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Abstract

In general, Hamiltonian Thermostats, as proposed in the model by Jellinek and
Berry in the paper |[JB8§|, are derived from the Hamiltonian H = H(p,q) of a
mechanical system using some elementary constructions. This thesis is dedicated to
studying the properties of the Jellinek-Berry (JB) thermostat applied to an ideal
gas.

An ideal gas is a mechanical system with zero potential energy. In an idealized gas,
atoms or molecules do not interact, so they only possess kinetic energy. If, as is
usually assumed, the kinetic energy is just the euclidean squared-norm of momenta,

then the Hamiltonian is

1
H(p,q) = 5!19!2

where g € M, pe T} (M) and M is a flat manifold,. This Hamiltonian is completely
integrable because p is constant along the solution (conservation of momentum).

Two major findings are:

« If G(s,ps) is the internal energy of the JB thermostat, then the thermostatted
Hamiltonian F.(q,p,s,ps) = H.(q,a(s)p) + G(s,ps) for some scalar function

a(s), is completely integrable when H is the total energy of an ideal gas.

o If H, is a small, real-analytic perturbation of the ideal-gas Hamiltonian H =
H, sufficient conditions are determined that imply the existence of positive-

measure sets of invariant tori for F,.



Preface

The present thesis embodies an interlaced structure of reviewed and newly con-
ducted research in the domain of Hamiltonian Thermostats. The approach towards
unfolding the intricacies of the subject matter is dichotomous - the first half pro-
vides the essential theoretical underpinnings, while the second half offers a novel
perspective with original contributions.

The initial chapters, chapters 1 to 4, serve as an exhaustive exposition of the pre-
existing knowledge in the field. These chapters not only provide a comprehensive
examination of the pertinent literature but also function as a theoretical grounding
for the subsequent sections of this work. The content herein is largely derived from
established texts and notable research papers, the references for which have been
diligently cited to maintain the academic integrity. The primary objective of these
sections is to elucidate the fundamental concepts and tools which serve as the bedrock
of the subject matter, thereby paving the way for the subsequent, more advanced
discourse.

The latter half (chapters 5 and 6) of the thesis marks a transformation from ex-
isting theories to the exploration of uncharted territories within the realm of Hamil-
tonian Thermostats. This portion of the thesis is primarily composed of original
research and novel contributions, developed by leveraging the foundational theories
elucidated in the preceding chapters. Herein, the focus shifts towards harnessing

the acquired knowledge to solve intricate problems, and explore potential applica-



tions. This divergence from the well-trodden path is aimed at enriching the corpus
of knowledge in the field and proposing new directions for future research.

In synthesizing established literature with original ideas, this thesis aims to offer a
comprehensive yet innovative approach to understanding Hamiltonian Thermostats.
It is my sincere hope that this approach not only provides clarity to the reader but

also stimulates further exploration in this fascinating field.



Introduction

This thesis delves into the generalized Nosé-Hoover Hamiltonian system proposed
by Julius Jellinek and R. Stephen Berry|JB8§| in 1988, focusing specifically on an
ideal gas (zero potential energy) scenario. We commence our study with a compre-
hensive review of the concept of canonical transformation, a technique that facilitates
the transition from given coordinates to action-angle coordinates.

The initial section of this thesis engages in a comprehensive exploration and proof
of the Liouville-Arnol’d theorem, a critical instrument in determining the integrabil-
ity of the Jellinek-Berry thermostat (henceforth, JB thermostat) around the equi-
librium point in action-angle variables. Construction of action-angle variables is
generally quite challenging, but we resort to the computation of a type of Taylor
expansion, the Birkhoff normal form, to help avoid the difficulties. Consequently,
this system is completely solvable.

In the ensuing section, we set out to demonstrate that the trajectories of the
system in phase space are conditionally periodic, occupying invariant tori, leading
to a dense infilling of the phase space by these tori.

As our investigation advances, we pivot our focus towards an essential concept -
normal forms. The process of normalization to discover the Birkhoff normal form
of a simple harmonic oscillator is examined. Upon the inclusion of quadratic terms
and generalized cubic terms, I compute the Birkhoff normal form to order 2 and

determine the lowest-order terms in the system’s frequency. This intricate process



involves a sequence of symplectic structure-preserving transformations through which
we demonstrate the normal-form algorithm on a simple Hamiltonian that is the sum
of a harmonic oscillator and an cubic potential energy term.

The renowned Kolmogorov—Arnol’d-Moser (KAM) theorem is then introduced to
gain insights into the fundamental structure and qualitative behavior of trajectories
in the phase space. I then analyze the JB-thermostated Hamiltonian, first by reduc-
tion to a single degree of freedom system, and then the unreduced (two degree of
freedom) system, within each of which conditions are established. If the Nosé-Hoover
Hamiltonian is perturbed by a smooth function under these conditions, the majority

of invariant KAM tori will persist, ensuring the system’s stability.
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Theory of Manifolds

This chapter reviews background material that can be found in the following text-

books:

o Geometrical methods in the theory of ordinary differential equations, Vladimir

Arnol’d. [Arn8§].
« Introduction to Smooth Manifolds Book by John M. Lee |Leel3].

o Mathematical Methods of Classical Mechanics Textbook by Vladimir Arnol’d
[Arng89.

1.1 Smooth Manifolds

We start off the chapter by reviewing the concept of smooth manifold as it is used
throughout the following materials.

Recall that a topological space is a set with a distinguished collection of subsets,
called open sets. This collection contains the whole set, the empty set; it is closed

under finite intersection and arbitrary unions.

Definition 1.1.1. (Topological Manifold)

11



Suppose M is a topological space. We say that M is a topological manifold of

dimension n or a topological n-manifold if it has the following properties:
1. M is a Hausdorff space.
2. M is second-countable: there exists a countable basis for the topology of M.

3. M is locally Euclidean of dimension n: each point of M has a neighborhood

that is homeomorphic to an open subset of R™.

For the third property, more specifically it means around each point p € M we can

find:
e an open subset U < M containing p,
« an open subset U ¢ R”,
« a homeomorphism ¢ : U — U.
Each (U, ¢) is called a chart.

On top of topological properties we can equip the manifold with a smooth structure

in order to also talk about the notion of differentiability on manifolds.

Definition 1.1.2. (Transition maps)
Let M be a topological n-manifold. If (U,¢) and (V,4) are two charts such that
UnV # ¢, the composite map ) o ¢~ : ¢(U V) — (U n V) is called the

transition map from ¢ to . A transition map basically is a change of coordinates.

Here is worth to mention that one of the most surprising results is that there are

topological manifolds with nondiffeomorphic smooth structures.

Definition 1.1.3. (Smoothly compatible charts)
Two charts (U, ¢) and (V1)) are said to be smoothly compatible if either U nV =

& or the transition map v o ¢! is a diffeomorphism.

12



Definition 1.1.4. (Atlas)

We define an atlas for M to be a collection of charts whose domains cover M. An
atlas A is called a smooth atlas if any two charts in A are smoothly compatible
with each other. A smooth atlas A on M is maximal if it is not properly contained

in any larger smooth atlas.
Now we can define the main concept of this chapter.

Definition 1.1.5. (Smooth Manifold)
If M is a topological manifold, a smooth structure on M is a maximal smooth atlas.
A smooth manifold is a pair (M, A), where M is a topological manifold and A is

a smooth structure on M.

1.2 Tangent and Cotangent bundle

The background material in this section can be found in Introduction to Smooth

Manifolds by John M. Lee [Leel3|.

Definition 1.2.1. Given a function f : M — R* and a chart (U, ¢) for M; the
function f : ¢(U) —> R* defined by f(ac) = fo ¢ !(z) is called the coordinate
representation of f. By definition, f is smooth if and only if its coordinate repre-

sentation is smooth in some smooth chart around each point.

It can be shown that smooth functions have smooth coordinate representations in

every smooth chart.
Definition 1.2.2. We indicate C*(M) as a set of all smooth maps f: M — R.

Definition 1.2.3. (Tangent space to M)
Let M be a smooth manifold and let p € U be a point of M and (U,z") be a
coordinate neighborhood around the point p. A linear map v : C*(M) — R is

called a derivation at p if it satisfies

13



v(fg)(p) = f(P)vg(p) + g(p)vf(p)  Vf,ge C(M). (1.2.1)

To avoid confusion in above equation, notice that vf(a) = v,(f) which is identified

by an isomorphism. In fact, the map v, — D,|, defined by

fla+tv) = i v a@f (a) (1.2.2)

3
t=0 i1 0T

d
Dv|af = va(a) = at

establishes an isomorphism between R onto the tangent space at a to R™.

Definition 1.2.4. The set of all derivations of C*(M) at p, denoted by T,M, is
called the tangent space to M at p. An element of 7),M is called a tangent vector

at p.

Theorem 1.2.5. If M is an n-dimensional smooth manifold, then for each p € M

the tangent space T,M is an n-dimensional vector space.

To find a better understanding of tangent space, we restrict our attention to R™.

1.2.1 Coordinate computation of tangent vector
Theorem 1.2.6. For any a € R", the n derivations

0

ox!

o

a

o, of
P af— —(a) (1.2.3)

oxt

defined by

form a basis for T,R™.

Above results can be extended to a smooth manifold M. To this end, let (U, ¢) be a
coordinate chart and ¢ : U — U be in particular a diffeomorphism from U to open
subset U in R”.

Therefore, the coordinate computation of tangent vector is as follows,

14



0 0
Oil, = (dop) (55| ) =do e (55| ) (1.2.4)
’ 0T o) 07|45
Then by invoking the definition of derivation we can evaluate,
0 0
(| f=a5 (foe™) (1.2.5)
oz, ox ()

which is an euclidean computation.

1.2.2 Tangent Bundle

Given a smooth manifold M with or without boundary, we define the tangent bundle
of M, denoted by T'M, to be the disjoint union of the tangent spaces at all points
of M,

T™ = | | T,M. (1.2.6)

peM
We usually write an element of this disjoint union as an ordered pair (p,v) with
p € M and v € T,M. The tangent bundle comes equipped with a natural projection
map 7 : T'M — M, which sends each vector in 7T,,M to the point p at which it is

tangent: 7(p,v) = p.

Theorem 1.2.7. For any smooth n-manifold M without boundary, the tangent
bundle T'M has a natural topology and smooth structure that make it into a 2n-

dimensional smooth manifold. With respect to this structure, the projection 7 :

TM — M is smooth.

15



1.2.3 Derivation of a map and rank theorem

Definition 1.2.8. Let M and N be smooth manifolds and F' : M — N a smooth

map, for each p e M we define a map

de . TpM — Tp(p)N (127)

called the differential of F' at p and is defined as follows:
Given v € T, M, we let dF,(v) be the derivation of F' at p that acts on f e C*(N),

then dF,(v)(f) is defined by the rule

dF,(v)(f) = v(f o F). (1.2.8)

The rank of F' at p is the rank of dF" at p.

Theorem 1.2.9 ([Leel3|, page 83). (Global rank theorem)

Let M and N be smooth manifolds of dimensions m and n respectively, and suppose
F: M — N is a smooth map of constant rank r. Then for each p € M there exists
smooth charts (U, ¢) for M centered at p and (V,v) for N centered at F(p) such that

F(U) c V, in which F has a coordinate representation of the form

F(z1, .. %, Xog1y ooy ) = (21, .., 2,,0,...,0). (1.2.9)

In particular, if F' is a smooth submersion, this becomes

F(zy, .. @, Togty oo oy ) = (T1,- ., Tp) (1.2.10)

and if F' is a smooth immersion, it is

F(z1,...,xp) = (r1,...,2Zm,0,...,0) (1.2.11)

16



Remark 1.2.10. Let M and N be smooth manifolds, and suppose F': M — N is
a smooth map of constant rank, then one can conclude that if F' is bijective then it

is a smooth homeomorphism with a smooth inversion, i.e., a diffeomorphism.

1.3 Differential 1-Form df

Consider a manifold M of dimension n, and let f : M — R be a function in C"(M),
the set of all r-times continuously differentiable functions from M to R. The deriva-
tive of f at a point p € M, denoted by df,, is a covariant 1-tensor (covector) or
1-form defined by:

df, : T,M — R. (1.3.1)

Here, T, M denotes the tangent space to M at p, and df, is a linear map that sends

a tangent vector v € T, M to the directional derivative of f at p along v.

1.4 Differential 1-Forms and Cotangent bundle

For each p € M, the set of all linear maps from 7, M to R is called the cotangent
space at p, denoted by T M. A differential 1-form w on M is a smooth assignment
of a cotangent vector w, € TyM to each p € M. The set of all differential 1-forms on

M forms a real vector space, denoted by Q!(M). Also the disjoint union

M =] T;M (1.4.1)

peM

is called the cotangent bundle of M. It has a natural projection map 7 : T*M —>

M sending w, € T,*M to p € M. Given any smooth local coordinate (U, (z")) on M

we denote dz’| , the basis for T M dual to aii

, - This defines n maps (dot, ... dz"):
U — (T*M)|y called coordinate covector fields. These one forms trivialize the

cotangent bundle of M restricted to U.

17



Theorem 1.4.1. Let M be a smooth n-manifold with or without boundary. With
its standard projection map and the natural vector space structure on each fiber, the
cotangent bundle T*M has a unique topology and smooth structure making it into
a smooth rank-n vector bundle over M for which all coordinate covector fields are

smooth local sections.

1.5 Higher-Order Differential Forms

For an integer r > 1, an r-form at a point p € M is a multi-linear, skew-symmetric
real-valued function on the r-fold product of the tangent space at p. A differential
r-form is a smooth section of the r** exterior power of the cotangent bundle which
has a natural topology and smooth structure (to be a smooth manifold), meaning
that it assigns to each p € M an r-form w,. The set of all differential r-forms on M
forms a real vector space, denoted by Q" (M).

A general differential r-form w on M is a function that for each p € M takes r
vectors vy, ...,v, € T,M and returns a real number, w,(vy,...,v,) € R, such that

the following conditions are satisfied:

1. Multi-linearity: For each ¢ = 1,...,r and each pair of vectors u,v € T,M

and scalar a € R, we have

Wp(U1, .oy Vi1, QU + U, Vg1, . .., Ur)
= aw,(V1, ..., Vim1, Uy Vig1s - -, Up) + Wp(U1, .o, Vim1, U, Vig1, - .., 0p)  (L.5.1)
2. Anti-symmetric: For each i = 1,...,7, v; € T,M and any permutation o of
v; we have,
W(Vs(1), - - -5 Vo(i)) = Sign(o)w(ve,...,v,) foroe s, (1.5.2)

18



Every differential k-form on the space T, M with a given coordinate system (x1, ..., x,)

can be written uniquely in the form

wh = Z iy (@)dxy, A A da, (1.5.3)

-----

where a;,

-----

1.6 Operations on Differential Forms

Given w € QP(M) and n € Q4(M), their wedge product w A 1 is a (p + ¢)-form in
QP+a(M) defined by:

(WAN) (V1 ey Upy W1, ooy W) = o) 2 sign(0)w (Ve (1), -+, Vo(p) )1 (Wo(pt1)s s Wo(ptq))-
T O'GSp+q

(1.6.1)
The exterior derivative d : Q"(M) — Q" (M) is a linear operator defined by ex-

tending the following rules to general r-forms:
df (v1) = vi(f) for fe C*®(M),v; € T,M which for the case of r =0 (1.6.2)

dlwAan)=dwarn+ (—1)'wady forweQ (M),neQI(M). (1.6.3)

Obviously the case for r = 0 we have Q°(M) = C*(M).

1.7 Cotangent Bundle and Natural projection

The background material in this section can be found in the Mathematical Methods
of Classical Mechanics textbook by Vladimir Arnol’d [Arn89].
Let V be an n-dimensional differentiable manifold. A 1-form on the tangent space

to V at a point x is called a cotangent vector to V' at x. The set of all cotangent
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vectors to V' at x forms an n-dimensional vector space, dual to the tangent space
T, V. We will denote this vector space of cotangent vectors by TV and call it the
cotangent space to V' at x. The union of the cotangent spaces to the manifold at
all of its points is called the cotangent bundle of V' and is denoted by T*V. The set
T*V has a natural structure of a differentiable manifold of dimension 2n. A point
of T*V is a 1-form on the tangent space to V' at some point of V. If ¢ is a choice of
n local coordinates for points in V, then such a form is given by its n components
p. Together, the 2n numbers p, ¢ form a collection of local coordinates for points
in 7*V. In particular, if ¢(q) = (x1,...,x,) is a coordinate chart on U < M then
p € T*V has the expression p = pidx; + - - - + p,dx,. There is a natural projection
f:T*V — V (sending every 1-form on TV to the point x). The projection f is
differentiable and surjective. The pre-image of a point x € V under f is the cotangent

space TV

1.8 Stokes’ Theorem

Stokes’ theorem is a cornerstone of calculus in multivariate real and complex analysis.

