Singularity Resolution and

Dynamical Black Holes

In fulfillment of the master of science degree in theoretical physics.

Jonathan Ziprick
Department of Physics and Astronomy

University of Manitoba
Winnipeg, Manitoba, Canada

This thesis was defended on April 3 and submitted

to the Faculty of Graduate Studies on April 8, 2009.

Copyright (© 2009 by Jonathan Ziprick



Abstract

We study the effects of loop quantum gravity (LQG) motivated corrections in classical sys-
tems. Computational methods are used to simulate black hole formation from the gravi-
tational collapse of a massless scalar field in Painlevé-Gullstrand (PG) coordinates. Singu-
larities present in the classical case are resolved by a radiation-like phase in the quantum
collapse. The evaporation is not complete but leaves behind an outward moving shell of
mass that disperses to infinity. We reproduce Choptuik scaling showing the usual behaviour
for the curvature scaling, while observing previously unseen behaviour in the mass scaling.
The quantum corrections are found to impose a lower limit on black hole mass and gen-
erate a new universal power law scaling relationship. In a parallel study, we quantize the
Hamiltonian for a particle in the singular 1/r* potential, a form that appears frequently
in black hole physics. In addition to conventional Schrodinger methods, the quantization is
performed using full and semiclassical polymerization. The various quantization schemes are
in excellent agreement for the highly excited states but differ for the low-lying states, and

the polymer spectrum is bounded below even when the Schrodinger spectrum is not.
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Prologue

General relativity and quantum mechanics stand out as the two great achievements of modern
theoretical physics. Over the last century many great minds have pursued the unification of
these ideas into a single theory of quantum gravity, but a satisfactory solution has yet to be
found. Gravity remains the only fundamental force in nature lacking a consistent quantum
description.

One of the main hindrances in developing a quantum theory of gravity has been the
complete lack of experimental evidence to guide research and test ideas. Fortunately, the
phenomenology of quantum gravity is beginning to generate a great deal of interest, with
several exciting prospects lying on the distant horizon of experimental research [1]. Until
these ideas can be implemented, progress must continue to come by way of theory, with
mathematical models to serve as the testing grounds.

Two of the leading approaches to quantum gravity are string theory and loop quantum
gravity (LQG). LQG is a canonical theory of gravity that builds spacetime out of fundamental
spin networks in an attempt to reconcile general relativity with quantum mechanics. This
leads to the prediction that space and time are discrete at the Planck scale (~ 10735m).
While significant technical details remain to be worked out, some desirable results have
come out of the thoery. For instance, cosmological [2, 3] and black hole [4, 5, 6] solutions in

LQG have been shown to exhibit singularity avoidance, an important test for any potential
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theory of quantum gravity.

Over the last decade or so, a new quantization procedure known as polymerization has
developed. In LQG, fundamental excitations turn out to be one-dimensional (rather like
polymers) with three-dimensional space arising from a dense packing of discrete units viewed
at macroscopic scales [7]. Polymerization is the analog of LQG in pure quantum mechanics,
where a classically continuous space coordinate is quantized by allowing it to take on only a
discrete set of values.

The equations involved in dynamical gravitational systems are frequently difficult to
work with. Situations arise where an analytical solution cannot be found, or the solution is
tedious and of an iterative nature, making for an insurmountable task by paper and pen. In
these cases, computational methods often prove to be a useful tool, especially considering
the natural way in which discrete systems may be written into code.

In this thesis we work with two separate Hamiltonian systems: a particle in the 1/r?
potential, and a massless scalar field in a spherically symmetric gravitational potential. In
chapter 1 we apply polymer quantization as a method of singularity avoidance in the 1/r?
potential. In chapter 2, we explore black hole formation from the gravitational collapse of a
massless scalar field in Painlevé-Gullstrand [8, 9] coordinates, notable for being regular across
horizons. PG coordinates therefore allow us to continue beyond initial horizon formation
(where other models tend to fail) and to see the black hole interior during evolution (which
has not been done in any prior model) until the onset of singularity formation. We study
this model both classically and in the presence of quantum corrections motivated by the
polymer quantization in chapter 1. Computational methods prove invaluable for solving the
equations in both chapters. A number of fascinating results emerge, the most dramatic being

the disappearance of classical singularities.



Chapter 1

1/r? Potential

1.1 Introduction

A successful theory of quantum gravity is expected to provide a clear and unambiguous
solution to the problems associated with the curvature singularities predicted by classical
general relativity. This expectation is natural since quantum mechanics is known to cure
classical singularities in other contexts, such as the hydrogen atom.

In recent years there has been much work suggesting that LQG [10] may indeed resolve
gravitational singularities at least in the case of symmetry-reduced models, such as spatially
homogeneous [2] and inhomogeneous [3] cosmologies and spherically symmetric black holes
[4, 5, 6]. Given the simplifications that these models entail, it is pertinent to ask which
features of the LQG quantization scheme are crucial to the observed singularity resolution.

There are two distinct, but related, features of the LQG quantization program that appear
to play a role in achieving singularity resolution. The first is the fundamental discreteness
that underlies LQG due to its focus on holonomies of connections and associated graphs em-

bedded in a spatial manifold [11]. An analogous approach in a purely quantum mechanical
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context is so-called polymer quantization [12, 13], in which the Hamiltonian dynamics oc-
cur on a discrete spatial lattice and the basic observables are the operators associated with
location on the lattice and translation between lattice points. Polymer quantization pro-
vides a quantization scheme that is mathematically and physically distinct from Schrodinger
quantization.

The second apparently key ingredient in the LQG singularity resolution mechanism is the
regularization of the singular terms in the Hamiltonian using a trick first introduced in this
context by Thiemann [11]. The regularization is achieved by first writing a classical inverse
triad as the (singular) Poisson bracket of classical phase space functions whose quantum
counterparts are known, and then defining the inverse triad operator as the commutator
of these quantum counterparts. When applied to simple models this procedure gives rise
to quantum operators with bounded spectra. The singularity is therefore kinematically
“removed” from the spectra of relevant physical operators, such as the inverse scale factor.

One question that arises concerns the role or perhaps the necessity of the Thiemann
trick in singularity resolution in LQG. Recall that in the case of the hydrogen atom the
singularity resolution is achieved by defining self-adjoint operators in a Hilbert space. This
requires a careful choice of boundary conditions on the wave function [14] but does not
require modification of the singular 1/r potential. An example more relevant to quantum
gravity is the reduced Schrodinger quantization of the “throat dynamics” of the Schwarzschild
interior, which on imposition of suitable boundary conditions produced a discrete, bounded-
from-below spectrum for the black hole mass [15].

Polymer quantization of the hydrogen atom was recently examined in [16], retaining only
the s-wave (spherically symmetric) sector and regularizing the 1/r potential in a way that lets
r take values on the whole real axis. The choice of symmetric versus antisymmetric boundary

conditions at the singularity was found to have a signficant effect on the ground state even
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after the singularity itself had been regularized. In particular, in the limit of small lattice
separation the ground state eigenenergy showed evidence of convergence towards the ground
state energy of the conventionally-quantized Schrodinger theory only for the antisymmetric
boundary condition.

In this chapter, we perform a similar polymer quantization of the more singular 1/r?
potential. When the potential is regularized, we shall find that the choice of the boundary
condition again has a significant effect on the lowest-lying eigenenergies. However, we shall
also find that the polymer theory with the antisymmetric boundary condition is well defined
even without regularizing the potential, and with this boundary condition the regularized
and unregularized potentials yield closely similar spectra. The boundary condition at the
singularity is hence not only a central piece of input in polymer quantization, but it can even
provide, along with the modification to the kinetic term, the pivotal singularity avoidance
mechanism. While this is expected from general arguments that we will make explicit later
on, it is interesting and reassuring to see the mechanism work in the special case of the
1/r? potential, whose degree of divergence is just at the threshold where a conventional
Schrodinger quantization will necessarily result into a spectrum that is unbounded below.
The polymer treatment of this system is thus turning a Hamiltonian that is unbounded
below into one that has a well-defined ground state.

The 1/r? potential is interesting in its own right: it has a classical scale invariance that is
broken by the quantum theory. In addition, this potential appears frequently in black hole
physics, for example in the near horizon and near singularity behaviour of the quasinormal
mode potential [17, 18], in the near horizon behaviour of scalar field propagation [19] and
in the Hamiltonian constraint in Painlevé-Gullstrand coordinates [20]. It may therefore
conceivably be of direct relevance to quantum gravity. There is a substantial literature on

Schrodinger quantization of this potential in Lo (R, ) (see for example [21, 22, 23, 24, 25, 26,
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27] and the references in [28]), but we are not aware of previous work on polymer quantization
of this potential.

The notation Ls(R, m(r)dr) defines the conditions met by the set of functions defining
a Hilbert space. These functions are square-integrable (indicated by the subscript 2) with a
positive-valued weight function m(r) over the real line (indicated by R). The inner product

is defined in this case as

(Y1, 109) = /OO m(r)%ﬂzdr. (1.1.1)

—o00
It is possible, though not common in physics, to consider other spaces of functions which
are not square-integrable. Also, we may generalize to other limits of integration such as
the semi-positive real line R,. In some applications Hilbert spaces may be separated into
sectors. For example, we may separate functions that satisfy symmetric boundary conditions

from those which satisfy antisymmetric boundary conditions.

1.2 Schrodinger Quantization

We consider the classical Hamiltonian

A
H=p"-=

5 (1.2.1)

where the phase space is (r,p) with 7 > 0 and A € R is a constant. We shall take , p and A
all dimensionless, and on quantization set h = 1. If physical dimensions are restored, r and
p will be expressed in terms of a single length scale but A remains dimensionless. That the
coupling constant is dimensionless is the speciality of a scale invariant potential.
Quantization of H (1.2.1) is of course subject to the usual ambiguities. In particular, if

one views H as an effective Hamiltonian that comes from a higher-dimensional configuration
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space via symmetry reduction, with r being a radial configuration variable, the appropriate
Hilbert space may be Lo(Ry;m(r)dr). If for example m(r) = r*, where a € R, then the

ordering

ﬁ:_(a2+aa> A (1.2.2)

o2 ror) 2
makes the quantum Hamiltonian H symmetric. If the wave function in Ly(Ry;m(r)dr) is
denoted by 1, we may map v to 1; € Ly(Ry;dr) by 12(7") = r%%)(r), and H is then mapped

in Ly(R,;dr) to the Hamiltonian

= 0? A
7 e —— 1.2.
or2  r2’ (1.2.3)
where
~ a/a
A;A—E(ﬁ—g. (1.2.4)

We shall consider any such mappings to have been done and take the quantum Hamiltonian

to be simply
0? A

M=%

(1.2.5)

acting in the Hilbert space Lo(R,;dr).

