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ABSTRACT

The possibilíLy of the existence of a bound state of

a hydrogen molecule and a positron is invesËigated using two

approaches,

First, a variational calculat,ion of Ëhe energy Ís

performed using a wave funct,ion which represents a posítronium

atorn bound t,o a hydrogen molecular Íon"

Second, a lrave equat,íon describing a positron moving

in the field of a hydrogen molecule 1s studíed.

NeiLher line of investigaËion indicat,es that Ehe

posÍËron r^ril1 form a bound staËe wíth a hyclrogen moleculen These

resulLs are inconclusive, however, due Lo the naÈure of Éhe

variaËional rneËhod,,usedo This nethod can, under favourable

circunstances, conclusively dernonstrate the occurence of binding.

However, failure to demonstrate bÍnding, as occurs in the present

caae, does not mean that the system.studied is necessarily not

bound"
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CHAPTER I

INTRODUCTION

The exisËence of Ëhe positívely charged elecËron, or posi-

Eron, was predícËed by Dirac in 1928, and experimenËêlly verified
soon after" 'Ihe experimental veriffcaËion was accomplished by study-

ing the electron-posiËron paírs creaËed by f-radiaLion from radioaçtÍve

sourceso rn the sËudy of che reverse process, Y-r"y creat,ion from an

electron-positron pair, it was found ËhaL the trao particles could form

a quasi-stable two-parËícle atom sinilar Ëo the hydrogen aEomo

The existence of this electron-positron bound state wâs

demonstrated by measuring the lifetimes of positrons in differenE

gaseso rË was found thaË, in addírion Èo Ëhe componenË due to the

annihilation of free positrons, the decay curves had a conponent r¡hÍch

was easily explaíned in terms of this electron-positron pair. This

system ç¡as named 'rposit,ronium" by lJheeler ín L946,

The main difference between posi.tronium and Ëhe hydrogen

aËom is LhaÉ Ëhe reduced ruass of positronium is about one-half that

of che hydrogen aËomo This results in an increase in Ëhe linear dÍm-

emsions of the posltroníum at,ortr by a factor of two, and a reduct,ion

by a factor of one-half in the energles of the ground and excited

sËates, as compared to the states of the hydrogen atom"

Two types of annihilat,ion of the posiEron-eIecLron pair

are possible from the ground stêt,e of positroníumo rt can be showr,l

Ëhat Ëhe singlet, state of positronium resulËs in Ëwo-phoron anníhil-

at,ion, while Ëhe triplet, state resulËs in three-phoËon annihilaËion.

De Benedet,Ei and H.
L96, (L954),

1, s"
!_,

Corben, Ann. Rev" of Nuclear Sci.
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lifeËimes of Ëhese Lv¿o sËates are ru l.\5x\Õ-'4 sec" for

posiËronium, and -l "'{ ^ 
\, -" sec. for EripleË posiËro*i,rt. I

Positronium is noË Ëhe only bound sysËem of whích a posiEron

can be a membero Theoretical investigations have shown that sysËerns

consisEing of Ewo positroas and an elect,ron 2 
^nd trto electrons and

,
a posiEron - both have posi-tíve binding energíes agaínst dissociatÍon

into their constiLuenL parËs, whÍIe a system of a negaËive hydrogen

ion and a positron has a positíve binding energy against dissocation

Ínto a hydrogen atom and posiEronium" 
3'4

tn Ehe oËher hand, positrons will noL bind wiËh all aËoms

or molecules. In particular, investigaËions by Oczkowskis indÍcaCe

thax a posiEron w111 noc bind wiËh atomic hydrogen, or wiËh helium"

The object of this thesis is Eo invesLigaËe Ëhe system of

a hydrogen molecule and a positron. The approaches employed wÍll be

Ër+ofold. FirsË, the behaviour of positronium in the viciniËy of a

+
hydrogen molecule ion (H2 ) will be investigated, and second Ëhe

behavíour of a posÍËron near a hydrogen molecule (H2) rqill be con-

sÍdered.

A" I,lheeler, Ann" N.E-lLcad. Sc:Li.48: 2L9 (L946>

Or", No. 5, Bergen, NorwaY (1952).

trÞrewych, Thesís: Thq Interaglllqn qå-e-Egs:LgleI! wåËh NegaËíve
Ilydrojen lonrUníversiLy of ManiËoba, (1961)"

Oczkor,¡ski, Thesis: The Sysrern of
Universicy of Manitoba, (1961)"
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CHAPTER II

REASONS FOR CHOOSING TIIE TT{O LINES OF INVESTIC.ATION

The Schrodinger equaËion for a sysËem of two proLons and

one electron, the hydrogen molecular ion, has been eolved numericaLly
1

by Burrau. The system shows a minímum energy of - 16.39 eov.

against infiniËe separat,ion of aLL components, and this value occurs

aË aninter-proton separat,Íon of 1,0óo, ot 2 ao, ruhere ao is the

firsc Bohr Radius"

The hydrogen molecule iËself has a rn:inimum energy of

- 31.78 eovo agaínst, infiniLe separaËion of all constiLuent, partÊ,

and Ëhis value occurs at an inLernucLear sepgrêt,ion of ,75lAo or

1$0 a6. Graphs of Ëhe energÍes of a hydrogen molecular ion and a

positronium atom (Curve II), and of a hydrogen molecule plus a posi-

tron (Curve I), plotted as a funcËíon of R, the separation of the

protons is made Ín Figure I" In Curve II, the molecular ion and Éhe

posÍtroniua atom are assumed t,o be separaËed - the energy of int,er-

action between the two systens is neglecEed" In Curve I the posÍËron

is assumed to be not bound to Ëhe molecule.

t
un its "f

A

Figure I

Ou Burrau, Kgl. Danske Vidensk Lelskab:
vii, L4 (L927).

â.

zIo

R.¡/to

Lo Math-fys. Meddelelser,
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The presence of a positron completely separaËed fron the

molecule (Curve I) does not affecË the energy curver and thÍs curve

is acËuaLly jusL the energy of Ëhe molecule plotted as a function of

Ëhe internuclear separationo The presence of the posiËronium atom

completely separated from the hydrogen molecular ion (Curve II) has

the effecË of adding Ëo Ëhe energy of the molecular ion a constanL

amount - the energy of the Positronium atom. ThÍs consÈant amount

has a value of .50 ín units of, "2l2ao. Therefore Curve II is merely

the graph of the energy of the molecular ion plotted as a fuoction

of R, but shifted downrpard by one-half a unito

inle shall now discuss qualiLatively the two approaches we

shall empl.oy in investígaLing Ëhe inLeracLions of these fÍ-ve parËicles.

i,le shall first assume EhaË the positron is bound to the mole-

eule, and qualitatively examine the resulting configuration' Since

Ëhe elecËronic lqave funcLion for the hydrogen moLecule 1s greatest in

Ëhe region betr¿een the nuclei, Ëhis would be Ëhe region which attracts

Lhe posí.tron. Coulornb repulsion wfll then cause Lhe Lwo ProLons to

re-adjust themselves furLher apâxt. Ëhan Ëhe equilibrium dÍsËance for

the molecule itself. At the same time Lhe net charge, neglecting

Ëhe protons, ís -e. This configuration (i-.e. Ëvto proËons furEher

apart than in Ëhe hydrogen mo1ecule, and a net charge of -e distributed

principally in the region betv¡een the nuclei) Ís the same sorË of qual-

iËaLive description which could be applied to the hydrogen molecular

ion" It would, therefore, be not unreasonable to expecË a graph of

E vs R for the molecule-pLus-positron sysEem Ëo have a shape simflar

to that of Che molecular ion plot, \,tith the minimum occuring at a
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value of R larger than R¡1r, and perhaps approaching the value of
'f

*",'

rË r+rill be noËed that the tpotenËial well" for Er+ is wider

Ëhan the welL for the molecule. This means that the curvature of the
+

\ wel-l, near the mÍnimum, is less Ëhan the corresponding quantlty

for the molecule' rf we consider the lowest vibratÍonal leveLrof

energy ä I t¡ , in such a well, and use the semi-cl-assfcal argu¡nent,

that Ëhe averêge poËentlal- energy ís one-half the Ëotal energy, we

have

't 
!J

2-L

, l-ì
where 'J ^ 

- represents the posítion which the parËicle in the wel_l

would occupy in order t,o have the kinetic energy at this position

equal to the average kinetic,j.ïgy. 
i ,+-_ r X'-t I -:i..* ì o

Í{e sould write U É* = i "1.,, 
j

rn considering these trúo potenËiaI welrs, the one wíth the

greater curvature Ís Lhe one r^rÍrh the great,er angular frequency L,j ,

and Ëhus Ís the one with Èhe leasË value of * Xã

In thls case thÍs would be the well for the molecuLe" This neans that

the r¿ave function for the molecule, plotted as a functíon of Rn would

occuPy a narroü,er region Ëhan Ëhe wave funet,ion for Ëhe nolecular ion

plus separated positronium system, Ëhese regÍons being cenËred about

Lhe mi.nfmum of Ëhe well in each case.

r , aì
l- rlil ',) 

^
êÀ-

J- È'= 1,.a- \

Assuning LhaE Lhe pgsitron is

we now consider the relat,ive transitíon

sysËem and the system of a molecule and

hand, and bet¡seen the former system and

bound to the hydrogen molecule,

probabilities beti"reen this

a separat,ed positron on one

the sysËem of a molecule ion
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and a separaËed posiËronium aton on che oËher"

The probability of a transítÍon beËween any tr,ro staLes 3

denoted by ?,
:hand 'Ì;" .1 will depend, to a large exËent, on

Ehe amount of overLap of the two funct,ions" This can be described in
terms of Ëhe overlap integral for the tr.ro staËes, whích ls denoted

( Ç,, iil^ )" i'Ihen chis overlap is smaL1, there is a small probabilíty

of transit,lon between the tr,Jo staLes, In other words, a large overlap

of wave funcËions is a necessary, but noË sufficÍent, condit,ion for

targe transiËÍon probabilÍËies between the states defined by the func-

tions" An exaeË calculation of the transition probabiliËÍes çrould trave

to Lake Ínto account the mechanÍsm by which Ëhese transit,ions take

place, but the princlpLe sËat,ed above holds Ërue in nnost, cases.

This procedure, when applied to radíative transftions between

vibrational levels of molecules, is well-known as the Franck-condon

-2prl.nc].ple.

Let us consider a gtap}:^ of E vs. R for the system of a hydrogen

molecule pLus a bound posiËron, assuming for the moment thaË Ëhe positron

ls indeed bound; If , as r¡ras reasoned previously, this graph resernbled

more the graph of E vs" R for the molecular ion plus free posicronium

than the corresponding graph for the molecule plus free positron, then

Ëhe overlap between ground state wave functíons for Ëhe bound system

and the molecular ion pLus free positronium r¡ould be greaËer Ëh¿n the

overlap bett¡een the ground staËe wave funcËion for the bound system and

the system of molecule plus free positron. This, in Eurn, would me¡.n

tllaL Ëhe transit,íon probabillty in the forruer case would be greater than

2. W. Kauzzsann, QuanË,u{ CEemistry, Academic press, (1957);pp. 664, f,f ,
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the transition probabÍlity ín Ëhe latter case.

