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Final experimental achievement of Bose-Einstein condensation of trapped al-
kali atoms boosted a renewed interest in the properties of weakly interacting Bose
gases. The low-temperature behavior of such systems has been established years
ago and became a standard subject of numerous textbooks. However, attempts to
consistently extend the treatment to finite-temperature domain are still rare. In
order to bridge this gap, we developed an approach, which allows one to estimate
the physical parameters of weakly interacting Bose gases from first principles. We
show that our method captures all essential physics in the whole range of tem-
peratures except of those close to the critical. The source of the latter drawback
turns out to be common to all schemes which rely on perturbative expansions.

The issue can supposedly be dealt with by the use of the alternative framework,
based on the n-particle irreducible effective action functional techniques. This
approach attracts a lot of attention nowadays due to its unique resummation
properties and its ability to deal with the non-equilibrium problems consistently.
However, it is known to violate the gauge invariance when applied to high energy
physics problems. We resolve the question by constructing a new modified effective
theory, which not only preserves all the merits of the base formalism, but is also
free from the gauge-dependence issues, thus making the entire approach internally
consistent.
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Chapter 1

The weakly interacting Bose gas

Introduction

"The Bose-Einstein condensation (BEC) phenomenon used to be a subject of purely
theoretical studies for several decades, until it was experimentally realized by
several independent groups in 1995 [1, 2, 3]. This achievement has also marked
the beginning of a whole new area of research into the properties of atomic Bose
condensates.

Although the experiments are carried out in magnetic and optical harmonic
traps and deal with essentially non-homogenous gases, a much more elementary
system, namely the homogeneous Bose gas, has also received renewed attention.
First, because it is interesting in its own right. Second, because its simplicity
allows one to gain some important insights, which carry over to the trapped case
[4]. Thus, quite unexpectedly, the theory of the weakly interacting Bose-condensed
gases has become a subject of intensive research efforts.

While the basics of the theory of BECs at ultralow temperatures have substan-
tially been elaborated in the previous decades, very few studies, aimed to extend
these developments to the finite-temperature domain, have been conducted.

A successful approach, intended to embrace such task, should possess several
properties. It should be based on the most fundamental principles. It should be
easily implementable, both analytically and computationally. It should be able
to give consistent quantitative understanding of the thermodynamic properties of
the weakly interacting Bose gases in a whole range of temperatures below critical.

Below we present an approach which, as we think, qualifies as the one.

Chapter 1 is organized as follows.

In sections 1.1 through 1.4 we introduce standard textbook results from quan-
tum mechanics and statistical physics [5, 6, 7], which serve as elementary building
blocks of further considerations. These include treatment of quantized motion of
a particle in a box, computation of the corresponding number of quantum states,
general properties of quantum distribution for an ideal gas consisting of particles,
obeying Bose statistics, as well as the limiting case of this distribution, namely
the Maxwell distribution, which describes a classical ideal gas.

In section 1.5 we discuss qualitative properties of Bose-Einstein statistics and
its differences compared to the Maxwell-Boltzmann one.

In section 1.6 we review the thermodynamic properties of an ideal Bose gas at



temperatures below critical.

Section 1.7 presents the method of quantized fields, necessary for calculating
the interaction corrections to the properties of ideal systems.

In section 1.8 the key concepts, underlying the BEC phenomenon, namely
the order parameter, long-range order and spontaneous symmetry breaking are
introduced and formulated in the field-theoretic language.

Thermodynamic properties and the nature of elementary excitations in the
weakly-interacting Bose gas at zero temperature are developed in 1.9.

Section 1.10 is dedicated to the weakly interacting Bose gas at finite tempera-
tures. We begin by introducing the basics of the thermo-field dynamics formalism
(TFD) as a framework to treat the interacting quantum fields at nonzero temper-
atures. Then, with the use of this technique, we re-derive the famous Bogoliubov
and the first order Popov approximations, as well as review other directions, which
are being currently under active development.

In section 1.11 we formulate our approach to investigating the thermodynamic
properties of dilute interacting Bose gases at finite temperatures below critical and
discuss the results obtained.



1.1 Necessary results from classical and quan-
tum mechanics

In the beginning of the 20th century it became obvious that classical concepts
turn out to be inadequate for the study of the motion of atomic systems and that
they must be replaced by the concepts of quantum theory. In order to analyze
the changes which are introduced into statistical physics by the development, it is
necessary to dwell on certain important results of quantum theory.

The following two propositions of quantum mechanics are of basic importance
for statistical physics:

(1) the existence of the discrete states of a system
(2) the principle of identity of elementary particles

Let us now discuss both issues in more detail.

1.1.1 Quantized motion of a particle in a box

The problem of statistical physics is the investigation of the properties and be-
havior of macroscopic systems in a state of equilibrium on the basis of the known
properties of the microparticles constituting them. It turns out that classical
physics is unapplicable in the realm of atomic phenomena. Hence, the applica-
tion of the laws of statistical physics to real systems is, in practice, impossible
if one ties oneself to the classical concepts of the motion of atomic particles. In
the following, we shall assume that atoms, molecules and other particles, forming
macroscopic systems, move according to the laws of quantum mechanics.

The simplest quantum-mechanical system is a microparticle with mass m con-
fined in a one-dimensional box with impenetrable walls. The motion of such a
particle is restricted by the size of the box to the region 0 < z < a, where the
potential energy is equal to zero. At the limits of the region, at x = 0 and z = q,
the potential energy of repulsion is infinitely large and the particle cannot go out
of the box. ‘

From the general propositions of quantum mechanics it follows that the energy
and momentum of such a particle should have a discrete series of values. The
allowed values of the energy and momentum are given by the formulae

__nh
24’
-

Pn (1.1.1)

(1.1.2)

T 9m T 8ma?
Here h and n are the Planck constant and quantum number respectively.
Formula (1.1.1) shows that the energy levels of the particle form a discrete
spectrum. The discreteness becomes apparent: 1) for small mass, 2) for motion of
the particle in a small region, and 3) for small quantum numbers. On the contrary,
for large masses, for motion in a large region, and for large quantum numbers the
effects of quantization are relatively weak.
It turns out that the transition from quantum mechanics to classical mechanics
can be made in two ways. First, simply by assuming h = 0. Thus, one disregards
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all quantum effects — the existence of the wave properties of microparticles, the
quantization of energy and other quantities, and so on. Second, by assuming,
that h is small but nevertheless different from zero. It turns out that in this
approximation the wave properties of particles are shown very weakly. Particles
can be considered as moving along definite trajectories, as in classical mechanics.
However, the quantization of states still arises in the fact that only some of the
classical trajectories are possible. Such an approximation is called quasi-classical
(as distinct from the classical approximation, in which the quantum properties of
particles are not taken into account at all).

In order to see the nature of restrictions, we again turn to the example of a
particle in one-dimensional box. We assume that use can be made of the con-
cepts of classical mechanics and that the particle can be considered as a material
point moving between reflecting walls. The phase diagram in Fig.1.1 shows the

P /_/._ ..//..../;ZL/L//_ —

x=0 N

T 7 7 7T

Figure 1.1: Quasiclassical phase space diagram. Shaded area corresponds to a
single quantum state.

sequence of its states. We now take into account the quantization of states, and
out of all possible states we choose only those, which satisfy the quantization con-
dition (1.1.1). Not all states p = const are possible, only those with separation,
determined by the relation (1.1.1). Fig.1.1 shows the nth state (the solid line)
and the (n — 1)th state (the dashed line). The number of possible quantum states
with a momentum lying between p,, = 'QL—’G' and p, = 2’—; is equal to n.

We now calculate the area S, in the phase plane, corresponding to these n
states. Obviously,

Sp = ]{p dz = 2ppa = hn. (1.1.3)

If the lines corresponding to other possible states are drawn, then the entire surface
will be divided into cells. It is easily seen that the area of all the cells is the same
and equal to h. Indeed, the distance between possible states along the p-axis is
equal to

hn  h(n-1) h

—_——— L = 1.1.
2a 2a 2a ( 4)
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Then the area of a cell is 2(h/2a)a = h.

Thus, in the quasi-classical approximation to each possible state there corre-
sponds in phase space a cell of area h. The states, which are actually realized, are
those, for which the condition

j[p iz = nh (1.1.5)

is fulfilled. This equality is called the Bohr condition.

The consideration demonstrated above is of general character. It can also be
shown that the form of a cell is arbitrary.

It is illustrative to consider the motion of a free particle in a box with ideally
reflecting walls, but now having three dimensions. For simplicity we assume that
the box has a form of a cube with edge a. Since the motion in any of the three
directions is independent and since all of the directions are in principle equivalent,
we can write for each of the components of the momentum

_ hnl _ h’nq . h?’Lg

== (1.1.6)

Dz = 5(;: py - E'd—apn
'The motion of a particle in three dimensions is characterized by three quantum
numbers n;, ny, n3, which can take on a number of integer values. The energy of
the particle is equal to

RNt S

2 2 3
= . 1.1.7
2m 8ma? (ny + 13 + ;) ( )

It is characterized by a number n = /n? + n2 -+ n}. However, given n, it does
not depend on the values of the separate contributions n,, ny, ng, only on their
overall sum. Because of this, several different quantum states can correspond to
one and the same value of energy. For example, let n; = 1,15 = 2,n3 = 2 and
ny = 2,n = 1,n3 = 2. In both cases n = 3, so that both states have the same
energy.

The number of states having the same energy is called the degeneracy, or
statistical weight.

From now on, we define the following terminology to be used in subsequent
development. We will say that the particle is in the quantum state (single-particle
state, energy state), when its quantum numbers are explicitly specified. We will
say that the particle is on an energy level &, when it is in the state with energy
&, while the state itself (i.e. its quantum numbers) is not explicitly specified. By
definition, the number of states, corresponding to an energy level, is the degeneracy
of the level.

In the most general case of an arbitrary system having f degrees of freedom,
it can be shown that in the transition to the quasi-classical approximation the
motion of the system can be considered in the same way as in classical mechanics,
but with a restriction imposed on the possible states: to each quantum state of
a system with f degrees of freedom in the quasi-classical approximation there
corresponds a cell in its phase space having a volume A/.



1.1.2 Number of quantum states

It is an important task to calculate the number of quantum states corresponding
to a given energy level. In quasi-classical approximation, this number could be
obtained by dividing by h® the volume of phase space, which is given by

w= / / dz dp, (1.1.8)

where primes indicate that integrations are restricted by the conditions that: 1)
the particle is confined in physical space of volume V, and 2) the energy of the
particle is constant and equal to £. Obviously, w is equal to zero, since the energy
hypersurface is a set of measure zero in the phase space.

However, it is physically clear that a completely isolated system is an ideal-
ization. Weak interactions with surrounding and measurements inevitably lead to
a small but finite widening of the energy level. Therefore, we will calculate the
number of quantum states corresponding to the energy of a system, lying in a
given interval between ¢ and € 4 de. We shall denote it by Q(e)de.

In calculating the phase space volume we will make use of the fact that in
the quasi-classical approximation quantum jumps are small, and we will assume
the momentum to vary almost continuously. The volume of the phase space,
corresponding to an energy of the particle smaller than a given value ¢, is

vV2me 47(2 3/2 3/2V
I = /da: dy dz/dpz dp, dp, :47rV/ pdp = m)3 c (119
0

Therefore, the volume of the phase space, corresponding to energies in the range
between ¢ and ¢ + de, is
or
AT = 8—55 = 4rmVV2me be. (1.1.10)
3
Then the number of single-particle states with energies, which lie between ¢ and
€ 4+ d¢, is equal to

1 4 v
AQ = Q(e)e = L5,  dmmVV2me o

e 3 (1.1.11)

In what follows, we will call Q(¢) the number of states with a given energy, or
degeneracy.

1.2 The principle of identity of elementary par-
ticles

In the previous section we have taken into account the discreteness of gquantum
states and considered effects associated with it. However, up to now we have not
treated the identity of microparticles properly.

In classical theory one considers two states, differing from each other only by
a permutation of particles, as different ones. This way of calculating microstates,
however, leads to incorrect values of thermodynamic parameters. In order to avoid
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the problem, one divides the phase space by the number of possible permutations
of particles. This division represents the simplest attempt of systematically taking
into account the identity of underlying objects. It allows one to resolve the Gibbs’
paradox and to obtain correct expressions for thermodynamic functions.

From another side, the inconsistency of this operation is obvious. Indeed, it
still assumes that all particles are different from each other, so that one could, in
principle, number them, ascribing a definite number or label to each.

Both experimental data and theory suggest, however, that the identity of quan-
tum objects has a much more profound character. Their complete identity leads
to the fact that the very attempt to number them loses any physical meaning. It
makes no sense whatsoever to describe one of the particles as the first, another as
the second, and so on. If one calls, for instance, the particle, which was initially in
a definite state, the first particle, then at a subsequent moment it would already
be impossible to assert that it is just that particle which is in this state, not a
“different” one. Hence, it is necessary, from the very beginning, to renounce any
attempt to distinguish between individual atomic objects.

We shall now explore, in which kind of physical restriction that results.

1.3 The Maxwell distribution

In order to make the differences between the classical and quantum considerations,
introduced by the principle of identity, particularly striking, we will first consider
the Maxwell distribution, which is the statistical distribution in a classical gas.

Assume that the molecules in a gas can be in the single-particle quantum states
with the energies of translational motion &1, s, ..., ..., listed in increasing order
of the energy eigenvalue. For convenience of the treatment, we will assume that
the latter form discrete spectrum. Also, each state above is listed separately, so
that when degeneracy occurs, several successive ¢;'s will have the same value.

In the gas, there is a certain distribution of particles over states, such that in
the first state there are ny particles, in the second state there are n, particles, and
so on. Therefore, from the classical point of view, we have to describe the states
of the system in the following way:

particles no. 1, 2, 3, ..., n; are in the state with energy ¢,

particles no. ny + 1, ..., ny + ngy are in the state with energy e,

particles no. n; +ng + 1,...,n1 + ny + ng are in the state with energy €3, and
SO on.

For further considerations, we need to choose a set of particles, which can be
treated as a quasi-closed subsystem. It is convenient to regard as the one all the
particles which are on a certain arbitrarily chosen quantum level with energy e;.
Then the rest of the gas forms a reservoir.

This kind of choice is in complete agreement with those requirements, which
must be satisfied by a quasi-closed subsystem. Indeed, in a result of collisions the
particles possessing energy ¢, go over into other levels. Conversely, due to the same
mechanism, other molecules, which earlier had an encrgy differing from e, and
which belonged to the reservoir, can go into the level with energy e;,. If the number
of molecules, that are coming in or going out of the subsystem per unit time, is
small compared to the number of particles in it, then it can be assumed that the



interaction between the subsystem and the reservoir is weak. This condition will
be fulfilled, if the collisions between the particles occur sufficiently seldom, i.e.
when the gas is substantially rarified.

In the process of interaction, the number of particles on the level with the
given energy € is changing. In this sense, the state of our subsystem varies. Its
total energy is equal to

€ = ExNgy, (1.3.1)

where n,, is the number of particles which are currently in the subsystem. Since
ex, 1s fixed, the quantity ¢ varies with n., and is completely determined by this
number.

The great advantage of the subsystem thus constructed is that a complete
characterization of its state is a relatively easy task. One has only to determine
the mean number of particles, i.e. the mean number of particles on the energy level
we have specified. For the calculation, use can be made of the general statistical
mechanical formula

Zns Zi Ng, EXP [w&:’ 5 N
e [ T e [%ﬁﬁ}(l.?)z)

which gives the mean number of particles in an open subsystem. Here k is the
Boltzmann constant, T is the temperature of the subsystem, p and e, are its
chemical potential and energy, respectively. The first summation here is carried
out over all possible values of the number of particles n,, in the subsystem. The
second summation is over all microstates i accessible to the subsystem with the
given number of particles.

In order to actually perform the second summation, we have to seriously con-
sider the way in which we take contributions from different microstates into ac-
count. In quasi-classical mechanics, where all particles can be numbered, the
states of a system will always be degenerate, provided the system contains more
than one particle of a given kind.

For example, let there be N molecules in the gas, n; of which are in a single-
particle state with energy £;, no in state e,, and so on. Then the microstate of the
gas is determined by stating the single-particle states of each of them individually.
Correspondingly, an interchange of two particles in different states leads to two
distinct microstates of the entire gas. The total number of such permutations is,
obviously,

Fie, =

N!

nylng!...

Of course, if an interchange takes place among the particles which are in the
same single-particle state, then we do not regard the two resulting microstates as
distinct. This is reflected by the denominator.

It turns out that considering states, differing only by a permutation of particles,
as distinct ones, leads to incorrect expressions for the thermodynamic functions
due to the overcounting of the microstates. The common recipe here, known as
Gibbs’ prescription, amounts to disregarding the details of the numbers n; and
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slashing the whole sequence of microstates by a common factor of N!. This is
certainly correct in situations, in which all N particles happen to be in different
energy states, but is certainly wrong in others.

Fortunately, actual gases under normal conditions satisfy such restrictions. For
them, the expectation values of the single-particle occupation numbers n; are much
less than unity:

(n;) < 1. (1.3.3)

In other words, the numbers n; are generally 0, occasionally 1, and rarely greater
than 1. This condition is also satisfied by the systems, which are at high enough
temperatures (so that many more energy states become accessible) and have suf-
ficiently low densities (so that there are not so many particles to accommodate).

Condition (1.3.3) in a way defines the classical limit and, simultaneously, the
validity domain of the Gibbs prescription.

Let us now suppose that in our case the inequality (1.3.3) is well satisfied.
Remembering that all particles of our subsystem have the same energy, we may
rewrite expression (1.3.2) in the following form:

R, = kT—(% In

Nooq

e, !

(1.3.4)

ne, =0

ngk! ,LL — &k ey 1 [ — &g Nep2
— € ex
{;} Tlskllnskz!... P < kT ) P kT
Ek'l.

Here we have introduced the Gibbs’ correction factor 1/n.,! and grouped together
all the terms which correspond to microstates differing only by particle positions
exchange. Therefore, the second sum runs over the number of microstates {n.,;},
which are different in this sense. Correspondingly, the value n.,; denotes the
number of particles is a single-particle state i with energy ¢.

This expression can be evaluated with the help of the multinomial theorem
with the following result

_ 0 N ngk P, — ExTe,
Tle, = ATaln ZO — exp o , (1.3.5)
n5k=

where g, represents the degeneracy of the energy level .

The number of particles n,,, contained in our subsystem, can vary from zero
to the total number of particles in the gas N. However, the probability of the
latter is extremely low. Hence, for the n.,, which are close to N, the terms of the
sum (1.3.5) are so small, that the sum rapidly converges. Therefore, we will not
commit an error, if we replace the upper limit N in the sum by infinity. After
such a substitution the sum (1.3.5) goes over into a simple series:

oo} g:sk /.L'—Ek n o0 x"‘fk .
— = 1.3.6
D e R D (136)

Ngy = Ney =0 :

where we have provisionally denoted g, exp(u — &;)/kT by z. Thus, the mean
occupation of the specified energy level is

_ 0 B € B — Ek
— kTg— . . 1.3.7
R = KT grgm €XP —pm— = 9k &XP (1.3.7)



At the same time, the mean occupation number of a single-particle state with
energy € turns out to be

ﬁek M —Eg

Ng, ) = — = ex . 1.3.8

(f Ek) gk p kT ( )

In particular, if the states of the molecule and its energy vary continuously,

which is always so in classical statistics, then the mean number of particles with
an energy between ¢ and ¢ + d¢ is given by

_dy p—e\dy
where dv is the volume of the phase space corresponding to an energy between e
and € + d¢, and dvy/h® is the number of states with this energy. Formula (1.3.9) is
nothing else but a well known Maxwell distribution.

1.4 Quantum distribution for an ideal gas

Let us now turn to the quantum case.

As we have just stressed, it follows from the principle of identity of particles
that one cannot distinguish between individual microscopic objects.

Applying this point of view in a consequential way, one has to renounce the
numbering of particles. Just like in the classical case, there is still a certain
distribution of atoms over single-particle states, such that in the first state there
are ny particles, in the second state there are ny particles, and so on. However,
from the quantum point of view, we cannot say, which individual particle is in
which energy state, but rather indicate only the number of particles in each of
these states respectively as

ny particles in the single-particle state with energy ¢,

ng particles in the single-particle state with energy e,, and so on.

Thus, this kind of description turns out to be less detailed than the classical
one.

The new way of calculating microstates modifies the expression for the mean
number of particles in the open subsystem considerably. Indeed, since one cannot
speak of a permutation of particles, the division by n,,! in (1.3.4) makes no sense.
The mean number of particles on a level of energy ¢ is then still given by the
formula (1.3.4)

a — Mgyl ey Thep 2
Ngy, = kT‘a; lnz Z Q(ne,;) exp ('ukTEk> exp (%) .. (1.4.1)

Tigy, {neki}

in which, however, the number of microstates Q(n.,), differing only by a permu-
tation of particles, must be different from the classical one.
The principle of identity gives a clear prescription:

Substituting this value into (1.4.1), we find:

N _ ey 1 B Neg2
e, = lsT—a% In Z Z exp (#kTgk) exp (,UkTEk) (1.4.3)

Teey, =0 {Tlski}
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The first sum in this formula is over the number of particles n, in the open sub-
system. The second sum is over the number of distinct subsystem configurations,
when it contains n., particles. Therefore, this double summation is equivalent
to a summation over all possible values of the single-particle occupation numbers
nN.,i, independently of one another. Hence, we may write

_ 8 /14 — &g e, 0 M — & Tep 1
N, = kTéﬁln Z [exp( T ) exp T

nekOJlskl,
a — &k Mgy, 0 — & eyl
= AT()/L Zexp ( > Zexp (
nsko Teyp 1
9k
a — ek
= kTaln Zexp < E’”) , (1.4.4)
nsk

where gy, is the degeneracy of the energy level ¢.
If the following inequality holds

“k_Tg"' <1, (1.4.5)

exp

then the sum in (1.4.4) represents an infinitely decreasing geometric progression
and can be easily calculated. Namely,

_ 8 p—e\ e —p L\
g, = k'Tgk@ln <1 —exp ) = ge | exXp— — 1) . (1.4.6)
Formula, (1.4.6) gives the mean number of particles with the energy &;. Then
the mean number of particles, occupying a particular one-particle quantum state
with energy ey, is, obviously,

= -1
Ngy, Ex — U
— = -1 . 1.4.7
2 (ep 2t - 1) (147
This is nothing else but the Bose-Einstein distribution.

It should be noted that, since the sum (1.4.4) must always converge for any
value of the energy, in particular for e, = 0, in addition to the inequality (1.4.5),
the following restriction

et <1 (1.4.8)

must also hold. This suggests that the chemical potential of a system of particles,
obeying the Bose-Einstein statistics, must be an essentially negative quantity:

< 0. (1.4.9)

In all cases encountered in practice, the spacing between the energy levels of
the translational motion is so small in comparison with the thermal energy kT
that the energy spectrum can be assumed to be continuous. Then, instead of the
mean number of particles at the kth energy level, it is necessary to introduce the
mean number dn of particles with an energy lying between € and € + de. It is
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obvious that dn = Ah~3dy, where h=3d~y is the number of states corresponding to
an energy in the interval €, € + de. Substituting the value of 71 from (1.4.6), we
find:

kT 3

The chemical potential, figuring in the Bose distribution, is determined from the
obvious normalization condition

-1
— ]
dn = (exp ETHR_ 1) il (1.4.10)

/dnzN, (1.4.11)

which expresses the constancy of the number of particles in a given volume.

The expressions, derived above, are of general character and do not depend on
the way one defines an open subsystem. Therefore, in the future we will drop all
the subscripts, distinguishing any particular choice of the one.

Comparing the derivation of the Bose distribution with that of the Maxwell-
Boltzmann distribution, we see, first of all, that the first distribution represents
a realization of the Gibbs distribution for the case of an ideal gas whose particles
obey the laws of quantum mechanics. As one may observe, there is a profound
difference in the statistical distributions for particles obeying the laws of classical
mechanics and for particles obeying the laws of quantum mechanics. This differ-
ence is not associated with any change in the statistical laws and not even with
taking account of the discrete character of the energy spectrum, but with a radical
change in the method of calculating the statistical weights of the microstates due
to the identity of microparticles.

Gases, which obey Bose-Einstein statistics, are called degenerate. Otherwise, if
a gas follows the Maxwell-Boltzmann distribution, it is called to be non-degenerate.

The following question naturally arises. The laws of quantum mechanics are
known to include the laws of classical motion as a first approximation. Under
certain conditions, the laws of classical mechanics are sufficiently good approxi-
mation for describing dynamics of microparticles. Consequently, there must exist
also such limiting cases, where the Bose-Einstein distribution smoothly transforms
into the Maxwell-Boltzmann one.

In solving this problem we will proceed from the fact that the Bose-Einstein dis-
tribution is a more accurate law. Comparing distributions (1.4.7) and (1.3.8), we
see that they have, in general case, an essentially different character (see Fig.1.2).
However, this difference vanishes if the following incquality is satisfied:

E—p .
> L (1.4.12)
Both distributions have the same functional form when the inequality (1.4.12) is
fulfilled. In this case, the unit in the denominator in (1.4.6) can be neglected,
and the Bose distribution automatically changes to the Maxwell-Boltzmann one.
Thus, the inequality (1.4.12) is the condition of applicability of classical statistics.
For the fulfilment of (1.4.12) at energies ¢ ~ kT (for ¢ > kT the exponential
rapidly increases), it is necessary to require that e #/*T > 1. Assume, that this
inequality is satisfied, so that for all energies

-1
(exp EkT‘u - 1) ~ exp MkTE' (1.4.13)
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Figure 1.2: The mean occupation number (n.) of a single-particle state ¢ in a sys-
tem of non-interacting particles. Dashed curve represents the Maxwell-Boltzmann
particles, solid curve the Bose ones.

Then, from the normalization condition (1.4.11), we find:

N = / exp =€ dP=pydp-dV._ 2022V i /oo e,
0

kT h3 h3
ormkT\** .
=V ( -3 ) et/F T | (1.4.14)
Therefore,
V [ 2rmkT\*?
—u/kT _
T = ( T ) : (1.4.15)
Thus, the criterion of the validity of the application of classical statistics is
V [ 2rmkT\*?
— o — 1. 1.4.16
N < 0 ) > (1.4.16)

If the inverse inequality is fulfilled, then the quantum effects become significant
and one cannot use the Maxwell-Boltzmann distribution.

As one may observe, the criterion (1.4.16) contains several parameters. First
of all, it contains the mass m of the particles: the larger the mass, the larger
the left-hand side of the inequality. Further, (1.4.16) contains the density of the
gas and its temperature 7. As it could be expected, the inequality (1.4.16) is
satisfied for high temperatures and is violated for low temperatures, so that at
low temperatures quantum effects must appear. The fulfillment of the inequality
(1.4.16) is also favored by a small gas density.

In the inverse limiting case, when

V [ 2rmkT\**
N<___7TZ’2‘T> <1 (1.4.17)

degeneracy of the gas arises. Thus, the degeneracy can be due to the following
causes: (1) a small particle mass, (2) a large gas density, (3) a low temperature.
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For all ordinary gases the difference between quantum statistics and classical
statistics for not particularly low values of the temperature and large values of
the density turns out to be negligibly small. Thus, the quantum Bose distribution
can, with a high degree of accuracy, be replaced by the Maxwell one.

Despite that, the creation of quantum statistics made it possible to solve a
number of important physical problems. To one of them, known as Bose conden-
sation, we will dedicate a lot of attention in what follows.

1.5 Qualitative properties of Bose-Einstein dis-
tribution

Having established the form of the Bose-Einstein and Maxwell-Boltzmann distri-
butions as well as their domains of applicability, we may turn to a more detailed
exploration. It is surprising that a purely qualitative treatment of the quantum
law reveals a curious phenomenon, which is absent in the classical case.

