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| Abstract

This thesis develops @ new approach to the optimum
decomposition of the second order polynomial in active RC
network synthesis,

The main feature of this approach is that the de-
‘composition is based on a new parameter m = tan ¢, where
¢ is the angle of pole sensitivity with respect to the real
axis. The angle ¢ renders qualitative estimation of the
center frequency sensitivity and quality factor sensitivity,

The decomposition of three different types and vari-
ous design criteria are expressed explicitly as a function
of m, so that the optimum decomposition, with respect to a
certain specified performance criterion, is easily obtained
by a simple substitution. It is shown that in the decompesitions
with real phantom zeros the value of m varies continuously
within a certain constrained interval; however, in the
decomposition with complex phantom zeros, no such constraint

exists,
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Introduction

Since J. G. Linvill [18] demonstrated the possibility
of constructing inddétorless filters in his pioneering
paper in 1954, nﬁmerous methods of active RC network synthesis
'have been developed. The prominent aspect of the existing
techniques [1] - (4], however, may be characterized by the
fact that a éertain performance criterion being specified,
the optimum decomposition of the polynomial D(s), with

respect to the criterion, is obtained in the form of
D) = a D«s) = X bD.(s)> (1.1)

where x .is the parameter of interest, s 1is the complex
variable, a and b are nonnegative real numbers, and

D; (s) and Dz(s) ‘are monic polynomials with certain
.constraints. Sensitivity minimization by means of polynomial
decomposition, therefore, has been the main subject of
interest in system design, particularly in active RC
network synthesis. In addition ﬁo sensitivity, post—-design
adjustment considerations have made it common practice

to realize higher order active RC filters by cascading
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second order sections [1], [3], [19]. Accordingly, in this
study, the decomposition of the second order polynomials
is considered exclusively.

The novel feature of the present method is the
introduction of a versatile variable m = tan@, where ¢ '
is the angle of pole sensitivity, in the decomposition
before specifying performance criteria in such a way that m
will be varied in a constrained range of real numbers.

It has been shown that the continuous variation of m

not only covers the existing optimum decompositions [4], [12]
but also offers a variety of decompésitions that may be
chosen by a designer to be optimum in different senses.

The proposed method, therefore, allows us to view overall
performance taking the diverse criteria into account
simﬁltaneously.

Development of this work is based on the recognition
that the magnitude of pole sensitivity depends on the angk
¢ , and also it is the angle @ that renders various measures
of practical significénce such as center frequency sensitivity,
quality factor sensitivity and stability margin. After
straightforward calculations, it is shown that the

polynomial D(s) can be expressed in the form of

Des) = am) Di(s,m) £ X b'tm) Djes,m) . (1.2)

Subsequently, the design criteria such as the magnitude

of pole sensitivity, center frequency sensitivity, quality



factor sensitivity, stability margin (S.M.) are written in

‘terms of m, respectively, as

ISE]l = fem),

Sz = f(m),
(1.3)

X

S& f} (m) 3

S.M, = fum),

where fi(.), £f.¢), f,(,), fs(-) are relatively simple functions.

'The well-known Horowitz decomposition [4] turned out
to be the consequence of minimizing ﬁ(m) and _fz(m) leaving
the possibility of optimizing other criteria, and in Calahan
case [12] which is optimum in terms of fi(m) s but not unique,
it is possible to optimize any éombination of these criteria
. simultaneously within the permissible range of m,

Usefulness of the proposed method stems from the
fact that the variable m can be varied continuously wifhin
a considerably wide range. Examples are provided to illustrate
the versatility of the proposed method in chapter 3, where
the main part of the work is presented. Curves of lS’;I,
S:‘Z s Si Vs, m are plotted to demonstrate the significant.
effects of m as a design parameter. |

. The fundamental concepts of various sensitivities and

related topics are described in chapter 2. They are pre-_



requisites to the main development of this work,



Sensitivity in  Active

RC Circuits

In an active filter, the realization of complex natural
frequencies is achieved by decomposing the characteristic
polynomial, that is, the denominator polynomial of a speci-
fied network function, into the difference or sum of two
suitably constrained polynomials,

The polynomials are substracted iﬁ filters using
negative~impedarce converter (NIC) [1] - [3], while they are
added in filters employing gyrator or controlled sources
with negative feedback [1] - [5],

In both'cases, the filter becomes increasingly sensitive
to active parameter changes as the complex pole pair moves
closer to the imaginary axis. The question of sensitivity to
parameter changes is, therefore, a matter of great importance
in active RC filter design.

There are various sensitivity measures by means of

which the performance of various types of active RC circuits



can be evaluated and compared,
In this chapter, the most commonly used sensitivity
measures, viz., the sensitivity of network function, pole,

quality factor and center frequency, are introduced.

