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Abstract 

This thesis investigates modeling and simulation of hybrid electric vehicles with 

particular emphasis on transient modeling and real-time simulation. Three different 

computer models, i.e. a steady state model, a fully-detailed transient model and a 

reduced-intensity transient model, are developed for a hybrid drive-train in this study.  

The steady-state model, which has low computational intensity, is used to determine 

the optimal battery size and chemistry for a plug-in hybrid drive-train. Simulation results 

using the developed steady state model show the merits of NiMH and Li-ion battery 

technologies. Based on the obtained results and the reducing cost of Li-ion batteries, this 

battery chemistry is used throughout this research.  

A fully-detailed transient model is developed to simulate the vehicle behaviour under 

different driving conditions. This model includes the dynamics of the power train 

components such as the engine, the power-electronic converters and vehicle controllers of 

all levels. The developed transient model produces an accurate representation of the 

drive-train including the switching behaviour of the power electronic converters.  

A reduced-intensity transient model (also referred to as a dynamic average model) is 

developed for real-time hardware-in-loop simulation of the vehicle. By reducing the 

computational demand of the detailed transient model using averaging techniques, the 

reduced-intensity model is implemented on a real-time simulator and is interfaced to an 

external subsystem such as an actual battery. 
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The setup can be used to test existing and emerging battery technologies, which may 

not have an accurate mathematical model. Extensive tests are performed to verify the 

accuracy and validity of the results obtained from the developed hardware-in-loop 

simulation setup. 
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Chapter 1 

Introduction 

The transportation industry has revolutionized the way people travel every day. In less 

than two centuries, travelling on horseback on unpaved terrain has been replaced with 

traveling in modern vehicles on highways that connect distant places. It has also changed 

the size of cities significantly. With faster and more comfortable transportation, cities 

have expanded. This has changed the life style of many city dwellers.  

Transportation industry as a whole is a massive entity. The number of vehicles in 

operation worldwide surpassed one billion units in 2010 [1]. It is also predicted that this 

number increases to 2.5 billion by 2050 [2]. More than 9 million people around the world 

work directly in manufacturing vehicles and their parts to meet the demand of more than 

60 million new vehicles every year. By adding the number of indirect jobs related to the 

automotive industry, such as service and maintenance, sales and service, etc., the 

automotive industry is supporting more than 50 million jobs, which makes it one of the 

most important economic sectors in the world [3]. 

Modern transportation is a result of continued effort of many scientists, engineers and 

workers whose collective effort has made traveling a pleasant experience. More 

importantly, the transportation industry supports the backbone of economy in the modern 

world, where goods, materials, and manufactured products are constantly in transit. 
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Since its introduction, the automotive industry has essentially relied on fossil fuels. 

Serious issues such as diminishing oil supplies and air pollution are increasingly 

challenging the present state of the automotive industry. Researchers constantly seek 

ways to overcome these issues and make less consuming, less polluting and more 

environmentally friendly vehicles, to allow them to continue to provide the service the 

society has come to depend on so heavily. 

In pursuit of cleaner transportation, developing all-electric vehicles is the ultimate 

goal. Using electricity allows making zero-emission vehicles and also eliminates gas 

consumption in the vehicle. However current all-electric vehicles lack high energy 

battery packs with fast-charge ability. This has limited the all-electric vehicle market at 

the present time. However, hybrid-electric vehicles and plug-in hybrid-electric vehicles 

are successful interim vehicle technologies. Using (plug-in) hybrid electric vehicles, the 

efficiency of the drive-train is significantly improved significantly and the range of the 

vehicle is also extended. The driver is not limited by the battery technology limitations 

and at the same time benefits from the advantages of electric vehicles. The research 

presented in this thesis contributes to the improvement of hybrid vehicles by developing 

techniques and algorithms for their enhanced modeling, simulation and optimization. 

This chapter continues with a brief history of the automotive industry. It shows how 

the primary means of transportation of the past evolved into today’s modern 

transportation industry. It also shows how electric vehicles appeared in the early era of 

automobiles, how they vanished and how they have returned to the scene. 

After a brief history, the important challenges modern transportation is facing today 

are explored. It is also shown that hybrid-electric vehicles, plug-in hybrid vehicles and 

eventually all electric vehicles are viable solution for these difficulties. 
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The motivations and goals of this thesis are described in the last section of this 

chapter. This section also highlights the steps taken to complete this research and outlines 

the remaining chapters of the thesis. 

1.1 History of the Automobile 

1.1.1 Steam-Engine Powered Vehicle 

History of the automobile dates back to 1769 when the first steam-engine powered 

vehicle was introduced in Britain [4]. Steam-engine powered vehicles became more 

popular and widely accepted in the late 1780’s. Stanley Steamer was a steam-engine 

powered vehicle with an outstanding success. This vehicle could reach speeds of more 

than 200 km/h and was easy to operate [5]. Although internal combustion engine vehicles 

and even primitive electric ones existed, they had poor performance and could not 

compete with steam-engine vehicles. 

Despite its relative success and popularity, the steam-engine powered vehicle had 

several disadvantages. The steam-engine took a while to warm up and there were always 

concerns of boiler explosions. Moreover carrying enough water for long trips was 

virtually impossible, which implied short operating range and therefore limited use in 

long-haul transportation. These disadvantages pushed engineers to develop more 

convenient and reliable vehicles. 
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1.1.2 Electric Vehicles 

Electric vehicles have a history as long as other types of vehicles. In fact they appeared in 

early 1890’s; they however disappeared quickly because they were not able to compete 

with their competitors in terms of performance. 

The first electric vehicle was built by Gustave Trouvé in 1881. It was a tricycle 

powered by a small dc motor fed by lead–acid batteries [6]. The creation of this vehicle 

was then followed by the development of more electric vehicles using larger electric 

motors and battery packs. Improvements in batteries and electric motors made electric 

vehicle one of the vehicles of choice between 1900 and 1905. However the limited speed 

and travel range of these vehicles failed the attempts to keep them in the market. 

Immature battery technology contributed the most to the failure of electric vehicles. 

1.1.3 Internal Combustion Engine Powered Vehicles 

In 1806 François Isaac de Rivaz built an internal combustion engine (ICE) powered by an 

oxygen and hydrogen mixture. More engines were developed after that and they all used 

gas fuel rather than the liquid fuel commonly used today. 

Around 1870, Siegfried Marcus built a simple vehicle using a liquid-fuelled ICE. This 

was the first vehicle that used gasoline as the fuel. The ICE was then perfected by 

Gottlieb Daimler, Karl Benz, Wilhelm Maybach, and Rudolf Diesel during 1870’s; but 

this engine was still noisy, shaky and difficult to start and could not compete with steam-

engine powered vehicles and electric vehicles. More developments and marked 

improvements in ICE-powered vehicles finally shifted the market towards these vehicles, 



   5 

 

 

and inevitably led to the demise of other technologies that had a much slower rate of 

improvement. ICE-powered vehicles set out to dominate the market for almost a century. 

1.1.4 Modern Electric Vehicles 

ICE powered vehicles started to offer better performance and reliability than their 

competitors in the early 1890s. Offering more advantages than any other vehicle, they 

have since dominated the market and hence stayed as the mainstream vehicle.  

Although ICEs can meet the demands of the automotive industry in terms of 

performance, other factors are pulling back the electric vehicles to the market. The 

increasing price of oil and concerns about air pollution are the main reasons of returning 

to electric vehicles as described later in this chapter. 

The era of modern (hybrid-)electric vehicles started by introducing the first hybrid 

electric vehicles, the Toyota Prius in 1997 and Honda Insight in 1999. Other car 

manufactures joined this movement towards electric vehicles, and today consumers have 

a handful of hybrid, plug-in hybrid and all-electric options from nearly every major 

manufacturer. 

1.2 Modern Transportation Issues 

Diminishing oil supplies, environmental pollution and greenhouse gas emissions are the 

main concerns for policymakers and the resulting policies push the related industries 

towards developing less consuming and more environmentally friendly products. Among 

all industries, transportation industry, and road transportation in particular, highly relies 

on fossil fuels and also produces the largest amount of greenhouse gases [7]. To 
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overcome these issues, the transportation industry has to go through fundamental changes 

in vehicular technologies. The changes will affect not only the energy sources that are 

used to provide energy, but also the design of the drive-trains. 

Internal combustion engines have been the main type of power conversion unit in 

vehicles for many decades. These engines are inefficient and produce significant 

emissions, which intensify the concerns over long-term availability of oil supplies and the 

pollution caused by their operation. 

With the diminishing resources of fossil fuels and escalating levels of pollution and 

with consideration of the impact of such emissions (e.g. CO2, NOx, etc.) on the global 

climate change, the transportation industry is at a turning point where significant research 

and development is being carried out to create new propulsion systems with higher 

efficiency, less emissions and less reliance on vanishing fossil fuels. 

The share of the transportation industry in production of greenhouse gases varies 

from jurisdiction to jurisdiction; however it is expected that it will hold a major share for 

all developed regions with sizeable transportation economy. For example, a research 

done in British Columbia, shows that the transportation industry produces the largest 

amount of greenhouse gas emissions among all the industries in that province. According 

to this study, transportation industry makes 37% of the greenhouse gas emissions in BC 

[7]. This is much higher than the next polluting industry, which has a share of 22%. Fig. 

 1.1 shows the share of each industry in greenhouse gas emissions in British Columbia.  
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Fig.  1.1   Greenhouse gas emissions in B.C. by sector in 2005 [7]. 

 

The same study shows that in the transportation sector, road transportation is 

responsible for 60% of greenhouse gas emissions, which is the largest share among all 

means of transportation. Therefore, reducing pollution in the transportation sector will 

have a significant impact on total pollution reduction. 

Another problem faced by the transportation industry is the diminishing supply of 

fossil fuels. Fig.  1.2 shows the world oil production since 1930. As the trend in Fig.  1.2 

suggests, the declining trend in oil production will continue and there will be no increase 

in oil production. 

 
Fig.  1.2   World oil production since 1950 [8]. 
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In addition, with the growing world population and growing economies, the demand 

for oil increases. The trend for oil demand is in the opposite direction of new oil source 

discoveries. This leads to a severe oil shortage in the near future. In 2006, the worldwide 

use of petroleum was 80 mbd (million barrels per day), of which 53 mbd was used for 

transportation as a whole and 29 mbd was used for road transportation [9]. The 

transportation sector uses a large amount of oil every day; therefore, the shortage of oil 

will have a serious and crippling impact on this industry. Conversely, if the oil 

consumption in the transportation sector can be reduced, shortage of oil can be kept under 

control for a longer period of time until alternative and renewable sources of energy are 

discovered and their pertinent technologies mature. 

1.3 Solutions for the Current Transportation Issues 

An obvious solution to address both the emissions and fuel consumption due to vehicles 

is to reduce, or ideally entirely eliminate, the amount of fuel consumed by road vehicles. 

Several alternative drive-train topologies are presently proposed to achieve improved 

efficiency and to reduce or eliminate fuel consumption of conventional vehicles. Electric, 

hybrid and plug-in hybrid vehicles are the most prominent alternatives proposed for 

conventional vehicles. These drive-train topologies are briefly described in the following 

sub-sections.  

1.3.1 All-Electric Vehicles (EVs) 

Electric vehicles use electricity as the only source of energy for their propulsion. An All-

electric vehicle is therefore the ultimate solution for elimination of the dispersed pollution 
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caused by vehicles. An all-electric drive-train will have superior efficiency to a 

conventional gas-powered vehicle, due to the higher efficiency of electrical components 

such as electric motors and converters, and will have no emissions. However, even with 

all-electric vehicles, the primary source of energy will likely continue to be, at least for 

some time, fossil fuels, until renewable sources are developed to fully take over their 

place. This is because the battery storage of an all-electric vehicle needs to be charged 

through electricity that will be supplied by power plants using predominantly fossil fuels. 

In an all-electric drive-train the electrical energy is stored either in batteries or ultra-

capacitors. So far the battery industry has not been able to offer suitable batteries to the 

automotive industry to allow complete adoption of all-electric vehicles. Batteries for 

electric vehicles need to provide high power to meet the vehicle demand (e.g. during 

acceleration and deceleration) and they should also have high energy density to give the 

electrical vehicle enough range1. Today, batteries are able to meet the power demand of 

vehicles but their low energy density is still a bottleneck for electric vehicles [6]. This 

implies that a current all-electric vehicle will be able to match the acceleration of a 

conventional vehicle but will not have a comparable range. For example, a recently 

developed all-electric vehicle, Nissan Leaf, has a top speed of 144 km/h, which is 

comparable to a conventional ICE-powered vehicle in the same class. However its range 

is limited between 75km to 220km (depending on driving condition) [10]. Conventional 

ICE-powered vehicles have a range of 500-1000 km. The time required to re-fill the 

energy storage is another important characteristic of a vehicle. While the gas-tank of a 

conventional ICE-powered vehicle can be filled within minutes, charging the battery 

                                                 

1 The range of a vehicle is the distance it travels with a full tank of gas, or with fully charged batteries in 
case of an electric vehicle. 



   10 

 

 

storage of an electric car requires significantly longer periods. For example, charging the 

batteries of the Nissan Leaf takes 30 minutes using fast chargers (50kW charger) in 

dedicated charging stations and 6 hours using an ordinary power outlet (5kW charger).  

1.3.2 Hybrid Electric Vehicles (HEVs) 

An intermediate solution during transition from conventional vehicles to all-electric 

vehicles is a hybrid drive-train. Particularly, a hybrid-electric vehicle (HEV) combines an 

electric drive system with a conventional gas or diesel engine to provide propulsion [11]. 

Improved fuel economy is obtained by eliminating wasteful engine idling, recapturing the 

kinetic energy of the moving vehicle through regenerative braking, and by using the 

conventional gas engine in operating points where it is more efficient [12]. This leads to 

less fuel consumption and less reliance on non-renewable sources of energy for 

transportation, although it does not lead to its ideal elimination. 

In a conventional gas-powered vehicle the engine speed depends on the vehicle 

speed, as the wheels are mechanically tied to the engine through the transmission system. 

Therefore, the ICE operates over a wide speed and torque range, which results in 

efficiencies ranging from 10% to about 30%.  Fig.  1.3 (a) shows efficiency of a typical 

ICE in different operating points using a graph called the efficiency map. Contour lines 

show operating points with the same efficiency. Operating points corresponding to a 

given output power are shown on the map using dark dots. Since the output power is 

determined by the product of the engine speed (engine rpm) and its developed torque, 

various combinations of the two lead to the same output power. As this figure indicates, 

the efficiency for supplying the same amount of power can be as low as 10% or as high 
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as 30%, depending on the operating engine rpm (determined by the vehicle speed) and its 

torque. 

In a hybrid drive-train the operating point of the engine can be set arbitrarily and 

independent of the vehicle speed. This is done by storing and extracting energy to and 

from the on-board battery at appropriate times. Fig.  1.3 (b) shows how the operating points 

in lower efficiency regions can be pushed to more efficient regions in a hybrid drive-

train. 

 

Fig.  1.3   Operating points of engine in  (a) conventional vehicle,  (b) hybrid-electric vehicle. 

1.3.3 Plug-in Hybrid Electric Vehicles 

The next generation of HEV, which is a plug-in HEV or PHEV, is believed to be the 

most promising platform for the transportation fleet [13], [14] for the foreseeable future. 

A PHEV is essentially a hybrid electric vehicle with extra electric energy storage that can 

be charged through direct connection to a utility network [15]. It complements the 

improved efficiency and fuel economy of an HEV with the possibility of re-charging the 

vehicle's on-board electric energy storage, and extends the all-electric range of the 

vehicle. Charging the batteries from an external source enables use of cleaner and more 
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environmentally friendly energy sources in the vehicle, which results in less polluting and 

less consuming vehicles. 

In an ideal situation where re-charging can be done entirely using electricity produced 

from renewable sources (e.g. wind) a PHEV is a strong solution for further penetration of 

renewable energies. Under ordinary circumstances, where charging uses electricity from 

a combination of renewable and non-renewable sources, a PHEV's extended electric-

range offers superior emission and fuel consumption indices to an HEV. 

Depending on the method used for generating the electricity in a power network, the 

overall emissions of a plug-in hybrid may vary. Fig.  1.4 shows the amount of CO2 

emissions for various types of vehicles and different electricity generation types. 

 

Fig.  1.4   Well-to-wheel greenhouse gas emissions (grams of CO2 per km) [16]. 

 

A conventional hybrid vehicle has far less overall emissions in comparison with a 

typical gas-powered vehicle. It also has less emission compared with a PHEV charged 
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with the electricity generated in a typical coal-fired plant. The PHEV is superior to 

conventional hybrid when there are less polluting generation stations in the power grid 

such as combined cycle, nuclear or renewable plants. 

PHEVs are emerging technologies and are expected to gain more popularity 

particularly with the increasing appeal of renewable energies. A promising aspect of a 

PHEV is that it can be adopted for both existing HEVs (in a retrofit design) or for an 

entirely new design.  

1.4 Objectives of the Research 

The primary objective of this thesis is to develop an HIL simulation setup for plug-in 

hybrid electric vehicles. Actual batteries are utilized in this setup and an amplifier 

interfaces batteries with the drive-train model inside a real-time simulator. Several 

intermediate research questions, however, had to be answered before. The subordinate 

objectives are listed below. 

The first subordinate objective of the research is to have a better understanding of 

hybrid drive-trains, the flow of energy within the drive-train and also determining the 

most suitable battery technology and size for a plug-in hybrid electric drive-train. This 

objective is fulfilled by developing a steady-state model for the drive-train and finding 

the optimal battery storage chemistry and size for the drive-train as explained later in the 

next chapter. 

To develop the HIL setup, a detailed model of the drive-train is first developed. 

However the real-time simulator is not able to run this model in real-time. This 

introduced an intermediate objective to the research that is developing a reduced-intensity 
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model of the drive-train. This is done using average-modeling technique for the power 

electronic converters within the drive-train. 

1.4.1 Steady-State Modeling and Optimal Battery Sizing 

A steady-state model can simulate the flow of power within the hybrid drive-train 

without considering all the details. This gives a good understanding of the drive-train by 

showing the way that demand power is distributed between the power sources within the 

drive-train. It is also a good tool to find the optimal battery for the drive-train since the 

model is not dealing with excessive details and can simulate a long drive in a short time 

and determine the fuel efficiency of the vehicle.  

A steady-state model is developed for a passenger vehicle in the first step. This model 

mainly addresses the power exchange between different components of the drive-train 

and gives an estimation of vehicle range for a given driving cycle. This model is then 

used to determine the optimal component sizes of a drive-train. 

Any study of a vehicular system requires knowledge of the intended use of the 

vehicle, which is typically given as a driving cycle. Given the statistical variations in the 

way users operate their vehicles, statistical analysis of a design becomes an important 

consideration. In this thesis, a statistically derived driving cycle is used. Driving profiles 

are gathered by installing GPS units on 30 vehicles over one year; these driving profiles 

are then combined using statistical techniques to produce two average driving cycles, one 

repressing a typical weekday commute and one for weekend (see Appendix A for 

details). The weekday and weekend cycles are then augmented to form a weekly driving 

cycle. Derivation of this driving cycle is done by a team of researchers from the 

University of Winnipeg in collaboration with researchers from the University of 
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Manitoba. The steady-state modeling and the driving cycle are explained in Chapter 3 of 

this thesis. 

1.4.2 Hardware-in-Loop Simulation 

Modeling the drive-train requires modeling of different elements in the system. This 

includes the electric machines, combustion engine, gear box, batteries, chargers, etc. 

Accurate mathematical models for almost all of the drive-train components are 

accessible. The major problem in vehicle modeling is developing an adequately accurate, 

yet computationally moderate, model for the battery. A battery is an electrochemical 

device and does not have a precise mathematical model with modest computational 

intensity. Battery models normally include look-up tables [17] to store variations of the 

internal voltage and resistance with variables such as temperature and battery state of 

charge; these models are not able to accurately represent the battery behaviour during 

transient states. For this reason, in this research a hardware-in-loop system is developed, 

which uses real batteries outside the simulation environment. A four quadrant power 

amplifier is used to sink and source power to/from a battery pack. The battery pack used 

in HIL simulation is a scaled down pack. This is to eliminate working with high voltages 

and limiting the size and cost of power amplifier. Using this technique the inaccuracy of 

battery modeling will be eliminated and will not have any adverse effect on the results of 

the simulation. 

A detailed model for the vehicle is first developed. The model includes switching 

behaviour of the power electronic converters. Although this model is the most accurate to 

be used in an HIL setup, it is too detailed for the real-time simulator to simulate in real-

time. Therefore, a reduced intensity model is developed for the drive-train using averaged 
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modeling technique as described in Chapter 5. The reduced intensity model is 

implemented in Opal-RT real-time simulator. The simulator is interfaced with a four 

quadrant amplifier, which is connected to a battery pack. The amplifier can provide/ 

absorb power to/from the battery to simulate the driving condition simulated within the 

simulator. 

1.5 Thesis Outline 

This chapter presented a review of the benefits and limits of hybrid electric and plug-in 

hybrid electric vehicles. Chapter 2 gives a technical view to the commonly used hybrid-

electric drive-train topologies and presents advantages and disadvantages of each 

topology.  

Converting a hybrid vehicle to a plug-in hybrid vehicle is known as retrofitting hybrid 

vehicles. In Chapter 3 a backward steady-state model for Toyota Prius is developed. 

Using this model, retrofitting the vehicle using different battery technologies is studied 

and optimal size of battery storage for different battery technologies is determined.  

A detailed model of the drive-train is developed in Chapter 4. This model is used to 

model the transients of the drive-train which are neglected in the steady-state model. The 

transient model can also be used to model the vehicle in real-time to make a hardware-in-

loop setup. The model is developed in Opal-RT real-time simulator. The simulation is 

then connected to the hardware using I/O board to make a hardware-in the loop (HIL) 

setup. The HIL setup and results of the studies carried out using it are described in 

Chapter 6. 



