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CHAPTER 1

ATM, METHOD, AND JUSTIFICATION OF CONSIZERATIONS

PROPOSED

Herein it will be attempted to add to the understanding of the
basic concepts of continuity, differentiability and integrability,
by the consideration of functions which are not well-behaved. The

more common functions in analysis are apt to be very misleading, as

they do not show in all cases the requirements for full rigor in

setting up necessary and sufficient conditions.

Historical development in analysis has shown this effect. It
was at one time held that any continuous function has a derivative.
Leibnitz and Newton defined f(x) = F!(x), and the integral as the
"anti-derivative; ensuring that

ngf(x)dx = F(x) - F(a).

Thus the problem of having given an f(x), and establishing the
existence of F(x) such that F'(x) = f£(x), did not arise. The construct-
ive definition of the integral came much later, Riemann's integral

being the first of this type. An assumption then made was that

.GP Ft (x)dx
always exists. Such conceptions were prevaleéent eVen up to the time of
Fourier at the beginning of the nineteenth century. Examples to the

- contrary have proved them false.

Reversibility of operations and an intuitive behavior of elements
with their combinations, introduce a simplification into any logical

science. Thus with the discovery that the original simple ideas were
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inadequate, an attempt.was made to redefine integration. It was hoped
that integration might form with differentiation a revérsible process,
and enéble'the beliefs of Newton to be true in this new sense. Of
many generalized forms of integral, that of Lebesgue proved to be the
most effective. It is neither so specialized as to exclude many
functions from consideration, as does the Riemann integral, nor is it
so generalized, as are some others, that it is lacking in power. The
attempt for a new simplicity was only partially successful. While
considering the failure of oversimplified concepts of functional
behavior under Riemann integration, the extent to which they may hold
using the integral of Lebesgue will be shown.

The method of counter-example, while at best an indirect form of
proof, and having in general only the ability to deny, has been the
most useful force in destroying these false ideas. This is essentially
the method used here.

Functions which show the limitations on the concepts of analysis
are in general characterized by discontinuities, either in the function
itself or in its derivatives. Selected examples will be considered in
-an ordered classification. These range from the totally discontinuous,
through increasing degrees of regularity, to a type continuous with a

finite bounded derivative existing everywhere.




CHAPTER B

EXANINATION OF FUNCTIONS DISCONTINUOUS
EVERYWHERE

(1) 2he characteristic function of the rationals.

An exampie is first given of a function for which the
Lebesgue integral exists wnile the Riemann integral does not.
Consider the characteristic function of the set of rationals
on an interval; ie on the interval (0,1} a function f(x) such
that f(x)=l if x is rational and f(x)j=0 if x is irrational, f(x)
is obviously diséontinuous everywhere in the range of definition.

The Riemann integral is defined as the common limit as
max(}% &Xp 190 of the sums: s,,-;élgnl,é;w—xp) and

Sn =§_1}EP (%o P

where the interval of varistion (a,b) of the independent
variable is subdivided by x such that a=X <X, €...<x,=b and mp
Mpare the lower and upper bounds respectively of f(x) in the
interval

X?LXéX?H
In the case of the characteristic function the mPin each case
is O and tﬂe_MPis 1. Thus the two sums are not equal in the
limit, and the Riemann integral does not exist.

The Lebesgue integral is defined for a function bounded
between the values a and b as the common 1imit of two
similar sums. The interval of variation of the function is

suo-divided by means of v such that
oy ¥

BEY) 4Yy £ 00ty =b, and




n-f

the lower sum / 3 —Zyrﬂep,

where me, the measure of the set €p of values of the

dindependent varisble such tﬂdt Yp EY4Ypee The upper sum

lim (S, -s, }=0 as max (Iﬁ,yk)eO due to the nature of a
measurable function. It will now be shown that the Lebesgue
~integral of the characteristic function exists, The limit of

the sum Sn is
n-I

lim s, -&1m2yzm¢,
taken over the set of all real x in (0,1,

VA =0 for p=0C
me, =0 for all p#0
Thus 1lim s, =U.

Hence the Lebesgue integral exists and is equal to zero.

(2} Example of Lebesgue
' An evident requirement of a continuous function is that
it assume within an interval all values intermediate to the -
functional values at the end-points; ie if f(x) is continuous
on the interval (a,b) and L(a) # (b}, eg f(a} ¢ (b},
then given g such that |

t(a} £ g £ £(b) |
there exists a number ¢, (aZc£b} such that f(c) = g.

It is sioown below that this'may also be a property of a
function everywhere




discontinuous on the interval, (1)

The function f(x) is defined on the interval 0,1. Iet all real
numbers x in the interval 0,1 be expressed as infinite decimals,
terminating decimals being represented as ending with an infinite
succession of 9's. A number thus represented has the form

O.al ays A . If the decimal expansion

0.a, a_ a_... is not periodic the function f(x) is

13

given the value zero. If this expansion is periodic, the first

period commencing with a2 1 £(x) is given the value

O'aQn a2n+2 a2n+h.”
It will now be shown that in every sub-interval of (0,1) f(x)
takes on all values between 0 .and 1 and hence is everywhere
discontinuous on (0,1). Iet A,B be any subinterval such that

O¢A«B£landl £2B-A<1 .
10 10n-1

Théir decimal expansions will be identical up to and including the
(n - 2)nd place but will differ in the (n - l)St place. It will be
shown that élements T, U exist such that A « T 4 U € B where T and

U are of the form T = 0.C1 Gy CJI"()IH:LOOO\n 3 U = o.clczn- Cn+1999“‘

Consider the set of intervals

0exel 1 exe 2 \ k &, ekl 10t 2327,
1071’ 100+ 10041 1004 F IO TomT—

Every point of the interval O « x ¢ 1 lies in one of these intervals.

(1)* Lebesgue, Lecons Sur L!Integration, 2d Ed., p. 97.




Hence there is an integer K such that k-1 £ A £ k . Take

Job#l - 1o0#
Tz=k ,U=k+1 ThusA<T<U.
TomHL IonFr
B-U =B-k#l = (B-A) + (A-k#l ) 210 -2 _ >0. Hence
108+ ( 1om#l) Joh#l Tontl

A€ T<U<B. Let k in decimal notation be 0.010pw* Cpy -

T = 0.Gy e Cppq 000w 5 U = 0.0y C 0 999 .

A point G will be shown to exist such that T 2 G £ U and such that

for any number D, O £ D<€ 1, £(G) = D.

Let D in decimal notation be eicpreSsed as Dlu O~d1d2 “rdytt .

If n+#l is even take G = 0.C4C5 -+ Cpy kd kdykdye- where k any

integer except Cn' Then by definition f(G) = D. If m+l is odd take
G = o.ci«- Cpgg O kdy kdpkdgees |

where k any integer except C . Again £f(&) = D. Hence f(x) while

everywhere discontinuous on (0,1) assumes all intermediate values.




