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Abstract

Let A be an operator algebra and X be a dual Banach A-bimodule. A bounded linear map
D : A — X is called a derivation if D(ab) = D(a)b+ aD(b) for all a, b € A. The algebra is said to
be amenable if for each derivation D from A into any dual Banach A-bimodule X, there is an x € X
such that D(a) = ax — xa for all a € A. If for each derivation D, there is a net (or sequence) (z;)
in X such that D(a) = lim; (ax; — z;a) for all a € A, either in the norm or weak* topology of X,
then A is called approximately (sequentially) amenable. Clearly, amenability implies approximate
amenability; however, the converse does not hold in general. A question posed by Ghahramani,
Zhang, and others asks whether this converse implication holds for C*-algebras.

In this thesis, we explore generalized amenability in C*-algebras, von Neumann algebras, quantum
groups, and certain operator algebras arising in non-commutative function theory. We first show
that, for certain locally compact quantum groups, approximate amenability implies amenability.
This allows us to recover and extend some classical results of Ghahramani et al.

Secondly, we study the sequential form of Ghahramani et al.’s question. We show that every
sequentially amenable C*-algebra is amenable. We establish this by considering the enveloping
von Neumann algebra of the given C*-algebra and a generalized version of Connes amenability for
von Neumann algebras. Our proof relies on the theories of Alain Connes, Tomita—Takesaki for von
Neumann algebras, spatial normal tensor products (laid out in Appendix B), lifting derivations
via Hilbert W*-modules, and the weak* decomposition and Radon-Nikodym theorem for quantum
expectations (developed in Appendix A).

Afterwards, we introduce a non-commutative function-theoretic approach to study approximate
amenability. This point of view leads to generalizations of several classical results. In particular, we
study the Cuntz—Toeplitz C*-algebra &, the universal C*-algebra generated by d non-commuting
isometries. We show that & is not a compact quantum group, while it possesses a compact quantum
semigroup structure. However, we prove that it is an amenable Banach algebra.

Finally, in Appendix A, we study weak® continuity and weak* singularity for quantum expec-
tations, and we introduce a weak* decomposition for them. Using the Grothendieck—Haagerup
inequality together with the notion of KMS states, we show that our weak™ decomposition agrees
with that of Arveson—Gheondea—Kavruk. This enables us to compute the Radon—Nikodym deriva-
tive for quantum expectations, which is then used in Chapter 4 to prove the equivalence between
sequential Connes amenability and Connes amenability for finite von Neumann algebras.
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Chapter 1

Introduction

1.1 Mean-amenability of groups

The roots of the concept of amenability can be traced back to Lebesgue, who introduced his integral
and wondered whether the monotone convergence theorem could be deduced from his existing
axioms for integration. This property relies crucially on the countable additivity of the measure,
and it appears difficult to relax this requirement. In fact, Banach gave a negative answer to
Lebesgue’s question by constructing a finitely additive measure on R that is translation invariant
and, interestingly, defined on all of its subsets. Later, Banach and Tarski used the axiom of choice
and showed that one cannot construct a measure on R™, n > 3, such that it is finitely additive,
invariant under solid motions of the space (translations, rotations, and reflections), and is defined
on all subsets of R™. Otherwise, if such a measure existed, the Banach—Tarski paradox would imply
that a solid object as small as a pea could be decomposed into finitely many pieces and reassembled,
using only rigid motions, into an object as large as the Earth. Of course, to avoid such a paradox,
one needs to restrict the domain of the measure to the so called measurable sets.

In 1929, von Neumann studied the Banach-Tarski’s paradox, and noticed that their proof is
based on two assumptions:

e The axiom of choice, and

e the fact that the free group Fo on two generators fails to possess a property which he called
amenability.

Von Neumann called a discrete group G amenable if there exists a finitely additive probability
measure m on all subsets of G such that

m(zE)=m(E), VECG, VuzeQG,

and
m(G) = 1.

The first systematic study of amenability began with Mahlon Day’s paper [22]. He noticed that
integration against such a positive measure m gives rise to a positive linear functional p on £ (G)



such that
u(e) = [ fam and

p(l) = /1dm:m(G):1,
1

[l

Day called such functionals a mean, and he then placed their theory on a more functional analytic
foundation. For the indicator function f = xg of the set E, we have

m(E) = p(xEg).

This formula builds a bridge between measure theory and functional analysis. Now, consider the
left translation operator L, defined on /o (G) by

Lo f(y) = f(wy), wherez,y€G.

Then,
m(a.E) = p(xa.g) = i(La-1(XE))-

So, the left translation-invariant property m(a.E) = m(FE) translates to

#(La-1(xE)) = p(xg), foralla € G.

Since the characteristic functions are dense in LP spaces, we can substitute yg by a general function
f. However, when G is a semigroup, we must avoid the inverses; hence, the following definition is
more appropriate:

Definition 1.1.1. A positive linear functional p on £+ (G) is called a mean if u(1) =1 = ||y||. A
mean is called a left invariant mean (LIM) if u(L, f) = u(f).

M. Day then defines amenability as follows:

Definition 1.1.2. A discrete group G is amenable if there exists a left-invariant mean (LIM) on
U (G).

The decade 1960’s saw a surge in abstract harmonic analysis, so one could generalize Definitions
1.1.1 and 1.1.2 for any locally compact group by using L*°(G):

Definition 1.1.3. A locally compact group G is amenable if there exists a left-invariant mean
(LIM) on L*(G).

Sometimes one can use a more intuitive approach, known as the Fglner condition, to show that
a group G is amenable and, in that case, to construct a LIM on it; see [59] and [76, P.54].

Theorem 1.1.4. A locally group G with Harr measure A is amenable if and only if for each compact
subset K of G and for any e > 0, there is a Borel subset B of G with 0 < A\(B) < oo such that

A(zB\ B)U (B\ zB)|

K.
\B) <e, Vzxe




It is known that any locally compact abelian group and any compact group are amenable, see
[59] and [76]. We list some examples of amenable and non-amenable groups here.

Example 1.1.5. The following groups are all amenable:

The additive groups of Z , R are amenable. Also, the additive group of real numbers with
discrete topology, denoted by Ry, is amenable.

The unit circle T under complex multiplication is a compact amenable group.

azr + b group: Consider the upper half of the complex plain Ht = R x (0,00) with the
semi-direct product
(b,a)(b,a) = (b+ab,aa).

Now, if we endow H* with the Euclidean topology carried from R2, then it becomes a locally

compact non-abelian group with the left Haar measure dA = d”;;ly. This group is amenable.

Every solvable group is amenable. In particular, the Heisenberg group

1 b
H = 0 c|l ra,b,ceR
0 1

O = Q

is amenable, see [76, Chapter 1].

The group of rotations in the 3 dimensional space, SO(3), under the Euclidean topology is
compact, and hence amenable. The same is true for SO(n) in R™ when n > 3 with the usual
Euclidean topology.

Remark 1.1.6. Before presenting the next example, we recall some facts from [76, Chapter 1].
Firstly, amenability is preserved under continuous onto homomorphisms. Secondly, amenability is
inherited by closed subgroups (in the same topology as the ambient group). Thirdly, if we equip
the group G with the discrete topology, denoted by G4, then the amenability of Gy implies the
amenability of G. However, the converse is not true.

Example 1.1.7. The followings are examples of non-amenable groups:

The free group Fy on two generators, equipped with the discrete topology, is not amenable.
Notably, Fy is an algebraic subgroup (though not closed) of the compact amenable group
SO(3). This illustrates that amenability is not necessarily hereditary in the algebraic sense-that
is, when considering only the algebraic structure, changing the topology can significantly alter
amenability properties. However, if we equip SO(3) with the discrete topology, denoted by
SO(3)4, then it will no longer be amenable. In this case, Fy becomes a closed subgroup of
SO(3)4.

SLy(R), the space of invertible 2 x 2 invertible matrices with determinant equal to 1, is a

locally compact group under the matrix multiplication and Euclidean topology. It has a

normal closed subgroup N = {%1} such that the quotient %(R) contains a closed subgroup

isomorphic and homeomorphic to Fo, see [76, Chapter 1]. So, SL]":,(R) cannot be amenable.
Hence, SLy(R) cannot be amenable. As SLa(R) embeds into SL,(R) and GL,(R) for n > 2,

one deduces that none of the latter groups is amenable.




We would like to mention that, in addition to its geometric origins, amenability has numerous
applications. For instance, in statistical hypothesis testing, the Hunt-Stein theorem guarantees the
existence of an optimal test if a certain group is amenable [59, Chapter 4]. Amenability also finds
applications in automata and cellular automata theory [8], and even in differential geometry [76,
Preface].

1.2 Derivation-amenability of Banach algebras

Despite its many interesting examples and applications, the approach to amenability of a group
G via a left invariant state on L°°(G) has a notable limitation: it relies heavily on the translation
operators L. In 1972, Johnson [42] introduced a more algebraic characterization of amenability
in terms of the convolution algebra L!(G), employing cohomological techniques and the notion of
inner derivations.

Recall that L!(G) is the Banach algebra of all Haar-integrable functions on G, equipped with
the norm

1 = / (@) dA(z), (1.1)

where A is a Haar measure on G, and with the convolution product

(f % 9)(x) = / Fay g () dAw). (1.2)

Let X be a dual L'(G)-module. A bounded operator D : L'(G) — X with the Leibnitz property
D(f*g)=D(f)-g+ f-D(g) is called a derivations. Johnson proved that G is amenable if and only
if every such D is inner, i.e., there is an x € X such that D(f) = f -z —x - f for any f € L(G).
Johnson’s work was a landmark since it initiated the theory of amenability in Banach algebra.
Johnson’s ideas were followed by Ruan for the setting of non-commutative functional analysis (i.e.,
operator spaces), called operator amenability. Finally, in [33] and [34] approximate versions of
Johnson’s amenability were introduced, requiring that every derivation D be a pointwise limit of a
net of inner derivations.

1.3 Thesis outline

This thesis is organized as follows:

e In Chapter 2, we present the necessary preliminaries and basic definitions, while also placing
the main notions in their historical and mathematical context. In particular, we review
the development from Johnson’s amenability to approximate amenability, introduced by
Ghahremani et al. as a limiting form of Johnson’s notion. We next move to the dual Banach
algebra framework, where Connes amenability plays the corresponding role, and this leads
naturally to the notion of approximate Connes amenability for von Neumann algebras. Since
much of our work involves sequences of approximating inner derivations, we refer to the
corresponding sequential version as sequential amenability in Banach algebras.

e In Chapter 3, we investigate approximate amenability for quantum groups in the von Neumann
algebraic setting. After reviewing the basic definitions, we prove that, for certain classes



of discrete quantum groups, approximate amenability implies the existence of an invariant
mean. This allows us to recover and unify several classical results, proved by Ghahremani
et al., relating approximate amenability of group algebras to amenability of the underlying
group. For instance, our quantum group approach implies that, for a discrete group G, the
amenability of G, the approximate amenability of £!(G), and the approximate amenability of
C}(Q) are all equivalent.

In Chapters 4 and 5, we continue our study of approximate amenability, showing that sequential
amenability and amenability coincide for C*-algebras. We first establish that the sequential
amenability of a C*-algebra ensures the sequential Connes amenability of its double dual,
which is a von Neumann algebra. We then prove that, for von Neumann algebras, sequential
Connes amenability implies Connes amenability. The proof of the latter result depends on the
following key tools developed in this thesis:

(i) Relating sequential Connes amenability of finite von Neumann algebras to the existence
of certain normal functionals. Specifically, we show that if a finite von Neumann algebra
M C B(A) is sequentially Connes amenable, then it possesses a faithful normal tracial
state 7 which also satisfies a weak tracial property on Z (). We refer to such traces as

ultra traces. We should mention that such states are called amenable traces in [7, Section
6.2].

(ii) A theory of weak* decomposition of quantum expectations on C*-algebras, together with
a computation of their relative Radon—Nikodym derivatives, developed in Appendix A. In
Section 4.3, this theory is applied to show that if a finite von Neumann algebra .# is
sequentially Connes amenable, then the Radon—Nikodym derivative can be computed
with respect to its ultra trace 7. This produces a conditional expectation onto .# and
therefore proves that .# is Connes amenable.

(iii) We develop a Hilbert W*-module technique for lifting derivations from a corner of a
von Neumann algebra to the ambient von Neumann algebra. This allows us to prove
that a corner inherits sequential Connes amenability from the ambient algebra, thereby
reducing the study of semifinite von Neumann algebras to their finite corners. The
lifting process requires the spatial normal tensor product for dual Banach spaces and its
balanced version. The key definitions are given in Section 5.1, while the proofs of the
basic properties are collected in Appendix B.

(iv) For type III von Neumann algebras, we use their crossed—product decomposition and the
associated W*-dynamical systems to reduce the problem to the semifinite case.

With these tools and reductions in hand, we are able to extend Connes’ theorem and show
that every sequentially Connes amenable von Neumann algebra is injective. Our theorem then
implies that, for C*-algebras, sequential amenability implies amenability. This establishes the
sequential form of a question posed by Ghahramani, Zhang, and others; see [33, Question 9.4],
[36, Section 5], [91, Questions 16 & 17], and [92, Question 3.5]. The corresponding conclusion
for nets is discussed in Chapter 3, where the investigation is only for discrete Kac algebras.

In Chapter 6, we investigate the amenability of certain non-commutative operator algebras
that arise naturally in non-commutative function theory (NCFT). One may regard NCFT as
a non-commutative analogue of multi-variable complex analysis. The algebras in NCFT are



generated by finitely many operators subject to the Cuntz—Toeplitz relations. We examine
amenability-like properties of these algebras. In particular, by employing techniques from
NCFT, we show that the non-commutative Hardy algebra H*—the counterpart of the classical
Hardy algebra H°°—fails to be approximately amenable. We also study compact quantum
groups in the C*-algebraic setting. However, the Cuntz—Toeplitz C*-algebra &y is only a
compact quantum semigroup and therefore does not admit a left invariant mean. Consequently,
although & is derivation amenable, it fails to be mean-amenable.

In Appendix A , we study quantum expectations (i.e., states) on C*-algebras and establish
a Radon—Nikodym theorem for them. Given a pair of quantum expectations (u, A) on a C*-
algebra A, we introduce the notions of weak*-continuity and weak*-singularity of y with respect
to A. We then decompose u with respect to A into a weak*-continuous part and a weak*-singular
part. If X\ satisfies the KMS condition, we use the Grothendieck—Haagerup inequality to show
that our weak*-decomposition coincides with the Arveson—Gheondea—Kavruk decomposition
of quantum expectations. This enables us to compute the Radon—Nikodym derivative of p
with respect to A\, denoted by Dy(u). We use this derivative in Section 4.3 to construct a
conditional expectation for a finite, sequentially Connes amenable von Neumann algebra.

We develop the basic properties of spatial normal tensor products and balanced normal tensor
products in Appendix B. These tensor products are used in Sections 5.1 and 5.2 to construct
the lifted modules that appear in the Hilbert W*-module lifting of derivations from finite
corners to ambient von Neumann algebras.



Chapter 2

Preliminaries

2.1 Amenability of Banach algebras

Definition 2.1.1. Let A be a Banach algebra, and X be a Banach space. We call X a left Banach
A-Module if X is an algebraic module over A, and if the bilinear map

AxX — X
(a,x) — a-x

is bounded, i.e., ||a - z|| < C||al|||z|| for some positive number C' and for all a € A and x € X. Right
Banach A-modules are defined similarly. X is called a Banach A-bimodule, if it is both left and right
A-module and the associativity

a.(x-b)=(a-z)-0, (a,be A, z € X)
holds between left and right actions. The module X is unital if A has a unit 1 and
l-z=u, Ve e X.
Remark 2.1.2. When X is a left A-module, we can make X* into a right A-module via

X*xA — X*
(f?a) — f-CL, (f'aa x>=<f,a1:>

In this case, we call X* a right dual Banach A-module. In addition, we can make X** into a left
A-module by defining

Ax X — X*
(a,F) — a-F, (a-F, fy=(F, f-a).

Similarly, we can start with a right A-module X and proceed to define left and right actions on X*
and X™** respectively.

We can regard A as a Banach A-bimodule with module actions given by its multiplication.



Definition 2.1.3. Let A be Banach algebra and A** be its second dual. For any &, ¥ € A™, we
denote the first Arens product of ® and ¥ by ®[J¥ and define it by :
<\I]fa (L>:<\I/, f-CL>, acA
(f-a, b)y={(f, ab), b€ A.
We also have the second Arens product of ® and ¥, denoted by ® ¢ ¥, defined by :

(Do, f)= (T, f-B), feA
<f(I)7 CL) :<q)7 a"f>7 acA
<a'f7 b> = <f7 ba)a be A
Remark 2.1.4. 1. Consider the natural embedding j : A — A™* and equip A** with the first

Arens product. For any a, b € A, let & = j(a) and ¥ = j(b). By the first Arens product, for
each f € A* we have

(7(a)j(b), f) = (f,ab) = (j(ab), f) .
Hence, j : A — (A**, ) is a homomorphism. Now, we can define the first and second Arens

——~wkx*

product using the natural embedding j. Recall that j(A) = = A** by the Goldstine theorem;
here wk* denotes the weak* topology o(A**, A*). So,

O = w'limyj(aq), U = w*limgj(bg).
Thus, we can define
eO0¥ = w'lim,w*limgj(aabg),
PoV¥ = wilimgw'lim,j(aabg) .
2. The natural question arises as to whether the first and second Arens products on the second
dual A** of a Banach algebra A coincide. If they do, A is called Arens regular; otherwise, A
is called Arens irreqular. It is known that for a locally compact group G, the convolution

Banach algebra L'(G) is Arens regular if and only if G is finite [76, Example 5.1.19]. By
contrast, every operator algebra is Arens regular [4, Corollar 2.5.4].

3. Finally, we should mention that if a Banach algebra A is Arens regular, then the Arens product
on A** is separately weak™ continuous [4, Remark 2.5.3].

Definition 2.1.5. Let A be a Banach algebra, and X be a Banach A-bimodule. A bounded linear
map D : A — X is called a derivation if it enjoys the Leibniz product rule

D(ab) = D(a) - b+ a- D(b), Va,be A
The set of all derivations is denoted by Z!(A, X).
Example 2.1.6. Let A be a Banach algebra, X be a Banach A-bimodule, and x € X. Define
ady, : A — X
ady(a) = a-xz—x-a

Then, ad, is a derivation, called an inner derivation. The set of all inner derivations is denoted by
B(A, X), which is a linear subspace of Z!(4, X).



Definition 2.1.7. Suppose that A is a Banach algebra and X is a Banach A-bimodule. Then, the

quotient space

ZN(A, X
(4, X) = BlgA,Xi

is called the first cohomology group of A with coefficients in X.

Definition 2.1.8. A Banach algebra A is called amenable if for any Banach A-bimodule X, we
have H'(A, X*) = 0. That is, every derivation D : A — X* is inner. Here, X* is the dual module
as defined in Remark 2.1.2.

Definition 2.1.9. Let J# be a Hilbert space and let %(.%°) denote the algebra of all bounded
linear operators on 7. For &, n € JZ, the linear functional

wen i BH) — C

wen(T) = (T&n)
is called the vector functional associated with £ and n. If £ = n, then w¢¢ is a positive vector
functional and is denoted by we. If ||£|| = 1, then w¢ has norm one and is called a vector state.

(i) The weak operator topology, denoted by WOT, is the locally convex topology on %B()
generated by the seminorms

T — |wey(T)] = (T, m)l, (&n € 7).

(ii) The o-weak operator topology, also called the ultraweak topology or the weak* topology on
B(HA), denoted by o(B(H),B(H).), is the locally convex topology generated by the

seminorms
o0

n=1

T+—

)

where {£,}72, and {7, }2, are sequences in . satisfying
o0 oo
Dollel® < 4o, Y limall® < oo
n=1 n=1

(iii) The strong operator topology, denoted by SOT, is the locally convex topology on A()
generated by the seminorms

T+ we(T*T)2 = ||T€||, (€€ 2).

(iv) The o-strong operator topology is the locally convex topology on %(.7) generated by the

seminorms
0o 1/2
T —s (wan(T*TVﬂ) ,
n=1

where {&,}5° ;| is a sequence in 5 satisfying Y oo [|€, % < +o0.



We now present some examples and well-known theorems on the relationship between the
amenability of a locally compact group G and various Banach algebras associated to it. Before doing
so, we recall some standard definitions from abstract harmonic analysis. Let m be a fixed left Haar
measure on G and A be the modular function of GG, which is a continuous group homomorphism
from G to the set of positive real numbers under scalar multiplication such that m(Ez) = A(x)m(E)
for all x € G and all Borel subset E C G} see [31, Section 2.4] for more information. Then, the
group algebra L!(G) is a Banach x-algebra under the convolution product (1.2) and the involution

f*(z) =A@ Hf(z ), Vzed. (2.1)
Recall that a unitary representation
w:G— U (H;)

is a group homomorphism from G to the group of unitary operators % () on a Hilbert space
o, which is continuous when % (%) is equipped with the strong operator topology. Any such
representation 7 can be lifted to a non-degenerate *-representation of L'(G), denoted by 7, i.e.,

7 LYQ)

such that for all £, n € J;

Sometime 7 is still denoted by 7. By [31, Section 3.2], there is a one-to-one correspondence between
the non-degenerate *-representations of L!(G) and unitary representations of G via this lifting
process. We define C*(@), the group C*-algebra of G, to be the completion of L'(G) with respect
to the norm

£l = supl|z ()],

where the supremum is taken over all non-degenerate *-representations 7 of L'(G). Denote the set
of all continuous positive type function on G by P(G). These are functions ¢ € Cy(G), which define
positive linear functionals on L!'(G) in the sense that for each f € L'(G)

(6, Fxf) = / (f* % N)é(x) dm(z) > 0.

We define B(G) to be the linear span of P(G). If 7 : G — % (/) is a unitary representation of
G, then for any &, n € J7;, the matriz element of ™ with respect to { and 7, denoted by m¢ ,, is the
continuous function on G determined by the vector functional we ,; that is,

men: G — C
Wf,ﬁ(x) = <7T(x)7 wfﬂ?>

By [30], B(G) is generated by all matrix elements of all representations of G. Moreover, B(G) is a
Banach algebra under the pointwise multiplication and the norm defined by

¢l = sup {[{(¢, £)I: f e LG, IIfll <1}, Ve B(G); (2.2)

10



where (¢, f) = [, f(t)o(t) dm(t). This algebra is called the Fourier-Stieltjes algebra of G. It is
known that B(G) is the dual Banach space of C*(G) with duality given by the mapping

J:B(G) — C*(G)*

6 Iy, (2.3)

which sends the matrix element ¢ = m¢, to the vector functional Jy = we,, ie.,

(f, Jo) = (7(f), wen), ¥V [eLQ).
By [30], the duality (2.3) is also given by

(f. ¢) = / F(O6(t) dm(t), v feLNG), ¥ é € B(G).

So, the norm 2.2 is in fact the norm determined by the Hahn-Banach dual pairing, see [74, Theorem
4.3]. Let B(L?*(Q)) be the set of all bounded operators on the Hilbert space L?(G) and

NG — BLAQ))
r — Mz), Ma)h(y) =h(z"'y) Vhe L*(Q)

be the left regular representation of G. By [31, P. 79], the lifted representation, still denoted by A,
is given by

N LYG) — B(ILAG))
f — XJf), Mfh=fxh Y helL*QG).

The group von Neumann algebra generated by A , VN(G), is the closure of A\(L}(G)) in the weak
operator topology of Z(L?(G)). By [31, Theorem 3.12], V. N(G) coincides with the closure of the
linear span of A\(G) in the weak operator topology.

Let C.(G) denote the set of all continuous functions on G with compact support. The Fourier
algebra of G, denoted by A(G), is defined as the closure, with respect to the norm in (2.2), of
the linear span of P(G) N C.(G). It is known that A(G) is the set of all matrix elements of the
left regular representation, while B(G) is the set of all matrix elements of all continuous unitary
representations of G, [30]. It is well-known that A(G) = B(G) when G is compact. In general, A(G)
is a closed ideal in B(G) (see [30] for details). One can show that A(G) is the pre-dual space of the
von Neumann algebra VN (G) with the following duality map:

E:VN(G) — A(G)*
T — FEp

where Ep acts on each matrix element A¢,, € A(G) by evaluation on (or the dual pairing with) the
vector functional we ,, i.e.,

(Er, Ae) = (T, wey)-

When G is an abelian group, the above-mentioned objects take familiar forms. Recall that in
this case, the dual of G, denoted by G, is the set of all continuous group homomorphisms from G to
the unit circle T, equipped with the group operation of pointwise multiplication. The dual group G
can be identified with the spectrum of the Banach algebra L!(G) and, under the weak* topology, it
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becomes a locally compact abelian group; see [31, Chapter 4]. The identifications in the following
table can be found in [24], [30], and [31].

General group Abelian group
A(G) LY(G)

B(G) M(G)

¢ (G) Co(@)

VN(G) L>(G)

A(G) 2 B(G) LYG) < M(@)
B(G) = CH(G) | M(G) = Co(G)
VN(G) = A(G)* | L=(G) = LY(G)*

Table 2.1: Standard identifications under Pontryagin duality (when G is abelian).

One of the most famous theorems in the theory of amenability is the following result due to
Johnson [42].

Theorem 2.1.10. A locally compact group G is amenable in the sense of Definition 1.1.2 (in terms
of left invariant means for groups) if and only if L*(G) is amenable in the sense of Definition 2.1.8
(in terms of inner derivations for Banach algebras).

Since A(G) = L'(G) in the abelian case, one might assume that the amenability of the Fourier
algebra A(G) preserves the same properties characterized by the above theorem. However, this is
untrue. In fact, we have the following characterization:

Theorem 2.1.11. [76, Theorem 3.2.10] The Fourier algebra A(G) is amenable if and only if G has
an abelian subgroup of finite index.

Thus, even though the group G = SO(3) is amenable, the above theorem implies that A(G) is
not amenable [43]. To overcome this asymmetry, one needs the notion of operator amenability for
the Banach algebra A(G)—-that is, amenability of the algebra at all matricial levels when it acts on
operator spaces. In this general setting, the following fundamental theorem due to Ruan [72] holds.

Theorem 2.1.12. [76, Theorem 8.2.1] A locally compact group G is amenable if and only if the
Fourier algebra A(G) is operator amenable.

2.2 Connes amenability of dual Banach algebras and approximate
amenability of Banach algebras

We have the following theorems regarding the Johnson’s amenability of Banach algebras B(G) and
M(G).

Theorem 2.2.1. [76, Theorem 8.2.11] The Fourier-Stiltjes algebra B(G) is amenable if and only if
G has an abelian compact subgroup of finite indexz.
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Theorem 2.2.2. [76, Theorem 3.1.1] The measure algebra M(G) is amenable if and only if G is
discrete and amenable.

Here, the asymmetry in results is due to the fact that Johnson’s amenability does not take into
account the dual space structure of B(G) and M (G). Bringing the dual space structure into account
is precisely what Connes’ amenability is designed to address. Indeed, many well-known Banach
algebras such as L (G), M(G), B(G), and VN(G) are dual Banach spaces. These algebras serve
as primary examples of the so-called dual Banach algebras, a concept first systematically studied in
[44].

Definition 2.2.3. A dual Banach algebra is a pair (A, A,) of Banach spaces such that :
e A is a Banach algebra,
o A= (A%,
e the multiplication of A is weak*-separately continuous.
For dual Banach algebras, we may consider dual Banach modules defined as follows.

Definition 2.2.4. Let A be a dual Banach algebra, and let X be a dual Banach space.

(i) We say that X is a dual Banach right A-module if X is a right Banach A-module and, for each
a € A, the right multiplication operator

R, : X — X, T—T-a,
is weak*—weak™ continuous.

(ii) We say that X is a normal right A-module if it is a dual Banach right A-module and, for each
x € X, the right orbital map

re i A— X, a—x-a,
is weak*—weak™® continuous.

(iii) Similarly, we say that X is a dual Banach left A-module if X is a left Banach A-module and,
for each a € A, the left multiplication operator

Ly: X — X, Tr—a-T,
is weak*—weak™ continuous.

(iv) We say that X is a normal left A-module if it is a dual Banach left A-module and, for each
x € X, the left orbital map
by : A — X, ar—a-x,

is weak*—weak™ continuous.

Definition 2.2.5. Let A be a dual Banach algebra, and let X be a dual Banach space.
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(i) X is called a dual Banach A-bimodule if it is both a dual Banach left A-module and a dual
Banach right A-module in the sense of Definition 2.2.4.

(ii) X is called a normal A-bimodule if it is both a normal left A-module and a normal right
A-module in the sense of Definition 2.2.4. Equivalently, the module actions are separately
weak*—weak* continuous; that is, the maps

AxX — X, (a,x) — a - x,

and
XxA—X, (r,a) — z - a,

are weak*—weak® continuous in each variable separately.
(iii) For a dual Banach algebra A and a normal A-bimodule X, a bounded derivation
D:A— X
is called a normal derivation if it is weak*—weak® continuous.
Remark 2.2.6. Assume that A is a dual Banach algebra.
(i) Let X be a normal left A-module. Then, for each z € X and f € X,, the vector functional

x0f: A — C
r© fla) = (f,a-x)

is weak™ continuous; equivalently, z ® f € A,.

(ii) Let X be a normal right A-module. Then, for each x € X and f € X,, the vector functional

feor:A — C
foz() = (f, z-aq)

is weak® continuous; equivalently, f ® x € A,.

(iii) In particular, if X is a normal A-bimodule, then for each x € X and f € X,, both vector
functionals z ® f and f ® x are weak™ continuous; equivalently, z ® f, f ©® z € A,.

Definition 2.2.7. A dual Banach algebra A is called Connes-amenable, if for any normal dual
Banach A-bimodule X, every normal derivation D : A — X is inner.

By taking the dual Banach algebra structure into account, Connes amenability restores the
expected symmetry, as shown in the following theorem [76, Theorem 5.1.27]:

Theorem 2.2.8. For a locally compact group G the following are equivalent:
(i) G is amenable
(ii) M(G) is Connes-amenable

(11i)) VN(G) is Connes-amenable
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Suppose that A is a Banach algebra, X is an A-bimodule, and the derivation D : A — X* is
not inner. A natural question is whether D can be approximated by inner derivations. This idea
was first explored in [38], [33], [34], and [36], and it led to the generalized notion of amenability.

Definition 2.2.9. A Banach algebra A is called

(i) approximately amenable if for every Banach A-bimodule X and every bounded derivation
D : A — X* there is a net (f;);er in X* such that

D(a) = || [[x —lim (a- fi = fi-a), Va€A.

If the implementing net is a sequence, A is called sequentially amenable.

(ii) weak* approximately amenable if for every Banach A-bimodule X and every bounded derivation
D : A — X* there is a net (f;);cr in X* such that

D(a) =w*—=1lim (a- f; — fi -a), Vae€ A.

If the implementing net is a sequence, A is called weak* sequentially amenable.

We should remark that, by [38, Proposition 1], in the preceding definition one may always
assume that the implementing net (sequence) is unbounded.

Example 2.2.10. It follows immediately from the definition that every amenable Banach algebra is
sequentially amenable. Also, every sequentially amenable Banach algebra is approximately amenable.
The converses, however, fail in general. We record some standard examples.

(i) Consider the Heisenberg group H introduced in Example 1.1.5. By [76, Example 4.4.4], the
Fourier algebra A(H) is approximately amenable but not amenable.

(ii) There are approximately amenable Banach algebras which are neither sequentially amenable
nor amenable. Let A be an uncountable well-ordered set, and define a semigroup product on A
by

aV f =max{a, }, (a, B € A).
We denote this semigroup by Ay. By [9, Theorem 6.1 & Theorem 6.4], the convolution algebra
?Y(Ay) is approximately amenable. However, it is neither sequentially amenable nor amenable.

(iii) There are also Banach algebras which are sequentially amenable but not amenable. Let N, be
the set of natural numbers with the product defined by

m An =min{m,n}, (m,n € N).

This makes N, into a semigroup. By [34, Example 4.6], the convolution algebra ¢*(N,) is
sequentially amenable, but it is not amenable. Also, [33, Example 6.1] provides another
example of a sequentially amenable Banach algebra which is not amenable.

The following result is established in [34, Theorem 2.1]:

Theorem 2.2.11 ([34]). A Banach algebra A is approzimately amenable if and only if it is weak™
approzimately amenable.
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Remark 2.2.12. The above theorem shows that, as long as one works with nets, weak® and norm
approximations coincide. However, as noted in [34], this equivalence may fail when nets are replaced
by sequences. Therefore, when discussing sequential versions of amenability, it is important to
specify the type of convergence being assumed. This also implies that approximate amenability is
weaker than sequential amenability.

2.3 Von Neumann algebras

Recall that a von Neumann algebra is a unital *-subalgebra .# of () that is closed in the strong
(or, equivalently, weak) operator topology. The von Neumann commutant .#" is the set of all those
operators T € A() that commute with all members of .Z. Alternatively, .# can be characterized
as equal to its bicommutant .Z"; see [56, Chapter 4]. The following definition is taken from [76],
[81], and [82].

Definition 2.3.1. Let .# be a von Neumann algebra and .# ™ be its cone of positive elements. A
function ¢ : 4T — [0, +00] is called a weight if:

e it is additive, i.e., ¢(x +y) = ¢(z) + ¢(y) for x, y € AT,
e it is positive homogenous, i.e., p(Az) = Ap(x) for A > 0 and z € 4.

Here, we accept the convention that 0(co) = 0. We define some important sets determined by ¢,
which are important to us later:

o py={zc MT : p(x) < oo}, and let my be the linear span of py.
o ng={x €./ : ¢(x*r) < oo}, which is a left ideal in .# by [82, Lemma VII-2.1].

e In fact, my = njny = {Z?Zl yirj : n €N, mj,y; € ng}, and it is a hereditary *-subalgebra
of .4 such that my N 4T = ps by [82, Lemma VII-2.1] and [53, P. 842]. m, is called the
definition subalgebra of ¢.

o Ny ={x € # : ¢(z*x) = 0}, which is the left ideal of zero length elements in the GNS
construction.

We can extend the weight ¢ to a linear map on mg. The weight ¢ is called

e finite if py = .4 . This is equivalent to ¢(1) < oo.

semifinite if my is weak* dense in .. In other words, every nonzero z € .+ majorizes some
y >0,y €., with ¢(y) < co.

faithful if p(x) = 0 for any x € .# " implies z = 0.

normal if it has the monotone convergence property for the bounded increasing nets, i.e., for
any bounded increasing net (z;) in .#™" one must have ¢(sup; z;) = sup; ¢(z;).

tracial if it satisfies the trace property ¢(x*z) = ¢(xa*) for all x € .
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Remark 2.3.2. Since .# " spans .#, any finite weight ¢ can be extended to a bounded linear
functional on .. Additionally, for a linear functional defined on all of .#, normality is equivalent to
weak*-continuity. However, when my is only a proper subspace of ., the notion of weak*-continuity
is not applicable. It is also worth noting that the concept of normality originates from the monotone
convergence theorem in measure and integration theory.

Remark 2.3.3. By [82, Theorem VII.2.7], every von Neumann algebra .# admits a normal, faithful,
semifinite weight ¢. If, in addition, ¢ is tracial, then .# is called a semifinite von Neumann
algebra [81, Theorem V.2.15]. In this case, the tracial property of ¢ ensures that my is a (two-sided)
ideal of .Z [81, p. 319], referred to as the definition ideal of ¢. Moreover, the formula

[zl = o)), (z€my) (2.4)

defines a norm on mg. The completion of mg with respect to this norm is denoted by L*(.#, ¢), and
it is isometrically isomorphic to the predual .#, of .# [81, p. 320]. This isomorphism is given by

Ll(%) ¢) g'ﬁ*v
hi— ¢n, on(z) = ¢(zh), ze M.

In addition, L'(.#, ¢) is a Banach .#-bimodule since for all a € .# and ¢ € LY (4, ¢)

laglly < llall €]l
1€ally < €]y [lall-

In this case, the von Neumann algebra .# may be denoted by L*°(.#,¢) and the norm of a € .#
by [|a|/cc. In the ideal ny, we define a sesquilinear form

@]y =ox),  (2,y€ng)

By the positivity and faithfulness of ¢, this sesquilinear form is an inner product in ng, and we
write the norm of z € ny by
lz]l2 = ¢(a*z)"/2. (2.5)

We denote by L?(.#,$) the completion of n, under || - [|2. It is also a Banach .#-bimodule, and for
alla € A,z € L*(M, ), we have
lazll2 < flalloo|ll2,

lzallz < {lalloo ]2

The *-operation in ny is an isometry with respect to the || - ||2-norm; hence, it is extended to a
conjugate linear isometry

J: LM ¢) = L*(M )

with period two.
As an example, let .77 be a separable Hilbert space, and let ¢ denote the canonical trace on
M = B(FH). Then,
LY (A, ¢) = B (),

LA M, b) = BAA).
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Here, () is ideal of all trace class operators, and %%() denotes the ideal of all Hilbert—
Schmidt operators. Moreover, by [56, Theorem 4.2.3], every weak*-continuous functional w on . is
given by the trace and a trace class operator z, i.e.,

w(y) = ¢(yr) = ¢=(y), (ye A).

Definition 2.3.4. Let .# be a von Neumann algebra contained in some Z(.7). Denote by P(.#)
the set of all projections in .#, and let Z(.#) = .# N .4’ be the center of .#. Recall that the
center is always an abelian von Neumann algebra, which contains CI.

o ./ is called a factor if it has a trivial center, i.e., Z(.#) = CI.

e A projection p € P(A) is called central if p € Z(.#). We denote the set of all central
projections by ZP(A).

e For two projections e, f € P(4), we say that e is a sub-projection of f (or f majorizes e),
denoted by e < f (or f > e), if and only if ef = e, or equivalently by taking the involution,
fe=-e. If weset f- =1— f, where 1 = 1 4 is the identity element of .#, then obviously,
f > e, if and only if f+ < el.

e For two projections e, f € P(A), their joint maximum, denoted by eV f, is the projection
onto the closed subspace generated by the union of ranges of e and f. Their joint minimum,
denoted by e A f, is the projection onto the the intersection of the ranges of e and f. One
can even generalize these operations to a family of projections in an obvious way. The set
P(A) is closed under these operations. With V and A, P(Z) is a complete lattice, see [81,
Proposition V.1.1].

e For two projections e, f € P(#), we say that e is orthogonal to f , denoted by e L f, if and
only if ef = 0, or equivalently, by taking the involution, fe = 0.

e A projection p € P(A) is called minimal if it does not majorize any non-zero projection
(except itself). This is equivalent to p.#p = Cp.

e A projection p € P(A) is called abelian if the von Neumann algebra p.#p is abelian. We
denote the set of abelian projections by AP(.#).

e Two projections p, g € P(#) are called Murray—von Neumann equivalent (or simply equivalent),
denoted by p ~ g, if there is a partial isometry v € .# such that p = v*v and ¢ = vv*. The
partial isometry v sets up an isometry between the ranges of p and ¢; hence, equivalent
projections have the same Hilbert dimension for their ranges. We remark that for any partial
isometry v, the projections v*v and vv* are trivially equivalent by the definition.

e A projection p € P(A) is sub-equivalent to a projection q € P(.#), denoted by p = g, if there
is a sub-projection ¢, < g such that p ~ ¢go. This is a partial order on the projections, which
makes P(.#) into a partially directed set, see [81, Proposition V.1.3].

e A projection q € P(A) is called finite if {p € P(A) : p < q, p ~ q} = {q}. That is the
only sub-projection of ¢, which is equivalent to ¢, is ¢ itself. We denote the set of all finite
projections by FP(.#'), and the set of all central finite projections by ZFP(.Z).
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A projection p € P(A) is called semi-finite if there exists a family of pairwise orthogonal
projections g; in FP(.A4) such that p =), ¢; in strong operator topology.

A projection q € P(A) is called infinite if it is not finite.
A projection q € P(A) is called purely infinite if {p € FP(A) : p < q} = {0}.

A projection g € P(A) is called properly infinite if {p € ZFP(A) : p < q} = {0}.

A projection p € P(#) is called countably decomposable if every family of mutually orthogonal
nonzero subprojections of p is countable.

Remark 2.3.5. For a projection p € P(.#) the following implications hold:
e minimal = abelian = finite = semi-finite
e purely infinite = properly infinite
e a semi-finite projection cannot be purely infinite.

Definition 2.3.6. A von Neumann algebra .# is called finite, semi-finite, infinite, properly
infinite, purely infinite, or countably decomposable if its maximal projection, i.e., 1 = 1_4, has the
corresponding property respectively. Also, it is worth mentioning that .# is called atomic if every
non-zero projection in .# majorizes a non-zero minimal projection in .#. Atomic von Neumann
algebras are non-commutative generalizations of £>° spaces, see [81, P. 155].

Definition 2.3.7. A von Neumann algebra .# is called of

e type I if for any non-zero projection p € ZP(.#) there is a nonzero projection q € AP(A)
such that ¢ < p.

— Let n be a finite or infinite cardinal. A type I von Neumann algebra .# is said to be of
type I,, if 1 4 is the sum of n mutually orthogonal equivalent abelian projections.

o type Il if AP(.#) = {0} and if for any non-zero projection p € ZP(.#) there is a nonzero
projection g € FP(.#) such that ¢ < p. A type II von Neuman algebra is called

— type II; if 1 is finite.
— type Il if 1 is properly infinite.
o type IIT if FP(AZ) =0

Remark 2.3.8. The type classification of von Neumann algebtras can be understood in terms of
the possible “sizes” of projections. For example, if .# is a countably decomposable factor, then, by
[3, Theorem III1.7.1.9], there is a dimension function on Murray-von Neumann equivalence classes of
projections,

d:P(A)/~—0,00],

which is unique up to normalization, such that

p3q <= d(p)<dd), p.qeP(A).
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In this case, the range of d is

({0,1,...,n}, if . is of type I,
{0,1,2,...,00}, if A is of type I,

[0, 1], if A is of type 11y,
[0, o], if A is of type I,
{0, 00}, if A is of type III.

Example 2.3.9. Here, we list some important examples of various types of von Neumann algebras:

(i)

Let n be a finite or infinite cardinal. For any Hilbert space # of dimension n, the von
Neumann algebra Z () is of type I,,. See [3, II1.1.5.12], and [81, Section V.1].

V N(F3), the group von Neumann algebra of Fo, is of type II;, see [3, Proposition I11.3.3.7].

The tensor product of a type II; von Neumann algebra with a type I, von Neumann algebra
is a type Il von Neumann algebra, see [48, Theorem 6.7.10] and [81, Theorem V.2.30]. We
study tensor products in Section 2.4.

Any type III von Neumann algebra can be realized as a crossed product I, X R; see [80]. The
notation and definition of the crossed product are given in Definition 5.3.2.

The type decomposition of von Neumann algebras, [81, Theorem V.1.19], states that for any
von Neumann algebra ., one can find the pairwise orthogonal and unique central projections
pr € LP(A), t € {1,111, 11, 11T}, such that .#Zp; is of type t, and

M = Mp1 © Mp1, D M p1,, A pm -

Semi-finite von Neumann algebras are characterized by prir = 0 in the type decomposition.
That is, a von Neumann algebra is semi-finite if and only if it does not have a summand of
type III. Thus, semi-finite von Neumann algebras are of either type I or type II.

By [12] and [3, pp. 253-255], for any semi-finite von Neumann algebra .#, there is an increasing

net of finite projections p, such that p, Sot, 1, and each corner algebra #, = po.#py is a

. —— _weak*
finite von Neumann algebra. Moreover, |, 4, =.

A von Neumann algebra .# is of type t if and only if its commutant .#" is of type t. As before,
t € {I,11;, 1, I11}, see [3, ITI1.5.1.20].

By [48, Proposition 6.3.7], for any von Neumann algebra .#, one can find a unique central
projection p € ZP(.#) such that the von Neumann algebra .#p is finite, the von Neumann
algebra .#p™* is properly infinite, and 4 = .#p & M p™.