Chapter 2 

Hybrid and Plug-in Hybrid Drive-Trains 

Hybrid-electric drive-trains consist of an internal combustion engine (ICE), electric 

machines (motor and generator), a battery pack and power electronic converters that 

interface various electrical components of the system and provide control of the power 

flow, and a gearbox that provides the mechanical connection of electric machines and the 

engine. There are, however, various ways these components can be arranged and 

interfaced to form a working drive-train [18], [19]. 

There are two basic templates for hybrid-electric drive-trains, namely the series and 

the parallel configurations [20]. More complex drive-train topologies can be obtained by 

combining properties from these two templates [21]. A combined drive-train, known as 

the power-split gear (PSG) [22], is widely used in commercially available hybrid electric 

vehicles. In the next three sections these different drive-train topologies, their 

characteristics, advantages and limitations are discussed. 

2.1 The Series Drive-Train 

In the series drive-train topology, propulsion is provided entirely by the electric motor(s) 

[6]. The energy required to operate these electric motors is primarily provided by an on-

board battery pack. Since a battery can only store a limited amount of energy, an on-

board internal combustion engine is included to charge the battery and to provide 
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additional power for propulsion when the state-of-charge of the battery does not allow its 

sole engagement in supplying power to the wheels. A generator is coupled to the ICE to 

convert its output power to the electric power required for charging the battery through an 

intermediate power electronic converter. Fig.  2.1 shows the series drive-train topology.  

Arrows on the figure show the direction of the power flow among various components of 

the system during the operation of the vehicle. The normal direction of the power flow is 

from the energy storage or the engine/generator path to the wheels. White arrows in this 

figure show the normal direction of power flow.  However during braking periods, the 

energy can also be removed from the wheels and be re-directed into the batteries. This 

mode of operation is called regenerative braking and is a major advantage of hybrid 

electric vehicles over conventional gas-powered ones, in which the kinetic energy of the 

moving vehicle is dissipated as heat during braking periods [23]. In the regenerative 

braking mode, the electric machines mechanically connected to the wheels will operate as 

generators and the wheels operate as their prime mover. This direction of power flow in 

this mode is shown using shaded arrows in Fig.  2.1. A converter makes this recovered 

energy suitable for energy storage by converting (e.g. from ac to dc, if necessary) and by 

providing controlled voltage. 

Using the series topology the combustion engine is mechanically decoupled from the 

wheels. This allows the engine to operate in the narrow high-efficiency region of its 

efficiency map, which in turn improves the overall vehicle efficiency [24]. The series 

drive-train has simple structure and easy packaging (generator, batteries and electric 

motor are connected by electrical cables). The traction torque comes from an electric 

motor, which has ideally suited torque-speed characteristics and eliminates the use of 

multi-gear transmission or variable gear ration transmission systems [18]. Using electric 
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motors for propulsion also makes implementing the control strategies easier. For example 

in case individual motors are installed for each wheel, the conventional differential can be 

replaced by an electronic differential [25]. 

The other benefit of the series drive-train is that a relatively small combustion engine 

can be used.  

 

Fig.  2.1   Series drive-train topology. 

 

The sizing of the combustion engine for a vehicle is usually based on the desired 

acceleration of the vehicle. Since the power demand during acceleration is far higher than 

what is required to maintain a given speed, the combustion engine size will be larger than 

what is necessary for normal driving conditions. Its extra power is needed for 

acceleration periods only. In a series drive-train, the combustion engine does not need to 

be oversized since it does not directly provide power for the wheels. Therefore, the series 

drive-train needs a small combustion engine, which is operated in close vicinity of its 

optimal operating point. The electric motor is the source of propelling force. Electric 

motors are easy to control and their characteristics better fit vehicular needs. This also 

results in a less complicated mechanical transmission system. On the other hand, 
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converting energy from mechanical to electrical form and back again to mechanical 

introduces higher losses in the converter stage, which can result in some loss of 

efficiency in the series drive-train. Therefore in the series drive-train the compromise is 

between improved efficiency due to operating the engine at an efficient point and the loss 

of efficiency due to power conversion from mechanical in the engine to electrical in the 

energy storage and again back to mechanical to the wheels. 

The problem of efficiency reduction in a drive-train due to power conversion is 

addressed in some drive-train topologies using a torque coupler. A torque coupler is a 

mechanical device that allows part of the mechanical power to flow directly to the 

wheels. This direct flow of mechanical power mitigates the losses introduced in the 

system by repeated power conversions. A basic drive-train that incorporates the idea of 

using a torque coupler is the parallel drive-train and is described next. 

2.2 The Parallel Drive-Train 

The parallel drive-train provides two paths for the energy to flow the wheels [26]. The 

first path is a mechanical one in which the engine power goes directly to the wheels 

without being converted to electrical power. The second path is an electrical one, where 

mechanical energy is first converted to electrical by a generator. This energy is either 

stored in the battery pack or immediately converted back to mechanical to propel the 

vehicle using an electric motor. The electric motor and the internal combustion engine are 

coupled by means of a torque coupler that adds up the torque components provided by 

each. The resulting torque is delivered to the wheels for propulsion. 
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 Fig.  2.2 shows a conventional parallel hybrid drive-train topology. Note that in the 

parallel drive-train, the flow of energy can be directly from the engine to the wheels 

(white arrows). However a portion of this flow can be directed to the battery packs and be 

stored (shaded arrows). It is also possible to use the stored energy in the batteries for 

propulsion using the electric motor and the torque coupler [23]. 

 

Fig.  2.2    Parallel drive-train topology. 

 

Regenerative braking is also possible in this topology by operating the electric 

machine in the generator mode [27]. This absorbs power from the wheels and stores it in 

the battery pack. Note that this power is entirely dissipated as heat in a conventional 

internal combustion engine-based vehicle. Its re-storage in the battery pack adds to the 

overall efficiency of the drive-train. 

Fewer steps of power conversion from one form to another in the parallel drive-train 

result in a higher efficiency compared to a series one [18]. This advantage is achieved by 

sacrificing the ability to choose the ICE's operating point freely, which may result in a 

lower efficiency for some operating conditions. Moreover, introducing the torque coupler 

makes the mechanical design of the system more complicated [24]. Therefore, in 
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selecting one drive-train between the series topology and a parallel one, the compromise 

is between operating the engine at the best efficiency point versus fewer stages of energy 

conversion. In some driving conditions, the series drive-train offers better efficiency and 

less fuel consumption while in some other driving conditions the parallel is superior. For 

example, in a city driving cycle with long idling times, a series configuration works 

better. Under these conditions, the series drive-train provides most of the required energy 

from the battery pack and if the driving cycle is not too long, it is likely that the vehicle 

works in all-electric mode only. The engine starts running if the battery-state-of-charge 

goes low. The engine will work in its most efficient operating point to charge the 

batteries.  

Parallel topology is superior in highway driving conditions. Highway driving requires 

large amounts of power and energy and engaging engine is necessary. Parallel drive-train 

has more efficiency compared with series drive-train since the engine power directly goes 

to the wheels rather than being converted back and forth between mechanical and 

electrical types, which is the case in the series topology. 

However, using combined drive-trains [24] the benefits of both basic topologies can 

be realized. The power-split gear (PSG) drive-train is a combination of the series and 

parallel drive-trains and offers benefits of both [28]. 

2.3 The Power-Split Gear Drive-Train 

Series and parallel templates are basic drive-trains that have been modified by different 

manufactures to best fit a particular vehicle. Toyota Prius, for example, utilizes a 
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combined drive-train known as power-split gear drive-train1 [29], [30].This drive-train is 

neither entirely series nor parallel but offers the benefits of both through the use of a 

power-split gear (PSG). 

A power-split gear system is a three gear device, which connects the internal 

combustion engine, an electric motor and an electric generator together. Fig.  2.3 shows a 

cross sectional view of a power-split gear system. 

 

Fig.  2.3   Cross-sectional view of a power-split gear. 

 

The outer gear is called the ring, which is connected to an electrical machine in a 

power-split gear drive-train. The ring is also coupled to the wheels through an additional 

gear and the differential. The inner gear is called the sun, and is connected to another 

electrical machine in the drive-train. The middle ring, which carries three smaller gears 

known as planets, is called the carrier and is connected to the ICE in the drive-train and 

transfers power to the sun and the ring though planet gears [31]. A detailed description of 

the PSG is given in Chapter 4, where its modeling is described. 

Fig.  2.4 shows connections between components in a power-split gear drive-train. 

Arrows on this figure show the flow of power within the drive-train. The internal 

                                                 

1  Also known as Toyota Hybrid System (THS) 
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combustion engine (ICE), motor-generator 1 (MG1) and motor-generator 2 (MG2) are 

coupled together by means of a power-split gear system. MG2 provides propelling force 

for the vehicle in all-electric driving mode. MG2 also assists the engine when the engine 

power is not adequate for providing the propulsion force. This is called the electric-assist 

mode of operation of the drive-train. 

MG1 is used to charge the on-board battery pack and also to provide power for MG2. 

MG1 and MG2 are connected to a common dc bus using power-electronic converters. 

Another converter is used to connect the on-board battery to the common dc bus. The 

voltage of the dc bus is usually higher than the battery terminal voltage, thus a 

bidirectional dc/dc converter is used to boost the battery voltage to the dc bus level. 

 

Fig.  2.4   Power-split gear drive-train. 

 

The power-split gear drive-train combines the benefits of the series and the parallel 

topologies. In this drive-train, the engine is coupled to the wheels by means of a power-

split gear system. This mechanical connection resembles the parallel drive-train topology. 

The power-split system delivers part of the engine power directly to the wheels and 

eliminates repetitive power conversion from one form to another. This method of vehicle 
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propulsion is similar to the one deployed in the parallel drive-train using a torque coupler.  

Additionally in this drive-train one can change the operating point of the internal 

combustion engine (for example to its optimal-efficiency point) by changing the 

operating point of MG1; a property that is unavailable in the parallel template. This 

characteristic of the power-split drive-train resembles the main benefit of a series drive-

train, which increases the drive-train’s overall efficiency and improves the vehicle range. 

The benefits of the power-split drive-train make it a suitable option for commercially 

available hybrid vehicles and future hybrid and plug-in hybrid vehicles [15]. Therefore, 

this topology is selected for modeling, simulation and studies done in this thesis. 

2.4 Plug-in Hybrid Drive-Trains 

A plug-in hybrid drive-train is similar to a conventional hybrid drive-train with a larger 

battery pack. The fundamental difference between a hybrid drive-train and a plug-in 

hybrid drive-train is the capability of a plug-in hybrid drive-train to charge its battery 

storage from an external electric source, e.g. utility network. 

There are two types of plug-in hybrid vehicles on the road. The first type is the one that is 

manufactured as a plug-in hybrid drive-train. This type has one battery pack that can be 

charged either using the internal energy source, i.e. the combustion engine, or by 

plugging the vehicle. 

The second type is the retro-fitted plug-in hybrid vehicle. These vehicles are 

manufactured as hybrid electric vehicles and are then converted to plug-in hybrid cars by 

third party companies or individuals. These vehicles usually have two battery storages 

onboard, the internal and the external battery packs. The internal battery storage is the 
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one installed by the original manufacturer. It is charged using the onboard generator and 

does not accept charge form an external energy source. The external battery storage is the 

one installed in the retro-fitting process. It can provide power to the drive-train, but 

accepts charge only from an external source, i.e. from the plug [32]. This research mainly 

addresses the hybrid drive-train. However both plug-in drive-trains can also be modeled 

and studied with minor changes to the models developed in this thesis.  

In chapter 3 to study different battery technologies, a retro-fitted power-split gear-

based plug-in hybrid drive-train is studied. The drive-train uses two battery packs, 

namely the internal and the external ones. The internal battery storage unit is identical to 

the on-board battery storage in a hybrid drive-train. It can be charged using the on-board 

generator and also through regenerative braking. The external battery pack, on the other 

hand, is the extra battery storage, which can be charged only by plugging the vehicle in. 

This extra battery storage improves the range and efficiency of the vehicle.  



Chapter 3 

Steady-State Modeling of Vehicular Systems 

3.1 An Overview of Vehicular Modeling Methods 

Drive-train modeling is an essential step in studying a vehicle’s performance under 

different conditions and also in finding the optimal sizes of components inside the drive-

train. Various modeling approaches are presented in the literature, including steady-state 

models and physics-based transient models. These modeling techniques are different in 

the level of details they take into consideration, thus becoming suitable for studies with 

different objectives. For example, as its name suggests, a steady-state model mainly deals 

with the steady-state behaviour of the vehicle and its drive-train components [26], [33], 

[34]. This makes steady-state modeling relatively simple and inexpensive from a 

computational point of view. Simulation of a steady-state model does not require small 

time steps, which in turn leads to fast simulations. The results obtained from steady-state 

models are useful in high-level design of a vehicular drive-train. Sizing of major 

components, estimation of expected fuel consumption, and selection of a high-level 

vehicle control strategy are examples of the studies that can be done using a steady-state 

modeling approach [35]-[37]. 

Transient vehicular models, on the other hand, provide a detailed representation of the 

vehicle and the short-term dynamics of its drive-train components. Transient models are 

mathematically involved and their time-domain simulation requires small time steps, 
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which leads to time-consuming simulations. This is especially important in hybrid-

electric vehicles and plug-in hybrid-electric vehicles, which contain power electronic 

circuits with fast transients that have to be included in a transient model [38], [39]. 

Transient simulation results explain the time-domain behaviour of each component and 

are useful for studying the performance of drive-train components, for example batteries, 

as well as designing or tuning the drive-train controllers [40]. An important benefit of 

transient models is that they lend themselves to implementation on real-time simulators, 

which then allows incorporation of actual hardware components to form a real-time 

hardware-in-loop (HIL) simulator. This aspect of transient modeling forms a center-piece 

of this research and will be explored in further detail in Chapter 4.  

In this chapter a steady-state model for a retro-fitted plug-in hybrid electric vehicle is 

developed. This model is then used to find the optimal battery type and size for such a 

vehicle in an average-size North American city, i.e. Winnipeg. Although there are similar 

studies in the literature [35], [36], they are all based on standard driving cycles, which do 

not represent the actual driving conditions. The importance of this study is applying the 

Winnipeg driving cycle (developed by researchers at University of Winnipeg and 

University of Manitoba) to find the battery type and size. 

Batteries to be tested are Lead-acid, NiMH and Li-ion chemistries. A comparison 

between NiMH and Li-ion chemistries is presented in [41]. It explains the difference in 

chemistry, life time, energy and power density, price, environmental impacts and other 

aspects of the two technologies. It shows that with the prices at the time of the mentioned 

study (2008), NiMH is a better technology for the electric vehicles. However if the 

manufacturing cost of Li-ion decreases, it will be better choice for hybrid electric 

vehicles. 
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3.2  Steady-State Vehicle Modeling Methods 

Steady-state vehicle models can also be categorized as forward and backward [33], 

referring to the way power flow calculation is performed. Forward modeling resembles 

the actual driving of a vehicle. It starts from the driver and goes all the way to the wheels. 

A forward model, shown schematically in Fig.  3.1, accepts a reference speed as the input. 

A reference torque is generated in the driver model based on the reference speed to cause 

the vehicle to reach and follow the desired speed. The driver model is usually a 

proportional-integral (PI) controller. Controller gains determine the driving habits. 

Calculated torque is then translated to accelerator and brake pedal commands (positive 

torque denotes acceleration and negative torque denotes braking), which are sent to the 

vehicle controller and to all other components afterwards. Therefore, a forward model is 

useful for studying the performance of the vehicle and the objective of the study is 

usually more than merely finding the fuel economy. With a forward model, one can 

observe the performance of the vehicle when the acceleration pedal is pressed. 

Depending on the level of details in a forward model, one can observe the response of 

different components within the drive-train. For example, with a fully-detailed transient 

model, one can study the performance of power-electronic converters and their 

controllers. If the purpose of study is only the vehicle controller, a less-detailed model 

will suffice as well. 

A backward model conducts the calculations in the opposite direction. It assumes that 

the vehicle has been driven in a way such that the reference speed is accurately matched. 

This eliminates the need for the driver model. A backward model discards all the 
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dynamics of the vehicle due to driving habits of the driver and focuses on the fuel 

economy. 

 

 

Fig.  3.1   Forward model diagram. 

 

A backward model for a PSG drive-train is shown in Fig.  3.2 [42]. In this figure, speed 

is the input for the model; based on the speed and parameters of the vehicle the required 

output power to achieve the speed is calculated in the vehicle controller. This controller 

then determines the contribution of each source of power in providing the output power 

based on the driving condition and also other parameters such as state-of-charge of the 

battery. Vehicle fuel consumption is then determined using these powers and efficiency 

of different drive-train components.  
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Fig.  3.2   Backward model diagram. 

 

A backward model is a computationally fast one that finds the fuel consumption of 

the vehicle. The simulation speed of this model is achieved by neglecting all dynamics of 

the system. Backward models are usually used for optimising the size of drive-train 

components and also evaluation of the fuel consumption of the vehicle under different 

driving conditions. 

In this thesis a backward steady-state model and a forward transient model are 

developed for a power-split gear drive-train. The steady-state model is able to estimate 

the range of the vehicle for different driving cycles and for different drive-train 

component sizing including battery, electric machines and the engine. The objective of 

the steady-state model is to determine the optimal sizing of the additional battery storage 

for a retro-fitted plug-in hybrid electric vehicle. This model can also be used in order to 
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find the optimal sizing of the electric machines as well as the combustion engine, 

although this thesis does not include such studies.  

3.3 Description of a PHEV Steady-State Model  

In this research a steady-state model for a retro-fitted plug-in hybrid electric vehicle is 

developed in order to find the optimal sizing of the additional battery pack in the drive-

train. Since the problem of optimizing the size of the battery pack is related to the 

efficiency and energy losses within the drive-train over long periods of time (for example 

over a week or a month) the transient behaviour of the components in the drive-train is 

not the point of interest. Moreover, unnecessary levels of detail in the model make it 

computationally intensive and result in time-consuming simulations. Therefore, a steady-

state model of the drive-train is developed.  In this model, steady-state models for drive-

train components are developed and properly interfaced. The model for each component 

estimates its energy losses and efficiency. In a backward model, each component receives 

the output power (which the component has to generate in order to follow the driving-

cycles) and calculates the required input power. Losses and efficiency for some 

components such as the power electronic converters are considered to be constant for all 

operating points while the efficiency of other components, e.g. the internal combustion 

engine, dynamically changes with the changes in the operating point of the component. 

Starting from the propelling power required by the vehicle to perfectly follow the 

driving-cycle and moving backwards, the model calculates the energy taken from each 

energy source, i.e. gasoline tank, on-board battery pack and external battery pack. 
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Fig.  3.3 shows a block diagram of the steady-state model developed in this research. 

The driving/charging cycle block in this model includes two parts. The driving cycle 

block provides the pattern of a typical weekly commute. This typical pattern is gathered 

by UofW and UofM researchers over a period of one year by installing positioning 

systems (GPS) on the vehicles of 30 volunteers in the city of Winnipeg. Many parameters 

are then derived based on the collected data. These parameters include average speed 

over entire driving cycle, average running speed, average acceleration, etc. (refer to Table 

A-1). Statistical methods are then applied to the collected data in order to derive an 

average driving cycle for the city of Winnipeg (this driving cycle and its development are 

discussed in Appendix A of this thesis). This part is done in a different project at the 

department of mechanical engineering at UofM and the results of this study are used in 

this thesis.  

The charging cycle part of driving/charging block contains the times that the vehicle 

is plugged. Two scenarios are studied in this research: Overnight charging only and 

overnight plus opportunity charging. In overnight charging only, the vehicle is plugged 

only overnight. In the second scenario, the vehicle is plugged overnight plus any other 

time that the vehicle is parked for more than three hours. 

Based on the driving cycle one can calculate the acting forces on the vehicle and the 

power needed to meet the requirements of the given driving pattern. These calculations 

are done in the vehicle dynamics block. The mathematical details of the model are 

presented in Section  3.3.2. 

In a power-split gear drive-train, a mechanical and an electrical path deliver the 

propelling power to the wheels. The power in the mechanical path is provided directly 

from the ICE and the power in the electrical path originates from either the battery 
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storage or MG1. The flow of power within the drive-train is controlled by a vehicle 

controller. It determines the amount of power to be exchanged between different 

components in the mechanical and electrical paths. Proper power distribution increases 

the vehicle efficiency and improves battery storage life by eliminating unnecessary 

charge/discharge cycles. The vehicle controller used in this research is explained in detail 

in Section  3.3.3. 

 

Fig.  3.3   Block diagram of the developed backward steady-state model. 

 

The electrical energy storage in the drive-train consists of two battery storage units, 

i.e. the on-board battery pack and the additional or external battery pack. There are 

various battery chemistries used in the automotive industry with markedly different 

characteristics. Three main battery chemistries are the Lead-acid, Lithium ion (Li-ion) 

and Nickel-metal hydride (Ni-MH). Lead-acid battery is the most inexpensive battery 

technology and can provide adequate power for vehicular applications. However the 

weight and size of this type of battery are significant, which limit the application of this 

battery. It also has relatively small energy density, thus is unable to provide energy for 

any realistic driving range. Ni-MH batteries offer higher power and energy density 

compared with the lead-acid type. Therefore a small pack of Ni-MH battery can have the 
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same performance as a much larger lead-acid battery pack. However the cost of Ni-MH 

battery is significantly higher than lead-acid type. Li-ion battery storage offers higher 

energy density compared to the Ni-MH type, although their power density is in the same 

range. This makes Li-ion batteries more suitable for applications that need a large 

storage, like plug-in hybrid vehicles and all-electric vehicles. It is however the most 

expensive battery chemistry. The steady-state drive-train model developed in this thesis is 

used to study the performance of each battery technology in a plug-in hybrid topology. 

For this purpose, a steady-state model for the battery is developed. Using proper values in 

the model, it can represent different battery chemistries. This model is explained in 

Section  3.3.4. 