A hydrogen molecule has an energy of -31n95 eovo, rahire

the energy of a molecular ion is -16.39 e.v. since the energy

of a free positronium atom is -6.80 eovo, a positroníum atom

would have to be bound to a molecular ion ¡¿ith a binding energy

of 8.76 eov. in order thac the system be suable against dissoc-

íaËion int,o a molecule plus free positron.

such a binding energy, greaËer Ëhan the energy of the

positronium atom, 1s not. likely to occur, and the bound system

r¡ould likely be unstable agaínst dÍssocÍaËion inuo a hydrogen

molecule plus free positron. However, lf, as was díscussed above,

the overLap of the r¡ave functions of the molecule plus positron

and molecular ion plus bound positronium configuraEions is small,

such a bound sysËem rnight be sufficiently long-rived such that

the llfetíme of the posÍtron in the bound posÍtronium atom couLd

be calculaËed. An investÍgatÍon Ínto molecular íon plus bound

posítronium configuration is justified for this reason.

rf we consider a positron in an at'rosphere of molecular

hydrogen, Ëhe most favoured mode of binding, from a viewpoinË of

the energies of various configurat,Íons, is a configuraËion represent,-

ing a posÍËron bound to the molecule. Therefore, an Ínvestigation

of the moLion of a positron in the field of a hydrogen molecule

r,¡i1I also be made, Ëo see if such a direct, mode of bindÍng can be

found"



CHAPTER lII

TIIE CONFIGIJRATION OF A HYDROGEN MOLECI'T,AR ION A}ID POSITRONITM

Before discussing the detaÍl-s of the invesËigation of the

conflguraËion of a hydrogen molecular ion and a bound positronium

aton, Ít will be necessary Ëo discuss the caLcuLation of upper bounds

of energies by the varlational meËhod"

The æthemaË,ical basis for the variational method is out-

lined in most eLemenËary quanËum mechanics textsol U brí"f summary

of basic ideas of Ëhe varíaËional nethod foLlows,

The postulaÈes of quantum mechanics stat,e thaü the sËates

of a physical system are in one-to-one correspondence with Ëhe elern-

ents in a HilberË spaceo Dynamical variables of the system can be

represent,ed as hermit,ian operaLors in the Hilbert space, such that

a neasurement of the variable corresponding to Ëhe operator A gíves

a value Ar, where At is an eigenvalue of A" Furthermore, after

the measurement, the systen rdill be in the state V ff , where

,Qq is an eigenfunet,ion of A such that

,i .rr'l Vq = t1 '{ù

3-1

On Ëhe oËher hand, úf the staËe of the system corresponds

to the element C,l in the Hilbert Space, the expecËaËion value of A,
I

the weighted average of all possible values of Ëhe variable corres-

ponding to the operation A, is

(n ) = i+,
3-2

-i pJ

V.r

See, for example, L"
second ediËionr(1959;

f" Schiff, @r McGraror-IIil1,
pp.171 ff.

L.



where ( Þ= f ) is r.he

If Ëhe Hilberr

is defined such Ëhat

Í .'r.,\!r {i =

where the íntegraÈion is over aLl the varÍables

the stat,es"

3-3

needed to specify

The basis for the variationaL princlpl-e is that Ëhe energy

expectat.fon value for any state .f musË equaL or exceed the least

eigevalue of the llamlltonÍan, the HamflLonÍan being the operator in
Ëhe space corresponding to the energy. This can be røít,Ëen

/ r ¡ {ì h+ ,Þ.}

{r"
I .þ. 3-4

system ü¡e are trying to

hoLds true Íf and only if

of H belonging Ëo the

o¿o

inner product, defined for the HilberË spaceó

space is a funcËion space, Lhe inner product,

state energy of the

Lhe exact ..eeuålity

is an eigenfunct,ion

i..I 
}tr ;;-î.1r

J

rÞl

r'¡here Eo is Ëhe ground

descrÍbe. Furthermore,

the sËaËe function i
eigenvalue Eou

Thís is the basis of the variat,ionaL meËhod. rt is applíed

in the following mannerå

A trial r¡ave function 'V is assumed, where { Ís a funcLion of

several parameËers, and the average energy corresponding to thls

st'at'e calculaËed, This energy t¡ill be a function of the parameters,

The paramet,ers are Ëhen varied so that the minimum energy is found.

since any sËate function serves as an upper bound to Ëhe least energy

eÍ.genvalue-the ground staLe energy-Ëhís minimum energy, found by vary-

ing the parameters, will be the leasË upper bound to the ground stat,e
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energy of Ëhe sysËem for all r¿ave funcLions of the type assumed.

The degree f:o which Éhis mínímum energy ís a measure of the acÊual

ground sËat,e energy depends on hov¡ closely Ëhe type of trial function

assumed approxirnaces the true sLaËe funct,ion of the syst,em"

LeE us no!ü Lurn our attenLion Ëo Ëhe donfiguration of tr¿o

protons, Ë!ùo elecLrons and a posiÈron. I^Ie shal1 label Ëhe t!ùo

proËons rrart andrtbtr, and the positron as rt1lr. The two electrons

will be denoted by tt2tt and tr3rr, This configuration is illustrated

in figure 2.

P+
ô

Configuration of ËT¡ro proLons, two electrons and a positron.

I,rIe shall denote as lL,¿ the distanee betr^leen ParËicles I

and 2, The dísËance \tqr will be denoEed by R"

I{e shaLl denote Lhe spin coordinaËe of the itf-h Particle
, 11-.
DYLo

The hydrogen molecular ion is a bound sysËem of t'wo proLons

ancl one elecLron" We shall neglect the motion of the proËonsrand

regard them as fixed in space. This is a re8soriable assurnpEion, since

the ratio of proLon mass t.o electron mass is 1836: Ï. The velocity

of the proEons wÍll therefore be much smaller Ëhan thaL of the electrons.

Our configuratíon will therefore consist of two fÍxed parÉicles and

three parËicles whose positions are variable" Relative Ëo the posiLions

id
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of the trdo proLons, nine coordinaËes r'rill be requíred to compleËely

specify the spatiaL orienËatíon of Ëhe electrons and positron.

We nov¡ consÍder Lhe type of wave funcËÍon we shall choose

for variaLiono

We shall assume a spin-independent HamÍlLonian"

In order to satisfy Ëhe Pauli excl-usÍon principle, the total

wave funcËion musE be antls¡rmmeËric wiLh respect to ínterchange of the

Ëço electronso Therefore, if \f denotes the ËoLal wave function,
Y

we can write

^E t ß,,iì , 11¡ ,r-n ì erpj =.'ü iß,, 6ì ; ÈB .,ç3 r En .,c-a J ,-,

Since we have assumed a spin-independent Hamiltonian, and

since there are only tr¿o identical partÍcLes in the vùave funcLion,

namely Ëhe electrons, we can wriËe Ëhe wave function as

-'ñ'Y-i,8,,fi ì iþr.-a iLSJ;-oi' :ir igr,rl\,8\J'.). tfiJ',""ri"tr;.,d-bj 3-6

uhere eLther ¡J:

ís synmeËric and

Ewo elecËrons.

ís anËisyrnmetric and ".# Ís symmetric, or íLr

'-"q Ís antÍsymmetric on interchange of the

Sfnce Lhere is no apriori reason for choosíng either type

of wave funct,Íon, boËh types will be considered,
Ì

ÌlÍÈh ËhÍs spin-free llamiltonian, Lhe funcËions t'À"\'{ji and

,-* r Íì- ,-- ij:t.\" À! br do not affecË Ëhe expectaEion value of the energy, and

we need not be concerned lrith Ëhe spin functions any further.

Let us now consider the deLails of the Lype of wave funcËion

v¡hich r,¡e shall choosen We wish to have a funcË,fon which describes a

positron bound to a hydrogen molecule, One choice of funcLfon could
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be of the type

'{ t,"f l-,:..1:,.! : -i r'. :.o-,.-. :-,; . - i. r.., I - . "..ì:^'"-'',"*- '' .-"¿ 
i..l'""'=' 

!ç!r!e'4i 3-7

!ùhere -t' !1.: -r'Ì, ?. represents electron 2 bound to the Ë,wo protons Ín

a molecular ion configuraËion, þ,,\il.s,J represenËs Éhe positron

bound t,o elecÈron 3 in a posiËronium configuration, and .t-rlll;r.j

represents the binding of tbe two systems through Ëhe aËtracËion

beËr¿een the posíLron and the electron bound to Ëhe prot,onso

This is noL an accepËable wave funct,íon frorn the point of

view that, it implies r,re can tell which electron is bound to the mole-

cular ion, and which one to the positron" In order Ëhat ''q.f have

the requlred symetry properties on ínterchange of, the Ër¿o elecËrons,

¡'le chOOSe

,Tïtt*'i
3-B

where choice of * or - sign depends on wheËher we wish Ëo refer t,o

the symnetrlc or Éo Ëhe anËis)¡mmetric spaËíal funcËíon.

trnle sha1l choose .,3,.

.' i' ' - ; -

.71 iRÍ*;*ilrr- å 3-9
./

These represenL positronium-like wave functions" For the posÍtronium

ground staLe, the coeffieient of i;L would be (2aç)-1. A

i-
value of ¡; a f;i in equatÍon (3-q) means Lhat equation (3-S)

would correspond Ëo systems of a molecular ion and a positronium atom

with no bÍndíng between themo

Our wave funcEion ç¡il-l then have the form

- 'fi\L'-* i,
.J: ì-.'i..'-' Ì- - j. I,..,",a.r.!:.-..;. o*"" 

t' 3-10
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l,üe no¡¿ must choose t tf¿**ît *i , a funcLion v:hich descríbes

the hydrogen molecular ion configuration. A good discussion of vari.ous

variatíonal funct,í-ons for Ehe ground stat,e of H2+ 1s given by pauling
2

and ÏJíLsono

The greatest problem in dealing wlth Ëhis confÍgurat,íon

(two protons, tçro elecËrons and a positron) is that mosË of Lhe integ-

raLs Ínvolved have Ër¡o fixed points - the posÍtions of the proËonso

This greatly adds Ëo Ëhe cornplexity of the resultlng expressíons for

Ëhe kinetic and poËentíaL energi-es. The problem is Eo choose a Tdave

functíon for the H2+ configuraËion which is siurpLe enough so that, Ëhe

Íntegrals ínvolved can be caLculated, and yet is a reasonably accuraËe

descriptlon of the molecular ion.

