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Abstract

In the framework of the Jacobi-weighted Sobolev space, we design the

a-posterior error estimators and error indicators associated with residuals

and jumps of normal derivatives on internal edges for the hp-version of the

finite element method. With ihe help of quasi Jacobi projection operators,

the upper bounds and the lower bounds of indicators and estimators are

analyzed, which shows that such a-posteriori error estimation is quasi opti-

mal. The indicators and estimators are computed for some model problems

and programmed in C++. The numerical results show the reliability of our

indicators and estimators.

llr



Chapter 1-

Introduction

Since the revolutionary concept wâs proposed by Babu.õka and Rhein-

boldt in the later 1970's [6, 7], a posteriori estimation of the accuracy and

adaptation of the approximation spaces has been intensely studied by both

engineers and mathematicians practically and theoretically.

The adaptive finite element algorithms have become powerful and reli-

able computational tools and have been integrated in many commercial and

research codes owing to their remarkable capacity to enhance both speed

and accuracy in computing. By reliable and effective error indicator and er-

ror estimator, the possibility of controlling the entire computational process

through new adaptive algorithms becomes bigger.

There are two basic approaches for a-posteriori error estimation of

FEM. The first approach is based on the solutions of local auxiliary prob-

lems, and the second approach is based on the residuals, including the jump
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of normal derivative of finite element solutions on internal edges of elements.

For the lower-order FEM which is referred to as the h-version of FEM, a-

posteriori error estimation and the adaptive mesh generation have been well

developed in the past two decades.

A-posteriori error estimation for the high-order FEM such as the p-

version, the hp-version of FEM and the spectral method is much less de-

veloped and lacks substantial progress because of the obvious difficulties of

high-order methods except in one dimension, with the result that research

in this direction remains at an elementary stage. Many useful and effective

methods and techniques developed for the h-version of FEM, such as the

super-convergence and patch recovery 19,26,27,28,29], can not be or have

not been applied to the high-order FEM. It is not clear yet what mathe-

matical framework should be adopted for a-posteriori error estimation of the

high-order FEM in two and three dimensions. In spite of lacking of theo-

retical progress in the past two decades, engineers have implemented various

types of error estimators and indicators based on their own experiences in

commercial and research codes.

Since the late 1990's, the approximation theory for the p- and hp- ver-

sion of FEM has been well developed in the mathematical framework of the

Jacobi-weighted Besov and Sobolev spaces 12, 3, 4, 5]. With help of this

framework, a-priori error analysis leads to a rigorous proof of the optimal

convergence for the p- and hp-version (with quasi-uniform meshes) of FEM
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12,3, 4,171.

Very recently, the posterior error estimation for the p-version of FEM

was analyzed in the framework of the Jacobi-weighted Sobolev spaces in

[13, 14], and the residual based indicators and estimators are proposed and

proved to be quasi optimal. In this thesis we generalize the results of [1a] to

the hp-version of FEM in the framework of Jacobi-weighted Sobolev spaces

on scaled regions. The rest of this thesis is organized as follows. The error

indicators and estimators associated with Jacobi weights on scaled regions

are defined in Chapter 2, where the major theorems are stated for which

the proofs are given in Chapter 5. The Jacobi-weighted Sobolev spaces on

scaled regions are introduced in Chapter 3, which provide a mathematical

framework for a-posterior error analysis of the hp-version FEM. In Chapter

4 we construct a quasi-Jacobi projection operator and analyze its properties,

which play an essential role in the analysis of quasi-optimality of the error

indicator and error estimator. The main results are proved in Chapter 5,

where the upper and the lower bounds of error in terms of error indicators

and error estimator are studied. In Chapter 6 we present numerical results

of the error indicators and estimators for two model problems with singular

solutions and one with a smooth solution by running a C++ program. They

numerically illustrates the stability and reliability of error indicators and

error estimator.



Chapter 2

Error Indicators and Error
Estimators

2.L Model Problem

We consider the following model problem on a bounded Lipschitz domain

QcR2:

( -nutu:Í onf),
{ (2'1 1)

I z:0 on ô0.

The corresponding variational problem is to find u e H](0) such that

B(u,u) : P(u), Vu € Hol(CI)

where B is a bilinear form on ffj (CI) x Iloi (f)) :

r
B(u,u) : 

Jr(ru. 
Vu * uu) dr ,

(2.1.2)



and -F is a linear functional on /1r (fl) :

f
F(u): 

JnÍro,

Let T : {K¿,1 < i < M} be a partition of 0 with shape-regular

quadrilateral elements K¿, and let 0T : {1¿,1 < ! < L} consist of all the

internal edges 7¿. By F¿ we denote a mapping of Qn: (-h,h)2 onto each

element K¿. Then the subspace of piecewise polynomials over 7 for the

hp-version of finite element method is defined as usual,

s3'1(CI, 7) : so'' (T) l^l øJ ic,l

: {ç l*u: {on o Ft,úpn € po(Qn)} 
l-løot(s-,) ,

where Pr(Qn) is a set of polynomials of separate degree less than or equal to

P on Qn-

The h,p-version finite element solution us € S3'1(T) satisfies

B(us,u) : F(u), Vu e ,Sfl'l(0,7) . (2.1.3)

2.2 Error Indicators and Error Estimator

By e, e¿, r, T¿ ànd R, Rr, we denote the error, the residual on element K¿

and the jump of normal derivative along the internal edges ry for the finite



element solution z.'J'

e : u, - 't;st e¿: e lx¡i

r : f +Lut-'tLS,r¿:rlx¿i
lôusl t) _ [ôrr'l ,H.: I "1.-/tL 
Ia" l'tL"t¿- Ia" 1''''

We should introduce error indicators which are associated with Jacobi

weights. A weight function Wp,ou(ø) is defined on each element K¿

wþ,o,(,) : glffi#d,;l', r € K¿,

where 7¿,¿ denotes the l-th edge of K,.

If Ki: (-h,h)2, then

wp,*n(') : flV\Ðl':(r -(TY)p(r-rTYf e2r)
L=l

The Jacobi-weighted -L2-spaces over K¿ and 0 are furnished with norms

as follows

M

ll"llr,ur*s : lluwp¡2, x¡llt 2(K¡) ll"llï'ornl: t llull2t,prxs . Q-2.2)
i:r

Similarly, a weight function WB,.rr(") is defined on each internal edge y

wp,,,(,) : ylffil', r €''/¿,

where W,m àre, the two end points of "W .



The corresponding Jacobi-weighted spaces over J¿ are associated with

the norm

llull r"ptt ¡ : llu W B ¡ z, r,ll 
", 

6,¡ .

A local error indicator r¡yu associated with the residual r on the element

K, is defined as

If 1¿: eh,h),

wp,rr(,)

and another error indicator

edge y is defined as

then

: ú lØtu#ùl':(, -(iy)þ
m:l

(2.2.3)

(2.2.5)

(2.2.6)

Txn

Iht

h.: 
*llr,ll""p(xl, 

(2'2.4)

associated with the jump -R on the internal

Lr/2
Ttt¿ : þllo"'l|þttò'

The global error estimator 4 is defined as

,f :Ðn?<,+ D r'-,,
K¿eT 'y¿e ôT

2"3 Modification to Indicators and Estimator

In

the basis

standard

general, the residual r¿ / Po@ù

functions are the images of the

square element Q : 12 : (-1, 1)2

and the jump Rr, / Po@) rf

shape functions defined on the

and the corresponding mapping
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is not iinear. So we need to modify the error indicators and also the error

estimator correspondingly.

Let tIPo denote the L2u(K,)-projection on Po(Ko), and let llf, denote

the Lþ($-projection onPo(lò. The error indicators f¡<ao and f¡r, are then

defined as follows:

ñou: 
þVu,oll"7(K¿):

: 
þwo.'t*azg

fr llnu.,rr,lùþ{x;)

- usllth&o),

and

(2.3.1)

(2.3.3)

_ hrl2 ,, ^ ,, ht/2
ñt, : þllnr,,olÛ-þrtù 

:'þllnfl,R',,1iþrtù' Q'3'2)

Therefore the global error estimator is modified to f as usual

ñ': Ð ñT,+ Ð ø?,,

K¿€T t¿e ôT

If there is no confusion, we drop the index i, in K¿ and the index

.(. in 7¿ for simplicity. From no\ry on K denotes one elemenl K¿, and 7 denotes

one internal edge 7¿.



Chapter 3

A Mathematical Frarnework of
Jacobi-weighted Sobolev Spaces

3.1 .tracobi-weighted Sobolev Spaces on Qn

Since the error indicators and the error estimator are associated with

the weight functions, we need to introduce systematically the Jacobi-weighted

Sobolev spaces. These spaces have proved to be the most appropriate func-

tional spaces for a-priori error estimation for the p- and hp- version of FEM

in [2, 3, 4, 5, !5,16] and a-posteriori error analysis for the p-version of FEM

in [13, 14] . They also provide a very useful mathematical framework for the

a-posteriori error analysis for the åp-version of FEM.

Let Qn: Iî: (-h,h)'. For B: (þt,82) and a: (*t,a2), with
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þr,l3z > -1 and integers o1, az) 0, we define aweight function onQn

WB+o,qo(r) : Wþr+or,pr+or,en(r)

: Í - (TnÉr+41(1 - (ff)\o'*"" .

The Jacobi-weighted Sobolev spaces Hr,P(Qn), k > 0, are introduced

in [2, 19] with the norm

llull2¡¡.,ø1qn) : >, I lð'ul2wB¡a,qo d.r,
lc.l<nJ Qo

while nk'þ(Qn) is defined as a dual to Hk,þ(Qn) with the norm

llull'ro.u@o7: >, I P'ul2wB-a,qn d,t '

þlstr Qo

We are particularly interested in the spaces with ,k : 0,1. It is easy to tell

that

llull¡70,r1çn¡ : llull¡¡o,r1eù: ll"llthrq,) : lluWB¡zll",@ot .