3.3.1 Driving Cycle 

A driving cycle represents the variations in the speed of a vehicle over a given period of 

time. Standard driving cycles are based on statistical data and represent typical driving 

conditions for specific vehicle types and vehicle usage profiles. For example the urban 

dynamometer driving schedule (UDDS) represents typical urban driving conditions for a 

passenger vehicle for a 1369-second driving period [19]. It should be noted that standard 

driving cycles do not necessarily represent the actual, real-world daily power demand of a 

vehicle. Similar vehicles can be used in markedly different manners by different drivers 

according to their daily commute patterns. Another shortcoming of standard driving 

cycles is that their durations are typically far too short to represent long-term usage 

profiles, including vital information such as prolonged parking times when grid charging 

may happen in the case of a plug-in hybrid electric vehicle. 
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In order to perform modeling in a more realistic manner, actual daily driving profiles 

for 30 vehicles in the city of Winnipeg have been recorded using GPS loggers. Usage 

profiles have been recorded for a prolonged period of time to allow detailed analysis of 

their statistical variations. Enhanced average driving cycles (one for the weekday and one 

for the weekend pattern) have then been produced that closely match the average of the 

behaviour of the recorded cycles in terms of a large number of characteristic measures. 

The recording and analysis of the data has been done by a team of researchers from the 

University of Winnipeg in collaboration with researchers from the University of 

Manitoba. By applying statistical methods, a driving cycle for an average driver in the 

city of Winnipeg is developed. A detailed representation of the methods used to analyze 

and derive the enhanced average driving cycle is given in Appendix A.  

3.3.2 Vehicle Dynamics 

The vehicle dynamics block in the developed steady-state model calculates the required 

power to meet the instantaneous driving condition given by the driving cycle. Forces 

acting upon the moving vehicle are calculated and the demand power to maintain the 

speed of the vehicle is the output of this block. In a moving vehicle, the most important 

forces needed to be considered are the propelling force and the resistive forces that 

include the aerodynamic drag, rolling resistance, and grading resistance [43]. 

The steady-state model accepts the vehicle speed as the input and calculates various 

forces based on the speed and vehicle parameters. Vehicle acceleration is calculated 

using two consecutive samples of speed as follows. 

t
ttvtva

∆
∆−−

=
)()(  ( 3.1) 
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where a  is the vehicle acceleration in m/s2, v  is the vehicle speed in m/s and t∆  is the 

sampling time of the driving cycle in seconds. The propelling force of the vehicle, which 

is the force required to give the vehicle the above acceleration, is calculated using 

Newton’s second law of motion as follows. 

aMF vp =  ( 3.2) 
 

where pF is the propelling force and vM  is the mass of the vehicle. Acceleration and 

consequently the propelling force are considered constant between two consecutive speed 

samples in the driving cycle. 

The average speed of the vehicle between two consecutive samples of speed is 

calculated as follows and this value is considered as the vehicle speed between the two 

sampling points. 

2
)()( tvttvV +∆−

=  ( 3.3) 

 

where V  is the vehicle average speed and )(tv  and )( ttv ∆−  are two consecutive speed 

samples in the driving cycle. 

As the vehicle travels in the air, there is a resistive force against its movement. This 

opposing force is called the aerodynamic drag and depends on the frontal area of the 

vehicle, the shape of the vehicle, air density, vehicle speed and wind speed. The 

aerodynamic drag is calculated as follows: 

2
2
1 )( wDfad VVCAF += ρ  ( 3.4) 
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where adF  is the aerodynamic drag force, ρ  is the air density in kg/m3, fA  is the frontal 

area of the vehicle in m2, dC is the drag coefficient which depends on the shape of the 

vehicle, V  is the vehicle speed and wV  is the wind speed (both in m/s). In this study 

wind speed is assumed to be zero. 

The other opposing force against the movement of a vehicle comes from the tire-road 

junction. The elasticity of tire causes tire deformation when it rotates. The faster the tire 

rotates the more deformation the tire will undergo. The deformed elastic material of the 

tire tends to return to the original shape and this makes an opposing force against the 

movement of the vehicle. This resistive force is called the rolling resistance and is 

calculated as follows [6]. 

NVCCFroll ⋅+= )1( 10  ( 3.5) 
 

where Froll is the rolling resistance,V  is the vehicle speed and N is the normal weight on 

the tire. On an even surface total normal weight on all tires is equal to the weight of the 

vehicle. (Mv×g). Constants C0 and C1 depend on the vehicle type, road condition and 

inflation pressure. For a passenger car on concrete road and for most common inflation 

pressure, these coefficients are both equal to 0.01 [6]. The total required force is the 

algebraic sum of propelling force and all the opposing forces. Note that the analysis is 

done with the assumption of moving on a flat and horizontal surface. In case the vehicle 

is moving on a slope, a component of force, referred to as the road grade, should be 

incorporated accordingly. Due to lack of slope data for the driving cycle and also 

considering the fact that data is collected in Winnipeg, which is a fairly flat city, road 

slope is assumed to be zero for in calculations presented in this thesis. The net force (in 

the absence of the road grade) is calculated as follows. 
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rolladpnet FFFF ++=  ( 3.6) 
 

where Fnet is the net required force, Fp is the propelling force, Fad is the aerodynamic drag 

force and Froll is the rolling resistance force. The power demand is calculated based on 

the calculated forces and the vehicle speed as follows. 

VFP netdemand ⋅=  ( 3.7) 
  

In this equation, Pdemand is the demand power, Fnet is the net force applied to the 

vehicle (3.6) and V  is the vehicle speed (3.3).   

The calculated power demand is sent to the vehicle controller. The vehicle controller 

determines the contribution of different sources of power, i.e. electrical motor and the 

ICE in providing the demand power. Different distribution of power between the two 

sources affects the vehicle performance and efficiency. 

3.3.3 The Vehicle Controller 

At every point on a driving cycle, the power demand of the vehicle must be met by the 

engine, the electrical motor or a combination of both. Distributing the demand power 

between different sources of power, i.e. the electrical motor and the combustion engine, 

is done by an on-board control system, known as the vehicle controller. The vehicle 

controller decides how much power should be supplied from the electrical part of the 

drive-train and how much should be supplied from the engine in order to achieve the best 

overall efficiency and to meet the driving condition at the same time. In the power-split 

gear drive-train considered in this study, it is assumed that the electrical motor and the 

engine work independently and their power is added up using a power-split gear device 

[30]. 
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Commercially available hybrid vehicles all use proprietary vehicle controller 

algorithms, which are not made available to the public. Generally, distribution of power 

can be done in multiple ways. The vehicle controller can be designed in such a way to use 

either the electricity (i.e. the electrical path) or the fuel (i.e. the ICE path) as the main 

source of energy. Due to energy limitations of the on-board batteries, the period of time 

where the electrical path can be used as the sole source of energy, i.e. the all-electric 

mode of operation, is often limited. This implies that the ICE path must be deployed to 

provide the required propulsion power as well as the power to re-charge the batteries. 

Therefore the electrical source has to be deployed in a way that results in better efficiency 

and longer range.  

The expression used for the vehicle controller logic in this study is given in (3.8)-

(3.10). A weighting factor w  is used to determine the share of the electrical and the ICE 

paths in providing the power demanded by the driving cycle. By increasing the weighting 

factor from zero to unity, the vehicle controller increases the involvement of the ICE in 

the production of power for the drive-train. For low power demands (Pdemand) the power 

distribution is as follows. 

( )




⋅=
⋅−=

demande

demandb
PwP

PwP 1
 ( 3.8) 

 

where Pb is the battery power, Pe is the ICE power and w is the weighting factor. For 

higher power demand, if the engine power hits the level corresponding to the highest 

efficiency point of the engine, the distribution of power changes as follows. 
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where Pe,effmax is the engine power corresponding to its maximum efficiency point. This is 

to operate the engine in the most efficient region for a longer time and to increase the 

overall efficiency and range of the vehicle. For higher power demands, when battery 

reaches its maximum possible power, engine must be operated at higher power, with a 

view to provide the required power with the best efficiency possible. The power 

distribution for this case is as follows. 





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−=

=

max,

max,

bde

bb

PPP

PP
 ( 3.10) 

 

where Pb,max is the maximum battery power. Power distribution curves for different 

values of w are depicted in the following figures. Fig.  3.4 shows the power distribution 

scheme for w = 0.  

 
Fig.  3.4   Power distribution, w=0. 

 

Since for this case, the engine has the least significant role as the primary source of 

power, it will not operate as long as the electrical part, i.e. the battery and the electric 

motor, is able to provide the demand power. Notice that this power distribution scheme is 

valid is for the period that the state of charge of the battery is in the desirable range and 

the battery can be further discharged. If the state of charge is lower than a minimum 
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value, the engine will provide the power demand in addition to the charging power for the 

battery. Fig.  3.5 shows the controller logic for implementing this distribution. 

 
Fig.  3.5   Controller logic for implementing power distribution with w=0. 

 

 As shown in this figure, if the demand power is smaller than the battery maximum 

power and also if the battery has sufficient charge, all the power comes from the battery 

and the engine is off. When demand power is larger than the battery’s maximum power, 

the engine starts contributing to power generation. If the battery does not have enough 

charge to contribute power, it will be charged using the power coming from the engine. 

Fig.  3.6 shows the 1=w case. In this case the engine is the main source of power and 

electrical part is only used to assist the engine. In this power distribution scheme, the 
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engine provides the demand power until it reaches its maximum efficiency power level. 

After that point, the electric motor operates until it reaches its maximum power, beyond 

which the engine provides additional power until it also reaches its maximum power. 

This case is also valid when the battery has enough charge and could be discharged. 

 

 
Fig.  3.6   Power distribution, w=1. 

 

For a weighting function between 0 and 1, the motor and engine both contribute to 

provide the demand power. This case is shown in Fig.  3.7 for   w = 0.5. 

 
Fig.  3.7   Power distribution, w=0.5 

 

In this mode, the demand power is distributed evenly between the electric motor and 

the engine. When engine power reaches the most efficient power for the engine, the 

engine reference power is kept constant and more power is demanded from the electric 

motor. This is to improve the vehicle efficiency and range. When the electric motor 
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power is reached its maximum value, the engine power is increased to meet the demand 

power. 

3.3.4 Battery Model 

Battery modeling is a major issue in modeling the drive-train. Batteries are electro-

chemical elements and their behaviour depends on chemical reactions inside them, 

therefore describing their behaviour in terms of mathematical expressions is not an easy 

and precise practice. The way batteries are modeled is typically by using look-up tables 

[17]. A look-up table stores various parameters of the battery under different conditions. 

For example a look-up table may include the internal resistance and terminal voltage of a 

battery for different values of its state-of-charge. However for the purpose of steady-state 

modeling, a simpler model can be used. This model assumes that the battery is equipped 

with a proper climate control system. Assuming a constant temperature for the battery, 

the variations of the parameters of the battery due to changes in temperature can be 

ignored. In addition, it is assumed that the state-of-charge of the battery is confined to a 

limited range. Based on thesis assumption, the variations of the parameters of the battery 

due to changes in the state-of-charge can also be ignored. In the steady-state model 

developed for the battery, charge/discharge power is not allowed to exceed the battery 

ratings. Charge/discharge power is determined by the vehicle controller described in 3.3.3 

and it is always limited to the power constraints of the battery. 

Considering the assumptions above, the battery is able to provide a constant current 

as long as its state-of-charge is within the allowed range. Therefore, the output power of 

the battery model is in the interval of zero and its maximum allowed power output. The 

power is the maximum if the state of charge is within the desired range (Pb,max in Fig. 
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3.5). If the state-of-charge is outside the desired range, the output power of the battery is 

zero and battery should be charged (refer to Fig 3.5).  

There are two battery storage units within the drive-train, the internal pack and the 

external one. Charging power for the on-board battery pack may come from two sources, 

i.e. engine or regenerative brake. Charging power for the external battery pack comes 

from the plug-in charger unit. Charging algorithm is explained in the next section. 

Battery efficiency is modeled by multiplying the charging power by the efficiency figure. 

Having charge/discharge power for the battery, charge/discharge current can be 

calculated by dividing the power by the battery’s terminal voltage. Using the battery 

current, the battery state-of-charge can be calculated as follows. 

∫−=
t

b
b

dti
C

SOCSOC
0

1)0(  ( 3.11) 

where SOC is the battery state-of-charge, ib is the battery current and Cb is the battery 

capacity (refer to Table 3-1). 

Note that the assumptions listed above are to allow a convenient model of the battery to 

be constructed. Since various battery technologies tend to show markedly different 

behaviour, the most accurate approach to their incorporation into a simulation 

environment is to use actual battery packs in a hardware-in-loop setup. This will be 

pursued later and is a prominent direction of the research. However for this preliminary 

analysis a simplified model as described above is adequate.  

The steady-state model of the battery consists of battery cells, which together form a 

battery pack. The number of cells in the battery pack is changed to find the optimal 

number of these cells. Table  3-1 shows the typical cell characteristics that are used for 
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each of the battery technologies considered in this study. Note that large deviations from 

these typical characteristics may exist within each battery type. This is particularly true 

for the Li-ion chemistry, which is currently under significant development. 

Table  3-1   Battery module specifications 

Battery Type Lead Acid Ni-MH Li-Ion 

Cell Voltage [V] 6 1.2 3.6 

No of cells per module 2 6 3 

Capacity [Ah] 12 6.5 6 

Module weight [kg] 4.79 1.04 0.99 

Specific energy density [Wh/l] 90 175 200 

Efficiency (at 1C charge/discharge) [%] 80 90 95 

SOC swing range [%] 20 70 70 

Cost [$/kWh] 145 365 1000 

3.4 Battery Charging Algorithms 

When the on-board battery pack depletes to its minimum allowable SOC, power must be 

drawn from the internal combustion engine to re-charge it. Battery charging normally 

takes place when the vehicle is in motion, implying that the ICE has to provide both the 

propulsion and the charging power. Charging during idle time, e.g. when the vehicle is 

stopped at an intersection, may be allowed although it is disabled in the developed model 

here. The other charging occasion is regenerative braking. Regenerative braking saves the 

kinetic energy of the moving vehicle instead of wasting it in mechanical brakes, as 

explained next.  

3.4.1  Regenerative Braking 

Regenerative braking is a way to save part of the kinetic energy of the moving vehicle in 

batteries rather than dissipating it as heat as is the case with conventional mechanical 
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brakes. Regenerative braking is only applicable when the state of charge of the battery 

allows the control system to recharge it. If the SOC of the battery is already at the 

maximum allowable limit, the kinetic energy must be dissipated through the mechanical 

brakes. The other limitation for the regenerative braking is the charging current limit for 

the battery. In other words, the kinetic energy flow back to the batteries should not 

exceed the batteries’ allowable charging limits. During hard braking incidents the 

mechanical brake will dissipate the excess energy in order to provide the required braking 

torque. In the steady-state model, it is assumed that regenerative braking is done with a 

given efficiency, representing that of the mechanical to electrical conversion process 

involved. 

3.4.2 Plug-in Charging 

A retro-fitted plug-in hybrid electric vehicle can also be charged from an outlet. During 

the charging periods power from the outlet goes to the external battery pack only. Two 

charging strategies are considered, namely (a) overnight charging and (b) overnight and 

opportunity charging. In the overnight charging strategy the external battery pack is 

charged via the utility grid only during the nightly parking hours. Opportunity charging 

allows the additional battery pack to be charged during periods of vehicle parked-time 

during the day as well. In this study, opportunity charging is done whenever the vehicle is 

parked for at least three hours. 
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3.5 Vehicle Parameters and Fuel Economy 

In this research, parameters of Toyota Prius are used in the retro-fitted plug-in hybrid 

electric vehicle model. Vehicle parameters such as vehicle weight, frontal area, and 

aerodynamic coefficient are required to calculate applied forces to the vehicle in the 

steady-state and transient models. These parameters are listed in Table  3-2. 

Table  3-2   Vehicle parameters 

Parameter Value 

Curb weight (Mv) 1330 [kg] 

Passenger weight 80 [kg] 

Frontal area (Af) 2.23 [m2] 

Aerodynamic coefficient (Cd) 0.26 

Air density (ρ) 1.204 [kg/m3] 

Gravitational acceleration (g) 9.8 [m/s2] 

 

The drive-train of the vehicle consists of two electric machines, i.e. MG1 and MG2 

plus the internal combustion engine. These components are connected to the power-split 

gear device. The output power from PSG is then delivered to the wheels via the 

transmission system. The efficiency of each component is required in the steady-state 

model to calculate the power flow in the drive-train. These efficiencies are listed in Table 

 3-3. 

Table  3-3 Component efficiencies 

Parameter Efficiency [%] 

Motor + Converter 80 

Generator + Converter 80 

Regenerative braking 70 

Transmission 85 
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Note that although the efficiency of the electric machines and power-electronic 

converters change with the changes in their operating point, these changes are small 

comparing to the efficiency change in the engine [44], [45]. Therefore, a constant 

efficiency is considered for the electric drive system. Engine efficiency in this model is 

not constant and is subject to change with changes in its operating point. The efficiency 

map of the engine is shown in Fig.  3.8. As shown, engine efficiency varies from 

efficiencies as low as 5% to efficiencies more than 30%. The objective of the vehicle 

controller is to operate the engine at its most efficient areas. The operating point of the 

engine for each point of the driving cycle is calculated based on the efficiency of the 

engine on that point and the energy density of gasoline. 

 

 
Fig.  3.8 Efficiency map of the ICE. 
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3.6 Model Assembly, Verification and Simulation Results 

The developed transient model has two battery storage units. The first is the on-board 

battery pack, which comes with the conventional hybrid electric vehicle. The second one 

is the external pack, which is the additional battery storage used in retrofit conversion of 

the hybrid electric vehicle to plug-in. A simulation-based approach is adopted to 

determine the optimal size of the external battery storage. Block diagram of the 

developed model is shown in Fig.  3.9. 

 
Fig.  3.9  Block diagram of the steady-state model 
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forces on the vehicle are calculated based on the vehicle speed, acceleration and vehicle 
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(3.6). Demand and braking power, Pdemand (3.7) and Pbrake, are calculated using the total 

force and vehicle speed, as shown in this figure. Demand power and state-of-charge of 

the batteries are sent to the power distributer subroutine to calculate the batter discharge 

power, Pb and engine power, Pe. The method of calculation is explained in section  3.3.3. 

Brake power calculated in the previous step is used to calculate the regenerative brake 

power, Pregen. Note that battery state-of-charge, SOC1 and maximum allowable battery 

power are also considered in this calculation. Battery discharge power and battery charge 

powers from different sources are used to calculate the battery currents (Ib1 and Ib2) and 

state of charge (SOC1 and SOC2). In this calculation, terminal voltage of the batteries 

(Vb1, Vb2) and their capacities (Cb1, Cb2) are used. Note that the on-board battery back is 

off-line as long as external battery pack is able to provide power (SOC2 > SOC2L). 

When the external battery pack is depleted (SOC2 ≤ SOC2L) the on-board batter pack is 

engaged. The internal batter pack is used until its state-of-charge goes below the 

minimum limit (SOC1 < SOC1L). At the point the battery pack goes into charge mode 

until its SOC hits the upper limit (SOC1 > SOC1H). The internal battery pack mode of 

operation is stored in a binary variable, charge. Charge power for the battery pack is 1C 

(6.5A for NiMH battery according to Table 3-1). 

This study considers three major classes of batteries, i.e. the lead-acid, Ni-MH and 

Li-ion for the external battery.  As mentioned above, the external battery receives its 

energy from the plug only. Therefore, charging strategy has a significant effect on vehicle 

performance. Two charging strategies are considered, i.e. (a) overnight charging and (b) 

overnight and opportunity charging. 

The state-of-charge (SOC) swing ranges for the external battery should be selected 

suitably in order to ensure that the pack will sustain an acceptably large number of 
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charging cycles. In order to have a life of minimum 3000 cycles, the swing range for the 

lead-acid battery is chosen to be 20% [46]. The swing range for Li-Ion and NiMH battery 

is 70%. The initial SOC of the battery packs will adversely impact the simulation results 

if the driving cycle is not adequately long. To eliminate the impact of the initial SOC a 

weekly driving cycle is used. This driving cycle consists of more than 7 hours of driving 

during a typical week. The simulations were also conducted with a weekly and a monthly 

driving cycle and it was determined that the weekly cycle is long enough to eliminate the 

impact of any initial charge. 

Fig.  3.10(a) shows the expected fuel economy of the retro-fitted vehicle as a function 

of its cost with the three external battery packs, with overnight grid charging of the 

PHEV. As shown, for the same cost an NiMH battery pack yields a markedly larger MPG 

rating compared with the other two technologies. For a given amount of investment in the 

external battery, the significant cost of a Li-ion pack does not allow a sufficiently large 

number of modules to be acquired resulting in a small capacity for the external battery 

pack. Conversely, a large lead-acid based external battery pack can be acquired; however 

the SOC swing range of a lead-acid pack is severely limited resulting in a small available 

effective capacity. The NiMH technology has a moderate cost and an adequately large 

swing range, and thereby provides the most suitable solution. For example for an 

estimated 112 MPG rating, the cost for the NiMH technology is around $2000, and the 

same investment will yield an MPG of 68 and 59 for the lead-acid and Li-ion chemistries, 

respectively as shown in Fig.  3.10(a). 

The trends of the curves also indicate the return on investment (in terms of improved 

MPG for the dollar amount spent). As shown the NiMH technology has a steeper slope, 

which implies that the improvements in the fuel economy of the PHEV (relative to the 
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original hybrid) are larger for the same amount of investment in the extended battery 

pack.  

Fig.  3.10(b) shows the volume of the battery pack as a function of its cost. This graph 

depicts another limitation of the lead-acid technology, which is its relatively large volume 

per kWh, which imposes a severe restriction on its applicability in the limited space 

available on-board a vehicle. Contrary to the common perception that the lead-acid 

technology is primarily limited by its weight, the simulations show that the use of this 

technology in the context of a PHEV is essentially hindered by its limited SOC swing 

range (to ensure longevity) and its large relative volume. 

