lN¡f rvith unhnorvn initial ¡rrobaìrilities, the EN4 algo-

ritlim can be carliecl out as follorvs. The complete-cìata likelihoocl function (tliat is,

if the Ìridclen stal,es were also observed) is

T

f,@lv) : r,,f (Ur ld",)fI ct.,-,,",f (y¿10,,),
t=2

so tlrat the complete-clata log-likelihoocl, clenotecl ((Q), is

TT
t!(ólv): log n'", + t log f (y¡10,,) + t log o,,_, ,",

f=l t=2
ÈÀTÀAT

: t z¿(1) log "' + I \r¡(t) f (v|,0,) + t t Ðr,,(t) logo¿¡,
i:1 i=l ¿=1 i=7 j=I t:2



Chapter 2. Hidden l¡[ar]rov À4oclels

n'lreLe z¿(ú) and u¡¡(t) are inclicator functions definecl as

It ir.\,:¿,
t¿;(ú) : {

Io othe^r,ise,

anr-l

il;j(t) : E(u¡¡(t)lut,...,ar,ó): P(X¿-r : i,, Xt : jlUt,....Ur, ó).

These quantities can ì-re computed using the forr'varcl-ìrackward recursions. Incleecl,

we have that

tLi(t) : P(Xt : ilyr, ...,ar, ô)

- 
P(Yr, --,ur, X, : ilÓ)

r@lv)
a,(i,)1r(i): 
L161¡ ',

,).4

ancl
(
| 1 if Xú-r : i ancl Xt : .i,

u¡¡(t): 1
I

|. 
0 otheru'ise.

Tlre E-step replaces r¿(ú) ancl u¡¡(t) by their conclitional expectations given by

ù¡(t) : EQt¡(t)lar, ...,1tr, ó) : P(xt : ilut, ...,ur, ó),
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from equation (2.14), and that

ù¿i(t) : P(Xr-t :'i. Xt : ilAt,...,Ar, Ó)

_ P(Xr-t : i, X, : j,Ut,...,Urló)
L(ólv)

_ Í(?Jr, ...,ArlXFr : i,, Xt : j, ó)P(XFr : i, Xt : jló)
L(ólv)

Í(at,-..,at-tlXt-t : i,ó)f fur, ...,lrlX¿ : j, ó)P(Xt-t : iló)ao¡
L(ólv)

P(at, ..., ut,t, xt-t : ilô) Í('ar, ---,llrlXt : j, ó)ao¡
L(ólv)

at-li) Í(urlx, : i, ó) f fur*r, ..., yrlx' : j, Q)a¡¡
L(ôlv)

a'-Ji,) t3,(j) Í (a'10¡)a,¡

L(ólv)

The \4-step maximizes the expectation of the log-lil<elihood. Fol this, the maximizing

r.alues f'ol a-¿, and c¿, at iteration n,+ 1 are taken to be

,.Jn+t) : irÍ")(t),

and

- (n+1) Ðl:rt'!]" (t)a,j flÐ , Tl¿
In the case n here the hiclclen Nlarkov chain is assumec-l to be statio.ro.y, n'n(n*t) shoulcl

insteacl be obtainecl ìrv finding the unique distriìrution zr satisfying

-: 14(n+i)¡r'n'

(See section 2.1.)

In aclclition, if the clistributional form of f (y,.1d.,) is lçnou'n, then 0.,, can also be

solvecl at tlie ri,I step. This iterative plocess is lepeatecl until convergence is t'eachecl.

.-) -
:t)
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Plactically. u,hen changes in parameter estimates become negligiìtle, the estimation

plocedule is consiclelecl to have convergecl.

Note that there are some u'ell hnorvn sholtcomings of the ENtl aìgorithm. Firstly,

convergence is often slorn'. Secondl¡', clue to the large numlter of parameters, the

likelihood surface usually contains many local maxima, so that the algorithm cloes

not necessarilS' 16"u," the gloþal maximum. In such a caser the algorithm may very

u,ell converge to a local madmum or even a sacldle point of the log-likelihood function.

In particular, starting values are vely important for using this algorithm in the HMN¡I

setrqr. Leroux & Putelm¿rn (1992) suggestecl a niethocì to select leasonable starting

values.

Alternatives to the use of the EN¡l algorithm clo exist. For instance, the direct

numerical maximization suggestecl by MacDonalcl & Zucchini (1997, Chapter 2) uses

a derivat,ive free method known as the clorvnhill simplex algorithm to locate the

maximum lil<elihoocl esl,imates.

Different approaches to the estimation of HIVI\,{ parameters are also possible.

In particular, Bayesian methoclologies have been consiclerecl. Working from that

perspective. tlie hidden states can be treatecl as unl<norvn palametels ancl simulated

along sicle rvith the othel parametels of the mocleÌ ìry Gibbs sampling methods. This

idea is known as data augmentation and is presented in the next chapter. Finall¡,, rve

present in Clhapter 4 an alternative approach to Gibbs sampling that allows Bayesian

inference for HN4ful's rvithout using data augmentation.
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Chapter 3

Bayesian Inference for Hidden Markov Models

3.1 The Idea of Bayesian Inference

The major difference betrveen the so-called fiequentist ancl Bayesian approaches to

inference is that from the fiequentist perspective, the parameters are consiclelecl as

fixecl constants, to be estimatecl from the observations rvhereas, from the Ba¡'ssi¿n

pelspective, the parameters ancl observations are put on the sàme conceptual level.

That is, the parametels are treat,ecl as random quantities, u'here the uncertaint¡' tl¡

the palarneters can be modelecl through a probability clistribution.

Nou'. let c be the oìrservecl clata and 0 be the vectol of parameters. The sam-

pling clistribution. ol likelihood, is clenotecl f (:rl0). The malginal clist,ribution of the

parametels is clenotecl as r(d), ancì is refelrecl to as the 'prior distributi,on. This prior

distribution is usecl to mociel u'hat is ì<norvn about the problern at hand (inclucling

the absence of an5' information. be it the case) plior to the gathering of data. (See

Robelt 200I, Chapter 3 f'or more cletails.) Basecl on f (rl0) ancl n(9), we can clerive

the joint clist,ribution of (X,0), given by

lz(r,0): f(xl?)n(0),

and the marginal densii,¡' of X ¿rs

nr(ø") : 
l"nt*,o)ao

: 
l¡f*lr)tr(o)clo.
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u,heLe O clenotes the parametel space.

B). applying Ba¡'ss' theorem, we can obtain the conclitional clistribution of the

parameter vector d given the observecl data ¿ as

, A, \ h(r,0) f @le)r(0)r\aw) :,r(r) : 
I Í'@ro)it(o)do

All B¿1,ssi¿n inference is clriven by the above conclitional cListribution, callecl the pos-

terior di.stril¡uti.on of d. The posterior distlilrution can be thought of as a mechanism

that talies. as an input, the information tliat one has on the palameter d plior to

the experiment being conductecl. and combines it with the infolmation containecl in

the obserr'ecl clata tr as ¿ìn input to procluce a valuable output. Genert-Llly speaì<ing,

prior clistributions can be classifiecl into trvo categories: informati,ue and noninJor-

ma,ti,ue. \\¡hen a reasonable amount of information on the parameters is availabìe,

¿rn inf'ormati"'e prior can ìre usecl. lVhen inforrnatioll on the palameters is too vague

ol rinavailable, then one can turn to a noninformative prior'. usually a uniform, vely

flat ancl/or heavy tailecl distribution. In using such a noninfor-mative prior, it is

usually hoped that the prior distriìrution rvill have minimal efI'ect on the posterior

clistlibution ancl the resuiting inference.

In particuiar. Bayesian inference is often basecl on the postet'ior expectation of

some function /(0) given by

(3.1)

andf or the maximization of the posterior clistribution. In many practical appli-

cations, corni:ruting the above postelior expectation and maximizing the posterior

clistlibritjon may be !€r)¡ clifficult because no anaìytical expression of tliis postelior

EtÍ(')d:u#ffi#f,
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distlibution is available. F\rrthelmore. u'hen an explicit expression is available for the

posteriol clistribution, posterior expectations like (3.1) rnight still not be available

in closecl form. Finalll', there are cases u,heLe everything can be obtainecl in closecì

for-m but where computation may still be intractable clue to a large sample size.

Tliis is the so-callecl "information paraclox". (See Robert 2001. Chapter 6, p.319

fol mole cletails.) This is the case, f'or instance, rvith mixtures u'here the posterior

clistribution takes into account all the possible partitions of the sample. To acldress

these issues. many techniques have been der,elopecl for appi-oximating (3.1), one of

u'hiclr is knou'n as the N4arkov Chain Monte Carlo method (c.f. Tanner, 1993 and

Er'àns & Schivantz, 2000). For a complete treatment of the Ba5'ssi¿n approach to

infelence. including the lole, irnpact ancl selection of prior clistlibutions, lve refel the

r-eadel to the boolm of Berger (1985), Robert (2001), Carlin ancl Louis (2000), ancl

for a manuscript more gearecl toivarcls application, Gelman el u,l. (2003).

3.2 Markov Chain Monte Carlo

N,larkov chain N4onte Callo (MCN4C) is a methocl that alÌou's for (airproximately)

sampling fi-om posterior clistributions, ancl thus, can be used for approximat,ing pos-

teriol expectations as in (3.1). The idea of N4CN,IC is to construct a \4arkov chain

on tlie palameter space O, rvhich is irreclucible and aperioclic, ancl u'hose station-

aÌ\¡ clictr'l)ution is the posterior zr(dlr). Then. this \4arkov chain is run for a long

time to genelate à sequence of iclentically clistributecl (but not inclepenclent) ranclom

r,ariaì,rles or vectors. In plactice) some large value rì,1 is selected and the ranclom

r,ar.ialrles B(ru+t). 0(tvI+2),. . . , d(À'I+N) ¿ìre usecl to mimic ranclom sampling fiom the
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posterior- r(0lr). These raiues can be usecl to appr-oximate the expectecl value of

some fimction / of the parameter vector u'ith respect to the postelior clistribution.