3.2 Jacobi-weighted Sobolev Spaces on K¿ and

We next define Jacobi-weighted spaces Hk,P (K¿) and. Ék,þ (K¿) over the

element K¿. Let F¿ be the mapping of Q¡ onlo element K¿, ànd ú¿: v o po.

We define

ll"ll 
",uro 

s : llu¡ll ¡,þ<q,),
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and

llull s x, o 1x ;l : llú¿ll u u,p e n), llull ¡1 x,o 1x ;) 
: llu¿ll ¡y o, a p o¡ .

The Jacobi-weighted spaces Hk,P (T) and Hk'þ (T) are defined as

Hk,P (T) : )Hk,o çK), Hu'P ï) : )Hk,þ (K) ,

KK

which are furnished with "broken" norms

llull2¡¡u.a qr¡ : t llull2¡yu,o 1x¡, llull2yo,e 1r1 
: t llull'Bu,u rot 

.

KeT Ke.T

Hereafter \Me assume that vector 0 : @t,0r) : U3,¡î¡ *ittt B e [0, t).

For simplicity we can use B as avector (P, P) or as a scalar B without causing

confusion.

3.3 Variational Equations in Jacobi-weighted
Sobolev Spaces

In the framework of Jacobi-weighted spaces Hr'-þ(T) aod iI''P(T)

with B € [0, 1), we re-formulate the elliptic problem (2.1.1) and its variational

equation. Suppose that / e L2u(T), then we seek z e Uå'B [) such that

B(u,u) : F(u) Vu e n]'-P (T) ,

where n]'-açf1 ana n]'P(T) are subspaces of H|,-B(T) and. ltt'þ(T) with

functions vanishing on ô0. B(u,u) is now a bilinear form on ¡[t'Þ(T) x

H',-P(T), and F(u) is a linear functional on L2-p(T).
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We introduce a ne\M norm for the error e denoted bV llltlll* ott the local

element K and lllelll on the domain 0, such that

llltlll" : sup lB(e,u)vl,
llt,ll¡ri,_É txl=1

(3.3.1 )

and

lll"lll : sup lB(e,u)l ,

llallnt,_B c>:r
(3.3.2)

where

Obviously,

llltlll" < llell¡¡',r1r¡,

It is proved in [1a] that the error e is

anð, Êt,þ(T) if z € Wt'n(Q) wirh s >

B(e,u)7a: (Ve.Vu -l eu) dr .

I I Itl I I < llell¡¡',a ç7¡ .

in the Jacobi-weighted spaces Ht'P (K)

2lB or u e H|+'(LQ) with s > | - P.

I-

3.4 Approximation and Imbedding in Jacobi-
weighted Spaces

In this section, Iet u(r ., y) and U (€, ù : u(hË, hrf) be functions defined

on Qn : Il : eh,h)' and Q : 12 -- (-1,1)' and let Pr(Q) be a set of

polynomials of separate degree ( p on Q, and let Uo : nf,qU denote the

Jacobi projection of [/ on Po(Q).

In the remaining parts of this thesis, we often use the following lemmas

and theorems on approximation and imbedding in Jacobi-weighted Spaces
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Hî'P(Q) and Hk,P(Qn). We refer [14, 13] for the details of proof for these

lemmas and theorems.

Theorem 3.4.L. (Theorem 5.6 and Theorem 5.7 of [18])

LetU € Hb'P(Q), wi,th i,ntegerk > 0 and B > -1. Then, for i,nteger 0 < (. <

k, there holds

llu - u)luuop¡ 3 C p-(n-o ilUlllr,oqq¡, (3.4'1)

andi,.fklp|-7,

lU - Uoln',p@) < C p-(n-o lul7r,açq¡ (3.4.2)

Moreouer, 3.1.1 holds for non-i.nteger k >-0 iÍ 0 < I < k.

Lemma 3.4.2. (Proposi,tion 7.1 of [15])

For i,nteger k ) 0, u e Hk'þ(Qn) if U e Hî'P(Q) and ui,se uersa. Further-

rnore, there holds

lulnuB@ù - hr-k ltJl¡¡u,ø1q¡, (3.4.3)

and

lulnu,B(tÐ - ht/2-k ltJl¡1o,ag¡.

Lemma 3.4.3. (Lemma 7.2 of [15])

Let u e Hk,0 (Qn), with i,nteger lc t 0. Then

llU - Uoll ru,o p¡ S C ht"-r llull 7¡o,ø 1q n¡

wi,th ¡1": min(k, p + L), and C i,s 'independent of p, h, k and u.

(3.4.5)

(3.4.4)
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Theorem 3.4.4. (Theorem 7.3 of [18])

Letu e Hk,P(Qn), i,nteger k > 0. Thenfor real number s, i,f 0 ( s 1k, there

holds

llu * uollr",p@) < c p-(k-') hp-r llull¡¡*,þ(eù , (3'4'6)

wi.th ¡-t,: min(k, p + 1).

The Jacobi polynomial of degree rn is defined as

. (_1\m 
c\_Bd^(I 

_ €)*+"(r + €)*+pJ#pG): ffi{r - {)-"(1 + *, dq*-.
with a, P > -1. We use JAG) to denote JhP(Ð.

Let {fl,rbe zeros "f (Jf"(t))' - m+L+zþ Jh\G),'i:1,"' ,ffi- 1, and

let €L,0 : -1, Ëf,,*:7. These (m+ 1) points are called Gauss-Jacobi-

Lobbato (GJL) points, which are used in quadratic rule of GJL-type which

are referred to as Bouzitat quadratic rule of the second kind in [12].

Let lL, jG) be the Lagrange-Jacobi interpolation polynomials of degree

m,0ljlm,suchthat

tf.,¡Gf.,):6¿,j, o 1i,,i 1m

where ô¿,¡ is Kronic Delta function.

The Jacobi-weighted Lz-norm of tfl,o$) and, tfi,*({) is given in [1a]:

Theorem 3.4.5. (Theorem 3.2 of [tl])
Forj:O,Tn,P>-7,

lltk,¡ll"brnlcovrtzQ+flm-1r+Þ). G.43)
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Lemma 3.4.6. (Lemma 4.5 of ftlr])

If u € H',þ (8), wdth t > 1 + s + P for some s 2 0 and p ) -L, there holds

on the si,de I oÍ Q

llrll"",rtrl < O(¿, s,B)llull¡1',açq¡. (3.4.8)

In particular, i,f s : 0 andt > 1+ B, there holds

llull¡r.,ø1r¡ < O(¿, 0) llullnlprqt , (3.4.e)

wi,th

or co',t,,s, ø): ,.#p) (¿ - r - 1 - P)-'t',

and

a(t,p):#r)- (¿-1 -p)-'t' .



Chapter 4

Quasi .lacobi trrojection and Ïts
Approximation Properties

lu - no,þyulu^,-øçx) 1 Cp^-' h1-* lu1rr,-p(K) .

16

4.r Construction of Quasi Jacobi Projection
Operator

In this section, we first construct an operato, nl ' n|'-B(T) -+

,90't(f),7), which will play an essential role in the proof of Theorem ??. The

operator is based on the Jacobi projection on Po(K) over each element K,

and is then extended to the finite element space ^9p'1(0,T) over the whole

domain 0. We call it quasi Jacobi projection operator, which is the image of

the quasi Jacobi projection operator on unscaied elements and meshes under

a simple scale mapping.

Lel uy :tlo,Pyu be the Jacobi projection of u € ïI'-B(K) onPo(K)

with É < 1. Due to Lemma 3.4.1 and Lemma 3.4.2 there holds f.or m:0,1

(4.1.1)
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Let uo be a piecewise polynomial in 0 such thai

uolx--ux, VK €T-

Obviously, uo / ,9p'1(0,7) because it is not continuous in O. We have to

modified oo without substantial loss of approximation properf (a.1.1).

For any vertex V of T, we define an averâge as

1

úo(V) : t- _Ð u*(r), (4.1'2)
KeQv

where Qv is a patch centered at the vertex V, and ny denotes the number

of elements in the patch Qy.

We denote the vertices of an element K by V,7 < i < 4. Suppose I is

located at (-h,-h). Then at this point we can modify u6 lo rfl) ut follows

ulT) : ux + (up(V) - r*(vr)) Ç,Pr(T)¿;,orfffl ,

where ¿;,5@, i :0,p, is a Bouzitat-type polynomial of degree p such that

¿;PoeÐ : r, ¿;,ß(1) : o, ¿;,!eeÐ :0, ¿;,Pe('t) : t .

Then it can be verified that

,l)) Vù : up(vù .

Similarly, this kind of modification can be carried out on the other three

vertices V2(h,-h),Vs(h,h) and Vn(-h,h) of the element K. After these four

steps of modification, we have

o*) : 'o +'()) 
'
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with

,t! : @,(v,) - uo(V)) ¿;ft(T) ¿;,ur(T)

+ @o(vù - urc(vz)) !;,!,(T) ¿;,ß(T)

+ @o(vù - rx(vr)) ¿;,!,(T) Ç,!,(T)

+ (ø,(vù - ux(v¿)) t;,ß(T) ¿;,þ,(T) (4.1.3)

On the four vertices of element K, we now have

'*)(u):úp(v), 7<i<4'

Let ojt) and r¡(1) be piecewise polynomials on 0 such that

o[Ðlo:ul]r,.,1)1rc:**r, vK e T.

