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ABSTRACT  

Patient-reported outcomes measures (PROMs) are increasingly used in clinical registries, cohort 

studies, population-based surveys and clinical trials to collect information about patient’s 

perspectives of their own health, including physical, mental, and social health. PROMs 

instruments are multivariate (i.e., multiple correlated items or questions). Item non-response or 

missing data, which may occur when patients fail to complete or respond to PROMs question, 

threatens the validity of findings from the assessment of group differences or longitudinal change 

in PROMs. The goal of this research was to develop and evaluate methods for addressing item 

non-response in PROMs. Four related studies were undertaken.  

The first study compared the performance of non-negative matrix factorization (NNMF), which 

is an unsupervised machine-learning method that uses optimization techniques to detect a low-

dimensional structure from the data, with full information maximum likelihood (FIML) and 

listwise deletion. The methods were applied to test for differential item functioning in 

multidimensional PROMs using Monte Carlo simulation and real-world data. We found that the 

Type I error rates and statistical power for the NNMF method were comparable to the FIML 

method. However, the NNMF method performed less than optimal when the correlations 

amongst items were weak.  

The second study evaluated the performance of NNMF, FIML, multiple imputation (MI) with 

conditional proportional odds model, and listwise deletion methods when estimating longitudinal 

change in latent variable means. Simulated and real-world data were used to compare the 

methods. We found that the NNMF is relatively efficient when sample size is large and the 

percentage of non-response is high, but less optimal under other data-analytic conditions.    
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The third study investigated the use of auxiliary or supplementary variables in imputation model 

and compared the precision and bias of FIML, MI with and without auxiliary variable, when 

estimating longitudinal change in PROM scores. We found that including auxiliary information 

in the imputation model increased the precision and reduced the bias of the estimated parameters.  

The fourth study proposed an enhanced weighted NNMF, which uses observed item responses as 

auxiliary variable to define weights for item level imputation, and compares the performance 

with FIML, NNMF and listwise deletion. Similar to other studies, we used simulated and real-

world data to compare these methods. The proposed method outperformed the NNMF method 

for most of the simulation conditions under consideration, especially when the number of items 

was large. The proposed method resulted in inflated Type I error rates when the percentage of 

missing responses was more than 25% and the number of items was small.  

This research contributes to the statistical literature on methods to address missing data in 

PROMs with potential applications in clinical and quality of life research. Also, it demonstrates 

the practicality of using observed item responses to define an auxiliary variable, which provides 

a basis for easy, accessible, and cost-effective approach of identifying auxiliary variable in 

PROMs. Finally, the research findings benefit psychometricians and other researchers who use 

PROMs to understand the complex relationship that exist among ordinal items and underlying 

latent variables. 
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CHAPTER 1: INTRODUCTION 

1.1 Overview 

Patient-reported outcome measures (PROMs) are used in clinical registries, cohort studies, 

population-based surveys and clinical trials to measure health-related quality of life (HRQOL) 

[1–3]. HRQOL is a self-perceived, multidimensional construct, which includes physical, 

psychological, and social functioning, that are influenced by disease and/or various forms of 

treatment [4, 5]. PROMs are used to describe disease trajectories [6], determine and evaluate the 

impact of interventions, such as therapy [7]. PROMs can complement other sources of data that 

contain information about an individual’s health, such as clinical and administrative health data, 

to inform assessments of quality of care and effectiveness of health policies and services [3, 8, 

9].  

A PROMs instrument can be generic (i.e., it can be used in different groups or populations), or 

disease-specific (i.e., it can be used to measure outcomes that are characteristic of a specific 

disease). The 12-item Short Form Health Survey (SF-12), or a longer version, the SF-36 [10], are 

generic instruments that aim to capture information about physical and mental health [9, 11]. 

Examples of disease-specific instruments include the Oxford Hip and Knee instruments, which 

are 12-item questionnaires designed to assess pain and function of the hip and knee, respectively 

[12, 13]. Response options for the items or questions on a PROMs instrument are often ordinal 

(e.g., Likert scales). 

The quality and value of findings from PROMs are dependent on a number of factors. Some of 

the key factors include: (1) accuracy of mapping the items to a latent (i.e., unobserved) construct 

or variable they are designed to measure [14], (2) extent to which the PROMs instrument 
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measures a latent variable with sufficient consistency (i.e., extent to which the same results 

would be obtained repeatedly) [15], and (3) extent to which the instrument measures what it is 

designed to measure [16].  

Statistical analysis of PROMs data relies on the assumption that patients or individuals interpret 

and respond to questions about their health in the same way, such that scores are equally 

applicable to all patients in the population [17–20]. This assumption stems from the invariance 

property of the PROMs instrument. The invariance property, which asserts that the measuring 

instrument is independent of what it is measuring, is required to make valid inferences and 

reliable comparisons of PROM scores across groups or time [20–22].  This assumption may not 

always be tenable, especially in a heterogeneous population. For example, patients with the same 

underlying level of health may respond to PROM questions in systematically unique ways 

because of cultural, developmental or personality differences, contextual factors or life 

circumstances, and different health experiences. This is known as differential item functioning 

(DIF); if unaccounted, DIF can result in an unexpected lack of scale comparability, and 

erroneous conclusions about the presence of group differences [23–27].  

PROMs instruments are often multivariate (i.e., multiple correlated items or questions); the data 

arising from the instruments can be analyzed at the item-level, subscale or scale-level. Methods 

for analyzing PROMs data can be broadly divided into: (1) classical test theory (CTT) or true-

score theory, and (2) latent variable models (LVMs). CTT assumes that the latent variable is 

continuous. The method of estimation is based on the true-score model, which relates 

individual’s observed score (i.e., unweighted sum of the individual’s responses to items) to his or 

her location on the latent variable [28]. CTT assumes that each observed score is a linear 

combination of a true score and random error. LVMs such as exploratory or confirmatory factor 
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analysis, and item response theory also assumes that the latent variable is continuous. LVMs 

relates a set of items to one or more latent variables. In contrast to the CTT in which the 

individual’s observed score is the unit of focus, in LVMs the item or subscale is the unit of focus.  

Most studies that use PROMs are conducted at the subscale level or the scale level without a 

detailed evaluation of the individual item-level data; this may be due, in part, to the limited set of 

analytic tools for ordinal data [29, 30], particularly for the treatment of missing data. Missing 

data are defined as “values that are not available and that would be meaningful for analysis if 

they were observed” [31]. Missing data can be broadly classified as item non-response or unit 

non-response. Item non-response occurs when a patient responds to some but not all the items 

because they are too sick, or have difficulty understanding or interpreting the items, or 

uncomfortable responding to the items. Unit non-response occurs when an individual does not 

respond to the items of an instrument because they cannot be reached for interview or miss all 

scheduled clinic visits. Methods discussed in this thesis focus on item non-response.  

The potential consequences of item non-response are: (i) loss of statistical power, which may 

increase the risk of false-negative findings, and (ii) over- or under-estimation of differences 

between groups or over time [32, 33]. The choice of methods to address item non-response is 

dependent, in part, on the missingness mechanism, which includes missing completely at random 

(MCAR), missing at random (MAR), or missing not at random (MNAR) [34]. Data are MCAR 

when the probability of non-response on an item is unrelated to responses of other items and the 

item itself. Data are MAR when the probability of non-response on an item is associated with 

responses on some other items but not the response of the item itself. Finally, data are MNAR 

when the probability of non-response on an item is related to the responses of the item itself, and 

other items.  
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Statistical methods to address item non-response can be broadly divided into the following: (1) 

deletion methods, (2) imputation methods, and (3) likelihood-based methods. Deletion methods 

such as listwise deletion or complete-case analysis, and pairwise deletion or available-case 

analysis are commonly used to address item non-response because they can be easily 

implemented and are available in many statistical packages. The listwise deletion method 

removes individuals with at least one item with a missing response. The pairwise deletion 

method removes individuals on an analysis-by-analysis basis depending on the available 

responses. Both methods assume data are MCAR and can produce bias parameter estimates 

when this assumption is not plausible. Deletion methods are potentially wasteful and can reduce 

statistical power.  

Imputation refers to replacing a missing value by a plausible value or a set of plausible values. 

Imputation methods can be broadly categorized as single and multiple imputation. Single 

imputation methods, such as unconditional mean or mean imputation [32], and conditional mean 

imputation or regression imputation [34], generate a single plausible value for each missing 

value. Single imputation methods seem advantageous over deletion methods because they reduce 

or eliminates data wastage. Regardless of the advantage, these methods underestimate the 

variability in the data because the plausible values generated are treated as true values. Hence, 

these methods ignore the uncertainty due to the imputation. Other single imputation methods, 

such as stochastic regression imputation [32], eliminate the biases associated with unconditional 

and conditional mean imputation by incorporating some randomness to the generated plausible 

values. Stochastic regression imputation produces unbiased estimates when data are MCAR or 

MAR. However, like the unconditional and conditional mean imputation methods, stochastic 
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regression imputation reduces standard errors of the parameters, resulting in an increased 

potential for false-positive results [35].  

Multiple imputation (MI) methods such as multivariate normal imputation [36] and fully 

conditional specification or chained equations or sequential regression imputation [37, 38], 

replaces missing value with different sets of plausible values. These methods are widely used to 

address MCAR or MAR data. The multivariate normal imputation method assumes that all 

variables in the imputation model jointly follow a multivariate normal distribution, which are 

often violated when variables are ordinal [36, 39]. 

The fully conditional specification method is more flexible and does not rely on the assumption 

of multivariate normality. This method replaces the missing values on a variable-by-variable 

basis, with the matching distribution of the variable in the imputation model [40, 41]. For 

example, a linear regression model is used to impute continuous variables; logistic regression 

model to impute binary variables; and proportional odds model to impute ordinal variables [42]. 

Multiple imputation methods require that the functional form of the imputation model and the 

distributional form of the variables included in the model are specified correctly [42, 43]. Also, 

potential non-linear relationships that may exist amongst variables needs to be incorporated in 

the imputation model [44].  

Likelihood-based methods, such as direct likelihood or full information maximum likelihood 

(FIML), rely on the log-likelihood function to choose parameter values that are most likely to 

have produced the observed data [34, 35, 45]. These methods test different sets of parameter 

values until they find the estimates that minimize the standardized distance to the observed data. 

FIML estimates the parameters in the likelihood directly from the available data in a way that 

does not require individuals to have complete data [35]. Parameter estimates obtained using the 
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FIML method are unbiased if data are MAR. This method does not use imputation. However, the 

FIML method relies on a family of parametric probability model assumptions, and correct model 

specification [32, 46]; when these assumptions are not tenable, the FIML method may result in 

less than optimal performance [47]. 

The development of an empirical method that explores the relationships that exist among items 

to address item non-response, without making any distributional assumption, would be beneficial 

to patient-oriented research. One potentially useful method that identifies the latent structure of 

observed variables and uses this information to address item non-response is non-negative matrix 

factorization (NNMF) [48, 49].  

NNMF is an unsupervised machine-learning method that uses optimization techniques to find a 

low-dimensional data structure from the original data. It has been used for dimension reduction 

[50, 51] and feature extraction [52, 53] for high-dimensional data. NNMF has been applied in 

recommender systems to predict movie ratings from incomplete rating matrices [54–56]. These 

predictions can be recast as missing data imputation or matrix completion problems. Thus, 

NNMF is a potentially useful approach to address non-response at the item-level of PROMs data, 

which are ordinal and multivariate. 

The NNMF, MI and FIML methods yield unbiased estimates under the MAR mechanism [45, 

57]. When data are MNAR, results from these methods can be misleading. This is because 

parameters that describe the probability of non-response in the data are not estimated using these 

methods. One approach to address this problem is to use methods such as pattern mixture 

models, shared parameter models, and selection models designed for MNAR mechanism [34, 

58]. However, these methods are not widespread in statistical software and are computationally 

intensive. Another approach is to ensure that the assumption of MAR mechanism is realistic in 
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the data [59]. This can be achieved by including variables that are potential correlates of 

missingness in the data [59]. These variables are called auxiliary or supplementary variables. 

Incorporating auxiliary variables into the missing data methods can help mitigate bias and 

improve statistical power [32, 60].  

1.2 Purpose and Objectives 

The research purpose was to develop and evaluate methods for addressing item non-response in 

PROMs. The objectives were to: 

1. compare the performance of several ordinal item non-response methods when testing for 

differential item functioning. 

2. evaluate the performance of several ordinal item non-response methods when estimating 

change in latent variable means over time. 

3. estimate longitudinal change in PROMs scores in the presence of missing data using true-

score model. 

4. develop a new method to address ordinal item non-response and compare its performance 

with several ordinal item non-response methods. 

1.3 Organization of Thesis 

This thesis is comprised of four related manuscripts. Manuscript 1, “A comparison of methods to 

address item non-response when testing for differential item functioning in multidimensional 

patient-reported outcome measures”, is presented in Chapter 2. This manuscript compares the 

performance of the NNMF method with FIML and listwise deletion when testing for differential 

item functioning in multidimensional PROMs using Monte Carlo simulation and real-world data. 

We found that the NNMF method demonstrated comparable performance to the FIML method.  
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Manuscript 2 is presented in Chapter 3; it is entitled “Estimating longitudinal change in latent 

variable means: a comparison of non-negative matrix factorization and other item non-response 

methods”. This manuscript compares the performance of  the NNMF method with the FIML, MI 

with conditional proportional odds model and listwise deletion when estimating longitudinal 

change in latent variable means. Simulated and real-world data were used to compare these 

methods. We found that the NNMF is relatively efficient when sample size is large and the 

percentage of non-response is high, but less optimal under other data-analytic conditions.    

Chapter 4 motivates and presents the use of auxiliary variable in imputation models. Manuscript 

3 is presented in Chapter 5, “Impact of missing data on bias and precision when estimating 

change in patient-reported outcomes from a clinical registry”. This manuscript investigates the 

use of auxiliary variables in imputation model and compared the precision and bias of FIML, MI 

with and without auxiliary variable, when estimating longitudinal change in PROM scores. We 

found that including auxiliary information in the imputation model increased the precision and 

reduced the bias of the estimated parameter.  

Manuscript 4 is presented in Chapter 6, “Enhanced weighted non-negative matrix factorization 

approach for addressing item non-response in patient-reported outcome measures”. This 

manuscript proposes an improved weighted NNMF, which uses information from an auxiliary 

variable to define strata and weights for missing or observed item responses before imputation, 

and compares the performance with FIML, NNMF and listwise deletion. Similar to other 

manuscripts, we used simulated and real-world data to compare these methods. The proposed 

showed comparable performance to the FIML method but outperformed the NNMF method for 

most of the simulation conditions considered.  

Chapter 7 summarizes the research key findings, limitations, conclusions, and future directions. 
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CHAPTER 2: A COMPARISON OF METHODS TO ADDRESS ITEM NON-RESPONSE 

WHEN TESTING FOR DIFFERENTIAL ITEM FUNCTIONING IN 

MULTIDIMENSIONAL PATIENT-REPORTED OUTCOME MEASURES 

 

2.1 Overview 

In this research, the performance of several ordinal item non-response methods including non-

negative matrix factorization, listwise deletion and full information maximum likelihood, when 

testing for differential item functioning in patient-reported outcome measures was investigated. 

Monte Carlo simulation and real-world data was used to compare the Type I error rate and 

statistical power of these methods. The non-negative matrix factorization method, which is an 

unsupervised machine-learning method that uses a set of optimization techniques to identify a 

low-dimensional data structure from the original data, demonstrated a comparable performance 

to the full information maximum likelihood method. This study is a unique addition to the 

literature on methods to address incomplete responses in patient-reported outcome measures 

because it focuses on ordinal items (i.e., Likert scale) and missing data. Patient-oriented research 

with a focus on the item level has not been extensively studied in patient-reported outcome 

measures. This is partly due to the increased computational time and large sample size required 

to model the relationship between latent variable and items. Investigating psychometric 

properties at the item level can provide an understanding of the impact of each item to the 

subscale or scale. 
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2.2 Abstract 

Purpose:  Item non-response (i.e., missing data) may mask the detection of differential item 

functioning (DIF) in patient-reported outcome measures (PROMs) or result in biased DIF 

estimates. Non-response can be challenging to address in ordinal data. We investigated an 

unsupervised machine-learning method for ordinal item-level imputation and compared it with 

commonly-used item non-response methods when testing for DIF.  

Methods: Computer simulation and real-world data were used to assess several item non-

response methods using the item response theory likelihood ratio test for DIF. The methods 

included: (a) listwise deletion (LD), (b) half-mean imputation (HMI), (c) full information 

maximum likelihood (FIML), and (d) non-negative matrix factorization (NNMF), which adopts a 

machine-learning approach to impute missing values. Control of Type I error rates were 

evaluated using a liberal robustness criterion for α = 0.05 (i.e., 0.025 – 0.075). Statistical power 

was assessed with and without adoption of an item non-response method; differences >10% were 

considered substantial. 

Results: Type I error rates for detecting DIF using LD, FIML and NNMF methods were 

controlled within the bounds of the robustness criterion for > 95% of simulation conditions, 

although the NNMF occasionally resulted in inflated rates. The HMI method always resulted in 

inflated error rates with 50% missing data. Differences in power to detect moderate DIF effects 
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for LD, FIML and NNMF methods were substantial with 50% missing data and otherwise 

insubstantial. 

Conclusion: The NNMF method demonstrated comparable performance to commonly-used non-

response methods. This computationally-efficient method represents a promising approach to 

address item-level non-response when testing for DIF. 

2.3 Introduction 

Patient-reported outcome measures (PROMs) are used to measure quality of life and other 

aspects of health and well-being [1–3]. Valid and reliable group comparisons of PROM scores 

rest on the assumption of equivalence of the item response patterns across groups within the 

population, after controlling for the underlying latent (i.e., unobserved) trait(s) of interest (e.g., 

quality of life). Differential item functioning (DIF) may affect the validity of group comparisons. 

DIF occurs when the probability of item response varies across groups defined by such 

characteristics as age or sex, after adjusting for one or more latent traits represented in the items.   

Item non-response can mask the detection of DIF in PROMs, due to a loss of statistical power. 

Item non-response may be a particular problem in computerized adaptive testing (CAT) systems 

for PROMs. The design of a CAT system allows respondents to skip items or respond to items 

based on their preferences [4–6]. Previous studies about item non-response methods for PROMs 

data often assume the data follow a normal distribution [5]. This assumption is likely to be 

violated in ordinal data, particularly when the number of item response options is small.  

Item non-response may occur because respondents are too sick to answer the questions, have 

difficulty understanding or interpreting the questions, are uncomfortable answering the 

questions, or miss scheduled clinic visits. The potential consequences of item-level non-response 
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include reduced statistical power and either over- or under-estimation of group differences [6, 7]. 

These effects could occur for tests of both uniform and non-uniform DIF [8]. 

No single optimal method has been recommended to address ordinal missing data [5]. The 

choice of methods is dependent, in part, on the missing data mechanism, which includes missing 

completely at random (MCAR), missing at random (MAR), or missing not at random (MNAR) 

[6]. While listwise deletion (LD) [9] and half-mean imputation (HMI) [7] are common methods, 

they may result in biased tests of DIF, especially with a large amount of non-response [10]. 

Other methods to address ordinal item non-response include multiple imputation (MI) [11–14] 

and full information maximum likelihood (FIML) [6, 15]. For DIF analyses that adopt MI, the 

parameter estimates, standard errors and the model fit statistics such as the χ2 goodness-of-fit 

statistic, root mean square error of approximation (RMSEA), comparative fit index (CFI), and 

standardized root mean squared residual (SRMR) are estimated for each imputed dataset. This 

can substantially increase computational time, especially with large numbers of imputations. 

Also, methods to pool model fit statistics from imputed datasets have not been explicitly defined 

[16, 17]. FIML rests on assumptions that may not be tenable in PROMs items [7, 18]; violation 

of these assumptions may result in less than optimal performance [19].   

Non-negative matrix factorization (NNMF), an unsupervised machine-learning method that uses 

optimization techniques to find a low-dimensional structure from the original data, is a 

potentially useful method to address item non-response. Unsupervised machine-learning methods 

identify latent patterns in the data. In the context of missing data, observed information from 

individuals in these latent patterns are used to impute responses [20]. NNMF has been applied in 

recommender systems to predict movie ratings from incomplete rating matrices [21–23]. These 

predictions can be recast as missing data imputation or matrix completion problems. Thus, 
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NNMF is a potentially useful and novel approach to address non-response in item-level PROMs 

data, which are ordinal and multivariate (i.e., multiple correlated items). 

Our purpose was to investigate NNMF as an ordinal item-level missing data imputation method. 

Our objectives were to (1) compare the performance of the NNMF method with the FIML, LD 

and HMI methods when testing for DIF using simulated data, and (2) evaluate the sensitivity of 

the NNMF method when compared with the FIML, LD and HMI methods when testing for DIF 

in real-world data.  

2.4 Methods 

2.4.1 Item Non-Response Methods 

We begin with an overview of the investigated methods. The LD method removes all individuals 

with at least one item with a missing response. The HMI method fills in missing item responses 

with the mean of the available item responses if 50% or more of the item responses are complete 

and removes individuals with more than 50% missing responses on all the items [12, 24]. The 

FIML method is related to the maximum likelihood method, which chooses parameter values 

that assign the maximum possible probability or probability density to the observed data under a 

well-defined family of parametric probability models. The FIML method performs better than 

other item non-response methods, including random forest and logistic regression models 

appropriate for ordinal data [5]. However, it assumes that the latent trait follows a normal 

distribution, data are MAR, and correct model specification [25, 26]. The MI and FIML methods 

have similar performance [26–28], which is one reason we did not investigate the MI method.  

For the NNMF method, suppose we have a 𝑝 × 𝑛 (𝑝 is the number of items, 𝑛 is the number of 

respondents) response matrix 𝑹𝑝×𝑛 with low rank 𝑘 [𝑘 ≪ min(𝑛, 𝑝); ≪ means “much less 
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than”]. The NNMF method (Fig. 1) produces an item factor matrix  𝑼𝑝×𝑘 and a respondent factor 

matrix  𝑽𝑘×𝑛 such that 𝑹 ≈ 𝑼𝑽, constraining 𝑼 and 𝑽 to be non-negative [29, 30]. The item 

factor matrix shows the affinity of each item for the latent trait(s), and the respondent factor 

matrix shows the affinity of each respondent for the latent trait(s). Decomposing the entire 

response matrix into smaller matrices allows the NNMF method to accurately capture 

dependencies amongst items [20]. Using this decomposition, one can reconstruct an 

approximation to the original data points in 𝑹. However, when the missing data are MNAR, the 

resulting reconstruction may be biased [20]. Additional information about the NNMF method is 

provided in Online Resource 1. This method was implemented in RStudio version 3.5.2 using the 

NNLM package [20, 31].   

 

Figure 2-1. Visual illustration of the NNMF method  

2.4.2 Simulation Study 

Data generation 

We simulated two-dimensional polytomous data for 30 items using the multidimensional graded 

response model (MGRM) [32, 33]; a description of the MGRM is provided in Online Resource 
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2. The first 15 items were associated with the first latent trait and the remaining 15 items were 

associated with the second latent trait. The slopes (𝜶) of the items were sampled from a uniform 

distribution 𝑈(1.1, 2.8) [33]. The thresholds (𝜷) also followed a uniform distribution 𝑈(−2, 2) 

[34, 35]. The number of item response categories (𝑐) was set to 𝑐 = 5. The latent traits (𝜽) 

followed a multivariate normal distribution, 𝑀𝑉𝑁(𝟎, 𝚺), where 𝚺 is the variance-covariance 

matrix.   

Only the items that exhibited DIF had missing values, consistent with previous simulation 

studies [10, 36, 37]. The missingness on these items was achieved using the multivariate 

amputation method [38] that generates missing data by assigning a weight to each observation. 

This method has been shown to be more appropriate for generating missing data than a stepwise 

univariate amputation method (i.e., missingness on items are generated one item at a time) [39, 

40]. Pre-specified amounts of responses were removed from the DIF items for each missing data 

mechanism using the multivariate ampute function in the mice package [41] in RStudio version 

3.5.2.  

Simulation conditions 

The simulation conditions included sample size, percentage of missing data, magnitude of 

uniform and non-uniform DIF effects, and magnitude of the correlation between latent traits. 

Random samples of equal group sizes n = 250, 500 and 1000 were generated for each of the 

reference (R) and focal (F) groups and denoted as R250/F250, R500/F500, and R1000/F1000 

giving total sample sizes that ranged from 500 to 2000 [9, 10, 42]. Random samples of unequal 

group sizes R1500/F500 were also investigated. Equal sizes were selected because they have 

been the focus of previous simulation studies [41]; unequal sizes were selected because they 

frequently occur in DIF analyses of real-world data [43–46]. Pre-specified amounts (0%, 10%, 
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25% and 50%) of cases were set to have missing responses on the items for both groups via 

MCAR, MAR, and MNAR mechanisms. The fully observed condition (i.e., 0% missing 

responses) was used to establish a baseline for assessing performance.  

The percentage of items selected to exhibit DIF effects (i.e., DIF target items) was specified as 

20% and 50%. The magnitude of the difference between the groups’ thresholds and slopes were 

set to 0 (i.e., no DIF present), 0.2 (small), 0.4 (moderate) and 0.6 (large) [17]. The correlation 

between the two latent traits was set to ρ = 0.3 and 0.5. The diagonal elements of 𝚺 were set to 1, 

while the off-diagonal elements were equal to ρ [36]. A total of 500 replications were conducted 

for each of 324 combinations of simulation conditions.   

Simulation scenarios 

First, we considered a scenario where neither uniform nor non-uniform DIF were present in the 

simulated data. No DIF effect was added to the threshold or slope parameters of the DIF target 

items. Next, we considered two scenarios where DIF was present. In scenarios where only 

uniform DIF was present, we added small to large DIF effects to the threshold parameters of the 

DIF target items in the focal group. In scenarios where non-uniform DIF was present, we added 

small to large DIF effects to the slope parameters of the DIF target items in the focal group.  

Testing for DIF 

We used the item response theory likelihood ratio test (IRT-LRT) to test for uniform and non-

uniform DIF because of its popularity and availability in statistical software packages such as 

RStudio or MPlus. Other methods such as the multidimensional simultaneous item bias test 

(MULTISIB) [47] and the multidimensional multiple indicators multiple causes (MIMIC) 

interaction model can be used. The IRT-LRT and the MIMIC interaction model have shown to 

perform similarly [42]. The IRT-LRT compares the difference in the likelihood between two 
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nested MGRMs using a χ2  statistic, with degrees of freedom equal to the difference in degrees of 

freedom between the two MGRMs [36, 42]. 

To test for DIF when it was not present, we fit a DIF model that assumed all items, except the 

target items were invariant between the focal and reference groups. Next, we fit a set of no-DIF 

models that constrained the threshold or slope parameters to be equal for all items in the two 

groups. A statistically significant LRT indicated the presence of DIF. 

To test for uniform or non-uniform DIF when it was present, we fit a DIF model as specified 

above. Next, we fit no-DIF models that constrained the threshold or slope parameters to be equal 

for all items in the two groups. A statistically significant LRT when the DIF model was 

compared to: (1) a no-DIF model that constrained the threshold parameters for all items in the 

two groups indicated the presence of uniform DIF, and (2) a no-DIF model, where the slope 

parameters were constrained for all items in the two groups indicated the presence of non-

uniform DIF. The MGRM-LRT was implemented in RStudio version 3.5.2. using the mirt 

package [48].  

Performance measures  

The performance of the item non-response methods was evaluated using the power rate (i.e., 

correctly identifying DIF) and Type I error rate (i.e., incorrectly identifying DIF). We report the 

average percentage of statistically significant LRT statistics across replications and items that 

were tested for DIF.  

The robustness of Type I error rates was evaluated using Bradley’s [49] liberal criterion (i.e., 

0.025 – 0.075) for α = 0.05. We compared the power of the MGRM-LRT with and without 
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adoption of a missing data method; differences in the power of the LRT ≤10% were considered 

insubstantial while differences >10% were considered substantial [50, 51]. 

2.4.3 Analyses of Real-World Data 

Data source 

Real-world data to demonstrate the implementation of the methods were from the population-

based Winnipeg Regional Health Authority (WRHA) Joint Replacement Registry (JRR), from 

Manitoba, Canada. This registry contains both general-purpose and condition-specific PROMs 

[52] for patients having total or partial hip or knee arthroplasty surgeries. We focused on patients 

who had total hip arthroplasty between April 1, 2009, and March 31, 2015, the most recent data 

available at the time of the analysis.  

Measures 

The JRR captures the Short-Form 12 (SF-12), a general-purpose PROM consisting of twelve 

items that comprise physical component summary (PCS) and mental component summary 

(MCS) domains, each consisting of six items. The reliability and the validity of the SF-12 has 

been established in several populations [53–55]. 

