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The ACI Building Code and the CSA Code A23.3 for the

design of concrete structures perrnit a moment magnifier

approach for design of slender composite beam-columns in which

a structural steel shape is encased in concrete. The Arsc

LRFD specifications for the design of structurar steel
Buildings utilize the interaction equations for steel beam-

columns by converting the srender composite beam-column cross-
section into an equivalent steel column with modified cross-
section properties.

Both Acr and csA approaches are strongly infruenced by

the effective flexural stiffness (Er) of the column which

varies due to cracking, creep, and nonrj-nearity of the

concrete stress-strain curve. A procedure was developed to
obtain an effective flexurar stiffness from the Arsc

interaction equations that is comparable to the Acr and csA

Eï- However, the Er expressions given by the Acr and csA

Building codes and the comparabre Arsc Er are quite
approximate when compared with values of ET obtained from

moment, curvature, and axj-al load rel-ationships. This study

was undertaken to determine the influence of a fuIl range of
variabl-es on Er of. slender composite beam-columns subjected to
singl-e axis bending about the major axis or minor axis of an

encased structural steel shape. To study the furl_ range of
variables, l-1880 composite beam-col-umns bending about the
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major axis and 1l-880 composite bean-columns bending about the

minor axis, each with a different cornbination of variables,
were used to generate the stj-ffness data. The -Er expressions

were then stat,istically developed for use in slender composite

corumn design. Two design equations are proposed in this
report.

111



1.0 INTRODUCTTON

2.O THEORETTCAL BEAM-COLIIMN STTFFNESS AND STRENGTH 6

2.L Determining the Theoretical Flexural 8
Stiffness

2.1-.1- Development of Theoretical Stiffness j_O

Equation

2.2 Determining the Cross-section and Co1umn j_3
Strength

2.3 Cross-Section Discretization 15

2.3.1 Discretization for Major Axis Bending 1_7

2.3.2 Discretization for Minor Axis Bending 20

2.4 Cross-Section Strength 23

2.5 Slender Beam-Column Strength 30

2.6 Material Stress-Strain Curves 36

2"6.1 Stress-Strain Curves for Concrete 37

2"6.2 Stress-strain Curves for Steel 4L

2.7 Residual Stresses in Structural Steel 43

3.0 COMPARISON OF THEORETTCAL MODEL TO EXPERIMENTAL 48
RESULTS

3.1 Comparison of Theoretical Strength of 51
Columns Subjected to Major axis Bending to
ExperimentaL Results

3.2 Comparison of Theoretical Strength of 65
Columns Subjected to Minor Axis Bending to
Experimental Results

TABI,E OF CONTENTS

I\/

Page

1_



4.O ACI AND ATSC FLEXURAL STIFFNESSES

4.L ACf Code Effective Flexural_ Stiffness
4.2 AISC-LRFD Code Effective Flexural_ Stiffness

4.2.I ÀISC Axial Load-Bending Moment
Relationship

4.2.2 Computation of AISC Effective
Flexural Stiffness

5.0 EVALUATTON OF EFFECTTVE STTFFNESS FOR BEAM-
COLUMS SUBJECTED TO MAJOR AXIS BENDING

5. l- Descri-ption of Beam-Columns Studied

5.2 Examination of ACI and AISC Stiffnesses
5.3 Development of proposed Design Equations

for Short-Term Ef

5"3.1_ Variables Used for Regression
Analysis

5. 3. 2 Regression Analysis

5. 3.3 Proposed Design Equatj-ons

5.4 Analysis of Stiffness Data

5.4.1- Overview of Stiffness Ratio
Statistics

5.4.2 Effect of Variables on Stiffness
Ratios

v

89

B9

89

90

99

5.4.3 Stiffness Ratios produced
Design Equations for Usual

5.5 TheoreticalJ_y Calcul_ated Critical
Load

5.6 Anoiher

103

l-0 3

t_t_0

rt4

L1,4

1_l_9

1,26

127

L27

t-3 5

165

L76

l_8 0Look at the AISC Effective Stiffness

by Proposed
Columns

Bucklinq



6. O EVALUATTON OF EFFECTTVE STTFFNESS FOR BEAI,I-
COLUMNS SUBJECTED TO MTNOR AXTS BENDTNG

6.L Description of Beam-Co1umns Studied

6.2 Examination of ACI and AISC Stiffnesses
6.3 Development of proposed Design Equations

for Short-Term EI

6.3.1 Variables Used for Regression
Analysis

6.3.2 Regression Analysis

6.3.3 Proposed Design Equations

6.4 Analysis of Stiffness Data

6.4.L Overview of Stiffness Ratio
Statistics

6.4.2 Effect of Variables on Stiffness
Ratios

v1

6.4"3 Stiffness Ratios produced
Design Equati-ons for Usual_

6.5 Theoretj-cally Calculated Critical
Load

6.6 Another

7.O SUMMARY, CONCLUSIONS AND RECOMMENDATTONS

7.I Summary

185

L85

]-92

1,96

1,97

202

209

21-O

21"O

220

249

260

263

270

270

27L7 -2 conclusions Rerated to composite Beam-col-umns
Bending About the Major Axis

Look at the AISC Effective Stiffness

7.3 Conclusions Related to Composite
Bending About the Minor Axis

7.4 Recommendations

LIST OF SYMBOLS

LÏST OF REFERENCES

APPENDIX A

by Proposed
Col-umns

Buckling

Beam-Col-umns 272

274

275

279

283



The ACI Building Code (l-989) and the CSA Code A23.3 for
the Design of Concrete Structures for Buildings (1984) permit

a moment magnifier approach for design of slender composite

beam-columns in which a structural steel shape is encased in
concrete. The AISC-LRFD Specifications (AISC Code t-996) for
the design of Structural Stee1 BuiJ-dings utilize the

interaction equations for steel beam-columns by converting the

slender composite beam-column cross-section into an equivalent

steel column with rnodif ied cross-sectj-on properties.
The ACI and CSA approach uses the axj_al- l_oad obtained

from a first-order elastic analysis and a magnified moment

that includes the second-order effect caused by the rateral
displacement of the corumn. The Acr and csA methods are

strongly influenced by the effective stiffness (Er) of the

column which varies due to cracking, creep, and the

nonlinearity of the concrete stress-straj-n curve. The Er

expressions given by the Acr Building code (Acr 3 i-g-89

Equation 1-0-]-4) and the csA code (csA cAN3-A23.3-M84 Equation

l-0-l-6) are identical and are reproduced here as Equation l-.1-.

1 - INTRODUCTION

in which -8" equals the erastic modul-us for concrete; rn equals

the moment of inertia for the gross concrete cross-section; E"

equals the erastic modul-us of steeli rss equals the moment of
inertia of the structural- steel- section taken about the axis

+E-ï^^ (1.1)



of bending; and 6o equals the ratio of

(or sustained load) to maxj-mum total
always taken as positive. For short

zero and Equation 1-. 1- becomes:

Er:EtÏg+E--r--
5ooÞÞ

The ACI Building Code also utilizes the

reinforced concrete columns for determining

Equation 1-0-9) shown here as Equation L"3.

Again, ßd is equal to zero for short term

1.3 becomes Equation L.4.

Er : 0. EcIs

maximum factored dead

factored load and is

term loads, ßd equals

Equation L.4 was not included as part of this study because it
negrects the fl-exural stiffness of the encased structural
steel shape (.Esfss) that will- in many instances exceed the
f lexural stif fness cal-cul_ated from Equation L.4 .

The expression gi-ven by the Acr Building code and csA

Code (Equation L.2) does not include the effective stiffness
contributed by longitudi-nal- reinforcing stee1. The commentary

on the Acr Building code states that complete interaction
between the steer core, the concrete, and. any longitudinal
reinforcj-ng steer should not be assumed.. The commentary on

the Acr Building code also says that 'because of probable

EÏ:

(7.2)

expression for
Er (ACr 318-89

loads and Equation

(1-.3)

(1.4)



separation at high strains between the steer core and the

concrete, longitudinar bars will be ineffective in st.iffening
cross sect,ions even though they would be useful in sustaining
compression forces.rt Àn examination of test results collected
and analyzed as part of this study showed that this assumption

is not valid. This is especiarly a very conservative
assumption for cases where the Er of the properly confi-ned

longitudinal reinforcing steeL exceeds that of the encased

steel section.

The Arsc-LRFD specifications (Arsc code LgB6) for the
design of structural- steel Buildings does not compute the
effective flexural stiffness (Er) of a composite beam-column

as do the Acr code and csA code. A procedure, described in
detail in chapter 4 | v/as deveroped to obtain effective
flexurar stiffness from the Arsc interaction equations. The

AISC -BI so computed is comparable to the ACf .E.r .

The understanding of slender corumn behaviour has

expanded during the past l-5 to zo years and analytical
procedures have become available to accurately model slender
composite beam-column stiffness and strength. However, no

studies have been completed to criticalry examine the
effective flexural stiffness of composite beam-columns. Mirza
(L990) conducted a study on the effective fl-exural stiffness
of reinforced concrete beam-columns.

This study was undertaken to determine the infl-uence of
a fuLl range of variabl-es on the effective flexural- stiffness



of slender composite beam-columns bending about the rnajor axis
and bending about the minor axis. rn this study l-l-B8o

rectangular beam-columns were analyzed for bending about each

axis, each with a different combination of specified val-ues of
variabres. These beam-columns were used to generate the

stiffness data. Er expressions were then statisticarly
developed for use in slender composite column designs. The

composite columns studied were bent in symmetrical single
curvature in braced frames subjected to short term loads. The

moment nagnifier approach specified in the ACr Building code

v/as developed for this type of column. The effects of
different end restraints, roading conditions and lateral
supports are accounted for in the ACr code through the use of
effective length factor (k), equivalent uniform moment diagram

factor (C^) , and sustained load factor (ßà.
The columns studied are graphically represented in Figure

t.7, and are similar to those investigated by Mirza (1990) for
slender reinf orced concrete columns. These col_umns \¡/ere

chosen because the errors in k, c^, and ßo woul-d not affect
the accuracy of the Ef expressions derived in the l-ater part
of this report.
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2 - THEORETICAL BEAM-COLUMN STIFFNESS AND STRENGTH

Two computer programs were used to analyze the

theoretj-ca1 strength and stif fness of cornposite beam-columns.

one program for analyzing beam-columns bending about the major

axis, the other for bending about the minor axis. A computer

program previously developed at Lakehead university by Mirza

(1989) and revised by skrabek and Mirza (i-990) was further
revised and then tested for use in this study. The changes

impremented into the program for use in this stud.y were: a)

ability to analyze theoretical beam-column strength for
bending about the minor axis (the original program r¡¡as

developed for major axis bending only); b) computation of the
theoretical effective stiffness Er of a beam-col_umn, from the
theoretically caLculated strength, by apprying the secant-
modulus approach (the approach was similar to the one used by

Mirza(1990) for reinforced concrete beam-columns). A brief
flow chart of the computation procedure emptoyed is show in
Figure 2.L.

The entire program consists of a main driver program, a

theoretical strength subroutine and a stiffness subroutine.
The main driver reads input, initiates the parametric study of
input data, ca1ls the theoretical- strength subroutine and the
sti-ffness subroutine, and saves the required output data for
iater use. The theoretical strength subroutine computes the
theoreticar strength of the composite cross section and

sLender column with the help of 20 other subroutines. using



READ INPUT VARIABLES

SELECT VARIABLES

CALCUI.ATE CROSS_SECTION STRENGTH

CALCULATE MEMBER STRENGTH

CALCULATE THEORETICAL
EFFECTIVE FLEXURAL STIFFNESS

FOR COLUMN

OUTPUT DATA

VARIABLE
COMBINATIONS

Figure 2.1- Flow chart of computation procedure.

COMPLETED



the secant-modulus approach, the stiffness subroutine

calculates the theoretical effective stiffness from the cross

section and slender column interaction diagrams developed by

the theoretical strength subroutine.

The theoretical strength subroutine (theoretical nodel)

and rerated subroutines are discussed in this chapter aì-ong

with the subroutine which was developed for determining the

theoretical effective stiffness.

2.L DETER}TNING TIIE TREORETICAL FLEXURÀL STIFFNESS

In reviewing previous work no references were found that
presented a rnethod for evaluating the theoretical flexural
stiffness of composite beam-columns"

Mirza (1990) presented a rnethod for evaluating the
theoretical fl-exural stiffness of rectangular reinforced
concrete columns. usi-ng the bending moment relationship
(secant formula) for a pin-ended slender column subjected to
equal and opposite end moments, given by Tirnoshenko and Gere

(1961-), and the equation for Eulerts buckling strength, trírza
was then able to establish theoretical flexural stiffness, EI.

A method identical to that developed by Mirza (1990) for
determining the effective fl-exural stiffness of slender
reinforced concrete columns subjected to short term loads is
appried in this study for determining the effective flexural
stiffness of slender composite col-umns. Equation z.L is
specified by the ACI and CSA codes to establish the effectj-ve



flexural stiffness of slender composite

short term loading.

EI = O.zE^I- + E^I^^

rn the above equation, E" is the modulus of elasticity for
concrete, rg is the moment of inertia for the gross concrete

cross section, -8" is the modulus of elasticity for steer, and

r"" is the moment of inertia of the structural steel- shape

about the centroidal- axis of the composite cross-section" The

equation does not directly account for any stj-ffness
contributed by the reinforcing steel. This plus the use of a

constant value of the coefficient 0.2 Eo compute the column -Er

introduce inaccuracies into the equation. consequently,

Equation 2.1- neglects the effects of cracking of the concrete,
nonrinearity of the concrete stress-strain curve and other
factors. Therefore, a modified version of this expression is
proposed.

columns subjected to

in which ec, os" and ors are dimensionl-ess reduction factors
(effective stiffness factors) for concrete, structural steel
and reinforcing steel, and r* j-s the moment of inertia of
reinforcement about the centroidal axis of the cross-section.
The effective frexural- stiffness Er is equated to the
theoreiically computed stiffness using the procedure described.
in section 2.1.i-. The effective stiffness factors oc, o"" and

ors are then determined using rnultiple rinear regression,

(2.L)

Er = e.Er(fE, - rr") + c""-E"f"" + cr"E"fr" (2 .2)



which is explained fuIly in Chapter 5 and 6. Note the

effective stiffness factor for concrete c, is dependent on a
number of variables which are also described in chapter 5 and

6"

2.L.1 Development of Theoretical Stiffness Equation

The secant formula given by Timoshenko and Gere (1961)

describes the bending moment rerationship for a pin-ended

slender column subjected to equal and opposite end moments.

10

where M" is the design bending moment including second-order

effecEs, I(t is the applied end monent calculated from elastic
anarysj-s, P,, is the axial road acting on the col-umn, and p" is
Eulerrs buckling strength described by Equation 2.4.

ItÍ" = ¡42 sê" I'

in which Er is the effective stiffness and z is the
unsupported height of the column. Rearranging Equati_on 2.3,
solving for pr, and sinplifying yields:

Dtll
.õ-

D _n2Er.c - --{

(2.3)

DLc -

+ 
lut"r""

o2 Pu

ffi)l'

(2.4)

(2 .5)



1t_

Equating Equations 2.4 and 2.5 and solving for Er gj-ves the

following expression:

Then for the purpose of

section bending moment

overall column bending

2.6 becomes:

EI=
a 

| """". (#)l'

Pu L2

analysis , 14" ís replaced by the cross-

capacity rtf"r, and 142 is replaced by the

moment capacity Mcot, so that Equation

This expression gives the theoretical- effective flexural
stiffness of a pin-ended slender column subjected to equal end

moments causing single curvature bending. The terms pr, Mcol

and M"" used in the equation vrere obtaíned from the column

axial load-bending moment interaction diagram (Figure 2.2)
computed by the program described in section 2.4 and,2.s. The

stored value of McoL and pu, for each desired eccentricity
ratio e/h, were used directly in the equation. The value of
P,, was then used, usi-ng Lagrangian interpolation, to determine
a value of M"" from the stored cross-sectional_ axj_al_ load-
bending moment interaction diagram and corresponded to the
desired axiar load pu. The procedure is documented in the
literature (Mirza t-990) .

FT_

af ,,""""(EY
PrL2

(2.6)

(2.7)
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2.2 DETER¡'ÍINING THE cRoss-sEcTIoN AND corJu!.fN STRENGTH

the theoretical- model used in the study for deterrnining

the cross section and slender column strength is the same as

that used by skrabek and Mirza (1990) " skrabek and Mirza give
a detailed review of the techniques and assumptions that have

been used by Basu (1967) and others in previous stud.ies of
composite beam-columns.

A sunmary of the description presented by skrabek and

Mirza for the theoretical strength model was adopted for use

in this study and portions of their work are included
unaltered in this section prus in sections 2.3.1,, 2.4, 2.5,
2.6, and 2.7. A detailed description of the theoreticat
strength subroutine is given by skrabek and Mirza (1990).

The theoretical strength program computes the moment,

curvature, axial load W-A-Ð rerationship for the cross-
section usi-ng a strain compatibility solution, discussed in
section 2.4. The capacity of the member (bearn-colurnn) hras

calculated by solvi-ng for the maximum eccentricity for which
equilibriun courd be maintained between the ends and mid-
height of the beam-column. The procedure used to carcul_ate

the beam-column strength is discussed in section 2.5.
The assumpti-ons regarding the l_oading and the end

conditions of the beam-columns are given in Figure 1.1. The

assumptions used in determining the theoretical strength are
as follows:

(a) strains between concrete and steel_ are cornpatible and no

L3



slip occurs

(b) strain is linearry proportional to the distance from the

neutral axis;

(c) deflections are small such that curvatures can be

calculated as the second derivative of the deflection;
(d) shear stresses are small and their effect on the strength

can be neglected;

(e) effects of axial- shorting are negl_igibIe,-

(f) residual stresses in the roIled steel section exist;
(g) the col-umn i-s perfectly straight before Ioading,.

(h) the column cross-sectj-on is symmetric about the major and

minor axis r. and

(i) failure does not take place by rocal or torsional
buckling.

Assumptions (a) and (b) were required for the strain
compatibilíty solution of the cross-section I'I-e-p

relationship. Assumption (c) was needed for the calcuration
of length effect due to the secondary moments. Assumptions

(d) and (e) v¡ere used to sirnplify the calculations.
Assumption (f) acknowledges the existence of residual stresses
in the rolled steeL section and is discussed in section 2.7 .

Assumption (g) was based on lvakabayashirs (L976) observation
that the encasement of the steel- section in the concrete will
negate any detrimental- effects of initial_ camber of the steel-
section. Assumption (h) sirnplified the cross-section M-e-p

calculations since discretization of only one-quarter of the

L4



cross-section was required to model the entire cross-section.
Assumptíon (i) v/as valid since a review of test data in the
literature did not indicate any failure by rocal or torsional
buckling. This assumption $Ías al-so made by Bondale (1,966

a,brc) and would seem to be particularly valid where

rectangular hoops along with surrounding concrete stiffen the
compression flange of the steel section. Further assumptions

directly related to the stress-strain curve for individual
materi-als are discussed in Sections 2.6 and 2.7.

15

2.3 CROSS-SECTION DISCRETIZATION

The cross-section of a composite col-umn consists of three
materials (concrete, structural steel and reinforcing steel),
each possessing a unique stress-strain relationship. The

concrete was subdivided into three distinct types: unconfJ_ned,

partially confined and highry confined, with each of these
concrete types having different stress-strain characteristics.
The rolIed steel section was separated into the web and the
flanges to account for the differences in their stress-strain
characteristics. Therefore, six different stress-strain
curves are used to represent the material_s in the cross-
section shown in Figure 2.3.

skrabek and Mirza ( i-990 ) point out that discret j- zing
between the three areas of concrete realizes the benefi-cial
effects that increased confinement has on concrete strength
and ductility.
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2.3.t Discretization for I,tajor A:¡is Bending

the cover concrete outside the tateral ties was

considered to be unconfined. The concrete inside the
periphery of the tíes but outside the flanges of the steel
section was assumed to be partially confined. The concrete

within an assumed parabola and between the web and flanges of
the steel section was assumed to be highly confined. This is
indicated in Figure 2.3. The assumed parabola had a vertex
intersecting the edge of the web at the mid-depth of the steel_

section when the flange overhang v¡as ress than one-quarter of
the steel section depth between the flanges. The vertex of
the parabora at the rnid-height of the steer section was,

otherwise, taken at a distance from the web dvert The term

dvert depended on the flange width .b, flange thickness t, depth

of steel section d, and web thickness w as indicated by

Equation 2.8.

L7

The distance, parallel to the najor axis, from the edge of the
web to parabola wh"-t (Figure 2.4) for an eremental slice was

coinputed by Equation 2.9.

,7uverx -

dvert 2

b-w-T
0.0

in which dpr_l is measured

_ d-2t

whc-r = dverx r
ln-, \ -2
\-z- - averx) QP"-r

perpendicular to

(2 .8)

("+)'
the najor axis from

(2.e)
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the prastic centroid of the composite cross-section to the

centroid of the element.

The steel sectj-on was subdivided into tvro areas, the web

and the flanges, to account for the differences in yierd
strengths of the two elements reported by Galambos and

Ravindra (L978), and Kennedy and Gad A1y (1980).

To calculate the Ìq-e-p relationship the computer

numerically integrates the forces throughout the cross-
section. To accomplish this the program discretizes the
cross-section into a finj-te number of strips parallel to the
rnajor axis. Each strip, if required, is then further
discretized to account for the various materiar properties
contained within the strip. The thickness of the strip
perpendicular to the major axis is determined by the number of
strips requested, an input to the program. The width of each

materi-al within a given strip is automatically calcurated.
Fifty elementaÌ strips for the entire cross-secti-on v/ere used

for the computer simulations described in chapter 5.

To account for varying stresses due to residual_ stresses
along the width of the flange, the fl_ange is discretized into
20 equal width elements perpendicul_ar to the major axis. The

initial strain in each element due to residual stresses is
calculated with subsequent strains being added algebraica]ly
to each el-ement. The discretization for a typical 1_/2-section

for major axis bending of a composj-te cross-section j_s shown

in Figure 2.4.

l_9



2.3.2 Discretization for Minor Axis Bending

The procedure for discretization for rninor axis bending

is similar to that of the najor axis bending with some

differences.

As r¡¡as in the case of major axis bending, the cover

concrete, outside the l-ateral ties , r¡/as considered to be

unconfined. The concrete inside the periphery of the ties but
outside the flanges of the steel section \,ras assumed to be

partially confined. The concrete within an assumed parabora

and between the web and f langes of the steel_ section \^/as

assumed to be highly confined. This is shown in Figure 2.3.
The assumed parabola had a vertex intersecting the edge of the
web at the nid-depth of the steel section when the flange
overhang was less than one-quarter of. the steel section depth

between the flanges. The vertex of the parabola at the mid-
height of the steer section was, otherwise, taken at a

distance from the web dvert which depended on the flange width
b, flange tip thickness t¡, depth of steer- section d, and web

thickness Ír as indicated by Equation 2.l-O.

20

The distance, parallel to the minor axis, from the edge of the
flange at the tapered end to the parabol-a whc_2 (Figure z.s)
for an el-emental slice was computed by Equation 2.LL.

.r - b-wuvert - -T -

dvert > 0. o

d-2tt
(2.10)
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in which dp.-z is measured perpendicular to the minor axis from

the plastic centroid of the composite cross-section to the

centroid of the element. The flange thickness ttt at centroid.

of the desíred element varies to take account f o,r tapered

flanges and is deterrnined by Equation 2.1,2.

whc-z d
2

LLf7 -

22

l--=- - "-tf

in which t2 is the thickness of the flange at the web-flange
juncture.

Tapered flanges were not included as part of the study of
effective flexural stiffness described in chapter 6. rt was

necessary, however, to include the effect of tapered flanges
for the calibration of the computer model- because the majority
of physical tests gathered from avail-abl-e literature were for
tapered flanges.

The steel- section was subdivided into two areas, the web

and the flanges, to account for the differences in yieJ_d

strengths of the two elements reported by Gal_ambos and

Ravindra (1978) | and Kennedy and Gad Aly (l_980).

To calculate the Inl-e-p relationship the computer

numerically integrates the forces throughout the cross-
section. To accomprish this the program discretizes the

ttt: tr-fao"-z rl
- 

-l2)

(

Itz - ttt_I b-wt_l2
(2.r-2)



cross-section into a finite number of strips paralrel to the

minor axis. Each strip, if required, is then further
discretized to account for the various materiar properties
contained within the strip. The thickness of the strip
perpendicular to the minor axis is determined by the number of
strips requested, an input to the program. The width of each

material within a given strip is automatically cal-culated.

Fifty elemental strips for the entire cross-section v/ere used

for the cornputer simulations described in Chapter 6.

To account for varying stresses due to residual- stresses

along the width of the web, the web is dj-scretized into 20

equal width erements perpendicular to the minor axis. The

initial strain in each element due to residual stresses is
calculated with subsequent strains being added algebraically
to each erement. The discretization for a typical 1/2-section
for minor axis bending of a composite cross-section is shown

in Figure 2.5.

23

2.4 CROSS-SECTION STRENGTH

To determine cross-sectÍon strength, which is represented

by an axiaL load-bending moment (p-M) interaction diagram, the
relationship between bending moment, curvature and axial l-oad

(I'I-Q-P) , simi-lar to the one shown in Figure 2.6 , v/as

established. The maximum moment from the moment-curvature

relationship (Figure 2.6) f or a given axial l_oad l-eveL

represents one point on the cross-section p-Ir interaction
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diagram. To accuratery define the interaction diagram (Figure

2"7), approximately 48 points (48 axiar road levels) were

needed for both the major axis bending (Figure 2.7 (a)) and the
minor axis bending (Figure 2.7 (b)). To determine the M-@-p

relationship, the maximum axial road rever which can be

applied to a cross-section at its plastic centroid (pure

compression capacity) was first established. This defined the
range of axial load to be examined. An iteratj_ve technique
rras employed to determine the pure axial load capacity by

incrementíng the strain from the towest straj-n at peak stress,
obtained from the stress-strain relationships for the six
material types, to the highest strain at peak stress and

calculating the load at each strain lever. The maximum axial
load calculated durj-nq the iterative process v/as taken as the
cross-section concentric axial load capacity, thus
establishing the point on the p-M interaction diagram that
corresponds to zero bending moment.

The distance DNA between the neutral axis and the
plastic centroid, shown in Figure 2.8, must be known to
determine the Iq-e-p relationship. By using a strain
compatibility soLution for a given curvature A and depth of
neutral axis DNA. the equilibrium forces of axial_ load p and

bending moment M can be cal_cuIated.

An iÈerative procedure r¡/as used to create a matrix of p

versus DNA values. By assuming a starting curvature, and

holding this value constant, the depth of the neutral axis DNÄ

25
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was varied and the corresponding axial force calculated.
Li-near interpolation 

.and the extended Newton-Raphson technique

(Kikuchi, Nlirza and MacGregor i-979) was used to converge to
the correct DNA varue for each desired axial- force. The

bending moment corresponding to the curvature, neutrar axis
position and the axial force was then cal-culated.

The curvature was then incremented creating a new matrix
of P versus DITIA values and new bending moment calculated. The

curvature v/as incremented until- the concrete cover on the
compressive side of the cross-section had spalled off to
ensure that the maximum bending mornent for the desired axial
force was obtained.

However, when strain hardening was considered at low

axial road levels (less than 20 percent of the pure

compression capacity), the maximum bending moment occurred at
very high curvature values rong after the spalring of the
concrete" For these cases, the tension flange of the steel
section was monitored at each curvature increment and if
rupture of the tension fJ-ange was imminent, Do further points
vrere calculated f or that axial l-oad 1evel. rt should be noted

that the effect of strain hardening was only used for the
comparison of theoretical- model to exper j_mental resul_ts

discussed in Chapter 3.

This procedure, outl-i-ned in Fígure 2.9, created the
required l[-e-P retationship. The data when plotted is simil_ar

to the data plotted in Figure 2.6. when the moment versus

28
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curvature diagrams were completed for al-l of the desired axía1

load levers, the maximum bending moment for each axial load

level is stored. These bending moments paired with the
corresponding axial loads form the p-Ir interaction diagrarn

(Figure 2.7). The prograrn then proceeds to the slender column

subroutine for lengths greater than zero.

30

2.5 SIJENDER BEA!'Í-COLUMN STRENGTH

The bending moment capacity of a beam-column at a given

axial load level is lower than the capacity of the cross-
section. A beam-column of length c defrects laterarl-y when

subjected to an eccentric axial road and is subjected to
additional moment at its mid-height. A col_umn bending in
single curvature under equal end eccentricities \Á/as modeled in
this study (Figure 1.1). Therefore, secondary rnoments at the
nid-height caused by the axial load acting through additional
eccentricity become signifícant in slender columns and controL
the maximum applied end moment.

rn order to construct the srender beam-column p-14

i-nteraction di-agram, the program calcul-ates the maximum end

moment corresponding to the desired axial- load l-evel_. To be

stable the internal forces at the nid-height of the beam-

column and ihe ends must be in equilibriurn with the applied
external forces. As the end eccentricity is j_ncreased for the
given axial load, there is a correspondi_nq increase i_n l_ateral



deflection and secondary moment until the material at mid-

height fails. The long column bending moment capacity is the

bending moment acting at the ends of the column at failure.
The concentric load capacity of a sl-ender column was not

utilized in examining the flexural stiffness of a beam-column.

However, for the comparison of experimental results to
theoretical- results, described in chapter 3, the concentric
load capacity was determined.

Therefore, just as for the cross-sectional strength, the
concentric axial load capacity for the slender corumn hras

carculated first in the development of the p-t4 interaction
diagram. The tangent modulus theory, used. by v,Iakabayashi

(L976) and Basu (L967), was used to calculate this load. The

use of the tangent modurus theory requires the assumption that
no initiar camber exists in the steel section, because the
theory can only be applied to columns that are perfectly
straight.

A concentrically loaded srender column fails by buckling
before the material strength is exceeded. The urtj_mate

buckling stress for a corumn of homogeneous material is given
by the tangent buck]-ing formula shown in Equation 2.r3.

3l-

substituting j-.0 for the effective length factor k, and

the square root of the moment of inertia divided by the area
(yr/A) for the radius of gyration rt Equation 2.i,3 can be

(2 .1,3)



rewrit,ten as:

Pcr=f"rA=o1rr,
L'

where P", is the column buckling load.

Equation 2.1,4 must be applied independently to the sj-x

materials present in a composite col-umn, each material
possessing independent stress-strain curves. The sum of arl
six tangent buckling strengths gives the tangent buckling load

f or the corumn. wakayabashi (i,97 6) proposed a sirnirar
procedure. To account for the six independent materiars,
Equation 2.1-4 takes the following form:

32

An iterative technique was used to sorve Equation z.Ls
because the tangent eLastic modulus of an element is a

function of the stress in the element. This was accomplished

by adjusting the axiar strain in the column until the load

calculated by each side of Equation 2.15 was less than 1 pound

(4.45 N). Thus estabrishing the point on the slender col_umn

P-14 interaction dì-agram that corresponds to the maximum

concentric load and zero bending moment.

The method for establishing the points other than the
pure compression capacity on the slender beam-col_umn p-/d

interaction diagram determines the maximurn end eccentricity
sought for each desired axial load l_ever and is described as

Dtcr
i=6=I
j=1

(2 . L4)

*2(f"r,Ai) = "^
'L"

i=6rj=l-
(E ¿.I i) (2.L5)



follows:
(a) Assume a nid-height. deflection of the col_umn.

(b) Find the end curvature which corresponds to the desired

deflected shape.

(c) Find the bending moment corresponding to the end

curvature from the cross-section M-e-p relationships and

calculate the end eccentricity.
(d) Add the end eccentricity to the assumed rnid-height

deflection and calculate a ne$¡ bending moment at the mid-

height of the column.

(e) rf the bending moment carculated in (d) is less than the
maximum bendi-ng moment from the cross-section M-e-p

rel-ationship, increase the mid-height deflection and

repeat the process starting from item (a). rf the
bending moment calcuLated in (d) is greater than the
maximum bending moment from the cross-section M-e-p

relationship, the end eccentricity carcul_ated in it.en (d)

from the previous iteration i-s used to compute the
maximum end bending moment.

To represent the defrected shaped of a pin-ended column,

a fourth order parabola suggested by euast (Lg7o) was used.

The rnid-height deflection is given by Equation 2.16

33

where çm and ae are the curvatures at mid-height and the
column ends, respectively; z is the length of the col_umn; and

- ó"1'T) (?.-16,\
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An is the mid-height deflection of the column

Figure 1.1.

The total mid-height eccentricity êt is the

assumed mid-height deflection An from Equation 2

end eccentricity e as shown in Equation 2.L7.

Substitution of Equation 2.L6 into
to solve for the end eccentricity yields

The rnid-height eccentricity et can

dividing the mid-height bending moment by

shown in Equation 2.l-9.

ô-M*
'P

ê¿=ê*Ara

as shown in

€=êÊ

substitution of Equation 2.1-9 into 2 .1,8 gj-ves the simple
relationship between the end eccentricity (e), nid-height
moment (14,¡¡) , the mid-height curvature (en) and the end

curvature (øe) as shown in Equation 2.2O.

t#l

sum of the

.16 and the

(2 .77 )

2.L7 and rearranging

Equat,ion 2 .1-8 .

(r^ * Ø'l
4)

The program uses Equation 2.zo and the cross-section M-o-
P rel-ations previously calculated to sorve for a combination
of end eccentricity, mid-height deflection and rnid-height
curvature that are in equilibriun" Figure 2.1_o outlínes the

be calculated

the axial load

(2.1_8)

ê= t+l t#l

by

AS

(r^

(2.Le)

* @"ì
4)

(2 .20)
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procedure.

incremented from a rninimum vaLue (the srnallest curvature from

the cross-section M-e-p rerationship corresponding to desired
axial load) until a maximum end bending moment is calculated.
For each mid-height curvature value assumed, values of the end

curvature are tested and incremented from the minimum val-ue

until an equilibriurn combination is found. The rargest
curvature that can be attained at nid-height is the one that
corresponds to the maximum moment from the M-@-p diagram for
the axial 1oad. once all possibre mid-height curvatures have

been investigated, the rargest end bending moment calculated
becomes one point on the slender beam-col-umn p-irf interaction
curve. The process is then repeated to complete the entire
slender beam column p-lrf interaction curve.

Values for the mid-height curvature are

36

2.6 I.ÍATERTAL STRESS-STRÀIN CURVES

A composite beam-column is represented by six different
materials, each characterized by a distinct stress-strain
reratj-onship as indj-cated earrier in section 2.3. Three of
the six materiaLs are unconfined, partialry confined and

highly confined concrete. The flange and web of the rol_led
steel shape account for two more of the material types. The

longitudinal reinforcing steer makes up the sixth material
present in the cross-section. The six materials are shown in
Figure 2.3"



2.6.L Stress-Strain Curves for Concrete

The distinction between the concrete areas, defined in
section 2.3, recognizes the differences inherent in the
stress-strain relationship due to the confini-ng action of the

rectangular lateral ties, the longitudinal reinforcing steel
bars and the rolled steel section. concrete confinement

íncreases both compressive strength of concrete and ductility.
Park, Priestry and ciIl (1,982) , sheikh and uzemeri (L982),

and sheikh and Yeh (t-986) deveroped methods to determine the
beneficial effects of i-ncreased compressive strength and

ductility of concrete for reinforced concrete columns.

Methods to determine the effect of confinement on the concrete
tensile stress-straj-n relationship are not avairable.
Therefore, identicar tensile stress-strain relations for al_l

types of concrete confinements v/as assumed. The stress-strain
relatj-onships presented in this section are based on static
loading conditions.

Based on the reconmendation of skrabek and Mirza (l-990)

and the findings of L1ewel1yn (j-986), a rnodified version of
the Kent and Park (L97L) curve (Figure 2.j-r) for unconfined
concrete was used to describe the stress-strain relationship
for concrete outside the perimeter of the lateral ties in this
study. Equation 2.21- represents the curve between the origin
and the peak stress, and the descending branch of the curve
between the peak stress and the stress at ul_timate straj_n is
described by Equation 2.22.
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r¡/here

f 
" 

= f/.

and

39

l+ t;l'l

For sr conversion replace 3 by o.ozo7 Mpa and t_ooo by 6.895

MPa. The strain at the peak stress (eo) vlas allowed to vary
as a function of the concrete strength (Equation 2.23) rather
than a constant value of o.oo2 suggested by Kent and park

(1,e7 L) .

t'.1, - z (r" - .")]

0.5
esou - €o

3 + e^r/_c
JVq

f; - L000

o_¿t-

(2 .21,)

For partially confined concrete skrabek and Mirza (1990)

investigated the Modified Kent and park curve (park, priestly
and ci]I 19a2), and the sheikh uzumeri curve (1,982) for
their applicability to composite col-umns and found them to
produce similar results. The Modified Kent and park curve
(Figure 2.i.2) was used in this study to model_ the partially
confined concrete in the composite cross-secti_onr âs was used

by skrabek and Mirza (i-990). The Modified Kent and park curve
assumes that the degree of confinernent is a function of the

(2 .22)

(2.23)



concrete cylj-nder strength f'r, the vertical spacing of the
ties sh, the ratio of volume of rateral ti-es to volume of
concrete core ps, and the yield strength of the horizontal
ties fyn. The ascending portion of the curve between the
origin and the peak stress is described by Equation 2.24 while
Equation 2.25 describes the descending branch of the curve.

r'=Kr/.[;z t#)']
where K=1.+
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where

- _t I _, ,l trc = Kíclt - z(ec - K.o)J > o.zKf'c

0.5
ffi

and

o_a-

c5ou -

and

3 + K ,of/"

'G;

rn the equati-on above , h,' is the out to out width of the
lateral- ties. For sr conversion replace 3 by o.o2o7 Mpa and

l-000 by 6.895 Mpa.

The Modified Kent and park curve used by skrabek and

Mirza to model the heavily confined concrete between the web

€so¿ 3= zP"

(2.24)

hl/
:-Þå

(2.25)



and flanges of the rolled steer shape vras also used in this
study. The peak stress in the heavily confined concrete was

assumed to be maintained at all strains beyond the peak

stress. Figure 2.L3 describes the assumed stress-strain curve

for heavily confined concrete.

The tensile stress-strain curve used in this study is
shown is Figure 2.1"4. A linear stress-strain retationship
from the origin to the modul-us of rupture v/as assuned with the
elastic modul-us for tension assumed equal to the modulus of
elasticity in compression. The work of skrabek and Mirza
( l-990) shows that this sirnple model suggested by park and

Pauley (Lg75), and Mirza and MacGregor (1989) was sufficient.
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2.6.2 Stress-Strain Curves for Steel

An elastj-c-plastic stress-strain curve r¡/as assumed to
describe the behaviour of both the structural_ steer and the
longitudinal- reinf orcing steel-. strain-hardening \^/as not
included for the study of stiffness described in chapter 5 and

6 | but was incruded for caribration of the strength model

described in chapter 3. The stress-strain curve for
compression was assumed to be the same as that for tension.

A second order parabola was used to describe the strain-
hardening portion of the stress-strain curve. At ultirnate
strain the slope of the strain hardening curve was assumed to
be equal to zero.

The variabÌes used by the program to describe the stress-



Figure 2.13 Heavily confined concrete
strain relationship used in theoretical

czKfL
o-

Lc

/(,"

/'

compressi-ve stress-
strength subroutine.

Figure 2.L4 - Concrete tensile stress-strain
in theoretical- strength subroutine.

relationship used

--c



strain curve for structural steel shown in Figure 2.1,s are the
elastic modulus 8", the yield stress fy", the strain at the

onset of strain hardening €ssrr¡, the initial tangent srope of
the strain hardening curve Esstrn, and, the urtimate stress fu".

The variables used by the program to describe the stress
strain curve for reinforcing steer shown in Figure 2.L6 are

the elastic rnodulus Er, the yierd stress frr, the strain at
the onset of strain hardening €rstrn, the ur-tirnate stress f,rr,
and the ul-tirnate strain €ur.
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2.7 RESIDUAL STRESSES IN STRUCTURAL STEEIJ

Residuar stresses are due to uneven cooling of component

parts during the manufacturing process. skrabek and Mirza
(l-990) found that the work of Lachance and Hays (l_98o), virdi
and Dowling (t973) , and Mirza (i-989) made it evident that
residuar stresses can significantry vary the strength of a

composite beam-corumn. For this reason the effect of
residual--stresses was accounted for in this study.

A detailed analysis by skrabek and Mirza (r_990)

determined that using younqrs (rg7]-) rnodel (Equation 2.26) to
predict the residual stresses at the frange tips combined with
the moder by Galambos (i-963 ) (Equation 2.27 ) to predict the
residual stresses ai the flange-web juncture provides the best
overall prediction of measured val_ues reported by Beedle and

TaII (1e60).



fu. -

fr" -

Figure 2.I5
tension or
subroutine.

Structural
compression

€.-sstrn

fw

steel stress-strain rel_ationship in
used in theoretical strength

frr-

Figure 2.16 - Reinforcing steel stress-strai-n rel-ationship in
tension or compression used in theoreticar streñgth
subroutine.

€-s

- rsfrn

€-r



A linear distribution was assumed for the residual- stresses.
rn Equation 2.26 orft is the residual stress at the tips of
the flanges, å- is the area of the web, and A, is the area of
both flanges of the steel section. rn Equati-on 2.27 orrw is
the residual stress at the flange web juncture,.b is the
flange width, t is the flange thickness (average thickness for
tapered flanges), n' is the web thickness and d is the depth of
the structural steel shape. For sr conversion of Equation
2.26, replace 24,000 psi by i_65 Mpa.

using a triat and error method, described below, the
program cal-culates the required residual stress at the mid-
depth of the web to maintain force equilibrium of the steel_

section:

6 rtt = -24,ooo [t #J

_lbtlcrrw = -arrciwf
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(2.26)

(a) Determine the net force in the flanges due to residual
stresses.