 
Fig.  3.10   Overnight charging. (a) expected MPG; (b) battery volume. 

Fig. 3.8   Overnight charging. (a) expected MPG; (b) battery volume.
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Fig.  3.11   Opportunity charging. (a) expected MPG; (b) battery volume. 
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gear drive-train and a hardware-in-loop simulation setup is then developed based on that. 

This setup uses real batteries in the simulation loop instead of battery models, which 

makes the simulations more accurate and expandable to emerging battery technologies. 

The transient modeling of the drive-train and the development of the hardware-in-loop 

setup is explained in Chapters 4, 5 and 6. 

3.7 Chapter Summary and Contributions 

The goal of this chapter was to determine the most-suited battery technology for a retro-

fitted hybrid electric vehicle. Although there are studies reported in the literature with the 

same target, the method used in this thesis is different in its modeling technique and also 

in the drive-train used for sizing. One of the contributions of this thesis is developing a 

steady-state model for the hybrid drive-train. This model can simulate the vehicle 

performance for a given battery technology and size for a given driving cycle. Using this 

model, three battery technologies, i.e. Lead-acid, NiMH and Li-ion are tested. Battery 

size is changed for each battery type and the resulting vehicle range is calculated. 

Another contribution of this thesis is using a new driving cycle developed by researchers 

at university of Winnipeg and University of Manitoba. This driving cycle represents the 

driving cycle for an average driver in the city of Winnipeg and can be used as a reference 

driving cycle for similar North American cities. Using this driving cycle, the results of 

this study are closer to reality in comparison to other studies, which use standard driving 

cycles for optimum battery sizing [35], [36]. 
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Simulation results show that the energy density of the lead-acid battery is too small for 

hybrid electric vehicles. An excessively large battery pack should be installed in the 

vehicle in order to obtain a reasonable all-electric driving range.  

NiMH and Li-ion batteries both have high energy densities. NiMH battery is less 

expensive and offers a slightly smaller energy density. Li-ion presently costs more, but its 

manufacturing costs are reducing. Considering the values used for this study, NiMH 

battery seems to be a more reasonable choice for the hybrid-electric drive-train. 

This portion of the work was done in mid-2009. Every indication shows that Li-ion 

battery should drop in price. Therefore, Li-ion battery chemistry is used for the rest of 

this thesis. Li-ion battery is also used in the hardware-in-loop setup developed later in 

2011. At that time the price of Li-ion batteries was indeed significantly lower than mid-

2009.  



Chapter 4 

Transient Modeling and Simulation of Vehicular 

Systems 

 
The focus of steady-state modeling of vehicular systems is on the overall efficiency and 

losses in the vehicle and it is useful in power-related studies such as estimating the range 

of a vehicle. In this research the problem of determining the optimal number of battery 

cells for a retro-fitted plug-in hybrid electric vehicle was solved using a steady-state 

model (refer to Chapter 3). However the steady-state model is not suitable for the study 

of fast dynamics of the vehicle. For these studies, developing a transient model is 

necessary. A transient model includes more details than a steady-state model and enables 

the user to examine dynamical behaviour of subsystems such as the electric motors, 

converters, etc. A transient model can also be used to design and tune fast-acting 

controllers such as converter controllers. 

There are off-the-shelf simulators available for vehicular studies and many studies are 

done by these simulators [47]-[53]. Most of the available simulators are high-level ones 

[33] and are not suitable for low-level hardware-in-loop simulations. The transient 

simulators on the other hand may not be compatible with the available real-time 

simulator (i.e. Opal-RT simulator). In addition, using such simulators does not give a 

good understanding of the model since the details of modeling are not available to the 

user. 
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Other researchers who did hardware-in-loop simulation also had to go through the same 

path. For example in [54] a detailed model for a series drive-train is developed and 

implemented. For PSG based drive-train, there are studies that explain parts of the drive-

train [22], [30], [40], but none of them covers the whole system. In this thesis, a transient 

model for a power-split gear based hybrid electric vehicle is developed in 

Matlab/Simulink for the first time. A prominent use of this transient model is its 

implementation on a real-time simulator and interfacing with real hardware components 

in a hardware-in-loop (HIL) setup. In the particular HIL setup developed in this research, 

actual batteries are interfaced with the simulator; this will allow to study the transient 

behaviour of the battery as well as to test emerging new battery technologies. Due to the 

complexity of batteries, obtaining an accurate model is often considered a bottleneck in 

modeling systems where battery storage systems are used. Including actual batteries in 

the loop of a real-time simulator alleviates the need for approximate mathematical 

modeling and thus improves the overall credibility of the simulation results. 

The block diagram of the transient model is shown in Fig.  4.1. The model is a forward 

one that accepts the driving cycle and simulates the drive-train dynamics. This model can 

generate different types of outputs, ranging from fast response of power-electronic 

converters to fuel economy and slow dynamics of the vehicle. 

The drive-train can be divided into two main subsystems, i.e. the mechanical 

subsystem and the electrical subsystem. A driver model is also developed to control the 

vehicle in a way that follows a certain driving cycle. This section describes the model 

components, their role in the model and their mathematical model derivation. 
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Fig.  4.1  Block diagram of the detailed model. 
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4.1 The Driver Model 

In a real vehicle, the driver sends the torque command to the vehicle controller by 

pressing the accelerator and brake pedals. In the absence of a real driver in the developed 

transient model, a mathematical component that translates the input speed reference to a 

torque command is created and called the driver model. Fig.  4.2 shows the block diagram 

of the driver model. As shown, a proportional-integral (PI) controller is used to find the 

required torque to reach the reference speed (including the braking periods when a 

negative torque is applied). The output of the PI controller is fed into a rate limiter, which 

limits the rate of change in the acceleration/brake requests. This makes the behaviour of 

the PI controller similar to a real (and responsible) driver, who does not apply sudden and 

violent acceleration or braking to the vehicle. Driving habits (mild or aggressive) can be 

modeled by changing the limit on the rate limiter.  The acceleration and brake commands 

are also limited to their maximum allowable limits before being given to the vehicle 

model.  

 

Fig.  4.2   Driver model. 
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4.2 Mechanical Subsystem 

The mechanical subsystem of the drive-train includes vehicle dynamics (vehicle body), 

engine, power split gear device and tires. Each component is modeled using a transient 

model and interfaced with the rest of simulation. Details of modeling are presented in the 

following sub-sections. 

4.2.1 Vehicle Dynamics 

The vehicle dynamics block calculates the speed of the vehicle based on the propelling 

and resistive forces. Propelling force is provided by the wheel model. It depends on the 

propelling torque applied on the axel, wheel parameters and road condition. The vehicle 

dynamics block calculates the resistive forces as described in section  3.3.2. Vehicle 

acceleration is then calculated using Newton’s second law of motion, as follows. 

v

resp
M

FF
a

−
=  ( 4.1) 

where a is the vehicle acceleration, Fp is sum of propelling forces from front and rear 

wheels, Fres is sum of resistive forces (aerodynamic drag, rolling resistance and grade 

resistance) and Mv is the vehicle mass. Using the calculated acceleration, the vehicle 

speed is calculated as follows. 

where V is the vehicle speed and V0 is initial vehicle speed, specified by user. 

The vehicle dynamic block also calculates the distribution of the normal weight of 

vehicle on the front and rear wheels. This distribution is then used in the tire model. The 

normal weight is calculated as follows [6]. 

0
0

)( VdaV
t

+= ∫ ττ  ( 4.2) 
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where Nf is the normal weight on front wheels, L is the distance between from and rear 

axles, Lb is the rear axle distance from center of gravity, La is the front axle distance from 

centre of gravity, g is the gravitational acceleration, θ  is the road angle, h is the center of 

gravity distance from ground, Ff is the front wheels’ propelling force (in previous step), 

Fr is the rear wheels’ propelling force, Froll is the total rolling resistance and Rw is the 

effective wheel radius. Total propelling force is sum of front wheel and rear wheels’ 

propelling forces. 

rfprop FFF +=  ( 4.4) 
 Fig.  4.3 shows the applied forces and dimensions used in (4.3).  Fig.  4.4 shows the inputs 

and outputs of the vehicle dynamics block (Note that the total propelling force is used in 

this model instead of individual front and rear propelling forces). 

 

 

Fig.  4.3  Dimensions of vehicle used in vehicle dynamic model 
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Fig.  4.4   Vehicle dynamics block 

4.2.2 Internal Combustion Engine (ICE) 

Accurate modeling of an ICE requires a broad range of experimental data. This model 

can simulate the transient of ICE based on the available experimental data. Since the 

objective of this research does not include studying the transient behaviour of the ICE, a 

simplified model for ICE is used. This model accepts the reference torque of the ICE and 

calculates the output torque of this component. Ideally the ICE should output a torque 

equal to its reference value instantaneously; however due to physical delays, the 

transition from one torque output to another is accompanied with some delay. The 

transient model of the ICE, therefore, consists of a time delay, representing the response 

time of the engine. This delay can be simply modeled by a first-order transfer function, as 

follows. 

refee T
s

T ,1
1
τ+

=  ( 4.5) 

  
where Te is the ICE output torque, τ is the time constant of engine response, and Te,ref is 

the reference torque for engine. This method for modeling the internal combustion engine 

is also used in [55]. The time constant of engine is typically around 0.5 seconds [56]. Fig. 

 4.5 shows the engine block used in the model. 
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Fig.  4.5  Engine block 

4.2.3 Power-Split Gear (PSG) Device 

The most important part of the modeled drive-train is the power-split gear device, which 

couples MG1, MG2 and engine. A power-split gear device is a three gear mechanical 

element.  

The connections to a power-split gear device in a hybrid electric vehicle are shown in 

Fig.  4.1. As shown, MG1 is connected to the sun gear, and provides charging power for 

the batteries; it is also used as a starter to start the ICE. The other important role of MG1 

is to control the operating point of the ICE at the most efficient operating region (for the 

given power) on its efficiency map. The carrier of the power-split gear device is 

connected to the ICE. Therefore, the ICE is coupled to both sun and ring gears and can 

provide power for both. The outer gear of the power-split gear device, the ring, is 

connected to MG2. MG2 provides propelling toque for the vehicle in its different modes 

of operation, which will be discussed later. Fig.  4.1 also shows the sign convention for 

respective torque and speed values. Arrows on the figure show the assumed positive 

direction of applied torques and the assumed positive direction of rotation of each gear. 

In a power-split gear device, the fundamental relationship between ring, carrier and sun 

speed comes from the topology of the PSG and is expressed as follows. 

crs SRRS ωωω )( +=+  ( 4.6) 
where ωs, ωr and ωc are sun, ring and carrier speeds, respectively, and R  and S are the 

numbers of teeth on the ring and sun gears, respectively. The dynamic model for this 

Reference torque 
(Te,ref)

Output torque (Te)Engine
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device is developed using dynamic speed equations for each gear. The dynamic equation 

for the ring gear is as follows. 

fd
f

sunr
r

r T
R

TT
dt

dJ 11
−−=

ρ
ω  ( 4.7) 

where Jr is the total inertial of the connected components to the ring including the MG2 

and final drive, Tr is the torque applied to the ring by MG2, Tsun is the net torque applied 

to the sun gear and ρ  is the power-split gear ratio defined as 
R
S

=ρ . This maps the net 

torque on the sun to the value that affects the motion of the ring gear. Rf is the final 

drive’s gear ratio and Tfd is the final drive’s opposing torque due to wheel-road junction. 

The carrier speed dynamic equation can be written as follows. 

sunc
c

c TT
dt

J )11(
ρ

ω
++=  ( 4.8) 

where Jc is the combined carrier and engine inertia and Tc is the applied torque to the 

carrier from engine. The applied torque to the sun gear, which is used in (4.7) and (4.8) 

can be expressed as follows. 

dt
dJTT s

sMGsun
ω

−= 1  ( 4.9) 

where TMG1 is the applied torque to the sun gear form MG1 and Js is the sun gear and 

generator inertia. Using (4.6) to (4.9) and some mathematical simplifications, one can 

write the state space equations of the PSG as follows. 
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 ( 4.10) 

where Te is the engine torque applied to the carrier, TMG2 is MG2 torque applied to the 

ring gear. Constant coefficients A1 to A4 and B1 to B4 are derived by simplifying 

equations. These coefficients are listed in Appendix C. Once the carrier and the ring gear 
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speeds are found, the sun gear speed can be calculated using (4.6). The net propelling 

torque on the ring gear is calculated as follows. 

sunMGring TTT
ρ
1

2 −=  ( 4.11) 

The transient model of the power-split device is developed using equations (4.6), 

(4.10) and (4.11). Fig.  4.6 shows the power-split gear device block used in the model. This 

block accepts torque from MG1, MG2, ICE and the final drive and calculates speed of 

electric machines and ICE and also the propelling torque. The calculated speeds are sent 

to the corresponding component models and the propelling torque is sent to the wheel 

model to calculate the propelling force. 

 

Fig.  4.6  Power-split gear device block 

4.2.4 Tire Model 

The power-split gear model calculates the propelling torque applied to the ring gear. This 

torque is applied to a final drive and eventually to the wheels. This torque, called the 

tractive torque, rotates the wheels, generates the propelling force, and propels the vehicle. 

The amount of propelling force depends on the applied torque to the wheel, wheel 

dimensions, wheel material and road type and condition.  

If the tractive force of the vehicle exceeds the limitation of maximum tractive force 

due to the adhesion characteristics between the tire and the ground, the drive wheels will 
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start spinning on the ground. This is especially true when the vehicle is driven on wet, 

icy, snow-covered, or soft soil roads. In such cases, excessive tractive torque on the 

wheel causes the wheel to have significant slippage on the ground. This phenomenon is 

modeled in the transient model of the drive-train using Pacejka magic formula [57]. To 

model the tire, the tire slip is first calculated as follows. 

)braking during(1

)onaccelerati during(1







 −=







 −=

V
r
r
V

ωλ

ω
λ

 ( 4.12) 

where λ is the tire slip, V is the vehicle speed, r is the tire radius, ω is the tire angular 

velocity. During acceleration rω is larger than V and during braking, V is larger than rω. 

Tire slip, λ, is always between zero and one. When λ=0, tire has no deformation with a 

circular cross-section. When λ=1, tire is spinning but vehicle does not move (V=0). Using 

λ, tractive force coefficient, µ, can be calculated using Pasejka formula as follows. 

( ) ( )( )( )λλµ BEEBCD 11 tan1tansin −− +−=  ( 4.13) 
where B, C, D and E are Pacejka coefficients, which describe the characteristics of the 

road.Table  4-1 lists these parameters for different road conditions. 

Table  4-1  Pacejka coefficients 

Surface B C D E 

Dry Tarmac 10 1.9 1 0.97 

Wet Tarmac 12 2.3 0.82 1 

Snow 5 2 0.3 1 

Ice 4 2 0.1 1 

 

Using µ , the tractive force can be calculated as follows. 

NF ⋅= µ  ( 4.14) 
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where N is the normal weight on the wheels calculated in the vehicle dynamics block. 

Note that the vehicle dynamics block calculates the normal weight on the front and rear 

axles. Assuming that the weight is equally distributed between right and left wheels, the 

normal force for each front tire is fN2
1  and it is rN2

1  for each rear tire. 

The tractive force calculated in this block is sent to the vehicle dynamics model as the 

propelling force and used for vehicle speed calculation. Fig.  4.7 shows the tire block used 

in the model. It accepts vehicle speed and normal weight on the wheel from vehicle 

dynamic model and wheel speed and propelling torque from power-split gear device 

model. The output of this block is the propelling force, which is sent to the vehicle 

dynamics block. 

 

Fig.  4.7  Tire block 

4.3 Electrical Subsystem 

Electrical subsystem includes battery, dc/dc converter, VSC1, VSC2, MG1 and MG2 in 

Fig.  4.1. The battery in this system is the energy-storage device in the drive-train. The 

battery is interfaced to the dc-link via a bi-directional dc-dc converter. The dc-dc 

converter regulates the dc-link voltage and uses the charge from the battery during the 

electric drive and electric-assist modes, and charges the battery when its state-of-charge 
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is low. It also absorbs the energy during the regenerative braking and transfers it to the 

battery. 

The dc-link is connected to two voltage-source converters (VSCs). Each VSC is 

connected to a permanent magnet synchronous machine (MG1 and MG2). This section 

explains the components used in the electrical subsystem and their dynamic model 

derivation. 

4.3.1 The Battery Model 

Battery models can be globally divided into three main types of (i) experimental, (ii) 

electrochemical and (iii) electric circuit-based models. The electric circuit based model is 

the most suited one to represent the electrical characteristics of the battery [58]. The 

simplest circuit-based battery model comprises an ideal fixed voltage source in series 

with a fixed resistance [59]. However this model does not consider the state-of-charge 

(SOC) of the battery and its impact on both the internal voltage and the effective series 

resistance of the battery. It is well known that variations in the state-of-charge affect both 

the internal voltage and the internal resistance. Modeling these effects is a cumbersome 

task and needs mathematically involved models [60]. Depending on the accuracy needed 

for the application at hand, the model can be simplified to neglect the effect of SOC on 

internal resistance of the battery [17], [61]. Its impact on the internal voltage is, however, 

more profound and is therefore modeled. 

To model the state-of-charge of the battery accurately, one should model the 

electrochemical behaviour of the battery. Such modeling is done in [61], which 

introduces mathematical equations that describe the electrochemical behaviour of the 

battery in charging and discharging conditions and at the same time calculates the state-
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of-charge of the battery. This model is modified in [62] and [58] to make it more suitable 

for numerical simulations. The battery model used in this research is an electric circuit-

based model similar to the one developed in [58]. The model represents the battery 

dynamics using a voltage source and a series resistor, as shown in Fig.  4.8. In this figure, 

Eb is the battery internal voltage, R is the battery internal resistance, Vb is terminal voltage 

and ib is the battery current. The internal resistance of the battery is assumed to be 

constant and the internal battery voltage changes according to battery current and state-

of-charge.  

 

Fig.  4.8  Battery model 

 

Most of the battery parameters can be derived from the discharge curve of the battery. 

In this research a Li-ion battery pack is used as the energy-storage device in the drive-

train. A typical discharge curve of this battery type is shown in Fig.  4.9.  

 In this figure, Qexp 
is the capacity of the battery in exponential region, Qnom is the 

nominal capacity of the battery, Q is the full capacity of the battery, Vfull is the full-charge 

terminal voltage and Vexp and Vnom are terminal voltages corresponding to Qexp and Qnom, 

respectively. As this figure shows, by discharging the battery the terminal voltage drops 

exponentially in the beginning in the region known as exponential region. The voltage 
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drop becomes linear in the nominal region. After exceeding the nominal capacity of the 

battery, the voltage rapidly collapses.  

 
Fig.  4.9  Typical discharge curve of the battery 

 

In the battery model, the internal voltage will change in a way that the terminal 

voltage follows the discharge curve. The internal voltage for charge and discharge 

conditions is calculated as follows [58]. 
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where E0 is the battery constant voltage (V) which should be measured in an experiment 

for a given battery technology. K is the polarization resistance ( Ω ). This is also an 

experimental parameter. Polarization resistance is a coefficient that determines the effect 

of battery current on its internal voltage. Q is battery capacity (Ah), A is exponential zone 

amplitude (V), B is exponential zone time constant inverse (Ah)-1, i  is battery current (A) 

and i* is filtered current (A). A low-pass filter is used to obtain a ripple-free battery 

current. Details of this modeling and equation derivation are reported in [58]. Table  4-2 
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lists the parameter values that are used to describe the battery cell used in this research. 

The cell is a 3.2V, 2.6Ah Li-ion battery. The battery pack includes 7 parallel branches of 

64 cells (448 cells in total) as shown in Fig.  4.10 

Table  4-2  Battery model parameters [58] 

Parameter Value Unit 
E0 3.37 V 
R 0.01 Ω  
K 0.0076 Ω  
A 0.26422 V 
B 26.5487 (Ah)-1 

 

 
Fig.  4.10  Battery pack including 448 battery cells. 

4.3.2 DC-DC Converter 

The dc-dc converter shown in Fig.  4.11 is a bidirectional converter. Using this converter 

power can travel in both directions, i.e. from battery to dc link or from dc link to the 

battery. Since in the developed model the dc link has a higher nominal voltage than the 

battery, the converter operates as a boost (step-up) converter when it delivers power from 

the battery to the dc link (forward direction), and as a buck (step-down) converter when it 

delivers power from the dc link to the battery (reverse direction) as shown in Fig.  4.12 and 

Fig.  4.13.  
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 This converter is modeled using standard models for IGBT and diodes available in 

MATLAB/Simulink. These models include conduction losses and ignore the switching 

losses of the component [63]. 

 
Fig.  4.11  Diagram of the bidirectional dc-dc converter used in the electrical subsystem. 

 
Fig.  4.12  The dc-dc converter in boost mode of operation. 

 
Fig.  4.13  The dc-dc converter in buck mode of operation. 

4.3.3 Voltage Source Converters 

A schematic diagram of a two-level VSC used in the drive-train is shown in Fig.  4.14. The 

converter is connected to the dc-link on the dc side and to an electric machine on the ac 

side. The VSCs in the hybrid drive-train considered herein employ standard sinusoidal 
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magnitude and frequency at the terminal of the motor. Modeling of this scheme including 

its switching is straightforward and well documented [64], [65]. The sinusoidal PWM is 

based on comparison of a fundamental-frequency sinusoidal reference with a high-

frequency triangular carrier waveform for each of the legs of the VSC. The high-

frequency switching instants of the converter transistors are determined by the multiple 

crossings of the two waveforms. 

 

Fig.  4.14  Schematic diagram of a two-level voltage-source converter. 

4.3.4 The Electric Machines (MG1/MG2) 

MG1 and MG2 are both permanent magnet (PM) synchronous machines. These machines 

are identical to the ones used in the drive-train of the commercial Toyota Prius (second 

generation). The PM machine model used in this study is the standard transient model 

expressed in a synchronously-rotating dq0 reference frame [64]. Modeling and control 

strategy for these machines are explained in Appendix B. 