A. NETWORK FUNCTION SENSITIVITY

It has been shown that in a linear time-invariant
circuit, the network functions, in general, have a bi-
linear devendence on a single parameter of the given network
[31, [6]. There are some exceptions to this relationship
[1], [21]. Such exceptions, however, are of relatively

‘little significance to this study. Therefore, the transfer

function of a linear active filter can be written as

_ Ny . _Ni(5) + X Nals) 9 1
T(S) - D (s) Di(s) + X D2(s) ’ (2.1)

where X is a variable parameter of interest and polynomials

Ni(s) s Na(s) s Di(s) and D.(s) are functions of all other

fixed parameters and complex frequency s.

In the operation of active filters, it is very
important to inﬁestigate the effects of variations of active
parameters on the transfer function performance. The useful
definition §f network function sensitivity with respect to
tﬁe variation of a single parameter is generally taken as

the reciprocal of Bode's sensitivity function [7].

Definition 2-1. The sensitivity function Szgof the

network function T(s,x) due to variations of the network



parameter X is defined as

ST(s) a AdllnT)] _ 4T S T6s.1)

o Aldm 2zl Az % (2.2)

In other words, the sensitivity of T(s), with respect

to X 1is the percentage change in T(s) divided by the
percentage change in X , with all changes considered
differentialy small. It should be noted that S,  is a
function of complex variable S-

From Equation (2.l1) and Definition 2-1, it immediately

follows that .

Tc.s) Di(s)  __ Nu()
S T 0D (s) N (s) (2.3)
) Na(s) Da(s) ] .
or Sy = x [ b a) (2.4)

B. POLE SENSITIVITY

In some situations, for example, in a band pass filter
having a high selectivity, or in a notch filter with a sharp
depth, the variation of a resonant frequency or the change
of a8 notch frequency could be critical, As an estimate of
the change in pole or zero locations of network function,
due to an incremental variation in a network parameter,‘

pole or zero sensitivity can be defined.



Definition 2-2. Let s = P be a pole or zero of the
network function T(s,%) when z takes its nominal value,
The pole or zero sensitivity of T(s,r) is then defined

as [8],

SP a J{_L . (2.5)
x dx,/ % s=p
The concepts of pole and zero sensitivity, being based
on the roots of polynomial, are obviously identical, and
often they are simply referred to as " root sensitivity",
Root sensitivity is a number in contrast to Sﬁ? which
is a function of the complex frequency, s. If the root is

real, the corresponding root sensitivity is real, otherwise

it is a complex number,

C. QﬁALITY FACTOR AND CENTER FREQUENCY SENSITIVITY

Since active filters are most practical when realized
a8s a cascade of second order sections [1], [3], only a
second order transfer function is considered,

The two system parameters commonly used to characterize
a second order filter section are the quality factor (
usually denoted by Q .) and the center, or peak frequency
(usually denoted by d% ).

Let

D) = §* + 265 + ©oF (2.6)

be the denominator of a second order transfer function



where & - %f‘co for complex roots. In filter theory,
26, 1is termed as the "3-db bandwidth" of a bandpass filter
realized by a pair of complex poles and “p is called
"center or peak frequency" of the filter, The quality factor
of a network is usualiy defined as the magnitude of the
distance from either pole to the origin devided by twice

the magnitude of the real part of the pole location, i.e.,
A 7)) : '
Q & —%= - (2.7)

Thus, the Q factor can be used to get a rough estimate of
the position of a pair of complex poles, The larger the Q
is, the closer the poles are to the jw axis for a given a% .
In case of frequency selective filters, the quality factor
of a pole pair also determines the shape of resonance.
Therefére, Q sensitivity and &? sensitivity'which'give

a measure of the effect-of parameter changes on the
resonance shape and possibly on thexstability margin for

high Q cases, are very important.

Definition 2-3.The Q and u? sensitivities are defined

3] as

LN dl ln Q] - dQ/ Q
5 = dltn x1 =~ dx/x ’ (2.8)
& 2 Alln %) _ dose (2.9)

x Al dn x) h_o(:;/x
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where x is a variable parameter,

These sensitivities can be shown to be closely related
to the corresponding pole sensitivity [9].

From Equation (2.6), the pole p and its conjugate

p* can be found as

P:P* = -6 1t jwe , (2.10)
where a%z = &§L - &&. (2.11)

The pole variation can be written as

. . ) 6(}0
AP L33 APy, (2.12
P Re ( 7 )+ } U ( 2 ) | )
It is observed that when dp/p 1is real, dp/p moves
along a radial direction; when dp/p is imaginary, it is
tangential to the circle through P, which is centered at

the origin as shown in Figure 2.1, Clearly, this defines an
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alternative orthogonal coordinate system dp = Re(dp) +<;&m(dp).

