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ABSTRACT

Because of the importance qf’boiling heat transfer,
there has recently been an increased interest in .the
simulation of boiling in an effort to improve our
understanding of the boiling phenomenon. The present
study is a further effort in this direction and compares,
in more detail than heretofore attempted, the bubble
dynamics in barbotage and boiling.

For the first time, bubble growth rates, under
constant-pressure-supply conditions in pool barbotage and
determined using high-speed cine photography, were
reported. Distilled water, acetone and hexane were used
as the test liquids and air as the injected gas. Bubble
departure volumes and frequencies were determined by the
stroboscopic method for a wide range of air flow rates
for these three test liguids. This information was used
in a quantitative comparison of the bubble growth rates,
departure sizes and frequencies in pool barbotage and
saturated pool boiling. This comparative study showed
the following:

(i) The experimental bubble growth rates in
saturated pool boiling lie between the growth rates deter-—

mined for the two extreme cases in barbotage, viz, the
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constant-volume case and the constant-pressure-supply
case.

(ii) The bubble departure sizes in pool barbotage
and saturated pool boiling are comparable in magnitude in
the static regime (i.e., very low gas flow rates in
barbotage and very low heat fluxes in bQiling).

(iii) Barbotage frequency data obtained from the
present work and from the literature overlap with boiling
frequency data for a wide range'of bubble departure
diameters.

(iv) Both the barbotage data and the available
boiling data indicate that in general, bubbling frequencies
decrease with increasing orifice (or cavity) sizes.

As part of the above study, a theoretical analysis
of the problem of bubble growth under constant-pressure-
supply conditions was pérformed. The theoretically
predicted growth rates were found to be in good agreement
with the experimental data. Finally, a theoretical study
to predict bubble departure sizes in boiling (in uniformly-
superheated liquids) was performed on the basis of a
simple model developed in barbotage, with encouraging

results.
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CHAPTER 1

INTRODUCTION

1.1 Background

Boiling heat transfer is an extremely important
method of heat removal, particuiarly in systems, such as
nuclear reactors and liquid propellant rocket motors which
involve high heat flux densities. However, boiling is a
complex phenomenon.

The complexity arises out of the fact that boiling
is a process in which several interdependent phenomena
occur simultaneously. Thus, bubble growth depends on heat
transfer, while the heaf transfer depends, among other
things, on agitation due to bubble growth and motion. In
addition, the process depends on such stochastic factors
as nucleation, distribution of bubbling sites, and their
condition at the start of boiling. It is obvious that in
order to gain a full understanding of this process an
analytic approach (the word 'analytic' is used here to
mean 'resolving into constituent parts'), in which the
interactions between the component phenomena are severed,
is desirable. 1In particular, one would like to separéte

the phenomena of heat transfer and bubble growth those




being the ones whose interaction is largely reciprocal).
One would also like to exercise independent control over
the location of the bubbling sites and over the nucleation
process, thus removing the stochastic aspects of the
situation.

With the above in mind, several authors have sought
to improve the understanding of heat transfer across bubble-
stirred boundary layers by simulating nucleate boiling using
"barbotage" or electrolysis to broduce bubbles on the heat
transfer surface. The term "barbotage" as used here is
defined as the bubbling of a gas through a drilled or
porous surface into a liquid in which the gas is essentially
insoluble. Barbotage systems are attractive for the study
of bubble-stirred boundary layers, because, in contrast with
boiling, the bubble generation rate is independent of the
rate of heat transfer aﬁd can be accurately controlled and
measured. Further, in boiling, there are heat transfer
mechanisms involving both latent heat effects and heat
transfer ﬁhrough the liquid [33]; in barbotage, in general,
only heat transfer through the liquid is present. This is
an advantageous simplification which could aid in the
understanding of bubble-stirred boundary layers.

When considering barbotage as an analog of boiling,
various aspects may be examined. These may be purely hydro-
dynamic or may include heat transfer. Zuber [46], Wallis

[41] and Kudirka [22] have noted the similarities in




appearance of the bubbling flow regimes in barbotage and
saturated nucleate pool boiling; the similarity of initia-
tion [41] and of growth rates and growth times have also
been pointed out. Several investigators [1,33,42] have used
barbotage systems to simulate thelboiling critical heat
flux. Some investigators [1,34] have concentrated on heat-
transfer coefficients, comparing these coefficients in
boiling and barbotage and examining in considerable detail
the heat transfer mechanisms in these two systems.

Because of this very considerable interest shown in
the simulation of boiling by barbotage systems, the time
appeared opportune to examine and compare, in more detail
than here-to-fore attempted, the hydrodynamics of bubbles
in barbotage and boiling. The investigation presented in
this thesis was undertaken for this purpose. The hydro-
dynamic quantities examined included bubble growth rates,
departure diameters and frequency of bubbling. The study
concentrated exclusively on 'pool' barbotage and 'pool'

boiling systems.

1.2 Scope of Present Investigation

The present investigation can be divided into four
main parts:

(1) In order to make a quantitative comparison of
the bubble growth rates in barbotage and boiling, experi-

mental data were needed. While data for saturated pool



boiling (especially of water) were available in abundance
from the literature, a survey of barbotage literature
indicated that no such results were available to date.
It was, however, quite evident that at least in one
extreme case of pool barbotage, ngmely, the "constant-
flow-rate case"+, the growth rate can be theoretically
predicted with confidence, since in thié case, the volume
of the bubble increases linearly with time. The other
extreme case, namely, the "consﬁant—pressure—supply case"+
is more complex because of the unsteady nature of gas flow
into the bubble during its formation time. It was there-
fore decided to conduct experiments for this case to deter-
mine the growth rate. Distilled water, acetone and hexane
were used as the experimental liguids and air was the
injected fluid. The experimental conditions for this
study are summarised in Table 3.1, Chapter 3. Other
important hydrodynamic quantities obtained with the experi-
mental apparatus are the frequency of bubbling and bubble
departure size. The experimental results are presented
in Figs. 3.6 through 3.18.

(ii) The above experimental results were used for
a quantitative comparison with the corresponding hydro-
dynamic gqguantities in boiling. The main results of such

a comparative study are shown in Figs. 4.1, 4.2 and 4.3.

T See Chapter 2, Review of Literature.



(iii) A theoretical analysis was made to predict
the bubble growth rate for the aforesaid constant-pressure-
supply case. The analysis developed herein applies to the
dynamic growth of an idealized gas bubble under the
influence of gas injection through an orifice without any
heat or mass transfer into the bubble from the surrounding
liguid. The liquid is assumed to be inviscid ih the
analysis. The theoretical equation derived is Egn. 5.3
while its comparison with the experimental results is
presented in Figs. 5.6 through 5.14.

(iv) A theoretical analysis was made to predict
the bubble departure size in nucleate boiling, in uniformly-
superheated liquids, on the basis of the 'two stage' bubble
formation theory proposed by Kumar et al. [23] for barbotage.

This material is presented in Chapter 6.



CHAPTER 2

REVIEW OF LITERATURE ON BUBBLE DYNAMICS

IN BOILING AND BARBOTAGE

2.1 Barbotage Bubble Dynamics

2.1.1 Introduction

The injection of a gas into a liguid through
a submerged orifice results, under certain conditions, in
the periodic formation of discrete gas bubbles of approxi-
mately equal Volume. The study of the formation of such
bubbles has been the subject of numerous investigations
[23] particularly because of the importance of that
phenomenon in connectioh with distillation, absorption,
extraction and_other mass and energy transfer processes.
Such investigations have been concerned principally with
the determination (theoretical and experimental) of the
departure size of the bubbles produced under various
liquid and gas flow conditions. This is because of the
importance of knowing the size of the bubbles rising through
the liquid in the evaluation of the overall mass or energy
transfer rates for the bubbling process. However, the
study of the motion of the gas-liquid interface, during

the formation of a bubble under different liquid and gas



flow conditions has received limited attention to date
[7,8,26] and the state of knowledge in this area is far
from satisfactory.

The ensuing review of the available literature is
confined to bubble formation studies from submerged
orifices and made under two separate headings, namely,

'bubble growth rate' and 'frequency and departure size'.

2.1.2 Bubble growth rate

"Bubble growth rate" can be defined as the
change in size (normally radius or volume) of a bubble with
time during its formation. This change in size, resulting
" from the motion of the gas-liquid interface during formation
of a bubble, can, in general, be considered to be governed
by the fluid dynamic and interfacial forces due to:

(1) momentum of. the injected gas stream,

(ii) 1inertia of the displaced liquid,

(iii) drag on the interface associated with the
motion of the liquid relative to the bubble,

(iv) Dbuoyancy, and

(v) interfacial tension.

The system variables such as the gas injection rate,
the liquid and gas physical properties, the liquid depth,
the orifice size and shape and the local acceleration due
to gravitational action which have been observed to
influence the bubble formation process derive their

importance from their effect upon the aforementioned




forces governing the motion of the interface.

Because of the inherent instability of the.inter-
face that is generated during the gas injection, the gas
flow is periodically interrupted by the termination of the
formation of one bubble followed by the initiation of the
formation of the succeeding bubble. It has been found [14]
that the pulsating character of the flow imposed by the
periodic formation of discrete bubbles produces an inter-
action or coupling of the bubble formation mechanism with
the flow of gas. Thus, in addition to the variables
directly associated with the forces governing the motion
of the interface during the formation of a bubble, the
fluid dynamic characteristics of the entire gas supply
system up to the exit plane of the orifice can also have
a significant influence upon the process of bubble formation.
Such parameters includeAthe length/diameter ratio of the
orifice channel and the volume of the ante—chamber+
supplying gas to the orifice.

An accurate evaluation of the dynamic forces acting
at the interface requires an adequate knowledge of the flow
of gas into the bubble. Unfortunately, the aforementioned
coupling and the incomplete understanding of the inter-
facial phenomena involved have caused considerable
difficulty in accurately defining the flow into a bubble

for a given system, and as stated earlier, very little work

f The volume of the ante-chamber is defined as the volume

between the orifice and that point in the gas stream
where a large pressure drop occurs.



has been done in this regard. This work is briefly
discussed below after some preliminary observations
regarding the two limiting cases encountered in barbotage
systems.

Ag indicated in Sec. 1.2, there are two limiting
cases of gas flow into a bubble during its formation,
which may be reasonably well defined. One case, commonly
referred to as the "constant flow rate" case, pertains,
as the name implies, to bubble formation in which the rate
of gas flow into a bubble is essentially constant. Such
has been found to be the case, for example, for bubble
formation at the tip of a long capillary tube. The flow
rate of gas is governed by the pressure drop in the
capillary, and perhaps some controlling device upstream
of the capillary. Nevertheless, the pressure fluctuations
which result from bubble formation at the tip of the capillary
or at the orifice are not transmitted upstream. The flow is
essentially independent of the bubble formation process and,
as such, there is no coupling. The bubble growth rate in
the above case can be easily established, since by definition,
the volume of the bubble increases linearly with time.

The other limiting case of flow, referred to as the
"constant pressure supply" case, pertains to bubble forma-
tion at an orifice which is supplied with gas from an ante-
chamber at constant pressure. That case is approximated,

in practice, when an orifice is supplied with gas by a very
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large ante-chamber. The rate of gas flow for such a system
has been found to vary throughout the formation period
[7,8] as the result of a variation of the pressure drop
across the orifice. Such a system can be considered to be
one for which the flow is independent of the ante-chamber
volume.

Davidson and Schiler [7,8] were £he first to propose
a theory for the mechanism of bubble formation for the above
case. They set up an 'orifice equation' which describes the
instantaneous flow of gas into the bubble and introduced it
into the general force balance equation for the bubble in
order to predict the departure size. Reasonable agreement
was obtained between experiment and theory for the departure
size but no results were given comparing the theoretical and
experimental growth rates.

Any actual bubble formation system will probably
operate under conditions between the aforementioned limiting
cases of flow and, therefore, will exhibit, to some extent, .
a coupling of the bubble formation mechanism with the gas
supply system.

Hughes et al. [14] have derived two dimensionless
groups to characterize the influence of the gas supply
system upon bubble formation by considering the acoustical
capacitance of the ante~chamber and the resistance to flow

of the orifice channel. They are:
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¢ Aopgc2 (2.1)
N = %; (2.2)
where,
g = acceleration due to gravity
pp, = liguid density
pg = gas density
Vc = the ante-chamber volume
AO = orifice cross-sectional area
c = the velocity of sound in gas
L = the length of the orifice
D, = the orifice diameter.