CHAPTER 111

CONTINUITY WITHOUT DIFFERENTIABILITY

The behavior of the above functions may not be surprising
because of their discontinuous nature, but even continuous functions
may show properties far removed from the fegular behavior assigned to
them by early mathematicians. In van der Waerden's example is seen

a function continuous on an interval but having no differential

coefficient at any point within it.(2)

This function f(x) is defined on the interval 0,1 as
- _
:E fo(x) where £,(x) denotes the distance between x and the nearest

number of the form m , where m is an integer.
1

f(x) is easily shown to be continuous. Each fn(i) is continuous
and Ifn(x)/ 210, f(x) is the sum of a uniformly convergent series
of continuous functions and is therefore continuous.
| It will now be shown that a differential coefficient f£1(x) does

not exist. Let x, any number in the interval (0,1),be expressed as an

infinite decimal -- terminating decimals having a final infinite
succession of 9ts. If the q'th digit be aly or 9 let Xqg =X - 1079,
otherwise x, = x#10"4. Hence if n < q, the nearest number m  is the

4 Ton
same-for x and Xq and is either less than both of them or greater

than both. It is seen that 4 and 9 must be considered specially

from an example of x, xqgformed as above and Xq formed by treating

aly or 9 as any other digit.

%

(2) Titchmarsh, The Theory of Functlons, (Oxford: The Clarendon Press,
1932), p. 353.




= 0.3556 ' where the q'th digit

Let x = 0.35L6 Xq = 0.3536* x

ql

in x is L. For x, Xq the nearest number of the form %n is 0.35,
1

n € q while for x,, the nearest such number is 0.36. Similarly if

q
the q'th figure be a 9. Iet x = 0.3L396+" x4 = 0.34386- x,, = 0.34406 -+ .

The closest number m , neq is for x, 0.3LLO >x; for x, 0.3LL0O >x ;
Ion - e e

for Xq's 0.3L440 £ Xqts hence xq, and x are not both of the same order

of magnitude relative to the appropriate m .
Ion

For n 2 q the num’bers m , m! corresponding to x, X, respectively
oo’ Ton T

differ by x - Xq-

Hence fn(xq) - fp(x) = ¥ (xq—X) , (n 2q)

=0 , (n g

Thus f(xq) - f(x) = %‘1 * (xq_x.)}= p(xq-x) where p is an integer, odd

or even with (g-1) since only an even multiple of (xq—x) may be
removed by cancellation of positive and negative sign.

As g oo, Xq*%s li‘(xq) - f(x) - f(xqfl) - f(x)l >1,

'Xq-x xqﬂ-x '

Therefore f(xq) - f(x) does not tend to a finite limit as Xq * X Hence

Xq"x

the differential coefficient does not exist.




CHAPTER 1V

CONTINUITY AND DIFFERENTIABILITY WITHOUT
INTEGRABILITY OF DERIVATIVE

With an increasing degree of regularity in the function,
deviation from supposedly normal properties seems even more
strange. 4 function may however be continuous and possess

a bounded differential coefficient; yet this differential
coefficient may be non-integrable in the sense of Riemann.
Volterra's example, the first such function constructed, is
considered here. (1)

It will be shown that in the sense of Lebesgue the derivative

does integrate back to the function.

(1) Volterra's example

The function will first be defined on an interval (a,b).
OUne requires a perfect non-dense set E of points on an interval

(a,bj such that the neasure of the set is greater than zero.
such a set is formed by taxing the linear continuum (0,1) as
the interval (a,b)band deleting in the first stage an open
interval of lengti % centred at the point 4., In the second stage
are deleted oper intervals with the properties:;

(1) they are of equal length

(2) they are centred at the mid-points of tae

intervals remaining after the first stage

(3) their total length is 1/8

(1) Hobson, The Theory of Fuactions of a iteal Variable, (Cambridge

University Press, 1907), p.357.
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In the n'th stage open intervals are deleted such that:

1) they are of equal length _1
( 5

(2) they are centred at the mid-points of intervals remaining
after the (n-1)5% stage,

(3) their total length is 1 . .
ontl '

This process is continued indefinitely, the points remaining form-

ing the set E. E consists of the end pdints and the limiting points
of the end points of the deleted intervals.’ It is seen that E is
perfect since it is closed-=~béing the complement of the open deleted
set--and it is dense in itself. It is non-dense in the interval (0,1),
since any chosen interval will contain an interval of points of the
complement, G(E), of E. C(E) is made up of the deleted open intervals.
The measure qf the complementary open set is the sum of thé lengths

of its intervals, ie 1 + % 4 % +--=1/2 = m(C(E))
1 .

Hence the measure of E is 1-mC(E) = 1/2.
Thus E is a perfect non-dense set of measure greater than zero,

Consider a general one of the complementary deleted intervals (4,B).
Define # (x,A) = (x-A)2 sin(}_i_A). The derivative of @ (x,A) with respect

to x is

@r(x,A) = 2(x-4) sin _L_ - cos _l_)-at X = A; ¢(x;A) =0 and-¢1(x;A) =0

x-A) (x-A
since @, ' (x,A) = iim ? (Ath,A) - #(A) = :tLlim‘}l_ (Ath-4)2 s‘:'mlli = 0.
-0 h 20

It is also evident that ¢'(X;A) vanishes at an infinite number of points in
(4,B). Of these zero points (A4C) is chosen as the greatest value of x

not exceeding é;g for which '(x,A) vanishes. C is < 1/8 since the greatest
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interval (A,B) is of magnitude 1/L. For convenience let (A+C) be the
last such maximum of @#(x). The necessary requirement here for the
construction of a continuous function is the choice of a zero point
which is not an accumulation point of zero points. Thus it is not

essential that ones choice should be the very last such zero point.

L

It will now be shown that such a last maximum in (x-—A)2 sin
: ' X4

in the range A, A#B does exist. In the interval A, _1}%13_; A is the

only accumulation point of zero points of @#'(x,A). In any range
Ofx-A<x! - Avwhere A £x «x! the quantity 1 varies from
x-A
1 to @@ ., In this range an infinite number of odd integral
xt-A . :
"multiples of'Z7'occur, at each of which is a zero of #!. Thus any
5 _
arbitrarily small interval about A contains infinitely many zero points.
In the interval (x', B#A) the quantity 1 varies throughout a finite
( 2) X-A
‘range (1 , 1 ) which contains only a finite number of odd

(¥T7=X B#i-L)
( 27 )

integral multiples szz;. Hence there are only a finite number of zero

points in any range (x', B#A) where x! S A, If a maximum point t of
2)

f(x,A) is chosen such that A<t % égg there are an infinite number of
Zz)

interval t; € x % é;? contains a last maximum of @(x,A) which may be

tl. A+C is the value of x at which this last maximum appears.

maxima in (A,t1) but at most a finite number in (tl, A+4B). Hence the
(.

