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Abstract

In general, Hamiltonian Thermostats, as proposed in the model by Jellinek and

Berry in the paper [JB88], are derived from the Hamiltonian H “ Hpp, qq of a

mechanical system using some elementary constructions. This thesis is dedicated to

studying the properties of the Jellinek–Berry (JB) thermostat applied to an ideal

gas.

An ideal gas is a mechanical system with zero potential energy. In an idealized gas,

atoms or molecules do not interact, so they only possess kinetic energy. If, as is

usually assumed, the kinetic energy is just the euclidean squared-norm of momenta,

then the Hamiltonian is

Hpp, qq “
1
2 |p|

2

where q P M, p P T ˚
q pMq and M is a flat manifold,. This Hamiltonian is completely

integrable because p is constant along the solution (conservation of momentum).

Two major findings are:

• If Gps, psq is the internal energy of the JB thermostat, then the thermostatted

Hamiltonian Fϵpq, p, s, psq “ Hϵpq, αpsqpq ` Gps, psq for some scalar function

αpsq, is completely integrable when H is the total energy of an ideal gas.

• If Hϵ is a small, real-analytic perturbation of the ideal-gas Hamiltonian H “

H0 sufficient conditions are determined that imply the existence of positive-

measure sets of invariant tori for Fϵ.



Preface

The present thesis embodies an interlaced structure of reviewed and newly con-

ducted research in the domain of Hamiltonian Thermostats. The approach towards

unfolding the intricacies of the subject matter is dichotomous - the first half pro-

vides the essential theoretical underpinnings, while the second half offers a novel

perspective with original contributions.

The initial chapters, chapters 1 to 4, serve as an exhaustive exposition of the pre-

existing knowledge in the field. These chapters not only provide a comprehensive

examination of the pertinent literature but also function as a theoretical grounding

for the subsequent sections of this work. The content herein is largely derived from

established texts and notable research papers, the references for which have been

diligently cited to maintain the academic integrity. The primary objective of these

sections is to elucidate the fundamental concepts and tools which serve as the bedrock

of the subject matter, thereby paving the way for the subsequent, more advanced

discourse.

The latter half (chapters 5 and 6) of the thesis marks a transformation from ex-

isting theories to the exploration of uncharted territories within the realm of Hamil-

tonian Thermostats. This portion of the thesis is primarily composed of original

research and novel contributions, developed by leveraging the foundational theories

elucidated in the preceding chapters. Herein, the focus shifts towards harnessing

the acquired knowledge to solve intricate problems, and explore potential applica-
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tions. This divergence from the well-trodden path is aimed at enriching the corpus

of knowledge in the field and proposing new directions for future research.

In synthesizing established literature with original ideas, this thesis aims to offer a

comprehensive yet innovative approach to understanding Hamiltonian Thermostats.

It is my sincere hope that this approach not only provides clarity to the reader but

also stimulates further exploration in this fascinating field.

2



Introduction

This thesis delves into the generalized Nosé-Hoover Hamiltonian system proposed

by Julius Jellinek and R. Stephen Berry[JB88] in 1988, focusing specifically on an

ideal gas (zero potential energy) scenario. We commence our study with a compre-

hensive review of the concept of canonical transformation, a technique that facilitates

the transition from given coordinates to action-angle coordinates.

The initial section of this thesis engages in a comprehensive exploration and proof

of the Liouville-Arnol’d theorem, a critical instrument in determining the integrabil-

ity of the Jellinek–Berry thermostat (henceforth, JB thermostat) around the equi-

librium point in action-angle variables. Construction of action-angle variables is

generally quite challenging, but we resort to the computation of a type of Taylor

expansion, the Birkhoff normal form, to help avoid the difficulties. Consequently,

this system is completely solvable.

In the ensuing section, we set out to demonstrate that the trajectories of the

system in phase space are conditionally periodic, occupying invariant tori, leading

to a dense infilling of the phase space by these tori.

As our investigation advances, we pivot our focus towards an essential concept -

normal forms. The process of normalization to discover the Birkhoff normal form

of a simple harmonic oscillator is examined. Upon the inclusion of quadratic terms

and generalized cubic terms, I compute the Birkhoff normal form to order 2 and

determine the lowest-order terms in the system’s frequency. This intricate process
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involves a sequence of symplectic structure-preserving transformations through which

we demonstrate the normal-form algorithm on a simple Hamiltonian that is the sum

of a harmonic oscillator and an cubic potential energy term.

The renowned Kolmogorov–Arnol’d–Moser (KAM) theorem is then introduced to

gain insights into the fundamental structure and qualitative behavior of trajectories

in the phase space. I then analyze the JB-thermostated Hamiltonian, first by reduc-

tion to a single degree of freedom system, and then the unreduced (two degree of

freedom) system, within each of which conditions are established. If the Nosé–Hoover

Hamiltonian is perturbed by a smooth function under these conditions, the majority

of invariant KAM tori will persist, ensuring the system’s stability.
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1

Theory of Manifolds

This chapter reviews background material that can be found in the following text-

books:

• Geometrical methods in the theory of ordinary differential equations, Vladimir

Arnol’d. [Arn88].

• Introduction to Smooth Manifolds Book by John M. Lee [Lee13].

• Mathematical Methods of Classical Mechanics Textbook by Vladimir Arnol’d

[Arn89].

1.1 Smooth Manifolds

We start off the chapter by reviewing the concept of smooth manifold as it is used

throughout the following materials.

Recall that a topological space is a set with a distinguished collection of subsets,

called open sets. This collection contains the whole set, the empty set; it is closed

under finite intersection and arbitrary unions.

Definition 1.1.1. (Topological Manifold)
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Suppose M is a topological space. We say that M is a topological manifold of

dimension n or a topological n-manifold if it has the following properties:

1. M is a Hausdorff space.

2. M is second-countable: there exists a countable basis for the topology of M .

3. M is locally Euclidean of dimension n: each point of M has a neighborhood

that is homeomorphic to an open subset of Rn.

For the third property, more specifically it means around each point p P M we can

find:

• an open subset U Ă M containing p,

• an open subset Ũ Ă Rn,

• a homeomorphism ϕ : U ÝÑ Ũ .

Each pU, ϕq is called a chart.

On top of topological properties we can equip the manifold with a smooth structure

in order to also talk about the notion of differentiability on manifolds.

Definition 1.1.2. (Transition maps)

Let M be a topological n-manifold. If pU, ϕq and pV, ψq are two charts such that

U X V ‰ H, the composite map ψ ˝ ϕ´1 : ϕpU X V q Ñ ψpU X V q is called the

transition map from ϕ to ψ. A transition map basically is a change of coordinates.

Here is worth to mention that one of the most surprising results is that there are

topological manifolds with nondiffeomorphic smooth structures.

Definition 1.1.3. (Smoothly compatible charts)

Two charts pU, ϕq and pV, ψq are said to be smoothly compatible if either UXV “

H or the transition map ψ ˝ ϕ´1 is a diffeomorphism.
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Definition 1.1.4. (Atlas)

We define an atlas for M to be a collection of charts whose domains cover M . An

atlas A is called a smooth atlas if any two charts in A are smoothly compatible

with each other. A smooth atlas A on M is maximal if it is not properly contained

in any larger smooth atlas.

Now we can define the main concept of this chapter.

Definition 1.1.5. (Smooth Manifold)

If M is a topological manifold, a smooth structure on M is a maximal smooth atlas.

A smooth manifold is a pair pM,Aq, where M is a topological manifold and A is

a smooth structure on M .

1.2 Tangent and Cotangent bundle

The background material in this section can be found in Introduction to Smooth

Manifolds by John M. Lee [Lee13].

Definition 1.2.1. Given a function f : M ÝÑ Rk and a chart pU, ϕq for M ; the

function f̂ : ϕpUq ÝÑ Rk defined by f̂pxq “ f ˝ ϕ´1pxq is called the coordinate

representation of f . By definition, f is smooth if and only if its coordinate repre-

sentation is smooth in some smooth chart around each point.

It can be shown that smooth functions have smooth coordinate representations in

every smooth chart.

Definition 1.2.2. We indicate C8pMq as a set of all smooth maps f : M ÝÑ R.

Definition 1.2.3. (Tangent space to M)

Let M be a smooth manifold and let p P U be a point of M and pU, xiq be a

coordinate neighborhood around the point p. A linear map v : C8pMq ÝÑ R is

called a derivation at p if it satisfies
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vpfgqppq “ fppqvgppq ` gppqvfppq @f, g P C8
pMq. (1.2.1)

To avoid confusion in above equation, notice that vfpaq “ vapfq which is identified

by an isomorphism. In fact, the map va ÞÑ Dv|a defined by

Dv|af “ Dvfpaq “
d

dt

ˇ

ˇ

ˇ

ˇ

t“0
fpa ` tvq “

n
ÿ

i“1
vi Bf

Bxi
paq (1.2.2)

establishes an isomorphism between Rn
a onto the tangent space at a to Rn.

Definition 1.2.4. The set of all derivations of C8pMq at p, denoted by TpM , is

called the tangent space to M at p. An element of TpM is called a tangent vector

at p.

Theorem 1.2.5. If M is an n-dimensional smooth manifold, then for each p P M

the tangent space TpM is an n-dimensional vector space.

To find a better understanding of tangent space, we restrict our attention to Rn.

1.2.1 Coordinate computation of tangent vector

Theorem 1.2.6. For any a P Rn, the n derivations

B

Bx1

ˇ

ˇ

ˇ

ˇ

a

, . . . ,
B

Bxn

ˇ

ˇ

ˇ

ˇ

a

defined by B

Bxi

ˇ

ˇ

ˇ

ˇ

a

f “
Bf

Bxi
paq (1.2.3)

form a basis for TaRn.

Above results can be extended to a smooth manifold M . To this end, let pU, ϕq be a

coordinate chart and ϕ : U Ñ Ũ be in particular a diffeomorphism from U to open

subset Ũ in Rn.

Therefore, the coordinate computation of tangent vector is as follows,

14



Bi|p “ pdϕpq
´1

p
B

Bxi

ˇ

ˇ

ˇ

ˇ

ϕppq

q “ dpϕ´1
qϕppqp

B

Bxi

ˇ

ˇ

ˇ

ˇ

ϕppq

q. (1.2.4)

Then by invoking the definition of derivation we can evaluate,

B

Bxi

ˇ

ˇ

ˇ

ˇ

p

f “
B

Bxi

ˇ

ˇ

ˇ

ˇ

ϕppq

pf ˝ ϕ´1
q (1.2.5)

which is an euclidean computation.

1.2.2 Tangent Bundle

Given a smooth manifold M with or without boundary, we define the tangent bundle

of M , denoted by TM , to be the disjoint union of the tangent spaces at all points

of M ,

TM “
ğ

pPM

TpM. (1.2.6)

We usually write an element of this disjoint union as an ordered pair pp, vq with

p P M and v P TpM. The tangent bundle comes equipped with a natural projection

map π : TM ÝÑ M , which sends each vector in TpM to the point p at which it is

tangent: πpp, vq “ p.

Theorem 1.2.7. For any smooth n-manifold M without boundary, the tangent

bundle TM has a natural topology and smooth structure that make it into a 2n-

dimensional smooth manifold. With respect to this structure, the projection π :

TM ÝÑ M is smooth.
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1.2.3 Derivation of a map and rank theorem

Definition 1.2.8. Let M and N be smooth manifolds and F : M ÝÑ N a smooth

map, for each p P M we define a map

dFp : TpM ÝÑ TF ppqN (1.2.7)

called the differential of F at p and is defined as follows:

Given v P TpM , we let dFppvq be the derivation of F at p that acts on f P C8pNq,

then dFppvqpfq is defined by the rule

dFppvqpfq “ vpf ˝ F q. (1.2.8)

The rank of F at p is the rank of dF at p.

Theorem 1.2.9 ([Lee13], page 83). (Global rank theorem)

Let M and N be smooth manifolds of dimensions m and n respectively, and suppose

F : M ÝÑ N is a smooth map of constant rank r. Then for each p P M there exists

smooth charts pU, ϕq for M centered at p and pV, ψq for N centered at F ppq such that

F pUq Ă V , in which F has a coordinate representation of the form

F̃ px1, . . . , xr, xr`1, . . . , xmq “ px1, . . . , xr, 0, . . . , 0q. (1.2.9)

In particular, if F is a smooth submersion, this becomes

F̃ px1, . . . , xn, xn`1, . . . , xmq “ px1, . . . , xnq (1.2.10)

and if F is a smooth immersion, it is

F̃ px1, . . . , xmq “ px1, . . . , xm, 0, . . . , 0q (1.2.11)
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Remark 1.2.10. Let M and N be smooth manifolds, and suppose F : M ÝÑ N is

a smooth map of constant rank, then one can conclude that if F is bijective then it

is a smooth homeomorphism with a smooth inversion, i.e., a diffeomorphism.

1.3 Differential 1-Form df

Consider a manifold M of dimension n, and let f : M Ñ R be a function in CrpMq,

the set of all r-times continuously differentiable functions from M to R. The deriva-

tive of f at a point p P M , denoted by dfp, is a covariant 1-tensor (covector) or

1-form defined by:

dfp : TpM Ñ R. (1.3.1)

Here, TpM denotes the tangent space to M at p, and dfp is a linear map that sends

a tangent vector v P TpM to the directional derivative of f at p along v.

1.4 Differential 1-Forms and Cotangent bundle

For each p P M , the set of all linear maps from TpM to R is called the cotangent

space at p, denoted by T ˚
p M . A differential 1-form ω on M is a smooth assignment

of a cotangent vector ωp P T ˚
p M to each p P M . The set of all differential 1-forms on

M forms a real vector space, denoted by Ω1pMq. Also the disjoint union

T ˚M “
ž

pPM

T ˚
p M (1.4.1)

is called the cotangent bundle of M. It has a natural projection map π : T ˚M ÝÑ

M sending ωp P T ˚
p M to p P M . Given any smooth local coordinate pU, pxiqq on M

we denote dxi|p the basis for T ˚
p M dual to B

Bxi

ˇ

ˇ

p
. This defines n maps pdx1, . . . , dxnq :

U Ñ pT ˚Mq|U called coordinate covector fields. These one forms trivialize the

cotangent bundle of M restricted to U .
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Theorem 1.4.1. Let M be a smooth n-manifold with or without boundary. With

its standard projection map and the natural vector space structure on each fiber, the

cotangent bundle T ˚M has a unique topology and smooth structure making it into

a smooth rank-n vector bundle over M for which all coordinate covector fields are

smooth local sections.

1.5 Higher-Order Differential Forms

For an integer r ě 1, an r-form at a point p P M is a multi-linear, skew-symmetric

real-valued function on the r-fold product of the tangent space at p. A differential

r-form is a smooth section of the rth exterior power of the cotangent bundle which

has a natural topology and smooth structure (to be a smooth manifold), meaning

that it assigns to each p P M an r-form ωp. The set of all differential r-forms on M

forms a real vector space, denoted by ΩrpMq.

A general differential r-form ω on M is a function that for each p P M takes r

vectors v1, . . . , vr P TpM and returns a real number, ωppv1, . . . , vrq P R, such that

the following conditions are satisfied:

1. Multi-linearity: For each i “ 1, . . . , r and each pair of vectors u, v P TpM

and scalar a P R, we have

ωppv1, . . . , vi´1, au ` v, vi`1, . . . , vrq

“ aωppv1, . . . , vi´1, u, vi`1, . . . , vrq ` ωppv1, . . . , vi´1, v, vi`1, . . . , vrq (1.5.1)

2. Anti-symmetric: For each i “ 1, . . . , r, vi P TpM and any permutation σ of

vi we have,

ωpvσp1q, . . . , vσpiqq “ signpσqωpv1, . . . , vrq for σ P Sr (1.5.2)
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Every differential k-form on the space TxM with a given coordinate system px1, . . . , xnq

can be written uniquely in the form

ωk
“

ÿ

i1ă¨¨¨ăik

ai1,...,ik
pxqdxi1 ^ ¨ ¨ ¨ ^ dxik

(1.5.3)

where ai1,...,ik
pxq are smooth function on Rn.

1.6 Operations on Differential Forms

Given ω P ΩppMq and η P ΩqpMq, their wedge product ω ^ η is a pp ` qq-form in

Ωp`qpMq defined by:

pω^ηqpv1, ..., vp, w1, ..., wqq “
1

pp!q!q
ÿ

σPSp`q

signpσqωpvσp1q, ..., vσppqqηpwσpp`1q, ..., wσpp`qqq.

(1.6.1)

The exterior derivative d : ΩrpMq Ñ Ωr`1pMq is a linear operator defined by ex-

tending the following rules to general r-forms:

dfpv1q “ v1pfq for f P C8
pMq, v1 P TpM which for the case of r “ 0 (1.6.2)

dpω ^ ηq “ dω ^ η ` p´1q
rω ^ dη for ω P Ωr

pMq, η P Ωq
pMq. (1.6.3)

Obviously the case for r “ 0 we have Ω0pMq “ C8pMq.

1.7 Cotangent Bundle and Natural projection

The background material in this section can be found in the Mathematical Methods

of Classical Mechanics textbook by Vladimir Arnol’d [Arn89].

Let V be an n-dimensional differentiable manifold. A 1-form on the tangent space

to V at a point x is called a cotangent vector to V at x. The set of all cotangent
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vectors to V at x forms an n-dimensional vector space, dual to the tangent space

TxV . We will denote this vector space of cotangent vectors by T ˚
x V and call it the

cotangent space to V at x. The union of the cotangent spaces to the manifold at

all of its points is called the cotangent bundle of V and is denoted by T ˚V . The set

T ˚V has a natural structure of a differentiable manifold of dimension 2n. A point

of T ˚V is a 1-form on the tangent space to V at some point of V . If q is a choice of

n local coordinates for points in V, then such a form is given by its n components

p. Together, the 2n numbers p, q form a collection of local coordinates for points

in T ˚V . In particular, if ϕpqq “ px1, . . . , xnq is a coordinate chart on U Ă M then

p P T ˚V has the expression p “ p1dx1 ` ¨ ¨ ¨ ` pndxn. There is a natural projection

f : T ˚V ÝÑ V (sending every 1-form on T ˚
x V to the point x). The projection f is

differentiable and surjective. The pre-image of a point x P V under f is the cotangent

space T ˚
x V .

1.8 Stokes’ Theorem

Stokes’ theorem is a cornerstone of calculus in multivariate real and complex analysis.

In the language of differential forms, it states:

ż

BM

ω “

ż

M

dω. (1.8.1)

for a manifold M with boundary BM , and ω a differential form of degree dimpMq´1.

This theorem unifies the fundamental theorem of calculus, Green’s theorem, Gauss’s

divergence theorem, and the classical Stokes’ theorem.
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1.9 Transversality

The background material in this section can be found in the book Geometrical Meth-

ods in the Theory of Ordinary Differential Equations by Vladimir Arnol’d [Arn88].

Another important concept is the notion of transversality in which the Thom

Transversality theorem plays the main role.

Before the formal statement of the Thom transversality theorem, I introduce the

notion of a k-jet and then state the theorem using this language.

1.9.1 K-jets

Definition 1.9.1. Two functions f1, f2 : M ÝÑ N are said to be k-tangent at a

point x, when their Taylor series in any fixed coordinate system up to and including

the kth term are identical at that point.

Remark 1.9.2. a) The definition above is actually coordinate independent;

b) it defines an equivalence relation on the set of pointed, smooth maps pM,xq ÝÑ

pN, yq whose equivalence classes can be identified with maps that have a same

Taylor expansion up to the order k.

Definition 1.9.3. A k-jet of a smooth mapping f at a point x is an equivalence

class of k-tangent mappings at x.