The completion of such modifications on each element gives us

'f,t) 
: u, + wG) , (4.r.4)

which guarantees that

u[1)çv7 -- Ðo(V), for anv node v ín T .

We further modify ,jt) ott each internal edge 7 which is shared by a pair

of elements K1 and K2. We ma,y assume that 1: {(rt,h) I -h 1q t h},

Kt: (-h,h)t and K2: (-h,h) x (h,3h) as shown in Fig. 4.I.2:
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X2

3h

^l

-h

Kr

h

h

K,

-h

X¡

Figure 4.1: Two elements sharing an internal edge

Let

ó-,(rr) : ut))"@r,, h) - rt+l(rr, h),

which vanishes at the two end points of 7. We extend this function in the
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patch of y Q., - KllJ K2 as follows

(4.1.5)

Note that ?r7 vanishes on the boundary of Q" such that it can be

extended to the whole domain 0 by a zero extension outside Qr.

Let wQ) be a piecewise polynomial on 0 such that

and

wQ)_Ð,11,:Ðr,.
K€T "yeôT

Let uf,) be a piecewise polynomial on 0 such that

u[') :11G) ¡ ry(2) .

Now we can finally define the quasi Jacobi projection as

nlu - ,y) e Sel(Q¡) ,

that is,

nf, :'t)p ]_111G) ¡ 1y(z) . (4.1 6)

We have completed the construction of the quasi Jacobi projection with

desired properties.

[ ïó-,("r) ¿;,Pr(T) : u^t,r, on Ky
wl: \

| -Tó^,(r,) ¿;,ße - 2) : u1,2, on Kz.

*(z)lx:r11,: t u-t,
ßõKñôT
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4.2 Froperties of Quasi Jacobi Projection Op-
erator on Scaled Elements

In this section, K and Ê denote the squares with side length 2h and 2,

respectively, and K: k oF where f'is asimplescalingand translation'

Similarly, 7 and f denote edges of elements with length 2h and 2, respectively,

andT:1oF. Let ûfr:u¡çoF andû1 -utoFfor allz€ H|'-P(T)'

Lemma 4.2.L. For B e (112,1) and, rll) ot constructed, i" (1r.1'3), we haue

', 11) 
',||wii,||rz_u1x)<CffiÐ||u||¡¡r,_ø1r,¡,(4.2.I)

t- / Kt€ex

here Q6 d.enotes the patch of the element K contai,ni,ng elements Kt such

that K)K' t ø.

Proof. Since

llr*) ll 
",_ 

u r*) 
: h llû*) li,- u tR),

due to the result of Lemma 4.2 in [t4], there holds

llû$)llr,-rral s c'pzÞ-z togl/2(t +P) t llî n, - î t,,llu,\A&.r4)
R,,R,,eqp i=îlnñ

ieQ ç

where Q¡ : Q, o F-t and Q g

Ifwelett:2-28*e,

: Qx o F-1.

then using (3.4.S) in Lemma 3.4.6 and (3.4.6)

(4.2.2)

t llî - õ*,ll¡¡-l,-eç1) (4'2'4)

k,eeq
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IN Theorem 3.4.4,, we have

In the same way v/e obtain

llî - în,,ll¡¡-a,-o1i¿ <

A combination of (4.2.2)

Co
pr-2P+€ llull¡¡,-a6,,). (4'2'6)

erl2l(l -

- (4.2.6) leads the completion of the proof'

!

Lemma 4.2.2. For P e

llr.,ll""_ur*¡ S C

Proof. Since

llrrll",-uroù -- hllû¡li,-ur¡¡, (4'2'8)

according to the construction of ôi in [14] and (3.4.7) of Theorem 3.4.5 , we

have

p)

to

(712,7) and u^t as

h,pe-tlogl/2þ+f)w
constructed in (4.1.5), we haue

! llrll"',-oçx*). (4,2'7)
m=I12

llû ¡ll 
",_ 

o r 
k,t : |l Ç,P, 

(r z) li,- p r rt I I 
î*] - î*l,ll L"- p (i )

lla$] - d)),1i,-u6t: ll(îa, + û$l)

S llûn,-îp,1ft,-u6)+ llû$l -

^lll' 'r- luR, + wþ")lbz_utÎ)

(4.2.e)

and

û*l"llL,_p0) (4.2.10)
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If we let t:1 - þ + e, then according to (3.4.9) of Lemma 3.4.6 and (3.4.6)

of Theorem 3.4.4, we have

llî n, - õ s,l|,-u(1) < I tlt - î R*li,- uo)' m=lr2

- \- -'.-o m=l'2

:-< c7a6:S ! llrll"',-p(K-)'
m=I12

According to argument of Lemma 4.6 in [1a] and (??) - (4.2.6), we obtain

llû$l - û*l,llL"-p(l)

c'-itrO:ø:r llô4, - îp,llut-o'-oç1¡ Ø'2'12)

r "'ä#+#), lt,tl", -þ(K^)

It is obvious that (4.2.10), (4.2.1I) and (4.2.72) give

w?"-î*),llL,-p6) = 
t'### ),ll'll" '¡,-þ(K*) ' (4'2'13)

A combination of (4.2.8), (4.2.9) and (4.2.13) completes the proof o1 (a.2.7).

Theorem 4.2.3. For u e H1'-þ(T), there holds for B e (Il2,I)

llu - nf ull""-¡*t < C
hp,-t \ogtlz (1 + p)
- rrtrr'ø(T t llulls''-ø1x'7 @'2'14)

K'€QX

wi,the e (0,2-2P) arbi,trarY.
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Proof. According to the definition

nf, : up I ryG) ¡ 111Q) ,

therefore in the element K, we have

@-nf u)lY 

: 
ou ouoo 

:i', -'u, ,u,-,-

lCAKNõT

Apparently

llu - IIf ul|,_o{x) S llu - uxli,_u@)

+ ll*l))11""_uwt + t llr^,11",_urot,
lcaKnôT

and according to (3.4.6) in Theorem 3.4.4

llo - u*li"-utx) : hllî - îgll7"_u1fr) < c hp-t llullrt,-þ(K) ,, (4.2-15)

which, along with Lemma 4.2.7 and Lemma 4.2.2, give (4.2.74). !

Theorem 4.2.4. Let 1-Rttkz. If u € Ht'-þ(T), Íor þ e (712,7), there

holds

llu - nf ull*_p(ù (4.2'16)

--7ÆA- Ð t:r,2K,cevt

wi,th e € (0, 2 - 2P) arbi,trary, and V1, V2 are the two end poi,nts of 1.
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Proof. Since

tllu : up i 1110) ¡ 1t1Q) ,

we have

(u - rrf u)1., : (,u - ux,)|., - ,Íll 1", - *l1ll",

If we let t :7 - þ + e , then according to (3.4.9) in Lemma 3.4.6 and (3.4.6)

in Theorem 3.4.4, we have

ll, - o*,1|"_u{ù - htlz llõ - în,ll",-u6t
t^1 /2

s c fETl:ø llî -în,ll,¡',-'.1fr¡ Ø'2'17)

, ^ 
¡t/z Oe-ß

According to the argument of Lemma 4.7 in lL4l, (3.4.7) in Theorem 3.4.5,

and (??) - (4.2.6), we have

llrll),ll r,_ 
o r.,) 

: h\ t z 
llû¡),ll L,_ p (1)

: h't' Ð lîrÛù - îk,Ûùl l¿;,1,-r¡eli,!p0)
L:r,2

l=I12

¿_ n htlz 'p7-t logrl2 {p + I) a- f :

, n hrt, p,-p \c,Êt'þ i! \- \ull¡¡,,_ø1x,¡ .\wffikn.,,

(4.2.18)

llî t, - î Íi,,ll u, - p,- p (¡)
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where Qç,: Qv o F. Furthermore, as shown in (a.2.13) of Theorem 4.2.3,

llrft),ll*_ur.,t :

A combination of (4.2.17),

t'llûX),¡i,_uo)

h,t, ltõul - d;il,,_uo)

¡rlz Oe-0 logl/2(p + t)
€Lt2T(7 _ p)

(4.2.18) and (4.2.1e)

I llrll"',-p(x^)

hr

1

t
C

(4.2.re)

m:I,2

Ieads to (4.2.t6). ¡



Chapter 5

{.Jpper and Lower Elounds of
the Error in terms of
estirnators and indicators

In this chapter, \ /e prove the main results of this thesis. First we analyze the

upper bound of the error in the terms of the error estimator, then we derive

the lower bound of the error locally and globally.

5.tr- Estimator r¡

Theorem 5.1.1. Let e : u - us be the error of the fini'te element soluti'on

,in Sp,I(A,T). Then there holds Í0, 0 e (112,7),

lll'lll < c(r,0,p) n

where

c(r,þ,p):c@,

(5.1.1)
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and€ € (0,2 -2p), arb'itrary.