The functíon which we shall choose is

\", *+\[?¡; *+q.ftU.: 
"il-....is; = : -r 

3_11

This functÍon was first dÍscussed by FinkLestein and Horo-
a

wÍËzo' Due to changes 1n the aceepted values of the physicaL con-

stants, and the corresponding changes in the results, iË $rill be

necessary Ëo redo the work of Ëhese authors" This is done in Appendlx

III" The vaLues ¡shich give a minimum of energy were found to be

'h = 1"238ao 
1, 

R = 2a6, The minimun energy ís -15.96 e.v. givíng

a bindÍng energy against dissocíatÍon into a. hydrogen aton and a

hydrogen ion of 2.36 e"v. This compares wÍth the experimenËal value

of. 2.79t e.v, The error in the bínding energy for ËhÍs funcËion is

about 16%. The error in energy ís due Lo Ëhe fact that the wave

2" L" Paul-ing and E"B. WÍlson, Jro, ,
MeGrar.r-HÍL1, (1935); pp, 327 e t"f..

3. B" N, FínklesÈein and G. Eo llororviEz, Z.f. Phvs. !fu 118 (1928)
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functíon does noË sufficÍenËly localize Ehe eI-ectron charge densiËy

in Ëhe region between Ëhe tv¡o protons.

The ËoËal v¡ave funcËion for the Ëwo fíxed pËot,ons, trùo

elecËrons and a posiËron is Ëherefore

.-. i -irl1;.-:,- *áf¡¿.,ð,:: --¡il,tlr:*,îfrr.. , *c1 ¿l¿; *1lt:t,.b'ì *!frta,*l.lif¡¡¡
'? - * L- l '- i-1-,"* Y.- .,i i* :\t -ii- t 

3_L2

lde nor¿ proceed to calculat,e Ëhe average energy, the expecË-

ation value of the Haniltonian, as a funct,ion of the parameters .c,:d*li

and i\

trlle write Ëhe wave function as

, a ' $1"þ $r.J ï', q;+V+j
'¡ - \ -tl | ''t' * t':; 

, Whefe
)_

. .*r;(u\Ì¡,-¿ * { rtr: *înr¿ .4¿r i, 
.\id:-'' - 't;i--*-4, ftri

.r * '5-t!-''-

i\ï.¡.L-- ììïr *'1.Ì-i ì f !i;'-- l-,'l - rlt
:ì : * k-.-'- 3-13

The Hamiltonian can be wriËËen, using Gaussian uníËs, as

.I
É * .-'i,' '-, 

"-\r.t 
*'. l. -* ,rt , L 'r ;* -! - l- -.i- *; - L *l -,-I ,L

.\ ;, i ì -' - ì ' 
\iìr - !ìtL i¿:.r- :?t; ìi:-:- ia.- i.t:. [È* n:', 3; 3-14

We shall denote the HanilËonian, as it appears in equation 3-t+¡lt

3 -15

In order to perform the inËegraËions involved Ín the cal-

culaËion of the avetage value of H, the following volune elements

for Ëwo-fixed poínË íntegrals r,¡fll be usecl.

For the 3 di¡nensÍonal coordinate system illustraË,ed in

iigure 3, \ìi:."n .-¡ : l:, r.,rirere ,. is Lhe angle beLween Ëire
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plane of three points involved and a reference plane passing through

t,he Ëwo fixed poínt,s,

Figure 3.
Configuration for Two-Fixed Poínt InËegrals.

the volume elemenÈ4 is

';'1
f\

, and

$ ¡iu ¡ r,' t i"l*

t i'i't, \ t)<3

{? {>ç
For some of the inËegrals it '¡i11 be advanLageous to

Éhe prolaËe spheroídal coordinare sysrem ( g , "t,, $ ) where

F ; iTt Ì't¡1"b
!J

".'"¿. i:,?-:--l-l:*
R

) is the same as previously defined.
I

For this coordinate sysËeur the volume eLement

''U*ü7nere (\È.tL.¡UÐ

i rù"* î?a-¡

Õ

and

3 -16

3-L7

l-s

rì.*'"

{ L\ù J-

d'? "s'ar't'

: 
** L*i ^'-, -1 "'' d i

3 -18

I

*i
3

4o See Appendix I
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The conÈributÍon to the inner product ( q 
= 

'hl '# ) from

the poLent,ial energy Ëerns will be considered first.

Since our wave function is real, Lhis contribuLion can be

3 -19

where

'Q'- = Ç,n + qnt "k q': * a,t'o
'ä"t Vr'gr.3'if, ült vr'r"jtl Q.4:lVut"n*'t* {'ii" 3-20

Since there are Een terms in '"1 , and ten distinct

terms in Vt , Éhere would seem to be one hundred

inLegrals to be cal-culated to fÍnd the contribuËion Lo ( { * \* + )

,lfrour ( I r / q )" Due Ëo the s-rymmeËries of the v¡ave funcLion

and Ëhe Haniltonian, however, Ëhis number can be reduced to tÌ,üenty-six

distinct nine-dimensÍonal integrals"

These Ëerms can all be expressed as functions of the pâra-

meËers using the funcËt-lt"*u*,

and .:i:: î¿t nì
. i --r¡t?,1-l:nl iL

,4- r+rr". Lr-l ü:r¿) . i 'i e -""' 
çl;" iil;ta ¡*r-l 3-21-b

r J ."\
o 1ru* tì ri r, {" \

A discussíon and table of Ëhese funcLions Ís found in

Appendíx I, and the explicit expression for ( '4: I ¡ ¡ is found in

Appendix II,

.-Ë\:a-.

., ', 
j*'"' "'n"" 

"t 
" t i-l '- ta* tr' 3-2la

-le tk- Rlå
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l{e norrr turn our atËention to tbe evaluaËio" o$ ('.ì , 
-î 

ì
Ëhe eonËribution of the kinetic energy part of the Ha¡o1lËonÍan to
t1( l, i, : )"

UsLng Ëhe divergence theoren, we write

r- i -lt j ":' J, = *'i.' {' .it;: -t' ,_ -. .r ,
å,'rn : C, ,r':r. ,-) 3-22

îf +,.

where ,i is the Laplacían operaLor in a níne-dirnensional

space, and the integraËion is over the r¡hole of the nine-dlmensional

spaceo

WiËhÍn Ëhe nine-dÍmensional space, !üe can fÍnd a seË of

nine mutualLy orthogonaL unit, vector. í, qøi* iq =tn --' '*1 , such
LJ

ËhaË the set ( rgr. ia,{i ) is a basÍs for the subspace defin-

Íng the posÍËion of parËicle 1, ( Ê+., Qti r gu ) is a basis for

Lhe subspace defining the posítíon of particLe 2, and ( - t : --? . ?-: )

is a basis for Ëhe subspace definÍng Ëhe position of particle 3.

Assoclated v¡iËh Ëhis seL ,-11\),.åì,=t --.. -X , there wiLl be

9 índependenÈ coordÍnates ,. :.. ,- : i=, = \.

tr{e can Ëhen r¡rite

),

u-
t:]*

\T -): i-¿'ì j;

i\r!

F-.i
However ' å -i o' ,, i

q

iftË\\ ! 1\ ,.

3-23

where Yi : yr, à *- lr å * L* ,.L n and :. and rj.tr ÌK¿ ..- ,jfu ' -'---

simllarly defined. In Lhis case

. )- I - 
a I 

+ s ," Þ .a
J q:' *-,J,.i.r'ti¡tj'-t€E'li-t4i3"?"?"iy-'?r{"?r''1 t -tn" f'*. !, 3-24

8re

tr';i
.:

:. t.'., 1'

: i, å3 ; and Ëherefore
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I,Ie can Ëhen vrrlËe

and
'ì'-

. tl ¡ : b
V 'L U !

Also =, .' Fr: -" r{"-r 
¿

Since úr

'!,';¡i
ta
',i

LeË us define an origín for our coordinate syst,ems at the nidpoint

of Ëhe internuclear axis, and Iet 1Lì be the posiËion of the

ì *"h r.. parËieleo Furthermore, rùe shall define I¿"iì =È; --fi rùhere
-- (! - q

; and { can have the values l-, 2n 3, and a or bo

tr{e can then r¡rríËe

ì.¡' ii - 1\ .) r" t;:ìJ Y -,;. Liç! 
.* 

-''ìiìt 

t 
'' u":\;J'¡: 

3-26. r L t, .l : J,_" l.¡: t:1.. ¡u ¿+å
If we consider Lhe point" ß; and !.1i to be def ined by Cârtesian

coordínates iiì - 1.¡ir.lLi¿-:';;., L, = , , 1 ii l.:, it , then

i'. ', ? .\ .z', "¿,
\r"¿ j :,1'Åi*lit;*',.itï ,*.; ì, ...n11 ,- i:.. ¿1

\,,J!\

3-25

ir:- ¡ :

iì rJ-

3-27

*::
ii l;

the angl-e r*i
{, . r L'".1-, by

tLL-'r s t¡_! iì_
;-. 4 ' rn t
åLU'-¡. o !úí i

= r¿-nli i'tl;?''r{1; tu - r'i'^': ,n -'r

-i i i?;.'{+[ìi ;,
þ-l

: fL¡ [ìlr,

+
_: r¡t

+ -)T:;-*
i.t ï1r,3

1

ij

J

lne

:l

:"
t

t*

f

I

ïl:-'fi:.!ùuk¿ ''r'L

3-28



This is illustraËed in figure 4.

19.

3-29

;,.ri t\ gr, i¡

or anËisymmetric, we

3-30

gÍven Ín Appendix IV"

evaluated is the inLegral

a,

t

Lì,h.

Figure 4.

h-

,,r1. , -4, I ".''\ Lì

-v,{,

\':ù.-1.

