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Abstract

We determine the Hilbert functions of families of fat point schemes supported on special
point sets called partial intersections. The partial intersection on which we focus is of type
p = (3,2) and g = (2¢,b), where ¢ = 1,2,3. We employ an algorithm known as the greedy
algorithm to reduce the multiplicities of associated fat point schemes to zero. The algorithm
produces a vector that can be used to determine an upper and a lower bound of the Hilbert
function of any fat point scheme. For each family ¢ = 1,2, 3 that we investigate, the vector
is special enough (called GMS) that the upper and lower bounds are equal, determining the

Hilbert function in each case.
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Chapter 1
Introduction

Hilbert functions, a topic studied in algebraic geometry and commutative algebra, have
played significant roles in helping mathematicians understand the geometry of points and
the constraints imposed on those points in projective space. This thesis discusses how the
Hilbert function has helped in: classifying points in projective space; determining the dimen-
sions of graded rings; and in the studying of the linear conditions imposed on homogeneous
polynomials vanishing on point sets. Interest in the Hilbert function was first pursued at
the beginning of the twentieth century by Italian geometers when they studied the vector
space of all homogeneous polynomials of a given degree, say t, which vanish at a given set
of points [21]. Their work focused on counting the number of linearly independent forms
of this degree. The number of these linearly independent forms is the codimension of the
vector space. This codimension is a value of the Hilbert function of a graded ring at degree
t. David Hilbert, who was one of the greatest mathematicians of his time, made significant
contributions to the field while studying invariant theory. Chief among his contributions to
this topic is his description of the nature of these functions. Hence, the function was named

after him.

From the time of Hilbert, who described the Hilbert functions and gave it a framework,
to that of Macaulay, who described the geometry of points and their constraints by using
combinatorial techniques, to this day, the interest in Hilbert functions has continued to grow
and attract the interest of many mathematicians. The interest of mathematicians in this
topic stems partly from its many significant results and interesting unresolved problems and
partly from its various applications in other branches of mathematics. In the Literature Re-
view section of Chapter 3, we discuss some interesting results involving the Hilbert function
and also mention some unsolved problems in the field. Some of the results we discuss are

Macaulay’s classification and description of the Hilbert function of reduced points in pro-



jective space, the equivalence of the Hilbert function of different fat point schemes, and the
Betti numbers of graded rings. The open problems discussed have to do with the problem of
extending known results in projective 2-space, P?, to higher dimensions, and the problem of
exploring an arbitrary field in addition to the algebraically closed field in which most works

are done today.

The goal of this thesis is to examine the Hilbert functions of families of fat points. Specifi-
cally, we are interested in classifying the Hilbert functions of fat points supported on special
configurations known as partial intersections. The approach of this thesis is to first lay the
groundwork for the Hilbert function of fat point schemes. Chapter 2 opens with a brief
introduction of affine and projective space. What follows is a brief discussion on homoge-
neous polynomials and homogeneous ideals. These topics are relevant to discussions that
revolve around graded structures. We give some important examples to enrich this dis-
cussion. Thereafter, we state the definition of the Hilbert function. What follows is an
introduction to the 0-sequence and Macaulay’s Theorem. Knowledge of the 0-sequence and
Macaulay’s Theorem are central to the understanding of the growth of the Hilbert func-
tion and the constraints on this growth. This is covered in depth in subsection 2.1.2] The
constraints on the growth of the Hilbert function can describe the distribution of points on
hypersurfaces and cones. In this section, we also state many important theorems and give
relevant examples. Some of the examples treated show us how to determine the number of

points from a given set that lie on a hypersurface.

In Chapter 3, we focus on the Hilbert function of fat point schemes. We start with a
brief introduction to Hilbert functions of fat point schemes. Here, we state the definitions
of some basic objects. Thereafter, we discuss some important results and give a list of open
problems in the Literature Review section. Since fat point schemes deal with points with
multiplicities > 1, our approach to investigating these schemes lies in systematically reduc-
ing the multiplicities of these points to zero. So, we discuss briefly the reduction approach
used in [6] and also show how the reduction process gives what is known as the reduction
vector. We state the properties of the reduction vector and also state the conditions that
a nice reduction vector must satisfy for arising bounds of a Hilbert function to be equal.
This is followed by an examination of some important theorems that play a pivotal role in

establishing this concept. Next, we explore the Hilbert function of partial intersections.

The last section of Chapter 3 explores the Hilbert functions of families of fat point schemes

supported on partial intersections. We explore three families. By reducing the multiplicities



of their fat point schemes to zero using the greedy algorithm, we get a reduction vector. We
observe that we have a nice reduction vector for each family and conclude that the bounds
of the Hilbert function for each family are equal. This determines the Hilbert functions for

these families.



Chapter 2
Preliminaries

In this chapter, we lay important groundwork by stating the necessary definitions of the
terminologies needed for this thesis. These concepts and terminologies are general knowledge
in the fields of algebraic geometry and commutative algebra. In addition, we will give
relevant examples to help clarify these concepts and facilitate understanding. We also state
some important theorems and establish their relevance in the study of Hilbert functions. We
begin with the definition of affine and projective space. This is important because of our

interest in points in projective space.

2.1 The Hilbert Function of a Set of Reduced Points

In this section, we introduce the space in which we work and define the terms necessary for a
discussion of the Hilbert function. In the end, we state the definition of the Hilbert function

and give relevant examples.

Definition 2.1. Affine n-space over a field k, denoted A"(k) = k™, is the set
E" = {(a1,...,a,) | a1, ...,a, € k}.

In affine space, non-parallel lines meet in at least one point. This gives a solution of poly-
nomial equations. However, parallel lines do not meet. This means that not all polynomial

equations have solutions in affine space. Hence, the need for projective space.

Definition 2.2. An n-dimensional projective space over a field k, denoted as P"(k), is
the set of equivalence classes of ~ on k"™ \ {(0,...,0)} under the relation (zo,...,z,) ~
(Yo, - - -, yn) if and only if there exists A € k\ {0} such that x; = \y; for all 1 <i < n. We

write:

P"(k) = (k" \A{(0,...,0)})/~ .
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Given a point (zg,...,z,) € k"™ \ {(0,...,0)}, its equivalence class p € P"(k) will be
denoted by p = (z¢ : -+ : x,). We say (xg : ---: x,) are homogeneous coordinates of p.
So,

(o @) =(Wo: 1 Yn) < (o, ., Zn) = AMYos -+, Yn)

for some A € k\ {0}.

In this thesis, we assume that k is an algebraically closed field.

Example 2.3. The 3-dimensional projective space over the real field R is written as P3(RR).
So, PX(R) = (R*\ {(0,0,0,0)})/~.

Notice that (1:—1:2:1) € P3(R), and that
(2:-2:4:2)=(1:—-1:2:1)since (2,-2,4,2) = 2(1,—1,2,1).
As we have already seen, homogeneous coordinates are not unique. For example,
(1:1:1)=(2:2:2)=(r:m:m) = (V2:V2:V2) e P*(R).
since they represent the same point in projective space, P?(R).

Projective space is affine space taken with a point at infinity. In projective space, all parallel
lines meet at one point—at infinity. Hence, all systems of polynomial equations have solutions
in projective space. If we homogenize points and equations in affine space, we get points
and polynomial equations in projective space. These equations always have solutions in
projective space. Hence, projective space has an advantage over affine space. The following

example clarifies this concept.

Example 2.4. Consider the polynomial equation f(z,y) = x —y + 1 in the affine space
R2. The point (0,1) € R? satisfies the equation, but the points A\(0,1) do not satisfy the
equation for A € R\ {0, 1}.

If we homogenize the above equation, we get F'(xg,x1,z2) = x1 — T2 + xo. Notice that not
only does the homogenized point (1 : 0 : 1) € P*(R) satisfy the equation, but also do the
points (A : 0: \) for A # 0.

The polynomial F(zg,z1,22) = 1 — o3 + xp in the above example is a homogeneous

polynomial. Next, we state the definition of a homogeneous polynomial.



The set of all polynomials in z, ..., x, with coefficients in k is denoted k[xo,...,x,]. For
3,3.3

example, f = 22°y*z + 3y°2* — 3wyz + ¢ is a polynomial in Q[z, y, 2].
Definition 2.5. A homogeneous polynomial in R = k[zy, ..., x,] is a linear combination

of monomials of the same total degree.

By total degree, we mean the sum of the powers of the variables of a monomial. That

Qn
n

i€{l1,2,...,n}, the total degree of % is ay + - - - + .

is, if 2% is a monomial, where z* = 27" --- 25" and «; is a non-negative integer for each

Example 2.6. Let f = 223 + 322y + 5xy% +y3. We see that f is a homogeneous polynomial

with a total degree of 3 (the total degree of each monomial is 3).
Next, we discuss homogeneous ideals and the ideal of a set of points.

Definition 2.7. A homogeneous ideal is an ideal [ in k[zo, ..., x,] that is generated by

homogeneous polynomials.

Definition 2.8. The ideal of a point set, /(X), of a set of points X € P"(k) is the set of
polynomials that vanish at every point of X. That is,

I(X)=A{f €klzo,...,zn) | f((ao:---:a,))=0forall (ag:---:a,) € X}.

Notice that if & is an infinite field, then 7(X) must be a homogeneous ideal. In such a field,
if f(zo,...,2,) € I(X), we have

gi(Aag, ..., Aa,) = )\dgi(ao, Cey )

where d is the degree of f, g; is any homogeneous component of f and (ag : -+ : a,) € X.
Thus, g; € I(X).
Note that the ideal of a set of projective points is a radical ideal (i.e., equal to its radical),

where if J is any ideal of a commutative ring S, then the radical of J is

VJ:={feS|ffeJ for some (>0}

Next, we state the definition of the Hilbert function. For i > 0, we set R; to be the
k-vector space generated by all the monomials of R = k[zo,...,x,] of degree i. Then
R = klzo,...,xn] = @;sq Ri. We also let I C R be a homogeneous ideal and [; = I N R;
for i > 0. If A= R/I, then A = @, Ri/I; = @, Ar. The dimension of A; = R;/I; is
known as the Hilbert function for the graded ring_A at degree i. It is denoted as H(A,1)
or ha(i).



Definition 2.9. [8, O, 11I] With A = R/I as above, we define the Hilbert function of
A = R/I to be the function:

H(A,—) : Nxg = Nxg
described by:

When X is a finite set of points in P"(k), we call the Hilbert function of X the Hilbert func-
tion of A = R/I(X). In other words, the Hilbert function counts the number of independent
polynomials of each degree that vanish at a finite set of points of X in P"(k).

We know the Hilbert function of the graded ring A = R/I at degree i is the dimension of
R;/I;. Therefore,

H(A,i) = dim A; = dim R, — dim I; = (n T Z) — dim
]

for every degree 1.

Fix X to be a finite set of points in P"(k), none lying on zy = 0, and R = k[zo, ..., z,).
Let A = R/I(X) = @5, A: and Ty denote the image of 7o in A. Then, B = A/(Ty) is a

0-dimensional ring. Now,

(R/I) , R Nk[xo,...,xn].

B = = =
<x0’[>/[ <£B0,[> <$0,I>
We see that (zg,I) = (zo,J), where J is an ideal in k[zy,...,z,] and 2o = 0 in all ele-
ments of I. So, B = M = D, Bi- Tt turns out that J is a radical ideal, where

VI = (w1, x).

Here are some facts about B (from [8, 9, [I1]):
(1) By =0 for all t >> 0;
(2) if B, =0, then By, = 0.
Now, Ty € A defines a linear transformation:
To: Ai = Ainq

given by multiplication. Since Ty is not a zero divisor, this linear transformation is one-to-

one. This knowledge helps us appreciate the following.
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Proposition 2.10. [8,[9,[71] If X is a set of s distinct points in P"(k), then, H(X,s—1) = s.
Corollary 2.11. [8, (9, [11] There is an integer e > 0 such that

(i) H(X,t) =e for allt >> 0.

(i) If H(X,t) =e, then H(X,t+ 1) = e (i.e., the Hilbert function is non-decreasing).
(1)) If H(X,t) =c and H(X,t+ 1) =c¢, thenc=e.
Proof. (i) Take |X|=e.

(ii) We know

dlm Bt+1 = dlm At+1 — dlm At'

That is,
0 = dim At+1 — €

(Byy1 = 0 since By = 0 for all t >> 0). Therefore, dim A;,; = e. That is,

H(X,t+1)=e.

(iii) Since
.T_O : At — At+1
is one-to-one, H(X,t) and H(X,t+ 1) are unique. Since H(X,t) = e and H(X,t) = c,

then ¢ = e. The same argument follows for H (X, ¢+ 1).
0

Proposition 2.12. [§ [9, [11] If X consists of exactly s distinct points, then H(X,t) < s
for all t.

Proof. The polynomials vanishing at the points of X give s homogeneous equations. This
means the number of independent solutions, which is the rank of the coefficient matrix

formed from the homogeneous equations, is < s. Therefore, H(X,t) < s. ]
Now, we demonstrate some examples with R = k[xg, 71, To] and P?(k).

Example 2.13. [8, 9, [11] Let X C P?(k) be 6 points configured as

0o 0o o
X=<0 o



We have:

H(X,00=1-0=1;
H(X,1)=3-0=3;
H(X,2)=6—0=6.

Since | X |= 6 and the Hilbert function is non-decreasing, the sequence of the Hilbert function
values is 1,3,6,6,6,. .. (Recall that if | X|= s, then H(X,t) < s).

Example 2.14. [8, 9, [11] Consider the following set X C P?(k) of 6 points

We have:

H(X,0)=1-0=1;
H(X,1)=3-0=3;
H(X,2)=6—1=5.

Since |X|= 6 and the Hilbert function is non-decreasing, either H(X,3) = 5 or 6. If
H(X,3) = 5, then H(X,t) = 5 for all . However, we know that H(X,5) = 6 (since
H(X,s—1) =sif |X|=s). This is a contradiction. Hence, H(X,3) = 6. Again, since the
Hilbert function is non-decreasing, we have H(X) = (1,3,5,6,6,...).

2.1.1 The 0-Sequence

Next, we discuss the 0-sequence. The 0-sequence helps in determining how fast the Hilbert
function grows and in studying the linear constraints imposed on point sets. This not only
helps us understand the geometry of points, but also helps us to classify them. To study the
0-sequence, we employ the combinatorial techniques in determining the maximum dimension
of the linear forms that vanish at a set of points X at a fixed degree. We start with a little
introduction to this technique, and show some interesting results that help to understand

the nature of the Hilbert function.

Definition 2.15. [8] Let h,i € Z". The i-binomial expansion of h is the unique expres-

() () ()

sion



where

mi>mi_1>~~~>mj2j21.

Given this expansion, we define
141 ) j+1 )
where 04 := 0.

The fact that such an expression exists for h can be found in [8]. The following examples

will help us appreciate this technique.

Example 2.16. [§] If h = 18 and i = 3, then we have the 3-binomial expansion of 18:

) 4 2
e () ()6 () - r0v e
6 ) 3
186 = (4) + (3) + (2> =15+4+10+ 3 = 28.

Alternatively, we can write the i-binomial expansion of h by looking at values in Pascal’s

So,

Triangle. Let’s re-arrange the values of Pascal’s Triangle into vertical columns in Table [2.1]

01 2 3 4-.
0(1 1 1 1--
1112 3 4 5--
211 3 6 10 15-
311 4 10 20 35---
411 5 15 35 70---

Table 2.1: 3-binomial expansion of 18.

We label the rows (and columns) of the table as 0,1,2,.... Since h = 18 and i = 3, we get
the 3-binomial expansion of 18 by writing the highest value < 18 in the column labeled ’3’.
This value is 10. So, we have 18 — 10 = 8 left to expand. We repeat this process by writing
the highest value < 8 in the next lower column (in this case, in the column labeled '2’). This
value is 6. So, we have 10 + 6 = 16 now. Since we need 2 to make 18, we will repeat the
process one more time by writing the highest value < 2 in the next lower column (in this
case, in the column labeled '1’.) We have 2 in this column. So, the 3-binomial expansion of
18 is:
18 =10+6 + 2.

10



The values are shown in bold in Table 2.1l

To get h'¥, we simply write the value to the right of each bold value in the table and
add them together. For example, we have 15 to the right of 10, 10 to the right of 6, and 3
to the right of 2. So, we have:

18¥ =15+ 10 + 3 = 28.

Example 2.17. The 4-binomial expansion of 11 is

()0 (e
0= (o) () () -ovseror-n

Alternatively, we can look these values up on the table. We get the 4-binomial expansion of
11 by first writing the highest value < 11 in the fourth column. This value is 5. We have
11 — 5 = 6. Next, we write the value < 6 in the third column. This value is 4 in the third
column. We have 6 — 4 = 2 left. We repeat this process by writing the value < 2 in the
second column. This value is 1 in the second column. We have 2 — 1 = 1 left. Lastly, we

write 1 since 1 is in the first column. These values are in bold in Table 2.2

01 2 3 4.
0j1 1 1 1
1112 3 4 5--
211 3 6 10 15---
31 4 10 20 35---
411 5 15 35 70---

Table 2.2: 3-binomial expansion of 18.

So, we have
11=54+4+1+1.

We determine 11¢Y by summing the values to the right of the values in bold in the table.

These values are 1,1,5 and 6. So,

1% =64+5+1+1=13.

11



The combinatorial techniques we just discussed lay the groundwork for the discussion of
0-sequences. Now, we discuss 0-sequences and some important theorems related to them.

We start by stating the definition of an 0-sequence.

Definition 2.18. [§] A sequence of nonnegative integers {c¢;};>o, is called an 0-sequence

if c=1and ¢;11 < clw for all + > 1.
Notice that each column of the table above is an 0-sequence.

Example 2.19. Consider the sequence {¢;};>0 = {1,3,6,10,13,13,...}.