Let .# be a von Neumann algebra inside some A(.7), and consider a nonzero z € ZP(.#). If
A is of type t € {1,111, 1, IIT}, then .Z z is of the same type, see [48, P. 422]. If ./ is finite
and z is finite, then 2.7 z is finite as well, [48, Proposition 6.3.2].

Remark 2.3.10. For a von Neumann algebra .#, we have the following important observations.
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(i) By [82, Theorem VII. 2. 7], .# has a normal faithful semi-finite weight.

(ii) .# is semi-finite if and only if it has normal faithful semi-finite tracial weight, see [81,
Theorem V. 2. 15].

(iii) . is finite if and only if it has sufficiently many normal finite traces that can separate
each strictly positive element from zero, see [81, Theorem V. 2. 4].

(iv) If A is a finite factor, then [81, Theorem V.2.6] implies that .# has a faithful normal tracial
state 7. For example, V N (IF3) has such a faithful state given by the vector state at identity,
see [17, Chapter VII|. However, in the non-factor case, the faithfulness of 7 is not guaranteed.

Definition 2.3.11. Let A be a C*-algebra, and B be a C*-subalgebra of it. A linear mapping
€ : A — B is called a conditional expectation if it is a norm one onto projection.

Definition 2.3.12. Let .# be a von Neumann algebra inside (%) and .#’ be its commutant.

1. . is called semi-discrete if there exists a net of unital normal and completely positive maps
Sa 1 M — M of finite rank such that S,a — a for each a € .# in the weak*-topology.
Completely positive means the ampliation maps on different matrix levels are all positive, i.e.,
(Sa)n([@i, jlnxn) = [Sa(Zi, j)]nxn is positive for each n € N.

2. M is called hyperfinite if there exists an increasing net of finite dimensional *-subalgebras
(M) in A such that the union U,.#, is weak*-dense in .#

3. A is called injective if there exists a conditional expectation & : B(H#) — M.
Remark 2.3.13. For a von Neumann algebra .# inside some (%) the following are equivalent:
(i) # is semi-discrete,
(ii) . is hyper-finite,
(iii) . is injective,
(iv)
See [3, P. 367] and [76, Chapter 5] for the details.

v) .#' is injective.

2.4 Tensor products

From time to time, we will need to work with tensor products. While one always starts from the
algebraic tensor product, the essential distinction arises when they attempt to equip the algebraic
construction with a suitable norm. The choice of norm significantly affects the resulting topological
tensor product and leads to different functional-analytic properties.

Let A and B be two Banach spaces (or algebras), and £2(A* x B*, C) be the space of all bounded
bilinear maps on A* x B*. For each a € A and b € B, we can specify a member of £2(A* x B*,C)
by declaring:

a®b:A* x B* — C
a®b(f,g) = fla)gl), VfeA" Vge B
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We define the algebraic tensor product of A and B, denoted by A ® B, to be the space of all linear
spans of all a ® b with a € A and b € B. By definition, A ® B C £2(A* x B*,C). One can show
that given any u € A ® B, there always exist two linearly independent sets {a;} and {b;} such that
u=Y 1, a;®b;. However, this representation is not unique. The mapping

v:A®B — [0,00)
Y(u) = [lully = inf {Z laillllball = u=> a; @b, ne N} ,
i=1 i=1

defines a norm on A ® B, which is called the projective tensor norm. This norm is a cross norm,
Le., [[a®b|| = |la]|||b]|. If A and B are *-algebras, then A ® B is an x-algebra with the product and
involution specified by

(a®@b)(c®d)=ac®bd, (a®b)"=a"®@b".

Definition 2.4.1. The completion of A ® B under the projective tensor norm is called the projective
tensor product of A and B and is denoted by A®,B. It is worth noting that each v € A®,B has a
(non-unique) representation of the form u = >":2; a; ® b; such that [Jul, < >°72; |la||||bi]| < co. So,

[ully = inf {Z laslllbil] = u=) ai® bz’} :
i=1

=1

Remark 2.4.2. Projective tensor norm is the largest possible cross tensor norm that one can impose
on an algebraic tensor product. There is another important cross tensor norm, called injective
tensor norm which is defined by:

AN A®B — [0,00)
Aw) =lullx = sup{l[(¢@P)(u)] : ¢ €A, B, |[l¢l| =l =1}

This is the smallest possible cross tensor norm on the algebraic tensor product A ® B of Banach
spaces ( or algebras). The completion of A ® B under A is called the injective tensor product and is
denoted by A®)\B.

Example 2.4.3. (i) By [81, Theorem IV.2.3], we have the canonical isometric identification
(AR, B)* = %B(A, BY). (2.6)
For a description of the dual space (A®yB)*, see [77, Proposition 3.14].

(ii) For Hilbert spaces 7 and ¢, we denote the canonical Hilbert space tensor product of them
by € ®o J , which is the completion of the algebraic tensor product J# ® £ under the
canonical inner product

(a®@b,c®d):= (a,c)(b,d) .

Denote the trace class operators by %1(2#), the Hilbert-Schmidt operators by %2%(), and
the compact operators by ¢ (). Then, by [81, Theorem 1V.2.5],

H Ry K= B, @9 2B,  HR)H=H(H). (2.7)
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Remark 2.4.4. We should note that the projective and injective tensor products of two Banach
x-algebras are still Banach x-algebras. However, when forming the tensor product of two C*-algebras
(or von Neumann algebras), we aim to equip the algebraic tensor product with a suitable tensor
norm so that its completion becomes a C*-algebra (or a von Neumann algebra).

Definition 2.4.5. Let A and B be two C*-algebras with faithful universal representations ¢ : A —
B(H) and ¢ : B — HB(H;,). Consider the algebraic tensor product A® B, and the representation
PRV AR B — B(Hy @2 ) defined by ¢ @ ¥(a @ b) = ¢(a) @ 1(b), see [56, Theorem 6.3.].
Following [81, Chapter 4] or [56, Chapter 6], the minimal or spatial tensor norm is defined by:

|+ lmin : A® B — [0, 00)
[u]min = [le@ P .

This norm satisfies the C*-equation ||uu*|| = ||ul|?>. So, the completion of A ® B under it is a
C*-algebra, called the minimal or spatial tensor product of A and B, and is denoted by A ®pipn B.

Definition 2.4.6. Let A and B be two C*-algebras. Consider the algebraic tensor product A ® B.
Following [81, Chapter 4] or [56, Chapter 6], the mazimal tensor norm on A ® B is defined by:

| |max : A® B — [0, 00)

|t|lmax = sup{||7(u)]| : 7 is a x-representation of A® B} .

| - lmax also satisfies the C*-equation |luu*|| = |jul|?>. So, the completion of A ® B under it is a
C*-algebra, called the mazimal tensor product of A and B, and is denoted by A ®ynq. B.

Remark 2.4.7. By definition, || - [[min < || * [[maz and in general, A ®;,q, B is quite larger than
A ®min B. Note that these tensor products are independent of the Hilbert space representations;
see [81]. By [81, Proposition IV.2.2], we have

H ’ ||>\ < H ’ Hmm < H ) Hmam < H ’ ||”/
Definition 2.4.8. A C*-algebra A is called nuclear if for every C*-algebra B, we have
A®man = A®ma:cB7

isometrically *- isomorphism of C*-algebras, i.e., there is only one possible C*-tensor norm on the
algebraic tensor product AQB.

Example 2.4.9. All abelian C*-algebras are nuclear [56, Theorem 6.4.15], whereas the operator
algebra A() on an infinite-dimensional Hilbert space # is not [65].

The following theorem characterizes nuclear C*-algebras in terms of amenability. The forward
implication was proved by A. Connes [12], and the converse was established by U. Haagerup [39].

Theorem 2.4.10. A C*-algebra is amenable if and only if it is nuclear.

Definition 2.4.11. Let .# and .# be two von Neumann algebras inside #() and ZB(%")

respectively. Similar to Definition 2.4.5, we can embed the algebraic tensor product .#Z ® .4 into
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PB(H ®9 X ) as a unital x-algebra. The von Neumann algebraic tensor product of .Z and .4 is
defined as the double commutant of .# ® A" inside B(H @2 K'), i.e.,

MBN = (M RN .

One can show that the von Neumann algebraic tensor product is independent of the representations
of .4 and .4 that we begin with [81, Section IV.5]. If .#, and .4, are pre-duals of .# and A"
respectively, then by [76, E.4.5], we have:

(Mo Ry N = MBN .

Here, ®, denotes the (operator space) projective tensor product.

2.5 Approximate and virtual diagonals

When A is a Banach algebra, the projective tensor product A®,A is an A-bimodule under the
canonical actions:

a-(b®c)=ab®c, and (b®c)-a=b®ca, Va,bce A. (2.8)
The multiplication operator on A®. A is defined by :

T AR, A — A

m(a®b) =ab. (2.9)

One can see that under canonical module actions 2.8, 7 is a module homomorphism. The first and
the second dual of 7 are denoted by 7* : A* — (A®,A)* and 7 : (AR, A)"™ — A,
Theorem 2.5.1. For a Banach algebra A the followings are equivalent ([42]):

(i) A is amenable.

(i) A has a bounded approzimate diagonal, i.e., there is a bounded net (u;) in A®yA such that
for any a € A, we have au; — uja — 0 and w(u;)a — a.

(iii) A has a virtual diagonal, i.e., there is an M € (A®,A)*™* such that aM — Ma = 0 and
m™*(M)a = a for all a € A.

Definition 2.5.2. Let A be a Banach algebra and ¢ > 0. We say that A is c-amenable if it admits a
bounded approximate diagonal of norm at most c. The amenability constant of A is then defined by

AM(A) :=inf{c¢>0 : Ais c-amenable },

with the usual convention that inf @ = 4+o00. By Theorem 2.5.1, A is amenable if and only if
AM(A) < 0.

Definition 2.5.3 ([36]). A Banach algebra A is said to be pseudo-amenable if there exists a net
(u;) in A®, A such that, for every a € A,

au; —uw;a — 0 and 7(u)a — a.

The net (u;) is not required to be bounded, and is called an approxzimate diagonal for A.
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Remark 2.5.4. Approximate amenability (Definition 2.2.9) and pseudo-amenability (Defini-
tion 2.5.3) are collectively referred to as the generalized notions of amenability. Clearly, every
amenable Banach algebra is both approximately amenable and pseudo-amenable; however, the
converse fails in general, see [33, Example 6.1], [91] and [76, Example 4.4.4]:

e By Example 2.2.10, the Fourier algebra A(H) of the Heisenberg group is approximately
amenable but not amenable.

e The Fourier algebra A(F3) of the free group FFy is pseudo-amenable but neither amenable nor
approximately amenable, see [35] and [76, Example 4.4.4].

Thus, the generalized notions of amenability are strictly broader than amenability and also differ
from each other. It was conjectured that approximate amenability implies pseudo-amenability. This
implication has been proved when the Banach algebra has a bounded approximate identity; however,
the general case remains unproved [91].

Let A be a Banach algebra. We can always associate to it a unital Banach algebra, denoted by
A#_ Explicitly, A% is the set A x C equipped with the operations

(@A) +(,p) = (a+bA+np),
pla,A) = (pa, pA),
(a, A)(byp) = (ab+ pa+ \b, A\u),
(@, DI = llall + Al

The Banach algebra A* is called the unitization of A with the unit « = (0,1). We note that
|lu|| = 1. It is sometimes convenient to write A& C instead of A x C. We remark that the embedding
a+— (a,0) realizes A as a closed ideal of codimension 1 in A%.

Theorem 2.5.5. [36, Theorem 3.1] A Banach algebra A is approzimately amenable if and only if
A7 s pseudo-amenable.

Remark 2.5.6. By [56, Theorem 3.1.1], every C*-algebra admits a bounded approximate identity.
Hence, by [36, Proposition 3.2], any approximately amenable C*-algebra is pseudo-amenable. On the
other hand, approximate amenability and pseudo-amenability coincide for unital Banach algebras
[92, Proposition 10]. Therefore, by Theorem 2.2.11, we obtain the following equivalence for unital
C*-algebras.

Theorem 2.5.7. For a unital C*- algebra A the followings are equivalent:
o A is approximately amenable.
o A is weak™ approximately amenable.

o A is pseudo amenable.

2.6 Hilbert C*- and W*-Modules

Hilbert modules generalize the concept of Hilbert spaces by allowing the inner product to take values
in a C*-algebra or a von Neumann algebra. They play a fundamental role in the theory of operator
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algebras, K-theory, and non-commutative geometry. Hilbert W*-modules provide the natural
framework for Morita equivalence and tensor product constructions. We use them in Section 5.2 to
lift derivations from finite corners of a von Neumann algebra to the ambient algebra. The materials
in this section are directly taken from [3, Section I1.7.1] and [4, Chapter 8§].

Definition 2.6.1. Let B be a C*-algebra and € be a right B-module. A B-valued inner product on
& is a function (,-) : € x & — B with the following properties for £, n, ( € €, b€ B, A € C:

(i) (§n+¢) = (&m + (& C) and (& An) = A& m),
(i) (& nb) = (& mb,
(i) (1,6) = (&m",
(iv) (£,€) >0 (as an element of B).
(v) ¢

A right B-module with a B-valued inner product is called a (right) Hilbert B-module. By a Hilbert
B-module we always mean a Hilbert right B-module.

&,&) =0 implies £ =0

Remark 2.6.2. If € is a left A-module, there is an analogous definition of an A-valued inner
product with (i) replaced by linearity in the first variable and (ii) by the condition (a§,n) = a(§,n).
Conditions (iii) and (iv) remain the same. A left A-module with an A-valued inner product in this
sense is called a left Hilbert A-module. It follows from (ii) and (iii) that

(b, m) = (&, m),

ie., (-,-) is “conjugate-linear” in the first variable. The inner product in a left Hilbert module is
“conjugate-linear” in the second variable. If condition (v) does not hold, one can mod out & by the
closed sub-module Ng = {¢£ : (¢,&) = 0}, and work with the Hilbert B-module N%: instead.

Just as in the scalar case, there is a CBS inequality and an induced norm
l€* = i€, €)1 (2.10)

on a Hilbert C*-module.

Proposition 2.6.3. Let B be a C*-algebra, € be a Hilbert B-module. Assume &,n € & and b € B.
Then, for the norm defined by Equation (2.10), we have

(i) (&m*(&m) < EI¥l> [ CBS Inequality as elements of B]
(i) (1€ +nlf < 1€l + lInll,
(idi) [1€bll < [I€]I[]®]]-
Example 2.6.4. (i) Every Hilbert space H is a Hilbert C*-module over C.

(ii) Any C*-algebra B is a Hilbert B-module with the inner product (x,y) = x*y.
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(iii) If 7 is a positive linear functional on a C*-algebra B, and € is a Hilbert B-module. Then, by
[56, Theprem 3.3.7], we can endow € with an inner product defined by

<£7 77>T = 7_(<777 £>>a (57 ne 8)

This makes € into a pre-Hilbert space.

Definition 2.6.5 (Hilbert W*-module). Let .# be a von Neumann algebra. A (right) Hilbert
W*-module over . is a Hilbert C*-module € over . that is self-dual, i.e. every bounded .#-module
map ¢ : & — A is given by ¢(x) = (z,x) for some z € €.

Remark 2.6.6. In the above definition, the element z is unique for the functional ¢. For if
(z,z) = (/,x), then (z — 2/,x) = 0. Now take x = z — 2/. By Definition 2.6.1-v or the CBS
inequality, we have z = 2/.

The following is [4, Lemma 8.5.4]:
Theorem 2.6.7. Let € be a Hilbert C*-module over the von Neumann algebra A .

1. € is a Hilbert W*-module over .4 if and only if € is a dual Banach space such that the
A -valued inner product (-,-) is weak*-separately continuous.

2. If € is a Hilbert W*-module over .4, then the pre-dual of € is unique.
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Chapter 3

Generalized amenability of locally
compact quantum groups

In this chapter, after reviewing quantum groups in the von Neumann algebraic setting, we establish
several results concerning their approximate amenability. Quantum groups are C*-algebras or
von Neumann algebras endowed with additional structure that parallels the classical function spaces
C(G) (continuous functions on a compact group) and L>°(G) (essentially bounded measurable
functions on a group). According to [88, Chapter 6], quantum groups overcome the limitations of
classical groups, which are inadequate to fully capture the symmetries arising in quantum mechanics.
Moreover, quantum groups provide a natural framework for extending Pontryagin duality to a much
broader setting.

3.1 locally compact quantum groups

Definition 3.1.1. A von Neumann algebra .# is called a Hopf-von Neumann algebra if it has a
co-multiplication A : . # — .# ®.# , which is a normal, unital and injective x-homomorphism such
that A is co-associative, i.e., (A ®id)A = (id ® A)A. Here, id is the identity map on .Z. We will
refer to the pair (.#,A) as a Hopf-von Neumann algebra. Co-associativity of A means that the
following diagram commutes

M —B s gon

Al lA@id
MM —— MEMEBM

Figure 3.1: Co-associativity of co-multiplication.
Example 3.1.2. For a locally compact group G, L*°(G) is a Hopf von Neumann algebra with the
co-multiplication given by A(F)(s,t) = F(st). The co-associativity of A reflects the associativity of

the group multiplication. Similarly, V N(G) is a Hopf von Neumann algebra under the assignment
A(A(s)) = A(s) ® A(s), where X is the left regular representation of G.
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Remark 3.1.3. Consider a Hopf-von Neumann algebra (.#,A), where . is represented faithfully
on some Hilbert space J¢; that is, there exists a faithful *-representation ® : # — ZB(H#). We
can identify .# with ®(.#). Denote the operator norm on .# by | - ||, and the norm on the
predual ., by || - ||1. Following [15], we may define a (completely contractive) Banach algebra
structure on .#Z* via the convolution product

x: M XM — M
(w) = prw
(prxw, m) = (uRw, A(m)), VYme #. (3.1)

Here, p ® w acts on elementary tensors via p ® w(m ® n) = p(m)w(n). Recall that (&, | -|1) is
the unique predual of .#, embedded isometrically into .#* through the canonical map

Using this embedding, we may endow ., with a Banach algebra structure inherited from .Z* via

the convolution product . Alternatively, this can be defined directly using the preadjoint of the
normal coproduct A, which is a completely contractive mapping A, : A @ M — M+. We define

x i Mo X My — My

(fr9) = fxg
(Fxg, m)=(A(f®g), m), Vme 4. (3.2)

Since (A, (f®g),m) = (f®g, A(m)), Equations (3.1) and (3.2) along with the canonical embedding
A show that both approaches yield the same algebra structure on .#,. For simplicity, we will
henceforth omit the notation A and treat elements of .Z, as elements of .Z*.

Let 1 = 1 4 denote the identity of .#. We have A(1) = 1 ® 1. Then, for any f,g € #,, we
obtain

(frg, ) ={f®g A1) =(f®g, 1®1) = (f1)(g,1); (3-3)

showing that the identity element of .# is multiplicative on (., ,«). Finally, we observe that the
multiplication % of the Banach algebra .#, endows .# and .#* with the structure of dual Banach
M -modules [76, E.5.5]. Specifically, for f, g € #, and F € .4, the module actions of .#, on .#

are defined via:
<fF7 g>:<F7 g*f>7

(F-f, g)=(F, f*g).

Also, by Equations (3.1), (3.2), and the canonical isometry A, the module actions of f, g € .#, on
€ M* are given by

(3.4)

fop=fxp,
fL-g=pxg.
Definition 3.1.4. A Hopf-von Neumann algebra (.#, A) is called discrete if .#, is uintal.

Definition 3.1.5. Let (.#,A) be a Hopf—von Neumann algebra. A state p € .#* is called
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e a left invariant mean (LIM) (also referred to as a left invariant quantum mean (LIQM)) if
p((w @ id)A(F)) = w(l) p(F) VF e, we M,

or equivalently,
wx = w(1)u, Vw € M.

e a right invariant mean (RIM) (also referred to as a right invariant quantum mean (RIQM)) if
1((id @ w)A(F)) = p(F)w(1), VF e, we H,

or equivalently,
prxw = w(l)u, Vw e M.

These notions generalize the classical left and right invariant means on L*°(G) for a locally compact
group Gj see [23] and [75] for further details.

Recall that for a von Neumann algebra .#, the flip map x : £/ QM — MR is defined by
X(a ® b) = b® a. The following definition is taken from [28, Section 1.2].

Definition 3.1.6. A co-invollutive Hopf-von Neumann algebra is a triple (4, A, k), in which
(A, A) is Hopf-von Neumann algebra, and x is a co-involution on ., i.e., £ is a unital involutive
normal anti-automorphism of order 2 such that

(k®K)oA=xoAok.

That is, the following diagram commutes

M g > M
N| |a
MM MM
K@K /
MM

Figure 3.2: Commutativity of co-involution with co-multiplication.

Since k is normal, we can make .#, into an involutive Banach algebra by defining
(W, m) == (w,k(m)*), Ywe M, Vme A,
where x(m)* is the usual adjoint of the operator x(m) € ..

Note that x is normal, linear, and compatible with the co-multiplication. In general, x is distinct
from the natural adjoint of the von Neumann algebra.

Example 3.1.7. For a unimodular locally compact group G, consider the Hopf-von Neumann
algebra L>®(G). Define x(F)(t) = F(t7') for F € L*(G) and t € G. Then, by [28, Example 1.2.9],
K is a co-involution on L*>(G). We have w*(t) = w(t~1!) for w € L(G) and t € G.
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Since locally compact groups possess Haar measures, we expect Hopf-von Neumann algebras to
have a similar property. It turns out that the theory of normal weights on von Neumann algebras
serves this purpose. The following definition is adapted from [28, Definition 2.2.1].

Definition 3.1.8. A quadruple K = (.#,A,k,¢) is called a Kac algebra if (A ,A,k) is a co-
involutive Hopf-von Neumann algebra, and ¢ is a normal, faithful, semi-finite weight on .#Z* with
the following left invariance property

(id ® ¢)A(x) = ¢(x)1, VI € pg,

where py, = {z € A4+ : ¢(x) < oo} as in Definition 2.3.1. Following [28, Chapter 6], we say that a
Kac algebra K = (.#, A, k, ¢) is discrete if .4, is unital. Also, a Kac algebra is called unimodular if
¢ is invariant under &, i.e., ¢ o K(x) = ¢(x) for any x € py.

Remark 3.1.9. The left invariance equation (id ® ¢)A(z) = ¢(z)1 agrees with the left invariance
of Haar measures in harmonic analysis, according to the following argument which is well-known in
quantum group theory (see [84, P. 40] for instance). Take a locally compact group G and a left Haar
measure qb on it, then for f € LY(G) N L*°(G), we define ¢(f) := [ f(y . Now, for any = € G,
define F(z ff xy) do(y). By the left invariance of ¢, we see that F( ) d(L—1(f)) = o(f),
so F = qb( f )1 where 1 is the constant function in the von Neumann algebra L°°(G). Suppose that
A(f) can be written as a sum of elementary tensors fi ® fa defined by f1 ® fa(z,y) = fi(z)f2(y).
We have

f(l‘y):A(f [Zf11®f21:| $y Zflz sz
Substituting this into the equation F(z) = [ f(zy) dé(y) yields

Fle) = /(qu ) F24(0)) diw)
= Xl [ sty detw
= LA el
= (id®y) (Zi:fl,i@)fgi)(x)
= ([ P)(Af) @)

Thus, F' = (id ® ¢)A(f), and the left invariance formula F' = ¢(f)1 becomes
(id® @)A(f) = o)1,
We note that left invariance property can be characterized by either equations:
(d® ¢)A(z) = p(x) 1, VY € py,

¢((w®id)A(z)) = ¢p(z)w(l), Yz € py, weE A, .

These equations are equivalent since, by [54], we have
¢((w @ id)A(r)) = w((id @ ¢)A(2)).
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We now consider the definition of a locally compact quantum group in the von Neumann algebraic
setting, see [55, P. 71].

Definition 3.1.10. A locally compact quantum group is a Hopf-von Neumann algebra (.#,A) that
satisfies the following additional conditions:

(i) there is a normal faithful semi-finite weight ¢ on .#* which is left invariant, i.e., ¢[(w ®
id)A(z)] = w(1)¢(z) for all w € A and z € ps. We call ¢ a quantum left Haar measure.

(ii) there is a normal faithful semi-finite weight 1 on .Z " which is right invariant, i.e., ¥[(id ®
w)A(z)] = w(1)Y(z) for all w € A, and z € p,,. We call ¥ a quantum right Haar measure.

Note that the quantum Haar measures on locally compact quantum groups are only densely
defined. We use Ruan’s notations for a locally compact quantum group (.Z, A, ¢, 1), e.g., we denote
G= (M, ¢,0), # =L®G), M = L'G), and L?*(¢) for the GNS Hilbert space induced by ¢.
For a discrete quantum group, we use the lower case notations £>°(G), ¢(G), and £?(¢) respectively.

Example 3.1.11. For a locally compact group G, the classical L>°(G) and the group von Neumann
algebra VN (G) are examples of locally compact quantum groups. Moreover, by [28, Chapter 6] and
[54], the Kac algebra K = (., A, k, ¢) is also a locally compact quantum group. The Kac algebra
played a significant role in the formulation of locally compact quantum groups in [54].

Remark 3.1.12. One can also formulate a locally compact quantum group in the C*-algebraic
framework. However, as shown in [55] and [16], this approach is equivalent to the von Neumann
algebraic formulation. We adopt the von Neumann algebraic definition for locally compact quantum
groups, whereas for compact quantum groups, we prefer the C*-algebraic approach. As explained in
[16, pp. 1-2], when dealing with locally compact quantum groups, it is more convenient to use the
von Neumann algebraic approach.

Following [75] and [85], we adopt the following terminology:
Definition 3.1.13. Let (L*°(G), A, ¢,1) be a locally compact quantum group. We say that

o (L°(G),A) is compact if its left Haar weight ¢ is bounded, i.e., ¢ is a LIM ( left invariant
mean) defined on the whole L (G).

e (L>®(G),A) is discrete if L' (G) is unital.

3.2 The GNS representation of a locally compact quantum group

For any locally compact quantum group G = (A#,A,p,¢), we construct its canonical GNS
representation and left reqular representation as defined in [16] , [54] [55]. The GNS construction is
based on the theory of weights on von Neumann algebras, and it does not need any quantum group
theory, see [82, Chapter VII]. From Definition 2.3.1, recall that ng = {x € A4 : ¢(z*x) < oo}, and
Ny ={x €. # : ¢(x*x) =0} is a left ideal of .# such that Ny C n4. On the modulus space ]‘:,—";,
we can define an inner product by (z 4+ Ny, y + Ny) = ¢(y*z) for all 2,y € ng, then we complete it
to obtain a Hilbert space, denoted by L?(G) or L?(¢). In the theory of locally compact quantum
groups, one writes

L®G) =4, LYG)= M.
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Here, L!(G) denotes the predual of L>(G). We also define

Now, the GNS representation is given by

Ts: L®(G) — B(L*(9))
mg(a)(b+ Ny) = ab+ Ny.

Since ¢ is faithful in our case, Ny = 0, and hence Ny can be dropped in the above formulas. By [82,
Proposition VII-1.4], m, is a faithful, normal *-representation. The representation 7y is called the
standard representation of .4 since as far as the von Neumann algebraic structures are concerned,
one has .# = my(.A). By [55, Theorem 1.2], there is a unitary operator

W : L2(¢) ®2 L*(¢) — L?(¢) ®2 L*()

such that
WHAg(x) @ Ap(y)] = (Ap @ Ag)[A(y)(x ® 1)],  Va,y €ng.

Note that W € .# ® B(L*(¢)). We call W the multiplicative unitary or the Kac-Takesaki unitary
operator of the quantum group G. For .# = L*°(G), where G is a locally compact group, we have

W:L3(G) @ L*G) — L*(G) ®y L’G) = L*(G x G)
WE@n)(s, t) = &@n(s, s 't) =E(s)n(s™ '),

for all &, n € L*(@) and all s, t € G. By [55, P. 71], we obtain A(z) = W*(1 ® )W for all z € n,.
Moreover, by [55, P. 74], one can define the injective algebra homomorphism

A LYNG) — B(LA(¢))
Aw) = (weid)(W),

where w®id : A ® B(L*(¢)) — B(L*(¢)) is the slicing map defined by w®id(a®T) = w(a) T for
alla € # and T € B(L*(4)). The homomorphism A plays the role of the left regular representation
in harmonic analysis, see [55, P. 74]. The von Neumann algebra generated by the range of X is
denoted by G or VN (G). One of the most remarkable results in the quantum group theory is the
generalized Pontryagin duality property, i.e., L°°(G) and VN(G) are dual to each other in some
sense similar to the Pontryagin duality in harmonic analysis. We refer to [55, P. 7A4] and [75, Section

2] for more details. By the symbolism of quantum groups, we may write L>°(G) for VN(G) and
A(G) for LY(G) = L>®(G). [75)].

3.3 Kac intertwined discrete systems

When studying discrete quantum groups, the symbol 1 may denote different units, such as the unit
of the predual, the unit of the von Neumann algebra, or the usual multiplicative scalar unit. The
intended meaning will always be clear from the context.
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Lemma 3.3.1. Let K = (#,A,k,$) be a discrete Kac algebra. Then, K is a unimodular Kac
algebra, and M is a Banach %-algebra under its involution induced by k. Furthermore, if w € M,
18 a positive linear functional on A and is unitary in My, that is, wxw* = w"*xw =1, then w
defines a normal state on A ; equivalently, |w| = w(1) = 1.

Proof. By the structure theorem for discrete Kac algebras, [28, Corollary 6.3.4], K is a unimodular
Kac algebra, and by [28, PP. 15 - 16], .#, is a Banach x-algebra. We therefore only need to show
that |lw|| = w(1) = 1. From the definition of convolution on .#, it follows that 1 € .# acts as a
multiplicative linear functional on .Z,:

(fxg, L) =(f®g, AQ))=(f®g, 1®1)=(f1)g,1), V[ g€ . (3.5)

We claim that
Lo(La) = Las La) #0.
By the Identity (3.5) and the fact that 1 x f = f for all f € .#,, we obtain

(fi ) =1+f, 1) =1L 1){f1). (3.6)

Substituting f = 1 yields
(1, 1) = (1, 1)%.

If (1, 1) = 0, then 1_, would be the zero functional on .#, by Equation (3.6). Since .#, separates
points of .#, this would imply 1 , = 0, a contradiction. Therefore, (1,1) = 1. Using the unitarity

of w, we compute
1=(1,1) = (w*w*, 1) = wDw(l) = |w(1)|.

Since w(1) > 0 by assumption, we obtain that w(1) = 1. However, by [56, Corollary 3.3.4], for the
positive linear functional w on .#, we have ||w| = w(1). Thus, ||w|| = 1. As members of .Z, are
normal functionals, w is a normal state on .# . O

Remark 3.3.2. For a discrete Kac algebra K = (.#, A, k, ¢), we use the following notations:
o U(A,)+: the set of unitary elements of .#, which are positive linear functionals on .Z;

o S(My)4: the set of normal states on .#, that is, positive, normal linear functionals on .Z of
norm one.

By Lemma 3.3.1, we observe that U( )+ C S(Ay)+.

Definition 3.3.3. A Kac Left Intertwined Discrete System (KLIDS) is a six-tuple (A, A, Kk, ¢, T, A)
such that:

(i) K= (A,A,k, ¢) is a discrete Kac algebra,

(ii) my and X are the representations defined in Section 3.2 and A is a unital *-homomorphism,
)
)

(iii) the set of normal states 8(.#)+ is the closed convex hull of U(.)4 in A,

(iv) the following “intertwining relationships” holds for the left module action of all elements
we W)y on F e
mo(w - F) = Mw)ms(FJAW)".
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A Kac Right Intertwined Discrete System (KRIDS) is defined analogously, with conditions (i-4ii)
the same as above, and the intertwining condition (iv) replaced by

To(F-w) = MNw)* m(F) Mw), Fed,weWM)s.
Here, we recall that the module actions w - F' and F' - w are given by Equations (3.4).

We now provide an example of a KRIDS.

Example 3.3.4. For a discrete group G, let .# = (*(G) and .#, = (*(G). Consider the co-
multiplication A : (*°(G) — (*°(G) ® £>°(G) defined by

A(f)(s,t) = f(st),  s,teG,
the co-involution & : £>°(G) — £°°(G) defined by

K@) =f7h),  teg,
and the regular counting measure ¢ on G. The co-involution x induces the classical involution
o (5) = ol
on ¢}(G) and makes it into a Banach #-algebra with convolution product
(wxn)(s) =Y w(tyn(t"s).
teG

In this setting, 7y : £2°(G) — B(L*(Q)) is the representation of ¢>°(G) by multiplication operators,
and A is the unital *-homomorphism induced by the left regular representation of G, i.e.,
A NG — BP(Q))
A@OE) = Swlet ) = wsE)(s), (wel(G), £€A(G), seq).

teG

(i) We first claim that
WG4 = {8 g € .

For each g € G, §, is unitary in ¢!(G) since
Oy % 0g = 0g—1 % 6y = Og-14 = Je, bg % 0y = Ogg—1 = 0.
Moreover, viewed as a normal linear functional on ¢*°(G) via the canonical pairing
(W, F) =Y w(s)F(s), well(@), Fet=(q),
seG

we observe that

(89, F) = D dg(s)F(s) = Flg) 2 0, (3.7)
seG

for ' > 0 in £>°(G). So, 04 is a positive normal linear functional on ¢*°(G), and hence
5y € UW(HA))+ by Lemma 3.3.1.
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Conversely, suppose w € U(£1(G))+. As in equation (3.7), positivity yields
w(ds) = w(s) > 0.
By Lemma 3.3.1, we have ||w| = 1. Since the natural injection j : £}(G) — (£>°(GQ))" is

isometric, it follows that
Zw(s) = 1.

seG

Unitarity means w* * w = &, and the xrepresentation \ : /1(G) — Z((*(GQ)) gives

so A(w) is a unitary on ¢?(G). Since
(A(@)de)(z) = Y w(t)be(t™'z) = w(x),
teG

we have A(w)d. = w as a vector in £2(G). Similarly, for any s € G

As A(w) is unitary, we see that
0 = (ds,0¢) = (AMw)ds, A(w)de) = Z w(zs Hw(z) (s #e).
zeG

However, we recall that w(s) > 0 for all s € G; hence,
wzs Hw(x) =0 Ve e G, s#e.

Now pick any two distinct group elements y,z € G. Let s = 27y # e. Setting x = y in the
last relation gives:

wys Hw(y) = w(z)w(y) = 0.
Thus for any distinct y # z,
w(y)w(z) = 0.

Since w > 0, this means that no two distinct points can both have positive values under w.
The equality ) w(s) = 1 then implies that exactly one point has mass 1, and all others have
mass 0. That is,

w=7dg, for some g € G.

Therefore,

U(NG))+ = {5, : 9 € G,

Now, we show that the closed convex hull of U(¢1(G))4 is $(£1(G)).

Every finite convex combination
n n
E Oéj(;gj, Q; > 07 E Qj = 1,
j=1 j=1
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is positive and of norm one, hence lies in §(¢1(G))4. Thus

(U(H(G))+) S 8(LH(G))+-

Conversely, let w € 8(¢1(G))+. Then, w(s) > 0 and Y, w(s) = 1 by the natural injection
AYHG) — [MH(@)]™ = [£*°(G)]*. The equation

lw|l1 = Z lw(s)| = sup{z lw(s)|: FCG ﬁnite} < 00,

seG seF

immediately implies that for each € > 0, there exists a finite set F' C G such that

Define

Then,
lw=vli =) w(s)<e.

s¢F

Set a = ||v||1, and define 7 = v/a. We estimate the difference between w and by writing
lw =7l < fw=vlh + [v="7]1

The first term is less than € by the construction of v. To estimate the second term, note that

1%
D= — = = >1—c.
U o a=|v|: E w(s) €

seF

Thus,

5 € co({ds: s € F})

and

lvlh=]1—al <e.

N 1
lv=vli=]1--
a
Combining the two estimates gives
lo=5l < Jw—vli+ v =5l < e+e = 22
Since € > 0 is arbitrary, w is in the closed convex hull of {d, : g € G}. Consequently,

@(U(L(G))+) = 8(£1(G))+-
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(iii) For F € £*°(G) and g € G, we show that the right module action of the point mass §, € ¢}(G)
at F'is given by
(F'-04)(s) = F(gs), seQq.

By the definition of the right module action,
(F-6g,1) = (F.6,%p),  VYuel'(G).

However,

(0g * p)( Z(S p(tts) = p(gts).
teG

Hence,

(F-bg,m) = (F,0g%p)

= ZF )[0g * 11](s

seG

= Y Flsulg™'s) [r=g""s, s=gr]

seG

= > Flgr)u(r)
= Z;ng )5 k)
Since this holds for all u € £1(@G), it follows that
(F - 8g)(s) = F(gs).
(iv) For F € (°(G), € € 2(G), and g,s € G, we have
(ms(F)E)(s) = F(s)E(s),  (M(Gg)€)(s) =&(g77s)s  (A(8g)*€)(s) = E(gs)-
So,

( )
(98) € (g gS)
( )

Since this holds for all ¢ € £2(G), we conclude that the intertwining relationship through the
right action holds.

Combining parts (i), (ii), and (iii) above, we conclude that (£>°(G), A, k, ¢, mg, A) is a Kac Right
Intertwined Discrete System (KRIDS).
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3.4 Approximate amenability of discrete quantum groups

In this section, we aim to prove that, for certain discrete quantum groups, approximate amenability
implies amenability. As a consequence, we recover some classical results of Ghahramani et al.

Remark 3.4.1. Let .# be a von Neumann algebra with the pre-dual .#,. We recall the following
facts from [81, Sections II1.3 and III.4].

(i) Since the multiplication in .# is weak™ separately continuous, .#, can be viewed as an
A -bimodule with the actions given by

MK My — My
(aa :u) — a-p, <a',u7 b>:<,uv ba>7
and

M X M — My
(ya) — pra,  (u-a, b)=(u, ab).

(ii) Let w € . be a positive normal linear functional on .#. Then, there exists a unique non-zero
projection p € .# such that
Pprw=w-p=p-w-p=uw,

and w is faithful on the reduced von Neumann algebra p.#p. The projection p is called the
support projection of w and is denoted by s(w).

(iii) For an arbitrary normal linear functional 2 € .Z., there exists a unique partial isometry
v € .# and a unique positive normal functional w € .Z," such that

Q=0 w, v = s(w).

This representation is called the polar decomposition of €, and w is called the absolute value
of  and is denoted by w = |Q|. We have ||| = ||lw]|.

Lemma 3.4.2. Let K = (A4, Ak, ¢, 7y, \) be a KLIDS, w € W(.A.)+, and n € M. Then,
n*w| = nl*w,

and
Il *w—Inlll < 2[nl"? Inxw —n]/2. (3-8)

An analogous statement holds also for a KRIDS, with the orders of n and w interchanged in the
above formulas.

Proof. Fix w € UW(#)+, and define

S, M — M
O,(F) = (Idew)A(F)
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Since A and the slicing map id ® w are normal, &, is normal as well. By definition, for any
n € My, F € .4, we have

(nw-F)=n*w, F) = (n®w,A(F)). (3.9)
Applying the slicing map id ® w on simple tensors A(F) = F} ® Fy € M Q.4 shows that
n,(([d@w)A(F)) = (n@w,A(F)). (3.10)
Combining Equations (3.9) and (3.10), we deduce that
O,(F)=(1dRw)A(F) =w- F. (3.11)
Plugging (3.11) into the intertwining relation of Definition 3.3.3 (iv) yields that for every F' € .#
7o (@u(F)) = ol F) = Aew) mp(F) A(w)".

Since w € U(A)+, the operator A(w) is unitary; hence, X — A(w)XA(w)* is a normal -
automorphism of the von Neumann algebra my(.#). As my is faithful, after identifying .# with
mg(A), we deduce that @, is a normal unital *-automorphism of .#. Now, consider the pre-adjoint
of ®,, defined by

Dyt M — M
(Pus(n), F) = (0, @u(F)), ne, FeA.
It is readily seen that
D (n) = nrw, Vn e M. (3.12)
Also, (no @y, F) = (n, ®,(F)) = (n*w, F) yields
nod, =nrw. (3.13)
We claim that for every n € .,
o ®u| = nfod,. (3.14)
Assume the polar decomposition n = v - |n| with v*v = s(|n|). Since ®,, is a *-automorphism, set
v, := @1 (v) and p,, := |n| o ®,,. Then, v, is a partial isometry and p,, € .#.". Now, for all F € .#
(77 © (I)w)(F) = W(‘I’w(F))
= [nl(®w(F) v)
= [nl(@u(F) 2 (51 (v))
= (In o @) (F 5" (v))
= puw (F vw)
= Uy * Pw (F)

So, no ®, = v, - p, . By the uniqueness of the polar decomposition, we obtain (3.14). Combining
Equations (3.14) and (3.13), we have

In*w|=|nrw. (3.15)

40



By the main theorem of [52], for all 1,6 € .., we have
116] = [0l 1> < 2116 + ]l 16 — . (3.16)

For § = n*w, we note that [|n*w| < ||n|| and ||n + || < 2||n||. Substituting these in (3.16) and

using (3.15), we obtain

1/2 12,

[l % w = lnl || < 2l [l % w =7l
which is exactly (3.8). For a KRIDS, we need to define ®,(F) = F - w and proceed similarly. [

Theorem 3.4.3. Let K = (A4, A, Kk, ¢, 1y, N) be a KLIDS (respectively, KRIDS), and denote by
Cr(K) and VN(K) the C*-algebra and the von Neumann algebra generated by the range of A.
Suppose that VN (K) admits a normal faithful tracial state T and that C}(K) is approzimately
amenable. Then A admits a right (respectively, left) invariant mean.

Proof. Since C}(K) is unital, it is pseudo amenable. Suppose the net do = > 7, a8 ® b €
Cr(K) ®, Cr(K) is an approximate diagonal for C}(K) and 7 : C}(K) ®, Ci(K) — C;(K) is the
multiplication map. Since C;(K) is unital, we may suppose that 7(da) = >, -, a%by =1 € C}(K).
Moreover, we can assume that each d, has a finite sum representation; i.e., d, = Y %, af ®b% with
rq < 00. Note that the identity element of C;(K) is the same of that of Z(7) by construction;
where J# = J} as in Section 3.2. Let II be the multiplication map of the projective tensor product
B(H) @ B(IH). Since for the projective norms we have || - ||, cxx) > || - ||, (), We deduce that
do € B(H) @ B(H). So, we have II(dy) = > 00 1 a%by =1 € @(%ﬂ)

Since 7 is a normal state on von Neumann algebra VN(K), by [48, Theorem 7.1.12] 7 is a
countable sum of vector states, i.e., 7 = > % we, [vn(k), Where we, (T) = (T&,, &) and (§,)n is
an orthogonal family in 7 such that > o | [|&,]|> = 1. Then, 7 = >"°° | wg, is a normal state on
PB(H), which extends 7. So, 7|y nx) =7 and ||T|| = ||7]| = 7(1) = 1. Let x be the flip map defined
by

X : B(H )\, B(H) —> B(IO )Ry B(H)
xX(la®b) = bRa. (3.17)

Recall that ||II|| =1, ||7g]| = 1, and ||x|| = 1. Now, we define a family of linear functionals on .#
with the aid of the approximate diagonal of C}(K):

Qy: M — C

(Qu F) = (7 Tox (m(F) - da)).
We compute that
Q0 (F)] < TN g [[I1E I el
< Flldal-
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Also,
190 > 1Qa(1)] = (7, Mox(da))

- <T,§:lbg :;>

Ta

= <7-, Z azbf{> (7 is tracial on VN(K))

n=1
=(r, 1) =1

So, 1 < || < ||da|| < oo, which shows that each €, is non-trivial and bounded. Now, by the
property of the flip map, for any 7' € #() and c € C}(K), we obtain

Mox(T-dy-c) = Hox(ZTag@)bgc)
= H(Z byc® Tay)
= Zbﬁ[cTaﬁ]

= ox(} [cTlay ®0b7))
= Iox(cT - dy).

Thus,
Mox(cT -dy) =Tlo x(T -dy - c). (3.18)

We now split the remainder of the proof according to the two possible cases of the intertwining
relation.