\i'. ,¡,'-
!- I i -ir; -

i?,r;"* ;

*r\

v
r-¡ j

Therefore

¡\ I :-
-.t \'li

ir

, ,.*- I ,- .a
r*.' -ï - :- :. :'\. r i

)is
Ëo be

The explÍcit form of ( :,1 ,'î ':i

The only quanËity reÉining

the square of the uave funcËíon.

of
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i i i,
t

,t - .
/1

U

ttre can lrrí-Lee sÍnce tì, is real,

{,t l,- I-¿.f {*",\.1.
3 -31

Due t.o Ëhe symmetry of the v¡ave funcËíon wÍth respecË to

Ëhe Ër¿o elecËrons, this can be simplified to

,Qr{j = T . l-- ÌJ, l'a À '-i 3-32
ì)

Each of Ëhese four integrals aLso appears in the evalu¿t,Íon of
(
\rrr..*.l.1\ '.ri {, r-'- a . ExpliciL expressions for Ëhem will therefore

be found in Appendix IV"

The explicit value of Ëhe average energy for this trial
wave funcËÍon was prograÍ'med for Ëhe Bendix G-15D digital comput,or

aË the university of Manitoba, and values of Ëhe average energy, as

a funcËion of the four parameLers were obtained" This r¿as done for

both the syÍnetric and ant,isymmetric funct,ions. The resulËs were

as follows,

For both the symneËric and antÍs-ymmetríc functions, the

minímum value of the average energy was found to be at Ëhe values

of the parameters corresponding Ëo Ëhe separaËed systems. These

values are
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-\
a( = \.à3 B t¡-o

.\
\-Þ * {æ't û-o
0n - o s-

\-
ü-v

R. è à.ôÔ ù"<r

The values of ( E > for the s)¡mmetric and antÍ-

s)¡mmetric functions are equal rrrhen ð- = O 
e

This is Ëo be expect,ed, si.nce the effect of the exchange terms

becomes negligíble. For Ð + C , it was found

Ëhat the energy for the symmetrÍc funcËion is lower than thaË

for the anEis)¡mmetrie function for the same values of Ëhe para-

meËers.
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Sorne of the result,s of the compuËations are illustrated

in figures 5 Ls 9. These illustrations give conËours of constant

energy as Ëwo of Lhe four parameËers are varÍed. The illustrat,ions

shown vary Ì and Ð for the value of d. = \'ùlt --o-l

and two values of R;2.00ag (the value giving Ëhe minimurn energy)

and 1.51 a6, and #. and ð- are varied for

R=Z.oOa¡¡and d =.550ao-1,
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CHAPTER IV

THE CONFIGURATIO}T OF A HYDROGEN MOLECI]LE ANÐ A POSITRON

The previous chapter considered the inËeractíon of

Ë!'7o procons, two electrons and a positron from the viewpoint of a

conflguratÍon of a positronium aËom bound Ëo a hydrogen molecular

iono In thÍs chapter we shall consider Ëhe interactÍon of Ëhe same

five partícles from Ëhe poínË of view of a positron moving in the

field arísíng from interaction with a hydrogen molecule" This is
accomplished by applying the variationaL meËhod Lo a r¡iave funcËion

which Ís a product of Ëwo wave funcËfons - one which depends only

on Ëhe coordinat.es of the consEiEuenËs of the hydrogen molecule, and

the other whích is a funct,ion of Ëhe positron coordinates only. Since

we regard the two protons as fixed, Ëhis Ëype of funct,ion can be

rørit,Ëen

"\l = $,1') TIr--r,n:)
4-L

where t ( E-¡ ., ùa) is a funcríon which describes rhe elecrron

distribuËion"

The tlamiltonian can be writËen

H.T + V
4-2

r'¡here

1-l-

rlV*

-Lt {v,'
Àrrn

e-'l l
\ t-¿,o'

r V.t * Vrt)

+l- -' -! -I -L
1'l tu flrq. rì \b R rq, n ¡ b

-.!- -I tt * ¿\ +-g
[tr¡ Ìrì n", Ç
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S I !r{,ii. 
.tl, 

:Éi'l ^r , . 
Jgì 

rt, 
I 
r-ilJ- v,t j r ^rJi,jo

Then

[..!.,r tl) =

and

Lq, vqi = r' !rQ\'*t,\iti'l*r 
-;-*

whÍ1e

[.v, t) =

.\ I
!l{l 

-l\t u\r.iv! \rj
4-6

value of the energy can be r¿ritËen

4-7

!r+i'*t,!

t,xl r o!-¡',ltgI
\$

Then the average

trüe denote

'¡["t*Yj.;{r.ì^*-ùr*c''¡'[rrri --r ': -L -], *ì r"l'¡-irÌ¡J \R Þ¿o Þr¡, n¿." Ë,n=i.l_::.

J^

\L"o)r .ì a-'\ \ à

.i.¡vr,1

'i 
-\) + rH'r/

\

=!\,Tq = L \--t\gkz,"titLr,
t'-r: {J i'U*tt', 'd'rJ '

+¿'\tôl\¡l- !r \\r¡ p lY' {,ñ,*'È,u)o'"r

;#".., \ 
r Qr' L\*r l-å,-**) otn It, 

! 
À 

",

This could be regarded as Èhe average

-parËicle HanilËonian, 6(1)

{,È)

value of energy

for one



r lr)
'Q', S'
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\L.z =

v¿here lt(l) i" gÍven
(1)

bvH

lle can ÍnterpreË H 
(1) 

as beÍng the one-parËicle operat,or

r¿hose average value is the average energy of the system. { H -o'}

is Ëhe energy of the tlùo prctons and tr,¡o elecErons when Ëhey are

in the state a{ . The functíon ^{ 
"(", *5j r¿il1

therefore be a funcÈÍon describing the,ground state of the hydrogen
; ¡ '' 1+c)-þJ

molecule. The remaÍnder of Iì*-'* 
¡,¡Í11 be the average(Q' sj

energy of the syst.em due to the presence of the posÍtron. This

energy consists of the kinetic energy of the positron and the

potential energy arising from couLomb interacËi@ns between Ëhe

positron and the other constiËuënËs. t{e shal1 denote this remainder

â.s

I \it\'¡f - l åî",t8 j* <Èn)a-e
uÏrrj .,1 [ t'ra- nrsl 

i
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Hrl\)- Htt)- 1E r) = -r-^ rl
À ¡r{\

nk,* 
rm îd i 4-9

The assumpËion of a staËe funcËion of Ehe form t = liLrl lttlrirlsj
ín a calculaËion oí ttie expectation value of t{ Ls equivalent to

assuming a state funcËio' $ fe,l fox a HamilËonian given ly lt(l).

rf it can be shovrn ttr"t tl(l) has no eigenvalues ress Ëhan { Èt,>

or equÍ-valenLly, H (2) has no negaËive eigenvaluesn fox a gÍ.ven

function tX 
, Ëhen it, can be concluded thaË the posítron wÍll not

be bound t,o Ëhe hydrogen molecule if che latt,er is assumed to be Ín

the staËe 1{ . rn other words, showing thaL H(2) has no negative

eigenvalues for a gÍven funct,ion is equÍvalent to show-

ing thaË the original assurnpËion of a funcËion of t,he form

1l'ttEtì(iq¡,,,r¿) in the calcularion of Ehe average value of rhe Ëotal

HanilËonían H leads to no bound states for Èhe positron, regardless of

Ëhe choice of Qrf,.¡ , for thís chofce of '(iqtr[¡3) 
o

lle now proceed to choose the funcËion { tL.) tijj and

calculat.e Ëhe poËenüíal for the positron.

There have been many suggested $'ave funet,íons for the ground
1

sËaËe of the hydrogen molecule. The choice of funct,ion for use here

is limiËed Ëo some exLenË, however, by Ëhe presence of íntegrals of the

:-i r
t{! t

I i\o"
L

-t- -l r itntlc..,, I
n,a i'rrsf ' j

form o Since Ëhe two proËons are

regarded as fixed, and since, in Ehese inËegrals, the posÍtÍon of the

positron is also fixed, we have ínËegratÍons involving three non-collinear

fixed points.

In order Eo make Ëhe potenEial energy calculaËions feasible

a noË-Ëoo-complicat,ed form for X must, be chosen"

l-. A bibllography of hydrogen molecule calculaËlons is given by Mclean,
I,treÍss, and Yoshimine, Rev._ Modo Phvso, 32 , ztL, (1960)"

I t .. L i/- -\ e '. .-\rLãi 'n,.to'12-lÀv;
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The form of X, whi.ch we

I -,(inu"* nrs) -4[n¡l+n;.j]i, í -alnro+paq.ji{=.c\e oe-' -J+re 
+_

shall choose is

^- 
a,l n¿o+ n ¡o) li

/

This r¿as first discussed by Weinba,mr2 
"ho 

found Ëhe besË values of

the parameters &,ere R=1"40ao, t( =L'L93laOrC=3o9o The value of

the bindíng energy of the hydrogen molecule againsË dissociaËíon into

tvro hydrogen aËons, as calculated by using this funcEion, is 4.O24 eovo¡

while the experÍ¡oental value is 4.746 e"v. The equilibriurn inËernuclear

distance has an experimental value of 1.4008 a6,

We nor.r proceed to calculate the HamilËoni.r, ,t(2), which cair

csnsídered as the operator describing Ëhe energy of the system due

the presence of the positron.

Since Ëhe funcËion 4{ \Lì,[3) ís symmeËric in Lhe pos-

itions of the Lv¡o elecErons, lre csn wriËe

be

Ëo

4-L0

4-LLo(2)= -\} ri.
\ r'orr

.i)ir-*i ---4-,¡,-.
l* t

lirirc," ìilb txra) J Rtr

!

,_,r.t¡..tL3j
I/

It

i 
oln',, ,Lt,*Lì:

The expliciL calculation of the Íntegrals arísireg in equaËion

4-11 Ís gÍven in Appendix VI. Only one part,Ícular poÍnt need be dis-

cussed at, present,.

of the

which,

by the

can be

In the calculation of
¡ - a t tl a-ct ['r a'oi

form ,-* :)-Î:
J nrr

in general, are functíons of

positions of the ET.7o proEons

evaluaLed, however, by noting

r = 1¿in**nNt,
I n,'

, inLegrals

ariseo These are integrals

three non-coll-inear points defined

and Ëhe positron. Thís inLegral

uhat evaluaÈing this inËegral

2" S. hleínbau¡n, ù J@-LM.. Le 593, (1933)"
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is equívalent Ëo solving the Poisson equaËÍon

vtT = -4ii- Catr¿'rrtzui

This is simplified further by changing Eo the L f, hr Þi

coordinate system discussed in Appendix I, in whlch Lhis equation

becomes R g
-Toi = -tTl e 

o

4-L2

The solution of thÍs eguaËion ís discussed in Appendix V.

llumerical calculations of the potential show thaL Ëhe poL-

enËial has Ëwo peaks at, the positíons of the nucleio The potential

1s independent, of the angle of rotaËÍon about, Ëhe internuclear axis"

A calculaLíon of Ëhe pot,enËial along a curve { = constant, thst

is, aLong an eLlipse with foci at Lhe pos!.tforr""ot Ëhe protons, indicaËe

thaL Ëhe poËential ís a ruiniaum at the loinË ffO. The Locus of these

poinËs is the right bisector of the int,ernuclear axis. A cross secLion

of the poËenLÍal, taken along the right bísecEion of the lnËernuclear

axis, indicates a potenLial barrier at, Ëhe axis. This barrier has a

hei.ght of 24"891 e"v. The poËenËial decreases along the bisecLor until

Ëhere i-s a shallow well, of depËh .079 envo êt a distance of 1.640 from

the axis" Then ÍL begÍns to increase asymptot.ieally Êowards zeto,

approaching a form of - A/na o where [*L is the disËance along

Ëhe bísector from the inËernuclear axis"

tr¡le now proeeed to shovr thaË there are no bound sËaEes for

the positron for this poËent,ial function. We can accomplish t-his by
(2)

showing ËhaË I{'-' has no negetive eigenvalueso

LeË us consíder bound energy staËes for Ëhe one-particle

Schrodinger equatÍons correspondíng t,o ËrÂ7o potentials VrtB) and

V a l¡l , where lr iB) { V*t q) . specif ically r,¡e show
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has a bound scate with energy EZ, Ëhen Ëhere

state for V1 with the energy less Ëhan or

The proof ís quite simple. l,"t f L¡1 be Lhe wave function

çøhÍch Ís an eigenfunetion of the llam-ilËonian wiLh V¡.tU) , belongÍng to

Ëhe eigenvalue Er. Then

-f v: ù * v*r¡¡ $ = È'
il,r1\

..,.Il-

4-t3

lle assurne, f.or símpliciLy, ËhaË 'f is nornalízed.