To guarantee that the time evolution generated by H (1.2.5) is unitary, H must be
specified as a self-adjoint operator on Ly(R;dr) [29]. A comprehensive analysis of how to
do this was given in [23] (see also [21, 22, 24, 25, 26, 27]). We shall review the results of [23]
in a way that displays the spectrum explicitly for all the qualitatively different ranges of \.

Before proceeding, we mention that several recent quantizations of the 1/r? potential first
regularize the potential using various renormalization techniques [24, 25, 26]. In particular,
when the spectrum of a self-adjoint extension is unbounded below, these renormalization

techniques need not lead to an equivalent quantum theory [27]. We shall here discuss only
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the self-adjoint extensions.
To begin, recall [29] that the deficiency indices of H are found by considering normalizable

solutions to the eigenvalue equation
Hy = +inh. (1.2.6)
If we make the substitutions 1) — /rw and 4ir? — 22, this reduces to Bessel’s equation:
2°— + i + (2 = K)w =0, (1.2.7)

where k? = 1/4 — A\. As in [30], we use J and Y to denote Bessel functions of the first
and second kind respectively. The normalizable solutions to (1.2.6) are linear combinations
of /7J+.(v/£ir) when & is not an integer. When & is an integer, the linearly independant
solutions are /rJ,(v/Fir) and /rY,(v/=Eir). Since no normalizable solutions to (1.2.6)
exist for A\ < —3/4, there is a unique self-adjoint extension H in this range of . For
A > —3/4, one family of normalizable linear combinations exists for each sign in (1.2.6),
giving deficiency indices of (1,1). This implies that the solutions are paramatrized by an
arbitrary phase. A boundary condition at r = 0 is needed to select this phase and make H

self-adjoint. Physically, this boundary condition will ensure that no probability is flowing

in/out at r = 0.

1.2.1 A>1/4

For A > 1/4, we write A = 1/4 + o2 with a > 0.
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For E' > 0, the linearly independent solutions to the eigenvalue equation
Hy = Ey (1.2.8)

are /7 Jria(VE1). These oscillate infinitely many times as 7 — 0. To find the boundary

condition, we consider the linear combinations
Yp(r) =1 |[ePE72 L (VEr) + e P EY2 ] (VET)|, (1.2.9)

where 3 is a parameter that a priori could depend on E. As g is periodic in § with
period 27, and as replacing 3 by 3 + 7 multiplies ¥y by —1, we may understand [ periodic
with period 7. For concreteness, we could choose for example 5 € [0, 7).

For the probability flux through » = 0 to vanish, we need

8t/dr Yy — 0 asr — 0 (1.2.10)

for all £ and E’, where the overline denotes the complex conjugate. Using the Schrodinger

equation, this boils down to the requirement
Vg O — gy Opbg — 0 as r — 0. (1.2.11)

Using the small argument asymptotic form (equation (9.1.7) in [30])

(2/2)"

JV(Z) - F(V—i— 1)

as z — 0, (1.2.12)
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we find
Vg 0 p — Y Obg = 4a|C*sin(B — ') asr — 0 (1.2.13)

where the constant
1

= m (1.2.14)
This requires sin(f — 3') = 0, and hence § must be independent of E. The choice of the
phase 3 specifies the boundary condition at the origin.

To find the eigenvalues, we consider the solutions to (1.2.8). For E' > 0, the solutions are

\/?Jim(\/ﬁr), but these are not normalizable on Lo(R,;dr). For E < 0, the substitutions

b — /rw and —Er? — 2? put (1.2.8) into the form of the modified Bessel equation:
P t2— — (P+a’)w=0. (1.2.15)

Two linearly independant solutions are given by /7 I;o(vV—E 1) and /1 K;o(vV/—E 1), where
I ad K are modified Bessel functions of the first and second kind respectively. The only
normalizable solutions are /1 K;,(v/—F r). These solutions must satisfy at » — 0 the same

boundary condition as ¥z (1.2.9). Using C' as defined above, and also defining

—T

D= _——— 1.2.1
2sinh(ar)’ ( 6)
the small r form of the solution for £ > 0 is
Vpso = VrD (Cre” + Cre ) . (1.2.17)

The small argument asymptotic form needed for the £ < 0 solutions (equations (9.6.2) and



1.2 Schrédinger Quantization 9

(9.6.7) in [30]) is

™ { (/2™ (2/2)"
r

o+l T+ 1)} as z — 0. (1.2.18)

This gives

2o

Yo =D [—Crm(—E)%a +57”m(—E)7] . (1.2.19)

Since Yo must satisfy the same boundary condition as ©¥g~g, we compare the square of

these functions and find the eigenvalues to be
E, = Eyexp(—2mn/a), n € Z, (1.2.20)

where

Ey = —exp|(26 + 7)/a]. (1.2.21)

This spectrum is an infinite tower, with F,, — 0_ as n — oo and F,, —» —oc0 as n — —o0.
The spectrum is unbounded from below.

We note that Schrédinger quantization of a regulated form of the potential yields a semi-
infinite tower of states that is similar to (1.2.20) as n — oo but has a ground state [25]. The

energy of the ground state goes to —oo when the regulator is removed.
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1.2.2 A=1/4

For A = 1/4, the solutions to the eigenvalue equation (1.2.8) for E > 0 are /7 Jo(vEr) and

3

(1.2.22)

V7 Yo(VE ). We consider the linear combinations

Ve(r) = r {(cos ﬁ)Jg(\/Er) + (sin 3)

gYQ(\/ET) —In (\/EzeV) Jo(VET)

where v is Euler’s constant and [ is again a parameter that may be understood periodic
with period 7 and could a priori depend on E. As above, we find that 3 must be a constant
independent of F and its value determines the boundary condition at the origin.
Normalizable solutions to (1.2.8) exist only for £ < 0. They are /7 Ko(v/—FEr), and
they must satisfy the same boundary condition as ¥g (1.2.22) at r — 0. Using the small

argument expansion of K (equations (9.6.12) and (9.6.13) in [30])

Ko(z) = - [ln (%) +7] Io(z) + (Zl'!z; - (1 - %) ((‘1;22 + (1 - % + %) ((‘1;22 +oee
(1.2.23)
where
() =14 15 4 (12222 + (1223 . (1.2.24)

(12 (2
we find that for § = 0 there are no normalizable states, while for 0 < 3 < 7 there is exactly

one normalizable state, with the energy

Ey = —4exp(—27v + 2cot 3). (1.2.25)

1.2.3 -3/4<A<1/4

For —3/4 < A < 1/4, we write A = 1/4 — v? with 0 < v < 1.
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The solutions to the eigenvalue equation (1.2.8) for E > 0 are /7 J+, (v Er). Considering

the linear combinations
Yp(r) == /r |[(cos BYET2T,(VET) + (sinﬁ)E”/QJ,,,(\/Er)] : (1.2.26)

we find as above that 3 is a constant, understood periodic with period 7, and its value
specifies the boundary condition at the origin.

Normalizable solutions to (1.2.8) exist only for E < 0. They are \/r K, (v/—E r) and must
satisfy the same boundary condition as ¥g (1.2.26) at » — 0. Using the small argument
asymptotic form of K, [30], we find that there are no normalizable states for 0 < g < /2,

while for 7/2 < 3 < 7 there is exactly one normalizable state, with the energy
Ey = —(—cot B)". (1.2.27)

We note that in the special case of a free particle, A = 0, the Bessel functions reduce to

trigonometric and exponential functions.

1.2.4 )< —3/4

For A < —3/4, we write A = 1/4 — 12 with v > 1. H is now essentially self-adjoint (there are
no free parameters to be specified). Any prospective normalizable solution to (1.2.8) would
need to have F < 0 and take the form +/r K, (v/—FE r), but since now v > 1, these solutions

are not normalizable and hence do not exist.
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1.3 Polymer Quantization

In this section we develop the polymer quantization of the 1/r? potential We proceed as
n [16], briefly reiterating the main steps for completeness.

It is necessary to extend the r coordinate to negative values with the replacement r —
x € R in order to use finite difference schemes at the origin. This will allow us to introduce
at the origin both a symmetric boundary condition (with the regulated potential developed
in subsection 1.3.2) and an antisymmetric boundary condition.

The polymer Hilbert space on the full real line is spanned by the basis states

1, ==z
Yo () = (1.3.1)
0, x# xg
with the inner product
(%«, wx’) = 5x,ac’; (132)

where the object on the right hand side is the Kronecker delta. The position operator acts

by multiplication as

(@) (z) = 2y (z). (1.3.3)

Defining a momentum operator takes more care. Consider the translation operator U , which

acts as

(Uu) () = Pl + p). (1.3.4)

In ordinary Schrédinger quantization we would have (A]M = eP. Following [12], we hence
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define the momentum operator and its square as

5= T
P = ﬁ(Uﬁ - Uz), (1.3.5a)
~ 1 N
P = F(Q - U, - U}, (1.3.5b)
where i :== /2. We may thus write the polymer Hamiltonian as
]/—\Ipol = fpol + ‘//\;301 > (136)
where
~ 1 S
pol — E(2 - U,u - UM)’ (137&)
EN A
‘/pol = _ﬁ- (137b)

Considering the action of & and l/]\w we see that the dynamics generated by (1.3.6)
separates the polymer Hilbert space into an infinite number of superselection sectors, each
having support on a regular p-spaced lattice {A+nu | n € Z}. The choice of {A |0 < A < u}
picks the sector. Since we wish to study singularity resolution, we concentrate on the A =0
sector, which we expect the singularity of the potential to affect most. We shall discuss the

regularization of \71301 at this singularity in subsection 1.3.2.

1.3.1 Semiclassical Polymer Theory

Before analyzing the full polymer quantum theory, we examine the semiclassical polymer
spectrum using the Bohr-Sommerfeld quantization condition.

Following [2, 5, 6], we take the classical limit of the polymer Hamiltonian (1.3.6) by
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keeping the polymerization scale u fixed and making the replacement U , — € where p is
the classical momentum. Note that this is different from the continuum limit in which p goes
to zero and the quantum theory is expected to be equivalent to Schrédinger quantization
[31].

We assume A > 0. It follows, as will be verified below, that the classical polymer orbits
never reach the origin, and we may hence assume the configuration variable x to be positive
and revert to the symbol r. The classical polymer Hamiltonian takes thus the form

o
Hyo = Smﬂ# - T—AQ (1.3.8)
Note that H,o reduces to the classical non-polymerized Hamiltonian (1.2.1) in the limit
n— 0.