Proof. First, Iet u € Cf(f¿), and let nlu be its quasi Jacobi projection

on Sp,1(A,T). For the model problem (2.L.L)

r
B(u,u) : 

Jn(ru. 
Vu * uu) dr ,

therefore according to Green's formula

r,¿'ud,r: t u?or- [ ,r.yud"r,J, Jaa dn Ja

we have

r
B(e,u) : 

ln{r". 
vu * eu) d,r : lunfr, o, * Irk - /,e) u d,r ,

since e : 'LtJ - I^Ls, we have

r ô"-uor: \- f Yrds-\- [9!lro,
J unñ, "t : ?*, J., 6n'u 

us - 
,a-r lr-a, - *-

: t In,0,,
teôT J t

and

therefore

(5. 1 .2)B(e'u) 

: ï'r ,T-'nlnd,r+\ [ot,-nfed's
KeT" Á 'y€ôTr'Y

| "r" 
- Ae) u d r 

: ü": ï:::::'' 

o'

KeT" ß
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By Theorem 4.2.3, we have

l .Ð1., þ -nl,) o,l (b 13)
K€T

KeT

KeT' KeT

,r¡zyrtz(1 _ B) ,, 
*r,

and by Theorem 4.2.4, we have

l,-Ð*l^,^('-nl') o'l (5 14)

ert¿ | lI _ þ) , ,¡¡ 
te ôT

A combination of (5.1.2), (5.1.3) and (5.1.4) leads to

lB(e,u)lsc#å+rþl¡¡t-0,'1r (5 15)

The above estimation is valid for u € Cf (CI) By a density argument it can

be proved for all u e n!'-ß17). Therefore

lB(e,u)l 1 c(r, þ,p) n .,

,.ffi1t1 11'llu'-u1r¡

which proves (5.1.1). n
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5.2 Indicators r¡yç and r¡.,

We should analyze indicators rly ànd rþ as a lower bound of error in

weighted norms.

Theorem 5.2.t. If Í e Po(K), then for P € (0,1)

lllrlll" ) Cpþ-'n* . (5.2.1)

Proof. Let

,t): rwp,o: r (r - flnuO - (T)\p ,

then u vanishes on 0K, and it can be extended by zero extension outside of

11. Substituting u into (5.1.2), we have

llrll2thtn : (r,u)17¡ : B(e,u)lx < llull¡y',-ø1xl lll"lll" þ.2.2)

Noting that

llull,*_Btt<t: llrll*prn, (5.2.3)

and by the argument of Theorem 5.2in [14] and Lemma 3.4.2, we have

llull2p,- a 6¡ -- llull2,,- u1x¡ 
-t lul2¡yt,- o çx¡

: ll,ll?Z¿t*t * lî12u,,-prkt

which implies

llull ¡7',-ø qx) < C p h-r llrll *p¡¡t . (5.2.4)
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Therefore

llrll2rzr rct
I I l'lll" 

= þ-Ëä > c hp-' llrllr"prn : c pþ-' nx'

n

Theorem 5.2.2. IÍ R^t: Rl, €Po(l), there holds

Ð lll,lll" ,- ¡fi: J¡n-,, 
Y1 e or (5.2.5)

t<e Qt

wi,th B € (0,1), where Q., it a pai,r of elernents shari,ng 7.

Proof. Suppose I -- {(rr,0) I -h 1z1 t h}:RrlK2 as shown in Fig

5.1. X2

2h

I

Kr

-h

Kz

h

-2h

Figure 5.1: Two elements sharing an internal edge
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Let

,þ-, : Wp,^, Rt : Q - (+)\P R, ,

with B > 0, and let

u, : tþ.,(rr) t;,ß(Y- 1) , _2h < 12 12h.

Then u, vanishes on ðQr, and it can be extended by a zero extension outside

of Qt.

Since

llu",llz¡¡,,-a6,¡ : llrrll?2_p(Kt)tlu1l2¡¡,-a6¡, (5.2.6)

by applying (3.a.7) in Theorem 3.4.5, we have

llu,,ll2L; p',,'ù 
: llrþrll'r,- prr) llt;,8 (Y - 1)1127"- 

uaù

: llhllTiøt' hllt;,lïËrl - 1)|127,_uqî,)

with 11 :10,2h) and 1:10,2]. As shown in the argument of Theorem 5.3

in [14], and applying (3.a.4) of Lemma 3.4.2

lurl2¡1t,-o1x) : l6ll2¡y',-a6r¡

(5.2.8)

: C t(1 - þ) p'B h-'llÐrll2rhr.¡ .

A combination of (5.2.6), (5.2.7) and (5.2.8) leads to

llu.,ll2sr,-øqx,) S C t(l - þ) p'P h-'llL.,ll?,,ur.,t. Ø.2.9)
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The above inequality holds on K2 as well.

Since

B(e,u.,) : 
à., lo, u, d, + 

I^, 
R., u, d,s,

we have

llLrll't,urrt : (Rr,r-,): Ð (uk,u-,)l*- l.rurdr)Keet

xeet

According to the definition of nx and applying Theorem 5.2.1, we have

ô

llrll*prxt : ï r* < C ph-' I llrlllr.,

which, aiong wiih (5.2.7) and (5.2.9), give

llL.,ll't,ot,t
xee.y

which leads to (5.2.5) immediately.

Corollary 5.2.3. For B € (0, 1), there hold

lll"lll > cpÞ-t (f ,î)''', (b.2.io)
KCT

and 
,r"t > ¡å-au¡(,_Ð.*r;,)''' (b.2.11)
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Moreouer,

lll"lll> cr(0,p)

with C2(B,p) : min {f-1/2(1 - þ),p1-t}.

(5.2.r2)

5.3 Modified Indicators ñx,th and Modified
Estimator r¡

In general the residualr /Po(K), and the jump R., ØPr(l) if the basis

functions are the images of shape functions defined on the standard square

element and the corresponding mapping is not linear. Therefore, Theorem

5.2 and 5.3 do not hold in general. We need to investigate the modified

indicators fly and fl" as the lower bound of the error.

In the following theorems, rp, fn denote f'p]ç) projection of r and / on

Po@) respectively and .Ro denotes the Lzu projection of -R on Po\). That

is, r, : tIþ*r, Í, : IIP*f , and let Ru : nf,R.

Theorem 5.3.1. Let fi,lx,l, be the modi,fied error est'imator and i,ndi,ca-

tor d,efined, in (2.3.1)-(2.3.3), and, letnþo and,nfl be the Jacobi, projecti,on

operators on Po(K) and Pr(1) respecti,uely. Then

T,

lll,lll < c(,,t3, ù (n.hT*lr -n|.fláþ@¡*# p*

where

llT-nflRll"Trrt) ,

(5.3.1)

-Co
p' Iogtl2(p + t)c(r, þ,p) - "u ,Llz¡tlz(I _ p),



.t i)

ande € (0,2 -2p) arbi,trary.

Proof. It is obvious that

and

(,,, -nl,) o: (,o,, -TIl,) ** (¡ - f,,u - nlu) o,

(o,u - nlr).,-- (u,, -nl,)" * (t - Ru,, -nlu).,.

Then we have from (5.1.2)

lr1r,,¡l < t [,.lr,l+l/- f,l)1,-trfuld,r
1,,

^t/

+ 
F* I,(lA,l 

+ ln - Êol) lu -nf uld,s.

By Schwarz inequality and Cauchy inequality, we have

I I v,l+ l/ - r,l) l, -Trf uld,r
ãr J*

K€T

+ (,.t- #r, - fnll2rTrxt)"'( Ðr#þ -nf u¡1'""-u1*t)'t'
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and

t
1€aT l^,rlr"t+ ln - R*l) l, -rrf ulds

teÐT

+ (Ð hro- Rp|2r,pr.,t)''' (à+þ -nf u11',,_u,^,,)'''

1€AT ' 1€ôT t€õT

Due to Theorem 4.2.3 and Theorem 4.2.4

llu - nf ull",-uro) s t ffi t llull¡7,,-ø1x,7,
\ / / KteQK

and

llu - nf ullr,-B(t) 
= 

t ffi Ð",Ð lloll¡r,,-n1r,¡
t / ¿:1,2 K'CQv¡

which together with (5.3.2) and (5.3.3) Iead to (5.3.1) immediately. ¡

Theorem 5.3.2. Let f¡y be the modi.fi,ed error i.ndi,cator defined i'n (2.3.1).

Then

ñx < c p'-B lll"lllr. * þtlt - rnlltflx) (5.3.4)

and

(5.3 3)

lll"lll' > c (na-' ñ. - lw - Í,11,"u,",) (b.3.5)
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Proof. Let u : roWB,6, then 'u vanishes ofi AK and can be extended by

zero extension outside of K.

Since

(5.3.6)

Along with (5.2.2), we have

Therefore

llrrll'hwt<cph-'lll'lllr+ll¡ - fnl¿,Trn, (5'3'7)

which will lead to (5.3.4) and (5.3.5) immediately. n

Theorem 5.3.3. Let fi, be the modi,f,ed error i'ndi'cator on i'nternal edge

1 : Rt I R2, then

ñ.,tcf'l'(1 -Ð 
Æ.,(ttt,ttÈ+LW 

- fÀl"¡or) * #ro-&liTttt
(5.3.8)

(r,, u)l* : I f, - ro t ro) rrWB,y d,r
Jx

= llrpll2Lh,"t+ l.ff - fr)rowB,xd,r,

and since ro e Po(K), (5.2.4) holds as

llull ¡¡,,- ø 1xl < C P h-t llr rll 
"'utol 

.

llrpll2r,pfxl

I llullr,,-urnr lll"lllr + ll¡ - fnliTwtllrrll",urot

I c ph-'llroll",ur*t llltlll¡< + ll/ - ÍnlÉþøll'rll"'urot'
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0,nd

Ðtil,ilro .-å-ø(r,-#r*-R,|""u,.,,) - i Ð |Í-r,|r,otx)
KeQt - \- t-/ r t KeQt

(5.3 e)

Proof. Suppose that 7: {(tt,0)l - hl 11S å} as shown in Fig. 5.1. Let

1þ, : Wp,., R, : (L - (TY)þ R" .

By % we denote the extension of ,þ", in Q,

u.,(r) : rþ.,(rr) t;,\tY - U, r e [-.h,h] x [-2h,2h],

then u,, vanishes on ðQ.r, and can be further extended by a zero extension

outside Qr.

