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Abstract

In this paper, we lay the groundwork on the comparison of phylogenetic networks based on edge contractions

and expansions as edit operations, as originally proposed by Robinson and Foulds to compare trees. We prove

that these operations connect the space of all phylogenetic networks on the same set of leaves, even if we forbid
contractions that create cycles. This allows to define an operational distance on this space, as the minimum num-
ber of contractions and expansions required to transform one network into another. We highlight the difference
between this distance and the computation of the maximum common contraction between two networks. Given

its ability to outline a common structure between them, which can provide valuable biological insights, we study
the algorithmic aspects of the latter. We first prove that computing a maximum common contraction between two
networks is NP-hard, even when the maximum degree, the size of the common contraction, or the number of leaves
is bounded. We also provide lower bounds to the problem based on the Exponential-Time Hypothesis. Nonetheless,
we do provide a polynomial-time algorithm for weakly galled trees, a generalization of galled trees.

Keywords Phylogenetic networks, Contractions, Algorithms, Weakly galled trees

Introduction

The reconstruction of evolutionary histories, and ulti-
mately of a universal “Tree of Life” based on biological
data is one of the core tasks of comparative genomics,
and bioinformatics as a whole. However, due to events
such as horizontal gene transfer [1, 2] and hybridization
[3], evolutionary histories may not always be represented
as trees. As a result, the concept of phylogenetic net-
works has emerged to represent evolution in its full gen-
erality, and has become a central topic in bioinformatics
research [4]. Unlike trees, it allows for the presence of
nodes with more than one parent, usually called reticu-
lations. Reconstructing phylogenetic networks from
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data is a notoriously difficult problem, and a wide vari-
ety of methods have emerged for tackling it [5-9]. How-
ever, given the same data-set, different methods may not
always yield the same result, which can be the source of
heated debate in the community (see e.g., the exchanges
on the reconstructions of COVID phylogenetic networks
[10-13]).

This raises the question of the development of metrics
on phylogenetic networks, in order to be able to compare
different predictions, evaluate their accuracy against sim-
ulated or gold standard data-sets, and identify outliers or
similarities among them. In the case of trees, one of the
most established metrics is the Robinson-Foulds distance
[14]. It is usually defined as the size of the symmetric dif-
ference of the sets of clades (i.e. sets of leaves descending
from a single node) of the two input trees. Note how-
ever that its original definition in [14] presented it as
the minimum number of edge contractions and expan-
sions required to edit one tree into the other. The two
definitions are equivalent, as each edge contraction (resp.
expansion) suppresses (resp. introduces) exactly one
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clade in a tree. In addition, it is also shown in [14] that
one can do all contractions, followed by all expansions,
without loss of optimality. Therefore, its computation
also yields a maximum common contraction of the two
trees, as evidence of their common structure.

The situation is not as simple in the case of net-
works. To start with, for networks of unbounded degree
(i.e. allowing for an unbounded number of ancestors and
descendants per node), even deciding whether two net-
works are identical is Graph Isomorphism-complete [15].
Nonetheless, several different metrics have been devel-
oped for sub-classes of networks. Some of them gener-
alize the clade-based definition of the Robinson-Foulds
metric, such as hardwired cluster [4, 16], softwired cluster
[4] and tripartition [16, 17] distances. There exist how-
ever even binary networks that are distinct while exhib-
iting the same sets of clusters [4, Figure 6.28]. Likewise,
there are pairs of distinct binary networks for which the
tripartition distance is 0 [18]. In addition, in the case of
the softwired distance, there can be an exponential num-
ber of clusters to compare, making a polynomial-time
algorithm unlikely. The same problem arises when com-
paring networks in terms of the trees they display [4, Sec-
tion 6.14.3]. Another group of proposals for metrics on
phylogenetic networks includes the p-distance [19, 20], as
well as the nodal distance and triplet distance [21]. One
could loosely describe them as “connectivity distances’, in
the sense that they consist in looking at the paths con-
necting leaves with other leaves or internal nodes in the
network. While they are polynomial to compute, they are
only valid on sub-classes of networks, namely orchard
networks [20] and time-consistent tree-child networks
[21]. A notable exception is the subnetwork distance [4,
Section 6.14.4], defined as the symmetric difference of
the sets of rooted subnetworks, which is valid on all net-
works, and can be computed in polynomial-time for
bounded-degree networks.

However, contrary to the Robinson-Fould metric on
trees, none of the measures mentioned above allow to
outline a single common sub-structure in input networks
(at least not directly). A natural way to obtain metrics
valid on the entire space of phylogenetics is to use opera-
tional definitions, i.e. to define a distance as the minimum
number of a set of “edition operations” needed to trans-
form one network into another. Note that, as mentioned
earlier, the original definition of the Robinson-Foulds
distance falls into this category. On networks, examples
of such operations include nearest-neighbor interchange
(NN, [22]), subtree prune and regraph (SPR, [23]) or
cherry-picking operations [24] on orchard networks.
While cherry-picking operations have been successfully
used to define and compute metrics on orchard net-
works [25], computing distances based on NNI and SPR
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operations is NP-hard even for trees [26, 27]. A remark-
able aspect of operational distances is also that, if some
operations “reduce” the network (as the edge contraction
for Robinson-Foulds) and others “expand” it (as the edge
expansion for Robinson-Foulds) then a natural notion of
“maximum common reduced network” emerges as a way
to compare networks. We see it as the best possible case
of “exhibiting common structure” using a metric. Inter-
estingly, both cherry-picking operations [25] and SPR
[28] allow to define such a maximum common structure.
Another example of this philosophy is the computation
of maximum agreement sub-networks [29], although their
definition is not operational.

In this work, we generalize the original definition of
Robinson-Foulds, by defining and studying an opera-
tional metric for phylogenetic networks based on edge
contractions and expansions. We first prove the con-
nectivity of the space of networks having the same leaf
sets under these operations. Then, we use them to define
two possible ways of comparing networks: (1) through
the minimum number of contractions and expansions
connecting two networks and (2) based on the size of a
maximum common contraction. We show that the for-
mer defines a metric, and the latter a semi-metric, i.e. a
dissimilarity measure verifying all properties of a dis-
tance except the triangle inequality. Given our purpose to
outline common structures between networks, we focus
on the computation of a maximum common contraction
(MCC) semi-metric. To do so, we first provide a charac-
terization of contracted networks in terms of a witness
structure, as well as a result regarding the diameter of the
maximum common contraction semi-metric. We also
prove its NP-hardness under different conditions: when
restricted to bounded-degree networks and a common
contraction of size < 3 (number of non-leaf nodes), and
when one of the networks has only 5 leaves and the other
has unbounded degree. However, we also provide a poly-
nomial-time algorithm for the case of weakly galled trees.

Related works outside of phylogenetics Perhaps
the closest related work in its philosophy is [30], which
defines a distance between (isomorphism classes of)
undirected, unlabeled graphs. However, no algorithmic
results are given. There does exist a rich line of work
in algorithmic graph theory on contraction problems
in undirected, unlabeled graphs [31-35]. The typical
problem of interest in this literature is that of deciding
whether a graph H is the contraction of a graph G (either
with H fixed or not), not computing a common contrac-
tion between them. To the knowledge of the authors, no
attention has been given to this problem so far from an
algorithmic perspective. This is surprising in the light of
the fact that the maximum common subgraph problem,
which is similar in philosophy (but completely different
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in its definition), has been the subject of some work [36,
37]. We also highlight that we forbid contractions that
create directed cycles, which differs from most previous
work. We also assume that leaves are uniquely labeled in
the networks. This is an important difference, as deciding
whether an unlabeled tree is the contraction of another
unlabeled tree is NP-hard [35], whereas this is polyno-
mial-time solvable when leaves are labeled, as this is
equivalent to computing the Robinson-Foulds distance.

Contraction-expansion distance

Preliminaries

This article uses standard directed graph terminol-
ogy (nodes, edges, in-neighbors, out-neighbors, acy-
clic graphs, .- .), as can for instance be found in [38]. In
particular, we use the notion of DAG (directed acyclic
graph) and topological ordering. A topological ordering
of a DAG N is a permutation o = (u1,...,u,) of V(N)
such that (u;, ;) € E(N) implies i < j. Hence, no back-
wards arc and thus backwards path is possible. Such
an ordering always exists in a DAG, and conversely, a
directed graph allowing for a topological ordering is a
DAG. We write [n] for the set of integers going from 1 to
n. A phylogenetic network N' = (V,E) is a directed acy-
clic graph (DAG) such that exactly one node (the root)
has no in-neighbors, and nodes with no out-neighbor
(the leaves) have in-degree 1. We may write network for
short. A non-leaf node is called an internal node. We use
V(N), EWN), I(N), and L(N) to denote, respectively, the
set of nodes, edges, internal nodes, and leaves of A/. If
there is an edge from « to v, we may write either (u, v) or
u — v. A reticulation is a node of in-degree two or more.
In a network, an in-neighbor of a node is called a par-
ent, and an out-neighbor is a child. The set of parents and
children of a node u € V(N) are respectively denoted
by I'-(#) and Fj\r/(u). Note that a node may have multi-
ple parents, and that we allow a root with a single child,
as well as nodes with a single parent and a single child.
We say that u reaches a leaf ¢ if there exists a directed
path from u to £. The set of leaves that u reaches in A is
denoted Das(u) (or D(u) for short). If N is a tree, such a
set D(u) is sometimes called a clade or cluster.

To continue, developing metrics between networks
requires in particular a notion of equality between
them. To that end, we use the notion of graph isomor-
phism, augmented with leaf preservation. Specifically,
two networks N7 = (V1,E1) and Ny = (V3, E;) are said
isomorphic, denoted N7 ~ N5, if there exists a bijection
¢ : Vi — V5 such that (a) Yu,v € Vi, (u,v) € E; if and
only if (¢ (u),¢(v)) € Ex and (b) Yu € L(N1), ¢(u) = u.
Given this notion, we recall the definition of a metric (or
distance) on phylogenetic networks. A function d, asso-
ciating a real value to an arbitrary pair of input networks,
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is a metric if VN1, Ny: (positivity) d(N7, N3) > 0; (iden-
tity) d(N1,N2) =0 if and only if N ~ Ny (symme-
try) d(N1,N2) = d(Ny, M1); and (triangle inequality)
VN1, No, N3 d (N1, N3) < d(N1, Np) + d(Na, N3).

Remark 1 (graph isomorphism) Note that graph iso-
morphism is polynomial-time solvable on bounded-
degree graphs [39], and therefore on bounded-degree
networks as well.!

Note that it is often the identity criteria which has lim-
ited the applicability of metrics to sub-families of net-
works. For instance, [4, Figure 6.28] gives an example of
a pair of networks that are different, while their hard-
wired cluster, softwired cluster and tree containment dis-
tances are 0. A similar example is given in [19] for the p
-distance.

Contractions and expansions

We now define edge contractions and expansions, as
illustrated in Fig. 1, and the two ways we compare net-
works using them.

Definition 1 (Contraction) Let N' = (V,E) be a net-
work and let (u,v) € E. The contraction operation
c(u, v, w) on N, where w ¢ V, yields the directed graph
N’ = (V', E') such that:

LV =V \{uv}) Uf{wk
2. Ty (w) = T () U (T (W)\{u}); and
3. I'f(w) = (T\(v}) UTH).

We denote by A//(u, v) the network obtained after apply-
ing the contraction c(x, v, w) on NV.

A contraction c¢(u, v, w) on a network N is said admissi-
ble if N'/(u,v) is also a network, on the same set of leaves.
This means that v is not a leaf, and that the contraction
does not create a cycle. In particular, no edge adjacent to
a leaf is ever contracted. The following proposition char-
acterizes the set of admissible contractions in a network.
This result can also be found in [40, Lemma 3].

Proposition 1 A contraction c(u, v, w) applied to N cre-
ates a cycle if and only if there exists a directed path from
u to v that does not use edge u — v.

! Isomorphism on networks is contained in the isomorphism problem on
directed graphs, as each leaf may be replaced by a unique subgraph, imple-
menting the same mapping constraint.
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Fig. 1 (top) The transformation of a network into another through contractions, followed by expansions. Midway, the intermediate network
is a maximum common contraction, which can be achieved from A by reversing the expansions. (bottom) Illustration of edge contractions
(left) and expansions (right). For expansions, the sets X =, Y=, Z~, X, YT, Z¥ specify how the neighbors of u are distributed to v and w. Note

that contractions may delete cycles and expansions create them

Proof

If there is such a path u=p; — --- > pg=v in N
(with ¢ > 3), then contracting edge u — v into a newly
introduced node w (i.e. operation c(u, v, w)) creates the
cycle py =w — --- — pp = w. If there is no such path,
we show that there is a topological order of N in which
u, v are adjacent (in that order). Within such an order, by
inserting w at the position of , v and removing them, we
get a valid topological order for N, the graph obtained
by applying c(u, v, w) to N, which is therefore acyclic.

Let us therefore start from a topological order o of N,
and let us denote by S the nodes of A/ ordered between
u and v in . We show that S may always be reduced in
size by a slight re-shuffling of o, showing that it may be

empty.

To start with, if no node in S is an out-neighbor of ,
then # may be moved to make it adjacent to v while keep-
ing the topological order valid. If this is not the case, then
let x be an out-neighbor of « in S. By assumption (no path
between u and v not using u — v), there may not be a
path between x and v. Consider the largest node y in S
(according to the topological ordering) such that there is
no path from y to v in AV. Note that such a y must exist
since, in particular, x is in S and does not reach v (we may
have x = y). If y is the last node of S according to o, then
y may be moved after v while maintaining a topological
ordering, because there is no y — v arc. Otherwise, let
z # y be a node after y in S. By the definition of y, z must
have a path to v. There may therefore not be an edge from

y to such a z, as it would yield a path from y to v. Because
this is true for every node z of S that occurs after y, in this
case as well, y may safely be moved after v in the topo-
logical ordering. In both cases, this reduces S by 1. This
process may be repeated until S is empty. O

A network M is said to be a contraction of a network N’
if there exists a series of admissible contractions yielding,
when applied on A/, a network isomorphic to M. Also,
M is a common contraction of two networks N7 and N if
it is both a contraction of N7 and N5.

As for expansions, they essentially transform a node
into an edge. The definition is slightly more involved, as
we must specify how the in and out-neighbors are split.
Note that expansions may simply be seen as the inverse
operation of contractions.

