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ABSTRACT

A general theory is developed to estimate the great-
est maximum response of linear structures subjected to incom-
pletely described loads. The estimation is established from
readily available characteristics of the load and structure.
The analysis deals with the simultaneous limitation in both
time and frequency wﬁichvis imposed often in measurements.
The accuracy. of the method is eva]ﬁated and compared with
two more established procedures for fairly comprehensive
circumstances. One of the methods is least accurate but the
ranking of the other appears to depend upon the load informa-
fion and, amongst all the structural parameters, the damping.
Extension of the method to discrete multi degree-of-freedom
systems is shown to produce reasonable eétimates for both the
maximax and maximax'meah square response. Reasonab1e~esti-
mates of the largest feasib]ev(maximax) response become in-
creasingly valuable in assessing the "worst" design case.
Practical applications are illustrated for both single and
two degree-of-freedom structures. A particular example of
growing practical importance, the constant tuned vibration
‘neutralizer is investigated in greater detail to determine

its optimum parameters.
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NOMENCLATURE

analogous to the terminology of signal analysis,
energy is the time integral of the square of a
function

energy of the dynamic loading f(t)

energy of the load fp(t)

energy of the response g(t)

energy of the response gq(t)

energy of the optimum response

energy of a time and band limited response
total energy of the impulse response function
h(t)

energy'of h(t) 1in the interval [T!,]

energy of h(t) 1in the interval [O, TA]
energy of H(jw) in the interval [-QA,QE]
energy of H(jw) in the interval [Q,=]

input dynamic load

load applied upon the pth mass of a discrete
multi degree-of-freedom system

mean square value of f(t)

mean square va]ué of fp(t)

Fourier transform of the load f(t)




viii.

response (displacement, velocity, acceleration,
jerk)

the response of the qth mass to fp(t)

the response of the gqth mass for all applied
loads

time and band limited response

mean square respoﬁse g(t)

maximum mean square response

mean square value of gq(t)

Fourier transform of g(t)

complex conjugate of G(jw)

frequency limited G(ju)

complex conjugate of GB(jw)

impulse response function of the system

frequency response function, the Fourier trans-

form of h(t)

frequency response function of the gqth mass

due to fp(t)
equal /-1
spherical Bessel functions of order n+m

stiffness of a simple oscillator




n+m
Po(t)
Q(t)

Rf(o)

Rég)(c,t)

R(jw)

stiffness of primary, attached secondary and

tertiary system respectively
inverse Fourier transform of IH(jw)IZ

mass of a simple oscillator

mass of primary, attached secondary and tertiary

system respectively

boxcar window in time, equals unity for

t < T, and zero for t > T

associated Legendre functions of order m and

degree n+m

associated Legendre functions of zero order
and n degree

boxcar window in time equals zero for t < T
and unity for t > TA

autocorrelation function of the load at zero

time delay, 7t =0

optimum autocorrelation function of the res-

ponse at zero time delay, T = 0
radial prolate spheroidal function

analogous to the boxcar window P(t) 1in the

frequency domain

Jw




S(iw)

Sf(w)
S (c,t)
SmL(hsn)

Son(Cat)

analogous to the boxcar window

frequency domain

power spectral density of the load

angular prolate spheroidal function

angular prolate spheroidal function (m

L = n)

time

duration
some instant during the force's application
duration oY'the'response

the duration of the response of the
duration of the 1mpu1se response function

approximatian of

error due to limiting thé bandwidth

the ratio between‘the amplitude of the impulse

value

the ratio beteen the amplitude of [H(Jjw)]| at

2y

. optimum spectral density of the response

T

-~ natural period of the oscillator

response function at time

and its maximum value

qth mass

and its maximum




£11°522°%23

b(t)

b, (t)

xi.

“damping ratio of the oscillator

damping ratio of primary, attached secondary

and tertiary system respectively

parameter depends upon the characteristics of
a particular earthquake load

ratio of Eg/Ef » eigenvalue of a homogeneous

Weiner-Hopf integral equation of the second

kind

ratio of Eg /Ef , maximum eigenvalue of a homo-
0

geneous Weiner-Hopf integral equation of the

second kind

eigenvalue of the prolate spheroidal wave func-

tions of zero order

first eigenvalue of the prolate spheroidal wave

functions of the zero order

ratio of m2/m1

ratio of EgB/Ef
3.141592653589793

parameter depends upon the characteristics of

a particular earthquake load

prolate spheroidal wave functions of zero order

first prolate spheroidal wave functions of zero

order




w parameter depends upon the characteristics of a

particular earthquake load
W undamped natural frequency of the oscillator

Wiy, Wpp Wpg /?I7m1; /Fg/mz, /E;sz respectively

Q bandwidth

ng ' bandwidth of the resbonse'of.the qth mass
Q¢ baﬁdwidth of the load

Qg bandwidth of the response

Qh bandwidth of the impulse response function
QB approximation for Qh

| | absolute value

< > mean square value

R

approximately equal

asymptotically equal

<ar> inequality

# unequal

[ ] square matrix
{1} column matrix
d .

IF °r dot

derivative with respect to time, t
- superscript




CHAPTER 1
INTRODUCTION

The greatest maximum response of a structure is a
significant if not the most critical parameter in predicting
the damage potential of dynamic loads. If the characteristics
of the Toad and the system are known, the response and hence
its maximum amplitude may be determined by using analytical
or experimental methods [1 - 16]. However details of the
Toad are not always known and a comprehensive time history
of fhe-response is often-not required. Such considerations
motivated intensive research to determine with sufficient
accuracy the greatest maximum (maximax) responée from a
Timited know]edge of the loading and the structure.

An early method was developed originally by Tufts and
Shnidman [17] for the analogous matched filter problem of
radar theory and the "bang-bang" problem of optimal control.
The method utilizes the energyfof both the load and étructure
rather than their detailed time and frequency characterﬁstics.
It was extended and applied to a large number of engineering
problems in the areas of circuit theory [18,19], 1ineaf
structures [20-22] and non-Tinear structures [23-25]. Although
the method has attracted considerable attention, its accuracy.
is generally unsatisfactory. Shinozuka [26-28] and Yang [29]

attempted to improve the estimation by using the envelopes of

TAna]ogous to the terminology of signal analysis, energy is
the time integral of the square of a function. :




the frequency and time characteristics. However these
approaches suffer from two practical disadvantages. Firstly,
a digital computer is needed and secondly, the envelopes are
not usually availab]e. A critical review of these methods
will be presénted in Chapter 3.

The aim of this work_is tovdevelop a practical but
accurate techhique to determine the maximax response of
Tinear structures. The maxiwax response is considered to be
the greatest maxiﬁum response for 1oéds with the same energy.
It fs the same class of loads considefed by Tufts, Shnidman
Papoulis and Drenick [17;19,20] . However it is a larger
class than that considered by Shinozuka [26] 1in which the - =
maximax response is defined as the greatest maximum response

for a class of 1loads with the same envelope of the Fourier
transform. Such a class of loads caﬁ be considered as :a 'sub-
class of the loads with same load energy because if the envel-
ope of the Fourier trahsform is known the enefgy can be eva]-
uated by uéing Parseval's theorem [36] . However‘if}only the
energy is known, the envelope of the Fourier transform can

' not be determined. A subsidiary but important objective is
to obviate the need for a load's time history or explicit
calculations of the entire response. Therefore highly vari-
able detail; of disturbances 1ike earthquaks , blasts from
quarrying and sonic booms should not requife specification.

The approach, developed in Chapter 2, Qs?ng a modifica-

tion of the work of Slepian, Landau and Pollak [30,36],




determines the largest amplitude in a class of response
functions whose energies are identical to the maximum

produced by a given energy of the loads. Such a class of
response functions are both time and frequency limited. Alth-
ough this simultaneous restriction violates the uncertainty
principle. [30]°,"it is imposed often in measurements. due to
time and instrument limitations. Therefore the method is
consistent with many practical applications.

| The aécuracy of ‘the technique is evaluated in Chapter 3
for fairly comprehensive but ideal circumstances where the
loads and hence the ex&tt so]utions are known fully. It is
shown that the approach'produces génera]]y better accuracy

and certainiy'requires 1es§ knowledge than comparable theories.
Extension to more rea]isticvsituations which involve many
degrees-of-freedom is outlined in Chapter 4. Practical appli-

cations are illustrated throughout and in references [31-33].




CHAPTER 2
A THEORY OF THE GREATEST MAXIMUM RESPONSE
OF LINEAR STRUCTURES

2.1. Introduction

A structure's maximum response and energy are often
critical parameters in predicting likely damage by determini-
stic or random loads. If the properties of the load and
.structﬁrevare known, the history of the response and, hence,
the maxima may be evaluated explicitly by using methods such
as the normal mode or Fourier transform methods [1-15]. In
practice the form of any one loading (e.g., earthquake, sonic
boom, wind gust) is seldom unique and the structuke is prone
»dﬁring its Tifetime to different combinations. of loads.
Moreover, identifying the parameters of a complex structure
is usuaj1y difficult sb that it is often important to»compare
the results of different methods. Such considerations were
the primary motivation for Drenick [20], Shinozuka [26-28]
and researchers in analogous filter problems [17-19] to deter-
mine the excitation amongst all possible excitations which
could produce the greatest maximum (maximax) response. Un-
fortunately their estimation of the maximax response grows
with increasing duration of both the external 16ad and impulse
response function. It is often inaccurate because the corres-
ponding excitation is virtua11y unattainable especially in

the usual situation of poorly damped structures. Although




some of the additional bounds presented subsequently by
Liu [22] are more accurate they suffer from the disadvantage
that the response has to be known a priori.

A novel theory will be proposed here which usually will
produce better estimates and certainly will require less
knowledge than all previous theories. The analysis is
approached by deducing the maximum response as the maximum

over all time of an optimum function with a certain energy

contained in a particular bandwidth. The parameters in this
function will be defined in terms of usually known load vari-
ables. Loads will be classified as having either short or
long duration relative to the:predominant ndtural period of .
the structure. A blast or explosion is a typical short dura-
tion load while an earthqﬁake‘could*be»treated as a long

~duration load. The theory is gehera] for any linear structure.

However practical applications will be illustrated in this
chapter for a structure idealized as a simple, viscously

‘damped oscillator.

2.2. Background

With reference to Figure 2.1 a force, f(t), excites a

causal, stable, linear system with impulse response function,

h(t). The resultant response, g(t), may be the displacement,
velocity, acceleration or so forth. The energy of f(t) ,

well known in signal analysis, is defined as [34,35] (the’




nomenclature is given on page vi{)

]
. f
£ (T,) = /[f(t)]z at (2.1)

o

where Tf is some instant during the force's application.
Here, and in what follows, a subscript f will denote a vari-

able associated with the load, f(t); similarly g will refer

to the response and h to the impulse response function. A1l

functions under consideration are assumed to be of bounded
variation; this means that the Fourier integrals exist [34].