The function F(x) is defined such that F(x) = 0 at every point of E.
In each complementary interval (A,B), F(x) is defined as #(x,4) for

A£x2A4C; F(x) = §(A4C,A) for A + C £ x £ B - C and
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F(x) = §(B,x) = - #(x,B) for B - C £ x £ B. F(x) so defined can be
shown to be continuous with a finite bounded differential coefficient
everywhere on the interval of definition (0,1).

F(x) will be shown to be continuous by the manner of its

definition.” In E, F(x) = lim F(X,) where X, an end point of a com-
n»0 '

Plementary interval to E and X, » x. On a complementary interval
(A,B), F(x) = #(x,A) in (A,A4C); F(x) = #(A4C,A) in (4+C,B-C) and
P(x) = §(B,x) in (B-C,B). At the point x = B-C,#(B,B-C) = (B-(B-C))? Sin

1 = ¢° sin 1 = f(A+C,A). Hence it is seen that F(x) is continuous
B-(B%)
on the interval (4,B).

Tt will now be shown that the defivative of F(x) with respect to
x, F'(x), exists everywhere, is bounded and measurable but has a
discontinuity, of measure at least 2, at all points of E.

The derivative of F(x) in C(E) is zero for the ranges (An 1C, Bn—C)
where F(x) is constant and is ¢'(X,An) on (A, AnfC); ¢’(Bn,x) on
(B,-C, B,). It willinow be shown that at a point x of E, Fi(x) = 0; ie

for any constant e ® 0 there exists a constant d- » O such that

h

0« /h/ ¢d. If xth in E, F(xth) - F(x) =0 - 0 = 0. If x+¢h in G(E)
h h |

r 4 .
and X - e = A - B Zx + e there are three possible cases.

" /F(x+h) - F(x)/« e for all /h/ < d. Givene >0 take d = e and
/ /

Case 1. If x+h in the interval A,A+C then

/F(x+h) - F(x)/= (x+h - A)2 sin 1 . The interval A,B
R/ B X#hoA

must lie wholly to the left with B £ x or to the right with x £ A since

a point of E could not be contained in a complementary interval. There-.

fore/x+h-A/ < /h/ and//F(x+h) - F(x)/ «/b/ <e.
h /
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Case 2. If x#h be in A+C, B-C the?/F(x+h) - F(x)/= 9? sin 1 and
h

B/ B
=G < /h/ Therefor;/F(x+h) - F(x)//‘ /h/< e.
h
Case 3.. If x+h in B-C, By /F(x+h) - F(x)/= (B—x-h)2 sin 1 and
/ ) 7 2 B—x-h

/B-x-h/ <« /n/ Hence//F(x+h)-F($:) < /h/ 2 e,
h

If the complementary interval containing x+h is such that
(D aex-e2B2xor (3 x24 2x+e <8 the result follows as
above. Here the location of x * e in the interval A,B might exclude one
or two of the above cases, eg. in (1) if B-C<x ~e 2B then one
would not find x+h in the ranges A,A+C or A+C, B-C.

Hence F'(x) = O at all points of E. Inthe ranges (A,A+C); (B-C,B)

Ft(x) is respectively 2(x-A) sin 1 _-cos 1 and 2(B-x) sin 1 - cos
x-A x-A B-x

_1l . These can never exceed /2C+l/ since C < B-A. Hence F;(x) exists
B-x _ 2
everywhere and 1s bounded.

Ft(x) will now be shown to have a discontinuity of measure at least
2 at every point of the set E. Consider any point x of first or second
type in E. In every arbitrary interval about x is contained a
complementary interval of E since E is nowhere dense on 0,1. 1In gvery
complementary interval the function Ft(x) oscillates at least between +1
and -1 in the neighborhood of an end point. Thus for/x!-x/ < arbitrary
constant, /F'(x') - F'(x)/ 22 and a discontinuity of measure at least 2
exists at all points of E. Since E is of positive measure 1/2, F!(x) is
not integrable in the Riemann sense. This is also readily shown by direct

considerations. One may make a subdivision of the x-axis in the interval

0,1 by means of the points X X5...X, and consider the upper and lower
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e n-f . »-{ N
Hiemann st Q - 2116 - n 13 e
i su.msgfims (‘xsﬂ Xg) and él mg (Xs_” X )+ The requirement
for the existence of the integral is
R - _
aim E (g -mg ) (% -xg)=0.
The summation over (0,1} may be considered as the sum over - RN
intervals containing points of E and tnose not containing
. ey : ; o= py =
points of B Lim £ (il -m, J(x,~%1=(0} ($}=0
since F'(x) continuous on the set Ci.
Lin 2 (K, (x,-x, ) 2(2) (3)=1

Ny oo
since F'(x) has a discontinuity of measure at least 2 at all

points of £ and the measure of E is 3. Thus the limit is not

zero and a Riemann integral of F'(X).OVGI' (0,1) does not exist,
F'(x) being bounded and measurasble is integrable in the

sense of Lebesgue, Uloreover F'(Xx) exists everywhere on the interval

and /F(X-ph%—l*‘(xl/:/ﬁ"(x - ch)/ 4, Oze <1

Hence S.%’/F(X’ #h ) - F(Xs}/ £ Iviéllhsl, ie
F(x) is absolutely continuous and is thus a Lebesgue integral.
In the sense of Lebesgue therefore
F(x) = [F1(6) 6t -F(a),
the derivative is integrable and integrates back to the function,
A further example of a réfcher regular function ( in fact
continuous, monotone increasing, possessing a derivative

bounded and measurable)which is not an integral, is counstructed

on the Cantor set. (2)

(2) Hille and Tamarkin, "Remarks on a Known Exemple Of a lonotone

Continuous Function®, American Mathematical Monthly, Vol,

36, May 1929, pp. 255-64,
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(2) A function on the Cantor set.

