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Abstract

We study two related topics about orderable groups. First, we investigate a type of order-
preserving isomorphism of free groups to study the bi-orderability of group extensions. We
give a sufficient condition ensuring these isomorphisms are order-preserving. As an applica-
tion, we answer a question of Kin and Rolfsen affirmatively. Second, we study generalized
torsion elements in amalgams of groups. Our main theorem gives a sufficient condition en-
suring an amalgam to be free of generalized torsion. As an application of the main theorem,
we construct groups that are generalized torsion free and not left-orderable, solving problem

16.48 (on Page 98) of The Kourovka Notebook.



Acknowledgements

I am extremely grateful to my wife Ann and my son Danny; without their
support, I even wouldn’t have moved to Canada. I want to express my sincere
gratitude to Adam for all his guidance and assistance. He is not only a great
advisor, but also a cool friend and a good neighbor. Basically, this project
wouldn’t be possible without him.

I would also like to thank my friends Friedemann Brock, Fei Qi and Richard
Stanley for writing recommendation letters in support of my application to
this PhD program. I am especially grateful to Richard for his ongoing sup-
port of my research. 1 thank Michele Triestino and Yash Lodha for their
insightful discussions on the generalized torsion problem, which contributed

to my understanding of the topic.

BB HIRIR SRR, BN IRR B EMMHE I - B FECE:, RITEE)57, B, EEM
FRN, HRFDREEEXNTTHZMIENR . FRHZENBE, REER,BHAER
PEEEREET -



Table of Contents

[Acknowledgements| . . . . . . . . ...

1st of Figures| . . . . . L Lo e e e

(1__Introduction|

3.2  Ordered bases, modules, and order-preserving homomorphisms| . . . . . . ... ...

[3.3  Order-preserving automorphisms of free groups| . . . . . . . . . .. . ... ... ...

3.4  The fundamental group ot the magic manifold is bi-orderablel . . . . . . . ... ...

[4 Generalized Torsions in Amalgams|

4.1 Introduction to amalgams| . . . . . . . . . . .. ...

4.2 Some results about products in amalgams| . . . . . . ... o000 oL

10

16
17
18
21
33
33



4.3 Taming products of conjugates| . . . . . . . . . .. ... o 42

4.4 Generalized torsion in amalgams| . . . . . ... ... o 000000 51
4.5 Some corollaries of the main theorems . . . . . . . .. . ... ... .. .. ... 57
4.6  Examples, and an analog of a theorem of Bergman| . . . . . . .. ... ... ... .. 62

[5 A group which is GTF and non-LO)| 65
[5.1  The construction of a GTF and non-LO group| . .. ... .. ... .. ... ..... 65
E2 TheRTF-mnessof CTin Al . . . . . . . ... o 68
[5.3  Left-first product and origin of components| . . . . . ... ... .. 81
b.4  Multi-malnormality of C'in A . . . . . . . ... 84
[5.4.1  Almost reduced form and standard form of conjugates| . . . . . . . . .. ... 85

[5.4.2  Products of conjugates|. . . . . . .. ... 90

[5.4.3  Proot of multi-malnormality ot C|. . . . . . .. ... ... ... .. ... .. 91

6 Conclusion| 99



List of Figures

[1.1  Containing Relations| . . . . . . . . . . . . ... o

4.1  Commutative Diagram For Amalgams| . . . . . . ... ... ... ... ... .....




Chapter 1

Introduction

A left-ordering of a group G is a strict total order < on G, such that it is invariant under left
multiplication; i.e., a < b implies that ca < ¢b for all a,b,c € G. Similarly, a right-ordering of a
group is a total order invariant under right multiplication. If a left-ordering is also a right ordering,
we call it a bi-ordering. A group is said to be left-orderable (respectively, right-orderable,
bi-orderable) if it has a left-ordering (respectively, right-ordering, bi-ordering). For a total order
< of a group G, we define a total order <’ by declaring z <’ y < z~! < y~!. We can then verify
that (<’)" is < and that < is a left-ordering if and only if <’ is a right-ordering. Ergo, a group
is left-orderable precisely when it’s right-orderable. So we only consider left-orderings. We now
move on to the contents of this thesis. We explain what each chapter is about, the corresponding
background, and how our research is related to the works of others.

The goal of Chapter [2| is to prepare some known results about orderability, providing the
foundation for the following chapters.

In Chapter |3] we study our first topic: the order-preserving automorphisms of free groups.
In [23], the authors proved that complements of certain fibered knots in S® have bi-orderable
fundamental groups. This initiated the research in this line. Let G be a group and ¢ : G — G be a
group automorphism. If there is a bi-ordering < of G such that a < bif and only if p(a) < ¢(b) for all

a,b € G, we say that ¢ is order-preserving, that < is invariant under ¢, and that ¢ preserves
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Figure 1.1: Containing Relations

<. For example, all the inner automorphisms of a bi-orderable group are order-preserving. In
[18], a specific automorphism of the free group with three generators was considered; Kin and
Rolfsen asked whether this automorphism is order-preserving, which is equivalent to whether the
fundamental group of the so-called magic manifold is bi-orderable. We prove that the answer to
the question of Kin and Rolfsen is positive (see Proposition , as an application of Theorem
which ensures a type of automorphism of free groups is order-preserving.

In Chapter [4, we study the second topic: generalized torsion in amalgam. A torsion element
of a group G is a nontrivial element g in G whose order is finite; i.e., g is a torsion element if g # 1
and ¢" = 1 for an integer n > 2. We write g for the conjugate h~'gh. A generalized torsion
element (also called a generalized torsion) of a group G is a nontrivial element g in G such that
a product of conjugates of g is trivial; i.e., g" g™ --- g =1 for some hq,...,h, € G. A group
without torsion elements (respectively, generalized torsion elements) is said to be torsion-free
(respectively, generalized torsion-free). We use the short form LO, BO, TF and GTF for the
words left-orderable, bi-orderable, torsion-free and generalized torsion-free, respectively. Denote by
{BO},{LO},{TF} and {GTF} the set of groups which are BO, LO, TF and GTF respectively.
We have containment relations given by Figure (See Section for proofs).

Clearly, we also know that {BO} C {T'F'} from the other known relations. The only unknown
containment was whether {GT'F'} is contained in {LO}. In fact, this is Problem 16.48 on Page 98 of
The Kourovka Notebook [20]. This is also Problem 2.1 of [5]. We conjectured that there is a group
which is GTF and non-LO and we tried to construct such an example. One idea is to construct

a group from some “smaller” known groups, for example, using tools such as direct products or



exact sequences. However, we found that these tools don’t work (see Remark . Thus we
turn to the amalgams of groups and this is why we study generalized torsions in amalgams. As a
result, we are able to give a sufficient condition ensuring an amalgam of two groups is GTF and
this result—Theorem [£.4.6]—is the main result of this chapter. As an application of this theorem,
we give an analog—Corollary of a result of George Bergman [3]. As another application of
this theorem, Adam Clay proves in [6] that there exists a 3-manifold group which is GTF and not
bi-orderable, resolving a conjecture of Motegi and Teragaito (Conjecture 1.1 of [21]). We want to
remark that a lot of work has been done related to/towards this conjecture. For example, it was
proved in [25] that the knot group of any negative twist knot has generalized torsion, and then in
[26], the author further proved the existence of generalized torsion in some other manifold groups;
generalized torsions of fundamental groups of hyperbolic manifolds are studied in [15].

The last chapter—Chapter is to construct a group that is GTF and not left-orderable (see
Theorem , thus solving the Kourovka Notebook problem. This gives yet another application
of Theorem [4.4.6], thus can be seen as part of the second topic. We put it in a separate chapter since
this part is bulky and the proof is quite combinatorial, which possesses a different taste from the
contents in Chapter 4, We remark that there have been a number of investigations into generalized
torsion in recent years, not necessarily directly related to manifold groups or group orderability.
For example, a key result in [I4] is that in a free product of torsion-free groups, every generalized
torsion element is conjugate into a factor group. In [I3] the author studied the groups whose
generalized torsion elements are torsion elements. In [2], it is proved that all generalized torsion

elements in FC groups (groups whose conjugate classes are finite) are torsion elements.

1.1 Contribution of authors

Finally, we want to point out that most of the contents of Chapter [3| are taken from [7] and most
of the contents of Chapters {4| and [5 are from [6]. This thesis only contains the contents of which

the author is the main contributor. The following are details of the contribution of Adam Clay, the



author’s advisor.

In 2021, Clay told the author about this GTF and non-LO problem (Problem 16.48 on Page 98
of The Kourovka Notebook [20]) and his observation that the combination of the Chen-Heuer result
[9, Theorem A] and the Ito-Motegi-Teragaito result [14, Theorem 2.4] can be applied to deal with
the hyperbolic elements of the amalgams. Clay also thought that the results coming from studying
amalgam of groups might be used to attack a conjecture of Motegi and Teragaito (Conjecture 1.1 of
[21]). Clay had a lot of discussion with the author, which was especially helpful for the formulation
of Theorem one of the main results of this thesis.

About order-preserving isomorphisms of free groups, Clay had an idea about solving Kin-
Rolfsen’s problem [I8, Question 5.6]. He told the author about it, we did our first computation
about it together, and it looked that his idea would work. The author did more study about it,
gave some definitions and lemmas, and we had more discussions. Finally, the author formulized
and proved Theorem [3.3.7, which is a generalization of a statement that we conjectured after our

first discussion on this topic.



Chapter 2

Some known results in group theory

Let G be a group. A subsemigroup of GG is a subset S of G which is closed under the multiplication
of Gj i.e., ab € S for all a,b € S. Note that the empty set is a subsemigroup of G. A subset S of
G is normal if it’s closed under conjugation; i.e., s € S, g € G implies that s¢ € S. Therefore, a
normal subsemigroup of G may be empty.

Let S be a nonempty set. Then the free group Fg generated by S is the unique group (up to
isomorphism) containing S and satisfying the universal property: for every map f from the set S
to a group G, there is a unique homomorphism ¢ : Fy — G, such that ¢(s) = f(s) for all s € S.
We call the cardinality of .S the rank of the free group Fg. It’s well known that two free groups of
the same rank are isomorphic. Therefore, for a positive integer n, the free groups of rank n are all
isomorphic. Thus, for any set .S whose cardinality is n, we will call Fig the free group of rank n.

The free group Fs can be constructed as follows. Let S~! be the set {s~! | s € S} (of symbols).
We call w = 21 -+ &, with z; € SUS™! and n > 0 a word in S, where we write 1 for this word
when n = 0. If {z;_1,7;} = {s,s71} for an s € S, we consider w = 1 -+ X 2% _1T;Tis1 " T tO
be equal to w’' = x1 - x;_2%;11 - Ty, and say that we simplify the word w by omitting the pair
{zi_1,7;} = {s,57}. A word that cannot be simplified is called a reduced word. The set of Fg
is formed by these words. (Since each word is equal to a reduced word, we can also say that Fyg is

formed by the reduced words.) The product wiws of two words wy = 1 -+ x, and we = y1 - Ym



is defined as their concatenation x1 - - - xpy1 - - - Ym. It can be verified that this defines a group, S is
a subset of Fg, s! is the inverse of s for every s € S, and 1 is the identity element of the group.
For example, let S = {a,b}. Then a = abb~lab and B = b~'a are two elements in Fg; we have
a = aab = a®b, and the product off = a?bb~'a = a®.

Let R be a subset of Fis and N be the normal subgroup of Fg generated by R. We write (S | R)
for the quotient group Fs/N and call it the group generated by S and subjected to the relations R.

When a group G is isomorphic to (S | R), we say G has the presentation (S | R). We are mostly

interested in the case when S = {aj,a2,...,a,} and R = {ry,...,r,} are finite sets. In this case,
we write (ai,ag,...,an | T1,...,7m) or {(a1,a2,...,a, | 11 = 1,...,7, = 1) for the group Fg/N
and call it the group generated by ai,ao,...,a, and subject to the relations r; = 1,...,r, = 1.

Abusing notation, we sometimes use the elements of Fg to represent the elements of the quotient

group Fg/N.
Example 2.0.1. 1. Fy:=(a,b]) is the free group of rank two.

2. Let n be a positive integer. Then H := (a,b | b,a} is (isomorphic to) the cyclic group

(a]a™=1).

3. The group G := {(a,b | ba='ba) is the well-known fundamental group of the Klein bottle. We
have the identity bb® = 1 in G, where we consider a, b as elements in G. (Recall that we write

b® for the conjugate a~'ba.)

4. Let N be the normal subgroup of F, generated by r := ba"'ba; i.e.,
N = {afin a%n | a; € {T7T_1}agi S F27n > O}

Then the group (a,b | ba~'ba) is isomorphic to the quotient group Fy/N.

It is well known that free groups are bi-orderable. (See [28] or its English translation [19].)



2.1 Left-orderable groups

For subsets S, T of a group G, we let St = {97! | g € S} and ST = {gh | g € S,h € T}, called
the inverse of S and the product of S and T, respectively. Let < be a total order on a group G
with the unit element denoted by 1. Let P be the set of elements g in G such that 1 < g. If <
is a left-ordering (respectively, bi-ordering) of group G, then P satisfies the first two properties

(respectively, all the three properties) of the following:

1. PP C P;i.e., P is a sub-semigroup of G;
2. G\{1} = Pu P71 ie, G\{1} is the disjoint union of P and P~!;
3. Pis normal; i.e., g"'Pg C P for all g € G.

We call P the positive cone of G determined by <. We say an element g and its sign is positive
(respectively, negative) (with respect to <) if g > 1 (respectively, g < 1). On the other hand, if
a group G admits the existence of a subset P satisfying the first two properties (respectively, all
these three properties), then g < h <> g~'h € P defines a left-ordering (respectively, bi-ordering)
< of G, such that the positive cone of G determined by < is P. To conclude, this correspondence
gives a bijection between positive cones of G and orderings of G.

Now, we consider two ways of building groups from “smaller” groups.

Lemma 2.1.1. (1) Consider the direct product A = Ay x Ay of two groups Ay and Az. Then A is
LO (respectively, GTF) if and only if both Ay and A are LO (respectively, GTF).

(2) Consider the exact sequence of groups
15 A B A Ay 1. (2.1)

Then A is LO if both A1 and Ay are LO. Also, it’s possible that A is non-GTF when both A1 and

Ay are GTF.

Proof. (1) If Ais LO (respectively, GTF), then A; and A are LO (respectively, GTF), as they are

naturally subgroups of A. If A; and As are both GTF, it’s easy to verify that so is A.



Now if <1 and <» are left-orderings of two groups A; and As, respectively, then the lexicographic
order of A; x Ay defined by declaring (a1,b1) < (az,b2) if a1 <1 a2 or a1 = az and by <3 by is a
left-ordering. This proves that A is LO if both A; and Ay are LO.

(2) Assume that Ay, Ay are left-orderable with positive cones P; and P» respectively. Then it
can be verified that P :=i(Py) U () is a positive cone of A and thus A is left-orderable.

Now we give an example of a group A that is non-GTF while both A; and Ay are GTF. Let
A = {a,b| abab—') be the group generated by a,b and subjected to the relation abab~! = 1. (This
is the well-known fundamental group of the Klein bottle.) Let A; be the subgroup of G' generated
by a, then A; is normal in A and Ay := A/A; is isomorphic to the subgroup (b) of A generated
by b. Then we have the exact sequence . Now A is not GTF as it has a generalized torsion
element a and both the groups A; and Az are GTF as they are both infinite cyclic groups. (They

are both infinite cyclic groups because A is TF, which is shown in in the next subsection.) [

Remark 2.1.2. Now we see that it’s impossible to construct a group that is GTF and non-LO
using the exact sequence (2.1)) or direct product and “smaller groups” which are GTF and LO.

Here the smaller groups are Aj, As and A is the group constructed.

2.2 The known containment relations

In this section, we explain all the previously known relations given by Figure (1.1)). As mentioned
earlier, the only previously unknown relation—whether {GTF'} is contained in {LO}—will be

solved in Chapter [5| by a construction of a group which is GTF and non-LO.
(1) By definition, a BO group is LO and a GTF group is TF.

(2) If a group G is LO, we now show that it is TF.

Let < be a left-ordering of G. Let g € G be nontrivial. Since < is a total order of G, we
have either ¢ > 1 or g < 1. If ¢ > 1, then we have g?> > g by left-multiplying with ¢ and then

similarly ¢ > ¢2, ¢* > ¢® and so on. We thus see that for every n > 1, we have ¢" > 1 by



the transitivity of >. This proves that if g > 1 then g is not a torsion element. Similarly, we
can prove that g is not a torsion element if g < 1. Hence we proved that if G is LO, then G

is TF.

If a group G is BO with a bi-ordering <, we show that it is GTF.

Let ¢ € G be nontrivial. We want to prove that ¢ is not a generalized torsion element.
We can assume that g > 1 without loss of generality. Let hy,...,h, € G. Then we have
hl_lghl -+~h;tgh, > 1 because all these h;lghi are in the positive cone determined by <.
Hence g is not a generalized torsion element of G. Thus, we showed that if G is BO, then G

is GTF.

We now give examples of groups which are LLO, non-BO, TF and non-GTF.

Let m be a nonzero integer. Consider the group G,, defined by the semi-direct product
Gy, = Z[1/m] x Z, where Z[1/m] is the underlying group of the subring of R generated by

7 U {%}, and the multiplication of G,, is given by

(o, )(B,1) = (a+m?B,j+1),Yo, B € Z[1/m], j,1 € Z.

(This semidirect product comes from the homomorphism ¢ : Z — Aut(Z[1/m]), where for

each j € Z, the automorphism ¢(j) of Z[1/m] is defined by ¢(j) : B+ m?j3.)

Remark 2.2.1. It is well known that group G,, is isomorphic to the Baumslag—Solitar
group (a,b | bab~—! = a™), which is usually denoted as BS(1,m); the isomorphism is given

by a — (1,0),b — (0,1). (See e.g. [27, Page 78].)

Define a total order < on G,, by

(a,j) =B, l)ej<lorj=Ila<p,

where both < on the right-hand side (RHS) are the usual order. We can then verify that <

is a right-ordering of G,,, thus G,, is LO (recalling that a group is left-orderable if and only

9



if it is right-orderable) and so Gy, is TF by and it is a bi-ordering if moreover m > 0.
Letting a = (1,0),b = (0, 1), it can be verified that bab~'a=™ = 1. Therefore, if m < 0, a is

a generalized torsion element of GG, and thus G,, is not BO by

Conclusion: G,, with m < 0 are LO, non-BO, TF and non-GTF.

(5) A group which is TF but not LO can be found in Example 1.59 on Page 17 of [L1].

Another TF and non-LO group is given by Example [£.1.2] where we constructed such a
group as the amalgam of two free groups. We remark that the same idea is used to make the

amalgam non-LO in the construction of a GTF and non-LO group in Section [5.1

(6) A group which is GTF but non-BO is given in Subsection m

2.2.1 Mura-Rhemtulla’s GTF but non-BO group

In this subsection, we explain Mura-Rhemtulla’s construction (see [22]) of a generalized torsion
free and non-bi-orderable group. We remark here that we modified the construction a bit: we
simply take B in the following construction to be a free group, while in Mura-Rhemtulla’s original
construction, B is a wreath product. This modification doesn’t change the result that the group
constructed is LO, GTF and non-BO, thus we still call this group Mura-Rhemtulla’s group.
Mura-Rhemtulla’s group G is a semidirect product A x B, where A is a subgroup of R and B
is a free group. We first define A and B, the action of B on A, prove that G is GTF and finally

show that G is not bi-orderable.

Let a = 3+T\/g7 then o~ ! = 3_2‘/5. They are the roots of the polynomial 22 — 3z + 1.

1. Group A = Z[1/2,4/2,a] is the underlying abelian group of the subring of R generated by
{%, V2,a}. Let R = Z[1/2], and view A as the free R-module generated by 1,a,v/2,v/2a.

Letting A; and As be the sub-modules

Ay =Rl+ Ra, Ay =RV2+ RV2a,

10



we see that A = A; @ As. Since multiplication by 2 gives an automorphism of R, we know
that multiplication by V2 gives an isomorphism from A; to As and also one from As to Aj.

Note that multiplication by « gives an automorphism of A; and one of A.
2. The group B is the free group generated by z, y. E|

3. For a = a1 + as with a; € A;, we define the action of x and the action of y by

a® = aVv2 = asV2 + a1V?2, a’ = aja + asat.

This defines the action of B on A. It can be verified directly that the action of yz~!yx is the
identity, hence the normal subgroup N of B generated by yz~lyx acts on A trivially. Note
that all elements in the quotient group B/N = (x,y | yz~'yx) can be written in the form
y'a? with i, j € Z. (Note that again this is the fundamental group of the Klein bottle, and it
is also the Baumslag-Solitar group G_1 using the notation of Remark ) Thus, for every

element g € B, there are i,j € Z such that a9 = a¥'? for all a € A.

4. We now prove that G is GTF. First, note that B is bi-orderable and that the projection
p2 : A X B — B sending (a,b) to b is a surjective homomorphism, so we only need to prove
that no element in A is a generalized torsion element. Assume that a = a1 4+ as # 0, with

a; € A;, is a generalized torsion element of G. Then there are by,...,b, € B (n > 1) such

'In Mura-Rhemtulla’s original construction, B is a wreath product
B = (yyurlz) = Y x (),

where Y = @(m ={f:Z — (y)|f(k) # 1 only for finitely many k},
i€z

and the action of (z) on Y is defined by (z¢- f)(k) = f(k +14). We identify y with the following fy in Y:

Jy k=0
fo(k){l k40,

Then B is generated by x and y and the defining relations are [y"”, yg”j] =1for,j € Z.

11



that

D a* =0 (2.2)

(Here we used that A is abelian.) We can (and do) assume that each b; is of the form y'z’
by [3| Since we can apply a big enough power of = to , we can assume that all these j’s
are positive. Since the action of 22 is the multiplication by 2, we can assume that each by,
is of the form y° or y’x. (For example, we can write a¥®’ = q¥r2 = gV + a¥*.) Considering
these i may be negative or non-negative, we can write the left-hand side (LHS) of as

the sum of the following four terms:

T s t u
ip Jp kp lp
Sl = E ay s SQ = E a? s T1 = E a? ac7 T2 = E ay ac7
p=1 p=1 p=1 p=1

where i,’s and k,’s are non-negative integers, j,’s and [,’s are negative integers, and r, s, t,u

are non-negative integers with r + s+t 4+ u = n. Since a¥ = a1a® 4+ asa™", we have

T
S1 = Z (alofp + aQa_i”) = a1 P (a) + agPi(a™Y),

p=1

where Pi(z) =37 _, x'r is an integer polynomial. Treating So, 71, Ts similarly, we find integer
polynomials P;(x), Py(z), Qi(x) and Q2(x) with non-negative coefficients and at least one

polynomial is nonzero, such that

a1 Py (Oé) + agPl(oz_l) + CL1P2(04_1) + CLQPQ(OZ)

+ (@Q1(a) + a2@1(a™h) + a1Q2(a™) + a2Q2(a)) V2 = 0.