When the force is time limited and structural damping exists,w

Load system with Response
f P> impulse response
(1) function h(t) gt

Figure 2.1 Linear Stable System.

the response vanishes after a finite time. Then by using

Duhamel's integral, the response's duration, Tg, may be ex-

pressed explicitly in terms of the excitation time by

Ty = Te + Tp. (2.2)




Conversely when Ef(Tf) grows rapidly with increasing Tf it
may be more convenient to use the power, dEf(Tf)/dt, or its

mean square value [5]

FoEP, = E(T/T., (2.3)

rather than the energy.

Although a time Timited function is not frequency
Timited too, high frequency components cannot be actually
measured due to instrumentation limitations. This practical
difficulty suggests that the response's energy may be reason-
ably assumed to be confined within a frequency band. It is
shown in reference [30] that the concentration may be measured
in either the time or frequency domain by using the Heisenberg
uncertainty principle. Duration and bandwidth cannot be small
simultaneously. The response's bandwidth, however, may be

represented as a function of its excitation's counterpart
by [22]

Qg = min (Qf, Qh). (2.4)

2.3 The Maximum Response

The optimum function having the largest energy in the

baseband |w| < g will be investigated. Let Eg be the total

energy of the time limited response, g(t), and Egs be the
energy of the band Timited response, gg(t), which has signifi-

cant values for frequencies |w| < @ If

g




v o= EgB/Eg > (2.5)

then v is never greater than unity. Following procedures

similar to those used by STepian and Pollak [36], the energy 5

EgB may be written as

f[gB(U)]Z du , (2.6)
where
2 _ 2. T _
_gB(u) = é%- G(jw)eddy = é%- eru./ﬁ g(v)e I WVdv du.
-Qg -Qg 0

Interchanging the order of integration yields

A m(u-v) §

T Q T .
. Q. -
gg(u) = {;[gg(v) ﬁ/geJ‘”(“"’)dw dv =/gg(v)w dv. (2.7)
; ) i

From equations (2.6) and (2.7), details are given in Appendix V

E - ” Tg Tg sin @ (u-v) sin Q_(t-u)
gB*ff[ 9(v) g(t)——9 . v dt du.
-’ BN mT(u-v) m(t-u)

By using Parseval's theorem, it can be shown that [36]

T T

Q (t-
o =/g g(v) g(t)in—i(—v—) dv dt (2.8)
g A T(t-v)




and hence, from equation (2.5)

T

T . T

g g sin Q_(t-v) g
= t —3 4 d £)72 dt. 2.9
v [g( >/ o) ————av %[/ fo(0)3° ot ( ’>

o] 0

The problem of finding an optimum response function
which has most of its energy in the band Qg reduces to finding
the maximum value of v. The time origin of g(t) is shifted
to the center of the duratian Tg to make the 1imits of the
integrals symmetrical. It is shown in reference [36] .that
the maximum value of v occurs when g(t-Tg/Z) is proportionf
al to the first characterﬁstic function wo(t) corresponding

to the maximum characteristic value, AO » 0f the integral

equation
Tg/2 sin Q_(t-v)
aw(t) = v (v) —3—" dv (2.10)
T2 T(t-v)
g

The kernel sin Qgt/wt is positive definite so that
the characteristic values of the above equation are all posi-
tive and infinite in number. The eigenfunctions W1<t)

(i = 0,1,2,...) are the prolate spheriodal wave functionsT
which depend only upon the product of the response's duration
and frequency. The optimum fUnctiohs, wo(t), will have the
greatest maximum amplitude so that the maximum response may

+Propertfes of these functions can be found in references
[30] and [36].
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be written as [36,37]

max go(t) = /Ego/)\O max wo(t + Tg/2, Q Tg/2). (2.11)

g
Subscript o refers to optimum values and the quantity
/E§;7Xg in equation (2.11) is obtained from the normalization
of the eigenfunctions, wo(t) . If Eg is known instead of
Ego then equation (2.11)‘gives an estimate for max g(t)
rather than max go(t) . Substituting equation (2.10) into
equation (2.9) gives v equal to A, and hence its maximum
value v is equal to Ao . Max go(t) will be shown to give

0]

a good estimate when Tg is finite. However in the case of
long duration loads the mean square power should be used in

the normalization. . Then equation (2.11) may be rewritten as
Y L |
max go(t) = /&g (t)>O/Ao max wo(t + L, 99/2) (2.12)

where <92(t)>0 is the mean square power defined in equation
(2.3).
Values of Ay and max wo(Qg Tg/2) in the normalized

form [Tg/2]'1/2 ma x wO(Q Tg/2) are presented in Appendix I for

g
values of Qg Tg/Z up to eight. However Qg Tg/Z may be
greater than eight in some practical situations. Then xo is
virtually unity and [Tg/2]%-max wo(ﬂg Tg/2) is-given by the
asymptotic solution [38]

. o T % Q T 2 % g 7
[T,/ 2] max bolay Ty/2) = [(=9) /{1+0.0234/ (-3) 31 , 44> 6. (2.13)




11.

Results from the above equation coincide in the cross-over
region 6 < Qg Tg/2 < 8 with those given in Appendix I.
Numerical values Qf AO and [Tg/2]1/2 ma x wo(Qg Tg/2) are shown
in Figure 2.2 for Qg Tg/2 varying from 0.1 to 1,000. The

L
combined function [Tg/2 Ao]z ma x wo(ﬂg Tg/2) is also given

to make prospective enumerations of formula (2.11) easier.

2.4. Relationship Between Input and Output Energy and Power

To-make the equations more useful in practice, rela-
tions between the response parameters (e.g., energy, mean
square power) and their corresponding parameters in the ex-

citation will be established by using [34]

0o

Ey = [gz(t) dt = %/ IF(G)H(jw) [? do. (2.14)
0 (0]

Whether the load is deterministic or not two cases will be
considered, one with finite duration Tf' and the other with

]bng duration, Tf > o,

2.4.1. Short Duration Loading

When Te is short (e.g.,, impulsive Toading) equation
(2.14) may be written in the form

> T¢ . Te :
" " ?15/ f fme*‘”‘] F(x)eI t3w) | du dx dr. (2.15)
00




5 ‘
|
4 -
3 |-
2 , L2
o N

b= - - e TTTT T

B e —[Tgr2] maxy, (g Tg/2)
o E==177 0 il bt gl Lo vl IR RET

o1 100 To} 102 103

ﬂg Tg/2

Figure 2.2. (Tg/2)\0)li max xpo(ﬂg Tg/2), (Tg/2);5 max lpo(s’zg Tg/2) and 1, against Qg Tg/2.
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Interchanging the order of integration leads to
T T
Eg = ./P f(T)J/- f(x) L(x -1) dx dr , (2.16)

0 0

where L(t) 1is the Fourier transform of IH(jw)]2 and, as
such, is unique. The maximum values of Eg occur when f{(1)

equals the characteristic functions, fo(r), corresponding to

the largest characteristic values N, of the homogeneous

Wiener-Hopf integral equation [34,37]

n flz) = [ £(x) L(t - %) dx. (2.17)

fo(r) s the excitation which maximizes the energy content

of the structure's response. Substituting equation (2.17)

into equation (2.16) gives
Ego = ”o(Tf) Ee o - (2.18)

The maximum response can be found immediately in terms of the

excitation's energy by combining the above equation with equa-

tion (2.11) so that

max gy (t) = /n (Te)E/Ag max v, (t + T /2, @ T4/2). (2.19)

9

In many applications finding the greatest maximum
(maximax) response is a major concern. This maximax will

~correspond to the maximum value of n (T obtained from the

L(Te)
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Fourier transform of equation (2.17); that is,
max n, = max lH(jw){z (2.20)

and

Tg/Z). (2.21)

maximax go(t) = Ymax lH(jw)!ZEf/AO max wo(t + Tg/2, Qg

Equation (2.19) estimates the maximum response for any input
Toad with known energy while equation (2.21) provides the

maximax response for all excitations with the same input

energy Ef regardless of the %oading_pattern f(t), Appli-

cation of these equations will be presented in Chapter 3.

2.4.2. Long Duration Loading

Long duration Toads can be treated in a fashion similar
to that for short duration loads by letting Tf tend to

infinity in equation (2.16). Then

Ego = Ny Ef (2.22)

and n, no longer depends upon the duration Tf.

Taking the derivative of equation (2.22) relates the

input and output power in the form

dEgO/dt. = no.dEf/dt. (2.23)

| For stationary and ergodic random processes neither
energy nor power are known entirely but are defined usually

in statistical terms. The mean square power can be deduced
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from equations (2.3) and (2.22) as
2 _ 2
<g(t)> = n<fo(t)> (2.24)
which, when combined with equation (2.12), leads to

max 9(t) = Mg<fo(t)o/0) max uy(t + %, 8./2). (2.25)

The autocorrelation and spectral density functions are

related to the mean square response by [5]

Pf = Rf(°> = /fS(w) dw. (2.26)
0
It follows that
Rgo(o) = ng Rf(o) (2.27)
and
/Sgo(w) dw = o ‘/.Sf(w) dw. (2.28)
0 0

2.5. A Viscously Damped Oscillator

The application of the-theory is illustrated by con-

sidering the particular example of a structure idealized as
a single degree-of-freedom, viscously damped system. Values

of n were evaluated by solving the eigenvalue integral

0

equation (2.16), by using the numerical technique of
Youla [39]. Details of this method are given for both short

and long duration loads in Appendix 1II, for the (displacement)
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frequency response function [2]
H() 1% = (/K4 Lstu)t + (2 - 48)(s/0 )% + 11, s = du

Here W s the undamped natural frequency of the system and
z 1is the damping ratio. Similar procedures can be implement-
ed in the case of velocity or acceleration frequency response
functions.

For short duration loading, values of an are plot-

0
ted in Figure 2.3 against Tf/TnJr for damping ratios 'z
between 0.02 and 0.30, which encompass most practical situa-
tfons. [t is found that for values of Tf/Tn smaller than
1.0, damping has much less importance in contfo]ling k2no
Fot this reason only the undamped response to impulsive load-
ing has beeﬁ frequently considered [2]. When the ratio Tf/Tn
becomes greater than nine, kzno approaches asymptotically
its maximﬁm value. Therefore the eigenvalues for long dura-
tion loads can be found directly from the asymptotic values.

Alternatively

max n, = max lH(jm)l2 =1/(4k2 c2(1 - Cz)); z < 1//2

ke, 1B <r<l. (2.29)

1

Values of max kzno are plotted against the damping ratio in

Figure 2.4. For finite duration loads the maximax displace-
ment, obtained by inserting the values of max N, into equa-

tion (2.21), is given by

TTn is the natural period of the oscillator.
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maximax go(t) = [2ke/(1-22)] "L/ max bo(ETg/2.0,T /2), T < 14,

maximax go(t) (k)"IVEf/AOmax wo(t+Tg/2,Qng/2), 1/V2 < ¢ < 1. (2.30)

2.6. Maximum Stochastic Response

The maximum mean square response to a stationary random

lToad having an arbitrary random power spectrum can be evaluy-

ated readily by using the foregoing equations. However, it

is interesting to compare the specific result for Ny to that
given in references [2] and [15] for a lightly damped oscilla-
tor excited by white noise. FEquation (2.28) can be rewritten

as

<o

./ESg (w) - n Sf(w)].dw = 0. -(2.31)

¢]

‘The input and output power spectral density functions are

related through [2,15]

Sg(w) = [H(W) |2 spw),

so that

[ 012 - 0] sw) aw = 0. (2.32)
0

Upon assuming that Sf(w) is twice continuously differenti-

able with respect to w and using the fundamental lemma of
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Calculus of variations, it follows that [37]
no= o [H(w) |2,
Therefore

n, = max [H(jw)|? =1/ @k? 21 - £2)).