(i) Assume that K = (#,A, K, ¢, 14, A) is a KLIDS, i.e.,
mg(w - F) = MNw)mg(F)A\w)*, VF el Ywe U(M)s.
Setting ¢ = A(w) and T' = my(F)A(w)* in Equation (3.18), we obtain
ITo x(Aw)mg(F)A(w)* - do) = o x(mg(F)AMw)™ - do - A(w)). (3.19)
Applying the intertwining relationship for w - F' , we compute

(o xw — Q) (F) = Qa(w-F) — Qu(F)

= (Q, w-F—F)
— (RIlox(rg(w- F—F)-da))
(R ToxA@)ma(FIA@) — 74(F)) - da))
T )7 (F)Aw)” - da — 74 (F) - da)) -

From Equation (3.19) and the fact that A(w)*A(w) = 1, we have

= (7,Tox(myg

(
Qo xw—=Q)(F) = (7,1ox(mp(F)Nw)* - do - AMw) — my(F) - do)
( ) = my(

= (7,110 x(my(



This yields
[0 5w = Ol <A@ lda - M) = A@) - dal
and since A\(w) is a unitary operator, we have
Q0 xw — Q| < ||da - Aw) = A(w) - da|, VweU(A)y . (3.20)
However, d, is an approximate diagonal for C}(K) and A(w) € C}(K). So,
lda - AMw) — A(w) - do|| — 0
This implies
|Q0*w — Q|| — 0, YweWA)s+. (3.21)
Since 1 < ||Q4 || < ||da|| < 00, we may replace Q, with HS—ZH in (3.21). Therefore, without loss
of generality, we may assume that [|,]| = 1. Consider the polar decomposition
Qo = va - fla; 1= [[Qall = [lpall = pa(1).
By Lemma 3.4.2, we have
[Ha *w — pa|l < 2HQa*w_QaH1/2' (3.22)
Using (3.21), we deduce that
o *w — pal| — 0, Vw e U(A)+ . (3.23)

Since each g is positive and ||| = 1 = pa(1), the net (uq)q lies in the unit ball of .Z*,
which is weak*-compact. Hence, it admits a weak™ cluster point u € .Z7. Passing to a subnet
if necessary, we can assume

Maw—>u~

Now, fix any w € U(.#,)+ and any F € .#. Using the equation (uy * w, F') = (g, w - F), we
obtain
(,ua*uJ,F>—><,u*w,F), </’La7F>—><M7F>

So, by (3.23), we have
(prxw—p, F) :liénma*w—ua,F) = 0.
As F was arbitrary, we conclude that pxw = p for all w € U(#,)4+. Since w(1) =1, we have
o w = w(1)u, Vw e U(My)+ . (3.24)

This equation remains valid if we replace w € U(.#,)+ by any convex combination of such
elements, and it continues to hold in the limit of them as well. Since co[U( )] = S( Ay )+
from the definition of KLIDS, we have

ok w = w(1)u, Vw e S( M)+ . (3.25)

However, by [49, Corollary 4.3.7], each linear functional on .# is the sum of four states. Each
state is uniquely decomposed into a normal and singular parts by [81, P. 127]. This implies
that each member of ., is the sum of at most four members of 8(.Z.). So,

pxw = w(l)u, Vwe M. (3.26)

Consequently, by Definition (3.1.5), i is a right invariant mean.
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(ii) Suppose that K = (.#,A, k, ¢, 74, A) is a KRIDS, i.e.,
Te(F - w) = MNw)* mg(F)ANw) VF e M Vwe UMt

Setting ¢ = Aw)*, T = m4(F)A(w) in Equation (3.18), and proceeding by a computation
analogous to the one in part (i), we obtain

(w* Qo — Q) (F) = <7~', ITo X(7T¢(F))\(w) Jda - Aw)F = AMw)* - da])>,
and consequently,
lw*x Qo — Q|| < Hda Aw)" = AMw)* - daH' (3.27)

We now claim that
w5 0 — ptall < 2w x Qo — Qa2 (3.28)

Recall that ., is a Banach x-algebra under the involution given by Definition 3.1.6. In
Inequality (3.22), we consider QF, u*,w* € ., instead of g, tto, w. Hence,

e, x W = prg |l < {192 +w™ = Q|- (3.29)
Then,

[w* pa — prall = [l(pa*w™ = pg)"|l
[ * W™ = pg |l
2|, *w* — Q|12
2 (w* Qo — Qa)*||'/2
= 2llw*Qa — |3,

IA

which proves (3.28). By Inequality (3.27), we obtain
lw* tta — tal] — 0, Vw e U(Ay)+ . (3.30)
As in part (i), we then obtain a state u € .#* such that
wxp=w(l)y, Vwe A, . (3.31)

So, by Definition (3.1.5), p is a left invariant mean.

O]

With Theorem 3.4.3 at hand, we can give alternative proofs for some results of [9]. For instance,
the following result was proved in [9, Corollary 7.3|; here, we provide another proof using quantum
group techniques.

Corollary 3.4.4. Let G be a discrete group. If CX(G) is approrimately amenable, then G is
amenable.

Proof. By Example 3.3.4, the system ({*°(G), A, k, ¢, 74, A) is a KRIDS. By [48, Example 8.1.4],
the assignment 7(A) = (Ade, de), where J, is the characteristic function at the identity of G, defines
a faithful normal tracial state on VN(K) = VN(G). Now, we can apply Theorem 3.4.3 to deduce
that £°°(G) has a LIM. Thus, by [76, Proposition 1.1.9], G must be amenable. O
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Corollary 3.4.5. C}(Fq) is not approzimately amenable.

Proof. If C}(FF2) were approximately amenable, then by Corollary 3.4.4, the discrete group Fo would
be amenable, which is absurd. O

Corollary 3.4.6. The full group C*-algebra C*(F3) is not approzimately amenable.

Proof. By [17, Theorem VII.2.5], there is an onto homomorphism A : C*(Fy) — C}(IF2) which is
continuous since [|A(f)|| < ||f]ls. If C*(F2) is approximately amenable, then by [33, Proposition
2.2], C}(IF3) must be approximately amenable, which is not the case by Corollary 3.4.5. O

Corollary 3.4.7. For any discrete group G, the followings are equivalent:
(i) G is amenable

(ii) ¢*(G) is approzimately amenable.

(i1i) Cr(G) is approzimately amenable

Proof. Equivalence i <=> i is [33, Theorem 3.2].
The implication it = i is Corollary 3.4.4. For the converse, see [59, P. 44].

Definition 3.4.8. A locally compact quantum group G = (4, A, ¢,) is said to be
e Day—Von Neumann (DV) amenable (or mean amenable) if .# = L*°(G) has a LIM or RIM.
e Johnson (J) amenable (or derivation amenable) if .4, = L'(G) is an amenable Banach algebra.

We now generalize the idea of the proof of Ghahramani et al., in [36] and [76, Theorem 4.4.19].
This allows us to obtain the following theorem:

Theorem 3.4.9. Let K = (A4, Ak, ¢, 74, \) be a KLIDS. If A4, is approximately amenable, then
M has a RIM. In other words, if K is J approximately amenable, then it is DV amenable.

Proof. Since ., is unital, it is pseudo-amenable. Suppose that (dn) with do = Y 7, af ®,, b5 €
My @ M, forms an approximate diagonal for .#, such that m(d,) = 1 4,. From Equation (3.3),
1 € . is a multiplicative linear functional on .#,. Define

fo=({d®1) afZa 1,0%) € A, .
Let w € U(#,) . Recall that .#,&.#, is an .#,-bimodule, and
w-dy = Zw*aﬁ@bg,

o
do -w = Zaﬁ@bﬁ*w.
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Thus,
(id®1)(w Zw*a ) =Wk fa,

and

(id® 1) Za (1,b% % w) Za (1,091, w) = foll,w) = fa.

Hence,
Wk fo—fa=010d®1)w-dy —do - w].

‘We then derive
[wx fo = falll = [(([d@ 1)(w - do — do - W)|| < [|w - do — do - w| — 0 (3.32)

since (d,) is an approximate diagonal. From m(d,) = 1, we obtain

oo

(1, fa)=(1 Za (1,60)) Z 1ba:i1a *b0) = (1,7(da)) =1 4, -
n=1

Thus, ||fall1 > 1 for all a. By [81, Theorem II1.4.2], let |f,| be the absolute value fucntional of

fa in its polar decomposition, and note that || |fa| |[1 = || fall1 by [81, Proposition III1.4.6]. Then,

Wo = |||f{:’H|1 € ./ has norm one. By Lemma 3.4.2, we have

1/2
e % wa — wallt < 2 [lw* fo — Full 2.

So, by (3.32) we obtain
lw * wo — wal|| — 0.

As in the proof of Theorem 3.4.3, we conclude that every weak™® cluster point of (wa)a is a right
invariant mean of .Z . O

Corollary 3.4.10. For a KLIDSK = (#,A, K, ¢, 7y, \), the notions of approximate J amenability,
J amenability, and DV amenability are the same.

Proof. When K is discrete, its pre-dual has a unit. Now, combine Theorem 3.4.9 with the main
theorem of [73, Theorem 4.5]. O
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Chapter 4

Generalized amenability of C*-algebras
and finite von Neumann algebras

By definition, any amenable Banach algebra is approximately amenable. The converse, in general,
is not true; see [33, Example 6.1]. We now ask whether the converse holds if restricting to unital
C*-algebras. In this chapter and the next, we prove that sequential amenability and amenability
coincide for unital C*-algebras.

4.1 Defect in approximate amenability of Certain C*-algebras

Recall that pseudo-amenability and approximate amenability coincide for unital C*-algebras. Con-
sequently, whenever a unital C*-algebra is approximately amenable, we may work with approximate
diagonals.

Remark 4.1.1. Recall that the spectrum of a C*-algebra A, denoted by A, is the set of all
unitary equivalence classes of non-zero irreducible representations of A. This set contains all GNS
representations associated with pure states of A. We also denote by Prim(A) the set of all primitive
ideals of A, equipped with the hull-kernel topology (see [17, Section VII.3] and [56, Chapter 5]).
There is a natural (though not necessarily injective) map from A to Prim(A), which sends each
irreducible representation 7 to its kernel, ker(7). Thus, one can pull back the hull-kernel topology
of Prim(A) onto A. This mapping is bijective for GCR C*-algebras (see [56, Theorem 5.6.4] and
[56, Theorem 5.4.9)), i.e., for those C*-algebras such that for each irreducible representation , the
image 7(A) contains the ideal of compact operators. For a simple C*-algebra A, Prim(A) contains
only two points. Therefore, A can be much bigger than Prim(A) in general. An example of such
an algebra is the reduced group C*-algebra C;(F2) of the free group Fs on two generators (see [17,
Theorem VIL.7.5]).

Recall that there are two Arens products on the double dual (or bidual) of any Banach algebra
(see Definition 2.1.3). However, these two products are the same for C*-algebras and operator
algebras (see Remark 2.1.4). We always assume that the bidual is equipped with the Arens product.

Proposition 4.1.2. Suppose that A is C*-algebra and one of the following conditions holds.

e A is separable and the spectrum A of A is discrete;
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o A is a closed two sided ideal in its bidual A™ under its Arens product.
Then, A is amenable.

Proof. 1f the first condition holds, by [24, Items 4.7.3 and 10.10.6], one can write A as the cp-direct
sum of the algebras of compact operators on separable Hilbert spaces, i.e., A = co — @, # (J4). If
the second condition holds, by [81, p. 157, Exercises 3.a-c and 4.e], we have A = ¢ — @, # (J4).
It is well known that the amenability constant of each % (7%) is one [39, Theorem 3.1]. By [76,
Proposition 2.3.19], A must be amenable in either cases. ]

Example 4.1.3. Suppose that G is a second countable locally compact group. The spectrum of the
full group C*-algebra C*(G) is denoted by G, and is called the dual of G. Also, the spectrum of the
reduced group C*-algebra C*(G) is denoted by G, and is called the reduced dual of G. Now if G
(resp. G,) is discrete, then by the above proposition C*(G) ( resp. C:*(G) ) must be amenable. Since
for G = Fy, the free group on two generators, neither the full nor the reduced group C*-algebra is
amenable, it follows that neither of the duals is discrete.

By a result of Kadison [47, Theorem 4], if a C*-algebra A is represented in some B(H ), then
every derivation D : A — A is of the form

D(a) = aT —Ta, forsome T € B(H). (4.1)

He calls such derivations spatial. If, in addition, A is a von Neumann algebra, by a result of Sakai
[78], D is inner, i.e., T € A. Suppose that A is merely a C*-algebra and a derivation D : A — A is
given. Can we still conclude that D is implemented by an element T' € A in Equation (4.1)7 The
answer is negative! The next example confirms this significant difference between a von Neumann
algebra and a C*-algebra.

Proposition 4.1.4. There exists an amenable C*-algebra A and a derivation D : A — A which is
not inner by elements of A.

Proof. Let H? be the classical Hardy space, A = K(H?) be the ideal of compact operators on it,
and T(H?) be the Cuntz-Toeplitz C*-algebra generated by the the forward shift s. It is well-known
that T(H?) contains K(H?) as an ideal, and the commutator ideal of T(H?) is K (H?) [56, Theorem
3.5.10]. So, [a, s] = as — sa € K(H?) for any a € T(H?). Now, consider the following derivation on
A= K(H?):

D:K(H?) — K(H?

D(a) = as—sa.

We know that K(H?) is amenable; hence, it is approximately amenable. So, by [34, Theorem
2.1] any derivation with domain K (H?) into any ordinary module (not necessarily a dual module)
must be approximately inner. Thus, there is a net of compact operators (K;) in K(H?) such
that as — sa = D(a) = lim; aK; — K;a. So, D is approximately inner. Note that s*s = I, so
s ¢ K(H?). We claim that D cannot be an inner derivation implemented by any member of K (H?),
i.e., D is not inner. For if it were inner, there would be a k € K(H?) such that D(a) = ak — ka,
then as — sa = ak — ka for all a € K(H?). Hence, (s — k)a = a(s — k) for all a € K(H?), so
s — k must be in the commutant K (H?) of K(H?). On the other hand, it is well known that
K(H?) = CI, see for example [56, Theorem 4.1.12]. So, there must be a A € C such that s = k+ 1.
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It is known that s is a Fredholm operator with index equal to —1, and the index of Al is zero.
However, index is invariant under a compact perturbation [56, Theorem 1.4.18]. So, we would have
—1 =ind(s) = ind(k + AI) = ind(A]) = 0, a contradiction. Consequently, the derivation D cannot
be inner. O

Remark 4.1.5. It was brought to our attention by Prof. Nico Spronk that the above proof can
be made more general. Indeed, one may choose any s € B(H) \ (A (') + CI). Since () is
strictly weak*-dense in Z# (), there is a net (k;) in J# () converging to s in weak™ topology.
Hence,

aki—kiaw—*>as—sa:D(a), (a € ().

So , by [34, Theorem 2.1], D is approximately inner. If D were inner, implemented by k € JZ (.77,
then
(s —k)a=a(s—k) (a € H ().

Since & ()" = CI,, we would have s — k € CI, contradicting s ¢ % () + CI.

Remark 4.1.6. For an infinite-dimensional Hilbert space H, one can infer from Ozawa’s argument
in [58] that #(H) is not approximately amenable. In the sequel, we present an alternative proof
of this in Theorem 4.1.8. We should also mention that there is a related classical obstruction at
the level of Johnson amenability for (H). Wassermann [89, Corollary 1.9] showed that a von
Neumann algebra which is nuclear as a C*-algebra must be subhomogeneous. A von Neumann
algebra . is called subhomogeneous if there exists an N € N such that for every irreducible
s-representation 7 : .# — B(H;) one has dim(H;) < N. Since nuclearity and Johnson amenability
coincide for C*-algebras, one can deduce that () fails to be amenable for an infinite-dimensional
Hilbert space . However, Theorem 4.1.8 gives the stronger conclusion that Z() is not even
approximately amenable.

Denote by & the set of all prime numbers, and note that for any p € &, the set Z,, = I% is a
finite field. By defining module operations modulo p, Zf; becomes a Zj,-module, which can also be
regarded as a vector space over Zj,. For any two non-zero z,y € Zg, define x ~ y if and only if there
is a non-zero A € Z, such that @ = Ay. Thus, ~ is an equivalence relationship on Zf; for which the
modulus space is the projective plane over Z,, and we will denote it by P,. The group SL(3,Z) of
3 x 3 matrices with entries in Z and determinant one can act on Zg through matrix multiplication.
This induces an action of SL(3,Z) on P,, and hence, a unitary representation m, of SL(3,Z) on
(?(Pp). Let @1, -+, ay, be the algebraic generators of SL(3,Z), and let (ex)xcp, be the canonical
basis of £2 (Pp). In addition, we define [P to be the disjoint union of all P, as p runs through prime
numbers. The following lemma can be found in [76, Lemma 3.4.5].

Lemma 4.1.7. It is impossible to find for any € > 0, a number r € N such that for each p € &,
there are €1, Mps > Erps Mrp € L2(Pp) such that Y j_1 &kp @My # 0 and for any 1 < j <m

T

1)~ [k @ Mk — (M) @ p(25)) (G @ )] | < €D Ehp @ il
k=1 P

where the norms are the projective tensor norm of €2(P,) @7 £2(P,).
Theorem 4.1.8. The C*-algebra B() is not approximately amenable for any infinite dimensional
separable Hilbert space F€ .
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Proof. We follow the argument of [76, Theorem 3.4.13]. Suppose to the contrary that #() is
approximately amenable, and Let I denote the identity operator on . Since %(7) is unital, it is
pseudo-amenable by [33]. Consequently, there exists an approximate diagonal (dy) C B(H)QLB(H)
such that 7(d,) — I. Since ||7(dy) — I|| — 0, we can replace d,, by:

Dy =do+ (I —7(dy)) @I

Then, (D,) C B(H) @ B(H) is an approximate diagonal with 7(D,) = I. In addition, each D,,
is a finite sum of simple tensors. Thus, without loss of generality, we may assume that d, is of the
form:

,
do =) _af @b,
k=1

and I =3, afb?. By fixing a particular «, we can drop the superscript a and write:

I=> apby, and do =) ap®b.
k=1 k=1

Without loss of generality we can also suppose that 5 is (2(P) = (% — D,cx ¢%(P,). Thus,
£ — Dpen B((*(Pp)) can be viewed as the sub-algebra of block diagonal matrices in Z(¢%(P)).
Let z1,---,z; be the generators of SL(3,Z), and consider the operators m,(z1), - ,mp(zy) on
(2(P,), so (mp(@5)) e » can be regarded as an element of B(12(P)) for each j. Now, let € > 0,
Ly = Y j—y akby, and T = Y"1 a @ by, = do € B(L*(P)) @7 B((*(P)). By the definition of the
approximate diagonal, for all 1 < j < m we may assume that
€
m+1

I (mp(23)pe s T = T (mp(25)) per | <
For each p € 2, let P, : (?(P) — (?(P,) be the canonical projection, and define
T,: P — 2P, Q" *(P,)
Ty(x) = > Pyaplex) ® Bybi(ex).
k=1

As in the proof of [76, Theorem 3.4.13], for all 1 < j < m we obtain that
1D Tp(x) = (mplag) @ mp(5)) (Tp(3)) || < el Tp(x)]l-
k=1

Now, plug in &, := Pyak(ex) and ng,, = Pybi(ex) in the above inequality. Then, for € > 0, we
have got a number r € N such that for each p € 22, there are &1 p, M1, , &rpy rp € £2(Pp) such
that Y 1 &kp @ Mkp # 0 and for any 1 < j < m,

T

1Y " kp @y — (7)) @ mp(25)) i @ )] | < €D &y @ Ml
k=1 k=1

However, Lemma 4.1.7 assures that such a result is impossible. Thus, () cannot be pseudo-
amenable, and consequently it cannot be approximately amenable. ]
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4.2 Connes’s approximate amenability of von Neumann algebras

The following definition is motivated by [29]; however, in contrast to [29], we consider weak*
convergence instead of norm convergence.

Definition 4.2.1. A von Neumann algebra .# is called approximately Connes’ amenable if for any

normal dual Banach .Z-bimodule X, every normal derivation D : .#Z — X is weak*-approximately

inner, i.e., D(a) = w* —lima -z, — x4 - a. We say that .# is sequentially Connes’ amenable if the
(03

implementing net is a sequence, i.e., D(a) = w* — klim a-xp — Tp - a.
— 00

To avoid possible confusion, we will refer to the classical (approximately) amenable Banach
algebras as (approximately) Johnson amenable Banach algebras.

Remark 4.2.2. Obviously, Connes amenability implies approximate Connes amenability; however,
the converse is false for dual Banach algebras as the following example shows. The natural numbers
N is a commutative unital semigroup under the joint maximum m Vn = max{m,n}. We denote this
semigroup by Ny. By [29, Example 2.1], the dual Banach algebra ¢! (Ny/) = cq(Ny/)* is approximately
Connes amenable but not Connes amenable.

We also note that [29, Theorem 4.2] continues to hold when the relevant notions are interpreted
in the sense of Definition 4.2.1. Moreover, by using the structural properties of von Neumann
algebras, the corresponding weak* sequential version of [29, Theorem 4.2] remains valid. Although
the proofs require some modifications, we omit the details in order to keep the focus on the main
results of this work.

For von Neumann algebras, a natural question is under what conditions approximate Connes
amenability implies Connes amenability. In general for C*-algebras, when approximate Johnson’s
amenability implies Johnson’s amenability? In the remainder of this chapter, and throughout the
next chapter, we investigate these questions.

Proposition 4.2.3. Let 4 and A be two von Neuman algebras, and let ¢ : M — N be an onto
normal x-homomorphism. If A is approzimately Connes amenable, then so is N .

Proof. Let X be a normal dual Banach .4 bi-module, and § : .#* — X be a normal derivation.
We can make X into a normal dual .#-bi-module by defining the module actions as m-x := ¢(m) - x
and z - m = z - ¢(m). Since ¢ is a homomorphism and ¢ is a derivation, D = Jo¢p: # — X
is also a derivation. By weak*-continuity assumption on ¢, we see that D is a normal derivation
on .. So, it is approximately inner by our assumption; i.e., we can find a net (z,) in X such
that D(a) = w* —lim, a - 4 — Ty - a. By our definition of the action of .#Z on X, this means
d(p(a)) = w* —limy ¢(a)-xq—xq-P(a). Since ¢ is onto, we deduce that 6(n) = w* — limy n-xq—x4n
for any n € 4. O

Recall that every type I von Neumann algebra is a direct sum of von Neumann algebras of the
form A,®B(H,) with A, being an abelian von Neumann algebra.

Definition 4.2.4. A type I von Neumann algebra .# is said to be of:

1. type I; if it can be written as a finite sum .#Z = (- _, A.®B(H,),
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2. type Ly if A = (°°-P,;; A; ® M, where [ is an arbitrary index set, each A; is an abelian
von Neumann algebra, M, is the algebra of n; x n; complex matrices, and N = sup{n; : i €
I} < o0

Theorem 4.2.5. Let .# be a type Iy von Neumann algebra. If A is approrimately amenable, then
it is amenable. In particular, A is of type Lys.

Proof. Consider the coordinate homomorphism ¢ : # — A,®B(H,), which is bounded and onto.
Hence, by [33, Proposition 2.2] A,®B(H,) is approximately amenable. Since A, is a commuataive
von Neumann algebra, we can choose a non-zero multiplicative linear functional 7 from its Gelfand
spectrum, see [31, Chapter 1]. Now, construct the following slicing map which is a homomorphism :

Y=71T®id: A,®B(H,) — B(H,)
a®T — T(Q)T7

and then expand by linearity. By construction, 1 is an algebra homomorphism. Since
()T = [T(@)[|IT]} < lall[T]] = [la @ T,

we see that 1 is bounded. Obviously, ¥ is onto. Hence, by [33, Proposition 2.2], B(H,) is
approximately amenable. However, by Theorem 4.1.8, H, cannot be infinite dimensional. Hence,
B(H,) = M, is a finite dimensional von Neumann algebra, so it must be amenable (see [76,
Example 2.2.4, or Theorem 2.3.25] for example). Let A, .« denote the predual of the von Neumann
algebra A, and obviously the predual of M, , is itself. Now, By Effross-Ruan von Neumann tensor
product formula [27, Theorem 3.2], we have

AagMn,oz = (Aa,* ®Mn,a ) -

However, by standard operator theory discussions (see [4, Section 1.5]), we have

(Aa,*®Mn,a)* = B(Aa,*a Mn,a) = Mn,a(B(Aoa,*’ C)) = Mn,a(Aa)-

Thus, Aa®M,, o = M), o(As), 80 Ag®@B(Hy) = M, o(Ay) is amenable by [76, Theorem 7.1.9],
and as a C*-algebra the amenability constant of A,®B(H,) is equal to 1 (see [33, Section 6]).
Consequently, the finite direct sum of A,®B(H,), which is .#, must be amenable by [76, Proposition
2.3.19]. 0

Remark 4.2.6. The proof of Theorem 4.1.8 demonstrates that the finite sum condition in Theorem
4.2.5 cannot be weakened. For example, .# = °°- EBfil A; ®M,,, is not amenable; where each A,
is a non-zero abelian von Neumann algebra, M,,, is the algebra of n; x n; complex matrices, and
sup{ n; : i € N } = co. We later observed that the type I, von Neumann algebras in Definition 4.2.4
are precisely the subhomogeneous von Neumann algebras. Indeed, for I,, = {i € I : n; = n} and
B,, = 0>°- @ie I, A;, we see that each B, is again an abelian von Neumann algebra, and

N
M @Bn@‘gMn.

n=1

Thus, the uniformly bounded matrix-size condition in Definition 4.2.4 is exactly the usual subho-
mogeneity condition discussed in Remark 4.1.6, and subhomogeneous von Neumann algebras are
amenable by [89, Corollary 1.9].
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The following proposition is proved in [44, Corollary 6.5]; however, we can give a simpler
argument based on [76, Section 7.2].

Proposition 4.2.7. Let .# be a type I von Neumann algebra. Then, .# is Connes amenable.

Proof. By [81, Theorem V.1.27], every type I von Neumann algebra is a direct sum of von Neumann
algebras of the form A,®B(H,) with A, being an abelian von Neumann algebra. By [76, Example
2.3.4], the abelian von Neumann algebra A, is Connes amenable. By Connes’ theorem [12], the
full operator algebra B(H,) = K(H,)** is Connes amenable. By [76, P. 297], the tensor product
A,®B(H,) is Connes amenable. So, A,®B(H,) is injective by [76, Corollary 7.2.9]. The direct
sum of injective von Neuman algebras is still injective [76, P. 297]. Thus, .# is injective. Hence, by
Johnson- Kadison- Ringrose Theorem [44, Corollary 6.4], .# must be Connes amenable. O

Let A be a C*-algebra, and let 7 : A — Z(H) denote its universal representation. Then,
M = 7(A)" is the universal enveloping von Neumann algebra of A. Our goal is to relate this object
to A**. Recall from Definition 2.1.3 and Remark 2.1.4 that A** carries a unique Arens product.
The next proposition is a well-known result. A version of it, stated in older terminology, can be
found in [11, Theorem 7.1]. We include a proof in order to make explicit the realization of A** as
the enveloping von Neumann algebra, which will be used throughout the sequel.

Proposition 4.2.8. For any C*-algebra A, the double dual A** under the Arens product has the
structure of a von Neumann algebra, which is isomorphic to the enveloping von Neumann algebra of

A.

Proof. Recall that by [56, Theorem 4.2.4], the weak* and weak operator topology coincide on
bounded balls of #A(.#°). Hence, by Krein-Smulian theorem [13, Theorem V.12.1], every von
Neumann algebra is closed in its weak*-topology. By Sherman-Takeda theorem [81, Theorem II1.2.4],
A and A = ﬂ'(A)H are isometrically isomorphic as Banach spaces, and we can use the transpose
map of the universal representation of A to set up a isometric linear isomorphism 7 from A** onto
A . If we denote the natural embedding of A into A** by j, then 7(a) = 7 o j(a). The mapping
7 is also a homeomorphism with respect to the weak™ topology of A** induced by A* and the
weak™ topology of .# inherited from %(.7°). The Arens product is unique and separately weak™
continuous on A** [4, Remark 2.5.3]. By [4, Corollaries 2.5.6 and 2.7.14], we see that 7 is indeed an
algebra homomorphism which is also weak*-weak* continuous. Thus, A** = Zwk* = / is a von
Neumann algebra. ]

By the preceding proposition, we can identify A** with the universal enveloping von Neumann
algebra of the C*-algebra A. For the following notions, we refer to [81] and [82].

Definition 4.2.9. A C*-algebra A is called of type ¢ if its universal enveloping von Neumann
algebra A** is of type t, where ¢t € {1,113, 11, I11}.

It is well-known that type I C*-algebras are nuclear and hence amenable. Here, we can prove
this with the aid of Proposition 4.2.7.

Corollary 4.2.10. Let A be a type I C*-algebra. Then, A is amenable. In particular, for type 1
C*-algebras, amenability and approximate amenability are the same.
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Proof. By assumption, the enveloping von Neuman algebra .# of A is a type I von Neumann
algebra. By Corollary 4.2.7, .# is Connes amenable. So, by Connes’ Theorem [12, Theorem 1], .#
is injective. By [10, Theorem 3], A must be amenable. O

Corollary 4.2.11. Let p and q be two projections on a Hilbert space H, and A be the C*-algebra
generated by p and q. Then, A is amenable.

Proof. Let .# be the enveloping von Neumann algebra of A. By [81, Theorem V.1.41], .# must be
of type 1. From Corollary 4.2.10, A is amenable. O

Remark 4.2.12. We thank Prof. Nico Spronk for suggesting the following observation which
provides an alternative proof for Corollary 4.2.11. Let

D =17y% 7o = (u,v:u’=v>=1)
be the infinite discrete dihedral group. Let ds denote the point mass at s € D, and define

81— 6 61— 6,
p= 5 q= B

in /1(D). Since 62 = 62 = 61, both p and q are projections. Moreover, §, = d; — 2p and J, = §; — 2q.
As u and v generate D, it follows that ¢!(D) is the unital Banach algebra generated by &1, p, and q.
Consider the character
e (D) —C, e(f)=)_f(s),
seD

and its kernel £(D) = Ker (¢) which is a closed ideal of ¢}(D). Since (p) = £(g) = 0, the closed
non-unital algebra generated by p and q is precisely £5(D). The group D is amenable, so are £(D)
and its closed ideal E(l)(D). If o7 is a C*-algebra generated by projections P and @), one can construct
a continuous homomorphism

E(l)(D)HtQ%: p— P, qg—Q

with dense range. Thus, the amenability of the two-projection case is already visible at the level of
the group algebra of the amenable group Z, * Zo. However, the situation changes when one passes
from two to three or more projections. In fact, for higher free multiplications like Zo * Zo * Zs, the
subgroup consisting of words of even length has index 2 and is isomorphic to the free group of the
free group Fo. Consequently, the C*-algebra generated by three or more projections is non-amenable.

Remark 4.2.13. Let A be a unital C*-algebra and B be a C*-sub-algebra of A containing the unit
element of A. By [56, Corollary 3.3.4], any positive linear functional on a unital C*-algebra attains
its norm at the identity element. Thus, we have the following observation:

e Suppose that y : A — C is a positive linear functional on A, and p/ : B — C is the
restriction of p to B. Then, |u| = ||/

Remark 4.2.14. By [81, Theorem III1.2.14], the dual space .#* admits an ¢!-direct sum decompo-
sition

.//*:%*@1%5.
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Here, .4 denotes the topological complement of 4, in .4* (see [13, p. 94]). The elements of
M, are the normal functionals, while those in .Z; are singular functionals. Consequently, every
functional w € .Z* can be uniquely written as

W = Wy + Ws, wp € My, wSEJ//*L,

with the norm identity

]l = flonll + llws]l-

The following facts are important to us:

(i)

(i)

A functional w on .# is called Hermitian if w(a*) = w(a) for all @ € .#. By the Jordan
decomposition theorem [63, Theorem 3.2.5], there exist unique positive functionals w* and w™
on .# such that

w=w—w, ol = e+l

If, in addition, w is normal, then [81, Theorem II1.4.2] ensures that both w™ and w™ are
normal, and their support projections s(w™) and s(w™) are orthogonal.

For positive linear functionals, singularity means that it does not majorize any positive normal
functional, see [3, Definition II1.2.11]. Another equivalent characterization is given in [81,
Theorem I11.3.8], which implies that a positive linear functional w is singular if and only if any
non-zero projection has a non-zero sub-projection at which w vanishes.

A functional is singular if and only if it is a linear combination of positive singular ones, see
[48, Proposition 10.1.17].

Both .#, and .#;- are closed linear subspace of .Z*.

According to [81, Theorem II1.5.1], .#, is sequentially complete in the weak* topology of .#™*.
Similarly, .#;" is also weak* sequentially complete, as established in [81, Proposition I11.5.8].

Let v be a normal positive linear functional on a von Neumann algebra .#. Then, the set
of v-zero length vectors, N, = { a € # : v(a*a) =0 }, is a weak™ closed left ideal. If v
is tracial, then N, is a two sided weak* closed ideal. By [81, Proposition I1.3.12], there is a
central projection f € .# such that N, = .# (1 — f). It follows from [81, Lemma II1.3.6 and
the proof of Theorem V.2.4] that the support of v is s(v) = f, and that v is faithful on f.Z f.
That is, the functional vy : f.# f — C defined by v¢(fmf) = v(fmf) = v(m) is a normal
faithful positive linear functional on f.# f. Clearly, v is the restriction of v to f.Z f, i.e.,
vi=vlrus

So far, by using the enveloping von Neumann algebra, we have shown that for type I C*-algebras,
amenability and approximate amenability coincide. We now investigate approximate amenability
of other types of C*-algebras. It turns out once again that this links to Connes’ approximate
amenability of the enveloping von Neumann algebra.

Theorem 4.2.15. Let A be a C*-algebra. If A is sequentially Johnson’s amenable, then the
enveloping von Neumann algebra A** of A is sequentially Connes’ amenable.
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Proof. Since A is a C*-algebra, it is Arens regular by [4, Corollary 2.5.4]. Let 7 be the universal
representation of A and 7 : A** — 7(A)” be the Sherman-Takeda isomorphism as in Proposition
4.2.8 and [81, Theorem II1.2.4]. Let .# = A** and .#, = A*. Recall that 7 = 7 o j. Suppose
that X is a normal dual Banach .# bi-module, and ¢ : .# — X be a normal derivation. The
action of .# = A* on X induces the left and right actions of A on X given by a -z = j(a) - z and
x-a=x-j(a). These actions make X into a dual Banach A bi-module. Since j is a homomorphism
and ¢ is a derivation, D = §oj: A — X is also a derivation. Thus, it is sequentially inner by our
assumption on A; i.e., there is a sequence (xy) in X such that for all a € A

D(a)= lim a -z —x-a. (4.2)
k—ro0
So, we have
D(a) = Jim j(a) zi— 21 j(a), (43)

in the norm topology of X. For each k € N, the derivation Dy(a) = a - x — xy - a is the restriction
to A of the derivation d; : A* — X defined by 6x(m) = m -z — xx - m. By [4, Lemma A.2.2], Dy,
has a unique extension Dy to A** such that || Dg| = || Dg|l. So, Dy = 6 and ||6,]| = || Dg||. Since
Dy, converges pointwise to D, by principle of uniform boundedness, the sequence (D) is uniformly
bounded. Hence, the sequence (dy) is uniformly bounded. Now, we claim that for any m € A**,
the sequence (dx(m)) converges to d(m) in the weak™ topology. If this is not the case, then there
is an m € A* and a weak® continuous functional f € X, such that the sequence (f o dx(m)) does
not converge to f od(m). However, each functional f o d; and the functional f o are normal on
the von Neumann algebra A**. In addition, the sequence (f o dx) is a uniformly bounded sequence
of normal functionals; hence, it has a weak™ cluster point ¢ by Banach-Alaoglu theorem. The set
C={fodr : ke N} isabounded subset of .Z,. By the Eberlein-Smulian theorem [13, Theorem
V.13.1], the weak closure of C' is weakly sequentially compact. However, the weak topology of C'
coincides with its weak™ topology induced by .#*. Thus, we can find a subsequence of (f o dy)
converging to ¢ in the weak™ topology. By [81, Theorem III.5.1] or Remark 4.2.14-v, the functional
¢ must be normal. Thus, ¢ and f o § are in the pre-dual .#, of the von Neumann algebra .# .
However, by our assumption ¢(m) # f o d(m), so the normal functional ¢ and f o cannot be
equal, i.e., ¢ # f o d as members of A*. Consequently, there is an a € A such that ¢(a) # f o d(a).
However, for any a € A, we have f odi(a) = f o Di(a) and f o d(a) = f o D(a). Moreover, since

ok (a) Wk, d(a), we deduce that fodg(a) = fod(a). Thus, ¢(a) = f od(a), but this contradicts
¢(a) # fod(a). Therefore, for any m, the sequence d;(m) converges to the functional §(m) in the
weak* topology. This proves that the normal derivation ¢ is wk* sequentially inner on .#, i.e., .#
is sequentially Connes amenable. O

Remark 4.2.16. It is natural to ask whether the sequentiality assumption in Theorem 4.2.15 can be
removed; namely, whether approximate Johnson amenability of a C*-algebra A implies approximate
Connes amenability of A**. An affirmative answer would allow the arguments and results developed
in the sequel to be modified so as to settle completely the question of Ghahramani et al. The proof
above, however, uses sequentiality in an essential way and therefore does not immediately extend to
arbitrary nets.
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4.3 Connes sequential amenability of finite von Neumann algebras

In this section, we aim to prove the counter part of Proposition 4.2.7 for type II; von Neumann
algebras. Then, by combining it with Theorem 4.2.15, we show that amenability and sequential
amenability are the same for C*-algebras whose enveloping von Neumann algebra is finite. To do
so, we need to review Connes’ original work in [12, Theorem 1]. The same result for other types of
C*-algebras will be obtained in the next chapter.

Proposition 4.3.1. Let 7 and 75 be topologies on a set X such that 7y C 19. Then, for any subset
AC X, we have A" D A™.

Proof. Let € A”. By definition, for every U € 7 with z € U, we have UN A # 0. Let V € 7y
and x € V. Since 11 C 7o, we have V € 75, and so VN A # (). Hence, x € AT O

Proposition 4.3.2. Let 5 be any Hilbert space. The ideal of trace class operators B () is
dense in B(A) in both weak operator and weak* topologies.

Proof. Note that %' () contains the set of all finite rank operators .7 (J); see [56, Theorem
2.4.17]. Denote by # () the ideal of compact operators. By Proposition 4.3.1 and the fact that
taking topological closure is monotone, we have

WO wot

2= F2) ¢ Zo) c B

By taking another wot-closure, we see that

WO wot

H ()" C B (4.4)

sot

On the other hand, # () = CI, see [56, Remark 4.2.2]. So, by [56, Theorem 4.1.12] 2 () =

PB(A). However, by [56, Theorem 4.2.7] %(%”)OOt = Ji/(%)wm. Putting these together and using
Equation (4.4), we deduce that

—————wot

BA) C B (H)

The reverse inclusion follows from the Goldstine theorem, or from [81, Theorem II.2.6-iv].
O

Remark 4.3.3. Recall that the duality between 7 and * is conjugate linear. Thus, we can
regard #* as the same ., but with the conjugate linear scalar product defined by A - ¢ := X¢. As
in [12], we use the notation .7°¢ instead of ##*. Now, any operator T € () has a counterpart
T¢ € B(°) satistying T¢(\ - €) = T(NE) = NT(€) and || T|| = ||T€]|.

Remark 4.3.4. Every von Neumann algebra .# admits a (so-called) standard representation. By
[82, Theorem VII.2.7], there exists a normal faithful semifinite weight ¢ on .#. By Section 3.2,
Ay (A7 0 A) is a pre-Hilbert space under the inner product (v + Ng,y + Ny) = ¢(y*x). Its
completion, J#,, is a Hilbert space. As in [82, Proposition VIL.1.4], there is a normal faithful
non-degenrate x-representation 7, of .# on J#,. The representation (7., 7¢,) is called the standard
representation of .# with respect to . When .# has an everywhere defined normal faithful tracial
state 7, this process recovers the classical cyclic GNS representation (w., H,, &;). Here, H; is the
completion of NﬁT under (x + N;, y + N;) = 7(y*z), and & = 1 + N.. Note that N, = 0 since 7
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is faithful. So, H; can be considered as the completion of .#Z under the norm ||z|j2 = \/7(z*z).
Sometimes, we may use L?(7) instead of H,. Let’s write ||x||o for the operator norm of z. By the
inequality |7(a)| < ||al|so, it should be clear that ||z||2 < ||z||eo. Also, note that & =1 is the cyclic
vector for the GNS representation, see [56, Theorem 5.1.1]. By [82, Proposition VII.1.4] the GNS
representation (7rT, L3(7), 1) is a faithful normal representation of .#. So, the representation of .#
inside Z(L*(7)),

T M — B(L*(1))
r — 7. (x), 7w (x)(y+N;)=zy+ N,

is a von Neumann algebra isomorphism from .# onto its range and 7(z) = (7,(2)&;, &). Since
{7, (#)h : h € L*(7)} is dense in L?(7), the action of m,(.#) on L?(.#) is non-degenerate, i.e.,
for any vector h € L?(7) there is an x € .# such that 7,(x)h # 0. When . is in its standard
representation, we can write elements of .# acting on elements of L?(7) without mentioning 7,
e.g., & = m(x*)&r, or 7(x) = (x&;, & ). Now, consider the conjugate linear isometry

S M — MEs
S(mé&) = m'E,

which is only densely defined on L?(7). By [82, Section VI.1], one can find a polar decomposition
S = J|S|, where J is a conjugate linear isometry on L?(7). Now, by Tomita Takesaki theory (see
[82, Theorem VI.1.19]), we have J.#J = .#'. In addition, by [3, Theorem I11.4.3.2], one can see
that J(&) = &,

Lemma 4.3.5. Let .# be a von Neumann algebra inside B(H) and T € A . Using the same
notation as in Remark 4.5.3, we have that T € 4.

Proof. By Tomita-Takesaki theory and also by [82, Chapters VI - VIII], for any von Neumann
algebra .# inside HB(.), there is a conjugate linear isometric isomorphism J : 7 — S such
that J = J* = J ! and J#J = .#'. Evidently, J : /€ — ¢ is a linear isometric isomorphism.
On the other hand, it is easy to check that JT'J = T° for any T € B(J), see also [12, P. 252].
Thus, T¢ € A" for T € A . O

We have observed the importance of traces in studying Connes’ amenability for von Neumann
algebras. We define the following notion.

Definition 4.3.6. Let .# C () be a von Neumann algebra. A positive linear functional
0 : B(H) — C is called an ultra-trace for . if its restriction to .# is nonzero and it satisfies the

tracial property
0(xT) =0(Tx) (re s, T e RB(H).

Equivalently, we say that 6 is an ultra-trace for (/// , B(AH ))

Remark 4.3.7. The notion introduced in Definition 4.3.6 is another manifestation of the notion of
an amenable trace in Brown—-Ozawa [7, Definition 6.2.1]. More precisely, Brown and Ozawa call
a trace 7, on a concretely represented unital C*-algebra A C (), amenable if there exists a
state ¢ on A(H) such that a4 = 7 and p(uTu*) = ¢(T) for all all T' € H(H) and all unitary
elements u € A. Since the terminology ultra-trace is adapted to the von Neumann algebraic setting
considered here, we shall continue to use it in the sequel.
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Definition 4.3.8. Let .# C %(7) be a von Neumann algebra with a faithful normal tracial state
7. Given an ultra-trace 6 for (//l , B(H )), we say that 6 majorizes 7 if there exists A > 0 such that

T(x) < Af(x) (x € Ay).
Remark 4.3.9. Suppose that 0 is an ultra trace for (.#,2()) as in Definition 4.3.6.