To start with, let us evaluate the quantity p.(n), which is the probability of
finding exactly n particles in the single-particle state with energy . To indi-
cate the difference with the classical case, we begin with the Maxwell-Boltzmann
distribution.

From the general considerations of the previous chapters we infer that

(e Be=m)

Pe(n)lrrp = , (1.5.1)
n!
Normalizing (1.5.1) to unit, we get
G W O TR

pe(n)lar.p = S, (e=A=m)" /n! - exp (e=B-n))
which, expressed in terms of the mean occupation number (n.) of the state, gives:

n
pg(n)lM_B = (~<—7:15—l>)—€_(n5>. (153)
Distribution (1.5.3) is clearly a Poisson distribution, which arises in statistics when
one tries to describe the probability of observing a certain number of independent
events, when the average number of such events per unit time is known. The
common property of this kind of models is that the ratio p.(n)/p.(n — 1) varies
inversely with n, which means that the probability of observing a greater number
of uncorrelated outcomes varies inversely with n.
Let us now do the same for the Bose-Einstein statistics. Due to the indistin-
guishability of quantum particles, the corresponding Gibbs factor 1/n! drops out
and we get

(e—ﬁ(e—it))"
pe(n)lpe = RN

n=0

= (@—ﬁ(f—#))” [1 _ c—ﬁ(s—u)] 7 (1.5.4)

or, expressed in terms of the mean occupation number,

()" (1.5.5)

Pe(n)|p.E = W

14



We observe that the Bose-Einstein distribution is radically different from the
Maxwell-Boltzmann one. It is geometric, i.e. it has a constant common ratio
(n.)/ ({n) +1). This means that the probability of a single-particle state ¢ to
acquire one more particle is independent of the number of particles already oc-
cupying that state. Thus, in comparison with the classical statistical behavior,
bosons exhibit a special tendency of “bunching” together, which indicates a pres-
ence of a positive statistical correlation between them. The latter is responsible
for the long-range order, which will be discussed in later sections.

Next consideration turns out to be even more surprising.

Consider a collection of N non-interacting particles, which can each be in one
of two states, |0) or |1). Once again, we will treat the classical and quantum cases
separately, in order to stress the difference between the two. Let us start with the
classical one.

If states |0) and |1) are of equal energy, then each single particle is equally
likely to occupy any of these states. The system, composed of N such particles,
no of which are in state |0) and n; in state |1), has a statistical weight equal to

N!
no!nll.

I/VM.B.{nOa ’I’Ll} - (156)
As we have seen before, this is just a number of permutations between the particles
in different states. One may easily check that W|,s 5. reaches maximum, when
no = ny, i.e. the maximal statistical weight belongs to a configuration in which
particles are distributed evenly among the states, half in |0) and half in |1). As
N — oo, W/ . quickly acquires a form of a delta-function.

Suppose now, that the energy FEy of the state |0) is equal to zero, while the
energy of the state |1) has a small but finite value E;. In this case, the average
fraction of particles in state |0) is

ng _ Nt —BEim, (N=1)! —BEin;
(no) _ Zni N no!,,,lge _ Zni (no—l)!m!e (1 5 7)
o Nl .—BEini _N! _ ~BEin e
N Zni no!nl!e ! Z"Li no!nl.e

where summations goes over all possible system configurations. Performing them,
we obtain:
(ng)  (L+ e PE)N-1 1

N (1+ePE)N — 14 ePEr°

(1.5.8)

As one may readily observe, the resulting function is a smooth function of energy
FE, and is equal to 1/2 when F; = 0. (see Fig.1.3).

We may conclude that the actual physics of the system of classical particles is
the result of the outcome of the competition between energy and entropy. While
the energy’s role is to put as many particles as possible into a ground state, the
entropy’s role, conversely, is to spread the particles evenly among the states. As
we may observe from Fig.1.3, statistical spreading in the case of distinguishable
particles is huge and determines the outcome. Only substantial distance between
the energy levels allows the energy to win this competition.

Now consider the system of indistinguishable particles. Compared to the pre-
vious case, the total number of different configurations of the system, consisting
of N such particles, is now only IV + 1. If there are K particles in state |1), there
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Figure 1.3: Average fraction of the number ny of distinguishable particles in the
ground state as a function of the energy F; of the nearest excited state.

are N — K particles in state |0). Whether any particular particle is in state |0) or
in state |1) cannot be specified, so each value of K determines a unique quantum
state for the whole system. When the energies of the states are the same, there is
no statistical spreading ~ it is just as likely for all the particles to be found in the
state |0), as for the particles to be split half and half.

Now suppose, as earlier, that the state |0) is the ground state and |1) is the
lowest-lying excited state with energy F;. As before, each value of K determines
a single state, which has its own separate Boltzmann probability. Furthermore,
each state has a statistical weight equal to unit. Therefore, the probability to find
a system in a state with K particles, occupying the single-particle state |1), is

B (e"ﬁEl)I(
> femo (670B1)"

Then the average fraction of the number of particles which are in the excited state
is

p(K) = PER 1 — e FB1]. (1.5.9)

(77;1) — Z?{o=0 %e—ﬁKEl — 1 e_ﬁEl 1 5 10
N S oo CaN T N1-—e BB’ (15.10)

The most striking observation from (1.5.10) is that the ratio goes down as the
number of particles N goes up and gradually approaches zero in the thermody-
namic limit N — co. This is in complete disagreement with the classical case,
where the number of particles in the excited state grows infinitely as N becomes
large. It says that in the indistinguishable case the capacity of the non-ground
state is limited, so in the thermodynamic equilibrium most of the particles will be
in a vacuum, no matter how small is the energy gap.

In this case, the energy takes completely over the entropy due to the lack
of statistical pressure, which plays an important role in classical systems. An
infinitesimally small energy gap between the states is enough for most of the
particles to collapse into the vacuum.
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One may readily generalize the above conclusions to the case of a continuous
spectrum. For example, consider a gas of particles, each of which can be in different
momentum states, labeled |k). If the number of particles is less than the number
of thermally accessible states, which is always so for the high temperatures and low
densities, then the particles can be found in distinct energy states. In this limit the
gas is classical. However, as the density increases or the temperature decreases,
the number of accessible states per particle becomes smaller, and at some point
more particles will have to occupy the same state than the maximum allowed for
that state by statistical weighting. From this point on, any extra particle, added
to the system, will inevitably fall into the ground state. This is the essence of
the spontaneous symmetry breaking phenomenon, which will be discussed in some
detail in later sections.

1.6 Thermodynamic properties of an ideal Bose
gas

Now, that we have qualitatively outlined the general properties of an ideal Bose
gas, it is time to turn to more specific quantitative considerations.

As it is well known, the equation of state of an ideal Bose gas has the following
form:

pv

T Zln(l — ze7P8), (1.6.1)

Here P is the pressure and summation is carried over all single-particle quantum
states accessible to a system. Parameter z is the activity of the gas, related to the
chemical potential u as

z = exp(u/kT). (1.6.2)

As we have mentioned earlier, the latter can be defined with the help of the
normalization condition

N=>(n)y=> Z—TE’;'IT (1.6.3)

It is always less than zero and decreases in an absolute value with decrease of
temperature.

In the thermodynamic limit, when the volume V' of the system goes to infinity,
the spectrum of single particle states becomes almost continuous and summations
on the right-hand sides of (1.6.1) and (1.6.3) may be replaced by integrations. In
doing so, we make use of the asymptotic expression (1.1.11) for the density of
states Q(e) in a neighborhood of a given energy ¢, namely

Q(e)de = (2nV/h3)(2m)3/ %} ?de. (1.6.4)

We note, however, that by substituting this expression into our integrals, we are
unintentionally giving a weight zero to the energy state e = 0. This is wrong,
because in a quantum-mechanical treatment we must give a statistical weight
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unity to each nondegenerate single-particle state in the system. Therefore, it is
common practice to take this particular term out of the sum before carrying out
an integration. We thus obtain:

P _ 2w 3/2 = _1/2 Be 1
ﬁ = ——}—]JE(Q'H'L) \/O £ h’l(l — Ze )df v ln(l t Z) (165)
and
N 27 * g2 1 z
= = 2 (2m)%? - . 6.
% h3( 7TL) /0 Z“leﬂ5—1+V1—z (166)

Of course, the lower limit of the integrals can still be taken as equal to 0, because
the state ¢ = 0 is not going to contribute towards the integrals anyway.

One may estimate the relative importance of the last terms in (1.6.5) and
(1.6.6) right away. For z < 1, which corresponds to situations which are not far
removed from the classical limit, each of these terms is of order 1/N, i.e. negligible.
However, as z increases, its values come close to unity. Then the term z/(1 — 2)V
in (1.6.6), which is identically equal to the density of the particles in the ground
state No/V, can well become a significant fraction of the quantity N/V. This
phenomenon, when a macroscopic number of particles crashes simultaneously into
the vacuum, is called the Bose-Finstein condensation.

Nevertheless, since z/(1 — z) = Ny and hence z = Ny/(Ny + 1), the term
—V~ (1 — 2) in (1.6.5) is equal to V= In(N + 1), which is at most O(N~1n N).
This term is, therefore, negligible for all values of z and hence may be dropped.

We now obtain from (1.6.5) and (1.6.6), on substituting Be = p?/(2mkT) = ,

P 2w (2mEkT)3/2 [ . 1
ﬁ = —_(Tg_)_./o 1‘1/2 ln(l — Z€ )d_’L‘ — X§95/2(Z) (1.6‘7)
and
N =Ny  2r(2mkT)3/% [ z/2(g 1
- == . 1.6.8
Vv h3 /0 Z~16:1:_1 /\3-(13/2(2) ( 6 )
Here
h
A= kT (1.6.9)

is the mean thermal wavelength, while g,(z) are the Bose-Einstein functions, de-
fined by

= — 4+ =+ ... .6.1
Py Z+2u+3u+ (1.6.10)

1 /'°° z%dx 22 28
0

Equations (1.6.7) and (1.6.8) are our basic results. Upon elimination of z, they
would give us the equation of state of an ideal Bose gas.

We see that the precise value of z is now obtained from (1.6.8), which may be
written as

2mmkT)*/?
NC - V'(_h3“)-——g3/2(2), (1611)
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where N, is the number of particles in the excited states (¢ # 0). Of course, unless
z gets extremely close to unity, N, ~ N. It is obvious, that, for 0 < z < 1, the
function g3/2(z) increases monotonically with z and is bounded from above. Its
largest value is given by the Riemann zeta function:

3
Hence, for all z of interest,
3
gsj2(z) < ¢ <§> : (1.6.13)

Consequently, for given V' and T, the total equilibrium number of particles in
all excited states, taken together, is also bounded, i.e.

2rmkT)3/? 3
N, < VL?—LC <§) ) (1.6.14)

As long as the actual number of particles in the system is less than this limiting
value, everything is well. Practically all of them are distributed over the excited
states and the precise value of z is determined by (1.6.11) with N, ~ N. However,
at one point, the actual number of particles may exceed this limiting value. Then
it is natural to assume that the excited states will receive as many particles as
they can hold, namely

(2emkT)32 (3

while the rest will be pushed into the ground state e = 0, whose capacity under
all circumstances is practically unlimited:

/
No=N - Vﬁfm—”;l{“fiig (-23-) . (1.6.16)

The precise value of z would then be determined by the formula

z= =1-— (1.6.17)

which shows that this parameter is unity for all reasonable purposes.

In some sense, the phenomenon of Bose condensation is similar to the famil-
iar process of a vapor condensing into the liquid state, which takes place in the
ordinary physical space. Conceptually, however, the two processes are very dif-
ferent. First, because the phenomenon of Bose-Einstein condensation is purely of
quantum origin, occurring even in the absence of intermolecular forces. Second,
because it takes place in the momentum space and not in the coordinate space.

The condition for the onset of Bose-Einstein condensation is

(2rmk)3/? (3
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or, if we hold N and V constant and vary T,

h? N i
T<T.=s—— =7 . (1.6.19)
2rmk | V(¢ (5)

Here T. denotes a characteristic temperature, that depends on the particle mass m
and the particle density N/V in the system. Accordingly, for T' < T., the system
may be looked upon as a mixture of two ”phases”:

(i) a normal phase, consisting of N, = N(T/T,)*/? particles, distributed over
the excited states (¢ # 0), and

(ii) a condensed phase, consisting of Ny = N — N, particles, accumulated in the
ground state (e = 0).

/
™~ /

N

~ y
zolzos \ V4
= N
4
7
e

Figure 1.4: Fractions of the normal phase (dashed line) and the condensed phase
(solid line) as functions of the temperature parameter T'/T,.

Figure 1.4 shows the manner in which the complementary functions N,/N and
No/N vary with T. For T' > T,, we have the normal phase alone. The number of
particles in the ground state, z/(1 — z), is O(1), which is completely negligible in
comparison with the total number N. Clearly, the situation is singular as T = T.

For the later reference we note that, at T < T, the condensate fraction vanishes
as follows: '

N. T 3/2
7\[2 —1- (F) . (1.6.20)

A knowledge of the variation of z with T is also of interest here. It is, however,
simpler to consider the variation of z with (v/A®), which is the ratio between the
free volume per particle v = V/N and the ”thermal volume” of the atom. As one
may observe from (1.6.9), this ratio it proportional to 73/2. For 0 < (v/A%) <
(2.612)~!, which corresponds to 0 < T < T, the parameter z ~ 1 (see (1.6.17)).
For (v/A3) > (2.612)7!, z < 1 and is determined by the relationship

g32(2) = (v/A®) < 2.612 (1.6.21)
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(see (1.6.8)). For (v/A%) > 1 we have g3/2(2) < 1 and, hence, z < 1. Under these
circumstances, gs/2(2) ~ z (see (1.6.10)). Therefore, in this region z ~ (v/X%)~!,
which is in complete agreement with the classical case.

Thus, the chemical potential of an ideal Bose gas has constant maximum value
of zero in the whole range of temperatures below critical and slowly goes down
above T, as temperature increases, asymptotically approaching the classical values.
Figure 1.5 shows these specifics.

z 0.6
0.4 g
0.2
0.25 0.5 0.75 1 1.25 1.5 1.75 2

Figure 1.5: The activity z of an ideal Bose gas as a function of v/A3. Condensed
phase of the gas disappears at the breaking point.

Next, we examine the (P, T)-diagram of the system, i.e. the variation of P
with T, keeping v fixed. For T < T, the pressure is given by (1.6.7), with z

replaced by unity, i.e.
KL (5

which is proportional to 7%/2 and is independent of v, implying infinite compress-
ibility. At the transition point, the value of the pressure is

P(T,) = (ZZ;" )3/2 (KT.)*%¢ (g) : (1.6.23)

In order to estimate its order of magnitude, we use (1.6.19) and rewrite (1.6.23)
as

P(T,) = gg G\;kT) ~ 0.5134 (gw) . (1.6.24)

Thus, the pressure, exerted by the particles of an ideal Bose gas at the transition
temperature T, is about one-half of that of an equivalent Boltzmann gas.
For T > T,, the pressure is given by
N gs2(2)

P=—kT ,
v 93/2(2)
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where z(T') is determined by the implicit relationship

XN h?

g3/2(2) = o TV @k TR (1.6.26)

Unless T is very high, the expression for P cannot be represented with simpler
terms. As T' — oo, the pressure approaches the classical value NkT/V .
All these features are shown in Fig.1.6. The transition line in the figure por-

7
§ /
2 ." /
o g /
Dy
™
! ,,/
;>E?1 ,l/
n, {4
=4
0 L™
0 1 2 3
T/ T,

Figure 1.6: The pressure and the internal energy per particle of an ideal Bose gas
as a function of a temperature parameter T'/T,. Thick solid line represents the
ideal Bose gas, dashed line the classical Boltzmann gas and the thin solid one is
the transition line described in text.

trays (1.6.22). The actual (P, T)-curve follows this line from T =0 up to T = T,
and thereafter departs, tending asymptotically to the classical limit. It may be
pointed out that the region on the right of the transition line belongs to the normal
phase alone, the line itself belongs to the mixed phase, while the region to the left
is unaccessible to the system.

There is a direct relationship between the internal energy of a Bose gas and
its pressure. Indeed, the internal energy of the system is given by

v <% Es:m(l - ze‘ﬁ5)> = kT® [% (gg—)}v

2.V
3,V

Thus, quite generally, our system satisfies the relationship
2
P= 3 uyvy. (1.6.28)
Therefore, Fig.1.6 depicts equally well also the variation of U with T (with
v fixed). Its slope should, therefore, be a measure of the specific heat Cy(T)

of the gas. We readily observe that this parameter is vanishingly small at low
temperatures, rising with 7" until reaching a maximum at 7' = T,. Thereafter, it
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decreases, tending asymptotically to the constant classical value. Analytically, for
T < T,, we obtain:

c, 1 (oU 3V _(5\ d [T\ 15, (5\ v
v - — — = ——— —_ B — —_— e —_— —_— . 2
Nk~ Nk <8T>N,V 2N (2) T <A3) 7 (2) oo (1629)

which is proportional to T%/2. At T = T, we have

Cv(Te) _ 15¢(5/2)
NE 4 ¢(3/2)

~1.925, (1.6.30)

which is significantly higher than the classical value 1.5.
For the case of T' > T,, we may obtain an implicit formula. First of all,

SpEm e

To carry out the differentiation, we need to know (9z/8T),.. This can be obtained
from (1.6.21) with the help of the recurrence relation, satisfied by the Bose-Einstein
functions:

=Ll 2)] = gua(2) (1.6.32)

o

On one hand, since gz/o(z) ~ T73/2,

0 3
[W%/Z(z)]v = *ﬁgz/z(Z). (1.6.33)
On the other hand,
0
25-1932(2)] = 912(2). (1.6.34)
Z
Combining this two results, we obtain:
1 3 3 gg/g(z)
“\55) =-= . 1.6.35
z <8T)u 2T g172(2) (1.6:35)

Therefore, equation (1.6.31) now gives:

Co _15g52(2z)  9g32(2)

Lv ] 1.6.36
Nk 4 93/2(2) 491/2(3) ( )

Here the value of z as a function of T is again to be determined from (1.6.21). In
the limit z — 1, the second term in (1.6.36) vanishes because of the divergence of
91/2(2), while the first term gives exactly the result appearing in (1.6.30). The spe-
cific heat is, therefore, continuous at the transition point. Its derivative, however,
is discontinuous, with the magnitude of discontinuity being equal to

oC oC, 27Nk 3\ 12 Nk
= — == =1 (2)] ~s. . (16.
( or >T=Tc—0 ( or )T:Tc+0 1671 [C <2>} 3665 T, (1.6.37)
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T/Te

Figure 1.7: The specific heat per particle of an ideal Bose gas as a function of the
temperature parameter 7'/7,. Dashed line indicates the classical value.

For T' > T¢, the specific heat decreases steadily towards the limiting value

C, 15 9 3

Figure 1.7 shows all the features of the (C,, T')-relationships.

We shall now look at the isotherms of the ideal Bose gas, i.e. the variation of
the pressure with the volume for fixed T. The Bose-Einstein condensation now
sets in a characteristic volume v, given by

v, = N/C(3/2) (1.6.39)
(see (1.6.18)). We note that v, ~ T73/2. For v < v, the pressure is independent
of v and is given by
KT (5
Py = —/\?C (—2—> (1.6.40)

(see (1.6.22)).
In Fig.1.8 the region, where two phases coexist, is marked by a boundary line
(called the transition line), given by the equation

5/
b3 — = const. 1.6.41
oL 27 C(3/9) cons (1.6.41)
Clearly, the region to the left of this line belongs to the mixed phase, while the
region to the right belongs to the normal phase alone.
Finally, we examine the adiabats of the ideal Bose gas. For this, we need an
expression for the entropy of the system. Using the thermodynamic formula

U-TS+PV =Ny (1.6.42)

and the expressions for U and P obtained above, we get:

2 g3/2(2)

1.6.43
22¢(5) for T <T,. ( )

S _U+PV p {f’-w—lnz for T > T,
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Figure 1.8: Isotherms of an ideal Bose gas. Thin solid line corresponds to the
transition line given by (1.6.41).

Once again, the value of 2(T’), for T > T,, is to be obtained form (1.6.21).

A reversible adiabatic process implies the constancy of S and N. For T > T,
this implies the constancy of z, as well as the constancy of (v/)\3) by (1.6.21).
For T < T, it again implies the same. Thus, we obtain, quite generally, the
following relationship between the volume and the temperature of the system,
when it undergoes a reversible adiabatic process:

vT3/? = const. (1.6.44)
The corresponding relationship between the pressure and the temperature is
P/T5? = const. (1.6.45)
Eliminating T, we obtain
Pv®® = const (1.6.46)

as the equation for an adiabat of the ideal Bose gas.

Incidentally, the foregoing results are exactly the same as for an ideal classical
gas. There is, however, a significant difference between the two. While the expo-
nent 5/3 in formula (1.6.46) is identically equal to the ratio of the specific heats
Cp and Cy in the case of the ideal classical gas, it is not so in the case of the ideal
Bose gas. For the latter, this ratio is given by

_Cp _ I 4 Cy g12(2) _ 5 g5/2(2)g1/2(2)
Cy INkgspp(z) 3 lgsp(2)]?

It is only for T' >> T, that v ~ 5/3. At any finite temperature, v > 5/3 and as
T — T,, v — oo. Equation (1.6.46), on the other hand, holds for all 7.

In the region of the mixed phase (T" < T,), the entropy of the gas may be
written as

(1.6.47)

Y

_ v 5,¢(6/2)
S=N,- e <N (1.6.48)
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As expected, the Ny particles, that constitute the condensate, do not contribute
towards the entropy of the system, while the N, particles, that form the normal
part, contribute the amount of 2k((2)/¢(2) per particle. Thus, as the temperature
goes up, the entropy grows proportionally to the number of accessible excited
states, i.e. ~ T%/? (see (1.6.21)).

1.7 The method of quantized fields

Previous sections were dedicated to the statistical mechanical investigation of the
ideal Bose gas. However, if the gas is interacting, it is convenient to reformulate
the problem on the language of quantum ficld theory. First, because it provides
convenient tools necessary to calculate the interaction corrections. Second, be-
cause it will lead to the appearance of brand new ideas and concepts underlying
the phenomenon of Bose-Einstein condensation.

Nowadays, quantum field theory is a highly elaborate subject. There are three
equivalent roads to it [8]:

1. Operator secondary quantization technique.
2. Approach, based on Feynman diagrams (Green’s function method).
3. Functional integral formulation.

Despite the recent trend in the literature to treat the degenerate gases within the
third approach [14], most of the works use the secondary quantization technique
as a tool.

In the secondary quantization formalism one considers a system of interest
as a quantum field, represented by an infinite number of interacting harmonic
oscillators, whose excitations are being identified with particles.

The special role of the harmonic oscillators is due to additivity of their spectra:
if £y, Ey are the energy levels, then Ej + E; is also an energy level. That is
exactly what we expect from elementary particles. Therefore, we try to identify
hamiltonians of particles with hamiltonians of interacting oscillators [9].

In addition, oscillators are considered to be indistinguishable, and, therefore,
the state of the system is completely getting characterized by the occupation
numbers of all accessible single-particle states.

Thus, the secondary quantization technique could be regarded as a far-reaching
generalization of the statistical mechanical method, which we employed to de-
rive the Bose-Einstein and Maxwell-Boltzmann distributions. It preserves all the
virtues of the latter and extends its area of applicability to virtually any kind of
physical system, closed or open, interacting or not.

With this introduction, let us now turn to a formal consideration of the subject.

1.7.1 The number representation

Consider a system of particles, whose single-particle states could be classified by a
discrete index ¢ = 1,2, 3, ... [10]. To explain what the index i implies, let us recall
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that, according to wave mechanics, the state of a single particle is represented by
a normalizable wave function ¥(r):

/dr]lll(r)]2 < 0. (1.7.1)

By this reason, ¥(r) cannot be a plane wave. It is a wave packet, i.e. any spatially
localized wave function.
Any normalizable function ¥(r) can be expanded as

¥(r) = Z cipi(r), (1.7.2)

where the functions ¢;(r) form a countable set {¢;(r); i = 1,2,...} of orthonor-
malized functions, which satisfy the following conditions:

/ dr ¢ (2)s (x) = 55, (1.7.3)

where the ”star” denotes the operation of complex conjugation.

A well known example of an orthonormalized complete set {¢;} are the afore-
mentioned harmonic oscillator wave functions, which are classified by the principle
quantum numbers.

The expansion coefficients ¢; in (1.7.2) may depend on time.

Earlier, when deriving the ideal quantum gas distribution, we constructed a
subsystem as a collection of particles of the same energy. Thus, the state of the
subsystem turned out to be completely characterized by the occupation numbers
of the single-particle quantum states. This kind of description can straightfor-
wardly be generalized to the case of an arbitrary many-body system of interacting
particles.

Indeed, let us consider a many-body quantum system which, unlike the pre-
vious consideration, comprises particles of different energies. Suppose n; is the
number of particles occupying the ith single-particle quantum state. Then a state
of the whole system is identified when we specify n; for all i. Thus, we will denote
this state by |ni, na, ....).

Due to the interactions, the system state will evolve in time. Correspondingly,
the numbers n; will run through the whole sequence of possible values, which is
limited only by certain restrictions specific to the system.

Assembling all such states, we construct the set {|ni, no,....)}. This set has
interesting features, which will be investigated below.

In order to describe the interactions, it is convenient to introduce the annihi-
lation and creation operators, a; and &;f respectively, as the following:

&ilnl, ey Ny > - \/n_ilnl, ey TV — 1, ), (174)
allny,omne, Y = Vg + Lng, omg + 1,0, (1.7.5)

Thus, the operator a; reduces the number of particles in state 7 by one, i.e. replaces
n; by n; — 1. In contrast, the operator &:f increases this number by one, i.e. replaces
n; by n; + 1. Obviously, we can move from any state to another state in the set
{|n1,na,....)} by means of repeated applications of the creation and annihilation
operators. ,
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Definitions (1.7.4) and (1.7.5) allow one to introduce an important particle
number operator as

Ni]nl, vees Ty, ) = TLiITLl, ey g, >, (176)
where N; is defined by
N; = ala,. (1.7.7)

This operator gives the number of particles in the ith energy state. The total
number of particles in the system is then represented by the sum

N=>"N, (1.7.8)

which is called the total number operator.

The actions of the 4, and ELI operators on the system states are not independent.
This fact can be expressed by the following Bose commutation relations, which
might be read from (1.7.4) and (1.7.5):

l:di, CAL;:] |7’L1, na, ) - 5ij|n1, N9, >, (179)
[&i)&j] [’)’Ll,nz,...> = 0, (1710)
[a}‘,aﬂ I, g, ..) = 0. IR AT)

The creation/annihilation operators and states, introduced in that way, con-
stitute the major ingredients of the secondary quantization formalism. However,
the development, performed above, contains one feature, which is inherent to the
systems of infinite number degrees of freedom and which, therefore, is absent in
ordinary quantum mechanics. Let us discuss it in more detail.

1.7.2 Unitarily inequivalent representations

A significant feature of the set {|ni, n2,...)} is its non-countability. This property
is easy to observe in the case of a fermion system, in which there are only two
values of the occupation numbers possible, n; = 0 and 1. Indeed, using the
binary number system, we consider the set A = 0, n17n9...n;..., in which n; = 0 or
1. This sequence covers the interval (0,1) of the real line and has a one-to-one
correspondence with the set {|ny, na,...)}. We thus conclude that {|n;,na,...)} is
not countable.

It is obvious that this conclusion also holds true in the case of a boson system,
where there are no restrictions on the values of the occupation numbers.

Since the set {|n1,na, ...)} is not countable, we cannot use it as a base of a sep-
arable Hilbert space. For this purpose, it is necessary first to choose its countable
subset. Obviously, there are infinitely many ways to do that. The problem, how-
ever, is that when two different subsets can be used as a base of representation
for the operators a;, di , then these two representations turn out to be unitarily
inequivalent to each other in the sense that a vector of one representation is not
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a superposition of the base vectors of another representation. This creates a very
deep difference between the situation in ordinary quantum mechanics and the one
in quantum field theory. In quantum mechanics, one deals with finite-dimensional
systems and does not have to worry about the choice of representations for canon-
ical variables, because all representations are unitarily equivalent. This is not so
in quantum field theory.