Equation (2.12) can be written as

4 . dgiia

Thus, from Equations (2.6) and (2.13), we have

d gedee + adw. _ deo
Re(Ff) = ST = L e
d v df - & din, & da
KD"“(.—PL) = wPL T we & (2.15)
dR/ Q

=T T @19

Therefore,

dp _ o o - _dbsa (2.16)
P %@ T4 Tre-; '
From Equation (2.5), it follows éhat
f -‘dé\c,'("ol(ﬁe_
Sx,: dx,l « X b
therefore,
St x { §dfrade. @ df-6da
P alx{ G “f 5 }'(“7)

Substituting Equations (2.14) and (2.15) into Equation (2.17),
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and from Definition 2-3, Equation (2.17) can be written as,

Sk _ % _ . 1 Q
pT % TSy o @
Let
X = 5;? ) (2.19)
and Y = -———i—-—Sa (2.20)
et -1 T*
Then, at p = - §c + jde, S; becomes
SSC = M et (2.21)
where
‘ A
M o= [(eX-oY) +@X +6Y)]% | (2.22)
- - a)cX + 6\\:Y (2‘23)
Ct; {'a‘ﬂ (UCY‘G\C.X
Define
m 2 tan ¢ (2.24)
Then,
Y - @ tm
X T oma/f-l (2.23)

Now it is clear that network synthesis, with prescribed
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angle of pole sensitivity, can be achieved by decomposing
a polynomial in such a way that Equation (2.25) is satisfied
for a given § and @e .

In the following chapter, polynomial decomposition
techniques are developed for the three cases such that the
decompositions are represented in terms of the angle

barameter m.



Decomposition Methods

Many active RC network synthesis techniques start with
decomposition of the denominator polynomial of a specified

network function T(S) in the form of
Dis) = anhts) = x}p D.(s) (3.1)

where a and b are positive real numbers, X is the parameter
of interest, and [;(s) and D.(s) are monic polynomials in s,

In this chapter,'the effects of éontinuous variation
of pole sensitivity angle will be investigated to obtain
useful information on performance criteria such as center
frequency sensitivity and pole-Q sensitivity. The optimal
angle in terms of the specified criterion and corresponding
decomposition will be shown explicitly.l

Three types of decomposition, having practical signi-~
ficance, are chosen in this study. For obvious reasons, we

will assume that the given polynomial is of second order,

Il

D(s) $ t 2605 + (& + @)

= ¥+ 268 + CRa - (3.2)
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where 6. and «. are the real and imaginary parts of the
pole respectively, and a)f is the center frequency.

For convenience, the sum decomposition with each com-
ponent polynomial having negative real roots only is discussed
first and the difference decomposition with each component
polynomial having negative real roots and the sum decomposition
with one component polynomial having complex roots in the

left-half s-plane are presented later.

A, SUM DECOMPOSITION : REAL ROOTS

Consider the decomposition

Des) = abi(s) + xb D (3) » (3.3)

where % is assumed to be positive, and the roots of the
monic polynomials, D(S) and D,(3), are restricted to
the negative real axis including the o'rigin. Let the
degree of D,(s) be the same as that of D(sS), and let the
degree of D,(s) be equal to or less than that of D(S)-

Then, there are there possible cases;
(0 Dis)* =2 Dy(s)° =2 4

Gy Dus)’ =2 D:(s) =1 ,

o
(i) D)’ =2 Dals) =0
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where D,¢s) and D.(s) denote the degree of D,(s)
and D,(s), respectively. If we assume that D(S) has no
real roots, then the roots of D,(8) and [,(s) must have

the pattern as shown in Figure 3,1 [107.

i}'w

~-O0—O——0O—+0F S

-Fig. 3.1 A -plo't of root pa't'tern.
' O: root of Di1(s), O : root of Dz(s)

The root closest to the origin (it may lie at the origin)
is a root of [;(s). The two roots closest to infinity
(either or both of them may lie at infinity) must belong
to Dy(3). It should be noted that since a summation of
polynomials is considered in this case, it is possible
to interchange the designations of D,(s) and D,(s). If
the network parameter x deviates from its nominal value,
the roots of Equation (3.3) are determined by the root

locus of the equation

.._-——-—-KDDZ(SS> = -1 (3.4)
1 (S .

where ———

=
!
&
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For the second order polynominal, all the root
loci are either straight lines or circles and are sym-
metric with respect to the real axis [11]. The root
loci for the three possible cases are shown in Figures
3.2, 3.3 and 3.4. Let us examine the relationship between
pole sensitivity angle and root locus in the neighbourhnod
of nominal value of K.

Let s = p = -8c +]& be a root of the polynomial
D(s) for the nominal value of K, For an incremental
change dK, the root at s =p will shift by an incremental

amount dp = -d€. + jd@ . The pole sensifivity 5& is

\:]
Fig. 3.2 Root locus for Di(s) = 2 & Dp(s) = 2

0: root of D (s) ©O: root of D (s)
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4Fig. 3.3 Root locus for D;,(s)o =2 & Dz,(s)° =1,

1: root of Dyg(s) O: root of Dj(s)

J{J:w
4 Ea @
At
K
H e Y. 0 -¢
Y
-f"" """"" “Ue

Fig.3.4 Root locus for Dj(s)’ =2 & D.(s) = 0.