Specifically, u,e consicler

., Àt

ElÍ@)l"l = ¡¿ lf {e(nr*,,t¡.
À'= 1

In this context i,I is referred to as the burn-tn 'periorl, that is, the frrst ÀzI ranclomìy

genelatecl values are clisc¿ucled. This is clone to leduce the influence of the starting

valLre, ancl to ensure that the randomly genelatecl values corne fi'om a distribution

tlial, is "close" to the stationaly clistribution. The convergence of the above empirical

avelage to the proper expectation is ensurecl by the Ergodic Theorem. Thus, if

one can construct ¿ X4arkov chain having r(0lr) as its stationary clist,ribution, then

inl'erence basecl on n(0lr) can be done by simulating realizations fi'oin this N4alkor,'

chain. A u'iclely applicable method of constructing such a N4arkov chain, clue to

Gelfancl ancl Smith (1990), is hnown as Gibbs sampling.

The main idea behincl Gibbs sampling is to sequentially generate ranclom sam-

ples from manl; 161a,-dimensional conclitional cìistriìrutions in order to approximate

sarnpling fi'om a high-dimensional (and possibly more complex) joint clistribution.

To illustrate hou' this is clone, Iet 0 : (0r,02,...,0r) be a ranclom vector, such

tlrat the conclitional distribution of 0¿10y...,0r-r,0+t,... ,0, is available for ail

'i:'1,2,...,p. Note that dr,02,...,00 can themselves be vectors, although the sim-

plest implementation of the method usually consiclels univariate components. Then,

given an arbitrar¡, stalting point O(0) : (9lo), ...,0!l)), the iteratìon scheme of the

Gibbs sampler can be summarizecl in the follon'ing manner'.
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0\"') - f @rlrlL'"-tl, át"'-t), ...,01,:*-'))

oL*\ - Í(orlo\'^) dl"'-t'. ....ol'"-")

0t") - f @rl0\'"), 61"') . g1",-t1 . . ., 0N"-'))

oN'; - Í@rlo\-),05"'),.. ,o:::\).

The above steps are to be repeatecl many times to ensure the Gibbs sampler has

convergecl (or is close enotigh) to the clistlibution of interest. Typically, a rea-

sonaìrly long burn-in periocl rvoulcl be consiclelecì and only the genelatecl vectors

0(¡'r+r)) 0(14-'2))... (for some large Iz1) are usecl at the next stage of the anal¡,sis. The

vectols B(0), B(t),... c¿ìn be shorvn to l'orm a Ì\'larkov chain ancl, uncler milcl concli-

tions, tlre joint clistribution of (0\"') ,6Q") , . . . ,0.,")) can be shor,r,n to converge geomet-

rically to the joint distriltution of (0y,02,...,9o) as nt ---+ æ. T¡'picallr'. this allou,s the

usel to generate ranclom vectors g(r) 
, 
g(z) ,. . . by effectivel¡, sampling from univariate

conclitional distributions, making the use of the techniclue fairly straightforrvarcl. For

rnole on aclvantages ancl potential pitfalls of Gibbs sampling, see Gelfand & Smith

(1990), Casella & Geolge (1992) and F\r,Ç \\¡ang (2002). We aiso refer the readers

to tlie monograph of Robert & Casella (2004) for an in-depth cliscussion of VICN4C

ancl Gibbs sampling.
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Known Number3.3 Bayesian inference for HMM's with a

of Hidden States

In this section, rve discuss BaS,ssi¿. inference fol HM\4's using Gibbs sampling. In

the FIN,{À.4 setup, recall that the likelihoocl is

L(ólv) : P(ur,. .,arlÐ: t t r,,Í(tJt ld.',)ff a,,,-,,",f (v¡10",),
¿r = 1 :cT:I

rvhen the number of hiclclen states is hnown to be k. Given a prior distribution z on

tlre palamel,er vector ó: (0,,A.), the posterior cìistribution of @ given the observec-l

clata y involves a sum of kT telms. This malçes it very clifficult to sample directly

fiom the postelior clistribution of ,f, even in the case of a moclerate sample size.

(Note, ho\\'ever, tliat this is the apploach u,e n'ill be taking later, using the sampling

methocl of F\r & Wang, 2002). The usual rvay alouncl this clifficulty is to sample

using 1,he iclea of data augmentation. Tlie principle behincì data augmentation, in

the culrent, setup, is that by augmenting the oìrselvecl clata by generating the hiclclen

states (thus treating them as missing clata), the complete-cìata likelihood P(",y1ô)

has a siurple form, which in turn procluces a simple posteriol distlibution n(ólx,y),

so tlrat. using a proper prior, all the parameters can be simulated fïom ¡r(ólx, y). For

this to u'olk, the hidden states are samplecl from the conclitional clensity P("|y, d)

In tlie Ht4\{ setup, the implementation of the Gibbs sampling thus aÌtelnately

simulates x ancl @ by iterating betrveen the folÌowing tu'o steps:

1. simulate

,.(nz*1) - p(xly, ó(,,,)),
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2. sirnulate

6(m+t) - ¡r (óly,x("?+1)).

Iterating l¡etween the above trvo steps produces a random sequence {(ó, *)('') : Itt.:

1,2,...Ì that forms a N¡iarkov chain, rvhich uncle'- some general conditions rvill admit

tlre posterior of interest r(Q,xly) as its stationary distribution. In aclclition, the

sequence (x(-)¡ also forms a Marl<ov chain with transition kernel density

P(x, x') r(Qlv.x(-) - x)r'(x(-+r) : x' ló.v)de

Under the assumption that the state-space of the hidclen chain is finite (keep in

minrl u,e have assumecl 5:{1,2,... ,k}), rnany convergence results can be easily

est¿rìrìishecl, ancl tranferrecl to the sequen ce ó(m) bv the so-callecl dualit¡, princilrle

(see Roìrert et, a\.,1993 ancl Diel¡olt & Robert, 1994). These results inclucìe geometric

convelgence, ry' mixing, ancl a central limit theorem. We now talce a closer look at

each of the tu'o steps usecl in the iteratir,e scheme outlinecl earlier.

3.3.1 Simulating from n(óly,x)

Let r(0) and r(A) be lespectivell. 1¡. prior clistribution of the clistributional pa-

rameters ancl the prior clistribution of the transition plobability matrix. We here

assume ¿rs is commonly done in the literatule, that I and A are a priore inclepen-

dent. Then. u'hen the observed y is augmented by the vector of hiclden states x, the

H\"1N4 moclel becomes hierarchicaì rvith the f'ollorving structure

ylX :;¡ - /(ylx,0),

x - P(xlA),

,),1

:1,
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0 - r(0),

A -;r(A),

anc'Ì. tlre joint postelior clistribution of ó: @,4) given y ancl x satisfies

r (ólx,v) x /(v lx, 0)P(xlA)zr(0)r(A)

x r(9lx,y)zr(Alx). (3.2)

So that 0 and A are indepenclent a 'posterzori. Note tha1, A is also a, 'poster"i.or"i

inclepenclent of the observecl clata y. These inclepenclence propelties maì<e generating

flom n(@lx,y) ver5, simple in many cases. Incleed, u,e can u,rite

/r \
r(olx,v) o {lIf fu,10,,)lr@),

\r-r /
so tltat, a 'priorr, inclepenclence of d1, ...,0t, ancl the use of conjugate priors ieacl to

r(9lx,y) having ¿r form tliat is easy to simulate from. Similarly, u'e have that

lr \
zr(Alx) * (lIatt-t.a.t )"(a).\r=r /

rvhen assuming a start in a frxed state r¡ (as done by Robert et a1,., 1993), rvhich

c¿rn also be u,ritten as

34

(3.3)

nheLe ,1U Ðr-,I(aF1 : d, rt : j) is the number of transitions from state z, to

state 7. Nou' let A¡ denote the itt' row of A ancl assume prior inclepenclence betrveen

4r, . . ., AL. Given the multinomial form of the first term on the light hand sicle

of (3.3), a famil¡' of conjugate prior distlibutions for A¡ is the family of Dirichlet

distriìrutions cleflned on the k-climensional simplex, rvith density
k

¡r(Ai) x ll a"'i-tI;D,nu,:r¡,
j=1

r(Alx) " (ü[,t,) ,,(A),

(3.,1)
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nhiclr u'e clenote Ai - Dr(air,...,4¿¡), rvith a¿i ) 0. Ftom (3.3) ancl (3.4), we get

posterior indepenclence and the following posterior distributions

Ailx - Dn(aa * rz¿1. ...,e¿k -l rz¿¡) (3.5)

fol each ron' i : 1,. . ., A. of A. This makes simulating from :r(Alx) very easy u'hen

worldng u'ith inclepenclent Dirichlet priors fol the rorvs of A.