In the next section we will see why this happens and which physical conse-
quences it reveals. But first we need to construct the Fock space.

1.7.3 The Fock space

At first glance, it seems probable, that the set {|ni, ns,...)} is unnecessarily large
for the description of nature. After all, in all experiments only a finite number of
quanta is excited, although this number can be arbitrarily large. Therefore, we
shall assume that the following subsect is sufficient for the description of physical
processes:

[0]-set = {|7’L1,712, s Zn, = ﬁnite} : (1.7.12)

This set contains the state of no particles (n; = 0 for all 7), which is called the
vacuum and denoted by |0):

10y = 10,0,...). (1.7.13)

On the other hand, it does not contain many states which were in the original set
{|n1,n2,...)}. For example, the state with n; = 1 for all 7 is clearly not contained
in the [0]-set.

The vectors in the [0]-set are constructed by repeated application of the cre-
ation operators a;‘ on the vacuum state. In the case of the boson system, we may

write a vector |ng, ng,...) as (see (1.7.5))

Ini, na,..) = H(ni!)_lﬂ(dj)"i

i

0). (1.7.14)

Construction of the conjugate vectors (nj, na,...| goes along the same lines.
First, we suppose, that the inner product of vectors and conjugate vectors is well
defined. We will denote it by (nf,ns,...|n1, ne,...). Additionally, for the inner
product of the vacuum vector and its conjugate (0], the following normalization
condition applies: '

(0]0) = 1. (1.7.15)

Second, we define the operation of &I and a; on conjugate state vectors in such a
way that d; becomes the hermitian conjugate of !. Then (1.7.4) and (1.7.5) lead
to

(1, .y, Ja) = /Ailng, oni — 1, (1.7.16)
and
(ny, oo,y @ = Vg + Lna, g + 1,0 (1.7.17)
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Thus, the conjugate vectors could be constructed by the repeated application of
the annihilation operators on the conjugate vacuum state:

(n1,n9,...| = 0}]:[ n:) 72 (a,)" (1.7.18)

Now, from (1.7.4) and (1.7.16) we may observe the following obvious identities:

a;]0) =0, (1.7.19)
(0lal = 0. (1.7.20)

Furthermore, (1.7.4) and (1.7.5) lead to

%

0) = |0). (1.7.21)

Equations (1.7.19-1.7.21) contain enough to show that the [0]-set is an or-
thonormalized set:

(ng, i, 1, ma, ) = [ St (1.7.22)

The Hilbert space, constructed as a linear superposition of the vectors of the
[0]-set and equipped with a norm, is called the Fock space.

We may also take a different look at the space just constructed. As one may
observe, the relations (1.7.9-1.7.11) lead to

(a {ai,a}] Ib) = 6,;{alb), (1.7.23)
(al [z, 6;] b) = (a] [al, J Ib) = (1.7.24)

for any two vectors |a) and |b), which belong to the Fock space. These relations
imply that this space is a representation of the operators a; and ELT , the algebraic
properties of which are defined by the Bose commutators:

ERIEE (1.7.25)
[a:, 8] = [af,a]} =0. ~ (1.7.26)

Thus, the construction of the Fock space could be realized purely empirically.
One can set up a quantum-theoretical language, in terms of which the system of
interest could be described without any reference to the specifics of its dynamic
behavior. This ”language”, i.e. the Fock space, can therefore be used in any
situations, where one deals with quantum systems, whose states could specified
by the number series. That is why the general framework, constructed here, can
successfully be used in such diverse areas as condensed matter and high energy
physics.
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1.8 Long-range order, symmetry breaking and
order parameter

In the previous section we have seen, how a broad class of physical systems could
be represented by a Fock space, constructed by repeated applications of creation
operators & on its vacuum state.

It may seem that this representation is unique, i.e completely determined by
the algebraic relations (1.7.25,1.7.26) up to unitary equivalence. However, this is
not so. It turns out, that the canonical transformations of the Fock space (the
ones, which leave the commutation relations invariant) do not need to be unitarily
implementable.

For instance, this kind of situation emerges, when a huge number of bosons
condense into the ground state. The fact that a macroscopically large number
of particles participates in this process suggests that, adding or extracting one
of then from the vacuum, does not change the physical properties of the system
just because it is impossible to detect this change. Therefore, those kinds of
states are physically identical. Mathematically, however, they are distinct, since
they contain different numbers of particles (which is a characteristic of the state
and which cannot be changed by any mathematical transformation). Thus, in
the thermodynamic limit, the number of mathematically different ground states
tends to infinity together with the number of condensed bosons. Correspondingly,
the Fock spaces, built on those vacua, are not unitarily equivalent, though they
describe essentially the same physical situation.

The rigorous treatment of this issue within the secondary quantization frame-
work is beyond the scope of this work. We will rather refer to the book [10], where
this problem is elaborate in a great detail.

Instead, we will concentrate on physical consequences of the unitary nonequiv-
alence, which appear in the problem we are interested in. These are the long-range
order, spontaneous symmetry breaking and the order parameter [11]. All three
concepts play a major role in the theory of Bose-Einstein condensation. Let’s
consider each of them separately.

1.8.1 One-body density matrix and long-range order

The object of our interest is the ideal uniform Bose gas. Within the secondary
quantization framework, it can be considered as a field, each mode of which is
represented by an independent oscillator with its own creation and annihilation
operators d; and ap. With their help, the field operators, which create and anni-
hilate a particle at point r, could then be represented as a linear superposition of
modes

i 1 ‘ |
(r) = / P (ape’™ +ale ), (1.8.1)

(2m)3 /2w,

where wp, is the frequency of the mode.
The field operators are subject to the Bose commutation relations:

[‘i/(r), \iﬁ(r')] = 6(r — 1), [\i'(r), \i/(r')] = 0. (1.8.2)
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Correspondingly,

[ap,ap} (2m)36%(p — P'). (1.8.3)

Important information about the system properties can be extracted from the
so-called one-body density matrix. With the help of the field operators, it can be
introduced as follows:

n®(r, r') = (T ()T (r)) (1.8.4)
With its help, one may directly obtain the density of the system by setting r = r':

n(r) = () (@) = nO(r,r). (1.8.5)

The total number of particles is then equal to N = [drn(r) = [drn®(r,1),
which defines the normalization of the one-body density matrix.

For the later considerations, it is useful to rewrite (1.8.5) in the momentum
representation:

n(p) = (¥'(p

)
where U(p) = (27h)~%/? [ drexplip - v/H]¥
tum space.

Now we are ready to explore the large distance properties of the ideal Bose
gas. Suppose, it contains N particles and occupies a volume V. Since the gas is
considered to be uniform, its one-body density matrix should depend only on the
modulus of the relative distance s = r — r’: n(0(r,r’) = n®(s). Therefore, one
can write:

¥(p)), (1.8.6)
(r

) is the field operator in the momen-

1 )
nM(s) = V/dpn(p) e Ps/h, (1.8.7)

If the system contains only normal component, its momentum distribution has
a smooth behavior at small momenta and, consequently, the one-body density
vanishes, when s — co.

The situation is different if, instead, the momentum distribution exhibits the
singular behavior:

n(p) = Nod(p) + 7(p), (1.8.8)

characterized by a d-function term with a weight Ny, proportional to the total
number of particles. But this is exactly what happens due to the Bose condensa-
tion, when the single-particle state with momentum p = 0 is getting occupied with
macroscopic number of particles. Substituting this expression back into (1.8.7),
we find that in the presence of BEC, the one-body density matrix does not vanish
at large distances, but approaches a finite value

nW(8)s00 — N0, (1.8.9)

fixed by the condensate density ng = No/V.

This kind of behavior is quite expected. Indeed, qualitative treatment of the
Bose-Einstein distribution, conducted earlier, showed, that bosons exhibit a ten-
dency of “bunching” together as a manifestation of the positive correlation, exist-
ing between the particles. This correlation does not vanish at large distances and
serves as a source of a long-range order.
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1.8.2 Order parameter and spontaneous symmetry break-
ing

The long-range order exhibited by the one-body density matrix is strongly con-
nected with the behavior of its eigenvalues n;, defined by the solution of the
following eigen equation:

/ dr'n O (r, 1) (r') = nii(r). (1.8.10)

Solutions of (1.8.10) provide a natural basis of orthonormalized single-particle
wave functions: [ ¢} (r)¢;(r)dr = §;;. By multiplying (1.8.10) by ¢;(r) and inte-
grating over r, one finds the normalization condition ¥;n; = N, which follows from
the completeness relation ), ¢7(r)¢;(r') = §(r — r') and from the normalization
of the diagonal density.

The knowledge of the eigenfunctions ¢;(r) and eigenvalues n; permits us to
write the density matrix in a useful diagonal form:

n®(r,r') = Z nit(r)di(r'). (1.8.11)

In the language of second quantization, the eigenvalues n,; provide the single-
particle occupation numbers, relative to the single-particle states ¢;(r).

As we have seen above, in the presence of BEC different parts of the density
matrix have different long-distance behavior. Therefore, it is a good idea to extract
the condensate term from (1.8.11) and rewrite the resulting expression as

n®(r,1') = Nogp(r)do(r') + Y g} (r)i(x'). (1.8.12)
i#0

In the thermodynamic limit, the sum with ¢« # 0 can be replaced by a proper
integration, which tends to zero at large distances s = |r — r’|. Vice versa, the
contribution of the condensate remains finite up to distances |r — 1’|, fixed by the
extension of the function ¢o(r).

Now we are ready to introduce the order parameter. For this, we will use the
single particle wave functions ¢;(r) to write the field operator ‘i!(r) in the following
form:

T(r) = Zqﬁi(r)&i, (1.8.13)

Here, as usual, a; and &;‘ are the creation and annihilation operators of a particle
in a state ¢;(r). Separating the condensate term ¢ = 0 as earlier, we obtain:

B(r) = go(r)in + Y hi(r)ds. (1.8.14)
i£0

This equation provides the natural starting point to develop the Bogoliubov
approximation, which consists of replacing the operators ag and &B with the c¢-
number y/Ng. This is equivalent to ignoring the noncommutativity of the operators
ap and dg and is a good approximation for describing the macroscopic phenomena
associated with BEC, for which Ny = (a}ao) > 1.
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In fact, the commutator of d¢g and dg is equal to 1, while the operators them-
selves are of order \/Ny. Thus, the Bogoliubov approximation is equivalent to
treating the macroscopic component ¢odg of the field operator (1.8.14) as a clas-
sical ficld, so that (1.8.14) can be written as

B (r) = Wo(r) + 6U(r), (1.8.15)

where we have defined ¥y = v/ Npgp and 60 = > £0 ¢;a;. If one can neglect the

noncondensate component & , as happens, for example, in dilute Bose gases at
very low temperatures, then the field operator coincides exactly with the classical
field ¥y and the system behaves like a classical object.

The function ¥g(r) is called the wave function of the condensate and plays the
role of an order parameter. It is a complex quantity, characterized by a modulus
and a phase:

\1’0(1‘) = ]‘IIO(I‘)I ez’S(r)' (1816)

The modulus determines the contribution of the condensate to the diagonal den-
sity (1.8.5). The phase S(r) plays a major role in describing the coherence and
superfluid phenomena.

The order parameter (1.8.16) characterizes the condensed phase and vanishes
above the critical temperature. As one can readily observe, it is defined only up
to a constant phase factor, so one can always multiply it by €** without changing
any physical property. This reflects the gauge symmetry, manifested in all physical
equations of the problem.

Making an explicit choice of the value of the order parameter (and hence of its
phase) corresponds to a formal breaking of the gauge invariance.

The Bogoliubov ansatz can be interpreted by saying that the expectation value
(¥) is different from zero. This would not be possible, if the states on the left
and on the right had exactly the same number of particles. From a physical point
of view, this symmetry breaking means that the condensate plays the role of a
reservoir. Since Ny > 1, adding a particle to the condensate does not change the
physical properties of the system. In other words, the state |N), containing N
particles, and the states |N + 1) « a@|N) and |N — 1) « ao|/N) are physically
equivalent, apart from the corrections of order 1/Ny. This provides the physical
ground for the spontaneous symmetry breaking phenomenon.

One more interesting feature of the order parameter should be noted. If we
take the average of the field operator (‘i’) over the stationary states, whose time
dependence is governed by the law e *#%/% then it is easy to see that the time
dependence of the condensate wave function is given by

To(r,t) = Uo(r)e /P, (1.8.17)

where the chemical potential 4 is determined by the standard statistical mechan-
ical formula: = E(N) — E(N — 1) ~ 8FE/ON. Thus, the time evolution of the
order parameter turns out to be ruled not by the energy, as it happens with usual
wave functions, but by the chemical potential, which emerges as a key parameter
in the physics of BECs.
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1.9 The weakly interacting Bose gas at zero tem-
perature

The ideal Bose gas is a very peculiar system. It is sufficient to remember that, in
the presence of BEC, it has infinite compressibility. Therefore, it is not surprising
that the interactions between the particles affect the properties of the gas in a
dramatic way, even for very dilute samples.

The problem of the almost ideal Bose gas is not trivial, since the ground state
energy is equal to zero in the absence of interactions, and traditional perturbation
techniques cannot be applied. '

It was first solved by Bogoliubov [15]. His theory is based on a new pertur-
bation technique and provides the basis for modern approaches to Bose-Einstein
condensation in dilute gases. Below we review this theory and the physical pre-
dictions it makes.

1.9.1 Lowest-order interaction corrections: ground state
energy and equation of state

In order to treat the influence of interaction on the properties of the ideal Bose
gas, we have to make an additional assumption. Namely, we will treat the rarefied
samples [11, 12, 13], so that the interactions between the atoms are weak enough
and the convergence of corresponding perturbation expansions is guaranteed.

In such systems, the range 7o of the interatomic forces is much smaller than
the average distance d = n=1/3 between the particles, which is fixed by the density
n = N/V of the gas. This allows one to consider only configurations involving pairs
of interacting atoms, while configurations with three or more particles, interacting
simultaneously, can be safely ignored.

A second important consequence is that the distance between two particles
is always large enough to justify the use of the asymptotic expression for the
wave function of their relative motion, fixed by the scattering amplitude. This
implies that all physical properties of the system can be expressed in terms of
the latter quantity and do not depend on more specific details of the two-body
interaction. Furthermore, we shall always consider gases at temperatures smaller
than the critical temperature for Bose-Einstein condensation. This suggests that
the relevant values of momenta always satisfy the inequality

o« (1.9.1)
)
At such momenta, the scattering amplitude becomes independent of energy as
well as of the scattering angle and can be safely replaced with its low-energy
value which, according to standard scattering theory, is determined by the s-wave
scattering length a, which characterizes all effects of interaction in Bose gases.
In particular, the condition of diluteness can be written as

la| < n™l/3 (1.9.2)

and should always be explicitly satisfied. It is equivalent to requiring that the
value of the so-called gas parameter n|al® be very small, i.e. nja]® < 1.
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Let us write the Hamiltonian of the system in terms of the field operators ¥
- A2 . - P
= / <2—-v\1ﬁ vw) dr+ 5 / U — )8 dr'dr. (1.9.3)
m

Here U(r) is the two-body interaction potential.
For a uniform gas occupying a volume V, the field operators can be conve-
niently written as a superposition of the plane wave functions:

- I
r) =Y ap——=e"P/" (1.9.4)
P \'/V

Substitution of (1.9.4) into (1.9.3) gives an equivalent expression for the Hamilto-
nian

2
N P° A
H:ZQ a V Z U P1+q Po aPzap27 (195)
P

P1,P2.9

in which U, = [U(r) exp[—iq - r] dr.

In the real systems the interatomic potential always contains a short-range
term, which makes it difficult to obtain the solution of the Schrodinger equation
at the microscopic level. In particular, the scattering of slow particles cannot be
worked out using perturbation theory. On the other hand, in virtue of the above
discussion on the diluteness criteria, we conclude, that the actual form of the two-
body potential is not important for describing the macroscopic properties of the
gas, if it gives the correct value of the s-wave scattering length.

In order to work out the many-body formalism in the simplest way, it is there-
fore convenient to replace the microscopic potential U with an effective soft poten-
tial U,ss, to which perturbation theory can be safely applied. Since the physical
properties must depend uniquely on the values of the scattering length, this pro-
cedure will provide the correct answer to the many-body problem as far as the
macroscopic properties of the system are concerned.

Since only small momenta are involved in the solution of the many-body prob-
lem, we are only allowed to consider the value ¢ = 0 of the Fourier transform of

Ueff:
U(): /U(:ffdr. (196)

With this ansatz, the Hamiltonian (1.9.5) takes the following form:

2
; LAY PN O
H = E %(LL(LP—F?V—UO E ai,ﬁq(z;z_qapzapz. (1.9.7)

The crucial point of the theory now is to use the Bogoliubov prescription, i.e.
to replace the operator ao with a c-number

do=VN (1.9.8)

in the Hamiltonian (1.9.7).
This operation is perfectly justified. Indeed, in a dilute gas at 7" = 0, the
occupation numbers of states with p # 0 are finite but small. This means that
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in the first approximation we can neglect all the terms in the Hamiltonian (1.9.7)
containing the operators a, and &;f) with p # 0. Since in the same approximation

Ny = N, one can replace ao with v/N. Consequently, the ground state energy
takes the following form:
N2,
Ey = :
T v

(1.9.9)

To the same order of approximation one can easily express the parameter Uy
of (1.9.9) in terms of the scattering length a, using the result Uy = 4wh%a/m of
the Born approximation. The ground state energy (1.9.9) can then be written as

1

where n = N/V is the density of the gas and the relevant interaction coupling
constant
4mh?
g="4 (1.9.11)

™m

is fixed by the s-wave scattering length a.
Equation (1.9.10) shows that, unlike the ideal gas case, the pressure of a weakly
interacting Bose gas does not vanish at zero temperature:

OF, 2
Pz—gﬁz%% (1.9.12)
Accordingly, the compressibility is also finite
on 1

and tends to infinity when ¢ — 0. With the help of the hydrodynamic relation

1 _8n
me2  OP

one obtains the following expression for the sound velocity:

c:d% (1.9.15)

In the next section we will prove that this result for ¢ coincides with the value
obtained by starting from the dispersion relation of the elementary excitations in
the long wavelength limit.

The condition of thermodynamic stability implies that the quantity on/0P
must be positive, i.e. o > 0. We then arrive at the important conclusion, that
a dilute Bose-Einstein condensed gas can exist only if the value of the s-wave
scattering length is positive.

It is finally important to remark that, unlike the ideal gas, the chemical po-
tential of the interacting gas is not equal to zero, but is given by

p= g = 9n (1.9.16)
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and is always positive at zero temperature. Using the result (1.9.15) for the sound
velocity, one can always write the chemical potential of a dilute Bose gas as

p=mc’. (1.9.17)

These kinds of curious parallels with relativistic physics will frequently emerge
in the future.

1.9.2 Higher order approximation: excitation spectrum
and quantum fluctuations

Result (1.9.10) for the ground state energy has been obtained by taking into
account in (1.9.7) only the particle operators a, and d; with p = 0. Terms,
containing only one particle operator with p ## 0, do not enter the Hamiltonian
(1.9.7) because of the momentum conservation. Therefore, by retaining all the
quadratic contributions in the particle operators with p # 0, one obtains the
following decomposition of the Hamiltonian:

- Uo it ats 4
B = Za&lalaoa, + Z o (1.9.18)
T (4aga,§,a0ap +abal dodo + &gagapa_p.)

As previously, we can replace &8 and ao with NV in the third term of (1.9.18).
However, in the first term one has to work with higher accuracy by using the
normalization relation dg&o—f—Zp#O&L&p = IV or, neglecting the higher-order terms,

a aoaoao N? — 9N AT a (1.9"19
0
p#0

An analogous situation takes place when one looks for the relation between
Up and the scattering length a beyond the lowest-order Born approximation. In
this case, one has to calculate a up to quadratic terms in Uy. Using higher-order
perturbation theory, one finds the following result

m UO
a= 4h< Z ) (1.9.20)

p¢0

or, with equivalent accuracy,

g m
Up =g (1 + > ?) , (1.9.21)

p#0

where g is related to the scattering length by (1.9.11).

Equation (1.9.21) renormalizes the relationship between the effective potential
and the physical coupling constant g. The divergency occurring for large p in the
summation of (1.9.21) is the consequence of the replacement of the matrix element
Uq with the constant value U,. This term is crucial to assure a convergent result
for the ground state energy calculated to the higher-order of approximation.
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Substitution of (1.9.19) and (1.9.21) into (1.9.18) yields the following expression
for the Hamiltonian:

mgn

_ ot L
g2V ZQ aap 2gn2(2a ap +apaly, +apa-p + 2 )(1922)

p#0

which turns out to be uniquely fixed by the interaction coupling constant g.
The Hamiltonian (1.9.22) is quadratic in the operators dp and al, and can be
diagonalized by a linear transformation

dp = upbp + v b1, af = ulbl +v_pb_yp, (1.9.23)

known as the Bogoliubov transformation. This transformation introduces a new
set of operators, b, and bL, to which we impose the same Bose commutation

relations BPBL, — 5L,BP = dpp, Obeyed by the original particle operators a, and &L.
It is easily verified, that the commutation relations are satisfied, if

lupl? — lv-p|* =1, (1.9.24)
i.e. if one can write
up = coshap, v_p = sinhoyp. (1.9.25)

The value of the parameter oy will be chosen such that the coefficients of
the non-diagonal terms bfpbf_p and bpb, in the Hamiltonian (1.9.22) vanish. The
corresponding condition has the form:

2
%7} (Jup)? + Jv_p|?) + (—2%; + _qn) UupV—p = 0. (1.9.26)

Using the properties cosh2c = cosh® @ + sinh® @ and sinh2a = 2cosh asinhe,
one immediately finds, that (1.9.26) is solved by choosing

/2
coth 2, — —P/2m T 9n (1.9.27)
gn
and that the explicit form of the coefficients up and vp becomes
2 1/2
p’/2m+gn 1
p=F | % 1.9.28
o= (P 3) -

where g(p) is given by (1.9.31) below.
By virtue of the Bogoliubov transformation (1.9.23) and of result (1.9.28) for
up and vp, the Hamiltonian (1.9.22) can be finally reduced to the diagonal form:

H=FEo+  e(p)blbp, (1.9.29)
where
N2 1 p? m(gn)?
=gty —gn— 2 I 1.9.
£y 957 + 5 2 [5(p) gn =5 + o (1.9.30)
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is the ground state energy calculated to the higher-order of approximation and

e(p) = [%pQ + <%>2} " (1.9.31)

is the famous Bogoliubov dispersion law for the elementary excitations of the
system.

Results (1.9.29)-(1.9.31) have a deep physical meaning. They show that the
original system of interacting particles can be described in terms of a Hamiltonian
of independent quasi-particles having energy £(p), and whose annihilation and
creation operators are given, respectively, by b and bT The ground state of the
interacting system then corresponds to the vacuum of quasi-particles

bp|vac) = 0 (1.9.32)

for any p # 0.
The ground state energy (1.9.30) can be easily calculated by replacing the sum
with an integral in the momentum space. The result is

NPT, 128
I9v 15v/7

while the chemical potential p = 8/EyON is given by

Ey = (na3)1/2} : (1.9.33)

32
jo=gn [1 +3 ﬁ(nas')” 2} : (1.9.34)

The condensate density

no = j—‘\;ﬁ [1 ~ v(na‘o’)lﬂ} (1.9.35)

reveals that the the quantum depletion of the condensate is fixed by the same
parameter v/na3, which characterizes the first corrections to the ground state
energy.

It is not difficult to see that in the integration, yielding the above results,
only values p ~ ,/mgn = mec are important. For such momenta, the parameter
pa/k ~ (na®)}/? is very small compared to the unity, which is consistent with our
initial assumptions. This justifies a posteriori the replacement of Uy with Uy made
in the calculation of the renormalized scattering length (1.9.20).

It is also worth pointing out that the perturbation parameter of the expansion
(1.9.33) is given by (na®)/2. One can show that the next term in the expansion
is proportional to na®In(na®). The coefficient in front of the logarithm can also
be calculated with a proper accuracy. The term inside the logarithm, however,
depends on the details of the interaction.

1.9.3 Particles and elementary excitations

Thus, the excited states of an interacting Bose gas can be described in terms of a
gas of noninteracting quasi-particles (see (1.9.29)).
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For small momenta p <« mc the dispersion law (1.9.31) of quasi-particles takes
the phonon-like form

e(p) = cp, (1.9.36)

where ¢ = /gn/m is the sound velocity. This coincides with the result (1.9.15),
derived by starting from the equation of state (1.9.12). The Bogoliubov theory
then predicts that the long wavelength excitations of an interacting Bose gas are
sound waves.

It is also worth noticing that in the phonon regime the coefficients (1.9.28),
characterizing the Bogoliubov transformation (1.9.23), exhibit a divergent infrared
behavior: u, — —v_p — (mc/2p)*/2. This reflects the fact that in this regime
the Bogoliubov transformation introduces a drastic modification in the nature of
elementary excitations with respect to the ideal gas.

In the opposite limit p > mec, the dispersion law approaches the free particle
law:

2
p
~— . 1.9.37
cp) ~ 2t gm (1937
Correspondingly, one has |v_p| < |up| ~ 1 and ap ~ bp.

The transition between the phonon and particle regimes takes place when
p*/2m ~ gm = mc?, ie. for p ~ mc (see Fig.1.9). By setting p?/2m = gn with

p = R/, one can define the characteristic interaction length

2 1 A
= = 1.9.
¢ 2mgn /2 mc’ (1.9.38)

also called the healing length, which plays important role in theory of non-uniform
Bose gases.
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Figure 1.9: Bogoliubov dispersion of elementary excitations (see (1.9.31) with
gn = mc?). Solid line is the actual curve £(p), dashed line corresponds to free
particle regime (p?/2m). It is well seen that the physics at small momenta is
determined by the phonon excitations (cp). The transition between the phonon
and the free particle regimes takes place at p ~ h/£. Energy is given in units of
mc?, momentum in units of /€.

1.10 The weakly-interacting Bose gas at finite
temperatures

The theory of weakly interacting Bose gases at zero temperature is a well estab-
lished subject. Many of the questions of interest have been settled years ago and
have become a standard topic of numerous textbooks. In contrast, the treatment
of finite-temperature behavior of these systems is still far from being elaborate.

In the next few sections we will review the current progress being made in
the area followed by the formulation of our approach to the investigation of the
thermal properties of weakly interacting uniform Bose gases at temperatures below
critical.

1.10.1 Thermo-field dynamics

In order to incorporate the temperature effects into consideration, one has to treat
the systems under study as open ones, exchanging the energy and matter freely
with the thermal reservoir. That requires the use of the techniques of the field
theory at finite temperature and density (FTFT), or statistical field theory.

One especially physically transparent approach from this family is the thermo-
field dynamics (TFD) [10]. It is essentially the extension of the secondary quanti-
zation formalism used earlier to treat the zero-temperature problems.

Below, we will review this method and will subsequently use it to perform calcu-
lations of the interaction corrections to the thermal properties of ideal Bose gases.
The equivalence between the TFD framework and modern finite-temperature path

integral formulation is exposed in Appendix A.
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Quantum excitations at finite temperature

Let us imagine an open system, freely exchanging the particles and energy with
a reservoir, maintained at constant inverse temperature 3. As usual, the process
of annihilation of a quantum of energy w(k, 3) in such a system can be regarded
as the action of an operator a(k), which satisfies the familiar Bose commutation
relation:

[a(k),a(p)] = d(k — p). (1.10.1)

However, as distinct from the zero temperature case, the operator a(k) now has an
internal structure, which incorporates two independent kinds of thermal effects:

1. annihilation of quanta in the system, and
2. creation of the (Dirac) "holes” of particles maintained by the reservoir.