0: root of D (s)
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then given by

= = 3.5
K dK/ K dK/ K (3.3

Since the parameter K is real, the angle~¢ of

pole sensitivity is

-a 6 (3.6)

From the root locus shown in Figure 3.2, it is

obvious that the angle of the tangential line to the root

_; - «] dwc
locus at § = p is also tan de e

On the other hand, from Equation (3.3) the pole

~sensitivity with respect to parameter x at p = - & +jak

can be derived as

¢ = _%._%;L).. ~ | (3.7)

Thus, the magnitude of pole sensitivity is

_ a ol . ‘
‘S&\ = ZU)cP ' (3.8)

Therefore, the magnitude and angle of the pole
sensitivity, which are of interest, depend on how the
component polynomials Di(s) and D.(s) are chosen in the

decomposition. It is shown in Appendix A that l&ckﬂ
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has minimum value when Di(s) has a double root. For the
general sum type of decomposition, Calahan [12] has shown
that the minimum magnitude of pole sensitivity occurs
when the component polynomials have double roots.

Thus, the decomposition that gives minimum magnitude of

the pole sensitivity should be written as

Dis) = a(s+al + xb(s+b) » (3.9)

where a, a, , b and b, are nonnegative real numbers,

The root loci corresponding to this type of decomposition
are shown for two different angles in Figure 3.5. It should
be noted that the interchange of roots of Di¢s) and Ds(S)
would create an identical locus with opposite sense and
1/K  replacing K,

Such a decomposition is optimum in the sense
that it gives a minimum magnitudé of pole sensitivity.

It is, however, not uniéue because &, and b, can assume
various values, and as can be seen from Figure 3.5, the
values of do and b, depend on the angle of pole sensitivity.

Now, for a prescribed value m , or for a prescribed
angle of pole sensitivity, the optimum decomposition can

be found uniquely as follows

(i) Find a straight line which passes through the given
pole p and whose slope is perpendicular to the given m.

The equation of this straight line is
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W - ._6:_. + Q)(, — -£C—~ (3010)
m m

(ii) Determine the.center, - 65 , of the root locus which
passes through p[See Figure 3.5].

From Equation (3.10), it follows that

-G = —6(1-m/[4sa"=1) - (3.11)

(iii) Find the radius r of the root locus.

This can be found as

ro= 6&Ju-00+m) . (3.12)

(iv) From (3.11) and (3.12), the desired decomposition

is obtained by

L jw

Fig. 3.5 Root locus for optimum decomposition.



Dis) = @ [s + 61{1—\/4@4(@ +'m)}}2
+ T-b [s +6‘c{1+/4g2-1(m ~m)}]z

Therefore, we have

& = 641 - (381 (m + JizmR)]

bo = i1 +/ag 1 (fitm? ~7n)}

(v) Calculate a and b.

With (3.2) and (3.13), we can identify

a = -

L(l - /——-—xm })
I +m

L m
x (1 o+ A=)

Note that a, b and b, are nonnegative for any real m,

For a, to be nonnegative we require

[4Q%~1 (m+Ji+m*) £ 1 -,

from which we derive the constraint

22
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m < _1-20 (3.13)
V 4.0* ~1

The sum decomposition is now written in terms of m

with constraint (3.13) as follows.

Des) = 2(r- 2= [s + & {1 - fa@=i (e +m)}]2

1
* 2l pas) [s el s e G- m) T )

With this decomposition, from Equation (3.7)

we have
SP - 6:J4-Q’*__1 i + ;m (3.15)
X Z Jaw
Z
Sole = 8 J4 Q-4 J?‘"i (3.16)

Thus, the decomposition of (3.14) gives the
magnitude of pole sensitivity &JZEZE/z which is
independeht of m. This, &as expected, is the same result
as shown by Calahan [12]. Note that in all types of sum
decomposition, regardless of multiple roots in component
polynomials, the angle constraint (3:13) always holds.

Therefore, it can be concluded that in the sum
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decomposition, it is always poséible to minimize the

magnitude of pole sensitivity while the angle of pole

sensitivity is varied to satisfy another design criterion.
In practical design, the characteristics of 52

and S&_ versus m render very useful information.

From Equations (2.18) and (3.15), it follows that

“p - 40%-1 (1= m 48*°-1) (3.17)

S: = 38° 1tm? ’

S}i = _ (4°-1) (m + 46°-1) (3.18)
8Q°  1+mz

and for large @,(3.17) and (3.18) are reduced to

Swf - - 2ma@ , (3.19)
X 48 Ji+ m?
gt . M+ 20 ) (3.20)

N T T

respectively,
The decomposition which gives zerc Q sensitivity was
first suggested by Kim and Phan [13] and later Phung, et

al, [14] added the technique of simultaneously minimizing
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the magnitude of pole sensitivity. In this work, the same
result can be easily obtained by finding m which minimizes
Q sensitivity in Equation (3.18).