A first observation is that the kinetic term in H,, is non-negative and bounded above

by 1/i?*. Denoting the time-independent value of H, on a classical solution by E, it follows

that F is bounded above by

1
E < Bpax = = (1.3.9)
[
Looking into the dynamics, we find
.2 _
& = — cos(fip) sin(up), (1.3.10)
[

indicating possible turning points where either the cosine or the sine term are zero. For

E > 0, the only (real) turning point is

N2 1/2
- <1 _223) _ (1.3.11)
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and the solution is a scattering solution, with r — oo as t — +oo. For £ < 0 we find an

)\ 1/2
ry = E s (1312)

additional turning point:

and the solution is a bound solution, with r oscillating periodically between r, and r_. Note
that r, is independent of zi, and the outer turning point in fact coincides with the turning
point of the non-polymerized classical theory.

The classical polymer solutions are thus qualitatively similar to the classical non-polymerized
solutions at large r, both for £ > 0 and for £ < 0. What is different is that the polymer
energy is bounded from above, and more importantly that the polymer solutions bounce at
r = r_. In this sense the classical polymer theory has resolved the singularity at » = 0. The
resolution depends on the polymerization scale: for fixed E, r_ = /]\/X[l + O(z?)] — 0 as
it — 0, and for fixed fi, r_ — jiv/A as E — 0.

As the E < 0 solutions are periodic, we can use the Bohr-Sommerfeld quantization con-
dition to estimate the semiclassical quantum spectrum. A subtlety here is that semiclassical
estimates already in ordinary Schrodinger quantization with a 1/r? term involve a shift in
the coefficient of this term [32]. Anticipating a similar shift here, we look at the Bohr-
Sommerfeld quantization condition with A replaced by Aeg, and we will then determine Aog
by comparison with the Schrodinger quantization.

For a classical solution with given F, formula (1.3.8) implies (with A replaced by Aef)

ﬂv )\eﬁ

Vi (ip) — 2B

r (1.3.13)
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Taking E < 0, the phase space integral J(E) := f rdp over a full cycle is hence

J(E) = j{rdp

™/ (20) i d
fidp _
=2v/ A / P=Yy/1
Yoo nlG) - B =l
w/2 dy
= 2\/hr / .
! o +/sin’(y) — i2E
. QV)\eff /2 dy
VI=EE i (- p2E) ™ cosi(y)
2 )\eff —2 —1/2
- Y2 K ((1-paE : 1.3.14
e K (a-7E)) (13.14)

where K is the complete elliptic integral of the first kind [33]. In the limit g?F — 0, the
expansion (8.113.3) in [33] yields

J(E) = 2Dt {m (H\;‘I—_E) +O (@@)} . (1.3.15)

The Bohr-Sommerfeld quantization condition now states that the eigenenergies of the highly
excited states are given asymptotically by J(E) = 27n, where n > 1 is an integer. By (1.3.15),

this gives the asymptotic eigenenergies

E, = —%exp(—?wn/\//\eff), n — oo. (1.3.16)

The Bohr-Sommerfeld estimate (1.3.16) agrees with the spectrum (1.2.20) obtained from

conventional Schrodinger quantization for A > 1/4, provided Aeg = A — }1 and we choose in
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(1.2.20) the self-adjoint extension for which

8= —g +aln(d/i) (mod ). (1.3.17)

The shift Aeg = A — i is exactly that which arises in ordinary Schrodinger quantization of
potentials that include a 1/7? term: the reason there is the matching of the small r behaviour
of the exact eigenstates to the WKB approximation. For a lucid analysis of this phenomenon
in the quasinormal mode context, see the discussion between equations (23) and (28) in [32].
Note, however, that in our system the Bohr-Sommerfeld condition cannot be applied directly

to the unpolymerized theory, since J(E) (1.3.14) diverges as i — 0.

1.3.2 Full Quantum Polymer Theory

We now return to the full polymer quantum theory, with the Hamiltonian (1.3.6) and A € R.

We write the basis states in Dirac notation as |mpu), where m € Z. Writing a state in this
basis as ¢ = Y ¢p, |mpu), it follows from (1.3.2) that the inner product reads (@/J(l), w(z)) =
mecg). The Hilbert space is thus Ly(Z). It will be useful to decompose this Hilbert
space as the direct sum Lo(Z) = L5(Z) @ L5(Z), where the states in the symmetric sector
L5(Z) satisty ¢, = c_,, and the states in the antisymmetric sector L§(Z) satisty ¢,, = —c_p,.

The action of fpol (1.3.7a) reads

fpol (Z Cm ‘mﬂ>> = %Z (2¢m — Cmt1 — Cm—1) M) (1.3.18)

m

A~

Tl is clearly a manifestly symmetric, bounded operator on Ly(Z). An explicit solution of

the eigenvalue equation T polt) = E1), given in equation (1.3.32) below, shows that there are

A~

no normalizable solutions with E = +i. T}, is hence essentially self-adjoint ([34], Theorem
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X.2). It is also positive, since <¢,fpol¢> = |py|* > 0 for any 9 # 0.
The action of ‘A/pol (1.3.7b) reads

= A
Vool (Z Cm |m,u)> = — Z frole, (mpu), (1.3.19)

where

1
ol .__
frol = —. (1.3.20)

As (1.3.19) is ill-defined on any state for which ¢, # 0, Vpol is not a densely-defined operator
on Ly(Z). We consider two ways to handle this singularity.

The first way is to regulate V.o explicitly. For z € R\ {0} we can write

sgn(z) _ 2d(\/W) 1.3.21
Ve — (1.3.21)

and on our lattice this can be implemented as a finite difference expression. It is important

to use central rather than forward or backward differences; forward differences do not work
well for dynamics moving in from behind, and the opposite case is problematic for backward

differences. The central difference derivative is given by

gn() - i (\/|37m+1’ - \/|xm—1|) +0(i?). (1.3.22)

Vel

We hence define the regulated polymer version of sgn(z)/+/|z| by dropping the Q(u?) term

in (1.3.22), and we define the regulated polymer potential V™8 by raising this to the fourth

pol

power,

A - i4 (\/|xm+1| - \/|xm—1|>4' (1.3.23)
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The action of the regularized potential is

i rre A re
Vool (Z Cm |mu>> = _?meg Cm | ML) (1.3.24)

m

where

Fros = <\/’mT1| _ m){ (1.3.25)

~

Vior is clearly a bounded essentially self-adjoint operator on Ly(Z), and its operator norm is

A/ (p?).

The regulated polymer Hamiltonian can now be defined by

~ A~

H™8 =T + V™8 (1.3.26)

pol — pol *

It follows by the Kato-Rellich theorem ([34], Theorem X.12) that ]TI;E% is essentially self-

~

adjoint on Ly(Z) and bounded below by —4|A|/(412). Further, both T, and Vool leave L5(Z)
and L§(Z) invariant, and their boundedness and self-adjointness properties mentioned above
hold also for their restrictions to L§(Z) and L3(Z). Tt follows that f];ff restricts to both
L5(Z) and L%(Z) as a self-adjoint operator bounded below by —4|A|/(1?). We denote both
of these restrictions by ﬁ;‘%, leaving the the domain to be understood from the context.
The second way to handle the singularity of \7p01 (1.3.19) is to restrict at the outset to the

antisymmetric subspace L§(Z), where XA/pol is essentially self-adjoint and its operator norm is

IAl/(p?). Tt follows as above that the unregulated polymer Hamiltonian
Hpot = Tyot + Vi (1.3.27)

on L3(Z) is essentially self-adjoint and bounded below by —|[\|/(u?).



1.3 Polymer Quantization 20

Two comments are in order. First, H,, can be written in terms of operators as

. 1 4
Hhes = 5 —(2-0, -0 - (U NEe Ug\/HU#) . (1.3.28)

The potential in (1.3.28) can hence be viewed as arising from the substitution

S%) UT{\/_U} o {M,Ug,}, (1.3.29)

in place of (1.3.21), where U, = €' is the classical function corresponding to the quantum
translation operator. Similarly to Thiemann’s regularization of inverse triad operators in
loop quantum gravity [11], the right hand side of this equation becomes regular upon the re-
placement of classical functions and Poisson brackets with their quantum counterparts. Note
that (1.3.29) is symmetric by definition, which corresponds to the use of central differences
n (1.3.22).

Second, the regulated potential vanishes at the origin but is greater in absolute value
than the unregulated potential for |m| > 1. However, the difference is significant only for
the lowest few |m|, and the two potentials quickly converge as |m| — oo (see Fig. 1.1). The

regulated and unregulated potentials hence differ significantly only near the singularity.

1.3.3 Eigenstates and the Numerical Method

We are now ready to look for the eigenstates of the Hamiltonian. Writing the eigenstate

as ¥ = Y cp|mpu) and denoting the eigenvalue by E, the regulated eigenvalue equation

reg

H g = Ev and the unregulated eigenvalue equation Hp01¢ E+ both give a recursion



1.3 Polymer Quantization 21

-100-
200

-300

-41()()j

]
i
:
1
3
i
!
i
i
1

50006 01 02 03 04 05

X

Figure 1.1: The solid (red) line is the regulated —1/x? potential (A = 1, u = 0.1). The
dashed (blue) line is the unregulated potential.

relation that takes the form

Crm (2 — ’E — )\fm) = Cmi1 + Cm_1, (1.3.30)

where f,, = f* (1.3.25) for the regulated potential and f,,, = fP°! (1.3.20) for the unregu-
lated potential. Note that the polymerization scale p enters this recursion relation only in
the combination p?E, whether or not the potential is regulated. This is a direct consequence
of the scale invariance of the potential.

From now on, we take A > 0 and E < 0.

We use the “shooting method” that was applied in [16] to the polymerized 1/|x| potential.
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For large |m/|, (1.3.30) is approximated by
¢m (2= 1PE) = Copg1 + Gt (1.3.31)

The linearly independent solutions to (1.3.31) are

2B 2E\?
Cm = 1—“T+\/(1—“T> 1] . (1.3.32)

The upper (respectively lower) sign gives coefficients that increase (decrease) exponentially

as m — oo. We can therefore use (1.3.32) with the lower sign to set the initial conditions at
large positive m [35].

To set up the shooting problem, we choose a value for ;?E and begin with some mg >

A

21E to find ¢, and ¢;,,—1 using the approximation (1.3.32). We then iterate downwards

with (1.3.30). In the antisymmetric sector, we stop the iteration at ¢y and shoot for values
of u?E for which ¢y = 0. This shooting problem is well defined both for the unregulated
potential (1.3.19) and for the regulated potential (1.3.24), since the computation of ¢y via
(1.3.30) does not require evaluation of f,, at m = 0. In the symmetric sector, we stop at
the iteration at c_; and shoot for values of y2E for which c_; = ¢;. As the computation
of ¢_; requires evaluation of f,, at m = 0, the symmetric sector is well defined only for the

regulated potential.