(i) The functional § need not be normal or faithful on % (7). However, its normality on .Z is
essential in applications. If # is not normal, we may replace it by its normal part, provided
that this part is nonzero on .#. Hence, without loss of generality, we may assume that 6

e is a positive linear functional on (),
e satisfies the ultra trace property 6(z71") = 0(Tx) for all x € A4 and T € B(H),

e is a normal state on .Z.

(ii) In applications of Definition 4.3.8, we may always assume A = 1 by replacing 6 with %0.
Moreover, 6 is faithful on .#: if 8(a*a) = 0 for some a € .#, then 7(a*a) = 0, and since 7 is
faithful, it follows that ¢ = 0. It may also occur that 6 coincides with 7 on ., i.e., 6 extends
7. In this case, 0 is a faithful normal tracial state on .Z .

The following facts about von Neumann algebras are well known. We include a proof here for
completeness.

Proposition 4.3.10. Let .# be a von Neumann algebra.
(i) If A admits a faithful tracial state T, then it is finite.
(ii) If A is finite, then every isometry is a unitary.

Proof. (i) Let ¢ be a sub-projection of 1 with ¢ ~ 1. By definition, there is a partial isometry
v such that v*v = 1 and vv* = ¢. Since 7 is tracial, 7(¢) = 7(1). Hence, 7(1 — ¢) = 0. As
1 —¢ >0 and 7 is faithful, we obtain 1 — ¢ =0, i.e. ¢ = 1. Thus, 1 has no proper equivalent
sub-projection. So, .# is finite.

(ii) For an isometry v, we have v*v = 1. Any isometry is trivially a partial isometry, so p = vv*
is a projection by [56, Theorem 2.3.3]. Since v* is a contraction, we see that p < 1 by [1,
Proposition 1.12]. However, the identity is a finite projection, and by definition no proper
sub-projection of a finite projection is equivalent to it; hence, p = 1, which proves that v is
unitary.

O]

Remark 4.3.11. In [12, Theorem 1], Connes proved that every Johnson amenable C*-algebra A is
nuclear. To establish this, he showed that the enveloping von Neumann algebra .# = A** is Connes
amenable and that every Connes amenable von Neumann algebra is injective. Connes’ proof of the
latter relies on the existence of a majorizing ultra-trace on a finite von Neumann algebra equipped
with a faithful normal tracial state. Following [12], there is a normal faithful tracial weight 7 on
a semi-finite von Neumann algebra .#. By [3, Corollary IV.2.6.2] and [12], one can find a net of
finite projections {e,} which increases to identity in strong operator topology such that:
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e For each projection e € {e,}, the corner algebra e.#e = 4, is a finite von Neumann algebra
with the normal faithful tracial state 7.(exe) = Tie(i; ) on the von Neumann algebra ... Fixing

the projection e, we use the notation 7 for 7. in the sequel.

e the union of all .#Z,.’s is weak™ dense in .Z.

e Each 7 is a non-zero normal faithful tracial state on .#.. Connes [12] proved that if .# is
Connes amenable, then there is a non-zero ultra-trace ;" for .4, majorizing 7.

From the above properties, Connes showed that if .# is Connes amenable, then it is injective. We
will show that if a finite von Neumann algebra is sequentially Connes amenable, then it has a faithful
ultra trace. We will further prove that any finite von Neumann algebra with a faithful ultra trace is
injective.

The proof of the next theorem is different from Connes’ argument in [12]. Here, our proof is
direct and is based on the weak* decomposition of positive linear functionals developed in the
Appendix A. The proof is inspired by a method used in [76, Lemma 7.2.6]. We note that the result
itself can also be deduced from [7, Theorem 6.2.7]. However, we include the proof below because it
is formulated in our terminology and fits naturally with the framework developed in this thesis.

Theorem 4.3.12. Let .# be a von Neumann algebra with a faithful normal tracial state 7. Consider
the standard representation mw, : M —> B(H), where A = L*(1) as in Remark 4.5.4. Suppose
that 0 is an ultra trace for (M, B(H)).

(i) If O majorizes T, then A is injective and hence Connes amenable.
(ii) In particular, if the ultra-trace 0 is normal and faithful on A , then .# is Connes amenable.

Proof. (i) By Remark 4.3.9, 6 is also faithful on .#; hence N, = Ny = {0}. By Remark 4.2.13,
0 is a bounded linear functional with the norm [|#|] = 6(1). Considering 6 as a positive
linear functional on .#, we can apply the weak™ decomposition stated in Remark 4.2.14 to
decompose 6 against 7 into normal and singular parts. Thus, 8 = 0,, + 0, where 6, is a
positive linear and normal functional, while 5 a positive linear and singular functional. By [48,
Corollary 10.1.16], for any T' € A(.), the functionals T'-0,, and T - 05 are normal and singular
respectively. Similarly, 6,, - T and 6, - T" are normal and singular functionals respectively. Since
the decomposition into normal and singular parts is unique ([48, Theorem 10.1.165]) and
T-0=0-T, we deduce that T'-0,, =0, -T and T - 0, = 05 - T. In particular, the normal
functional 6,, has the ultra trace property for (.#, Z()). The assumption 7 < # along with
Theorem A.1.13-(iv) yields 7 < 6,,, so the normal ultra trace #,, majorizes 7 on .#. Hence, 0,
is faithful. Clearly, we can normalize 6, by the constant 6, (1) = ||f,,|| to obtain a sate on .#.
Consequently, as we pointed out in Remark 4.3.9, we can proceed with the assumptions that 6
is a normal ultra trace for (#, %()) and is a faithful state on .#.

Now, we aim to prove that .# is injective by constructing a conditional expectation & :
B(A) — A" directly. We first define € on positive elements of Z(#), then we extend it
by linearity. To do so, we will make use of the Radon-Nikodym derivatives in Theorem A.2.12.
When T € B()4, we claim that T - 0 is a positive functional on .#. Suppose that m € .Z,
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then

T-0(m) = 6(mT)
= 0(aa™bb*), m =aa*, T =0bb*
= 0(b*aa’b), 6Ois an ultra-trace
= 0% a(b*a)*) >0, 0isa positive functional.

So, T'- 6 is a positive normal functional on .#. We show that T -0 < ||T'||0 as positive linear
functionals on .#. Suppose that m = aa* € .# and let T = VT/T = (VT)*V/T. Then,

T-6(m)

>

()

0(aa*(VT)*VT)

0(a*(VT)*VTa), 0 is tracial

|(VT)*VT| 6(a*a), by [56, Theorem 3.3.7]
|T|| 6(aa™), 0 is tracial

IT)6m).

IN

Thus,
T-0< |10, (4.5)
and hence,
Ny C Npg . (4.6)

Since 6 is tracial on .#, it has the KMS property, see Definition A.2.1. By Inequality 4.5 and
Theorem A.2.12-v, one can find a unique and positive bounded operator D = Dy(T - ) €
(7o ()] such that

T-0(a) = (aD(&), &)o, Yac€ .. (4.7)

Dy(T - 0) is the Radon-Nikodym derivative of T"- § with respect to §. We remark that this
derivative can also be computed by [48, Theorem 7.3.6]. Since 6 is faithful, we obtain that
(79 (M) = .#'. Therefore, D = Dy(T -0) € .#' is uniquely determined, and the mapping
EB(AH)y — M
ET) = Dy(T-0)
is well-defined. By Theorem A.2.12-v, the mapping & is additive and positive homogeneous.

Using the definition of the inner product for the standard GNS representation for all S € .Z,
and all a, b € #, we deduce that

(Sa&y, bég)e = (aS&, b&)g (S e€.A')
= (aS + Ny, b+ Nyg)g
= 6(b*al)
= S-6(b%a). (4.8)
Now, consider the normal positive linear functional S - 6 and calculate its Radon-Nikodym
derivative with respect to 6. By Equation (4.7) for a, b € .#, we have

S-0(b*a) = (aDg(S-0)(&n), ba)o
= (Dy(S - 0)(a&s), bSp)o, (Do(S-0) € .4"). (4.9)
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Comparing Equations 4.8 and 4.9 yields
(S(a&y), b&p)g = (Dp(S - 0)(a&p), b&p)g, Va, be . (4.10)

Recall that &g = 14 Ny is a cyclic vector, a&y = a+ Ny, by = b+ Ny, and the collection of such
vectors is dense in . Thus, S = Dy(S - 0) by Equation (4.10). Hence, & is identity on ..
Any operator T' € B(°) can be uniquely written as 7' = T} — Ty + i(13 — Ty), where T}’s are
positive operators, see [60, P. 9]. If we let £(T)) = Dy and D = Dy — D3 + i(D3 — Dy), then
&(T) = D is a desired extension of €. By construction, & : B(#) — A’ becomes a positive
mapping and E(I) = I, where I is the identity operator. By Russo-Dye theorem for positive

mappings between unital C*-algebras, see [60, Corollary 2.9], we have ||E]| = ||E(])|| = 1.
Consequently, € is a conditional expectation, and by Remark 2.3.13, .# is injective and Connes
amenable.

(ii) This was established at the beginning of the proof of part (i); the remainder of the argument

is identical.
O

Lemma 4.3.13. Let 4 be a von Neumann algebra with a faithful normal tracial state 7. If every
von Neumann subalgebra of .# with separable predual is injective, then . is injective.

Proof. Let UW(.#') denote the unitary group of .#, and define
F={F CWA) : F is countable },
partially ordered by inclusion. For each F' € JF, set
Mp = W(F),

the von Neumann algebra generated by F' and the identity element 1 ,. We note that (#p)pcs is
a directed increasing family since

o if ' C G, then #r C Mg,

o for any F,G € F, we have
Mp, Ma S Mrua -

Fix F' € F. Then, 7| 4, is a faithful normal tracial state on .#p. Let A be the unital x-algebra over
Q + iQ generated by F. Then, A is countable and norm dense in the unital x-algebra A generated
by F. Since A is weak*-dense in .#F, Kaplansky’s density theorem [81, Theorem I1.4.8] and [81,
Theorem I1.2.6] imply that the unit ball of A is strongly dense in the unit ball of .#Zp. As 7| 4, is
faithful, the GNS Hilbert space % = L?(Mp,T| 4, ) is the completion of .#p under the L2-norm

|z|2 = T(a*z)"/?, T € Mp.

We claim that strong convergence on bounded sets implies convergence in the above L?-norm
associated with 7| 4,. Indeed, let (z;) be a bounded net in .#F such that z; — x strongly. Then,
the net ((x; — z)*(x; — «)) is bounded and consists of positive elements, and by [56, Remark 4.3.1],

(i —x)*(z; —2) = 0 strongly.
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Since 7 is normal, we observe that
T((l‘l —x)*(x; — 9:)) — 0.

Equivalently,
||x; — xH% = T((.%‘Z — )" (z; — x)) — 0.

Thus, bounded strong convergence implies convergence in the L?-norm. Consequently, the strong
density of the unit ball of A in the unit ball of .#F yields L?-density of A in . Moreover, since T
is a state, for every z € .#r we have

)3 = (a"2) < [la"z| = [«

Hence, norm convergence implies convergence in the L?-norm. Since A is norm dense in A, it is
L%-dense in 5. 1t follows that % = L?(.#r,T|.4,) is separable. Now, consider the left regular
(GNS) representation

AT3=//[F_>=%(%F)7 )\T(x)/y\:@

As 7| 4, is faithful, A, is faithful. Thus, .#F is *-isomorphic to the von Neumann algebra A, (/// F)

acting on the separable Hilbert space . Since .#F is separable, by [56, Remark 4.4.2] and

Kaplansky’s density theorem, the trace-class space %' (%F) is separable. Hence, (A (#F))+, as a

quotient of the trace-class space %!(#%), is separable. That is, .ZF has a separable predual.
Define

wk*

N = | M

ey

Clearly, .4 is a von Neumann subalgebra of .#. For any u € U(.# ), we have {u} € F and

UEW*(U)Z.//{U}Q U%FQJV
FeF

So, 4 contains all unitaries of .#. By [56, Remark 2.2.2], every element of .# is a linear combination
of finitely many unitaries. Hence, .# C .4#". Consequently,

==t

Fed

However, each member of this union is injective by assumption. Therefore, by [3, Proposition
1V.2.2.8(1)], . is injective. O

The following result is well known; we provide a proof for completeness.

Lemma 4.3.14. Let .# be a von Neumann algebra, and let ¢ € A} be a normal Hermitian
functional. Suppose that ¢ = @ — ¢~ is the Jordan decomposition of ¢, and let |p| denote the
absolute value of ¢ in its polar decomposition. Then,

v el +o _ lel—e
© 5 @ 5

lol = ot + 7,
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Proof. We only need to prove |p| = ¢ + ¢~ since the other equations follow from it. If e = s(¢™)

and f = s(¢7), then ef = fe =0 by [81, Theorem I11.4.2]. Let
v=e—f,  vi=pt 4o e
As v =0" and e and f are orthogonal projections, we have

v’ =02 =(e— )’ =e+ f,
wv=vle+f)=(e—flle+f)=e—f=n.

It follows that v is a partial isometry, and e + f is a projection. Clearly, (e + f)y = 9. So,
s() < e+ f. We claim that

s(¥) =e+ f.
Let p = s(¢). Then, ¢(1 —p) = 0. Since 0 < ¢* <t and 1 — p € .#,, it follows that
0<¢t(1—p)<(l—p)=0.
Hence,
+ —0-
¢ (1—p)=0;

that is, ppT = pT. However, by the minimality of support projections,

e=s(e")<p, [f=s(¢7)<p.

Thus,
pe=e, pf=][
Therefore,

ple+ f)=pe+pf=e+f.

Since e + f is a projection, we deduce that e + f < p = s(¢). By minimality of s(¢), this yields
that e + f = s(¢).
Now, we prove that

p=v(pT +¢7) (4.11)

is the polar decomposition of ¢. By the defining property of support projections, we have

Hence,

vp=(e—leT+o ) =ept —foT =9 —pT =0
By the uniqueness of the polar decomposition of normal functionals [81, Theorem I11.4.2], we
conclude that

ol =y =¢"+¢.
Consequently,
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Lemma 4.3.15. Let 4 C B(H) be a von Neumann algebra, and let 1 € B(H), be a normal
functional with polar decomposition 1 = v||. Then, for any unitary uw € A , the absolute value of
w - - u* in its polar decomposition is given by

‘u-w-u*‘ =u- Y| ut.
Proof. Let 1p = v |1| be the polar decomposition of v, where v € Z(J) is a partial isometry and
|| € B(H°)f is the absolute value of 1. Define
pi=u-1-u’

We have

p=u-(v[]) v = (uwou®) - (u- [y u’). (4.12)
We claim that (4.12) is the polar decomposition of . By the characterization of partial isometries
[56, Theorem 2.3.3], we can check that uvu* is a partial isometry. Moreover, by [56, Theorem 2.2.5],
u- 1| - u* is a positive normal functional. We now show that

S(u 1] u) = ws(]) u.
Let p = s(|¢|) and i := u - [¢] - u*. Then,

n(1 —upu®) = [¢] (u* (1 — upu*)u) = [|(1 —p) =0,

SO
s(n) < upu®. (4.13)

Conversely, if ¢ is a projection such that n(1 — ¢) = 0, then

0=n(1—q)=[|(u"(1-qu) = [Y|(1-u"qu).

By minimality of p = s(]1|), we obtain
p < u'qu.

Conjugating this by u and using [56, Theorem 2.2.5] yield
upu® < q. (4.14)
By Inequalities (4.13) and (4.14), upu* is the smallest projection ¢ such that n(1 —¢) =0, so

s(n) = upu®.
That is,
s(u- 9] -u*) = us(|v]) u* (4.15)
Now, since v*v = s(|1)|), we have
(uwou®)* (vou™) = us(|y|) u*
=s(u- Y] -u*), by Equation (4.15).
Thus, the initial projection of uvu* coincides with the support of u - [1] - u*. Consequently, (4.12) is

the polar decomposition of ¢. By uniqueness of the polar decomposition of normal functionals, we
conclude that

as required. ]
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Theorem 4.3.16. Let .# be a von Neumann algebra with separable predual and a faithful normal
tracial state T . M — C. Assume F€ is the GNS Hilbert space associated with T as in Remark /.5./
and identify A with its faithful normal image inside B(H). Suppose that (Vi) € B(H) is a
sequence of normal Hermitian functionals such that Vx| 40 = 7 and

W*-lilgn(a:-wk—wk-aj)zo (x e A),

where the weak™ limit is taken with respect to o(B(H)*, B(HA)). Then, there exists an ultratrace 0
for (.4, BH)).

Proof. We first show that % = L?(.# , ) is separable. Since .#, is separable, by [13, Theorem V.5.1],
the unit ball Ball(.#Z) is metrizable in the weak* topology. By Banach—Alaoglu theorem, it follows
that Ball(.#) is weak* separable. Choose a countable weak* dense subset D of Ball(.Z), and let
A be the unital x-algebra over Q + ¢QQ generated by D. Then, A is countable and norm dense in
the unital x-algebra A generated by D. By [81, Theorem I1.2.6], A is strongly dense in .#. It then
follows from Kaplansky’s density theorem [81, Theorem I1.4.8] that Ball(A) is strongly dense in
Ball(.#). As in the proof of Lemma 4.3.13, strong convergence on bounded subsets of .# implies
convergence in the L?-norm associated with 7. Hence, the strong density of Ball(A) in Ball(.#)
implies that A is L?-dense in J#. Since A is norm dense in A and

l2]l3 = 7(2"2) < a"z| = ||,

it follows that A is L?-dense in .##. Thus, ¢ is separable.

Recall that unitary elements linearly span .#; see [56, Remark 2.2.2]. Therefore, we may choose
a sequence of unitaries (u;)72; C U(.#) which generates ./ as a von Neumann algebra. For each
J,k € N, set

51(5) Z:u]‘ 'wk—l/}k'uj'.
Since each vy is normal, 51(57 ) ¢ PB(H) . Moreover, by hypothesis,

o (B(H) s, B(H))

k—o0

5

0 (j e N).
Fix n € N. Then, the sequence
ks (5, ..., 6t

converges weakly to 0 in the finite product Banach space H?:l PB(H) .. Hence, by Mazur’s lemma
[74, Theorem 3.3.13], there exist indices

and scalars .
aﬁ”),...,agﬁng Z%("n):L
r=1

such that

1

—. 4.1
< - (4.16)

Dol (wg -ty — o - )
1
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Define .
Xn = ZOQ("”) Tbkgn) € B(IH ).
r=1

Thus, (xn)52; is a sequence of convex blocks of (1) ;. Since each 1, is normal and Hermitian, so
is each x,. Hence, by [81, Theorem II1.4.2], each x,, admits a unique Jordan decomposition

Xn = X;— — Xn
where x;7,x;, € B(H)} are positive normal functionals satisfying || x.| = [Ix;']l + lIx,, |- By
linearity of the module actions,
Mn
r=1
Hence, by (4.16),
1
X — X - ui] < = 417
féljagnnuj Xn — Xn - U5 < n ( )

Moreover, since 1| 4 = 7 for every k, we still have

Xnlo =7,  xa(1)=7(1)=1.

Now, define

+ . Wn
no

Wn =X Vp 1= .
[lwnl

Then, w, € B(H#)], and each v, is a normal state on Z(#). Since (v,,), is a bounded sequence
in ()", the Banach—Alaoglu theorem implies that it admits a weak® cluster point §. We claim
that 0 € B(H), . For each n, since v, € B(H)} and ||v,| = 1, there exists a unique operator
V,, € B'() such that

vp(z) = Tr(Vyo) (z € B(KH)).

Moreover,

Valle = Te(Va) = [[vall = 1,

so (V5,) is bounded in trace norm and hence bounded in the operator norm by [56, Theorem
2.4.15]. Since S is separable, by [56, Remark 4.4.2] and [81, Theorem II.2.6] the weak* topology
o(B(A), B (A)) is metrizable on norm-bounded subsets of (). Therefore, passing to a
subsequence if necessary, we may assume that

o| A 7 ,?Jl I
v, (Bonaon) B(H)

for some V € B(). We show that V € B (o#)". By [56, p. 65], () is a self-adjoint ideal
of B(), and the involution on ZA(H) is weak* continuous. It follows that V is self-adjoint.
Moreover, by [56, Theorem 2.4.17], % (2#) contains all finite-rank operators. In particular, for all
§,n € A, the rank-one operator ¢, defined by

Oen(Q) = (CmE  (Ce )
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belongs to %' (). Hence, VO € B (H) for all £ € #. We now have

(V&) = Te(VOee)
= liTan Tr(Vi0e.¢)

=1lim(V,, &£, &) >0, since V,, > 0, Vn.

Thus, V' > 0. Let (p,,) be an increasing sequence of finite-rank projections such that p,, 1 I strongly.
Since p,, € B(H#) for each m, we have Vpy,, Vapm € B () for all n. Therefore, for each m,
weak™® convergence yields

Tr(Vpp) = 1iTan Tr(Vipm).

Since V,, > 0, we may multiply the inequality 0 < p,, < I on both sides by an/ 2 (see [56,
Theorem 2.2.5]) to obtain
0< VY 2p, V12 <V,

By positivity and the cyclicity of the trace, it follows that
0 < Tr(Vppm) < Tr(V,) =1, (n,m € N).

Hence,
0<Tr(Vpm) <1 (m e N),

and therefore,
sup Tr(Vpp,) < 1.
m

By normality of trace and the fact that Vp,, T V strongly , we obtain

Tr(V) =sup Tr(Vpy,) < 1.

Thus, V € $' ()", and the functional
O(x) :=Tr(Vx) (x € B(H))
belongs to B()}. Recall that
O(x) = li111n Un(x), (z € B(H)).
In addition, since each v, is a state, we have v, (1) = 1. Hence,
0(1) = liqgnyn(l) =1.
In particular, 6| 4 # 0 since 1 € .#. Moreover, Tr(V) =1, s0 V # 0.
On the other hand, since x,, is Hermitian, we deduce from Lemma 4.3.14 that

wn = xf = Dl F X, (4.18)
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Fix 5 € N. For n > j, we have

. * _— 1 . * . *
U]'Wn‘ujfwn—g uj'|Xn"uj*|Xn|+u]'Xn'uj*Xn .
Hence,
1
g - 05 =l < 5 (g - Pl -5 = el + s - x5 = ) (4.19)

For the first term on the right hand side of the above inequality, we apply Kosaki’s theorem [52]:
for any ¢, in the predual of a von Neumann algebra,

1/2
el = [l < 2lle + ¢l e — )2
Taking

and using Lemma 4.3.15, we obtain

1/2
g - Il 5 = Dl < (215 X 05+ Xl g X5 = xall)
Since module actions by unitaries are isometric, it follows that

lwj - xn - uf 4 Xl < 2lxnll-
Hence,
s [enl - = Ixnlll < 2 [xallY? [l - Xn - w5 = x| (4.20)
Recall that x,(1) =1, so

1=xn(1) = xt (1) =xa (1) = it | = lxa Il
Moreover,
Il = [ 1+l |-
Solving the last two equations yields

[Ixnl[ + 1

;=L (4.21)

lwonll = [Dxir I =

Since
_ *
Uj - Up — Vp - Uj = (uj-yn-uj—l/n) S Uj,

and multiplication by u; is isometric, it follows from (4.19), (4.20), and (4.21) that

”“j"/n—'/n-UjH:Huj-vn-u;f—ynu
= o ||( 2l Hw-xn-u;‘-—xn\|1/2+Huj'xn.u;f—xnu)
_ 2l o, 1
5"“j'Xn'U§—Xn!\1/2+||uJ X+ 1 xnu (4.22)
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because ?T‘/f <1 for t > 0. Inequality (4.17) gives

1 .
”uj'Xn_Xn'uj||<ﬁ (n=j=1).

Since
| - Xn - U}k = Xall = [I(wj - Xn — Xn - uj) - U;H = [luj - Xn — Xn - ujl],

it follows from (4.22) that, for every fixed j,

1 1 .
||Uj"/n—’/n'“j\|§%+ﬁ (n > 7).
Hence,
uj-un—yn'ujﬂ>0, VjeN. (4.23)

n—oo

This implies that
uj~9:0-uj (]EN)
Let
Cp:={re M x-0=0-x}

Then, %p is a von Neumann subalgebra of .# containing every u;. Since the family (u;) generates
A as a von Neumann algebra, we conclude that

Co = M.

Thus,
z-0=0-x Vo e A.

Therefore, 6 is a positive linear functional on A() satisfying the ultra trace property, and since
0 € B(H)s, its restriction to 4 is normal. Hence, 6 is an ultratrace for (A4, B(H)). O

Let T' € () with polar decomposition 7' = v |T'|. Then, s,(T") = v*v is a projection, called
the initial (or right) support of T. Also, s;(T') = vv™* is a projection, called the final (or left) support
of T'. Equivalently,

sp(T) = min{eeP(AZ) :Te=T},
si(T) = min{feP(#): fIr=T}.

Let .# be a von Neumann algebra inside #(7¢) with a faithful normal tracial weight 7. As in [12],
we say T € B(H) is of T-finite rank when its initial and final supports are majorized by projections
e,f € P(A) with 7(e) < oo and 7(f) < oo respectively. We denote by .# the set of all T-finite
rank operators in A ().

Some arguments in the proof of the next theorem are adapted from the proof of [12, Theorem 1].

Theorem 4.3.17. Let .4 be a von Neumann algebra inside B(H) with a faithful normal tracial
state T. If A is sequentially Connes’ amenable, then it is injective and hence Connes amenable.
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Proof. By Lemma 4.3.13, we may assume without loss of generality that .# has a separable predual.
Let 7 : #4 — C be a faithful normal tracial state. Then, 7(1) =1 = ||7||, and .# is a finite von
Neumann algebra by Proposition 4.3.10. We may use the standard GNS representation (7, H;,&;)
of #, as described in Remark 4.3.4. In this representation, s = H,, 7(x) = (x&;,&;) for all
x € M, where &; is the cyclic vector associated with 7. Clearly, the functional 7(T) = (T¢;, &)
defines a normal state on # () which extends 7, and satisfies ||7|| = ||7|| = 7(1) = 1. Note that
7 cannot be a tracial state on Z(J) by [56, Remark 6.2.2]. Neverthelss, it induces a positive
semi-definite sesqui-linear form on A(.7) given by

(W, S). == #(S'W), W, SeBA). (4.24)
Now, we define a semi-norm on %(.%) by

|||z := \/7(T*T), T e BH). (4.25)

We have || T||2 < || 7|0, where ||T'|| oo denotes the operator norm of T' € (). By [12], the set .F of
all 7-finite rank operators is an .# submodule of Z(.7). Since 1 € P(#) and 7(1) =1 < oo, every
T € B(H) is of T-finite rank. Hence, .# = B(H’). Let ¥ be the space of all linear functionals
¢ : B(A) — C for which there exists a k > 0 such that for all a,b € # and T € B(H)

b-¢-a(T)| = |¢(aTd)| < Ellalla||T]|ool[b]]2 - (4.26)

For ¢ € %, we define ||¢||# to be the infimum of such k’s. By [12, P. 250], (%, ]| - ||l#) is a dual
normal (.#, || -|s) bi-module. Since the standard representation of .# is non-degenerate, setting
a=>b=11in (4.26) yields

ol < ll9llw, (4.27)

where ||¢|| denotes the usual norm of ¢ € B(#)*. Thus,
Y C B(A) . (4.28)

Moreover, () is norm dense in the predual %;; see [12, p. 250]. As no proof of this fact is
given in that reference, we supply one in Proposition 4.3.18. Consequently, convergence in (%, %)
implies convergence in o (2B(H)*, B(H)).

Recall that every w € % C ()" admits a unique decomposition (see [81, Theorem II1.2.14])
into its normal and singular parts:

w=wn+tws, |l = llwall + [lws]] - (4.29)

We claim that w, € #. By [48, Theorem 10.1.15(iv)], for each a,b € .# and T € (), the
functional

T — w(alb) = (b-w-a)(T)

decomposes accordingly, with normal part b - w,, - @ and singular part b - ws - a. By Estimate (4.26),
we have
16+ w - all < Ellall2][b]]2 -

Since the normal part of b-w-a is b- wy, - a, it follows from (4.29) that

[b-wn-al <|Ib-w-all < kllal2]|b]]2
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Hence,
[(b-wn - a)(T)| < kllall2 [Tl 0]z (asb€ A, T € B(IX)). (4.30)

Equivalently,
wn(aTD)| < kllall2 [Tl [[bll2 (a,b € A, T € B(H)).

Thus, w, € Z.
Define the submodule 2" of % by

X ={pe¥ ¢a)=0 VeeH}=.4",

that is, the annihilator of .# in the dual space %". By [12, P. 250], 2 is a normal dual Banach
A -bimodule. In addition, 7 € # with ||T||s <1 (see [12, P. 251]). Note that 7 is not a member of
Z since T is non-zero on .#. For any x, y € .4, the tracial property of 7 on .# implies

(a7 — 72)(y) = a7(y) — Faly) = 7(yx) — 7(zy) = T(yz) — T(ay) = 0. (4.31)

Thus, for any = € .#, we have 7 — 7o € 2 . Likewise [12], define the normal derivation

oM — X
o (4.32)
zx)y=2z-T—T-x
By our assumption, there is a sequence (¢y) in 2" such that
m-¢k—¢k~mm5(:{:) (x € M). (4.33)
By Proposition 4.3.19, we have
g — - w 2ZIID 50y (e ). (4.34)

For the sequence (||¢x||#), by passing to a subsequence if necessary, we may assume that either
e (||¢r||#) is bounded, or
* [lorlla — oo
In the first case, let ¢ be a weak*-cluster point of the sequence (¢y). Hence, we will have
)=z -¢p— ¢, Nz e ).

Now, we can proceed as in the proof of [12] to conclude that .# is injective. Thus, without loss of
generality, we may assume that the second case holds. For each k define

Yp=T—¢p €Y.

Fix x € 4, and set
ug(z) i=x -y — Y-z €Y.

By (4.31),
uk(a:) =Y — YT € .

72



By (4.33), we have
w(z) X550 i o(2,2). (4.35)

Since % is equipped with the norm inherited from %/, the Uniform Boundedness Principle yields
sup [[u(@)llay < oo
On the other hand, by (4.35) and Proposition 4.3.19, we have
w(@) X550  in o(B(A), BA)). (4.36)
As B(H) is norm dense in %, and the sequence (uk(w)) is uniformly bounded in ¢/, it follows that
ug(z) = ug(x) ==z - Y — Y - x i) in o(%,%,). (4.37)

We claim that each 1, can be taken normal. By (4.37) and [81, Theorem IIIL.5.1], we obtain

o (B(H)*, B(A))

(azd)k—wkx)n 0.

By [48, Theorem 10.1.15(iv)], we have
(e —p-z) = (r)n— (r)n - 2.

Therefore,
o (B(H)*, B(KH)) 0 (4.38)

Recall that (), € # and by applying the Principle of Uniform Boundedness as (4.37), we deduce

that
2 (Ve — (W) - 7 222, (4.39)

Consequently, replacing 1y, by (¢r), if necessary, we may assume that each 1, is normal.
Now, for the sequence of normal functionals (wk) ,» We have

1. 7(m) = ¢r(m) for all m € A since ¢r| » = 0 for each k.

o(B(H)*, B(H))

2. T Y — Y- x 0 Vee M.

For any linear functional A on Z(7¢) define \* by \*(T") = A\(T*), and recall that A is called
Hermitian if A = A\*. It can be readily verified that % is closed under this *-operation. Moreover,
the weak® convergence in Item (2) is stable under the %-operation. Therefore, we may assume,
without loss of generality, that each 1 is Hermitian. To see this, for each x € ., set

up(z) =z Yp — Y-,

and define

vp(z) =Y — Y- .
For all T' € A(), we have

op(2)(T') = up(x*)(T*).
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Since ug(z*) — 0 in o (B(H)*, B(H)), it follows that
vp(z)(T) = 0 (T € B(K)).

Hence,
() o(B(H)",B(H)) 0.
Setting
g = Y

we have ¢,£L € %, and w,? is Hermitian for each k. By the preceding computations, we have

o (B(H)* B(H))

$'¢I£L_wkh‘$:1uk($)+lvk(x)

> > 0 (Vo e.d).

Consequently, replacing ¥ by w,?, we may assume that each 1) is Hermitian.

Reduction hypothesis. In view of the previous reductions, we have a sequence of Hermitian
normal functionals (wk)zozl such that | » = 7 and

o(B(H)*, B(H))

T — YT

0 Ve e ). (4.40)

Hence, by Theorem 4.3.16, there exists a normal positive tracial state 6y on .# which is
an ultratrace for (#,%()). By Remark 4.2.14-vi, we can find a non-zero central projection
5(6) = fo € ZP(A') such that the functional 6, defined by 0y, (fomn fo) = 6o(m) is a normal faithful
tracial positive linear functional on fo.Z fy. Since 6y is defined on all of (), we can extend 6y,
naturally by 6, (1) = 6o(foT fo) to all of #(¢). Also, by Proposition 4.2.3 and considering the
homomorphism m — fymfy, we see that fo.Z fy is approximately Connes amenable. One easily
verifies that 6, is an ultra trace for (fo.# fo, Z(¢)). We can normalize 6, to be of norm one,
i.e., we can assume it is a state on fo.# fy. Write

M = fod fo® (1~ fo)d (1~ fo).

By Theorem 4.3.12(ii), we deduce that fo.Z fy is injective. If fy = 1, nothing remains to prove.
So, suppose that fo < 1, i.e., 1 — fo # 0. Since 7 is faithful, by [81, Proposition 11.3.19] we see
that . is o-weak™ separable, i.e., there are only countably many pairwise orthogonal projections
(pn)nen such that 1 = >">° | p,. In other words, any arbitrary collection of pairwise orthogonal
projections in .# is countable. By [48, P. 422], both fo.# fy and (1 — fo).# (1 — fy) are finite. Let
My = (1 — fo)#(1— fo), and we set .#y = 4. Define

(1)1 : .///0 — ///1
Q1(m) = (11— fo)m(1— fo),

which is obviously a normal homorphism. By Proposition 4.2.3, .#] is sequentially Connes amenable.
Clearly, the restriction 71 = 7| 4, is a faithful normal positive linear functional. After a renormaliza-
tion, we can assume that 7 is a faithful normal state on .#;. Now, we repeat the first part of the
proof for (.#,7) and consider the normal derivation

(51:%1 — X

51(%) = 1‘7:1—7:11'.
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Since . is sequentially Connes amenable, there is a sequence (¢,1)72, in 2 such that 6;(z) =
w*—limy, - 1 — ¢p,1 -« for any x € .#;. As before , for the sequence (Hgble@/) we have two cases:

o cither ([|¢, ;[|#) is bounded, or
o [|¢plle — +oo.

We can then ensure that either .} is injective or there is a central projection f; € ZP(41) C LP(A)
such that .#, = f1.# f1 & #>, where

My = (L — )20 Ly — f1)
(1= fo) = f1)A = fo)# (1 — fo)((1 = fo) — f1))
= (I—=[fo+ fi)#(1 = [fo + f1])-

Therefore,
M = foll fo® frl fr© (1= [fo+ )41~ [fo+ fi])-

We also note that f1 <1, =1— foand (1 — fo) L fo, so fifo =0= fofi. Hence, f1 L fo.

Proceeding inductively, we then either have an n € NU {0} and mutually orthogonal projections
f07 e ,fn € Z’:P('%)

such that each f;.Z f;, 0 <i < n, is injective and

M =P s fi,

i=0
or there is a sequence of mutually orthogonal projections (f;):2, in ZP(.#) such that each f;.# f;
is injective. In the latter case, the direct sum A" = @;°, fi.# f; is injective, and

M=N D2

Consider the set € of all pairwise orthogonal projections p such that p.#p is injective. Clearly,
fn € € for each n € NU{0}. Note that & is countable since 7 is a faithful normal state on .Z, see
[81, Theorem II. 3.19]. We can label members of € by a countable set I, i.e., E={e; : i € I}. As
in the proof of [81, Theorem II. 3.19], for I,, ={i el : 7(e;) > % }, we have

() e) <7(1), Vn

1€lp

Zei <1, Vn.

1€l
Hence, by Vigier’s theorem [56, Theorem 4.1.1]

s:Zeigl.

icl

Since 7 is faithful, we obtain
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Thus, A = Qecce e, and
M=sMsPB(1—s)H(1—5s).

We claim that s = 1. In this case, # = Pecees e is a direct sum of injective von Neumann
algebras; hence, it is injective. Suppose to the contrary that s < 1. Then, we have the decomposition
M =5M5® (1 —5s)#(1—s). Note that s.#/s = @ecge e is is injective. The projection 1 — s is
finite by [48, Proposition 6.3.2], so the summand (1 —s).# (1 — s) must be finite. As before, we apply
the Reduction hypothesis to the algebra (1 — s).# (1 — s) to obtain a non-zero ultra-trace with a
non-zero central projection ¢ € (1 — s).# (1 — s) such that sg =0 and q(1 — s).#(1 — s)q = q.# q is
injective. By the definition of &, we must have that ¢ € €. Thus, ¢ < s and therefore ¢ = sq = 0.
This contradicts the fact that ¢ # 0. Thus, s = 1. Consequently, .# is injective. O

The following result is used in [12] without proof; we include one here for completeness.

Proposition 4.3.18. Assume the notation and hypotheses of Theorem /.3.17, and let % denote
the space defined in its proof. Then, % is a dual Banach space whose predual %, contains B(H) as
a norm-dense subspace.

Proof. By [74, Theorem 4.4.3], for T' € AB(.#), define
1Tl :=sup{|¢(T)]: ¢ € ¥, [Pl <1} (4.41)
Since ||¢|| < ||@|| for all ¢ € &', we have
1Tl < IT]oo-

We claim that Equation (4.41) defines a norm on A(.5). If | T||2, = 0, then ¢(T") =0 for all ¢ € ¥
by Equation (4.41). Suppose to the contrary that ||T'||s # 0. Thus, there is an n € S such that
Tn # 0 and

(T, Tn) = | Tn||* > 0.

Since #&; is dense in S, by approximating n and T'n, there exist a,b € .# such that

(Tat,, bé,) #0. (4.42)
Now, define

¢ B(A) — C,
#(S) := (Sa&;, b&,) = 7(b*Sa),

where 7 is the canonical extension of 7 to #(). Recall that 7 € # and that ¢ is an .#-bimodule;
hence, ¢ € #. However, Inequality (4.42) yields ¢(7") # 0, which contradicts the assumption
|T|l« = 0. Therefore, T' = 0.
Let Z denote the completion of % () with respect to || - ||2.. For each ¢ € %, define a linear
functional on Z() by
A(T) = 6(T) (T € B()).

By the definition of the norm || - ||#,, we have

[Ag(T)] = |¢(T)] < ll9llo [T

@, (T € B()).
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So, Ay is bounded on (#A(J), || - ||#,) with

1Agllz- <lollz- (4.43)

Since A(A) is dense in Z, Ay extends uniquely to a bounded linear functional (still denoted Ag)
on Z. On the other hand, by definition of the norm of Z*,

[Ag]lz+ = sup{|p(T)| : [Tz <1}. (4.44)
Now, fix € > 0. By equation

6]l = sup{[o(T)| : [|T|
there exists T' € B() such that

9 <1, Te%},

6(T) > (¢l — &) [ T]..

T
For S := o We have ||S|l2, =1, and

[6(5)] > (|4l — e

Hence, by Equation (4.44),
[Agllze = |0(S)] > [[¢]lzr —e.

Letting ¢ — 0, we obtain
18]I+ = (|| (4.45)

Combining Inequalities (4.43) and (4.45), we obtain

[Agllz- = |9l

Thus, the map
Y — 7z

s Ay (4.46)

is a linear isometric embedding. To show that it is onto, restrict each F' € Z* to #(¢) and define
¢ = F|g(w). Then, for T € B(H) and a,b € 4, we have
|6(aTb)| = |F(aTb)| < [[F]|z- [|aT]|s..

By Equation (4.41) for || - ||, and the defining Inequality (4.26) for ¢/, it follows that

[aTb||z, = sup{ [(aTb)|:p € Z, |l <1} < |all2[|T o [|b]l2-
Hence,
[9(aTD)| < || Fl|z= llall2 1T oo [|B]]2 -

Therefore, ¢ € % with
16l < [|F[|z--

Moreover, for T' € B(H),
[F(T)| = 1o(T)] < ll¢llo 1T

[/
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So,
1Fllz+ < [[¢]la-

Combining the last inequalities, we obtain

1]

7= = |¢llz-
Consequently, (4.46) is an isometric bijection from % onto Z*. O

Proposition 4.3.19. Let .4 C PB() be a von Neumann algebra and let % = ()" and 2 = M+
be defined as in Theorem 4.53.17. Then, the followings hold:

1. 2 is weak*-closed in %, and hence
2= () 2L),
where 2| ={T € %, : ¢(T) =0Vp € Z'}.

2. Letq: % — %) 2 be the quotient map. For each ¢ € X C ¥ = (Z,)*, define € (%) X1 )*
by
(6, a(T)) == ($, T), T €%

Then ¢ — qu 1s the canonical isometric identification
2= () 2L),
and the adjoint map q* satisfies

(6, T)= (6, T), Te%.

3. The canonical image q(B(H)) is norm dense in Z,. Consequently, if a sequence (px) in X
converges to ¢ in the weak™ topology o( % , Z%), then

(T) = o(T) VT € B(X),

that is,
o (B(A)*, B(H))

Ok

¢.
Proof. (1) For each m € .#, the evaluation map

evy, : % — C, evi(9) = d(m),
is weak*-continuous on % since 4 C HB(H#’) C %,. Hence,

X =M+ = m Ker(evy,)

meA

is weak*-closed in %'. Therefore, by [62, Corollary 2.4.11],

PAIC AT
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(2) Let
q:%—)%/ﬂlﬁ_

be the quotient map. For ¢ € 27, let

¢(q(T)) == o(T) (T € %)
We first check that ¢ is well defined. If ¢(T}) = ¢(T3), then
T eZ,.
By definition of 27|, this means
W(T —T) =0 Vye.
In particular, for ¢ = ¢,

o(T1) = ¢(T).

So q~5 is well defined. It is clearly linear. Moreover, by definition of the quotient norm, there exists
S € 2| such that
1T+ S|z < lla(T)] +e.

Since ¢(S) = 0, we have

[@(a(T))] = |(T)] = [$(T + )| < Sl IT + Slla < (la(T)] + Il

Letting € | 0, we get B
[o(a(T)] < ¢l [la(T)]]-

So, N
ol < lloll-

Conversely, for T' € %,

[&(T)] = [e(a(T)] < Nl la(DIl < 111 17| -

Taking the supremum over ||T']|g, < 1 gives

ol < llo]l-
Hence .
[l = lloll-

Thus, ¢ — ¢ is an isometric embedding of 2 into (% /27 )*. By part (1), this is precisely the
canonical identification

X ()X

Now, let
T ()2 =Y

be the adjoint map. By definition,



Using the definition of 5, we deduce

Hence,

as elements of # = (%,)*.
(3) By Proposition 4.3.18, () is norm dense in %. Since the quotient map
q: % =YX =2

is continuous and surjective, the image q(#(.#)) is norm dense in Z.
Now, suppose that (¢r) C 2 converges to ¢ in the weak™ topology o(Z2", Z%). Fix T € B(H).
Then, ¢(T) € Z, so by weak™ convergence in 2,

(r, a(T)) = (&, q(T)).
Using part (2), we have

(6r, ¢(T)) = (dr, a(T)) = (61, T), (b, a(T)) = (o, q(T)) = (¢, T).

Therefore,

ox(T) — o(T) VT € B(H).
This is exactly the statement that

o(B(A)*, B(H))

b ¢.

O]

Remark 4.3.20. Suppose that .# is as in Theorem 4.3.17. In addition, assume that .# is a factor.
Then, in the above proof we have fy = 1. So, our algorithm ends at the very beginning, and 6y will
be our ultra trace, which is a faithful normal tracial state as well. This situation can happen for
many group von Neumann algebras, which we will explore in the following.

Corollary 4.3.21. Let G be a discrete group. The group von Neumann algebra L(G) = VN(G) is
sequentially Connes amenable if and only if G is amenable.