Since R" e Po\), þ.2.7) and (5.2.9) are valid, i.e. for m : I,2

llo.,ll",_ur*^) s cl'l'(r - {3)pP-' h'l' llRol|pt",l, (5.3.10)

and

llurll¡y',-nçx*) < c l'/'(7 - þ) p0 h-'/'ll4ollL,u?ù . (5.3.11)

According to (5.1.2), for u1, there holds

B(e,ur) : Ð I._ru,,d,r+frar.,asm=I,2'

: t ( 
In^rou,d'r 

* I.^r, - fo) u-,d,r) * 
l,Ru-,d"s,rn:I,2
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ll*rll'""ur.,t: I.,ourd,s 
t l.,rr, - R) u^,d,s

which together with (5.2.2), (5.3.10), (5.3.11) and (5.3.7) give

(f, - f) r",d,*)

m=L,2

+ t (llroll"7<*-) + ll/ - fnlftþrx*r) ll,^,11"'-u,*^,
rn=I12

+ct'/'(L - p7oß-t ¡rr/z t (llroll"Tro*) + ll/ - fnliTrx-,) lltollr2,",
m:L,2

+cr't'(r - Ð #Æ, ('ll"lll"- *lW -

Therefore, (5.3.S) and (5.3.9) are obtained.

f oll"7w^t) llRpllt"ptt),

tr

Remark 5.3.1. If f i,s smooth, llf - nþ.f l|þfÐ i's rnuch smaller than q6

and,llltllll" and, canbe omi,tted,. In [20, 23],tI}Kf was used, but f -fI}of was

measured. in L2B(K) wi,th B 10. obui,ousty, llf -nB"f ll"Zrx¡ 'is much smaller

thanllf -fI!,<Íl|þfn, i,n parti,cular when f i,s si'ngular. R i's normal dert'uati,ue

of putt-back polynomi,al on1, and i't i,s a smooth functi,on- Therefore, lln-

&llrru<.rl i's much smaller than fi1, and it can be omi'tted.



Chapter 6

Computation of Error
ïndicators and Estirnators

We use three model problems to show the efficiency of the error indicators

and error estimator in this chapter.

6.1 Model 1

x [0, 1]

(6.1 1)

'15

d 0 are polar coordinates,

1),

The first model problem is as follows

( Au:0 on f) : [-1, 1]
I

) u:0 onfl
ìa,
l #: nn on l¿, 'i:2,"

where n is the unit normal outwards to f), r an

f1 :{(2,0) l0<r<

40
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ând

9z

9s

9a

9s

The domain

I .,n 0
-)r-'r' sin i, on f2 : {(1, a)10 < A <

| _.,,, 0

,r-',' cos;, on f3 : {(n,1) I - 1 1r
7 -.,o 0

ir-',' sin i, on fa : {(-1, u)10 < A <

1Ì;

< 1Ì;

1Ì;

: 0, on f5:{(",0)l -7<r<0},

is shown in Figure 6.1:

Figure 6.1: domain for model problem 1

The real solution to this PDE is

1/, . 0
'lt : T'/ " stn -""' 2'

The mesh 7 used in computation is shown in Figure 6.2, where the ele-

ment number is within the circle in each eiement and the global side number

is within the square on each edge:
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Figure 6.2: meshing for model problem 1
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We compute the error indicators 460 on each element, 7 < i ( 8, and

error indicator r:i.r, on each internal edge, I :2,3,6,7,9,10,13,16,18,20, for

2 < p < 8. The values are presented in Figures 6.3, 6.5, 6.7,6.9,6.11, 6.i3

and 6.15.

Since lllrlll",, 1( i ( 8, is not computable, lve compute ll"lla,,uroul,

also we compute ll"llEoS on each element as well. These values are presented

in Tables 6.1, 6.5, 6.9, 6.13, 6.L7, 6.2I, 6.25 and Tables 6.2, 6.6, 6.10,

6.L4, 6.18, 6.22, 6.26, respectively.

The distribution rK¿, r.yt of indicatoß llK¿ and qr, and the distribution

Too, t*u of llell"',p,r<o¡ and lltllutr.,l âre comprited as follows

rK,:nK¿ XToo%,'rl
r ll"llr,,ur*"t
uK: 

- 
tt t¡ t" llelln,,pcl

Tr, :4 x 100%"n
, lltllur",l
Ir, :"^i 

ll"ll"rnl
(6. 1 .2)

and these values are presented in Figures 6.4,6.6,6.8, 6.10, 6.12,6.74,6.76,

Tables 6.3, 6.7, 6.11, 6.15, 6.19, 6.23, 6.27 and Tables 6.4, 6.8, 6.t2,

6.16, 6.20, 6.24, 6.28, respectively.

Note that

Ðrou+ t h, lr, ÐT*,+t, Dtu,+t.
KCT .yLEÔT KCT KCT

lnstead, based on the definition of rt,llellHr,ø6¡ and lltll"tnl, we have

Ðr'*,+ t ,1,:1, ÐPK.:I, Ð**,:1.
KCT neôT KCT KCT
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Figure 6.3: r¡y aîd ry for p:2

Table 6.1: llell¡,,p6) fü p:2

Table 6.2: llellrr¡<l for p:2

Figure 6.4: ry and zi Lor p:2

Table 6.3: t7ç for p:2

0.062253 0.0673616 0.0445527 0.0268887
0.0771089 0.138254 0.128248 0.0240147

0.0819022 0.0841319 0.0563723 0.0348257
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37.3346 56.7685 5r.0474 70.5275

Table 6.4: t1a for çt:2
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Figure 6.5: qy and nl for p : 3

Table 6.5: llellrr,,ø1r¡ for p:3

Table 6.6: llellElK¡ for p : 3

Figure 6.6: ry and r, for p : 3

Table 6.7: ty for p : 3

0.0577404 0.0653722 0.0416806 0.024773

0.0736998 0.144168 0.126225 0.0240653

0.0761995 0.0799543 0.0524914 0.0323601

0.0919296 0.L44423 0.L28649 0.0264005

1.00996

s
co.+
o\
n
O

9.7633

+
ca)

ñ s.81193

\o
O,
ra)
cA
cq

0.4r8s38

1.62514 8.16767 5.06169 1.04359

r0.9437
I.,r-
t'-o\
vi

49.s602
cÕ\
o\¡-

21.0221

ìñ
\o
O\o
\Cj

3.0ss42

25.1553 28.4802 18.1587 r0.7927
32.1082 62.8087 54.99L5 r0.4844

30.4656 31.9668 20.9868 12.938

36.7547 57.7424 51.4356 10.5553

Table 6.8: ts for p : 3
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Figure 6.7: r¡y and q., for çt: 4
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Table 6.9: llellr, ,a6¡ for p -- 4

Table 6.10: llell¿1n¡ for p: 4

Figure 6.8: ry and r" f.or p - 4

23.0275 22.1678 15.4243 9.93231
25.6982 67.5252 57.9033 8.30177

Table 6.L7: T6 on each element for p: 4

28.5385 26.399r 18.8355 L2.L326
31.2951 61.6775 55.9541 8.50354

0.0398771 0.0383883 0.0267104 0.0171999

0.044502 0.116934 0.L00272 0.0143763

0.0526013 0.048658 0.0347177 0.0223625
0.057682 0.1 13682 0.103133 0.0156734

0.906s14

ca
lr,)
tr-
rr)
cl
r)

8.06ss3
ONso\ 2.95069

lr)
co

ôl
co
ñ

0.418193

5.36429 12.2173 6.38892 2.0'7224

7.696

ca
car)
oo
ñ 52.8166

co
N\oq
F-r-

22.r18
ca
t--
coq*

3.81195

Table 6.L2: tx for p: 4
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Figure 6.9: r¡y and z7? for p : 5

Table 6.13: llell",,øçyr. for p :5

Table 6.14: llellB(r<¡ for p: 5

Figure 6.70: ry and r" for p : 5

20.0937 19.6562 13.644r 8.70528

22.8077 69.7602 59.2367 7.23636

Table 6.75: T6 on each element for p - 5

25.2079 23.948L 76.7982 r0.734
28.1693 63.452t 59.2604 7.88553

0.02699L4 0.0264037 0.0783277 0.0116936
0.0306361 0.093707 0.0795703 0.0097204

0.0355358 0.0337599 0.0236806 0.0151318
0.0397105 0.0894491 0.0835399 0.011i163

1.16968
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\o
cl
c'l
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e.l
cr)lr)
lr)
oo
ñ
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coOOq
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cl
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Table 6.16: tx for pt:5
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Figure 6.17: r¡6 and n"y for p : 6

Table 6.17: llellg,,p(r) for p -- 6

Table 6.18: llellBlr¡ for p :6

Figure 6.72: rs and r", for p:6

18.0364 17.4884 72.0073 7.81279
20.1929 77.6236 59.8638 6.50772

Table 6.19: ty on each element fot p - 6

22.8877 27.3826 14.9219 9.73966
25.1086 65.0761 6i.5379 7.03113

0.019687 0.0190889 0.0131062 0.00852779

0.0220409 0.0781783 0.0653423 0.00709607

0.0259892 0.0242865 0.0169483 0.0110624

0.0285185 0.0739138 0.0698951 0.00798599

1.0947
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oo
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Ot? 1..6632

cl
o\
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s.0s809
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N
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q
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c.lo's
di

2.821t1

Table 6.20: t6 for p:6
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Figure 6.73: r1y and q.,t for çt :7

Table 6.2I: llell",,ø1'¡¡ for p :7

Table 6.22: llellB(¡¡) for p:7

Table 6.23: tx for p :7

0.0148932 0.0144196 0.00994571 0.00644847
0.0166818 0.0669735 0.0551734 0.00534437

0.0196207 0.0184823 0.0128702 0.00835033
0.0276767 0.0629337 0.0599839 0.00611195

1.05209
co
Nq
c.)