3.3.2 Simulation of the Hidden States

\\¡hen simulating x from

T

P(*ly, ó) x n,,Í(arl0,,) fI o",-,,,, Í(u,10,,), (3.6)
t-2

the cleirenclence stluct,ure bet,rveen hiclden states must be taken into account. There

are tu,o methocìs available for simulating x. One possibilit¡, is worhing from a se-

quence of univariate conditional distributions ( cf. P:obeú et al. 1993) to simtilate

each of the T components of x inclividually. This is clone through a sequential univali-

ateupclate of P(r¿lx1t,y,@) ,f'ort:I,2,...,T,wherex\r: (tt,.. .,rt-r,tt+r,...,nr)

corresponds to the sequence of hidden states t'ith component I omitted. It turns ont

that, for t: I,2,... ,T - 1,

P(r¿lx1t, y, ó) : P(r¡lx¿-:, rt+t,y, Ô)

cr r r_ r,", f (ytl? rr) ar r,r,,, (3.7)
Ðl:,,,',-,., f (a,10,¡a,,,',' .,

ancl that

P(r7lx1r, y,ô): P(n7lr7-1,y, S)

ar,r-r,r, f (!/rl0rr)

Ðl:r 0',-,,t Í(urloo)
(3.8)
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The lealization of the hiclden states can then be simulatecl, r¿ being obtainecl fi'om

(3.7), fol t <7, and fi'om (3.8) when t:7.

An altelnative simulation methocl for generating a realization of the hiclclen states

is to simulate x as a fìrll sequence each time. that is, to sarnple x directly from the

joint distribution zr(xly. @). Note that P(xly, ó) can be clecomposecl in the follorving

u¡¿tT

P(*ly, ó) : P(rrly, ó)P(rr-tlrr,y, ó) P(xr-zllxr-t,y, ó) ' ' - P(rrlrr, ó)
T_I

: p(rrly,ó) lI p@,ly,itt+t,ó),
t,=I

b1, sil¡pl¡' making use of the general multiplication rule for conclitional probabilit¡'.

Hence, x is generated ìt5' fir-st clrau'ing z7 from P(xrly,þ). anct then by sequeltially

sinrnlzrting r¿ going backrvarcls making use of P(r¡lr¿¡1,@). For fuìl cletails, reaclers

are lefelled to Chib (1996). Note, horvever, that generating the x vector clirectly

from its joint clistribution can speed up the convergence of the Gibbs sampler (cf.

Clìiiìr. 1996 ancl Scott, 2002).

3.4 Bayesian Inference for HMM's with an lJnkno\Ã/n Num-

ber of Hidden States

So far, rve have consiclerecl the NtlCN4C algorithm that is only suitable for a fixecl

numbel of hidclen states k, ancl thus only valid for a fixed number of ¡rarameters.

Ho$'ever, in many practical applications. inference for a fixecl k is too lestrictive

since k is itself unknorvn ancl a quantity of greatest intelest. Assuming that À, varies

betn'een 1 < k ( 1í, ancl letting L*(óo ly) denote tlie likelihoocl conclitional on there
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being exactly k hiclden states, the full likelihoocl becomes

K

t(ôlv) : t r(k : I)L,(e'lÐ : Lx(ókly), (3.e)
l:1

rvhere ó : (k, ót , ó' , . . . , óI{), ancl includes the parameters involvecì u'ith eac}r pos-

sibie nnmber of hiclden states.

3.4.I Models with a Random Number of Hidden States

The Bayesian \\¡ày to tackle the difficulties linked with h¿rving an unknor'vn number

k of hidclen states consists of assuming li is rand.om, that is, to treat k just like any

othel parameter'. Then, given the full likelihood (3.9), ancl a prior cìistribution on k,

the posterior- distlibution of the complete parameter vector is of the form

"@lÐ: n(fkly¡e]).

Infelence on k is based on its marginal postet'ior distribution, r','hich is easily approx-

imated by

tn
t)f

P(k: zly) : Elr(k: i)lvl

1N

=;tr(k(^t-i):i)'
J:T

(3.10)

fol z, : 1,2,. .. , If and u,h.ere k(I't-i) are values obtainecl through Gibbs sampling

ol some other form of VICN{C simulation method and using a burn-in peliod of

I4 steps. Note that the dimension of ô* : (e^ , A*) varies with k, so that the

usual NICN,IC describecl in the previous section is not applicable to HMN{'s rvith an

unhnorvn numbel of hidden states. Vlore sophisticated methods are required. One

sucli methocl, callecl reversible jump N4arkov chain N4onte Carlo is briefly discussed

nexl,.
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3.4.2 Reversible Jump MCMC

Reversible jump NtICN¡lC rvas first introclucecl by Gleen (1995) and applied to multiple

change point proì:rlems in one ancl trvo climensions. It is a sampìing algorithm that

allou's 1,he dimension of the parameter vector to varl' rvithin the sampling process.

Richaldson ancl Green (1997) applied this methoclologl,- to univari¿-Lte normal mix-

tule mocleìs with an unknown number of components. More recently, Robert eú ¿1.

(2000) c;onsiclerecl this methodology and applied it in the context of HN4NI's. In par-

ticuìar, their r,'ersion of leversible jump N4CN4C augmented the Gibbs sampler with

the follorving two steps:

1. splitting a component (or-hidden state) into trvo, or combining tu'o into one,

2. bilth or cleath of an empty component,.

\\¡e refer 1,he reacler to Robelt,$ Casella (2004. Chapter 11) for more cletails.

It shoulcl be notecl that altliough reversible jump MCN4C provides a way of gener-

ating samples lr'ith a varSring number of components, its algebraic complexity makes

it very difficult to implement ancl its use is mainly restrictecl to a ìimitecl number of

expelts. We u,ill see in the next chapter thal another sampÌing algorithm developecl

bl' F\r & \\¡ang (2002) can be usecl to generate samples 'n'ith a varying number of

cornponents k. This methocl only requires the l<nou,leclge of the joint distribution

function up to a multiplicat,ive constant and is easy to implement relative to the

revelsible jump NICN4CI algolithm.



Chapter 4

Discretization-Based Sampling in the Bayesian

HMM Setup

In this chapter u'e clescribe the sampling method introcìuced by F\r & Wang (2002)

ancl cliscuss its use in the context of Bayesian analysis of I{NtlNI's (see also \\¡ang &¿

Fh. 2007 ancì Xue et a1,.,2005). The basic idea behind their method is to discr-etize

the clensity function u'ith respect to Lebesgue measule. Clompared u'ith the N4CVIC

methocls mentioned in Cliapter 3, this metliod is dimension-free ancl non-iterative.

The approach has üân5, aclvantages over the Nlarkov chain N4on1,e Carlo (N4CNtlC) or

leversible jump MCMC. Firstly, it is easy to implement. Seconclly. knowiedge of the

density function is required only up to a normalizing constant, and the full set of uni-

variate conclitional distributions relatecl to the complete joint postelior clistlibution

is not requirecl. Thirclly, \Ã¡e can simultaneousl¡, ¿ptr.oximate the posterior expec-

tation, posterior mode (also hnown as generalizecl N4LE, or sometimes, penalizecl

N4LE). ancl maximum liirelihood estimate at no extra cost in terms of computational

effort.

4.L Sampling Algorithm

Suppose that we have a d-variate density function /(r), either knorvn completell,

or up to a multiplicative constant r'i'ith suppoLt S(/) c R¿. \614,, âssuûle our

oìrjective is to generate a ranclom sample of size rn, from the significant region of

39
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tliis clensitl' function. (Note that. the significant region is clefined to be the region

n,hele f (*) > 0, thus the region with /(r) = 0 is regarded as a negligiìrle region).

Follou'ing the method of F\r & \\¡ang (2002), this can be accomplished in the folloiving

fir.'e stel>s.

1. Determination of the initial compact cover:

Loner ancl upper limits o a nlo) < ö{o) < oo fori : I,...,d are cleterminecÌ

that constitute an initial compact set

so(/') : [oÍo), aÍo)] * loLo),alo)l * ... x ¡oj,o), al,o)1,

rvhich is large enough to cover the significant region of the clensity function

/(r). In the case u'here /(z) has bouncled support S(/), the initial region is

chosen to be ^9s(/) 
: S(/).

2. Discretization:

\,\¡ith the initial compact cover determined in step 1. a set of inclepencìent r¿-in-

clom uniform poiuts D,,(Í) : {n¡ e So(,f), j : I,2,...,n} is generated, rvhere

n.i : {rit.x)¡2t. . ., r¡¿}. For large n, the set of points D"(Í) approximates the

initial support So(/)

3. Contourization:

The points generated in step 2 are flrst rearranged such that f (r) 2 f (xi),if

i, < j. Then, for a given integer /V € N, ri'e partition D"(Í) into N contours,

E¡:{r¡: (z- 1)l <,j <i,l}, i:1,2,...,N

rvlrere L: r¿lN is the number of points g'ithin each contour'. Not,e that these
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contours form a partition of the sample space D,,(/), that is,

u[,Eo : D,(Í),

ancl

E¿ìEi:Ø'

forilj.

4. Sampling:

To sarnple rrz points flom /(r), flrst sample m contours u'ith lelrlacement from

tlre set of contours {Er, i: I,2,...,¡/} according to the contour probabilities

{P¡(r), i,: I,2,. .. ,l/} clefined bv

41

PÀ(¿) : =l-= i: r,2....,k
L¡=t I¡

(4.1)

trhere

I,:lIrt"l.
L ,íE;

that is, f represents the average value of /(r) over all points includecl in the

zlÚh contour. Let m,¡ clenote the numbel of occullences of E¿ in the n?, cltau's.

It shoulcl be cleal tliat f [, 'Dr¡ : 711,. Then, ranclomly sample rrz¿ (again urith

replacement) points with equaÌ probability from E¿. Denote O¿ as the set of

points sampled rvithin contour E¡, for each ¿ : I,2,. . . . ¡rr. Then uj-IrO¡ gives

the desirecl sample of size m.

5. Visualization:

To visualize the significant legion ancl the negligiìrle region of the sample space

So(/), plot histograms o\¡er all climensions using the sample oÌrtained in step 4
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above. Alongsicle, calculate the minimum ancl maximum values of the sample

fol each coorclinate. Denote

,s,(/) : [n!'),¡!t)] t [n!'), ulr\ x... x ¡n!'),tf)],

rvhere o(¡') : min(r¡,) attclóft) :max(rrr), fori: 1,2,...,/. If Sr(/) : So(/),

the sample generatecl from step 4 is acceptecl. Otherwise, replace S¡(/) rvith

51(/) and repeat steps 2 to 5 until the significant region is formed.