In the language of differential forms, it states:

LMw — JM dw. (1.8.1)

for a manifold M with boundary 0M, and w a differential form of degree dim(M)—1.
This theorem unifies the fundamental theorem of calculus, Green’s theorem, Gauss’s

divergence theorem, and the classical Stokes’ theorem.
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1.9 Transversality

The background material in this section can be found in the book Geometrical Meth-
ods in the Theory of Ordinary Differential Equations by Vladimir Arnol’d [Arn88].
Another important concept is the notion of transversality in which the Thom
Transversality theorem plays the main role.

Before the formal statement of the Thom transversality theorem, I introduce the

notion of a k-jet and then state the theorem using this language.

1.9.1 K-jets

Definition 1.9.1. Two functions fi, fo : M — N are said to be k-tangent at a
point x, when their Taylor series in any fixed coordinate system up to and including

the k™ term are identical at that point.

Remark 1.9.2. a) The definition above is actually coordinate independent;

b) it defines an equivalence relation on the set of pointed, smooth maps (M, z) —
(N, y) whose equivalence classes can be identified with maps that have a same

Taylor expansion up to the order k.

Definition 1.9.3. A k-jet of a smooth mapping f at a point z is an equivalence

class of k-tangent mappings at x.

We agree on the following notation that

GR(F) = {fi: fi is k-tangent to f at x}. (1.9.1)

Definition 1.9.4. Suppose f,g : M — N are smooth maps. Define the relation
f ~z g if and only if there is an open neighbourhood U containing x such that
fly = gl - It is easy to see that ~, is symmetric, reflexive and transitive. A germ

of a map at x € M is an equivalence class of ~, .
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Definition 1.9.5. Two mappings in two neighborhoods of one and the same point
have a common germ at that point if they coincide in a third neighborhood of this
point. (The third neighborhood can be smaller than the intersection of the first two

neighborhoods).

Definition 1.9.6. The set of all k-jets of germs of C* mappings of M into N is

called the space of k-jets of mappings of M into N and denoted by

J¥(M, N) = {the space of k-jets of germs of C* mappings of M into N}. (1.9.2)

It is notable that the set J*(M, N) has a natural smooth manifold structure. Indeed,
we choose coordinate systems in the neighborhood of a point of M and in the neigh-
borhood of the image of this point in N under some mapping f. Then the k-jet of f
and all nearby jets can be given by coordinates of the preimage and the collections
of Taylor coefficients up to order k at this point. Thus, we have constructed a chart

of the manifold J*(M, N) of jets in the neighborhood of the point which is the k-jet
of f.

Definition 1.9.7. The group of k-jets of diffeomorphisms of M leaving a point x
fixed is called the group of k-jets of local diffeomorphisms of the manifold M at the

point z and denoted by J¥(M).

We review the notion of transversality by the following definition.

1.9.2 Transversality

Definition 1.9.8. Two linear subspaces X and Y of a linear space L are said to be

transversal if their sum is the whole space:

L=X+Y. (1.9.3)
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For example, two planes intersecting at a nonzero angle in the three dimensional

space are transversal and two straight lines are not.

Definition 1.9.9. Let M and N be smooth manifolds and let Z be a smooth sub-
manifold of N. A mapping f: M — N is said to be transversal to Z at a point
a of M if either f(a) does not belong to Z or the tangent plane to Z at f(a) and

the image of the tangent plane to M at a are transversal, i.e.,

dafTaM + Tf(a)Z = Tf(a)N. (194)

A mapping f: M — N is transversal to Z if it is transversal to Z all point of the
M.

Theorem 1.9.10 (|Arn8§|, page 231). (Weak transversality theorem)
Let M be a compact manifold and let Z be a compact submanifold in a manifold N .
The mappings f : M —> N transversal to Z form an open, everywhere dense set in

the space of all sufficiently smooth (C™ with r = 1) mappings M — N.

Remark 1.9.11. With regard to the topology of C" (M, N), on a quick note, one
could define a basis open set as follows. Take f € C*(M,N), a compact set of
K < M and an open neighbourhood, W, J¥(M, N) > W = j*(f)(K) of the graph of
the k—jet of f restricted to K. A neighbourhood W < C*(M, N), W = W(f, K,W)
is the set of all g € C*(M, N) such that j*(¢)(K) = W.

Remark 1.9.12. This theorem is called the weak transversality theorem. Its asser-
tion means that a mapping not transversal to a fixed submanifold can be turned into
a transversal mapping by a small perturbation. If, on the other hand, transversality

is present, then it is preserved under C"-small perturbations.
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1.9.3 Thom Transversality Theorem

The Thom transversality theorem is a generalization of the weak transversality the-
orem, in which the role of the submanifold Z is played by a submanifold of a space
of jets.

With every smooth mapping f : M — N, we associate its "k-jet extension' f :

M — J*(M, N), f(z) = j*(f). (To a point « of M, there corresponds the k-jet of

the mapping f at x.)

Theorem 1.9.13 (|Arn88|, page 234). Let C be a submanifold of the space J*(M, N)
of jets. The set of mappings f : M — N whose k-jet extensions are transversal
to C' is an everywhere dense countable intersection of open sets in the space to all

smooth mappings of M into N.

1.10 Symplectic structures on manifolds

Definition 1.10.1. Let M?" be an even-dimensional differentiable manifold. A
symplectic structure on M?" is a closed non-degenerate differential 2-form w on

M2n

dw=0 and VY{#0,In:w(&n) #0 (&neT,M). (1.10.1)

The pair (M?", w) is called a symplectic manifold. An example of a symplectic

manifold is T*R" =~ R*"* with coordinates p; and ¢; with w = >" | dp; A dg;.

The following theorem gives a complete allowance to do local calculations in any

symplectic manifold.

Theorem 1.10.2 ([Arn89], page 230). Darboux’s theorem
Let w be a closed non-degenerate differential 2-form in a neighborhood of a point x in

the space R**. Then in some neighborhood of x one can choose a coordinate system
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(P1y- 3Py Q1s - - -y Gn) Such that w has the standard form:

w= Y dp; A dg;. (1.10.2)

n
i=1

1.10.1 Symplectic structure of cotangent space

Now we spend a little bit of time to understand a natural structure of any cotan-
gent bundle of an arbitrary smooth manifold. It turns out that it carries a natural
symplectic structure. The following theorem is talking about the formation of such

type of structure.

Theorem 1.10.3 ([Arn89], page 202). Let V' be a smooth manifold. The cotan-
gent bundle T*V has a natural symplectic structure. In the local coordinates system

(p,q) = (1, s Dny @1y - - -, Qn), this symplectic structure is given by the formula
w=dpndqg=dpy ndq + -+ dp, A dqy. (1.10.3)

The following proof is an adaptation of the proof that appears in [Arn89].

Proof. First, we define a distinguished 1-form on T*V. Let & € T,(T*V) be a
vector tangent to the cotangent bundle at the point p € T}V. The derivative
df : T(T*V) — TV of the natural projection f : T*V — V takes £ to a
vector df(£), tangent to V at x. We define a 1-form w' on T*V by the relation
wl(€) = p(df(€)). In the local coordinates described above, this form is w!' = pdg.
Then, obviously the the exterior derivative dw is going to be a closed non-degenerate

2-form. ]
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Hamiltonian Mechanic; A classical
approach to describe the motion of

a mechanical system.

The foundational material presented in this chapter is derived from the seminal work

in Mathematical Methods of Classical Mechanics by Vladimir Arnol’d [Arn89].

2.1 From Newton’s equation to Hamiltonian for-
malism

Suppose that you have point-mass of mass m that is moving under the influence of
a force field F' that depends on the position ¢, the velocity % and possibly t then
the Newton’s second law of motion yields the following differential equation:

d*q

Moy = F(q,—,1). (2.1.1)

It is interpreted as a sophisticated expression of Newton’s second law, F' = ma.
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Equation [2.1.1] is particularly applicable to elementary systems and scenarios in

which the forces are explicitly known.

2.1.1 Hamiltonian formalism

Assuming a conservative force field in he equation [2.1.1| can be rewritten to the

following by considering the F' = < (mq)

d, . ou

ﬁ(mQ) =2 (2.1.2)

for a differentiable potential function U. This implies conservation of total energy.
Since the system is isolated this is reasonable. E

Now by introducing the variable p = mq we rewrite as the following system of

equations
: ou
p - Y
o (2.1.3)
q=1p.
In fact, given a smooth scalar function
H(p.q) = —* + U(q) (2.1.4)
b,q) = 2mp q), M
called Hamiltonian, one can rewrite the [2.1.3] with respect to H as follows:
: oH
p —_ Y2
o (2.1.5)
oH
4= -

Remark 2.1.1. In above setup, it can be seen that the Hamiltonian [2.1.4] (total

!Notice that this is consistent within the scope of total this thesis and not necessarily every
Newtonian system is conservative.
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energy) is a conserved quantity. Indeed,

dH 1. U, Up oU. .. -
S gt = - = —p)g = 0. 2.1.6
T dam ot pq+ (=p)q (2.1.6)

A good example to start with would be the simple harmonic oscillator.

Example 2.1.2. By Hooke’s law F' = —kq and invoking equation we get:
mq = —kq. (2.1.7)

It is worth to note that one can we turn [2.1.1] into system of first order ODE by

introducing a new variable ¢ = p, then we get:

(2.1.8)

Example 2.1.3. We borrow the simple harmonic oscillator again as an example:

Hamiltonian represents the total energy

1 1
H(p,q) = %]92 + 5’“]2 (2.1.9)

where p = mq. Invoking the Hamiltonian formalism,

p= _6@[;[ \ q= 6;; (2.1.10)
which leads to
p=-ke . G=2 (2.1.11)
m
then simply by substitution we get
mq = —kq. (2.1.12)
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Example 2.1.4 (Simple pendulum). The following is the Hamiltonian function

of motion

and the equations

(9)),

ﬁ + mgL(1 — cos

H(q,p) =

(2.1.13)

L=1)214

ace of simple pendulum for m

—_———————————

=

sy

2.2 Liouville’s theorem

ctor field that attaches at each point of (p,q) of the

The equations [2.1.10| define ve

(—0H /0q,0H/dp). The phase flow is the one parameter group

ctor

Space a ve

phase
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of transformations of phase space

9"+ (p(0),4(0)) = (p(t),q(t)) (2.2.1)

in which p(t) and ¢(t) are the solution of Hamiltonian system of equations.

Theorem 2.2.1 (JArn89| , page 69). [Liouville’s theorem/
The phase flow preserves volume. In other words, for any region D in phase space
we have:

volume of ¢'D = volume of D.

2.2.1 Hamiltonian vector field
From now on, we seek to find a modern correspondence of Hamiltonian mechanic in
the language of symplectic geometry and derive underlying classical properties.

Definition 2.2.2. To each vector £, tangent to a symplectic manifold (M?",w) at

the point z, there exist a 1-form w! associated to £ on T, M defined as follows

we(n) =w(n,§)  Vne T M. (2.2.2)

Remark 2.2.3. The correspondence § — wé is an isomorphism between the 2n-
dimensional vector spaces of vectors and 1-forms.
Define J in local coordinate (p,q) = (p1,...,0n,q1,---,qn) as follows:

J:T*M — TM

0

J(dp) = B (2.2.3)

We also declare that J defined above commutes with scalar multiplication by smooth

function. It is readily seen that the matrix representation of J, according to[2.2.3] is
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0 1
J = . It is notable that for 2n-dimensional case I,, and —I,, are replaced

-1 0
by 1 and -1.

Let H be a smooth function on a symplectic manifold M?". Then, obviously, dH is
a differential 1-form on M, and there is an associated vector field according to the
isomorphism [2.2.3] The corresponding vector field for this differential is denoted by
JdH.

Definition 2.2.4. The vector field JdH is called a Hamiltonian vector field and

H is called the Hamiltonian function.

Now let’s consider an example. Take a 2n-dimensional manifold M?" = R* =
{(p,q)}, where (p,q) = (p1,---,Pn,@,---,qs) represents a point in the phase space.
We can construct the canonical Hamiltonian equations by finding the corresponding

Hamiltonian vector field:

(6.9) = & = JdH(z) = J(@,Hdp + 0,Hd)

— 0,H J(dp) + 0,H J(dq)

0 0
= apHa*q - aqH% (2.2.4)
e

——1
s OH |2
q 3p

The above result is the classical view of Hamiltonian formalism, however the goal of
this chapter is to introduce the Poisson bracket to be able to see the Hamiltonian

equations with a different perspective.

Remark 2.2.5. The isomorphism J and the equation can also be obtained

from the fact that ix,w = —dH where Xy is the Hamiltonian vector field.
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2.2.2 Conservation of symplectic form (Liouville’s theorem)

Let (M?" w) be a symplectic manifold and H : M** — R be a Hamiltonian func-
tion. Assume that the vector field JdH corresponding to H is complete then it gives

a l-parameter group of diffeomorphisms gt : M?** —s M?",

d

—|  g¢'(x) = JdH(xz). (2.2.5)
dt],_,
The group ¢ is called Hamiltonian phase flow.

In order to define Lie derivative we need to pull back. If f: M — N is a smooth

map and «a € QF(N) is a smooth k—form, then f*a € QF(M) is a smooth k—form

defined by
(f*a)2(X) = apa)(da f(X))

the form f*« is called the pullback of a.

Definition 2.2.6 (Lie derivative). Suppose « is a smooth differential form and X
is a smooth vector field with g; being the flow, then the Lie derivative of « along

X is defined as follows,

Lya =lim #9—% (2.2.6)

t—0 t

Before the following theorem we recall the Cartan’s Formula. It states that, on a
smooth manifold M, for any smooth vector field X and any smooth differential form
a?

Lxya = Zx<da) + d(ZxOé) (227)

Theorem 2.2.7. [Arn89] A Hamiltonian phase flow preserves the symplectic struc-

ture:

(¢)*w=w (2.2.8)
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This proof is an adaptation of the proof that appears in [Arn89).

Proof. E|Note that the Hamiltonian vector field in coordinate (g, p) can be locally
represented as Xy = Hpa% — Hq%. Then invoking theorem |1.10.3 writing the w in

canonical coordinate we have

w = d(pdq) = dei A dg; (2.2.9)

which is obviously a closed form, i.e., dw = 0. Recalling the construction of Hamil-
tonian flow clearly we have ix,w = —H,dq — Hydp = —dH which shows that ix,w

is exact. Therefore by Cartan’s Formula [2.2.7]

Lx,w =ix,dw+d(ix,w) =d(—dH) = —d*H =0 (2.2.10)

hence by definition of Lie derivative we get:
(¢")*w=w (2.2.11)

[]

Remark 2.2.8. One can show that a form w* (w* = w A --- A w) is conserved along
-
k—times
the Hamiltonian flow. Since pullback commutes with the wedge product, so if the
Hamiltonian flow ¢, preserves w, it preserves the k—fold wedge product, w*. In other
words, not only w (symplectic form) is conserved along the Hamiltonian flows, but

also all the wedge powers of w are conserved, resulting the Liouville’s theorem that

says the volume is conserved along the Hamiltonian flow.
Definition 2.2.9. A map g : R>” — R?" is called canonical map if ¢*w = w.

With this tool we can derive all the results that we already know about classical

mechanics. For example we can prove that total energy is conserved. However,

3The proof provided is for R?".
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in this language it is equivalent to say the function H is a first integral of the
Hamiltonian phase flow with Hamiltonian function H. This can be shown easily by

evaluating dH over the Hamiltonian vector field n = JdH that is:

dH(n) =w(n, JdH) = w(n,n) = 0. (2.2.12)

2.3 Lie Algebra of Hamiltonian vector field, Lie
bracket and Poisson bracket

Definition 2.3.1. A Lie algebra is a vector space L over a field F = R, that is

equipped with a skew symmetric, bilinear map [, ] : L x L — L which satisfies
[z, [y, 2]] + [ [z, 9]] + [y [2,2]] = 0 for each z,y,z € L.
This latter identity is called the Jacobi identity; the bilinear map [, ] is called the

Lie bracket.

Example 2.3.2. An example of Lie algebra would be the space of n x n matrices by
defining operation to be [A, B] = AB— BA. Note that, this works for any associative

algebra

Example 2.3.3. The space of smooth vector fields on a smooth manifold in which

the operation is the Lie bracket (which will be discussed in the next subsection).

Example 2.3.4. The space of smooth vector fields on a smooth manifold that pre-

serve some fixed tensor (e.g. a k-form).