(2 .27 )

(b) Determine v¡hether the nid-depth of the web is j_n tension
or in compression in order to achieve equilibrium.

(c) calculate the nid-depth residual stress assuming a

triangular stress distribution in the web (Figure
2.L7 (a) (i) or z.L7 (b) (i) ) .

(d) rf the residual- stress computed in (c) exceeds 5o percent
of the web yield stress, t.ry a trapezoidal distribution



TEN. I + ,\ i o.r*(EeN.z.z7)
^t I

coMp.l - V t _t a,n (eoH. 2.26)

or* tNcREASES
CYCLE THROUGH

EQUILIBRIUM IS
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(Figure 2.i-7 (a) (ii) or 2.r7 (b) (ii) ) assuming a vatue of
50 percent of the web yield stress as the rnid-depth

stress. rncrease the zone of rnid-depth stress to a

maximum of 90 percent of the web depth (Figure

2.17 (a) (iii) or z.L7 (b) (iii-) or until equitibrium is
achieved.

(e) rf equilibriurn is not reached in (d) increase the nid-
depth stress by another 5 percent of the web yield stress
and repeat with the trapezoidal distribution for the web

residual stresses.

rtem (e) is repeated until equilibrium is achieved. This
procedure balanced the residual stresses in the steel section
before the residual stress in the web reached yield stress
level. The theoretical program can be used with or without
the above-noted residual stresses in the rolled steel- secti-on
depending what is desired. For this study, however, the
residual stresses were included in the analysis of strength as

indicated earl-ier.
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3 - COMPARISON OF THEORETICAL MODEL TO EXPERIMENTAL RESULTS

To test the accuracy of the theoretical model, the

ult,imate strengths predicted by the theoretical- subroutine

vrere compared to the ultimate strengths of physical
experimental test results gathered from published literature.
No new tests were conducted for this study. The load cases

studied for major and minor axis bending are examined

indívidually and are discussed in detair in the section 3. j-

and 3.2. Data gathered for examination for bending about

major and minor axis of the steel- section included concentric
loading, eccentric loading causing bending about an axis, and

pure bending about an axis for columns with slenderness ratios
r./h (length to overall concrete cross-section depth) ranging
from 2.0 to 45.0.

Problems which hrere encountered whire interpreting the
experimentar results for some of the test data gathered from

avai-l-able literature are summari_zed below:

r-) the specified length of some specimens was unclear,
especially when haunches were used at the ends of the
corumn. This pertains to tests conducted by stevens

(l_e65).

2) rnformation regarding the reinforcement was in some cases

insufficient with respect to quantity, positi-on, and

yierd strength. This periains to tests conducted by

Stevens (1965) and Bondal_e ( j_966) .

3) The way the concrete strength was determined from cubes
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was uncl-ear for some test results (cube tested pararlel
or perpendicular to the direction of casting). This

pertains to tests conducted by stevens (i-965), Bondale

(1966) , Procter (7967) | Janss and Anslijn (j,974) , Janss

and Piraprez (7974), Roik and Mangerig (i,g}7) , and Roik

and Schwalbenhofer (l_98g) .

4) Test specimens were in some cases very smarl. This

pertains to tests conducted by stevens (1965) and Bondale

(1e66).

For some of the physicar tests, 4-inch, 6-inch and g-inch

cube specimens were tested to estabrish concrete strength,
instead of the rrstand.ard.'r 6-inch diameter by 12-inch high
cylinders. In these cases the strength reported was converted

to an equivalent cylinder strength.

Many different factors for obtaining and equivalent
cyrinder strength from cube strength have been employed by

other authors over the years. Roderick and Rogers (Lg6g) and

Roderick and Loke (r974) utilized Equation 3.1 recommended by

Evans (l-943).
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in which both the cube strength (u) and the cylinder strength
(f'.) are in pounds per square inch. virdi and Dowring (L973)

reported a factor of a.64 for convert.ing the strengih of a 6-
inch cube to an equivalent cyrinder. FurÌong (Lg76) appears

to have used 0.8 tines the 4-inch cube strength to obtain an

f'"=t.O35u-7oo (3.1)



equivarent 6-inch cylinder strength. May and Johnson (1978)

applied a factor of 0.76 for obtaining an equivalent cylinder
strength from a 6-inch cube. Roik and Bergrmann (1989) used

0.83 times the 4-inch cube strength and 0.85 tirnes the 8-inch
cube strength to obtain an equivalent 6-inch cyrinder
strength.

Eight physical tests on columns by Bondale (L966), four
for major axis bending and four for minor axis bending, that
were used in this study h/ere also compared by Basu (Lg67) to
his theoretical modeI. Basurs work indi-cated that if a ratio
of the 4-inch cube strength to 6-inch cylinder strength is
taken as 0.80 as opposed Eo 0.67, it will change the tested to
theoretical strength ratio by approximate]-y 1_o percent for the
eight columns tested by Bondale.

rt was decided that two equations wour-d be used, when

necessary, to obtain an equivalent cyJ_inder strength from a

given cube. Equation 3.2, which is based on the statistical_
theory of brittre fracture of solids (Bolotin L969) | as

reproduced by Mirza, Hatzi-nikoras and MacGregor (L979) | is
utilized to account for the difference in strength due to
vol-ume difference of a cube with respect to a 4-inch cube.
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In Equation

vol-ume of a

and vol-ume

3.2, fo and vo repr

4-inch cube, and f

of a cube of the

f : f o 0.58
. . rlI a, l- I

+ o.42 1""13¡ (:.2)
lvj l

esent the concrete strength and

and rz are the concrete strength
desired size (6-inch in this



study) . LrHernite's equation (1955) (Equat.ion 3.3) reproduced

by Neville (t973) was then applied to convert the 6-inch cube

strength to that of an equivalent 6-inch diameter by l-2-inch
long cylinder.

in which Î"u is the 6-inch cube specimen strength and f,"
represents the 6-inch cylinder strength in psi. For sr units
replace 2840 psi with 1-9.6 Mpa.

rn a number of cases only the nomi-nal values for the
strength of the structural steer and reinforcing steel were

reported with the physicar test data. rn most cases, however,

actual tests r¡/ere performed to determine the yield strength of
the structural steel_ and the reinforcing stee1.
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r/" = 
[o ' 'u

+ o.2r.s (z#õ)) r""

3.1 COUPARISON OF THEORETICAL STRENGTH OF COIJUMNS SUBiTECTED

TO TIIAi'OR ÀXIS BENDING To EXPERTMENTÀL RESUIJTS

The accuracy of the theoretical model for col_umns

subjected to rnajor axis bending was initial_ly checked against
SL physicar tests gathered from Bondal-e (1-966) | May and

Johnson (L978) , Morino et ar. (1984), procter (1967) , suzuki
et a1. (1983), Roik and Mangerig (LgB7) , and Roik and

schwalbenhofer (t-988). sixteen more physical tests of corumns

subjected to major axis bending were l_ocated since the
completion of the work by skrabek and Mj-rza (1990). Five of
the physical tests v/ere eventualry excluded from the

(3.3)
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comparison for reasons that will be discussed later in this
section.

A brief description of the 81- physical- tests used for the

comparison of tested to theoretical strength for columns

subjected to major axis bending is given in Tab1e 3.1.

rncluded with the inf ormat j-on on rnateriar properties and

specimen conf i-guration shown in Table 3. t- is the ratj-o of
tested to calculated ultinate strengths (strength ratio) for
each of the 8l- beam-corumn specimens. A strength ratio was

taken as the ratio of the bending moment strengths for e/h:ø,
and the ratio of the axial load capacities for e/h<æ.

Detailed descriptions of materiar properties and specimen

configuration for each beam-column are given in Table A1 of
Appendix A. The plot of tested strength against the
theoretical strength (Figure 3.1-) indicates that the rnagnitude

of error increases proportionalry with an increase in
strength, which is expected since the percentage of error
remains relatively constant.

The carculated mean, coefficient of variation and

coefficient of skewness for strength ratj_os of al] beam-column

specimens listed in Table 3.1- are shown in Tabre 3.2. The

statistj-cal analysis shown in Tabl-e 3.2 v/as subdivided into
two categori-es, based on the slenderness ratio (t-/h). The

corumns with an î-/h less ihan 6.6 are assumed to be short
columns and long columns are assumed to have p-/h greater than
or equar to 6.6. The data was further categorized into four



Author

Bondale RS 60.3
(1s66) RS 80.2

RS 100.1
RS 120.0

May & RC1

Johnson RC3
(1e78) HC4

Morino A+90
et aI. B+90
(1s84) C4-e0

D4-90
A&90
B8-90
c8-90
D&90

Procter S1

(1e67) S2
s3
s4

1

2
3
4
5
6
7
I
I

10
11

12

Suzuki LH-000-C
et al. LH-020-C
(1983) LH-040-C

LH-10G,C
RH-000-c
RH{20-C
BH-040-C
BH-100-c

Hï60-000-c
HT60-020-C
Hï60{40-c
Hï60-1 00-c
HT80-000-c
HT80-020-c
HT80-04GC
HT8G100-C

Col. h
Desig. (in.)

Table 3.1 - Specimen Configuration for Composite Columns Subjected to Bending
about the Maior Axis used for Ratio of Test to Calculated Ultimate Strength

b f'c Pss
(in) (psi)

6.00 3.75
6.00 3.75
6.00 3.75
6.00 3.75

7.87 7.87
7.87 7.87
7.87 7.87

6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30

11.00 8.00
11.00 8.00
12.00 8.00
12.00 8.00
11.25 8.00
11.25 8.00
11.25 8.00
11.25 8.00
11.25 8.00
12.00 8.00
12.00 8.00
12.00 8.00
11.25 8.00
11.25 8.00
12.00 8.00
12.00 8.00

8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
8.27 8.27
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4506 0.0653
4382 0.0653
4260 0.06s3
4700 0.0653

4308 0.0745
3390 0.0745
5191 0.0745

3060 0.0870
3393 0.0870
3379 0.0870
3074 0.0870
4872 0.0870
4829 0.0870
3567 0.0870
332t 0.0870

47?2 0.0484
4722 0.0484
5407 0.0520
5407 0.0520
4722 0.0473
47æ. 0.0473
4722 0.0473
4722 0.0473
5407 0.0473
5407 0.0520
5407 0.0520
5407 0.0520
6007 0.0473
6007 0.0473
6007 0.0520
6007 0.0520

4785 0.0290
4785 0.0æ0
4785 0.0290
4785 0.0290
4858 0.0546
4858 0.0546
48s8 0.0546
4858 0.0546
4858 0.0600
4858 0.0600
4858 0.0600
4858 0.0600
4858 0.0633
4858 0.0633
4858 0.0633
48s8 0.0633

Prs P".fy.. Llh

f , 

"
0.0062 0.649
0.0062 0.667
0.0062 0.687
0.0062 0.6æ.

0.0028 0.727
0.0028 0.924
0.0028 0.603

0.0036 1.481
0.0036 1.302
0.0036 1.177
0.0036 1.474
0.0036 0.953
0.0036 0.957
0.0036 1.305
0.0036 1.399

0.0000 0.432
0.0000 0.432
0.0000 0.410
0.0000 0.410
0.0000 0.4æ.
0.0000 0.422
0.0000 0.422
0.0000 0.4æ.
0.0000 0.369
0.0000 0.410
0.0000 0.410
0.0000 0.410
0.0000 0.332
0.0000 0.332
0.0000 0.369
0.0000 0.369

0.0021 0.274
0.0021 0.274
0.0021 0.274
0.0021 0.274
0.0021 0.624
0.0021 0.624
0.0021 0.624
0.0021 0.624
0.0021 1.035
0.0021 1.035
0.0021 1.035
0.0021 1.035
0,0021 1.4t10
0.0021 I.480
0.0021 1.480
0.0021 r.480

elh

10.0 0.500 55.8
13.3 0.333 70.1
16.7 0.167 92.3
20.o 0.000 107.1

8.1 0.112 301 .2
8.1 0.136 305.7

1 4.8 0.1 97 1 91 .1

5.8 0.250 166.5
14.4 0.250 114.6
21 .7 0.250 93.9
28.9 0.250 64.7
5.8 0.469 118.1
14.4 0.469 94.0
21 .7 0.469 68.0
28.9 0.469 50.1

2.2 0.000 470.4
2.2 0.000 481 .6
2.O 0.000 698.9
2.O 0.000 703.4
11.7 0,533 132.2
11 .7 0.800 87.4
11.7 0.000 470.4
11.7 0.533 143.4
11.7 0.800 91 .8
1 1 .0 0.750 129.9
11.0 0.500 t99.4
11.0 0.000 560.0
11.7 0.267 268.8
11.7 0.267 250.9
11.0 0.000 533.1
1 1 .0 0.250 315.8

2.9 0.000 380.0
2.9 0.000 374.3
2.9 0.000 374.3
2.9 0.000 385.e
2.9 0.000 547.0
2.9 0.000 561 .4
2.9 0.000 521 .1
2.9 0.000 521 .1

2.9 0.000 598.8
2.9 0.000 656.4
2.9 0.000 662.2
2.9 0.000 627.6
2.9 0.000 716.9
2.9 0.000 734.2
2.9 0.000 728.4
2.9 0.000 711.1

fested Theor. Strength
Strength Strength Ratio

47.O 1.188
ss.8 1.257
72.9 1.265
115.3 0.929

282.2 1.067
239.1 1.279
217.9 0.877

121.4 1.372
104.0 1 .102
83.0 1 .131

63.5 1 .019
98.6 1 .1 97
84.3 1.114
62.5 1.089
49.2 1.020

522.9 0.900
522-9 0.921
642.1 1.088
642.1 1.095
127.7 1.035
87.4 1.000
508.0 0.926
127.7 1.122
90.5 1 .015
114.1 1.138
168.6 1.183
613.6 0.91 3
243.5 1.104
243.5 1.030
658.5 0.810
290.9 1.086

366.4 1.037
429.4 0.872
398.0 0.940
379.2 1,017
462.7 1.182
523.7 1.072
493.4 1.056
475.2 1.097
562.8 1.064
674.0 0.974
639.2 1.036
61 1.8 1.026
626.3 1.145
797.3 0.921
759.4 0.959
721 .O 0.986



Aulhor Col. h b
Desig. (in.) (in.)

Suzuki HTBG0O0-CB 8.27 8.27
et al. HT8G020-CB 8.27 8.27
(1983) LH-00G'8 8.27 8.27

LH{20-B 8.27 8.27
LHO4GB 8.27 8.27
LH-100-B 8.27 8.27
RH-000-B 8,27 8.27
BH.o2G,B 8.27 8.27
RH{40-B 8.27 8.27
RH-100-B 8.27 8.27

HT60-000-B 8.27 8.27
HT60-020-B 8.27 8.27
HT60-040-B 8.27 8.27
HT6G100-B 8.27 8.27
HT80-000-B 8.27 8.27
HT80-020-B 8.27 8.27
HT80-040-B 8.27 8.27
HT8G.10GB 8.27 8.27

Roik 23 11.81 11.81
Mangeri 24 1 1.81 11.81
(1984 25 11.81 11.81

26 11.81 11.81

Roik V1 1 11.02 11.02
Schwal'r V12 11.02 11.02
(1988) V13 11.02 11.02

v21 11.02 11.02
væ. 11.02 11.02
v23 11.02 11.02
v31 11.02 11.02
v32 11.02 11.02
v33 11.02 11.02
v41 1 1.02 11.02
v42 11.02 11.02
v43 11.02 11.02

Table 3.1 Continued

fr
c

(psi)
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Pss

4423 0.0423 0.0021 1.060
M23 0.0423 0.0021 1.060
4292 0.0290 0.0021 0.306
4597 0.0290 0.0021 0.286
4524 0.0290 0.0021 0.290
4365 0.0290 0.0021 0.301
4858 0.0546 0.0021 0.624
4858 0.0546 0.0021 0.624
4858 0.0546 0.0021 0.624
4858 0.0546 0.0021 0.624
4814 0.0600 0,0021 1.045
4814 0.0600 0.0021 1.045
4814 0.0600 0.0021 1.045
4814 0.0600 0.0021 1.045
4771 0.0633 0.0021 1.507
4771 0.0633 0.0021 1.507
4771 0.0æ3 0.0021 1.507
4771 0.0633 0.0021 1.507

6570 0.0868 0.0050 0.517
6570 0.0868 0.0050 0.517
6570 0.0868 0.0050 0.517
6570 0.0868 0,0050 0.517

6351 0.0434 0.0079 0.230
6351 0.0434 0.0079 0,230
6786 0.04iÌ4 0.0079 0,215
6786 0.0495 0.0079 0.333
5365 0.0495 0.0079 0.421
5365 0.0495 0.0079 0.421
5902 0.0996 0.0079 0.555
5902 0.0996 0.0079 0.555
5699 0.0996 0.0079 0.575
5699 0.1441 0.0079 0.796
61 19 0j441 0.0079 0.926
61 1 9 0.1441 0.0079 0.99s

Prs Pr.fyr" zlh
f¡ c

elh

2.9 0.874 110.4
2.9 1.062 110.4
2.9 inf. 27.4
2.9 inf. 29.4
2.9 inf. 28.2
2.9 inf. 28.2
2.9 inf. 48,9
2.9 inf. 54.5
2.9 inf. 53.3
2.9 inf. 50.9
2.9 inf. 68.8
2.9 inf. 79.2
2.9 inf. 77,2
2.9 inf. 72.O
2.9 inf. 93.5
2.9 inf. 104.2
2.9 inf. 101 .0
2.9 inf, 97.9

16.7 0.300 526.3
16.7 0.500 368.3
26.7 0.300 377.8
26.7 0.500 200.9

12.4 0.571 171 .7
12.4 0.214 366.3
12.4 0.357 322.9
12.4 0.357 338.2
12.4 0.571 213.8
12.4 0.214 437.2
12.4 0.357 384.1
12.4 0.214 506.9
12.4 0.571 294.3
12.4 0.357 477.7
12.4 0.571 344.9
12.4 0.214 614.9

Tested Theor. Strength
Sûength Strength Ratio

104.0 1.061
108.7 1.016
27.8 0.988
32.1 0.916
30.1 0.939
28.O 1.008
52.1 0.940
56.9 0.958
45.5 1.171
52.3 0.974
73.4 0.937
79.7 0.993
76.2 1.013
75.9 0.949
98.8 0.946
105.3 0.989
102.8 0.983
99.6 0.983

442.3 1,190
324.8 1. t 34
314.4 1.202 '238.6 0.842

169.6 1 .O12
373.3 0.981
272.7 1j84
321 .8 1.051
201.7 1.060
388.9 1j24
383.3 1.002
501 .2 1.01 1

280.8 1.048
422.9 1.130
359.6 0.959
650.6 0.945

NOTE : For e,/h = inf., strength is given in kip_ft ( 1 kip_ft = 1.35ó kN_m).

For atl other vatues oÍ e/h, the strength ís shown in kips ( 1 kip = 4.44g kN)_

b = width of the concrete cross-section parrail.eL to the axis of bending;

h = depth of the concrete cross-section perpendicutar to the axis of bending.

The term tr.. *"" taken as the reb yieLd strength for computing the p.rfy"./fr. ratio.
The strain-hardening of both steets was incr.uded in the anatysis.

* Exctuded from finat anatysis.
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Table 3.2 - Statistical Analysis of Batios of Tested to Calculated Strength of all
Composite beamæolumn specimens subjected to major axis bending (Strain-harding included).

Column
Type

t1l

Short
(¿/h< 6.6 )

Long
(¿rtr=> o.o )

e\

56

No.

all e/h

t3)

Mean
CV

Skew

0 <= e/h <= 0.2

Á\

No.

40

AIt/h

Mean

1.02
9.52

CV
Skew

1.39

No.

41

Mean

1.06
10.51

20

CV

1.O2

Skew

-o.14

0.2<elh<1

(s)

Table 3.3 - statistical Analysis of Batios of rested to calculated strength of all
Composite beam-column specimens subjected to ma¡or axis bending for which strength ratio
was less than or equal to 1.2 (Strain-hardening included).

4.24
0.01

8l
1.04

10.23

I
1.01

0.52

17.65
0.55

4

Column
Type

t1)

1.16

0<=e/h<1

t6)

13.78

28

0.32

1.O2
'I 1.31

Short
(¿¡tr< 6.6 )

ñ

0.49

1-Oa

8.18

24

4.24

1.O4

e/h = inf.

tA

Long
(¿/h=> 6.6 )

10.54

(2\

o.92

37
1.09

No.

all eih

t3)

Mean

9.09

41

0.35

CV

1.06

Skew

10.51

16
0.98

4.14

5.93

0 <= e/h <= 0.2

(4)

No.

39

Ail Z/h

2.05

Mean

l.o1

65

7.85

CV

1.06

0.66

Skew

10.48

0

o.25

37

No.
Mean

1.04

20

9.31

CV

1.O2

-0.46

Skew

16

0.2<elh<1

t5l

8.24

0.98

0.01

5.93

t6

2.05

1.03
8.71

6
0.92

0.06

9.21
0.48

ó

1.09

0<=e/h<1

(6)

8.64

26

0.29

1.OO

9.32

3l

o.02

1.O7

7.s8

¿,)

-o.45

1.O3

e/h = inf.

m

8.43
o.o7

34
1.O7

7.57

37

-0.38

1.04

16

9.31

0.98

o.46

5.93
2.05

60
t.o4
8.94

o

-o.28

16
0.98
5.93
2.05
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ranges of end eccentricity ratio (e/h) as described in Table

3.2.

The mean varue for the ratio of tested to theoretical
ultimate strength was 1.04 with a coefficient of variation of
Lo.23 percent when all 81 specimens v/ere considered (Tab1e 3.2

Co1umn 3 ) . This is comparable with the mean val-ue of 1. 04

and coefficient of variation of l-0.4 percent obtained by

skrabek and Mirza (1-990) for 63 specimens anaÌyzed by an

earlier version of the same program. rt is arso comparable to
a mean varue of 1.04 and a coefficient of variation of i-0.4

percent obtained by virdi and Dowling (1,973) for their
analysis of 8 biaxially loaded composite columns.

significant differences in the statistics for the four
different ranges of end eccentricity ratio (Table 3.2 columns

4,5,6, and 7) v¡ere noticed for certain cases" Long corumns

with 1ow eccentricity ratios (e/h greater than or equar to
zero and less than or equal to 0.2) have a greater coefficient
of variatj-on (1,7.65 percent) than the overall coefficient of
variation (L0.23 percent). For short columns with an

intermediate eccentricity ratio (e/h greater than 0.2 and less
than 1. 0) , the mean val-ue ( 1. j-6) and the coef f icient of
variation (L3.78 percent) obtained are both greater than the
overall mean (1.041-) and coefficient of variation (10.23).

rt vras decided, after successively removing data with
relatively high strength ratios and recal_culating the
statistics, that the physicar tests with a strength ratj_o



greater than 1".20 would not be included in the statistical
analysis. using this criteria, a total of five columns were

removed from the statistical anarysis: RS 80.2 and RS i-00.i-

from Bondale, Rc3 from May and Johnson, A4-go from Morino et
â1., and No. 25 from Roik and Mangerig. The strength ratio
plotted against e/h, L/h, pss and (pss+pr) in Figures 3.2,

3.3,3.4 and 3.5, respectively, shows the relative location of
the removed data with respect to the remaining data. Removing

the five columns from the statistical- analysis resurts in a

marked improvement in the mean values and coefficient of
variation for each of the e/h ranges as well as for the

overall statistics, except for the case of pure bending (e/h

- æ) . This can be seen by comparing the val-ues in Table 3.3

to those shown in Table 3.2.

Column 6 in Tab1e 3.3, where e/h ranges from zero to
1.0, is of specific interest since eccentricity ratios ranging

from 0"05 to 1.0 v/ere used to study the effective flexural_

stiffness (Er) of composite eorumns described in chapter 5 and

6- Here, vrhether the columns are short, rong or all- lengths
combined, the mean varue and the coefficj-ent of variation do

not differ significantry. Based on the mean value and

coefficient of variation determined for 60 columns with arl
P-/h included (TabJ-e 3.3 colurnn 6), a mean varue of r.o4 and a
coefficient of variation of 9 percent are recommended to
describe the model- error for beam-columns bending about the
major axis of the steel section when e/h
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Pure bending (Colurnn 7 in Table 3.3), where e/h: Ø,

gives the lowest coefficient of variation (5.93 percent)

compared to the other e/h ranges. The lower coefficient of

variation is, probably, a result of the following:
1) The variation in concrete strength does not affect the

pure bending strength as significantly as the strength
under pure axj-al- load or combined axial_ load and bending.

2) The laboratory test procedure for pure bending is not

prone to as much experimental error as are those for
axially loaded columns and columns subjected to axial-

load and bending.

The calculated ultirnate strength considering the effect
of strain hardening (Table 3. t-) v/as compared to the cal-culated

urtimate strength when strain hardening effect v/as not

incruded (Table 42, AppendÍx A) . straj-n hardening was found

to increase the predicted strength by about zo percent for
cases of pure fl-exure onry and had l-ittle or no affect on the
carculated strength of the remainder of the beam-column

specimens.

The probability distribution of the strength ratios
cal-culated for the sixty specimens (e/h

a normal probability paper in Figure 3.6 and is compared to a

normal probability distribution using a suggested mean val-ue

of 1.04 and coefficient of variation of 9 percent. The data

can be assurned to be normalJ-y distributed since the data

closely follows the normal curve.
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3.2 CO¡{PARTSON OF THEORETICAIJ STRENGTH OF COLUI'ÍNS SUBiTECTED

TO UTNOR ÀXTS BENDING TO EXPERTI,ÍENTÀL RESULTS

The accuracy of the theoretical model for columns

subjected to bending about the minor axis was initially
checked against L64 physical tests from stevens (l-965),

Bondale (1,966) , May and Johnson (1,978) , Janss and Anslijn
(L974), Janss and Piraprez (1974) | Roderick and Loke (r974),

Morino et aI. (l-984), Roik and Mangerig (L987), and Roik and

Schwalbenhofer (1-988) .

lable 3.4 outlines the materj-al properties and specimen

configurations, and gives ratio of tested to calculated
ultimate strength (strength ratio) for the L64 specimens

studied. A strength ratio $¡as taken as the ratio of the
bending moment strengths for e/h = co, and tn" ratio of the
axial load capacities for e/h < æ. Detailed descrj_ptions of
material properties and specimen configuration for each beam-

column specimen are given in Table A3 of Appendix A. Figure
3.7 plots the tested strength of all 1-64 columns against the
calculated theoretical strength.

The calcurated mean, coefficient of variation and

coefficient of skewness for strength ratios of all- beam-column

specimens Ij-sted in TabLe 3.4 are shown in Tabl_e 3 . 5. The

statistical analysis shown in Tabl_e 3.5 was subdivided into
two categories based on to the sl-enderness ratio (t-/h). The

corumns with L/h ress than 6.6 are assumed to be short columns

and long columns are assumed to have L/h greater than or equal
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Author Col. b h f'" Pss
Desig. (in) (in.) (psi)

Stevens CVz
(196s) CV3

cv4
cvs
cv6
AE1

AE2
AE3
AE4
AE5
AE6
AE7
AE8
AE9

AElO
AEl 1

FE1

FÚ,
FE3
FE4
FE5
FE6
FE7
FE8
FE9

FElO
FE1 1

FEl2
B1

82
B3
84
B5
B6
87
A1

M
A3
A4
A5
AÞ

REla
REl b
RE2a
RE2b
RE3a
RE3b
RE4a
RE4b

Table 3.4 - Specimen Configuration for Composite Columns Subjected to Bending
about the Minor Axis used for Ratio of Tested to Calculated Ultimate Strength.

7.00 6.50
7.@ 6.50
7.00 6.50
7,00 6.50
7.æ 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.@ 6.50
7.00 6.50
7.00 6.50
7.00 6.50
16.00 12.00
16.00 t2.00
16.00 12.00
16.00 12.æ
16.00 1 2.00
1 6.00 12.00
16.00 12.00
16.00 12.00
16.00 12,00
16.00 12.00
16.00 12.00
1 6.00 12.00
s.00 3.50
5.00 3.50
s.00 3.50
5.00 3.50
5.00 3.50
5.00 3.50
s.00 3.50
7.00 6.50
7.00 6.50
7.00 6.50
7.O0 6.50
7.00 6.50
7.OO 6.50
7.OO 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.OO 6.50
7.00 6.50
7.00 6.50

66

1 1 15 0.1291
1900 0.1291
2491 0.1291
3058 0.1291
3672 0.1291
2046 0.1291
2679 0.1291
2566 0,1291
2906 0.1291
2305 0.1291
2010 0.1291
2083 0.1291
2157 0.1291
1467 0.1291
1900 0.1291
2305 0.1291
2083 0.0996
?268 0.0996
2083 0.0996
1936 0.0996
2454 0.0996
æ31 0.0996
æ31 0.0996
2342 0.0996
?268 0.0996
2604 0.0996
25æ 0.0996
25æ 0.0996
2120 0.0674
1467 0.0674
1827 0.0674
1610 0.0674
2083 0.0674
1791 0.0674
2305 0.0674
1900 0.1291
1682 0.1291
1900 0.1291
2046 0.1291
1864 0.1291
?216 0.1291
2010 0.1291
1791 0.1291
1900 0.1291
2305 0.1291
2231 0.1291
1900 0.1291
1973 0.1291
1827 0.1291

Prs Þ..fys 
L/11

fr
c

0.0000 4.175
0.0000 2.450
0.0000 1.869
0.0000 1.523
0.0000 1.268
0.0000 2.275
0.0000 1.738
0.0000 1 .814
0.0000 1.602
0.0000 2.020
0.0000 2.317
0.0000 2.235
0.0000 2.158
0.0000 3.174
0.0000 2.450
0.0000 2,020
0.0041 1.580
0.0041 1.451
0.0041 1.580
0.0041 1.699
0.0041 1.341

0.0041 1.475
0.0041 1.475
0.0041 1.405
0.0041 1.451

0.0041 1.264
0.0041 1.301
0.0041 1.301
0.0000 1.310
0.0000 1.894
0.0000 1.520
0.0000 1.725
0.0000 1.334
0.0000 1.551
0.0000 1.205
0.0000 2.861
0.0000 3.231
0.0000 2.861
0.0000 2.656
0.0000 2.917
0.0000 2.453
0.0000 2.814
0.0000 3.158
0.0000 2.976
0.0000 2.453
0.0043 2.535
0.0043 2.976
0.0000 2.866
0.0000 3.095

elh

't2.6 0.1 15 134.4
12.6 0.115 161 .3
12.6 0.1 15 179.2
12.6 0.1 1 5 201 .6
12.6 0.123 æ8.5
4,3 0.154 1 65.8
7 .1 0.1 54 1 63.5
12.6 0.154 141 .1
18.2 0.154 118.7
23.7 0.154 98.6
7.1 0.000 291 .2
7.1 0.077 224.0
18.2 0.077 161 .3
23.7 0.231 78.4
23.7 0.308 72.8
16.6 inf. 20.9
"t5.0 0.000 985.6
15.0 0.000 1055.0
15.0 0.083 672.0
15.0 0.167 486.1
1 5.0 0.1 67 51 5.2
15.0 0.250 360.6
15.0 0.333 295.7
15.0 0.417 262.1
15.0 0.500 230.7
1 s.0 0.583 199.4
15.0 0.667 1 68.0
1 0.0 inf. 131 .4
13.1 0.000 82.9
18.3 0.000 61 .2
23.4 0.000 64.1
28.6 0.000 44.4
33.7 0.000 51 .5
38.9 0.000 36.7
44.0 0.000 34.5
1.4 0.000 358.4
7.1 0.000 31 3.6
12.6 0.000 322.6
12.6 0.000 302.4
18.2 0.000 293.4
23.7 0.000 235.2
18.2 0.000 300.2
18.2 0.000 280.0
14.2 0.000 275.5
18.2 0.000 268.8
'18.2 0.000 313.6
18.2 0.000 277.8
18.2 0.000 271 .0
18.2 0.000 284.5

Tested Theor. Strength
Strength Sbengih Ratio

98.0 1,3714 '
1 10.6 1 .4586 i
1?2.4 1.4636 *

134.5 1.4989 *

142.6 1.6025 t
137.4 1 .2065 *
135.6 1 .2056 *

105.9 1.332t t
88.5 1.3409 r
63.2 1.5588 r
257.0 1.1333 *
176.8 1 .2673 *
108.5 1 .4860 r
44.6 1.7563 r
42.2 1.7263 r
19.4 1.0760
814.6 1 .2099 *
846.1 1.2470 *

479.5 1.4016 *
331 .9 1.4645 r
365.7 1.4089 *

278.6 1,2943 i
234.9 1.2587 *

206.1 1,2717 *

178.9 1.2897 *

168.4 1.1836 i
1 49.9 1 .1211 *
128.6 1 .0219
64.7 1.2802 *
42.6 1.4352 *
38.0 1.6881 i
27.6 1.6070 *

25.0 2.0649 i
18.4 1.9922 *
17.O 2.0244 *

304.0 1.1791 *

259.2 1.2099 *
239.7 1.3456 *
246.2 1.2282 i
200.7 1.4623 *

164.3 1.4314 '
214.7 1.3978 r
206.5 1.3558 *

217.4 1.2676 *

230.9 1 .1 640 i
271.9 1.1535 r
260.2 1.0674 '
209.5 1.2937 *
204.1 1.3936 i



Author

Stevens
(1 e65)

Table 3.4 - Continued

Col.
Desig.

b
(in.)

FA1

FM
FA3
FA4
FA5

Bondale RW 60.3 6.00 3.75 4665 0.0653 0.0099 0.627 16.0 O.BO0
(1966) RW 80.2 6.00 3.75 s557 0.0653 0.0099 0.526 21.3 0.533

RW 100.1 6.00 3.75 4Æ8 0.0653 0.0099 0.652 26.7 0.267
RW 120.0 6.00 3.75 3927 0.0653 0.0099 0.745 32.O 0.OOO

h
(in.)

16.00 12.00 1864 0.0996 0.0000 1.759 3.0 0.000 1070.7 899.4 1.1905 r
16.00 12.00 2010 0.0996 0.0000 1.631 6.0 0.000 1008.0 912.8 1.1044 '
16.00 12.00 1755 0.0996 0.0000 1.8æ 9.0 0.000 9€.0 817.3 1.1539 r
16.00 12.00 1973 0.0996 0.0000 1.661 12.0 0.000 954.2 807.0 1.1825 *
16.00 12.00 1973 0.0996 0.0000 1.661 15.0 0.000 949.8 738.5 1.2861 r

May (1978)

Janss
Anslijn
(1s74)

ft"
(psi)

67

o'ss

RCs 7.87 7.87

1,1 9.45 9.45
1.2 9.45 9.45
1.3 9.45 9.45
2.1 9.45 9.45
2.2 9.45 9.45
2.3 9.45 9.45
3.1 9.45 9.45
3.2 9.45 9.45
3.3 9.45 9.45
4.1 9.45 9.45
4.2 9.45 9.45
4.3 9.45 9.45
s.1 9.45 9.45
5.2 9.45 9.45
5.3 9.45 9.45
6.1 9.45 9.45
6.2 9.4s 9.45
6.3 9.45 9.45
7.1 9.45 9.45
7.2 9.45 9.45
7.3 9.45 9.45
8.1 9.45 9.45
8.2 9.45 9.45
8.3 9.45 9.45
9.1 12.60 8.27
9.2 12.60 8.27
9.3 12.60 8.27
10.1 12.60 8.27
10.2 12.60 8.27
10.3 12.60 8.27
1 1. t 9.45 9.45
11.2 9.45 9.45
11.3 9.45 9.45
12.1 9.45 9.45
12.2 9.45 9.45
12.3 9.45 9.45

Prs P..fy". 
¿7¡

fr
c

5278 0.0745 0.0294

6014 0.0747 0.0079
5517 0.0747 0.0079
5263 0,0747 0.0079
5263 0.0747 0.0079
4507 0.0747 0,0079
5517 0.0747 0.0079
5957 0.0747 0.0079
6014 0.0747 0.0079
5263 0.0747 0.0079
5263 0.0747 0.0079
4507 0.0747 0.0079
5574 0.0747 0.0079
4870 0.0747 0.0079
5277 0.0747 0.0079
4982 0.0747 0.0079
4870 0.0747 0.0079
5277 0.0747 0.0079
4996 0.0747 0.0079
4968 0.0747 0.0079
5291 0.0747 0.0079
4996 0.0747 0.0079
5263 0.0747 0.0079
6014 0.0747 0.0079
5957 0.0747 0.0079
4507 0.0497 0.0067
5957 0.0497 0.0067
5291 0.0497 0.0067
5263 0.0497 0.0067
4968 0.0497 0.0067
4982 0.0497 0.0067
5390 0.0747 0.0079
5574 0.0747 0.0079
4772 0.0747 0.007e
5390 0.0747 0.0079
5207 0.0747 0.0079
4772 0.0747 0.0079

elh ïested Theor. Strength
Strength Sfength Flatio

0.594 1 4.3 0.1 00 1 85.5

0.51 4 17.8 0.000 483.3
0.560 17.8 0.000 489.8
0.563 17.8 0.000 470.0
0.603 14.5 0.000 527.4
0.704 14.5 0.000 489.8
0.575 14.5 0.000 580.3
0.502 10.4 0.000 591 .3
0.497 10.3 0.000 503.1
0.568 10.4 0.000 527.4
0.568 5.4 0.000 573.8
0.663 5.3 0.000 556.0
0.536 5.2 0.000 617.9
0.844 14.5 0.000 529.7
0.778 14.5 0.000 591 .3
0.825 14.5 0.000 s56.o
1.116 17.8 0.000 529.7
1.030 17.8 0.000 485.3
1 .088 17.8 0.000 558.2
1 .064 14.5 0.000 556.0
0.999 14.5 0.000 589.1
1.058 14.5 0.000 578.0
1.029 10.4 0.000 547.2
0.900 10.4 0.000 531 .7
0.909 10.4 0.000 573.8
0.436 16.6 0.000 514.1
0.330 16.6 0.000 569.3
o.371 16.6 0.000 463.3
0.669 16.6 0.000 518.6
0.709 16.6 0.000 609.1
0.707 16.6 0.000 531.7
0.575 14.4 0.167 251 .6
0.556 14.4 0.167 264.8
0.650 14.4 0.167 240.5
0.979 14.4 0.167 264.8
1.013 14.4 0.167 251 .6
1 .1 06 14.4 0.1 67 222.8

17.9
21 .7
20.8
52.9

14.9 1.2019 r
19.1 1 .1 370
20.8 1.0030
53.0 0.9969

231.2 0.8021

528.9 0.9139
506.8 0.9665
491.5 0.9563
564.9 0.9336
517.9 0.9458
581 .6 0.9978
680.8 0.8685
685.2 0.7342 *
634.0 0.8318
658.3 0.8715
604.2 0.9201
618.0 0.9997
585.6 0.9045
61 1.3 0.9673
592.9 0.9378
517.0 1.0244
541 .0 0.8971
524.6 1.0642
624.1 0.8908
648.3 0.9086
626.6 0.9225
759.3 0.7207 *

816.8 0.6509 *

812.9 0.7058 *

497.1 1.0342
592.9 0.9601
549.6 0.8430
579.1 0.8956
557.6 1.0923
559.2 0.9508
257.9 0.9755
262.9 1.0072
240j L0018
271 .9 0.9739
243.7 1.0321
253.3 0.8796



Author

Janss 13.1

Anslijn 13,2
(1s74) 13.3

Janss 1

Piraprez 3
(1974) s

7
9

11

13
15
17
19
23
27
2
4
6
I
10
12
14
16
18
21

25
29
20
24
28
22
26
30

Roderick SE 1

& Loke SE 2
(1s74) SE 3

SE4
SE5
SE6
SE7
SE8
SE9
SE1 O

SE1 1

SE12
SE1 3
SEl4
SE15

ïable 3.4 - Continued

Col.
Desig.

b h f'.
(in) (in.) (psi)

12.60 8.27
12.60 8.27
12.60 8.27

12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.æ 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
9.45 9.45
9.4s 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.¿t5 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
12.60 8.27
12.æ 8.27
12.60 8.27
9.45 9.45
9.45 9.45
9.45 9.45

8.00 7.00
8.00 7.00
8.00 7.oo
8.00 7.oo
8.00 7.00
8.00 7.o0
8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.00
8.O0 7.00
8.00 7.oo
8.00 7.00
8.00 7.oo

68

Pss

5574 0.0497
5207 0.0497
5094 0.0497

4724 0.0497
4724 0.0497
5161 0.0497
5161 0.0497
5534 0.0497
5534 0.0497
4992 0.0497
51 10 0.0497
504Ít 0.0497
4741 0.0497
4573 0.0497
4108 0.0497
4724 0.0747
4724 0.0747
5161 0.0747
5161 0.0747
5534 0.0747
5534 0.0747
49Y¿ 0.0747
51 10 0.0747
5043 0.0747
4741 0.0747
4573 0.0747
4108 0.0747
4741 0.0497
4573 0.0497
4108 0.0497
4741 0.0747
4573 0.0747
4108 0.0747