Values of the ante-chamber volume which make Nc<<l
approximate the conditibn of constant flow rate whereas
those which make NC>>1 approximate the condition of constant-
pressure-supply. The influence of the orifice channel, on
the other hand, has been found to be significant only in
the case of capillaries, when NR>lOO. Though not thoroughly

tested, the parameters NC and N_ have provided one means of

R
characterising the gas injection systems for at least the
two limiting cases of flow.

L'Ecuyer and Murthy [26] made an analytical investi-

gation of the problem of bubble formation from a submerged

orifice, in the presence of heat transfer into the bubble.
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The equations of continuity, momentum and energy along with
the equation of state of the gas in the bubble were solved
numerically for specified flow conditions. Their bubble
growth rate predictions were reasonably close to their
experimental values. However, their analysis is applicable
only to systems exhibiting a coupling of the bubble formation
mechanism with the gas supply system. This severe limitation
is a result of the form of their continuity equation for the
rate of mass flow into the bubble, since it requires a
knowledge of the ante-chamber pressure fluctuations during
a bubble cycle. The authors resorted to experiment for
obtaining this information but it is evident that this form
of the equation is inapplicable for the case of a constant
pressure ante-chamber.,

A simple theoretical analysis was made in the present
work for the special case of bubble formation under constant-

pressure-supply systems and is presented in Chapter 5.

2.1.3 Frequency and departure size

The frequency of bubble generation (i.e., the
number of bubbles generated per second from an orifice) and
the departure volume of a bubble (also called the 'terminal
bubble volume') are closely related in barbotage systems.
Either may be considered the principal dependent variable
in bubble formation studies. The more readily contrélled
independent variable is the rate of flow of gas through the

system. In many cases, the instantaneous rate of gas flow
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into a bubble is different from the mean gas flow rate and
therefore also becomes in such instances, a dependent
variable. For convenience, references hereafter to gas
flow rate implies the mean flow rate. Because of the
dependence of the forces due to liquid inertia, viscous
drag and buoyancy upon the volume or the volumetric growth
rate of the bubble, the volumetric gas flow rate has been
employed consistently in the literature for describing the
rate of gas injection. The impbrtant factors, then, which
might be expected to affect the terminal volume (and hence
the frequency) are:

(1) gas flow rate,
(ii) physical properties of the liquid,
(1iii) physical properties of the injected gas,
(iv) effect of the motion of the liquid relative
to the bubble, |
(v) 1liguid depth above the orifice, and
(vi) the size, material and geometry of the orifice.-
The effect of each of the above is briefly discussed
below.

Gas flow rate:

The influence of the mean volumetric gas flow rate,
Q, hereinafter referred to simply as the "gas flow rate",
upon the terminal bubble volume can be divided into three
regimes [14,40] chardcterising the operative forces,

namely:
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(a) "static"
(b) "dynamic"
(c) "turbulent interaction"

These‘regimes are depicted qualitatively in Fig. 2.1.

At very low gas flow rates (<1 cm®/sec) the bubble
formation process is essentially static, with the terminal
volume Vd of the bubbles being determinéd by a balance
between the static forces due to buoyancy and surface

tension. Thus, Vd is given approximately by

vy = O ) (2.3)

where o is the surface tension of the liquid. For a given
orifice and liquid, Vd is reported to be essentially
independent of variations in gas flow rate [40] although
the value that has been'measured is somewhat different from
that predicted by the above equation. Next, it will be

noted that Vd is related to the gas flow rate, Q, by

Vd-f = Q (2.4)

and therefore, the frequency of formation, £, varies
linearly with the gas flow rate in the static regime.

As the gas flow rate is increased, the dynamic
forces become operative in governing the rate of growth
of a bubble and its terminal volume. Thus, in the dynamic

regime, there is a range of gas flow rate for which both
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Vd and f increase with the flow rate [5]. At some value
of gas flow fate, the frequency becomes approximately
constant and a further increase in Q results in a linear
increase in Vd as indicated by Egn. 2.4. Both the static
and dynamic regimes may be said to yield regular bubble
formation, that is, the periodic formation for a given
flow rate.

In the dynamic regime, the occurrence of a constant
frequency of formation above a particular value of the gas
flow rate has been attributed as largely due to viscous
retardation and/or coalescence of the bubbles at the
orifice. 1In very viscous liquids, the constant frequency
condition occurs at much lower frequencies than in relatively
inviscid liquids.

When the gas flow rate is increased further, the
formation of bubbles is‘characterised by a randomness both
in the size as well as in the frequency of formation. It
is this regime of flow that is referred to as the turbulent.
regime [28].

Of course, the lines of demarcation between the
static, dynamic and turbulent regimes are not sharp, and
the actual flow rates at which transitions occur from one
regime to another are apparently dependent upon the physical

properties of the liquid and the orifice size.

Liquid physical properties:

The physical properties of the liquid which influence
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the formation process are the density, the surface tension,
and the dynamic viscosity.

In the static regime, the terminal bubble volume
should vary inversely with the liquid density (since pL>>pg)
as indicated by Egn. 2.3. This t;end has been verified
within the limitation of some variation of other properties
of the liquid in addition to the density. 1In the dynamic
regime, however, the liquid inertia force, which is
proportional to the liquid density tends to retard the bubble
at the orifice, thus increasing the final bubble volume. The
net effect of those two opposing trends has been experi-
mentally observed to cause the terminal bubble volume to
vary approximately as p£n where n varied from 1/10 to 1/3.
Density effects are thus relatively small. For very viscous
liquids the dynamic inertia force does not come into effect
as early as the viscous'drag force, and consequently in

-3/

such liquids, V3 varies as o, for low gas flow rates
in the dynamic regime.

The surface tension force on the bubble is particu-
larly important in the static regime and it has been found
that Vd varies directly as ¢ as would be expected from
Egn. 2.3.

In the dynamic regime, the latest experimental
evidence indicates [23] that for the constant-flow-

rate case, the surface tension has a large influence on

the bubble volume at low and medium flow rates but becomes
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insignificant as the flow rate increases. At constant-
pressure conditions, recent works (reviewed in [237)
indicate that the surface tension variation has negligible
effect for small orifice diameters or high flow rates and
for higher orifice diameters, the influence is more
pronounced at small flow rates.

The influence of liguid viscosity arises from the
viscous drag force acting on the interface. There should
be no influence of viscosity on fhe terminal bubble volume
in the static regime and that fact has been demonstrated
[3,40]. In the dynamic regime, recent work by Kumar et al.
{23] indicates that

(a) the effect of viscosity on bubble volume is

large at higher flow rates, and

(b) the effect of viscosity is large for liquids

of low surfaée tension and where orifices of
small diameter are used.

Gas properties:

There has been no systematic study of the influence
of gas properties. The gas density appears in the analysis
either in the virtual mass term or in the buoyancy term
(see Chapter 6). It is generally omitted from the analysis
on the assumption that it is negligible when compared with
the liquid density. The viscosity of the gas has again
little influence on the bubble volume. It should however,

be mentioned here that the dimensionless parameter NC’
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defined in Egn. 2.1 ,indicates that the gas density and the
acoustic speed in the gas may be important in characterising
the type of flow into the bubble resulting for a given

system. For a perfect gas:

po_C = Yp (2.5)

where Y is the ratio of the specific hHeats and P. the
chamber pressure. Therefore, chis dependent upon the
specific heat ratio for the gas and the pressure of the
gas in the ante-chamber.

Liquid motion:

The forces acting on the bubble as a result of motion
of the liquid relative to the bubble can arise from induced
or forced liquid motion. For the present work, there is
interest only in the induced convective motion.

Considering a liquid essentially at rest with respect to

the orifice, there is motion of the liquid which is induced
as a result of the growth and rise of the gas bubbles.
Evidently, a liquid bath of infinite size would minimize

the effect of such induced liquid motion. In the use of the
liquid containers of finite dimensions, it has been found
that there is no significant change in the size of the
bubbles formed for container diameters greater than
approximately 8 bubble diameters [40]. The effect of the
induced liquid motion upon the bubble volume was observed to

be significant when the orifice projected upwards into the
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liqguid bath. The ligquid could consequently move upwards

at the base of the bubble causing an additional force on
the bubble which tends to reduce the bubble volume by as
much as 10 per cent. When the orifice was surrounded with
a ring of a diameter 1.5 times that of the bubble diameter,
it was found to reduce the effect of induced ligquid motion
to a minimum and the ring therefore acted as an anti-
circulation device.

Ligquid Depth:

It has been shown [7,8] that the depth of the liquid
does not influence the bubble volume or frequency provided
the depth is at least equal to 2 or 3 bubble diameters.

Orifice:

The observations made below are applicable to wetted
nozzles.

In the static regime, the effect of orifice diameter

is such that the volume of the bubble is directly proportional

to it. At higher flow rates also, the bubble volume has
been reported to be a strong function of the orifice diameter
[5,28]. Recently Kumar et al. [23], found that the effect
of the orifice diameter on bubble volumes becomes negligible
at high flow rates.

One of the variables associated with the orifice is .
the geometry of the opening. Most of the investigation has
been confined to circular orifices. Krishnamurthy et al.

(given in [23]) recently conducted experiments with orifices
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of non-circular geometries. The bubble volume obtained by
using a standard circular orifice of érbitrary diameter
was compared with two sets of orifices of other geometries
(triangular, square, etc.) chosen to have either

(a) perimeters or (b) areas equal to that of the standard.
Work confined to low flow rates (<0.05 cm3/sec) indicated
that the bubble volumes obtained from the circular orifice
did not correspond exactly with those from the non-
circular orifices whether comparéd on an equal perimeter
or equal area basis. The results for orifices of equal
area were the closest. At higher flow rates up to 200
cm®/sec Ramakrishnan et al. [23] found that an orifice of
a non-circular geometry gave bubble volumes equal to those
obtained from a circular orifice of same area.

Theoretical prediction of bubble departure size:

For the two limiting cases (see Sec. 1.2), in pool
barbotage systems, some theoretical models [7,23] have been
proposed for predicting the bubble departure volume by
evaluating the interfacial forces acting on the bubble.
They differ mainly in their treatment of the different
forces and the assumption used for a departure criterion.
Appendix A shows the general method used by investigators
in formulating the different forces. For a thorough
treatment of the different models for barbotage systems

Ref. 23 should be consulted.
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2.2 Nucleate Boiling Bubble Dynamics

2.2.1 Introduction

It was stated in Chapter 1 that the
phenomenon of nucleate boiling is of great interest mainly
because of the unusually high heat-transfer coefficients
associated with it. Good descriptions of the process as
well as summaries of all but recent work, may be found in
Jakob [21] and Westwater [44]. In brief, the phenomenon may
be described as follows.

Heat is applied to a liquid, usually through a
submérged surface. If the rate at which heat is supplied
is sufficiently high, the liquid adjacent to the surface
will become superheated, and eventually bubbles of vapour
will form at certain sites on the surface. Unless the
bulk of the ligquid is strongly subcooled, each bubble grows
by evaporation of more liquid into it, until an equilibrium
of upward and downward forces is reached. It then rises to
the free surface of the liquid and escapes to the atmosphere
above it. If the liquid is substantially subcooled, the
bubbles collapse through condensation before leaving the
surface. Soon after the bubble has departed or collapsed,
a new one forms at the same site, and the process repeats
itself. It is usually observed that the number of active
sites increases with the heat flux. At a sufficiently high
heat flux, however, individual active sites can no longer be

maintained, and the boiling process ceases to be nucleate.
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The resulting "transiﬁion" and "film" boiling phenomena
are characterised by considerably-reduced heat-transfer
coefficients and are of interest only because of the
danger of "burn-out" that they present. The various
phases of the nucleate boiling process have received in
the literature treatments ranging from theoretical to
completely empirical. The phenomenon of nucleation is still
poorly understood, although there has been broad agreement
among various investigators on the following points:

(1) Nucleation tends to take place around certain

favoured "nucleation" sites. These points may consist of
patches of impurities, gas absorbed at faults in the

crystal lattice, or surface defects such as pits and

scratches.
(ii) If a bubble exists in a cavity, it is subject
to an excess pressure due to surface tension effects. The

actual value of this pressure depends on the cavity
geometry and the contact angle. Further, this excess
pressure relates to a superheat given by the Clausius-

Clapeyron relation:

va
AT = < ap (2.6)
fg
where
AT = superheat,
T = saturation temperature,
v = difference in specific volume between vapour
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and liquid phases,

Il

Ap = the excess pressure, and

hfg

the enthalpy of evaporation.

(iii) The surface characteristics and the nucleating
cavity size are important factors controlling bubble

nucleation and also departure size.

