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Abstract

Alzheimer’s disease (AD) has limited treatment options, motivating growing interest
in non-invasive approaches such as gamma-frequency transcranial alternating current stimu-
lation (tACS) combined with cognitive exercises (CE). This thesis investigates the cognitive
effects of tACS+CE using a randomized, double-blind 2 x 2 crossover design in individu-
als with dementia. Participants completed real and sham stimulation across two four-week
treatment periods separated by a 2-5-month washout, with baseline and post-treatment
ADAS-Cog assessments collected in each period. The crossover design allows each partici-
pant to serve as their own control while enabling evaluation of treatment, period, sequence,

and carryover effects.

Treatment effects were examined using classical frequentist, bootstrap, and Bayesian
methods. Classical analyses, including paired t-tests, crossover ANOVA, and ANCOVA with
baseline adjustment, showed no statistically significant difference between real and sham
tACS, with baseline cognitive status emerging as the strongest predictor of post-treatment
performance. Bootstrap analyses confirmed these findings, with resampled confidence inter-
vals consistently spanning zero and null-based bootstrap tests indicating no evidence of a
treatment effect. In contrast, the Bayesian analysis revealed moderate evidence in favor of
a beneficial treatment effect when results were averaged across competing models, yielding
an unconditional posterior probability P(7 > 0| Y') = 0.6117, indicating that, given the ob-
served data, there is approximately a 61% probability that the active intervention improves
cognitive performance relative to sham treatment. Collectively, these results indicate that
while classical and bootstrap methods provide no evidence of short-term cognitive benefit in
this small-sample crossover study, the Bayesian framework highlights sensitivity to model-
ing assumptions and offers a complementary, probabilistic perspective on treatment efficacy.
This thesis underscores the importance of combining multiple inferential approaches when

evaluating non-pharmacological interventions in dementia research.
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Chapter 1

Introduction

Summary. In this chapter, we study crossover designs as a suitable framework for
Alzheimer’s disease (AD) research. We first provide a brief survey of existing treat-
ments and non-pharmacological options for AD, including non-invasive brain stimula-
tion, transcranial alternating current stimulation (tACS), and cognitive exercises (CE).
We then describe a randomized, double-blind 2 x 2 crossover study of gamma-frequency
tACS combined with CE versus sham stimulation, comprising two four-week phases
separated by a 2-5-month washout period, with pre- and post-treatment assessments
using the Alzheimer’s Disease Assessment Scale-Cognitive Subscale (ADAS-Cog). We
provide descriptive statistics and outline the research objectives. The chapter concludes
by describing the thesis structure and the statistical methods that will be used to study

treatment, period, and carryover effects with baseline adjustment in our crossover study.

1.1 Cross-over Design Study

Crossover designs provide a rigorous and efficient framework for evaluating therapeutic inter-
ventions, particularly in chronic and non-curable conditions such as asthma, hypertension,

epilepsy, gastrointestinal reflux, arthritis, and migraine [1|. Their defining advantage is that



each participant receives multiple treatments over time and therefore serves as their own
control. This within-subject structure substantially reduces between-individual variability,
increases statistical power, and allows for smaller sample sizes compared to parallel-group
designs [2]. In a standard crossover trial, N subjects are assigned to receive t treatments over

p periods, with assignments organized into m < N unique sequences s;, each of length p.

The simplest and most widely adopted structure is the AB/BA or 2 x 2 crossover
design (Figure 1.1), where participants are randomized to receive treatment A followed
by treatment B or the reverse. Because outcomes are repeatedly measured within each
participant, this design efficiently controls for confounding variables and yields highly precise
estimates of treatment effects. Crossover studies are most appropriate when the underlying
condition is stable over time and when treatment effects are transient and reversible. They
are not suitable for curative therapies or conditions expected to change rapidly, where initial

treatment may permanently alter the subsequent response trajectory. [3].

Treatment A Treatment A

Start Washout
{Baseline) {Baseline)

Treatment B Treatment B

Figure 1.1: The structure of a 2 x 2 or AB/BA crossover design with washout period.

A central methodological challenge in crossover designs is the possibility of carryover
effects, where the impact of a treatment persists into the next period and contaminates the
response to the subsequent intervention [4]. To mitigate this, washout periods are typically
inserted between treatment phases to allow participants to return to baseline clinical status.
Even with washout, treatment-by-period interactions may still arise and can bias treatment
comparisons. When strong carryover is suspected, analyses are sometimes restricted to first-

period data, although this sacrifices the efficiency advantage of the crossover structure.



The literature on crossover methodology has expanded substantially, yet many pub-
lished studies remain limited by design flaws, inappropriate modeling, or incomplete con-
sideration of underlying assumptions [5]. A classical statistical model for the 2 x 2 design
showed that it is impossible to estimate treatment, period, and carryover effects simultane-
ously and that valid within-patient treatment comparisons require ignoring carryover [6]. A
commonly recommended approach is the two-stage testing procedure, where researchers first
test for evidence of carryover and then combine both periods for treatment comparison only
if no carryover is detected. However, later evaluations showed that this method can inflate
Type I error rates and introduce bias, especially in small samples or when its underlying

assumptions are not fully met [7].

In response, considerable attention has been devoted to exploring alternative crossover
designs and analytical methods that mitigate these limitations. Several statistical investi-
gations have evaluated design modifications intended to reduce susceptibility to carryover
effects, such as extended washout periods, baseline adjustments, and sequences beyond two
periods [8]. Nonetheless, many proposed solutions rely on the assumption that carryover
lasts only one period and is unaffected by treatments administered later, an assumption
increasingly regarded as overly simplistic, especially for interventions capable of inducing
long-lasting physiological or behavioral changes [9]. When carefully designed and appro-
priately analyzed, however, crossover trials remain a powerful tool for assessing treatment

efficacy in stable chronic conditions.

1.2 Alzheimer’s Disease

Due to the increase in life expectancy, it is projected that by 2050, approximately two billion
individuals, almost 20% of the global population, will be aged 60 years or older [10]. This

demographic shift is expected to lead to a rise in age-related chronic conditions and diseases.



One significant concern is cognitive decline, which can severely impact health and contribute
to higher healthcare costs. Although mild cognitive decline may be a normal part of aging,
more severe impairments in thinking and daily functioning can be early indicators of major

neurodegenerative conditions such as dementia [11].

Dementia is a neurological disorder marked by the decline of multiple cognitive func-
tions, including memory, communication, reasoning, and attention. Several types of demen-
tia exist, including Alzheimer’s disease (AD), frontotemporal dementia (FTD), Lewy body
dementia (LBD), vascular dementia (VaD), and mixed dementia (MxD). Among these, AD

is the most prevalent, accounting for 60-80% of dementia cases globally [10].