Now, ¢y = 1. We also have

Hence,

and

6
ci=13<c = (4) = 15.

One can continue in this way to verify that the sequence is indeed an 0-sequence.

Example 2.20. Consider the sequence {¢;};>0 = {1,4, 10,24,28,36,36...}.

Now, ¢y = 1. Also,
4
Ccl = 4 = <1>,

M _ (°
@2 _ (6
pu— p— 20.
(2)

Now, c3 =24 > ¢y ’. Hence, the sequence is not an 0-sequence.

Example 2.21. Consider the sequence {¢;}i>0 ={1,3,5,7,9,10,10...}.
Now, ¢y = 1. We calculate
3
Ccl = 3= (1),

4
c§1>:(2):6>5:cg,

12



(a _ (6

From this point, it is easy to continue verifying that the sequence is an 0-sequence.

)
—|—<):6—|—5:11>10:c5.

The following theorems are important as they provide the necessary foundation upon which

geometric data can be obtained in the study of points in projective space.

Theorem 2.22. (Macaulay’s Theorem) [1] The following are equivalent:

(a) {ci}iso is an 0-sequence;

(b) {ci}ti>o is the Hilbert function of a standard k-algebra A,

where a standard graded k-algebra is a quotient of the form A = P,. Ai = D5 R/ L =
R/I with I C R = k[xo,...,z,| a homogeneous ideal.

This theorem helps determine whether a given sequence is a Hilbert function.

The following properties are helpful in working with 0-sequences.

Theorem 2.23. [§/

(a) Let o, 3,4 be positive integers with o < . Then, o' < B,

(b) Let {b;}i>0, be an 0-sequence with by = m. Then, b1 < (le’) for every i > 0.

(c) Let h= (""D*) — 1. Then, ht = () —n.

Next, we discuss differentiable 0-sequences, which are 0-sequences whose first difference is
also an 0O-sequence. According to Macaulay’s Theorem [}, the Hilbert function is an 0-
sequence. So, if the first difference of a Hilbert function is also an 0O-sequence, then the
Hilbert function is a differentiable 0-sequence. This topic is important because if the Hilbert
function is a differentiable 0-sequence, we will be able to predict the geometry of points on
a hyperplane by studying its first difference. It is interesting to note that not all Hilbert

functions are differentiable 0-sequences. According to the paper [§], a Hilbert function that

13



is a differentiable 0-sequence arises from a reduced graded ring A = R/I, where I C R =
k[xg,...,x,] is a radical ideal. In fact, the paper also shows that the converse is true. We
start by stating a formal definition of a differentiable O-sequence, and stating some theorems

relevant to differentiable 0-sequences.

Definition 2.24. Let {b;};>0 be an O-sequence. We say that {b;} is differentiable if the
difference sequence A{b;}i>0 = {c¢;}i>0 defined by ¢; = b; — b;_1 is again an 0-sequence

(bfl - O)
Notice from ¢; = b; — b;_1 that ¢y = by if we take b_; = 0.

Example 2.25. Consider the sequence H = {1, 3,6, 10, 15,15, ...} once again. Note that it

is an 0-sequence. We examine whether it is a differentiable 0-sequence.

Observe that the first difference of the given sequence is H' = {1,2,3,4,5,0,0,...}. This is
an 0-sequence. Therefore, the given sequence H is a differentiable 0-sequence. Also, observe
that the given sequence is the second column in Table [2.2 and its first difference is the entries

of the first column of the table. This means that both sequences are 0-sequences.

Definition 2.26. [§] The 0-sequence {b;};>o has dimension d if there is a polynomial f(z)
with rational coefficients of degree d with the property that for all ¢t >> 0, f(t) = b;.

To show that a differentiable 0-sequence arises from a reduced graded ring, the paper [§]
constructed two differentiable 0-sequences from an existing one. Each of these sequences is
the Hilbert function of a reduced variety. The union of these varieties give a reduced variety
whose Hilbert function is the union of the sequences constructed. This shows that there is a
reduced variety for a differentiable 0-sequence. We construct the sequences below and also

state some important theorems.

Let S = {b;};>0 be a differentiable 0-sequence with b; = n + 1, where n € Z*. Also, let
d; = ("+§_1) be the Hilbert function of a polynomial ring with n variables at degree ¢ > 0,
and C;, = bi+1 — di+1-

(1) Assume C; < Cit1 for all ¢ Z 0. Set Sl = {Ci}iZO'

(2) Assume there is some h > 0 such that 1 = ¢ < ¢; < ¢y < ... < ¢y and ¢, 1 > ¢
Set Sy = {co,¢1,...,Ch_1,Cn_1,...}. That is, we are interested in the sequence up to the

point before it decreases.

If we define h = oo in Case I, then {i|i > oo} = (). We now define S| = {¢}}i>0, where
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Observe that both definitions agree when ¢ = h.

Example 2.27. [§ Consider the sequence
1 3 6 10 14 17 20 21 22 22 22---.
Observe that this is an 0-sequence. Also, its first difference is

123 4 4 3 3 110 0---

which is also an O-sequence. This means the given sequence is a differentiable 0-sequence.

We construct sequences S; and S} from the given sequence as follows.

Since b; = 3 in the given sequence, we have n = 2. So, d; = 1 +i. Now, ¢; = bjy1 — diy1.
Therefore, co = 1,¢; = 3,¢0 = 6,c3 = 9,¢4 = 11,¢5 = 13,¢6 = 13,¢; = 13 and ¢g = 12. So,
sequence Sy is {1,3,6,9,11,13,13,13,...}.

Next, we construct S7. We have ¢y = 1,¢] = 2,¢, = 3,¢, = 4,¢, =5,¢5 = 6,¢5 = 7,¢7 =
8,y =9,¢5 =9,cp=9.... So, the sequence S} is {1,2,3,4,5,6,7,8,9,9,9...}.

Therefore, the sequences are:
Si:1 3 6 9 11 13 13 13---

and
S;:1 2 3 45 6 7 8 9 9---.

Observe that both S; and S} are differentiable 0-sequences. We have the following theorem.

Theorem 2.28. [§] Let S = {b;}i>0 with by =n+ 1, be a differentiable 0-sequence. Then,

the sequences Sy and S| constructed above are both differentiable 0-sequences.

The paper [§] proves the following theorem by decomposing the differentiable 0-sequence S
into S; and Sj.

Theorem 2.29. [§/ Let k be an infinite field and let S = {b;};>0 be a differentiable 0-
sequence with by =n+ 1. There is a radical ideal I in k|x, ..., z,| such that S is the Hilbert
function of klxg, ..., x,]/1.
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Corollary 2.30. [§] Let k be an infinite field and let S = {b;};>0 be a d-dimensional
differentiable 0-sequence with by = n+ 1. There is a d-dimensional variety V- C P"(k) which

1s the union of a finite number of sub-varieties of dimension < d, having Hilbert function S.

Example 2.31. Let S be the zero-dimensional differentiable 0-sequence
13 5 7 9 11 11 11—
That is, S is the Hilbert function of 11 points in P2. The first difference function is
122 2 2 2 0 0—

By the procedure outlined after Definition [2.26] we have co = 1,¢; = 2,00 = 3,¢3 = 4,¢4 = 5,
and c; = 4. Hence, h = 5. Therefore,

Sy ={1,2,3,4,5,5,5,...}.

Now, ¢, =1,y =2,¢4, =3,dy, =4,¢, =5,¢5 = 6,¢5 = 6,¢, =6, and so on. Therefore,

S =1{1,2,3,4,5,6,6,6,...}.

Observe that the Hilbert function S] stabilizes at 6. This corresponds to 6 points on a line
El n ]PQ.
We repeat the process with sequence S; = {1,2,3,4,5,5,5,...}. Notice, however, that

co = 0. Hence, we cannot split S; further. Since S; stabilizes at 5, then we have 5 points on

a line ¢, in P?.

Therefore, S; and S| are the Hilbert functions of 5 and 6 points, respectively, whose union

gives 11 points with Hilbert function S.

2.1.2 Data Obtained from Hilbert Functions

From Macaulay’s Theorem, we see that the 0-sequence determines the growth of a Hilbert
function. The growth can sometimes reveal useful geometric information. In this section,

we briefly demonstrate the potential utility of the Hilbert function.

We continue fixing R = k[zo,...,x,] with k& an algebraically closed field. Let I C R be a
homogeneous ideal of R. Suppose H(A,d) = hy is the Hilbert function of A at degree d,
where A = R/I = @ZZO Az = ®i20 fi,/[z :NOVV7
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() () (3

where mg > mg_1 > --->m; > j > 1. 1If H(A,d+ 1) = hgy1, then

mg+ 1 mg—1 + 1 m; + 1 (d)
h < J = N7,
s (G0 () 2 (1) o

That is, H(A,d + 1) < H(A,d)”. This means that the 0-sequence determines the growth
of Hilbert function from degree d to d + 1. We say A has maximal growth in degree d if
H(A,d+1) = H(A,d)!.

We first explore what happens when A = R/I has maximal growth, and we look at quotients.

The following definitions are needed.

Definition 2.32. An associated prime ideal of R/[ is a prime ideal that is the annihilator

of a nonzero element of R/I.

Definition 2.33. [I] The ideal m = (zo,...,2,) C R = k[x,...,2,] is the irrelevant
maximal ideal of R. If I is a homogeneous ideal and A = R/I, then the image of m in A

is m. This is called the irrelevant maximal ideal of A.

Definition 2.34. [I] The saturation of a homogeneous ideal I C R, denoted as I°* is
defined by
I .= {f e R/I: fm CI for some integer }.

The ideal I is saturated if [ = 5.

Now, we discuss the consequences of maximal growth of the Hilbert functions of saturated

ideals by looking at the following results.

Lemma 2.35. [1] Let I be a saturated ideal in the polynomial ring R = k[xo, ..., x,] and let
L be a linear form in R which is not a zero divisor on the ring A = R/I. Let J be the ideal
I/LI ~ (I,L)/{I) in the polynomial ring S = R/(L) and set B = S/J. If A has mazimal

growth in degree d, then B also has mazximal growth in degree d.

The converse of this lemma does not necessarily hold. Also, a Hilbert function with maximal

growth may not have an associated saturated ideal. Consider the following examples.

Example 2.36. [1] Consider the set of 8 points of X in A? C P?, configured as follows:

17



Figure 2.1: The set of 8 points of X in A% C P2,

The ideal I = Ix C R = k[zg, x1, x2] of these points is a saturated ideal and A = R/I has
Hilbert function
1 3 6 7 8 8---.

Let the equation of a line in P? which misses the points of X be L. Then L is not a zero
divisor in A. So, the first difference of the Hilbert function of A is B = A/LA, given as

123 11 0---.

1=}
4
C§3> = (4) =1= Cq.

That is, the passage from c3 to ¢4 is the maximum permitted by Macaulay’s Theorem. This

Let H(B) = {Ci}iZO- Then

and

means B has maximal growth in degree 3.

Let H(A) = {c,}i>0- We see that

¢
O
|
\]
|

(6)+ ()
0= (3)+ (3) =s+a=o

However, ¢, = 8 < 9. Hence, A does not have maximal growth in degree 3.

and

This example shows that the converse of Lemma does not hold.

Example 2.37. [1] Suppose there are ideals in R whose Hilbert function starts with

We can find many saturated ideals I C R = k[xg, 21, x2, x3] that satisfy this property.

18



Let ¢, be the values of this Hilbert function. Then

Hence,

(cy)? = (g) = 10.

This means that the Hilbert function has maximal growth in degree 2 if we let ¢ = 10. So,

there are ideals I’ in R whose Hilbert function starts with
1 4 6 10.
That is, with first difference Hilbert function which starts with
{c¢:i}is5o=1 3 2 4.

We claim that I” is not a saturated ideal. To see this, assume I’ is saturated. Then,

()
00

However, cs =4 > ¢ '. Hence, the first difference is not an 0-sequence, which is impossible.

So,

This means we cannot find a saturated ideal with this Hilbert function.
Next, we will look at a lemma that tells us when we can have a saturated ideal.

Lemma 2.38. [1] Let I C R = k[xq,...,x,] be a saturated ideal and let L € Ry be a general
linear form. Let
J=1/(LI)~(I,L)/{L) C R/{L)=S.

Suppose S/.J has mazimal growth in degree d. Let T = (I<y) and let I = " be the saturation
of the ideal I. Then T = 1. That is, I is a saturated ideal.

Example 2.39. Let X be a set of 16 points in P? with Hilbert function

1 4 9 16 16---.
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The first difference Hilbert function is
1 3 57 0 0---.

Let ¢; denote the values of the first difference function and I = I(X). Then

()4

This means there is maximal growth at degree 2. Hence, I = (I<5) is a saturated ideal.

Example 2.40. Let X be a set of 45 points in P* with Hilbert function
1 5 13 25 42 45 45---.

and first difference Hilbert function
1 4 8 12 17 3 0 0---.

Let ¢; denote the values of the first difference function. Then

o=n=()+()+C)
£-()+ () (-

This means there is maximal growth at degree 3. Hence, I = (I<3) is a saturated ideal.

We now consider ideals of points. If I = I(X) for X C P", then once the maximal growth
is reached for H(X), the set X can sometimes be reduced to two disjoint sets, where one of

the sets lies in P C P". The theorem below explains this more concretely.

Theorem 2.41. [1] Let Y be a closed, reduced subscheme of P™™! of dimension > 0, with
the first difference of the Hilbert function satisfying AH(Y,d) = (d+m_1) and AH(Y,d+1) =

d
(7). Then

(a) Y is the disjoint union of a scheme Yy and a scheme Yy, where Y1 lies in a P™ = A and

Y5 is a finite set of points.
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(b) The first difference of the Hilbert function of Yi is

AH(At) = (", ift < d+1;
AH(Y, 1), ift>d.

(C) (Iy1>t = (IY + IA)t fOT all t Z d—1.
Let us consider the following corollary.

Corollary 2.42. [1] Let Z C P™* be a reduced set of points with AH(Z,d) = (dﬂgfl)

and AH(Z,d+ 1) = (‘i:f) Then Z contains a subset Zy lying on a P™ = A, and the first

difference of the Hilbert function of Zy is the sequence

m—+1 d+m—1 d+m
1 AH(Z 2)...
w (") () () smzas

(In particular, Z contains at least (mtzﬂ) points on a P™).
We will consider some points in the following examples.

Example 2.43. [I] Let X be a set of 30 points in P* with Hilbert function
1 6 21 25 30 30---

We have AH(X) is
1 5 15 4 5 0 0---.

Let ¢; denote the values of the difference function. Observe that

4
)
c§3> = (4) =95 =c4.

Hence, the passage from c3 to ¢4 is the maximum permitted by Macaulay’s Theorem. That

and

is, there is maximal growth at degree 3.

Now, from Corollary [2.42] we have
3 -1 2
AH(X,3):< J”;;‘ >=( J;m)zzl.
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So, m = 2.
Observe that

AH(X,4) = (227;’:?1) - (i) = 5.

So, X is reduced into two subschemes, X; and Xy, where X; lies in a P2 = A (since m = 2).

The first difference of the Hilbert function of X; is

AH(At) = ("), ift <4
AH(Xy,t) =
AH(X, 1), if t > 3.

From Corollary we see that X contains at least (mt;lﬂ) points on a P™. Now,

(2= 0) -

So, X; has at least 15 points on a P2,

Example 2.44. Let X be a set of 46 points in P° with Hilbert function
1 6 16 36 44 46 46---

The first difference function AH (X) is
1 5 10 20 8 2 0 0---.

Let ¢; denote the values of the difference function. Observe that

5
Cy = 10 = (2)
6
) = (3) =20 = c3.

Hence, the passage from ¢, to c3 is the maximum permitted by Macaulay’s Theorem. That

and

is, there is maximal growth at degree 2.

Now, from Corollary 2.42 we have

AH(X,2) = <2+";_1> - (1+2m> = 10.
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So, m = 4.
Observe that

AH(X,3) = (1 ;ﬁ 1) - (g) — 20.

So, X is reduced into two subschemes, X; and Xy, where X; lies in a P* = A (since m = 4).

The first difference of the Hilbert function of X; is

AH(At) = ("), ift <3;
AH(Xy,t) =
AH(X,t), ift >2.

From Corollary we see that X contains at least (mt;lﬂ) points on a P™. Now,

(1))

So, X; has at least 35 points on a P*.

Example 2.45. Let X be a set of 62 points in P° with Hilbert function
1 4 10 20 35 56 60 62 62---.

Then AH (X) is
1 3 6 10 15 21 4 2 0 0---.

Let ¢; denote the values of AH(X). Observe that

Cqy = 15 = (Z)
0514) = (g) =21 =cs.

Hence, the passage from ¢4 to c5 is the maximum permitted by Macaulay’s Theorem. That

and

is, there is maximal growth at degree 4.

Now, from Corollary 2.42 we have

AH(X,4) = <4+7Z_1> - (32m> — 15,

So, m = 3.
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Observe that A .
+m
AH (X, 5) = = = 21.
9= (41) = ()

So, X is reduced into two subschemes, X; and Xy, where X lies in a P> = A (since m = 3).

The first difference of the Hilbert function of X; is

AH(At) = (1?), ift <5
AH(Xl, t) -
AH(X,t), if ¢t > 4.

From Corollary , we see that X contains at least (mtﬁfﬂ) points on a P". Now,

3+4+4+1 8
= = 56.
(") -0)
So, X; has at least 56 points on a P3.

Next, we will look at another theorem which is helpful in describing the geometry of the set

of points that are different from the ones we have already seen.

Theorem 2.46. [1] Let Y C P"*! be a reduced scheme of any dimension. Assume that for
some d, AH(Y,d) = AH(Y,d+ 1) = s, where d > s. Then

(a) dimY < 1.

