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Abstract

When defined on the L? space of a smooth Jordan curve in C, the skew-adjoint part of
the Cauchy integral operator C, called the Kerzman-Stein operator, is notable both for its
compactness and role in the Kerzman-Stein formula relating C to the Szegd projection
P. We investigate various identities and properties of the Kerzman-Stein operator on the
Smirnov space of harmonic half-order differentials, as well as introduce a natural analogue
of the operator for the homogeneous Dirichlet space of harmonic functions, and show that
it is related to the Grunsky operator.

Working over Ahlfors-regular Jordan domains in the Smirnov setting, we derive ad-
joint formulas for the Cauchy operators that allow us to generalize the Kerzman-Stein
formula to this new analytic setting. Further, we provide sufficient C">% curve conditions
for the Kerzman-Stein operator A to belong to the Schatten p-classes for all p > 2. An
extension of A is also considered, which is an isomorphic map between the spaces on the
complementary components of the curve. This mapping is related to A through overfare,
and has the property of being unitary precisely for disks. Alongside this, we show that the
Smirnov space Grunsky operator recently introduced by Kristel et al. [26] is in the Schat-
ten class S, precisely when A'is in §,. As a consequence of this new perspective, we apply
our results to show that all C'"'/2*¢ Jordan curves are Weil-Petersson class quasicircles.

Adjacent to this is our work in the Dirichlet space setting, where we define an ana-
logue of A, which we denote A, that shares many similar properties as its Smirnov space
counterpart. In particular, we show that a Kerzman-Stein formula with A holds for qua-
sicircles, and we compute identities which closely relate these operators with overfare.
From here, we show that the (classical) Grunsky operator is in S, if and only if Aisin S D
In particular, the independent results of Jones [23]], Takhtajan and Teo [44]], and Shen [42]
imply that Hilbert-Schmidtness of A is met precisely for Weil-Petersson class quasidisks.
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Introduction

Near the beginning of every student’s journey into complex analysis, one learns that the

Cauchy integral

27:1 C —z

is one of the most effective tools for studying holomorphic functions and boundary val-
ues. Beyond its foundational usage, the study of generalized Cauchy operators on Hilbert
spaces has remained in the active research literature since the 19th century. In a famous
paper, Kerzman and Stein [24]] discovered a new way to think about the Cauchy integral
operator, allowing for subsequent simplifications of the proofs of many classical theorems
that form the basis of complex function theory. In this thesis, our goal is to shed additional
light on the Kerzman-Stein perspective using modern advances in the theory of Smirnov
spaces, as well as open the door for further investigations surrounding these ideas in the
Dirichlet space setting, where the analogous operator had previously not been defined.

Setting aside analytic assumptions for now, let us set the stage for these contributions
of Kerzman and Stein. Let Q be a simply-connected domain in C bounded by a smooth
Jordan curve I'. For a holomorphic function % : Q — C with sufficiently nice boundary
values, it is natural to ask about the boundary behaviour of Ch. That is, does the nontan-
gential limit of (Ch)(z) as z € Q approaches some zq € I exist, and if so, does it define a
nice extension of Ch? Subject to the boundary regularity, the answer is yes, with the limit

given by the Sokhotski-Plemelj formula

(Ch)(z0) = ;h(ZO +PV%J C—z dC 20l

which in fact yields a sensible notion of a singular Cauchy integral on all of L>(T,|d{]).
With this version of the Cauchy operator, Kerzman and Stein [24]] considered the differ-
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ence of C and its L? adjoint, C*:
A:=C-C".

One may also recognize this expression as the skew-adjoint part of C (up to scalar). They
were able to show that, remarkably, the singularity at { = zo present in the Cauchy kernel
is cancelled out in this subtraction, forming a nonsingular integral operator with smooth
kernel function. In particular, this cancellation implies that the Cauchy kernel is “close”
to being self-adjoint near its diagonal, and the operator A, now eponymously called the
Kerzman-Stein operator, is compact. This is a very striking result, given that C by it-
self is always singular and never compact. Further, consider the Szegd projection P on
L?(T,|d&]), which is the orthogonal projection that picks out those L? functions that are
boundary values of holomorphic functions on . With their new operator, they showed
that I+ A is invertible on L*(T',|d{|), and

P(I+A)=C. (1.0.1)

This formula, called the Kerzman-Stein formula, says that the Szegd projection and the
Cauchy operator are closely related, and it allows for functional-analytic properties of one
to be passed to the other. In fact, there is a sense in which the failure of P and C to coincide
measures the irregularity of I'. As is demonstrated in the book of Bell [3], the connection
between P and C allows for the development of function theory on smooth planar domains
to be greatly simplified.

The background analytic setting associated to the Szeg6 projection is the Smirnov
space E*(Q) (a generalization of the Hardy space), which is a Hilbert space of holomor-
phic functions with L? boundary values. On “nice” domains, the L? space of the boundary

has the orthogonal decomposition:
L*(T,|dg|) = E*(Q)@T E2(Q) (1.0.2)

where E?(Q) has been identified with its boundary values for convenience, and T denotes
the unit tangent function for I'. The proof of this decomposition contained in Bell [3] is
one of the key examples where the Kerzman-Stein approach simplifies the analysis.
Later, Barrett and Bolt [1]] considered the Cauchy and Kerzman-Stein operators as
mappings of half-order differentials associated to the Smirnov space, rather than functions.
These are objects of the form hdz'/?, for a nice function / (in our case, i € E*(Q)). While

12

this can be made completely rigorous, for our work the symbol dz'/~ is treated formally

as the “square root” of the differential dz = dx + idy, which possesses many algebraic
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properties that reinforce this notational standard. Their approach is a natural progression
of the theory, as elements of the Smirnov space transform in a similar way to how half-
order differentials transform under pull-back (i.e. conformal reparameterization). Indeed,

making the change of variables { = f(7) in the L>-norm, we have that

| m@Paci= [ hes@PLr )l
r D)

or equivalently

Il = NVF (103

In particular, we have that h € E(Q) if and only if (ho f)+/f’ € E*(f~1(Q)). Similarly, if
we pull-back i(£)d&'/2 by f, as the notation suggests, we get an expression of the form

(ho f)()(df () = (ho f)(T)\/f'(T)dT" /2.

Thus, half-order differentials are the geometrically “correct” objects for a conformally
invariant definition of the Smirnov space. Very recently, Kristel et al. [26] took this per-
spective further by phrasing the classical Smirnov space theory surrounding the Cauchy
integral in terms of harmonic half-order differentials on Ahlfors-regular Jordan domains.
This particular class of domain is apt for studying the Cauchy operator as an integral op-
erator over the boundary, as it is precisely the class for which it is bounded, per the work
of David [11]]. Therefore, it is the widest class of Jordan domains for which the definition
of the Kerzman-Stein operator makes sense. However, we were unable to locate an inves-
tigation of the Kerzman-Stein operator in this analytic setting. The first part of this thesis
is dedicated to proving results for this setting, as well as extending the theory using tools
from Kristel et al. [260] .

Apart from the notational difference, one of the main insights of Kristel et al. [26] (in
analogy with the work of the second two authors in the Bergman space) is the concept of
overfare, which identifies elements of the Smirnov space on the “inside” and “outside” do-
mains associated to a Jordan curve. For context, given a “nice” function on the boundary, a
classical problem is finding the corresponding harmonic function with those boundary val-
ues. If one solves this problem on both complementary domains, then the identification of
these solutions defines overfare. This operator appears implicitly in the classical jump for-
mula for the Cauchy operators, and encodes geometric data of the complementary spaces.
Using overfare, Kristel et al. [26] defined an analogous version of the Grunsky operator
for Smirnov spaces. This operator is related to the Cauchy integral, and previously only

had definitions associated with the Bergman and Dirichlet space settings, where it has



INTRODUCTION

long been studied for its deep connections to univalence and Teichmiiller space theory.
Briefly, the Bergman space contains those holomorphic functions with finite L>-norm on
their domain, and is most aptly modelled in terms of holomorphic L? one-forms, instead
of functions. Closely related is the Dirichlet space, consisting of holomorphic functions
whose first derivative is in the Bergman space. We may interpret this condition as iden-
tifying the holomorphic functions whose images have finite area (up to multiplicity). In
the Dirichlet setting, there is a definition of the Cauchy integral operator that behaves in
a similar, but slightly more nuanced way than in the Smirnov space. However, the ideas
of Kerzman-Stein have yet to be implemented in this setting. Given the mileage of their
viewpoint in the Smirnov space, the interesting questions it has generated, and the analo-
gies that already exist between the spaces, it seems natural to investigate these ideas in the
Dirichlet setting.

The interplay between the geometry of domains and the analytic properties of associ-
ated function spaces is at the heart of this thesis. In particular, we are most interested in
the relationship between the jump problem, overfare, Cauchy integral operators, and how
they all interact based on the Hilbert space setting and the regularity of the underlying
domain. With the Kerzman-Stein operator being built from the Cauchy operator, our work
on this matter seeks to highlight the ways in which it may be seen as an “improvement”
of the Cauchy operator that also captures geometric data. We shall consider these oper-
ators and the corresponding circle of questions in two separate analytic settings — first,
in the Smirnov space of harmonic half-order differentials in Chapter [3] and then in the
homogeneous Dirichlet space of harmonic functions in Chapter [4]

Summarizing our original contributions in the Smirnov setting, we have:

(s1) Explicit adjoint formulas for the Cauchy integral operators on Ahlfors-regular Jor-
dan domains (Section 3.5]).

(s2) A proof of the Kerzman-Stein formula for Ahlfors-regular Jordan curves (Section

B-6land3.7).

(s3) A generalization of the Kerzman-Stein operator whose domain and target space dif-
fer, corresponding to the distinct complementary components of a Jordan curve
(Section [3.6). Moreover, we show that this operator is an isomorphism, and is in

fact unitary precisely for disks (Section [3.9).

(s4) Sufficient curve conditions for the Kerzman-Stein kernel to belong to C™%, yielding
sufficient conditions for the Kerzman-Stein operator to belong to the Schatten p-
classes S, for p > 2 and p = 1 (Section 3.§).
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(s5) A proof that the Kerzman-Stein operator is in S, if and only if the Grunsky operator
for the Smirnov space is in §),, from which we are able to conclude that for all

g > 0, the C"-!/2+¢ Jordan curves belong to the Weil-Petersson class of quasicircles

(Section [3.9).

(s6) A construction of the scattering matrix of overfare is given in terms of Cauchy
blocks, and quadratic adjoint identities for the Cauchy operators that suggest this

scattering matrix has a symplectic interpretation (Section [3.10).
Following this in the Dirichlet setting, we have:

(d1) An explicit adjoint formula for the homogeneous overfare associated to quasicir-

cles, which we then interpret to mean that it is a “skew-symplectic” transformation

(Section[4.5)).

(d2) An analogue of the Kerzman-Stein operator and the generalization in (s3) for the

homogeneous Dirichlet space of harmonic functions (Section[4.7).
(d3) A Kerzman-Stein formula on quasidisks (Section 4.7)).

(d4) A proof that the Kerzman-Stein operator of (d3) is in S, if and only if the (classical)
Grunsky operator is in §,. In particular, since the conditions for the latter have
previously been determined, we have necessary and sufficient conditions for the

former for all 1 < p < oo in terms of regularity conditions on the domain (Section

4.7).
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Preliminaries

2.1 Classical Results on the Riemann Sphere

Let C denote the complex plane. For a nonempty open set U — C, a function & : U — C is
said to be holomorphic on U if h is complex differentiable at every point in U. A function
g : U — C is said to be antiholomorphic on U if g = H for some holomorphic function H
onU.

Let C = C U {o0} denote the Riemann sphere. We equip C with the standard charts

0o(z) =z, z€C,

0o(2) =, 2=T\(0),

using the convention that 1/00 = 0. Thus, if 0 € U, then & : U — C is holomorphic at oo
if ho @y, = h(1/z) is holomorphic on a neighbourhood of 0. Antiholomorphicity at oo is
defined correspondingly as holomorphicity.

An onto function f : U — V is a biholomorphism if it is both one-to-one and holomor-
phic. In this case, f~!' : V — U is also holomorphic. We say that f : U — C is conformal
if it is a biholomorphism onto its image. The set of all biholomorphisms between open
sets U and V is denoted Conf(U,V). A particularly important example is the set of auto-
morphisms of the unit disk D = {z e C: |z| < 1}, which consists precisely of the Mdbius
transformations mapping the disk to itself:

Conf(D,D) = {M(z)zeie < fl :ae]D,0<9<27r}. (2.1.1)

1—az

For arbitrary open connected sets (called domains), we have the following foundational

result:
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Theorem 2.1.1 (Riemann Mapping Theorem). Let D & C be a proper simply-connected
domain with at least two boundary points. Then Conf(D,D) # @.

Elements of Conf(D,D) (called Riemann maps) are unique up to composition by
Mobius transformation of the disk. That is, given F' € Conf(D, D), we have

Conf(D,D) = {MoF : M € Conf(D,D)}.

A set of points I = C is called a curve if there is a continuous function ¢ : [0,1] —
C such that I" = image(¢). The map ¢ is called a parameterization of I'. Often, it is
convenient to identify a parameterization with the curve it defines. We call I' a Jordan
curve if @ is injective on [0, 1), and ¢(0) = ¢(1), or equivalently if I is a homeomorphic
image of S' = {z€ C: |z| = 1}. A key property of such curves is that they split the sphere

into two distinct regions:

Theorem 2.1.2 (Jordan Curve Theorem). Let I = C be a Jordan curve. Then C\I' has

exactly two connected components whose boundary is I.

The resulting complementary components for a given Jordan curve are called Jor-
dan domains. Throughout, these components are labelled €; and €;, and whenever I
is bounded, let us agree that € is the bounded component. In much of the following
sections, it will be particularly constructive to think of the sphere comprising of these
three sets. Clearly, | and Q, are always proper simply-connected domains in the sphere.
However, not every proper simply-connected domain is a Jordan domain (for example,
take D = C\[~1,1]). For a set D = C, let cl(D) denote its topological closure. Jordan
domains are characterized by the following extension theorem for their Riemann maps.

Theorem 2.1.3 (Carathéodory’s Theorem). Let D < C be a proper simply-connected do-
main with boundary T, and let f € Conf(D,D). Then f has a continuous and injective

extension to cl(D) if and only if T is a Jordan curve.

In particular, whenever I" is a Jordan curve, the extension of f is a homeomorphism of
S! — meaning we can take the conformal parameterization ¢ — f(e**) for I".
The length ¢(T") € [0,00] of a bounded curve I is defined as the supremum over all

sums of the form N

D 10(tn) = @tn1)]-

n=1
where ¢ parameterizes I', and 0 <7y <t; <--- <ty < 1. I' is called rectifiable if {(T") < co.

In this case, ¢ is of bounded variation, and it is a well-known fact that such functions are
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differentiable almost everywhere (a.e.) on [0, 1]. Thus, for rectifiable curves I', we define
the unit tangent function T : T — S! a.e. by the formula
(1)
T(o(t)) = = 1€[0,1].
¢ (1)
Finally, I' is said to be positively oriented if the direction of traversal of its parameter-

ization keeps Q; on the left-hand side. Otherwise, we say I is negatively oriented.

2.2 Complex Conjugation on Vector Spaces

Before moving forward, we briefly review complexification of real vector spaces as a
means of defining a canonical notion of conjugation on complex vector spaces. This pro-
cess is especially important in upcoming sections since many of the spaces will have a
natural decomposition induced by the conjugate, and our techniques rely on the manipu-
lation of conjugated operators.

Let Vr be an arbitrary real vector space. The R-tensor product of C with Wy is called

the complexification of Vi, and is denoted
Ve := CRr Wr.

In our presentation, we drop the tensor notation for elements of V. Scalar multiplication
over C is then defined as ¢’(cv) = (cc)v for all ¢’ € C and cv € V¢, which makes V¢ a
complex vector space. Every vector v € V¢ can be written uniquely as v = vy +iv,, with

v1, v2 € VR, and so V¢ can be decomposed into real and imaginary parts:
Ve = VR®iVk.

A C-basis for V¢ consists of elements of the form e + i0, where ¢;, € B for some basis
B of V. If Vg comes equipped with an inner product (-, )y, : Vg x Vg — R, then V¢ is
also an inner product space with (-, -)y.. : V¢ x V¢ — C given by

<u1 +iup, vy + iv2>VC = <u1 , V1>VR + <u2, \)2>V]R +1 [<u2, V1>v]R — <u1 , VQ>VR] . (2.2.1)

Thus, complexification can extend any real space to a complex space in a natural sense.
Conversely, given any complex vector space V, it is always possible to find a real subspace
W of V such that V is the complexification of W, so that V = W@ iW. A conjugation on

V is a function (-) : V — V satisfying the following properties:
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(a) (Conjugate-linearity) (cvy +vy) =c¢-vy +v; forall v, v, € V and c € C,

(b) (Involutory)v =vforallveV.
For any subspace U — V, we call the pairing (U, (-)) a conjugable space, and write U
to refer to the subspace of V consisting of elements of the form u for u € U. The canonical
conjugation is defined in terms of the complexification of a real subspace. Writing V =

W @iW as before, define (-):V — V forall v = wy +iw, € V by
Vi=Ww|—iwj.

If V is an inner product space, then we have the following formula for the inner product

of conjugates:
<E7V>V = <I/£,V>V = <V7 l/t>V. (222)

Let us now recall some familiar spaces and conjugations that will be relevant in up-

coming sections.

Example 2.2.1. Let V(D) denote the space of (real) one-forms u# on a domain D — C
that are harmonic, meaning that dv = u for a harmonic function v : D — R. In local
coordinates, we can write u = adx + bdy for some C'-smooth functions a and b. Define
the *-operator in these local coordinates by *u = —bdx + ady. Harmonic one-forms may
also be characterized as the smooth one-forms that are closed (du = 0) and co-closed
(d[+u] = 0). Complexifying Vg (D) according to the procedure above, we obtain the space

of complex harmonic one-forms on D
Qharm (D) := Vr(D) ®iVR (D).
Elements u € Qpam (D) can be expressed in local coordinates as
u=(ay+iby)dx+ (ap +iby)dy (2.2.3)

where ay,by,a2,by € Vg(D). Now, set dz := dx +idy, and dZ := dx — idy. A one-form
is called holomorphic if it it given by h(z)dz in local coordinates for some function &
holomorphic in z. Similarly, a one-form is called antiholomorphic if it can be written as
@dz for some function g antiholomorphic in z. Using the Cauchy-Riemann equations,
it can be shown that every u € Qp,m(D) can be written as the sum of holomorphic and

antiholomorphic one-forms in local coordinates:

u=hdz+Hdz.



CHAPTER 2 2.2. COMPLEX CONJUGATION ON VECTOR SPACES

Thus, if we denote the subspace of holomorphic one-forms hdz by Q'%(D), and the

space of antiholomorphic one-forms by Q*!(D) := Q1.9(D), we have the decomposition
Qpam (D) = QM(D) @ Q% (D).
Expressed in this way, it can be shown that the canonical conjugation of u is given by
= Hdz+ hdz.

Example 2.2.2. Let I = C be a bounded rectifiable Jordan curve. Denote by L*(T',|d{|)

the Hilbert space of measurable functions u : I' — C for which

Jul}2 = L w(O)P1dE| < .

The norm | - |r is induced by the inner product

(u,vr = jru<c>v< 1|,

Since u e L*(T',|d{|) if and only if Reu, Imu e L*(T',|d{|), we can view L*(T",|d{]|) as
the complexification of the space of real measurable functions I — R with finite Z>-norm.
Thus, the canonical conjugation is simply conjugations of functions. Later when we think
of L*(T,|d{|) in terms of the boundary values of the Smirnov space, we will mention a

different conjugation for the space.

Definition 2.2.3. Let T : V — W be a linear operator between conjugable spaces. Define

the conjugate operator T : V — W by
Tv=Tv, veV.

We collect some basic algebraic facts regarding conjugate operators. Let Vi, V;, V3 be
conjugable spaces, and let T : V| — V,, L : V| — V,, S : V, — V3 be linear operators. Then

the following are easily verified:

(b) (ClT-i-CzL) = C_lT—i-C_zE for all ¢y,c € C.
©) (ST) =SoT.

(d) If T is invertible, then T is invertible and (T) o (T-1).

10
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(e) |[T| = [T|, where | - | denotes the operator norm.

For Hilbert spaces H1, H3, denote the set of all bounded operators B : H; — H; by
B(H1,H;). When H| = H,, we simply write B(H ). The symbol I is used generically for
the identity operator whenever the underlying space is clear from context. Recall that for
every B € B(H,H,), the adjoint of B is the unique operator B* € B(H;,#,) defined for
all uy € Hy by up — B*uy such that

<Bu1,u2>7.[2 = <u1,B*u2>Hl for all up e 7‘[1. (2.2.4)

The existence and uniqueness of such an operator is a consequence of the Riesz rep-
resentation theorem. If we equip each of H; and H; with their canonical conjugation,

then

<EM_1,M_2>H2 = <Bul7u2>'}[2 = <M1,B*1/l2>7_[1 = <u_laB*u2>le

and hence

(B)" = (B*). (2.2.5)

11
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Smirnov Spaces of Harmonic
Half-Order Differentials

3.1 Generalizations of the Hardy Space

The Smirnov space associated to a planar domain is one of the natural generalizations of
the Hardy space of the disk, and is a particularly nice setting to conduct function theory due
to the regularity of the boundary values and pleasing blend of analysis with the geometry of
curves. While many of the standard sources on the topic represent elements of the space in
terms of functions, Barrett and Bolt [1]] considered representing the corresponding Cauchy
and Kerzman-Stein operators using half-order differentials, which naturally aligns with
how elements of the space transform under pull-back of conformal mappings (see equation
(1.0.3)). Very recently, Kristel et al. [26] followed up on this approach by recasting many
of the classical objects and theorems in the literature with this newer framework, whilst
also considering the relation between the spaces on the bounded and unbounded domains.