Agreement can be shown by substituting unity for (1 - :2)

because the system is lightly damped (z << 1).

2.7. Estimation of the Response's Bandwidth and Duration

The vexatious taskvof forecasting Qg and Tg given
complete details of thg oscillator and knowing the load's
duration Te > and energy or the bounds of  [F(jw)| 1is well
recognised in analogous problems in circuit theory [35,40].
Difficulties arise because the estimation will dépend upon
theparticular criterion selected and, hence, will not be
unique. From a practical standpoint however any easily imple-
mented criterion which produced inconsequential errors should
be satisfactory. Consequent]y simple guidelines to obtain
fair estimates will be developed by using criteria selected
somewhat arbitrarily from those known to .be reasonable for’
electrical circuits.

Knowing Tf’, the pefiod of the oscillator, Ty, » should

be strictly chosen so that the response's period of interest,

Tg » has to satisfy equation (2.2) to be fully compatible with
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Duhamel's integral

T Q
g(t) = Lt ff(r) h(t-t)dT = % Lt fF(jw)H(jw)ejwt dw (2.33)
T+ 0 Qe L t

The duration Th is often approximated in circuit theory by

TA obtained from

h(TA) = g, max h(t). (2.34)

Therefore TA will depend upon € which is normally selec-
téd such that the response to an individual load hardly
changes relative to its maximum value for all time t greater
than (Tf + Té) [41]. Obviously the maximax rather than the
maximum response is. a more fitting reference for several loads
with similar ehergy and duration or Fourier transfqrms.' Then
an easily instituted guideline for selecting €, appropri-
ately may be generated in a manner similar to the derivation
of the upper bound given in references [18,19]. Duhamel's

integral Ts.rewritfen first as

T T
g(t) = Lt [/f(T)P(t-T)h(t—T)dr +ff(T)Q(t-r)h(t-T)dT] (2.35)
T © 0
'where-
1. t < TA,
o - |
0 t > T
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and
0 t < T
Q(t) = { (2.36)
1 t > TA

The first integral in equation (2.35) is the response up to
the time (Tf + TA) associated with a given € and the second
represents the subsequent response. Hence, applying Schwartz's

inequality to the second integral yields

TetTh !
L
g(t) -.jf f(t)h(t-T)dr = Lt J/.f(T)Q(t-T)h<t‘T)dT j_[EfEé ] (2.37)
T+ 0 ' €
where, because of Q(t-t1),
» T
Eo= Lt [ nf(t)dt. (2.38)
€ 1
FM>Th

Similarly, applying Schwartz's inequality to the time integral of equa-

tion (2.33) gives the maximax estimation of references [17-20]

as
maximax g(t) = [EfEh]l/2 (2.39)
where
T . .
E. = Lt ffz(t)dt
T»o 0
and
T _ .
B, = Lt fhz(t)dt | (2.40)

T+ 0
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Combining formula (2.37) and (2.39) gives

Tf+TA

g(t) - f(T)h(t-T)dr £l % £} Y
S S F
maximax g(t) 4 h |l | "h

because Eﬁ » the energy time integral truncated at TA < T,

cannot be greater than Eh . This inequality implies that if
€ is chosen so that, irrespective of the load, the ratio

[EA /E?']]l/2 or [EA /Ehjl/2 is small then the inaccuracy in the
coriesponding maxi;ax response caused solely by error in Th
énd, hence, Tg will be no tlarger.

The frequency bandwidth of the response given in equa-
tion (2.4), Qg » 15 recognised in circuit theory to be the
smaller of the load and oscillator's bandwidths. Therefore
Qg is independent of the load when Qh is less than Qf
so that it may be approximated fairly accurately then in a
comparable manner to Th . Greater uncertainty might be in-
troduced in Qé when 'Qf is less than Qh because generally
less detail is presumed for the load than for the oscillator.
The bandwidth £z 'and, hence, Qg can be assessed straight-
forwardly if lF(jw)] is assumed to be known but some diffi-
cu]ty is experienced if only Ef and Tf are known. The
only recourse in the latter case is to employ the experimental

strategy of judging the cut-off frequency by experience with

Kindred loads. For example, the cut-off frequency 2.5/Tf
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which is a reasonable approximation for half-sine, rectangular
and triangular impulsive 1loads [42] could be used for simi-
larly shaped impulses. Such a procedure however is viable
only if the estimation of the maximax response is insensitive
to large differences in Qf when Qf equals Qg . Some idea
of this sensitivity may be gauged from formula (2.21) which

is probably the most critical from a theoretical standpoint
because it depends not only upon @ but T. too. Functions

g g

of Qg ’and Tg in this formula are combined and p]otted in

Figure 2.2 in the norma11zed form [T /ZA ]2 max . (Q T /2)

It may be seen that [T /2 ]2 max y (Q T /2) is a]most con-

stant up to Qg Tg/2 around one and approximately doubles

for subsequent tenfold increases in Qg Tg/Z'. The error
which is introduced by 1imiting the bandwidth of a time
limited response is evaluated in Appendix III ahd shown to be
negligible for‘ Qg Tg/z‘ greater than 4. Therefore the maxi-
max response appears fairly tolerant of errors in the product
QT with s]ight]y less latitude allowed for ‘Tg because

9 g
of the normalization factor Tgl/2 - Consequently formula (2.21)

permits reasonable inaccuracy in Qf or, for that matter, Qh

and is just more sensitive to the fortunately surer error in

Tg (or T, given Tf ).
A priori error bounds can be assessed more systematic-
ally and closely when Qg equals ‘Qh rather than Qf . An

approximation to Q, » 9, » can be determined by analogy with
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TA in equation (2.34) from

]H(jﬂﬁ)l = gy max [H(jw)]|. (2.42)

Selection of is based again on the requirement that the

“H
response scarcely changes relative to the maximax value but

for frequencies w greater than Qé . Differences in the
response arising from the neglect of frequencies greater than
Qﬁ can be derived from equation (2.33) as
0 ‘ Q2
o(t) - gp(t) = gLt [Flaop(ie)e e - L
{0 =0 -Qé

h Jwt '
FlJw)H(jw)e"® dw  (2.43)

where gB(t) is the frequency Timited response. Alterna-

tively
Q . Q . i
g(t)-gg(t) = —2-17—; Lt [/F(jw)H(jw)R(jw)eJ‘”tdw +/F(jw)H(jw)5(jm)e3“’tdw] o
' o Q) -Q |
|
(2.44) §-
where |
1 w < -QE
R(jw) = {
0 w > -Qﬁ .
and
0 w < QA
S(jw) = { (2.45)
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By employing symmetry about w zero and the procedure used
to arrive at inequality (2.37), the modulus of equation (2.44)

can be shown to be bounded by

l9(t) - g5(t)] < 2[E. Ef I? O (2.46)
g
where
Q
A P vf[lH(J’w)HS(vjw)l]Z do. (2.47)
€ (o 0

Therefore the difference in g(t) relative to the maximax

response of formula (2.39) is

1 L 1 -8
g(t) - gg(t) "H, H
maximax g(t) h H

if the same reasoning needed to formulate inequality (2.41)

is applied. EA 1s the energy integral in the frequency

rather than the time domain.which is terminated at +a, i.e.

Ql
h
o=

Voo | HGGW) |2 de (2.49)

_Qh

Hence €y chosen so that the corresponding QH leads to a

small ratio of Z[EQ /E}'{JI/2 will produce, by itself, no
€

‘greater error in the maximax response. Of course, a standard
‘analysis based as éppropriate on inequalities (2.41) and (2.48)
should be performed when errors occur in both frequency and

time.
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A1l relevant detail has been generated now to apply
formula (2.21). The accuracy will be comparéd in Chapter 3
with alternative methods by using idealized loads which typify

practical examples.

2.8. Conclusions

The greatest maximum response for linear structures

can be predicted from generally available knowledge. The-

Toad's pattern and duration are eliminated in finding the

maximax response. However, when the duration is known a
better estimation can be obtained. The results are applicable
to all Tinear structures and to deterministicand random lToad-

ings.
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CHAPTER 3

APPLICATION AND COMPARISON OF MAXIMAX RESPONSE ESTIMATES

3.1. Introduction

Details of nominally identical shock loads, unlike
their analytical counterparts, often vary in practice due to
uncontrolled fluctuations in turbulence, packaging of dynamite,
etc., yet their general forms remain similar. Therefore con-
siderable attention has been shown recently in bredicting the
maximum response and energy of structures excited by gross]y
described loads [17-29]. Tufts and Shnidman [17] and later
Drenick [21] estimated the greatest maximum response of linear,
stable (damped) étructures from knowledge of the energies of
theiaad and the impulse response function of the structure.
Shindzuka [28] subsequently improved the estimation by employ-
ing comparable information in the frequency rather than the
time domain. This last approach however suffers. from the
practical disadvantage that a computer is needed. An alter-
native procedure selectively using overall time and, from an
experimental viewpoiﬁt,’more readily available frequency
characteristics of the load and structure has been out]ined
in Chapter 2. The theory has the additional attraction of
estimating the maximum energy as well as the gréatest maximum
of the response but requires further elaboration to cover

realistic problems.
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A critical review of the three approaches is presented
with an assessment of their ré]ative accuracies for diverse
but typical shock and earthquake loads. The loads are applied
to structures idealized as in the previously mentioned refer-
ences by simple, viscously damped oscillators. Values of the
damping and resonant frequency are varied to encompass the

range of most practical applications.