(b) ((Iy)<a) is the saturated ideal of a curve V' of degree s (not necessarily unmized). Fur-

thermore, V' s reduced.

Let C' be the unmized one-dimensional component of the reduced curve in (b). Let Yy be

the subvariety of Y on C' and Y, the “residual” subvariety.
(¢) ((Iy)<a) = lo-
(d) dimY, =0 and H(Yy,t) = H(Y,t) — |Ya| for allt > d — 1.

(¢)
AH(C,t)  fort<d+1;

AH(Y; 1) =
AH(Y,t), fort>d.

In particular, AH(Y1,t) = s for all s <t <d+ 1.

Next, we consider the following examples where we will apply this theorem.
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Example 2.47. [I] Let X be a set of 21 points in P? with Hilbert function
1 3 6 10 14 16 18 20 21 21---

We calculate

12 3 4 4 2 2 2 10 0---.

Since AH(X,5) = H(X,6) = H(X,7) = 2, we choose d = 5 and s = 2. This satisfies the
requirement d > s of Theorem [2.46] Hence, a subset X; C X lies on a conic in P? (since
s = 2). By condition (e) of Theorem [2.46, we have

AH(C,t), fort<6;

AH(Xy,t) =
AH(X,t), fort>5,

which simplifies to

1 2 2 2 2 2 2 2 1 0=

This means |X;|= 16. Therefore, X; has 16 points on a conic in P2.

Lastly, if we denote ¢; as the values of the first difference, where i > 0, we see that

o ()-()
o=+ ()1

This means the passage from c;5 to ¢g is the maximum permitted by Macaulay’s Theorem.

and

Example 2.48. [I] Let X be a set of points in P? with Hilbert function
1 4 10 15 16 17 18 18---.

Then AH (X) is
136 51110 0---.

Using ¢; to denote the terms of AH(X), observe that

()
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and

)
ci4> = (5) =1=cs.

That is, the passage from ¢4 to c¢5 is the maximum permitted by Macaulay’s Theorem.
Now, observe that AH(X,4) = H(X,5) = H(X,6) = 1. So, we choose d = 4 and s = 1.
This satisfies the requirement d > s of Theorem m Hence, a subset X; C X lies on a P!

(since s = 1).

By condition (e) of Theorem [2.46] we have

AH(C,t), fort <5;
AH(Xy,t) =
AH(X,t), fort>4,

which simplifies to AH (Xy,t) =

1 1111110 0=
So, X, has 7 points lying on a P!

Example 2.49. Let X be a set of points in P? with Hilbert function
1 4 10 17 21 23 25 27 27---,
We calculate AH (X) to be
136 742 2 20 0—

Using ¢; to denote the terms of the difference sequence, observe that

o ()-()
£ ()+() -2

and

That is, the passage from c5 to cg is the maximum permitted by Macaulay’s Theorem.

Now, observe that AH(X,5) = H(X,6) = H(X,7) = 2. So, we choose d =5 and s = 2. This

satisfies the requirement d > s of Theorem [2.46] Hence, a subset X; C X lies on a conic in

P? (since s = 2).

By condition (e) of Theorem [2.46| we have
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AH(C,t), fort<6;

AH(Xy,t) =
AH(X,t), fort>5,

which simplifies to AH (X;) =

1 2 2 2 2 2 2 2 0 0=

So, X; has 15 points lying on a conic in P2,
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Chapter 3

Fat Point Schemes

There has been a great deal of interest in the Hilbert function of a set of points with mul-
tiplicities greater than 1. These sets are known as fat point schemes. The study of fat
point schemes have had applications in algebraic geometry, commutative algebra, and num-
ber theory to name a few. For example, conjectures have been made about ideals of fat
point subschemes in P?; upper and lower bounds for the Hilbert function of any fat point
subschemes in P™ have been determined (by using a combinatorial approach); and there is
an ongoing effort to relate non-reduced fat point schemes to a special type of reduced point

set called a partial intersection.

In this thesis, we seek to further understand the Hilbert function of the homogeneous fat
point scheme by studying the Hilbert function of some families of fat point schemes. In this
Chapter, we will state some basic definitions and highlight some important theorems that

will be central to our understanding of this topic.

Throughout this section, let R = k[x,...,z,] be a graded polynomial ring and k be an
algebraically closed field.

3.1 Hilbert Functions of Fat Point Schemes: Defini-

tions and Literature Review

We start by stating the definition of a fat point scheme and its support. In addition, we

discuss some important results and open problems in the study of the Hilbert function.

Definition 3.1. Let py,...,p, € P* and my,...,m, € Z>o. A fat point scheme Y C P" is
defined by the ideal I = Iy = (), ;" C R, where I, is the ideal generated by all homogeneous
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polynomials (i.e., forms) that vanish at p;. The fat point scheme Y C P" is denoted by
Y =myp1 + -+ m,p, and I by Iy.

EX=p+---+p-and my = --- = m, = m, then we write Y = mX and say that Y is
homogeneous. The support of Y is the set of points p; with m; > 0.

Definition 3.2. The Hilbert function of a fat point scheme Y is defined as the sequence

Related to the Hilbert function are graded Betti numbers. We let R(—7) be a shift by degree
J in the grading of R.

Definition 3.3. [5] Given the exact sequence
0O—=F —-=F =>F—=>I1y—0

where F; = @, R(—5)7:™Y) | the graded Betti numbers of Iy are the numbers o; ; of

factors of R(—j) in each sum.

Macaulay made significant contributions to the knowledge of the Hilbert function by de-
scribing the Hilbert function of a homogeneous ideal I in a polynomial ring R [10]. In this
section, we will review some significant results in the study of Hilbert functions and also

discuss some of the important open problems in the area.

We start by discussing the results of the classification of the Hilbert function of reduced
0-dimensional subschemes of projective space (i.e., fat point schemes with all multiplicities
equal to one). All possible Hilbert functions of reduced 0-dimensional subschemes of projec-
tive space have already been classified [8]. As previously discussed, the paper [§] proved

the following important theorem.

Theorem 3.4. [8] Let k be an infinite field and let S = {b;}i>0, be a differentiable 0-
sequence with by = n+1. There is a radical ideal I in k[zo, ..., x,] such that S is the Hilbert
function of klxo, ..., xz,]/1.

The theorem above describes the Hilbert function of reduced point sets X C P". In addition,
the paper provides an algorithm for constructing any desirable reduced point set. The paper
also shows how we can split a differentiable O-sequence S into two sequences S; and Ss, and

proved the following useful theorem.

Theorem 3.5. [§] Let S = {b;}i>0 with by = n+1, be a differentiable 0-sequence. Then the
sequences S1 and S, constructed from S using the procedure outlined after Definition |2.26

are differentiable 0-sequences.
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The proof of Theorem follows by showing that S is the Hilbert function of the subvariety
of X C P~ and S, is the Hilbert function of the subvariety V' C H, where H is a hyperplane
not containing any irreducible component of X. The argument concludes that S is the Hilbert
function of X U V.

Apart from the classification results, there are many results in the description of the nature
of the Hilbert function of a fat point scheme. Let Y be a fat point subscheme, given as
Y = mypy + -+ + m,p,, where py,...,p. C P* and m; is the multiplicity of each p;. Let
H(Y,t) be the Hilbert function of the fat point subscheme at degree t. In [I0], we see
that H(Y,t) is nondecreasing and satisfies H(Y,0) = 1. Furthermore, the Hilbert function
stabilizes for t > deg(Y) — 1. That is, H(Y,t) = deg(Y) for ¢t > deg(Y) — 1.

Also of interest is the result about the existence of a maximum Hilbert function discussed in
[12]. The paper proves the existence of a maximum Hilbert function, h™**, for a double-point
scheme, i.e., for Y = 2p; + - - - + 2p,. In addition, it determines the graded Betti numbers of
I(Y) for Y = mypy + - - - + m,p, if either r < 6 or the points lie in a conic.

Another important result is the Hilbert function equivalence for ordered sets of points in P2,
which is discussed in [10]. The Hilbert function equivalence helps in the classification of fat

point schemes. We state the definition of the Hilbert function equivalence as follows.

Definition 3.6. [I0] Let py,...,p, and p],...,p. be ordered sets of distinct points of P2
We say these sets are Hilbert function equivalent if H(Y,t) = H(Y’,t) for every choice
of nonnegative integers m;, where Y = myp; + --- +m,p, and Y = myp}| + --- + m,p.. We

refer to a Hilbert function equivalence class as a configuration type.

Given r, there are many known results in counting the number of configuration types of fat
point schemes as seen in [I0]. From the papers [I8] and [19], we know that there are
finitely many configuration types of fat point schemes Y = myp; + --- + m,p, given r and
mi,...,m,. Example 5.9 of [10] shows that there are infinitely many configuration types
among sets of r points, for each » > 9. From [10], we see that there are finitely many
configuration types for » < 8. We can find the case of r < 6 points in [I4]. In [I0], we find
that the case of r = 7 points gives 29 types, and that of » = 8 points gives 143 types. We
also know that if the given points lie on a conic, then there are finitely many configuration
types [3], [14], and [19].

In [I2], the authors investigate the Hilbert function and the Betti numbers of symbolic

™) of the ideal I of a finite set of reduced points in P> when m = 2. The case of

powers 1
10 for a larger m when I defines a reduced subscheme of projective space whose support

is close to a complete intersection is investigated in [I5] and [16].
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Macaulay gave necessary and sufficient conditions for a nondecreasing integer-valued function
to be the Hilbert function of a graded k-algebra. Furthermore, the algebraic and geometric
consequences that arise from the extremal cases of Macaulay’s Theorem are investigated
in [I]. The paper [2] investigates how the Hilbert function constrains the graded Betti
numbers in the case where the height of an ideal I C R is 2. The height of an ideal I
is inf,5; ht(p), where ht(p) is the height of a prime ideal p C R. The height of a prime
ideal p is the supremum of all integers ¢ such that we can find a chain of prime ideals
po € p1 € -+ € po = p. The authors of [7] studied graded Betti numbers for graded

modules M over R.

Although there has been significant progress in the study of Hilbert functions as many
difficult problems have been put to rest and new concepts developed, there are still many
unsolved problems in this area. This makes the study of Hilbert functions interesting and
growing. We discuss some of the unsolved problems in the investigation of Hilbert function

here.

First, we discuss the determination of the minimum Hilbert function for a double-point
scheme. Although the existence of a maximal Hilbert function, A™**, is known for a double-
point scheme, the paper [12] raises the question of whether the minimum Hilbert function

h™in always exists for a double-point scheme. This question remains open.

Next is the unresolved problems that relate to the classification of configuration types. The
paper [10] classifies the configuration types of the cases of r = 7 and r = 8 points. However,
it shows that each r > 9 has infinitely many configuration types. Hence, this case has not
been fully classified. Also, according to [4], [13], [17], [20], and [22], the Hilbert functions

of the generic points for multiplicities > 2 do not have a general formula.

Another important unresolved problem in this area relates to graded Betti numbers. From
the paper [10], we see that the graded Betti numbers are known for » < 6 and for points on
a conic. However, there is no known classification for the graded Betti numbers for r > 7.

Hence, this remains an open problem.

The authors in [12] produce results on the Hilbert functions of fat point subschemes of the
form 2p; + -+ + 2p, for any r distinct points in P2, while the authors in [I0] investigate r
points in P2, where r < 8 or the points lie on a conic. In other words, most of the results in

this area focus on distinct points in P2,

Lastly, of interest is the fact that most work produced have only considered cases of alge-
braically closed field. There has not been any significant work done on an arbitrary field.

Hence, the problem of r points in P? or higher dimension over an arbitrary field is still open.
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3.2 The Reduction Approach

Central to the remainder of this thesis is the determination of the Hilbert function of a fat
point scheme by a reduction process. We briefly discuss the reduction approach used and

illustrate it with relevant examples.

Definition 3.7. [5] Let A = ayp; + agps + -+ + a,p, be a fat point scheme in P". Fix a

sequence L, ..., L, of hyperplanes in P", not necessarily distinct.

(a) We define fat point schemes Ay, ..., A1 by Ag=Aand A; =A; ;: Ljforl1 <j<
n+ 1. As a matter of notation, we write A : Ly,...,L; = (((A: Ly) : Lg) : -+ : L;), so
we have AJ :AiLh...,LJ’.

(b) We will say the sequence Ly, ..., L, totally reduces A if A,,; = () is the empty
scheme, or equivalently, if for each point p;, the hyperplane L; passes through p; for at

least a; of the indices j.

(c) We associate to A and the sequence Ly, ..., L,.; an integer vector
d= d(A, L17 e 7Ln+1> = (dla NP 7dn+1)7

where d; is the deg(L; N A;_1) of the scheme theoretic intersection of L; with A;_;. We
refer to d as the reduction vector for A induced by the sequence Lq,..., L, ;. We

say that d is a full reduction vector for A if Ly,..., L, totally reduces A.

Definition 3.8. [5] Let v = (vy,...,v,) be a vector. We say v is non-negative, positive,
non-increasing or strictly increasing if its components are. If v is a non-negative, non-

increasing integer vector, then v is said to be GMS if v;—v; > j—i—1foreach1 <i < j <.

Definition 3.9. Let v = (vq, ..., v,) be areduction vector. Then, A(v,,...,v1) = (U, ..., uy),

where u, = v, and u; = v; —v;q for 1 <v <r —1.

Proposition 3.10. [5/ Let v = (vy,...,v,) be a non-negative, non-increasing integer vector.

Then the following are equivalent:
(i) v is GMS;
(i1) between any two zero entries of A(v,,...,v1) there is an entry strictly bigger than 1;

(111) v does not contain a sequence of consecutive entries of the form (a,a,a), or of the
form (ai,...,aiyj41) for j > 1 where a; = ai11,0i4j = Qirji1, and apq ..., 645 are

consecutive integers.
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Having introduced the reduction approach and the reduction vector, we now define bounds
for the Hilbert function arising from reduction and provide relevant examples on how to

determine these bounds.

Definition 3.11. [5] Let v = (vq,...,v,41) be an integer vector. We define the functions
fv and Fy by setting
i m1n(t—2+1,vl 1)
Ry =3 (M)
i=0
and
, t+2 t—i+2
ro= o ((59)-(737) % v)
i+1<j<n+1
for t > 0.

The functions f, and F, are the lower and upper bounds of the Hilbert function of a fat

point scheme. Moreover, the bounds are equal when d is GMS.

Theorem 3.12. [J] Let ly,...,l, be a totally reducing sequence of lines for the fat point
scheme Y with the associated reduction vector v, then the Hilbert function H(Y) is bounded
by

fv < H(Y) < K.

Furthermore, if v is GMS, then f, = H(Y) = Fy.

Thus, the condition of a reduction vector v being GMS guarantees that the Hilbert function

of a fat point scheme will be uniquely determined by v.

Example 3.13. [5] Consider the scheme A C P? consisting of three points each of multi-
plicity 2 and twelve points each of multiplicity 1 arranged as shown in Figure [3.1}

2 l3
2 ly
2 ]

Figure 3.1: Scheme A with 3 points each of multiplicity 2 and 12 points of multiplicity 1.

If we make greedy choices by passing a line through A a line with points whose sum of
multiplicities is the highest (i.e., through I3, 5, 11,1}, and I}, respectively), we will obtain the
reduction vector v given by

v =(6,6,6,2,1).
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The method we used here is called the greedy algorithm, and is discussed fully in Section [3.2.1]
However, if we use the lines l1,...,15, [} and [}, respectively, we will obtain the reduction

vector v’ given as
v/ = (5,4,3,3,3,2,1).

Notice that we did not obtain v’ by the greedy algorithm. Also, observe that both v and v’
are not GMS since they do not satisfy the conditions in Proposition [3.10]

First, we try to obtain the Hilbert function of the scheme A by using the reduction vector
v. Since v is not GMS, we expect to have f, # F,. Hence, f, and F, will give us lower
and upper bounds of the Hilbert function of A, respectively. That is, we will have f,(t) <
H(At) < Fy(t).

(1) When v = (6,6,6,2,1), we can determine f, by using the formula

flt) = i (min(t — z'1+ 1,v,-+1)).

=0
We see that n = 4 (since v has 5 components).
Now, when ¢t — 7 + 1 < 0, we simply write 0. We calculate

f+(0) = min(1, 6) + min(0, 6) + min(0, 6) + min(0, 2) + min(0,1) = 1,

fv(1) = min(2, 6) + min(1, 6) + min(0, 6) + min(0, 2) + min(0, 1) = 3,

f+(2) = min(3, 6) + min(2, 6) + min(1, 6) + min(0, 2) + min(0, 1) = 6,

fv(3) = min(4, 6) + min(3,6) + min(2, 6) + min(1, 2) + min(0, 1)

fv(4) = min(5,6) 4+ min(4, 6) + min(3, 6) + min(2,2) + min(1, 1)

fv(6) = min(7,6) + min(6,6) + min(5,6) + min(4, 2) + min(3, 1)

) ( 10,
) ( 15,
fv(5) = min(6, 6) + min(5, 6) + min(4, 6) + min(3,2) + min(2, 1) = 18,
) ( 20,
) ( 21.

f+(7) = min(8, 6) + min(7, 6) + min(6, 6) + min(5,2) + min(4, 1)

Since the total degree of the given fat point scheme is the sum of the components of v,

fv will stabilize here. That is, since

4

D Vi =6+6+6+2+1=21,
=0
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fv stabilizes at 21. That is, f(t) = 21 for t > 7. Therefore,
fv = (1,3,6,10,15,18,20,21,21,...).

Alternatively, we may determine f, by using the components of v to draw a reduced
point set as shown in Figure . As explained in [5], we use the diagonal count vector.
Counting the points along the diagonal lines of slope —1 in the diagram in Figure [3.2)]

we have

diag(v) = (1,2,3,4,5,3,2,1,0,0,...).