When the latter process takes place, we say that an &f(k, 3)-quantum (hole) with
a negative energy [—fw(k)] and negative momentum [—Fk] is created. Corre-
spondingly, the former process will be described by the temperature dependent
annihilation operator a(k, 3).

Since a(k) now performs two independent operations, it should be represented
as the following linear combination:

a(k) = c(k, B)a(k, B) +d(k, B)a' (k, 8), (1.10.2)

where c(k, ) and d(k, 8) are certain c-number functions. Similarly, the creation
operator is

a'(k) = ¢*(k, 0ol (k, ) + d (k, B)a(k, B). (1.10.3)

By construction, the introduced a-operators satisfy the Bose commutation
relations. This suggests, that the relations (1.10.2-1.10.3) could be regarded as
the canonical transformation, which implies

c(k, B)c* (k, B) — d(k, B)d*(k, 8) = 1. (1.10.4)

Additionally, the phase factors of the above coefficients could be absorbed by those
of the respective operators, so we can choose c(k, 8) and d(k, 3) to be real.

Thus, the need to incorporate the thermal effects leads, in fact, to the doubling
of degrees of freedom. The resulting Fock space has twice as many dimensions as
its zero temperature counterpart and could be constructed by the action of the
af(k, 8) and &'(k, B) operators on the thermal vacuum |0, 8), parameterized by
the inverse temperature g3.

In order to establish the explicit form of the coefficients c(k, 3) and d(k, 8),
subject to constraint (1.10.4), the following reasoning is used. Since the oper-
ator a'(k) in our construction takes care of the excitations in the system, the
corresponding quantum number density operator is given by:

N(K) = at (K)a(k). (1.10.5)
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Then, since the model we consider is nothing else but the grand canonical en-
semble, we may require, that the vacuum average of N (k) should be equal to the
corresponding value of the number density in statistical mechanics, i.e.

(2m)®
v

n(k) = (0, BIN(K)|0, 8) = f(w), (1.10.6)

where

1

This results in the following coefficient values:

clk,B) =1+ [(w), dk,B)=+[(w). (1.10.8)

The relation (1.10.6) constitutes the axiom, which determines the density of the
system in a thermal equilibrium state. It can easily be extended to any compound
operator, consisting of o and af, say A(a, af). Thus, the vacuum expectation value
of the field operator (0, 8]A(a, af)|0, 8) becomes equal to the ensemble average
of the function A(a,af). In this way, the statistical mechanics of a quantum
many-body system becomes a quantum field theory realized in the temperature-
dependent Fock space. This formalism is called thermo field dynamics.

The form of relations (1.10.2) and (1.10.3) suggests, that the tilde and non-
tilde operators are related to each other. Indeed, there is a general TFD ”tilde-
conjugation” operation, which is valid not only for the elementary creation and
annihilation operators, but also for their arbitrary compound functions O; and
021

0,10, = 0,0, (1.10.9)
c101 + 0205 = &0y + 50y, (1.10.10)
0=0. (1.10.11)

Constructing the free TFD Hamiltonian [, is now straightforward. It could
be written as the following:

Hy = Hy — Hy, (1.10.12)
with
Hy = h/dk wk)a!(k, B)alk, B), (1.10.13)
Hy = h/dk w(k)é&' (k, Ba(k, 8) (1.10.14)
or, equivalently, with the use of the canonical transformation,
Hy = h/dk w(k)al (k)a(k), (1.10.15)
fo=h / dk w(k)at (k)a(k). (1.10.16)

The minus sign in (1.10.12) takes care of the fact, that the tilde-excitations carry
negative energy and momenta.
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The examples of TFD free fields and their two-point functions

Let us now consider a simple example of the TFD free field. Since in non-
relativistic many-body theory one has to deal with the Schrodinger equation in
operator form, the latter will be the point of our interest.

Suppose that a free field ¥q satisfies the equation A(9) Wy = 0 with the following
A(8) operator:

M) = 2% —w(V). (1.10.17)

Then the expressions for the tilde- and non-tilde Hamiltonians read:
Hy = /dx Ul w(V) Ty, (1.10.18)
Hy = /dx U w(=V) . (1.10.19)

Here the relation w*(V) = w(—V) due to the tilde-conjugation rules (1.10.9-
1.10.11) was considered. Corresponding equations of motion

0

2_6—1‘,\1[0( ) [ O(X), Ho] R (11020)
O -~ ~ ~
i To(x) = [\po(x), Hg] . (1.10.21)
have the following formal solutions:
1 , )
W) = / dk a(k) explik x —iw(k) g, (1.10.22)

o(x) — (_2—7-%3/_2/611{ a(k) exp[—ik x +iw(k)f].  (1.10.23)

In order to operate with two functional degrees of freedom more conveniently,
it is useful to simplify the notation by introducing the following thermal doublet

symbol:
wl U
< 72 ) = ( ‘i’(T) ) (1.10.24)

The free causal two-point function is then defined by

GOz —y) = (0,8]T["(z), ¥ ()]0, B) (1.10.25)
= O(t, — £,)(0, BT (z)TAT|0, B)
+ 0(ty —t.)(0, BT (y) U (2)|0, B), (1.10.26)

where the symbol T' denotes the ordering along the time path. Using (1.10.22),
(1.10.23) and considering the canonical transformations (1.10.2) and (1.10.3), one
may find, that in the momentum representation this function reads:

2(w) _ d?(w) clw)d(w)  clw)d(w)
GO(ko k) = | Mol o Em ety | (11027)
ko—w+tie  ko—w—ie® ko—wtie ko—w—1ie

where w = w(k) and the coefficients c(w), d(w) are given by (1.10.8).
The free propagator (1.10.27) will be the major building block in further de-
velopments.
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Field theory calculations in TFD

Perturbative calculations in TFD are very similar to those in vacuum field theory.

The doubling of degrees of freedom alluded to above leads to a 2 x 2 matrix
structure of propagators and self energies. This feature implies that in higher
orders a much larger number of diagrams has to be taken into account as compared
to the vacuum theory and calculations may become cumbersome.

The Feynman diagrams, however, turn out to be topologically and combina-
torically identical to those of the corresponding zero-temperature quantum field
theory, but generalized to a two-component formalism. The first (type 1) com-
ponent represents, by construction, the physical field, describing propagation of
excitations in the system. The second (type 2) component corresponds to a “ther-
mal ghost field”, corresponding to holes, maintained by the reservoir.

In TFD, two types of vertices occur, one type describing the interactions of the
type 1 fields and the other of the type 2 fields. The Feynman rules for these two
types of fields differ only by a sign in the case of even interactions. There is no
direct coupling between the two types of fields, but they can propagate into each
other because of the non-diagonal elements of the propagator matrix. Its 11 and
22 components correspond to physical and ghost propagators. Therefore, external
lines of physical Green’s function are always of type 1.

In order to find a particular n-point Green’s function in momentum space, one
must draw all topologically distinct diagrams with n external points of type 1
and corresponding number of vertices of type 1,2. These two types of vertices are
connected to each other by propagator lines representing the elements of the free
propagator matrix. As in the vacuum theory, disconnected blobs without external
legs can be ignored.

To conclude, the perturbative calculations in TFD are technically the same as
in vacuum field theory. Generally, their goal is to compute the 11 component of
the matrix propagator, which could subsequently be used to calculate the physical
parameters of interest.

Weakly interacting gas in TFD

Now we are ready to formulate the general statement of the problem of the weakly
interacting Bose gas within the TFD formalism.

The system we are concerned with represents a dilute gas, consisting of N
atoms obeying Bose statistics, enclosed in a box of volume V and interacting
through the two-body potential U(x — x’). Interaction is assumed to be weak,
which, together with the low density of the gas, allows one to neglect higher-order
interactions and treat the system properties perturbatively.

For simplicity, the atoms are assumed to have zero net spin. They are de-
scribed by the boson field operators ¥ (x), Uf(x) subject to the Bose commutation
relations:

[U(x), ¥(x)] =0, [I(x),¥(x)]=0, [T(x),T(x)]=26x—x).(1.10.28)

The system is immersed into a large heat reservoir, with which it can freely
exchange both energy and particles. In the state of equilibrium both system
and reservoir possess the same chemical potential p and inverse temperature 3.
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The reservoir, unlike the system, maintains the negative-energy holes, represented
by the operators, obtained from the ordinary ones with the help of the tilde-
conjugation operation, defined in (1.10.9-1.10.11). They satisfy the same commu-
tation relations as the regular operators, while all commutators between the tilde-
and non-tilde operators vanish by construction.

In the state of equilibrium, the system contains a mixture of particles and
holes. Therefore, its Hamiltonian H is given by

H=K-K, (1.10.29)

where
ﬁ?
K=Hy—uN = /dx Tl(x) [—Q—W — ,u] U (x) (1.10.30)
m

+ 5 [ ix [ veou U - x) 86 0(x)

is the regular zero-temperature Hamiltonian describing the particles of the system
and K is its tilde-conjugate, describing the holes:

K=Hy—uN = /dx ¥ (%) {-%v? - M] ¥ (x) (1.10.31)
+ %/dx/dx'\iﬁ(x)\iﬂ(x')U(x—x')\il(x')\il(x).

The chemical potential y is chosen such that the vacuum average of the atom
number operator is equal to the total number of particles in the system:

(N)y = N. (1.10.32)

With the Hamiltonian H , one may introduce the time-dependent Heisenberg
picture for any Schrodinger operator O(x) and its tilde-conjugate O(x):

O(x,t) = e®O(x)e ™, (1.10.33)

Ox,t) = e‘ikté(x)eﬁ-{t. (1.10.34)
In particular, the field operators have a time-dependence given by

U(x,t) = e (x)e ™ Ui(x, 1) = e KW (x)e?, (1.10.35)

U (x,t) = e*”_“\i/(x)e““, Fl(x, t) = X P (x)e K. (1.10.36)

In order to simplify the notation, we introduce the following thermal doublet

symbol (see (1.10.24)):
W)\ _ [ ¥x0)
( T ) = ( ) ) . (1.10.37)

The single-particle Green’s function is then defined as

G (x, ;¢ ') = (0, BITIT* (x, 1), ¥, £)][0, B). (1.10.38)
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For our purposes, it is more convenient to work in the single-particle momen-
tum representation. In this representation, the field operators ¥(x), ¥(x) can be
written as

\I’(X) = W/dk ak¢>k(x), (11039)
T (x) = (77337 / dk Gy (x) (1.10.40)

where ay(a]) and ay(al) are the annihilation (creation) operators for a particle

and a hole in single-particle states ¢y (x) and @ (x) correspondingly, obeying the
following Bose commutation relations:
lax, aw] =0, [ax, al] = Gy (1.10.41)
Gk, dw] =0, [aK, al,] = (1.10.42)
with all commutators between the tilde and non-tilde operators vanishing.
Just as in the case of fields, we may introduce the thermal doublet notation

for the operators ay and dx and then write the Green’s function G*¥(x,t;x’, ) in
the single-particle momentum representation as

G X 1) = (1.10.43)
(—271@ / dk / dK' g8 (x)¢} (<)(0, BIT[agi(t), al (¢)]]0, B).

In case of a uniform system governed by a time-independent Hamiltonian, the
single-particle states are the plane waves

P (x) = % exp(ikr), (1.10.44)
~ 1 ‘
P(x) = WQXP(—ZkI‘)' (1.10.45)

Similarly, G**(x, t;x’, ') now depends only on the differences x — x’ and ¢ — ¢/, so
that

G (x,t) = / dk eGP (k, 1), (1.10.46)

where
GP(k,t) = (0, B|T]al(t), a1(0)]0, B) (1.10.47)

is a single-particle Green’s function in the momentum representation.

The remaining task is to calculate the Green’s function G*8(k,t). It is com-
plicated by a possible phase transition to a Bose-condensed state. This is signaled
by a non-vanishing average of the ficld operator:

(0, B1T*(x)[0, B) = B(x) # 0. (1.10.48)

As discussed in sect. 1.8.2, the function ®f(x) is often referred to as the macro-
scopic wave function of the condensate and in general has an amplitude and phase.
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In a uniform system, we can take ®g(x) to be real and independent of position.
In this case, ®§(x) equals to the square root of the condensate density ny. We are
then led to separate the boson field operator ¥*(x) into two parts:

U*(x) = a/VV + T%(x), (1.10.49)
U (x) = o /VV 4+ T (x). (1.10.50)

Then, just like in the zero temperature case, we may apply the Bogoliubov pre-
scription and replace the operators ag and 2! by the c-number +/Np. Clearly, the
new field operators ¥%(x) and ¥*(x) describe the normal phase atoms. They
satisfy the Bose commutation relations and have vanishing vacuum averages:

(0, B]¥*(x)10, B) = (0, 8] ¥*¥(x)|0, 8) = 0. (1.10.51)
With this modification, the thermal Green’s function now becomes
G (x, ;% 1) = —ng + G*B(x, £; %, 1)), (1.10.52)
where G*#(x,t;x',t') is its non-condensate part defined by
G (x,t;x',t") = —(0, BIT [V (x, t), TP (X, t)]]0, B). (1.10.53)
Correspondingly, in the momentum representation we have, for k # 0,
G (k, 1) = —(0, | T[ag (1), af (0)]]0, ). (1.10.54)

The Bogoliubov prescription modifies the Hamiltonian (1.10.29) fundamen-
tally. In order to simplify the consideration, we will concentrate for a while on its
zero-temperature part K only, making a straightforward generalization to TFD
later on. After all of the above transformations, K reads

7
1 .
— T
K = By~ ulNo+ 3 k%ﬂ;(gk — pwalax + ;:1: v, (1.10.55)

where the interaction term V can be separated into the following eight distinct
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parts:

1
Ey = -2-ngVU(0), (1.10.56)
L1
Vi= Mo Z U(k)axa_y, (1.10.57)
k
L1
Va = 5o > UK)alay, (1.10.58)
k
Vs =mng Z U(k)al ay, (1.10.59)
k
Vi=mno» U(0)alax, (1.10.60)
k
) n1/2
Vs = Vol e Z U(Q) it q0xaq, (1.10.61)
k.q
) n1/2
Vi = v(; e > U(q@)afalairq, (1.10.62)
k.q
1
Vi = v Z U(q)anaL,_qak/ak (1.10.63)
kk' g
with
U(q) = / dx [ (x). (1.10.64)

In a normal system (ng = 0) only V4 is present. Also, K has no terms containing
a single operator a;'( or ay, because that would violate the momentum conservation.
This is in agreement with (1.10.51), which gives, in momentum representation,

(0, Blaxl0, B) = (0, Blak]0, 8) =0, (k# 0). (1.10.65)

The fact that there exist interaction terms such as V; implies the non-conservation
of particles due to exchanges between the phases. This changes the way the proper
self-energies are defined. There are three distinct types of them now, indicated in
Fig.1.10. The first of these (£11) has one particle line coming in and one coming

Z44(P) PN (9] 2,

Figure 1.10: Proper self-energies for a Bose-condensed system. Straight lines
correspond to normal phase particles, wave lines to condensed phase’ ones.

out. The others, correspondingly, have two particle lines either coming out (312)
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or going in (Xo;) simultaneously. This reflects the new features associated with
the existence of a Bose condensate.
Thus, we must also introduce two new types of Green’s functions:

Gl?(k: t) = "<07/B]Ta—k(t)ak(0)lo3/6>) (11066)
Gk, 1) = —(0, B|Tal (t)al (0)]0, B). (1.10.67)

Functions G2 and Gg; are usually called the anomalous Green’s functions and
represent the disappearance and appearance of two non-condensate particles re-
spectively. The normal Green’s function is denoted as Gi; and represents the
propagation of a single particle

Gk, t) = —(0, B|Tax(t)al(0)]0, B). (1.10.68)

These three Green’s functions are shown in Fig.1.11, where the arrows indicate
the direction of momentum of the atoms involved.

P P b P -

L2 \ <@

G11(p) Giz2(p) Gy (p)

2T

Figure 1.11: Green’s functions for a Bose-condensed system.

The Dyson equations, connecting the above self-energies and propagators, are
a subject of many textbooks. For the case of zero-temperature, they where first
written down by Beliaev [17] and illustrated diagrammatically in Fig.1.12.

Figure 1.12: Dyson-Beliaev equations for a Bose-condensed system. Thin and
thick straight lines denote, correspondingly, the free and resummed propagators
of the normal phase particles.

Their generalization to TFD is straightforward and in the momentum repre-
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sentation reads:

Gt (p) = GO (p) + G (W) EN (PG (p) + G531 (0) 15 (D) GO (p),
Gis (p) = G (-P)ZHL(P)CO% (p) + G (0)ZH (PGO*(p),  (1.10.69)
G31 (p) = G ()3 (P)G (—p) + G57 () 533 (—p) GV (),
Here the TFD indices {«, 3} may take the values {1,2} and summation over
the repeated indices is implied. The obvious shortcut notation p = (po, p) was
employed. The free TFD Green’s function G(0%#(p) is given by (1.10.27).

The structure of Beliaev equations can be simplified considerably by introduc-
ing the matrix notation [18], namely

G(p) = G(p) + GO(p) - 2(p) - GO (p), (1.10.70)
where
of3 75}
0= | Gy caten | a10m)
G(O)aﬁ(p) _ 1' G(O);ﬁ(p) G(O)gﬁ(p) J , (1.10.72)
af af
=0 = | o) i) ) 1079

Not all of the above components are independent. For instance, as one may
readily observe from Figs.1.10-1.12, the matrix elements 2;’5 (p), which appear in
the equations above, are simply

25 (p) = S (—p). | (1.10.74)

Similarly, there are useful relations between the anomalous proper self-energies
and propagators correspondingly:

Gl () = G3i (-p), S(p) ==5(-p), G (p) = Gif (—p). (1.10.75)

With their help, the equations (1.10.70) could be solved with respect to the prop-
agators in terms of the exact proper self-energies and unperturbed Green’s func-
tions.

In deriving Beliaev equations, we did not make any approximations. The only
fact, that we recognized, is that the underlying system consists of two coexisting
phases. Therefore, these equations are completely general and can be safely ap-
plied to any uniform Bose-condensed fluid, liquid or gas without any reference to
whether the underlying system is weakly interacting or not.

Most of the approximation schemes, including ours, discussed below, use Beli-
aev equations as a starting point for consideration.

As we will see later, complete characterization of thermodynamic properties
of a Bose-condensed system requires an additional constraint, independent of the
formalism developed above. It is necessary in order to determine the chemical
potential. Such a constraint could be provided by the Hugenholtz-Pines theorem
[19], which states, that

p = 211(0,0) — £13(0,0). (1.10.76)
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This theorem holds both in zero and finite temperature cases and assures that the
single particle excitations have no energy gap in the long-wavelength limit.

Now that we have formulated the general statement of the problem, we are
ready to discuss in detail two of the most popular approximations involved, namely
the Bogoliubov and the first~order Popov ones, both within the framework we have
developed. This will be followed by the review of other notable results, obtained
in the area until now.

1.10.2 The Bogoliubov approximation

In order to illustrate the consistency of the formalism, we will use it to rederive
the physics of Bogoliubov approximation, which was substantially investigated in
sect.1.9.

As it was noted there, the fundamental assumption, made in this approxima-
tion, is that the majority of atoms are in the k = 0 state, only a few of them being
"kicked” out of the condensate by the interactions, i.e. Ny &~ N. This condition,
obviously, holds at low enough temperatures, so that the restriction

T<T, (1.10.77)

is compatible with the assumption made.

The number of non-condensate atoms is usually called the ”depletion”. If the
depletion is small, the interaction between two non-condensate atoms will not be
important, which allows one to neglect the terms 175, Vs and V7 in the Hamiltonian
(1.10.55). The terms that remain turn out to be quadratic and diagonalizable by
a canonical transformation (see sect.1.9.2).

Figure 1.13: Self-energy diagrams in the Bogoliubov approximation.

In the Green’s function language, the Bogoliubov approximation consists of
keeping the lowest-order self-energy diagrams that contain two condensate lines,
as shown in Fig.1.13. These can be written as

Low temperature of the system makes it possible to safely replace the condensate
density ng by the total gas density n, so that ng = N/V. Due to the same

reason, particle momenta should be considered to be small. Therefore, the Fourier
components U(p) could be replaced by their value U(0) at p = 0.
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Then, according to the Hugenholtz-Pines theorem (1.10.76), the lowest-order
contribution to the chemical potential is given by

= nU(0). (1.10.80)

As the temperature of the system nears zero, the TFD formalism smoothly
converges to that of the regular zero-temperature field theory. When working in
the Bogoliubov approximation, we may set 8 = co. This effectively cancels the
non-diagonal elements of the propagator (1.10.27). Physically, it is equivalent to
the decoupling of the system from the heat reservoir.

This allows one to neglect the matrix structure of the self-energies and prop-
agators involved and to consider only their 11-components thereafter. Thus, sub-
stituting (1.10.78-1.10.80) into (1.10.69) and solving with respect to Gii(p) and
G1l(p), we obtain

Po+€p+nU(p)

Gil(p) = , 1.10.81

11(p) p%—e%—2nU(p)Ep ( )
—nU

() = (p) (1.10.82)

Po— 2 —2nU(p)ep’

where g, = P is the kinetic energy of the atoms.

2m.

The Bogoliubov dispersion law follows from the poles of either G11(p) or G1i(p)

propagators:
By = \/et + 2nU(k)ey, (1.10.83)

This is in complete agreement with the result obtained earlier within the secondary
quantization formalism (see (1.9.31)). Additionally, the ground state energy could
be observed directly from (1.10.56). It reads:

Ey = %(NZ/V)U(O), (1.10.84)

which coincides with (1.9.9).

The rest of the thermodynamic relations of interest follow straightforwardly
from the last two equations. Thus, the TFD framework allowed us to correctly
describe the behavior of dilute Bose gas in the zero temperature limit.

1.10.3 The first order Popov approximation

Now we are going to discuss another first-order self-energy approximation for the
weakly interacting Bose gas at finite temperatures. It was first introduced in 1965
by Popov [21]. Unlike the Bogoliubov approximation, the Popov approximation
takes into account interactions between the excited atoms. It does not make any
assumptions about the density of the normal phase and, therefore, is valid in the
whole range of temperatures, both below and above the critical.

The self-energy diagrams in the Popov approximation include all possible first-
order diagrams of a Bose-condensed system (see Fig.1.14). Among them, only
those (a, b, e), containing two condensate lines, are included in the Bogoliubov
approximation. The new ones (c and d) are the Hartree-Fock diagrams which
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Figure 1.14: Self-energy diagrams in the Popov approximation.

include excited atoms.
The self-energies Y11 and Y15 of Fig.1.14 can be explicitly written as

— 2(”0 + ’Fl(o))Uo 0

211 - [ 0 _2('”0 + ;’(0))[]0 ) (11085)
_ | nolo 0

= [ 0 —nollb ] ' (1.10.86)

The quantity #(*) in (1.10.85) and (1.10.86) is the temperature-dependent density
of excited atoms in a non-interacting Bose gas, given by

- . [ dpodp
0) — 0

In this paragraph, we will use the superscript ” (0)” as a reminder that the quantity
corresponds to a non-interacting case.

With the self-energies (1.10.85-1.10.86), one can calculate the normal and
anomalous Green’s functions and use these to evaluate various physical quanti-

ties. It is convenient to discuss the normal phase (T > T,) and the condensed
phase (T < T,) separately.

Normal phase (T > T,)

In the normal phase, we have ng = 0, and, therefore, (1.10.85-1.10.86) reduce to

270U, 0

S — [ R, ] 7 (1.10.88)
a0, 0

S = [ o } . (1.10.89)
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Solving (1.10.70) using (1.10.88-1.10.89) with respect to GUP(p), we get

1+ d*(po) d*(po)
G(p) = — 1.10.90
n(p) po—€ep +p— 200Uy +1¢  pg—ep + p— 200U, — i€’ ( )

where the thermal weight factor d?(pg) is defined in (1.10.8).
With (1.10.90), the density of the excited atoms as a function of the chemical
potential ¢ and temperature T is given by

- [ dpedp 1, dp 1
n(/i, T) = /WGH(P&P) == / (27‘(’)3 (iﬁ(Ep‘_[l’i"zﬁ(O)UO) — 1 (11091)

If the total density n and the temperature T are given, the chemical potential is
determined by the usual condition

a(p,T) =n normal system. (1.10.92)

Similarly, the chemical potential 1@ of a non-interacting Bose gas at T' > T, is
determined by

AOu©® Ty =n. (1.10.93)
Comparing (1.10.93) and (1.10.91), one sees that for a given n and T we have
p=p@ 42U, (T>T), (1.10.94)

i.e., the chemical potential is increased by 2nly due to the effectively repulsive
interaction between the atoms [22].

The energy spectrum F,, of single-particle excitations (or quasiparticles) in the
normal phase is determined by the poles of the Green’s function G}i(p), that is,

Ep =¢ep — i+ 2nUp = g5 — p@. (1.10.95)

This shows that in the present first-order approximation the quasiparticles above
T, act just like free particles in a non-interacting Bose gas. Because the quasiparti-
cles determine the thermodynamic properties of a system, we conclude that in the
Popov approximation the normal properties of a dilute Bose gas are unchanged
compared to that of the non-interacting Bose gas and, in particular, the phase
transition temperature is the same.

Bose-condensed phase T < T,

Just like in the normal phase, the Green’s functions in the Bose-condensed phase
are obtained by solving the Dyson-Beliaev equations (1.10.69). For that, we have
to substitute the self-energies (1.10.88-1.10.89) and notice that the chemical po-
tential p satisfies the finite-temperature version of the Hugenholtz-Pines theorem:

p=242(0,0) — £5(0,0) = 22U, + nole. - (1.10.96)
Thus, we find:

(1 + d*(po))(po + €p + n0l0)
i — €2 — 2epnolp + i€

d*(po)(po + €p + nolo)
pg — €2 — 2epnoUp — i€’

¢ (po,p) = (1.10.97)
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Function Gglll)(po, p) has the poles at pg + Ep, where

E, = \/gg + 2e,m0(T) V. (1.10.98)

This gives the energy spectrum of elementary excitations for T < T.

The spectrum is formally identical to that of the T' = 0 Bogoliubov approxima-
tion. However, in contrast to the Bogoliubov model, where ng ~ n, the condensate
density no(T) in the Popov approximation is strongly dependent on temperature
and becomes very small in the vicinity of the phase transition.

On the other hand, one should not over-interpret the formal similarity between
the excitation spectrum in the Popov and Bogoliubov models. At first glance, it
seems to imply that one can generalize the Bogoliubov model to finite temperatures
simply by taking into account the temperature dependence of ng of an ideal gas.
Although this gives the correct excitation spectrum, it gives an incorrect expression
for the chemical potential, namely u = ng(T)U, instead of the correct result
(1.10.96).

We see that the Popov-Bogoliubov spectrum in (1.10.98) has quite different
limits:

Ey ~ep +no(T)Us, |p| > B~/ mngUs, (1.10.99)
E, ~ helpl, |p| < Bt mnoU. (1.10.100)

The energy E, is free-particle like in the short-wavelength limit, and phonon-like
in the long-wavelength limit, with the phonon velocity ¢ given by

Cc= \/7'1,0(T)U0/m. (110101)

The single-particle excitation spectrum in (1.10.100) is proportional to p in
the long-wavelength limit. As we noted in sect.1.9, this linear dependence is
expected to hold in any Bose-condensed fluid to all orders in perturbation theory.
Although the Popov approximation is only the lowest-order approximation, we see
that it gives gapless phonon excitations in the lowest-energy limit in a Bose gas
at finite temperatures. Moreover, ¢(T) — 0 as T — T, i.e., the phonons in the
Popov theory are the ”broken-symmetry” soft modes of the Bose-condensed phase.
However, unlike the zero temperature case, there is no established correspondence
between the excitation phonon velocity and the compressional speed of sound at
finite temperature.