In the following subsection, we aim to construct a specific vector field out of two
given vector fields, exploring its properties and its relation with the Poisson bracket

of two functions.
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2.3.1 Lie bracket in coordinates and Lie algebra of Hamil-

tonian fields

To this end we define an operator called the first-order differential operator L4
where A, @' are the vector field and its flow respectively. Note that this is the same
as Lie derivative applied on 0-forms, i.e. smooth functions. For any smooth function

f M — R the value of L4 f at a point x is:

d

(Laf)e) = 4| (o) (23.1)
=0
which in coordinate (xy,...,x,) is represented as:
of of
L =A——+ -+ A,—. 2.3.2
a(f) 16’3:1+ + "o, (2.3.2)

Taking two smooth vector fields on M, A and B and computing the operator LgL 4 —

L Lpg gives rise to another vector field which is obtained as follows:

0A; B, of

(LALB - LBLA)f = Z (BZ 8% o 5xz >§£L‘]

i,j=1

(2.3.3)

Then we define the Lie bracket of two vector fields A and B in coordinate as follows:

z 0A; 0B;
[4, By = Y (Big > = Ais2). (2.3.4)

Then in coordinate by evaluating on function f: M — R we define

Liagf = YA Bl of (2.3.5)
j=1

j&xj'

We skip to show to that the Lie bracket defied above possess the properties bilinearity,

skew-symmetry that are clear. Also the Jacobi identity can be found in |[Arn89].
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Theorem 2.3.5 (|Arn89|). The Lie bracket makes the vector space of vector fields

on a manifold M into a Lie algebra.

In addition to Lie algebra of Hamiltonian vector field we turn our attention to Lie
Algebra of Hamiltonian functions which turns out to be useful in interpretation of
Hamiltonian formalism and canonical transformations. Interestingly enough, there
exists a homomorphism that establishes a structure preserving close relationship
between the Lie algebra of Hamiltonian functions and Lie algebra of Hamiltonian
vector fields.

Now we define the Poisson bracket of two maps.

Let (M?",w) be a symplectic manifold. Consider a Hamiltonian H : M?" — R and
the flow of Xg, gt : M** — M?®" (which of course is a canonical transformation of
phase space). Let F': M?" — R be another function, then define:

d t

(F, H)(z) = . F(gp(r)) (2.3.6)

be the Poisson bracket of F, H shown by (F, H) E]Which is in fact the derivative of

F in direction of flows of H.

Definition 2.3.6. A function F is a first integral of the phase flow with Hamil-
tonian function H if and only if its Poisson bracket with H is identically zero, i.e.,

(F,H) = 0.

Corollary 1 (|Arn89], page 215). The Poisson bracket of the functions F" and H is
(F,H) = dF(JdH) (2.3.7)

then again by applying established isomorphism between 1-forms and vector fields

223 we got
(F,H) = w(JdH, JdF). (2.3.8)
“Note that the notation (,) is utilized for Poisson bracket throughout the thesis.
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2.3.2 Poisson bracket interpretation of Hamiltonian formal-
ism

Before running into the next proposition it is important to attain a new interpre-

tation for equations of motion which accounts for proving the form of Hamiltonian

vector field is preserved under canonical transformation. We now try to reformulate

everything in terms of Poisson bracket.

Suppose F : (M*",w) — R is a smooth map from symplectic manifold M. Then

the time derivative of F' along the Hamiltonian flow of H is
F=Lx,F=dF(JdH) = w(JdH, JAF) = (F, H) (2.3.9)

as a result, in coordinate (g, p) we have ¢ = (¢, H) and p = (p, H).
In conclusion, Hamiltonian formalism can be converted as follows:

% = (. H) (2.3.10)

Di = (plmH)-

2.3.3 Darboux coordinates and the correspondence between

Hamiltonian vector field and Hamiltonian function

Theorem 2.3.7. Let (M, w) be a symplectic manifold with Poisson bracket (, ). Then,
(C*(M),(,)) is a Lie algebra. The proof is clear: skew-symmetry and bilinearity are
obvious, while the Jacobi identity follows from the definition of a Poisson bracket

and the fact that dw = 0.

The results of this subsection show that the space of Hamiltonian functions equipped
with Poisson operator form a Lie Algebra. The following corollary establishes neat
and intimate connection between Poisson bracket of Hamiltonian fields and Hamil-

tonian functions.
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Corollary 2 ([Arn89|, page 217). Let Xy and Xy be Hamiltonian vector fields with
Hamiltonian functions F' and H. Consider the Lie bracket [Xp, Xp], this is again a
Hamiltonian vector field with Hamiltonian function equal to the Poisson bracket of
the Hamiltonian functions (F, H).

This proof is an adaptation of the proof that appears in [Arn89).

Proof. Set (F,H) = D. The Jacobi identity for a given map G' € C*(M) can be

rewritten in the form

(G, D) = (G, F),H) — (G, H), F) (2.3.11)

Comparing with the definition of the Lie derivative and the fact that Ly, . H =
(H,(F,G)), we have

LXD = LXHLXF - LXFLXH where LXD = L[XF7XH] (2312)
as was to be shown. O

Theorem 2.3.8 ([Arn89], page 217). The first integrals of a Hamiltonian phase flow

form a Lie subalgebra of the Lie algebra of all functions.

2.3.4 A Brief Review of Achievements in Hamiltonian Vec-

tor Fields and Symplectic Structures

In synthesizing the achievements and conclusions we have reached to this point, we
may succinctly summarize as follows:

A symplectic structure on a manifold is a closed nondegenerate differential 2-form.
The phase space of a mechanical system has a natural symplectic structure. On a
symplectic manifold, as on a Riemannian manifold, there is a natural isomorphism

between vector fields and 1-forms. A vector field on a symplectic manifold corre-
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sponding to the differential of a function is called a Hamiltonian vector field. A
complete vector field on a manifold determines a phase flow, i.e., a one-parameter
group of diffeomorphisms. The phase flow of a Hamiltonian vector field on a sym-
plectic manifold preserves the symplectic structure of phase space. Vector fields on a
manifold form a Lie algebra. The Hamiltonian vector fields on a symplectic manifold

also form a Lie algebra.
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Generating functions

The background material in this chapter can be found in the textbook "Mathematical
Methods of Classical Mechanics" by Vladimir Arnol’d [Arn89].

Generating functions are a powerful tool used in Hamiltonian dynamics to sim-
plify the analysis of the equations of motion. In classical mechanics, Hamiltonian
dynamics describes the motion of a system in terms of its energy and momentum. A
generating function is a function that can be used to transform one set of canonical
variables (such as position and momentum) into another set.

The use of generating functions can simplify the analysis of Hamiltonian systems,
making it easier to solve for the trajectories of the system’s components. In particu-
lar, they can be used to find canonical transformations that preserve the Hamiltonian
form of the differential equations. These transformations are called symplectic trans-
formations, and they preserve the structure of the phase space of the system.

A common use of generating functions is found in computing action-angle variables
for an integrable Hamiltonian (see §4), or normal-form theory (see §5).

In summary, generating functions are a powerful tool in Hamiltonian dynamics,
allowing for the simplification of the equations of motion and the calculation of

integrals of motion. The use of generating functions has applications in classical and
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quantum mechanics and can be used to transform canonical variables, Lagrangian,

and wave functions into new sets of variables.

3.1 The Hamilton-Jacobi method for integrating
Hamilton’s canonical equations

The idea is that under a canonical change of coordinates, the canonical equations
of motion are preserved. If we are able to find such a transformation that simpli-
fies the Hamiltonian to a form in which the canonical equations can be integrated,
then we can integrate the original canonical equations. It turns out that this prob-
lem essentially boils down to solving a partial differential equation known as the

Hamilton-Jacobi equation.

3.2 Generating functions

Consider the symplectic diffeomorphism ¢ : R?*® — R?" that takes the canonical
coordinates (p,q) to the new coordinates (P(p,q),Q(p,q)) where P and @ are 2n
functions of 2n variables. It is readily observed that the 1-form pdg — PdQ@ is a
closed differential form. This can be deduced from the satisfaction of the condition

dp A dq = dP A dQ. Since R?*" is contractible, then by Poincaré lemma,

pdq — PdQ = dS(q, Q). (3.2.1)

We now assume that the following determinant is non-zero around the point (po, o),

) = det(gi) £0 (3.2.2)

Q. q)
d(p,q)

therefore by the implicit function theorem we have:

det(
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S(q, Q) = Si(q,p) (3.2.3)

where S is a function on the region of R} x R of 2n-dimensional coordinates spaces,

whose points are denoted by ¢ and p.

Definition 3.2.1. The function S(g,Q) is called a generating function of the

canonical transformation g.

From the equation [3.2.1] we drive the following:

500 _ . 8w, (2.0

0q oQ
In the following theorem we prove that under a mild condition every function S gives

a canonical transformation.

Theorem 3.2.2 (|Arn89|, page 259). Let W < R™ x R"™ be an open set around the
point (qo, Qo), and S(q, Q) : W — R?" be a smooth function. If

%S
£ 0 3.2.5
8Q&q) (Qo,90) ( )

then equations locally defines a canonical transformation.

det(

Proof. Consider the equation for the p coordinates,

05(¢,Q)
P (3.2.6)

Condition [3.2.5] enables us to leverage the inverse function theorem thereby the
equation can be solved to determine a function @(p,q) in a neighborhood of
the point

(40, p0) = %1a.9) (3.2.7)

0q (Qo,90)
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with Q(po, qo) = Qo-

We now consider the function

H@Q%~7%ﬂm@, (3.2.8)

and set

P(q,p) = Pi(¢,Q(p,q)) (3.2.9)

then the local map g : R*" — R?*" sending the point (p,q) to the point (P, Q) is

canonical with generating function .S since

05(0,Q) , , 352.Q)

pdq — PdQ = oq q W

Q. (3.2.10)

3.2.1 Application of generating function

We can now apply the generating function to simplify the Hamiltonian. The process
leads to a Hamilton-Jacobi equation by which we find our new coordinates. The
idea is to find a canonical transformation by which the Hamiltonian turns to be
independent of P variable. In this case the system is trivially integrable. That is to

say, if H = K(Q) then the canonical equations have the following forms,

Q=0 P=— (3.2.11)

which can be integrated as follows

Q(t) = Q(0), P(t) = P(0) + f oK dt. (3.2.12)

0 0Qlo-qu)
So we now look for the generating function that makes that happen. Meaning that

it transforms the H(p,q) to the form K(Q). By invoking the idea of generating
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functions, from we obtain the condition

H(M,q) = K(Q) (3.2.13)

oq
where after differentiation we must substitute ¢(P, Q) for g.

Definition 3.2.3 (Integrability). Let (M,w) be a symplectic manifold of dimension
2n. A Hamiltonian H € C*(M) is said to be completely integrable in the sense

of Liouville if

a) there exist n functionally independent Hamiltonians Fi, ..., F), that Poisson

commute with H;

b) the Hamiltonians Fy,. .., F, pairwise Poisson commute. In other words, for all

i,j where i,j = 1,...,n, we have (F}, F;) = 0.

Theorem 3.2.4 (|Arn89|, page 260). Jacobi’s theorem
If a solution S(Q,q) is found to the Hamilton-Jacobi equation depending on

228
0Q0q

n parameters Q; such that det( ) # 0 then the canonical equations

can be completely solved, that is to say the Hamiltonian H is completely integrable.

The components (Q1,...,Qy) determined by the formulas 05(;5"” are first integrals,

1.e. (Fl, . 7Fn)

Proof. Let us try to find a generating function to transform H(p, q) to K(Q). Con-
sider the canonical transformation with generating function S(q,@). By we

have
oS

p= afq(q, Q) (3.2.15)

44



from which we can determine Q(p,q). Then, we have

H(p,q) = H(—(¢,Q), q)- (3.2.16)

In order to find the Hamiltonian function in the new coordinates we must substitute
into this expression (after differentiation) for ¢ its expression in terms of P and Q.

However, by |3.2.15| this expression does not depend on P at all, so we have simply

H(p,q) = K(Q). (3.2.17)

which entails an integrable Hamiltonian system since the conjugate variable corre-
sponding to () does not exist in the new Hamiltonian which means () is the first

integral of the motion.

O
3.3 The Generating function S;(P,q)
Let g : R?™ — R?" be a canonical transformation with
9(p,q) = (P,Q) (3.3.1)
This time we start off with different primitive, e.g.
pdq + QdP = dSs(P,q). (3.3.2)

By similar arguments as in the preceding section, this equation can also be used to

create a canonical transformation. For this function Sy(P, q) we find,

P P
p: aSZ( 7q) and Q: aSQ( 7q)

ey T (3.3.3)

45



Remark 3.3.1. For some technical reasons, certain canonical transformations can-
not be represented by a generating function. For example, in the case of the identity
transformation where g and () = ¢ are dependent, the identity transformation can-
not be given by a generating function S;(g, 2) nor any other generating function in
terms of (@, ¢). This is why Sy has been introduced. Also the generating function
Sa(P,q) is convenient also because there are no minus signs in the formulas .
Also they are easy to remember if we remember that the generating function of the

identity transformation is Pgq.

Remark 3.3.2. The case for two degrees of freedom follows an analogous path. Let

(q1, 1,2, p2) = ((q1,P1), (g2, p2)) € T*RYxT*RY and (Q1, P, Q2, P2) = é(q1,p1, G2, p2)

be a canonical transformation. Then,

p1dqy — qadpy + (Q1dPy — Pd@Qs) = dS, (3.3.4)

where S = S(q1, p2, P1,Q2). Then,

0S 0S
= , = —— 3.3.5
b oq o Op2 ( )
0S oS
= — Py=——. 3.
Q=7p  P=—ag (3.3.0)
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Action-Angle variables

The background material in this section can be found in the textbook Mathematical

Methods of Classical Mechanics by Vladimir Arnol’d [Arn89].

4.1 Introduction

In this chapter, we first illustrate the integration of a 2n-dimensional canonical
system of differential equations under certain topological conditions. The integra-
tion process in fact necessitates only the knowledge of n initial integrals with certain
conditions, a statement affirmed by the Liouville-Arnol’d theorem. An overview of
the proof for this theorem is also provided. The theorem’s consequence instigates the
introduction of action-angle variables within the phase space, incorporating a gener-
ating function. In section[4.2.6] we extend this conceptual framework to a Euclidean
space of 2n dimensions. Beginning with the introduction of the action variable,
which draws its inspiration from lower dimensions, we prove that the transition from

canonical to action-angle coordinate is structure preserving.
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Recall that a function F' is a first integral of a system with Hamiltonian function H

if and only if the Poisson bracket

(F,H)=0 (4.1.1)

is identically equal to zero.

Definition 4.1.1. Two functions F; and F, are in involution (or they Poisson

commute) if their Poisson bracket is equal to zero.

4.2 The Formulation of the Liouville-Arnol’d The-
orem

Suppose that we are given n functions in involution on a symplectic 2n-

dimensional manifold M,

F,....F, (F,F)=0 ij=12,..n (4.2.1)

Let f = (f1,..., f.) and then the common level set of functions F;

My ={z:F(x)=fi,i=1,...,n}. (4.2.2)

In addition, we assume that the functions F; are independent on My, i.e., the 1-forms

dF;, where i = 1,2,...,n. are linearly independent at each point of M.

Theorem 4.2.1 ([Arn89], page 272). [Liouville-Arnol’d]
Under above assumptions, i.e. Hamiltonian being integrable the theorem as-

serts:

1. My is a smooth manifold and is invariant under the phase flow of Hamiltonian

function H = h(Fy,..., F,).
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2. If the manifold My, is compact and connected, then it is diffeomorphic to the
n-dimensional torus T",

M;=T" = (R/Z)". (4.2.3)

3. The phase flow with Hamiltonian H determines a conditionally periodic motion

on My, i.e., in angular coordinates ¢ = (¢1, ..., ¢n) we have
d
d(f = w, w=w(f). (4.2.4)

4. In an open neighborhood of My there exists action-angle coordinates (I,0) in

which the Hamiltonian H only depends on action variable I.

Remark 4.2.2. The equations |4.2.4] can be trivially integrated.

The following corollary is immediate consequence of the Liouville-Arnol’d theorem
which is the key idea of proving integrability of the Jellinek-Berry Hamiltonian

system.

Remark 4.2.3. For example if in a canonical system with two degrees of freedom the
extra, independent first integral (beside H) implies complete integrability due to the
Liouville-Arnol’d theorem. Also a compact connected two-dimensional submanifold

of the phase space is an invariant torus, and motion on it is conditionally periodic.

4.2.1 Proof of Liouville-Arnol’d theorem, statement 1

Lemma 1 ([Arn89|, page 273). On the n-dimensional manifold My, there exist n
tangent vector fields which commute with one another and are linearly independent
at every point. Also Hamiltonian vector field JdF; induced by the first integral F;

is tangent to M.
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Proof. The symplectic structure of phase space defines an operator J taking 1-forms
to vector fields. JdF; is the Hamiltonian vector field associated to F;. We will show
that the n vector fields JdF; are tangent to My commute, and are independent.

The independency of the JdF; at every point of My, follows from the the fact that
J : T*M — TM is a bundle isomorphism, if dFi,...,dF, € T*M; are linearly
independent, then JdFi, ..., JdF, € T'M; are linearly independent. The fields JdF;
commute with one another, since the Poisson brackets of their Hamiltonian functions
(F;, F;) are identically zero. For the same reason, the derivative of the function F;

in the direction of the field JdFj is equal to zero for any 4,7 = 1,...,n. Indeed,
(F,, Fy) = dF(JAF}) = w(JdFy, JdFy) = 0 (1.25)

as w and Poisson bracket are skew-symmetric. Thus the fields JdF; are tangent to

My and Lemma 1 is proved.