Our main goal for this chapter is to expand on aspects of this setting explored by Kris-
tel et al. [26], whom we primarily follow in the following three sections — first, with the
conformally invariant definition of the Smirnov space (Section [3.2)), then the description
of the boundary values (Section [3.2), and then with properties of the half-order Cauchy
operator (Section [3.4)). Following this in Section we compute adjoint formulas for
the half-order Cauchy operator on Ahlfors-regular Jordan domains using algebraic prop-
erties of the “overfare” operator, which identifies elements of the Smirnov spaces on either
sides of a Jordan curve that share the same L? boundary values. Utilizing overfare proves
to be effective throughout the chapter for deriving many other identities from the jump
formula in the generality established by David [11]. Following the adjoint formulas, we

consider the Kerzman-Stein operator in Section [3.6] Here, we prove that the Kerzman-

12
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Stein formula holds in the context of Ahlfors-regular Jordan domains. We also define a
related operator, which we call the d, c-Kerzman-Stein operator, that is an isomorphism
between the Smirnov spaces on either side of the curve. In the following section, we use
our previous results along with theorems of Privalov [36]] and David [[11] to describe the
boundary values of the integral kernel of the Kerzman-Stein operator, and we show that
the Kerzman-Stein formula holds on Ahlfors-regular Jordan curves. Section[3.8]deals with
how properties of the Kerzman-Stein kernel function are intimately linked to the boundary
regularity of the domain, and we include sufficient C"»* curve conditions for the Kerzman-
Stein operator to belong to the Schatten p-classes ), for all p > 2. In Section 3.9, we cover
the analogue of the Grunsky operator for the Smirnov space defined by Kristel et al. [26].
In particular, we show that it is related to the Kerzman-Stein operator in the sense that
it belongs to S, if and only if the Kerzman-Stein operator is in S,. We also characterize
disk domains in terms of vanishing of the Smirnov Grunsky operator, and properties of the
Kerzman-Stein operator, including unitarity of the d,c-Kerzman-Stein operator. We end
the chapter with a computation of the scattering matrix for the overfare operator in Section
[3.10] which has previously only been done in the Bergman space setting by Schippers and
Staubach [38]], [41]].

Before proceeding, we briefly review the standard function-space theory in the plane,
following Kristel et al. [26]. The Hardy space of the disk, denoted H*(ID), is the Hilbert

space of holomorphic functions / : D — C satisfying

2
1]y = sup
O<r<l1

JM h(re®)>d6 < . (3.1.1)
0

This growth condition on & ensures that it has nontangential boundary values almost
everywhere on S!, and they in fact belong to L*(S',|d{|) (Theorem 2.2 in Duren [[13]).
The generalization of Hardy space theory to arbitrary domains in the plane can take dif-
ferent forms, since the set of functions H?(ID) may be characterized in different ways that
are not necessarily equivalent on more general domains. We review these before settling
on the definition we will be using.

First, it is well-known that 4 € H*(ID) if and only if the subharmonic function |A|* has
a harmonic majorant in D (Theorem 2.12 in Duren [13]]). Thus, a natural extension of the
Hardy space to an arbitrary simply-connected domain Q < C (with at least two boundary
points) would be to require this condition for candidate holomorphic functions 2 : Q — C.
In fact, this is equivalent to demanding that i o f € H*(ID) for some f € Conf(ID,Q) (see
Theorem 10.1 in Duren [[13])).

Alternatively, one could ask for a limiting integral condition, akin to equation (3.1.1]).

13



CHAPTER 3 3.1. GENERALIZATIONS OF THE HARDY SPACE

The Smirnov space on a simply-connected domain Q — C, denoted E?(Q), is the space of
holomorphic functions /4 : Q — C with the property that there is a sequence of rectifiable

Jordan curves I';, = Q that eventually enclose every compact subdomain of € such that

gy = sup | IW(E)PIdg] <. (3.12)
O<n<1JIy,

In fact, for each 1 € E?(Q), it suffices to consider level curves I', = f(|{| = r) of a confor-
mal map f € Conf(D,Q) (Theorem 10.1, Duren [[13]]). The subtlety arising from (3.1.2)
that is hidden in (3.1.1) is the influence of the boundary behaviour of the mapping function
f- In particular, we have that i € E(Q) if and only if (ho f)+/f’ € H*(D) (Theorem 10.1
in Duren [13]]). Therefore, it is perhaps most clear in this instance that the geometry of the
domain Q has great effect on the space of functions E%(Q). In fact, E?(Q) coincides with
the harmonic majorant extension of the Hardy space only for sufficiently smooth domains
(see Theorem 10.2 in Duren [|13]]).

Another possibility is to define the Hardy space based on properties of the desired
boundary functions. Let I = C be a bounded rectifiable Jordan curve with complementary
components Q; and Q,. A function u € L*(T, |d{|) belongs to the L*(T, |d{|)-closure of
polynomials in z if there is a sequence of polynomials p,(z) such that |u— p,|r — 0 as
n — oo. Making the identification of H?(ID) with its boundary values, it can be shown that
H?(D) is exactly the L>(S!,|d{|)-closure of the polynomials in z = ¢’® (Theorem 3.3 in
Duren [13]). Thus, one can define the space H>(€1) to be the L*(T",|d{|)-closure of the
polynomials in z. For the unbounded component Q,, the space H2(;) is defined to be
the L*(T",|d{|) closure of the polynomials in z~! that vanish at co.

The final candidate considered for an extension of the Hardy space is, in loose sense,
one that picks out the functions in L?(T", |d{|) that are orthogonal to antiholomorphic func-
tions (this is related to the decomposition in equation (1.0.2)), which we discuss again in a
later section). The generalized Hardy space H Z(Ql) is defined to be the (closed) subspace
consisting of elements u € L?(T, |d{|) such that for all n > 0, one has

| wzrag o

Similarly, the generalized Hardy space of the unbounded component H?(Q;) is defined to

be the (closed) subspace consisting of elements u € L?(T",|d{|) such that for all n > 1

Juzmac-o
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CHAPTER 3 3.1. GENERALIZATIONS OF THE HARDY SPACE

For sufficiently “regular” domains, different characterizations may coincide — the most

general class being Smirnov domains.

Definition 3.1.1. A bounded rectifiable Jordan domain Q < C is called a Smirnov domain
if for some f € Conf(ID,Q), the harmonic function log|f’(z)| can be represented by the
Poisson integral of its nontangential boundary values:

) 1 21 ) .
1og|<p’(re“")|=§J0 P(r,0 —t)log|f(¢")|di, re® eD

where P(r, ) is the Poisson kernel function

P( 9) 1—r2
r0) = )
’ 1—2rcos@ +r2

As the name suggests, Smirnov domains are well-suited for hosting Smirnov spaces.
Indeed, by Theorem 10.6 Duren [|13], the boundary values of EZ(Q) (which we simply
identify with E2(Q) for convenience) coincide with H2(Q) if and only if Q is a Smirnov
domain. From here, further increasing the regularity can allow for more characterizations

to agree.

Definition 3.1.2. A bounded rectifiable Jordan curve I' = C is said to be Ahlfors-regular
if there is a constant M > 0 with the property that

((B(z;r)n) <rM

forall ze I'and r > 0. We call the complementary components of I' Ahlfors-regular Jordan

domains.

Zinsmeister [47] showed that Ahlfors-regular Jordan domains are Smirnov, and they
likely remain the most general class of Smirnov domains known (Pritsker [35]). Moreover,
for a bounded Ahlfors-regular Jordan curve I' © C with complementary components Q;

and Q,, we have that
H*(Qq) = E*(Qq) = H*(Qq) = H(Qq), de{1,2}.

For a proof of this fact, see Theorem 8 in Section 12 of Meyer and Coifman [29]. Further-
more, Ahlfors-regular Jordan domains are precisely those for which the Cauchy operator
on E2(Q) is bounded and the jump decomposition holds (see Sections and . For

these reasons, we shall mainly focus on this class for the upcoming sections.

15



CHAPTER 3 3.2. HALF-ORDER DIFFERENTIALS

3.2 Half-Order Differentials

Following Kristel et al. [26], we now state and discuss basic definitions and objects as-
sociated to the Smirnov space in a differential-geometric language that makes the space
conformally invariant.

Let D1, D> < C be proper simply-connected domains in the sphere. For any conformal
map f € Conf(Dy,D;), there are exactly two holomorphic functions g : D; — C\{0} with
the property that g> = f’. Define the collection

Conf(Dy,D3) := {(f,g) : f € Conf(D1,D3), & = f'}.

We write elements of (i)?f(Dl,Dz) as f = (f,+/f'), where /f’ denotes a definite choice
of branch of square root of f’.

We now give an informal description of half-order differentials in terms of their alge-
braic properties and how they transform between domains. See the appendix in Kristel
et al. [26] for an explicit construction from a differential-geometric viewpoint. The vec-
tor space of holomorphic half-order differentials on D < C, denoted by Q%vo(D), consists
of elements hdz'/2, where h: D — C is a holomorphic function (called the coefficient of

hdz'/?). We equip this space with a bilinear pairing
(hdz'2, gdz'2) > hgdz e Q'°(D).

1/2

For our purposes, the symbol dz'/“ is treated formally, reinforcing the above pairing

and the transformation law
Q20(Dy) - Q2°(Dy)

given by pull-back under f:
7* (hdz2) = (ho f)y/Fidz 2 e @3(Dy). (3.2.1)

The transformation law allows us to extend the definition of Q%’O(D) to arbitrary
proper simply-connected domains in the sphere. However, observe that if D, contains
o0, then for all hdz'/? e Q%*O(Dz), necessarily /(1/z)/z must be holomorphic at 0 since if
1(z) = 1/z denotes the meromorphic reciprocal function, then

vt <h(z)dzl/2> _ 1y (1) dz'?.

< <

In particular, (z) must have a zero at co. Thus, holomorphicity at co for half-order differ-
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CHAPTER 3 3.2. HALF-ORDER DIFFERENTIALS

entials is stricter than the usual condition of holomorphicity at co for functions.
Similarly, we define the vector space of antiholomorphic half-order differentials on

D < C, denoted by Q03 (D), as the conjugation of the corresponding holomorphic space:

Elements of Q02 (D) are of the form Hdz'/?, where H : D — C is an antiholomorphic

function. The bilinear pairing of the holomorphic space is inherited as expected:

(Hdzl/z, Edzl/z) — HGdz € Q"1 (D).

Similarly, we have the transformation law for QO (Dy) — Q2 (D) given by

7 (ﬁd21/2> — (Ho f)\/fdz"? e Q3 (Dy). (3.2.2)
We further extend the bilinear pairing to elements from both spaces simultaneously:
(hdz"2, Haz") v nHdz]

where |dz| denotes the arc-length differential.

Next, we refine the vector spaces of half-order differentials by imposing growth condi-
tions on the elements near the boundary. Let D < C be a proper simply-connected domain,
and let gp(z,q) denote Green’s function of D with singularity at g € D. Foreach 0 <r < 1,

let I'y , denote the level curve
[yri={zeQ:gp(z,q) = —logr}. (3.2.3)

Using conformal invariance of Green’s functions and the fact that

t—q

1—-gz

gn(z,q) = —log

it follows that for any f € Conf(ID, D) with f(0) = g, we have
T, =f(z=r). (3.2.4)

In particular, (3.2.3) describes the set of points associated to the real analytic Jordan curve
t — f(re*™) (see Remark [3.8.15| for further comment). For each ¢ € D, define a norm

17



CHAPTER 3 3.2. HALF-ORDER DIFFERENTIALS

. on 52%70 D) by the formula
H HD,q ( ) y
hdzl/2 2 = limf h(z)|? |dz|. (3.2.5)
H HD,q r l"q’,‘ ()| | ‘

For any two p,q € D, it can be shown that we have equality of the norms with respect to
both p and g (see Proposition 2.3, Kristel et al. [26]):

|hdz"?|p g = |hdz"/?|

D,p-

Therefore, we drop the notation for g € D, and agree that a choice of singularity has been
implicitly made:
|hdz"/?|3 = lim f |h(z) | |dz]. (3.2.6)
r,/'1 T,

Definition 3.2.1. Let D < C be a proper simply-connected domain. The Smirnov space of
half-order differentials, denoted A'/2(D), is the Hilbert space of holomorphic half-order
differentials hdz!/? € Q20 (D) with the property that |hdz'/?|p < 0.

In other words, A!/2 (D) consists of holomorphic half-order differentials hdz'/* whose
coefficient / is an element of the Smirnov space E?(D) defined in the introduction of the
section. We equip .A'/2(D) with the compatible inner product to the norm in (3.2.3):

<hdzl/2,gdzl/2> =lim | h(z)dz"2g(z)dz". (3.2.7)
Dgq  r/lJr,,

The integral on the right-hand side is interpreted using the bilinear pairing associated to
the differentials:

lim | h(z)dz"/%g(z)dz'/? = limJ h(2)e(z)|dzl.
Jim rW() g(z) Jim FW()g()l |

Using (3.2.6) and the polarization identity, it follows that the inner product is unchanged
upon varying g € D, so we again assume that a choice of singularity for Green’s function

has been made, and simply write

1/2 12N o)
(a2, gde! ) —tim | hi2)g(@)dil

We define the corresponding antiholomorphic space A!/2(D) by conjugation, which

inherits the norm and inner product as described in Section[2.2]
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CHAPTER 3 3.2. HALF-ORDER DIFFERENTIALS

Definition 3.2.2. Let D < C be a proper simply-connected domain. The Smirnov space of
harmonic half-order differentials on D is defined to be the direct sum

A2 (D) = AV2(D)® A12(D).

harm

We equip this larger space with the extension of the inner product (3.2.7) that makes
the holomorphic and antiholomorphic subspaces orthogonal to each other. That is, for

u,ve A2 (D) with

harm

u=hdz"* +Hdz"?, v = gdz"/* + Gdz'/?

we have

(u,vp = <hdz]/2, gdz‘/2>D 4 <Hdz'/2,6dzl/2>D.

Note that the extension of the inner product is both consistent with the Cauchy-Goursat

theorem and the bilinear product, since

limf h&)G({)dz=0= <hdz1/2,6dzl/2>

r,/'1 T, D
and
lim [ H({)g(l)dz=0= <ﬁdzl/2,gdz1/2> .
r/1Jr, D
Moving forward, we generically refer to Aééfm (D) as the Smirnov space. The following

result can be interpreted as the saying that the Smirnov space, when modelled using half-

order differentials, is conformally invariant.

Proposition 3.2.3. Let D1,D> < C be proper simply-connected domains. For any f €
(ﬁ(Dz,Dl), the map
f*Z.Al/2<D1)—>.A1/2(D2)

is unitary.

Proof. This is shown in steps throughout Section 2 of Kristel et al. [26]. 0

Remark 3.2.4. Similarly, we have that f* : A1/2(D;) — A!/2(D,) is unitary. Moreover,
if we extend both notions of pull-back linearly to all of .A}ll/ 2 (Dy), then it follows that

R arm
7=

Often, it will be useful to analyze the restriction of linear operators to the principal

orthogonal subspaces in Definition [3.2.2, For an operator B : Al2 (D) — Alllﬁm (D3),

harm
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CHAPTER 3 3.2. HALF-ORDER DIFFERENTIALS

we denote these restrictions as

harm

Ba = B|A1/27(D1) Al/z(Dl) i Allléfm(DZ)

B":= B|A1/2(D1) : Al/z(Dl) - -’41/2 (D2),

Concerning the identity operator I, we sometime use the above restriction notation for
book-keeping in larger expressions. Similarly, we shall keep track of the underlying do-

mains using subscripts on the operator (eg. By ).

Example 3.2.5. The Smirnov space of the disk has a particularly nice characterization. Let
h : D — C be a holomorphic function. Then 4 has a power series representation centred at
0, say h(z) = 317 a,z". The set {z"dz"/? : n > 0} forms an orthonormal basis for A'/2(ID),

and so we have
o0 o0
thzl/zH]%) = Z <anz"dzl/2,anz”dzl/2> = Z lan|*.
n=0 D n=0

Therefore, hdz'/? € AV/2(D) if and only if 3 , |a,|* < oo (compare with the holomorphic
Dirichlet space of the disk in Example 4.2.5)).

Definition 3.2.6. The Szegd projection is the orthogonal projection

P: A (Q) - A(Q)

harm

defined for all u = o + B € AV2(Q) D A/2(Q) by Pu = a.

Remark 3.2.7. The complementary orthogonal projection I — P : A"> Q) — A1/2(Q)

harm
is denoted by the symbol P. This notation agrees with the definition of the conjugate
operator since

Pu=Pu==(1-Pu.

It is easy to check that the Szegd projection commutes with pull-back under f €
@(Dl ,D;), and by Remark [3.2.4] so does P:

The associated Szegd kernel is a well-studied integral kernel that reproduces holo-
), which can be analogously defined for AL2 (Q).

harm

morphic boundary values in L?(T", |d{
Recall that by the Riesz-representation theorem, there is a unique integral kernel Sq, ;({) €
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Al2 () with the property that for all u € Al (Q)

harm harm
(Pu)(z) = <”7SQ,de]/2>Q7 zeQ. (3.2.8)
Starting in the unit disk D, the Szegd kernel is given by

1 dCl/ZdZI/Z

/2 _ 71/2 7.1/2 _
00! = 5(e, )0 P = 5

z,§ e D.

For arbitrary proper simply-connected domains Q < C, the Szeg6 kernel can be computed
via pull-back from that for the disk. That is, if £ € Conf(Q, D), then

S0.0)? = Sa(e {aZ 24 = (7 )" (5ot c>d51/2dz1/2)

_ \/F/ WF dCl/zd 12
21 1-F(OF(2)
It can be shown that the above expression is Mobius invariant, and thus well-defined. The

fact that Sq(z,§)dC'/?dz'/? is the integral kernel for P as claimed in ( is classical.

See Proposition 4.1 in Kristel et al. [26]] for a proof in this analytic setting.

Similarly for P, we have the Garabedian kernel, denoted Lg ;({), which has the prop-
erty that

(Pu) (2) = <u7 —iLQ7Zdz1/2>Q, zeQ. (3.2.9)
For the unit disk DD, the Garabedian kernel is given by

1 dcl/ZdZI/Z

12 _ 125 1/2 _
Lp(8)dz"/" = Lp({,2)d{ ' dz T

(3.2.10)

and for general Q, the kernel computed via pull-back as before:

Lo (§)dz'? = Lo(§,2)d¢ a2 ? = (F 13“)*( (¢, z)dCl/zdzl/z)

_ LAVFEOWVFE dCl/zd 12
21 F(C) ( )

Again, the above is Mobius invariant, and hence the kernel is well-defined. By expansion

into a power series in § € Q, one can show that the function Lo ({,z) has a simple pole at
{ = z with residue 1/27. Therefore, the expression in equation ([3.2.9) is a slight abuse of
notation as the kernel is not actually an element of the Smirnov space. Thus, we interpret
the inner product in the equation in terms of the limiting-integral expression in equation

(3.2.7). By construction, both kernels are conformally invariant — that is, both kernels
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transform via pull-back by g € a);f(ﬂ 1,$):

(8% )" (Sau (2. §)dz"2dE2) = S (5(2). 8OV RV &' (€)dz a2,
(8% )" (Las(§.2)d8 2az2) = Loy (5(8). 8DV E (Vg @)z 2.

3.3 Boundary Values and Overfare

Much of the classical theory of operators on Smirnov spaces is phrased in terms of the
corresponding boundary space L*(T,|d¢|). In this section, we discuss the identification
of the two spaces using nontangential boundary values of functions. The upshot of this
is two-fold. First, all of the classical function-theoretic results become available in the
new setting. Second, it gives us a way of relating the Smirnov spaces on either side
of a rectifiable Jordan curve, using overfare. Passing between the boundary space and
either side of the curve is a surprisingly powerful technique that will be used repeatedly in
upcoming sections.

We begin with the notion of boundary values of functions on the disk, and then extend
to more general domains using conformal reparameterization. Let g : D — C be a function.
Then g is said to have a nontangential limit [ € C at a point zg € S! if for every 1 < M < oo,
we have

lim g(z) =1

=20
€W (z0;M)

where z lies in the nontangential wedge
W(zo;M) :={zeD:[z0—z[ <M(1—[z])}.

Loosely, the restriction on how z may approach zg ensures that the path taken does
not approach the tangent line to S! at zg, along which irregular boundary behaviour could
affect the convergence of the limit.

Now, consider a general Jordan domain Q & C with boundary I". We say that a function
g : Q — C has a conformally nontangential limit (or CNT limit) [ € C at zo € I if there is
f € Conf(ID,Q) such that go f : D — Q has a nontangential limit of [ at f~'(zg) € S'. It
can be shown that this definition is indeed well-defined — that is, if the limit exists, then it
is identical for any choice of conformal map (see Lemma 2.29 in Schippers and Staubach
[39], for example). The following theorem says that elements of the Smirnov space have

particularly well-behaved CNT limits for rectifiable Jordan domains.
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Theorem 3.3.1. Let Q — C be a rectifiable Jordan domain with boundary T'. For each
hdz'/? € AV2(Q), the function h has a conformally nontangential limit h () for almost
every { € T. The resulting boundary function hr : T — C belongs to L*(T,|d¢|), and

cannot vanish on set of positive measure unless h is identically zero. Finally,

22|, = L\hr(@\z d¢] < oo.