3690 0.0525
4280 0.0525
3910 0.0525
3880 0.0525
3710 0.0525
3280 0.0525
4200 0.0525
4140 0.0525
4580 0.0525
4310 0.0525
3250 0.0525
4280 0.0525
3070 0.0263
2890 0.0263
3810 0.0263

prs gssfyss 
t.7h

fr
c

0.0067 0.3s2
0.0067 0.377
0.0067 0.386

0.0067 0.426
0.0067 0.426
0.0067 0.390
0.0067 0.390
0.0067 0.364
0.0067 0.364
0.0067 0.,103
0.0067 0.394
0.0067 0.399
0.0067 0.425
0.0067 0.440
0.0067 0.490
0.0079 0.6æ.
0.0079 0.6?2.
0.0079 0.570
0.0079 0.570
0.0079 0.531
0.0079 0.531
0.0079 0.589
0.0079 0.575
0.0079 0.583
0.0079 0.620
0.0079 0.643
0.0079 0.716
0.0067 0.425
0.0067 0.440
0.0067 0.490
0.0079 0.620
0.0079 0.æ3
0.0079 0.716

0.0000 0.603
0.0000 0.520
0.0000 0.569
0.0000 0.551
0.0000 0.576
0.0000 0.730
0.0000 0.491
0.0000 0.500
0.0000 0.453
0.0000 0.480
0.0000 0.690
0.0000 0.485
0.0000 0.368
0.0000 0.391
0.oo00 0.296

elh

11.6 0.190 269.1
11.7 0.190 234.0
11.7 0.190 229.5

16.6 0.000 606.8
6.1 0.000 591 .3

1 6.6 0.000 617.9
6.1 0.000 646.4
16,6 0.000 428.0
6.1 0.000 46r.3
20.4 0.000 419.2
20.4 0.000 441 .2
20.4 0.000 437.0
11.8 0.000 575.8
11.8 0.000 600.1
11.8 0.000 551 .7
14.5 0.000 51 8.6
5.3 0.000 522.9
14.5 0.000 538.4
5.3 0.000 545.0
14.5 0.000 481 .1

5.3 0.000 503.1
17.8 0,000 403.9
17.8 0.000 533.9
17.8 0.000 472.3
10.3 0.000 573.8
10.3 0.000 547.2
10.3 0.000 448.0
11.7 0.190 269.1
11 .7 0.190 231 .8
11 .7 0.1 90 236.0
10.2 0.167 264.8
10.2 0.167 218.5
10.2 0.167 280.1

12.0 0.000 273.0
12.0 0.057 211.0
12.O 0.1 14 1 29.0
12.0 0.000 264.0
12.0 0.057 195.0
12.O 0.114 108.0
12.O 0.214 88.0
12.O 0.000 290.0
17.1 0.029 201 .0
17.1 0.057 1 35.0
17 .1 0.1 1 4 88.0
17 .1 0.214 67 .O

12.O 0.000 180.0
12.O 0.057 1 16.0
12.O 0.1 14 108.0

Tested Theor. Strength
Strength Strength Ratio

277.3 0.9703
264.6 0.8845
259.5 0.8846

515.2 1 .1779
628.1 0.9414
544.3 1.1352
665.6 0.9713
568.8 0.7524
697.6 0.6612
478.9 0.8753
484.s 0.9107
481 .4 0.9077
599.4 0.9606
586.3 1.0236
549.4 1.0042
521 .3 0.9949
615.4 0.8496
549.2 0.9805
646.8 0.8426
572.6 0.8401
660.6 0.7616
479.1 0.8431
4A4J 1.1029
481 .3 0.9812
593.5 0.9667
580.9 0.9420
545.2 0.8217
248.0 1.0852
241 .5 0.9598
224.3 1.0521
275.5 0.9614
269.5 0.8106
251 .4 1.1 143

268.1 1.0184
211.2 0.9993
139.7 0.9235
275.3 0.9591
188.4 1.0349
122.1 0.8844
88.3 0.9967
285.8 1.0148
213.6 0.9409
168.1 0.8031
92.2 0.9547
70.2 0.954Íì
192.9 0.9333
134.0 0.8659
126.3 0.8551



Author Col. 
1 '"- pss p.s P."f yss L/h elh Tested Theor. Strength

Desig. (in.) (in.) (psi) f ," Strength Strength Ratio

Morino A4-90 6.30 6,S 3060 0.0870 0.0036 1.4t11 5.8 0.250 113.0 88.4 1.2791 r
et al. 84-90 6.30 6.30 3393 0.0870 0.0036 1.302 14.4 0.250 83.6 69.1 1.2090 r(1984) C+90 6.30 6.30 3379 0.0870 0.0036 1.17:7 21 .7 0,250 61.7 52.4 1.1773

D4-90 6.30 6.30 æ74 0.0870 0.0036 1.474 28.9 0.250 46.4 97.1 1.2502 rA&90 6.30 6.30 4872 0.0870 0.0036 0.953 5.8 0.469 77.4 66.7 1.1608
88-90 6.30 6.30 4829 0,0870 0,0036 0.957 14.4 0.469 59.5 53.7 1 .1 068c8-90 6.30 6.30 3567 0.0870 0.0036 1.305 21.7 0.469 39.7 36.8 1.OT7gD&90 6.30 6.30 ?321 0.0870 0,0036 1.399 28.9 0.469 30.3 28.2 1.0759

Roik 7 11.81 11.81 6570 0.0s69 o.oo5o 0.517 1o.o o.1oo 1029.1 789.0 1.2962 rMangerig I 11.81 11.81 6570 0.0868 o.oo5o 0.517 1o.o o.3oo 502.0 406.4 1.2952 '(1987) 9 11.81 11.81 6570 0.0868 O.OO5O 0.517 16.7 O.1OO 824.6 587.6 1.4094 *
10 11.81 11.81 6570 0.0868 0.0050 0.517 16.7 o.3oo 410.9 316.3 1.2989 *
1 1 1 1 .81 1 1 .81 6570 0.0868 0.0050 0.517 26.7 o.1oO 455.0 334.8 1 .3588 r
12 11.81 11.81 6570 0.0868 0.0050 0.517 26.7 o.3oo 229s 206.8 1.0827 *

Roik v102 11.02 11.02 5956 0.0495 o.OO79 0.370 12,6 0.357 252.2 236.3 1.0674Schwal'r v1 11 11.02 11.02 6015 0.0495 0.0314 0.358 12.6 0.357 394.9 g47.g 1.1351(1988) V112 11.02 11.02 6015 0.0495 0.0314 0.358 12.6 0.214 565.9 478.7 1.1822
v1 13 11.02 11.02 6015 0.0495 0.0314 0.358 12.6 o.Ooo 1032.8 1069.1 0.9660v121 11.02 11.O2 6015 0.0434 0.0314 0.251 12.6 0.571 256.1 2g7.7 1.0772v122 11.02 11.02 6015 0.0ß1 0.0314 0.251 12.6 0]14 182.9 196.6 0.9305v123 11.02 11.02 6015 0.0434 0.0314 0.251 12.6 0.357 945.4 333.2 1.0367

Table 3.4 - Continued

69

NOTE : For e/h = inf., strength is given in kip-ft ( 1 kip-ft = 1.35ó kN-m).

For atI other vatues ol e/h, the strength is shorn in kips ( 1 kip = 4.44g kN).

b = width of the concrete cross-section parralLeL to the axis of bending;

h = depth of the concrete cross-section perpendicuIar to the axis of bending.

The term fy". *"" taken as the web yietd strength for computing the p..fyrr/frc ratio.
The strain-hardening of both steeIs ]¡as inctuded in the anatysis.

* Exctuded from final anatysis.
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Figure 3.7 comparison of tested strength to theoretical
strength for beam-columns subjected to bending about the minor
axis of the steel section.
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ïable 3.5 - Statistical Analysis of Ratios of Tested to Calculated Strength of all
Composite beam-column specimens subjected to minor axis bending (Strain-hardening included).

Column
ïype
fi)

Short
(¿/h< 6.6 )

Long
(t/h=> 6.6 )

(2\

No.

7a

all e/h

f3ì

Mean
CV

Skew

No.

0 <= e/h <= 0.2

ø\

Ail ¿/h

15

Mean

1.00
18.4i'

CV
Skew

€.09

149

No.
Mean

1.12
22.87

13

CV

0.96

Skew

1.19

17.73

0.2<e/hcl

l5)

o.o2

1il
1.11

æ..77

119

1.10

1.18

24.40
1.2.

2
1.æ.

0<=e/h<1

161

6.86

132

0.00

1.09
24.25

2A

1.25

1.18
15.92

15

1.62

1.00

e/h = inf.

m

18.43

30

-0.09

1.19
15.41

147

1.62

1.12
23.00

162
1.11

22.88

2
1.05

1.17

3.65
0.00

2
'I .05
3.65
0.00



to 6.6. The data was further categorized into four ranges of
end eccentricity ratio (e/h) as described in Table 3.5.

The mean value for the ratio of tested to theoretical
ultimate strength v/as l-.LL with a coefficient of variation of
22.77 percent when all- 764 specimens were considered (Table

3.5 corumn 3). These values do not correlate to the mean

value of 1-.04 and coefficient of variation of i-o.23 percent

obtained for the 81 beam-column specimens subjected to the

major axis bending and analyzed in the Sectj_on 3. j_.

A review of the strength ratios in TabÌe 3.4 shows

stevensr test data to be overry conservative with a wide

variation in strength ratios ranging from t"oA to 2.06. A

parametric study of the data was then carried out using

different variables. The purpose was to compare the strength
ratios obtained from stevensr data to those obtained for the
data of the other authors. Figures 3.8, 3.9, 3.r-0, and 3.1-l-

plot the strength ratios for stevensr data and the rest of the
data against e/h, L/h, r'., and pssf yss/r'ç, respectively,
where pss : the structurar steel ratio, and. rrr" : the yield
strength of the structurar steer. comparisons of Fi-gures

3. B (a) and (b) , 3. e (a) and (b) , 3. t_o (a) and (b) , and 3.1j- (a)

and (b) indicate that Stevensr data is consistently different
from the others. stevensr s4 specimens alone giave a mean

value of 1.36 and a coefficient of variation of j,7.09 percent.
This is significantly different from a mean value of 0.98 and

a coefficient of variation of L4.34 percent obtained for the

72
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remaining 1l-0 specimens.

Basu (1-966) used 26 of Stevensr column specimens(CV, AE,

and FE series in Table 3.4) and found that using a factor of
0.8 instead of 0.67 to obtain equivalent cylinder strength

from a 4-inch cube gave 1-0 percent better agreement with his
theoretical mode1. Roderick and Rogers (1969) on the other
hand, analyzed Stevensr twelve specimens from FE series (Table

3.4) and suggested that the yield strength of 32.9 ksi (227

MPa) reported by stevenst for the l-2-inch by 6-inch structural
steel section is somewhat low in comparison to the nominal

yield strength of 35.8 ksi (247 Mpa) specified for that
secti-on.

Figure 3.L0 (a) shows that the concrete strength f," for
almost all of stevenst specimens is less than 3ooo psi. This

indicates an apparent probrem either with obtaining an

equivalent cylinder strength using Equation 3.2 and 3.3 or

with the cube test data reported by stevens. The latter is
suspected to contribute to the problem, because Equation 3.2

and 3.3 were used to convert the cube strength to the cylinder
strength for many of the remaining specimens and gave

reasonable resul-ts.

other problems that vrere encountered in determining the
material properties and cross-section configurati-on for the
test speci-mens reported by stevenst data are summarized below:

1-) The specified length of some of the specimens $/as

unclear.
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2) Information regarding the reinforcement was insufficient
with respect to quantity, position, and yield strength.

3) The way the concrete strength was determined from cubes

was unclear (cube tested paralÌel or perpendicurar to the

direction of casting).

4) Two sets of concrete cubes were cast, one set stored with
the beam-column specimens and the other stored in water,
gave significantly different results.
stevensr data indicates that the theoreti-caI model is

quite conservative. More favourable results could have been

obtained if the water stored cube strengths \A/ere rnultiplíed by

a factor of 0.8 to obtain an equivalent cylinder strength
rather than using the approximately 0.67 tirnes the strength
obtained from the cubes stored with the test specimens.

consequently, it was decided that it would be acceptable not
to use stevensr data in this study, with the exception of the
two tests in pure f lexure (AEt-1 and FEi-2 in Table 3 .4) .

Flexural tests results hrere retained because the strength is
not as significantly affected by concrete strength and

unsupported length as is in the case of beam-col_umns subjected
to cornbined axial load and bending. A plot of tested strength
versus theoretical- strength for the remaining tL2 specimens is
shown in Figure 3.L2.

The statistj-cs for strength ratios of the remaining 1-1-2

specimens resul-ted in a mean value of o.9g and a coefficient
of variation of L4.23 percent (Tabte 3.6 col-umn 3). This
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Table 3.6 - Statistical Analysis of Fatios of Tested to Calculated Stengths for Composite
beam+olumns subiected to minor axis bending other than those tested by Stevens
in which e/h < inf. (Stain-hardening included).

Column
Type

f1ì

Short
(¿/h< 6.6 )

Long
(t/h=> 6.6 )

QI

No.

ail e/h

f3ì

Mean

80

CV
Skew

No.

0 <= e/h <= 0.2

t4l

AI t-/h

11

Mean

0.93
18.57

CV
Skew

0.48

101

No.
Mean

0.99
13.73

CV

I
0.87

Skew

0.48

12.29

0.2<e/h<1

fsì

Table 3.7 - Statistical Analysis of Batios of Tested to Calculated Strengths for Composite
beam-column specimens subjected to minor axis bending for which the strength
ratio ranged from 0.8 to 1.2 (Strain-hardening included).

-0.58

112
0.98

14.23

79
0.95

0.æ

13.20

Column
Type

t1)

0.86

2
1.22

0<=e/h<1

l6ì

6.86

88

0.00

0.95

Short
(¿/h< 6.6 )

13.35
o.77

20
1.11

9.05

11

0.00

Long
(e/h=> 6.6 )

0.93

Q\

e/h = inf.

m

18.57

?2

0.48

No.

all e/h

f3)

Mean

1.12
9.14

CV

99

-0.07

Skew

0.99
13.85
0.51

No.

Art/h

0 <= e/h <= 0.2

t4l

I

Mean

o.94
11.02

110

CV
Skew

0.88

0.98
14.34

2
1.05

0.46

No.

87

3.65

Mean

0.97

0.00

9,26

CV

7

0.91

Skew

o.26

Q.2<elh<1

tsì

6.70

2

0.09

'I .05

95

3.65

o.97

0.00

9.39

71

0.95

0.32

8.46
o.32

1

1.16

0<=e/h<1

l6)

78
0.95
8.38
0.36

14
1.07
7.26
-o.21

I
0.94

eih = inf.

m

1.O2

l5

0.88

1.O7

7.30

85

-0.30

0.97
9.30
0.30

93
0.97
9.42

2
1.05

o.37

3.65
0.00

2
1.05
3.65
0.00



compares reasonably well with the mean value of l_.04 and a

coefficient of variation of 1-o.23 percent obtained for
strength ratios of 81 beam-column specimens subjected to major

axis bending and analyzed in the Section 3.i_. This also

compares with the mean value of l-.04 and coefficient of
variation of 10.4 percent obtained by virdi and Dowring (1,973)

for eight biaxially loaded composite columns.

Differences in statistics for the four different ranges

of end eccentricity ratio (Table 3.6 Col-umns 4, S, 6t and 7)

and the overall statistics (Table 3 . 6 Col_umn 3 ) are

significant for some cases. For short columns with l-ow to
intermediate eccentricity ratios (columns 4, 5 and 6 in Table

3 .6) , the mean varue and coef f icient of varj-atj-on f l_uctuate

considerably for each range of end eccentricity ratio. Long

columns with intermediate eccentricity r5tio= (column 5 in
Table 3.6) have a much higher mean value than the overall mean

va1ue.

rt was decided that all data with a strength ratio
greater than 1,.20 or less than 0.8 be excluded from the final
anarysis. This is consistent with what v/as done for the
cali-bration of the theoretical rnodel- f or beam-corumns

subjected to major axis bending and described in section 3.1_.

using this criteria, a totar of 1-7 specimens $/ere removed from

the final statistical analysis: RS 60.3 from Bondaleì 3.2,
8.1, 8.2 and 8.3 frorn Janss and Anslijn; 9, 1l- and 12 from

Janss and Piraprez¡ A4-9o, B4-90 and D4-90 from Morino et al.;
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and all 6 beam-column specimens from Roik and Mangerig. Al1

tests from Roik and Mangerig hrere excluded since five out of
six of these tests hrere outside the linits of O.B and L.Z.

The strength ratios plotted against e/h, L/h, pss, and p."+pr"

in Figures 3.1-3, 3.L4, 3.1-5 and 3.i-6, respectively, show the

relative locations of the excluded data with respect to the

remaining data. The resulting statistics in Table 3.7 of the

remaining 95 specimens shows a marked improvement in the mean

varue and coefficient of variation for each of the e/h ranges

as well as for the overall statistics over the values shown in
Table 3.6.

Column 6 in Tab1e 3.7 , where e/h ranges from zeyo to
1.0, is of specific interest since eccentricity ratios ranging

from 0.05 to 1-.0 were used to study the effective flexural
stiffness (Er) of composite columns described in chapters 5

and 6. Here, whether the columns are short, long or aIl
lengths combined, the mean value and the coefficient of
variation do not differ significantly. Based on the mean

varue and coefficient of variation, determined for 93 columns

with all- L/h incruded (Table 3.7 column 6), a mean value of
1.0 with a coefficient of variation of i-o percent are

recommended to describe the model error for beam-columns

bendingabouttheminoraxisofthestee1sectionwhene/h<
l_. o.

Pure bending (Colurnn 7 in Tabl_e 3.7) , where e/h = @,

gives the lowest coefficient of variation (3.65 percent)
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compared to the other e/h rang:es. This is the same trend

exhibited by beam-col-umns subjected to pure bending about the

major axis described in Section 3.i-.

The calculated ultimate strength considering the effect
of strain-hardening was compared to the calculated ultinate
strength when strain hardening was not included. strain
hardening was found to have no affect on the calculated
strength of the beam-corumns when e/h < æ. strain hardening

had some effect on the strength of beam-columns subjected to
pure bending. The resulting calculated ultimate bending

strength without the effect of strain-hardening for each of
stevensr two beam-columns, AE11 and F812, are 1,7.63 kip-ft and

I27 .4 kip-ft, respectively.

The probability distribution of the strength ratios
calculated for the 93 specimens (e/h

normal probability paper in Figure 3.1-7 and is compared to a

normar probability distribution using the suggested mean val_ue

of 1.00 and coefficient of variation of 10 percent. The data
can be assumed to be norrnally distributed since the data

closely follows the normal curve.
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4 - ACI AND AISC FLEXURAL STIFFNESSES

4.1 .ACI CODE EFFECTIVE FLEXURAL STIFFNESS

Equation 4.L is specified by the ACr Building Code (1989)

and CSA Code A23.3 (l-984) to determine the effective fl-exural
stiffness of slender composite columns subjected to short term

loading.

rn the above equation, E" is the modulus of elast,icity for
concrete, rn is the moment of inertia for the gross concrete

cross section, -8" is the modulus of elasticity for steel, and

r"" is the moment of inertj-a of the structural steel- shape

taken about the centroidar axis of the composi-te cross-
section.

89

EI = O.zEcIq + -8"f""

4"2 AISC-IJRFD CODE EFFECTIVE FLEXURÀL STIFFNESS

The AISC LRFD-Specification (ATSC Code j-986) for the
design of structurar steel- Buildings does not compute the

effective flexural stiffness (Er) of a composj-te beam-column

as does the Acr code. The procedure, descrj-bed in detail
l-ater in this section, v/as deveroped to obtain effective
flexural- stiffness from the Arsc interaction equations. The

Arsc Er so computed is comparabre to the Acr Er and

theoretical- Ef.

First, the equations given in the Arsc code (t-986) were

rearranged to establish axial road-bending moment (p-M)

rel-ationships f or sl-ender beam-column strength and cross-

(4.7)



section strength. The bending moment from each of the two

ínteraction diagrarns for a given axial load Ievel r,/as then

computed and used to determine the AISC moment rnagnification
factor, similar to the one described in the Acr code.

Finally, the moment magnification equation, given in the ACT

Building Code, \¡/as rearranged to solve f or AISC EI . The

procedure outlined above sirnply uses the ACI moment rnagnifier
approach in reverse order and the AISC interaction equati-ons

for composite columns.

90

4.2.1 AISC A:<ial Load-Bending Moment Relationship

The Arsc code (chapter H) limits the strength interaction
for structural steel members subjected to combined axial 1oad

and bending moment according to Equation 4.2 and 4.3.

D
For 't) > 0.2

Q.Pn-

DLu

6;4

D
For 'tr < o.z

Q" Pn

I+_
9

The modifications required in these equations to obtain the
strength interaction for composite columns are described l-ater

Pu *( ,u* * Mu, ì.r.026-; (ø ø"" - ab%) =

(4.2)

(4.3)



in this section. Essentially, Equations 4.2 and 4.3 can be

used to describe the axial l-oad-bending moment interaction
relationshíp for a beam-column of any length L.

In Equations 4.2 and 4.3, P,, is the required compressive

strength in kips ì Pn is the nominal compressive strength in
kips for a colurnn of length t, determined in accordance with

Section E2 of the AISC Code ì Mu is the required flexural
strength calculated including the second order effects; M' is
the nominal flexural strength of the cross section ì e" and qo

are resistance factors for compression and bending. In this
study the major and minor axis bending cases were each

considered separately and the resistance f actors r¡rere set

equal to l-.0. Equation 4.2 and 4.3 take the following form:

97

P__For + ,- o"2
tn

D
For ^u < o.2

Dtn

schematic P-M interaction curves resulting from Equations 4.4

and 4.5 for bendi-ng about one axj_s are given in Figure 4.I.
The nominal cornpressive strength (p) for a steel column

is defined in Chapter E (Section E2) of the AISC Code as:

PuB
-1--
Pn9 täl <,.0

'u *ftrì2Pn \M")

For I" < 1.5

< l_.0

P, = An F.,

,2
Fcr = (0.65g^c)Fy

(4.4)

(4.5)

(4.6)

(4.7)
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I

Figure 4.L schematic cross-section and column axial Load-
bending moment (P-t"I) interaction diagrams developed from Arscinteraction equations for beam-columns bending aÈout one axisof the steel section.

BENDING MOMENT

Eqn. 4.5



For l" > 1.5

and

93

Fer=lT]"

in which As is the gross cross sectj-on area of the steel
member,ín.2i F, ís the specified. yield strength, ksi; .E is the

modulus of elasticity, ksir. K is the effective length factor,
whichwas taken equal to 1.0 for this study; t is the unbraced

length, inches; and r is the governing radius of gyration

about the plane of buckling, inches.

For structures designed on the basis of fi-rst-order
erastic analysis, Equation 4.1-o j-s used (in l-ieu of second.-

order analysis) to obtain the required flexural moment (Mu)

that accounts for the second-order effects of column length
and lateral translation"

^KLh---
" rTl

F'v
E

(4.8)

where B1 is a mornent rnagnifier to account for second-order

length effects and is described by Equation 4.i"1, and Mnt is
the required frexural strength (kip-in. ) in a member assumi-ng

no lateral translation of the frame.

(4.e)

C-B! = "'Þ > l_.0
- ^u

Pe

The product of the moment magnifier B,

flexural strength for the member due to

Ì'Iu=B¡Mnt+B2Ml.t (4.1_0)

and Iíp¿, the required

lateral translation of

(4.1_t_)



the frame, r¡/ere equal to zero because lateral translation was

not considered in this study. In Equation 4.11, the

coef f icient Cn : 0.6 O.  QI1/!A) accounts for end moment

conditions for compression members braced against rateral
transration. 14j/M2 is the ratio of the smalLer bending moment

to the larger bending moment acting at opposite ends of the

unbraced length and in the plane of bending being considered.

For si-ngle curvature bending, M, and II, are equal and opposite

and, therefore, Cn becomes equal to l_.0. Final1y, p" is
defined by the equation:

94

In the present form, Equations 4.2 through 4.L2,

described above are for structural steer beam-corumns. To

obtain the design strength of a composite beam-cotumn, the
Arsc code rnodifies the properties of the structural steel
according to the following provisions:

(a) Replace An with,4", the area of the gross steel shape.

(b) Replace r with rr, the greater of the radj-us of gyration
of the steel shape or 0.3 tirnes the overall depth of the
composite section in the plane of buckling.

(c) RepÌace Fo with a inodified yield stress Fr" and replace
E'with a nodified modulus of erasticiicy E^, âs described-
by Equations 4.I3 and 4.I4.

D - Afv
e^

^¿Lc
(4 .1,2)



in which Ä" is the area of concrete, in.2; A, is the area

of the longitudinal reinforcing bars, ir.2 i As is the

area of the steel section , in.2; E is the modul-us of
elasticity f or steel, ksi ì Ec is the Modul-us of
elast.icity for concrete calculated as sTooo-f \, ksi; -F"

is the specified yield strength of the steel shape, ksi;
F* is the specified yield strength of the J-ongitudinal

reinforcing bars, ksi ì f," is the specified compressive

strength of the concrete, ksi; and coefficients ct, c2

and c, are equal to 0.7, 0.6, and O.2 respectively.
(d) the nominal frexural strength (M) is calculated using

Equation 4.15 described in chapter r (section 14) of the

AfSC Code"

Fmy = F, + clFyr(Ar/A") + c2flr(A"/Ar)

95

Em= E + e3E"(Ar/A")

(4.1_3)

trn=t:o=zpr*! Ør-2.,) u,rr,-l+- .Yi: Jut"
\ 

, L.7 f'cht )

(4.]-4)

This is an approximate formula obtained from the plastic
stress distribution for the composite section. rn
Equation 4 -L5, Ar¡ is the web area of the encased steel
shape, in.2ì Z is the plastic section modul-us of the
steel section, ir.3; c'. is the average distance from the
compression face to longitudinal- reinforcement in that
face and distance from tension face to longitudinal

(4.]-s)



reinforcement in the face, inches; h, is the width of the

cross section paralleI to the axis of bending, inches;

and h2 is the depth of the cross section perpendicular to
the axis of bending, inches"

Substituting Equation 4.L0 and then Equation 4.!7 into
Equations 4.4 and 4.5 yields:

D
L ,tFor ; > o.2
tn

96

For 'u . o.,
Pn

D'u
Dtn

I
E

rnstead of generating a series of values to determine the
P-14 relationship and then interporating for a desired end

eccentricity ratio (e/h), a closed form sol-ution was used. rn
the present form, Equatj-ons 4.i,6 and 4.1-7 cannot be readily
solved using sirnple algebraic mani-pulation since each equation
has two unknowns, Mnt and pu. Knowing the value of end

eccentricity (e) frorn the desired, e/h ratio, the term p' times
e was substituted f or Mnt into Equations 4 .1-6 and 4 .1-7 ,

leaving each equation with only one unknown variable (p) ín

Dt12

2Pn

< 1_.0

( Ìrn,
t-

l*, (1 -
(

Mnt
Dt [r.

-t
Dtte J=

)

(4.1,6)

l_. o (4 .1,7 )



Equation 4. L8 and 4.l-9.

P.-For ; > o.2
tn

For nu . 0.,
Pn

97

i.Êl
\

Both sides of

(1 - Pu/Pe) to

P._For ; > o"2
tn

P..r[n (1 - #)
^e

Pue

Dtl)

2Pn

= 1"0

Equations

give:

(

4

M"n

" -Lö

Puê

rr-ftr
and 4. L

D
For 'u < o.2

Dtn

)

9

(4.18)

= l-.O

Pu
Dtn

were then

P3
Þ-Dtn-e

Rearranging

nultiplying

I+_
9

D

4
Equations

through

Pu" 
=

14n

multiplied by

(4 . re)

P? P..e p.--U -U" u.- + _ = _l_ rr - _2PnPe I4n Pe

4 .2O and 4 . 21_ , gathering

by -1.0 results in

1.0
Ð

Pe
(4.20)

(4 .21)

terms of P,, and

the following



expressions:

P.-For # > 0.2
tn

D
For 'u < 0.2Dtn
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in which e is calculated from the desired, e/h ratio and is an

input to Equations 4.22 and 4.23ì pn, p" and Mn are values
that can be readily determined using the equations stated
earlier and the given cross-section properties and column

length. Equations 4.22 and 4.23 are in the form of a general
quadratic equationz af + bx + c: O, where x: pu and a, b

and c are the constants indicated within parentheses in
Equations 4.22 and 4.23. The sol-ution for a general quadratic
equation shown below was then used to determine p,r:

(41,'".

8 e 1logq ,"). "

(te
| --
[ 2p" I[n

+ (L.0) - 0

{l Pu+ (1.0) =o (4-23)

(4.22)

Equation 4.24 gives two sorutions due to the plus and

minus signs used in the numerator of the equation. rt was-

determined that the minus sign gives the correct sol_ution

because the other solution (with a prus sign) for pu is

Pu=x= -ntlffi
2a

(4.24)
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greater than the pure axi-ar load capacity of the cross-section
(e- = 0).

Equations 4.22, 4.23 and 4.24 were used to solve for the

axiar load Pu for each desired eccentricity for a slender

column. Mnt (Mcor) was then taken equal to pu times e. To

maintain consistency with the terms in Section 2.I, Mcor was

used to represent the overall sLender column bending moment

capacity and Pl"" to represent the cross-sectj-on bending moment

capacity. P,, was then substituted into either equation 4.i,6

or 4 " 17 depending on the ratio of pu/pn, the column length was

set equal to zero, M"" v/as used to replace Mnt, and the

equation was rearranged to solve for M.". Note that for a

cross-section (column of length zero) pe tends to infinity.
Therefore, Pu/Pe becornes zero, making the solution a matter of
simple algebra.

4.2.2 compuÈation of Arsc Effective Frexural stiffness
To facilitate a direct comparison to the Acr method of

deternining the effective flexurar stiffness, it hras

determj-ned that an equivalent moment rnagnification factor,
simil-ar to the one utilized by the ACr code, could. be computed

from the j-nteraction di-agrams and forrnulation described in
Section 4 .2 .1.

The ACI magnified factored moment M" is defined by

Mr=6#2n+6"M2" (4.25)

Equation 4.25 is identicar to Equation 4.10 taken from the



Arsc code. rn Equation 4.2s, 6b is a moment rnagnifier to
account for second-order length effects as computed from

Equation 4.26í Mzr is the moment resulting from gravity l-oads.

The product of the moment magnj-fier 6s and M2r, the moment

resulting from lateral loads, \¡ras equal to zero because

lateral loads were not considered in this study"
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rn Equation 4.26, c, is the equivalent unj-form moment dj_agram

f actor and is equal to 0.6 o " a eIlp/M2) ì Þ11¡/t426 is the
ratio of smaller bending moment to larger bending moment

acting at opposite ends of the unbraced length and in the
plane of bending being considered. For single curvature, Mtb

and Mzn are equal and opposite and cm becomes equar to l_.0.

Pu is the factored axial- load; @ is the resistance factor
which was taken equal to i-.0 in this study; and p" is defined
by:

6b
c-_+ > l_.0

- tu

ePc

in whj-ch Lu is the unsupported length of
the effective length factor taken equal to
beam columns considered.

Substituting into Equation 4.25, Mcot

and 6¡ from Equation 4.26, and setting C,

6rM2" = 0 gives the following expression:

(4.26)

12Er.c_.=.------
(K Là' (4.27)

the column and k is
l-. 0 f or the type of

for l4ru, M., for Þ1.,

: 1.0, A - 1.0, and



Mcs =f t r 
'ì r",,

[' ä,|

Equation 4.28 $¡as rearranged to solve for

Equating Equation 4.27 Eo

then solving for EI gives

the AISC Code:

1_01

DLc -

The terms P,, , Mcol_ and rtf", \¡rere obtained from the closed

form solution to the column axial road-bending moment

interaction diagrams, shown in Figure 4.2 and explained in
section 4.2.L. A short computer program was written to
compute the Er ernploying the procedure outlined in this
Section and Section 4 .2.L.

('- y)
( I'rcs 

J

DtL¡

Equation 2.29, setting k:1.0, and

the effective flexural stiffness for

Pc (Equation 4.29) .

(4.28)

FT_

o, (t - 
Mco¿l

( M""J

Pu L2u

(4.2e)

(4.30)
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5 - EVALUATION OF EFFECTIVE STIFFNESS FOR BEAM-COLUMNS

SUBJECTED TO MAJOR AXIS BENDING

5.1 DESCRIPTTON OF BEA¡.Í-COLUI.fNS STUDTED

rn an attempt to study the ful1 range of variables, l-t-B8o

composite beam-columns v/ere used to eval-uate the theoretical
st,iffness of beam-corumns bending about the major axis. Each

column had a different combination of the specified
properties. The specified nominal concrete strengths f'", the
structural- steel- yield strengths rr"r, the reinforcing steel
ratios prs, the structural steel ratios pss and the size of
structural steel shapes used in this study are listed in Table

5.1. The values shown in the table represent the practical_

ranges of these variables used in the construction industry.
The overall concrete cross-section had a size of 22 inches by

22 j-nches; the details of the cross-section are given in
Figure 5. 1-.

The ACI and AISC Code requirements for composi-te columns

influenced the selection of the cross section parameters used

in this study. For composite beam-columns neither the ACr nor

the Arsc code specifies a maximum amount for the structural
steel core. Hov/ever, the Arsc code states that to qualify as

a composite column the structural steel ratio (p"") must be

greater than or equal to 4 percent. The Acr Building code_

requires that a mini-mum of 1- percent to a maximum of g percent
of longitudinal reinforcing (pr") be included with the
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Table 5.l- Specif ied properties of composi_te beam-col_umns
studied*

Properties

f'", psi

frr" ' PSi

Prs , I

l_04

sÈructural
steel

Specified Values

4000;5000;6000;8000

36000; 44OOo¡ 50000

1.09;1.96¡ 3.L7

!/h

section pss , t

Vl12 x 170 10.33
r¡11,2 x l2O 7.29
t¡lt2 x 72 4"36
W10 x L12 6.80
W10 x 68 4.13
wB x 67 4.O7

e/h

* Total number of columns equals ( 4 x 3 x 3 x 6 x 5 x
each column having a different combinat,ion of specified
above. All columns had a cross section size of 22 x 22
ties conforming to ACI 318-89 Clause 10.l_4.8.

Note: 1.0 in. = 25.4 mm; 1000 psi = 6.895 Mpa.

Number of
Specified Values

0.05; 0.1; 0.2¡ O.3¡ O.4¡ 0.5
O.6¡ O .7 ; 0. 8; 0. 9; 1.0

10; L5¡ 20; 25¡ 30

4

3

3

5

11

11 =) 11880 with
propert,ies shown
in. with lat,eral



4.. d.. bf
Designation

{ in.¿) 1in.¡ (in.)

STEEL SECTION

W12 x 170 5O.0

W310 x 253)

Wl2 x 120 35.3
W310 x f 79)

W12x72 21.1
(W3.l0 x 107)

WlOx 112 32.9
(W2s0 x 167)

r_05

14.03 12.57 10.3Í

13.12 12.32 7.29

Pss

(%)

Y MEx. bar Max. ba¡
dia. for dia. lor

(in.) Z=1.0 in. lap

Wl0 x 68 20.0
(w2s0 x 1 01)

12.2s 12.M

'11.36 10.4f

1.99 1.90

LONGITUDINAL FEINFORCING

WB x 67 19.7
(W20ox r00)

2.44

2.88

Comer Rebars

Bar No. Clea¡
Dia. Beq. O¡st.
(in.) Z (tn.)

4.36

2.20

2.60

3.30

3.7010.40 10.13 4.13

1.72

1.84

1.98

2.806.80

1.693
1.000
0.750

1.693
1,000
0.750

1.693
1.000
0.750

1.693
1.000
0.750

1.693
1.000

0.750

1.693
1.000
0.750

9.00

o.o¿

Add'l Flebars

8.28

4
4
4

Bsr
Dia.
(in.)

3.80

1.U2
2.167
2.465

Ì./6

2.540
2.841

2.O97
2.934
3.236

3.002
11.521
11.823

3.427
4.263
4.565

4.581
5.417
5.719

4.O7

No.
Feq

Total
Area of
Beba¡s prs

( in.2) (%)

4
4

4.50 4.60

AXIS OF
BENDING

1.000
1.000
0.750

1.000
1.000
0.750

1.000
1.000
0.750

1.000
1.000
0.750

1.000
1.000
0.750

r.iloo
1.000
0.750

4

4

2.94

I
I
I

15.32 3.17
9.48 1.96
5.28 1.09

15.32 3.17
9.48 1.96
5.28 1.09

15.32 3.17
9.48 1.96
5.28 1.09

15.32 3.'17

9.48 1.96
5.28 1.09

15.32 3.17
9.48 1.96
5.28 1.09

15.32 3.17
9.48 1.96
s.28 1.09

4

4

4

3.86

8
I
I

4
4

I
I
8

4
4

4

I
I
8

Figure 5. l- Details of composite col-umn
columns subject to bending about the rnajor

I
I
I

I
I
I

cross-section for
axis.



structural steel core. Difficulty in rap splicing the

reinforcing bars reduces the maximum limit of p¡" to about 3

to 4 percent when a relatively large structural steel core is
encased. The reinforcing steer ratio is, therefore, usually
expected to range from l- to 3 percent. Even three percent

reinforcing steel wil-I restrict ps" to a maximum of about 10

percent, giving a range of pss about 4 to 1-o percent,. The Arsc

code (chapter r, section 12) specifies that f,. be restricted
to range from 3000 psi to 8000 psi and that the maximum yield
strength for structural steet and reinforcj_ng bars shal_l not
exceed 55,000 psi in calculating the strength of the column.

The ACr Building code, or the other hand, specifies that f,"
shal-r not be less than zsoo psi (clause 1o.l-4"9"1_) and that
the design yield strength of the structurar steel shalr not
exceed 50, 000 psi (clause 10. i-4 .g.z), but no restriction ís
placed on the desj-gn yield strength of the reinforcing stee1.
with these requirements in mind, the strengths for concrete
and structural steel shown in Tabre 5.1- were selected. The

yield strength of the reinforcing bars was taken as 60 ksi for
all of the cross section arrangements, because this represents
the standard strength of reinforcing bars used in the
construction ì-ndustry. Figure 5 . l_ shows the cross section
arrangements that were used in this study.

utilizing six different sizes of structural_ steel- shapes._

(Figure 5.1) provided the means to study the effect of
concrete cover over the structural steel section. The ratio
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of the depth of the structural steel shape to the depth of the

concrete cross-section dss/h was used as an index for concrete

cover over structural steel.

Table 5.1 shows that eleven end eccentricity ratios e/h

ranging from 0.05 to 1.0 were used. This is consistent with
the findings of Mirza and MacGregor (L992) that, for
reinforced concrete buildings, e/h usually varies from o.t- to
0.65. Five slenderness ratios L/h were chosen to represent
the range of L/h for columns in braced frames designed in
accordance with ACI 3t-8-89 Clause l_O.i_L.

As the purpose of this study is to simulate the actual
stiffness Er of beam-columns described by nominal cross-
sectional properties, the specified nominal values for
material strength and cross-sectional properties will not
provide an accurate estimation of EI. Mean values establ-ished

by skrabek and Mirza (t-990) corresponding to the nominal

specified properties were, therefore, used to compute the
theoretical stiffness for each column. Table s.z Ìists the
mean values corresponding to the specified nominal values.

The short-term theoretical effective flexural- stiffness
Er lor each of the l-LrB8o corumns studied was computed using
Equation 2.7, the cross-section and sl-ender column interaction
diagrams described in section 2.2, and the mean val_ues of the
variabl-es specif ied in Table 5 .2 . The simul_ated column 

_

stiffness data r/ere then statistically anaryzed for examining
the current ACr column stiffness, the equivalent AISC column

LO7



lable 5.2 Mean Values
Strength and

Nominal
Strength
f '" (psi )

of Variables Used
Stiffness.

108

4, 000

5,000

6, 000

a

Compressive
St,rength
fc (psi)

8, 000

Conc reEe

for Computing Theoretical

3, 388

Nominal
Strength
f, (esi )

Mean Values

4, 013

4 ,64]-

Modulus
of Rupture
fr (psi)

b

5,9O4

36, OO0

Structural Steel SÈr

44, 0OO

445

50, 000

48s

523

Elastic
Modulus
Ec (ksi)

591

Web
fysr (psi )

W1-2 x l7O (vi3L0 x 253)

Static Yield Strength

Stee1 Shape

Mean Values

wt2 x t2O (W310 x 179)

c ) Resrctual Stresses

3,260

39,24O

h*

W]-2 x 72 (w310 x 107)

3,537

Wl-O x 112 (w250 x t67)

47 ,960

3,795

Wl-O x 68 (w250 x 101)

4 t263

54, 500

W8 x 67 (w200 x 100)

* Note: Modulus of Elasticity for Structural Steel,

Flange
ctysf

Flange Tip lpsi)

n Structural Steel

0.95 f ysr{

0.95 fysw

-1-8 ,367

0.95 f ysr{

-17 ,983

-17,896

-1,8 ,57 6

Flange -
Juncture

-18, 384

-18, 465

Lt,792

web
lp

7I ,267

sl-

LL, L52

)

12,o89

1L,816

L1, 93 1

Es = 29'o0o ksi



Table 5.2 - continued

Ratio of Actual to
Specified Dimensions

l_09

d) Structural Steel Dimensions

Nominal Strength
fy (psi)

Section
DepÈh

d

60, 000

Length (in.

1. 000

Flange
l,Iidth

b

Cross-Sect,ion Depth (in.

(e) Reinforcing Steel

Cross-Section 9lidth (in.

(f) Deviation of Overall Beam-Column Dimensions

Concrete Cover to Lateral Ties (in.

elnrorcln

Static Yield
strength fr. (psi)

1.005

Spacing of LateraÌ Ties (in.)

Flange
Thickness

t

from Nominalrom

66, 800

ee

o.976

na

web
Thickness

w

ci j.ect Dimensions

Elastic Modulus
Es (ksi)

1.017

29,OOO

0.0

+0.06

+0.06

+0.33

0.0



l_l_0

stiffness, and for developing the proposed design equati-ons

for EI.