Figure 3.2: Reduced point set with arrows showing diag(v).
Now, diag(v) is the first difference of f,. So, we can easily get f, as

fv =" diag(v) = (1,3,6,10,15,18,20,21,21,...).

Next, let us determine Fy,. We will do so by using the formula given in Definition [3.11]

C([t+2 t—i+42
FV(t)_orgl?s((Q)_( 2 )+Z Vj)'
i+1<5<5

When t — i+ 2 <1, we take (F;“) = 0. We find, for various values of ¢:

We calculate

(i) For t =0 and ¢ =0, ..., 5, respectively, we have

2 2 +21 =21 2 0+15=16 2 0+9=10
2 2 T\ 2 - \2 Y
2 2 2
—0+3=14 —0+1=2 —0+0=1.

The minimum is 1. So, F,(0) = 1.
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(ii) Fort =1and i = 0,...,5, respectively, we have:

3 3 3 2 3
(2) <2) + 21 = 21, (2> <2> +15 =18, <2> 0+9 2,
3 3 3
(2) 0+3=6, (2) 0+ (2) 0+0=3

The minimum is 3. So, F, (1) = 3.

(iii) For t =2 and 0 <i <5, we have:

(- (-G (- ()
() -ors-n(-voi-r)-vuo-s

The minimum is 6. So, F,(2) = 6.

(iv) For t =3 and 0 < ¢ < 5, we have:

- €)en-n ()~ )

D 2 ) 5
— :]_ — :1 _— :1 .
(2) <2> +9 8, (2) 0+6 6, <2> 0+3 3
5 )
—0+1=11 - — 10.
(5) -0+1=11.(3) ~0+0=10

The minimum is 10. So, F,(3) = 10.

(v) Fort =4 and 0 <i <5, we have:

) (@) n-n ) ()rmn)- () oo
(- (0)+3-1()-()1-1 () -seo-r

The minimum is 15. So, F,(4) = 15.

(vi) For t =5 and 0 < ¢ <5, we calculate:

() () () () - () () -
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(@ s=2Q)-() 1= )-()r-

The minimum is 18. So, F,(5) = 18.

(vii) For t =6 and 0 < i < 5, we calculate:

) () nmn () ()rmon() () o-n
0 () )- (- ) () ro-a

The minimum is 21. So, F,(6) = 21.
Now, F,(t) =21 for t > 6 (since 25:1 v; =21). So,
Fo(t) = (1,3,6,10,15,18,21,21,...).

Observe that fy(t) = Fy(t) for 0 < ¢ < 5, and f,(t) < Fy(¢) for all ¢ > 5. Therefore,
fv < Fy for all t. Hence, f,(t) < H(A,t) < Fy(t).

Again, observe that v is not GMS since it does not satisfy Proposition [3.10] Hence,

fo(t) # Fo().

(2) When v’ = (5,4,3,3,3,2,1), we will determine f, using Figure , where the entries in

v’ give the row counts for the dots.

Figure 3.3: Diagram showing diag(5,4,3,3,3,2,1).

From Figure [3.3] we have

Af, = diag(v') = (1,2,3,4,5,3,3,0,0,...).
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Therefore,
fo=1(1,3,6,10,15,18,21,21,...).

Next, we will determine F,, by using the formula in Definition [3.11. We have n = 6

(since v’ has 7 components), and

Fy = (1,3,6,10,15,21,21,...).

By comparing f, with Fy/, we see that f,, < F,, for all t. Hence, f» < H(A,t) < Fy.

Again, observe that 20 = f,(6) < fi/(6) = 21 and that the total degree of the fat point
scheme is 21. This means v’ gives a strictly better lower bound than v, which is obtained

by applying the greedy algorithm.

Example 3.14. Consider the scheme A in P? shown in Figure [3.4]

Figure 3.4: Scheme A with lines 1,1y & 3.

Reducing with the lines [5,[3,1;, and [y, respectively, we obtain the reduction vector d =
(7,5,3,1). However, if we reduce the points along lines [3,ls,l;, and Iy, respectively, we
obtain the reduction vector v = (6,6,3,1). Observe that both d and v are GMS as they
each satisfy the conditions of Proposition [3.10] We show that for both d and v, the upper

and lower bounds of the Hilbert function coincide.

(1) First, we determine f; for d = (7,5,3,1) using the diagram in Figure

Figure 3.5: Diagram formed by d = (7,5, 3, 1).
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From Figure 3.5, we see that

Af, = diag(d) = (1,2,3,4,3,2,1,0,0,...).

Hence,
fa=1(1,3,6,10,13,15,16,16,...).

Next, we determine Fj using Definition [3.11] So, we have

Fy=(1,3,6,10,13,15,16,...).
We see that f; = F; as expected. Hence, H(A,t) = fq = Fy.

Now, we determine f, for v = (6,6,3,1) by the diagram in Figure (3.6]

Figure 3.6: Reduced point set formed by v = (6,6, 3, 1).

From Figure |3.6] we see that
Af, = diag(v) = (1,2,3,4,3,2,1,0,0,...).

This gives
fv=1(1,3,6,10,13,15,16, 16, .. .).

When we apply the formula in Definition [3.11} we calculate

F, =(1,3,6,10,13,15,16,16,...).

We see that H(A,t) = f, = F, as expected (since v is GMS).
Notice that f, = F, = f3 = Fy. That is, since d and v are GMS, we obtain the same

result.
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3.2.1 The Greedy Algorithm

Let Y C P" be a fat point scheme defined by Y = myp; + - - - + m,.p,, where py,...,p, € P*
and my,...,m, € Z>o. We systematically reduce the multiplicities of the points to zero by
repeatedly passing a hyperplane through the line that contains points with the highest sum
of multiplicities. This method of reduction is referred to as the “greedy algorithm”. This
gives a reduction vector d. If d satisfies Proposition we say d is GMS.

Example 3.15. Consider the subscheme A = 2p; + ps + p3 + 2p4 + ps + 2ps C P? shown in
Figure

Figure 3.7: Subscheme A = 2p; + ps + p3 + 2ps + ps + 2ps.

From the diagram, we see that if

(1) we apply the greedy algorithm, then the reduction vector d will be d = (6,4, 2), which
is GMS;

(2) we do not apply the greedy algorithm but choose to reduce the multiplicities of the
points by passing the lines I3,1;, and [y, through the points, respectively, we will have
the reduction vector v = (5, 5,2), which is GMS.

Example 3.16. Consider the scheme A in P? consisting of three points each of multiplicity

2 and 9 points each of multiplicity 1 shown in Figure 3.8

2 l3

s

2 3 b

Figure 3.8: Scheme A with three points of multiplicity 2.
Observe that if
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(1) we apply the greedy algorithm by using the lines [y, 3, ls, 1, and l3, respectively, we will
have the reduction vector d = (6,5, 4,2, 1), which is GMS;

(2) we reduce using the vertical lines from left to right and we repeat, we will have the
reduction vector v = (5,4, 3, 3,2, 1), which is GMS.

3.3 Fat Point Schemes Whose Support is a Partial In-

tersection

The rest of this thesis focuses on fat point subschemes in P? with multiplicity m and sup-
ported on partial intersections. For visual purposes, we describe these support points as
being in the intersection of lines that form a grid. However, these points are not found at
every intersection of the lines. In fact, the points form levels of blocks. Hence, we say that
these fat point schemes are supported on partial intersections. First, we state the definition
of partial intersection. Then, we show how we can determine the Hilbert function of a partial
intersection. Finally, we consider a family of fat point schemes supported on a special partial

intersection and show that this family always has a reduction vector that is GMS.

Definition 3.17. [6] Let p = (p1,...,p,) and ¢ = (q1, ..., ¢.) be two r-tuples of positive
integers with py > -+ > p, > 0 and set a = ¢ + - - - + ¢-. Let {H;} be the set of points on
“horizontal lines” for each i € {1,...,a} and {V;} be the set of points on “vertical lines”
for each j € {1,...,p:} and set P, ; = H; NV}. Further, let r(i) = inf{s € N|3>_7_, ¢; > i}
for i € {1,...,a}. With this notation, we define the partial intersection of type (p,q),
denoted Y27. as the set of points:

stairs’

{Pl,J(l) ’2: 17"~7a7j<i) = 17"'>pr(z')} - P2

We can visualize a partial intersection as a grid with a collection of points that form blocks.
The points are at some of the intersections of the vertical and horizontal lines which form
the grid. The diagram in Figure [3.9]is a partial intersection with 3 levels of blocks.

Figure 3.9: Partial intersection with three levels of blocks.
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Example 3.18. Figure depicts a partial intersection of type p = (5,3,2) and ¢ =
(3,2,1).

Figure 3.10: Partial intersection of type p = (5,3,2) and ¢ = (3,2, 1).

Example 3.19. A partial intersection of type p = (7,5,3) and ¢ = (2,2,2) is shown in

Figure 3.17]

Figure 3.11: Partial intersection of type p = (7,5,3) and ¢ = (2,2, 2).

3.3.1 Hilbert Functions of Fat Points Supported on Partial Inter-

sections

Given a fat point scheme supported on a partial intersection where each point has multiplicity
m > 1, we perform a reduction process in which we pass lines (vertical, horizontal, or diagonal
lines) containing points. This gives us a reduction vector v. As demonstrated in the previous
section, with the reduction vector we can form a diagram. The sequence > diag(v) gives the
lower bound of the Hilbert function of the fat point scheme. If v is GMS, then the Hilbert

function of this fat point scheme will be f,.

The following examples describe the process.

Example 3.20. Consider the partial intersection of type p = (3,2) and ¢ = (4,2) where
each point has a multiplicity of 2 (see Figure [3.12)).

42



Figure 3.12: Partial intersection of type p = (3,2) and ¢ = (4, 2).

By applying the greedy algorithm using only the vertical lines, we totally reduce the fat
point scheme. This will give the reduction vector v = (12,12,8,6,6,4). This gives us the
diagram in Figure [3.13] where the number of dots in each row is given by the corresponding

entry in v.

Figure 3.13: Diagram with v = (12,12,8,6,6,4).

By drawing diagonal lines of slope —1 through the points, as shown in Figure [3.13] we have

Af, = diag(v) = (1,2,3,4,5,6,6,6,6,4,2,2,1,0,0,0,...).

Hence,

fv =" diag(v) = (1,3,6,10,15,21,27,33,39,43,45,47,48,0,0,0,...).

Observe that v = (12,12, 8,6,6,4) is GMS since it satisfies all the conditions in Proposition
3.10l Hence the Hilbert function of the given fat point scheme supported on the partial

intersection is fy .

Note: For the rest of this thesis, d stands for a reduction vector and d’ stands for its reverse.
For example, if d = (5,3,1), then d' = (1,3,5).

43



Example 3.21. Figure depicts a partial intersection of type p = (5,3) and ¢ = (2,2).
Assign each point multiplicity 3.

Figure 3.14: Partial intersection of type p = (5,3) and ¢ = (2,2).

By applying the greedy algorithm, we totally reduce the points by passing only horizontal
lines containing the points. We obtain the reduction vector d = (15,15, 10,10,9,9,6,6,5, 5,3, 3).

Observe that by reversing the order of the entries of d, we get

d =(3,3,5,5,6,6,9,9,10,10, 15, 15).

Hence,

Ad = (3,0,2,0,1,0,3,0,1,0,5,0).

We see that d is not GMS since there is at least two zero entries with only the number 1 in
between. This means f; will only be a lower bound of the Hilbert function for this fat point

scheme. We now determine this lower bound.

Figure |3.15|is the diagram we obtain from d.

Figure 3.15: Reduced point set from d = (15,15,10,10,9,9,6,6,5,5, 3, 3).
From Figure |3.15 we see that
Afy = diag(d) = (1,2,3,4,5,6,7,8,9,10,11,12,10,5,2,1,0,0,0, . ..).
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Hence,

fa=1(1,3,6,10, 15,21, 28, 36,45, 55, 66, 78, 88, 93, 95, 96, 96, 96, . . .),

which is the lower bound for the Hilbert function for the given fat point scheme.

3.3.2 The Hilbert Function of a Fat Point Scheme Supported on
a Partial Intersection of Type p = (3,2) and ¢ = (2¢,b).

In this section, we investigate the Hilbert function of a fat point scheme supported on a
partial intersection of type p = (3,2) and ¢ = (2¢,b), where ¢ is a positive integer. We
determine the reduction vector for three families (namely ¢ = 1,2,3) and show that these
reduction vectors are GMS. This yields the exact Hilbert function of every member of these

families.

We begin our exploration with ¢ = 1.

Theorem 3.22. Let b and m be positive integers. Let X be a partial intersection of type
p=1(3,2) and ¢ = (2,b) and Y be a homogeneous fat point scheme Y = mX supported on X.
Apply the Greedy Algorithm to Y wusing only vertical lines to obtain the reduction vector d.

If
< lem(2 4 b, 2)

m < —1,
2

then d is GMS.

Proof. we have three cases to consider. Each case yields a reduction vector which is GMS.
Let d = (dy, ..., dsn) be the reduction vector and d' = (dsm, d3m—1, - - -, ds,d1).

Case I: Assume that b = 1. The partial intersection X is visualized in Figure [3.16] By

assumption 1 < m < 2.

Figure 3.16: Partial intersection of type p = (3,2) and ¢ = (2, 1).
We consider the two values of m separately.
(i) For m = 1, the resulting reduction vector is d = (3, 3,2).
(ii) For m = 2, the resulting reduction vector is d = (6, 6,4, 3, 3, 2).
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Clearly, d is GMS for cases (i) and (ii) above.

For cases I and III, the partial intersection X is depicted in Figure [3.17}

2464

. 72

Figure 3.17: Partial intersection of type p = (3,2) and ¢ = (2,b).

Case II: Assume that b > 1 is odd, say b = 2n + 1 for some positive integer n. Now, by
assumption, 1 < m < w- 1= w —1=2(n+1).
We consider two ranges of values for m and show that each of these yields a GMS reduction

vector.
(i) For 1 <m < n+1, the reduction vector is of the form d = (dy, ..., dom, doms1, - - -, d3m),

where

docy1 = docro = (m—¢)(2+0), forc=0,...,m—1;

domter1 = 2(m — ¢), fore=0,...,m—1.
Observe that when checking the GMS criterion, the only zero entries of Ad’ of concern
come from the terms of the form do.1 1 = doecia. Now, for 0 < ¢ < m — 2, we have
dgc+2 = (m — C)(2 + b) and dgc+3 = d2(0+1)+1 = (m - (C + 1))(2 + b) SO7

docro — doers = (Mm—c)(2+b) —(m—(c+1))(2+b) =2+b>5.

Thus, between any two zero entries of Ad’, there is an entry strictly greater than 1.
We conclude that d is GMS (by Proposition [3.10)).
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(ii) For n +1 <m < 2(n + 1), the reduction vector is given by

d == (dl, e 7d2m7d2m+1; e 7d3m)7

where

(

dact1 = dacyz2 = (M —¢)(2 + D), forc=0,...,m—2;
domte—1 = 2(m — ¢), forc=0,....,m—(n+2);

dom—nte—1 = dom—nte = (m - C)<2 + b), for c=m —1;

\d2m+c+1:2(m—c), forc=m-—(n+1),...,m—1

Observe that the reduction vector d has terms of the form da.y1 = dacro = (m—c)(2+b)
for 0 < ¢ < m—2. Now, for 0 < ¢ < m — 3, we have ds.y o = (m — ¢)(2 + b) and
d20+3 = d2(0+1)+1 = (m - (C + 1))(2 + b) SO,

doero — doerz = (m—c)(2+b)—(m—(c+1))(2+b) =2+b>5.

In addition, we have
d2(m—2)+2 = 2(2 + b) and d2(m—2)+3 = d2(m—2)+2+1 = d2(m—1)+1 = dypm—1 = 2m.
Therefore, since m < 2(n + 1), we have

da(m—2)12 — da(m—2)+3 = 2(2+ D) — 2m
=2(24+2n+1)—2m
=44+4n+2—-2m
>44+4n+2—2(2n+ 2)
=4+4n+2—-4n—4
= 2.

That is, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Hence, we conclude that d is GMS (by Proposition [3.10)).

Case III: Assume that b > 2 is even, say b = 2n where n is a positive integer.

By assumption, 1 < m < W —-1= w — 1 =n. We show that this range of m

yields a GMS reduction vector.
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The reduction vector for this range is of the form d = (dy, ..., dom, dom1, - - -, d3m), Where

dact1 = daey2 = (m —c)(2+0), forc=0,....m—1;

domter1 = 2(m — c), forec=0,...,m—1.

Note that the reduction vector d is the same as in (i) of Case II, and so d is GMS.
O

We now consider the family of partial intersections of type p = (3,2) and g = (24, b) with
¢ = 2. This family is handled via a series of propositions. Figure depicts the partial
intersection X of type p = (3,2) and g = (4,0).

p
4+b< .o
4
\

Figure 3.18: Partial intersection of type p = (3,2) and ¢ = (4,b).

Proposition 3.23. Let X be a partial intersection of type p = (3,2) and q = (4,b) where
b = 4n for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(4 + b,4)

1< <
=m= 1

_17

then d is GMS.

Proof. By assumption, 1 < m < w — 1 =n. Using Figure , we observe that the

reduction vector d is of the form d = (dy, ..., dom, doms1, - - -, d3m) Where
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docy1 = docro =4(m —c)(1+n), forc=0,...,m—1;
domter1 = 4(m —¢), fore=0,...,m—1.
Observe that when checking the GMS criterion, the only zero entries of Ad’ of concern come

from the terms of the form dy..y = doecia. Now, for 0 < ¢ < m — 2, we have dy1o =
4(m — c)(1 4+ n) and dacy3 = dyer1)4+1 = 4(m — (¢ +1))(1 +n). So,

docys — doers =4(m —c)(1+n) —4(m—(c+1))(1+n) =4(1+n) > 8.