Alzheimer’s disease is a progressive neurodegenerative disorder that gradually affects
brain function, leading to a steady decline in memory and cognitive abilities. As the disease
progresses, individuals lose the ability to perform daily tasks independently [12]. The impact
of AD goes beyond normal aging, resulting in serious challenges for both patients and their
caregivers, such as reduced quality of life and emotional burden. The symptoms of AD stem
from neurodegeneration, the progressive loss of neurons in the brain [13]. Over time, this
leads to a reduction in brain volume. As neuronal death becomes widespread, individuals ex-
perience worsening memory loss, and increasing difficulties with movement, communication,

and cognitive functions [14].

1.3 Existing Treatments for AD

A persistent challenge in AD is the limited effectiveness of current medications in slowing
or halting disease progression [15|. The structural and functional damage caused by AD is
irreversible [16], and although some pharmacological treatments are available, they primarily
serve to alleviate symptoms rather than halt or reverse the progression of the disease [17, 18|.

Clinical trials for AD treatments have shown limited success overall, with only about 20%



of patients showing significant improvement and around 30% experiencing a temporary sta-
bilization of symptoms [19, 20]. Current pharmacological treatments, such as cholinesterase
inhibitors and N-methyl-D-aspartic acid (NMDA) receptor antagonists, provide only modest
symptomatic relief and have limited long-term efficacy. Despite significant research efforts
and therapeutic developments, there remains a critical need for innovative strategies to bet-
ter understand and address the cognitive decline associated with AD. Due to the limited
effectiveness of current drug treatments for AD, researchers have increasingly turned their
attention to non-pharmacological approaches. These include lifestyle modifications, physical
exercise, cognitive training, and non-invasive brain stimulation (NIBS) therapies as potential
strategies to help manage cognitive decline in individuals with AD |21, 22, 23, 24, 25, 26].
Over the past several decades, extensive research has focused on investigating alterations in

brain oscillations associated with age-related cognitive decline and Alzheimer’s disease [27].

1.3.1 Non-Invasive Brain Stimulation (NIBS) Techniques

In recent years, NIBS has attracted growing interest for its potential benefits in treating
neurological disorders like dementia. NIBS involves several techniques, including transcranial
magnetic stimulation (TMS), transcranial direct current stimulation (tDCS), and tACS [22,
23, 24, 25, 26, 28|. These techniques work by either generating a magnetic field to induce
electrical currents in the brain’s neocortex (TMS) or by delivering low-intensity electrical
currents through the scalp (tDCS and tACS) that reach the neocortical areas. The choice
of a specific brain stimulation method for studying cognitive enhancement in individuals
with dementia depends on several factors, such as safety, effectiveness, and the goals of the
research. In this thesis, transcranial alternating current stimulation (tACS) combined with

cognitive exercises was selected as the primary intervention approach.



1.3.2 Transcranial Alternating Current Stimulation (tACS)

tACS is a non-invasive brain stimulation technique that applies low-amplitude alternating
electrical currents at specific frequencies to modulate brain oscillations and influence cogni-

tive functions |29, 30].

Transcranial alternating current stimulation (tACS) represents a valuable tool for in-
vestigating the relationship between frequency-specific brain oscillations and cognitive func-
tions, as it delivers a sinusoidal current that oscillates at a defined frequency. By directly
interacting with and entraining ongoing neuronal activity within targeted cortical networks,
tACS can modulate task-relevant oscillatory dynamics. This frequency-specific synchroniza-
tion allows researchers to infer causal links between neural rhythms and cognitive processes.
Moreover, by selectively enhancing or altering oscillatory activity in specific frequency bands,
tACS holds promise as a method for modulating cognitive performance through targeted in-

fluence on large-scale neural networks [31].

Unlike tDCS, which alters neuronal excitability through shifts in membrane potential
(depolarization or hyperpolarization), tACS functions by synchronizing neuronal firing with
an externally applied frequency. In tACS, one electrode serves as the anode and the other as
the cathode during one half of the oscillatory cycle, with the current amplitude following the
shape of a half sine wave. This polarity then reverses during the second half of the cycle. While
both tDCS and tACS are being investigated as potential treatments for cognitive decline
in dementia, emerging evidence indicates that tACS may offer greater efficacy compared to
tDCS [32]. tACS administered at a frequency of 40 Hz has been reported to improve cognitive
performance, likely through the enhancement of beta-band activity. This effect was found to

be more pronounced than that observed with either sham stimulation or tDCS.

Depending on the study objectives, tACS can be administered to different scalp re-
gions, such as the primary motor cortex, premotor cortex, supplementary motor area, or

the dorsolateral prefrontal cortex (DLPFC). The stimulation parameters, frequency (Hz),



intensity (mA), and duration, can be tailored to suit specific experimental requirements
[33]. In addition, tACS can be delivered across a broad frequency range, typically aligning
with standard EEG bands (0.1-80 Hz). The cognitive effects of stimulation vary depending
on the frequency used; for example, theta-frequency tACS has been shown to support im-
provements in working memory, declarative memory, and executive functioning [34]. Alpha-
frequency tACS has been shown to improve sustained attention, although it may reduce
selective attention in both visual and auditory domains [35]. Gamma-frequency tACS has
been found to enhance cognition, working memory, selective attention, motor performance,
and learning, with no significant effect on executive functions [36, 37]. As abnormalities in
gamma oscillations have been identified as a contributing factor to cognitive impairments
in AD [38], recent studies involving gamma-frequency stimulation have provided additional

evidence supporting this association [39, 40].

One study demonstrated that gamma oscillation dysfunctions in rodents were a di-
rect consequence of the disease pathology [41]. Additional research reported altered gamma
activity in both Alzheimer’s patients and mouse models of the disease [42, 43|, with other
studies similarly observing reductions in gamma-band activity [44]. In response to these
findings, one investigation employed brain stimulation at three different frequencies, 20, 40,
and 80 Hz, to boost gamma oscillations and improve cognitive function in mice, revealing
that 40 Hz stimulation led to significant improvements [45]. Another study supported these
results, showing that 40 Hz stimulation, compared to 8 Hz and 80 Hz, produced notable
enhancements in cognitive performance [46]. These findings have led to the application of
gamma-band stimulation, specifically at 40 Hz, in patients with AD, with evidence support-
ing its efficacy in enhancing cognitive function [21]. Consequently, 40 Hz tACS has emerged
as the most utilized frequency within the gamma range and was employed in the present
study to induce gamma oscillations in the brain. Furthermore, previous studies have demon-
strated that applying gamma-frequency tACS to the frontal lobes results in improvements

in working memory and problem-solving abilities [25]|. This is particularly relevant, as work-



ing memory is a fundamental cognitive function frequently compromised in individuals with

dementia [47, 21].