1.4 Results

We shall now compare the spectra of full polymer quantization, Bohr-Sommerfeld polymer

quantization and ordinary Schrédinger quantization. We are particularly interested in the
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sensitivity of the results to the choice of the symmetric versus the antisymmetric sector.
First of all, we find that when the potential is regulated, the choice of the symmetric versus
antisymmetric boundary condition in the full polymer quantum theory has no significant
qualitative effect for sufficiently large A, the only difference being slightly lower eigenvalues
for the symmetric boundary condition. The lowest five eigenvalues in the two sectors are
shown in Table 1.1 for A = 2. This is in a sharp contrast with what was found in [16] for the
1/r potential, where the symmetric sector contained a low-lying eigenvalue that appeared to

tend to —oo as the polymerization scale was decreased.

antisymmetric | symmetric
Ey -6.14 -6.37

Ey| —235-107% | —2.43-1072
Ey | —2.03-107* | —2.10-1074
Ez| —-1.76-107% | —1.82-10°°
Ey| —152-107% | —1.57-1078

Table 1.1: The lowest five eigenvalues of the regulated potential with antisymmetric and
symmetric boundary conditions (A = 2, = 1).

Another key feature is that for sufficiently large A there is indeed a negative energy
ground state. For 3 < A <4, the plots of the lowest eigenvalues as a function of A in Fig. 1.2
show that the analytic lower bound obtained in subsection 1.3.2 is accurate within a factor
of 1.2 for the regulated potential in the antisymmetric sector and within a factor of two for
the unregulated potential.

Figure 1.2 also indicates that the lowest eigenvalues converge towards zero as \ decreases,
for both the unregulated and regulated potentials, with the unregulated eigenvalues reaching
zero slightly before the regulated. Near E,, = 0 the relationship is quadratic in A while the
plots straighten out to a linear relationship for larger .

The numerics become slow as the energies are close to zero. We were unable to inves-
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Figure 1.2: The lowest two energy levels as a function of \.

tigate systematically whether bound states exist for A < 1/4, and in particular to make a
comparison with the single bound state that occurs in Schrodinger quantization with certain
self-adjoint extensions. For A slightly below 1/4, we do find one bound state, but we do not
know whether the absence of further bound states is a genuine property of the system of an
artifact of insufficient computational power. This would be worthy of further investigation.
The eigenvalues show a similar dependence on A for both regulated and unregulated poten-
tials, with the energies for the regulated potential being lower than those for the unregulated
version as one would expect from comparing the potentials as in Fig. 1.1.

For A > 1/4, we find that the eigenvalues F,, depend on n exponentially, except for the
lowest few eigenvalues (n = 0,1). The coefficient in the exponent is in close agreement with
the exact Schrédinger spectrum (1.2.20) and with the Bohr-Sommerfeld polymer spectrum
(1.3.16) with Aeg = A — 1/4. Representative spectra are shown as semi-log plots in Fig. 1.3,
where the linear fit is computed using only the points with n > 2. By matching the linear

fit to the Schrodinger spectrum (1.2.20) and reading off the self-adjointness parameter (3,



1.4 Results 25

we can determine the self-adjoint extension of the Schrodinger Hamiltonian that matches
the polymer theory for the highly-excited states. The results shown in Fig. 1.4 indicate
that the self-adjoint parameter 8 depends linearly on the coupling parameter «, and the
slope in this relation is within 10 per cent of the slope obtained from the Bohr-Sommerfeld

estimate (1.3.17), In8 ~ 2.0794 (for p =1, p=1/2).
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0 2 4 6 8 10 0 2 4 6 8 10
5 5
0 ™ 0 i
-5 5T
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(a) The unregulated potential with antisym- (b) The regulated potential with antisym-
metric boundary conditions. metric boundary conditions.

Figure 1.3: In(—p2E,) vs. n with linear fits (R* = 1).

Finally, our numerical eigenvalues E, are in excellent agreement with the analytic ap-
proximation scheme of [20], provided this scheme is understood as the limit of large A with
fixed n. If the numerical results shown in Fig. 1.3 are indicative of the complementary limit
of large n with fixed A, they show that the approximation scheme of [20] does not extend to

this limit.
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Figure 1.4: Plots of 3 vs. a for =1 with a linear fit (R? = 1).

1.5 Conclusions

We have compared Schrodinger and polymer quantizations of the 1/r? potential on the pos-
itive real line. The broad conclusion is that these quantization schemes are in excellent
agreement for the highly-excited states and differ significantly only for the low-lying states.
In particular, the polymer spectrum is bounded below, whereas the Schrodinger spectrum
is known to be unbounded below when the coefficient of the potential term is sufficiently
negative. We also find that the Bohr-Sommerfeld semiclassical quantization condition re-
produces correctly the distribution of the highly-excited polymer eigenvalues. At some level
this agreement is not surprising, since one expects that for any mathematically consistent
quantization scheme, in some appropriate large n, semiclassical limit, the spectra should
agree. For antisymmetric boundary conditions both Schrodinger and regulated and unregu-
lated polymer quantizations obey the criteria, so it is perhaps not surprising that they agree

at least for energies close to zero. It is somewhat surprising that they agree so well for low
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n (where "low” is in the context of the polymer spectra which are bounded below).

A central conceptual point was the regularization of the classical r = 0 singularity in
the polymer theory. We did this first by explicitly regulating the potential, using a finite
differencing scheme that mimics the Thiemann trick used with the inverse triad operators
in LQG [11]: this method allows a choice of either symmetric or antisymmetric boundary
conditions at the origin. We then observed, as prevously noted in [20], that the singularity
can alternatively be handled by leaving the potential unchanged but just imposing the an-
tisymmetric boundary condition at the origin. The numerics showed that all three of these
options gave very similar spectra, and the agreement was excellent for the highly-excited
states.

To what extent is the agreement of these three regularization options specific to the
1/7? potential? Consider the polymer quantization of the Coulomb potential, —1/r. When
the Coulomb potential is explicitly regulated, it was shown in [16] that the choice between
the symmetric and antisymmetric boundary conditions makes a significant difference for the
ground state energy. We have now computed numerically the lowest five eigenenergies for
the unregulated —1/r potential with the antisymmetric boundary condition, with the results
shown in Table 1.2. Comparison with the results in [16] shows that the regularization of
the potential makes no significant difference with the antisymmetric boundary condition.
As noted in [16], for sufficiently small lattice spacing the antisymmetric boundary condition
spectrum tends to that which is obtained in Schrodinger quantization with the conventional
hydrogen s-wave boundary condition [14].

We conclude that in polymer quantization of certain singular potentials, a suitably-chosen
boundary condition suffices to produce a well-defined and arguably physically acceptable
quantum theory, without the need to explicitly modify the classical potential near its singu-

larity: the antisymmetric boundary condition effectively removes the » = 0 eigenstate from
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E,
-0.250
-0.0625
-0.0278
-0.157
-0.0100

= W = O3

Table 1.2: Lowest five eigenvalues of the unregulated Coulomb potential with the antisym-
metric boundary condition (A =1, = 0.1).

the domain of the operator 1/r? by requiring ¢y = 0 in the basis state expansion Y, = ¢,,|mpu).
A similar observation has been made previously in polymer quantization of a class of cosmo-
logical models, as a way to obtain singularity avoidance without recourse to the Thiemann
trick [36, 37], and related discussion of the self-adjointness of polymer Hamiltonians arising
in the cosmological context has been given in [38]. While we are not aware of a way to relate
our system, with the —1/r? potential and no Hamiltonian constraints, directly to a specific
cosmological model, it is nonetheless reassuring that the various techniques we have used in

this case for dealing with the singularity all lead to quantitatively similar spectra.



Chapter 2

Dynamical Black Holes

2.1 Introduction

Black holes are one of the most interesting solutions to Einstein’s field equations. They
demonstrate in various ways the incompleteness of our classical understanding of gravity
and provide hints toward developing a quantum theory. The relevant issues are the endpoint
of Hawking radiation, the breakdown of general relativity at curvature singularities and the
microscopic source of black hole entropy. Given the lack of experimental guidance, black
holes provide a vital testing ground for new ideas in quantum gravity. Despite a great deal
of analytic and numerical work, relatively little is known about the dynamics of black hole
formation since the equations for collapsing matter fields tend to be very difficult to work
with.

In this chapter we develop a mathematical model of black hole formation from the collapse
of a massless scalar field in spherical symmetry. We use a system of coordinates developed
independantly by Painlevé [8] and Gullstrand [9]. The key distinguishing feature of PG

coordinates is that they are regular across apparent horizons where other coordinates tend



2.1 Introduction 30

to be problematic. In principal, this allows for a representation of the entire spacetime
without having to patch different coordinate systems together.

Black holes are usually described in terms of a singularity and an event horizon. However,
a spacetime that begins with a singularity is not useful for describing black hole formation.
Furthermore, event horizons are teleological; the entire spacetime must be known before
these horizons can be located. Since the traditional framework is relevant only for eternal
black holes and is incapable of descibing formation and evolution, a new paradigm in terms
of trapping horizons is becoming increasingly popular for working with dynamical systems.

Within a given time slice, apparent horizons are locations where “outward” moving null
geodesics are stationary. These horizons depend on the choice of spacetime slicings. They
are dynamical; as mass within a system moves around, the apparent horizons may also move.
This is in constrast to event horizons which are stationary, defined in the limit of time going
to infinity (after all of the mass that will ever fall into the black hole has done so) as the point
where outward moving null geodesics stand still. Take for example the (classical) Vaidya
solution of dynamical black hole formation illustrated in Fig 2.1. An initial outer apparent
horizon forms at some radius, moving outward until it coincides with the event horizon just
as all of the mass has entered the black hole.

A two-dimensional trapping horizon in spacetime is mapped out by the path of the
apparent horizons. We explore this new description of black holes by taking advantage of
the PG coordinate system to run the code beyond initial horizon formation. We study the
evolution of apparent horizons and generate spacetime diagrams and animations of dynamical
black holes in terms of trapping horizons.

The system of equations we develop does not possess an analytical solution. To get past
this hurdle, we have created a computer code which employs numerical methods to obtain

solutions. Due to our choice of coordinates, we are able to simulate black hole formation
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Figure 2.1: Spacetime diagram of the Vaidya solution of black hole formation illustrating the
apparent horizons and event horizon. The spacetime is divided into three distinct regions: I)
mass is collapsing inward, the density is insufficient for black hole formation; II) a black hole
forms, the outer apparent horizon grows until it coincides with the event horizon just as the
entire mass has fallen within, a singularity forms when the inner horizon reaches the origin;
IIT) the black hole appears stationary to an exterior observer, though mass may continue
moving around within the interior.

from initial scalar field data and watch the evolution of apparent horizons until the onset of
singularity formation.