Certainly, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Therefore, d is GMS (by Proposition [3.10)).
O

Proposition 3.24. Let X be a partial intersection of type p = (3,2) and q = (4,b) where
b= 4n + 1 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(4 + b, 4)

1<m<
=M= 1

_17

then d is GMS.

Proof. By assumption, 1 < m < % —1= w —1=4(1+n). We consider

four ranges of values for m and show that each of these ranges yields a GMS reduction vector

d=(dy,...,dom,domi1,---,dsm).

(i) For 1 <m < 1+4mn, Figure can be used to see that the reduction vector d satisfies
docy1 = doey2 = (m —c)(4+0b), forc=0,...,m—1;
domser1 = 4(m —¢), forec=0,...,m—1.
Observe that when checking the GMS criterion for this range, the only zero entries of
Ad' of concern come from the terms of the form ds., 1 = daer2. Now, for 0 < ¢ < m—2,
we have d26+2 = (m — C) (4 + b) and d28+3 = d2(0+1)+1 = (m - (C + 1))(4 + b) SO7

d2€+2—d20+3:(m—c)(4+b)—(m—(c+1))(4+b):4—1-629

Thus, between any two zero entries of Ad’, there is an entry strictly greater than 1.
We conclude that d is GMS (by Proposition [3.10)).
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(ii) For the range 1 +mn < m < 2(1+ n), the reduction vector d satisfies

.

docy1 = daeo = (m —c)(4 +0), forc=0,...,m—2;
domie1 = 4(m — ¢), forc=0,....m—((n+1)+1);

dom—nte—1 = dom—nte = (m - C) (4 + b), for c=m —1;

kcl2m+0+1:4(777,—c), forc=m-—(n+1),...,m—1.

The reduction vector d has terms of the form doey1 = doera = (m — ¢)(4 + b) for
0 <c¢c<m-—2 Now, for 0 < ¢ < m— 3, we have dy.r 0 = (m — ¢)(4 + b) and
d20+3 = d2(0+1)+1 = (m - (C + 1))(4 + b) SO,

doero — doerz=(m—c)(4d+b)—(m—(c+1))(4+b)=4+b>09.
In addition, we have

d2(m—2)+2 = 2(4 + b) and d2(m—2)+3 = d2(m—2)+2+1 = d2(m—1)+1 = dypm—1 = 4m.
Therefore, since m < 2(n + 1), we have

da(m—2)12 — da(m—2)+3 = 2(4 + b) — 4m
=2(4+4n+1) —4m
=8+8n+2—4m
>8+8n+2—4(2n+2)
=8+8n+2—8n—38
=2.

That is, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Hence, we conclude that d is GMS (by Proposition [3.10)).

(iii) For the range 2(n + 1) < m < 3(n + 1), we can use Figure to deduce that the
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entries of the reduction vector d are of the form

doer1 = doera = (m —c)(4+ D), forc=0,...,m—3;

domie3 = 4(m — ¢), fore=0,...,m—(2(n+1)+ 1);
dom—2ntc—3 = dam—ante—2 = (m—c)(4+0b), forc=m —2;

domic—1 = 4(m — ¢), forc=m—-2n+1),...,m—((n+1)+1);
dom—nte—1 = dom—nie = (m —c)(4+b), forc=m —1;

domier1 = 4(m — ¢), forc=m—(n+1),...,m—1

We have three situations, each of which yields zero entries of Ad’. We consider each

separately.

Firstly, the reduction vector d has terms of the form dy.i1 = docya = (m — ¢)(4 +b)
for 0 < ¢ < m—3. Now, for 0 < ¢ < m — 4, we have dy.1o = (m — ¢)(4 + b) and
dact3 = dy(er1y11 = (m — (c+1))(4 +b). So,

d26+2 —d20+3 = (m—c)(4—|—b) — (m— (C+1>)(4+b) =4+b > 9.
Secondly, we have

dam—sy12 = (m — (m — 3))(4+b) = 3(4 +)

and

dam-3)+3 = do(m-3)4241 = do(m-2)41 = dam—3 = 4m.

Therefore, since m < 3(n + 1), we have

do(m—3)+2 — do(m—3)+3 = 3(4 + b) — 4m
=3(4+4n+1) —4m
=124+ 12n+3 —4m
> 12+ 12n+3 — 4(3n + 3)
=124+ 12n+3 —12n — 12
= 3.

Thirdly, the last term of the terms of the form doy,—9p1c—3 = dom—2n1c—2 = (M—c)(4+b)

is when ¢ = m — 2. When ¢ = m — 2, we have
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dom—2ntc—2 = dom—9n+m—2-2 = dgm—on—a = [m — (M —2)](4+0) = 2(4 + b).

The first term of the terms of the form da, -1 = 4(m — ¢) is when ¢ = m — 2(n + 1).
We see that, for ¢ =m — 2(n+ 1),

domic—1 = domim—2(n+1)—1 = d3m—2n-3
=4(m — (m —2(n+1)))
=4(2(n +1))
=8(n+1).

Therefore,

A3m—2n—1 — d3m—2n—3 = 2(4 +b) — 8(n + 1)
=2(4+4n+1)—-8(n+1)
=8+ 10 —-8n -8
= 2.

The above arguments show that there is an entry strictly greater than 1 between any
two zero entries of Ad’. Hence, we conclude that d is GMS (by Proposition |3.10)).

(iv) For 3(n+1) <m < 4(n+ 1), Figure can be used to see that the reduction vector

d satisfies
docr1 = daera = (m —c)(4+ D), forc=0,...,m—4;
domie—5 = 4(m — ¢), forc=0,...,m—(3(n+1)+1)

d2m—3n+c—5 = d?m—3n+c—4 = (m - C) (4 + b)7 for c=m — 3;

domse—3 = 4(m — c), forc=m—-3n+1),....,m—(2(n+1)+1);
dom—2ntc—3 = dom—onsc—2 = (m—c)(4+0b), forc=m—2;
domie—1 = 4(m — ¢), forc=m—-2n+1),....,m—((n+1)+1);
dom-—nte-1 = dom-nte = (M —c)(4+b), forc=m —1;

\d2m+c+1=(m—c)(4+b), forc=m—(n+1),...,m—1.

In this range, to verify that d is GMS, we need to consider four situations involving

zero entries in Ad'.

Firstly, the reduction vector d has terms of the form do.y1 = docyo = (m — ¢)(4 + b)
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for 0 < ¢ < m—4. Now, for 0 < ¢ < m — 5, we have dyeyo = (m — ¢)(4 + b) and
d26+3 = d2(6+1)+1 = (m — (C + 1))(4 + b) SO,

d20+2—dgc+3:(m—c)(4+b)—(m—(c+1))(4+b) =4+b>09.

Secondly, we have
d2(m—4)+2 = 4(4 + b) and dz(m—4)+3 = d2(m—4)+2+1 = dz(m—3)+1 = dopm—5 = 4m.
Therefore, since m < 4(n + 1), we have

do(m—1)+2 — do(m—a)+3 = 4(4 + b) — 4m
=4(44+4n+1) —4m
=16+ 16n +4 —4m
> 16 + 16n + 4 — 4(4n + 4)
=16+ 16n +4 — 16n — 16
=4.

Thirdly, the last term of terms of the form dy,,_344c-5 = dom—3n1c—a = (M —c)(4 + b)

is when ¢ = m — 3. So, when ¢ = m — 3, we have dz,,_3, 7 = 3(4 +b).

The first term of terms of the form do, 1.3 = 4(m — ¢) is when ¢ = m — 3(n + 1). So,

when ¢ = m — 3(n + 1), we have

d2m+c73 = d2m+m73(n+1)73 = d3m73n76 = 4(m—(m—3(n+1))) = 4(3(n+1)) = 12(n+1)

Therefore,

d3m—3n—7 — d3m—3n—6 = 3(4 +0) —12(n + 1)
=34+4n+1) —12(n+1)
=12+ 12n+3 —12n — 12
— 3.

And finally, the last term of terms of the form da,, _2n1c-3 = dom—2nt1e2 = (Mm—c)(4+D)
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is when ¢ = m — 2. So, for ¢ = m — 2, the term is
dom—2nte—2 = dom—2ntm—2—2 = 3m—on—4 = (M — (M —2))(4+b) = 2(4 +b).

The first term of terms of the form do, -1 = 4(m — ¢) is when ¢ = m — 2(n + 1). So,

when ¢ = m — 2(n + 1), we have
d2m+071 = d2m+m—2(n+l)—l = d3m72n73 = 4(m—(m—2(n+1))) = 4(2(n+1)) = 8(n+1)
Observe that

d3m—2n—4 — d3m—2n-3 = 2<4 + b) - 8(” + 1)
— 24+ dn+1) —8(n+1)
=8+8n+2—-8n—3
= 2.

We therefore conclude that there is an entry strictly greater than 1 between any two
zero entries of Ad’'. Hence, we conclude that d is GMS (by Proposition [3.10)).

[]

Proposition 3.25. Let X be a partial intersection of type p = (3,2) and q¢ = (4,b) where
b =4n + 2 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(4 +b,4)

1<m<
=m = 1

_1’

then d is GMS.

W—l = W—l = 2(n+1). We consider two

ranges of values for m and show that the reduction vector d = (dy, ..., dom, doms1, - - - d3m)

Proof. By assumption, 1 < m <
is GMS for each of these ranges.

(i) For 1 <m <n+ 1, we can see from Figure that the reduction vector d satisfies

d20+1:d26+2:(m—c)(4+b), forc:O,...,m—l;

domier1 = 4(m — ¢), fore=0,...,m—1.
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Note that the reduction vector d is the same as in Case (i) of Proposition [3.24] Hence,
d is GMS.

(ii) For the range n+ 1 < m < 2(n+ 1), we can use Figure to see that the reduction

vector d satisfies

;

docy1 = doer2 = (M —¢)(4+ D), fore=0,...,m—2;
domte—1 = 4(m — ¢), forc=0,...,m—(n+2);

dom-nte—1 = d?m—n-i—c = (m - C) (4 + b)v forc=m —1;

\d2m+0+1:4(m—c), forc=m-—(n+1),...,m—1.

The reduction vector d is the same as in Case (ii) of Proposition [3.24] Hence, d is
GMS.

]

Proposition 3.26. Let X be a partial intersection of type p = (3,2) and q = (4,b) where
= 4n + 3 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

l<m< lem(4+b6,4) 1.
4
then d is GMS.
Proof. By assumption, 1 < m < w —1= w — 1 = 4n + 6. We consider

four ranges of m and show that each range yields a GMS reduction vector d of the form
d= (d17 s 7d2ma d2m+1a s 7d3m)~

(i) For 1 <m <n+1, Figure can be used to see that the reduction vector d satisfies

docy1 = doey2 = (m —c)(4+0b), forc=0,...,m—1;

domter1 = 4(m —¢), fore=0,...,m—1.

Observe that the reduction vector d is the same as in Case (i) of Proposition (3.24]
Hence, d is GMS.
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(ii) Forn+1 <m < 2(n+ 1)+ 1, the terms of the reduction vector d satisfy

.

docr1 = docya = (m — c)(4 + b), forc=0,...,m—2;
domic—1 = 4(m —c), forc=0,....m—((n+1)+1);

dom—nte—1 = dom—ntec = (m - C) (4 + b)7 for c=m —1;

\d2m+6+1:4(m—c), forc=m—-(n+1),...,m—1.

The reduction vector d has terms of the form doey1 = doeys = (m — ¢)(4 + b) for
0 <c¢c<m-—2 Now, for 0 < ¢ < m— 3, we have dy.i o0 = (m — ¢)(4 4+ b) and
dacts = da(er1y+1 = (m — (¢ +1))(4 +b). So,

d20+2 —dgc+3 = (m—c)(4—|—b) — (m— (C+ 1))(4+b) :4+b Z 11

In addition, we have
dg(m_2)+2 = (m — (m — 2))(4 + b) == 2(4 + b) and

dam-2)+3 = dom—-2)12+41 = do(m-1)41 = dam—1 = 4m.

Therefore, since m < 2(n + 1) + 1, we have

do(m—2)+2 — do(m—2)+3 = 2(4 + b) — 4m
=2(4+4+4n+3) —4m
=8+8n+6—4m
>8+4+8n+6—-4(2(n+1)+1)
=8+8n+6—8n—12
=2.

(iii) For 2(n+ 1) +1 < m < 3(n+ 1) + 2, Figure can be used to observe that the
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reduction vector d satisfies

daer1 = docra = (m —c)(4 + D), forc=0,...,m—3;

domic—3 = 4(m —¢), forc=0,....m—(2(n+1)+2),

dom—2n+c—4 = dam—ante3 = (m—c)(4+b), forc=m —2;

domte—1 = 4(m — ¢), forc=m-—02n+1)+1),....m—((n+1)+1);
dom-—nice—1 = dom—nsc = (m —c)(4+b), forc=m —1;

domser1 = 4(m — ¢), forc=m—(n+1),...,m—1

In verifying the GMS conditions, we see three situations that give rise to entries equal

to zero in Ad'.

Firstly, the reduction vector d has terms of the form do.i1 = docyo = (m — ¢)(4 +b)
for 0 < ¢ < m —3. Now, for 0 < ¢ < m — 4, we have dy.1o = (m — ¢)(4 + b) and
dacrs = da(er1y+1 = (m — (¢ +1))(4 +b). So,

d2C+2 — d20+3 = (m — C)(4+ b) — (m — <C+ 1))(4—|— b) =4+b > 11.
Secondly, we have

dom+m—(@2n+4)-3 — Q2m—2n+(m-2)-4 = dzm—2n—7 — d3m—2n—6
=4m—(m—(2n+4))) — (m—(m —2))(4 + )
=4(2n+4) —2(4+ D)
=8n+16 —2(4+4n+3)
=8n+16—-8—-8n—6
= 2.

Lastly, the last term of terms of the form doy,—on+c—a = dom—onic—3 = (M —¢)(4+b) is

where ¢ = m — 2. So, when ¢ = m — 2, we have
dom—2nte—3 = Qom—2n4m—2-3 = 3m—on—5 = (M — (M —2))(4 +b) = 2(4 + b).

The first term of terms of the form do, 4.1 = 4(m —c) is when c=m — (2(n+1) + 1).
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When ¢ =m — (2(n + 1) + 1), we have

d2m+cfl = d2m+m—(2(n+1)+1)—1 = d3m72n74
=4(m—(m—2(n+1)+1)))
=4(2(n+1)+1).

Therefore,

d3m—2n—5 — d3m—on—a = 2(4 +b) —4(2(n +1) + 1)
=2(44+4n+3) —4(2n+2+1)
=8+8n+6—-8 —-8—-4
=2

Thus, the arguments above show that there is an entry strictly greater than 1 between
any two zero entries of Ad’. Hence, we conclude that d is GMS (by Proposition |[3.10)).

(iv) For 3(n + 1)+ 2 < m < 4(n + 1) + 2, Figure demonstrates that the reduction

vector d satisfies

doey1 = doeya = (m —c)(4 4 b), forc=0,...,m—4;

domtes = 4(m — ¢), forc=0,...,m—(3(n+1)+3);

dom—3nte—7 = dom-—3ntc—6 = (M —c)(4+b), forc=m —3;

domic—3 = 4(m — ¢), forc=m—-0Bn+1)+2),....m—(2(n+1)+2);
dom—ontc—a = dom—2ntc3 = (m—c)(4+0b), forc=m—2;

domic—1 = 4(m — ¢), forc=m—02n+1)+1),....m—((n+1)+1);
dom-—ntc—1 = dom—nie = (M —c)(4 +b), forc=m —1;

domicr1 = (m —c¢)(4+ D), forc=m—(n+1),...,m—1

We need to consider the four situations yielding zero entries in Ad'.

First, the reduction vector d has terms of the form do.y1 = docro = (m — ¢)(4 + b)
for 0 < ¢ < m—4. Now, for 0 < ¢ < m — 5, we have dy12 = (m — ¢)(4 + b) and
docr3 = d2(0+1)+1 = (m - (C + 1))(4 + b). So,

d20+2 —d26+3 = (m—c)(4+b) — (m— <C+ 1))(4+b) :4+b Z 11.
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Second, we have

do(m—1y+2 = 4(4+b) and dopm—1)+3 = dom—1)+2+1 = do(m—3)+1 = dom—5 = 4m.
Therefore, since m < 4(n + 1) + 2, we have

dam—ay+2 — dam-ay+3 = 4(4 +b) — 4m
— 44+ 4n +3) — 4m
=16+ 16n+ 12 —4m
> 16+ 160 + 12 — 4(4(n + 1) +2)
=16+ 16n + 12 — 16n — 24
= 4.

Third, the last term of the terms of the form dy,, 1.3 = 4(m—c) is when ¢ = m—(2n+4).

So, when ¢ = m — (2n +4), we have
damte—3 = Aomim—(2n+4)-3 = dgm—on—7 = 4(m — (m — (2n +4))) = 4(2n + 4).

The first term of doy—2n1c—a = dom—2n+c—3 = (M — ¢)(4 + b) is when ¢ = m — 2. So,

when ¢ = m — 2, then

dom—2n+c—a = d2m—2n+(m—2)—4 = d3m-2n—6 = (m - (m - 2))(4 + b) = 2(4 + b)-

Therefore,

domye—3 — dom—onte—a = d2m+m—(2n+4)—3 - d2m—2n+(m—2)—4
= d3mf2n77 - d3mf2n76
=4(2n+4) —2(4+b)
=8n+ 16 — 2(4 + 4n + 3)
=8n+16—8—8n—6
= 2.