Let P(z) = Pi(z)+ Py(3—x). So P(z) is an integer polynomial and P(a) = P;(a)+ Py(a™t).

Similarly, we let Q(z) = Q1(z) + Q2(3 — z). Now we have, considering the components in A;

12



and AQ,

a1 P(a) + agQ(ofl)\/i =0,

a1Q(a)V2 + azP(a™ ) = 0.
Since a1, as are not both zero, we have

P(a)P(a™") =2Q(a)Q(a™). (2.3)

Now, letting P(a) = a + ba with a,b € Z, we have P(a™!) = a +ba~!. (One way to see this

is that since « is a root of P(z) — a — bx, so is a~!.) Thus we have
P(a)P(a™t) = a® + 3ab + b%.

If a,b are not both zero, then the largest m such that 2™ | P(a)P(a™!) is even. The same
applies to Q(a™1)Q(a). Therefore, by (2.3), we have P(a) = 0 and Q(a) = 0. But this is
impossible, because P(a) = Pi(a) + Py(a™!), Q(a) = Q1(a) + Q2(a™1), these P;, Q; have

1

nonnegative coefficients, with at least one nonzero, and both «, a™" are positive.

. Now we turn to proving that G is not bi-orderable. Assume that G has a bi-ordering <.
Then this bi-ordering restricted to A is invariant under the action of B. Note that A =
Rvy + Rvy + Ruz + Rvy with (v1,v2,v3,v4) = (1,0, v2,v/2) and R = Z[%] Note that the

isomorphisms given by x,y are R-linear maps on A given by

8] u

LR (2.4
1

By Lemma there is a nonzero vector (a1, az, as, aq) in R*, such that for all (21, z2, 3, 24)
in R, a121 + asxs + asxs + agzg > 0 implies that z1v1 + 2ovs + 2303 + 2404 > 0. (The linear

equation a1x1 + asxs + agrs + asxs = 0 defines a so-called hyperplane of R4.) Acting by x on

13



this, we have z1v3+xovs+2x32v1 +2x42v9 > 0, which implies that azz+asz9+2a1x3+ 20014 >
0. Therefore, a1x1 + asxo + azxs + agxy > 0 implies that agzi + agxe + 2a123 + 2a9z4 > 0,

for all (21,2, 23, 74) € R%. Thus we have
(a1,a2,a3,as4) = t(as, as,2a1,2az) (2.5)

for some nonzero t in ]RE| Similarly, acting y on the inequality z1v1 + xove + x3v3 + T4v4 > 0,

we find

(a1,a2,as,a4) = s(az,3az — a1, 3a3 — a4, a3) (2.6)

for some nonzero s in RH By (2.5)), we have a1 = taz = t(2ta;) = 2t%a;. Also, a1 # 0,
because a; = 0 leads to all a; = 0 using and , which can’t happen. Hence 2t = 1.
By , we have a; = sas = 5%(3as — a1) = s?(35 'a; — a1), leading to 1 = 3s — s2. Using
and , we have a1 = say = stas = stsag = sts2tay, thus 2s*t> = 1. But 2t*> = 1 and

1 = 3s — 52, a contradiction.

We now turn to prove the following Lemma [2.2.2] which was used in the proof that the Mura-
Rhemtulla group is non-BO. We remark that this lemma is a well-known result. For example, it
appears in [10] implicitly. A hyperplane H in R™ is a (n — 1)-dimensional subspace of R". If H is

a hyperplane in R”, then there are a1, ...,a, € R, not all zero, such that

H:{(xl’“wxn)eRn\alxl—l—--'+anxn:0}.

2To see this, note that if aiy; +asys +asys +asys = 0 for a (y1, y2, y3,y4) € R*, then Z?Zl a;(yi+55) >0
for all n > 1, hence az(y1 + %) + asa(y2 + 52) + 2a1(y3 + 52) + 2a2(ys + 5*) > 0 and then azys + aqy +
2a1ys + 2a2y4 > 0 by taking the limit n — oo. Then notice that a1x1 + asxs 4+ asrs + agrg4 < 0 implies that
azx1 + asTs + 2a1w3 + 2asw4 < 0, for all (z1,z2, 23, 24) € R Thus similarly, a1y; + asys + azys + asys = 0
implies that azy; +asye+2a1y3+2asys < 0 for all (y1, Y2, y3,y4) € RE. Therefore aiy; +asys+azyz+asys = 0
implies that asy; + aqy2 + 2a1y3 + 2a2y4 = 0. Hence the two hyperplanes must be equal.

3So0, we proved that the vector (aj,as,as,as) given by the bi-ordering is a common eigenvector of the
two 4 X 4 matrices in , both corresponding to nonzero eigenvalues. (In fact, we can show that these
eigenvalues are positive.) It is now an exercise in linear algebra to show that the two matrices don’t have
such common eigenvector. But here we give another argument to find a contradiction.
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Writing H(xz) = ayx1 + - - - + apxy,, we also say that the hyperplane is given by H(x).

Lemma 2.2.2. Let < be a bi-ordering on G = Q", where n is a positive integer. Then there is a
hyperplane given by H(x) = a1x1 + -+ - + apxy, (with a; € R not all zero), such that for all x € Q,

H(x) > 0 (respectively, H(x) < 0) implies x > 0 (respectively, x < 0).

Proof. For P € R™ and r > 0, we denote by B(P,r) the open ball centered at P with radius r in
R™. Let H be the set of points P in R"™, such that for every e > 0, there are z,y € G N B(P,¢),
such that z < 0 and y > 0. Then by Lemma 3.3 of [10], H is a hyperplane in R".

Now let H be given by H(z) = ajx1+- - -+anzy, with a; € R and not all zero. Fix a Py € R™\ H.
Then there is an € > 0 such that elements in Q™ N B(Py,¢€) are all = 0 or all < 0. We can assume
that they are all = 0 as we can replace Py with — Py if necessary. Clearly, B(Fy, €) doesn’t intersect
H and thus we can assume that all P € B(Py,¢) satisfy H(P) > 0. (Because if all H(P) < 0, we
can replace H(x) with —H(x) = —a12 — - -+ — apxp.)

Now assume @ € Q" satisfies H(Q) > 0, we want to prove that @ = 0. There is an € > 0
such that points in B(Q,e) N Q™ are all > 0 or all < 0. We are done if it’s the former. If it’s
the latter, then we consider that for all z in the line segment Py@, there is an e(z) > 0 such that
elements in V,, := B(z, ¢(z)) NQ" are all = 0 or < 0. (This is because H(z) > 0 for all z in PyQ, by
linearity of H and that H(Q) > 0, H(FPy) > 0.) For convenience, we call V,, positive (respectively,
negative) if all its elements are > 0 (respectively, < 0). By the compactness of the line segment,
there are finitely many points z1, ...,z in Po@, such that these V,, cover PyQ). We can then find

a subset {y1,...,y} of {x1,...,xx} such that Vj, is positive, each V}, NV}, , is nonempty and V,,

is negative. Letting ¢ be maximal such that V,,,V,,,...,V,, are positive, we have 1 <¢ <1—1 and
Viyess 1s negative. But Vi, NV, # 0, this is a contradiction.

Similarly, if @ € Q™ satisfies H(Q) < 0, we have @ < 0. O
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Chapter 3

Order preserving automorphisms of

free groups

Now we turn to study order-preserving automorphisms of free groups. The main purpose of this
chapter is to answer a question of Kin and Rolfsen in [I8]. Another purpose of this chapter is to
develop some tools which may be useful in the (desired) construction of GTF but non-LO groups.

Our study is based on the Artin action [I] of the braid groups B,, upon the free group F,, of rank
n, as in [18]. In the course of our investigation, we introduce a new method that may be applied
more generally to establish that an automorphism of a free group preserves some bi-ordering.

The remainder of this chapter is organized as following. In Section[3.I]we define order-preserving
automorphisms and introduce the main result of this chapter. In Section [3.2] we introduce general-
izations of the “positive eigenvalue” condition of [23], and use it to show that certain automorphisms
of infinitely generated abelian groups preserve a bi-ordering. In Section [3.3] we bootstrap this result
to prove our main theorem. In Section [3.4] we apply our main theorem to analyze the Artin action

on F;,, and show that the fundamental group of the magic manifold is bi-orderable.
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3.1 Introduction

First, some definitions are in order. Let ¢ : G — G be an automorphism. If there is a bi-ordering <
of G such that f < g if and only if p(f) < ¢(g) for all f,g € G, we say that ¢ is order-preserving,
that < is invariant under ¢, and that ¢ preserves <.

Our main theorem for showing that an automorphism of a free group ¢ : ' — F' is order-
preserving is the following. We say that an orbit O of a bijection o : I — I is finite (respectively,

infinite) if the cardinality |O| of O is finite (respectively, infinite).

Theorem Let F' be the free group generated by {z; | i € I'} where I is a nonempty set. Let

@ : F'— F be an automorphism satisfying
o(z;) = wixg(i)w;l,w el

where w; € F and o is a bijection on I. Assume that o(ig) = ig for some ig € [ and let h: F — Z
be the homomorphism defined by h(z;,) = 1 and h(x;) = 0 for all j # ig. Assume that for each

finite orbit O of o we have

ged <|O|,Zh(wi)> ~ 1.

€O

Then there exists a bi-ordering of F' invariant under ¢.

One source of automorphisms of F;, having a formula as in Theorem is the Artin action

of B, on F,, [1]. The braid group B, is generated by o1,...,0,_1, subject to the relations:

0i0i110; = 04410041, for 1 <7 <mn -2,

oioj = 00, for |i —j| > 1.

There is an embedding of B,, into the automorphism group of the free group F), on generators

{x1,...,2,}, which yields the Artin action of B,, on F,,. The embedding sends each generator o;
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of B, to the automorphism which acts on each generator x; of F}, according to

.%'i.%'i+1l'i_1 ifj =1
Ty = T; ifj=14+1

x; if j £ 4,0+ 1.

An unanswered question in [I8] was whether the braid 5 = 0%02_ e B yields an automorphism
that preserves a bi-ordering of Fj. This is equivalent to whether the fundamental group of the so-
called “magic manifold” is bi-orderable; the magic manifold is a 3-cusped hyperbolic 3-manifold
conjectured to be of minimal volume. We are able to answer this question in the affirmative using
Theorem m (see Proposition . We also generate some new examples of order-preserving
braids.

3.2 Ordered bases, modules, and order-preserving ho-

momorphisms

Let (S,<) be a set with a strict total ordering and f : S — S be a function. We say that f
preserves the ordering < if a < b implies that f(a) < f(b) for all a,b € S, and in this case we say
that < is invariant under f, and that the function f is order-preserving. Note that our definition
of order-preserving is therefore context-sensitive: a bijection f : § — S from a set S to itself is
order-preserving if there is a strict total ordering < of S preserved by f, whereas an automorphism
¢ : G — G of a group is order-preserving if there is a bi-ordering < of G preserved by .

In what follows, we let R be the ring Z, Q or R, each equipped with its usual ordering. Given
a free R-module M, an ordered basis for M is a pair ({v; | ¢ € I}, <) where {v; | i € I} is a basis

for the R-module M, and < is a strict total ordering of the index set I.

Definition 3.2.1. Given a free R-module M and an ordered basis B = ({v; | i € I},<), the

lexicographic ordering of M associated with B is the bi-ordering <g of the abelian group M
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defined as follows. Given o = ), a;v; € M \ {0}, set i(o) = mins{j € I | a; # 0} and define

0 <g a if only if 0 < a;(q)-

Definition 3.2.2. Let M be a free R-module, f : M — M an R-module homomorphism, and
B = ({vi | i € I},<) an ordered basis for M. We say that f is positively triangular with
respect to B if there is an order-preserving map n : I — I with respect to < such that for each

1€,

where A\i,c;; € R and \; > 0. We say that f is positively triangular if there exists an ordered

basis B such that f is positively triangular with respect to B.

Remark 3.2.3. Note that if M is a finite rank R-module, say with ordered basis B = {vy,...,v,}
where the index set {1,...,n} is equipped with its natural ordering, then f : M — M is positively
triangular with respect to B if and only if f is represented relative to B by an upper triangular

matrix with positive entries on the diagonal.

Lemma 3.2.4. Let M be a free R-module and B = ({v; | i € I}, <) be an ordered basis for M. If
f: M — M is an R-module homomorphism that is positively triangular with respect to B, then f

preserves the bi-ordering <g.

Proof. Suppose f is positively triangular with respect to B and let <, n , A; and ¢; ; be as given in
Definition Recall that if & =), a;u; € M \ {0} then i(a) := min_{j € I | a; # 0}. To check

that <p is invariant under f, assume that o = ), a;v; > 0. We want to prove that f(a) >z 0.
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We have:

Aia) | M@ Unti@y + D Cia) Vi
J=n(i())

+ aj | Mgy + D Cimv
J>i(c) k=n(j)

= Qi@ M) VnGia) + D Carh-
k(i)

To reach the last equality, we have regrouped terms to arrive at new coefficients ¢, , for k - n(i(a)),
where we used the fact that k > n(j) and 7 > i(«) implies k > n(i(«)), as > is invariant under 7.

Since both a;(,) and A;(,) are positive, we conclude that f(a) > 0, as desired. O

Definition 3.2.5. Let B = ({v; | i € I}, <) andC = ({w; | j € J}, <) be ordered bases of R-modules
of M and N respectively. We define the tensor B® C to be the ordered basis ({v; ® w; | (i,7) €
I xJ}, <) of the R-module M @ N, where the total ordering < on I x J is defined lexicographically:

(i,7) < (s,t) ifi <s, ori=s and j<t.

Lemma 3.2.6. Let f : M — M and g: N — N be R-module homomorphisms. Assume that f and
g are positively triangular with respect to ordered bases B and C, respectively. Then the R-module

homomorphism f®g: M @ N — M ® N is positively triangular with respect to B® C.

Proof. Let B= ({v; | i € I},<) and C = ({w; | j € J},<). For f, let n: I — I be as in Definition
3.2.2) and for g, we will use the function ¢ : J — J. Define the map o : I x J — I x J by

o(i,j) = (n(i),£(5)), which clearly preserves the lexicographic ordering < of I x J. Writing u; ;)
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for v; ® wj, we have

(f@9)(ugy) = (f @ g)(vi ®w;) = f(vi) ® g(w;)
= /\ivﬁ(i) + Z ; sVs | & e We (5 + Z bj,twt
s>=n(1) t>£(5)

= Nittjun(ie) T D MibirtinGin
t>£(7)

+ Z Qi,s HjU(s,€(5))
s=n(%)

+ Z ai,sbj,tu(s,t)

s>-1(1),t>€(5)

= NiljUo (i 5) + Z Ci,j,s,tU(s,t)
(s,t)>0(i,)

for some ¢; s+ € R. As A\jpj > 0, f ® g is thus positively triangular with respect to B ® C. O

3.3 Order-preserving automorphisms of free groups

We now aim to build upon the results of the last section, bootstrapping to yield order-preserving
automorphisms of free groups of arbitrary rank. Our first lemma is a generalization of [23] Lemma
4.5], wherein we confirm that the free group F' in that proof need not be finitely generated. The
proof remains largely unchanged, with two exceptions: (1) the summations appearing below over
the variable j are sums of terms drawn from an infinite set (though each summation is still finite),
and (2) equation is demonstrated directly without referring to the Jacobian matrix as in [23].
Despite the changes being minor, we present the proof here for the sake of completeness, and so
that the reader can confirm for themselves that the conclusion of the lemma is independent of the
cardinality of the generating set of F.

We will use a tool from [12], so let’s recall it. Let G be a group and ZG be the group ring of G

over the integers. Let € : ZG — Z be the ring homomorphism defined by €(>°" kigi) = > i1 ki.
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Then a derivation in ZG is a map D : ZG — ZG, such that for all u,v € ZG
D(u+v) =D(u)+ D(v), D(u-v)=Du-€e)+u-D).

To give the setup of the lemma, we consider G to be a free group F' generated by {z; | i € J},
where J is not necessarily finite (unlike [23, Lemma 4.5]). By the theorem in Page 550 of [12], for
each ¢ € J, there is a derivation, denoted as D; = 6%2_, in ZF such that D;(z;) = §;; for all j € J.
(Here 6; j is the Kroneker delta function.) Let Fj, be the k-th term of the lower central series of
F, defined by F} = F and Fj1 = [F}, F]. Let H be the abelianization F/[F, F] of F, written
additively. Set I = ker(€), which is an ideal of the ring ZF. For g € F and k € {1,2,...}, we have
g € Fy if and only if g — 1 € I*, by the second sentence of the first paragraph on page 557 of [12].
Therefore, there is an injective homomorphism ¢y, : Fy./Fpr1 — I¥/I*!, sending [g] to [g — 1],

where the square brackets are to be interpreted as equivalence classes in the appropriate quotient.

Lemma 3.3.1. A basis of I* /I is

{[(Zjl_l)”'(zjk_l)]‘jl;---,jkEJ}.

Proof. This generates the group because of the Taylor expansion formula (3.3) in [12]. To prove
that it is Z-independent, we use the fact that D;, --- D;, ((25, —1) - - (2j,—1 — 1)) # 0 if and only if

(i1, -.,ig) = (J1,---,Jk), which can easily be proved by induction. O

Hence, we can define a Z-module isomorphism iy, : I*/IT*+1 — H®F by
in([(zjy = 1) (2, = D)) = a5, © -~ ® ay,,

where a; := [2;] is the image of z; in H. Moreover, there is an injective Z-module homomorphism

jx from H®* to (H ® R)*, given by

e ® - ®ap) = (@1 ®1)® - @ (ap ®1),Vay,...,a, € H.
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Lemma 3.3.2. For every automorphism ¢ : F — F and every positive integer k, the following
diagram commutes:
Jk

ik

Flc/Fk+1 L Ik/IkJrl H®k (H ® R)®k

J@k J% Jso?b’“ J(wab ® Id)®F
" . ‘

Fio/Frpg ——— [F/ph+l ", ek (H @ R)®*

where the vertical maps are induced from .

Proof. 1t is easy to check that the first rectangle and the last rectangle are commutative, because all
the maps involved are canonical. Therefore, we focus on the commutativity of the middle rectangle.
Given a := [(zj, — 1)+ (zj, — 1)] € I*/I**1 it is enough to prove that i (¢}, (@) = 5 (if,()) for
all such a.

First, ¢}(a) = [(p(zj,) — 1)+ (¢(25,) — 1)]. To simplify the notation, we write D¢(w) for

€(Dj(w)) (w € ZF). Using the Taylor expansion formula (3.3) in [I2] again, we have
olei) =1 = 3 Dol ) = 1)+ 002

where O(2) is a term in I?. We compute

in(¢h(e) = ix [ZDO ZDO z))(z = 1)) (3.1)
ZD ©(25,)) ZDO ©o(25,.))
[ZDO ©(z5,)) } . {ZDO ©o(zj,)) }

23



Second, we have

SOt?bk (lk(a)) = ‘P?bk (ajl X ® a’jk) (3'2)
= ‘Pab(ah) X ‘Pab(ajk)

= [p(2j,)] ® - @ [p(25,)]-

Comparing (3.1) and (3.2)), we only need to prove that for w € F', we have

[w] = Z Df(w)z; (3-3)

in H. But this is true, because D;?(w) is the sum of the exponents of z; that appear in w, and

recall that we write the operation in H additively. O

We are now ready to prove the main result of this section, which by Remark [3.2.3] is a gen-
eralization of [23] Theorem 2.6] from finitely generated free groups to free groups of arbitrary

rank.

Proposition 3.3.3. Let F be a free group, ¢ : F — F be an automorphism, set H := F/[F, F],
and let pqp : H — H be the automorphism induced by ¢. If pop @ Id: H QR — H @ R is positively

triangular, then there is a bi-ordering < on F' which is invariant under .

Proof. Let k be an arbitrary positive integer. Let F}, be the k-th term in the lower central series of F'
and ¢y, : Fy,/Fy+1 — Fj/Fky1 be the automorphism induced by . By Lemma (Qap @ Id)®F
(H®R)®* — (H ® R)®* is positively triangular. By Lemma there is a bi-ordering <) of
(H ® R)®* which is invariant under (pq, ® Id)®*.

By Lemma the ordering <j,€ can be used to define a bi-ordering <j, of Fj/F}41 that is
invariant under ¢g. The ordering is defined by declaring that for a,b € Fy/Fjy+1, we have a <y b if
and only if jk (i (Vr(a))) <j Jr(ix(r (b))

Finally, we use these orderings < (kK = 1,2,...) to define a bi-ordering < on F. It is known

that N2, F}, = {1}, thus for a # 1 in F' there is the largest k, denoted as k(a), such that a € Fj.
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Then we define a > 1 if and only if [a] >4 q) 1 in Fjy(q)/Fi(a)+1, where [a] indicates the equivalence
class in the quotient Fy,) /Fk(a)+1 which contains a. This defines a bi-ordering of F' and it is

invariant under ¢ by construction. O

Proposition [3.3.3 tells us that for automorphisms ¢ of a free group F, a sufficient condition for
¢ to be order-preserving is that ¢, ® Id is positively triangular. However, this condition is not
a necessary condition for ¢ to be order-preserving. We will see in Example that there exist

homomorphisms ¢ such that ¢g; ® Id is not positively triangular, but ¢ is still order-preserving.

Remark 3.3.4. Let ¢ be an automorphism of a free group F and set H = F/[F,F]. If g : H - H
is positively triangular, then ¢, ® Id : H ® R — H ® R is positively triangular. However, the
reverse is not true, and it is for this reason that we insist @, @ Id: H @ R — H ® R be positively
triangular in Proposition [3.3.3]

As an example of this behavior, let I’ be the free group generated by x1,x2. Let ¢ be the

automorphism of F' given by

o(x1) = 2225 and @(x9) = 2297120,
Writing the abelian group H = F/[F, F] additively and the cosets of z; and x9 as T7 and T3
respectively, @, sends T1 to 2T1 + T2 and T3 to 371 + 2T3 respectively. The matrix of yq, ® Id :
H®R — H®R is therefore A = [?3] with eigenvalues 2 + /3. Hence, ¢ : H — H is not
positively triangular, whereas @, ® Id : H®R — H ®R is positively triangular because the matrix
A is diagonalizable over R. Note that the map ¢ is thus order-preserving by Proposition we
can explicitly define a bi-ordering on H ® R which is invariant under pq,;, ® Id: T1® a+7T3®b > 0

ifandonlyifa+b\/§>0for a,beR.

We can check that the construction of < in the proof of Proposition [3.3:3] doesn’t depend on the
homomorphism ¢, and instead depends only on the underlying choice of ordered basis. In fact, the
ordering is constructed as in our next definition, where involves Definition Definition
and the diagram in Lemma [3.3.2
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Definition 3.3.5. Let F' be a free group and B be an ordered basis of (F'/[F, F])®@R. Let <j denote

the ordering of Fy./Fj11 defined by a <j b if and only if

Jr(ik(Yr(a))) <ger Ji(ir(Yr(b))). (3.4)

Let < be the bi-ordering of F induced by the orderings <y as in the proof of Proposition[3.3.3. We

call < the bi-ordering of F' associated with B and denote it by <g.