Llnlil<e Gibbs sampling. rvhere samples ale generatecl using marginäl conclitional clis-

tributions, the above procedure samples clilect,ly from the joint clistribution /(r),
so that e\,€n compiicatecl clepenclence structures are taìien into account. Also, the

plocedule does not become more cornplex 'uvhen d gets lalge. F inaily. the contour-

ization step of the proceclure provides inforrnation on the shape ancl location of the

distlibution /(r), ancl the visualization step enables us to view the significant region.

4.2 Sampling from the Posterior in the HMM Setup

In this sect,ion. u'e aclapt the sampìing method of ftr & \4iang (2002) describecl in

Section ¿1.1 to the Bayesian IIMM setup. The methoclolog¡, u'e intlocluce here requiles

hnol'ledge of the joint posterior distribution up to a multipÌicatir,e constant only, ancl

aìlou's tis to omit using clata augmentation. so that full knorvledge of P(xly, @) is

not leqliired. In aclclition. cases u,here the number of hiclclen states A; is unknou'n

can l-¡e hancllecl in a convenient l¡ay.
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4.2.L The Log-Posterior Density

Recall the likelihoocl of the HNI\4 moclel is

AiÀT

L(ólv): t I r,,f (y|d",)lI a,,-,,,,f (y¡10,,),
Tr:7 c":1

r.r'hen the numìrer of hidden states is knou,n to be lc and u'here ó : (A,0). Thus, for

a fixecl numbel of hidden states k, assuming prior inclependence for A ancl g. ancl

given pliors zr(A) on A ancl r(0) on 0, the lirll postelior distribution is

,r (ólv) x L(Qly)r(A)zr(0).

Hou'ever, as mentionecl in Chapter 2, computation of the likelihoocl using the forwald-

backrvarcl r-eculsion can leacl to unclerflow/overflow ploblems as the sample size T

incleases. Hence, insteacl of r'i'orking dilectÌy from the posterior clisl,ribution, all

calculations are basecl on the log-posterior clistribution

log (zr(@ly)) : tl(ólv) + log?r(A) + log n(0) + C(y), (4.2)

fol some constant C(y) relatecl to the normalizing constant of zr(@ly) (actually rve

have that the normalizing const¿rnt is rc(v);, and r.vhele l(óly) is the log-lilreìihood

to be computecl using the scaling method of Section 2.3.3.

Norv suppose that the number of hidden states k is unknown, but it is l<norvn

that k € {1,...,1(}. in other worcls, rve have K moclels to choose fi'om ancl oul

objective is no longer onl¡' to estimate the parameters; rve are also interested in

flncling the best moclel that fits the given data. As u'as cliscussecl in Section 3.4, the

Bayesian approach to this problem treats the number of components k as a ranclom

paratneter to be estimated along with the other parameters. It should be clear that

.13
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clistril¡utionthe palametels A and 0 both depend on À;, so that the full posterior

takes the follot'ing liierarchical f'orm

¡r (ólÐ 6 Lk(ók ly)r (Alk)r (elk)P(k).

(c/. Section 3.4 and, in particulal equation (3.12)). As before. all calculations have

to be based on the log-posterior

log (lr(@ly)) : iu(ó*ly) * Iogzr(Alk) + log r@lk) + log P(k) -F C(y), (4.3)

itr orcler to avoicl difficulties linkecl rvith unclerflow/over-flo\Ã' proìrlems, ancl u,ltete

C(y) again clenotes some constant relatecl to the normalizing const,ant of r(Sly).

\.\,'e next outline how contour probabilities <;an ìre computecl in the current setup,

ancl shorv that the exact r'alue of C(y) pla¡'s no role in the sampling process.

4.2.2 Defining the Contour Probabilities

In the curlent setup, t,he contour probabilìties are calculated fi'om the posterior'

clistribution. lVe outiine horv this is done from the log-posterior'. First, assume

that ri,e lrave generat,ed n, inclependent ranclom uniform points clenotecl ót,...,ón

accorcling to steps 1 ancl 2 of the F\r & \\¡ang algorithm, and that logn¡ has l-reen

calculatecl for each of the n. points. rvhere

r ¡ : Lk,(øf, lv)"(A ¡lk;)r (0 ¡lk¿)P(k¿).

Note that equation (.1.3) ancl this clefinition allorv us to rvrite

log î(@'ly) : logz'¡ * C(y),

OI

r(óoly) - riec(v)
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Norv, defile M : max(logn'¿) and, ford : I....,tr,

ni: exp(logr¿- A[).

It 1,ulns out that the cont,our probabilities can be obtainecl as

45

P¡,(i) : =#=)-¡:tT j
d:1,2,...,]V,

I exp{losTTj + C(v)}
Qie E,

Ð "@¡lÐ,
Q¡€E¿

('1.'1 )

u'here

=*-1 \--*,,i _ 
L .L^,,j.

Q;iXtt¡

arrcl I : n,/lV corresponcls to the number of points falling into each contour. Note

that t,he contour probabilities obtained through (4.4) are exactly the same as the

contoul probabilities that u'oulcl be obtainecl rvorking directly fì'om the posterior

clistribution proviclecl t,he normalizing constant rvere hnorvn. Incleecl, rve have that

Ti:

:

lr-
I/J

Q¡tL¡

1r-'I L" Q¡€Ei

r]

exp(logn'¡ - 
^,[)

_ exP{-(.'1'1+ C(v))}
¿

exp{-(À21+ C(v))}

so that the extra constants naturally cancel out when computing t,he contour prob-

abilities using equation (4.4). The important advantage of rvorking fi'om the log-

posterior ancl calculating the contour plobabilities from the previous scheme using

tlie ni, is the computationaì stability of the resulting procedure. We now mo\€ on

to altpì1' this methodology to a series of examples (most of u'hic'h have appeared in
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tlie literature) to see hou' it can perform in irractice. Some of the practical issues

that arise rvith the use of this technique u'ill also be cliscussed.



Chapter 5

Applications

In this chapter', u'e appl¡, the methocl outlined in Cha¡"rter'4 to the Bayesian analysis of

various data sets for t'hich stationary ancl time-homogeneous I-lN4N4's are considered

acleqnate. \\¡e also compale our results rvith those obtainecl ìry other authors using

maximum lil<eiihoocl estimation and other Bayesian apploaches basecl on revelsible

ìump N{arkov chain Vlonte Carlo. The numerical analyses ancì simulations presentecl

in this chapter were clone on -R ('uersion 2.2.1) on a Winclorn's platform.

5.1 A Two-state Poisson HMM

\\¡e fir'st lool< at the so-called epzleptzc se'izure count rlata. The clata records the

number of myoclonic seizures a patient sulTeled on each cìay for 225 consecul,ive

cla¡'s. ¡" et al. (1992) flt a trvo-state hiclden N4alkov moclel to these clata. As noted

in N4acDonald & Zucchini (1997, Chapter' 4,p. I47), this is not a corlect version of

the clata, ancl observations 92-112 inclusive shoulcl be discaldecl. Hou'ever', for the

purpose of comparison u'ith the result oT Le et, aI. (1992), u'e rvill rise the fulÌ set of

225 observations. These clata are replicatecl in Figure 5.1.

For these data, rve assume a Poisson clistribution for the seizure counts )'¿ given

the tlue state of the process X¿, Iinked u'ith the patient's epileirtic activity level

47
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accolcling to

(
| 1 if the patient is in a periocl of lou' seizure acti','ity at time ú,

-\,:{
I , if the patient is in a periocl of high seizure activit¡, at t,ime ú.t

It slioucl ìre cìeal that the tlue activity ler,'el X¿ of the patient's epilepsy is not

observable and that the conditional incìependence impliecl ìry the use of a HN4\4 is

reasonable here. In other rvolcls. iÃ¡e use a HNINI rvhere

Yilxt: i' - Poi'sson,(g;),

fol zl : 1,2 ancl {X¿} is ¿r, tu,o-state \4arkov ch¿rin.

For the Poisson parameters, \\¡e use indepenclent Gamma priols

0¿ - laÛuTto(a,b)

f'ol i : 1 and 2, but u'ith the extra restriction that d1 1 02 so that the rnoclel is

iclentifi¿rble. The irar-ameters fbr the prior clistributions ale specifiecl to be ø: 1, ancl

b:0.0001 so as to make the prior "neârly noninformative". Such a prior (rvith a

very large variance) is sonetimes referrecl to as a di,ffuseor'uo,gue prior (c/. Robelt,

2001). Each rou'A¿: (rr,r,ø¡2) of the transition probability matlix A is assignecl an

indepencìent Diriclilet plior.

L¿ - D(cyc.2)

u'itlr (a1, or): (1, i), implying A¿ is uniformly distributed over thetrvo-climensional

simplex. This is usuail¡, considerecl as a noninformative prior speciflcation and is a

stancl¿rcl proceclure in the Bayesian litelatule.

49
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With the above specifications, we have essentialll. fsrtr unknor,r,n paramters, namely

e11,c121,d1, and 02, the other two being fixed as Q¿2: \ - a¡: (i: I,2). The pos-

teriol simulation was run accolcling to the steps outlined in Section 4.1 ancl using

tlie rescaled folrvard-bachu'arci lecursion. The reader might rvant to refer to Section

4.2.2 fbr tlie notation.

1. The initial compact intervals were chosen to be

&u., Q2r € (0' 1),

0t,02 € (0,6),

with the requiretnent that 0t 1 02.