The function.will first be defined on the interval (0,1). Consider

a perfect set of points nowhere dense on the interval (0,1), Cantorts
set is such a set. To form the Cantor set (0,1) is subdivided in three
equal parts and the interior of the middle part removed. The remaining
two parts are each subdivided in three and the interiors of the middle
parts removed. This is repeated indefinitely--the number of intervals
removed at the p'th stage being 2P-l each of length 3-P. The intervals
of the p'th stage are denoted by Dy, (k = 1,2,** 2PL), e total
number removed in the first p stages is 2P-1. Let E be the set of points
not removed consisting of the end points of the intervals Dpk_and their
limiting points. The complementary set C(E) is the sum of the open
deleﬁed intervals Dpk’, Let the closed intervals remaining at the p'th
stage be Npk’ (k>= 1,2, 2P). E is always covered by the Npy. For
fixed p all Npk have length 3P and the sum of their lengths is (2/3)P
which goes to zero as p approaches infinity. Hence E is of measure zero.
Denoting the points of E on the fernary scale as infinite decimal fractions,
they are numbers of the type O.al ap*** a,'**where only digits 0 and 2 are
admitted. All numbers of this type may be approximated as closely as is
-desired by numbers of the same type. ‘Thué E contains all its limiting
points. Since each point of F is a limiting point, E is a perfect set.
Every subinterval of (0,1) contains interwals of C(E), hence E is nowhere
'>densé on (0,1). |

Using a to indicate digits O or 2 and b for a, then when X = 0.a
2 :

(any point of E) the function w(x) has the value w(x) = O.byby e,

RN
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a number on the scale Qf 2. Considering values of w(x) at end points

of an interval Dp , at the left-hand end point X = 0.aq25" ap—l 02227+

and w(x) = O'b1b2"°bp—l 0111l +++ . At the right-hand end point

X = 0'3132'“&;)—1 2000*and w(x) = 0.b; b, bp—l 1000:.+.Therefore at the

end points w(x) has the same value 2 k-1 which may be seen by considering

that for fixed p and increasing k one has w 1 (x) = 1, and for every
o —

increase of 1 in k there is an increase of 2/,p in wpk(x). The value
of w(x) at all points of a Dpk is taken its value at’ the end points.
Thus the function w(x). is defined on the interval (0,1).

It will now be shown w(x) is monotone (non-decreasing) on (O,l) and
increases from O to 1 as x inc:g'eases from 0 to 1. Intervals Dpk are
intervals of constancy of w(x), thus one needs only to consider the points

1 1
of E. For x!' = O.all_ a;" s X1 = O.a_i'a’-;-and x't 3 x' there exists a

subscript n such that a} = af? fori < n, atl » al . Thus

WQP)=&qhuqrniomf~1%f‘= w(x!)

Tt is here shown that w(x) is continuous on (0,1). Given an arbitrary

positive constant e there exists a positive constant 4 such that ‘
/W(X!) - w(x)’ 4 ¢ for ,x' - x/ < 4.

w(x) as a constant is continuous on the Dpk

.only x and x! of E, TFor the given e = 0 choose an n such that 270 2 e, Tt

is now seen that d = 3™ satisfies the requirements, for I xt - xl < d means

X and x!' are o'f the forms

LR

x = 0.4 3.2 see 8

1 n¥l aLn~|u2'

X' - O.a . sse 2

122 nel 2ne2’

and it is necessary to consider
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onthe scaie of three. x and x' differ only after the (ni\l)tIrl place.
then  Jw(x) - w(x')] = [o.bl-n Prg1 Ppgo’™® — O.byswb o b£f2:~-/
<2 zg,
Thus w(x) is continuous on the interval(0,1).
W(x) is now proved to be not absolutély continuous and to have an
(0,1) a constant I variation of magnitude 1., L variation on an interval

is defined as the upper limit of the sum

LY ECRER WY

over any finite set of non-overlapping sub-intervals (Ak, Bk); k =1,2,"mn,

_ ‘ o
f total 1 th - L ; ] -
of total leng k‘z.l (Bk Ak) £ L. Choosing (Ak, Bk) = Npk then

S e -w )] =5 Qw(B) - wn) D=1 but
ZNpk - glp and igp ¢ e for p Aloge
3 Tog 2/3
Thus the L variation is constant at 1 and w(x) does not satisfy the
condition of absolute continuity which is:
For an arbitrary positive constant e given, there must exist a positive

constant d such that

n :
S ’w(xsf hg) - w(xs), Lo
s=1’

B

for any set of non-overlapping intervals (xs R xsf hs) where

z'/(xS + hs) - xS/“ d.

Since absolute contimuity is the necessary and sufficient condition for a

function to be an integral

w(x) 4 [axw' (x) dx + w(a).
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The derivative w'(x) is zero almost everywhere on (0,1) since it is zero
at all points of the set C(E). Thus w'(x) is bounded and measurable
almost everywhere, hence integrable but not to w(x). In fact

| [LHwt(x) dz = O for all a,x in (0,1). '

It will now be shown that although w(x) is monotone, hence of
bounded variation and possessing a curve y = w(x) of finite length between
(0,0) and (1,1), the length is not givén by the uéual formula

'/01(1 s ()2 20y 21

Tﬁe actual 1eng£h will firstvbe found from consideration of the

definition of curve length as the limit of the perimeter'of an inscribed

polygon. The perimeter of any such inscribed polygon, without double

points, cannot exceed the sum of all the horizontal and vertical

projections of its sides; which is 2 for a polygon running from (0,0) to
(1,1). If the inscribed polygon is taken as the broken line with

vk

vertices at (0,0), (1,1) and the end points of the D
(n fixed, p = 1,2,°** n, k = 1,2, == 2P71)

the sum of the horizontal sides is
n a4 - ’
2 Dy = 3 2P 3P _1-(2/3)",
pk p=l '

A1l the inclined sides, 2P in number are of equal length. Their common

length is (272n 4 3—2n)1/2 = 2'nél + (gJZn)l/z. As neolength of
. 3) )
polygon, 1 - (g)n + il + 52;211)1/2 22,
(3 3) )

Hence the length of the arc y = w(x) between (0,0) and (1,1) is 2. The
usual formula fails here because w(x) is not absolutely continuous.

w(x) will now be shown to satisfy a Lipschitz condition of order
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A =log 2. ie for x, x+h in (0,1);
' log 3

Ju(x+h) - w(x)/ & U/h/B, 1 £ max u £ 2, A = log 2
log 3

Take Npk = x,x+h. It follows that
' w(x+h) - w(x) = 2P and h = 37P,

Thus the order A and the upper limit of M cannot exceed log 2 and 1
log 3

fespectively as is seen from 27P « M(B'p)A. For x,x+h any pair of

numbers in (0,1) one may assume h > O without loss of generality since
w(x) is a monotone non-decreasing function and when bounded above

. necessarily approaches a limit. It is only necessary to consider the
case of both x,x+h in E, since for x or x+h an interior point to an
interval Dpk they may be replaced by the right hand end point or left
hand end point respectively. This would reduce the h without affecting
the'expression w(x+h) - w(x). Thus a~prdof for x,x+h in E is all that

. . .3 - '= [ ] t
is needed. Consider points x = O.alaz...am..., x+h O.alaz...am... and

there exists an n such that ai =a;, 1+ n;.an'= a . Hence ay =2, a = 0.
-n+1
Then W(X“"h) - W(X) = Oobl‘oobn_llo.Q—Oobl.eobn_lOQQu = 2 and
- _ -n
h = Oualoooan_lzo.o".Ooalcooan_lOo e = 3
(w(x#h) - w(x)) h™d 2 2™ %380 _ 5 por g o log 2.
log 3

Properties of to£a1 variation of the function will now be considered.
w(x) is defined outside the interval (0,1) by w(x) = O for x £ O
w(x) =1 for x 1. The function ¢h(x) is defined as w(x+h) - w(x) 2 O.'
ﬁh(x) is a function of x of bounded variation since it is the difference of

two monotone functions. Let T(h) be the total variation of the fundtion
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@y, (x) and W(z) the maximum T (h) for O £h £2z. It will now be shown
that W(z) is constant and equals 2. From its definition T(h) cannot
exceed the sum of the total variations of the constituents of the
difference w(x+h) - w(x). w(x), w(x+h) are monotone and iﬁcrease from
0 to 1. Thus they have the same total variation of 1 and T(h) £ 2.