5.02775

oo
Ø
$
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t.47lt6
sscl
cl 0.43721s

3.64791 8.2458 4.17077 t.9t557

4.s4687

$
f--
ìa)q
cÕ

64.766s

lr)
ô¡\f
cì
o\\o

27.3599

o\ss
NI
c.t

2.6016s

Figure 6.14: ry and ? f.or çt:7
16.2434 L5.7269 70.8474 7.03309
18.1941 73.0452 60.L754 5.82888

20.6501 19.4519 73.5454 8.78841
22.814 66.2354 63.1308 6.4326

Table 6.24: t7ç f.or çt :7



0.0007t2871

co
$
oo
O
'l-ô¡

c;

0-00327047

Þ-\o
co
O\o
!
q

0.000885767

r)\o
\o
$
D-
O

0.00029s43

0.00222211 0.00524563 0.00271564 0.001 18874

0.00292401

cÕ
tr-.\o
N|r)
!?
c

0.0482427
t--
cos 0.020s22/.

s
cos
oô
O(\
e
O

0.00171195

50

Figure 6.75: r¡y and 4" for p : 3

Table 6.25: llellu,,,ls., for p :8

Table 6.26: llellBlr<; for p:8

Figure 6.76: ry and r" for p : 3

Table 6.27: Ty for p : 3

0.0116847 0.0112559 0.00777803 0.00506434

0.0130162 0.0583031 0.0475002 0.00421589

0.0r542r7 0.0144135 0.0100736 0.00656477

0.0169248 0.0548311 0.0525131 0.0047724

0.991845

NO
r/)
dl
cô

4.55033

\o
\a)
ca

coì
O

1.23U
o\
cô

-i
0.411043

3.0917 7.29844 3.11838 1.65394

4.06828

r)r)
o\Ø9
F-

67.12t9

o\
co
oo
co
\ci
\o

28.5536

c'lI
Oq
a{

2.38L9

14.8491 14.3042 9.88442 6.43583
16.5411 74.0923 60.3639 5.35761

18.8922 77.6577 72.3405 8.04277
20.7336 67.1703 64.3307 5.84638

Table 6.28: ty for p : 3
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Based on the distribution, the error and error indicators concentrate

on the element Kz, Ks and internal edge 76 because of the singularity at the

origin, which is shared by element Kz, Ks and edge 76. Table 6.29 indicates

that the distribution of ryr+rKs*rru reflects this nature quite well and tells

us precisely where the big error occurs.

p t-t-tKt T t l(a -T t15 t7¡" I ty, + tK^tx'
2

,)

4

5

6

7

8

146.1994
750.3124
752.8974
156.9627
159.5857

161.3689
762.5594

115.5378

117.8002

725.4285
128.9963

r3r.4874
t33.2206
134.4562

107.8159

109.178

117.6316
r22.7725
L26.674
r29.3662
131.501

Table 6.29: Error concentration for 2 < p 3 8

For the predicability of error estimator 4 and the error indicator 460

and r¡.r,, we compute

s(p) : W#$"¡!tPBo,
sx,(p) : ll"(p + 1)ll¡¡',prrnl ¡ll"(ùllq,f r*¡, (6.1.3)-- ,r*6TT- I ,1",(p) '

s-,,(p) : Ð".0", ll"þ + 
1ìll Ê\P6) lDxeQ^,,11"(p)lle'''r"l

Wl ,1.,Jù ,

where e(p), rt(ù, nx,(p) and qr,(p) denote the error, the error estimator and

the error indicators for the polynomial degree p, respectively.

The numerical results are presented in Table 6.30 and plotted in Figures

6.17, 6.18 and 6.19.
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o
U)

Table 6.30: .9(p), Sx(ù and ^9r(p) for 2 I p < 8

a plot of polynomial degree versus S(p)

0.922.533.544.555.566.57
p

Figure 6.17: p versa S(p),2<p<7

p
^9

Sx, Sx, ,St^ S"ru

2

.f

4

5

6

7

i.12678381 1

.9886294742

.9357894510

.9354342813

.9447576007

.9522252277

1.052048099
.9973403360
.8820382123
.8999406801
.9190871075
.9319832812

3.246398868
.9t05717737
.7066932770
.8931895709

.8873930066

.9268472686

7.199696284
1.076516198
1.001175834
.9936275867

.9947844526

.9949460475

2.289160109

.6823267329

.9606564094
7.078794765
1.055818939
1.046455832



a plot of polynomial degree versus SK (p)

3.544.555.5
p

pversa S*o(p),,21p17,

a plot of polynomìal degree versus Sr(p)
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According to Theorem ?? and Theorem ??, we have

a/-\ (p + 1)' logl/2(p + z)
ù\y)\¿ / p, Iogrl2 (p + L) )

(1 /.,\ (n + t¡o-'¡x\p) È 
epr

5.,(p) N 1.

The tables and figures above imply that the relationship between 4 and

llell ¡y,,ø 1rt, \6 and llell ¡¡,,0 1x¡, r7., and Dx ee., ll"ll a,,u tol given in Section ??

of Chapter 2 is numerically stable and reliable.

6.2 Model 2

The second model problem is as follows

( -A"*u:f onf):[a,1*a] x[a,1+o]

t #: nu on l¿, 'i:7,"' ,4 (6'2'1)

where n is the unit normal outwards to 0, with

f_ rr/2.irr4.J -' ""'2,

and

gt : _.l¡r_rtz"o"0r, on 11 :{(r,a)la<x:<1 *o};

9z : -trr-',' "inf,, on f2 : {(1 + a,a)lo < a< 1 * a} ;

9s : f,r-',t "orf;, on 13 : {(r,1 + a) lt <, < 1* o};
1 -.,n 0

9+ : -rr-','sini, on la : {(a, A)la <E <7+t};



(c,a+1) (a+L,a+1)

(a+1,u)
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Figure 6.20: domain for model problem 2

The domain is shown in the Figure 6.20 and the exact solution to this

PDE is the same as that of model problem 1.

The mesh 7 used for computation is shown in Figure 6.21, where the

element number is within the ellipse on each element and the global side

number is within the rectangle on each edge.

We compute rlxu,, t < i ( 16, and r¡.r,, I :2,3,6,7,9,10,13,15,16,

t7,18,19,20,21,23,24,26,27,28,29,3I,34,36,38, for 2 <p < 8. The values

âre presented in Figures 6.22,6.24,6.26,6.28,6.30, 6.32 and 6.34.

Also we compute llell¡¡,,a6u) and llellBl¡¡,), 1 ( i, < 16, whose values are

presented in Tables 6.31, 6.35, 6.39, 6.43, 6.47, 6.51, 6.55 and Tables

6.33, 6.37, 6.4!, 6.45, 6.49, 6.53, 6.57.
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Figure 6.21: Mesh T f.or model problem 2

The distribution rK¡, r.,tt,Tyo and ú¡¡n defined in (6.1.2) are computed

as well, and these values are presented in Figures 6.23,6.25,6.27,6.29,6.37,

6.33, 6.35, Tables 6.32, 6.36, 6.40, 6.44, 6.2, 6.52, 6.56 and Tables 6.34

6.38, 6.42, 6.46, 6.50, 6.54, 6.58, respectively.
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Figure 6.22: r1y ànd n^t for p:2

Figure 6.23: ra ãnd r.y for p:2
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0.00282583 0.00274616 0.00262364 0.00254369

0.00332238 0.00295453 0.00276 0.00262745
0.00484801 0.00387123 0.00296762 0.0027482
0.0367811 0.00529667 0.00325707 0.00283747
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Table 6.31: llellur,,i ç7a.,, 
for p : 2

Table 6.32: tx f.or p:2

Table 6.33: llell¿1r¡ for p:2

Table 6.34: ty for p :2

7.25395 7.04943 6.73493 6.52969
8.5286 7.58432 7.08497 6.7447

12.4449 9.93751 7.60254 7.05468
94.4778 13.5966 8.36096 7.28382

0.00370628 0.00360363 0.00344805 0.00334609
0.00422537 0.00385248 0.00362327 0.0034544r
0.00558832 0.00493806 0.00387497 0.00361243
0.0399905 0.00650857 0.00420531 0.00372979

8.5835 8.34576 7.98545 7.74932
9.78551 8.92207 8.39125 8.00018
12.9422 7r.4362 8.97475 8.36614

92.6153 r5.0734 9.73927 8.63794
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Figure 6.24: r¡7¡ ard n.y for p : 3

Figure 6.25: ry and r.y for p : 3
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0.000929739 0.000901725 0.00086t227 0.000836531
0.0013539 0.00093417 0.000909605 0.000864477
0.00351015 0.00156367 0.000982738 0.000902339
0.0246713 0.00546885 0.00152679 0.000953094
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Table 6.35: llell6,,ø1¡¡; for p:3

Table 6.36: tx f.or p :3

Table 6.37: llell¿lr¡ for p: 3

Table 6.38: tx for p: 3

3.6033 3.49473 3.33778 3.24206
5.24718 3.62048 3.52527 3.35037
13.604 6.06017 3.80871 3.497Lr
95.6161 2t.L95I 5.91724 3.69382

0.00122272 0.00118785 0.00113539 0.00110378
0.00162998 0.00122538 0.00120023 0.00114021
0.00342276 0.00193567 0.0012923 0.00118813