4.4 Controllers 
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power flow in the drive-train occurs. This section explains controllers in the drive-train as 

well as connections and communications between these controllers. 

4.4.1 Vehicle Controller 

The vehicle controller is the highest level of control in the vehicle. This controller 

determined the power flow in the vehicle in order to meet the driver’s demand with 

highest efficiency and minimum fuel consumption. The vehicle controller used in the 

transient model is identical to the vehicle controller used in the steady-state model 

described earlier in Section 3.2.3. As mentioned in the previous chapter, the vehicle 

controller accepts the power demand as the input and calculates reference power for the 

battery and the operating point for the ICE. The power required to maintain a constant 

speed is calculated using the vehicle speed and resistive forces calculated in vehicle 

dynamic model. This power is then augmented by a feedback loop to make sure that the 

power going to the wheels from the battery meets the reference battery power determined 

by the vehicle controller (Fig.  4.15). 

 
Fig.  4.15  Power demand calculation in transient model. 
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In this figure, Fres is the resistive force against the vehicle movement, V is the vehicle 

speed, Pd is demand power, Pb,ref is reference battery power, Pe,ref is reference engine 

power, ωe,ref is engine reference speed, Te,ref is engine reference torque and Pb,actual is the 

actual battery power. The power required to maintain a constant speed is the product of 

resistive forces and vehicle speed. The demand power is sum of propelling power and 

power losses within the drive-train. Compensation for power system losses is done using 

a PI controller. This controller smoothly changes the demand power in a way that the 

actual battery power matches the battery reference power. The demand power fed to the 

vehicle controller has the correct value when these powers match. 

4.4.2 Power-Split Controller 

The vehicle controller is a high-level controller, which determines the flow of power 

within the drive-train. A low-level controller in the transient model, i.e. the power-split 

controller, controls the power-split gear device in a way that the appropriate flow of 

power, determined by the vehicle controller occurs. The power-split gear controller 

controls MG1, MG2 and ICE. Fig.  4.16 shows the block diagram of this controller.  

 
Fig.  4.16   Power-split gear controller. 
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the brake pedal input and TMG2,ref is MG2 reference torque. MG2 torque is calculated 

based on the driver input. This makes the “feeling” of driving a PHEV similar to feeling 

of driving a conventional car in which the accelerator pedal is the torque controller. 

Engine reference speed and torque come from the vehicle controller. The engine speed is 

controlled using MG1. This machine will rotate at the proper speed so that the engine 

works at the speed determined by the vehicle controller. 

4.4.3 DC-Link Controller 

The main objective of dc-link controller is to maintain the dc-link voltage constant. This 

is done by transferring the power either from the battery to the dc-link or from the dc-link 

to the battery. When the dc-link voltage drops, controller aims to increase the voltage by 

drawing current from the battery and transferring power to the dc-link. If the dc-link 

voltage exceeds the reference value (for example, in regenerative brake instants), the 

controller aims to decrease the voltage by absorbing the power from the dc-link and 

sending it to the battery. This controller is shown in Fig.  4.17. 

 

 
Fig.  4.17  The dc-link controller 
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In this figure, vref is the dc-link voltage reference, vdc is the dc-link voltage, idc is the 

current going to VSCs (refer to Fig.  4.1). iL,ref is the reference inductor current, iL is the 

inductor current, Mode  is the mode of operation of the converter (buck or boost) and d is 

the duty cycle of the converter. The duty cycle directly determines the reference 

waveform for a PWM controller which controls signals going to the gates of the dc-dc 

converter. 

4.4.4 VSC Controller 

Voltage source converters interface the dc-link with electric machines. MG1 and MG2 

are controlled with the VSC controller to generate the required torque determined by the 

PSG controller. Fig.  4.18 shows the block diagram of VSC controller. 

 

 
Fig.  4.18  The VSC controller 
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4.5 Vehicle Parameters 

Basic vehicle parameters used in its transient simulation are listed in Table  4-3. These 

parameters are identical to the parameters of a Toyota Prius. The body parameters such as 

curb weight and frontal area are used in the vehicle dynamics block to calculate the 

applied forces to the vehicle. Distance of the center of gravity from the ground and front 

and rear axles distance from center of gravity are used to calculate the weight distribution 

of the vehicle on each axel. Wheel parameters are used in the tire model to calculate 

wheel speed and the propelling force. This force is then sent to the vehicle dynamic 

model and used for vehicle speed calculations. 

Table  4-3   Vehicle parameters in transient model 

Parameter Value 

Curb weight (W) 1330 [kg] 

Passenger weight 80 [kg] 

Frontal area (Af) 2.23 [m2] 

Aerodynamic coefficient (Cd) 0.26 

Air density (ρ) 1.204 [kg/m3] 

Gravitational acceleration (g) 9.8 [m/s2] 

Front axle distance from center of gravity (La) 0.75 [m] 

Rear axle distance from center of gravity (Lb) 0.75 [m] 

Center of gravity distance from ground (h) 0.4 [m] 

Wheel radius (Rw) 0.2797 [m] 

Wheel viscous coefficient (Bf) 0.02 

Wheel inertia (Jw) 4.5 [kg.m2] 

 

Two permanent magnet synchronous machines, MG1 and MG2 are used in the drive-

train. Table  4-4 lists the power and torque rating for these machines and also the ICE 

parameters. 
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Table  4-4   Power rating of motor, generator and the ICE 

Parameter Value 

Engine maximum power 57 [kW] 

Engine maximum torque 115 [N.m] 

Motor maximum power 50 [kW] 

Motor maximum torque 400 [N.m] 

Generator maximum power 25 [kW] 

Generator maximum torque 200 [N.m] 

 

The power-split gear device and transmission specifications are listed in Table  4-5. 

These parameters are used in the power-split block of the drive-train model. 

Table  4-5   Transmission specifications 

Parameter Value 

Number of Ring gear teeth (R) 78 

Number of Sun gear teeth (S) 30 

Final drive ratio (Rf) 4.113 

4.6 Drive-Train Modes of Operation 

Using the controllers explained in section  4.4, the drive-train is able to operate in 

different modes from a power-flow point of view. These modes of operation are 

explained in the following subsections. 

4.6.1 Electric Mode 

The primary goal of the vehicle controller is to provide the main part of the demand 

power from the battery storage in order to reduce the involvement of the ICE in 

propulsion. Therefore, assuming that the battery state-of-charge is in the desired range 
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and that the power demand is less than the maximum limit of battery power, the vehicle 

controller prefers to only engage the battery. The electric mode is the cleanest mode of 

operation. The propelling torque in this mode is generated by MG2 alone. The internal 

combustion engine does not operate in this situation, which reduces the fuel consumption 

to zero. However the vehicle controller only deploys this mode when the demand power 

is below the maximum battery power and when the state of charge allows. This usually 

happens in slow driving conditions such as traffic jams or driving in congested urban 

areas. Note that this mode of operation reduces the vehicle emissions significantly 

compared to a conventional vehicle, as the internal combustion engine has the lowest 

efficiency and highest amount of emissions in low speed operation [66], [67]. Fig.  4.19 

shows the flow of power in the electric mode of operation.  

 
Fig.  4.19 Energy flow diagram for electric mode. 

 

When the drive-train operates in this mode, VSC2 draws current from the dc-link. 

This causes the dc-link voltage to drop. The dc-dc controller tries keeps the dc-link 
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when the battery state of charge is in the desired range and the battery current is not 
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MG1

VSC1

DC/DC

Battery

VSC2

DC 
link

Engine

Tire

Final 
drive

MG2

Pbatt

P1 =0

Peng = 0

P2 = Pbatt

Pout = Pbatt



   82 

 

 

vehicle accelerates, the dc-link voltage may not be maintained by the battery and the 

vehicle controller has to engage the engine. 

4.6.2 ICE + Battery Mode 

When the power demand exceeds the maximum battery power, the ICE is also used to 

assist in providing the propulsion. The engine provides part of the demand power 

(assigned by vehicle controller) with the maximum possible efficiency [68], [69]. This 

means that the engine has to operate in the operating point calculated by the vehicle 

controller. This is achieved by appropriate control of MG1, as explained in section  4.4.2. 

Fig.  4.20 shows the energy flow diagram in this mode of operation. As shown, the engine 

and the electric motor both provide power to the wheels. 

 
Fig.  4.20  Controller for ICE + battery mode. 
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4.6.3 Regeneration (Regenerative Braking) 

Regenerative braking is one of the advantages of HEVs and PHEVs over conventional 

gas-powered vehicles. Regenerative braking saves part of the vehicle’s kinetic energy 

during braking intervals and improves the vehicle efficiency. The energy flow diagram of 

the vehicle in regenerative braking mode is shown in Fig.  4.21. Note that in this figure the 

flow of power is from the wheels to the battery and MG2 will operate as a generator. 

 
Fig.  4.21  Energy flow diagram for regenerative brake mode. 

4.6.4 Driving and Charging 

When the battery state-of-charge is below the desired level, the battery storage must be 

charged, with charging power coming from the ICE. A portion of the ICE power is 

converted to electrical form using MG1 and then stored in the battery. The extra power 

from the ICE is again converted back to mechanical form in MG2, and is given to wheels. 

Fig.  4.22 shows the power flow diagram of the drive-train in this mode of operation. 
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Fig.  4.22   Power flow in the driving and charging mode. 

4.7 Simulation Results and Discussion 

This section presents and discusses the simulation results for different components and 

the system as a whole. A short driving-cycle consisting of slow, moderate and fast speed 

is used for this simulation. Fig.  4.23 shows the reference speed and the actual speed of the 

vehicle for this driving-cycle. 

 
Fig.  4.23  Vehicle speed 
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The vehicle controller controls the power distribution in the drive-train to achieve the 

maximum efficiency. The power distribution is shown in Fig.  4.24. In the low speed region 

of the driving-cycle the demand power is in the range that the battery can provide the 

power. In the moderate region, the power demand momentarily exceeds the maximum 

battery power. As shown in this figure, the engine reference power becomes non-zero 

momentarily right after t=32 sec. When the demand power cannot be met using battery, 

the vehicle controller starts the engine and the engine provides additional power for 

propulsion. 

 
Fig.  4.24  Simulation results  (a) demand power  (b) battery reference power   

(c) engine reference power 
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before t=32 sec. The engine actual torque follows the reference in this period and remains 

at zero. The engine speed as shown in the figure is not following the reference value. This 

is due to “releasing” the engine by the PSG controller when the engine is not providing 

power. When the engine is off, MG1 does not try to control the engine speed. This 

eliminates unnecessary power consumption by MG1 to keep the engine stationary, when 

it is not necessary.  

At t=32 sec, the demand power exceeds the battery maximum power. This causes the 

engine to turn on end provide power for the drive-train as shown below.  

 
Fig.  4.25  Simulation results  (a) engine speed  (b) engine torque. 

 

As shown in this figure, after t=32 sec, both speed and torque of the engine follow the 

reference value determined by the vehicle controller. 

0 5 10 15 20 25 30 35 40 45
0

100

200

300

En
gi

ne
 re

fe
re

nc
e 

sp
ee

d 
(r

pm
)

 

 

ref

actual

0 5 10 15 20 25 30 35 40 45
0

20

40

60

80

100

time (sec)

En
gi

ne
 re

fe
re

nc
e 

to
rq

ue
 (N

.m
)

 

 
Tref

Tactual

ω

ω

(b)

(a)



   87 

 

 

MG1 and MG2 speeds are shown in Fig.  4.26. MG1 speed changes to control the 

engine speed to the value determined by the vehicle controller. The MG1 speed becomes 

non-zero when the engine reference speed receives a non-zero value for the first time 

(t=32 sec). This speed will vary in a way that engine speed follows its reference value. 

MG2 speed depends on vehicle speed since it is mechanically coupled to the final drives 

and wheels. As shown in Fig.  4.26, the MG2 speed pattern is identical to vehicle speed 

pattern.  

 
Fig.  4.26  Electric machines speed  (a) MG1  (b) MG2  
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engine in the proper speed. MG2 torque is controlled by the driver model and this torque 

is directly going to the final drive and wheels. MG2 torque for this driving-cycle is shown 

in Fig.  4.27(b). 

 
Fig.  4.27  Electric machine torques  (a) MG1  (b) MG2 
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The battery state-of-charge has an initial value of 100% in this simulation. The SOC 

drops though the simulation, since the battery is used for propulsion and there is no 

charging period. 

 
Fig.  4.28  Simulation results  (a) battery current (b)  dc-link voltage  (c)  battery SOC 

 

The locus of the operating point of the engine is shown in Fig.  4.29. This figure shows 
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at different efficiencies ranging from 10% (above 500rpm) to more than 30% (point A) 

the same output power, but only at one point is the engine efficiency the maximum value. 

The vehicle controller and PSG controller control MG1 in a way that the engine operates 

in this maximum efficiency point for the determined ICE power given by the vehicle 

controller. 
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Fig.  4.29  Engine operating point locus 

4.8 Chapter Summary and Contributions 

In this chapter a detailed model of PSG based hybrid drive-train was developed in 

MATLAB/Simulink. This model includes detailed models of the power electronic 

converters and electrical machines. A prominent use of this transient model is its 

implementation on a real-time simulator and interfacing with real hardware components 

in a hardware-in-loop (HIL) setup. In the particular HIL setup developed in this research, 

actual batteries are interfaced with a real-time simulator; this will allow to study the 

transient behaviour of the battery as well as to test emerging new battery technologies. 
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Chapter 5 

Dynamic Average-Value Modeling of 

Power Electronic Converters 

Modeling and simulation of hybrid vehicular drive-trains is an essential step in their 

design, concept-evaluation and optimization [70]. As described in Chapter 3, there are 

different drive-train models tailored for different applications or studies. The model 

developed in Chapter 4 is a transient model, which simulates the drive-train with a high 

level of details and is capable of simulating fast transients within the drive-train such as 

the ones created by switching converters. Using this transient model various studies such 

as controller tuning, motor-drive torque oscillation minimization or converter transient 

performance optimization can be done. The transient model, however, has a major 

drawback, which is its high computational intensity. For a large class of simulation-based 

studies, a less detailed model with less computational burden and hence a faster 

simulation time is sufficient. 

In many drive-train studies slow-varying variables such as vehicle speed, battery 

current and dc link voltage are the main variables of interest and fast switching transients 

and oscillations are ignored due to their typically small magnitudes [71], [72]. These 

studies often need to simulate the model for a long time, e.g. a few days or weeks. 
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Simulating the drive-train using a transient model for such lengths of time translates to 

massive computing requirements due to the complexity of the model. Therefore, the user 

often has to make a compromise between accuracy of the results for transients and the 

computational affordability of the simulation.  

Traditionally simulators of hybrid vehicular systems have been tailored for specific 

studies by neglecting the dynamics of certain subsystems. For long-term studies 

involving fuel economy, acceleration performance and emissions, power-electronic 

converters and electric motors are often modeled with less detail to reduce the 

computational intensity of their simulations. On the other hand, when transients within 

the electrical subsystem are concerned, slower acting mechanical subsystems are treated 

as in steady state.  

With the increasing use of digital transient simulation tools in vehicular power 

systems studies, it is desirable to include an adequate representation of the electrical 

subsystem dynamics, particularly of the power electronic converters. A simulation 

platform of such capability will allow a realistic view of the vehicular power-electronics 

and will be particularly suited for specialized studies involving repetitive (e.g. 

simulation-based design [37], [73], [74]) and real-time simulations [75], [76]. It also 

serves as a platform to interface vehicular models with power system simulators when 

vehicle-grid interactions need to be studied. 

One efficient way to reduce simulation intensity while retaining the dynamic 

transients is to use the so-called dynamic average-value models for power electronic 

converters [77]. Such average models preserve the input-output dynamic behavior of the 

converters but neglect the high-frequency switching phenomena and the associated 

harmonics. This approximation is deemed sufficient for studying power-electronic-
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intensive hybrid drive-trains, as the impact of low-amplitude high-frequency switching 

ripple on the overall vehicle dynamics is negligible. These models additionally allow 

much larger simulation time-steps to be used and therefore reduce the computational 

burden of the simulations. For example, in [78] the inverter component-level switching 

losses are modeled in an averaged sense. 

A computationally-efficient vehicular power system model is also highly desired 

when fast yet accurate simulation of vehicle-to-grid and grid-to-vehicle is desired. By 

neglecting the switching artifacts and faster dynamics, one may use a more accurate 

model of vehicular systems when considering charging station deployment [79],  chargers 

impacts on power quality and transformer life expectancy [80], peak shaving [81], load 

shedding in dc zonal distribution systems [82], stochastic load-demand formulation of 

chargers in distribution systems [83], load forecasting [84], PHEV penetration impact 

[85], and optimal charging profiling and coordination [86]. 

There is extensive literature on the subject of average modeling for various power 

electronic converters and for different studies [77], including dc-dc converters [87]-[90], 

ac-dc rectifiers [91], [92] and voltage source converters [77], [93]. In this chapter, the 

electrical sub-system of the drive-train is modeled using dynamic averaging techniques 

for its two dc-ac and one bi-directional dc-dc converters (refer to Fig.  4.1). 

5.1 Average Modeling of Voltage Source Converters 

Fig.  4.14 shows the schematic diagram of the VSC used in the drive-train. This converter 

employs standard sinusoidal pulse-width modulation (PWM) to synthesize the three-

phase voltages with desired magnitude and frequency at the terminal of the motor. 
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Modeling of this scheme including its switching is straightforward and well documented 

[64], [65]. In this section mathematical derivation of an average model for the converter 

is described. 

5.1.1 Model Derivation 

The sinusoidal PWM is based on comparison of a fundamental-frequency sinusoidal 

reference with a high-frequency triangular carrier waveform as shown in Fig.  5.1(a) for 

one of the legs of the VSC. The high-frequency switching instants of the converter 

transistors are determined by the multiple crossings of the two waveforms. To develop a 

dynamic average model of the sinusoidal PWM converter, it is assumed that the 

frequency of the triangular carrier waveform is much higher than that of the sinusoidal 

reference. This implies that the reference waveform can be assumed to have an 

essentially constant value during each switching interval, i.e. one period of the carrier 

waveform. Fig.  5.1 (b) shows in more details the triangular waveform, the reference signal 

(approximately constant within the shown interval) and the resulting waveform in a 

pulse-width modulated phase-to-ground voltage vag. 

As shown in Fig.  5.1(a), the generated firing pulse train will produce a corresponding 

train of voltage pulses with modulated widths at the output of the converter leg. In the 

dynamic average modeling, the high-frequency switching phenomena is neglected and 

the output waveform is represented only using its dynamic average-value, which is 

calculated during each switching interval and varies depending on the local value of the 

reference waveform. The dynamic average-value of an arbitrary variable x(t) over period 

Tsw is defined as follows. 
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Fig.  5.1  Sinusoidal PWM firing pulse generation:  

 (a) carrier, modulating and PWM output waveforms;  (b) detailed view of a switching interval. 

 

Using sinusoidal PWM and (5.1), the dynamic average-value of the output phase 

voltage in Fig.  5.1(b) is obtained as follows [64]. 
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where agv̂ is the average value of the phase a to ground voltage, da is the duty cycle 

variable of phase a, and Vdc is the dc link voltage. Similar equations can be written for 

other phases as follows. 

dcccg

dcbbg

Vdv

Vdv

)1(5.0ˆ

)1(5.0ˆ

+=

+=
 ( 5.3) 

In a balanced three-phase system da, db and dc must sum to zero. Therefore, the 

average neutral point voltage to the ground ( ngv̂ ) is as follows. 

dccgbgagng vvvvv 5.0)ˆˆˆ(
3
1ˆ =++=  ( 5.4) 

Using (5.1)–(5.4), the average line-to-neutral voltages in this three-phase system are 

as shown below. 
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where av̂ , bv̂  and cv̂  are the average values of phase a, b and c voltages, respectively. 

To produce a balanced three-phase system, the modulation indices should have the same 

magnitude and be shifted by 120° as follows. 
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where d is the modulation index magnitude for the three phase voltages, and θc is the 

converter voltage angle (determined by VSC controller). Substituting (5.6) into (5.5), the 

average three phase voltages are as follows. 
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In a so-called converter reference frame whose q-axis is locked to θc (q-axis leads the 

d-axis) the voltage equations in (5.7) will yield the following dq0 components: 
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The above expression determines the d, q and 0 components of the average voltages 

that the three-phase VSC generates when it is supplied with the voltage dcV (the third 

component, 0 component, is always equal to zero in a balanced system and it will be 

neglected from now on). An average model for the VSC in dq frame consists of two 

voltage sources as defined in (5.8).  

It should be noted that when the converter exchanges real power with the rest of the 

system, e.g. when it supplies power to the ac motor or absorbs power during braking, its 

dc link voltage will rise or fall accordingly. In order to account for the dynamic variations 

of the dc voltage, its line current must be known and be modeled as a current source that 

correspondingly charges or discharges the capacitor. The dc line current can be derived 

using the principle of conservation of energy [77]. The outgoing real power P for three-

phase system is given as follows. 

)cos(.2
3 ϕdqdq ivP =  ( 5.9) 
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where dqv and dqi are the voltage and current vectors in the dq reference frame, and φ is 

the load power factor angle. In terms of dc-side quantities, the instantaneous power is as 

follows.  

dcdcIVP =  ( 5.10) 

Assuming a lossless converter and based on (5.9)–(5.10), the dc current can be 

calculated as follows. 

dqdc idi )cos(4
3 ϕ=  ( 5.11) 

The resulting dynamic average model of the VSC is shown in Fig.  5.2. 

 
Fig.  5.2  Dynamic average model of a two-level voltage-source converter with sinusoidal PWM. 

 

Note that this model is for a loss-less converter. Implementing converter losses in the 

average model is possible but it makes the model much more complicated [87].  