With the Green’s function (1.10.97), one can now calculate the condensate
density. For a given total density n, we have

n=nge+, (1.10.102)

where

- dpodp
Po= / 7;4G§111)(p0,p) (1.10.103)

dp 1 €p + Ep + nolp
= [ —1 PP T <T,).
/ (2m)? < N exp(BEp) - 1> 2Ep (<1

Equations (1.10.102) and (1.10.103) are the coupled equations for ng, since 72
depends on Ey, and (nglp), which are themselves functions of ng. In general, they
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must be solved numerically. However, in two important special cases analytical
results can be obtained.

We first consider the low-temperature limit (k7T < nolUp). In this case, the
integral in (1.10.103) can be approximated as

. dp [ep+mnoly 1 dp 1 ep +nolUp 1
" /(QW)g < 2B, * 2) +/ (2m)3 eXP(,BEp) -1 ( 2E, * 2

1 [mnglUo\? 1 /m\3/2 B
= ’375( = 0) +E('h_2> (noUo)~/2(KT)?, (1.10.104)

where in the second step we have assumed that ——=—— ~ e~#Fr and regularized
exp(BEp)-1

the ultraviolet divergent integral with a method of dimensional regularization (see
Appendix B for details). With (1.10.102) and (1.10.104), we obtain

N 8ng (nea®\'"? 1 m 2
where ¢ is the phonon velocity defined in (1.10.101).

For a low-density gas at low temperatures, the second and third terms in
(1.10.105) are small, implying ng ~ n. Therefore, when calculating the depletion
7 =n—ng at T = 0, we can drop the third term and replace ng by n on the
right-hand side of (1.10.105) to obtain

_ 3\ 1/2
n_ne_8 (ﬂ) <1 (1.10.106)

n n 3\ 7

n

The error introduced by the replacement of ng by n in obtaining (1.10.106) is
of higher order in a. Equation (1.10.106) is a well-known result for the fractional
depletion of the condensate in a dilute gas at absolute zero, which was previously
derived in sect.1.9 (see (1.9.35)).

The T? law for an interacting Bose gas is quite different from the 7%/? law
of an ideal gas given by (1.6.20). This remind us that the introduction of even a
small interaction between the particles can dramatically change the properties of a
Bose gas at low temperatures, where the phonon part of the spectrum completely
determines the thermodynamics.

As is seen from (1.10.104), the T-dependent part of 7 tends to decrease with
increasing values of ng, in contrast to the T = 0 part, which increases with ng.
As a result, one expects a ”crossover” between ng(7T") of an interacting gas and
néo)(T) of a non-interacting gas. This crossover means that at sufficiently high
temperatures the effect of repulsive interactions between the atoms in a dilute
weakly interacting Bose gas is, in contrast to the T' = 0 case, to put more atoms
in the condensate. It seems to imply that the thermal effects are not as significant
in a dilute Bose gas as in an ideal gas.

The " crossover” temperature T, can be estimated by comparing 7 for a weakly
interacting gas in (1.10.104) with 7(® for an ideal gas, yielding

kT, ~ 0.46 nolUy ~ 0.46 (4mh%a/m)n (1.10.107)
or

T,/T ~ 1.74 (n*3a) < 1, (1.10.108)

58



where the last step follows from (1.9.2).
We next discuss the region close to the transition, T = T,. It is convenient to
calculate the difference

T (1.10.109)
/ dp 14 1 €p+Ep+n0Ug _ 1
(2m)3 ePEp — 1 2F, efle — 117

where 1. is defined by

dp 1 _ mkT\ */*
Ner = / W@@TPI = 2.61 ( 27{h> . (110110)

This is the density of excited atoms of an ideal gas at a given temperature T
The dominant contribution to the difference 7 —n,,. comes from the energy region,
where the excitation spectrum Ey, differs significantly from the free-particle energy
€p, Which is the region e, ~ noUp in our case. We note that nolp is very small
near T,, namely

'noUo/kT ~ TZQU()/]CTC < 1. (110111)

Therefore, we can approximate 1/(e®Fr — 1) by 1/8E, and 1/(e”* — 1) by 1/8¢,
and carry out the integration analytically to obtain

A - / dp €p+n0U0_i —_E_,‘Zi/ood 9 noUo
o (2r)? ﬁE}% £p T on2 o pp _‘_“Ep(gp  2n0U0)

1 /2m\*/?
- (7_1_) kT (2noUs)Y2. (1.10.112)

Combining this result with (1.10.102), we find
n = ng + ng — (1/87)(2m /R 2ET (2nUs) /2. (1.10.113)

For given n and T, (1.10.113) is a quadratic equation for ng which has two
solutions:

ST = % [\/ng(T) £ 4/ny(T) + 4(n - ncr)} . (1.10.114)

Here \/ngy(T) is the coefficient of \/ng in the third term of (1.10.113),

ng(T) = (1/87)(2m/k?)3 kT (2U)Y?, (1.10.115)
or
ng(T) = (47/(2.612)*/%)(n*3a)n. (1.10.116)

Since n > n, below the critical temperature, the solution ng . in (1.10.114) is
negative and, thus unphysical. Therefore, the condensate density is given by the
other solution ng ., which yields a finite value at 7" — T, namely

ng(T), T —Tr,
{ 0, T T (1.10.117)
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This clearly indicates a finite jump in the condensate density no at the tran-
sition point. This jump is small compared to the total density n in a dilute Bose
gas (n!/3a <« 1). Nevertheless, the finite jump in the order parameter is the char-
acteristics of the first-order phase transition. This, however, contradicts to the
fact that Bose condensation in an interacting Bose system involves a second-order
phase transition.

The unphysical behavior near the phase transition point implies that the Popov
approximation breaks down in this region. As was estimated by Popov, the self-
energies in (1.10.88-1.10.89) are linear in nglg, while the largest diagrams dropped
in the approximation are of the order (m/h?)3/2kTUy(noUs)'/?. As T approaches
T, from below, the neglected diagrams become larger than the first-order diagrams,
since the former (proportional to (nglUy)'/?) decrease at a slower rate than ngUs.
Therefore, the Popov approximation is valid, if

(m/2)*2 kT Uy (noUs)? < nglU, (1.10.118)
or, equivalently,
T. — T > (n*%a)T,. (1.10.119)

The temperature region defined by (n'/3a)T, is very small in the actual dilute Bose
gases.

1.10.4 Other approximations

The Bogoliubov and Popov approximations are the most widely used ones when
treating the thermal properties of rarefied Bose gases and related problems. Below
we briefly review certain extensions of theirs along with some other recent notable
developments in the field.

The Hartree-Fock-Bogoliubov approximation

The HFB approximation upgrades the Bogoliubov interactions by taking into ac-
count the parts of the interaction Hamiltonian, that contain three or four-operator
terms, such as afaa and afataa, which can be approximated by various terms con-
taining the normal average (afa), and the anomalous averages (afa) and (aa)
[4, 23, 24]. Any average, that includes three or more operators, is neglected in the
HFB approximation.

Thus, the Hamiltonian can again be diagonalized, defining a new set of quasi-
particles. These quasiparticles are no longer Bogoliubov quasiparticles, since they
are "dressed” by the mean-field effects on excited atoms. The latter are taken
into account by the H¥FB self-energy contributions, shown diagrammatically in
Fig.1.15.

One of the attractive features of the HFB approximation is that it is a con-
serving approximation, that respects the conservation laws following from the
underlying symmetries of the field theory. One of the problems with the HFB
approximation is that it predicts a gap in the quasiparticle spectrum, which is a
consequence of the spontaneously broken symmetry. Thus, the HFB approxima-
tion violates the Goldstone theorem [14]. In [4] it was argued that the problem
of a gap in the HFB approximation is due to the overcounting of diagrams that
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Figure 1.15: The HFB self-energy diagrams. Thick lines denote the resummed
propagators.

contribute to the anomalous self-energy and that are of the second order in the
interaction. Thus, the HFB approximation is inconsistent with that order in the
interaction.

The many-body {-matrix approximation

As was discussed in the previous paragraph, the Popov approximation breaks
down near the phase transition point. In an attempt to fix this problem, it was
proposed to use a many-body t-matrix approximation, which employs the self-
consistent propagator G: in the Popov self-energy diagrams [4, 25].

The self-energy diagrams in the many-body t-matrix approximation are shown
in Fig.1.16. They look the same as those in Fig.1.14. However, the gray-filled
square now represents the multiple scattering of two "dressed” particles, whose
propagators (11 are to be self-consistently determined. .

The modified {-matrix I' is defined by the integral equation, illustrated by the
ladder diagrams in Fig.1.17.

Close examination of the problem reveals that the t-matrix becomes very
temperature-dependent and displays the following properties:

1. In a low-temperature and low density limit the {-matrix approximation re-
duces to the simpler Popov approximation.

2. In the finite-temperature region just below the critical the ¢t-matrix T’ goes
to zero in the same way as does the condensed phase density of the ideal
Bose gas, i.e. as 1 — (T/T,)%2. :
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Figure 1.16: Self-energy diagrams in the many-body [-matrix approximation.
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Figure 1.17: Integral equation for the many-body t-matrix I'. A gray-filled square
with four "legs” represents I', a solid line with two arrows represents a ”dressed”
particle or G11, and a dashed line represents the interaction potential.

3. In the region just above the critical the f~-matrix depends on temperature as
(T/T.)%* — 1.

The last two points suggest that the {-matrix vanishes as T approaches T, from
above or below in a systematic way. This leads to a smooth change of a con-
densate fraction ng at T, and, thus, to the correct order of the phase transition.
However, it also shows that T, of an ideal Bose gas is unchanged in the many-
body t-matrix approximation, which shows its insufficiency to explore the critical
phenomena. This is not unexpected, since in using the many-body t-matrix in the
Popov approximation, one is clearly including a class of higher order self-energy
diagrams built out of the normal propagator Gy, but still omitting any contribu-
tion of other higher-order diagrams, especially those built out of the anomalous
propagators G2 and Goj.
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Breakdown of perturbation expansions

Approximation schemes reviewed so far are based on the perturbation expansions.
They give a reasonable description of the elementary excitations in Bose gases as
well as allow to evaluate the major features of the thermodynamic parameters of
the system. However, they suffer from a serious common drawback. Namely, they
are infrared divergent in the critical region and, therefore, lose validity near the
phase transition point [14].

There are two possible ways to overcome this issue.

One consists of performing the selective resummations of the certain class of
Feynman diagrams from all orders of perturbation series. This will lead to mutual
cancellations of divergencies, which are screened in the actual physical systems.
We will dedicate to this kind of techniques a separate chapter later on.

The second way is to use the renormalization group approach. It was specifi-
cally invented to deal with the problems of this particular type.

Renormalization group approach

The basic idea of the renormalization group is to separate the momentum modes in
the path integral into fast modes and slow modes by a cutoff. One then integrates
out the fast modes. This yields an effective action for the slow modes, in which
the coefficients of the original operators are renormalized and new operators are
introduced. By lowering the cutoff infinitesimally, one obtains a set of differential
equations for the parameters in the effective action. Integrating out all modes
down to k = 0 yields the full effective action.

Renormalization group techniques have been applied to the homogenous Bose
gas at finite temperatures by several authors [26, 27, 28]. In the most notable
work [26], it was shown, that

1. the phase transition is clearly of the second order;

2. the effective chemical potential as well as the effective quartic coupling con-
stant vanish at the critical point;

3. the critical exponents are the same as in the O(2)-symmetric scalar theory
in three dimensions.

1.10.5 Calculations of the critical temperature 7T,

The question, that we did not cover so far, can be formulated as follows: what is
the effect of weak interactions on the critical temperature of an ideal Bose gas?

Despite its apparent simplicity, the answer was causing a considerable amount
of confusion for decades and settled down only very recently [29, 30].

The problem was attacked with the use of different methods. Initially, most of
them, one way or another, involved perturbation expansions. Afterwards, when
invalidity of the latter became obvious, various nonperturbative techniques, such
as Monte Carlo simulations, 1/N expansions, self-consistent calculations involving
summation of bubble and ladder diagrams, where utilized.

At the moment, there seems to be an overall agreement that the critical tem-
perature of the ideal Bose gas is marginally increased by the weak interactions.
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AT _ 933013, Leading order 1/N [39)
AT _ 1 710 /3¢ Next-to-leading order 1/N [40]
AT: — (1.32 4+ 0.02)n'3a Lattice [41].

£T: = (1.29 £ 0.05)n/%q Lattice [42].

To

St =0.7n'3a One-bubble approximation [43]

St =3.8n'% One-bubble self-consistent approximation [29)]
She = 2.5n' % Ladder-summation approximation [29]

S = 1.6n'/% Bubble summation approximation [29]

AT — (1.27 £ 0.11)nY3q 7-loop VPT [44].

Ty
S = 1.23n'% RG in three dimensions [45]
8k = (1.3+0.4)n'/% Simulations of classical field theory [46]

Table 1.1: The critical temperature for a dilute Bose gas obtained by various
analytical and numerical methods.

The magnitude of this margin depends parametrically on the gas density n and
the s-wave scattering length a as follows:

T
AT _ cn3a. 1.10.120
T?

The results of many notable developments with explicit values of the coefficient
¢ are outlined in Table 1.1.

1.11 Interaction corrections to the properties of
ideal Bose gas at temperatures below crit-
ical

Motivation

In the previous sections we have reviewed common approaches used to investigate
the influence of the interaction corrections on the properties of an ideal Bose gas.
All of them capture essential features of the system’s behavior, although each has
some drawbacks or inconsistencies with experimental data.

Probably the major downside of the approximations involved is that they ei-
ther do not allow to investigate the problem in the whole range of temperatures,
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being concentrated in the region infinitesimally close to T = 0, or technically
complicated, which makes solving the problem a hard task.

Therefore, we think it is important to elaborate such a procedure which, on
the one hand being simple and easily implementable, could on the other hand be
based only on the most general physical principles and be capable of reproducing
the essential features of the weakly interacting Bose gases in the whole range of
temperatures below critical [47].

Procedure

We choose a TFD approach as a framework for performing the actual calculations.
As was shown earlier on examples of the Bogoliubov and Popov approximations,
this formalism allows one to straightforwardly get the same analytical expressions
for the quantities of interest as does the imaginary time formalism, which used to
be the primary tool in the fleld so far. The price one has to pay, though, is the
doubling of degrees of freedom. This may cause certain technical complications
when calculating higher order loop corrections due to the sharp increase of the
number of Feynman diagrams involved, but does not represent any difficulty when
only few leading terms are in focus. The merit, however, is that the TFD approach
does not require one to perform the technically tedious analytical continuation in
the complex time plane. Therefore, choosing a proper analytical machinery is
mostly a matter of taste, determined by one’s familiarity with the approach.

The starting point of our procedure are the TFD generalizations of the Be-
liaev equations (1.10.70). These equations should be solved with respect to the
resummed propagators Gi; and Gia, expressed in terms of the corresponding self-
energy functions.

The latter, however, cannot be written down in a closed form and some kind of
approximation is required. In this work, we take into account only the self-energy
functions, which correspond to the Bogoliubov approximation (see Fig.1.13). De-
spite the fact, that this approximation is valid only in the range of temperatures
infinitesimally close to zero, our procedure, as we will see later, helps to bypass
this limitation. '

Thus, we may solve (1.10.70) and find the propagators as functions of the two
unknown parameters, namely the condensed phase density ny and the chemical
potential .

In TFD, one may express any physical parameter of interest via the G} matrix
element of the propagator. In particular, the gas density n could be written as:

n=ng +/dw dp G (w, p;no, ). | (1.11.1)

This equation gives an implicit dependence of ng on .

In order to completely characterize the system, we need, however, to find an
independent way to determine the chemical potential itself. A common practice
here is to use the Hugenholtz-Pines theorem [19], which relates this parameter
to the self-energy functions of the system [4, 14], thus providing a necessary con-
straint. We, however, proceed in a different direction and use the requirement that
the physical values of the condensate density and the chemical potential in a state
of equilibrium should minimize the free energy F. In TFD formalism, interaction
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corrections to this potential are given by a set of vacuum diagrams, in which all
internal propagators are of G’g‘i)ll type [10]. As in the case of the self-energy, we
maintain only the minimal possible subset of diagrams required. It is depicted in
Fig.1.18. Thus, for example, in the first order of approximation the free energy

Figure 1.18: First and second order corrections to the free energy of the interacting
Bose gas in Bogoliubov approximation.

reads:
Fo=Fy~ %no(,u,)zU, (1.11.2)

where
Fo =~ gup (explu) (1113

is the free energy of the ideal Bose gas. Here k is the Boltzmann constant, T’
is the temperature, U is the interaction potential, gs/(z) is the Bose-Einstein
function (see [7]) and A\ = h/(2rmkT)"/? is the thermal wavelength, which, in
turn, depends on the mass m of an atom.

In order to keep the procedure consistent, we take into account the interaction
corrections to the self- and free energies which are of the same expansion order
simultaneously. Therefore, the rest of the task consists of the following steps.
First, given a subset of Feynman contributions to the self-energy, we iteratively
solve (1.11.1) with respect to ng as a function of ;1, T and n. Then, we use the
value of ny found to determine the free energy F. As a last step, we adjust the
chemical potential and repeat the whole process until the minimum of the free
energy is found. The latter corresponds to the physical equilibrium.

Once the chemical potential and the condensed phase density are determined
as functions of temperature, the rest of the parameters of interest follows straight-
forwardly by applying standard thermodynamic relations.

Discussion of the method

As one readily observes, our approach may suffer from the drawback we men-
tioned earlier. Namely, we use the Bogoliubov self-energies to explore the thermal
properties of the system, which is only admissible in the vicinity of 7 = 0. On
the other hand, however, the second part of the procedure, that is concerned with
determining the chemical potential, is inherently non-perturbative.

In other approaches, one usually evaluates this parameter consistently, order by
order, within the perturbation expansion process. First, the self-energy corrections
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in a given order of approximation are being evaluated. Second, the Hugenholtz-
Pines theorem is applied, which produces the value of the interaction correction
to the chemical potential, consistent with this order.

In contrast, we first determine the expression for the free energy in a given order
of approximation, and then determine p by minimizing the function obtained.
Therefore, a “series expansion” for the chemical potential does not happen.

For example, let F,, be the free energy in the nth order of approximation, given
by the sum of the zero order free energy Fy and corresponding loop corrections:

Fo(no, ) = Fo(no, ) + FW (no, 1) + ... + F™(ng, ).

Then the chemical potential in our procedure is being determined by minimizing
the whole right-hand side of this expression, in which it enters different-order
terms on the same footing, without any additional expansions. Thus, some kind
of order mixing occurs, that makes the entire procedure non-perturbative.

Therefore, we may expect that the explicit form of the self-energy contributions
encountered is not the primary issue and regard the minimal possible subset of
them (i.e. the Bogoliubov subset) as sufficient for our purposes.

Moreover, minimizing the free energy to obtain physical parameters makes the
outcome of the procedure thermodynamically consistent.

Model parameters

When investigating the properties of interacting Bose gases, it is a common prac-
tice to choose the parameters of the liquid He? when performing the formal quan-
titative estimations. We follow the same line and suppose, that the atom masses
and molar volume of the system involved are m = 6.65 x 107%* g and V = 27.6
cm?/mole correspondingly [7].

Since the momenta involved in the problem, are sufficiently small due to the low
temperature of the system, we assume, as in previous chapters, that the Fourier
components of the pair-interaction potential U(p) could be replaced by their value
Up at p = 0. Thus, the form of the repulsive interaction potential is getting fixed
by (see (1.9.11))

AR
Up= 229 (1.11.4)
m

In order to use U, safely as a loop expansion parameter, the s-wave scattering
length was chosen such, that

nUg
kT,

~ 0.02, (1.11.5)

where T, =~ 3.13°K is the critical temperature of the ideal Bose gas with the
parameters specified. In other words, the interaction energy between the particles
is assumed to be small compared with the thermal energy.

Further, unless otherwise stated, we will say that the value of Uy is unit if it
satisfies the estimate (1.11.5).
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Results

We have calculated the first and second order interaction corrections to the ther-
modynamic functions of the ideal Bose gas within our framework. Let us now
present the findings.

First we look at the dependence of the condensate density in the zeroth, first
and second orders of approximation on the physical temperature (see Fig.1.19).
Due to the overwhelming role played by the order parameter in the theory of
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Figure 1.19: Order parameter as a function of the physical temperature. Thick
solid, dashed and thin solid lines correspond to the value of the parameter in
the zeroth, first and second orders of interaction corrections at unit interaction
strength.

Bose condensation, its close inspection is enough for a preliminary account of all
physical effects taking place in the system.

Two points of interest may be noted, observing Fig.1.19. First consists of the
fact that the second order correction does not vary the overall picture too much
compared with the first order one in the whole range of temperatures excluding,
possibly, the region close to the critical. This is actually what one expects from
the higher-order loop corrections.

The second point, however, is that we found it hard to draw any definite con-
clusions about the system properties in the critical region, since the procedure we
have followed did not perform stably. This issue is not concerned with the partic-
ular calculation algorithms, but reflects the overall drawback of all theories that
try to approach the critical region perturbatively or take only a limited subset
of self-energy diagrams into account [14]. As was discussed earlier, all of them
break down near the phase transition point due to the infrared divergencies. This
problem can be cured by selective resummations of the diagrams from all orders
of perturbation theory. Since our procedure does not perform that, we will re-
frain from drawing any particular conclusions about the critical region, limiting
ourselves to only the most general statements.

Therefore, we conclude that most of the information concerning the influence
of the weak interaction on the order parameter in the whole range of temperatures,
excluding critical, is contained already in the first order of approximation. Let us
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now consider it in more detail.

In Fig.1.20 the first order interaction correction ng; to the condensed phase
density as a function of the temperature parameter T'/T, is represented for three
different values of the interaction parameter.

Ng1/n

Y
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\
/
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\\

0.02 /'/
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Figure 1.20: First order interaction correction to the condensed phase density as
a function of the temperature parameter. Thick solid, dashed and thin solid lines
correspond to the interaction parameter U equal to 1/2, 1 and 2 correspondingly.

First, we notice that the condensed phase density of the interacting gas is
higher than that of its non-interacting counterpart in the whole range of tem-
peratures. The explanation of this observation could be represented within the
following general framework. The physics of non-ideal Bose gases is determined
by the outcome of the competition between entropy and enthalpy. While the first
favors more particles in a normal phase by increasing the number of accessible
microstates as the temperature increases, the second tries to put more atoms into
the condensate by the use of the repulsive interactions. The point, where these
two mechanisms compensate each other, corresponds to the actual thermodynamic
equilibrium.

Positiveness of ng; gives us a clue that the interaction term gives a greater
contribution to the enthalpy than to the entropy. It seems to imply that the
thermal effect is not as significant in an interacting Bose gas as it is in an ideal
gas.

The dependence on the the interaction strength is somewhat complicated. Asit
is clear form the plot, the bigger the interaction strength, the bigger the correction
nei- Qualitatively, the dependence is nonlinear. The nonlinearity, however, is two-
fold. First, as we may observe directly from the plot, the increase in the magnitude
of the interaction is not being accompanied by the proportional increase of the
value of the correction itself. Second, the bigger the Uy, the greater its change
impacts the ng;. One may directly observe this effect from the relative distances
between the curves while keeping the parameter 7'/T, fixed.

It is also worth noticing that the maximum of ng; shifts slightly to the higher
values of temperatures as Uy increases. That suggests that the enthalpy is able to
dominate the entropy the longer the stronger the interaction between the atoms.
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Nonlinear dependence of ng; on the temperature parameter is obvious. What
should be noticed here is the absence of symmetry of the curves with respect to
a midpoint T,/2. The bigger the interaction strength, the bigger the asymmetry.
As was explained above, this is due to the nonlinear outcome of the competition
of the entropy and enthalpy, which leads to the different slopes on the left and
right sides of the maximum.

The plot of the dependence of ng; on T'/T, functionally and on Uy paramet-
rically captures the most part of the physics. What remains is to try to extract
from the data the information about the system’s behavior in the region close to
the critical. The critical region itself, as we have already pointed out, cannot be
accessed.

The best way to do that is to make a plot of the first order interaction correction
to the specific heat Cy per particle as a function of the temperature parameter
T/T,. It is represented in Fig.1.21. One may readily observe the sharp rise of

| T/Tc

Figure 1.21: First order interaction correction to the specific heat per particle as
a function of the temperature parameter. Thick solid, dashed and thin solid lines
correspond to the interaction parameter Uy equal to 1/2, 1 and 2 correspondingly.

the specific heat as the temperature comes close to the critical. The bigger the
interaction parameter, the sharper the rise. This is very similar to the behavior
of the actual interacting systems near the phase transition point. Unfortunately,
just like it was in the case with the condensate density, we were unable to esti-
mate quantitatively the form of the curve due to the observed instability of the
procedure near T,.

Finally, one feature of our approach should be noted. It turns out, that in the
first order of approximation we get the value of the chemical potential equal to
zero. This diverges from the results obtained within other approaches, where the
zero chemical potential of the ideal Bose gas acquires a small positive correction
due to the interaction. However, the second-order correction appears to be useful
in this case. It shows that the chemical potential acquires a small negative value,
comparable in the order of magnitude to the interaction strength. Its magnitude is
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maximal at 7' = 0 and quickly drops to zero in the absolute value as temperature
goes up. This is depicted in Fig.1.22.
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Figure 1.22: Chemical potential in the second order approximation with a unit
interaction strength.

Conclusions

Thus, we have demonstrated, how the thermal properties of the weakly interacting
Bose gas could be explored based on the approach developed. Despite the fact,
that our procedure uses only the minimal subset of the self-energy and free energy
contributions, it allows one to evaluate the major effects caused by the interaction
already in the leading loop expansion order. The most notable of them are the
increase of the condensate density, compared to the non-interacting case, in the
whole temperature range, and a sharp rise of the specific heat near the phase
transition point. These effects clearly demonstrate that the thermal properties of
ideal Bose gases could be changed significantly by the interaction.

However, the most physically interesting region, the critical one, remains un-
accessible for our method. Summation to all orders of a broad class of self-energy
diagrams is required to make reliable conclusions about the phenomena taking
place near the phase transition point [14].
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Chapter 2

Two-particle irreducible effective
action formalism

As we have observed in the previous chapter, the critical region of Bose condensed
systems remains unaccessible for techniques based on perturbation series. The
source of the problem is in infrared divergencies, which make the loop expansions
unstable near the phase transition point. Physically, these infrared divergencies
are screened, and this can be taken into account by summing certain classes of dia-
grams from all orders of perturbation theory. An example of this is the summation
of bubble and ladder diagrams.

Surprisingly, the recent progress in theoretical physics allowed to develop an
approach, which makes it possible to perform such summations in a self-consistent
and economic manner. Additionally, it proved useful in exploring time-dependent
and far-out-of-equilibrium phenomena in the systems of quantum fields, which was
well beyond the scope of conventional formalisms.

This approach is based on efficient functional integral techniques, so-called
n-particle irreducible (nPI) effective actions [48, 49, 50], for which powerful non-
perturbative approximation schemes are available. The subject will be in the
center of our attention in what follows.

Treating the Bose condensation phenomenon within the nPI framework is be-
yond the scope of this work. Instead, we will resolve an important question,
concerning the gauge invariance breaking in the nPI theories. This issue is crucial
for the internal consistency of the formalism as a whole.

In section 2.1 we overview the motivation which lies behind the nPI approach
and discuss specifics of this formalism, which make its applicability area much
wider than that of the conventional techniques.

Formal mathematical construction of the 2PI framework is presented in section
2.2.

In 2.3 we treat the simplest gauge theory, namely the quantum electrodynamics
(QED), within the 2PI approach.

Section 2.4 is dedicated to the investigation of the issue of the gauge invariance
breaking in truncated 2PI QED and contains our resolution of this problem.
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2.1 Motivations and overview

Recent remarkable advances in astrophysics, heavy-ion collision experiments and
observations of the Bose-Einstein condensates formation in the laboratory pro-
duced an abundance of data on matter in extreme conditions. Successful interpre-
tation of that data requires a quantitative understanding of far-from-equilibrium
guantum field theory.