Age group and sex were used to test for DIF consistent with previous studies [44, 45]. Age 

group was classified as ≤ 60 years and > 60 years.  

Statistical analyses 

We used stratified random sampling method to select patients from the entire study cohort, so 

that the size of the analytic cohort would be comparable to the largest total sample size in the 

simulation study. Samples of equal sizes were selected stratifying by sex and age group.  
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Descriptive statistics were used to characterize the study cohort. A three-step procedure was then 

used to test for uniform and non-uniform DIF using the MGRM with the LRT to: (1) assess SF-

12 dimensionality, (2) select anchor items, and (3) assess DIF [8] (see Online Resource 2).  

Model parameters were estimated using the maximum likelihood method. We used the Hochberg 

step-up approach to control the familywise Type I error rate to α = 0.05 [56].   

2.5 Results 

2.5.1 Simulation Study Results 

Fully observed item responses  

Type I error and power rates for the LRTs of uniform and non-uniform DIF when the data were 

fully observed (i.e., no missing responses) are reported in Table 1. The results for the different 

percentages of items with DIF (20% versus 50%) were similar. The Type I error rates for all the 

simulation conditions were controlled within the bounds of Bradley’s liberal criterion [49]. 

Group sizes and magnitude of DIF effects were positively associated with statistical power.  

Table 2-1. Type I error rates (%) and power rates (%) to detect uniform and non-uniform DIF in fully 

observed data for the likelihood ratio test 

% of DIF 

items 
Sample size 𝝆 

Type I 

error 

Power to detect 

uniform DIF 

Power to detect non-

uniform DIF 

Magnitude of DIF effect 

0.2 0.4 0.6 0.2 0.4 0.6 

20 R1000/F1000 0.3 5.1 37.6 94.3 100.0 24.9 68.5 90.7 

  0.5 5.7 35.5 93.2 100.0 35.6 74.9 93.7 

 R500/F500 0.3 4.9 19.6 65.3 96.3 17.1 43.1 72.5 

  0.5 5.2 19.5 66.6 95.9 20.0 50.3 74.7 

 R250/F250 0.3 5.7 11.6 36.5 72.4 10.8 27.2 48.4 

  0.5 5.2 13.1 37.6 71.3 13.4 29.8 49.4 

50 R1000/F1000 0.3 5.2 35.4 92.7 100.0 28.6 71.0 93.3 

  0.5 7.0 34.0 92.3 99.7 45.0 83.3 96.4 

 R500/F500 0.3 4.1 17.9 64.0 94.5 17.0 42.2 69.3 

  0.5 5.0 21.0 66.0 95.0 22.1 51.0 76.9 

 R250/F250 0.3 4.6 10.3 35.5 72.6 12.0 26.9 44.9 

  0.5 4.5 11.2 34.5 69.9 11.2 28.3 49.9 

R: Reference group; F: Focal group; 𝜌: correlation between latent traits 
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Missing item responses 

Table 2 reports the Type I error rates (i.e., percentages) for detecting DIF using the LRT when 

items contained missing responses and none of the 20% target items exhibited DIF effects. The 

results are stratified by latent trait correlation, percentage of missing responses and sample size. 

The Type I error rates for the LD and FIML methods were controlled within the bounds of the 

liberal criterion for all simulation conditions. The Type I error rates for the NNMF method were 

controlled within the bounds of the liberal criterion for 95.0% of simulation conditions. 

However, this method produced inflated error rates when sample size was small and the 

percentage of missing responses was 50%. The error rates of the HMI method often exceeded the 

upper bound of Bradley’s liberal criterion, especially with 50% missing responses.  

When sample sizes were unequal (i.e., R1500/F500), Type I error rates of all item non-response 

methods were slightly higher than when sample sizes were equal (R1000/F1000) when total 

sample size was held constant (see Online Resource 6). 
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Table 2-2. Type I error rates (%) for item non-response methods when testing for DIF using the likelihood ratio test when none of the 20% target 

items exhibited DIF effects  

Mech. Sample size 𝝆 

Percentage of missing responses 

10% 25% 50% 

LD HMI NNMF FIML LD HMI NNMF FIML LD HMI NNMF FIML 

MCAR R1000/F1000 0.3 4.9 4.9 5.2 4.8 4.9 5.4 5.6 4.9 4.4 8.8 7.4 4.5 

  0.5 6.1 6.3 6.3 6.1 5.6 7.6 6.9 5.5 5.8 10.2 7.5 5.8 

 R500/F500 0.3 5.8 5.4 5.9 5.7 5.9 6.0 5.8 5.8 5.1 9.0 7.5 4.8 

  0.5 4.8 5.8 5.5 4.8 5.4 6.1 5.8 5.1 5.4 9.3 7.4 5.5 

 R250/F250 0.3 6.2 5.8 5.5 6.2 5.6 6.6 6.3 5.4 5.6 11.2 8.5 5.7 

  0.5 5.4 5.5 5.4 5.4 5.2 6.5 5.5 5.2 5.6 10.9 8.4 5.5 

MAR R1000/F1000 0.3 5.2 4.8 4.7 5.1 4.7 5.4 5.3 4.9 4.4 7.8 6.6 4.4 

  0.5 5.6 5.9 5.5 5.5 5.8 6.4 6.4 5.7 5.1 9.7 7.5 5.2 

 R500/F500 0.3 5.9 6.3 6.2 5.7 4.8 6.9 5.6 4.8 6.6 8.8 8.6 6.1 

  0.5 5.4 5.6 5.7 5.4 5.2 6.7 6.4 5.3 4.8 11.1 7.6 5.0 

 R250/F250 0.3 5.6 5.6 5.4 5.9 5.7 6.9 6.7 5.6 5.6 10.3 8.1 5.4 

  0.5 5.6 5.9 5.7 5.8 5.4 7.0 6.6 5.5 5.4 10.1 8.1 5.7 

MNAR R1000/F1000 0.3 4.7 5.0 4.6 4.7 5.0 6.2 5.4 4.9 4.8 9.5 6.9 5.0 

  0.5 5.1 6.0 5.7 5.2 4.6 6.2 6.0 4.6 5.0 9.5 7.5 4.9 

 R500/F500 0.3 5.8 6.3 5.8 5.7 6.0 6.6 6.1 5.7 4.0 10.8 8.9 4.2 

  0.5 5.0 5.8 5.8 5.2 5.6 7.0 6.2 6.0 5.7 8.9 7.2 5.6 

 R250/F250 0.3 5.6 6.0 5.6 5.5 5.6 6.4 5.9 5.6 5.6 9.1 7.5 5.6 

  0.5 5.3 5.5 5.4 5.5 5.3 6.9 6.6 5.6 6.2 10.6 7.6 6.3 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; LD: List-wise deletion; HMI: Half-mean 

imputation; NNMF: Non-negative matrix factorization; FIML: full information maximum likelihood; R: Reference group; F: Focal group;  𝜌: 

correlation between latent traits; Boldface font indicates error rates that fall outside the bounds of Bradley’s [49] liberal criterion (i.e., 2.5 – 7.5%) 
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The power of the LRT for uniform DIF for latent trait correlations of 0.3 and 0.5 and sample size 

of R1000/F1000, stratified by magnitude of DIF and the missing data mechanism are presented 

in Figs. 2 and 3, respectively.  

The power of the LRT decreased for all methods as the percentage of missing responses 

increased. The power to detect uniform DIF when 50% of the responses were missing ranged 

between 17.8% and 97.0% for the LD method; for the HMI method the corresponding values 

were 18.1% and 90.7%. For NNMF the corresponding values were 19.8% and 94.1%; and for 

FIML they were 17.2% and 97.1%. The power of the HMI method was more than 15 percentage 

points lower than the power of the LD, NNMF and FIML methods when the magnitude of the 

DIF effect was 0.4 and item responses were MNAR.  

The power of the LRT to detect non-uniform DIF increased as the correlation between the latent 

traits increased from 0.3 to 0.5. When 50% of the responses were missing and sample size was 

R1000/F1000, power ranged between 14.9% and 74.1% for LD; for HMI the corresponding 

values were 21.1% and 78.2%. For NNMF the corresponding values were 19.3% and 74.9% and 

for FIML these values were 16.2% and 75.0%.   

The differences in the power of the LRT to detect moderate (i.e., 0.4) and large (i.e., 0.6) 

uniform DIF effects when the missing mechanism was MNAR, and the percentage of non-

response was 25% or higher for the HMI method were substantial. The power of the NNMF 

method was approximately 6 percentage points lower than the power of the LD, HMI and FIML 

methods when the magnitude of DIF was 0.6 and the latent trait correlation was 0.3. However, 

these differences decreased when the latent trait correlation increased to 0.5. The pattern of 

power results was similar for R500/F500 (see Online Resource 3) and R250/F250 (see Online 

Resource 4).  
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Figure 2-2. Power (%) of the LRT to detect uniform DIF for latent trait correlations of 0.3 and sample 

size of R1000/F1000 (R: reference group; F: focal group) stratified by the missing data mechanism and 

magnitude of DIF (20% of the items exhibited DIF). MCAR: missing completely at random; MAR: 

missing at random; and MNAR: missing not at random.  
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Figure 2-3. Power (%) of the LRT to detect uniform DIF for latent trait correlations of 0.5 and sample 

size of R1000/F1000 (R: reference group; F: focal group) stratified by the missing data mechanism and 

magnitude of DIF (20% of the items exhibited DIF). MCAR: missing completely at random; MAR: 

missing at random; and MNAR: missing not at random.    

 

2.5.2 Real-World Data Analyses 

The total JRR study cohort was comprised of 6469 patients. More than half (54.5%) were 

women and almost three-quarters (70.2%) were > 60 years. We randomly sampled 3000 patients 

stratified by sex and age group for the DIF analyses.  

The distribution of responses for the PCS and MCS items are shown in Table 3. The average 

missing response rate per item (i.e., the sum of the percentage of missing responses for each item 

divided by the total number of items) was 12.7%.  The highest percentages of missing responses 
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were 16.3% for PCS5 (Limited in work and other activities) and 17.4% for MCS2 (Did work or 

other activities less carefully than usual).  

The first and second eigenvalues from the exploratory analysis had values of 6.00 and 1.73 

respectively. The ratio of the eigenvalues was 3.47, which suggests a two-dimensional latent trait 

structure. The confirmatory analysis of a two-dimensional latent trait structure resulted in 

reasonable model fit (RMSEA = 0.059, 90% CI = 0.052–0.067, CFI = 0.98, SRMR = 0.10). 

Figure 4 shows the model parameter estimates. The correlation between the PCS and MCS latent 

variables was 0.58. The unstandardized estimated slopes for the PCS and MCS items with 

complete responses ranged from 0.52 to 5.35, and 1.10 to 5.67, respectively.  

On the PCS, “accomplished less than you would like” and on the MCS “did work or other 

activities less carefully than usual”, had the highest estimated slopes amongst all items that were 

non-significant using the all-other anchor approach (AOAA) [53, 54]. These items were selected 

as anchor items.  

Table 4 shows the difference in the LRT statistics for unconstrained and constrained DIF models 

for the PCS and MCS items for sex for each item non-response method. One PCS item exhibited 

uniform DIF for all methods. There was no evidence of non-uniform DIF for males and females 

for the six PCS items for all item non-response methods. Two MCS items exhibited uniform DIF 

by sex for all methods. One MCS item was identified as having non-uniform DIF for the HMI, 

FIML and NNMF methods, but there was no evidence of non-uniform DIF for the LD method. 

The results for tests of uniform and non-uniform DIF by age group are provided in Online 

Resource 4. 
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Table 2-3. Distribution of item responses (%) on the SF-12 physical component summary (PCS) and mental component summary (MCS) for 

patients having total hip arthroplasty (N = 3000) 

Item Response options  

Physical Component Summary 

(PCS) Excellent Very good Good Fair Poor Missing 

PCS1: General health 52 (1.8) 282 (9.4) 1179 (39.3) 886 (29.5) 202 (6.7) 399 (13.3) 

 

Limited a 

lot 

Limited a 

little Not limited at all Missing   

PCS2: Limits in moderate activity 1706 (56.9) 738 (24.6) 141 (4.7) 415 (13.8)   

PCS3: Climbing several flights 1845 (61.5) 625 (20.8) 110 (3.7) 420 (14.0)   

 

All of the 

time 

Most of the 

time Some of the time 

A little of the 

time None of the time Missing 

PCS4: Accomplished less  890 (29.7) 926 (30.9) 496 (16.5) 163 (5.4) 65 (2.2) 460 (15.3) 

PCS5: Limited in work and other 

activities 935 (31.2) 930 (31.0) 455 (15.2) 139 (4.6) 52 (1.7) 489 (16.3) 

PCS6: Pain interference with 

normal work 24 (0.8) 173 (5.8) 521 (17.4) 1151 (38.4) 670 (22.3) 461 (15.4) 

Mental Component Summary 

(MCS)       

MCS1:  Accomplished less  228 (7.6) 416 (13.9) 612 (20.4) 521 (17.4) 750 (25.0) 473 (15.8) 

MCS2: Less careful than usual 205 (6.8) 400 (13.3) 532 (17.7) 512 (17.1) 828 (27.6) 532 (17.4) 

MCS3: Felt calm and peaceful 136 (4.5) 399 (13.3) 728 (24.3) 1127 (37.6) 170 (5.7) 440 (14.7) 

MCS4: Have a lot of energy 361 (12.0) 695 (23.2) 911 (30.4) 511 (17.0) 72 (2.4) 450 (15.0) 

MCS5: Felt downhearted and 

depressed 49 (1.6) 160 (5.3) 697 (23.2) 851 (28.4) 791 (26.4) 452 (15.1) 

MCS6: Emotional problems 216 (7.2) 475 (15.8) 746 (24.9) 527 (17.6) 617 (20.6) 419 (14.0) 
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Figure 2-4. A two-dimensional graded response model for the physical component summary (PCS) and 

mental component summary (MCS) of the SF-12 in the real-world data. The numbers shown represent the 

unstandardized slopes with the associated standard errors (in parentheses), and standardized slopes in 

boldface font. Variances of the PCS and MCS were fixed to 1. 
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Table 2-4. Difference in the log-likelihood statistics of an unconstrained and constrained DIF model by sex (degrees of freedom) for the SF-12 

physical component summary (PCS) and mental component summary (MCS) items in the real-world data for the item non-response methods 

†= anchor item; Boldface font indicates a statistically significant Hochberg adjusted p-value; LD: List-wise deletion; HMI: Half-mean imputation; 

NNMF: Non-negative matrix factorization; FIML: full information maximum likelihood 

 

 

 

 

 

Item Uniform DIF Non-uniform DIF 

Physical Component Summary (PCS)  LD HMI NNMF FIML LD HMI NNMF FIML 

PCS1: General health 1.25 (4) 0.65 (4) 3.92 (4) 0.91 (4) 5.19 (1) 5.70 (1) 0.77 (1) 5.06 (1) 

PCS2: Limits in moderate activity 3.35 (2) 3.37 (2) 1.34 (2) 3.77 (2) 0.55 (1) 0.14 (1) 0.20 (1) 0.07 (1) 

PCS3: Climbing several flights 13.32 (2) 13.24 (2) 11.49 (2) 11.89 (2) 4.19 (1) 4.16 (1) 5.19 (1) 4.16 (1) 

PCS4: Accomplished less  † † † † † † † † 

PCS5: Limited in work and other activities 6.96 (4) 2.87 (4) 3.80 (4) 3.63 (4) 5.07 (1) 1.55 (1) 1.75 (1) 2.11 (1) 

PCS6: Pain interference with normal work 10.43 (4) 9.23 (4) 4.77 (4) 9.42 (4) 2.12 (1) 3.05 (1) 1.98 (1) 2.59 (1) 

Mental Component Summary (MCS)         

MCS1:  Accomplished less  12.57 (4) 13.19 (4) 13.67 (4) 13.87 (4) 4.44 (1) 2.53 (1) 1.29 (1) 3.81 (1) 

MCS2: Less careful than usual † † † † † † † † 

MCS3: Felt calm and peaceful 19.38 (4) 22.62 (4) 27.88 (4) 20.32 (4) 6.56 (1) 10.38 (1) 10.34 (1) 8.61 (1) 

MCS4: Have a lot of energy 57.72 (4) 54.10 (4) 48.91 (4) 56.98 (4) 0.16 (1) 0.33 (1) 0.06 (1) 0.05 (1) 

MCS5: Felt downhearted and depressed 8.48 (4) 8.89 (4) 9.14 (4) 8.18 (4) 0.05 (1) 0.39 (1) 0.52 (1) 0.20 (1) 

MCS6: Emotional problems 12.56 (4) 11.62 (4) 12.90 (4) 12.05 (4) 0.31 (1) 0.00 (1) 0.01 (1) 0.10 (1) 
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2.6 Discussion 

This study investigated the NNMF method for addressing item non-response and compared it to 

the LD, HMI and FIML methods when testing for DIF in multidimensional PROMs via 

simulated and real-world data. We investigated the NNMF method because it has the advantage 

of being computationally efficient and makes no distributional assumptions about the item 

responses before imputation.  

The results indicate that the NNMF method performed similar to the LD and FIML methods 

when sample size was large. However, when sample size was small and the percentage of 

missing responses was high (i.e., 50%), the NNMF method could result in inflated error rates. At 

the same time, the Type I error rates for the NNMF, LD and FIML methods were controlled 

within the bounds of Bradley’s liberal criterion [49] for the vast majority of the investigated 

simulation conditions. The findings for the LD and FIML methods are consistent with previous 

studies [10, 37].  

Type I error rates were slightly higher when sample sizes were unequal compared to equal. 

However, the NNMF, LD and FIML methods still produced error rates within the bounds of 

Bradley’s liberal criterion [49]. The power to detect uniform and non-uniform DIF for the 

unequal sample size condition was slightly lower than when sample sizes were equal. These 

findings are consistent with a previous study on DIF detection  [42]. 

The difference in power to detect moderate DIF effects for the LD, FIML and NNMF methods 

were substantial with 50% missing responses and insubstantial for less than 50% missing 

responses. As expected, power to detect uniform and non-uniform DIF increased as sample size 

and magnitude of DIF effects increased but decreased as the percentage of item non-response 

increased. This finding is also consistent with previous studies [10, 55, 56]. Power to detect non-
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uniform DIF increased as the latent trait correlation increased; this trend was not observed for 

uniform DIF. Overall, the power to detect uniform DIF was greater than the power to detect non-

uniform DIF. 

In the analysis of the JRR data, the PCS item corresponding to climbing several flights showed 

evidence of uniform DIF for all item non-response methods. The MCS items corresponding to 

felt calm and peaceful, and having lots of energy showed evidence of uniform DIF across all 

methods. All methods were equally sensitive to detect DIF. 

The NNMF method can be advantageous over other methods when producing summary 

information across items. The NNMF method is straightforward to implement because it uses the 

observed responses from all respondents to impute item-level missing data. In contrast, the LD 

method deletes respondents with at least one missing response, while the HMI method deletes 

respondents with more than 50% missing responses on all the items. Finally, the FIML method 

cannot be used in this case because item responses are not directly imputed. 

There are, however, some challenges associated with using the NNMF method to address item 

non-response. First, this method performs poorly when the correlations amongst items are weak. 

The NNMF method relies on the associations amongst items to predict missing responses. Weak 

correlations imply the associations amongst items are not sufficiently strong to accurately predict 

missing responses [21, 22, 29]. Second, the low rank of the item response matrix needs to be 

specified. We specified a low rank of two because the SF-12 is often characterized as having two 

component domains. A data-driven method could be used to select the low rank when there is no 

prior information about the number of domains [20]. 
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2.6.1 Strengths and Limitations 

This study has a number of strengths. First, we used a combination of simulated and real-world 

data to investigate several item non-response methods for DIF detection in multidimensional 

PROMs items. The NNMF method was investigated because it uses the relationship amongst 

item responses and underlying latent traits to impute missing responses without making any 

distributional assumptions.  

There are, however, some limitations to this study. First, like other simulation studies, the 

simulation conditions we investigated were not exhaustive. We limited the number of item 

response categories, number of items [17], and total sample size; larger numbers for these 

conditions would substantially increase computational time. We assumed all items were invariant 

except the target items, which implies a large number of anchor items relative to items that 

exhibited DIF. This may not be the case in real-world data. Also, we only considered group 

differences in item thresholds (uniform DIF) or slopes (non-uniform DIF) in the simulation 

study. Differences might occur in both item thresholds and slopes, although this is unlikely to 

affect the performance of the item non-response methods. In addition, the methods we compared 

to the NNMF method are best suited for MCAR and MAR cases. Therefore, a future study 

should compare the performance of the NNMF method with methods designed to address 

MNAR missing data.   

2.6.2 Conclusion 

In summary, we compared the performance of different item non-response methods when testing 

for uniform and non-uniform DIF in multidimensional PROMs data. While the NNMF method 

compared favorably to the LD and FIML methods, it  resulted in inflated Type I error rates when 
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sample size decreased. Statistical power rates for all but the HMI method were reasonably close 

to those from fully observed data.  

At the same time, we found no single method performed best in terms of statistical power. 

Consistent with previous studies, we recommend that researchers consider comparing two or 

more methods in sensitivity analyses [7, 57].  Previous studies that examined missing data 

methods and parameter recovery, but not DIF, have shown that the LD method resulted in biased 

parameter estimates and inflated standard errors [58–60]; therefore we do not recommend its use 

The FIML and NNMF methods are, accordingly, two reasonable choices to compare in 

sensitivity analyses.  
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Online Resource 1: Description of the non-negative matrix factorization (NNMF) method 

Suppose we have a 𝑝 × 𝑛 (where 𝑝 is the number of items and 𝑛 is the number of respondents) 

response matrix 𝑹𝑝×𝑛 with low rank 𝑘 [𝑘 ≪ min(𝑛, 𝑝); ≪ means “much less than”]. The NNMF 

method produces an item factor matrix  𝑼𝑝×𝑘 and a respondent factor matrix  𝑽𝑘×𝑛 such that 𝑹 ≈

𝑼𝑽, constraining 𝑼 and 𝑽 to be non-negative. The NNMF method minimizes: 

                                           𝑃(𝑼, 𝑽) =  
1

2
 ‖𝑹 −  𝑼𝑽 ‖2,                                                                             (1) 

subject to 𝑼 ≥ 0, 𝑽 ≥ 0, where ‖ . ‖2 is the squared Frobenius norm of the matrix [64]. 

We used multiplicative update rules, an iterative method to update factor matrices 𝑼 and 𝑽, 

because of their ease of implementation and speed of convergence. The multiplicative update 

rules for entries 𝑢𝑖𝑘 and 𝑣𝑘𝑗 of the matrices 𝑼 and 𝑽 respectively, with the penalty terms as 

specified in Eq.(1) are: 

                                                      𝑢𝑖𝑘 ⇐  
(𝑹𝑽T)𝑖𝑘𝑢𝑖𝑘

(𝑼𝑽𝑽T )𝑖𝑘
,                                                                               (2)  

                                                      𝑣𝑘𝑗 ⇐  
(𝑼T𝑹)𝑘𝑗𝑣𝑘𝑗

(𝑼𝑇𝑼 𝑽)𝑘𝑗
,                                                                               (3) 

Now, consider the situation where some entries of 𝑹 are missing. The initial formulation of the 

multiplicative update rules will be insufficient unless additional constraints are imposed on the 

rows and columns of 𝑼 and 𝑽. For an incomplete ordinal item response matrix with low rank 

𝑘, let 𝜔 ⊂ {1, … , 𝑝} × {1, … , 𝑛} denote the indices of observed entries, 𝐼𝑗 = {𝑖: 𝑟𝑖𝑗 is observed} 

and 𝐼𝑗̃ = {𝑖: 𝑟𝑖𝑗  is missing}. We observe that information in 𝑹 is redundant to achieve 𝑹 ≈ 𝑼𝑽 

since 𝑹 is assumed to have a low rank 𝑘.  Therefore, factorization of the incomplete ordinal item 
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response matrix can be achieved using the observed response. The optimization problem in 

Eq.(1) can then be reformulated as, 

                                     minimize  
𝑈,𝑉

1

2
∑ (𝑹𝑖𝑗 − (𝑼𝑽)𝑖𝑗)2

(𝑖,𝑗)∈𝜔

,                                                                  (4) 

subject to 𝑼 ≥ 0, 𝑽 ≥ 0. When applying the multiplicative update rules on the 𝑗𝑡ℎ column of   

𝑽 in Eq.(4), all 𝐼𝑗̃ rows of 𝑼 are removed. The resulting multiplicative update equation with 

squared Frobenius norm becomes, 

                                            𝑣𝑘𝑗 ⇐  

(𝑼𝐼𝑗.
T 𝑹𝐼𝑗.

)
𝑘𝑗

𝑣𝑘𝑗

(𝑼𝐼𝑗.

T 𝑼𝐼𝑗.𝑽)
𝑖𝑘

,                                                                                  (5) 

where 𝑼𝐼𝑗., and 𝑹𝐼𝑗.
 are submatrices of 𝑼 and 𝑹 with row indices in 𝐼𝑗. The multiplication of the 

resulting 𝑼 and 𝑽 factor matrices produce a complete item response matrix 𝑹. The maximum and 

minimum values of the imputed values are constrained to the highest and lowest possible 

responses to avoid generating out-of-range values. 

Illustration of the NNMF method 

For illustration purposes, we first consider a fully observed item response matrix (Supplementary 

Fig. 1) for five respondents and five items having five response categories with numeric values 

from 1 to 5.  
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Supplementary Figure 2-0-1. Fully observed item response matrix.  

 

From Supplementary Fig. 1, we see that Respondents 1 and 3 have similar values on all the 

items. Responses on Items 1 and 4 are similar across all respondents. There are other 

relationships amongst respondents and items, and we use these associations to predict the 

missing values.  

  

Supplementary Figure 2-0-2. Item response matrix with missing response (M) on Item 5.  

 

Consider the case where Respondent 3 has a missing response for Item 5 (Supplementary Fig. 2). 

The predicted missing value is 2 based on the association of the responses for Respondents 1 and 

3. The missing value is straightforward to predict when the sample size and number of items are 

small. With large sample sizes and number of items optimization techniques are used to predict 

the missing values. The steps in the optimization process are: 

Respondents 
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Step 1: Randomly initialize the two factor matrices, item factor matrix  𝑼 and respondent factor 

matrix  𝑽 with two latent traits and compute the dot product. In Supplementary Fig. 3, Y contains 

the dot product of the two factor matrices. The first entry was obtained from the product of the 

first row in 𝑼 and the first column in 𝑽 and summing these values, that is [(0.2 x 1.2) + (0.5 x 

2.4)] = 1.44. Other values in Y are calculated in the same manner.  

 

 

Supplementary Figure 2-0-3. Initial factor matrices and their dot product (Y).  

 

Step 2: Compare the output from Step 1 (Supplementary Fig. 3) to the actual item response 

matrix (Supplementary Fig. 1).  

  

Supplementary Figure 2-0-4. Estimated (left) and actual (right) response matrices.  

 

Respondents 
Respondents 

Respondents Respondents 

* Estimated results of the corresponding dot product 
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The sum of squares of the differences for each pair of responses in the estimated and actual 

response matrices (i.e., [(4 - 1.44)2 + (2 – 1.37)2 + … + (5 – 0.50)2]) is used to evaluate how far 

or close the estimated item response matrix is from the actual response matrix. This is repeated 

until the responses from the estimated and actual response matrices are close.  

Now, consider the case where the response matrix is not fully observed (Supplementary Fig. 5) 

because of missing responses on one or more items. Following these two steps, we can predict 

the missing responses in Supplementary Fig. 5. However, in this case, the sum of squares of the 

differences for each pair of responses in the estimated and actual response matrices is based on 

the observed responses only.  

 

Supplementary Figure 2-0-5. Item response matrix with missing responses (M).  

 

 

 

 

 

 

 

Respondents 
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Online Resource 2: Methods 

Simulation study data generation 

We simulated two-dimensional polytomous data for 30 items using the multidimensional graded 

response model (MGRM) [32, 33]: 

𝑃( 𝑹𝑖𝑗 ≥ 𝑐 ∣∣  𝜽, 𝛼𝑗 , 𝛽𝑗𝑐 ) =  
𝑒𝑥𝑝[∑  𝛼𝑗𝑚(𝜃𝑖𝑚 − 𝛽𝑗𝑐)𝑀

𝑚=1 ]

1 +  𝑒𝑥𝑝[∑  𝛼𝑗𝑚(𝜃𝑖𝑚 −  𝛽𝑗𝑐)𝑀
𝑚=1 ]

,                                             (6) 

where 𝑃( 𝑹𝑖𝑗 ≥ 𝑐 ∣∣  𝜽, 𝛼𝑗 , 𝛽𝑗𝑐 ) is the probability of selecting the response option 𝑐 (𝑐 = 1, ⋯ , 𝐶) 

or higher on item 𝑗 (𝑗 = 1, ⋯ , 𝑝) by respondent  𝑖 (𝑖 = 1, ⋯ , 𝑛), with latent trait 𝜽 =

(𝜃1, ⋯ , 𝜃𝑀), 𝛼𝑗𝑚 is the slope or discrimination parameter of item 𝑗 on dimension 𝑚, and 𝛽𝑗𝑐 is 

the threshold or difficulty of item 𝑗 for the 𝑐𝑡ℎ category. 