\fu'e generated 106 uniform points from the initial compact interval. ancl eval-

uatecì loga'¿ foli : I,...,10u. These points u'ere then partitioned into 105

contours, so that each contour containeci 10 points.

The contoul probrrbilities P¡¡(7) fol j : 1,...,105 u'ele then caÌculatec-l using

(4.4).

-i. A lanclom sample of nt, : 2000 ri,as clrarvn by first sampling contours (with

replacement) from the probabilit¡' puss function obtained in step 3, ancl then

by drawing points fi'om within each contour rvith equal ploìtabilit¡'.

5. Vlalginal histograms were plottecl using the sample obtained in step (4).

Aftel the flrst iteration, the initial compact intervais u,ere recluced to

2.

ÐJ.

a1¡ € (0.7,1), ri2¡ € (0,0.26).
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These results are comparecl to the results given in Le et al. (1992). The N4LE given

in their paper is

0r,rrr" -- 0.287, lr,n r" : 7.255,

ancl

r̂+MLE -

These results are very similar to our a

5.2 A Two-state Normal HMM

The 
^9 

k P 500 stock i,nde:r clata consists of 1700 observations of claily returns dur-

ing the 1950's. These clata rvere previously analyzecl by R¡'clén el ril. (1998) using

maxinrum lil<elihoocl estimation ancl in a Bayesian framework ìr¡' ftoþç¡1 et al. (2000)

using mixtnres of zero-mean nolmal distlibutions. The clata rvere pleprocessecl such

tlrat, each observation fälling outsicle the lange y t 4s u'as replaceci by the limit of

tlie interval, u,hele E is the sample mean ancl s is the sample standard cleviation. For

more information, readers are referred to Rydén ef a,l. (1998). For computational

issues (since the clata set contains 1700 observations), u'e u'ill analyze this set of clata

r'i'ith a flxecl number of components ,k : 2 (note that, Ryclén et al. (1998) ancl R.obert

et al. (2000) both conclucled k : 2). A histogram of this data set is shown in Figule

5.41.

To anaÌyze these clata. we use the follou'ing Bayesian HN4N4 moclel. First, Iil<e

R¡'dén et. oil,. (1998) and Robert et al. (2000), we assume the claily returns )i foìlorv a

normal clistriJrution s'ith mean zero and unkno\\'n variance linhed to the unobservable

/o.nru o.or4\tt
\0.024 0.s76 )
pproximate posterior mode.
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F igure 5.4: Histogram of S&P 500 Stoch index clata

true state X¿ of the tl.S. economy at time I accorcling to

Yilxt:l- N(0,o!),

rvhele X¿ is assumed to be a tr¡o-state \4arkov cirain.

Fol the plior clistribui,ions, \\,'e use an inverse-gamma clistribution fo'- o!, that is

o? - IG(2,(Rrl6)')

u,it,h ¿rgain, fol iclentifiaìrility'. øl ancl ø! beìng sortecl in an ascending orcler, ancl lvhere

ft, is the range of the clata (see Wang & Fh (2007) for this prior specification). Again,

as lrefore. the priors on each rou'A;: (a¿r, a¡2) of the transition proìtabilitv matri*
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ale talçen to be inclependent Dirichlet

At - 
'(1,1)'

A.gain. these prior distributions, that are unifor-m ovel the tr,vo-dimensional simplex,

lvele selectecl because they are ofïen consiclerecl to be noninformative.

When sampling from the posterior distribution, the initial compact intervals rvere

chosen to lte

ûrr,Q2t € (0, 1),

o?, o3 € (0,9.0 x 10-4),

rvit,lr of < o22. Follorving the steps oritlinecl in Section 5.1, u'e genelatecl 106 uni-

folm ¡roints to ciiscretize the support. These points rvere then partitioned into 105

contours. so that each contour containecl 10 points. Then, a ranclom sample of size

2000 u,as obtainecl, and malginal histograms were plottecl to visuaìize the significanl,

regions. After three itelations, the significant regions li,ere founcl to be

all € (0.9, 1), n21 € (0,0.2),

øl e (1.6 x 10-5,2.8 x 10-5) , 03e (6.0 x 10-5,1.2 x 10*a).

F\'om these intervals, a flnal sample of size 2000 rvas obtained, Ieacling to the approx-

imated posterior clistributions disl>layed in Figure 5.5 ancl õ.6.

Tlre posterior-mean and standald deviationof ol, ol are found to be

E (("?, oÐlv) = (2lT24 x 10-5,8.6983 x 10-5),

56

s("?lv) :r.6oT x 1o-6,
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ancl

S("31v): 8.1680 x 10-6,

n'heleas, the posterior means and stanclard deviations of the elements of A are founcl

to be, respectivelv,

E(Alv) :

S(a11ly):

ancl

s(rørlY) : s(azzlY) - o.0268.

\A¡e founcl the AMLE and APN4 also gave the same ralues for this data. These values

are

ã?,onoru: ã?,.4pt.t: 2.1882 x 10-5,

õ'r,^nu ru : ã'2,¿,p y : 8.5683 x 1o-5,

anrl / \

Ãon r": Ã¡p¡rt- i 
o'ooso 0'0370'l

\0.06s6 0.esr1)

Tlrese values are ver)¡ close to those given by Ryclén et, al. (7998) and Jry R.obert cl

ø1. (2000). For the purpose of comparison) \\¡e report their results here. The N4LÐs

for øf , o'2, ancl A reportecl by in R5'¡lþn et a,l. (1998) are

ã?,r,ru: 2.116 x 10-5, ã3.n r": 8.464 x 10-5,

ancì
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u4rile tlre posterior mean of o?, o'z and A founcl in R.obelt et at. (2000) are

o? : 2.[A x 10-5. o3 : 8.46+ x 10*5,

and

A-

respectivell,.

5.3 A First Example where k is Unknown

\Äie generat,ecl a ranclom sample of size l/ : 750 observations from a normal HN4N4

rvith Å: : 3 hidden sttrtes, uncler the speciflcations þt : 0, þ,2 : 2, /.¿¡ : 4, rvith

comnìon variance o2 :0.25 and the I'ollowing transition probaìrility matrix

( o.r o.r 0.1 \ttA : I o.2s 0.5 0.25 I .tt
\ot 0.3 06)

A hist,oglam of the simulated clata set is shorvn in Figure 5.7. \4¡e here investigate the

perf'ormance of our sampling approach to Bayesian inference f'or HN4N¡l's when the

numlter of comlronents Å: is unhnown. In particular, we u'ish to see if the Ba¡,ssi.t

methocloiog)' rvill correctly iclentify the numSe' of components k.

In accorcìance with the methodology presentecl in Section 3.4, rve analyzecl this

clata set by considering Å; as an unknou'n parametel to be estimated along lvith all

other palameters. In this example. given the number of hidden states Æ and Xt:'i

(n'itlr 1 < i < k), u'e assumed l'¿ satisfies

60
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Figure 5.7: I{istogram of simuÌated data set

rvhere X¿ has no physical sense lrut is usecì as an incì.ex generating )'¿. Note that

this implies tlie tlne state of the process X¿ only affects the me¿rn of the normal

clistlibution.

The prior distlibution fol k is chosen to lte uniform over the set {I,2,...,1(},
lr'here the maximum number of hidden state is set to Ii : 4. Given k, the Lou,s of

the t,ransition probability matrix A¡ are again assumed independent, r'r'ith a plior

clistribution t,hat is taiten to be A¡,; - D(o¡,¡1, ek,¡2,...,aa,iÀ). Thus. for genelal

values of the h1'perparameter-s cr¡,¿7, the joint prior for the elements of At is

r(A,) :U(.Ë*yil"nr,-')
For oìriectivity reasons, rve again set a¡.¿, : I (i, j : I,...,k) so that each r-ow of

A¡. is uniformll; ¡li51ti¡tuted over the k-dimensional simplex.
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Given k, u,e choose olcìerecl normal pliors f'or the vector rneans [Lt, : (l-t*r, . . . , l-t*r),

u.itlr the lestriction LL,.- 1 l.Lnz 1 ... 1 l-trn for ic,lentiflabilit¡'purposes. The.joint plior

clistlibution of the location parameters is thus

À1

r(¡^,¡ lr,:) -,kl lI +"*p [-@t:/dl
i:1 Y zTTo¿ L zo" l

For the hyperparameters ¡r ancl ø2, we follorv Richalclson ancl Green (1997), and

\\¡¿rn$ & fu (2007) by using ¡t, : A,Iu and o2 - R'o,rvhere Ã,[o and,R, are the micl-

range ancl range of the clata lespectively. For our simulated data set, A,IE :2.1303

ancì A, : 6.8462.

Finally. the inverse g¿ìmma is usecl as a priol clistril-rution for ol,, n,ith density

ßc\
r(o'llk¡ : j.1"¡¡ -"-r 

"- 
ß / 

"2* .

I (Cr,l

Here, rl'e set û : 1 and þ : 2 as this corresponds to a vague prior (none of its

moments exist).

\\¡ith the above specifications, the firll parameter vector becomes

ó : (k, ó',. . ., ôo),

rvhele lr'e have tliat ói : 0r, and

ók : (ek. Aù,

for À: ) 2. u'ith

ancl

A* : (¿r.,rr...., øt,r.¡).
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Thus here, the parameter vector' @ has

4

1+t(k+i) +\r":++
À:1 k--2

corrrponents since for alì values of k, 0¡ has k * 1 components, and A¡ has k2

cornlronentsfork)2.

F<rr this data set, rve sampled from the posterior distriÌtutjon of @ using the

follorving steps:

1. The initial compact cover is shou,n in Table 5.1.

2. We discletizecl the sample space by generating 7 x 106 uniform base points from

the initial compact intervals (u'e explain belorv u'hat u'e mean ì:ry ìtase points)

and partitionecì these vaiues into rz : 3.5 x 106 contours, so that each contour

contains onl¡' 2 points.