LeÈ us now apply the variatÍ.onal- nethod to Ëhe Hamiltonian

with /r LEI , using "f as our triaL funct,ion. The average

value of the energy is

{È> = r U,H U) = Lù',i-S*t'*v',}"sj 4-L4

' [ "Ð., i -*v\+ /*!'ù) -iq,tt,-o-i ti
or {Ë>= Èxl f V', lv'-v"}üj

SÍnee vì Lgl{ V*tSl- 
. 

and since'"å*'bZ e r{e

have Ëhat t@, L'/,-'/"1 "U) ( o "

Therefore (È> t È>'

Since the average energy for any Ërial funcLion ís an upper bound Ëo

the ground sLaËe energy, r,¡hich we shall denote by Et' fL follorls thaË

È, i 1E> ( È* 4.-L5

This is what ve had set out to show"

Our nexL sÉep will be Ëo replace the actual potential in

the HauilËonÍan 
"(') 

o, one t¡hich is of lesser value at every point.

We sha11 Ëhen investigaËe to find r,¡hether or noL this lesser potenlial
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gíves rise to any bound staLes. rf ít does not,, Ëhen Ëhe greaEer poË-

enËial gives rise Ëo no bound st.ates also. If there is a bouncl stat,e

for Ëhe lesser poË,entÍal, there Ís, of course, nothing vlhich can be

said wiÉh cerËainty abouË the bound sËaËes for che greaEer one.

The lesser potential we shall ennploy is spheríca1ly syrnmetric

in a spherical polar coordinate sysEem v¡hich has iËs orígin aË the mid-

poínË of the inLernuclear axis, and has iËs polar axís along the ín¿er-

nuclear axis. i,tre then define our pot,entÍal Vr t¡) to be equal

t,o Ehe value of the actual poËent,ial v2 aË a distance along the right
bisecËor of the ínternuclear axis" If we denoLe Ëhe internuclear axis

as Ëhe line defined by 0 = 0 o Ëhen

Vr[rr, n.,f) = Vr tt rdlr-, ú) = Vr.[n,rynr o)
4-L6

Fígure 10,
Confíguration In a Spherical Polar CoordÍnaLe Syst,em

Sínce V2 is independenË of Þ , V, is also

independenÊ of dr.
I

l¡'le nor¿ sËudy the ground staÈe energy eigenfunct.Íon for the

pot,entíal V1. Thís ground sËa8e eÍgenfuncËíon r¿í11 iËself be spheri-

ca1ly s¡rrnneËric, and therefore be a funct,íon of fL only.
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The SchrodÍnger equat,ion then becomes

If we v¡riËe '''E t n\ =
L
\(

ut rrJ

- \\ !: ..tt rrJ t Jr ttÐ J. trìJ = f '-Ì-i-tzl

Lr^. it¿'

If Ë is equal Ëo Ëhe leasË

wi1l, as before, noË cross

asympËoticalIy as ru *--). ¿<;:

f igure ll"

tnl

4-L7

This ís a one-dímensional Schrodinger equaLion with Ëhe

same eigenvalue (E) as the Ëhree-dimensional oneo

We now consider the properËies of the soluEÍon of this

equaË1on as a function of E.

lde require Ehat Lhe function 'tf inj be finite everywhere,

ruhich, in Ëurn, implies '.r-tni "-+Ð as i¿ *èC . This

Ís Èo be true for every value of E.

If E is less Ëhan Lhe least, eigenvaLue Bo, Èhe functíon

wÍll not Eross Ëhe axis, and will approach a non-zero value as [r._; *'*

This is ill-ustrated in figure ll.

, then we have

4-LB

eigenvalue Eo the funcLion

Lhe axis but r¡il1 approach zero

. This is illustraÈed in

T

Figure Jl"

E (Eo

., E
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Figure lL
E =E'"-o

We now attempL Ëo show that Ëhís poËentialo V, i fr] ,

gives rise to ns bound staËeso

LeË us íniLially consider this potential for large values

of [?. .l I it ;"> "R\ 
. This porenËial can be wrirren

f r .r). tt I -

Vrrîì) : c-{ ¡l r ! ê- [:l'1a-\-L3'
into [rtb (I1xi J r¿tL ln,*.tr,o

where [L is the distance from Ëhe origin to the positron when

Lhe laËter is on Ëhe right bisecËor of the inËernuclear axis. If we

Iconsidered ;.-ït\-v

l_and ri.tb expanded 1n powers of k

(nnultlpoLe expansions), the following results could easily be obtained"

FirsË, the neË charge that the positron'sees", when t" 7ZÑ" , is

zeroo Therefore the monopole Ëerm in the expansÍon of V, does not

appearc The conËribution to the dipole Ëerms from 'k,* and

L
ñfU is easily seen t'o be zeto from the fact that, along Ëhe

right bísector of the i.nËernuclear axis, the trine joining Èhe m:idpoint

of the axis to one of Ëhe protons (thís line is the inËernuclear axis)

is norrøl to Ëhe line joining the midpoinE Ëo Ëhe posÍLron position

(on Ëhe right bisector)o I{e can also easily see Ët¡aE the dipole tern
I ,,'\..r- \-arising fron j ,fr;_;L *.- ':-i-i is zero in Ëhe following mailler'
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ÐefÍne a spherical polar coordinate system wiLh origin aË

the midpoint of the internuclear axis, and polar axis passing through

the posiËron positÍon (along the right bisect,or of the internuclear

axis)o Then, in the integration over the azimuthal angle 0*r Jdtr*,¿-l116
is symmeËric about b. = 

-if7*

in the expansion of k*
The coefflcient of à=
Ëhen be of the form

ar
i

i (tyt*"tric function) sin è
J
ù

ThÍs will give a value of zero when the integration is performed"

Therefore the leading tern in the poËential, for t? >> R

is aE least a guadrupole termo Numerical calculations verÍfy this,

for Ëhe value of lin nS 
'/r 

= -.5gg.ot"-Ao3
ìì-Ðeo

Defining a*i\* = K, !'e can write the one-

dimensionaL schrodinger equationo for large values of tL ¡ ês

-r e\ È- u- : È i'L

K c\r>a n3

T{e seË KA= a(o , and noce Lhat

f or ËL >.- -teÞ; t

, and Ëhe coefficient of à*

wíIl be proportionaL t,o <+4, g 
o

. à.- \ .

in \, ã r[Lr, lsJ C"t¡ \fl willJ n''o'

I

^.iê'cos t) L:\ "

4-T9

The reason for inÉroducing a PotenËial of the form

ì { -à-$ +dpti
[ \ 

"a 
' 

"tl 
, as rÌ?e shall soon see, is ËhaË the

solution of Ëhe Schrodinger equation for thís poËenËial can be easíly

expressed.
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IL çIas noËed from the numerical calculations ËhaË V,
fIl

approaches this liniË - '/n3 from above. ïf we define t?E

as the value for ¡¿hich n3 vr ís r¿ithin 27" of, its rimitíng value,L

\ìo can be calculat,ed numerically. Such a calculaËion indÍcaËes

that Ro X b" -f' A'
has a value of "15740.

I¡Ie now deflne a poËential Vr( r¿) in such a manner that,

v3( n ) ( vl(fL)aEevetyvalueof t-L . Thenshowing

Ëhat V3 ( üL ) has no bound staËeswÍll show Ehar V1 ( tL ) has no

bound stat,es also.

trnle define V3 ( r;l ) by the relations

V¡ tn) = Vr in) ) Õ.( R. ( no

V¡ tnJ =

Consider

equaËion for Vrr

o On Ëhe other hand, o(o

[" ( n.( +o 4-20

one-dímensional SchrodÍnger

-t
rlI

{þ+
Å. nr

V3 tu) i-¡J : S

ì- I -U.=^ +¿"t \
K\ at äni )

Ëhe solution of the

, the solution of this eq

È
: ' *Àdo/n iiB+U\ e ",Ånl
\ "\ )

J
Qe

4-2r

For

for zero energyc

R > ùo

_ 4o,/,a
r¿r = e-

tr^le shall assume, for the moment,

cross t,he axis in Ehe range D \ [L < n e

verified by numerical calculat,ion.

uaLion is

4-22

that r.''r does noË

" This can be
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SÍnce we further require t,.-¡- and aÀ-:{ to be
cÅ, tL

continuous at, [2 : [-J o , we trave B > O" In order chal V3

show no bound sËat,es at a!L, ÌÀ?e ïdould then have Lo show {uZ O

From the relaËions
u¡ tno) ì È e, -"\"'/¡6

; r -4)'rìu
f $È \ = 3--. r-'' Lft") + Lo I
\ Àn/n=no l-ìo\

wefind -o{o,/n^i;årJi do ¡SLn"JiCo= €- "-[t-{nln" n." ]
4-23

The condítion C" Z t becomes

i '-,4 ;. - I

\r:- ås) 40t
\rr¡- Àt¿/n=po 4-24

In order Ëo verify thaË Ëhis f.s so, equation 4-20 musË be

solved for Ëhe region CI $ I-ð ( F" o

As we saw preví-ous1y, \Àth) , and therefore t¿rÛni ,

musË, be ¿so" ¿t h:Ð o In order to numerically iirËegraEe equaËion

4-2O in the region O { fL 'r Tì o one oEher point near
.-h v-.

lZ = Õ i.s reguired. This is f ound by noticing Ëhat 'Ë : D
" cl,tì_

aË ü-L: Õ " ['ie can then approxímate V3 ( ü ) near the

origin, by

.¡ i - eV¡Lnj= þ - \>Þ + Þ ô ' 4-Zs

SubsËituting a series expansion of u. Ltì' ) ,

valid near [Z = Õ , ÍnËo equaËion 4-20 enables us to obtai-n

the first few coefficients of powers of fL in the expansion

of u in terms of l- and G, wttich can, in turn, be found from ühe

explicit values of V" ( n )at iì: ð and one neighbourÍng point.
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This procedure r¿as carried out,, and che numerical inËegration

performed on Éhe Bendix G-15D dígiËal computor at the universiËy of

MâníËoba, Th.e resulÉ roas ttrat

i rt ,j.* \l-:---.-i
L u'¡ ttR ln-- [.\nt = 6"38oo Ao,

v¡hi1e o(u = "157Á,0 "

Thís means that E=0 is lov¡er than the least eigenvalue

for the HamilËonian wiËh V, as a poËential. There are no bound sËêËes

for V3 and Ëherefore no bound states are indícaËed for the hydrogen

molecule-positron configuration when Lhe molecule is ín the staÈe

defined by T tL*, t-¿¡ j o
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CHAPTBR V

CONCLUSIONS

trole have considered the i.nLeraction of ËT¡7o prot,ons, two

electrons and a positron from Èrvo points of view.