Obviously, 5& =0 when m = -[4Q-1 Substituting
this value into Equation (3.14), it is always possible to
obtain the optimum decompesition with zero Q sensitivity

Des) = -}-:(w“‘g )[ @Q(2Q°J4QZ~I)]z

+ rf;(yﬁ_—"—"—%%—)[su@&(za +J4@‘-[)]L , (3.21)

and therefore,from Equations (3.17) and (3.18) we have

w _ 48—
X 4-a,

(3.22)

This result is the same as shown in [14]. It should
be noted that it is impossible to find a decomposition with
Zero a% sensitivity since this would require a value of m

. 3 » u -
outside its permissible range. However, minimum Sz‘ﬂlll

-t ) @
be found with either m =-Q%§%§= or m = -0, and maximum S£
occurs for m = - [40*-| . Note that maximum Sx occurs

S&. s
when 2% is minimum,



Due to stability considerations, it is sometimes

desirable to have ¢>= %% or equivalently m = -0, By

substituting this value into Equations(3.14), (3.17) and
e (3.18), we have

D(s) = (5+&R)° + 6 (48°-1),
- _4a -1 3.23
SZ st (3.23)

8 4
5S¢ = §Q*

Examples: Consider the quadratic polynomial
Des) = s + 65 *+ 2%,

where we have

6 = 3,
&b = 4
col, = 5§,
a = ¢-

{i) For zero Q sensitivity, from Equation (3.21), we have

D(s) =——5+3] (Ox[sw;]

and therefore from Equations (3.16) and (3.22), it follows
that

4] -
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XL
R
Sg = 0
s s S“’f . . /= Q¥ - 7
(1i) For minimum £ » by substituting m = 2. =~ _—
Ga-r |
into Equation (3.14), we have
y = 16 2 9 25 \Z
D(s) = ¥ 8% + X Hxls+ F)
and consequently we obtain
F[ = 2 3
|52
“r
= 0.32
o, '
&
= =-—0.32
s 32,
and with m = -, from Equation (3.23) it follows that

14
D)y = (5+3)2 t X" !

2’ ’

i

st

Sif = 032,

R = 22
S 0.32,

¥ Q
Continuous curves, S{ and 5, vs. m, are plotted for

this example and for Q = 10 of the frequency normalized

case in Figs. 3.6 and 3.7, respectively.



Fig. 3.6 |s0|, s¥ & sf vsum
( @Q=5/6 ).

o>
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0.5

~ 0. 4.
=-0.3

-8.2

. Q
Fig. 3.7 |sf|, s} & sz vs. m

( Q=10, frequency normalized case ).

I
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B, DIFFERENCE DECOMPOSITION : REAL ROOTS

The difference decomposition is written as
Des) = A D) ~ xbDy(s) » (3.24)

where a and b are positive real numbers and x is the
variable network’parameter of interest. X 1is assumed to
be a positive real number.

Since the difference of polynomials is considered
in this decomposition, the roots of D(s) are determined

by a root locus satisfying the equation

KO, () _

DL (5) ’ (3.25)

b

where K = “‘a“x .
Note that the Equation (3,.25) defines a 0° root locus.
For such a locus, the roots of Di(s) and D, (s) must be

located on the negative real axis in a pattern shown in

Figure 3.8 [10]. The root closest to the origin (it may

Jj.w

Fa 1 — 0o > §
/ o led LJ N/

Fig. 3.8 A plot of the roots.of D; (s) and Dz(s)

0O : root of Dy (s) G : root of D2(s).
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lie at the origin) is a root of Dz(s) and the root closest
to infinity (it may lie at infinity) must also belong to

DiS).

Fig., 3.9 Root locus. [@: root of Dj(s) (: root of Dy(s).

The root locus with this root pattern is shown in
Figure 3.9,

Here again, the minimization of the magnitude of
pole sensitivity is our main interest, From Equation (3.8),
it is obvious that the minimization of lSi is achieved
by minimizing dlDL(P)I. In Equation (3.24), we can observe
that a has minimum value of unity when Dz(s) has a zero
at infinity, i.e., the degree of Dz(s) is lower than
‘that of Dy(s) by one. Furthermore, it is always desirable
to have Di(s) in the form of (s + aaf'_rather than

(s +d)(s +‘6) in order to minimize lDi(p)l. [See Appendix
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A], Therefore, the decomposition which gives the minimum

magnitude of pole sensitivity should be of the form
2
D(s) = (s+a) -xb(s+), (3.26)

where a, and & are nonnegative real numbers,

Such a decomposition shall be referred to as the
optimum decomposition in the sense that it gives a minimum
magnitude of pole sensitivity. The root locus of Equation
(3.26) is shown in Figure 3.10, and we can easily see the
direct relationship between the angle (P and the single

root of Da(s).

Fig, 3.10 Root locus.