3.2. Review
The response, g(t), of a linear, stable, causal oscil-

Tator initially at rest is obtained from Duhamel's integral

as [2]
T Q .
g(t) = Lt /f,(ﬂh(t-r)d_f = 51; Lt fF(jw)H(jw)ert dw. (3.1)
Tow 0 Qo0 "=

A detailed description of h(t) and H(jw) ~will depend
partly upon the stiffness k , natural period - Tn and damping
ratio iz of the oscillator and partly upon. the response vari-
able (displacement, vé?ocity or acce]ération etc.) of interest.
Even if either h(t) or H(jw) 1is known, g(t) can be
evaluated from equation (3.1) only if the appropriate time or
frequency characteristics of the load are determined complete-
ly. This is then a difficult if not impossible practical
task which is compounded by the possibility of a structure
experiencing greatly different types of loads over its 1life-

span. In many practical situations however the maximum
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response to a particular load or the largest maximum (maximax)
generated by similar Toads is often of greater concern than
the time history of g(t) . Then the problem becomes more

tractable because these maxima may be estimated in terms of

the energy of the load, Ef » which is Tess changeable than
f(t) or F(juw)

The earliest method of approximating the maximax res-

ponse was to apply Schwartz's inequality to the time integral

of equation’(3.1) [17-21]. The result

1
3

maximax go(t) = [Ef Eh] (3.2)

is usually an oVerestimate and valid only if the energies Ef
and Eh are finite. In principle these last requifements do
not necessarily infer that f(t) and h(t) are time lTimited
but this is often implied in practice. 1If, for example, the
functions do not have simple analytical descriptions then
digital computation of the 1ntégra1s would be truncated at

some conveniently large but finite T . Although formula (3.2)

is exact when f(t) and h(t) are proportional, it is gener-

ally less precise than the upper bound [28]

maximax go(t) = ——-Lt J/ [F(Jw) | |H(jw) |dw (3.3)

providing lH(jw)[' and especially |[F(jw)| , the envelopes
of H(Jjw) and the similar F(jw) , are accurate. The bound

is derived by taking the modulus of the frequency integral
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(3.1) which is never greater than the integral of the modulus.
However formula (3.3) still requires evaluation usually by

terminating the limits again at a finite value, Qg , found

by inspection. Even then, the computation is seldom a simple
task.
A different approach presented in Chapter 2 determines

the Targest amplitude in a class of response functians whose

energies are identical to the maximum produced by a given

energy of the loads. A1l functions belonging to this class
are both time and frequency limited. Although this simul-
taneous restriction violates the uncertainty principle [30],
it is imposed commonly but often unknowingly in measurements
due to time and instrument Timitations. Therefore this
approach would appear to favour truly experimental applica- §.'
tions. If the theoretical violation is accepted pragmatically |
then'the function having the greatest energy and amplitude in
time Tg and the frequency range [-Qg, Qg] is the first

prolate spheroidal wave function of zero order, wo(Q Tg/Z)

g
[36]. Therefore the largest response, subject to the corres-

ponding energy being maximum, is approximated in Chapter 2 by

max g5(t) = [ngEe/A,1% max u, (9 T/2) (3.4)

9 ) . .
where [nOEf/kO]2 is basically a normalization factor. A,

is a function only of the product Qg Tg/2 whereas Ny

depends generally upon the characteristics of the oscillator
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and the duration of the load. However the maximum value

of n is given by

0

max n, = max lH(jw)I2 (3.5)

which is independent of the load. An approximation to the
maximax response may be derived by substituting the last

equation into the maximum of formula (3.4) to produce

maximax go(t) = [max [H(jw)|2 Ef/xojl/2 max'wO(Qg Tg/Z). (3.6)

Even‘a cursory inspection of formula (3.6) will reveal
that the still unknown response variables Qg and Tg have
to be evaluated reliably from 3 priori knoW]edge. Formula g
(3.2) and (3.3) on the other hand appear to need only one of |
these variables to effectively truncate their integrals. = This §  
might be the case indeed {n theoretical calculations but often
Qg and Tg are both restricted in experimental measurements.
‘For example the time history h(t) cannot be practically
acquired in perpetuity yet the digital equivalent of dts

Fourier transform cannot go faithfully beyond the Nyquist

frequency [43]. Consequently the measured unlike the theo-
retical response of a commonly occurring lightly damped

structure, where h(t) decays very slowly, will likely be

~time and frequency bounded. Therefore all formulae could
usefully employ guidelines for appraising both Qg and Tg
& priori in experimental situations to avoid extraneous devia-

tions from theoretical predictions.
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3.3. Typical Examples -

Particular emphasis will be placed on the application

of the relatively unknown formula (3.6) whose estimates form

the basis for comparing the other two procedures. Absolute
accuracies are determined wherever possible by contrasting
approximate against exact solutions for a variety of loads.
The Toads circumscribe pulse modulated sinusoids, the most

frequently occurring mechanical shocks and representative

earthquakes. They all ihdependent]y excite a common structure
having the idealized impulse response function [2]

w L
- 2
h(t) = 5 e n® sin [(1-29) o t] (3.7)

k(1-2%)
and the frequency response function

1 L
| ]H<Jw)l = 4 ' _ 2 [ (3.8) ‘
KIS+ 2(2c%-1)(2) + 1] f

n n

for its displacement. The structural characteristics Th

and ’Qh may be estimated by first deriving max h(t) and
max |H(jw)| from the above and then substituting these rela-

~tions into equation (2.34) and (2.42). 1t can be shown by

using calculus of variations that

w -1 -1
max h(t) = - sip (’(:an'1 v) e (-7

kzy
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where
1L
2 2
vo= (1-2%) /g (3.10)
and
1
. 2,2 1
max [H(jw)] = 1/[2 k (1 -¢2°)] , g <= (3.11)
V2
Hence
1 .
To= L - 22) % tanty - ol tnge sin (tan"l v)}] (3.12)
W h
and
0 %
2 (1 - C ) _2 1/2 1/2
Q;‘ = w [(1-22%){1 + 2¢ 5 (eH - 1) }] (3.13)
(1 -2z%) '
provfdihg
L
ey < 2z(1 - %) and z < 1/V2 . (3.14)

Values of TA/Tn (or wnTE/Zn ) and Qﬁ/“n computed from the above
equations for various ¢ Jess .than 0.5 and both €y and ey equal

to 0.025 are plotted in Figures 3.1 and 3.2. The o and €y Were
selected somewhat arbitrarily but such that the bounds [E /Eh] " and
2[E /Eh]2 in inequalities (2.41) and (2.48) respectively are less than
a norma]]y sufficiently small 0.06. The curves in the figures agree with
the intuitive concept that as the damping of a given structure increases,
Th decreases with Qh behaving almost reciprocally. They also provide

a convenient way of approximating T, and quickly.
h h
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The only outstanding variable related to the structure
is the energy of its impulse response function, Eh , which 1is
wanted in formula (3.2). By substituting equation (3.7) into
(2.40), it may be shown analytically that |

] .
Eh 22 . Tn . (3.15)
Further information required pertains to the properties of
the tybe of Toad under consideration. Although the loads will
be appraised separately, their time history or Fourier trans-
form will be assumed in each example. This detailed knowledge,
if consistent and available in practice, would make the need
for estimates somewhat superfluous. However it is necessary
to evaluate the exact solutions and, By comparison, test the

accuracy of the three formulae.

3.3.1. Pulse Modulated Sinewave Excitations

The initially stationary oscillator will have the exact

maximax displacement [2]

1.
2r (1 - ¢2)%

(3.16)

~|ro

maximax g(t) =

when excited by the pulse modulated sinewave Pp (t).sin wet
T
.F

shown in Figure 3.3 under the conditions

1
we = w (1 - 2:8Y%  and T > T, (3.17)
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A1l formulae require the evaluation of at least Ef or
|F(jw)| from the load's given time history. By using equa-
tion (2.40) and condition (3.17),
T Te
- - - 2., _ 52 . 2 2 2
Ef =Lt [{P. (t) sin w.t}°dt = P sin® wet dt = PC T./2 (3.18)
T» 0 f 0

to a sufficient degree of accuracy. This relationship can be
substituted together with equation (3.15) into formula (3.2)

to give the approximation

‘ p il Tf E
maximax g(t) = IR [: T } (3.19)
n

|F(Jw)] can be derived likewise from the time history as

P 2

. | . 2
[F(jw)| = 5 1+ cossz,T]c + (jiﬁ sin waf
w f
wel(z5) - 1]
f
. : 1
- 2 c0s wT, cos w Tg - 2(%) sin weTe sin waJZ (3.20)

- by using standard procedures. However We must satisfy equa-
tion (3.17) again. Equations (3.8) and (3.20) when combined
with formula (3.3) lead to a complicated integral expression
for the estimate of maximax g(t) which is more easily ascer-
tained numerically. v
Formula (3.6) demands le  in addition to E. and Te

5

to enable the factor A ma x wo(Qng/Z) to be calculated.

0
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Now Qf can be approximated by utilizing either experience

or the bandwidth of the major lobe of the pulse modulated
-sinewave's‘Fourier transform? 4Tr/Tf [34]. The latter approxi-
mation is adopted here. It is compared with the Qﬁ deter-
mined for a given ¢ and W from Figure 3.2 in order to
estimate Qg in equation (2.4). Then Tg is appraised by

putting the known Tf and TA » which is assessed similarly

to Q. but from Figure 3.1, into equation (2.2). Subsequent-

h
1y the product Qg Tg/2 is approximated so that, having

1
figured T  , A7%
igure g %o g

Figure 2.2. Finally this factor is substituted along with

ma x wO(Q Tg/2) can be estimated by using

equation (3.11) and (3.18) into formula (3.6). ?_
The three estimates originating from formula (3.2),"

(3.3) and (3.6) are non-dimensionalized and compared with the

exact solution (3.16) in Figure 3.3 for different ¢ and

Tf/Tn satisfyihg‘(3.17). Numerical values were obtained | §m¢ 

fb110w1ng the“pfocedures outlined. The'integra1 inherent to ‘

formula (3.3) was computed digitally by using a readily avail-

- able numerical quadrature algorithm which utilizes a cautious
Romberg extrapolation to find an acceptable estimate [44].
This technique coped sudcessfu}]y with the integrand's_singu-

Tarity. Integration was terminated somewhat arbitrarily at

m/wn of a thousand because a tenfold increase in this limit

did not affect the solution's first two digits. Two digit

accuracy was considered sufficient for plotting purposes.
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Figure 3.3 shows that for this example, formula (3.6)
is most accurate followed by formula (3.3) and then (3.2).
The exact maximax displacement is independent of Tf/Tn where-
as formula (3.6) is slightly, formula (3.3) more so and for-
mula (3.2) most sensitive to Tf/Tn. Inaccuracies always |
grow at a rate depending upon the sensitivity with increasing
Tf/Tﬁ . For a given Tf/Tn » the absolute difference between
the exact value and any one of the estimates appears to de-

crease with increasing ¢

3.3.2. Mechanical Shocks

Mechanical shock testing typically utilizes half-sine,
rectangular or triangular-Tike pulses [9]. By assuming, often
unrealistically, that such shocks do not deviate from a simple
idealized shape, the reéu]ting maximum or maximax response can
be predicted "exactly" from equation (3.1). Maxima computed
for different Tf/Tﬁ and possibly <z are presented most
conveniently in the graphical format called a shock spectrum.
Customary grdwths'in the osci11ator'5'maximax‘disp]acement
Created by decreasing ¢ are illustrated'by the exact spectra
for the half-sine pulse shown as dashed curves in Figure 3.4.
These curves indicate that the frequent neglect of small ¢
to avoid computational complexities Jeads to normally slightly
large maxima. ConsequentTy comparable spectra for the rect-

angular and triangular pulses should differ little from the z




half sinewave's exact shock spectra.
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zero curves selectively presented in Figure 3.5 to improve
its clarity. The peak amplitude of the triangular pulse in
the Tatter figure is 2P rather than P to make the energies
and durations of all three loads identical.

The corresponding estimates from formula (3.2) and (3.6)
are also shown in the same figures. Estimates were computed
by using identical procedures to those in the previous example
but Qf equals 2.5/Tf rather than 4Tr/Tf . Both Figure
3.4 and 3.5 demonstrate that again formula (3.6) is invariably
more abcurate than (3.2). The formulae also behave like be-
fore in comparison with the exact spectra for varying ¢ and
Tf/Tn . However formula (3.6) increases more rapidly at low
Tf/Tn but ultimately tends, as previously, to be constant

when Tf/Tn is 1arge.