We first of all study the critical behaviour of the classical system. This topic has been
studied in depth by a number of authors and provides several concrete tests for our code.
All previous studies have used either Schwarzschild or null coordinates; ours is the first to
use the PG system. We are able to accurately produce the expected results and also uncover
some unexpected new behaviour resulting from our coordinate choice.

Having demonstrated that our code accurately produces the expected classical behaviour,

we then add loop quantum gravity (LQG) motivated corrections which simulate the effects of
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a discrete spacetime. Remarkably, we find the quantum system to exhibit two very important
predictions of quantum gravity: singularity avoidance and a non-zero lower limit on black

hole mass (a “mass gap”).

2.2 Critical Behaviour

There are two possible outcomes for the gravitational collapse of an initial mass distribution:
black hole formation or matter dispersion. Solutions that lead to black hole formation are
called supercritical, while those that lead to matter dispersion and a flat spacetime are called
subcritical. The critical solution in the zero mass limit terminates in finite proper time for a
central observer.

The study of critical phenomena in gravitational collapse involves solutions in the near-
critical regime. Pioneered by Choptuik [39] in the early 1990’s, this topic has become an
entire field of research and is a large subject in its own right (for an in-depth review see [40]).
Here we consider only the properties that are relevant to this work.

The critical solution plays the role of an intermediate attractor in the phase space spanned
by the parameters used to define the initial spacetime. For example, one parameter might
correspond to the central location of the mass distribution while another could determine
the initial momentum of the mass. The phase space dimension corresponds to the number of
freely specifiable parameters, and each point corresponds to a spacetime. Within the phase
space lies a critical solution hypersurface on which every point leads toward the intermedi-
ate attractor. Away from the critical surface, points on one side evolve toward black hole
formation while points on the other side lead toward matter dispersion. Points very near
the critical surface are initially attracted toward the critical solution, but are eventually

repelled to either a black hole solution or the flat space fixed point. The closer a solution
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is to criticallity, the more time it will spend near the intermediate attractor before being
repelled. See Fig. 2.2 for an illustration.
In the case of massless scalar fields, the critical solution exhibits discrete self similarity

(DSS) described in terms of a generic set of field variables by

Z.(r,t) = Z.(e™r, emA ), (2.2.1)

where Z, is the critical solution, r is the area radius, t is the time coordinate, m > 0 is
an integer and A is a dimensionless real number. To explain this phenomena more clearly,
consider the profiles of the critical solution field variables frozen in time at ty. After a certain
amount of time dt elapses, the same profiles will be found on a scale that is smaller by a
factor of e2. After an additional time 6¢/e® has passed, the same profile will again be found
on a scale that is e?* times smaller than at ¢y. This gives rise to the more descriptive name
for DSS in gravitational collapse, scale echoing.

The existence of the intermediate attractor gives rise to scaling relationships for near
critical solutions. For any one parameter family of data in the limit of small black holes one

finds a mass scaling relation:

In (Mpg) ~~yIn|p —p| + f(In]p — p.|), (2.2.2)

where Mppy is the black hole mass on formation, ~ is a real parameter referred to as the
critical exponent, f(In|p — p.|) is a periodic function, p is any parameter in the initial data
and p, is the threshold value of that parameter that separates the data into supercritical

and subcritical categories. T'wo separate analytical studies ([40], [41]) have shown that DSS
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black hole p=-p

solutions

Figure 2.2: Phase space diagram of the collapse solutions. The wide ring in the centre of
the critical hypersurface represents the limit cycle of the critical solution. The lines with
arrows represent time evolutions of initial data. The line without arrows is a one-parameter
(labeled p) family of initial data defined such that p = p, is the critical solution, p > p.
is supercritical and p < p, is subcritical. Notice the time evolution of the critical solution
(black line with arrow) evolves to the limit cycle. The supercritical initial point (blue line
with arrow) is attracted to the limit cycle for some time before being repelled to a black hole
solution, while the subcritical initial point (red line with arrow) is also attracted to the limit
cycle but is repelled to the flat space fixed point. (Lines are dashed where they are behind
the critical hypersurface from the illustration perspective.)
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results in the period of f(In|p — p.|) being

T = A/27. (2.2.3)

Note that f(In|p—ps|) is often referred to as a “small oscillation” or “wiggle”, but its explicit
functional form must be determined numerically [40].

Garfinkle and Duncan have shown that a similar scaling relation exists for the maximum
curvature in subcritical solutions [42]. For any one parameter family of data in the barely

subcritical limit one finds:

In (MAX, {R(r =0)}) ~ —2yIn|p — p.| + g(In|p — p.|), (2.2.4)

where R(r = 0) is the Ricci scalar at the origin and g(In|p — p.|) is a periodic component,
again with period 7. The notation MAX; refers to the maximum found over all values of
t. This relation is similar to that of mass scaling, except for the factor in front of In |p — p.|
being —2v rather than ~. This derives from mass having units of length whereas the Ricci
scalar has units of 1/length?.

The third aspect of critical collapse we note here is universality. DSS and critical scaling
have been observed in the gravitational collapse of many different types of fields. The
constants v and A are determined by the properties of the critical solution and are therefore
universal: they vary for different kinds of matter but are independent of the form of initial
data and the parameter in that initial data that is varied. Numerical and semi-analytical
calculations for the massless scalar field have given v ~ 0.37 and A ~ 3.4 [39, 40, 41, 43,
44, 45]. In previous calculations, all done in Schwarzschild or double null coordinates, the

functions f and g were well approximated by a small amplitude sine function with period
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The dynamical system that we wish to study is that of a collapsing spherically symmetric,

massless scalar field in four spacetime dimensions. It turns out to be convenient to express

these equations in a somewhat non-traditional parameterization, using the formalism of 2d

dilaton gravity (see [46] for a general review of dilaton gravity and [47] for applications to

black holes). In addition to providing a relatively simple form for the evolution equations in

four dimensions, the formalism is generally applicable to a variety of spherically symmetric

theories in four or more dimensions [45]. We will describe the formalism in some detail

because the gauge fixing is a crucial part of our analysis. We begin by stating the classical

action and defining a metric. We then perform a canonical transformation and fix the gauge

to yield dynamical equations for the scalar field in PG coordinates.

We write the action for a massless scalar field ) coupled to a dilaton field ¢ in 2d as

S[g7¢7¢] - SG[ga gb] + SM[r(/)aga ¢]7

where the gravity action is

1

Selono] = 55, [ deat v=3 (om0 + ).

and the matter action is

Sult.9.6 = ;5 [ ddty=gh(o)| Vv

(2.3.1)

(2.3.2)

(2.3.3)
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G is Newton’s consant in 2d, ¢ is the metric determinant, R(g) is the Ricci scalar and h(¢)
is the dilaton coupling.
The relationship of this action to spherically symmetric gravity in D = n + 2 dimensions

is given as follows. The physical D metric is:

2 ds? 2 2
dSphys = M +7r (gﬁ)de (234)

where d)2 is the line element of the unit n-sphere and

o
@)= [ dov () (2.3.5)
0
With the further substitutions
167G 2p
26 = 8(n — 1)’ (2:3.6)
n r\"
¢ = m<7> ) (2.3.7)
1/n
V(g) = (n—1) (ﬁ) ¢, (2.3.8)
h(g) = W¢=(g>n, (2.3.9)

W o= Vo, (2.3.10)

the dilaton action (2.3.1) is (up to boundary terms) precisely equal to that of a spherically
symmetric massless scalar field J minimally coupled to Einstein gravity in D spacetime
dimensions:

1 1 ~
70) _ _/de,/_gw)R(D) _ 5/dDgﬁ/_g<D>|v¢|2, (2.3.11)

- 167GD)
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In the context of spherically symmetric gravity, performing the dimensional reduction in the
action before varying yields the same dynamics as imposing spherical symmetry in the field
equations themselves.

In order to make our coordinate choice explicit and rigorous, we present the Hamiltonian
analysis for the theory. We use a metric in modified ADM (Arnowitt-Deser-Misner) form
48]

ds* = e* (—o?dt* + (dz + Ndt)?), (2.3.12)

where p, 0 and N are arbitrary functions of the spacetime coordinates. The lapse (o) and
shift (/V) functions turn out to be Lagrange multipliers which give rise to constraints.
The two actions may be worked on separately to find the momenta. First, working with

Se to find 114 and II,, the Ricci scalar is found to be:

2 .
R = ——362p<ap’N—de’—o"N’+<'7,é+apN'+02p’0’—20Np’N’
o

—0'Nrho+ o'N?*p' + o' NN' + 20N/ + oN'

—op+o’p" +o*c" —aN?p" — a(N')* — UNN”) ; (2.3.13)

where the primes denote differentiation with respect to x, and the dots signify time differen-
tials. We substitute this into (2.3.2) and use integration by parts to work out the Lagrangian.

Ignoring surface terms, we find

Voe?r

l2

1
LG = dl‘|:

2/. ) i
== + = o'N +¢'Np+ ¢N' — ¢p
2G o

—¢'N?p — ¢/ NN' + o*¢'p' — 50" )] : (2.3.14)
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Taking the necessary functional derivatives of L¢, we find the momenta:

m, — % (PN + N —p), (2.3.15)
I
0, = — (¢ N - ¢> . (2.3.16)

Now, we must work on the matter action to find II,. Working from (2.3.3), we find the

matter Lagrangian to be

L= [ do 0c”h(@) ("7 + 200" + g (") . (23.17)

Taking the functional derivative with respect to ¢, we find

I, = @(d} — N¢). (2.3.18)

Substituting momenta for velocities, it is now possible to form the Hamiltonian in terms

of conjugate momenta and positions. We find
H= /d:c (0G+ NF)+ Hp, (2.3.19)

where Hp are the boundary terms that are required to make the variational principal well
defined. These will not have any affect on the equations of motion and can be fixed to satisfy

boundary conditions. G is the Hamiltonian constraint:

e V(9)
2G 12

QZM—GILJIF)—

e + G, (2.3.20)
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where

_ L "2
Gn = 5 (h(d)) + () (W) ) (2.3.21)

is the energy density of the scalar field. The Hamiltonian constraint will give us the physical
laws of the system. The diffeomorphism constraint F puts a requirement on the phase space
variables given by:

JT = pIHp — H:) + ¢/H¢ + wlnw. (2322)

G and F are primary constraints, and are first class with each other (they have a Poisson
bracket equal to zero).