Definition 2 (Expansion) Let AN = (V,E) be
a network and let u € V. The expansion opera-
tion e@w,v,w, X ,Y ,Z7,XT,Y",ZT), such that
Iy =X~ UY~ UZ7, every node of I'y-(u) occurs in
exactly one of X, Y™, Z", I‘j\}(u) =XTUYTUZT, and
every node of Fj(/ (1) occurs in exactly one of X*, YT, ZT,
yields the network N = (V’, E) such that:

1. V! = V' \ {#} U {v, w}, where v, w are two new nodes;
2. Ty()=X"UZ, Cyw)=Y"UZ Uf{v},
rm=Xxtuztu{wlandl'f,(w) =Yt UuZ™.
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The sets X—,Y~,Z7,X*,YT,Z* specify how the
neighbors of the original node u are distributed among
the newly created ones v and w. Nodes in X~ /X7 are
attributed to v only, those in Y~/Y* to w only, and
those in Z¥/Z~ to both. Note that, compared to the
definition of these operations in the case of trees [14],
we need to specify more information as to how the
neighbors of the original node u are “split” between
v and w. It is quite straightforward to see that, if an
expansion replaces u with (v, w), then the contraction
¢(v, w, u) reverses it. Conversely, a contraction c(u, v, w)
that yields node w can be reversed with the expansion
that specifies the X, Y, Z parameters as the appropriate
sets of previous in and out-neighbors of u and v. As for
contractions, we define admissible expansions on a net-
work A on L leaves as those that yield a phylogenetic
network on L leaves after application (no creation of a
second root, of new leaves, or cycles).

Based on these definitions, we define two ways of
comparing phylogenetic networks. The first one is the
contraction-expansion distance, defined as the least
number of contractions and expansions required to
transform one network into another. The second one
is a dissimilarity measure based on the maximum com-
mon contraction of two networks (or more precisely, the
distance to a common contraction). Although we will
see that the latter does not verify the triangle inequal-
ity, and therefore does not qualify as a “metric’, we still
make it the main subject matter of this article, given the
common structure it outlines between two networks.

Definition 3 (contraction-expansion distance) Given
two networks N7 and N, over the same leaf sets, the con-
traction-expansion distance dcg (N1, N2) is the minimum
length of a sequence of admissible contractions and
expansions transforming A; into a network A/ such that

NZI ~ Nz.

As for the dissimilarity measure based on maximum
common contraction, we call it Smcc, emphasizing that
it is not a distance by not using d.

Definition 4 (MCC dissimilarity measure) Given
two phylogenetic networks A7 and N3 over the same
leaf sets, the maximum common contraction (MCC)
dissimilarity measure Sypcc(N1,Ny) is defined as
SmccWN1, N2) = IND| + T(N2)| — 2[I(M)| where M

is a common contraction of N7, N3 of maximum size.

Remark 2 As a common contraction also provides a
sequence of contractions and expansions connecting
both networks (by inverting one of the list of contractions
into expansions), we have dcg (N1, V2) < Smcc (N1, N2).
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Our main algorithmic problem of interest, formulated
as a decision problem, is the following: given a pair of
networks N7 and NV, on the same leafset and an integer &,
is there a common contraction of size larger than &?

Maximum Common Network Contraction (MCNC)
Input: Networks N7, N3, integer k

Question: Is there a common contraction of A/;and A5 with more
than k internal nodes?

Note that it is equivalent to asking whether
SmccWN1,Np) <k, with K = [I(ND)| + T(N2)] — 2k.
We next establish important properties of dcg and Smcc.

Properties of dcg and Spcc

We first establish that admissible contractions and expan-
sions connect the set of all phylogenetic networks on the
same set of leaves. Within it, the star network denotes the
network consisting of a single non-leaf node to which all
leaves are connected.

Proposition 2 Any phylogenetic network N may be
contracted into the star network by a series of admissible
contractions.

Proof

We argue that the contraction of the edge between the
root r of A and its first non-leaf out-neighbor in any
topological ordering is always admissible. Let o be any
topological ordering of V (), and let u be the first non-
leaf out-neighbor of the root r that occurs in o (if no such
out-neighbor exists, then A is already a star). If there
exists a directed path between r and u that does not use
edge r — u, then any node on this path must be between
rand u in o, which goes against the definition of u. There-
fore, by Proposition 1, » — u is admissible. It follows that
we can always find a contraction of an edge incident to
the root, and thus A/ can then be contracted into the star
network by picking such an edge as long as there are non-
root internal nodes. O

The corollary below uses Proposition 2 and the star
network to show that one can always transform a net-
work into another.

Corollary 3  Given any two networks N1 and N> over the
same leafset, there always exists a common contraction,
and there always exists a series of admissible contractions
and expansions that transforms Ny into Nj ~ No.
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Proof

Through Proposition 2, let C; and C, two sequences of
contraction operations transforming N7 and N3 into two
isomorphic star networks on the same set of leaves as A\
and MN;. This shows that a common contraction exists.
Moreover, by reversing C; into a sequence of expansions,
appending it to Cj, and tracking the isomorphism ¢ along
the resulting sequence of contractions and expansions,
we get a sequence of admissible operations transforming

Njinto N ~ Nj. O

Note that in the proof above, the length of the sequence
is [I(N1)| + [I(N2)| — 2, from which we deduce the fol-
lowing remark.

Remark 3 Given two networks N7 and N,
[I(N1)| + I (N2)| — 2 is an upper bound on the distance.

We will see further down in this section that this value
is in fact (under a varied set of constraints) the diameter
of dmcc over the set of networks with fixed numbers of
internal nodes.

It can then be shown that dcg is a metric. Due to its
“operational” definition, it is relatively straightforward. In
particular, the triangle inequality is satisfied, since given
three networks N7, Na, N3, we can always transform A/
into N3, then N5 into A3.

Proposition 4 dcg is a metric on the set of phylogenetic
networks with the same leaf sets.

(A)

12 2

M Na
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Proof

Positivity. This is trivially met since one cannot make a
negative amount of operations. Identity. By definition, if
N1 and N5 are isomorphic, dcg (N7, NV3) = 0. Conversely,
if A7 and N, are not isomorphic, then at least one opera-
tion is required to modify N7 into a network isomorphic

to Ny, and dcg (N1, N2) > 0.

Symmetry. Let ¥ be a sequence of admissible contrac-
tions and expansions of minimum length transforming
Ni into N ~ Nj. By inverting ¥ into ¥’ and tracking
the isomorphism between N and A along ¥/, we get
a sequence of admissible operations of length |X| trans-
forming A3 into a network /] isomorphic to M.

Triangle inequality. Let N1, N2, N3 be three networks
on the same leafset. Since any of these networks can be
transformed into the other by Corollary 3, one can trans-
form A7 into N3, then transform N5 into N3, which justi-
fies dcg (N1, N3) < dce(N1, N2) + dee(Na, N3). O

As for Spmcc, it does verify identity (Smcc (N1, N2) =0
if and only if their common contraction is them-
selves, i.e. they are isomorphic), positivity, and sym-
metry (by definition). However, Fig. 2A shows
an example in which S8mcc(N1, N3) =10, while
SMmccWN1,N2) + 8N, N3) =4 +2 =6, ie. not veri-
fying the triangle inequality. Therefore, dnyicc is a semi-
metric. We also highlight the difference between dcg and
dmcc by showing on Fig. 2B an example of two networks
for which dcg (N1, NV2) = 2, whereas Syicc (N1, Na) = 6.

B
(B) 1
N
& Cop,
QA % L,
\ez‘ o é’/th,O[
> 3 % 1
§¥ C,
1 o e

ot

>
4 5 %y,
%s

>
P
1 S
4 2 27

-
max. common contraction

Fig.2 A Examples of 3 networks for which Sycc (N7, N3) > Spcc (N1, N2) + Spcc (N2, N3). Indeed, as shown on the figure, there is a common
contraction of size 4 between Njand N3, and of size 5 between N5 and N3. However, the only possible common contraction between N,

and N3is the star network. This is due to the edge highlighted in Ay not being admissible, enforcing the contraction of the whole cycle. Since all
networks have 6 internal nodes, we have Sycc (N7, N3) = 12 — 2 = 10 whereas Sycc (N7, N3) = 12 — 8 =4 and Spucc V2, N3) =12 —10=2.B
An example further highlighting the difference between dcg and 8ucc, as we have there two networks A7, N5 such that dcg (N7, N32) = 2 (following

the top path) whereas Syicc (N7, N2) = 6 (following the bottom path)
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Remark 4 1f we allow contractions that create cycles,
then we could show that expansions and contractions
can commute. This would imply that contractions can
always be carried out before expansions, and therefore
dce = Smcc. The fact that Spcc is a distance on unla-
beled, undirected graphs with the same number of nodes
has also been shown [30].

Witness structure to a contraction

So far, we have only looked at contractions from an
operational point of view, in which a network is gradu-
ally changed into its contraction. For the purpose of eas-
ing formal proofs in the following sections, we borrow
from the undirected graph contraction literature (see for
instance [34]) the concept of witness structure of a con-
traction. The main idea is that, for a network A with con-
traction M, a node v of M corresponds to a connected
set of nodes in N, that we call W,. The intuition is that
the nodes of W, are contracted together to become v.
Contractions impose W, to be connected if we ignore
edge directions (i.e. weakly connected), and the sets of
nodes {W, }yer(m) must collectively partition V (N).

Definition 5 Given two phylogenetic networks N and
M on the same set of leaves, we call an M-witness struc-
ture in N any partition W = {W,, | u € I(M)} of the
internal nodes of N such that:

(1) Yu € I(M), W, is a non-empty weakly connected
sub-graph of V.

(2) Yu,v € I(M) x I(M), (u,v) € E(M) iff
3x € W,y € W, such that (x,y) € E(N).

(3) Yu € L(M), the parent p, of u in N’ must be in
W), where p), is the parent of u in M.

Note that as I(N) and I(M) are the sets of internal
nodes, conditions (1) and (2) do not enforce an agree-
ment on the placement of the leaves between the con-
traction of A and M. To obtain the equivalence between
the presence of an M-witness structure and the contract-
ibility of A/ into M, condition (3) is therefore needed.

In the case of undirected graphs, the equivalence
between the presence of an M-witness structure and
the contractibility into M is trivial. In our case though,
we need to guarantee that, although the connectivity of
the sets in a witness structure is only required in a weak
sense (i.e. ignoring directions), the presence of a M
-witness structure in A is still equivalent to M being a
contraction of N, with all intermediary networks being
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acyclic. This can be proved using similar ideas as in
Proposition 2.

Proposition 5 Let M and N two networks over the
same set of leaves. Then M is a contraction of N if an only
if there exists a M-witness structure in N.

Proof

From contraction sequence to JV. We work by induc-
tion on the length of the contraction sequence. For an
empty contraction sequence from N to M, A and M
are isomorphic. An M-witness structure in " is given by
W, = {¢(u)} for all u internal node of M, and ¢ isomor-
phism from M to .

Letnow C =cy,...,¢p be a contraction sequence from
N to M. Let us call M’ the network obtained by apply-
ing the first p — 1 contractions to A. By the induction
hypothesis, there is a M’-witness structure W in A, Let
c(x, y, z) be the p-th contraction. We remove Wy and W)
from W, and add to it a new set W, = W, U W,. We call
the result W and argue it is a M-witness structure in V.
Let us verify each point from the definition. (1) is verified
as Wy and W, were both weakly connected, and are con-
nected together by edge x — y. (2) is inherited from W’
for any pair of nodes not involving z. For u internal node
of M, u — z is an edge if and only if u > x or u — y
were edges, which is equivalent to the existence of some
edge from W, to W, or W, to W), in turn equivalent to the
existence of an edge between W), and W,. The case of an
edge outgoing from z is treated similarly. As for (3), any
leaf u whose parent is x or y in M’ now has z has a par-
ent, and indeed, denoting by par(x) the parent of u in NV,
pn (W) € Wyor pr(u) € Wy implies ppr(u) € W,

From )V to contraction sequence Given an M-wit-
ness structure in A called W, we prove that each set of
W may be contracted into a single node. The result will
then trivially be a network isomorphic to M (if p,, is the
node obtained from contracting W, then ¢ : p,, — uisan
isomorphism). We prove the result for each u by induc-
tion on | W]

Consider therefore W, € W, for u internal node of M,
and the sub-graph H,, induced by W,, in \. We show that
there is always an admissible contraction in H,. Indeed,
H,, must be acyclic since a cycle in H, would be a cycle
of N. Consider the first node x in a topological order-
ing of Hy, and y its first neighbor (in H,) according to
the same topological ordering. Note that unless W, is
already a single node, such a y must exist, as otherwise x
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has both no in-neighbor and no out-neighbor in H,, and
thus H, is not weakly connected. By Proposition 1, the
contraction of x — y is admissible if and only if there is
no directed path from x to y not using edge x — y. Such
a path within H, is not possible, as then y would not be
the first neighbor of x in a topological ordering. Outside
of H,, such a path is not possible either: let i1, . . ., u; be,
in order, the list of nodes in M whose corresponding
set (Wy,,..., W,,) is visited on such a path. By equiva-
lence between the presence of an edge between W, and
W, and the presence of u — v in M, u,uy,...,usu is a
directed cycle of M, which is not possible. Overall, there
is always an admissible contraction in any set of a M-wit-
ness structure. As the result is still a M-witness struc-
ture, now in A//(x — y), and with |W,,| reduced by 1, W,
is contractible to a point by the induction hypothesis. We
do the same for each W), to conclude the proof. O

Diameter of Spmcc

The maximum value a distance method can produce
when comparing phylogenetic networks, called the diam-
eter, is crucial to its practical use. Indeed, it enables the
normalization of distance values, allowing to quantify
how two networks are similar relative to a worst possible
case. Specifically, given sets of networks F1, Fp, we define
the diameter over Fi, F; for Spcc as

Smcc W1, Na)

max

diampg, p, =
b2 N1,N2€F xFy

A natural choice for Fy, F5 could be the set of all networks
over a given number of leaves. However, as we shall see,
this yields a value of +oco. To avoid it, we look at the
diameter obtained when restricting F; and F; to having
fixed (but possibly different) numbers of internal nodes
m and m’ (equivalently, in binary networks, fixed num-
bers of reticulations).

In this setting, we show below that diampg g, is
m + m' — 2, corresponding to the case where the com-
mon contraction between both networks is the star net-
work, as defined in Sect. 2.3. Note that this value matches
the upper bound outlined in Remark 3. In other words,
even when restricting N7 and N, to having fixed num-
bers of nodes, it is still possible to find a pair meeting this
upper bound. To prove the result, we will need the fol-
lowing Lemma:

Lemma 6 If a network M is a contraction of a network
N, with witness structure W = {W,, | u € M)}, then the
root of N' must be in the witness set W, associated to the

root r of M.
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Proof

First, note that W, is non-empty by definition of a wit-
ness structure. Suppose the Lemma is wrong, and con-
sider the first node x of W, in a topological ordering of
N'. By assumption, x is not the root. It must therefore
have an in-neighbor, which cannot be in W, (it would be
before x in the topological ordering otherwise). By defini-
tion of a witness structure, this means r has an in-neigh-
bor in M, which cannot be the case, hence a contradic-
tion. O

Proposition 7 Let ¢,m,m’ be integer numbers with
£>3, m m >1 Then there are networks N, N’
with € leaves such that |[I(N)| = m, [I(N")| = m/, and
SmccWN, N =m+m' —2.

Proof

The structure of the proof is as follows: We first define
two binary trees T and T’ with ¢ leaves, and show that
their maximum common contraction is the star network.
Then, we describe how to modify T and 7" so that their
numbers of internal nodes become respectively m and
m', while their maximum common contraction remains
the star network.