Proof. For bounded domains, this result is classical (see Theorem 10.3 in Duren [13]]). If
Q is unbounded, then oo ¢ I" since I is rectifiable. Choose a point ¢ ¢ Q U I" and define
f(z) = (z—q)! for all ze Q. Then f € Conf(Q,Q,), where Q, = f(Q) is a bounded
domain. Now, let F' = f —1 and choose a branch of square root of F’ to extend F to an
element £ € Conf(Q,, Q). For any o € A'/2(Q), the result holds for F*o e AY2(Q,), so
by conformal invariance of the Smirnov space and unitarity of F*, the proof is complete.

O

By conjugating, it is clear that the same properties hold for the elements of A!/2(Q),
/2

"o (§2). Moreover, by an application of the polarization iden-

and thus the entire space -’41]1
tity, we also have an expression for the inner product in terms of the boundary values.

Corollary 3.3.2. Let Q — C be a rectifiable Jordan domain with boundary T. For all
hdz'/?, gdz'/? € A'V?(Q), we have

(hdz, gz ) = | e(&)ar(@ac.

Similarly, for all Hdz'/?, Gdz'/* € AV/2(Q), we have

(Haz', G2\~ | AQIGr(Q) L

Theorem [3.3.1| says that, in particular, the boundary values of elements in A}lgfm(g)

belong to L*(T", |dz|) (defined in Example|2.2.2)). The converse is also true, as we will note

in the upcoming theorem. Denote the set of “boundary values” of Al 2(Q) as

AQ,T) = {hr e LA(T,|dL|) : hdz? e A1/2(Q)} (3.3.1)

and similarly for A!/2(Q):

AQT) = {Hr e [2(T,|d¢|) : Hdz'? e AI/Z(Q)} .
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Theorem 3.3.3. Let Q < C be a rectifiable Jordan domain with boundary T and unit
tangent function T. Then the L* space of the boundary T has the following orthogonal
decomposition:

L*(T,|d¢|) = AT)@T A(T).

1/2
harm

Furthermore, the corresponding operatorb : A/~ (Q) — L*(T',|d{|) defined for all u =
hdz'/? + Hdz'/? by

bu = hr + THr.
is unitary.

Proof. This appears in the C*-smooth setting in Bell [3]. See Theorem 2.16 of Kristel
et al. [26] for the generalization to this setting. 0

Remark 3.3.4. Concretely, the second part of the theorem says that b preserves the inner

product, so that
<bu, bv>r = <u, V>Q

or equivalently, b* = b~!. Thus, Hilbert space properties are shared between Alllﬁm(Q)
and L*(T',|d{)).

The appearance of the unit tangent function in the orthogonal decomposition can be
understood as follows. Recall that the arc-length differential |dz] is related to the differen-
tial dz by the formula

dz =T|dz|

and thus dZ = T|dz|. Using the bilinear pairing from the previous section, we have
|dz| = dz'2dz'/2. Now, formally manipulating the half-order differentials as the notation
suggests, we find that

szl/z _ TT1/2’dZ|1/2
_ TI/2|dz|1/2
=dz'/2.

Next, we compute an essential property of the operator b. With u € Allléfm(ﬂ) as in the
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statement of Theorem [3.3.3] we have that

bu=Db (Edil/z +Hdzl/2)
= Thr+Hr
=T [hr+THr]
= (Tb)u.

using the fact that complex conjugation is a continuous operation, and |7'| = 1. In partic-
ular, we have shown that
b =Tb. (3.3.2)

With this property, we are lead to an alternative notion of conjugation for L? induced by

the conjugation in the associated Smirnov space:

hr + THr — Thr + Hr. (3.3.3)

1/2
harm

Moreover, the operator b : A/~ (Q) — L*(T',|d{|) induces an alternate orthogonal de-
composition:

L(T,|d¢|) = TAQ,T)@AQ,T).

Unless otherwise stated, we implicitly use the decomposition in Theorem [3.3.3to agree
with the literature. As an example of the utility of both decompositions, we prove a well-

known relation between the boundary values of the Szeg6 and Garabedian kernels.

Example 3.3.5. For a rectifiable Jordan domain Q@ — C with boundary T, identify the

Szegb and Garabedian kernel functions S, (&) and L,({) with their boundary values. Using
1/2

the kernel representation of Pu and Remark [3.3.4 for any u € A

(Q) we may write

(Pu <bu —iL dzl/2>r

Now, consider the Riesz representation of Pu. If we instead push to the boundary using

b, we find that
2) = (BB (S.(€)al2) a2/ )

_ <bu, TS.dz' 2>r

whence
(Pa) (2 <bu TS dzl/2>r.
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Therefore, since Pu = Pu, we conclude that
1
SZ(C)dZI/z = 7T(C)Lz(5)dzl/27 el zeQ.

In the context of Jordan curves, we always have exactly two complementary compo-
nents on either side of the curve, labelled Q; and €,. Thus, we need additional notation
to communicate which domain the boundary values have been taken with respect to. De-
fine the “standard” Szegd projection PL : L*(T',|d{|) — A(Qy,T) by conjugating P, by
by : Aplorn (Qa) = LT, dG):

P, =b,P,b,". (3.3.4)

Similarly, the complementary orthogonal projection P, : L*(T',|d{|) — T A(Qy,T) can be
obtained by applying the alternative conjugation operation of equation (3.3.3) to (3.3.4),

and
P, =b,Psb,".

Next, we turn our attention to identifying the Smirnov spaces on either side of the

curve.

Definition 3.3.6. Let I'  C be a rectifiable Jordan curve with complementary components
Q; and Q. For distinct d,c € {1,2}, the d, c-overfare O, : AL2 (Qq) — Al]u/jm(ﬂc) is

harm

the operator Oy . = bc_lbd.

Remark 3.3.7. Observe that
—1
(Od,c) = Oc,d

and so we may refer to the operators together simply as the overfare for I

2

om(€4), the overfare of u, is the unique element in the

1
In words, for each u; € A,

1/2

Smirnov space of A,/

(Q.) with the same boundary values as u, (up to a set of measure

zero). By Theorem [3.3.3] it follows that overfare is a unitary operator:
(04c)" =Oca (3.3.5)

Now, observe that
(6) ' = (Tb)"' =b"'T. (3.3.6)

Therefore, it follows that overfare is invariant under conjugation:

Oyc=0g,. (3.3.7)
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Consequently, the choice of orthogonal decomposition of L*(T',|d{]|) does not change
overfare.
In the setting of the unit circle, this operator is particularly easy to understand as illus-

trated by the following example.

Example 3.3.8. Let '=S!, so that Q; =D and Q@ =D~ = {ze C: || > 1}. Then itis
not to hard to see that the formula for the overfare of h(z)dz'/? € A'/2(DD) is given by

1 1
0> (h(z)dzl/z) (w) = —h (7> dw'?, weD™.
WA\ W
Hence, overfare in the setting of the unit circle takes holomorphic elements to anti-
holomorphic elements. A similar formula holds for antiholomorphic elements (and in fact

follows from the one above immediately from the general property in equation (3.3.7)).

While overfare behaves in a similarly straightforward manner for all disk domains (this
is observed later in Theorem @[) it remains much more subtle in the case of general
curves. Since the decomposition of L?(T',|d{|) in Theorem depends on the side
of the curve in which the nontangential limits are taken, we cannot yet give any deeper
description of how overfare transforms elements of the Smirnov space. In the following

section, we will start gathering the tools to do so.

3.4 The Cauchy Operator and Jump Decomposition
/2

em (§2) stated, we now turn to defin-

With much of the essential structural properties of .AI]1
ing the Cauchy operator on the space. In contrast with the Dirichlet space case (see Sec-
tion , this is a relatively straightforward task due to the identification of Alllérzm(ﬂ) and
L?*(Q,|d|) from the previous section. Moreover, we make the assumption that all of our

boundary curves are bounded in this setting.

Definition 3.4.1. Let I' = C be a bounded rectifiable Jordan curve with complimentary
components ; and €, and assume that I" is oriented positively with respect to ;.
For fixed d,c € {1,2}, the (half-order) d,c-Cauchy operator J; . is defined for all u €
A (Qq) by

harm

) 1 dCl/deI/z
(Jd,cu> (Z) = }g‘l} ger‘p’r M(C) <2_7UT R ZE QC

where I, , © Q is defined for all 0 < r < 1 as in equation (3.2.4), and shares the orienta-
tion of I'.
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Remark 3.4.2. The decision to fix the orientation of the curve in this definition was made
to simplify the presentation and computations, and to not stray too far from the source
literature. Ideally, a Mobius invariant definition of the Cauchy kernel would be imple-
mented, which would require that the direction be allowed to change. This has already
been done in the Dirichlet setting, which we consider in Section[4.4] The added advantage
of this generalization would be the extension of the associated theorems to Jordan curves

which pass through co.

2

e (£24), we can express Jg . by the stan-

Using the boundary values of elements in .All1

1/2

harm

dard Cauchy integral. Write u € A/~ (Q4) according to its orthogonal decomposition,
say

u=hdz"* + Hdz"/?,

Then for 0 < |z| < r < 1, we have that

f u(§)dg!dz'? f h(§)dg +H(E)ld{|
fely §ely, '

-z -z

For a choice of f € Conf(ID, Q,), the integral on the right-hand side is equal to

rn rie® [0 f(re®)| f/(re®)d6 + r [Ho f(re®) || f'(re’®)| |d6)

0 rei® — -

Now, the functions 4, H, and f’ have conformally nontangential limits at almost every

boundary point, so taking the limit as » ' 1 yields:

[ [0 £()] £/(e®)ie a8 + [Fir 7)) () o)

0 et _ 7

[e(§)ag + H@T(O)|
- JCEF dC'

{—z

Therefore, we have

(Jacu)(z) = %mLer%dc-dzl/z (3.4.1)
b he(Q) o o, 1 Hr(8) PRy
“ 52t ) £ g ds +27TiLeF po g e, (3.42)

Since by : .Allléfm(Qd) — L?(T,|d&]) is an isomorphism, we see that the integral ex-
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pression in (3.4.1) coincides with the standard Cauchy integral operator on L*(T",|d{]).

For d = 1, we have the following classical theorem:

Theorem 3.4.3 (Cauchy Integral Formula I). Let I = C be a bounded rectifiable Jordan
curve with complementary components Q1 and Q. Then for all a € Al 2(91):

, c=1
J l,ca =
, c=2.
Proof. This follows from the above observations and Theorem 10.4 in Duren [13]]. O

Later in this section, we derive the corresponding formula for J, .P,. Next, we restrict
our attention to Ahlfors-regular Jordan domains (see Definition [3.1.2]), with which there
are many very strong results surrounding the Cauchy operators. The first of which is
the jump decomposition, or jump formula, which has been studied since the 19th century,
beginning with Sokhotski. The theorem statement below is a slight rephrasing of the result
due to David [[11]], which is a version of the jump decomposition on L*(T",|d{|) in term of
the Smirnov spaces on 1 and ,. A proof of this theorem in the function space setting
can also be found in the book by Meyer and Coifman [29].

Theorem 3.4.4 (Jump Decomposition, David [11]). Let T" = C be a bounded rectifiable

Jordan curve with complementary components 1 and €,. Then we have a decomposition
LA(T,|dg]) = A(Q1.T) @ A(Q,T)

if and only if T is Ahlfors-regular. When this holds, the Cauchy operators are bounded

linear operators Ji . : Al/z Q) — AI/Z(QC), and the decomposition is given explicitly

harm
for ur € L>(T) by

ur =bJy1ju—baJiou
—1 1/2
where u =b| ‘ure A (Qr).

Remark 3.4.5. A further discussion of boundedness of Cauchy integrals in connection

with Ahlfors-regularity of the curve can be found in Pritsker [35].

We shall write the above decomposition as the operator identity
Ji1—021Ji2=1 (3.4.3)

which holds on all of Alll/ 2 (Q1). Equation (3.4.3) is what we refer to as the jump formula,

arm
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and it will be used extensively in the remain sections to derive further relations between
overfare, the Cauchy operators, and the Smirnov spaces of the inside and outside domains.

From the jump formula, the following important fact may be deduced:

Theorem 3.4.6. Let I — C be a bounded Ahlfors-regular Jordan curve with complemen-
tary components Q1 and Q,. Then the restricted Cauchy operator

12 A2(Q)) — AV3(Q))
is a bounded isomorphism.
Proof. See Corollary 3.4 in Kristel et al. [26]]. [

Remark 3.4.7. This is closely related to a result of Bilalov and Najafov [6].

With the Cauchy integral formula and the above isomorphism, we can start extract-
ing information about the operators in the jump formula. Restricting equation (3.4.3)) to
A/2(Q1) and taking projections, we find that

a a
P10271J1,2 —Jin

— (3.4.4)
—P10,1J7, =TI
In particular, the second equation says that we can express the inverse of J{ , as
—1 —
(J{,) " =-P04,. (3.4.5)

Example 3.4.8. Returning to the remarks immediately following Example we are
now equipped with tools to further understand the 2,1-overfare of holomorphic elements.
Let o € AY2(Q,). Then, there exists a unique f8 € .A!/2(Q;) with the property that o =
J‘f’zﬁ, and so by the the jump formula

0 00=J118-B.
In particular, this means that
image (0} |) = image (J{ , —I%) (3.4.6)

and thus in general, holomorphic elements overfare do not overfare exactly to antiholo-
morphic elements as they do in the setting of the unit circle. However, there is a sense

in which the image of holomorphic overfare is “dominated” by its antiholomorphic part,
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with the holomorphic part being “small” (see Section [3.8]for a discussion of compactness
and related properties of J‘l"l).

Additionally, equation (3.4.6) leads to a useful description of the null space of Jj ;.
Using the fact that the Cauchy operator is a projection operator:

(J1,1)2 =Ji1
we deduce from (3.4.6) that J 1,10371 is identically zero. Conversely, if # € nullJ; 1, then
J{ Pru=—Pu
SO
02,1J1 2P (—u) = =J{ Pru+Pru=u.

Thus, we conclude that
null (J,1) = image(O% ). (3.4.7)

Next, we wish to extend the previous theorem to the Smirnov space of the unbounded
domain. In equation (3.4.1)), we saw that the (half-order) Cauchy operators can be viewed
as acting on the boundary space L?(T,|d{|). Thus, given fixed boundary values, the

Cauchy operator is the same no matter the side of the curve in which the limit is taken:
Jaa=JcaO0uac, d#c. (3.4.8)

Since (an’c)’1 = O, 4, one could also write the above identity as J. 4 = J7.4Oc4.
We immediately apply these observations in the following proof of the Cauchy integral

formula for unbounded domains.

Corollary 3.4.9 (Cauchy Integral Formula IT). Let I = C be a bounded Ahlfors-regular
Jordan curve with complementary components Q1 and Q,. Then for all o € Al 2(Q):

0, c=1
J2,ca =
-, c=2.

Proof. Let E e A!/2(Qq) be the unique element such that o = ch,zE- Then by equation

(343), ~PO, 0 = B, and so by (3.4.8) and Theorem [3.4.3]
Jop0 = J1 2P0y 0 = =] ,B = —at
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as desired. Now, if we rearrange equation (3.4.8), we have J, ;& = J;,102,1 &, which
vanishes by equation (3.4.7). [l

Remark 3.4.10. Certainly, one could employ a much more standard technique to prove
a result like this. For our purposes however, the technique in the above proof serves to

highlight simple algebraic consequences that may be derived from Theorem [3.4.4]

Remark 3.4.11. On first glance, Corollary [3.4.9)appears to contradict the standard Cauchy
integral formula for functions on the unbounded domain (see Gakhov [18], for example).
That is, if & : Q, — C is holomorphic on a smooth unbounded domain , with sufficiently

nice boundary values, then

1 hF(C)dCZ —h(z) + h(©0), z€Q,

27i Jeer -2 h(), 7€ Q.

However, by the transformation law for elements of the Smirnov space (equation (3.2.1)),
if h(z)dz'/? € AY?(Qy), then h(1/z)/z must be holomorphic on a neighbourhood of 0,

whence h(o0) = 0.

Next, we use identity (3.4.8)) to derive a version of the jump formula for the Cauchy

operators on the unbounded domain. Observe that:

Jo2—012J21=J12021—-012J1,1021
=012(021J12—J1,1)02,1
- L

Thus, a more general jump formula can be packaged as follows:
Jia—Ocalac= ()", d+ec. (3.4.9)

The argument of Kiristel et al. [26] for invertibility of J{, now goes through when
applied to Jj |, yielding:

Corollary 3.4.12. Let T — C be a bounded Ahlfors-regular Jordan curve with comple-

mentary components 1 and Q. Then the restricted Cauchy operator
510 A2(Q) > A (Q)

is a bounded isomorphism.
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Example 3.4.13. The previous corollary allows us to derive a particularly simple repre-
sentation of the inverse of J{ , in the setting of the unit circle. First, using the (generalized)

jump formula of equation (3.4.9), we compute that
(95,) " =P,0!,. (3.4.10)
Combining the conjugate of the above with identity (3.4.3) for the inverse of J?,Z’ we have
@) (J9,) 7 = —P0; P04 .

Now, set Q; = D and Q, = D~!. By Example overfare in this setting takes holo-
morphic to antiholomorphic and vice versa, thus P,O 1,21_)1012171 = I", and so it follow that
whenI" = S!:

(J9,) " = -Th,. (34.11)

3.5 Adjoint Formulas for the Cauchy Operators

In this section, we derive adjoint formulas for the Cauchy operators in the setting of
Ahlfors-regular Jordan domains. In the setting of Lipschitz boundary curves, the adjoint
for the corresponding linear operator on L?(T",|d{|) has been known for quite some time
(see Muskhelishvili [30]], for example). Having an explicit form of the adjoint is necessary
for the study of the Kerzman-Stein operator, which is the main focus of the next section.
The approach to our computation goes through the jump formula and properties of the

overfare operator, which allow us to bypass a standalone analytic argument.

Theorem 3.5.1. Let I" = C be a bounded Ahlfors-regular Jordan curve with complemen-
tary components Q| and €, and let d,c € {1,2}. Then

()" M =J44, d=c

Jae) =4
_Jc,da d #c.
Remark 3.5.2. By combining the Cauchy integral formulas and conjugating, it follows

that
(—1)d+11_)d +jd7de, d=c

Jd,cPc, d #c.

Jd7c =
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and so these adjoint formulas for the Cauchy operators can instead be expressed as

(=)@ Py —Jg 4Py, d=c

J N "= —
( ¢ ) _Jc,de d # c.

Proof. Restricting the jump formula to A1/2(Q,) and rearranging, we can express the

holomorphic overfare as the integral equation

_[ch (~1 )d+lla](g7d)l. (3.5.1)

By the conjugation rule for the overfare in equation (3.3.7), it follows that Oy Py =

0Py, and so
-1

_[J’gc (= )d“lh] (j?_‘d) . (3.5.2)

Putting these together yields the following integral equation representation for the general

overfare:
o= [per 0t () e [T ot (1) R 653)

Now, using the fact that O = (O.,)", we obtain

[J?c (= )d+11a] (J?,d>_lpd+ [jﬁﬁ (_1)d+llh] <j?,d>_]l_)d

—1 * o
= [(Jd) ] [(Jﬁ,d) Py + (—1)‘“Pd] (3.5.4)
SN B L N
o[ @) 7] () e cn]
By right-composing the above with P, and left-composing with P., we get that
-1 —17*
Jh a
(Jc,d> == [(‘Li,c) ] :

Finally, by interchanging the inverse and adjoint sign on the right-hand side and then

inverting both sides, we arrive at

<JZ7C> ch, d +#c.

In particular, since J; . vanishes on A2(Q,) by the Cauchy integral formula, we may
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extend the adjoint formula by zero to the whole space to get
Jae)" = Jea, d#c. (3.5.5)

From here, it is easy to deduce (J;4)*. Indeed, taking the adjoint of the expression for

Ja 4 in equation (3.4.8):

(Jaa) = <J?7dl_)cod7c> = *qujZ_‘CPd
= _Oc,djd,c-

Rearranging the jump formula and taking the complex conjugate yields
—O0cadac= (D) -Tya
and so combined we get that
Jaa)" = (—D)"1-T3,4, de{1,2}.

]

Remark 3.5.3. There is another interesting identity that appears out of equation (3.5.4)).
Indeed, right-composing the expression with P. and left-composing with P, it follows

from the Cauchy adjoint formulas that

34, (ch) T (3276) 713?70, d+c. (3.5.6)

3.6 An Extension of the Kerzman-Stein Operator

In this section, we consider the (half-order) Kerzman-Stein operator on both the bounded
and unbounded component. Further, we introduce a natural extension of the operator that
maps between the spaces Alllgm (Q) and A}lﬁm (Q3). Phrasing the Kerzman-Stein operator
in terms of half-order differentials was first done by Barrett and Bolt [1] for C*-smooth
curves. With explicit adjoint formulas for the Cauchy operators on Ahlfors-regular Jordan
domains, we are able to derive many properties and identities for the operator, including
the Kerzman-Stein formula, for this wider class of domains.