2.2.2 Bubble growth rate

Following nucleation, the bubble starts
growing. Equations for bubble growth under the influence
of its internal pressure alone, in the absence of heat
transfer, were first derived by Lord Rayleigh [47], but the
results do not fit the data for boiling. On the other hand,
when the heat required for evaporating liquid into the
bubble is taken into account, as for instance by Plesset
and 'Zwick {301, Forstef and Zuber [10], Dergerabedian [6],
Griffith [13], énd Han and Griffith [15], equations which
fit the experimental data reasonably well are obtained. Of -
these works, the first four treat the case of spherical
bubbles in uniformly-superheated infiniﬁe ligquids, while
the fifth treats bubbles originating from a constant-
temperature wall, i.e., bubbles growing in a temperature
gradient. Although the equations obtained fit the experi-
mental data reasonably well, the underlying assumptions
cannot always be justified. For instance, the work of

Lummis [27], Hsu and Schmidt [16], and Moore and Mesler [29]
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shows considerable fluctuations in wall temperature.

Recently, Cooper and Vijuk [4] and Dzakowic and Frost [9].
have continued analysis for vapour bubble growth from a

wall, incorporating the combined effects of conduction of
heat to or from the bulk fluid and conduction of heat from
the heater wall through a thin liquid layer (the "microlayer")
beneath the bubbles. The results illustrate that vapour
bubble growth rate based upon liquid microlayer evaporation
are similar to those given by ekisting theory and that
microlayer evaporation may represent the major portion of

vapour volume in a bubble nucleated at a heated surface.

2.2.3 Bubble departure size

It has generally been recognised that the
phenomenon of bubble departure is essentially hydrodynamic
in nature. As in barbotage systems, the departure volume
is obtained by considering the interaction and equilibrium of
the forces acting on the bubble. Fritz [12] derived the
earliest expression for the diameter Dd of a bubble
departing from a horizontal surface using his experimental
results.

%

_ o
Dy = 0.0208 e[g(pL o pv)] (2.7)

where the contact angle 6 is defined as the angle made by
the interface with the solid surface, and is measured in

degrees.
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Other equations have been derived since, e.g.,
[{17,25], most of them taking into account such forces as
inertia, drag, etc. which were neglected by Fritz. The
general method of formulating these forces are very
similar to those of barbotage systems shown in Appendix A,
and differ only in their detailed evaluation. Recently
both Hatton and Hall [17] and Howell aﬁd Siegel [18]
observed that nucleating cavity size may be an important
factor influencing departure size. Hatton went on to
propose an elaborate analysis for bubble departure, which
agreed well with his results. A simple equation that fits
the data of Howell and Siegel, and Hatton and Hall
reasonably, is that of Zuber who considered the
equilibrium of buoyancy and surface tension forces écting
on a bubble generating from an orifice of radius RO at

low gas flow rates in barbotage:

12ROG 1/3

D, = (2.8)

d glp, = p,)

Table 2.1 compares the experimental results obtained by
Howell ahd Siegel as well as Hatton and Hall for different
nucleating cavity sizes with the theoretical results
obtained from Egn. 2.8 by taking RO to be the nucleating
cavity radius. It is seen that the agreement between the
computed and experimental values is reasonably good with

the rms deviation being 22 per cent and the equation
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generally overpredicting by 8.5 per cent on the average.
It should, however, be noted that the above equation is
applicable only to the static regime in barbotage and
boiling (i.e., when the bubble formation rate is very low)
when the inertia forces are relatively small COmpared with
the static forces.

A further analysis of the problem of bubble departure
is continued in the present work which takes into account
the generally-neglected phenomenon of 'necking' (formation
of a short neck connecting the bubble to the wall at

departure). This is presented in Chapter 6.

2.2.4 Frequency
The frequency of bubble formation at a
nucleation site is determined by two time periods; namely,
the bubble growth period tf and the waiting period tw’ which
is the time required for a bubble nucleus to be conceived
after the departure of the previous bubble. The frequency

is given by

(2.9)

According to Jakob's early observation [21], these
two time periods are approximately equal. However, more
recent observations [15,18] have indicated that the waiting
period may not be equal to the growth period. In fact, the

equality case may be the rare exception. Some investigators,
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e.g., flS], have tried to predict the waiting period by
an analysis of a simplified model of the thermal layer
near the heated wall, with limited success.
In nucleate boiling literature, expressions relating
frequency, £, and the departure d;ameter,Dd, appear in
abundance; a recent excellent review is available by Ivey

[20]. The relationship U_ = fD where qmis the bubble

a’
rise velocity (i.e., the velocity at departure) was
frequently used over the entire range of bubble diameters.
Ivey [20] pointed out, after a detailed analysis of the
experimental data, that a single relationship only approki—
mately correlates f with Dd for all diameters encountered in
boiling. The f vs Dd graph that he plotted from available
data is given in Fig. 2.2. Ivey classified the experimental
data into three separate regions and proposed three
different correlations which fit the experimental data in
each region. More experimental data and analysis are
required before any valid conclusions can be drawn in

regard to the above correlations. Very little experimental
data are available for the case of nucleation from cavities
of known geometry and size, the importance of which Hatton
and Hall [17] have demonstrated. Their results for a

constant heat flux, but different cavity sizes, are

included in Fig. 2.2.
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2.3 Barbotage As An Analog of Boiling

In this section the existing literature comparing
the bubble dynamics in boiling and barbotage will be
reviewed. Zuber [46] was among the first to note the
similarity in appearance of the bubbling flow regimes in
barbotage and saturated nucleate pool boiling. He
considered Davidson and Amick's [5] description of the
appearance of barbotage bubbles forming at an orifice
under constant-flow-rate conditions and noted that the
description fitted well the bubble formation in Yamagata
and Nishikawa's [45] experiments in nucleating boiling.

Zuber used the similarity to predict the frequency
of bubble emission in nucleate boiling. He assumed that
the velocity at departure of bubbles in nucleate boiling
of water at saturation temperature could be adequately
described by the Peebles and Garber equation (given in [46])

for barbotage bubbles:

PL,

09 (py, = py) |4
u_ = 1.18[ L V} (2.10)

where U_ is the departure velocity, and oy the vapour
density. He further assumed that the velocity of the
centre of gravity of bubbles remains a constant while
growing and departing, and the growth and waiting periods

are equal. These assumptions lead to the following:
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D oglp, - p) %
S =u_ =1.18 L v (2.11)
£ L, .
t og (p; = p,) |%
£ L v
D.-f = 1.18 ~ (2.12)
d tw + tf { fr,
_ 1.18 gg (.pL - pV) ;5
= 5 5 (2.13)
1,
For any given liquid temperature and pressure, the right-
hand side reduces to a constant. Zuber plotted the experi-

mental results available then and found agreement with the
above equation.

Zuber further attempted to predict the bubble depar-
ture diameter in nucleate boiling at low heat-transfer rates
by relating the thermal layer thickness to the cavity radius

in Egn. 2.8. The resulting equation for the bubble diameter

is
Pa = [9(%6g ) kéT}l/3' (2.14)
\%
where
k = thermal conductivity of the liquid,
g = the heat flux density, and

AT = the wall superheat.
The above equation was compared by Zuber with the experi-
mental data of Zmola, of Fritz and Ende, and of Jakob and
Linke; the computed values were found to be of the same
order as the experimental data.

Wallis in his report [41] presented an excellent case
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for using barbotage systems to study boiling. He pointed
out that the nucleation phenomena in boiling and barbotage
are described by the same basic equations. 1In both cases
the excess pressure Ap, required inside the bubble for

nucleation is given by

Ap = %9 (2.15)
o)
where RO is the orifice or cavity radius.
In boiling, Egqn. 2.6 further relates this excess
pressure to the superheat. Wallis next compared bubble
growth rates in barbotage and boiling. He proposed a cor-

relation for Staniszewski's [39] data for bubble growth
rates in boiling which indicated a linear volumetric
growth rate during the major part of a bubble's history.
This correlation was compared with Siemes and Kauffmann's
[36] equations for bubbie growth rates in barbotage
(constant-flow-rate case). He found that the equations

have the same basic form, namely,
v, =V, + T —= (2.16)

where Vd is the volume of bubble, VM

volume, i.e., the critical volume required for further

is the quasi-static

growth, and TA is the growth time. He also observed that
the departﬁre times in each case were in agreement and
individual variations can be explained by statistical

arguments.
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While the above works were concerned mainly with
the ‘hydrodynamic aspects in boiling énd barbotage, several
investigators have since dealt with the thermodynamic
aspects. Some investigators [1,33,42] have used barbotage
systems to simulate the boiling critical heat flux. Others
(reviewed recently by Sims and Duffield [34]) have compared
heat-transfer coefficients in pool barbotage and saturated
nucleate pool boiling. These coefficients were based on
time and area means and were found to be comparable in
magnitude in boiling and barbotage. Bard [2] measured the
heat-transfer coefficients to the liquid phase as a function
of time and distance from the bubbling site in barbotage.
From the results obtained, he concluded that in boiling,
the chief contribution of bubble-induced agitation to the
promotion of heat transfer from the heating surface occurs

around the time of bubble detachment.



CHAPTER 3

EXPERIMENTAL INVESTIGATION TO DETERMINE BUBBLE

GROWTH RATES UNDER CONSTANT-PRESSURE CONDITIONS

3.1 Introduction

It has been mentioned in Chapter 1 that, though
some investigators [7,8,23] have studied bubble formation
from a submerged orifice under constant-pressure conditions,
no one has reported in what fashion the bubble radius varies
with time under these conditions. The purpose of the
present experimental investigation is to obtain gquantitative
data regarding this variation and also to measure departuré
diameters and frequency 6f bubbling for the liquids studied.
Transparent liquids were employed to permit the use of high-
speed cine photography for recording the sequence of bubble
formation and to calculate instantaneous bubble volumes from

the films.

3.2 Apparatus

3.2.1 Description of apparatus

Figure 3.1 illustrates schematically the
principal experimental apparatus utilised for the periodic

formation of gas bubbles by the injection of a gas into a

35
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liquid. Air from a high pressure source enters a pressure
regulator which reduces the pressure to a steady value of

5 psig (350 gm/cm?). The air then passes through a filter
and a gas drier (Fisher Scientific Company), which
effectively remove the oil particles and moisture that may
be present in the air. Next, the air passes through one of
three flow meters (Brooks Instrument Canada Ltd., Model

No. 1560) which have built-in needle valves to accurately
control the flow. The flow metefs for measuring the mean
flow rates were carefully selected to cover a wide rangé of
flow rates (0 — 700 cm?®/sec) and were installed parallel to
each other. The air then flows through two bubblers which
saturate it with the liquid under study, and finally enters
a 45-gallon drum (the ante-chamber) from which it passes
through an orifice into a rectangular liquid bath, containing
the experimental liquid.’ Details of the assembly comprising
the container,_the orifice plate and the drum are shown in
Fig.3.2. The ligquid container was made by bonding four
glass plates of identical dimensions to the four sides of a
3/16 in. (0.48 cm) thick brass plate which formed the

bottom of the liguid bath. The inside dimensions of the
container were 9% in.x 9% in.x 8 in. (24.1 cm x 24.1 cm x
20.4 cm). The choice of a rectangular container in lieu of
a cylindrical one was to avoid the refractive effects due to
curvature of the glass while performing high-speed

photography.
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The orifice plate was made of stainless steel. The
diameter of the plate was 8 in. (20.4 cm) and the thickness
5 in. (1.27 cm). An orifice of 0.253 cm (0.0996 in)
diameter was drilled in the centre of the plate. This
value of the orifice diameter was chosen to facilitate
comparison with the experimental data for departure
volumes given by Satyanarayan et al. [48] who used an
orifice of equal diameter.

The injected air leaves tﬁe orifice in the form of
bubbles and these bubbles rise through the liquid. Pressure
inside the drum is measured by using a vertical U-tube liquid
manometer, containing Meriam oil (sp. gr. 0.827). Liguid
level in the container above the orifice is measured by a
scale suspended vertically above the orifice. The container
is open to atmosphere. All experiments were conducted at

room temperature (72°F).

3.2.2 Selection of experimental liquids

A survey of the boiling literature indicated that
sufficient experimental results were available for
saturated pool boiling of water at atmosphere pressure,
which could be used for comparing bubble growth rates. The
main criterion for the selection of a liquid for the
barbotage study was consequently influenced by the fact that
the physical properties of the liquid at room temperature

should be close to those of water at the boiling point at
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atmospheric pressure. Availability of such a liquid
renders the boiling and barbotage bubble growth results
directly comparable with minimal influence by any parameter
involving liguid physical properties. One such liquid
which was readily available was acetone. Both the kinematic
viscosity and density of acetone at 72°F‘and atmospheric
pressure are approximately equal to those of boiling water
at atmospheric pressure; the other two liquids used for the
present study were distilled watef and hexanef Growth rate
studies for the two additional ligquids served to providé
data for a larger research program envisaged; as well, the
use of water allows one to check atvleast some of the
measurements obtained (breakoff diameters and frequency)
with existing data in the literature.