Statistical analyses of Joint Replacement Registry data 

The dimensionality of the SF-12 items was assessed using exploratory and confirmatory 

analyses, as described in previous studies [65, 66]. The exploratory approach compared the first 

and second eigenvalues from the polychoric correlations for all the items. The first eigenvalue 

should be significantly greater than the second eigenvalue (i.e., ratio > 4:1) to support 

unidimensionality [65]. The confirmatory approach compared the comparative fit index (CFI), 

root mean square error of approximation (RMSEA), and standardized root mean squared residual 

(SRMR) of unidimensional and two-dimensional graded response models using a unit variance 

identification constraint (i.e., constraining the mean and variance of each factor to 0 and 1, 

respectively). The following criteria were used to evaluate model fit: RMSEA ≤ 0.05, SRMR ≤ 

0.08, CFI > 0.95 indicate close or good model fit [67, 68]. Items with complete responses was 

used to assess the dimensionality of the SF-12. 
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At a minimum, one anchor item is needed for each dimension to define the latent trait on which 

the groups are compared. We adopted a method described previously [69] to select one anchor 

item for each dimension. First, we fit a model (i.e., the model with the best fit statistics) to the 

data in which the slopes and thresholds of all the items were constrained equal across the two 

groups (i.e., age groups, males/females). Second, a series of unconstrained models were fitted to 

the data using the all-other anchor approach (AOAA), which uses all items except for the current 

item as the anchor. A LRT was used to test the difference between the constrained and 

unconstrained models for each item. We labelled an item as DIF-free if the LRT statistic was not 

statistically significant. Next, we selected the DIF-free items that had the largest slope 

parameters as the anchor items for the dimension(s). This approach has been shown to 

outperform other anchor selection strategies [57, 58].  

For the assessment of uniform and non-uniform DIF on the items of the PCS and MCS, we 

specified an unconstrained DIF model, where the slopes and thresholds of all items, except for 

the anchor items, were freely estimated. Next, we fitted a set of constrained models (i.e., no-DIF 

models), where the parameters of the remaining items were constrained one at a time. The LRT 

statistic was used to test the difference between the unconstrained DIF and no-DIF models. A 

statistically significant LRT statistic when an unconstrained DIF model was compared to: (1) a 

no-DIF model (i.e., the threshold parameters were constrained for the two groups), indicates the 

presence of uniform DIF, and (2) a no-DIF model, where the slope parameters are constrained 

for the two groups, indicates the presence of non-uniform DIF.  

Model parameters were estimated using the maximum likelihood method. We used the Hochberg 

step-up approach to control for the family wise Type I error rate to α = 0.05.  The Hochberg 

approach defines the significance (αt) as α/m-t+1, where m is the total number of hypotheses 



54 

 

tested and t = m, m-1,…, 1. This approach arranges the p-values from largest to smallest and the 

corresponding hypotheses to be tested. Hypothesis testing starts with the item that is associated 

with the largest p-value. All hypotheses are rejected if the largest p-value is less than α. If the 

hypothesis associated with the largest p-value is not rejected, the next largest p-value is 

compared to α/2. If this next-largest p-value is less than α/2, the corresponding hypothesis and all 

subsequent hypotheses are rejected. This process continues until a statistically significant result 

is obtained and the corresponding hypothesis is rejected along with all subsequent hypotheses, or 

until all p-values have been tested.  
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Online Resource 3: Power to detect uniform and non-uniform DIF  

 

Supplementary Figure 2-0-6. Power (%) of the LRT to detect uniform DIF for latent trait correlations of 

0.3 (top panel), and 0.5 (bottom panel) and sample size of R500/F500 (R: reference group and F: focal 

group) stratified by the missing data mechanism and magnitude of DIF (20% of the items exhibited DIF). 

MCAR: missing completely at random; MAR: missing at random; and MNAR: missing not at random. 
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Supplementary Figure 2-0-7. Power (%) of the LRT to detect non-uniform DIF for latent trait 

correlations of 0.3 (top panel), and 0.5 (bottom panel) and sample size of R500/F500 (R: reference group 

and F: focal group) stratified by the missing data mechanism and magnitude of DIF (20% of the items 
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exhibited DIF). MCAR: missing completely at random; MAR: missing at random; and MNAR: missing 

not at random. 
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Online Resource 4: Power to detect uniform and non-uniform DIF for sample size R250/F250 

Supplementary Table 2-1. Power (%) of the LRT to detect uniform and non-uniform DIF for sample size R250/F250 (R: reference group and F: 

focal group) and magnitude of DIF (20% of the items exhibited DIF effect of 0.6) stratified by missing data mechanism and latent trait correlations 

 

Mech. 𝝆 

Percentage of missing responses 

DIF 10% 25% 50% 

 LD HMI NNMF FIML LD HMI NNMF FIML LD HMI NNMF FIML 

Uniform MCAR 0.3 67.4 65.0 65.9 67.5 57.6 52.8 54.7 58.1 39.2 35.7 36.5 40.1 

  0.5 66.4 65.6 66.3 66.2 60.5 55.3 57.4 61.3 40.8 38.6 38.2 40.9 

 MAR 0.3 66.1 64.9 66.0 66.4 57.6 55.1 56.5 56.9 39.4 41.5 35.6 37.7 

  0.5 67.2 65.6 66.0 67.2 57.9 57.0 56.5 58.2 40.7 43.7 37.4 37.4 

 MNAR 0.3 65.1 58.2 64.9 65.2 55.0 40.8 53.3 54.7 36.6 26.3 39.4 34.9 

  0.5 67.1 59.8 66.2 68.1 56.7 44.5 55.8 56.5 38.5 30.0 42.2 37.1 

Non-uniform MCAR 0.3 43.2 43.7 42.9 43.5 38.0 37.9 36.4 37.5 28.1 37.4 30.1 27.9 

  0.5 45.8 46.7 45.6 46.0 40.8 42.8 42.1 40.7 27.8 37.8 31.2 27.5 

 MAR 0.3 43.4 41.9 42.3 43.7 37.1 37.8 35.0 37.6 25.2 34.3 28.5 26.0 

  0.5 46.7 44.9 44.0 46.9 37.0 36.9 35.1 37.2 25.8 37.4 32.2 26.7 

 MNAR 0.3 44.6 41.9 43.6 44.6 37.1 37.2 36.1 37.8 24.4 34.3 30.4 25.6 

  0.5 45.2 44.2 44.9 45.6 37.8 39.0 37.8 38.5 25.9 36.9 33.0 26.4 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; LD: List-wise deletion; HMI: Half-mean 

imputation; NNMF: Non-negative matrix factorization; FIML: full information maximum likelihood; 𝜌: latent trait correlation  

 

 

 

 



59 

 

Online Resource 5: Differences in the log-likelihood statistics of the unconstrained and constrained DIF models by age group 

Supplementary Table 2-2. Difference in the log-likelihood statistics (degrees of freedom) of the unconstrained and constrained DIF models by age 

group for the SF-12 physical component summary (PCS) and mental component summary (MCS) items 

†= anchor item; Boldface font indicates a statistically significant p-value; LD: List-wise deletion; HMI: Half-mean imputation; NNMF: Non-

negative matrix factorization; FIML: full information maximum likelihood 

 

 

 

 

 

 

 

 

Item Uniform DIF  Non-uniform DIF 

Physical Component Summary (PCS)   LD HMI NNMF FIML LD HMI NNMF FIML 

PCS1: General health 23.90 (4) 26.45 (4) 18.22 (4) 24.22 (4) 0.99 (1) 0.86 (1) 2.68 (1) 0.91 (1) 

PCS2: Limits in moderate activity 6.75 (2) 2.56 (2) 2.70 (2) 3.98 (2) 0.02 (1) 0.06 (1) 0.00 (1) 0.06 (1) 

PCS3: Climbing several flights 4.92 (2) 1.85 (2) 1.41 (2) 2.53 (2) 0.00 (1) 0.32 (1) 0.27 (1) 0.37 (1) 

PCS4: Accomplished less  † † † † † † † † 

PCS5: Limited in work and other 

activities 6.45 (4) 7.13 (4) 6.00 (4) 7.20 (4) 5.08 (1) 5.34 (1) 5.80 (1) 5.64 (1) 

PCS6: Pain interference with normal 

work 5.10 (4) 4.77 (4) 5.77 (4) 4.47 (4) 4.70 (1) 4.76 (1) 4.92 (1) 3.47 (1) 

Mental Component Summary (MCS)         

MCS1:  Accomplished less  † † † † † † † † 

MCS2: Less careful than usual 11.14 (4) 14.10 (4) 15.21 (4) 15.45 (4) 5.99 (1) 6.75 (1) 4.45 (1) 8.84 (1) 

MCS3: Felt calm and peaceful 25.95 (4) 26.96 (4) 13.92 (4) 24.23 (4) 1.59 (1) 0.17 (1) 1.57 (1) 0.77 (1) 

MCS4: Have a lot of energy 7.66 (4) 5.99 (4) 8.88 (4) 7.46 (4) 2.49 (1) 0.54 (1) 0.54 (1) 1.49 (1) 

MCS5: Felt downhearted and depressed 10.20 (4) 8.73 (4) 3.28 (4) 8.27 (4) 0.67 (1) 0.01 (1) 2.80 (1) 0.21 (1) 

MCS6: Emotional problems 1.82 (4) 1.06 (4) 0.52 (4) 1.36 (4) 3.74 (1) 2.26 (1) 0.01 (1) 4.05 (1) 
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Online Resource 6: Sensitivity analysis to assess the impact of unequal sample sizes on Type I error rates  

Supplementary Table 2-3. Type I error rates (%) for fully observed data and item non-response methods when testing for DIF using the likelihood 

ratio test when none of the 20% target items exhibited DIF effects for R1500/F500 (R: reference group and F: focal group) and correlation 

between latent traits  

Mech. 

 
Fully 

Observed 

Percentage of missing responses 

𝝆 10% 25% 50% 

 LD HMI NNMF FIML LD HMI NNMF FIML LD HMI NNMF FIML 

MCAR 0.3 5.9 5.4 5.4 5.7 5.4 5.3 6.0 5.6 5.4 5.3 9.3 7.0 5.2 

 0.5 5.2 5.5 5.4 5.6 5.5 5.4 6.1 6.7 5.2 5.0 10.5 7.4 5.1 

MAR 0.3 5.9 5.9 6.3 5.4 6.0 5.7 7.6 6.3 5.8 5.3 10.2 7.2 5.4 

 0.5 5.2 5.4 5.8 5.8 5.4 5.4 6.4 6.0 5.3 5.2 10.8 7.6 5.0 

MNAR 0.3 5.9 6.0 6.2 5.8 6.0 5.8 7.8 6.5 5.8 5.7 9.6 8.0 5.8 

 0.5 5.2 5.4 5.5 5.4 5.4 5.3 6.3 6.2 5.5 5.1 10.7 7.2 5.2 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; LD: List-wise deletion; HMI: Half-mean 

imputation; NNMF: Non-negative matrix factorization; FIML: full information maximum likelihood; Boldface font indicates error rates that fall 

outside the bounds of Bradley’s [49] liberal criterion (i.e., 2.5 – 7.5%); 𝜌: latent trait correlation  
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Online Resource 7: Sensitivity analysis to assess the impact of unequal sample sizes on statistical power 

Supplementary Table 2-4. Power (%) of the LRT to detect uniform and non-uniform DIF for sample size of R1500/F500 (R: reference group and 

F: focal group), and magnitude of DIF (20% target items exhibited DIF effect of 0.2) stratified by missing data mechanism  

 

Mech. 

 
Fully 

Observed 

Percentage of missing responses 

DIF 𝝆 10% 25% 50% 

  LD HMI NNMF FIML LD HMI NNMF FIML LD HMI NNMF FIML 

Uniform MCAR 0.3 27.7 24.3 23.5 23.6 24.5 19.4 19.9 19.7 19.6 13.9 18.5 15.2 14.4 

  0.5 27.8 26.1 24.8 25.1 25.9 22.1 20.2 21.8 22.1 15.4 17.9 17.8 15.5 

 MAR 0.3 27.7 25.4 25.8 24.7 25.6 20.6 22.4 21.5 20.4 15.3 21.9 17.0 15.3 

  0.5 27.8 25.4 26.0 25.6 25.5 22.2 22.5 22.4 21.3 14.9 20.2 17.2 13.8 

 MNAR 0.3 27.7 23.4 21.5 22.9 23.3 17.5 15.4 18.9 17.8 13.5 15.7 16.8 12.8 

  0.5 27.8 23.6 22.1 23.6 23.8 18.6 17.0 20.0 18.2 13.3 18.1 18.3 12.9 

Non-uniform MCAR 0.3 21.7 20.5 20.7 20.8 20.4 17.9 19.1 18.9 18.1 15.3 22.2 18.1 14.9 

  0.5 28.1 27.0 26.9 27.5 27.2 23.2 26.8 25.9 23.5 17.7 27.4 23.2 18.1 

 MAR 0.3 21.7 19.5 19.7 18.6 19.8 16.1 19.0 17.8 17.2 12.8 21.1 18.1 13.2 

  0.5 28.1 25.6 24.9 25.0 25.9 21.1 23.4 22.7 21.5 14.5 27.3 22.5 14.9 

 MNAR 0.3 21.7 19.3 20.0 20.1 19.6 16.2 19.4 19.0 16.5 11.5 20.4 18.7 12.5 

  0.5 28.1 24.9 24.9 25.5 24.8 20.2 24.0 24.2 20.2 14.7 27.4 24.0 15.2 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; LD: List-wise deletion; HMI: Half-mean 

imputation; NNMF: Non-negative matrix factorization; FIML: full information maximum likelihood; R: Reference group; F: Focal group; 𝜌: 

latent trait correlation 
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Supplementary Table 2-5. Power (%) of the LRT to detect uniform and non-uniform DIF for sample size of R1500/F500 (R: reference group and 

F: focal group), and magnitude of DIF (20% target items exhibited DIF effect of 0.4) stratified by missing data mechanism  

 

Mech. 

 
Fully 

Observed 

Percentage of missing responses 

DIF 𝝆 10% 25% 50% 

  LD HMI NNMF FIML LD HMI NNMF FIML LD HMI NNMF FIML 

Uniform MCAR 0.3 85.1 80.4 78.9 79.5 80.4 71.9 67.5 69.9 71.9 51.5 46.8 47.5 51.5 

  0.5 85.9 82.0 79.7 81.4 82.3 72.0 66.3 69.9 72.0 53.7 47.1 49.5 54.1 

 MAR 0.3 85.1 80.7 79.9 79.6 80.5 71.8 68.9 69.0 70.6 52.2 53.6 49.1 49.4 

  0.5 85.9 81.7 79.8 81.0 81.9 72.7 70.4 71.1 72.4 50.8 53.6 49.5 47.3 

 MNAR 0.3 85.1 77.9 70.4 75.5 77.5 65.3 50.8 64.6 64.5 44.2 34.0 46.8 41.4 

  0.5 85.9 79.8 72.5 78.3 79.1 66.5 52.8 65.9 64.9 42.9 36.7 49.2 40.7 

Non-uniform MCAR 0.3 60.3 56.3 56.0 55.9 56.6 49.2 49.3 47.6 49.2 37.8 42.0 36.8 37.2 

  0.5 65.3 61.2 62.5 61.2 61.2 54.2 57.4 55.4 54.3 41.4 49.5 43.6 41.2 

 MAR 0.3 60.3 55.0 54.4 52.7 55.7 46.3 46.4 44.7 47.5 32.8 41.5 35.4 33.6 

  0.5 65.3 60.1 59.7 58.9 60.5 52.3 52.4 50.7 53.0 36.4 48.7 42.5 36.6 

 MNAR 0.3 60.3 54.0 53.1 54.1 54.3 45.5 46.3 46.7 46.1 32.3 38.7 34.3 32.9 

  0.5 65.3 59.7 58.1 60.0 60.1 50.0 52.1 52.6 50.4 36.0 48.1 44.1 35.8 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; LD: List-wise deletion; HMI: Half-mean 

imputation; NNMF: Non-negative matrix factorization; FIML: full information maximum likelihood; R: Reference group; F: Focal group; 𝜌: 

latent trait correlation 
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Supplementary Table 2-6. Power (%) of the LRT to detect uniform and non-uniform DIF for sample size of R1500/F500 (R: reference group and 

F: focal group), and magnitude of DIF (20% target items exhibited DIF effect of 0.6) stratified by missing data mechanism  

 

Mech. 

 
Fully 

Observed 

Percentage of missing responses 

DIF 𝝆 10% 25% 50% 

  LD HMI NNMF FIML LD HMI NNMF FIML LD HMI NNMF FIML 

Uniform MCAR 0.3 99.5 99.2 98.9 99.1 99.2 97.5 95.9 97.2 97.5 88.7 80.6 84.5 88.9 

  0.5 99.6 98.9 98.7 98.8 98.9 97.6 95.5 96.6 97.7 89.2 79.7 84.5 89.3 

 MAR 0.3 99.5 98.9 98.9 99.0 99.0 97.9 96.7 97.1 97.7 88.9 86.5 85.6 86.7 

  0.5 99.6 99.2 98.8 98.9 99.3 98.0 96.6 97.5 97.8 87.8 85.7 84.4 84.4 

 MNAR 0.3 99.5 98.8 96.7 98.4 98.8 95.7 84.7 95.3 95.6 81.1 60.5 82.8 78.9 

  0.5 99.6 98.9 97.1 99.0 99.0 96.4 86.3 95.6 95.7 80.1 62.8 83.6 77.0 

Non-

uniform 

MCAR 0.3 85.6 

82.7 81.6 81.2 82.5 76.1 75.8 74.0 76.3 61.5 63.8 56.2 61.6 

  0.5 87.7 84.7 84.7 84.2 84.6 79.5 80.2 78.2 79.7 66.0 69.8 63.4 65.5 

 MAR 0.3 85.6 81.1 80.1 79.1 81.4 74.6 72.4 69.9 74.8 57.2 62.7 54.2 58.1 

  0.5 87.7 84.4 82.5 82.1 84.5 77.2 77.5 73.4 77.8 58.5 68.1 59.5 59.3 

 MNAR 0.3 85.6 80.9 78.6 79.6 81.6 72.3 72.3 71.6 73.1 56.5 58.9 53.6 56.6 

  0.5 87.7 83.5 81.1 82.3 83.8 76.2 76.2 76.3 76.8 59.4 67.0 62.4 59.1 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; LD: List-wise deletion; HMI: Half-mean 

imputation; NNMF: Non-negative matrix factorization; FIML: full information maximum likelihood; R: Reference group; F: Focal group; 𝜌: 

latent trait correlation
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CHAPTER 3: ESTIMATING LONGITUDINAL CHANGE IN LATENT VARIABLE 

MEANS: A COMPARISON OF NON-NEGATIVE MATRIX FACTORIZATION AND 

OTHER ITEM NON-RESPONSE METHODS 

 

3.1 Overview 

This study extends the methods from the previous chapter to a longitudinal design. Longitudinal 

change in latent variables, such as health-related-quality-of-life, is often of interest in clinical 

studies to evaluate the effectiveness of interventions. However, estimates of change in latent 

variable, including means are affected by item non-response. In this study, I assess the 

performance of non-negative matrix factorization, multiple imputation with conditional 

proportional odds model, full information maximum likelihood, and complete-case analysis 

when estimating change in latent variable means over time. This objective was conducted in the 

context of longitudinal latent variable measurement models under the assumption of longitudinal 

measurement invariance (i.e., equivalence), which implies that the latent variable carries the 

same meaning and the same scale over all measurement occasions, and partial measurement 

invariance. Monte Carlo simulation and numeric example were used to evaluate the bias and 

mean squared error of the methods. The non-negative matrix factorization method outperformed 

the proportional odds model and full information maximum likelihood methods when the latent 

variable correlations over time were strong and percentage of missing data was 25% or more.  

 

Publication Details 

Ayilara, O.F., Sajobi, T.T., Barclay, R., Bohm, E., Jafari Jozani, M., & Lix, L.M. (2022). 

Estimating longitudinal change in latent variable means: a comparison of non-negative matrix 

factorization and other item non-response methods.  Journal of Statistical Computation and 

Simulation,1-20. 
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3.2 Abstract 

Estimates of longitudinal change in the parameters of latent (i.e., unobserved) variables, 

including means, are affected by non-response on the items or indicators of the latent variable. 

This study used Monte Carlo simulation and a numeric example to compare four ordinal item 

non-response methods: non-negative matrix factorization (NNMF), multiple imputation with 

conditional proportional odds model (POM), full information maximum likelihood (FIML), and 

complete-case analysis, when estimating longitudinal change in latent variable means. The mean 

squared error for the NNMF method was more than 40% lower than for the FIML and POM 

methods when the latent variable correlations over time were strong, percentage of missing data 

was 25% or more, and sample size was large. The NNMF method is a promising method to 

address item non-response. It is relatively efficient when sample size is large, and the percentage 

of missing data is high, but has limitations under other data-analytic conditions.  
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3.3 Introduction 

Longitudinal change in latent (i.e., unobserved) variables such as health-related quality of life 

and other aspects of well-being, are used to describe disease trajectories [1] and evaluate the 

effectiveness of interventions [2]. Latent variables are often measured by a set of related items or 

indicators (i.e., observed variables) that reflect the underlying construct. The response options of 

the items are often ordinal (e.g., Likert scales). Longitudinal change in latent variable means can 

be estimated using classical test theory (CTT) or item response theory (IRT) models. CTT relates 

individual’s observed score (i.e., unweighted sum of the individual’s responses to items) to his or 

her location on the latent variable, while IRT uses latent characterizations of individuals and 

items to explain the observed responses [3–6]. CTT and IRT differ in their assumptions when 

estimating longitudinal change in latent variable means. However, responses at the item-level 

form the basis of analyses for both theories.  

Estimates of change in latent variable parameters, including change in latent variable means are 

affected by non-response (i.e., missing data) on the items used to measure the variable. Item non-

response may occur because participants miss scheduled clinic visits, have difficulty 

understanding or interpreting the questions, are uncomfortable answering the questions or 

dropout from the study due to death or migration. The potential consequences of item non-

response include a loss of statistical power to detect longitudinal change in latent variables, and 

over- or under-estimation of the magnitude of change [7, 8]. 

Item non-response may be challenging to address because of its ordinal nature. Previous studies 

about item non-response methods have primarily relied on the assumption that the data follow a 

normal distribution [9–11]. This assumption is likely to be violated, particularly when the 

number of response options for the items are small [12]. The choice and performance of methods 
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to address item non-response is dependent on the type of variable with the missing response and 

missingness mechanism.  

Using Little and Rubin’s taxonomy, missingness can be categorized as missing completely at 

random (MCAR), missing at random (MAR), or missing not at random (MNAR) [13].  Suppose 

we have a simple random sample of 𝑛 individuals from the population of interest. Let 𝒀𝑖 =

(𝑌𝑖1, 𝑌𝑖2, … , 𝑌𝑖𝑝)
T
 denote the vector of 𝑝 item responses, 𝒀𝑖

𝑂 denote the subset of 𝑝 items that are 

observed, and 𝒀𝑖
𝑀 denote the subset of 𝑝 items for which responses are missing for the 𝑖𝑡ℎ 

individual (𝑖 = 1, … , 𝑛).  Let 𝛿𝑖𝑗 = 1 if 𝑌𝑖𝑗 is observed, and 𝛿𝑖𝑗 = 0 if 𝑌𝑖𝑗 is missing for 𝑗 =

1, … , 𝑝  and  𝜹𝑖 = (𝛿𝑖1, … , 𝛿𝑖𝑝)
T
. Data are MCAR if the probability of missingness is unrelated 

to the observed and unobserved outcomes, that is, 𝑃(𝜹𝑖|𝒀𝑖) =  𝑃(𝜹𝑖). Data are MAR, if 

conditional on the observed data, the probability of missingness is independent of the unobserved 

outcomes, i.e., 𝑃(𝜹𝑖|𝒀𝑖) =  𝑃(𝜹𝑖|𝒀𝑖
𝑂). Finally, data are MNAR if the probability of missing 

observations depends in whole or in part, on unobserved measurements, i.e., 𝑃(𝜹𝑖|𝒀𝑖) =

 𝑃(𝜹𝑖|𝒀𝑖
𝑂 , 𝒀𝑖

𝑀).  

Commonly used methods to address ordinal item non-response are complete-case analysis 

(CCA) [14] and half-mean imputation (HMI) [7]. The CCA removes all individuals who have at 

least one item with a missing response, while the HMI method fills in missing item responses 

with the mean of the available item responses if 50% or more of the item responses are complete 

and removes individuals with more than 50% missing responses on all the items [15, 16]. These 

methods are easy to implement and are widely available in most statistical software packages 

such as SPSS, SAS and R. However, they may result in biased parameter estimates, especially 

when the percentage of non-response is high [16]. 
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Multiple imputation (MI) and full information maximum likelihood (FIML) are other methods to 

address item non-response [9, 10, 16–24]. These two methods have been shown to perform 

equally well when the imputation model (i.e., model for generating the imputed values) and the 

analysis or estimation model (i.e., target model to address research objectives) are similar [22–

24]. However, there are a number of potential issues in order to obtain valid parameter estimates 

when using the MI method to address item non-response. First, the functional form of the 

imputation model and the variables to include in the model need to be specified correctly [19, 

25]. Second, any potential non-linear relationships that may exist amongst variables needs to be 

incorporated in the imputation model [26]. The FIML method rests on the assumption of correct 

model specification, as well as additional assumptions about the parametric probability model [7, 

27]; when these assumptions are not tenable, the FIML method may give less than optimal 

performance [6]. 

Non-negative matrix factorization (NNMF), which is an unsupervised machine learning method 

that uses a set of optimization techniques to identify a low-dimensional data structure from the 

original data, can be used to address item non-response. NNMF has been previously used in 

machine learning for dimension reduction [28, 29], and feature extraction [30, 31] from high-

dimensional non-negative data. The NNMF method has been used in recommender systems to 

predict movie ratings from an incomplete rating matrix [32–34]. The problem of predicting 

movie ratings can be reformulated as one of missing data imputation via matrix completion. 

Thus, this method is a plausible approach to address item non-response in non-negative high-

dimensional data, that are discrete (i.e., ordinal) and highly correlated, which are the 

characteristics of item-level data used to measure latent variables.  
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The objective of our study was to compare the performance of the NNMF method with CCA, 

FIML and MI with conditional proportional odds model (POM), when estimating longitudinal 

change in latent variable means. We did this in the context of longitudinal latent variable 

measurement models under the assumption of longitudinal measurement invariance (i.e., 

equivalence), which implies that the latent variable carries the same meaning and the same scale 

over all measurement occasions, and partial measurement invariance [35, 36].  

3.4 Methods 

3.4.1 Item Non-Response Methods 

In this section, we introduce NNMF and describe the MI and FIML methods [24].  

NNMF  

The NNMF method approximately decomposes a non-negative matrix into the product of two 

low-dimensional matrices [30]. It is assumed that there are correlations and underlying structures 

in the dataset such that only a subset of observed values is required to impute some or all missing 

values. The main difference between the NNMF method and other matrix factorization methods, 

such as singular value decomposition and maximum-margin matrix factorization, is that the two 

low-dimensional matrices are constrained to be non-negative. These constraints make the NNMF 

method applicable to address ordinal item non-responses [37].  

Suppose we have a fully observed response matrix 𝒀𝑝×𝑛 with low rank 𝑘 [𝑘 ≪ min(𝑛, 𝑝)], 

where 𝑝 is the number of items or indicators, and 𝑛 is the number of respondents. The goal of the 

NNMF method is to obtain an item factor matrix  𝑼𝑝×𝑘, and a respondent factor matrix  𝑽𝑘×𝑛, 

such that 𝒀 ≈ 𝑼𝑽, constraining 𝑼 and 𝑽 to be non-negative [30, 31]. The item factor matrix 
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depicts the relationship of each item to the latent variable, and the respondent factor matrix 

describes the relationship of each respondent to the latent variable. 