5.2 EXA!{INATION OF ACI AND ÀTSC STIFFNESSES

The ACI Building Code and the comparable AISC Code

equivalent flexural stiffnesses (Equation 4.L and 4.30

described in chapter 4) were compared with the theoreticar Ef

data generated for all of the 11,BBo composite corumns

subjected to bending about the major axis of the steel
section. The nomi-nal- values of variables shown in Table 5.1

and Figure 5. l- v/ere used f or computing the Acr and Arsc Er

values. Note the theoretical Er values $/ere computed using

the mean values of variables shown in Tabl_e 5.2.

The histograrns in Figure 5.2 show the ratios of
theoretical- Er to design E'r @rth/Eraes). The results shown

in Figure 5.2 (a) were computed based on -Ero." taken equal to
the ACr Ef equation (Equation 4.r) and those shown in Figure

5.2(b) \¡/ere based on Erd", set equal to Arsc Er expressj_on

(Equation 4.30). Figure s.2 that incl-udes data for arl þr"
values (1.09 , t.96, 3.17 percent) indj-cates that relati-vely
hiqh mean stiffness ratios and coefficj-ents of variation (cv)

are obtained from both the ACr and Arsc equations (mean value

= l-.39, ú = 22.8 percent; and mean val_ue : L.45, Cy = 22.g

percent for Equations 4.1- and 4.3o, respectively). This means.

that the Acr and Arsc equations on the average predict
conservative E'r vaLues which are about 40 percent lower than
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Mean Value = 1.99
Coeff. of Var. = 0.228

Coeff. of Skew. = 0.99
n = 11880

One-Percentile = 0.91 0

0
0.0

Mean Value = 1.4S
Coeff. of Var. = 0.22g

Coetf. of Skew. : 0.40
n: 11880

One-Percentile = 0.912
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stiffness equations with
bending about najor axis.

Stiffness Ratio ( Et,n /8b".)

histogram
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comparing ACf and AISC
results for all col-umns
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the theoretically predicted values.

The ACI equation, however, does not account for
differences in the reinforcing steel- ratio prs. A second

comparison showing only the data where þr,- = 1 percent was

plotted in Figure 5.3 for both the ACr and Arsc stiffnesses.
Mean varues of 1-.21- and L.26 were obtained for ACr and Arsc,

respectively, along with coefficients of variation siniLar to
those in Figure 5.2. This significant change j-n mean value

indicates that the Acr and Arsc design equations r¡rere most

1ike1y calibrated for the minimum required reinforcement
ratio. This also appears to confi-rm the general belief that
Acr and Arsc equations are, in most cases, on the safe side.
For a significant number of col-umns studied, however, both the
ACr and Arsc -Er deviated substantiarly from the corresponding

theoretically computed Ef. This is because the ACr and Arsc
design equations do not include all the parameters that affect
the stiffness of slender columns. The ACr equation does not
account for the longitudinal reinforcing steel whereas the
Arsc design equations rnodify the properties of a composj_te

column to that of an ttequivalent steelr col_umn in which

cracking of the concrete is not considered.

rt is evident from Figures 5.2 and 5.3 and the related
discussions that there appears to be a need for modification
in the existing Acr stif fness equat j-on and Arsc strength._

interaction equations used for the design of composite beam-

columns.
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5.3 DEVELOPIÍENT OF PROPOSED DESTGN EQUATIONS

FOR SHORT-TER¡{ EI

Mirza (1990) among others pointed out that the effective
flexural stiffness of a slender reinforced concrete column is
significantly affected by cracking along its rength and

inelastic actions in the concrete and reinforcing steel. This

is also expected for a composite column although to a Lesser

degree, because the structural steel core is expected to
stiffen the concrete cross-section. However, the inelastic
actions within the encased structural- steel- shape affect the
overal-I stiffness of a composite column " Er is then

represented by a complex function of a number of variables
that cannot be readily transformed into a unique and sinpre
analyticaÌ sorution. The objective in this study is to
develop simple equations for the Er of composite columns,

simil-ar to the ones that r^¡ere produced by Mirza (j-990) for
reinforced concrete columns. Multipre rinear regression
analysis was chosen to evaruate Er from the generated

theoretical- stiffness data.

tL4

5.3.1 Variables Used for Regression Analysis
The variables used in this study were divided into two

major groups: (A) variabl-es that affect the contribution of
concrete to the overall effective stiffness; and (B) variabres
that influence the contribution of structural- and rej-nforcing
steel to the overaLl effective stiffness of a composite beam-



column.

Group A consists of five subgroups, similar to those

described by Mirza(t-990): (1) end eccentricity ratio e/h or

Pu/Po (subgroup X7), in which Pu is the factored axial load

acting on the srender column and po is the pure axial load

capacity of the cross-section; (2) srenderness ratio ¿/h or

L/r (subgroup X), where r is the radius of gyration
calculated according to the ACr Building code Equation (l-o-l_3)

reproduced here as Equation 5.1; (3) steel_ index p"=, or þr",

or þg: (P", + py), or p¡s/pss, or pssfyss/f'c, or prrfrys/f,ç,
or (þ"tfy"" * þr"fyrJ/f'" (subgroup xj), where pn ís the total
steel ratio and frr" is the specified yield strength of the
reinforcing steel; (4) stiffness index rrr/rrr, or rss/rg, or
Irs/Ig, or (Ir" + IrJ /Ig (subgroup X¿) where Ig : the moment

of inertia of the gross concrete cross-section neglecting
structural- and reinforcing steel; and (5) concrete cover index

dss/h (subgroup xù where dr", the depth of the structural
steel section, is divided by the overall- depth of the
composite cross-section perpendicular to the axi_s of bending

being considered"

1r_5

rn Equation 5.1, As equals the area of the gross concrete
cross-section neglecting structural and reinforcing steel and

À"" equals the gross cross-sectional_ area of the structural

@crs/5) + 8"r""
(E 

"As/ 
5) + E,Ar"

(s.1)



steel section. The Group A variables are listed in Table 5.3.

Group B, on the other hand, consists of two vari_ables,

8"I"" and ErIrr, that \¡/ere considered to have a significant
affect on the overall effective stiffness of a composite

column.

Mirza and MacGregor (l-989) found that for reinforced
concrete sl-ender columns the variables in the first and second

subgroup of group A are important in the study of the strength
and behaviour of slender corumns. Mirza (l-990) verified this
in his analysis of the f texural st j-f fness of rectangul-ar

reinforced concrete columns. The third subgroup variabl_es of
Group A took into consideration the influence of the quantity
of steer in proportion to the area of concrete cross-section.
The fourth subgroup v/as intended to examine the effects of
rerative sti-ffnesses of steel and concrete. The fifth and

finaL subgroup of Group A v/as incLuded to investigate the
effect of concrete cover to the structurar steel shape on

column stiffness.

The variables within an individuar subgroup of Group A

were considered as dependent variables, while variabres
between the subqroups v/ere taken as independent variables.
For exampre, e/h was considered dependent on pu/po but was

taken independent of variables related to slenderness ratio,
steel index, stiffness index, and concrete cover index. The

variables of Group B were always considered independent

variables. A maximum of one variable from any of the chosen

1L6
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subgroups of Group A hras, therefore, used for a particular
regression analysis of the theoretical stiffness data. when

one variable from each subgroup of Group A and both variabl-es

from Group B are incruded into the regression analysis,
Equation 2.2 becomes:

EI = (CIk + o1X1 + a2X2 + o3X3 + dqXq t,'. .,=\
+ ouX5)8.(1s - f"") + o""E"Iss * drsE"fr" \¿ ' aql

in which a.k is a constant (equivalent to the intercept of a

1t_8

simple linear equation).

dimensionless reduction factors corresponding to independent

varíables X 1 , X2, X3 , X4, X5, 8"I"" and E'".r'.". X 1 through Xu

represent one variable chosen from each of the subgroups (i.e.
end eccentricity ratio, slenderness ratio, steel index,
stiffness index, and concrete cover index) in Group A.

The combination of Group A variabres used for different
regression analyses are given in Table 5.3. Group B variabtes
were included in all- regression analyses shown j-n Table 5. 3 .

The prediction accuracy for a particular regression
equation r¡/as based on the standard error s", a measure of
sampling variability, and the mul-tiple correlation coefficient
R", an j-ndex of relative strength of the relationship. The

smaller the value of s" the smaller the sampling variability
of the regression equation. An Rc value equal to zero
signifies no correlation, and R" = *1.0 indicates 100 percent
correlation. R" values greater than +1.0 and less than -j-.0
are not possible. The carcurated val-ues of s" and R" for each

The remaining a values are



regression analysis are arso given in Tabre 5.3. To reduce

the relative magnitude of the standard error.9r, both sides of
Equation 5.2a were divided by E"(rg - rsJ to 'normalize' the
equation. This also allowed the s, obtaíned in this study to
be compared to the s, obt,ained by Mirza (l-990) for reinforced
concrete corumns. The normalized version of Equation 5.2a is:

ET
Tf_'-. = dk+ c1X1 + a2X2 + a3X3 + a4X4 + o5X5
"c\-9 'ss, 

+ a.--. E"rt" + n Etr,t' *ss E;Ç-ã ,*rs4@j

l_1-9

Note that S. in this study was computed for a.k.

5.3.2 Regression Ànalysis

Tabre 5.3 shows the se and R" values calculated for 2s

regression equations. The insignificant changes in s" and R"

for the first thirteen variable combinations indicate that
variables other than those used in cornbination 13 (e/h and

2/h) do not significantly infruence the Er of sl_end.er columns.

A correl-ation analysis confj-rmed that this was due to the fact
that the variabLes in subgroups x3 and x4 were included
explicitJ-y or implicitly in the format of the regression
equations, Equations 5.2a and 5.2b.

varj-able combinations i-3 to 16 involving e/h, pu/po, L/h,
and 4 /r proved that e/h and Q./h are the most signif icant pair
of variables from croup A influencing E'f . The ratj_os t/h and-

2-/r are obviousry correlated, however, r-/h is much simpler to
compute. A correration analysis of the variabl_es used in

( s. 2b)



combinations 13 to 16, including the Group B variables,
confirmed Mirzats observation indicating that: (a) no

correlation exists between e/h and r-/h (or L/r) ratiost (b)

there j-s some correlation between pu/po and p-/h (or L/r)
ratios; and (c) a strong correlation exists between pu/po and.

e/h ratios. fhis means that e/h and r- /h (or L /r) are

independent variables and pu/po i= dependent on e/h.

Finally, combinations L7 through 2s show that when onry

one of the variables in Group A r^/as combined with the two

variables in croup B, e/h is the most significant variable
from Group A.

ïn summary, the lowest s, and highest R, val-ues among the
regression equations concerning two variables an_d one variable
from Group A, combined with the two variables from Group B,

hrere obtained for vari-abl-e combinations i-3 and L7 ,

respecti-vely. The resulting regression equations are:

1,20

EI = (0.31-3 + 0.00334 f./h - 0.2O3 e/h) E.(Is - fr")
+ O.7928"f"" * O.TBBEsIrs

EI = (O.379 - 0.203 e/h) E"(Is - Ir")
+ 0.7928"rr" * o.TBBEsIrs (5'4)

Equations 5.3 and s.4 are simil-ar in format to regression
Equatj-ons 5.5 and 5.6 deveroped by Mirza (t_990) for reinforced
concrete columns.

EI = (O.294 + 0.00323 (./h - 0.299 e/h) E"Is + E"I*

EI = (0.358 - O.299 e/h) E.Is + E"Ir"

(5.3)

(5.5)

(5.6)



Both sets of equations show that with an increase in e/h ratio
there is a corresponding decrease in E'r for a corumn. This is
because an increase in e/h means a corresponding increase in
bending moment and tension stresses at the outer fibre,
resulting in more cracking of the column. The coefficient of
0.203 associated with e/h in Equations 5.3 and s.4 for
composite corumns is about z/3 of tnut in Equations 5.5 and

5.6 for reinforced concrete corumns. This is due to the
structural steel shape in composite columns interrupting the
continuity of the cracks that remain unarrested in reinforced
concrete columns. Equations 5.3 and 5.5 indicate that for an

increase in e./h ratio there is an increase in Er. Mirza
(1990) suggests that this is because in a longer corumn the
cracks are likely to be more widely spaced with more concrete
in between the cracks contributing to the Er of the corumn.

The coefficients of 0.792 and o.7gg related to -8"f", and E"rr",
respectively, in Equations 5.3 and 5.4 indicate rsoftening'r of
structurar and reinforcing steel. This is the resul_t of
elastic-plastic nature of the stresses developed in the
structural steel and the reinforcing steel at ul-tinate load.

For composite columns Se: O.O5O and Rc: 0.964 were

obtained for Equation 5.3. This compares to an Sr:0.05g and

R":0.86 reported by Mirza (1990) for Equation 5.5. For the
second composite col-umn equation (Equation s.4) .se equals
o-056 and R" equals 0.955. The corresponding values reported
by Mirza for Equation 5.6 were 0.06j_ and 0"84.

L2L



A scatter diagram (Figure s"4) shows the val-ues of Er

computed from Equations 5.3 and s.4 plotted against the
corresponding theoreticar El. Regression Er from Equation 5.3

is shown in Figure 5.4 (a), and Figure 5.4 (b) is for Equation

.5.4 . Both equations exhibit reasonable correl-ation with the
theoretical- Er values when compared to the line of unity
labeIIed as 45o line. Equation 5.3 produced somewhat, but not
very signíficantly, better results.

The histograms and related statistical data for the ratio
of theoretical Er to regression ET (Erth/ETreù developed from

all the columns studied (n = 1l-,880) are virtually identical_
for Equations 5.3 and 5"4, as shown in Figure 5.5" Err"g in
Figure 5.5(a) was taken from Equation 5.3 and that in Figure
5. 5 (b) from Equation 5.4 . Both equatj-ons give mean values of
1.00" The coefficient of variation (cv) for Equation 5.3 is
0.075 and 0.080 for Equation s,4. This represents a very
significant improvement when compared to mean val_ues of 1.39

and 1.45 shown in Figure 5.2 for the Acr and Arsc stiffness
equations, respectively, and. 6/ of o.z2B obtained for both ACr

and AISC equations.

The histograms and statisticat data for the columns where

the longitudinal reinforcement ratio (pr") is one percent
(n=3960), shown in Figure s.6, again indicates that the two
equations give almost the same resul-ts. Both equations give_
mean varues of o.99. The crl for Equatì-on 5.3 is o.o8g and

122

0.091 for Equation 5.4. This still- represents a very
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significant improvement over the mean values of l-.2L and L.26,

and the coefficients of variation of 0.2o2 and o.zzg obtained

from the ACï and Arsc stiffness equations shown in Figure 5.3.

5.3.3 Proposed

Equations

simplified from

Eï = L(O.27 + 0.003 2/h - 0.2 e/h) EcGs _ J"")
r 0.88'"(f"" + fr") ] ) E"f""

]-26

Design nquations

ET

These

( 1_ee0)

Eï=t

5.7 and 5. 8 , proposed f or design use, v/ere

Equations 5.3 and 5.4.

= [ (0.3 - 0.2 e/h) E"(Is - r"")
+ 0.8 E" (f". + Irs) I > 8"r""

compare to Equations 5.9 and 5.j_0 suggested

for reinforced concrete columns.

(O.27 + 0.003 L/h - O.3 e/h) E"Is + -E".r¡sJ >

At P-/h of 10, Equations s.7 and 5.8 yield the same resul-ts.
For vaLues of L/h > ro, Equation 5.8 is more conservatj_ve than

Equation 5.7. However, Equation 5.g is less conservative than
Equation 5.7 for L/h

L.5 in Equation 5.8), a lower rirnit of .Err"" is used for both
equati-ons to insure that the effective stiffness of the
composite col-umn is at reast equar to that of the encased.

structural steel shape.

Eï = [ (0.3 - 0.3 e/h) E"In + E"I¡sJ ) E"Tr"

Histograms and statistical
proposed desi_gn equations f or

(5.7)

(5.8)

by Nlirza

E"rr" (5.9)

(5.10)

data v/ere prepared using the

all the columns studied



(n=1i-880). The histog'rams for the ratios of theoretical Er to
design EI (EI¿¡/EI¿') are plotted in Figure 5.7. EId"" in
Figure 5.7(a) was taken from Equation 5.7 and that in Figure

5.7(b) from Equation 5.8. As expected, Figure 5"7 indicates
that the stiffness ratios (Er¿¡/Er¿¿) for Equation 5.8 (Figure

5.7 (b) ) are more conservative than those for Equation 5.7

(Figure 5.7 (a) ) .

The histograms and statistical data prepared for the

columns having one percent reinforcing steel (n:3960), using

the proposed design equations, are shown in Figure 5.8. The

results are similar to those obtained for the data plotted in
Figure 5.7 .

427

5.4 A¡TAIJYSIS OF STIFFNESS DATA

5.4.1 Overview of Stiffness Ratio Statistics

An overvj-ew of the stiffness ratio (Er¿¡/Er¿s,) statistics
computed for different design equati-ons are given in Table 5.4

f or all data and in Tabl-e 5.5 f or beam-col-umns having a

reinforcing steel ratio of one percent. To calculate the
stiffness ratio of a col_umn, EIth hras taken as the computed

theoretical stiffness and Ef¿rs v/as calculated from Equations
5.7, 5.8, 4.1 and 4.30. Equations 5.7 and 5.8 are the
proposed desj-gn equations, Equation 4.L is the Acr design
equation, and Equation 4.30 i-s the stiffness expression.

developed from the Arsc strength interaction curves

Tabl-es 5.4 and 5.5 give the coefficient of variati_on,
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Table 5.4 - Stiffness Ratio Statistics for Different Design Equations
for all Beam-Columns Subjected to Major Axis Bending

Number

(1)

Slendemess
Ratio
P./n
(2)

1-3 0

Eccenbicity
Ratio
e/h
(3)

A1

A2
A3
A4
A5
A6

10

15
20
25
30

10-30

Proposed
Equations

Eq.5.7
(4)

B1

82
83
84
B5
B6

0.05 - 1.0

(a) Coefñcient of Variation

10
15
20
25
30

10-30

Eq. 5.8
(5)

ACt

Eq. 4.1
(6)

0.095
0,068
0.063
0.071
0.079
0.077

0.1 - 0.7

AISC

Eq.4.30
çtl

A1

M
A3
A4
A5
A6

0.095
0.o72
0.067
o.o72
0.079
0.083

10
15

20
25
30

10-30

o.077
0.065
0.051
0.045
0.046
0.062

of
Columns

(8)

o.224
o.n7
o.æ8
o.æ6
o.225
o.228

B1

B2
83
B4
B5
B6

0.oT7
0.067
0.052
o.042
0.039
0.060

0.05 - 1.0

0.27/
0.251

0.223
0.1 98
0.181
0.228

(b) Mean Stitfness Ratio

10
15
20
25
30

10 - 30

0.222
0.219
0.206
0.194
0.187
0.206

2376
2376
2376
2376
¿.tto

1 1880

1.073
1.088

1.088
1.073
1.056
1.076

0.1 - 0.7

0.233
0.212
0.184
0.166
0.1 55
0.193

1.073
1.119
1.149
1.163
1.174
1 .136

1512
1512
1512
1512
1512
7560

1.065
1.075
1.061

1.039
1.O17

1.051

1.309
1.370
1.407
1.423
1.434
1.389

1.065
1.104
1. t18
1.121
1.124
1 .106

'l .445
1.440
1.433
1.441
1.477
1.447

1.358
1.407
1.423
1.424
1.427
1.408

2376
2376
2376
2376
2376

1 1880

1.527
1 .518
1.487
1.473
1.488
1.499

1512
1512
1512
1512
1512
7560



Group
Number

(1)

ïable 5.4 - continued

A1

M
A3
A4
A5
A6

131

10
15

20
25
30

10 - 30

BI
82
B3
B4
B5
B6

0.05 - 1.0

(c) Five-Percentile

10
15
20
25
30

10-30

0.900
0.975
0.995
0.976
0.948
0.959

o.1 - 0.7

AI
M
A3
A4
A5
A6

0.900
0,996
1.O47

1.063
1.067
0.993

10

15

20
25
30

10 - 30

0.936
o.977
0.987
0.967
0.935
0.958

Number
of

Columns
(e)

0.930
0.981

1.016
1.040
1.057
0.998

B1

82
B3
84
B5
B6

0.936
0.999
1.040
1.057
1.062
0.996

0.05 - 1.0

0.865
0.890
0.931
1.000
1.080
0.941

(d) One-Percentile

10
15

20
25
30

10 - 30

0.956
1.010
1.046
1.070
1.086
1.027

2376
2376
2376
2376
2376

1 1880

o.787
0.923
0.967
0.943
0.91 1

0.894

0.1 - 0.7

1.002
1.029
1.056
1.095
1.143
1.069

0.787
0.939
1.013
1.036
1.O47

0.898

1512
1512
1512
1 512
1512
7560

0.883
0.938
0.961

0.934
0.902
0.915

0.848
0.905
0.950
0.975
0.993
o.910

0.883
0.951

1.003
1.031
1.042
0.935

o.764
0.795
o.824
0.875
o.972
0.812

o.877
0.930
0.970
0.999
1.O17

0.933

2376
2376
¿óto
2376
2376

'I 1880

0.859
0.881

0.923
0.980
1.054
0.920

1512
1512
1512
1512
1512
7560



Table 5.5 - Stitfness Batio Statistics for Ditferent Design Equations
for Beam-Columns Subjected to Major Axis Bending for
which P." = 1 '09 Percent.

Group
Number

(1)

L32

A1

M
A3
A4
A5
A6

10

15

20
25
30

10 - 30

B1

82
B3
B4
B5
Eb

0.05 - 1.0

(a) Coetlicient of Variation

10
15
20
25
30

10-30

0.094
0.071

0.075
0.087
0.096
0.086

0.1 - 0.7

A1

M
A3
A4
A5
A6

0.094
0.075
o.o77
0.086
0.093
0.091

10
15

20
25
30

10 - 30

0.079
0.071
0.061
0.057
0.058
0.071

Number
of

Columns
(8)

0.186
0.194
o.202
0.205
0.208
0.202

B1

82
B3

B4
B5
B6

0.05 - 1.0

0.079
o.o72
0.060
0.050
0.046
0.064

0.280
0.257
o.æ9
0.196
0.169
o.229

(b) Mean Stiffness Ratio

10
15
20
25
30

10-30

0.1 85
0.180
0.162
0.146
0.136
0.163

1.083
1.093
1.089
1.073
1.054
1.078

792
792
792
792
792

3960

0.1 - 0.7

0.?28
0.206
0.170
0.1 37
0.116
0.177

1.083
1.129
1 .159
1.176
1.189
1.147

1.O77

1.078
1.057
1.032
1.008
1.050

504
504
504
504
504

2520

1.143
1.195
1.227
1.245
1.258
1.214

1.O77

1.1 10
1.121
1 ,125
1.129
1.113

1.249
1.249
1.244
1.252
1.287
1.256

1.196
1.232
1.241

1.243
1.247
1.232

792
792
792
792
792

3960

1.326
1 .318
1,293
1.282
1.298
1.304

504
504
504
504
504
2520



Number

(1)

Table 5.5 -

\ilenoemess
Ratio
¿/h

(2)

continued

tsccentncrty
Ratio
elh
(3)

A1

M
A3
A4
A5
A6

133

10
15

20
25
30

10 - 30

Proposed
Equations

Eq. 5.7
(4)

B1

82
B3
B4
85
B6

0.05 - 1.0

(c) FivqPercentile

10
15

20
25
30

10-30

Eq.5.8
(5)

ACt

Eq. 4.1

(6)

0.913
0.978
0.984
0.99
0.923
0.946

0.1 - 0.7

Atsc

Eq. 4.30

ç7)

A1 10
p¿15
A3 20
A4 25
A5 30
A6 10-30

0.913
1.005
1.048
1.061
1.063
1.003

0.944
0.976
0.973
0.944
0.912
0.942

Number
of

Columns
(8)

0.878
0.931
0.966
0.993
1.O12
0.950

B1
g2

B3
B4
B5
B6

0.944
1.004
1.040
1.050
1.052
1.003

0.05 - 1.0

0.785
0.812
0.849
0.902
0.994
0.842

(d) One-Percentile

10
15
20
25
30

'10 - 30

0.907
0.957
0.995
1.018
1.034
0.971

792
792
792
792
792

3960

0.786
0.923
0.959
0.928
0.897
0.896

0.1 - 0.7

0.883
0,921
0.952
1.O12
1.069
0.957

0.786
0.939
1.013
1.034
1.039
0.910

504
504
504
504
504
2520

0.888
0.930
o.947
0.925
0.891
0.906

0.802
0.873
o.927
0.952
0.973
0.869

0.888
0.959
1.005
1.029
1.036
o.942

0.732
0.761

0.802
0.846
0.939
o.773

0.837
0.893
0.934
o.972
0.993
o.892

792
792
792
792
792

3960

0.784
0.825
0.873
o.947
1.032
0.860

504
504
504
504
504
2520
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mean, five-percentile and one-percentile varues for each of
the different design equations. For statistical- analysis, the
beam-columns studied are divided into two groups: Group A

includes all columns and Group B incrudes only the corumns

with usual e/h values (0.1 S e/h
provided within each of these groups are based on subgroups

that were taken according to L/h ratio but also incl_ude the
statistics for the overall sample.

After reviewing Tables s.4 and 5"5 the following
observations are made:

(1) The coefficients of variation for the proposed design
equations are considerabry rower and remain relatively
constant compared to those for the ACr or Arsc equations.

(2) The mean stiffness ratios for the ACr and Arsc equations

tend to be significantly more conservative than those for
the proposed design equations.

(3) A comparison of Table s.4 (for alr data) and Table 5.5
(for beam-columns having one percent reinforcing steer)
shows that the mean, five-percentile and one-percentile
stiffness ratios for the Acr and Arsc equations are
subjected to greater variations due to pr" than are those
for the proposed design equations.

(4) All- of the design equations gave five-percentile and one-
percentile vaLues that, in most cases, exceed.ed 0.86 and

0.8, respectively. The Aïsc expression, however, in a

majority of cases resurted in five-percentile and one-
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percentil-e varues less than those obtained for Equation

5.7, Equation 5.9 and the ÀCI equation (Equation 4.1).
Figure 5.9 shows the cumulative frequency distribution of

stiffness ratios (Er¿¡/Er¿¿) for the different design

equations plotted on normal probability paper. The curves in
Figure 5.9 represent the data for alr l-l-,980 col-umns studied.
The curves for Equati-on s.7, Equation 5.8 and the ACr equation
(Equation 4.1) follow one another fairly closely from 0.1-
percentile to l-O-percentile values of stiffness ratio, whereas

the Arsc expression (Equation 4.30) is somewhat less
conservative in this region. However, both the ACr and Arsc

expressions become progressively more conservative than either
of the proposed design equations as the percentile values
increase, âs indicated by Figure 5.9.

5.4.2 Effect of Variables on Stiffness Ratios

The effects that each of the variabl_es listed in Table

5.3 has on the mean, five-percentile, and one-percentile
values of stj-ffness ratios (Er¿¡/Er¿s,) obtained from the
proposed design equations (Equations s.7 and 5.8), Acr
equatíon (Equation 4.1-) and Arsc equation (Equation 4.30) r¡/ere

examined in detail.
Figures 5.1-0, 5.11- and 5.12 exami-ne the effect of e/h on

mean, five-percentiÌe, and one-percentile (rnj_nimum in case of 
_

Figure 5.1-2) stiffness ratios. Figure 5.10 is protted for al_I

data (n : l-l-r880), Figure 5.1-1 incrudes beam-columns having
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þrs = l- percent (n = 3960), and Figure s.r2 considers beam-

corumns with prs = 1- percent and L/h : l-o (n = 7gz). Mj-nimum

varues in place of one-percentile values are used for Figure
5.1-2 because eacl: e/h ratio represents only 72 beam-coLumns.

An examination of these figures indicates that proposed design
equations (Equations 5.7 and 5.8) produce mean, five-
percentile and one-percentile values that are relatively
constant for the entire range of e/h studied. The Acr and

Arsc expressions produce sti-ffness rati-os that varied with
e/h. This is because neither equation uses e/h as a variable.
The mean stiffness ratios for the ACr equation appear to be

overly conservative at low e/h ratios, hor,,/ever, the ACf

stiffness ratio does closely forlow the five-percentiLe and

one-percentile stiffness ratios produced by the proposed
stiffness equations. Mirza (l-990) pointed out that, for
establishíng safety in design equations, the five-percentile
and one-percentire varues are more important than the mean

value. The proposed design equations and the Acr equation
gave mean, five-percentire and one-percentile (or minj-rnum in
case of Figure s.1-2) val-ues that exceeded 1.0, o.B6 and

0.80,respectively, for most e/h ralios shown in Figures 5.1-0,

5.1L and 5-r2. The Arsc expression (Equation 4.3o), on the
other hand, is more conservative than the other equations for
the five-percentile and one-percentile val_ues at row e/h but-
these values drop below 0.86 and o.Bo at high e/h. Figure
5.1-2 shows that for beam-columns having þrr: 1 percent and



]-41,

2/h: Lo, the mean stiffness ratio for the Arsc expression is
less that 1-. 0 when e/h

Figure 5.L3 il-lustrates the effect of the axiar load.

ratio (Pu/P) on the stiffness ratios resulting from different
design equations. The axial load ratio was not a controrred
variable in this study, i.e. there are as many different axj_al

load ratios as the number of beam-columns studied. This

required grouping of stiffness ratios into a number of ranges

of Pu/Po values. The statistics for stiffness ratios in each

range of Pu/Po values were then determined. Grouping the
stiffness ratios according to axial- load ratio resulted in
having a significantly different number of corumns in each of
the ranges of Pu/Po. For example, less col-umns v/ere grouped

in the range of 0.7 to 0.9 pu/po (n:285) than in the range

of o-2 to o.25 Pu/Po (n : 1-648). The ranges of pu/po ratios
vtere set at o.o5-0.1-' 0.1--0.1-5' o.1,5-o.2, o.2-o.25, o.zs-o.3,
0.3-0.35, 0.35-0.4, 0.4-0.5, 0.5-0.6, O.6-0.7, 0.7_0.9. The

mean Pu/Po ratio for each range is protted against the mean,

five-percentile and one-percentile stiffness ratios for each

corresponding range. Figure 5.13 shows that the mean

stiffness ratios for the Acr and Arsc equations tend to be

again more conservative than for the proposed design
equations. This is expected since there is a strong,

correration between pu/p^ and e/h. AE pu/po ratio greater than-
o.7, the mean, five-percentile and one-percentil_e stiffness
ratios for the proposed design equations are slightly less
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than 1. 0, 0.86, and 0.80, respectively. Figures 5. 14 and 5. r-5

show that by excluding the values of pu/po for beam-columns

where either e/h equals o.o5 or r-/h equals j-o eliminates the

values of Pu/Po greater than 0.7. This is expected because

high Pu/Po occurs at very l.ow e/h or f-/h ratios.
An examination of Figure 5. l-6 concerning slenderness in

terms of L/h ratio j-ndicates that there is no significant
difference in the five-percentile and one-percentile stiffness
ratios for the four design equations. Relatively constant but
different values of mean, five-percentire and one-percentil_e

stiffness ratios $/ere obtained for aIl four design equations,
even though only Equation s "7 includes e- /h as a variabre.
This suggests that L/h is not as significant as initiatly
considered. The Arsc expression, however, yields the rowest

five-percentile and one-percentile values when L/h < 25. The

mean value for the Acr and Arsc stiffness expressions are
again more conservative than the proposed design equations.

Figure 5.L7 shows the effect of slenderness using L/r
ratio. The Acr expression for radius of gyration (Equation

5.1) was used to determine r. one hundred and twenty
dif ferent values of L/r for 1l-, g80 beam-col_umns studied
necessitated the grouping of Q-/r ini-o ranges. The ranges of
Q-/r ratío were set at 30-40, 40-50, 50-60, 60-70, 7o-Bo, go-

90, 90-1-00, l-00-110, 110-140. The mean L/r ratio for each_

range is plotted against the mean, five-percentile and one-
percentile stiffness ratios for each corresponding rang.e,
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sirnilar to what v¡as done to study the effect of pu/po. The

apparent zig-zag nature of the prots in Figure 5.t7 for the
Acr equation is, probably, caused by grouping of z/r and due

to the fact that the contribution of reinforcing steel to
beam-column stiffness is not included in Equation 4.j_. For

the Arsc expression, even though the area of the reinforcing
steel is included in computi-ng the equì_valent cross-section
properties, the fulI effect of the reinforcing steel is not
accounted for in deternining the norninal axiar l_oad capacity
of a beam-column. The mean, five-percentile and one-
percentile stiffness ratios appear to follow the trends stated
previously for Q-/h ratio.

The effect of longitudj-nal_ reinforcing steel in térms of
pr" is shown in Figure s.18. The stiffness ratios for the ACr

and Arsc expressions increase proportionalÌy with the
reinforcing steel ratio. This is because the Acr expression
(Equation 4.1) does not account for the effect of reinforcing
steel. This arso suggests that the Arsc expression does not
properry account for the effect of reinforcing steel_.

Figure 5.19 shows the effect of structural- steel- in terms
of pss on the stiffness ratj-os. Figure 5.20 shows the effect
of pss on stiffness ratios of beam-corumns having reinforcing
steer of only one percent. Both figures indicate that the ACr

and Arsc expressions are more suscepti-ble to the effect of p"".

than the proposed equations. This influence is due to the
proportion of stiffness the reinforcing steel- contributes to
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the overall stiffness in relation to the stiffness contributed
by the structural steer section. For exampJ-e, three steel
shapes with significantly different moments of inertia were

used to give a structural steel ratio of approximately 4

percent ( actual values 4.07, 4.L3 and 4.36 percent). This
means when the Acr equation is used., a composite corumn

containing a steel section with a relatively smaIl moment of
inertia gives a more conservative result than a column with a

stiffer steel section.

Figure 5.2r concerning the effect of gross steer ratio pn

confirms the inconsistency of the ACf and AISC expressions for
determíning Er. Fructuations appearing in the stiffness
ratios for the proposed design equations are quite minor
compared to the irregurarities resulting from the ACr and Arsc
equations. This observation is aLso true for the effect of
prs/ pss (ratio of reinforcing steel to structural steel_) as

indicated by Figure s.22. rn both fj_gures, a1r four design
equations produced mean, five-percentire and one-percentire
varues of stiffness ratios that for most cases exceeded 1.0,
0.86, 0.80, respectively.

Figures 5.23, s.24 and s.zs exarnine the effects of the
structural steel index pssryss/f'¿, the reinforcing steer index
prsfvrs/r'c and the gross steel index (þ"rfy"r*þrrfyr")/f,".
Figures 5.23, 5.24, and 5.25, respective]_y, represent T2, L2r._

and 216 possibre cornbinati-ons of the related steel_ index.
This resul-ted in stiffness ratios in Figures s.z3 and s.2s
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being plotted for ranges of pssfyss/f'c and

(þrrf y"r*Pr"tyr") /f '", each range r^¡ith a different number of
stif fness ratios f or statistical calcul-atj-ons. The ranges f or

9"rfy""/f '" plotted in Figure 5.23 v/ere set at o"2o-o.2s, o.25-

0.35, 0.35-0.45, 0.45-0.55, 0.55-0.65, O.65-0"75, 0.75-0.85,
0.85-0.95, 0.95-1.05, 1.05-t_.15, !.1_5-1.25, 1,"25-1,.35; and

those for (p"rry""*þr"ryr") /r', plotted in Figure 5"25 were set
at 0.2-O.3, O.3-O.4, 0.4-0.5, 0.5-0.6, O.6-0.7, O.7-O.B, O.g-

o.9, o"g-1.00, t_.00-l_.1-0, 1.1_0-1.20, l_.20-l_.30, 1.30-l_.40,

1-.40-1-.50, l-. 50-1. 60, l-. 60-l-.80. The mean steel index f or
each range is plotted against the mean, five-percentile and

one-percentile stiffness ratios for each corresponding range.

These figures show that the fluctuations in stiffness ratios
for the proposed design equations are subtre compared to the
fluctuations occurring for the ACr and Arsc expressions.

The effects of Ir"/I"", I""/Ig, Irr/Ig and (Ir" + Ir¿ /Ig
on stiffness ratios (Er¿¡/Er¿ss) are respectively shown in
Figures 5.26, 5.27, 5.28, and s.zg. The trends shown in these
f igures are siinilar to those discussed f or Figures 5. j_g to
5.25 related to the steel indices. This is particularJ_y true
when Figure 5.2r is compared to Figure s.26 and s.zg, and

Figure 5.1-8 to Figure 5.29. As expected, Figures s.z7 and

5-28 indicate that the ACI equation is more conservative when

the moment of inertia of the steel section is relativery smal_l_

or when the moment of inertia of reinforcing steel is
reratively large compared to the moment of inertia of the
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gross cross-section.

, Figure 5.30 examines the effect of dss/h (ratio of depth

of structural steel section to the overall_ depth of the
composite cross section) on stiffness ratios. As expected,
the results are somewhat simirar to those obtain from Fj_gure

5.27 plotted for the effect of r""/rg. The proposed design

equations produce practicarly constant values of mean, five-
percentile and one-percentile stiffness ratios over the entj-re
rangle of dss/h plotted, while the ACr and Arsc equations are

subject to variations for different val-ues of dss/h.

The following can be summarized from the data protted in
Figures 5.10 to 5.30 and the rel_ated discussions:
(1) The proposed design equations (Equations s.7 and 5.8)

were not significantly affected by any of the variables
investigated, whire the Acr and Arsc expressions
(Equations 4.L and 4.30) v/ere significantry affected by

most of these same variabl_es.

(2) The Acr design equation produced results that are
compatible to the results of the proposed design
equations for the five-percentile and one-percentire
stif fness ratios pJ-otted against many of the variabl_es.
This is particularry apparent when considering the affect
of e/h and L/h, the variabres used in the proposed design
expressions.

( 3 ) The Arsc equati-on, in many cases, gri-ves the most

conservati-ve resul-ts for mean stiffness ratios and the
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least conservative values for the five-percentile and

one-percentile stiffness ratios.

5.4.3 stiffness Ratios produced by proposed Design

Equations for Usual Colunns

For composite beam-columns, neither the ACr code nor the
Arsc code sets an upper linit on the amount of structural
steel. However, the Arsc code states that to qualify as a

composite column the structural steel ratio (p"") must be

greater than or equal to 4 percent" The Acr Building code

requires that a minirnum of 1- percent to a maximum of g percent
of longitudinar reinforci-ng (prr) be incl-uded with the
structural steer core. Difficulty in lap sp]_icing the
reinforcing bars reduces the maximum limit of þr" to about 3

percent when a relativel-y large structural steel- core is
encased. The reinforcing steet ratio is, therefore, usual_Iy
expected to range from l- to 3 percent. Even three percent
reinforcing steel wirl restrict ps" to a maximum of about l_o

percent, giving the p"" range of about 4 to 1-o percent. Mirza
and Maccregor (L982) determined that the end eccentricity
ratio for columns in rei-nforced concrete buildings usually
ranged from 0.1 to 0.65. Therefore, the usual columns in this
study \Á/ere defined as those for which e/h : 0.1, o.2, 0.3,
O.4, 0.5, 0.6, or O.7, and pss = 4.2 (actual- values = 4.O7 | 

_

4.1,3 | 4.36) , 7 .O (actual val_ues of 6. g0 , 7 .29) , or 10.3
(actual val-ue:10.33) percent, and pr" equal_ to i_.09, I.96,
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or 3.L7 percent.

Figures 5.31- (a) to (e) examine the variations in mean

and rninium values of the stiffness ratios with respect Lo e/h
computed from Equatj-on 5"7 and protted for r-/h : 10, L5, 20,

25 and 30, respectively. The number of val_ues availabre for
plotting each point were 36, 72 and j_OB for ps" : LO.3 , 7.0
and 4.2 percent, respectivery. The one-percentile values were

not plotted in these figures because the minimum val_ues

represented 2.8, j-.4 and 0.93 percentiles. The mean stiffness
ratios exceeded 1.0 for most of the columns for al_r L/h, while
the minimum values exceeded o.g in all cases. only for L/h
=10 and pss : 10.3 percent and for L/h =30 and ps" : 4.2
percent, the mean stiffness ratio were less than 1.0. This
indicated by Figures 5.31_(a) to (e) .

Equation 5.8 is identical- to Equation s.7 for p-/h : 10,
and becomes more conservative as z /h increases. This becomes

evident by Figures 5.31_ (f ) , (g) , (h) , and (i) plotted for
Equation 5.8.

with

3.2

(1)

The following concl-usions appear to be valid for columns

e/h = 0.1- to 0.7, pss = 4.2 Eo 10.3 percent, þrs: 1.1_ to
percent, and L/h = j_O to 30:

The mean and minimum stiffness ratios for Equation 5.7 or
5.8 may be taken as 1.0 and O.g, respectj-veJ_y;

Theproposeddesignequations(Equations5.7and5.8)

not subject to significant variation due to e/h, þss or
L/h ratios.

(2)
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5.5 THEORETICÀLLY CÀLCUIÀTED CRITICAL BUCKLING LOAD

The ratio of axiar load acting on the corumn. to critical
buckling l-oad, given as Pr/pr¡, is used by ACr (Equation 4.26)

and Arsc (Equation 4.1-1-) to evaluate the second ord.er effects
of slenderness.