- 3.3.3. Earthquake Loads

Earthquake Toads are often presented in the form of
frequency spectra rather than time histories. For example

the frequency envelopes

1+ 4;2 (w/w )2‘ :
[F1(Gw)} = o ( 5 g g 5 > , (3.21)
(1 - (w/wg) 17+ 4z (w/wg)
|Fp(3w)| : ’ (3.22)
Jw =0 - N .
2’ O( [1- (w/wg)z]2 + 4C§ (w/wg)2 >
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and

' 2
BGu)] = o (wu)? & (/)

o (/g (3.23)

have been suggested as reasonable representations of certain
trends observed from records of strong-motion earthquakes [26,
45]. Parameters and w depend upon the characteristics

g g
of a particular earthquake but typical values, 0.5 and 10 =

rad/sec respectively, are often assumed [26]. Variable 9

with dimensions of feet per second is dictated by the total

energy of the earthquake at a specific location. Shinozuka [26] |
used all three Toad spectra to assess formula (3.3) with (3.2)
as a reference. His results, evaluated as the ratio of the

estimates from the two formulae, are displayed as the dashed

curves in Figure 3.6 through 3.8. Accepting this precedent,
similar ratios were derived from formula (3.6).

By dividing formula (3.6) by (3.2) and using equation

(3.11) and (3.15), the approximation can be rewritten as

maximax g(t) _ [ 2 RIS
= [e(l-2¢7)w] " A Y (0 .
(£ ]? n o max Y ( g Tg/Z) (3.24)
f~h
where w, = 21r/Tn . Given 7 and Wy (10m rad/sec), the

first term on the righthand side can be evaluated straight-
forwardly in the range 0 < wn/wg-j.Z considered invrefer-
ence [26]. Shinozuka demonstrated by simply plotting the

[F;(Gw)[ (i = 1,2,3) and |H(jw)| for various w/wg
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that @ is always Tess than any of the Qf when wn/wg < 2.

h
Consequently equation (2.4) indicates that Qg is identical

to Qh which can be appraised from Figure 3.2. Tg can be

approximated as before by employing equation (2.2), Té from

Figure 3.1 and thé duration Tf of 25 seconds for the typical

strong-motion earthquake [45,46]. Having evaluated Qg and

1
T , the second ter NE
q c mooAg q

can be evaluated from Figure 2.2. Numerical values obtained

ma x wO(Q Tg/Z) in formula (3.24)

by following this procedure are shown as the continuous curves
in Figure 3.6 through 3.8.

The figures indicate clearly that all the ratios are
vinvariab]y less than unity so that formula (3.3) and (3.6)
are evidently more accurate than formula (3.2) again. For-
mula (3.6) is inferior to (3.3) when ¢ equals 0.01 but its. 511
relative performance improves progressively until generally a
it is apparently superior for ¢ greater than 0.05. This
change is particularly noticeable around wn/w of one due

g
to the seemingly greater sensitivity of formula (3.3) to

wp/ug

3.4 Conclusions

Three distinct formulae can be used to predict the

maximax response of a given linear structure when it is excited
by partially specified loads. The loads are described gene-

rally either by their energy and possib]y‘duration or by the
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upper envelope of their Fourier transforms. The form of in-
formation available for the loads will largely determine the
ease of applying any one formula. For example, if only the
overall time behaviour is known then the necessary calcula-
tion of the Fourier transforms in formuia (3.3) would impose
a heavy‘addftiona1 penalty. Also, care shoqu be exercised
to distinguish between theoretical and eXperimentaT'app]ica-
tions. The crucial difference is that the response's fre-
quency bandwidth, Qg » Will be dictated by the characteristics
of the measuring instrumentation in experiments but not in
theory. These characteristics are chosen usually by following
informally the guidelines developed in Section 2.7 but further
comparative trials may be undertaken for finer "tuning". If
Qg is thu5vascertained, the computational complexities
associated with the theofetica] evaluation of formula (3.6)
and, to a minor extent, formula (3.3) will be reduced. This
potential improvement has been ignored.

The formulae are ranked purely on their theoretical
accuracies for several transient loads occurring typically
~in practice. Formula (3.2) is certainly inferior on this
basis. However the relative rating of the other two formulae
is not so clear. Formula (3.6) is more accurate than for-
mula (3.3) for the pulse modulated sinewave but the balance
-apparently tips for low structural damping likely in earth-

quake designs.
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CHAPTER ¢4

THE MAXIMAX RESPONSE OF DISCRETE MULTI DEGREE-OF-FREEDOM
SYSTEMS

4.1 Introduction

A technique has been developed in Chapter 2 to estimate

directly the maximax response of a linear, stable oscillator

to all possible loads having the same energy or mean square

value. Compérisons with two more established procedures for
a fair range of realistic loads, in Chapter 3, suggest that
the technique produces accuracies better than one and compar-
able, at worst, to the other. However the representation of
complex structures by a simp1é_osci1]ator is somewhat 1imited
so that the technique will be extended to discrete systems gf-
having many degrees-of-freedom. Specific examples chosen to |
illustrate the application and accuracy of the technique have
theoretical solutions which assume a detailed knowledge of

the Toads. Analogous solutions cannot be determined explicit-

1y when, as often occurs in practice, these details cannot be
specified completely. Then reasonable estimates of the largest

feasible (maximax) response become increasingly valuable in

~assessing the "worst" design case [28].




52.

4.2 The Maximax and Maximax Mean Square of the Response

Formulae have beénjdeve1oped in Chapter 2 for estima-
ting the maximax response characteristics of single degree-
of-freedom, structural systems to incompletely described
loads. The theory will be extended to more realistic systems

having many degrees-of-freedom. Structures are still linear,

causal and stable but they are idealized now by n separate

masses coupled by weightless springs and viscous dashpots as

in Figure 4.1. The typical pth mass, at rest initially,
is Toaded at time t = 0 by fp(t) which can be specified

only grossly by either its energy
T ]
L= Lt ffg(t) dt (4.1)

P T=»x"0 :

and duration Tf ,» 1f finite, of the mean square value

;
2005 = 14 L[ 2
<f2(t)> = Lt Tffp(t) dt. (4.2)
T+oo 0 .

Application of the above formulae requires fEf or <f§(t)>
. : P

to be bounded. Similar limitations apply to the loads acting
simultaneously on the other masses. Given this partial infor-

mation and the system's complete properties, the object is to

1LS'ubscM‘p’c f will denote a variable associated with a Toad
to be consistent with the previous notation. Similarly g
will refer to a response and h to an impulse response func-
“tion. A single sub-subscript indicates the particular com-
ponent ‘under consideration.
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estimate accurate1yithe maximax or maximax mean square res-
ponse of each mass without determining their entire time
histories. This objective can be accomplished by first taking
advantage of the system's linearity to determine the energies
or the mean squares of the responses by using the principle

of superposition. Then the greatest maximum energy or mean

square of each response is assessed for a1l loads which have

the same energy or mean square as a corresponding given load.

This procedure is repeated for all the known loads so that

the overall maximax energy or maximax mean square can be found
for the response of each mass. Finally each response's maxi-
max value can be ascertained from its maximax energy in an
identical fashion to that detailed in Chapter 2.

The total reeponse of the gqth mass, say, to the n

applied loads can be written as P

n. ,
gq(t) = pzl gqp(t) g =1,2,3,...,n (4.3)

by employing superposition. Typically gqp(t) is the res-

ponse of the gqth mass to the load fp(t) applied. independ-

ently at the pth mass. Of course gqp(t) and, hence, gq(t)

can be enumerated strajightforwardly only for the trivial case

of fp(t) = 0 because otherwise the loads are not specified
fully. However a tractable expression fof the energy Eg
q
corresponding to gq(t) can be developed when the energies

of the loads are known. Now
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,

n

E, =Lt [gdt)dt=tt [(z g (t)%dt, q-=1.2,...n (4.4)

9 q p=1 9P
T- 0 T 0

by using an analogous definition to (4.1) and equation (4.3).

By manipulating terms

_ n T 5 n n !
E = ¥ (Lt '/ﬂg (t) dt) + £ = (Lt ./rg (t)-g_.(t) dt)
% p=1 9P i=1 j=1 n
T g i3 T+ o
g=1,2,3,..,n
or
: R T()()) )
E = % E + I (Lt J/.g (t) g_.(t) dt), (4.5
S p=1 Sgp =Ll KLY
1

g=1,2,3,..,n.

Schwartz's inequality [34] g

T : T T L
Lt /gqjm 9qj(t) dt < (Lt /ggim dt-Lt /q§j<t) at)
To 0 T>~ 0 T 0
) (qui qui)

has to be applied generally to formulate the extreme right of

equation (4.5) in terms of appropriate energies. Then

n n .
E < 1© E LT (E, cEL ), q = 1,2,3,..,n. (4.6)

The equality holds only in the rare case when QQ1(t) is

proportional to gqj(t) so that inequality (4.6) will
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normally produce an upper bound for Eg . When the loads

q
are specified by their mean squares rather than their energies,
the mean square response of the gth mass can be derived

similarly to be

<QRt)> < T<g(th+ T T gl (6)cgl (6515 q = Lizv. oo, (0.7)
gq —_ p=1 gqp -i_—_ . gq-i gqj s q sl aeeglla .
i#J
Relation (4.6) certainly shows that Eg can never be
g

greater than its right-hand side. Consequently

+ n n n
maximax E, < r E. + I T (E, +E ) <

maximax E
a” p=l Jgp i=14=1 Y4i Y95 Tp
i#]

1 9p

™M=

n v
% (maximax E. -maximax E )%, q=1,2,..,n.(4.8)
i=1 j=1 qi 9qj

The representative term maximax E corresponds to the maxi-

g

qp

max energy of the response of the qth mass produced inde-
pendently by any load which, regardliess of its history, has
the same energy as fp(t). By analogy to the single oscilla-

tor in Chapter 2 where++

maximax Eg = max lH(jw)[2 Ee - (4.9)

1-Maximax Eg could be written here as Eg‘ for consistency
q ' 95
with the notation of Chapter 2. The present convention
however is simpler and less confusing.
1LThe sub-subscript 1-is eliminated to be consistent with the

notation of the single oscillator in Chapters 2 and 3.
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it may be shown similarly that

maximax E, = max [qu(jw)]z E. . (4.10)
qp P

qu(jw), the generalization of the standard frequency response
function H(Jjw), is the ratio of the steady-state displacement
of mass g to unit sinusoidal loading of mass p . More
detailed descriptions of these functions together with their
relationships to the corresponding impulse response functions,
hqp(t) and h(t) , are given by Lin [15]. Henceforth it is
assumed implicitly that of all the response variables only
the displacements are of interest. If velocities or accelera-
tions are preferred then the méjor change involves the re-
p]acement'af ma x lqu(jw)IZ in formula (4.10) by '
max (w2 qup(jw)lz) or max (w4 Iqu(jw)lz) , resﬁectively.