On one hand, investigation of specific non-equilibrium effects is important by
itself. On the other hand, connecting the far-from-equilibrium dynamics at early
times with the approach to a thermal equilibrium at late times is a challenge for
theory [52, 53, 54]. A curious problem from this category is prethermalization.
This is a universal far-from-equilibrium phenomenon when different quantities
thermalize on different time scales. For example, velocities of the atoms of an
initially constrained classical gas, when released, relax to the equilibrium Maxwell
distribution long before the gas as a whole is getting distributed uniformly over
space. In the quantum case such prethermalized quantities approximately take
on their final thermal values already at a time when the occupation numbers of
individual momentum modes still show strong deviations from the late-time Bose-
Finstein or Fermi-Dirac distributions. In order to explain such behavior, it is
crucial to be able to compare between the time scales of prethermalization and
thermal equilibration.

Moreover, a successful description of dynamics of quantum fields away from
equilibrium is tightly related to the basic problem of how macroscopic irreversible
behavior arises from time-reversal invariant dynamics of quantum fields. This is
a fundamental question with most diverse applications in all areas of physics.

2.1.1 Standard approximation methods fail out of equilib-
rium

One may try to attack the problem of non-equilibrium quantum fields with the
use of standard techniques and methods. There are several frequently employed
strategies.

One of them, known as classical statistical field theory, consists of replacing
the quantum field by a system of classical distinguishable oscillators. This ap-
proach gives important insights, when the number of field quanta per mode is
sufficiently large, so that quantum fluctuations are suppressed compared to sta-
tistical fluctuations. However, this method is barely useful beyond the classical
limit.

Another popular choice is a linear response theory, which is based on the
assumption of small deviations from equilibrium and sufficient homogeneity in
time of the underlying system. However, intensive exploration of this approach
proved its inability to link the early and the late-time behavior in the case where
the system is highly non-equilibrium.

Also, important theoretical progress is being made with effective descriptions
based on a separation of scales in the weak coupling limit. These kind of prob-
lems frequently appear in complex biological systems, where different small and
fast degrees of freedom coexist with the big and slow ones. However, there are
situations, when there is typically no clear separation of scales which is valid at
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all times and it is often difficult to identify a small expansion parameter.

Nevertheless, a successful out-of-equilibrium method should solve additional
problems, which do not appear in conventional approaches.

The first problem is secularity. The perturbative expansion of time-dependent
variables suffers from secular terms; which grow with time and make the expansion
invalid even in the presence of a weak expansion parameter.

Another problem, which poses a severe constraint on a theory, is universality.
The method, which pretends to give an adequate description of non-equilibrium
systems, must produce universal late-time results, which are not sensitive to the
initial conditions and uniquely determined only by the integrals of motion. In order
to archive that, implementation of the necessary nonlinear dynamics is demanding.

An illustrative example from classical mechanics

In order to develop intuition about the nPI effective actions, it is useful to consider
an example of anharmonic classical oscillator. It is quite remarkable that such a
simple system contains all the problems outlined above in their simplest form, and
that the resolution of those problems could be straightforwardly translated into
the case of nonequilibrium quantum fields.

Our damped oscillator with time-dependent amplitude y(t) is characterized by
an infinite number of anharmonic terms:

j+ty=—ej— (e —(en)’ = (en)'—... , ex1 (2.1.1)

Here each dot denotes a derivative with respect to time t. The presence of friction
terms to arbitrarily high order resembles the situation in quantum field theory,
where the presence of quantum fluctuations can induce self-interactions to high
powers in the field. Its form is intentionally chosen in such a way that it results
in a geometric series with > oo . (ey)™ = (ey)3/(1 — £%?).

In order to solve the initial-value problem for the above second-order differen-
tial equation, we employ the following initial conditions: y(0) = 1, §(0) = —&/2
and consider the time evolution for ¢ > 0. Thus, one finds the expected damped
oscillator behavior displayed below for ¢ = 0.1:
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What happens, when we neglect contributions from higher order friction terms
and leave only a few leading order ones? It may seem quite obvious that such a
solution will definitely be a good approximation of the full one in the case where
the interaction parameter ¢ is small. However, this is not true.
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Indeed, a perturbative expansion of y in ¢,

2

Yport (1) = yo(t) + Ena (1) + S(t) + O(Y), (21.2)

yields the standard hierarchy of equations:

Jo(t) +yo(t) =0 , G +nul)=~% , ... (2.1.3)

These can be iteratively solved as

1. 1.
yo(t) = 56” +cec , )= —Ze”t +ece ... (2.1.4)
Doing this to second order in ¢, one finds:
1 . 2
Ypert(£) = 5¢* <1 — st = [0 - it]) +ec. (2.1.5)

Beyond the lowest order, the solution contains secular terms which grow with
powers of the time ¢, and one arrives at the important conclusion:

The perturbative expansion is only valid for et <« 1.

Now consider an alternative, (“nPI type”) expansion. Unlike the previous case,
we will not expand the amplitude y(t) into a series, but rather classify the terms
of the equation of motion (2.1.1) according to the powers of the small parameter
€. Since in the leading order of expansion the right-hand side does not contain any
terms of order £°, we obtain the same equation as in the conventional perturbation
theory:

. 1.
bt =0 = () = 5 e (2.1.6)
The next order takes into account all terms of (2.1.1) to order £}, i.e.

i+ = e > YR = VT e (217)
Since there are no €2 friction terms appearing in (2.1.1), the above equation also
agrees with the second order of the expansion. The next order would take into
account all terms of the equation to order €3, and so on.

This provides a systematic approximation procedure in terms of powers of the
small parameter ¢. However, in contrast to the conventional perturbative expan-
sion, the “nPl type” expansion turns out to be non-secular in time. Indeed, as
one may explicitly observe from (2.1.6) and (2.1.7), both the lowest order approx-
imation and yf,?l(t) do not exceed O(£°) for all times. Thus, the result (2.1.7)
provides a universally valid approximation to the equation (2.1.1) up to correc-
tions of order ¢3. The already very good agreement with the exact result can be
checked explicitly.

It is instructive to compare the “nPI type” solution to the perturbative one
by expanding (2.1.7) in powers of e:

2) I a € g 2 3
yepr(t) = zef(1—zt+—[t? —it] | + O(®) +c.c.
" 2 2 8

1
@ Ypert(t) + O(%) +c.c.

This allows us to conclude that
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e the “nPI” result corresponds to the perturbative one up to the order of
approximation (here up to O(e?) corrections).

e the “nPI” result resums all secular terms to infinite perturbative order in €.

Stated differently: infinite summation of perturbative orders is required to obtain
a uniform approximation to the exact solution, i.e. that the error stays of a given
order at all times.

What made the alternative expansion so successful? In the case of the regular
approximation, we started with breaking the variable y into degrees of freedom
according the the powers of the expansion parameter €. Thus, for example, the
big and slow degree of freedom, g, turned out to be separated from the small and
fast one, y;, and served as its driving force, which led to secular divergence. In the
second case, however, we did not expand y additionally, but rather preferred to
define the degrees of freedom self-consistently, in terms of themselves. Therefore,
‘those of them, including 1, and 3, which where previously considered as separate,
now got confined into a single object yg,ll, which behaves nicely.

Thus, in order to avoid secularity, we have to truncate the dynamics of a given
variable according to powers of the small expansion parameter. The price to be
paid is the necessity of having to deal with nonlinear equations. However, it is
exactly the nonlinearity which will help us to obtain universality in the sense
outlined above.

2.1.2 The way to describe nonequilibrium quantum fields
from first principles.

Nonequilibrium dynamics requires the specification of an initial state at some given
time fy. Once it is done, the subsequent time-evolution is completely determined
by the Hamiltonian. Equivalently, the dynamics can be described in terms of a
functional path integral with the classical action S. From the latter one obtains
the effective action I', which is the generating functional for all correlation func-
tions of the quantum theory. There are no further ingredients involved concerning
the dynamics, than what is known from standard vacuum quantum field theory.
There are no course graining, averaging or any other approximations or assump-
tions involved. The fact, that the dynamics is obtained from the effective action,
guarantees a number of crucial properties for the time evolution. The most no-
table of them is the energy conservation, which in the classical limit is manifested
by the absence of the friction terms in the equations of motion.

There is no loss of information during the thus derived nonequilibrium time
evolution. In this respect it is quite remarkable that the evolution can come very
close to the state of thermal equilibrium and remain there for an arbitrarily long
time. Thus, the observed effective loss of details about the initial conditions can
mimic very accurately the irreversible dynamics which is realized in the actual
systems.

n-Particle irreducible expansions

Now we are ready to “translate” the above mechanical example into quantum field
theory. Of course, this trick is intended to give only an intuitive insight and should
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not to be regarded as a way to “quantize” the classical system.

In the language of field theory, the oscillator amplitude y plays the role of
the one-point function, i.e. the field expectation value or macroscopic field. The
squared amplitude is then, obviously, a two-point function, or propagator. The
many-point functions are nothing else but vertices, etc.:

y(t) 7 ? $(z) = (d(x))
(macroscopic field)

(1) Y Ga(z,y) = (TO(z)d(y)) — 6(z)d(y) = G(z,v)
(propagator)

y2(t) ? o ? Gs(z,y, 2) or, with G5 ~ GGGVs :
Va(z,y, 2) (proper three-vertex)

yi(t) 7oAy Vi(z,y, z,w) (proper 4-vertex)

All of these are independent “degrees of freedom” and their knowledge provides a
full description of the quantum field theory.

The equations of motion of n-point functions are conveniently encoded in an
effective action I'. There are different representations of this functional. The one,
especially suitable for our needs, is the so-called n-particle irreducible effective ac-
tion I'[¢, G, Vs, ..., V,]. It is parameterized by the degrees of freedom and serves
as a starting point for powerful approximation schemes in non-equilibrium quan-
tum field theory. It determines the equations of motion for ¢, G, V3, ..., V, by the
following stationarity conditions:

6T, G, V3, .. ] _ 0 5T, G, Vs, .. ] _0
5o o 5G o 5V,

Now the “nPI” approximation scheme for the classical anharmonic oscillator

introduced above can be translated into the quantum case as follows:

oGV | _ . (2.1.8)

e Classify the contributions to I'[¢, G, V4, . . .] according to powers of a suitable
expansion parameter or any other appropriate approximation scheme.

e Drop the higher order terms, thus performing truncation of the full effective
action functional.

e Determine the equation of motion for ¢, G, V3, ..., V, from the truncated
effective action according to (2.1.8) without any further assumptions.

It may seem that the full effective action T'[¢, G, Vs, ..., V,] should be pro-
hibitively complicated, since it depends on an infinite number of degrees of free-
dom. Fortunately, there exists an equivalence hierarchy between the nPI effective
actions [48], which simplifies the task considerably. For instance, when performing
the loop expansion, one has:

I—-(lloop) [¢] — F(llOOP)[qb, D] = ...,
F(2100p)[d)] 7é F(2Ioop)[¢7 D] —_ P(QIOOP)[¢,D,V3] = ...,
1-\(3loop) [¢] 7& 1—\(3100p)[¢7 D] # I-\(Sloop) [¢7 D, Vg] — F(Sloop) [¢7 D; Va, V4] =...,
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Here T'(™ooP) denotes the truncation of the respective effective action to a given
n-th loop order. In other words, if we are interested only in the effects of the
second order in the interaction constant g, then all we need is to take the full 2PI
effective action and truncate it to leave only two-loop diagrams. The resulting
effective action will contain the same information about the effects of interest
as any other higher order nPI functional with n > 2, truncated to the second
order. On the other hand, if we want to explore the effects of order g¢°, then
truncated to three loops 2PI and 3PI actions, respectively, will not give physically
equivalent results. Thus, the higher order effects require higher order functionals
to be introduced. Typically, one rarely needs to treat the processes beyond the
fourth order. Therefore, the 2PI, 3PI and maybe 4P1 effective actions are enough
for most of the purposes.

In what follows, we will concentrate particularly on the 2PI functionals, briefly
mentioning the 3PI ones when discussing the QED electrical conductivity.

Also, exploration of the non-equilibrium effects in the systems of quantum
fields is beyond the scope of this review. Therefore, we will work completely
within the equilibrium field theory, both vacuum and thermal, leaving discussion
of the related subject for the concluding paragraph of the work.

2.2 Two-particle irreducible generating function-
als

In this section we discuss a formal construction of the one-particle irreducible
(1PI) and the two-particle irreducible (2PI) effective actions. The latter provides a
powerful starting point for systematic approximations in non-equilibrium quantum
field theory [49, 50]. To be specific, we consider first a quantum field theory for
a real, N—component scalar field ¢, (a = 1,..., N) with the following classical
action S[p]:

1

Sulip) = 2 (Butpe)’ ~ T (pa)? — gl (22.)

Here the repeated index represents a summation over all discrete indices and an
integral over space and time variables. The explicit time contour will be specified
later.

The generating functional W[J, R] for connected Green’s functions in the pres-
ence of one-point J; and two-point R;2 source terms is given by

Z[J,R] = Exp(iW[J,R]) (2.2.2)
= / Dly] Exp [z (Scl 0] + Jepe + %ny Pq %)} :

We define the macroscopic field ¢; and the connected two-point function G, by
variation of W[J, R] with respect to the source terms as the following:
SW[J, R]  OWI[JL Rl 1

ST = —§(¢x¢y+iaxy). (2.2.3)
x xy

Before constructing the 2PI effective action, it is convenient to consider the 1PI
one, which is obtained by the Legendre transform of the generating functional
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W [J, R] with respect to the source Ji:

SW1J, R

DAlg] = WIJ, R] - 5

J. = W[J,R] - J, ¢s. (2.2.4)

We note that:
1. I'E=%[¢] corresponds to the standard 1PI effective action.

2. For R # 0 it can be formally viewed as the 1PI effective action for a theory
governed by the modified classical action, S%[p], in the presence of a non-
constant “mass term” ~ R, quadratic in the fields:

1
SR[QO] = S[SO] + §R:Ey P Py- (225)

This can be directly observed from (2.2.2) and the fact that the standard 1PI
effective action is obtained from the same defining functional integral in the pres-
ence of a term linear in the field. Correspondingly, it is a straightforward task to
recover for I'?[¢] all the “textbook” relations for the 1PI effective action taking R
into account. For instance, I'*{¢] to one-loop order is given by

[R@oor) (4] — GR[$] + %Tr Ln [(G3,) ™" + Ryl (2.2.6)

which is the familiar result for the 1PI effective action with S[¢] — S®[¢] and
(GY,) ™t = (GY,)"" + Ryy. Similarly, onc finds that the exact inverse propagator
is obtained by taking double derivative over fields:

S*TR[g]
0d0y
Here the classical inverse propagator (G2, )~! = 625[¢]/d¢.0¢, reads

xy

=Gy, = (G2) ' + Ry — 52 (2.2.7)

Ty

A A
(G:[I):y)nl = - (D + m2 + éﬁ ¢z ¢z> 61:y - m ¢1; ¢y 5(f - 27), (228)

and %% is the proper self-energy, to which only one-particle irreducible Feynman
diagrams contribute, i.e. diagrams which cannot be separated by opening one
propagator line.

The 2P1 effective action is obtained by performing a further Legendre transform
of T'®[¢] with respect to the two-point source R:

0TR[]

N
SWIJL Rl 1 ‘
T, =3P 9y+iCa)
1
= THR[g] - -2-Rzy(¢m Gy +iGay). (2.2.9)
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Here we have used the fact that the relation between ¢ and J is R-dependent, i.e.
inverting ¢ = §W|[J, R]/8.J yields J = J%(¢). From the above definition of I'%[¢]
one therefore finds:

STE[¢)] SWI[J,R] OWI[J,R] 6J, 8J,

R, R t 5Rzy"5RIy(bz

_ SW[J,R]
= (2.2.10)

Of course, the two subsequent Legendre transforms of W|[J, R], which have been

used to arrive at (2.2.9), could have been performed simultaneously like the fol-

lowing:

OW1J, R]J B SW1J, R]
0J; * 0R,

1 .
= W[]: R] - Jz ¢z — §ny (¢z ¢y + Zny)

I, G] = WJ, Rl -

Ray (2.2.11)

From this one directly observes the stationarity conditions:

T[¢,G]

56 = ~Je ety (2.2.12)
3T, G ;

2 = 2R, 2.2.1

3Gy g o (2.2.13)

which give the equations of motion for ¢ and G in the absence of the sources,
ie. J=0and R=0.

To get familiar with equations (2.2.9) or (2.2.11), we may directly calculate
I'[¢, G] to one-loop order using the above results for I'®[¢]. Plugging (2.2.6) into
(2.2.9), one finds to this order:

(2

Tl¢,G] ~ S[¢] + %Tr L [(G%,)™! + Ry, — '51%;,;,, Gy (2.2.14)

If we set G = (G,) ™" + Ryy, then we can write

Ty

T[6,G] ~ S[4] + —;:Tan G+ %ﬁ [(G®)'G] + const, (2.2.15)

with Tr [G! G] ~ Tr 1 = const. To verify this, one can check from the stationarity
condition (2.2.12), that indeed to this order

0T(¢, G]
3Gy

i . 0 _ _
:_iq}_{m—(co) 1:—§Rl.y = G, =(Gy) '+ Ry

ty | g\zy xy

In order to go beyond the first order, it is convenient to write the exact functional
I'[¢, G] as the one-loop type expression (2.2.15) and a “rest”:

T4, G] = S[g] + %T&:Ln Gy %Tr [(G%) (G — %] + Tal6, C). (2.2.16)

To get an understanding of the “rest” term I';[¢, G|, one may vary this expression
with respect to G, which yields

G:z_:yl = (GO )_1 -+ RJ:y - Za:y, (2217)

Ty
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where we have written

=2
P =256,

(2.2.18)

Comparing this with the exact expression (2.2.7), one observes the equality

Yoy = 2F

Ty

(2.2.19)

which relates the functional G-derivative of I'3[¢, G] to the proper self-energy. As
was mentioned earlier, the proper self-energy obtains contributions only from the
1PI diagrams in which propagator lines are associated with the effective classical
propagator ((G°)~! — R)~!. The mapping between ¥ and £F is provided by
(2.2.17), which can be used to express the full propagator G as an infinite series
in terms of the classical propagator G° and ¥:

G = ()7 =R =R WG - R
+H(G) T =R)TIZT(G)TT=R)TIE((GOTT - R)T ... (2.2.20)

As a consequence, there is a direct correspondence between a 1PI diagram with
propagator lines associated to G and an infinite set of 1PI diagrams with prop-
agator lines associated to the classical propagator G°. Below we will consider
some explicit examples. Most importantly, from the fact that only 1PI diagrams
contribute to X, one can conclude that

e I';[¢, G] only contains contributions from two-particle irreducible (2PI) di-
agrams.

A diagram is said to be two-particle irreducible, if it cannot be disconnected into
two parts upon opening two propagator lines. Suppose I'3[¢, G| has a two-particle
reducible contribution. This means that the latter can be represented as D GG D,
where G’s are the propagators connecting two separate parts, D and D, of the
diagram. Then the self-energy ¥ is obtained by differentiating I's[¢, G] over G,
i.e. opening one of the above G lines. The resulting diagram analytically reads as
DGD and is obviously one-particle reducible. Thus, it cannot occur as part of
the self-energy and, therefore, the I'2[¢, G] functional is indeed 2PI.

Examples of the two- and three-loop diagrams, contributing to I's[¢, G] and &
in scalar ¢* theory, are shown below:

L0 L O
0 &

Because of (2.2.20), each of the 2PI diagrams corresponds to an infinite series
of 1PI diagrams. For example, the above 2PI diagrams contain the full series of
so-called “daisies” and “ladder” resummations:

This kind of resummation is exactly what is required to get rid of the infrared
divergencies in the problem of an interacting Bose gas near the phase transition
point. Thus, one may expect, that the formalism of nPI effective actions will be
a very successful tool to deal with critical phenomena issues.
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2.2.1 Loop or coupling expansion of the 2PI effective ac-
tion

Loop or coupling expansions of the 2PI effective action proceed along the same
lines as the corresponding expansions for the standard 1PI effective action, with
the only difference that

e the full propagator G is associated to propagator lines of a diagram

e and only 2PI graphs are kept.

The great advantage of the 2PI expansion scheme is that it produces much
less topologically distinct diagrams than its 1PI counterpart. For instance, in
the symmetric phase of the scalar ¢* theory, there is only a single diagram that
contributes at each order up to four loops. At fifth order there are two distinct
diagrams, which are shown along with the lower-loop ones in Fig.2.1.

X-CO0d0@-

Figure 2.1: Topologically distinct diagrams in the 2PI loop expansion up to five-
loop order for ¢ = 0. All prefactors suppressed.

Such a quick convergence is unprecedented and cannot be archived by any
other method.

2.3 (Gauge invariance in 2PI effective action

The nPI expansions are known to be conserving, i.e. they are consistent with
the global symmetries of the Lagrangian. However, they can violate the Ward-
Takahashi identities (WTI) associated with the local symmetries [55, 56, 57]. This
is a very serious issue that needs to be resolved for the sake of the consistency of
the formalism itself.

Below, we will treat the problem of the gauge-invariance breaking on the exam-
ple of the simplest possible 2PI gauge theory, namely the quantum electrodynamics
(QED), based on the 2PI effective action. We will demonstrate that it is possible
to construct a new effective theory on top of the 2PI formalism, which not only
preserves all the properties of the latter, but is also free from the gauge-dependence
issues [60, 61].

The approach to be developed is easily extendable not only to the more general
gauge theories, but to higher order irreducible effective actions as well.
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2.3.1 Definitions
The QED 2P1I partition function is defined as [56]:
Z{J,n,7,C, B] = (2.3.1)
/D[A\Inif] Exp [z (Scz[A] + LA+ Uy 4+ Uy + %CDAIAZ + BIQ\IJI\PQ)].
It depends both on the one-point fermion 7, 7 and photon J sources, as well as on
two-point B and C ones.

The classical action Sy[A] is the Maxwell action, which helps to define the
lowest order inverse propagators for the electron and photon as

(SZSCI (52 Lgcl

(887" = T35 (D)™ = 7 (232)
As previously, we introduce the generating functional for connected fields:
W(J,n,7,C, Bl = —i LnZ[J,n,7,C, B]. (2.3.3)
Taking functional derivatives of (2.3.3), we obtain:
?—:Z‘ = Ay (;—/_Z =11 %17_/7_11/_ = —; (2.3.4)
;g; = % (A1As +1iD12) 5 % = b1ty + 1S,
where S and D are the resummed propagators
D1z = (Aids) = (Ai){As) (2.3.5)
iS12 = (U1W2) — (P1)(¥2)
and A, ¥ and 9 are the field expectation values:
(A) = A, (B) =y, (T)=7. (2.3.6)

The QED 2P1] effective action is now obtained by taking the double Legendre
transform of W[J, n, 7, C, B] with respect to the sources. The expression is ex-
plicitly constructed in such a way that its partial derivatives with respect to the
sources are zero. Thus, we have:

F[?/),?/;,A,S., D] = W[J7T],77, C, B] - J1A1 —771?/)1 —’1/717’]1 (237)
— . 1 )
— Ba(hthy +1iS1) — -2—012(/11/—12 +1D15)

with the following constraints:

or 6T - or

O g~ CiAs o = i — Bigths: ~a = =1y + Bayths; (2.3,
54 1 12z S M 12%2; 5%, M + Baips; (2.3.8)
or 7 or )

5D = —‘2‘012, —5512 = —1B;.
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Using standard field theory techniques, expression (2.3.7) can be rewritten in a
- more convenient form, which yields

F['l)bﬂZ:Aa S: D} = Scl[w:lz’ A] + %ﬂLnD;ZI + —;—TI‘ [(D?2)—l (D21 - Dgl)]
— ATrLnSy! — iTr [(8%) 7 (S — S%)] + @[S, D). (2.3.9)

As we have already discussed in the previous chapter, the functional ®[S, D] is the
sum of all two-particle irreducible diagrams. It depends only on connected two-
point functions S and D, but not on the expectation values of the fields {1, %, A}.

The equations of motion of the mean fields and the propagators of the theory
are obtained from conditions of the stationarity of the effective action. These are
nothing else but the equations (2.3.8) in the absence of sources:

STy, 9, A, S, D] dT[y, 9, A, S, D]

7 =0; 55 =0 (2.3.10)
5F[¢,1/;1A7SaD] _0 5F[wa¢7A757D] _0 6F[¢11Z7A:S:D] _0
51 - 51 S 6S B

2.3.2 Symmetry properties of the 2PI generating function-
als

Let us now explore the symmetry properties of the 2P1 functionals introduced
above.

Local symmetries

Consider making in the functional integral (2.3.1) the following change of fermionic
variables

\1/1 - \1’1 — 7:(:‘./\1‘1’1 ; ‘1—/1 — \ill =+ 7:(;‘A1\I/1 no sum (2311)

without the corresponding term in the transformation law for A; (which would
make the Lagrangian invariant under such a transformation). The QED La-
grangian then transforms according to

L—L— 681[\1\—1‘/1’)’“\1/1. ‘ (2312)

Then, expanding (2.3.1) to the first order in A, we find that the infinitesimal
change of the partition function, caused by the transformation (2.3.11), is

AZ[J,n,7,C, B] = (2.3.13)
/D[A\I’\I’] !:Alaljl -+ ’ieAl(ﬁl\Ill — \-I’l’l']l) + iEBlg(Al - Ag)\pl\ig}

- 1 ~
-Exp [z</dx L4 Ji AL+ ¥y + U + §ClgA1A2 + 312\111\1/2>} =0,

where j; = eW;y¥; is the local current.
This expression is not helpful in its present form. However, we may transform
it by extracting the quantum fields from the path integral. To achieve that,
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we replace them by derivatives with respect to the sources, which act on the
exponential factor in (2.3.13) as the following:

14 146 = 14 = 1 4
- v - ¥ - Y - . 2.3.14
Al_)i5.]1’ 1_>’I:5ﬁ17 1 'I:(S’I]l7 ! 2_)‘1:(51312 ( )
This gives
AZ[J,n,7,C, B] = (2.3.15)

—

— —
_ ) o 0
/D[A‘I"I’] Ao + ey (i— + —m) + eBra(A1 — A2)
(5 m 5 m 5B12

- 1 _
-Exp [2 ( / dz L+ JJA; + Mm%+ ¥im + 5012/11/12 + B12‘I’1‘I’2)} =0,

where arrows indicate that the functional derivatives act on the partition function
but not on the sources. This transformation leads straight to the WTI for the 2P1
Z-functional:

87
0 B2

64 67
Alalle -+ 6A1 <771— + — > -+ €(A1 - Az)Blg
7 5771

=0, (2.3.16)

from which we observe that in the absence of sources the local current is conserved:
A1 =0. (2.3.17)

For the sake of completeness, we may write the WTI for two other functionals
of interest, namely W and I'. Substituting Z = exp(iW) into (2.3.16) we obtain:

MBij1 +ieAy (ipr — Yami) +ie(Ar — Ag)Bia (Y192 +1512) =0 (2.3.18)

Once again, the absence of sources leads to the local current conservation.
Finally, we rewrite the above expression by replacing the sources with corre-
sponding derivatives of the effective action, using (2.3.8). The result is:

or
0512

A0 g1 + el ( o o S12=0 (2.3.19)

st P

Again, it follows immediately that for the solutions of the equations of motion,
given by (2.3.10), the Noether current remains unchanged.

) Fie(Ar — Ay)

Global symmetries

Conservation of the global current comes straightforwardly from the scheme rep-
resented above. In this case the phase changes are the same in all points of space
and we set A; = const. This means that the Lagrangian in (2.3.12) does not
change and first terms in (2.3.16), (2.3.18) and (2.3.19) disappear. Third terms in
the above equalities also vanish and what remains is the global form of the WTT

oT
5’(/)1 5’9/ A 7

which is always satisfied for the physical solutions.