We agree on the following notation that

jk
xpfq “ tf1 : f1 is k-tangent to f at xu. (1.9.1)

Definition 1.9.4. Suppose f, g : M ÝÑ N are smooth maps. Define the relation

f „x g if and only if there is an open neighbourhood U containing x such that

f |U “ g|U . It is easy to see that „x is symmetric, reflexive and transitive. A germ

of a map at x P M is an equivalence class of „x .
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Definition 1.9.5. Two mappings in two neighborhoods of one and the same point

have a common germ at that point if they coincide in a third neighborhood of this

point. (The third neighborhood can be smaller than the intersection of the first two

neighborhoods).

Definition 1.9.6. The set of all k-jets of germs of Ck mappings of M into N is

called the space of k-jets of mappings of M into N and denoted by

Jk
pM,Nq “ tthe space of k-jets of germs of Ck mappings of M into Nu. (1.9.2)

It is notable that the set JkpM,Nq has a natural smooth manifold structure. Indeed,

we choose coordinate systems in the neighborhood of a point of M and in the neigh-

borhood of the image of this point in N under some mapping f. Then the k-jet of f

and all nearby jets can be given by coordinates of the preimage and the collections

of Taylor coefficients up to order k at this point. Thus, we have constructed a chart

of the manifold JkpM,Nq of jets in the neighborhood of the point which is the k-jet

of f.

Definition 1.9.7. The group of k-jets of diffeomorphisms of M leaving a point x

fixed is called the group of k-jets of local diffeomorphisms of the manifold M at the

point x and denoted by Jk
x pMq.

We review the notion of transversality by the following definition.

1.9.2 Transversality

Definition 1.9.8. Two linear subspaces X and Y of a linear space L are said to be

transversal if their sum is the whole space:

L “ X ` Y. (1.9.3)
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For example, two planes intersecting at a nonzero angle in the three dimensional

space are transversal and two straight lines are not.

Definition 1.9.9. Let M and N be smooth manifolds and let Z be a smooth sub-

manifold of N . A mapping f : M ÝÑ N is said to be transversal to Z at a point

a of M if either fpaq does not belong to Z or the tangent plane to Z at fpaq and

the image of the tangent plane to M at a are transversal, i.e.,

dafTaM ` TfpaqZ “ TfpaqN. (1.9.4)

A mapping f : M ÝÑ N is transversal to Z if it is transversal to Z all point of the

M .

Theorem 1.9.10 ([Arn88], page 231). (Weak transversality theorem)

Let M be a compact manifold and let Z be a compact submanifold in a manifold N .

The mappings f : M ÝÑ N transversal to Z form an open, everywhere dense set in

the space of all sufficiently smooth (Cr with r ě 1) mappings M ÝÑ N.

Remark 1.9.11. With regard to the topology of CrpM,Nq, on a quick note, one

could define a basis open set as follows. Take f P CkpM,Nq, a compact set of

K Ă M and an open neighbourhood, W, JkpM,Nq Ą W Ą jkpfqpKq of the graph of

the k´jet of f restricted to K. A neighbourhood W Ă CkpM,Nq, W “ Wpf,K,W q

is the set of all g P CkpM,Nq such that jkpgqpKq Ă W.

Remark 1.9.12. This theorem is called the weak transversality theorem. Its asser-

tion means that a mapping not transversal to a fixed submanifold can be turned into

a transversal mapping by a small perturbation. If, on the other hand, transversality

is present, then it is preserved under Cr-small perturbations.

23



1.9.3 Thom Transversality Theorem

The Thom transversality theorem is a generalization of the weak transversality the-

orem, in which the role of the submanifold Z is played by a submanifold of a space

of jets.

With every smooth mapping f : M ÝÑ N , we associate its "k-jet extension" f̃ :

M ÝÑ JkpM,Nq, f̃pxq “ jk
xpfq. (To a point x of M , there corresponds the k-jet of

the mapping f at x.)

Theorem 1.9.13 ([Arn88], page 234). Let C be a submanifold of the space JkpM,Nq

of jets. The set of mappings f : M ÝÑ N whose k-jet extensions are transversal

to C is an everywhere dense countable intersection of open sets in the space to all

smooth mappings of M into N .

1.10 Symplectic structures on manifolds

Definition 1.10.1. Let M2n be an even-dimensional differentiable manifold. A

symplectic structure on M2n is a closed non-degenerate differential 2-form ω on

M2n

dω “ 0 and @ξ ‰ 0, Dη : ωpξ, ηq ‰ 0 pξ, η P TxMq. (1.10.1)

The pair pM2n, ωq is called a symplectic manifold. An example of a symplectic

manifold is T ˚Rn – R2n with coordinates pi and qi with ω “
řn

i“1 dpi ^ dqi.

The following theorem gives a complete allowance to do local calculations in any

symplectic manifold.

Theorem 1.10.2 ([Arn89], page 230). Darboux’s theorem

Let ω be a closed non-degenerate differential 2-form in a neighborhood of a point x in

the space R2n. Then in some neighborhood of x one can choose a coordinate system
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pp1, . . . , pn, q1, . . . , qnq such that ω has the standard form:

ω “

n
ÿ

i“1
dpi ^ dqi. (1.10.2)

1.10.1 Symplectic structure of cotangent space

Now we spend a little bit of time to understand a natural structure of any cotan-

gent bundle of an arbitrary smooth manifold. It turns out that it carries a natural

symplectic structure. The following theorem is talking about the formation of such

type of structure.

Theorem 1.10.3 ([Arn89], page 202). Let V be a smooth manifold. The cotan-

gent bundle T ˚V has a natural symplectic structure. In the local coordinates system

pp, qq “ pp1, . . . , pn, q1, . . . , qnq, this symplectic structure is given by the formula

ω “ dp ^ dq “ dp1 ^ dq1 ` ¨ ¨ ¨ ` dpn ^ dqn. (1.10.3)

The following proof is an adaptation of the proof that appears in [Arn89].

Proof. First, we define a distinguished 1-form on T ˚V . Let ξ P TppT ˚V q be a

vector tangent to the cotangent bundle at the point p P T ˚
x V . The derivative

df : T pT ˚V q ÝÑ TV of the natural projection f : T ˚V ÝÑ V takes ξ to a

vector dfpξq, tangent to V at x. We define a 1-form ω1 on T ˚V by the relation

ω1pξq “ ppdfpξqq. In the local coordinates described above, this form is ω1 “ pdq.

Then, obviously the the exterior derivative dω is going to be a closed non-degenerate

2-form.
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2

Hamiltonian Mechanic; A classical

approach to describe the motion of

a mechanical system.

The foundational material presented in this chapter is derived from the seminal work

in Mathematical Methods of Classical Mechanics by Vladimir Arnol’d [Arn89].

2.1 From Newton’s equation to Hamiltonian for-

malism

Suppose that you have point-mass of mass m that is moving under the influence of

a force field F that depends on the position q, the velocity dq
dt

and possibly t then

the Newton’s second law of motion yields the following differential equation:

m
d2q

dt2
“ F pq,

dq

dt
, tq. (2.1.1)

It is interpreted as a sophisticated expression of Newton’s second law, F “ ma.
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Equation 2.1.1 is particularly applicable to elementary systems and scenarios in

which the forces are explicitly known.

2.1.1 Hamiltonian formalism

Assuming a conservative force field in 2.1.1the equation 2.1.1 can be rewritten to the

following by considering the F “ d
dt

pm 9qq

d

dt
pm 9qq “ ´

BU

Bq
(2.1.2)

for a differentiable potential function U . This implies conservation of total energy.

Since the system is isolated this is reasonable. 1.

Now by introducing the variable p “ m 9q we rewrite 2.1.2 as the following system of

equations
$

’

’

&

’

’

%

9p “ ´BU
Bq

9q “ 1
m
p.

(2.1.3)

In fact, given a smooth scalar function

Hpp, qq “
1

2mp2
` Upqq, (2.1.4)

called Hamiltonian, one can rewrite the 2.1.3 with respect to H as follows:

$

’

’

&

’

’

%

9p “ ´BH
Bq

9q “ BH
Bp
.

(2.1.5)

Remark 2.1.1. In above setup, it can be seen that the Hamiltonian 2.1.4 (total
1Notice that this is consistent within the scope of total this thesis and not necessarily every

Newtonian system is conservative.
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energy) is a conserved quantity. Indeed,

dH

dt
“

1
m

9pp `
BU

Bq
9q “ ´

BU

Bq

p

m
`

BU

Bq
9q “ 9p 9q ` p´ 9pq 9q “ 0. (2.1.6)

A good example to start with would be the simple harmonic oscillator.

Example 2.1.2. By Hooke’s law F “ ´kq and invoking equation 2.1.1 we get:

m:q “ ´kq. (2.1.7)

It is worth to note that one can we turn 2.1.1 into system of first order ODE by

introducing a new variable 9q “ p, then we get:

$

’

’

&

’

’

%

9p “ ´ k
m
q

9q “ p.

(2.1.8)

Example 2.1.3. We borrow the simple harmonic oscillator again as an example:

Hamiltonian represents the total energy

Hpp, qq “
1

2mp2
`

1
2kq

2 (2.1.9)

where p “ m 9q. Invoking the Hamiltonian formalism,

9p “ ´
BH

Bq
, 9q “

BH

Bp
(2.1.10)

which leads to

9p “ ´kq , 9q “
p

m
(2.1.11)

then simply by substitution we get

m:q “ ´kq. (2.1.12)
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Example 2.1.4 (Simple pendulum). The following is the Hamiltonian function

and the equations of motion

Hpq, pq “
p2

2mL2 ` mgLp1 ´ cospqqq,
$

’

’

&

’

’

%

9p “ ´
BH

Bq
“ ´mgL sinpqq,

9q “
BH

Bp
“

p

mL2 .

(2.1.13)

Figure 2.1: Phase space of simple pendulum for m “ L “ 1 2.1.4.

2.2 Liouville’s theorem

The equations 2.1.10 define vector field that attaches at each point of pp, qq of the

phase space a vector p´BH{Bq, BH{Bpq. The phase flow is the one parameter group
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of transformations of phase space

gt : ppp0q, qp0qq ÞÑ ppptq, qptqq (2.2.1)

in which pptq and qptq are the solution of Hamiltonian system of equations.

Theorem 2.2.1 ([Arn89] , page 69). [Liouville’s theorem]

The phase flow preserves volume. In other words, for any region D in phase space

we have:

volume of gtD “ volume of D.

2.2.1 Hamiltonian vector field

From now on, we seek to find a modern correspondence of Hamiltonian mechanic in

the language of symplectic geometry and derive underlying classical properties.

Definition 2.2.2. To each vector ξ, tangent to a symplectic manifold pM2n, ωq at

the point x, there exist a 1-form ω1
x associated to ξ on TxM defined as follows

ω1
xpηq “ ωpη, ξq @η P TxM. (2.2.2)

Remark 2.2.3. The correspondence ξ ÝÑ ω1
ξ is an isomorphism between the 2n-

dimensional vector spaces of vectors and 1-forms.

Define J in local coordinate pp, qq “ pp1, . . . , pn, q1, . . . , qnq as follows:

J : T ˚M ÝÑ TM

Jpdpq “
B

Bq

Jpdqq “ ´
B

Bp
.

(2.2.3)

We also declare that J defined above commutes with scalar multiplication by smooth

function. It is readily seen that the matrix representation of J , according to 2.2.3, is
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J “

¨

˚

˝

0 1

´1 0

˛

‹

‚

. It is notable that for 2n-dimensional case In and ´In are replaced

by 1 and -1.

Let H be a smooth function on a symplectic manifold M2n. Then, obviously, dH is

a differential 1-form on M , and there is an associated vector field according to the

isomorphism 2.2.3. The corresponding vector field for this differential is denoted by

JdH.

Definition 2.2.4. The vector field JdH is called a Hamiltonian vector field and

H is called the Hamiltonian function.

Now let’s consider an example. Take a 2n-dimensional manifold M2n “ R2n “

tpp, qqu, where pp, qq “ pp1, . . . , pn, q1, . . . , qnq represents a point in the phase space.

We can construct the canonical Hamiltonian equations by finding the corresponding

Hamiltonian vector field:

p 9q, 9pq “ 9x “ JdHpxq “ JpBpHdp ` BqHdqq

“ BpHJpdpq ` BqHJpdqq

“ BpH
B

Bq
´ BqH

B

Bp

ùñ

$

’

’

&

’

’

%

9p “ ´BH
Bq

9q “ BH
Bp
.2

(2.2.4)

The above result is the classical view of Hamiltonian formalism, however the goal of

this chapter is to introduce the Poisson bracket to be able to see the Hamiltonian

equations with a different perspective.

Remark 2.2.5. The isomorphism J and the equation 2.2.4 can also be obtained

from the fact that iXH
ω “ ´dH where XH is the Hamiltonian vector field.
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2.2.2 Conservation of symplectic form (Liouville’s theorem)

Let pM2n, ωq be a symplectic manifold and H : M2n ÝÑ R be a Hamiltonian func-

tion. Assume that the vector field JdH corresponding to H is complete then it gives

a 1-parameter group of diffeomorphisms gt : M2n ÝÑ M2n,

d

dt

ˇ

ˇ

ˇ

ˇ

t“0
gt

pxq “ JdHpxq. (2.2.5)

The group gt is called Hamiltonian phase flow.

In order to define Lie derivative we need to pull back. If f : M ÝÑ N is a smooth

map and α P ΩkpNq is a smooth k´form, then f˚α P ΩkpMq is a smooth k´form

defined by

pf˚αqxpXq “ αfpxqpdxfpXqq

the form f˚α is called the pullback of α.

Definition 2.2.6 (Lie derivative). Suppose α is a smooth differential form and X

is a smooth vector field with gt being the flow, then the Lie derivative of α along

X is defined as follows,

LXα “ lim
tÑ0

g˚
t α ´ α

t
. (2.2.6)

Before the following theorem we recall the Cartan’s Formula. It states that, on a

smooth manifold M , for any smooth vector field X and any smooth differential form

α,

LXα “ iXpdαq ` dpiXαq. (2.2.7)

Theorem 2.2.7. [Arn89] A Hamiltonian phase flow preserves the symplectic struc-

ture:

pgt
q

˚ω “ ω (2.2.8)
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This proof is an adaptation of the proof that appears in [Arn89].

Proof. 3 Note that the Hamiltonian vector field in coordinate pq, pq can be locally

represented as XH “ Hp
B

Bq
´ Hq

B

Bp
. Then invoking theorem 1.10.3 writing the ω in

canonical coordinate we have

ω “ dppdqq “
ÿ

i

dpi ^ dqi (2.2.9)

which is obviously a closed form, i.e., dω “ 0. Recalling the construction of Hamil-

tonian flow clearly we have iXH
ω “ ´Hqdq ´ Hpdp “ ´dH which shows that iXH

ω

is exact. Therefore by Cartan’s Formula 2.2.7,

LXH
ω “ iXH

dw ` dpiXH
ωq “ dp´dHq “ ´d2H “ 0 (2.2.10)

hence by definition of Lie derivative we get:

pgt
q

˚ω “ ω (2.2.11)

Remark 2.2.8. One can show that a form ωk (ωk “ ω ^ ¨ ¨ ¨ ^ ω
looooomooooon

k´times

) is conserved along

the Hamiltonian flow. Since pullback commutes with the wedge product, so if the

Hamiltonian flow ϕt preserves ω, it preserves the k´fold wedge product, ωk. In other

words, not only ω (symplectic form) is conserved along the Hamiltonian flows, but

also all the wedge powers of ω are conserved, resulting the Liouville’s theorem that

says the volume is conserved along the Hamiltonian flow.

Definition 2.2.9. A map g : R2n ÝÑ R2n is called canonical map if g˚ω “ ω.

With this tool we can derive all the results that we already know about classical

mechanics. For example we can prove that total energy is conserved. However,
3The proof provided is for R2n.
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in this language it is equivalent to say the function H is a first integral of the

Hamiltonian phase flow with Hamiltonian function H. This can be shown easily by

evaluating dH over the Hamiltonian vector field η “ JdH that is:

dHpηq “ ωpη, JdHq “ ωpη, ηq “ 0. (2.2.12)

2.3 Lie Algebra of Hamiltonian vector field, Lie

bracket and Poisson bracket

Definition 2.3.1. A Lie algebra is a vector space L over a field F “ R, that is

equipped with a skew symmetric, bilinear map r, s : L ˆ L Ñ L which satisfies

rx, ry, zss ` rz, rx, yss ` ry, rz, xss “ 0 for each x, y, z P L.

This latter identity is called the Jacobi identity; the bilinear map r, s is called the

Lie bracket.

Example 2.3.2. An example of Lie algebra would be the space of nˆn matrices by

defining operation to be rA,Bs “ AB´BA. Note that, this works for any associative

algebra

Example 2.3.3. The space of smooth vector fields on a smooth manifold in which

the operation is the Lie bracket (which will be discussed in the next subsection).

Example 2.3.4. The space of smooth vector fields on a smooth manifold that pre-

serve some fixed tensor (e.g. a k-form).

In the following subsection, we aim to construct a specific vector field out of two

given vector fields, exploring its properties and its relation with the Poisson bracket

of two functions.
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2.3.1 Lie bracket in coordinates and Lie algebra of Hamil-

tonian fields

To this end we define an operator called the first-order differential operator LA

where A, ϕt are the vector field and its flow respectively. Note that this is the same

as Lie derivative applied on 0-forms, i.e. smooth functions. For any smooth function

f : M ÝÑ R the value of LAf at a point x is:

pLAfqpxq “
d

dt

ˇ

ˇ

ˇ

ˇ

t“0
fpϕtxq (2.3.1)

which in coordinate px1, . . . , xnq is represented as:

LApfq “ A1
Bf

Bx1
` ¨ ¨ ¨ ` An

Bf

Bxn

. (2.3.2)

Taking two smooth vector fields on M, A and B and computing the operator LBLA ´

LALB gives rise to another vector field which is obtained as follows:

pLALB ´ LBLAqf “

n
ÿ

i,j“1
pBi

BAj

Bxi

´ Ai
BBj

Bxi

q
Bf

Bxj

. (2.3.3)

Then we define the Lie bracket of two vector fields A and B in coordinate as follows:

rA,Bsj “

n
ÿ

i

pBi
BAj

Bxi

´ Ai
BBj

Bxi

q. (2.3.4)

Then in coordinate by evaluating on function f : M ÝÑ R we define

LrA,Bsf “

n
ÿ

j“1
rA,Bsj

Bf

Bxj

. (2.3.5)

We skip to show to that the Lie bracket defied above possess the properties bilinearity,

skew-symmetry that are clear. Also the Jacobi identity can be found in [Arn89].
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Theorem 2.3.5 ([Arn89]). The Lie bracket makes the vector space of vector fields

on a manifold M into a Lie algebra.

In addition to Lie algebra of Hamiltonian vector field we turn our attention to Lie

Algebra of Hamiltonian functions which turns out to be useful in interpretation of

Hamiltonian formalism and canonical transformations. Interestingly enough, there

exists a homomorphism that establishes a structure preserving close relationship

between the Lie algebra of Hamiltonian functions and Lie algebra of Hamiltonian

vector fields.

Now we define the Poisson bracket of two maps.

Let pM2n, ωq be a symplectic manifold. Consider a Hamiltonian H : M2n ÝÑ R and

the flow of XH , g
t
H : M2n ÝÑ M2n (which of course is a canonical transformation of

phase space). Let F : M2n ÝÑ R be another function, then define:

pF,Hqpxq “
d

dt

ˇ

ˇ

ˇ

ˇ

t“0
F pgt

Hpxqq (2.3.6)

be the Poisson bracket of F,H shown by pF,Hq 4 which is in fact the derivative of

F in direction of flows of H.