Consider the caterpillar trees T, T’ in Fig. 3(left). Spe-
cifically, T consists of a directed path P =p1,...,pe—1
with £ — 1 nodes, in which Vi € [£ — 1], p; is the parent
of leaf i, and p,—_1 is also the parent of leaf ¢. As for 77, it
is built similarly (we call the path P’), except that leaves
1 and ¢ are swapped. We argue first that their maximum
common contraction M is a star network. In a second
time, we will describe how to modify them to get net-
works N, N’ with numbers of internal nodes equal to m
and m'.

In the case of T and 7/, Lemma 6 implies that in any
common contraction, leaf 1 must be a child of the root
(as it is the case in T), as well as leaf £ (from T”). There-
fore, in both T and T’, the parents of leaves 1 and ¢ are
both in the same witness set (associated to the root of the
contraction). As this witness set must be connected, and
there is only one path, consisting of all internal nodes,
connecting the parents of leaves 1 and ¢ (both in T and
T"), the witness set of the root contains all internal nodes.
The maximum common contraction of T and 7" is there-
fore the star network.

Now, we want to construct A" and A by modifying
T and T’ in order to reach numbers of internal nodes m
and m'. We do so by either adding reticulated edges or
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Fig. 3 (left) Two caterpillar trees over 6 leaves whose common contraction is the star network. One way of seeing it is thatin T, leaf 1 is a child
of the root, and therefore this must be the case in a contraction of T as well. In T/, the only way to achieve this is to contract the parent of leaf 1
into the root, making the star network the only possible common contraction. (right) Reticulation edges have been added in T, T’ between different
pairs of leaves (Par = {(5,6)} and P = {(3,4)} in the notations of the proof), in order to get N, N7 with respectively 7 and 9 internal nodes,
while maintaining the property that the star network is the only possible common contraction. Note that reaching numbers of internal nodes lower

than 5 is also possible, by contracting a edgesin T, T’

contracting some edges, in a way that the maximum
common contraction remains the star network (see
Fig. 3 (right)). To be more specific, we distinguish several
cases for the construction of N from T and N’ from T".

If m=¢—1, then N is simply 7. Likewise, if
m =¢—1, then NV=T". If m<£€—1, then N is
obtained from T by contracting the last £ — 1 — m edges
of P. Likewise, if m' < ¢ — 1, N is obtained from T’ by
contracting the last £ — 1 — m’ edges of P'. If m > £ — 1,
and the difference is an even number, then A is con-
structed from T by taking the leaves (¢ — 1, ¢) (their par-
ent is pe—1), and adding “reticulation edges” between
them. Specifically, starting from 7, the edges (p¢—1,£ — 1)
and (p¢—1, ) are removed. Instead, two paths Py_; and
Py, starting both at p,_;, and ending at £ — 1 and ¢, are
introduced. Without counting p,_1, £ and £ — 1, Py and
Py_1 consist of (m — (£ — 1))/2 nodes. We add a (reticu-
lation) edge from the i-th node of P;_; to the i-th node
of P;, for i € [(m— (€ —1))/2]. This yields a network
with —1+4+2(m — (£ —1))/2 =mnodes. If m’ > £ —1,
we build N’ from T’ similarly, except that we pick any
edge (u, v) of the main path P’ distinct from (£ — 1,¢)
(we may, as £ > 3), and the paths P, and P, (of length
(m’ — (£ — 1))/2) that are introduced respectively start at
the parent of u# and the parent of v. Finally, if m > ¢ — 1
and the difference is odd, we build A as in the even case,
except that one of the edges of P is contracted (any will
do). If m’ > £ — 1 and the difference is odd, we also build
N’ as in the even case, and contract one edge of P. In
any case, we obtain networks A and A/ on ¢ leaves with
respectively m and ' internal nodes.

We now argue that in all cases, the star network is the
only possible common contraction between A and N’
(which implies SypccN,N') = m+m’ —2). To start

with, note that in A/, in all cases (' < £ — 1 or not) the
parent of £ is the root.

Let M be a common contraction of A” and N’ and
W the witness structure of the contractibility of M into
N. The witness set associated to the root of M in N\ is
denoted W. In N, both the root (by Lemma 6) and the
parent of £ must be in W.

If m < € — 1, then N is a contraction of T, and the set
of all internal nodes of A/ constitutes the only directed
path starting at the root and finishing at the parent of £.
All of it must be included in W, yielding the star network
as the only possible contraction.

If m > € — 1, then let us call x, the parent of £ in A (it
is the penultimate node of Py). Note that any node of Py
or Py_1 is on some directed path from the root of N to x;.
Indeed, consider the i-th nodes on the paths P;_; and Py:
by taking the (potentially contracted on one edge) path to
pe—1 (starting point of Py and P;_1) then going to the i-th
node of Py_j, taking the edge to the i-th node of Py, and
going to x¢, we have a directed path visiting them both.

To conclude, we argue that any directed path from the
root of N to x; must lie entirely in W. Indeed, if it is not
included in W, then some vertices in these paths are in
witness sets associated to other vertices of M, which
yields a directed cycle starting and ending at the root in
M, hence a contradiction. As any node on the path from
the root of N to p¢_1 is on every path from the root to
x¢, we have that all internal nodes of A are in W, and the
only possible common contraction between A/ and A’ is
the star network. O

A consequence of Proposition 7 is that if Fi, F» are both
simply defined as the set of all networks over a given
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number of leaves, diamp, f, is +00 (indeed, if it was equal
to a finite value M, then we could for instance choose
m =M and m' =2 to exceed it). Specifying the num-
ber of internal nodes is therefore required to get a finite
value.

In addition, note that in this proof, each reticulated
edge that is introduced adds exactly one reticulation to a
network. Therefore, the construction also allows to spec-
ify the number of reticulations of each networks while
ensuring their common contraction is the star network.
The reticulation edges could also be added between sev-
eral disjoint pairs of leaves in each network, allowing to
specify the level of both networks, as well as the number
of reticulations up to a limit of level x #ofleaves/2 (as
with such a construction, one may require 2 leaves per
biconnected component). In all of these cases, having
two networks whose common contraction is a star (and
therefore Syicc(N1, N2) = II(NY)| + [T(N2)] — 2) is pos-
sible, showing the generality of this value as a diameter.

NP-hardness of finding maximum common
contractions

In this section, we prove that the Maximum Common
Network Contraction problem is NP-hard, through
reductions from the Set Splitting problem (SP12 in [41]).

Set Splitting
Input: A set X, a family A of subsets of X

Question: Is there a bipartition X7, X, of X such that VS € A, SN Xy # @
andSNX, #07

If (X, A) is a yes-instance, we say it is splittable. We
then call X1, X, the split of (X, A). Note that Set Splitting
may be seen as Positive Not-All-Equal-SAT, i.e. CNF sat-
isfiability with the additional requirements that (1) nega-
tions are completely absent (“positive’, also sometimes
called “monotone” in the literature) and (2) at least one
variable is set to false in each clause.

We provide two reductions from Set Splitting to Maxi-
mum Common Network Contraction, described in
Sects. 3.1 and 3.2. The first one has three interesting fea-
tures. First, it shows that Maximum Common Network
Contraction remains NP-hard when k (the size of the
common contraction) is equal to 3. Second, noting that
Positive NAE-SAT remains NP-hard with 3 variables per-
clauses (Positive-NAE-3-SAT) and at most 4 occurrences
of each variable in all clauses [42], it shows that MCNC
is NP-hard on phylogenetic networks of bounded degree.
Third, when not putting any constraint on the number of
occurrences of each element, it allows importing lower
bounds for Positive-NAE-3-SAT conditional to ETH
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(Exponential-Time Hypothesis) [43, Proposition 5.1]. As
for the second one, it shows that MCNC remains hard
even when one of the networks is a path on 4 nodes, each
parent to one leaf. Not only is this simple network a tree,
but it also has a constant number of leaves.

For both of the reductions, the intuition is the follow-
ing. We build a “big network” A and a “small network”
N> (See Figs. 4 and 5). To get a common contraction of
N1 and N; of a given specified size, we will have most
of the vertices of A constrained to belonging to spe-
cific witness sets corresponding to vertices of Ny. Only
some vertices (representing the set X of the Set Split-
ting instance) will have a choice. As for the connectivity
of these witness sets, it helps enforce the “split’, i.e. that
SNX; #PandSNX, # @forallS € A.

Hardness with common contraction of size k = 3

Given an instance (X,.A) of Set Splitting, we build two
binary phylogenetic networks in the following way (see
Fig. 4 for an illustration on an example). First, we intro-
duce two leaves £s and £ for each set S € A. We also add
to this leaf-set two couples of leaves {¢1,£;} and {€2, ¢,},
and a single leaf ¢,, whose positions in N7, N, will allow
us to enforce specific contractions.

As for the networks, let us start with N7. Its purpose
is to encode the relationships between the elements of
X and the sets in A. Its internal node set is composed of
one node t, for each x € X, two nodes us and vs for each
S € A, aroot ry, and other nodes named r}, 41,4}, b1, b.
We write U = {us}sea and V = {vs}sca. For all S € A,
the parents of {5 and {5 are us and vs, respectively. £;
and ¢] share a parent a}, whose own parent is a; (see
Fig. 4). The same connectivity pattern is set between
05,85, b} and b;. The root has a child r; which is the
parent of a; and by, while the other child is the first of
a series of intermediary nodes (white circles on the left
on Fig. 4), called WO[r;], ensuring that r; ~~ ug, VS € A.
Denoting A as {S1,...,Sm}, WO[r] consists of a path
pP1—> p2 —> ... —> pyu—1 of m — 1 nodes, such that for
i € [m—1], p; — us, is an edge. Also add edges r; — p1,
and p,—1 — us,,. In addition, we add a leaf ¢,, such that
Pm—1 is the parent of £,. In a similar manner, denoting
X ={1,...,n}, we add a set of nodes W©[a;] consist-
ing of a path g1 — ... — gu—1, such that g; — ¢; is an
edge for i € [n — 1], and add edges a1 — q1,qn—-1 = tu.
Likewise, we add another set of nodes W/[b;] consisting
of a path g, | = ¢, , — ... — ¢} such that t; — ¢/ is
an edge for i € [n — 1]. Finally, we add edges t, — ¢q,,_,
and q; — bj. The purpose of these paths is to implement
directed paths with bounded degree nodes. Finally and
most importantly, we add an edge from ug to t, and from
txtovs,ifand only if x € S.
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As for N, it is a much simpler network. Its main
feature is the presence of a “separation” between
{ts|S e A} and {£§ | S € A}, emulating the purpose of
“splitting” each element of A. Similarly to N, it con-
tains nodes ry (root) and as, bo. The root r; is the parent
of £,, and two non-leaf children, which are themselves
the parents of ¢; and ay, and ¢ and by, respectively. ay
and b, are connected by an edge aa — b. Finally, ay by

are the parents of, respectively, a path of nodes with
children {€s | S € A} U {¢1, ¢ }and {€5 | S € A} U {€2, £}
(see Figure).

We prove below that A; and A, have a common con-
traction of size > 3 (more specifically, the network M;
depicted on Fig. 4) if and only if (X, A) is splittable.
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Theorem 8 Maximum Common Network Contraction is
NP-hard, even when restricted to k = 3

Proof

Necessary contractions in A, We start the proof by
showing that a common contraction of N7 and N, is at
most the network depicted as M; on Fig. 4. To that end,
in order to keep arguments short, we use p({) to denote
the parent of a leaf £. Indeed, note that ¢; and Z/l share a
parent in A, whereas this is not the case in 3. There-
fore, to get to any common contraction of Niand Ny, one
of the paths between p(¢1) and p(ﬁ’l) in V3 must be con-
tracted to a single node. There are two such paths: one
going through b, and r;, and one going through the com-
mon neighbor of a3 and p(£;), which we call x;. Both use
the path from aj to p(é/l), which must be contracted to a
point. In addition, we argue that edge p(£;) — x2 must
be contracted. Indeed, if it is not, then the path from x;
to ¢; going through b, an r must be contracted, but this
would create a cycle (in the form of a self-loop). The same
is true of leaves £3 and ¢,

The result of the application of these necessary con-
tractions on N3 is no other than the network M; depicted
on Fig. 4. It is composed of three internal nodes r, a, b,
three edges r — a, r — b and a — b, the set of leaves
{ts|S e AYU{ly, Ly} (resp. {€g|S e AU (€], €,}) are
connected to a (resp. b), and leaf ¢, connected to r. A
common contraction of N7 and N5 is therefore either M;
or a contraction of Mj.

NP-hardness proof We use the fact that M; is a con-
traction of N if and only if there is a M-witness-struc-
ture in A (Proposition 5). Recall that this is the case if
one can partition the internal nodes of A into three sets
Vi, Va, Vp such that: (1) there exists edges going from V,
to Vg, Vi to Vp, and V,, to Vp, (2) all other edges are inter-
nal to V,;, V3, V., (3) leaves {£s | S € A} U {£1, €5} are con-
nected to V,, leaves {{ | S € A} U {£],¢,} to V} and ¢,
to Vi, and (4) V4, Vi, V}, each induce weakly-connected
graphs in N1. We now prove that M is a contraction of
M if and only if (X, A) is splittable.

(X, A) splittable = M; common contraction. Let
us first suppose that (X,.A) is splittable, and let Xi, X»
be a bipartition of X such that VS € A, SN X; # ¥ and
SN Xy #@. We first contract WOlr] into r1, WO[ay]
into a; and W/[b;] into b1. Now, Vx € X, there is an edge
a1 — ty and an edge ¢, — by, as well as edges us —
and ¢, — vs if and only if x € S. We now contract ¢, into
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a1 Yx € X1, and t, into b1 Vx € X5. Due to the fact that
VS e A, X1 NS # @, each us is now connected to a;
(likewise, each vg is connected to b;). We contract these
edges, as well as r1 — ry, aj — a1 and by — b, to finish
the contractions and obtain M.

M, common contraction = (X, .A) splittable. Con-
versely, let us suppose that A7 is contractible to M;.
There must therefore exist V,, V},, V; verifying properties
(1),(2),(3),(4) stated above. To start with, because of the
presence of the leaves £s, we must have ug € V, (likewise,
vs € Vp) VS € A. Also, a} € V,and b € V. AsV,is con-
nected, and 4; is on all paths from a’l to any ug, we also
have a; € V, (and b; € V}). This implies that each ¢, must
be in V, or V}, but not V,, as all paths from ¢, to r; (which
must be in V;) are cut by nodes in V, or Vj,. Finally, note
that all of W©[r;] must be included in V;, as ¢, must have
its parent in V,, and all paths from p,,_ (the last node of
WO[r] and parent of ¢,) to r1 not using WO[r] are cut
by vertices that must be in V,, (namely, {#5}sc 4). The only
way to connect p,,_1 to ry is through WO[r1] (which is a
single path).