The physical properties of all three liquids

discussed are presented in Appendix B.

3.2.3 Photographic and stroboscopic apparatus

High-speed motion pictures of the bubble
formation process, taken at the level of the orifice,
provided a technique for investigating the details of the
formation of an air bubble. Pictures were taken with a
Hycam Model 41-0004, 16 mm motion picture camera in the
range 500 to 2000 frames per second, using Kodak 4-x
reversal 100 £t rolls of film. The frame speed could be
accurately obtained from 100 or 1000 cycles/sec light

"blips" placed on the film edge by a Millimite timing light
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generator (Model 13-0001). The camera was normally located
at about four feet from the orifice plane and was focussed-
on the orifice. Two 650W lamps were uéed in conjunction
with a ground glass screen to provide illumination for the
photography. The actual location of the lamps and the screen
to provide optimum illumination, resulting in sharply
defined bubble profiles was determined by trial and error.
The optimum arrangement is illustrated in Fig. 3.3.

In order to determine the‘true volume of a bubble
from a magnified image, some known reference measurement at
the orifice level was necessary to obtain a "scale factor".
For this purpose, before taking the photography of the
bubbles, a scale whose actual width was known was suspended
above the orifice, vertically, and its image recorded at a
very low framing speed.

Frame by frame préjection of the photographs enabled
an accurate determination of the bubble volume, and the
formation time of a bubble. A motion picture analyser
(L-W Super Sports Model 900) with a variable frame speed was
used for this purpose.

Determination of bubble frequency was done with a

stroboscope (General Radio Company, Strobotac type 1538-A).
3.3 Procedure

3.3.1 Growth rate determination

As was mentioned earlier, growth rate
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measurements were obtained using distilled water, acetone

and hexane as experimental liguids and air as the injected -

gas. The conditions under which the experiments were run

are summarised in Table 3.1. An experimental run was

conducted as follows:

(1)

(11)

(iidi)

(iv)

(v)

(vi)

The liquid container was washed with soapy water
and then rinsed thoroughly with distilled water.
A clean rag was used for wiping the container
dry.

The air supply to the ante-chamber was turned
on so that there was steady air flow through
the orifice. This precaution was necessary to
prevent liquid leaking through the orifice
while the container was being filled.

The liquid container was filled with the
desired liquid to a depth of about 12 cm (=5 in)
above the orifice.

The air flow rate was adjusted by means of the
needle valve to set the ante~chamber pressure
at any desired value.

Allowing a short interval of time to ensure
steady state operation, the values of the

gas flow rate, ante-chamber pressure and the
liquid head above the orifice were recorded.
High-speed motion pictures of the bubbles were

taken.
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Table 3.1. Conditions for bubble formation experiments.

Orifice Diameter = 0.253 cm
High Speed Cine Film Stroboscopic
Liquid Air F%ow Rate for Growth Rate, Observations
cm”/sec Bubble Volume, for Frequency
and Frequency and Bubble Volume
water 4.07 X
-27.00 X
29.40 X
32.50 X
34.60 X
40.00 X
50.40 X
60.50 ' X %
71.50 X
acetone 8.64 bl
14.25 X
18.10 X
19.65 X
25.60 X
32.30 ' X x
39.60 ble
hexane 8.1 X
11.8 X
13.0 X
15.0 X
15.6 X
16.2 X
19.5 X
22.7 X
28.7 X
30.8 X

O8]
N
[ae]
"
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3.3.2 Calculation of instantaneous volume of a

bubble

The high-speed motion pictures taken as
described above provided a means for recording the sequence
of the formation of a bubble. A frame—by—frame projection
of such pictures enabled one to obtain a two-dimensional
picture of the bubble at any instant dufing its formation.
Because of the expected axial symmetry of a bubble forming
at a smooth, vertically oriented orifice, it was assumed
justifiable to calculate the volume of the bubble from the
two dimensional profile obtained by photography. The
procedure for computing the volume of a bubble is illus-
trated in detail in Appendix C.

An equivalent radius Req , 1L.e., the radius of a

sphere of equal volume, can be obtained from the above

calculated volume from the following equation:

(3.1)

R _ [3 X Vmeasured]l/3
eq 4T

3.3.3 Bubbling freguency and departure volumes

The use of a stroboscope for bubble frequency
measurements is not uncommon. Knowing the frequency £
bubble departure volumes Vd can be calculated from the

following eguation:

Vd = Q/f (3.2)
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where Q is the flow rate through the orifice. Wherever
flow rates are quoted in this thesis, unless otherwise
‘noted, the flow rates are for the mixture of air (measured
with one of the rotameters) saturated with the vapour of
the test liquid; these flow rates are loosely termed
"air flow rates", "flow rates", "mean air flow rates" or
"mean flow rates”. A sample calculatioh showing the method
used to determine the flow rate through the orifice is given
in Appendix D.

Departure volumes were calculated by the above method

for each liquid at different mean flow rates.

3.4 Results and Discussion

3.4.1 Photographic observations

Two types of bubbles were encountered in the
experimental investigation and they could be categorised
as follows:

Category I: Bubbles which start as a hemisphere
left behind by a departed bubble.

Category II: Bubbles which first appear as a
meniscus at the orifice at the end of
a discrete time interval after the
previous bubble has departed.

Typical sequences of bubbles in both categories

obtained from cine pictures are shown in Figs. 3.4 and 3.5.

The variation in the physical properties of the test liquids
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Fig.,

3.5

of of of o

X ‘

Cine pictures of bubbles of Category II
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did not appear to have any significant influence on the
shapes of the bubbles in either category. Also, it is
evident that there is no significant difference in shapes
between the two categories of bubble.

A typical sequence starts With either an approxi-
mately hemispherical interface left behind by a departed
bubble, or a small meniscus appearing at the orifice after
a time interval. As the bubble size increases, due to mass
flow into the bubble, the shape‘changes to that of a pear,
with the vertical axis growing faster than the horizontal
axis. As the bubble size increases further, a stage is
reached when the upward forces acting on the bubble have
increased sufficiently to start lifting the bubble off the
surface. A small neck starts forming which connects the
bubble to the orifice. The neck has the shape of a short
cylindrical stem in the'beginning, but gradually develops
into a secondary bubble. This secondary bubble starts
penetrating and rising through the bigger bubble as they
move together upwards. Finally, the connection between the
secondary bubble and the orifice is severed due to the
upward acceleration, and the bubbles start moving freely,
leaving behind at the orifice an hemispherical interface
which either disappears into the orifice or starts growing.
In course of time, the secondary bubble gets completely
enveloped by the bigger bubble which rises through the

liquid as a single unit.
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The photographs indicate that the sequence of events
described above is a periodic process. It is well known
that the life cycle of a bubble is characterised by two
time periods, namely the waiting time" tw and the
"formation time" tf. The "waiting time", as defined here,
is the time interval between the departure of a bubble and
the first appearance of the next bubble'at the orifice.
The "formation time" refers to the period of growth of a

bubble between its first appearance and its detachment from

the orifice. It is clear that the frequency of bubble

—
tw+tf
mentioned here that for bubbles under Category I, the

emission is then given by f = It may be

waiting time tW is obviously zero.

3.4.2 Bubble frequency data

The frequency of bubble formation in ﬁhe

three liquids were determiﬁed by stroboscopic examination

and are given for increasing mean flow rates in Figs. 3.6

and 3.7. Tabulated values are given in Tables 3.2 to 3.4.

For water-air system, the frequency increases slightly

with increasing mean flow rate within the range covered,
whereas for acetone and hexane, it tends to be almost a
constant, the increase in flow rate being accomodated by

an increase in volume of bubbles.

3.4.3 Bubble volume data

Figures 3.8 and 3.9 present the variation of
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Table 3.2. Bubble volume and frequency data for air-water

system.
Flow Rate Indicated Flow Rate Bubble
by Flow Meter Corrected for Frequency Departure
@ 70°F¥, 14.7 psi Vapour Content Volumet
cm?®/min cm?®/min 1 cm
min
1580 1621 820 '1.98
1720 1765 860 2.05
2020 2073 900 2.30
2340 2401 900 2.67
2940 3017 . 980 3.08
3540 3633 1020 3.56
4180 4290 1140 ' 3.76

F From Egn. 3.2.
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Table 3.3. Bubble volume and frequency data for air-

acetone system.

Flow Rate Indicated Flow Rate
by Flow Meter Corrected for
@ 70°r, 14.7 psi Vapour Content
cm?® /min cm?® /min
622.5 852.5
792.5 1082.5
1120 1530
14290 1937
1740 2376

T From Egn. 3.2.

Frequency

1000
1620
1020
1020

1020

Bubble
Departure
Volume™

cm3

0.852
1.060
1.500
1.900

2.375
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Table 3.4. Bubble volume and frequency data for air-hexane
system.
Flow Rate Indicated Flow Rate Bubble
by Flow Meter Corrected for Frequency Departure
@ 70°F, 14.7 psi Vapour Content volume't
3/ s 3, 1 3
cm®/min cm” /min =5 cm
552.5 669.5 900 0.74
642.5 779 920 0.84
742.5 900 940 0.96
800 970 960 1.01
960 1164 960 1.21
1120 - 1358 1000 1.36
1420 1722 1080 _ 1.60
1720 2085 1110 1.88

¥ From Egn. 3.2.



S Surface tension o = 72dynes/cm
Orifice diameter = 0.253cm
Data of Satyanarayan et al [48]
e © Present work '
O 4
o o
e
=
o
> 3
(0}
g ©
LI:J’ o
o 2 OO
.
>
g
O
Q
[3)
O |+
0 | | | ]
o) 20 40 60 80

Mean Volumetric Flow Rate, cm®/sec

Fig. 3.

Bubble volume as a function of mean
alr flow rate for air-water system

56



57

swe3lsAs ouexoy-ITe PUR BUO0ISOE-ITe I0J BIRP dunToa 2Tddqng 6°¢€

09S/,Wo ‘ 8l0y MO|4 JIy UD3A

‘bta

ol

Ob 0s o<
| ! !
WasAS BuDXaH -y ¢
wajshg 8uoledy -y ©
O

G0

O

0

0¢

G2

[0 ‘awnjop 8|qgng



58

bubble departure volume with the mean flow rate, as deter-
mined by a stroboscope. The departure volumes were calcu-=
lated from the equation Vd = Q/f, where Q refers to the
flow rate through the orifice, corrected to include the
saturated vapour of the experimental liguid. Tables 3.2
to 3.4 give the tabulated values.

The figures indicate that the bubble volume in the
case of all three liquids increases with increasing flow
rates as can be expected. Also shown in Fig. 3.8 is a
smooth curve representing the experimental results of
Satyvanarayan et al. [48] for water, for the same orifice
diameter. It can be seen that the agreement between the
present work and that of Satyanarayan is satisfactory,
especially at the higher flow rates. In the case of
acetone and hexane, no other experimental results were
available in literature to make a comparison. Limited
data on bubble departure volumes (same bubbles as in
Figs. 3.10 through 3.18) available from motion picture
films differ from the smooth curves drawn (by eye) through
the stroboscopic data by -3.3 per cent to +50 per cent.
The resulting rms deviation is about 28 per cent on volume

and in terms of equivalent radius about 9 per cent.

3.4.4 Bubble growth data

Bubble growth measurements were made for each
liguid at different flow rates by the high-speed photo-

graphic technique described earlier. From each film,
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three typical bubbles were chosen for measuring the growth
rate. Since a vast majority of the photographed bubbles
belonged to the category starting as a hemisphere at the
orifice (Category I), bubbles for growth rate determination
were chosen from among these bubbles. However, a few
bubbles belonging to Category II (see Sec. 3.4.1) were
analysed and compared with the growth curves of the former
category. ©No significant variations were evident in the
average slopes of the growth curves (see Appendix F).

Zero time:

"Zero time" for bubbles under Category I was taken
to correspond to the frame when a departing bubble just
severs its connection with the orifice, leaving an
(approximately) hemispherical interface at the orifice.

For Category II, the origin of time was taken to correspond
to the frame prior to the one where the bubble first

appears as a meniscus. Thus, there is an uncertainty in
time, in this case, equal to the time between two successive
pictures. The error introduced by the above assumption is
less than 2 mé, in a total growth time of about 55 ms.