We can thus, upon reviewing the proof, give a version of Proposition that makes explicit

the invariant bi-ordering.

Theorem 3.3.6. Let F be a free group and B be an ordered basis of (F/[F,F]) ®R. Let <g be the

bi-ordering of F' associated with B. If ¢ : F' — F is an automorphism such that
Cap @ Id : (F/[F,F]) @R — (F/[F,F]) @R

is positively triangular with respect to B, then <g is invariant under ¢.

As an application of Theorem we are now ready to prove Theorem [3.3.7] our main result

from the introduction.

Theorem 3.3.7. Let F be the free group generated by {x; | i € I} where I is a nonempty set.

Suppose that ¢ : F' — F is an automorphism satisfying
o(:) = wiz,w; ', Vi € I,

where w; € F and o is a bijection on I. Assume that o fixes ig € I. Define the homomorphism
h:F —Z by h(zi,) =1 and h(xz;) =0 for all j # ig. Assume that for each finite orbit O of o, we

have

ged (|O|,Zh(w,~)> =1.

€O

Then there exists a bi-ordering of F' invariant under ¢.
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Proof. Let K be the kernel of h. We see that ¢(K) = K and thus the restriction ¢|x is an
automorphism of K. Let ¢ : I — F be the conjugation o — xioole-_ol. Similarly, we can verify
that 1|k is an automorphism on K. We now proceed in two steps.

First, we assume that there is a bi-ordering < on K which is invariant under both ¢|x and
¥|k. Under this assumption, we now show that the lexicographic left-ordering on F' coming from

the short exact sequence

15 K5 F 550

is in fact a bi-ordering invariant under . Here, 7 is the inclusion of K in F. The positive cone of

F is defined to be
Pr = i(Px)Uh™Y(Z=o) = Pk U{a € F, | h(a) > 0},

where Py is the positive cone of K corresponding to <. To verify that it gives a bi-ordering, we
only need to verify that a:fOPKxi_ok = Py for all k € Z. This is true because J:iOPKxi_Ol =¢Y|x(Pk) =
Pr as < is invariant under ¢|x. To verify that it is invariant under ¢, we want to show that
©(Pr) C Pp. This is true, because ¢(Pk) = ¢|k(Px) = Pk using that <y is invariant under ¢|x;
and if a € F satisfies h(a) > 0, then we have h(p(a)) = h(a) > 0.

So, to prove the theorem it suffices to prove that there is a bi-ordering on K which is invariant

under both ¢|x and 9|k, which is our second step in the proof.

It can be shown that K has a free basis:
{x{omm;oj lie I\{ig},j € Z} .

For o € K, we write @ for the image of « in the quotient H := K/[K, K], which is the abelianization

of K. Then H is a free abelian group and

B = {A;; |i € \{io},j € Z} with A;; == 2] 22,7 (3.5)

10
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is a basis of H. By Theorem [3.3.6] and the second sentence of Remark [3.3.4] we only need to prove
that there is an ordered basis B of H, such that (¢|x)ap and (1| )ap are positively triangular with

respect to B. We proceed with the following sub-steps:

1. Claim: For the abelianization (¢|x)qp of ¢|x on H, i € I and j € Z, we have

(¢l )ab(Aij) = As(i) j+h(w:)- (3.6)

Proof of claim: Note that we have x A; jz; " = A; j1r, and that for k # 4o we have Ty = Ay o
and therefore Q?ZAM:UI;T = A; j since H is abelian. Therefore, for o € F, we have a4, ja=! =

Aj j1h(a)- Now for the abelianization (¢[x)a of p|ix on H, i € I\{ig} and j € Z, we have

(PlK)ab(Asj) = <p(xgoxix;)j)

= (wioxiowi_ol)jwiAa(i),Owi_l(wiowiowi_ol)_j

= Ao(i),j+h(w;)-

O
2. For each infinite orbit O of o, we define Vp; € H for t € O x Z as the following:
Voi = Vo,uj) = Aij for t = (i,j) € O x Z.
We have, for t = (i,7) € O X Z,
WlK)a(Vor) = (Wlk)a(Aij) = Aijr1 = Vo i j+1)s (3.7)
(plx)ab(Vor) = (¢li)ab(Aig) = As(i) jtnw) = VO (i), j+h(w:)- (3.8)

3. For each finite orbit O which is not equal to the orbit {ig}, we define Voo € H for ¢t € Z as

follows:
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We fix a tuple (ki,...,k,) such that O = {ki,...,k.} with r = |O|, o(k;) = kiq1 for
1 <i<r—1ando(k) = Fki. Let ho =Y ;_; h(wy,). Note that ged(hp,r) = 1 by the
assumption. Let y; = Zlgjgz‘—l —h(wg;) for i = 1,2,...,7. (Then we have, for example,
y1 =0, yp — h(wy,.) = —he.) Since ged(hp,r) = 1, given t € Z, there is a unique i = i(t) €
{1,2,...,7} and a unique j = j(t) € Z such that ¢t = r(y; +j) +iho. Define amap k : Z — O
by k(t) = ki). Now, let

Vot = Vo ritiytihe = Akij = Ak, = Ak ) € H. (3.9)

Note that the map Ep : Z — O x Z given by t — (k(t),j(t)) is a bijection.

. Claim: For a finite orbit O we have, for t € Z,

WlK)a(Vor) = Vool (3.10)

(elx)as(Vo) = Vo,ithes (3.11)

where ho =) .. h(w;).

Proof of claim. Fix an arbitrary ¢t € Z. We have t = r(y; + j) + itho where y;, i = i(t) and
J = j(t) were defined in (3). By (3.9)), we have Vo ; = Ay, ;.

Thus we find

(WK)ab(Vor) = v(Ax, ;) = Ak, jr1 = Vourr = Vo410

proving (3.10).
To prove (3.11)), we note that

(elx)as(Vor) = (¢lx)ab( Ak, 5)- (3.12)

We have the following, by (3.6)) and recalling the definition of y;:
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(a) If 1 <i(t) <r—1, (3.12)) is equal to

Akz‘+1,j+h(wki) = Voﬂ“(j+h(wki)+yi+1)+(i+1)ho = Vo.itho

as desired.

(b) If i(t) =r, (3.12)) is equal to

Aky jh(uwr,) = YO r(+h(w)+m)+ho = YOt+ho

as desired.

5. Define an ordered basis of H.

Let O(o) be the set of orbits of ¢ which are not equal to {ig}. For a finite orbit O, we let

wu(O) = Z. For an infinite orbit O, we let p(O) = O x Z. Then

B = {VoulO € 0(0),t € u(O)}

is a basis of H. To see this, let us check that B’ = 9B, the latter being the basis of H given
by . First, it is easy to check that B’ C B by definition. Now, let 4; ; € B and we want
to show A; ; € B’. Consider two cases. For the first case, suppose i is contained in an infinite
orbit O. Then (i, j) € u(O) = O x Z and thus A; ; = Vi (; j) is in B'. For the second case,
suppose i is contained in a finite orbit O distinct from {ip}. Recall that En(t) = (k(t),j(t))
is a bijection from Z to O x Z. Hence, there is a unique t € Z, such that k(t) =i and j(t) = j.

Now we have Vo = Ap) ju) = Aij, thus A;; is contained in B’.

We now define a total order < on the index set

T:={(0,1)] O € O0),t € u(O)}.
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First, let <’ be an arbitrary total order of O(c). Second, we define an ordering < on each
w(O). If O is finite, < is the usual order on p(O) = Z. When O is infinite, let (i, 7), (¢, j') €
w(O) = O x Z. We write (i,5) < (i,5') if and only if i’ € {o*(i) | k > 1} or (i',§") €
{7+ k) [k =1}

The order < is defined lexicographically: (O,t) < (O’,¢) if and only if O <’ O or O = O’

and ¢ <t in u(O). Now set B = (B, <), which is an ordered basis of H.

6. Last, we check that both (¢|x). and (¢¥|x)ep are positively triangular with respect to B.

This essentially follows from (3.7), (3.8), (3.10) and (3.11)). The details are as follows.

First, define n: Z — 7 by

(0,(a(i),7 + h(w;))) if |O] =00 and t = (i,7) € O X Z;
n(0,t) =
(O,t+ ho) if |O] <ooand t € Z.

We can then verify that n preserves the order <. Therefore, (¢|x)qp is positively triangular

with respect to B by (3.8]) and (3.11)).

Second, define ( : Z — 7 by

(0,(,7+1)) if|O]=occand t=(i,5) € O x Z;
¢(0,1) =
(0,t+10]) if |O] < oo and t € Z.

We can verify that ¢ preserves the order <. Therefore, (¢|rx)qp is positively triangular with

respect to B by (3.7) and (3.10)).

O]

Theorem says that if an automorphism as in the statement of the theorem satisfies the
coprime condition: ged(hp,|O|) = 1 for each finite orbit O of o, then the automorphism preserves a

bi-ordering of the free group. If we replace this coprime condition with the (weaker) non-vanishing
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condition: hp # 0 for each finite orbit of o with |O| > 2, we can still prove that the automorphism
preserves a left-ordering.

The proof of this fact remains almost the same; the major change is the definition of Vo, € H
for t € Z and each finite orbit O of o, which is given by the following. Assume that O = {ki,...,k,}
with r = |O|, o(k;) = kiy1 for 1 <i <r—1. If r =1, we just define Vo = Ay, + € H, where t € Z.
Now consider r > 2. For each ¢t € Z, there are unique integers i = i(t),j = j(t),m = m(t) (by the

Euclidean algorithm) such that

t=(mr+j)ho+iwith0<i<|ho|—1,1<j<rmeZ

Then we define

Vo = Ak, m®ho+hp+it)s It € L,

where h; := Zl<p<j_1 h(wy,) for j = 1,2,...,r. We then verify that the constructed bi-ordering

on K is still invariant under ¢ and that the left-ordering from the exact sequence is invariant under

@Y.

Example 3.3.8. Consider the free group F' with basis {z1, 22,23} and ¢ : FF — F given by
T — xgxgzcgl,:vz — xgzlegl,xg — x3. With ig = 3 we see hp = 2 for the orbit O = {1,2}, and

so ¢ preserves a left-ordering, although it clearly does not preserve a bi-ordering.

Example 3.3.9. Theorem [3.3.7] gives us an example of an automorphism ¢ on a free group F
which is order-preserving but ., ® Id is not positively triangular on F/[F, F] ® R. For instance,

let F' be the free group with basis {x1, z2, 23} and let ¢ be the automorphism of F' defined by

T — $3$2$§1,$2 — X1, T3 — T3.

Then ¢ is order-preserving by Theorem |3.3.7] However, ¢, ® Id is not positively triangular on
F/IF,F]®R.

To see this, suppose that @, @ Id: F/[F,F]®@ R — F/[F,F] ® R is positively triangular, then
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by Lemma ©ap @ Id preserves a bi-ordering on F/[F, F]®@R. But this is impossible as ¢, ® Id

swaps the two elements T ® 1 and 73 ® 1.

3.4 The fundamental group of the magic manifold is

bi-orderable

Recall from the introduction that the braid group B, is generated by o1,...,0,_1 subject to
0i0i+10; = 0410041 for 1 < i < n —2, and 0y0; = oj0; for [i — j| > 1. Also recall that the
Artin action of B,, on Fj, is determined by the following action of the generators o; of B,, on the
generators x; of F;:

xixiﬂx;l ifj=1

Tt =9 @ ifj=i+1
xj if j #4,i+1.
We will call a braid § € B,, order-preserving if its action on F, induces an order-preserving

automorphism F — F.

3.4.1 Minimal volume 3-manifolds

In [18], the authors initiated a study of bi-orderability of the fundamental groups of minimal
volume cusped hyperbolic 3-manifolds. For such manifolds, they determined whether or not the
fundamental group is bi-orderable for all examples with five or fewer cusps, with one exception.
The fundamental group of a three-cusped manifold, called the “magic manifold”, could not be

addressed by the techniques of [I§].
Proposition 3.4.1. The fundamental group of the magic manifold is bi-orderable.

Proof. By [18], Section 5.5], the fundamental group of the magic manifold is bi-orderable if and

only if the braid ofo, 1 is order-preserving. Let Fy denote the free group on generators x1, zs, x3.
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One can verify that oo, Uinduces a map ¢ : Fy — F3 given by

o(z1) = :clasgxlxglel, o(xe) = xw;;:cfl, o(zs) = xgl:zgxg,

the underlying permutation o is the transposition (2 3).
In order to apply Theorem we define h : F5 — Z by h(xz1) = 1,h(z2) = 0,h(x3) = 0.
Observe that o has a single orbit O = {2, 3} that does not contain 1, and that hp = h(x;)+h(z3') =

1. Since ged(2,1) = 1, the braid 0%02_ Lis order-preserving. ]

This resolves [I8, Question 5.6] in the affirmative. Moreover, from the proof, we see that the
braid 8 = o0y, Lis order-preserving. Note that multiplication of this by o3 does not change the
underlying permutation, and also does not alter the value of hy in the above discussion. The same
is true of multiplication by o5 2 Therefore, the braid a%ogn_l is also order-preserving. On the

other hand, a%agn, being a pure braid, is also order-preserving. Therefore, we have the following.

Theorem 3.4.2. For every integer n, the braid o3o% is order-preserving.

We note that it was shown by Johnson, Scherich and Turner that the braids Ulagkﬂ

are not
order-preserving for any integer k [I7]. Such 3-braids have underlying permutation a single cycle.
On the other hand, Jonathan and Le recently proved that there exist order-preserving braids whose

permutation is a single cycle [16].
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Chapter 4

Generalized Torsions in Amalgams

The goal of the remainder of this thesis is to solve Problem 16.48 on Page 98 of The Kourovka
Notebook [20]: Does there exist a group which is generalized torsion free (GTF) but not left-
orderable? We conjectured that the answer is positive and we will construct such a group in
Chapter [5l Our example uses the amalgam G = A x¢ B of two groups A and B, amalgamated by
a common subgroup C. In this chapter, we study the generalized torsions in amalgams. The main
result of this chapter is Theorem [4.4.6] which gives a sufficient condition ensuring an amalgam be
GTF. This theorem will be used in Chapter [5]in our construction of the amalgam which is GTF

and non-LO.

4.1 Introduction to amalgams

We refer to Serre’s book [24] for definitions and notations about amalgams of groups. Let G;
(¢ € I) be a collection of groups, C' be a group and for each j € I, and i; : C — G; be an
injective homomorphism. By Proposition 1 on Page 1 of [24], there is a unique group G E] and
homomorphisms f : C' = G, f; : G; — G with f = f; o4; for all j € I such that the universal

property is satisfied: if there is a group H, homomorphisms h : ¢ — H and h; : G; — H with

Lup to isomorphism, of course
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Figure 4.1: Commutative Diagram For Amalgams

h = hjoi; for all j € I, then there is a unique homomorphism g : G — H such that go f = h
and g o f; = h; for all j € I (see the commutative diagram in Figure . Furthermore, the
homomorphisms f and f; (j € I) are injective, by Theorem 1 on Page 3 of [24]. Therefore, we
can (and do) view C as a common subgroup of G; (j € I) and each G; as a subgroup of G. We
denote by G = *¢G; this unique group associated with (C,{Gj,i;|j € I}), and call it the free
product of G; (i € I) amalgamated by (their common subgroup) C. When there is no risk of
confusion, we also call G = x¢G; the amalgam of G; (i € I), without specifying the common
subgroup amalgamated.

In the next chapter, we will focus on the amalgam of two groups; i.e., we will mostly consider
I = {1,2} (and C a common subgroup of G; and G2). In this case, we write the amalgam as
G = G ¢ Go. If C is the trivial subgroup {1}, we denote this as G * G2 and call it the free
product of G; and Gy. For example, the free group G = (a,b |) is the free product (a |) = (b |).
Another scenario we consider quite often is as follows. Let C' and D be subgroups of G; and G,
respectively. Assume that ¢ : C' — D is an isomorphism. Let i1 be the inclusion of C into G;. Let
1o = ip o ¢, where ip is the inclusion of D into GGo. Then i1, 49 are injective homomorphisms from
C to G1 and G respectively. Now we write the amalgam associated with (C,{G;,4;]j € {1,2}})
as G = (1 x4 Ga, and call it the free product of G; and G2 amalgamated by ¢. By the proof

of Proposition 1 on Page 1 of [24], we know that if G; has presentation G; = (S;|R;), then the
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amalgam has presentation

G1 *g Gy = <Sl L Sg’Rl L Ry L {C_1¢(C)|C € C}>

Note that the unions are disjoint unions. We give an example to further explain this.

Example 4.1.1. If G; = Gy = A, then the amalgam is written as G = A x¢c A. Now let’s say A is
the free group (a,b |) and C is the subgroup of A generated by {ab, a?b=2}. To write A xc A using
generators and relations, we let B = (c,d |) and D be the subgroup of B generated by {cd, c?d—2}.
Note that D and B are “copies” of C' and A, respectively, in the sense that the isomorphism
® : A — B defined by ®(a) = ¢, ®(b) = d restricted to C' gives an isomorphism ¢ := ®|¢ from C to

D. Now A x¢ A can be written as follows:

Axg B = {(a,b,c,d|ab = cd, a2 = *d~?).

This amalgam will be mentioned again (see Example .

Let us return to the definition of amalgams. Recall that we view C and G; as subgroups of G.
By Theorem 1 on Page 3 of [24], every element g € G can be written as g = cg1g2 - - - gn with n > 0,
ce€ C and g; € G;;\C satisfying i; # ;1 for j =1,2,...,n—1, and the index vector (i1, ..., i)
is uniquely determined by g. (The index vector is empty () when g isin C.) We say g = cg192- - gn
is an alternating product, each g; is a component of g and that the jth component of g is
from G;; (and from G;;\C). We define the length of g to be [(g) = n. For example, I(g) = 0
(respectively, I(g) = 1) if and only if g € C' (respectively, g € U;e;G;\C). Note that when I(g) > 1,
we can require the “c” in the alternating product ¢ = cgig2--- g, to be the unit element 1 and
thus write g in the form g = g1¢o - - - g». Also note that by the uniqueness of index vectors, we have
G;NG; =C forall i,j € I with ¢ # j.

Given a tuple (¢1,...,9n) with g; € G, we say that (g1,...,9,) is reduced if I(g1---gn) =
I(g1) + -+ 1(gn).- When no confusion will arise from doing so, we will simply say that g; - - - g, is

a reduced product (of n terms) and make no reference to the underlying tuple. If g1 g2 is a reduced

37



product, we say that g; (respectively, g2) is a left factor (respectively, right factor) of g1 g2. Note
that in the case that I(g;) > 1 for alli = 2,...,n — 1, the product gy - - - g, is reduced if and only if
1(gigi+1) = 1(gi) + 1(gix1) for all i with 1 <¢ <n —1.

For g,h € G, write g as an alternating product g = cxy, ---x1 with ¢ € C and write h =
Y1 - - - Ynd, where y; - - -y, is an alternating product (with {(y;) = 1) and d € C. Denote by K (g, h)
the maximum k > 0 such that xp---z1y1 -+ - yr € C; we call K(g, h) the cancellation number of
the product gh. Note that if g is written as another alternating product g = 'z}, - - -z} (with ¢ € C),
then by the uniqueness of index vectors we have m = k and that for every 7 with 1 <17 < m, there

is an ¢; € C such that z; - - -z = ;2" - -

L---x). Similarly, if we write h in another form h =y - - - y/d’

where y] - - -y, is an alternating product (with I(y;) = 1) and d’ € C, we have | = n and for each
i with 1 <4 < n, there is an d; € C such that y; ---y; = ¢} ---yld;. Therefore, the cancellation
number K (g, h) depends only on g and h, and not how the alternating products are written.

To end this section, let’s see how to use amalgams to construct groups which are torsion-free
and non-LO. We remark that we use the same idea to construct a non-LO group in Chapter [5| The
only difference is that we want the group there to be GTF as well, not just TF, and that’s why the

construction there is more complicated than the next example.

Example 4.1.2. Consider the free groups A = (a,b |) and B = (c,d |). Let C be the subgroup
of A generated by {ai,...,as}, where ai,...,ag are ab, a®b?, a®b®, a*b*, a®b=>, a6, a"b77,
a®b~8, respectively. Similarly, let D be the subgroup of B generated by {81,532, ..,0s}, where
Bi,...,Bs are cd, 2d2, ¢3d3, c=4d™4, Ad°, Bd0, ¢ 7d", ¢c8d~® respectively. Then ¢ : o; — S
(i=1,2,...,8) defines an isomorphism from C' to D.

Claim: The amalgam G = A x4 B is torsion-free and non-LO.

Proof. Since it’s well-known that free groups are torsion-free (and in fact generalized torsion free),
G is torsion-free by Corollary 2 on Page 6 of [24]. E|

To show that it’s non-LO, we assume that < is a left-ordering of G. Recall that we say an

2Tt is also easy to prove this from scratch, only using the uniqueness of the index vector of elements in
amalgams.
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element ¢ and its sign are positive (respectively, negative) if g > 1 (respectively, g < 1). Note that
a,b (respectively, ¢, d) are nontrivial in G as they are nontrivial in A (respectively, B). Thus, each

of a, b, c,d is either positive or negative. There are two cases to consider:

1. If a, b have the same sign, then «aq, as, ag, g have the same signﬂ Note that there is at least
one negative and one positive among 31, B2, 83, 84, no matter what the signs of ¢, d are. This

contradicts that o; = 3; for i =1,2,3,4 in G.

2. If a,b have different signs, then as,ag, a7, ag have the same sign. Note that there is at
least one negative and one positive among s, B, 87, 8s. This contradicts that a; = 3; for

1=25,...,8in G.

4.2 Some results about products in amalgams

In this section, we prepare some results which will be used in the next section. Let G = x¢G;
(i € I) be an amalgam of groups. If g € G has index vector (i1,...,i,) and n > 1, then we call iy
(respectively, i, ) the left-end (respectively, right-end) index of g, denoted as LEI(g) (respectively,
REI(g)). Note that LEI(g) and REI(g) are undefined if g € C.

Given a tuple (g1,...,9n) where g € G for k = 1,...,n with at least one l(gx) > 1, let ¢
(respectively, j) be the minimal (respectively, maximal) index such that I(g;) > 1 (respectively,
l(gj) > 1). If LEI(g91---9n) = LEI(g;) (vespectively, REI(g1---gn) = REI(g;)), we say the
tuple (g1,...,9n) is left end-preserving (respectively, right end-preserving). We say the tuple
is end-preserving if it is both left end-preserving and right end-preserving. As in the case of
reduced products, we will sometimes make no reference to the underlying tuple, and instead write

that g7 ---gn is left or right end-preserving, when no confusion arises from doing so. Note that,

3This is because in LO groups, products of positive (respectively, negative) elements are positive (respec-
tively, negative).
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by definition, I(g; ---gn) > 1 if the tuple (g1,...,9,) is either left end-preserving or right end-
preserving.