Definition 2.3.6. A function F is a first integral of the phase flow with Hamil-

tonian function H if and only if its Poisson bracket with H is identically zero, i.e.,

pF,Hq ” 0.

Corollary 1 ([Arn89], page 215). The Poisson bracket of the functions F and H is

pF,Hq “ dF pJdHq (2.3.7)

then again by applying established isomorphism between 1-forms and vector fields

2.2.3 we get

pF,Hq “ ωpJdH, JdF q. (2.3.8)
4Note that the notation p, q is utilized for Poisson bracket throughout the thesis.

36



2.3.2 Poisson bracket interpretation of Hamiltonian formal-

ism

Before running into the next proposition it is important to attain a new interpre-

tation for equations of motion which accounts for proving the form of Hamiltonian

vector field is preserved under canonical transformation. We now try to reformulate

everything in terms of Poisson bracket.

Suppose F : pM2n, ωq ÝÑ R is a smooth map from symplectic manifold M . Then

the time derivative of F along the Hamiltonian flow of H is

9F “ LXH
F “ dF pJdHq “ ωpJdH, JdF q “ pF,Hq (2.3.9)

as a result, in coordinate pq, pq we have 9q “ pq,Hq and 9p “ pp,Hq.

In conclusion, Hamiltonian formalism can be converted as follows:

$

’

&

’

%

9qk “ pqk, Hq

9pk “ ppk, Hq.

(2.3.10)

2.3.3 Darboux coordinates and the correspondence between

Hamiltonian vector field and Hamiltonian function

Theorem 2.3.7. Let pM,ωq be a symplectic manifold with Poisson bracket p, q. Then,

pC8pMq, p, qq is a Lie algebra. The proof is clear: skew-symmetry and bilinearity are

obvious, while the Jacobi identity follows from the definition of a Poisson bracket

and the fact that dω “ 0.

The results of this subsection show that the space of Hamiltonian functions equipped

with Poisson operator form a Lie Algebra. The following corollary establishes neat

and intimate connection between Poisson bracket of Hamiltonian fields and Hamil-

tonian functions.
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Corollary 2 ([Arn89], page 217). Let XF and XH be Hamiltonian vector fields with

Hamiltonian functions F and H. Consider the Lie bracket rXF , XHs, this is again a

Hamiltonian vector field with Hamiltonian function equal to the Poisson bracket of

the Hamiltonian functions pF,Hq.

This proof is an adaptation of the proof that appears in [Arn89].

Proof. Set pF,Hq “ D. The Jacobi identity for a given map G P C8pMq can be

rewritten in the form

pG,Dq “ ppG,F q, Hq ´ ppG,Hq, F q (2.3.11)

Comparing with the definition of the Lie derivative and the fact that LXpF,Gq
H “

pH, pF,Gqq, we have

LXD
“ LXH

LXF
´ LXF

LXH
where LXD

“ LrXF ,XH s (2.3.12)

as was to be shown.

Theorem 2.3.8 ([Arn89], page 217). The first integrals of a Hamiltonian phase flow

form a Lie subalgebra of the Lie algebra of all functions.

2.3.4 A Brief Review of Achievements in Hamiltonian Vec-

tor Fields and Symplectic Structures

In synthesizing the achievements and conclusions we have reached to this point, we

may succinctly summarize as follows:

A symplectic structure on a manifold is a closed nondegenerate differential 2-form.

The phase space of a mechanical system has a natural symplectic structure. On a

symplectic manifold, as on a Riemannian manifold, there is a natural isomorphism

between vector fields and 1-forms. A vector field on a symplectic manifold corre-
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sponding to the differential of a function is called a Hamiltonian vector field. A

complete vector field on a manifold determines a phase flow, i.e., a one-parameter

group of diffeomorphisms. The phase flow of a Hamiltonian vector field on a sym-

plectic manifold preserves the symplectic structure of phase space. Vector fields on a

manifold form a Lie algebra. The Hamiltonian vector fields on a symplectic manifold

also form a Lie algebra.
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3

Generating functions

The background material in this chapter can be found in the textbook "Mathematical

Methods of Classical Mechanics" by Vladimir Arnol’d [Arn89].

Generating functions are a powerful tool used in Hamiltonian dynamics to sim-

plify the analysis of the equations of motion. In classical mechanics, Hamiltonian

dynamics describes the motion of a system in terms of its energy and momentum. A

generating function is a function that can be used to transform one set of canonical

variables (such as position and momentum) into another set.

The use of generating functions can simplify the analysis of Hamiltonian systems,

making it easier to solve for the trajectories of the system’s components. In particu-

lar, they can be used to find canonical transformations that preserve the Hamiltonian

form of the differential equations. These transformations are called symplectic trans-

formations, and they preserve the structure of the phase space of the system.

A common use of generating functions is found in computing action-angle variables

for an integrable Hamiltonian (see §4), or normal-form theory (see §5).

In summary, generating functions are a powerful tool in Hamiltonian dynamics,

allowing for the simplification of the equations of motion and the calculation of

integrals of motion. The use of generating functions has applications in classical and
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quantum mechanics and can be used to transform canonical variables, Lagrangian,

and wave functions into new sets of variables.

3.1 The Hamilton-Jacobi method for integrating

Hamilton’s canonical equations

The idea is that under a canonical change of coordinates, the canonical equations

of motion are preserved. If we are able to find such a transformation that simpli-

fies the Hamiltonian to a form in which the canonical equations can be integrated,

then we can integrate the original canonical equations. It turns out that this prob-

lem essentially boils down to solving a partial differential equation known as the

Hamilton-Jacobi equation.

3.2 Generating functions

Consider the symplectic diffeomorphism g : R2n ÝÑ R2n that takes the canonical

coordinates pp, qq to the new coordinates pP pp, qq, Qpp, qqq where P and Q are 2n

functions of 2n variables. It is readily observed that the 1-form pdq ´ PdQ is a

closed differential form. This can be deduced from the satisfaction of the condition

dp ^ dq “ dP ^ dQ. Since R2n is contractible, then by Poincaré lemma,

pdq ´ PdQ “ dSpq,Qq. (3.2.1)

We now assume that the following determinant is non-zero around the point pp0, q0q,

detpBpQ, qq

Bpp, qq
q “ detpBQ

Bp
q ‰ 0 (3.2.2)

therefore by the implicit function theorem we have:
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Spq,Qq “ S1pq, pq (3.2.3)

where S1 is a function on the region of Rn
q ˆRn

p of 2n-dimensional coordinates spaces,

whose points are denoted by q and p.

Definition 3.2.1. The function Spq,Qq is called a generating function of the

canonical transformation g.

From the equation 3.2.1 we drive the following:

BSpq,Qq

Bq
“ p and

BSpq,Qq

BQ
“ ´P. (3.2.4)

In the following theorem we prove that under a mild condition every function S gives

a canonical transformation.

Theorem 3.2.2 ([Arn89], page 259). Let W Ă Rn ˆ Rn be an open set around the

point pq0, Q0q, and Spq,Qq : W ÝÑ R2n be a smooth function. If

detp B2S

BQBq
q

ˇ

ˇ

ˇ

ˇ

pQ0,q0q

‰ 0 (3.2.5)

then equations 3.2.4 locally defines a canonical transformation.

Proof. Consider the equation for the p coordinates,

BSpq,Qq

Bq
“ p. (3.2.6)

Condition 3.2.5 enables us to leverage the inverse function theorem thereby the

equation 3.2.6 can be solved to determine a function Qpp, qq in a neighborhood of

the point

pq0, p0q “
BSpq,Qq

Bq

ˇ

ˇ

ˇ

ˇ

pQ0,q0q

(3.2.7)
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with Qpp0, q0q “ Q0.

We now consider the function

P1pq,Qq “ ´
B

BQ
Spq,Qq, (3.2.8)

and set

P pq, pq “ P1pq,Qpp, qqq (3.2.9)

then the local map g : R2n ÝÑ R2n sending the point pp, qq to the point pP,Qq is

canonical with generating function S since

pdq ´ PdQ “
BSpq,Qq

Bq
dq `

BSpq,Qq

BQ
dQ. (3.2.10)

3.2.1 Application of generating function

We can now apply the generating function to simplify the Hamiltonian. The process

leads to a Hamilton-Jacobi equation by which we find our new coordinates. The

idea is to find a canonical transformation by which the Hamiltonian turns to be

independent of P variable. In this case the system is trivially integrable. That is to

say, if H “ KpQq then the canonical equations have the following forms,

9Q “ 0 9P “
BK

BQ
(3.2.11)

which can be integrated as follows

Qptq “ Qp0q, P ptq “ P p0q `

ż t

0

BK

BQ

ˇ

ˇ

ˇ

ˇ

Q“Qp0q

dt. (3.2.12)

So we now look for the generating function that makes that happen. Meaning that

it transforms the Hpp, qq to the form KpQq. By invoking the idea of generating
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functions, from 3.2.4 we obtain the condition

Hp
BSpQ, qq

Bq
, qq “ KpQq (3.2.13)

where after differentiation we must substitute qpP,Qq for q.

Definition 3.2.3 (Integrability). Let pM,ωq be a symplectic manifold of dimension

2n. A Hamiltonian H P C8pMq is said to be completely integrable in the sense

of Liouville if

a) there exist n functionally independent Hamiltonians F1, . . . , Fn that Poisson

commute with H;

b) the Hamiltonians F1, . . . , Fn pairwise Poisson commute. In other words, for all

i, j where i, j “ 1, . . . , n, we have pFi, Fjq ” 0.

Theorem 3.2.4 ([Arn89], page 260). Jacobi’s theorem

If a solution SpQ, qq is found to the Hamilton-Jacobi equation 3.2.13 depending on

n parameters Qi such that detp B2S
BQBq

q ‰ 0 then the canonical equations

9p “ ´
BH

Bq
and 9q “

BH

Bp
(3.2.14)

can be completely solved, that is to say the Hamiltonian H is completely integrable.

The components pQ1, . . . , Qnq determined by the formulas BSpQ,qq

Bq
are first integrals,

i.e. pF1, . . . , Fnq.

Proof. Let us try to find a generating function to transform Hpp, qq to KpQq. Con-

sider the canonical transformation with generating function Spq,Qq. By 3.2.4 we

have

p “
BS

Bq
pq,Qq (3.2.15)
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from which we can determine Qpp, qq. Then, we have

Hpp, qq “ Hp
BS

Bq
pq,Qq, qq. (3.2.16)

In order to find the Hamiltonian function in the new coordinates we must substitute

into this expression (after differentiation) for q its expression in terms of P and Q.

However, by 3.2.15 this expression does not depend on P at all, so we have simply

Hpp, qq “ KpQq. (3.2.17)

which entails an integrable Hamiltonian system since the conjugate variable corre-

sponding to Q does not exist in the new Hamiltonian which means Q is the first

integral of the motion.

3.3 The Generating function S2pP, qq

Let g : R2n ÝÑ R2n be a canonical transformation with

gpp, qq “ pP,Qq (3.3.1)

This time we start off with different primitive, e.g.

pdq ` QdP “ dS2pP, qq. (3.3.2)

By similar arguments as in the preceding section, this equation can also be used to

create a canonical transformation. For this function S2pP, qq we find,

p “
BS2pP, qq

Bq
and Q “

BS2pP, qq

BP
. (3.3.3)
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Remark 3.3.1. For some technical reasons, certain canonical transformations can-

not be represented by a generating function. For example, in the case of the identity

transformation where q and Q “ q are dependent, the identity transformation can-

not be given by a generating function S1pq,Qq nor any other generating function in

terms of pQ, qq. This is why S2 has been introduced. Also the generating function

S2pP, qq is convenient also because there are no minus signs in the formulas 3.3.3.

Also they are easy to remember if we remember that the generating function of the

identity transformation is Pq.

Remark 3.3.2. The case for two degrees of freedom follows an analogous path. Let

pq1, p1, q2, p2q ” ppq1, p1q, pq2, p2qq P T ˚Rn
1 ˆT ˚Rn

2 and pQ1, P1, Q2, P2q “ ϕpq1, p1, q2, p2q

be a canonical transformation. Then,

p1dq1 ´ q2dp2 ` pQ1dP1 ´ P2dQ2q “ dS, (3.3.4)

where S “ Spq1, p2, P1, Q2q. Then,

p1 “
BS

Bq1
, q2 “ ´

BS

Bp2
(3.3.5)

Q1 “
BS

BP1
, P2 “ ´

BS

BQ2
. (3.3.6)
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4

Action-Angle variables

The background material in this section can be found in the textbook Mathematical

Methods of Classical Mechanics by Vladimir Arnol’d [Arn89].

4.1 Introduction

In this chapter, we first illustrate the integration of a 2n-dimensional canonical

system of differential equations under certain topological conditions. The integra-

tion process in fact necessitates only the knowledge of n initial integrals with certain

conditions, a statement affirmed by the Liouville-Arnol’d theorem. An overview of

the proof for this theorem is also provided. The theorem’s consequence instigates the

introduction of action-angle variables within the phase space, incorporating a gener-

ating function. In section 4.2.6, we extend this conceptual framework to a Euclidean

space of 2n dimensions. Beginning with the introduction of the action variable,

which draws its inspiration from lower dimensions, we prove that the transition from

canonical to action-angle coordinate is structure preserving.
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Recall that a function F is a first integral of a system with Hamiltonian function H

if and only if the Poisson bracket

pF,Hq ” 0 (4.1.1)

is identically equal to zero.

Definition 4.1.1. Two functions F1 and F2 are in involution (or they Poisson

commute) if their Poisson bracket is equal to zero.

4.2 The Formulation of the Liouville-Arnol’d The-

orem

Suppose that we are given n functions in involution 4.1.1 on a symplectic 2n-

dimensional manifold M ,

F1, . . . , Fn pFi, Fjq ” 0 i, j “ 1, 2, . . . , n. (4.2.1)

Let f “ pf1, . . . , fnq and then the common level set of functions Fi

Mf “ tx : Fipxq “ fi, i “ 1, . . . , nu. (4.2.2)

In addition, we assume that the functions Fi are independent on Mf , i.e., the 1-forms

dFi, where i “ 1, 2, . . . , n. are linearly independent at each point of Mf .

Theorem 4.2.1 ([Arn89], page 272). [Liouville-Arnol’d]

Under above assumptions, i.e. Hamiltonian being integrable 3.2.3, the theorem as-

serts:

1. Mf is a smooth manifold and is invariant under the phase flow of Hamiltonian

function H “ hpF1, . . . , Fnq.
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2. If the manifold Mf , is compact and connected, then it is diffeomorphic to the

n-dimensional torus Tn,

Mf – Tn
“ pR{Zq

n. (4.2.3)

3. The phase flow with Hamiltonian H determines a conditionally periodic motion

on Mf , i.e., in angular coordinates ϕ “ pϕ1, . . . , ϕnq we have

dϕ

dt
“ ω, ω “ ωpfq. (4.2.4)

4. In an open neighborhood of Mf there exists action-angle coordinates pI, θq in

which the Hamiltonian H only depends on action variable I.

Remark 4.2.2. The equations 4.2.4 can be trivially integrated.

The following corollary is immediate consequence of the Liouville-Arnol’d theorem

which is the key idea of proving integrability of the Jellinek-Berry Hamiltonian

system.

Remark 4.2.3. For example if in a canonical system with two degrees of freedom the

extra, independent first integral (beside H) implies complete integrability due to the

Liouville-Arnol’d theorem. Also a compact connected two-dimensional submanifold

of the phase space is an invariant torus, and motion on it is conditionally periodic.

4.2.1 Proof of Liouville-Arnol’d theorem, statement 1

Lemma 1 ([Arn89], page 273). On the n-dimensional manifold Mf , there exist n

tangent vector fields which commute with one another and are linearly independent

at every point. Also Hamiltonian vector field JdFi induced by the first integral Fi

is tangent to Mf .
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Proof. The symplectic structure of phase space defines an operator J taking 1-forms

to vector fields. JdFi is the Hamiltonian vector field associated to Fi. We will show

that the n vector fields JdFi are tangent to Mf commute, and are independent.

The independency of the JdFi at every point of Mf , follows from the the fact that

J : T ˚M ÝÑ TM is a bundle isomorphism, if dF1, . . . , dFn P T ˚Mf are linearly

independent, then JdF1, . . . , JdFn P TMf are linearly independent. The fields JdFi

commute with one another, since the Poisson brackets of their Hamiltonian functions

pFi, Fjq are identically zero. For the same reason, the derivative of the function Fi

in the direction of the field JdFj is equal to zero for any i, j “ 1, . . . , n. Indeed,

pFi, Fjq “ dFipJdFjq “ ωpJdFi, JdFjq “ 0 (4.2.5)

as ω and Poisson bracket are skew-symmetric. Thus the fields JdFi are tangent to

Mf and Lemma 1 is proved.

Remark 4.2.4. The fact that Mf is a smooth submanifold is the consequence of

above lemma that is the existence of n lineally independent tangent vector fields

along Mf and submersion theorem.

Remark 4.2.5. By assumption Mf is compact so the flows gt
i of the Hamiltonian

vector field JdFi are defined on Mf . From 4.2.5 we can conclude that Mf is invariant

with respect to each of the n commuting phase flows gt
i with Hamiltonian functions

Fi, i.e.,

gt
ig

s
j “ gs

jg
t
i @s, t P R. (4.2.6)

4.2.2 Proof of Liouville-Arnol’d theorem, statement 2

Remark 4.2.6. The symplectic form ω is zero on the tangent bundle restricted to a

point x on the manifold Mf , i.e., @x P Mf ω|TxMf
“ 0. In other words, the manifold
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Mf is a Lagrangian submanifold. Indeed the n-vectors JdFi|x form basis for the

tangent plane to the manifold Mf at the point x.

It is worth mentioning that the following lemma proves the second statement of the

Liouville-Arnol’d theorem.

Lemma 2 ([Arn89], page 274 ). Let Mn be a compact connected differentiable n-

dimensional manifold, on which we are given n pairwise commutative and linearly in-

dependent at each point vector fields. Then Mn is diffeomorphic to an n-dimensional

torus.

We denote by gt
i , i “ 1, . . . , n the one-parameter groups of diffeomorphisms of M

corresponding to the n given vector fields. Since the fields commute, the groups gt
i

and gs
j commute. Therefore, we can define an action g of the commutative group

Rn “ ttu on the manifold M by setting

gt : M Ñ M gt
“ gt1

1 . . . gtn
n t “ pt1, . . . , tnq P Rn. (4.2.7)

From the above definition it is clear that

gt`s
“ gtgs where t, s P Rn. (4.2.8)

Now fix a point x0 and define the map:

G : Rn
Ñ M Gptq “ gtx0. (4.2.9)

Lemma 3. The map G 4.2.9 of a sufficiently small neighborhood V of the point 0

P Rn gives a chart in a neighborhood of x0, that is to say every point x0 P M has a

neighborhood U (x0 P U Ă M) such that G maps V diffeomorphically onto U .

Proof. By construction of the map G, if we take the derivative with respect to

ti and construct the Jacobian matrix at the point 0 P Rn, then since the vector
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fields are linearly independent, inverse function theorem implies that G is a local

diffeomorphism.

Lemma 4. The map G : Rn Ñ M is surjective.

Proof. Consider the x0 in the preceding lemma and connect an arbitrary x P M to

x0 by a curve. Since M is compact the curve is compact, hence it can be covered

by finite number of open subsets. Now define t as sum of shifts ti corresponding to

pieces of the curve.