With h = 3™ the interval (-« ,00 ) =

D D, ¥+ 2 N D.
+y £ .
o pk 7, ni 1

Dy = (-=,0) D = (1)

Thus T(h) = T(Do) +'s T(Dpk) +3 T(Nni)- + T(Dl).
pk 1

Since the h equals the common length of the intervals Nni and does not

exceed the length of any of the intervals Dpk (p=1,2,...n); when x

raﬁges over an intérval Nni’ x+h ranges over a part of the interval Dpk
adjacent to N;. Hence w(x+h) remains constant while w(x) increases by
27, Therefore T(N ;) = 2. TFor T(Dpk),let X, ¢ X, be end points of the
interval. Subdivide Dpk in two parts, D' = (xi,x?f h) -- which exists
only if'Dpk > h, ie p 4 ny and D'* = (x,-h, X5). T' and Tt are the

total variations of ¢h(x) in these respective intervals. For x ranging

over D', w(x) and w(x+h) are constant and T'* = 0. For x fanging over D1,
x+h ranges over the interval Nni adjacent to D', w(x) then remains

‘constant but w(x+h) increases by 271, Therefofé Tre =270 ang T(Dpk) =

T' + Tt = 27" Similarly T(D,) = 277, T(D,) = 0. There are 27

intervals N ., and 21 intervals D Thus T(h) = 27 (1+2%420-1) = 2

pk*
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and W, =W, = 2.

In the general case if w(x) were absolutely continuous and exist~-
ent as a Lebesgue integral, one would have
T(h) = LTW' (x#h) - W‘(x)l dx 0 as h 0. ie

W, =" (Lim W, = W&) = 0.
(z»o

In conclusion a continuous function will be considered which has
an infinite number of maxima and minima in every interval, and a finite
differential coefficient at-evéry point in the interval of definition. (3)
First considerations of a function satisfying the hypotﬁeses of
Rolles theorem and having maxima and minima in every interval are sometimes
intefpreted as showing the function to be constant. The falsity of this

assumption is shown here.

(3) A differentiable, everywhere——oscillating function.

The eiistence of such a function as this was felt by some to be
impossible, but it was constructed by Koepcke. The considérations here
are based on Perenc's simplification of the original constructiqn.

. A basic element in the construction is denoted by (A/B)ﬁ; the meaning
of which will now be given. On a straight line AB segments AA', B'B are

marked off, each equal in length to %@. Through the mid-point O of AB
, °0

straight lines rl’r2’r3""r2nél are drawn making angles with OA of which

the tangents are respectively 1 , g_)...Zn—l. A straight line r is

n2n  Tom

taken through A' making with A'O an angle with tangent 1 . Through the
21

(3) Hobson, The Theory of Functions of a Real Variable, (Gambridge
University Press, 1907), pp. 626-3l.
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intersection (ro,rz) run r{ parallel to T, through (ri ,r3) take ré

parallel to r, and so on. The straight lines

r rt.--- pt ,T
"0l ong T opny

form an unclosed polygon above A'O. On OB! is constructed an
exactly similar polygon on the other side of AB. These form a single
polygon joining A' and B', crossing AB at 0. On ro,A'A{' is taken

equal in length to AA? and an arc of a circle is described touching

AB at A, r, at A'', At each vertex of the constructed polygon there -

are marked off on sides adjacent to that vertex lengths equal to 1

——

O\

N

that of the shorter side; and an arc of a circle is constructed
touching the two sides at the extremities of the segments so marked.
The resulting figure joining A to B is composed of arcs of circles and
of straight lines. By means of the ordinates perpendicular to the
liﬁe AB this defines a continuous differentiable function. It has a
continuous differential coefficient which is zero at A and B and is—

~(2#1) at 0. This function is denoted as (A/B)n. The n is fixed in
(2n)

any given construction.

To begin the construction of the main function a system of

rectangular Cartesian coordinates is chosen in the plane with x and y
axes. A quadrant arc of a circle is taken in the positive quadrant of

the coordinate system, and passing through the points (0,0), (1,0).

Fo(x) is the function represented by this quadrant, being defined for
the interval (0,1) on the x-axis. F_(x) has a maximum at x = 1/2 and
- Fo'(0) =1, F*(1) = - 1. The value of F '(x) at x = 1/L is denoted

by I
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Construction of the function (A/B)n;

case of n=2,

Detail of arc ‘ \\
construction on
segments AA',A'A",

Arcs at other

vertices drawn

‘similarly,

Construction of the

function FO(X}.
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Now making use of the definition for (A/B)n, the curve with

ordinates ao(9/1/2)l is described from x = 0 t0 x = 1/2 and

- ao(l/a/i) from x = 1/2 to x = 1. This gives a continuous function

fl(x) such that fl'(o) = fl'(1/2) = i‘l'(l) = O.
fi'(l/h> = = 32yt (B/8) = 3 %
A function Fl(%) is defined as equal to '
| F (x) + £, (x). Then F '@/h) = -1/2 a '(3/L;) = %_ 25,F,1(0) =

Fy (1) =1, F '(lg 0. Thus B (x) has a maximum in the interval (0, 1/h),
2 .

a minimum in (1, 1), a maximm at x = 1/2, a minimum in (1, 3), and a

@z @ L)

maximum in (3/k4, 1). (0,1) is considered divided into sub-intervals by

points at which Fi'(x) = 0. In each of these intervals Fl'(x) is

monotone. Each sub-interval is now divided in 2, L, 8, equal parts
until the fluctuation of Fl'(x) in each is £ 1/2. This is always possible: °

since F '(x) is continuous.
L 1) (@ 3)

0,0 e

The points in which (O, 1) is so divided are denoted by C 1 1

1l
§-1 &
In any one interval, (C ( ), C (s)

c ), Fi(x) is monotone and its differen—

(1) ( )

««« are the values

), (cl(l), (2)>,

tial coefficient has a fluctuation £ 1/2. a

of F (x) at the mid-points of (O C )

respectively. The next stage is to describe curves

1 (1)) 2) 1 Ve,
al( ) 50/01 - al( gcl( ) 01(2) 32 ,

2

which together form a contimuous curve representing a function fz(x).