The NNMF method involves minimizing: 

                                                 𝑃(𝑼, 𝑽) =  
1

2
 ‖𝒀 −  𝑼𝑽 ‖2,                                                                       (1) 

subject to 𝑼 ≥ 0, 𝑽 ≥ 0, where ‖ . ‖2 is the squared Frobenius norm of the matrix [29]. We used 

multiplicative update rules, an iterative method to update factor matrices 𝑼 and 𝑽 [38], because 

of their ease of implementation and speed of convergence. The multiplicative update rules for 

entries 𝑢𝑖𝑘 and 𝑣𝑘𝑗 of the matrices 𝑼 and 𝑽 respectively are: 

                                             𝑢𝑖𝑘 ⇐  
(𝒀𝑽T)𝑖𝑘𝑢𝑖𝑘

(𝑼𝑽𝑽T )𝑖𝑘
,                                                                                        (2)  

                                            𝑣𝑘𝑗 ⇐  
(𝑼T𝒀)𝑘𝑗𝑣𝑘𝑗

(𝑼𝑇𝑼 𝑽)𝑘𝑗
,                                                                                        (3) 

Now, consider the situation where some entries in 𝒀 are missing. The initial formulation of the 

multiplicative update rules will be insufficient unless additional constraints are imposed on the 

rows and columns of 𝑼 and 𝑽. For an incomplete ordinal item response matrix 𝒀 with low rank 

𝑘, let 𝜔 ⊂ {1, … , 𝑝} × {1, … , 𝑛} denote the indices of observed entries, 𝐼𝑗 = {𝑖: 𝑦𝑖𝑗 is observed} 

and  𝐼𝑗  = {𝑖: 𝑦𝑖𝑗 is missing}. Since 𝒀 is assumed to have a low rank 𝑘, incomplete item responses 

in 𝒀 can be used to achieve the approximation 𝒀 ≈ 𝑼𝑽. The optimization problem in Eq.(1) can 

then be reformulated as, 

                                     minimize  
𝑈,𝑉

1

2
∑ (𝒀𝑖𝑗 − (𝑼𝑽)𝑖𝑗)2

(𝑖,𝑗)∈𝜔

,                                                                   (4) 
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subject to 𝑼 ≥ 0, 𝑽 ≥ 0. When applying the multiplicative update rules on the 𝑗𝑡ℎ column of   

𝑽 in Eq.(4), all  𝐼𝑗 rows of 𝑼 are removed. The resulting multiplicative update equation with 

squared Frobenius norm becomes, 

                                                 𝑣𝑘𝑗 ⇐  

(𝑼𝐼𝑗.
T 𝒀𝐼𝑗.

)
𝑘𝑗

𝑣𝑘𝑗

(𝑼𝐼𝑗.

T 𝑼𝐼𝑗.𝑽)
𝑖𝑘

,                                                                              (5) 

where 𝑼𝐼𝑗., and 𝒀𝐼𝑗.
 are submatrices of 𝑼 and 𝒀 with row indices in 𝐼𝑗. The multiplication of the 

resulting 𝑼 and 𝑽 factor matrices produce an approximation to the original data points in item 

response matrix 𝒀. The maximum and minimum imputed values are constrained to the highest 

and lowest possible item responses to avoid generation of out-of-range values. 

MI  

MI is a widely used method to address ordinal missing data that are MCAR or MAR. The MI 

method is implemented in three stages. The first stage, which is the imputation stage, involves 

specifying a parametric probability model for the missing responses given the observed data, and 

drawing missing responses from the posterior predictive distribution 𝑀 > 1 times. The second 

stage, known as the analysis stage, involves fitting a substantive model to the 𝑀 imputed 

datasets. Finally, in the pooling stage, the 𝑀 parameter estimates are combined using Rubin’s 

rules [39] to produce a final set of results. 

When using the MI technique, it is common to treat ordinal response as if they were continuous 

and generate imputed datasets assuming a multivariate normal distribution. This approach has 

been shown to produce reliable estimates when imputing Likert-type ordinal missing values that 

were subsequently aggregated to produce scale scores [10]. However, this approach is not 

designed to address ordinal item non-response and may produce biased results when the 
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distributions of the ordinal variables are severely asymmetric [9, 10]. Given this reality, van 

Buuren [19] recommended using an appropriate method designed for ordinal responses. Hence, 

we use the fully conditional specification (FCS) with proportional odds model (POM) in our 

study. The FCS is an imputation method that specifies the multivariate MI model on a variable-

by-variable basis using a set of conditional densities [40].  

Let 𝑌𝑗 denote the 𝑗𝑡ℎ incomplete item, 𝒀−𝑗 = (𝑌1, … , 𝑌𝑗−1, 𝑌𝑗+1, … , 𝑌𝑝)
T

 denote all the variables in 

𝒀 excluding 𝑌𝑗, and 𝜹−𝑗 = (𝛿1, … , 𝛿𝑗−1, 𝛿𝑗+1, … , 𝛿𝑝)
T
 denote the set of  𝑝 − 1 missing items, 

where 𝛿𝑗 = 1 if 𝑌𝑗 is observed, and 0 otherwise. The FCS method defines the multivariate 

distribution 𝑃(𝒀, 𝜹|𝝑) through a set of conditional densities 𝑃(𝑌𝑗|𝒀−𝑗 , 𝜹, 𝜙𝑗) for each 𝑌𝑗 , where 𝝑 

and 𝜙𝑗 are the vectors of unknown parameters for the multivariate and conditional densities, 

respectively. Starting with reasonable predicted or guessed values, the conditional density is used 

to impute 𝑌𝑗|𝒀−𝑗, 𝜹. In this study, we used the chained equation algorithm because of its 

availability and flexibility to impute missing data on a variable-by-variable basis [40, 41].  

FIML 

The FIML or direct likelihood method has only recently become a widely-used approach to 

address ordinal non-response in item response models because of its availability in statistical 

software packages such as Mplus and R [42]. This method is similar to the maximum likelihood 

method, which chooses parameter values that assign the maximum possible probability or 

probability density to the observed data under a well-defined family of parametric probability 

models. Without loss of generality, the sample log-likelihood function can be written as:   

                                                                      𝑙 =  ∑ ln(𝑓(𝑦𝑖))                                                                  (6) 

𝑛

𝑖=1

 



73 

 

where 𝑓(𝑦𝑖) is the probability density function for the vector of observed variables in 𝒀 for the 

𝑖𝑡ℎ individual. The likelihood function of the two-tier longitudinal graded response model 

(GRM) [43] has a complicated form that requires computational techniques such as the 

expectation-maximization (EM) algorithm [44]. Estimates obtained using the FIML method are 

unbiased if the missing data are MAR and the model has been correctly specified [7]. 

3.4.2 Simulation Study 

Our simulation study examined the performance of the NNMF method and compared it with the 

CCA, FIML, and POM methods. We considered two simulation scenarios to reduce any potential 

risk of confounding our results with model specifications. In the first scenario, which assumes 

full invariance (i.e., equivalence) of the latent variable measurement model over time, the slopes 

and thresholds of the items in the population model (i.e., a two-tier longitudinal graded response 

single-factor model [43], depicted in Figure 1), were constrained to be equal across both 

measurement occasions [45]. In the second scenario, which assumes partial invariance, the 

slopes and thresholds for 50% of the items in the population model in Figure 1 were not equal at 

the first and second measurement occasions [11, 46]. The magnitude of inequality between the 

first and second measurement occasions was specified to be either moderate or large for both the 

slope and threshold parameters. The former condition of inequality was defined as 0.3 and the 

latter was defined as 0.6, respectively [11]. 

In both scenarios, the number of items was fixed to eight, the variances of the latent variable 

were fixed to one, the mean was set to zero at the first measurement occasion (𝜇1) and 0.5 at the 

second measurement occasion (𝜇2). The correlation between the first and second measurement 

occasions was set at 𝜌 = 0.3 and 0.7. The slopes of the items for the latent variable (𝜷) were 

generated from a uniform distribution 𝑈(1.1, 2.8) [47]. The slopes of the item-specific doublets 
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(𝛽𝑠) were specified as 0.5. The thresholds (𝜶) for each item were sampled from a uniform 

distribution  𝑈(−2, 2) [48, 49]. The number of response categories (c) for each item was set to 

five [11]. 

                                                        

 
 

Figure 3-1. The path diagram of a two-tier longitudinal graded response for two measurement occasions, 

with latent means at the first (𝜇1) and second (𝜇2) measurement occasions, eight items (I11 – I28) 

administered to the same group of individuals, creating two time-specific latent variable for the 

measurement occasions (Time 1 and Time 2), and eight item-specific doublets (S1 – S8) capturing the 

residual correlations. 

 

Item non-response and sample size 

Pre-specified amounts (10%, 25% and 50%) of observations were set to have missing responses 

on the items. We implemented the three different mechanisms of missingness (MCAR, MAR, 

and MNAR) to remove observations in the simulated dataset [50] using the multivariate 

amputation method, which generates missing data by assigning a weight to each observation 

[51]. For example, to generate missing data under the MAR mechanism, the item weights depend 

only on the observed data; the probability of missingness is calculated assuming a logistic 

distribution based on the weights. Observations with larger weights have a greater likelihood of 

missingness, while observations with smaller weights have a lower likelihood of missingness. 
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This method has been shown to be more appropriate for generating missing data than a stepwise 

univariate amputation method (i.e., missingness on items are generated one at a time) [52, 53]. 

The pattern of missingness was specified to be non-monotone to mimic realistic missingness 

problems. Random samples of size 𝑛 = 500 and 1000 were generated from each of the 

population models.  

Fitted models 

Under the first scenario, a fully constrained two-tier longitudinal GRM was fitted to the data 

prior to estimating the latent variable means. The fitted model was consistent with the invariance 

condition assumed for the population model. Under the second scenario, two two-tier 

longitudinal GRMs was fitted to the data. The first fitted model was specified to be consistent 

with the population model (i.e., the slopes and thresholds of 50% of the items were freely 

estimated at each measurement occasion). The second fitted model enforced a fully constrained 

model on data generated under the assumption of partial invariance.  

The fitted models in the first and second scenarios were specified to be consistent with the 

population measurement model. However, in practice since the population measurement is 

unknown it is crucial to achieve longitudinal measurement invariance to draw valid conclusions 

about change in latent variables means over time.  

Implementation of the methods 

All analyses were carried out in R version 3.5.2.  The two-tier longitudinal single-factor GRM 

was implemented using the mirt package [54]. The NNMF method was implemented using the 

NNLM package [55, 56]. Pre-specified amounts of responses were removed from the items for 

the three different missing mechanism using the ampute function in the mice package [40]. The 

POM method with ten imputations, FIML and NNMF methods were used to address item non-
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response. This number of imputations has been shown to be sufficient for up to 50% missing 

data [25].  

Replications 

A total of 500 replications were conducted for: (i) each of the 36 simulation conditions obtained 

by crossing sample size, correlation values for the two time-specific latent variable, pre-specified 

amounts of missing item responses and missingness mechanisms for the first scenario; and (ii) 

each of the 36 simulation conditions obtained by crossing sample size, magnitude of inequality, 

pre-specified amounts of missing item responses and missingness mechanisms for the second 

scenario.  

Performance measures 

The performance of the item non-response methods was assessed using absolute percentage bias, 

mean squared error (MSE) and relative efficiency (RE): 

                       𝐴𝑃𝐵 (𝜓̂ ) =   
1

𝐵
∑ 𝜓̂ 𝑖𝐵

𝑖=1 −𝜓

𝜓
× 100%,                                                                                   (7) 

                       𝑀𝑆𝐸 (𝜓̂ ) = ( 
1

𝐵
∑ 𝜓̂ 𝑖

𝐵

𝑖=1

− 𝜓)

2

+ 𝑉𝑎𝑟 (𝜓̂ ) ,                                                                 (8) 

                       𝑅𝐸𝑎 =  
𝑀𝑆𝐸𝑎 

(𝜓̂ )

𝑀𝑆𝐸𝑁𝑁𝑀𝐹  (𝜓̂ )
, 𝑎 ∈ {CCA, FIML, POM},                                                  (9) 

where 𝜓 is the difference in latent variable means between the first and second measurement 

occasions, 𝜓̂ is the estimated change in latent variable means between the first and second 

measurement occasions, and 𝐵 is the number of simulation replications. Note that 𝑅𝐸𝑎 > 1 

indicates the superiority of NNMF over 𝑎, 𝑎 ∈ {CCA, FIML, POM}. We categorized absolute 

percentage bias less than 5% as negligible, between 5% and 10% as moderate, and greater than 
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10% as substantial [12, 57]. We reported the percentage of simulation replications for each 

condition in each of these categories.  

3.4.3 Numeric Example 

Real-world data to demonstrate the implementation of the methods were from Winnipeg 

Regional Health Authority (WRHA) Joint Replacement Registry (JRR) in Manitoba, Canada. 

This registry contains both general-purpose and condition-specific patient-reported outcomes 

[58] for patients having total or partial hip or knee arthroplasty surgeries. Patient-reported 

outcomes data were collected using the 12-item Short-Form (SF-12) survey one-month pre-

surgery and one-year post-surgery; we focused on the six mental component summary (MCS) 

items for patients who had total hip arthroplasty between April 1, 2009, and March 31, 2015, the 

most recent data available at the time of the analysis. The items of the MCS domain were 

considered because we anticipated a small effect size that would be sensitive to item non-

response [58]. 

We randomly sampled 1500 patients from the JRR, so that the size of the analytic cohort would 

be comparable to the largest total sample size in the simulation study. Percentages of non-

response were reported for each item. NNMF, FIML, POM and CCA methods were used to 

address item non-response. The two-tier longitudinal GRM was used to estimate the latent 

variable means for fully and partially constrained models. The first two items of the MCS 

domain were constrained for the partially constrained model. We reported the estimated latent 

variable means, 95% confidence intervals and sample-size adjusted Bayesian information 

criterion (SABIC) [59, 60] for the models across all the item non-response methods.  
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3.5 Results 

3.5.1 Simulation Study Results 

Bias 

Scenario 1: Full Invariance. The average absolute percentage bias of the estimated change in 

latent variable means stratified by time-specific latent variable correlation, and sample size for the 

CCA, FIML, POM, and NNMF methods are reported in Table 1. The average absolute percentage 

bias of the estimated change in latent variable means of the fully constrained model when the time-

specific latent variable correlation was set to 0.3 ranged between 8.65% and 15.15% for CCA; for 

FIML the corresponding values was 7.45% and 10.69%; for POM the corresponding values was 

7.40% and 10.50%; and for NNMF the corresponding values was 8.20% and 12.25%. When the 

correlation was set to 0.7, the average estimated change in latent variable means across simulation 

conditions was approximately 5.0% more than the true change for FIML, POM and NNMF 

methods.  

The magnitude of absolute percentage bias of the estimated change in latent variable means of a 

fully constrained model stratified by the magnitude of the time-specific latent variable 

correlation and sample size for the CCA, FIML, POM, and NNMF methods are presented in 

Table 2. When the sample size was set to 500 and the correlation was 0.3, more than 50.0% of 

the absolute percentage values for the estimated change in latent variables means were 

substantial for all the methods under consideration. When the correlation increased to 0.7, less 

than 20.0% of the absolute percentage bias values for the estimated change in latent variable 

means were substantial for FIML, POM, and NNMF. More than 50.0% of the absolute 

percentage bias of the estimated change in latent means were negligible for NNMF when the 

sample size was set to 1000 and the correlation was 0.7.  



79 

 

Table 3-1. Average absolute percentage bias for the estimated change in latent variable means stratified 

by the time-specific latent variable correlation and sample size for the first scenario  

Sample 

Size 
𝝆 Missing 

Mech. 

CCA FIML POM NNMF 

500 0.3 MCAR 12.21 10.49 10.25 11.24 

  MAR 15.15 10.54 10.36 12.25 

  MNAR 12.70 10.69 10.50 12.00 

 0.7 MCAR 7.86 5.94 6.04 5.77 

  MAR 7.09 5.90 5.98 5.35 

  MNAR 7.22 5.81 5.89 5.47 

1000 0.3 MCAR 8.65 7.45 7.40 8.20 

  MAR 11.66 7.50 7.46 9.19 

  MNAR 9.44 7.59 7.56 8.86 

 0.7 MCAR 6.31 5.51 5.56 5.07 

  MAR 5.38 5.49 5.53 4.56 

  MNAR 5.99 5.45 5.50 4.77 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; 𝝆: 

time-specific latent variable correlation; CCA: complete case analysis; FIML: full information maximum 

likelihood; POM: fully conditional specification proportional odds model; NNMF: non-negative matrix 

factorization  
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Table 3-2. Magnitude of absolute percentage bias (%) for the estimated change in latent variable means of 

the fully constrained model stratified by the time-specific latent variable correlation and sample size for 

the first scenario 

Sample 

Size 

𝝆 Missing 

Mech. 

Magnitude 

of Bias 

CCA FIML POM NNMF 

500 0.3 MCAR Negligible 22.9 19.1 19.8 15.7 

   Moderate 23.1 29.3 30.0 27.7 

   Substantial 54.1 51.6 50.2 56.5 

  MAR Negligible 13.8 18.7 19.2 11.2 

   Moderate 18.5 29.1 30.2 25.7 

   Substantial 67.7 52.2 50.6 63.1 

  MNAR Negligible 19.4 18.0 19.1 12.3 

   Moderate 23.3 29.5 30.3 25.9 

   Substantial 57.3 52.5 50.6 61.8 

 0.7 MCAR Negligible 40.3 47.0 46.5 49.1 

   Moderate 28.1 35.5 36.2 35.6 

   Substantial 31.7 17.5 17.3 15.3 

  MAR Negligible 44.5 48.2 48.1 52.3 

   Moderate 31.7 34.7 34.0 36.0 

   Substantial 23.8 17.1 17.9 11.7 

  MNAR Negligible 43.0 48.2 48.1 53.2 

   Moderate 30.7 35.3 34.7 34.2 

   Substantial 26.3 16.5 17.1 12.6 

1000 0.3 MCAR Negligible 32.4 29.2 30.1 24.0 

   Moderate 29.7 44.0 43.4 43.5 

   Substantial 37.9 26.9 26.5 32.5 

  MAR Negligible 19.0 29.6 29.9 18.5 

   Moderate 26.2 43.2 43.8 39.7 

   Substantial 54.8 27.2 26.3 41.8 

  MNAR Negligible 28.0 29.3 29.0 20.1 

   Moderate 31.4 43.1 43.3 41.5 

   Substantial 40.6 27.7 27.7 38.4 

 0.7 MCAR Negligible 46.4 47.6 47.2 54.7 

   Moderate 33.5 40.3 40.5 36.8 

   Substantial 20.1 12.1 12.3 8.5 

  MAR Negligible 56.3 48.5 48.0 59.5 

   Moderate 29.2 39.9 40.1 34.6 

   Substantial 14.5 11.7 11.9 5.9 

  MNAR Negligible 49.7 49.4 48.5 59.1 

   Moderate 32.0 38.9 39.2 33.6 

   Substantial 18.3 11.7 12.3 7.3 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; 𝝆: 

time-specific latent variable correlation; CCA: complete case analysis; FIML: full information maximum 

likelihood; POM: fully conditional specification proportional odds model; NNMF: non-negative matrix 

factorization; negligible bias: absolute percentage bias less than 5%; moderate bias: absolute percentage 

bias between 5% and 10%; substantial bias: absolute percentage bias greater than 10% 
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Scenario 2: Partial Invariance. The average absolute percentage bias of the estimated change in 

latent variable means stratified by magnitude of inequality and sample size for CCA, FIML, POM, 

and NNMF are presented in Table 3. The average absolute percentage bias of the estimated change 

in latent variable means for the partially constrained model when the time-specific latent variable 

correlation was set to 0.7, and sample size was set to 500 ranged between 8.48% and 9.91% for 

CCA; for FIML the corresponding values were 7.21% and 7.77%; for POM the corresponding 

values were 7.26% and 7.83%; and for NNMF the corresponding values were 6.74% and 7.48%. 

When the sample size was increased to 1000, the average absolute percentage bias of the estimated 

change in latent variable means for CCA ranged between 6.43% and 6.91%; for FIML the 

corresponding values were 5.38% and 5.59%; for POM the corresponding values were 5.38% and 

5.64%; and for NNMF the corresponding values were 4.90% and 5.16%.  

The magnitude of the absolute percentage bias of the estimated change in latent variable means 

of a partially constrained model when the time-specific latent variable correlation was 0.7 are 

reported in Table 4.  When sample size was 500 and magnitude of inequality was set to 0.3, more 

than one-third of the absolute percentage bias values of the estimated change in latent variable 

means for CCA were substantial for the three different missing data mechanisms, and less than 

30.0% were substantial for FIML, POM, and NNMF. When the sample size was increased to 

1000, and magnitude of inequality was set to 0.3, less 50% of the absolute percentage bias values 

of the estimated change in latent variable means for CCA were negligible for the three different 

missing data mechanisms, and more than 50% of the absolute percentage bias values were 

negligible for FIML, POM, and NNMF. When the magnitude of inequality was set to 0.6, similar 

results were obtained. 
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Table 3-3. Average absolute percentage bias for the estimated change in latent variable means for 𝜌 = 0.7 

stratified by magnitude of inequality and sample size for the second scenario 

Sample 

Size 

Mag. Of 

Inequality 

Missing 

Mech. 

Partially Constrained Model Fully Constrained Model 

 CCA FIML POM NNMF CCA FIML POM NNMF 

500 0.3 MCAR 9.21 7.31 7.36 7.05 17.71 17.43 17.20 18.23 

  MAR 8.48 7.24 7.33 6.74 19.61 17.36 17.24 19.28 

  MNAR 9.21 7.21 7.26 6.80 17.23 17.72 17.56 19.05 

 0.6 MCAR 9.60 7.77 7.83 7.48 37.93 37.98 37.70 38.97 

  MAR 9.07 7.72 7.77 7.23 37.73 37.84 37.77 40.13 

  MNAR 9.91 7.75 7.79 7.37 35.55 38.26 38.10 39.84 

1000 0.3 MCAR 6.91 5.59 5.64 5.16 16.98 16.93 16.87 17.78 

  MAR 6.43 5.59 5.62 4.93 18.69 16.83 16.87 18.83 

  MNAR 6.74 5.53 5.56 4.96 16.53 17.00 17.04 18.48 

 0.6 MCAR 6.82 5.43 5.47 5.05 37.94 37.72 37.67 38.75 

  MAR 6.67 5.41 5.44 4.90 37.03 37.54 37.68 40.01 

  MNAR 6.89 5.38 5.38 4.94 35.34 37.81 37.91 39.66 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; 𝜌: 

correlation between the time-specific latent variable; CCA: complete case analysis; FIML: full 

information maximum likelihood; POM: fully conditional specification proportional odds model; NNMF: 

non-negative matrix factorization 
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Table 3-4. Magnitude of absolute percentage bias (%) for the estimated change in latent variable means of 

a partially constrained model for 𝜌 = 0.7 stratified by magnitude of inequality and sample size for the 

second scenario 

Sample 

Size 

Mag. Of 

Inequality 

Missing 

Mech. 

Magnitude 

of Bias 

CCA FIML POM NNMF 

500 0.3 MCAR Negligible 31.9 38.9 38.3 40.7 

   Moderate 30.3 33.7 33.6 33.1 

   Substantial 37.7 27.4 28.1 26.1 

  MAR Negligible 36.0 39.4 39.0 43.9 

   Moderate 30.9 33.5 33.4 32.3 

   Substantial 33.1 27.1 27.6 23.8 

  MNAR Negligible 34.7 39.0 38.7 42.9 

   Moderate 26.9 34.7 34.4 33.0 

   Substantial 38.4 26.3 26.9 24.1 

 0.6 MCAR Negligible 31.0 34.9 36.0 37.6 

   Moderate 30.0 34.9 33.5 32.9 

   Substantial 39.0 30.1 30.5 29.5 

  MAR Negligible 34.0 36.8 36.7 40.5 

   Moderate 27.8 32.6 33.5 31.9 

   Substantial 38.2 30.6 29.8 27.5 

  MNAR Negligible 30.5 37.2 37.3 39.2 

   Moderate 27.8 32.3 32.1 32.7 

   Substantial 41.7 30.5 30.6 28.1 

1000 0.3 MCAR Negligible 46.3 52.0 51.4 56.1 

   Moderate 28.6 32.5 33.0 32.0 

   Substantial 25.1 15.5 15.6 11.9 

  MAR Negligible 48.9 52.5 52.4 58.4 

   Moderate 29.1 32.3 32.0 30.6 

   Substantial 22.0 15.2 15.6 11.1 

  MNAR Negligible 45.1 53.8 52.7 58.4 

   Moderate 32.6 30.5 32.1 30.4 

   Substantial 22.3 15.7 15.2 11.2 

 0.6 MCAR Negligible 46.0 53.6 52.3 57.1 

   Moderate 30.1 31.9 33.4 31.3 

   Substantial 23.9 14.5 14.3 11.5 

  MAR Negligible 46.4 54.5 53.7 59.2 

   Moderate 30.6 31.5 32.0 29.9 

   Substantial 23.0 14.1 14.3 10.9 

  MNAR Negligible 44.1 55.1 55.1 59.5 

   Moderate 31.3 30.3 30.4 28.9 

   Substantial 24.6 14.5 14.5 11.6 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; 𝜌: 

correlation between the time-specific latent variable; CCA: complete case analysis; FIML: full 

information maximum likelihood; POM: fully conditional specification proportional odds model; NNMF: 

non-negative matrix factorization; negligible bias: absolute percentage bias less than 5%; moderate bias: 

absolute percentage bias between 5% and 10%; substantial bias: absolute percentage bias greater than 

10%  
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Relative Efficiency   

Scenario 1: Full Invariance. Figure 2 shows the RE values for the estimated change in latent 

variable means for the NNMF method compared with CCA, FIML, and POM methods. The 

results of the fully constrained model when sample size was 1000 and the time-specific latent 

variable correlation was 𝜌 = 0.7 show an increase in the RE as the percentage of non-response 

increased. The RE of the NNMF method when compared with the CCA method was greater than 

2.0 when 50% of the item responses were MCAR, MAR and MNAR. There was no considerable 

difference in the RE of the NNMF method compared with the FIML and POM methods when 

10% of the item responses were missing under the three missingness mechanisms. The RE of the 

NNMF method compared with the FIML and POM methods was greater than 1 when 25% or 

50% of the item responses were MCAR, MAR, and MNAR. However, this was not the case 

when correlation between the time-specific latent variable was set to 𝜌 = 0.3 (Figure 3).  

Scenario 2: Partial Invariance. Figures 4 and 5 show the RE values of the estimated change in 

latent variable means for the NNMF method, compared with the CCA, FIML, and POM methods 

for the partially constrained model when magnitude of inequality was 0.3 and 0.6, respectively. 

The RE when the sample size was set to 1000 and magnitude of inequality was set to 0.3 for the 

NNMF method when compared with the CCA method was more than 2.0 when 50% of the item 

responses were MCAR, MAR and MNAR. The RE of the NNMF method compared with the 

FIML and POM methods was greater than 1 when at least 25% of the item responses were 

missing under the three missingness mechanisms. Similar results were obtained when the 

magnitude of inequality was set to 0.6 (Figure 5). 
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Figure 3-2. Relative efficiency (RE) of the estimated change in latent variable means of a fully 

constrained model for NNMF, compared with CCA, FIML, and POM for three missing data 

mechanisms, percentage of missingness, sample size, and 𝝆 = 𝟎. 𝟕 under the first simulation scenario. 

𝑅𝐸𝑎 > 1 indicates the superiority of NNMF over 𝑎, 𝑎 ∈ {𝐶𝐶𝐴, 𝐹𝐼𝑀𝐿, 𝑃𝑂𝑀}. MCAR: Missing completely 

at random; MAR: Missing at random; MNAR: Missing not at random 
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Figure 3-3. Relative efficiency (RE) of the estimated change in latent variable means of a fully 

constrained model for NNMF, compared with CCA, FIML, and POM for three missing data 

mechanisms, percentage of missingness, sample size, and 𝝆 = 𝟎. 𝟑 under the first simulation scenario. 

𝑅𝐸𝑎 > 1 indicates the superiority of NNMF over 𝑎, 𝑎 ∈ {𝐶𝐶𝐴, 𝐹𝐼𝑀𝐿, 𝑃𝑂𝑀}. MCAR: Missing 

completely at random; MAR: Missing at random; MNAR: Missing not at random 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



87 

 

Figure 3-4. Relative efficiency (RE) of the estimated change in latent variable means of a partially 

constrained model for NNMF, compared with CCA, FIML, and POM for three missing data 

mechanisms, percentage of missingness, sample size, magnitude of inequality = 0.3 and 𝜌 = 0.7 under 

the second simulation scenario. 𝑅𝐸𝑎 > 1 indicates the superiority of NNMF over 𝑎, 𝑎 ∈

{𝐶𝐶𝐴, 𝐹𝐼𝑀𝐿, 𝑃𝑂𝑀}. MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing 

not at random 
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Figure 3-5. Relative efficiency (RE) of the estimated change in latent variable means of a partially 

constrained model for NNMF, compared with CCA, FIML, and POM for three missing data 

mechanisms, percentage of missingness, sample size, magnitude of inequality = 0.6 and 𝜌 = 0.7 under 

the second simulation scenario. 𝑅𝐸𝑎 > 1 indicates the superiority of NNMF over 𝑎, 𝑎 ∈

{𝐶𝐶𝐴, 𝐹𝐼𝑀𝐿, 𝑃𝑂𝑀}. MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing 

not at random 

 

3.5.2 Numeric Example  

The frequencies and percentages of responses for the MCS items are shown in Table 5. The 

average non-response rates per item were 16.9% and 31.0% pre- and post-surgery, respectively. 