Remark 4.2.7. It is quite clear that the map G : Rn Ñ M 4.2.9 can not be injective

since Mn is compact and Rn is not.

Definition 4.2.8. The stationary group of the point x0 is the set Γ of points

t P Rn for which gtx0 “ x0.

Two following lemmas indicate the Γ is a well-defined subgroup of Rn independent

of the point x0.

Lemma 5. In a sufficiently small neighborhood V of the point 0 P Rn there is no

point of the stationary group other than t=0.

Lemma 6. In the neighborhood t + V of any point t P Γ Ă Rn there is no point of

the stationary group Γ other than t. Therefore, the points of Γ lie in Rn discretely.

Proof. It is derived directly from the fact that Gxptq “ gtpxq is a local diffeomorphism

of t “ 0 with a neighbourhood of x P M for all x P M.

Lemma 7 ([Arn89], page 276). Let Γ be a discrete subgroup of Rn. Then there

exist k p0 ď k ď nq linearly independent vectors e1, . . . , ek P Γ such that Γ is exactly

the set of all their integral linear combinations.
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Considering above results, we jump into the proof of lemma 2 which in fact states

that Mf is diffeomorphic to a torus Tn.

Proof. Fix x P Mf , let Γ “ Γx be the stationary subgroup of x under the action g

and let p : Rn{Γ Ñ Mf be the map induced by the covering map Gx : Rn Ñ Mf .

By construction, ppt ` Γq “ Gxpt ` Γq “ gt`Γpxq “ gtpgΓpxqq “ gtpxq, so p is well-

defined. Thus, p is surjective and a covering map, since Gx is. On the other hand, p is

injective, since if ppt1 ` Γq “ ppt2 ` Γq, then from the preceding, gt2´t1pxq “ x and so

t2 ´ t1 P Γ. This proves that p is an injective covering map, hence a diffeomorphism.

Remark 4.2.9. By lemmas 6, 7 and teiu being the basis for Γ, one can establish an

isomorphism A : Γ ÝÑ Zn. The map A gives rise to a diffeomorphism Ã : Rn{Γ ÝÑ

Rn{Zn.

4.2.3 Proof of Liouville-Arnol’d theorem, statement 3

Remark 4.2.10. Returning to the assumption of the theorem 4.2.1 and by consider-

ing the fact that Ã˝p´1 is a diffeomorphism, one can establish an angular coordinate

on Mf by pull back of the coordinate on Tn under Ã ˝ p´1 : Mf Ñ Rn{Zn.

dϕi

dt
“ ωi, ωi “ ωipfq, ϕptq “ ϕp0q ` ωt. (4.2.10)

In other words, motion on the invariant torus Mf is conditionally periodic.

4.2.4 Proof of Liouville–Arnol’d theorem, statement 4

In order to determine the Action-Angle variables under the hypotheses of Liou-

ville–Arnol’d theorem, we generate a new symplectic coordinates pI, ϕq such that,

Hamiltonian depends only on I and the system becomes integrable.
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Consider a ball U around f P Rn that contains only regular values of the first-integral

map F “ pF1, . . . , Fnq, then by submersion theorem there exist a neighbourhood

W “ F´1pUq Ă M that is diffeomorphic to Tn ˆ U with coordinates pθ, gq. We

choose angular ϕi on M so that the phase flow with Hamiltonian function H “ F1

takes a special simple form:

dϕ

dt
“ ωpgq ϕptq “ ϕp0q ` ωt. (4.2.11)

Now the goal is to introduce the new canonical coordinates. We note that the

variables pF, ϕq are not, in general, canonical coordinates. It turns out that there are

functions of F , which we will denote by I “ IpF q and I “ pI1, . . . , Inq such that the

variables pI, ϕq are canonical coordinates. Now in the new coordinate the original

symplectic structure ω is shown to be following:

ω “ dI ^ dϕ “
ÿ

dIi ^ dϕi. (4.2.12)

In equation 4.2.12, the variable I is called the action variable, and together with

the angle variables ϕ, they form the action-angle system of canonical coordinates in

a neighborhood of Mf . The quantities Ii are first integrals of the system with the

Hamiltonian function H “ F1. The variables Fi can be expressed in terms of I and,

in particular H “ F1 “ HpIq.

4.2.5 The case for M “ T ˚R1

Let’s consider the case n “ 1, in action-angle variables the differential equations of

our flow take the form:
dI

dt
“ 0 ,

dϕ

dt
“ ωpIq. (4.2.13)

Now we move into the construction of action-angle variable. In order to construct
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the action-angle variables, we will look for a canonical transformation pp, qq Ñ pI, ϕq

satisfying two following conditions:

I “ Iphq, (4.2.14)
¿

Mh

dϕ “ 2π where Mh “ MhpH “ hq. (4.2.15)

The tool that we leverage to construct the pI, ϕq out of pp, qq is the Hamilton-Jacobi

equation. So, we look for a generating function SpI, qq that satisfies the following

equations:

p “
BSpI, qq

Bq
ϕ “

BSpI, qq

BI
Hp

BSpI, qq

Bq
, qq “ hpIq (4.2.16)

we first assume that the function hpIq is known and invertible, so that every curve

Mh is determined by the value of I, i.e., Mh “ MhpIq. For the fixed value of I

according to the equation 4.2.16,

dS|I“const “ pdq. (4.2.17)

This relation defines a 1-form dS on the curve MhpIq. Integrating this 1-form on the

curve MhpIq we obtain (in a neighborhood of a point q0) a function

SpI, qq “

ż q

q0

pdq. (4.2.18)

This function will be the generating function of the desired symplectic transformation

in a neighborhood of the point pI, q0q. So far, the first condition of action-angle

variable (equation 4.2.14), by construction, is satisfied automatically. For the second

condition, we analyze the behaviour of SpI, qq. We go a circuit along the curve MhpIq
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then the integral 4.2.17 becomes,

∆SpIq “

¿

MhpIq

pdq (4.2.19)

which is equal to the area of G “ GpIq “ ∆SpIq enclosed by the curve MhpIq.

Therefore, the function S is a multiple-valued function on MhpIq; meaning that it is

determined up to addition of integral multiples of G. This term has no effect on the

derivative BSpI,qq

Bq
but it leads to multi-valuedness of ϕ “ BS

BI
this derivative is defined

up to multiples of G1pIq, also this multi-valuedness is desired, since ϕ is meant to be

an angle. More precisely, the Hamilton-Jacobi formulas 4.2.16 define a 1-form dϕ on

the curve MhpIq.

The integral of dϕ form on MhpIq is equal to d∆SpIq{dI, in fact:

¿

MhpIq

dϕ “

¿

MhpIq

Bϕ

BI
dI `

¿

MhpIq

Bϕ

Bq
dq

“

¿

MhpIq

Bϕ

BI
dI `

¿

MhpIq

B

Bq

BSpI, qq

BI
dq

“ 0 `

¿

MhpIq

B

BI

BSpI, qq

Bq
dq

“
d

dI

¿

MhpIq

pdq “
d

dI
∆SpIq.

(4.2.20)

In order to fulfill the second condition 4.2.15 we need that

2π “
d

dI
∆SpIq (4.2.21)

then by taking integral from both side, we get

2π∆I “ ∆G, i.e. 2πpI ´ I0q “ GpIq ´ GpI0q ñ 2πI “ G ` c0. (4.2.22)
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where G “
ű

Mh
pdq is the area bounded by the phase curve H “ h.

Because the constant of integration c0 are largely irrelevant, they are generally omit-

ted.

Definition 4.2.11. The action variable of a system of one degree of freedom with

Hamiltonian function Hpp, qq is the quantity Iphq “ p1{2πqGphq.

Let dG
dh

‰ 0, then the inverse Iphq of the function hpIq is defined. We remark that

if G1phq “ 0 then dI
dh

“ 0 or dh
dI

“ 8. This implies the action variable I cannot be

smoothly continued to the level tH “ hu, and so that level must be singular for

H. Similarly, if dh
dI

“ 0, then either the level set is entirely critical for H (contrary

to hypothesis) or I does not extend smoothly to tH “ hu. In either case, the h

is a critical value. However, if G1phq ‰ 0 then by scaling things up, geometrically

speaking, one can say that while the angle variable ϕ is tracing out the circuit

MhpIq“h, the value of I depends smoothly only on the corresponding energy level set

H “ h which captures the area of the circuit.

Theorem 4.2.12 ([Arn89], page 282 ). Let SpI, qq “
şq

q0
pdq

ˇ

ˇ

ˇ

H“hpIq
, then the equa-

tions of Hamilton-Jacobi equations 4.2.16 give a canonical transformation pp, qq Ñ

pI, ϕq satisfying the conditions of action angle variables 4.2.14 and 4.2.15.

4.2.6 Action Angle variable in R2n

We turn now to systems with n degrees of freedom given in R2n “ pp, qq by a

Hamiltonian function Hpp, qq and having n first integrals in involution F1, . . . , Fn.

By a similar argument we immediately define n action variables I. We remark that

the Iipfq is defined analogously to the 1-dim case.

Proposition 1. Let γ1, . . . , γn be a basis for the one-dimensional cycles on the torus

Mf (the increase of the coordinate ϕi on the cycle γj is equal to 2π if i “ j and is
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zero if i ‰ j). Then action variable

Iipfq “
1

2π

¿

γi

pdq (4.2.23)

does not depend on the choice of the curve γi.

Proof. Cycles γ and γ1 are homologous on the torus Mf so that γ1 ´ γ bounds to a

2-cell σ. In fact, since the symplectic form ω “ dp^dq is zero on Mf then by Stokes

formula,

¿

γ

´

¿

γ1

pdq “

ĳ

σ

dp ^ dq “ 0. (4.2.24)

where Bσ “ γ´γ1. Note that the σ is the area stuck between the curves γ and γ1.

We assume now that, for the given values fi of the n integrals Fi the n quantities Ii

are independent: detpBI{Bfq|f ‰ 0 . Then in a neighborhood of the torus Mf , we

can take the variables I, ϕ as coordinates.

4.2.7 Proof of the Preservation of Structural Integrity in the

Transition to Action-Angle Coordinate Variables

Theorem 4.2.13 ([Arn89], page 283). The transformation pp, qq Ñ pI, ϕq is canon-

ical, i.e.,
ÿ

dpi ^ dqi “
ÿ

dIi ^ dϕi. (4.2.25)

Proof. Consider the differential 1-form pdq on Mf . Since the manifold Mf is La-

grangian this 1-form is closed on Mf . That is to say, its exterior derivative, which is

the symplectic form, is zero on Mf .
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Therefore, by Stokes’ theorem the value of

Spqq “

ż q

q0

pdq

ˇ

ˇ

ˇ

ˇ

Mf

(4.2.26)

does not change under deformations of the path of integration.

With a similar argument to the case of 1 degree of freedom Spqq is a multiple-valued

function on Mf , with periods equal to

∆iS “

ż

γi

dS “ 2πIi. (4.2.27)

Now let q0 be a point on Mf , in a neighborhood of which the n variables q are

coordinates on Mf , such that the submanifold Mf Ă R2n is given by n equations of

the form p “ ppI, qq and q. In a simply connected neighborhood of the point q0 a

single-valued function is defined,

SpI, qq “

ż q

q0

ppI, qqdq (4.2.28)

and we can use it as a generating function of the canonical transformation from pp, qq

to pI, ϕq

p “
BS

Bq
ϕ “

BS

BI
. (4.2.29)

Now it is just left to show why is it canonical. To this end, in fact it suffices to show

that dp ^ dq “ dI ^ dϕ.

dp ^ dq “ p
B

BI

BSpI, qq

Bq
dI `

B

Bq

BSpI, qq

Bq
dqq ^ dq “

B2SpI, qq

BIBq
dI ^ dq (4.2.30)

dϕ ^ dI “ p
B

BI

BSpI, qq

BI
dI `

B2SpI, qq

BIBq
dqq ^ dI “

B2SpI, qq

BqBI
dq ^ dI (4.2.31)
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by putting 4.2.30 and 4.2.31 together we find dp^ dq “ dI ^ dϕ. The coordinates ϕ

will be multiple-valued with periods:

∆iϕj “ ∆i
BS

BIj

“
B

BIj

∆iS “
B

BIj

2πIi “ 2πδij (4.2.32)

as was to be shown.

We remark that the multi-valuedness of S does not destroy the new local canonical

coordinates because they differ by a constant, i.e. I 1 “ I ` c0 and ϕ1 “ ϕ ` cpIq. so

the corresponding generating function is going to be SpI, ϕ1q “ I ¨ϕ1 `c0 ¨ϕ1 `σpI, ϕ1q.

As a result, ϕ “ BS
BI

“ ϕ1 ` Bσ
BI

which implies cpIq “ ´Bσ
BI
. Moreover, I 1 “ BS

Bϕ1 “ I ` c0.

Therefore, in the new coordinate we have

dI 1
^ dϕ1

“ pdI ` dc0q ^ pdϕ ` dcpIqq “ dI ^ dϕ. (4.2.33)

We conclude this chapter by finding action-angle coordinate for simple harmonic

oscillator.

Example 4.2.14. [Arn89]

Recall the Hamiltonian

Hpx, yq “
1
2px2

` ω2y2
q (4.2.34)

Note that the area-preserving change of x “
?
ωu, y “ v{

?
ω normalizes the Hamil-

tonian to the form Hpu, vq “ ω 1
2pu2 ` v2q.

Now by transformation u “
?
Isinpθq, v “

?
Icospθq the Hamiltonian becomes

H “ ωI. (4.2.35)

Writing Hamiltonian formalism in the new coordinate,
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9I “ ´
BH

Bϕ
“ 0 and 9ϕ “

BH

BI
“ ω. (4.2.36)

The following figure demonstrates the phase portrait of original Hamiltonian. The

phase space, in the new coordinate, the circles become horizontal straight lines.

Figure 4.1: Phase space of simple harmonic oscillator for ω=1 and m=1
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5

Normal forms

This chapter contains novel materials which are my own work. Also, some of the

background material in this section can be found in:

• Mathematical Methods of Classical Mechanics textbook by Vladimir Arnol’d

[Arn89].

• Birkhoff Normal Form and Hamiltonian Equations [Gre06].

When examining the behaviour of solutions to Hamilton’s equations in the vicin-

ity of an equilibrium position, relying solely on the linearized equation often proves

adequate at least in the absence of further work. Indeed, due to Liouville’s the-

orem, which asserts the preservation of phase space volume, asymptotically stable

equilibrium positions cannot exist within Hamiltonian systems. This highlights the

necessity of more nuanced analytical methods beyond mere linearization for thorough

understanding and prediction of system behaviours.

5.0.1 Near-Equilibrium Stability and Classification of Equi-

librium Points

This section is intended to give an informal overview of equilibrium stability.
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Consider a general autonomous vector field

9x “ fpxq, x P Rn (5.0.1)

where f P Cr, r ě 1. An equilibrium solution of 5.0.1 is a point x̄ P Rn such that

fpx̄q “ 0. (5.0.2)

Let xptq be any solution of 5.0.1. Roughly speaking, x̄ is stable if solutions that start

“close” to x̄ at a given time remain close to x̄ for all later times. It is asymptotically

stable if nearby solutions converge to x̄ as t Ñ 8.

In the context of Hamiltonian vector fields, if the quadratic part of the Hamiltonian

is positive definite, then the fixed point is Liapunov stable. This is because the

positive definiteness of the quadratic part of the Hamiltonian ensures that the total

energy has a local minimum at the fixed point.

When the quadratic part is not positive-definite nor negative definite (neutral), then

the equilibrium is not stable. In fact, the positive-definite part gives rise to a "center

manifold" where the dynamics can be quasi-periodic. But at the same time there is

a unstable manifold.

Conventionally, by analogy of the general case we aim to reduce the Hamiltonian to

lower order terms by implementing a canonical change of variables. However, within

the purview of Hamiltonian systems, this process encounters certain limitations such

as resonance of quadratic part with higher order terms. Indeed, while terms of

power 3 can be removed, the presence of resonance prevents the elimination of terms

of order for example 4. To navigate around this issue, we employ a suitably chosen

canonical coordinate, such as action-angle variables.
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5.0.2 Classification of Planar Systems

Definition 5.0.1 (Liapunov Stability). x̄ is said to be stable (or Liapunov stable)

if, for a given ϵ ą 0, there exists a δ “ δpϵq ą 0 such that, for any other solution,

yptq of 5.0.1 satisfying yp0q P Bδpx̄q, then yptq P Bϵpx̄q for all t ą 0.

Definition 5.0.2 (Asymptotic Stability). x̄ is said to be asymptotically stable

if it is Liapunov stable, and if there exists a constant δ ą 0 such that for any other

solution yptq of 5.0.1 satisfying yp0q P Bδpx̄q, then limtÑ8 }x̄ ´ yptq} “ 0.

Definition 5.0.3 (Hyperbolic Fixed Point). Let x̄ be a fixed point of 5.0.1. Then

x̄ is called a hyperbolic fixed point if none of the eigenvalues of Dfpx̄q have zero

real part.

Theorem 5.0.4. [Wig03] Consider the Cr autonomous vector field given by 5.0.1.

Let x̄ be a fixed point of this vector field. Assume that there exists a C1 function

V : U Ñ R, defined on a neighborhood U of x̄, satisfying the following properties:

• V px̄q “ 0;

• V pxq ą 0 for x ‰ x̄;

• The level sets of V are compact.

Then, the following statements hold:

1. If 9V pxq ď 0 for all x P U , then x “ x̄ is stable.

2. If 9V pxq ă 0 for all x P U , then x “ x̄ is asymptotically stable.

Theorem 5.0.5. For the planar system 9x “ Ax, x P R2 the eigenvalues of A give

qualitative properties about the behavior of the system around the origin.

λ2
´ ptrpAqqλ ` detA “ 0. (5.0.3)
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Taking trpAq “ T and detA “ D, the location of pT,Dq relative to the parabola

T 2 ´ 4D in the TD-plane classifies the sort of trajectories around the origin as

follows:

• If T 2 ´ 4D ă 0 and

1. T ă 0, then the origin is a spiral sink.

2. T ą 0, then the origin is a spiral source.

3. T “ 0, then the origin is a center.

• If T 2 ´ 4D ą 0 and

1. D ă 0, then the origin is a saddle.

2. D ą 0 and T ă 0, then origin is a sink.

3. T ą 0 and D ą 0, then the origin is a source.

5.0.3 Linearized Hamiltonian and spectral properties for one

and two degrees of freedom

Assume that x̄ “ 0 and write the Taylor expansion of the Hamiltonian H with one

degree of freedom. Let’s write it in a classical form:

H “
1
2x

TAx ` Op3q (5.0.4)

where A is the Hessian of H which is by definition symmetric AT “ A and x “

pp, qq P Rn ˆ Rn. Also, in 5.0.4, Op3q stands for the terms of order 3 and higher.

Therefore, the equation for Hamiltonian is going to be:

9x “ JAx “ Bx ` Op2q (5.0.5)
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where JA “ B and J=

¨

˚

˝

0 I

´I 0

˛

‹

‚

where I is the n ˆ n identity matrix. The matrix

J is taken to be symplectic identity matrix that obviously is a skew-symmetric and

orthogonal matrix.

Definition 5.0.6. The action of the Klein 4-group G “ xσ, τ |σ2 “ τ 2 “ 1, στ “ τσy

on C:

@z P C : τpzq “ z̄, σpzq “ ´z.

Lemma 8. The stabilizer of z P Rzt0u is generated by τ ; the stabilizer of z P iRzt0u

is generated by στ ; 0 is fixed by G and G acts freely on CzpR Y iRq.

Theorem 5.0.7 (Spectral Properties of Linear Hamiltonian). Let B “ JA be a

2n ˆ 2n Hamiltonian matrix.