Let us now define Xi={xeX|t e€V,} and
Xo={xeX|t,eVp}. For all Se A, as usel,
and all paths from us to a3, excluding those that use
WOlrluU{rl CV,, go through some ¢, for x € S, we
must have some x € SNX; to ensure the connectiv-
ity of V,. Likewise, since vs € Vj, there must be some
x € SNX, to ensure the connectivity of V). X1,X» is
therefore a valid split of (X, A). O

Restricting the instances of Set Splitting to having sets of
size 3 and exactly 4 total occurrences of an element x in A
(a variant that it still NP-hard [42]), we get the following.

Theorem 9 Maximum Common Network Contraction is
NP-hard, even with k = 3 and networks of degree < 10.

Proof

We use the same reduction as above. Note that in the
network N7 constructed therein, all nodes except {t}xex
and {us, vs}se 4 have (in+out) degree at most 4 (achieved
by the parent of ¢,). Each t, has degree 2 times its num-
ber of occurrences in sets of A, to which we add 2 to
account for the edge from WO[a;1] and to W[b1]. With
the restriction of Set Splitting under which we work,
this yields a degree of 10. As for each ug, their degree is
exactly 5 (1 edge from WO[r] 1 to £s, and 3 to t, nodes).
Likewise, each vs has degree 4. From [42], we get the
result. O
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The complexity remains open for binary networks
(i.e. with in+out degree=3 for every node). Finally,
we can argue that the number of nodes and edges of
N1 and N; produced by our reduction is linear with
respect to | X| + |.A|. The correspondence with Positive-
NAE-SAT allows to import ETH-based lower bounds
[43, Proposition 5.1]:

Theorem 10 Assuming the Exponential Time Hypothesis,
Maximum Common Network Contraction cannot be

solved in time 201V WDIHIEWVDD),

Proof

Proposition 5.1 in [43] states that, Vk > 3 and assum-
ing ETH, Positive-NAE-k-SAT cannot be solved in time
200n+m) (they use the term “Monotone” as we use “posi-
tive” in this article, i.e. signifying the complete absence of
negations).

We recall the equivalence between a Set Splitting
instance (X, .A) and a Positive-NAE-k-SAT instance: each
element of X is a variable and each set in A is a clause.
Therefore n = |X| and m = | A, and given an instance of
Positive-NAE-k-SAT, our reduction constructs a pair of
network N7, N>, in which |U| = |V| = m and |{t;}x] = ».
To these we need to add 2m + 5 leaves, 2(n — 1) nodes
in WO9[a1] and WI[b1], and m — 1 nodes in W°][r{]. The
remaining nodes constitute a set of constant size. Thus
[V(N1)| = O(n + m). Likewise, there are < 2km edges
between U, V and {t,}ycx, < m edges between W°[r{]
and U, and < m edges between U, V and the leaves. To
finish, there are < n edges between WOla;1, W!ib;] and
{tx}xex, the remaining set of edges being of constant size.

Overall [V(N7)| + [E(N7)| = O(n + m). Therefore if
we had an algorithm solving Maximum Common Net-
work Contraction in time 2"(|V(N1)|+|E(N1)|), it could be
used to solve Positive-NAE-k-SAT in time 2°0*t which
is not possible under ETH. 0

Hardness with N5 a path with 5 leaves

We still reduce from Set Splitting, but proceed a bit dif-
ferently. This time, N is a path on 4 nodes a, b, c, d, to
which are respectively connected leaves £1, ¢3, £3 and
{€4,¢,} (see Fig. 5 for an illustration). As for A, it is
composed of 4 internal nodes ai,s,t,b; to which are
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respectively connected ¢1,£3,¢3 and {{4, Zﬁl}. As previ-
ously, two nodes ug and vg are introduced for each S € A,
and one node ¢, for each x € X. There are edges from a;
to s, from a; to each ug, from each ug to the correspond-
ing v, from each vs to by, from s to ¢, from ¢ to by, from
s to each t;, and from each ¢, to ¢. Finally, to encode the
instance, there are edges from ug to £, and £, to vs if and
only if x € S. This construction yields the following.

Theorem 11 Maximum Common Network Contraction
is NP-hard, even on networks with 5 leaves, one of them
being a tree and k = 4.

Proof

We prove that a Set Splitting instance (X, A) is splittable
if and only if, with the construction detailed above and
illustrated on Fig. 5, N, is a contraction of A. This is
equivalent to asking whether (M7, NV, k) is a yes-instance
of MCNC with k = 4.

(X, A) splittable = M, is a contraction of N\ Given
X1, X split for (X,.A), we describe a sequence of edge
contractions on N yielding MN;. We first contract
{tx | x € X1} into s and {Z; | x € X»} into £. These contrac-
tions are admissible, as no other directed path from s to
t other than edge (s, t,) exist (Proposition 1). Then, since
VS € A, SN X, # 0, there is now VS € A an edge from
us to s, which we contract (one can easily check that it is
also admissible). Likewise, we contract each vs into ¢ The
result is Na.

N is a contraction of N7 = (X, A) splittable By Prop-
osition 5 and Definition 5, V3 is a contraction of A7 if and
only if there exists an N-witness-structure in A, i.e. a
partition V,, V3, V., V4 of the internal nodes of N7, such
that: (1) each of these sets is weakly connected, (2) there
are edges from V, to V}, V, to Ve and V to V, but all other
edges in V] are internal to each set, and (3) the parent of
£y (resp. £, €3, 4, £}) in Ny is in V (resp. Vi, Ve, V). With
such a partition, we must have a; € V,, s € Vj,, t € V,and
by € V. If any ug is in V,, then the undirected distance
from V,, to V is at most 2 because ug is at undirected dis-
tance 2 from b7 in N; and contractions cannot increase
that distance, whereas that distance must be 3. Therefore,
all the non-leaf neighbors of a; are in another witness
set, and V,; = {a1}. By the same argument, no vs can be
inV;and V; = {b;}. From a similar distance argument, if
us € V. then the distance between V, and V/, is incorrect,
and we get {us}sea € Vp and {vs}sc a4 € V.. Each & can
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only be in V, or V.. We define X; = {x € X | &, € V}} and
Xo={xeX|t,e V). If for some S€ A, SNX; =0,
then ug is not connected to the other nodes in V},. There-
fore VS € A, SN X, # 0, and likewise for Xp. X7,X is
indeed a split for (X, A). O

On weakly galled-trees, clades, and contraction
sequences

Given the hardness of finding maximum contractions for
general networks, we searched for classes of networks
that could be solved in polynomial time. We found that
weakly galled trees, defined below, formed such a class.
Our algorithm is slightly involved though, so before div-
ing into it, we explain the main obstacle to overcome
when designing algorithms for specific classes. We then
describe a set of reduction rules that can be used to sim-
plify instances.

Recall that for j ¢ y(A\), we write Dy (u) for the
clade of u, ie., the set of leaves of N reached by u (we
recommend [40] for extensive results on the structural
properties of such clusters). In the case of two trees
Ty, T, the maximum contraction subtree is easy to
construct: for each v € V(T1) such that Vw node of T,
D7, (w) # D, (v), we contract the edge between v and
its parent in T7. This algorithm works for three reasons,
among others: (1) after contracting an edge from 77, the
result 77 is still a tree and the algorithm can proceed with
the new instance; (2) the set of clades of T is a subset of
the clades of T7; and (3) a clade shared by both trees is
always in the maximum contraction subtree. Although
these properties may appear trivial, they allow the algo-
rithm to stay applicable after any number of contractions.
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This is not as straightforward in the case of networks.
For (1), if we start from a galled tree (in which no two
cycles contain a common node), a contraction may result
in a network that is not a galled tree (see [44] for precise
definitions). By applying a contraction, we therefore go
outside of the initial network class. As for (2), a contrac-
tion may create new clades. Consider N; in Fig. 6. There
is no u € V(N3) such that Dy, (u) = {d,e,f}. However,
if we contract one of the edges incoming to the par-
ent of d, resulting in A, we create a node w satisfying
DN; (w) = {d,e,f}. This new clade is actually part of a
maximum contraction with A7. Then for (3), again in
Fig. 6, there are u € V(N]) and v € V(M) satisfying
Dp,(u) = Dy, (v) = {d, e}. If we insist on keeping {d, e}
as a clade, we must contract large portions of the cycles
as shown on the top-right, which is suboptimal as shown
on the bottom-right.

Weakly galled trees

To address point (1) above, the so-called weakly galled
trees appear the most appropriate to study, as they form
the simplest class that is closed under contractions,
to our knowledge. We define this class and extend the
notion of clades to it.

A reticulation cycle of a network NV, or cycle for short,
is a set of nodes C formed by a pair of directed paths
r—u—...>u—>tand r—>vy—...>v, >t
that only intersect at nodes r and ¢, and such that ¢ is the
only node of C with two in-neighbors from C. We call r
the root of C, ¢ its reticulation, and the other nodes its
internal nodes. A network is a weakly galled tree if no
pair of reticulation cycles have an edge in common. In

a h
a h a h lc) ?c
. b 9 b -
If {d, e} is kept c Foe g
’ f e d e
N\ M
a ~n a—" ~1 d e d
C:K‘ f c:% I\g o] a h
f/\(\e b/i
. . g
L ! If keeping {d, e} is not forced R =X,
M No f/!i e

Fig. 6 An example showing that not all common D(u) sets should be preserved. If we enforce keeping the clade {d, e} (which is common
to both networks), then we get a common contraction with only 2 internal nodes. On the other hand, without enforcing to keep {d, e}, a larger
common contraction is possible. The intuition is that since fis “misplaced’, keeping {d, e} enforces moving f through the long “upwards” path

(depicted in blue)



Marchand et al. Algorithms for Molecular Biology (2025) 20:18

[44], the following properties were shown on weakly
galled trees:

« every reticulation of A has an in-degree of exactly 2,
and is the reticulation of exactly one cycle;
+ every cycle C contains exactly one reticulation node

of N.

In other words, there is a 1-to-1 correspondence between
cycles and reticulations. Note that the internal nodes of
such a cycle C have exactly one child in C. We note that
a node v could be the root of multiple cycles (which all
intersect only at v), and that v could be internal to a cycle,
and also be the root of another cycle. The closure prop-
erty follows from the undirected version of this class,
namely cactus graphs, see [45].

Proposition 12 If M is a contraction of a weakly galled
tree N, then M is also a weakly galled tree.

Proof

It is sufficient to argue that the statement holds if M is
obtained from a single contraction on N, as further con-
tractions will inductively preserve membership to the
network class. In [45, Observation 5], the authors show
that if an undirected graph G is a cactus, then contract-
ing any edge also yields a cactus, where a cactus is an
undirected graph in which no two cycles share an edge.
In our case, the underlying undirected graph of a weakly
galled tree V is a cactus. After contracting an edge of \V,
the underlying undirected graph must thus be a cactus.
Therefore, no two cycles share an edge in this undirected
graph, which also holds after orienting the edges, and
thus the resulting network is a weakly galled tree. g

One can verify that a contraction c(u#, v, w) cannot
increase the number of reticulations. Therefore, by Prop-
osition 12, the number of cycles in a weakly galled tree
can only decrease when applying a contraction. In fact,
the only way to remove a cycle C is if it has three nodes,
that is, a single internal node x that gets contracted with
the root or reticulation.

1-clades and 2-clades
To overcome the difficulties regarding clades mentioned
above, we next distinguish two types of clades in a weakly
galled tree \V.

o (I-clades) A node u € V(N) is a I-clade node if u is
not an internal node of a cycle, in which case D(u)
is called a I-clade. Note that a 1-clade node u can
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be the root of a cycle, but only if « is not internal to
another cycle.

+ (2-clades) Let C be a cycle of N with reticulation ¢. A
pair of distinct nodes u, v of C is called a 2-clade pair
if u and v are on distinct paths that form the cycle, or
if one of u, v is the reticulation of C and the other is
internal. The set D(u) U D(v) is called a 2-clade.

Note that if # does not belong to a cycle, or is a reticu-
lation, or is a root of a cycle while not being internal to
another cycle (which may happen in weakly galled trees),
then u is a 1-clade node. Also note that multiple nodes
may represent the same 1-clade, for instance a reticu-
lation # with a single child v. Examples of 1-clades and
2-clades may be found on Fig. 2: {1,2,3,4} is a 1-clade
of N1, whose 1-clade node is the root of the cycle of N7,
and {1, 2,3} is a 2-clade of N3, with the parents of 1 and
3 as a 2-clade pair. Observe that in Fig. 6, {d, e,f} is not a
1-clade of Ap, but is a 2-clade if we take u as the parent of
f, and v as the reticulation, thereby addressing the afore-
mentioned problem with standard clades. We let X1 (N)
denote the set of all 1-clades of AV, and £, () denote the
set of all 2-clades. These new types of clades are, in some
sense, preserved under contractions.

Proposition 13 (clade-set conservation) If M is a con-
traction of a network N, then £1(M) € Z1(N) U Zy(N)
and (M) C Z(N).

Proof

It is enough to show that the statement holds if M
is obtained from A by applying a single contraction
c(u, v, w), as further contractions will also produce net-
works whose clade-set is a subset of M. So suppose that
M is obtained by contracting (i, v) into the new node w.
To start with, note that since w inherits the out-neighbors
of u and v, we have Dyt (w) = Dar(u) U Dpr(v) = Dar(us)
(the latter because u reaches every leaf that v reaches).
In the remainder of the proof, we successively con-
sider a 1-clade of M, and to show that it belongs to
Y1(N)U Zy(N), and a 2-clade of M, to show that it
belongs to %y (N).

1-clade: Let S be a 1-clade of M. We have S = D (x)
for some x 1-clade node of M. If x # w, then x is also a
node of A/, different from u and v. We argue it is also a
1-clade node in N. Indeed, if it is not, then it is inter-
nal to a cycle in . Since « is not « nor v, no edge inci-
dent to x is contracted, and « is still part of a cycle in M
(to see this, note that the only way to remove a cycle of
N is if it has a single internal node which is part of the
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contraction). Moreover, it is not hard to see that x is still
internal to that cycle after contracting, which is a contra-
diction. Therefore Das(x) is a 1-clade of N . This means
that in V, x either reaches both #, v, or none of them (if
not, x would reach v but not «, in which case v would be
a reticulation and x would be internal to the cycle with
that reticulation). This implies that Dar(x) = Daq(x) = S,
as the contraction does not alter the leaves that x reaches.

If x =w, then S = Dxq(x) = Da(w) = Dar(u). Either
u was a 1-clade node of A/, and § is indeed a 1-clade
of N and we are done, or u was internal to a cycle in
N. Consider the latter case. If v was the reticulation
of the cycle, then u, v was a 2-clade pair of N, with
Dpr(u) UDp(v) = S. In that case, S € Zo(N). If v was
not the reticulation, then both u, v were internal to a
cycle and one can easily see that w is also internal, and
thus not a 1-clade. It follows that every 1-clade of M is a
1-clade or 2-clade of \V.