3. The contour probaìrilities \vere then calculatecl using the methocl outiined in

section 4.2.2.

4. A ranclom sample of nz : 2000 was ch'awn by first sampling contours (with

replacement) frorn the probabiiity mass filnction obtained in step i3, ancl therr

by clrawing points from within each contour rvith equal plobability.

5. Finally, rve visualizecl the significant region by constructing histograms using

the sample from step 4 above.

This process \\¡as lepeatecl 4 times ancì the significant regions locatecl. These

regicrns are shou'n in Table 5.2. Note that k : 1 and k : 2 rvere excluclecl from the

significant region. From these intervals rr'e repeatecl the aìtove steps 2-5 to clralv a
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otltrA¡

¡;11 € (0,5) o2, e (0,2)

¿rj € (0,1) i, j :1.2 ¡-r21 € (-1,3) ¡.t22 € (I,ó) o| e (0,2)

orj€(0,1) i,,j:r,),3 þ1 € (-2,2) ¡4z €

pss € (2,6)

(0,4) 
o?. e (0,2)

p,a1 e (-2,2) l.tsz e

¡ra3 € (1, 5) I,Lq¿ €

(-1,3)
(2,6)

ol e (0,2)

Table 5.1: Initial compact intervals. simulatecl clata set

sanlrie of size 104. In this example, u'e generatecl approxirnately- 77 x 106 uniform

points in ordel to heep 7 x 106 base points. The follorving rule $¡às used to cletermine

our base points. Let Pn,., be the maximum ìog posterior lalue of the previous

iterat,ion ancl P, be all the log posterior values of the culrent iteration. Finalìy, Iet

cL¡: P, - 4.**.

Then. if e't'x 0, the point is ch'oppecl, othelivise the point is hept and is inclucled in

the l-lase points. Thus, base points ale "goocl points" in the sense that point,s tliat

are hept do not have a zero probabibility of later being sampled. Unfortunately, this

is ver')¡ often tlie case in sucli high-climensional setups as the likelihoocl function can

become mostly flat rvith spikes that are difficult to detect. This explains why, for

exarnple. 77 x 706 unif'orm points were generatecl to letain onl¡' / x 106 "reasonabl5,"

riseful points.

The prior ancl approximate posteriol clistributions for k are given in T¿rble 5.3.

The highest posterior probability (ancl b¡' far) is tr(k : 3lV) = 0.838 suggesting
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A¡ þ*

ø11 € (0.6, 1) 412 € (0,0.4) É¿1 € (-0.16,0.1)
3 or, € (0.35,0.85) r¿23 € (0.15,0.65) ¡1,2 e (\.74,2.06) øl e (0'21,0'34)

r¿32 € (0.18,0.5) cl33 € (0.5,0.82) ¡r3 € (3.94,4.18)

rr,11 € (0.6,1) ¿rz € (0,0.4) p1 € (-0.11,0.1)

4 crts € (0,0.4) p2 € (I.5,2.2) al e (0.22,0.33)

aii € (0, 1) i :2'3'4 t4 € (r'6'4'2)
j : I,2,3.4 ¡.¿a € (3.8,4.24)

Tâbìe 5.2: Signifrcant regions after 4 iterations, simulated clata set.

kr2l34
1111

Priol 4444
Posterior 0.000 0.000 0.838 0.162

Table 5.3: Plior ancl approximate posterior clistribution of k, simulatecl clata set.

Ã; : 3 is the best cancliclate for k. The posterior means. stanclarcl deviations ancl

approximate N{LEs for Å; : 3 are given in Table 5.4 aìong u'ith the true values.

It is interesting to note that, in the culrent setup, our proposed methoclology

recovels the number of components Â; : 3 ancì leacls to conditional estimates that

are qnit,e close to the true parameter values. The approximate posteliol clistributions

of 43, p. and ø! ale shorvn in Figures 5.8, 5.9 ancl 5.10.

o2¡,
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o?3A3

0.8000 0.1000 0.1000
Ti'ue 0.2b00 0.b000 0.2b00 0.0000 2.0000 4.0000 0.2500

0.1000 0.3000 0.6000

0.7364 0.1505 0.1i31
N4ean 0.2207 0.4t882 0.2911 -0.0261 i.B97B 4.0598 0.2677

0.0569 0.2992 0.6439

0.0294 0.0243 0.0209
Stcl. Der,. 0.0291 0.0849 0.0318 0.0356 0.0402 0.0330 0.0160

0.01,19 0.0291 0.0305

0.7357 0.1454 0.1r89
AN4LE 0.2232 0.4675 0.3092 -0.0255 1.9015 4.0653 0.2680

0.0635 0.3362 0.6003

Tabìe 5.4: True r,'alttes, posterior means, stanclard deviations ancl approximate N4LE

of ,4.3, 03 ancl al. simulated clata set.
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Figule 5.8: Approximate posterior distlibutions of c,3,¡¡, (i,j :1,2,3), simulated
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tt
0.22 0.24

ttt
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Figure 5.10: Appr.oximate posteriol distribution o1 o!, simulated clata set.
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5.4 A Poisson HMM where k is Unknown

\\¡e nor,r' consider the fetal, lamb mouement data, which u'ere studiecl by Leroux &

Putelman (1992) ancl Scott (2002). These clata consist of the number of movements

ploclucecl lty a f'etal lamb over 240 consecutive 5 second intervals. These clata are

sltou'n in Figure 5.11. in their paper. Leroux and Putelman (1992) concluclecl that

the ìrest, model incÌudecl k : 2 hiclclen states using the BIC methocl, whereas thev

favored k : 3 with the AIC method. I-lere. u'e tleat the number of hiclden conìpo-

nents as ranclom rathel than a fixecl constant, ancl apply our sampling methocl to clo

Bayesian inference on k as lr,ell as other unknou¡n palarneters.

For this clata set, we asslrme that the movement count )'i duling the ¿'r' interval

satisfies

]';lXr: i,k,0¡ - Poissort(/¡¡),

n'lrele X¿ e {1,. .. , k} st¿rncls for the level of fet¿rl activity duling the ttt'intelval (see

Scott, 2002 for details).

The prior distribution for ,k is talten as

P(k:¿):IlIi.

for zl : .1,2,. .. ,1{, and rvhere K is t-r,gain set to 4. As before, the prior for- each

toli' A¡,¡ of the transition proìrability matlix A¡ is taken to be a Dir-ichlet pliol with

crÀ,ij : \ (i,j: 1,...,k) . For the unlçnor,r'n Poisson means, \\¡e Lrse indeltenclent

Gamlna priors, but sortecl in increasing orcler so that the moclel is iclentifiable, that

is
k na ^-30,.,

r(o¡lk): ktfláii'#,
J:I

70
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5 second interval

Figure 5.11: The fetal lamb movement series
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f'or drr 1îxz 1...< ?xx, and u'here the h;'perparametet's were set to cr: 1 and

13:0.I,leading to a vague prior (c/. Section 5.1). Llnclel the above specifications,

we see that the full parameter vector is

ô:(k,ót,..-,ón),

ri'het'e Ó' :0, ancl fot (: ) 2,

ók : (0k, 
^k),

g'here

or: (?nr,...,0x*),

ancl

Note that @ here has

At : (¿¡,,tr,. ..,o,k.kk),

44
1+tr*Ik2:40

À:l k:2

comlronents.

For oul analysis, the initial compact inl,elvals are clisplayecl in Table 5.5. \,Ve

follorvecl the exact same steps as those outìinecl in Section 5.3. AfTer 5 iter-ations.

the signiflcant regions u'ere recluced to the intervals given in Table 5.6. lrJote that

k : 1 u,as excludecl from the significant region. In this example, the total number of

uniform ranclom points that u,e generatecl to keep 7 x 106 base points in the final run

is approximatel¡, l$ x 107. Here. rve usecl the same rule as in Section 5.3 to cletermine

the base points. The priol ancl resulting arpploximatecl postelior distributions of k

are shorvn in Table 5.7. lvith À. : 3 htrving the highest posteliol plobabilitv.
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01 e (0,2)

'3 (rir e (0,1) i, j : r,2,3 01 € (0' 1) 0z € (0'4)

fu e (0,7)

o a;i€(0,1) i,j:r,2,3,4 91 e (o'1) á2e (o'3)

fu e (0,4) 04 e (0,7)

Table 5.5: Initial compact interval, fetal lamb movement clata.

/.)

0*A¡

t arj € (0,1) i, j : I,2 01 € (0,1) 02 e (0,7)

A¡ 0¡

2 an € (0.86, 1) ¿2r € (0.01,0.8) dr € (0.07,0.38) d2 e (0.87,5.6)

3 or, € (0.6,1) r¿r2 € (0,0.4) 01 e (0,0.3t) 92 e (0.19,2.63)

ø¿¡ e (0, i) i:2,3 j :7,2,3 ds e (1.3,5.5)

d1 e (0,0.32) 02 € Q,2.74)

a¡., € (0,1) 'i,j:I,2,3,4 %€(0.17,3.22) p.r € (0.99,6.1)

Taltle 5.6: Significant region after 5 iterations, fetai lamb movement data

k1234

Posterior 0.0000 0.2744 0.4730 0.2526

1111
HrroÌ 4,1 44

Table 5.7: Prior and posteriol clistlibution of k, fetal lamb movement.
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02A2

N'lean
0.9759 0.0241

0.3505 0.6495
0.2376 2.7143

Stcl. Dev.
0.0165 0.0165

0.14i0 0.1410
0.0433 0.8451

T¿rìrle 5.8: Posterior means and stanclarcl devi¿rtions of A2 and 62, fetal lamb move-
ment data.