For the definitions of reduced products and end-preserving products, we will often bracket a
product to indicate the underlying tuple. As an example, if we say the product g1 - - - g, is reduced,
this means that the tuple (gi, ..., gn) is reduced; whereas if we say that the product (g1g2)g3 - - - gn is
reduced, we mean that the tuple (g192, 93, .., gn) is reduced. We now give an example to illustrate
the necessity of doing this. Consider the amalgam (a |) * (b |). Let g1 = a,g92 = a~'b, g3 = b~ la.

Then g19293 and g1 (g2g3) are end-preserving but (g192)gs is not left end-preserving.
Lemma 4.2.1. Let o, € G and k = K(a, B).
(1) If (o) > 0, then the product a8 is left end-preserving if and only if k < ().

(2) Assume that af is left end-preserving and 1 is a left factor of B. Also assume that l(a)) > 0

or (1) > 0. Then afy is left end-preserving.

Proof. First, we prove (1). As it is clearly true if I(5) = 0, we assume that I(5) > 0. Write
Q@ = Ty---x1 and B = y1 -y, as alternating products, so k < m and k < n. Also, we have

c =z -xy1- -y € C for all ¢ with 1 <7 < k. Consider two cases.

(i) k> l(a). We then have k = m < n. If k = m = n, then af = ¢, € C and thus af is not left
end-preserving. On the other hand, if K = m < n, then af = ¢nYm+1 - - - yn. Because y,,, and

Ym+1 have different indices and z,, and y,, have the same index (as ¢;—1, ¢m = TimCm—1Ym €

(), we have LEI(af3) # LEI(«), and thus the product a3 is not left end-preserving.

(ii) k < (). Then af is equal to one of the following alternating products

T+ Tt 2 (Tha 1CRYE+1)Yk+2 -+ Yn OF Ty -+ Lot 2 (T 1C1 ) Ykt1 * * * Uns

where the brackets are used to indicate a single component of the alternating product. This

shows that the product o/ is left end-preserving.
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Now we prove (2). If I(o) = 0, then {(51) > 0 and af; is (left) end-preserving by definition.

Otherwise, the claim follows from (1) as we have K(«, 1) < K(«, ). O

We remark there is an analog to Lemma concerning right end-preserving, cancellation
numbers and right factors. We only state one of the two versions of this result, as the other version
can be deduced easily from the one provided and/or proved similarly. Note that this situation
happens several times later, and this occurs quite frequently in Chapter

The next result, which follows from Lemma will (only) be used in the proof of Theorem
b.2.13

Corollary 4.2.2. Let ay,9; € G, n > 1. Consider the following product

T = goa1g100292 - - * A Gn.

Assume that for each i € {1,2,...,n— 1}, we have

K(.gz,‘—l,Qaiagi) + K(gi,ai+1g§+171) <I(gi) —2 (4.1)

for every right factor 91{71,2 of gi—1 and every left factor g£+1,1 of giv1. Then T # 1.

Proof. For each i € {1,2,...,n — 1}, let I; (respectively, r;) be the maximum of K(ggfmai,gi)
(respectively, K (gi, ait+19, ;1)) for all right factors g;_; 5 of g;—1 (vespectively, left factors g;,, ; of
gi+1)- Note that we have [; +r; < (g;) — 2 by . Now, for each i € {1,2,...,n — 1}, we write
gi = gi1gi2 as a reduced product such that I(g;1) = 1; + 1, so l(gi2) > i + 1. Also, let go2 = go
and gn1 = gn. Now by Lemma gi—1,20;9;.1 (respectively, g; aciy16i+1,1) is right (respectively,
left) end-preserving for all ¢ € {1,2,...,n — 1}. Then the following product is reduced and thus

nontrivial

T .= (9004191,1) (91,2a292,1) T (gn72,2anflgnfl,1) (gn71,2angn) .
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The next result is about the relation between cancellation numbers and right factors. It will
(only) be used in the proof of Lemma which assists in proving Proposition the main

result of Section

Lemma 4.2.3. Assume that K(«a, ) = 1(8) and v is a right factor of a3. Then there is a right

factor ao of a such that v = anf.

Proof. First, there is a reduced product o = o}, such that a48 = 1. Hence a8 = o). Now 7 is
a right factor of o, thus we can write o) as a reduced product of = 1. Letting ag = o, we
have o = o/jaly = y170ly, = y109, all being reduced products. Thus, as is a right factor of « and we

have v = 1 = ya4 8 = a2 f3, as desired. O

4.3 Taming products of conjugates

To study generalized torsion, we need to investigate products of conjugates, which may involve
lots of cancellations and be hard to control. In this section, we introduce the techniques which are
essential in taming the product of conjugates.

The setup of this section is as follows. We let G = %¢G; be an amalgam of groups and
consider the tuple v = ((t1,91),---, (tn, gn)), where n > 1, ¢;, g; € G, and the associated product of
conjugates T' = C1Cy - - - C},, where C; = tfi. For convenience of notation, we set tg = t,4+1 = go =

In+1 = 1.

We first make the following definitions to aid in our analysis of products of conjugates.

Definition 4.3.1. Given ¢ with 1 < i < n, we say that t; is cancellable if at least one of the

following is true:

1. t; is cancellable from LHS, meaning that there exists a right factor R;—_1 of gi—1 such that

Ri_19; 't; € C;

2. t; is cancellable from RHS, meaning that there exists a left factor L1 of gi__fl such that

tigiLiy1 € C;
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3. t; 1s cancellable two-sidedly, meaning that there exists a right factor R;—1 of gi—1 and a left

factor Li1q of gijrll such that Ri_ltfiLiH eC.

Lemma 4.3.2. Fiz an i with 1 < i < n. Assume that I(t;) > 1 and the product gi_ltz-gi 18

reduced. If t; is cancellable from LHS (respectively, RHS), then 1(g;—1C;) < l(gi—1) (respectively,

WginC;Y) < U(gitr))-

Proof. Assume that ¢; is cancellable from LHS. Then we can write g;_1 = L;_1R;_1 as a reduced
product, such that ¢; := Ri_lgi_lti € C. With Ri__llci = gi_lti, we have [(R;—1) = l(gi_l) +U(t;) >

1(g:), using that g; 't;g; is reduced and I(¢;) > 0. Now we have, as desired,

1(gi—1C;) = l(Li—1Ri—19; 'tig:) = l(Li—1¢:g;)

< l(Ll_l) +0+ l(gl) < l(Lz—l) + l(Rl_l) = l(gi—l)-

The case when t; is cancellable from RHS can be treated similarly. We write g;_ll =Liy1 R

as a reduced product such that d; := t;g;L;+1 € C. Then I(L;1+1) > I(g;) and
Wgi1C 1) = 1(Cigiy) = Ug; "tigilivaRiva) = Ug; "diRiv1) < U(Lia) + U(Riv1) = U(git)-

O]

One trick we use to tame the products of conjugates is to notice that C;_;C; = C;C/_,, where
Cl_, = Cﬁl = tfi‘llci. This gives a glimpse into the role of the next result, which is to assist in

the proof of Theorem a key result of Section [.4]

Proposition 4.3.3. Fiz an i with 1 <i <n. Let g ; = 9i+1C; 1 and gl = gi—1C;. Assume that
the product gi_lt,;gi is reduced and 1(t;) > 1. Also assume that t; is cancellable, 1(g;, 1) > 1(gi+1)

and 1(g;_,) > U1(gi—1). Then l(g,_y) = U(gi—1) > l(g:) and I(g}, 1) = l(gi+1) > U(gi)-

Proof. By Lemma|.3.2) we know that ¢; is not cancellable from LHS or RHS, hence it is cancellable

two-sidedly; i.e., we can write g;_1 = L;_1R; 1 and g;rll = L;41R;+1 as reduced products, such
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that ¢; := R;—1C;L;11 € C. Now we have

Here,

U(Ri—1) =UCiLiy1),  U(Lit1) = URi1C)), (4.2)

U(Ci) <U(Ri—1) +1(Lit1). (4.3)

the inequality follows by considering the length of C; = Ri__llciLi_ _:1.

Next, we proceed as follows:

(1)

(3)

We prove that l(CZLZ+1) == l(LZJrl) and l(szlcl) == l(lel)

We only prove the first equality, as the second one follows from the first one and (4.2). First,

suppose that [(C;Li+1) < l(Li+1). Then we have
W(gi71) = UCiLiy1Ri11) < UCiLit1) + U(Riy1) < WLig1) + URit1) = Ugit),

contradicting the assumptions of the lemma. Second, if [(C;L;+1) > I(Lit1), then we deduce

I(Ri—1) > I(R;—1C;) from (4.2]). Adding I(L;—1) to both sides, we find
I(gi—1) = U(Li—1) + W(Ri—1) > I(Li—1) + l(Ri—1Ci) > (Li—1Ri—1Ci) = 1(g; 1),

again a contradiction. This finishes the proof that [(C;L;y1) = I(Li11).

We have, using
Ugi_y) = ULi—1Ri—1Cy) <U(Li—1) + L(Ri—1C;) = I(Li—1) + U (Ri—1) = 1(gi—1)-

From this and our assumptions, it follows that I(g;_;) = I(g;—1). Similarly, we have (g} ;) =

1(git1)-

Combining (42) and (4.3)), we find that I(R;—1) = l(Li+1) > 31(C;).
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(4) Note that I(C;) = 2(g;) + I(t;). Applying the result of [(3)] we have
1
(Ci) = Ugi) + SUt:) > Uga),

as [(t;) > 1. Similarly, I(gi+1) > 1(g:)-
O

Our key result is that the length of the product t{'---¢5" is bounded below by n when
((t1,91)y- -, (tn,gn)) is tamed (see Definition and Proposition [4.3.8). We first provide two
lemmas which build towards this result.

For each i with 1 < 7 < n, we set r; = l(gi_lgi_l). When r; > 1, we write gi_lgi_l as an
alternating product

1
gi—19; = = €1 €ip;-

Lemma 4.3.4. Fiz an ¢ with 1 < ¢ < n. Assume that gi_ltigi is reduced, I(t;) = 1 and t; is not

cancellable. Let L; be a left factor of gig;rll.
(1) If I(L;) > 1 and (tieit1,1) = 1, then the product t;L; is not reduced.

(2) Assume that t;L; is not reduced. Then l(gig;_ll) > 1, l(tiei+1,1) = 1, and there is a left factor

Li1 of giy such that ejr11 = giLiy1.
(8) The product t;L; is end-preserving.
Proof. (1) This is clear, as e;;1,1 is a left factor of L;.

(2) First, we have [ (gigi__fl) > 1, as otherwise, L; € C' and thus the product ¢;L; is reduced.

Next, since the product t;g; is reduced, we know that either g; € C or g; ¢ C and the product
gig;rll is not left end-preserving and thus K(g;, gijrll) = I(g;) by Lemma By Lemma

there is a left factor L;41 of g;_ll such that e;11,1 = giLiy1.
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Last, let’s show that [(t;e;+1,,) = 1. We only need to rule out two other cases. (i) If
l(tieiy1,1) = 0, then t;9;L;y1 = tieiv11 € C, and thus ¢; is cancellable (from RHS), contra-
dicting the assumption. (ii) If I(tje;41,1) = 2, then ¢; (gig;_ll) is reduced and thus so is t;L;,

contradicting the assumption.

If the product ¢;L; is reduced, it is end-preserving. So we assume that ¢;L; is not re-
duced. Then I(tiei+11) = 1 by (2) and I(L;) > 1. Since L; is a left factor of gigijrll =
€411 €itl,ry,, the right-hand side (RHS) of which is an alternating product, we know

that L; = €411 -+ - €;41,5¢ for some j with 1 < j <r;y; and ¢ € C. Therefore,
tili = (tieir11)eir1,2 - €iv1,4C,

and thus ¢;L; is end-preserving, as (tie;41,1)€it1,2- €i+1,j is an alternating product.

O]

Note that the parallel version of Lemma considers a right factor R;_1 of g;_19, ! with the

other conditions unchanged, and the conclusions are the following.

(1)
(2)

3)

If [(R;—1) > 1 and (e r,t;) = 1, then the product R;_it; is not reduced.

If R;_1t; is not reduced, then l(gi_lgi_l) > 1, l(ejr;t;) = 1, and there is a right factor R,_,

of g;—1 such that e;,, = R;_lgfl.

The product R;_1t; is end-preserving.

Lemma 4.3.5. Fiz an i with 1 < i < n. Suppose gi_ltigi is a reduced product, l(t;) = 1 and t; is

not cancellable. Let L; be a left factor of gigi;ll and R;_1 a right factor of gi,lgfl. Then we have:

(1)
(2)

Proof.

tiLi, Riflti, RifltiLi, (Riflti)Li, Rifl(tiLi) are end—pr@servmg;
Ifl(gig;rll) > 1 and l(tiej+1,1) = 1, then I(Ri—1tieir1,1) = l(Ri—1t;).

(1) We use Lemma (and its “right version”) and proceed in 3 steps.
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(a) First, t;L; and R;_1t; are end-preserving by Lemma M(3)

(b) We prove that R;_1(t;L;) is right end-preserving. By Lemma it suffices to prove
that K(gi—19; L t;L;) = 0. Assuming otherwise, then depending on whether the product

t;L; is reduced or not,
eirti € C or €irti€it1,1 € C, (44)

respectively, where e;111 = g;L;41 for some left factor L;y; of g;rll by Lemma m
Note that t;L; is (left) end-preserving and (g;—1g; 1)(tiLi) is not reduced, thus the
product (g;—19; D)t; is not reduced either. Hence, by Lemma there is a right
factor R, _; of g;—1 such that e;,, = Rgflg; L Plugging the expressions for e;;1,1 and
eir, into , we find R;_lgi_lti e C or R;_lgi_ltigiLiH € C, implying that ¢; is
cancellable, contradicting the assumption. This finishes proving that R;_1(¢;L;) is right
end-preserving.

(c) We now conclude the proof of (1). It follows similarly to (b) that the product (R;—1t;)L;
is left end-preserving. We have R;_1t;L; is right end-preserving because both R;_1(t;L;)
and t;L; are so. Similarly, R;_1t;L; is left end-preserving. So R;_1t;L; is end-preserving,
from which it follows that (R;_1t;)L; is right end-preserving and R;_1(t;L;) is left end-

preserving.

(2) If I(Ri—1) = 0, the equality is clear. Otherwise, since e;,,ti€itr1,1,ti€iv11 ¢ C by (1),

R;_1t;e;y1,1 can be written as one of the following alternating products
ceij o Cir—1(€irti€iv1,1), ceij--eir—1€iy(tieit11),

where ¢ € C' and 1 < j < r;. We can write R;_1t; similarly, with the only difference being
the omission of e;j1,1. We see that if I(e;,,t;) = 1 (respectively, l(e;,,t;) = 2), then both

I(Ri—1tiein) and [(R;_1t;) are equal to r; — j + 1 (respectively, r; — j + 2).
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The following definition will allow us to control products of conjugates in an amalgam.
Definition 4.3.6. We say the tuplev = ((t1,91),- - -, (tn, gn)) is tamed if the following are satisfied:

1 fori=1,...,n,l(t;) =1 and t = gl-_ltigi is a reduced product;

2. fori=1,...,n—1, ifl(gigijrll) =0, then l(titiz1) = 2;

3. no t; is cancellable.
Lemma 4.3.7. Assume that ((t1,91), ..., (tn,gn)) is tamed. Let T; = t{' ---tJ" for 1 <i <n and
To = 1. (Also recall that to = go = 1.) Then for each i with 1 <i <n,

T; = (Ti—19;46:)(6; 'gi—19; "t:)gi (4.5)

is a reduced product (of three terms), where

5 = Gt if 1(gim1g; Y) > 1 and 1(ti—1e;1) = 1,
v 1 otherwise.

Proof. We use Lemma and make induction on i. When i = 1, Ty = 6;(8; *g; 't1)g1 is clearly
a reduced product. Now assume that for ¢ with 1 <i < n, (4.5)) is a reduced product; we will show

that T;11 is also a reduced product of three terms as in (4.5). Consider

Tiv1 = Tig;; \ tiv19i1
= (Ti—lgiilldi)((5i_lgi—1gi_1ti)gig;rllti+1gi+1

= (Ti-19;16:) (07 " gi—19; "ti6i+1) (63119593 1 tit1) Git1 -

We will prove that the last expression is a reduced product, then by combining the first two terms,

Tiv1 = (Tigi_léiﬂ)(5;rllgig;11ti+1)gi+1 is a reduced product, as desired.
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For ease of exposition, write T;11 = 5152535, and T; = S1.5%¢g; with
_ -1 _ -1 -1 S | _ | -1
S1=Ti-19;16i, S2 = 06; gi-19; tidi+1, S3 = 0;19ig; 1ti+1, Sa = gi+1, So = 6; gi-19; ti-

Since ((5{191-,19;1)@5”1 and (5;:191-9;_11)15”1 are end-preserving by M(l), we have [(S2) > 1 and
[(S3) > 1, and thus we only need to show that SiSki1 is reduced for k = 1,2,3. Since 515} is
reduced, Sy = S}0;41 is (left) end-preserving and 1(S5) > 1 by Lemma [4.3.5(1), S5 is reduced.
Since t;11g;+1 is reduced and (5;11 gig;rll)tiH is (right) end-preserving by Lemma (1), S35, is
reduced.

Now we only need to show that S253 is reduced. Since the product So = (5;1gi,1g;1)ti5i+1
is (right) end-preserving and S3 = (57;_+11gigijrll)ti+1 is (left) end-preserving by Lemma m(l), we
only need to show that the product of the rightmost term of Ss which is not in C', and the leftmost

term of S3 which is not in C, is reduced. This is given by analyzing the following possible cases.

1. Assume that l(gigijrll) = 0. In this case, §;11 =1, gl-gijrl1 € C and I(t;t;+1) = 2 by tameness.

So t;tiy1 is reduced, as desired.

2. Assume that l(gigij_ll) > 1 and I(tiei+1,1) = 2. Then d;41 = 1 and ti(gig;rll) is reduced, as

desired.

3. Assume that l(gigi;ll) > 1 and [(tiej+1,1) = 1. In this case, d;41 = e;y1,1. Now consider
two possible cases. (i) If l(gig;rll) > 2, then 6i+1(e;ﬁlgig;~_11) is reduced, as desired. (ii)
If l(gigijrll) = 1, then eijrll’lgig;rll = 1 and we must show that e;;1 1t;41 is reduced. Since
gig;rll = €i+1,1, €i+1,1 is a right factor of gi:_ll or a left factor of g;. But e;41,1 can’t be a left
factor of g;, because t;g; is reduced and t;e;+1.1 is not. Now since gl-jrlltiﬂ is reduced, so is

€i+1,1ti+1, as desired.

The next result plays an indispensable role in the proof of Theorem of Section [4.4]
Proposition 4.3.8. If ((t1,91),- .-, (tn, 9n)) is tamed, then 1(tJ" - -t5") > I(g1) + n + 1(gn)-
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Proof. Let T; = t{" -+ -7 for 1 <4 < n. We will show by induction that
UT;) > U(q1) + i+ U(g;) for all € {1,2,...,n}. (4.6)

We proceed with two steps, using the definition of ¢; from the statement of Lemma [£.3.7]

(1) We prove that I(T;g; *6;41) = 1(Tig; ") for 1 <i<n—1.

This is true if §;41 = 1. Thus, we consider when J;; = €;41,1, meaning that [(t;e;411) =1

and [ (gigz-_jl) > 1. Consider the products
Tig; ' = (Tio19,460)(6; " gicrg; t0), Tigy "0igr = (Tim19;,46:)(6; ' gim19; tieir ).

The first product is reduced by Lemma and so is the second product because ((51-_ 1 9i-19; lti)eHLl
is (left) end-preserving and I(6; *g;—1g; 't;) > 1 by Lemma M(l) Thus it suffices to prove

that l(5flgi,1g;1ti) = l((s;lgi,lg;ltieprm), which holds by Lemma (2)

2) Now we prove (4.6 by induction. It is true when i = 1 since tJ' is reduced. Assume that it
p y 1

is true for T;_1 and consider T;. We have:

(Ty) = UTi-19;4,6:) + 1(5; " gim1g; 'ti) +1(gi)  (by Lemma [£:3.7)
> 1(Ti—19; ) +1+1(g;)  (by[(D)] and Lemma [£.3.5(1))
> U(Ti-1) — U(gi—1) + 1+ 1(gi)
> (Ug1) + (G —1)+1(gi—1)) — U(gi—1) + 1+ 1(g:) (by the inductive hypothesis)

=1(g1) +i+1(g)
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4.4 Generalized torsion in amalgams

The main goal of this section is to derive Theorem which gives a sufficient condition ensuring
that an amalgam of two groups is GTF.

For a subset S of a group G, we denote by NSS;(.S) the normal subsemigroup of G generated
by S; i.e., NSS¢(S) is formed by elements of the form s{'---s* with n > 1, s; € S and g; € G.

Recall that we allow a (normal) subsemigroup to be empty.

Theorem 4.4.1. Consider the amalgam G = A x¢c B of groups A and B, where C' is a common
subgroup of A and B. Let P and @) be normal subsemigroups of A and B, respectively. The following

are equivalent:
(1) PNC=QnNC;
(2) ANNSSG(PUQ) =P and BANSS¢(PUQ) = Q;
(3) CNNSSG(PUQ) =PNQ.

Proof. Note that (2) implies (3) by taking the intersection of terms appearing on LHS of the
equalities in (2), and recalling that AN B = C. To see (3) implies (1), note that with (3) we
have CNP C CNNSSg(PUQ)=PNQ,thus CNPC PNERNC C QNC and then similarly
QNC CPndC,leadingto PNC=QNC.

Thus, we only need to prove that PN C = QN C implies ANNSSg(P U Q) = P, as the proof
of BNNSSg(P U Q) = Q is nearly identical. First, the inclusion A N NSSg(P U Q) D P is clear.
So all that remains is to prove that A NNSSg(PUQ) C P.

To this end, suppose (1) holds and there exists ej' - - efm € A with e; € PU Q, fi € G and
m > 1, and assume that ej’ - --e,]f,g" ¢ P in order to find a contradiction. Let S be the set of
tuples ((s1,h1), ..., (sk, hx)) such that k > 1, s, € PUQ, h; € G and s SZ’“ € A\P. Then S
is nonempty as it contains the tuple ((e1, f1),..., (€ém, fm)). For w = ((s1,h1),...,(sg, hx)) in S,
we associate three non-negative integers to w: NC(w) =k, L(w) = Zle [(h;) and N(w), which is

the number of pairs (¢, j) with 4,5 € {1,...,k} such that i < j and I(h;) < [(h;).
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Choose v = ((t1,91),-- -, (tn,gn)) € S such that (NC(v), L(v), N(v)) is minimal, where the set
N3 is given the lexicographic order: (a1,as,as) < (b1, ba,b3) if a1 < by or a3 = by and ag < by or
a1 = b1,as = be and a3z < bg. We will finish the proof by showing that vy must be tamed. Then by
Proposition [t ---t7") > nand thusn =1 ast]" --- " € A. But then the product ¢J* - - - "
reduces to t{' with [(t]') = 1. As (¢1, 1) is tamed, the product ¢{" is reduced and [(¢;) = 1. Hence
we have t; € A\C and g1 € C, recalling that t{* € A. But this leads to t; € (A\C)N(PUQR) = P\C
and then t{' € P, a contradiction.