5.1.2 Model Verification 

To demonstrate the operation of the dynamic average model developed for the VSC, a 

simple example case is simulated. In the circuit shown in Fig.  5.3, a VSC is connected to a 

permanent magnet synchronous machine. The VSC average model is connected to the dc 

link, represented by an ideal voltage source in this figure. The motor is fed by three 

voltage sources that are the outputs of the VSC average model as shown. The motor 
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current is determined by the machine model (PMSM). The torque of the motor is 

controlled using a proportional-integral (PI) controller, which controls the motor speed 

using a negative feedback loop. To control the torque produced by the motor a vector 

control method [65] is used. This is the same method in the transient model of the drive-

train explained in Chapter 4. The vector control unit determines the duty cycle, d, and 

converter angle, θc, for the converter. The dynamic averaged model of the converter 

determines the three-phase voltage on the terminals of PMSM. The PMSM model 

determines the line currents. The line currents are then transformed to dq0 reference 

frame and fed back to the average converter model. Using these currents, the dc current is 

calculated by the average model (5.11) and is injected into the dc link using a dependent 

current source. The specifications of this example case system, its controller and motor, 

are given in Table  5-1. 

Table  5-1  Parameters of VSC model verification test 

Parameter Value Description 
Vdc 500 V DC voltage 
f 10 kHz Switching frequency 

Ld 0.8e-3 H PMSM d-axis inductance  
Lq 0.8e-3 H PMSM q-axis inductance 
λ 0.192 Wb PMSM flux induced by magnet 
F 0.089 N.m.s Friction coefficient 
J 0.005 kg.m2 Inertia 
P 4 Pole pairs 
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Fig.  5.3  Average model of motor drive and its control. 

 

To compare the accuracy of results and also the speed of the dynamic average model, 

a detailed model for the same circuit is also developed. The detailed model uses a time 

step of 10 µs, while for the average model a much larger time step of 1 ms is used. 

Although the time step for the average model is one hundred times larger, both models 

produce essentially identical results for the slow dynamics of the system as shown in Fig. 

 5.4 for the motor speed and torque and the slow variations of the ac current. It must 

however be noted that the average model does not show the switching nature of the VSC 

as the switching phenomena has been neglected by the assumptions of the averaging. 
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Fig.  5.4  Simulation results: (a) ac current, (b) speed, (c) torque, (d) dc current. 

5.2 Average Modeling of DC-DC Converter 

5.2.1 Model Derivation 

The two general average-value modeling methods for the dc-dc converters are the 

averaged switch modeling and the state-space averaging [94]-[96]. In the state-space 

averaged model, a set of state-space equations are derived for each topology created by 

various permissible switch combinations and then averaged using appropriate weightings 

[97]. In the average switch modeling, the switching elements are replaced with dependent 
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current and/or voltage sources to create a circuit that is equivalent to the original in an 

average sense.   

To make the interfacing of the components easier, the average switch modeling 

method is selected for this thesis. To obtain the average model for the switching cell, the 

average voltages and current of the switches, i.e. the IGBTs and the diodes, must be 

determined first. Fig.  5.5 shows a general switched inductor cell used in dc-dc converters. 

 
Fig.  5.5  Basic switched-inductor cell of a dc-dc converter. 

 

Depending on the mode and conditions of operation, the converter may operate in 

either discontinuous or continuous conduction mode. To develop a general model that 

covers both modes of operation, in the following discussion the switch is modeled in 

discontinuous conduction mode. This model will work well for continuous conduction 

mode as well. The current waveforms of the switched inductor cell in Fig.  5.5 in 

discontinuous mode are shown in Fig.  5.6.  

  
Fig.  5.6  Current waveforms of the switched-inductor cell in discontinuous conduction mode. 
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As shown, the switching interval [0,Ts] is divided into three subintervals, i.e. [0,d1Ts], 

[d1Ts,(d1+d2)Ts] and [(d1+d2)Ts,Ts]. Here, Ts is the switching period, d1 is the duty cycle 

and (1-d1-d2) Ts is the time over which the inductor current stays at zero. The switch in 

Fig.  5.5 is closed for the [0,d1Ts] period therefore, vmb=vab. For the period [d1Ts,(d1+d2)Ts] 

the diode conducts and thus vmb=0. In the last period, i.e. [(d1+d2)Ts,Ts], both the switch 

and the diode are open and the inductor current is zero, therefore, vmb=vcb. To find an 

average model for the switched-inductor cell, the switch current, ia and the diode voltage, 

vmb are found first in (5.12) and (5.13). 
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Based on Fig.  5.6, the following expressions for the average switch current and the 

average diode voltage are obtained over one switching period. 

21

1
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idi l
a +

=  ( 5.14) 

cbabmb vddvdv )1( 211 −−+=  ( 5.15) 

 
Note that in continuous conduction mode, d1+d2=1 and in discontinues conduction 

mode, d1+d2<1. An expression to determine the value of d1+d2 based on the value of d1 

(control variable) and other known variables in the system can be obtained as described 

below. Note that the inductor peak current ipk is expressed as follows. 
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The average inductor current, Li can then be calculated as: 
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and therefore, d1+d2 is equal to the following. 
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Using (5.16), (5.17) and (5.18), the average model for the switch is developed as 

shown in Fig.  5.7 [94]. 

 
Fig.  5.7  Averaged circuit model of the basic switched-inductor cell. 

 

Based on the averaged switch model, the combined average model for the 

bidirectional dc-dc converter is developed. In the first step, the buck and the boost 

converters are modeled separately, and in the second step these models are combined to 

create a single model for the bidirectional converter. Fig.  5.8(a) shows the dc-dc converter 

operating in the buck mode. Using the average model for the switched-inductor cell, the 

corresponding average model of the converter in this mode of operation is shown in    Fig. 

 5.8(b). The converter in its boost mode of operation is shown in Fig.  5.9(a). The 

corresponding average model is shown in Fig.  5.9(b). 
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Fig.  5.8  The dc-dc converter in buck mode,  (a) Detailed model,  (b) Averaged switch model. 

 

 
Fig.  5.9  The dc-dc converter in boost mode,  (a)  Detailed model,  (b)  Averaged switch model. 

 

The combined model for dc-dc converter is shown in Fig.  5.10. In this figure, solution 

of the circuit will include nodes labeled with lower case letters in the buck mode (refer to 

Fig. 5.8) and nodes labels with upper case letters in the boost mode of operation (refer to 

Fig. 5.9). 

 
Fig.  5.10. Averaged switch model for combined bidirectional dc-dc converter.  
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5.2.2 Model Verification 

In this section, the dynamic response of the bi-directional dc-dc converter and its average 

model are demonstrated in both boost and buck modes of operation. The controller for 

this converter is the same as the dc-link controller described in Chapter 4 (shown in Fig. 

 4.17). The converter parameters are summarized in Table  5-2. 

Table  5-2  Parameters of dc-dc converter model verification test. 

Parameter Value Description 
L 0.5 H Smoothing inductor 
C 1 F Ultra capacitor 

Vbattery 200 V Battery voltage 
Vdc 650 V DC link voltage 
f 10 kHz Switching frequency 

 
 

The converter connects a 200V battery pack to a dc link with a nominal voltage of 

650-V. The load connected to the dc link demands a dc current denoted by dci  in Fig.  5.10. 

The simulated test consists of converter start-up followed by two step changes in the load 

current as shown in Fig.  5.11. During the start-up period of [0,10] s, the converter operates 

in the boost mode and charges up the dc link capacitor to its nominal voltage, but delivers 

no current to the load. In the interval [10,20] s, the converter maintains its dc link voltage 

of 650-V and delivers 50-A to the load (boost mode). In the next interval of [20,25] s, the 

converter operates as a sink to absorb the power delivered to it while maintain its dc 

voltage and therefore operates in the buck mode of operation. For the remaining 5 s, the 

converter ceases to supply or absorb power to its load. 
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Fig.  5.11. DC current applied to the converter. 

 

The response of the converter is shown in Fig.  5.12, where traces obtained from the 

detailed and the average models are shown to essentially overlap. Magnified views of the 

traces are shown in Fig.  5.13. As shown, the average model follows the response of the 

detailed model. There is a small difference (see Fig.  5.13 (a)) between the actual average 

of the detailed model’s response and the one predicted by the average model. It is due to 

the resistance of the switch model used in the detailed model. This resistance is neglected 

in the average model developed here but cannot be entirely eliminated in the detailed 

model for numerical stability reasons. Despite this difference, the error introduced in the 

predicted average capacitor voltage due to neglecting the switch losses is negligibly small 

(less than 0.04%). Energy conservation principle can be used to incorporate conduction 

and parasitic losses in circuit averaging [87], [98], [99]. 
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Fig.  5.12. Converter response, (a) capacitor voltage, (b) inductor current. 

 

 
Fig.  5.13. Magnified converter response, (a) Capacitor voltage, (b) Inductor current. 
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5.3 Combined Model of the Electrical Subsystem 

The average model for the entire electrical sub-system is shown in Fig.  5.14. This model 

includes the battery, dc-dc converter and two sets of VSC controlled permanent magnet 

synchronous machines. The dc-dc converter model is identical to the model shown in Fig. 

 5.10 and it uses the controller shown in Fig.  4.17. The VSC dynamic average model is 

shown in Fig.  5.2. The VCS controller provides duty-cycle and converter angle for the 

VSC model. The output of average model is connected to the electric machine, which 

provides the torque required by the vehicle controller. The rotor speeds for MG1 and 

MG2 are fed back to the vehicle controller. The other output of VSC model is the dc 

current, which is applied to the dc link of the system using a controllable current source.  

Using this model, the behavior of the electrical system in the vehicle can be studied 

without having to recourse to massive computational effort to simulate fast switching of 

the power electronic converters. 

5.4 Simulation Results and Discussions 

In this section, simulation results for the detailed and dynamic average models of the 

power-split gear drive-train for a short driving cycle are presented. The driving cycle 

contains low speed (30 km/h), moderate speed (50 km/h) and high speed (80 km/h) 

ranges in a driving period of 45 seconds. To verify the accuracy of simulations, different 

drive-train variables are compared between the two models. These variables include the 

vehicle speed, the dc currents of MG1 and MG2, the dc link voltage and the battery 

current. Comparisons include both the accuracy of results and the computer time required 

to complete the simulations. 
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Fig.  5.14. Combined dynamic average model of the electrical subsystem. 
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results of the detailed model, (b) for the results of dynamic average model using a 100-µs 

time-step, and (c) for the dynamic average model results using a 1-ms time-step. 

Simulation results for the vehicle speed are shown in Fig.  5.15.  As shown, results are 

virtually identical for the three simulations. Therefore, the averaging technique does not 

cause any appreciable loss of accuracy in predicting the vehicle speed. Note that in many 

studies the vehicle speed is the primary objective, in which case the average model will 

give significant time savings as will be shown later. 

 
Fig.  5.15  Simulation results: vehicle speed, (a) detailed model; 

 (b) average model, time-step = 100µs; (c) average model, time-step = 1ms. 
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essentially identical; however simulation with the longer time step takes significantly less 

time than the one with a smaller time step, as evidenced in Table  5-3. In these figures, the 

average of detailed model simulation is calculated by dividing the waveform into one 

hundred sample blocks and averaging every block. 

 

 
Fig.  5.16  Simulation results: MG2 dc current, (a) detailed model; 

 (b) average model, time-step = 100µs; (c) average model, time-step = 1ms. 
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Fig.  5.17  Simulation results: MG2 dc current, (a) detailed model; 

 (b) average model, time-step = 100µs; (c) average model, time-step = 1ms. 
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Fig.  5.18  Simulation results: dc link voltage, (a) detailed model;  

(b) average model, time-step = 100µs; (c) average model, time-step = 1ms.  

 

 
Fig.  5.19  Simulation results, Battery current, (a) detailed model;  

(b) average model, time-step = 100µs; (c) average model, time-step = 1ms. 
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5.4.2 Simulation Time 

Simulations are carried out using Matlab/Simulink run on a personal computer with a 

Intel Core2 Duo processor (2.40 GHz) with 2 GB of RAM. To achieve numerical 

stability and accuracy, ODE4 (Runge-Kutta) with fixed step-size is used for all 

simulations. The time to complete a simulation is an indication of the complexity of the 

model used. To compare the intensity of the detailed and average models developed, they 

are simulated using a 10-µs time-step initially. As shown in Table  5-3, simulation of the 

original detailed model takes 539 seconds for the 45-s driving cycle, while it takes 479 

seconds for the simulation of the average model, which shows a modest gain in the 

simulation speed. Note that even with a small simulation time-step, the average model 

does not yield the high-frequency components of the response, as they are ignored in the 

process of averaging. 

The real benefit of dynamic average models is when the variables of interest do not 

contain appreciable high-frequency components or when such components can be 

neglected for the purpose of the study at hand. This allows use of a larger step-size, 

which will in turn reduce the time to complete a simulation. 

The largest time-step for use in the simulation of the detailed model is mainly 

determined by the switching frequency of the power-electronic converters. The switching 

frequency of the converters used in the detailed model is 10 kHz (i.e. period = 100 µs). A 

reasonably accurate simulation needs more than ten samples in every switching period. 

Therefore the maximum time-step for the detailed model is 10 µs to preserve its 

accuracy. Since the average model does not include the fast switching components, the 

time-step can be increased to expedite its simulation. Comparative assessment of the 
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simulation time for the models is shown in Table  5-3. As shown the average model offers 

significant savings in simulation time without appreciable loss of accuracy. Note that 

reducing the simulation time is especially important for simulations with a repetitive 

nature such as parameter optimization.  Such applications need to run the simulation 

numerous times to reach to the objectives of the simulation [100], [101]. In addition, a 

fast simulation is also very useful in the design stage, when the designer changes 

different parameters many times and runs the simulation to observe the effect of the 

change. 

In addition to general benefits of having a fast model, in this particular study using 

such model is necessary since the detailed model cannot be implemented on the real-time 

simulator with the available installed hardware.  

Table  5-3  Simulation time 

Model type Step size Simulation time (sec) 
Detailed 10 µs 538.45 

Averaged 10 µs 478.95 
Averaged 100 µs 40.372 
Averaged 1ms 4.0450 

Simulation time window = 45 s for all simulation. 

5.4.3 Control System Oscillation 

In digital simulation, the simulation time-step should be selected according to the Nyquist 

rate, which is two times of the bandwidth of the system. It is often recommended to have 

smaller time-steps. Five to ten samples in the fastest transient of the system is a common 

practice for selecting the time-step. In the developed average model for the drive-train, 

increasing the time-step may results in oscillations in the results such as the ones in Fig. 

 5.19. These oscillations are not due to inaccuracy of the average model, but because of 

control system oscillation. This is shown better in Fig.  5.20. This figure shows the duty 
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cycle and the inductor current in the bidirectional dc/dc converter for two time-steps, i.e. 

1ms and 100 µs. As shown, simulation results with 1ms time-step contain oscillations in 

duty cycle and as a result in inductor current. The same simulation with 100µs time-step 

results in smooth waveforms for both duty cycle and inductor current. 

 

Fig.  5.20  Control system oscillation demonstration, (a) Duty cycle, Ts = 1ms, (b) Duty cycle, Ts = 

100µs, (c) Inductor current, Ts = 1 ms, (d) Inductor current, Ts = 100µs. 
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time-step, the sampling rate is ten times larger and this makes the duty cycle to stabilize 

in steady state condition without oscillating. 

 

 

Fig.  5.21  Control system oscillation demonstration, magnified view, (a) Duty cycle, Ts = 1ms, (b) 

Duty cycle, Ts = 100µs, (c) Inductor current, Ts = 1 ms, (d) Inductor current, Ts = 100µs. 
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techniques for modeling dc/dc converters and voltage source converters are used to 

develop the required drive-train model. Simulation results show that using this model, a 

reasonable response of the drive-train can be simulated in a very short time compared to 

the detailed model. 

The purpose of developing this model is to use it in a real-time simulator to create a 

hardware-in-loop setup. Although the developed model ignores the switching transients 

in the power electronic converters, simulation results show that it has great accuracy for 

the battery current, which is the variable of interest in simulation. Battery current does 

not include high frequency switching transients since it is flowing through the dc-dc 

converter inductance. Therefore, this variable does not suffer from inaccuracy introduced 

by ignoring the switching transients. The hardware-in-loop setup developed based in this 

model is explained in the next Chapter. 



Chapter 6 

Real-Time, Hardware-in-Loop Simulation 

Real-time simulation is a useful approach for study of complex systems. This type of 

simulation has two benefits. The first benefit is the high speed of real-time simulators. 

Simulations that can take a long time using a computer can be done in real-time using 

high speed real-time simulators [76]. The other benefit of real-time simulation is when it 

is bundled with external equipment to form hardware-in-loop simulation (HIL). Using 

HIL one can test the performance of a particular actual hardware in a system while the 

rest of the system is modeled in the simulator. Using HIL method, the actual hardware 

can be tested under different operating conditions. It might be difficult, time consuming, 

expensive or impractical to make the same conditions in the actual system. Various 

applications are proposed for HIL simulation. For example, relay testing is a popular 

application of HIL [102]. In this application, the relay performance for different fault 

scenarios can be tested. Such tests are not possible when the relay is connected to the 

power system. HIL is also widely used in drive-train studies. For example, in [103], a 

HIL setup is developed to design an automatic steering control, in [104], a HIL setup is 

used to simulate climate control of a vehicle and [105] uses HIL to design a stability 

controller for a small vehicle.  

In this study, a HIL setup is developed for a hybrid-electric vehicle drive-train. In this 

setup, the drive-train (including electric machines, power electronic converters, internal 
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combustion engine and different controllers) is modeled in the simulator and actual 

batteries are used in the simulation loop. The drive-train is simulated using RT-Lab/Opal-

RT real-time simulator [106]. This simulator simulates the model developed in 

MATLAB-Simulink and also provides analog and digital inputs and outputs, which 

facilitate hardware-in-loop simulations. 

In order to develop a HIL setup, a model of the system should be developed first. In 

this study, two models are developed: transient model in Chapter 4 and dynamic average 

model in Chapter 5. The transient model contains detailed power electronic models and 

thus requires a small time-step for simulation. Experiments using the available Opal-RT 

simulator showed that the simulator is not capable of running the simulation in real-time 

with currently installed software and hardware. Therefore, a less mathematically involved 

model is required for the HIL system. As shown in Chapter 5, the developed dynamic 

average model is significantly faster than the transient model and at the same time it is 

accurate enough for a wide range of drive-train studies. The dynamic average model is 

transferred to the real-time simulator and the simulator is able to run the model in real-

time. This real-time simulation is the core of the HIL setup. The HIL setup uses actual 

batteries and it is a useful platform to test both existing and emerging battery 

technologies in hybrid-electric drive-train applications. Using this setup, batteries can be 

tested under different vehicle controller strategies, driving conditions and climate 

conditions1. This setup is explained in the following section. 

                                                 

1 Different climatic conditions can be tested by installing the batteries in environmental chambers. 
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6.1 Hardware-in-Loop Setup 

Block diagram of the HIL system developed in this study is shown in Fig.  6.1. The HIL 

system is based on the dynamic average model developed in Chapter 5. It includes high 

level controllers (driver model, vehicle controller and PSG controller) and low level 

controllers (VSC controller). The average-value models of the power electronic 

converters are interfaced with two electric machines, MG1 and MG2. A power-split gear 

model interfaces the electric machines and ICE model. The average-value model of the 

dc-dc converter is placed between the dc-link and a voltage source representing the 

battery. The model is then interfaced with actual Li-ion batteries using I/O ports available 

on the real-time simulator, a power amplifier and an HIL controller block in the 

simulation. The real-time simulator communicates with the command station via an 

Ethernet protocol. User can change the simulation parameters, such as driving cycle and 

road condition, and watch the simulation results in real-time using the command station. 

Simulation result can be stored in the real-time simulator and be transferred to the 

command station for further studies and for future use. The real-time simulator used in 

this study is the Opal-RT with two active cores. Matlab/Simulink and Power 

SystemBlockset are used to develop the model.  

Fig.  6.2 shows a schematic diagram of the hardware used in developing the HIL setup. 

The real-time simulator’s analog I/Os are used to establish the HIL setup. Two analog 

inputs and two analog outputs are used for this purpose. A current transducer and a 

voltage sensor are used to measure the battery voltage and current and send it back to the 

real-time simulator using the analog input ports. 
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Fig.  6.1 Block diagram of dynamic average model based HIL system 
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The actual battery is connected to a four-quadrant amplifier that works in voltage 

control mode. Based on the results of simulation in real-time, simulator will generate a 

signal to indicate how much current the battery must supply or absorb. The amplifier is 

then controlled through a closed-loop proportional-integral (PI) controller, which 

manipulates the amplifier’s output voltage, such that the battery current meets the 

specified reference current. This is done in a block called HIL controller (explained in 

6.2.1). Note that due to safety reasons, the amplifier cannot be used in current control 

mode. While working in current control mode, the amplifier may apply large values of 

voltage to pump current into the connected circuit. The battery technology used in this 

setup is extremely sensitive to over-voltage and may gas or even explode if it is exposed 

to high levels of voltage. Therefore, to keep the system safe, a current control algorithm 

with limited voltage is implemented in the simulator and the amplifier is used in the 

voltage control mode. 

The battery pack used comprises cells of Li-ion battery with the specifications listed in 

Table  6-2 and  

Table  6-3. In the HIL simulation of the vehicle, a total battery capacity of 205 V and 

18.2 Ah (for 3.7 kWh) is assumed. Connection of such a battery pack in its entirety poses 

significant challenges in particular with regard to the cost of the amplifier. Alternatively a 

smaller battery pack can be assembled using cells identical to the ones used in the 3.7 

kWh pack. A pack of batteries with a voltage of 12.8 V and capacity of 2.6 Ah is 

assembled for this purpose and is interfaced with the real-time simulator as a scaled-

down version of the larger battery pack. The measurements taken from this smaller pack 

will be scaled up before transmission to the real-time simulation model so that it 

represents the intended larger pack. This is done by multiplying its voltage by 16 
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(16×12.8 V = 204.5 V) and its current by 7 (7×2.6 Ah = 18.2 Ah). This method of using 

scaled down battery packs is also used in other studies [54] and is widely accepted as 

adequately accurate. 