The frequency histograrn and statistics shown in Figure

5.32 and Table 5.6 represent the critical- load ratio
Pu(th¡/Pcr(th) for 1-0800 columns with e/h ranging from O.l_ to
l-.0. Pu(th) is the cornputed theoretical axial- road capacity
and Per(th1 is calculated by substitutíng the computed

theoretical effective frexural- stiffness Erro in Equation 2.4,
yíelding:

Prt ltn¡
_ n2Er r¡---F- (5. r_r_)

Tabre 5 . 6 lists the mean val-ue of o .326 , standard
deviation of o"L77 and coefficient of vari-ati-on of o.544 for
the range of crj-tical load ratios shown j_n Figure s.32. The

critical load ratios of 0.4,0.5, 0.6, 0.7 and o.g represent
the 68th, 83rd, 92nd, 97th, and 99.9th percentiJ-es,

respectively, âs indicated in Figure 5.32.
For design purposes, it is proposed that the mean value

plus one sÈandard deviation, 0.5, be used as the upper l_init
for Pu/Pcr. This means that g3 percent of the beam-columns

used for plotting Figure s.32 would be considered practical-
columns. The suggested upper lirnit of 0.5 for pu/p", is
plotted in Figures 5.33(a) and 5.33(b) to examine the effects
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Table 5.6 StaListics for critical 1oad ratio pu(th)/pcr(th)

NUMBER OF COLUMNS STUDIED = 10800
COLUMNS VIITH e/h = 0.05 NOT INCLUDED

STATTSTICA¡ EVAT.UATION

MEAN-VAf.UE

0.32603

MIN-VAÍ.UE

0. o5s97

1
2
3
4
5
6
7
I
9

10
11
t2
13
t4
15
16
l7
18

STND-DEV.

o.L772L
COEF. VAR

0 " 543ss

MÀX-VAIUE

0.80s93

COEF. SKEW.

o.56240
KURTOSIS

2 .65t46

MEDIAN

0.30823

No.

ONE.PERCENTILE

0. 06611

FIVE-PERCENTILE

0 " 07960

MOMENTS ABOUT THE MEAN

2ND-MOMENT 3RD-MO¡4ENÎ 4TH-MOI,ÍENT

o " 26Ls0L6E-020.31401798-01 0"3L299768-02

CUMULATTVE FREOUENCY ÎABLE
CLASS-NO. LOWER-LIMIT UPPER-LIMIT 8CUM-FREQ. GROSS-NO. tFREQ.

0 " 00000
0.05000
0. 10000
0. 1s000
0 " 20000
0"2s000
0 " 30000
0 " 35000
0.40000
0 " 45000
0. 50000
o. 55000
0. 60000
0. 65000
0.70000
0. 75000
0. 80000
0. 8s000

0.04999
0. 09999
0 " 14999
0 " 19999
o.24999
o.29999
0.34999
0. 39999
o .44999
0.49999
0. 54999
o. s9999
o.64999
0. 69999
o .7 4999
o.79999
0. 84999
0. 89999

0.00000 0
9 " 3sL85 101_0

19.t2963 2066
28 " 1"57 4t 304L
39.185L8 4232
48.32407 5219
s8.18s18 6284
68.13889 73s9
76.76852 8291
83.00926 896s
87.02778 9399
91. 60185 9893
94.O2'178 101ss
96.7t296 1044s
98.00000 10584
99. 861L1 1,078s

100.00000 10800
100.00000 10800

0.00000 0
9.35185 L010
9.7777A 1056
9.O2778 975

tr.02778 Ll_91
9. L3889 987
9. 8611_1 l_06s
9.95370 1075
8.62963 932
6.24074 674
4.OL852 434
4.s7407 494
2.42s93 262
2.685L9 290
L.28704 L39
1.8611_1 20t
0. l_3889 1s
0.00000 0
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of e/h and L/h on Pu {tn¡/P.r,ro,. Figures 5.33 (a) and 5. 33 (b)

indicate that some col-umns with low e/h, high l-/h, or both

have Pu(th)/Pcr(th) ratio greater than the suggested upper

liinit. This means that the suggested upper limit would

control the design of very slender columns in lower storeys of

high-rise buil-dings.

5.6 ANOTHER LOOK ÀT TITE AISC EFtr'ECTIVE STIFFNESS

The somewhat low stiffness ratios (Er¿¡/Er¿ss) obtained

in some cases for the Arsc expression (Equation 4.30) raised

some concerns. This prompted a further examination of the

AISC interaction equations"

A comparison of the ratios of the theoretical- ultimate
strength Pu¡th1 to the AISC ultimate strength pu(Arsc) hras

undertaken to assess the accuracy of the Arsc interaction
equations (Equation 4.L6 and 4.L7) used for predicting the

beam-corumn strength. Figure 5.34(a) plotted from the data

for all- beam-columns studied shows that the probability
distributj-on of the strength ratios yield a mean value of
1.31, coefficient of variation of 0.14, and one-percentile
value of L.0l-. This is clearly an improvement over the
probability distribution properties of the stiffness ratios
(mean value = L.45, coefficient of variation of o.23, and. one-
percentile varue = o.Bl-) obtained from the same beam-column.

data and shown in Figure 5.2(b).
For the strength ratio data shown in Figure 5.34(b) for
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beam-col-umns having onry 1 percent of reinforcing steel, the
mean val-ue of r.25, coefficient of variation of o.1,4, and. one-
percentire value of o.99 were obtained.. Again, this is a

considerable improvement over the comparable values (r.26,
o.23, and o.77) shown in Figure 5.3(b) for stiffness ratios.

The above-noted di-fferences in strength ratios and

stiffness ratios are expected since the stiffness of a

composite beam-col-umn is more susceptible to concrete cracking
and material nonlj_nearities than its strength.

Figures 5.35 and 5.36 show the strength ratios plotted
against e/h for all the data and for data frorn beam-columns

having þr" of 1 percent. Both figures show mean, five-
percentile and one-percentile values above 1.0, 0.g6, and

0.80, respectively"

From the data plotted in Figure 5.34,5.35, and 5.36 and

the rerated discussion, it is concruded that the Arsc method.

produces safe design for composite beam-columns subjected to
bending about the najor axis of the steel section.
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6 - EVALUATION OF EFFECTIVE STIFFNESS FOR BEAM-COLUMNS

SUBJECTED TO MINOR AXIS BENDING

6.1 DESCRIPTION OF BEAI,f-COLU}INS STUDIED

To obtain a parametric study equivaJ-ent to the study of
major axis bending, Ll-B8o composite beam-columns h/ere used to
evaluate the theoretical stiffness of columns bending about

the minor axi-s. Each corumn had a different combination of
the specified properti-es. The specified nominal concrete
strengths r'r, the structurar steel yield strength= fy"", the
reinforcing steer ratj-os prr, the structural steel ratios pss

and the size of structural steel shapes used in this study are
listed in Table 6.L. The values shown in the tabl_e represent
the practical ranges of these variabres used in the
constructj-on industry. The overal-l concrete cross-section had

a size of 22 inches by 22 inches; the details of the cross-
section are given in Figure 6.1,.

The ACf and AISC Code requirements for composite columns

influenced the selection of the cross section parameters used

in this study. For composite beam-corumns neither the ACr nor
the Arsc code specifies a maximum amount for the structural
steel- core. However, the Arsc code states that to qualify as

a composite column the structural steel_ ratio (p"") must be

greater than or equal- to 4 percent. The Acr Building code

requires that a minimum of l- percent to a maxj_mum of g percent
of longitudinal reinf orcing ( prr) be incl_uded with the
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Table 6.L specified properties of composite beam-columns
studied*

Properties Specified Values
Number of
cified Values

f'", psi 4000; 5000; 6000; 8000

tr"" ' Psi 36000 ¡ 44OOO; 50000

1.09; 1.96¡ 3.17

structural
steel

section pss , t

VtL2 x l7O 10.33
Wl2 x l2O 7.29
9112 x 72 4"36
W10 x 112 6"80
W10 x 68 4.13
Wg x 67 4"O7

10;15;20¡ 25¡ 30

0.05;0.1; O.2¡ 0.3; O"4;0.5
0.6; 0.7¡ O.8; 0.9; 1.0

* Total number of columns equals ( 4 x 3 x 3 x 6 x 5 x
each col-umn having a different combination of specified
above. All columns had a cross section size of 22 x 22t,ies conforming to ACf 318-89 Clause 10.14.9.
Note: L.O in. = 25.4 mm; 1000 psi = 6.895 Mpa.

11 =) L1880 with
propêrties shown
in. with lateral-



STEEL SECTION LONGITUDINAL REINFOBCING

Designation 
ot: bf d*

(in.¿) (in.) (in.)

Pss

(%)

Y Max. bar Max. ba¡
dia. for dia. for

(¡n) Z=1.0 in. lap

Comer Reba¡s

Ba¡ No. Clea¡
Dia. Req. Dist
(in) Z (in.)

Add'l Rebars

Bar
Dia.
(in.)

No.
Req

Total
A¡ea of
Rebars ôrrs

( ín.2¡ (%l

W12 x 170

W310 x 2s3)

W12x12o
w310 x 179)

50.o 14.03 12.57 10.33

13.12 12.32 7.æ35.3

W12x72 21.1 12.25 12.04 4.36
W310 x 104

W10x112 32.9 1.l.36 10.41 6.80
(W2s0 x 167)

W10 x 68 20.0 10.40 10.13 4.13
W2s0 x 101)

WB x 67 19.7 9.0O 8.28 4.O7

W200 x 100)

1.99

2.44

2.88

3.32

3.80

4.50

1.90 1.72

2.20 1.84

1.98

2.80

2.94

3.86

2.60

3.30

3.70

4.60

1.693
1.000
0.750

1.693
1.000
0.750

1.693
1.000
0.750

1.693
1.000
0.750

1.693
r.000
0.750

f .693
1.000
0.750

4
4

4

1.U2
2.167
2.465

1.706
2.540
2.841

2.O97
2.934
3.236

3.002
11.521
11.823

3.427
4.263
4.565

4.581
5.417
5.719

4
4

4

4
4
4

4
4
4

4

4
4

4
4
4

1,000
1.000
0.750

f .000
1.000
0.750

1.000
1.000
0.750

1.OOO

1.000
0.750

1.000
f .000
0.750

1.000
1.000
0.750

I
I
I

I
I
I

I
I
a

I
8
I

I
8

I

I
I
I

15.32 3.17
9.48 1.96
5.28 1.09

15.32 3.17
9.48 1.96
5.2A 1.09

15.32 3.17
9.48 1.96
5.28 1.09

r5.32 3.17
9.48 1.96
5.28 1.09

1 5.32 3.1 7
9.48 1.96
5.28 1.09

15.32 3j7
9.48 1.96
5.28 t.09

1.5" CoVER

787

1.5"

Figure 6.i- Details of composite column
col-umns subject to bending aÈout the minor

cross-section for
axis.

AXIS OF

EENDINC
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structural steer core. Difficulty in lap spricing the
reinforcing bars reduces the maximum limit of þr" to about 3

to 4 percent when a relatively large structural steel core is
encased. The reinforcing steel ratio is, therefore, usual_Iy

expected to range from l- to 3 percent. Even three percent
reinforcing steel will restrict þ"" to a maximum of about l-o

percent, giving a range of pss about 4 to 1-o percent. The Arsc

code (chapter r, section 12) specifies that f,, be restricted
to range from 3ooo psi to 80oo psi and that the maximurn yield
strength for structural steel and reinforcing bars shall not
exceed 55,000 psi j-n calculating the strength of the corumn.

The ACr Buitding code, or the other hand, specifies that f,"
shall not be less than 25oo psi (clause 10. j_4.g. j_) and that,
the design yierd strength of the structural steel shar] not
exceed 50, 000 psi (clause l-o " L4 .e.2), but no restrictj_on is
praced on the design yield strength of the reinforcing steel.
IÁIith these requirements in mind, the strengths for concrete
and structural- steel shown in Table 6.i_ were selected. The

yield strength of the reinforcing bars was taken as 60 ksi for
all- of the cross section arrangements, because this represents
the standard strength of reinforcing bars used in the
construction industry. Figure 6.r shows the cross section
arrangements that v/ere used in this study.

utilizing six different sizes of structurar steer shapes.,

(Figure 6.1) provided the means to study the effect of
concrete cover over the structural steel section. The ratio
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of the depth of the structural steer shape to the depth of the

concrete cross-section dss/h was used as an index for concrete

cover over structural steeI.

Table 6.1 shows that eleven end eccentricity ratios e/h
ranging from 0.05 to t-.0 were used. This is consistent with
the f indings of Nf,irza and MacGregor ( j,992) that, f or
reinforced concrete buildings, e/h usuarry varies from 0.1 to
0.65. Five slenderness ratios p-/h were chosen to represent
the range of L/h for columns in braced frames designed in
accordance with ACI 3i_8-89 Clause t-O.t_1.

Às the purpose of this study is to si-mul-ate the actual-

stiffness Er of beam-columns described by nominal cross-
sectionar properties, the specified nomina] values for
material strength and cross-sectíonar properties wilr not
provide an accurate estimation of ET. Mean values established
by skrabek and Mirza (t-990) corresponding to the nominal

specified properties v/ere, therefore, used to compute the
theoretical- stiffness for each column. Table 6.2 lists the
mean varues corresponding to the specified nominal_ varues.

The short-term theoretical effective flexural stiffness
Er for each of the l-l-rBgo corumns studied was computed using
Equation 2.7, the cross-section and slender col-umn interaction
diagrams described in section 2.2, and the mean values of the
variables specif ied in Table 6.2. The simul_ated column.

stiffness data r¡/ere then statistically analyzed for examining
the current ACr column stiffness, the equivalent Arsc col_umn
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Table 6.2 - Mean Values of Variables Used for Computing Theoretical
Strength and Stiffness.

a) Concrete

Nominal
Strength
f'" (psi)

Mean Values

Compressive
Strength
f. (psi)

Modulus
of Rupture

fr (psi)

Elastic
Modulus
E" (ksi)

4,000 3, 388 44s 3,260
5,000 4.013 485 3 ,537
6, 0o0 4 ,641 523 3,795
8, 000 5,9O4 s91 4,263

b Structural Steel Strenqth*

Nominal
Strength
f" (nsi)

Mean Values

Static Yield Strength

Web
fr"* (o.t )

FIange
fy"f

36,000 39,24O 0.9s fys¡{

44, 000 47 t960 0. 95 fysw

50,000 54,500 0"9s fysr{

Residualc ar stresses Ín structural steel
Steel Shape Flange Tip (psi) Flange - web

Juncture (psil
W12 x 170 (w3LO x 253) -I8 ,367 t7,792
911-2 x l2O (w310 x 179) -17,983 Lr,267
VíIZ x 72 (W3l-0 x 10Z) -17,896 ]-l, I52

9'¡10 x LL2 (!,1250 x 167 ) -18 ,57 6 1_2 , Ogg

W1O x 68 (w250 x LO1) -18, 384 r.1, 8L6

WB x 67 (I,ü200 x 100) -l_8, 465 l_L,93L

* Note: Modulus of Etasticit,y for Structural Steel_, E" = 29,OOO ksi



Table 5.2 - continued

l_9 t_

d) StructuraL

from Nominal Specified Dimension

Structural Steel Dimensions

Sect,ion
Depth

d

FIange
widrh

b

Flange
Thickness

t

Web
Thickness

w

Rat,io of Actual to
Specified Dimensions 1.000 1. 00s o.976 1.017

e) Rernforcing stee

Nominal Strength
f, (nsi)

Static Yield
strength f"" (psi)

El-astic Modulus
Es (ksi)

60, 000 66, 800 29 , OOO

(f) Deviation of Overalì Beam-Column Dimensions
srons

I,ength ( in. 0"0
Cross-Section Depth {in. +0.06
Cross-Section 9lidth (in. +0. 06

Concrete Cover to Lateral Ties (in. +0.33
Spacing of Lateral Ties (in.) 0.0
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stiffness, and for developing the proposed design equations

for EI.

Note that the specified nominal val-ues listed in Table

6. 1- and the mean values f or rnaterial properties and cross

section descriptions listed in Tabre 6.2 are the same as those

given in Chapter 5. The only difference between the col-umns

described in chapters 5 and 6 is the 90 degree rotation of the

axj-s of bending.

6.2 EXÀ¡.ÍINATION OF ACI AND AISC STTFFNESSES

The ACI Building Code and the comparabÌe AISC Code

equivalent flexural stiffnesses (Equation 4"L and 4.30

described in chapter 4 ) v/ere compared with the theoretical- E'r

data generated for all of the 1l-rg8o composite corumns

subjected to bending about the minor axis of the steel
section. The nominal val-ues of variabres shown in Table 6.L

and Figure 6. l- v/ere used f or computing the Acr and Arsc Er

values. Note the theoreticar Er varues were computed using
the mean val-ues of variabl-es shown in Tab1e 6.2.

The histograms in Figure 6.2 show the ratios of
theoretical Er to design Ef (Erth/Eraes). The resurts shown

in Figure 6.2 (a) v/ere computed based on -Ero"" taken equal to
the ACr E'r equation (Equation 4.1) and those shown in Figure
6.2(b) were based on Erd"" set equal to Arsc Er expression
(Equation 4.30). Figure 6.2 that incl-udes data for arl prs

values ( i-. 09 , !.96 , 3 .1"7 percent) indicates that relatively
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high mean stiffness ratios and coefficients of variation (CV)

are obtained from the ACI equation (mean val-ue = 1.69 , ú :

24.3 percent for Equation 4.1). This means that the ACI

equation on the average predicts conservative -EZ values, which

are about 70 percent lower than the theoretically computed

values, but the ACI Ef values deviate substantially from the

corresponding theoretically computed values for a significant
number of columns studied. The Arsc expression, on the other
hand, gives a mean value that is much closer to 1.0 than the

Acr, but also gives a large coefficient of variation and

extremely low one-percentile value ( mean value : 1. j_0 ì Cy :

32.4 percent; and one-percentile = 0.540 for Equation 4.30).

A second comparison showing only the data where prs: 1

percent was plotted in Figure 6.3 for both the Acr and Arsc

stiffnesses. Mean varues of L.4z and o.9i- hrere obtained for
Acr and Arsc, respectivety, along with coefficients of
variation sirnil-ar to those in Figure 6.2. This significant
change in mean value indicates that the Acr and Arsc design

equations were most IikeIy calibrated for the minimum required
reinforcing steel ratio. This arso appears to confirm the
general berief that Acr equation is, in most cases, on the
safe side. For the Arsc, however, a mean stiffness ratio less
than 1-.0 in Figure 6.3(b) and extremely low one percentile
values (0.540 and 0.507) in Figures 6.2(b) and 6.3 (b) indicate
that the ArSC design expression gives non-conservative results
for a large number of cases. Mirza (1990) pointed out that
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for establishing safety into design equations the one-

percentile value is more important than the mean value.

Note the ACr and Arsc design equations do not incrude all
the parameters that affect the stiffness of srender columns.

The Acr equation does not account for the rongitudj_naI

reinforcing steel whereas the Arsc design equatíons nodify the
properties of a composite column to that of an ,equivalent

steelrr column in which cracking of the concrete is not
considered.

rt i-s evident from Fi-gures 6.2 and 6.3 and the retated
discussions that there appears to be a need for modification
in the existing Acr stiffness equation and Arsc strength
interaction equations used for the design of composite beam-

columns.

6.3 DEVELOP!.ÍENT OF PROPOSED DESTGN EQUÀTTONS

FOR SHORT-TERT,f ET

Mirza (l-990) among others pointed out that the effective
flexural stiffness of a slender reinforced concrete column is
significantly affected by cracking arong its J_ength and

inelastic actions in the concrete and re j_nf orc j_ng steel-. This
is also expected for a composite column although to a l-esser

degree, because the structurar steer core is expected to.

stiffen the concrete cross-section. Ho$/ever, the inelastic
actions within the encased structural- steel shape affect the
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overal-1 stif fness of a composJ-te column. E;J .]-s th.en

represented by a complex function of a number of variables
that cannot be readily transformed into a unique and simple

analytical solution. The objective in this study is to
develop simple equations for the Er of composite columns

subjected to bending about the minor axis of the steel
section. These equations are sinilar to the ones that were

produced in chapter 5 and those developed by Mirza (1990) for
reinforced concrete columns. Multiple rinear regression
analysis was chosen to evaluate Er from the generated

theoretical stiffness data.

6.3.1 Variables Used for Regression Analysis

The variabres used in this study r{rere divided into two

major groups: (A) variables that affect the contribution of
concrete to the overarl effective stiffness; and (B) variables
that influence the contribution of structural- and reinforcing
steel to the overall effective stiffness of a composite beam-

column.

Group A consists of five subgroups, simil_ar to those
described by Mirza(t-990): (1) end eccentricity ratio e/h or
Pu/Po (subgroup x1), in which pu is the factored axial road
acting on the sl-ender column and po is the pure axiat l_oad

capacity of the cross-sectionì (z) srenderness ratio (-/h or
L/r (subgroup x2), where r is the radius of gyration
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calculated according to the ACI Buitding Code Equation (10-1-3)

reproduced here as Equation 6.I¡ (3) steel index p"", or þrr,
or þg: (P"" + þrs), oY Pys/Pss, or Þssfyss/f'ç, or pr"fr¡s/f'ç,

or (þr"ry", * Pr"fyr")/f'" lsubgråup xj), where pn ís the total
steel ratio and frr" is the specified yield strength of the

reinforcing steel ì (4) stiffness index Ir"/I"", or I""/Ig, or

lrr/lg, or (Ir, + Irs) /Ig (subgroup X¿) where Ig = the moment

of inertia of the gross concrete cross-section neglecting

structural- and reinforcing steel; and (5) concrete cover index

dss/h (subgroup Xs) where dr", the depth of the structural
steel section, is divided by the overall depth of the

composite cross-section perpendicular to the axis of bending

being considered.

(E cI s/5) + -8"r"" (6.1)
(EcAg/5) + -Er.A""

In Equation 6.L, As equals the area of the giross concrete

cross-section neglecting structural and reinforcing steel and

4", equals the gross cross-sectional area of the structural
steel section. The Group A variables are risted in Table 6.3.

Group B, on the other hand, consl-sts of two variables,
8"r"" and Errr", that r¡/ere considered to have a significant
affect on the overall- effective stiffness of a composite

column.

Mirza and MacGregor (t-989) found that for reinforced
concrete sl-ender col-umns the variabl-es in the first and second
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subgroup of group A are important in the study of the strength
and behavj-our of srender corumns. Mírza (i-990) verified this
in his analysis of the flexural stiffness of rectangular
reinforced concrete columns. The third subgroup variabl-es of
Group A took into consideration the influence of the quantity
of steel in proportion to the area of concrete cross-section.
The fourth subgroup hras intended to examine the effects of
relative stiffnesses of steel and concrete. The fifth and

finar subgroup of Group A was incruded to investigate the

effect of concrete cover to the structural steer shape on

column stiffness.

The variabres v¡ithin an individual- subgroup of Group A
were considered 

- 
as dependent variables, whil_e variabl_es

between the subgroups hrere taken as independent variabres.
For exampre, e/h was considered dependent on pu/po but T¡¡as

taken independent of variables retated to sl-enderness ratio,
steel index, stiffness index, and concrete cover index. The

var j-abres of Group B v¡ere always cons j-dered independent

variables. A maximum of one variable from any of the chosen

subgroups of Group A hras, therefore, used for a particular
regression anarysis of the theoreticar stiffness data. when

one variabl-e from each subgroup of Group A and both variables
from Group B are incruded into the regression analysis,
Equation 2.2 becomes:

EI = (a* + a1X1 + aZXZ + o3X3 + a4X4
i c5x5 I z. ttJ - r"") + a 

""8 "rss 
* o'.sE"ïr" (6 - 2a)
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in which ak is a constant (equivarent to the intercept of a

simple linear equation). The remaining a values are

dimensionless reduction factors corresponding to independent

variables Xt, X2, X3, X4, Xs, ErI"r and E"Tr". X1 through X5

represent one variable chosen from each of the subgroups (i.e.
end eccentricity ratio, slenderness ratio, steel ì-ndex,

stiffness index, and concrete cover index) in Group A.

The combínation of Group A varj-ables used for different
regression analyses are given in Table 6.3" Group B variabl_es

v/ere incruded in all regression analyses shown in Table 6.3.
The prediction accuracy for a particular regression

equation $¡as based on the standard error s., a measure of
sanpling variabil-ity, and the multiple correlation coefficient
R", an index of rerative strength of the relationship. The

smaller the value of s" the smal-rer the sarnpling variabiJ_ity
of the regression equation. An Rc value equal to zero

signifies no correlation, and R" = +l-.0 indj-cates 100 percent

correlation. R" values greater than +l_.0 and ress than -j_.0
are not possibre. The calcurated values of s" and R" for each

regression analysis are also given in Table 6.3. To reduce

the relative magnitude of the standard error s"r both sides of
Equation 6.2a were divided by E"(rg - rss) to ,normal_j_zer the
Equation. This also atlowed the s" obtained in this study to
be compared to the s, obtained by Mirza (1990) for reinforced.
concrete col-urnns. The normaLized version of Equation 6.2a is
shown in EquatJ-on 6.2b.



ETwã (6.2b)

Note that S, in this study hras computed for ao"

6.3.2 Regression Analysis

Table 6"3 shows the se and R" values calculated for zs

regression equations. The insignificant changes in .s, and R"

for the first thirteen variable combinations indicate that
variables other than those used in combination t_3 (e/h and

2/h) do not significantly influence the Er of sl_ender

composite columns. A correl-ation analysì-s conf irmed that thÍs
was due to the fact that the variabLes in subgroups x, and x,
!,¡ere included explicitJ-y or implicitly in the format of the
regression equations, Equations 6.2a and 6.2b

variabre combinations 13 to r-6 involving e/h, pu/po, L/h,
and L/r proved that e/h and L/h (or L/r) are the most

significant pair of variabr-es from Group A influencing Eï.
The ratios t,/h and Q-/r are obviously correlated, however, L/h
is much simprer to compute. A correlation analysis of the
variables used in combinations l_3 to 16, including the croup
B variabres, confirmed Mirzars observation indicating that:
(a) no correlation exists between e/h and, e-/h (or e./r) ratios;
(b) there is some correlation between pu/po and p_/h (or ¿/r) -

ratios; and (c) a strong correr-ation exists between p.r/po and

e/h ratios. This means that e/h and L/h (or L/r) are

202

= ûk * c1X1 + a2X2 + a.3X3 + a.4X4 + osXs

E"ïr" E 
"r 

t"+tv- rsss" 
; - zrsv;77;-t"r¡
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independent variables and pu/po i= dependent on e/h.

Finally, cornbinations L7 through zs show that when only
one of the variabl-es in Group A v/as combined with the two

variabl-es in Group B, e/h is the most sj-gnificant vari_able

from Group A.

rn summary, the lowest ^9" and highest R" values among the

regression equations concerni-ng two variables and. one variable
from Group A, combined with the two variabres from Group B,

v/ere obtained for variabre combinations t-3 and 17 ,

respecti-very. The resulting regression equations are:

EI = (0.334 + 0.00185 f./h - O.ZO  e/h) E.(Is - r"")
+ 0.808-E'sfss + O"732EsIrs

EI = (O.371- - 0.2O4 e/h) E"(rs - .rss)
+ 0.8088'sfss + O.732EsIrs

EI = (0.294 + 0.00323 L/h - 0.299 e/h) E"Is + E"Ir"

EI = (0.358 - 0.299 e/h) E"fs + ErI*

Equations 6.3 and 6.4 are sirnilar in format to regression
Equations 5.3 and 5.4 deveroped for beam-columns subjected to
major axis bending (chapter 5) and Equations 6.5 and 6.6
developed by Mj-rza (i-990) for reinforced concrete col-umns.

(6.3)

(6.4)

(6.5)

(6.6)

Equations 6.3 to 6.6 show that with an increase in e/h ratio
there is a corresponding decrease in Er for a col_umn. This is
because an increase in e/h means a corresponding increase in
bending moment and tension stresses at the outer fibre,
resulting in more cracking of the column. The coefficient of
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O.204 associated with e/h in Equations 6.3 and 6.4 for
composite col-umns is about 2/3 of that in Equatj-ons 6.5 and

6.6 for reinforced concrete columns. This is due to the

structural steel shape in composite columns interrupting the

continuity of the cracks that remain unarrested in reinforced
concrete columns. Equatíons 6.3 and 6.5 indicate that for an

increase in L /h ratio there is an increase in Er . rurirza

(1990) suggests that this is because in a longer column the

cracks are likery to be more widely spaced with more concrete

in between the cracks contributing to the Er of the column.

The coefficients of 0.808 and o.732 related to E"r* and E"rr"r
respectivery, in Equations 6.3 and 6.4 compare to the val-ues

of corresponding coefficient,s obtained for Equations 5.3 and

5.4 (chapter 5 for columns subjected to najor axis bending).

These coef f icients indicate 'rsofteningir of strucÈural and

reinforcing steel. This is the result of elastic-plastic
nature of the stresses developed in the structural- steel and

the rej-nforcing steel at ultirnate load

For composite columns S" : O. 048 and Rc : O. 9Og r¡/ere

obtained for Equation 6.3. This compares to an Sr:0.050 and

R" = o.964 obtained for Equation 5.3 for col-umns subjected to
major axis bending and .Se = 0.059 and R": 0.g6 reported by

Mirza (1990) for Equation 6.s. For the second composite

column equation (Equation 6.4) se equars o.o5o and R" equals.

0.901. The corresponding values for Equation s.4 \^/ere 0.056

and 0.955 and those reported by Mirza (l_990) for Equation 6.6
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v/ere O. 061 and 0.84.

A scatter diagram (Figure 6.4) shows the values of Er

computed from Equations 6.3 and 6.4 ptotted against the

corresponding theoretical Ef. Regression -Er from Equation 6.3

is shown in Figure 6.4 (a), and Figure 6.4 (b) is for Equation

6.4. Both equations exhibit reasonable correlation with the
theoretical Er values when compared to the l-ine of unity
labelled as 45o line. Equation 6.3 produced somewhat, but not
very significantly, better resul_ts.

The histograms and related statistical- data for the ratio
of theoretical Er to regression E'r (Erth/ETreù developed from

al-l the col-umns studied (n : 11rggo) are virtualry identical
for Equations 6.3 and 6.4, as shown in Figure 6.5. Err"g in
Figure 6.5(a) was taken from Equation 6.3 and that in Figure
6. 5 (b) from Equati-on 6.4. Both equations give mean val_ues of
l-. 00. The coef f icient of variation (cv) f or Equation 6. 3 is
0.095 and 0.097 for Equation 6.4. This represents a very
signi-ficant improvement when compared to mean values of L.6g

and l-.10 and gl of o.243 and o.324 shown in Figure 6.2

obtained for ACI and AISC equations, respectively.
The histograms and statistical data for the columns where

the longitudinal reinforcement ratio (p.=) is one percent
(n:3960), shown in Figure 6.6, again indicates that the two

equations give al-most the same results. Both equati_ons nirr.,
mean values of 0.99. The 6/ for Equation 6.3 is 0.114 and

O .1,I7 f or Equation 6.4 . This stil1 represents a very
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significant improvement over the mean values of 1.42 and o.g!l
and the coefficients of variation of 0.236 and 0.334 obtained
from the ACr and Arsc stiffness equations shown in Figure 6.3.

6.3.3 Proposed Design Equations

Equations 6.7 and 6.8 , proposed for design use, r,rere

simprified from Equation 6.3 and 6.4 and were chosen to be

identicat to Equation s.7 and 5.8 (chapter 5) proposed for
composite beam-columns subjected to bending about the major

axis.

Eï = l(O.27 + 0.003 Llh - O.2 e/h) E"(Is - f"")
+ o.BE'"(ï", + rrs) I ) ErI"" (6'7)

EÏ

These

(1_eeo)

Eï=l

= [ (0.3 - 0.2 e/h) E.(Is - r"")
+ o.g E's(rss + rr5) I > E"r"s (6'8)

compare to Equations 6.9 and 6.10 suggested by Mírza

for reinforced concrete columns.

(o.27 + O.OO3 L/h - 0"3 e/h) E:cïs + E'"rr5J > E"ïr"

EI = [ (0.3 - 0.3 e/h) ErIs + E"Ir"f ] ErIr"

(6.e)

(6.r.0)

At P-/h of 10, Equations 6.7 and 6.8 yield the same resul_ts.
For val-ues of L/h > Lo, Equation 6.g is more conservative than
Equation 6.7. Hov/ever, Equation 6.g is l-ess conservative than
Equation 6.7 f or P- /h
1.5 in Equation 6.8), a lower limit of -8"r", is used for both.

equatj-ons to insure that the effective stiffness of the
composite column is at least equal- to that of the encased
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structural steel- shape.

Histograms and statistical data.v/ere prepared using the

proposed design equations for all the corumns studied
(n=11880). The histograms for the ratios of theoreticar Er to
design EI (EIth/EIde) are plotted in Figure 6.7. ETd"" in
Figure 6.7 (a) rÂras taken from Equation 6.7 and that in Figure

6.7 (b) from Equation 6.8. As expected, Figure 6.7 indicates
that the stiffness ratios (Er¿¡/Er¿ss) for Equation 6.8 (Figure

6.7 (b) ) are more conservative than those for Equation 6.7

(Figure 6.7 (a) ) .

The histograms and statisti-car data prepared for the
columns having one percent reinforcing steel- (n:3960), using
the proposed design equations, are shown in Figure 6.9. The

results are similar to those obtained for the data plotted in
Figure 6.7 .

6"4 ANALYSIS OF STIFFNESS DATA

6.4.1 overview of Stiffness Ratio Statistics
An overview of the stiffness ratio (Erth/Erde,) statistics

computed for different design equations are gj_ven in Tabre 6.4

for all- data and in Table 6.5 for beam-columns having a

reinforcing steel ratio of one percent. To calcuLate the
stiffness ratio of a column, Erxh v/as taken as the computed

theoretical stiffness and -Ero"s was calcul-ated from Equation_

6-7, 6.8, 4-1' and 4.30. Equations 6.7 and 6.g are the
proposed design equations, Equation 4.r is the Acr design
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Number

2L3

Table 6.4 - Stiffness Ratio Statistics for Different Design Equations
for all Beam-Columns Subjected to Minor Axis Bending

(a) Coefficient of Variation

Number
of

Columns
(8)

A1

M
A3
A4
A5
A6

10
15
20
25
30

10 - 30

0.05 - 1.0 0.107
0.085
0.088
0.098
0.109
0.101

0.107
0.089
0.093
0.102
0.111
0.104

o.223
o.237
0.243
o.247
o.252
0.243

0.365 2376
0.349 2376
0.320 2376
0.299 2376
0.281 2376
0.324 1 1880

B1

82
B3

B4
B5
B6

10
15

20
25
30

10 - 30

0.1 - 0.7 0.090
0.075
0.059
0.055
0.057
0.079

0.090
0.076
0.059
0.052
0.053
0.069

o.æo
o.221
0.210
0.203
0.199
o.211

0.334
0.310
0.276
0.255
0.242
0.286

1 512
1512
1512
1512
1512
7560

(b) Mean Stiffness Ratio

A1

M
A3
A4
A5
A6

10
15

20
25
30

10 - 30

0.05 - 1.0 1.1 10

1 .115
1.092
1.062
1.036
1.O83

1.110

1.158
1.175
1.183
1.192
1 .164

1.606
1.684
1.709
1.721
1.734
1.691

1.086 2376
1.098 2376
1.088 2376
1.100 2376
1.140 2376
1.103 1 1880

B1

82
B3
84
B5
ub

10
15
20
25
30

10 - 30

0.1 - 0.7 1.081

1.073
1.041

1.007
0.978
1.036

1.081

1.111
1.115
1.114
1.116

1.107

1.659
1.708
1.711
1.708
1.710
1.699

1 .140
1.139
1.121
1.122
1.147
1.134

1 512
1512
1512
1512
1 512
7560
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(c) FivePercentile

Number

(1)

Ratio
Lth
(2)

Eccentricity
Hatio
elh
(3)

Proposed
Equations

ACt

Eq. 4.1
(6)

AISC

Eq. 4.30
(7)

of
Columns

(8)

trq. b.¡/
(4)

Eq. 6.8
(5)

A1

M
A3
A4
A5
A6

10

15
20
25
30

10-30

0.05 - 1.0 0.927
0.977
0.971
0.941
0.904
0.937

o.927
1.005
1.O37

1.046
1.049
1.OO2

1.121

1.159
1.186
1.198
1.212
1.174

0.585 2376
0.606 2376
0.636 2376
0.671 2376
0.715 2376
0.636 1 1880

B1

82
B3
B4
B5
B6

10
15
20
25
30

10 - 30

0.1 - 0.7 0.932
0.966
0.965
0.931
0.893
o.927

0.932
0.992
1.031
1.040
1.043
0.990

1.156
1.212
1.234
1.243
't.252
1.221

0.643
0.669
0.698
o.725
0.758
0.699

1512
1512
1512
1512
1 512
7560

(d) One-Percentile

A1

þQ
A3
A4
A5
A6

10
15
20
25
30

10-30

0.05 - 1.0 0.863
0.941
0.952
0.914
0.865
0.890

0.863
0.966
1.O12
1.027
't.o20
o.927

1.039
1.066
1.110
1.140
'I .155
1.087

0.505 2376
0.523 2376
0.552 2376
0.586 2376
0.632 2376
0.541 1 1880

B1

82
B3

B4
B5
B6

10
15
æ
25
30

f0-30

0.1 - 0.7 0.884
0.932
0.94{t
0.903
0.853
0.885

0.884
0.956
1.007
1.O22
1.O12
0.932

1.047
1.102
1.146
1.181
1j97
1.122

0.545
0.576
0.608
0.647
0.683
0.597

1512
1512
1 512
1512
1512
7560
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Table 6.5 - Stiffness Ratio Statistics for Ditferent Design Equations
for Beam-Columns Subjected to Minor Axis Bending for
which Þ..= 1.09 Percent.

(a) Coetficient of Variation

Group
Number

(1)

Slendemess
Ratio
L/h
(2)

tsccentnctty
Ratio
elh
(3)

Proposed
Equations

ACt

Eq. 4.1
(6)

AISC

Eq. 4.30
(7\

of
Columns

(8)

Eq. 6,7
(4)

Eq. 6.8
(5)

A1

þe
A3
A4
A5
A6

10
15

20
25
30

10-30

0.05 - 1.0 0.105
0.097
0.110
0.124
0.138
0.t20

0.1 05
0.100
0.112
0.125
0.136
0.119

0.1 98
0.2æ.
0.237
0.248
0.258
0.236

0.371

0.363
0.334
0.309
0.287
0.334

792
792
792
792
792

3960

B1

82
B3
B4
B5
B6

10
15
20
25
30

10-30

0.1 - 0.7 0.091
0.084
0.o74
0.070
0.075
0.094

0.091
0.084
0,071

0.066
0.069
o.o77

0.r97
0.190
0.173
0.161
0.157
0.176

0.336
0.305
0.260
0.224
0.203
o.270

504
504
504
504
504
2520

(b) Mean Stiffness Ratio

A1

M
A3
A4
A5
Ab

10
15
20
25
30

10 - 30

0.05 - 1,0 1.130
1.122
1.092
1.059
1.029
1.086

1.130
1.173
1 .190
1.202
1.214
1.182

1.355
1 .413
1.435
1.449
1.463
1.423

0.899
0.910
0.903
0.910
0.945
0.913

792
792
792
792
792

3960

B1

82
B3

84
B5
B6

10
15
20
25
30

10 - 30

0.1 - 0.7 f .098
1.O72

1.030

0.991
0.959
1.030

1.098
1.116
1.115

1.1 14
1 .117
1.112

1 .414
1.436
1.432
1.429
1.431

1.428

0.944
0.936
0.919
o.922
0.949
0.934

504
504
504
504
504
2520
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Table 6.5 - continued

2]-6

(c) Five-Percentile

Number
of

Columns
(8)(1)

A1

þc
A3
A4
A5
A6

10
15
20
25
30

10 - 30

0.05 - 1.0 0.958
0.982
0.959
0.922
0.876
0.918

0.958
1.019
1.O37
1.041
1.035
1.016

1.050
1.092
1j26
1.154
1.171
1.112

0.521
0.546
0.576
0.605
0.655
0.570

792
792
792
792
792
3960

B1

82
83
B4
B5
B6

10
15
20
25
30

10 - 30

0.1 - 0.7 0.949
o.972
0.954
0.916
0.866
0.903

0.949
1.006
1.032
1.035
1.0?2
1.005

1.073
1.124
1.173
1.197
1.210
1.152

0.574
0.600
0.638
0.675
0.700
0.627

504
504
504
504
504
2520

(d) One-Percentile

A1

M
A3
A4
A5
A6

10
15
20
25
30

10-30

0.05 - 1.0 0.908
0.948
0.942
0.887
0.840
0.873

0.908
0.978
1.016
1.018
1.000
0.955

1.003
1.041
1.O77

1.108
1.132
1.O44

o.476
0.493
0.515
0.545
0.598
0.507

792
792
792
792
792
3960

B1

82
B3
B4
B5
B6

l0
15
20
25
30

10 - 30

0.1 - 0.7 0.901
0.934
0.940
0.880
0.834
0.866

0.901
0.963
1.007
1.01 1

0.996
0.948

1.O20
1.066
1.120
1 .152
1.179
1.061

0.506
0.528
0.576
0.622
0.649
0.549

504
504
504
504
504
2520
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equation, and Equation 4.30 is the stiffness expression

developed from the AISC strength interactj-on curves.

Tables 6.4 and 6.5 gi-ve the coefficient of variation,
mean, five-percentil-e and one-percentil-e val-ues for each of
the different design equations. For statistical analysis, the

beam-columns studied are divided into two groups: Group A

includes all columns and Group B includes only the corumns

with usual e/h values (0.1

provided within each of these groups are based on subgroups

that hrere taken according to P-/h ratio but arso include the

statistics for the overall sample.