For future reference, note that the linear combination,

G = le*¢'G +1Ge * 11, F

B R i ) 2GTI, 1)
= M +5e™9 (w +h(e) (W) + #) : (2.3.23)

yields a new Hamiltonian constraint in terms of the mass function,

l

M=5a

(6_2’) [(GIL,)? — (¢)?] + ]g—f)) . (2.3.24)

M is called the mass function because it approaches a constant at spatial infinity where it
is equal to the ADM mass of the solution.
The next step is to fix the gauge freedom with appropriate conditions. The first gauge

choice is

X =7j(¢) —1¢' =0, (2.3.25)

where we use ~ 0 to mean weakly equal to zero (using constraints after all Poisson brackets

have been found).
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It is necessary for a gauge choice to be second class with at least one of the primary

constraints. Using smearing functions a(x), b(x) which vanish on the boundary, we find

{x(a), F(b)} = /da: bj (o) (a’ + %?a) , (2.3.26)

which is non-zero, defining xy to be second class with F. Using the formalism of Dirac
brackets, we are able to set second class constraints strongly equal to zero and use these to
reduce the Hamiltonian. Taking x as a strong identity removes ¢ and Il from the dynamics,
and implies that our spatial coordinate is the radius of invariant two spheres. Because the
remaining phase space variables (p, I1,, ¢, II,) all commute with x, the Dirac brackets for
these variables are the same as the Poisson brackets, and we can continue working with the
more simple Poisson brackets.

Requiring this gauge fix to be preserved in time, i.e.
X=1{x,H}=0, (2.3.27)
yields a consistency condition on the lapse and shift functions,
oGIl, = N¢/, (2.3.28)

which we will use to substitute for /N in favour of o.

The equations are put in a more transparent form using the canonical transformation:

X = ¢, (2.3.29)

P = e *GIL,. (2.3.30)
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P is then conjugate to X with their Poisson bracket being

{X(2), P(y)} = Go(z,y). (2.3.31)

Choosing the boundary term to make the variational principal well defined at the boundary;,

we find the resulting Hamiltonian to be

H(X, P, 1L,) = /dr aC—l—/dr (j();j/\/l)/ (2.3.32)

where

X, XPYTL
¢ = (M gt BTG ) (23.53)
M = ZZG <p2 (f(l +%) (2.3.34)
Gm = %( ’)2). (2.3.35)

We now completely fix the gauge by choosing

(=X —/j(¢) ~0. (2.3.36)

This condition is second class with the remaining constraint C, as evident by the non-zero

Poisson bracket:

{¢(a),C(b)} = / dz 2la (%/XP + bqp’nw) . (2.3.37)

Similarly to our first gauge choice, we may therefore use ( as a strong identity to further
reduce the Hamiltonian, so long as we use Dirac brackets in finding the equations of motion.

X and P become purely kinematical, and the remaining phase space variables (¢ and I1;)
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commute with ¢ so that the Dirac brackets are equivalent to the Poisson brackets.

Notice that (2.3.36) along with (2.3.34) and (2.3.25) imply

P? = ?M. (2.3.38)

We will subsequently use M rather than P in our equations since it is more familiar in black
hole physics.

The gauge used here produces the non-static generalization of PG coordinates, as can be
seen by using (2.3.28) and the gauge conditions to reduce the line element to the spatially
flat form [50]:

2
ds® = j(¢) | —o2dt® + (dr+ 2§;($ladt> . (2.3.39)

More importantly, the spatial slices will be seen to be regular across apparent horizons that
form during the evolution.
We are now able to write the equations of motion for the scalar field in fully reduced

form:

D IV2GM/lY Ty
Y = ( i) +h(¢)>, (2.3.40)

. 2aMi, \ |
iy = o (n(@p+ V2EMMIL (2:3.41)
V(o)
where M and o are the solutions to
2 l
M =Gy + W, 2GMI (2.3.42)

J(e)
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Gil
o = GW o (2.3.43)

V2GMIj(9)
The right hand side of (2.3.42) defines the instantaneous mass density of the configuration.
It has the expected contribution from the energy density of the scalar and an additional
coupling term that corresponds to the contribution from its self gravity. Note that these

equations are invariant under the rescaling:
t—kt, r—kr, 1—kl, ¢—v, I, — k', (2.3.44)

meaning that no intrinsic scale exists classically.

The above equations need to be supplemented by boundary conditions for M and o.
Without loss of generality we choose o(t,r = 0) = 1. A change in this value corresponds to
a trivial rescaling of the time coordinate. We also fix M(¢,r = 0) = 0, which guarantees
that the metric is flat in the neighbourhood of the origin. In fact, a non-zero value of M at
the origin signals the formation of a singularity, so that this boundary condition would have
to be relaxed/modified in order to integrate the equations past singularity formation.

In this paper we work exclusively in four dimensions, so we have n = 2. This sets

¢ = r*/(4l?); (2.3.45)

i(9) = Vé=r/2; (2.3.46)

ho) = 46 =1/ (2.3.47)

For convenience we choose 2G = 1, which from Eq.(2.3.6) corresponds to choosing the

characteristic length scale [ to be I, = VG®.
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2.4 Computational Methods

Computational methods! are used to solve the equations of motion. The framework of these
calculations will consist of a grid of the spacetime coordinates. The integration methods we
employ will need only enough memory for a single time slice. Arrays are used to represent
the r-lattice and the values of the fields at each time slice. The fields are calculated anew
after each time step, while the r-lattice remains fixed throughout the evolution.

The most interesting behaviour occurs as matter approaches the origin on ever finer
scales. In order to observe this small r behaviour while keeping a large enough lattice to
contain all of the mass within the system (numerical errors occur when mass leaves the grid),
we refine the r-spacing Ar(r) near the origin so that it is several orders of magnitude smaller
than the spacing near the outer endpoint. We define the first point 7o = 0 and step away
in small increments for some distance, covering the region of interest with a finely spaced
lattice. The step size then gradually increases until it reaches some maximum coarse size
capable of handling the dynamics. The endpoint extends far enough to maintain all of the
mass within the system. The lattice remains fixed throughout the evolution.

After defining the r-lattice, we specify initial ¢ and II, configurations. We work with

two forms:

, (2.4.1)

1 = Atanh (T _BTO), (2.4.2)

where A, B and 7y are the parameters which may be varied to study critical collapse. We

shall refer to these two forms of initial data as gaussian and tanh respectively. For both

IThe code was written in c+-+.
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cases we define an initial standing wave by choosing II,,(r,0) = 0. Note that since the initial
mass density depends on ¢, the tanh form has one mass peak while the gaussian data has
two.

We use an adaptive time step At(t) refinement according to the minimum found across

the spacial slice using the condition

dt
At(t) = MIN, {d—Ar(r)} , (2.4.3)
r
where % is the inverse of the local speed of an ingoing null geodesic. This provides stability

by preventing information from moving over too many r-points in a single time step. Having
At proportional to Ar greatly increases computational times for finer r-spacing, placing a
practical lower limit on the size of black holes that we are able to create. However, this is
not a significant concern as we are able to work on small enough scales to produce critical
mass scaling.

Both time and space integrations are performed using Runge-Kutta methods accurate to
fourth order in the local grid spacing. To step forward with respect to some variable z, we

need the fields y defined at some initial z5. We denote the total derivatives of the fields

s dy;
; = . 2.4.4
A step forward Az is taken using
Az 5
yi(z + Az) = y;(2) + — [Ai(2) + 2By(2) 4+ 2Ci(z) + Dy(2)] + O (AZ°), (2.4.5)

6
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where

Ai(z) = fi(z,9) (2.4.6)
Bi(z) = (z+ %ff(z)); (2.4.7)
Ci(z) = ( 72 7+ A;é(z)); (2.4.8)
Di(z) = z+Az 7+ AC(z )) (2.4.9)

Note that Az may be different at each step, as is the case in our code.

We use three-point? central finite differences® to calculate the spatial derivatives, switch-
ing to forward differences at the origin and backward differences at the outer end point.
With three points, the accuracy is up to second order in the local spacing, although it is
third order where the spacing is uniform due to a cancellation in the second order term. The

first order derivative is given by

dy\ _ hi + hiqa ‘
0z j B —hihi—y + hihir + hi_1hioy — hipihiy vint

+ fima & i ”i (2.4.10)
—hiv1hi—1 + hihi—y — hihy + il

—hipihion + hilioy + higihivn — hihia Yirt:

2Since our lattice spacing tends to increase when moving away from the origin, information used from
points on the right side can be from further away than information collected from points on the left. Trying
to increase the finite difference accuracy by using data from more points is unsuccessful since the problem
of lopsidedness worsens, making the code unstable.

3We also experimented with cubic splines finding the same qualitative behaviour as for finite differences,
which gives some indication of reliability. In the end we chose to use finite differences exclusively since they
require less computational time.
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and the second order derivative by

’y\ 2
022 j ~ \=hihit + hihigy + himihioy — hipihiy Yt

- 2 | (2.4.11)
(=his1hi—1 + hihi—q — hihy + hihigq vi o

2
- i1
<_hi+1hi—1 + hihi—1 + higihig — hihi—i—l) Yl

Here, the lattice points are labelled by 7. The notation is capable of describing forward,
backward and central differences. We set j = i everywhere, except at the inner and outer
endpoints where j = ¢ — 1,7 + 1 respectively. The lattice spacings are labelled such that
hi =1r; —r;.

In studying the critical behaviour, critical parameters were found to an accuracy of
dp/p ~ 1071 using a binary search. We tried a variety of grid resolutions with r-spacings?
near the origin ranging from 107% to 1073, which in turn affects the ¢-spacings. Convergence
of our code is apparent since the results were not affected by increasing the resolution beyond
1072 as long as the black hole size on formation was sufficiently large enough compared to
the grid size. Thus further decreases in grid size merely allowed us to continue the runs
closer to criticality. To ensure the stability of our code, we monitor the ADM mass for each

run and find it to remain constant within ~ 0.03%.

4Since the system is scale invariant, we introduce ry as a measure and give values for the resolution in
terms of A(r)/ro.
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The following is a basic overview of the code:
a. define r; and Ar(r);

b. define initial ¢ and Il on 7;;

c. begin loop (

i. find ¢, ¢" and IT);, using finite differences;

ii. solve for M and ¢ across r; using Runge-Kutta methods;
iii. calculate and output items of interest;
iv. determine the size of the next time step using (2.4.3);

v. integrate ¥ and Hw forward in time with Runge-Kutta methods;

d. ) end loop.

2.5 Quantum Corrections

This model presents an excellent venue for observing the effects of quantum gravity on black
hole formation and evolution. A general consensus among theories of quantum gravity is
that spacetime should be discrete. In this section we introduce a quantum length scale to
simulate a discrete space time and use this factor in modifying the classical equations of
motion.

Since a quantum theory must preclude divergences, we look to modify terms deriving
from the potential which may become infinite at the origin. Recall that j(¢(r)) = r/2[ is
defined as the integral of the potential. Looking at (2.3.40-2.3.43), we see that each equation

has a divergent term with a \/j(¢) in the denominator. Note that the coupling h(¢(r)) = r?
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is also found in some denominators, but these terms are kinematical and in fact do not
diverge.