The highest percentages of non-response were 19.0% and 31.8% pre- and post-surgery, 

respectively, for MCS2 (Did work or other activities less carefully than usual). Table 6 shows the 

estimated change in latent variable means over time with 95% confidence intervals; values of 
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SABIC are used to describe model fit. The partially constrained model had a better fit (i.e., 

smaller SABIC) than the fully constrained model for all the methods. The direction of estimated 

change in the latent MCS mean for the partially constrained model was similar across all the 

methods. The NNMF method had a smaller estimated change in the mean and the standard error 

when compared with other item non-response methods.   
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Table 3-5. Frequencies (%) of item responses on the SF-12 mental component summary (MCS) items for patients in the subsample of the 

Winnipeg Joint Replacement Registry (n = 1500) 

 

 
 
 
 
 
 
 
 
 
 
 

Item Response options  

Pre-surgery 

All of the 

time 

Most of the 

time Some of the time 

A little of the 

time None of the time No response 

MCS1:  Accomplished less  108 (7.2) 217 (14.5) 302 (20.1) 230 (15.3) 378 (25.2) 265 (17.7) 

MCS2: Less careful than usual 104 (6.9) 190 (12.7) 269 (17.9) 243 (16.2) 409 (27.3) 285 (19.0) 

MCS3: Felt calm and peaceful 64 (4.3) 209 (13.9) 356 (23.7) 551 (36.7) 78 (5.2) 242 (16.1) 

MCS4: Have a lot of energy 169 (11.3) 352 (23.5) 430 (28.7) 264 (17.6) 39 (2.6) 246 (16.4) 

MCS5: Felt downhearted and 

depressed 25 (1.7) 97 (6.5) 343 (22.9) 378 (25.2) 411 (27.4) 246 (16.4) 

MCS6: Emotional problems 110 (7.3) 230 (15.3) 365 (24.3) 228 (15.2) 334 (22.3) 233 (15.5) 

Post-surgery       

MCS1:  Accomplished less  21 (1.4) 56 (3.7) 179 (11.9) 201 (13.4) 577 (38.5) 466 (31.1) 

MCS2: Less careful than usual 20 (1.3) 47 (3.1) 165 (11.0) 197 (13.1) 594 (39.6) 477 (31.8) 

MCS3: Felt calm and peaceful 15 (1.0) 44 (2.9) 165 (11.0) 586 (39.1) 228 (15.2) 462 (30.8) 

MCS4: Have a lot of energy 47 (3.1) 145 (9.7) 298 (19.9) 450 (30.0) 94 (6.3) 466 (31.1) 

MCS5: Felt downhearted and 

depressed 25 (1.7) 25 (1.7) 164 (10.9) 286 (19.1) 538 (35.9) 462 (30.8) 

MCS6: Emotional problems 19 (1.3) 45 (3.0) 167 (11.1) 183 (12.2) 629 (41.9) 457 (30.5) 
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Table 3-6. Estimated change in latent variable means over time (with 95% confidence interval) and sample-size adjusted Bayesian information 

criterion (SABIC) 

Model  CCA FIML POM NNMF 

Model 1: Fully constrained model     

          Means (95% CI) 0.81(0.73, 0.89) 0.96(0.86, 1.05) 0.93(0.85, 1.01) 0.64(0.60, 0.68) 

          SABIC 19695 30528 40229 37218 

Model 2: Partially constrained model      

          Means (95% CI) 0.65(0.57, 0.73) 0.61(0.54, 0.68) 0.66(0.59, 0.73) 0.56(0.52, 0.61) 

          SABIC 19509 30306 39976 36690 

CI: Confidence interval; CCA: complete case analysis; FIML: full information maximum likelihood; POM: fully conditional specification 

proportional odds model; NNMF: non-negative matrix factorization  
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3.6 Discussion 

This study investigated the NNMF method for addressing ordinal item non-response, and 

compared its performance with the CCA, FIML and POM methods when estimating longitudinal 

change in latent variable means using simulated data and a real-world numeric example. We 

examined different scenarios of a longitudinal latent variable measurement model. Across all 

scenarios, the absolute percentage bias and MSE of the estimated change latent variable means 

for the CCA method were consistently poor, which corresponds with the findings of previous 

studies [7, 22, 61]. The absolute percentage bias of the estimated change in latent variable means 

for all the methods decreased as the time-specific latent variable correlation increased from 0.3 

to 0.7, and sample size increased from 500 to 1000.  

In the first simulation scenario, where the slopes and thresholds of the items in the population 

model were constrained to be equal across both measurement occasions, the NNMF method 

outperformed the FIML and POM methods when the time-specific latent variable correlation was 

0.7. The RE of the NNMF method over other methods increased when sample size increased. 

The best performance of the NNMF method was observed in the large sample size condition (N 

= 1000) and when the percentage of item non-response was 25% or more. The NNMF method 

did not perform as well as the FIML and POM methods when the time-specific latent variable 

correlation was 0.3. This is likely because the NNMF method relies on the dependencies 

amongst items to predict the missing responses [30, 32, 33]. The performance of the FIML and 

POM methods was almost the same for all simulation conditions, which is consistent with 

previous research [23, 24].  

In the second simulation scenario, where the slopes and thresholds of 50% of the items in the 

population model were not constrained equal across measurement occasions, the NNMF method 
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performed better than the other item non-response methods under consideration when the fitted 

model was consistent with the population measurement model, regardless of the magnitude of 

inequality and missingness mechanisms. However, when a fully constrained model was enforced 

on data generated under the assumption of partial invariance, the performance of the NNMF 

method was not consistently better than the FIML and POM methods. The RE of the NNMF 

method when compared with the FIML and POM methods was greater than 1 when 25% or more 

of the item responses were missing under the different missingness mechanisms. 

The NNMF method explores the relationships that exist among items to address item non-

response, without making any distributional assumption. However, there are challenges 

associated with using the NNMF method to address item non-response. The low rank of the 

response matrix for the NNMF method needs to be specified. We specified it to be one because 

we considered a single latent variable. A data-driven method, such as the cross-validation 

method in supervised machine-learning, could be used to select the low rank when there is no 

prior knowledge about the number of latent variables [55].   

3.6.1 Strengths and Limitations 

This study has a number of strengths. First, in our simulation we evaluated the performance of 

the different item non-response methods under fully and partially model parameter constraints 

scenarios, which was important to understand any potential risk of confounding of our findings 

by model specification. In addition, we manipulated the dependencies of the latent variable over 

the two time points, and magnitudes of inequality, which provides a means to compare the 

performance of the different item non-response methods across a variety of data attributes. Our 

demonstration and investigation of the NNMF method further strengthen this study because the 

NNMF method is an unsupervised machine-learning approach and makes no distributional 
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assumption about the item responses before imputation. Also, the NNMF method is relatively 

straightforward to implement and it uses the observed responses from all respondents to impute 

item-level missing data.  

There are, however, some limitations to this study. First, like other simulation studies, the 

simulation conditions we investigated were not exhaustive. Similar to Chen et al. [11] and Sass 

et al. [62], we limited the number of response categories for each item to five, and the number of 

items to eight; larger numbers of categories and items would substantially increase 

computational time for the simulation. Second, we assumed that the fitted models were correctly 

specified in our simulation. In practice, the parameters of this model need to be tested for 

invariance using appropriate methods, such as those described by Liu et al. [35]. Finally, the 

performance of all the item non-response methods considered was studied under a parameter 

estimation and recovery settings. Inferences about the model specification such as hypothesis 

testing under the null and alternative would be important to further understand the performance 

of these methods.   

3.6.2 Conclusion 

In summary, we compared the performance of item non-response methods when estimating 

longitudinal change in latent variable means under fully and partial model parameter constraints. 

Overall, the absolute percentage bias and MSE of all the methods under consideration was 

satisfactory, except for the CCA method. However, differences in the performance of the item 

non-response methods were evident. The results reveal better RE for the NNMF method when 

compared with the FIML and POM methods, especially when sample size was large and the 

correlation of the latent variable over measurement occasions was strong.  
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The NNMF method is an alternative method to address item non-response. It offers an advantage 

over POM where pooling of model fit statistics, such as the chi-square goodness-of-fit statistic to 

test measurement equivalence are challenging across multiple imputed datasets. Also, it has the 

advantage of imputing non-response at the item-level; in contrast, the FIML method addresses 

non-response at the estimation level. However, researchers should be cautious when using the 

NNMF method in settings where the correlation between the two time-specific latent variable is 

weak. Future research could investigate adding auxiliary information such as demographic and 

health status characteristics, or data-driven constraints to the NNMF method in addressing non-

response. 
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CHAPTER 4: THE USE OF AUXILIARY VARIABLES IN MISSING DATA METHODS 

 

4.1 Overview 

The previous chapters compared the performance of non-negative matrix factorization (NNMF) 

and several other missing data methods, including full information maximum likelihood (FIML) 

and multiple imputation (MI) in cross-sectional and longitudinal settings. These methods yield 

unbiased estimates when data are missing at random (MAR) [1, 2]. However, the assumption 

that data are MAR cannot be easily tested because the values required for such test are missing.  

When data are missing not at random (MNAR), the NNMF, FIML and MI methods produce 

biased parameter estimates because the distribution of non-response in the data is not considered 

in these methods [3–5]. Due to the possibility of data being MNAR and the difficulty of testing 

the MAR assumption in many applications, the NNMF, FIML and MI methods may not be the 

most reliable approaches in practice. However, these methods can be improved by incorporating 

variable that is a potential correlate of missingness or a correlate of the missing variable [6]. This 

variable is called an auxiliary variable. In most cases, an auxiliary variable is ancillary to the 

substantive research. Integrating an auxiliary variable into the missing data methods can help 

reduce bias and improve power. 

Studies have shown the advantage of integrating an auxiliary variable in the likelihood of several 

methods including latent growth [7, 8], structural equation models [9] and generalized linear 

models [10], to improve the accuracy of maximum likelihood analyses. Also, including an 

auxiliary variable in the imputation model has been used to improve the performance of the MI 

method in many applications [3, 5, 6, 11, 12]. However, the performance of MI with and without 

auxiliary variable in patient reported outcome measures (PROMs) research have not been 

studied.  
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Chapter 5 investigates the use of auxiliary variable in imputation models and compared the 

precision and bias with the FIML method, when estimating longitudinal change in PROM scores 

using true-score model.  

Chapter 6 proposes an enhanced weighted NNMF, which uses information from an auxiliary 

variable to identify clusters in the data and define weights for missing or observed item 

responses in each cluster before imputation.  
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CHAPTER 5: IMPACT OF MISSING DATA ON BIAS AND PRECISION WHEN 

ESTIMATING CHANGE IN PATIENT-REPORTED OUTCOMES FROM A CLINICAL 

REGISTRY 

 

5.1 Overview 

This manuscript compares the precision and bias of several missing data methods including 

complete case analysis, maximum likelihood, multiple imputation with and without an auxiliary 

variable when estimating change in longitudinal patient reported outcome measures using true-

score model. Computer simulation and clinical registry data was used to achieve the study 

objectives. The results from this study showed that including an auxiliary or supplementary 

information in the imputation model can increase the precision and reduce bias in the parameter 

estimates. This paper is a unique addition to the literature on methods for addressing missing 

data in clinical registries. While previous research has compared different missing data methods, 

this paper goes further, to investigate the role that supplementary information has  to improve the 

accuracy of the multiple imputation method. Research that focuses on missing data in clinical 

registries can help understand patients’ perspective on improvement in health-related quality of 

life. 

 

Publication Details 

Ayilara, O. F., Zhang, L., Sajobi, T. T., Sawatzky, R., Bohm, E., & Lix, L. M. (2019). Impact of 

missing data on bias and precision when estimating change in patient-reported outcomes from a 

clinical registry. Health and Quality of Life Outcomes, 17(1), 1-9. 
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5.2 Abstract 

Background:  Clinical registries, which capture information about the health and healthcare use 

of patients with a health condition or treatment, often contain patient-reported outcomes (PROs) 

that provide insights about the patient’s perspectives on their health. Missing data can affect the 

value of PRO data for healthcare decision-making. We compared the precision and bias of 

several missing data methods when estimating longitudinal change in PRO scores. 

Methods: This research conducted analyses of clinical registry data and simulated data. Registry 

data were from a population-based regional joint replacement registry for Manitoba, Canada; the 

study cohort consisted of 5631 patients having total knee arthroplasty between 2009 and 2015. 

PROs were measured using the 12-item Short Form Survey, version 2 (SF-12v2) at pre- and 

post-operative occasions. The simulation cohort was a subset of 3000 patients from the study 

cohort with complete PRO information at both pre- and post-operative occasions. Linear mixed-

effects models based on complete case analysis (CCA), maximum likelihood (ML) and multiple 

imputation (MI) without and with an auxiliary variable (MI-Aux) were used to estimate 

longitudinal change in PRO scores. In the simulated data, bias, root mean squared error (RMSE), 

and 95% confidence interval (CI) coverage and width were estimated under varying 

amounts and types of missing data. 

Results: Three thousand two hundred thirty (57.4%) patients in the study cohort had complete 

data on the SF-12v2 at both occasions. In this cohort, mixed-effects models based on CCA 

resulted in substantially wider 95% CIs than models based on ML and MI methods. The latter 

two methods produced similar estimates and 95% CI widths. In the simulation cohort, when 50% 

of the data were missing, the MI-Aux method, in which a single hypothetical auxiliary variable 
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was strongly correlated (i.e., 0.8) with the outcome, reduced the 95% CI width by up to 14% and 

bias and RMSE by up to 50 and 45%, respectively, when compared with the MI method. 

Conclusion: Missing data can substantially affect the precision of estimated change in PRO 

scores from clinical registry data. Inclusion of auxiliary information in MI models can increase 

precision and reduce bias but identifying the optimal auxiliary variable(s) may be challenging. 
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5.3 Introduction 

Clinical registries are databases that capture information about the health and healthcare use of 

patients having a specific health condition or healthcare treatment. Patient-reported outcomes 

(PROs) are increasingly collected in clinical registries because they provide valuable information 

about the patient’s perspectives on their health, including pain, perceived functional abilities, and 

mental health [1]. PRO data in registries can be a useful tool for clinicians to assess quality of 

care and improvements in patient health status, beyond what can be captured from objective 

measures of health status such as complication rates and patient mortality [2]. Clinical registry 

data have a number of other potential uses, including evaluations of new programs and 

treatments. Registry data are also used for research. However, clinical registry data collection 

and evaluation may not always follow the same methods or practices as are used in research 

studies involving primary data collection [3]. Clinics may also not have the resources needed to 

routinely and thoroughly check the data for accuracy and completeness. 

Studies involving clinical registry data are often longitudinal in nature; for example, they may 

examine change in PROs before and after an intervention or healthcare treatment [3]. 

Longitudinal study findings may be strongly influenced by missing data, which can arise when 

participants die, miss scheduled clinic visits, or fail to respond to clinic questionnaires or 

interviews. One potential consequence of missing data in a longitudinal study is a loss of power 

to detect change. Missing data can also result in under- or over-estimation of treatment effects, 

depending on its characteristics [3–5].   

The choice of methods to handle missing data is generally dependent on the missingness 

mechanism [6–8]. According to Little and Rubin’s taxonomy, these mechanisms can be 

categorized as missing completely at random (MCAR), missing at random (MAR), or missing 
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not at random (MNAR) [8]. Data are MCAR if the reason for the missingness is unrelated to the 

outcomes. MAR arises if the reason for dropout depends on the observed outcomes and possibly 

on observed covariates at any or all occasions before the individual is lost to follow up. The 

MNAR mechanism depends, in whole or in part, on unobserved measurements.  

In longitudinal studies, commonly used missing data methods include list-wise deletion, 

complete-case analysis (CCA), average available observation carried forward, last observation 

carried forward, and conditional or unconditional mean imputation [9–11]. However, these 

methods may result in a loss of statistical power and biased estimates of change, especially when 

data are MNAR. Other missing data methods, including maximum likelihood (ML) and multiple 

imputation (MI), which are practical to implement in real-world data and increasingly being 

adopted, are recommended when the missing data mechanism is ignorable, that is, when the 

distribution of the missing data indicator is independent of the missing data, conditional on the 

observed data [11]. Beyond these methods, machine-learning algorithms such as the k-nearest 

neighbor method, decision trees, and random forest imputation, which are used to construct 

predictive models to estimate observations that will replace the missing values, can be used when 

the missing data mechanism is ignorable [12]. However, these machine-learning algorithms may 

distort the data distribution or introduce spurious associations when not carefully implemented to 

address missing data [13]. 

Other types of registries have used ML and MI methods to address missing data. For example, in 

cancer registries, MI methods based on specific clinical features have been used to impute 

missing prostate cancer stage information [14]. In a trauma registry, O'Reilly et al. (2012) 

identified and handled incomplete data using the MI method [15]. In a national weight control 

registry, Thomas et al. (2014) addressed missing data using the ML method in their evaluation of 
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the effect of behavior change on weight-loss trajectories [16]. Similarly, in obesity surgery and 

medical birth registries, missing observations on the outcome variables were addressed using the 

ML method [17, 18]. However, for all of the studies, the use of these methods is predicated on 

the assumption that the data are MAR. 

When data are MNAR or the missingness mechanism is non-ignorable, methods such as pattern 

mixture models, shared parameter models, and selection models are recommended [3, 19]. 

However, these methods are less frequently used because the missing data mechanism must be 

modeled, and they can be computationally intensive [11].  

Another approach to ensure that the assumption about ignorability of the missing data is 

plausible is to use auxiliary (i.e., supplementary) variables that are potential correlates of 

missingness and/or the outcome of interest [20]. The use of auxiliary variables related to the 

outcome of interest may reduce the bias due to missing data in model estimates by adding 

information associated with missingness to the model. Auxiliary variables are typically found in 

external data sources. An example of a data source that may contain useful auxiliary variables is 

administrative health data, which captures information about healthcare use and health status of 

patients; the advantage of administrative data is that they are routinely collected for purposes of 

health system management or remuneration, so they are unlikely to have missing values. 

Auxiliary variables are generally not of direct interest, other than for keeping the assumptions 

about ignorability of the missing data plausible [20, 21]. 

Several studies have shown that the theoretical advantage of auxiliary variables is the same for 

ML and MI methods [3, 20]. However, it is more straightforward to include auxiliary variables 

without adjusting the analysis model in MI ,when compared to including them in the ML model 

[21, 22]. Previous studies have compared MI with other missing data methods using simulated 
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data drawn from a real-world cohort, to preserve the complex relationships amongst the 

covariates and the outcomes in a longitudinal setting [6, 23].  However, neither the precision nor 

the bias of MI with and without auxiliary variables in PROs from clinical registry have been 

previously compared. 

The primary purpose of this study was to compare the impact of several missing data methods on 

the precision of the estimated change in PRO measures in longitudinal data from a clinical 

registry. A secondary purpose was to use computer simulation to demonstrate the potential 

effects of including an auxiliary variable in the imputation model on bias and precision of PRO 

change estimates in longitudinal data.   

5.4 Methods 

5.4.1 Data Source and Cohorts 

Study data were from the population-based Winnipeg Regional Health Authority (WRHA) Joint 

Replacement Registry. The WRHA is the largest health region in the central Canadian province 

of Manitoba, which has a population of approximately 1.2 million residents. The Registry 

captures more than 90% of all hip and knee replacement surgeries performed within the health 

region and approximately 75% of all replacement surgeries conducted in the province. 

Information contained in the Registry includes age, sex, medical conditions, implant details, 

complications, and both general and condition-specific PROs. These data are collected via self-

report and chart abstraction from medical records [24, 25]. Much of the information is collected 

at a pre-operative assessment conducted approximately one month prior to surgery, with 

additional data collection at one year following surgery. 
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The study cohort included all patients in the Registry who had total knee arthroplasty (TKA) 

between April 1, 2009 and March 31, 2015. Patients with inaccurate data on sex and BMI were 

excluded. The simulation cohort was comprised of patients from the study cohort who had 

complete information on PRO measures, demographic, and health status measures.  

5.4.2 Study Measures 

Generic and condition-specific PROs in the WRHA Joint Replacement Registry are collected via 

self-report questionnaires completed in the pre-operative assessment clinic and via mailed self-

report questionnaires completed one year following surgery. We limited our attention in this 

study to the generic Short Form Survey version 2 (SF-12v2), a 12-item generic measure of 

physical and mental well-being. It produces Physical Component Summary (PCS) and Mental 

Component Summary (MCS) scores, which can range in value from 0 (worst) to 100 (best). 

Scores are normalized so that values above or below 50 are better or worse, respectively, than 

their corresponding values in the general population [26].  

Demographic information on patient age and sex are extracted from patients’ medical records 

and included in the Joint Replacement Registry. Age was defined at the time of the pre-operative 

assessment. Body mass index (BMI) was calculated from self-reported weight and height at the 

pre-operative assessment. Information about comorbid health conditions, such as heart disease, 

were also obtained via self-report at the pre-operative assessment.  

 5.4.3 Missing Data Methods 

ML and MI methods were selected for use in this study because of their efficient computational 

requirements and recommendations in the literature for their adoption in practice [11]. The ML 

method chooses parameter values that assign the maximum possible probability or probability 

density to the observed data under a well-defined family of parametric probability models. The 
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probability or probability density of the realized data is the likelihood function [11]. The missing 

values are removed from the likelihood by a process of summation or integration. These 

likelihood functions have a complicated form that requires special computational techniques 

such as expectation maximization [27]. Estimates obtained using this method are unbiased if the 

missing data are MAR and the statistical model has been correctly specified.  

For the MI method, each missing value is replaced by M > 1 imputed values. Each value is a 

Bayesian draw from the conditional distribution of the missing observation given the observed 

data. The imputations are expected to represent the information about the missing values that is 

contained in the observed data for the chosen imputation model. MI involves three distinct tasks: 

(a) missing values are filled in M times to generate M complete data sets, (b) the complete data 

sets are analyzed using standard procedures, and (c) results from the M analyses are combined 

into a single inference estimate. The efficiency of the estimate is dependent on the number of 

imputations and fraction of missing information [28, 29]. Similar to the ML approach, the MI 

procedure also relies on the assumption that data are MAR. However, the process of handling 

missing data differs. In MI, missing values are treated in a step that is completely separate from 

the analysis. This separation has both positive and negative consequences. On the negative side, 

there is the possibility that a researcher may proceed to analyze the imputed data without 

considering how the imputations were generated. For example, a model based on a multivariate 

normal distribution allows pairwise associations among variables but not interactions. Therefore, 

imputed data set may tend to exhibit interactions that are weaker than those found in the 

population. On the positive side, the model is flexible and a straightforward process to include 

auxiliary variables. It is also not necessary to include these auxiliary variables in subsequent 
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analyses, as their full effect is taken into account during the MI process, and is automatically 

carried forward into subsequent analyses of the imputed data [20, 30].  

5.4.4 Statistical Analysis  

Descriptive statistics including means, standard deviations (SD), frequencies, and percentages 

were used to describe the cohorts at the baseline (i.e., pre-operative) measurement occasion. 

Patterns of missing data were described for the study cohort using percentages.  

A linear mixed-effects model was used to estimate change in SF-12v2 PCS and MCS scores 

between pre- and post-operative occasions; the choice of models and covariates was based on 

previous research with these data [31]. Specifically, the model included a random intercept and 

multiple fixed covariates, including time, age, sex (male [reference], female), and body mass 

index (BMI < 24.9, 25.0-29.9, 30.0+ [reference], comorbid chronic conditions (including heart 

disease, depression, high blood pressure, diabetes and back pain (No [reference], Yes)). The 

two-way interaction of sex and time was included in the model based on preliminary 

assessments of model fit using penalized likelihood-based fit statistics (e.g., Akaike Information 

Criterion).  

Mixed-effects regression models based on CCA, ML, and MI methods were applied to the study 

cohort data; separate analyses were conducted for the PCS and MCS. CCA was conducted for 

the subset of patients who had no missing observations on any variables at either the pre- or 

post-operative occasions. For the MI method, Markov Chain Monte Carlo (MCMC) sampling of 

the full predictive distribution was adopted; it assumes a multivariate normal distribution for the 

imputations. This assumption was descriptively assessed using quantile-quantile plots of the 

observed values. Ten imputations were conducted, as this number has been shown to be 

sufficient for achieving a reasonable efficiency for high proportions of missing observations 
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[29]. All analyses were carried out in R using the lme function [32] and multiple imputation by 

chained equations [33].  

 5.4.5 Simulation Study 

The simulation study was conducted next. In our analysis of the simulation cohort data, we used 

all variables previously described for the study cohort in addition to a single hypothetical 

auxiliary variable, Z, which was generated from a bivariate normal distribution. Specifically, Z 

was correlated with both the pre- (Y1) and post-operative (Y2) scores with ρ = corr (Y, Z) = 0.2, 

0.5 and 0.8, where Y = (Y1, Y2).  

Random samples of size n = 1000 were selected from the simulation cohort; mixed-effects 

models, as specified previously, were applied to PCS scores. Pre-specified amounts (10%, 25% 

and 50%) of data were removed from the outcome variable via MCAR, MAR, and MNAR 

mechanisms by modeling the probability of the missing indicator conditional on the outcome 

variable using a logistic regression model. The ML, MI and MI-Aux (i.e., multiple imputation 

with Z included the imputation model) methods were used to address missingness. 

A total of 1000 replications were conducted for each of the 27 simulation conditions, which were 

obtained by crossing all possible combinations of types and amounts of missingness with the 

magnitude of correlation of the hypothetical auxiliary variable with the outcome measure. We 

evaluated bias and error in the regression parameter estimates including the intercept (𝛽0), which 

is the estimated average PRO score at the pre-operative occasion, change (𝛽𝑇) between the pre- 

and post-operative occasions, and time-sex interaction (𝛽𝑇𝑆). Specifically, we computed 

standardized bias, root mean squared error (RMSE), 95% confidence interval (CI) coverage, and 

the average width of the 95% CI for each regression parameter mentioned above. Standardized 

bias was the ratio of the bias, the difference between the estimates obtained from the model 
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applied to the random sample with n = 1000 observations, and all data in the simulation cohort, 

and the SD of the estimates expressed as a percent; smaller values indicate less bias. The RMSE 

was calculated from the sum of squared bias and variance; smaller values indicate less error. 

Coverage was calculated as the proportion of the replications for which the 95% CI contained 

the true value of the parameter of interest; good performance is evident when the actual coverage 

is approximately equal to the nominal coverage rate of 95%. The average width of the 95% CI 

was the difference between the upper and lower limits of the interval averaged over the number 

of replications. Shorter intervals imply greater precision and higher power, provided the 95% CI 

coverage is high.    

5.5 Results 

5.5.1 Description of Cohorts and Missing Data 

Table 1 describes characteristics of the study and simulation cohorts. The average age of the 

TKA patients was approximately 67 years in both cohorts. More than half of the patients were 

obese. The most common chronic conditions were high blood pressure and back pain.  

Table 5-1. pre-operative characteristics of the study and simulation cohorts 

Frequencies and percentages [n (%)] reported for all categorical variables; SD – Standard Deviation. 

Characteristic  
Study Cohort 

(n = 5631) 

Simulation Cohort 

(n = 3000) 

Age, mean (SD) 66.7 (9.9) 67.0 (9.2) 

Sex (female) 3307 (58.7) 1754 (58.4) 

Body Mass Index  
632 (11.2) 314 (10.5) 

         < 24.9 (underweight or normal weight) 

         25.0 - 29.9 (overweight) 1696 (30.1) 912 (30.4) 

         > 30 (obese) 3305 (58.7) 1774 (59.1) 

High Blood Pressure 3020 (53.5) 1613 (53.8) 

Back Pain  2074 (36.8) 1080 (36.0) 

Diabetes  992 (17.6) 494 (16.5) 

Depression  761 (13.5) 322 (10.7) 

Heart Disease  663 (11.8) 329 (11.0) 
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The patterns of missing data in the study cohort is reported in Table 2. Overall, just 57.4% of the 

cohort had complete data at both pre- and post-operative occasions. Almost one-third of this 

cohort had missing data at the post-operative occasion only. 

 
Table 5-2. Missing data patterns in the study cohort 

     

 

 

 

 

 

O – Observed; X – Missing. 

5.5.2 Regression Results for the Study Cohort 

The mixed-effects regression model results for the study cohort on both the SF-12v2 PCS and 

MCS measures for the intercept, time, and time-sex effects are presented in Table 3. Parameter 

estimates, standard errors and 95% CI width are provided for the CCA, ML and MI methods. 