After reviewing Tables 6.4 and 6.5 the following
observations are made:

(1) The coefficients of variation for the proposed design

equations are considerably rower and remain reratively
constant compared to those for the ACr or Arsc equations.

(2) The mean stiffness ratios for the ACr equation tend to be

significantly more conservative than those for the
proposed design equatíons and for the Arsc expressi_on.

3) The AISC expression mean stiffness ratio for col-umns with
3- percent reinf orcing steel- is l-ess than i-. o f or all-
subgroups of P-/h in both groups of e/h.

(4) A comparison of Table 6.4 (for alr data) and Tabl_e 6.5

(for beam-columns having one percent reinforcing steer)
shows that the mean, fj-ve-percentil-e and one-percentile
sti-ffness ratios for the Acr and Arsc equations are
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subjected to greater variations due to pr= than are those

for the proposed design equations.

5) The proposed design equations and the ACf equation gave

five-percentile and one-percentile values that in all
cases exceeded 0.86 and 0.8, respectively. The ÄISC

expression, on the other hand, resulted in five-
percentile and one-percentile values that \^/ere in alI
cases significantly less than O.B6 and 0.8, respectively.
Figure 6.9 shows the cumulative frequency distribution of

stiffness ratios (Er¿¡/Er¿s) for the different design

equations plotted on normal probability paper and represents

the data for all 11,880 columns studied. The curves for
Equations 6.7 and 6.8 fol-l-ow one another. The Acr equation
(Equation 4.1) produces more conservative resul-ts than the
proposed design eguations, whereas the Arsc expression

(Equation 4.30) is less conservative than the proposed design

equations for 50 percent of the columns studied. rn fact, the
Arsc expression produces very low stiffness ratios for a

significant number of beam-columns studiedr âs indicated by

Figure 6.9 .



2.
20

2.
O

O

1.
80

1.
60

1.
40

1.
20

1.
00

0.
80

0.
60

0.
40

U
'

Q
)

_! t! -c
_+ td o Ë u. (/

)
U

)
Ld z. L!

-
L- Ë (n

A
C

I 
on

d 
A

IS
C

 D
os

lg
n 

E
qu

ol
ío

ns
3 

- 
E

q.
 (

4.
1)

 :
 M

oo
n 

R
ol

io
 =

4 
- 

E
q.

 (
+

.3
0)

: 
M

eo
n 

R
ot

io
 =

¿
¿

"t
'

,-
ttt

'

,¿
-.

'' 
-/

=
 0

.2
13

 /
=

 O
-3

24
 /

/
/ /

5t

0.
01

 0
.1

/
a /

a /
./'

./
..t

' 
P

ro
po

se
d 

D
es

ig
n 

E
qu

ol
io

ns

¿
-' 

1 
- 

E
q,

 (
6.

7)
: 

M
oo

n 
R

ot
io

2 
- 

E
q.

 (
6.

8)
: 

M
eo

n 
R

ot
io4t

I

F
ig

ur
e 

6.
9

co
m

pu
te

d 
fr

om
=

 l-
18

80
).

2

2 
5 

10
 2

0 
50

 
50

 
70

80

C
U

M
U

LA
T

IV
E

 F
R

E
Q

U
E

N
C

Y

P
ro

ba
bi

lit
y 

di
st

rib
ut

io
n 

of
 

st
iff

ne
ss

 
ra

tio
s

da
ta

 f
or

 a
ll-

 c
ol

_u
nn

s 
be

nd
in

g 
ab

ou
t 

m
in

or
 a

xi
s 

(n

1.
08

 ;
 C

oe
ff.

 o
f 

V
or

.
1,

16
; 

C
oe

ff.
 o

f 
V

qr
.

90
 9

5 
98

 9
9

(P
er

ce
nt

)

=
 0

.1
01

=
 0

.1
O

4

99
.9

t\, F \o

99
.9

9



220

6.4.2 Effect of Variables on Stiffness Ratios

The effects that each of the vari_ables tisted in Table

6.3 has on the mean, five-percentile, and one-percentil_e

values of stj-ffness ratios (EIth/EIde,) obtained from the
proposed design equations (Equations 6.7 and 6.8), ACI

equation (Equation 4.1-) and Arsc equation (Equation 4.30) v/ere

exami-ned in detail.

Figures 6.1-0 | 6.L1- and 6.12 examine the effect of e/h on

mean, five-percentile, and one-percentile (minimum in case of
Figure 6.]-2) stiffness ratios. Figure 6.1-o is protted for all
data (n : l-1-,880), Figure 6.11 includes beam-columns having

þr" : 1 percent (n = 3960), and Figure 6.LZ considers beam-

columns with prs: 1 percent and Q./h : IA (n = 7gZ). Minimum

values in place of one-percentile values are used for Fì-gure

6.L2 because each e/h ratio represents only 72 beam-columns.

An examination of these figures indicates that proposed design

equations (Equations 6.7 and 6.8) produce mean, five-
percentile and one-percentile values that are relatively
constant for the entire range of e/h studied. The Acr and

Arsc expressions produce stiffness ratios that varied with
e/h. This is because neither equation uses e/h as a variable.
The mean, five-percentile and one-percentile stiffness ratios
for the ACT equation appear to be overry conservative at l_ow

e/h ratios when compared to the stiffness ratios produced by

the proposed stiffness equations. Mirza (1990) pointed out'
that, for establ-ishing safety in design equations, the five-
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0 o.20.1 0.3 0.4 0.5 0.6 0.7
End Eccentricity Ratio (eih )

0.8 0.9

Figure 6.1-0 Effect of end eccentricity ratio on stiffnessratio for different design equations for arl col-umns bending
about minor axis (n = l-o8o for each e/h ratio equal to o.o5;0.1, O.2, 0.3, 0.4, 0.5, 0.6, 0.7, O.g, o.g and 1.0).
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Figure 6.12 Effect of end eccentricity ratio on stiffness_ratio for different design equations for èol-umns bending aboutminor axis where prs = l-.09 percent and t /h : i-o (n = 72 foreach e/h ratio equã1 to 0.05, 0.1, o.2, 0.3, o.4,'0.s, 0.6,
O.7 , 0.8, O. 9 and 1. 0) .
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percentile and one-percentile values are more irnportant than

the mean val-ue. The proposed design equations and the ACI

equation gave mean, five-percentile and one-percentile (or

minimum in case of Figure 6.L2) values that exceeded 1.0, O.96

and O.S0rrespectively, for most e/h ratíos shown in Figures

6.10, 6.L1, and 6.1-2. The AISC expression (Equation 4.30), on

the other hand, is less conservative than the other equations

for the five-percentile and one-percentil-e values at almost

all r¡alues of e/h and these values are less than o.g6 and o.B0

for e/h

Figure 6. l-3 il-lustrates the ef f ect of the axia] road

ratio (Pu/P; on the stiffness ratios resulting frorn different
design equations. The axial load ratio was not a controlled
variabre in this study, i.e. there are as many different axial
load ratios as the number of beam-columns studied. This

required grouping of stiffness ratios into a number of ranges

of Pu/Po varues. The statistics for stiffness ratios in each

range of Pu/Po values were then determined. Groupi-ng the
stiffness ratios according to axial load ratio resurted in
having a significantly different number of corumns in each of
the ranges of Pu/Po. For exampre, less corumns rÄ/ere grouped

in the range of o.7 to 0.9 pu/po (n = 2r2) than in the range

of o.2 to o.25 Pu/Po (n = l-t-28) " The ranges of pu/po ratios
were set at 0 - 05-0. 1' 0. l--0. 15 ' o. 15-0.2 , o.2-o .2s , o. 25-0. 3 r.

0.3-0.35, 0.35-0.4, 0.4-0.5, 0.5-0.6, o.6-0.7, 0.7_0.9. The

mean Pu/Po ratio for each range is plotted against the mean,
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five-percentile and one-percentile stiffness ratios for each

corresponding range. Figure 6"1-3 shows that the mean, five-
percentile and one-percentile stiffness ratios for the Acr

equation continue to be more conservative than those for the

proposed design equations. The Arsc stiffness values for
five-percentiLe and one-percentile are less than o.g6 and

0.80, respectively, for pu/po

there is a strong correl-ation between pu/po and e/h. Figure

6.14 and 6.1-5 show that by excluding the values of pu/po for
beam-columns where either e/h equals o.05 or p-/h equars 10

eliminates the values of Pu/po greater than 0.7 . This is
expected because high Pu/Po occurs at very row e/h or e-/h

ratios.

An examination of Figure 6.1,6 concerning slenderness in
terms of L/h ratio shows relatively constant but different
varues of mean, five-percentil-e and one-percentile stiffness
ratios obtained for all four design equations, even though

only Equation 6.7 incrudes r./h as a variabl-e. This suggests

that P-/h is not as significant as initially considered. The

Arsc expression, however, yierds the lowest five-percentile
and one-percentire for all values of L/h. The mean, five-
percentile and one-percentil-e stiffness ratios for the Acr

stiffness expression are again more conservative than the
proposed design equati_ons.

Figure 6.L7 shows the effect of sl-end.erness using L/r'
ratio. The Acr expression for radius of gyration (Equation
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Figure 6.L4 Effect of axial road ratio on stiffness ratio
for different design equations in which columns bend.ing about
minor axj-s with e/h : o.o5 not included (n varies for each
Pu/Po ratio; total n : LO,8OO).
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Figure 6.1,7 Effect of slenderness ratio (L/r) on stiffness
ratio for different design equations for all- corumns bending
about minor axis (n varies for each range of L/r raEio; total
n : l-l-,880) .
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6.1) vras used to determine r. One hundred and twenty

dif f erent val-ues of L /r f or l-1, 880 beam-columns studj_ed

necessitated the grouping of L/r inEo ranges. The ranges of
L/r ratio \¡/ere set at 40-50, 50-60, 60-70, 7O-BO, gO-90, 90-

100, l-00-1-1-0, l-l-0-l-40. The mean L/r raEio for each range is
plotted against the mean, five-percentile and one-percentile

stiffness ratios for each corresponding rang'e, simirar to what

r¡ras done to study the effect of Pr/Po. The apparent zíg-zag

nature of the plots in Figure 6.L7 for the ACI equation is,
probably, caused by groupíng of L/r and due to the fact that
the contribution of reinforcing steel- to beam-column stiffness
is not incruded in Equation 4.L. For the Arsc expression,

even though the area of the reinforcing steer is included in
computing the equivalent cross-section properties, the furl
effect of the rei-nforcing steel is not accounted for in
determining the nominal axial load capacity of a beam-column.

The mean, five-percentile and one-percentile stiffness ratios
appear to forlow the trends stated previously for L/h ratio.

The effect of longitudinal reinforcing steel in terms of
pr" is shown in Figure 6.1-8. The stiffness ratios for the ACr

and Arsc expressions increase proportionatly with the
reinforcing steer ratio. This is because the Acr expression
(Equation 4.1-) does not account for the effect of reinforcing
steel. This also suggests that the Arsc expression does not
properly account for the effect of reinforcj-ng steel.

Figure 6.1-9 shows the effect of structural steel in terms
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of p"" on the stiffness ratios. Figure 6.20 shows the effect

of p"" on stiffness ratios of beam-col-umns having reinforcing

steel of only one percent. Both figures indicate that the ACI

and AISC expressions are more susceptible to the effect of p*

than the proposed equations. This influence is due to the

proportion of stiffness the reinforcing steel contributes to
the overall stiffness in relation to the stiffness contributed

by the structural steel section. For example, three steel
shapes with significantly different moments of inertia were

used to give a structural steel ratio of approximately 4

percent (actual values 4.O7 , 4.1-3 and 4.36 percent) . This

means when the ACI equation is used, a composite column

containing a steel section with a rel-atj-vely smaII moment of
inertia gives a more conservative resul-t than a corumn with a

stiffer steel section. Fi-gures 6.L9 and 6.zo also indicate
that the Acr equation is more conservative and the Arsc

equation is ress conservative than the proposed equations over

the entire range of pss at mean, five-percentile and one-

percentile leve1s.

Figure 6.21- concerning the effect of gross steel ratio pn

confirms the inconsistency of the ACr and Arsc expressions for
determining Er. Fructuations appearing in the sLj-ffness

ratios for the proposed design equations are quite mj-nor

compared to the irregularities resulting frorn the ACI and A1SC

equations. This observation is also true for the effect of
prs/ pss (ratio of reinforcing steel to structural steel) as
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indicated by Figure 6.22. In both figures, the ACI and

proposed design equations produced mean, five-percentile and

one-percentile stiffness ratios that exceeded 1.0, 0.86, 0.80,

respectively. The AISC expression followed the usual- trend of
being non-conservative in most cases.

Figures 6.23, 6.24 and 6.25 examine the effects of the

structurar steel index þ""fy"r/f 'g, the reinforcing steel index

Pysfyys/f'c and the gross steel index (þrrry"r*þrrryr")/r'".
Figures 6.23, 6.24, and 6.25, respectively, represent 72, L2,

and 2t6 possible combinatj-ons of the related steel_ index.

This resulted in stj-ffness ratios in Fj-gures 6"23 and 6.Zs

being plotted for ranges of Pssfyss/f'c and

(Pr"f yrr*Pr"ryr") /-r'c, each range with a different number of
stiffness ratios for statisticar calcurations. The ranges for

þ""1y"r/f '" plotted in Figure 6"23 were set at o.2o-o"25, o.Zs-

0.35, 0.35-O.45, 0.45-0.55, 0.55-0.65, 0.65-0.75, 0.75-0.85,
0.85-0.95, 0.95-1.05, 1.05-i_.1_5, 1.1_S-j_"ZS | 1.25-1-.35; and

those for (pr"fy""*þr"fyr") /f,. plotted in Figure 6.25 were set

at 0 .2-O.3 , 0.3-0.4, 0.4-0.5, 0.5-0. 6, O.6-0.7 , 0.7-O. g, O. g-

o.9 , 0.9-1_. 00, l-. 00-i_. t-0, 1. 10-L.20, 1-.20-1_. 3O, 1. 3O-1.40,

1-.40-1.50, L.50-1-.60, 1-. 60-t-.80. The mean steer index for
each range is plotted against the mean, five-percentile and

one-percentile stiffness ratios for each corresponding range..

These figures show that the fluctuations in stiffness ratj-os
for the proposed design equations are subtle compared to the
fructuations occurrinq for the ACr and Arsc expressions.



2.2

2.

1.8

238

E,

4

0

1 Eq. (6.7) (Proposed)

2 Eq. (6.8) (Proposed)
3 Eq. (4.1) (ACl)

4 Eq. (4.30) (AISC)

.....'^""'t4

4

0

I

4

0

6

2

(b) Five-Percentile

1.0

1.

1.

0.

.8

.4

.0

.Þ

(t
o)/

-o l.
IU

.c.

t 1.

o
(úE 1.
Øøo
LË0.
a

1.

1.

1.

0.

0.

o.2

0.86

0.8

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Pr"/P"" R^tio

Figure 6.22 -. Effect of prs/pss ratio on stiffness ratio for,different design equations îor är1 corumns bending about minoraxis (n : 660 for each prs/pss ratio equal to O-. 1_06, O.l_50,
0.L60, 0.L90, o.25o, o.264, O.269, O.269t O.2gg, 0.306, 0.434,
O.449, O.466, O.474, 0.481-, 0.726t O.766 and O.7gg) .



2.

2.

1.

239

I

4

0

I

4

0

þ

I

4

0

o

1 Eq. (6.7) (Proposed)

2 Eq. (6.8) (Proposed)
3 Eq. (¿.1) (Acl)
4 Eq. (4.30) (AISC)

(a) Mean Stiffness Ratio

2
1

(b) Five-Percentile

3

4

(c) One-Percentile

4

1.

0.

1.

1.

1.

0.

0.

1.

1.

1.

1.

o.2

1.0

î1,
o)

_.1f
trJ

.c.
_P

trj

o
(ú
fE
U)
U)
o

i=a

0.86

0.8

0.

0 0.2 0.4 0.6 0.8 1 1.2 1.4
STRUCTURAL STEEL TNDEX (p,"fy",/f L)

Figure 6.23 Effect of structural steel- index on stiffnessratio for different design equations for arl coluinns bending
about mj-nor axis (n varies for each pr"f yr"/r 'c range; totaÍn : i-1-,880) .



1.0

2.

2

1.

1.

1.

0.

240

6

I

4

0

6

I

4

0

4

0

6

2

1 Eq. (6.7) (Proposed)
2 Eq. (6.8) (Proposed)

3 Eq. (4.1) (ACr)

4 Eq. (4.30) (AISO)

.-..-...._,' \.,..
v

(c) One-Percentile

.t
(l)

-Þ l.
IIJ

u¡ 1.

o
(útÍ. 1.
aoo
Ë0.
U)

0.86

o.2

1.8

1.4

0.8

1.

0.

0.
0.50 0.1 0.2 0.3 0.4

RETNFORCTNG STEEL TNDEX (p," fr,"/tL)
Figure 6.24 Effect of reinforcing steel index on stiffness-ratio for different design equatiois for al1 columns bendingabout mj-nor axis (n:990 for èach prsf vrs/f," equal_ to O.OgZ,0.1-09, 0.1-31, 0.]-47, o.L64, o.196, oi7,zl,-'O.2'37, o.2g4, o.3L7,0.380 and O.475) .



2.

2.

24L

o

2

I

4

o

I

4

0

6

4

0

1 Eq. (6.7) (Proposed)
2 Eq. (6.8) (Proposed)

3 Eq. (¿.1) (ACl)
4 Eq. (4.30) (A|SC)

ì'...... "

(b) Five-Percentile

^
i\

i \ ....u''' ¿ 
_""..-.....-"....-r' 

"'/.--r-

1 

-

t*tt,.."""""""

(c) One-Percentile

4

1.0

0

U'
0)

-out
-c

E
o
(ú
fr
Qao
,F
U)

0.86

0

0.8

1.

1.

0.

0.2+-
o.2 o.4 1.80.6 0.8 1.0 1.2 1.4 1.6

fyss *P.s fyr")/rL)GROSS STEEL INDEX ((p",

Figure 6-25 Effect of gross steel index on stiffness ratiofor different.design equátions for al-l columns bending aboutminor axis (n varies for each ( p"rf y"r*pr"f yr") ¡i;" ranger.total n : LlrgBO).



242

The effects of Irs/Tss, I""/lg, Irr/Ig and (I", + Irs)/Ig

on stiffness ratios (EI¿¡/EI¿¿) are respectively shown in

Figures 6.26, 6.27 | 6.28, and 6.29. The trends shown in these

figures are similar to those dj-scussed for Figures 6.18 to

6.25 related to the steel indices. This is particularJ-y true

when Figure 6.21- is compared to Figures 6.26 and 6.29, and

Figure 6.L8 to Figure 6.28. As expected, Figures 6.27 and

6.28 indicate that the ACI equation is more conservative when

the moment of inertia of the steel section is relatively small

or when the moment of inertia of the reinforcing steel- is
relatively large compared to the moment of inertia of the

gross cross-section"

Figure 6.30 examj-nes the effect of dss/h (ratio of depth

of structural steel- section to the overal-l depth of the

composite cross section) on stiffness ratios. As expected,

the results are somewhat sinilar to those obtain from Figure

6.27 plotted for the effect of Iss/Ig. The proposed desj_gn

equations produce practically constant values of mean, five-
percentile and one-percentile stiffness ratios over the ent,ire

range of dss/h plotted, while the ACI and ATSC equations are

somewhat subjected to variations for different values of
dss/h.

The foll-owing can be summarized from the data plotted in
Figures 6.10 to 6.30 and the related discussions: 

r
(1) The proposed design equations (Equations 6.7 and 6.9)

were not significantly affected by any of the variabres
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(Equations 4.I and 4.30) were significantly affected by

most of these same variabl-es.

The ACI design equation produced results that are

consistently more conservative than the results of the

proposed design equations for the mean, five-percentile

and one-percentile stiffness ratios plotted against all
of the variables.

The AISC equation gives stiffness ratios that are in many

cases less conservative than those obtained for the

proposed and ACI design equations. This is particularly

valid for five-percentile and one-percentile values.

A comparison of plots for columns subjected to minor axis

bending to the plots for colurnns subjected to rnajor axis

bending (Chapter 5) shows that the shape of the plotted
curves for each of the four design equations remained

essentially the same. It appears that the stiffness
ratios obtained for the ACI equation became more

conservative and the values obtained for the AISC

expression became less conservative when columns $/ere

subjected to bending about the minor axj-s of the steel
section.

3)

4)
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6.4.3 Stiffness Ratios Produced by Proposed Design

Equations for Usual Colnmns

For composite beam-columns, neither the ACI Code nor the

AISC Code sets an upper limit on the amount of structural
steel. However, the AISC Code states that to qualify as a

composite column the structural steel ratio (p"") must be

greater than or equal to 4 percent. The ACï Building code

requires that a minimum of 1- percent to a maximum of 8 percent

of longitudinal reinforci-ng ( pr") be included with the

structural steel core. Difficulty in lap splicing the

reinforcing bars reduces the maximum limit of prs to about 3

percent when a relatively large structural steel_ core is
encased. The reinforcing steer ratio iç, therefore, usuarly
expected to range from 1_ to 3 percent. Even three percent

reinforcing steel wil-l- restrict ps, to a maximum of about l-o
percent, giving the p", range of about 4 to 10 percent. Mirza

and MacGregor (L982) deternined that the end eccentricity
ratio for columns in reinforced concrete buildings usuarry

ranged from 0.1- to 0.65. Therefore, the usual- corumns in this
study l^/ere defined as those for which e/h = 0.1, O.2, 0.3,
O.4, 0.5, O.6, or O.7, and þrr: 4.2 (actual values : 4.07,

4.13, 4.36), 7.O (actual values of 6.80 , 7.29) , or 10.3

(actual value = l-0.33) percent, and pr" equal to 1.09, 3-.96t.

or 3 .I7 percent. ..

Figures 6.31- (a) to (e) examine the variations in mean

and rninium values of the stiffness ratios with respect Lo e/h



250

ID
'ss = 4.2 o/o x Pr" = 7-o% ^, 

p"" = 1O.3To

0.1 0.2 0.3 0.4 o.s o.o o'.7
End Eccentricity Batio (eih)

Figure 6.3L(a) Stiffness ratios obtained from proposed
design equations, Eq. (6.7) or (6.8), for usual- columns
bending about minor axis with L/h : t-O (for each combination
of e/h and p"" ratios plotted n:108 for p"r=4.2 percent, rr:72.
when pss=1.0 percent and n:36 when pss:10.3 percent)

1.6

1.0
u,
q)

_oqo.
[i
.9 0.
(ú
E
U)(t) I(l) l.
cÊ
F
U)

1.

0.

0.8

4

0

4

.2

0

Mean Stiffness Ratio

I

)l< T I
)i<

^
I I

^
^

.^

Minimum Value

t

^

I
tlI

^
I T

-



25]-

T P"" = 4.2% x Pr" = 7.0% ^ 
p"" : 10.3 %

4

0

4

2

6

Mean Stiffness Ratio

T
X
^,

t t I I

^.^^, ^

Minimum Value

T

^
I

^
I

^
t

^

I.

1.0

0

0

1.

1.

1.

0.

0.

at
(l)

_o
tU

-c

t
o
(6
E
U)
Ø
0)c
.F
Ø

0.8

0.60.1 o.2 0.3 0.4
End Eccentricity

0.5
Ratio (e/h)

0.7

Figure 6.31-(b) stiffness ratíos obtained from proposeddesign Equatj-on (6.7) for usual columns bending a¡oùt minor
"Ii: with 8./h : L5 (for each combination of e/h ánd p^^ ratiospJ-otted n : l-OB fof 

-pr^"=4.2 
percent, n:72 when pr":7.g'"percent

and n=36 when pr":10.5 percent).



6

252

0.3 0.4
End Eccentricity

0.5
Ratio (e/h)

1.

0.

0.

1.

1.

1.

0.

0.

U'
q)

_Þ
tu

Ê
E
.9
(ú
E
Ø
Ø
o)
L
.F
U)

1.0

0.8

0.1 o.2 0.6 o.7

Figure 6.31-(c) stiffness ratios obtained from proposed
design Equation (ø.2¡ for usuar columns bending anoùt lninora¡is with !-/h : 2o (for each combinatj-on of e/h ãnd p"" ratiosplotted n : 108 for_pu*=4.2 percent, n:72 when prs:7.d-percent
and n:36 when p==:10.1 percent).

I P"" = 4.2% Pr" = 7.0%
^ P", : 1o.3 o/o

4

.2

0

4

2

o

Mean Stiffness Ratio

I X ð

Minimum Value

I
^^ I. ö ö I



253

T 4" = 4.2o/o x P =7.Oo/o'ss ^ Pr" = 1o.3 %

4

.¿

0

4

I

Mean Stiffness Ratio

*
.l I I I I

Minimum Value

T t
I

I.
r

t
I

*
I

o.2

.0

0.8

.2

0.

0.

1.

1.

1.

0.

0.

t!,
0)

-otU

llJ-

o
(ú
fE
Ø
U)o
.F
U)

0.1 0.3
End

0.4 0.5
Eccentricity Ratio (e/h)

0.6 0.7

Figure 6.31-(d) stiffness ratios obtained from proposeddesign Equation (6.7) for usual corumns bending auoùt irinoralis with (./h : 25 (for each combination of e/h ãnd p"= ratiosplotted n : 108 for ^pU"=4.2 percent, n:72 when prs:7. O--percent'-
and n:36 when pr":10.5 percent).
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Figure 6.31-(e) stiffness ratios obtained from proposed
design Equation (6.7) for usual columns bending about minor
axis with L/h : 30 (for each combination of e/h and p"" ratiosplotted n : 108 for pr"=4.2 percent, n:72 when pr"=7.õ'-percent'
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â t̂ At *
I I

Minimum Value

^,I
A
I

.x̂
r

¡.x
I

^
T



255

computed from Equation 6"7 and plotted for P-/h = 10, 15, 20,

25 and 30, respectj-vely. The number of val-ues availabl-e for
plotting each point vrere 36, 72 and 108 for pss : 10.3 , 7.0

and 4.2 percent, respectively. The one-percentile values \^/ere

not plotted in these figures because the minimum values

represented 2.8, L.4 and 0.93 percentiles. The mean stiffness

ratios exceeded 1.0 for most of the columns for all L/h, while

the minimum values exceeded 0.8 in all cases. Only for pss

equal to l-0.3 percent and e/h equal to O.2 to O.4 v¡ere the

mean stiffness ratios consistently less than 1-.0. This

indicated by Figures 6.31-(a) to (e) .

Equation 6.8 is identical to Equation 6.7 for L/h: 10,

and becomes more conservative as f-/h increases. This becomes

evident by Figures 6.31(f), (g), (h), and (i) plotted for
Equation 6.8.

with

3.2

(1)

The following conclusions appear to be vatid for columns

e/h : O.l- to 0.7, pss = 4.2 Eo l-0.3 percent, þrs - i-.i- to
percent, and L/h : 1-0 to 30:

The mean and minimum stiffness ratios for Equation 6.7 or

6.8 may be taken as 1-.0 and 0.8, respectively;
The proposed design equations (Equations 6.7 and 6.8) are

not subject to significant variation due to e/h, pss or

2./h ratios.

(2)
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Figure 6.31-(g) stiffness ratios obtained from proposed
design. Equation (6.8) for usual columns bending a¡oüt minoralis with L/h = 20 (for each cornbination of e/h ánð, p"" ratios.plotted n : LO8 fo1-p"^"=4.2 percent, n:72 when pr":7.O"percent,
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Figure 6.31(h) stiffness ratios obtained from proposeddesign. Equation (6.8) for usual columns bending auoüt mi_noralis with L/h : 25 (for each combination of e/h ánd, R"" ratiosplotted n : l-08 fof 1"¡:4.2 percent, 11:72 wnen p"":7. o'ïãi"ã"t_and n:36 when p"":10.ï percent).
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6.5 THEORETICAIJITY CAICULÀTED CRITICAL BUCKLING LOAD

The ratio of axial load acting on the column to critical

buckling 1oad, given as Pu/P.r, is used by ACf (Equation 4.26)

and AISC (Equation 4.1-1) to evaluate the second order effects

of slenderness.

The frequency histogram and statistics shown in Figure

6.32 and Table 6.6 represent the critical load ratio

Pu(th)/Pcr(th) for l-0800 columns with e/h ranging from 0.1- to

L.0. Pu(th) is the computed theoretical axial l-oad capacity

and Pcr(th¡ is calculated by substituting the computed

theoretical effective fLexural stiffness EIr¡ in Equation 2.4,

yielding:

Drcr(th\ -
n2Er ro (6. r_r_)

Table 6.6 lists the mean value of 0.335, standard

deviation of O.]-79 and coefficient of variation of 0.535 for
the range of critical load ratios shown in Figure 6.32. The

critical load ratios of 0.4,0.5, 0.6, O.7 and 0.8 represent

the 66th, 82nd, 89th, 96th, and 99.7E}:. percentiles,
respectively, âs indicated in Figure 6.32.

For design purposes, it is proposed that the mean value

plus one standard deviation, 0.5, be used as the upper l_imit

for Pu/Pcr. This means that 82 percent of the beam-columns'

used for protting Figure 6.32 wourd be considered practicar-
columns. This compares to the value obtained for the corumns

subjected to major axis bending (Chapter 5). The suggested

L2
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Table 6.6 Statistics for critical load ratio Pu¡th¡/pcr(th)

NUMBER OF COLUMNS STUDIED = 10800

COLUMNS WITH e/h = 0.05 NOT INCLUDED

STATISTTCAT EVAÏ.UATTON

I'IEAN-VAIUE

o .33464

MIN-VALUE

0.06114

STND-DEV.

o .179]-2
COEF. VAR

o .53s27

MÃX.VAT,UE

0.80794

COEF. SKEW.

0.51358
KURTOSTS

2 .57 478

MEDTAN

0. 3L864

ONE-PERCENTTLE

0.06800
FTVE-PERCENTILE

0.08069

MOMENTS ABOUT THE I.ÍEAN

2ND-MOI'IENT 3RD-MO¡,IENT 4TH-MOMENT

0.32082208-01 0.295t64!E-O2 0.26500L68-02

CUMULATIVE FREOUENCY TABLE

CLASS-NO. LOWER-LIMTT UPPER-LIMIT tCUtf-FREQ. GROSS-NO.

L
2
3
4
5
6
7
I
9

L0
L1
T2
l-3
I4
15
16
l7
18

0.00000
0. 0s000
0 " 10000
0. 15000
0.20000
0. 2 s000
0.30000
0.35000
0.40000
0.4s000
0. 50000
0. ss000
0. 60000
0. 6so00
0. 70000
0. 75000
0.80000
0.8s000

0. 04999
0.09999
0. 14999
0. l-9999
o.24999
o.29999
o. 34999
0. 39999
o.44999
o .49999
0. 54999
0. s9999
o .64999
0. 69999
o.7 4999
o.79999
0.84999
0.89999

0.00000 0
8.97222 969

17.42593 L882
27.34259 2953
37.sO926 40s1
47.10L85 5087
5s.62963 6008
65.88889 7tt6
75.33334 8136
81.87037 8842
86. 53704 9346
89.40741 96s6
94.00000 10152
96.28704 10399
98.00000 10s84
99.74074 10772

100.00000 10800
100.00000 L0800

BFREQ. No.

0.00000 0
8.97222 969
8.45370 913
9.91667 1071

r_0. 16667 1098
9.592s9 1036
8.52778 927

ro.25926 t t_08
9.44444 LO20
6.53'704 706
4.66667 s04
2.87037 310
4.59259 496
2.28704 247
I.7]-296 L85
I.74074 188
o.2s926 28
0.00000 0
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upper linit of 0.5 for Pu/Pcr is plotLed in Figures 6.33(a)

and 6.33 (b) to exarnine the ef fects of e/h and P-/h on

Pu¡th¡/Pcr(th). Figures 6.33 (a) and 6.33 (b) indicate that some

columns with low e/h, high P-/h, or both have pu(th)/pcr(th)

ratio greater than the suggested upper limit. This means that
the suggest,ed upper linit woul-d control- the design of very

slender columns in l-ower storeys of high-rise buildings.

6.6 ANOTHER LOOK AT THE AISC EFFECTIVE STIFFNESS

The somewhat Iow stiffness ratios (EIth/EIde,) obtained

in some cases for the Arsc expression (Equation 4.3o) raised
some concerns. This prornpted a further examination of the

AISC interaction equations.

A comparison of the ratios of the theoretical ul-timate

strength Pu¡th¡ to the AISC ultimate strength pu(Arsc) $¡as

undertaken to assess the accuracy of the Arsc interaction
equations (Equation 4.16 and 4.L7) used for predicting the

beam-column strength. Figure 6.34(a) plotted from the data

for all beam-col-umns studied shows that the probability
distribution of the strength ratios yield a mean varue of
L.23, coefficient of variation of 0.19, and one-percentile
varue of 0.803. This is clearly an improvement over the
probability distribution properties of the stiffness ratios
(mean value: l-.1-0, coefficient of variation of o.32, and one-.

percentile val-ue = 0.540) obtained from the same beam-corumn

data and shown in Figure 6.2(b).
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For the strength ratio data shown in Figure 6.34(b) for
beam-columns having only 1- percent of reinforcing stee1, the

mean value of 1-.1-8, coefficient of variation of O.ZL, and one-

percentile val-ue of 0.765 v¡ere obtained. Again, this is a

considerable improvement over the comparable values (0.91_,

0.33, and 0.507) shown in Figure 6.3(b) for stiffness ratios.
The above-noted differences in strength ratios and

stiffness ratios are expected since the stiffness of a

composite beam-column is more susceptibl-e to concrete cracking
and material- nonlinearities than its strength.

Figures 6.35 and 6"36 show the strength ratios plotted
against e/h for all the data and for data from beam-columns

having þr,. of 1 percent. Figure 6.35 shows mean, five-
percentile and one-percentile greater than or equal to 1.0,

0.86, and 0.80, respectively. However, Figure 6.36 shows the
five-percentil-e and one-percentile val-ues to be somewhat 1ess

than 0.86 and 0.80, respectively, wlren e/h

plotted in Figures 6.35 and 6.36 do not include the effect of
resistance factors for compression and bending (es, en)

specified by the Arsc code. rntroduction 6f ec and. @¡ factors
will partially offset the understrength indicated by five-
percentil-e and one-percentile varues in Figure 6.36. However,

it, is unlikely that ec and ep wir-r furry of f set this
understrength. .,

From the data plotted in Figure 6.34,6.35, and.6.36 and

the related discussion, it is concl_uded that the Arsc method
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produces a safe design for most of the composite beam-col-umns

subjected to bending about the minor axis of the steel

section. The matter of concern are the AISC beam-columns in
which pr" is L percent.



270

7 - SIIMMARY. CONCLUSIONS AND RECOMMENDATIONS

7.L ST'M!,Í.ARY

This study presents a statistical eval-uat j-on of the

parameters that affect flexural stiffness EI of slender

composite beam-columns (structural steel- shapes encased in
concrete) subjected to short-term loading. The columns

studied $/ere pin-ended with equal load eccentricities acting
at both ends. To study the fuIl range of variables, i_1880

composite beam-corumns vrere used to evaluate the frexural
stiffness of beam-columns bending about the major axis of the
encased structural- steel- shape and i-l-980 composite beam-

columns lÁtere used to evaluate the flexural stiffness of beam-

columns bending about the minor axis of the encased. structural
steel shape.

various combinations of the specified concrete strength,
the longitudinal steer ratio, the specified structural steel
strength, the structurar steer ratio, the srenderness ratio,
and the end eccentricity ratio were used to study the effects
of these variables on E-r of composite beam-columns.

Based on the statistical evaluations of the parameters

affecting Er, the most dominant variables were sel_ected and

placed into equation form (Equation 5.7, 5.8, 6.7 and 6.8).
Note that Equations 5.7 and 5.8 for beam-col_umns bending about

the major axis in chapter 5 are identical- to Equations 6.7 and.

6.8 for beam-columns subjected to minor axis bending described
in chapter 6. The ACr Er expression (Acr 318-89 Eq. i-o-14)
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and a computed ATSC Ef equation (Equation 4.30) v/ere compared

to the theoretically computed E.r and to the proposed design

equaLions (Equation 5.7 and 5.8 or 6.7 and 6.8).

7.2 CONCIJUSIONS REITATED TO COIÍPOSITE BEAI,Í-COI¡UMNS BENDING

ÀBOUT THE I.f.Ai'OR AXIS

From the discussions, tables and plots given in Chapter

5 for beam-columns subjected to bending about the rnajor axis,
the following conclusions seem to be valid:
(1) The mean, five-percentile and one-percentile stiffness

ratios for the ACI and AISC equations are subject to
grreater variations due to prs than are those for the

-proposed 
design equations.

(2) The proposed design equations (Equations 5.7 and 5.8)

were not significantly affected by any of the variables
investigated, while the ACI and AISC expressions

(Equation 4.7 and 4.30) were significantly affected by

most of these same variabl-es. The overarr coefficients
of variations rerated to the proposed stiffness equations

were about one-third of those for the Acr and Arsc

st j-f fness expressions.

(3) The ACr design equation produced resur-ts that are similar
to the results of the proposed design equatj-ons for the

five-percentil-e and. one-percentile stiffness ratios ror.

many of the variabl_es.

(4) The AISC equation, in many cases, gives the most
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conservative results for mean stiffness ratios and the

. 
least conservative values for the five-percentile and

one-percentile stiffness ratios.
(5) The mean and ninimurn stiffness ratios for Equation 5.7 or

5.8 may be taken as 1.0 and 0.8, respectively, for
columns with e/h:0.1- to 0.7, pss: 4.2 Eo l-0.3 percent,

Prs:1.1 to 3.2 percent, and L/h:10 to 30.

(6) There is no significant difference between the results of
Equations 5.7 and 5.8.

(7) For the critical load ratio p,r/ps¡, this study shows that
83 percent of the columns studied with e/h ranging from

O. L to l-. O fall- below the value of 0.5.

(B) Even though the stiffness ratios Erth/Erlr". raised some

concerns with respect to the Arsc expression for
stiffness, the strength ratíos pu¡th¡/pu(etsc) seem to show

that the Arsc nethod produces safe design for composite

beam-columns subjected to bending about the major axis.

7.3 CONCLUSIONS REIJATED TO CO!,ÍPOSITE BEÀ¡,Í-COLIIMNS BENDING

ABOUT THE MTNOR AXIS

From the discussions, tabres and plots given in chapter
6 for beam-columns subjected to bending about the rninor axis,
the following conclusions seem to be valid
(1) The mean, five-percentile and one-percentil-e stiffness.

ratios for the Acr and Arsc equations are subject to
greater variations due to prs than are those for the
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proposed design equations.

(2) The proposed design equat j_ons (Equat j-ons 6 .7 and 6. 8 )

were not significantly affected by any of the variables
investigated, while the ACI and AISC expressions

(Equation 4.7 and 4.30) were significantly affected by

most of these same variables. The overall coefficients
of variation for the proposed stiffness expression v/ere

in the order of 30-40 percent of those related to the ACr

and AISC stiffness equations.

(3) The Acr design equation produced resul-ts that are

consistently more conservative than the resurts of the
proposed design equations for the mean, fi-ve-percentile
and one-percentile stiffness ratios for al-1 of the
variables investigated.

(4) The mean and minimum stiffness ratios for Equation s.7 or
5.8 nay be taken as 1.0 and O.g, respectively, for
columns with e/h:0.1- to 0.7, pss: 4.2 to l_0.3 percent,

Pr's = l-.1 to 3.2 percent, and L/h: l_O to 30.

(5) There is no significant difference between the resutts of
Equations 6.7 and 6.8.

(6) For the critical load ratio pu/pcr, this study shows that
82 percent of the col-umns studied with e/h ranging from

0. 1 to 1. 0 f all- below the value of O. 5.

(7) Even though the Arsc stiffness ratios Erth/Eruïsc vrere..

consistentry non-conservative, the strength rati_os

Pu(xh)/Pu(ersc) seem to show that the AISC method shouLd
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produce safe design for most of the composite beam-

columns subjected to bending about the minor axis.
However, there is a concern regarding the AISC approach

with respect such columns when prs = 1- percent.

7 .4 RECO¡IMENDATIONS

For design purposes Equation 5"8 or 6.8 is recoilrmended in
determining the flexural stiffness of composite beam-columns

for final (more accurate) designs" The ACI expression

(Equation 4.1) may be used as a substitute, particularly for
initial sizing of members" A critical load ratio pu/pcr equal

to 0.5 is suggested as upper limit to control the design of
slender columns. This value will be useful in the initial
sizing of the members.

The ATSC expression (Equation 4.30) and the strength

ratio Pu(th¡/Pu(Arsc) seem to show problems with regard to some

composite beam-columns bending about the minor axis of the

encased structural steel section. Further anaÌysis of the

AISC interaction equations is recommended.
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LIST OF SYMBOI-S

b flange width of structural steel section.

bt width of structural steel section taken paralle1 to
the axis of bending.

d depth of structural steel section.

d* depth of structural steel section taken
perpendicular to the axis of bending.

dverx distance from the web to vertex of the parabola
taken at the nid-height of the steel section.

e end eccentricity of axial load at column ends.

e/h end eccentricity ratio.

am deflection of slender column at mid-height.

ex total eccentricity of axial load at nid-height of
slender column.

f'" specified strength of concrete"-

fr modulus of rupture of concrete.

1rr" specified yield strength of structuraL steel.
f* critical buckling stress"

f ,, static yield strength of reinforcj-ng steel.
fr" static yield strength of structural steel-.

f,r" static ultimate strength of structural steel.
fu, static ultimate strength of reinforcing steeL.

h overal-I depth of composite section taken
perpendicular to the axis of bending.

k effective column length factor (equal to t-.0 in
this study)

t column length. i

T radius of gyration.