Recall from Chapter 1 that it is necessary to extend the positive semidefinite r coordinate
across the real line to € R\ {0} in order to use central finite differences as in (1.3.21).

Using a slightly different notation here, we write

Vsl de " ’

where g is the quantum length scale. This may be generalized to a variable lattice spac-

sgn(z) Qd(\/m) Vg +ul =Vl — 4l +O(?) (2.5.1)

ing p(r) which yields a more complicated form with the same qualitative properties. It is
important to remember that this correction may be derived from LQG principles.
Now, consider a function that diverges at x = 0 similarily to the terms we wish to modify

in the equations of motion:

funreg(flf) = —. (252)

]
We obtain a regulated version of this function by squaring the right hand side of (2.5.1) and

dropping the O(y?) terms:

1

Freg(x) = (V’“L“’ - \/‘x_’”) . (2.5.3)

This regulated version has a cusp at x = p where the derivative w.r.t. z is discontinuous.
As in [51], we instead use a smoothed function that has the same qualitative features as f,,:
it is nearly equal to funreq for > p, it has a maximum at x = g and it is equal to zero at
xz=0.
L -(2)°
fsmooth(x> = m |:1 — € \# ] . (254)
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Figure 2.3: A comparison of funreg(7), freg(r) and fsmootn(r).

Since the equations of motion depend on r > 0 (rather than x) we revert to the radial

coordinate. See Fig. 2.3 for a comparison of funreg, freg and fomoorn in this domain. The

quantum correction to the equations of motion is the replacement
(2.5.5)

-V 21fsmooth(r>-

J(r)

in each of (2.3.40-2.3.43).
These corrections effectively add a repulsive component to the gravitational potential very
near the origin. This is consistent with the LQG prediction that the underlying discreteness
at the quantum level will give rise to a short range repulsion in the semiclassical limit. Note

that p also introduces a length measure into this classically scale-invariant system.
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2.6 Results

2.6.1 Classical Black Holes

Since our coordinates are regular across apparent horizons, we are able to evolve well be-
yond initial black hole formation up to the point when a singularity begins to form and our
boundary conditions at the origin are no longer valid. The spacetime diagrams of classical
black hole formation and evolution in Fig. 2.4 provide a neat description of dynamical black
holes in terms of trapping horizons. A more dramatic illustration is given by the animations
available for viewing at http://theoryzh. uwinnipeg.ca/users/jziprick/. These movies corre-
spond to the spacetime maps in Fig. 2.4, showing the mass density profile and location
of apparent horizons (vertical red lines) during black hole formation. Note that while the
animations of classical collapse show a negative mass density in some regions just prior to

singularity formation, the ADM mass at infinity remains constant.

I \\ )
| \\ ;l
| P |
Ny \
5 \ I 0 /l
= g \
g= \ B
\ |/ !
space space
(a) tanh initial data (b) gaussian initial data

Figure 2.4: Diagrams of the classical spacetime for the collapsing massless scalar field using
radius for the space axis and PG time for the time axis. The solid black lines are null
geodesics and the dashed red lines indicate the trapping surface boundary.
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We note that apparent horizons form in pairs within constant PG time slices. This is to

be expected from looking at the function

AH = |A¢? (2.6.1)

— r—2GM, (2.6.2)

which is equal to zero at apparent horizons. Initially AH is positive across the r-axis;
minima begin to form as mass collapses inward. Black hole formation is signalled by the
appearance of a single horizon (rj,) where the function first dips to zero. This horizon splits
into two as the minimum drops below zero; the outer horizon (r,,) continues to grow as
mass passes through it while the inner horizon moves toward the origin. The singularity
forms when the inner horizon reaches the origin, at which point the code terminates. The
outer horizon remains stationary once it has reached its maximum radius; it cannot decrease
because the scalar field obeys the standard energy conditions. Depending upon the initial
mass distribution, subsequent horizon pairs may form as shown in Fig. 2.4(b) which depicts
the evolution of gaussian initial data. The horizon paths define a two dimensional trapping
surface in spacetime within which all null geodesics point toward the origin, as expected in
theory [52].

In our study of the critical behaviour, we varied the parameters A, B, and rq in the
gaussian form of initial data, and A in the tanh form. The critical values were found to an
accuracy of dp/p ~ 1071 using a binary search. We tried a variety of grid resolutions with -
spacings near the origin ranging from 1075 to 1072, which in turn affects the t-spacings. The
accuracy was roughly equal in all cases where black hole size was not significantly affected
by the resolution (when 7, > Ar(ry)). However, finer grids allowed for data to be found

for lower values of In(p — p,) thus showing critical scaling over a wider range of a given
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parameter.

To demonstrate scale echoing, we present a plot of the scalar field at » = 0 as a function
of 7 = In(t, — t) for the nearest solution to criticality that was numerically achieved using
an r-spacing near the origin of 107°. ¢, is the time of black hole formation in the critical
solution given by the value approached asymptotically in the small mass limit. Since we set
o(t,r = 0) = 1 as a boundary condition, ¢ is equivalent to the proper time at the origin.
(1,7 = 0) is seen to be periodic in 7 with a period of A = 3.43+0.06 found by averaging over
the two oscillations between the minima at 7 ~ —2.5 and —9.3, with an error determined by

the uncertainty in t,. This result is in good agreement with the accepted value of A ~ 3.44.

2

'
(o8]

In(1)

Figure 2.5: A plot of the scalar field at the origin versus 7 illustrating scale echoing in the
critical classical solution. The r-spacing used in generating this data was 107> near the
origin.

Table 2.1 lists the critical exponent and period found for various lattice resolutions and
families of initial data using both the mass and maximum curvature scaling relations. Our

results in all cases are seen to agree with the accepted values of v ~ 0.374 and T ~ 4.6.
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2.6 Results
form of resolution
type of . parameter
. initial . near y T
scaling varied .
data origin
curvature | gaussian A 107° 0.376 & 0.004 | 4.60 4 0.02
curvature | gaussian A 10~ 0.377 £0.006 | 4.63 £+ 0.05
mass gaussian A 107° 0.3754+0.004 | 4.6+0.1
mass gaussian A 1074 0.3744£0.004 | 4.440.2
mass gaussian B 10~ 0.376 = 0.006 | 4.4+0.2
mass gaussian o 1074 0.377 £0.005 | 4.440.2
mass tanh A 1074 0.37140.004 | 4.54+0.1

Table 2.1: The critical exponent and period of the classical mass scaling curve for various
initial data and mesh resolutions.

In studying the maximum subcritical curvature scaling behaviour classically, we deter-

mine the Ricci scalar R from the stress-energy tensor using the Einstein field equations. The

stress-energy tensor is defined as

0

2
9

- -
T;w = VM/JVM@ - ig;u/

where J is the 4D scalar field. With the field equations,

1
R, — 5g,wR = 87GWT,,,

we determine the Ricci scalar in terms of the 2D scalar field variables:

R = _gtt¢2 + 2gtr¢w/ - grr(w/)Z
112
= i - (’l//)z'

This form is simple to work with and allows for fast computation.

(2.6.3)

(2.6.4)

(2.6.5)

(2.6.6)

A plot of the maximum subcritical curvature scaling behaviour is given in figure 2.6(a).
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~v was determined using a least squares linear fit over the points where the solution is seen
to follow the intermediate attractor. The error quoted indicates how this value changes
depending on the range of points chosen®. Figure 2.6(b) shows the residual left after sub-
tracting the linear fit from the data. The period and associated error (at 95% confidence)
were determined by fitting a sinusoidal function to the residual.

Next we look at the supercritcal mass scaling behaviour. In Fig. 2.7 we present the data
found using a grid spacing of Ar/ry = 107" near the origin. Comparing this with Fig. 2.8
found with Ar/ry = 107° near the origin, one sees that the critical behaviour is followed
over more periods with the finer grid since the solutions are able to exhibit Choptuik scaling
down to lower values of In [p — p.|.

On each of these supercritical plots we have drawn a line that osculates the peaks of the
curves. The values of v were determined using a least squares linear fit through the data
points that are very near this line (within ~ 5 % of Mpy). The error quoted represents
the variance depending upon the choice of points. The periods are found by averaging the
distance between the cusp-like valleys, with the error representing the uncertainty in locating
the cusps. The data used in these calcultions consisted of the two periods corresponding
to the lowest range of the parameter that produced black holes such that the size was not
significantly affected by lattice resolution (for example, the periods between In |A— A, | ~ —9
and —18 in figure 2.8 were used to calculate the values given in the third row of table 2.1).

Previous studies of critical collapse (done in either Schwarzschild or null coordinates)
have shown both scaling relationships to be a slight oscillation about a straight line that

is well approximated by a sine function. While this is confirmed by our results for the

5Note that the standard deviation of the slope given by the linear fit is not used for the error since the
data is known to oscillate. The standard deviation would be non-zero even with “perfect” data. However,
the error as found by comparing values when choosing different points turns out to be the same order of
magnitude as the standard deviation.
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In[MAX{R(x=0)}] =
-0.7523 InjA-Ad] + 2.6499

In[MAX {R(r=0)}]

IO
[
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(a) Curvature scaling with linear fit.

residual

-22.5 -20.5 -18.5 -16.5 -14.5 -12.5 -10.5 -8.5 -6.5
InjA-A,|

(b) Residual plot with sinusoidal fit. The flat bottoms of the peri-
odic component were also observed in [42] and [56].

Figure 2.6: The subcritical maximum curvature scaling relation using the classical equations.
The parameter A in gaussian initial data is varied, and Ar/ry = 107° near the origin. The
residual is found by subtracting the data in Fig. 2.6(a) from the linear fit.

(coordinate invariant) subcritical maximum curvature scaling, it is clearly not the case for
our (coordinate dependant) supercritical mass scaling results where we find a periodic form
with relatively large amplitude and a distinctly different functional form. Considering that
our results agree with the known parameters of Choptuik scaling for varied initial data
and mesh resolutions, and that our new-found periodic form is universal within the class of

coordinate systems that we are using, it is unlikely that this periodic form is a numerical
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Figure 2.7: Plots of the classical mass scaling behaviour with Ar/ry = 107* near the origin.

artifact.

2.6.2 Quantum Black Holes

Having examined classical black hole formation and evolution, it was of great interest to look

at this process using the quantum corrected equations of motion. Remarkably, the spacetime
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In(Mgu)

In|A-A,|

Figure 2.8: A plot of the supercritical mass scaling behaviour using the classical equations.
The parameter A was varied in gaussian initial data with Ar/rg = 1075 near the origin.

diagrams modelling quantum black holes in Fig. 2.9 clearly illustrate singularity avoidance.
Animations® of the mass density time evolution corresponding to Fig. 2.9 are available at
hitp:/ /theoryzs.uwinnipeg.ca/users/jziprick/ .