]

Remark 4.2.4. The fact that My is a smooth submanifold is the consequence of
above lemma that is the existence of n lineally independent tangent vector fields

along My and submersion theorem.

Remark 4.2.5. By assumption M; is compact so the flows ¢! of the Hamiltonian
vector field JdF; are defined on Mjy. Fromwe can conclude that M; is invariant
with respect to each of the n commuting phase flows ¢! with Hamiltonian functions
E;ie.,

gigs = gigt Vs, teR. (4.2.6)

4.2.2 Proof of Liouville-Arnol’d theorem, statement 2

Remark 4.2.6. The symplectic form w is zero on the tangent bundle restricted to a

point x on the manifold My, i.e., Vo € My w|Tsz = 0. In other words, the manifold

50



My is a Lagrangian submanifold. Indeed the n-vectors JdF;|, form basis for the

tangent plane to the manifold M; at the point .

It is worth mentioning that the following lemma proves the second statement of the

Liouville-Arnol’d theorem.

Lemma 2 (|Arn89|, page 274 ). Let M"™ be a compact connected differentiable n-
dimensional manifold, on which we are given n pairwise commutative and linearly in-
dependent at each point vector fields. Then M" is diffeomorphic to an n-dimensional

torus.

We denote by ¢, i = 1,...,n the one-parameter groups of diffeomorphisms of M
corresponding to the n given vector fields. Since the fields commute, the groups ¢!
and g; commute. Therefore, we can define an action g of the commutative group

R™ = {t} on the manifold M by setting

g:M—->M g =g g t=(t1,...,t,) e R™. (4.2.7)

From the above definition it is clear that

¢ = ¢'¢° where t,seR". (4.2.8)

Now fix a point xy and define the map:

G:R"> M G(t) =gz (4.2.9)

Lemma 3. The map G of a sufficiently small neighborhood V' of the point 0
e R” gives a chart in a neighborhood of xy, that is to say every point zo € M has a

neighborhood U (zg € U < M) such that G maps V' diffeomorphically onto U.

Proof. By construction of the map G, if we take the derivative with respect to

t; and construct the Jacobian matrix at the point 0 € R"™, then since the vector
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fields are linearly independent, inverse function theorem implies that G is a local

diffeomorphism.

Lemma 4. The map G : R® — M is surjective.

Proof. Consider the xg in the preceding lemma and connect an arbitrary z € M to
xo by a curve. Since M is compact the curve is compact, hence it can be covered
by finite number of open subsets. Now define ¢ as sum of shifts ¢; corresponding to

pieces of the curve.

]

Remark 4.2.7. It is quite clear that the map G : R® — M can not be injective

since M" is compact and R" is not.

Definition 4.2.8. The stationary group of the point xq is the set I' of points

t € R™ for which g'zg = .

Two following lemmas indicate the I' is a well-defined subgroup of R™ independent

of the point z.

Lemma 5. In a sufficiently small neighborhood V' of the point 0 € R™ there is no

point of the stationary group other than ¢=0.

Lemma 6. In the neighborhood t 4+ V' of any point ¢ € I' = R” there is no point of

the stationary group I' other than t. Therefore, the points of I" lie in R™ discretely.

Proof. Tt is derived directly from the fact that G, (t) = ¢'(z) is a local diffeomorphism

of t = 0 with a neighbourhood of x € M for all x € M. m

Lemma 7 ([Arn89], page 276). Let I' be a discrete subgroup of R”. Then there
exist k£ (0 < k < n) linearly independent vectors ey, ..., e € I such that I is exactly

the set of all their integral linear combinations.
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Considering above results, we jump into the proof of lemma [2| which in fact states

that M} is diffeomorphic to a torus T".

Proof. Fix v € My, let I' = T'; be the stationary subgroup of x under the action g
and let p : R"/I' — M/ be the map induced by the covering map G, : R* — Mj.
By construction, p(t + ') = G.(t + T') = ¢"*'(z) = ¢'(¢" (x)) = g'(x), so p is well-
defined. Thus, p is surjective and a covering map, since G is. On the other hand, p is
injective, since if p(t; + ') = p(to + '), then from the preceding, ¢">~* (x) = 2z and so

to —t; € I'. This proves that p is an injective covering map, hence a diffeomorphism.

Remark 4.2.9. By lemmas|[6] [7]and {e;} being the basis for I, one can establish an
isomorphism A : I' — Z". The map A gives rise to a diffeomorphism A : R” /T —>
R™/Z™.

4.2.3 Proof of Liouville-Arnol’d theorem, statement 3

Remark 4.2.10. Returning to the assumption of the theorem and by consider-
ing the fact that Aop~! is a diffeomorphism, one can establish an angular coordinate

on My by pull back of the coordinate on T" under Aop™: M; — R"/Z".

= w;, wi = w;(f), o(t) = ¢(0) + wt. (4.2.10)

In other words, motion on the invariant torus My is conditionally periodic.

4.2.4 Proof of Liouville-Arnol’d theorem, statement 4

In order to determine the Action-Angle variables under the hypotheses of Liou-
ville-Arnol’d theorem, we generate a new symplectic coordinates (I, ¢) such that,

Hamiltonian depends only on I and the system becomes integrable.
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Consider a ball U around f € R™ that contains only regular values of the first-integral
map F = (Fy,..., F,), then by submersion theorem there exist a neighbourhood
W = F~1(U) < M that is diffeomorphic to T" x U with coordinates (0, g). We
choose angular ¢; on M so that the phase flow with Hamiltonian function H = F}
takes a special simple form:

a6 _

= w(g) o(t) = ¢(0) + wt. (4.2.11)

Now the goal is to introduce the new canonical coordinates. We note that the
variables (F, ¢) are not, in general, canonical coordinates. It turns out that there are
functions of F', which we will denote by I = I(F) and I = (I3, ..., 1,) such that the
variables (I, ¢) are canonical coordinates. Now in the new coordinate the original

symplectic structure w is shown to be following:
w=dl Adp =) dl; A d;. (4.2.12)

In equation 4.2.12, the variable [ is called the action variable, and together with
the angle variables ¢, they form the action-angle system of canonical coordinates in
a neighborhood of M. The quantities /; are first integrals of the system with the

Hamiltonian function H = F;. The variables F; can be expressed in terms of [ and,

in particular H = F} = H(I).

4.2.5 The case for M = T*R!

Let’s consider the case n = 1, in action-angle variables the differential equations of

our flow take the form:
a_, o

= . = w(I). (4.2.13)

Now we move into the construction of action-angle variable. In order to construct
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the action-angle variables, we will look for a canonical transformation (p, q) — (I, ¢)

satisfying two following conditions:

I=1I(h), (4.2.14)
§ d¢ = 2w where M), = My(H = h). (4.2.15)

My

The tool that we leverage to construct the (1, ¢) out of (p, q) is the Hamilton-Jacobi
equation. So, we look for a generating function S(/,q) that satisfies the following

equations:

— h(I) (4.2.16)

we first assume that the function A([) is known and invertible, so that every curve

Mj, is determined by the value of I, i.e., M, = M. For the fixed value of I

according to the equation [4.2.16},
dS|I:const = pdq (4217)

This relation defines a 1-form dS on the curve Mj,p). Integrating this 1-form on the

curve My,;y we obtain (in a neighborhood of a point go) a function

S(,q) = Jq pdg. (4.2.18)

q0

This function will be the generating function of the desired symplectic transformation
in a neighborhood of the point (I,qg). So far, the first condition of action-angle
variable (equation [4.2.14)), by construction, is satisfied automatically. For the second

condition, we analyze the behaviour of S(1,q). We go a circuit along the curve My
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then the integral becomes,

AS(I) = § pdq (4.2.19)
M1y
which is equal to the area of G = G(I) = AS(I) enclosed by the curve M.
Therefore, the function S is a multiple-valued function on Mj,;); meaning that it is
determined up to addition of integral multiples of G. This term has no effect on the
derivative %{],q) but it leads to multi-valuedness of ¢ = %}q this derivative is defined
up to multiples of G'(I), also this multi-valuedness is desired, since ¢ is meant to be
an angle. More precisely, the Hamilton-Jacobi formulas define a 1-form d¢ on
the curve M, ;).
The integral of d¢ form on M,y is equal to dAS(I)/dI, in fact:
0 0
ﬂg d¢ = § a?d] + (;{jdq

My (1) My 1) M1y
T 0 0S(I,q)
- § att ¢ s @

My 1 My (1)
0 05(1,q)
ol 0oq

(4.2.20)

M1

d d

Mp(1)

In order to fulfill the second condition £.2.15] we need that

d
2m = = AS(I) (4.2.21)

then by taking integral from both side, we get

2rAl = AG, ie. 2n(I — Iy) = G(I) — G(Iy) = 27l = G + c. (4.2.22)
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where G = §Mh pdq is the area bounded by the phase curve H = h.
Because the constant of integration ¢y are largely irrelevant, they are generally omit-

ted.

Definition 4.2.11. The action variable of a system of one degree of freedom with

Hamiltonian function H(p,q) is the quantity I(h) = (1/27)G(h).

Let 4 0, then the inverse I(h) of the function h(I) is defined. We remark that
if G'(h) = 0 then % = 0 or 9 = co. This implies the action variable I cannot be
smoothly continued to the level {H = h}, and so that level must be singular for
H. Similarly, if Z—’} = 0, then either the level set is entirely critical for H (contrary
to hypothesis) or I does not extend smoothly to {H = h}. In either case, the h
is a critical value. However, if G'(h) # 0 then by scaling things up, geometrically
speaking, one can say that while the angle variable ¢ is tracing out the circuit

My (1y=h, the value of I depends smoothly only on the corresponding energy level set

H = h which captures the area of the circuit.

Theorem 4.2.12 ([Arn89), page 282 ). Let S(I,q) = ZO pdq‘ " then the equa-
H=h(I

tions of Hamilton-Jacobi equations give a canonical transformation (p,q) —
(I,9) satisfying the conditions of action angle variables|4.2.14] and|4.2.15.

4.2.6 Action Angle variable in R?"

We turn now to systems with n degrees of freedom given in R*® = (p,q) by a
Hamiltonian function H(p,q) and having n first integrals in involution F,..., F,.
By a similar argument we immediately define n action variables I. We remark that

the I;(f) is defined analogously to the 1-dim case.

Proposition 1. Let vy,...,7, be a basis for the one-dimensional cycles on the torus

M; (the increase of the coordinate ¢; on the cycle vy; is equal to 2m if i = j and is
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zero if i # j). Then action variable

Ii(f) = ;ﬂ ffpdq (4.2.23)

Yi
does not depend on the choice of the curve ;.

Proof. Cycles v and " are homologous on the torus M/ so that 4" —  bounds to a
2-cell 0. In fact, since the symplectic form w = dp A dq is zero on My then by Stokes

formula,

§_ jgpdq _ H dp A dg = 0. (4.2.24)

v o

where do = v—+'. Note that the o is the area stuck between the curves v and +'. [

We assume now that, for the given values f; of the n integrals F; the n quantities I;
are independent: det(0I/0f)|; # 0 . Then in a neighborhood of the torus My, we

can take the variables I, ¢ as coordinates.

4.2.7 Proof of the Preservation of Structural Integrity in the

Transition to Action-Angle Coordinate Variables

Theorem 4.2.13 ([Arn89|, page 283). The transformation (p,q) — (I, @) is canon-
ical, i.e.,

Dldpi A dgi =) dI; A d. (4.2.25)

Proof. Consider the differential 1-form pdg on M. Since the manifold My is La-
grangian this 1-form is closed on M. That is to say, its exterior derivative, which is

the symplectic form, is zero on M.
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Therefore, by Stokes’ theorem the value of

S(q) = Jq pdq (4.2.26)

q0

My

does not change under deformations of the path of integration.
With a similar argument to the case of 1 degree of freedom S(q) is a multiple-valued

function on My, with periods equal to

AS = | ds =o2nI. (4.2.27)

Vi

Now let gy be a point on My, in a neighborhood of which the n variables ¢ are
coordinates on M, such that the submanifold M; < R*" is given by n equations of
the form p = p(I,q) and ¢. In a simply connected neighborhood of the point ¢y a

single-valued function is defined,

q

S(,q) = f p(1,q)dq (4.2.28)

90

and we can use it as a generating function of the canonical transformation from (p, q)

to (1, ¢)
oS oS

-5 Y= (4.2.29)

p

Now it is just left to show why is it canonical. To this end, in fact it suffices to show

that dp A dqg = dI A do.

0 0S(I,q) 0 05(I,q) *S(1,q)
— I+ — = ——22dJ 4.2.
dp A dq <(3] o dl + %0 9q dq) A dq 2104 dI A dq (4.2.30)
0 0S(I,q) 025(I,q) 0%5(1,q)
(% dI d =225 D g0 dr 4.2.31
do ndl = (p =+ —5, da) ~dl = —5 F=da (42.31)
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by putting [4.2.30] and |4.2.31| together we find dp A dg = dI A d¢. The coordinates ¢

will be multiple-valued with periods:

B0 = L T A T

as was to be shown.

We remark that the multi-valuedness of S does not destroy the new local canonical
coordinates because they differ by a constant, i.e. I’ =1+ ¢y and ¢/ = ¢ + ¢(I). so
the corresponding generating function is going to be S(I,¢') = I-¢'+co-¢' +o(1, ).
As a result, ¢ = g—? =q¢ + %‘; which implies ¢(I) = —%‘;. Moreover, I’ = g%, =1+ cp.

Therefore, in the new coordinate we have
dI' A d¢' = (dI + dcg) A (dp + de(D)) = dI A dg. (4.2.33)

]

We conclude this chapter by finding action-angle coordinate for simple harmonic

oscillator.

Example 4.2.14. |Arn89]
Recall the Hamiltonian
Lo, 229
H(z,y) = 5(:15 + wy?) (4.2.34)

Note that the area-preserving change of x = \/wu,y = v/4/w normalizes the Hamil-
tonian to the form H (u,v) = ws(u? + v?).

Now by transformation u = v/Isin(6),v = v/Icos(6) the Hamiltonian becomes
H=wl. (4.2.35)

Writing Hamiltonian formalism in the new coordinate,
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The following figure demonstrates the phase portrait of original Hamiltonian. The

phase space, in the new coordinate, the circles become horizontal straight lines.
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Normal forms

This chapter contains novel materials which are my own work. Also, some of the

background material in this section can be found in:

e Mathematical Methods of Classical Mechanics textbook by Vladimir Arnol’d
[Arn89).

e Birkhoff Normal Form and Hamiltonian Equations |Gre06].

When examining the behaviour of solutions to Hamilton’s equations in the vicin-
ity of an equilibrium position, relying solely on the linearized equation often proves
adequate at least in the absence of further work. Indeed, due to Liouville’s the-
orem, which asserts the preservation of phase space volume, asymptotically stable
equilibrium positions cannot exist within Hamiltonian systems. This highlights the
necessity of more nuanced analytical methods beyond mere linearization for thorough

understanding and prediction of system behaviours.

5.0.1 Near-Equilibrium Stability and Classification of Equi-

librium Points

This section is intended to give an informal overview of equilibrium stability.
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Consider a general autonomous vector field

i=f(z), =xeR” (5.0.1)

where f e C",r > 1. An equilibrium solution of is a point x € R™ such that

f(z) = 0. (5.0.2)

Let x(t) be any solution of . Roughly speaking, x is stable if solutions that start
“close” to x at a given time remain close to  for all later times. It is asymptotically
stable if nearby solutions converge to x as t — 0.

In the context of Hamiltonian vector fields, if the quadratic part of the Hamiltonian
is positive definite, then the fixed point is Liapunov stable. This is because the
positive definiteness of the quadratic part of the Hamiltonian ensures that the total
energy has a local minimum at the fixed point.

When the quadratic part is not positive-definite nor negative definite (neutral), then
the equilibrium is not stable. In fact, the positive-definite part gives rise to a "center
manifold" where the dynamics can be quasi-periodic. But at the same time there is
a unstable manifold.

Conventionally, by analogy of the general case we aim to reduce the Hamiltonian to
lower order terms by implementing a canonical change of variables. However, within
the purview of Hamiltonian systems, this process encounters certain limitations such
as resonance of quadratic part with higher order terms. Indeed, while terms of
power 3 can be removed, the presence of resonance prevents the elimination of terms
of order for example 4. To navigate around this issue, we employ a suitably chosen

canonical coordinate, such as action-angle variables.
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5.0.2 Classification of Planar Systems

Definition 5.0.1 (Liapunov Stability). Z is said to be stable (or Liapunov stable)

if, for a given € > 0, there exists a 0 = d(¢) > 0 such that, for any other solution,

y(t) of satisfying y(0) € Bs(Z), then y(t) € B.(z) for all ¢t > 0.