The first investígation, a variat,ional calculaËion of

the average energy for a configuration whÍch represented a positron-

lum at,om bound to a hydrogen molecular ion dÍd noË indicaËe any

binding. Since the variaLÍonal method gives only an upper limit

to Lhe actual energy of Ëhe sysLen, however, we afe unable Ëo

conclude definitely whether or not a positronium atom will attach

itseLf Ëo a hydrogen molecular ion.

It ís not unlikely thaË a bet,Ëer choice of wave funct,ion

for .¡ariation could indicate a binding beËween Lhe trro syst,ems,

Such a rvave funct,ion shoul.d describe the H2+ ion bett,er from the

vier.rpoinL of concentratíng Lire electron more in the region betr¿een

the two nuclein Also, mutual repulsion of uhe elecËrons, and the

repútrsÍon of Ëhe posiËron fro¡n the nuclei shouLd be incorporated

inËo the ËrÍal wave funcËf.on. Such refinemenËs would, however,

greatly increase che complexity of the ínËegrals Ëo be evaLuat,ed.

The second invest,igat,ion consÍdered Ëhe Coulomb potential

r,¡hich a positron experíences in the region of a hydrogen molecule.

This was accomplfshed by assumfng that Lhe moLecule can be described

by a funcr,fon X Lqr., q3J , where 2 and 3 denoËe the elecËrorrs,

and the roral wave f uncüion Ís of rhe form S ¿ n, ) T {" Ba ., q: i

r¿here Ëhe subscript I denotes the posítron. A wave function of this

type gives the electrostatic potential for the positron averaged over the

positíons of the electrons 
"
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Idith the function ^A 
[qt, [u]

¡.Eell for Ëhe posiËron was found, but it, r¡as

Lo cause bindlng of the positrén. Hotrever,

investigation is also inconclusÍveo since r¡se

show only thaL the positron does noË bind to

rnanner suggesEed"

chosen, a potenËia1

insufficiently deep

the result of this

have been able to

Lhe molecule in the
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APPENDIX I

ÐERIVATION OF TIIE VOLIJME ELB}ÍENTS AND EVATUATION OF CBRTAIN INTEGRAJ,S.

lùe consider first Lhe element of volume in Ëhe coordinaLe

system ( ltu. ns, q ). Let us define a spherical polar coordin-

ate systen wiLh orígin at ò. , and polar axis along Lhe line

qb " o

This configuration is illustrat.ed ín figure A1-1

Fig. A1-1

The relaËions betr,¿een Lhe spherical polar

spheroidal coordinaËe sysËems are

and prolaËe

ru: Î-Lo"

È = -r*-' I
-l ã.R t rto- -ilb

¡Rna,

t-\
I
t

¡
!

i
J

+=f
If we Ínragine a cartesían coordinate sysËen ( NrþlÊ

as illustrated in figure A1-1 as we1l, Ehen the volume elemenË is

=- í 
F b åi

where 'i I no F¡u Éj

between the (xry, z) coordinaËe

coordinaLe sysLem.

À"î= Àxn\¿ Àz . ì- i: f : ìÅ"" oI^. -L+ 
A1-1

\no. au p I

is Lhe Jaeobian of Lhe transformat,ion

systen and the ( [?*, Èlb r + )



UsÍng Ëhe spherícal

mediaüe transform¿EÍon gives

dV 1

ej
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polar coordinaLe syst,em as an inter-

il\v\ "llqll¡i.

] -\u-u:/rb;tt¡';
'Vl

where

+\
+J

where
n- -t-

= rrl v-*'*- * , and

ò9
dnw

O

I \i¡
-t-.rl."?,%

1:i,âr@ \¡É-rir_F¿d\dh

I
IJï
t

_1RÐ{¡
-lno. rib

iß -k

=J i ''

\n s

)r ? unì

r¿ s +j

\Ji
x

l*rt t
È

t

't i*j

J1
lr^

= det \i:
lcrns.
¡

io
JRBJi
\n* nu

-:. i.'I/¡ , gives

LL-2

A1-3

A1-4

a
\t\â

R

*'., -!l¡

WrítÍûg everyËhing Ín Ëerms of \rrr., rì 6

ix.k Éur -rîï*ãît i 'l l: fìc" xrr- I'
" \.n" rìb rþ/

j - i t\, 
-4'b',: --"-- ii ..'*.--'.

I t*"---î- t: '\ .- ìq Lì r -"'i l l_ i{ '}sl

Then dÇ= d-r.*- rI5 *rr* ljl**
-i1r\

ir¡*-RI ,{

^¡\)\
ù \d"

: nq r'lu

n u ,{ R.t n'r-
fta- { qr

+ 
"( 

åî'

where

A1-5
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I{e also wísh to obtain the volume element for Ëhe

( 3,'ïL,ì ) coordinat,e sysËem, where

i. t:3ïp

,\ - ùo* l-¿\:ìr -
R A1.6

ì
'1- \ 11|, -Y

The volume element for this coordÍnate syst,em is

AL-7

dv- J | 
* * ='1î, :*'. 

t'l'i 
.r.; ;t r\.r,i

in*çiull \\ "',I Pj

or dv = ^[= 
'r3'- '¡; 

r\Ëo\* nt''9
õ-

0

where 1. i i .'. cê

-l{'l\ \il
3 . ï \¡.ff A1-8

rn the evaluat,ion of the potenLial and kinetic energy t,erms,

ínËegrals of the type

d] {-tt t-t¡
| , ,r i' i -cr,Rr-bn>_
**^l ç-a-¡bri-l-t. , ¿ r¡\ \,

I I " i Lr il¿ j'-^.;- i -'\ tJJ
rjr- tfu-la¡¡
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oft,en occur. The fírst Ëype, for the case ,^, { rù 
, has been

extensively tabulated by Darewych 1, arrd the particular integrals

required for this problern are 1isËed in the following pages,

For the case a=b, Ít is sÍmpler to malre Ëhe transformaËion
L-.f -- i

to t S , ilj coordinaËes, to obtain

+ \ ry-- ,-. 5il-t ¡n-J

ir | \ i' i -.,,¿.(, i* ,i: -r-..\'i ì,- - r! q * ,ri,r,i\.,,,
t *, :,'\,;*-,['r] = ' * - f L.;* r; 'lL:- t.i L t;*- ir'{"'1, ;,,

1, !, i;"- i id le,j t' L*" j t { Yl
d-t \

These can also be íntegrated explÍcit,ly, and Lhe ones required

are List.ed in the following tables.

The integral-s gnn(arbrr) which arise caru-Iot, be evaluat,ed

in Ëerms of well known funcËions, but are besË expressed as convergent

inflnite series.

1. G" Darewych, Thesis, The Interaction of a- Posltron wiË_h a Neg4tive
Hvdrogen lon, UniversiËy of Manitoba, 1961,
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i^^ (r:.,b, nl ì

Table of

r. t'b

Lntegrals Used:

\
Çoo i.*,b,n)=

¡ ', 4r- ¿ott -
{ 1s L'e' b,nJ = ;-) \

where [xj"aì*ba

{.. r.o, u.,n) = \ ct* i+}! - g9îi* * d"*i *rrì -?a'bi"., L*t' tL,') --t*)ti -il* i-."t'JFi

t- ) ..-bn- it-s-rnÀ _ !,o r,ona 
". 

,-t-.åt-ÞR - _âg \ +-
\.*{.q.bnr-r,f :ti,* (îE - ,^)t ',:iF -,ñ"1 '

È .-ùR, -F_\)¡r - 4-S - "r_LJ - 9-_'i
t*l ' \ tîF t", LF ¡) t¡ )*/

I ¡- , - \ tl*-n^i-o:* -e*qq"Þ3 + }}i- -15*'-*jvÞ\{"sdJ
!,a (+, br nJ : ,-) \ *ñ ú-i- i.Ni* txts L*lL 5ùri I

* ,L Jo* ¡ a+s-þ * gj$t * s--*+ * 3^9:Ëtl

."ir" \..)t t"t,.r ;v.)- ;*ì3/

,a
{ =, 

(r, brr¿) = ;, "-o' | î:,:' iî,:} +

Â É;**i-,.u-b+*r - å-t-'*þ-, *î": $d.=:j
çx\' i 

" i'Þt tN)q tx) t*'r5 úxlaf

ï*r tlrbrn!= ã- o-bct,-?'!-l - Àl * u***l.o*- \3'r-i - Ês'a + à'i

tn) 
d ' 'r"i*¡* - iÈ) I (r) ï -* îÉl- î;Jt tÈîl

\ r -brt4 i-
r*\ \ ct

- 0-"1
e-l

-o o-*n i- n - +:r \i
:v a UX),
Lr)

l:.
+,"Trì$\-\&>J.t rìJIT

t
leç

.L3lô

ia
:f lt

l*,*, ou\ =

i *. ,", ,ai 
=

i,*"ru, ,11 =

rL

¡a

tt--:
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"nT - \ "\ s i^ h +ri
þ.o -. t{r ¡lRJ ) Ù- + \}l b +t

S ro tr,r 'ù) r;)ì

brL
where M= g

U*. " S-t-? àt

n r. -",
fttr t{t èlI{'l

-'b\l-L
5 f ..ê
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* b ii'"-

r"- |
t

LiUL

rt{l
bL

, and Vo Ëhe Euler consËant,

E þ,.* *r Lû'.,ù''o 'tl

[ ,, ltt, \' Rì

niî-u"

t-L

-q"
å,iadt_

+\9
h,u [ur*', *) = -

b tt-
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b

t--

* Ðt
)
:_

'.bL

-he_
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t'ri
ti
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) -ù.t¿ ì
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rr.u I
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t
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APPENDIX II 50"

EVALUATION OF ( rq , / H ) FOR THE HYDROGEN MOLECULAR IOI{-PoSITRoNILM

CONFIGURATION

Due Ëo the syurmetries of the -tla¡oiltonían and Ëhe wave function,

Ëhe quantÍty ( Qr V V ) can be vuriËten as

1*t r v ù, = .J1 
| 

I uì u) -' 4 [ u,' 
ä**'J * 

h 
l, ù"å,.sri Ï * t*-kìI-¡ : r qQ,, ]- *g

* 4Lù'h,".üT "t L*'rk*,*ï rt t 
q,rk,*v l{\ *,,k,"TVunru,, 

h,*u,/

L t ( v,., k,f'j - * (*-" h#ù -? 1sr, h,y'J-'t.L-qè,hJ');?i*,,k **
T ?, La,u h#-} :t'ü qùq, 

h"Sr) 
* r iV*, h_3-i Ç * i 

*r,, 
h _* {"j

- 4, i {-) ñoo4*, 
*? I q'.,h 

r;]1l 
*,'r' 

[ {,, þ,rqu.; 
-4 

r'+rr þ.,n*Y

i :r,vi, I t, ä" ï'y,, !,.{4 j*"t L.{*.l L {-.;*"b, fr.o L {,t, s'". ?TL .. e \ '' l-IrL 'J \ 
i(l.r ¡ ì' "n 

',rnn 
.,1 

i
A2.L

where the quantities '{ t, (i*1,213,4) are defined by equaLion

3-13, and in the expressions t arr¿ i , the upper sign refers Éo Lhe

symmeËríe funcËion, and the lovrer one to Ëhe antisymrneËrlc.