1.3.3 Cognitive Exercises (CE)

Cognitive exercise, frequently combined with non-invasive brain stimulation techniques, is
regarded as an effective approach to enhance cognitive function and slow the progression of
dementia. It involves repeated engagement in tasks that target specific cognitive domains,
such as memory, to support and improve mental performance in individuals with dementia.
These exercises utilize structured activities specifically designed to reduce the impact of

impairments in targeted cognitive abilities [48].

CE can be delivered through various formats, including paper-and-pencil tasks, computer-
based programs, or facilitator-guided activities. The application of cognitive exercise princi-
ples began in the early 1980s, initially targeting cognitively healthy older adults with sub-
jective cognitive concerns [49, 50, 51, 52, 53]. Evidence suggests that consistent, structured
cognitive training programs can help maintain or even improve cognitive abilities in affected
individuals |21, 48]. For instance, one study demonstrated that cognitive exercises led to
improvements in memory among patients with mild cognitive impairment [54]. However, the
benefits of such training appear to be limited primarily to the specific tasks practiced, with
minimal transfer to untrained cognitive [55, 50]. As a result, several studies have proposed
that combining gamma-frequency tACS with cognitive exercises may yield more substan-
tial and generalized cognitive improvements [21, 56]. Cognitive exercises enhance synaptic
strength among neurons, while electrical stimulation further amplifies this effect. Together,
these mechanisms contribute to the expansion of cortical representation within the activated
neural networks, increased excitability in adjacent brain regions, and potential transfer of
improvements to non-trained cognitive tasks [57]. Accordingly, the clinical trial from which

the data for this thesis were derived aimed to investigate the combined effects of real and



sham tACS administered simultaneously with CE in patients diagnosed with AD or mixed

Alzheimer’s pathology.

1.3.4 Single and multi-Sessions Gamma-tACS Studies

Recent studies have explored the efficacy of single-session gamma-frequency tACS in individ-
uals with mild cognitive impairment (MCI) and Alzheimer’s disease (AD), with a focus on its
cognitive and electrophysiological effects. These investigations predominantly employed ran-
domized, sham-controlled designs. One such study implemented a crossover sham-controlled
protocol involving 25 participants with MCI and 35 with AD, aiming to assess whether
gamma-tACS could serve as a diagnostic marker to distinguish between the two groups [58|.
Stimulation was applied to six cortical sites in the left hemisphere across separate sessions,
and outcomes were evaluated through resting-state EEG and cognitive assessments. Results
indicated significant cognitive improvements in the MCI group, particularly following stimu-
lation of the dorsolateral and dorsomedial prefrontal cortices, whereas no measurable effects

were observed in the AD group.

In another double-blind, sham-controlled repeated-measures trial, 20 individuals with
MCT received 40 Hz tACS and tDCS targeting the dorsolateral prefrontal cortex for 30
minutes [14]. EEG analyses revealed that tACS induced a notable increase in beta-band
activity in the right frontoparietal regions, an effect not observed with either tDCS or sham

stimulation.

A third investigation utilized a randomized, double-blind, sham-controlled crossover
design to evaluate memory outcomes in 20 patients with mild cognitive impairment due to
Alzheimer’s disease (MCI-AD) [59]. Each participant received both active and sham stim-
ulation in separate sessions. Active stimulation consisted of a single 60-minute session of
40 Hz gamma-frequency transcranial alternating current stimulation (tACS) delivered at 3.0

mA peak-to-peak (1.5 mA peak-to-baseline), with the active electrode positioned over Pz,



targeting the medial parietal cortex and precuneus, and an extracephalic reference electrode
placed over the right deltoid muscle. Episodic memory was assessed before and after stimu-
lation using the Rey Auditory Verbal Learning (RAVL) test, while associative memory was
evaluated during stimulation using a face-name association task (FNAT). In addition, short-
latency afferent inhibition (SAI) measured via transcranial magnetic stimulation (TMS) was

used as an indirect marker of cholinergic transmission.

The results demonstrated a significant improvement in RAVL total recall and delayed
recall scores following gamma-tACS compared with sham stimulation. Associative memory
performance during stimulation also improved, and these cognitive enhancements were ac-
companied by restoration of SAI measures, suggesting modulation of cholinergic circuitry.
These findings indicate that a single session of 40 Hz tACS over the medial parietal cortex
may transiently enhance episodic memory in individuals with MCI-AD. However, given the
pilot nature of the study and the short-term assessment window, further research is required

to determine the durability and broader clinical relevance of these effects.

1.4 TACS Crossover Trial Study Design and Participants

This thesis research is part of a study [60, 61] (ClinicalTrial ID: NCT02908815) initiated
in January 2021 to investigate the efficacy of transcranial alternating current stimulation
(tACS) administered simultaneously with cognitive exercises (CE). Functional near-infrared
spectroscopy (fNIRS) was used as a secondary outcome measure in the clinical trial, while
the Alzheimer’s Disease Assessment Scale-Cognitive Subscale (ADAS-Cog) served as the
primary outcome measure. In this section, the protocol of the tACS-+CE efficacy study is
briefly outlined. The study followed a randomized, double-blind, placebo-controlled crossover

design.(Figure 1.2)

10
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Figure 1.2: Illustration of the crossover study framework used in this thesis

Each participant underwent two treatment phases, each lasting four weeks, during
which they received either active or sham tACS concurrently with cognitive exercises (CE).
Sessions were conducted five days per week (excluding weekends), with a washout period
of 2 to 5 months between the two treatment phases to minimize potential carryover effects.
Each treatment day consisted of two 30-minute in-person cognitive exercise sessions admin-
istered alongside either real or sham tACS, separated by a 30-minute intersession break.
Participants were randomly assigned to either the real/sham or sham/real sequence using
a stratified randomization approach, accounting for age and baseline cognitive performance
as determined by the Montreal Cognitive Assessment (MoCA) [62]. Table 1.1 presents the

descriptive statistics of participants’ demographic characteristics stratified by group.
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Table 1.1: Descriptive statistics summarizing the demographic characteristics of study par-
ticipants stratified by group.

Participant Characteristic =~ Real/Sham Group (n = 19) Sham/Real Group (n =22) p-Value

Age (years) 73.1£7.6 75.2 £ 9.5 0.44
MoCA 16.6 = 5.6 15.1 £ 5.3 0.39
MADRS 3.1 £ 3.7 4.5 £5.2 0.32
Sex 0.32
Female 8 (42.1%) 6 (27.3%)
Male 11 (57.9%) 16 (72.7%)
Handedness 0.46
Right 18 (94.7%) 21 (95.5%)
Left 1 (5.3%) 0 (0.0%)
Ambidextrous 1 (4.5%)
Education 0.51
High school or below 7 (36.8%) 6 (27.3%)
Above a high school diploma 12 (63.2%) 16 (72.7%)

Note: Continuous variables are presented as mean + standard deviation and were compared using
independent samples t¢-tests. Categorical variables are presented as frequency (percentage) and
were compared using chi-square tests or Fisher’s exact tests when expected cell counts were less

than five.