Definition 5.0.2 (Asymptotic Stability). z is said to be asymptotically stable

if it is Liapunov stable, and if there exists a constant § > 0 such that for any other

solution y(t) of satisfying y(0) € Bs(z), then lim; o, |z — y(t)| = 0.

Definition 5.0.3 (Hyperbolic Fixed Point). Let & be a fixed point of Then
z is called a hyperbolic fixed point if none of the eigenvalues of D f(Z) have zero

real part.

Theorem 5.0.4. [Wig03] Consider the C" autonomous vector field given by |5.0. 1]
Let T be a fized point of this vector field. Assume that there exists a C function

VU — R, defined on a neighborhood U of x, satisfying the following properties:
e V(z)=0;
e V(z)>0 foraz+#=x;
o The level sets of V' are compact.
Then, the following statements hold:
1. If V(z) <0 for all x € U, then x = % is stable.
2. If V(m) <0 for all x € U, then x = T is asymptotically stable.

Theorem 5.0.5. For the planar system © = Ax, x € R? the eigenvalues of A give

qualitative properties about the behavior of the system around the origin.

A — (tr(A))A + det A = 0. (5.0.3)
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Taking tr(A) = T and det A = D, the location of (T, D) relative to the parabola
T? — 4D in the TD-plane classifies the sort of trajectories around the origin as

follows:

e IfT?—4D <0 and

1. T < 0, then the origin is a spiral sink.
2. T >0, then the origin is a spiral source.

3. T =0, then the origin is a center.
o IfT?—4D >0 and

1. D <0, then the origin is a saddle.
2. D>0andT <0, then origin is a sink.

3. T >0 and D > 0, then the origin is a source.

5.0.3 Linearized Hamiltonian and spectral properties for one

and two degrees of freedom

Assume that * = 0 and write the Taylor expansion of the Hamiltonian H with one

degree of freedom. Let’s write it in a classical form:

H= ;xTAx +0(3) (5.0.4)

where A is the Hessian of H which is by definition symmetric AT = A and z =
(p,q) € R™ x R™. Also, in O(3) stands for the terms of order 3 and higher.

Therefore, the equation for Hamiltonian is going to be:

& =JAx = Bx + O(2) (5.0.5)
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0 I
where JA = B and J= where [ is the n x n identity matrix. The matrix

-1 0

J is taken to be symplectic identity matrix that obviously is a skew-symmetric and

orthogonal matrix.

Definition 5.0.6. The action of the Klein 4-group G = (o, 7|0? = 7% = 1,07 = T0)
on C:

VzeC:71(2) =2, o(z)=—z

Lemma 8. The stabilizer of z € R\{0} is generated by 7; the stabilizer of z € iR\{0}

is generated by o7; 0 is fixed by G and G acts freely on C\(R U iR).

Theorem 5.0.7 (Spectral Properties of Linear Hamiltonian). Let B = JA be a

2n x 2n Hamiltonian matriz.
o Ifn =1, then the eigenvalues of B are £X € R u iR.

o Ifn =2, either the eigenvalues of B come in two distinct pairs £\, £ o where
A1, A2 € R U iR; otherwise, there is an eigenvalue A € C\(R v iR) and the set
of eigenvalues is the orbit G - A. In the first case, the characteristic polynomial
pp(2) factors over R into a product of two quadratics of the form z?+\? and R*
decomposes into the direct sum of two B-invariant symplectic subspaces; in the
second case, when A\ = a + ib,ab # 0,pg(z) factors over R into two quadratics

22+2az+a?+b* and there are no non-trivial, symplectic, B-invariant subspaces

of R,

Proof. By the notation used in m BT = (JA)T = ATJT = —AJ by multiplying

J and J~! we get:

J(BHYJ'=—-JA=-B (5.0.6)
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which means BT is similar to —B so that they have same characteristic polynomials.
Indeed, Pg(\) = Pgr(A) = P_g(\) = Pg(—A\) that implies if A is eigenvalue, then
—\ is also an eigenvalue. In conclusion, the spectrum of eigenvalues are of the form
(A, —A). That is true also for the case complex eigenvalues.

For a system with one degree of freedom, either both A and —\ are real, or they are
equal and complex; in other words, A = —\. To show why these are the only cases
that can occur, suppose that A € C — R, and A\, —\, and ) are distinct eigenvalues.
Then the polynomial Pg(\) would have a degree of at least 3, which cannot be the
case.

For a system with two degrees of freedom, we have two possible scenarios:

« To begin with, R* decomposes into a direct sum of two B-invariant subspaces
which cannot be symplectic. Either the polynomial Pg possesses four distinct
roots A1, A1, — A1, —Aq, where \; = a+1b for a,b # 0 and a > 0. This results in
the system having two copies of C, one with (\;, A;) for which corresponding
sub-matrix has a positive determinant, i.e., \;.A\; = a® + b and trace is 2a.
Since a > 0, then first copy is unstable spiral around the origin. Analogously,

the second copy will be stable spiral.

e Or, the roots are \;, —\1; Ay, — Ay where they are imaginary numbers and the
corresponding equilibrium is center. In this case, we get two invariant copies
of C crossing each other transversally and on each copy of C the Hamiltonian

flow is rotation around the origin.

Example 5.0.8. Assume that (z;,y;) are canonical coordinates. Now look at the

following cases:

o H=2%(%+y}) + 2(23 — y3) ends up with eigenvalues £ = +ia, + )y = +b

which is a center-saddle.
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The Hessian matrix is

o o O

The eigenvalues and eigenvectors are

Ao =Fai = vy =

i

0
1
0

l

?

0 0
0 0
a 0
0 —=b

a 0
0 —b
0 0
0 0

Azg=tbe==v34 =

(5.0.7)

(5.0.8)

o H = a(x1y; — w2ya) + b(x129 + y1y2) ends up with eigenvalues A = +a + ib

which is focus-saddle (complex saddle).

The Hessian matrix is
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a 0
0 —a
0 b
b 0

(5.0.9)



The corresponding Hamiltonian matrix is

a 0 0 b
0 —a b 0
(5.0.10)
0 —b —a 0
—b 0 0 a
The eigenvalues and eigenvectors are
+i 0
0 +i
>\le =aq+t b V12 = , )\3’4 =—atbh << Vg g =
0 1
1 0
O

Remark 5.0.9. In the theorem [5.0.7, one can we infer that (in the first case) the
dynamic around the equilibrium is sum of two copies of C which are Lagrangian
subspace.

The above discussion establishes a firm building block for any further expansion
of Hamiltonian around an equilibrium point as though the structure of the normal
form is determined by the nature of the linear part of the vector field to a significant

extend.

5.1 Normal form for vector fields

Counsider the vector field

W = S(w) (5.1.1)

where w € R"™ and S is a C" function for some choice of r.
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5.1.1 Transformational Approach to Normal Form of Vector

Fields

First off, we transform the fixed point wy to the origin by the translation

v =w — wy veR" (5.1.2)

under which the vector field becomes:

v =S+ w) =Gv) (5.1.3)

linearizing [5.1.3|, we get:

v = DG(0)v + G(v), (5.1.4)

where G(v) = G(v) — DG(0)v. It should be clear that G(v) = O(|v[?).
Suppose T' transforms DG(0) into (real) Jordan canonical form. Then, under the

transformation v = Tz, equation becomes

& =T'DG0)Tx +T'G(Tx) (5.1.5)

denoting the (real) Jordan canonical form of DG(0) by J [[| we have,

J =T'DG(0)T. (5.1.6)

Define also

F(x) =T'G(Tx) (5.1.7)

then we can rewrite [5.1.5| as follows,

!Please note that, exceptionally in this subsection, the notation J is employed to represent the
Jordan canonical form, rather than its customary use as the symplectic matrix (5.0.5) .
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t=Jr+ F(x), reR"™ (5.1.8)

Then by Taylor expansion of F'(x) we find

t=Jr+ Fy(z) + F5(z) + -+ Fro1(z) + O(|z]") (5.1.9)

where Fj(x) represents the i term in the Taylor expansion of F. To kill F; we

introduce a coordinate transformation

x =y + ha(y), (5.1.10)

where hy = O(Jy|*), Dhy = O(Jy|), so the assumption just that |y| is sufficiently

small. By substituting into [5.1.9|it gives

(I + Dha(y))y = Jy + Jha(y) + Fa(y + ha(y)) + F3(y + he(y))+

(5.1.11)
o+ Fra(y + ha(y) + O(Jyl")
note that, each term
Fe(y +ha(y), 2<k<r-—1, (5.1.12)
can be written as
Fi(y) + O(ly[**") + - + O(|y[*) (5.1.13)

so that B.1.11] becomes

(I + Dha(y))y = Jy + Jha(y) + Fa(y) + F3(y) + -+ Fr_1(y) + O(ly|"). (5.1.14)
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Now for sufficient small value of |Dhsy(y)||, the following term exists

(I + Dha(y))~! (5.1.15)

and can be represented in a series expansion as follows

(I + Dha(y))™" =1 — Dha(y) + O(lyl*) (5.1.16)

substituting above into we get:

y = Jy+ Jha(y) — Dha(y)Jy + Fa(y) + F3(y) + -+ Fa(y) + O(Jyl"). (5.1.17)

Now we are going to choose a specific form for hy in order to simplify the O(|y|?)

terms of order two. Ideally, this would mean choosing hy such that

Dha(y)Jy — Jha(y) = Fa(y). (5.1.18)

This would eliminate F5(y) from [5.1.17} We want to motivate that, when the equa-
tion [5.1.18 viewed in the correct way, it is in fact a linear equation acting on a linear
vector space of homogeneous polynomials of order 2. This will be accomplished by
1) defining the appropriate linear vector space; 2) defining the linear operator on the

vector space; and 3) describing the equation to be solved in this linear vector space.

Theorem 5.1.1. [Wig03][Normal form theorem/
Let Hy, be the vector space of homogeneous polynomial vector fields on R™ of degree
k. Let Ae Hy and L : Hy — Hy, be the linear transformation induced by the Lie

derivative,

La(h)(y) = —dyh - A(y) + Ah(y) = [k, A](y), yeR" (5.1.19)
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Let Gy, be a subspace complementary to L;(Hy). Then by a sequence of analytic

coordinate changes, equation[5.1.9 can be transformed into

y=Jy+FEy)+...+F_1(y) +O(y") (5.1.20)

where FJ(y) € G, 2 <k <r—1.

Remark 5.1.2. o Equation [5.1.20]is said to be in normal form.
« The resonance terms are denoted by F{(y) for 2 <k <r — 1.

o As we simplify the terms at order k, no modifications are made to any lower-
order terms. However, terms of order higher than k£ do get modified. This
modification occurs at each step when the method is applied. If there’s a need
to calculate the coefficients of each term of the normal form in the context of the
original vector field, it becomes necessary to keep track of how the coordinate

transformations successively modify the higher-order terms.

While exploring the landscape of normal forms in vector fields, one might recognize
patterns and structures that govern the behavior of these systems. When we shift our
focus towards Hamiltonian functions, the Birkhoff Normal Form is considered form of
normalized version of the Hamiltonian. The transition might seem superficially dis-
connected, but it’s anchored in the underlying mathematics. For Hamiltonian vector
fields, the approach to normal form theory, as discussed in subsection [5.1.1] under-
goes some diffeomorphism transformations. Instead of dealing directly with vector
fields, we can also analyze the Hamiltonian system’s normal forms by a symplec-
tic diffeomorphism transformation. This distinction arises because the Hamiltonian
framework allows for a deeper exploration of energy conservation and symplectic ge-
ometry, offering a different perspective that connects the theory back to the broader
understanding of normal forms. It also is a good exemplification of how mathemati-

cal concepts can take on various manifestations depending on the context and focus
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of the study. The next subsection unlike the previous explore into Normal Forms of

Hamiltonian.

5.1.2 Linearized Hamiltonian and normalization by Williamson’s

theorem

Consider the quadratic Hamiltonian
1
H = §<Ax,x> (5.1.21)

where © = (p1,...,Pn;q1,---,qy) 1S & vector written in symplectic basis and A is a

symmetric linear operator. Then canonical equations are as follows:

T =JAzx (5.1.22)
where
0o I,
J = ) (5.1.23)
-1, 0

Here the eigenvalues of the JA play the main role in normal form theory in terms of
type and structure. We proceed by Williamson’s theorem which theoretically ensures

about the normal form.

Theorem 5.1.3 ([Arn89|, page 382). Williamson’s theorem
A real symplectic vector space with a given quadratic form H can be decomposed into
a direct sum of pairwise skew orthogonal real symplectic subspaces so that the form

H is represented as a sum of forms of different types on these subspaces.

For example for a pair of Jordan blocks of order k with eigenvalues +a the Hamilto-
nian is

k k—1
H=—a) pjg;+ ), pigj (5.1.24)
j=1 j=1
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or for the case of +a + bi the Hamiltonian is

2% k 2%—2
H = _azquj + bZ(pszQQj — P2;q2j-1) + Z Pjqj+2 (5.1.25)
. . “

Jj=1 7=1
or for the pair of Jordan blocks of order k with eigenvalue zero the Hamiltonian is
k=1
H =) pjgj (5.1.26)
j=1
where for j =1, H = 0.
Definition 5.1.4. Characteristic frequency, denoted by w;, are defined such that

such that the quantities +iw; represent the eigenvalues of matrix B as described in

equation [5.0.5]

5.2 Birkhoff Normal Form

We proceed by the following statement that will be explained and leveraged in up-
coming sections. Suppose that in the linear approximation an equilibrium position of
a Hamiltonian system with n degrees of freedom is stable, and that all n characteris-
tic frequencies wy, ..., w, are different. Then the quadratic part of the Hamiltonian

can be reduced by a canonical linear transformation to the form:

= (a4 )+ o+ a4 62)) +O3). (5.2.1)

5.2.1 Frequency condition and statement of Birkhoff normal

form

Definition 5.2.1. The characteristic frequencies wy,...,w, satisfy a resonance

relation of order K if there exist integers k; not all equal to zero such that
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The action-angle coordinate (I;,6;) for the harmonic oscillator with w = 1 (example

4.2.14)) are, by construction, action-angle coordinates for the Birkhoff normal form.

Definition 5.2.2. A Birkhoff normal form of degree s for a Hamiltonian is a
polynomial of degree s in the canonical coordinates (P, Q);) which is actually a poly-

nomial of degree [$] in the variables I = (P? + Q7)/2.

For example, for a system with one degree of freedom the normal form of degree 2m

or 2m + 1 is
1
Hop = Hoppsr = and + agl? + -+ + a,, I™ where I = §(P2 + Q). (5.2.3)

Birkhoff normal form gets a bit complicated with higher degrees of freedom. For
instance, for a system with two degrees of freedom the Birkhoff normal form of
degree 4 is

H4 = CL1]1 + a/2_[2 + CL11]12 + a12]1]2 + CL22[22 (524)
the coefficients a; and a5 in are characteristic frequencies.

Theorem 5.2.3 ([Arn89], page 387). Assume that the characteristic frequencies wy
do not satisfy any resonance relation of order s or smaller. Then there is a
canonical coordinate system in a neighborhood of the equilibrium point such that the
Hamiltonian is reduced to a Birkhoff normal form of degree s up to terms of order

s+ 1:

H(p,q) = H(P,Q) + R  where R =O0(P|+|Q|)*. (5.2.5)
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Birkhoff normal form of linearized Hamiltonian

As a matter of fact, if \; = iw;, w; € R—{0} are n-distinct non-conjugate eigenvalues
of B, then the Hamiltonian can be transformed to H = Y. jw;(P? + Q3) + O(3) by
a linear change of variables.

As a matter of simplicity, we will focus on finding the normal form of perturbed
simple harmonic oscillator. It is notable to know the Birkhoff normal form of simple

harmonic oscillator is as follows:

Hy(p,q) = ) Wi = D @il (5.2.6)
j=1 j=1
2 2
where I; := pj;qj is the j** action variable.

Definition 5.2.4. P is in normal form with respect to H if it Poisson commutes

Theorem 5.2.5 ([BG22|, page 12). Birkhoff Normal Form

Assume H = Hy + P where Hy in|5.2.0 is the harmonic oscillator and P is C* real
value function with zero of order 3 at the origin and let r = 3 be fized. Then there
exist a analytic canonical change of coordinate T : (p',q¢') € U — (p,q) € V from a

neighborhood of origin to a neighborhood of origin which

Hor=Hy+Z+R (5.2.7)

with following properties:

e 7 is polynomial of order r and is in normal form with respect to Hy.
« ReC*(M,R) and R(p',¢') = O(/|(¥', &))"+

o The map 7 is close to identity in the sense that

(', qd) =, d)+ O, d))* (5.2.8)
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e If w is non-resonant of order r then Z depends only on the new actions Z =

Z(I5,...,I,) where I} = (p}? + q})/2.

n

5.2.2 An application to an oscillator with a cubic potential

We now turn our attention to an example of cubic perturbation. Consider the

harmonic oscillator Hy perturbed by the term %-, that is to say

1 1
H = 5(902 +92) + §x3. (5.2.9)

o (b) Harmonic oscillator perturbed by
x

) Harmonic oscillator perturbed by 332 %

Hix, y)

Figure 5.1: Perturbation of harmonic oscillator with two different coefficients

We look for canonical transformation

oz, y) = (X, Y). (5.2.10)

5.2.3 Normalization to order 3

To find an expansion of ¢, we use the method generating functions (section |3.3)).