The first term Ìd lrttq) , does noË have to be evaluated

explicitly, since r,re are seeking to evaluaËe /'Þ> = f*W ,

and thís Ëerû Eerely conËributes ql/R Ëo the final resulËo

The other quanËitíes contained in equation A2-1 are nine

dimensional Íntegrals. Using Ëhe funcËions Ëabled in Appendíx r ,

they can be evaluaËed. The results are as follows:
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56.APPENDIX III

EVALUATToN oF (e> FoR THE HyDRocEN MoLECuLAR roN:

I,Ie v¡ish to caLculate the average of the llamilËonian for

the hydrogen molecuLar ion funcLÍon,

- -dr¿û, -¿nS1'q= i¿ +L i
A3-1

and ninimize this røiËh respecE Ëo the parameter q , and Ì,rith respect

to R, the inËernuclear distance.

The Harniltonian for Hr+ is

-¡-\ r.,À ,lr-l - \
ll=

À ¡r \ \ìq- nb
. ìt

Rl A3-2

We can ryriËe the average value of the HamilËonian, ,

as

d Ei = \ i- À\ tqr v\+)*+ti-t*,It)-ttt,Lq)*lt.tndù
twrVi L ".'''. L h' nå R" ij A3_3

'¡ê r¿+ ftt

Ç,**ta,'b,ni=i i--*lrvii¿¿¡ li¿-nr!

The quantities appearing in \ E ./ are given beLor¡ in

terms of the funct,ions

R¡-Þrn¿ iy\ .tï r
f-t1 [l r, -ì.'1 t -t;a t

A table of the functions Ís found in Appendix I.



:\Lr ..o-i t +{ \rrtdr"Elt{Jlt'q-'fj : À(ì,*. il i

ì I ì à, , ,\"
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57.

The vaLue of i Ë > as a function of j" and R

nas calculâted on an LoBoMo 1620 digital comput,or at the UníversÍty

of l,Ianitoba.

The best values of the parameter were found to be

ct : \"À3?Õ tuJi

R=2ao

i È7 = -15. 959 e.v.

These, as can be easiLy seen' dlffer slightly frosr Ëtre

best values found by FinkelsËein and Horor¡itzL , which v¡ere

d =!,22}ao-1rR=Zao, and 1È

1o B.N. Finkelstein & G" E. Horowiíz, Z.phys, 48, 1-18 (1928)
.: \
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APPENDIX IV

EVAIiI]ÂTT-ON0F THE INTEGRALS OF SQUARB OF THE LAPTACIAN AND THE SQUARE

OF THE I,¡AVE FUNCTION FOR TIIE HYDROGEN MOLBCUI,A,P. ION PLUS POSITRONILIM

CONFIGURATION

The ÍnËegrals of sguare of Lhe Laplacian for the hydrogen

molecular ion pLus posiËronium configuraËÍon can be written

i-' .: ," ,.1.. ! 3,\i
*'{,* '*'1, -- ì=tt 

tr; ,,i \' .'l' ' -:-:r\**
; ., A4-L

Using the synrneËry of .n\ toith respecË to particles[^
2 and 3, we can express

,.,.¿T...r,{,.¡.-r- - ,4", ¡ft+îï i 
" 

r"yrt di + \ 'Q';¿r-} ','"ry
1\\- "j 

L r, .i
'' 

* l'.,; ,i, ,..'ni\ iil'-î. t iç*ü¿,,,¡*$i3,--,=r,!-î- i; -.t -{., ',' .'11.."[ - " ! *- -.\ 14. !.i]!; u '

,:!

.:

r-'I {r''' '''; :- 9r'r"'=J'ì
iL

:' , i ., !: ,.1 --" i
+" J" 'l']-\\: ¿ "IL¡ì.- \- ! *ír "':-

;'"

where ,,tì,, "= \¡ --'1' are defined by equation III-13' and Lhe
{ -r

integratíons are carried ouË over the nine-dinensional configuration

spaceo

Siurilarily we can !ùrite

. ¡" .' * ,.. ...- -. '' 'ì j ',1 \ ,..;'f ... .. r 'i. r -. --
.-.'i -"J ;

Ï .- '- , i: *i.-l- ì,# r, 'u ï ¿..-i:- {r i'-: -. : }'...,rÀ'.

1i;

--, 
! ) I u'

tr * 
t,.. t. ;¡,rî ,,. 5;¡t 'ç '!,'', 4; 

", 

-: tit r 
¡ ''io'T¿ "t -lr {*cJ {' *r-i' -} ¡--q}-r 3-1i;'t- ¿

\,. i- .:
*i



Then

'.f f qi'j.t--,
i-

U

As

wave funct.ion

\v\J,l = +\\ \ \Ì
ùrl

Ís shown in Chapter

can be written

59"

" 'iþ,vj'àt * :- !,iv"* j "å.r J'
:¡ à .,ì: 'o; \u1,.u..¡*dt{\t.)*;iqrqLJ.ì= a'r.d, ^t d.f '* *, . J '" r¡

t rr,B5ì i1 +,q¡"[i +,. lr ak.Lt i t +<] \,+,{¡.-a-srJ¿-o,r¿-.sbLì
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È' 8 ü ù \ i. .{*\ t {r +uJ .jiÐ 3\À! ,*I ì
J

III, the inËegral sf Ëhe square of the

t'
\Ì,ti1: t\{r{qJ-çt" VrqrLt.l

\'r\q-n-tf ï t\{rtu,,.'L !
U

¿-
In all the above cases, Ëhe expressíon I refers to + for

the s¡nnmetric function and - for Ëhe anLisymmetric funcLisno

The specific values of the integrals arisíng in these

nine-dimensional int,egrals are as follows"
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63"APPBNDIX V

SOLUTION OF POISSON EQUATION IN PROI,ATE SPHEROIDAL COORÐII{ATE SYSTEM

We wfsh to solve the Poísson equaËlon

"tr\ V: - \ïr g tS) As_l
^!f' J¡ '{where \ .' "T\l 

I are prolate spheroídal coordinatesn In

particularrwe wish to find V( lr{l.,f ) for Ëhe densÍËy funcËion

f Lt\ " e-4R i

If we first atLempt to f ind an axially symmeËric sol-uËÍon 1 
òJ = 6 ),

lre can write I 
'df

w\r/ = h î ò i[('-,)ò/l * ) i,t-"rol]V;iv v ll_.n\iotòìi òtj à:¡'- )-,'Lj , A,5-zRìL(r-'."r*J LoSt 
-5 j trt*L 

-.

where tfË{ùt
-i qtr(1
ß ( ?,tn.r

lde seek a soluËion of Ëhe form

v( i ,',1 ) = '"'-- ['[] a -rIì ."t i i A5-3

SubstiËuËlng thÍs form inËo A5-1, and equating coefficients of

polrers "f t gives the equations

L li:t-ti ' ri * \ ,¡ : - i'o rtè, tt)
x3 r s-i i

J, )çil-¡,i ;-':' \ - * n*ältij; ì. *ú J:+ i- Ð;'' rr r\ ¿ldJ Ã5-4
&{ l- '''LS I

1. P" Morse and H. Feshbach, Meuhods of Theoret:cal ¡!¿gig*-
Mccraw-Ilil1, (1953)r Pn Lry
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In the second of Ëhese, we rnake the subst.iËution

, -n r r-¡-!,v= l.TS- - U LLr LS l A5 -5

and find
r1 i' - -,*¡,ìl -{,,r1 I ^r )i:i:\Ð.9 \ Ll'-tit'>:--rll + å;|\ \sËr-\\5i =-tii" r'ò,.tFL"" i åtL I 

As_6

An int,egraring facr,or i" (3 Ë"-! ). Murripryíng rhrough by

( 3 S " - t ) and integrar,int o-1." gives nise Ëo

,"s

{g = ir *t t \ t;t'_rj rli)*_i tL,i*: it\3r*-',tiJ'"" 
'|rr'.òi---.'-'j As'7

afi

where C1 is an arbitrary constant,.

ThÍs equation has the* soluËíon, when Ìre seË T Li l = *- 
u'u 5 

o

,,ù lli : -\r r¡"ti i, 
u 

ç:Ts I l- *- 1-5- * 1- =)oi{L i *å*-t¡ \r*R \t/.Rl\ \t"{R")s/

+ s-*Rs i i 'r-' :i 'i
__ ! :

L 5'- l/¡) [ \ l4RJd. q t4 R: "l

-r^ i r . . 9-r'. ¿ f Ì 1*tX *-'-r*.j r-'ì + :*l- \,gT \r+rJ tr;Ë'-t;J" A5_B

This Èhen provides us r,¡ith a soluËion for v ( g ).
rn order to find a solutíon for \¡"L5] , we murtiply the first
equation in (AIV-4) by three and add to the second.