Fé(x) is then defined as equal to Fo(x) + fl(x) + fz(x) and F2(X) has in

every interval (Cl<s_1), Cl(s)) a new maximum and néw minimum, The length




2k

~ of each interval is €1 .
72

At the stage forming the function Fn(x) the points are taken at
which Fn'(x) vanishes; and if Fn(x) is constant on some intervals, the

 limiting points of those intervals. These points divide (0,1) into
intervals in each of which Fn(x) is monotone. Sub-divisions are then

made of each interval into 2,4,8,.-- equal parts such that the fluctuation

of Fn'(x) ineach is €1 . Cn(l), Gn(zl. are all the division points of

n . .
. . s-1 s
(0,1) thus obtained. In any interval (Cn( ), Cn( )), Fn(x) is monotone

1
and the fluctuation of F, (x) is , while the length of each interval

£q
20

is « 1 . The values of F (=) at the mid-points of the intervals are
PhNFL n

respectively an(l), an(z),"‘ . In the case of an interval on which the
function is constant, the corresponding value of a, is taken to be 1 or

2n
-1 according as the line is in (0,1/2) or 1/2, 1). The curves

on
?n(S) ECn(S—l) Cn(S)gnﬂ

are then described. The functioﬁ represented by the totality of these is

(x). Then Fn+1<x) = Fn(x) + fnfl(x) has a new maximum and new

(6, ), 0, )]
e

minimum in every interval (Cn s

fn+l

The series Fo(x) + fl(x) + £5(x) + -+ represents a function F(x), the
everywhere--bscillating function required. This function will now be
. . 1 { | LR !
shown to be continuous. F, (x) = F, (x) + £1 (x) + £, + + fn (x) =
Sn(x), (notation). It is now shown that for all n and x, Sp(x) is

oD .
numerically less than‘Z{ Qs+ 1 ) which is written as P. The proof is by
N=, N

n :
~induction. [S_(x)/ is assumed for all x to be less than 77- A +1) =P,
. n _ 1 i n
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Tt will be shown that / Sy (%) I' <p

(c (51), ¢ (2))

A point x < Cn(s) is considered in the interval (Cn
(x) ) (s) s > (n#a )
S =5 (%) +A_ ap'®) [ where 1 =4 - -t2 1. This follows
nsyl n n ) n
onvL

from the construction of the function since F!' +l(x) = F'(x) +f +1(X)

and the value of f *l(x) for positive F! (x) assumes the set of values

1 , =1 , =2 ,« = (on#ly 1) while for negative Fé(x) the sign
on+l ontl onFL onFL

of the values of féil(x) is reversed. Sn(x) has a constant sign through-
out'(Cn(s—l), Cn(s)), the same as the sign of an(s) but the sign of

Snep (X) may vary. If A, is positive, / nfl(xj/ <P, 1+ l ) £ P

since /S (x)/ < P and a_ (S) (a partlcular value of S,(x)) is ¢ P,

while 0 £ Ay /Sm_l(x)/ By #P, «P,. IfA is negative
2an
n+1(x)/ /% (x}/ 4P, 4Py Thus }t is evident that if/Sn(x)/ <P
it follows that /Snfl(x%/ 4P - Fi(x) is, everywhere in (O,l),'legs'

than 1 + 1. Therefore by induction /Sn(x)/ 4 P, and for all n and x,
2

/Sn(XQ/LP since P is an increasing infinite product converging to a value
between 2 and 3. The order of magnitude of this limiting value ié seen

imnediately on cénsideration of the first threé factors of P, Again‘from
construction it follows that the numerically greatest value of f l(x) in

the 1ntervalg0(s l) C (s) g is at some p01nt to the left of the mld—p01nt

of the interval, and that value is <1 1 an (s) . This arises from the
7 on+l DIF ‘:]," _
fact that the length of the interval is ¢ 1 and the values of £ _ (x)
oaeL i

are slightly less than y' = x' in that part of the left hand region

P
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where f;+l(x) is > 0. In the above expression for the magnitude of
fnfl(x) the origin for the (x', y') coordinate system is taken at

Cn(S—l). Since an(s) is less than P it follows that ;fnﬁl(x)f < P
/ 22n+3

‘and the terms of the series fl(x) + £5(x) + - are numerically less

than the corresponding terms of the convergent series

P #P 4 4P e,
&P onFf i

Thus the series fl(x) + fz(x) + v+ is uniformly convergent in the
interval (0,1) and the sum function Fo(x) + fl(x) +_f2(x) f+ of a
uniformly convergent series of continuous functions is itself a continu~
ous function. The function is thus sﬁown to be continuous thr;ughout its:
interval of definition. _

It will now be shown that the function F(x) is everywhere different—
iable. F(x) will be shown to satisfy the conditions of the following

theorem which is here assumed: If the series = 4, (x) converge in (a,b)

to s(x) and the differential coefficients u;(c), (a £¢ < b), exist and

are finite; then the necessary and sufficient conditions that d_ s(x)

may exist at x = ¢ and be the sum of the series E.ué(c) ares
(1) That the series Eiué(c) be convergent

(2) That corresponding to an arbitrarily fixed positive number e and
an arbitrarily fixed integer m', a positive number D can be determined
such that for each value of h numerically less than D, and for which ¢ + h
is in (a,b), an integer m ( > m') in general varying with h can be found
‘for'which the three numbers

m ( )

ngigUn(c+h) - Up(e) —NU;(C)

)
g Rm(c+h): Rm(c)
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are all numerically less than e. Here Rm(x) denotes the remainder of
) )
the series which represents F(x); ie Rm(x) -3 fi(x).
t=m4l
It is first shown that the series fi(x) * fé(x) + -+ 1is convergent

for a1l x in (0,1). If it so happen for any x that all Sn(x), Sn+1(x)’"'

from and after some value of n have all the same sign, eg. positive,

then S, (x) £ 5 (x) + 2a,(52) where m is the particular value of n.
m#l m 8

SEFL
Also S . (x) £8 - (x) +a (s3) and it follows that
T Tme2 m¥l ml
2

Sm+p(x) - Sm(x) = am(s;) * amﬁii) ket amﬁgg) - E-jr 1+ Ltbl ) f'E_
om+l gmfz om+p 2t ¢ 2p—1 em

Thus for m sufficiently large, Smfp(x) - Sm(x) is arbitrarily small and
the series is convergent.