2-clade: Let us now look at the other case, where S is a
2-clade of M. Let x, y be the corresponding 2-clade node
pair, and C the cycle they stand on. As cycles may only
be deleted, and not created, by contractions, C is also a
cycle in NV, possibly with a difference of one edge (if u, v
was an edge in C). Suppose that w ¢ {x,y}, so that x, y
are distinct from u, v and thus are also in A. Then x, y
also form a 2-clade pair in A. If both x, y either reach
both u, v or none of u, v in A/, then the contraction
does not change the leaves reached by x and y and our
result holds. Suppose that, say, x reaches v but not u in
N. Then v is the reticulation of C and u is its parent on
the other side of x. In that case, y ¢ {u, v} implies that y is
an ancestor of # on C and reaches both u, v. We get that
Dp(x) UDm(©y) = (Dy(x) UDpr(u)) UDx(y)  which
is equal to Das(x) UDp(y) since Dar(u) is included in
Dpr(y). Thus S € Z(N).

If x=w or y=w, say x =w, then we look at a
few cases. If w is internal to C in M, then through
case-checking we see that u was also internal in
C in N. Therefore u, y is a 2-clade node pair, and
S = Du(w) UDam(y) = Dy() UDp(y) is in Sp(N).
If w is the reticulation of C in M, then either v or u
were the reticulation of C in N (to see this, expand w
and note that either v has u plus another parent, or u
receives the parents of w). If v was the reticulation, then
either # was on the same path as y or not. If u was not
on the same path as y, then 4, y is a 2-clade node pair in
N and we conclude as above. If # was on the same side
as y, then Dar(u) € Dar(y), and v, y is a 2-clade node
pair with clade S in N. Last, if # was the reticulation,
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then u, y is a valid 2-clade pair node in N, and we have
S = Dpr(u) UDn(y) € Ta(N). O

Since new 1-clades or 2-clades cannot be created
through contractions, it follows that a 1-clade or a
2-clade that is present in one network A3, but not in
another network N5, needs to be removed to get a com-
mon contraction. In trees, a unique contraction can
achieve this, but in networks this is much less obvious.
In the case of 2-clades, we must choose between two pos-
sible contractions (one for each side of the cycle) that
eliminate the 2-clade. Even for 1-clade nodes that are the
root of a cycle, we may have to choose between the left
or right child to contract. Still, we can argue that if we
look at clades close to the root, some contractions can be
forced unambiguously in a pre-processing step, which is
shown very useful in the next section. Recall that a reduc-
tion rule alters a given instance if certain conditions are
met. We say that a rule is safe if, given networks N7, N2,
the rule contracts an edge (u,v) € E(NV7) U E(N,) that is
contracted in any sequence of contractions leading to a
maximum common contraction (note that in the follow-
ing, the roles of A7 and N, can be swapped to reduce N
instead).

Rule 1. If the root r; of N has a non-reticulation child
u such that D(u) is a 1-clade of N, but is not a 1-clade
nor a 2-clade of N, then contract (71, u).

Rule 2. If the root 71 of A has a child « that is an inter-
nal node of a cycle, such that every 2-clade containing
is not a 1-clade nor a 2-clade of N3, then contract (1, ).

Lemma 14 Rule I and Rule 2 are safe.

Proof

Let us argue Rule 1 first. Let M be any maximum com-
mon contraction of N7 and V5. Note that since u is not a
reticulation, there is only one path from r; to u and con-
tracting (r1, u) is therefore admissible. If (r1, %) is never
contracted to transform N into M, then Dy (1) must
be a 1-clade of M. Since M is a contraction of N5, by
Proposition 13, Das, (#) is also a 1-clade or a 2-clade of
N>, contradicting the conditions of the rule.

Let us now show that Rule 2 is safe. Let M be a
maximum common contraction of A and A5 We
use the witness structure interpretation of M. That
is, let W1, Wa,..., W, be the partition of V(N}), and
W{,...,Wé the partition of V(N3) that result in M.
Assume without loss of generality thatr; € Wi. Ifu € W)
as well, then M can be reached after contracting (r1, «)
and the rule is safe. So assume that r; € Wi and u € Ws,
again without loss of generality.
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Let C be the cycle of N in which u is internal. Let
ry =vi,va,..., Vv be the path of C that does not con-
tain u, where vy is the reticulation of C. We claim that
vi ¢ W1. Indeed, if vy € W1, there are two paths from r;
to v that can be used to connect them in W1, and the one
that uses u# cannot be used. If we had r1, v, € W1, after
contracting all nodes in the same W;’s, there would be an
edge from the node representing W7 to that representing
W», because of the edge (r1, u), and the latter node rep-
resenting W7 would then have a path to the node repre-
senting W1, because v, € W. This creates a cycle in M
and thus a contradiction. Hence, there is some i € [k — 1]
such that v; € W; but viy; ¢ Wi. This implies that the
edges (r1,u) and (v;,v;4+1) of N7 are not contracted to
obtain M, implying in turn that D, () U Dp; (viy1) is a
1-clade or a 2-clade of M. By Proposition 13, this is also
a 1-clade or 2-clade of N5, which contradicts the condi-
tions of the rule. O

Note that if, for a 1-clade node u of N7, the set D(u) is
in V3 as a 2-clade, we may still have to contract the edge
between u and its (unique) parent. Hence, an algorithm
to find common contractions cannot simply keep the
common 1-clades and 2-clades, as is done on trees. An
example is given in Fig. 7. A common 2-clade may also
need to be removed.

Unicity of clades To finish this section, we prove a use-
ful Proposition about the limited number of ways a set
of leaves may be represented as a 1-clade or 2-clade in
a weakly galled trees. We show that this number is con-
stant, which will be used in the analysis of our algorithm,
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in the next section. In its proof, we use the following
Proposition:

Proposition 15  Given a weakly galled tree N without
degree-2 nodes and a set of leaves S, there is:

1. At most two 1-clade nodes u such that D(u) = S
2. At most one 2-clade pair u, v such that
D(u)UD®) =S

Proof

The structure of the proof is the following. Given a set of
leaves S, we first prove point 1. This is done by consider-
ing two hypothetical nodes u, v such that D(x) = D(v).
We show that the only case where we can have u # v
is if one of them is a reticulation, and the other its
only child. When we are not in this case, we show that
necessarily, # =v. To do so, we use a case disjunc-
tion based on whether u and v are comparable or not.
We then turn to point 2, where we consider 2 hypo-
thetical 2-clade pairs u, v and w, x, and show that if
D(u) UD(v) = D(w) U D(x), then {u, v} = {w,x).

Point 1 (1-clade case) Assume that there are dis-
tinct nodes u, v that are 1l-clade nodes such that
D(u) = D(v) = S. This is possible if v is the unique
child of u, so assume this is not the case. Suppose that
u, v are incomparable, that is, neither is a descendant of
the other. Let P be any path from u to a leaf £. Because
D(v) = D(u), v also reaches ¢, and any path P’ from v
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Fig. 7 Example of an instance where keeping a common 1-clade is not optimal. Indeed, if the edge incoming to the root of the second cycle in A
is kept (corresponding to the 1-clade {5, 6, 7,8,9}), then its two ends belong to two different sets W, and W, of an M-witness structure, with M
common contraction of Ajand N>. One of them, say u, must reach exactly {5,6, 7,8} in M, and W, must be weakly connected. The only possibility
to achieve this in N> is to contract the cycle into a single edge, as depicted by the orange and blue shaded areas on the top path. Without forcing
the preservation of {5, 6, 7,8} (bottom path), we get a larger common contraction. This example highlights the difference between computing

a maximum common contraction of two trees (where one can simply keep the clades in common) and two networks
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to £ must intersect P because, in particular, both P and
P’ must contain the parent p(£) of £. The first node ¢ at
which P and P’ intersect is a reticulation since it receives
a distinct in-neighbor from both paths. Note that
t ¢ {u, v} since u, v are incomparable and they both reach
t. Moreover, # and v must have a common ancestor w (in
particular, the root is such an ancestor). This means that
u and v are part of some cycle whose reticulation is ¢. By
incomparability, # and v are internal to that cycle, and
thus cannot be 1-clade nodes, a contradiction.

Next suppose that u and v are comparable, and without
loss of generality that u reaches v. If # has only one child
w, then u is a reticulation or the root and under our cur-
rent assumption (that v is not the only child of #) we have
that w # v. Also, D(u) = D(w) and w cannot be a reticu-
lation (if it was, its in-neighbors would be on the cycle of
w, including u — as the latter is a 1-clade, # would root
that cycle and have two children). In that case, redefine u
to be w (v still descends from #). In that manner, we may
assume that u has at least two children p and g. If u is
not the root of any cycle, then D(p) and D(g) are disjoint,
and, as v descends from u, D(v) cannot contain both D(p)
and D(g). So assume that u is the root of some cycle C
that contains p and ¢ and a reticulation ¢. Note that v is
not internal on C as it is 1-clade. If v # ¢ or if v does not
descend from ¢, then ¢ must reach leaves that v does not.
So we may assume that v is ¢ or descends from it. In that
case, assume without loss of generality that g is internal
to C. Then g has some child g’ not on C. Moreover, ¢’
reaches some leaf that ¢, and thus v, does not reach. Thus
D(u) # D(v), and therefore only two nodes can have the
same 1-clade.

Point 2 (2-clade case) As for Point 2, let u, v be a
2-clade pair such that D) UD(v) =S. Let us call C
the cycle they belong to, r the root of C and ¢ its retic-
ulation. Consider w, x another 2-clade pair such that
D(w) UD(x) = S, belonging to cycle C’ with root ' and
reticulation ¢’. We will show that w, x can only be equal
to u, v. The discussion below first shows that we must
have t = ¢’ and C = C’, and then concludes. We rule out
t # t' by contradiction, and distinguishing cases based on
whether ¢, ¢’ are comparable or not. To start with, recall
that in a 2-clade pair, at least one vertex must be internal
to its cycle. Without loss of generality, say that » and w
are internal, and thus have a child outside of their respec-
tive cycles.

Case 1: C # C'. Suppose that C # C’, and thus ¢ # ¢'.
If ¢ is an ancestor of ¢/, the child of u outside of C must
reach a leaf that w and x cannot reach (otherwise, there
would be a cycle with two reticulations from u going
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through ¢ then w or x, then to the intersection on the
paths leading to that leaf). This is in contradiction with
D(u) UD(v) = D(w) UD(x). A similar argument applies
if ¢’ is an ancestor of ¢.

If ¢ are incomparable, we first show that
D(t) N D(t') = @. Indeed, suppose D(¢) N D(t') # @ and
let € be a leaf in that intersection. As in the proof of Point
1 above, let P be any path from ¢ to ¢, and P’ any path from
t’ to €. These two paths intersect at least at the parent of £.
The first node s at which they intersect must be a reticula-
tion (as if it had only one in-neighbor, this node would be
in both P and P/, and s would not be the first intersection).
In addition, ¢ and ¢’ also have a common ancestor (the
root of the network for instance). The lowest common
ancestor of ¢ and ¢’ is therefore the root of a cycle whose
reticulation is S. This is not possible in a weakly galled
network, in which reticulations (such as ¢ and t’) belong
to exactly one cycle. Therefore if ¢ and ¢’ are incomparable,
D(t) N D(t') = (. We show that this implies that the roots
rand r’ of C and C’ must also be incomparable. Indeed, if
r can reach r’ while ¢ and ¢’ are incomparable, then either
7" is on the cycle C, in which case C, C’ intersect only at r’
(here 7’ could be equal to r or internal to C), or r’ is reach-
able from r by going to a node of C (possibly r) then fol-
lowing a path of edges not on C. In any case, there is a
leaf in D(¢) (and therefore in D(u#) U D(v)) unreachable by
both the internal vertices or the reticulation of C’, and in
particular w and x. This is a contradiction. A similar argu-
ment applies if 7 is reachable from r’. However, if r and r’
are incomparable, then by the same argument applied to
t and ¢’ (taking a leaf reachable by both, and a common
ancestor), we get that r and r" are part of the same cycle,
which is a contradiction. Therefore, if C # C’, in all cases,
D(w) U D(x) cannot be equal to D(x) U D(v). So we may
assume thatt = t'and C = C'.

Case 2: C = C’. Suppose, without loss of generality,
that among u, v, w, x, the node u is at minimum distance
from ron C. If u ¢ {w,x}, then the child of u outside of C
reaches a leaf that neither w nor x can reach, because w, x
are either below u or on the other side of C. So assume
u = w. Then consider the node among v, x that is the
closest to r, say v. If we assume v # x, then v must be
internal in C, and the child of v outside of C must reach a
leaf that x cannot reach (because x descends from v on C)
and that w cannot reach (because it is on the other side of
the cycle). Therefore, {u, v} = {w, x}. O
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A dynamic programming algorithm for weakly
galled trees
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new node r and the edge r — u. The circle above u
represents a “dangling” root with a single child u.

We now show that computing the minimum number « N{(C,u,v) (Fig. 8B): for C a cycle of N with reticula-

of contractions needed to achieve a common contrac-
tion for a pair of weakly galled trees A7, N> is feasible in
polynomial time. Let C be a cycle of N € {N71, N3} with
root r. It will be convenient to use a cyclic ordering of
its nodes. Let r, vy, v9,..., v, be the sequence of nodes
obtained by traversing the cycle C when seen as an undi-
rected graph, starting at » and choosing one of its neigh-
bors v; arbitrarily. We view this as traversing the cycle
counter-clockwise. For a node u of C, we write u+1
for the node that succeeds u in this sequence, and u — 1
for the node that precedes u (note that this is also well-
defined for r, as it has only one predecessor, which is vy,
and one successor, which is v1). For u, w in C, we write
u <c wif u = wor u precedes w in the sequence, and we
drop the C subscript if clear. As a special case, for every
u of Cboth u <c r and r <c u. For u < v, we denote by
|v — u| the number of edges on the path from u to v, fol-
lowing the cyclic ordering. If v < u, then|v — u| = 0.

Some useful subnetworks
Let A be a weakly galled tree. In our recurrences, we will
make use of the following networks that can be obtained
from N. They are all displayed in Fig. 8.

o N(u)and V(&) (Fig. 8A): for u a 1-clade node, N (u)

is the network induced by u and all the nodes that
u reaches. N (1) is obtained from N (x) by adding a

(A) (B)

tiont, and u < t < v, N(C, u,v) is obtained from the
network induced by any node reached by u + 1,v — 1
(inclusively), then adding a new node r,, with chil-
drenu+1,v — 1L

Such a sub-network can be seen as the result of con-
tracting the upper part of the cycle between u and v
into its root.