Let I' © C be a bounded Ahlfors-regular Jordan curve with bounded complementary

component Q. The (half-order) Kerzman-Stein operator Ay ; : Al/ 2 (Qp) — Aééfm(ﬂ 1)

harm
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is defined to be
Ari=Jii—Jn)" (3.6.1)

With our adjoint formula for J; ;, we can express this operator as Ay 1 = Ji 1 + jl,l -1,
and so we have that
Pl(I-I-A]’l) =J171. (3.6.2)

Equation (3.6.2)) is called the Kerzman-Stein formula (compare with equation (1.0.1)).
By Lemma [A.1.1|in the Appendix, I+ A : Al/z Q1) — .,41/2 (Q1) is a bounded iso-

harm harm

morphism, so we can rewrite the above formula as
P =Ji 1 (I+A ;)" (3.6.3)

This relationship between the Szeg6 projection and the Cauchy operator was one of
key insights of Kerzman and Stein [24], as it allows for properties of these operator to be
obtained from each other. As pointed out by Lanzani [27], the significance of this relation-
ship when formulated on the boundary space L*(T", |d{|) is that the Cauchy operator is an
explicit integral operator, where as the Szegd projection is implicit. Conversely, bound-
edness of Szegs projection is trivial, whereas boundedness of the Cauchy operator is not.
The book of Bell [3]] uses these insights to prove many classical theorems in function the-
ory and conformal mapping very efficiently on C* domains, however the author notes that
the smoothness requirements may be weakened in many instances.

Another key property of the classical Kerzman-Stein operator is its compactness for
sufficiently smooth boundaries. This is surprising since neither the standard Cauchy oper-
ator nor its adjoint are compact on L*(T',|d{|). We postpone further discussion regarding
compactness of Ay j until Section Next, consider the following:

Definition 3.6.1. Let I' — C be a bounded Ahlfors-regular Jordan curve with complemen-

tary components Q and €. For fixed d, c € {1,2}, define the d, c-Kerzman-Stein operator

Ad,c . Al/z (Q.d) - Alllﬁm(gc)

harm

by the formula
Ad7c = Jd,c - (Jc.,d)* .

For the remainder of this section, we derive some basic algebraic properties of these

operators. First, we see that
*
(Ad,c) = _Ac,d~

meaning that A, . is skew-adjoint for the case d = c. Now, using the adjoint formulas from
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Remark[3.5.2] it follows that
Age=J4 P+ Py, d.ce{l,2} (3.6.4)

from which we have

Ajc=A4. (3.6.5)

Now, we restrict our attention specifically to the operators Ay 4. The 2,2-Kerzman-
Stein operator Aj > is simply the analogue of the standard operator A for unbounded
domains. The formula in (3.6.3) has an analogue for the unbounded domain, which we
record momentarily. First, define the =-operator for u = hdz'/? + Hdz'/? by

s = —ihd7"/? + iHd7/?.

We wish to note that we could not find reference in the literature for this operator in this
setting, but it is the direct analogue of the usual complexification of the Hodge-* operator
for smooth one-forms, and appears to behave similarly. On the Smirnov space, we can

express this operator as = —iP + iP.

Theorem 3.6.2 (Kerzman-Stein Formula). Let I’ = C be a bounded Ahlfors-regular Jor-
dan domain with complementary components Q| and Q. Then for each d € {1,2}, the

operator

I+Au4: AR (@) - Arlléfm(gd)

harm

is a bounded isomorphism, and
p Jia (I+Al,1)_17 d=1
d fr—
—iJ272 L) (I+A272)71 s d=2.

Proof. The case when d = 1 was handled previously. For d = 2, the fact that I+ A, is
a bounded isomorphism follows from Lemma Now, observe that Jo» — (J22)" =
J22+1+J22, and so

Py (I+Ag2) =2P+ 150 =Py +J20P;
= —iJap%2
as required. [

Remark 3.6.3. In the next section, we will “push” this formula to the boundary (See

equation (3.7.4)).
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As is shown next, the 1,1 and 2,2-Kerzman-Stein operators are in fact equivalent up
to conjugation by overfare. Indeed, using the jump formula in (3.4.9), we can express the

d,d-Cauchy operator as J; 4 = O 4Ja o + (— 1)d+1I, and so the adjoint can be written
(Jaa)" = (0cadac)” + (-1 L
Subtracting these expressions, we have
Ada=0calic— (0calac)” (3.6.6)
Along with property (3.6.5)), we use this representation to compute:

A1 =021J12+7J21012
=021 (012321 +J12021) 01
= 02,142,501

or equivalently
01’2A171 = A2720172. (3.6.7)

Next, let us consider the operators A, . for when d # c. Similar to overfare, the d, c-

Kerzman-Stein operators are isomorphisms of the “inside” and “outside” Smirnov spaces.

Theorem 3.6.4. Let I' = C be a bounded Ahlfors-regular domain with complementary
components Q| and Q. Then for distinct d,c € {1,2}, the d,c-Kerzman-Stein operator is

a bounded isomorphism, and

—-1_

(Age) ™' = (J?z,c) “pot (jgc) P..

Proof. From Theorems [3.4.6{and [3.4.12} we have that J¢ _: A1/2(Q,) — A'/?(Q,) is an

isomorphism, and hence so is its conjugation J%; . : AV2(Q,) — A1/2(Q,). Therefore by
equation (3.6.4) and the orthogonal decomposition defining the harmonic Smirnov space
(Definition , it follows that A, . = J3 (Pd + .TZ P is an isomorphism with the de-

scribed inverse formula. O]

Remark 3.6.5. By our formulas for the inverse of the restricted Cauchy operators (equa-

tion and equation [3.4.10)), it follows that we can write
1 — —
(Ade)™ = (=) (P4OcqPc +PyOu . Pe) .
Example 3.6.6. SetI'=S!,sothat Q; =D and Q, =D~ = {ze C:|z| > 1}. By our work
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in Example[3.4.13] it is immediate from the above inverse formula that (A 1,2)_1 =—Ay.

That is, A1 5 is unitary in the setting of the unit circle.

Next, we want to see how the d, c-Kerzman-Stein operator interacts with overfare. By

applying O, 4 to the expression in (3.6.4), observe that
O,y =0cadacPa+0c i Pa.
Substituting each term on the right-hand side using the jump formula yields

OcadicPa+0cadacPi=3iaPa+ (—1)" Py + Ty 4Py + (—-1)1'P,
=Agq+ (-1

and so we arrive at a “jump formula” for the d, c-Kerzman-Stein operators:
Agd—OcgAye= (1), d#ec. (3.6.8)

From this, we can extract a relation between the 1,2 and 2,1-Kerzman-Stein operators.
Observe that

012A12021 = (A11-11)0y;
=021(A22—1))
=Ar1—-20;,

which rearranges to the identity

012A71—A170,; =-2L

3.7 Boundary Values of the Cauchy Kernel

The main goal of this section is to compute the boundary values of the Kerzman-Stein
kernel function for Ahlfors-regular Jordan curves. This will allow us to translate between
properties of A |, and the “standard” integral operator on L?(T",|d{|) from the introduc-
tory chapter. We will follow the computation done in Bell [3]] for C*-smooth curves,
which generalizes nicely due to theorems of Privalov [36] and David [/11]].

First, we begin with the boundary values of the Cauchy operator. To integrate the

Cauchy kernel when both variables lie on the curve, one needs the notion of principal
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value. For a bounded Jordan curve I" and a point zg € I, set
I'(z03r) :== T'\B(z0;r), r>0

where B(zo;r) denotes the open disk of radius r centred at zo. Using a topological argu-
ment, it can be shown that if r is made sufficiently small, then B(zg;r) contains exactly
one connected component of T, so that I'(zp;7) is an open curve. This curve is used in

defining the analogue of the Cauchy operator for inputs on the curve:

Definition 3.7.1. Let I' © C be a bounded rectifiable Jordan curve with bounded com-
plementary domain Q;. For all u € AL

harm (821), define the singular Cauchy operator H
by

T ur(¢)
(Hu) (ZO) - }{% i JF(ZO;r) C — 2 dC? el

The integral on the right-hand side is called the principal value of the singular Cauchy
integral, and is commonly expressed with the notation

pv. - [4) yr i ur(6)

2mi Jr & —20 ™NO 270 Jr(z0:) € — 20

dc.

The following theorem characterizes precisely when the classical Sokhotski-Plemelj

Sformula for the boundary values of the Cauchy operator holds.

Theorem 3.7.2 (Privalov [36]). Let I < C be a bounded rectifiable Jordan curve with com-
plementary components Q| and ;. The nontangential boundary values of the Cauchy op-
erators J1,1 and J » exist almost everywhere on I if and only if the principal value Cauchy

integral operator H is well-defined. In the affirmative case, H maps into L*(T, |d{|) and

1
chl,c = (_I)H—libc‘i-H, CcE {1,2}

The problem of characterizing the boundedness of H is solved by considering Pri-

valov’s result in conjunction with David’s result in Theorem [3.4.4]

Theorem 3.7.3 (David [11]]). Let I" = C be a bounded rectifiable Jordan curve. Then H is
a bounded operator into L*(T,|d{|) if and only if T is Ahlfors-regular.

A more complete discussion around these results and their relation to the Cauchy op-
erator can be found in Pritsker [35]]. Armed with Theorems[3.5.1/and [3.7.2], we can easily

compute the boundary values of the Kerzman-Stein operator using a technique displayed
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in Bell [3]]. First, we compute the adjoint of H:

1

H' = (I-J11)by' =5

b,
|- 1 —1 —1
= obr' - <§I+b1 H)b1
= — (b)) 'Hb;'
—1 (797 |
=—b (TH)b,
where in the last equality we used equation [3.3.6] Taking the adjoint of the Sokhotski-

Plemelj formula and rearranging, we then have that
% 1 —1 (7
(J11)* = 51=b, " (TH).

Therefore, Ay | as an operator on the boundary I" can be expressed in terms of Cauchy
principal value integrals:
b1A1’1 —H+TH. (3.7.1)

Equivalently, if we define Ar := b1A171b1_1 and Hr := Hbl_1 , then (3.7.1)) becomes

Aru = Hru + Tﬁru

(3.7.2)
~ PV A ul0)ldg
where u e L*(T',|d{|), and
A(C,z)—%[%—% , ¢,zel. (3.7.3)

Equation (3.7.2) is the usual formulation of the Kerzman-Stein operator in the litera-
ture. As we will see in the next section, working directly with this kernel function pairs
well with more standard integral operator techniques.

We may now write the Kerzman-Stein formula (3.6.2)) in terms of the corresponding
linear operators on L?. Let Jr := b J; 1 bl_] denote the “standard” Cauchy integral operator
on L*(T",|d¢|). Then Ar = Jr — (Jr)*, and

Pi(I+Ar) = Jr.

Moreover, I+Ar: L*(T,|d{|) — L*(T,|d{]) is a bounded isomorphism by LemmalA.1.1]
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and so
Pl = Jr(I+Ap)~ L (3.7.4)

Remark 3.7.4. The weakest conditions we could locate in the literature for which the
Kerzman-Stein formula holds is for Lipschitz domains, which was proven by Lanzani
[28]. In her paper, she expressed that it might be possible to extend to the case of (not
necessarily Jordan) Ahlfors-regular domains, with one major obstacle being the character-
ization of the Hardy space for such domains. Since Ahlfors-regular Jordan domains yield
a nice characterization of the Hardy space (as well as David’s theorem), we were able to
circumvent these technicalities in proving (3.7.4).

3.8 Regularity of the Kerzman-Stein Kernel

In this section, we emphasize the interplay between the analytic properties of the Kerzman-
Stein kernel function A({, z) and the regularity of the boundary curve. One of the key prop-
erties of the Kerzman-Stein operator is that it is compact on a wide class of smooth curves.
This was first proved by Kerzman and Stein [24]] for C* curves, by way of the stronger
result that A({, z) is C*-smooth in ({,z) € ' x I. Later on, Lanzani [28] showed that com-
pactness also held for C' curves. Moreover, she provided an example of a piecewise-C!
curve for which the operator was not compact. Subsequently, Bolt and Raich [§]] showed
that Ay ; is never compact for piecewise—C1 curves with a corner. Here, we shall consider
curves belonging to the continuously-differentiable classes C™%, and provide sufficient
conditions for Ar (and hence A, 4) to belong to the Schatten p-classes for all p > 2.
Recall that a function is of class C" (n > 0) if all of its nth partial derivatives exist and
are continuous on the domain of definition. If, moreover, all of the partial derivatives are
o-Holder continuous (0 < o < 1), then we say that the function is of class C"*%*. When

o = 1, this is known as the Lipschitz condition.

Definition 3.8.1. A bounded Jordan curve I" — C is said to be of class C" (for some fixed
n = 1), written I' € C", if there exists a parameterization function ¢ : [0,1] — I that is n-
times continuously differentiable, satisfies () (0) = @®)(1) for all 0 < k < n, and ¢’ (¢) #
0 for all t € [0, 1]. Moreover, I" is said to be of class C"*%, where 0 < @ < 1 if I'e C" and
the nth derivative of ¢ is a-Holder continuous. If I' e C” for all n € N, then we say that I

is of class C®.

Remark 3.8.2. C! Jordan curves are in particular Ahlfors-regular.
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For convenience, set C"Y := C". It is clear that the C"*% classes obey the following

chain of inclusions, which we call the continuously differentiable hierarchy:
C'o2C"*" 2" 2C*, n=1,0<a<l. (3.8.1)

Next, we identify some of the relevant collections of bounded operators for our work.

Definition 3.8.3. Let / be a separable Hilbert space with orthonormal basis {e, : n >
1}. The trace of a positive-semidefinite operator B € B(#) is the quantity Tr(B) € [0, ]
defined by the formula

Tr(B) = Z (Beg, ex).
n=1

Remark 3.8.4. This definition can be shown to be independent of choice of orthonormal

basis.

Now, let Be B(H,H;) be a bounded linear operator between separable Hilbert spaces.
Then B*B € B(H,) is a positive-semidefinite bounded operator, and so for all n > 1, there
exists (B*B)!/" € B(#;) with the property that [(B*B)l/”]n = B*B (see Corollary 12.45
in Einsiedler and Ward [15], for example). For the case that n = 2, write |B| := (B*B) /2.
We say that B is trace class if Tr(|B|) < oo, and the set of trace class operators, denoted
by S1(#1,H>), forms a Banach space with norm | - ||s, := Tr(|-|). It can be shown that all

trace class operators are compact.

Definition 3.8.5. Let 7{; and H, be separable Hilbert spaces. An operator B € B(H,H>)

is said to be Hilbert-Schmidt if there is an orthonormal basis {e, : n > 1} for H; such that

Q0
B3, = Y [Beal}, <
n=0
It is well-known that the the set of Hilbert-Schmidt operators, denoted Sy (1, H>),
form a Hilbert space with norm | - |s,, and are again examples of compact operators.
Additionally, we have that B is Hilbert-Schmidt if and only if |B|?> = B*B has finite trace.
Hilbert-Schmidt integral operators are easily characterized, as observed by the following

classical result.

Proposition 3.8.6. Let I' = C be a bounded rectifiable Jordan curve, and let K :T' xT"— C
be a measurable function. Define an integral operator K : L*(T',|d{|) — L*(T,|d{)|) for
allue L*(T,|d{|) by

(Ku) (z0) = LeFK<c,zO>u<c>|d;|, weT.
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Then K is Hilbert-Schmidt if and only if K({,z) € L*(I' x T, |d{ | ® |dz]).
Proof. For example, see Chapter III Section 9 of Gohberg and Krein [22]. [

Remark 3.8.7. In particular, a simple sufficient condition for Hilbert-Schmidtness of K is

that its kernel function K is both measurable and essentially bounded.

Next, we consider the Schatten classes, which are a sort of analogue of L? spaces for
operators. For this, we briefly follow the presentation of Delgado and Ruzhansky [12].
See Chapter 7 of Weidmann [45]] for an introduction to the Schatten class where many of

the well-known properties we state are proven.

Definition 3.8.8. Let 1 < p < o0. A compact operator B € (H,H>) is said to belong to

the Schatten p-class if
[Bs, = [Tr([BI7)]"/7 < oo

The class of Schatten p-class operators is denoted by S,(#1,%>), and forms a Banach
space with norm | - ||s,. The particular cases p = 1 and p = 2 correspond to the trace
class and the Hilbert-Schmidt class, respectively. For p = o0, Sy, (H1,Hz) is defined to
be the space of compact operators, and the corresponding Schatten norm is simply the
operator norm. Each class forms a separate two-sided ideal in the space B(H,Hz). It
is also possible to define analogous Schatten classes for 0 < p < 1, however they are not

considered in this work. The Schatten classes obey the following inclusion property:
Sp(Hl,H2) C Sq('Hth), I1<p<g<co.

When p > 2, there are sufficient integrability conditions on the kernel of an integral
operator that yield a finite Schatten p-norm, similar in spirit to that of Lemma[3.8.6] We
discuss this, as well as the failure of classifying integral operators in S, for p < 2 in Section
of Appendix

Let us make note of the equivalence of the Schatten-ness of the Kerzman-Stein opera-

tors and the restricted Cauchy operators.

Proposition 3.8.9. Let I = C be a bounded Ahlfors-regular Jordan curve with comple-
mentary components Q1 and Q,, and fix d € {1,2}. Then the following are equivalent:

(@) J4 ;€ Sp(A2(Qq), AVHQq))

(0) A€ Sp(AL2 (Qa)).

harm
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Proof. By equation (3.6.4)), we can write Ay 4 = J§ dl_’d +J5 dFd- Since the operations of
extending by zero, restricting to a subspace, projecting onto an orthogonal subspace, and
conjugating all preserve the Schatten classes (see Theorem 7.8 in Weidmann [435]), the

claim follows. L]

Next, we record the compactness result of the Kerzman-Stein operator due to Lanzani

[28]] in terms of the half-order operators on the bounded and unbounded domains.

Theorem 3.8.10 (Lanzani [28])). Let I' = C be a bounded C' Jordan curve with comple-
mentary components Q1 and €. Then for each d € {1,2}, Ay 4 is compact.

Proof. By Theorem 3.2 in Lanzani [28], Ar is compact, and hence sois Ay | = bl_lArbl
since by is a unitary operator. Compactness of A, then follows from that of A as a

result of the overfare conjugation identity in equation (3.6.7)). [

Remark 3.8.11. By contrast, J;; . (and hence A, ) is never compact for d # ¢ by Theorem
3.4.6

Lanzani’s proof relies on a local approximation of Ar in the operator norm by a se-
quence of related integral operators with bounded kernel. The technique doesn’t imme-
diately generalize to a proof of Hilbert-Schmidtness due to the well-known fact that S, is
not closed in the operator norm for infinite-dimensional spaces. Due to the work of Bolt
and Raich [8]], her compactness result is sharp for this class of curves, since if I" is only
piecewise-C! curve (i.e. has C! segments with a finite number of corners), then necessarily
Ar won’t be compact.

For the remainder of the section, we consider classes of curves with greater regularity
than C! in conjunction with the kernel function of the Kerzman-Stein operator. Let Q be
a simply-connected domain, and recall the Garabedian kernel Lq({,z)d{'/2dz"/? defined
in Section Since Lo (&, z) has a simple pole at { = z with residue 1/27, if we define

LINE, 2)dE dz % = —27Lo(¢,2)dE a2, £ ze @ (3.8.2)

dC 1/2dZ1 /2
é’ _
then the singularities of both terms on the right-hand side cancel out, and hence Lg’l(é’ ,2)
is a holomorphic function in both variables simultaneously. We call LIX!(¢,z)d¢!/2dz!/?
the desingularized Garabedian kernel, and it can be used it to write the restricted Cauchy

operator J{ ; with respect to a holomorphic integral kernel:
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Proposition 3.8.12. Let I = C be a bounded Ahlfors-regular Jordan curve with bounded

complementary component . For any E =Hdz7'? e Al/z (Q1), we have

harm
_ | -
(3.B) @ = tim o | £l(E 200 a2 HDL R, ze
/ r/ 1270 Jeer,,
Proof. This is shown during the proof of Corollary 4.6 in Kristel et al. [26]. [

Recall that a function of (possibly several) real variables is called real analytic if it is
locally equal to its Taylor series expansion. The class of real analytic functions is denoted
C®. We say thata function K : I'xI' > Cis C® if K(@(t), @(s)) is C*®, where ¢ : [0,1] = T"

is a parameterization of I'.

Definition 3.8.13. Let I' = C be a bounded Jordan curve. We say that I is real analytic if
it can be parameterized by a function ¢ : [0, 1] — T", which when extended periodically to

the real line, has the property that Re ¢ and Im ¢ are both real analytic.
Remark 3.8.14. The class of real analytic curves is (strictly) contained in C®.

Remark 3.8.15. Using the generalized Schwarz reflection principle, it can be shown that
I is real analytic if and only if every f € Conf(ID, Q) extends to a one-to-one holomorphic

function on a neighbourhood of | U T (see Section 11 in Bell 3], for example).

For real analytic curves, we have the following strengthening of Proposition [3.8.12]
Let Q < C be a bounded real analytic Jordan domain, and express the Garabedian kernel
for Q; with respect to some fixed f € (i)}f(ID), Q):

pgts_ LNFONVEE) iy
Lo, (§,2)dg"2dz"? = 5 =10 4¢ 272,

Since f extends to a homeomorphism S! — I" by Carathéodory’s Theorem, and both ID and
Q; have real analytic boundary, it follows by the generalized Schwarz reflection principle
that f extends to a holomorphic function on a neighbourhood of ;. Thus, since Lo, ({,z)
has a simple pole with residue 1/27 at each = z € cl(Q,), the desingularized function
L?fll(c ,2) is holomorphic on a neighbourhood of cl(Q) x cl(Q;). In this case, we may

write

= 1
(11B) @) = 5 |, EBICHO WL a2 zean (83)

Burbea [9]] used the technique of desingularizing the Cauchy kernel in a sketch of
a proof that the Kerzman-Stein operator is compact for a class of curves I' called Dini-
smooth, which lies between C!! and C? (see Pommerenke [33], for example). The diffi-

culty with extending this technique, as pointed out by Barrett and Edholm [2], is in gaining
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enough control of L ({,z) for { near z in cl(Q), and so the technique of Burbea appears
to have been abandoned in the context of the Kerzman-Stein operator. Thus, we shall focus
our attention instead to analyzing A({,z). The book of Bell [3] contains a slick proof that
A(C,z) is of class C* for C* curves. Here, we generalize this technique to much of the
remaining continuously differentiable hierarchy. To analyze the kernel function A({,z) in
the context of the continuously differentiable classes, we make use of the following result
(cf. page 19, Bell [3]]).