• If n “ 1, then the eigenvalues of B are ˘λ P R Y iR.

• If n “ 2, either the eigenvalues of B come in two distinct pairs ˘λ1,˘λ2 where

λ1, λ2 P R Y iR; otherwise, there is an eigenvalue λ P CzpR Y iRq and the set

of eigenvalues is the orbit G ¨λ. In the first case, the characteristic polynomial

pBpzq factors over R into a product of two quadratics of the form z2`λ2
i and R4

decomposes into the direct sum of two B-invariant symplectic subspaces; in the

second case, when λ “ a ` ib, ab ‰ 0, pBpzq factors over R into two quadratics

z2˘2az`a2`b2 and there are no non-trivial, symplectic, B-invariant subspaces

of R4.

Proof. By the notation used in 5.0.5, BT “ pJAqT “ ATJT “ ´AJ by multiplying

J and J´1 we get:

JpBT
qJ´1

“ ´JA “ ´B (5.0.6)
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which means BT is similar to ´B so that they have same characteristic polynomials.

Indeed, PBpλq “ PBT pλq “ P´Bpλq “ PBp´λq that implies if λ is eigenvalue, then

´λ is also an eigenvalue. In conclusion, the spectrum of eigenvalues are of the form

pλ,´λq. That is true also for the case complex eigenvalues.

For a system with one degree of freedom, either both λ and ´λ are real, or they are

equal and complex; in other words, λ “ ´λ. To show why these are the only cases

that can occur, suppose that λ P C ´ R, and λ, ´λ, and λ are distinct eigenvalues.

Then the polynomial PBpλq would have a degree of at least 3, which cannot be the

case.

For a system with two degrees of freedom, we have two possible scenarios:

• To begin with, R4 decomposes into a direct sum of two B-invariant subspaces

which cannot be symplectic. Either the polynomial PB possesses four distinct

roots λ1, λ1,´λ1,´λ1, where λ1 “ a` ib for a, b ‰ 0 and a ą 0. This results in

the system having two copies of C, one with pλ1, λ1q for which corresponding

sub-matrix has a positive determinant, i.e., λ1.λ1 “ a2 ` b2 and trace is 2a.

Since a ą 0, then first copy is unstable spiral around the origin. Analogously,

the second copy will be stable spiral.

• Or, the roots are λ1,´λ1;λ2,´λ2 where they are imaginary numbers and the

corresponding equilibrium is center. In this case, we get two invariant copies

of C crossing each other transversally and on each copy of C the Hamiltonian

flow is rotation around the origin.

Example 5.0.8. Assume that pxi, yiq are canonical coordinates. Now look at the

following cases:

• H “ a
2 px2

1 ` y2
1q ` b

2px2
2 ´ y2

2q ends up with eigenvalues ˘λ1 “ ˘ia,˘λ2 “ ˘b

which is a center-saddle.
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The Hessian matrix is
¨

˚

˚

˚

˚

˚

˚

˚

˝

a 0 0 0

0 b 0 0

0 0 a 0

0 0 0 ´b

˛

‹

‹

‹

‹

‹

‹

‹

‚

(5.0.7)

and the corresponding Hamiltonian matrix (JA) is

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 0 a 0

0 0 0 ´b

´a 0 0 0

0 ´b 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

. (5.0.8)

The eigenvalues and eigenvectors are

λ1,2 “ ˘ai ðñ v1,2 “

¨

˚

˚

˚

˚

˚

˚

˚

˝

´

` i

0

1

0

˛

‹

‹

‹

‹

‹

‹

‹

‚

, λ3,4 “ ˘b ðñ v3,4 “

¨

˚

˚

˚

˚

˚

˚

˚

˝

0
´

` 1

0

1

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

• H “ apx1y1 ´ x2y2q ` bpx1x2 ` y1y2q ends up with eigenvalues λ “ ˘a ˘ ib

which is focus-saddle (complex saddle).

The Hessian matrix is

¨

˚

˚

˚

˚

˚

˚

˚

˝

0 b a 0

b 0 0 ´a

a 0 0 b

0 ´a b 0

˛

‹

‹

‹

‹

‹

‹

‹

‚

. (5.0.9)
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The corresponding Hamiltonian matrix is

¨

˚

˚

˚

˚

˚

˚

˚

˝

a 0 0 b

0 ´a b 0

0 ´b ´a 0

´b 0 0 a

˛

‹

‹

‹

‹

‹

‹

‹

‚

. (5.0.10)

The eigenvalues and eigenvectors are

λ1,2 “ a ˘ bi ðñ v1,2 “

¨

˚

˚

˚

˚

˚

˚

˚

˝

´

` i

0

0

1

˛

‹

‹

‹

‹

‹

‹

‹

‚

, λ3,4 “ ´a ˘ bi ðñ v3,4 “

¨

˚

˚

˚

˚

˚

˚

˚

˝

0
´

` i

1

0

˛

‹

‹

‹

‹

‹

‹

‹

‚

.

Remark 5.0.9. In the theorem 5.0.7, one can we infer that (in the first case) the

dynamic around the equilibrium is sum of two copies of C which are Lagrangian

subspace.

The above discussion establishes a firm building block for any further expansion

of Hamiltonian around an equilibrium point as though the structure of the normal

form is determined by the nature of the linear part of the vector field to a significant

extend.

5.1 Normal form for vector fields

Consider the vector field

9w “ Spwq (5.1.1)

where w P Rn and S is a Cr function for some choice of r.
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5.1.1 Transformational Approach to Normal Form of Vector

Fields

First off, we transform the fixed point w0 to the origin by the translation

v “ w ´ w0 v P Rn (5.1.2)

under which the vector field becomes:

9v “ Spv ` w0q “ Gpvq (5.1.3)

linearizing 5.1.3, we get:

9v “ DGp0qv ` Ḡpvq, (5.1.4)

where Ḡpvq “ Gpvq ´ DGp0qv. It should be clear that Ḡpvq “ Op|v|2q.

Suppose T transforms DGp0q into (real) Jordan canonical form. Then, under the

transformation v “ Tx, equation 5.1.4 becomes

9x “ T´1DGp0qTx ` T´1ḠpTxq (5.1.5)

denoting the (real) Jordan canonical form of DGp0q by J 1 we have,

J “ T´1DGp0qT. (5.1.6)

Define also

F pxq “ T´1ḠpTxq (5.1.7)

then we can rewrite 5.1.5 as follows,
1Please note that, exceptionally in this subsection, the notation J is employed to represent the

Jordan canonical form, rather than its customary use as the symplectic matrix (5.0.5) .

70



9x “ Jx ` F pxq, x P Rn. (5.1.8)

Then by Taylor expansion of F pxq we find

9x “ Jx ` F2pxq ` F3pxq ` ¨ ¨ ¨ ` Fr´1pxq ` Op|x|
r
q (5.1.9)

where Fipxq represents the ith term in the Taylor expansion of F . To kill Fi we

introduce a coordinate transformation

x “ y ` h2pyq, (5.1.10)

where h2 “ Op|y|2q, Dh2 “ Op|y|q, so the assumption just that |y| is sufficiently

small. By substituting into 5.1.9 it gives

pI ` Dh2pyqq 9y “ Jy ` Jh2pyq ` F2py ` h2pyqq ` F3py ` h2pyqq`

¨ ¨ ¨ ` Fr´1py ` h2pyqq ` Op|y|
r
q

(5.1.11)

note that, each term

Fkpy ` h2pyqq, 2 ď k ď r ´ 1, (5.1.12)

can be written as

Fkpyq ` Op|y|
k`1

q ` ¨ ¨ ¨ ` Op|y|
2k

q (5.1.13)

so that 5.1.11 becomes

pI ` Dh2pyqq 9y “ Jy ` Jh2pyq ` F2pyq ` F3pyq ` ¨ ¨ ¨ ` Fr´1pyq ` Op|y|
r
q. (5.1.14)
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Now for sufficient small value of }Dh2pyq}, the following term exists

pI ` Dh2pyqq
´1 (5.1.15)

and can be represented in a series expansion as follows

pI ` Dh2pyqq
´1

“ I ´ Dh2pyq ` Op|y|
2
q (5.1.16)

substituting above into 5.1.14 we get:

9y “ Jy ` Jh2pyq ´ Dh2pyqJy ` F2pyq ` F3pyq ` ¨ ¨ ¨ ` Fr´1pyq ` Op|y|
r
q. (5.1.17)

Now we are going to choose a specific form for h2 in order to simplify the Op|y|2q

terms of order two. Ideally, this would mean choosing h2 such that

Dh2pyqJy ´ Jh2pyq “ F2pyq. (5.1.18)

This would eliminate F2pyq from 5.1.17. We want to motivate that, when the equa-

tion 5.1.18 viewed in the correct way, it is in fact a linear equation acting on a linear

vector space of homogeneous polynomials of order 2. This will be accomplished by

1) defining the appropriate linear vector space; 2) defining the linear operator on the

vector space; and 3) describing the equation to be solved in this linear vector space.

Theorem 5.1.1. [Wig03][Normal form theorem]

Let Hk be the vector space of homogeneous polynomial vector fields on Rn of degree

k. Let A P H1 and LA : Hk Ñ Hk be the linear transformation induced by the Lie

derivative,

LAphqpyq “ ´dyh ¨ Apyq ` Ahpyq “ rh,Aspyq, y P Rn. (5.1.19)
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Let Gk be a subspace complementary to LJpHkq. Then by a sequence of analytic

coordinate changes, equation 5.1.9 can be transformed into

9y “ Jy ` F2pyq ` . . . ` Fr´1pyq ` Op|y|
r
q (5.1.20)

where F r
k pyq P Gk, 2 ď k ď r ´ 1.

Remark 5.1.2. • Equation 5.1.20 is said to be in normal form.

• The resonance terms are denoted by F r
k pyq for 2 ď k ď r ´ 1.

• As we simplify the terms at order k, no modifications are made to any lower-

order terms. However, terms of order higher than k do get modified. This

modification occurs at each step when the method is applied. If there’s a need

to calculate the coefficients of each term of the normal form in the context of the

original vector field, it becomes necessary to keep track of how the coordinate

transformations successively modify the higher-order terms.

While exploring the landscape of normal forms in vector fields, one might recognize

patterns and structures that govern the behavior of these systems. When we shift our

focus towards Hamiltonian functions, the Birkhoff Normal Form is considered form of

normalized version of the Hamiltonian. The transition might seem superficially dis-

connected, but it’s anchored in the underlying mathematics. For Hamiltonian vector

fields, the approach to normal form theory, as discussed in subsection 5.1.1, under-

goes some diffeomorphism transformations. Instead of dealing directly with vector

fields, we can also analyze the Hamiltonian system’s normal forms by a symplec-

tic diffeomorphism transformation. This distinction arises because the Hamiltonian

framework allows for a deeper exploration of energy conservation and symplectic ge-

ometry, offering a different perspective that connects the theory back to the broader

understanding of normal forms. It also is a good exemplification of how mathemati-

cal concepts can take on various manifestations depending on the context and focus
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of the study. The next subsection unlike the previous explore into Normal Forms of

Hamiltonian.

5.1.2 Linearized Hamiltonian and normalization by Williamson’s

theorem

Consider the quadratic Hamiltonian

H “
1
2xAx, xy (5.1.21)

where x “ pp1, . . . , pn; q1, . . . , qnq is a vector written in symplectic basis and A is a

symmetric linear operator. Then canonical equations are as follows:

9x “ JAx (5.1.22)

where

J “

¨

˚

˝

0 In

´In 0

˛

‹

‚

. (5.1.23)

Here the eigenvalues of the JA play the main role in normal form theory in terms of

type and structure. We proceed by Williamson’s theorem which theoretically ensures

about the normal form.

Theorem 5.1.3 ([Arn89], page 382). Williamson’s theorem

A real symplectic vector space with a given quadratic form H can be decomposed into

a direct sum of pairwise skew orthogonal real symplectic subspaces so that the form

H is represented as a sum of forms of different types on these subspaces.

For example for a pair of Jordan blocks of order k with eigenvalues ˘a the Hamilto-

nian is

H “ ´a
k

ÿ

j“1
pjqj `

k´1
ÿ

j“1
pjqj`1 (5.1.24)
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or for the case of ˘a ˘ bi the Hamiltonian is

H “ ´a
2k
ÿ

j“1
pjqj ` b

k
ÿ

j“1
pp2j´1q2j ´ p2jq2j´1q `

2k´2
ÿ

j“1
pjqj`2 (5.1.25)

or for the pair of Jordan blocks of order k with eigenvalue zero the Hamiltonian is

H “

k´1
ÿ

j“1
pjqj`1 (5.1.26)

where for j “ 1, H “ 0.

Definition 5.1.4. Characteristic frequency, denoted by ωj, are defined such that

such that the quantities ˘iωj represent the eigenvalues of matrix B as described in

equation 5.0.5.

5.2 Birkhoff Normal Form

We proceed by the following statement that will be explained and leveraged in up-

coming sections. Suppose that in the linear approximation an equilibrium position of

a Hamiltonian system with n degrees of freedom is stable, and that all n characteris-

tic frequencies ω1, . . . , ωn are different. Then the quadratic part of the Hamiltonian

can be reduced by a canonical linear transformation to the form:

H “
1
2

´

ω1pp2
1 ` q2

1q ` ¨ ¨ ¨ ` ωnpp2
n ` q2

nq

¯

` Op3q. (5.2.1)

5.2.1 Frequency condition and statement of Birkhoff normal

form

Definition 5.2.1. The characteristic frequencies ω1, . . . , ωn satisfy a resonance

relation of order K if there exist integers kl not all equal to zero such that
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k1ω1 ` ¨ ¨ ¨ ` knωn “ 0, |k1| ` ¨ ¨ ¨ ` |kn| “ K. (5.2.2)

The action-angle coordinate pIl, θlq for the harmonic oscillator with ω “ 1 (example

4.2.14) are, by construction, action-angle coordinates for the Birkhoff normal form.

Definition 5.2.2. A Birkhoff normal form of degree s for a Hamiltonian is a

polynomial of degree s in the canonical coordinates pPl, Qlq which is actually a poly-

nomial of degree r s
2s in the variables Il “ pP 2

l ` Q2
l q{2.

For example, for a system with one degree of freedom the normal form of degree 2m

or 2m ` 1 is

H2m “ H2m`1 “ a1I ` a2I
2

` ¨ ¨ ¨ ` amI
m where I “

1
2pP 2

` Q2
q. (5.2.3)

Birkhoff normal form gets a bit complicated with higher degrees of freedom. For

instance, for a system with two degrees of freedom the Birkhoff normal form of

degree 4 is

H4 “ a1I1 ` a2I2 ` a11I
2
1 ` a12I1I2 ` a22I

2
2 (5.2.4)

the coefficients a1 and a2 in 5.2.4 are characteristic frequencies.

Theorem 5.2.3 ([Arn89], page 387). Assume that the characteristic frequencies ωl

do not satisfy any resonance relation of order s 5.2.2 or smaller. Then there is a

canonical coordinate system in a neighborhood of the equilibrium point such that the

Hamiltonian is reduced to a Birkhoff normal form of degree s up to terms of order

s ` 1:

Hpp, qq “ HspP,Qq ` R where R “ Op|P | ` |Q|q
s`1. (5.2.5)
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Birkhoff normal form of linearized Hamiltonian

As a matter of fact, if λj “ iωj, ωj P R´t0u are n-distinct non-conjugate eigenvalues

of B, then the Hamiltonian can be transformed to H “
ř

j
1
2ωjpP 2

j `Q2
j q `Op3q by

a linear change of variables.

As a matter of simplicity, we will focus on finding the normal form of perturbed

simple harmonic oscillator. It is notable to know the Birkhoff normal form of simple

harmonic oscillator is as follows:

H2pp, qq “

n
ÿ

j“1
ωj

p2
j ` q2

j

2 “

n
ÿ

j“1
ωjIj (5.2.6)

where Ij :“ p2
j `q2

j

2 is the jth action variable.

Definition 5.2.4. P is in normal form with respect to H0 if it Poisson commutes

with H0.

Theorem 5.2.5 ([BG22], page 12). Birkhoff Normal Form

Assume H “ H0 ` P where H0 in 5.2.6 is the harmonic oscillator and P is C8 real

value function with zero of order 3 at the origin and let r ě 3 be fixed. Then there

exist a analytic canonical change of coordinate τ : pp1, q1q P U ÝÑ pp, qq P V from a

neighborhood of origin to a neighborhood of origin which

H ˝ τ “ H0 ` Z ` R (5.2.7)

with following properties:

• Z is polynomial of order r and is in normal form with respect to H0.

• R P C8pM,Rq and Rpp1, q1q “ Op||pp1, q1q||qr`1.

• The map τ is close to identity in the sense that

τpp1, q1
q “ pp1, q1

q ` Op||pp1, q1
q||q

2. (5.2.8)
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• If ω is non-resonant of order r then Z depends only on the new actions Z “

ZpI 1
1, . . . , I

1
nq where I 1

j “ pp12
j ` q12

j q{2.

5.2.2 An application to an oscillator with a cubic potential

We now turn our attention to an example of cubic perturbation. Consider the

harmonic oscillator H0 perturbed by the term x3

3 , that is to say

H “
1
2px2

` y2
q `

1
3x

3. (5.2.9)

(a) Harmonic oscillator perturbed by 1
3x3

(b) Harmonic oscillator perturbed by
1
15x3

Figure 5.1: Perturbation of harmonic oscillator with two different coefficients

We look for canonical transformation

ϕpx, yq “ pX, Y q. (5.2.10)

5.2.3 Normalization to order 3

To find an expansion of ϕ, we use the method generating functions (section 3.3).

Consider the generating function V px, Y q for which we have

ydx ` XdY “ dV px, Y q (5.2.11)
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then we obtain y,X as follows:

BV

Bx
“ y ,

BV

BY
“ X (5.2.12)

then by Birkhoff normal form theorem 5.2.5 we have

K “
1
2pX2

` Y 2
q ` Op4q (5.2.13)

in other words we have

H ˝ ϕ “ KpIq “ I ` ωI2
` Op6q where I “

1
2pX2

` Y 2
q. (5.2.14)

According to the theorem 5.2.5, the symplectic transformation is a near identity map

and the generating function associated must look like V written as follows; We first

off, take a homogeneous polynomial V of order 3:

V px, Y q “ xY ` a3x
3

` a2x
2Y ` a1xY

2
` a0Y

3
` Op4q (5.2.15)

then by 5.2.12 we get

$

’

’

&

’

’

%

y “ Y ` 3a3x
2 ` 2a2xY ` a1Y

2 ` Op3q

X “ x ` a2x
2 ` 2a1xY ` 3a0Y

2 ` Op3q.

(5.2.16)

In this step, we need to determine the coefficients ai. To this end, we substitute y

into original Hamiltonian 5.2.9 and X into Birkhoff normal form 5.2.13. Then by

equating the terms of order 3 we seek to find the ai.