If it so happen that x coincidg with such a point of division dn(s)
that Sn(x) Pe zero, then all functionsvfé(i) with higher indices vanish
for that x; ie all functions Sn(x) vanish from and after the particular
value.of n. If x be a point within a neighbofhood for which Fn(x) is

constant then S (x) vanishes. Sp4 (x) may vanish if x is at an extreme

. . e e (s) _ . '
of fn+1(x) and x is then a point of division Cn*l’ all functions Sm(x) for

m > n vanishing. Tt follows that if for any x; Sn(x), Sn+1(x) both vanish

then S, (x) vanishes for all m = n. If Sn(x) vanishes but not

,Sn_l(x), or Sn+l(x) then x is interior to a neighborhood for which F_(x)

is constant and S_,. (x) £ 1 (L+1 ) <«2P since in the equation
ntl n (P I *

= (sy¢) -
S (%) = Sp(x) + 3!!.»8' v by sthe tem alse) . :2Ln

ong $1
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A _ _
™ (@1 +1 )and 1 +1 is one factor of P. Thus one or
oml#l| (  omifl) ony #1 -

L}

more of the Sn(x) may be zero and the series still converges.
Considering now the case where the functions S,(x) are never all
of the same sign from and after any value n and are zero for some nj

n,0y, s are those n for which Sn(x) changes sign. eg. Snl(x) is

negative or zero and Snl +1(x) is positive while Snz(x) is positive or

. . . ' _ (1) A
zero and Sn2 A (x) is gegatlve. In the equation Snlﬂ'(X) =S (x) ¢ anll n

)

[ S U

21'11 "'1 *

it is then seen that Anl must be negative to give a positive Snl *l(x) with

negative S, (x) and a(sl-). Therefore /Anl / f (2n1+1_

1 ™

+1) and

an(sl) An .
1 14a (1) as1 .
oty +1 1 ( 2T ¥L)

ie Sn1+1(x) < g- Snl(x) + anisl)) + 3‘11](_81)

or Sn1+1(x) 4 /Snl(x)‘ -3 (Sl) l f §n1+

and the fluctuation of Fr'll(x) in an interval containing x is £1 . There-
| 2h

fore Snlﬂ(x) < 1 + P 4 P since P A2, If S (xA) is zero, x lies
. ong o FL ot : nl

within a neighborhood throughout which Fnl (x) is constant. It follows that

S +1(x)-f 1l (1+ 1 )< P since the value of an(sl)
1 onl ( oni#l) AT - 1

cannot exceed the value 1 in an interval containing an x where Snl (x) is
2nL : '
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zeroj; and (L +1 _ ) is one term of P. In any case
(o

°n

convergence of a series of Sp(x) of the same sign. Thus using

(x) ¢ 8 (x) + P from the proof for
P my + o +L

S (x) ¢ P one obtains S (x) « P + P for p =1,2,...(n,-n ).
nl+1 5-1’-1_1- nl +D 2m oI +L P ’ ’ ( 271 )

Similarly /S (x)/« P ifs. (x) =0Ojand if S, (x) >0
/ n2+l | §ﬁ§ n2 ) n, s

S (x)/</s (x)/ + P « P P
/ B S T o

fOI' p = 1,2,...(113-1’12).

Thus it has been shown that /S (x)/ becomes arbitrarily small for all
sufficiently large n, and %}E’Sn(x) = 0; ie in every case -
Fo'(x) + fi(x) + fé(x) + ... converges for each x in (0,1).

It will now be shown that for e an arbitrarily éhdsen positive
number and a prescribed infeger m!', then for a given x a number D > 0O
can be found such that for each valﬁe of h numefically < D and for which
x+h is in the interval (0,1); there exists an integer m = m', varying

with h such that the quantities

Fp(x#h) = Fo(x) - S (%), R (x+h), R (x)
) T h h

are all numerically less than e. Rm(x) denotes the remainder after m
terms of the series representing F(x), ie F(x) - Fm_l(x). It is not
necessary to consider the case in which x coincideé with one of the
points of division of (0,1) as F(x) is in such a case represented by a
finite series and is differentiable (since fé+p(cn(3)) = 0 for p s 1). Ny
With e, m! fixed and a point x in (0,1), a number n 2 m! is chosen
such that P <eand /S (x) -S (x)/ <e where p, q any positive
/ n$p ntq =

on=2 3 + 3
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integers. It will now be shown that for any h such that x+h falls

within the interval (Cn(s'l), Cn(s)) a number m 2 m' can be determined
( )
satisfying the hypotheses of the theorem. Letting h be positive,

ny is determined such that x < {81 £xsh £¢f8'') ¢ (8). 14 is
n1+1 ' n

now shown that n o+ 2 is a suitable value for m. Selecting the

(g (s"))

st .
C§1¥£ to be at an extreme in nl+l(x) then fnl+l+p( n1+l ) = 0. Also
H | .
//fn +1+P(Cn(il) t k) /¢ Pk for p.: 1. This follows from the method
1 ("1 )/ o +14p

of construction of the individual fh(x) which.is such that fn(x) is less

than y = aéf{ (x - Céi{). The point C(S') is between x and x+h, thus it

n_+l
en 1
: (s') _ (s
determlnes two numbers ki’ kéwhere x Cn1+1 k1 and x+h = Cnlf + k
Therefore /f (x)/4 , /E (x)/ Kyseens
S e 7Y e e P
From these inequalities
//Rnl+2(x}/£ Pk (1_;+2 + 1 +...) 4 Pk, by summing the
(2m 2m 43 ) 4l

geometric progression. Slmllarlyk/Rnl+2(x+h)/‘ EE% . Since kl’k2
’ onj 41

are less than h,
/R (X)/‘ P <« e for P . e and n, & n.
n1+ / 2n1 ohq 41 _2-;1—:2 3- 1
/ _
Also /Rnl+2(x+h)/¢ P <e. Thus n1+2 is taken as m satisfying‘the
/ - : 2111 +1 )
/ h /

required condition. The case in which h is negative follows under exactly
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similar treatment.