This leads to

't^d i,'{*-,ùì =-5._{ \t=tr-r)iLËi{Ë
Jt"it ' t[*-,j j

--ì 
i -AR(;:.?r-,ì ,,"-etÏ. --d,qt ,

= -I\'i-1 ,"[å5-t''-b*- 
-bg=,'top, 

ì or-,
tSu-U L l4Rl L*RIL Lr.R]3 j ^r'
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We impose the boundary condition that V( Ë,nL ) -ìlfr as

ä --p * for every value uf \. rn particular, if fto, Vlf ,Ol= {Lþ.!

and therefore '",, t ti +c as ! --+ "o . This in turn irnplies

Ð2=o"
'\ , -'"i.k fV*V:-{iir }as

r,¡hen the form of P I Si is substiEuËed in. D1 1s another

arbitrary constant of integrat,iono

Perforning the int,egrat,ion and subsËitut,ing for v leads

to Ëhe soluËíon ir -¡ : -Áìì\ ¡ -a.È.i¡- ¡ _ rrS _b',.r¡r= :-al-oo'Lo"u.'li.r.. " + :ft._,: \-oÈ - ,ä.,-ir.i*l- L * û, ,, , Ë-l\,1 s¿

}*\ti¡jj
,i,-,€"_rì iÍ e,-o*51! +¡t ? 3 '.ìr:

+ 1r\'¡ Li 5 -t¡ à iÌ-:,i \:.+n r,ìÃej\ r,*nl¡jùs

r3o-antí ! * iÍ.\t A5-10
'É \rr*n"i' rTñ¡r¡

- tf i'-î)L,i 
^t 

t"[ S.-:.: - i-å* \l I\ìc , Brrl ,r(B5r_,jlj j

and

,,r t1= -il

+ r \-Lc>- ut*ttl ' A5-11

-,."¡i-r'+3 i ïi
t----" ---:r ir\5tlr \¡il--t;l¡

'r- 5 \.^L F-' -. '" i -*Jr ldRtÞ I

!ùe can then r^rríte the solut,ion of

iJ r '*r-s: + '.iì\ ,*llj where
..- J

.. -,., - -r-/ ûr | \ .-4 Ri - a!;-- " 
rt' 5

J"rt: =-\tF(, i- -,L:' LÀrÄRi ¡ tÅr\ì j

iì\*ri,k;xnt1 L* 5i) \. 1 )"att x6,R)j ß 
*_\j

i>Û

+ Þr ,!.^,, 3 -t ì *- r-r i tt-i."i; I1::--r 'lù i;i Ib \5rìl \ rr'*

f
i - .,. .- ù -cÀl,l ¡ ; .. .a

¡l¡,.ÍT-ri: ù-""J,'I È 5i
t :-:-K 

''' 
'i[¡'-r)\atata"i Àt*Rl]-

h¿-Àe,!l_l -*ì5 ì

\<t+nll qlu"hlii

- t:it-t.¡.,'il I .,.,.,i !-, 1 * I i
L? \i+ti riå\à

\ìÌi., ?l-ti Ji-¿ i

À5 -12
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In order to evaluaËe the constanËs, r.re impose the condiËion that

v ( SrX ) be finíte as S -+ t . Requiríng v to be finiËe as

S -+ r gives ct = , 
!-- ¿-4R I g¡"+Hq)* t)

t¿c)3 \ 3 /

Requiríng u to be finite inplies thaË Cl=Dl

rr we wriËe A -- tou | {,t)t + *R +r IL3-\
these expressíons as

r ìi o-^Rt i r- r3\
r¡.\.8\r -rr R- Lrl*r. \ 

' 
"*r.l

ríe ean then r,rriEe

3Ns
'IÅRF

* lalc_':);i+1\
At¿,R'¡\ u \:tr7
¡Lt.*ù [rs-+ng l6nin
*ri.Rìì jir*r i;

o{RË-,\'fil As-13

/j
,4

,rr[s\= -rF".l i \li\-rJ \ b*tl.4nltr ,'.Èft'Jri
L ãGRF \ll*u t 3 i

u\¡.4r

+ 3u, ^rut{ \o. \ j\- 3{3-s'-i) sl",ll-t)
nr"tl' \ '.^È)i tt*[tr LittI

-q b \l As-14
Jt.nti3 - i*v\ _l

This expression for V ( ç,-I. ) can be arrÍved at Ín anoËher Etannero

The solutlon of the Poísson equation A5-1 is equivalent Lo

evaluation of the expression

v t S..-Tr.., $.) = \ I t'-r) G lq, s") &-c"
J

A5-15

Iühere G ( Er rJ" ) is Ëhe Greenrs funcËion for Ëhe

Laplacian operator" The Greenr s funcÈion is given by Morse and
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Feshbach as 67"

, . r ,à ..,*.r .. .1\',._ . i *" .-. ..uï: ,].,ì -.o' ..*r*-?ojr f*. ! ri.i t^ i-lj \r* rt,tuj
l"^r+-..o) l¡ L

A5-16Ê":O m ì6

where

where Êm is the Ne¡omann factor, Ëo =1

Ë..¡n=2 when r"tn þ r3

The funcËions P it , ,,) 
1

I

are the fustu"iut{.\ry'undre functions, and

rhe funcrions t: i,þj are

kind, The Legendre functíons

JÕ

>5

i,\:...:i.,Þq'¡r
--'\*\ iJr )o; I ['c. LJ,ru

: F*." "Ï'

of

be

,, r. "^, ¿rii' rll
,,,È'-\j i\ < "-' ì, - I P*,,¿.! t*o i Ei 

i

t' t å-\,/', L \ *-t/
L¿

Ëhe Legendre functíons

of the second kind can

the second

defined by

A5 -17

and t¡.i trì

Ëhe inÈegration over the variable

1l ".'fl \ o; 
'.

L¿.-U r' .L r-À*' L¿"i
'. 1 ."¡ô

lÐA-"j

_ ,rrìt ç-\]

In the expressíon whÍch Tfrre are parËicuLarLy concerned

jA: t\ \tr
!, , .ì, : ..- . ', -4Rj,.¡ .a' \ 5s, 

''\o,,.foj 3 ,. i 's ttlr\þi i - U i¡'- \u; J,l¡i \ .s

Â a!.

with,

::L i\ -¡- i-!J

2. Ibld, p-L29L

l-eaves zero in Ëhe double
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have

45.18

and the orthogonaliËy

A5 -19

^5-20

A5.2L

summat,ion for al-l t,erms corresponding Éo * \ o" Thus we

åÕ rl .*
t

il ts., iu¡"ï \*\to'r¿a! 
\ |.,*tr) È.1r";i-jPiii¡-+T"ri,s"j.it- ù; t ;¡r".

1'r.-¡l-ujtj <
I -\ flil=Ò

us{.eg the relaËions

.-o ,\
t = \t" t-lti

^ .\þ \ -'ñ
= AP;"'t¡ t\lre.t1r¡{{J .t

the LegendrefunctÍons

a"\ ,o: :\e,\ r* i'¿: V-- 1t.]-:I-{
-j

!(

,^2
rL

ofrelaEion

T-
'.} ¡r-l'r. 

"**

¡-n"r1j

.ùr^',
t t i1 nJ iIto Ll, SoJ

can be

since

t)Ô, ,. ' r q ;, ù .
[5-\ i\0,¡: .t- I d t\'', *lj

Ehe integration over \ 
gives

éÁ)

-: \ I'--I *,\':ì- '*lrì'ti*, :16] =;l$'*o"5iÀts "1
..1 .L L

t

..o i i s -.-:
- 'î Put ,i) ¡^" r(,j-¡i,\:
å - i)

It is r.r¡orLhwhlle t,o note that the solution of V ( !o, !to, $" )

carrÍed Ëo this point for any densíty funcËion of Ëhe form I i T j )
^ , .*'i

we have not yet made use of the specific form of 'í s. i J'

SubstituËing f:he specifíc form for .inå ti,'Fuj and the

relat,íon

üre can noçr ¡+riEe
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qn! ., Li--Lt PÏ r;iùîtr"i -1.1i-'iå-ri Pî l;) Qi ¡s")' ; f
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\\ì{ s
J
I

rJ
iTR.

11

J

.) c)

:.À ¡1,,\Si,- u , \o ,..',,. -=à 'r I ir :i 't )' io I I.l t' Ç'è¡, iÏ")\ x i '- t i L '-Sa¿ b 1,

U

, ,- i !", .. ' 1r +, , I-P: t,So.)l ! i *i\'¡ìo.;{-Ðl;J *i
'"; -i; ''nì +jf !+:

\ s-i,, : 
- " ' itt "t 

-' 
"år-ro

ô

i5*n-¿,tËï ,,--, r^ô,..i"l .iup
_- , Fþ* J ^o,., ** tsl rtj i\* utn j t ," i

,å..iLú
i,\: 

\

+ I ..-i :q.ti ï-r r:>l*rj J"x1S rJ\ * i :; ! p,* .', :, ¡
,tt É :.') i :"-..:t 1l j",tl* _l "¿ ¿ j t¿ Lj6;..aJ l+ [:-rl;-.] -

i,
Ss

1.

-d.Rìa'i i.:\î:-¡Ô r'^ ¡ì ' ilo' "qo'*diì"
ti - I tù --r. ¡ I ì tìrj3'iL!.¡-LL-a'¡u=-U l"''so'¡ùrti'ru"f

¡.- 
.)) J 1j

\-

V tlo,toi=

If we write this as

a,5-22

4,5-23

a.5-25

V L'(", 
'"h*j 

= "'-Lt.i * 'fL\ 
'"F'"Ëq} )

',1
Ji

ir
!

t,

.?
çô

: -.r, \*. !¿ \ r ft"t) -¡,.
tLtSol - r. rr rv (/

J
a
!

ce
l,- _ ¡" *.*t{.!- . ì1- rì

'.\tl.\,
\J

l*

'"\
!

.*".
t i, i i', i'
{ ìlGÀ i _--

+ ;-1\

L \ ï*' j

i;J i
$" Lsol

where ¡ve have rnade use of the explicit forms

.i u. - . - ,i ,-i,. {-,, ',*, Eti - ¡ {,¡¡".:.¡ ì : Là,¡ -l.l -'*rq :-- ; ¡
ì" - \S-ìJ è-r

:l.
3*

i." l-t \ ¡- ltlt-t;
-.-rÐ 

, -.:..

l-¡" ".;
-,. ôüto

-e.-.-,1\ . : ! \
dr: L¡ J -

A5-26
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üû

^¿;
-ó1o r ,i

I roa i ' - ¿\
3 L ..'\

i

; i lo-ìl 3

I (::'

|j,5
,'¡ \*r Ii\b "J

-Ë

and
c{}

'. :r ;':. -\ç': la
I

.i
T
)a

."ì.
L]

equaËion A,5-?.4 can be integrated to yield
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A1so, equation 
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gives
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These expressions for iúi-, and I'.: j are in agreement with

the expressíons conËaíned in equatíons A5-13 and A5-L4.

: ; ¡ir .)
c.- L øu t1--l



APPENDIX VI 7L"

CAICULATION 0F TERMS IN TIIE CONFIGURATION OF HYDRæEN MOLECI]LE PLUS POSITRON:

trrIe vrish to express Ín explicít form the Ëerms ( ,t t',{ )
{*tft¡"¡¿ I ;

and t '. :j-. ) ::l] J, 1¡,r J. 1:
J Rr\ 

"- '-r- rr 
' both of which arise in the

definitlon of Ehe operator Ììtt) given in equation 4-I1.

First we consider ( X , X ), where 'l {.ne ., r¿s) is

gfven by

A6-1
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Performing Ëhe int,egrations
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If r¿e denoËe
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was given explicÍLly in Appendix V, we
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