Finally, the last term of terms of the form da,, on1ca = dom_on1c3 = (M —¢)(4+b)

is where ¢ = m — 2. So, when ¢ = m — 2,

d2m—2n+c—3 = dzm—2n+m—2—3 = d3m—on—5 = (m - (m - 2))(4 + b) = 2(4 + b)-
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The first term of terms of the form doy i1 = 4(m —c¢) is when c=m — (2(n+ 1)+ 1).
So, when ¢ =m — (2(n + 1) + 1), we have

d2m+c—1 = d2m+mf(2(n+1)+1)71 = d3m—2n—4
=4(m—(m—2(n+1)+1)))
— 4(2(n + 1) + 1).

Therefore,

d3m—2n—5 — d3m—2n—a = 2(4 +b) —4(2(n +1) + 1)
=2(44+4n+3) —4(2n+2+1)
=8+8n+6—-8n—-8—-4
= 2.

From the above arguments, we see that there is at least one entry strictly greater than 1

between any two zero entries of Ad'. Hence, we conclude that d is GMS (by Proposition
3.10).

O

Theorem 3.27. Let X be a partial intersection of type p = (3,2) and q = (4,b) where b is
a positive integer. Let Y be a homogeneous fat point scheme Y = mX supported on X where
m € ZT. Apply the Greedy Algorithm to Y using only vertical lines to obtain the reduction

vector d. If lem(d + b, 4
cm(4 + 0,

1<m<
=m = 1

—1,
then d is GMS.

Proof. We first verify the cases for b = 1,2, 3 by straight-forward calculations.

For b = 1, we assume that 1 < m < 4. We consider each value of m separately, using Figure
[3.19 to determine d.

(i) For m = 1, we have d = (5,5,4).
(ii) For m = 2, we have d = (10, 10,8, 5,5,4).
(iii) For m = 3, we have d = (15, 15,12, 10, 10,8, 5,5,4).

(iv) For m = 4, we have d = (20,20, 16, 15, 15, 12, 10, 10,8, 5, 5, 4).
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i

Figure 3.19: Partial intersection of type p = (3,2) and ¢ = (4, 1).

For b = 2, we assume that 1 < m < 2. Considering each value of m separately, using Figure

i

Figure 3.20: Partial intersection of type p = (3,2) and ¢ = (4, 2).

3.20, we determine d as follows.

(i) For m =1, we have d = (6,6,4),

(ii) For m = 2, we have d = (12,12,8,6,6,4).

For b = 3, we assume that 1 < m < 6. Using Figure [3.21) we consider each value of m

separately and determine d as follows.

:

Figure 3.21: Partial intersection of type p = (3,2) and ¢ = (4, 3).
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(i) For m =1, we have d = (7,7,4).
(ii)) For m = 2, we have d = (14,14,8,7,7,4).
(ii) For m = 3, we have d = (21,21, 14,14, 12,8,7,7,4).
(iv) For m = 4, we have d = (28,28,21,21,16, 14, 14,12,8, 7,7, 4).
(v) For m =5, we have d = (35, 35, 28,28,21,21,20,16,14,14,12,8,7,7,4).

(vi) For m = 6, we have d = (42,42, 35, 35, 28,28, 24, 21,21, 20, 16, 14, 14,12, 8,7, 7, 4).

The cases b > 4 follow from Propositions 3.25, and [3.20]
]

We now consider the family of partial intersections of type p = (3,2) and g = (2¢,b) with
¢ = 3. This family is handled via a series of propositions. Figure depicts the partial
intersection X of type p = (3,2) and g = (6,b).

6+b<

> 6

\ J
Figure 3.22: Partial intersection of type p = (3,2) and ¢ = (6,b).

Proposition 3.28. Let X be a partial intersection of type p = (3,2) and q¢ = (6,b) where

b = 6n for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
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supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

L <m< lem(6 + 0, 6) ,
6
then d is GMS.
Proof. By assumption, 1 < m < w — 1 = n. We show that the reduction vector

d=(dy,...,dom,domi1,--.,dsn) is GMS. Using Figure we see that d satisfies

doer1 = doeyo = (m —¢)(6+b), forc=0,...,m—1;
domier1 = 6(m — ), forc=0,...,m—1.

Observe that when checking the GMS criterion, the only zero entries of Ad' of concern come
from the terms of the form ds.y1 = doeys. Now, for 0 < ¢ < m — 2, we have do1o =
(m —¢)(6+0b) and dacy3 = doey1)11 = (m — (¢ +1))(6 +b). So,

d28+2 —d26+3 = (m—c)(6+b) - (m— (C+1))(6+b) = 6+b Z 12.

Certainly, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Therefore, d is GMS (by Proposition [3.10)).
O

Proposition 3.29. Let X be a partial intersection of type p = (3,2) and q¢ = (6,b) where
b=6n+1 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(6 + b,6)

1<m<
=M= 6

_1’

then d is GMS.

—lcm(ﬁg b6) 1 = —km(“gnﬂ’@ —1=6(1+n). We consider

six ranges of values for m and show that each of these yields a GMS reduction vector
d — (dl, e ,dgm, d2m+1, e ,dgm).

Proof. By assumption, 1 < m <

(i) For 1 <m < n+1, Figure can be used to see that the reduction vector d satisfies

doey1 = doero = (m —¢)(6+b), forc=0,...,m—1;

domier1 = 6(m — ¢), fore=0,...,m—1.
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Observe that when checking the GMS criterion, the only zero entries of Ad’ of concern
come from the terms of the form do.i1 = do.io. Now, for 0 < ¢ < m — 2, we have
d26+2 = (m — C)(6 -+ b) and d20+3 = d2(6+1)+1 = (m — (C + 1))(6 + b) SO,

d2C+2 —d20+3 = (m—c)(6+b) - (m— <C+ 1))(6+b) :6+b Z 13.

Thus, between any two zero entries of Ad’, there is an entry strictly greater than 1.
We conclude that d is GMS (by Proposition [3.10)).

(ii) For 14+n <m < 2(1+ n), the reduction vector d satisfies

(
doey1 = docro = (m —¢)(6 + D), forc=0,...,m—2;
domie—1 = 6(m —¢), forc=0,....m—((n+1)+1);
dom—nic—1 = dom—nic = (m —c)(6 +b), forc=m—1,;
\d2m+0+1:6(m—0), forc=m-—(n+1),...,m—1.
The reduction vector d has terms of the form dsey1 = docya = (m — ¢)(6 + b) for

0 <c<m-—2 Now, for 0 < ¢ < m—3, we have doeyo = (m — ¢)(6 + b) and
d26+3 = d2(0+1)+1 = (m - (C + 1))(6 + b) SO,

docyo — doers = (m—¢)(6+0) —(m—(c+1))(6+b) =6+b> 13.
In addition, we have
da(m—-2)+2 = 2(6 +b) and dy(m—2)+3 = da(m—2)+2+1 = d2(m-1)41 = dom—1 = 6M.
Therefore, since m < 2(n + 1), we have

do(m—2)+2 — da(m—2)+3 = 2(6 + b) — 6m
=2(6+6n+1)—6m
=124+ 12n+2 —6m
> 12+ 12n+2—6(2n+ 2)
=12+12n+2—12n — 12
=2.

That is, there is an entry strictly greater than 1 between any two zero entries of Ad'.
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Hence, we conclude that d is GMS (by Proposition [3.10)).

(iii) For 2(n+1) <m < 3(n+ 1), Figure can be used to see that the reduction vector

d satisfies
doer1 = docro = (m — ¢)(6 + b), forc=0,...,m—3;
domtc—s = 6(m — c), fore=0,...,m—(2(n+1)+ 1);
dom—2ntc—3 = dam—ante—2 = (m—c)(6+0b), forc=m —2;
domie—1 = 6(m — c¢), forc=m-—-2n+1),...,m—((n+1)+1);
dom-—nte—1 = Aom-nte = (M —c)(6 4 b), forc=m —1;
domtct1 = 6(m — ), forc=m—(n+1),...,m—1

In the following cases, we look at three situations where Ad’ has zero entries to verify
that d is GMS.

(a) The reduction vector d has terms of the form do.i1 = daero = (m — ¢)(6 + b) for
0 <c<m-=3 Now,for 0 <c<m—4, we have dy.yo = (m — ¢)(6 + b) and
dacys = da(er1yt1 = (m — (¢ +1))(6 +b). So,

doero — doerz = (m —¢)(6+b) —(m—(c+1))(6+b) =6+b>13.
(b) In addition, we have
dym-3)+2 = 3(6 +b) and daom—3)+3 = dom—3)+2+1 = dom—2)41 = dom—3 = 6m.
Therefore, since m < 3(n + 1), we have

do(m—3)+2 — da(m—3)+3 = 3(6 + b) — 6m
=3(64+6n+1)—6m
=184+ 18n+3 —6m
> 18+ 18n+ 3 — 6(3n + 3)
=18+ 18n+3 — 18n — 18
=3.

(¢) The last term of terms of the form dao, 2n1e3 = dom_onieo = (m —¢)(6 + b) is

65



where ¢ = m — 2. So, when ¢ = m — 2, we have
dom—2ntc—2 = dom—9n+m—2-2 = A3m—on—a = (M — (m —2))(6 4+ b) = 2(6 + b).

The first term of terms of the form do, 4.1 = 6(m — ¢) is when ¢ = m — 2(n + 1).

So, when ¢ = m — 2(n + 1), we calculate
domtc—1 = Aomim—2(n+1)—1 = dgm—2n—3 = 6(m — (m —2(n+1))) = 12(n + 1).
Therefore,

d3m—2n—4 — d3m—2n-3 = 2(6 + b) - 12(” + 1)
=2(64+6n+1)—12(n+1)
=12+ 12n+2 —12n — 12
=2.

That is, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Hence, we conclude that d is GMS (by Proposition [3.10)).

(iv) For 3(n+1) < m < 4(n+ 1), the reduction vector d satisfies

doer1 = doera = (m — ¢)(6 + b), forec=0,...,m—4;

domtc—s = 6(m — c), forc=0,....,m—3(n+1)+1);

dom—3n+c—5 = dom—3nte—s = (M —c)(6 +b), for c=m — 3;

domte—3 = 6(m — ¢), forc=m—-3n+1),...,m—(2(n+1)+1);
dom—2ntc—3 = dam—ante—2 = (m—c)(6+0b), forc=m —2;

domie—1 = 6(m — ¢), forc=m-—-2n+1),....m—((n+1)+1)
dom—nte—1 = dom—n+ec = (m —¢)(6 4+ b), forc=m—1;

domser1 = (m —¢)(6 +b), forc=m—(n+1),...,m—1

In the following cases, we consider four situations where Ad' has zero entries.

(a) The reduction vector d has terms of the form ds.y1 = dacra = (m — ¢)(6 4 b) for
0 <c¢c<m—4. Now, for 0 < ¢ < m—5, we have dy.y o = (m — ¢)(6 + b) and
aoss = doeriysn = (m — (¢4 1)(6 +b). So,

dgc+2 —d26+3 = (m—c)(6+b) — (m— (C+1))(6+b) = 6+b Z 13
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(b) In addition, we have
d2(m—4)+2 = 4(6 + b) and d2(m—4)+3 = d2(m—4)+2+1 = d2(m—3)+1 = dypm—5 = 6m.
Therefore, since m < 4(n + 1), we have

da(m—a)+2 — da(m-a)+3 = 4(6 + b) — 6m
=4(64+6n+1) —6m
=24+ 24n+4 — 6m
> 24 + 24n + 4 — 6(4n + 4)
=24+24n+4 —24n — 24
=4.

(c) The last term of terms of the form daoy, 3415 = dom—3ntrea = (Mm —¢)(6 + b) is

where ¢ = m — 3. So, for ¢ = m — 3, we have
d2m73n+cf4 = d2m73n+m7374 = d3m73n77 = [m - (TTL - 3)](6 + b) = 3(6 + b)

The first term of terms of the form dop,4c—3 = 6(m — ¢) is when ¢ = m — 3(n + 1).

So, when ¢ =m — 3(n + 1), we calculate
d2m+c—3 = d2m+m—3(n+1)—3 = d3m—3n—6 = 6(m - (m - 3(n + 1))) = 18(n + ].)
Therefore,

d3m—3n—7 — d3m—3n—6 = 3(6 +b) — 18(n + 1)
=3(06+6n+1)—18(n+1)
=18+ 18n+3 —18n — 18
=3.

(d) The last term of terms of the form da,, 2,103 = dom_2n1c2 = (M —¢)(6 +0) is
when ¢ = m — 2, and the first term of terms of the form dgy,c-1 = 6(m — ¢) is
when ¢ = m — 2(n + 1). So, we will have the same result as in case (c) of (iii) of

Proposition [3.29

We conclude that there is an entry strictly greater than 1 between any two zero entries
of Ad'. Hence, we conclude that d is GMS (by Proposition (3.10]).
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(v) For 4(n+1) <m < 5(n+ 1), Figure can be used to see that the reduction vector

d satisfies
doer1 = docra = (m — ¢)(6 + b), forc=0,...,m—5;
domtc—7 = 6(m — ¢), forc=0,....,m—(4(n+1)+1);
dom—ante—1 = dom—ante—6 = (M —¢)(6 +0b), for c =m —4;
domte—s = 6(m — ¢), forc=m—4(n+1),...,m—3(n+1)+1);
dom—3ntc—5 = dom—3n1c—a = (M —¢)(6+0b), forc=m —3;
domie—3 = 6(m — ¢), forc=m-3(n+1),....m—2n+1)+1)
dom—2nte—3 = dom—2nte—2 = (M —c)(6 +b), for c=m —2;
domic—1 = 6(m — c), forc=m-—-2n+1),....m—((n+1)+1);
dom-—ntc—1 = dom—ni+c = (M —¢)(6 + b), forc=m—1;
domter1 = 6(m — ¢), forc=m—-(n+1),...,m—1.

We need to consider five cases involving zero entries of Ad'.

(a) The reduction vector d has terms of the form ds.y1 = docia = (m — ¢)(6 + b) for
0 <c¢c<m-—5 Now, for 0 < ¢ < m— 6, we have dy.i 0 = (m — ¢)(6 + b) and
dact3 = dy(er1y11 = (m — (c+1))(6 +b). So,

d20+2 - d25+3 = (m — C)(G + b) — (m — (C+ 1))(6 + b) =6+ b Z 13.
(b) In addition, we have
dg(m_5)+2 = [m - (m - 5)](6 + b) = 5(6 + b) and

dam-5)+3 = dom-5)+241 = do(m—a)+1 = dam—7 = 6M.

Therefore, since m < 5(n + 1), we have

do(m—5)+2 — da(m—5)+3 = 5(6 4+ b) — 6m
=56+6n+1)—6m
=30+4+30n+5—6m
> 30 4 30n + 5 — 6(5n + 5)
=30+ 30n+5—30n — 30
= 9.
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(c¢) The last term of terms of the form da, snic7 = dom—anic6 = (M —c)(6 +0) is

where ¢ = m — 4. So, when ¢ = m — 4, we see that
dom—tnte—6 = Qam—snim—1—6 = A3m—an—10 = (M — (m —4))(6 +b) = 4(6 +b).

The first term of terms of the form doy,yc—5 = 6(m — ¢) is when ¢ = m — 4(n + 1).

So, when ¢ =m — 4(n + 1), we calculate
d2m+c—5 = d2m+mf4(n+1)75 = d3m—an—9 = 6(m - (m - 4(” + 1))) = 24(?7, + 1)
Therefore,

d3m—an—10 = d3m—an—9 = 4(6 +b) — 24(n + 1)
=4(6+6n+1)—24(n+1)
=24+4+24n+4—24n — 24
= 4.

(d) The last term of terms of the form doy,_3nic—5 = dom—3nie—a = (m — ¢)(6 + b) is
where ¢ = m — 3, and the first term of terms of the form do, 4.3 = 6(m — ¢) is

when ¢ = m — 3(n+ 1). So, we will have the same result as in case (c) of (iv).

(e) The last term of terms of the form da,, 2n1c3 = dom_onieo = (m —¢)(6 + b) is
when ¢ = m — 2, and the first term of terms of the form dogy, .1 = 6(m — ¢) is

when ¢ = m — 2(n + 1). So, we will have the same result as in case (c) of (iii).

The above arguments (a)-(e) show that there is an entry strictly greater than 1

between any two zero entries of Ad'. Hence, we conclude that d is GMS (by

Proposition [3.10)).

(vi) For 5(n+1) <m < 6(n+ 1), Figure can be used to see that the reduction vector
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d satisfies

docy1 = docia = (m —¢)(6 + ), forc=0,...,m—6;

domte—g = 6(m — ¢), forc=0,...,m—(5(n+1)+1);

dom—sntc—9 = dom—sn1e—s = (M —¢)(6+b), forc=m —5;

domtc—7 = 6(m — ), forc=m—->5n+1),....,m—(4n+1)+1);
dom—ante—1 = dom—dnte—6 = (M —c)(6 +0), for c=m —4;

domtc—s = 6(m — ¢), forc=m—4(n+1),....m—3B(n+1)+1);
dom—3nte—5 = dom—3ntc—a = (M —¢)(6 +b), for c=m — 3;

domte—3 = 6(m — ¢), forc=m—-3n+1),...,m—(2(n+1)+1);
dom—2nte-3 = dom—anic—2 = (M —c)(6 +0b), for c=m —2;

domie—1 = 6(m — ¢), forc=m-—-2n+1),....m—((n+1)+1)
dom—nte—1 = dom—nt+ec = (m —¢)(6 4+ b), forc=m—1;

domict1 = 6(m — c), forc=m—(n+1),...,m—1

In the following cases, we look at the six solutions involving zero entries of Ad'.

(a) The reduction vector d has terms of the form doey1 = docia = (m — ¢)(6 4 b) for
0 <c¢c<m—=6. Now, for 0 < ¢ < m— 7, we have dy.y 0 = (m — ¢)(6 + b) and
d20+3 = d2(0+1)+1 = (m — (C + 1))(6 + b) SO,

dgc+2 — dgc+3 = (m — C)(G + b) — (m — (C+ 1))(6 + b) =6+ b Z 13.