Consider the generating function V(x,Y") for which we have

ydr + XdY =dV(z,Y) (5.2.11)
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then we obtain y, X as follows:

ov ov
— = — =X 5.2.12
Pl Y ( )
then by Birkhoff normal form theorem [5.2.5] we have
1
K = §(X2 +Y?) +0(4) (5.2.13)
in other words we have
1
Ho¢=K(I)=1+wl*+0(6) where I = 5()(2 +Y?). (5.2.14)

According to the theorem [5.2.5] the symplectic transformation is a near identity map
and the generating function associated must look like V' written as follows; We first

off, take a homogeneous polynomial V' of order 3:

V(z,Y) =zY + asz® + ap2®Y + a12Y? + aY? + O(4) (5.2.15)

then by [5.2.12] we get

y =Y + 3azr® + 2a02Y + a,Y? + O(3)
(5.2.16)

X =2+ ayx? + 2a12Y + 3a0Y? + O(3).
In this step, we need to determine the coefficients a;. To this end, we substitute y
into original Hamiltonian [5.2.9) and X into Birkhoff normal form [5.2.13] Then by
equating the terms of order 3 we seek to find the a;.

After substitution we will have
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1 1 1
H(z,Y)==2"+ §(Y + 3az2® + 2a07Y + a1 Y?)? + —2° + O(4)

2 3
1 1 1
= §x2 + §Y2 +a1Y? 4+ 3a3Y2? + 2a,Y %z + §x3
H, Hs
3 3 1
+ 2a322%Y? + §a3a1x2Y2 + §a3a1Y2x2 + 5&%}/4 (5.2.17)
o)
9
+ §a§Y4 + 6asasY 2 + 2a0a, Y3
o)
1o, 1 2 212
K(z,Y) = §Y + §($ + asz” 4+ 2a12Y 4 3a0Y*)* + O(3)
Lo 1, 3 2 3 2 3 2
==Y+ -2+ —apxY”* + ax” + 2a127Y + —apY " x
2 2 2 2 .
Hy s
3 3
= 2aya,2°Y + §a2a0x2Y2 + 6ayaprY?® + §a2a0Y2:I;2 (5.2.18)
o)
+ 1<129r:4 + 90L2Y4 + 2a22°Y?
o2 5% 1
o)
by equating the terms of order 3 we find the following table,
Terms | H | K
ZES % a9
22Y | 3as | 244
.I'YQ 2@2 3&0
YS aq 0
Table 5.1: Corresponding Monomials between H and K
then by equating them the coefficients turn out to be,
2 1
ay = as = O, ag = 57 Qa9 = g (5219)
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So the generating functions [5.2.15| becomes,
L o 2.3
V(z,Y)=2zY + 3” Y + §Y + O(4). (5.2.20)

5.2.4 Normalization to order 4

To obtain the frequency of the system in Birkhoff normal we will do a completely

analogous process but this time higher order terms are involved, i.e.,

Ho¢p=K(I)=1+wl”+O(6). (5.2.21)

Consider the generating function of order 4,

1 2
V(z,Y) =2Y + -2?Y + 2Y?
3 9 (5.2.22)
+ agxt + az2®Y + apr?Y? + a12Y? + agY* + O(5)

hence,
( oV 2
- v+ iay
4 ox * 3x
+ day2® + 3a3x?Y + 2a22Y% + a,Y? + O(4),
X LV, 2 (5.2.23)
oYy 3 3

+ azr® + 2a92%Y + 3a12Y? + 4agY? + O(4)

then by substituting y and X obtained above in original Hamiltonian [5.2.9] and the

Birkhoff normal form [5.2.21} after expanding we get the followings:
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1 1 1
H(x,Y) =2’ + -2° + =

2
5 3 5 [Y + ng + 4agx® + 3az2?Y + 2a20Y7 + a, Y32 + O(5)
Ly 1o, 13 2 05 3 2\ 9y 3 4
=3¢ + §Y + gx + ng +4ayx’Y + (3az + §)x Y 4+ 2a92Y° + a1 Y
Ha Hs Ha

8 4 2 1
+ §a4aj4Y + 2a323Y? + §a2$2Y3 + gale4 + ia%YG + 2a1a5Y %%

o

/

o(5)

1
+ 2a1Y6 + 2a,a:Y°z + (3ajas + 2a2)Y4x + daya,Y333 + 6asa3Y32?

-

)
"

0(5)

9
+ 8asa, Yzt + 2a3Y2x4 + 12asa,Y 2° + 8a4x + 3ajasY*z?

.

J
"

0(5)

(5.2.24)

and,

1 1 2 2 9
K(SE, Y) = 5 laf + 5132 + §Y2 + CL3233 + 2a2x2Y + 3(],13:Y2 + 4@0Y3] + 5Y’Z

2

1 1 1 2 2
5Y2 +3 lx + §x2 + §Y2 + azx® + 2a92%Y + 3a12Y? + 4a0Y3] + O(5)
1 1 1 2 1
:§x2+§Yi+3x3+§xY2 (a3+ 1 +1—8):c + 2a52%Y + . -
;Ig ;I; H4
2 w w 2 8 2w
~4+3 N2?Y 2 4 dagzY? + (5= + )Y+ —agY? + =Y
+£9+ a1+2)x + 4daopx +(4+9) J+3a0 T Y -
Ha o(5)
e I Y 54822V 4+ 2ydy 4 T
_— — —XT —X 737 a — X AW .
8l 37 "7 o7 T34 0 3 i )
o(5)
(5.2.25)

now by equating monomials of order 4 and taking them down in a table as below,

then, by equating the coefficients of table above [5.2] we end up with a linear system
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Terms H K
7 T
x 0 as + % + I
2}y day 2a4
212 2|2 w
z?Y 3az+ 5 | 5§+ 3a1 + 3
IYS 2@2 4@0
Y4 ay % + %

Table 5.2: Corresponding Monomials between H and K

of equations as follows:

-1 = +CL3 —i—iw
5 = T3a; —3as +%w
—g = —Qa —i—iw

and
0 = - 2@2 +4CL4

0 = 4@0 —2a2.

That shows that the equations decouple into two subsystems with ag, as,as and

ay, as,Ww.

17 7 5

= — = = -, .2.2
144 s 0 YT T (5.2.27)

ag=as=a4=0 , a

In conclusion, the Birkhoff normal form of the perturbed Hamiltonian is going to be:

5 1
Hop=K(I)=1- EP +0(6) where I = 5(X2 +Y?). (5.2.28)

The frequency of the system in action-angle coordinate is the partial derivative of H

with respect to action variable

oH 5
—=1—-=1I . 2.2
= 21+ 0(5) (5.2.20)
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Since w < 0, the frequency is H; is decreasing near the equilibrium / = 0. Indeed,

due to the saddle critical point x = —1,y = 0, the frequency must tend to 0 as H

goes to % Also, it is worth mentioning that because H is integrable, the Birkhoff
normalization process converges as s — o0 to a change of variables to action-angle

variables for H.

5.2.5 Birkhoff normal form of order three for 1 = %(xQ +y?)+

1.3
333

To gain a deeper understanding about the behaviour of the system for longer time
interval we aim to determine coefficients for higher order terms such as w; in K =
I +wI?+wI?. Up until now, we have derived the value of w and we try to find w; as
well. Since the computations are similar to those in section [5.2.2] only the highlights
are included.

To this end, we consider the following generating function

1 2 7 17
V(z,Y)=2Y + =2’V + =Y? + — 2%V + —aY?

+ a52° + ay2?Y + a32®Y? + ap2?Y? + ayxY* + agY® + O(6)
and the Birkhoff normal form is as follows

K(I)=1- Sy wi I? + O(8)

12
231
1 2 2 o 1 2 1 2\2 1 2 1 2\3 (5 3>
=§(X +Y>_ﬁ(§X +§Y) —l—w1(§X +§Y) + O(8).

Notice that the original Hamiltonian is

1 1 1
H(z,y) = 5:52 + §y2 + §x3. (5.2.32)
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The partial derivatives of the generating function V are:

_
y= oxr
2 21 17
SV 422V 4 Y 4 Ly
Tyttt T

+ 5asx? + 4ay2®Y + 3a322Y? + 20902 + a,Y* + O(5)

_a
Y
7 51

12 2 2 3 2
= — -Y — —21aY
x—i—gx —1—3 —|—144x —|—1443:

X

+ agxt 4+ 2a32%Y + 3a02?Y? 4 4a1xY? + 5agY* + O(5).

(5.2.33)

(5.2.34)

We now substitute y and X into original Hamiltonian [5.2.32| and Birkhoff normal

form [5.2.31] respectively. Equating terms of order 5 in each, as done in section [5.2.2]

gives

149 41
Qg = @, a; = 0, ap =
53
az =0, a4=@, as =0
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to determine w; we go for generating function of order 5,

1 2
V(z,Y)=2Y + §$2Y + §Y3
T oL 1T .
By Ly
Tttt ”
149

327 Tt T %0
+ ag2® + as2®Y + agx'Y? + az2’Y? + apr?Y* + a12Y? + aY® + O(7)

YS

(5.2.35)
from above we derive y and X as follows:
v
y= ox
2 21 17 212 82
—Y + 22V + 2y + —v3 4 Sy 4+ 22y 5.2.36
TRt Tt Tzt T ( )
+ 6a6x” + 5asz?Y + 4a42°Y? + 3a32?Y? + 2a00Y* + a1V + O(6)
oV
X = -
oY
1, 2., 7 5 51 _, 53, 123, , 149,
= - 2y 4+ — —rY* 4+ — Ity 4+ Y 5.2.37
TR T ™ T3t Tt T 16 ( )

+ asx® + 2a42*Y 4 3a323Y? + 4aox®Y? + 5ajaY* + 6a0Y® + O(6)

as we did in previous chapter, we substitute y and X into [5.2.32[ and [5.2.31| respec-

tively and then by equating terms of order 6 we determine the value of w; through
solving a system of linear equations. Since the process is completely analogous to

the section we avoid writing the details here.

a0=a2=a4=a6=0

449 24985 4795

= —_— = — - 5.2.38
M= 15360 P T 622080 0T 41472 ( )
_ 23
1= 39
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then the Birkhoff normal form is

) 32435
KI)y=1—--—=I"~-"""+0(@). 5.2.39
(1) 12 41472 +0@®) ( )

5.3 Perturbation of H; = 1(2%+y?) by general cubic

homogeneous function

This subsection studies the Birkhoff normalization process where the cubic term "%3
of the previous section is replaced by a general, homogeneous cubic in
P(z,y) = bsz® + byx*y + biaoy® + boy®. (5.3.1)
5.3.1 Normalization to order 3
The new harmonic oscillator is
Ly 1, 3 2 2 3
H(z,y) = 3% + SV + b3z + box“y + bixy” + boy (5.3.2)
also the first order Birkhoff normal form is
1
K(I)=1+0(4) where I = 5(X2 +Y?). (5.3.3)

The normalization algorithm we used so far in section is going to be applied to
H [5.3.3lin order to obtain the Birkhoff normal forms of low order.
As in equation [5.2.20] let the generating function V' of the Birkhoff normalization

transformation be

V(z,Y) =Y + azx® + ap2®Y + a10Y? + agY? + O(4) (5.3.4)
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y= % =Y + 3asz”® + 2a2Y + a,Y? + O(3),
(5.3.5)

X =% =2+ ax? + 2a13Y + 3aY? + O(3).

We then now substitute y into [5.3.2] and X into [5.3.3]

1 1
H(z,Y) = 5:152 + i(Y + 3azz® + 2a7Y + a;Y?)? + bya®

+ bo2® (Y + 3asx® + 2as0Y + a1Y?) + biz(Y + 3asx? + 2a92Y + a,Y?)?

+ bo(Y + 3asx® + 2a52Y + a;Y?)? + O(4).

(5.3.6)
And regarding the Birkhoff normal form we obtain
1o, 1 2 212
K(z,Y) = §Y + 5(3: + agr” + 2a12Y + 3a0Y )" + O(3). (5.3.7)

By expanding above equations and underlying the terms of order 3 we find as follows,

H(z,Y) = Hy+azx® + (3bs + az)x®Y + (2by + ay)xY? + (by + a2)Y?> +0(4) (5.3.8)
monomiagrof order 3

and

K(2,Y) = Hy + byx® + 2b12°Y + 3boxY? +0(3). (5.3.9)

~
monomials of order 3

By equating the underlined terms of [5.3.8] and [5.3.9] and perusing completely analo-

gous process as in the section and solving its linear system we get,

1
ag = §(2b3 +b) , ar=-by , ax=0by , az=bo (5.3.10)

5.3.2 Normalization to order 4

Seeking frequency of the perturbed system requires to calculate a Birkhoff normal

form of higher order. Consider the generating function of order 4 and apply the same
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process as was applied in previous subsection [5.2.2

-1 1
V(QZ’, Y) =Y + 7(21)0 + bg)l‘g + bgl‘QY — boZL‘YQ + *(2[)3 + bl)YS
3 3
(5.3.11)
+ agx* + az2®Y + apr®Y? + a2V + agY* + O(5)

from which we obtain the y and X as follows,

-

y =Y + (—2by — by)asx?® + 2b32Y — byY? + 4dayx® + 3asx?Y

+ 2a,7Y% + a1 Y? + O(4)
3 (5.3.12)
X =2 + bga® — 2bpzY + (2b3 + b)) Y? + azz® + 2a.2%Y

+3a12Y? + dagY? + O(4).

\

Substituting X and y into and the Birkhoff normal form up to the order 2
(K = I +wI?*+ 0(6)) and then by equating the terms of order 4, we try to evaluate

b; and w,

1
H(z,Y) =3 (Y + (=2by — ba)ag® + 2bszY — boY? + daya’®
2
+ 3a32%Y + 2a0xY? + a1Y3>
+ bg$2 (Y + (-21)0 - b2)a2x2 + 2b3{L’Y - b0Y2 + 4CL4ZL’3
+ 3a32?Y + 2a02Y? + a1Y3>
+ bll'<y + (—2b0 — 52)&2$2 + 2bszY — b()Y2 + 4(141’3 (5313>
2
+ 3a32%Y + 2a0xY? + a1Y3>
+ by (Y + (=2by — by)aga® + 2b32Y — boY? + dasa®
3
+ 3a32%Y + 2a92Y? + a1Y3>
1
+ 5902 + b3 + O(6)

and,
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1 1
K(@,Y) = 5v2+ 5 <x + bya? — 2bgxY + (2 + by)Y?
2
+ a3z + 2a92%Y + 3a12Y? + 4a0Y3>

, (5.3.14)

+ w<Y2 + 5+ baa® = 2boaY + (2bg + b)Y

2

+ asz® + 2a02%Y + 3a;xY? + 4a0Y3)> + O(5).

A completely similar process to the section [5.2.2] corresponding the monomials of

order 4 and equating the coefficients, leads to the following linear system of equations

00 0 1 0 1a\]" 22 — 132 — 132
03 0 -3 0 1/2 " —6b3 — 3boba + 3bsb,
0O -1 0 0 0 1/4 "= —1p — 2b1bs — 263 — 3b, |- (5.3.15)
o0 1 0 -2 o||” —6boby — bobs — 3Dy by
>0 -1 0 0o o)™ —2bobs
w

As it can be seen, second row and the third row can be grouped and solved separately.

Also, first, forth and fifth row can be grouped and solved independently.

p
ag = 0

1 ay = —4bsby (5.3.16)

ag = & (408 + 3boby + 303 + 3biby + 303 — 313)

ay = —%bobg + bobl + %bgbl

\

and eventually w is,

1 15, 15
w = 5| ~3bobs — b3 — 705

3
2

b — ;bf - 3bgb1]. (5.3.17)
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In our analysis of the Hamiltonian H(z,y) = 2%+ 2y? + bsa® + box?y + bizy® + boy?,
a remarkable symmetry emerges in relation to its associated frequency w. Specifi-
cally, when interchanging the coefficients by and b3, as well as b; and b, within the

Hamiltonian, the expression for w remains invariant. This symmetry, given by

| 15, 15, 3., 3
w = 5[431)0572 — W= b — b — b - 3b3b1], (5.3.18)

elegantly underscores the intricate interplay between the terms in the Hamiltonian
and their consequential impact on the dynamics of the system. Additionally, the
presence of this symmetry between the Hamiltonian terms and the resulting fre-

quency confirms the accuracy of our computations.

5.3.3 Kolmogorov—Arnol’d-Moser (KAM) theorem

It was originally introduced by Kolmogorov (1954)[Kol79] for the mathematics of
planets orbiting around the sun for long time behaviour. He considered a perturba-

tion setting applying to a fully integrable system:
HO + €H1 (5319)

where Hj is the fully integrable part, H; is the non-integrable part and € is very

small value.