After substitution we will have
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Hpx, Y q “
1
2x

2
`

1
2pY ` 3a3x

2
` 2a2xY ` a1Y

2
q

2
`

1
3x

3
` Op4q

“
1
2x

2
`

1
2Y

2

looooomooooon

H2

` a1Y
3

` 3a3Y x
2

` 2a2Y
2x `

1
3x

3

loooooooooooooooooooomoooooooooooooooooooon

H3

` 2a2
2x

2Y 2
`

3
2a3a1x

2Y 2
`

3
2a3a1Y

2x2
`

1
2a

2
1Y

4

looooooooooooooooooooooooooooomooooooooooooooooooooooooooooon

O(4)

`
9
2a

2
3Y

4
` 6a3a2Y x

3
` 2a2a1Y

3x
looooooooooooooooooomooooooooooooooooooon

O(4)

(5.2.17)

Kpx, Y q “
1
2Y

2
`

1
2px ` a2x

2
` 2a1xY ` 3a0Y

2
q

2
` Op3q

“
1
2Y

2
`

1
2x

2

looooomooooon

H2

`
3
2a0xY

2
` a2x

3
` 2a1x

2Y `
3
2a0Y

2x
looooooooooooooooooooooomooooooooooooooooooooooon

H3

“ 2a2a1x
3Y `

3
2a2a0x

2Y 2
` 6a1a0xY

3
`

3
2a2a0Y

2x2

loooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooon

O(4)

`
1
2a

2
2x

4
`

9
2a

2
0Y

4
` 2a2

1x
2Y 2

loooooooooooooooomoooooooooooooooon

Op4q

(5.2.18)

by equating the terms of order 3 we find the following table,

Terms H K
x3 1

3 a2
x2Y 3a3 2a1
xY 2 2a2 3a0
Y 3 a1 0

Table 5.1: Corresponding Monomials between H and K

then by equating them the coefficients turn out to be,

a1 “ a3 “ 0, a0 “
2
9 , a2 “

1
3 . (5.2.19)
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So the generating functions 5.2.15 becomes,

V px, Y q “ xY `
1
3x

2Y `
2
9Y

3
` Op4q. (5.2.20)

5.2.4 Normalization to order 4

To obtain the frequency of the system in Birkhoff normal we will do a completely

analogous process but this time higher order terms are involved, i.e.,

H ˝ ϕ “ KpIq “ I ` ωI2
` Op6q. (5.2.21)

Consider the generating function of order 4,

V px, Y q “ xY `
1
3x

2Y `
2
9Y

3

` a4x
4

` a3x
3Y ` a2x

2Y 2
` a1xY

3
` a0Y

4
` Op5q

(5.2.22)

hence,

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

y “
BV

Bx
“ Y `

2
3xY

` 4a4x
3

` 3a3x
2Y ` 2a2xY

2
` a1Y

3
` Op4q,

X “
BV

BY
“ x `

1
3x

2
`

2
3Y

2

` a3x
3

` 2a2x
2Y ` 3a1xY

2
` 4a0Y

3
` Op4q

(5.2.23)

then by substituting y and X obtained above in original Hamiltonian 5.2.9 and the

Birkhoff normal form 5.2.21; after expanding we get the followings:
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Hpx, Y q “
1
2x

2
`

1
3x

3
`

1
2rY `

2
3xY ` 4a4x

3
` 3a3x

2Y ` 2a2xY
2

` a1Y
3
s
2

` Op5q

“
1
2x

2
`

1
2Y

2

looooomooooon

H2

`
1
3x

3
`

2
3xY

2

loooooomoooooon

H3

` 4a4x
3Y ` p3a3 `

2
9qx2Y 2

` 2a2xY
3

` a1Y
4

looooooooooooooooooooooooooomooooooooooooooooooooooooooon

H4

`
8
3a4x

4Y ` 2a3x
3Y 2

`
4
3a2x

2Y 3
`

2
3a1xY

4
`

1
2a

2
1Y

6
` 2a1a2Y

5x
loooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooon

O(5)

`
1
2a

2
1Y

6
` 2a1a2Y

5x ` p3a1a3 ` 2a2
2qY 4x2

` 4a1a4Y
3x3

` 6a2a3Y
3x3

loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon

O(5)

` 8a2a4Y
2x4

`
9
2a

2
3Y

2x4
` 12a3a4Y x

5
` 8a2

4x
6

` 3a1a3Y
4x2

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon

O(5)

(5.2.24)

and,

Kpx, Y q “
1
2

„

x `
1
3x

2
`

2
3Y

2
` a3x

3
` 2a2x

2Y ` 3a1xY
2

` 4a0Y
3
ȷ2

`
1
2Y

2

` ω

«

1
2Y

2
`

1
2

„

x `
1
3x

2
`

2
3Y

2
` a3x

3
` 2a2x

2Y ` 3a1xY
2

` 4a0Y
3
ȷ2

ff2

` Op5q

“
1
2x

2
`

1
2Y

2

looooomooooon

H2

`
1
3x

3
`

2
3xY

2

loooooomoooooon

H3

` pa3 `
ω

4 `
1
18qx4

` 2a2x
3Y ` . . .

loooooooooooooooooooomoooooooooooooooooooon

H4

` p
2
9 ` 3a1 `

ω

2 qx2Y 2
` 4a0xY

3
` p

ω

4 `
2
9qY 4

loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

H4

`
8
3a0Y

5
`

2ω
9 Y 6

` . . .
loooooooooooomoooooooooooon

Op5q

`
4ω
81 Y

8
`
ω

3 x
5

`
ω

6 x
6

`
ω

27x
7

`
ω

324x
8

` 8a2
0Y

6
`

2ω
3 Y 4x ` a3ωx

7
` . . .

looooooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooooon

Op5q

(5.2.25)

now by equating monomials of order 4 and taking them down in a table as below,

then, by equating the coefficients of table above 5.2, we end up with a linear system
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Terms H K
x4 0 a3 ` ω

4 ` 1
18

x3Y 4a4 2a2
x2Y 2 3a3 ` 2

9
2
9 ` 3a1 ` ω

2
xY 3 2a2 4a0
Y 4 a1

ω
4 ` 2

9

Table 5.2: Corresponding Monomials between H and K

of equations as follows:

´ 1
18 “ `a3 `1

4ω

2
9 “ `3a1 ´3a3 `1

2ω

´2
9 “ ´a1 `1

4ω

and
0 “ ´2a2 `4a4

0 “ 4a0 ´2a2.

That shows that the equations decouple into two subsystems with a0, a2, a4 and

a1, a3, ω.

a0 “ a2 “ a4 “ 0 , a1 “
17
144 , a3 “

7
144 , ω “ ´

5
12 . (5.2.27)

In conclusion, the Birkhoff normal form of the perturbed Hamiltonian is going to be:

H ˝ ϕ “ KpIq “ I ´
5
12I

2
` Op6q where I “

1
2pX2

` Y 2
q. (5.2.28)

The frequency of the system in action-angle coordinate is the partial derivative of H

with respect to action variable

BH

BI
“ 1 ´

5
6I ` Op5q. (5.2.29)
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Since ω ă 0, the frequency is HI is decreasing near the equilibrium I “ 0. Indeed,

due to the saddle critical point x “ ´1, y “ 0, the frequency must tend to 0 as H

goes to 3
5 . Also, it is worth mentioning that because H is integrable, the Birkhoff

normalization process converges as s Ñ 8 to a change of variables to action-angle

variables for H.

5.2.5 Birkhoff normal form of order three for H “ 1
2px2 `y2q`

1
3x

3

To gain a deeper understanding about the behaviour of the system for longer time

interval we aim to determine coefficients for higher order terms such as ω1 in K “

I`ωI2 `ω1I
3. Up until now, we have derived the value of ω and we try to find ω1 as

well. Since the computations are similar to those in section 5.2.2, only the highlights

are included.

To this end, we consider the following generating function

V px, Y q “ xY `
1
3x

2Y `
2
9Y

3
`

7
144x

3Y `
17
144xY

3

` a5x
5

` a4x
4Y ` a3x

3Y 2
` a2x

2Y 3
` a1xY

4
` a0Y

5
` Op6q

(5.2.30)

and the Birkhoff normal form is as follows

KpIq “ I ´
5
12I

2
` ω1I

3
` Op8q

“
1
2pX2

` Y 2
q ´

5
12p

1
2X

2
`

1
2Y

2
q

2
` ω1p

1
2X

2
`

1
2Y

2
q

3
` Op8q.

(5.2.31)

Notice that the original Hamiltonian is

Hpx, yq “
1
2x

2
`

1
2y

2
`

1
3x

3. (5.2.32)
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The partial derivatives of the generating function V are:

y “
BV

Bx

“ Y `
2
3xY `

21
144x

2Y `
17
144Y

3

` 5a5x
4

` 4a4x
3Y ` 3a3x

2Y 2
` 2a2xY

3
` a1Y

4
` Op5q (5.2.33)

X “
BV

BY

“ x `
1
3x

2
`

2
3Y

2
`

7
144x

3
`

51
144xY

2

` a4x
4

` 2a3x
3Y ` 3a2x

2Y 2
` 4a1xY

3
` 5a0Y

4
` Op5q. (5.2.34)

We now substitute y and X into original Hamiltonian 5.2.32 and Birkhoff normal

form 5.2.31 respectively. Equating terms of order 5 in each, as done in section 5.2.2,

gives

a0 “
149
1080 , a1 “ 0, a2 “

41
144 ,

a3 “ 0, a4 “
53
432 , a5 “ 0
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to determine ω1 we go for generating function of order 5,

V px, Y q “ xY `
1
3x

2Y `
2
9Y

3

`
7

144x
3Y `

17
144xY

3

`
53
432x

4Y `
41
144x

2Y 3
`

149
1080Y

5

` a6x
6

` a5x
5Y ` a4x

4Y 2
` a3x

3Y 3
` a2x

2Y 4
` a1xY

5
` a0Y

6
` Op7q

(5.2.35)

from above we derive y and X as follows:

y “
BV

Bx

“ Y `
2
3xY `

21
144x

2Y `
17
144Y

3
`

212
432x

3Y `
82
144xY

3

` 6a6x
5

` 5a5x
4Y ` 4a4x

3Y 2
` 3a3x

2Y 3
` 2a2xY

4
` a1Y

5
` Op6q

(5.2.36)

X “
BV

BY

“ x `
1
3x

2
`

2
3Y

2
`

7
144x

3
`

51
144xY

2
`

53
432x

4
`

123
144x

2Y 2
`

149
216Y

4

` a5x
5

` 2a4x
4Y ` 3a3x

3Y 2
` 4a2x

2Y 3
` 5a1xY

4
` 6a0Y

5
` Op6q

(5.2.37)

as we did in previous chapter, we substitute y and X into 5.2.32 and 5.2.31 respec-

tively and then by equating terms of order 6 we determine the value of ω1 through

solving a system of linear equations. Since the process is completely analogous to

the section 5.2.2 we avoid writing the details here.

a0 “ a2 “ a4 “ a6 “ 0

a1 “
449
1536 , a3 “

24985
62208 , a5 “

4795
41472

ω1 “ ´
235
432

(5.2.38)
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then the Birkhoff normal form is

KpIq “ I ´
5
12I

2
´

32435
41472I

3
` Op8q. (5.2.39)

5.3 Perturbation of H0 “ 1
2px2`y2q by general cubic

homogeneous function

This subsection studies the Birkhoff normalization process where the cubic term x3

3

of the previous section is replaced by a general, homogeneous cubic in

P px, yq “ b3x
3

` b2x
2y ` b1xy

2
` b0y

3. (5.3.1)

5.3.1 Normalization to order 3

The new harmonic oscillator is

Hpx, yq “
1
2x

2
`

1
2y

2
` b3x

3
` b2x

2y ` b1xy
2

` b0y
3 (5.3.2)

also the first order Birkhoff normal form is

KpIq “ I ` Op4q where I “
1
2pX2

` Y 2
q. (5.3.3)

The normalization algorithm we used so far in section 5.2.2 is going to be applied to

H 5.3.3 in order to obtain the Birkhoff normal forms of low order.

As in equation 5.2.20, let the generating function V of the Birkhoff normalization

transformation be

V px, Y q “ xY ` a3x
3

` a2x
2Y ` a1xY

2
` a0Y

3
` Op4q (5.3.4)
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y “ BV
Bx

“ Y ` 3a3x
2 ` 2a2xY ` a1Y

2 ` Op3q,

X “ BV
BY

“ x ` a2x
2 ` 2a1xY ` 3a0Y

2 ` Op3q.

(5.3.5)

We then now substitute y into 5.3.2 and X into 5.3.3,

Hpx, Y q “
1
2x

2
`

1
2pY ` 3a3x

2
` 2a2xY ` a1Y

2
q

2
` b3x

3

` b2x
2
pY ` 3a3x

2
` 2a2xY ` a1Y

2
q ` b1xpY ` 3a3x

2
` 2a2xY ` a1Y

2
q

2

` b0pY ` 3a3x
2

` 2a2xY ` a1Y
2
q

3
` Op4q.

(5.3.6)

And regarding the Birkhoff normal form we obtain

Kpx, Y q “
1
2Y

2
`

1
2px ` a2x

2
` 2a1xY ` 3a0Y

2
q

2
` Op3q. (5.3.7)

By expanding above equations and underlying the terms of order 3 we find as follows,

Hpx, Y q “ H0 `a3x
3

` p3b3 ` a2qx2Y ` p2b2 ` a1qxY 2
` pb1 ` a2qY 3

loooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooon

monomials of order 3

`Op4q (5.3.8)

and

Kpx, Y q “ H0 ` b2x
3

` 2b1x
2Y ` 3b0xY

2
loooooooooooooomoooooooooooooon

monomials of order 3

`Op3q. (5.3.9)

By equating the underlined terms of 5.3.8 and 5.3.9 and perusing completely analo-

gous process as in the section 5.2.2 and solving its linear system we get,

a0 “
1
3p2b3 ` b1q , a1 “ ´b0 , a2 “ b3 , a3 “ b2. (5.3.10)

5.3.2 Normalization to order 4

Seeking frequency of the perturbed system requires to calculate a Birkhoff normal

form of higher order. Consider the generating function of order 4 and apply the same
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process as was applied in previous subsection 5.2.2,

V px, Y q “ xY `
´1
3 p2b0 ` b2qx3

` b3x
2Y ´ b0xY

2
`

1
3p2b3 ` b1qY 3

` a4x
4

` a3x
3Y ` a2x

2Y 2
` a1xY

3
` a0Y

4
` Op5q

(5.3.11)

from which we obtain the y and X as follows,

$

’

’

’

’

’
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y “ Y ` p´2b0 ´ b2qa2x
2

` 2b3xY ´ b0Y
2

` 4a4x
3

` 3a3x
2Y

` 2a2xY
2

` a1Y
3

` Op4q

X “ x ` b3x
2

´ 2b0xY ` p2b3 ` b1qY 2
` a3x

3
` 2a2x

2Y

` 3a1xY
2

` 4a0Y
3

` Op4q.

(5.3.12)

Substituting X and y into 5.3.2 and the Birkhoff normal form up to the order 2

(K “ I `ωI2 `Op6q) and then by equating the terms of order 4, we try to evaluate

bi and ω,

Hpx, Y q “
1
2

´

Y ` p´2b0 ´ b2qa2x
2

` 2b3xY ´ b0Y
2

` 4a4x
3

` 3a3x
2Y ` 2a2xY

2
` a1Y

3
¯2

` b2x
2
´

Y ` p´2b0 ´ b2qa2x
2

` 2b3xY ´ b0Y
2

` 4a4x
3

` 3a3x
2Y ` 2a2xY

2
` a1Y

3
¯

` b1x
´

Y ` p´2b0 ´ b2qa2x
2

` 2b3xY ´ b0Y
2

` 4a4x
3

` 3a3x
2Y ` 2a2xY

2
` a1Y

3
¯2

` b0

´

Y ` p´2b0 ´ b2qa2x
2

` 2b3xY ´ b0Y
2

` 4a4x
3

` 3a3x
2Y ` 2a2xY

2
` a1Y

3
¯3

`
1
2x

2
` b3x

3
` Op6q

(5.3.13)

and,
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Kpx, Y q “
1
2Y

2
`

1
2

´

x ` b3x
2

´ 2b0xY ` p2b3 ` b1qY 2

` a3x
3

` 2a2x
2Y ` 3a1xY

2
` 4a0Y

3
¯2

` ω
´

Y 2
`

1
2px ` b3x

2
´ 2b0xY ` p2b3 ` b1qY 2

` a3x
3

` 2a2x
2Y ` 3a1xY

2
` 4a0Y

3
q

¯2
` Op5q.

(5.3.14)

A completely similar process to the section 5.2.2, corresponding the monomials of

order 4 and equating the coefficients, leads to the following linear system of equations

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0 1 0 1{4

0 3 0 ´3 0 1{2

0 ´1 0 0 0 1{4

0 0 1 0 ´2 0

2 0 ´1 0 0 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

a0

a1

a2

a3

a4

ω

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

2b2
0 ´ 1

2b
2
2 ´ 1

2b
2
3

´6b2
0 ´ 3b0b2 ` 3b3b1

´1
2b

2
1 ´ 2b1b3 ´ 2b2

3 ´ 5
2b2

´6b0b1 ´ b0b3 ´ 3b1b2

´2b0b3

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (5.3.15)

As it can be seen, second row and the third row can be grouped and solved separately.

Also, first, forth and fifth row can be grouped and solved independently.

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

a0 “ 0

a1 “ 1
8

´

25
2 b

2
0 ´ 3b2b0 ` 5

2b
2
1 ` 13b3b1 ` 17

2 b
2
3 ´ 3

2b
2
2

¯

a2 “ ´4b3b0

a3 “ 1
8

´

47
2 b

2
0 ` 3b0b2 ` 3

2b
2
1 ` 3b1b3 ` 7

2b
2
3 ´ 5

2b
2
2

¯

a4 “ ´3
2b0b3 ` b0b1 ` 1

2b2b1

(5.3.16)

and eventually ω is,

ω “
1
2

”

´3b0b2 ´
15
2 b

2
3 ´

15
2 b

2
0 ´

3
2b

2
2 ´

3
2b

2
1 ´ 3b3b1

ı

. (5.3.17)
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In our analysis of the Hamiltonian Hpx, yq “ 1
2x

2 ` 1
2y

2 ` b3x
3 ` b2x

2y` b1xy
2 ` b0y

3,

a remarkable symmetry emerges in relation to its associated frequency ω. Specifi-

cally, when interchanging the coefficients b0 and b3, as well as b1 and b2 within the

Hamiltonian, the expression for ω remains invariant. This symmetry, given by

ω “
1
2

”

´3b0b2 ´
15
2 b

2
3 ´

15
2 b

2
0 ´

3
2b

2
2 ´

3
2b

2
1 ´ 3b3b1

ı

, (5.3.18)

elegantly underscores the intricate interplay between the terms in the Hamiltonian

and their consequential impact on the dynamics of the system. Additionally, the

presence of this symmetry between the Hamiltonian terms and the resulting fre-

quency confirms the accuracy of our computations.

5.3.3 Kolmogorov–Arnol’d–Moser (KAM) theorem

It was originally introduced by Kolmogorov (1954)[Kol79] for the mathematics of

planets orbiting around the sun for long time behaviour. He considered a perturba-

tion setting applying to a fully integrable system:

H0 ` ϵH1 (5.3.19)

where H0 is the fully integrable part, H1 is the non-integrable part and ϵ is very

small value.

5.3.4 Origins and the classical statement of the KAM theo-

rem

Although the Hamiltonian under consideration doesn’t strictly adhere to the assump-

tions of the KAM theorem as articulated in this thesis, it’s imperative to underscore

the historical significance of this theorem. Therefore, the inclusion of this material
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in the current discussion serves to highlight the profound historical and conceptual

influence of the KAM theorem in the realm of dynamical systems.

Consider the perturbed Hamiltonian of the solar system induced by Newton’s laws

of motion:

HpX, Y q “

N
ÿ

i“1
p
|Yi|

2

2µi

´ G
µim

i
0

|Xi|
q

looooooooooomooooooooooon

H0

` ϵ
ÿ

iăj

p
YiYj

m0
´ G

MiMj

|Xi ´ Xj|
q

looooooooooooooomooooooooooooooon

H1pperturabtionq

. (5.3.20)

Notice that in above H1 stands for non-integrable perturbation which is due to

planet-planet interaction.

where

• m0 : mass of the sun

• x0 : position of the sun

• p0 : momentum of the sun

• mi, xi and pi for the other planets.