The tACS+CE study was reviewed and approved by the Biomedical Research Ethics
Board at the University of Manitoba, in accordance with established ethical standards for
research involving human participants. A total of 41 participants were included in the analysis
for this thesis. Participants were eligible for inclusion if they met the following criteria:
e Aged between 50 and 95 years

e MoCA score between 5 and 25

e Being on a stable dose of dementia-related medication or no medication 3 months prior

to the study

12



e Demonstrated fluency in reading and writing English

Exclusion criteria were designed to minimize confounding factors and ensure participant

safety. Individuals were excluded if they had:

A diagnosis of Parkinson’s disease, Parkinsonian dementia, Huntington’s disease, sig-
nificant aphasia, intellectual disability, major depressive or anxiety disorder, bipolar

disorder, schizophrenia, or any other severe psychiatric condition

A history of epilepsy or epileptic seizures

Difficulty communicating effectively in English

e Severe visual or auditory impairments that could interfere with cognitive assessments

A current diagnosis of a substance use disorder

Concurrent participation in another therapeutic trial related to dementia

Plans to initiate or modify dementia-related medication during the study periods

The transcranial alternating current stimulation (tACS) intervention was delivered using the
Soterix Medical 1x1 tACS device. Figure 1.3 illustrates the tACS device and the head strap
used to secure the electrodes. The image is reproduced from the manufacturer’s website with

attribution. Source: Soterix Medical Inc. [63].

The stimulation protocol implemented in this study included the following parame-

ters:

e Stimulation frequency: 40 Hz
e Session duration: 30 minutes

e Current intensity: 0.75 mA (equivalent to 1.5 mA peak-to-peak)

13



e Electrode montage: Bipolar configuration with the anode positioned at F3 (target-
ing the left dorsolateral prefrontal cortex) and the cathode at Fp2 (right supraorbital

region), based on the international 10-20 EEG system
o Waveform: Sinusoidal

e Sham condition: Simulated using a brief on/off ramp to replicate the sensation of

stimulation without delivering sustained current

For the sham condition, the tACS device (Soterix Medical Inc.) was programmed to
simulate stimulation without delivering continuous current. Current intensity was gradually
increased for 30 seconds and then reduced to zero over the following 30 seconds, after which
no current was delivered for most of the session. To maintain blinding, a brief ramp-up and

ramp-down sequence was repeated during the final minute of stimulation.

Saline-moistened sponge electrodes were placed over the left dorsolateral prefrontal
cortex (F3 according to the international 10-20 EEG system) and the contralateral supraor-
bital region. Study personnel were trained to confirm adequate electrode contact by mon-
itoring device feedback throughout each session. All participant-reported sensations and
observed adverse effects, including discomfort, skin irritation, burning sensations, fatigue,
headache, dizziness, disorientation, tingling, pain, or other unexpected symptoms, were sys-

tematically recorded during stimulation.
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Figure 1.3: Soterix Medical 1x1 transcranial alternating current stimulation (tACS) device
and EASYstrap head strap used for electrode placement. (Source: Soterix Medical Inc.,
reproduced for educational purposes; permission not required.)

Participants were instructed and helped by the treatment administrators to perform
cognitive exercises using the MindTriggers app while receiving the real or sham tACS on
an iPad. The cognitive exercises (CE) administered during each treatment session targeted
multiple cognitive domains, including spatial cognition, associative memory, visual memory,
image—word association, categorization, and sentence memorization and recall. These ex-
ercises were delivered using the MindTriggers application, developed by Z. Moussavi [64],
which served as the cognitive training platform in this study. The application comprises
seven distinct tasks designed to stimulate different aspects of cognitive functioning, such as

associative and visual memory, spatial memory, and interhemispheric connectivity.

During each treatment session, participants completed three of the seven available
exercises. All sessions were supervised by a trained tutor who remained present throughout
to provide guidance and ensure consistent task administration, following the study protocol

described in [21]. Although the MindTriggers application is available across multiple plat-
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forms, all participants used 13-inch iPads to maintain consistency and standardization across

sessions.

Overall, MindTriggers provides a structured set of experimental tasks aimed at sup-
porting and strengthening working memory and related cognitive functions. Spatial memory
tasks assist individuals in navigating and orienting themselves within unfamiliar environ-
ments, while associative memory exercises focus on forming links between concepts or objects
encountered in daily life, such as associating an automated teller machine with money. With
aging and in individuals with dementia, the ability to establish new associations or learn
unfamiliar concepts often declines. Verbal fluency, defined as the capacity to retrieve and
articulate words, is similarly affected in dementia populations. Each game within the ap-
plication includes multiple difficulty levels, some of which are intentionally challenging even
for cognitively healthy individuals, allowing the exercises to be adapted to varying cognitive
abilities. Although the platform is specifically designed for individuals with dementia, it
incorporates scalable complexity to accommodate individual differences. Detailed guidelines
for administering these exercises to participants with dementia are provided in the study

protocol and summarized in [21].

These parameters were selected to align with previous research supporting the use of
gamma-frequency tACS in cognitive intervention protocols for dementia. Individuals were re-
cruited either from earlier studies or through recommendations from family doctors, geriatric
specialists, neurologists, and psychiatrists, who also supplied the diagnostic reports. Prior
to taking part in the study, all participants (along with a family member or legal guardian)
provided written informed consent, as approved by the Biomedical Research Ethics Board
at the University of Manitoba. Additionally, before the initial assessment, participants were
evaluated for their capacity to tolerate tACS. If a participant could not tolerate tACS, they
were given the alternative to engage solely in cognitive exercises; however, their performance
data were excluded from the analysis in this paper. Finally, every participant was assigned

a unique anonymized code for data recording to maintain confidentiality. The study co-
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ordinator handled both the enrollment and group assignment of the participants using a

computerized randomization system.

Participants underwent evaluations 3 to 7 days prior to the first session and again 3 to
7 days following the final session of each treatment block. These assessments were conducted
by an evaluator who was blinded to the type of stimulation administered (real or sham). The
primary outcome measure was the change in scores on the Alzheimer’s Disease Assessment
Scale-Cognitive Subscale (ADAS-Cog), a well-established instrument for evaluating cognitive
function in individuals with Alzheimer’s disease or other forms of dementia. The ADAS-Cog
includes 11 tasks designed to assess various cognitive abilities such as memory, language,
orientation, and praxis, providing a comprehensive overview of cognitive status [65]. Scores
on the ADAS-Cog range from 0 to 70, where lower scores denote better cognitive function,

and higher scores indicate more severe impairment.