5.3.4 Origins and the classical statement of the KAM theo-

rem

Although the Hamiltonian under consideration doesn’t strictly adhere to the assump-
tions of the KAM theorem as articulated in this thesis, it’s imperative to underscore

the historical significance of this theorem. Therefore, the inclusion of this material
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in the current discussion serves to highlight the profound historical and conceptual
influence of the KAM theorem in the realm of dynamical systems.

Consider the perturbed Hamiltonian of the solar system induced by Newton’s laws

of motion:
N 2 i
Y] [y YY; M; M;
HX,)Y)=)> ( -G J+ey ( -G ). (5.3.20)
; 20 | X ; my | Xi — X
;{g Hy (pert::rabtion)

Notice that in above H; stands for non-integrable perturbation which is due to
planet-planet interaction.

where

e mg : mass of the sun

e g : position of the sun

e po : momentum of the sun

e m;, x; and p; for the other planets.

o €= Zi\il m;
mo
o M=
i Mo,
my = mg + m; , ; = ——  reduced mass 5.3.21
0 0 H G(mo + mz) ( )
Xj=z,—z0 . Yi=" and Yp =0 (5.3.22)
€ i

It turns out the value of € is 1073 and the version of KAM-theory that Kolmogorov

came up with was not accurate enough to be applied.
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Consider the Hamiltonian H(z,y) = Hy(y) + €H (z,y), where Hy(y) is the integrable
part and t H(z,y) is the perturbation. The idea is that many trajectories of per-
turbed system can be constructed out of the trajectories of unperturbed system.

For the integrable part Hy, from Liouville-Arnol’d theorem we know,

Yy = constant,

(5.3.23)
T = VH()(y) € Td.
——

w

Kolmogorov said for the non-resonant value of w one can distort (twist) the trajec-

tories into the trajectories of the perturbed system.

Definition 5.3.1. Let w € R?. We say that a resonance occurs if there exists a
non-trivial vector k € Z? such that the inner product k - w = 0, indicating a linear

dependence among the components of w.

To prevent resonance and near resonances from destroying the convergence of a
normalizing transformation, Kolmogrov came up with the Diophantine condition
which states frequency (w) of the unperturbed system is said to be Diophantine if

there exist positive constants ¢ and v such that

1
|k - w| = . (5.3.24)
cllk[”
Definition 5.3.2. The frequency map is called non-degenerate if
det(V*Hy(y)) # 0. (5.3.25)

If the frequency vector VH(y) is Diophantine one can we construct solution for
perturbed system out of unperturbed system via canonical change of coordinate.
This means the majority (in the sense of Lebesgue measure) of invariant tori survive

after perturbation. These tori are obtained by deformation of tori of the integrable
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part.
Originally the resonance issue is rooted to linearizing the whole system and applying
a canonical transformation to make a new Hamiltonian independent of # and it ends

up the following equation,

w-Vo=f (5.3.26)

where f is given and ¢ is the transformation.

By applying Fourier transform we get:

2im(k - w)p(k) = f(k) (5.3.27)

so in the quest for finding ¢ we face the divisor:

; f(k) d

k) = keZ®—{0 5.3.28
60 = gy Tor ReE—10) (53.29)
that leads to Diophantine condition.

Consider the Hamiltonian system with real-analytic Hamiltonian-perturbation H; as

given below,

H(0,1,¢)=Ho(I)+eH,(0,1) (5.3.29)

where # mod 27 belongs to n-dimensional torus T" and I belongs to an open domain

of R™.
Definition 5.3.3. The frequencies w = w(ly) = %2 (1) on the invariant torus
Ny = {(0,1): 1 = I} (5.3.30)

of the unperturbed system are said to be Diophantine if there exist positive con-

stants ¢ and ~ such that
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(5.3.31)
Let’s denote by D, the set of frequencies satisfying for some v > 0.

Remark 5.3.4. The meaning of conditions is that the "small divisors" k - w
are not too small. It not only guaranties k.w is non-zero but also ensures it can
not be approximated too well by rational numbers. The norm |.| does not play an
important role here. Usually it is taken as |v| = maz;|v;|. The torus Ny, with

Diophantine frequencies w(/lp) is called Diophantine.

Theorem 5.3.5 (Kolmogorov’s version of KAM theorem). [TZ10] Suppose that the

unperturbed system is non-degenerate at the point Iy and the torus Ny, is

Diophantine. Then Ni, survives the perturbation. It is just slightly deformed and as
— 9Ho

before carries quasi-periodic motions with the frequencies w = w(ly) = S (1o).

Remark 5.3.6. Moser proved the theorem on the preservation of quasi-periodic
motions remains true also in the case of sufficiently smooth dependence of the Hamil-

tonian on phase variables. [Mos01]

5.3.5 Iso-energetic condition and existence of non-resonant

invariant tori

Recall that the system with Hamiltonian Hy(I) has n first integrals in involution
(the n action variables). And every level set of all these integrals is an n-dimensional
torus in 2n-dimensional phase space. The motion of a phase point on the invariant

torus I = const is conditionally-periodic and the frequencies are

0Hy

Wk
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Therefore, the phase curve densely fills a torus whose dimension is equal to the
number of frequencies w; which are arithmetically independent. The case when
the frequencies are functionally independent will be called the non-degenerate case.
A condition that guarantees the existence of many Diophantine tori is that the

frequency map be a local diffeomorphism

Ow 0?H,
det(57) = det( apo

) # 0. (5.3.33)

Thus, in the non-degenerate case, the unperturbed problem determines on the dif-
ferent invariant tori conditionally-periodic motions with different frequencies. In
particular, the invariant tori on which the number of incommensurable frequencies
is maximal, i.e., n form a dense set in phase space; such tori are referred to as
non-resonant tori. It can be shown that the non-resonant tori form a set of full
measure, i.e., the Lebesgue measure of the union of all invariant resonant tori of the
unperturbed non-degenerate system is equal to zero.

On a non-resonant torus, the trajectory of a conditionally-periodic motion is dense.
Thus, for almost all initial conditions, a phase curve of a non-degenerate unperturbed
system densely fills an invariant torus whose dimension is equal to the number of
degrees of freedom.

A second form of non-degeneracy, that is independent of the Kolmogorov non-
degeneracy condition (eqn , is called iso-energetic non-degeneracy.
Regrading the system the following condition is called iso-energetic non-

degeneracy condition:

02H2'0 dHo

det | 7 T -0, (5.3.34)
0Hg 0
oI

Geometrically, this condition is equivalent to the condition that the projectivized
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frequency map,

I — (wi(I): - wy(I) e RP™ (5.3.35)

is a local diffeomorphism when constrained to an energy surface H(I) = h, is dif-
feomorphism of each unperturbed energy level hyper surface Ho(I) = const. For
iso-energetically non-degenerate Hy, perturbed systems with the Hamilton functions

H, admit many invariant tori on each energy level hyper surface {H (I, ¢) = const}.

Theorem 5.3.7 (KAM theorem). |TZ10]/jArn65] Consider the system and
suppose that the invariant torus Ny, of the unperturbed system lies on the energy

level {Hy = h}, the unperturbed system is iso-energetically non-degenerate at Iy:

Tl (ly) Y,
P e (5.3.36)
(2He)T(Io) 0
and the frequencies w(ly) are Diophantine. Then on the energy level {H. = h} of the

perturbed system there is an invariant torus close to the original one. The frequencies

on this torus are Aw(ly) where A =1+ O(e).
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On the Birkhoff Normal Form and
KAM tori Persistence in Modified
Jellinek-Berry Nosé Hamiltonian

Thermostats for Ideal Gas

This chapter contains new and original results which are inspired by Nosé-thermostated
mechanical systems on the n-torus [Butl8].

The Hamiltonian regarding to the mechanical system is ¥(p,q) = % + ¢(q) where
g e S' and p € R. We are aiming to model the exchange of energy through heat
between that system and the external heat bath at the constant temperature 7.

To model the total energy of the heat bath and system, Jellinek and Berry introduced

the Hamiltonian:

2 2
F(s,ps,q,p) = 2m];2<8) + o(q) + 2Qi‘;(s) + kTv(s), (6.0.1)

where
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ps is the conjugate momentum of the thermostat respectively.

¢ is the potential of the physical system.

e v(s),u(s) and h(s) are a smooth non-vanishing function of the thermostat

variable s.

s is the thermostat variable.

The parameter () is the mass of the additional degree of freedom s.

k is the Boltzmann constant.

T is the desired constant temperature.

The net effect of the interaction with the heat bath is that it results in appearing
h(s) in the kinetic energy of the mechanical system. In other words, it is behaving
as if the mass of the internal system were changing depending on the state of energy
exchange.

Also, there is a complementary change in mass of the thermostat variable in [6.0.1]

we can think of it as pseudo-particle which is carrying the heat energy of the heat

bath.

Remark 6.0.1. By construction, the Hamiltonian F' of the Jellinek-Berry thermo-
stat (JB thermostat) is conserved by the Hamiltonian flow. That is, the total energy
of the mechanical system and its thermal bath is constant in time.

Ergodic properties: The authors also examined the ergodic properties of the gen-
eralized Nosé method|JB89] and [LLMO09|. Ergodicity is an extremely important
property for a thermostat method, as it ensures that the time averages of physical
quantities converge to the ensemble averages. In fact, without ergodicity the clas-
sical mechanics and statistical mechanics diverge. Jellinek and Berry discussed the

ergodic properties of their generalized method and provided arguments to support
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the notion that the generalized Nosé method can be ergodic under certain conditions

[Jel88].

Theorem 6.0.2. Assume v, u,h are smooth functions of s; Q, kT, m are fixed positive

parameters and F(s,ps,q,p) = ﬁz(s) + ¢(q) + 26227%(5) + kTwv(s). Let

Azp—, B = kT, s =589+,
2m
1 1
—l = = 6-0-2
ps=y, s P2(s)’ B(s) 200205 (6.0.2)

Then:

1. If " > 0 when v = 0, then there is a smooth function s = so(y; A, B) defined

for all y # 0 such that % = dgts = 0 when s = s.

2. The graph of sy = T*(S' x R") is fibred by periodic orbits that are normally

elliptic with frequency w [6.2.15

3. There are action-angle variables (Iy, I1,6y,01) defined in a deleted neighbour-

hood of the graph of so such that the Hamiltonian F takes the normal form
0.2.300 where the coefficients are defined in equations|6.2.29.

4. The Hamiltonian F is iso-energetically non-degenerate for an open and dense

set of parameter values.

5. For all parameter values in this set and all sufficiently small potentials ¢(q),
F + ¢ enjoys a positive measure set of invariant KAM tori in a neighbourhood
of the graph of sq. In particular, the thermostatted dynamical system is not

ergodic.
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6.0.1 The JB-thermostated ideal gas

We consider idealized version of the Hamiltonian [6.0.1} Say that an ideal gas is a
mechanical system with zero potential energy. In an idealized gas, atoms or molecules
do not interact, so they only possess kinetic energy. Hence, in equation we set
¢ zero.

From now on we consider the Jellinek-Berry ideal gas thermostat Hamiltonian

7 Ps
F(s,ps,q,p) = S (s) + 22(5)0 + kTv(s). (6.0.3)

in which the h(s) and u(s) are scaling functions which are smooth non vanishing

functions. Regarding Hamiltonian equations are,

. O0F p S
7= op  mh2(s)’ o= Ops  u(s)Q’ (6.04)
OF OF  p°h'(s) u/(s)p2

0,

P= "% = P = %5 T mhi(s) | w(s)Q

Since F' is independent of ¢, the conjugate momentum p is conserved, as shown by
(6.0.5). Subsequently, if s(¢) is known, ¢(¢) can be computed by integrating the
equation for ¢. This leads us to focus on the reduced system where ¢ is ignored and

p is treated as a parameter.

6.1 The reduced Hamiltonian thermostat in the

(s, ps)-plane

The reduced Hamiltonian [6.0.3] is:

F(S7p87Q7p) = Fp(&ps) (611)

in which p is considered to be parameter.
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6.1.1 Linear analysis of the equilibrium point

The equilibrium point of the system is the zero of the equations § and p, obtained

from [6.0.4] and [6.0.5]

It is readily seen that the equilibrium point is p, = 0 and s satisfies the following

equation:

ORI
Uls) = — gz + Bl(s) = 0 (6.1.2)

where A = fn—z and B = kT are positive constants. If the graphs of Z—; and v’ cross

transversely then the system has a unique solution by the implicit function theorem.

s)) = 0 at the same

The completely degenerate case takes place when v(s) = 0 and Z;((S
time.

In order to determine the sort of equilibrium point we find the Hessian matrix of the

Hamiltonian around the equilibrium point (sg, 0)

. O0F, ps
T Qu(s) filsom) (6.1.3)
p,s _ _an _ Ah/(S) lpzu/<5> —B’U/(S) _ f2(57ps)'

0s h3(s) * Q u3(s)

The Hamiltonian matrix, consequently around the equilibrium point (sg,0) will be

ofi _ _psu(s) Of _ 1
25 Qui(s) ps — Qui(5)
L —yi(s) L= 2Zup,
1
— AT | (6.1.4)
—W(So) 0

Now obviously the eigenvalues of are going to be

~1 ~1
A= \/Qu (so)w (s0) Ag = _\/QuQ(so)w (s0)- (6.1.5)
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We want the equilibrium to be center. So, according to the[6.1.5(and theorem [5.0.5

if ¢/(sg) > 0 then T? — 4D < 0, since T = 0, then the equilibrium is center.

6.1.2 Analysis to order four

We now go back to the reduced version of Hamiltonian and for the sake of

simplicity we rename the terms as follows,

A= 2pim’ B = kT, s =50+, (6.1.6)
1 1

Ds =, a(s) = P20 B(s) = m, (6.1.7)

F=H (6.1.8)

then by choosing
v(z) = Aa(x) + Bu(z) (6.1.9)

the Hamiltonian [6.1.1] becomes

H(z,y) = v(x) + B(z)y*. (6.1.10)

By assumption x = 0 is a critical point of v (i.e. sq is a solution to equation [6.1.2)).
Hence a critical point of H is at © = y = 0. By invoking the Hamiltonian equations,

one can find the equilibrium of [6.1.10

H, =0=9/(2) + §'(z)y* = 0 = +/(20) = 0,
(6.1.11)
Hy:O:>2ﬂ(x)y:O:>y:0

where (zg,y = 0) is the equilibrium point. T he Maclaurin expansion of H to fourth

order is:
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" " "

2 6 24 (6.1.12)

5O + 80y + T\t 1 0(5).

Without loss of generality, it can be assumed that v(0) = 0, and since 7/(0) = 0 (the
equations of motion in Hamiltonian are partial derivative of Hamiltonian function),

we get:

H(z,y) = 7”2(0)x2 + B(0)y* + Fylllé())x?’ + B(0)zy* + ’y”;io)x‘l + 6”2(0)ny2 + O(5).

(6.1.13)

6.1.3 Birkhoff normal form

To normalize the system we apply the canonical transformation 7'(z,y) = (Az, 1y)

to equate the coefficient of the quadratic parts.

7”(0) 2 5(0) 4 26(0)
5 A= 2 == A —7”(0) (6.1.14)

Let’s set M = 4/ M applying the transformation 7" and dividing |6.1.13| by M

we get

1
mH(w,y) = 1/22% + 1/2y* + byz® + byay® + bsx* + byz®y® + O(5) (6.1.15)

in which

)\37///(0) B/(Q)

by = T by = AT (6.1.16)
)\47////(()) ﬂ”(())

by = i by = I (6.1.17)
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To put the Hamiltonian [6.1.15| into Birkhoff normal form, we use the algorithm

demonstrated in section [5.3]

Suppose
V(z,Y) = 2Y + az2® + ap2®Y + a12Y? + aoY? + O(4) (6.1.18)
y=5-= Y + 3azz® + 2a22Y + a1Y” + O(3),
é‘fg (6.1.19)
X=op=u+ aax® + 2a12Y + 3agY? + O(3).

By substituting y into the equation and X into the Birkhoff normal form of
order 2 (K = $(X?+Y?)+0(4)) and equating the terms of order 3 and simplifying,
we find

a; = az =0, ay = by, agp = ;(le + by) (6.1.20)

by which the generating function becomes
1
V(z,Y)=2xY + b2°Y + §(2b1 +0)Y? + O(4). (6.1.21)

Recall that the Birkhoff normal form of degree 4 with one degree of freedom is going

to be

1 w
7 (

1
K(I)=1+wl*+0(6) = 5X2 + Y% 4 1

5 X2+ Y?%)? 4+ 0(6). (6.1.22)

Then for the Birkhoff Normal Form of order 4 we consider the following generating

function up to order four and follow analogous steps

1
V(z,Y) =zY + bi2?Y + = (2by + bo)Y? + apz* + a,2°Y
3 (6.1.23)

+ apr?Y? + azzY? + a Y+ O(5).
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y =Y +2bi2Y + 4apr® + 3a,2%Y + 20,02 + azY? + O(4),

X =2 +bi2® + (2by + bo)Y? + ay2° + 2a92%Y + 3azzrY? (6.1.24)

+4a,Y? + O(4).