We use the minimality of vy and that PN C = @ N C to check that vy is tamed as follows.

(1) We first check that I(t;) = 1 for all i = 1,...,n. Note that in order to check this, we need

only check that ¢; ¢ C for all 4, since ¢; € P U @ already implies I(¢;) < 1.

Assume that t; is in C. Then ¢t; is in PN C = @ N C by the assumption. Consider two

possible cases.

(a) Assume [(g;) > 1. In this case, we can write g; = ¢;z1 - - - &, as an alternating product

with m > 1. Set ¢} = ¢! and g} = x2 - - - Tp,. Observe that ¢, € PUQ, ¢g; € G and
oot =t € A\ P,
so we have

w = ((tlygl)a ceey (tifla gifl)a (t;a g;)a (t’i+1a g’iJrl)a sy (tn,gn)) €s.
But w satisfies NC(w) = NC(vp) and L(w) < L(vg), contradicting the minimality of
V0.
(b) Assume [(g;) = 0. This means g; € C and so we have ¢; :=ty € PNC, ast; € PNC.

Thus we have n > 2. Observe that

!
gu . p9n — 301 p9i-19001 gl
t ty' =11 iy tiyy o tG
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(2)

where g} = gjc;1 for j=i+1,...,n. Now, ¢; € C C A and by assumption ¢{' ---tJ" €
A, it thus follows that ¢J* - - - tfi‘f t?ff - tyr € A. Moreover, ti" - - -tfi‘ll t?fll ctor & P,
because otherwise, since ¢; € P, we have t{' --- " € P, a contradiction. We conclude

that

w = ((t1,01),-- - (tie1, 9i—1), (tit1, Gi1), - - - (tnr G)) € S,
a contradiction since NC(w) < NC(vo).

We now show that each tﬁ” is a reduced product. Fix ¢, and write ¢; = ¢;x1-- -2y, as an
alternating product, and observe that there are two possible ways in which the product ¢*

might fail to be reduced: either t;,z1 € A\C or t;,z; € B\C.

CiT]

In either of these situations, we set t; = ¢;

case that

and g, = 9 -, and argue as in the previous

w = ((tlagl)a B (tiflmgifl)a (t;,g;)a (tiJrl,giJrl)? ) (tnagn)) € Sa

which contradicts the minimality of vg.

Next, we show that if g,gf_&l € C, then l(t;tiy1) = 2.

Assume that ¢; := gig;rll € C. Note that

1 -1
S

<
j i+1

-1
i =t 7 = (it

i1 = Uit )% = ;% with t; = t;t
Now if [(tjti11) < 1, then ¢; and ¢;41 are in the same set P\C or @\ C'. In this case t, € PUQ,
which leads to the existence of a tuple w € § with NC(w) < NC(vp), a contradiction. Hence

[(titi+1) = 2 as desired.

Last, we show that no ¢; is cancellable. Assume that ¢; is cancellable for a fixed ¢ with
1 <i < n. We will find a contradiction using Proposition 4.3.3| and the notations there.

Letting C’]’- = t?j for j =i—1,i4 1, we have C;_1C; = C;C]_, and C;Ciy1 = Cj,C;. Using
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these identities, we rewrite the product Ci - - - C,, and consider the corresponding tuples

wi = ((t1,01)s- - (v i)y (tim1, 1)y (Lit15 Git1)s - -+ s (Eny Gn)),

w; = ((tl)gl)7 ey (ti—la gi—1)7 (ti-i-la g£+1)7 (tl)gl)u sy (tn7gn))

If I(g;_1) < I(gi—1) (respectively, [(g;, 1) < l(gi+1)), then @ > 1, u; € S and L(u;) < L(vo)
(respectively, i < n, w; € S and L(w;) < L(vg)), contradicting the minimality of vy. Therefore
I(gi_1) > Il(gi—1) and I(gj, 1) > I(gi+1). Then i < n, since otherwise t, is cancelable from
LHS (as gn4+1 = 1), implying that I(g}_;) < {(gi—1) by Lemma m a contradiction. Now
w; € S, and I(g; 1) = l(gir1) > 1(gs) by Proposition implying that L(w;) = L(vg) while

N(w;) < N(vp), a contradiction.
O

Proposition 4.4.2. Consider the amalgam G = A x¢ B. Given any subset R C A, there exist

normal subsemigroups P and Q of A and B, respectively, satisfying
() RCP, (2)PNC=QnNC, (3) PCNSSg(R).

Proof. Let R be asubset of A. We first define sets S, Sg) fori € {0,1,2,...}. Let Sg)) = NSSA(R)

and then iteratively define
S =NsSp(SY ne), ST =NSSA(RU (S NC)) fori=0,1,2,... .

Now take P = UizoSfj) and @) = Uizosg). We claim that these sets have the required properties.
First, suppose that g € SX) N C, which is the generating set for Sg). Therefore g € Sg) NnC,
meaning g € SXH) . We already know g € C, so together this gives g € SXH) N C. Now we have
inclusions S’X) NnC C SSH) N C for ¢ > 0, and correspondingly, Sg) C SgH) forall7 > 0. It
follows that SX) - SXH) for all 4 > 0. From these inclusions, it follows that P and () are normal

subsemigroups (of A and B, respectively).
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Now, R C P by construction, so (1) holds.

We now check that PN C = @QNC. Let g € PNC. Then g € S’X)DC for some ¢ > 0, and
therefore g € Sg) N C so that g € QN C. Thus, we have PN C C @ NC. For the other inclusion,
suppose g € Q N C, so that g € S](;) N C for some i > 0. Then clearly g € S’XH) N C, so that
g € PN C. This shows the reverse inclusion so that (2) holds.

Last, observe that Sf) C NSSg(R), which serves as the base case for an induction. Suppose
that 5% C NSSq(R), then 5% N C C NSS¢(R), so that 5% C NSS¢(R). But then RU (S N
C) C NSS¢(R), implying S{™) C NSSg(R). Upon taking the union of all S, we conclude

P C NSS¢(R) and so (3) holds. O

The next result follows immediately by combining Theorem and Proposition It
gives necessary and sufficient conditions which guarantee that an element of A C A ¢ B is a not

a generalized torsion element of G = A x¢ B.

Theorem 4.4.3. Consider an amalgam G = A xc B. Let R be a subset of A\{1}. Then 1 ¢
NSSa(R) if and only if there exist normal subsemigroups P and Q of A and B, respectively, such
that RCP,1¢ P, and PNC=QnNC.

Proof. Suppose there are such P and @, then by Theorem we have ANNSSg(PUQ) = P.
Since 1 € A and 1 ¢ P, we have 1 &€ NSSg(P U Q). Therefore 1 ¢ NSSi(R), as R C P.
On the other hand, assume that 1 ¢ NSSg(R). Then apply Proposition and note that

P C NSSg(R) guarantees that 1 ¢ P. O

While the previous theorem allows us to rule out generalized torsion in G arising from elements

of AU B, we need the following result to deal with other elements in the amalgam.

Definition 4.4.4. ([9]) Let G be a group, and H a subgroup. The subgroup H is called relatively
torsion-free, or RTF for short, if for all g € G\ H and all hy,...,hi, € H (k> 1), we have

ghigha - - - ghy, # 1.
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In the proof below, we use scl(g) to denote the stable commutator length of g. (See [§] for

background on stable commutator length.)

Proposition 4.4.5. Suppose that G = Axc B and suppose that g € G is not conjugate into either

A or B. If C is RTF in both A and B, then g is not a generalized torsion element.

Proof. The usual construction of the Bass-Serre tree associated with the amalgam A % B provides
a tree I" such that the vertex stabilizers of the G-action on I' are precisely the conjugate subgroups
h='Ah, h™'Bh, h € G. Thus, if ¢ € G is not conjugate into either A or B, then ¢ stabilizes no
vertices of I'. Consequently, if C' is RTF in A and B then scl(g) > 1 by [0, Theorem A]. On the
other hand, generalized torsion elements of G' have scl strictly less than % by [14, Theorem 2.4], so

g cannot be generalized torsion. O

As a consequence of Theorem we can give necessary and sufficient conditions that an
amalgam contains no generalized torsion elements that are conjugate into one of the factors; and
sufficient conditions that the amalgam contain no generalized torsion whatsoever. The reader
should note the similarity between the conditions required in the theorem below, and the conditions

required in [4, Theorem A].

Theorem 4.4.6. Let G = Axc B be the free product of groups A and B, amalgamated by a common
subgroup C. Then no element conjugate to an element of AU B is a generalized torsion element of
G if and only if there is a family P; (i € 1) of normal subsemigroups of A and a family Q; (j € J)

of normal subsemigroups of B satisfying the following:
1. A\{l} = U;er P and B\{l} = UjeJQj;

2. For every i € I (respectively, j € J) there is an j € J (respectively, i € I) such that
PNC = Qj NncC.

If moreover C is RTF in both A and B, respectively, then G is GTF.

Proof. First, assume the existence of the two families of normal subsemigroups, and note that it

suffices to prove that no element in AU B is a generalized torsion element. Now for every a € A\{1},
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there exists ¢ € I such that a € P;. Then there exists j € J such that P, N C = @Q; N C. Applying
Theorem with R = {a} we get that 1 ¢ NSSz({a}), which says that a is not a generalized
torsion element in G. Thus, no element in A is a generalized torsion element of GG. Similarly, we
can prove that B contains no generalized torsion of G.

For the converse, we assume that AU B contains no generalized torsion elements of G. Then for
every a € A\{1}, we have 1 ¢ NSS¢({a}). Thus, by Theorem [4.4.3] there are normal subsemigroups
P, and @, of A and B, respectively, such that a« € P,, 1 ¢ P, and P, C = Q, N C. Similarly, for
every b € B\{1}, there are normal subsemigroups @, and P, of B and A respectively, such that
be@,,1¢Q,and P,NC=Q,NC.

Now the families {P, | a € A\{1}}U{P} | b€ B\{1}} and {Q. | a € A\{1}}U{Q} | b € B\{1}}
satisfy the required properties.

The last claim of the theorem now follows from Proposition [4.4.5 O

4.5 Some corollaries of the main theorems

Let A be a group, and recall that a subgroup C of A is malnormal in A if a='Ca N C is the trivial
subgroup {1} for all a € A\C. Put it another way, C' is malnormal in A if and only if for every
c € C\{1} and a € A\C, we have that ¢* € A\C. The first three results in this section, Lemma
Lemma and Corollary are all easily proved from definitions, not requiring the
assistance of theorems from the previous section. The last two results, Corollary and are
consequences of the main theorems of the last section, of which the first one is analog of Lemma
and the second one is the basis of our construction of GTF and non-LO groups in Chapter

We first state a fact about malnormality in amalgams, which is well-known and easy to prove.

Lemma 4.5.1. Let G = Axc B where C is a common subgroup of A and B. Then A is malnormal

in G if and only if C' is malnormal in B.

Proof. Assume that A is malnormal in G. If C' is not malnormal in B, then there is a ¢ € C\{1}

and b € B\C such that ¢ € C. Note that in G, we have AN B = C. Hence, we have c € A\{1}
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and b € G\A and ¢’ € A, which contradicts the malnormality of A in G.
Now assume that C' is malnormal in B. Let a € A\{1} and g € G\ A. We want to show that a9
is not in A. Write g as a reduced product g = dg;, where d € (A\C)U(B\C) and ¢g; € G. Consider

two possible cases.

1. Assume d € B\C. We consider two subcases.

(a) If a € A\C, then a9 = g; 'd~'adg; is a reduced product of 5 terms and thus a9 ¢ A.
(b) If a € C, then a9 = g7 '(a%)g; is a reduced product of 3 terms, with a? € B\C, and

thus a9 & A.

2. If d € A\C, then a? is either in A\C or in C. Moreover, g, ¢ A as g = dg; € A, and thus g;
can be written as a reduced product g; = bgy for some b € B\C and g2 € G, recalling that

dgy is reduced. We consider two subcases.

(a) If a? € A\C, then a9 = g; *(a?)g; is a reduced product of 3 terms. Hence a9 ¢ A as
g1 ¢ A
(b) If a? € C, then a9 = g5 '((a?)®)gs is a reduced product of 3 terms, with (a%)® € B\C,

hence a9 ¢ A follows as well.
O

We now define some analogs of malnormality. They share some similar properties as malnor-

mality and/or will be useful in Chapter [5| for the construction of GTF and non-LO groups.

Definition 4.5.2. Let C be a subgroup of a group A.
(1) We say that C is multi-malnormal in A if for every normal subsemigroup C' of C' with
1 ¢, we have
cfteoctm e A\C, for all ¢; € C' a; € A\C,n > 1.

(2) We say C is strong malnormal in A if for every ¢ € C\{1}, we have

e A\C, for all a; € A\C,n > 1.
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(8) A subgroup C of group A is said to be weakly multi-malnormal in A if for any normal

subsemigroup C" of C' with 1 & C', we have NSS4 (C")NC = C".

The next result tells us that multi-malnormality implies weakly multi-malnormality, and for
subgroups of a GTF group, multi-malnormality implies strong malnormality which implies malnor-

mality.
Lemma 4.5.3. Let C be a subgroup of group A.
(1) If C is strong malnormal in A, then it is malnormal in A.
(2) If C is GTF and multi-malnormal in A, then C is strong malnormal in A.
(3) C is multi-malnormal in A if and only if for any normal subsemigroup C' of C' with 1 ¢ C’,

we have

cftecine A\C, for all ¢; € C',a; € A with at least one a; € A\C.

(4) C is strong malnormal in A if and only if for every ¢ € C\{1}, we have

¢t e A\C, for all a; € A with at least one a; € A\C.

(5) If C' is multi-malnormal in A, then C is weakly multi-malnormal in A.

Proof. (1) This is obvious.

(2) This is clear noticing that for ¢ € C\{1}, the normal subsemigroup C’ of C' generated by ¢

doesn’t contains 1 when C is GTF.

(3) First, the “if” is obvious.

To prove the “only if”, we assume that C' is multi-malnormal in A. We assume that

cl,...,cp € C"and ay, ..., ay € A and that there is an a; € A\C, such that T := ¢{* --- ¢} €
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C. We want to find a contradiction. We can also assume that such n is minimal. By

multi-malnormality, there exists a; € C. Note that we can rewrite:

T = ¢l (e cai_l)c?i AL an = i M ca;_lca“rl cdn = cHiT!
=¢ (e .6y it1 o Cn =G C G Gy G =6

/
i1 Git1 an

. a’ .. .
where aj, = axcj’ and T" = ¢;'...¢;' ' ¢, ... cpn. But now 7" ¢ C' by minimality of n, a

contradiction since 7' = (¢; )% T € C.
(4) This is proved similarly to|(3)| .

(5) Assume that C' is multi-malnormal in A. Let C’ be a normal subsemigroup of C with 1 ¢ C".
We want to prove that NSS4 (C")NC = C’. First, the RHS is clearly contained in the LHS. To

prove the other direction, assume that 7" := ¢{* - - - ¢% with a; € A and ¢; € C’ is contained

in the LHS. Then all a; € C, as otherwise T" is not in C' by . Now T is in C’ by the

normality of C’ in C, as desired.

Combining and of Lemma we have the following result.

Corollary 4.5.4. Assume that a subgroup C of a group A is strong malnormal or multi-malnormal

in A. Then C doesn’t contain a generalized torsion element of A if and only if C is GTF.
The next result is an analog of one direction of Lemma the proof uses Theorem [4.4.1

Corollary 4.5.5. Assume that in the amalgam G = A x¢ B, C is weakly multi-malnormal in B.

Then A is weakly multi-malnormal in G.

Proof. Let A’ be a normal subsemigroup of A with 1 ¢ A’. We want to prove that
ANNSSg(A) = A'.
Let P=A",C"=PNC and Q = NSSp(C’). Then C’ is a normal subsemigroup of C with 1 ¢ C".
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As C' is weakly multi-malnormal in B, we have

QnCc=C"=PnC.

Therefore, by Theorem we have ANNSSq(PUQ) = P. Now we have

ANNSSg(A) = ANNSSg(P) C ANNSSg(PUQ) =P = A,

from which the desired equality follows as the other direction is clear.

O]

Note that the trivial group {1} is malnormal and weakly multi-malnormal in every group.
Therefore, in every free product A x B of two groups, the factor group A is malnormal and weakly
multi-malnormal.

Our construction of GTF and non-LO groups in Chapter [5| is based on the next result. Note
that by of Lemma m if we replace the weakly multi-malnormal condition by the stronger

multi-malnormal condition in Corollary its conclusion still holds.

Corollary 4.5.6. Consider the amalgam G = A x¢ B, where both A and B are GTF groups. If C

is RTF and weakly multi-malnormal in both A and B, then G is GTF.

Proof. We only need to find two families of normal subsemigroups satisfying the conditions in
Theorem First, for a € A\{1}, let N, = NSS4({a}) and M, = NSSp(N, N C). Note that
1¢& N, as A is GTF, thus 1 is not in C’ := N, N C which is a normal subsemigroup of C'. Hence
we have

M,NC =NSSg(C'YnC =C"=N,NnC,

and thus 1 ¢ M, as 1€ N,NC and 1 € C.
Second, for every b € B\{1}, let N; = NSSp({b}) and M] = NSS4(N; N C)). Then similarly,
1¢ N}, MinC =N/NC and 1 ¢ Mj.

61



Last, we define the families of normal subsemigroups of A and B

Fa={Na|a€ A{1}}U{M;|be B\{1}},

Fp={M, |a€ A\{1}} U{N}|be B\{1}}.

These two families satisfy the two conditions in Theorem O

4.6 Examples, and an analog of a theorem of Bergman

Using Theorem [4.4.6] it is easy to create many examples of generalized torsion-free amalgams.

Corollary 4.6.1. Let G = A x¢ B. Assume that C is RTF in A and B respectively. If there are
bi-orderings of A and B with positive cones P and @Q, respectively, such that PNC = Q NC, then

G is GTF.
Proof. The families {P, P~'} and {Q,Q~'} satisfy the conditions in Theorem [4.4.6] O

Remark 4.6.2. The amalgam of two groups being GTF does not imply that the amalgamated
subgroup is RTF in even one of the two factor groups. For example, consider G = (a,b,c,d | a®> =

2 — ¢ and

¢,b = d?). This is isomorphic to the free group G’ = (a,d |) because the relations a
d?> = b are used to eliminate the generators ¢ and b. It is also isomorphic to the free product
of the two free groups A = (a,b |), B = (¢,d |), amalgamated by ¢ : C — D, where C is the
subgroup of A generated by {a?,b}, D is the subgroup of B generated by {c, d*} and ¢ is given by

#(a?) = ¢, ¢(b) = d?. Clearly, C (respectively, D) is not RTF in A (respectively, B).

Our main result also allows for a GTF-analog of an orderability theorem of George Bergman
[3, Theorems 21 and 28]. In particular, this analog shows that despite the previous examples, there

are circumstances where the RTF condition is necessary and sufficient that the amalgam be GTF.

Corollary 4.6.3. Let A be a group and C C A a subgroup. Then G := Axc A is GTF if and only
if Ais GTF and C is RTF in A.
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Proof. Suppose A is GTF and C is RTF in A. For a € A, let N, = NSS4({a}). Then taking one
copy of the family {N, | a € A\{1}} for each factor yields two families of normal subsemigroups
that satisfy the conditions in Theorem [£.4.6]

To prove the other direction, we assume that G is GTF. Then clearly A is GTF, so we only
need to show that C' is RTF in A. We prepare some notation. The group G is an amalgam of two
copies of A, call them A; and As. For each a € A;, we will write a’ € As to denote the image of a
under the identity map A; — As. Note that for g € A, we have g = ¢’ in G if and only if g € C.

Assume C' is not RTF in A and we need to find a contradiction. Then, there exists a € A\C
and cq,...,c, € C such that

T :=acy---acp,_1ac, € C.

In particular a’a=! # 1 and T = T" in G, and the second equality can be rewritten as

cgla_lcgila_l e Cfla_l cdey---dep_1d e, = 1.
We claim that the product
P, = cgla_lcgila_l cee cfla_l . a’cl cee a/cn_lalcn

1 -1

is a product of n conjugates of a’a=!. Note that P; = ¢; 'a"td’c; = (a’a™1)? so that the base case

for an induction holds, and for n > 1 we can write P, = (P,_1a’a=1)%" proving the claim. As

1

P, = 1, the group G contains a’a™" as a generalized torsion element, a desired contradiction. [J

Example 4.6.4. As an example of Corollary we construct an explicit amalgam that is not
GTF when the RTF condition is not satisfied. This group is actually given in Example[£.1.1] Recall
that G = Axc A= Axy B, where A = (a,b|), B = (¢,d |) are free groups of rank two. Also recall
that C and D are the subgroups of A and B generated by {ab, a?b~2} and {cd, c2d~2}, respectively,
® : A — B is the isomorphism given by ®(a) = ¢, ®(b) = d and ¢ is the restriction ®|c. We have

the following properties.
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1. The isomorphism ¢ is order-preserving. This is because it is the restriction of the isomorphism
® : A — B. Thus, if P is the positive cone of any bi-ordering of A, the positive cones P

and ®(P) satisfy the condition ¢(P N C) = &(P) N D, which is the intersection condition of

Corollary

2. In G, the element a~'c is generalized torsion. To see this, we note that in G, ab = cd and

thus a e = bd~!. Second, we note that b=2d?> = a=2c?> = a~lc(a™1c)¢. Therefore

—2

(@ 'e)(a ) [(a o) (@ )]t " = bd  (bd ) (b2 = 1.

3. The subgroup C (respectively, D) is not RTF in A (respectively, B). We check the case
of C' in A. First, note that a=! ¢ C, which we can see by considering the homomorphism
Y : A — Z defined by v(a) = 1(b) = 1, and noting that 1(C) C 2Z and ¥(a~!) = —1. On

the other hand, ab,a?h=2 € C and yet (a=! - ab)? - a2 a2 =1.

Remark 4.6.5. By Corollary the conclusion of Theorem does not hold in general if
the RTF condition is dropped. In fact, the conclusion does not hold in general even if we replace
the RTF condition with the weaker condition that C' is RTF in at least one of A and B. To see
this, consider the amalgam G = A x4 B, where A = (a |), B = (b,c | bc = cb), C and D are
(cyclic) subgroups of A and B generated by a™ for a fixed m > 2 and ¢, respectively, and the
isomorphism ¢ : C — D is given by ¢(a") = ¢. Clearly, C' is not RTF in A and D is RTF in

1

B. Consider element o = [a,b] of G, where we write [z,y] for the commutator xyz~!y~!. Since

[a™,b] = [c,b] = 1, iteratively applying the well-known commutator formula

—1

[xyv z} = [yv Z]x [xv Z]

to [a™,b], we find a product of m conjugates of o = [a, b] that is trivial. Hence « is a generalized

torsion element (as m > 2). E|

4Note that this amalgam is in fact the Baumslag-Solitar group BS(m,m) = (a,b | ba™b~! = a™).
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Chapter 5

A group which is GTF and non-LO

As an application of our main result Theorem in this chapter we construct an amalgam
which is generalized torsion free and not left-orderable. Our construction G = A x4 B is given by
Definition and Theorem

In Section we define an amalgam G = A x4 B where ¢ : C' — D is an isomorphism between
subgroups C' C A and D C B. We prove that G is not left-orderable, and prove that it is GTF
assuming the results in the subsequent subsections. In Section we prove that C is RTF in
A. We introduce the left-first product in Section and study some of its properties, which are

applied in Section to prove that C' is multi-malnormal in A.