• ϵ “
řN

i“1 mi

m0

• Mi “ mi

ϵ

mi
0 “ m0 ` mi , µi “

m0mi

ϵpm0 ` miq
reduced mass (5.3.21)

Xi “ xi ´ x0 , Yi “
pi

ϵ
and

ÿ

i

pi “ 0. (5.3.22)

It turns out the value of ϵ is 10´3 and the version of KAM-theory that Kolmogorov

came up with was not accurate enough to be applied.
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Consider the Hamiltonian Hpx, yq “ H0pyq ` ϵHpx, yq, where H0pyq is the integrable

part and t Hpx, yq is the perturbation. The idea is that many trajectories of per-

turbed system can be constructed out of the trajectories of unperturbed system.

For the integrable part H0, from Liouville-Arnol’d 4.2.1 theorem we know,

$

’

’

’

&

’

’

’

%

y “ constant,

9x “ ∇H0pyq
looomooon

ω

P Td.
(5.3.23)

Kolmogorov said for the non-resonant value of ω one can distort (twist) the trajec-

tories into the trajectories of the perturbed system.

Definition 5.3.1. Let ω P Rd. We say that a resonance occurs if there exists a

non-trivial vector k P Zd such that the inner product k ¨ ω “ 0, indicating a linear

dependence among the components of ω.

To prevent resonance and near resonances from destroying the convergence of a

normalizing transformation, Kolmogrov came up with the Diophantine condition

which states frequency (ω) of the unperturbed system is said to be Diophantine if

there exist positive constants c and γ such that

|k ¨ ω| ě
1

c}k}γ
. (5.3.24)

Definition 5.3.2. The frequency map is called non-degenerate if

detp∇2H0pyqq ‰ 0. (5.3.25)

If the frequency vector ∇Hpyq is Diophantine one can we construct solution for

perturbed system out of unperturbed system via canonical change of coordinate.

This means the majority (in the sense of Lebesgue measure) of invariant tori survive

after perturbation. These tori are obtained by deformation of tori of the integrable
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part.

Originally the resonance issue is rooted to linearizing the whole system and applying

a canonical transformation to make a new Hamiltonian independent of θ and it ends

up the following equation,

ω ¨ ∇ϕ “ f (5.3.26)

where f is given and ϕ is the transformation.

By applying Fourier transform we get:

2iπpk ¨ ωqϕ̃pkq “ f̃pkq (5.3.27)

so in the quest for finding ϕ we face the divisor:

ϕ̃pkq “
f̃pkq

2iπpk ¨ ωq
for k P Zd

´ t0u (5.3.28)

that leads to Diophantine condition.

Consider the Hamiltonian system with real-analytic Hamiltonian-perturbation H1 as

given below,

Hpθ, I, ϵq “ H0pIq ` ϵH1pθ, Iq (5.3.29)

where θ mod 2π belongs to n-dimensional torus Tn and I belongs to an open domain

of Rn.

Definition 5.3.3. The frequencies ω “ ωpI0q “ BH0
BI

pI0q on the invariant torus

NI0 “ tpθ, Iq : I “ I0u (5.3.30)

of the unperturbed system are said to be Diophantine if there exist positive con-

stants c and γ such that
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|k ¨ ω| ě
1

c}k}γ
. (5.3.31)

Let’s denote by Dγ the set of frequencies satisfying for some γ ą 0.

Remark 5.3.4. The meaning of conditions 5.3.31 is that the "small divisors" k ¨ ω

are not too small. It not only guaranties k.ω is non-zero but also ensures it can

not be approximated too well by rational numbers. The norm }.} does not play an

important role here. Usually it is taken as }v} “ maxj|vj|. The torus NI0 with

Diophantine frequencies ωpI0q is called Diophantine.

Theorem 5.3.5 (Kolmogorov’s version of KAM theorem). [TZ10] Suppose that the

unperturbed system 5.3.29 is non-degenerate at the point I0 and the torus NI0 is

Diophantine. Then NI0 survives the perturbation. It is just slightly deformed and as

before carries quasi-periodic motions with the frequencies ω “ ωpI0q “ BH0
BI

pI0q.

Remark 5.3.6. Moser proved the theorem 5.3.5 on the preservation of quasi-periodic

motions remains true also in the case of sufficiently smooth dependence of the Hamil-

tonian on phase variables. [Mos01]

5.3.5 Iso-energetic condition and existence of non-resonant

invariant tori

Recall that the system with Hamiltonian H0pIq has n first integrals in involution

(the n action variables). And every level set of all these integrals is an n-dimensional

torus in 2n-dimensional phase space. The motion of a phase point on the invariant

torus I “ const is conditionally-periodic and the frequencies are

ωk “
BH0

BIk

. (5.3.32)
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Therefore, the phase curve densely fills a torus whose dimension is equal to the

number of frequencies ωk which are arithmetically independent. The case when

the frequencies are functionally independent will be called the non-degenerate case.

A condition that guarantees the existence of many Diophantine tori is that the

frequency map be a local diffeomorphism

detpBω

BI
q “ detpB2H0

BI2 q ‰ 0. (5.3.33)

Thus, in the non-degenerate case, the unperturbed problem determines on the dif-

ferent invariant tori conditionally-periodic motions with different frequencies. In

particular, the invariant tori on which the number of incommensurable frequencies

is maximal, i.e., n form a dense set in phase space; such tori are referred to as

non-resonant tori. It can be shown that the non-resonant tori form a set of full

measure, i.e., the Lebesgue measure of the union of all invariant resonant tori of the

unperturbed non-degenerate system is equal to zero.

On a non-resonant torus, the trajectory of a conditionally-periodic motion is dense.

Thus, for almost all initial conditions, a phase curve of a non-degenerate unperturbed

system densely fills an invariant torus whose dimension is equal to the number of

degrees of freedom.

A second form of non-degeneracy, that is independent of the Kolmogorov non-

degeneracy condition (eqn 5.3.33), is called iso-energetic non-degeneracy.

Regrading the system 5.3.29 the following condition is called iso-energetic non-

degeneracy condition:

det

¨

˚

˝

B2H0
BI2

BH0
BI

BH0
BI

0

˛

‹

‚

‰ 0. (5.3.34)

Geometrically, this condition is equivalent to the condition that the projectivized
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frequency map,

I ÝÑ pω1pIq : ¨ ¨ ¨ : ωnpIqq P RPn´1 (5.3.35)

is a local diffeomorphism when constrained to an energy surface HpIq “ h, is dif-

feomorphism of each unperturbed energy level hyper surface H0pIq “ const. For

iso-energetically non-degenerate H0, perturbed systems with the Hamilton functions

H1 admit many invariant tori on each energy level hyper surface tHpI, ϕq “ constu.

Theorem 5.3.7 (KAM theorem). [TZ10][Arn63] Consider the system 5.3.29 and

suppose that the invariant torus NI0 of the unperturbed system lies on the energy

level tH0 “ hu, the unperturbed system is iso-energetically non-degenerate at I0:

det

¨

˚

˝

B2H0
BI2 pI0q BH0

BI
pI0q

pBH0
BI

qT pI0q 0

˛

‹

‚

‰ 0 (5.3.36)

and the frequencies ωpI0q are Diophantine. Then on the energy level tHϵ “ hu of the

perturbed system there is an invariant torus close to the original one. The frequencies

on this torus are λωpI0q where λ “ 1 ` Opϵq.
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6

On the Birkhoff Normal Form and

KAM tori Persistence in Modified

Jellinek-Berry Nosé Hamiltonian

Thermostats for Ideal Gas

This chapter contains new and original results which are inspired by Nosé-thermostated

mechanical systems on the n-torus [But18].

The Hamiltonian regarding to the mechanical system is Ψpp, qq “
p2

2m
` ϕpqq where

q P S1 and p P R. We are aiming to model the exchange of energy through heat

between that system and the external heat bath at the constant temperature T .

To model the total energy of the heat bath and system, Jellinek and Berry introduced

the Hamiltonian:

F ps, ps, q, pq “
p2

2mh2psq
` ϕpqq `

p2
s

2Qu2psq
` kTvpsq, (6.0.1)

where
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• ps is the conjugate momentum of the thermostat respectively.

• ϕ is the potential of the physical system.

• vpsq, upsq and hpsq are a smooth non-vanishing function of the thermostat

variable s.

• s is the thermostat variable.

• The parameter Q is the mass of the additional degree of freedom s.

• k is the Boltzmann constant.

• T is the desired constant temperature.

The net effect of the interaction with the heat bath is that it results in appearing

hpsq in the kinetic energy of the mechanical system. In other words, it is behaving

as if the mass of the internal system were changing depending on the state of energy

exchange.

Also, there is a complementary change in mass of the thermostat variable in 6.0.1,

we can think of it as pseudo-particle which is carrying the heat energy of the heat

bath.

Remark 6.0.1. By construction, the Hamiltonian F of the Jellinek-Berry thermo-

stat (JB thermostat) is conserved by the Hamiltonian flow. That is, the total energy

of the mechanical system and its thermal bath is constant in time.

Ergodic properties: The authors also examined the ergodic properties of the gen-

eralized Nosé method[JB89] and [LLM09]. Ergodicity is an extremely important

property for a thermostat method, as it ensures that the time averages of physical

quantities converge to the ensemble averages. In fact, without ergodicity the clas-

sical mechanics and statistical mechanics diverge. Jellinek and Berry discussed the

ergodic properties of their generalized method and provided arguments to support
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the notion that the generalized Nosé method can be ergodic under certain conditions

[Jel88].

Theorem 6.0.2. Assume v, u, h are smooth functions of s; Q, kT,m are fixed positive

parameters and F ps, ps, q, pq “
p2

2mh2psq
` ϕpqq `

p2
s

2Qu2psq
` kTvpsq. Let

A “
p2

2m, B “ kT, s “ s0 ` x,

ps “ y, αpsq “
1

h2psq
, βpsq “

1
2Qu2psq

,

Fp “ H, γpxq “ Aαpxq ` Bvpxq.

(6.0.2)

Then:

1. If γ2 ą 0 when γ1 “ 0, then there is a smooth function s “ s0py;A,Bq defined

for all y ‰ 0 such that ds
dt

“
dps

dt
“ 0 when s “ s0.

2. The graph of s0 Ă T ˚pS1 ˆ R`q is fibred by periodic orbits that are normally

elliptic with frequency w 6.2.15.

3. There are action-angle variables pI0, I1, θ0, θ1q defined in a deleted neighbour-

hood of the graph of s0 such that the Hamiltonian F takes the normal form

6.2.30 where the coefficients are defined in equations 6.2.29.

4. The Hamiltonian F is iso-energetically non-degenerate for an open and dense

set of parameter values.

5. For all parameter values in this set and all sufficiently small potentials ϕpqq,

F ` ϕ enjoys a positive measure set of invariant KAM tori in a neighbourhood

of the graph of s0. In particular, the thermostatted dynamical system is not

ergodic.
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6.0.1 The JB-thermostated ideal gas

We consider idealized version of the Hamiltonian 6.0.1. Say that an ideal gas is a

mechanical system with zero potential energy. In an idealized gas, atoms or molecules

do not interact, so they only possess kinetic energy. Hence, in equation 6.0.1 we set

ϕ zero.

From now on we consider the Jellinek-Berry ideal gas thermostat Hamiltonian

F ps, ps, q, pq “
p2

2mh2psq
`

p2
s

2u2psqQ
` kTvpsq. (6.0.3)

in which the hpsq and upsq are scaling functions which are smooth non vanishing

functions. Regarding 6.0.3 Hamiltonian equations are,

9q “
BF

Bp
“

p

mh2psq
, 9s “

BF

Bps

“
ps

u2psqQ
, (6.0.4)

9p “ ´
BF

Bq
“ 0, 9ps “ ´

BF

Bs
“
p2h1psq

mh3psq
`
u1psqp2

s

u3psqQ
´ kTv1

psq. (6.0.5)

Since F is independent of q, the conjugate momentum p is conserved, as shown by

(6.0.5). Subsequently, if sptq is known, qptq can be computed by integrating the

equation for 9q. This leads us to focus on the reduced system where q is ignored and

p is treated as a parameter.

6.1 The reduced Hamiltonian thermostat in the

ps, psq-plane

The reduced Hamiltonian 6.0.3 is:

F ps, ps, q, pq “ Fpps, psq (6.1.1)

in which p is considered to be parameter.
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6.1.1 Linear analysis of the equilibrium point

The equilibrium point of the system is the zero of the equations 9s and 9ps obtained

from 6.0.4 and 6.0.5.

It is readily seen that the equilibrium point is ps “ 0 and s satisfies the following

equation:

ψpsq “ ´A
h1psq

h3psq
` Bv1

psq “ 0 (6.1.2)

where A “
p2

m
and B “ kT are positive constants. If the graphs of h1

h3 and v1 cross

transversely then the system has a unique solution by the implicit function theorem.

The completely degenerate case takes place when v1psq “ 0 and h1psq

h3psq
“ 0 at the same

time.

In order to determine the sort of equilibrium point we find the Hessian matrix of the

Hamiltonian around the equilibrium point ps0, 0q

$

’

’

&

’

’

%

9s “
BFp

Bps

“
ps

Qu2psq
“ f1ps, psq,

9ps “ ´
BFp

Bs
“ A

h1psq

h3psq
`

1
Q

p2
su

1psq

u3psq
´ Bv1

psq “ f2ps, psq.

(6.1.3)

The Hamiltonian matrix, consequently around the equilibrium point ps0, 0q will be

¨

˚

˝

Bf1
Bs

“ ´
psu1psq

Qu3psq

Bf1
Bps

“ 1
Qu2psq

Bf2
Bs

“ ´ψ1psq Bf2
Bps

“ 2
Q

u1

u3ps

˛

‹

‚

“

¨

˚

˝

0 1
Qu2ps0q

´ψ1ps0q 0

˛

‹

‚

. (6.1.4)

Now obviously the eigenvalues of 6.1.4 are going to be

λ1 “

d

´1
Qu2ps0q

ψ1ps0q λ2 “ ´

d

´1
Qu2ps0q

ψ1ps0q. (6.1.5)
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We want the equilibrium to be center. So, according to the 6.1.5 and theorem 5.0.5,

if ψ1ps0q ą 0 then T 2 ´ 4D ă 0, since T “ 0, then the equilibrium is center.

6.1.2 Analysis to order four

We now go back to the reduced version of Hamiltonian 6.1.1 and for the sake of

simplicity we rename the terms as follows,

A “
p2

2m, B “ kT, s “ s0 ` x, (6.1.6)

ps “ y, αpsq “
1

h2psq
, βpsq “

1
2Qu2psq

, (6.1.7)

Fp “ H. (6.1.8)

then by choosing

γpxq “ Aαpxq ` Bvpxq (6.1.9)

the Hamiltonian 6.1.1 becomes

Hpx, yq “ γpxq ` βpxqy2. (6.1.10)

By assumption x “ 0 is a critical point of γ (i.e. s0 is a solution to equation 6.1.2).

Hence a critical point of H is at x “ y “ 0. By invoking the Hamiltonian equations,

one can find the equilibrium of 6.1.10

$

’

&

’

%

Hx “ 0 ùñ γ1
pxq ` β1

pxqy2
“ 0 ùñ γ1

px0q “ 0,

Hy “ 0 ùñ 2βpxqy “ 0 ùñ y “ 0
(6.1.11)

where px0, y “ 0q is the equilibrium point. T he Maclaurin expansion of H to fourth

order is:
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Hpx, yq “γp0q ` γ1
p0qx `

γ2p0q

2 x2
`
γ3p0q

6 x3
`
γ4p0q

24 x4
`

βp0qy2
` β1

p0qxy2
`
β2p0q

2 x2y2
` Op5q.

(6.1.12)

Without loss of generality, it can be assumed that γp0q “ 0, and since γ1p0q “ 0 (the

equations of motion in Hamiltonian are partial derivative of Hamiltonian function),

we get:

Hpx, yq “
γ2p0q

2 x2
` βp0qy2

`
γ3p0q

6 x3
` β1

p0qxy2
`
γ4p0q

24 x4
`
β2p0q

2 x2y2
` Op5q.

(6.1.13)

6.1.3 Birkhoff normal form

To normalize the system we apply the canonical transformation T px, yq “ pλx, 1
λ
yq

to equate the coefficient of the quadratic parts.

γ2p0q

2 λ2
“
βp0q

λ2 ùñ λ4
“

2βp0q

γ2p0q
(6.1.14)

Let’s set M “

b

γ2p0qβp0q

2 applying the transformation T and dividing 6.1.13 by M

we get

1
2MHpx, yq “ 1{2x2

` 1{2y2
` b1x

3
` b2xy

2
` b3x

4
` b4x

2y2
` Op5q (6.1.15)

in which

b1 “
λ3γ3p0q

12M b2 “
β1p0q

2Mλ
(6.1.16)

b3 “
λ4γ4p0q

48M b4 “
β2p0q

4M . (6.1.17)
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To put the Hamiltonian 6.1.15 into Birkhoff normal form, we use the algorithm

demonstrated in section 5.3.

Suppose

V px, Y q “ xY ` a3x
3

` a2x
2Y ` a1xY

2
` a0Y

3
` Op4q (6.1.18)

$

’

&

’

%

y “
BV

Bx
“ Y ` 3a3x

2
` 2a2xY ` a1Y

2
` Op3q,

X “
BV

BY
“ x ` a2x

2
` 2a1xY ` 3a0Y

2
` Op3q.

(6.1.19)

By substituting y into the equation 6.1.15 and X into the Birkhoff normal form of

order 2 (K “ 1
2pX2 `Y 2q `Op4q) and equating the terms of order 3 and simplifying,

we find

a1 “ a3 “ 0, a2 “ b1, a0 “
1
3p2b1 ` b2q (6.1.20)

by which the generating function becomes

V px, Y q “ xY ` b1x
2Y `

1
3p2b1 ` b2qY 3

` Op4q. (6.1.21)

Recall that the Birkhoff normal form of degree 4 with one degree of freedom is going

to be

KpIq “ I ` ωI2
` Op6q “

1
2X

2
`

1
2Y

2
`
ω

4 pX2
` Y 2

q
2

` Op6q. (6.1.22)

Then for the Birkhoff Normal Form of order 4 we consider the following generating

function up to order four and follow analogous steps

V px, Y q “xY ` b1x
2Y `

1
3p2b1 ` b2qY 3

` a0x
4

` a1x
3Y

` a2x
2Y 2

` a3xY
3

` a4Y
4

` Op5q.

(6.1.23)
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$

’

’

’

’

’

&

’

’

’

’

’

%

y “ Y ` 2b1xY ` 4a0x
3

` 3a1x
2Y ` 2a2xY

2
` a3Y

3
` Op4q,

X “ x ` b1x
2

` p2b1 ` b2qY 2
` a1x

3
` 2a2x

2Y ` 3a3xY
2

` 4a4Y
3

` Op4q.