Lemma 3.8.16. Let I < R be an open interval, and suppose that K (x,y) : I x I — C is a
C! function with the property that K (x,x) = 0 for all x € I. Then there exists a continuous
function Ky(x,y) : I x I — C with the property that

K(x,y) = (x—=y)Ko(x,y), (x,y)elxl.
Additionally:
(a) IfK(x,y) e C?, then Ky(x,y) € C°.
(b) IfK(x,y) € C* for some n > 1,0 < o < 1, then Koy(x,y) € C"~ 1<,

Proof. Since K(x,y) € C ! by definition its first-order partial derivatives are continuous,

and so by the fundamental theorem of calculus we can write

" 0K
K(tay) = L E(xﬂy)dx'

If we make the change of variables u = (x —y)/(t —y), then (t — y)du = dx and

Lok
Kt9) = (=) | 5ot ute =)0 du
0o 0X
Now, set
Lok
Kolt.y)i= | So0ule—3)0)du (3.84)
0 X

Then Kjy(z,y) is indeed a continuous function. From here, we consider two cases. First,
if K(x,y) € C?, then all of the partial derivatives of K(¢,y) are in the C®-class, and hence
Ko(t,y) is as well. Now, assume that K(z,y) € C"%. Differentiating (3.8.4) under the

integral sign n — 1 times with respect to ¢ yields

(3”_11(0 lanK -
= (W)—L o 0 ult =),y du. (3.8.5)
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For any (1,y), (to,y0) € I x I, we use (3.8.5) to estimate that

(3”_11(0 (’/Jn—lKO
t — ——
o1 (t,y) o1 (to,0)
K O"K
g r— ) - o — )
MGSE)F;] o (y+ult—y),y) o (vo + u(to —y0),Y0)
so choose «’ € [0, 1] for which
5'1_1[(() ﬁn_lKo
atn_] (t7y)_ atn_] (t()?y())

3.8.6
<[ (1 =3).9) — S (31 (1= 30).30) -
XX u - ) - u - ) :

P ¥)s¥) = == o+ u'to=0), v

Since the nth-partial derivatives of K(z,y) are a-Holder continuous, and the mapping

(t,y) = v+ (t—),y)
is differentiable (and in particular Lipschitz continuous), it follows that the composition

of the two is a-Ho6lder continuous. Therefore, there exists a constant M > 0 such that

n a}’l

, J— —
T (y+u(t—y),y) e

(vo+u'(to —y0),y0)| < M[[(3,1) = (vo,20)[|*.  (3.8.7)

The inequalities (3.8.6) and (3.8.7) together imply that Ko(z,) is of class C"~ 1%, O

With this technical result, the geometric properties of C"»* curves can be directly trans-
lated into analytic properties of the Kerzman-Stein kernel. In particular, we show next that
the apparent singularities of A({,z) along the diagonal { = z cancel out for sufficiently
smooth classes of curves, and are at the very least controllable for some less regular

classes.
Theorem 3.8.17. Let I" < C be a bounded Jordan curve.

(a) IfT is real analytic, then A(,z) has a C® extension to T x T.

(b) IfT e C** for some n =2 and 0 < o < 1, then A({,z) has a C"~>% extension to
I'xT.

(c) IfT e CY!, then A(L,z) is essentially bounded.

(d) IfT e C% for some 0 < a < 1, then A(C,z) € LP(T' x T, |d{| ® |dz|) for every p <
1

1—a®
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Proof. Let ¢ : [0,1] — I' be a C! parameterization of I" by arc-length. Then the unit
tangent function of I can be expressed as T(¢(s)) = ¢’(s). From (3.7.3), we may then

write the kernel of the Kerzman-Stein operator Ar as

1 ¢'(s) ¢'(t)
Al(s), (1) = 5 o600 20T —90 |

Now set K(s,1) = ¢(s) — ¢(t). Then K(s,1) satisfies the assumptions of the lemma, so

there is a continuous function Ky(s,#) such that

@(s) — @(t) = (s —1)Ko(s,1).

Observe that Ko(t,1) = ¢'(t) # 0, so there is My > 0 such that M, ' < |Ko(s,?)| < My by

continuity of @’ and injectivity of ¢@. In particular, we can write

L o'Gs) o)
s—1)A(@(s),0(t)) = — — . (3.8.8)
(5= DA(@(s),9(1)) = 5. [K()(s,t) Ro(s.0)
From here, we split off into cases. First, to prove (a) and (b), let us assume that I" is at least
C?. In this case, both ¢'(s) and Ky(s,?) are C!-smooth, so the right-hand side of (3.8.8)
is C! and vanishes along the diagonal. Applying the lemma again yields a continuous
function K (s,7) with the property that

LI o'G) o0 | _ o ks
2mi Ko(s,t)_Ko(s,t)] = (s=0Kils1)
whence
A(@(s),@(t) = Ki(s,t), s#t. (3.8.9)

If additionally I is real analytic, then both ¢(s), Ko(s,7) € C®, and so K;(s,t) € C®. Simi-
larly, if I'e C"% for some n > 2 and 0 < & < 1, then ¢(s) € C"* by assumption, and hence
K(s,t) € C*. Tt is then clear in this case that K(s,t) € C"**, and thus Ko(s,t) € C"~ 1%,
Again, one can check that the right-hand side of (3.8.8) is a C"~!"* function in (s,?), and
s0 K1 (s,t) € C"~%% by the lemma. This completes the cases (a) and (b).

For (c) and (d), we return to the expression in equation (3.8.8) for C' curves, and
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assume further that I € C1% for some 0 < o < 1. Note that

(3.8.10)

Define a function R : [0,1]* — C by
R(x1,x2,x3,x4) 1= Ko(x1,%2)Ko(x3,x4).

Since Ky(s,t) € C%* for these cases, it follows that R is a C%* function on [0,1]*. In

particular, there exists M| > 0 such that for any s, € [0, 1]

(p/<S)K()(S,l) —(PI(I)K()(S,I) = |R(S,S,S,t) _R(S>t7t7t)|
<M1H(O,S—Z‘,S—t,0)Ha
= 2“/2M1]s—t\“.

Combining this with (3.8.10), we obtain

¢'(s) @)

<2%2MZM,|s —1|*.
KO(S7I) KO(S,t)

Putting everything together so far for the case I e C'*, we obtain the bound

M

o S (3.8.11)

[Ae(t), 9(s))] <

for a constant M > 0. If o = 1, then the function A(¢(¢), @(s)) is bounded for s # ¢, proving
(c). If0 < o < 1, by Lemma the function (s,7) — (s —¢)(*~1 is in L7([0,1]?,dA)
forall 0 < p < (1 —a)~!. Combining this fact with the Fubini-Tonelli theorem, we have

J AL, 2P (14| ®dz)) ff IA(0(s), (1)) P dsdt

I'xI’
1,1 1
<M” L g
0Jo |s—t[pti=a)

as required for (d). ]
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Remark 3.8.18. Note that the diagonal of I x I" is a measure zero set, and so by equation
3.8.9, we can simply take K (s,?) to be the kernel of Ar in practice for I" e C.

With control over the kernel function, we can easily deduce some useful qualitative
facts of the Kerzman-Stein operator — first of which is a sufficient condition for removing
the principal value sign from Ar. Indeed, for all I' e C1'* where a > 0, we have that
A (8) :=A(,z) e L'(T',|d{)) for each fixed z € T'. Thus, it follows from the dominated
convergence theorem that the principal value integral in equation coincides with

the standard Lebesgue integral over I', so we may write

(Aru)(z)zf AC,2u(C)|dC], zeT. (3.8.12)

gell

Next, we record the sufficient conditions for membership of the Kerzman-Stein oper-

ator to various operator classes.

Corollary 3.8.19. Let T — C be a bounded C* curve with complementary components Q.
and Q. Then for each d € {1,2}, Ay 4 is trace class.

Proof. By Proposition[3.8.17|(b), the kernel function of Ar is C2, so by Proposition 3.5 in
Sugiura [43], Ar must be trace class. Thus, since b : Alllﬁm(ﬂl) — L2(T,|d{|) is unitary,
it follows that A; | = bflArbl is trace class. By equation (3.6.7), we then have that A; »

is also trace class. O]

Perhaps the most significant consequence of Theorem is that the Kerzman-
Stein operator is Hilbert-Schmidt for a relatively wide class of continuously differentiable

curves.

Corollary 3.8.20. For any a > % and bounded C'* Jordan curve T — C with complemen-
tary components Q1 and Q, Ay 4 is Hilbert-Schmidt for each d € {1,2}.

Proof. By Proposition (d), the kernel function of Ar is square-integrable, so by
Proposition 3.8.6| the integral operator Ar is Hilbert-Schmidt, and the result follows. []

Due to the significance of this operator class, it is natural to pose the following problem

concerning the limits of Hilbert-Schmidtness of Ay ;.

Problem 3.8.21. Determine all Holder indices o for which A | : Alllﬁm(ﬂl) — Aééfm(ﬁl)
remains Hilbert-Schmidt for every Q, € Ch%.

Jumping ahead to the topics in the next section, this can be viewed as a special case
of an open problem (Problem [3.9.5) regarding the Hilbert-Schmidtness of the Grunsky
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operator for the Smirnov space. For now, we deal with the remaining cases 0 < o < 1/2

by considering the Schatten classes.

Corollary 3.8.22. Fix some 0 < ¢ < 2, and suppose that T’ < C is a bounded CY* Jordan

curve with complementary components Q and Q. Then Ay 4 € Sp (Allléfm( )) for all

1

Proof. Tt suffices to show that Ar belongs to the required classes. If p > 1/a > 2 and
g€ Rsatisfies 1/p+1/q=1,then 1 < g < (1—a)~! <2. Applying Theorem|A.2.3|using
the fact that A(,z) = —A(z,§), we get

|Arls, < [Allg.p

iz, = [ | 1accae \dcw]z .

Now, using equation (3.8.11)), we have for some M > 0 the bound

fU IACZI‘IIdé;l} |dz|<Mf UO W]Zm

By a computation similar to that in the proof of LemmaA.2.1| the right-hand side is finite

where

for the given range of p and g. Therefore, |Ar|s, < co for all p > a ' O

3.9 The Grunsky Operator on Smirnov Space

In its various forms, the Grunsky operator has long been studied in the context of com-
plex function theory, specifically in relation to the Bergman and Dirichlet spaces (see
Section {.6). Associated to the Grunsky operator are the Grunsky coefficients, which ap-
pear in Grunsky’s famous characterization for univalence of holomorphic functions on
D~. Recently, Kristel et al. [26] introduced an analogue of the Grunsky operator for the
half-order Smirnov space of the disk using their work on the Cauchy operator and over-
fare. In this section, we follow their presentation for defining the operator and briefly
exploring its properties. We use the operator to supplement a geometric characterization
for the Kerzman-Stein operator on Ahlfors-regular Jordan domains (acting both as a slight
generalization and extension of a theorem of Kerzman and Stein [24]). We also discuss
the problem of characterizing Hilbert-Schmidtness of the Smirnov space Grunsky oper-

ator, which was explored by Kristel et al. [26]. We show that their operator belongs to
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the Schatten p-class S, if and only if A; ; € §,. By our work in the previous chapter, this
yields sufficient conditions for Schatten-ness of the Smirnov space Grunsky operator for
all p = 2.

Definition 3.9.1. Let I — C be a bounded Ahlfors-regular Jordan curve with complemen-
tary components € and Q,. For f € Conf(ID,Q,), fix a choice of branch of \/]T’ to obtain
fe (%;f(]D), Q). The Grunsky operator associated to f is the operator Gry : A/2(D) —
Al/2(D) defined by

Gry = —f*P1021J{,(f 7).
Remark 3.9.2. The choice of branch of \/7 does not change the output of the operator.

There are two important integral representations of Gr . Recall from equation (3.4.4)

the identity PO, lJ‘f72 = ‘1”1. With this, we may also write
Gry=—f"J{,(f/7)". (3.9.1)

Moreover, the kernel function in (3.9.1) can be desingularized with the Garabedian kernel

by changing variables in the expression (3.8.3). That is, for any § = Hdz'/? e Al/2(DD),

we have

B - _ 1 H(OIEY \/W\/W_ 1 /2 5.1/
(Grfﬁ>(z)— P geslH(C)dCM( -0 C—z)dél 2dz'?. (3.9.2)

Recall from Proposition that pull-back is a unitary operation on the Smirnov
spaces. Thus, by equation (3.9.1)) and Theorem 3.5.1] we have the adjoint formula

(Gry)" = G,

Next, we focus on comparing the Grunsky and Kerzman-Stein operators. We have the

following result relating the two operators in terms of the Schatten classes.

Theorem 3.9.3. Let I' © C be a bounded Ahlfors-regular Jordan curve with bounded

complementary component Q. For all 1 < p < oo, the following are equivalent:
@ ArreS, (Al (@).
(b) Gryes, (A1/2 (D),A1/2(D)) for all f € Conf(DD, Q).

It is sufficient for[(b)|to hold for at least one such mapping f.
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Proof. Since pull-back by f and f~! are both bounded isomorphisms on the Smirnov
spaces, and the Schatten classes form a two-sided ideal in the space of bounded operators

(see Theorem 7.8 (c) in Weidmann [45], for example), it follows that Gry € S, if and

only if J{ | € S), by equation (3.9.1). Hence we may apply Proposition to prove the
claim. O

Remark 3.9.4. In particular, the results of the previous section imply that:
(a) QeC* = Gry is trace class.
(b) Qe C"/?*¢ — Gr; is Hilbert-Schmidt.
c) QeC' = Gr is compact.

With this observation, the problem of characterizing Schatten-ness of A j is connected

to the following open problem.

Problem 3.9.5 (Kristel et al. [26]]). Determine necessary and sufficient conditions on both
Q and the map f € Conf(ID,Q) that guarantee that Gry is a Hilbert-Schmidt operator.

The authors provided a necessary condition for Hilbert-Schmidtness. To state it, we

first need a definition.

Definition 3.9.6. Let Q — C be a Jordan domain. We say that a map f € Conf(ID,Q) is
Weil-Petersson class if f”/f’ € L*(D,dA), where dA = (dZ A dz)/2i denotes the Lebesgue

area measure. In this case, we also say that Q and I" are Weil-Petersson class.

Remark 3.9.7. By the Kellogg-Warschawski theorem (see Theorem 3.6 in Pommerenke
[33]), if Q is a C?> domain, then f" and f” extend continuously to cl(D) and f’ # 0 on
D. Hence, such f are immediately in the Weil-Petersson class. However, there are Weil-

Petersson curves which are not C! (see Bishop [7], for example).
Their result can now be stated as follows.

Theorem 3.9.8 (Kristel et al. [26]). If Gry is Hilbert-Schmidt, then f is Weil-Petersson

class.

Characterizing Hilbert-Schmidtness of Gr is of interest partially due to the ramifica-
tions of this property in the Bergman space setting in connection to the universal Teich-
miiller space. By Theorem [3.9.3 we can phrase the above result in terms of the Kerzman-

Stein operator.

Corollary 3.9.9. If A, 4 is Hilbert-Schmidt, then Q4 is Weil-Petersson class.
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With this, our sufficient conditions for Hilbert-Schmidtness from Theorem [3.8.20] find

immediate application.

Theorem 3.9.10. If T c C is a bounded Jordan curve of class CYV/2*€ for some € > 0,

then I is Weil-Petersson class.

Continuing with the theme of operator properties distinguishing classes of domains,
the upcoming theorem provides a characterization of disk domains in the plane in terms
of the properties of Kerzman-Stein operator and its extension from Section [3.6] This orig-
inally stems from the work of Kerzman and Stein [24], who showed that for a C*-smooth
curve I, the corresponding Kerman-Stein operator Ar vanishes identically precisely when
I' is a circle (or equivalently, when the Cauchy and Szegd kernel coincide). Their ar-
gument involves an explicit geometric computation with the kernel function, which we

bypass using a property of Gr for the general case of Ahlfors-regular Jordan curves.

Theorem 3.9.11. Let I = C be a bounded Ahlfors-regular Jordan curve with complemen-

tary components Q1 and Q,. Then the following are equivalent:

(a) I' is a circle.

(b) Forevery f € Conf(D,Q;), Gry = 0.

() Py =1Ji1.
(d A =0.
(e) Ajp=-0,.

(f) image (O}f 2) = AV2(Q,).
(g) A1 is unitary.
It is sufficient that [(b) holds for at least one such mapping f.

Proof. First, we prove the equivalence of [(a)]and [(b)} Note that Gr; = 0 if and only if the
desingularized kernel in (3.9.2)) vanishes identically, i.e.

VIOVFE 1
QO -10) -z

If I' is a circle, then every f € Conf(ID,€Q)) must be a Mobius transformation, and hence
(3.9.3) holds by a simple but tedious computation. Conversely, if Gry = 0, then from

(3.9.3) it follows that

0. (3.9.3)

F(0)f (@) I
GEE R (3.9.4)
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The left-hand side of (3.9.4) is the desingularized Bergman kernel, which is well-known to
vanish only if f is a Mobius transform (see Proposition 4.6.2). Hence, I must be a circle.

Next, by the expression in (3.9.1)) relating Gry and J”l’J, we have that J‘l”l = (0 if and
only if Gry = 0. From the Cauchy integral formula, this yields [(b)<=[(c)| and by the
Kerzman-Stein formula (Theorem [3.6.2)), it follows that [(c)]«<=[(d)] By the formula in
equation (3.6.8), we have [(d)]«<=[(e)] Now, if A;» = —O 5, then by precomposing with
Py, we have that O} , = —J ,. Since J} , : AV2(Q) — A1/2(Q,) is in particular surjective
(Theorem [3.4.6)), this gives us[(e) — @} Conversely, assuming|[(f)] by the integral repre-
sentation for the overfare in equation (3.5.1), it must be the case that Jiz = 0, or equiva-
lently Ay » = 0. Thus since O3 A2 = A1 10;2, wehave Aj | =0, so:> Clearly,
— by equation (3.3.5)). Finally, if A 5 is unitary, then Oy 1A, = I—A; ; is also
unitary (this is equation (3.6.8)). By definition, this implies that (I+ A ;)(I—A; ;) =1,
or equivalently (A 1)? = 0. Thus for any u € .Alll/ 2 (1), we have

arm

|Aygul® = Ay, A u) = —Cu, (Ag 1)) =0

whence — O]

3.10 A Scattering Matrix for Overfare

In our final section dedicated to the Smirnov space, we derive quadratic adjoint identities
for the Cauchy operator, and compute the so-called “scattering matrix” of the overfare
operator Oy 1. This is analogous to the work of Schippers and Staubach [38], [41] in the
Bergman space setting, which is connected to problems in scattering theory of the potential
(see Section [4.5). This greater perspective is out of scope for our work here, however the
identities produced in the Smirnov setting are interesting in their own right, and set the

groundwork for a future investigation into the matter.

Theorem 3.10.1 (Quadratic Adjoint Identities). Let I' = C be a bounded Ahlfors-regular

Jordan curve with complementary components Q1 and Q. Then

—Ii = (J?,l)* 611,1— (ch,z)* ?,2,
= (J51)7 351 — (352)" 35,2,
0= (J‘f,l)*Jg,l - (Jiz)*Jg,z,
0=(J5,) 31, (35,) I 1.

Proof. To begin, we demonstrate the first identity — the second identity is computed simi-
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larly. With the adjoint formulas of Section [3.5]in hand, write
( ?,1)* 11— ( ?,2)* T2= —j}ll,lJ?,l ij}21,1J(1l,2‘
Now, rewrite identity (3.4.8) as J; 1021 = J2,1. Then
_jlll,l-]?,l +j§71Jﬁ’72 = _j}ll,lJclz,l ij17102,1J?72
By the jump formula and Cauchy integral formula, the right-hand side simplifies to

—j}fJJ‘f’l +jl,102,1J?72 = _3}1171-]611,1 +J11 (Jil —1f)
="

as required. Next, we compute the third identity — the fourth identity follows by taking its
adjoint. Using the identity in (3.4.8) again, we have

( 611,1)* 21— (Jcll,z)* 22 = (Jcll,l)*-]l,log,l — (ch.,z)*Jl,zOg,l
= [0 T — (3 2) " J12] OF 5.

By the first identity we computed and the Cauchy integral formula, the right-hand side

becomes

[T — T 2) J12]OF , = —P1OS | + [-T11d11 +J2,1)12| P1OS
= —P,05, —J1,1P05,
= —J1,109%,.

The composition in the final equality vanishes identically by the conjugation of (3.4.7),
and so the proof is complete. [

Remark 3.10.2. By conjugating each of the identities in Theorem [3.10.1] we also obtain:

—1 =31, (J11) =35, (35.0) ",
=3, —35,352)"
0=J{,(J51)" =35, (J52)",
0=J5,(351)" -3, (1)

An interpretation of the first two identities in Theorem [3.10.1]can be made in terms of
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operator norms. Indeed, for any 31 e A1/2(Qy) we have that

<J1,231,J1,231>Q2 — <J17131,Jl,131>91 = <E1a [(Jiz)*Jl,z - (Jil,1)*Jl,1]E1>Q1

= <31731>91

235 =1 (3.10.1)

which implies that
(R

Similarly, for any B, € A1/2(Q,), we have that

<J2,132,J2,132>Ql — <J2,232,J2,232>92 = <327 [(Jg,1)*J2,1 — (Jg,z)*Jz,z]Ez>

(B,

19842~ 352 = 1. (3.10.2)

Q

and so

Further, we can use these quadratic norm identities to relate the norms of the Cauchy

operators on either side of the curve. Note that since (J{,)* = —J4,, we could have
previously observed that

1952

= 32,401

Subtracting equation (3.10.1)) from (3.10.2) and using the above substitution, it then fol-
lows that

(R

= 1332

. (3.10.3)

Let us also note the following, which says that the extension of the Cauchy operators
in Theorem [3.10.1] to the rest of the space yields quadratic adjoint identities related to the

d,c-Kerzman-Stein operators.