 
Fig.  6.2  Hardware-in-loop setup 

6.1.1 Opal-RT Simulator 

RT-Lab/Opal-RT real-time simulator is used in the developed HIL setup to simulate the 

dynamic average model of the drive-train, developed in MATLAB/Simulink. Fig.  6.2 

shows the hardware configuration of this simulator. Opal-RT simulator uses two 

processor cores; each can run a Simulink model separately. Processor cores exchange 

data using a shared memory. An FPGA board is used to control the I/O ports and also 

generating the synchronizing clock pulse. The FPGA and CPUs are connected together 

using a PCI interface. The simulator communicates with the command station using an 

Ethernet network. 
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6.1.2 Amplifier 

The amplifier used in the HIL setup is an AE Techron 7224 amplifier. This amplifier, 

shown in Fig.  6.3, is a four quadrant amplifier that can source and sink power to and from 

the battery. The amplifier inputs are determined by the simulator and sent via a coaxial 

cable. This amplifier can work either in current or voltage control mode. In this setup it is 

configured to operate in voltage control mode. 

 
Fig.  6.3 AE Techron amplifier 

In this setup the battery current does not have fast transient due to the large 

smoothing inductor in the dc/dc converter on the battery side (refer to Chapter 5). On the 

other hand the converter will be providing a dc current for long periods (e.g. an hour) 

when charging/discharging the battery. Therefore, among the specifications of the 

converter, the dc specifications are the most important ones for this study. The dc 

characteristics of the converter are listed in Table  6-1. Another important aspect of the 

amplifier is the minimum required impedance at the terminals of the amplifier. Since 

battery internal impedance is only a few mili-ohms, a wrong selection of amplifier may 

result in oscillatory output voltage that can damage the battery. The amplifier used in this 

setup will not show oscillatory behaviour even if output terminals are shorted. 

Table  6-1  DC specification of the amplifier 

Terminal Voltage (V) 
5 min 1 hour 

Max. Current (A) Max. Current (A) 

24.0 26 20 

13.5 20 16 
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6.1.3 Battery 

The battery used in this HIL setup is a high power Li-ion battery, LFP26650P, from K2 

Energy [107]. As explained in chapter 3, NiMH and Li-ion battery chemistries are both 

good candidates for hybrid-electric vehicles. Li-ion battery has larger power and energy 

density and it also costs more. With the new developments in battery manufacturing 

methods, the cost of Li-ion battery has dropped significantly. Therefore it is becoming 

more popular in hybrid-electric vehicles. Therefore, the Li-ion battery technology is 

selected for the hardware-in-loop setup in this thesis. Specification of the battery cell and 

recommended operating conditions are listed in Table  6-2 and  

Table  6-3. 

 

Table  6-2  Battery cell specifications 

Parameter Value 

Normal capacity @ C/5 (Ah) 2.6 

Average operating voltage @ C/5 (V) 3.2 

Internal impedance @ 1kHz (mΩ) <9 

Weight (g) 80.5 

 

Table  6-3  Battery cell recommended operating conditions 

Parameter Value 

Continuous discharge (A) <10 

Pulse discharge (A) 30 seconds 26 

Charge current (A) <2.6 

Charge voltage cutoff (V) 3.65 

Discharge voltage cutoff (V) 2.50 

High operating temperature (oC) 60 

Low operating temperature (oC) -20 
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Four batter cells are connected in series and form a 12.8-V battery pack. The battery 

pack includes a cell-balancing circuit in parallel with each cell. Fig.  6.4 shows the battery 

pack used in HIL setup. 

 

Fig.  6.4  LFP26650P battery pack 

6.1.4 Current and Voltage Sensors 

The HIL setup uses battery current and voltage feedback in the simulation. This is done 

using a current reading board and a voltage reading board. The current measurement is 

done using a current transducer (CT). The CT output is then amplified and sent back to 

the simulator. Fig.  6.5 shows the current measurement board, including the CT and 

amplifier, used in this study. 

 

Fig.  6.5  Current measurement board 
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Battery voltage is also necessary for HIL simulation. The terminal voltage is scaled 

down using a simple resistive voltage divider and then isolated using an isolation 

amplifier (AD202JN from Analog Devices). The isolated output is then sent to the analog 

input of the simulator as shown in Fig.  6.2. The voltage measurement board is shown in 

Fig.  6.6. This figure also shows the relay that is used to disconnect the battery from the 

amplifier when it is necessary. 

 

 

Fig.  6.6  Voltage measurement board and relay 

6.2 Simulation Setup 

As shown in Fig.  6.2, two CPU cores are available inside the Opal-RT simulator to 

perform the simulation tasks. In the developed HIL setup, CPU1 is dedicated to simulate 

the drive-train (shown in Fig.  6.1). Models for MG1, MG2, PSG, ICE and tire are identical 

to the ones described in Chapter 4. Power-electronic converters, i.e. VSC1, VSC2 and 

dc/dc converter are modeled using the dynamic average modeling technique described in 

Relay 
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Chapter 5. HIL controller is the interfacing block between the simulation and actual 

batteries. This block receives voltage and current feedback signals and send control 

signal to the power amplifier and the relay. This block is explained in the next sub-

section.  

CPU2 on the simulator is dedicated to simulate the Vehicle dynamics (shown in Fig. 

 4.4). This block received the force generated in the drive-train, calculates the resistive 

forces and determines the vehicle speed. This model is identical to the vehicle dynamics 

block described earlier in Chapter 4.  

6.2.1 HIL Control Block 

The HIL control block is the interfacing block between the actual batteries and the 

simulated drive-train. The battery under test includes 4 cells of 3.2V with maximum 

allowable current of 10A (according to the battery recommended operating conditions in  

Table  6-3). It is assumed that the battery in the drive-train is made of 7 parallel branches, 

each including 64 cells in series (see Fig.  6.7). The total battery pack yield 204.8V battery 

with maximum allowable current of 70A. This allows the vehicle controller to draw 

14kW of power from the battery, which is a reasonable value to have all-electric mode 

for low speed periods (urban driving condition). 

The HIL control block translates the real battery voltage and current for the vehicle 

model and scales these values to the proper values suitable for the drive-train. The 

measured battery voltage is multiplied by 16 and sent to the drive-train model as the 

battery voltage, the battery reference current determined by the drive-train model is 

divided by 7 and used as the reference current in the HIL control block. 
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Fig.  6.7  Battery pack assembly 

The HIL control block also controls the communication of the simulation with the 

real world. It receives the voltage and current feedback signals from the measurement 

boards and also sends the command signal to the power amplifier. Fig.  6.8 shows the 

controllers used to derive the amplifier and relay command signals based on the feedback 

received from the measurements boards. 

 
Fig.  6.8  HIL controller 
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with the battery actual current and the difference is fed to a PI controller in order to 

obtain the battery terminal reference voltage. The battery reference voltage is compared 

with the actual battery voltage and the difference is fed to a PI controller to obtain the 

reference point for the amplifier. Note that due presence of resistances in the loop 

(amplifier output resistance, battery internal resistance, cable resistance) using two 

control loops is necessary to control the battery terminal voltage within the desired limits 

under different currents. 

6.3 Preliminary Tests on the Battery 

The developed HIL simulation requires an estimation of the state of charge (SOC) of the 

battery in order to ensure that the vehicle controller only operates the battery within the 

permissible range. In order to devise a reliable SOC estimation method one needs to 

know the charge and discharge curves of the battery. This section therefore presents the 

results of the preliminary tests done on the battery to determine its charge and discharge 

characteristics, estimation of its state-of-charge and also test results of the actual drive-

train simulation. 

6.3.1 Battery Charge/Discharge Curves 

There are different charging strategies reported in the literature [60], [108]-[112]. All 

these methods include constant current and constant voltage regions to charge the battery. 

Fig.  6.9 shows a typical charging strategy for Li-ion batteries. 
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Fig.  6.9    Typical charging strategy for Li-ion batteries. 

 

As shown in this figure, charging starts in constant current (CC) mode. In this stage, 

the battery current is kept constant. The battery voltage rises as the current is pumped into 

the battery. The current is usually kept below rated capacity of the battery (1C), however 

depending on the battery technology it is possible to increase this current. CC stage is 

terminated when the battery voltage reaches a certain value, called charge cut-off voltage. 

This voltage is slightly more than the rated battery voltage. Note that Li-ion batteries are 

very sensitive to over-voltage exposure. Gassing and explosion can happen if the battery 

is exposed to higher than permitted voltage. At this point, the battery has absorbed more 

than 80% of the possible charge. Constant voltage (CV) stage fills the remaining 

capacity. In CV region the battery voltage is held constant and the current tails off as the 

battery charges up. Battery charging in constant voltage mode has an exponential nature, 

therefore, charging current never becomes zero and a full charge can never be achieved. 

To have a practical system, charging is considered to be done when the battery current 

becomes smaller than a certain value, typically 3% of the rated current. 
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For HEV application, charge time is an important factor. A Shorter charging interval 

means having the battery available for generating power in longer periods and that 

increases the efficiency of the drive-train. Therefore, for this study the battery is charged 

in CC region only and the CV mode is not used. The battery state-of charge is at an 

acceptable value at the end of the CC region. Considering the duration of CV period, the 

charge that is absorbed in this region is not significant and therefore this region is 

ignored. In fact for the tested battery, CC mode results in a 90% charge. Considering that 

the SOC is commonly limited to 80% in the vehicle controller, using the CC mode only is 

sufficient for this application. 

Fig.  6.10 shows the charging characteristics of the Li-ion battery used in this study. As 

shown charging is done at a constant current of 1.8 A; the terminal voltage of the battery 

pack rises nonlinearly. It has steep slopes in the beginning of the charging regime and 

towards its end. For a relatively wide range in the middle, however, the voltage increases 

with a small slope. This indicates that the cell voltage is not a completely reliable 

measure of the battery SOC, due to its negligible change with the SOC. The other 

outcome of a charge/discharge cycle is to estimate the coulombic efficiency of the 

battery, defined as the ratio of the charge supplied by the battery during discharge to the 

charge stored in the battery during charging. Several tests were conducted at charge and 

discharge currents in the range of 2.5 A to 7.5 A on the Li-ion pack (Fig.  6.11 to Fig.  6.13); 

the average coulombic efficiency of the pack through these experiments was obtained to 

be 98%. This value is used in the SOC estimator as outlined below.  
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Fig.  6.10  Battery charging 

 

 

Fig.  6.11  Battery discharge with 2.6A 
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Fig.  6.12  Battery discharge with 5A 

 

 

Fig.  6.13  Battery discharge with 7.5A 
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for Li-ion battery SOC estimation are discussed in the literature. These include such 

methods as estimation using neural networks [113], extended Kalman filters (EKF) [114], 

fuzzy neural networks [115], and a sliding mode observer [116]. 

In a hybrid electric drive-train, such as the one considered here, the vehicle controller 

only needs an estimation of the SOC in order to ensure that the battery is used (either to 

supply power or to accept charge) within the permissible range (20%-90%). This implies 

that even a relatively crude estimation of the SOC is normally acceptable in such an 

application, as it only serves to identify the upper and lower thresholds by the vehicle 

controller and is not used otherwise [42]. Therefore, a simple method is developed for 

SOC estimation, which circumvents complexity of neural network and EKF methods.  

The SOC estimation is done by calculating the integral of the current over time. The 

coulombic efficiency of the battery is considered as a constant multiplying the charge 

current before integration. The state of charge is calculated as follows. 





>=
<=

⋅−= ∫ g)dischargin(0    98.0
(charging)0          1

       and        )0(
0 b

b
t

b i
i

dtiSOCSOC
α
α

α  ( 6.1) 

In this equation, ib is the battery current in per-unit with the base equal to the rated 

battery capacity. Battery current is assumed to be negative for charging and positive for 

discharging. The initial value of the SOC is a challenge for all SOC estimation methods. 

Since the Li-ion battery has an almost flat SOC vs. terminal voltage characteristics, its 

open-circuit terminal voltage is not a reliable means for estimating the initial value of the 

SOC, and holds true for the Li-ion battery used here. For example, Fig.  6.14 shows the 

voltage of the battery during rest period after a complete discharge.  
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Fig.  6.14  Battery voltage resting after a discharge 
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11.08 V after 10 minutes of rest; it increases to 11.33 V after 30 minutes and eventually 

11.46 V after one hour. Note that although the battery voltage is recovering, the SOC is 

still zero. This is further evidenced by activating the discharge circuit after a long rest. As 

shown in Fig.  6.14, the battery voltage immediately drops to 10V (discharge cut-off 

voltage) and the discharge stops. It therefore can be concluded that estimating the initial 

SOC based on the terminal voltage will not be accurate. 

In this study, an initial value of 100% (i.e. completely charged) is assumed for the 

SOC. This allows the vehicle controller to use the battery for propulsion. Correction to 
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occur if the battery voltage reaches its rated 14.6 V, which indicates that the battery is 

indeed fully charged. This upper limit for the voltage ensures chemical safety of the 

battery and prevents excessive charging due to inaccurate coulombic efficiency 

estimation.  

The logic of the SOC estimator is shown in Fig.  6.15. Using this logic, the SOC 

estimation may be inaccurate only until the voltage reaches either the lower or the upper 

boundary value; at these points the SOC is re-initialized to the corresponding value and is 

then allowed to swing between the permissible range. 

 

Fig.  6.15  State-of-charge estimation flowchart 
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expected for a given battery current, it is an indication that the actual battery capacity is 

lower than assumed capacity. Battery actual capacity is calculated at the end of each 

charge period and it is used for the following discharge and charge periods.  

6.4 Battery-In-Loop HIL Simulation Case Study 

This section presents the test results obtained using the developed HIL simulation setup 

for a 600-second driving cycle. The driving cycle includes low speed (30 km/h), 

moderate speed (50 km/h) and high speed (80 km/h) periods, as well as a braking period 

to test the regenerative brake in the drive-train. In the simulations the driving cycle is 

repeated ten times consecutively. Analysis of the simulation results are presented in the 

following sub-sections.  

 In another test, the HIL setup is used to simulate the daily driving cycle for the city of 

Winnipeg (refer to Appendix A). The results of this simulation are reported in 6.4.3. This 

is an example of using the HIL setup to test the batteries in actual driving condition.  

6.4.1 Analysis of the Simulation Results 

Fig.  6.16 shows the reference speed and the actual vehicle speed for the first 1200 

seconds of the HIL simulation. The reference speed (i.e. driving cycle) is shown to be 

followed closely by the vehicle speed. This is achieved by finely tuning the driver model 

in the simulation (see Fig.  6.1).  
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Fig.  6.16  HIL simulation results, vehicle speed. 

 

Battery SOC is shown in Fig.  6.17. As stated earlier, the initial SOC is assumed to be 

100%; therefore, the vehicle controller engages the battery to provide the required 
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terminal voltage reaches to the discharge cut-off voltage of 10.0 V earlier than the SOC 

reaches the charge-up level of 20%. At this point, the actual SOC of the battery is equal 

to zero. The SOC estimator is therefore correctly initialized to zero and the battery starts 
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Fig.  6.17  HIL simulation results, battery SOC. 

 

MG1 torque, MG2 torque, ICE speed and torque for the first 600 seconds of the 

simulations are shown in Fig.  6.18. As shown, the ICE is idling initially and the vehicle 

operates in all-electric mode, due to the fact that battery has adequate charge to 

contribute. When the voltage collapses to 10 V at about 300 sec, i.e. SOC is zero, the ICE 

is engaged and provides power for propulsion. MG1 torque is then adjusted so that the 

ICE operates in the most efficient region of its efficiency map. MG1 operates as a 

generator and feeds the dc link when the ICE is engaged. Prior to this point, MG2 is the 

only source of power. When the ICE starts, the torque generated by the MG1 drops since 

part of the required propelling torque is provided by the ICE directly. MG1 torque 

becomes negative in regenerative braking periods. 
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Fig.  6.18  HIL simulation results, (a) MG1 torque, (b) MG2 torque, (c) ICE speed, (d) ICE Torque 

 

Battery current is shown in Fig. 6.19. The battery current is positive in discharge and 

negative in charging periods. The charging and discharging current limits for the battery 

used in the HIL setup are 2.6 A and 10A, respectively. Due to drive-train dynamics, the 

battery charging current is not always constant and may vary as shown in Fig.  6.19. As 

stated earlier, the measured values for the battery current and voltage are multiplied by 

their respective scaling factors as outlined in section  6.2.1 to represent the larger battery 

pack correctly.  
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Fig.  6.19  HIL simulation results, Battery current 

 

Battery terminal voltage is shown in Fig.  6.20. The SOC is reset to zero when the 

battery voltage has reached the discharge cut-of voltage, and rises during charging period. 

The voltage waveform, similar to the current waveform, contains sharp transients, which 

are due to the driving cycle requirements. In the control system of the vehicle a filtered 

version of the measured terminal voltage is used when comparisons are made to the 

charge and discharge cut-off voltages to ensure that momentary and transient excursions 

of the voltage do not unduly interfere with the decisions to stop charging or discharging 

regimes. 
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Fig.  6.20  HIL simulation results, Battery voltage 

6.4.2 Battery SOC Estimation Verification 

As was mentioned earlier, estimation of the battery SOC is a cornerstone of the 

developed HIL simulation setup. Therefore it is important to ensure that the developed 

SOC estimator is indeed reasonably accurate.  

To do so the battery-in-loop HIL simulation was started with an unknown initial SOC 

and was stopped after running the stated driving cycle for 4500 second. Note that the 

SOC is already correctly initialized (at right after 1000 sec as shown in Fig.  6.21) and is 

calculated using (6.2). At the instant of stoppage, the proposed algorithm has estimated 

the SOC to be equal to 55.76%. To verify the accuracy of this figure, the actual batteries 

were discharged at the rated discharge current of 2.6 A, until the batteries were fully 

depleted. During this period the coulomb counting method of (6.2) was applied, which 

yielded an estimation of the SOC at the instant of stoppage equal to 56.79%. By fully 

discharging the battery to an SOC of zero (indicated by its terminal voltage drop to the 

recommended discharge cut-off value of 10 V) and measuring the initial SOC contents of 

the unit, this test confirms that the estimation method used in the HIL simulation is 
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Fig.  6.21  Battery SOC at the end of drive-train simulation 

 

Several factors contribute to the actual SOC of a battery pack including aging, 

temperature and operating conditions. These factors are not directly considered in the 

proposed SOC estimator and may in fact adversely impact its accuracy in practice. It is 

however observed that with a decent estimation of the battery efficiency, the proposed 

method is able to produce acceptable estimations of the SOC. 

6.4.3 Simulation Results for the Weekday Driving Cycle 

In another test, the HIL setup is used to simulate the weekday driving cycle in the city of 

Winnipeg. This is the same driving cycle that is used in Chapter 3. The weekday driving 

cycle is a 24 hour cycle. Therefore simulating it on a real-time simulator takes 24 hours. 

To reduce the simulation time, a modified version of driving cycle is used. In this 

version, parts of driving cycle corresponding to long off-duty hours (e.g. overnight) are 
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developed HIL setup the performance of the battery can be tested under real driving 

condition and without installing the battery pack inside an actual vehicle. Battery current, 

voltage and state-of-charge for the modified weekday driving cycle is shown in Fig.  6.23, 

Fig.  6.24 and Fig.  6.25 respectively. Battery current and voltage are measured at the battery 

terminal and SOC is estimated using the method explained in 6.3.2. 

 
Fig.  6.22  Modified weekday driving cycle 

 

 
Fig.  6.23  Battery current for modified weekday driving cycle. 

0 1000 2000 3000 4000 5000 60000

10

20

30

40

50

60

70

80

90

time (sec)

Sp
ee

d 
(k

m
/h

)

-5

0

5

10

B
at

te
ry

 c
ur

re
nt

 (A
)

0 1000 2000 3000 4000 5000 6000 7000 8000
time (sec)



   148 

 

 

 
Fig.  6.24  Battery voltage for modified weekday driving cycle 

 

 
Fig.  6.25  Battery SOC for modified weekday driving cycle 

 

During simulations, it was observed that the battery capacity is degraded after numerous 
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battery will operate between 0% and 100% (first discharge and charge cycle in Fig. 6.25). 

To improve the battery SOC estimator performance and to limit the battery SOC within 

the desired range, a capacity calculator is added to the SOC estimator. The battery 

capacity is updated in charging period, if terminal voltage reaches the charge-cut-off 

voltage before estimator reaches 100 percent. Battery capacity is calculated as follows: 

∫∆⋅
−=

1t

0t
,3600

1 dtiC chbSOCb  ( 6.2) 

where, Cb is the battery capacity, ∆SOC is the change in SOC in the charge period, t0 and 

t1 are charge start and stop times and ib,ch is the battery charge current (battery current is 

assumed negative in charge period). 

 In the results shown in Fig. 6.25, battery capacity is initially set to the nominal value 

of 2.29 Ah. The actual capacity is lower due to aging. This can be observed in Fig.  6.24 

and Fig.  6.25. In the first charging cycle, the battery terminal voltage reaches to charge-

cut-off value of 14.6V when SOC estimator shows SOC is around 47%. This shows that 

the assumed capacity is not correct. The battery capacity is reduced by a factor of 47% 

and this capacity is used for the rest of simulation. To show the accuracy of the SOC 

estimator, the simulation is stopped after about two hours at this point the estimated SOC 

is 62%. The battery is completely discharged and the actual SOC is calculated by 

coulomb counting. The measured SOC using this method is 60%, which is close to the 

estimated value. 

This simulation shows the importance of HIL simulation with actual batteries in the loop. 

The battery capacity reduced significantly after a few month of intense use. This has a 

significant impact on the vehicle performance, and an important test to select a battery for 
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the drive-train. This phenomenon could not be studied using mathematical battery 

models. 