Proof. Suppose that A : G — U(Z(*(Q))) is the left regular representation, and &, € £%(G) is
the characteristic function of the member g € G. The left group von Neumann algebra £(G) =
VN(G) = MG)" is a finite von Neumann algebra with canonical faithful normal tracial state
T(z) = (20, 0e), see [3, Section I11.3.3] and [17, Section VIL.7]. If £L(G) is sequentially Connes
amenable, then by Theorem 4.3.17 and Remark 4.3.20, £(G) must be Connes amenable. In this
case, by [76, Example 5.1.26] and [76, Theorem 5.1.27], G must be amenable. Conversely, when G
is amenable, £(G) is Connes amenable by [76, Theorem 5.1.27]. Hence, it is sequentially Connes
amenable. O

As a consequence, we immediately derive the following.

Corollary 4.3.22. Let F,, be the free group on n generators with n > 2. Then, the group von
Neumann algebra L(F,,) = VN(F,,) cannot be sequentially Connes amenable.
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Chapter 5

Generalized amenability of type 1
and type III von Neumann algebras

In this chapter, we study Connes sequential amenability for type Il and type III von Neumann
algebras. Using normal tensor products and Hilbert weak*-module techniques, we reduce Connes
sequential amenability for a type 11, von Neumann algebra to that of its finite corners. Our method
is based on lifting normal derivations from finite corners to the original algebra and then using a
drop-down argument to transfer sequential innerness back to the corners. This reduction allows
us to apply the results of Chapter 4 to type I, von Neumann algebras. In Section 5.3, we use
the structural connection between type III von Neumann algebras and type 1, algebras to study
Connes sequential amenability in the type III case. Combining these results, we may conclude
that, for von Neumann algebras, Connes sequential amenability is equivalent to Connes amenability.
Finally, we obtain that for C*-algebras, Johnson sequential amenability is equivalent to Johnson
amenability.

5.1 Parseval unit and Parseval representative

In this section, we introduce the tensor-product framework needed for the lifting constructions in
the sequel. We begin by recalling the normal spatial tensor product of dual Banach spaces and
its balanced module version. These constructions will be used, together with Hilbert C*-modules
and Hilbert W*-modules, to form the normal module tensor products that are crucial in the next
section for lifting modules and derivations. To keep the present section focused on the main thread,
we leave the detailed construction to Appendix B.

The following definition is adapted from [4, Section 1.6.5] and [81, Section IV.5].

Definition 5.1.1. Let U and V be dual Banach spaces with fixed pre-duals U, and V. Recall that
by the canonical isometric identification (2.6),

BV, U) = (V. @, U,)". (5.1)

So, #(Vi,U) is a dual Banach space. We embed the algebraic tensor product U ® V' spatially into
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BV, U) by
.UV — AB(V,,U),
u®v— ®(u®v), (5.2)
Puv)(¥) =vu,  (YeVi).
The normal spatial tensor product of U and V', denoted by URV, is defined by
UaV =aUaV)" C BV, U).

Since URV is a weak® closed subspace of #Z(V,,U), it is itself a dual Banach space by [62,
Corollary 2.4.11]. Moreover, by [13, Theorem V.2.3|, its canonical pre-dual is

(URV)y = (Ve ®, U,)/(UBV) 4,

where

UeV), ={pe Vi, U,: (T,p)=0forall T € URV}.
Remark 5.1.2. By (5.2) and (5.1), we have the canonical pairing realization
URV — (Vie,U)" = B(Vi,U),

n+—— <777'>7
my@e)=mnW), o), (WeVi ¢l

We shall also use dual-pairing notation for bilinear forms when convenient. Thus, if B: X xY — C
is a bilinear form, we write

(B, (z,y)) == B(x,y).

This is only a notational convention, used to keep pairing computations consistent.

The next definition is the normal weak* analogue of the usual balanced module tensor product;
compare with [4, Sections 3.4.1-3.4.2]. For the terminology concerning one-sided normal modules,
see Definition 2.2.4.

Definition 5.1.3. Let ¥ be a dual Banach algebra, X a normal right ?-module, and Y a normal
left #-module. Consider the normal spatial tensor product X®Y. Let

J:=span” {z-v@y—z@v-y:zecX,yeY, ve ¥V}
The normal spatial ¥ -balanced tensor product is defined by
X®yY = (X®QY)/J.
Since J is weak* closed in the dual space X®Y', we have
J=(J)

where

JL ={p e (X®Y)s:p(j)=0f1orall jeJ}.

Hence, by [13, Corollary V.1.9 and Theorem V.2.3], the quotient X®yY is a dual Banach space
with canonical pre-dual J,. Equivalently,

X&yY 2 (J))".
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Remark 5.1.4. A bilinear form F : X x Y — C is called ¥-balanced if
F(z-v,y) = F(xz,v-y) (zeX, yeY, ve?).

We also note that the definitions of the normal spatial tensor product and of the normal balanced
tensor product have obvious multilinear analogues. Namely, if X1,..., X, are dual Banach spaces
with fixed preduals, then the n-fold normal spatial tensor product

X1®- - @Xp

is obtained by iterating Definition 5.1.1, or equivalently by taking the weak* closure of the algebraic
tensor product X; ® --- ® X, in the corresponding spatial operator realization. Its predual will be
denoted by

(X218 ®X,)s.

Similarly, let #1, ..., #,—1 be dual Banach algebras. Suppose that, for each 1 <i <n — 1, the space
X; is a normal right ¥;-module and X;;1 is a normal left #;-module. The normal balanced tensor
product

X109 Xo®yy - @, X

is defined as the quotient of
X1®--- X,

by the weak® closed subspace generated by all balancing differences

IO - QX VR X1 ¥ Qxy

(5.3)
— 1R,V Tjp1 X @ Ty

where z; € X;, v € ¥, and 1 <i <n — 1. So, an n-linear form
F:Xyx---xX,—C
is balanced over #1,...,¥,_1 if, for each 1 <i <n — 1,
F(xy, ..., -0, Tig1,. .., Tp) = F(T1, ..., T, V- Tig1, ..., Tn)

for all ; € X; and v € ;. We denote by J the weak™ closed balancing subspace generated by (5.3).
Thus,
X1®@y Xo®yy -+ @y, Xy = (X1®---®X,,)/J.

As in Definition 5.1.3, this quotient is a dual Banach space with the canonical predual
J ={pe(Xi® - ®Xy,)« : ¢(j) =0 for all j € J}.

All the factorization and functoriality statements in this section have the corresponding n-fold
versions.

Remark 5.1.5. Let ~ B
q: XQY — XR®yY,

n—n+J
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be the quotient map. In particular, for elementary tensors,
z@y)=20y+J =2y y.

This mapping is weak*—weak* continuous. Now, suppose that Z is a dual Banach space and
L: XQY — Z is weak™weak" continuous with J C kerL, then there is a unique weak*—weak*
continuous linear map L : X®4Y — Z such that the following diagram commutes:

xXey —L 7

QJ / .
L L=Log

X®yY
Figure 5.1: Quotient factorization through the normal balanced tensor product.

Definition 5.1.6. Let X3,...,X,,Z be dual Banach spaces with fixed preduals. A bounded
n-linear map

B:Xix---xX,—7Z7
is called normally linearizable if there exists a bounded linear map
Bs:Z, — (X1® - ®X,)«

such that
(Bs(w), 21 ® -+ - @ xp) = (w, B(x1,...,25))

forallwe Z, and z; € X;, 1 <1i < n.

Let .# be a semi-finite von Neumann algebra. In this section, we assume that .# is of type Il.
Thus, .# has a faithful normal semi-finite tracial weight

T My — [0, 00].

By [81, Definition V.2.1 and Proposition V.1.40], there is an increasing net (p,) of finite non-zero
projections such that 7(p,) < oo for each a and p,, 1 1 in the strong operator topology. Take a
nonzero projection p from this net, and let

N =pMp.

This is a finite von Neumann algebra with unit p, called the corner von Neumann algebra associated
with p. Moreover, 4" has a faithful normal tracial state 7, given by

- (omp) — TPTP)
»(pmp) @)

and 4 is of type II;.
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When .# is Connes amenable, there is a conditional expectation
ERB(H) — M.
Composing this with the compression

Cp: M — N,
m — pmp

yields a conditional expectation
E,=Cpol: :B(H)— N.

Consequently, the corner algebra p.#p is Connes amenable. When .#Z is sequentially Connes
amenable, such a conditional expectation argument is not directly available. Therefore, we develop
a lifting construction to prove that Connes sequential amenability of .# descends to the corner
N = p#p. Throughout this section and the next, we assume that

e p is a nonzero finite projection in .#;
o N =pApis atype II; von Neumann algebra with a faithful normal tracial state 7;
e X =Y"* is a dual Banach space which is a normal .4-bimodule;

e d:./ — X is a normal derivation;

p acts as the identity on X, i.e.
p-&=£=&§p  ((€X).

Remark 5.1.7 (Roadmap of the lifting argument). We first show that £ = .#p is a right Hilbert
W*-module over A = p.#p. Also, its adjoint set, E* = p.# is a left Hilbert W*-module over
N = pp. In the context of Hilbert modules, when F is a one-sided ideal of the von Neumann
algebra ., the notation E* denotes the set of adjoints of all elements of E. Next, we construct
a Parseval frame (u;);c; for E. This frame allows us to associate to each m € .# an unbalanced
tensor
Q€ EQN QE".

Given a normal derivation d : A4~ — X, we define its lift by applying d to the middle coefficient of

Q,, to construct _
D: #— X :=ERQ,yX®yE",

D(m) = q.r ((idp 8 dGidp-) () -
Here, X is an .#-module obtained by lifting the .4 -module X, and
qv : ERNQE" — EQ y N @ yE*

is the canonical quotient map. We prove that D is a normal derivation. Next, we define a drop-down
map B
e: X—>X
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which satisfies
e(D(a)) = d(a), aeN.

Consequently, innerness of the lifted derivation D on .# descends to innerness of d on .4, giving
the desired inheritance result for sequential Connes amenability.

Remark 5.1.8. Let
E = #p.

Then, E is a weak™ closed left ideal in .# and an .#—4" module with the module action given by
multiplication:
m' - (mp)-n=m'mpn (m'me.#,neN).

Moreover, E is a right Hilbert C*-module over .4 with inner product
(mp,np).y = (mp)'np=pm'npe.N.

The adjoint module is
E* =p,

which is an A" —# module with module action
n-(pm)-m' =npmm (m,m' € M, neN).
E* is a left Hilbert C*-module over the von Neumann algebra .4, with the .4 -valued inner product
(pm, pn) y :=pm(pn)* =pmn*pe AN .
We also have
N =plpC H#Hp=FE, N =plp C pl = E", N =FENE*.

In addition, we notice that the Hilbert C*-module norm induced by Equation (2.10) is the same as
the norm on FE inherited from .Z .

Below, we show that F = .#p is a right Hilbert W*-module over A4~ = p.# p.

Proposition 5.1.9. The right A -module E = .#p is a right Hilbert W*-module over A . Similarly,
E* =p is a left Hilbert W*-module over A .

Proof. We only prove the result for the right module case. The left case is similar. By [4, Lemma
8.5.4-(1)], we need to show that E has a Banach pre-dual E, with respect to which the inner product
(-,-).y is weak*-separately continuous. Note that F' = .#p is a weak® closed left ideal of .Z. By
[81, Theorem. I11.2.7], its pre-annihilator £, = {w € #, : w|g = 0} is isometrically isomorphic to
(1—p) - A, So, by [62, Corollary 2.4.11] E, = (1_“;?//[* is a predual of E. Consider the contractive
transformation

P A — M
w o — pw.
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Note that ker(P) = (1 — p) - 4, and ran(P) = p - #,. Hence, we have the surjective isometry

P:E, — p- M

+(1=p)- M — p-w.
Thus, weak™ convergence in F is equivalent to pointwise convergence on all functionals of the
form p-w € p- M. C M, for w € M. On the other hand, the multiplication is weak™ separately
continuous on . (including .#"). Our choice of inner product was given by the multiplication of

the von Neumann algebra .#. So, the inner product is weak*-separately continuous. Hence, by [4,
Lemma 8.5.4-(1)] E is a right Hilbert W*-module over .4". O

Proposition 5.1.10. If ¢ : E = #p — A is bounded and right A -linear, then there exists a
unique u € E such that

o(y) = (u,y)y  (y€E).

In particular, E is a self-dual right Hilbert W*-module over A, and ¢ is weak™ —weak”™ continuous.

Proof. Let # 4 (E) be the algebra of all compact operators on E. By [4, Remark 8.1.23] there is a
contractive approximate identity (e;) in # 4 (E) of the form

n(t)
e = Zaifwxi’ 0..(y) = (2,9)r, =.€E, n(t) €N,
k=1
such that ||e;]| <1 and e;(y) — y in norm for every y € E. For each ¢, set
n(t)
up = Z:}:',; p(zh)* € E.
k=1

We claim that
Juell < Il Vt.

By Equation (2.10) for Hilbert C*—modules, and the way the inner product is defined, we have
Izl = sup{l[{z, )il :llyl <1, ye E}  Vzek. (5.4)

Now, for each y € E with ||y|| < 1, we have

2

D) n(t)
d(er(v) =) oal) (whoy)n = < x, o), y>{A/ = (ug, ). (5.5)

1 k=1

e
Il

Hence,

[{us, y) v [l = llglecy) |l < Mol llesyll < @l ezl Hlyll < -

Taking the supremum over all ||y|| < 1 and applying Equation (5.4) yield |Ju|| < ||¢||. So, the net
(u¢) is bounded in E. As F is a dual Banach space, the net (u;) has a weak* limit point. Thus, by
passing to a sub-net if necessary, we can assume

u — u € E.
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Since e;(y) — y in norm and ¢ is bounded, by Equation (5.5) we deduce that

Kue, yhow — o)l = llo(er(®)) — oWl < ol lex() —yll — 0 (YyeE).  (5.6)

Recall that for a fixed y € F, the map E — A", s — (s, y) » = s*y, is weak*-continuous as
the multiplication in the von Neumann algebra .# is separately weak*™-continuous and F, .4 are
weak*-closed subspaces. Hence,

By Remark 2.6.6, u is unique. O

Theorem 5.1.11 (A Parseval frame for £ = .#p). Let
z:=cs(p) =min{c e ZP(A) : p<c}

be the central support projection of p in M . Then, there exist an index set I, a distinguished element
0 € I, and a family (u;);cr of partial isometries in E such that

ug = p, wu; <p (el

the range projections u;u; are pairwise orthogonal, and

sot- E wu; = 2z,

el

where the sum is understood as the strong operator limit over finite subsets of I. Moreover, for every
e € E, we have the normal Parseval identity

e=w"- lim ui (Ui, e)_y, 5.7
v Fe?([)iEZF it e)r (5:.7)

where F(I) is the directed set of finite subsets of I, ordered by inclusion.

Proof. Since z € Z(.#) is a central projection, the corner
2 M =z M=

is a von Neumann algebra with unit z. Moreover, it is a weak*-closed two-sided ideal of .Z containing
p. By Zorn’s lemma, there is a maximal family Q of nonzero projections in z.# such that

pEQ, q3p (¢€Q),

and such that distinct elements of Q are orthogonal, i.e.,

glr  (¢,reQ, qg#r).

Enumerate members of Q by (¢;)icr, assuming p is of index 0 € I; i.e.,

do = P-
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We claim that

\/Qi:'zv

el
where \/ is defined as in Definition 2.3.4. Let
q= \/ ;-
i€l

Suppose, toward a contradiction, that ¢ < z. Then, 0 # z — ¢ < z = ¢s(p), and consequently

0 # cs(z — q) < es(p).
Hence,
cs(z — q)es(p) = es(z — q) # 0.
It follows from [81, Lemma V.1.7] that there exist nonzero subprojections ¢’ < z — ¢ and p’ < p
such that
g ~p.

So, ¢ Zpand ¢ L ¢ for all i € I, contradicting the maximality of (¢;);c;. Therefore,

\/ q; = z.

el

Since the projections (g;);c; are pairwise orthogonal, the net of finite partial sums converges strongly
to their supremum. That is,

sot—Zqi =z. (5.8)
el
For each i € I, we have ¢; = p. So, by Definition 2.3.4, we can choose a partial isometry

w; € zM# C A such that
uu; = ¢, wju; < p.

Here, we remark that a partial isometry in z.# is automatically a partial isometry in .#. For i = 0,
we take up = p. By construction of Q, the range projections (u;u});cs are pairwise orthogonal. For
the partial isometry w;, recall that

From u;u; < p, it follows that
(uiui)p = uju;.

Therefore,
wip = w; u; wip = wil(w;ug)p| = wilw;u;] = ;.

Hence, u; = u;p € #p = E. Moreover, since ¢; is a projection in z.#, we have
*
uu; = q; < 2.

Thus,

Taking adjoints gives



Therefore,

2U; = Uy, u)

iZ=u

o (iel). (5.9)

Moreover, every e € E = .4 p can be written as e = mg p for some mgy € .#. Since p < z = cs(p),
we have zp = p. As z is central, we deduce that

Ze=zmgp=mMmoZp=mgp =e. (5.10)

In other words, z acts as the identity on F from the left. Similarly, z also acts as the identity on E*
from the right; i.e.,

fi=f,  (feB). (5.11)
On the other hand,

sot- Z u;u; = Sot- Z qi = %. (5.12)

Hence, for alle € £

Thus,
e=w"- lim)Zui<ui,e>Jy, (e € B).
O

Remark 5.1.12. If the maximal family obtained in Theorem 5.1.11 is the singleton Q = {p}, then
p = cs(p), so p is central. In this case, the corner A4 = p.#p is a central summand of .Z, and the
compression map

Cp: Ml — N,
m — pmp

is an onto normal s-homomorphism. If .#Z is sequentially Connes amenable, then so is A4~ by
Proposition 4.2.3. Hence, in our lifting argument, we may focus on the nontrivial case p < cs(p).

Remark 5.1.13. Let [ be the index set in Theorem 5.1.11. Throughout the sequel, sums indexed
by I are always understood as the limits of nets over the directed set

F(I)={F CI:F is finite},

ordered by inclusion. We note that for every finite subset K C I, the subcollection
Fx(I):={FeJF(I): KCF}

is cofinal in F(I). In particular,
Fo(l):={Fe€JF(I):0€ F}

is cofinal in F(I). Hence, any weak™ or strong limit over F(I) may equivalently be computed over
Fo(I).
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Definition 5.1.14 (Induced dual .#Z-bimodule and the drop-down map). Let X = Y™* be a normal
dual ./"-bimodule. Define N
X =EQyX®yE". (5.13)

By Lemma B.4, we make X into an .#-bimodule by

m-(WRy &Ry f)=(mv) @y Q. f,
and
(Ve Ry f) m=vey .y (fm),

forallme #,v e E, £ € X, and f € E*. Then, the drop-down map is defined on elementary
tensors by N
e X=EQy Xy E* — X,

(5.14)
vy @y fr— (pv) - & (fp),

where v € E, £ € X, and f € E*.

Lemma 5.1.15. Assume the notation of Definition 5.1.1/. Then, the induced module X s a normal
dual Banach A -bimodule, and the drop-down map € is a bounded weak* —weak™ continuous linear
map.

Proof. For a fixed m € .#, the maps
Ly:E— FE, V= mu,

and
R, : E* — E7, = fm,

are bounded weak*—weak* continuous module maps. By Remark 5.1.4 and the slicing method in
the proof of Lemma B.5, X is a dual Banach .#-bimodule. It remains to prove normality. The
left action of .#Z on FE is normal since multiplication in .# is separately weak*—weak* continuous.
Therefore, by Lemma B.5, the induced left action of .# on the unbalanced threefold normal tensor
product is normal. Since the left action preserves the ./#’-balancing relations, the normality passes
to the balanced quotient by Corollary B.6. Hence, for every n € X, the map

M — X, me—>m-n
is weak*—weak™* continuous. Similarly, for every n € X , the map
M — X, m—n-m

is weak*—weak* continuous. Therefore, X is a normal dual Banach .#-bimodule.

It remains to justify the drop-down map. Define
i E— A, Ap(v) = pu,

and
pp: EX— N, pp(f) = fp.
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Both maps are bounded and weak*-weak™ continuous. It is easily verified that A, is a right
A -module map and p, is a left .4#-module map. Hence, by Corollary B.6, Lemma B.4, and
Remark 5.1.4, the outer compression map

Cp =@ pidx@ ypp : EQy XQpE* — Ny XSy N, (5.15)
VR, EQ  fr—r(pv) @y ER (fP) .

is well defined and weak*—weak™ continuous. By Proposition B.10, the canonical module-action map
w: Ny Xy N — X,
ARy ERybr—a-€-b

is also weak*—weak™* continuous. Since
€= po Cp,

it follows that ¢ is bounded and weak*—weak™ continuous. O

Remark 5.1.16. By construction of the frame in Theorem 5.1.11, g9 = p and ug = p. Since the
range projections u;u; = ¢; are mutually orthogonal, we have ¢; L p for ¢ # 0. Hence,

pu; = 0, (1 #0), (5.16)
and, taking adjoints,

u;p =0, (i #0). (5.17)
Therefore, for 4,5 € [ and £ € X,

67 12]207

] (5.18)
0, otherwise.

e(u; @ @ uj) = (pus) - €+ (ujp) = {

Thus, relative to the frame (u;);cs, the map e is the projection onto the (0,0)-coordinate.

Remark 5.1.17. Since p is the identity of A4 = p.#p, the right .4#-module action on £ = .#p
and the left .4/ "-module action on E* = p.# are nondegenerate:

e=ep, f=pf (e€k, fek").
Therefore, from the balancing relations for tensor products, the canonical multiplication maps

g EQ o N — E, up(e® y a) = ea,

] (5.19)
ppc: NQyE* — E*, pp-(a®@y f)=af
are weak™ homeomorphic isometries. One can easily verify that their inverses are given by
Ap: E— EQu N, Agp(e) =e®.y p,
(5.20)

Apc: B — N QuE", Ap<(f)=po.y f.
Consequently, we have the following isometric isomorphisms which are also weak* homeomorphisms

EQ o N =2FE, N QR yE* = E*, EQyNQyE*=ERQ 4E*. (5.21)
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For the last one, the absorption isomorphism can be defined directly as follows.
U: EQ yNQ@yE* — EQ 4 E*, (5.22)
VR yaQ yw —rva® y wt =0vQ 4 aw”.
In particular, U(v ® 4 p ®@_y w*) = v ®_y w*.

Definition 5.1.18 (The embedding ®). Let X be a normal .4#-module and £, (E, E®_y X) denote
the space of all weak™ continuous right .4#-module mappings. Equip LU(E,EQ_{) X ) with the
topology of pointwise weak* convergence (p.w*). That is, for a net (T,), and an operator T in
Lo(E,E® 4 X), we write
T, 2T = Tale) “5T() (e€ B). (5.23)
Define the canonical .Z-module transformation on elementary tensors by
P . E®</VX®/VE* — LO’(E7 E®¢/VX)5
Doy @y w)(e) =vey (E(w,e)r).

This mapping is (w* — p.w*) — continuous by definition, since the inner product on E and the
module actions on E® 4 X® 4 E* and E®_yX are weak® continuous. Below, we show that ® is an
isometric (w*, p.w*)-homeomorphic isomorphism.

Theorem 5.1.19. Let ® be the map in Definition 5.1.18, and put Y := E® 4 X. Define the
A ~bimodule actions on Ls(E,Y) by

(m-T)(e) =m-T(e), (T -m)(e) = T(me), (me, Tel,(E)Y), ecE). (525)
Then, the followings hold:

(5.24)

(i) ® is compatible with the induced M —# module actions; that is, for every m € .# and
neEERyXQ yE*,

(m-n) =m-®(n),  (n-m)=d(n)-m. (5.26)
(ii) The reconstruction formula

n=w Felg((l[)ieF (n)(us) ®.p u (5.27)

holds for every n € EQ_y X® 4 E*, where (u;) is the net obtained in Theorem 5.1.11. In
particular, ® is injective.

(iii) ® is isometric.
(v) For every T € L,(E,Y), the net

Y T(w) @y uf,  FeI(),
i€l

converges weak* in Y® 4 E*, and

& NT) = w*- lim T(u;) @ 4 ul. 5.28
(T)=w FeRln 2 (ui) @y u; (5.28)

Thus, ® is onto Ls(E,Y).
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(v) The inverse map
1L, (EY) — EQR 4y X® yE*

s (p.w*, w*)-continuous. Consequently, ® is an isometric (w*, p.w*)-homeomorphism onto

L,(E,Y).

Proof. Tt is straightforward to verify that m - T and T - m defined by (5.25) are still elements of
L,(E,Y). We prove the second identity in (5.26); the first one is trivial. By linearity and weak*
continuity, it is enough to check the identity on elementary tensors n = v ® 4 £ ® 4y w*, where v € F,
¢ € X, and w* € E*. For the right action, note that w*m = (m*w)*, where m € .#. Thus, for
eeF,
O(n-m)(e) = (v @4 EQp w'm)(e)
= Qv Ry £ (M*w)*)(e)
=v Q. (mw,e)
=v®. ((w me)
=0 @ (£ (w,me) y)
= Qv @y £ @0 w*)(me)
= (®(n) - m)(e).
Hence ®(n-m) = ®(n) - m.
We next prove the reconstruction formula (5.27). Let

neY® yE*, qr = Zuzuf
ieF
We claim that

" @) (w) @4 uf =1 qr. (5.29)
eF

For an elementary tensor n = y ® 4 w*, we compute

ZCI) (u;) @y uy —Z@y&/yw)(uz)@)/yu

ieF i€EF

= ylw,w)y @ u
ieF

=Yy @ (ww) puf
ieF

=yYQ. Z wruu;

el
= (y @ w*) - qr
=1n-4qF.

The general case follows by linearity and weak* continuity. Since gqr v, cs(p) and the module
actions are normal, we have

Z‘I’ (ui) @y uf = n-qp > 1~ cs(p).
el
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By (5.11), we have n - cs(p) = 1. Therefore,

w1 () (u;
n=w Felg(ll)ieZF () (wi) @1 u]

This proves (5.27). In particular, if ®(n) = 0, then (5.27) gives n = 0. Hence ® is injective.
We now prove that @ is isometric. The bilinear map

B:Y XE* = L,(E)Y), By, w')(e) = yl{w,e).r,
is balanced over .47, separately weak™ continuous, and contractive:

18y, wHII < Nyl 1wl (5.30)

This estimate is taken with respect to the operator norm on £,(E,Y’), the norm of Y, and the
inherited norm of E* = p.# . To obtain a map on Y®_ 4 E*, we use the normal-linearization criterion
for balanced bilinear maps in Definition 5.1.6. For e € E and ¢ € Y, define

(e®@)(T) =(p,T(e)) (T €Ls(EY)). (5.31)
For each e € F, the mapping
pe: EX — N, pe(w) = we = (w, e) y

is a bounded left .4#-module map, weak*-weak* continuous, and ||pc|| < |e||. Therefore, by
Lemma B.4
idy®@ ype : YRy B — YR 4N

is bounded and weak*-~weak™ continuous, with norm at most ||e||. Using the canonical identification
(5.21), we obtain a bounded weak*—weak* continuous map

U, Y& B — 7,
‘I’e(y Q. 113’*) = y<$7 €>(/V,
[Well < le]]-

Since V¥, is weak*—weak™® continuous, it has a pre-adjoint

(We)s 1 Ve — (YR 4 E¥)s,
(e)i(9), y @ %) = (p, Ve(y @4 27)) (5.32)
= (o, y{z,e) 1),

for p €Y,y €Y, and z* € E*. Now, let w € £ ®, Y, be represented by

o oo
w=Y e @pr € EDY., > llexllllr]l < oo (5.33)
k=1 k=1
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For y € Y and w* € E*, we have

(w, By, w*)) = (ér: By, w*)(ex)), by (5.31)
k=1

(x> y(w, ex) x)

e
Il
—

oo (5.34)
= {n: Ue, (y @ ™))
k=1
= Z((‘I’ek)*(%), Yy w*>'
k=1
Since
[(Wer )« (@) | < 1Wei ll llpwll < Nlewll llowll,
by (5.33), the series
> (T )u(pw)
k=1
converges absolutely in (Y®_y E*).. Define
Op(w) =D (Y, )(on) € (YO E)s.
k=1
By (5.34), for all y € Y and w* € E*, we have
(Op(w),y @ w') = (W, By, w")).
Hence, the scalar bilinear form
(y, w") — (w, By, w™))
is represented by the predual element ©g(w). Moreover, by (5.34) and (5.33)
@5 B Ry Y., — (Y@/E*)*,
w— Og(w), (5.35)

1©s(w)]l < [lel]-

Therefore, recalling Remark 5.1.4, 8 satisfies the normal-linearization condition of Lemma B.7.
Since  is also .4 -balanced, Corollary B.8 along with Remark 5.1.4 gives a unique weak*—weak*

continuous linear map
O: YR yE* — L,(E)Y),

Py @ w)(e) = y(w, e).r
Since ® = ©F and [|©g]| < 1, we have

1@ < linll- (5.37)
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For the reverse inequality, set 7" = ®(n) and define

ieF

By (5.27), np v, n. For e € E, using that T is a right .#"-module map, we have

O(nr)(e) = > T(ui)(uie).r

i€l
=T (Zuxui,e}J/)
el
= T(qre).
Thus,
®(np) =ToPp,  Pp(e)=qre. (5.39)

Since qp is a projection, Pp is contractive. Therefore,
[@(ne)ll = [T o Pell < [|T|/|Prll < T = I2(n)]l (5.40)

For finite-rank tensors, the normal spatial tensor norm is the norm obtained from their concrete
representation. Hence,

Inrllye., &« = 12MF)llcE2y)-
Thus,
el = 12Mme)] < @)

Since np — n weak® and the norm is weak* lower semicontinuous, we obtain

Il < Yim nf {lne|| < [[@(n)]- (5.41)

Combining (5.37) and (5.41), we conclude that ® is isometric.
It remains to prove the inverse formula and the convergence of the net in (5.28). Let T' € L,(E,Y),
and for F' € F(I) set

nr(T) == ZT(UZ) Ry u;.
i€EF

By (5.39) and (5.40), the net (ng(T))  is bounded in the dual space Y ® » E*. Hence, it has weak*
cluster points. Let 1 be a weak* cluster point of (np(T)) » and choose a subnet (nr. (T))a such that

nr. (T) == 1.

For each fixed e € F, the map
¢— @(¢)(e)
is weak® continuous from Y® 4 E* into Y. Therefore,

*

®(nr, (T))(e) = (n)(e).

97



On the other hand, by (5.39),
®(nr, (T))(e) = T(qr,e)-

By the normal Parseval identity, qr e Y ein E, and since T is weak™ continuous, we obtain
T(qr,e) 2 T(e).
By uniqueness of weak® limits, we deduce
®(n)(e) =T(e) (e E).

Hence,
O(n)="T.

Since @ is injective, this weak* cluster point is unique. Therefore the bounded net (nF(T)) .
converges weak® to this unique cluster point. Consequently,

& HT) = w*- lim T(u;) @ 4 ul.
(T)=w FeRln 2 (ui) @y u;

This proves (5.28). In particular, ® is onto L,(E,Y).
Finally, we prove that ®~! is (p.w*, w*)-continuous on the range of ®. Suppose that
T, 25 1
in L,(E,Y), and set
Ne = O (T, n:= & YT).

For each fixed e € E, the net (T, (e))o is weak® convergent, hence bounded. By the uniform
boundedness principle, (T, ), is bounded in operator norm. Since ® is isometric, (74 )q is bounded
in the dual space E®_y X® y E*. Let ( be a weak* cluster point of (14)q, and choose a subnet
(Mas)p such that

Nag = C.

For each e € E, the evaluation map 6 — ®(6)(e) is weak*-weak™ continuous. Hence,
®(1a,)(e) = 2(C)(e).

On the other hand, since T, e, , we have

*

®(1a;)(€) = Tay(e) = T(e) = ®(n)(e).

By uniqueness of weak™® limits,

Therefore,

®(¢) = 2(n).
Since ® is injective, ( = 7. Thus every weak® cluster point of (14), is equal to n. Since the net is
bounded in a dual space, the same cluster-point argument as above gives

N — 1.

Thus, @' is (p.w*, w*)-continuous. This coupled with (w*, p.w*)-continuity of ® proves that ® is
an isometric (w*, p.w*)-homeomorphism onto £, (E,Y). O
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Remark 5.1.20 (The special case ® 4 ). We use the canonical map from Definition 5.1.18 in the
special case where the middle module X is 4. That is,

Dy EQuNRyE" — L(E,EQ 4. N),

5.42
D y(vRya® yw)(e)=vR y alw,e) y. (5.42)
In particular, under the canonical identifications in (5.21), we have

®y: EQyE* — L,(E,E),
‘I)Jy(u Q_y w*) = eu,w, (5.43)
Ouw(e) =u(w,e) v, (e € E).

Definition 5.1.21 (The Parseval unit and the Parseval map). Let (u;);e; C E be the frame and
F(I) be the directed set from Theorem 5.1.11.

(i) Define the Parseval unit by
©:=® }(idg) € ER 4y N & 4 E¥, (5.44)
where idg € L,(E,E) 2 L,(E,E® 4./ by (5.21).

(ii) Define the Parseval map by
A E— E@/JV,

5.45
A) = ey p. (545)
Equivalently, A = Ag = ,ugl under the absorption isomorphism from Remark 5.1.17.
Lemma 5.1.22. The Parseval map (5.45) is normal; i.e., A € LU(E,E@A/{/V).
Proof. Let
(:E— EQN, le) =e®p.
We first show that ¢ is weak*—weak® continuous. By Definition 5.1.1,
(E@N )y = (MByEL) [ (EQN) .
Let
o (o]
p=> Yk ®pr € MDyEw Y |kl loxll < oo (5.46)
k=1 k=1

Then, for e € E, N
(pL(e)) = (pe®@p) = > vr(p)er(e).
k=1
So, by (5.46), the functional N
e (p,b(e)) = Y Yr(p)ene)
k=1
belongs to F, for every test functional p in the predual. Hence, £ is weak*—weak™ continuous. The

quotient map q : EQAN — EQ 4 N is weak*—weak* continuous by Remark 5.1.5. Since A = go ¥,
we conclude that A is weak*—weak™ continuous.
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A=gqolt \ Jq

E@ y N

Figure 5.2: The Parseval map factors through the quotient defining E® 4 .A4".

O

Remark 5.1.23 (Relations among O, A, and Ag). By Theorem 5.1.11 and Remark 5.1.20, the net
el
represents the finite-rank operators ), 6y, »;, under ® 4. Since
p'w*_ Z gui,ui = 1dE7
i€l
and since ® 4 is a weak*-homeomorphic isomorphism, we have

O =w* I i 5.47
w FEI:IFII Zu Ry PRy u;. ( )

Under the canonical identification (5.22), we may also write

That is, © is the tensor representation of idg under the identification ® 4. Moreover, the map A
admits the Parseval-frame expression

A(e) = w*- lim Zul@/ u;, e

FeF(I
=w" Flelgm Zuz Ui, €)y @y p (5.48)
=eQp.

Thus,

A=Ap=pg' (5.49)

For e € F, define the weak® continuous third-leg evaluation map
Ev®) : EQ 4y N R yE* — EQ 4N, (5.50)
VR ya® yw vy alw,e) y. .

Then,
Ale) =EvP)(©), ecE. (5.51)

Indeed, applying EVE)) to the expansion (5.47) along with the fact that p(u;,e) » = (u;, e) y gives

exactly the Parseval expression in (5.48).
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For m € A, let
Ly, F— F, e — me

be the left multiplication map by m. For a € 4 and e € E, we have

(Ao Lp)(ea) = A(Ly(ea))
= A(m(ea))
= A((me)a)
= (me)a®.y p
=meQ_y ap
=meQ_y a
= (me ®.y p)a
= A(me)a
= (Ao Ly)(e)a.

Here, we used the balancing relation and the fact that p is the identity of .4 to derive

(me)a®_y p=meR_y ap =me Q_y a.
Consequently, for right .4#"-module maps L,, and A, we have

Ao Ly € Lo(E, EQ y.N).

Using the mapping ® 4, from Remark 5.1.20, we now define:
Definition 5.1.24 (Parseval triple €2,,,). For any m € .#,

Q=0 }(AoLy) € ERyN®yE (5.52)
is called the Parseval triple associated with m. Equivalently,

D 4 (Q) =Ao Ly, (5.53)

Lemma 5.1.25 (Rectangular block expansion of €,,,). For every m € .4, we have

Qp, =w'- lim wi @y (ug, muj) y @y ul, (5.54)
" (F,G)eF(I)? ;j; ' B 7

where F(I)? is ordered coordinatewise; that is,
(F,G) < (F',G") <= FCF and GCG.

Proof. For H € F(I), define

*

1€H
So, by (5.12), we have
sot
qu — cs(p).
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For F,G € F(I), set

Qe =Y > U @y (uiymug) y @y .
i€F jeG
It is enough to prove that
QG — Q. (5.55)

To this end, we prove the convergence after applying ® 4 and then use that ® 4 is a (w*, p.w*)-
homeomorphism onto its range. Fix e € E. Then,

Oy (U pa)(e) =D ) ui @y (g, mug) p (uj,e)
ieF jeG

:g g u; @y uimugjuse.

i€F jeG
Using the balancing relation in E®_y .4, we have
* * k *
u; @y U; Muju;e = Ut MU;u;e Q_y Pp.

Hence,
Oy (Qnra)(e) =D wuimuuie @y p

ieF jeG
* *
= <Zuzul> m Zujuj eQ P
icF JjEG

= grmqge Q_y p-

Now, gr — cs(p) and g — cs(p) strongly. Let z = cs(p). We claim that
grmagae — me, weak™ in E (5.56)
as (F,G) € F(I)? increases. Let £ be a vector in the Hilbert space on which .# acts. Then,

[grmgge — zmze](§) = [(gr — z)mze](€)
+ [(gr — 2)m(qe — 2)e](€)
+ [zm(qc — 2)e](§).

The first and the last terms tend to 0 since g — z and g — z strongly. For the middle term note
that

[lar = 2]([m(gc — 2)el(€)) || < 2llmll [[(ae — 2)el©)],

which tends to 0 as gqg — z strongly. Hence,
qrmgge — zmze
strongly, and therefore in weak*. Since z is central and ze = e by (5.10), this limit is

zZmze = mze = 1me.
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It follows from (5.56) and Lemma 5.1.22 that

grmqge @ 4y p — me @y p, weak™ in E®_y A . (5.57)
However, by (5.53), for any s € .#

se @y p=A(se) = (Ao Ls)(e) = Dy (2s)(e).
Thus, for every e € E, (5.57) implies
(U pc)(e) o @y (Qm)e),  in RN

Therefore,

Oy (QUnpe) 25 @y (@), i Lo(E,BEyN).
Since ® 4 is a (w*, p.w*)-homeomorphism, it follows that

Qo pc S5 Q.

This proves (5.55). O

Corollary 5.1.26 (Square block expansion of Q,,). For every m € .4, we have

Q. =w - lim Z u; @y (Wi, mug) y Q. uj. (5.58)

Proof. For every (F,G) € F(I)?, if H=F UG, then
(F,G) < (H,H).
So, the cofinal index duplication map
F(I)—FI)?,  H— (H H),

has a cofinal range. Therefore, the weak® limit in (5.54) may also be computed along the rectangular
blocks with F' = G. O

Theorem 5.1.27 (Normal unbalanced Parseval representative). Let (u;);er C E be the frame and
F(I) be the directed set from Theorem 5.1.11. For m € A and finite F C I, set

Qm,F = Z i ® uymu; @ u;‘ € EQNQRE*.
ijer

Then, (Qm, r)r converges in the weak* topology of EQA QE* to an element

Q,, = w*—li}n g u; @ uymu; @ uj
i,jEF

Moreover, q y () = Qm, where ¢y : EQN QE* — EQ_y N ®_yE* is the canonical quotient
map. Finally, the map _ _
Q: M — EQNRE", m— Qp,

1s weak™ —weak™ continuous.
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Proof. To prove that the net (€2, p)r is weak® convergent, we test it against the functionals in the
projective pre-dual. Let

be an elementary test functional. Then,

(Qn,rp) = Y plui) wluma) (us).

i,jEF

We first treat the case where o, w, 1 are vector functionals. Then, after restricting from the ambient
Hilbert-space representation, we can write

p(x) =(za, B),  w(a)=(an, (),  P(y) = (y7,9).

Since the range projections u;u; are mutually orthogonal, the vectors u;a lie in mutually orthogonal
subspaces. Hence,

(p(ui)),ep = ((wict, B)) ;€ C(1).

Indeed, for finite F' C I, if u;a # 0, put e; = u;a/||u;cr||. Then (e;);cr is an orthonormal family,

and therefore
D leu)? = [uia, B)?
i€eF i€eF
= Jluic]*|(ei, B
ieF
< el e, B
ieF
< [la]l?(18]*.
Thus
> leua)l < llaf?18]1

iel

Similarly, for ¢(u}) = (ujv,d) = (v, u;6), we have

((u3), o, € D),
with

1@ < [P l161*.

JjeI
For finite F' C I, define

Ap =Y () um,  Br =Y ou)u.

jeF i€F

We claim that (Ap)r and (Bp)pg converge in norm. Let F,G C I be finite and FAG = (F'\ G) U
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*

(G \ F). Then, by the orthogonality of the range projections u;u},

2

IAr — Al® = | > ev(ul)um
JEFAG

= > )Pl

JEFAG

Inl® >~ )P,

JEFAG

IN

where ¢; € {—1,1} depends on whether j belongs to '\ G or G'\ F'. Since (¢(uj)); € ¢%(I), this
shows that (Ap)p is norm Cauchy. Hence Ap — A in norm for some Hilbert-space vector A.
Similarly, using (¢(u;)); € £2(I), we obtain Bp — B in norm. Now compute:

Qs p) = > p(ui) (uymauyn, Ogp(u)
i,jeF

= Z p(ui) (mugn, ui Q) (uy)
i,jEF

= <mAF,BF>.

Since Ap — A and Br — B in norm, it follows that

(Qnry o @w@Y) = (MAp, Bp) — (mA, B).

Therefore, (. r, p ® w ® 1) converges for vector functionals ¢, w, ¥, and the same computation
gives the estimate

[@n,r. 0 @0 @ 9)] < Il Il o] 191 (5.59)

By norm density of finite sums of vector functionals in the relevant pre-duals, the same convergence
and estimate hold for arbitrary ¢ € E,, w € A4, and 9 € (E*),. Now, let

P= ¢r®uw ®Y € BBy MBL(E )y, Y llprllllwrll [l < oo (5.60)

r=1 r=1

For each r, the scalar net
(<Qm,F7 Pr Qwr @ wr>>F

converges, and the estimate (5.59) gives

‘<§m,F7 Yr & wr @ wr>

< [lmll lor [ lewr ]| |- I,
uniformly in F'. Hence, by (5.60), the net

(<ﬁm,Fa p)) r
converges for every p € E,®,.4,®~(E*),. Hence, the formula

Lm(p) = I%Il(Qm,F: p>
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defines a bounded functional on (EQA®@E*), with || Ly, || < [|m||. Since EQ.4 ®E* is a dual space,
there is a unique element Q,,, € EQ QE* representing L,,. Therefore,
Qo 55 Q. (5.61)

By weak*—weak* continuity of the canonical quotient map ¢ 4, we compute

gy () = w*-lilgn qv (. r)
::w*J?p E: Ui®n/uanj®J/U;
i,jeF
=Qn, by Lemma 5.1.25.

Moreover, for each p € E,®,A.®,(E£*), a similar argument leading to (5.61) shows that the map

m — Lin(p) = (Qm, p)

belongs to .#,. Thus, the mapping Q is weak* weak* continuous. O

5.2 Lifting derivations and Connes sequential amenability of type
II, von Neumann algebras

This section implements the lifting argument described in Remark 5.1.7. Using the Parseval frame
for £ = ./ p, we lift normal derivations from the finite corner A4 = p.#p to .# with values in the
associated balanced normal tensor product module (5.13). We then construct a drop-down map
which recovers the original derivation on the corner. This mechanism transfers sequential innerness
from the lifted derivation back to the corner and yields the desired inheritance result for Connes
sequential amenability of finite corners.