(b) In addition, we have

do(m—6)+2 = (m — (m —6))(6 +b) = 6(6 +b) and

dQ(m76)+3 = d2(m76)+2+1 = d2(mf5)+1 = dam—g = 6m.
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Therefore, since m < 6(n + 1), we have

da(m—6)+2 — da(m-5)+1 = 6(6 +b) — 6m
=6(64+6n+1)—6m
=36+ 36n+ 6 — 6m
> 36 + 361 + 6 — 6(6n + 6)
= 36 + 36n + 6 — 36n — 36
= 0.

(¢) The last term of terms of the form doy,_s5n4c—90 = dom—snic—s = (m — ¢)(6 + b) is

where ¢ = m — 5. So, when ¢ = m — 5, we have
dom—sntc—8 = Aom—sn+m—5-8 = dgm—sn—13 = (M — (M —5))(6 4+ b) = 5(6 + b).

The first term of terms of the form doy, .7 = 6(m — ¢) is when ¢ = m — 5(n + 1).
So, when ¢ =m — 5(n + 1), we find

domtc—7 = Aomim—5(n+1)-7 = A3m—sn—12 = 6(m — (m — 5(n +1))) = 30(n + 1).
Therefore,

d3m—sn—13 — d3m—sn—12 = 5(6 +b) — 30(n + 1)
=5(6+6n+1)—30(n+1)
=30+ 30n +5 — 30n — 30
= 9.

(d) The last term of terms of the form doy,_4nic—7 = dom—anic—6 = (m — ¢)(6 + b) is
where ¢ = m — 4, and the first term of terms of the form dy,, 1.5 = 6(m — ¢) is

when ¢ = m — 4(n + 1). So, we have the same result as in case (c) of (v).

(6 + b) is

(e) The last term of terms of the form doy,_3n4c-5 = dom—3nic—a = (M — )
=6(m —c) is

6
(
where ¢ = m — 3(n + 1). So, we will have the same result as in case (c) of (iv).
(6+0b) is

— )
when ¢ = m — 2, and the first term of terms of the form dogy, .1 = 6(m — ¢) is
0

3

where ¢ = m — 3, and the first term of terms of the form do,, . 3

(f) The last term of terms of the form doy, 2n1c-3 = dom—2n1c2 = (M

when ¢ = m — 2(n + 1). So, we will have the same result as in case (c) of (iii).
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The above arguments (a)-(f) show that there is an entry strictly greater than 1

between any two zero entries of Ad'. Hence, we conclude that d is GMS (by
Proposition [3.10)).

O

Proposition 3.30. Let X be a partial intersection of type p = (3,2) and q¢ = (6,b) where
= 6n + 2 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z+. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(6 + b,6)

1<m<
-~ 6

_1’

then d 1s GMS.

w —1= w —1=3(1+n). We consider

three ranges of values for m and show that each of these yields a GMS reduction vector
d — (dl, e ,dgm, d2m+1, e ,dgm).

Proof. By assumption, 1 < m <

(i) For 1 <m <n+1, Figure can be used to see that the reduction vector d satisfies

docy1 = doey2 = (m —¢)(6+0b), forc=0,...,m—1;

domter1 = 6(m —¢), forc=0,...,m—1.

Observe that the reduction vector d is the same as in Case (i) of Proposition [3.29]
Hence, d is GMS.
(ii) For 14+n <m < 2(1+ n), the reduction vector d satisfies

(

doey1 = docro = (m —¢)(6+ D), forc=0,...,m—2;
domte—1 = 6(m — ¢), forc=0,....m—((n+1)+1);

dom—nic—1 = dom—nic = (M —c)(6 +b), forc=m—1,;

\d2m+c+1:6(m—c), forc=m-—(n+1),....m—1.

Observe that the reduction vector d is the same as in Case (ii) of Proposition [3.29
Hence, d is GMS.
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(iii) For 2(n +1) < m < 3(n+ 1), the reduction vector d satisfies

;

docr1 = daera = (m —¢)(6 +b), forc=0,...,m—3;

domtc—s = 6(m — c), fore=0,...,m—(2(n+1)+1);
dom-2ntc-3 = dom-—2nte—2 = (M —¢)(6 +b), for c=m —2;

domtc—1 = 6(m — c), forc=m—-2n+1),....m—((n+1)+1);
dom-—n+tc—1 = dom—ni+c = (M —¢)(6 + b), forc=m—1;

domter1 = 6(m — c), forc=m—-(n+1),...,m—1.

Observe that the reduction vector d is the same as in Case (iii) of Proposition [3.29]
Hence, d is GMS.

O

Proposition 3.31. Let X be a partial intersection of type p = (3,2) and q¢ = (6,b) where
b = 6n + 3 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z+. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(6 + b,6)

1<m<
- = 6

_1’

then d is GMS.

Proof. By assumption, 1 < m < W—l — lom(6+6n+3,6) 1 _ 9

- (n+1). We consider

two ranges of values for m and show that each of these yields a GMS reduction vector
d — (dl, e ,dgm, d2m+1, e ,dgm).

(i) For 1 < m < n + 1, Figure can be used to see that that the reduction vector d
satisfies
doey1 = doero = (m —¢)(6+b), forc=0,...,m—1;

domier1 = 6(m — ¢), forc=0,...,m—1.

Observe that the reduction vector d is the same as in Case (i) of Proposition [3.29]
Hence, d is GMS.
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(ii) For 1 +n <m < 2(n+ 1), the reduction vector d satisfies

.

docr1 = doeya = (m — ¢)(6 + b), forc=0,...,m—2;
domte—1 = 6(m — ¢), forc=0,....m—((n+1)+1);

dom—nte—1 = dom—ntec = (m - C) (6 + b)7 for c=m —1;

\d2m+6+1:6(m—c), forc=m-—(n+1),...,m—1

Observe that the reduction vector d is the same as in Case (ii) of Proposition [3.29]
Hence, d is GMS.

]

Proposition 3.32. Let X be a partial intersection of type p = (3,2) and q¢ = (6,b) where
b = 6n+ 4 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(6 + b, 6)

1<m<
6

_17

then d is GMS.

Proof. By assumption, 1 < m < w —1= w —1=3(n+1)+1. We consider

three ranges of values for m and show that each of these yields a GMS reduction vector
d= (dh B 7d2ma d2m+1a s 7d3m)~

(i) For 1 < m < n+ 1, Figure can be used to calculate that the reduction vector d
satisfies
daet1 = daey2 = (m —c)(6+b), forc=0,....m—1;

domter1 = 6(m —c), fore=0,...,m—1.

Observe that the reduction vector d is the same as in Case (i) of Proposition [3.29
Hence, d is GMS.

(ii) For 1 +n <m < 2(1+n) + 1, the reduction vector d satisfies

(

docr1 = docya = (m — ¢)(6 + b), forc=0,...,m—2;
domie—1 = 6(m — ¢), forc=0,....m—((n+1)+1);

dom—nte—1 = dom—ntec = (m - C) (6 + b)7 for c=m —1;

\d2m+6+1:6(m—c), forc=m-—(n+1),...,m—1
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(iii)

The reduction vector d has terms of the form doey1 = docya = (m — ¢)(6 + b) for
0 <c¢c<m-—2 Now, for 0 < ¢ < m— 3, we have dy..0 = (m — ¢)(6 + b) and
d20+3 = d2(0+1)+1 = (m - (C + 1))(6 + b) SO,

d2C+2 —d25+3 = (m—c)(6+b) — (m— (C+ 1))(6+b> :6+b Z 16.

In addition, we have
dg(m_2)+2 = (m — (m — 2))(6 + b) = 2(6 + b) and

da(m—2)+3 = do(m—2)+2+1 = do(m-1)+1 = dom—1 = 6M.

Therefore, since m < 2(n + 1) + 1, we have

do(m—-2)+2 — da(m—2)+3 = 2(6 + b) — 6m
=2(6+4+6n+4) —6m
=12+ 12n+8 — 6m
>12+12n+8—-6(2(n+1)+1)
=12+ 12n+8—-6(2n+2+1)
=124+12n+8—-12n - 12 -6
=2.

That is, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Hence, we conclude that d is GMS (by Proposition [3.10)).

For 2(n+1)+1<m <3(n+1)+1, Figure can be used to see that the reduction

vector d satisfies

docy1 = dacra = (m —¢)(6 + ), forc=0,...,m—3;

dom+c—3 = 6(m — ¢), forc=0,....,m—(2(n+1)+2);

dom—-2n+e—4 = dom—2nte—3 = (M —¢)(6 +0), forc=m —2;

domic—1 = 6(m — ¢), forc=m—-02n+1)+1),....m—((n+1)+1);
dom—nte—1 = dom—nte = (m —¢)(6 + ), for ¢ = m — 1;

domyer1 = 6(m — c), forc=m-—(n+1),...,m—1

In checking the criteria for GMS, we consider three situations of 0-entries in Ad'.
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(a) The reduction vector d has terms of the form ds.y1 = docia = (m — ¢)(6 4 b) for
0 <c¢<m—=3. Now, for 0 < ¢ < m—4, we have dy..o = (m — ¢)(6 + b) and
d20+3 = d2(0+1)+1 = (m — (C + 1))(6 + b) SO,

d25+2 - d20+3 = (m — C)(6 + b) — (m - (C+ 1))(6 + b) =6+ b 2 16.
(b) In addition, we have
do(m—3)+2 = (m — (m —3))(6 +b) = 3(6 +b) and

d2(m—3)+3 = d2(m—3)+2+1 = d2(m—2)+1 = dym—3 = 6m.

Therefore, since m < 3(n + 1) 4+ 1, we have

da(m—3)+2 — da(m-3)+3 = 3(6 +b) — 6m
=3(64+6n+4) —6m
=184 18n+ 12 — 6m
> 18+ 180+ 12— 6(3(n+ 1) + 1)
=18+ 18n+12—-6(3n+3+1)
=18+18n+12—-18n — 18 — 6
= 0.

(c) Finally, the last term of terms of the form doy,—2,1c—4 = dom—onte—3 = (Mm—2c)(6+b)

is where ¢ = m — 2. So, when ¢ = m — 2, we have
dom—2nte-3 = Qom—2n4m—2-3 = d3m—2n—5 = (M — (m — 2))(6 +b) = 2(6 +b).

The first term of terms of the form dgy, 1.1 is when ¢ = m — (2(n + 1) + 1). So,
when ¢ =m — (2(n+ 1) 4+ 1), we calculate

Aomte—1 = domym—@nt1)+1)-1 = A3m—20—4 = 6(m—(m—(2(n+1)+1))) = 6(2(n+1)+1).
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Therefore,

d3m—2n—5 — A3m—2m—a = 2(6 +b) — 6(2(n + 1) + 1)
—2(6+6n+4) —6(2n+2+1)
=12+12n+8—-12n—-12—-6
= 2.

That is, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Hence, we conclude that d is GMS (by Proposition [3.10)).

[]

Proposition 3.33. Let X be a partial intersection of type p = (3,2) and q¢ = (6,b) where
b= 6n+5 for some positive integer n. Let Y be a homogeneous fat point scheme Y = mX
supported on X where m € Z*. Apply the Greedy Algorithm to Y using only vertical lines to

obtain the reduction vector d. If

lem(6 + b,6)

1<m<
=m= 6

_1’

then d is GMS.

Proof. By assumption, 1 < m < w -1 = w —1=6(n+1)+4 We

consider six ranges of values for m and show that each of these yields a GMS reduction

vector d = (dy, ..., dom, domyi1s - - - dam)-

(i) For 1 <m <n+ 1, Figure can be used to see that the reduction vector d satisfies

dyer1 = dyers = (m—0¢)(6+b), forc=0,...,m—1;

domter1 = 6(m —¢), fore=0,...,m—1.

Observe that the reduction vector d is the same as in Case (i) of Proposition [3.29]
Hence, d is GMS.

(ii) For 1 +n < m < 2(1 +n) + 1, Figure we observe that the reduction vector d

7



satisfies

(

doey1 = docro = (m —¢)(6 + D), forc=0,...,m—2;
dom+c—1 = 6(m — ¢), forc=0,....,m—((n+1)+1);

dom—nic—1 = dom—nic = (m —c)(6 +b), forc=m— 1,

\d2m+0+1:6(m—0), forc=m-—(n+1),...,m—1.

Observe that the reduction vector d is the same as in Case (ii) of Proposition [3.32]
Hence, d is GMS.

(iii) For 2(n 4+ 1)+ 1 < m < 3(n + 1) + 2, Figure demonstrates that the reduction

vector d satisfies

docr1 = doeya = (m —¢)(6+ D), forc=0,...,m—3;

domte—3 = 6(m — ¢), forc=0,....,m—(2(n+1)+2);

dom—2n+c—4 = dam—ante—3 = (m—c)(6+b), forc=m —2;

domie—1 = 6(m — ¢), forc=m—-02n+1)+1),....m—((n+1)+1);
dom—nie—1 = dom—nsic = (m—1c)(64+), forc=m —1;

domicr1 = 6(m —¢), forc=m—(n+1),...,m—1

In the following cases, we consider three solutions involving zero entries of Ad'.

(a) The reduction vector d has terms of the form ds.y1 = docia = (m — ¢)(6 + b) for
0 <c<m-=3. Now, for 0 < ¢ < m — 4, we have dy.1o = (m — ¢)(6 + b) and
docys = da(er1)+1 = (m — (¢ +1))(6 +b). So,

dgc+2 - d2c+3 = (m — C)(G + b) — (m — (C+ 1))(6 + b) =6+ b 2 17.
(b) In addition, we have
dg(m_3)+2 = (TTL — (m — 3))(6 + b) = 3(6 + b) and

da(m—3)+3 = do(m—3)12+1 = do(m—2)+1 = dom—3 = 6m.
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Therefore, since m < 3(n + 1) 4 2, we have

da(m—3)+2 — da(m-3)+3 = 3(6 +b) — 6m
=3(6+6n+5)—6m
=184+ 18n + 15— 6m
> 18+ 180+ 15— 6(3(n+1) +2)
— 18+ 18n+ 15— 6(3n + 3 + 2)
=184+ 18n+ 15— 18n — 18 — 12
= 3.

(c) Finally, the last term of terms of the form doy,—on1c—a = dom—2ntc—3 = (Mm—c)(6+D)

is where ¢ = m — 2. So, when ¢ = m — 2, we have
dom—2nte-3 = Qom—2n4m—2-3 = d3m—2n—5 = (M — (m — 2))(6 +b) = 2(6 +b).

The first term of terms of the form dg, 1.1 is when ¢ = m — (2(n + 1) + 1). So,
when ¢ =m — (2(n+ 1) 4+ 1), we calculate

domte—1 = domym—@nt1)+1)-1 = A3m—2n—4 = 6(m—(m—(2(n+1)+1))) = 6(2(n+1)+1).
Therefore,

dgm_gn_5 - d3m—2n—4 = 2(6 + b) — 6(2(n + 1) + ].)
—2(6+6n+5) —6(2n+2+1)
=12+12n+10—-12n - 12 -6
=4.

That is, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Hence, we conclude that d is GMS (by Proposition |3.10)).

(iv) For 3(n+1) +2 <m < 4(n+ 1) + 3, the reduction vector d satisfies
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d20+1:d25+2:(m—c)(6+b), fOI‘CZO,...7m—4;

domyes = 6(m — ¢), forc=0,...,m—(3(n+1)+3);

dom—3nte—7 = dom—3n1c—6 = (M —¢)(6 +0b), forc=m —3;

dom+c—3 = 6(m — c), forc=m—-—Bn+1)+2),....m—2(n+1)+2);
dom—2ntc—4 = dom—ante—3 = (m—c)(6+b), forc=m —2;

domsc—1 = 6(m — ¢), forc=m—-02n+1)+1),....m—((n+1)+1);
dom-n+e—1 = dom—nsec = (M —c)(6 +b), forc=m —1;

domicr1 = (m —¢)(6 +b), forc=m-—(n+1),...,m—1

We consider four situations where Ad’ has zero entries while verifying the GMS condi-

tion.

(a) The reduction vector d has terms of the form docy1 = docia = (m — ¢)(6 4 b) for
0 <c¢c<m—4. Now, for 0 < ¢ < m—5, we have dy.y o = (m — ¢)(6 + b) and
daci3 = da(cr1)+1 = (m — (¢ +1))(6 + b). So,

dgc+2 — dgc+3 = (m — C)(G —|— b) — (m — (C+ 1))(6 —|— b) = 6 —|— b Z 17
(b) In addition, we have
do(m—1y+2 = (m — (m —4))(6 +b) = 4(6 +b) and

do(m-4)+3 = do(m—-1)+241 = do(m—-3)+1 = dom—5 = 6m.

Therefore, since m < 4(n + 1) 4+ 3, we have

da(m—ay+2 — da(m-ay13 = 4(6 +b) — 6m
=4(6+46n+5) — 6m
=24 + 24n + 20 — 6m
> 24 4 24n 4 20 — 6(4(n + 1) + 3)
=244 24n 420 — 6(4n + 4+ 3)
=24+ 24n + 20 — 24n — 24 — 18
= 2.

(¢) The last term of terms of the form day, 3417 = dom_3n1c6 = (M —¢)(6 +b) is
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where ¢ = m — 3. So, when ¢ = m — 3, we have
d2m73n+076 = d2m73n+m7376 = d3m73n79 = (m - (m - 3))<6 + b) = 3(6 + b)

The first term of terms of the form dy,, 4.3 = 6(m—c) is when ¢ = m—(3(n+1)+2).
So, when ¢ =m — (3(n+ 1) + 2), we calculate

d2m+c73 = d2m+m—(3(n+1)+2)—3 = d3m-3n-8
=6(m—(m—3(n+1)+2)))
—6(3(n+1)+2).