Presentation of bubble growth results:

Figures 3.10 through 3.18 present the variation of
the dimensionless radius R/Rd with the dimensionless time
t/td where Ry and tyq refer to the equivalent radius and time
at departure, respectively. Tabulated data are given in

Appendix E. The curves correspond to the various conditions
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summarised in Table 3.1. The enlarged profiles of typical
bubbles for each liquid from which growth data were
obtained are illustrated in Figs. E.l1 through E.9 in
Appendix E.

Bd and éd for the above graphs

An assumption was made in determining Rd and td for
the above graphs. As described under Sec. 3.4.1, photo-
graphic observations indicated that the bubbles formed in
pairs i.e. a bigger 'primary' bubble whose formation ended
with a short neck connecting the bubble to the orifice.
- Next, a 'secondary' bubble started forming as an extension
of the neck and subsequently became enveloped by the
primary bubble and both rose together as a single unit.
For presentation of the results in Figs. 3.10 to 3.18, Rd
and td were chosen to be the values obtaining at the end of
the formétion of the priméry bubble. A justification for
this choice lies in the fact that some of the motion
picture runs indicated a slight break between the primary
and the secondary bubbles confirming the separate identities
of the two bubbles.

In order to check. the effect of the choice on the
shape of the Rd vs td curves, growth rate curves were
drawn for a few bubbles taking Rd and td at the time of the
detachment of the primary-secondary bubble combination.

The comparison is performed in Appendix F. It is seen that

there is no significant difference in the growth curves



between the two cases.

Discussion:

A simple theory has been proposed in Chapter 5 to
predict the above variation of the bubble radius with time
by solving the well-known Rayleigh equation for bubble
growth. Inasmuch as one of the goals of‘the present
investigation is to make a quantitative comparison of the
growth rates in barbotage and boiling, it was decided to
recast the above growth rate datavin a simpler fashion by
assuming a growth equation of the following form to

describe the data (see Appendix G):

R = at"
where a is a growth constant. In dimensionless form this
would be

rR* = o"

where R*==R/Rd and 6 = t/td’ The growth eprnent, n, was
calculated from the above equation by a least-squares fit
for each set of data, and was found to vary from 0.56 to
1.1, the lower values of n being associated with high flow
rates and the higher values being associated with low flow
rates. The values of n are presented in Table 3.5 and are

used later in the thesis.
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Table 3.5.

Liquid

water

acetone

hexane

Growth exponents for barbotage bubbles,

obtained in present work.

Mean Flow Rate
cm? /sec

60.50
32.50
4.07

32.40
19.65
8.64

30.40
15.60
8.10

Range of 'n
For 3 Bubbles
0.56 - 0.67
0.75 - 0.88
0.97 - 1.20
0.55 - 0.71
0.85 - 0.92
0.66 - 0.67
0.59 - 0.78
0.59 - 0.72
0.76 - 0.77

nl
(Average for
3 Bubbles)

0.60
0.
1.10

83

.63
.89
.67

.69
.66
.77
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CHAPTER 4

COMPARISON OF BARBOTAGE AND NUCLEATE

BOILING BUBBLE DYNAMICS

It was pointed out in the Introduction that
barbotage systems are indeed attractive for the study of
bubble-stirred boundary layers and as analogs of boiling
systems. It was further noted that because of the mounting
interest in using barbotage systems to study boiling, the
time is opportune to examine and compare in moré detail the
hydrodynamics of these two phenomena. This chapter provides

such a comparison.

4.1 Comparison of Bubble Growth Rates

It was pointed out in Sec. 2.3 that Wallis [41]
compared the bubble growth rate data of Siemes and Kauffmann
[36] for the constant-flow-rate case in barbotage to
Stanizewski's [39] boiling growth rate results for water at
atmospheric pressure; Wallis concluded that the (volumetric)
growth process in both cases was linear in nature during
the bulk of a bubble's life time. Recently, however, Bard
[2] has argued that boiling bubbles are best simulated by
having a large ante-chamber communicate directly with the

orifice in barbotage. Moreover, as indicated in Chapter 2
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the majority of growth rate theories in boiling predict
that the bubble radius should increase as the square root
of time and not as the cube root as taken by Wallis.
‘Westwater [44], however, reports a wide variation in the
time exponent (0.312 - 0.512) from an experimental
investigation of boiling bubbles in pentane and ether.

It is apparent from the above discussion that
further quantitative studies comparing bubble growth rates
in barbotage and boiling are warfanted‘before any reliable
conclusions can be drawn. In an attempt in this direction,
the experimental results of the present work were compared
with boiling data in the following manner. (Attention was
confined to boiling water for reasons mentioned in Sec. 3.2.2.)
Inasmuch as experimental boiling growth raté results show
a wide variation in the time exponent as compared to most
theories which give a single value (0.5) for the same, it
was thought that it would be more realistic to show the
boiling data as a band for comparison with barbotage results.
The same applied to barbotage results of the present work.
Accordingly, experimental growth data published by various
authors+[17,39,19,25,15,46] for saturated nucleate boiling
of water at atmospheric pressure were collected and the
growth results of individual bubbles of each author were

made to fit a simple growth equation of the form,

The survey was confined mostly to western literature which
provides sufficient data for boiling water at atmospheric
pressure. ‘
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It may be recalled that this was done in the case of
barbotage results of the present work. R*, 6, and n

have again the same meaning (R* = = , 0 =
d d

). The growth

et~

exponent n in each case was obtained, as before, by a
least-squares analysis and are given in Table 4.1. The
results are also plotted on logarithmic co-ordinates and
are presented as a band in Fig. 4.1. It is apparent that
all individual curves enclosed by the band must of
necessity pass through the point (1,1) in the graph due
to the nature of thé dimensionless form of the co-ordinates.

Fig. 4.1 also shows the band representing the bubble
growth rate results obtained in the present work for the
constant-pressure-supply case in barbotage (see Table 3.5).
For the constant-flow-rate case in barbotage, the volume
of a bubble should increase linearly with time, i.e. V & t
or R a t% . This was verified by Siemes and Kauffmann [36].
A straight line with a slope of 1/3 and passing through
co-ordinates (1,1), therefore, represents the constant-flow
rate case in the figure.

A study of the graph leads to some interesting
observations. Firstly, it is evident that the boiling
growth rate results are 'sandwiched' between the results for

the two extreme cases of barbotage systems, with a small

region of overlap on the constant-pressure side. The
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Table 4.1. Growth exponents for bubbles in saturated
pool boiling of water at atmospheric pressure.

Author Number of Bubbles ‘n'
Analysed (Average)
Han and Griffith 2 0.33
Zmola 2 0.35
Hatton and Hall 1 0.47
Staniszewski _ 3 0.50
Keshok and Siegel 1 0.518
Hospeti and Mesler 2 (bubble 1) 0.52

(bubble 2) 0.64



76

BburTTOg puR SHRIOgIBG I0J SITOSSI 93T YIMOIDH 1°%

BT -

100

Ol I'0 .
[TTT 11 1 [TTT T T T 1 I 10°0
P/}
jussaid | abbjogiog-asona| % —
-91nssa4d -juD}suod
I't a1qoy @@ | Buioq jood| 777 —
. abpjoqinq 8spd| __ _
uonuiep Ag| MO}} Jupjsuod| |
uolpbiisanu] N
—1o Pyusy
(Jusuodxs

yimoub buijioq
pasn Ajuowwod)]
2/| 8dojs jo aurT

o'l



77

growth rate results for other barbotage systems so far
investigated (including porous surfaces) no doubt lie
between the two extreme cases. (Some of the studies using
barbotage as an analog of boiling are mentioned in Sec: 2.3).
Secondly, it was observed in Sec. 2.1.2 that the fluid
dynamic characteristics of the gas supply system in pool
barbotage can have a considerable influence on the formation
mechanism of a bubble and that such parameters include the
L/D ratio of the orifice channel énd the volume of the
ante-chamber supplying gas to the orifice. It is, therefore,
reasonable to conclude that by suitably altering the ante-
chamber volume and the L/D ratio of the orifice, it may be
possible to control the bubble formation mechanism in such

a way as to obtain growth curves of any desired exponent

'n' to match those of boiling bubbles.

4.2 Bubble Departure Size

It was pointed out in Sec. 2.2.3 that the phenomenon
of bubble departure in nucleate boiling is characterised
by the interaction of the various forces acting on the bubble
at the time of its departure. It was also stated that the
same type of forces act on a barbotage bubble at departure.
It was further noted that the simplest equation for
predicting departure diameter in barbotage in the static
regime, which takes into account the influence of the orifice

diameter, is by Zuber (Egn. 2.8) which is again given below
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for immediate reference:

1

L "v
The applicability of the above equation for boiling
bubbles was also demonstrated in Sec. 2.2.3. In the present
section, a comparison of the bubble departure sizes
obtained in the static regime in barbotage and boiling
will be performed and it will be élearly demonstrated
that in this regime, there is a clear correspondence
between the departure sizes in the two systems.

Benzing and Myers [3] have shown that the data for
low frequency bubble formation in barbotage (i.e. static
regime) may be satisfactorily correlated in terms of bubble
diameter, orifice diameter and the physical properties of

the liquid by means of the following equation

~5 2p.) (4.2)

where

‘Dd bubble departure diameter

D
o

orifice or cavity diameter
We shall now proceed to show the applicability of this
equation to the case of saturated pool boiling of liquids.

Recourse is again made to Howell and Siegel's results in



boiling since their experiments were performed at a very
low heat flux (static regime in boiliﬁg) and involved
different cavity diameters. By substituting appropriate
values for the variables appearing on the right hand side
of Egn. 4.2, values of Dd/Do can be calculated. These
results are shown in Fig. 4.2, where experimental values
of Dd/Do are plotted against the values calculated from
Egn. 4.2. It is evident from the figure that the
agreement is reasonably good, wi£h the worst case

(DO = 0.0097 cm; Dd/DO== 12.9) giving a deviation of about
30 per cent based on the measured value. It may thus be
concluded that the bubble departure sizes in the static
regime in barbotage and boiling are indeed comparable in
magnitude.

A quantitative comparison of the bubble departure

sizes in the dynamic regime does not appear to be possible

at the present time due to lack of availability of

79

experimental results in saturated pool boilihg for the case

of bubbling at high heat-transfer rates from a nucleating
cavity of known size, Dy. As indicated in Sec. 2.2.3,

Do appears to be an important factor influencing the size

of a departing bubble in both boiling and barbotage; hence,

the limitation of the present comparative study to the
static regime. It is, however, shown in Chapter 6 that a
bubble departure theory, applicable in the dynamic regime

in barbotage, can be modified, using an appropriate
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expression for the boiling bubble growth constant, g,
to predict bubble departure diameters in boiling where

the relevant data exist.

4.3 Bubble Frequency

In order to make a quantitative comparison of the
bubble frequencies in barbotage and boiling, recourse was
made to Ivey's recent review [20]. Figure 2.2, which was
extracted from his work and whichlgives the data points
collected from literature for the £ vs Dd relationship in
boiling, is reproduced as Fig. 4.3. Because of the large
amount of scattér seen in the data in Fig. 2.2 it was
decided to present these data as a closed region in Fig. 4.3
for purposes of comparison with barbotage data. Super-
imposed on this figure are experimental barbotage data
collected from the preseﬁt work and the literature. A
comparison of the boiling and barbotage data leads to the
following observations:

(1) It can be seen that the barbotage data

generally either straddle or overlap with
the boiling data.

(ii) On the figure, orifice diameters associated
with particular barbotage results are
indicated; apparently the effect of increasiﬁg
Dy is to increase Dg and reduce f. This same

trend is especially apparent in the boiling

results of Hatton and Hall (see Fig. 2.2).
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CHAPTER 5

THEORETICAL ANALYSIS OF THE PROBLEM OF BUBBLE GROWTH
UNDER CONSTANT-PRESSURE-SUPPLY CONDITIONS

FROM A SUBMERGED ORIFICE

The objective of the present chapter is to perform
a theoretical analysis of the problem of bubble growth from
a submerged orifice when a gas from a constant-pressure
reservoir is injected through the orifice. The liquid and

gas properties are assumed to be available.

5.1 Theoretical Formulation of the Problem

Ffequent reference is made in the literature on
cavitation to Rayleigh's solution for the problem Qf the
collapse of a spherical cavity in a liquid [47]. For the
present problem of the growth of a bubble, the extension
of the Rayleigh theory, as carried out by Plesset [30],

can be used to obtain the equation of motion. The equation

is
RR + —‘;’— R? + iOR = pbp— e _ (5.1)
L L
where
R = radius of the bubble,
R = first derivative of the radius with respect

83
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to time,

R = second derivative of the radius with respect
to time,

0 = surface tension of the liquid,

= the liquid density,
Py, = pressure in the bubble, and
P, = pressure at a large distance from the bubble

at the level of the orifice.