Overall, the three methods did not differ on statistical significance of the parameter estimates for 

the intercept, time, and time-sex. However, there were differences amongst the methods for the 

coefficients of age, diabetes, and heart disease in the model for MCS, which were not statistically 

significant for the CCA method but were statistically significant for the ML and MI methods 

(estimates not shown). Overall, the CCA method yielded 95% CIs that were substantially wider 

than for the ML and MI methods. ML and MI produced similar estimates and 95% CI widths 

(see Table 3).  

 

 

 

 

Pattern Pre-Operative Post-Operative % 

1 O O 57.4 

2 O X 32.3 

3 X O 5.9 

4 X X 4.4 
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Table 5-3. Mixed-effect regression model parameter estimates for the SF-12v2 PCS and MCS scores 

  CCA ML MI 

 

Model 

Effect 

Estimate 

(SE) 

CI 

Width 

Estimate 

(SE) 

CI 

Width 

Estimate 

(SE) 

CI 

Width 

PCS 𝛽0 37.85 (1.10) 4.32 35.91 (0.86) 3.36 37.72 (0.92) 3.65 

 𝛽𝑇 12.42 (0.30) 1.18 12.67 (0.27) 1.04 12.57 (0.26) 1.03 

 𝛽𝑇𝑆 -1.03 (0.39) 1.53 -1.35 (0.35) 1.36 -1.34 (0.35) 1.39 

MCS 𝛽0 54.20 (1.32) 5.18 50.86 (1.07) 4.19 51.15 (1.07) 4.22 

 𝛽𝑇 -0.24 (0.29) 1.13 0.01 (0.27) 1.06 0.004 (0.25) 0.99 

 𝛽𝑇𝑆 1.13 (0.38) 1.48 1.34 (0.35) 1.39 1.48 (0.33) 1.32 

CCA – Complete Case Analysis; ML – Maximum Likelihood; MI – Multiple Imputation; HBP – High 

Blood Pressure; CI Width - Width of the 95% confidence interval; SE – Standard Error; Boldface font 

indicates statistically significant estimates at α = 0.05. 

 

5.5.3 Simulation Study Results 

The performance measures for the computer simulation, including the standardized bias, RMSE, 

and average width of the 95% CI for the CCA, ML, and MI methods are reported in Table 4. The 

95% CI coverage (not reported) for the CCA, ML and MI methods ranged between 95% and 

97% when data were MCAR, between 91% and 97% when data were MAR and between 60% 

and 93% when data were MNAR. The lowest number in each of these sets of values corresponds 

to the case when 50% of the data were missing.  

The RMSE and the average width of the 95% CI increased as the rate of missingness increased, 

reflecting the expected loss of information that occurs with increased rates of missing data.  

Under the different missing data mechanisms, the average 95% CI width and RMSE obtained 

from the ML and MI methods were similar for all main effects, but not for the two-way 

interaction. When 25% to 50% of the data were missing, the average width of the 95% CI from 

the ML method was marginally narrower than the width for the MI method. The standardized 

bias for the CCA, ML and MI methods when data were MNAR was twice the size of the bias 

observed when the data were missing because of MCAR and MAR mechanisms. As the rate of 
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missingness increased, the standardized bias also increased. However, when the missing data 

were MCAR, the standardized bias for the MI and ML methods were larger than for the CCA 

method, while the RMSE of the CCA method was substantially larger than for the MI and ML 

methods. 

Simulation results for the MI and MI-Aux methods are reported in Table 5. Including the 

hypothetical auxiliary variable in the imputation model reduced the average width of the 95% CI 

as its correlation with the outcome variable increased. The size of the reduction increased as the 

rate of missing data increased. When 50% of the data was missing, we obtained a reduction of 

up to 14% and 4% in the average 95% CI width by including the hypothetical auxiliary variable 

with ρ = 0.8 and 0.5, respectively. However, there was no significant reduction in the average 

95% CI width when the hypothetical auxiliary variable with ρ = 0.2 was included in the model. 

Similarly, a reduction of up to 5% and 2% in the average 95% CI width was observed when the 

percentage of missing data was 25% and 10% respectively.  

Inclusion of the hypothetical auxiliary variable in the imputation model reduced the bias and 

RMSE, particularly in cases where the rate of missing data was high and ρ = 0.8. When 50% of 

the data was missing via an MNAR mechanism, the bias reduction was over 50% and RMSE 

decreased by up to 45%.



 
 
 

Table 5-4. Simulation performance measures for complete case analysis (CCA), maximum likelihood (ML) and multiple imputation (MI)  

Missing  

Mechanism 

Model  

Parameter  

Performance  

Measure 

10% Missing 25% Missing 50% Missing 

CCA ML MI CCA ML MI CCA ML MI 

MCAR 𝛽0 Bias 5.57 6.90 7.53 2.03 1.09 3.97 -0.19 1.51 6.23 

  RMSE 1.89 1.83 1.84 2.14 1.96 1.97 2.68 2.19 2.23 

  CI Width  8.28 8.09 8.12 9.06 8.48 8.56 11.14 9.31 9.50 

 𝛽𝑇 Bias -2.91 -3.29 -11.63 -3.47 -1.79 -20.61 -1.90 -2.21 -39.96 

  RMSE 0.47 0.47 0.45 0.54 0.52 0.49 0.68 0.60 0.53 

  CI Width  2.18 2.15 2.15 2.38 2.29 2.31 2.92 2.62 2.64 

 𝛽𝑇𝑆 Bias 3.21 3.27 15.30 3.30 0.89 29.48 -4.47 -2.62 60.89 

  RMSE 0.59 0.59 0.55 0.68 0.66 0.56 0.86 0.76 0.58 

  CI Width  2.85 2.81 2.81 3.12 3.00 3.00 3.81 3.43 3.32 

MAR 𝛽0 Bias 14.08 6.19 7.17 11.42 0.56 2.01 -13.98 -9.28 -6.69 

  RMSE 1.87 1.81 1.81 2.08 1.91 1.92 2.59 2.12 2.16 

  CI Width  8.21 8.05 8.08 8.89 8.39 8.47 10.67 9.12 9.24 

 𝛽𝑇 Bias 20.71 14.92 9.90 42.60 32.55 21.65 86.01 64.71 43.61 

  RMSE 0.47 0.46 0.44 0.56 0.52 0.47 0.81 0.66 0.52 

  CI Width  2.14 2.12 2.13 2.30 2.23 2.25 2.72 2.51 2.56 

 𝛽𝑇𝑆 Bias 11.25 10.53 21.15 21.13 18.10 45.06 10.25 3.52 64.01 

  RMSE 0.60 0.59 0.56 0.69 0.66 0.59 0.85 0.75 0.59 

  CI Width  2.83 2.80 2.81 3.09 2.98 2.98 3.79 3.41 3.31 

MNAR 𝛽0 Bias -52.67 -41.61 -39.78 -111.56 -82.51 -80.01 -171.53 -105.67 -102.79 

  RMSE 2.05 1.89 1.89 3.08 2.45 2.43 5.23 3.16 3.17 

  CI Width 8.13 7.95 7.97 8.79 8.27 8.34 10.70 9.16 9.35 

 𝛽𝑇 Bias -1.46 7.61 -2.71 -25.40 -9.78 -36.13 -73.72 -47.93 -110.44 

  RMSE 0.47 0.47 0.45 0.57 0.53 0.51 0.87 0.69 0.76 

  CI Width  2.19 2.15 2.17 2.42 2.32 2.34 3.04 2.70 2.73 

 𝛽𝑇𝑆 Bias -17.53 -18.53 -5.93 -32.42 -34.40 -3.92 -45.61 -45.24 17.64 

  RMSE 0.59 0.59 0.54 0.72 0.69 0.54 0.99 0.88 0.53 

  CI Width  2.85 2.81 2.82 3.13 3.01 3.02 3.90 3.50 3.41 

CI Width - Average width of the 95% confidence interval; Bias – Standardized bias; RMSE – Root mean squared error.  
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Table 5-5. Simulation performance measures for multiple imputation (MI) without and with an auxiliary variable (MI-Aux)  

Missing 

Mechanism 

Model 

Parameter 

Performance 

Measure 

10% Missing 25% Missing 50% Missing 

MI 
MI-Aux 

MI 
MI-Aux 

MI 
MI-Aux 

ρ = 0.2 ρ = 0.5 ρ = 0.8 ρ = 0.2 ρ = 0.5 ρ = 0.8 ρ = 0.2 ρ = 0.5 ρ = 0.8 

MCAR 𝛽0 Bias 4.48 3.75 3.70 3.29 2.31 3.05 3.25 0.74 3.89 4.81 5.05 4.36 

  RMSE 1.78 1.78 1.77 1.74 1.88 1.89 1.85 1.77 2.19 2.18 2.11 1.94 

  CI Width 8.11 8.09 8.03 7.92 8.58 8.53 8.39 8.09 9.50 9.42 9.10 8.46 

 𝛽𝑇 Bias -2.16 -2.06 -0.54 2.18 -19.72 -21.47 -21.49 -12.81 -36.70 -37.14 -31.22 -16.90 

  RMSE 0.46 0.46 0.46 0.45 0.47 0.46 0.46 0.44 0.52 0.53 0.52 0.47 

  CI Width 2.16 2.16 2.15 2.12 2.32 2.31 2.29 2.21 2.65 2.64 2.57 2.38 

 𝛽𝑇𝑆 Bias 4.18 3.84 2.61 -1.39 29.38 32.62 33.04 21.74 61.45 62.28 52.82 29.08 

  RMSE 0.56 0.56 0.56 0.56 0.57 0.57 0.57 0.56 0.60 0.60 0.60 0.58 

  CI Width 2.82 2.82 2.81 2.77 3.00 3.00 2.96 2.88 3.34 3.31 3.25 3.05 

MAR 𝛽0 Bias -1.29 -0.56 0.67 3.06 -11.52 -10.87 -10.59 -8.20 -26.62 -19.67 -10.71 4.93 

  RMSE 1.77 1.76 1.76 1.74 1.87 1.88 1.84 1.76 2.26 2.24 2.13 1.95 

  CI Width 8.05 8.04 8.01 7.93 8.44 8.45 8.32 8.10 9.34 9.31 9.03 8.44 

 𝛽𝑇 Bias 9.13 6.53 4.63 3.17 -4.55 -11.15 -18.72 -18.78 -14.41 -14.83 -10.96 -2.48 

  RMSE 0.46 0.46 0.46 0.46 0.45 0.46 0.46 0.45 0.52 0.51 0.50 0.47 

  CI Width 2.15 2.15 2.14 2.12 2.31 2.30 2.28 2.21 2.62 2.60 2.54 2.35 

 𝛽𝑇𝑆 Bias -8.19 -6.72 -6.81 -5.64 15.21 20.60 24.92 21.05 31.05 30.19 22.37 6.38 

  RMSE 0.57 0.57 0.57 0.57 0.54 0.55 0.56 0.56 0.55 0.54 0.55 0.57 

  CI Width 2.83 2.82 2.81 2.77 3.02 3.02 2.99 2.89 3.34 3.32 3.25 3.05 

MNAR 𝛽0 Bias -42.75 -40.05 -31.76 -13.71 -86.54 -84.55 -73.35 -42.67 -102.96 -99.42 -89.10 -53.11 

  RMSE 1.89 1.87 1.81 1.73 2.49 2.44 2.26 1.90 3.17 3.10 2.80 2.20 

  CI Width 7.97 7.97 7.90 7.84 8.33 8.32 8.20 7.97 9.37 9.27 8.95 8.35 

 𝛽𝑇 Bias 7.95 6.41 3.46 1.73 -31.14 -34.74 -35.36 -25.04 -101.73 -99.73 -80.58 -41.96 

  RMSE 0.45 0.45 0.45 0.45 0.48 0.48 0.48 0.45 0.74 0.73 0.65 0.51 

  CI Width 2.17 2.16 2.16 2.12 2.34 2.35 2.31 2.22 2.74 2.71 2.63 2.40 

 𝛽𝑇𝑆 Bias -16.91 -14.34 -8.65 -3.75 -5.30 1.39 11.72 16.71 16.66 18.66 15.27 8.17 

  RMSE 0.55 0.55 0.55 0.56 0.53 0.54 0.55 0.55 0.54 0.54 0.55 0.57 

  CI Width 2.82 2.82 2.80 2.77 3.01 3.02 2.98 2.88 3.41 3.39 3.30 3.07 

CI Width – Average width of the 95% confidence interval; Bias – Standardized bias; RMSE – Root mean squared error.
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5.6 Discussion 

This study used a real-world numeric example and computer simulation to compare several 

methods for missing data when estimating change in PRO scores from a joint replacement 

clinical registry. In the numeric example, we investigated the effect of missing data methods on 

the precision of estimates of change in pre- and post-operative PROs. Standard errors were 

consistently larger for the CCA method when compared with ML and MI methods. The ML and 

MI methods produced consistent parameter estimates and standard errors. This is because the 

imputation and analysis models are similar for both methods [11, 20].  

The simulation study investigated the potential benefit of using a supplementary variable on the 

bias and precision of the MI method. The simulation focused on the effects of a single 

hypothetical auxiliary variable, although in practice there may be more than one auxiliary 

variable included in the MI model [20]. The impact on bias and precision was substantial when 

the amount of missing data was large, and when the correlation between the hypothetical 

auxiliary variable and the outcome of interest was high. When missingness on the outcome of 

interest was ignorable, inclusion of an auxiliary variable that was strongly associated with our 

outcome variable added extra information to the imputation model, which is in agreement with 

the recommendation of the International Society of Arthroplasty Registries on how to deal with 

missing data in arthroplasty registries [34]. As a result of this inclusion, we obtained a 

significant reduction in standard errors, and consequently increased the precision of our analysis, 

which is consistent with previous research [3, 20, 22]. Furthermore, including an auxiliary 

variable in the imputation model helped moderate the amount of bias and size of the RMSE 

when missingness was non-ignorable. Thus, our results are comparable to what would be 

expected under an ignorable missingness mechanism [20]. 
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Clinical registries may include variables that are correlated with missingness and could therefore 

be included as auxiliary variables in MI models. However, many variables in clinical registries 

will have the same pattern of missingness as the outcome of interest. This was true for the 

clinical registry data used in the current study. Thus, in order to adopt a MI approach with 

auxiliary variables, the researcher should link the registry data to another data source that has 

complete information on variables thought to be associated with missingness. For example, it 

may be possible to link clinical registry data with administrative health data containing measures 

of healthcare use or diagnoses for comorbid health conditions that may be associated with the 

presence of missing observations [35, 36]. As well, these data may also contain information 

about physician characteristics, which may also influence missing data for patients captured in 

clinical registries. For example, some physicians may focus on more or less complex patients; 

comorbid characteristics, which are likely to be more common in more complex patients, may 

have a strong impact on patient dropout/loss to follow-up. 

This study has a number of strengths. First, we used a combination of computer simulation and a 

real-world numeric example to examine the effect of the missing data method on estimates of 

change in PRO scores. The use of simulated data drawn from the study cohort ensures that the 

complex relationships amongst the covariates and the outcomes are preserved, which facilitates 

understanding of the impacts of missing data in real-world settings [23]. We examined change in 

both the SF-12v2 PCS and MCS scores in our numeric example, and PCS only in our simulation 

study as we expect the performance measures to have similar patterns across outcomes. There 

are, however, some limitations to this study. In our simulation study, we considered only the 

hypothetical situation of using a single auxiliary variable in the imputation model due to the 

substantial computation time for the simulation study. Also, we only considered the case where 
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the relationship between the auxiliary variable and outcome of interest was linear. It is possible 

to have a scenario where the relationship is non-linear. Moreover, we did not include an 

auxiliary variable in our numeric example. The linkage of the WRHA Joint Replacement 

Registry to sources of auxiliary variables, such as administrative health data, requires data access 

approvals and a health information privacy impact assessment. Moreover, the choice of one or 

more potential auxiliary measures to include in a MI model is not a straightforward process; both 

theoretical and practical considerations must be addressed, which is beyond the scope of the 

current paper [20].  

5.6.1 Conclusion  

In summary, we examined the impact of different missing data mechanisms and an auxiliary 

variable on the bias and precision in estimating change over time in PROs. Our simulation 

results showed that using auxiliary information in the imputation model can increase the 

precision and reduce the bias of parameter estimates, especially in cases where the percentage of 

missing data is high.  

In the absence of an auxiliary variable, the simulation results revealed that the ML method is 

more precise in estimating longitudinal change in PRO measures than the MI method, especially 

when there is complete data on the covariates. However, MI offers an advantage of 

straightforward inclusion of one or more auxiliary variables in the imputation model over the ML 

method. Under the expectation of inevitable missing data when conducting a longitudinal study, 

complete auxiliary information should be collected, such as other measures of the PRO of 

interest and/or variables that may be associated with the outcome. Our results showed a 

consistent pattern in all the scenarios considered. Therefore, we recommend that in the presence 
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of missing data, initial analyses should be conducted assuming MAR and then sensitivity 

analyses should be conducted assuming MNAR. 
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CHAPTER 6: ENHANCED WEIGHTED NON-NEGATIVE MATRIX 

FACTORIZATION APPROACH FOR ADDRESSING ITEM NON-RESPONSE IN 

PATIENT-REPORTED OUTCOME MEASURES 

 

6.1 Overview 

This manuscript proposes an enhanced weighted non-negative matrix factorization, which uses 

the observed item responses as auxiliary or supplementary variable to define weights before item 

level imputation. The Type I error rate and statistical power of the proposed method was 

compared with several ordinal item non-response methods including listwise deletion, full 

information maximum likelihood and non-negative matrix factorization, when testing for 

differential item functioning in patient-reported outcome measures using Monte Carlo simulation 

and real-world data. The results from this study showed that including an auxiliary variable in 

the process of addressing item non-response can reduce the Type I error rates. This study is a 

unique addition to the literature on methods to address incomplete responses in patient-reported 

outcome measures because it demonstrates the practicality of using observed item responses to 

define an auxiliary variable, which provides a basis for easy, accessible, and cost-effective 

approach of identifying auxiliary variable in patient-reported outcome measures.  
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6.2 Abstract 

Patient-reported outcome measures (PROMs) are valuable tools to collect information about 

patient’s perceptions of their own health in clinical trials, and population-based surveys. PROMs 

are prone to item non-response, which may occur for several reasons such as patients having 

difficulty understanding or interpreting the questions. Item non-response can invalidate group 

comparisons of PROM scores within the population . In this study, we propose an unsupervised 

machine-learning method that leverages on the aggregated observed item responses as an 

auxiliary variable to define weights for ordinal item-level imputation. Monte Carlo simulation 

and numeric example were used to compare the Type I error rates and statistical power of the 

proposed method, an auxiliary variable enhanced weighted non-negative matrix factorization 

(wNNMF-Aux) with listwise deletion, full information maximum likelihood (FIML), and non-

negative matrix factorization (NNMF), when testing for differential item functioning. The 

simulation conditions included number of items, sample size, and percentage of missing 

observations. The Type I error rates and statistical power of the wNNMF-Aux method were 

comparable to the FIML method when the number of items was large. The wNNMF-Aux 

method outperformed the NNMF method for most of the simulation conditions under 

consideration. However, the wNNMF-Aux method resulted in inflated Type I error rates when 

the percentage of missing responses was more than 25% and the number of items was small. The 

wNNMF-Aux method has the advantage of incorporating aggregated observed item response as 

auxiliary variable in the imputation process to reduce Type I error rates. 
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6.3 Introduction 

Patient-reported outcome measures (PROMs), which are comprised of questions or items that 

reflect underlying latent (i.e., unobserved) constructs are used in healthcare and epidemiological 

studies to capture information on quality of life and other aspects of health and well-being [1–3]. 

PROMs are used to describe disease trajectories [4] and evaluate the impact of interventions, 

such as behavioral therapy or surgery [5]. Item responses from PROMs instrument are 

multivariate and ordinal in nature (e.g., Likert scales). 

PROMs are prone to item non-response (i.e., missing data), which may occur because patients 

have difficulty understanding or interpreting the questions, uncomfortable answering the 

questions due to cultural or personality differences or miss scheduled clinic visits. Item non-

response can invalidate group comparisons of PROM scores within the population, and the 

evaluation of any clinical intervention. Item non-response may increase the risk of false-negative 

findings, and over- or under-estimation of differences between groups or over time [6, 7].  

The choice of methods to address item non-response is dependent, in part, on the missingness 

mechanism, which can be missing completely at random (MCAR), missing at random (MAR), or 

missing not at random (MNAR) [8–10]. Data are MCAR if the probability of missingness is 

unrelated to the observed and unobserved outcomes, that is, MCAR assumes patients with 

missing responses are a random sample of the study cohort or population. Data are MAR, if 

conditional on the observed data, the probability of missingness is independent of the unobserved 

outcomes. Finally, data are MNAR if the probability of missing observations depends in whole 

or in part, on unobserved measurements.  
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Ordinal item non-response methods including listwise deletion (LD) [11], multiple imputation 

(MI), full information maximum likelihood (FIML) and non-negative matrix factorization 

(NNMF) [8, 12–22] have been used to address non-response in PROMs data.  

The LD method is easy to implement and widely available in most statistical software packages. 

Studies have shown that the LD method performs comparably to the MI, FIML and NNMF 

methods when testing for group differences in PROMs [11, 23, 24]. However, this method may 

result in biased parameter estimates and inflated standard errors, especially when the percentage 

of non-response is high [13]. 

The MI and FIML methods have been shown to perform equivalently when the imputation and 

analysis models are similar [19–21]. The MI method requires that the functional form of the 

imputation model and the distributional form of the variables included in the model are specified 

correctly [16, 25]. Also, potential non-linear relationships that may exist amongst variables needs 

to be incorporated in the imputation model [26]. The FIML method relies on a family of 

parametric probability model assumptions, and correct model specification [6, 27]; when these 

assumptions are not tenable, the FIML method may result in less than optimal performance [28]. 

The NNMF method makes no distributional assumption when imputing for missing response and 

it is computationally efficient [29]. However, the NNMF method may result in less than optimal 

performance when the sample size is small and the correlation among items that comprise the 

PROMs is weak [23].  

In the context of missing responses, the optimization process of the NNMF method is equivalent 

to using the weighted NNMF (wNNMF) method with binary weights [30], which assigns weight 
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of 0 to missing response and 1 to observed response. The weighting gives the flexibility to 

emphasize certain item responses in the imputation process [31].  

Leveraging on information from auxiliary (i.e., supplementary) variables, which are potential 

correlates of missingness and/or outcome of interest in missing data methods has been shown to 

improve model parameter estimation [20, 32–35]. Eekhout et al. showed that including 

aggregated observed item responses as an auxiliary variable in the FIML method increased the 

precision of the estimated parameters [36].  

In this study, we propose an enhanced wNNMF (wNNMF-Aux) method, which uses aggregated 

observed item responses as an auxiliary variable to define weights before imputation; the 

performance of the wNNMF-Aux method was compared with the LD, FIML and NNMF 

methods. We do this in the context of differential item functioning (DIF), which occurs when the 

probability of item response varies across groups defined by such characteristics as age or sex, 

after adjusting for one or more latent traits represented in the items.  

6.4 Methods 

6.4.1 Existing Methods 

In this section, we describe FIML, NNMF, and wNNMF methods. 

FIML 

The FIML method is a direct extension of the maximum likelihood method to missing data 

problem. Suppose we have a simple random sample of 𝑛 individuals from the population of 

interest. Let 𝒚 = (𝑦𝑖1, 𝑦𝑖2, … , 𝑦𝑖𝑝) denote 𝑝-dimensional vector of item responses with 

probability density function 𝑓(𝒚; 𝜃). The goal is to estimate the parameter 𝜃. The maximum 

likelihood method, which chooses parameter values that assign the maximum possible 



136 
 

probability or probability density to the observed data under a well-defined family of parametric 

probability models, would be appropriate to estimate 𝜃 if 𝒚 were fully observed.  

Suppose only a part of 𝒚 was observed for 𝑖𝑡ℎ individual, we let (𝒚𝑖
𝑂 , 𝒚𝑖

𝑀) denote the subset of 𝑝 

items that are observed and missing for the 𝑖𝑡ℎ individual (𝑖 = 1, … , 𝑛), respectively. Let 𝛿𝑖𝑗 be 

the response indicator function of 𝑦𝑖𝑗, with  𝛿𝑖𝑗 = 1 if 𝑦𝑖𝑗 is observed, and 𝛿𝑖𝑗 = 0 if 𝑦𝑖𝑗 is 

missing for 𝑗 = 1, … , 𝑝  and  𝜹 = (𝛿1, … , 𝛿𝑝). To estimate 𝜃, we assume a response probability 

model 𝑃(𝜹|𝒀) =  𝑃(𝜹|𝒚; 𝜙) , where 𝜙 is the parameter of the response probability model. For 

each 𝑖𝑡ℎ individual, we observe (𝒚𝑖
𝑂 , 𝛿𝑖) instead of 𝒚𝑖. The marginal density of (𝒚𝑖

𝑂, 𝛿𝑖) can be 

written as:  

                          𝑓(𝒚𝑖
𝑂 , 𝛿𝑖; 𝜃, 𝜙) = ∫ 𝑓(𝒚𝑖; 𝜃)  𝑃(𝜹𝑖|𝒚𝑖; 𝜙)𝑑𝜇(𝒚𝑖

𝑀).                                                     (1) 

Using Eq.(1), the observed likelihood is given by: 

                       𝐿𝑜𝑏𝑠(𝜃, 𝜙) = ∏ [∫ 𝑓(𝒚𝑖; 𝜃)  𝑃(𝜹𝑖|𝒚𝑖; 𝜙)𝑑𝜇(𝒚𝑖
𝑀)]

𝑛

𝑖=1

.                                                   (2) 

Missing responses are integrated out from Eq.(2) to estimate the model parameter. Even under 

very simple distributional assumptions, the observed likelihood of the graded response model 

(GRM) [37, 38] have a complicated form that requires special computational techniques such as 

expectation-maximization (EM) algorithm [39]. Estimates obtained using the FIML method are 

unbiased if the missing data are MAR and the model has been correctly specified [6]. 

NNMF  

The NNMF method approximately decomposes a non-negative matrix into the product of two 

low-dimensional matrices [40]. It provides a strategy for imputing missing values in a dataset 
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that is represented in the form of a matrix. It is often assumed that there are correlations and 

underlying structures in the dataset such that only a subset of observed values suffices to 

approximately obtain some or all missing values. The main difference between the NNMF 

method and other matrix factorization methods, such as singular value decomposition and 

maximum-margin matrix factorization, is that the two low-dimensional matrices are constrained 

to be non-negative. These constraints make the NNMF method applicable to address missing 

ordinal responses.  

Suppose we have a fully observed response matrix 𝒀𝑝×𝑛 with low rank 𝑘 [𝑘 ≪ min(𝑛, 𝑝)], 

where 𝑝 is the number of items or questions, and 𝑛 is the number of respondents. The goal of the 

NNMF method is to obtain an item factor matrix  𝑼𝑝×𝑘, and a respondent factor matrix  𝑽𝑘×𝑛, 

such that 𝒀 ≈ 𝑼𝑽, constraining 𝑼 and 𝑽 to be non-negative [40, 41]. The item factor matrix 

shows the relationship of each item to the latent variable, and the respondent factor matrix shows 

the relationship of each respondent to the latent variable. 

The NNMF method involves minimizing: 

                                              𝑃(𝑼, 𝑽) =  
1

2
 ‖𝒀 −  𝑼𝑽 ‖2,                                                                          (3) 

variable. 

The NNMF method involves minimizing: 

                                              𝑃(𝑼, 𝑽) =  
1

2
 ‖𝒀 −  𝑼𝑽 ‖2,                                                                          (3) 

subject to 𝑼 ≥ 0, 𝑽 ≥ 0, where ‖ . ‖2 is the squared Frobenius norm of the matrix. This 

optimization can be solved in different ways. We used multiplicative update rules, an iterative 

method to update factor matrices 𝑼 and 𝑽 [42], because of their ease of implementation and 
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speed of convergence. The multiplicative update rules for entries 𝑢𝑖𝑘 and 𝑣𝑘𝑗 of the matrices 𝑼 

and 𝑽 respectively are: 

                                                 𝑢𝑖𝑘 ⇐  
(𝒀𝑽T)𝑖𝑘𝑢𝑖𝑘

(𝑼𝑽𝑽T )𝑖𝑘
,                                                                                    (4)  

                                               𝑣𝑘𝑗 ⇐  
(𝑼T𝒀)𝑘𝑗𝑣𝑘𝑗

(𝑼𝑇𝑼 𝑽)𝑘𝑗
.                                                                                     (5) 

Now, consider the situation where some entries in 𝒀 are missing. The initial formulation of the 

multiplicative update rules will be insufficient unless additional constraints are imposed on the 

rows and columns of 𝑼 and 𝑽. For an incomplete ordinal item response matrix 𝒀 with low rank 

𝑘, let 𝜔 ⊂ {1, … , 𝑝} × {1, … , 𝑛} denote the indices of observed entries, 𝐼𝑗 = {𝑖: 𝑦𝑖𝑗 is observed} 

and 𝐼𝑗̃ = {𝑖: 𝑦𝑖𝑗  is missing}. We observe that information in 𝒀 is redundant to achieve 𝒀 ≈ 𝑼𝑽 

since 𝒀 is assumed to have a low rank 𝑘. Therefore, factorization of the incomplete ordinal item 

response matrix can be achieved using the observed responses. The optimization problem in 

Eq.(3) can then be reformulated as, 

                                       minimize  
𝑈,𝑉

1

2
∑ (𝒀𝑖𝑗 − (𝑼𝑽)𝑖𝑗)2

(𝑖,𝑗)∈𝜔

,                                                                 (6) 

subject to 𝑼 ≥ 0, 𝑽 ≥ 0. When applying the multiplicative update rules on the 𝑗𝑡ℎ column of   

𝑽 in Eq.(6), all 𝐼𝑗̃ rows of 𝑼 are removed. The resulting multiplicative update equation with 

squared Frobenius norm becomes, 

                                                     𝑣𝑘𝑗 ⇐  

(𝑼𝐼𝑗.
T 𝒀𝐼𝑗.