1.5 Research Objectives

The objectives of this thesis are as follows:

1. To evaluate the treatment effects of transcranial alternating current stimulation (tACS)
combined with cognitive exercises using a randomized, double-blind 2 x 2 crossover

design.

2. To assess treatment, period, and carryover effects using classical frequentist methods,

including parametric t-tests, ANOVA, and ANCOVA models.
3. To examine the robustness of classical results using bootstrap resampling techniques.

4. To develop and apply a Bayesian framework for crossover trials, providing probabilistic

inference for treatment effects.
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1.6 Thesis Organization

This thesis begins with an overview of crossover study designs, highlighting their statistical
efficiency, advantages for within-subject comparisons, and common methodological chal-
lenges such as carryover effects and assumption violations. The motivation for employing
multiple analytical frameworks to evaluate treatment effects in a 2 x 2 crossover trial is also

introduced.

Chapter 2 examines classical statistical methods, focusing on parametric approaches
commonly used to estimate treatment, period, and carryover effects. Model assumptions,
including normality and homogeneity of variance, are assessed using diagnostic techniques

to evaluate model adequacy.

Chapter 3 introduces bootstrap resampling as a nonparametric alternative for statisti-
cal inference. The use of bootstrap confidence intervals and hypothesis testing is emphasized,
particularly in the context of small sample sizes and potential deviations from standard dis-

tributional assumptions.

Chapter 4 presents a Bayesian framework for analyzing crossover data, detailing model
specification, prior selection, and posterior inference. Bayesian model comparison and pos-

terior probabilities are used to provide interpretable evidence regarding treatment effects.

Finally, Chapter 5 summarizes the findings across all analytical approaches, compares
their strengths and limitations, and discusses methodological implications and directions for

future research on crossover trials in dementia studies.
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Chapter 2

Frequentist analyses of 2 X 2 crossover

studies

Summary. This chapter presents classical frequentist analyses of the randomized,
double-blind, placebo-controlled 2 x 2 crossover trial comparing real versus sham tran-
scranial alternating current stimulation (tACS), combined with cognitive exercises, in
individuals with dementia. Within the general linear model framework, we estimate
treatment effects while accounting for period, sequence, and potential carryover effects.
Model assumptions are examined using graphical diagnostics and formal tests before
applying parametric methods. Paired-sample t-tests assess within-subject differences
between real and sham tACS, whereas independent-samples t-tests evaluate baseline
equivalence across treatment sequences. Subsequently, two-way ANOVA quantifies the
contributions of treatment, period, sequence, and carryover, and ANCOVA models in-

corporating baseline cognitive scores provide covariate-adjusted treatment effects.
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2.1 Introduction

In this chapter, we analyze data from the randomized, double-blind, placebo-controlled 2 x 2
crossover trial of real versus sham tACS combined with CE in individuals with dementia, as
described in Chapter 1. Our main focus is on quantifying treatment effects while explicitly
adjusting for period, sequence, and other design-related features of the crossover structure.
The resulting classical analyses serve as a methodological benchmark against which the

bootstrap and Bayesian procedures developed in subsequent chapters can be compared |1, 2|.

Under the frequentist framework, parameters such as means and treatment effects
are considered fixed but unknown quantities, and probability is defined as the long-run
frequency of events under repeated sampling (66, 67|. Inference is based on the sampling
distribution of test statistics, allowing conclusions to be drawn about the population from
observed data. Confidence intervals provide an estimated range for the true effect, and
hypothesis tests determine whether observed differences are likely to reflect genuine effects
or random variation [68]. Within this approach, smaller p-values indicate stronger evidence
against the null hypothesis, guiding the decision to accept or reject it at a chosen significance

level (commonly a = 0.05).

Before applying frequentist analyses, it is essential to verify that the main assump-
tions underlying these models are met. Therefore, the chapter begins by evaluating nor-
mality, homogeneity of variances, and independence of residuals to ensure that the results
of subsequent analyses are statistically valid. Normality is assessed both visually, through
Q-Q plots and histograms [69], and statistically, using the Shapiro-Wilk, which is known
for its high power in small samples [70]. Homogeneity of variances across treatment con-
ditions is tested using Levene’s test [71]. These diagnostic checks help determine whether
the data are suitable for classical parametric analyses or whether deviations might influence
the robustness of the conclusions [72]. After verifying assumptions, t-tests are conducted as

preliminary analyses. The paired-sample t-test examines within-subject differences between
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real and sham stimulation conditions, making use of the repeated-measures design of the
crossover study. The independent-samples t-test evaluates baseline equivalence between se-
quence groups (e.g., AB vs. BA), confirming the success of randomization and ensuring that

no pre-existing differences exist before treatment [73].

Following these comparisons, a two-way Analysis of Variance (ANOVA) is applied to
test for the main effects of treatment, period, and sequence, as well as potential carryover
effects from one period to the next [2, 72]. ANOVA partitions the total variation in the data
into systematic components associated with experimental factors and random error, allowing

assessment of whether mean responses differ significantly across conditions.

Finally, an Analysis of Covariance (ANCOVA) extends this framework by incorpo-
rating baseline cognitive scores. Adjusting for covariates reduces unexplained variability and
provides a more accurate estimate of treatment effects that accounts for individual differ-
ences. This approach yields adjusted means that better represent the net effect of tACS,

independent of participants’ initial cognitive levels or other sources of variability |74, 75].

All analyses presented in this chapter are carried out within the general linear model
framework, with diagnostic checks performed to verify that model assumptions are satis-
fied. The results obtained here form the foundation for the resampling-based and Bayesian
analyses presented in the next chapters, which address some of the limitations of classical
methods, particularly their reliance on distributional assumptions and sensitivity to small

sample sizes.

2.2 Data Preparation and Descriptive Statistics

The dataset consists of repeated ADAS-Cog measurements collected within a 2 x 2 crossover
framework. Participants were randomly assigned to one of two sequences: Sequence AB,

who received real tACS in the first period followed by sham stimulation in the second, and
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Sequence BA, who received sham stimulation first and real stimulation in the second period.
Each participant contributed four ADAS-Cog observations: baseline and post-treatment
scores for Period 1, and baseline and post-treatment scores for Period 2. These raw values

formed the basis for all subsequent classical analyses.

2.2.1 Dataset Description

A total of N = 41 participants completed both periods of the study, with nyp =19 ran-
domized to Sequence AB and ngs =22 to Sequence BA. For each period, ADAS-Cog was
assessed immediately prior to stimulation (baseline) and again at the end of the treatment
session. Since higher ADAS-Cog values indicate greater cognitive impairment, reductions in

scores over time reflect improvement.