A completederivation of the above equation is given in
Appendix H. The assumptions made in the formulation and
use of the above equation are as follows:

(i) The gas-liquid interface is spherical at all
times during growth.

(ii) The medium surrounding the interface is
quiescent and incompressible and of infinite extent.

(11ii) The pressure inside the bubble is unierm and
constant at any instant.

(iv) Liguid flow is irrotational.

(v) There is no transfer of liquid vapour into
the bubble.

The assumption of a spherical shape for the bubble
throughout the period of growth simplifies the geometrical
specification of the bubble surface and enables the deter-—
mination of the inviscid flow field in the liquid by means
of potential theory.

Assumption (ii) neglects all effects due to
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preceding bubbles. 1In the real case of a bubble forming
at an orifice, however, some circulation does exist as the
bubble moves upward at detachment. The effect of that
circulation upon the formation of the succeeding bubble is
difficult to take into account theoretically. However, it
has been found that the effect of liquid circulation on
bubble formation is minimized when the liquid is prevented
from circulating up along the base of the bubble. That is
ensured, to an extent, for examﬁle, in the case of a bubble
formed above a flat plate orifice.

Assumptions (iii) and (iv) need no comment.

Regarding Assumption (v), in the present experiment
care was taken to saturate the air with the appropriate
experimental liquid before injection through the orifice.
This minimizes any transfer of liquid vapour into the
bubble during formation;

Orifice equation:

An examination of Egn. 5.1 reveals that it consists
of two unknown variables, R and Py the bubble pressure
which varies with R. Another equation involving these
quantities is therefore essential for a solution. A
simple orifice equation describing the flow rate of gas
into the bubble is used for this purpose and is given
below. The fluid here (air) is assumed to be incompressible.

2(p; = py) |4
= CM'A, (5.2)

g

L@

il
Qxl of
o<



5.2 Method

gas flow rate,

86

coefficient of discharge,

1

(1 - (Ro/2;)2)"
cross—-sectional
the orifice,
cross~sectional
gas density,
pressure in the

pressure in the

of Solution

area of chamber upstream of

area of orifice,

ante-chamber, and

bubble.

Equation 5.1 can be solved explicitly for R as a

function of t by substituting for

Py, from Egqn. 5.2.

Assuming the volume of the bubble to be given by % R

and the area of the orifice to be ﬂRé, the equation (after

the above substitution for pb) can be further manipulated

into a dimensionless form and the result is as follows:

where

R*
R*
R*

t’k

R*R* + 1.5R*2 + SER*“R*2 4

i

i

2

S5 = 24p* (5.3)
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3 AP _ Py - P,
bP¥ = g5 = |
crit o
o}
K = the product CM' (see Egn. 5.2)
2
(K) 2 pop

The initial conditions for solving Eqn. 5.3 are:
at time t=0

R* (0)

I
,.;

R* (0)

il
o

The solution of Egn. 5.3 was carried out by numerical
integration, using a fourth order Runge-Kutta formula. The
integration can be performed for any desired length of time

up to break-off (departure).

5.3 Results and Discussion

An examination of Egn. 5.3 reveals that there are

o

—g) and AP*
P,
whose values can be varied to obtain sets of curves for

two dimensionless parameters, namely E (=

ol

R* vs t*. 1In the present work, the value of AP* was
increased from 1.0 to 3.0 for fixed values of E (0 to 0.01)
and the resulting curves are presented in Figs. 5.1 through
5.5. Such a presentation allows one to determine quickly‘
the appropriate growth curve, once the fluid properties,
the pressure drop AP and the factor K are established for

any given system. The range of values of AP* and E
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Fig. 5.1 Theoretical bubble growth curve for E
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obtained in the present experimental work were 1.1 to 2.9
and 0.00284 to 0.00428, respectively.

Figures 5.6 through 5.14 present experimental growth
rate curves obtained in the present work, along with the
corresponding theoretical curves obtained by solving Eqn. 5.3.
The experimental curves are the curves of bubbles shown in
Figs. 3.10 to 3.18 and belong,in each case, to the bubble
whose growth curve lies (in these figures) between those of
the other two bubbles analysed for the same conditions. For
the present comparison and for any one particular condition,
the time and radius of the bubble have been recalculated in
non-dimensional quantities (see tabulated data in Tables
E.l, E.2 and E.3); also, the end of the formation time for
the experimental curves has been taken to correspond to the
time at which the actual detachment of primary-secondary
bubble combination from the orifice occurs. The relevant
dimensionless parameters are indicated on the figures.

The value of K to be used in the parameter E was determined
in the following manner. Experimental values of K deter-
mined accurately by several investigators [7,8,23] for a
range of orifice diameters were plotted against the corres-
ponding orifice diameter and a smooth curve drawn through
the points. The values of K were found to vary from a
value of 0.58 for a 0.05 cm diameter orifice to a value

of 0.67 for a 0.4 cm diameter orifice. From the curve the

value of K corresponding to the diameter of the orifice
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WATER
1O Air flow rate 32.5 cm/sec
AP%= 1.3 | ‘
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O Experimental
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Fig. 5.7 Comparison of experimental and theoretical

bubble growth rates for water
- air flow rate 32.5 cm?’/sec
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ACETONE

Air flow rate 8.64cm7sec
AP* = 1.3
E = 0.00356 ( pPg/pL=0.00128 ; K= 0.6)
O  Experimental
—— Theory

| Break-off
'Necking'

Fig.

5.9 Comparison of experimental and
theoretical bubble growth rates :
for acetone - air flow rate 8.64 cm?sec
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ACETONE

Air flow rate 19.65 cm3/sec
AP%* =2 | |
E-= 0.00356(pg/pL= 0.00I128 ; K =0.6)

O Experimental
—— Theory

421k-0ff

'Necking'

Fig.

5.10 Comparison of experimental and theoretical
bubble growth rates for acetone
- air flow rate 19.65 cm®/sec
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ACETONE
10— Air flow rate 32.4cm/sec
AP* = 25 | -
ol E = O..OO356 ( pg/pL= 0.00128,; K = 0.6)-
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Fig. 5.11 Comparison of experimental and theoretical

bubble growth rates for acetone
- air flow rate 32.4 cm®/sec
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100

— HEXANE

Air flow rate 8.1cm”/sec
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E = 0.00427(pg/p|_= 0.00154; K=0.6)
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—— Theory

Break-off

Necking'
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5.12 Comparison of experimental and theoretical -

Fig.

bubble growth rates for hexane
- air flow rate 30.4 cm®/sec
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HEXANE
10~ Air flow rate 5.6 cm¥sec
AP*= 2.5 | '
ol E = 0.00427 (Pg/PL= 0.00154 ;K=0.6)
O Experimental
—— Theory

8 S
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6 -
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Fig.

5.13 Comparison of experimental and theoretical
bubble growth rates for hexane "
- air flow rate 15.6 cm®/sec
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Fig. 5.14 Comparison of experimental and theoretical

bubble growth rates for hexane
- air flow rate 30.4 cm®/sec
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used in the present work was obtained as 0.6. This is
as one would expect since K = CM', where C is the coefficient
of discharge, whose value is expected to be approximately
0.6 while M', the velocity of approach factor is essentially
equal to one. The growth rate so;ution was, in any éase,
found to be quite insensitive to small changes in K. This
was verified by varying the value of K in the parameter E
from 0.5 to 0.7. The resulting deviation in the dimension-
less radiusvof the bubble was found to vary from zero per
cent at zero time to about 10 per cent at the time of
departure.

it can be seen from the figures that the agreement
between the theoretical and experimental curves are
surprisingly good for all test liquids, when one considers
the various simplifying assumptions made in the theoretical
analysis. Further, this is the first time the problem of
bubble growth under constant-pressure-supply conditions has
been analysed by combining Rayleigh's equation with an
orifice equation and a set of general solutions obtained.
It should, however, be emphasized here that although the
present analysis seems adequate for the case of inviscid
liquids,.further theoretical and experimental investigations
- are necessary to deal with the case of viscous fluids where
the drag forces will be influential in determining the

growth rate.



CHAPTER 6

- APPLICATION OF BARBOTAGE THEORY TO BOILING FOR

THE PREDICTION OF DEPARTURE DIAMETERS

6.1 Background

The prediction of the bubbling frequency and bubble
departure diameter is of central importance in the
theoretical study of nucleate boiling. Several investi—
gators [13,30,15,10,9,4] have attacked the problem of
bubble growth and departure in both uniformly-superheated
liquids and in saturated pool boiling characterised by a
non-uniform temperature field. Most of the expressions
proposed for bubble depérture from a nucleation site
assume, for the sake of simplicity, a spherical shape for
the bubble at departure and result from equating the down-
ward forces acting on the bubble to upward forces at the
moment of departure. Some experimenters, e.g., [17,23],
have mentioned that a small neck is formed prior to the
departure of the bubble connecting the bubble to the
heated wall or the cavity. Saddy and Jameéon [35] used
this fact in their theory for prediction of bubble departure
diameter in uniformly-superheated liquids from a nucleation

site of known geometry. To determine the criterion for
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detachment of the bubbles, resort was made to experiment.
It was observed that detachment occurred when the distance
travelled by the centre of the bubble equalled 1.5 times
the radius of the bubble.

Kumar et al. [23] have proposed a two-stage theory
for barbotage bubble formation from submerged orifices and
found excellent agreement between their theory and experi=-
mental results. Inasmuch as this dissertation deals with
the comparison of the bubble dynamics in barbotage and
boiling, it is proposed to show in this chapter that the
theory of Kumar et al. for barbotage can be used with
appropriate modifications for successfully predicting
bubble departure diameters in nucleate boiling. Such &
prediction is, however, subject to availability of reliable
information regarding two important parameters, viz, the
boiling bubble growth constant B and the cavity diameter
DO; this will be apparent from the equations derived below.
A survey of boiling literature to find experimental data
for purposes of comparison with theory indicated only one
source which offers a combination of DO and experimental
conditions which strictly satisfy the requirements of a
well-known theoretical expression (viz, Scriven's [37])
for the growth constant B. These are the results of Saddy
and Jameson [35], who performed experiments in uniformly-
superheated liquids. (Asindicated earlier, the phenomenon

of 'neck' was observed in their experiments.)
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In view of the above, the barbotage theory to be
described below has been modified to incorporate the afore-
said expression of Scriven for the constant B, and compares
the predicted values with the experimental results of Saddy

and Jameson.

6.2 Development of the Model

Consider a spherical vapour bubble growing at a
nucleation site on a solid surface. The present model
assumes bubble formation to take place in two s£ages,
namely the 'expansion' stage and the ‘'detachment’ stage.
During the first stage, the bubble expands while its base
remains attached to the nucleation site, whereas, in the
detachment stage, the bubble base moves away from the site,
the bubble itself being in contact with the site through a
neck. The two stages of bubble formation are shown in
Fig. 6.1. The final volume of the bubble VFI is the sum

N
of the individual volumes developed during the two stages.

Thus,
VPN = Vexe T Vrrans
where
VEXP = volume of the bubble at the end of the
first stage, and
VTRANS = volume added to the bubble during the

second stage.
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The evaluation of VEX and VF is discussed below.

P IN

Knowing VFIN’ the 'equivalent' bubble departure diameter

can be evaluated from the following equation relating Dg

(departure diameter) and VFIN

6.3 Evaluation of V

EXP

In setting up a mathematical description of the
process, the following assumptions are made:

(i) Single spherical bubbles are formed and
released one at a time and there is no interaction between
successive bubbles.

(ii) Viscous effects are neglected.

(iii) Density of the vapour in the bubble is neglected
since it is very small when compared with liquid density and
it is also assumed that there are no pressure variations
inside the bubble.

Expansion stage:

During the first stage of formation of the bubble
the forces acting on the bubble are as follows. The first
stage ends when the downward forces equal the upward
forces.

(a) Buoyancy force = V(pPr, - Py)g, acting upwards

on the bubble. Here,
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V = volume of the bubble,

Py, = liqguid density,

p, = vapour density, and

g = acceleration due to gravity.

(b) Surface tension force = ﬂDocsin 6, acting to

restrain the bubble at the orifice. Here,

DO = orifice diameter,
o = surface tension of liquid, and
0 = the contact angle between the bubble and the
heated surface.
(c) Liquid inertial force = gt (Mve). This dynamic
e

force is set up due to the expansion velocity of the bubble
and acts to restrain the bubble at the orifice. In the

above equation

M = virtual mass [7,23] of the bubble, which is the
sum of the mass of vapour and that of 11/16
times the mass of liquid displaced by the
bubble. Since PSP Mﬁ%%VpL,
Ve = velocity of expansion during the first stage, and
te = any time during expansion stage.