—1 wl (2.3.20)
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2.3.3 The Ward-Takahashi identity for the 2PI two-point
function

Now let us turn to the WTI for the 2PI two-point function. The latter is defined
as

(0]TT, T |0) ! ( 0 ) ( d )Z[J ez N
a = i A o Tl U y 1,1, L,
! Z[J,n,n,C, B] 67a) \ 07 T J=n=q]
1 L
-~ / DIATE), T, exp(Sa), (2.3.21)

where Z = [ D[A¥T¥]exp(Sy). As earlier, transformation (2.3.11) leads to the
following identity for the functional integral (2.3.21):

1 = -
-Z—/D[A\I’\II] exp(Sd){ - 7(()1[\1 [‘jl\lla\llb] (2322)
+ ieAa\Ila\i’b - ie\IJaAb\i/b} =0.

As one may readily observe, (2.3.22) could be directly represented in terms of the
vacuum averages of the quantum fields as follows:

i O[T T, T4]0) = —ied(z — a){0|TT,T;|0)
+ied(z — b)(0)]T¥,W4)0)  (no integration) (2.3.23)

This is nothing else but the WTI for the 2PI two-point function.

Let us now take a closer look at the expression (2.3.23). The two-point func-
tions on its right hand-side are the full fermion propagators. On the left side, in
turn, there is a more complicated three-point structure. It can be rewritten as a
product of the propagators for the entering and exiting electrons, times the am-
putated scattering diagram. In our case, the latter is just the 2P1 vertex function
Ag1p, in which, in our notation, 1 stands for photon leg, and a and b stand for the
oncoming and incoming fermion legs respectively.

In order to put (2.3.23) into a more familiar form, we compute its Fourier
transform by integrating:

/dxe_“”/daeiq'“/dbe_ip'b. (2.3.24)

Then the WTT for the two-point function reads:
S(p + k) [—iek A (p -+ £,p) S(p) = e (S) + S(p+K).  (2.3.25)

In order to simplify this equation, we multiply it on the left and right-hand sides
by the following inverse propagators S~*(p + k) and S~!(p), respectively. This
gives a familiar 1PI WTT:

—ik, A*(p+k,p) =S (p+k)— S (p). (2.3.26)
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2.3.4 Some qualitative considerations

Thus, the full 2P1 effective theory turns out to be conserving, both locally and
globally. Moreover, the WTT’s assure that the gauge invariance of the theory is
maintained at the correlator level and for the higher order vertex functions.

In order to illustrate the mechanisms of maintaining the gauge independence,
let us consider the following example.

Suppose we have a full 2PI QED effective action (2.3.9). The first two Feyn-
man diagrams from the infinite series, contributing to the functional ®[S, D], are
depicted in Fig.2.2. These are the leading and next-to-leading order terms with
bare vertices and resummed propagators. Gauge invariance of the theory must be

Figure 2.2: First two contributions to the QED 2PI effective action. Thick solid
lines represent full fermion propagators, thick dashed lines are the full photon
propagators. All vertices are bare.

explicitly manifested by the transversality of the photon self-energy IT*. In order
to obtain the latter, we have to open a photon line of all of the diagrams con-
tributing to ®[S, D] and then sum them up. Thus, for example, the leading and
next-to-leading order contributions to the self energy could be straightforwardly
inferred right form the Fig.2.2 (see Fig.2.3).

Figure 2.3: First two contributions to the photon self-energy function.

We will try to prove the gauge invariance of II*¥ iteratively, order by order. To
start with, we use the stationarity conditions (2.3.10) of the effective action (2.3.9)
to derive the equations of motions of the full fermion and photon propagators.
These equations have the form of Dyson equations and read:

St = (8%) 7 + ;9015 D] ], (2.3.27)
0521
_ D
D = (D%) ™" - 22'5(1’[5 . D) (2.3.28)

6Dor

Obviously, on the first iteration we have S = Sy and D = Dy. Therefore, the lead-
ing order photon self-energy is nothing else but the vacuum polarization diagram
of the conventional 1PI theory. It is shown in Fig.2.4, where all lines now are
the usual bare propagators. Multiplying this diagram by the external momentum
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Figure 2.4: Lowest-order photon self-energy diagram. Thin solid lines are the
ordinary bare fermion propagators.

vector k,, we get

kO (k) = k, / dpy*S°(p+ k)S°(p)". (2.3.29)
The WTI (2.3.26) in the zeroth order of approximation is simply
ko' = ()7 (p+ k) = (597 (). (2.3.30)

Therefore, plugging this expression back into (2.3.29), we obtain
BIOE) = [dp ()7 + ) - (5970) S + KIS

_ / dp (S°(p) — S°(p + k)) v = 0. (2.3.31)

Thus, in the lowest order of approximation the photon self-energy is transversal,
as expected.

The next-to-leading order case proceeds along the same lines. First, the second
iteration of equations (2.3.27) and (2.3.28) reveals, that the bare fermion propa-
gators now obtain corresponding self-energy insertions $(V. Second, the two-loop
contribution from @[S, D] comes into play. It could be regarded as the vacuum
polarization diagram with the lowest-order vertex correction A®). Thus, we have
three diagrams combined, which are shown in Fig.2.5.

Figure 2.5: Next-to-leading order contributions to the photon self-energy.

The WTT (2.3.26) now reads:
E AP+ k k) =20 (p) - 2O (p+ k). (2.3.32)

Multiplying each of the diagrams by k, and using relations (2.3.30) and (2.3.32),
we get for the first of them:

ke TOD(R) =k, / Ay S p)S°(p+ kS (o + K)S (+ )y (23.33)
= / dp ((S) o+ k) — (%)X (p)) S°(P)S°(p+ K)SM (p + K)S°(p + k)"
= /dpSO(p)Z‘“)(p +k)S°(p+ k)y” — /dpSO(p +R)ZW(p+£)S°(p + k)v”.
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Similarly, for the second
ky OD(k) =k, / dpy"S°(p + £)S°(p)=M () S (p)7" (2.3.34)
= [ @ () i+ - (576) S0+ DS HEOC)S )
= /dpSO(p)E(”(p)So(p)v” - /dpSO(p +E)SM (p)S(p)r”,
and for the third
k, O3k =k, / dpAyS°(p + k)S° (p)y” (2.3.35)
= [ a (=) - 206+ 1) S+ DS 0
=[S WEOG)S G+ Ky~ [ S+ FED p + RS )

Summing up all three contributions, we get zero. This proves that the 2PI photon
self-energy is transversal in the second loop expansion order.
It is clear that one could proceed the same way to any order one wishes.

This explicit example teaches one very important lesson. As we have just
seen, the gauge invariance of the theory in the second order of approximation
depends on the mutual cancellations of the diagrams of different topology. The
same requirement, obviously, holds in higher orders. This does not pose any
problem in the full 2PT theory, since it certainly contains all necessary diagrams
by construction. Unfortunately, in truncated theory this is not already so. Let us
investigate this question closely.

2.4 The modified effective action

The complete 2P1 theory is well and good. It is conserving both locally and glob-
ally and produces gauge invariant results. However, when it comes to explicit
calculations, one is inevitably stuck with accounting for the infinite number of 2P1
Feynman diagrams, describing the interactions in the theory. This is obviously
impossible; therefore, for all practical needs, one has to make certain simplifi-
cations of the underlying effective action. This is archived by a truncation of
the auxiliary functional ®[S, D] in definition (2.3.9), while keeping the variational
properties (2.3.10) untouched. Thus, one obtains a new generating functional
Lapprx [,%, A, S, D] and derives the equations of motion for the mean fields and
propagators of the truncated theory from the following stationarity conditions:

Jrappm[wa’lZaA:S) D] — 6Fapprx[¢:'lﬁzaA757 D] —

5A 0; 5D 0;
5Fapprx[¢:¢7A7S> D] 5Fapprx{¢:¢aA7S, D]
=0; = = 0; 2.4.1
5 ’ 5 (24.1)
5Faper[wa¢7A757 D] =0
45 ’
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Those equations can be used to define the new self-energies in terms of the self-
consistent propagators as

8 appex[S, D]

S =(5%) ' =L, Sp=-—i ; (2.4.2)
0591

Dy =(D%) "' —Thp, Iha= 22._________5(I’apprx[5, D].
6Dy

The way the functional @ is truncated depends on the specifics of the problem.
Different schemes could be employed, such as expansions in powers of the interac-
tion constant, in loop orders or in powers of 1/N, excluding the internal structure
of the Green’s functions from the counting.

The only requirement for the thus constructed ®,pp[S, D] is that it should
preserve the symmetries of the classical action and be invariant under the classical
background gauge field transformations. Therefore, the approximate 2P1 effective
action possesses the following properties of the exact formalism [59)]:

(1) The scheme is void of double counting and fulfills detailed balance relations
and is thus thermodynamically consistent.

(2) If the 2PI action is truncated in a systematic way (loop expansion, 1/N
expansion, etc.) it fulfills the same symmetries as the classical action and is
fully invariant with respect to external gauge fields;

(3) However, it is not gauge invariant with respect to internal gauge transfor-

mations, which is explicitly manifested by the violation of the WTI’s at the
correlator level and for higher order vertex functions.

The latter problem is a serious issue that must be fixed.
Let us now demonstrate the mechanism of the gauge invariance breaking on a
simple example of a truncated 2PI effective QED.

2.4.1 On gauge dependence of the truncated 2PI effective
action

Suppose we truncate our full 2PI QED functional in the first order of the loop
expansion. Thus, the only contribution which survives is given by the first diagram
in Fig.2.2. Its analytical form reads:

2[5,0] = 5 / diz d' Dy (z,') t{(S(x, VS, 2y} (2.4.3)

As one may easily observe, the functional ®»[S, D] is invariant under the back-
ground field gauge transformation

Ay — A, +0,0, S'— e ®571e?, (2.4.4)

which is assured by the cyclic property of the trace.
As earlier, we may treat the approximation order by order, by iteratively solv-
ing the equations of motion (2.4.2) and substituting the results back into the
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corresponding self-energies. We find that, just like in the full theory, the first or-
der photon self-energy is the ordinary one-loop vacuum polarization diagram with
bare vertices and fermion propagators of the conventional 1PI theory (see Fig.2.4).

In the two-loop order, however, the difference with the full theory emerges.
We discover that there is no way to get the third diagram of Fig.2.5, since its ori-
gin, the 2PI three-loop ”mercedes” contribution (second in Fig.2.2), is truncated.
Therefore, we have now only two diagrams, contributing to the photon self-energy
~ in the next-to-leading order of approximation:

Figure 2.6: Next-to-leading order contributions to the photon self-energy in trun-
cated theory. All propagators are bare.

The third diagram, with the cross photon propagator, which results in the
vertex correction, is missing.

The same problem persists, obviously, in the higher loop expansion orders.
Indeed, if we keep going with the iteration process, we will notice easily, that the
vertex is never getting corrected and thus always remains bare, while the fermion
propagators are getting dressed by acquiring the self-energy insertions. Therefore,
the resulting WTI for our approximate theory would involve corrected propagators
but bare vertices

kot =SHp+k)— S5 (p) (2.4.5)

and will never be satisfied, accept of the lowest expansion order.

Thus, our approximate theory is not gauge invariant.

The problem, as we may observe, is that although the full 2PT representation is
exact, any truncation scheme for ®[S, D] in terms of skeleton diagrams, involving
resummed photon and fermion propagators, leads to equations for these propaga-
tors that sum only a certain subset of higher loop diagrams with a fized topology,
determined by the choice of ®[S, D], while the exact WTI requires cancelations at
a given loop order between diagrams of different topology, which is not included
in the same subset.

2.4.2 The modified effective action

The outlined pitfalls of the truncated 2PI theories look so severe, that there seems
to be no way to coherently resolve them. On the other hand, such properties as
resummation to all orders are too valuable to be lost. Therefore, we will take the
mid-way strategy, which will allow us not only to resolve the gauge-dependence
issues, but also retain the genuine properties of the full 2PI framework untouched.

The modified effective action

The idea.behind our approach is simple. 1t is commonly known that the conven-
tional 1PI QED is gauge invariant. So, it is worth trying to construct a special

91



1P1 theory on top of the 2PI one, which, on one hand, could preserve the non-
perturbative features of the latter, and would, on the other hand, be explicitly
gauge invariant [58, 59, 60, 61].

The most obvious way to implement this program is the following. We intro-
duce the new “tilde” propagators, fermion S[t, %, A] and photon D[, 1, A] ones,
which are nothing else but the solutions of the familiar equations of motion

5Fapprr[¢77;:Aa S, D] 5Fappm[¢:1/—}uA:S> D]
65 6D

—0; = 0,(2.4.6)
S=5p,5, 4] D=Dp,),A]

with T'gpprr [,4, A, S, D] being the 2PI effective action, truncated in accord to

some scheme. These equations have the form of Dyson equations:

6<I>appm [S, D]\
8521 S D

5'1_21 =(Sh) ' —Zn; Zp= : (2.4.7)

= — — ,5(1)11. T S,D]
Dlzl = (Dgz) te Iz Il = 21% 55

The 2PI photon self-energy function I, as we have seen above, is generally not
transversal.

This stuff is still a regular 2PI theory. However, we are making another step
forward and substitute the self-consistent solutions of equations (2.4.7) back into
the truncated 2PI effective action. Thus, the following modified effective action
emerges:

[, b, A] = Ty, 9, A, S[, &, Al, Dl, b, All. (2.4.8)

In can be shown [50] that (2.4.8) and (2.3.9) are equivalent at the exact level.

As one may observe, the action, thus constructed, is 1PI, since the propagators
S, 9, A] and D[y, v, A] are not independent entities, but functions of the mean-
fields A, 1, 1.

The many-point functions

Now we may use the action (2.4.8) as a generating functional of our new effective
theory. Since it is 1PI, the many-point functions should be constructed in exactly
the same way as in the regular field theory. We will call these functions external
in order to distinguish them from the ones of the genuine 2PI theory.
We start with the propagators, which are defined as
2 2

ext 1
T AL AIFW”/’ A (52 51/)251/)1

As one may readily observe, these expressions contain the implicit derivatives of
the “tilde” propagators S and D with respect to the background fields. In order
to avoid them, we first introduce the following three- and four-point functions:

5(50 )1 631 16D7}

A132 = (5j§z » M = - 51‘;:2;  he = ) (5/11:
20518 P 20 T

ss o TOSDL prep 50015, D (2.4.10)

’ 55125545 ’ (55125D45
§2®[S, D 828(S, D
1\/153}%1 = 2—[ ] 54 21 = 4_[‘“”‘l
D126S4s 0D120Dys
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Second, we notice that some useful relations can be obtained from the following
obvious identities:

tn

1—},15'32 = 512 3 D1_31D32 = (512. (2.4.11)
Differentiating (2.4.11) with respect to A and using definitions (2.4.10), we obtain:

5% 4 = . D - ;
5/11; = St A3 Sara; 5/1132 = 2D11Qvzy Dya. (2.4.12)

Thus, the derivatives of the “tilde” propagators could be conveniently expressed
through the different types of vertex functions.

Additionally, the vertex functions themselves are subject to certain functional
constraints. In order to determine them, we take derivatives of the Dyson equa-
tions (2.4.2) and obtain a set of Bethe-Salpeter type equations for the vertices.
Using (2.4.10) and (2.4.12), we get:

4] -
Mz = "5, ((8%)7! = Ti2)
o . [8*®[S,D] 65 = 82®[S, D] 6Dy
= A —

55]/2/53'21 6A3 5D11215521 5/'13

= A(1)32 +1 <N1§f2'1'[§1'4A435§52'] + Mfggq/[bmﬂmsbsw])

‘ 16 _
Qg = —im ((D?Q) 1—H12) (2.4.13)
_ §2®[S, D] 6Syy  6°®[S, D] 6Dy

5§1/215D21 6143 5D1/215D21 5A3

i .- ~ - -
= 5 (MBS [SvahussSsr] — MBS [Drafsas D)

This system of equations is represented graphically in Fig.2.7. It incorporates the

vertices (2.4.10) into a single structure, which could be easily solved iteratively

when performing explicit calculations.

Figure 2.7: Graphical representation of Eqn. (2.4.13)

Now we are ready to write down the external propagator (D$')™! in a closed
analytic form. First we take the derivatives of the modified effective action (2.4.8)
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using the chain rule. In the expression below we suppress the arguments and
simply write I'[1), 9, A] as T'. We obtain:

(D;;ﬁ _1 521—‘ 4 (52].—‘ ! (SD34 5D55 i (SQF ‘ (55'34 55’56
5As0A; | 6D340Dsgl8D 8A; 0A; @ 65340555185 0A; 64,
521 §Ds4 52T 6534
2.4.14
+(5D345A1 ’gﬁ Ay | 55.0A; 15 5 3A, (2.4.14)

82T D34 6S
+ l_~ 34 56+{1<——>2}).
53’3451)56 SD 5A2 5A1
Each entry in this equation could be expressed via the many-point functions and

free propagators with the help of (2.3.9), (2.3.2), (2.4.10) and (2.4.12). The result,
separately for each of the terms, reads:

§°r 01
5A25A1 - (D12)
§°r D34 6 Dsg - 5
= 210413 D33 Q300 Dy
5D345D56'§D §Ay 0A; Q413 D3y Q24 Dyrd]
+ Mb%% [D55’QS’16'D6’6] [D33/03/24/ D4/4]
&°T 8534 6Ss6 _ N
= _/A S IA ’ /S 2
05340556 '5 DdAs 0A iAa1a]Ssy Agiag Sya]
- M 635543 [Sss: Asier Sers) [533:./\3/24, Sara)
&T 8§Dy
1 2 = . -
5D346A11§D 0 A + {12} 0 (2.4.15)
52T 5534 _ B )
55345/111555,45 + {12} = iAdy[SsyAyowSea] + {1 2}
) D34 6Ss6 ] o )
05340 D515 D A2 §A; +{le2} = _A/Ié%iB[SSS’AS'lﬁ’SG'G][D331Q3r24,D4,4]
+ {1<2}

A great deal of this complicated set of terms is being mutually canceled out due
to the Bethe-Salpeter equations derived above. Substituting (2.4.13) into (2.4.15),
we finally arrive at the following compact result for the external propagator:

Taking more functional derivatives of the modified action (2.4.8), one may
define other external many-point functions of interest in the same way, as it was
just made for the case of the external propagator.

The photon self-energy

In order to prove the gauge invariance of our theory, it is necessary to show
the transversality of its photon self-energy. Unlike the 2PI approach, where this
structure is determined as the corresponding derivative of the auxiliary functional
(S, D], in our framework it should be extracted directly from the expression for
the external propagator. From (2.4.16) we get directly:

X = (A, Suar Ayroz Sis) = —iTr [AISA,S]. (2.4.17)
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Diagrammatically, this is a bubble diagram with one corrected vertex and one
bare and with corrected “tilde” propagators (see Fig.2.8). The trace is over the
indices, that correspond to the closed loop.

ext .
Hl 2 B _1 ..... an

Figure 2.8: Graphical representation of Eqn (2.4.17)

It is clear that transversality of the external photon self-energy (2.4.17) is
guaranteed, if the external propagator (2.4.9) satisfies the usual WTIL:

(DY =0 (2.4.18)

Let us now present the proof of this important fact within the general frame-
work.

Gauge invariance of the modified effective theory

To accomplish the goal, we will show first that the full 2PI effective action could
be represented as a full differential under the gauge transformations.

We use the fact that the classical action and the integral measure of the 2P1
QED partition function are invariant under the following change of variables:

A] — .Al + 81A1; Py — Uy — z'eAl\Ill; \-[_’1 — \ill -} ieAl\fll o sum (2419)

Just like in the previous chapters, we work to the first order in A and integrate
by parts where necessary, so that we can extract an overall factor of A. Thus, we
obtain:

AZ[J,n,7,C, B] = /D[A‘I”T/] [~ MOy — deMy (¥ — Tym) (2.4.20)
— A101C12 A2 — ieBia(Ar — Az)\I’l\IIQ]
- Exp [i(/drl; L+ JJAL + 0y + Wy + %CIQAIAQ + Blz\yl@z)] =0.
This expression can be rewritten with the use of the standard trick, which extracts
the quantum fields from the path integral. Namely, the quantum fields could be

replaced by derivatives with respect to the sources, which act on the exponential
factor in (2.4.20):

(2.4.21)

A = =5 ‘1’1—>l,‘:‘; Wy = == ‘I’l‘I’2—>l.
i6 07 i

This gives the following identity for the generating functional Z, subject to gauge

transformations (2.4.19):

0z

0Bi2
(2.4.22)

=0.

0z 6Z 857
MO Jy Z 4+ el | — + — —iMNO1Cla— F eBia(AL — A
101 £+ el (,]15771 + 5 ’]1) 1A101 12(5!]2 + eBia(Ay 2)
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We may proceed further and use definition (2.3.3) to get the equivalent identity
for the functional W:

ow W 1% oW
A0 Jq + tel (T)l 5 1 + W'fh) + A6 Crg— A + leBlg(Al Az) 5B = 0.
(2.4.23)

The last expression could be directly represented in terms of the expectation values
of the fields with the use of (2.3.4):
Ao Jy A+ ieAl(ﬁ1¢1 — 1;17]1) + A01C12A, (2424)
+ deBia(Ar — Ag)(P1h2 +1512) = 0.

Now, replacing the sources by the appropriate derivatives of the full 2PI effective
action, as defined in (2.3.8), we obtain:

F or

Sy Ot

Let us show that the above identity can be written as a total differential.
Transformations (2.4.19) imply that

or

or
A181—— 5S
12

6A, (A1 — A3)S12 =0.  (2.4.25)

—1ely <¢1 i ) + le—

A/’h = 61A1 ] A1/)1 = —’l:(iAl?/)l ) Al/jl = ’1:(3/\11/—)1; (2426)
iASlg = —’iC(Al — AQ)’iSlQ ; iADlg = 0, no sum

where the last two equations come directly from definitions (2.3.5). Then (2.4.25)
takes the following form:

or ol or or or
4 ADlg + A’l/)l -+ A?/}l + AS]Q =0. (2 4. 27)

AT = AA
1sA, 5D12 51 51 6512

From here one important conclusion could be drawn. If the functional derivatives
of the 2PI effective action over the mean fields and propagators are evaluated
at the points, corresponding to the physical solutions, the identity (2.4.27) is
satisfied even in the case when the effective action itself is not exact, but truncated
according to some scheme. The same conclusion holds true for our theory, with
the only difference that the introduced effective action is 1P, i.e. does not depend
on two-point functions implicitly:

AT = AAI;/{‘ + Ay QZ —+ Az/)l 5¢1 =0. (2.4.28)

Thus, the functional T is fully invariant under the local background gauge field
transformations. In order to show that it also produces the gauge independent
many-point functions, we transform (2.4.28) back with the use of (2.4.26) to get:

oT 6T
315—141 (1111 5 7%) =0. (2.4.29)

This relation could be employed as a starting point to derive the WTIs of interest
by taking the functional derivatives with respect to the mean fields and setting
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the remaining fields to zero. For example, differentiating with respect to A, and
setting {A,,1} to zero, explicitly shows the gauge invariance of the external
propagator:

52T

% 5A0A,

(DSt =0. (2.4.30)
This, in turn, implies that the corresponding photon self-energy 164 is transversal.

Qualitative treatment of the mechanism

Thus, we see that the functional derivatives of the truncated 2PI effective action
with respect to the background fields, taken at the stationary point, define non-
perturbative approximations to the self-energies and proper vertex functions which
fulfill the usual WTIs. The basic mechanism, that made our approach successful,
is simple. The Dyson equations (2.4.7) contain the s-channel ladder resummations
and the Bethe-Salpeter equations (2.4.13) introduce ¢- and u-channels, and thus
restore the crossing symmetry.

Let us now put it all together and show explicitly how the scheme works on
the example of the lowest order modified effective action. It is given by

Pl %, Al = Saly,, A+ STrLaD + ZTr (DY) (Do - DG, )| -

iTrLnSg — iTr [(592)“1(5’21 - 531)] + BoppralS, D], (2.4.31)

where @25, D] is the two-loop diagram with bare vertices and thick solid and

dashed lines corresponding the the fermion and photon propagators S and D. The
latter are the self-consistent solutions of the following Dyson equations:

0P opprz [, D]

Spb=(8%)"! + z————-————-| (2.4.32)

5521 §p
- o 0DalS, D]
Pl — (poy-1 _9 __@EE_L___‘ _
12 ( 12) g 5D21 §h

As we have seen earlier, the photon self-energy I1°** in our construction is the
bubble diagram with a resummed vertex and S internal propagators (Fig.2.9).
There are three types of vertices, a resummed three-photon one and the fermion-
phonon ones, bare and dressed, respectively, subject to. the system of Bethe-
Salpeter equations, depicted in Fig.2.10.

Our goal is to prove the transversality of the self-energy IT1°*.

As usual, we will demonstrate this fact by the use of the following iterative
process:
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Figure 2.10: System of Bethe-Salpeter equations. Shadowed boxes are the four-
point vertex functions, defined in eq.(2.4.10).

1. solve the Dyson equations to find S and D in a given order of the loop
expansion;

2. solve the Bethe-Salpeter equation to find the vertices in the same order of
approximation;

3. substitute these back into the expression for I1°** to make sure that the
necessary minimal subset of diagrams is present.

Implementing this program, we find that in the lowest expansion order prop-
agators S = 5% D = DY as well as the vertices,

are undressed. Substituting these back into the self-energy expression, we find
that the latter is nothing else but the familiar 1PI vacuum polarization diagram,
which is obviously gauge invariant.

In the two-loop order, however, both propagators and vertices acquire correc-
tions (Fig.2.11).

Compared to the truncated 2PI case, the vertex correction contributes the
missing diagram to the expression for the self-energy, thus restoring its transver-
sality (see Fig.2.12).

One may proceed the same way into the higher orders of approximation to
make sure that the approach presented is free from gauge-dependence issues.

Selective resummations

One interesting thing about the approach developed is worth noting.
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Figure 2.11: Vertex correction on the second iteration.

Figure 2.12: Vertex correction on the second iteration restores the gauge invari-
ance.

As one may observe, the fact that the auxiliary functional ®(S, D] is truncated
to the leading order term, prevents us from obtaining the fermion self energies of
the “cross” topology in the second order of approximation (see Fig.2.13). Despite

Figure 2.13: Topology missing in the lowest order truncated QED.

that, our theory remains perfectly gauge invariant, since the vertices with corre-
sponding topologies (see Fig.2.14) are also not produced. This makes the approach
very suitable for studying the problems where the selective resummations of special
subsets of diagrams in all orders of approximation are required.

2.5 QED electrical conductivity using the 2PI
effective action

Having discussed general properties of the modified 2P1 effective action, we may
apply it to a particular problem of interest. A good exercise is to calculate the
QED electrical conductivity [60, 61].

The calculation will provide a field theoretic connection to the kinetic theory
results of [62], which is useful in itself. In addition, it will show that it seems
likely that quantum field theory provides a better framework than kinetic theory
for calculations beyond leading order. The results will provide strong support for
the use of nPI effective theories as a method to study the equilibration of quantum
fields.

2.5.1 Keldysh representation of real time finite tempera-
ture field theory

We use the closed time path formulation of real time statistical field theory which
consists of a contour with two branches: one runs from minus infinity to infinity
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Figure 2.14: Vertex topologies missing in the lowest order truncated QED.

along the real axis, the other runs back from infinity to minus infinity just below
the real axis. The closed time path contour results in a doubling of degrees of
freedom. Physically, these extra contributions come from the additional processes
that are present when the system interacts with a medium instead of sitting in a
vacuum. As a result of these extra degrees of freedom, n-point functions have a
tensor structure. Statistical field theory can be formulated in different bases, which
produce different representations of these tensors. We will work in the Keldysh
basis. Keldysh indices will be written ¢; and are assigned the values ¢; = 1 == r
and ¢; =1:=a.