Substituting formulae Tike (4.10) into equality (4.8) leads

to
. n | ( )IZ
maximax E_ < £ max |H. (jo E
n n . 2 - 2 i
+ iii .zl(max [Hqi(Jw), max Iqu(Jw)[ Efi Efj) s q9=1,2,..,n
17] (4.11)
for the disp]acement'energy of mass q . Similarly
. 2 n 12 2 nn 2
maximax <g (t)> < L max [H_(jw)|%<f(t)> + 3§ 3 (max |H_.(jw)|*-
q ~ = ap pr 121 i= q1
p=1 i=1 j=1
1#J

1
2

max Iqu(jm;2-<f§<t)>~<f§.—(t)>) q= 1,2,..,n  (4.12)
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when the loads are given by their mean squares. Finally the
maximax displacement of the gth mass can be estimated by

employing inequality (4.11) in conjunction with

Ny

maximax gq(t) = (maximax Eg )1/2 k; max v (R T_/2),

a % % 99 %
q=1,2,..,n (4.13)
generalized straightforwardly from the analogous approximation

for the single oscillator in Chapter 2. Both AO and
q

max g (Q /2) are functions only of the product of the

q qugq : 1
frequency and time bandwidth, ngqu » 0f the displacement of i
the qth mass. Their behaviouyr was examined in reference 36
and 38 and it is shown without subscript gq 1in the normalized
form [Tg/zkkoj% max o (2 T /2) presented in Figure 2.2.

The major task in applying any derivative of formula ;‘< 
(4.13) is the determination of ng and qu from the 3 = . é;
priori knqwledge. A similar difficulty was encountered for
the bsci]]ator. Approximations to the dispTacement’s frequency

and duration bandwidths, g and Tg , were based there upon

Qg = min (Qf, Qg) (4.14)

T

1]
—

g 7 Th (4.15)

-and gave reasonable accuracy as illustrated in Chapter 3. The
frequency and time bandwidths of the osci]]ator, Qh and Th’
were found from the decay of [H(jo)| and h(t). On the

other hand, the less certain effective bandwidth of the
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loads, Qf » had to be gauged from experience or the charac-
teristics of the measuring instrumentation. The duration of
the loads, Tf > Was assumed again to be known. Extension of
these formulae to multi degree—of-freedom systems is, in
general, not immediately apparent and requires further in-
vestigation. The situation becomes tractable however in those
special cases where the character of the responses is obviously
dictated by the loads. One such example fs the pulse modulated
sinewave which is important in the identification of sys-
tems [43]. The duration of the pulse, To , is typically so
Tong that the system's natural periods are overshadowed to
attain the steady-state response. Then the frequency band-
width of fhe loads, descfibed fairly in Chapter 3 by 4W/Tf,
becomes so narrow that the system's frequency bandwidth is
relatively unimportant. This type of load will be used to
examine the potential usefulness of formula (4.13) combined
with (4.11). On the other hand, formula (4.12) is assessed
more appropriately by considering white noisé excitations
whose mean square values are more Tikely than their enérgies
to be finite. |

| Formulae will be applied to the relatively simple two
degree-of-freedom syétem of Figure 4.2 for which exact soly-
tions are more readily available. The particular example of
growing practical importance, the constant tuned vibration
neutralizer, will be investigated in greater detail to deter-

mine its optimum parameters.
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4.3 Application to a Two Degree-of-Freedom System

The typical term max lqu(jw)lz is common to formula

(4.11) and (4.12). 1t is found by formulating the equations
of motion for the system in Figure 4.2, deterhining qu(jw)
analytically and then evaluating appropriate maxima numeric-
ally. Equations of motion can be written by using Lagrange's

equation as

N - | 7 ( A
91 2(81qw1q + HEyoup,) ~2ULyoog 9
9 r + P }}
92J =2Coat0 22 pmp0 + Togtins) 95
\ = . ~ J
[, 2 > | [ (F,(t))
Wi T My, ~Hps 9 m
+ . 1 = J o ~ (4.16)
f(t)
2 2 . 2 2 |
~Woo Wop T3 | 92 n, |
. -\ \

where a dot denotes differentiation with respect to time, t

The non-dimensional parameters

k k k
2 1 2 2 2 3
W=y My, wl T == wh, = =5, wb, = =2
2’71 11 my 22 m, 23 m,
~and - , (4.17)
z =___.C._1__ z :..__..E.g__. z =—__E3___..
Nramt Wiam g

are defined conventionally. Equation (4.16) can be re-

~organized more conveniently in terms of the two first order,
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ordinary differential equations

()} + [CIy(E)} + [KIg(t)} = {F(t)} (4.18)
and
91
= {g()) = y(e)} . (4.19)
9,

The matriées of equation (4.16) and (4.18) essentially corres-
pond one to one from left to right. Time variations of the
variables in equation (4.18) and (4.19) have been inserted
explicitly for emphasis. The last two equations can.be re-

written in terms of the one matrix equation

EGEERIeS ()3
PEEEEE) SRS (S S R S L (4.20)
1] ey | o

where [I] and [0] are identity and null matrices, respectively.
This Tast equation can be put in an abbreviated first rather

than the original second order differential equation form as

{X(6)Y = [ATIX(t)} + {F(t)} - (4.21)
| o y(t) . -
where {X(t)} = (-) and the other matrices correspond again
g(t

from left to right. 'The Laplace transform of equation (4.21)
is Simp]y‘

s{X(s)} = [AJ{X(s)} + {F(s)} - (4.22)
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because the system is at rest initially. Now
{X(s)} = [H(s)I{F(s)} (4.23)

and [H(s)] 1is the frequency response matrix with typical

element qu(s) when s equals ju . Combining equation

(4.22) with (4.23) gives

H(s) = (s[11- [AD)7Y, s = ju (4.24)

providing the inverse exists. By substituting the components

of [Al in equation (4.24) appropriate to the two degree-of-
freedom system, the sub-matrix of [H(s = jw)] associated
only with the d1sp]acement vector {g(t)} can be shown to

have elements

]

. 2 . 2 . 2., - |

Hp () = (u5p + wpy + 2Ju(zypy, + Toga3) - w)/A |

. !

Hypin) = L0 (30) = -(252, 0,0 + w2 )/a
12 TR ~(23Tp5wppw + wy,

N e (2 2 . o2,
Hapldu) = (by) + gy + 20z ) + utypupy) - w7)/a

where

b= (Hyp(Fa) Hy,(Gw) + 24, (5L, (4.25)

Ma x ]qu(jw)lz can be determined from the Targest value

obtained by substituting the real roots of the equations

stemming from

3 oo (G)12 = 2 (1 (4u) Hop(30)) = of (4.26)

ap

1'A.star‘ superscript denotes the complex conjugate.
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into lqu(jw)Iz, 9 and p = 1,2 . Analytical expressions
derived by combining equation (4.25)and (4.26) are given in
Appendix IV. Mathematical complexity was avoided by comput-
ing the roots ef the resulting equationg digifa]]y by using
Laguerre's method [47]. Numerical values of the roots were
checked against the analytical formula for zero damping
throughout and were found accurate to more than eight signij-
ficant figures. The max qup(jw)!Z, 9 and p = 1,2, were
determined by inspection. |

If the force 15 the coupling spring, kz(gz(t) - gl(t)),
is of interest then a different frequency response matrix
[H'(s = jw)] can be formulated by replacing gz(t) with
(gz(t) - gl(t)). It may be demonstrated that the appropriate

elements of [H'(s = jw)] are

Hy(Gw) = Hi1(Jw) 5 Hi,(0w) = Hyp (Gw)

“and

Hyp(dw) = Hyo(juw) - Hp(Jw). (4.27)

The same procedures as before can be adopted to enumerate the

differing quantities max'[H' (jm»l2 p = 1,2.

Selected 1]]ustrat1ons of IH (jw)l ‘and {Hép jw)| are

- given in Figures 4.3 and 4.4. More comprehensive examples of

the maxima of their squares, normalized with respect to
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max lH(jw)]Z, are shown in Figure 4.5 through 4.8. The H(jw)

is simply the frequency response function of the single oscil-

lator so thatf

1

= (4.28)
4 w2 r2 2

11°11(1 - 27)

max [H(jw)]?

because 11 is less than 1//2 and u s zero. Invariant
2 - 1.51 (rad/sec)2 and ¢ =0 =

11 23
Wwyps nOt indicated in these figures coincide with the typical

parameters Cll = 0.01, w

values used in reference [48]. Numerica] values of the remain-

ing parametersf U, Woo and C22, are as presented.

. 2 v 2
qp(J@) % or max lqu(Jw)l

and knowing the Ef or <f§(t)>, formula (4.11) or, as appli-

Having determined the max |H

cable, (4.12) can be evaluated straightforwardly. The enumer-
ation of formula (4.13) in association with (4.11) can be more
Onerous. Typical applications are presented in order to weigh

the various formulae's estimates against exact solutions.

4.3;1. Maximax Mean Square Displacements to White Noise

Two degree-of-freedom systems have been employed re-
cently to represent the action of an interior vibration

neutralizer on the vibrations of buildings exposed to wind

’THere H{jw) = G(jw)/(F(jw)/ml) to be consistent with the con-
ventional multi degree-of-freedom notation. However this
H(jw) is different from the H(jw) defined in Chapter 2 as
G(ijw)/F(jw). Therefore the present value of max |H(jw)|%is
multiplied by my. ’ .
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Toads [48]. The wind loads are idealized typically as a white

noise, stationary excitation with constant spectral density.

They only act directly on the building or mass 1 in Figure 4.2.

The neutralizer's effectiveness is appraised usually from the

exact result

1
2 %
<g11(t)> ]f [Hll(Jw dw
: (4.29)

[H Jw) 2 du

and the true mean square force in the coupling spring is

deduced from -

<[92i(t) - gll(t)]2> = -/QIH'I(JM dw \2

2
<gt(t)> f [H(5) 2 do

(4.30)

Denominator <92(t)> corresponds to the mean square displace-
ment of mass 1 without the neutralizer. It is given by the
analytical expression [14]

Q
Lt -/‘]H(jwﬂz dw = 3
Qo 20 2511 wg

T
(4.31)

Exact ratios evaluated from equation (4.29) and (4.30) by
McNamara [48] are shown as the dashed curves in Figure 4.5

and 4.6. A similar procedure can be fo110wed if internal




random disturbances are considered independently. Then cor-

responding to equation (4.29) and (4.30)

2
5 2
<g§2(t)> ][ lHqZ(Jw)! dw
—_— Lt it

) . g=1,2. (4.32)

<a?(t)> o\ [ [H(Jw) [ do

4]
and
QQ
% i a2 Nk
<[922(t) - g 2<t)]2> /IHZZ(‘MH dw
= Lt |2 (4.33)
2
<g(t)> o / lH(Jw)IZ do
20

The integrals in the above numerators, combined with equation
(4;25) and its Cth1ex conjugate, were computed to three
significant figureé by using an algorithm for numerical quad-
rature which finds an acceptable estimate by cautiqus Romberg
extrapo]atipn [44]. Resulting, virtually exact ratios are
presented as the dashed curves in Figure 4.7 and 4.8,

Bounds for the analogous maximax estimates can be based
on inequality (4.12). Non-dimensiona]izing these estimates
to obtain ratios compatible with equation (4.29), (4.30),
(4.32) and (4.33) leads to the approximations

L L L

maximax <g§p(t)> max lqu(jw)I2

(t)> maximax <92(t)> - \max ]H(jm)[z

maximax <gg(t)>
2

maximax <g

p=1,2 with q= 1. ' (4.34)
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The identity occurs as a consequence of separate loading of

the massés. Also

i 1
maximax <[g,,(t) - g (t)]2> max |H: (jw)lz o
21 1 1 = 21 . (4 . 35 )
maximax <gZ(t)> max lH(jw)]2 |
and |

. 2 L 1
maximax <[g,,(t) - g;,(t)]% _ [ max [Hyo (J0) | (4.36)

maximax <92(t)> max |[H(jw)|

Therefofe the estimates from relation (4.34), (4.35) and (4.36)
correspond to the continuous curves in Figure 4.5 to 4.8, the
details of which were outlined in the previous section. Dif-
ferences between the appropriate continuous and dashed curves

‘ indicate the inaccuracy of the estimated ratios.