Now, the base of the bubble remains stationary while the
uppermost point of it moves with a velocity equal to the
rate of change of the bubble diameter. Hence, the average
bubble velocity is the velocity of its centre and is equal

to the rate of change of bubble radius. Therefore,
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Vo= (6.1)

Equating the upward and downward forces at the end of the
first stage, and discarding P, as negligible when compared

with Prr We have

™ o + @_—<Mve) i (6.2)

VexpPrd = It

Here, sin 0 is assumed to be unity, since at the end of the
first stage a short neck develops at the site which makes
and angle of approximately 90° with the surface. In order
to evaluate the growth velocity and acceleration during the
expansion stage, for substitution in the third term above,
we need to know Re as a function of time. There is general
agreement among most investigators that the radius-time
relationship in nucleate boiling bubble growth is approxi-

mated by the following equation:

L
R = Bt* (6.3)

oxr
v

%ﬂ83t3/2 (6.4)

where B is the growth constant, which will be treated in
more detail below. Various expressions have been proposed
with limited success for the growth constant B which is a
function of the thermo-physical properties of the liquid

and the superheat. Making use of the above equation, the



111
growth velocity and acceleration during the expansion

stage of the bubble can be derived:

-1

dRe l 2
v, = — = 3Bt (6.5)
e 27 e
dtg
and
2
dve d Re _ 1 ~3/2
il e the (6.6)
e e

Consider now the second term on the right-hand side of
Egqn. 6.2 which can be expanded as follows:
d

EE—(MVe) =
e

dve dM

s -+ Ve'd—_-t; (6-7)

e
. 11 4, . . L
Using M = TEVQL and V—gWR  performing the differentiation
and substituting from Egns. 6.3 to 6.6, the right-hand side

of the above equation can be simplified. The result is

& oy < 1L
dte(Mve) = 37 "eLB (6.8)

This equation can now be combined with Eqn. 6.2 to give

It
VEXPpLg = mD_o + 57 ﬂpLB (6.9)

Knowing B, DO and the properties of the ligquid, the above

equation can be solved to obtain V the volume at the

EXP’
end of the expansion stage. The radius at the end of the

expansion stage REXP can then be quickly obtained from
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6.4 Evaluation of V_,

IN

6.4.1 Detachment stage

During the second stage, the upward forces
are larger than the downward forces and the bubble base
starts moving away from the orifice. It is to be noted
that the.bubble continues to grbw during the detachment
stage, according to Egn. 6.3. The bubble is assumed to
detach when its base has covered a distance equal to the
radius REXP of the force-balance bubble (i.e., the bubble
radius at the end of the first stage). This departure
criterion is based on the observation of a number of

barbotage systems by Kumar et al. Expressing the bubble

movement by Newton's second law of motion, we obtain,

1] — ) —_
(Mv') = VpLg WDOO (6.10)

QleJ
jan

where the velocity v' pertains to the centre of the bubble
and is made up of the velocity of the centre due to
expansion %% , and the velocity vy with which the bubble

base is moving. Therefore,
v = v, + =— (6.11)

Expanding Egn. 6.10 and introducing Egn. 6.11 in Eqgn. 6.10
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and simplifying, we get,

Q,
=

b 11
+ v v - - 4
M IE b T3 Pr9 ™ o 57 ﬂpIB (6.12)

Consider now the left~hand side of Eqn. 6.12. Once again

using M, the virtual mass as %%VQL, V as %WR3 and Egqns. 6.3

and 6.5 without subscripts, the left-hand side of Egn. 6.12

becomes,

jo))

v
M P + v 1l

dv
dM _ b 3, 15
aEt T 16 PV oaE t T PPyt (6.13)

[o})
(—'-
o’

Combining the above equation with Egn. 6.12, we get,

dv
11 b | 11 s Lk _ 11 Y
T6 PLY @& * 7§ TPLB Vpt = Verd m ™o - ggmop Bt (6.14)

Dividing by EL—p throughout and eliminating V by means of
g T6°L g

Egn. 6.4 and simplifying, we obtain,

Vb _16, 3% _ 1 12%° g (6.15)
at " I1977F% c/2 1T o B° 7 2 . .
dx

Setting vy = 3o where x is the distance moved by the bubble

base from the orifice, Egqn. 6.15 becomes

D o
d’x _ 16 3 dx _ 1 12 “o 8
BT I Y T 2Ear T 77 o 2 (6.16)

Egn. 6.16 is the equation for the translational motion of
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the base of the bubble during the second stage.

6.4.2 Solution of equation of motion

The above equation of motion (6.16) was
integrated numerically using a fourth order Runge-Kutta
formula with a time interval of 0.001 sec. This is a
straight-forward calculation which gives x as a function
of t until the breakoff criterion, namely x = R is

EXP

satisfied and the bubble detaches at tFIN' The initial

conditions for this integration are: ' e

at t=tEX

b
x =0
and
dx _
at = O
The final volume V can then be obtained directly from

FIN
Egqn. 6.4. It may be noted that the above analysis neglects

the volume of vapour contained in the neck.

6.4.3 Growth constant

For the growth constant to be used in Egn. 6.3

resort was made to Scriven's work [37]:

X

1
72

R = 26 (at = Rt
where
L oL o h C. - C -1
8= 2(3) % %ar|-9(-£9 4 (L 79y o (6.17)
i o1, CL CL

where
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AT = superheat,

hfg = latent heat of vaporisation,
Cg = gpecific heat of gas,

CL = specific heat of liquid, and
o) = thermal diffusivity.

As indicated earlier, this expression is valid for large
C. AT

h
fg
and Jameson's experiments satisfy these conditions.

values of B and the dimensionless superheat

Saddy

6.5 Results and Discussion

The recent experimental work by Saddy and Jameson
[35] is used here for comparison with predicted values of
bubble departure diameters and times. Saddy and Jameson
measured these quantities for bubbles growing in unifbrmly—
superheated acetic acid and water from a nucleation cavity
of radius 0.022 cm. The properties of acetic acid and
water at various superheats are reproduced from their work
in Tables 6.1 and 6.2. Tables 6.3 and 6.4 give the value
of B for these liquids as evaluated from Egn. 6.17.
Table 6.5 compares the experimental departure radii and
times as reported by Saddy and Jameson with the predictions
from the present work. It is seen that the agreement is
very good for both liquids.

In the theoretical development, viscous effects were

entirely neglected. Justification of this is given by Saddy
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Table 6.3. Theoretical growth parameters for acetic
acid (Scriven).

T B
(°C) (cm/sec’)
120 0.178
121 0.265
122 0.352
123 0.438

124 0.522
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Table 6.4. Theoretical growth parameters for water (Scriven) .

T B8
(°C) (cm/sec%)
102 0.476
103 0.713
104

0.950
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and Jameson, who showed that when the translational
Reynolds number

the viscous forces are negligible when compared with

inertial forces and may therefore be neglected.




CHAPTER 7
SUMMARY AND CONCLUSIONS

The work reported here and the conclusions drawn

may be summarised as follows:

(1) For the first time, bubble growth rates, under
constant-pressure-supply conditions in pdol
barbotage and determined using high-speed cine
photography, were reported. Distilled water,
acetone and hexane were used as the test
liguids and air as the injected gas.

(ii) A theoretical analysis of the problem of
bubble growth under constant-pressure-supply
conditions was performed. The theoretically
predicted growth rates were found to be in good
agreement with the experimental data.

(1iii) Bubble departure volumes and frequencies,
determined by the stroboscopic method, were
reported for a wide range of air flow rates for
the three test liquids. The data for water
agree well with data available in the literature.
For acetone and hexane, no other data source is

known to the author.
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(iv) A quantitative comparison of the bubble growth
rates, departure sizes and frequencies in

pool barbotage and saturated pool boiling was

presented. The conclusions drawn are:

(a) The experimental bubble growth rate
results in saturated pool boiling lie
between the growth rate results
determined for the two extreme cases in
barbotage, viz,‘the constant—-volume case
and the constant-pressure-supply case.

(b) The bubble departure sizes in pool |
barbotage and pool boiling are comparable
in magnitude in the static regime (i.e.
at very low gas flow rates in barbotage
and very low heat fluxes in boiling).

(c) Barbotage frequency data obtained from
the present work and from literatufe and
boiling frequency data overlap over a wide
range of bubble departure diameters. For
larger diameters beyond this range, the
barbotage data fall completely outside
the boiling results (see Fig. 4.3).

(d). Both the barbotage data and the available
boiling data indicate that in general,
'bubbling frequencies decrease with increasing

orifice (or cavity) sizes.



(v)

(vi)
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The above comparison of pool boiling and pool
barbotage data indicates that barbotage can
serve as a good analog for boiling.

It was shown that the two-stage model developed
by Kumar et al. to predict bubble departure
diameters in barbotage, can be successfully
applied with suitable modifications for the
prediction of departure radii and times in
nucleate boiling in uhiformly—superheated

liguids.
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APPENDIX A

FORCES ACTING ON A BUBBLE FORMING AT AN ORIFICE

(OR A NUCLEATING CAVITY)

This appendix presents the general expressions
available in the literature (barbotage and boiling) for
the various forces acting on a gas or a vapour bubble.
Beiow, where the subscript "g" appears it is understood
that this applies to either gas or Qapour. A basic
assumption involved is that the bubble is spherical at

all times till departure.

Static Forces

1. Surface tension force = WDOG sin 06, where DO

is the diameter of the orifice or a nucleating cavity

as the case may be; 6 is the contact angle between the

bubble and the plate surface.

2. Buoyancy force = % DsApg, where D 1is the

'equivalent' diameter and Ap is the difference between
the densities of liquid and gas or vapour.

3. Excess pressure at bubble base (equivalent to

a loss of buoyancy due to the fact that liguid pressure

does not act over the bubble base).

i31
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2 _ 2
TrDo(pg pL) _ mD 2o
Excess pressure force = ) = 5 ,
since
- p. = 20
Pg Py, D
Dynamic Forces
1. The liguid inertia force: This is a consequence

of the force necessary to accelerate the mass of the gas
or vapour in the bubble along with some equivalent mass

-of liquid surrounding it [23].
inertia force = C—1—-(Mv)
dt*

where M is the (virtual) mass [23] of the gas or vapour
in the bubble and that of Y times its volume of liquid
surrounding it. The symbol § is a constant which is
assigned different values (normally 1/2 or 11/16) by

different investigators, i.e.,
M = V(pg+ pr) ’

and v is the velocity of the centre of the expanding

dR

bubble and is equal to IF

2. Viscous drag force: This force is assumed to

depend on the velocity of the rising bubble.

2
viscous force = C WRZ(%%

N

a Pr

where Cd is the drag coefficient. Another expression
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available in barbotage literature alone is as follows:

viscous force = 6wuLR%%

where My is the liquid viscosity. This assumes that the

bubble at any time is moving at its 'Stokes' velocity.



APPENDIX B

PHYSICAL PROPERTIES OF WATER, ACETONE AND HEXANE

Property Water Acetone Hexane
Grade single distilled commercial commercial
(purity 99.5%
by weight)
Temperature at
which fluid 100°C 20°C 20°C 20°C
properties
are quoted
Density (gm/cm3) 0.9584 0.9982 0.7915 0.6600

Dynamic viscosity 2.82 x 10°% 10.05 x 10”° 3.16 x 10-% 3.26 x 10-°

(gm/cm sec)

Sur face tension

. 72. 23. .
(dyne /cm) 58.8 75 3.7 18.43
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APPENDIX C
CALCULATION OF BUBBLE VOLUME

The volume of a bubble (at any instant dufing
formation) was determined from the frames of high speed
motion pictures in the manner described by L'Ecuyer and
Murthy [26].

1. The picture frame from which the bubble volume
was to be calculated was projected on a screen.

2. An enlarged tracing was obtained from the
projected image.

3. The enlarged outline of the bubble was divided
into a series of truncated cones by means of horizontal
lines. Figure C.1 illustrates one such outline.

4. Assuming the bubble to be symmetrical with
respect to the orifice axis, the 'enlarged bubble volume'
was computed from the following expression. The meanings

of the symbols are apparent from the figure.

: n-1
_T - T 2 4 g2
V=3 H, (3R, H) + iil 5 Hz(di +dr gt d;d; g
T 2 2
Toogy Haldpy tdpg dndn+l)

5. The true bubble volume was computed from the

135
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Fig. C.1 Enlarged bubble outline
for volume calculations
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enlarged values by the application of an appropriate

scale factor.t

T The scale factor was obtained from a picture of a scale

in the plane of the orifice axis.