It is possible that # + 1 = v — 1, in which case they
are the reticulation ¢ of the cycle. In this case, notice

that NV(C,u,v) is equal to N(;). It is also possible
that u = v is the root of C (which is why we need to
specify C in the notation, since u can root multiple
cycles). In this case, the cycle C is kept as is, but if «
has children outside of C, they are removed.

o NBu,v) (Fig. 8C): for u, v a 2-clade node pair, or

u=v a reticulation, NB(u,v) is the subnetwork
obtained by (1) removing any node not descending
from u or v and (2) contracting the path from u to v
going through the reticulation of the cycle. Note that
u or v could be the reticulation. The B stands for bot-
tom.

o NL,v) (Fig. 8D): for u, v a pair of internal nodes

belonging to the same side of a cycle, N (u,v) is
the network induced by all the nodes reached by u,
but that are not reached by v + 1. For technical rea-
sons, an extra leaf £7 is added, with v as its parent
(which simulates that there existed a lower portion
of the cycle). Note that this network includes » and

. 3 u: Z/U
u Tuv: fusion of u and v ) j E . NB<U7 v)
2

IR

M(C,U,U> 4

® o~

[ L

Ug : N5 (u,v)
S
7 z

AN

Fig. 8 Sub-networks used in our polynomial algorithm for weakly galled trees. The dynamic programming is primarily based on M(&)
and NV;(C,u,v) ((A) and (B)) on the figure. The others are intermediate networks on which reduction rules are applied to fall back to ./\/7(&)

and NV;(C,u,v)
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excludes v + 1. Moreover, if v is not u# or one if its
descendants, we assume that NZ(u,v) is a network
with no node. The L stands for [ateral.

o NS(u,v) (Fig. 8E): for u, v pair of nodes belonging to
the same side of a cycle, NS(u,v) is obtained from
NE{(u,v) by removing €7 and contracting the path
from u to v. If v does not descend from , this is the
empty network. The S stands for side.

Join subnetworks Let A7, N3 be two networks with
distinct leaf sets. We write N7 * N5 for the network
obtained by identifying the roots of N and AN (or,
to explain this differently, we create a new root that
inherits all the children of the roots of A7 and N>, and
delete the two previous roots). If A/ is a weakly galled
tree, we say that a network N’ is a join subnetwork of
N if NV=NYx. ..« NP, with each N7 either of the
form N (1) for some u € V(N), or N(C,u,v) for some
cycle C of N and u, v on C. If p = 1, then N’ is called a
prime join subnetwork of N, and otherwise it is a com-
posite join subnetwork of N'. Note that by the definition
of %, no two N subnetworks may have a leaf in com-
mon. Two join subnetworks Nj = A} *--- % A" and
Ny = N} % -+ x N are said to be matching if p = g and
Vi € [pl, LN]) = LINY).

Our dynamic programming tables will contain join
subnetworks as entries. The following will be useful to
argue that applying contractions keeps us in the realm of
join subnetworks.

Lemma 16 Let N be a weakly galled tree and let N be
a join subnetwork of N'. Then applying to N” any sequence

of contractions of edges outgoing from its root yields a join
subnetwork of N.

Proof

It suffices to argue that a single contraction preserves
the desired form, as in turn, applying any number of
them will do so. Let r be the root of N’ and suppose that
edge r — w is contracted. Denote N” = N1 x ... % NP
Assume without loss of generality that w belongs to N7
Suppose first that A’ = A/ (w) for some w € V() (see
Fig. 8 for the illustrations of the different notions of sub-
networks). Notice that because N is a weakly galled tree,
N (w) is itself a composite join subnetwork of N, as it
can be obtained by joining its 1-clade children under a
common root, and joining the cycles that w is a root of.
In other words, we may write N (w) = N} x...x N
Then, after contracting r — w, the network /' becomes
NLs .. x MI« N2 ...« NP, which is a join subnet-
work of NV, as desired. This takes care of the case where
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N1, the first network joined to obtain N, has the form
N(w).

So suppose that A'1 = N(C, u, v) for some cycle C and
nodes u, v. Then w = u 4+ 1 or w = v — 1. Either way, if
the cycle is still present after contracting r — u, N'! can
be replaced with A {(u+1,v) or N{(u,v — 1), in which
case the contraction yields another join subnetwork (as
the other subnetworks N2, ..., N? are unaltered). If the

L[]
cycle is contracted to an edge, then A/! becomes N (¢),
with ¢ the reticulation of the cycle. Again, this preserves
the join subnetwork form. O

The last but not least ingredient before we can describe
our procedure is to use Rules 1-2 from the previous sec-
tion in order to reach join subnetworks with correspond-
ing leaf sets.

Lemma 17 Suppose that Rules 1-2 are not applica-
ble to N1 or No. Then the networks can be written as
matching join subnetworks Ny =N} *...x NV and
No =N} s ...« N¥ such that LINT) = LINY) for every
i€[p)

Proof

Let r; and rp be the roots of N and N, respectively.
Notice that a network is a join subnetwork of itself, so we
may write N7 = Nl % ...« M and Ny = N ... x N
If the superscripts can be arranged so that leaf sets are
equal as desired in the statement, we are done, so assume
this is not the case. Let us start with an observation:

Claim: If two leaves x and y from a network N belong
to a 1-clade or 2-clade other than L(N), then there is an
(undirected) path between them that does not use the
root.

Proof of Claim: In case of a 1-clade S = D(u) # L(N),
simply concatenate a path from x to # (which must exist
as u reaches x) and a path from u to y. Likewise, in the
case of a 2-clade S = D(u) U D(v), use u and v, then the
reticulation of the cycle that # and v belong to, as inter-
mediate points to get a path from x to y not using the
root. g

The matching condition holds if Vi € [p], 3j such that
LN :L(Né). Therefore, if it is not verified, there
exists i € [p] such that Vj € [q], LN}) # L(Né). Since
{L(./\/’é)}je[p] forms a partition of the common leafset
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of N7 and N>, there must exist j such that, in addition
L(Nf) ﬁL(Né) # (. Let us pick such a pair i, j and
denote A = L(./\/’f) and B = L(Né). We have A # B and
AN B # ¢, and therefore B\A # () or A\B # . We ana-
lyze the case B\ A # @, but the arguments apply sym-
metrically to the other. Note that ./\/é is either rooted at
a node with a single child (Né = J\/z(\./) for some v), or
rooted at a cycle (N = N5(C, u, v) for some u, v).

Let us first look at A7 = N3 (v), ie. the case where
the root ry of ./\/é has a single child v. Let x € A N B and

y € B\A. We have that v is a child of ; in A3 and, moreo-
ver, D, (v) = B is a 1-clade of N, containing both x an
y. However, in A, all paths between x and y go through
r1, and by contraposing the Claim above, x and y cannot
share a clade, implying that B cannot be a 1-clade nor a
2-clade of Aj. Therefore, Rule 1 is applicable to 7, — v, a
contradiction.

So consider the case where ./\fé =MNo(C,u,v), ie. ./\fé
rooted at a cycle C. Let ¢ be the reticulation of C and let x

be a leaf that ¢ reaches (in N3 and N}). Suppose for now
thatx € A. Then let y € B\ A, which again exists. Let v be
a non-reticulation child of r, in N3 that reaches y (which
exists), and note that v also reaches x. Therefore, any
2-clade involving v contains x and y. Again because all
paths between x and y in V] go through ry, such a 2-clade
cannot be in N7, in which case Rule 2 can be applied to
ry — v, a contradiction. So suppose that x ¢ A. Then let
y € AN B. As before, we let v be a non-reticulation child
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of ry that reaches y. This v also reaches x, and we get the
same contradiction. O

A dynamic programming algorithm

We next describe our dynamic programming algo-
rithm. Its overall workflow is sketched in Fig. 9, relying
on the concept of join subnetworks. The present section
details the “decomposition” and “recursive equations”
displayed in Fig. 9.

We define two functions fp and fc, linked together
by recursive equations. They both compute, given two
join subnetworks N|, N of N and N>, the minimum
number of contractions needed on both networks to
achieve a common contraction. The difference is that
fp(NV{,N3) assumes that the given pair are prime join
subnetworks (ie. for i =1,2, N/ = Ni(v) for some v,
or N/ = N;(C,u,v) for some cycle C and nodes u, v),
whereas fc(N7, V) is given an arbitrary pair of join sub-
networks (which may be composite or prime). The role
of fc is to apply rules 1 and 2, in order to get a matching
pair of join-subnetworks, and then call fp on the result-
ing pairs of prime subnetworks. Our value of interest is
JcWN1, No).

For join subnetworks N}, N, we start with the simple
base cases.

Base cases. If L(N]) # L(N}) or if one of V], V] is not
acyclic, then fc (W], N}) = fp(N],N}) = oo as no com-
mon contraction is possible. If none of the above holds
and if N and \j each have no node, or each has a single
node, put fc(N],N3) = fp(N],N3) = 0.

Main entries fc. If N} and NV} are both prime join sub-
networks, then fc(N],NJ) =fp(N],N}) (defined later

input pair: A, A is an instance of -
: Pl A=A AT

S WAV

_(pair of join-subnetworks:)_Rules 1&2

matching pair of join-subnetworks:
Ny =N} s s NP
No=Ng - % NY

vie [l LIV = LAG)

fc

recursive equations

decomposition
lower nodes

N Ny

pair of prime networks with same leaf-set:

fp

i fusion fusion
., fusion v u I

v

Fig. 9 Overview of our algorithm for weakly galled trees. The final answer is fc (A7, N). To compute it, f- applies rules 1 and 2, which detect
necessary edge contractions at the roots of the networks. When these rules cannot be applied anymore, one can decompose the networks
into matching pairs of prime subnetworks, which are given to fp. Values of fp are in turn computed with recursive equations, requiring values of f¢,

on subnetworks rooted at lower nodes
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below). Otherwise, suppose that at least one of ] or AV}
is a composite join subnetwork of A; or N3. Then pro-
ceed as follows:

+ Aslong as one of Rule 1 or Rule 2 is applicable to ]
or NV}, we apply it. Let V], N/ be the resulting pair of
networks, which are join subnetworks by Lemma 16,
and suppose that Rule 1-2 enforced k contractions.
Then we have fc(N],N}) =k + fc (N, N3))

o If no rule is applicable to either network, by
Lemma 17, we have matching join subnetworks
N{=N}x...«NP and Ny =N} ... x N3,
with L(N?) = L(NVE) for each i € [p]. We can solve
each pair of prime subnetworks independently with

feWNLNG) =30 fo(WEND).

Prime entries fp. We now assume that both N and NV}
are prime join subnetworks of N and N3, respectively.
By definition, ] must have the form N = A (i) or
N{ = N(C,u,v). The same holds for N;. There are thus
four combinations to check.

Case 1: N = Ni() and N = No@)  for
ueV(N), ve V(Ny). We argue that in this case,
FoNL(), Na(9)) = fo (N1 (), Na(v)). This is because
both networks start with a single edger, — uvandr, — v
(respectively). Therefore, we argue that an optimal com-
mon contraction simply keeps both of these edges and
defers the computation to N {(u) versus N (v), which are
join subnetworks (possibly prime) and can use other fc
entries.

Case 2: N = Ni() and Ny = No(C,v,w) for
u € V(N1), and cycle C of N3 and v,w € V(N;) belong-
ing to C. In this case, we argue that:

Fo (N1 (@), No(C, v, w))

= min {fC(J\fl(u),Nf(v +Lw—1)+|w—v -2,
Je N1 (), No(C,v,w)) + 1

Here, N() starts with a single edge r, — u, while
N>(C,u,v) starts with a root of a cycle. The minimiza-
tion distinguishes two cases: either (a) edge r, — u is
conserved, in which case the cycle must be contracted to
a single edge, with the root having one child, or (b) the
edge is contracted.

Case 3: N| = Ni(C,u,v)and N = Na(w) for a cycle C
of Ny, u,v € V(N7) and w € V(Ny). This case is symmet-
ric to the previous case, and is handled the same way.

Case 4: N| = N1(C1,u,v) and N = Ny(Cy, w,x), for
a cycle C; of Vi and nodes u,v € Cy, and cycle C; of Ny
and w,x € Cy. This is the most complicated case, which is
illustrated in Fig. 10. We denote the roots of C1 and C; as
T'uv> 'wx and their reticulations by #1, . Let us consider the
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following possibilities for fp(N7(Cy,u, v), No(Cy, w,x)):
either we contract an edge incident to u, v, w, or x on the
cycles, or not. In the latter case, we treat these incident
edges as “kept’, and we must handle the bottom of the
cycles. For clarity, this value is described in a separate and
temporary entry fp(a,b,c,d), which represents the best
scenario if we contract the subpath of N(Cy,u,v) from
a to b into t;, and the subpath of N3(Cy, w,x) from c to
d into tp. We get the equation below. We recall first that
given a network N and an edge (x1,x2) of N, N/(x1,%2)
denotes the network obtained from N by contracting
(xlr xZ)'

fP(N1<Clx u, V)xNZ CZ; w, x))

(
fC(N1<C1,M, /(ruv:u+1)rN2<C2’W»x))+l
fC(Nl(Clxu; /(VMV!V_ 1)?-/\/2<C21W1x))+1
fC(Nl(Cl,M, ’N2<C2’W’x>/(erJW+1))+1
fC(Nl(Cl,M, )NZ(CZJW,x>/(rwx!x71))+l
min fa(a,b,c,d)

v)
v)
v)
= min v)
u<a<ti<b<v

w<c<th<d<wx
D(a) UD(b) = D(c) UD(d)

Note that the first four entries create a composite join
subnetwork, as one root inherits the prime subnetworks
going out of its contracted child. In the event that one of
these contractions is inadmissible, a cycle is created and
the base case returns co.

An fp entry needs to consider the contractions at the
bottom of the cycle, plus the join subnetworks created
at the bottom, plus the contractions needed on the two
lateral parts of the cycles. The latter requires comparing
subnetworks of the form ./\flL(i,/') and ./\/2L (p, q), for some
pairs i, j and p, g of internal nodes to a cycle of respec-
tively A7 and N3, and belonging to the same side of that
cycle. For clarity, we denote by f;(i, ], p, ¢) the minimum
number of contractions needed to obtain a common con-

traction of N (i,j) and VL (p, q)). We get

fe@b,c,d) = |b—al+|d —c| +fcNE(ab),NEc,d) +

min fiu+la-1L,w+lc—-1)+fiv—1,b+1,x—1,d+1)
fiu+la-lLx—1,d+1)+fiv—-1L,b+1L,w+1c—1)

The latter minimization occurs because we do not know
which sides of the cycles should be put in correspond-
ence. It only remains to describe how to compute these
lateral subnetworks, i.e. entries f7(i,/, p,q). To start with,
if LT () # LN (0, q)), we set fi(i,j, p,q) = +oc.
Then, in the case of equality, if i > j (which implies p > ¢
given the constraint LN (i, j)) = LIVE(p, 9)), the cor-
responding subnetworks are empty and f1(i,/,p,q) = 0.
For i, j on the same side of the A7 cycle and p, g on
the same side of the A5 cycle, we consider two cases:
either there is an edge (k,k + 1) between i, j and a
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Fig. 10 The handling of Case 4. The gray boxes represent calls to f- entries, and vertical bars separate pOSS|bIe cases. First row: The left and right

children of the first network areu 4 1,v — 1, and the left and right children of the second arew + 1,x — 1.In the gray box, the four ways

of contracting an edge incident to a root (in bold edges is the untouched network). If we do not apply those, we keep these edges. Second row:
we choose g, b, ¢, d and contract the corresponding paths and defer the computation to fz(a, b, ¢, d), which requires optimizing over the j\/]B,./\/QB
bottom networks, plus what is above g, b, ¢, d. Third row: the two ways of matching the lateral networks, considered by fz. Fourth row: given two

lateral networks for an f; entry, we either contract the whole lateral paths to get A/ networks, or split the paths and solve two smaller lateral

networks

corresponding edge (k, k' + 1) between p, g that can be
kept, or not (in the proofs, the extra leaf ¢1 is there to
enforce that if (k,k + 1) is kept on the W, | lateral path,
the corresponding edge in N is on the other lateral path
and not elsewhere). In the former case, the edge splits the
computation into two subproblems, and in the latter we
must contract everything. This yields:

JLGojipr @)

. . A ; ’
min i<k<j Sl k,p, k) + filk + 1,7,k +1,9),

p<k <q
SeWNT (@i N5 (g + i — il + p — gl

= min

Note that if i = j, there is no k such thati < k < j and the
above recurrence only consider the second line, which
makes a call to an fc entry. The chain of recurrences can
stop here, since the \° S’s are join subnetworks, which can
make use of other fc entries. Although not trivial, we can
argue that a polynomial number of entries is sufficient to

compute Spcc (N1, Na) = fo (N7, Na).