Tm rnodified radius of gyration (AISC)
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flange thickness of structural- steel section.

thickness of flange tip of structural steel
section.

t2 thickness of flange at web-flange juncture of
structural steel section

Í^/ web thickness of structural steel section.

Ac area of concrete.

Ar area of longitudinal reinforcing steel- (AISC).

Af area of one flange of structural shape (bt).

4 area of web of structural steel shape (w(d-2t) ).
As gross area of cross-section"

Ã"" area of structural steel section.

Cm factor related to actual bending moment diagram to
an equivalent uniform bending moment diagrarn (taken
equal to 1.0 in this study).

DNA perpendicular distance from plastic centroj_d of
column to neutral axis (see Figure 2.8).

EI effective flexural stiffness of slender composite
column.

E modulus of elasticity of structural steel (AISC).

.Ec initial tangent modulus of elasticity of concrete.

En nodified modulus of erasticity of structural- steel-
section (AISC).

Es modulus of elasticity of structural- steel_.

Ex tangent rnodulus of elasticity of element.

Ers¿rn initial tangent modulus of strain-hardening curve
of reinforcing bars.

Esstrn initiar tangent modulus of strain-hardening 
",rtt".of structural steel

Er modulus of elasticity of reinforcing steeI.
F, yield stress for structural_ steel_ section (AISC) .



277

F^u modified yield stress for structural steel section' (Arsc) .

I moment of inertia.
Is gross moment of inertia of cross-section.
lr" moment of inertia of reinforcing steel taken about

the centroidal axis of the composite cross-section.
f"" moment of inertia of structural steel section taken

about the centroidal axis of the composite cross-
sectíon.

14 bending rnoment.

Mcot overall column bending moment capacity.

M", cross-section bending moment capacity.
Ml,t required f lexural strength f or member due to

lateral transl_ation.

Iín bending moment at nid-height of slender col_umn.

I[n nominal flexural strength.

Mnt required frexural strength assuming no lateral
translation.

Itu ultimate flexural strength"
Ì'I-Q-P moment, curvature, axial load relationship.
P axial load

Pn nominal compressive strength.

Pu ultimate compressive strength.

z plastic section modurus of structural- steel
section.

e.c ef f ect j-ve stif fness f actor f or concrete.
dr" effective stiffness factor for longitudinal

reinforcing steel. 
j

ûss effective stiffness factor for structural steel
section.
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absolute value of the ratio of maximurn factored
dead Load moment t the maxi-mum factored total load
moment (taken equal to 0.0 in this study).

moment nagnification factor for second-order length
effects.

moment nagnifier for lateral loads (taken equal to
0.0 in this study).

strain in concrete.

strain in unconfined concrete at peak compressive
stress.

6b

6_Þ

ec

eo

€sstrn

€ rstrn

€ur

a

Qc

Qø

on

oe

Prs

Pst

oru

o rft

o rfw

strain at start
structural- steel.

strain at start
reinforcing bars.

of strain-hardening curve of

of strain-hardeni-ng curve of

ultimate straj-n in longitudj-nal reinf orcing bars.

curvature (inclination of strain gradient) or
design code resistance factor
resistance factor for compression.

resistance factor for bending.

curvature at nid-height of slender column.

curvature at column ends.

ratio of area of longitudinal reinforcing bars to
gross cross-section area.

ratio of area of structural steel to gross cross-
section area"

residual- stress at centroid of structural steel
section.

residual stress at fl-ange tip of structural steel
section

residual stress at juncture of flange and web of',
structural steel section.
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ïable A1 - Specimen Configuration lor Columns Bending About the Maior Axis

Long.
Reinf.

b
in.

Author Col.
Desig.

h
in.

Steel
Profile

4,,

in.2

Aa 4., 
vo|met'

in.2 in.2 Ratio

Bondale RS 60.3
(1966) RS 80.2

RS 100.1
RS 120.0

May & RC1

Johnson RC3
(1e78) RC4

Morino A+90
etal. 84-90
(1s84) C+eo

D+90
A8-90
B8-90
c8-90
D&90

Procter S1

(1967) S2
S3
S4

1

2
3
4
5
6
7
I
I
10
11

12

Suzuki LH-000-C
et al. LH-O2GC
(1983) LH-o4S,C

LH-100-C
RH-000-c
RH-02G.C
RH{40-C
BH.lOGC
HT60-00GC
HT60-020-C
HT60{4GC
HT60-100-C
HT8G,000-C
Hï80-020-c
HT80-040-C
HT80-1 00-C

6.00 3,75 4'x1.75'@5# 44.21'
6.00 3.75 4'x1.75'@5# 4-0.21'
6.00 3.75 4'x1 .75'@5# 44.21'
6.00 3.75 4'x1.75'@5# 4.o.21'

7.87 7 .87 1 s2X1 52 UC23 4-Y6
7.87 7.87 152X152 UC23 4-Y6
7.87 7.87 152X152 UC23 4-Y6

1.47 20.89
1.47 20.89
1.47 20.89
1.47 20.89

4.62 57.21
4.62 57.21
4.62 57.21

3.45 36.08
3.45 36.08
3.45 36.08
3.45 36.08
3.45 36.08
3.45 36.08
3.45 36.08
3.45 36.08

4.26 83.74
4.26 83.74
5.00 91 .00
5.00 91 .00
4.26 85.74
4.26 85.74
4.26 85.74
4.26 85.74
4.26 85.74
5.00 91 .00
5.00 91 .00
5.00 91 .00
4.26 85.74
4.26 85.74
5.00 9l .00
5.00 91 .00

1.98 66.23
1.98 66.23
1.98 66.23
1.98 66.23
3.74 64.48
3.74 64.48
3.74 64.48
3.74 64.4A
4,f0 64.11
4.10 64.11
4.10 64.11
4.10 64.11
4.32 63.89
4.32 63.89
4.32 63.89
4.32 63.89

0.14 0.006¿14

0.14 0.00644
o.14 0.00644
0.14 0.00644

0.18 0.00190
0.18 0.00190
0.1 I 0.001 90

o.14 0.00258
0.14 0.00258
0.14 0.00258
o.14 0.00258
0.14 0.00258
0.14 0.00258
o.14 0.00258
0.14 0.00258

0.14 0.00000
0.14 0.00232
0.14 0.001 16
0.14 0.00046
o.14 0.00000
0.14 0.00232
0.14 0.001 16
0.14 0.00046
o.14 0.00000
0.14 0.00232
0.14 0.001 16
0.14 0.00046
0.14 0.00000
0.14 0.00232
0.14 0.001 16
o.14 0.00046

6.30
6.30
6.30
6.30
6.30
6.30
6.30
6.30

6.30 H100x100x6x8 4-6mm
6.30 H100x100x6x8 4€mm
6.30 H10Ox10Ox6x8 4-6mm
6.30 H100x100x6x8 4-6mm
6.30 H100x10ox6x8 ¿l-6mm

6.30 H10ûx10Ox6xB 4-6mm
6.30 H100x10Ox6xB 4-6mm
6.30 H100x100x6x8 4-6mm

11.00 8.00 7'x4"@14.5#
1 1.00 8.00 7'x4"@14.5#
12.00 8.00 8'x4'@17#
12.00 8.00 8'x4'@17#
11.25 8.00 7'x4"@14.5#
11.25 8,00 7'x4'@14.5#
1l.25 8.00 7'x4'@14.5#
11.25 8.00 7'x4'@14.5#
11.25 8.00 7'x4'@14.5#
12.00 8.00 8'x4@17#
12.OO 8.00 8'x4'@17#
12.00 8.00 8'x4'@17#
11.25 8.00 7'x4 @14.5#
11.25 8.00 7'x4'@14.5#
12.00 8.00 8'x4'@17#
12.00 8.00 8'x4'@17#

8.27 8.27 H150x100x3.â4.5 4-6mm
8.27 8.27 Hl50x100x3.ã4.5 4-6mm
8.27 8.27 H150x100x3.ã4.5 4€mm
8.27 8.27 H150x100x3.ã4.5 4-6mm
8.27 8.27 H150x100x6x9 4€mm
8.27 8.27 H150x10ox6x9 4-6mm
8.27 8.27 H150x100x6x9 4-6mm
8.27 8.27 H150x100x6x9 4€mm
8.27 8.27 H150x100x8x8 4-6mm
8.27 8.27 H150x100x8x8 ¿t-6mm

8.27 8.27 H150x100x8x8 4€mm
8.27 8.27 H150x100x8x8 4€mm
8.27 8.27 H15Ox100x8xB 4-6mm
8.27 8.27 H150x100x8x8 4€mm
e.27 8.27 H150xf OOxBxB 4-6mm
8.27 8.27 H150x100x8x8 4-6mm
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Table A1 - Specimen Configuration for Columns Bending About the Major Axis

continued

Author Col.
Desig.

1..
-t,In-

I"
.4tn-

Fy
Reinf.

Ir. Fy
.4webtn.

Pr.ÞssFy f'c
ffange psi

Bondale RS 60.3
(1e66) RS 80.2

RS 100.1
RS 120.0

May & RC1

Johnson BCs
(1e7e) RC4

Morino A+90
et al. B+90
(1e84) C4-s0

D+90
A8-90
B8-90
c8-90
D8-90

Procter 51
(1e67) S2

s3
S4

1

2
ó
4
5
6
7
I
9
10
11

12

Suzuki LH-0OGC
et al. LH-020-C
(1s83) LH-040-C

LH-100-C
RH{00-c
RH420-C
RH-040-C
RH-100-C
HT60-o0G,C
HT60{20-C
HT60.040-c
HT60-1 00-C
Hï80-000-c
HT80-020-C
HT80-040-c
HT80-f00-c

3.66 63.05
3.66 63.05
3.66 63.05
3.66 63.05

30.34 289.12
30.34 289jt2
30.34 289.12

9.30 121 .08

9.30 121 .08
9.30 121 .08
9.30 121 .08
9.30 121 .08
9.30 121 .08
9.30 121 .O8

9.30 121 .08

37.48 849.85
37.48 849.85
53.62 1098.38
53.62 1098.38
37.48 911.74
37.48 911.74
37.48 911.74
37.48 911.74
37 .48 911 .74
53.62 1098.38
53.62 1098.38
53.62 1098.38
37.48 911 .74
37.48 911.74
53.62 1098.38
53.62 1098.38

12.55 375.09
12.55 375.09
12.55 375.09
12.55 375.09
22.68 364.96
22.68 364.96
22.68 364.96
22.68 364.96
23.06 364.58
23.06 364.58
23.06 364.58
23.06 364.58
24.17 363.48
24.17 363.48
24.17 3æ.48
24.17 363.48

42112 42112 4722
42112 42112 4722
42560 42560 5407
42560 42560 5407
42112 42112 4722
42112 42112 47æ.
42112 42112 4722
42112 421',12 472,
42112 42112 5407
42560 42560 5407
42560 42560 5407
42560 42560 5407
42112 42112 6007
42112 42112 6007
42560 42560 6007
42560 42560 6007

0.0484 0.0000
0.04€Ì4 0.0000
0.0520 0.0000
0.0520 0.0000
0.0473 0.0000
0.0473 0.0000
0.0473 0.0000
0.0473 0.0000
0.0473 0.0000
0.0520 0.0000
0.0520 0.0000
0.0520 0.0000
0.0473 0.0000
0.0473 0.0000
0.0520 0.0000
0.0520 0.0000

o.79 44800 44800 4506 60000 0.06s3 0.0062
0.79 44800 44800 4382 60000 0.06s3 0.0062
0.79 44800 44t100 4260 60000 0.0653 0.0062
o.79 44800 44800 4700 60000 0.0653 0.0062

0.87 42050 41630 4308 60000 0.0745 0.0028
0.87 42050 41630 3390 60000 0.0745 0.0028
o.87 42050 41630 5191 60000 0.0745 0.0028

0.83 52055 42485 3060 56115 0.0870 0.0036
0.83 50750 41615 3393 56115 0.0870 0.0036
0.83 45675 44660 3379 561 15 0.0870 0.0036
0.83 52055 42485 3074 s6115 0.0870 0.0036
0.83 53360 æ935 4872 561 15 0.0870 0.0036
0.83 53070 45095 4a29 561 15 0.0870 0.0036
0.83 53505 44æ5 3567 561 15 0.0870 0.0036
0.83 53360 43790 3321 56115 0.0870 0.0036

1.73 45240 45661 4785 48430 0.0290 0.0021
1.73 45240 45661 4785 48430 0.0290 0.0021
1.73 45240 45661 4785 48430 0.0290 0.0021
1.73 45240 45661 4785 48430 0.0290 0.0021
1.73 55477 4rì503 4858 48430 0.0546 0.0021
1.73 55477 48503 4858 48430 0.0546 o.oo21
1.73 55477 48503 4858 48430 0.0546 0.0021
1.73 55477 48503 4tì58 48430 0.0546 0.0021
1.73 83781 83781 4858 48430 0.0600 0.0021
1.73 83781 83781 4858 48430 0.0600 0.0021
1.73 83781 83781 4858 48430 0.0600 0.0021
1.73 83781 83781 4858 48430 0.0600 0.0021
1 .73 1 13651 1 13651 4{t58 48430 0.0633 0.0021
1.73 113651 113651 4858 48430 0.0633 0.0021
1.73 113651 113651 4858 48430 0.0633 o.oo21
1.73 113651 113651 4858 48430 0.0633 o.oo21
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Table A1 - Specimen Configuration for Columns Bending About the Major Axis

continued

Author Col.
Desig.

Þ..fy""

fr
t ,rn e e/h
in. in.

Tested Theor, Strength
Strength Strength Batio

Bondale RS 60.3
(1966) BS 80.2

RS 100.1
RS 120.0

May & RC1

Johnson RC3
(1s78) RC4

Morino A+90
etal. B4-9O
(1s84) æs0

D¡l-90
A&90
B8-90
c8-90
D8-90

Procter 31

(1e67) 52
s3
s4

1

2
3
4
5
6
7
8
o

10
11

12

Suzuki LH-000-C
et al. 1H420-C
(1983) LH-040-C

LH.lOGC
RH-000-c
RH-020-C
RH-040-c
RH-100-C
HT60400-C
HT60-020-C
HT60-040-C
HT60-1 00-C
HT80-000-c
HT80-020-C
HT80-040-C
HT80-100-c

0.649 60.0
0.667 80.0
0.æ7 100.0
0.6æ. 120.0

0.727 63.5
0.924 63.5
0.603 116.7

1.481 36.4
1.302 90.9
1 .1Tl 136.4
1 .474 181 .9
0.953 36.4
0.957 90.9
1 .305 136.4
1.399 181 .9

0.432 24.0
0.432 ?4.O

0.410 24.O

0.410 24.O

o.4æ, 132.0
o.4æ. 132.0
0.422 132.0

o.4?2 132.0
0.369 132.0
0.410 132.0
0.410 132.0
0.410 1 32.0
0.332 132.0
0.332 132.0
0.369 132.0
0.369 132.0

0.274 23.6
0.274 23.6
0.274 23.6
0.274 23.6
0.624 23.6
0.624 23.6
0.624 23.6
0.624 23.6
1.035 23.6
1.035 23.6
1.035 23.6
1.035 23.6
1.480 23.6
1.4t10 23.6
1.480 23.6
1.480 23.6

10.0 3.00 0.500
13.3 2.00 0.333
16.7 1 .00 0.167
20.0 0.00 0.000

8.1 0.88 0.112
8.1 1 .O7 0.136

14.8 1.55 0.197

s.8 1.57 0.250
14.4 1.57 0.250
21 .7 1.57 0.250
28s 1.57 0.250
5.8 2.95 0.469

14.4 2.9s 0.469
21 .7 2.95 0.469
28s 2.95 0.469

2.2 0 0.000
2.2 0 0.000
2.O 0 0.000
2.0 0 0.000

11.7 6 0.533
11.7 9 0.800
11.7 0 0.000
11.7 6 0.533
11.7 9 0.800
11.0 9 0.750
11.0 6 0.500
11.0 0 0.000
11.7 3 0.267
1't.7 3 0.267
11.0 0 0.000
11.0 3 0.250

2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000
2.9 0.00 0.000

47 .O 1 .1 880
55.8 't.2572
72.9 1.26s3

1 1s.3 0.9286

282.2 1.0674
239.1 1.2787
217.9 0.8771

12't.4 1.3719
104.0 1,1020
83.0 1 .1 31 3
63.5 1 .0189
98.6 1.1968
84.3 1.1144
62.5 1.0889
49.2 1 .0196

522.9 0.8997
522s 0.921 1

642.1 1.0885
642.1 1.0955
127.7 1.0347
87.4 0.9997

508.0 0.9259
127.7 1j224
90.5 1.0154

114.1 1 .1383
168.6 1.'t827
613.6 0.9126
243.5 1 .1039
243.5 1.0303
658.5 0,8096
290.9 1.0859

366.4 1.0373
429.4 0.8716
398.0 0.9403
379.2 1.0173
462.7 1 .1823
523.7 1.0720
493.4 1.0563
475.2 1.0967
562.8 1.0640
674.0 0.9739
639.2 1.0359
61 1.8 1.0259
626.3 1j447
797.3 0.9208
759.4 0.9592
721 .0 0.9863

55.8
70.1
92.3

107.1

301 .2
305.7
191.1

166.5
1 14.6
93.9
64.7

118.1
94.0
68.0
50.1

470.4
¿181 .6
698.9
703.4
132.2

87,4
470.4
143.4

91 .8
129.9
199.4
560.0
268.8
250.9
533.1

315.8

380.0
374.3
374.3
385.8
547.O

561 .4
521 .1

521 .1

598.8
656.4
662.2
627.6
716.9
734.2
728.4
711.1
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Table A1 - Specimen Configuration for Columns Bending About the Maior Axis

continued

Author Col.

Desig.
Steel

Profile

Aa"

i n.2

A"

i n.2

hb
in. in.

Long.
Reinf.

4.. Vol'met'

in.Z Ratio

Suzuki
et al.
(1 s83)

Roik
Mangerig
(1s87)

Roik
Schwd'r
(1 s88)

HT80-000-CB 8.27 8.27
HT80-020-CB 8.27 8.27
LH-000-B 8.27 8.27
LH-020-B 8.27 8.27
LH-040-B 8.27 8.27
LH-100-B 8.27 8.27
RH-000-B 8.27 8.27
RH.020-B 8.27 8.27
RH-04G8 8.27 8.27
RH-100-B 8.27 8.27
Hï60{00-B 8.27 8.27
HT60-02G8 8.27 8.27
HT60-040-B 8.27 8.27
HT60-100-B 8.27 8.27
HT80-000-B 8.27 8.27
Hï80-020-B 8.27 8.27
HT80{40-B 8.27 8.27
HT80-100-B 8.27 8.27

23 11.81 11.81
24 11.81 11.81
25 11.81 11.81

26 11.81 11.81

v1 1 11.02 11.02
v12 11.02 11.02
v13 11.02 11.02
v21 1't.02 11.02
v22 11.02 11.02
v23 11.02 11.02
v31 11.02 11.02
v32 11.02 11.02
v33 11.02 11.02
v41 11.02 11.02
v42 11.02 11.02
v43 11.02 11.02

H150x1@x5x5 4-6mm 2.89 65.32
H15Ox100x5xS 4-6mm 2.89 65.32

H15Ox10Ox3.ã4.5 4€mm 1.98 66.23
H15ûx10Ox3.ã4.5 46mm 1.98 66.23
H15Ox10Ox3.ã4.5 4€mm 1.98 66.23
H15Ox10Ox3.â4.5 4€mm 1.98 66.23

H15Ox10Ox6xg 4$mm 3.74 il.4t1
H15Ox10Ox6x9 46mm 3.74 64.ß
H15Ox10Ox6xg 46mm 3.74 64.4€Ì

H15Ox10Ox6xg 46mm 3.74 æ.48
H1SOx1OOxBxB 46mm 4.10 64.11
H15Ox1OOx8xB 4-6mm 4.10 64.1 1

H15Ox100x8x8 4-6mm 4.10 æ.11
H1 50x100x8x8 4€mm 4.10 64.1 1

H15Ox10Ox8x8 46mm 4.32 63.89
H15Ox10Ox8x8 4-6mm 4.32 63.89
H15Ox100x8xB 4-6mm 4.32 63.89
H15ûx10OxBx8 ¿l6mm 4.32 63.89

HE2OOB

HE2OOB

HE2OOB

HE2OOB

HE120B
HE120B
HE12OB
HE160A
HEl60A
HE160A
HE2OOB

HE2OOB

HE2OOB

HE18OM
HE18OM
HE18OM

$12mm 12.11 126.69
Ç12mm 12.11 126.69
4-12mm 12.11 126.69
+1zmm 12.11 126.69

4-14mm 5.27 115.30
4-14mm 5.27 115.30
Ç14mm 5.27 115.30
4-14mm 6.01 114.55
4-14mm 6.01 1 14.55
4-14mm 6.01 114.55
4-14mm 12.11 108.46
4-1 4mm 12.11 I 08.46
4-14mm 12.11 108.46
¿1-14mm 17.52 103.05
¿1-14mm 17.52 103.05
4-14mm 17.52 103.05

0.14 0.00000
0.14 0.oo232
o.14 0.00000
0.14 0.oo232
0.14 0.001 16

0.14 0.00046
0.14 0.00000
0.14 0.oo232
0.1 4 0.001 16
o.14 0.00046
0.14 0.00000
0.14 0.oo232
0.14 0.001 16
0. 14 0.00046
0.14 0.00000
0.14 0.00232
o.14 0.001 16
0.14 0.00046

0.70 0.00293
0.70 0.00293
o.70 0.00293
o.70 0.00293

0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283
0.95 0.00283

Volumetric Ratio for transverse reinforcement

2(b'+d')A

b'd's

outside width of transverse reinforcing
outside depth of transverse reinforcing
area of bar
spacing of reinforcing

b'-
d"-
A-
s-
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Table A1 - Specimen Confìguration for Columns Bending About the Major Axis

continued

Author Col.
Desig.

I..
.t+tn-

I.

.¿+ìn.

I.,
.tìn.

PrsFy Fv

web flange
f'c Fy pss
psi Reinf.

Suzuki HTSO-OOO-CB

et al. HT80-020-CB
(1s83) LH-000-B

LH-020-B
LH-o4s.B
LH-100-B
RHOOO-B
RHO2G,B
RH-O4GB
RH.lOGB
HT6O4OGB
HT60-020-B
HT60-040-B
HT6G,1OO.B

HT80-000-B
HT80-020-B
HT80-040-B
HT8GlOO.B

Roik 23
Mangerig 24
(1s87) 25

26

16,7/
16.77
12.55
12.55
12.55
12.55
22.68
22.æ
22.68
22.æ
23.06
23.06
23,06
23.06
24.17
24.17
24.17
24.17

136.94 1467.77 16.99 391 50 39150
1 36.94 1467 .77 1 6.99 391 50 391 50
1 36.94 1467 .77 1 6.99 391 50 391 50
1 36.94 1467.77 16.99 391 50 39150

20.76 1 191 .28 18.55 33655 æ655
20.76 1 191 .28 18.55 33655 33655
20.76 1191 .28 18.55 33655 33655
40.12 '1171 .92 't8.55 45675 45675
40.12 1171 .92 18.55 45675 4567s
40.12 1171.92 18.55 45675 45675

136.94 1075.10 18.55 32886 32886
136.94 1075.10 18.55 32886 32886
136.94 1075.10 18.55 32886 32886
179.71 1032.33 18.55 31 465 31465
179.71 1032.33 18.55 3929s 39295
179.71 1032.33 18.55 42239 42239

4423 48430 0.0423 0.0021
4423 48430 0.0423 0.0021
4292 48430 0.0290 0.0021
4597 48430 0.0290 0.0021
4524 484æ 0.0290 0.0021
€65 48430 0.0290 0.0021
4858 48€0 0.0546 0.0021
4858 48430 0.0546 0.0021
4858 48430 0.0546 0.0021
4858 48430 0.0546 0.0021
ß14 48¿130 0.0600 0.0021
4414 48430 0.0600 0.0021
4814 48430 0.0600 0.0021
4814 48430 0.0600 0.0021
4771 48430 0.0633 0.0021
4771 48430 0.0633 0.0021
4771 48430 0.0633 0.0021
4771 48430 0.0633 0.0021

6570 60900 0.0868 0.0050
6570 60900 0.0868 0.0050
6570 60900 0.0868 0.0050
6570 60900 0.0868 0.0050

6351 60900 0.0434 0.0079
6351 60900 0.0434 0.0079
6786 60900 0.0434 0.0079
6786 60900 0.0495 0.0079
5365 60900 0.0495 0.0079
5365 60900 0.0495 0.0079
5902 60900 0.0996 0.0079
5902 60900 0.0996 0.0079
5699 60900 0.0996 0.0079
5699 60900 0.'t441 0.0079
61 19 60900 0.1441 0.0079
6119 60900 0.1441 0.0079

370.87 1.73 110809 110809
370.87 1.73 110809 110809
375.09 't.73 45240 45661
375.09 1.73 45240 45661
375.09 1.73 45240 45661
375.09 1.73 45240 45661
364.96 1.73 55477 48503
364.96 1.73 55477 48503
364.96 1.73 55477 48503
364.96 1.73 55477 48503
364.58 1.73 83781 83781
364.58 1.73 83781 83781
364.58 1.73 83781 83781
3il.58 1.73 83781 83781
3æ.48 1.73 113651 113651
3æ.48 1.73 113651 113651
363.48 1.73 113651 113651
363.48 1.73 113651 113651

Foik
Schwal'r
(1 s88)

v1 1

v12
v13
v21
vn
v23
v31
v32
v33
v41
v42
v43



289
Table A1 - Specimen Configuration for Columns Bending About the Major Axis

continued

elh2/hAuthor Col.

Desig.

of'ss yss

rt
c

¿

in.
e

in.
Tested Theor. Strength

Strength Strength Ratio

Suzuki
et al.
(1s83)

Roik
Mangerig
(1e84

Boik
Schwal'r
(1 e88)

HT80000-CB 1.060 23.6
Hï8G020-CB 1.060 23.6
LH-000.8 0.306 23.6
LH.02G,8 0.286 23.6
LH{4GB 0.290 23.6
LH-1oo-B 0:301 23.6
RH{00.8 0.624 23.6
RH.o2GB 0.624 23.6
RH440-B 0.624 23.6
RH-10G8 0.624 23.6
HT60400-B 1.045 23.6
HI6G,020-B 1.045 23.6
HT60440-B 1.045 23.6
HT60-100-B 1.04s 23.6
HT80{00-B 1.507 23.6
HT80-020-B 1.s07 23.6
HT80{40-B 1.507 23.6
HT8S.100-B 1.507 23.6

23 0.804 196.9
24 0.804 196.9
25 0.804 315.0
26 0.804 315.0

2.9 7.æ. 0.874
2.9 8.78 1.062
2.9 inf, inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.
2.9 inf. inf.

16.7 3.54 0.300
16.7 s.91 0.500
26.7 3.54 0.300
26.7 5.91 0.500

12.4 6.30 0.571
12.4 2.36 0.214
12.4 3.94 0.357
12.4 3.94 0.357
12.4 6.30 0.571
12.4 2.36 0.214
12.4 3.94 0.357
12.4 2.36 0.214
12.4 6.30 0.571
12.4 3.94 0.357
12.4 6.30 0.571
12.4 2.36 0.214

104.0 1 .0612
108.7 1 .0156
27.8 0.9877
32.1 0.9162
30.1 0.9386
28.O 1.0083
52.1 0.9397
56.9 0.9578
45.5 1.1710
52.3 0.9736
73.4 0.9372
79.7 0.9934
76.2 1.0127
75.9 0.9488
98.8 0.9459

105.3 0.9895
102.8 0.9830
99.6 0.9826

44?.3 1.1900
324.8 1. r 340
314.4 1.2017
238.6 0.8420

169.6 1 .0124
373.3 0.9812
272.7 1.1842
321.8 1.0509
201 .7 1.0599
388.9 1.1243
383.3 1.0020
501 .2 1.01 14
280.8 1.0481
4?2.9 1.1295
359.6 0.9592
650.6 0.9451

v1 1

v12
v13
v21
v22
v23
v31

v32
v33
v41
v42
v43

1 10,4
1 10.4
27.4
29.4
28.2
28.2
48.9
54.5
53.3
s0.9
68.8
79.2
77.2
72.0
93.5

104.2
101 .0

97.9

526.3
368.3
377.8
200.9

171 .7
366.3
3?2.9
338.2
213.8
437.2

384.1

506.9
294.3
477.7
344.9
614.9

0.416 136.2
0.416 136.2
0.389 136.2
0.444 136.2
0.562 136.2
0.562 136.2
1.028 136.2
1 .028 136.2
1.065 136.2
1 .540 136.2
1.434 136.2
1 .434 136.2

NoTE: For e/h = inf., strength is given in kip-ft ( 1 kip-ft = 1.35ó kN-m).

For att other vatues of e/h, the strength ís shown in kips ( 1 kip = 4.448 kN).

b = r¡idth of the concrete cross-section parrattel to the axis of bending;

h = depth of the concrete cross-section perpendicular to the axis of bending.

The term tr.. *"t taken as the Heb yieLd strength for computing the pssfr."/f," ratio.
The strain-hardening of both steets Has incr.uded in the anar.ysis.



Table A2 -

290
Specimen Configuration for Major Axis Bending
Ratio of Test to Calculated Ultimate Sfength - SïRAIN HARDENING NOT INCLUDED

P"rfy"s t/tr
ft c

Tested Theor. Strength
Strength Strength Batio

elhAuthor Col. h b f'c pss p rsDesig. in. in. ps¡

Bondale RS 60.3
(1e66) RS 80.2

RS 100.1

RS 120.0

May & RC1

Johnson RC3
(1s78) RC4

Morino A¡l-90
et al. 8¿1-90

(1e84) C+so
D4-90
A8-90
B8-90
c8-90
D&90

6.00 3.75
6.00 3.75
6.00 3.75
6.00 3.75

7.87 7.87
7.87 7.87
7.87 7.87

6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30

4506 0.0653 0.0062
4æ2 0.06s3 0.0062
4260 0.06æ 0.0062
4700 0.0653 0.0062

4308 0.0745 0.0028
3390 0.0745 0.0028
5191 0.0745 0.0028

3060 0.0870 0.0036
3393 0.0870 0,0036
3379 0.0870 0.0036
3074 0.0870 0.0036
4872 0.0870 0.0036
4829 0.0870 0.0036
3567 0.0870 0.0036
3321 0.0870 0.0036

47.O 1.1880
55.8 1.2572
72.9 1.2653

1 15.3 0.9286

282.2 1.0674
239.1 1.2787
217.9 0.8771

121 .4 1 .3719
104.0 1.1020
83.0 1 .1 31 3
63.5 1 .0189
98.6 1.1968
84.3 1.1144
62,5 1.0889
49.2 1.0196

522.9 0.8997
522.9 0.921 1

642.1 1.0885
642.1 1.0955
127.7 1.0347
87.4 0.9997
508.0 0.9259
127.7 1 .1224
90.5 1.0154

1 14.1 1.1383
168.6 1.1827
613.6 0.9126
243.5 1.1039
243.5 1.0303
6s8.5 0.8096
290.9 1.0859

366.4 1.0373
429.4 0.8716
398.0 0.9403
379.2 1.0173
462.7 1.1823
523.7 1.0720
493.4 1.0563
475.2 1.0967
562.8 1.0640
674.0 0.9739
639.2 1.0359
61 1.8 1.0259
626.3 1.1447
797.3 0.9208 

.

759.4 0.9592
721 .O 0.9863

0.#9 10.0 0.500
0.667 13.3 0.333
0.687 16.7 0.167
0.622 20.O 0.000

55.8
70.1

92.3
107.1

0.727 8.1 0.112 301 .2
0.924 8.1 0.136 305.7
0.603 14.8 0.197 191 .1

1 .481 5.8 0.250 166.5
1 .302 14.4 0.250 1 1 4.6
1.177 21 .7 0.250 93.9
1.474 28.9 0.250 64.7
0.953 5.8 0.469 118.1
0.957 14.4 0.469 94.0
1.305 21 .7 0.469 68.0
1.399 28.9 0.469 50.1

Proctêr
(1s67)

s1 11.00 8.00
s2 11.00 8.00
s3 12.00 8.00
s4 r 2.00 8.00
1 11.25 8.00
2 11.25 8.00
3 11.25 8.00
4 11.25 8.00
5 1 1.25 8.00
6 12.00 8.00
7 12.æ 8.00
I 12.00 8.00
I 11.25 8.00
10 11.25 8.00
11 12.00 8.00
12 12.OO 8.00

Suzuki LH-000-C 8.27 8.27
et al. LH-020-C 8.27 8.27
(1983) LH-040-C 8.27 8.27

LH-100-C 8.27 8.27
RH-000-c 8.27 8.27
RH-020-C 8.27 8.27
RH-040-C 8.27 8.27
RH-100-C 8.27 8.27

HT60-000-c 8.27 8.27
Hr60{20-c 8.27 8.27
HT60-040-C 8.27 8.27
HT60-100-C 8.27 8.27
HT80-000-c 8.27 8.27
HT80-020-C 8.27 8.27
HT80-040-C 8.27 8.27
HT80-100-C 8.27 8.27

4722 0.0484 0.0000 0.432
47æ. 0.0484 0.0000 0.432
5407 0.0520 0.0000 0.410
5407 0.0520 0.0000 0.410
4722 0.0473 0.0000 0.4?2
4722 0.0473 0,0000 0.422
47?2 0.0473 0.0000 0,4?2
4722 0.0473 0.0000 0.422
5407 0.0473 0.0000 0.369
5407 0.0520 0.0000 0.410
5407 0.0520 0.0000 0.410
5407 0.0520 0.0000 0.410
6007 0.0473 0.0000 0.332
6007 0.0473 0.0000 0.332
6007 0.0520 0.0000 0.369
6007 0.0520 0.0000 0.369

4785 0.0290 0.0021 0.274
4785 0.0290 0.0021 0.274
4785 0.0290 0.0021 0.274
4785 0.0290 0.0021 0.274
4858 0.0546 0.0021 0.624
4858 0.0546 0.002r 0.624
4858 0.0546 0.0021 0.624
4858 0.0546 0.0021 0.624
4858 0.0600 0,0021 1.035
4858 0.0600 0.0021 1.035
4858 0.0600 0.002 r 1 .035
4€158 0.0600 0.0021 1.035
4858 0.0633 0.0021 1.480
4858 0.0633 0.0021 1.480
4858 0.0633 0.0021 1.480
4858 0.0633 0.0021 1.480

2.2 0.000 470.4
2.2 0.000 481 .6
2.O 0.000 698.9
2.0 0.000 703.4
11.7 0.533 132.2
11.7 0.800 87.4
11.7 0.000 470.4
11.7 0.533 143.4
11.7 0.800 91 .8
11.0 0.750 129.9
1 1.0 0.500 199.4
11.0 0.000 560.0
11.7 0.267 268.8
11.7 0.267 250.9
11.0 0.000 533.1
1 1 .0 0.250 315.8

2.9 0.000 380,0
2.9 0.000 374.3
2.9 0.000 374.3
2.9 0.000 385.8
2.9 0.000 547.0
2.9 0.000 561 .4
2.9 0.000 521 .1

2.9 0.000 521 .1

2.9 0.000 598.8
2.9 0.000 656.4
2.9 0.000 662.2
2.9 0.000 627.6
2.9 0.000 716.9
2.9 0.000 734.2
2.9 0.000 728.4
2.9 0.000 711.1
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Table Continued

Col.
Desig.

elhÞrsPssf'c
psi

b
in.

h
in.

P."fy", Llh
ft c

ïested Theor. Strength
Strength Strength Ratio

Suzuki
et al.
(1 s83)

Roik
Mangeri
(1se7)

HT80-00G,CB 8.27 8.27
HT80{20-CB 8.27 8.27

LH400-B 8.27 8.27
LH-02G8 8.27 8.27
LH440-B 8.27 8.27
LH-100-B 8.27 8.27
RH-000-B 8.27 8.27
RHO2G,B 8.27 8.27
RH{4GB 8.27 8.27
BH-100-B 8.27 8.27

Hï60400-B 8.27 8.27
HT6G020-B 8.27 8.27
HT60-040-B 8.27 8.27
HT6G100-B 8.27 8.27
HT80-000-B 8,27 8.27
HT80{20-B 8.27 8.27
HT80-040-B 8.27 8.27
HT80-100-B 8.27 8.27

23 11.81 11.81
24 11.81 11.81
25 11.81 11.81
26 11.81 11.81

4423 0.0423 0.0021
4423 0.0423 0.0021
4292 0.0290 0.0021
4597 0.0290 0.0021
4524 0.0290 0.0021

æ65 0.0290 0.0021
4858 0.0546 0.0021
4858 0.0546 0.0021
4858 0.0546 0.0021
4858 0.0s46 0.0021
4814 0.0600 0.0021
4814 0.0600 0.0021
4814 0.0600 0.0021
4814 0.0600 0.0021
4771 0.0633 0.0021
4771 0.0633 0.0021
4771 0.0633 0.0021
4Tl1 0.0633 0.0021

6570 0.0868 0.0050
6570 0.0868 0.0050
6570 0.0868 0.0050
6570 0.0868 0.0050

6351 0.0434 0.0079
6351 0.0434 0.0079
6786 0.0434 0.0079
6786 0.0495 0.0079
5365 0.0495 0.0079
5365 0.0495 0.0079
5902 0.0996 0.0079
5902 0.0996 0.0079
5699 0.0996 0.0079
5699 0.1441 0.0079
61 19 0.1441 0.0079
61 19 0.1441 0.0079

1.060 2.9 0.874 110.4
1.060 2.9 1.062 1 10.4
0.306 2.9 inf. 27.4
0.286 2.9 inf. 29.4
0.290 2,9 inf. 28.2
0.301 2.9 inf. 28.2
0.624 2.9 inf. 48.9
0.624 2.9 inf. 54.5
0.624 2.9 inf. 53.3
0.624 2.9 inf. 50.9
1.045 2.9 inf. 68.8
1.045 2.9 inf. 79.2
1.045 2.9 inf. 77.2
1.045 2,9 inf. 72.0
1.507 2.9 inf. 93.5
1.507 2.9 inf. 104.2
1.507 2.9 inf. 101 .0
1.507 2.9 inf. 97.9

0.517 16.7 0.300 526.3
0.517 16.7 0.500 368.3
0.517 26.7 0.300 377.8
0.517 26.7 0.500 200.9

0.230 12.4 0.571 171 .7
0.230 12.4 0.214 366.3
0.215 12.4 0.357 3?2.9
0.333 12.4 0.357 338.2
0.421 12.4 0.571 213.8
0.421 12.4 0,214 437.2
0.555 12.4 0.357 384.1
0.555 12.4 0.214 506.9
0.575 12.4 0.571 294.3
0.796 12.4 0.357 477.7
0.926 12.4 0.571 344.9
0.995 12.4 0.214 614.9

1 02.1 1 .0809
104.8 1.0528
23.3 1.1760
23.9 1.2317
23.7 1.1932
23.4 1.2080
44.8 1.0931
45.9 1.1A73
45.5 1 .1 71 0
45.2 1.1265
69.8 0.9865
73.1 1.0823
72.3 1.O6Tt
71.5 1.0069
83.3 1.1224
91 .1 1.1437
89.3 1 .1 312
87.2 1.1217

442.3 1.1900
324.8 1.1340
314.4 1.2017
238.6 0.8420

169.6 1.0124
373.3 0.9812
272.7 1.1842
321.8 1.0509
201 .7 1.0599
388.9 1.1243
383.3 1.0020
501 .2 1.01 14
280.8 1.0481
422s 1.1295
359.6 0.9592
650.6 0.9451

Roik V1 1 1'1 .02 11.02
Schwal'r V12 11.02 11.02
(1988) V13 11.02 11.02

v21 11.02 11.02
v22 11.02 11.02
v23 11.02 11.02
v31 11.02 11.02
v32 11.02 11.02
v33 11.02 11.02
v41 11.02 11.02
v42 11.02 11.02
v43 11.02 11.02

NoTE : For e/h = inf., strength is given in kip-ft ( 1 kip-ft = 1.35ó kN-m).

For ail other vatues of e/h, the strength is shorn in kips ( 1 kip = 4.44g kN).

b = r{idth of the concrete cross-section parrail.el. to the axis of bending;

h = depth of the concrete cross-section perpendicutar to the axis of bending.

The term trr, *"" taken as the Heb yietd strength for computíng the p.rfy"r/frc ratio.
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ïable A3 - Specimen Configuration for Columns Bending About the Minor Axis

Author Col. b h

Desig. in. in.
Steel
Profile

Long.
Reinf.