)
𝑘𝑗

𝑣𝑘𝑗

(𝑼𝐼𝑗.

T 𝑼𝐼𝑗.𝑽)
𝑖𝑘

,                                                                          (7) 
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where 𝑼𝐼𝑗., and 𝒀𝐼𝑗.
 are submatrices of 𝑼 and 𝒀 with row indices in 𝐼𝑗. The multiplication of the 

resulting 𝑼 and 𝑽 factor matrices produce an approximation to the original data points in item 

response matrix 𝒀. The maximum and minimum imputed values are constrained to the highest 

and lowest possible item responses to avoid generation of out-of-range values. This method was 

implemented in RStudio version 3.5.2 using the NNLM package [29, 43].   

wNNMF  

The wNNMF method is a weighted case of the NNMF and it minimizes: 

       𝑃𝑊(𝑼, 𝑽) =  
1

2
 ‖𝒀 −  𝑼𝑽 ‖𝑊

2 ∶=  
1

2
∑[𝑊 ∘ (𝒀 − 𝑼𝑽) ∘  (𝒀 − 𝑼𝑽)]𝑖𝑗

𝑖𝑗

 ,                                (8) 

subject to 𝑼 ≥ 0, 𝑽 ≥ 0, where 𝑊 = {𝑊𝑖𝑗} > 0 is a non-negative weight matrix, and 𝐴 ∘ 𝐵 is the 

Hadamard product (or element by element product) of the matrices A and B. Similar to the 

NNMF method, multiplicative update rules was used to update factor matrices 𝑼 and 𝑽 [42]. We 

refer to Blondel et al. [31] for details on the optimization of Eq.(8). Several studies have imputed 

missing values using the wNNMF method by the defining a binary weights for 𝑊𝑖𝑗 as follow [30, 

44]: 

         𝑊𝑖𝑗 = {
1, if 𝒀𝑖𝑗  is observed

0, if 𝒀𝑖𝑗  is unobserved.
                                          

When all the elements in 𝑊𝑖𝑗 = 1, Eq.(8) reduces to Eq.(3). This method was implemented in 

RStudio version 3.5.2 using the wNMF function in Python [31]. 

6.4.2 Proposed Method 

wNNMF-Aux 
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In this section we introduce the wNNMF-Aux method to address ordinal item non-response. This method 

is an extension of the wNNMF method. The framework of our proposed method is presented in 

Algorithm 1.   

Algorithm 1: The wNNMF-Aux method algorithm 

1. Define an auxiliary variable Z, where Z is the sum of the observed item responses for the 𝑖𝑡ℎ 

individual in the incomplete ordinal item response matrix 𝒀. 

2. Partition 𝒀 into q distinct, non-overlapping groups based on the estimated quantiles of Z. 

3. Initialize the missing responses for 𝑖𝑡ℎ individual with the median of the observed responses on 

the corresponding items. 

4. Define 𝑊𝑖𝑗 within each group as the inverse of the ratio of the number of individuals  

with at least one missing response to the group size. 

5. Minimize Eq.(8) as before with the newly defined weights and initialized missing responses 

                              𝑃𝑊(𝑼, 𝑽) =  
1

2
∑[𝑊 ∘ (𝒀 − 𝑼𝑽) ∘  (𝒀 − 𝑼𝑽)]𝑖𝑗

𝑖𝑗

,                           

 subject to 𝑼 ≥ 0, 𝑽 ≥ 0. 
 

6. Replace the missing response for 𝑖𝑡ℎ individual with predicted response  

 

6.4.3 Simulation Study 

Data generation and simulation conditions 

We simulated unidimensional polytomous data for p items (p = 15 and 30) using GRM:  

              𝑃( 𝒀𝑖𝑗 ≥ 𝑐 ∣∣  𝜽, 𝛼𝑗 , 𝛽𝑗𝑐 ) =  
𝑒𝑥𝑝[𝛼𝑗(𝜃𝑖 −  𝛽𝑗𝑐)]

1 +  𝑒𝑥𝑝[𝛼𝑗(𝜃𝑖 −  𝛽𝑗𝑐)]
,                                                             (9) 

where 𝑃( 𝒀𝑖𝑗 ≥ 𝑐 ∣∣  𝜽, 𝛼𝑗 , 𝛽𝑗𝑐 ) is the probability of selecting the response option 𝑐 (𝑐 = 1, ⋯ , 𝐶) 

or higher on item 𝑗 (𝑗 = 1, ⋯ , 𝑝) by respondent  𝑖 (𝑖 = 1, ⋯ , 𝑛), with latent trait 𝜃, 𝛼𝑗 is the 

slope of item 𝑗, and 𝛽𝑗𝑐 is the threshold of item 𝑗 for the 𝑐𝑡ℎ category. 
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The slopes (𝜶) of the items were sampled from a uniform distribution 𝑈(1.1, 2.8) [45]. The 

thresholds (𝜷) also followed a uniform distribution 𝑈(−2, 2) [46, 47]. The number of item 

response categories (𝐶) was set to 𝐶 = 5, and the latent trait (𝜽) followed a normal 

distribution, 𝑁(0, 1).   

Missing data were simulated for the items that exhibited DIF [24, 48, 49]. The missingness on 

these items was achieved using the multivariate amputation method [50] that generates missing 

data by assigning a weight to each observation. For example, to achieve missingness under the 

MAR mechanism, the item weights depend only on the observed data; the probability of 

missingness is calculated assuming a logistic distribution based on the weights. Observations 

with a larger weight have a greater likelihood of missingness. This method has been shown to be 

more appropriate for generating missing data when compared to a stepwise univariate 

amputation method (i.e., missingness on items are generated one at a time) [51, 52]. Pre-

specified amounts of responses were removed from the DIF items for each missing data 

mechanism using the multivariate ampute function in the mice package [53] in R version 3.5.2.  

The simulation conditions including sample size, percentage of missing data, magnitude of 

uniform and non-uniform DIF effects are presented in Table 1. Random samples of sizes (n) 

were generated for each of the reference (R) and focal (F) groups and denoted as R500/F500, 

R1000/F1000, and R1500/F500 giving total sample sizes that ranged from 1000 to 2000. The 

fully observed condition (i.e., 0% missing responses) was used as a reference to assess the 

performance of item non-response methods. The magnitude of the difference between the 

groups’ thresholds and slopes were set to 0 (i.e., no DIF present), 0.2 (small), 0.4 (moderate) and 

0.6 (large) [54]. A total of 500 replications were conducted for each of the 162 combinations of 

simulation conditions. 
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Table 6-1. Manipulated simulation conditions 

Conditions Values 

Number of items items (p) 15, 30 

Random samples of size (n) R500/F500, R1000/F1000, R1500/F500 

Pre-specified % of missing responses  0%, 10%, 25%, 50% 

Missingness mechanisms MCAR, MAR, MNAR 

% of items that exhibited DIF effects 20% 

Magnitude of DIF effects 0, 0.2, 0.4, 0.6 

R: Reference group; F: Focal group 

Simulation scenarios 

We considered a number of simulation scenarios to compute the Type I error rates and power of 

the test. In the first scenario, which assumes neither uniform nor non-uniform DIF were present 

in the simulated data, no DIF effect was added to the threshold and slope parameters of the DIF 

target items. In the second scenario, we considered two conditions where DIF was present. 

Under the first condition where only uniform DIF was present, we added small to large DIF 

effects to the threshold parameters of the DIF target items in the focal group. Under the second 

condition where non-uniform DIF was present, we added small to large DIF effects to the slope 

parameters of the DIF target items in the focal group.  

We used the item response theory likelihood ratio test (IRT-LRT) to test for uniform and non-

uniform DIF because of its popularity and availability in statistical software packages such as 

RStudio. The IRT-LRT compares the difference in the likelihood between two nested GRMs 

using a χ2  statistic, with degrees of freedom equal to the difference in degrees of freedom 

between the two GRMs [48]. 

To test for DIF when it was not present, we fit a DIF model that assumed all items, except the 

target items were invariant between the focal and reference groups. Next, we fit a set of no-DIF 
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models that constrained the threshold or slope parameters to be equal for all items in the two 

groups. A statistically significant LRT indicated the presence of DIF. 

To test for uniform or non-uniform DIF when it was present, we fit a DIF model as specified 

above. Next, we fit no-DIF models that constrained the threshold or slope parameters to be equal 

for all items in the two groups. A statistically significant LRT when the DIF model was 

compared to: (1) a no-DIF model that constrained the threshold parameters for all items in the 

two groups indicated the presence of uniform DIF, and (2) a no-DIF model, where the slope 

parameters were constrained for all items in the two groups indicated the presence of non-

uniform DIF. The GRM-LRT was implemented in RStudio version 3.5.2. using the mirt package 

[55].  

Performance measures 

The performance of the item non-response methods was evaluated using the power of the test 

and Type I error rate. We report the average percentage of statistically significant LRT statistics 

across replications and items that were tested for DIF.  

Bradley’s liberal criterion (i.e., 0.025 – 0.075) for α = 0.05 was used to evaluate the robustness of 

Type I error rates [56]. The power of the GRM-LRT with and without adoption of a missing data 

method was compared; differences in the power of the LRT ≤10% were considered insubstantial 

while differences >10% were considered substantial [57, 58].                             

6.4.4 Numeric Example 

Data source and measures 

The computerized adaptive test (CAT-5D-QOL), which consists of five domains that are related 

to joint problems (i.e., pain or discomfort, daily activities, walking, handling objects, and 
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feelings) was used as a real-world example to demonstrate the implementation of the item non-

response methods. Details of the methodology to develop and collect the study data for the CAT-

5D-QOL have been described elsewhere [59, 60].  

We limit our attention to 35 out of the 36 items measuring the severity and frequency of pain or 

discomfort (PAIN) and the impact of pain on activities of daily living and leisure for this 

demonstration. The response options varied for the items; 16 items had responses that ranged 

from 1 to 5 for “not at all” to “extremely”, 12 items had responses that ranged from 1 to 5 for 

“never” to “always”, and 7 items had a range of item-specific response options. The reliability 

and validity of the CAT-5D-QOL has been reported in other studies [59–61]. Consistent with 

previous studies, we test for DIF by sex [62].  

Statistical analyses 

Descriptive statistics were used to describe the study cohort. A three-step procedure was used to 

test for uniform and non-uniform DIF using the GRM with the LRT to: (1) assess the 

dimensionality of the CAT-5D-QOL PAIN domain, (2) select anchor items, and (3) assess DIF 

[63] (see Supplementary Material 1).  

Exploratory and confirmatory analyses were used to assess the dimensionality of CAT-5D-QOL 

PAIN domain [64, 65]. The exploratory approach compared the first and second eigenvalues 

obtained from the polychoric correlations for all the items. The first eigenvalue should be 

significantly greater than the second eigenvalue (i.e., ratio > 4:1) to support unidimensionality 

[64]. The confirmatory approach compared the comparative fit index (CFI) root mean square 

error of approximation (RMSEA), and standardized root mean squared residual (SRMR) of 

unidimensional and two-dimensional graded response models using a unit variance identification 
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constraint (i.e., constraining the mean and variance of each factor to 0 and 1 respectively). A 

RMSEA ≤ 0.05, a SRMR ≤ 0.08, and a CFI > 0.95 indicate close or good model fit [66, 67]. 

Items with complete responses was used to assess the dimensionality. 

Model parameters were estimated using the maximum likelihood method. The Hochberg step-up 

approach was used to control the familywise Type I error rate to α = 0.05 [68].   

6.5 Results 

6.5.1 Simulation Study Results 

Fully observed item responses  

Table 2 shows the Type I error and power rates for the LRTs of uniform and non-uniform DIF 

when the data were fully observed (i.e., no missing responses). The Type I error rates for all the 

simulation conditions considered were within the bounds of Bradley’s liberal criterion [56]. The 

number of items, sample sizes and magnitude of DIF effects were positively associated with 

statistical power. For uniform DIF, power ranged from 21.2% to 100.0% and for non-uniform 

DIF, power ranged from 17.5% to 96.4%. 
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Table 6-2. Type I error rates (%) and power rates (%) to detect uniform and non-uniform DIF in fully 

observed data for the likelihood ratio test 

# of 

items 
Sample size 

Type I 

error 

Power to detect uniform 

DIF 

Power to detect non-uniform 

DIF 

Magnitude of DIF effect 

0.2 0.4 0.6 0.2 0.4 0.6 

15 R1000/F1000 5.3 34.6 93.4 100.0 25.8 67.9 91.2 

 R1500/F500 5.0 26.3 84.8 99.7 22.1 58.1 86.0 

 R500/F500 6.3 21.2 68.1 96.2 17.8 44.4 69.7 

30 R1000/F1000 4.6 39.3 96.0 100.0 30.9 75.2 94.5 

 R1500/F500 4.8 28.5 87.1 99.9 23.4 63.5 89.0 

 R500/F500 5.5 21.2 69.4 96.8 17.5 47.6 75.6 

R: Reference group; F: Focal group 

Missing item responses 

The Type I error percentages for detecting DIF using the LRT when items contained missing 

responses are reported in Table 3. The results are stratified by number of items, sample size and 

percentage of missing responses. The Type I error rates for the wNNMF-Aux method were 

within the bounds of the liberal criterion for more than 95.0% of the conditions, but this method 

did exhibit inflated error rates as the number of items decreased. The error rates of the NNMF 

method exceeded the upper bound of Bradley’s liberal criterion, indicating inflated Type I error 

rates, especially with 50% missing responses. The percentages for the LD and FIML methods 

were within the bounds of the liberal criterion for all the investigated simulation conditions. 
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Table 6-3. Type I error rates (%) for item non-response methods when testing for DIF using the likelihood ratio test  

# of 

items 
Mech. Sample size 

Percentage of missing responses 

10% 25% 50% 

LD FIML NNMF wNNMF-

Aux 

LD FIML NNMF wNNMF-

Aux 

LD FIML NNMF wNNMF-

Aux 

15 MCAR R1000/F1000 4.8 4.9 5.1 4.8 5.2 5.3 5.8 5.7 5.0 4.9 7.8 7.3 

 R1500/F500 4.8 4.7 4.3 4.3 5.3 5.2 5.5 5.4 5.0 5.0 7.2 7.2 

 R500/F500 5.3 5.3 5.8 6.1 5.3 5.2 5.3 5.4 5.7 5.4 8.2 7.8 

MAR R1000/F1000 5.4 5.1 5.3 5.4 5.6 5.6 6.3 5.7 4.7 4.8 8.3 8.4 

 R1500/F500 5.6 5.6 5.9 5.8 5.1 5.1 6.7 5.7 5.8 5.8 8.4 8.1 

 R500/F500 5.6 5.7 6.2 6.3 5.9 6.1 7.0 6.3 5.1 5.2 8.4 8.0 

MNAR R1000/F1000 5.3 5.3 5.0 5.4 6.0 5.8 6.4 5.9 4.9 5.2 7.9 7.9 

 R1500/F500 5.6 5.5 5.8 5.7 5.7 5.8 6.6 6.5 5.7 5.7 8.0 7.8 

 R500/F500 5.8 5.7 6.3 6.1 5.8 5.8 7.4 6.9 5.6 5.7 8.2 7.7 

30 MCAR R1000/F1000 4.3 4.3 4.8 4.8 4.7 4.7 5.9 5.7 5.1 5.0 7.7 7.1 

 R1500/F500 5.0 4.9 5.4 5.0 4.8 4.8 5.6 5.4 4.5 4.5 7.8 7.2 

 R500/F500 5.4 5.4 5.3 5.3 4.8 4.8 6.1 6.1 5.7 5.7 6.9 7.0 

MAR R1000/F1000 4.7 4.6 4.9 4.8 4.1 4.2 5.2 5.0 4.6 4.6 7.6 7.0 

 R1500/F500 4.5 4.5 4.1 4.6 4.5 4.5 5.2 5.1 5.0 5.0 7.7 7.2 

 R500/F500 5.4 5.3 5.7 5.7 5.3 5.2 6.0 5.8 4.8 4.8 7.9 7.3 

MNAR R1000/F1000 4.7 4.6 5.3 5.0 4.4 4.4 5.0 5.0 4.7 4.6 7.8 7.3 

 R1500/F500 4.5 4.5 4.3 4.5 4.1 4.1 4.8 4.7 5.1 5.2 7.1 7.3 

 R500/F500 5.3 5.4 5.6 5.5 4.9 4.9 6.4 6.4 5.1 5.1 7.8 7.4 

MCAR: Missing completely at random; MAR: Missing at random; MNAR: Missing not at random; LD: List-wise deletion; FIML: Full 

information maximum likelihood; NNMF: Non-negative matrix factorization; wNNMF-Aux: Enhanced weighted NNMF;  R: Reference group; F: 

Focal group; Boldface font indicates error rates that fall outside the bounds of Bradley’s [56] liberal criterion (i.e., 2.5 – 7.5%) 
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The difference in power of the LRT to detect uniform DIF between fully observed and missing 

data methods for 15 and 30 items, and sample size of R1000/F1000 stratified by the magnitude 

of DIF and the missing data mechanism for all item non-response methods are presented in 

Figures 1 and 2, respectively.  

The power to detect uniform DIF when 50% of the responses were missing and sample size was 

set to R1000/F1000, ranged between 18.1% and 97.3% for LD; for FIML the corresponding 

values were 17.1% and 97.5%; for NNMF the corresponding values were 20.6% and 96.3%; and 

for wNNMF-Aux the corresponding values were 19.6% and 96.4%. The power to detect non-

uniform DIF when 50% of the responses were missing for sample size of R1000/F1000 ranged 

between 13.2% and 77.7% for the LD method; for the FIML method the corresponding values 

were 13.2% and 77.4%; for NNMF the corresponding values were 19.1% and 71.7%; and for 

wNNMF-Aux the corresponding values were 20.2% and 73.0%.  

When the number of items was set to 15 and sample size was set to R1000/F1000, the power to 

detect DIF effects (uniform and non-uniform) ranged between 13.2% and 100.0% for LD and 

FIML; for NNMF the corresponding values were 19.1% and 100.0%; for wNNMF-Aux the 

corresponding values were 20.2% and 100.0%. The power to detect DIF effects when number of 

items was set to 30 and sample size set to R1000/F1000 ranged between 15.0% and 99.9% for 

the LD method; for the FIML method the corresponding values were 14.8% and 99.9%; for 

NNMF the corresponding values were 20.5% and 99.9%; and for wNNMF-Aux the 

corresponding values were 20.9% and 99.9%. 

The differences in power to detect small (i.e., 0.2) and moderate (i.e., 0.4) uniform DIF effects 

between fully observed and item non-response methods when the percentage of non-response 
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was 50% were substantial for all the methods. The pattern of power results was similar for 

sample sizes of R1500/F500 and R500/F500 (see Supplementary Material 2).  
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Figure 6-1. Difference in Power of the LRT to detect uniform DIF between fully observed and missing 

data method (%) for 15 items, and sample size of R1000/F1000 (R: reference group; F: focal group) 

stratified by the missing data mechanism and magnitude of DIF. MCAR: missing completely at random; 

MAR: missing at random; and MNAR: missing not at random.  
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Figure 6-2. Difference in Power of the LRT to detect uniform DIF between fully observed and missing 

data method (%) for 30 items, and sample size of R1000/F1000 (R: reference group; F: focal group) 

stratified by the missing data mechanism and magnitude of DIF. MCAR: missing completely at random; 

MAR: missing at random; and MNAR: missing not at random.  

 

6.5.2 Numeric Example Results 

The study cohort of the real-world data was comprised of 1660 patients. More than half (59.6%) 

were women and the average age was 56.6 years old.  

The distribution of responses of the items for the PAIN domain are shown in Supplementary 

Table 1. The average missing response rate per item (i.e., the sum of the percentage of missing 

responses for each item divided by the total number of items) was 1.2%. Approximately 10.0% 

of the total sample size had at least one missing response.  



152 
 

The first and second eigenvalues from the exploratory analysis had values of 26.10 and 1.98 

respectively. The ratio of the eigenvalues was 13.17, which suggests unidimensional latent 

variable structure. The confirmatory analysis showed that a unidimensional model had a 

reasonable fit to the data (RMSEA = 0.08, 90% CI = 0.084 – 0.088; CFI = 0.95; SRMR = 0.06). 

Item Q173 (pain restrict from routine daily activities) had the highest slopes amongst all items 

that were non-significant using the all-other anchor approach (AOAA) (69,70). Therefore, this 

item was selected as anchor item.  

Table 4 shows the difference in the LRT statistics for unconstrained and constrained DIF models 

of the items on the PAIN domain for each of the item non-response methods. None of the PAIN 

items showed any evidence of uniform and non-uniform DIF.  
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Table 6-4. Difference in the log-likelihood statistics of an unconstrained and constrained DIF model by sex (degrees of freedom) for the CAT-5D-

QOL PAIN items in the real-world data for the item non-response methods 

Item Uniform DIF Non-uniform DIF 

PAIN LD FIML NNMF wNNMF

-Aux 

LD FIML NNMF wNNMF-

Aux 

Q138: Select one that describes you best 1.13 (3) 1.73 (3) 2.63 (3) 2.74 (3) -0.06 (1) 0.18 (1) 0.08 (1) 0.06 (1) 

Q139: How much bodily pain have you had? 4.14 (4) 3.98 (4) 6.67 (4) 6.49 (4) 2.82 (1) 2.01 (1) 1.39 (1) 1.46 (1) 

Q140: Pain interference in a number of 

activities  8.05 (3) 6.00 (3) 3.83 (3) 4.00 (3) 0.96 (1) 0.41 (1) 0.48 (1) 0.72 (1) 

Q141: Pain interference with normal work 4.58 (4) 4.22 (4) 10.24 (4) 9.03 (4) 1.95 (1) 1.79 (1) 6.24 (1) 5.71 (1) 

Q142: Pain affect ability to fall asleep  3.25 (4) 2.56 (4) 1.93 (4) 2.13 (4) 0.33 (1) 0.29 (1) 0.42 (1) 0.49 (1) 

Q143: Pain interference with physical leisure 2.75 (4) 2.79 (4) 8.61 (4) 7.71 (4) 0.24 (1) 0.25 (1) 1.35 (1) 1.05 (1) 

Q144: Intense pain 5.21 (4) 3.96 (4) 7.41 (4) 7.07 (4) 1.44 (1) -0.01 (1) 0.86 (1) 0.95 (1) 

Q146: Pain interference with non-physical 

leisure 5.72 (4) 4.08 (4) 4.68 (4) 4.70 (4) 0.09 (1) -0.08 (1) 0.05 (1) 0.08 (1) 

Q147: Pain interference with social activities 1.99 (4) 2.94 (4) 2.79 (4) 2.69 (4) 0.23 (1) 0.23 (1) 0.95 (1) 1.06 (1) 

Q148: Pain prevent from taking bath or shower 10.07 (4) 5.93 (4) 1.94 (4) 1.72 (4) 1.04 (1) 0.65 (1) 0.24 (1) 0.28 (1) 

Q149: Pain interference with self-care 

activities 5.96 (4) 5.15 (4) 2.26 (4) 2.54 (4) 0.05 (1) 0.14 (1) 0.45 (1) 0.56 (1) 

Q150: Pain affect ability to use the toilet 3.07 (3) 4.89 (3) 1.97 (3) 1.94 (3) 0.46 (1) 0.23 (1) 3.06 (1) 2.85 (1) 

Q151: Pain interference with light household 

chores 7.48 (4) 6.69 (4) 5.69 (4) 5.27 (4) 2.82 (1) 2.58 (1) 0.27 (1) 0.20 (1) 

Q152: Pain prevent from dressing and 

undressing 6.52 (4) 4.38 (4) 1.28 (4) 1.34 (4) 2.35 (1) 3.35 (1) 0.27 (1) 0.27 (1) 

Q153: Pain prevent from using the toilet 2.39 (2) 2.08 (2) 1.14 (2) 0.91 (2) 2.98 (1) 1.73 (1) 0.00 (1) 0.00 (1) 

Q154: Pain interference with physical leisure 4.78 (4) 5.72 (4) 6.54 (4) 6.65 (4) -0.04 (1) -0.04 (1) 0.85 (1) 0.94 (1) 

Q155: Pain prevent from grooming 8.68 (3) 3.46 (3) 0.82 (3) 0.71 (3) -0.06 (1) -0.03 (1) 0.00 (1) 0.00 (1) 

Q157: Pain interference with sleep 2.42 (4) 1.65 (4) 3.86 (4) 3.88 (4) 0.06 (1) 0.05 (1) 2.64 (1) 2.83 (1) 

Q158: Pain interference with social activities 

outside the home 1.72 (4) 3.00 (4) 3.81 (4) 4.15 (4) 0.03 (1) -0.06 (1) 0.42 (1) 0.38 (1) 

Q159: Pain interference with eating meals 2.55 (3) 3.24 (3) 0.44 (3) 0.41 (3) -0.04 (1) -0.02 (1) 0.01 (1) 0.01 (1) 

Q160: Pain affect ability to accomplish more 3.26 (4) 4.77 (4) 1.12 (4) 1.17 (4) -0.06 (1) 0.09 (1) 0.67 (1) 0.62 (1) 

Q164: Feel great physically 13.40 (4) 11.98 (4) 3.83 (4) 3.40 (4) 9.50 (1) 6.58 (1) 0.00 (1) 0.03 (1) 

Q166: Pain prevent from eating meal 3.63 (3) 4.07 (3) 2.82 (3) 2.83 (3) 0.50 (1) 0.28 (1) 0.08 (1) 0.10 (1) 

Q167: Pain restrict from routine daily 

activities 2.33 (4) 3.67 (4) 3.78 (4) 3.75 (4) -0.06 (1) -0.03 (1) 2.21 (1) 2.59 (1) 
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Q168: Avoid strenuous activities for fear of 

pain 5.48 (4) 3.75 (4) 6.06 (4) 6.09 (4) 0.35 (1) 0.97 (1) 1.87 (1) 2.19 (1) 

Q169: Pain limitation in doing things 5.20 (4) 3.96 (4) 4.57 (4) 4.39 (4) 1.77 (1) 0.80 (1) 1.24 (1) 1.47 (1) 

Q170: Pain frustration 5.21 (4) 5.23 (4) 4.90 (4) 4.80 (4) 1.75 (1) 3.13 (1) 3.11 (1) 3.29 (1) 

Q171: Pain prevent from routine daily 

activities 7.71 (4) 7.59 (4) 2.52 (4) 2.19 (4) 0.64 (1) 0.59 (1) 2.18 (1) 2.58 (1) 

Q172: Wake up at night due to pain 12.08 (4) 11.33 (4) 4.05 (4) 3.61 (4) 0.50 (1) 0.58 (1) 1.26 (1) 1.49 (1) 

Q173: Pain restrict from routine daily 

activities † † † † † † † † 

Q174: Which one best describes level of pain? 6.64 (4) 6.12 (4) 4.15 (4) 4.14 (4) 2.59 (1) 1.74 (1) 0.88 (1) 0.87 (1) 

Q175: Help in dressing or bathing due to pain 0.70 (4) 1.82 (4) 0.43 (4) 0.43 (4) 3.06 (1) 2.51 (1) 0.00 (1) 0.01 (1) 

Q176: Stay in bed because of pain 0.77 (3) 0.46 (3) 7.07 (3) 7.00 (3) 1.35 (1) 1.99 (1) 2.48 (1) 2.64 (1) 

Q177: Unbearable pain 1.27 (3) 1.28 (3) 1.52 (3) 2.09 (3) 0.32 (1) -0.02 (1) 0.13 (1) 0.12 (1) 

Q178: Which statement best describes your 

pain? 2.52 (2) 4.70 (2) 0.46 (2) 0.49 (2) 0.11 (1) -0.05 (1) 0.25 (1) 0.06 (1) 

†= anchor item; LD: List-wise deletion; FIML: full information maximum likelihood; NNMF: Non-negative matrix factorization; wNNMF-Aux: 

Enhanced Weighted Non-negative matrix factorization
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6.6 Discussion 

This study proposed an enhanced wNNMF-Aux method for addressing item non-response and 

compared the performance to the LD, FIML and NNMF methods when testing for DIF in 

PROMs via simulated and real-world data. The wNNMF-Aux method has the advantage of 

leveraging on information from auxiliary variable that may be related with missingness in its 

imputation process.  