3 Figure 4.5 through 4.8 intimate that the approximate 2
behave_like the exact ratios with increasing wzz/w11 although: |
they are normally lower. The greatest discrepancy generally
occurs .at w22/w11 around one. Discrepancies stem typically

. Q
from variations between max | H (jw){2 and Lt [ |H (jw)[zdw
. gp ‘ oo - 9P

because the»COrresponding and usually larger difference for
the simple oscillator is essentially constant. 1Intuition

suggests that this variation should grow as the domination of

the maximum peak of ]qu(jw)jz diminishes in the integration.
This impression is confirmed by both Figure 4.3 and 4.4 where

a single peak can be seen to prevail except at the frequency




ratio w22/w11 of 0.99. These figures also indicate that small
changes from this value Of,w22/w11 will often reduce signifi-
cantly the amplitude of the secondary peak and, hence, improve
noticeably the integral’'s representation by tﬁe primary or
Targer peak. The sensitivity to perturbations about w22/w11 =
0.99 is demonstrated most clearly in Figure 4.5.

Inequality (4.12)(and, of course, inequality (4.11))
can be applied more generally to the simultaneous loading of
both masses. Inaccuracies will always increase, basically.
additively 1in thé simplest case when mean square forces are
identical. A more practical aspect relates to the possibility
of improving the performance of a constant tuned neutralizer,
say, where (»22/@1,;1 always equals one'[sj. This objective is
achieved by adjusting Cop ~and 1 under the constraint
wyoo/wyy = 1 so that equation (4.29) or the dashed curves in
Figure 4.6 are as 1ow.aé possible. Computationa1-effort~is
reduced signiffcantly however if the maximax estimates rather
- than the exact values are considered. This substitution seems
'vjusfifiab]e because the estimates largely preserve the ranking
of the exact values for different c22 and u even though
they may be not so accurate at mzz/w11 = 1. A necessary
condition for.the approximate ratio, given by relation (4.34)
with q‘= 1 =p, to be minimum is

L

3T,, (maX T @)1 = 0= 2 (max |1y (3u) ) (4.37)
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because H(jw) s invariably assumed fixed. Equation (4.37)

can be rewritten as
=2 (max [y, (Ju)]) = 0 = < (max Hyq(3w)]) (4.38)
SCZZ 11 ou 11 ‘

which is identical to the condition for minimizing the maximum
steady state displacement of mass 1 when it is loaded sinu-
soidally. The same condition can be derived similarly from
formula (4.11) and (4.13)'for Toads specified by their energy.
Consequently requirement (4.38) appears to be reasonable for
any type of loading.

Den Hartog [6] and Brock [49] in their now conventional
analysis determined the "optimum" damping ;22 assuming con-
stant .. u and Cll »-in addition to C23 and wy3 » to be
zero. Analytical equations were obtained for the "optimum"
Cy, and the resulting max lHll(j@)I from the degenerative

case

5 (max [y (G)]) = o (4.39)

of equation (4.38). Values computed from these equations and
~the consequent expressions for max [HZl(jm)l and max lHél(jw)!
are shown as the dashed curves in Figure 4.9 and 4.10. How-
ever the question arises as to whether the C22 is truly
optimum in the sense that ma x lHll(jw)[ really is as small

as possible if u as well as C22 is variable. To answerthis_

question, different pu were substituted into ma x lHll(jw)l
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for a given Toos other variables as before, and the value
of u corresponding to the minimum of max [Hll(jw)l was
found by 1terafion. This algorithm is equivalent to deter-

mining the u which satisfies

= (max [Hy;(dw)]) = 0  (4.40)
au ,

for constant Z,, and C11 T Cp3 T wyy = 0. Then the

ma x ]qu(jm)[' and max [Hap(jw)] of interest were enumerated
straightforwardly by using the knowﬁ oo and computed u.
The procedure was repeated for various oo between 0.0

and 0.3 and the results are presented as the continuous curves
in Figure 4.9 and 4.10. 0Of course, the true optimum must ful-
fill equation (4.39) and (4.40) simultaneously. This can
occur only at the intersection o% the max IHll(jw)[ gene-
rated separately by these two equations. Figure 4.9 indicates -
however that no such intersection and, hence, no unique opti-
mum solution exists. Classical solutions based upon equation
(4.39) Tnvariably produce not only smaller max lHll(jw)l

but Tower max [HZl(jw)l and max ]Hél(jw)l too so that

they are superior.

4.3.2 Maximax Displacements Created by Pulse Modulated

Sinewaves

Estimations of the maximax displacements to pulse modu-
Tated sinewaves applied simultaneously to both masses initi-
‘ally at rest will be weighed against exact solutions. The

amplitude P , frequency we 5 and duration Tf are taken




conveniently to be the same for both 7loads. Tf is assumed

much more than twice the system's fundamental natura] period

sO0 that the duration and bandwidth of the response are approx-

imately T. and 4m/T. . Then the energy of a Toad is nearly G
PZTf/Z [32]. Substituting these values into inequality (4.11)

produces

Pe T 2 k% 2
F(max [y (30)13) + (max [Hp,(du) [2) )

maximax E
1

A

and
" p2 T 5 i

2 2 2
Hmax JHyp(3u)|2) " + (max [y, () [2) )0 (a.a1)

maximax E_ <
95 =

Assuming the equalities to be reasonable approximations, the

above can be combined with formula (4.13) to give the estimates

1
%

I

maximax gl(t) 2% P ({(max lHll(jw)IZ) + (max lle(jw)lz)é)

and

1
1 1
/2

21{L P ((max ]sz(jw)fz)2 + (max lel(jw)lz) )

fl

max imax gz(t)’

because
L .
Tg . Tf 5 T 5 1
§X—9 max g (Qg Tg /2) = o max g (Qfo/Z) o ?Xf— max v, (2m) = 23,
0q q 9 7q Oq q Oq q

q=1,2,... (4.43)

using Figure 2.2. The exact solutions [50] have the factor

%

one rather than 2% and, hence, are about 19% smaller ‘than

these estimates.




4.4 Conclusions

A technique for estimating the maximax response to ran-

dom or deterministic loads which are specified incompletely

has been extended to discrete'mu1ti degree-of-freedom systems.
Promising results obtained for the relatively simple but prac-

tﬁca]]y important two degree-of-freedom system encourage

further research. Examples in which the characteristics of

the system rather than the loading predominantly determine
the response should be especially emphasised.

Detailed considerations of a special two degree-of-
freedom system, the constant tuned vibration neutralizer,
indicate that an optimum solution does not exist when u ;
and Top Vary simu]taneous1y.‘-However the conventional |
‘approach of fixing u and finding the oo which minimises

max {Hll(jw){ appears reasonable.
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CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE WORK

A novel theory has been developed to estimate the e
greatest maximum response of linear structures subjected to k
incompletely described loads. The maximum response energy
has been determined for a class of loads with identical

energies. This maximum energy has been shaped into a function

which has the largest peak amplitude between all functions
with similar energies. This function has been proved to be
the first prolate spheriodal wave function of zero Qrder

éo that it depends explicitly upon the product of the res-
ponse's bandwidth and duration. The analysis has dealt
attentively with simultaneous time and frequency concentration B
of the response Which is a common experience in measurements.
The accuracy of the probosed proceduke has been evaluated for
fairly comprehensive circumstances. It has been shown that

the method produces'genera]1y»better estimates than previous‘

The ana1y$1s'has been‘exfended to complex linear
structures with more than one degree-of-freedom, subjected

to any type of Toading. In particular, the maximax and the

maximax mean square response of discrete multi-degree-of-
freedom systems has been considered. Practical applications

have been illustrated for structures idealized as one or two




degrees-of-freedom subjected to a wide variety of shock and

earthquake loads. Therefore the method may prove invaluable

for the design of structures in earthquake-prone regions.

It may ‘assist in establishing the possibility of damage to ﬁf
residences close to quarries and to estimate the peak sound

Tevel from impact machinery 1ike drop forges.

Further research is required to investigate the effec-

tive duration and bandwidth of complex multi degree-of-

freedom structures; to develop the method for distributed
Tinear structures; and to extend the analysis to certain

classes of non-linear structures.
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APPENDIX 1

0

COMPUTATION OF MAXIMUM VALUES OF Y, AND A

The values AO and max wo are evaluated by solving

the integral equation
T/2

A F(t) = / Al L o) o | (A1)
21/2

An approximate method for obtaining the first characteristic

function has been given by Chalk [51]. However, the solution
depends upon the number of terms included in an infinite

series. For better accuracy, the analytic solution given in
reference [36] is employed. The‘so1ution involves the follow- |

ing relation [52,53],

%S[Réi)(c,l)]z'SOn(c,t) =_/ﬂ1 Si?(i(f ;)S) SOn(c,s)ds, n=0,1,2,..(A2)
, _ A |

The functions SOn(c,t) and ,ROn(c,t),are'angulér prolate

and radié] prolate spheroidal functions,.respective]y [52-547.