2.2.2 Computation of Within-Period Change Scores

To quantify the immediate effect of stimulation within each period, change scores were
calculated by subtracting each baseline value from the corresponding post-treatment score.

Specifically, for Period i € {1,2},

APi - ADAS_Cngost,Pi - ADAS_COgbaseline,Pi‘

Negative values of A correspond to improvement. Although the crossover structure allows
analyses based on either adjusted post-treatment scores or within-period differences, re-
porting change scores is conventional in crossover trials as they directly reflect short-term
treatment response. Moreover, examining A reduces between-subject variability that may
arise from individual differences in baseline cognitive status, which is particularly relevant

in aging and dementia populations.
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2.2.3 Treatment and Period Labels

For statistical modelling, all post-treatment scores and change scores were indexed by period
and treatment condition. In Sequence AB, the real stimulation indicator was coded in Period
1 and the sham indicator in Period 2; in Sequence BA the opposite pattern applied. This
coding structure allowed the data to be reorganized into treatment-specific and period-
specific subsets when required, for example, when performing paired comparisons of real
versus sham stimulation within subjects, or when assessing period and sequence effects that

are intrinsic to crossover designs.

2.2.4 Descriptive Statistics

Descriptive statistics for the ADAS—Cog measurements are summarized in Table 2.1, strati-

fied by sequence.

Table 2.1: Descriptive statistics for ADAS-Cog scores by sequence

Sequence Baseline P,  Treated P, Baseline P, Treated P, Delta P, Delta_Ps
Mean SD  Mean SD  Mean SD  Mean SD Mean SD Mean SD

AB 22.69 9.11 21.28 889 2037 784 1953 722 -141 384 -0.83 3.81
BA 23.76 11.73 2243 11.85 22,79 10.19 21.23 1197 -1.33 5.11 -1.56 5.23

In Sequence AB, the mean baseline scores were 22.70 (SD = 9.12) in Period 1 and
20.38 (SD = 7.84) in Period 2. The corresponding post-treatment means were 21.28 (SD =
8.90) in Period 1 and 19.54 (SD = 7.22) in Period 2, respectively. The average within-period
change was —1.41 (SD = 3.84) for Ap; and —0.84 (SD = 3.82) for Aps, indicating modest
average improvement in both periods. Sequence BA showed similar patterns: baseline means
were 23.76 (SD = 11.74) in Period 1 and 22.79 (SD = 10.20) in Period 2, with post-treatment

means of 22.43 (SD = 11.85) and 21.23 (SD = 11.98), respectively. The mean change scores
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were —1.33 (SD = 5.11) for Ap; and —1.56 (SD = 5.24) for Aps. Overall, both sequences
demonstrated small average improvements, with more variability observed in Sequence BA.
The distributional patterns observed in the boxplots (Figures 2.1 and 2.2) are consistent
with these numerical summaries.
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Figure 2.1: Boxplots of ADAS—Cog Scores and Within-Period Change Scores by Sequence
AB
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Figure 2.2: Boxplots of ADAS-Cog Scores and Within-Period Change Scores by Sequence
BA

In Sequence AB, both baseline and post-treatment scores in each period appear rel-
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atively compact, with most observations falling between approximately 10 and 30 and only

a few values extending beyond this range. The change scores for AB are centered slightly

below zero, with the interquartile range corresponding to modest improvements of roughly

1-3

points.

In contrast, Sequence BA demonstrates noticeably wider score distributions, partic-

ularly in Period 1, where values range from single-digit scores to above 50. The associated

change-score boxplots for BA show a substantially broader interquartile range and several

extreme values in both negative and positive directions, indicating greater individual vari-

ability within this sequence. The histograms of the change scores depicted in Figure 2.3

provide additional context.

&~
o
L

Frequency
e PPN N W W
w o w w [=] w
) L L ! ! L

e
o
L

Frequency
mN v

=
L

o
I

values clustered close to zero and only a few pronounced improvements or declines.

=)
!

S
L

w
L

Histogram of Delta_P1 — Sequence AB

-10 -8 -6 —4 =2 0
Change Score (ADAS-Cog)

Histogram of Delta_P1 — Sequence BA

=5 0 5
Change Score (ADAS-Cog)

Figure 2.3: Histograms of ADAS—Cog change scores across sequences (AB and BA).
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Sequence AB shows relatively tight, unimodal distributions, with most Ap; and Ap,
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contrast, Sequence BA exhibits noticeably wider spreads in both periods, with A values
ranging from substantial improvements (approximately —10 to —12) to moderate worsening
(48 to +10). Despite this broader range, the distributions remain roughly centered near zero,
indicating that the increased variability reflects greater heterogeneity among participants

rather than systematic shifts.

2.2.5 Initial Observations from the Data

Examination of the descriptive patterns indicates that the two sequences began the study
with broadly comparable baseline ADAS-Cog levels, supporting the adequacy of the random-
ization. Across both periods, average change scores were modest and negative, suggesting
slight overall improvement irrespective of stimulation order. This general trend, observed in
both sequences, may reflect non-specific influences such as repeated testing, familiarity with

study procedures, or short-term cognitive fluctuations.

More noteworthy is the difference in variability between sequences. Sequence AB
exhibited relatively consistent responses, with change scores concentrated within a narrow
range. In contrast, Sequence BA showed appreciably wider dispersion, including participants
with substantial improvements as well as others with moderate worsening. This broader
spread indicates greater heterogeneity in response profiles rather than systematic differences

in mean performance.

Taken together, the initial descriptive findings point to balanced baseline character-
istics, small average improvements across periods, and higher variability in Sequence BA,
features that should be considered when evaluating treatment, period, and sequence effects

in the subsequent inferential analyses.
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2.3 Assumption Checking

The classical parametric methods used in this chapter, paired and independent t-tests,
ANOVA, and ANCOVA, rely on several underlying assumptions. In particular, these meth-
ods assume that the residuals are approximately normally distributed, that variances are
homogeneous across groups where appropriate, and that observations are independent. Vio-
lation of these assumptions can lead to biased tests, invalid p-values, or reduced power, which
is especially important in small-sample clinical studies such as the present 2 x 2 crossover

trial.

In this study, ADAS-Cog scores were obtained at baseline and at the end of each treat-
ment period. Participants were randomized to one of two sequences: Group A received real
tACS in Period 1 and sham tACS in Period 2, whereas Group B received sham tACS in Pe-
riod 1 and real tACS in Period 2. For the classical analyses, the primary outcomes considered
in this chapter are the post-period ADAS-Cog scores and, where relevant, the within-subject
changes from baseline to post-treatment within each period. Assumption checks were there-
fore performed on (i) the distributions of ADAS-Cog outcomes within each sequence and

period, and (ii) the residuals from the models fitted in subsequent sections.