Definition 5.2.1 (Lift of d using the unbalanced Parseval representative). Let d: 4 — X be a
normal derivation. For m € ., let

O, = w*—li}n Z u; @ u;mu; @ u; € EQN QE"
1,jEF
be the normal unbalanced Parseval representative from Theorem 5.1.27. Define
D: M — X =E@yX& yE*
D(m) = g ((idp@d2idp.)(Qm) ),

where ¢x : EQXQFE* — E® 4 X® 4 E* is the canonical quotient map. We call D the [lift of d.

(5.62)

Proposition 5.2.2. The map D : A4 — X is weak* ~weak* continuous.

Proof. Let

Ty = 1dpRd®idg+ : EQN QFE* — EQXQE™.
Since d : A — X is weak*—weak® continuous, the functoriality Lemma B.4 implies that Tj is
weak*—weak® continuous. Since

D =gy oTyof (5.63)
the normality of D follows from normality of the quotient map qx (see Remark 5.1.5) and the map
Q: M — ERNQE* in Theorem 5.1.27. O
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Definition 5.2.3 (Matrix coefficients associated with the Parseval frame). Let (u;);er be the

Parseval frame for £ = .#p obtained in Theorem 5.1.11. For m € .# and i, j € I, define

aij(m) = (uj, muj) y = u;mu; € N .

We call a;;(m) the 4 -valued matrix coefficient of m with respect to the frame (u;)ic;.

(5.64)

Corollary 5.2.4 (Rectangular and square block expansions for D). For every m € #, let a;j(m)

be the A -valued matriz coefficients from Definition 5.2.3. Then,
D(m)=w"- lim u; @y d(ai;(m)) @y us.
=l 53 w0 dlas(m) @

In particular,

D(m) = w*- lim : Z Ui Q d(<uivmuj>/) Ry uj-
ijeF

Proof. By Lemma 5.61, and by the notation a;;(m) = (u;, mu;) 4, we have
Qm =w*  lim u; @ aij(m) @ uj.

" (F.G)EF(I)2 ;Jezé e 7
Now, by applying (5.63), the result follows.

Theorem 5.2.5 (Derivation identity for D). For all mi,mq € 4,

D(mlmQ) =mj - D(mQ) + D(ml) - Mma.

(5.65)

(5.66)

(5.67)

Proof. For any m € ., let a;j(m) be the .4 -valued matrix coefficients of m defined by Equation

(5.64). For each H € F(I), set

4dH = ZWUZ, My = Mi1qgma.
leH
By (5.12),
My = MIgEM — M12Mms in .

As D is normal, it follows that

D(myzmg) = w*- Hleigzl) D(mpg).

We claim that
D(mizmg) = D(mimg).

Since mau; € E for all j € I, we have (2)(mau;) = mou; by Equation (5.10). Therefore,
a;j(mizme) = uymizmau; = u;mimou; = a;j(mimsa).
Then, by the rectangular expansion (5.65), we deduce

D(myzmsg) = D(mims).
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Combining this with (5.68), we conclude that

D(mimsg) =w _Hlelg%]) D(mpy). (5.69)

We now compute D(myy) for a fixed finite set H € F(I). For i,j € I, we have

a;j(mpy) = uymigarmou;

= E ;M Uy MU
leH

=Y ag(mi)ag(ms).

LeH
Since the sum over ¢ € H is finite and d is a derivation, we get

d(azj(mH)) = Z d(aié(ml)afj(mQ))
leH

=Y laie(ma) - d(agj(mz)) + d(aie(ma)) - agj(m2)]
leH

(5.70)

Using the rectangular expansion (5.65) for D(mg) and substituting (5.70) into it, we obtain

D(mH) = Sl,H + 527[{. (5.71)
where
Sig=w"- lim Z Z Z ui @y (ag(ma) - dagi(ms))) @ x uj (5.72)
(FG)es! i€l jeGLeH
and
So g =w'- lim Z SN i (dae(m)) - agi(ma)) @y u}. (5.73)
(BG)EFU)* 3T ieC et

Here, H is fixed and finite; only (F,G) run through J(I)2.
We first identify Sy . By the balancing relation in E®_4 X, we have
ui @y (aig(my) - d(agj(me))) = uiai(my) @y d(ag;(ms)).

Hence,

Si,p=w"- Fthﬁlf Z Z (Z w;aie(ma) ) ®.x d(agj(mz)) @.r uj.

ZEH]GG iEF
For fixed ¢ € H, the normal Parseval identity (5.7) gives
w*- lim Zuiaw(ml =w"- lim Zul U, MAUG) Y

Fes(n) £ FeF(I

= MmMiUy.
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Since H and G are finite at each stage, this weak™ convergence may be used in the F-coordinate of
the rectangular net. Thus,

Si,g =w"- lim E E miug @y d(ag;(mz)) @y uj
GeIU) (e jec
(5.74)

=my- [ w" lim Z Z w @y d(agi(mz)) @ uj
G ich jea

We show that the expression in parentheses equals qg - D(ms2). To this end, since H is finite, every
sufficiently large F' € F(I) contains H. Hence, eventually,

FNH=H.
Moreover, by the orthogonality of the range projections (u;w))icr, we have
u;, 1€ H,
HUW; =
W=, i¢H

Therefore,

> arui @ dlaij(me) @y wf = Y u; @4 d(aij(ma)) @ .
i€EF i€eFNH

Since eventually F'N H = H, we obtain

Z qrui @y d(aij(mz)) @y uj = Z ug @y d(ag;(ma)) @ uj. (5.75)
i€F teH

By rectangular expansion (5.65) for D(mg) and Equation (5.75), we obtain

g - D(ms) = w*-  lim gru; @ dla;;(me)) @ 4 ut
(mz2) (F,G)eF(I)2 1;; (a15(m2)) !

=w*- lim Z Z Up Dy d(agj(mz)) % u’;
G et jea

Substituting this in (5.74), we obtain
St,w =mi - qu - D(ma). (5.76)
However, qg — z weak® and the module action is weak® separately continuous. Thus,
qr - D(mg) 2= z- D(ms).

By (5.10), z acts as the identity on the first tensor leg E of X = E® 4y X& 4 E* from left. So,
z - D(mg) = D(mz2). Consequently,

= lim Sipg= -D . 5.77
W i S = (ma) (5.77)
Similarly, we have
w*- lim Sy p = D(my) - ma. (5.78)
HeF(I)

109



Finally, we obtain
D(mimg) = w*- Hleigzl) D(mp) by (5.69)

= w' 1l S S by (5.71
w Helg(ll)( 1L,H + 2,H) v ( )

= w' lim Sy yg+w" lim
HeF(I) HEF(I)

= my-D(m2) + D(my) - my by (5.77) and (5.78).

So.

This proves that D is a derivation. ]

Remark 5.2.6. Under the identification ® (5.24), the derivation identity (5.67) for D may be
viewed as an operator identity. More precisely, by Theorem 5.1.19, ® is injective and is compatible
with the induced .#—.# module actions:

O(m-n) =m-2(n),  (n-m)=2e(n) m.
Therefore, the Leibniz identity for D is equivalent to the operator identity
®(D(mimg)) = my - ®(D(m2)) + S(D(my1)) - ma.
Proposition 5.2.7 (Dropping down D to d). For the drop down map defined by (5.14), we have
e(D(a)) = d(a), (a e N).

FEquivalently, the following diagram commutes

ML X
z]\ lz—:
‘/VT)X

coDoi=d.
Figure 5.3: The lifted derivation and the drop-down mapping.

Proof. By Remark 5.1.13, we may compute the weak* limit in (5.66) over Fy(I). Thus, using the
weak® continuity of €, we obtain

e(D(a)) = w*- Feli?l?([) “ze:Fg (ul Q_y d(<ui, auj>{/y) Ry uj) ) (aeN).

By the definition of ¢, this becomes

“(D(@) = w™ lm ijze;pui) d({us, aug).p ) - ().
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By Equation (5.18), all terms vanish except the term with ¢ = j = 0. Hence,
£(D(a)) = p-d({uo, auo).s) p. (5.79)
Since ug = p and a € A = p.#p, we have
(o, auo).» = (p,ap).y = pap = a.
Substituting this into (5.79) and using the fact that p acts as the identity on X, we conclude that
e(D(a)) =p-d(a) - p=d(a).
O

Theorem 5.2.8 (Inheritance of Connes amenability by finite corners). Let .# be a type 11, von
Neumann algebra, and let p € A be a nonzero finite projection. Put N = p. A p.

(1) If A is Connes amenable, then A is Connes amenable.
(ii) If A is sequentially Connes amenable, then A is sequentially Connes amenable.

(iii) If A is approrimately Connes amenable, then so is A .
Proof. Let X =Y be a normal dual .4#-bimodule and let

d: N — X
be a normal derivation. Construct the induced normal dual .#-bimodule
X =E® 4 X& 4 E*

as in (5.13), and let N
D: #—X

be the lifted derivation as in (5.2.1). By Proposition 5.2.2 and Theorem 5.2.5, D is a normal
derivation.

(i) Suppose that .# is Connes amenable. Then, D is inner. Hence, there exists = € X such that
Dim)=m-Z2—Z-m (me ).

Applying the weak* continuity of the drop down map ¢ (5.14) and using Proposition 5.2.7, we
obtain, for all a € A4/,
d(a) =¢(D(a)) =a-e(E) —&(E) - a.

Thus, d is inner. Therefore, .4 is Connes amenable.

(ii) Suppose that .# is sequentially Connes amenable. Then, there is a sequence (Z) in X such
that
D(m):vv*—li]in(m'Ekak-m) (me A).

Applying € as before and noting that ¢ is weak*-weak™® continuous, we get, for every a € A",
d(a) =e(D(a)) = w*- liin (a-e(Ek) —e(Ex) - a).

Thus, d is weak* sequentially approximately inner. Hence, .4 is sequentially Connes amenable.
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(iii) The proof is similar to that of part (ii), with nets used in place of sequences.
O

Theorem 5.2.9. Let A be a type Il or a semi-finite von Neumann algebra. If # is sequentially
Connes amenable, then it is injective. In particular, .# is Connes amenable.

Proof. We can assume without loss of generality that .# is a type Il von Neumann algebra. So,
it has a faithful normal semi-finite tracial weight 7 : .#, — [0, cco|. By [81, Definition V.2.1 and
Proposition V.1.40], we can find a net (pq) of finite projections such that 7(p,) < oo for each v and
(pa) increases to 1 in the strong operator topology. Take an arbitrary projection p from the net (py,),
and let .4}, = p.#p be the corner von Neumann algebra corresponding to p. We note that .4}, has a
normal faithful tracial state given by 7,(pmp) = %. By Theorem 5.2.8, .4}, inherits Connes’
sequential amenability from .#. Thus, by Theorem 4.3.17, .4, is Connes’ amenable. However,
the union of all .4, is weak*-dense in .Z. So, by [3, Theorem I1.2.2.8], .# is injective or Connes

amenable. O

5.3 Connes sequential amenability of type III von Neumann alge-
bras

In this section, we extend Theorem 5.2.9 to type III von Neuman algebras. We first need to review
the structure of type III von Neumann algebras.

Definition 5.3.1. A C*-dynamical system is a triple (<7, G, o) consisting of a C*-algebra <7, a
locally compact group G, and a homomorphism o : G — Aut(&7) such that the action

Gxod — o, (ta)— ola),

is continuous.
A covariant representation of a C*-dynamical system (7, G, o) is a pair of representations (7, p)
on a Hilbert space .7 for which

1. 7 is a *-representation of & into & (),
2. pis a unitary representation of G into B (),

3. the “ covariant (or intertwining) relation” holds, i.e.,
m(o¢(a)) = p(t)m(a)p(t)".

Definition 5.3.2. A W*-dynamical system is a triple (.#,G, o) consisting of a von Neumann
algebra ., a locally compact group G, and a homomorphism ¢ from G into the x-automorphisms
of .# such that the action

GxHM— A, (t,a) — o¢(a),

is continuous when .# is endowed with the strong operator topology (SOT).

Suppose that .# is represented on a Hilbert space . and G is represented on L?(G) by the left
regular representation. There is a canonical way to represent both .# and G on the same Hilbert
space L2(G) ®9 S = L*(G, ), see [3, Section 11.10.3] and [82, Section X.1]. We may define a
covariant representation of the W*-dynamical system (.#,G, o) by the pair (75, A), where:
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1. my is the s-representation of ./ into 2 (L*(G) ®2 ) given by

(7Ta<a)f)(s) = Us(a)(f(s))a
foralla € #, f € L*(G, ), and s € G;

2. X is the unitary representation of G into & (L*(G) ®2 ) defined by
D F)(s) = f(t™1s).
3. one can verify that the covariant (or intertwining) relation holds, i.e.,
o (0t(a)) = At)mo (a) A(£)".

The W*-crossed product # x,G is defined to be the von Neumann algebra generated by the images
of mo(A) and A\(G) inside B (L*(G) ®3 A), that is, Recall that

M7y G = [ro (M) UNG)". (5.80)

Let o7 be the unital x-algebra generated by the set 7, (.#) U A(G). We call &7 the algebraic crossed
core. By the von Neumann bicommutant theorem [56, Theorem 4.2.5], we have

w*

MNG =" =of (5.81)

Definition 5.3.3. A densely defined operator T on a Hilbert space 57 is a linear operator 1 :
P(T) — A where its domain Z(T') is a dense linear subspace of 7. We always assume such an
operators is unbounded.

If S: 2(S) — A is another densely defined operator, then

2(r+S) = 2(INnN2(S)
2(TS) = {€€2(5) : S¢e2(T) }.

However, we note that these new sets might not be dense in .. We say that S is an extension of T’
if 2(T) C 2(S) and S =T on 2(T). The operator S is closed if its graph

IS)={s®5¢ : £€2(5)}

is closed in 77 @ . The operator T is closable if it has a closed extension S. The adjoint T* of T
is specified by its domain

2(T*)={¢eH : n— (Tn,§) is a bounded linear functional on 2(T) }.

When £ € 2(T*), T*¢ is defined by the relation (T'n,&) = (n, T*¢). One can show that 7™ is always
closed. The operator T is self-adjoint if T = T* and Z(T) = 2(T*). The resolvent set p(T') for
T is the set of all A € C such that Al — T has a bounded inverse. The spectrum of T is the set
o(T) = C\ p(T). For self-adjoint operators the spectrum contains only real numbers. There is a
version of spectral theorem and functional calculus for self-adjoint unbounded operators, and based
on that one can obtain a polar decomposition for closed unbounded operators (see [3, Section 1.7]).
A self-adjoint operator T is positive if (T¢,€) > 0 for any &€ € 2(T). When T is positive, v/T exists,
and we have T = /T o /T with 2(T) C 2(VT).
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Example 5.3.4. Let .# be a von Neumann algebra and ¢ be a normal faithful semi-finite weight
on it. We continue to use the notations from Section 3.2. A¢(n;) MNng) is a pre-Hilbert space under
the inner product (z 4+ Ng,y + Ny) = ¢(y*x). Complete it to the Hilbert space $4, and let 7, be
the standard representation of .Z on it, see [82, Theorem VII.2.7 and Proposition VII.1.4]. By [64],
the densely defined operator

SoZAqg(n;;ﬂnqg) — Ad,(n;ﬁn(z,)
a—i—N¢ — a*+N¢

is closable, and it has a closed extension S with the polar decomposition S = J V3 where V = S*S
and J is a conjugate linear isometry with period two on $). By [82, Theorems VI.1.19 and VIII.1.2],
the mapping

c:R — Aut(A)
oi(a) = VeV
is a continuous group homorphism, called Tomita-Takesaki modular homomorphism, which makes
(A, R, o) into a W*-dynamical system. Here, G = R is the additive group of real numbers with the
Lebesgue measure as its Haar measure. For any abelian group G, let G be the Pontryagin dual of
G, which is the set of all continuous group homomorphisms from G into the unit circle T. By [31,
Theorem 4.3], G is the same as the Gelfand spectrum of the abelian Banach algebra L!(G), and
can be viewed as locally compact abelian group under the pointwise multiplication and the weak*
topology ( as a subset of L*°(G)). In the case of G = R, by [31, P. 107], we have
R =R
p (p), (tp)=€",  (teR,peR).

Now, consider the left translation representation

AR — B(L*R))

9 (5.82)
t— A, (Atf)(s):f(_t"’_s)v t,seR, feL (R)
and the multiplication representation
‘R — B(LAR
I (L*(R)) (5.83)

Py, (pf)(s) = (5,0)f(5), p,s€R, feL*(R).
By [82, Section X.2], we may define the following representations:

1. a *-representation 7, : . # — B(L*(R) ®2 $) given by
(1o(a)f)(s) = o5(a)f(s),  a€., feL’R,9), s€C;
2. a unitary representation A : R — 2 (L*(R) ®2 $) given by

Aef)(s) = f(s=t),  tscR
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3. a unitary representation p: R — B(L*(R) ®2 §) given by

(l‘pf)(s): (s,p) f(s), peﬂ/é, s € R.
Here, we have the covariant relation
To(oi(a)) = Mo (a) N,

and the Heisenberg-Weyl commutation relation

MipAl = (), (8,9 € R), (5.84)

Note the commutation formula holds both on Z(L*(R)) and %#(L*(R) ®; $). This is another
formulation of the so called Schridinger picture or the canonical commutation relation of quantum
mechanics; see [70, pp. 274-275] for more details. If we define

6:R — Aut(#Z%,R)
op(T) = Ty,

then by [82, Theorem X.2.3], <//l R, R, &) is another W*-dynamical system, and we can form
the second crossed product (.# X,R)%;R, which is isomorphic to .# @2(L2(R)).

Remark 5.3.5. Let .# be a type III von Neumann algebra. By the proof of [48, Corollary 13.2.10],
M= M 2B(L(R)). By Example 5.3.4, one can form the crossed product A4 = .# x,R. By [80]
and [82, Theorem XII.1.1], .4 is a type I, von Neumann algebra. Hence, .# can be written as
a weak™® crossed product A4 %,R, where R is the locally compact group of real numbers under
addition and with the Lebesgue measure as its Haar measure. By Example 5.3.4, we should note
that « = 6 and # = A %;R. Also, (,up)peR provides a one parameter group of unitaries such that
ppTpy = 6p(T) for each T' € N = M %,R, and A is generated by 4" and the unitaries (up),cp-
Note that .4 is generated by an isometric copy & = m,(#) of .# and the one parameter group of
unitaries (A¢)ier such that Aia\f = o¢(a) for any a € &2 and t € R. Finally, we have the following
isomorphisms:

M MRB(LA(R)) = (M % ,R) N5R.

Theorem 5.3.6. Let .4 be a type 111 von Neumann algebra inside B(FH). If M is sequentially
Connes amenable, then it is injective. In particular, # is Connes amenable.

Proof. By Remark 5.3.5, 4 = .# x,R is a semi-finite von Neumann algebra, and .# = A" %3]@.
We show that A is sequentially Connes amenable. Then, by Theorem 5.2.9, A is injective. Since
R = R is amenable, by [3, Corollary IV.2.2.16], .# = .# x3R is injective.

Let X be a normal dual .#-bimodule, and let § : ./ — X be a normal derivation. By Remark
5.3.5, A is generated by a von Neumann subalgebra & isomorphic to .# and a one-parameter
group of unitaries (A)¢er such that

Atar_ = o¢(a), teR, ae 2. (5.85)

By (5.80), a basic algebraic generating element n € .4” has one of the following forms
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e qgc ¥
e a+ N\ withae ZandteR
o a)\; and M\ja witha € & and t € R

We first show that in all three cases, d(n) is a weak™ limit of a sequence of inner derivations. As in
[12], define
Es:= As - 0(A_y), seR. (5.86)
For a € & and s € R, we have
a-& =ads-0(A_g)
= As(A_sads) - 6(A_y) (5.87)
= As0_s(a) - §(A_s).
On the other hand, since A\_sa = 0_4(a)A_5 and ¢ is a derivation,
(A-sa)
(0-s(a)r—s) (5.88)
(o_

d(A_s)a+A_s-8(a)=9¢
=9
)

Q

S)

Combining (5.87) and (5.88), we obtain
d(a)=a-& —&-a+ s 0(A_sads) - A\_s, a € P. (5.89)
For t, s € R, one can verify

5()‘75) = A& — Stts - M
:)\t'gs_gs')\t""(é‘s_ft-i-s)‘)\b
Since the map t — ); is weak™ continuous and § is normal, the map ¢ — §(\;) is weak™ continuous.

Let Qg denote the amenable discrete additive group of rational numbers. By [59, Theorem 4.16],
there is a sequence of finite subsets (F)ren of Q, called a summing sequence, such that

(5.90)

1. R CkHhC---,

2. @ZUZile,

3. for each t € Q,
(€ + Fi) \ Fi) U (F) \ (t+ F))|

— 0. 5.91
7l >0
Following [12], for each Folner set F in (5.91), define
1
= = —_— S 592
G =Cn = > ¢ (5.92)

seFy

The sequence ({j) is bounded in X. Hence, it has a weak™ cluster point (. Thus, by passing to a
subnet, we may write
. 1 . 1. 1
(=w 'ngllgk(”/) =w*-lim —— Z &s. (5.93)

~yel |Fk(’y) ’ sCFriy)
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For each t € Q, (5.91) gives

[((t+ Fi) \ Fi) U (Fe \ (2 + F))|

- < o
In particular,
Gt Fiyy — Sy = 0, teQ.

Averaging (5.90) over s € Fj, gives
() = At - G — G- At + (Cry — Gurry) - e
Passing to the subnet in the above and using (5.93) and (5.95), we obtain
(M) =M (= Ay teQ.
By weak™® continuity of both sides as functions of ¢, it follows that
S A) =M C—C- Ay, teR.
Let ad¢(b) =b-¢ —(-bforall b € .4, and define

G: N — X
G::é—adc.

Then, G is a normal derivation. Moreover, by (5.97),
G()\t) =0, teR.
We also observe that for a € & and s € R, the derivation identity gives

G(o—s(a)) = G(A-sals)
=G(A_5) ads + A5 -G(a) - As + A_sa-G(Xs)
=A_s-G(a)- As.
Therefore,
As - G(o_s(a)) - A5 = G(a), ac P, seR.
Hence, for every finite set ' C Q,

|}17|Z)\5-G(0_3(a))-)\_5=G(a), acP.
seF

0.

(5.94)

(5.95)

(5.96)

(5.97)

(5.98)

(5.99)

(5.100)

(5.101)

We now perform the same averaging procedure for the other pair of Weyl-Heisenberg unitaries, i.e.,

(ttp)per. For s € R, define
Ns i= s * G(M—s)'

(5.102)

Since (ps)ser is a unitary group and G is bounded, the family (7;)ser is bounded in X. Using the

same summing sequence (Fy)ren from (5.91), put

1
Vi = VR, ‘= 7— Ns-
R s;;k ’
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Passing to a subnet if necessary, we may assume that

1
v =w"lim vy = w'- lim Tl Z 7.

a€cA acA ’Fk(a) 5€ e

For p,s € R, using p1_spp = p1p—s and the derivation identity, we have

G(NP) = HUp - Ms — Np+s - Hp
:Np'ns_ns'ﬂp+(775_np+s) * Hp-

Averaging (5.105) over s € Fy, gives

G(Mp) = lp Vg — Vg tp+ (VFk - Vp+Fk) * Hp-

For p € Q, the Fglner condition (5.91) gives
|p+F, — VR || — 0.
Passing to our subnet in (5.106), we obtain
Gpp) = pp v —v - pip, peQ.
By weak* continuity of both sides as functions of p, it follows that
Gup) =pp-v—v-pp, p €R.

Equivalently,
(pp) — ad¢(pp) = ady(pp), peR.

(5.104)

(5.105)

(5.106)

(5.107)

(5.108)

Next, we show that v commutes with the unitaries \;. By the Weyl-Heisenberg relation (5.84),

Meplosh_y = e 2™ty (s,t € R).
Since G(A¢) = 0, applying G to the above equation gives
M- G—s) - Ay = e 250G (uy).
We now compute

At Ms = Ag = Afbs - G(M—s) “A ¢
= (MepsA—t) - (A - Gp—s) - Ayt)
— eQﬂ'istuS i e—ZﬂistG(M_S)
= TIS'
Averaging over s € Fj,(,) and passing to the weak™® limit gives
)\t'V')\_t:V, teR.
So,
)\t‘V:V'At, teR.
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Equivalently,
adz/()\t> = O, t € R.

Define
H: V—X

H=6- a.dC_H, .
By (5.98), (5.108) and (5.111), we conclude

H(\) =0,  H(u)=0, tpeR.

Also for every b € 4 and every s € R, the Leibnitz property of H yields

H(p—sbps) = H(p—s) - bpts + p—s - H(D) - s + p—sb - H(ps)

= p—s - H(b) - ps.

Hence,
s - H(p—sbpis) - p—s = H(b), seR.

Consequently, for every finite set F' C Q,

1
m Zﬂs “H(p—sbps) - pp—s = H(b).
sel

By observing (5.113) and (5.114), we note that
H(utau) =v™' H(a) - u, ac N,

whenever u € .4 is invertible and H(u) = 0.

So far, for the derivation H, we have

e

(a), n=a€Z,

H(pp) =0, n=pp,, peR,
H(n)=q¢HM\)=0, n=X\, t€R,

H(a)M, n=al, forae & and teR,
MH(a), n=M\a, forae P and teR.

Note that he last two equalities follow from (5.113) and the the Leibniz identity for H.

(5.111)

(5.112)

(5.113)

(5.114)

(5.115)

(5.116)

(5.117)

(5.118)

Since & is isomorphic to .# and .# is sequentially Connes amenable, & is sequentially Connes
amenable. Thus, applied to the normal derivation H|» : & — X, there exists a sequence (yj);?‘;l in

X such that
H(a) =w*- lim (a-y; —y;-a), a€ .

J—00

(5.119)

We now need to pass from the sequential implementation of H| 5 to a sequential implementation of

H on the crossed product 4.
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Construction claim. There exists a sequence (x});2; in X such that

H(a) =w* lim (a-z — zp - a), Vae Z,
k—o0
Moap—z5- A D0, VieQ
k—o0

For k,j € N, define
1
Thg = TR D D Neltr Yy HerAs

se€F, reFy

where each F}, is the finite Fglner summing set from (5.91). Let a € & and

Pp— * JE—
Us,r 1= sty Ugyr = JT N

Then,
1
Q- Tk — Tk,j Q= 2 Z Z (aUs,r -y .u;r — Usy - Yj 'u;ra)

e Z Z Us,p * (usyrausv,, TR us’rau&T) o,
k SEFk T‘EFk
1

N W Z Z )\SMT . adyj (M_T)\—Sa)‘S:uT) ’ :u—r)\—s.

SGFk T’EFk

However, by (5.119),
ady, (f—rA—saXsir) s H(p_p A _sarspiy).
j—00
Thus,

w* 1
g T Th " O j—>—<>o> W Z Z Astir = H(p—pA_saAspir) - p—rA—s.
s€F, reFy

It follows from Equations (5.113) and (5.117) that

H(M—TA—SG)\S/’LT) = prA_s - H(a) “ Ashy-

After applying (5.116) twice to the sum on the right hand side of (5.124), we conclude that

H(a) = w*- lim (a - 2p; — 215 - a), (keN, ae ).

j—00
We now estimate the A;-commutator. For ¢t € Q,

1
At LEj - Ay = T2 Z Z At As - Yj - P A_s Ay
’Fk’ SEFk TEFk

1
= W E E Attsfhr = Yj - M—T)‘f(tJrs)
k seF, reFy

1
e DD Akt oA

uEt—i—Fk TGFk
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(5.120)

(5.121)

(5.122)

(5.123)

(5.124)

(5.125)

(5.126)

(5.127)



Hence,

1
AT At Tk = |Fk\2< DR DR IRy -

uEt—i—Fk TGFk

=D D Aspyy uMs>. (5.128)

sEF, reFy,

In the above, cancellations happen whenever the outer index is common, i.e., u = s € (¢t + Fy) N F.
Thus,

1
Ao At = kg = MW( Do D Ay A
we(t+Fy)\Fy r€F),

- > ZAsﬂr‘yj'NrAs>- (5.129)

SEF\(t+Fy) r€F

Note that the module actions by the unitaries are isometric. So, after taking norm from sides and
applying the triangle inequality, each summand has norm |[|y;||. As the inner index runs through
r € Fy, the outer indices run over the symmetric difference (¢t + Fy)AFj. Therefore,

| Fi? T

At - pj - At — g ]| <

Equivalently,

|(q + Fr) AFy|
|yl

il (k,j €N, q Q). (5.130)

[Aq = Thyj = Thj - Aqll <
Let a € & and f € X,. For each finite Fglner set F}, put
B :={p—rA_sadspy : 8,7 € Fi}.

Then, By, is finite and contained in &2. Hence, by (5.119), choose nj, sufficiently large so that

1
b Y = yny 0= HO), F)l <7, bE By, (5.131)
and at the same time in the Fglner condition (5.91) for € = =t we have
k(L +{Tyn,, 1)
|(t 4+ Fny ) A F, | < 1 . (5.132)
|| k(U4 [y )
Define 1
T 1= Tnyony = TP Z Z sty = Uny * PerA—s. (5.133)
"l seF,, r€F,,
It follows from (5.130) and (5.132) that
1
| Aq - xk — - Ag|| < . leQ. (5.134)
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Hence, ady, (At) LR 0, and ady, (A\¢) 0. Consequently,

H(\) =0=w* lim (A\g-ap —ap-Ag), VqgeQ. (5.135)
k—o0
Now, we show that Equation (5.135) holds for any ¢ € R. Recall that H : .4/~ — X is normal. By
Proposition B.1, it has a bounded linear pre-adjoint given by

H,: X, — A,
(H(f), b) =(f, HD)), (feXs, beA).

Recall that by Remark 2.2.6 for each z € X and f € X, the vector functionals
$®f</1/—>cv <x®fa b>:<f,b.’E>,
f@l’:JV—)(C, <f®va>:<faxb>v

are normal. Hence, for each member of the sequence ()72, and any f € X,,

Orf=1, O f = fOxg
is a sequence of normal functionals on .#". For a € &, we have
(a, Hi(f)) = (H(a), f)
= limg (a2 — 2 - a, f)
= limy (a, 2, © f — f © xy)
= limy (a, ¢k,r)-

Similarly, by (5.135), for all ¢ € Q, we obtain

Hence,
o(N, P
Pk, f AT, Hf). (5.137)

Consequently, (¢ ¢)72, is a bounded sequence of normal functionals when restricted to &. By
polar decomposition of normal functionals [81, Section II1.4], we let |py, ¢| denote the absolute value
of ¢y, r on 4, which is a positive normal functional. By [81, Proposition I11.4.6] and [56, Corollary
3.3.4], we have |log |l = || lek,f| || = |¢k,£I(1). Since 1 € & C A, we deduce that (¢ )52, is a
bounded sequence of normal functionals on 4. So, let ¢ be a weak™ limit point of them on 4.
It is a normal functional by [81, Corollary II1.5.2]. Since t — ); is weak™ continuous and ¢y is
normal, it follows from (5.136) that

</\t7 §0f>:0, VtGR,
and hence,
H(A) =0=w"limy (At 2p — x5 Ae),  VIER (5.138)

Now, H(M\a) = \eH(a) and H(a);) = H(a)\; by the Leibniz property of H and the above equation.
We claim that for the generators a\; and A\ia of A", where a € &2 and t € R, we have

H(a\) = W*—lilgn (aht -z — xp - aNy) ,

. (5.139)
H(M\a) = w*- h’gn (\ea -z — xp - Mea) .
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We prove the first equation, as the second one can be established in a similar manner. By the
Leibniz property of derivations, weak*-separate continuity of module actions, and the sequential
formulas proved so far, we have

H(Ma) = H(MN)-a+ M- H(a)
= whlimg (A¢-zp — 2 - M) - a+ N - [wh-limyg (a- 2, — 2 - a)]
= w'-limg(A -2 - a — 2 - Ma) + (Ma -z — A - xg - a)
= w'-limg(Na - 2 — 2 - Mea) .

Therefore, H is sequentially inner on all generators of .4/, i.e., for any n as in Equation (5.118), we

have
H(n) =w"limy (n-z, —x - n). (5.140)

In other words, for any f € X, and n as in the above, we have

(n, Hi(f)) = (H(n), f)
= limg (n -z — K- n, f)
= limg (n, 2, © f — f O xp)
= limy (n, i f)
= (n, )

Thus, the normal functionals H,(f) and ¢ agree on all generators of .4"; hence, they are equal on
A . As a result, for any b € 4 and any f € X,

(H(b), f) = (b, Hu(f))

= (b, ¢y)
limg (b, xp, © f — f © z)
= limg (b-xp —ar-b, f).

Therefore,
H(b):W*—limk (b-xk—xk.b), Vbe N,

Consequently, H is weak™ sequentially inner on .4". Since H = 6 — ad¢4,,, we have 6 = ad¢y, + H.
Hence, the derivation § is weak™ sequentially inner as well. Note that ¢ is implemented by the
sequence (x + ¢ + v)g. This shows that .4 is sequentially Connes amenable. So, by Theorem 5.2.9
A is Connes amenable. Finally, by [3, Corollary IV.2.216 |, . # = A R is Connes amenable. [

To summarize the results obtained in Chapter 4 and so far in the current chapter, we conclude
our final result as follows.

Theorem 5.3.7. Let 4 be a von Neumann algebra. If # is sequentially Connes amenable, then
it is Connes amenable.

Proof. (i) If . is type I, then by Proposition 4.2.7 .# is Connes amenable.

(ii) If A is type II; or type 11, by Theorems 4.3.17 and 5.2.9 . is also Connes amenable.
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(iii) If A is type III , it follows from Theorem 5.3.6 that .# is Connes amenable.

Theorem 5.3.7 immediately yields the following theorem.

Theorem 5.3.8. Let A be a C*-algebra. If A is sequentially amenable, then A is amenable.

Proof. Let m: A — () be the universal representation of A, and .# = (71'(14))” — A=A
be the enveloping von Neumann algebra of A as in Proposition 4.2.8. By Theorem 4.2.15, .# is
sequentially Connes amenable. By Theorem 5.3.7, .# is Connes amenable. Now, by Connes theorem
[12], .# injective. Hence, by [10, Theorem 3], A must be amenable. O

Corollary 5.3.9. For a discrete group G, the followings are equivalent:
(i) G is amenable

(ii) (1(G) is sequentially amenable.

(i1i) C(G) is sequentially amenable

(iv) VN(QG) is sequentially Connes amenable

In particular, C*(Fg), C}(F2), and L(IF2) cannot be sequentially amenable.

Proof. Equivalence (i) <= (i7) is [33, Theorem 3.2].

The implication (i) = (i) is deduced by Theorem 5.3.8 and [59, P. 44]. For the converse, see
59, P. 44].

The implication (i) = (iv) holds by [76, Theorem 5.1.27]. Conversely, whenever VN (G) is
sequentially Connes amenable, it is Connes amenable by Theorem 5.3.7. Then, by [76, Theorem
5.1.27] G is amenable. O

Since von Neumann algebras are already C*-algebras, from Theorem 5.3.8 we have the following.
Corollary 5.3.10. For a von Neumann algebra # , the followings are equivalent:
(i) A is sequentially Johnson’s amenable.
(ii) A is Johnson’s amenable.

(iii) A is of type g, i.e., M = Z?:l My, ® A;, where My, is N; x N; matrices over C and A; is
an abelian von Neumann algebra.

In particular, there are no type I1 and III von Neumann algebras which are sequentially Johnsons’
amenable.

Proof. This is a consequence of Theorem 5.3.8 and [76, Theorem 7.1.9]. O
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Chapter 6

Generalized amenability of operator
algebras arising in non-commutative
function theory and quantum
semigroups

In this chapter, we use the techniques of non-commutative function theory to study the amenability
of certain operator algebras generated by a set of non-commuting isometries. We also study compact
quantum groups and semigroups, and show that the Cuntz—Toeplitz C*-algebra &; does not admit
the structure of a compact quantum group. Consequently, amenability defined via left-invariant
means is not applicable to it. However, we will show & is Johnson amenable.

6.1 Non-commutative function theory

The non-commutative function theory (NCFT) is a generalization of the classical multi-variable
complex analysis to the setting of non-commutative variables. Roughly speaking, if f : C* — C
is an analytic function in d-variables, we replace the d-tuple of commuting variables (z1,--- , zq)
with a d-tuple of non-commutative matrices (Z1,--- , Zy) of the same size. Note that the output
f(Z1,--+,Zy) is a matrix with the same size as Z;’s. We remark that NCFT is different from the
functional calculus since one does not need to invoke the spectrum of operators. Instead, it relies
on generalizing the properties of polynomial functions. The origins of NCFT goes back to the
investigation of two important problems in functional analysis:

(i) generalizing polynomial functional calculus to holomorphic functional calculus for a d-tuple of
non-commuting operators (771, -- ,Ty) without using the joint spectrum of them, see [83].

(ii) Voiculescu’s efforts on the isomorphism problem of group von Neuman algebras of free groups,
which asks whether VN(F,,) and VN (F,,) are isomorphic if n # m and m, n > 2, see [87].

Since Voiculescu’s pioneering work [87], the NCFT has become an active area of research. For
example, NCFT is now an essential tool in non-commutative calculus of quantum mechanics.
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Definition 6.1.1. Let 7, j = 1,---,d, be bounded operators on the same Hilbert space .
Denote by I; and I the identity operators on C? and H, respectively. Then, a row operator
T :=(T1,....Ty) : H@ C? — H is called

e a row isometry if

i
TT= || |1 = e L
T3
In other words, T7T; = 0y, j 3.
e and a row contraction if
Ty J
Tﬁzhfjﬂf =Y 117 <In.

T i=1

e a Cuntz or row unitary if it is a surjective row isometry, i.e.,

T"T=Ix®1;, and TT* = Iy

Remark 6.1.2. We remark that a row operator 1" acts on column vectors by

T:=(Ty,...T;) : HoC! — K

hl hl
T : :[T17"'Td:| : = Tihi+---+Tihg.
hg hq

Since T* departs from H and lands into 3 ® C, its action on simple vectors is given by

Ty
T"=|:|:H — HocC!

Ty ]

T Tih
T*h = h =

T3 Tih

The row norm ||.||row of the row operator T := (T1,...,Ty) : H ® C¢ — 3 is defined by

d
21T
1

1
2

|| T ”row:
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This norm can be obtained by embedding the Cartesian product (%(H))? into the matrix algebra
My (A(H)) in the following way.

T (BH) — Mg (B(H))

T - Ty
0 --- 0
T = (Tl, ,Td) — 7T(T) =
_0 O_

‘We have
1T ]lrow = (7 (T)|| -

Under this identification, the row contractions coincide with the unit ball of (%’(Hz))d under the
norm ||.||row, see [68]. Note that any row isometry 7' = (11,---,Ty) is also a row contraction, so
T is in the unit ball of (%’(Hfl))d under the norm ||.||row. We should remark that row isometries

do not exist on finite dimensional Hilbert spaces; otherwise, each T; would be a unitary, hence
|7 |lrow = V/d, violating the inequality ||T'||,ow < 1.

Definition 6.1.3. Fix a natural number d € N. By the non-commutative (NC) universe, we mean
[e.e]
(Cd — |—| Cd' Cd — Qnxn ®(Cl><d
n? n °
n=1

In the above, any element of C¢ = C™*" @ C'*? is a d-tuple Z = (Zy, ..., Zq) of n x n matrices with
complex entries. When d = 1, we omit the super script. Thus, C,, denotes the algebra of n x n
matrices, and Cy = | |77 ; C,,. There are several norms one can impose on (C%. The most important
one to us is the row-norm defined by

1
2
;

d
> %7
1

where the norm on the right side is the operator norm of matrices. We mainly work with functions
on the open unit row ball which is defined by

|| zZ ||row: |

B = | |BL: BE={Z=(Z,...2) €CL : || Z ||row< 1}
n=1

We may regard the NC unit row ball as a graded semigroup (in each matricial level).

Lemma 6.1.4. The pointwise leveled multiplication

m:BS x B — B
(X, Y)i) — (YL,

where (Xi)gi:l and (Y})gzl are d-tuples of n X n matrices, makes IB%dN into a level-wise semigroup.
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Proof. Note that

d

D (XY (XY

1

d

| (X;Y3)¢ ZXYY X;

=1 H’r’ow ‘
However, Y;Y;* < I since (V;)L, € BL. So,

v,

O
To make IB%I% into a semigroup independent of levels, we may use the pointwise tensor product.

Lemma 6.1.5. The tensor product multiplication

®: B xBE — BE
(Xl , VL) = (oY)l

where the d-tuples (X;)%, and (Y;)L, can be in different levels BE and BY, respectively, makes BE
mto a semigroup.

Proof. Note that

d
|| (X ®Y)z 1 ||r0'w ‘Z(XZ ®}/Z)(Xz* ®Y;*) = | % ®Y;}/7,*
1
However, Y;Y;* < I,, as (Y;)4, € B¢ So,
9 d
H(Xi ® YL, S (X X]) © I,
row 1
Also, Y9 X, X7 < I, since (X;)%, € B, Thus,
(X @ Yoy [Fow<Il In ® L =] L 1= 1.
That is, (X; ® ;)% is also a row contraction as a d-tuple of (nm) x (nm) matrices. O

Definition 6.1.6. A function f : B% — Cy is called an NC function if it has the following
properties (see [50] for more details):

1. f is graded: f(BL) C C, for all n,
2. f respects direct sums: fXaeY)=f(X)® f(Y), VX cBi VY eBl,
3. f respects joint similarities: f(S71ZS) = S"1f(Z)S,
In3, 87128 =(S"128,..,5 12,5 € BY for Z = (Zy,..., Z3) € BY and any invertible scalar

n X n matrix S.
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Example 6.1.7. (i) Any polynomial in d non-commuting variables, for example p(z,y,z) =
zyz + 2%y, defines an NC function.

(ii) In non-commutative probability [88], NC-random variables (see Definition A.1.1) are NC
functions.

Definition 6.1.8. (i) The NC Hardy space H? is defined as the set of all formal power series
in several non-commuting variables Z := (Zy,--- ,Zy) € IB%% with square summable complex
coefficients. Namely, any h € ]HIZ is a power series of the form:

WZ)=> h,z* (6.1)

wcFd

where ﬂw € C and

Z |he|? < +o0. (6.2)

welFd

Here, F¢ denotes the free monoid, the set of all words in the d letters {1,---,d}, with the
product defined by the concatenation of words. The unit element of F? is the empty word
denoted by (). For Z := (Z1, -+, Zy), the free monomial Z¥ is defined as Z% = Z;, --- Z; if
W=11-" i, i; € {1,--- ,d}. When w =0, we let Z% .= I,,, where I, is the identity matrix of
the same size of Z;,’s. The members of the NC Hardy space are in fact those NC functions on
the unit row ball with the square summable power series representations.

(i) Let f:=> cpa foZ% and g := Y werd GwZ¥ be in HZ, the inner product of them is given by

<f7g>:: :g: fLéZ:

weFd

(iii) Left free shifts are isometries of left multiplication by the independent variables on H2, i.e.,
Ly = Mék for k =1,---,d, and Mék(f)(Z) = Z,f(Z). Since we have d non-commuting
variables Z1,--- , Z4, we see that the ranges of L;’s are pairwise orthogonal

LiLj = bk T, (6.3)

where Jj, ; is the usual Kronecker delta. Thus, L = (L1, -, Lq) is a row isometry. We should
mention that Hfl has a natural basis elements e, =2 Z¢ for any a € F¢. We call ey the vacuum
vector. For L = (Lq,---,Lg), we define the operator L% similar to the free monomial Z¢.
Now, L* acts on eg by juxtaposition, e.g., L%(eg) = Z% and L%(eg) = AL

Remark 6.1.9. (i) By [61, Chapter 7], [70], and [88, p.10], H? and left shifts can be defined
alternatively. Consider the Hilbert space C? and denote by (C%)™® the n-fold tensor product
of C% ie., (CH"® =C?®---®C? and (C?)%® = C. Then, the NC Hardy space is the full
Fock space

Hj = @72,(CH)™®,

and the left free shifts Lj can be interpreted as the left creation operators given by Ly (e;) =
er ® e;, where e;’s are the usual bases of C?. The adjoints of Lj’s are the left annihilation
operators.
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(ii) Recall that the classical unilateral shift has a unitary dilation, which is the bilateral shift.
A similar phenomenon happens in the non-commutative multi variable setting. By [66] and
[51, pp. 1161-1162], one can find a d-tuple of row isometries U; such that they dilate L;’s.
Precisely, we can find a d-tuple of isometries (Uy,---,Uy) on the NC Hardy space such that
UpUj = Ok,jly and Z;-lzl U;U; = Iy2. Hence, U = (Up,---,Uy) is row unitary. We will use
notations L for (Ly,- -, Lg) and U for (Uy,---,Uy) in the sequel.