SOn(c,t) are the exact eigensolutions of equation (A2) cor-

respbnding to the eigenvalues

Caple) = (eermrit (c,1)72, (A3)

- The solutions of integral equation (Al) are

T2 ylest) = LATElu, (0I5, (c,24/7), (A4)




91.

where the un(c) are normalization factors given by

1

v (0)1% = jf [Sgq (c-t)12 dt. (45)
-1 )

The functions SOn and ROn may be calculated by using the

expansions [52]

Sy (hsn) = Z d, (h/mL) Pram(M)s R (h,1) = : a(h/mL) 3, (hc),

m,L = 0. (A6)

The P:+m(n) are the associated Legendre functions of order

m and degree n + m while the Jn+m(hc) are spherical

Bessel functions of order n + m . |
The coefficiehts dn(h/mL) and an(h/mL). can be taken

from reference [52]>0r [54]. Since the _wo(t) are even func-

tions with maxima when t equals zero, only the values of

SOO(C,O) are calculated in evaluating max wo(t). The normal-

ization factors'are‘bbtained by substituting SOn from equa-

‘tions (A6) into equation (A5). Then

1
() - [

-1

0 2 :
(Z'dn Pn(t)) 'dt. (A7)

n

'The.orthogona]ity~property of the associated Legendre functions,

1 | 0, L#n,
/Pg(t) Pz(t) dt = { (A8)
- Vin+y), 2

n,
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may be used in equation (A7) to give

[u (c)1% = 1 d%(n+ %), n=1,2,3,... (A9)

The associated Legendre functions were computed to six
decimal places by using an orthogonal polynomial for which

the coefficients are given in reference [55]. However,

spherical Bessel functions were calculated to six places from

the recurrence relations of reference [55]. The accuracy of

the solution depends upon the accuracy of the evaluation of
a, and dn which were obtained from reference [52]. The
data was checked for a number of points and found reliable

to at least five decimal places. » | E




APPENDIX II
SOLUTION OF THE HOMOGENEOUS WIENER-HOPF INTEGRAL EQUATION
OF THE SECOND KIND |

AII.1. Solution of the Finite Duration Loading Integral

Equation

The equation 15
Tt
£(t) =‘/ f(r) L(t -1) dr,  0<t<T,. (A10)
0
An e1eméntary solution given by Youla [39] can be used
because the Fourier transform of the kernel, L(t) , satisfies
the ﬁequirements for successful application of the method.
Let ksz(sz)f = N(sz)/D(sz) ; where N(sz) and D(sz) are
po1ynomials_in 52 . If the roots of D(sz) are iﬁh, n=1,2,
then | |

| . —
by = ol-(1 - 26%) + 2eA? - 1%, w, = ul-(1 - 22) - 202 - 1o,

(A11)

The roots of [D(sz) - XN(sz)] are j.wn(x), n = 1,2, where

01(x) = wl-(1 - 22%) + [422(c? - 1) + xT7T%,
wy(x) = ul=(1 - 262) - [a2(c2 - 1) + (T, (A12)

and x = k“n. The following relations between the eigenvalues

are taken from Youla [39]




1}

wy tanh 62 wy tanh el’ (A13)

Wy coth 62 =y coth 61, (A14)
in which
tanh 8, = {I1 + (wl /w)z]’canh (wle/Z) + 2Cw1/w}/{[1 + (wl/w)2]
+ ZC(ml/w) tanh (w;T¢/2)}, (A15)
tanh 8, = {[1 + (wz/w)z] tanh (w,Tc/2) + 2zu,/w}/{[1 + (wz/w)zl

+ 2¢(wy/w) tanh (w,T2/2)}. (A16)

‘Using equations (Al12-A16), specifying different values
of z, w and Tf ahd iterating for va]ues of x yields the
eigenvalués n of equation (A10). The calculation can be
made as accurate as required by iterating for values of X
with arbitrarily small intervals., The computed eigenvalues

satisfy equations (A13,A14) to four significant figures.

AII.2. Solution of the Semi-Infinite Loading Integral
Equation

It is shown in reference [39] that the eigenvalues of

the semi-infinite range (i.e., T tends to infinity) of equa-
tion (A10) can be determined by the requirement of convergence

for the integral. This requirement leads to

Re mn(x) < Re My n=1,2.




Therefore, substituting from equations (A11) and (A12) gives

Re{w[-(1 - 2c2) + [42%(Z? - 1) + x]l/z]%} < Refw[-(1 - 2c2)

+ /88 - 178, (A1)

and hence

o= |

1, 1/V2 < g < 1.




APPENDIX III
ERROR ANALYSIS

Let e(t) be the error in the maximum response esti-

mation due to limiting the bandwidth: i.e.,

e(t) = g(t) - gg(t). o (A18)
Assume that the Fourier transform G(jw) of g(t)
has significant values only when w < @ and Tikewise Gp(Jjuw)

of gp(t) vanishes for all w > Qg, Qg < 2 . Therefore

e(t) = %/[Gm)'- 6y (J0) 1e7 d. (A19)
Applying Schwarz's inequality [34] to expression (A19) gives

le(0)? < [ l6tan) - 650017 d,
or
le(t)lz.f_4%)[tG(Jm) 6 (Ju) + Gy(Jw) 63(du) - G(iw) & (jw)

- 67 (Ju) Gy(Ju)ldu.

Since Qg < Q then

L’ 7 ;
G(ju) Gylde) = 6 (Ju) Gyldu) = Gyldu) Gy (de)
'S0 that

le(t)]? < (g, - E, (A20)

g~ Ega)-

|
i
!
|
I
po
{
!
|
{
i
;
I




Combining equation (A20) with equation (2.5) leads to

2
le(t)] < Eg (1= 2,), (A21)

because go(t - Tg/Z) is proportional to the optimum function
wo(t) -and v, = AO . It may be seen from Figure 2.2 that the
error, e(t) , is negligible when Qg Tg/Z is greater than

four because AO is then almost unity.
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APPENDIX IV
EQUATIONS NEEDED TO DETERMINE maleqp(jw)lz AND max]Hép(jw)lz
FOR TWO DEGREE-OF-FREEDOM SYSTEMS

Anatytical equations derived from equation (4.26) or,

for non-trivial cases lqu(jw)[ # 0 and lHép(jw)] # 0,

- 3 .
36 [Hapldu) | = 5 [Hoo(Gu)] = 0 q=1 and p=1,2
and
g%—]Hép(jw)[ =0 q=2 and p = 1,2 (A22)
can be written in the shorthand form
P (A ) - (=d) = 0 (A23)
- —w = ’
r=0 pq’r
when p equals gq and
4 _ :
2.1 |
2 (A * - = A2 |
I ) ()T =0 (A24)

otherwise. The various expressions for the coefficients,
(qu)r » can be simplified by using the following relations

37 % 2 (Zquqg + o Thymp,)

2 2
by = wyy * Wowy
C1 = 2 U Tyouyy

2
d = woy,

3y = 2zymyy + Tyguwys)

2 2
by = wyy *+ wsg
Cp = 2 Lypn,

Y.
dy =
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and
2 2
e=uf (1-228) | (A25)
Then
(Ay1)g = =% (2 b, = a%)(bb, - d.d)% + b2(b.b, - d.d.)(b. + b
1170 T 72 {2 by - a5)(b;b, - dyd, 2\P1Pp - dydy)(by *+ b,
2
835 = C1Cp) - % (agb, *+ bjay - cyd, - cyd;)
3 2 . .2 2 L
(Ar)y = =(gby - dydp)™ + 205 (byby - dydy) - 2 65 (a) + a,)(ayb,
2 | 2
¥ byap - cqdy - dyey) + by (b + by +aja, - ccy)
(A1p)g = (byby = dydy)(by + b, + g3, - c)c,) - % (a;b, + bja, - ¢y,
2 2 3 2 2
T Cdp)T # 3 by by + by +aja, - cie,) - 5 (ag +a,)” b
2, .2 2., 2.2 2.2
- (2by - a]) bF - (2, - a5) b2+ (2 a2+ F )
+ 2 d1d2 (b1 + b2'+ alaz) - 2(c1d2 + dlcz)(alb2 + azbl)
2 R
+ 2 b1b2 i€y * % (2 b2.- az)[Z (blb2 - dldz) - Z(a1 + a2)
2
(a1by +byay = cydy = djey) + (by + by + aja, - c1c,)?]
| o2 ) ] 2 2
(A1) = (2 by - 25)[2 (by + by +ajay - cicp) - (ag + 2,)%] + 25
) 2, 2
(A11)4 =2 (2 b2 - a2),+ 5 (2 b1 - al) - clcz]
(Appdg =1
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(Aip)g = -2 ¢5 (bTb5 + ¢3d5 - 2 dyd, b1by)
-2 d [2(b;b, - dldzj(b1 tby+aga, - cc,)
t(agby + byay - ¢d, - cydp)7]
(Alé)1 = -2 d5 [4(bb, - ddp) - 4(ay + ay)(arby + bya, - ¢ d, - dc,)
*2(by + by + ajay - cicy)’]
(Ayp), = -6 d5 [2(b, + by + 313, - ¢1¢,) - (a; + 3,)2]
+ 2 cg [(b§.+ bg) + (2 b1 - a%)(z b2 - ag) + cicg
+ 2(a1 + az)(c;ld2 + dlcz) -2 dle -2 €iCy (ala2 + b1 + b2)]
(Ajp)3 = 4 [2(b + by) - (af +23) - 2 ¢;c)] ¢2 - 8 o2
(A1p)y = 6 ¢
(A1) =.’2 (bibgg +df d7 - 2 dyd, bb))
(Ayp)y = - (2by - &%) b3 - (2 by - ag) by + (c5 ai + ¢ )
+ 2 d1d2 (ala2 + b1 + b2) -2 (c:ld2 + dlcz)(alb2 + azbl)
- 2 byby iy
(Ay)y =0
(Rgp)g = 2(by + b)) = (a8 4 a%) - 2 ¢,
(Api)y = 2
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(Ayp)y = -2¢ (b5 b3 + o d5 - 2 djd, b,b,)
+ 2 b3 [2(byb, - dydp)(by + b, + 213, - ¢ c)
B
(Ayp), = 2 b5 [4 (biby - dydy) = 4 (a) + 3,)(apb, + b,
- cqdy - djcy) + 2 (b1 t b, +aja, - c1c2)2]
- 4 (byb, - dldz)2 |
(Agp)p = =2 [2(byby - dydy)(by + by + aja, - ¢ c,) ;
- (aib2'+ b3y = cqdy - cpd;)°] |
+ 2e [2 (blb2 - d1d2) - 2(a1 + az)]-(alb2 + bla2
- eqdy - dicy) + (b * by + asa, - cycy)?]
+ 6 bg [2 (b1 + b2 taja, - clcz) - (a1 + a2)2]
(Ayp)s = e [2 (b +b,) - (a% + aé) - 2cc,] + 8 bg' ? .
Ay =2 [2 (b +by) - (2% 4 ad) - 2 c,c,] + 6e
and
(Ayy) = 4 (A26)
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APPENDIX V

MATHEMATICAL DETAILS FOR DEVELOPING EQUATION (2.8) FROM EQUA-
TION (2.7)

- In order to derive equation (2.8), it must be proved that

<«

/ sin (2,(u=v))  sin (a (t-u)) _sin .(Qg(t-v))

—e “w (u-v) 7 (t-u) T (t-v)
(A27)
Parseval's theorem states that [36]
S fw) g du= 2 [ Fa) G(w) do (A28)

If F(o) or G(w) are frequency limited in the bandwith (-Qg s Qg),

equation (A28) can be .rewritten as

2]

-0

9]
f(u) g(u) du = ,}Fgng(m) 6(u) do . (A29)
g

Now sin (Qgg)/wc is an even function which can be obtained from

. . Q
sin (Q.z) g.
—-——__g__ = ;— /e‘]wc dw . (A30)
T ™ -Qg' :

Applying equation (A29) and (A30) to the integral expression of
(A27) gives

©. . . - g
jr s1n(ﬂg(u-v))». s1n(gg(t.u)) o1 Jot-w) o) 4
7 (u=v) ~m (t-u) Zﬂ_Q

-0

Qg '
= Jg/ edu(t-v) 4, - sin(szg(t-V))
_Qg T (t-V)

(A31)

which is the required relationship.