We here report the posterior means ancl stanclard cleviations along u'ith all ap-

proximate posterior distributions for both k : 2 and k : 3. The posterior means and

stanclarcl deviations are given in Table 5.8 (k:2) ancl Tal¡le 5.9 (k:3), in'hereas

the apploximate posterior clistributions of the elements of 02 ancl A2 are displa¡'s¡l

in Fignres 5.12, 5.13 and those of 03 ancl 43, in Figures 5.14, ancì 5.15, r'espectively.

\!-e also report the apploximate NtiLE of A¡ and 0¡for k:2,3 in Tallle 5.10.

Fol compalison, the lesults of Leroux & Puterman (1992) are given in Table 5.11.

Note t,h¿-Lt the postelior meàns of A2 and e2 are similar to Leroux & Putterman's

N4LE. t'hereâ"s the posterior means of A3 ancl 03 are quite clifferent fi'om theil r-esnlts.

Note, horvever, that the AMLE of A¡ ancl 0¡ rve obtained for k : 2 ancl k : 3 are

verlr similal to their N,f LE, except for tlie estimated value of 0¿e.

5.5 A Normal HMM where k is Unknown

Tlre last exampìe rve consicler consists of the ut'¿nd uelocitg data, a selies of the fir'st

500 ltourly u,ind velocit¡, ç1ig"."ttces measulecl at Athens in January iggO. This

data set u'as fi.rst considerecl b)' F\-ancq ,9 Roussignoi (1995), ancl latel by Robert
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A3 e3

0.9767 0.06r1 0.0222
\4ean 0.IITT 0.8346 0.0477 0.0861 0.5893 3.0426

0.2417 0.2001 0.5583

0.0579 0.0564 0.0182
Std. Dev. 0.1bJ6 0.2091 0.1014 0.0650 0.3370 0.7814

0.1628 0.16,10 0.18,13

Table 5.9: Posteriol means and stanclarcl deviations of A3 ancl 03, fetal ìamb move-
ment clata.

k'2
0.9503 0.0291 0.0206

A 0.9886 0.0114 0.041b 0.9b0b 0.0080
0.3112 0.6888 0.1928 0.0272 0.7800

e 0.2582 3.1280 0.0328 0.4639 4.3720

Talrle 5.10: Approximate NtlLtr of A¡ ancl 0¡ (k :2,3), fetal lamb rnovement clata.

k2
0.9468 0.0433 0.0099

A 0.9884 0.0116 0.0424 0.9576 0

0.3083 0.6917 0.1838 0 0.8162

0 0.2560 3.1006 0.0447 0.5090 3.4138

Tal.rle 5.11: N4LE of A¡ and 9¡ (k :2,3) obtained b¡' Leroux & Puterman (1992),
fetal lamb movement data.
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Figule 5.12: Apploxinate posteliol clistributions of 0z¿ (i,:1.2). fetal lamb move-
men1, clata.
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Figure 5.13: Approximate posterior distributions of a2.¿¡
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et o,L. (2000). The moclel r,r'e consider in r,r'hat follorvs is iclentical to the one used

lry Robert et al. (2000). althougli they reìied on reversible jump MCMC for all

computations. Note this model differs consicìerabÌy from the one originally used by

Francq & R,oussignol (1995).

The HN4NI that rvas used here is based on zero-mean normal distlibutions u'ith

unknor,r,n variances. Speciflcallv,Iet V¿ clenote the wind velocit¡, measured at time l,

ancl

\i: V - V-, forú:1,...,500,

clenote the rvincl velocit¡' clifferences. Then, the observable cliffelences )'i were as-

sumecl to satisfy

Y'tlXL : i, k, o2^ - ,^/(0, ø?¿).

r','here X¿ € {1,...,k} stancls f'or the planetarl'geomagnetic activity inclex. In their

paper, Robert et, al. considered k to vary betr,veen 1 ancÌ K : 7 . They concluclecl

that the numbel of components is À; : 3 with the approximate posterior probability

for k ) 5 being shou'n to be less than 1%. For the purpose of comparison lr'ith their

results. r,r,e analyzecl these clata b¡' also treating k as an unknown parameter ancl

est,imating it alongside u'ith other unhnown parameters. Hou'ever, for computational

issues. rve considerecl the maximum numbel of hidden states to be K : 4. The

histogram of the clata set is reploducecl in Figure 5.16.

As rvith plevious exampÌes, the prior distriìrution for k rvas chosen to be unifolm,

tlratis P(k:i): Il4fortl :1,...,4, rvhereaseachrowof thetransitionprobability

matrix A¡ was assigned a uniform prior on the k-dimensional simplex. For the

valiance parameters, the prior clistribution is taken to be the joint clistribution of a
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Figure 5.16: Histogram of hourly u'incl velocity differences.

set of fr olcleled inverse gamma landom varial.rles, that is
Á- ,?û

r1o2*lk¡: *,9 
ft;¡t'?)-a-t"-a/oi'. 

ol, < o?, < "'< o?*.

f'or k : 1,. ..,4. The hyperirar-ameters r'vere set to a : 2 and ¡3 - t. The complete

parameter vector fol this proìrlem is

ó:(k,,þt,...,,þn)

rvith ó1 : ø? ancl, for Â: ) 2,

ók: (o2k,Ak),

u'here

(o'0r,. ..,o?,.),

81

o?:
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ancl so, has
44

1+Ðk+tk2:40
t-rr.ô

elements.

In ordel to simulate from the posterior- clistribution r(óly) using our methocl-

ologl', the initial compact regions we used ale shorn'n in Table 5.12. Again, rve

follou,ecl the steps outlined in Section 5.3, generating 7 x 106 unifolm base points

froin the initial intervals, which we partitioned into 3.5 x 106 contours. We then

saml>lecl nz : 10000 points from these contours and stucliecl the associatecl marginal

histoglams. After 5 iterations, the signiflcant regions were obtainecl for all the co-

ordinates. These are given in Table 5.13. In this case, u'e generated approximately

71 x 106 uniform random points to keep 7 x 106 base points. The prior and lesulting

apploximatecl postelior distributions of k a'-e given in Table 5.14. These shorv that

k : 3 has b5' far the highest posterior probaì:ility, which agrees u'ith the results ob-

tainecl ìry Robert et al. (2000). The posterior means ancl stanclalcl cleviations along

u'ith the approximate MLE are shorvn in Table 5.i5. The approximate posterior'

clistributions of the elements of A3 ancl a! are displayecl in Figule 5.17 ancl 5.18

lespectivel¡'.

5.6 Concluding Remarks

Through the examples given above, we see that our approach to sampling from the

posterior ciistriì:ution, which is based essentiaÌl¡, on the sampling methocl of Fu &

\A¡ang (2002) ancl the use of the forrvarcl/bachu'arcl recuLsion, seems to r,r,orl< quite u,ell

in Flil4\,'f setups u'ith both a fixed and unlçnorvn numbel of hidclen states. The results
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a2*A¡

o2, e Q,a)
- ct¡j € (0, 1) i, j : r,2 0f e (0, t) ol e (0, 12)

3 cr,¡¡ € (0,1) 'i, j : 1,2,3 of e (0' 1) o" c (0'6)

or2 e (2,18)

4 o'¿¡ € (0,1) 'i, j : r,2,3,4 of e (0' 1) ol e (0'6)

o'! e (0,12) o.l e (2, 18)

Table 5.12: Initial compact intervals. rvincl veiocitS' .1uru.

A* o'k

2 ct11€ (0.88, i) r¿zr € (0.02, 0.2) of e (0.12,0.28) øl e (a,8.5)

all e (0.6, 1) ú¿12 € (0,0.4) 
øf e (0.09,0.2,1) ct| e (0.1,4)t azj € (0, 1) i :1,2

ø32 e (0,0.5b) c¿33 € (0.45, 1) 
o?t e (4'14'7)

all e (0.1,1) ø12 e (0,0.9)
4 orr€ (0,0.g) 

Llrz L \v)v'¿l øf e (0'09'0'23) of e (0'1'2'3)

r¿ir€(0,1) ,i:2,8. j:r,2,8 
oje (0'2'6) ole (4'7'14'7)

Table 5.13: Significant region after 5 iterations, rvind velocity clata.

K1234
1111

Prior 4444
Posterior' 0.000 0.0153 0.8055 0.1792

Table 5.14: Plior ancl approximatecl postelior clistributions of k. u'ind velocity data.
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Figure 5.17: Approximate posterior clistributions of 12,3.¿7, (i, j : 1, 2, 3), rvincl r.'elocity
clata.
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N4ean

0.9286 0.0386

0.1220 0.7957

0.0297 0.1063

0.1476 0.9353 7.3905
0.0328

0.0822

0.8640

Stcl. Dev.
0.0243 0.0266

0.0706 0.0942

0.0252 0.0477

0.0168

0.0634

0.05i9

0.0238 0.5332 r.5734

AN4LE
0.0225

0.0502

0.8755

0.9563 0.0212

0.0692 0.8806

0.0422 0.0824

0.1602 1.7698 8.6775

Table 5.15: Posterior mean, standard cleviation ancl approximate NtILE of ,A.3, ancl
ø1, u'ind velocity data.

obtainecl in this thesis fbr'fixed k (c/. Section 5.1 ancl 5.2) are compalairle to those

ar,'ailable in the literature, using MLE and \,lCt\4C methoclologies. For the simulated

data set (cl. Section 5.3). our metli.ocl not only correctly identifiecl the number of

hidclen states, but also gave estimates that ¿rre very close t,o the true parameter

values. Fol the rvind velocity cìata (c/. Section 5.5), the conclnsion of k:3 agrees

u'ith the t'esults of Robert et al. (2000). Finalll,. for the fetal lamb movement clata

(c/. Section 5.4). locating the significant legions r,r'as much more clifficult than rvith

the other examples, requiring the sampling of about tu'ice as many random uniform

points (150 x 106 versus 70 x 106 for the other examples where,k is also unknorvn).