Let D be the open unit ball of the complex numbers and T be its boundary. Recall that A(D) is
the disk algebra, the Banach space of all analytic functions on the open unit disk ID which have
continuous extension to the closure of D, and H*°(D) denotes the Banach space of all bounded
analytic functions on the unit disc D. In addition, the Toeplitz C*-algebra & is the universal
C*-algebra generated by a non-surjective isometry and the identity operator. In the following, we
use the operator algebra and operator space theory to relate C(T) and €.

Remark 6.1.10. The Laurent transformation

7 L®(T) — SB(LXT))

w(f) = My, Mq(g) = fg, Vg € L*(T),
is an isometric unital x-isomorphism from L°°(T) onto the range of 7, see [56, Example 2.5.1]. For
a continuous function f € C(T), one has || f|locc = ||f||sup, S0 Wwhen we restrict the domain of 7 to

C(T), the range of 7 is a C*-algebra. Thus,

m:C(T) — AB(L*(T)) (6.4)
m(f) = My, Mg(g) = fg, Vg € L*(T)

is an isometric unital *-isomorphism from C(T) onto its range. Recall that the classical Hardy
space H? is the space of square summable power series. By considering the coefficients of each
power series, we see that H? = (?(Ng), where Ng = N U {0}. By the Plancherel theorem [31,
Theorem 4.26], one has L?(T) = ¢?(Z). Hence, we have the natural embedding of the Hilbert spaces
H? = 2(Ng) < (*(Z) = L*(T). Let p € B(L?*(T)) be the projection onto H?, and consider the
embedding V : H?2 — L?(T). We have p = V*; however, V ¢ %(L?(T)). For each f € C(T) define

Ty = VMV

The operator Ty is called the compression of the Laurent transform M to H?, see [56, P. 98]. By
Hartman-Wintner theorem [56, Theorem 3.5.7], we have ||T¢|| = || f||. Therefore, we can define the
Toeplitz transformation

¢:C(T) — B(H?) (6.5)
o(f) = Ty
= PMf\H2
= pr(f)lm

which is a unital isometric *-linear isomorphism from C(T) onto ¢(C(T)). We note that ¢ is no
longer an algebraic homomorphism, see [56, P. 100]. For example, consider the identity mapping
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1(z) = z on the unit circle. Then, T, = S is the unilateral (forward) shift on H?. It is well-known
that
o) o) =TT, =5*S =1,

and
P(1)p(1) =TT} = SS* < I.

However,
Ge=1=u*

The above relations show that ¢ is not multiplicative. By Stienspring’s dilation theorem [60, Theorem
4.1], the *-homomorphism 7 in 6.4 is the homomorphism extension of the linear transformation ¢
in 6.5. The Cuntz-Toeplitz C*-algebra € is the C*-algebra generated by the range of ¢; i.e., the
C*-algebra generated by all the Toeplitz operators T, where f € C(T). By Coburn theorem [56,
Theorem 3.5.18], € is the C*-algebra generated by the unilateral shift. Moreover, it is the universal
C*-algebra generated by an isometry v which is not a unitary; i.e., v*v = 1 but vv* # 1. By [56,
Theorem 3.5.11] we have the C*-isomorphism

8 ~
4 (H?) = C(T),

where ¢ (H?) is the ideal of compact operators on H?2.

Since the unilateral shift S acts as the left multiplication by the independent variable z on the
Hardy space H?, we denote S by L. By the Toeplitz transform 6.5, we have ¢ %, L. Let A be the
unital operator algebra generated by L in &, i.e., A = Alg[[, L]”'H
have

. By the Toeplitz transform ¢, we

AD)+A) " & A Al

As in [20, Example 4.3] or [41, P. 54], by using the Stone-Weierstrass theorem, the left hand side in
the above is C(T), while the right hand side is an operator space €. By [56, Theorem 3.5.11], €
does not coincide with €. So,

om=AD)+AD) " L arrall ¢, (6.6)

Remark 6.1.11. In the multi-dimensional setting, where we have a d-tuple of left shifts, i.e.,
L= (Ly,---,Lg), we can construct the various operator algebras generated by them paralleling the
classical spaces through the transformation ¢. In the following table, the superscripts || - || and wot
mean that the closure is being taking in operator norm topology and weak operator topology on
%B(H?) respectively. The notation L is used for the family of left shift operators (L1, , Lg), and
U= (Ui, ,Uy) is the row-unitary dilation of L as describes before.
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Non-commutative Nomenclature Counterpart of classical
Ay = WII‘H free disk algebra A(D)
HY = A free Hardy algebra H>(D)
&g =C*{I,L} Cuntz-Toeplitz C*-algebra &
04 =C*{1,U} Cuntz C*-algebra C(T)

Table 6.1: Non-commutative algebras and their classical counterparts.

We remark that H° is the multiplier algebra of HZ by [25, Proposition 6.2] and [45, P. 14]. By
[61, Corollary 5.24], Hg° is closed in the weak operator topology. The Cuntz-Toeplitz C*-algebra
&y and the Cuntz C*-algebra O, were first introduced and studied by Cuntz [14], and they have
been a main object in the area of the non-commutative Hardy spaces and dilation theory of row
contractions. By [20, Proposition 4.2 and Example 4.3], an important property of the NC disk
algebra is the semi-Dirichlet property expressed by the following inclusion,

Ay CAL T AL = ey, (6.7)

which is an application of the Equation (6.3).

6.2 Approximate amenability in non-commutative function theory

One can define a notion of derivation for NC functions, analogous to directional derivatives in
multivariable calculus. This derivative turns out to be a powerful tool in studying the analytic and
structural properties of NC functions.

Definition 6.2.1. Let f: IB%dN — Cy be an NC function. By [50, Section 2.2], we can assume the

upper right triangular block matrices are in the domain of f. So, for € B% we have
0 Y
X Z f(X) D
f = . (6.8)
0 Y 0 f(Y)

The matrix D is called the NC' derivative of f at (X,Y) in the direction of Z and is denoted by
D :=Vf(X,Y)(Z). One can show that Vf(X,Y)(Z), as a function of Z, is linear.

Example 6.2.2. We can use the Equation (6.8) symbolically to compute V f(X,Y)(Z). However,
there are other ways to calculate it, see [50]. For example, by [50, Theorem 7.2] we can compute the
k-th NC derivative of f at the k + 1-tuple (Y,---,Y") in the direction of the k-tuple (Z,---,Z) by

1 dk

ka(Y’ 7Y)(Zv"' ’Z) = Hﬁf(YthZ)‘t:O . (6'9)
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In Particular, we can compute Vf(Y,Y)(Z) in this way. With this formula, by letting ¥ = 0 and
Z e ng one can prove that any element f € H?l has the following Taylor expansion ([50, Theorem
7.2]):

£(Z)=> V¥, ,0)(Z,--,2) . (6.10)
k=0

The series converges absolutely and uniformly on compacta in the unit row ball see [50, Chapter 7).
We also have H® C H2, see [45] for more details.

We remark that the symbol A in [50] is used to denote NC derivatives. However, since we have
reserved A for quantum groups, we adopt the notation V for NC derivatives instead. The following
theorem may be viewed as a non-commutative analogue of the classical proof of the disc algebra
given in [76, Example 4.2.10]. However, the classical argument does not directly apply in the NC
setting. Indeed, one needs tools from NC function theory, in particular NC derivatives, to establish
the result.

Theorem 6.2.3. The free disk algebra Agq and the free Hardy algebra H3® are not amenable.

Proof. Denote both algebras by B. It suffices to construct a derivation on B which is not inner
on any matricial level n € N. We should mention that we can work with the f(Z) interpretation
of f(L) € B via f(L) = M]%(Z), where Z = (Zy,--+,Z4) is a d-tuple of n x n matrices. Now, we
regard C™*" as a B-module by defining

Mg = MAg(0), AeC"™ and g€ B
g- XA = g0\, AeC"™ and g€ B

By Equations 6.1 and 6.2, for any g € Ag or g € H® , we have g(0) = ¢z, for some ¢y € C, so
A g = g- A, which makes inner derivations from B into C™*" equal to zero. However, the following
derivation is a derivative at zero, and it is not inner by the previous discussion:

D:B — (C™"
D(f) = Vf(0,0)(2).

In fact, V is a noncommutative differential operator satisfying the Leibniz rule [50, Theorem
2.3.4]. However, D is clearly a nonzero derivation for any d. When d = 1, we have D = f/(0),
which coincides with the first Taylor coefficient of f corresponding to the term z. We shall also
show that D is nonzero when d = 2, and this observation extends to higher dimensions. Assume
p(z,y) =2*y+ 2y —yr+x+y+1andlet (z,y) = (X1,X2) = X € C4. So, p: C4 — Cy is an
NC function given by the formula p(X) = X; X3 Xs + X1 X2 — X2X; + X7 + X2 + 1. For 2-tuples of
n x n matrices X = (X1, X2), Z = (Z1, Z2), we calculate Vp(X, X)(Z):

X Z X1 Z Xo Zp
p =p : = p(4, B),
0 X 0 X1 0 X2
X1 7 Xo Zo
where A = and B = . However,
0 X1 0 XZ
p(A,B) = A’B+ AB - BA+ A+ B+1, (6.11)
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([ 2]\ [ wexo@) 612
0 X 0 p(X)

By computing the matrix multiplications in 6.11 and comparing it with 6.12, we have
Vp(X, X)(Z) =X X2+ X121 Xo+ 21 X1 Xo+ X1Zo+ Z1 X9 — XoZi — Zo X1+ Z1 + Zo.

Now, we can choose Z = (Z1, Z2) such that Vp(0,0)(Z) = Z; + Z3 is not zero. consequently, B is
not amenable. O

Proposition 6.2.4. With the module actions defined in Theorem 6.2.3, we also deduce that neither
Ay nor Hfl 1s approzimately amenable.

Proof. By the proof of Theorem 6.2.3, all inner derivations vanish for the given module actions.
However, the derivation V, defined in that proof, is nonzero and therefore cannot be approximated
by inner derivations. Consequently, neither algebra is approximately amenable. O

The amenability of the classical Toeplitz C*-algebra &; follows, for instance, from [56, Example
6.5.1] together with Theorem 2.4.10. The same extension argument applies to the Cuntz—Toeplitz
algebra &; for d > 2. We record the short proof for completeness.

Proposition 6.2.5. The Cuntz-Toeplitz C*-algebra &; is amenable.
Proof. By [17, Lemma V.2.2, and Section V.6], there is a short exact sequence

0 — A (H2) 2 & 95 04 — 0

where j is an injective homomorphism, ¢ is surjective, and Im(j) = Ker(q). Note that H2 is a
separable Hilbert space, so like [76, Example 2.3.17], one can show that the compact operators
¢ (H2) is amenable. Also, by [71, Theorem 3] the Cuntz algebra O is amenable. Now the closed
ideal ¢ (H2) of &; and the quotient space %‘(’mﬁQ) &~ (4 are amenable. So, by [76, Theorem 2.3.12],
&; must be amenable. ‘ O

Remark 6.2.6. By the main result of [12], we know that amenable C*-algebras are nuclear. The
converse is also true by [39]. That is, amenability and nuclearity are the same for C*-algebras. So,
by Proposition 6.2.5, we see that & is nuclear. In particular, the C*-tensor product of &; ® &; has
a unique C*-norm.

Remark 6.2.7. Let IT = (IIy,--- ,II;) be an arbitrary row isometry on a Hilbert space H. Then,
we can define

Aq(TT) = Alg(7, TT)™”
wot )wot

H (IT) = A" = Alg(, 11
&q(IT) = C*{1,11}

Note that when II = L on Hﬁ, we obtain the usual spaces Ag, H7°, and & respectively. Davidson et

al. [18] define H3°(IT) = Alg({, H)mt as the free semigroup algebra. By definition, it is weak*-closed.
By [18, Corollary 2.12], for the row isometry L, the weak operator topology and the weak* topology
coincide on Ay and H°. It is worth noting that a general row isometry II = (IIy,--- ,II;) on a
Hilbert space H can have unusual properties. For instance, H3°(II) may equal the entire Z(J), [69].
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The following lemma is due to Popescu [67, Theorem 3.1]:

Lemma 6.2.8. For any row isometry Il = (I1y, -+ , 1) on a Hilbert space H, the Banach algebras
A4(IT) and Ay are completely isometrically (algebraically) isomorphic through the extension of the

mapping:

¢3Ad(H) — Ad
Hj — Lj.

Since isomorphic Banach algebras have the same amenability property, we immediately get the
following.

Corollary 6.2.9. Ay(II) is not amenable.

Though A4(IT) and A, are identical as Banach algebras, the situation changes when we include
the adjoint operators. Since Z?:l L;L% < I, while IT might be a Cuntz unitary, i.e., Z?:l IL;IS = 1.
However, we can work with the inverse of Popescu’s ¢ mapping, and extend it in an obvious way to
obtain a homomorphism between C*-algebras &y(I1) and &j.

Lemma 6.2.10. For any row isometry Il = (I1y,--- ,I1) on a Hilbert space H, the free semigroup
algebra H(IT) is an Arens regular dual operator algebra. In particular, HY is an Arens reqular
dual operator algebra.

Proof. Since the weak operator topology is weaker than weak™* topology, it is clear that H3°(II) is a
weak*-closed sub-algebra of #(H). By the classification of weak*-closed sub-spaces of dual Banach
spaces [62, Corollary 2.4.11], we can find an 4", as the pre-annihilator of HZ°(II), which is a normed
closed subspace of the trace class operators %) (H); i.e.,

HF(ID), = A4 ={K € Z1(H) | tr(Kh) =0, Yh € HP (1)},
where “tr” is the trace functional. Thus,

B1(H)  F(H)
HeI), A&

HE (1), =

So, by [76, Chapter 5], H3°(II) is a dual Banach algebra. Since the operator algebras #(3() and
PB(H2) are C*-algebras, they are Arens regular. Hence, HF (II) is an Arens regular dual operator
algebra. For the second assertion, one can choose the row isometry Il = L = (Lqy,--- , Lg). O

It is a natural question whether the free semi-group algebra H3°(II) = Alg({, H)th is amenable
or approximately amenable. The answer to this question is negative.

Theorem 6.2.11. Let Il be a row isometry on an infinite dimensional Hilbert space H, and

¢
Iy ¢ span{ll*: a € F?, o @}wo .
Then, the free semigroup algebra H3P(II) = Alg(I,1II) " is not amenable. Moreover, it is not
approrimately amenable.
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Proof. Consider the homomorphism

¢ :Hy (1) — Hy
Hj — L]’

By assumption, the hypotheses of [19, Theorems 1.5 and 2.6] are satisfied, so ¢ is a canonical
onto wot-wot continuous homomorphism. By [18, Corollary 2.12], the weak operator topology and
the weak™ topology coincide on H3°. Therefore, ¢ is wot-weak™® continuous, so it is weak*™-weak™
continuous. By Lemma 6.2.10 and Proposition B.1, ¢ = (¢«)*, where ¢, is the pre-adjoint map
between the pre-duals; hence, ¢ is indeed a bounded homomorphism. Now, if H3°(II) were amenable,
then H3° would be amenable by [76, Proposition 2.3.1], which contradicts Theorem 6.2.3. The
non-approximate amenability is proved similarly by using Proposition 6.2.4 and [33, Proposition
2.2]. O

Theorem 6.2.12. Let I1 = (IIy,--- ,I1;) be any row isometry on an infinite dimensional Hilbert
space H, then the C*-algebra &(I1) is a homomorphic image of the Cuntz-Toeplitz C*-algebra &y.
In particular, &(I1) is amenable.

Proof. Tf TI is a row unitary, i.e., Y% TLITF = Iy, then &(IT) = O4 by [14]. Hence, &(IT) is
amenable by [71, Theorem 3].

Now, assume Z‘ij:l ILITY < Isc. By [51, P. 1162], the universal C*-algebra generated by the row
isometry II is isomorphic to the Cuntz-Toeplitz C*-algebra &;. Moreover, by [17, Lemma V.2.2],
there is a short exact sequence of the same form discussed in the proof of Proposition 6.2.5. However,
we may construct a homomorphism between &; and &;(II) explicitly. By Lemma 6.2.8, the unital
Banach algebra A4(IT) is completely isometrically (algebraically) isomorphic to the unital Banach
algebra Ay via ¢ : II; — L;. Consider the inverse of ¢ given by

Q/JZAd — Ad(ﬂ)
Lj — Hj.

Now, we can extend v, by defining 1(a*) = ¥ (a)*, into a C*-homomorphism

Y&y — &(I)
Lj — H]’.

To show that ¢ is a C*-homomorphism, we only need to prove that ¢ (L} L;) = 1(L;)*1(L;). Since
L is a row isometries, we have L L; = d; ;1. So,

V(LiLj) = ¢(6ijl) = i1 -
However, II is a row isometry, i.e., II'Il; = 6; ;1, and ¢(L}) = ¢ (L;)* = II}. Therefore,
IGIL; = 6551 = (L Ly),

which proves (L} L;) = ¢(L;)*y(L;). Thus, ¢ also preserves the algebraic relations, and by the
universal property as discussed in [3, Section I1.8.3], ¥ is a C*-homomorphism. By Proposition
6.2.5, &y is amenable. Then, by [76, Theorem 2.3.1], &;(II) must be amenable. O

136



6.3 Cuntz-Toeplitz C*-algebra as a compact quantum semigroup

In this section, we prove that the Cuntz—Toeplitz C*-algebra does not admit the structure of a
compact quantum group. So, the notion of amenability via left-invariant means does not apply to it.
However, it can be regarded as a compact quantum semigroup and is Johnson amenable through
derivations on Banach algebras.

We first present the definition of a compact quantum group, following [54], [79], and [90].

Definition 6.3.1. Let A be a unital C*-algebra, and equip A ® A with the minimal C*-tensor
norm. A unital *-homomorphism A: A — A® A is called :

e co-multiplicative if the co-associativity rule holds for it, i.e., (A ® id)A = (id ® A)A. Here id
is the identity map on A.

e cancellative if the cancellation law holds for it, i.e., A(A)(A® 1) and A(A)(1 ® A) are dense
in A® A. Here, 1 is the unit of A.

A compact quantum semigroup is a pair (A, A), in which A is a unital C*-algebra and A : A —
A ® A is a unital *-homomorphism which is co-multiplicative. If in addition A is cancellative, then
(A, A) is called a compact quantum group.

Example 6.3.2. Let G be a compact group and let C(G) denote the C*-algebra of all continuous
complex-valued functions on G. By [77, P. 50], we have C(G) Qumin C(G) =2 C(G x G). By [54, P.
548],

A(f)(may) = f(xy), [fEC(G)a x,yGG’]
defines a the unital *-homomorphism making (C(G),A) into a compact quantum group. The
co-associativity axiom (A ® id)A = (id ® A)A corresponds exactly to the associativity of the group

operation on GG, and the cancellative axiom corresponds to the classical cancellation law in G, see
[54, P. 548] for more details.

The following definition is taken from [90] and [15].
Definition 6.3.3. Assume (A, A) be a compact quantum group. Define a multiplication on A* by
*: A" x A — AF
(w) = prw
(pxw, a) = (p®w, Ala)), Vae€A

Le., prxw = (u®w)oA. Here, p®w acts naturally on elementary tensors by u®@w(a®b) = p(a)w(b).
We also define an involution on A* by
LAY — AF
po=oopt
w(a) = pu(a*), VYaecA.

By [90] and [15], the product * and the involution * make A* into a Banach *-algebra.

137



Remark 6.3.4. Woronowicz [90] and Daele [15] proved that for any compact quantum group (A, A)
there is a unique state A € A*, called the Haar state, such that

A ®@id)A(a) = (id@ N)A(a) = Aa)l, Vae A.

Here, id is the identity map on A, and 1 is the unit of A. The Haar state A can also be determind
by the following equation:
Akw=w*A=w(l)\, Ywe A"

The Haar state may be interpreted as a generalization of Haar measure and Haar integral on compact
groups in classical Harmonic analysis; see Remark 3.1.9 for more details. It is customary to call
G = (A, A, \) a compact quantum group.

Remark 6.3.5. By [88, p. 10], an important quantum expectation (see Definition A.1.1) on %(H%)
is given by the vector state at the vacuum vector, i.e.,

m(T) = (Tey, )2 -

The vacuum vector ey € H2 assumes the role of the vector ey = (1,0,0,---) € ¢*(Np) in the
multi-dimensional setting. Note that m is a normal expectation on %(H?2) making Z(H2) into a
non-commutative probability space, see [88, p. 10] and Definition A.1.1. We call m the canonical
quantum vacuum expectation or quantum Lebesque expectation.

When m restricts to Ag, by [45] we have

1, a=40
m(L*) = (L%, ep)uz = (€a, €p)mz = {0 o } = Oa,p-

In [45], m is referred to as the NC' Lebesgue measure; however, we avoid this terminology in the
present thesis for the following reason. By [60, Theorem 2.12], m has a unique extension to the
operator system C; = Ay + Ag”“‘ given by m(a+b*) = m(a) +m(b)*. By Krein’s extension theorem
[60, P. 22], m has a positive extension m on &;. However, m is neither faithful nor tracial. For
example, when d = 1, consider the unilateral shift S. We have S*ey = 0, meaning the backward
shift annihilates the constant functions in the Hardy space H2. Thus, m(SS*) = (S*eq, S*eg) =

0 # 1 = (Sep, Seg) = m(S5*9).

Remark 6.3.6. We now calculate the actions L*(L*)? and (L*)?L" for later use. Recall that by L
we mean the d- dimensional shift L = (L1,---,Lg). When a = (a1, --a), 1 <a; <d, is a word
in F¢, we have L* = Ly, -+ Lq,. Here, o is a recipe which tells us how to pick the components of
L. We always have

(La)*La — (Lal ... Lak)*(LOq ... Lak) — sz ... LZqLOll ce Lak =1T. (613)
Denote by a! = (ay, - - a1) the transpose of the word a. For instance, (1232)! = (2321). We define
(L) = (L)' = (Loy +~ Lay)" = L3y - L, - (6.14)

Then, we have ) ) )
(L)LY = (L*)"LY =1. (6.15)
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Hence, Equation (6.13) becomes
(L) L* =1. (6.16)

Denote by |a| the length of a word o = (ay, -+ - ), i.e., |[(aa, - - ag)| = k. For example, |(j)| =1,
[(1121)| = 4. By Equation (6.14) and the semi-Dirichlet property 6.7, we see that

I, la] =1

0, 0.W.

(L*)L* = { = Ol (6.17)

Here, the Kronecker delta 0 takes into account the order of the letters in a word. Note that d, o+ =1
if v is a single-letter word, and 9, o+ = 0 otherwise. From the last two equations, we see

5ﬁﬂtL6, Y= 59
(LYY =L, 4 =p0 : (6.18)

0, 0.W.

Recall that 86 is the juxtaposition of words in which 8 appears first followed by 6. However, we
can combine the first two cases easily since for one letter words, 8 = /; hence,

L =50
(L*)PLY = { =g (6.19)
0, o.w.

So, we can always simplify expressions like L*(L*)?LY(L*)* to the form L?(L*)". Precisely, we have

Lae L)@ = Bty
La(L*)BL'y(L*)w _ { ( ) ’ Y B (620)
0, o.w.
We will use the notation Dj := L*(L*)P. Note that (Dg)" = Dg:, Dg =1, and
DY = B0
(L*)PLY = { o A=HE (6.21)
0, o.w.
Also, we have
Do = Bto
DYD) = { o =6 (6.22)
B w
0, o.w.

For example, D§DS = Dg, (D$)*D§ = DS and D3(D$)* = DS. So, the set D = {D§ : o, f €
F4} U {0} is a unital semigroup which is closed under taking adjoints. It contains all the expression
Lo(L*)8, (L*)*LP, identity and the zero element.

Theorem 6.3.7. The Cuntz Toeplitz C*-algebra &; has the structure of a compact quantum
semigroup, which is not a compact quantum group
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Proof. Since the C*-algebra &; is amenable (Proposition 6.2.5), it is nuclear by Theorem 2.4.10. So,
we have just one C*-tensor norm on &; ® &y. To define a co-associative mapping for &y, we go in
stages. First, we define
A:E — EQEy
cL® — ¢cL®*®LY VacFlceC

Then, we extend this by linearity to all finite (analytic) polynomials ) coL® in Ag. The co-
associativity is ensured by the associativity of tensor multiplication:

(A®id)A(LY) = (A®id)(L*®@ LY) = A(LY)®@ L* = (L* ® L*) ® LY,
and

(ld@ A)A(LY) = (1d@ A)(L* @ LY) = L* @ A(LY) = L* ® (L* ® L%).
Thus, the co-associativity holds on A,4. For the x-action, we define:

A:E — E;RQEy
A(a*+0b) = [A(a)]"+A(D), a,be Ay

For example, A((L®)*) = [A((L*)]* = (L*)* @ (L*)*". So, we can extend A to all finite polynomials
in L and L*. We also require

A(Dg) = Dj ® D§
From Equation (6.19) and our definition of A, we see that

oLl  ~y=p"

6.23
0, 0.W. ( )

A((L*)PLY) = {

From the definition of A, we note that the range of A does not contain the elemnets of the form
T g‘ =L*® (L*)ﬁ in &; ® &;. We will use this deficiency later to show that &; is not a compact
quantum group. We now show that A is a unital *-homomorphism. Being unital and * is almost
immediate by the definition. So, we only need to check that A is indeed a homomorphism. We
show this on a suitable dense *-sub-algbera of &;. Consider the set F of polynomials f(L) =
Eaﬁ fa,[gLa(L*)fB = Zaﬁ fa,pDf§. By the semi-Dirichlet property 6.7 and Formula 6.22, we see
that J is a x-sub-algebra. Assume g(L) =3, , gy L7 (L") =3_, , gvwDJ € F. Note that

F@)) = Fapl? (L) =3 FfapDl €7,
a,B a,B
and by Equation (6.22) ,
h(L) = f(L)g(L) = > > fapgywD§DL =Y hyyDf € F. (6.24)

Also, F contains all the generators of &y; so, it is a dense x-sub algebra of &;. Now, we only need to
check that A is a homorphism on F. To this end,

A(f(L)A(9(L))

> fasD§ ® Dj [Z 9ywD], ® DY
a,B VW

= > fapgywD§DL ® DEDY;
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upon comparing the latter with 6.24, we see that it is equal to A(f(L)g(L)). Thus, A is a
x-homomorphism from F into &; ® &;. Since L is the composition of isometries, we see that
LY@ LY = ||L¥||* = 1 = ||L?||. Thus, A is continuous on monomials {L%}, their adjoints, and
hence F. Now, since &y is generated by F, we can extend A by continuity to all of &;. So, A is a
co-multiplication on &.

Now, we show that A does not enjoy the cancellative properties. Consider the simple tensor
operators defined by Tg = L*® (L*)P. Tt is clear that the range of A does not contain these operators.
Note that these operators belong to both the minimal and projective tensor products. Applying the
multiplication operator 7, we see that W(Tg‘) = Dj. We claim that A(&y)(63®1) cannot be dense in
Ey®&Ey. If the claim is false, then for any index «, the tensor operator T can be approximated by the
members of (&;®1)A(&y). Since the minimal tensor product is injective [4], and F is dense in &, we
can approximate T by the members of (F® 1)A(F). Consider T} = L1 ® L}. For any € > 0, we can
find F =Y, 5 Fapa(D3 © DD © D) = Yo g3 Fapya AL & DLV (L) @ L7(L7))
such that for the operator norm on H2®H?Z we have || F—T}|| < e. In particular, for the special vector
eg ® e1, we must have ||F(eg ®e1) — T} (eg ® e1)|| < €. However, T (eg ®e1) = L1 ® Li(eg ®e1) =
e1 ® eg. Note that for any word v, L7ey = e,. We see that:

n=(LY(L) @ LY (L)) (eg ® 1) = {§7®6w1a i;z , 6.25)
and
t e t )\20
19198 @ )y — 4 Con ®epturs ¥ =Fp, or B
e {07 v # B, or A# 0 (6.26)

Here, B'p1 is the juxtaposition of words ending in 1. Therefore, there are o, 3, u such that

H Z Fa”@ﬁtuea’u &® €gtyl — €1 & 6@” < €.
a,B, 1

However, when w and o run freely on F?, the vectors e, ® e, form an orthonormal base for ]HIZ ® Hfl.
So, the last inequality implies that we can find a special linear combinations of vectors eq, ® egt,q
equal to e; ® egy. This can happen only when B'ul = @. However, 8tul # @ for any word 3 and
. This contradiction shows that A(&y)(&; ® 1) cannot be dense in (&3 ® &;). Thus &y is not a
quantum group. ]
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Appendix A

Weak™ decomposition and
Radon—Nikodym theorem of quantum
expectations

In this appendix, we consider a unital C*-algebra A equipped with a positive linear functional
(PLF) A on it. We attempt to compare another PLF p on A with A. In particular, we study weak™*
continuity and weak® singularity of pu with respect to A. Then, by the theory of von Neumann
algebras, we obtain a canonical weak* decomposition of ; with respect to A, namely

W= e T Pws

where iy is the weak™ continuous and fi,,s is the weak™ singular part of u with respect to \. If A
satisfies a weak tracial property, referred as the KMS condition, we use the Grothendick-Haagerup
inequality to show that our weak* decomposition coincides with the Arveson-Gheondea-Kavruk
(AGK) decomposition. This equivalence helps us to compute the Radon Nikodym derivative of
with respect to A, which was used in the proof of Theorem 4.3.12, establishing Connes amenability
for a finite von Neumann algebra possessing an ultra-trace.

A.1 Weak* decomposition of quantum expectations

We first define a non-commutative probability space and a quantum expectation on it.

Definition A.1.1 ([26] and [88]). A non-commutative probability space is a unital operator algebra
A equipped with a unital bounded linear functional ¢. The functional ¢ is referred to as the
non-commutative (or quantum) expectation, and the elements of A are called non-commutative (or
quantum) random variables. If A is a C*-algebra or a von Neumann algebra, we additionally require
¢ to be a state or a normal state, respectively.

Studying PLFs on C*-algebras is equivalent to studying quantum expectations on them. We
can adapt some concepts from classical measure theory to the non-commutative framework.
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Example A.1.2. Suppose that A is a classical , finite, positive, Radon measure on the unit circle
T. Consider the multiplication mapping

7 L°(T,\) — B(L*(T,\))
m(f) = My, M(g)=fy, (A1)

which is an isometric unital #-isomorphism from L (T, \) onto the range of 7, see [56, Example
2.5.1]. By [25, Proposition 4.51], the weak* topology of L°°(T, \) coincides with the weak operator
topology of m(L>(T, \)). Since A is a Radon measure, C(T) can be regarded as a closed subspace
(even sub-C*-algebra) of L*°(T,\), see [32, P. 184 and Section 7.2]. By [25, Corollary 4.53],
von-Neumann double commutant theorem [56, Theorem 4.1.5], and [56, Corollary 4.2.8], we have

(M) = 7(C(T))" = 7(L=(T, \)) = L=(T, \).

Now, let p be an arbitrary classical, finite, positive, Radon measure on the unit circle. By Riesz-
Markov Theorem [32, Corollary 7.18] and [81, Theorem III.1.1], 11 can be regarded as a positive
linear functional (PLF) on C(T) given by integration against u, i.e.,

uw:C(T) — C
n(f) = / [ dp.
By [81, Theorem III.1.2], we see that the GNS construction of A induces the irreducible x-
representation my given by (A.1), i.e. m\ = m. On the other hand, L*°(T,\) is a von Neumann
algebra with the pre-dual L'(T, \). By the general theory of von Neumann algebras [81, Sections

I1.2 and I11.2], L}(T, \) is the space of all weak* continuous linear functionals on L (T, \). With
this preamble in mind, we see that for a positive function f € L!(T, \), the PLF fd\ defined by

fdr:C(T) — C
faxg) = [ orax
can be extended to
fAN: L®(T,\) — C
firg) = [ arax

which defines a weak™ continuous PLF on L (T, A). It is well-known that these are all the possible

weak® continuous PLFs on L (T, \). Moreover, by the Radon-Nikodym theorem, they are all
absolutely continuous with respect to A.

The following is a well-known theorem. Since it is essential for our weak* decomposition of
PLFs, we state it explicitly and provide a proof.

Theorem A.1.3. Let p and X\ be two positive finite Radon measures on the unit circle, and consider
them as positive linear functionals on C(T). Then,

(i) n can be extended to a weak*-continuous functional on L (\) if and only if p is absolutely
continuous with respect to .
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(i) No extension of p to L>°(X) can magorize a non-zero weak*-continuous PLF on L*(\) if and

only if p is singular with respect to A.

(i1i) 1 decomposes relative to A as

W= e + Paws

where e 15 an absolutely continuous and s 15 a singular measure.

Proof. (i) Suppose that p and A are two classical positive Radon measures on T. By Riesz-

(iii)

Markov theorem, p : C(T) — C is a PLF acting by integration against u. Let p have a

—wk
weak*-continuous extension j on L*°(T,\) = C(T) ", Here, wk* is the the weak* topology of

L%(T,\) = (LY(T, \))*. By the definition of weak* topology, any weak* continuous functional
corresponds to a member of L!(T, \). By Example A.1.2, we view L>(T, \) inside Z(L?()\))
as multiplication by bounded operators. Then, weak* topology of L*°(T, \) coincides with the
weak operator topology it receives from %(L?(\)). Since the measures in question are positive,
and /i is continuous with respect to the weak operator topology, by [56, Theorem 4.2.6], we
can find a positive f € L*(T, \) such that for any g € C(T)

/gdu=u(g) =9V T. Ve =/gfdk-
T T

Hence, p and fdA give rise to the same functional on C(T), i.e., du = fdA. Thus, p is
absolutely continuous with respect to .

Conversely, if u is absolutely continuous with respect to A, then by the Lebesgue-Radon-
Nikodym theorem, there exists a positive f € LY(T,\) such that du = fd\. So, for any

g € C(T) we have
1(g) =/gdu:/gfdA= VI Voo
T T

which shows that p is a vector state. However, the vector state ji(g) = (gv/f, \/?)LQ()\) on
L*>(T, \) is an extension of p and is a weak™ continuous functional on L>(T, ).

Suppose that p has no extension to a PLF on L (T, \) that majorize a weak* continuous
functional on L>(T, \). By part (i), this means that it does not majorize any A-absolutely
continuous measure on C(T). So, if we consider the Lebesgue decomposition

M= fac Tt s

of u with respect to A, we must have pq. = 0, i.e., u = us. That is p is Lebesgue singular with
respect to .

Conversely, let u be a Lebesgue singular measure with respect to A. Suppose to the contrary
that p has a PLF extension i on L>(T, \) that majorizes a weak® continuous functional ~.
Consider the Lebesgue decomposition of u with respect to A is g = pigc + ps. By part (i), v
is absolutely continuous, and by our assumption p,. > v # 0. This violates the singularity
of p with respect to A\. Thus, no extension of y can majorize a non-zero weak* continuous
functional on L>°(T, \).

The decomposition in this part follows from the Lebesgue decomposition theorem together
with parts (i) and (ii).
O
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Remark A.1.4. The decomposition it = e + fws on L (A in the third part of Theorem A.1.3
is the same as the decomposition of a positive linear functional on a von Neumann algebra into
normal and singular, see [81, P.127]. Therefore, in the classical setting of measure theory and
functional analysis, the absolute continuity of a measure is equivalent to the possibility of extending
the corresponding Riesz-Markov functional to a weak* continuous one. In addition, singularity of
measures means the lack of this possibility. So, the above theorem justifies the following definition.

Definition A.1.5. Let p and A be two classical, finite, positive, Radon measures on the unit circle
T with their corresponding Riesz-Markov integration functionals on C(T) still denoted by p and A.

(i) We say that p: C(T) — C is weak* continuous with respect to A if p has a weak* continuous
extension to a PLF on L*°(\); i.e., there is an extension f : L>(\) — C of p which is
weak™*-continuous and positive. We let W C[\| denote the set of all weak*-continuous measures
with respect to .

(ii) p is called weak*-singular with respect to A if no extension of p to L (\) can majorize
a non-zero weak*-continuous PLF with respect to \. We let W S[A] denote the set of all
weak*-singular measures with respect to .

Recall that if 7 is a PLF on a unital C*-algebra A, then its isotropic left ideal of zero length
vectors is Ny = {a € A: 7(a*a) = 0}.

Remark A.1.6. Consider two PLFs p and A on a unital C*-algebra A with Ny C N,,. Inspired by
[81, Theorem III.2.1 and P. 321], we can generalize the notion of Example A.1.2. Let (my, L?()\), &)
be the GNS representation of A with the cyclic vector £, = 1+ Ny. By [56, Theorem 3.1.6], mx(A)
is a C*-sub-algebra of Z(L%(\)). We denote by L>()) the von Neumann algebra generated by the
C*-algebra 7y (A) inside Z(L%(\)), and we write L'()) for the predual of L>(\). Note that in the
classical setting, C'(T) is a closed subspace of L>°(T, \), and the representation (A.1) is isometric.
In the general non-commutative setting, the PLF A is not typically faithful, meaning that A is not
isometrically embedded in L*°(\). Therefore, we need a method to transfer the PLFs p and A on A
to PLFs 1/ and ) on m\(A), while ensuring that the main properties of the PLFs are preserved.
This is possible if the following commuting diagrams hold.

A— 5 1 (4)

\ @) = )
C

A —" 1y (4)

\ L Nm(@) = M)

C

Figure A.1: Lifting quantum expectations g and A along the GNS representation 7).
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Remark A.1.7. Recall that in the classical setting, 7y is an isometric *-homomorphism, so the
conditions of Remark A.1.6 hold automatically. However, in the general non-commutative setting,
we have the short exact sequence

0 — ker(my) —2— A~ my(A4) —— 0,

and A is an extension of m)(A) by ker(my). For our purposes, the following argument shows that we
may assume, without loss of generality, that A is faithful. Consider the Gelfand-Naimark universal
representation m : A — HB(H). Recall that, by Proposition 4.2.8, the enveloping von Neumann
algebra m(A)” coincides with A** = .#. Since A is unital and \ is positive, we have ||A|| = A(1) by
[56, Corollary 3.3.4]. By [4, Lemma A.2.2], A admits a unique linear extension A which is a weak*
continuous functional on .Z with ||A|| = ||A|| = A(1) = A(1). Hence, A is positive by [56, Corollary
3.3.4]. By Remark 4.2.14-vi, there exists a central projection p € .# such that A is faithful on
p# p. Therefore, we may instead work with the C*-algebra pAp and the faithful positive functional
Ap := Alpap. In addition, by [56, Theorem 3.3.8], we can extend p to a positive functional M on .#
with the same norm, so we may work with g, := M|, 4, in place of p. This justifies that there is no
loss of generality in assuming that A is faithful from the outset. Nevertheless, we will not make use
of this assumption in the sequel.

We show that the transferred functionals i/ and ) in Remark A.1.6 are well-defined.

Proposition A.1.8. With the notations as in Remark A.1.6, the functionals X' and p' are well
defined and give rise to PLFs on w\(A). Furthermore, they have positive linear extensions to L>°(\).

Proof. By [56, P. 94], the GNS mapping 7y : A — Z(L%(\) defined by 7y (a)(b+ Ny) = ab+ N,
is a *-homomorphism, and by [56, Theorem 3.1.6] m)(A) is a C*-subalgebra of Z(L?()\). Clearly,
mx(A) embeds isometrically inside L*°(A. Let mx(a) = 0. Then, 7)(a)(b+ Ny) = N, for any b € A.
That is ab € N). In particular for b = 1, we have a € N), so A(a*a) = 0. By the Kadison inequality
[46], we have

M@ Ma) < A (aa).

Thus, A(a) = 0, so X is well-defined. Since a € Ny C Ny, we have p(a*a) = 0. By another
application of Kadison inequality, we see that u(a) = 0, i.e., ¢’ is also well-defined. Both u/ and X
are PLFs on 7 (A) since 7y is a bounded *-homomorphism between C*-algebras. Note that my(A)
is unital since A is unital. Hence, ||1/|| = /(1) = (1) = ||u|| by [56, Corollay 3.3.4]. For the second
part of the theorem we note that m)(A) is a C*-sub algebra of L>°(\); thus, by [56, Theorem 3.3.8]
we can extend any PLF on 7y (A) to a PLF on L% (\) with the same norm. O

Remark A.1.9. In view of Proposition A.1.8, we henceforth drop the prime notations and the
homomorphism symbols in expressions p/(my(a)) and N (my(a)), writing instead p(a) and A(a),
respectively. Another abuse of notation is that we use the same notations 1 and A for the extended
PLFs on L>°()\) unless there is a possible confusion.

Example A.1.2, Theorem A.1.3, Proposition A.1.8, and Remark A.1.9 inspire us to generalize
Definition A.1.5 from commutative C*-algebras to the non-commutative ones. We also refer to
the relevant sources [21, Proposition 2.2], [48, Theorem 10.1.17], [81, Sections II1.2 and II1.3], |3,
Section III.2].
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Definition A.1.10. Consider two PLFs ;1 and A on a unital C*-algebra A such that Ny € N,,.
With the notations as in Definition A.1.6 and Remark A.1.9, we say

(i) p: A — C is weak™ continuous with respect to A if p has a weak* continuous extension
to a PLF [ on L*(\), i.e., the extension i : L>°(\) — C is weak™*-continuous. We use
i < A to denote that p is weak™ continuous with respect to A, and we denote the set of all
weak*-continuous PLFs on A with respect to A by WC[\].

(ii) p is called weak*-singular with respect to A if no extension of u to L°°()\) can majorize a
non-zero weak*-continuous PLF. We use p L, A to denote that p is weak* singular with

respect to A, and we denote the set of all weak*-singular PLFs on A with respect to A by
WS[A].

(iii) The zero functional is both weak* continuous and weak* singular with respect to A.

Remark A.1.11. (i) Every PLF A : A — C is weak™ continuous with respect to itself. This is
because by the GNS construction we have

N(ma(a)) = Ma) = (mx(a)(1+ Ny), 1+ N2

So, by our notation in Remark A.1.9, we have A(a) = (a + Ny, 1+ Ny)r2(y), which is a vector
state on L>°(\) by [56, Theorem 4.2.6]. So, by [81, Theorem II.2.6] X is extends to a weak™*
continuous functional on L% ().

(ii) Whenever p is weak*-continuous with respect to A, by [48, Theorem 7.1.12] or [81, Theorem
2.2.6] we can find an orthogonal sequence of vectors (&,)%; in L?()\) with the property

320 1 II€nll? = 1 such that

[e.9]

ila) = (akn, &ar, Va € L®(N).

n=1
This formula holds on 7y (A4). Thus, by Remark A.1.6, we can apply it for u on A.

Lemma A.1.12. Let .# be a von Neumann algebra, and let (¢;)icr be an increasing net in MF.
Suppose that
C :=sup¢;(1) < 0.
i

Then there exists ¢ € .M, such that
P(z) = Sup ¢i(x), T € M.
Proof. For x € 4, since 0 < z < ||z||1, we have
0 < diz) < llzllg:(1) < [lzllC,  iel

Hence, the scalar supremum

¢(x) = sup ¢i(z)

147



is well-defined for every x € .#,. Since each ¢ is additive and positive homogeneous, the same is
true for ¢. That is,

Pz +y) = o) +oy), oloax)=agp(x), wye My, a=0.