2.3.1 Assessment of Normality

Normality was assessed using a combination of formal statistical tests and visual inspec-
tion. The Shapiro-Wilk test was used to evaluate whether the sample distributions deviated
significantly from a theoretical normal distribution. This test is recommended for small to
moderate sample sizes and is widely applied in biomedical research to assess normality of
continuous outcomes [76]. A non-significant p-value (p-value > 0.05) indicates insufficient
evidence to reject normality, whereas a significant p-value suggests potential skewness, heavy

tails, or other departures from a Gaussian distribution.
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To complement the formal test, visual diagnostics were performed using Q—Q (quan-
tile-quantile) plots of the baseline ADAS-Cog scores (Figure 2.4). In these plots, observations
that align closely with the 45-degree reference line indicate approximate normality, while sys-
tematic deviations, such as curvature or departures in the tails, suggest skewness or kurtosis

issues [77].

For the AB sequence, the Shapiro-Wilk test showed no evidence of deviation from
normality (W = 0.953, p-value = 0.445). The corresponding Q—Q plot demonstrated points
closely following the reference line, with only minor deviations in the tails, which is typical
in small samples. Together, these findings indicate that the baseline ADAS-Cog scores in the

AB group are approximately normally distributed.

In contrast, for the BA sequence, the Shapiro-Wilk test indicated a statistically
significant deviation from normality (W = 0.893, p-value = 0.022). The Q-Q plot showed
noticeable curvature, particularly in the upper tail, where several participants had elevated
baseline ADAS-Cog scores. This pattern is consistent with mild right-skewness and heavier-

than-normal upper-tail behavior.

Overall, the normality assumption holds for the AB sequence but is not satisfied for
the BA sequence. Nevertheless, t-tests are generally robust to moderate violations of nor-
mality when group sizes across groups are comparable. Therefore, the baseline comparison
remains appropriate. Importantly, the non-normality observed in the BA sequence highlights
a limitation of classical parametric approaches and further motivates the use of bootstrap

techniques in Chapter 3, which do not rely on distributional assumptions.
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Figure 2.4: Q-Q plots of baseline ADAS-Cog scores for Sequence AB (left) and Sequence
BA (right).

2.3.2 Homogeneity of Variances

Before comparing baseline ADAS-Cog scores between the two treatment sequences, it is im-
portant to assess whether the groups exhibit similar variability. Many classical statistical
procedures, including the independent samples t-test and the standard two-sample compo-
nents of ANOVA, rely on the assumption that the groups being compared have approximately
equal variances (homoscedasticity). Violation of this assumption can lead to biased standard

errors and incorrect inference, particularly when sample sizes differ between groups [78].

To evaluate homogeneity of variances between the AB and BA sequences at Period
1 baseline, Levene’s test was applied. Levene’s procedure tests the null hypothesis that the
variances of the two groups are equal. A non-significant p-value (p-value > 0.05) indicates
no evidence of heterogeneous variances, whereas a significant result suggests that the groups
differ in variability and that methods robust to heteroscedasticity should be used. Because

one of the groups (BA) showed evidence of non-normality (Section 2.3.1), the median-based
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version of Levene’s test was used, as it provides greater robustness under skewed distributions

and outliers [79].

The test indicated no evidence of unequal variances between groups (Levene’s W =
0.0008, p-value = 0.9769). This extremely high p-value suggests that the spread of baseline
ADAS-Cog scores is nearly identical in the two sequences. Consequently, variability differ-
ences are unlikely to influence the subsequent baseline comparison in Section 3.3, and the

homogeneity of variances assumption can be considered satisfied at this stage of the analysis.

2.3.3 Baseline Equality Between Sequences

An essential assumption in the analysis of two-period, two-treatment crossover trials is that
the randomized sequences begin the study at comparable baseline levels. If one sequence
enters the trial with systematically higher or lower cognitive impairment, subsequent com-
parisons of treatment effects may be biased, even when randomization has been applied.
Baseline imbalance can distort treatment estimates, confound period effects, and obscure
the detection of potential carryover effects [2|. Therefore, verifying baseline equivalence is a

crucial step before any classical treatment comparisons are performed.

To evaluate whether the AB and BA sequences were comparable at the start of
Period 1, baseline ADAS-Cog scores were compared between the two groups. Because earlier
analyzes (Section 2.2.1) indicated a violation of normality in the BA sequence and given the
modest sample sizes (nap = 19 vs. nga = 22), a nonparametric approach was preferred.
The Mann—-Whitney U test, also known as the Wilcoxon rank-sum test, was selected, as
it does not rely on distributional assumptions and is appropriate for comparing continuous

outcomes when the assumption of normality is questionable [80].

The Mann—Whitney U test evaluates whether the distributions of baseline ADAS-

Cog scores differ between sequences. A non-significant result suggests that both sequences

30



begin the study with comparable levels of cognitive impairment, supporting the validity
of subsequent crossover analyses. A significant result would indicate baseline imbalance,

requiring caution in interpreting classical treatment effects.

The Mann-Whitney U test indicated no evidence of a baseline difference between
the two sequences (U = 200.5, p-value = 0.8342). This large p-value suggests that the
distributions of baseline ADAS-Cog scores in the AB and BA groups are comparable, and any
observed differences at the start of the first period are likely attributable to random variation
rather than systematic imbalance. As a result, the assumption of baseline equivalence is
satisfied, supporting the validity of subsequent classical analyses of treatment, period, and

sequence effects.

2.4 Testing for Design-Specific Effects

Classical analysis of a 2x2 crossover design requires assessing several design-specific effects,
such as, sequence, period, and carryover effects, before drawing conclusions about treat-
ment efficacy. These checks ensure that treatment comparisons are not biased by systematic
differences in participant allocation, time-related changes, or lingering effects of the prior
treatment. The descriptive statistics in Table 1 provide the basis for evaluating these prop-

erties.

2.4.1 Sequence Effect

A sequence effect evaluates whether participants differed systematically between the two
treatment orders (AB vs. BA) at the beginning of the study, before any carryover could
occur. In a 2x2 crossover design, this assessment is based solely on Period 1 outcomes.
Because baseline differences can obscure early treatment comparisons, the analysis here

uses the Period-1 change scores (Ap), defined as the difference between post-treatment
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and baseline ADAS-Cog values. This approach provides a direct measure of the immediate

response in Period 1 and adjusts for individual variation in initial cognitive status.