(6.1.24)

Similar to section 5.2.2, equating HpX, yq (eqn 6.1.15) and KpX, yq (eqn 6.1.22)

modulo Op5q yields five linear equations in six unknowns, ω, a0, . . . , a4 :

a0 “ 0, a2 “ 0, a4 “ 0,

a1 “
1
8

„

5
2b

2
2 ` 13b1b2 ` b4 ` 3b3 `

17
2 b

2
1

ȷ

,

a3 “
1
8

„

3
2b

2
2 ` 3b1b2 ´ b4 ` 5b3 `

7
2b

2
1

ȷ

,

ω “
1
2

„

b4 ` 3b3 ´
15
2 b

2
1 ´

3
2b

2
2 ´ 3b1b2

ȷ

. (6.1.25)

Then the Birkhoff normal form is as follows:

1
2MHpIq “ I ` ωI2

` Op6q ùñ HpIq “ 2MI ` 2MωI2
` Op6q. (6.1.26)

and therefore the frequency of the system is:

BH

BI
“ 2M ` 4MωI ` Op4q. (6.1.27)

To fulfill the Kolmogorov non-degeneracy condition 5.3.25 of KAM theory we end

this subsection with the following theorem.

Theorem 6.1.1. If Mω ‰ 0, then HI ‰ 0 in a neighbourhood of {I=0}. In partic-

ular, the Kolmogorov non-degeneracy condition is satisfied if Mω ‰ 0.
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6.1.4 Non-vanishing of ω in terms of JB parameters

By definition, M “ 0 if and only if γ2 “ 0 since β ą 0 everywhere. If the quantity

Mω in equation 6.1.27 is zero then it implies that the parameters of the system lie in

a real algebraic set with empty interior that in our case h, u and v are the functional

non-constant parameters. In other words, we aim to prove the set of variables by

which the conditions of KAM theorem hold, makes a dense real algebraic subset. The

quantity ω, as seen in 6.1.25, is a smooth function of b1, . . . , b4. Also, each bi defined

in 6.1.16. For ω to be non-zero, after breaking down in terms of their definition,

implies the following relation:

λ4γ4p0q

16M ´
3λ6pγ3p0qq2

144M2 `
λ3γ3p0qβ1p0q

8M2 `
β2p0q

4M ´
λ3γ3p0q

2M ´
3β1p0q

2Mλ
‰ 0 (6.1.28)

which M and λ haven’t been written in details yet. So, we break them down and

write as an output of a smooth map that takes jets from space of jet bundle to a

real number.

For the time being, let’s call the following equation KAM discriminant

∆ “
96γ2λλ2 ` 288γ2pλ1q2 ` 192γ3λλ1 ´ 5γ2λ4 ´ 12γ2λ3 ` 30γ4λ2 ´ 36γ2λ2

48γ2
.

(6.1.29)

As you can see, ∆ is well-defined when γ2 ą 0. Also, ∆ is expressed as a rational

function in the jets of γ, λ.

Example 6.1.2 (Nosé–Hoover thermostat). The reduced Hamiltonian for the Nosé–Hoover

thermostat is

HNosé “ Fpps, psq “
p2

2ms2 `
p2

s

2Q ` kT lnpsq. (6.1.30)

The functional parameters are hpsq “ s, upsq “ 1, vpsq “ lnpsq.
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Following the analogous process in 6.1.2 it turns out

1
2MHpx, yq “

1
2x

2
`

1
2y

2
` b1x

3
` b3x

4
` Op5q. (6.1.31)

Notice that b2 “ b4 “ 0 because β now is a constant function. According to 6.1.25

ω “
1
4p6b3 ´ 15b2

1q “
6Mλ4γ4p0q ´ 5λ6pγ3p0qq2

192M2 . (6.1.32)

Now by calculating 6.1.32, ∆ can be represented as a function of parameters

∆pp,m,Qq “
´11

?
2m

24p
?
Q

. (6.1.33)

As seen above ∆ has non-zero partial derivative with respect to m.

Reminding that the BNF of Fpps, psq is of the form HpIq “ 2MI ` 2MωI2 `OpI3q,

by substituting we get:

HpIq “
kT

?
2m

p
?
Q

I ´
11mkT
12Qp2 I

2
` OpI3

q. (6.1.34)

Remark 6.1.3. The equilibrium condition is written as γ1p0q “ 0, where we were

thinking of the parameters m,T,Q—hence A,B,Q as fixed at some values, say

m0, T0, Q0—hence A0, B0, Q0. However, we need to think of these as independent

variables, so the equilibrium condition becomes γxpx;A,B,Qq “ 0 and the centre

condition is γxxpx;A,B,Qq ą 0. Since γxx “ Aα2 ` Bv2 ą 0 and A,B ą 0, the

equation γx “ 0 implies that x is a smooth function x “ χpA,Bq near px “ 0, A “

A0, B “ B0, Qq. The KAM discriminant is then ∆ “ ∆pχpA,Bq;A,B,Qq, which is

a smooth function of the parameters in a neighbourhood of pA0, B0, Qq.
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6.2 Non-degeneracy condition for unreduced Hamil-

tonian

Going back to JB thermostat Hamiltonian on its phase space T ˚pT1 ˆ R`q is given

as follows:

F pq, p, s, psq “
p2

2m
1

h2psq
`

1
2Q

p2
s

u2psq
` kTvpsq (6.2.1)

where we assume that F is C8.

The Birkhoff normal form with two degrees of freedom up to the order 4 is:

GpI0, I1q “ w10I0 ` w01I1 `
1
2pw20I

2
0 ` 2w11I0I1 ` w02I

2
1 q ` Op6q. (6.2.2)

6.2.1 Birkhoff normal form with two degrees of freedom up

to order four

First off, let’s see what is the generating function for 2 degrees of freedom:

Let pq1, p1, q2, p2q ” ppq1, p1q, pq2, p2qq P T ˚RmˆT ˚Rn and pQ1, P1, Q2, P2q “ ϕpq1, p1, q2, p2q

be a symplectic transformation. Then,

p1dq1 ´ q2dp2 ` pQ1dP1 ´ P2dQ2q “ dν (6.2.3)

where ν “ νpq1, p2, Q2, P1q. Then,

p1 “
Bν

Bq1
, q2 “ ´

Bν

Bp2
, (6.2.4)

Q1 “
Bν

BP1
, P2 “ ´

Bν

BQ2
. (6.2.5)

Above will be used for following computations without further comments. However,

notice that the order of pi and qi can be swapped since the symplectic form is
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invariant under this action.

For the sake of simplicity we rewrite the Hamiltonian 6.2.1 as follows:

F px, y, s, psq “
1
2y

2Λpsq `
1
2Ωpsqp2

s ` Tvpsq (6.2.6)

where Λpsq “ 1
mh2psq

, Ωpsq “ 1
Qu2psq

, px, y, s, psq P T ˚S1 ˆ T ˚R`. Here, for the sake of

readability we can assume that our functional parameters in the Hamiltonian 6.2.6

are Λ, Ω and vpsq.

Since x is cyclic angle variable, y is a first integral. Assume that for some s “ s0,

y “ y0 we have
1
2y

2Λ1
psq ` Tv1

psq “ 0 (6.2.7)

then the Hamiltonian F has a relative equilibrium along E0 “ S1 ˆ tpy0, s0, 0qu, i.e.

a periodic orbit.

Lemma 9. The equation 6.2.7 implicitly defines a single-valued C8 function s “

spyq defined on a neighborhood of y “ y0 such that s0 “ s0py0q if

1
2y

2Λ2
psq ` Tv2

psq ‰ 0. (6.2.8)

Let E “ S1 ˆ tpy, s0pyq, 0q||y ´ y0| ă δu. This is an invariant set that is a union of

periodic orbits of F and it contains E0.

6.2.2 Adapting coordinates to E

Let’s define a change of coordinates that puts E at the origin. Define:

s “ s0pyq ` u, y “ ŷ. (6.2.9)

To find a symplectic change of variables px, y, s, psq ÝÑ px̂, ŷ, u, puq we use a gener-

ating function (it might not be so obvious that how generating functions have been
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chosen in this section. However, we can find some close ones in [But16]). Since

s “ ´ Bν
Bps

“ s0pyq ` u and ŷ “ Bν
Bx̂

“ y we choose

νpy, ps; x̂, uq “ x̂y ´ psps0pyq ` uq (6.2.10)

so,

pu “ ´
Bν

Bu
“ ps, x “

Bν

By
“ x̂ ´ pss

1
0pyq. (6.2.11)

Let’s write a Taylor expansion of F 6.2.6 in a neighborhood of E using the symplectic

coordinate px̂, ŷ, u, puq. According to 6.2.9, by expanding 6.2.6

F “
1
2Λps0qy2

` Tvps0q `
1
4Λ2

ps0qy2u2
`

1
2Tv

2
ps0qu2

`
1
6Tv

3
ps0qu3

`
1
24Tv

4
ps0qu4

`
1
2Ωps0qp2

u

`
1
2Ω1

ps0qup2
u `

1
4Ω2

ps0qpupuq
2

`
1
12Λ3

ps0qŷ2u3
`

1
120Tv

p5q
ps0qu5

`
1
12Ω3

ps0qu3p2
u

looooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooon

terms of order five

`Op6q.

(6.2.12)

To simplify the presentation, we have employed a notation abuse: s0 denotes the

function s0pyq.

Remark 6.2.1. In addressing the Birkhoff normal form of degree two with two

degrees of freedom, it is pertinent to note that a Taylor expansion of F up to the

fourth degree is adequately sufficient. This degree of expansion effectively captures

the necessary detail for the analysis at hand. However, for enhanced precision, a

remainder of order five is included. This will be considered from now on without

further comment.
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6.2.3 Normalizing the quadratic terms

A symplectic transformation u “ û{λ, pu “ λp̂u transforms the quadratic Hamilto-

nian to

G “
1
2wpp̂u

2
` û2

q. (6.2.13)

Considering the Hamiltonian 6.2.12 we seek to equate the coefficients in quadratic

part

Tv2
ps0q

1
λ2pyq

“ Ωps0qλ2
pyq (6.2.14)

from there we find:

wpyq “

c

Ωps0q

´1
2Λ2ps0qy2 ` Tv2ps0q

¯

. (6.2.15)

The canonical transformation for the normalization of the quadratic part is a canon-

ical map px, y, u, puq ÝÑ px̂, ŷ, û, p̂uq which the equations are derived from the gen-

erating function νpx̂, y, u, p̂uq “ λpyqp̂uu ´ x̂y.

pu “
Bν

Bu
“ λpyqp̂u, û “

Bν

Bp̂u

“ λpyqu, (6.2.16)

x “ ´
Bν

By
“ x̂ ´ λ1

pyqp̂uu, ŷ “ ´
Bν

Bx̂
“ y. (6.2.17)

The Hamiltonian 6.2.12 in the new symplectic coordinates is:

F “
1
2Λps0qy2

` Tvps0q `
1
2wpû2

` p̂u
2
q

`
1
6Tv

3
ps0q

1
λ3pyq

û3
`

1
24Tv

4
ps0q

1
λ4pyq

û4

`
1
2Ω1

ps0qλpyqûp̂u
2

`
1
4Ω2

ps0qpûp̂uq
2

`
1
12

Λ3ps0q

λ3pyq
ŷ2û3

`
1

120
1

λ5pyq
Tvp5q

ps0qû5
`

1
12

1
λpyq

û3p̂u
2

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

terms of order five

`Op6q.

(6.2.18)
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Since y Poisson commutes with F and is invariant under the canonical transfor-

mations that are used, F can be normalized by the frequency w “ wpyq of the

thermostat oscillations. When this is done, we get:

1
w
F “

1
2wΛps0qy2

`
T

w
vps0q `

1
2pû2

` p̂u
2
q

` b1pyqû3
` b2pyqûp̂u

2
` b3pyqû4

` b4pyqpûp̂uq
2

` D1pyqŷ2u3
` D2pyqû5

` D3pyqû3p̂u
2

loooooooooooooooooooooomoooooooooooooooooooooon

terms of order five

`Op6q

(6.2.19)

where,

b1pyq “
1

6wTv
3

ps0q
1

λ3pyq
, b2pyq “

1
2wΩ1

ps0qλpyq, (6.2.20)

b3pyq “
1

24wTv
4

ps0q
1

λ4pyq
, b4pyq “

1
4wΩ2

ps0q. (6.2.21)

Once we have the Hamiltonian in this form 6.2.19, we perform the Birkhoff Normal-

Form algorithm. As you can see from the generating functions above, the partial

generating function of the transformation in the pu, puq plane is augmented by the

generating function x̂y. The resulting transformation normalizes F in the pu, puq

variables with coefficients that depend on y and preserves y at each step. The angle

variable x is changed during the normalization, but the new angle variable at each

step preserves its canonical nature.

In equation 6.2.19 obviously first and second terms are normalized and the other

terms will be normalized to the form:

G̃ “ I0 ` ωI2
0 ` Op6q (6.2.22)

through the following computation that we developed in section 5.2.2.

So the generating function is νpx̂, y, û, p̂uq “ ν1pû, p̂u, yq ` x̂y. Then, with respect

to ν1 which generates a canonical transformation pû, p̂uq ÝÑ pũ, p̃uq we are going
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to leverage the tool that we developed for reduced Hamiltonian which is given as

follows,

ν1pû, p̃u, yq “ ûp̃u ` aû2p̃u ` cp̃u
3

` a4û
4

` a3û
3p̃u ` a2û

2p̃u
2

` a1ûp̃u
3

` a0p̃u
4

`Op5q

(6.2.23)

by applying the same process of the chapter 5.2.2

a “ b1pyq, c “
1
3

´

2b1pyq ` b2pyq

¯

, (6.2.24)

a4 “ 0, a3 “
1
8

´3
2b

2
2 ` 3b1b2 ´ b4 ` 5b3 `

7
2b

2
1

¯

(6.2.25)

a2 “ 0, a1 “
1
8

´5
2b

2
2 ` 13b1b2 ` b4 ` 3b3 `

17
2 b

2
1

¯

(6.2.26)

a0 “ 0, ω “
1
2

´

b4 ` 3b3 ´
15
2 b

2
1 ´

3
2b

2
2 ´ 3b1b2

¯

. (6.2.27)

By applying transformation obtained from generating function 6.2.23 and multiply-

ing w to the both side of BNF we end up:

G “ Tvps0q ` wI0 `
1
2Λps0qI2

1 ` wωI2
0 ` Op6q (6.2.28)

where,
$

’

’

&

’

’

%

wpyq “

c

Ωps0q

´1
2Λ2ps0qy2 ` Tv2ps0q

¯

,

ωpyq “
1
2

„

b4 ` 3b3 ´
15
2 b

2
1 ´

3
2b

2
2 ´ 3b1b2

ȷ

.

(6.2.29)

Recall that I1 “ y, I0 “ 1
2pũ2 ` p̃u

2q. Given above let’s rewrite the normalized Hamil-

tonian 6.2.28:

G “ Tvps0pI1qq ` wpI1qI0 `
1
2Λps0pI1qqI2

1 ` pwωqpI1qI2
0 ` Op6q. (6.2.30)
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Example 6.2.2. The un-reduced Hamiltonian for the Nosé–Hoover thermostat is

F “ HNosépq, p, s, psq “
p2

2ms2 `
p2

s

2Q ` kT lnpsq. (6.2.31)

The functional parameters are hpsq “ s, upsq “ 1, vpsq “ lnpsq. We re-write

Hamiltonian to

F pq, p, s, psq “
1
2y

2Λpsq `
1
2Ωpsqp2

s ` Tvpsq. (6.2.32)

Computing the equilibrium of F leads to the equation s0pyq “ 1?
mkT

y. Also the

quantities λ,w, ω, b1 and b3 are as follow:

b1pyq “
m1{4

6Q1{4y1{2 , b3pyq “
m1{2

8Q1{2y
, (6.2.33)

λ4
pyq “

´mQpkT q2

y2 , w2
pyq “

´4mpkT q2

Qy2 , (6.2.34)

ωpyq “
´11m1{2

24iQ1{2y
. (6.2.35)

Considering I1 “ y and I0 “ 1
2pũ2 ` p̃u

2q, now according to 6.2.30 we write the BNF

of HNosé as follows:

GpI0, I1q “ kT lnp
I1

?
mkT

q`p
p2mq1{2kT

Q1{2 q
I0

I1
`

1
2
kT

I2
1
I2

1 ´p
11mkT

12Q q
I2

0
I2

1
`Op6q (6.2.36)

which simplifies to

GpI0, I1q “
1
2kT ´kT ln p

?
mkT q`kT ln pI1q`p

p2mq1{2kT

Q1{2 q
I0

I1
´p

11mkT
12Q q

I2
0
I2

1
`Op6q.

(6.2.37)

Now we can compute the iso-energetic non-degeneracy condition for un-reduced Nosé

Hamiltonian.
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6.2.4 Non degeneracy condition for unreduced Hamiltonian

By definition the frequency of the system ∇G : U Ă R2 ÝÑ R2

∇GpI0, I1q “

ˆ

BG

BI0
,

BG

BI1

˙

. (6.2.38)

To satisfy the iso-energetic condition for the unreduced Hamiltonian, the correspond-

ing bordered Hessian matrix needs to be non-singular.

We now then compute the entries of the matrix:

BG

BI0
“ wpI1q ` 2I0pwωqpI1q ` Op4q,

BG

BI1
“ Ts1

0pI1qv1
ps0pI1qq ` I0w

1
pI1q

`
1
2pΛps0pI1qqI2

1 q
1
` pwωq

1
pI1qI2

0 ` Op6q

(6.2.39)

B2G

BI2
0

“ 2pwωqpI1q ` Op2q,

B2G

BI2
1

“ pTs1
0pI1qv1

ps0pI1qqq
1
` I0w

2
pI1q

`
1
2pΛps0pI1qqI2

1 q
2

` pwωq
2
pI1qI2

0 ` Op6q,

B2G

BI1BI0
“ w1

pI1q ` 2I0pwωq
1
pI1q ` Op4q.

(6.2.40)

The resulting bordered Hessian is:

∇2G “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

B2G
BI2

0

B2G
BI0BI1

BG
BI0

B2G
BI1BI0

B2G
BI2

1

BG
BI1

BG
BI0

BG
BI1

0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

“ (6.2.41)
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¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

2pwωqpI1q ` Op2q w1pI1q ` 2I0pwωq1pI1q ` Op4q wpI1q ` 2I0pwωqpI1q ` Op4q

˚

pTs1
0pI1qv1ps0pI1qqq1 ` I0w

2pI1q

`1
2pΛps0pI1qqI2

1 q2

`pwωq2pI1qI2
0 ` Op6q

Ts1
0pI1qv1ps0pI1qq ` I0w

1pI1q

`1
2pΛps0pI1qqI2

1 q1

`pwωq1pI1qI2
0 ` Op6q

˚ ˚ 0

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

(6.2.42)

then, the condition detpHq ‰ 0 guarantees that the majority of KAM tori survive

after the perturbation.

The domain of the “det” is a jet space, one k-jet for each functional parameter, in

which the zero level set of “det” is an algebraic sub-variety of that jet space since it

is a zero set of a polynomial function. This rises a helpful result since each connected

component of the algebraic variety is stratified into a union of submanifolds and the

top-dimensional stratum is dense in the component.

The condition detpHq ‰ 0 can be represented in terms of the jet bundle. In par-

ticular, detpHq “ 0 corresponds to the zero level set of the “det” map over the jet

bundle J6pR,R3q mapping to R. Invoking Thom transversality theorem (see theo-

rem 1.9.13), C is the set of three products of 6-jets for which detpHq “ 0 that is

to say the algebraic variety according to the last paragraph. So any perturbation

on f either is going to stay off the C, or crosses C transversally. Therefore by the

Thom transversality theorem, Cr-mappings are dense in Cr-topology for r ą 6. In

particular the set of mappings f : R Ñ R3 whose 6-jet bundle extension is transverse

to C, is everywhere dense; resulting that the condition detpHq “ 0 does not typically

occur which means we can perturb the functional parameters arbitrarily so that the

determinant is non-zero.
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