5.1 The construction of a GTF and non-LO group

In this section, we define the amalgam G' = A x4, B which we will prove is GTF and non-LO. In the

definition below, sign(z) = ﬁ is the usual sign function of real numbers.

Definition 5.1.1. Let C be the subgroup of the free group A = (a,b |) generated by S = {c; | i =

1) . (2)

(1) 7.(2) (1) 4.(2)
kiv pkit qkiz bR .. aFis bR m o > 8 and s > 10, where kfj) are nonzero

1,2,...,m}, withal':au il q™vi

integers satisfying the following conditions.
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(A) The cardinalities of the following two sets are both sm + (Tg) :

(eI <i<m 1< <sbU{lkly — kW[ 1<i<i <m},

(BT < <m 1 <G <sPO{RE — k) |1 <i < <m}.

(B) Forie{1,2,...,8} andt € {1,2}, € := sign(k:g)) = sign(kg)) == sign(kg)).

(C) Fori e {1,2,3,4}, €1 =¢€ =1 and fO?“i S {5,6,7, 8}, €1 = —€2 = 1.

Condition |(A)|says that the sm + ('}') numbers /-cl(]l) for all 4, 7 and /fl(? - k:z(,tz for all 7 < 7/ have

)
L)

for all 4,7 and D — kD for all i < 4

distinct absolute values and the sm + (Zl) numbers k i e

have distinct absolute values. Conditions and together say that all exponents of a and b
in a1, a9, ag, ay are positive, and for as, ag, a7, ag, the exponents of a are positive and those of b
are negative. Condition and the restriction that s > 10 will be needed to show that C is RTF
and multi-malnormal in A (see Theorem and Theorem [5.4.7), while conditions and

together with m > 8 are used to show the non-left-orderability of the amalgam in Theorem [5.1.3]

()

Lemma 5.1.2. The subgroup C in Definition|5.1.1| does exist; i.e., there exist nonzero integers kig

satisfying the conditions|(A), |(B) and|(C),.

()

Proof. Fix a t € {1,2}. We want to give nonzero values to ki] such that they satisfy conditions

(A)L|(B)[and |(C)} We only need to show that we can fix the values of these kg)’s one by one, such
)

that every time we fix the value of one more kg), the k‘g ’s with values given don’t violate the

conditions.

But this is clear by induction. Indeed, assume that N of the kgf)’s are given values already and

(1

they satisfy the conditions. Now for any new k;; which hasn’t been assigned a value, there are

only finitely many choices of values for this new k:z(]t) such that the conditions will be violated. So,
()

we can chose a value for this new kg)’s such that these N 4 1 valued k;;” satisfy the conditions.

O]

66



That S is a free generating set of C' is proved in Lemma 4), but we implicitly use this fact
in the statement of the next theorem, which is the main result of this section. The details of the

proof constitute the remainder of the manuscript.

Theorem 5.1.3. Assume the setup in Definition [5.1.1, Let B = (c,d |), and isomorphism ® :

A — B be given by ®(a) = ¢, ®(b) =d and let D = ®(C). Let ¢ : C — D be an isomorphism such

that it sends aq, ..., ag to B, ﬁ;l, Bs, ,6’6_1, B33, 64_1, B7, ,6’8_1, respectively, where ; = ®(ay).
Then the amalgam G = A x4 B is generalized torsion free and not left-orderable. Consequently,

there exists a group which is generalized torsion free and not left-orderable.

Proof. The second statement follows from the first by Lemma Now we prove the first state-
ment.

By Theorem C is RTF in A, and thus D is RTF in B. By Theorem C' is multi-
malnormal in A and thus D is multi-malnormal in B. Together with the fact that free groups are
GTF, these results imply that G is GTF by Corollary

The amalgam G is not left-orderable because of the same reason as given in Example But
here we give it a proof anyway. To prove that G is not left-orderable, first note that none of a, b, ¢, d
is equal to the identity. Thus by Theorem 1.48 in [I1] we only need to prove that 1 is contained in
the subsemigroup of G generated by {a!, b2, ¢, d*} for all the choices ¢; = £1. We can assume
€1 = 1 for all choices under consideration, by taking inverses. However, by the conditions on the
exponents given in Definition parts and the element 1 = a;¢p(c;) " fori =1,2,...,8

belongs to the subsemigroup of G generated by the following sets respectively:

{a,b,c™ a7 '}, {a,b,c,d}, {a,b,c ', d}, {a,b,c,d 1},

{a, b7 ¢ d™ Y {a, b7 e dY, {a, b7t e d), {a, b7t e, d 7t

O]

Now it remains to prove that C' is RTF and multi-malnormal in A. This is the task of the next

three sections.

67



5.2 The RTF-ness of C in A

Our goal in this subsection is to prove that C' in Definition[5.1.1]is RTF in A. We view A as the free
product (a;) * (b;) of infinite cyclic groups (a;) and (b;). Hence, the length [(g) of g € A is defined.
We remark that [(g) is not the usual length with respect to the generating set {a,b}. Assume
that I(g) = n. We can then write g as an alternating product g = x; - - - x,, where x; := cfi with
k; € Z\{0}, ¢; € {a,b} and ¢; # ¢;11. In this case, the alternating product is uniquely determined
by g and we also call it the reduced form of g. We call x; = cfi the ith component of g and
denote it as B;(g). For convenience, we also call z; the (n — i + 1)th component from RHS
and denoted this as z; = RB,,—i+1(g). For i <n, we define the left ith factor and the right ith
factor of g to be

Li(g) = 122 - -+ i, and Ri(9) = Tp_(i—1) " Tn—1Tn.

For convenience, we define Ly(g) =1 and Ro(g) = 1. For 1 <i < j <mn, we call ;---x; a factor
of g and denote it as By; jj(g). Hence, for example, the left ith factor L;(g) is B ;(g), and the ith
component B;(g) is Bj;;)(g). Note that By; j(g) is only defined when 1 <i < j <I(g).

We also define the sets L;(C) = {Li(c) | ¢ € C,l(c) > i} and R;(C) = {Ri(c) | c € C,l(c) > i}.
Recall that if I(g1---gn) = >.iq l(gs) for g; € A, we say the product g - - - gy is reduced. When
91,90 € A with all I(g;) > 2 for 2 < ¢ < n — 1, we say that the product g; - - g, is almost
reduced if I(g;gi+1) > 1(g:) +1(git1) — 1 for all ¢ with 1 <i <n —1.

We need some results about the structure of the elements in C. Recall that S = {«a; | i =

1,2,...,m} is the generating set of C.

Lemma 5.2.1. Letuy, ..., u; € SUS™Y with k > 1, such that uju; 1 # 1 for alli with1 <i < k—1.

Then we have :
(1) the product uy - - - uy, is almost reduced;
(2) Los—1(u1---up) = Los—1(u1) and Ros_1(u1 - -ux) = Ros—1(ug);
(8) Uuy---ug) > 2ks — (k—1).
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(4) S is a free generating set of C and l(g) > 2s for all g € C\{1};
(5) If the alternating product Ay --- Aiyo is in Liyo(C) with i > 1, then A;1o # Ai_l.

Proof. We first show that for u,v € SUS™! with uv # 1, we have K(u,v) = 0 and l(uv) > 4s — 1.
2

This is because the numbers kz(ll ) for i = 1,...,m are distinct and the number k;;

D D el
are distinct. To elaborate on this, recall that o; = aFit ¥t - .. ¢Fis bFis” . If w and v are both from

fori=1,...,m

S, then the product uv is reduced, because R;(u) is a power of b and L1 (v) is a power of a. If u
and v are both from S~ then similarly wv is reduced. If v € S and v € S~!, we can assume that

u=a; and v = aj ! with i # j. Then we have

(2) (2) (2 (M (2) _ (1)
k; k .bkjsakjs..bk k

(1)
akis b is

w = a¥ i b it q
(1) _,.(2) (CORYACO R NC)) (1) (2) _ (1)
— akzl bk e akis b is kJS a kjs . b k]l a k

where the last expression is an alternating product of 4s — 1 components, as k(2) — k: ;é 0. The
case that u € S~ and v € S can be treated similarly. In all these cases we find that K(u,v) =0
and [(uv) > 4s — 1.

With this result in hand, (1) follows immediately, (2) and (3) follow by making induction on k
and (4) follows from (3).

To prove (5), we assume that A; o = A;l. Then h := Bj;;9(c) = AiAZ-HA;l for a c € C.
Now ¢ can be written as an almost reduced product v; --- vy, with each v; € SU S~1 and each
vVi+1 7# 1. Since l(v;) = 2s > 4, we know that h is a factor of some v;v;+1. However by Condition
there is not a pair of components of v;v; 1 such that they are the inverse of each other. This

is a contradiction. O

Let Sc(C) be the set of components of elements in C} i.e.,

Sc(C) ={FE | FE is a component of some ¢ € C'} C A.
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Definition 5.2.2. Define a map p : Sc(C) — A, called the prefix, as follows. Given E € Sc(C),

there are two possibilities:

1. There exists a unique Ay --- Asg € SUS™! with E = A; for some i with 1 < i < 2s. Set

p(E) = p(Az) = A1 s Aifl fOT' 1 § ) S 25, (’LUZth p(Al) = 1)

2. There exists a unique pair By --- Bag, A1 -+ Aoy € SU ST with E = By A;. Set

p(E) = p(B2sA1) = By -+ Bog_1.

Note that the uniqueness claims in Definition follow from condition |(A). We can verify

that

p(E)E(p(E~1))t € C for all E € Sc(O). (5.1)

Lemma 5.2.3. Assume that an alternating product Dy - -- D; (respectively, E;--- E1) with 1 <1 is
in L;i(C) (respectively, R;(C)). Then Dy ---D;_1(p(D;))~1 (respectively, p(E;)E;E;_1--- E1) is in

C.

Proof. We only prove the case involving D - -- D;, as the other case can be proved similarly.
Let Dy ---D; = L;(c) for some ¢ € C. There are two possible cases to consider, where we write

the component D; in bold and blue (so D; is Ay or BgsAj, respectively):

c=giugs = 1Ay A -+ Aosgo, or c = grvugs = g1Br------ Bys_1(B2sA1)As - - Azsgo,

where ¢g1,g92 € C, both giugs and givugs are almost reduced products, u = Aj--- Ao and v =

Bi--- By are alternating products with u,v € S U S™!, [(BasA;) = 1 and the product g;A;
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(respectively, Aasgo) is reduced if k = 1 (respectively, kK = 2s). Now we have for the first case
Dy Dia(p(Di) ™ = g1A1-+ A (p(Ap)) T = 11 Apoy - (Ar - Ap) T =g1 €C,

as desired. In the second case, we similarly find Dy --- D;_1(p(D;))~! = g1 € C. O

Definition 5.2.4. Let g = A,--- Ay and h = By --- By be elements of A in reduced form, and

k= K(g,h).

1. We say that the components A; for 1 <1 < k of g and the components B; for 1 < j <k of
h are canceled in the product gh. For each i with 1 <i < k, we say the components A; and

B; cancel (in the product gh).

2. We say a component A; (of g) is unaltered (in the product gh) if (i) p >1i>k+ 2 or (ii)
p>i=k+1=q+1 or (ii)p,q>i=k+1 and [(Agy+1Bg+1) = 2 E| Similarly, a component
B; (of h) is unaltered (in the product gh) if (i) ¢q>j>k+2 or (ii)g>j=k+1=p+1

or (i1i) p,q>j=k+1 and [(Agyt1Br+1) = 2.

3. We call the component Ayy1Bik+1 of gh the merge of Apy1 and Biyy if p,q > k+ 1 and

l(Ar41Bryr) = 10

4. We say that a factor By; j(g) is unaltered (respectively, canceled) if all By(g) fori <t <j
are unaltered (respectively, canceled). Similarly, a factor By; j(h) is unaltered (respectively,
canceled) if all By(h) fori <t < j are unaltered (respectively, canceled). A factor g of g and
a factor h' of h is said to cancel if I(¢g') = (k') and for each i with 1 < i < I(¢"), RBi(¢)
and Bji(h') cancel in gh. A factor of g or h is said to be altered in the product gh if it’s not

unaltered.

Note that sometimes we use the notation P(g, h) for the product gh. For example, P(g192, g394)

'Since we are considering the free group of rank two, this can only happen when k = 0.
2Note that if p,q > k + 1 > 2, then I(Ap1Bry1) = 1, because we are working in the free group of rank
2; this doesn’t follow if the rank is greater than 2.
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refers to the product gh, where g = g1g2 and h = g3g4. We may also just write it as the product

(9192)(g394) when there is no risk of confusion.

Remark 5.2.5. We remark that a factor f of h is unaltered in P(g, h) if and only if we can write
h = KW fh" as a reduced product such that the product P(gh’, fh") is reduced. Moreover, h is a
right factor of gh if and only if P(g,h) is reduced. (The “if” is clear. Also, if h is a right factor or

gh, then we can write gh as a reduced product ¢'h, but then g = ¢, so P(g,h) is reduced.)

Note an altered component is either one that is canceled or one that is “combined with” another
component to form a merge of the product, while an unaltered component “remains” a component
of the product.

Let v € Aand 1 < i < I(y). If Li(y) € Li(C) (respectively, L;(y) € Li(C)), we say that
~v is left i~compatible (respectively, left i-incompatible) with C. We say that ~ is left com-
patible (respectively, left incompatible) with C' if it is left {(y)-compatible (respectively, left
[(y)-incompatible) with C'. We similarly define right i-compatibility, right i-incompatibility and
right compatibility. For o € A, let A(a) (respectively, P(«)) be the largest integer ¢ (with i < I(«))
such that L;(a) € L;(C) (respectively, R;(a) € R;(C)). For example, we have A(c) = I(c) = P(c)

for all ¢ € C. We also have

A(B) = max{K(g,58) | g € C} and P(8) = max{K(B,g) | g € C},for all g € A. (5.2)

Note that A(a~!) = P(a) for all a € A, because (L;(C))~! = R;(C). Note that if v is left or right
i-incompatible with C, then v ¢ C, an observation used in Subsection [5.4.3

An element o € A is called left C-simplified if either (1) A(a) < s or (2) a € Lg(C). (Note
that o € Ls(C) implies that A(a) = s.) We define right C-simplified similarly. We say that « is

C-simplified if it is both left and right C-simplified.
Lemma 5.2.6. Let o € A\C.

(1) There exists ¢ € C and a left (respectively, right) C-simplified o/ such that o = ca’ (respec-

tively, « = o’c). Moreover, 1(a') < l(a), and l(a/) < (@) if « is not C-simplified.
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(2) There exist c1,co € C and o C-simplified such that o = c10/ ey with (') < l(«).

Proof. We prove by induction on [(«). Both statements (1) and (2) are true if I(«) < s, as we can

take c=c1 = co = 1.

(1)

We only prove the statement that is not in parentheses. It is clearly true if « is left C-
simplified. Now assume that « is not left C-simplified. Then A(«) > s and o &€ Lg(C). Thus
l(ar) > s and there is a ¢; € C such that Ls(a) = Ls(c1). By of Lemma [5.2.1] there is a
u € SUS~! such that Ly(c1) = Ls(u), and thus Ls(a) = Ls(u). Letting oy = u~La, we have
a = ua;y and we show in the next paragraph that {(a;) < l(«). Thus, by induction we can
write ap = o with ¢ € C and o left C-simplified and I(a’) < I(ay), leading to the desired

product o = (uc’)a/ with ud’ € C and o left C-simplified and I(a/) < I(«).

Let k = K(u™!,a). Then k > s as Ls(a) = Lg(u). If k > s, then we clearly have [(a1) < ()
as l(u) = 2s. If k = s, then there is a merge of components after the cancellations, as

I(u™1),l(a) > s. Thus, we have (o) = l(u"ta) < I(a) again.

By , there is a ¢} € C and an «y which is left C-simplified such that o = cja; and
l(a1) <l ). If g is right C-simplified, then we are done. If not, then there is a ¢, € C' and

an ag right C-simplified such that ay = asdh and I(a2) < I(a1). Now we have o = ¢jaach, and

l(ag) < l(r). Using induction, there are ¢, ¢ € C and o/ C-simplified such that ay = {a’cj

with (/) < l(ag). Now we have a = (c|c})d/(ccy) where ] and e, are in C, o

C-simplified and (/) < l(«).

The next result follows from Lemma [5.2.3]

Corollary 5.2.7. Let § € A\C, h be a left factor of an element in C, k = K(5,h) and n = 1(5).

Then Bh is not left (n — k+ 1)-compatible with C. If moreover k < l(h) — 2, then Bh is left

(n — k + 1)-incompatible with C.

73



Proof. The second statement follows from the first, as [(Bh) > n' :=n — k+ 1 when k < [(h) — 2.
So we assume that Sh is n’-compatible with C' and need to find a contradiction. By Lemma

letting B = B,/ (h), we have

d:= L, _1(BR)(p(B))™' € C, and ¢; := L;_1(h)p(Bi(h))™' € C for 1 < i <I(h).

Also, we can write 3 = f'a!, h = ah’ as reduced products, with I(a) = k. So, Bh = B'R/,

1(B')=n—k, Ly(h) = o, and K(8',h’) = 0. We consider two cases.

1. If g'h’ is reduced, then L,_1(Bh) = B', B = By(B8'h) = By1(h), and so (p(B))~! =

(Li(h))"tepr1. Therefore, d = B'(Ly(h)) tcpr1 = Beryt, leading to B € C, a contradiction.

2. If 'R is not reduced, then B = By o(h) and L,_x(8'h') = p'Bis1(h). So d = 3'By11(h) -

(Liy1(h)) Leryo = B (Li(h)) " tepya = Bepyo, leading to 8 € C, a contradiction again.

Lemma 5.2.8. Let f € A\C, g € C and h be a left factor of an element in C. Then we have

K(g,B8h) < K(g,8)+1.

Proof. We argue by contradiction, Let i = K(g,3) and assume that ¢’ := K (g, 8h) > i + 2. Note
that i (respectively, ') is maximal such that L;(8) = L;(g~') (respectively, Ly (8h) = Ly(g™1));
in particular, Sh is left (i+2)-compatible with g. However, letting n = [(8) and k = K(8,h), 5h
is not left (n—k+1)-compatible with C' by Corollary Hence n — k + 1 > ¢ + 3, leading to
k < n—i—2and thus L;,1(8) is unaltered in P(3, h). Therefore, L;1(8) = Li+1(Bh) = Liy1(g7 "),

contradicting the maximality of 4. O

Recall that a subgroup H of group G is isolated in G if g € G\H, ¢" € H with n > 2 implies
that ¢" = 1. When G is a group without a torsion element, this is equivalent to ¢g" € G\ H for all

g € G\H and n > 2. By the next result, C is isolated in A.
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Lemma 5.2.9. Let « € A\C, g € C and n > 2. Then we have o € A\C and K(g,a") <

K(g,a) +1.

Proof. Let k = K(g,a). So k is maximal such that Ly(a) = Li(g~'). Write a as an alternating

product
a=A7t - ATIBy - BA, - Ay,

where r >0, ¢t > 1 and B1B; # 1. (Also, [(B1B;) = 1 if r > 0.) Then we can write " as one of

the following alternating products:

ATV ATYBMA, - A (when t = 1),
By---BiBy---B;---By---B; (whent>2, I(BB;)=2),

Al_l cee Ar_lBlBQ s Bt_l(BtBl)Bg s (BtB1>B2 s BtA'r ce A1 (When t Z 2, Z(BlBt) = 1)

Suppose " is the first product. If » = 0, then I(a") = 1 and thus K(g,a™) <1 < k+ 1, and

o™ ¢ C by of Lemma If » > 1, then by of Lemma we know that " ¢ C and
AT ATY(BMA, s not Lyyo(g™h). Hence K(g,0”) < r+1. So, K(g,a™) < k+1if k> r. If
k <r, then K(g,a™) =k as Ly(a") = Ly(a). So we always have K(g,a") < k+ 1, as desired.

From now on we only consider the other two cases. We first show by contradiction that

Lr+t+1(a”) Q/ Lr+t+1(C). Suppose that L7»+t+1(04n) S L7‘+t+1(C).

1. Suppose o™ is the second product. Then r = 0 and B;---ByB1 € Li+1(C). Hence B; €
L;(C), and by Lemma a=DBy- - By=By---By(p(B1))~! € O, a contradiction.

2. Suppose o™ is the third product. Recalling that [(B;B;) = 1, by Lemma we have
hy:= A7 - A'By - B BiBi(p(Ba)) ' €C, hg:= A7t AT'Bi(p(Br) "t € C,

from which we find that hihy 1 — o is in C, again a contradiction.
It now follows that o™ ¢ C, as l(a™) > r+t+ 1. Suppose K(g,a™) > k + 2. Then as
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Lyyi—1(a) = Lyyy—1(a™), this forces k > r+t—1,s0 K(g,a™) > r+t+1. But then L,1441(a™) =

Lyyi11(971) € Lr1441(C), a contradiction. Thus K (g,a™) < k + 1, as desired. O

Combining Lemma Lemma and (5.2), we have the next result.

Corollary 5.2.10. Ifa € A\C, g € C, n>1, and h is a left factor of an element in C, then
K(g,a"h) < K(g,a) +2 < AMa) + 2.

Lemma 5.2.11. Let o € A\C be C-simplified, hy (respectively, hy) be a right (respectively, left)
factor of an element in C, g € SUS™! and m > 1 be an integer. Write g = Ay --- Ags as an
alternating product and assume that i := K(«,g) and j := K(g,a) are both nonzero. Then we

have:
(1) l(c) is even, the product '™ is reduced, Ry (a™) = a, K(hg,a) <j andi,j <s—1;

(2) if K(hoa™,g) > i or K(g,a™hy) > j, then m =1 and « is the alternating product

A2—81 Y

2s—j+1<A_1 ‘Afz_Jrll)Ai_l v 'A1_13 (5.3)

25—7

(3) K(hea™,g) <i+1 and K(g,a™hy) <j+1.

Proof. (1) Since i, j are nonzero and (A Ass) = 2, we conclude (B (a)R1(«)) = 2 and so [(«)
is even. Hence, the product o™ = «- -« is reduced and thus Ry, (a™) = a.
Note that i,j < s as a is C-simplified. If i = s, then a = (A;--- As)~! as a is C-simplified,
and thus Ri(g)L1(a) = Ass A7 # 1 by condition contradicting j > 0. Hence ¢ < s —1,

and similarly j < s — 1. We also have A(a) = j and hence K (hg,a) < j.