Interestingly, the simulatecl clata example even had more parameters to be estimatecl.

One possible explanation for tiris is that the joint poster.iol distribution for the fetal

lamb movement clata example might be extremelv flat with a ferv isol¿rtecl highly-
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petrl<ed legions. Also. by inspecting the histograms of Figur-e 5.15, the postelior

clistributions of some of the elements of A seem to be Ìrighly concentr-ated ciose to

1. This could be problematic because generating uniformly clistlibuted points over a

k-cìimensional simplex. u'here k ) 2, makes it difficult to visit the "cor-ners" of that

simplex (i.e., r'egions corresponcling to one element being close to one). Obviously,

then. a lot more points are leqriired if a good approximation to the significant region

is to ìre obtainecl. Flo'rvever, the methocl still proclucecl leasonable results, but u'itìr

a c-:onsicler¿ììrÌe increase in computational effort.



Chapter 6

Conclusion

Rer,ersible jump N4CN4C has been usecl f'or Bayesian inference in hidden N4arkov

moclels rvith an unknou,n number of hidclen states. HoweveL, the algebraic complexity

of the methocl maì<es it ver¡' difficult to implement. This thesis aclapted a direct

sampling approach basecl on the algorithm of F\r & \Ã/ang (2002). This method allou's

one to sample over the significant region of the posteriol clistribution ancl ignore the

insignificant part. It is suitable for Bayesian inference in hidclen Markov moclels

rvitli both a knor'r'n and unlmou'n numbel of hidclen states. It is easy to implement

ancì the hnorvleclge of the clensity function is lequilecl only u1.r to a muÌtiplicative

consl,ant. Llnlike Gibbs sampling and reversible jump N4CIN{C. this methocl cloes

not requirecl clata-augmentation to handle the hiclcien states. F\rrthermore, l\¡e can

simult,aneously oìrtain the posterior- expectation, posterior mode and approximate

maximum likelihood estimate at no extla cost in terms of computational effort.

The method r,vas used on both simulated rlata and real-life clata. It turns out that

tliis methocl not onlS' correctly iclentifiecl the tinhnou'n nttmber- of hiclclen states bttt

aìso procluced estimates of the moclel parameters that agrees with those previously

obtained in the litelature.

Thelefore, with the arailability of pou'erful computing clevices, the simplicity of

this rnethod (ancl its aìrility to consicler cases u'here the numlter of hiclcìen states k

is ruknorvn) rnake it a promising tool fol inference in the HN41v"i sett4t.
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R Code for the

Appendix A

Epileptic Seizure Count Series

y<-a( 0,3,0,0,0,0,1,1,0,2,!,r,2,0,0,
1,2,1,3, l_,3,0,4,2,0,L,1,2,r,2,
1, 1,1,0, 1,0,2,2,1,2,r,0,0,0,2,
7 ,2 ,0, 1 ,0 , 1 ,0, 1 ,0,0,0,0 ,0,0,0 ,

0, 1 ,0,0,0 ,0,0, 1 ,0,0,0, 1 ,0,0,0 ,

1 ,0,0,0, 1 ,0,0, 1 ,0 ,o ,2 ,L ,o ,7 ,7 ,

0,0,0 ,2 ,2 ,0, 1 , 1 ,3 ,1 ,7 ,2, 1 ,0,3 ,

6, 1,3,1,2,2, 1,0,0,2,2,0,1, 1,3,
7 ,7 ,2, 1 ,0 ,3,6, 1 ,3 ,7 ,2 ,2 ,I ,O ,L ,

2,7,0,r,2,0,0,2,2, 1,0, 1,0,0,2,
0, 1 ,0,0,0 , 1 ,0,0, 1 ,0,0,0 ,0,0,0 ,

0,1,3,0,0,0,0,0, 1,0,1,1,1,0,0,
0,0,0, 1 ,0 , 1 ,2,7 ,0,0,0,0 ,0,0, 1 ,

4,0 ,0,0,0 ,0,0,0,0,0,0,0 ,0,0,0 ,

0, 0,0, o, o ,0, o,0,0,0,0,0 ,0,0,0)

logD <- function(a)
surn(lgamma(a) )

Ì

{
lgamma(sun(a) )

ddirichlet<-f unction (x, alpha)
s<-sum( (alpha-1) *tog(x) )
exp (sum (s) -logD (alpha) )

]

rdirichlet<-function(n, a) {
1<-length (a)
x<-matrix (rgamma ( f *n, a), ncol-=1, byrow=TRUE)
sn<-x%x%rep (1 , 1)
x/as . vector (srn)
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]

hmm . sim . pars<-function (k, N) {

hmm<-list o
hmm$tpm<-array (0, c (k, k, N) )
hmm$theta(-matrix (0, N, k)
hmm$post<-rep (0, N)

n<-length (y)
c(-rep (0, n)
alpha <- matrix( 0, n, k)

hmm$mIe-log1ik<--Inf

for (i in 1:N){
a<-runif(1,0,1)
b<-1-a
c<-runÍf(1,0,1)
d<- 1 -c
tpm<-matrix(c (a, b, c, d), k,k,T)
ssd<-abs (eigen(t (tpm) ) $vec [, 1] )
ssd<-ssd/sum (ssd)
theta<-c (runif (L,0, 6),runif (1,0, 6) )
theta(-sort (theta)

fmat<-sapply(1 : k,function(k) {dpois (y,thetatkl ) })

alpha[1,J <- ssd * fmat[1,]
c [r] <-tlsun (alpha [t , ] )
alpha [1 , ] <-alpha [1- , ] *,c [1]
for( j in 2:n ){

alpha[j,J <- (atpha[j-1,] %*% tpm) * fmat[j,J
c [j] <-1lsum(arpha[j,J )
alpha [j , I <-alpha [j , J *c ij ]

]
loglik<--sum(1og(c) )

d<-sapply(1 : k, function(k) {ddirichlet (tpn[k, J,rep(1,2) ) ])
g<-dgamma(theta, 1, 0 . 0001)
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post<-1og1ik+sun (1og(d) ) +sum (1og (g) )
hmm$post IiJ <-post
hmrn$tpm l, , il <-tpm
hnm$thetaIi,]<-theta

if (logIik>hrnm$mIe_1og1ik) {
hmm$mIe - 1o gI ik<- 1 o gI ik
hmm$m1e-tpn<-tpm
hmm$m1e-theta<-theta

Ì
]

hmm$tpm<-hmm$tpm [, , order (hmm$post , decreas ing=T) ]
hmm$theta<-hmm$theta Iorder (hmm$post , d.ecreasing=T) , J

save (hnm, file="hmmpb" )
hmm

Ì

hmm. sample. contours(-function(m,k,N, c) {

sample<-l-ist ( )

hmm<-hmm . sim . pars (k, N)

hmmpost <-exp ( s ort (hmm$post -max (hmm$post ), decreas ing=T) )

contours<-function(i , N, c) {
sum(hmmpost i( (j"-1) x (N/c)+1) : (i*(N/c) )l )

]

i <-c

C<-sapply ( L : i, f unction(i) {contours (i, N, c) })
p<-Clsum (C)

s<-sample (1 : c,m, replace=T,prob=p)
ss<-rep (o,m)

1<-0

f or (i in 1 :max(s) ) {
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if (length(s [s==i] ) ! =0)
ss [ ( (1+1) : (l+length(s [s==i] ) ) ) I <-sample ( ( (i-r) x (N/c) +r) : (Íx (N/c) )

,length(s [s==1] ) ,replace=T)
1<-l+length(s [s==i] )

]

sample$tpm<-hnm$tpm [ , , ss]
s ample$theta<-hmm$theta Iss, ]
save (sarnple, f i 1e=" sampleb " )
sample

r,¡indor¿s o
par (mf row=c(t ,2))
for (i in 1:k)

hlst(sanple$theta[, i], main=" ")
windov¡s o
par (mfrow=c (k, k) )

for (i in 1:k){
for (j in L:k)

hist(sample$tpmIi,,] [j,], main="")
i

Meantheta<-apply ( sample$th et a,2, me an)
stdevtheta<-apply (sample$theta, 2, sd)
Mean=matrix (sapply ( 1 : k, f unct ion (k) {apply ( sample$tpm [k,, ], 1, mean) ])

,k,k,T)
stdev=matrix (sapply ( 1 : k, f unction (k) {apply (sample$tprn [k,, ], 1, sd) ])

,k,k,T)

min-theta<-appIy (sample$theta, 2, min)
max-theta<-app Iy ( sarnple$theta ,2 , max)
min-tpm<-matrix (sapply ( 1 : k, f unction (k) {apply (sanple$tpm [k,, ], 1, nin)

Ì),k,k,T)
nax-tpm<-matrix (sapply ( 1 : k, f unction (k) {apply ( sample$tpm [k,, ], 1, max)

Ì),k,k,T)

return(list (Mean=Mean, std. dev=stdev,Meantheta=Meantheta,
std . dev-theta=stdevtheta , rnode -tpm=hnm$tpn [ , , 1 ] ,

mo de -thet a=h¡rm$thet a [ 1, ], mIe -tpm=hmm$mIe -tpm,
mode-post =sort (hmm$post, decre asing=T) [ 1 J,
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ml e _theta=hmn$m1e _thet a, mIe _1 o gI ik=hmm$m1e _ Iogl ik,
Min_theta=nin_theta, Max_theta=max_theta,
Min_tpn=min_tpm, Max_tpm=max_tpm) )

]

##hmm. sample . contours (2000,2, 1000000 , 1-00000)
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