Corollary 3.10.3 (Extended Quadratic Adjoint Identities). Let I = C be a bounded

Ahlfors-regular Jordan curve with complementary components Q1 and Q,. Then

ifx1(T+AL )] =) T —Ji2) T2,
—i[x2(I—A22)] = (J21)" J21 — (J22)" J22,
A1 =J110)" Jo1— J12) 22,
Alr=J2)"Ti2—J21) J11
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Proof. Observe that

Ji)* T — @J12) Tz = [Pr+ (35 ) P[P+ 300 Py | — (35 ,) " I ,P
=P +J P =T P+ [( 7,1)* 11— ‘11.,2)* 12]P

and using the first equation in Theorem [3.10.1
Pi+Ja P TP+ [(39) I — (392) I P =P =P+ 31, Py — T Py
which proves our first identity. Next, we have

J22)*" T2 = Fo )" T = [-P2+ (352) P2 ] Ji2P1 — (J5) " [P1+J1.1 Py ]
=J12P1 +J12P1 + [(ng)* T2—( 31)* 11]P1.

Now, using the fourth equation in Theorem [3.10.1] we find that
J12Pr+ TP+ [(35,) 30— (35.0) 301 P = J12P1 + TioPy

proving our fourth identity. The second identity can be computed in a similar fashion as
the first, and the third can be obtained from taking the adjoint of the fourth. 0

Next, we shall compute an object called the scattering matrix for the overfare operator
O,,1, which is related to the quadratic adjoint identities. From our point of view, the
essential property of the scattering matrix is that it tells us exactly how the holomorphic
and antiholomorphic parts of the overfare equation O jup = u; interact. As mentioned
previously, this is the analogue of the work of Schippers and Staubach [38]], [41]], who
showed that in the Bergman space setting, the scattering matrix is unitary and consists of
adjoint-Schiffer blocks. We briefly discuss their result in Section {.5]in the context of the
Dirichlet space. In the Smirnov setting, it turns out that the scattering matrix consists of

adjoint Cauchy-blocks (up to a sign change).

Theorem 3.10.4 (Scattering Matrix of the Smirnov Overfare). Let I' = C be a bounded

Ahlfors-regular Jordan curve with complementary components | and ,, and let

Q:Al/z(Ql)@Al/z(Qz)—>A1/2(Q1)@«41/2(92)

be the linear operator with matrix representation

Q _ <_§]il,l 'jgl) )
“Ji, T,
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Then Q is the scattering matrix of Oy in the sense that for all o + By e Aﬁléfm(ﬂd)
satisfying O3 (062 + BZ) =0+ Bl, we have

@1 _ _j}ll,l 33,1 a1
B2 _j}f,z jg,z %)
Proof. Using equation (3.4.8), we have that
jl,z <061 +E> = jz,z (Oéz +E)

which, using the Cauchy integral formula, reduces to the identity

Jis200 —Jap0n = —Ps.

A similar application of equation (3.4.8)) yields

Ji1 (Oﬂl +E> ij,l (OC2+E)

which reduces to
—3171051 +jz71062 =B

O]

To end the section, we remark on the implications of the quadratic adjoint identities as
they relate to the scattering matrix. Define a linear operator S : A/2(Q)® A"2(Q,) —
A2(Q)) @ A2(Q,) by the matrix

S —i; 0 '
0 i

Then by Theorem it follows immediately that Q*SQ = S, where the adjoint of
Q is taken with respect to the direct sum inner product. This identity suggests that the
matrix Q may be a symplectic transformation in some sense. Our speculation here is
further supported by the observation that O, ; is a unitary operator, while the overfare for
the Dirichlet space is skew-symplectic (we prove this in Section [4.5), and has a unitary
scattering matrix. Thus, it is quite possible that the properties “interchange” between the

settings (after accounting for the differing standard for curve orientation).

Problem 3.10.5. Find a symplectic form @ which yields a symplectic interpretation of the
matrix Q, say of the form ®(Qu,Qv) = ®(u,v), that informs the identity Q*SQ = 8.
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4

Homogeneous Dirichlet Spaces of

Harmonic Functions

4.1 Motivation and Analogies

The Dirichlet space is a one of the classical function spaces in complex analysis. It consists
of the holomorphic functions having finite Dirichlet integral (or energy) on a fixed domain.
This integral appears in Dirichlet’s principle, which is a method for solving Laplace’s

equation with (continuous) boundary condition:

find: u:cl(D)—C
subjectto: Au=0in D,

u=gonoD.

Riemann’s approach to this problem involves finding the minimizer of the Dirichlet
energy over all C? functions with boundary values g, which turns out to yield the (unique)
solution to the problem.

The Dirichlet space finds applications in potential theory and geometric function the-
ory, and is perhaps the simplest conformally invariant and quasi-invariant function space.
By differentiating its elements, we obtain the closely related Bergman space, which is
characterized as the space of holomorphic functions with finite L? norm, and has its own
rich theory and applications in hyperbolic geometry and PDEs. In this chapter, we focus
on the algebraic properties of operators defined on an extension of the classical Dirichlet
space to harmonic functions, leveraging its relation to the Bergman space for certain key
analytic results. More specifically, we consider analogues of those operators previously

studied in the Smirnov space, while highlighting the similarities and differences between
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the two settings. This perspective culminates in an analogue of the Kerzman-Stein opera-
tor for the Dirichlet setting, which is currently absent from the literature.

In Sectiond.2]and 4.3] we give a basic description of the Bergman and Dirichlet space
on simply-connected domains in the sphere, followed by a short exposition on bound-
ary values, overfare, and the significance of quasicircles for operator theory on Dirichlet
space. Section [4.4]is used to discuss a “Cauchy-like” operator on the Dirichlet space of
quasicircles. Our hesitance with the terminology is due to the fact that quasicircles are
generally not rectifiable, and thus there is no way to directly formulate integrals over the
boundary. This problem is circumvented by considering limits of Cauchy integrals along
curves that approach the boundary. As we will see, many of the properties we hope for,
such as a jump formula, hold under this definition for quasicircles, and thus simply calling
it the Cauchy operator is justified. In each of these three sections, we follow the presenta-
tion of Schippers and Staubach [39]. Sectiond.5|contains adjoint formulas for the Cauchy
operator. Using these, we employ a similar trick as in Section [3.5]to show that overfare in
this setting is a skew-symplectic transformation. In Section 4.6 we cover the definitions
of the classical Grunsky operator as formulated on the Dirichlet space, Bergman space,
and £2(C). Finally, in Section we introduce a version of the Kerzman-Stein operator
for the Dirichlet space, and prove that a “Kerzman-Stein-like” formula holds in the setting
of quasicircles in C. Moreover, we show that this operator is in the Schatten p-class S pif
and only if the Grunsky operator is in S,,, which by the work of Jones [23], Shen [42], and
Takhtajan and Teo [44]], completely characterizes Schatten-ness of this operator in terms
properties of the Riemann map for the underlying domain.

As many of the operators in the previous chapter have analogues in the Dirichlet and
Bergman space settings, we retain much of the previously used notation (after appropri-
ately redefining it) both for simplicity and to highlight the similarities and differences
between the settings. We shall also carry over many of the conventions we set, unless

otherwise specified.

4.2 Bergman and Dirichlet Spaces

To begin, we discuss a model for the Bergman space in terms of harmonic one-forms (see
Example [2.2.1)), which is justified by the simple fact that elements of the usual function
space transform like one-forms under conformal reparameterization. There are many stan-
dard references on the Bergman space of functions, for example see Duren and Schuster
[14], Zhu [46]], or Bell [3].

Let D c C be an open connected set. For all (smooth) one-forms u = hdz+ HdZ on D,
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define the =-operator by
u:= —ihdz+iHdz?

and define a function || - |p (called the Bergman norm) taking values in [0, 0] by

1
a3 = Effu N @2.1)
D

In local coordinates, the integral on the right-hand side is given by

1
=5[] (n@P +i@P) as @22
D\{oo}

where dA = (dZ A dz)/2i is the Lebesgue area measure. The point at infinity can be re-
moved from the domain of integration in (4.2.2)) since it neither affects convergence nor
the value of the integral — for if oo € D, then there is a neighbourhood of oo, say B(o0;R),
whose closure is contained in D. Therefore, making the change of variables w = 1/z on

B(o0;R), we can write

7% = ﬂ )2+ |H(2)[?) dA + ” (rQ/wP + AW

[wl?

D\cl(B B(0:1/R))

Since both 2(1/w)/w? and H(1/w)/w? are continuous on cl(B(0; 1/R)), the second integral
on the right is always finite, and approaches 0 in the limit R — co.

Definition 4.2.1. Let D < C be a proper simply-connected domain in the sphere. The
Bergman space of harmonic one-forms on D is the Hilbert space with elements

Zharm (D) = {1 € Qpam (D) : |ulp < o0}

equipped with inner product
1 _
{u,v)p = o fJu A V.
D

Clearly, the inner product {-,-)p induces the norm defined in (.2.1). With this struc-
ture, “harm (D) inherits the decomposition from the space of harmonic one-forms. Indeed,

if we denote the subspaces containing only holomorphic and antiholomorphic one-forms
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(respectively) by

A (D) := dham(D) n Q(D),
A (D) 1= Gham(D) n Q%1 (D)

then we have the orthogonal decomposition

fo{harm(D) = "(Z{(D)@'Q{(D)

Thus in local coordinates, we can express the inner product of . am (D) as

(hdz+Hdz, gdz+ GdzZ)y, = % f f [h(z)@ + mG(Z)] dA.
D\{oo}

When modelled in terms of functions, the Bergman space is a “larger” space than the
Smirnov space for sufficiently smooth domains (See page 26 in Bell [3]). For example, if
D' = C is a bounded C*-smooth domain, then there exists a constant M > 0 such that for
all u € E?(D’), we have that

[ 1P da < btz

DI

Next, we turn to the definition of the Dirichlet space on simply-connected domains.
For a full introduction to the Dirichlet space on the unit disk, see El-Fallah et al. [16].
Recall that a C? function u is harmonic if
Pu  Pu _

Au=H 0.
. 6x2+(3y2

On simply-connected domains, this condition is met if and only if there exists holomorphic
and antiholomorphic functions /# and H (respectfully) such that u = 4+ H. When in this

form, we note the following special properties of u concerning the exterior derivative d:
(@) du=Pdz+ Lz
(b) du = du.

For non simply-connected domains, a holomorphic-antiholomorphic decomposition may
not exist for general u (see Section 14 of Bell 3], for example).

On a simply-connected domain D — C, the Dirichlet energy of a C*-smooth function
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u : D — C is defined to be the quantity
D(u) = |dul?. (4.2.3)
Written in local coordinates, Dirichlet energy can be expressed as

RN

D\{e0}

* |eH(z)

0z

+ ‘

2
) dA. 4.2.4)

Whenever u is holomorphic, we see from this representation that the Dirichlet energy of u

measures the area of the image of u, counting multiplicity.

Definition 4.2.2. Let D < C be a proper simply-connected domain in the sphere. The

Dirichlet space of harmonic functions on D is the set
Dharm (D) = {u : D — C harmonic : © () < c0}.

We denote the corresponding holomorphic and antiholomorphic Dirichlet spaces (re-
spectfully) by D(D) and D(D). Turning the set Dyom (D) into a Hilbert space with a
unique holomorphic-antiholomorphic decomposition is more subtle than in previous set-
tings. The germ of the problem is that nonzero constant functions have zero Dirichlet
energy (which follows directly from the definition in (#.2.3)), and so the map u +— /D (u)

only defines a semi-norm on Dy, (D). Moreover, constants belong to both D(D) and

D(D), meaning that Dham (D) = D(D) + D(D) is not a unique decomposition. The fix we

shall implement is to mod out by constants.

Definition 4.2.3. Let D < C be a proper simply-connected domain in the sphere. The
homogeneous Dirichlet space of harmonic functions on D is the set of equivalence classes

Dharrn(D) = Dharm(D)/ ~ (425)

where u; ~ uy if and only if u; —uy : D — C is constant.

Remark 4.2.4. When it is clear from context, we shall refer to Dharm(D) simply as the
Dirichlet space of D.

On this set, the mapping u — HuH@h D) = \/D(u) is a norm induced by the inner
product
<u7v>bharm(D) == <d’/l7dv>£{harm(D) (42.6)
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When it is clear from context, we drop the reference to the spaces in the subscript, and

simply write |[u|p or {(du,dv)p. We now have the desired orthogonal decomposition

Dharm(D) = D(D) ®D(D) (4.2.7)
and we denote the corresponding orthogonal projection onto the holomorphic subspace by

P : Dyparm (D) — D(D),
u=h+H — h.

Similarly, we have the associated orthogonal projection Pu = (I — P) u = H. Note that
the choice to mod out by constants is not the only option to turn Dyy, (D) into a Hilbert
space (see Schippers and Staubach [39]).

By construction, the exterior derivative
d :ljhann(l)) — harm(D) (4.2.8)

is a unitary mapping of the homogeneous Dirichlet space of functions to the Bergman
space of one-forms. Moreover, if we restrict to the orthogonal subspaces, then we have
that
d(D(D)) = (D), d(D(D)) = (D).
While our main focus in the upcoming sections will be on deriving analogies between
the Dirichlet and Smirnov settings, the identification will be used frequently to

translate analytic results from the Bergman space.

Example 4.2.5. In the case of the unit disk D = D, we have relatively simple descriptions
of the Dirichlet and Bergman spaces (compare with Example [3.2.5)). By integrating in
polar coordinates, one can check that the set {/nz" 'dz: n > 1} forms an orthonormal
basis for the holomorphic Bergman space .7 (D). Computing as we did in Example

it follows that

0] o0 )
n=0 n=1

Furthermore, if we denote the space of square-integrable sequences by

2(C) = {(zn);;@:l cC: i Aal? < oo}
n=1

and equip it with the standard inner product (A,A1"), = >7 QL,,X_,’Z, then the mapping
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/?(C) — /(D) given by
0
Ay = D Any/nd" Nz (4.2.9)
n=1
is unitary. Similarly, the set {z"/y/n : n > 1} forms an orthonormal basis for the holomor-
phic Dirichlet space D(ID), and

a0 [e.¢]
h(z) = Y and" € D(D) <= > nlay|* < .
n=1

n=1
Moreover, the mapping ¢2(C) — D(ID) given by

2 A
(An)iy = ) 7%2” (4.2.10)

=1

is unitary. By conjugating, we can also produce similar mappings ¢*>(C) — <7(D) and
2(C) - D(D).

For f € Conf(D,, D), the pull-back of the Dirichlet space by f is the unitary mapping
given by

f* : Dharm<Dl) - Dharm(DZ),

u—uof.

In particular, the Dirichlet space is conformally invariant. Similarly, the pull-back of the

Bergman space of holomorphic one-forms by f is the unitary mapping given by
f* (D) — o (Dy),
h(z)dz — [ho f(2)]f'(z)dz.

Pull-back of the antiholomorphic subspace is defined similarly.
Example 4.2.6. Let 1(z) = 1/z for all z € C. Then pull-back of .27 (ID~) by 1 is the map
1" : /(D7) — &7 (D) defined for all h(z)dz € o/ (D™) by

(h(2)de) = — 5 (1) dz.

Z

In particular, since the coefficient on the right-hand side must be holomorphic in D, we

see that i(z) must have a zero of order at least two at 0.
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4.3 Quasicircles and Boundary Values

In this section, we give a brief overview of quasicircles and some of their defining prop-
erties in connection to the harmonic Dirichlet space. Quasicircles are Jordan curves that
are, in some sense, the “right” class of curves for studying the Dirichlet space, as in many
cases they precisely characterize behaviour of the operators defined on them. This is some-
what similar to the relationship between Ahlfors-regularity and the generalizations of the
Hardy space discussed in Chapter |3l In this case however, there is a much stronger case
to be made for quasicircles and Dirichlet space. For brevity, our goal is to state some
fundamental properties in connection to the boundary space of Dy, () so that we have
a well-defined notion of overfare at our disposal. The work of Gehring and Hag [20] con-
tains extensive background on quasicircles and their pervasiveness in geometric function
theory. One may also wish to consult the book of Pommerenke [33]] for an introduction to

these topics. We start with the bounding turning definition for quasicircles in the plane.

Definition 4.3.1. A bounded Jordan curve I' = C is called a quasicircle if there exists
M > 0 such that for each pair of points {, T €T, if I'¢ ; denotes the smaller of the two open

curves in I'\ {{, 7} in terms of set diameter, then
diam[y - <M|{ —1].

If I is a quasicircle, then we call the complementary components Q; and €, quasidisks.

Remark 4.3.2. Using this characterization, it can be shown that a piecewise C! Jordan
curve is a quasicircle if and only if it contains no cusps (see Chapter 5 in Pommerenke

[33]], for example).

Remark 4.3.3. The above definition can be extended to the sphere as follows: A Jordan
curve I c C passing through o is a quasicircle if there exists a Mobius transformation 7

such that 7(I') = C is a quasicircle.

There are numerous equivalent ways of defining quasicircles, with entire expository
works dedicated to equivalent definitions (for example, see Gehring [[19]). One such ex-
ample is that a Jordan curve I' in the sphere is a quasicircle if and only if there is a qua-
siconformal map ® : C — C with the property that I' = ®(S'). Under this formulation, if
we think of conformal mappings as the transformations that locally preserve angle, then
quasiconformal mappings allow for bounded distortion of angles.

Before moving on to the boundary values of the Dirichlet space, let us touch on the

relevant class of negligible subsets of the boundary which do not affect the specification
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of elements in Dharm(Q). In the Smirnov space setting, recall that these are the subsets
of I with Lebesgue measure zero. For the Dirichlet space, the correct class are the null
sets, which are “smaller” than measure zero. Formally, a Borel subset I < I" is said to
be null with respect to Q if there exists a map f € Conf(ID,Q) such that the set f~!(I)
has logarithmic capacity zero, and a property is said to hold quasi-everywhere if it holds
everywhere except possibly on a subset of logarithmic capacity zero (see Conway [10]]
for details on logarithmic capacity and its applications in potential theory). Note that
Carathéodory’s Theorem (Theorem [2.1.3) is used implicitly in this definition to extend f
to I. The need to specify a complementary component in the definition of null sets is
a subtly arising from the fact that the homeomorphic extension of the mapping function
does not necessarily preserve measure zero subsets of S!. Thus for general Jordan curves,
it need not be the case that a null set with respect to one complementary domain be null
with respect to the other. In the case of quasicircles however, the null sets with respect
to both components are identical, which derives from the fact that quasiconformal maps
of the sphere preserve subsets of logarithmic capacity zero. This consequence will be
recorded again in the upcoming Transmission Theorem.

Next, we review results regarding the boundary values of the Dirichlet space. Note that
by Example [3.2.5| and 4.2.5] it follows that D(ID) = E?(ID). Thus, since elements of the

Smirnov space of functions on the disk have nontangential limits to the boundary almost

everywhere, the elements of the Dirichlet space of arbitrary Jordan domains automatically
have conformally nontangential limits to the boundary (defined in Section [3.3]). With the

greater analytic requirements for functions in the Dirichlet space, a stronger result exists:

Theorem 4.3.4. Let Q — C be a Jordan domain with boundary T. Then every function
u € Dparm(Q) has conformally nontangential limits at every point in T except possibly on
a null set of with respect to Q. Moreover, if the boundary values of u vanish outside of a

null set with respect to €, then u is identically zero.
Proof. See Theorem 2.32 in Schippers and Staubach [39]. [

Now, let B(I',Q) denote the set of equivalence classes consisting of functions that
agree up to a null set of I" with respect to Q. By the above theorem, each class may
contain at most one boundary function associated to an element in Doy, (). The Osborn
space of T" with respect to Q, denoted .77 (I", Q), is the set of functions ur € B(I',Q) that
are the boundary values of elements u € Dy, (Q). The corresponding map identifying the

two spaces is called the frace operator, and is denoted by
b : Dharm(Q) — (T, Q)
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with the inverse b~! : JZ(I',Q) — Dpam(Q) called the extension operator. Similar to
the situation with null sets, the Osborn spaces .7 (I", Q) and .77 (I", Q) may not agree in

general. The next theorem rectifies the situation.

Theorem 4.3.5 (Transmission Theorem, Schippers and Staubach [39])). Let T = C be a
Jordan curve with complementary components Q| and L, and fix distinct d,c € {1,2}.

Then (a) and (b) below are equivalent.
(a) I is a quasicircle.
(b) (1) IfI < I is null with respect to Ly, then it is also null with respect to €,
(i) 2(I,Qy) c H(T,Q,),
(iii) b by : Dparm(Q4) — Dharm(Qe) is bounded with respect to Dirichlet energy.

With this, we are equipped to define a notion of overfare for the Dirichlet space. For

our purposes, we only consider the homogeneous version.

Definition 4.3.6. Let I' = C be a quasicircle with complementary domains Q; and Q.
For distinct d, c € {1,2}, the bounded operator Od,c = b;lf)d : Dharm(Qd) — Dharm(Qc) is

called the homogenous d, c-overfare.