(2) Since Ay, ..., Ass are distinct, L;j(a) = (R;j(g))~! and R;(«) = (L;(g))~! don’t have common

components, hence a can be written as alternating product

sejp1Br- BiAT - AT with £ > 0.
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Assume that K(haa'™,g) > i+1. Then RB;y1(a™) = RB;+1(«) is altered in P(hg, ™). But
this can’t happen if m > 2 as K(hg,a™) = K(hg,a) < j. Hence m = 1 and R;y1(hecr) =
Ai__:1 e Al_l. Note that hg is a right factor of an element in C' and the component Az_sl of
« is canceled in P(hg,«). Therefore, letting j° = min{l(h2),2s — 1}, we have Rj (ho) =
Ags_jip1 -+ Ags. Now, if t =0 or t > 2, we can’t have R;y1(hecr) = A;_:l . -'Al_l. Sot=1

from which By = A;! .A7!

and we also need 2s — 7' +1 < 2s — 5 and Ass By = Al 2s—jYi+1

i+10
follows. This proves when K(haa™,g) > i+ 1. We treat the case K(g,a™h1) > j+ 1

similarly and reach the same conclusion.

(3) If K(hoa™,g) > i+ 2, then we still have m = 1 by the argument of [2)] But K (haa, g) <
K(a,g9) + 1 =i+ 1 by (the other version of) Lemma a contradiction. This proves the

first inequality; the second is proved similarly.

The next result helps handle a special case in the proof of the RTF-ness of C' in A.

Proposition 5.2.12. Let o € A\C be C-simplified, g € C\{1}, m,n > 1 and hy (respectively, hy)

be a right (respectively, left) factor of an element in C. Assume that
K (hoa™, g) + K(g,a"h1) > l(g) — 2. (5.4)

Then g € SUS™! and Rs(g)aLs(g) is the component By(g) or the component Bsy1(g).

Proof. First A(a), P(a) < s as « is C-simplified. So i,j < s by (5.2)), where ¢ := K(«,g), j :=

K (g,). Then we proceed to prove the following claims.

Claim (1) We have g € SU S™! and so the RHS of (5.4)) is 2s — 2.

To show this, suppose g ¢ S U S~!. Then I(g) > 45 — 1 by and of Lemma By
Corollary [5.2.10| (and its “right-sided” version), we get

K(hoa™,g) + K(g,0"h1) < P(a) + 2+ Ala) + 2 < 2s + 4.
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Now (5.4) gives 2s +4 > 4s — 3 or 2s < 7, a contradiction since s > 10.

Claim (2) Both i and j are nonzero. (Recall that i := K (o, g) j :== K(g,).)

Because if one of them is zero, then the LHS of (5.4)) is at most s + 4 by Corollary |5.2.10, the
RHS is 2s — 2 by leading to s < 6, again a contradiction to s > 10.

Claim (3) We have I(«) is even and 7,7 < s — 1.
This now follows from Lemma

Claim (4) We have i,j > s — 2.

To prove this, suppose i < s — 3. Then by Lemma [5.2.11(3)| and [Claim (3)| we have

K(h2a™, g)+ K(g,a"h1) <i+14+j+1<(s—=3)+1+(s—1)+1=2s—2,

contradicting (5.4) by Similarly, we show that j < s — 3 is not possible.

Claim (5) We have K (hoa'™, g) > i or K(g,a"hy) > j.

Because otherwise we have, using [Claim (3)|and |Claim (1)}

K(hoa™, g) + K(g,a"h1) <s—14+s—-1=25s—-2=1(g) — 2,

contradicting ([5.4)).

We now apply Lemma [5.2.11(2)| to conclude that « is the alternating product
—1 —1 —1 -1y 4-1 -1
Agg - Age i (A AT AT - A,

where Aj - -+ Ags is the reduced form of g. In particular, we have I(a) = i+ j + 1. Since l(«) is
even and i,j € {s — 2,s — 1}, we have {i,j} = {s — 1,5 — 2}. First, consider ¢ = s — 1. Then
a = Aj} ---A;&?,(A;:zA;l)Ag_ll“-Al_l, from which we have Rs(g)aLs(g) = Ast1, as desired.

Similarly, we find Rs(g)aLs(g) = As when i = s — 2. O
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We are now ready to prove the main result of this subsection.
Theorem 5.2.13. The subgroup C' of A given by Definition is RTF in A. E|

Proof. Let g € A\C. We need to prove that T := hofShiBhg--- Shy # 1 for all h; € C and k > 1.
By Lemma we can write 8 = cjace, where ¢; € C' and « is C-simplified. Plugging this into

the expression of T', we can rewrite 1" in the following form

T = goa™ g1a™ gy - - g, _1a™gn (5.5)

where g; € C, m; > 1, n>1 and g1, go,...,gn_1 are nontrivial. Applying Corollary to (5.5))
and considering «; in the corollary to be o, we know that T' # 1 if the conditions of the corollary
are satisfied. Therefore, we only need to consider the case when there is an ¢ with 1 <i<n-—1, a

right factor g;_; 5 of gi—1 and a left factor g, ; of git1, such that

K(g;_120™", i) + K(gi, ™ giy 1 1) > 1(gi) — 2. (5.6)

Then by Proposition [5.2.12) we have g; € SU S™! and «y := Ry(g;)aLs(g;) is Bs(g;) or Bsi1(g:).
Let C be the subgroup of A generated by S := (S\{gi,9;'}) U {Ls(g:), Rs(gi)}. Then C is a

subgroup of C. Plugging o = (Rs(g;)) ™ (Ls(g;)) " into the expression (5.5)), we can write T as
T = hg’ynlhl’yn2 ho--- ,anhr (57)

where h; € C, n; > 1, r > 1 and hy,..., h,_; are nontrivial. We want to prove that 1" # 1. This
can be derived from another application of Corollary using that [(y) = 1. We first prove

some claims.

Claim (1) We have I(g) > s for all g € C\{1}.

3In fact, here we only need condition |[(A)| on the exponents kg); conditions and that m > 8 are
not required for this proof.
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This is because all elements in the generating set S have length at least s and that K (u,v) =0

for all u,v € SUS™! with uv # 1.

Claim (2) If the alternating product B;--- By (respectively, D ---D;) is a right (respectively,
left) factor of an element in C, with i,j < s —1 and B;D; =1, then i = j and ByDy, = 1 for all

k<.

To see this, note that i,j < s — 1 implies B;---B; = R;(u) and Dy ---D; = L;j(v) for some

u,v € SUS™L Hence By'---B;' = Li(u™"). Since B;! = D;, by Definition [5.1.1((A)} we have

uw! = v and also i = j. Then B,;l = Dy, for all k£ < i follows, as desired.

Claim (3) For any right (respectively, left) factor h of an element in C, for every g € C'\{1},

and every positive integer m, we have K (hy", g) <1 (respectively, K(g,7™h) < 1).

We only prove the case when h is a right factor. Assume that K(hy™,g) > 2 and we will find
a contradiction. Let h = B,.--- By and g = Dy --- D; be alternating products. Then [(hy"),t > 2

and hy™ is one of the following alternating products:
By --- Bl(’ym)a B, - BQ(Blfym)v or By --- B2a

which leads to BiDy = 1, B17™ D1 = 1 and BaDs = 1, and Bo Dy = 1, respectively. But none of
these is possible by |[Claim (2)

Now, for each ¢ with 1 <+¢ <r — 1, every right factor h;_1 2 of h;—; and every left factor h;;1,1 of

hit1, using s >4 and we have
K(hi—127", hi) + K(hi, ¥ " hig11) <2< s =2 < 1(h;) — 2.

With this, it follows from Corollary that T in (5.7)) is nontrivial. O
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5.3 Left-first product and origin of components

Having completed the proof of the RTF-ness of C' in A, we now want to deal with the multi-
malnormality of C' in A. In this section, we provide some tools and results, which will be applied
in the next section in the proof that C' is multi-malnormal in A.

Consider a product ¢f'---¢i* with ¢; € C and g; € A\ C. Our primary technique will be to
express c]' - i as an alternating product, and then use the exponent conditions of Definition
to limit cancellation. However, in order to use these exponent conditions, we must keep track
of which components “come from” the ¢;’s, which will be accomplished in Subsection using the
tools of this section.

Let us first look at an example to illustrate the subtlety of this task. Consider a product g1g293
with g1 = a,go = a~ ', g3 = a, 50 g1g293 = a. Where the component a “comes from” is ambiguous:
it “comes from” ¢; if we first compute gogs and then g1(g2g3); it “comes from” g3 if we compute
9192 first and then calculate (g1g2)g3. Therefore, the order of the multiplication matters when
considering the origin of the components appearing in the final alternating product (even though
the product is independent of the order in which we carried out the multiplications).

Recall that in Definition we defined the unalteredness and cancellation of components
and factors in a product gh of two elements g and h. We now generalize these to a product g1 - - - gp,.
Note that if a component A; of g is unaltered in gh, then we can view A; as a component of gh,
and doing so allows us to talk about whether A; is unaltered in (gh)f for f € A. This iterative

approach to unaltered components is key to the definition below.

Definition 5.3.1. Let g1,...,9, € A and P, = g192---g¢+ for 1 < t < n. We call the tuple

(P1, Py, ..., P,) the left-first product of (g1,...,gn) and denote it as LEP(g1,...,9n)-

1. Let g; be a factor of g; with 1 < i <n. We say that g} is unaltered in LFP(gi,...,qy) if
it’s unaltered in Pj_1gj, for j = i,i+1,--- ,n. (Here, we use that when g, is unaltered in
Pj_19; we may view it as a factor of P;.) We say that g, is altered in LFP(g1,...,gn) if

it’s not unaltered in LEP(g1,...,qn).
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2. Let g, (respectively, gé) be a factor of g; (respectively, g;j) with 1 <i < j <n. We say g, and
g; cancel in LE'P(g1,...,gn) if g; is unaltered in LFP(g1,...,gj—1) and g; and g; cancel in

Pj_lgj.

Similarly, we define the right-first product RFP(gy,...,g1) of the tuple (gn,...,g1) to be
(P, P,...,P,), where P; = g; - - - g1; a factor g, of g; is unaltered in RF P(gy, ..., g1) if it’s unaltered
in g;Pj_1 for j = 4,i+1,...,n; and a factor g} of gj and a factor g} of g; with n > j > ¢ > 1 cancel in
REP(gn, ..., 0) if g; is unaltered in RF'P(g;-1,...,91) and g}, g; cancel in g;P;_;. Moreover, for
convenience, we say that g; is canceled by g7 in LFP(g1,...,gn) (respectively, REP(gn,...,q1))
if g; and a factor g} of g7 cancel in LF'P(g1,...,gn) (vespectively, RE'P(gy,...,q1))-

The rest of this section presents several results concerning left-first products and right-first
products. Note that for each result involving the left-first product, there is an analogous result
involving the right-first product and vice versa. For brevity, we usually only state and prove one
of the two versions for each pair of results.

For two factors f1 := By;, j,)(9), f2 := Bji, j,)(9) of g with 1 <iy < ji <2 < jo < I(g), we say

that fo is to the RHS of f; in g. The next result is clear and follows by induction.

Lemma 5.3.2. Consider the product g = gi1g2 -+ - gn- Let f;, f; be factors of gi, g;, respectively with

1 <i<j<n. Suppose f;, fj are unaltered in LFP(g1,...,gn). Then f; is to the RHS of f; in g.

Lemma 5.3.3. Let g1,...,9n € A with n > 2. Assume that the component RB,(g1) of g1 and

the component Bi(gn) of gn cancel in LEP(q1,...,9yn), then we have RB.(g1)Bi(gn) = 1 and

RT(QI)QQ t 'gn—lLt(gn) =1.

Proof. We use induction on n. For n = 2 it is true by definition, so consider n > 3. Note that

RB,(g1) is unaltered in g g2 as it is unaltered in LF'P(g1,...,9n—1), so RB,(g1) = RB,/(g1g2) for a

positive integer r’ with R,/(g192) = R;(g1)g2. Now RB,(g192) and By(gy) cancel in LF'P(g1g2, 93, - - -

Thus by the induction assumption, we have RB,/(g191)Bi(gn) = 1 and R,1(9192)93 - - * gn—1Li(gn) =

1, from which desired equalities follow by replacement. O
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Lemma 5.3.4. Let g,h € A and 1 < i < I(h). Then R;(gh) = R;(h) if and only if R;(h) is

unaltered in the product gh.

Proof. The direction of “if” is clear. Now assume that R;(gh) = R;(h). Writing h = h1R;(h) as
reduced product, R;(h) is a right factor of gh = (ghi)R;(h). Now by Remark P(ghy, Ri(h))

is reduced , and thus R;(h) is unaltered in P(g, h), as desired. O

Corollary 5.3.5. Let g1,...,9n € A, 1 < i < l(q1) and 1 < j < n. If Li(g1) is unaltered in

LFP(gi,...,9n), then Li(g1) is unaltered in P(g1--- gj,gj+1- " Gn)-

Proof. As L;i(g1) is unaltered in LF P (g1, ..., gn), we have L;(g1) = Li(g1---9;) = Li(g1 -+ - gn). So

L;i(g1) is unaltered in the product P(g1 - - gj,gj+1 - gn) by (the left version of) Lemma O
The next result is about the multiplicativity of the unalteredness of left-first product.

Lemma 5.3.6. Let g1,...,9, € A, 1 < k <n and Bt be a component of g.. Then By is unaltered

in LEP(g1,...,gn) if and only if By is unaltered in both LF'P(g1,...,g95) and LEP(gg,...,gn).

Proof. Note that B; is unaltered in LFP(gi,...,g;) if By is unaltered in LFP(g1,...,9n). Now
we assume that By is unaltered in LFP(gi,...,gx) and we will prove that B; is unaltered in
LFP(gi1,...,9n) if and only if By is unaltered in LEF P(gg,...,gn). This finishes the proof.

First, we write g5 = g, Big) as a reduced product and let m4_1 = g1---gr—1. Since By is
unaltered in the product P(m;_1,gk), the last component of Wk,lg;CBt is B;. Note that the last
component of g; By is By as well. Hence for every h € A, P(m,_19,. B, h) is reduced if and only if
P(g,. B, h) is reduced.

Now, By is unaltered in P(g1,...,¢gy) if and only if for each j with £+ 1 < j < n, the product
P(mk_19,Bt, 95 9k+1 - - - gj) is reduced, which is equivalent to P (g, Bt, gy gk+1 - - - 9;j) being reduced.

Hence By is unaltered in P(g, ..., gy) if and only if it is unaltered in P(gg,. .., gn), as desisred. [

Corollary 5.3.7. Let g1,...,9n € A and 1 < k < n. Assume that components By of g1 and By,
of g are unaltered in LFP(g1,...,gx) and By is altered in LEP(g1,...,9n). Then the component

By of gi is altered in LEP(gk,...,gn)-
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Proof. First By is to the RHS of By in g; - - - g by Lemma[5.3.2] Since B is altered in the left first
product LFP (g1 Gky Gk+1s - - - s Gn), SO is By. Thus By, is altered in LFP(g1,...,gn) as well. But

By, is unaltered in LFP(¢g1,...,9k), so By is altered in LFP(gg,...,gn) by Lemma O

Lemma 5.3.8. Let g1,...,9n € A, S be a factor of g;, and T be a factor of g; with 1 <1i < j < n.

Assume that S and T cancel in LFP(g1,...,9n). Then S and T cancel in LFP(g;,...,g;).

Proof. Since S is unaltered in LFP(g1,...,gj-1), it is unaltered in LFP(g;,...,g;—1) by Lemma
So we only need to prove that S and T" cancel in P(g; - gj—1,9;)-

We write g; = ¢/Sg! as a reduced product. Since S is unaltered in LFP(g1,...,gj—1) (respec-
tively, LF'P(gi,...,gj-1)), the product P(g1--- gi—14}S, 9} gi+1---gj—1) (respectively, the product
P(9;S, g{ gi+1---gj—1)) is reduced. Since S and T' cancel in P(g1 - gj-1,9;), writing g; = g;T'g]
as a reduced product, we have that (g;'gi+1--gj-1)g; = 1 and ST = 1. Now we see that S and T

cancel in P(g;---gj—1,9;5)- -

The next result is about the associativity of cancellation. It will only be used at the very end

of this chapter.

Lemma 5.3.9. Let o, 3,7 be in A. Assume that a factor S of « is unaltered in P(«, ) and a

factor T of v is unaltered in P(B,v). Then S and T cancel in P(a, B7y) if and only if they cancel

in P(af, ).

Proof. Let a = o/Sa and v = 4'T~ be reduced products. Then the products (/S)(a”8) and
(BY)(TH") are reduced. We now have that S and T cancel in P(«, 8v) (respectively, P(af,7))
if and only if o”(87') = 1 (respectively, (o”8)y = 1) and ST = 1, which implies the desired

equivalence. ]

5.4 Multi-malnormality of C' in A

Let C’ be a normal subsemigroup of C' with 1 € C’. We are interested in products of conjugates

of the form T := C1Cy--- C,,, where C; = ¢! with ¢; € C" and ¢g; € A\C. In this section, we
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first examine a single conjugate, then study the product of conjugates, and finally prove that C is

multi-malnormal in A (see Theorem |5.4.7).

5.4.1 Almost reduced form and standard form of conjugates

Before defining almost reduced form and standard form, we first look at some examples to see the
ideas. Note that we are considering elements of the form ¢4, with ¢ € C and g € A\C, where C
is given in Definition where we require s > 10. Since an element of length 2s with s > 10 is
too long to write down explicitly and such length is not essential for us to see the idea, we will just

consider elements of shorter length in another subgroup C7 of A in the next example.

Example 5.4.1. Let’s say 81 = aba?b? and fo = a*b>a’b* are two elements in the generating set

Sy of a subgroup C; of the group A = (a,b |).

1. Consider ¢ with ¢ = B; and g = ab®. Note that there is a cancellation in the multiplication

g~ te. We write g = ay with v = b3, so we have

d = Vflafl(aba2b2)a’y = ’y*l(ba2b2a)’y =x7,

where xy = ba?b%a is a cyclic conjugate of c. We call x? the almost reduced form of ¢9.
Now there is a merge in v~y and 7 is a reduced product. We continue to write ¢? in the

following form

¢ =y Hba®b?a)y = b3 (ba®b?a)b® = b 2(a®b?a)b® = Aup,

where A = b2 is v 'L1(x), p = (L1(x))"'x and p = 7. We call Aup the standard form of

c9. We see that v~ !y is an almost reduced product and Aup is a reduced product.

2. Consider ¢f with ¢ = aba®b? and g = ab. We have

¢ = (ab) "L (aba?b?)ab = a®b*ab = X7 = Aup,
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where y = a?b%ab is a cyclic conjugate of ¢, y =1, u =y and A = p = 1. Thus, in this case,

the almost reduced form and the standard form look the same.

3. Let c= ﬂlﬁgl = aba’b~ 2073073, g = a®ba. We have

=g teg=a v a2 (aba®b 207307 a ba = vy
=a W ta (ba*b 20 3)a ha

= App,

where x = ¢,y = g, A= ¢~ ' L1(x), o= Li(x)""xR1(x)~" and p = Ry(x)g. In this case, the

almost reduced form x? appears the same as its original form ¢9.

With these examples in mind, let’s now define the almost reduced form and standard form

formally. Recall the subgroup C of A given in Definition

Definition 5.4.2. Consider ¢9 with ¢ € C\{1} and g € A\C. We define the almost reduced
form x7 of ¢ by

x =9y = (Li(g) g,

where k := max{K(g~',¢c), K(c,g)}. The standard form M\up of ¢? is defined by

A=t p=%1 p=8,

where &1 (respectively, &) is 1 if the product y~'x (respectively, x7y) is reduced and it is L1(x)

(respectively, Ri(x)) otherwise.

We remark that we will only need to consider the case that ¢ is left C-simplified, in which case
K(y~1,x) and K(x,~) are both zero, and thus the products v~'x and x7 are reduced or have a
merge. Thus the definition of the standard form says that if there is a merge in v~y (respectively,

-1

X7), then we let the first (respectively, last) component of x “merge into” v~ (respectively, ) to

form \ (respectively, p). We next record several essential properties of these definitions.
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Lemma 5.4.3. Consider ¢9 with ¢ € C\{1} and g € A\C' left C-simplified. Let x” and Aup be
the almost reduced form and standard form of ¢9, respectively. Let i = K(g~,¢), j = K(c,g) and

k = max{i,j}. Then we have the following:
(1) The product v~ x is almost reduced and the product \up is reduced.

(2) LX) =1U(vy) =1(p). Moreover, if [(y) > 0, we have
Lity—1(A) = Liy—1(v ), Rigy)—1(p) = Ryiy—1(7)-

(3) l(x)>2s, l(p) >2s—1,i+j<lc)—s,i+j<Il(pn)—s+1andl(c9) >2s—1+2I(7).
(4) ¢ is left (I() + 2)-incompatible and right (I(y) + 2)-incompatible with C.
Proof. (1) These claims are direct consequences of the definitions.

(2) By definition, A = 7y~ or A = 7 'L;() when the product y~!y has a merge. Therefore,
we have I(\) = I(y) and v~ and X differ at most at the last component, implying that

Liy—1(N) = Ll(v),l(fy_l) when [(v) > 0. Similarly, we prove the other equalities.

(3) First i,7 < s as g is left C-simplified. As Aup is reduced, the last inequality follows from the

second using Now we prove the first four inequalities considering two cases.

(a) Assume that i # 0 and j # 0. Then write ¢ = uy - - - up as a reduced word using the free
generating set S, it must satisfy u; = u, L'and p > 3 because of Definition (A)

therefore i = j < s and I(¢) > 6s — 2, from which the first four inequalities follow.

(b) Assume that i = 0 or j = 0. Then I(x) > I(c) —1, as one of the products (L (g)) *c and
cLy(g) is almost reduced. Write ¢ = uy - - - u,, as a reduced word using the free generating
set S. If p > 2, we clearly have all the first four inequalities, using I(c) > 4s — 1. If
p =1, then I(c) = 2s, and I(x) = 2s as one of the products (Li(g)) 'c and cLy(g) is
reduced. Also, since v~y or x7v is reduced, &; or & appearing in Definition is the

identity, hence I(p) > 2s — 1, from which the fourth inequality follows.
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(4) Let I" =1(y) +2 =n — k + 2, where n := I(g). We only prove that ¢9 is left I-incompatible

with C', as the other statement can be done similarly. We have the following.

Claim (a) Lyp(c9) = Ly(g~'c). To see this, write ¢ = cjcz as a reduced product, such
that I(c2) = j+ 2, then l(c;) =1l(c) —j —2>i+s—2>i+8, thus K(g7!,¢1) = i. We now

1

see that Rj(cy1) (respectively, Li(c2)) is unaltered in g~ c¢; (respectively, cag), and thus the

1

products (g~ 'c1)(cag) and (g7 1er)en are reduced. Recalling I(c) > i+ j + s and i < k, we

have

g te) > 1o H+l(c))—2i—1=n+l(c)—j—2—-2i—1

>n—i—3+s>n—k—3+s=0I'-5+s>1+5.