0.0249282 0.00559692 0.00170007 0.00724775

4.65919 4.52854 4.32854 4.20802
6.21473 4.67163 4.57574 4.34697
13.0489 7.37953 4.92674 4.5296
95.036 2I.3376 6.48131 4.73404
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Figure 6.26: r¡1a ànd n1 for p : 4
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0.000310635 0.000249179 0.000236757 0.000229961

0.000831795 0.000266471 0.000248054 0.00023754

0.00393506 0.000433555 0.000306289 0.000246949

0.0215585 0.00491682 0.00119518 0.000374143
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Table 6.39: llellr,,rl¡¡¡ for p: 4

Table 6.40: t6 for p: 4

Table 6.a7: llellBlr¡ for p: 4

Table 6.42: t6 f.or p: 4

1.37891 1.1061 1 1.05097 1.0208

3.69235 1.L8287 1.101 12 r.05444
77.4678 t.92456 r.35962 1.09627
95.6986 2r.8259 5.3054 1.66083

0.000379959 0.000328592 0.000312496 0.000303661

0.000826219 0.00034598 0.00032698 0.000313547
0.0037331 0.000504937 0.000394295 0.000324806
0.0199146 0.00456732 0.00114507 0.000426585

1.82209 r.57575 7.49857 t.4562
3.96212 r.65914 1.56803 1.50361

L7.902 2.42742 1.89084 1.5576
95.5 27.9025 5.49rt4 2.04568
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0.0001417 4.62104e-005 4.39916e-005 4.2677Ie-005
0.000552283 6.18345e-005 4.60984e-005 4.39538e-005

0.00225151 0.000199778 5.22483e-005 4.72016e-005
0.0164563 0.00240043 0.000574652 0.000142387
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Table 6.a3: llellr,,,.l7¡1 for p : 5

Table 6.44: t7ç for p : 5

Table 6.45: llellBlr¡ for p: 5

Table 6.46: ty for p:5

0.843247 0.274996 0.26t792 0.25397
3.28661 0.367974 0.274329 0.267567
13.3986 1.18887 0.310927 0.280895
97.9307 74.2848 3.47972 0.847337

0.000144092 6.06452e-005 5.8105e-005 5.63862e-005

0.000521296 7.71081e-005 6.07325e-005 5.80542e-005
0.0027444 0.000225698 6.69119e-005 6.22134e-005
0.0145892 0.00237911 0.000537793 0.000143571

0.963204 0.405393 0.388413 0.376923
3.48469 0.575443 0.405977 0.388073

14.3346 r.50872 0.447284 0.415876
97.5243 15.9036 3.59497 0.959722
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7.04359e-005 4.47632e-006 3.81945e-006 3.70314e-006

0.000290141 1.50869e-005 4.73772e-006 3.84959e-006

0.00126689 0.000118688 1.81018e-005 5.49674e-006

0.0118529 0.00131476 0.00024306 5.29514e-005
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Table 6.a7: llellr,,açs for p:6

Table 6.48: ty for p :6

Table 6.a9: llellBlr¡ for p: 6

Table 6.50: t7ç for p:6

0.586985 0.0373039 0.0318298 0.0308605

2.41792 0.725728 0.0394823 0.032081

10.5578 0.989102 0.150853 0.0458077

98.7774 10.9567 2.02557 0.447276

6.91553e-005 5.67196e-006 5.0363e-006 4.89432e-006

0.000271564 1.68583e-005 5.97221e-006 5.07617e-006

0.00129823 0.000129616 1.95279e-005 6.74193e-006

0.0101627 0.00132804 0.000230515 5.21314e-005

0.668921 0.0548634 0.0487148 0.04734L5
2.62677 0.163066 0.0577676 0.0491004
L2.5574 t.25374 0.188889 0.0652729

98.3009 12.8458 2.22977 0.504254
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Figure 6.32: r¡y and T.y for çt:7
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3.47264e-005 1.01003e-005 9.61214e-006 9.3284e-006
0.000145883 7.27302e-005 1.01186e-005 9.61522e-006

0.000703166 6.74837e-005 1.16592e-005 1.0168e-005
0.00846383 0.00076112 0.000110465 2.28874e-005
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Table 6.51: llell;r,r1r¡¡ for p :7

Table 6.52: Tx for çt :7

Table 6.53: llellEqr¡ for p:7

Table 6.54: ty for p :7

0.407137 0.118418 0.712694 0.109367

1.71035 0.149251 0.1i8632 0.77273
8.24402 0.791188 0.136694 0.11921 1

99.2311 8.92348 r.2957 0.268335

3.5647e-005 1.33424e-005 1.27037e-005 1.2331e-005

0.000137018 1.61845e-005 1.33639e-005 1.27084e-005

0.000729829 7.49092e-005 1.49303e-005 1.3367e-005

0.00706416 0.00077891 0.000109451 2.43487e-005

0.49876 0.186682 0.777745 0.172531
1.91711 0.226448 0.186983 0.t778rr
10.2115 1.0481 0.2089 0.187027
98.8391 10.8982 1.5314 0.340679
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Table 6.55: llellp,,B(r) for P:8

Table 6.56: Ty for p : 3

7.04359e-005 4.47632e-006 3.81945e-006 3.70314e-006

0.000290141 1.50869e-005 4.73772e-006 3.84959e-006

0.00126689 0.000118688 1.81018e-005 5.49674e-006

0.0118529 0.00131476 0.00024306 5.29514e-005

0.279059 0.712242 0.107145 0.103982

r.23632 0.126874 0.t12627 0.107161

7.13158 0.732986 0.129456 0.772724

99.4368 7.63847 0.911057 0.183205

6.91553e-005 5.67196e-006 5.0363e-006 4.89432e-006

0.000271564 1.68583e-005 5.97227e-006 5.07617e-006

0.00129823 0.000129616 1.95279e-005 6.74193e-006

0.0101627 0.00132804 0.000230515 5.21314e-005

Table 6.57: llellBlr<¡ for P:8

0.364621 0.181602 0.173653 0.168553

r.449t4 0.20L779 0.782417 0.r73677

9.18383 1.00734 0.203966 0.182532

99.0858 9.62896 1.16438 0.253809

Table 6.58: ty for P : 3
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Even though the singularity of the exact solution at the origin doesn't

occrlr in the considered domain, its effect can be seen in the computation

numerically. The concentration of error is not as severe as in model problem

1, but the bigger errors obviously occur in the elements which are close to

the singular point (0,0). The error indicators preserue this nature and the

concentration of the estimated error happens in the element K1 and on the

internal edge 72 and 73, as shown in Table 6.59, then Kz, Ks, J7, J2s and

so on. Both the error and the error indicators reduce dramatically in the

elements and on the internal edges far away from the singular point.

p ¡-- -J- ¡ -J- ¡tlll t t1, I t.ya ty t'Kt

2

ô

4

5

6

7

8

163.3639
r50.3234
r20.1725
r34.47t6
r37.2827
t38.2479
138.9536

94.4178
95.6161
95.6986
97.9307
98.7774
99.2311
99.4368

92.6153
95.036
95.5
97.5243
98.3009
98.8391
99.0858

Table 6.59: Error concentration for 2 < p < 8

AIso we compute S(p), So(p) and 5.,(p) as defined in (6.1.3), the nu-

merical results are presented in Table 6.60 and plotted in Figures 6.36, 6.37

and 6.38, which agrees with the main results in Chapter 2.



72

p ,s Sx, 5,,
2

J

4

5

6

7

L.L25847239
t.005074776
.8382619133

.9524319704

.9383346896

.9418895308

i.183619506
.6655339946

1.037803898
.9250445038
.9282140409
.9408168819

L.742862093
1.600200504
.7966782797
.9479181906
.8873930066
7.037673725

Table 6.60: ,9(p), Sx(p) and S"(p) for 2 1p < I

2.533.500t555.56

Figure 6.36: p versa S(p),2<p<7

a plot ol polynomial degree versus S(p)
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6.3 Model 3

The third

(6.3.1)

with

Í - - "-''t(2x 
- 7)2 

(u (t - ù (t - zu)( - 40 0r4 +8 00 13 - 400 r' + r s ) +r 1 
r - r) (tzy - a))

and the real solution to this PDE is

u: r(r - r)aQ - ùQ - 2y)¿-z's{2r-r)2

The domain is shown in Figure 6.39 and the mesh used for computation is

in Figure 6.40 with the element number and the global side number given in

the circles and squares.

As usual, we computêllK;,1 < i < 16, and qt,, I : 2,,3,6,7,9,L0,13, 15,

16,17,18, 19, 20,27,23,24,26,27,28,29,31, 34, 36, 38, ror 2 1 p < 8. These

values are presented in Figures 6.4L, 6.43, 6.45, 6.47, 6.49, 6.5I and 6.53.

Also we compute llell¡7,,0çxt) and llell¿1a), 1 ( i, < 76,, whose values are

presented in Tables 6.61, 6.65, 6.69, 6.73, 6.77, 6.81, 6.85 and Tables

6.63, 6.67, 6.7r,, 6.45, 6.49, 6.53, 6.57.