6.5 Chapter Summary and Contributions 

In this chapter a hardware-in-loop setup based on Opal-RT simulator is developed for the 

first time. In this setup a real battery pack is interfaced with the reduced intensity model 

of hybrid drive-train developed in Chapter 6. The battery behaviour under driving 

conditions and in different climate conditions (upon using an environmental chamber) 

can be studied using the developed setup. During the studies it was observed that the 

battery lost more than half of its capacity over a period of few months. Such observation 

could not be achieved if mathematical model of the battery was used instead of actual 

batteries. This emphasises on the importance of HIL simulation with actual batteries in 

the simulation loop. 

A simple SOC estimation technique is proposed and used in this chapter to estimate the 

state-of-charge of the battery. It is shown that this method has reasonable accuracy for the 

type of batteries used in the setup. Developing and implementing more accurate SOC-

estimation techniques is out of the scope of this research, but can be pursued by other 

researchers and easily implemented in the developed setup. 



Chapter 7 

Contributions, Conclusions and 

Recommendations for Future Work 

7.1 Contributions 

i) Developing a steady-state model for a hybrid drive-train 

A steady-state model for a retro-fitted hybrid drive-train was developed in this thesis. 

This model is able to simulate different battery technologies with variable size. The 

model utilizes a driving cycle developed for the city of Winnipeg. Using this driving 

cycle, the results of the simulation are closer to the reality. The ability to model different 

battery technologies with variable sizes and also inclusion of Winnipeg driving cycle in 

the model, makes is different from previous works done by other researchers in this field. 

This part of the thesis is published in IEEE Transactions on Vehicular Technology, in a 

paper titled: “Battery Storage Sizing in a Retrofitted Plug-in Hybrid Electric Vehicle”, 

[42]. 

ii) Developing a transient model for the hybrid drive-train: 

The power flow model gives a good understanding of the operation of the drive-train but 

it does not simulate transients of the system. In order to have a better understanding of 
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the drive-train and also to develop a hardware-in-loop setup for the hybrid drive-train, a 

transient model for the power-split gear drive-train was developed using Matlab/Simulink 

for the first time. This model simulates the vehicle drive-train including power-electronic 

converters with a high level of details and is suitable for Matlab/Simulink based real-time 

simulators such as Opal-RT. 

Part of this section of thesis was presented in the 36th Annual Conference on IEEE 

Industrial Electronics Society (2010) in a paper titled: “Modeling and simulation of a 

power-split gear hybrid drive-train”, [117]. 

iii) Developing a reduced-intensity model for the hybrid drive-train:  

In this thesis, averaging techniques were used for the first time in vehicle drive-train 

modeling. The reduced-intensity model developed in this thesis models the electric 

machine drives with lower level of complexity using averaging technique. The resulting 

model is significantly faster than the detailed model. This allows the real-time simulator 

to run the model in real-time. Another application of such model is in studies with a 

repetitive nature, such as parameter optimization. In these studies, use of reduced 

intensity model will save a significant amount of time. This part of the thesis is published 

in IEEE Transactions on Power Delivery journal in a paper titled: “Dynamic Average-

Value Modeling of Hybrid-Electric Vehicular Power Systems”, [118]. 

iv) Developing a hardware-in-loop setup for the hybrid drive-train:  

The reduced-intensity model was used to develop a hardware-in-loop setup. This setup 

uses Opal-RT simulator to run the simulation in real-time and it also uses real Li-ion 

batteries in the loop of simulation. This setup can be used to study the behaviour of the 

battery in the vehicle. 
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The chemical nature of battery makes it difficult to derive a complete model for the 

battery. Effect of temperature, specially sub-zero temperatures, and also aging of the 

battery cannot be easily modeled mathematically. This is due to the complexity of the 

chemical interactions inside the battery and the fact that deriving a simple mathematical 

model for such interactions is nearly impossible. Therefore it is common practice to use 

real batteries to study the battery behaviour under different conditions. The hardware-in-

loop setup developed in this research can be used to study the behaviour of real battery 

under different driving conditions. 

7.2 Conclusions 

i) PSG based hybrid drive-train is a flexible and widely used hybrid drive-train: 

Hybrid-electric drive-trains improve overall vehicle efficiency by keeping the engine 

running in the most efficient way and using the power in the most efficient way. The first 

step of this project was to study the available hybrid-electric drive-trains. There are three 

main types of hybrid drive-trains, series, parallel and power-split gear based drive-train. 

Each drive-train offers some advantages and has some disadvantages. Considering pros 

and cons of the available drive-trains, the power-split gear based drive-train was selected 

for this study. This was due to the good performance of this drive-train and the fact that 

this drive-train is used in many commercially available hybrid electric vehicles. The 

result of this study is published for general audience in IEEE Canadian review, in an 

article titled: “Plug-in Hybrid Electric Vehicles: Challenges and Opportunities”, [23]. 

ii) Li-ion and NiMH battery chemistries are suitable candidates for hybrid vehicles: 

Finding the optimal battery size and chemistry was the next step in this project. A power 
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flow model of the drive-train was developed for this purpose. The developed model is 

able to simulate the power flow within the drive-train. The battery technology used in the 

drive-train and also the size of installed battery pack can be changed in the developed 

model. Three battery technologies, i.e., Lead-acid, NiMH and Li-ion were studied using 

this model. The study shows that Lead-Acid battery is not a good candidate for PHEVs. 

The energy density of Lead-Acid battery is small in comparison with other technologies. 

Therefore, a large battery pack should be installed on vehicle in order to obtain the 

required energy storage capability. This introduces extra weight on vehicle and consumes 

a lot of storage space in vehicle, which is not desirable. 

NiMH and Li-ion technologies are both good candidates for PHEV drive-trains. They 

both offer high energy density and can be used in PHEVs and also electric vehicles. 

Battery pack cost is usually the determining factor in selecting one of these technologies 

for the drive-train. Both technologies are used in commercially available hybrid-electric 

and all-electric vehicles. For instance, Toyota Prius utilizes NiMH battery technology and 

Mitsubishi i-MiEV uses Li-ion batteries. Li-ion battery is marginally better than NiMH 

but it comes with a higher price. However, new battery manufacturing methods and also 

mass production of Li-ion battery technology result in more cost effective Li-ion battery 

packs. Therefore this technology is selected for this project.  

iii) Averaging technique can be used in drive-train modeling to reduce the 

computational intensity of the model  

The averaging technique was used in vehicle drive-train modeling for the first time. 

Simulation results show that the average model gives accurate result in frequencies well 

below the switching frequency. Therefore, in studies that switching transients are not the 

point of interest, the average model is a good replacement for the detailed model. This 
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model can be used to save time in design and optimization stage where multiple 

simulation runs is necessary. In this thesis this model is used in the hardware-in-loop 

setup to simulate the vehicle behaviour in real-time.  

iv) Hardware-in-loop simulation shows the actual battery behaviour under different 

driving conditions. 

In this thesis an HIL setup with real batteries in the simulation loop is developed. The 

battery pack is made of four Li-ion cells. Using a four quadrant amplifier and signal 

conditioning modules, a scaled HIL setup is developed. This setup can be used for battery 

related studies including testing battery performance under different driving conditions 

and under different climate conditions. HIL setup is also a tool to determine the 

performance of the vehicle controller and also optimizing it.  

 Using actual batteries in the simulation loop, the real behaviour of the battery in the 

vehicle can be studied. For example in the tests done for this thesis over the course of few 

months, it was observed that the capacity of the battery under test reduced significantly 

due to aging effect. Such observation was not possible using the mathematical model for 

the battery. 

7.3 Recommendations for Future Work 

7.3.1 Developing an HIL System Using the Transient Model 

The HIL system developed in this research is based on an averaged-value model for the 

drive-train. The average-value model is selected because the available real-time simulator 

is not able to simulate the transient model in real-time. Although the average-value model 
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has an acceptable accuracy for this study, the accuracy of the results can be improved 

using the transient model in the HIL setup. The effect of fast switching transients can be 

studied using the detailed model for the power electronic converters. These transients are 

ignored in the average-value model. Implementation of transient model based HIL system 

requires a real-time simulator with higher computing capability. 

7.3.2 Vehicle Controller Optimization   

The vehicle controller controls all the components in the drive-train and the flow of 

power between them. Vehicle performance and efficiency can be improved by optimizing 

the vehicle controller. The developed HIL setup can be used to study the effect of any 

proposed vehicle controller logic. Using the setup one can also study the long-term 

effects of the vehicle controller on lifetime of the battery. 

7.3.3 Study the Vehicle Performance in Cold Climates 

One major concern about hybrid-electric and electric vehicles is the poor performance of 

batteries in sub-zero temperatures. The effect of temperature on vehicle performance can 

be studied using the HIL setup and an environmental chamber.  

7.3.4 Apply the concept of hardware-in-loop simulation to other fields 

In this thesis the concept of Hardware-in-loop simulation was used to test the batteries in 

a vehicle. This concept can be extended to other fields, such as robotics or power 

systems, where battery performance is important. 



Appendix A 

Driving Cycle Development and Description 

A real-world daily driving profile has been produced and used for the energy storage 

optimization of the plug-in hybrid conversion presented in this study. The decision to 

develop and use an actual driving profile is due to that standard cycles, such as the Urban 

Dynamometer Driving Schedule (UDDS), have been generated primarily to estimate 

vehicle emissions inventories and are affected by the restrictions of dynamometer 

validation tests including limited duration and acceleration/deceleration rates [119].   

These standard cycles, therefore, cannot completely emulate the real-world daily 

power demand of a vehicle. More importantly, they do not provide information on 

parking times as opportunities for charging in case of PHEVs. Extensive literature survey 

conducted did not reveal any major reference on the construction of a daily vehicle usage 

profile for PHEVs; although few works exist that assess the performance of hybrid 

electric cars in real-world operation.  For example, data collected for a fleet in the St. 

Louis metropolitan area was used in the simulation of energy usage in a PHEV; however 

no single driving pattern was extracted from the collected data [120]. Fuzzy logic pattern 

recognition techniques have also been used to perform driving and duty cycle analyses on 

data collected for a fleet of hybrid electric cars [121]. 

Another effort to modify standard cycles for better representing real world behavior 

defined a driver model in simulations using European standard cycle [122]. Driving cycle 
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generation has also been reported based on the assumption of constant acceleration and 

deceleration rates and with consideration of the speed limits for road segment in 

representative areas [123].  

A.2 Drive Cycle Generation and Characterization 

In this study data collected from a fleet of 30 cars in the city of Winnipeg has been used 

to construct a single driving profile representing the average behavior of the fleet. One-

month second-by-second time-stamped speed and location of the 30 participant cars are 

recorded using GPS-based data loggers by the University of Winnipeg. Given that few 

cities in North America are densely populated over a million people, driving patterns in 

the city of Winnipeg (with a population of 0.7 million) can be regarded as a reasonable 

representative of those in the majority of large North American cities. To better represent 

general driving behavior, data collection in the absence of extreme climate conditions in 

the month of June has been used to reconstruct the daily driving profiles. 

The purpose of this task is to identify two daily driving cycles (one representing 

weekdays and one for weekends) among the available recorded cycles that most closely 

represent the average behavior of the fleet in terms of a set of characterizing parameters 

[124]. In addition to the parameters describing kinematics of the cycle, average power 

demand and average braking power are also used. This is to establish a more 

comprehensive set of performance measures adequate for evaluation of the power 

requirements of the driving cycles.  This is especially important for power management 

in hybrid vehicles. 
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The 900 recorded driving cycles are divided into two groups of weekday and 

weekend cycles. Average values of the characterizing parameters for the two groups are 

then calculated. Characteristic parameters of each individual cycle (in both groups) are 

then measured against their corresponding average values and a figure of merit is 

calculated and assigned to the individual cycle as follows. 
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where σ is the figure of merit, and N is the number of characterizing parameters (17 in 

this case, as listed in Table A-1). The cycles that have the closest set of characterizing 

parameters to the average values in the weekday and weekend groups are selected and 

will be referred to as the candidate cycles hereinafter. 

A.3 Enhancement of the Candidate Driving Cycles 

Note that the two candidate cycles do not necessarily match all the average values 

uniformly well, although they have the best figures of merit.  In order to enhance the 

quality of the candidate cycles, further processing is done with a view to improve their 

figure of merit using snippets of other cycles available in the data base.  Snippets of 

driving periods bounded by two consecutive stops, also referred to as micro-trips, are 

extracted and classified into three traffic groups, namely congested, urban and highway.  

To classify micro-trips into the three categories, the average speed and acceleration 

ranges listed in Table A-2 are used. To improve the figures of merit of the candidate 

cycles, each of their micro-trips are exchanged with micro-trips of the same traffic group 

in the data base until the best figures of merit (σ) are obtained. The average values for the 
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enhanced candidate cycles are also given in Table A-1. The table also shows the relative 

error between the average values of the fleet and those of the enhanced candidate cycles. 

Table A-1   Characterizing Parameters and Their Values   

 
The variations in the speed and acceleration can change the power demand 

accordingly, and hence the time percentages spent in various speed and acceleration 

ranges provide important information about power demand in the modes of driving listed 

in Table A-2. Speed-acceleration frequency distribution (SAFD) plots provide the needed 

information about the time proportions of individual driving modes; they are used in this 

 
Parameter 

900 daily driving 
cycles 

Enhanced representing 
cycles 

weekday weekend Weekday weekend 
1 Average speed of the entire driving cycle in 

km/h  
30.9 37.2 33.0 

(6.8%) 
34.8 

2 Average running speed in km/h 37.7 49.8 38.9 43.1 
3 Total daily distance traveled in km                             35.7 37.0 37.3 38.9 
4 Average acceleration of all acceleration phases 

in m/s2 
0.56 0.53 0.48 0.63 

5 Average deceleration of all deceleration phases 
in m/s2 

-0.57 -0.54 -0.52 -0.63 

6 Average number of change in acceleration rate 
(+/-) in one driving period 

17 11 15 9 

7 Average daily power demand in kW                  6.4 7.5 5.5 8.9 
8 Maximum power demand in kW 33.8 57.8 28.4 52.2 
9 Total daily energy demand in Mj   13.3 19.7 13.7 18.8 
10 Average daily braking power in kW -5.6 -6.5 -5.1 -7.5 
11 Root mean square of acceleration  in m/s2 0.71 0.70 0.61 0.80 
12 Average length of a driving period in km 0.44 0.90 0.48 0.97 
13 Time percentage of Idling (zero velocity) in % 17.2 19.9 15.0 18.0 
14 Time percentage of acceleration: 

acceleration>0.1m/s2 in % 
28.8 27.5 30.9 29.1 

15 Time percentage of Cruising (acceleration 
 [-0.1,0.1] m/s2, speed>5m/s) in % 

10.2 13.1 9.1 10.7 

16 Time percentage of deceleration: acceleration <-
0.1m/s2 % 

28.0 26.5 29.1 29.0 

17 Time percentage of creeping (acceleration  
[-0.1,0.1] m/s2, speed<5m/s) in % 

16.0 13.0 15.9 13.2 
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work as an additional measure to demonstrate how well the final driving cycles match the 

collected data [125]. 

Table A-2   Micro-trip Characteristics 

Traffic category Average speed Acceleration 

Congested Low: < 5 km/h Mild: [-0.1,0.1] m/s2 

Urban  Moderate: [5,40] km/h Harsh: [-3.0,3.0] m/s2 

Highway   High: > 40 km/h Moderate: [-1.0,1.0] m/s2 

 

Note that the use of micro-trips of the same traffic group serves to maintain the 

matching of the SAFD of the two candidate cycles to that the SAFD of all recorded 

cycles.  A maximum 5% deviation from average daily energy demand for final driving 

cycles is allowed in the construction of the enhanced candidate cycles. It is important to 

note that the driving profiles constructed this way are not entirely random combinations 

of micro-trips, although random combinations of micro-trips has been used by other 

researchers as a means for constructing representative driving cycles [126].  

This feature is particularly important for the study presented here because the 

sequence of micro-trips from different traffic groups that affect power demand between 

charging opportunity occasions is essentially determined by the candidate cycles, which 

have moderate yet realistic patterns. Fig. A. 01 shows the enhanced weekday and weekend 

candidate driving cycles. 

Since parking periods and locations of the vehicles in the fleet under survey are time-

stamped, it is possible to statistically analyze the probability, time and duration of 

parking events.  Most probable parking times and average duration for each parking event 
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are included to adequately reflect daily driving and parking profile for the PHEV design 

considerations. 

Durations of the weekday and weekend cycles are 4071 sec and 4023 sec, 

respectively. Maximum velocity is higher in the weekend cycle (114 km/hr) while in 

weekday cycle the maximum velocity is 89.6 km/hr. The driving pattern in the weekend 

is slightly more aggressive due to higher acceleration and deceleration rates. A 

consequence of the differences in driving patterns in weekdays and weekends is higher 

power demand for weekends. 

 
Fig. A. 01  Enhanced candidate driving cycles. (a) weekday; (b) weekend. 

 
Fig. A. 02 shows the SAFD plot for weekday and weekend enhanced candidate driving 

cycles. Another difference between the two patterns is the higher probability of driving at 

moderate speeds (35-50 km/hr) in the weekday pattern. Higher acceleration and 

deceleration rates in the weekend cycle are also considerable when compared with the 

weekday driving cycle.  
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Fig. A. 02  SAFD plots for the enhanced candidate driving cycles. (a) weekday; (b) weekend. 

 

Fig. A. 0 03 (a) and (b) show the probability of parking for less than three hours as a 

function of time for weekday and weekend drive cycles. In this study short parking 

durations (less than three hours) have not been considered for opportunity charging. As 

shown in Fig. A. 0 03 (a) short-duration parking most probably takes place between 12:00 

PM to 18:00 in weekdays and between 12:00 PM to 16:00 in weekends. In the 

opportunity charging scenario used in this paper, it is further assumed that the driver is 

not reluctant to plug-in during weekends and is equally charge conscious throughout the 

weekdays. Based on the information obtained about parking times and duration of 

parking events, several short and long parking events as well as overnight parking periods 

were included in the driving cycles, resulting in two 86,400-s daily profiles needed for 

further analysis in the simulations.   

 
Fig. A. 0 03  Probability of short duration parking (less than 3 hours) for opportunity charging 

scenarios. (a) weekday; (b) weekend. 
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Appendix B 

Dynamic AC Machine Modeling 

The per-phase model of ac machines is widely used in steady-state analysis and designs 

[127]. In addition to the steady-state model, a dynamic model is necessary to understand 

ac machine control methods such as vector control and direct torque control method. The 

dynamic model is derived from the time-domain equations of the machine and models the 

transient behavior of an ac machine. 

In a salient pole ac machine, parameters such as phase inductance change as the rotor 

turns in the machine. This introduces a set of time-varying variables to the machine 

equations. Therefore, the dynamic model consists of a set of time-varying equations for 

each phase [64]. This time-varying system is hard to analyze but there are some methods 

to simplify this system to a time-invariant system. R. H. Park in 1929, proposed a matrix 

transformation that transforms this time-varying system in the time domain to a time-

independent system in a new domain [128]. 

B.1 DQ0 Transformation 

The Park’s transform transfers variable from a time-varying domain, i.e. abc domain, to a 

time-independent domain, i.e. dq0 domain. The transformation is done as shown below. 

abcSdq fKf


=0  (B-1) 
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where abcf


 is a vector of variables in abc domain, 0dqf


 is a vector of variable in dq0 

domain, and SK  is the transformation matrix. These matrices are shown in extended 

form below. 
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The Park’s transform is an invertible transform. This means that any vector in dq0 

domain can be uniquely transferred back to its corresponding vector in abc domain. The 

inverse of Park’s transform is as follows. 
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Using Park’s transform, the machine equations can be transferred from abc domain to 

dq0 domain. The flux linkage of the stator and rotor windings in abc domain are 

expressed as follows.  
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where [ ]csbsasabc λλλλ =  is the stator flux linkage and [ ]crbrarabcr λλλλ =  is 

the rotor flux linkage. The inductance matrix is derived from the geometry of the 

machine and winding parameters and explained in [64]. 

The voltage equations are as follows. 
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where abcsv  is the stator voltage vector, abcrv  is the rotor voltage vector, abcsi


 is the 

stator current vector, abcri


 is the rotor current vector, sr
  is the stator resistance vector, 

rr
  is the rotor resistance vector, abcsλ


 is the stator flux linkage vector, and, abcrλ


 is the 

rotor flux linkage vector. 

 Flux linkage and voltage equations can be transferred to dq0 domain using the Park’s 

transform. Transformation and simplification result in following flux linkage equations. 
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where dsλ , qsλ  and s0λ  are stator flux linkage elements in dq0 domain and drλ , qrλ  and 

r0λ  are rotor flux linkage elements in this domain. Similarly, dsi , qsi , si0  are stator 

current components and dri , qri  and ri0  are rotor current components. lsL  is the stator 

leakage inductance, lrL  is the rotor leakage inductance and ML  is the mutual inductance 

between the stator and rotor.  
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The voltage equations in the dq0 domain are as follows. 
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where dsv , qsv  and sv0  are stator flux linkage elements in dq0 domain and drv , qrv  and 

rv0  are rotor flux linkage elements in this domain. sr  is the stator winding resistance, rr  

is rotor winding resistance, ω  is the rotor speed and rω  is the synchronous speed. Shaft 

torque can be calculated from the flux linkage equations and voltage equations. 
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where eT  is the produced torque and P  is the number of poles in the machine. Using the 

shaft torque and the mechanical equation of the machine, the mechanical dynamics of the 

machine can be modeled. 

ωω B
dt
dJTT le +=−  (B-9) 

In this equation, lT  is the load torque on the machine, J  is the inertia, and B   is the 

friction coefficient. 

  



Appendix C 

PMSM Model Coefficients 

Coefficients A1-A4 and B1-B4 in (4.8) are as follows. 
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Where ρ is the power-split gear ratio defined as: 
R
S

=ρ , Js is the sun gear inertia, Jc is 

the carrier inertia and Rf is the final drive ratio. 
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