@ : double root of Di(s)

Q: root of Dy(s).
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Using Equations (3.11) and (3.12), the values of

ot

and d, are fuond as
o = 6 (1 —m 40°~1) (3.27)
2, = 6.1 - (m - [T JFET) - (3.28)

Substituting Equations (3.27) and (3.28) into (3.26)’
and equating Equation (3.26) with Equation (3.2), the value
of b can be obtained. Now, the optimum decomposition can

be written in terms of m as follows,

D(s) = [3 + 6},{1 + 4™ -1 (J1 + m* —m)}]z

- x-%% Jaar-1 (fT+m? - m)[s + 6 (1 -m,{4&"~l)] © (3.29)

8% and b are positive for any real m,

For o to
be nonnegative, it is required that
1
P SRS
S TGmEer (3.30)

With this decomposition, from Equations (3.7) and (3.8)
we have

—

S = 62f4a‘—1(f1+m2')(1+(}m) '

. (3.31)
lsi[ = G40 -1 J1+m* (J1+m*-m).

It is shown in Appendix B that lSil is a monotonical-
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ly decreasing function of m. Hence, the least value of

lSil occurs when m has the upper limit value, i.e.,

— 1 .
m= el (3.32)

By substituting this value into Equations (3.29) and
(3.31), we have

Des) = (s +z6‘cQ)?“—x-%~(zQ-x)s s

B . i
5; = Q(Za*i)(i-f(}m) ’(3.33)
x 40% - 1

respectively,

Note that this coincides with Horowitz decomposition

- [15].

: o,
As in the case of the sum decomposition S{’ and Si
can be expressed as functions of m. From Equations (2,18)

and (3.31), it follows that



g - m\%(h £ -m)(m fa81 -1) , (3.34)

X

X

SQ = &E;:'(;T'l")‘ (\/H'm"«'m)(m +,/4Q’”~I) . (3.35)

For large Q, Equatons (3.34) and (3.35) are reduced

to

5 ( 1+m*-m)(2md -1)
€L ZQ_

(3.36)

Si' = (Jremt -m)(m+20) , (3.37)

respectively,

35

From Equations (3.34) and (3.35), it is observed that

wf’ = = e
sf =0 for m yromali (3.38)

and Si = 0  Jor m = ~/4-Qz~1 . (3.39)

Obviously, Equation (3.38) ccincides with the

Horowitz decomposition,



_Substituting Equation (3.39) into Equation (3.29),

we obtain the decomposition of zero Q sensitivity as,

Z
D(s) = [5 + 26 Q(2Q +./4&‘-1)]
~1- %‘;\/491—-1 (20 t/46%-1)(s +46.Q)- (3.40)

Thus, from Equation (3.31), we have
|5F] = 2 6.0 J4e®-1 (20 + Jag-1) (3.41)
and from Equatibn (3.34) and (3.35), we find

S7 = - Ja-T (20 + [42-1)

(3.42)

as expected,
Note that this magnitude is smaller than that of

the decomposition suggested in [13].
Examples : Consider ‘again the quadratic polynomial
D(s) = s* + 65 + 25,

P o)
(i) For minlszx and S£ =0, we choose
1

= —1 = 015 ,
" Jae -1

then from Equation (3.33), we have

D(s)

||

1l

(S+5)2'-x"%59

2059

36



Thus, from Equation (3.34) and (3.35), it follows

that

& o,
]
a

S> = 0.667.

(ii) For S; = 0, we také m= - f40? -1 = -4/3, and

then from Equation (3.40), it follows that
& 2
D(s)z= (s +15) -x"ék( s + 25/3 ),

and subsequently we obtain

21 - 20,
sY = -4,
st = o,

(iii) For m = 0, from Equation (3.29) we have
2 3
D(s)=(s+7)—x'g€(s+3),

and the pertinent values are found as

] = 4,
&,

s, = -12/25,
4

s, = 64/75.

e .
182‘ s Sj and Sy vs. m are plotted in Fig. 3,11»and 3.12
for this example and Q = 10 of the frequency normalized

case, respectively.
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Fig. 3.11

lec], S;)f& Si Vs, m
(Q = 5/6).
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200 1000 1000

-100 So0 750

| .
Fig. 3.12 Isﬁ‘ , S5 & s vs. m

60 -500 250

=200 ~{opp ©

(Q = 10, frequency normalized case),
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C. DECOMPOSITION WITH COMPLEX ROOTS

bbbbbbb In the.preceeding two sections, sensitivity studies
have been conducted under the constraint that the component
polynomials Di(s) and Dgz(s) have only negative real
roots. In this section, the constraint will be relaxed
so that Dgz(s) may have a pair of complex roots., |
Herbst [16] demonstrated that smaller pole sensitivities
can be achieved if the phantom.zeros are allowed to be
complex. In order to minimize a pole sensitivity, he
considers a_ﬁblynomial decomposition with phantom zeros
on the imaginary axis only.
| Haykin [2] advanced new network configurations
which can be realized by.a polynomial decomposition
.with complex phantom zeros in the left-Half s-plane. With
this decomposition it is possible to prescribe the magnitudes
""" of pole sensitivities as small as desired with any Q
factor, Hdwever, he resfricts the angle of pole sensitivity
to two cases oﬁly. Sometimes, this restriction causes a
large spread of passive element values and/or very large
values for the active parameters in the éase of high Q
factors.,

Burkhardt, et al. [17] presented a polynomial decom-

position which allows the specification of magnitude
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as well as the angle of pole sensitivity in advance. He
shows that if only the magnitude is prescribed, the active
-‘gain parameter can be minimized by proper choice of the
angle of'pole sensitivity.