. - _ _
It will now be shown that /ﬁn {l(x+h) F +1(X) Sn fl(x}/ ‘e,

1 1
/) = - Yoy
F _(xth) =F _(x) -8 _(x)=(F, (x¢h) -F_ (x) -5_ (%)) :
a n £ A X+ n x m g *
B ( 0 )
gfnl{l(x+h) - fnl4l(x) - f'nlfl(X) ; and for x,x+h in P
( R

(c(s’l, 0(3}) the absolute value of the first term on the right hand
"y M)

side is £ 1 since the variation of F! (x) in the interval is £ 1
—_— he) —_—
o] 1 on]

the interval x;x+h being included in Céi_l), Ggi) and by the mean

“4

value theo&em.Fhl(x+h) -F (x).= S, (xt6h) for O £ © « 1. Considering

o 1
h .
1 .
now the term fnlfl(x+h) - fn1+l(x) fn1+l(x)’ it follows from the
h

fn1+l(x) = aé:) since

construction that fnlfl(X+h) -

fnl+1(x+h) fnlfl(x) fnl+l(x +6h) for 0 «0 <1

h
and the maximum value of £} ,(x) in the interval (C (s-l), c (s))’

1 ( gl o) )
(which contains x,x+h), is a(s) | This holds in particular for Fo (x)

oh +1

increasing from C (s-1) to Cn(s) and any point x in the interval between
1

these points. A lower bound will now be found for this incrementary ratio.
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. : . (s) (¢ (s-1) 4 (s))
If a point x is such that the ordinate of a C C
| no(m 7y )mA

is below the x-axis and if the differential coefficient is negative,

it is evident from the construction that f"*l(x) is positive and

gl

fnlﬂ(xah) - fnl*‘l(’i) = f;ll JES)

~h

Consider now the sides of the rectilinear polygon used in the construction
of a(8) (g(s-1) 5 (s) ) .. These sides are
Mmooy 7y A

1 1 ] 1
rosT] T es rong#lg, rénl‘l+1’ Song #l 320 sé, 5.5 S

r& is equal and pérallel to sﬁ for ali ms On ré produced beyond

(x5 r,) a segment is taken equal to ré (equal and. parallel to Sé) the

line joining the end of this segment with (sé, sé) being parallel to T3
since it is the base of a parallelogram of which r3 is the opposite side.
This joining line cuts ri in a point py. sé is parallel to r3, passing

I

through (32, sé). Thus the joining line is a prolongation of sé and is

inclined to the x-axis at an angle whose tangent is - 3 aﬁi) +» Thus for

21’11 +1

a point between Cn{S’l) and Py for which the ordinate is positive, one

ih) — - (s) : -
has fnlfl(xyh) fnlil(x) S -3 an1 . The greatest value of
h 2nl+I
£' _(x) in this case is a_(8) . Therefore
m+l ™

‘ ony +1




22(A)

Construction used

in above proof,
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(x¢h) - nl+l(X) s fﬁifl(x) -4 an;s).

h 2n1 1

n1+1

If a point ﬁZ on ré be determined by a similar construction with r!

3

instead of ré extended, then for every point on the arc PP except Py,

n1 4 (x#h) - nlﬂ'(X) s - ) anis),
h ol
The maximum value of the differential coefficient in this case is - aés)
2 FL
and thus nl+1(x+h) n1+l(X) nl*l(X) - anis)
h om #L

in this case too. This inequality holds for every point on the curve
with a positive ordinate. It is also true for points with negative

ordinates since for such points it has been shoewn that

() = £, () 25y G0,

Thus it is established that.
£ (x)-Lha(s)asr (x+h) ~ T (x) £ a_(s)
n
n1+1 1 n1+l n1+l ny
ony+l _ h ol +1

and it has been shown that

Fnl(X+h) -F, (x) =F (x) +6__ where 1 22 -1,

h
Thus it follows that
Fr o -(x)+6 -La (s« (x4h) - (x) £ 7 (x) # 0
M o T "y el R
n]+l h

2 nl "'1
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and //Fn1+1(x+h) - Fn1+l(x) - Snl+l(x}/ < e

h
since on the left 8 ¢ 2 £ P <e andl aés) £ P < ¢ while on
' ' o 2nl 2 3 1 2t 3

2 nl "‘I
the right hand side one has

- (x) " e ¢ anis) and

Sn1+l(x) + Snl(x) - Sn1*1

2nl
2n1+l
S (x) -S. w(x)<e, 0 <6, a (8) e p 2
mT MR e F M w3
21’114!

by the original choice of n such that P < e
21'1—2 §

//Sn+p<X? - Sn*Q(X}/‘ % :

Thus the conditions for F(x) to be everywhere differentisble are
‘fulfilled. F(x) has at every point a finite differential coefTicieﬁt
which is the sum of the convergent series Fé(x) + fi(x) 4 fé(x) $ oeeo

It will now be shown that F(x) has an everywhere dense set of
maxima and minima. By the method of construction Fn(x} has a new
maximum and a new minimm in every interval (Cn(s"l), Cn(s)) and the

length of the interval is less than 1 . If X, & maximum of
ontl

Fp(x), Fpp(x,) = Fpg (%,) and F(x,)) = FL o (x,) = 0. Also £ (x) is

negative in the néighborhood of the point x, and Fpa (X,#0) - anl(xo)

is negative or zero for /h/ < some number k. Thus anl(x) has a maximum

at x

o°',If X, be within a neighborhood for which Fn(x) is constant it




35

cannot be so situated with respect to F *1(x), nor can it be within a
' neighborhood where the function is constant for all functions with a
higher index. This is evident from the oscillatory nature of the

fn(x) which are added at each succeeding stage in the construction.

If x5 be a right or left hand end point of a neighborhood in which Fn(x)

is constant, Fp . (x) will have a maximum or minimum or a point of

inflexion at X3 since X, 1s in such case chosen as a point of subdivision

S ' 1 .
Cpet®) and the £ () will be zero.

In every case Fn+1(x) will have a maximum and a minimum in every

interval for which Fn(x) is constant. For any given interval, arbitrarily
small, n may be chosen of such magnitude that the 1nterval contains one

of the sub-intervals gcgs_ig, C(S) g in its 1nterlor,.and all the

functions Fn(x) anl(x)’"‘ have maxima in this interval; ie F(x) also

has maxima within it.
The derivative F'(x) is definite at every point. It is bounded since
every fsn(xﬂ, < P and it is measurable. Thus the function F(x) having a

bounded differential coefficient is absolutely continuous and is an

| integral in the sense of Lebesgﬁe. The Ff(x) as a bounded measurable
function may be integrated in the Lebesgue sense to F(x).
F(x) has discontinuities of the second kind at an everywhere dense

set of points and is not integrable in the sense of Riemann. At every

-point of continuity of F'(x) one must have F'(x) = 0. This is seen by
considering that if a continuous function have in every neighborhood on the

right of a point x, an infinite number of maxima and minima, there are in
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such neighborhoods an iﬁfinity of points at which the derivatives on
the right are negative or zero, and an infinity-of points at which
they are positive or zero.‘ Thus none of the derivatives at a point
x on the right of X, can have a definite limit as x approaches Xo
unless this limit be zero.

F(x) in the sense of Lebesgue or Riemann has a convergent Fourier

series at every point, since the derivative exists at every point.

This is a function obviously violating the Dirichlet conditions and yet
having a convergent Fourier series.

Thus F(x) while coﬁtinuous and differentiable at every point, has
a non-integrable derivative in the sense of Riemann. Application of

the Lebesgue definition enables integration back to the function.