Therefore Ly (c?) = Lir(g~ crcag) = Lir(g~ er) = Lir(g~ erea) = Lir(g™ ).
Claim (b) If k = i, then ¢ is left I-incompatible with C. This is because of Ly (c¢9) =
Ly(g~'c) and that g~'cis (n — k + 1)-incompatible with C' by Corollary

Claim (c¢) If k > i, then ¢? is I’-incompatible with C. To prove this, we first note that
k = j, and then i = 0 by the discussion in [(3)|(a), and also Ry(c)Li(g) = 1. Now consider

two subcases.

i. Assume k = 1. In this case, we want to prove that L, 1(g7'c) & Ln+1(C). But this is

true by Corollary (asi=0).

ii. Assume k > 2. In this case, we have L, +1(971) = L,_11(97 " ¢) (as i = 0). Thus we
only need to show that L, x11(971) & Ly_x41(C). Otherwise, R,,_111(9) € Ry_r11(C)

and so ¢’ := p(Bk(9))Rn—k11(9) € C by Lemma[5.2.3} But p(Bi(g)) = L—1(g) because
Li(9) = (Ri(c))™ = Lp(c™') = Li(u) for some v € SU S~ Hence C > ¢ =

Li—1(9)Rn—k+1(9) = g, a contradiction.

O
The next result will assist us in proving Corollary which together with Lemma [5.3.3

88



tells us that if a component from p; and a component from p; cancel, then the partial product
9iCit1---Cj1 gj_1 is in C, and therefore we can reduce the number of conjugates in the product

T =C---C, using Lemma [5.4.6]

Lemma 5.4.4. Let c € C\{1}, and let g € A\C be left C-simplified. Let ¢9 = Dy---Dy--- Dy, be

in reduced form. Let Aup be the standard form of ¢9. If Dy is a component of u, then we have
gDy Dy—1(p(Dy))"t € C and p(Dy)Dy;---Dng™ ' € C. (5.8)

Proof. Note that each memberships in implies the other, as the product of the terms considered
is equal to ¢ € C. Thus, we only need to show that for each component D; of u, one of the
memberships holds. We use the notation of Definition Let i = K(g7',¢),j = K(c,g), so
k = max{i,j}. Let hy = Lj(g), so x = hy 'ch1, g = h17 is a reduced product. Also i+ j <I(c)—s

by Lemma [5.4.3{((3)), which implies Ry(h]'chi) = Ri(chy). We first prove two claims.
Claim (1) We have g\p (respectively, upg~') is left (respectively, right) compatible with C.

We prove the statement about gAp. The other can be done similarly. Note that

g M= hyy -y &R e &5 = chi &

where & is 1 of Ri(x) = Rl(hflchl) = Ri(chy). Hence gAu is a left factor of chy. Thus, we only
need to prove that chy is left compatible with C. If k = j, then Ri(c)h; = 1 and then ch; is a left
factor of ¢, so chy is left compatible with C. If k > j, then ¥ = 7 and then hflLk(c) = 1, thus

chy = cLy(c) is a left factor of ¢?, hence again chy is left compatible with C.

Claim (2) We have R;(,)—;j_1(p) (vespectively, Ly (1)) is unaltered in P(g, Ap) (respec-

p)—i—1
tively, P(up,g7")).

Again, we only present the proof of the statement about P(g, Au). This is clearly true if Ly () is
not canceled by g in P(g, A). Now we assume that L;(u) is canceled by g. Recalling that g = hyy

and Ay are reduced products, and I(y) = I()\), we know then Y\ = 1, thus & = 1 as A = v~ 1¢;.
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Hence P(g, A\it) = P(hyy,y ' p) with p = hflchlégl and we only need to prove that K(hy, u) < j.
This is true if k = j, as [(hy) = k. If k > j, then k =i and ¢ can be written as a reduced product

hic/, now p = 'hi&;t, and Li(u) = L1(c)) as I(¢) > i+ j + s by Lemma [5.4.3((3)), thus hypu is

reduced, implying K (hy, ) =0 < j, as desired.

By Lemma|5.2.3} |Claim (1)|and |Claim (2)| together imply that if D; is a component of Ry(,,y_;_1 ()

(respectively, Lj)—j—1()), we have the first (respectively, second) membership of (5.8). But

i+7j<Il(un)—s—1by Lemma , so all components of ;1 are components of Ry(,,y_;_1(x)

or components of Ly,y_;_1(u). So for each component Dy of y, one of the containments holds, as

desired. O

5.4.2 Products of conjugates

We now turn to the study of a product of conjugates. The next result follows from Lemma

Corollary 5.4.5. Consider a product T = Cy ---Ch, where for each i with 1 < i < n, C; = ¢,
ci € C\{1}, gi € A\C is left C-simplified and C; = \;uip; is the standard form of C;. Consider the
multiplication CrCryy1---Crwith1 <r <t <n. LetC, =By---Bp---Bp andCy = D1 ---Dgy--- Dy
be in reduced form, where B, is a component of p, and Dy is a component of p. Assume that

B,D, =1 and B, ---ByCr11---C4_1D1--- Dy = 1. We have ¢y := g, Crqq - Ct_lgt_l eC.
Proof. By Lemma [5.4.4] we have

1 :=p(Bp)Bp - 'Bkgr_l €C, 0 :=gDi-- Dq—l(p<Dq)>_1 el

Since & := p(Dq)Dy(p(D,*))~" € C by (6.1) and B,D, = 1, we find

C20:=06=gD1 Dy(p(D;")™" = D1+ Dy(p(Bp))~".
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Now we obtain ¢y = ¢,Cryq -+ C’t,lgfl =7~197! € C by the computation
1=By-ByCpy1---Cir1Dy -+ Dy = (p(Bp))"'ngrCri1 -+ Cr1g; ' Op(By).

O

So, this result tells us that if a certain type of cancellation happens in the product 7', then the
partial product ¢, is in C'. The next result says that if ¢,; € C, then we can rewrite 1" as a product

of fewer conjugates than the original expression for 7.

Lemma 5.4.6. Let C' be a normal subsemigroup of C, T = Cy---C,, with C; = ¢, ¢; € C' and

7 7

gi € A for alli. Assume that cpy := grCryq--- Ct,19;1 eCwithl <r<t<n. We have
CrCryy+-Cy1Cy = ClCyyq - Cy_q, where C. = ()9 for some ¢, € C'.
Proof. We have the computation

CrCrir -+ Cro1Cr =g, ' grCri1 - Coo1g; Perge = gy "crericigr

—1 —1 !
=9r CrCrtCiCpry GrCry1---Cy1 = CrCr—i—l <Gy,

-1
. C . .
where Cl. = .9 with ¢, = ¢,¢;"* € C’, as C' is a normal subsemigroup of C' . O

5.4.3 Proof of multi-malnormality of C

We now prove the main result of this subsection.
Theorem 5.4.7. The subgroup C' given by Definition [5.1.1] is multi-malnormal in A.

Proof. Let C" be a normal subsemigroup of C' with 1 ¢ C’. Let S be the set of tuples ((t1,a1), . . ., (tg, ax))
such that ¢; € C’, a; € A\C, k > 1 and ¢{*---¢;* € C. We want to prove that S is empty. We

argue by contradiction, and assume that S is nonempty.
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For a tuple V := ((¢t1,a1),..., (tx,ax)) € S, we associate two numbers with V: the number of

conjugates NC'(V) = k and the sum of conjugate lengths SLC(V) = Ele I(t{"). These define
amap ¢ : S — N2 where ¢(V) = (NC(V),SLC(V)). Lexicographically order N? according to
the rule (mq,n1) < (me,n2) if my < mg, or if m; = mg and n; < ny. Choose V) € S satistying
o(Vo) < o(V) forall vV € S.

Suppose Vo = ((¢1,91)s- -+, (Cn,gn)), then n > 1, ¢; € C’, g; € A\C and I := ¢ --- ¢ € C.
Moreover, by using Lemma [5.2.6( 1) we may assume that these g; are left C-simplified. For each ¢ €
{1,...,n}, let Cy = ¢f' = x]* = Mpepr, where the last two expressions are the almost reduced form
and the standard form of C}. To simplify notation, for 1 <r <t <n, welet II, ; = C,.Cry1--- Cy
(and for convenience, define II,; = 1 when r > t). We also write L; ; for the left-first product
LFP(C;,...,Cj), and R;; for the right-first product RFP(C;,...,Cj). Let « be a fixed integer

satisfying 3 < x < s — 6. We now proceed by two steps to reach a contradiction.

Our first step is to establish three preparatory claims using the minimality of Vj.

Claim A : Let 1 <r <t <n. We have I(v,I,41,) > () — 1 and I[(T;—17; 1) > 1(y, 1) — 1.

Proof of We only prove the first inequality as the second one can be done similarly.

For contradiction, assume [(y,I1,41¢) < I(v,) — 1. Letting C. = CTH "THt we have
Hr,t = CrHr+1,t = Hr—l—l,tH;il,tCrHr—&—l,t = Hr—l—l,tC;n,
and hence we find

!
=1, =y 100 Iy = T g 1Ly (O IT 1
=1, 110,41 C' I ,C 71 C
- 1,7‘—1 T'+1,t r t+1,n T T

cimt
= 1Ml AL, O

1—1
fce. ecC .= H1,r71Hr+1,tH§I1,n isin C as IT € C, and II' is a product of n — 1 conjugates

of the form ¢4 with ¢ € C’ and g € A\C, contradicting the minimality of V{. Therefore, we have
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!
Cl € A\C. Since C! = oyt = e — 9 where g, = g-1l,414, we have g. € A\C as

cr € C. Also, O = (x")llr+1e = xZTHT“‘t, and thus

l(C;n) < Z(Xr) + 2Z(VTHT+1,t) < l(XT) + 2(l(7r) - 1) = l(XT‘) + 2l(77") -2< Z(Cr)

where the last inequality is because the product C, = 7, 1x,7, is almost reduced. Considering
the product IT = II; ,11I,41,:C 1441, We obtain a tuple Vi € S, such that NC(Vi) = NC(Vp)
but SLC(V;) < SLC(V}), contradicting the minimality of V. This completes the proof of
[Al O

Claim B : Let 1 < ¢ < j < n and assume that {(II; ;1) > {(C;) — 6. Then I(I; ;1) >
[(7i) + o+ 1 and Bj(y,) 4541 (Il j-1) is not canceled by the factor \; of C; in P(Il; j_1,Cj).

Proof of To prove the inequality, we only need [(C;) — 6 > I(7;) + x + 1, thus by the
last equality of Lemma|5.4.3(|(3)]), we only need 2s —1—6 > z+ 1, which follows from 3 < z < s—6.

Now we prove the second statement by contradiction, assuming it is canceled by ;. Then the
number of components of IT; j_1 canceled by A; in P(II; j_1, \;) is at least & := [(IL; j—1) — () — z,
so K(II; j—1,\j) > k. Since ’yj_l and \; are of the same length, and at most differ in their right-most

components (by Lemma ) ((2)]), thus K(Hi,j—l,’yj_l) >k — 1. It now follows that

(Mj1yy ) < Umn) + 10y ) = 2K (Wi j-1,757)
<U(Mija) + 1y ) —2(k = 1)
=1(7; ") = 1 jo1) + 21(v) + 22 + 2
<U(y; 1) = UCH) + 6 4 20(vi) + 2w +2

< l(’yj_l) —2s+2x+9< l(’yj_l) -3,

where the penultimate inequality is obtained using the last inequality of Lemma [5.4.3|((3)) and the
last inequality is because z < s — 6. This contradicts [Claim A] and thus finishes proving

Bl O
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Claim C : Let 1 <i<r <t <j<n. Let Band D be components of y, and p, respectively.

Then B and D do not cancel in L; j. (Recall that we write L; ; for LFP(C;,...,Cj).)

Proof of We prove by contradiction, supposing that the components B and D cancel
in L; ;. By Lemma m B and D cancel in L;; too. Letting B = RB,(C,), D = By(Cy),
we have BD = 1 and R,(C,)Cri1---Ci—1Lg(Cy) = 1 by Lemma [5.3.3] By Corollary [5.4.5
9:Cri1---Cy_19;* € C. Applying Lemma we have II,.; = C.Cyy1 -+ C—1, where C] = .9
with ¢, € C'. Now Il =11; ,_1C/Cyy1 -+ Cy—1I;41, € C is a product of n — 1 terms of the form
¢9 with ¢ € C" and g € A\C. This contradicts the minimality of Vj, and thus completes the proof

of [Claim C| O

Our second step is to prove the following claim to finish the proof of the theorem. To ease

notation, we write £; in place of L;(,,)1,(Ct) and R in place of Ry(y,)14(Ct).

Claim 5.4.8. If 4, j are integers satisfying 1 < i < j < n, then £; is unaltered in L;; and R; is

unaltered in R; ;.

Let us see how the claim contradicts the nonemptiness of S. Assuming Claim [5.4.8, we know
Ly is unaltered in L1, and so Lj(y,)42(C1) = Lyy,)42(I1). But Cy is (I(71) + 2)-incompatible with
C by Lemma [5.4.3|[(4)]), so that II is also (I(y1) 4+ 2)-incompatible with C, in particular, II ¢ C.
Recalling that the assumption that S is nonemtpy leads to the existence of Vj and that II € C,
this gives a desired contradiction.

The remainder of this chapter is therefore devoted to proving Claim We induct on the
number j — 4+ 1 of conjugates in the product II; ;. Note that if j —¢ + 1 =1, then the conclusion
of Claim [5.4.8]is trivially true. So, let K > 2 and assume that the conclusion of Claim holds
for all 4,j with j —i+ 1 < K. Assuming that j —i+ 1 = K, we want to prove that the conclusion
of Claim [5.4.8] is true in this case. We proceed with two substeps to achieve this goal. Our first

substep is to prove the following [Claim D] and [Claim E| based on the induction assumption.

Claim D : Let ¢ be an integer satisfying ¢ < ¢ < j. Assume that a component B; of Cy

is unaltered in L; ;1 but altered in Ly ;. Then the factor RBl(w)JFQ(Ci/) of Cy is unaltered in
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Lz‘ﬂj—l-

Proof of We prove this with two sub-substeps. Note that the claim is trivially true

if i/ = 7 — 1, and so we focus on the case that ¢/ < j — 2.

(a) Let k be a fixed integer satisfying ' +1 < k < j — 1. We prove that at least one component
of C is altered in P(IIy y—1,C}), and if ¢ is maximal such that B;(C}) is altered, then
Uvg) +2 <t <UCk) — (U k) + ).

To prove this, we rule out two other possible cases for the product P(Il; _1,C).

i. No component of C is altered or the rightmost component of Cy, altered is B;(Cy) with
t < I(yk) + 2. In this case, Bj(y,)4+2(Ck) is unaltered in Ly y, and by assumption, the
component By of Cy is unaltered in Ly j_; (thus also unaltered in L; ;) but altered in
Ly ;. Therefore by Corollary Bl(%)ﬂ(Ck) is altered in Ly, ;. But this means L, is
altered in Ly ;, contradicting the induction assumption as j —k +1 < K.

ii. The rightmost component of Cj altered is B;(C}) with t > [(Cy) — (I(7x) + ). Then
By(C}) is a component of Ry, thus Ry, is altered in P(Ily ,_1, C). But Ry, is unaltered in
Ry 1, by the induction assumption (as k—i'+1 < K), thus Ry, is unaltered in P(ILy j—1,Ck)

by (the right version of) Corollary a contradiction.

(b) Second, we prove the following Subclaim. Let’s first see how this Subclaim finishes the proof

of By this Subclaim, for each k with i’ +1 < k < j — 1, ny := Ay (Ry(pgr)) ™t
is a left factor of Il j, and thus 7; is unaltered in P(ILy ;_1,Ck) by (the left version of)

Lemma Therefore 7, is unaltered in Ly ;_; and thus so is its right-most component
RBy(+,,)4+2(Cy), as desired by

Subclaim: For every k with i < k < j—1, IIy ; can be written as an almost reduced

product
Hi’,kz = )\’ngjogjl te C]rk hka (59)

where (j, = py, rp > 0, hy € A, 7/ = jo < j1 < -+ < jp, < k, the products
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AirGjo and ¢, hi are reduced, each (; is a right factor of p; with W(¢) > x4+ 1,
each ¢} := (L1(¢)) ' ¢ (R1(¢)) ! is unaltered in Ly, and = Cjo (R1(&jy)) ! and

]””c = (Ll(erk))_lgjmC are unaltered in Ly j.

To prove this subclaim, we induct on k. It is clearly true when k& = ¢/, as we can take 7, = 0
and h; = py. Now assume that I ;, with i < k < j —2 can be written as the desired almost

reduced product (5.9). We want to prove that Iy 41 can too. We have

Iy g1 = Wi kClr = NirGio Gy =+ Gy, P M1 A1 -+ - Ay PRt

where we write y41 in reduced form Ay --- Ay, . By (a), the rightmost component
of Cj41 being altered in P(Ily j, Ciy1) is A, with & <7 < myq; —2. Thus A,_; is canceled in
P(Wys g, Ckt1). Let 6 = (oGGy -+ G, - Then Ly = Aidghy is a reduced product. We want
to show that A,_; is canceled by hy in P(Ily 1, Ciqq1). First, it cannot be canceled by Ay,
as that will lead to £y being altered in Ly j41, contradicting the induction assumption (as
k+1—14+1< K). Second, note that each ¢} for t = jo, j1,...,jr, is a factor of y; unaltered
in Ly g, so ¢, cannot cancel A,_; by as A,_1 is a component py, 1. Similarly, CZJ
or C]”T . cannot cancel A,_; either. Therefore, if A,_1 is canceled by 0y, then it can only be
canceled by Ri(¢j,_,)L1(¢j,) for some t € {1,2,...,r}, but then A,_» (note r > x > 3) is
canceled by a component of gt, contradicting Therefore A,_1 can only be canceled

by a component of hy, call this component D. We consider the following two possibilities.

i. Suppose D is not the left-most component of hg. In this case, letting hx11 = hxCry1, wWe

have

i g1 = AirGioGir -+ - Gy, Pkt 1,5

which is the desired almost reduced product.

ii. Suppose D is the left-most component of hy. In this case, we have hpApy1A41--- A1 =1
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and thus
Wit o1 = AirGio G == Gy, Ar =+ Am iy Phir = AirGioGia =+ Gy Gy, P41

M1

where ¢, = Ap--- A is a right factor of 11 with 1(¢j,, ) = mpp1—r+1 = a+1,

K (erk ) CMH) = 0 and the product erkﬂ pi+1 is reduced. This gives the desired almost

reduced product for II; 41, proving the Subclaim and thus O
Claim E : Assume that £; is altered in L; ;. Then I(II; j_1) > I[(C;) — 6.

Proof of We prove this by contradiction, supposing that I(II; j_1) < I(C;) — 6. First

we have i # j — 1 and thus ¢ < j — 1 as ¢ < j. Letting r = K(Cj,II;41 1), we have
Z(Cz) —6 > Z(Hi,j_l) > Z(Cz) + Z(Hi_,_l’j_l) —2r—1,

from which we find [(IT;41,;—1) < 2r—>5. Since £; is unaltered in L; j_; by the induction assumption,
and it is altered in L; ;, we know that by RBs(j1;) = RBj(y,)12(C;) is unaltered in L; j 1,
hence unaltered in P(C;, ;41 -1) by Corollary Now as exactly r components of C; are
canceled in P(Cj, ;41 j-1) = P(Nipipi, i1 j—1), we have K (p;,I1;11,—1) > r — 1. It then follows
that K (i, iy1-1) > 7 — 2 by Lemma [5.4.3|((2)). Using this, the inequality I(ITj41 ;1) < 2r —5
and we reach a contradiction:

W) = 1< U(villiprj—1) < U(vi) +1(TLig15-1) — 2(r — 2) < () — 1.

This completes the proof of O

Our second substep is to complete the proof of Claim using [Claim B [Claim C| [Claim D
and We only prove £; is unaltered in L; ;, as the “right version” is proved similarly.

Suppose that £; is altered in L; ;. By the induction assumption £; is unaltered in L; j_1, so the
component BBy, 2(C;) is unaltered in L; ;1 by It follows that B; := Bj(y,)4+a41(Ci)

i

is unaltered in L; j_1 as well, because I(C;) > 2l(7;) +2s —1 by Lemma [5.4.3(3)|and 2s — 1 > x4 3.
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Now, since £; is unaltered in L; j_1 but altered in L; j, it is therefore altered in P(II; j_1,C}),

implying that B; is canceled in P(II; j_1,C;). But since B; is a component from p;, it cannot be

canceled by p; in P(II; j_1,Cj) by Combining |Claim E| and |[Claim B| we know that

B; is not canceled by A; either. Therefore B; is canceled by p; in P(II; j_1, Cj).

Because B; is canceled by p; in P(I; j_1,Cj), we know R; is altered in P(Il; j_1,C}). So R;
is altered in R;; by (the right version of) Corollary Starting from that R; is altered in R; ;,
we make an argument similar to the previous two paragraphs but using the right version of the
claims whenever necessary, to conclude that D; := RBy(,),+1(C;) is unaltered in R;11; and D
is canceled by A; in the product P(C;, Hz‘+1,j)-

Now, as D; is unaltered in R;;1;, it is unaltered in P(Il;y1 j—1,C;) by (the right version
of) Corollary Moreover, the factor A; of C; is unaltered in P(Cj,II;11j—1) by the induc-
tion assumption and Corollary We can therefore apply Lemma [5.3.9] concluding that since
D; is canceled by A; in the product P(C;, 1111 ;) = P(Cy,11i41;-1Cj), Dj is canceled by A; in
P(Cillit,j-1,C5) = P(Ilj -1, Cj).

Hence in the product P(II; j_1,C}), B; (respectively, D;) is canceled by p; (respectively, \;).
We now show this leads to a contradiction. Since B; = Bl(’yi)-l—:c—&-l(ci) is unaltered in L;j_1, A; is
a left factor of C; and I()\;) = [(v;), we can write II; j_; = A\jo1B;7 as a reduced product, where
01,71 € A. Similarly, as D; = RBj(,,),+1(Cj) and p; is a right factor of C; with I(p;) = I(7;), we
can write C; as a reduced product o2D;mp;, where oo, 79 € A. Then the cancellation of B; by p;
in the product II; ;_1Cj = (N\jo1B;71)(02D72p;) implies that D; is canceled by 7, contradicting
that D; is canceled by A;. O
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Chapter 6

Conclusion

Theorem [3.3.7] ensures that a type of automorphism of free groups is order-preserving. As an
application, we proved that the answer to a question of Kin and Rolfsen in [I§] is positive.

We presented Theorem which gives a sufficient condition ensuring an amalgam of two
groups is GTF. As an application, we prove an analog—Corollary [4.6.3}—of a result of George
Bergman [3]. As another application, we prove that there exists a group which is GTF and non-
LO, solving problem 16.48 (on Page 98) of The Kourovka Notebook.

To prove that the group is GTF and non-LO, we introduce left-first product and use it to
prove that certain subgroups of a free group of rank two are multi-malnormal. This tool—left-first

product—may play a role in the study of other related problems.
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