In the following, @ method of polynomial decomposition
is presented for the prescribed magnitude and angle of pole
sensitivity, |

Consider the decomposition
D(s) = aDis) + xbD,cs), (3.43)

where the monic polynomial Dz(s) may have a pair of complex
roots in the left-half s-plane. Note that since a summation
of polynomials is considered, the designations of D1 (s)
and Dz(s) are interchangable,

As in the sum decomposition case before, the roots

of Equation (3.43) are determined by the root locus of

K D2(8) = —1,
D1(s) - (3.44)

where K= —-g_——vca

From the sensitivity point of view [See Appendix A];
it is always édvantageous for Di(s) to have a double
Aroot, therefore, this particular decomposition will be
discussed. The root loci of such decompositions are shown

in Figure 3,13 for two different angles of the pole sensi-
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o

Fig. 3.13 Root locus for given angles 4h,and ¢ .

®: double root of Dl(s) Q: root of Dz(s).

tivity. As can be seen, if an angle of pole sensitivity

is given, the circle portion of the root locus is uniquely
determined, and hence Dj1(%) 1is determined if it is to have
a double root on the negative real axis. Now, the magnit-
ude of pole sensitivity with prescribed pole sensitivity

angle depends only on the locations of phantom zeros.
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Therefore, a decomposition with prescribed angle and magni-

tud can be obtained as follows;

(i) For a given m, find the center, ~-6,, of the circle

portion of the root locus.

As in the previous cases, it is

L6 = -6 (1~-m][aa>-1) - (3.45)

(ii) Write the equation of the circle.

From Equations (3.12) and (3.45), it can be represented

as

{6‘ + 6 (L~ mJ4Q‘—1)}Z bt = 6 @D(+m). (3.46)

From Figure 3.13, it can be observed that there are
two different cases;

(a) Both intersections of the circle and the real
axis occur in the left-half s-plane. This happens for

values of m such that

o , _ ot
m o« L-28

(3.47)

(b) Only one of the intersections is on the negative

real axis. This happens when m is constrained by

- 2.
P 1-28

J4p -1

m

(3.48)
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(iii) Write the form of decomposition.,
Designatin% phantom zeros as - o, + j @,, there are

two possible decompositions in case(a);

- 2
Ds)y = al s+ &{ 1 ~/a0 1 (Jitm® +m)}]

txh{ (sea, )+ F:} ’ (3.49.a)

and
D(s) = d[s t6{1 /401 (m - ./1+m‘)ﬂZ
+ b (ste)® +{:’f} (3.49.D)

for o, < 0 -
Note that the root loci of (3.49.a) and (3.49.b) are

on the same circle with the direction oppcsite to each other.
In case(b), the only possible decomposition is of

the form

Ds) = afs + 6 {1 ~faq=1 (m - ]Hm‘)}ll

+oxb [+ +p2] (3.50)

for o, < 6.

Hereafter, only the decomposition with phantom zeros

such that &, < 6 will be discussed. The treatment of
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the other case is identical,

(iv) Represent a and b in terms of m and the magnitude

of pole sensitivity.,
From Equations (3.7), (3.49.a) and (3.50), the pole

sensitivity can be written as

S = ab Ja@-L(+m-m)(1+jm) . (3.5

Thus,

1| = a6 et Jivm-m) /T - (.5

If the magnitude of pole sensitivity with prescribed
m is given ds M, from Equations (3.50) and (3.43), a

and b can be obtained as,

a = M (m + 1 +m)

b6 f4Q°~1 JL + m?

(3.53)

- _%{1___ M(m+f1_+r?)}.

6 Jae=1 JL+me

Now Equation (3.50) can be written as

_ M(m+/Ttm®) ' 3 -11%
D) = il [ s ¢ &1~ (a1 (m - (e} ]

R IR IR B
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(v) Find ¢, and ﬂ, in terms of m and M,
By equating Equation (3.2) with (3.54), «, can be

obtained as

6 a1 (6 Jremt-m) = M([ram? m)} ’
(GJ48*-1 =M ) 1t -mM

o, (3.55')

Thus, from Equation (3.46), g, is
' L

B = [ & (4-1)(1em) ~{€(1-m 4&“1)‘0‘0}2]"- (3.56)

It is interesting to note that on plotting appropriate
root loci, the nature of alternative decompositions can be
easily seen without carrying out the detailed mathematics,

With this decomposition, from Equation (2.18) we have

Mb. (1 + mag*-1) , (3.57)
x JL+m* )

M6 Jaa-1 (m -{48%1)
Jit m

w
&
N

. (3.58)

n
"o
|

Example: ‘Consider the quadratic polynomial

Dis) = s +6s + 25

Let it be desired for a decomposition to have zero
sensitivity and magnitude of pole sensitivity, M = 1.