In both cases inner and outer apparent horizons appear at some initial PG time and
then separate as the inner horizon moves inward. Between the two horizons exist trapped
surfaces on which all null rays move inward. As the inner horizon nears the quantum length
scale it begins to slow down, eventually bouncing and moving outward without ever reaching
the origin. Near the bounce, the mass density takes on negative values. This leads to mass
loss and causes the outer horizon to shrink until it meets the inner horizon in annihilation,
leaving behind a small shell of strictly positive mass density that expands and disperses. The
amount of mass lost during this non-conservative “evaporation” phase seems numerically to
be arbitrarily small for horizons forming in the quantum region which evaporate very soon

after formation (for p/ronmaez ~ 1). For larger black holes (p/7onmaz ~ 1/5) we observed

6The ordinate in these animations is rescaled at each frame in order to keep the entire mass density in
the plotted range.
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Figure 2.9: Diagrams of the quantum spacetime for the collapsing massless scalar field using
radius for the space axis and PG time for the time axis. The solid black lines are null
geodesics and the dashed red lines indicate the trapping surface boundary.
mass losses of 80%, and higher values are likely possible. One can speculate that the quantum
corrected collapse of macroscopic black holes would also leave microscopic shells with radii
of order .

According to Einstein’s field equations, the energy density measured by an observer at

constant r is
M’

Amr2’

p (2.6.7)

The negative mass density near the quantum bounce thus implies a violation of the null and
dominant energy conditions inside the black hole. Such violations are also expected [54] in
the presence of Hawking radiation.

For a time after the outer horizon reaches its maximum and before it starts moving
inward, the spacetime appears from the exterior to be that of a static black hole. The

amount of time that the outer horizon remains stationary depends upon the distance the
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mass has to travel from r = r,;, down to the quantum region near r ~ u. The shape of the
mass distribution is also a factor since even for r,, > pu, the outer horizon may continue to
grow until the onset of evaporation if the infalling mass is spread out over a distance of the
same magnitude or greater than r.,. By adjusting the initial mass distribution and g, the
lifetime of the seemingly classical black hole can be made arbitrarily large or small. Notice
the outer horizon in Fig. 2.9(b) reaches a maximum and stays constant for a much longer
time than the outer horizon in Fig. 2.9(a).

In the study by Hayward [55], a small length parameter was used to effectively preclude
singularity formation. A Vaidya-like region with positive ingoing energy flux was matched
to a stationary black hole spacetime to model black hole formation. After an arbitrary
“time” given by the null coordinate v, a Vaidya-like region with negative ingoing energy
flux was matched to the stationary black hole to model evaporation. The negative energy
flux was balanced by outgoing Hawking radiation in order to conserve energy. This scenario
bears a striking similarity to the black hole evolution produced by our numerical simulations,
suggesting that the disappearing mass in our system is in some sense being radiated away,
despite the fact that we have not included Hawking radiation directly. The key point in
our analysis is that the quantum correction contains a repulsive core that prevents the inner
horizon from reaching the origin so that the singularity cannot form. The subtle (non-local)
interplay between the microscopic behaviour of the potential and the dynamics of the outer
horizon, accompanied by violations of the energy conditions, results in acausal behavior of
the semiclassical system. Moreover, since some of the mass that went into the black hole
is left behind to disperse after “evaporation”, our semiclassical scenario has more than one
feature relevant to the ultimate resolution of the information loss paradox.

The quantum mass scaling results for a range of p values are given in Fig. 2.10. The new

feature here is a change in the critical parameter (which we refer to as p,.) that is dependant
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upon the choice of quantum length scale pu. Note that for very small u < Ar(0), as is the
case for p = 1071, the system is numerically identical to the classical case. For larger u
(though still small enough to allow for black holes near enough to criticality) the solutions
exhibit critical scaling for some range of p > p,. and come to an abrupt stop at p = pg.,
below which no black holes form. This is the mass gap predicted by quantum gravity [53],
and recently found [51] using a numerical model in null coordinates with similar corrections
to those used here. It is interesting that in PG coordinates a large p,. does not necessarily
correspond to a larger mass for this value of the parameter due to the non-monotonic, large

amplitude oscillations.

L+ u=107-10 = p=0.0005 p=0.001 = u=0.005 0 u=0.01 = p=0.05

<>

In(MgH)

=12

In|A-A.|

Figure 2.10: A plot of the supercritical mass scaling behaviour with quantum corrections.
The parameter A in tanh initial data was varied on a mesh with Ar = 10~* near the origin.
Each curve corresponds to a different choice of the quantum length scale p.

Remarkably, we find a quantum power scaling relation near criticality with a universal
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exponent:

Por =k, <%)6 + ., (2.6.8)

where p, is the classical critical parameter, k, is a family dependant constant, [ is the length
parameter required for proper units and 3 is a universal constant. This was verified for both
forms of initial data with the two choices of the parameter p = A, B/l. The results are

presented in Fig. 2.11.

R % 5 4 ) . 8 b 6 5 4 P
WAL -AJ=22933 ) + 31504 . | InfAge - A = 22701 In(u/l) +2.1363
R*=0.9978 s 6 R*=0.9981
-8 -
-7 4
z s < 10+
£ 5 £
] =
410 127
11 4
14 4
-12 4
13 =16
In(p/1) In(p/1)
(a) Variation in the parameter A in tanh ini- (b) Variation in the parameter A in gaussian
tial data. The linear fit yields 8 = 2.29+0.04 initial data. The linear fit yields § = 2.27 +
with 95% confidence. 0.03 with 95% confidence.

Figure 2.11: Each point on these plots is found by setting the quantum length scale u,
then using a binary search to find the critical value of one of the paramters p,,, a rather
tedious process. Due to the length of time required to gather this data, the binary search
accuracy was reduced to Op/p = 1077 for these plots. The regions where the curves deviate
from linearity are for parameter ranges causing black hole formation near one of the cusps
in the mass scaling behaviour, where the system is very sensitive to small changes in the
parameter. While the resolution used here in finding p,. allowed for good linear fits in a
reasonable amount of computation time, improving the accuracy of the binary search would
likely produce data that follows the line more closely.
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2.7 Conclusion

We have derived a set of equations describing the gravitational collapse of a massless scalar
field in spherically symmetric coordinates that are regular across apparent horizons. A nu-
merical code was developed to solve these equations providing the means to study black hole
formation and evolution in this setting. We showed explicitly that apparent horizons form
in pairs with the number of pairs depending on the complexity of initial data. The inner
horizon of classical collapse reaches the origin at the onset of singularity formation. LQG
suggests that the underlying discreteness at the quantum level will give rise in the semiclassi-
cal limit to an effective short range repulsive component to the gravitational potential which
in turn can lead to singularity avoidance [57, 58]. Our results agree with this prediction.
We incorporated LQG motivated corrections and observed the inner horizon to “bounce”
near the quantum length scale, while the outer horizon moves inward due to black hole mass
loss. Ultimately, the inner and outer horizons annihilate leaving behind an outward mov-
ing spherical shell of mass that disperses to inifinity, a feature that may be relevant to the
resolution of the information loss paradox. Although many questions remain, our analysis
provides tantalizing support for singularity avoidance in dynamical black hole formation.
In our study of classical Choptuik scaling, we found the (coordinate invariant) curvature
scaling to show the same form as in previous studies, while the (coordinate dependant)
mass scaling relation revealed an interesting large amplitude component to the oscillations.
According to Gundlach [40] the function f that determines the oscillations is universal.
However, the location and time of formation of the initial apparent horizon can depend on
the choice of spacetime slicing. Ours is the first calculation in PG coordinates. These are
non-static coordinates for which data are specified on spacelike surfaces that are regular

across future horizons. These unique features of PG coordinates are undoubtedly at the root
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of the new periodic form in the mass scaling relationship. It is therefore of great interest to
continue the near critical evolution past initial horizon formation in order to study explicitly
the scaling relation of the final horizon radius (i.e. the event horizon), which should be
independent of spacetime slicing. Our attempts to do this have so far failed because near
criticality in PG coordinates the singularity forms before the outer horizon settles down to
its final value. In this regard it should be noted that PG coordinates constitute a special
representative of a one-parameter family of similar coordinates found initially by Lake [59]
and developed further in [60]. It may be that by adjusting the parameter one can arrange
for the horizon to settle down before singularity formation near criticality. As well, it is
important to check whether the cusp-like behaviour is generic for such a family of slicings.
We investigated the affects of quantum corrections on critical scaling. Along any one-
parameter family of initial data, a new critical paramter p,, was found that placed a limit on
the minimum size of black holes that could be formed. This mass gap is expected and was also
found recently by Husain [51] using similar quantum corrections in double null coordinates.
Curiously, we find a new universal power law relationship between p,. and the quantum
length scale. Recall that the radial coordinate is common between the Schwarzschild and
PG metrics. It would therefore be worthwhile to apply similar corrections to a model which

uses Schwarzschild coordinates, and investigate the universality of this new scaling law.



Epilogue

In this thesis we have studied a particle in the 1/7? potential and a massless scalar field
coupled to a spherically symmetric gravitational potential. In both cases LQG motivated
corrections were shown to preclude singularity formation, and computational methods proved
to be integral in the process.

The iterative shooting method used to apply full polymerization to the 1/r? potential
worked very naturally with the discrete position eigenstates. We found an inner turning point
preventing a particle from reaching the origin in a 1/r? potential. It would be interesting to
apply the same quantization techniques to theories more closely related to LQG.

The study of gravitational collapse involved a more complicated computer code, requiring
adaptive mesh refinement, Runge-Kutta numerical integration and finite difference methods;
there were many fields to be solved for across the entire lattice, and producing the results
was more involved. In the end this effort payed off, clearly demonstrating previously un-
seen behaviour in both the classical and quantum systems. Unlike any previous study we
are aware of, we were able to solve for the entire (interior and exterior) dynamical black
hole solution. With the quantum corrections in place, the scalar field inside a black hole
experiences a dramatic bounce near the origin, precluding the existence of singularities and
leading ultimately to evaporation. There is much more that can be done with this model.

Since we use the dilaton formalism, it would be possible to take the number of dimensions
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as a parameter and compare the results with the dimensional analyses done in [45] and [61].
We are currently looking at the subcritical curvature scaling relationship in the presence
of quantum corrections. Since we have altered the equations of motion, the field equations
are no longer valid in the quantum case, and the Ricci calculations must be done using the
metric functions, dramatically increasing the time of computation. We plan to look further
into the energy condition violations. LQG theory has predicted violations of the null energy
condition when the scalar field behaves after the bounce as a phantom field with negative
mass energy [53]. We have already seen some evidence of this in the negative energy density

and mass loss in quantum collapse.
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