\

Similar to section [5.2.2) equating H(X,y) (eqn [6.1.15) and K (X,y) (eqn [6.1.22))

modulo O(5) yields five linear equations in six unknowns, w, ag, . . ., ay :

a0=0, GQZO, (1420,

115 17
ay = g [Qb% + 13b1b2 + b4 + 3b3 + 2()?] ,

1(3 7
a3 = g l2bg + 3b1b2 — b4 + 5b3 + 2(){| s

1 15 3
we g [b4 + 3b3 — ?bf - §b§ — 3b1bg] : (6.1.25)
Then the Birkhoff normal form is as follows:
1
WH(I) =T+ wl? +0(6) = H(I) = 2M1I + 2MwI* + O(6). (6.1.26)
and therefore the frequency of the system is:
oH

To fulfill the Kolmogorov non-degeneracy condition [5.3.25] of KAM theory we end

this subsection with the following theorem.

Theorem 6.1.1. If Mw # 0, then H; # 0 in a neighbourhood of {I=0}. In partic-

ular, the Kolmogorov non-degeneracy condition is satisfied if Mw # 0.
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6.1.4 Non-vanishing of w in terms of JB parameters

By definition, M = 0 if and only if 4" = 0 since § > 0 everywhere. If the quantity
Mw in equation is zero then it implies that the parameters of the system lie in
a real algebraic set with empty interior that in our case h, u and v are the functional
non-constant parameters. In other words, we aim to prove the set of variables by
which the conditions of KAM theorem hold, makes a dense real algebraic subset. The
quantity w, as seen in[6.1.25] is a smooth function of by, ..., bs. Also, each b; defined
in [6.1.16l For w to be non-zero, after breaking down in terms of their definition,
implies the following relation:

N (0) 302 N"(0)F(0) | F(0)  A(0) _ 38/0)
16 M 144 M2 8M? 4M 2M 2M A

£0 (6.1.28)

which M and A haven’t been written in details yet. So, we break them down and
write as an output of a smooth map that takes jets from space of jet bundle to a
real number.

For the time being, let’s call the following equation KAM discriminant

967" AN + 2889"(N)? + 1929"AN — 59"\t — 129")3 4 309" )2 — 367" )2

A
487/1

(6.1.29)
As you can see, A is well-defined when 7" > 0. Also, A is expressed as a rational

function in the jets of v, A.

Example 6.1.2 (Nosé-Hoover thermostat). The reduced Hamiltonian for the Nosé-Hoover

thermostat is

P P
Hyoss = Fp(s,ps) = 5+ 252 + kT In(s). (6.1.30)

The functional parameters are h(s) =s, u(s) =1, wv(s) =In(s).
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Following the analogous process in [6.1.2] it turns out

1 1 1
——H = -2’ + —y° 5 4 : 1.31
oYi (x,y) 5%+ 3y + bix® + byz” + O(5) (6.1.31)

Notice that by = by = 0 because § now is a constant function. According to [6.1.25

1 6M)\4’}/””(0) o 5)\6(7”/(0))2
- — 150%) = . 1.32
w = 4 (6b; — 150 ITe (6.1.32)

Now by calculating [6.1.32) A can be represented as a function of parameters

—11v/2m

A(p,m, Q) = W

(6.1.33)

As seen above A has non-zero partial derivative with respect to m.
Reminding that the BNF of F,(s,p;) is of the form H(I) = 2M I + 2MwI? + O(I?),

by substituting we get:

kKTv2m  11mkT
BN R o

I? + O(I?). (6.1.34)

Remark 6.1.3. The equilibrium condition is written as 7/(0) = 0, where we were
thinking of the parameters m,T,(—hence A, B, () as fixed at some values, say
mg, 1o, Qo—hence Agy, By, Q9. However, we need to think of these as independent
variables, so the equilibrium condition becomes v,(x; A, B,Q) = 0 and the centre
condition is vz (x; A, B,Q) > 0. Since v,, = Aa” + Bv" > 0 and A, B > 0, the
equation 7y, = 0 implies that x is a smooth function x = x(A, B) near (z = 0, A =
Ap, B = By, Q). The KAM discriminant is then A = A(x(A, B); A, B, @), which is

a smooth function of the parameters in a neighbourhood of (A, By, Q).
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6.2 Non-degeneracy condition for unreduced Hamil-

tonian
Going back to JB thermostat Hamiltonian on its phase space T*(T! x R) is given

as follows:

2 2
_p 1 L p;
F(a,p,8,p5) = 5~ 26 20w kTu(s) (6.2.1)

where we assume that F'is C®.

The Birkhoff normal form with two degrees of freedom up to the order 4 is:

1
G(Io, Il) = wl()Io + WQ1]1 + 5(11)2018 + 221]11]0]1 + ’LUOQI%) + O( ) (622)

6.2.1 Birkhoff normal form with two degrees of freedom up

to order four

First off, let’s see what is the generating function for 2 degrees of freedom:

Let (q1,p1, 2, p2) = ((q1,p1), (g2, p2)) € T*R™xT*R"™ and (Q1, P, Q2, P2) = ¢(q1,p1, G2, p2)

be a symplectic transformation. Then,

p1dqi — gadpz + (Q1d Py — P2dQ2) = dv (6.2.3)
where v = v(qq, pa, Q2, P1). Then,
ov ov
== = - 6.2.4
ov ov
= P, =— ) 6.2.5
Ql @Pl’ 2 (’)QQ ( )

Above will be used for following computations without further comments. However,

notice that the order of p; and ¢; can be swapped since the symplectic form is
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invariant under this action.
For the sake of simplicity we rewrite the Hamiltonian [6.2.1] as follows:

1 1
F(z,y,s,ps) = §y2A(s) + §Q(s)p§ + Tv(s) (6.2.6)

where A(s) = m, Qs) = Qu+(s), (z,9,s,ps) € T*S' x T*R™. Here, for the sake of

readability we can assume that our functional parameters in the Hamiltonian [6.2.6]
are A, Q and v(s).

Since x is cyclic angle variable, y is a first integral. Assume that for some s = s,
Yy = Yo we have

1

§y2A’(s) + Tv'(s) =0 (6.2.7)
then the Hamiltonian F has a relative equilibrium along Ey = S x {(yo, s0,0)}, i.e.
a periodic orbit.

Lemma 9. The equation [6.2.7] implicitly defines a single-valued C* function s =

s(y) defined on a neighborhood of y = yy such that so = so(yo) if

1
§y2A”(s) + Tv"(s) # 0. (6.2.8)

Let £ = S' x {(y,50(y),0)|ly — vo| < }. This is an invariant set that is a union of

periodic orbits of F' and it contains FEj.

6.2.2 Adapting coordinates to F

Let’s define a change of coordinates that puts E at the origin. Define:

(6.2.9)

|
<>

§= S()(y) +u, Y

To find a symplectic change of variables (x,y, s, ps) — (&, 7, u, p,) wWe use a gener-

ating function (it might not be so obvious that how generating functions have been
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chosen in this section. However, we can find some close ones in |Butl6]). Since

§= _aa;; = 5o(y) +uand j = % = y we choose
v(y,ps; T,u) = 2y — ps(so(y) + u) (6.2.10)
s,
81/ ay ,
w= T = Ds = =&—ps : 6.2.11
P o P T 2y T — pssy(y) ( )

Let’s write a Taylor expansion of F'[6.2.6]in a neighborhood of E using the symplectic
coordinate (Z, 9, u, p,). According to(6.2.9 by expanding |6.2.6

1 1
F :§A(so)y2 + T(so) + Z/\”(so)yQu2 + =T (s0)u”
1 1 1
+ 6Tv”/(80)U3 + ﬂTv””(so)u4 + §Q(so)pi
1 1 6.2.12
+ 59'(30)up3 + EQ”(SO)(upu)Q ( )

1 1 1
+ }—2A"’(so)gj2u3 + mTv(5)(so)u5 + EQ’”(SQ)U?’pi +0(6).

>

~
terms of order five

To simplify the presentation, we have employed a notation abuse: sy denotes the

function so(y).

Remark 6.2.1. In addressing the Birkhoff normal form of degree two with two
degrees of freedom, it is pertinent to note that a Taylor expansion of F' up to the
fourth degree is adequately sufficient. This degree of expansion effectively captures
the necessary detail for the analysis at hand. However, for enhanced precision, a
remainder of order five is included. This will be considered from now on without

further comment.
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6.2.3 Normalizing the quadratic terms

A symplectic transformation u = 4/\, p, = Ap, transforms the quadratic Hamilto-
nian to

1
G = §w(ﬁu2 +42). (6.2.13)

Considering the Hamiltonian [6.2.12] we seek to equate the coefficients in quadratic

part

= Q(s0)\*(y) (6.2.14)

from there we find:

w(y) = \/Q(SO) <;A”(so)y2 + Tv//(s[))). (6.2.15)

The canonical transformation for the normalization of the quadratic part is a canon-

A~

ical map (x,y,u,p,) — (&, 7,4, p,) which the equations are derived from the gen-

erating function v(Z,y, u, p,) = ANy)puu — Zy.

ov ov
= = \u)p 0 = =\ 2.1
ov ov
_ A\ A = ——— = . 2.1
=g, ¢ N (y)pun, §=—5=y (6.2.17)

F =2A(so)y2 + To(sg) + ~w(@? + p,°)
1 1 1 1
T m ~3 ity m ~4
+6 v"( ))\3(y)u + 5,1 (s)/\4(y)u
1 N 1 " n 6.2.18
5 sM ) + 1 (s0)(@3,)? (6:218)
1A"(s0) oy 1 1 11
_ ~2 = T (5) ~5 - ~3 AUQ .
+ 12 %) g0 + 120 o () v (s0)0° + 127)\(y)up +0(6)

Y
terms of order five
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Since y Poisson commutes with F' and is invariant under the canonical transfor-
mations that are used, F' can be normalized by the frequency w = w(y) of the

thermostat oscillations. When this is done, we get:

1 1 T 1
ot 2 L S0 42
=5 (50)y~ + wv(so) + 2(“ + Pu”)

+ 01 (y)@* + ba(y)ap.” + bs(y)a + ba(y)(@p)” (6.2.19)

+ Di(y)iu’ + Da(y)i® + Ds(y)i’p,* +O(6)
terms of‘grder five

where,

bi(y) = 61}7%#%50)A31y), baly) = QiUKY(so)A(y), (6.2.20)
ba(y) — szUJQHU””(SO),x4ty)’ baly) — 41051”(50). (6.2.21)

Once we have the Hamiltonian in this form [6.2.19] we perform the Birkhoff Normal-
Form algorithm. As you can see from the generating functions above, the partial
generating function of the transformation in the (u,p,) plane is augmented by the
generating function Zy. The resulting transformation normalizes F' in the (u,p,)
variables with coefficients that depend on y and preserves y at each step. The angle
variable x is changed during the normalization, but the new angle variable at each
step preserves its canonical nature.

In equation [6.2.19] obviously first and second terms are normalized and the other

terms will be normalized to the form:

G = Iy + w2 + O(6) (6.2.22)

through the following computation that we developed in section [5.2.2
So the generating function is v(Z,y, 4, p,) = v1(4, Pu,y) + £y. Then, with respect

to v; which generates a canonical transformation (4,p,) — (4,p,) we are going
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to leverage the tool that we developed for reduced Hamiltonian which is given as

follows,

vi(@, Pu, y) = Upy + al®p, + cp,® + st + ast®p, + axtp,? + arip,”® + agp,* + O(5)

(6.2.23)
by applying the same process of the chapter |5.2.2
1
a=h(y), e = 3 (20() + b)), (6:2.24)
1/3 , 7 5
as =0, a = 3 <§b2 4+ 3byby — by + 5by + 5bl) (6.2.25)
1/5 17
as =0, ay = é <§b§ + 13b1by + by + 3b3 + ?b%> (6.2.26)
1 15 3
a = 0, w=3 (b4 + 3y — 0 — b - 3b1b2). (6.2.27)

By applying transformation obtained from generating function [6.2.23] and multiply-

ing w to the both side of BNF we end up:

1
G =Tv(sg) +wly + §A(50)112 + wwli + O(6) (6.2.28)

where,

w(y) = \/Q<50) (;Aﬂ(so)y? T (s,)).

1 15 3
w<y) = 5 [b4 + 3b3 - ?b% - ibg - 3b1b2] .

(6.2.29)

Recall that I; =y, Iy = 3(@®+p,?). Given above let’s rewrite the normalized Hamil-

tonian [0.2.28F

G = Tv(so(l)) +w(l) Iy + ;A(so(ll))[f + (ww) (1)) 12 + O(6). (6.2.30)
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Example 6.2.2. The un-reduced Hamiltonian for the Nosé-Hoover thermostat is

P
2ms? 2@

F = HNosé(Q7p7 S>p5> = + len(S) (6231)

The functional parameters are h(s) = s, u(s) = 1, v(s) = In(s). We re-write
Hamiltonian to

1 1
F(q,p,s,ps) = §y2A(s) + §Q(s)p§ + Tw(s). (6.2.32)

Computing the equilibrium of F' leads to the equation so(y) = \/ﬁy Also the

quantities A\, w,w, by and b3 are as follow:

/4 /2
bi(y) = GOy’ bs(y) = 8Oy’ (6.2.33)
— kT)? —4m(kT)?
M(y) = QD) w(y) = , 6.2.34
(y) e (y) 01 ( )
—11m!/?

Considering I = y and I = £(@* + p,), now according to [6.2.30| we write the BNF

of Hpose as follows:

I

(2m)V2kT
Vi mk‘T)

Q12

Iy 1kT ., 11mkT I?

it e

G(Io, I) = KT In( Pryphic

+( )

+0(6) (6.2.36)

which simplifies to

(2m)Y2ET

Iy 1lmkT I?
Q2 2

I ~ 12Q )[12

1
Gy, 1) = SKT = kT In (VmkT) + KT In (1) +(

) +0(6).

(6.2.37)

Now we can compute the iso-energetic non-degeneracy condition for un-reduced Nosé

Hamiltonian.
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6.2.4 Non degeneracy condition for unreduced Hamiltonian

By definition the frequency of the system VG : U < R? — R2

(6.2.38)

voinm - (55

oIy oIy
To satisfy the iso-energetic condition for the unreduced Hamiltonian, the correspond-
ing bordered Hessian matrix needs to be non-singular.

We now then compute the entries of the matrix:

oG

o = w(ly) + 2Ip(ww) (L) + O(4),

2 = T ol 1) + T (1) (6:2.39)
= LA lso (BN + () (1) + 00

0’G

a—j_g = 2(ww) (1) + O(2),

’G

=5 = (Tso(I1)v'(s0(11))) + Tow" (I
ar (T'so(11)v" (s0(11))) (11) (6.2.40)

1 " "
+ 5 (Also(T)) )" + (ww)" ()15 + O(6),
G
01,01

= w'(I) + 2Ih(ww) (1) + O(4).

The resulting bordered Hessian is:

G G oG
012 olpdl, ol

20 _ G ?2a G | = 2.41
VG oholp  oIZ 3L (6.2.41)

oG G 0
olg ol
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2(ww) (1) + O2) w'(hL)+ 2Ih(ww) (1) + O(4) w(ly) + 2Ls(ww)(I) + O(4)

(T'st(I)v'(so(1h))) + Tow" (1) Ts(1)v' (so(1h)) + Tow' (1)

* +3(A(so(1))17)" +3 (A(so(1))17)
+(ww)" (1) 12 + O(6) +(ww)' (1) I3 + O(6)
* * O

(6.2.42)
then, the condition det(H) # 0 guarantees that the majority of KAM tori survive
after the perturbation.

The domain of the “det” is a jet space, one k-jet for each functional parameter, in
which the zero level set of “det” is an algebraic sub-variety of that jet space since it
is a zero set of a polynomial function. This rises a helpful result since each connected
component of the algebraic variety is stratified into a union of submanifolds and the
top-dimensional stratum is dense in the component.

The condition det(H) # 0 can be represented in terms of the jet bundle. In par-
ticular, det(H) = 0 corresponds to the zero level set of the “det” map over the jet
bundle J%(R,R?) mapping to R. Invoking Thom transversality theorem (see theo-
rem [1.9.13)), C' is the set of three products of 6-jets for which det(H) = 0 that is
to say the algebraic variety according to the last paragraph. So any perturbation
on f either is going to stay off the C', or crosses C transversally. Therefore by the
Thom transversality theorem, C"-mappings are dense in C"-topology for r > 6. In
particular the set of mappings f : R — R3 whose 6-jet bundle extension is transverse
to C, is everywhere dense; resulting that the condition det(H) = 0 does not typically
occur which means we can perturb the functional parameters arbitrarily so that the

determinant is non-zero.
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