Theorem 18

The value of Smcc(N1, Na) between two weakly galled
trees without degree-2 nodes can be computed in O(n°),

with n = max(|V (N7, [V(N2)).

Proof

The proof is split in two parts: first we analyze the
time complexity, and then argue the correctness of the
algorithm.

» Time complexity.

We first argue the time complexity to compute

JcWN1, N2) = Snmicc (N1, Na).

We assume a recursive algorithm that starts with a
request to calculate fc(Ni,N,), and computes only
smaller entries when they are required by our recur-
rences. We store in memory any fc, fp entry and f that
is computed for future reuse (memoization). Note that
f has a slightly different status: it is a mere calculus
intermediate between fp and f;. Thanks to memoiza-
tion, when fc,fp, or f; entries require other entries, we
assume they can access their value in time O(1). The set
of all possible composite join subnetworks has exponen-
tial size, so it is important to emphasize that we only cal-
culate the necessary fc,fp, and f; entries encountered.
We need to bound the number of such entries to com-
pute through the whole execution, multiplied by the time
needed to compute each individual entry.

Time to compute all fp entries Let us start with
fp. We argue that fp is called on O(n?) entries, each
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requiring at most time O(n?) to compute. To start with,
note that fp is only called by fc on pairs of matching sub-
networks, which in particular have the same set of leaves.
As detailed below, the equality of the sets of leaves is cru-
cial to bounding the number of entries of fp that need to
be stored. The entries of fp are of four types, which we
argue separately.

. Case 1 - fp(Ni (i), Na(¥)): by equality of the sets of
leaves, D(u) = D(v). By Proposition 15, there are at
most 2 nodes v verifying this constraint for a given
u. Since the number of u’s is at most the number of
nodes of N, and since each u can have at most 2
corresponding v’s, there are therefore O(n) of these
entries. Each of them takes O(1) to compute (only
need to fetch the required fc value).

. Case 2 - fp(N1<b.t>,N2(C, v, w)): here, u, v, w must
verify D(u) = D(v+ 1) UD(w — 1). Note that we
may have v+ 1 # w — 1 (in which case they form a
2-clade pair) or v+ 1 =w — 1 (in which case they
are both the reticulation of C). In any case, by Propo-
sition 15, given u, there is only O(1) possible 2-clade-
pair v, w verifying D(u) =Dy + 1) UD(w — 1).
Therefore, given u, there is only O(1) possible C, u, v
such that N (22), N5(C, v, w) is a pair of matching
sub-networks. As fp is only called on such pairs, this
yields O(n) possible fp entries of this type that need
to be stored, each of them being computed in O(1)
time.

« Case3- fp(N1(C,u, v),/\fz(v.v)): takes time O(#) by a
symmetric argument.

« Case4d- fp(N1(Cy1,u,v), N2(Cy, w,x)): since we must
have D(u+1)UDWy —1)=DWw+ 1) UD(x — 1),
as above, there is only O(1) possibilities for w, x
given u, v. As argued for case 2, this gives O(#n?)
possible entries. For each of them, the first 4 cases
of the minimization only require time O(1). For the
fifth case which needs to minimize over a, b, ¢, d,
the constraint D(a) U D(b) = D(c) U D(d) restricts
(by Proposition 15) ¢, d to one possibility given a, b.
However, this time a, b, ¢, d are not given together
as input. In order to find ¢, d given a4, b in time
O(1), we use a pre-processing with O(1°) complex-
ity, iterating over all pairs of 2-clade pairs 4, b, ¢, d,
comparing in time O(n) their sets of descendants,
and storing for each a, b the O(1) pairs ¢, d such
that D(a) UD(b) = D(c) UD(d). Given that, for
each of the O(1?) entries to fp, the minimization
over the possible a, b, ¢, d takes time O(1n?) to com-
pute, corresponding to the iteration over 4, b.
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Overall, the time complexity of computing fp is domi-
nated by Case 4, with an O(n*) complexity. However,
this complexity is reached by assuming a pre-process-
ing step taking O(n°).

Time to compute all f; entries We continue
with f;. Let us recall that f7(i,j,p,q) is defined as
SMCC(NlL(i,j),NZL(p, q)). We call an entry to f; valid
it LEG,j) =LNVE(p,q). We argue that given i, j,
there is only one pair p, g such that i, j, p, g is a valid
entry to f;. Indeed, let x, y be a pair of nodes of N,
such that L(NZL b q) = L(N2L (x,7)). We show that,
necessarily, p =x and g = y. We restrict our attention
to the case L(./\/'ZL(p, q)) # ¥, as otherwise computing
SmccWNE (i, j), NE(p, q)) is trivial.

Let us call C the cycle to which p, g belong, r its root,
and ¢ its reticulation. Likewise, C’ is the cycle contain-
ing x, y, and 7/,t' are its root and reticulation. Note
that p, g and «, y are all internal nodes in their respec-
tive cycles (potentially with p = g or x = y). As inter-
nal nodes, and because N7 and N, are assumed not
to have degree-2 nodes, p, g reach leaves (through an
edge outside of C) that the reticulation ¢ cannot reach.
Likewise ¢ reaches leaves that children of p, g outside
of C cannot reach. Note that these leaves are not in

LWNE(p,q)) = D(p)\D(q + 1).

Suppose C # C’, and let us first examine the case where
r" is reachable from p, i.e. where the cycle C’ descends
from p in N3. We further distinguish the cases wether r’
is equal to p, is reachable from the child of p within the
cycle C (i.e. descends from p + 1), or is reachable from a
child of p outside the cycle C.

If ¥’ descends from p + 1, then p has a child outside
C that reaches leaves not reached by r/, and thus the
sets of leaves L(NE(p,q)) and L(NE(x,y)) cannot be
equal. If p = 1/, then x, y are on a cycle rooted at p, and
D(x)\D(y + 1) excludes leaves reached by p that must be
in D(p) \ D(q + 1). Finally, if #’ descends from a child of p
outside of C, the same argument applies.

Therefore 7' is not reachable from p, and thus not
reachable from g. Note also that if £, x or y are reachable
from p, then r’ must be reachable from p, which we just
showed cannot happen.

In particular x and p must be incomparable. However,
since we supposed L(NZL . q)) = L(NZL (x,9)), they have
at least a leaf ¢ that they can both reach. Consider a path
P from p to £ an a path P’ from x to ¢, and the first node
s of P that belongs to P N P’. Such a node exists, as the
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parent of £ is on both P and P'. In addition, it must be
a reticulation (as otherwise its only parent would be an
earlier node of P in P N P’). Likewise, consider the paths
from the root to x and p, and the last node belonging to
both. This node is the root of a cycle, whose reticulation
is 5, containing both x and p. This is in contradiction with
C # C’in weakly-galled networks.

Therefore C = C’. If x, y is not on the same side as p, g,
then x reaches some leaves p, g cannot reach, which is a
contradiction. Therefore x, y and p, g are on the same side
of C. If p is strictly above x, it can reach leaves that x can-
not, therefore p = x. Likewise, if g is strictly above y, too
many leaves are excluded. Therefore p = xandg =y

Since i, j determine p, g, this gives a O(#%) number of
valid entries to f;.

However, some of the calls from fp to f; might not be
valid. To recognize valid entries in time O(1), we iterate
as a pre-processing step over the O(n*) possible entries
of f1, check for each of them in O(n) whether it is valid
or not by comparing reachable leaf sets (O(1°) total com-
plexity), and store the result. The total time spent in fj is
then O(1) for each invalid entry, and O(#?) for each valid
entry, per the iteration over k, k’. A rough upper bound
on the number of invalid entries is O(n*), and we have
argued an O(#%) upper bound on the number of valid
entries, yielding O(n%) in total. The worst-case complexity
of computing f; entries is therefore O(1°), dominated by
the pre-processing.

Time to compute all fc entries To finish, we analyze
the complexity of computing fc entries. The first step of
fc is to compare (in O(n)) the leaf-sets of the two input
networks, to check the validity of the entry. We argue that
there are O(12) valid entries to fc. To see this, note that
fc is only called by fp and f; (in addition to the original
main call). The first 3 cases of fp, and f; call fc a constant
number of times, and only when they are handling a valid
entry. As analyzed before, there are O(#%) of these calls.
The only case yielding more calls to fc is the last mini-
mization case of Case 4 of fp, where (through the inter-
mediate f3), O(n*) calls are given to fc. However, these
are of the form fc(./\ff(a, b),NZB(c, d)). These calls are
only valid if D(a) UD(b) = D(c) U D(d). As argued for
fp, and thanks to Proposition 15, there is only one pos-
sibility for ¢, d given a, b and this constraint. There are
therefore O(n*) calls to fc, with O(n) spent on each of
them to check the validity. However, only O(n?) of them
are valid and pass this step. It remains to account for the
complexity of applying Rules 1 &2 exhaustively, which we
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argue in the following can be done in O(1®) for each entry
(yielding O(#°) in total).

To begin with, we assume that as a first step, we com-
pute and store the D(u) sets of both networks ] and A,
This can be done naively in time O(#%) by taking, for each
node u, the union of the D(v) sets for the children v of
u (so, n nodes, each requiring O(n) unions in time O(n)
each, yielding cubic time). Then, we assume that these
are stored in a data structure that allows querying for the
existence of a 1-clade or 2-clade in time O(n). This can
be achieved in multiple ways, for instance storing them
in a hash table (which takes time O(n) to hash one set of
leaves), or by bucket-sorting the elements of the clades
by their leaf identifiers, then interpreting them as strings
and storing them in a trie in which each node contains
O(n) pointers, which can be done without adding to the
O(n®) complexity.

Let us now analyze the complexity of checking whether
Rule 1 or 2 applies. There are O(n) 1-clade nodes that are
non-reticulation children of rj, and also O(#) 2-clades
that contain a child # of r (to see this, note that u is
internal to at most one cycle, and if #, v is a 2-clade pair,
then v occurs in at most two 2-clade pairs to evaluate, the
other possibly occurring for the other child of r in the
cycle). For every such 1-clade or 2-clade, we can query
our stored sets of 1-clades and 2-clades of N} to see if
it is present, each query taking time O(n). Thus, check-
ing whether one rule should be applied takes time O(1?).
Since we may apply O(#n) rules before reaching matching
join subnetworks, we spend time up to O(#®) to reduce
the networks.

Overall running time To conclude, we spend time
o(n°) computing fp (due to the pre-processing), O(n°)
computing f; (also due to the pre-processing) and O(#°)
computing fc. This gives the overall worst-case complex-
ity of o).

» Correctness of the algorithm

We next argue that the recurrences are correct. Let
N{,Nj be join subnetworks of N; and N3, respec-
tively. We show by induction on |V (N7)| + |V (N;)] that
the recurrences given above are correct. To this end,
denote by OPT := OPT(N{,N;) the minimum num-
ber of contractions needed to obtain a common con-
traction M of N and Nj. We show that for any N, N,
Jc(N],N3) = OPT. Through the recursions, it implies
also showing that, in the case that N, N are prime,
JSp(WN{,N3) = OPT also holds.
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The base cases (L(N]) # L(N}), N or N} not acy-
clic, empty networks, or both networks having a sin-
gle node) are trivial to verify, so we assume that they
do not cover N, NJ. So as an inductive hypothesis, we
assume that OPT (N, NJ) = fc(N], N3) for any pair
of join sub-networks of size smaller than N], N, ie.
VNI + VNI < IV + IVN])| (with  the
same hypothesis for fp when the networks are prime). In
other words, the induction hypothesis applies as soon as
the size of at least one of the two networks is reduced by
1.

Suppose first that one of the subnetworks is composite.
If Rule 1 or Rule 2 applies to either network, we contract
k edges incident to either roots until no such rule applies,
resulting in join subnetworks N[, Nj by Lemma 16.
Since these rules are safe by Lemma 14, these k con-
tractions are also required to obtain OPT, implying that
OPT = k + OPT(N|, N3) = k + fc(N{,Nj) by induc-
tion. Since this is our value of fc(N],N}), this case is
verified.

Next suppose that no rule applies. Then by Lemma 17,
N =Nls s« NENo =N 5o+ NE, with LV = L(VD).
It is easily seen that after applying contractions to each
pair A7, j\/’2‘ separately to make them isomorphic, one
obtains a common contraction of A, Nj by identifying
the roots of the separate subnetworks. This justifies

p
JeWLND) = oW, AG) = OPT.

i=1

Moreover, the solution with OPT contractions must, at
the very least, apply contractions to make each /\/'1’,]\/'2‘
subnetwork isomorphic, and, because the subnetworks
are edge-disjoint and only intersect at the root, using
induction justifies

pr
OPT = fp(N}, N3) = fe (N, N3).

i=1

This shows that the fc entries are correct, assuming that
all fp entries are correct.

Suppose that V] and N are prime join subnetworks,
and consider fp(N],N). We handle the same set of cases
as in the recurrences.

Case 1: | = Nl(b't),./\/z’ — (). In this case, N consists
of a root r; with a single child #, which is the root of a
subnetwork of N, and ./\/2’ has a root r, with a single child
v, which roots a subnetwork of A5. In that case, we may
assume that the edges r1 — u and r, — v are kept, so we
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may ignore them. In other words, we can find a sequence
of contractions to make Ni(u) and N> (v) isomorphic,
then attach r; and ry to the resulting networks to make
them isomorphic. Since OPT cannot do better than
this, this justifies fp(N (), N2(v) = fo (N1 (u), Na(v)).
Importantly, we observe that N7 {u), N2(v) are join sub-
networks of A7, N3, so the corresponding fc entry used
in our recurrences is well-defined.

Case 2: V] = /\/'1(12),/\/2’ = N>(C, v, w). Here, N] starts
with a single edge r1 — u, while ] starts with a node ry
that is the root of a cycle, which is the fusion of v and w
on cycle C.