For the 2-point green’s functions and vertex functions in momentum space we
use the notation

Gra(P) = Gret(P);  Gor(P) = Gago(P); (2.5.1)
Grr(P) = Gsym ( ) ( )(Gre (P) Goio(P));

Hra(P) = rct( ); ar( ) adv(P)

Hrr(P) = sym( ) = N(P)(Hret(P) — Iagu (P)),

where N(P) = 1 — 2n(py) and n(py) = 1/(ePP® — 1). The expression relating the
symmetric function to the retarded and advanced functions is the KMS condition
(see Appendix A).

Vertex functions are obtained from the n-point functions by truncating external
legs:

GCl---Cn - GC1E1 T GannFamEn' (2'5'2)

In order to simplify the notation for the vertices, we replace each combination of
the indices {r,a} by a single numerical index. In momentum space we write:

T (py, . pn) = T, P1y oo Pr)- (2.5.3)

We assign the choices of the variables ¢y, ..., ¢, to the variable i using the vector

w= (i) e (i)e (i), 25

where the symbol ® indicates the outer product. For each n, the ith component
of the vector corresponds to a list of variables that is assigned the number i. To
simplify the notation we drop the subscripts and write a list like rirsa3 as rra.
For clarity, the results are listed below.

3-point functions: rrr — 1, arr — 2, rar — 3, aar — 4, rra — 5, ara — 6,
raa — 7, aaa — 1.
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4-point functions: rrrr — 1, arrr — 2, rarr — 3, aarr — 4, rrar — 5,
arar — 6, raar — 7, acar — 8, rrra — 9, arra — 10, rara — 11, aara — 12,
rraa — 13, araa — 14, raaa — 15, aaca — 16.

2.5.2 Propagators and vertices

We will need the fermion propagator, the photon propagator, the (two fermion-
photon) 3-point vertex, the three photon 3-point vertex, and three different kinds
of 4-point functions which couple four fermions, two fermions and two photons,
and four photons. Of course, the three photon vertex and all 4-point vertices are
zero at the tree level. We will work in the high temperature limit where the masses
can be set to zero.

The concept of “pinch singularities” plays an important role in the calculation
of transport coefficients. The basic idea is that there is an infinite number of
terms that all contribute at the same order because of the low frequency limit in
the Kubo formula (2.5.27). This limit produces pairs of retarded and advanced
propagators which carry the same momenta. When integrating a term of the form
[ po GT*(P)G*™(P), the integration contour is “pinched” between poles on each
side of the real axis, and the integral contains a divergence known as a “pinch sin-
gularity”. These divergences are regulated by using resummed propagators which
account for the finite width of thermal excitations. This procedure introduces
extra factors of the coupling in the denominators which change the power count-
ing. As a consequence, there is an infinite set of graphs which contain products of
pinching pairs that all need to be resummed.

Propagators

In coordinate space the propagators are written:
Son(z1,xa);  Din(z1, x2). (2.5.5)

In momentum space we will use the same expressions (to simplify the notation we
do not introduce tilde’s) with the coordinate variables {z1, ..., z,} replaced by the
momentum variables {p1, ..., p, }. Momenta are always taken to be incoming. Note
that there is an overall delta function in momentum space so that, for example,
the fermion propagator can be written:

Sap(p2) = Sap(=p2,p2). (2.5.6)
For the fermion propagator we use the notation:

S7HP) = yuP* = S(P);  B(P) = 1%0(P) + ' 7v'E(P)  (25.7)
A/#Pl-t - E(P) .

)

53(P) = Tr(v,P*S(P)).
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We set ¥ to zero except where it is needed to regulate a pinch singularity. We
write:

Y — ,YMP,L
Sret(P) = v, P*G e (P) = - , 2.5.8
A e — )
Satu(P) = 7, P* Gty (P) = L/
o g L P2 — i Sign(po)e — 150au(P)’
p(P)
Grei(P)Gppa(P) = —————, 2.5.9
1(P)Gawa(P) TS (P) (2.5.9)
where we have defined
o(P) = i d(P) = i(Gras(P) — Guuo(P)) = Sign(po)A(P).  (25.10)

There are no pinch terms involving photon propagators and therefore we can write
the photon propagator (in the Feynman gauge) as:

DIH(P) = =g, Cret(P) = ——— 2 2.5.11
[Lll( ) gﬂ t( ) p2—i—iSign(p0)e’ ( )

Guv

Dava:__ uGavPE_ ! .
;uz( ) e d( ) pQ—iSIgn(pg)e

We write cut fermion lines and cut photon lines as follows:

Sap = S (P) = 845’ (P) = 7. P¥ (25.12)

YuP* = 0(po)u(P)u(P) — 6(—po)v(P)o(P);
Dzu - ]);it(])) Dadv(l)) = Guv (P);

9w = (=1 (P)EN(P).

For the future use we also define the principle parts:
1
Prin(P) = §(Gm(P) + G (P)), (2.5.13)
in 1 e a U 3
Sep (P) = 5(Si5(P)+ S5’ (P)) = v, P*Prin(P),

n 1 e adv :
DZZ (P) = _2‘(Duz/t(P) +Dp.i (P)) = ——g“,,PI‘lIl(P).

Note that to simplify the notation we use the same expressions G,.e;(P), Gogo(P), d(P)
and Prin(P) in (2.5.8), (2.5.11), (2.5.12) and (2.5.13) for fermion and photon prop-
agators. In any equation it will be clear if a given function refers to a photon or
fermion propagator, depending on whether the momentum variable corresponds
to a fermion or a photon line.

Vertices

In coordinate space the vertices are written:

N (z1, T2, w3); Q8 (21, 22, 23); (2.5.14)
(M) ogs(w1, @as w3, a);  (MOP)AFL (21, T2 33, 7a);
(MPP Zic,{ir(%,ﬂfz;iﬁs,m); (2.5.15)
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The two terms in the first line indicate that the two fermion - photon 3-point
vertex and the three photon 3-point vertex, respectively. The three terms in the
second line are the four fermion 4-point vertex, the two-fermion - two-photon 4-
point vertex, and the four photon 4-point vertex. The variables on each side of
the semicolon indicate the legs that will join with a pinching pair of propagators.
The pinch terms involve two kinds of vertices: 3-point functions in which the
momentum on one leg (which we take to be the middle leg) goes to zero, and 4-
point functions which connect to two pairs of propagators with the same momenta.
We write these vertices:

Aauﬁ(ja P) = };_%Aauﬁ(j: —-P - Q: Q: P) = Aauﬁ(j; —P, 0, P)) (2516)
(A/[S'S)aﬁﬂfs(j: P3 [{) = gg}o(MSS)ﬂfﬂ;’Yﬁ(ju _Pv P =+ Qa -K — Q7 ]()
= (Mss)aﬂ;vé(j) _P) P: _K> K)

with similar expressions for the vertices Q, M°P and AMPP. In these expressions
the index j refers to the Keldysh component of the vertex, as defined earlier.

In the pinch limit, the spatial part (using p = (0, 2)) of the 2 fermion - photon
vertex can be decomposed as:

A*(4, P) = (A(j)vopo + B)Y'P)P” + E(G)v*. (2.5.17)

It is easy to show that:

: v 1 AZ( zZ(;
Y KEA (G, K)WKY = §'YMK#A (, K) — K2A* (4, K); (2.5.18)
A, K) = Tr(y,K*A(j, K)).

For the conductivity we will need only the quantity A* (4, K). In addition, we will
show that we only need the trace of a pinched 4-point vertex:

M(P, K) = Tr(v, P*[-iM(P, K)}v,P"), (2.5.19)

where the quantity M(P, K) is a particular combination of Keldysh components
and is defined below.

Bethe-Salpeter equation

We obtain a Bethe-Salpeter type integral equation for the two-fermion - photon
3-point vertex by substituting the second equation in (2.4.13) into the first and
iterating. We show the result in Fig.2.15. The corresponding equation can be
written:

Ayzy = Afgy + iMlség;4sgss’A5'34“§4'47 (2.5.20)

where we have defined the composite vertex:

7 . -
M5 = M — §Mf2g,l,DI,GD72,M62i5. (2.5.21)
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Figure 2.15: Graphical representation of eqn. (2.5.21).

To reduce the number of indices, we introduce a type of matrix notation. The
indices that correspond to legs that are joined in a closed loop are summed over,
and are not written explicitly. Using this notation, eqn. (2.5.21) is written:

S _ asss b SD 7 7 asDS
MiSes = M — (M DDM )12;45 (2.5.22)
and eqn. (2.5.20):
A . 5SS & &
Az = A0y + 1 (M 53 A) - (2.5.23)

Equation (2.5.23) is illustrated in Fig.2.16. The dark box indicated the composite
vertex M defined in (2.5.22). For clarity, the indices that are not summed over
are shown explicitly on the diagram. We note that this notation does not really

2 2

Figure 2.16: Graphical representation of eqn. (2.5.23).

represent matrix multiplication because of the fact that the indices which are
summed over cannot always be written next to each other. However, the meaning
of the notation is immediately clear from the corresponding diagram.

The vertex M is obtained from (2.4.10) and (2.5.22). In order to include all
contributions that correspond to binary scattering and production process within
the 2PI formalism, we need to work to 3-loop order in the ® functional. The two
diagrams we need are shown in Fig.2.17. The first graph in Fig.2.17 produces
the leading order contributions to the vertices and the second graph gives next-
to-leading order terms. There are no next-to-leading order contributions to the
vertices M°P and MP%. We write

M3 = M35 + M35, MSP = MZP MPS = MPS. (2.5.24)

nlo)

The results are shown in Fig.2.18. Substituting (2.5.22) and (2.5.24) into (2.5.23)
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Figure 2.17: 2PI contributions to the @ functional.

T < g
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1 N .
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Figure 2.18: Contributions to the 4-point functions.

we iterate and keep terms that correspond to binary scattering and production
processes. We obtain:

ST (2.5.25)
o 1 = & &
+ M +iMS — MigSSSME 42 Mig? DDMg® Sss Swalsya.
a {c,d,e} b {f.g} 12;45

Equation (2.5.25) is shown in Fig.2.19. We write the final result:

Figure 2.19: Binary contributions to the Bethe-Salpeter equation.

A132 = A(l)32 + Z iMfg?45§55"§4'4A5'34'= (2'5'26)
j={a.b,c,d,e,f,q}

where the superscript j = {a,b,¢,d, e, f, g} indicates the 4-point function shown
in part () in Fig.2.19.
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Kubo formula

We introduce several notational changes in this section. Keldysh components and
momentum variables are written explicitly, and traces are over dirac indices only.
All tilde’s on propagators are suppressed. We also introduce a slightly different
notation for the vertices. No factors of the coupling have been extracted from the
vertices as defined in (2.4.10). For example, using (2.3.2) and (2.4.10) gives A
and A, to obtain expressions with conventional form. To simplify the notation,
we do not introduce additional primes on the new vertices.
The electrical conductivity can be obtained from the Kubo formula:

1/ 0 .
= = | =—2Imp*(go,0 , 2.5.27
o = 5 <3q0 p*(q0 )) ot (2.5.27)
pizy) = (@)W 7@ = @) (). (2.5.28)
We can write the conductivity in terms of the polarization tensor using:
. 1.
P, 0) = = =TI, (90, 0)- (2.5.29)

The polarization tensor is given in (2.4.17). Summing over Keldysh indices we
obtain:
1
Q) = 3¢ [aPTAUS™(PIALG, P =G, P +Q)S™(P +Q)
£ S (P2, —P,Q,Q + P)S™(P+ Q) (2.5.30)
+ S*®(PYA,(6,—P,Q,Q + P)S™(P + Q)]).

Note that the surviving indices on the 3-point functions correspond to the middle
legs of the 3-point vertices. Eqn. (2.5.30) can be rewritten using the KMS con-
dition. The KMS condition for the 2-point function is given in (2.5.1). Similar
KMS conditions exist for the 3-point functions. A complete list is given in [63].
The expression we need in this case is:

T'(6, P, Py, P3) = Np(p3)(T*(3, P, Py, P3) = T'(2, P1, P>, P5)) (2.5.31)

+ NF(P?)(F*(& Py, Py, P3) = T'(5, P, Py, P3)).

Substituting (2.5.1) and (2.5.31) into (2.5.30) and only including terms which
contain pinch singularities gives:

M2Q) = ~5¢* [ dP(Neloo) = Ne(ro+ ) (253)

Te(ALS™(PYAL(3, ~P, Q. P + Q)S™ (P + Q).
Substituting (2.5.32) into (2.5.27) we obtain:

0 =30 / dP(1 — iy (po))n (po) Te(ALS™ (P)ReXi(3, P)S" (P)).  (2.5.33)

As explained earlier, the index ”3” indicated the Keldysh component that is re-
tarded with respect to the middle leg. We substitute (2.5.8) and (2.5.18) into
(2.5.33) and obtain:

_ ReA'(3,P)

4 3 1 . i
0 =36 [ AP~ nslo)ns u)o(PIB'(P); B(P) == oy 030
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From (2.5.34) we only need to calculate the third Keldysh component of the
3-point vertex in (2.5.26). We do the sums over Keldysh indices and only include
terms which contain pinch singularities. Eqn. (2.5.26) becomes:

Aops(3,P) = Al

auf

+ S / dKMY)_ (P, K) S5 (K) Mgy (3, K)S%(K),

j={ab.cde,f.g}

(3,P) (2.5.35)

where the 4-point function that appears in this equation is a combination of
Keldysh components and thermal functions:

MY(P, K) = MY (13, P, K) + Np(K) (MY (5, P, K) — MY (9, P, K)) .

The superscript j = {a,b,¢,d, e, f, g} indicated the 4-point function shown in part
(4) of Fig.2.19. From (2.5.34) we need to find an integral equation for A*(P) =
Tr(vy,P*A*(P)). We multiple both sides of (2.5.35) by ,P* and take the trace.
Using (2.5.8), (2.5.18) and (2.5.19) we obtain:

KeP=ker+ Y 3 / K MD(P, K)p(K)B'(P). (2.5.36)
j={abecde,f.g}

Taking the real part of both sides and using the definition of BY(P) in (2.5.34) we
obtain:

2Im3(P) - B{(P) = ReA}(3,P) (2.5.37)
+ > / dKRe[MD (P, K)|p(K)B(K).
j={a,b,c,d.e,f.g}

Further progress requires technically tedious exploration of each of the factors
contributing to Re[M (P, K)] and ImS(P). It was shown (see [60]), that the
complete set of diagrams produces all of the amplitudes that correspond to binary
scattering and production processes. As a result, eqn. (2.5.37) takes the form:

~(1—n;() - Rehi(3,P) (2.5.38)

- /dP /dLl/(l[J2|]\]l 5P+P2 Li—Lo

A(Ly)[BY(P) + BY(P,) — B(L1) — BY(L)],

where |M |? corresponds to the sum of the squared amplitudes of the leading-order
binary QED processes in a grand canonical ensemble. This equation is exactly the
same as that obtained in [62] using kinetic theory.

However, the result obtained is not complete at the leading order. In gauge
theories in addition to pinch singularities, the presence of collinear singularities
makes the 1 — 2 scatterings as important as the 2 — 2 scatterings. These
collinear terms must also be resummed by solving an integral equation. The
complete leading order result then obtained by solving these two coupled integral
equations. As it was shown in [61], both of these integral equations can be derived
directly from the 3-loop resummed 3PI effective action. Thus it was shown that the
full leading order contribution to the QED electrical conductivity can be obtained
directly from the 3PI formalism.
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2.6 Conclusion

Thus, we have performed a major cleanup in nPI effective action approach, which
enables us to safely apply it to a variety of problems in particle physics without
being worried about the gauge-dependence issues. Introduction of the modified ef-
fective theory defined on the physical propagators of the original functional solved
the problem. Same strategy has already proved to be fruitful in non-gauge O(N)
scalar ¢* theory, where the failure of Goldstone’s theorem for the internal prop-
agators was successfully cured with its help [59]. Looks like any other choice of
the resummed propagators than those which satisfy the equations of motion will
lead to a failure. Probably, that was the reason why previous attempts (see, for
example, [56]) did not give a complete resolution of the problem.

The approach developed has already proved its usefulness in electrical conduc-
tivity calculations of QED plasma by providing a convenient framework to treat
the kinetic theory tasks [60, 61]. Current and upcoming heavy ion collision experi-
ments are an important motivation to extend the consideration to non-equilibrium
domain. In contrast to a thermally equilibrated state, which keeps no information
about the details of the initial conditions, non-equilibrium phenomena may help
to understand in particular the earlier stages of a collision.

A successful description of the dynamics of quantum fields away from equi-
librium is tightly related to the basic problem of how macroscopic “dissipative”
behavior arises from time-reversal invariant quantum dynamics. This is a fun-
damental question with most diverse applications. The technique developed may
become useful to understand the physics of heavy ion collision experiments, will
be of relevance to the inflationary dynamics in the early universe or even to non-
equilibrium aspects of mesoscopic quantum devices.
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Appendix A

A.1 Real-time finite temperature field theory.
Path integral formulation

In the first part of this work we have used the TFD framework to calculate the
interaction correction to the thermodynamic properties of a Bose gas. This ap-
proach is an extension of the conventional operator formalism and allows, as we
have seen, to consistently calculate all physical parameters of interest. However,
methods, based on the secondary quantization formulation of the quantum field
theory, are slowly losing ground in favor of the much more versatile path integral
techniques.

Therefore, we find it reasonable to demonstrate, how results obtained within
the operator approach, could have been equally derived with the use of functional
methods. In other words, we will give the path-integral representation of the TFD
formalism.

A.1.1 Generating functional

In order to be specific, let us suppose that we are considering a local quantum
field theory that describes particles with momenta much lower than the inverse of
the range of the interatomic potential. The many-body quantum mechanics for
the atoms, described by a single complex field ¢(z), can therefore be formulated
in terms of a quantum field theory whose Hamiltonian density is a local function
of the field:

h? . .
H= Z—Tr—LVqﬁ(t,x)T -Vo(t, Z) + V(). (A.1.1)

where V (¢) is the interacting part.
Then the thermal Green’s functions Gg(z1,...,2,) are defined. by the Gibbs
ensemble averages of the products of fields ¢(z):

1

Gp(1, .., Tn) = WT

r(exp(—BH)P[p(z1), ..., p(zn)]) .  (A1.2)
where P represents ordering along a time path, shown in Fig.A.1, and where f is
an inverse temperature.

Invariance of the thermal trace of a product of operators under cyclic permu-
tations imposes restrictions on a possible form of many-point functions. In the
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Figure A.1: The contour C = C; + Cs + C5 + Cy used in defining the generating
functional for the real-time finite-temperature Green’s functions. The horizontal
legs are presumed to have an infinitesimal downward slope.

case of one- and two-point functions these are periodicity and the Kubo-Martin-
Schwinger (KMS) conditions [64]

o(t,7) = ¢(t — B, 7) (A1.3)
Gt —t —if, T — &) =G5t —t,&— &) (A.1.4)

Then the generating functional for the thermal Green’s functions has the following
path-integral representation [65, 66]:

Zali) = / D.[é] exp (i | /C ar / BL(g) + J(r. B)b(r, f)])  (AL5)

where J(7,%) is the classical source and L(¢) is the conventional contour La-
grangian
L) = 56,8 (15— =t 7 = V(@) (A1)
PV e T om Ho | AT % ’ o

with o being the chemical potential of the ideal Bose gas. The path integration
is over all fields satisfying the periodicity condition

corresponding to the end points of the contour C' (Fig.A.1) that are specified by
the earliest time —tg and an inverse temperature §. The contour end points are
allowed to move off indefinitely to the left in order to accommodate the possibility
of Green’s functions defined with respect to arbitrarily set times.

Functional operations involving quantities defined in terms of the contour time
7 can be handled in terms of the contour-ordering function 6.(7 — 7') and the
associated contour Dirac delta function

su(r— ) = Lo(r -, (A.18)
dr
so, e.g.,
§J(, 2 s
— 2t = (r—T —Z)= "~ ). Al
705 Se(T = 7)8°(x — Z) = b.(2' — x) (A.1.9)
Now, making use of the identity
. d _
exp(iJ - 9)F(¢) = F (W) exp(iJ - @), (A.1.10)
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where

J-p = /ChydT,/.d:SSCJ(T,f)(/J)(T,f), (A.1.11)

Flg] = exp (-i /C dr / d3:L‘V[¢]), (A.1.12)

we can rewrite (A.1.5) in the following form:

Zy[J) = F (%) /Dc[gb] exp [i (%qs D5 ¢> +J- qs] (A.1.13)

Here we have used an obvious extension of the dot notation to express the un-
perturbed contour-integrated action in terms of the inverse thermal propagator
Dg(r — 7,2 = &) = Dg(x — ='):

1 _
/c dT/d3L0(¢>) = Eqs . Dﬁ1 - @, (A.1.14)
where
. A ’ ’ - 4
<1f9c* %‘F,uo) Dg(z — ') = —6.(7 — 7)6(Z — &'). (A.1.15)
We expect that

Dﬁ(x - Z/) = D;(CE - y)ec(Tm - Ty) =+ D;(CE - y)ec(Ty - Tr) (A-1'16)

Due to the KMS condition, the path integral is translationally invariant with
respect to shifts in the variable of path integration that preserve (A.1.7). Then
upon making a variable change

¢ =¢+J-Dg=¢+Dg-J (A.1.17)

we find that (A.1.13) becomes

ZolJ] = F (j ;J) exp <—%J Dy J) , (A1.18)

where we have dropped a J-dependent normalization factor.
It is shown in [65] that as |ts] — oo the asymptotic properties of the Dg
function that satisfies (A.1.15) imply the factorization

Zﬁ[.]] = Zﬁ[J;Cl,CQ]Zﬁ[J; C3,C4], (Allg)

where each of the factors on the right side of (A.1.19) has the form of (A.1.18), but
with the implicit 7 integrations limited only to their respective disjoint portions
of the contour. Evidently, Zs[J; Cs, C4] serves as a normalization factor in Zg[J]
in the determination of the real-time thermal Green’s functions.

Next we note, that

(‘] D '] C'1 Cz - ‘ (A].ZO)

+oo +co
/ dt/d3 / dat’ /d3x'J tEDYPE—t,&— ), T),
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where a,b={1, 2} are the thermal indices and the Fourier transforms of the unique
free thermal propagators Dg”(:v —y) read

- —
iDY(p) = ¢ +27r5< - ) (A1.21
5 () o Bt etic Po— 5+ Ho F(lpol), ( )
ﬂ
iD%(p) = - +ons < oy ) L (A1.22
5 (D) o E et Po — 5+ #o | f(lpol); ( )
-
D) = 218 (10 = £ o) VIO + ) (A1)
iD} (p) = iD(p), (A.1.24)
where
£po) = —— (A.1.25)
Po exp(po8) — 1° o
The correct form of F (%), when restricted to C; and Cs, can be deduced when
referring back to (A.1.18). First we note that
o(J-¢) _
570 é(7) (A.1.26)

for all 7, where we have ignored the dependence of the spatial variables for sim-
plicity. However,

Joh— /_ :0 dtJ(E)g (1) — /_ T R O60 + (A1.27)
where the ellipsis represents the contributions of C3 and Cy and
¢1(t, 7) = ¢(t, ), (A.1.28)
$2(t, L) = ¢ <t - z-g “) : (A.1.29)
Thus we infer that
5;27_) 5]1(5(7-)’7 =te (Cy, (A.1.30)
5J(i7) = —5J2(5(T),T =t — ig € Cs. (A.1.31)
If we denote
ZglJ, Jo) = Zg[J; Cy, Ca), (A.1.32)

we obtain from (A.1.18):
. 16 15 .
Z[)’[JI; JQ] =exp| —1 d'z|V ZE -V ZE Z[}['Jla Jg] (A133)
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Here
Zg[J1, Jo) = exp (—'i/d4:1;/d4y.]a(:1:)])gb(:t — y).]b(y)> (A.1.34)

is the generating functional for the free thermal Green’s function.
The functional Zs[J1, Jo] can be expressed in terms of path integrals over the
physical and auxiliary fields ¢;(z) and ¢s(z), respectively. One finds that

Zol1, Jo] = (A.1.35)
[0 [ Digesn (i [ [5u)00 Vo) + Vice) + 0] ).

We observe that in the loop expansion of this generating functional two types
of vertices occur, one type describing the interactions of the original real-time
field ¢; and the other the interactions of the auxiliary field ¢2. The Feynman
rules for these two types of vertices differ by sign only in case of even interactions
[67]. There is no direct coupling between the two types of fields but they may
interact with each other through the temperature-dependent off-diagonal parts of
the matrix propagator ng. Only type-1 fields can appear on external lines. The
topological and combinatorial structure of the diagrams remains the same as in
zero temperature field theory.

A.1.2 Thermal propagator
The real-time thermal Green’s functions are generated by differentiating (A.1.33)

with respect to J; and setting both J; and J; equal to zero

R
1 Al
2200160, o) 2 e (AL36)

G%b(l"l-,xz) =

The full matrix propagator G’;,” satisfies the Dyson equation
GY =iDg — (DgSpGg)™. (A.1.37)

This equation defines the self-energy matrix —712‘5(’ as the sum of one-particle
irreducible diagrams with one external vertex of type a and the other of type b.
The formal solution of (A.1.37) is

(G5h)™ = —i(Dz")* —iTy. (A.1.38)

Therefore, the calculation of G[af’ is reduced to the calculation of E;‘,b which con-
tains a limited number of topologically distinct diagrams.

Thus, as we observe, the operator TFD technique is represented in the func-
tional formalism by a special choice of the contour, depicted in Fig.A.1. Depending
on the problem, different forms of paths are possible. Basically, they modify the
boundary conditions for the propagator equations (A.1.15), which in twrn influ-
ence the explicit forms of the propagators themselves. In a number of cases this
results in a significant reduction of the technical complexity of calculations.
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Appendix B

B.1 Dimensional regularization

In this appendix we evaluate the ultraviolet integrals met in formula (1.10.104).
A particularly convenient regularization method is dimensional reqularization.
In this method, the number of spatial dimensions D is taken to be a complex
variable. The integral is calculated as a function of D in a region of the complex
D-plane where it converges. This defines an analytic function of D which can be
analytically continued to D = 3.
The momentum integrals one generally has to deal with have the following

form:
de p2m—n

The integrals (B.1.1) satisfy the identities

d? n
E—A_Q']m,n = —'2— m-+1,n+2; (B12)
A2Im,n. = I'm—l,'n,—Z - [m-i—l,n~ <B13)

After integrating over angles, the integral is
1 \ (pg)m+(D—n—2)/2

Imn = 735070y | ¢
" (4m)PPr (%)/o RO

If the integral is convergent, we can use integration by parts to derive the identity

(B.1.4)

(D+2m —n)lpmn = nlpi2nto. (B.1.5)

The integral (B.1.4) is ultraviolet divergent if D > 2(n—m) and infrared divergent
if D < n —2m. If the integral converges, its value is

1 T (2n—2m—-D) r (D+2m—n)
Im-n_ — 2 : 2 AD+2(m—n). (B-16
"TEPE TIo) )

If the integral (B.1.4) is ultraviolet or infrared divergent, it can be regularized using
dimensional regularization. The regularized integral is obtained by analytically
continuing the expression (B.1.6) to D = 3. The result is

2n—2m-—3 3+2m—n
]m:n _ #F ( 2 - )(%P)( 2 )A3+2(m—n). (B17)
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The integrals that appear in the equation (1.10.104) for the density are Ip;
and I; 1. In three dimensions these integrals have power ultraviolet divergencies.
With dimensional regularization, they are given by the finite expressions:

1
= —— B.1.
o = —55h, (B.1.5)
1
I = A3 B.1.
11 32 (B.1.9)

Also, one of the great advantages of dimensional regularization is that integrals
that contain no scale disappear:

dPp

/Wpa =0. (B.1.10)

Because of the identity (B.1.10), dimensional regularization sets pure power ultra-
violet divergencies to zero.
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