APPENDIX D

METHOD FOR FINDING THE TRUE FLOW RATE

OF AIR THROUGH THE ORIFICE

Assumptions

l. Air is fully saturated when it leaves the
saturator.

2. The pfessure drop through the saturator is
assumed to be negligible as compared to atmospheric pressure.
Consequently, the pressure and temperature conditions are

the same at the rotameter and the ante-chamber.

It is well known from thermodynamics that in a
gaseous mixture, the volume fraction of one component is
equal to the ratio of the partial pressure of that component
at the temperature of the mixture to the total pressure of

the mixture. That is,

\Y \Y% P
vap _ vap - Vv
Y + vV B D.1
mix vap air Piotal
where V_. , V and V_. are the volumetric flow rates of
air vap mix :

air, vapour and mixture, respectively, at the total pressure
while P, is the partial pressure of the vapour in the ante-

chamber and Piotal is the total pressure (same in ante-
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chamber and rotameter).

Example:

Let the liquid be hexane. The manometer reading is
2.5 inches of liquid. The temperature of the system is
72°F and the flowmeter reading is 552.5 cm®/min. From tables,
the vapour pressure of hexane at 72°F is 133.5 mm of mercury

absolute. Substituting the relevant values into Egn. D.1

we have,
v
vap - 133.5 x 13.6
\Y + V_. 2.5 x 25.4 x 0.827 ¥ 760 % 13.6
vap air
= 0.1745
Therefore

\Y
vap

I

0.1745 Vv + 0.1745 x 552.5
vap

Solving for Vvap ’

il

Y% 117 cm®/min

vap

Thus, the total flow through the orifice is

It

Flowmeter Reading + Vv 552.5 + 117

ap

Il

669.5 cm®/min .



APPENDIX E
BUBBLE GROWTH RATE DATA

This appéndix presents tabulated data for the
bubble growth rates obtained during the experimental
investigation in the present work. Three bubbles were
analysed for each test liquid for each flow rate. Data
were obtained for three such flow rates for each ligquid,
giving a total of 27 bubbles. The systems for which data
were collected are summarised in Table 3.1. The profiles
of bubbles during growth are presented after the tabulated

data (Figs. E.l1 to E.9).

Bubble Identification

Each bubble analysed is identified by a code in the
following tables. The first letter in the code refers to
the first letter in the name of the liquid tested. The
three air flow rates for which bubbles were analysed are
classified as low, medium and high in the increasing order,
and are referred to by the middle letter in the code. The
numbering in the code refers to the number of the bubble
analysed. For example, W-L-2 refers to the second bubble

analysed for the low flow rate (4.07 cm®/sec) for water.
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Symbols indicated alongside the codes are used for

identifying bubble numbers on the graphs.

Zero Time

Reference is made to the explanation given for zero
time under Sec. 3.4.4. According to this, a bubble for
which the starting frame number is other than zero belongs
to Category I and a bubble for which the frame number is

zero to start with belongs to Category II.

Symbol

The symbol '-+' which one encounters while progressing
along the frame numbers indicates that the frame number at
which it is pointing is the frame corresponding to the
end of the formation of the primary bubble (i.e. end of
'neck' formation) and the beginning of the appearance of
the secondary bubble. ‘As explained in Chapter 3 the growth
rate curves presented in Figs. 3.10 through 3.18 were
plotted taking this frame as the one corresponding to the
end of the formation period. The last frame in the series
for each bubble corresponds to the time at which the
secondary bubble, which rises as part of the primary
bubble, actually severs its connection with the hemispherical
interface at the orifice. For a further discussion in this

regard, reference is made to Appendix F.
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NOTE: Numbers on top of
profiles indicate frame
numbers from zero time.

Fig. E.1 Growth profiles for bubble W-IL-3
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Fig. E.2 Growth profileé_for bubble W-M-3
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Fig. E.3 Growth profiles for bubble W-H-3
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Fig. E.4 Growth profiles for bubble A-IL-2
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Fig. E.5 Growth profiles for bubble A-M-3.
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Fig. E.7 ' Growth profiies for bubble H-L-2
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Fig. E.8 Growth profiles for bubble H-M-3 ' g
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Fig. E.9 Growth profiles for bubble H-H-3



APPENDIX F
FURTHER DISCUSSION ON BUBBLE GROWTH RATES

In Sec. 3.4.4 it was observed that a bubbie

appearing at the orifice after a definite 'waiting period'
has a growth curve essentially the same as that of a
‘bubble that begins its life period as an approximately
hemispherical interface (waiting period equal to zero).
It was also pointed out that there is no significant
variation in the shapes of the growth curves of any
particular bubble plotted according to the following
two different criteria with regard to the end of the
formation period:

1. The life cycle of a bubble ends with the
formation of a neck (see Fig. 3.6) just prior to the
appearance of a secondary bubble.

2. The life cycle ends when the bubble (primary
plus secondary) just severs its connection with the
orifice and departs.

This appendix presents evidence for the above obser-
vations in the form of Figs. F.l through F.6. Figures F.1l
through F.3 are basically reproductions of Figs. 3.10, 3.13

and 3.16 giving typical growth curves for bubbles starting
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Fig. F.1 Bubble growth curves of Category I
and Category II bubbles {(water)

WATER
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0.8- after a waiting period. P
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|
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ACETONE
| O Air flow rate 8.64cm>7/sec 2
' © Bubble | (A-L-1) A
A Bubble 2( A-L-2)
O3~ O Bubble 3(A-L-3) ug
X Bubble originating after @ A
0.8~ waiting period (A-L-4) Dd(
0.7
A b
o 0.6 =
o X
~ A ©
A X o)
X
0.3 €§(3
o8 N
028
X
O.l
0 | l I I ! I | I | |
O Ol 02 03 04 05 06 0.7 08 09 1.0
i‘/'rd

Fig. F.2 Bubble growth curves of Category I
and Category II bubbles (Acetone)
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HEXANE
| O Air flow rate 8.1cm/sec | B
© Bubble T (H-L-1)
0.9l A Bubble 2(H-L-2) o .
' O Bubble 3(H-L-3) ¥
0.8l X Bubble 4.Bubble originating o
' after a waiting period.
0.7 Q
0.6
o a R
Q\: 0.5 o)
0
0.4— A X
0]
0.

d 02 03 04 05 06 07 08 09 10
t/t4

3 .
B X |
0.2 X
0.1 i
oL 1
0 O

Fig. F.3 Bubble growth curves of Category I
and Category II bubbles (hexane)
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WATER

Air flow rate 32.5 cm3/sec ®

Ox
X  Growth rate for Bubble 2(W-M-2) ©

until "neck" formation o

® Growth rate for Bubble 2 o

until actual detachment

©

X

0

Ol 02 03 04 05 06 07 08 09 1.0
1/t

Fig. F.4 Bubble growth curves corresponding to

the two departure criteria (water)
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ACETONE
_ Air flow rate 19.65 cm3/sec ®
0]
X Growi;|h rate for Bubble 2 (A-M-2) o X
- until "neck" formation o)
o

® Growth rate for Bubble 2

— until detachment .

© X

[ O

u XOX

O]

Ol 02 03 04 05 06 07 08 09 10
t/14

Fig. F.5 Bubble growth curves corresponding to
the two departure criteria (acetone)
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HEXANE

Air flow rate 15.6 cm3/sec |
1.0~ X Growth rate for Bubble 2 (H-M-2) ®

until "neck” formation o o)
0.9~ © Growth rate for Bubble 2 X

' until detachment O]
0.8
© X
0.7+
© X
0.6}
O]
0.5~ X
0}
0.4 X
0]

X
0.3 o
0.25-
O.1F

0 | I | I | | I | | |
O O 02 03 04 05 06 07 08 09 1.0

t/14

Fig. F.6 Bubble growth curves corresponding to
the two departure criteria (hexane)
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with a zero waiting time (at the flow rates quoted therein),
bﬁt superimposed on these graphs are the growth curves of .
bubbles that originate after a waiting period. The end
point for these curves again corresponds to the 'necking'
point. A growth plot of one such bubble is given for each
liquid and it is readily evident that the growth curves of
the latter show no significant variation when compared with
the rest.

Figures F.4 to F.6 present the growth curves of
typical bubbles, each plotted according to the two different
criteria above for the end of the life period of a bubble.
It is apparent that differences in the growth curves arising
from these two different criteria are not significant,
especially when one considers the stochastic nature of
bubble growth as evidenced, for instance, in Figs. 3.10,
3.13 and 3.16. Table F.1 gives the values of growth
exponent n (method described in Sec. 3.4.4) for the two

cases. It is seen that the values are very close.



Table F.1.

Liquid

water
acetone

hexane
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Values for bubble growth exponents 'n' for
the two cases discussed in Appendix F.

Bubble Growth

1 ]
Air Flow Rate Exponent 'n

3
cm*/sec Till 'Neck' Til1l
Formation Detachment
32.50 0.75 0.71
19.65 0.83 0.82

15.60 0.62 0.60
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APPENDIX G

GROWTH EQUATION R* = o USED

FOR BARBOTAGE DATA

It was stated in Sec. 3.4.4 that in order to
compare barbotage and boiling growth rate data, the barbotage
data was recast to fit a growth eguation of the form
R* = en, where R* = R/Rd’ 6 = t/td, and n 1is the growth
exponent.

Now, the above equation implies that the R* vs 8
curve passes through the point (0,0) in rectangular co-
ordinates, whereas the bubble growth curves in Figs. 3.10
through 3.18 are seen to possess finite ordinate values at
zero time. An estimate of the error introduced in the
average growth exponent n due to this discrepancy was
determined in the following manner.

Let VO be the volume of the bubble at zero time and
V the volume at any time t during the growth period. V—VO
then gives the increase in volume in time t—to (=t) and if
one were to plot the equivalent radius corresponding to
V—VO vs t over the whole growth time in rectangular co-
ordinates, one obtains a curve that passes through (O;O).

A best fit growth equation of the form R = at” or R* = g%
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(in the non-dimensional form) can then be applied 'with
rigour' to describe the data. Applying this procedure
together with the least squares fit, values of growth
exponent n were obtained for one bubble for each liquid
for each flow rate and compared with the n values
obtained originally (i.e., without any modification to

data as described above and given in Table 3.5). Table G.1
compares these values of n obtained with and without
recasting the data as described above. The worst case
seems to be that of hexane at the lowest flow rate, where
the percentage variation is 28. However, considering the
statistical variation of about 20 per cent existing in the
growth rate of individual bubbles for any one flow rate,
the above variation is not considered to be significant.
Further, in spite of the individual variations existing in
the two methods describéd, it is noteworthy that no value
of n obtained by the method described in this appendix falls
outside the range of n given in Table 3.5 for the barbotage
data. In view of the above considerations it was decided

n

to retain application of the equation R* = 6" to barbotage

data obtained in the present work in its original form.
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APPENDIX H
EQUATION OF MOTION FOR AN EXPANDING BUBBLE

The equation of motion for an expanding spherical
bubble boundary can be derived by considering the motion
of the liquid surrounding the bubble. Consider a spherical
bubble in an incompressible liquid of infinite extent and
let the origin of co-ordinates be at the bubble centre
which is at rest. The radius of the bubble at any time
t is R, and r' is the radius to any point in the liquid.
Then, if in addition it is assumed that the liquid flow
is irrotational, the velocity of the liquid can be derived

from a velocity potential ¢ given by
¢ = R?R/r’ (H.1)

and the Bernoulli integral of the motion is,

Q2
o

p(r') _
(Vo) 2 + —EE—— = poo/pL (H.2)

1

=l
+

N

where R = g%; p(r') is the pressure at r' and p_ is the

pressure at a large distance from the bubble. Also, from .

Egn. H.1,

(Vo)2 = R¥R2/x'" (H.3)

179
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3¢ _ . .
== = , (2RR? + R2R) (H.4)

i

Equation H.4 will be applied at r' = R so that the equation

of motion for the bubble radius is determined. Now,

3¢ e . v
(%) pr=g = 2R® + RR (H.5)
(Vo)Z,_p = R® (H.6)

so that Egn. H.2 becomes

P(R) - pw _ 3&2

4+ RR . (H.7)
Pr,

Equation H.7 is the general equation of motion for a
spherical bubble in a liquid and with the pressure at the
bubble boundary p(R). Now, the instantaneous éressure
pb(t) of the gas in the bubble can be obtained from Egn. H.7
by accounting for the increase in pressure across the gas-
liquid interface due to the surface tension along the
interface. That is,

20

Pplt) - 27 = p(R) (H.8)

Substituting Eqn. H.8 into Egn. H.7 one obtains
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This equation is used further in Chapter 5.