Thus, ¢ extends uniquely to a positive linear functional on .#Z. Indeed, for h € #;,, we write its
Jordan decomposition
h=hy—h_, hy,h_ € 4.,

and define
¢(h) == ¢(hy) — ¢(h-).

This is well-defined because the Jordan decomposition of a self-adjoint element is unique. Also, each
T € ./ can be written uniquely as the sum of its real and imaginary parts, namely

r+zx* rT—=x

where

Thus,

bz) = ¢ (“2“’”) i (”” ;x)

gives a linear functional on .# whose restriction to .# is the original map ¢. Since ¢(x) > 0 for
every x € ./, the resulting linear functional is positive. Furthermore,

ol = o(1) = sup ¢;(1) < C < oo.

It remains to prove that ¢ is normal. Let (z4)aes be an increasing net in .#, such that z, 1 z in
strong operator topology. Then, 0 < z, < x < ||z||1. Hence, for all i € [ and o € J,

0 < @i(za) < |lzl|0i(1) < |[z]|C.

Therefore, the doubly indexed family {¢;(z,) : i € I, € J} is bounded in R. By the principle of
iterated suprema [2, P.42], we have

Sup sup ¢; () = sup sup ¢; ().

K3 (0% (0% 7
Therefore,
¢(x) = sup ¢;(z)
1
= supsup ¢;(zq), ¢; is normal
7 «
= supsup ¢;(zq), principle of iterated suprema
a 7
= sup ¢(zq).-
«
By [48, Definition 7.1.11 and Theorem 7.1.12], this shows that ¢ is normal. O
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Recall that a sub-cone 8 of a positive cone C is hereditary if whenever s € § and ¢ € C with
c < s, then c € 8.

Theorem A.1.13. Let p1, A and 7 be three PLFs on a unital C*-algebra A such that Ny C N, and
Ny C N,. Then,

(i) 1 has a unique weak™* Lebesgue decomposition

W= Pwe + Paws

with respect to \, where puy,e € WCIN and pys € WS[A] are PLFs and pu. is the mazimal
weak® continuous PLF such that piye < p.

(i) WC[A] and W S[)] are hereditary cones in A%

(11i) weak* Lebesgue decomposition is additive, i.e.,

(N + T)wc = Uwe T Twe, and (,U/ + T)ws = Uws + Tws-

(iv) weak™® Lebesgue decomposition is monotone, i.e., i < T implies fye < Tye and fys < Tys-

Proof. (i) Let pu be an extension of p on L*()\) as in Proposition A.1.8. By a general result in
von Neumann algebra theory, see [81, p. 127 and Theorem I11.2.14], we have

L) = L' (V) @1 L) (A.2)

in which, both summands, i.e., the weak* continuous L'()\) and the weak* singular L!'(\)*,
are norm closed sub-spaces of L>°(A)*. Hence, the decomposition i = fiye + flws follows.
Furthermore, since j is positive, both summands are positive by [48, Theorem 10.1.15-iii]. In
addition, the decomposition into weak* continuous and weak* singular parts is unique by [81,
Theorem III1.2.14]. We also note that

ﬁwc S Ll()‘)+a ﬁwc |A < M.

Let .# = L>°()\) and set
Ny={pe ] ¢la<u}.

We partially order A, by the usual order of positive functionals on .Z: for ¢, € A, we write
¢ <Y = o(x) <Y(z), v e M.

The set A, is non-empty, since 0 € A,,. Moreover, it is norm bounded. Indeed, if ¢ € A, then,
since ¢ is positive,

o[l = ¢(1) < p(1).

We now show that every chain in A, has an upper bound in A,. Let (¢;)icr be a chain in A,,.
So, (¢;)icr is an increasing net in ... Moreover,

sup ¢;(1) < p(1) < oo.
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If x € A4 with ||z|| <1, then
0<¢i(z) <oi(1) <p(l), i€l

Hence, {¢;(x) : i € I} is bounded above. More generally, for arbitrary = € .#,, since
0 <z <|z||1, we have
0 < ¢i(x) < [lzflgi(1) < lz][u(1).

Therefore, by Lemma A.1.12, the formula
¢(x) :==sup¢i(x), &€ My,
7
defines a normal positive functional on .#. For every a € A, we have

¢(a) = sup ¢i(a) < pu(a).

Thus ¢|a < p, and hence ¢ € A,,. Therefore ¢ is an upper bound for the chain (¢;);cr in A,.
By Zorn’s lemma, A, has a maximal element. Call it fi,,. € A,. Define

Hwe = ,awc|A-

Then i, is weak* continuous with respect to A, because fiy,. € .#, is a normal positive
extension of fi,e to L°(A). Moreover, ji,. < u. Hence,

Hws = b — Hwe

is a PLF on A. We claim that u,,s € W.S[)A]. Suppose, toward a contradiction, that j,s is not
weak™ singular with respect to A. Then there exists a positive extension fiys of fiys to L(\)
which majorizes a non-zero normal positive functional v € L*(\)T; that is,

O?é¢§ﬁws

Restricting to A, we obtain
0 7é ¢|A < faps-

Indeed, v is weak™ continuous. So, if 1|4 = 0, then ¢ vanishes on L>°(\) = m\(A) ; which
contradicts that 1 is non-zero on L*°(\). Therefore,

Hwe + w‘A < e + s = [

Moreover, fuye + 1|4 is weak® continuous with respect to A, since it has the normal positive
extension

ﬁwc + w
to L*°(\). This contradicts the maximality of fi,.. Hence
y ol p
pws € WS[A.

Consequently,
B = Hwe + Hws

is a weak™ Lebesgue decomposition of u with respect to A.
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(i)

(iii)

Note that, by [81, p. 127 and Theorem II1.2.14] and [48, Theorem 10.1.15-iii|, WC[\| and
W S[)] are positive cones. Hence, it remains only to prove their hereditary properties. We
first show that W.S[A] is hereditary. Let u € WS[)], and let v be a PLF on A such that

0<v<p.

Suppose, toward a contradiction, that v ¢ W.S[\]. Then, by Definition A.1.10, there exists a
positive extension 7 of v to L>(\) and a non-zero normal positive functional w € L'(\)* such
that

0#w<1.

Since u — v is a PLF on A, Proposition A.1.8 gives a positive extension ,u/—\y of u—v to
L*>°(\). Therefore,
n:=U+u—v

is a positive extension of p to L*°(\). Moreover,
0A£Aw<v<p.

Thus, an extension of 1 majorizes a non-zero normal positive functional on L>()\), contradicting
the assumption that ;1 € WS[A]. Hence, v € WS[A].

Now we show that W )] is hereditary. Let u € WC[A], and let v be a PLF on A such that
0<v <y,
So, Nx € N, € N,. By part (i), v and p admit weak* decompositions
V= Upe+ Vws and [ = Ly

with respect to A, where vy, pwe € WCO[A] and vys € WS[A]. Since v < p and p € WC[A],
we have
0<wys<v<p.

Thus, v := fwe — Vuws is a PLF on A. By the uniqueness of the decomposition into weak*
continuous and weak™ singular parts, see [81, Theorem II1.2.14], we obtain that v, = piwe and
Yws = —Vws. However, by [48, Theorem 10.1.15-iii] the singular part of v must be positive. So,
vws = 0. Consequently, v € WC[A].

We prove the additivity of the weak* decomposition. Since WC[A] is a positive cone, we have
Pwe + Twe € WCIA].

Moreover,
Hwe + Twe < u—+T.

By the maximality of (p + 7)qe, it follows that

Pwe T Twe < (/~L + 7—)wc' (A3)
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We now prove the reverse inequality. Using the weak™ Lebesgue decomposition separately for
w and A, we obtain
ptT= (ch + ,U«ws) + (Twc + Tws)

= (ch + 7-wc) + (Nws + Tws)-
On the other hand, weak™ Lebesgue decomposition for u + 7 yields

AT =+ T)we + (B + T)ws-
Comparing the last two decompositions, we have

(1t + T)we — (we + Twe) = (Hws + Tws) — (1t 4 T)ws- (A.4)

Set
ni= (H + T)wc - (ch + Twc)-
By Inequality (A.3), n is a PLF. Since WC/[}] is hereditary and

0<n < (b4 Tue,
we have n € WC[A]. Also, Equation (A.4) implies
0 <7< plws + Tws-
Since W S[)] is a hereditary cone, it follows that n € W.S[A]. Thus,
n e WO NWSA.

By the disjointness of weak* continuous and weak* singular PLFs ([81, Theorem II1.2.14]), we
must have n = 0. Hence,

(:u + T)wc = lwe + Twes

and consequently,
(:u + T)ws = fws T Tws-

By assumption, p := 7 — p is a PLF on A and N\ € N, C N,. Moreover,
N\ C N,
Indeed, if a € Ny, then p(a*a) = 0 and 7(a*a) = 0. Hence,
p(a*a) = 1(a*a) — p(a*a) = 0.
Now, 7 = pu+ p. By part (iii), we obtain

Twe = (M + p)wc = Mwe + Pwes
Tws = (M + p)ws = Uws + Pws-

Since pye and pys are PLFs, it follows that

Pwe < Twe,

Hws < Tws-
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A.2 The Radon-Nikodym theorem for quantum expectations

We aim to show that our weak* decomposition of quantum expectations coincides with the Arveson—
Gheondea—Kavruk—Lebesgue (AGKL) decomposition of positive functionals on C*-algebras intro-
duced in [37]. This identification enables us to apply their Radon—Nikodym theorem in order to
compute the relative derivative of quantum expectation p with respect to quantum expectation
A. To achieve this, our splitting PLF A must satisfy a certain weak tracial property, known as
the Kubo-Martin—Schwinger (KMS) condition, which we define below. We point out that in the
classical setting, one works with abelian C*-algebras. So, the KMS condition is automatic. On
the other hand, a splitting PLF with the KMS property yields the equation (i + v)ac = flac + Vac,
which cannot be achieved within the AGKL theory, see [37, Corollary 3.7-ii]. After proving our
equivalence theorem, we can establish the Radon-Nikodym theorem for weak™ continuous PLFs.

By an automorphism for a C*-algebra A, we mean a *-isomorphism on it. The group of all
automorphisms of A is denoted by Aut(A). In the context of von Neumann algebras, automorphisms
are further required to be normal, meaning they preserve the weak* continuity. A strongly continuous
one parameter group is a homomorphism o : R — Aut(A) which is continuous with respect to
the Euclidean topology of R and the strong operator topology topology of Aut(A). If we put
oy = o(t), the continuity of o means that for any a € A the mapping R — A given by t — oy(a)
is Euclidean-norm continuous. In this situation, o is called the time evolution of the C*-dynamical
system (A, R, o).

The following definition is from [5, Definition 5.3.1] for the KMS states in quantum mechanics.

Definition A.2.1. Let (A, R, o) be a C*-dynamical system. A PLF X on A is called a Kubo-Martin-
Schwinger (KMS) PLF for (A, R, o) if the following conditions are satiesfied.

(i) for each a € A the mapping R — A given by ¢ — o0y(a) has an analytic extension to a
mapping f, : {z € C : 0 <Im(z) < 1} — A. Define o,(a) := fu(2).

(ii) the weak tracial property A(ab) = A(boji(a)) holds.

(iii) A is time invariant, i.e., A(oy) = A for any t € R.
We use the acronym KMS-PLF for a Kubo-Martin-Schwinger positive linear functional.
Remark A.2.2. Usually one extracts the dynamics o from the PLF A. Note that according to [5,
Proposition 5.3.3], conditions (i) and (ii) imply condition (iii). Also, by [5, Chapter 5] a weaker form
of condition (i) is sufficient for the definition of a KMS-PLF, i.e., one only requires that the members
of a (weak™*) dense x-sub-algebra have analytic extensions to the strip {z € C : 0 < Im(z) < 5}, see
[5, P. 77] and [57, P. 75]. In this situation, we should replace (ii) by A(ab) = A(bog;(a)). The KMS
condition puts a restriction on the non-commutativity of the PLF A\ without requiring it to be a full

trace. This is important since most C*-algebras do not have a trace, but they can posses a KMS
state. Here, 8 measures how far A is being from an actual trace. For 5 = 0, we have an actual trace.

The inductive or direct limit of C*-algebras is a construction used to build larger C*-algebras
from a sequence of smaller C*-algebras, see [56, Chapter 6].

Definition A.2.3. Suppose that (Ay),en is a sequence of C*-algebras, and assume that there is
*-homomorphism ¢y, ,, : Ay, — Ay, such that ¢, = dp i © Oy for m < n < k. Define

A ={(an)e[][An : IKENYR>m > K, ap=¢pm(am)}.
neN
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Since *-homomorphisms between C*-algebras are norm decreasing, for any a = (a,)neny € A’ the
sequence of norms (||a,||)nen is eventually decreasing. Hence, the limit

pla) = lim_|la,||

exists, and defines a C*- semi-norm on A’. Now, we can divide A’ by the kernel of p, and then
complete it to a C*-algebra A. This A is called the inductive or direct limit of (A, )nen and is denoted
by hﬂ A,,. One can adjust this definition for a net of C*-algebras with appropriate *-homomorphisms
among them.

The following example is taken from [6, P. 13] and [57, P. 77], which plays an important role in
quantum spin systems.

Example A.2.4. Consider the lattice Z™. To each point x € Z", choose a copy of a finite dimensional
Hilbert space H,. For each finite subset F of Z™, form the tensor product Hgy = R,cqH, and
consider the operator algebra A(JF) = %(Hg). The direct limit of (A(JF))s, denoted by A, is called
the C*-algebra of local observable, [57, P. 56]. Note that A is a sub-algebra of a suitable Z(H),
where H associates to the infinite tensor product of Hilbert spaces. One can show that there is a
closed unbounded operator T', known as the Hamiltonian of the system, such that e #7 is a trace
class operator and A(a) = tr(ae PT) is a KMS-PLF on A, see [6, P. 85] and [57, P. 76]. Note that
the domain D of T is dense in the Hilbert space 3, and e #7 is only invertible on D. Such an
operator is called a density matriz for \, see [6, P. 76]. Also, o(a) = ¢Tae~"" determines the
dynamics of the system, see [5, P.76].

Example A.2.5. Let .# be a von Neumann algebra inside some % (), and suppose that .# has
a separating and cyclic unit vector 7. Then, by [82, Chapter VI] or [6, P. 285], one can show that
the vector state ¢(a) = (an, n) is a KMS state. In this situation, we let S be the closure of the
densely defined operator

So:Mn — H
mn — m'n,

and we put V = S*S. By the Tomita-Takesaki theory [82], the time evolution is given by (see [6, P.
284])

o:R — Aut(#)
o(a) = V'V,

Let’s recall some other forms of absolute continuity and singularity for PLFs. In the classical
measure theory, absolute continuity of measures on T can be characterized by convergence of
measures. Namely, given two finite positive regular Radon measures p and A on T, p is absolutely
continuous (AC) with respect to A, in notations p < A, if and only if there is an increasing
sequence of finite positive regular Radon measures pu,, which are dominated by A, and increasing
monotonically to u:

0<pn<p,  pnTp

(A.5)
VneNdt, >0 u, <t, A\

Clearly, condition (A.5) implies that pu < A. Conversely, suppose that 1 < A. By the Radon-
Nikodym theorem, there is a positive function f € L'()\) such that du = fd ). For each n € N,
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define f,, = min(f, n) and set d u, = f, d\. Then, the sequence (u,) consists of positive measures
satisfying condition (A.5), with p, < n .

The following definition, provided in [37], generalizes the above concept to the non-commutative
setting.

Definition A.2.6. Consider two PLFs y and A on a unital C*-algebra A such that Ny C N,.

(i) We say that p is absolutely continuous with respect to A in the sense of Gheondea-Kavruk
(GK), denoted by p < A, if

e there is an increasing sequence (piy)nen of PLFs such that u, T p point-wise, i.e., in the
weak™ topology of A* |

e for each n € N, there is ¢, > 0 such that u, < t,\.
We denote the set of all absolutely continuous PLFs with respect to A by AC[A].

(ii) p is called singular with respect to A, denoted by p L A, if the only PLF majorized by both p
and A is the zero PLF. We denote the set of all singular PLFs with respect to A by SG[\].

Remark A.2.7. By [60, Theorem 3.9], every positive linear functional on a unital C*-algebra is
completely positive. Therefore, the results of [37] apply for quantum expectation. In particular, after
establishing the equivalence theorem A.2.9, we use the Radon—Nikodym derivative for absolutely
continuous quantum expectations obtained in [37] to compute the Radon—Nikodym derivative of
weak® continuous quantum expectations.

We recall the notion of affiliation for unbounded operators. Let D be a densely defined closed
operator on a Hilbert space 5, and let .# be a von Neumann algebra on J#. We say that D is
affiliated with .#, and write D ~ .# if

BDC DB, VBe.u.
Equivalently, Dom(D) is invariant under every B € .#’, and
BDh = DBh, Vh € Dom(D).
When D is bounded, the condition D ~ . is equivalent to D € ..
The following is [37, Theorem 2.11 |.

Theorem A.2.8. Let A be a unital C*-algebra. Assume that u and X are two PLFs on it and
p < A. Then, there is a unique and possibly unbounded operator D = Dy(p) on L*()\) such that

(i) D is positive.
(ii) D is affiliated with the von Neumann algebra L*°(X)'.

(iii) mx(A)Ey is a subset of the domain of /D . Here, €5 = 1+ Ny is the cyclic vector of the GNS
representation of .

(iv) p(a) = (ma(a)VD &, VD &)
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Here, we should note that [37] works with more general positive maps, i.e., the ones whose ranges
are the full operator algebra %B(.#°) for some Hilbert space 7, and one has to use the Stinespring’s
construction instead of the GNS one. However, one can simplifythe notations and formulas of [37,
Theorem 2.11] according to [60, Chapter 4, P.45].

Theorem A.2.9. Let (A,R,0) be a C*-dynamical system. Assume that p and A are two PLFs on
it with, Ny C N,. Suppose further that X is a KMS-PLF. Then,

(i) u <y A if and only if p < X, and
(ii) p Ly X if and only if p L A

Proof. (i) Suppose that u <, A\. By Definition A.1.10, u has a weak* continuous extension to
a PLF on L>®()). By [81, P. 156], there is a sequence (&,)nen of vectors in L?()) such that
s =30 l&al? < 0o and p(y) = > 72, (¥ék, &k)r. In Remark A.1.11-ii, we mentioned that
we can apply this formula to weak® continuous functionals on A. Define a sequence of linear
functionals on A by

n

pn(y) =) (W, &)r, YnEN

k=1

We show that u,’s are the desired PLF's, which satisfy the conditions of absolute continuity in
Definition 2.1.3. It is obvious from the construction that p, 1 . So, for any n € N, we only
need to find a ¢, > 0 such that pu,, < ¢, on positive elements like y = a*a.

e Suppose that A(y) = 0. So, a € Ny C N,; thus, a € N, and u(y) = p(a*a) = 0. So,
tn(y) = 0, and the inequality u, < ¢, holds at y for any positive ¢,.

e For the case A\(y) > 0, define a bi-linear form V on A by

V:iAxA — C
V(a,b) =

Recall that A is a KMS-PLF, so for u = b and v = ya, we have \(uv) = A(vo;(u)); hence,

Albya) _ A(yaoi(b)) _ A - y(aoi(b))
AMy) Ay) A-y(1)

Since y is positive, the functional X -y is positive, and by Proposition 4.2.13,

Ayl =A-y(1) = Ay).

V(a,b) =

Therefore,

1A - yllllaci(b)) |l
[V(a,b)| <
A()]
Consequently, V is a bounded bi-linear form on the C*-algebra A. By Generalized
Grothendieck inequality [40], we can find states ¢;, i =1,---,4 , on A such that

= [laci(®))[| < llal][oll

IV (a,b)] < [¢1(a*a) + ¢a(aa™)]2 [$3(b"b) + ¢a(bb")]2
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Applying this to V(z, z*) = )‘(;(*y%'z), we get

Az*yz)
Ay)

1 1
| | < l1(272) + ga(227)]2 [93(227) + da(2"2)]2 < 2]z
Thus,
IA(="y2)] < 2/2]°A). (A.6)
Now, for any & € L%()\), by [86, Lemma 1.2 and Lemma 3.1], there is a bounded sequence

(:ck’j);?’;l in A such that &, = limj_,o x5 ; + Ny in L?()\). Denote by s, € R the upper
bound of the sequence (zy, j);. Therefore,

n

pn(y) = D (U &)
k=1

n

= lim (yay,; + Nx, @p; 4+ Na)

= jlif?o ;/\((ﬂﬁk,j) YTk,j)

< 2 lim Z lzk401% | My), by Inequality (A.6)
< 2 (Z 8%) Ay)

k=1
< thA(y)-

So, by letting ¢, = 2 (Zzzl s%), we see that u, < t,A. Hence, the second condition of
the definition of absolute continuity is satisfied. Thus, p < .

For the reverse implication, assume that y < A. By Theorem A.2.8, there is a positive, possibly
unbounded operator D = D) () on L?(\) affiliated with the von Neumann algebra L>(\)’
such that p(a) = (mx(a)V'D (1+Ny) , VD (1+ Ny))a. By letting 1, := v/D (1+ Ny) € L*(\),
we have p(a) = (mx(a)n, ,nu)r. We can extend this to L>°(\) in an obvious way, i.e.,
(y) = (ynu ,Mu)» By [48, Theorem 7.1.12], i1 defines a weak*-continuous functional on L>(X).
Thus, p <y A.

Let u Ly A, but p £ A. By [37], this means that we can decompose p against A, i.e.,
p = Hae + ts, Where pge # 0 and pee < A. By part (i), we conclude that p,. is weak™®
continuous with respect to A. Since pge < u, we see that p dominates the non-zero weak™*
continuous PLF p,.. However, this is impossible as p is weak™ singular.

The reverse implication is proved similarly. Indeed, if u L X but u £, A, then we have a weak*
decomposition p = e + fws, Where fiye # 0. Now, pye < pand pye < A by part (i). So,
from Definition A.2.6 we can find a non-zero PLF p such that p < u and p < A. However, this
contradicts the assumption that u L .

O
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Remark A.2.10. Let A be a faithful PLF with the tracial property A(zz*) = A(z*z) on L*>()\).
Suppose that .#, is defined as in Definition 2.3.1. By [81, P. 320], L'()) is the completion of .#)
under ||z||; = A(|z|), and L°(\) becomes an L!()\)-module. By [81, P. 321], for any p <y A, there
is an z € LY(\) such that p(a) = M(az). In this situation, the proof of Theorem A.2.9 is similar to
Theorem A.1.3.

We are now in a position to strengthen some of the results of [37] for splitting KMS-PLF's.

Theorem A.2.11. Let (A,R,0) be a C*-dynamical system. Assume that p, v and A are PLFs on
it with Nx € N, and Ny C N,. Suppose further that \ is a KMS-PLF. Then,

(i) ACI[)| is a positive hereditary cone,
(i) SG[A] is a positive hereditary cone,
(15i) (4 v)ac = Hac + Vae with respect to \,
() (p+v)s = ps + vs with respect to A,
(v) If p < v, then pae < Vae and ps < v

(vi) The weak™ Lebesgue decomposition pn = e + fws With respect to X and the Arveson-Gheondea-
Kavruk Lebesque (AGKL) decomposition p = iqc + ps with respect to A are the same.

Proof. Combine Theorem A.1.13 and Theorem A.2.9. O
We can now give a version of Theorem A.2.8 for weak* continuous functionals:

Theorem A.2.12. Let (A,R,0) be a C*-dynamical system. Assume that 1 and \ are PLFs on it
with Nx C N, and X\ is a KMS-PLF. If 1 <. A, then there is a unique and possibly unbounded
operator D = Dy(u) on L*(\) such that

(i) D is positive.
(ii) D is affiliated with the von Neumann algebra L*°(\)'.

(iii) mx(A)Ey is a subset of the domain of VD . Here, £y = 1+ Ny is the cyclic vector of the GNS
representation of \.

(iv) p(a) = (ma(a)VD &x, VD ).

(v) If p < tA for a positive number t € R, then D is a bounded positive operator which belongs
to LN and p(a) = (ma(a)D(E)\) , Ex)a. Also, the assignment p — Dy(p) is an affine
mapping with respect to L.

Proof. The proofs of (i) to (iv) is a result of the equivalent Theorem A.2.9 and [37, 2.11]. The
final part is a result of the equivalent Theorem A.2.9 and [37, Corollary 2.3]. O]

Remark A.2.13. When p <y A, by Theorem A.2.9 and Definition A.2.6, we know that there is
an increasing sequence (f,)nen of PLFs such that p, T p point-wise, i.e., in the weak® topology of
A*. Also, for any n € N there is a positive ¢,, such that p, <t,A. The latter condition implies that
tn Lae A, and hence each D,, = D) (u,) is a positive bounded operator in L> (). By [37, Part F],
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one finds that (I + D,,)™* EREIN (I +D)~!. This convergence is described by saying that D, SRS, D,
where “SRS” stand for the strong resolvent sense. Note that the number —1 does not belong to
the spectra of D,,’s, so by [62, Theorem 5.1.9] the operators I + D,, and I + D are invertible. In
summary, though the Radon-Nikodym derivative D is generally an unbounded operator, one can
still approximate it in a suitable sense by bounded Radon-Nikodym derivatives.
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Appendix B

Spatial Normal balanced tensor
products

In this appendix, we collect the tensor-product conventions and auxiliary facts used in the lifting
constructions of Chapter 5. We shall use the definitions of the normal tensor product and the
normal balanced tensor product introduced in Section 5.1 without repeating them here.

First, we review a standard criterion for weak*—weak* continuity of maps between dual spaces.
This criterion will be used to identify pre-adjoints of weak*—weak* continuous maps. We provide a
proof for completeness.

Proposition B.1. Let X and Y be Banach spaces and S : Y* — X™* be a linear transformation.
Then, S is weak*-weak™® continuous if and only if there is a bounded mapping T : X — Y such that
S =T*. In particular, S is bounded and ||S|| = ||T||.

Proof. Suppose that S is weak*-weak™® continuous, and x € X. Define a linear functional

gz :Y* — C
(92, y*) = (@, S(¥)),

which is weak™ continuous by assumption. Thus, g, € (Y*, wk*)* =Y. Hence, there is a unique
y € Y such that g, = ¢, where A : Y — Y** is the natural embedding. Define

T:-X — Y
T(x) =y

So,
(T(x), y*) =y, y") =@, y") = (x, S¥)),

which proves that S = T*. Let x,, — x and T'z,, — y both in norm, and suppose that 1) € Y* is
arbitrary. By the equation S = T™, we have

(Txn, ¢) = (@0, S));

however, Z;,, — & in the norm topology of X**. Since S(¢) € X*,
<$7L7 S(Tﬁ)) = <i'n’ S(Ib» — <'®7 S(d’)) - <l’, S(¢)> - <T‘T7 ¢>7
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ie., (Tzyn, ) — (T'z, ¢). On the other hand, (T'z,, ¥) — (y, ¥) by the continuity of .
Therefore, y = T'x. Then, by the closed graph theorem, T is bounded.
For the reverse direction and the equation ||S|| = ||T'||, see [74, Theorem 4.10]. O

The operator T in the above theorem is called the pre-adjoint of S and is denoted by S, =T, so
S = (S,)*.

Remark B.2 (Contractive renorming of normal dual modules). Let .#” be a dual Banach algebra
with unit p and X = Y™* be a normal dual .#-bimodule such that p acts as the identity for module
actions, i.e., p-x =z -p = x for all z € X. In the general Banach-module literature, module actions
are usually assumed to be bounded, i.e., one assumes the existence of a constant C' > 0 such that

la-zll < Cllal[flzll, — llz-all < Cllzfflal,  (z€X,aecH).

However, it is often convenient to pass to an equivalent module norm under which the above actions
become contractive. This is the same general principle behind the admissible-norm constructions
used in Daws’ representation theorem for dual Banach algebras; see [76, Sections 5.4 & 5.5]. For
instance, we may replace the norm of X by the equivalent module norm

[€llmoa = sup{[la-&-bll - a, b€ A, flaf <1, [jb] <1}, £eX.

Since p- &€ - p =&, we have
1EIF< 1€l lmoa-

On the other hand, boundedness of the left and right module actions gives a constant C' > 0 such
that

1€llmoa < C2I€]I-
Hence,
€Il < Néllmoa < CZIIENl, (€ € X).
That is, || - |lmod IS equivalent to the original norm on X. With respect to this new norm, the

A -actions are contractive. Indeed, for a € 4 and £ € X, we have

||a'§Hm0d: sup Hc(ag) d”
llell<1, [ld]I<1

= sup |[(ca)-&-d|.
llell <1, [ld]<1

If a = 0, the desired inequality is immediate. If a # 0, then ||(ca)/||a]||| < 1 whenever ||c[| < 1.

Whence,
'() -g-dH < Jlall € ]lmoat

Il

[(ca) - & - dl| = ||al]

Taking the supremum over all |[c|| < 1 and ||d|| < 1 gives

lla - €llmoa < llall I€]lmod-

Similarly,
1€ - Bllmod < [1b]l [|€llmoa (b€ A, € € X).

161



Now, by [74, Theorem 4.3], we renorm the predual Y by the corresponding polar norm
[9llmod,« = sup{l(& »)] : [|€llmoa <1},  y €Y.

Since || - || mod is equivalent to the original norm on X, the norm || - ||mod,« is equivalent to the original
norm on Y. Therefore, the underlying predual vector space is unchanged, and the weak® topology
o(X,Y) is unchanged. Consequently, weak* convergence and weak* continuity of the module actions
are unaffected by this renorming. Thus, without changing the weak® topology or normality, one
may assume that the left and right .4 -actions on X are contractive.

The following identification lemma is obvious.

Lemma B.3 (Scalar unit for the normal spatial tensor product). Let X be a dual Banach space.

Then, the canonical maps
@g CRX — )(7 @g()\@)f) = >\57

0, : XC — X, 0,(@)\) =X
are weak® —weak® homeomorphic isomorphisms. Consequently,
X =2CeX®C
E—1RER1
weak* —weak* homeomorphically.

The following lemma is the normal Banach-space analogue of the functoriality of module tensor
products in [4, Lemma 3.4.5]. The unbalanced normal spatial tensor product is treated in [4,
Section 1.6.5]; for the analogous threefold balanced construction, see [4, Section 3.4.8]. We also refer
to the W*-module tensor product framework in [4, Section 8.5.40].

Lemma B.4 (Functoriality of the normal tensor product). Let U, V,U’, V' be dual Banach spaces
with fized pre-duals. Suppose that

S:U—U, T:V —V

are bounded weak*—weak™ continuous linear maps. Then, there is a unique bounded weak® —weak*
continuous linear map

SRT : URV — UV’
such that
(SRT)(u®wv) =8S(u)®T(v) (uelU, veV).
Moreover, let ¥ be a dual Banach algebra, let X,Y, X', Y be normal one-sided ¥ -modules, with
X, X' right ¥ -modules and Y,Y' left ¥ -modules. Suppose that

S: X — X/, T:Y —Y’
are bounded weak*—weak® continuous module maps, that is,
S(z-v) =S(x) - v, Tw-y)=v-T(y)

forallx € X,y €Y, andv € ¥. Then, SRT descends to a unique bounded weak* —weak* continuous

linear map
S@yT : XQ@yY — X'®yY’

satisfying
(S®yT)(z @y y) = S(z) @y T(y).

162



Proof. We first prove the unbalanced case. Since S and T' are weak*—weak* continuous, by Proposi-
tion B.1, they have pre-adjoints
Sy : UL — U, T, : V! — V..
Recall that, by Definition 5.1.1, we regard UV as a weak™ closed subspace of A(V,,U). Define
r:2V,U)— BV,,U)
I'(A)=So0AoT,.
Note that

/ !
Y

I'(A)=So0AoT,.

Figure B.1: Commutative diagram defining I'(A).

Then, I is bounded and
ITN < [ISTIT = 1SI T

We show that I' is weak*—weak™® continuous. By the canonical pairing realization in Remark 5.1.2
and the definition of adjoint operator, for A € B(V,,U), ¢’ € V], and ¢' € U., we compute

(A, Ty’ ®¢)) = (L(A),¢' @ ¢')
= (L(A)(¥), ¢')
= (S(A(T)), &)
= (A(TW), Si(¢))
= (A4, T.(¢") ® S«(¢'))-

Thus, we can define the pre-adjoint of I on elementary tensors by

L.:V/@U, — V.U,
LY ®¢') = T(¢) ® Su(¢).
Since
T (" @ &)y < NTASe 1 I,

we obtain a bounded linear map Iy : V/®,U, — V,®,U, such that ||| < || T [|S«]| = |T|| ||S]-
Clearly, I' = I'%, so I' is weak*—weak™® continuous.
Now, for u € U, v € V, and ¢/ € V, by using the definition of I', we compute

L(u@v)(@) = S((u®v)(Ty'))
= S((T')(v)u)
=¢/(T(v))S(u).
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On the other hand, by the definition of the normal spatial tensor embedding, the elementary tensor
S(u) ® T'(v) acts on ¢' € V/ by

(S(u) @ T(v))(¢') = ¢'(T(v))S(w).

Combining the last two equations, we obtain

Pu®v)(@) = (Sw) @ T@)(W) @ eV);

hence,
Nuev)=9Su) T =[ST)(u®v).

Since U ® V is weak™® dense in U®V and T is weak*—weak™* continuous, we have
LUeV)CcU'aVv'.
Therefore,
SRT :=T|ygy : UV — U'aV’
is the required bounded weak*—weak* continuous map.

Now assume that X,Y, X’ Y’ are one-sided ¥-modules as in the statement of the lemma. Let
J and J’ denote the weak* closed balancing subspaces defining X®+Y and X'®+yY’, respectively.
For generators of the balancing subspace, we have

(ST)(z-vRy—zuv-y)=Sx-v)@T(y)—S(x)@T(v-y)
=Sx) veT(y) —S)@v-T(y).

The final expression belongs to J' by definition. Since S®T is weak*—weak* continuous and J is the
weak™* closed span of the balancing relations, it follows that

(S&T)(J) € J' = ker(q'),

where ¢ : X@Y — X®yY and ¢ : X'®QY’ — X'®y Y’ are the canonical quotient maps. The
above inclusion implies that
J Cker(q' o (SRT)).

Hence, by Remark 5.1.5, the weak*—weak* continuous map
q o (SRT): XQY — X'@yY’
descends to a unique bounded weak*—weak* continuous linear map
SRyT : XRyY — X'@yY’

such that
(S&yT)oq=q o (SRT).

Therefore, for elementary tensors, we have

(S@yT)(x @y y) = S(x) @y T(y).

164



Lemma B.5. Let A be a dual Banach algebra, U be a normal left dual Banach A-module, and V
be a dual Banach space. Define an action of A on URV by

a-(u®v)=(a-u) .

Then, URV is a normal left dual Banach A-module. Similarly, if V is a normal right dual Banach
A-module, then URV is a normal right dual Banach A-module under

(u@v)-a=u® (v-a).
Proof. We prove the left module case. For fixed a € A, the map
L,:U—U, U a-u,

is weak*—weak™ continuous. Hence, by Functoriality Lemma B.4, it induces a weak*—weak™ continuous
map
L,®idy : URQV — URV.

Thus, URV is a dual Banach left A-module. It remains to prove normality. Let n € U®V and let
p € (URV),. It suffices to show that

A— C, ar— {a-n, p)
is weak™ continuous. By Definition 5.1.1, the pre-dual (U®V), is a quotient of Vi ®+ U,. Hence, we
may represent p by

P=> tn®@bn €VidyUs > [lthull lI6nll < 0. (B.1)
n=1 n=1

By the canonical pairing realization in Remark 5.1.2, for a € A, we have

[e.o]

<a-n,p> = Z<a'7771/1n®¢n>

n

Il
—

NE

<a : 77(¢n)7 ¢n> : (B'Q)

I
_

n

For each n € N, since U is a normal left A-module, the functional
A —C, ar—(a-nYn), dn)

belongs to Ay, and
la = (a-n(n), eu)ll < [0l 19nll Iénl,

Therefore, by (B.1), the series (B.2) converges absolutely in A,. Hence, for every p € (URV),, the
functional

ar—(a-n,p)=pla-n)
belongs to A,. Thus, the orbital map

A— UKV, ar—ra-n

is weak*—weak* continuous. Consequently, U®V is a normal left dual Banach A-module. The right
module case is proved similarly, slicing in the other tensor variable. O
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Corollary B.6. Assume that A and ¥ be dual Banach algebras. Let U be a normal left A-module
and a normal right ¥ -module, and let V' be a normal left ¥ -module. Suppose that the left A-action
on UKV preserves the balancing subspace J. Then, the induced left A-action on URvV is normal.

Proof. Let ¢ : URV — U®yV be the quotient map, and let J be the weak* closed balancing
subspace such a - J C J for each a € A. Then, the natural action of A on U®yV is given by

a-q(¢Q):=qla-¢) (acA C€URYV).
The adjoint of the quotient map is given by
¢ (URy V) — (URV)Y,

o qp,
(T e,n) = (e, q),  (neUBV).

Restricting ¢* to the chosen predual (U®y V), gives the map
[ q*’(U@)"’/‘/)* . (U®VV)* — (U®V)*

We show the range of ¢, is J; . To this end, let ¢ € (U®y V). Then, ¢*¢ is weak™ continuous since
q is weak*-weak* continuous. Also, for every ¢ € J,

(@9, C) = (p,q(C)) = 0.

Hence, ran(g,) C J,. Conversely, if p € J, , define

(oo am) ==<(p,m)  (neURV).

This is well defined. Indeed, if g¢(n1) = q(n2), then 1 —n2 € J. Since p € J |, we have p(n; —n2) =0
and hence p(n1) = p(n2). Therefore, ¢ is well defined and by definition satisfies ¢, = p. Thus,
ran(q,) = J1. So, we obtain

(aopsn) = (p.a(n), (9 € (UByV)s, n €URV). (B:3)

Let n € URyV,a € A and ¢ € (URyV),. Choose an element ( € URV such that ¢({) = n. Then,

(p,a-m) = (p,a-q(C))
= (p,q(a-Q))
= <QU§0aa'C>

By Lemma B.5, the action of A on UV from left is weak® continuous. The functional ¢,y is also
weak*-continuous by (B.3). Hence, the orbital map

ly: A—U®yV, a—>a-n

is weak*—weak™ continuous. O
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Lemma B.7. Let XY, Z be dual Banach spaces with fized preduals, and let
B: XxY —Z
be a normally linearizable bounded bilinear map with associated map
By: 7, — (X&Y),.
Then, there is a unique weak* —weak™ continuous linear map
B:X®Y — Z
such that B = B}, e,

~

Bx®y)=DB(z,y) (re€X, yeY).
Proof. Since B is bounded, its adjoint gives a weak*—weak* continuous map
B X®Y = ((XQY).)" — (Z.)* = Z.

Set

~

B := B;}.
Then, for x € X, y € Y, and w € Z,, we have

~

(w, Bz @y)) = (Bs(w), ®y) = {w, B(z,y)).

Since Z, separates points of Z, it follows that B(z ® y) = B(x,y). Uniqueness follows from the
weak* density of X ® Y in X®Y. O

Corollary B.8. Let ¥ be a dual Banach algebra, X be a normal right ¥ -module, Y be a normal
left ¥V -module, and Z be a dual Banach space. Suppose that the ¥ -balanced bounded bilinear form

B:XxY —Z

1s a normally linearizable. Then, the linearization B descends to a unique weak* —weak”™ continuous
map B
B:X ®’7/Y — Z

such that

B(x ®y y) = B(z,y) (xeX, yey).

Proof. Let
q: XQY — X®yY, q(n) =n+J,

be the quotient map, where J is the weak® closed balancing subspace. By Lemma B.7, the map B
has a weak*—weak* continuous linearization

B:X®Y — 7
satisfying B (x®y) = B(z,y). Since B is balanced and B is weak™weak* continuous, it follows that
J C ker(B).
Therefore, by Remark 5.1.5, B descends to a unique weak*—weak™ continuous map
B:X&yY — Z
such that B = Bogq. Clearly, B(z ®y y) = B(z,y). O
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Lemma B.9. Let X and W be dual Banach spaces, and v : X — W be a bounded weak* —weak*
continuous linear map with weak* dense range. Suppose also that there is a bounded linear map
m: W — X such that mo.=idx. Then, ¢ is onto. Consequently, m = 1=, and m : W — X is
weak™ —weak* continuous.

Proof. Since m ot =idyx, we have

€L = lm(EDI] < Iml 1N, (€ € X).

Hence, ¢ is bounded below. We first show that ((X) is weak® closed in W. Let » > 0, and
1 € «(X) NrBw. Then, n = () for some £ € X, and

IEF= lm) < {lml[ l[nll < {lmllr.

Hence,
(X)) NrByw = u(||m||rBx) N rBy.

By the Banach-Alaoglu theorem, ||m||rBx is weak® compact. Since ¢ is weak*~weak™ continuous,
t(||m||rBx) is weak* compact in 'W. Therefore, ¢(X) N rBy is weak™ closed. By Krein—Smulian
theorem [13, Theorem V.12.1], we conclude that ¢(X) is weak™® closed in W. However, ¢+(X) is weak*

dense by assumption. Thus,
u(X) =W,

i.e., ¢t is onto. Since m o = idy, it follows that
m=.""
It remains to prove that m is weak*—weak® continuous. Let
i w, n in W.

The net (1)) is norm bounded, so there is r > 0 such that

M, N € TBW ()‘)

Since m is bounded,
m(ny), m(n) € [[m|rBx  (A).

The ball ||m||rBx is weak™ compact by Banach—Alaoglu. Moreover,
t:|lml|lrBx — (||m|lrBx)

is a continuous bijection from a compact space onto a Hausdorff space. Hence, it is a homeomorphism.
Therefore, its inverse is weak* continuous on ¢(||m|rBx). Since

m=m(m)),  n=um)),

we obtain

*

m(ny) = (m) = ¢ (n) = m(n).

Thus, m is weak*—weak* continuous. ]
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Proposition B.10. Let A4 be a von Neumann algebra with identity p, and X = Y™ be a unital
normal dual A -bimodule. Set W = NV Q@ _y XRQ_y N, and let u be canonical action map

w:W— X,
wa®@ y E@pb)=a-€-b.
Then, p is a weak®—weak® homeomorphic isomorphism, and its inverse is given by
t: X — W,
L) =pB@y &R p.
Proof. Let r, be the weak*-weak® continuous map
kp: C— A, Kp(A) = Ap,
and
q: NRXRQN — N Ry Xy N =W

be the corresponding canonical weak*—weak* continuous quotient map as in Remark 5.1.5. Consider
the weak*—weak* continuous map

A: X — CRXRC, A =11,
of Lemma B.3. Then, for £ € X,

a((rp@idx @1, (ME)) ) = a((y@idx Bry) L@ €@ 1))
=q(p®E{®p)
=pOyEQND
= 1(6).

That is, ¢ = g o (kp®@idx ®kp) 0 A. So, ¢ is weak*-weak® continuous by Lemma B.4. Note that the
module action map p is balanced since for n € A",

(an)-&-b=a-(n-§)-b, and a-({-n)-b=a-&- (nb).
It is clearly bounded since
la-&-bll < llall ] 1]o] -
Recall that p € A4 acts as the identity of module actions, so for any & € X,
1(u(€)) = plp @ £ @1 p)
=p-&-p
=¢.
Hence, p ot =1idx. We now show that +(X) is weak* dense in W. Let a,b € 4" and £ € X. Using
the balancing relations and the fact that p is the identity of .4, we get
ARy EQyb=pa@ yEQ b
=pQu (a-§) ub
=p®y(a-§-b)®,p
=la-&-b).
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Therefore, every elementary balanced tensor belongs to ¢(X). Since elementary balanced tensors
are weak* dense in W, the range ¢(X) is weak* dense in W. Now, by Lemma B.9, ¢ is onto, u = ¢},

and p is weak*—weak™ continuous. O
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