From Equation (3.57), it follows that
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w i
sf =0 £ - -t __ 34,
: =

Substituting these values of m and M into (3.54),

(3.55) and (3.56) we obtained the desired decomposition as,

D(s) = -1% (s+ 1)

q 9 \*
+ X E;E{(S+%r)'ffé%%zaz} ’



Conclusions

The technique of obtaining various decompositions
of the second order polynomial is presented, The.main
feature of this thesis is that the decomposition is based
on a new parameter m which varies continuously within
a certain interval, It is.shown that in the sum and
difference fype decompositions with real phantom zeros,
the interval is constrained by Equations (3.13) and
(3.30) respectively, and no such constrain exists if the
phantom zeros are allowed to be complex numbers, Once
the performance criterion is specified, the parameter m
may be properly chosen to yie}d the decomposition which
corresponds to the optimum performance in terms of
sensitivities. The well-known décompositions, such as
Horowitz's and Calahan's, are only the special cases‘of
the general decomposition. Also, it is shown that in the
sum case with real roots,.the optimum decomposition with
same minimum magnitude of pole sensitivity is always

possible for any angles within the constraint. In the

difference case, however, the Horowitz decomposition gives



49

.the least minimum magnitude of pole sensitivity, therefore,
a@ decomposition with desired angle can be obtained only
at the expense of the magnitude. The pertinent decompdsitions
are presented in the form of explicit functions of prescribed
angle so as to be of practical use in Equations (3.14) and
(3.29), respectively. Furthermore, for the sum case with
complex phantom Zeros, the decomposition is expressed in the
form of explicit function of pole sensitivity angle, m ,
and the mégnitude, M , as well in Equation (3.54). The
desired decomposition can be edsily obtained by simple
substitution of the given values, Also, the useful design
criteria, such as S? and Sg s 8re expressed as a
function of the angle of pole sensitivity, m , in
Equations (3.17), (3,18), (3.34), (3.35), (3.57) and (3.58).
These useful expressions enable a circuit designer to
obtain a decomposition that may satisfy other design criteria,
€.g., stability margin, spread of element values, zero Q
or zero &% sensitivity,etc.. As shown in [17], it could
be used to minimize a gain factor with prescribed magnitude
of pole sensitivity,
It is worth observing that this method could apply
to the network configurations which can be realized by

the coefficient matching technique [5], [20].
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APPENDIX A

Consider the second order polynomial

Di(s) = (s +d)(s +8), A -1)

where « and B are positive real numbers,

s ,““D

6|6

_p v A 0 — &

kemage £

Fig.l Case for b = ¢ Fig.2 Case for b #£ ¢

The magnitude of Di(p) is

lDL(p)l=Ip+°‘Hp+pl (A -2)
Letting |p +4&] = b and |p + B8] = ¢, obviously
there are two possibilities, i.e., either b = c

or

b # ¢ as shown in Figures 1 and 2, respectively.,
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Draw a straight line d which bisects the angle
ZL(—ﬁ)p(—d) and denote the bisected angle as 6 .
Then, in Figure 1, it is clear that

2

d® < be a - 3)

From Figure 2, assuming c >» b, we have

1* = B* + a* - 2bd cos 6 R
m* = c* + d* - 2cd cos e ,

S el - b= (e - b) (d* - be),

. 2 _ et~ bm*
.. d bec = P a - 4)
Also,
m . cdsin®  _ c -
1 db sine = b ° (a - 5)

Clearly the sign of Equation (A-4) depends on the
sign of @ﬂ? - bm%). From Equations (A-4) and (A-5), it

follows that

cl® - bm? = c1* (—é—;—-c—)<o. (a - 6)

Hence,

d* ¢ be - A - 7)

Therefore, as long as o # B, we can always
choose d such that d2‘< bc. Any possible advantage is

lost when « =P,
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APPENDIX B

M = [Sgr. l - wcm[‘/[-i-m{’ -—’n’l] © (B - 1)
Differentiating M with respect to m, it follows

that

dM - e
Tn = Freelem i -ant=1) - @ - 2)

For m 0, it is always true that

2mJ1 + o € 2m* + 1, (B - 3)

For m > 0, let us assume that Expression (B-3) is
true. Since both sides are positive, the inequality must

hold when they are squared. Squaring both sides, we have
4+ 4mt < 4m® o+ 4ot 4 1,

which means that the assumption is true.
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