4..
.2tn.

i

Vol'met'
Ratio

A" A.s

in.Z in.2

Stevens
(1s65)

cv2
cv3
cv4
cv5
cv6
AE1

AFz.
AE3
AE4
AE5
AE6
AE7

AE8
AE9
AElO
AE1 1

FE1

FE2
FE3

FE4
FE5
FE6

FE7
FE8
FE9

FElO
FE1 1

FE12
B1

82
B3
B4
B5

B6
87
A1

M
A3
A4
A5
A6

REla
BE1 b
RE2a
RE2b
RE3a
RE3b
RE4a
RE4b

7.00 6,50
7.00 6.50
7.00 6.50
7.OO 6.50
7.00 6.50
7.OO 6.50
7.OO 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.OO 6.50
7.00 6.50

16.00 12.00
16.00 12.00
16.00 12.00
16.00 12.00
16.00 12.00
16.00 12.OO

16.00 12.00
16.00 12.00
16.00 12.00
16.00 12.OO

16.00 12.00
16.00 12.00
5.00 3.50
5.00 3.50
5.00 3.50
5.00 3.50
5.00 3.50
5.00 3.50
5.00 3.50
7.æ 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.OO 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.00 6.50
7.O0 6.50
7.OO 6.50
7.00 6.50
7.æ 6.50

5'x4.5'@20#
5'x4.5'@20#
5'x4.5'@2o#
5'x4.5'@20#
5'x4.5'@20#
5'x4.5'@20#
5'x4.5'@20#
5'x4.5'@2O#
5'x4.5'@20#
5'x4.5'@20#
5'x4.5'@20#
5'x4.5'@20#
5'x4.5'@2O#
5-x4.5"@20#
5'x4.5'@2O#
5"x4.5"@20#
12'x8"@65#
12'x8'@65#
12'x8'@65#
12'x8"@65#
12'x8'@65#
12'x8'@65#
12"x8'@65#
12'x8'@65#
12'x8'@65#
12"x8'@65#
12'x8"@65#
12'x8'@65#
3"x1 .5'@4#
3"x1 .5"@4#
3'x1 .5'@4#
3'x1 .5'@4#
3'x1 .5'@4#
3"x1 .5'@4#
3'x1 .5'@4#
5'x4.5'@20#
5'x4.5@2o#
5"x4.5'@20#
5"x4.5"@20#
5'x4.5'@2o#
5'x4.5'@20#
5"x4.5'@20#
5"x4.5'@2O#
5'x4.5'@20#
5"x4.5"@20#
5'x4.5'@20#
5"x4.5'@20#
5'x4.5"@20#
5'x4.5'@2A#

0.79 0.0028
o.79 0.0028
0.79 0.0028
0.79 0.0028
0.79 0.0028
0.79 0.0028
0.79 0.0028
0.79 0.0028
o.79 0.0028
0.79 0.0028
0.79 0.0028
0.79 0.0028

5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63

4-0.5' 19.13 172.09
4-O.5' 19.13 172.09
4-0.5- 19.13 172.09
+0.5' 19,13 172.09
4-0.5' 19.13 172.09
4-0.5' 19.13 172.09
4.o,5' 19.13 172.09
4-0.5' 19.13 172.09
4-0.5' 19.13 172.09
4-0.5' 19,13 172.09
4-0.5' 19.13 172.09
4-0.5' 19.13 172.09

1 .18 1 6.32
1.18 16.32
1 .18 1 6.32
1 .18 16.32
1.18 16.32
1 .18 16.32
1.18 16.32
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63
5.87 39.63

4 - 114' 5.87 39.43
4 - 114', 5.87 39.43

5.87 39.63
5.87 39.63

0.0057
0.0057

o.20 0.0057
0.20 0.0057
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

Author Col.
Desig.

I",
.4tn"

I"
.l+tn.

I."

.l+ln.
PrsFy

web

f'c f'c
Fy Col. Water Fy s^^

flange Stored Stored Reinf. >Þ

ii

Stevens
(1 s6s)

cv2
cv3
cv4
cvs
cv6
AE1

AE2
AE3
AE4
AE5
AE6
AE7
AE8
AE9
AElO
AE1 1

FE1

FE2
FE3

FE4
FE5
FE6
FE7
FE8
FE9

FElO
FE1 1

FE12
B1

82
B3
B4
B5

B6
87
A1

M
A3
A4
A5
A6

REla
RE1 b
RE2a
RE2b
RE3a

RESb
RE4a
RE4b

36060
36060
36060
36060
36060
36060
36060
36060
36060
36060
36060
36060
36060
36060
36060
36060
33031
33031
33031

33031

33031
33031
33031
33031
33031
33031
33031

33031
41200
41200
41200
41200
41200
41 200
41200
42100
42100
42100
42100
42100
42100
43800
43800
43800
43800
43800
43800
43800
43800

6.58 153.62
6.58 153.62
6.58 1æ.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62

65.18 ?219.20 15.92
65.18 2219.20 15.92
65.18 ?219.20 15.92
65.18 æ19.20 1s.92
65.18 2219.20 15.92
65.18 2219.20 1s.92
65.18 2219.20 15.92
6s.18 2219.20 15.92
65.18 æ19.20 15.92
65. 18 æ.19.20 1 5.92
65.18 2219.20 15.92
65.18 2219.20 15.92
0.13 17 .73
0.13 17.73
0.13 17.73

0.13 17.73
0.13 17 .73
0.13 17.73
0.1 3 17 .73
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 r s3.62
6.58 153.62
6.58 153.62
6.58 153.62
6.58 152.52 1.1

6.58 152.52 1. f

6.58 153.62
6.58 153.62

36060 1115 1012
36060 1900 2083
36060 2491 2982
36060 3058 3983
36060 3672 4414
36060 2046 2379
36060 2679 2792
36060 2566 2830
36060 2906 3020
36060 2305 2491
36060 2010 2379
36060 2083 2379
36060 2157 2342
36060 1467 1682
36060 1900 2120
36060 2305 2305
33031 2083 2641
33031 2268 3020
33031 2083 2717
33031 1936 ?231
33031 2454 2792
33031 2231 2641
33031 2231 2529
33031 2342 2792
33031 2268 2566
33031 2604 2830
33031 2529 2754
33031 2529 2830
41200 2120 2417
41200 1467 1538
41200 1827 2454
41200 1610 1574
41200 2083 2083
41200 1791 1610
41200 2305 2046
42100 1900 2046
42100 1682 1973
42100 1900 2417
42100 2046 2231
42100 1864 2120
42100 2216 2342
43800 2010
43800 1791

43800 1900
€800 2305
43800 ?231
43800 1900
43800 1973
43800 1827

0.1291 0.0000
0.1291 0.0000
0,1291 0.0000
0.1291 0.0000
o.129'l 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000

60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041
60000 0.0996 0.0041

0.0674 0.0000
0.0674 0.0000
0.0674 0.0000
o.0674 0.0000
0.0674 0.0000
0.0674 0.0000
0.0674 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0j291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000
0.1291 0.0000

60000 0.129t 0.0043
60000 0.1291 0.0043
60000 0.1291 0.0000 .

60000 0.1291 0.0000 -

rr Two sets of concrete tests reported by Steven's. Concrete specimens
stored with columns were used in this study.
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

Author cor. P..ft ss

Desig. f t.
2/h2

in.
e/he

in.
Tested Theor. Strength

Sfength Strength Ratio

Stevens
(1s6s)

cv2
cv3
cv4
cvs
cv6
AE1
Aæ.
AE3
AE4
AE5
AE6
AE-/
AE8
AE9

AEl O

AE1 1

FE1

FF2
FE3
FE4
FE5
FE6

FE7
FE8
FE9

FElO
FE1 1

FE12
B1

82
B3
B4
B5
B6
87
A1

A2
A3
A4
A5
A6

RÊ1a
RE1 b
RE2a
RE2b
RE3a
RE3b
RE4a
RE4b

134.4
161 .3
179.2
201 .6

æ8.5
165.8
163.5
141 .1

118.7
98.6

æ1.2
224.0
161 .3
78.4
72.8
20.9

985.6
1055.0

672.O

486.1

515.2
360.6
295.7
262.1
230.7
199.4
168.0
131 .4
82.9
61 .2

64.1
44.4
51 .5

36.7
34.5

358.4
313.6
322.6
302.4
293.4
235.2
300.2
280.0
275.5
268.8
313.6
277.8
271.O
284.5

4.175 82.O

2A50 82.0
1.869 82.O

1.523 82.O

1.268 82.O

2.275 28.0
1.738 46.0
1.814 82.0
1.602 118.0

2.020 154.0
2.317 46.0
2.235 46.0
2.158 118.0
3.174 154.0
2.450 154.0
2.020 108.0
1 .580 180.0
I .451 180.0
1.580 180.0
1 ,699 180.0
1 .341 180.0
1 .475 180.0
1.475 180.0
1 .405 180.0
1 .451 180.0
1.264 180.0
1.301 180.O

1.301 120.0
1 .310 46
1.894 64
'L520 82
1.725 100
1.334 118
1 .551 136
1 .205 154
2.861 9
!t.z\t I 4b
2.861 82
2.656 82
2.917 118
2.453 154
2.814 118
3.1 58 1 18

2.976 118
2.453 118

2.535 118
2.976 118
2.866 1 18
3.095 1 18

12.6 0.75 0.115
12.6 0.75 0.1 15
12.6 0.75 0.115
12.6 0.75 0.1 15
12.6 0.80 0.123
4.3 1 .00 0.154
7 .1 1 .00 0.1 54

12.6 1.00 0.154
18.2 1.00 0.154
23.7 1.00 0.154
7.1 0.00 0.000
7.1 0.50 0.077

18.2 0.50 0.077
23.7 1.50 0.231
23.7 2.00 0,308
16.6 inf. inf.
15.0 0.00 0.000
15.0 0.00 0.000
15.0 1.00 0.083
15.0 2.00 0.1 67
15.0 2.OO 0.167
15.0 3.00 0.250
15.0 4.00 0.333
15.0 5,00 0.417
15.0 6.00 0.500
15.0 7.00 0.583
15.0 8.00 0.667
10.0 inf. inf .

13.1 0.00 0.00
18.3 0.00 0.00
23.4 0.00 0.00
28.6 0.00 0.00
33.7 0.00 0.00
38.9 0.00 0.00
44.0 0.00 0.00
1.4 0.00 0.00
7.1 0.00 0.00

12.6 0.00 0.00
12.6 0.00 0.00
18.2 0.00 0.00
23.7 0.00 0.00
14.2 0.00 0.00
18.2 0.00 0.00
18.2 0.00 0.00
18.2 0.00 0.00
18.2 0.00 0.00
18.2 0.00 0.00
18.2 0.00 0.00
18.2 0.00 0.00

98.0 1.3714
1 10.6 1 .4586
122.4 1.4636
134.5 t.4989
142.6 1.6025
137.4 1 .2065
135.6 1 .2056
105.9 1 .3321

88.5 1.3409
63.2 1.5588

257.0 1 .1 333
176.8 1.2673
108.5 1 .4860
44.6 1.7563
42.2 1.7263
19.4 1.0760

814.6 1 .2099
846.1 1.2470
479.5 1 .4016
331 .9 1.4645
365.7 1.4089
278.6 1.2943
234.9 1.2587
206.1 1.2717
178.9 1.2897
1 68.4 1 .1 836
1 49.9 1 .1211
128.6 1.0219
64.7 1.2802
42.6 1.4352
38.0 I.6881
27.6 1.6070
25.0 2.0il9
18.4 1.9922
17.0 2.0244

304.0 1 .1 791

259.2 1.2099
239.7 1.3456
246.2 1.2282
200.7 1.4623
164.3 1.4314
214.7 1.3978
206.5 1.3558
217.4 1.2676
230.9 1.1640
271 .9 1.1535
260.2 1.0674
209.5 1.2937
204.1 1.3936
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axís

continued

Author Col.

Desig.
Steel
Profile

4""

i n.2

A"

i n.2

4."

i n.2

Vol'met'
Ratio

Long.
Reinf.

b
in.

h
in.

Stevens
(1s6s)

Bondale
(1 s66)

May (1e78)

Janss
Anslijn
(1s741

FA1

FþQ,

FA3
FA4
FA5

RW 60.3
RW 80.2
RW 100.1
RW 120.0

RC5

1.1

1.2
1.3
2.1

2.2
2.3
3.1

3.2
3.3
4.1

4.2
4.3
5.1

5.2
5.3
6.1

6.2
6.3
7.'l
7.2
7.3
8.1

8.2
8.3
9.1

9.2
9.3
10.1

10.2
10.3
11.1

11.2
11.3
12.1

12.2
12.3

16.00 12.00
16.00 12.00
16.00 12.00
16.00 12.00
16.00 12.00

6,00 3.75
6.00 3.75
6.00 3.75
6.00 3.75

7,87 7.e7

9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9,45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45

12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45

12'x8'@65#
12'x8'@65#
12'x8'@65#
12'x8'@65#
12'x8'@65#

4"x1.75'@5# 4{.21' 1.47
4'x1.75'@5# 44.21' 1.47
4'x1.75'@5# 44.21' 1,47
4'x1.75'@5# 44.21' 1.47

152X152 UC23 4-Y6 4.62

172.87
172.87
172.87
172.87
172.87

20.89 0.14 0.00644
20.89 0.14 0.00644
20.89 0.14 0.00644
20.89 0.14 0.00644

57.18 0.20 0.0018

19.13
19.13
19.13
19.13

19.13

HE140B 4-12mm
HE140B Ç12mm
HE140B +12mm
HE140B Ç12mm
HE140B ¿l-12mm

HE140B ¿r12mm

HEí4OB 4-12mm
HE140B +12mm
HE140B Ç12mm
HE140B Ç12mm
HE140B zt-12mm

HE140B +12mm
HE140B zl-12mm

HE140B 4-12mm
HE140B Ç12mm
HE140B +12mm
HE140B 4-12mm
HE140B Ç12mm
HE140B 4-12mm
HE140B +12mm
HE140B 4-12mm
HEl40B 4-12mm
HE140B 4-12mm
HE140B 4-12mm
lPtr22j 4-12mm
lPE220 Ç12mm
tPtr220 4-12mm
lPE220 4-12mm
IPE?ãO 4-l2mm
!PE22O 4-12mm
HE140B 4-12mm
HE140B 4-12mm
HE140B 4-12mm
HE140B 4-12mm
HE140B 4-12mm
HE140B 4-12mm

81 .91 0.70 0.00205
81 .91 0.70 0.00205
8l .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81.91 0.70 0.0020s
81.91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81.91 0.70 0.00205
81 .91 0.70 0.0020s
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81.91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81.91 0.70 0.00205
81 .91 0.70 0.00205
98.28 0.70 0.00192
98.28 0.70 0.00192
98.28 0.70 0.00192
98.28 0.70 0.00192
98.28 0.70 0.00192
98.28 0.70 0.00192
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0.70 0.00205
81 .91 0,70 0.00205

6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
6.67
t).þ/
5.18
5.r 8
5.18
5.18
5.18
5.18
6.67
6.67
6.67
6.67
6.67
6.67
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

PrsFy
web

Author Col.
Desig.

I.,
.L
ln.'

l.
.tlìn.

I.,

,11tn-

f'c f'c
Fy Col. Water Fy p""

ffange Stored Stored Reinf.

Stevens
(1 965)

Bondale
(1 e66)

May (1978)

Janss
Anslijn
(1974\

FA1

FM
FA3
FA4
FA5

RW 60.3
RW 80.2
RW 100.1
RW 120.0

RC5

1.1

1.2
1.3
2.1

2.2
¿.,5

3.1

ó.¿
o.\)

4.1

4.2
4.3
5.1

5.2
5.3
6.1

6.2
6.3
7.1

7.2
7.3
8.1

8.2
8.3
9.1

9.2
9.3

10.1

10.2

10.3
11.1

11.2
11.3
12.1

12.2
12.3

65.18 2238.82
65.18 ?238.82
65.18 ?238.82
65.18 2238.82
65.18 2238.82

0.19 67.09
0.19 67.09
0.19 67.09
0.19 67.09

30.34 288.17

13.21 641.23
13.21 641 .23
13.21 641 .23

13.21 641 .23
13.21 641.23
't3.21 641.23
13.21 æ1.23
13.21 641.23
13.21 æ1 .23

13.21 641.23
13.21 641.23
13.21 æ1.23
13.21 æ1.23
13.21 641 .23

13.21 641 .23
13.21 641 .23
13.21 641.23
13.21 641.23
13.21 641.23
13.21 641 .23
13.21 641.23
13.2f 641.23
13.21 641 .23

13.21 641.23
4.93 581 .46
4.93 581 .46
4.93 581 .46
4.93 581 .46
4.93 581 .46
4.93 581 .46

13.21 641.23
13.21 641 .23
13.21 641 .23
13.21 641.23
13.21 641 .23
13.21 641.23

32900 32900 1864 2231
32900 32900 2010 2342
32900 32900 1755 2417
32900 32900 1973 2604
32900 32900 1973 2454

o.22 44800 44€100 4665
0.22 44800 44800 5557
0,22 44800 44800 4488
o.æ. 44800 44800 3927

1.82 42050 41615 5278

9.80 41383 41383 6014
9.80 41383 41383 5517
9.80 39672 39672 5263
9.80 42514 42514 5263
9.80 42514 42514 4507
9.80 42514 42514 5517
9.80 40035 40035 5957
9.80 40035 40035 6014
9.80 40035 40035 5263
9.80 40035 40035 5263
9.80 40035 40035 4507
9.80 40035 40035 5574
9.80 55028 55028 4870
9.80 55028 55028 5277
9.80 55028 55028 4982
9.80 72805 72805 4870
9.80 72805 72805 5277
9.80 72805 72805 4996
9.80 70818 70818 4968
9.80 70818 70818 5291
9.80 70818 70818 4996
9.80 72515 72515 s263
9.80 72515 72515 6014
9.80 72515 72515 5957
6.97 39527 39527 4507
6.97 39527 39527 5957
6.97 39527 39527 5291
6.97 70818 70818 5263
6.97 70818 70818 4968
6.97 70818 70818 4982
9.80 41528 41528 5390
9.80 41528 41528 5574
9.80 41528 41528 4772
9.80 70673 70673 5390
9.80 70673 70673 5207
9.80 70673 70673 4772

0.0996 0.0000
0.0996 0.0000
0.0996 0.0000
0.0996 0.0000
0.0996 0.0000

0.0653 0.0099
0.0653 0,0099
0.0653 0.0099
0.0653 0.0099

60000 0.0745 0.0294

31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.o747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.o747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.o747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079 .

31900 0.0747 0.0079 -
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

cor. Pr.fy."
Desig. f '"

L
in.

elhe
in.

L/h Tested Theor. Strength
Strength Strength Ratio

Stevens
(1 s6s)

Bondale
(1s66)

May (1s78)

Janss
Anslijn
(1e74)

FA1

FM
FA3
FA4
FA5

BW 60.3
RW 80.2
RW 100.1
RW 120.0

RCs

1.1

1.2
l.!t

2.1

2.2
2.3
3.1

3.2
3.3
4.1

4.2
4.3
5.1

5.2
5.3
6.1

6.2
6.3
7.1

7.2
7.3
8.1

8.2
8.3
9.1

9.2
9.3
10.1

10.2
10.3
11.1

11.2
11.3
12.1

12.2
12.3

1.759 36
1.631 72
1,868 108
1.661 144
1 .661 180

0.627 60.0
0.526 80.0
0.652 100.0
0.745 120.0

0.594 1 12.6

0.514 168.5
0.560 168.5
0.563 168.3

0.603 137.2
0.704 136.7
0.575 136.9
0.502 98.0
0.497 97.5
0.568 98.0
0.568 50.7
0.663 50.5
0.536 49.3
0.844 't37.4

0.778 137.1

0.825 137.2
1.116 168.3
1 .030 168.3
1 .088 168.3
1.064 137.4
0.999 137.4
1.058 137.3
1.029 97.8
0.900 98.2
0.909 98.0
0.436 137.3
0.330 137.3
0.371 137.2
0.669 137.2
0.709 137.2
0.707 137.1

0.575 135.9
0.556 135.9
0.650 135.9
0.979 135.7
1 .013 135.7
1 .1 06 1 36.0

899.4 1.1905
912.8 1 j044
817.3 1 .1539
807 .O 1 .1 825
738.5 1.2861

14.9 1.2019
19.1 1.1370
20.8 1.0030
53.0 0.9969

231 .2 0.8021

528.9 0.9139
506.8 0.9665
491 .5 0.9563
564.9 0.9336
517.9 0.9458
581 .6 0.9978
680.8 0.8685
685.2 0.7342
634.0 0.8318
658.3 0.8715
604.2 0.9201
618.0 0.9997
585.6 0.9045
61 1.3 0.9673
592.9 0.9378
517.0 1.0244
541 .0 0.8971
524.6 1.0642
624.1 0.8908
648.3 0.9086
626.6 0.9225
759.3 0.7207
816.8 0.6509
812.9 0.7058
497.1 1.0342
592.9 0.9601
549.6 0.8430
579.1 0.8956
557.6 1.0923
559.2 0.9508
257.9 0.9755
262.9 1.0072
240.1 1.0018
271.9 0.9739
243.7 1.0321
253.3 0.8796

3.0 0.00 0.00
6.0 0.00 0.00
9.0 0.00 0.00

12.O 0.00 0.00
15.0 0.00 0.00

16.0 3.00 0.800
21.3 2.00 0.533
26.7 1.00 0.267
32.0 0.00 0.000

14.3 0.79 0.100

17.8 0.00 0.000
17.8 0.00 0.000
17.8 0.00 0.000
14.5 0.00 0.000
14.5 0.00 0.000
14.5 0.00 0.000
10.4 0.00 0.000
10.3 0.00 0.000
10.4 0.00 0.000
5.4 0.00 0.000
5.3 0.00 0.000
5.2 0.00 0.000

14.5 0.00 0.000
14.5 0.00 0.000
14.5 0.00 0.000
17.8 0.00 0.000
17.8 0.00 0.000
17.8 0.00 0.000
14.5 0.00 0.000
14.5 0.00 0.000
14.5 0.00 0.000
10.4 0.00 0.000
10.4 0.00 0.000
10.4 0.00 0.000
16.6 0.00 0.000
16.6 0.00 0.000
16.6 0.00 0.000
16.6 0.00 0.000
16.6 0.00 0.000
16.6 0.00 0.000
14.4 1 .57 0.167
14.4 1 .57 0.1 67
14.4 1.57 0.167
14.4 1 .57 0.167
14.4 1.57 0.167
14.4 1 .57 0.1 67

1070.7
1008.0
943.0
954.2
949.8

17.9
21.7
20.8
52.9

185.5

483.3
489.8
470.O

527.4
,189.8

580.3
591 .3
503.1
527.4
573.8
556.0
617.9
529.7
591 .3
556.0
529.7
485.3
558.2
556.0
589.1

578.0
547.2
531 .7
573.8
51 4.1

569.3
463.3
518.6
609.1
531 .7
251.6
264.A

240.5
264.8
251 .6
222.8
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ïable A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

Author Col.
Desig.

Steel
Profile

Aa.

-2tn.-

A"

in.2

b
in.

h

in.
Long.
Reinf.

4.. Vol'met'

i n.2 Ratio

Janss
Anslijn
(1s741

Janss
Piraprez
(1974\

Roderick
Loke
(1e74)
Australia

13.1

13.2
13.3

1

!t

5
7
ô

11

13
15
17
19
23
27
2
4
6
I
10
12

14

16
18
21

.25
29
20
24
28
æ.
26
30

SE1
sE2
sE3
sE4
SE5
sE6
sE7
SE8
SE9
SE1 O

sE1 1

SE12
SE1 3
SE1 4
SEl 5

12.60 8.27
12.60 8.27
12.60 8.27

12.60 8.27
12.60 8.27
12.60 8.27
12.æ 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
12.60 8.27
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45
9.45 9.45

12.60 e.27
12.60 8.27
12.60 8.27
9.45 9.45
9.45 9.45
9.4s 9.45

8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.o0
8.00 7.00
8.00 7.00
8.O0 7.OO

8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.00
8.00 7.oo

IPFÐO
lPÊ220
lPF72O

lPF220
lPF2r0
lPFr2O
lPF72O

IPE22O
lP@0
lPF2r0
IPF?20
lPF2eo
tPE220
lPF220
lPF22O

HE14OB
HE140B
HE1 4OB

HEl4OB
HEl4OB
HÊ1408
HE1 4OB

HE14OB

HE14OB
HE14OB
HEl4OB
HE14OB

IPE?zO
lPE220
lPE220
HEl40B
HE140B
HE1 4OB

4'x3'@10#
4'x3'@10#
4'x3'@10#
4"x3'@10#
4'x3'@10#
4'x3'@10#
4'x3'@10#
4'x3'@10#
4'x3'@10#
4'x3'@10#
4"x3'@10#
4'x3'@10#

4'x1 .75'@5#
4"x1 .75'@5#
4'x1.75'@5#

0.70 0.00192
0.70 0.00192
0.70 0.00192

0.70 0.00192
0.70 0.00192
o.70 0.00192
0.70 0.00192
0.70 0.00192
0.70 0,00192
o.70 0.00192
o.70 0.00192
0.70 0.00192
o.70 0.00192
0.70 0.00192
0.70 0.00192
0.70 0.00205
0.70 0.00205
o.70 0.00205
o.70 0.00205
o.70 0.00205
0.70 0.00205
o.70 0.00205
0.70 0.00205
0.70 0.00205
o.70 0.00205
o.70 0.00205
0.70 0.00205
0.70 0.00192
o.70 0.00192
0.70 0.00192
0.70 0.00205
o.70 0.00205
0.70 0.00205

4-12rnm 5.18 98.28
4r12mm 5.18 98.28
Ç12mm 5.18 98.28

+12mm 5.18 98.28
+12mm 5.18 98.28
Ç12mm 5.18 98.28
Ç12mm 5.18 98.28
¿¡-12mm 5.18 98.28
4-12mm 5.18 98.28
4.12mm 5.18 98.28
¿l-12mm 5.18 98.28
+12mrî 5.18 98.28
4-12mm 5.18 98.28
ul-12mm 5.18 98.28
Ç12mm 5.18 98.28
4-12mm 6.67 81 .91

4-12mm 6.67 81 .91

4-12mm 6.67 81 .91

+1zmm 6.67 81 .91

4-12mm 6.67 81 .91

4-12mm 6.67 81 .91
zt12mm 6.67 81 .91

4-12mm 6.67 81 .91

S12mm 6.67 81 .91

4-12mm 6.67 81 .91

Ç12mm 6.67 81 .91

4-12mm 6.67 81 .91

4-12mm 5.18 98.28
Ç12mm 5.18 98.28
4-12mm 5.18 98.28
Ç12mm 6.67 81 .91

4-12mm 6.67 81 .91

Ç12mm 6.67 81 .91

2.94 53.06
2.94 53.06
2.94 53.06
2.94 53.06
2.94 53.06
2.94 53.06
2.94 s3.06
2.94 53.06
2.94 53.06
2.94 53.06
2.94 53.06
2.94 53.06
1.47 54.53
1.47 54.53
1.47 54.53
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

Author Col.
Desig.

I."
.1.tn.

Ic
.t+In.

I." 
Fy

i n.4 web

f'c f'c
Fy Col. Water Fy

flange Stored Stored Reinf.
it

PrsÞss

Janss
Anslijn
(1e74)

Janss
Piraprez
(1e74)

Roderick
Loke
(1s74)
Australia

13.1

13.2
13.3

1

3
5
7
I

11

13
15
17

19
¿\t
27
2
4
Þ

I
10
12
14
16
18

21

25
29
20
24
28
æ,
26
30

sE1
sE2
sE3
SE4
sE5
sE6
sE7
SE8
SE9
SElO
SE1 1

SE12
SE13
SE14
SE15

4.93 581 .46
4.93 581 .46
4.93 581 .46

4.93 581 ,46

4.93 581.46
4.93 581 .46
4.93 581.46
4.93 581.46
4.93 581 .46
4.93 581.46
4.93 581 .46
4.93 581 .46
4.93 581 .46

4.93 581 .46
4.93 581 .46

13.21 641.23
13.21 641.23
13.21 641.23
13.21 641 .23

13.21 il1 .23
13.21 641.23
13.21 641.23
13.21 641.23
13.21 641.23
13.21 641.23
13.21 641.23
13.21 641.23
4.93 581 .46
4.93 581.46
4.93 581.46

13.21 æ1 .23
13.21 æ1.23
13.21 641 .23

1.32 227.35
1.32 ?27.35
1.32 ?27.35
1.32 227.35
1.32 227.35
1.32 227.35
1.32 227.35
1.32 227.35
1.32 227.35
1.32 227.35
1.32 æ7.35
1.32 ?27.35
0.32 228.34
0.32 ?28.34
0.32 228.34

6.97 39527 39527 5574
6.97 39527 39527 5207
6.97 39527 39527 5094

6,97 40528 40528 4721

6.97 40528 40528 4721

6.97 40528 40528 5158
6.97 40528 40528 5158
6.97 40528 40528 5S1
6.97 40528 40528 5S1
6.97 40528 40528 4990
6.97 40528 40528 5108
6.97 40528 40528 5040
6.97 40528 40528 47æ
6.97 40528 40528 4571
6.97 40528 40528 4105
9.80 39382 39382 4721

9.80 39382 39382 472'l
9.80 39382 39382 5158
9.80 39382 39382 5158
9.80 39382 39382 5531
9.80 39382 39382 5531
9.80 39382 39382 4990
9.80 39382 39382 5108
9.80 39382 39382 5040
9.80 39382 39382 4738
9.80 39382 39382 4571

9.80 39382 39382 4105
6.97 40528 40528 47æ
6.97 40528 40528 4571
6.97 40528 40528 4105
9.80 39382 39382 4738
9.80 39382 39382 4571
9.80 39382 39382 4105

42400 42400 3690
42400 42400 4280
42400 42400 3910
40700 40700 3880
40700 40700 3710
45600 45600 3280
39300 39300 4200
39400 39400 4140
39500 39500 4580
39400 39400 4310
42700 427æ 3250
39500 39500 4280
43000 43000 3070
43000 æ000 2890
43000 43000 3810

31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067

31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.o747 0.0079
31900 0.0747 0.0079
31900 0.o747 0.0079
31900 0.0747 0.0079
31900 0.0747 0.0079
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0497 0.0067
31900 0.0747 0.0079
31900 0.o747 0.0079
31900 0.0747 0.0079

0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0525 0.0000
0.0263 0.0000 .

0.0263 0.0000 '
0.0263 0.0000
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

L/h e e/h
in.

2

in.
Author Col.

Desig.

Prgl".,

fr c

Tested Theor. Strength
Sùength Strength Ratio

Janss
Anslijn
(1s74)

Janss
Piraprez
(1 s74)

Roderick
Loke
(1s74)
Australia

13.1

13.2
13.3

1

J

5

7
9

11

13
15
17
19
¿.)

27
2
4
6
8
10
72
14
16
18
21

25
29
20
24
28
æ.
26
30

sEl
SE2
SE3
SE4
sE5
SE6
SE7
SE8
sE9
SE1 O

sE1 1

SE12
SE13
SE1 4
SEl5

269.1

234.O
æ9.5

606.8
591.3
617.9
646.4
428.O

461 .3
419.2
441.2
437.0
575.8
600.1
551 .7

5f 8.6
522.9
538.4
545.0
481. l
503.1

403.9
533.9
472.3
573.8
547.2
448.0

269.1
231 .8

236.0
264.8
218.5
280.1

273.0
211.O
129.0
264.O
195.0
108.0
88.0

290.0
201 .0
135.0
88.0
67.O

180.0
1 16.0
108.0

0.352 96.3
0.377 96.6
0.386 96.3

0.427 136.9
0.427 50.2
0.391 136.9
0.391 50.2
0.341 136.9
0.364 50.2
0.404 168.3
0.394 168.3
0.400 168.3
0A25 97.5
0.441 97.5
0.491 97.5
0.623 136.9
0.623 50.2
0.570 136.9
0.570 50.2
0.532 136.9
0.532 s0.2
0.589 168.3
0.576 168.3
0.583 168.3
0.621 97.5
0.643 97.5
0.716 97.5
0.4?5 96.8
0.441 96.8
0.491 96.8
0.621 96.8
0.6,43 96.8
0.716 96.8

0.603 84
0.520 84
0.569 84
0.551 84
0.576 84
0.730 84
0.491 84
0.500 84
0.453 120
0.480 120
0.690 120
0.485 120
0.368 84
0.391 84
0.296 84

1 1 .6 1 .57 0.190
11 .7 1 .57 0.190
11.7 1.57 0.190

16.6 0.00 0.000
6.1 0.00 0.000

16.6 0.00 0.000
6.1 0.00 0.000

16.6 0.00 0.000
6.1 0.00 0.000

20.4 0.00 0.000
20.4 0.00 0.000
20.4 0.00 0.000
11.8 0.00 0.000
11.8 0.00 0.000
11.8 0.00 0.000
14.5 0.00 0.000
5.3 0.00 0.000

14.5 0.00 0.000
5.3 0.00 0.000

14.5 0.00 0.000
5.3 0.00 0.000

17.8 0.00 0.000
17.8 0.00 0.000
17.8 0.00 0.000
10.3 0.00 0.000
10.3 0.00 0.000
10.3 0.00 0.000
11.7 1.57 0.190
11 .7 1 .57 0.190
11 .7 1 .57 0.190
10.2 1.57 0.167
10.2 1.57 0.167
10.2 1.57 0.167

12.0 0.000 0.000
12.0 0.400 0.057
12.O 0.800 0.1 14
12.0 0.000 0.000
12.0 0.400 0.057
12.0 0.800 0.1 14
12.0 1.500 0.214
12.0 0.000 0.000
17.1 0.200 0.029
17.1 0.400 0.057
17 .1 0.800 0.1 1 4
17.1 1.500 0.214
12.0 0.000 0.000
12.O 0.400 0.057
12.O 0.800 0.1 14

277.3 0.9703
264.6 0.8845
259.5 0.8846

515.2 1 .1779
628.1 0.9414
544.3 1 . t352
665.6 0.9713
568.8 0.7524
697.6 0.6612
478.9 0.8753
484.5 0.9107
481 .4 0.9077
599.4 0.9606
586.3 1.0236
549.4 1.0042
521 .3 0.9949
615.4 0.8496
549.2 0.9805
646.8 0.8426
572.6 0.8401
660.6 0.7616
479.1 0.8431
484.1 1.1029
4t|1 .3 0.9812
593.5 0.9667
580.9 0.9420
545.2 0.8217
248.0 1.0852
241 .5 0.9598
224.3 1.0521
275.5 0.9614
269.5 0.8106
251 .4 1.1143

268.1 1 ,0184
21't.2 0.9993
139.7 0.9235
275.3 0.9591
188.4 1 .0349
122.1 0.8844
88.3 0.9967

285.8 1 .0148
213.6 0.9409
168.1 0.8031
92.2 0.9547
70.2 0.95¿13

192.9 0.9333
134.0 0.8659
126.3 0.8551
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

Author Col.

Desig.
Steel

Profile

4""

in-2

A.

-2tn--
^rs
i n.2

Vol'met'
Ratio

Long.
Beinf,

bh
in. in.

Morino
et al.
(1s84)

Roik
Mangerig
(1s87)

Roik
Schwal'r
(1 s88)

A4-90
B+90
c4-90
D+90
A&90
B&90
c8-90
D8-90

7
I
o

10

11

12

v102
v1 11

v't12
v1 13

v121
v122
v123

6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30
6.30 6.30

11.81 1 1.81

11.81 11.81
11.81 11.81
11.81 11.81

11.81 11.81
11.81 11.81

11.02 11.02
11.02 1 1.02
11.02 11.02
11.02 11.02
11.02 11.02
11.O2 11.O2

11.O2 11.02

H10Ox100x6x8
H10Ox10Ox6xB
H10Ox100x6x8
H10Ox10Ox6xB
H10Ox100x6x8
H1 O0xl 00x6x8
Hl0Ox10t<6x8
H10Ox1@x6x8

HE2OOB

HE2OOB

HE2OOB

HE2OOB

HE2OOB

HE2OOB

HEl60A
HEl60A
HE160A
HE160A
HE12OB
HE12OB

HE12OB

4€mm 3.45
4-6mm 3.45
4€mm 3.45
4-6mm 3.45
4-6mm 3.45
4$mm 3.45
4€mm 3.45
4€mm 3.45

4r12mm 12.11
Ç12mm '12.11

4-12mm 12.11

S12mm 12.11

4-12mm 12.11

Ç12mm 12.11

4-14mm 6.01
4-28mm 6.01
¿t-28mm 6.01
¿l-28mm 6.01

428mm 5.27
ul-28mm 5.27
Ç28mm 5.27

0.14 0.00258
0.14 0.00258
0.14 0.00258
0.14 0.00258
0.14 0.00258
0.14 0.00258
0.14 0.00258
o.14 0.00258

o.70 0.00293
o.70 0.00293
0.70 0.00293
0.70 0.00293
0.70 0.00293
o.70 0.00293

0.95 0.00283
3.82 0.00283
3.82 0.00283
3.82 0.00283
3.82 0.00283
3.82 0.00283
3.82 0.00283

36.08
36.08
36.08
36.08
36.08
36.08
36.08
36.08

126.69
126.69
126.69
126.69
126.69
126.69

114.55
111.69
111.69
111.69
112.43
112.43
1't2.43

r - Volumetric ratio for tansverse reinforcement

2(b' + d) A

b'd's

b'- outside width of transverse reinforcement
d'- outside depth of transverse reinforcement
A - area of bar
s - spacing of reinforcing
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Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

Col.
Desig.

I.,
.4tn-

I.
-lltn-

1..
.t,tn.

PrsFy

web

f'c I'c
Fy Col. Water Fy p"o

flange Stored Stored Reinf.

Morino
et al.
(1984)

Roik
Mangerig
(1se7)

Boik
Schwal'r
(1 s88)

A4-90
B4-90
c4-90
D4-90
A8-90
B8-90
æ90
D&90

7
I
o

10
11

12

v102
v1 11

v112
v1 13
v121
v122
v123

3060
3393
3379
3074
4872
4829
3567
332'l

6570
6570
6570
6570
6570
6570

5956
601 5
601 5
601 5
601 5
601 5
601 5

3.22 127j6 0.83
3.2. 127.16 0.83
3.22 127.16 0.83
3.22 127.16 0.83
3.?2 127.16 0.83
3.22 127.16 0.83
3.22 1?7.16 0.83
3.22 127.16 0.83

48.05 1556.66 1 6.99
48.05 1556.66 16.99
4€!.05 1556.66 1 6.99
48.05 1556.66 16.99
48.05 1556.66 16.99
48.05 1556.66 16.99

1 4.80 1197 .25 18.55
14.80 1150.57 65.23
14.80 1 150.57 65.23
14.80 1150.57 65.23
7.æ 1157.73 65.23
7.64 1157.73 65.23
7.64 1157.73 65.23

52055 42485
50750 41615
45675 44660
52055 42485
53360 43935
53070 45095
53s05 44æ5
53360 43790

39150 39150
39150 39150
39150 39150
39150 39150
39150 39150
39150 39150

44515 44515
43529 43529
43529 43529
43529 43529
34757 34757
34757 34757
34757 34757

56115 0.0870 0.0036
561 15 0.0870 0.0036
561 15 0.0870 0.0036
561 15 0.0870 0.0036
561 15 0.0870 0.0036
561 15 0.0870 0.0036
561 15 0.0870 0.0036
561 15 0.0870 0.0036

60900 0.0868 0.0050
60900 0.0868 0.0050
60900 0.0868 0.0050
60900 0.0868 0.0050
60900 0.0868 0.0050
60900 0.0868 0.0050

60900 0.0495 0.0079
60900 0.0495 0.0314
60900 0.0495 0.0314
60900 0.0495 0.03't 4
60900 0.0434 0.0314
60900 0.0434 0.0314
60900 0.0434 0.0314



303
Table A3 - Specimen Configuration for Columns Bending About the Minor Axis

continued

Strength
Hatio

Tested Theor.
Sfength Strength

2 2/h e elh
in. in.

Author Col.
Desig,

of'ss yss

" c

Morino
et al.
(1s84)

Roik
Mangerig
(1s87)

Roik
Schwal'r
(1 s88)

A4-90
B+90
c4-90
D+90
A8-90
88-90
c8-90
D&90

7
I
9
10
11

12

v1 02
v1 11

v112
v1 13
v121
v't22
v123

113.0
83.6
61 .7
46.4

77.4
59.5
39.7
30.3

1 023.1
502.0
824.6
410.9
455.0
223.9

252.2
394.9
565.9

1032.8
256.1
182.9
345.4

1.481 36.4
1.302 90,9
1 .177 136.4
1.474 181 .9
0.953 36.4
0.957 90.9
1.305 136.4
1 .399 181 .9

0.517 1 I 8.1

0.517 1 18.1

0.51 7 196.9
0.517 196.9
0.517 315.0
0.517 315.0

0.370 139.2
0.358 139.2
0.358 139.2
0.358 139.2
0.251 139.2
0.251 139.2
0.251 139.2

5.8 1.575 0.250
14.4 1.575 0.250
21.7 1 .575 0.250
28.9 1.575 0.250
5.8 2.953 0.469

14.4 2.953 0.469
21 .7 2.953 0.469
28.9 2.953 0.469

1 0.0 1 ,1 81 0.1 00
10.0 3.#ì 0.300
16.7 1.181 0.100
16.7 3.543 0.300
26.7 1.181 0,100
26.7 3.5€ 0.300

12.6 3.937 0.357
12.6 3.937 0.357
12.6 2.362 0.214
12.6 0.000 0.000
't2.6 6.299 0.571
12.6 7.874 0.714
12.6 3.937 0.357

88.4 1.2791
69.1 1.2090
52.4 1.1773
37.1 1.2502
66.7 1.1608
53.7 1 .1068
36.8 1.0779
28.2 1.0759

218.5 269.5
789.0 1,2967
406.4 1.2352
587.6 1.4034
316.3 1.2989
334.8 1.3588
206.8 1.0827

236.3 1.0674
347 .9 1 .1 351
478.7 1.1822

1069.1 0.9660
237.7 1.0772
196.6 0.9305
333.2 1.0367

NoTE : For e/h = inf., strength is given ín kip-ft ( 1 kip-ft = 1.35ó kN-m).

For atl other vatues o'f e/h, the strength is shown in kips ( 1 kip = 4.448 kN).

b = width of the concrete cross-section parrattel to the axìs of bending,'

h = depth of the concrete cross-section perpendicular to the axis of bending.

The term fy." *"* taken as the web yietd strength for computing the p."fy.r/frc ratio.

The strain-hardening of both steets ras inctr¡ded in the anatysis,