The distribution rKo, r1t,T6o and f¡¡, defined in (6.1.2) are computed

as well, and these values are presented in Figures 6.42,6.44,6.46,6.48,6.50,

6.52,6.54, Tables 6.3, 6.66, 6.70,, 6.74, 6.78, 6.82, 6.86 and Tables 6.64

6.68, 6.72, 6.76, 6.80, 6.84, 6.88, respectively.

model problem is as follows

( -lu: ¡ on f) : [0, 1] x 10,1]

I u:0 on f: ôf)
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Figure 6.39: domain for model problem 3

Figure 6.40: Mesh T for model problem 3
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Figure 6.42: ry and f.y for p:2
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0.00204105 0.00320975 0.00320975 0.00204105

0.000757132 0.00238263 0.00238263 0.000757132

0.000757132 0.00238263 0.00238263 0.000757132

0.00204105 0.00320975 0.00320975 0.00204105
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Table 6.61: llell",,ø¡6; for p:2

Table 6.62: Tx for pt :2

Table 6.63: llell¿1r¡ for p:2

Table 6.64: ty for p :2

22.4205 35.2583 35.2583 22.4205
8.3169 26.L726 26.7726 8.3169

8.3169 26.7726 26.1726 8.3169

22.4205 35.2583 35.2583 22.4205

0.00177946 0.00292468 0.00292468 0.00777946
0.000755702 0.00231825 0.00231825 0.000755702

0.000755702 0.00231825 0.00231825 0.000755702

0.00t77946 0.00292468 0.00292468 0.00L77946

2t.1687 34.7924 34.7924 2r.L687
8.98992 27.5787 27.5787 8.98992

8.98992 27.5787 27.5787 8.98992
2I.1687 34.7924 34.7924 2L.7687
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Figure 6.43: qy and T.y for p : 3
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0.001984 0.00183938 0.00183938 0.001984
0.000639317 0.000662027 0.000662027 0.000639317
0.000639317 0.000662027 0.000662027 0.000639317
0.001984 0.00183938 0.00183938 0.001984
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Table 6.65: llellp,,rl¡ç; for p:3

Table 6.66: lx for p : 3

Table 6.67: llellBlr¡ for p:3

Table 6.68: tx for p : 3

34.7L29 32.7826 32.L826 34.7729
11.1858 11.5831 11.5831 11.1858
1 1.1858 11.5831 11.5831 i i.1858
34.7t29 32.1826 32.t826 34.7729

0.00170366 0.00161893 0.00161893 0.00170366
0.000590601 0.000695053 0.000695053 0.000590601
0.000590601 0.000695053 0.000695053 0.000590601
0.00170366 0.00161893 0.00161893 0.00170366

33.7898 32.1091 32.1091 33.7898
r1.7137 13.7854 13.7854 17.7t37
11.7137 13.7854 t3.7854 L7.7737
33.7898 32.1091 32.1091 33.7898
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Figure 6.46: qa àndT .y f.or p - 4
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0.000195027 0.000642828 0.000642828 0.000195027
0.000141261 0.000242189 0.000242189 0.000141261
0.000141261 0.000242189 0.000242189 0.000141261
0.000195027 0.000642828 0.000642828 0.000195027

81

Table 6.69: llellg,,ø16¡ for p: 4

Table 6.70: Tx for pt: 4

Table 6.7I: llellBlr¡ for p: 4

Table 6.72: tx for p: 4

13.3961 44.1549 44.7549 13.3961

9.70302 16.6356 16.6356 9.70302
9.70302 16.6356 16.6356 9.70302
13.3961 44.7549 44.I549 13.3961

0.000172835 0.000538285 0.000538285 0.000172835
0.000121832 0.000245605 0.000245605 0.000121832
0.000121832 0.000245605 0.000245605 0.000121832
0.000172835 0.000538285 0.000538285 0.000172835

73.7537 42.8352 42.8352 ró. I o,l /

9.69503 19.5445 r9.5445 9.69503
9.69503 19.5445 79.5445 9.69503
73.7537 42.8352 42.8352 13.7537
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Figure 6.47: q6 ànd n.y for p : 5
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5.65279e-005 5.61451e-005 5.61451e-005 5.65279e-005
2.20t27e-005 4.67782e-005 4.67782e-005 2.20L27e-005
2.20721e-005 4.61782e-005 4.61782e-005 2.20I27e-005
5.65279e-005 5.61451e-005 5.61451e-005 5.65279e-005
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Table 6.73: llell",,r¡¡¡; for p:5

Table 6.74: tx for p : 5

Table 6.75: llell1qn; for p: 5

Table 6.76: ty for p :5

29.8515 29.6494 29.6494 29.8515
7L.6242 24.386 24.386 r1.6242
17.6242 24.386 24.386 r7.6242
29.8515 29.6494 29.6494 29.8515

4.7I43e-005 4.7465Le-005 4.7465Le-005 4.7743e-005
2.16256e-005 3.81997e-005 3.81997e-005 2.i6256e-005
2.L6256e-005 3.81997e-005 3.81997e-005 2.16256e-005
4.7743e-005 4.74657e-005 4.74651e-005 4.7143e-005

29.4591 29.6604 29.6604 29.4597
13.5136 23.8705 23.8705 13.5136
13.5136 23.8705 23.8705 13.5136
29.459I 29.6604 29.6604 29.4597
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Figure 6.49: r¡y a,nd q.t for pt : 6

Figure 6.50: ry àrrd r.,t for p:6
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1.05948e-005 2.13971e-005 2.13971e-005 1.05948e-005

4.94882e-006 7.72458e-006 7.72458e-006 4.94882e-006

4.94882e-006 7.72458e-006 7.72458e-006 4.94882e-006

1.05948e-005 2.13971e-005 2.13971e-005 1.05948e-005
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Table 6.77: llellg\p6) fú p:6

Table 6.78: tx for p: 6

Table 6.79: llellBln¡ for p: 6

Table 6.80: fr for p:6

20.7706 4r.8268 41.8268 20.7106
9.67391 15.0999 15.0999 9.67391

9.67391 15.0999 15.0999 9.67391

20.7106 4r.8268 4L.8268 20.7706

8.7024e-006 1.74464e-005 I.74464e-005 8.7024e-006
4.60612e-006 7.84392e-006 7.84392e-006 4.60612e-006

4.60612e-006 7.84392e-006 7.84392e-006 4.60612e-006

8.7024e-006 I.74464e-005 l 74464e-005 8.7024e-006

20.225 40.5466 40.5466 20.225

t0.7049 18.2298 78.2298 10.7049

r0.7049 18.2298 t8.2298 10.7049

20.225 40.5466 40.5466 20.225
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Figure 6.51: r¡y and q^t for p :7

Figure 6.52: rya ànd r..t fot p:7
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7.12075e-007 1.39175e-006 1.39175e-006 7.L2075e-007
6.72593e-007 1.41634e-006 1.41634e-006 6.72593e-007

6.72593e-007 1.41634e-006 1.41634e-006 6.72593e-007
7.L2015e-007 1.39175e-006 1.39175e-006 7.72015e-007
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Table 6.81: llellr,,rl¡¡; for p:7

Table 6.82: Ty for p :7

Table 6.83: llell¡'1r<¡ for p:7

Table 6.84: tx for p:7

16.0789 37.4289 37.4289 16.0789

15.1887 31.9843 31.9843 15.1887

15.1887 31.9843 31.9843 15.1887

16.0789 37.4289 31.4289 16.0789

5.88178e-007 1.15045e-006 1.15045e-006 5.88178e-007
5.376I2e-007 I.72172e-006 L.I2I72e-006 5.37672e-007
5.376I2e-007 I.72172e-006 L72772e-006 5.376I2e-007
5.88178e-007 1.15045e-006 1.15045e-006 5.88178e-007

16.3972 32.0727 32.0727 16.3972
14.9875 31.2712 3r.2772 14.9875
14.9875 31.2772 3r.2712 14.9875
16.3972 32.0727 32.0727 16.3972
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Figure 6.53: q6 and ?? for p : 3
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2.08705e-007 3.91909e-007 3.91909e-007 2.08705e-007

7.30707e-008 1.35373e-007 1.35373e-007 7.30707e-008

7.30707e-008 1.35373e-007 1.35373e-007 7.30707e-008
2.08705e-007 3.91909e-007 3.91909e-007 2.08705e-007
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Table 6.85: llellrr,ß@) for p:8

Table 6.86: Tx for p : 3

Table 6.87: llell¿,qr¡ for p:8

Table 6.88: tx for p : 3

22.2069 47.7004 47.7004 22.2069
7.77496 r4.4047 14.404r 7.77496
7.77496 14.404r 74.4047 7.77496
22.2069 41.7004 41.7004 22.2069

L.69927e-007 3.19838e-007 3.19838e-007 1.69927e-007

7.64232e-008 l.422Lle-007 t.42277e-007 7.64232e-008
7.64232e-008 I.42277e-007 1.42271e-007 7.64232e-008
7.69927e-007 3.19838e-007 3.19838e-007 L69927e-007

2t.4267 40.3296 40.3296 27.4267
9.63651 77.932 L7.932 9.63651

9.63651 17.932 17.932 9.63651
27.4267 40.3296 40.3296 27.4267
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Based on the tables above, we can see that there is no concentration and

the error and the error indicators are basically uniformly distributed because

the exact solution is smooth in the region. The error indicators reflect this

very well.

As usual we compute S(p), Sx(p) and,9r(p) as defined in (6.1.3), the

numerical results are presented in Table 6.89 and plotted in Figure 6.55, 6.56

and 6.57, which also agrees with the main results in Chapter 2.

p ,9 Sx, s,o
2

.f

4

5

6

7

1.531091898
.8745906407
.8026987650
.7974904108
.9442247772
L.078277642

7.707012867

L0248r7L67
.7599433127
.7858086223
.7969478918
.8530166469

7.417462636
1.2810659943
7.263866572
7.235742536
1.167653966
7.027464777

Table 6.89: ,S(p), Sx(p) and .9r(p) for 2 S p < 8



a plot of polynomial degree versus S(p)
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a plot of polynomial degree versus S*(p)
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