The results indicate that the wNNMF-Aux method showed comparable performance to the LD 

and FIML methods but outperformed the NNMF method for most of the simulation conditions 

under consideration, especially when the number of items was large. The Type I error rates for 

the wNNMF-Aux, LD, FIML and NNMF methods were within the bounds of Bradley’s liberal 

criterion [56] with 10% missing responses. When the percentage of missing responses was more 

than 25% and the number of items was small, the wNNMF-Aux method resulted in inflated error 

rates.  

The Type I error rates for the wNNMF-Aux method were within the bounds of Bradley’s liberal 

criterion [56] for more than 95% of the investigated simulation conditions. While the Type I 

error rates for the LD and FIML methods were within the bounds of Bradley’s liberal criterion 

for all the investigated simulation conditions. These findings for the LD and FIML methods are 

consistent with previous studies [23, 24, 49].  

Power to detect uniform and non-uniform DIF increased as sample size, number of items and 

magnitude of DIF effects increased but decreased as the percentage of item non-response 

increased across all methods. This finding is also consistent with previous studies [24, 71, 72]. 

The differences in power to detect moderate DIF effects for the LD and FIML, wNNMF-Aux 

methods were substantial with 50% missing responses and insubstantial for less than 50% 
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missing responses, regardless of the number of items. However, the differences in power to 

detect moderate DIF effects for the NNMF and wNNMF-Aux methods were substantial with 

50% missing responses and insubstantial for less than 50% missing responses when the number 

of items was large.  

As expected, the performance of all the item non-response methods under consideration were 

similar in the analysis of the CAT-5D-QOL data. This is because the percentage of missing 

responses in the CAT-5D-QOL data was approximately 10%. This finding is consistent with the 

conclusion from our simulation results for 10% missing responses. There was no evidence of 

DIF for sex in any of the items on the PAIN domain, which is consistent with previous research 

[62].  

6.6.1 Strengths and Limitations 

This study demonstrated the practicality of using observed item responses to define an auxiliary 

variable, which provides a basis for easy, accessible, and cost-effective approach of identifying 

auxiliary variable in PROMs. We used a combination of simulation and real-world data to 

investigate the performance of our proposed method. Several data conditions were explored via 

the simulation study, while practical example was illustrated through the real-world data.  

There are, however, some limitations to this study. First, like other simulation studies, the 

simulation conditions we investigated were not exhaustive. We considered one auxiliary 

variable, larger numbers for this condition would substantially increase computational time. 

Total sample sizes ranged between 1000 and 2000, smaller sample sizes may result in model 

convergence problem [55]. The item non-response methods we compared to the wNNMF-Aux 

method are best suited for MCAR and MAR cases. Therefore, a future study should compare the 
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performance of the wNNMF-Aux method with methods that are designed to address MNAR 

missingness mechanism.   

6.6.2 Conclusion 

In summary, we proposed an enhanced wNNMF-Aux method and compared it with different 

item non-response methods when testing for uniform and non-uniform DIF in PROMs data. We 

found that the wNNMF-Aux method outperformed the NNMF method in most of the simulation 

conditions considered. Hence, including an auxiliary variable in the model to address item non-

response reduced the Type I error rates. Overall, the wNNMF-Aux method compared favorably 

to the LD and FIML methods, although it did occasionally result in inflated Type I error rates as 

the number of items decreased. Statistical power for all the methods were reasonably close to 

those from fully observed data when testing for large DIF effect.  

There was no single method that performed best in terms of statistical power. The wNNMF-Aux 

method has the advantage of incorporating information from auxiliary variable that may be 

associated with missingness. Given the potential benefits of auxiliary variable information in 

addressing item non-response, we recommend including aggregated observed item responses as 

an auxiliary variable in the imputation process when addressing missing responses.  
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Supplementary Material 1: Statistical analyses of the CAT-5D-QOL PAIN domain 

The all-other anchor approach (AOAA), which uses all items except for the currently studied 

item as the anchor, was used to select one anchor item in order to define the latent construct on 

which the groups are compared (73). First, we fit a model (i.e., the model with the best fit 

statistics) to the data in which the slopes and thresholds of all the items were constrained equal 

across the two groups (i.e., males/females). Second, a series of unconstrained models were fitted 

to the data. The LRT was used to test the difference between the constrained and unconstrained 

models for each item. We labelled an item as DIF-free if the LRT statistic was not statistically 

significant. Next, we selected the DIF-free items that had the largest slope parameters as the 

anchor items for the dimension. This approach has been shown to outperform other anchor 

selection strategies (69,70).  

For the assessment of uniform and non-uniform DIF of the items on the PAIN domain, we 

specified an unconstrained DIF model, where the slopes and thresholds of all items, except for 

the anchor item, were freely estimated. Next, we fitted a set of constrained models (i.e., no-DIF 

models), where the parameters of the remaining items were constrained one at a time. Similarly, 

the LRT statistic was used to test the difference between the unconstrained DIF and no-DIF 

models. A statistically significant LRT statistic when an unconstrained DIF model was compared 

to: (1) a no-DIF model (i.e., the threshold parameters were constrained for the two groups), 

indicates the presence of uniform DIF, and (2) a no-DIF model, where the slope parameters are 

constrained for the two groups, indicates the presence of non-uniform DIF.  

 

 



167 
 

Supplementary Material 2: Difference in Power of the LRT to detect uniform and non-

uniform DIF  

 

Supplementary Figure 6-1. Difference in Power of the LRT to detect uniform DIF between fully 

observed and missing data method (%) for 15 (top panel) and 30 items (bottom panel), and sample size of 

R1500/F500 (R: reference group; F: focal group) stratified by the missing data mechanism and magnitude 

of DIF. MCAR: missing completely at random; MAR: missing at random; and MNAR: missing not at 

random.  
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Supplementary Figure 6-2. Difference in Power of the LRT to detect non-uniform DIF between fully 

observed and missing data method (%) for 15 (top panel) and 30 items (bottom panel), and sample size of 

R1500/F500 (R: reference group; F: focal group) stratified by the missing data mechanism and magnitude 

of DIF. MCAR: missing completely at random; MAR: missing at random; and MNAR: missing not at 

random.  
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Supplementary Figure 6-3. Difference in Power of the LRT to detect uniform DIF between fully 

observed and missing data method (%) for 15 (top panel) and 30 items (bottom panel), and sample size of 

R500/F500 (R: reference group; F: focal group) stratified by the missing data mechanism and magnitude 

of DIF. MCAR: missing completely at random; MAR: missing at random; and MNAR: missing not at 

random.  
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Supplementary Figure 6-4. Difference in Power of the LRT to detect non-uniform DIF between fully 

observed and missing data method (%) for 15 (top panel) and 30 items (bottom panel), and sample size of 

R500/F500 (R: reference group; F: focal group) stratified by the missing data mechanism and magnitude 

of DIF. MCAR: missing completely at random; MAR: missing at random; and MNAR: missing not at 

random.  
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Supplementary Material 3: Distribution of item responses 

 

Supplementary Table 1: Distribution of item responses (%) on the CAT-5D-QOL pain item bank (N = 1660) 

Item 
Response Options 

Not at all A little bit Moderately Quite a bit Extremely Missing 

Q141: Pain interference with normal work 618 (37.1) 469 (28.2) 218 (13.1) 222 (13.3) 116 (7.0) 17 (1.0) 

Q142: Pain affect ability to fall asleep  703 (42.2) 452 (27.1) 229 (13.7) 204 (12.2) 57 (3.4) 15 (0.9) 

Q143: Pain interference with physical 

leisure 576 (34.6) 415 (24.9) 199 (11.9) 230 (13.8) 215 (12.9) 25 (1.5) 

Q146: Pain interference with non-physical 

leisure 997 (59.8) 394 (23.6) 157 (9.4) 78 (4.7) 12 (0.7) 22 (1.3) 

Q147: Pain interference with social 

activities 937 (56.2) 373 (22.4) 180 (10.8) 116 (7.0) 32 (1.9) 28 (1.3) 

Q149: Pain interference with self-care 

activities 1167 (70.0) 300 (18.0) 96 (5.8) 63 (3.8) 15 (0.9) 19 (1.1) 

Q150: Pain affect ability to use the toilet 1361 (81.7) 196 (11.8) 48 (2.9) 33 (2.0) 22 (1.3)  

Q151: Pain interference with light 

household chores 1050 (63.0) 335 (20.1) 138 (8.3) 84 (5.0) 26 (1.6) 33 (1.6) 

Q154: Pain interference with physical 

leisure 507 (30.4) 316 (19.0) 137 ( 8.2) 219 (13.1) 436 (26.2) 45 (2.7) 

Q157: Pain interference with sleep 630 (37.8) 501 (30.1) 260 (15.6) 200 (12.0) 53 (3.2) 16 (1.0) 

Q158: Pain interference with social 

activities outside the home 840 (50.4) 373 (22.4) 197 (11.8) 166 (10.0) 62 ( 3.7) 22 ( 1.3) 

Q159: Pain interference with eating meals 1309 (78.6) 221 (13.3) 81 (4.9) 32 (1.9) 17 (1.0)  

Q160: Pain affect ability to accomplish 

more 656 (39.4) 438 (26.3) 188 (11.3) 219 (13.1) 125 ( 7.5) 34 ( 2.0) 

Q169: Pain limitation in doing things 600 (36.0) 422 (25.3) 230 (13.8) 258 (15.5) 133 (8.0) 17 (1.0) 

Q170: Pain frustration 453 (27.2) 460 (27.6) 258 (15.5) 297 (17.8) 174 (10.4) 18 (1.1) 

Q173: Pain restrict from routine daily 

activities 713 (42.8) 410 (24.6) 217 (13.0) 232 (13.9) 68 (4.1) 20 (1.2) 

 Never Seldom Sometimes Often Always Missing 

Q144: Intense pain 636 (38.2) 315 (18.9) 358 (21.5) 259 (15.5) 73 (4.4) 19 (1.1) 

Q148: Pain prevent from taking bath or 

shower 1276 (76.6) 175 (10.5) 121 (7.3) 52 (3.1) 13 (0.8) 23 (1.4) 

Q152: Pain prevent from dressing and 

undressing 1326 (79.6) 171 (10.3) 99 (5.9) 35 (2.1) 13 (0.8) 16 (1.0) 
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Q153: Pain prevent from using the toilet 1520 (91.2) 79 (4.7) 46 (2.8)   15 (0.9) 

Q155: Pain prevent from grooming 1379 (82.8) 148 (8.9) 76 (4.6) 39 (2.3)  18 (1.1) 

Q166: Pain prevent from eating meal 1357 (81.5) 164 (9.8) 102 (6.1) 23 (1.4)  14 (0.8) 

Q167: Pain restrict from routine daily 

activities 742 (44.5) 317 (19.0) 333 (20.0) 181 (10.9) 70 (4.2) 17 (1.0) 

Q171: Pain prevent from routine daily 

activities 688 (41.3) 333 (20.0) 383 (23.0) 203 (12.2) 37 (2.2) 16 (1.0) 

Q172: Wake up at night due to pain 579 (34.8) 351 (21.1) 414 (24.8) 227 (13.6) 73 ( 4.4) 16 ( 1.0) 

Q175: Help in dressing or bathing due to 

pain 1397 (83.9) 114 (6.8) 75 (4.5) 31 (1.9) 22 (1.3) 21 (1.3) 

Q176: Stay in bed because of pain 1207 (72.4) 207 (12.4) 155 (9.3) 62 (3.7)  29 (1.7) 

Q177: Unbearable pain 1052 (63.1) 232 (13.9) 226 (13.6) 120 (7.2)  30 (1.8) 

 No pain Mild pain 
Moderate 

pain 
Severe pain  Missing 

Q138: Select one that describes you best 298 (17.9) 669 (40.2) 452 (27.1) 218 (13.1)  23 ( 1.4) 

 None Very mild Mild Moderate Severe Missing 

Q139: How much bodily pain have you 

had? 237 (14.2) 414 (24.8) 285 (17.1) 432 (25.9) 275 (16.5) 17 (1.0) 

 None A few Some Most  Missing 

Q140: Pain interference in a number of 

activities  725 (43.5) 401 (24.1) 309 (18.5) 204 (12.2)  
21 (1.3) 

 Free of pain 
Mild-moderate 

pain 

Moderate 

pain 

Moderate-severe 

pain 

Severe 

pain 
Missing 

Q174: Which one best describes level of 

pain? 283 (17.0) 524 (31.5) 402 (24.1) 328 (19.7) 98 (5.9) 25 (1.5) 

 No pain Moderate pain Extreme pain   Missing 

Q178: Which statement best describes your 

pain? 400 (24.0) 1060 (63.6) 154 (9.2)  
 

46 (2.8) 

 
None of the 

time 

A little of the 

time 

Some of the 

time 
Most of the time 

All of the 

time 
Missing 

Q164: Feel great physically 384 (23.0) 253 (15.2) 263 (15.8) 607 (36.4) 136 (8.2) 17 (1.0) 

Q168: Avoid strenuous activities for fear of 

pain 602 (36.1) 287 (17.2) 246 (14.8) 287 (17.2) 217 (13.0) 21 (1.3) 
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CHAPTER 7: SUMMARY 

7.1 Summary of Research Findings 

The purpose of this thesis was to develop and evaluate methods to address item non-response in 

patient-reported outcome measures (PROMs). The objectives were to: (1) compare the 

performance of ordinal item non-response methods when testing for differential item functioning 

(DIF); (2) evaluate the performance of ordinal item non-response methods when estimating 

change in latent variable means over time; (3) estimate longitudinal change in PROMs scores in 

the presence of missing data using true-score model; and (4) develop a new method to address 

ordinal item non-response and compare its performance with several ordinal item non-response 

methods. The objectives can be grouped into two parts.  

In the first part, the non-negative matrix factorization (NNMF) method, an empirical method 

based on dependencies that exist among ordinal items to address item non-response without 

making any distributional assumption, was investigated [1, 2]. This method was explored in both 

cross-sectional and longitudinal data. 

In the cross-sectional data, Type I error rates and statistical power to detect DIF effects in 

multidimensional PROMs for the NNMF method were compared to the full information 

maximum likelihood (FIML), listwise deletion (LD) and half-mean imputation (HMI) methods 

using simulated and real-world data. Monte Carlo simulation conditions included sample size, 

percentage of missing data, magnitude of uniform and non-uniform DIF effects, and magnitude 

of correlation between latent (i.e., unobserved) variables. The performance of the NNMF method 

was similar to the FIML and LD methods when sample size was large (i.e., N > 500). However, 
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when the sample size was relatively small (i.e., N = 500) and the percentage of missing responses 

was high (i.e., 50%), the NNMF method resulted in inflated error rates.  

The Type I error rates for the NNMF, LD and FIML methods were controlled within the bounds 

of Bradley’s liberal criterion (i.e., 0.025 – 0.075) for α = 0.05 [3] for most of the simulation 

conditions under consideration. Statistical power to detect non-uniform DIF increased as the 

latent variable correlation increased; this trend was not observed for uniform DIF. Overall, the 

power to detect uniform DIF was greater than the power to detect non-uniform DIF. These 

findings on the detection of uniform and non-uniform in the presence of item non-response are 

consistent with previous studies [4–6].  

For longitudinal data, Monte Carlo simulations and a numeric example were used to evaluate the 

bias and mean squared error (MSE) of the NNMF, multiple imputation with conditional 

proportional odds model (POM), FIML, and LD methods when estimating change in latent 

variable means between two measurement occasions. This study was conducted in the context of 

longitudinal latent variable measurement models under the assumption of longitudinal 

measurement invariance. Simulation conditions included sample size, percentage of missing 

data, and magnitude of the correlation between the first and second measurement occasions. A 

population-based clinical-registry of patients having total-hip-arthroplasty was used as a numeric 

example.  

The NNMF method outperformed the FIML and POM methods when the correlation between 

the first and second measurement occasions was strong (i.e., ρ = 0.7). The MSE of the NNMF 

method reduced significantly as sample size increased when compared with other methods. The 

NNMF method did not perform as well as the FIML and POM methods when the correlation 

between the first and second measurement occasions was weak (i.e., ρ = 0.3). Consistent with 
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previous research findings, the performance of the FIML and POM methods were similar for all 

simulation conditions [7, 8]. In the numeric example, the direction of estimated change in latent 

variable mean over time was similar for all the item non-response methods under consideration. 

The NNMF method resulted in a smaller estimated mean change and standard error when 

compared with other item non-response methods. 

The second part of this thesis investigated the use of auxiliary variable in missing data methods, 

and an enhanced weighted NNMF (wNNMF-Aux) method, which uses aggregated observed item 

responses as auxiliary variable to define weights for item level imputation, was proposed. The 

impact of auxiliary variable on the performance of different missing data methods were 

examined at the summary scores and item levels of PROMs.  

At the summary scores level, the impact of auxiliary variables on the bias and precision of the 

multiple imputation (MI) was investigated and compared with the LD and FIML methods when 

estimating longitudinal change in PROMs scores using true-score model. A single hypothetical 

auxiliary variable was generated to correlate with both pre- and post-operative PROMs scores. 

The study was conducted using a population-based joint replacement clinical registry and 

simulated data.  

Precision and bias of the model parameters were estimated under varying sample sizes, 

magnitude of correlation, and percentage of missing data in the simulation study. The precision 

of the estimated parameters increased significantly when the correlation between the auxiliary 

variable and the outcome of interest was 0.5 or more and the percentage of missing data was 

25% or more [7, 9, 10]. Also, including an auxiliary variable in the imputation model moderated 

the bias and size of the root mean squared error when data were missing not at random. 
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At the item level, the Type I error rates and statistical power to detect DIF effects in 

unidimensional (i.e., one latent construct or variable) PROMs for the wNNMF-Aux method were 

compared to the FIML, NNMF and LD methods using Monte Carlo simulation and real-world 

data. The simulation conditions included number of items, sample size, magnitude of DIF, and 

percentage of missing observations. The computerized adaptive test (CAT-5D-QOL) was used as 

a real-world example to demonstrate the implementation of the item non-response methods. The 

sum of the observed item responses was used to define an auxiliary variable for the wNNMF-

Aux method [11, 12].  

The wNNMF-Aux method outperformed the NNMF method for most of the simulation 

conditions under consideration, especially when the number of items was large (i.e., 30) and the 

percentage of missing responses was high (i.e., 50%). The performance of the wNNMF-Aux 

method was similar to the FIML and LD methods for large number of items. However, when the 

number of items was small (i.e., 15) and the percentage of missing responses was high, the 

wNNMF-Aux method resulted in inflated error rates. The performance of all the item non-

response methods considered were similar in the analysis of the CAT-5D-QOL data.  

Table 7 provides a summary of the various methods considered across study objectives and 

simulation conditions.  All the missing data methods considered in this research can be 

implemented in RStudio. However, the wNNMF and wNNMF-Aux methods are not readily 

available in RStudio. 
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Table 7-1. Summary of performance of missing data methods across study objectives 

Study Objective Methods Sample 

size (N) 

% of 

missing 

responses 

Latent 

variable 

correlation 

Aux. 

variable 

correlation 

with 

PROMs 

scores 

Performance Software 

#1: To compare 

the performance of 

ordinal item non-

response methods 

when testing for 

DIF 

NNMF 

FIML 

LD 

HMI 

500 to 

2000 

10%, 25% 

and 50% 
𝜌 = 0.3 and 

0.5 

Not 

applicable 

i. NNMF compared (Type I 

error rates; power rates ) 

favorably to the LD and 

FIML methods when 

sample size was large 

(i.e., N > 500) 

ii. NNMF resulted in 

inflated Type I error rates 

with relatively small 

sample size (i.e., N ≤ 500)   

All methods can 

be easily 

implemented in 

RStudio 

#2: To evaluate 

the performance 

ordinal item non-

response methods 

when estimating 

latent variable 

means over time 

NNMF 

FIML 

POM 

LD 

500 and 

1000 

10%, 25% 

and 50% 

𝜌 = 0.3 and 

0.7 

Not 

applicable 

i. The best performance 

(absolute percentage bias, 

mean squared error, and 

relative efficiency) of the 

NNMF method was 

observed for conditions 

with large sample size 

(i.e., N > 500), high latent 

variable correlation (i.e., 

𝜌 = 0.7), and percentage 

of item non-response ≥ 

25% 

ii. Performance of the LD 

method were consistently 

poor across simulation 

conditions 

All methods can 

be easily 

implemented in 

RStudio 

#3: To estimate 

change in PROMs 

scores over time in 

FIML 

MI 

MI-Aux 

1000 10%, 25% 

and 50% 

Not 

applicable 

𝜌 = 0.2, 0.5 

and 0.8 

i. Including an auxiliary 

variable that is strongly 

correlated (i.e., 𝜌 ≥ 0.5) 

All methods can 

be easily 
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the presence of 

missing data using 

true-score model 

LD with the outcome of 

interest in the imputation 

phase of the MI method 

reduced the bias and error 

of the estimated 

parameters 

ii. Including an auxiliary 

variable that is strongly 

correlated (i.e., 𝜌 ≥ 0.5) 

with the outcome of 

interest in the imputation 

phase of the MI method 

increased the precision of 

the estimated parameters 

implemented in 

RStudio 

#4: To develop a 

new method to 

address ordinal 

item non-response 

and compare its 

performance with 

several ordinal 

item non-response 

methods 

wNNMF-

Aux 

NNMF 

FIML 

LD 

 

1000 to 

2000 

10%, 25% 

and 50% 

Not 

applicable 

Not 

applicable 

i. The wNNMF-Aux 

method showed 

comparable performance 

(Type I error rates and 

Power) to the LD and 

FIML methods across 

simulation conditions 

ii. The wNNMF-Aux 

outperformed NNMF for 

most of the simulation 

conditions, especially 

when the number of items 

was large (say, 30 items) 

All methods can 

be implemented 

in RStudio. 

However, 

wNNMF and 

wNNMF-Aux 

methods are not 

readily available 

in RStudio 

LD: List-wise deletion; HMI: Half-mean imputation; MI: Multiple Imputation; MI-Aux: Multiple Imputation with Auxiliary Variable; POM: fully 

conditional specification proportional odds model; FIML: full information maximum likelihood; NNMF: Non-negative matrix factorization; 

wNNMF-Aux: Enhanced Weighted Non-negative matrix factorization; 𝜌: correlation between latent variables or time-specific latent variable 

correlation or auxiliary variable correlation with PROMs scores; 𝑁: total sample size 
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7.2 Strengths and Limitations 

This research is a novel addition to the literature on statistical methods for PROMs via its focus 

on proposing and evaluating distribution-free and computational tractable unsupervised machine-

learning methods, namely the NNMF and wNNMF-Aux methods, to address ordinal item non-

response in PROMs. Existing methods to address ordinal item non-response including FIML and 

MI are based on a family of parametric probability model assumptions, which are often violated 

when item responses are ordinal [13, 14]. Also, NNMF and wNNMF-Aux captures any potential 

non-linear relationship that may exist amongst items when imputing missing responses. 

Investigating psychometric properties at the item level can provide an understanding of the 

impact of each item to the subscale or scale.  

This research showed the practicality of using existing data to define an auxiliary variable, which 

provides a basis for easy, accessible, and cost-effective approach of identifying auxiliary 

variable. Leveraging on the information from the auxiliary variable ensures that the missing at 

random mechanism assumption is realistic. When the missing data mechanism suggests that data 

are missing not at random, incorporating information from auxiliary variables into the missing 

data methods can help reduce bias and improve statistical power. 

The use of both simulated and real-world data to investigate the performance of several item 

non-response methods further strengthens this research. A wide variety of data conditions 

including sample sizes, percentage of missing responses and missingness mechanisms were 

investigated through the simulation study. Practical examples were illustrated using population-

based joint replacement clinical registry from Manitoba [15, 16], and a heterogenous cohort, 

which includes rheumatology clinic, the joint replacement waiting list, and stratified-random 

community samples from British Columbia [17].  
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There are, however, some limitations in this research. First, the NNMF method performs poorly 

when the correlations amongst items are weak. This is because the NNMF method relies on the 

associations amongst items to predict missing responses. Weak correlations imply the 

associations amongst items are not sufficiently strong to accurately predict missing responses 

[18–20]. Second, the low rank of the item response matrix needs to be specified. The low rank 

was specified in this research because the number of dimensions expected in the PROMs 

instruments under consideration were known a priori. A data-driven method or exploratory 

factor analysis could be used to identify the low rank when there is no prior information about 

the number of dimensions [21]. Also, the variables considered to be associated with DIF in this 

research were known a priori. It is possible that the study population are heterogenous with 

respect to an unobserved characteristic. Hence, latent variable mixture models could be used to 

identify homogenous sub-groups with the population [22, 23]. Third, like other studies, the 

simulation conditions investigated were not exhaustive. The number of item response categories, 

number of items, and total sample size were limited; larger numbers for these conditions would 

substantially increase computational time. The simulations conditions in this research were 

consistent with previous studies [6, 7, 24, 25]. 

7.3 Future Directions 

This research has investigated several ordinal item non-response methods in PROMs and 

proposed an enhanced weighted NNMF method. There are, however, several topic areas for 

future considerations. These include: (1) establishing the relationship between ordinal measured 

and latent variables in PROMs using the NNMF method, and (2) combining the NNMF method 

with item response theory (IRT) models to test for DIF, and (3) developing R package for the 

wNNMF and wNNMF-Aux methods.  



181 
 

Establishing the association between ordinal measured and latent variables is of interest in 

PROMs. While several studies have used exploratory and confirmatory factor analyses, with 

maximum likelihood estimation, which assumes a multivariate normal distribution, to establish 

the relationship between measured and latent variables association [26–29], future research could 

investigate non-parametric methods such as the NNMF method. However, obtaining a unique 

solution using the NNMF method can be challenging.  

DIF, which occurs when individuals with the same underlying level of health have different 

measured item response probabilities, can lead to lack of scale comparability and erroneous 

conclusions about the presence of group differences, if unaccounted for in the analysis of 

PROMs. A number of studies have used the combination of IRT models and model-based 

recursive partitioning techniques (IRT-RPTs) to test for DIF [30–32]. The detection of DIF using 

the IRT-RPTs is data-driven and it appears promising. However, it is computationally intensive 

because it is a tree-based method. Future research could combine a computationally efficient 

method, such as the NNMF method, with IRT models to test for DIF while taking into account 

item non-response.  

Availability and accessibility of computer programs or codes to implement statistical methods 

can increase the visibility of research article. A number of R packages including NNLM [33] and 

NMF [34] are available to implement the NNMF method, but not wNNMF and wNNMF-Aux 

methods. Future work could consider developing an R package for the wNNMF and wNNMF-

Aux methods in order to make these methods readily available for researchers. 

7.4 Conclusions and Recommendations 

This research investigated several methods to address ordinal item non-response in PROMs and 

identify the NNMF method as a promising method to address item level non-response because of 
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it is non-parametric and computationally efficient. The NNMF method has been applied in other 

research areas such as recommendation systems, image and signal processing [18, 35–38]; this is 

the first study to use the NNMF method to address ordinal item non-response in PROMs, and 

propose an enhanced wNNMF-Aux method, which incorporates auxiliary information in 

defining its weight.   

The NNMF and wNNMF-Aux methods compared favorably to the LD and FIML methods when 

testing for DIF. However, the Type I error rates were inflated as sample size decreased. When 

estimating longitudinal change in latent variable means, the best performance of the NNMF 

method was observed in the large sample size condition (N > 500) and when the percentage of 

item non-response was 25% or more. When estimating longitudinal change in PROMs scores 

using true-score model, including an auxiliary variable with strong correlation with the outcome 

of interest in the imputation phase of the MI method increased the precision of the estimated 

parameters.  

Overall, there was no single method that performed best in all the simulation scenarios. Hence, 

researchers should consider comparing two or more methods in sensitivity analyses. Also, under 

the expectation of inevitable missing observations in PROMs data, researchers should plan to 

include auxiliary information that may be associated with the outcome(s) of interest in their 

study. 

This research contributes to the statistical literature on methods to address missing data with 

potential applications in clinical and quality of life research. Also, it provides guidance on factors 

to consider when selecting methods to address missing data in PROMs. Finally, findings from 

this research would be beneficial to psychometricians and other researchers who use PROMs to 
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understand the complex relationship that exist among ordinal items and underlying latent 

variables. 
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