From definition, it is clear that

and so we may consider both the d,c and c,d-operators together as the (homogeneous)
overfare for I'. Now, since by is defined in terms of conformally nontangential limits of

functions, it follows that that bd = f)d, and so

0,0 =0y,. 4.3.1)

4.4 The Schiffer and Cauchy Operators

Now that we are equipped with the relevant structural properties of the Dirichlet space,
we are ready to define the other main operator for our study — the Cauchy operator J d,c
Barring some of the technicalities, jd7c is the analogue of the Cauchy integral operator
studied previous in Chapter[3] and so we shall come to have many analogous theorems and
identities at our disposal. To obtain these, we translate properties of the Schiffer operator

on Bergman space, which itself is a well-studied singular integral operator.
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Earlier, the complementary components of a Jordan curve I' = C were denoted Q
and Q,, with the convention that co € £, whenever I' is bounded. While the distinction
for bounded curves was necessary for our presentation of the Smirnov setting, the cor-
responding operators in the Dirichlet setting have all been formulated for general Jordan
curves in C. Therefore, the subscripts on the complementary domains now represent an

arbitrary, but definitive choice of labelling.

Definition 4.4.1. Let I = C be a Jordan curve with complementary components Q; and
Q,. For each d,c € {1,2}, the d,c-Schiffer operator T, is defined for all B =Hdz e

7 (Qg) by

T, B) () =PV. - Hw) SdA-dz,  zeQ..
T (w—2)

WE.Qd

Remark 4.4.2. In the case that d # ¢, we can immediately remove the principal value
sign. When d = c, the integral kernel of T, . must first be desingularized using the Schiffer

kernel.

While the Schiffer operator is interesting in its own right, its inclusion in this work is

for extracting properties about the Cauchy operator, which we define now.

Definition 4.4.3. Let I" = C be a bounded Jordan curve with complementary components
Q) and Q. Fix d,c € {1,2}, and orient I" positively with respect to Q. The d,c-Cauchy
operator J%  with normalization at ¢ ¢ I is defined for all u € Dhym (Q4) by

(Ttau) @ = tim s | e (0, )dt e

where I, , © Q is the level curve defined in equation (3.2.4), and shares the orientation
of I.

Remark 4.4.4. It can be shown that the limit is independent of the choice of normalization

p associated to I, .

In the case that I" is a bounded curve and the normalization is made at ¢ = oo, then

(9.00) (2) = lim - L . u(E) 4

r /1270 -z

which is nearly the “standard” Cauchy integral operator. Notice that this kernel function
has a pole at { = z and at { = oo (the latter case becomes more apparent by making the

change of variables T = 1/ in the above integral). The conventional choice of putting the
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pole at g = oo is arbitrary, and in fact conceals the Mobius invariance of the Cauchy kernel,
which we demonstrate for the g-normalized kernel now. For any Mobius transformation

M and g ¢ T, a calculation shows that

/ 1 B 1 _ 1 B 1
M@(M@)—M(a M<c>—M<q>> F: T-q

and so using this in conjunction with conformal invariance of the Dirichlet space and a

change of variables in the integral expression of Jfl U, we have that

M —_
3 0= (Dt auiayeoM ") 0.

With this property, we may now extend the definition of the Cauchy operator to curves I"
containing o0 by conjugating by a transformation M taking I" to the finite plane.

As defined, J 376 is not quite the integral operator that we might expect. In the Smirnov
space setting, the Cauchy operator was also defined using a limit of Cauchy integrals on
level curves, however we restricted ourselves to a class of rectifiable domains, on which
the limit indeed coincides with the standard Cauchy integral. We were justified in our
restriction to this class due to its characterizing properties of the Hardy space (Section|3.1)
and the Cauchy integral operator (Theorem [3.4.4). Now, in the Dirichlet space setting, we
are most interested in quasicircles, which are not rectifiable in general. Thus, we do not
have any way to recover a sensible interpretation of J?I, . as a Lebesgue contour integral
over the boundary. We will see shortly that J 37 . (and its homogeneous counterpart) behaves
much in the same way that the Cauchy integral operator does, and so we are justified in our
naming convention. The problem of finding an appropriate principal value interpretation
for JZ‘C on the boundary of quasicircles which produces a Plemelj-Sokhotski-like formula
is poséd and discussed in Schippers and Staubach [39].

Since we are most interested in the homogeneous Dirichlet space, we consider the

corresponding “homogeneous” Cauchy operators, denoted by
Jd,c : Dharm(Qd) - D(Qc>7 d,ce {172}'

We take for granted the fact that these are well-defined bounded operators mapping into
the homogeneous holomorphic Dirichlet space. Note that since we have modded out by
constants in z in both the domain and image spaces, the operator is unchanged by the
choice of normalization at g ¢ I, justifying its removal from the notation. Henceforth, we
implicitly assume that a fixed choice of normalization has been made.

For the remainder of this section, we record some of the known properties and iden-
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tities surrounding these operators. As we have already covered analogous results in the
Smirnov case, we shall keep our exposition here to a minimum. Denote the Wirtinger
derivatives on the Riemann sphere by ¢ and ¢. In local z = x + iy coordinates, these are

given by

0= 2de ! (i-l-li) dz.

0z 2\0x Oy

If h is a holomorphic function, then by the Cauchy-Riemann equations we have dh = dh.
In fact, on simply-connected domains, for each harmonic function u = h + H we have
that du = du + Ou = oh + 0H. In particular, when restricting to the standard orthogonal

subspaces of Dharm(Q), the Wirtinger derivatives restrict to unitary maps:

The first theorem we present directly relates the Cauchy operator to the Schiffer oper-

ator via the Wirtinger derivatives.

Theorem 4.4.5. Let I = C be a Jordan curve with complementary components Q1 and
O, and let d,c € {1,2} be distinct. Then

Proof. See Theorem 5.9 in Schippers and Staubach [39]. U

Next, we have a precise characterization for when the restricted Cauchy operator in c

has a (bounded) inverse.

Theorem 4.4.6 (Napalkov Jr. and Yulmukhametov [31], [32]). Let I' = C be a Jordan
curve with complementary components Q| and Q;, and let d,c € {1,2} be distinct. Then

the following are equivalent:

(a) I is a quasicircle.

(b) Jic :D(Qy) — D(Q,) is a bounded isomorphism.

(©) Tgc: 4 (Qq) — () is a bounded isomorphism.
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Proof. This was first proven by Napalkov Jr. and Yulmukhametov [31], [32]. A different
proof can be found in the survey paper of Schippers and Staubach [39]. [l

The next identity says that for quasicircles, the Cauchy operators agree no matter the
side of the curve the limit is taken (up to a change of sign to account for a change in the

orientation of the boundary curve).

Theorem 4.4.7. Let T — C be a quasicircle with complementary components & and ;.
Then for distinct d,c € {1,2}, we have

Jia=—Jca04c.

Proof. See Theorem 5.11 in Schippers and Staubach [39]. [

Remark 4.4.8. The proof of the corresponding result (3.4.8) in the Smirnov case comes
from the simple observation that the overfare identifies elements sharing boundary values,
and the (half-order) Cauchy operator can be identified with the standard Cauchy integral
over the shared boundary. One could argue in a similar manner here, provided we impose
further regularity on I'. At the generality of quasicircles, the Cauchy operator has no
interpretation on the boundary, and thus this result is not obvious. One of the key steps
towards the proof is the agreement of the Osborn spaces in the Transmission Theorem
(Theorem.3.5). In Section[A.3] we discuss the relationship between this identity and the

(upcoming) jump formula.
The next two theorems are reformulations of classical results.

Theorem 4.4.9 (Cauchy Integral Formula). Let I' = C be a Jordan curve with comple-
mentary components Q| and Q,, and let d,c € {1,2}. Then for all h € D(Qd), we have

h, d=c

Jd,ch =
0, d#c.

Theorem 4.4.10 (Homogeneous Jump Formula). Let I' © C be a quasicircle with com-
plementary components Q1 and Q,, and let d,c € {1,2} be distinct. Then the following
identity holds on all of ﬂharm(Qd):

Jaa— Oc7djd7c =L

Proof. See Theorem 5.16 in Schippers and Staubach [39]. [
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Remark 4.4.11. By the same argument used in the Smirnov case (see equation (3.4.5)), it
follows that

() v
d,c - dVYed:

4.5 Adjoint Formulas and the Scattering Matrix

Continuing with the operators defined thus far, we now consider their adjoints. First, we
record the adjoint formulas on quasidisks for the homogeneous Cauchy operators using
those for the Schiffer operators. With this, we deduce the explicit adjoint of the homoge-
neous overfare operator using the jump formula, and provide a symplectic interpretation
for it. Finally, we record the scattering matrix of the homogeneous overfare using the cor-
responding results of Schippers and Staubach [38], [41] in the Bergman setting (compare
with Section [3.10).

Theorem 4.5.1. Let I — C be a quasicircle with complementary components Q1 and Q.
Then for d,c € {1,2}, we have
(Td,()) ’ = Tcad'

Proof. This is a special case of Theorem 3.12 in Schippers and Staubach [40]. [

With this result, one can easily deduce adjoint formulas for jd,c- To state these, we
first define the =-operator for the Dirichlet space. Foru = h+ H € Dharm(Q), let

wy := —ih+ iH.

Note by linearity of the exterior derivative, we have that d(+u) = *(du).

Theorem 4.5.2. Let ' — C be a quasicircle with complementary components & and Q.
Then for d,c € {1,2}, we have

AN I+ ijd,d*da d=c
o) -
Jc,dv d #c.

Remark 4.5.3. Alternatively, we could simplify the above expression using the Cauchy

integral formula to obtain:

. * Pd +jd,dpd7 d=c
(Jd,c) = - -
JC,dPC7 d 7é C.
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Proof. By Theorem[4.4.5|(a), we may write
Jg o= (0") 7"y 00"
Taking the adjoint and using the result of Theorem[4.5.1] we then have
(J5.)" = @) (@aey @] = @) Tued = 3.

To expand this formula to the whole space, we consider the cases separately. When d = c,
the Cauchy integral formula says that JZ de — P,, and so extending in . by zero allows

us to write
(Jaa) =Pu+ (490) Pa=Pu+ Py +Jaa (Ba—Pa)

=1+ ijd,d ®]
Similarly, when d # ¢ the Cauchy integral formula implies that JZ .= 0and jf 4 =0, thus
(Jd.,c> = (Jzyc> I')c = J?7dpc = Jc,d
completing the proof. [

Next, we compute the adjoint of (')d,c using a similar algebraic method as in Section

[3.5]for the Smirnov space overfare.

Theorem 4.5.4. Let I" — C be a quasicircle with complementary components Q1 and Q»,
and let d,c € {1,2} be distinct. Then

(Od,c> = *doc,d *c -

Proof. Since J‘c’ P D(Q.) — D(Q,) is an isomorphism, we can rearrange the jump for-

mula to obtain

. . .1
0l = (Je.—1) (Je,) (450
Now, equation (4.3.1)) implies that (')2711"2 = ()27152, and so the conjugation of is
Na Th n\ (7 )7
Go= (T (3t,) 4.5.2)

Putting these two expressions together yields the following integral equation representa-
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tion of overfare:
. . a a . a 71 . Th h Th 71 -
Ouc = (Jeo—17) (J2,)  Pu+ (Jeo—1) (IL,) Pu (4.5.3)
Thus, the adjoint of overfare can be expressed as
. * Th —1 Th . - a —1 “a - .
(0ac) = (W) (Jhe—Po)+ (Joo) (Jebe—Po). (454
Now, by the Cauchy integral formula and Theorem 4.4.7, we may write
o= —Ja PaOf
Substituting (4.5.2) into this expression and rearranging, we get
. _1 . -~ e _1
(Jg0) dec=-Tha(The)
Using both this and its conjugate, we rewrite equation (4.5.4)) as
. * . . -1 Th h Th -1
(0ac) == (Fga+10) (Jao) e— (Fog+1) (Jh) Pe

Taking projections and switching the indices in (4.5.3]), we obtain the following four iden-
tities:

Pd (Od,c> Pc = l')d(')c,dl‘)c-
Adding all of these equations together, we have
<Od,c) = - <§d - Pd) Oc,d <Ec - Pc) = *doc,d*c

as desired. L]

Remark 4.5.5. The key inputs for this technique are the jump formula, the conjugation
property of overfare, and one of the adjoint formulas (in this case, those for the Cauchy
operators). If we had started with the adjoint formula for (')d7C instead, then we could
follow a similar procedure to that in Section [3.5(to deduce the adjoint formulas for J d,c-
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Next, we discuss a natural symplectic form on the Dirichlet space. Following Exam-
ple 6.11 in Kristel and Schippers [25]], define @(-,-) : Dharm(Q) X Dharm(Q) — C by the
formula

o(u,v) = u,—(*v)).

The function @ is a strong symplectic form — that is, a continuous skew-symmetric
bilinear form with the property that the map @ : Dharm () — Dharm(Q)* given by @(v) =
®(v,-) is an isomorphism. One could recognize ({:,-), =, @(-,)) as a compatible triple,
where the inner product and symplectic form are related via the complex structure u —
—(+u). The function ® has existed in the literature for a long time in association to the
Riemann bilinear relations (see Farkas and Kra [17], for example). The relation to the

inner product allows us to express @ with the formula

1
o(u,v) = % deu Adv.
Q

We note the following basic algebraic properties related to ({-,), =, @(-,-)):

(a) ¥u = *u and *>u = —u.

(b) (e, v) = u, —(+0)).

©) o(xu,=) = o(u,v).

(d) (euysvy = (u,v).
We are almost ready to provide a symplectic interpretation for overfare. An operator
B is called a symplectic transformation if @(Bu,Bv) = ®(u,v) for all u,v e 'Dharm(Q).
Similarly, we shall call B a skew-symplectic if instead @ (Bu,Bv) = —®(u,v). We claim
that Od,c is a skew-symplectic transformation. For d € {1,2}, let uy,v, € Dharm(Qd) have
the property that uy = 0172u1 and v, = (.)172\/1. Given nice analytic conditions, our claim
follows from two applications of Stokes’ Theorem. That is, assuming that I" is smooth,

and u4, v, have smooth extensions to the boundary, then

gdul A dyy = fr (i) d (byvi) = - J_r (b2102) d (bovs )
_ —gduz Adva.

Now if I'  C is an arbitrary quasicircle, and we make no added assumptions on the

boundary values of u; and v, we are not necessarily able to argue in this way. However,
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we can employ Theorem [4.5.4]to obtain

® <02,1M2,V1) = <02,1u2,—(*1W)> = <M2,*2 (0172V1)>
Q Q Q

=-0 <M2,01,2V1>

1

and so

o (u1,v1)q, = —0(u2,v2)q,.

To finish the section, we present the scattering matrix of Od,ca which was first explored
in the Bergman space setting by Schippers and Staubach [38] in connection to scattering of
the potential. Recall that in Section [3.10] we derived the analogous result in the Smirnov
space setting. Here, we rephrase the results of Schippers and Staubach in terms of the

Dirichlet space as a point of comparison, beginning with the following identities.

Theorem 4.5.6 (Schippers and Staubach [38], [41], Quadratic Adjoint Identities). Let

I" c C be a quasicircle with complementary components Q1 and €. Then

t=(00) 3+ (3ts) J
15— (J3,) 38+ (52) 35
0= <J6111> Jg,l + (?2) .3,27
0= (J3,) dto+ (Js) I
Proof. Since J‘“Z = (8}’)_1Td7c5“, this result is simply a restatement of Theorem 4.23 in

Schippers and Staubach [38]]. Alternatively, one could compute as in Section[3.10] O

Remark 4.5.7. By conjugating each of the identities above, one can also derive the fol-

lowing:
=i, (36) +35, (35)
L=Ji, (H,z) +J5, <J§,2> ;
023?,2 (Jth) +J§,1 <J§2> ;

Computing as we did in Section the quadratic adjoint identities inform the fol-
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lowing operator norm identities:

12 e 2
1,2) + 171‘ =1,
oy (4.5.5)
Jﬁil) + 62172‘ - 1
Now, since (J‘fz) = 3‘21’1, it follows that
.a )_ .a ’
12 = 921
and so from (4.5.5]) we deduce
5 =[3s2). (4.5.6)

Theorem 4.5.8 (Schippers and Staubach [38], [41], Scattering Matrix of the Homoge-
neous Overfare). Let Q : D(Q) ®D(Q,) — D(Q) ®D(Qy,) be the linear operator with

matrix representation
Th Th
(—gl,l —gz,l>
- =]
—Ji, I3,

Then Q is the scattering matrix of (')271 in the sense that for all oz + By € tharm(ﬂd)
satisfying 02,1 (0 + B2) = a1 + PB1, we have

@1 _ _i?,l _ilzl,l a1
[32 _Jlllg _J12172 o

Moreover, Q is unitary with respect to the direct sum inner product.

Proof. Unitarity of the scattering matrix follows directly from the quadratic adjoint iden-
tities in Theorem and Remark [4.5.71 The remainder of the statement follows from
the corresponding result in the Bergman space (Theorem 8.8 of Schippers and Staubach
[38]]) and the fact that J5 . = (8’1)_1Td765‘1 and overfare on the Bergman space is defined
as 0 d:=dOg.. O

4.6 The Classical Grunsky Operator

We now give a brief description of the (classical) Grunsky operator. In particular, we are
most interested in deriving its properties based on its construction as an integral opera-

tor on the Bergman space, which dates back to the work of Bergman and Schiffer [5].
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This operator has a storied history in geometric function theory through its connection to
univalence, Faber series, and the universal Teichmiiller space. An introduction to these
ideas can be found in Pommerenke [34]. First, we define the Grunsky operator in terms of
the Cauchy and overfare operators following the survey paper of Schippers and Staubach
[39]. Subsequently, we discuss the construction of the Grunsky operator via generating
function following Shen [42], and its relation to the corresponding integral operator on the
Bergman space.

To define the Grunsky operator on the Dirichlet space, it is convenient to first specify
how it acts on the space of nonconstant-polynomials in the variable Z, which we denote by
Cy[z]. For the details, we refer the reader back to Schippers and Staubach [39]. Let ' C
be a Jordan curve with complementary components | and Q, and fix distinct d,c € {1,2}.
For f € Conf(D,Q ) and g € Q., the Grunsky operator associated to f on polynomials is
defined

Gry:=—f"Py0. 435 .(f~')* : Colz] = D(D). (4.6.1)
It can be shown that this expression extends by density to a norm-bounded operator on
all of TDD) that is independent of g. Henceforth, we use the symbol Gr to refer to this

extension. Now, further assume that I is a quasicircle. In this case, the formula in (4.6.1])

holds on all of @(D). Moreover, if we consider the corresponding homogeneous operator
Gr: D(D) — D(D), then since the jump formula restricted to antiholomorphic function is

a _ ya __ya .
OcaJg, = J5,—1 we can write

Gry = —f"J4,(f~")* : D(D) - D(D). (4.6.2)

Remark 4.6.1. By unitarity of pull-back and Theorem it follows from the above
representation that

. * e
<GI‘ f) = Gr f-
Next, let us consider the corresponding operator on the Bergman space. For a Jordan

curve I"and f € Conf(DD,Q,), define Gr} : /(D) - «7(D) by Gr}g := 0Gry. Then it can
be shown that

(65B) (@) = [ £ Taar B @)

: S () f'(2) [ et (4.6.3)
“am I [ Zice o | P00 vz

weD

This nonsingular integral expression for the Grunsky operator is what we want the

upcoming computations. Recall that the Schwarzian derivative of a locally injective holo-
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morphic function f is defined to be

/AN AN
1
so (U)LY
f! 2\f
One of the notable characteristics of the Schwarzian derivative is the fact that Sf = 0 if
and only if f is a Mobius transformation. For a general map f € Conf(DD,Q), we have the
following relation between the Schwarzian and the desingularized Schiffer kernel:
S w)f'z) ! ]
2 W=Z

(8/)z) =6 [(f(W) TR w3

(4.6.4)

With this, we can prove the following well-known result characterizing the vanishing

of the Grunsky operator:

Proposition 4.6.2. Let Q c C be a Jordan domain, and let f € Conf(ID, Q). Then Gr} =0

if and only if f is a Mobius transformation.

Proof. It suffices to show that the integral kernel in (4.6.3) vanishes identically in D x D
and only if f is a Mobius transformation. The crucial fact we need to use here is Mobius
invariance of the Grunsky operator. That is, for any Mobius transformation M, we have
that

GrfWOf = Gr} (4.6.5)

and the same holds for Gry (see Corollary 6.10 in Schippers and Staubach [39], for ex-
ample). Now, if f is a Mobius transformation, then so is f —1 and hence Gr} = Gr{d,
where id denotes the identity function on . But then we have that Grjy = 0 by (#.6.3).
Conversely, if Gr}- = 0, then the kernel function in (4.6.3]) vanishes outside a set of (area)
measure zero. However, this kernel is holomorphic in (w, z), and so we must have identical

vanishing, i.e.

fw)f'(z) 1
— =0. (4.6.6)
(fw)=f(@)*  (w=2)?
Therefore by equation (.6.4), Sf = 0, whence f is a Mobius transformation. O

There are many different ways of saying what the Grunsky operator is. Another com-
mon variation is defined on square-summable sequences, which we now define follow-
ing the presentation of Shen [42]. Recall that a function f is called univalent if it is
both holomorphic and injective. Let g : D~ — C be a meromorphic function of the form

g(z) = z+ .., anz". For such functions, one can construct the following analytic func-
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tion in two variables:

log <M) —— i bua(g)w "z ", z,weD™.

w
< mn=1

The coefficients b,,,(g) are called the Grunsky coefficients of g, and they appear in a
characterizing of univalence as well as in the Grunsky inequalities (see Pommerenke [34]
for example). Now, if a function g of the above form is also univalent, we say that g € X.