Therefore,

d3m—3n—9 - d3m—3n—8 - 3(6 + b) - 6(3(7’L + 1) + 2)
=3(64+6n+5)—6(3n+3+2)
=184+ 18n+15—18n — 18 — 12
= 3.

(d) Finally, the last term of terms of the form da,, 2,104 = dom_3n1e—3 = (Mm—2c)(6+b)
is where ¢ = m — 2, and the first term of terms of the form dy,, 4.1 = 6(m — ¢) is
when ¢ = m — (2(n + 1) + 1). The same work as in case (c) of (iii) of Proposition

[3.32] shows that d is GMS.

Therefore, there is an entry strictly greater than 1 between any two zero entries of Ad'.
Hence, we conclude that d is GMS (by Proposition [3.10)).
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(v) For 4(n+1) 43 <m < 5(n+ 1) 4 4, the reduction vector d satisfies

docy1 = dacra = (m —¢)(6 + ),

domte—7 = 6(m — ¢),

dam—an+e-10 = dom—antc—9 = (M — ¢)(6 +b),
domyce—s = 6(m - 0)7

dom—3nte-7 = dom—3ntc—6 = (m — ¢)(6 +b),
damte-3 = 6(m —¢),

dom—2nte—1 = dam—2ntc—3 = (M — ¢)(6 +b),
domse—1 = (m —c)(6 +b),

dom—n+e-1 = dom—ntec = (M —c)(6 +b),

d2m+c+1 - 6(m - C),

fore=0,...,m—5;
forc=0,...,m—(4(n+1)+4);

for c =m — 4;

forc=m—(4n+1)+3),.... m—(3(n+1)+3);
forc=m — 3;
forc=m—-0Bn+1)+2),....,m—(2(n+1)+2)
for c = m — 2;
forc=m—-02n+1)+1),....m—((n+1)+1);
forc=m —1;

forc=m—(n+1),...,m—1

We look at five cases yielding zero entries of Ad'.

(a) The reduction vector d has terms of the form do.y1 = daero = (m — ¢)(6 + b) for
0 <c<m-=25. Now, for 0 < c < m—6, we have dy.1o = (m — ¢)(6 + b) and
docys = da(er1)+1 = (m — (¢ +1))(6 +b). So,

dgc+2 — dgc_;,_g = (m — C) (6 + b)

— (m

—(c+1))(6+b)=6+b>1T.

(b) The last term of the terms of the form day, 4.7 = 6(m—c) is when ¢ = m— (4n+38).

So, when ¢ =m — (4n + 8),

d2m+c—7 = d2m+m7(4n+8)77 = d3m—4n—15 = G(m - (m - (477/ + 8)))

The first term of day_anic—10 = dom—anic—o = (m —¢)(6 + b) is when ¢ = m — 4.

So, when ¢ = m — 4, we will have

d?m—4n+c—10 - d2m—4n+(m—4)—10 - d3m—4n—14 - (m - (m - 4))(6 + b)
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Therefore,

domte—7 — am—an+e-10 = Qomym—(an+8)—7 — dam—an+(m-1)-10
= d3m—an—15 — d3m—an—14
=6(m—(m—“4n+38)))—(m—(m—4))(6+10)
— 6(dn +8) — 4(6 + b)
= 24n 4+ 48 — 4(6 4 61 + 5)
= 24n + 48 — 24 — 24n — 20
=4.

(c¢) The last term of terms of the form dom—snic—10 = dom—anic—9 = (Mm — ¢)(6 4+ b) is

where ¢ = m — 4. So, when ¢ = m — 4, we calculate
d2mf4n+079 = d2m74n+m7479 = d3m74n713 = (m - (m - 4))(6 + b) = 4<6 + b)

The first term of terms of the form dy, 4.5 = 6(m—c) is when ¢ = m—(4(n+1)+3).
So, when ¢ =m — (4(n+ 1) + 3), we have

d2m+c—5 = d2m+m—(4(n+1)+3)—5 = dsm—4n—12
=6(m—(m—(4(n+1)+3)))
=6(4(n+1)+3)
= 24n + 42.

Therefore,

d3m—an—13 — A3m—an—12 = 4(6 +b) — (24n + 42)
=4(6 +6n+5) — (24n + 42)
=244 24n 4+ 20 — 24n — 42
= 2.

(d) The last term of terms of the form da,_3n1c-7 = dom_3nsc6 = (m —¢)(6 +b) is
where ¢ = m — 3, and the first term of terms of the form do,yc3 = 6(m — ¢) is
when ¢ =m — (3(n + 1) + 2). So, we will have the same calculations as in case (c)
of (iv).

(e) The last term of terms of the form doy, ontea = dom—onte3 = (m —¢)(6 + b) is
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where ¢ = m — 2, and the first term of terms of the form doy i1 = 6(m — ¢) is
when ¢ = m — (2(n+ 1) + 1). We have the same calculations as in case (c) of (iii)

of Proposition [3.32]

The above arguments show that there is an entry strictly greater than 1 between any

two zero entries of Ad'. Hence, we conclude that d is GMS (by Proposition [3.10)).

(vi) For 5(n+1)+4 <m < 6(n+1)+4, Figure can be used to see that the reduction

vector d satisfies

docr1 = daeya = (m —¢)(6 +b), for c=0,...,m — 6;

damic—g = 6(m — ¢), forc=0,...,m— (5(n+1)+5);

dom—snte-13 = dom—snte—12 = (M —¢)(6 +0b), for c=m —5;

dome—7 = 6(m — ¢), forc=m—(5Bn+1)+4),....,m—A4n+1)+4),
dom—ante—10 = dom—ante—9 = (M —c)(6 +0b), for c=m —4;

dom+e—s = 6(m — ¢), forc=m—(4(n+1)+3),....m—(3(n+1)+3);
dom—3nte—7 = dam—3ntre—6 = (m —c)(6 +0), forc=m—3;

domte—g = (M —¢)(6 + b), forc=m—3Bn+1)+2),....m—(2(n+1)+2);
dom—2nte—4 = dom—2ntc—3 = (M —c)(6+b), forc=m —2;

dom+e—1 = 6(m — ¢), forc=m—-02n+1)+1),....m—((n+1)+1);
dom—nte-1 = dom—niec = (m —¢)(6 +b), forc=m—1;

domtcr1 = 6(m —¢), forc=m—(n+1),...,m—1.

We consider six situations that involve zero entries of Ad'.

(a) The reduction vector d has terms of the form docy1 = docia = (m — ¢)(6 + b) for
0 <c¢c<m—=6. Now, for 0 < ¢ < m — 7, we have dy..0 = (m — ¢)(6 + b) and
aoss = doeriysn = (m — (¢4 1)(6 +b). So,

dgc+2 — d20+3 = (m — C)(6 —f- b) — (m — (C+ 1))(6 —f- b) = 6 —I— b Z ]_7
(b) In addition, we have
do(m—6)+2 = [m — (m —6)](6 +b) = 6(6 + b) and

da(m—6)+3 = do(m—6)+2+41 = do(m—5)+1 = dam—g = 6m.

84



(c)

(d)

Therefore, since m < 6(n + 1) 4+ 4, we have

da(m—6)+2 — da(m—6)+3 = 6(6 +b) — 6m
=6(6+6n+5)—6m
=36 4+ 36n + 30 — 6m
> 36+ 361 + 30 — 6(6(n + 1) +4)
=36+ 36n + 30 — 6(6n + 6 + 4)
=36 + 36n + 30 — 36n — 36 — 24
= 0.

The last term of the terms of the form day, -7 = 6(m—c) is when ¢ = m— (4n+38),
and the first term of day,_4nte—10 = dom—dnic—g = (M —¢)(6+0) is when ¢ = m — 4.

So, we will have the same calculations as in case (b) of (v).

The last term of terms of the form doy, 4110 = dom—dnic—o = (M —¢)(6 + b) is
where ¢ = m — 4, and the first term of terms of the form dy,, 1.5 = 6(m — ¢) is
when ¢ = m — (4(n+ 1) 4+ 3). So, we will have the same calculations as in case (c)
of (v).

The last term of terms of the form doy,_3n1c-7 = dom—3n1e—6 = (M — ¢)(6 +b) is
where ¢ = m — 3, and the first term of terms of the form dy,,. .3 = 6(m — ¢) is

when ¢ =m — (3(n+ 1) + 2). So, we will have the same calculations as in case (c)

of (iv) of Proposition [3.33|

The last term of terms of the form doy,_2n1c-4 = dom_2n1c-3 = (m —¢)(6 +b) is

— ~—

where ¢ = m — 2, and the first term of terms of the form dy,,, .1 = 6(m — ¢) is
when ¢ =m — (2(n+1)+1). So, we will have the same result as in case (c) of (iii)

of Proposition [3.32]

Arguments (a)-(f) show that there is an entry strictly greater than 1 between any two
zero entries of Ad’'. Hence, we conclude that d is GMS (by Proposition [3.10)).

O

Theorem 3.34. Let X be a partial intersection of type p = (3,2) and q¢ = (6,b) where
beZ". Let Y be a homogeneous fat point schemes Y = mX supported on X where m € Z™.
Apply the Greedy Algorithm to Y wusing only vertical lines to obtain the reduction vector d.

< lem(6 + b, 6)

m < —1,
6
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then d is GMS.

Proof. By applying the greedy algorithm on Y, we have the following cases. Each case yields
a reduction vector that is GM S.

1. For b = 1, we assume that 1 < m < 6. Using Figure [3.23] we calculate the following

reduction vectors.

Figure 3.23: Partial intersection of type p = (3,2) and ¢ = (6, 1).

,6).

(i) For m =1, we have d = (7,

(ii) For m = 2, we have d = (14,14,12,7,7,6).

(iii) For m = 3, we have d = (21,21,18,14,14,12,7,7,6).
) For m = 4, we have d = (28,28,24,21,21,18,14,14,12,7,7,6).

(v) For m = 5, we have d = (35,35, 30,28, 28,24, 21,21, 18, 14, 14, 12,7, 7, 6).
)

(vi) Form = 6, we have d = (42,42, 36, 35, 35, 30, 28, 28,24, 21,21,18,14,14,12,7,7,6).

(iv

2. For b = 2, we assume that 1 < m < 3. We use Figure for this case to find the

possible reduction vectors.

Figure 3.24: Partial intersection of type p = (3,2) and ¢ = (6,2).
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(i) For m =1, we have d = (8,8,6).
(ii) For m = 2, we have d = (16,16, 12,8, 8,6).
(iii) For m = 3, we have d = (24,24, 18, 16, 16, 12, 8, 8, 6).

3. For b = 3, we assume that 1 < m < 2 and use Figure |3.25

:

Figure 3.25: Partial intersection of type p = (3,2) and ¢ = (6, 3).

(i) For m =1, we have d = (9,9,6).
(ii) For m = 2, we have d = (18,18,12,9,9,6).

4. For b = 4, we assume that 1 < m < 4 and consider Figure |3.26|

%

Figure 3.26: Partial intersection of type p = (3,2) and g = (6,4).
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(i) For m =1, we have d = (10, 10, 6).

(iii) For m = 3, we have d =

)

(ii) For m = 2, we have d = (20, 20, 12, 10, 10, 6).
) 30, 30, 20, 20, 18,12, 10, 10, 6).
)

(
(
(
(iv) For m = 4, we have d = (40, 40, 30, 30, 24, 20, 20, 18, 12, 10, 10, 6)

5. For b = 5, we assume that 1 < m < 10. Using Figure |3.27] we assume the necessary

reduction vectors as below.

Figure 3.27: Partial intersection of type p = (3,2) and ¢ = (6,5).

(i) For m =1, we have d = (11,11,6).

(ii) For m = 2, we have 22,2212, 11,11, 6).

(
d=(

(iii) For m = 3, we have d = (33,33,22,22,18,12,11,11,6).
(
(

)
)
)
(iv) For m = 4, we have d = (44,44, 33, 33,24,22,22,18,12,11, 11, 6)
(v) For m =5, we have d = (55, 55,44, 44, 33, 33, 30,24,22,22,18,12,11, 11, 6)
)

(vi) For m = 6, we have
d = (66,66, 55,55, 44, 44, 36, 33, 33, 30, 24, 22, 22, 18, 12, 11, 11, 6)
(vii) For m =7, we have

d = (77,77,66, 66,55, 55, 44, 44, 42, 36, 33, 33, 30, 24, 22, 22, 18,12, 11, 11, 6).
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(viii) For m =8,

d = (88,88,77,77,66, 66, 55, 55, 48, 44, 44, 42, 36, 33, 33,
30,24, 22,22, 18,12, 11,11, 6).

(ix) For m =9,

d = (99,99, 88, 88,77, 77,66, 66, 55, 55, 54, 48,
44,44, 42,36,33, 33,30, 24, 22,22, 18,12, 11, 11, 6).

(x) For m = 10,

d = (110, 110,99, 99, 88, 88, 77, 77, 66, 66, 60, 55, 55, 54, 48, 44, 44, 42, 36,
33,33,30,24,22,22, 18,12, 11,11, 6).

For each of the above cases, we easily see that d is GMS. The cases for b > 5
follow immediately from Propositions [3.28] [3.29 [3.30], [3.31}, [3.32] and [3.33]

89



Bibliography

1]

[10]

Anna Bigatti, Anthony V Geramita, and Juan C Migliore. Geometric Consequences of
Extremal Behavior in a Theorem of Macaulay. Transactions of the American Mathe-
matical Society, 346(1):203-235, 1994.

Giulio Campanella. Standard Bases of Perfect Homogeneous Polynomial Ideals of Height
2. Journal of Algebra, 101(1):47-60, 1986.

Maria Virginia Catalisano. Fat Points on a Conic. Communications in Algebra,
19(8):2153-2168, 1991.

Ciro Ciliberto. Geometric Aspects of Polynomial Interpolation in More Variables and
of Waring’s Problem. In Furopean Congress of Mathematics: Barcelona, July 10-14,
2000, Volume I, pages 289-316. Springer, 2001.

Susan Cooper, Brian Harbourne, and Zach Teitler. Combinatorial Bounds on Hilbert
Functions of Fat Points in Projective Space. Journal of Pure and Applied Algebra,
215(9):2165-2179, 2011.

Susan M. Cooper and Elena Guardo. Fat Points, Partial Intersections and Hamming
Distance. Journal of Algebra and Its Applications, 19(04):2050071, 2020.

E. Graham Evans Jr and Benjamin P Richert. Possible Resolutions for a given Hilbert
Function. Communications in Algebra, 30(2):897-906, 2002.

Anthony V. Geramita, P. Maroscia, and L.G. Roberts. The Hilbert Function of a
Reduced k-Algebra. Journal of the London Mathematical Society, 2(3):443-452, 1983.

Anthony V Geramita and Paolo Maroscia. The Ideal of Forms Vanishing at a Finite
Set of Points in P". J. Algebra, 90(2):528-555, 1984.

Anthony Vito Geramita, Brian Harbourne, and Juan Migliore. Classifying Hilbert
Functions of Fat Point Subschemes in P2. Collectanea mathematica, 60:159-192, 2009.

90



[11]

[12]

[13]

[14]

[15]

[16]

[17]

A.V. Geramita. Seminar Notes. Curves Seminar at Queen’s University, unpublished.

A.V. Geramita, J. Migliore, and L. Sabourin. On the First Infinitesimal Neighborhood
of a Linear Configuration of Points in P2. Journal of Algebra, 298(2):563-611, 2006.

Alessandro Gimigliano. On Linear Systems of Plane Curves. Thesis, Queen’s University,
Kingston, 1987.

Elena Guardo and Brian Harbourne. Resolutions of Ideals of any Six Fat Points in P2,

Journal of Algebra, 318(2):619-640, 2007.

Elena Guardo and Adam Van Tuyl. Powers of Complete Intersections: Graded Betti
Numbers and Applications. [llinois Journal of Mathematics, 49(1):265-279, 2005.

Elena Guardo and Adam Van Tuyl. Some Results on Fat Points whose Support is a
Complete ilntersection Minus a Point. Projective varieties with unexpected properties,
pages 257-266, 2005.

Brian Harbourne. The Geometry of Rational Surfaces and Hilbert Functions of Points
in the Plane. In Proceedings of the 1984 Vancouver conference in algebraic geometry,
volume 6, pages 95-111, 1986.

Brian Harbourne. Rational Surfaces with k% > 0. Proceedings of the American Mathe-

matical Society, 124(3):727-733, 1996.

Brian Harbourne. Free Resolutions of Fat Point Ideals on P2. Journal of Pure and
Applied Algebra, 125(1-3):213-234, 1998.

André Hirschowitz. Une conjecture pour la cohomologie des diviseurs sur les surfaces
rationelles génériques. Journal fir die reine und angewandte Mathematik (Crelles Jour-
nal), 1989(397):208-213, 1989.

Martin Kreuzer and Lorenzo Robbiano. Computational Commutative Algebra, volume 1.
Springer, 2000.

Joaquim Roé. On the Existence of Plane Curves with Imposed Multiple Points. Journal
of Pure and Applied Algebra, 156(1):115-126, 2001.

91



	Abstract
	Acknowledgements
	List of Tables
	List of Figures
	Introduction
	Preliminaries
	The Hilbert Function of a Set of Reduced Points
	The 0-Sequence
	Data Obtained from Hilbert Functions


	Fat Point Schemes
	Hilbert Functions of Fat Point Schemes: Definitions and Literature Review
	The Reduction Approach
	The Greedy Algorithm

	Fat Point Schemes Whose Support is a Partial Intersection
	Hilbert Functions of Fat Points Supported on Partial Intersections
	The Hilbert Function of a Fat Point Scheme Supported on a Partial Intersection of Type p=(3,2) and q=(2 ,b).