Suppose that edge r1 — u is conserved in the OPT
scenario. Then NZ’ must be modified so that its root ry
becomes a node with a single child x. This means that
the edges of C are contracted so that all children of the
cycle nodes that are not on C become a child of x. After
applying these contractions in the OPT scenario, ry
has a single child, which is the root of the subnetwork
NZB(C,V + 1,w — 1), which is a join subnetwork. In this
case, we get that OPT is equal to the first case of our
recurrence.

So suppose that r; — u is not conserved. Then after
applying this contraction in the OPT scenario, by induc-
tion we have OPT = fc(N1(u), N2(C,v,w)) + 1. Not-
ing that this fc entry is well-defined, in this case, OPT is
equal to the second case of our recurrence.

Since the recurrence takes the minimum of both cases,
we get fp(N1(u), No(C, v, w)) < OPT. Moreover, it is not
hard to see that both cases of the recurrence either yield
infinity, or result in a valid common contraction, which
justify fp(N1(u), No(C,v,w)) > OPT.

Case 3: is symmetric to case 2.

Case 4: N| = N1(Cy, u,v), Nj = No(Co, w,x). Let t1, £
be the respective reticulations of Cj, Co. The purpose
of the lengthy arguments that follow is to establish that
JcN],N3) < OPT.

Suppose that the OPT scenario contracts an edge
incident to u, v, w, or x, say (4, u + 1) (the other cases
are identical). Note that u + 1 could not be a reticula-
tion, as such a contraction would be forbidden. After
contracting this edge in A7(C1,u, v), we obtain the net-
work N7(Cy,u,v)/(u,u + 1), which is a join subnet-
work by Lemma 16. We therefore get by induction that
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OPT =1+ fc(N1(C1, u, v}/ (u, u + 1), N3(Co, w, x)) as in
our recurrences.

So, suppose that in the OPT scenario, no edge incident
to u, v, w, x is contracted. If we let W = {W1,..., W)} be
a partition of NV1(Cy, u, v) that is a witness to the common
contraction yielding OPT, and Z = {Z;, ..., Z;} the wit-
ness partition of N3(Cy, w,x). By our assumption, u + 1
and v — 1 are not in the same set as the root of the first
network, and w + 1,x — 1 are not in the same set as the
root of the second network. This also means that the
respective reticulation ¢, £; of Cj, Cy are also in sets that
differ from the roots. Let a, b be nodes of C; such that
are in the same witness set as #1, and such that 2 — 1 and
b+ 1 are not in this set (such a, b exist by the previous
sentences). Define ¢, d as the analogous nodes of Cy, with
respect to the set with £. Note that any of a and/or b
could be equal to ¢1, and ¢ and/or d could be equal to £.

We get that in the OPT scenario, all the nodes on the
path from a to b, and from c to d, following our cyclic
orderings, are contracted. Denote by A and NJ net-
works obtained after applying these contractions. Then
OPT = |b —a| + |d — c| + OPT (N, NJ). Unfortu-
nately, we cannot use induction by relating the latter term
to an fc entry, since it might not be a join subnetwork as
it applies contractions not at the root.

We divide the argument into two subcases: either C;
was contracted to a single edge, or not. We will assume
for now that the entries f1(i,/,p,q) correctly store the
minimum number of contractions needed to obtain a
common contraction of the corresponding lateral sub-
networks, and we shall prove this later on.

Subcase 1: C; contracted to a single edge Suppose
first that \V; 1” consists of the root r; with a single child, i.e.,
C1 got contracted into a single edge. This is only possible if
a=u-+1,b=v—1,and if Cy is also contracted to a sin-
gle edge, and thus thatc = w + 1,d = x — 1. In that case,
we may ignore the dangling root edges, and the optimal
contraction only compares the subnetworks rooted at the
nodes obtained from the contraction from a to b and from
¢ to d. These subnetworks are N3(a, b) and NZ(c,d), so
that OPT (N}, Ny) = OPT (NE(a, b), NB(c,d)). Because
these subnetworks are join subnetworks, this is equal
to fc(NB(a,b), NB(c,d)) by induction. In other words,
OPT = |b—al +1|d — c| + fcNE(a,b), NP (c,d)). Note
that these terms are considered in the fz(a, b, c,d) entry
of our recurrence when minimizing over a, b, ¢, d, and we
would like to argue that fz(a,b,c,d) < OPT. However,
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the fp entry also adds a term from the f; entries, so let us
focus on the latter.

The considered entries  fi1(i,j,p,q)  have
i=u+1l,j=a—1or i=v—1,j=>b—1. Either way,
we are in the case wherea = u + 1,b = v — 1, and j does
not descend from i. According to our definition of the f;
terms, they all evaluate to 0 in f3(a, b, ¢, d). It follows that
according to the recurrences,

fcWN], Ny < f(a,b,c,d) = |b—al + |d — c|
+ feWNEB(a,b), NB(c,d)) + 0 = OPT

If N/ consists of a root with a single child, a symmetric
argument yields the same conclusion.

Subcase 2: C; not contracted to a single edge. Let us
next suppose that in N, 1” , C1 has not been contracted to
a single edge, and that in N}, C is not contracted to a
single edge. Then A" has root r with the two children
u+ 1,v — 1, which remain in the optimal contraction,
and ./\/'2” has root rp with children w + 1,x — 1. Moreo-
ver, the parents of the respective reticulations after con-
tracting the a — b and ¢ — d paths are a — 1,0+ 1 and
¢ —1,d + 1. This means that in the OPT scenario, we
must make |b — a| + |d — ¢| contractions, then make the
bottom subnetworks N (a, b), N8 (c, d) isomorphic, then
choose corresponding lateral subnetworks and make
those isomorphic as well.

Noting that our expression for fz(a,b,c,d) incorpo-
rates all of the above, we would like to argue that

fz(a, b,c,d) < OPT.

The main difficulty is that f uses the lateral subnetworks
NE and NE, which have an extra leaf that is not consid-
ered by OPT (and, as we shall see later on, this extra leaf
is necessary for the recurrences to work properly). Con-
sider the minimum common contraction M in which C;
is not contracted to a single edge. Consider the witness
structures W and W’ of N7(C1, u, v) and N5 (Cs, w, x) that
yield the optimal common contraction M. For a node
y € V(M), W, and W)f denote the part of YV and W’ that
got contracted into y. Because we assume thatr; — u + 1
and r; — v — 1 are not contracted, M has a root r with
two children, with W, = {r;} and W, = {r2}. Also, r is the
root of a cycle of M with reticulation ¢, and we must have
a,b € Wrandc,d € W).

Let r = z9,21,22,...,21 = t, [ > 1, be one of the paths
of the cycle of M rooted at r, such that u+1 € W,
(such a path must exist). We infer that a —1e€ W, .
We must then have either w+1€ W, ,c—1€ W,

Z]-1
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orx—1eW,,d+1eW, . Assume that the former
holds (the latter leads to an identical argument).

Denote by Vi{u + 1,a — 1) the set of all nodes of N
reached by u + 1 but not a4, and denote Vo(w + 1,¢ — 1)
analogously. Notice that the subnetwork induced by
Vi{u + 1,a — 1) is the same as NIL(M +1,a — 1), except
that the latter has the extra leaf child £ attached to
a— 1. Because edges r1 > u+1 and a—1— a are
kept, and because these edges cut V1(u + 1,a — 1) from
the rest of the network, any set of W that contains
nodes Vi{u + 1,a — 1) only contains nodes from that set
Vi{u+1,a — 1) (i.e., no overlap with the exterior). The
same holds for Vo (w + 1,¢ — 1).

This means that {W; e W: W, C Vi{u+1,a— 1)}
and {(W/ e W: W/ C Va(w+1,¢— 1)} form a witness
structure to a common contraction of the subnetworks
induced by Vi(u# + 1,4 — 1) and Vo(w + 1, ¢ — 1). Moreo-
ver,a—1€ Wy  and c—1€ W, , meaning that both
sets contract to the same node z;_1. If we add a new leaf
£7 that is a child of a — 1,¢ — 1 in these induced sub-
graphs, and €7 as a child of z;_;, we see that that the same
W; and W/ sets still form a witness structure of these

1
networks.

All this setup allows us to conclude that if we use the
optimal witness structure yielding M, and restrict its
subsets to the internal nodes on the lateral networks
NEu+1,a—-1), NEiw+1,c—1), we get a witness
structure of the latter two networks (even with the extra
leaf). It follows that to make these lateral subnetworks
isomorphic, the OPT scenario needs at least as many
contractions as for the pair of networks NIL(u 4+ l,a—1)
NzL(w + 1,¢ — 1). The same holds for the lateral net-
works on the other side of the cycle. If we assume that the
f1 entries correctly store the distances for all the lateral
networks, we deduce

OPT > |b—al+|c—d| +
feWNB(a, by, NB(c,d)) +

fiu+1l,a—1L,w+1,c—1)
+fv=1b+1Lx—1,d+1)

which is greater or equal to fz(a, b, ¢, d).

We do need to assume that the recurrence equations
for computing f entries (equal by definition to the mini-
mum number of contractions needed to reach a common
contraction of NIL(i,j) and NZL (p, q)) are correct. So, we
initiate a separate proof specifically for the f1(i,j,p,q)
entries. We want to show that f;(i,/, p,q) is equal to the
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number OPT}, of contractions needed to achieve a com-
mon contraction My of N (i,j) and N} (p, q).

Consider first the cases of f1(i,j,p,q) that do not
make any recursive calls to other f; entries. Notice that
this occurs when i = j or p = ¢, since there are no pos-
sible values of k or k’ to iterate over. Suppose that i = ;.
Then, the root of - IL (i,7) has, as children, all the children
of i in N7 except i + 1, and it also has the extra leaf ¢7
as a child. Note that in this case, NIL(i, j) is the same as
N 15 (i,), but with the extra leaf £ attached to the root. In
NZL (p, q), it is g that has this extra leaf child £7. To reach
a common contraction, £7 must be a child of the root of
NZL (p,q) and thus all the edges on the path from p to ¢
must be contracted. Doing this results in the subnetwork
NZS (p, q), with the extra leaf added. At this point, that leaf
L7 is a child of the root in both networks and it can be
ignored, and we have to compute a maximum common
contraction between N7 (i,j) and N3 (p,q). The recur-
rence for f1(i, ], p, q) returns the number of contractions
on these two networks (we invoke the induction hypoth-
esis for the correctness of the fc value), plus the number
|lp — q| of contractions on the p — g path. This covers the
case i = j, and the case p = g is identical.

So assume that i #j and p # g. We follow the typi-
cal strategy for showing the correctness of dynamic
programming equations, namely showing both
fiG,j,p,q) < OPTp and f1(i,j,p,q) = OPT[. As these
equations also involve fc terms, the induction hypothesis
on fc we also be invoked.

Let M be such an optimal common contraction, and
suppose that to get to M, some edge kK — k + 1 on the
path between i and j is not contracted. Let us choose
the smallest k such that this is the case. It means that all
nodes from u to k (included) are contracted into a single
point. We argue that there must exist k' in [p, g] such that
the edge k' — k' + 1in ./\/'ZL (p, q) is not contracted either,
and such that the edge separates the leaves in the same
manner ask — k+ L

In terms of M -witness-structure, all nodes on the
i — k path are part of the same W,, for some r € V(Mp).
On the other hand, k + 1 belongs to W with s # r. Let
A be the set of leaves reached by i but not k + 1, and
B =L\ \ A

Let W be a M-witness structure in ./\/ZL (p,q). To start
with, since i is the root of Nf(i,j), r is the root of M,
and the root p of J\/ZL (v, q) must be in W/, the correspond-
entof W, in W',
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Then, in My, all paths from the leaf £7 to r must
encounter s, as it is the case in ./\/'IL (i,7) that all paths
from £1 to W, go through W;. Therefore, in NzL (p,q), as
p € W/, and £7 is a child of g, there must be some node
ke W/ on the path from p to g. We pick k as close to p
as possible. To finish, we argue that k — 1 must be in W
Indeed, if it is not, then it belongs to some other witness
set W;. In M, [ would separate r from s, which is not the
case. To conclude, edge k—1—kis kept in NZL v q)
We also see that in M, the set of leaves reached by s is
B, from which it follows that the set of leaves reached by
k in NZL (p,q) is also B. Since this is also the set of leaves
reached by k + 1, we get that both edges k — k + 1 and
k' — k' +1=k—1— k separate the lateral networks
into two other lateral sub-networks with the same sets of
leaves.

From this, it follows that M can be obtained by com-
bining a common contraction of the lateral networks
NE(i, k) and NE(p, k'), and of the networks NE(k + 1, )
and NZL (k' + 1, q) (the fact that each of those lateral sub-
networks has an extra leaf can be argued to not change
the optimality as before). These common contractions
cannot be greater than their optimal sizes, reached
with respectively f1(i,k,p, k") and fi(k+ 1,5,k + 1,9)
contractions. Therefore, we get in this case that
fulirj,pq) < OPTY,

If an edge on the p — g path is not contracted, a sym-
metric argument yields the same result. Finally, if no edge
on either i — j or p — g path is conserved, we may assume
that they are all contracted, resulting in NIS and NZS
sub-networks on both sides, and a number of contrac-
tions that is |j — il + |p — q| + fc (N3 (i, j), N3 (p,q)) by
the induction hypothesis on fc (note that the fc entry is
well-defined since A/{ and N sub-networks are join sub-
networks). Again, this case is considered in our recur-
rences and we get f1.(i,j,p,q) < OPT}.

In all cases, we get f1(i,j,p,q) < OPT;. To finish the
argument, it is not too difficult to see inductively that
each case in the minimization of the f; recurrence either
yields +oc, or yields an integer that corresponds to a sce-
nario leading to a common contraction. This gives the
complementary bound f1.(i,,p,q) > OPT]. O

Conclusion and discussion

We have generalized the original formulation of the
Robinson-Foulds distance on phylogenetic trees, based
on edge contractions and expansions, to phylogenetic
networks. This required novel versions of contractions/
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expansions capable of creating and suppressing cycles.
Both our measures dcg and Sycc connect the whole
space of networks on the same leaves. However,
whereas in the case of trees, dcg is equivalent to finding
a maximum common contraction, that it is not the case
for networks, making both measure require their own
separate studies.

Our work poses several questions and open prob-
lems. From a parameterized complexity point of view,
our reductions prove Para-NP-hardness (i.e. NP-
hardness for a constant value of the parameter) of
computing Smcc with “size of the common contrac-
tion plus maximum degree” as a parameter, as well as
the number of leaves. However, other parameters, such
as the level of the input networks, their treewidth [46],
their scanwidth [47] as well as the maximum number
of allowed contractions, could be of interest and will
be the subject of future work. Regarding treewidth,
a starting point could be the O(|H|*@*1|G|) algo-
rithm for determining if a bounded-degree graph H is
a contraction of another graph G [35]. Although the
bounded-degree constraint is unlikely to help, the com-
plexity of computing dymcc on binary networks (in+out
degree < 3) is also open.
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