For any such g € X, define the sequence map
G(g) : £2(C) — (C),

(kn)zil e (Z \/n%bm,n(g)lm)
m=1

0

n=1

We call G(g) the (2-Grunsky operator associated to g. The following theorem demon-

strates the relationship between G(g) and the integral operator in equation (4.6.3).

Theorem 4.6.3. Let Q — C be a Jordan domain, and let f € Conf(D, Q). Then

=1
Gry = —S[G(1ofo1)]S

where 1 : C — C is the meromorphic reciprocal function 7z — 1/z, and S : 1*(C) — o7 (D)
denotes the unitary mapping defined in Example

Proof. By Moébius invariance of the Grunsky operator (equation (4.6.3)), we may assume
that f has the normalization f(0) = 0 and f'(0) = 1. Let g : D~ — C be the conformal
map defined by

g(z)=10fot(z) = zeD™.

1
1 )
£(3)
Then with a simple power series manipulation, one can show that g € Xy. Now, the Grun-

sky coefficients of g are given via the generating function

w—z m,n=1

Observe that for all w,z e D

el f0=1@Y o (20 —s()
= )—1g< T
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and differentiating the left-hand side with respect to each variable yields

0? wz  f(w —f(Z)): f'(w)f(z) 1
(

Fzow 08 < fWf@) w-z fwW)—f@)2 (w—2)?

Therefore, the desingularized Schiffer kernel function for €2 can be expressed as the double

series

f/(W)f/(Z) Z mnbmn W= ln 1

(f(w)— f(2))? (w 2)? , wzeD. (4.6.7)

mn=1

Next, recall from Example that {/kw*~1dw : k > 1} forms an orthonormal basis for
</ (D). Since Gr'y is bounded, if we let B(w) = S AV kwk L dw e of (D), then

(6/B) 2 szGr (Viert~1aw) (2). (4.6.8)

For each k > 1, using the Fubini-Tonelli theorem we may write

Gr)y <\/%Wk_1a’w>( )=— - Jf[ mnby, ,(g)w" 12" 1] (\fwk 1) dw A dw-dz

we n=1

=—anbmn H ) (Ver 1) aa | az

m,n=1

©
= = > nVkbya(g)" ' dz.
n=1

welD

Combining this with (4.6.8)), we obtain
. o0 0]
(Gr}ﬁ) OEEDY (Z \/Ebk,n(g)/lk> Vn?'ldz, zeD
n=1 \k=1

and so under the identification S : £2(C) — <7 (D) defined in equation 4.2.9, we have

0

—[S7'GY, ST (M), = (Z Mbk,n(g)lk> = [G(g)] (M)
k=1

n=1

as desired. O]
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4.7 A Kerzman-Stein Operator for Dirichlet Space

In this final section of the chapter, we take steps to extend the Kerzman-Stein viewpoint
to the Dirichlet and Bergman space setting. Specifically, we define the analogue of the
d,c-Kerzman-Stein operator of Section for the homogeneous Dirichlet space of har-
monic functions. A previous discussion point was that the operator .']d7c is nearly a stan-
dard Cauchy integral, with the issue of boundary irregularity preventing the identification.
Nonetheless, we saw that it still behaves in much of the same as a Cauchy integral. Now,
since the Kerzman-Stein operator is the skew-adjoint part of the Cauchy integral operator
in the Smirnov setting, it is natural to define the corresponding operator for the Dirichlet
space as the skew-adjoint part of Jd7d, and extend as we did in Definition Let us
recount the two most significant properties of the Kerzman-Stein operator for the Smirnov

space:

(a) The Kerzman-Stein formula provides a link between the Szegd projection and the
Cauchy integral (Theorem [3.6.3).

(b) For a wide class of curves, the Kerzman-Stein operator is compact, with increased

curve regularity corresponding to increased operator regularity (Theorem 3.8.10).

The goal of this section is to verify that the analogous properties are met with the
definition made in this new setting, as well as those explored with the extension of the
standard operator in Sections [3.6] [3.8] and[3.9]

Definition 4.7.1. Let I" — C be a quasicircle with complementary components Q; and .

For d,c € {1,2}, we define the (homogeneous) d, c-Kerzman-Stein operator
Ad,c : Z‘)harm<Qd) - Dharm<Qc>

by the formula

Age=Jae—(Jea)
Remark 4.7.2. One could also define Kerzman-Stein operators for the Bergman space of
harmonic one-forms by conjugating Ad,c by the exterior derivative.

Algebraically, Ad7c behaves in a similar manner to its Smirnov space counterpart. First,

we have that
<Ad,c> = _Ac,d

and so Ad,d is skew-adjoint. By the Cauchy adjoint formulas in Section we can express
Adﬁ as
Age=15.Ps— 5 Py. (4.7.1)
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from which it is clear that
Ad c = _Ad c: 4.7.2)

and
#cAge=—Agc*d (4.7.3)

The representation in (4.7.1) allows us to easily derive the following.

Theorem 4.7.3 (Kerzman-Stein Formula). Let I" = C be a quasicircle with complementary

components ) and Q,. For each d € {1,2}, we have that the operator
I+ Ad,d . bharm (Qd) - bharm (Qd)

is a bounded isomorphism, and
) ) . -1
P, = Jd,d (I + Ad,d) .
Proof. Since we can write I + Ad,d =] dd— ij]dd 4, we immediately have that
Pd (I + Ad,d) = jd,d 4.7.4)

and I+ Ad7d : Dharm(Qd) — Dharm (Q4) being a bounded isomorphism is a consequence of
Lemma O

Next, we derive various identities relating these operators to overfare. By rearranging
the jump formula, we have that Jd,d = Oc,d«jd,c + I, and so the adjoint of jd,c can be

expressed as
(Jm) = <OC,de7c> + L
Subtracting these two expressions yields
Aga=0calac— (Oc,djd,c> , d#c.
Expanding the right-hand side when d = 1, we find
Al,l = 02,131,2 —Jz,l <*201,2 *1)
= —02,1 [01,232,1 —Jl,z <*102,1 *2)] (*201,2*1)
= —02,1A2,2 <*201,2 *1)
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which, using property (4.7.2)), rearranges to
01,2 <A1,1*1> = - <A2,2*2> 01,2~ 4.7.5)

Theorem 4.7.4. Let T’  C be a quasicircle with complementary components Q. and

Q). Then for distinct d,c € {1,2}, the d,c-Kerzman-Stein operator Ad,c is a bounded

(Ase) ' = (i) b () R

Proof. By Theorem 4.4.6] '376 : D(Qy) — D(L,) is a bounded isomorphism, and hence

so is its conjugation jZ ol D(Qy) — D(Q,). Using equation @7.1) and the orthogonal
decomposition @.2.7)), it follows that Ad7c = ‘?l CPd - JZ CPd : Dham(Qd) — Dharm(QC) is
a bounded isomorphism with its inverse given as in the statement of the theorem. [

isomorphism with

Remark 4.7.5. Substituting in the inverse formula for th . from Remark 4.4.11} we can

also express the inverse of Ad,c as
. ~1 - . . L=
(Ad,c> = —P40. 4Pc + PO 4Pc.
Next, consider the overfare of Ad’c. Applying the jump formula twice:

Oc,dAd,c = Oc,djd,cPd - Oc,djd,cpd
= jd,dl')d - Pd - (jd,de - Pd)

= Ad,d + Pd — Pd.
Rearranging this equation, we can write Ad7d — Oc7dAd7c = —ixy4, or equivalently
Ad,d *d _Oc,dAd,c xg=1l, d#c (4.7.6)

which could be interpreted as a jump formula for the Kerzman-Stein operators. Using this

formula in conjunction with equation (.7.5)), we compute

02,1 <A1,2*1> 02,1 = [(Au *1) —ill] 02,1
= —02,1 [(Az,z *2> + ilz}

= — (Az,l *2) - 2i02,1
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and so
02,1 <A1,2*1) + (A271 *2) 0172 = —2il.

Remark 4.7.6. By a nearly identical computation to that in the proof of Theorem (3.10.3|
we can extend the quadratic adjoint identities from Theorem to obtain the following

expressions:

1—iAgq+q = (Jd,d> *Jd.,d + (Jd,c> ' Jac »
" " C.
—iAdp g = (Jc,c> Jd,c + (L,d) jd7d7

Next, we provide a characterization for the homogeneous Kerzman-Stein operators in
terms of generalized circles in C, which is the class of curves consisting of planar circles

and lines which include the point at infinity (compare with Theorem [3.9.11).

Theorem 4.7.7. Let T — C be a quasicircle with complementary components & and o,
and fix distinct d, c € {1,2}. Then the following are equivalent:

(a) T is a generalized circle.

(b) For every f € Conf(ID,Qy), Gry = 0.
(©) Py= Jd,d-

(d Ad,d = 0.

(e Ad,c = iod,c *.

() image (0%, ) = D(Q).
(2) Ad,c is a symplectic transformation with respect to @.
It is sufficient for[(b)|to hold for at least one such mapping f.

Proof. The equivalence of [(a)| and [(b)| follows immediately from Proposition 4.6.2] as
Mobius transformations take generalized circles to generalized circles. Since we can write
Gr r=—f *JZ J(F~1*, it follows from the Cauchy integral formula that[(b)«<={(c)} By the
Kerzman-Stein formula (Theorem [4.7.3)), we have [(c)]<=>[(d)} The statement [(d)|<=(e)|
is simply a consequence of identity (@.7.6). Now, if the formula in |(e)| holds for A, .,
then by precomposing with P, we get that OZ = _32, .» implying by Theorem 4.4.6
Conversely, given it follows from the integral expression of OZ . 1n that JZC =0,
or equivalently A. . = 0. By the relation between Kerzman-Stein operators in (4.7.5)), it
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follows in this case that Ag 4 = 0, which is exactly ()} Finally, if|(e)]is true, then since

Od,c is a skew-symplectic transformation, we have for all u,v e Dharm(Qd) that

o (Advcu,Ad,cv> 0= 0] <i0d’c #q U, 104 ¢ 4 v) 0= o(u,v)q,

C C

so in this case is true. Conversely, if Ad7c is a symplectic transformation, then the
operator Ad’d wg —il = (')C7dAd7c x4 1s skew-symplectic. That is, for all u,v e bhann(Qd) we

have that
- < (Ad,d *q —iI) U, *q (Ad,d *q —i1> \7> = (U, %qV)gq,
Qy

In particular, this implies that
— <*dAd,d + iI) * ] (Ad,d * ] —iI) = *®4.

Simplifying this expression and using identity (4.7.3)), the above reduces to Afl 4= 0.

Therefore, for any u € Dharm(Qd) we have

2 . . .
Q, = <Ad’du7Ad’du>Qd = _<M’A§’du>gd =0

and so Ad7d = 0, which completes the proof. [

HAd7d”

For the remainder of the section, we explore connections between the Grunsky and
Kerzman-Stein operator. The crucial observation is, roughly, that both Gr  and Ad7d be-
long to all of the same two-sided ideals in the corresponding spaces of bounded operators.

In particular, we have the following characterization in terms of the Schatten classes.

Theorem 4.7.8. Let I' c C be a quasicircle with complementary components € and €,
and fix d € {1,2}. For all 1 < p < o, the following are equivalent:

(a) Ad?d €Sy <Dharm(Qd>)'

(b) Gryes, (D(D), D(D)) for all f € Conf(DD,Qy).
It is sufficient for[(b)|to hold for at least one such mapping f.

Proof. Since the Schatten-p class forms a two-sided ideal in the space of bounded opera-
tors, it follows from the expression in equation‘ (4.7.1]) that. Ad,d €S, if and only if JZ 4E€Sp.
Now, as noted in Section , we can write Gry = —f *J?[’ J(F7H* for quasidisl‘cs. Since
pull-back by f is a bounded isomorphism, we have that Gry € S, if and only if J; , € S,
completing the proof. 0
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The criterion for the Grunsky operator to belong to Schatten-p classes for 1 < p < o
was discovered by Jones [23]], who showed that Gr} (or equivalently Gr ) 1s in the pth
Schatten class if and only if g = log(f’) is in the pth analytic Besov space, which for p = 1
means that g” € L'(D,dA), and for 1 < p < oo that

(1-1[z[*)'~%Pg'(z) e LP(D,dA).

Later, the case p = oo was investigated by in the independent work of Takhtajan and
Teo [44]] and Shen [42], who also rediscovered equivalent conditions for the case p = 2.

We emphasize these special cases in relation to the operator A shortly. First, a definition:

Definition 4.7.9. Let Q — C be a Jordan domain. We say that a map f € Conf(ID,Q) is

asymptotically conformal if

oy (@Y L
e (d |Z|)<f’(Z)) 0

In this case, we also call Q and its boundary I" asymptotically conformal.

The class of asymptotically conformal mappings can be defined in various equivalent
ways, and the associated domains € are indeed examples of quasidisks (see Pommerenke

[33]], for example).

Theorem 4.7.10 (Takhtajan and Teo [44]], Shen [42]). Let I" C be a quasicircle with
complementary components Q| and Q,, and fix d € {1,2}. Then the following are equiva-
lent:

(a) f is asymptotically conformal.

(b) Grf :D(D) — D(]D)) is compact for every f € Conf(D, Q).

It is sufficient for[(b)|to hold for at least one such mapping f.

Proof. Using the identification Grf = (0h)_1Gr}-5“ and Theorem [4.6.3| this is precisely
Theorem 2 in Shen [42]]. O

Combining their result with Theorem we obtain the following characterization

for compactness of the homogeneous Kerzman-Stein operator.

Corollary 4.7.11. Let T c C be a quasicircle with complementary components Q. and
Q, and fix d € {1,2}. Then the following are equivalent:

(a) I' is asymptotically conformal.
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(b) Ad,d : bharm(Qd) — Dharm(Qd) is compact.

Let us now consider the case p = 2, which corresponds to a particularly important
subclass of asymptotically conformal mappings called the Weil-Petersson class. This class
is often studied in relation to the universal Teichmiiller space, which is a moduli space of
Riemann surfaces. We previously defined the Weil-Petersson class in Section [3.9] as the
mappings f € Conf(ID,Q) for which f”/f’ € L>(D,dA). Notice that this condition on f
may now be phrased in terms of the Dirichlet space as requiring that log(f’) € D(D).

Theorem 4.7.12 (Jones [23]], Takhtajan and Teo [44], Shen [42]). Let " — Cbea quasi-
circle with complementary components Q| and Q,, and fix d € {1,2}. Then the following

are equivalent:

(a) f is Weil-Petersson class.

(b) Grf :D(D) — D(]D)) is Hilbert-Schmidt for every f € Conf(DD, Q).
It is sufficient for[(b)|to hold for at least one such mapping f.
Proof. Using the same justification as in the proof of Theorem 4.7.10} this is simply a

restatement of Theorem 3 in Shen [42]]. O

Similar to the previous situation, their result yields a characterization for Hilbert-
Schmidtness of Ad,d by Theorem m

Corollary 4.7.13. Let T c C be a quasicircle with complementary components Q and
Q), and fix d € {1,2}. Then the following are equivalent:

(a) T is Weil-Petersson class.

(b) Ad,d : Zjharm(Qd) — Dharm(Qd) is Hilbert-Schmidt.

We wish to emphasize that the previous two corollaries were an easy consequence
of the characterization of the Schatten-ness of the Grunsky operator, as well as the for-
mulation based on the restricted Cauchy operator. The upshot of our work is the new
perspective, which includes the bridge built between these operators. Indeed, we observed
in the Smirnov space setting that the “ordinary” Kerzman-Stein operator and the analogue
of the Grunsky operator are equivalent from a certain functional-analytic viewpoint (The-
orem [3.9.3). Following this, we defined an analogue of the Kerzman-Stein operator for
the Dirichlet space, which both shares the defining characteristics of the original operator,
and relates to the Grunsky operator in this setting (Theorem4.7.8). A potentially interest-
ing line of research questions based on these observations could be formulated in terms
of deeper relations between these two operators, and the usefulness of the Kerzman-Stein

operator and formula on Dirichlet spaces of certain regular curves.
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Appendix A

Supplementary Results and

Observations

This appendix consists of a few short sections, each of which is dedicated to filling in

technical steps left out of the main part of the thesis, and providing additional observations.

A.1 Invertibility Property for the Skew-Adjoint Part

To begin, we record a generalization of a proof and result of Lanzani [28]] which says that

the linear operator
I+ Jr—(Jr)" : 2T, |dg ) — LA(T,|d{))

is invertible whenever the Cauchy integral operator Jr is bounded. This observation ap-
pears in a similar form in the paper of Kerzman and Stein [24] to relate the Szegd pro-
jection and the Cauchy integral operator. The need for a more general result is to prove a
Kerzman-Stein formula on both complementary components in the Smirnov and Dirichlet

space settings.

Lemma A.1.1. Let H be a Hilbert space, and let B€ B(H). Then1+B —B* € B(H) is an

isomorphism.

Proof. To simplify notation, set C := I+ B —B*. Then C* =I— (B —B*), and it is
straightforward to check that the following identities hold:

C+C*=2I,
CC*=C"C.
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Now, for any u € H we have
(Cu,Cu) = (u,C*Cuy = (u,CC*uy = (C*u,C*u)
or equivalently
|Cul = [ C ul.

Using these computation, we find that

(C+Cul < [Cul, [Cu] (A.L1)

1
Jul =51

implying that C and C* are both injective. Next, consider the following elementary de-
composition of H.:
H = nullC* @ image C.

By the inequalities in equation (A.I.T)) and boundedness of C, it follows that the image
of C is closed, so injectivity of C* implies surjectivity of C. Thus, C: H — H is both
bijective and bounded, and hence an isomorphism by the bounded inverse theorem. [

Remark A.1.2. One could also make sense of the statement of this lemma using spectral
theory. Indeed, since B —B* : H — H is skew-adjoint, its spectrum is purely imaginary,
and so —1 # o(B —B¥).

A.2 Kernel Function Estimates

Next, we turn our attention to the analysis of the Kerzman-Stein integral kernel from
Section The upcoming lemma is used in the proof of Theorem [3.8.17| to make an
estimate on the Kerzman-Stein kernel function A({,z) when ( is near z.

Lemma A.2.1. Forall 0 < p < 1, we have

1p1 1 2
Uo TR A (e ey

x—y|~'e LP([0,1]%,dA).

In particular,

Proof. By symmetry, it follows that

1 p1 1 1 rx 1
fj dxdy = ZJJ dydx
0Jo [x—y? 0oJo (x—y)P
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and we may directly compute the iterated integrals on the right-hand side. Indeed,

Y] ~1 I
[t
o (x—y)? l—p (x=y)P1_

1 1
S 1—p xl
and so
2 (M1 2 1 -
J pdx = ' xz_p}x—(l)
1=pJo xP~ l—p 2—p =
_ 2
(1-p)(2-p)
as required. The second claim now follows from the Fubini-Tonelli theorem. [

Remark A.2.2. Note that when p > 1, the integral in Lemma diverges. Conse-
quently, this limits the viability of our method for proving Hilbert-Schmidtness of the
Kerzman-Stein operator for curve classes larger than C''/2+€, should the property still
hold.

Related to the above computation in the context of Section[3.8] let us discuss sufficient
conditions for an integral operator to belong to the Schatten p-class when 2 < p < c0.
For 1 < p,q < o0, define the mixed (p,q)-Lebesgue norm of a measurable function K :
X xX — Cby

pa = <L€X (LeX |K(xa)’)|pd.“(x)> / dﬂ()’)) 6 : (A.2.1)

This is indeed a norm for the mixed-Lebesgue space, which is studied in the paper

IK

of Benedek and Panzone [4]]. Define the Hermitian conjugate of K to be the function

K*(x,y) = K(y,x). Then we have the following:

Theorem A.2.3 (Russo [37]], Goffeng [21]). Let (X, ) be a G-finite measure space, and
suppose that K € B(L>(X, 1)) is an integral operator with kernel K : X x X — C, i.e.

Ku = L K(y)ul)du(y), ue2(X,p).

Then for each 2 < p < o0, we have that

1

IK]s, < (1Klg.p K lg.p) >

lg.p
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where q is the Holder conjugate of p defined by the equation 1% + é = 1. In particular, if
both |K||y » and |K*||, , are finite, then K € S,(L*(X, 1))

This result is originally due to Russo [37] with the additional assumption that K €
L*>(X x X,u®u). It was Goffeng [21] who later observed that this condition may be
omitted. Paired with Lemma [3.8.6] we have nice tests for when integral operators belong
to the Schatten classes for 2 < p < c0. When p < 2, no such simple criteria involving
integrability of the kernel function exists. For a discussion on this matter, as well as

alternative sufficient conditions, see Delgado and Ruzhansky [12].

A.3 The Adjoint of the Jump Formula

We now shift our attention to the Dirichlet space case. Recall that in Section 4.4 we had

the identity
Jaa=-3c4a0a4,

relating the limits of Cauchy integrals on each side of the curve, as well as the homoge-
neous jump formula
Jia—0calac=1

Using our adjoint formulas from Section4.5] it turns out these identities are equivalent in

a sense. Indeed, taking the adjoint of the jump formula, we get that
L= Tt idaa <a—dea (Ouena)
and hence
jd,d = _ijc,d <*c0d,c> = _-T]c,d (Pc _Ec> Oy,
= _jc,dOd,c~

Taking the complex conjugate now yields the desired identity. As it stands, this is merely a
curiosity, since our proof of the overfare adjoint formula required the use of both of these
identities. If the overfare adjoint identity could be proven independently (eg. mimic the
Stokes’ Theorem argument on smooth curves from Section 4.5)), then this computation
could be used to derive one identity from the other, of course provided further circular

reasoning is ruled out.
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