An independent samples -test was conducted to compare Ap; between the two se-
quences. The mean change in Period 1 was —1.41 (SD = 3.84) for Sequence AB and —1.33
(SD = 5.11) for Sequence BA. Statistical comparison of these values yielded #(39) = —0.059,

p-values = 0.953, indicating no evidence of a sequence effect.

2.4.2 Period Effect

A period effect refers to any systematic difference in participant performance between Pe-
riod 1 and Period 2 that is unrelated to the treatment itself. In a crossover design, such
effects may arise from factors such as increased familiarity with testing procedures, practice
effects, fatigue, or broader temporal influences. To examine this possibility, each partici-
pant’s change score in Period 1 (Apy) was compared with their corresponding change score
in Period 2 (Apy), allowing a direct assessment of whether cognitive responses shifted simply

as a function of time.

Across the sample, the average change in Period 1 was —1.37 (SD = 4.51), while the
mean change in Period 2 was —1.23 (SD = 4.59), indicating very similar overall patterns of
improvement. A paired t-test comparing the two sets of change scores confirmed that this

difference was not statistically meaningful, ¢(40) ~ —0.16, p-value ~ 0.87.

Overall, there was no indication of a period effect. Participants responded similarly
across the two periods, suggesting that temporal factors are unlikely to influence the inter-

pretation of the treatment comparisons that follow.
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2.4.3 Carryover Effect

The classical assessment of carryover in a 2x2 crossover design follows the procedure intro-
duced by Grizzle (1965), which evaluates whether the treatment administered in Period 1
has a residual influence on outcomes measured in Period [6]. Under this method, a carryover
effect is tested by comparing the Period 2 change scores (Apz) between the two treatment
sequences. Since Sequence AB receives real stimulation in Period 1 and sham in Period 2,
while Sequence BA receives the opposite order, any lingering influence of the first treatment

would be reflected as a systematic difference in Period 2 responses between the sequences.

In this dataset, the mean Period 2 change for Sequence AB was —0.84 (SD = 3.82),
whereas Sequence BA showed a mean of —1.56 (SD = 5.24). Although these values differ
slightly in magnitude, Levene’s test indicated no evidence of unequal variances between the
sequences (p-values = 0.9769), supporting the use of the standard pooled two-sample ¢-test.
The comparison yielded t(39) ~ 0.51, p-values =~ 0.61, indicating that the Period 2 responses

did not differ significantly between the sequences.

In summary, the Grizzle’s carryover test provides no evidence of residual treatment
effects from Period 1. This supports the assumption that Period 2 outcomes are not biased by
prior treatment exposure, reinforcing the validity of the crossover framework for estimating

the treatment effect.

2.5 Treatment Effect Analysis

Having verified that no meaningful sequence, period, or carryover effects were present, the
data can be analyzed under the standard assumptions of the 2 x 2 crossover framework.
This section focuses on estimating the treatment effect of real tACS relative to sham stimu-
lation using classical frequentist methods. Because each participant received both treatments

across two periods, the crossover design allows treatment comparisons to be made within
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individuals, providing increased statistical efficiency and reducing between-subject variabil-
ity. To capture the immediate cognitive response to each stimulation session, all analyses
are conducted using within-period change scores (A = Treated — Baseline), which directly

quantify improvement or worsening relative to each participant’s starting point.

The treatment effect is evaluated using several complementary approaches, includ-
ing a paired t-test comparing within-subject responses to real versus sham stimulation, a
between-sequence comparison of treatment differences, and classical crossover analyses based
on ANOVA and ANCOVA models. Together, these analyses provide a comprehensive eval-

uation of the short-term impact of tACS on ADAS-Cog performance.

2.5.1 Paired t-test for Within-Subject Treatment Effect

To examine the short-term effect of real tACS relative to sham stimulation within each
treatment sequence, paired t-tests were conducted separately for Sequences AB and BA. In
both cases, the outcome measure was the within-period change score A = post-treatment —
baseline, with negative values indicating improvement. For Sequence AB, real stimulation
was delivered in Period 1 and sham in Period 2, so the Period 1 change scores represent
the response to real tACS and the Period 2 change scores represent the response to sham.
In Sequence BA, this pattern was reversed, with sham administered in Period 1 and real

stimulation in Period 2.

In Sequence AB, the mean change following real tACS was —1.41, compared with
—0.84 following sham stimulation. A paired t-test comparing these responses showed that
the difference was not statistically significant, ¢(18) = —0.47, p-value = 0.646. Although the
numerical trend favored real stimulation, the variability of responses within the sequence was

large enough that the observed difference could plausibly be attributed to random fluctuation.

A similar pattern emerged in Sequence BA, where the order of administration was
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reversed. The mean change following sham stimulation in Period 1 was —1.33, whereas the
change following real stimulation in Period 2 was —1.56. Again, the paired ¢-test indicated no
significant difference between the two conditions, ¢(21) = —0.18, p-value = 0.859, suggesting

that responses to real and sham stimulation were comparable within this sequence as well.

Taken together, the within-sequence analyses do not provide evidence of a differen-
tial short-term treatment effect of real tACS compared with sham, despite small numerical

advantages in favor of real stimulation in both sequences.

2.5.2 Treatment Comparison with Two-Sample t-test

Although the crossover design allows the primary treatment effect to be evaluated within
subjects, it is also informative to examine whether the magnitude of the treatment response
differed between the two sequences. This provides an additional check on whether the order
of receiving real and sham stimulation influenced participants’ overall responses. For each

participant, a treatment-difference score was calculated as

D = AReal - ASha1117

where negative values indicate greater improvement following real tACS. In Sequence AB,

this score was computed as

Dap = Ap1 — Apo,

since real stimulation was administered in Period 1. In Sequence BA, the order was reversed,

and the treatment difference was

DBA = AP2 - APl-

35



The mean treatment difference was —0.575 in Sequence AB and —0.230 in Sequence BA,
indicating a small numerical advantage for real stimulation in both groups. Levene’s test
showed no evidence of unequal variances between sequences (W = 0.739, p-value = 0.395),
supporting the use of a pooled two-sample t-test. Comparison of the treatment-difference

scores revealed no significant difference between the two sequences,

t(39) = —0.193, p-value = 0.848.

Overall, the between-sequence analysis indicated that the magnitude of the treatment re-
sponse was similar in the two groups, and that treatment order did not materially influence

the estimated effect of real versus sham tACS.

2.5.3 Repeated Measures ANOVA

To assess the effect of real versus sham tACS within the crossover structure, the data were
analyzed using the classical 2 x 2 crossover ANOVA originally described by [6]. This type
of ANOVA is specifically designed for crossover trials, where participants receive treatments
in different orders and contribute repeated measurements across periods. Unlike standard
repeated-measures ANOVA, the classical crossover formulation accounts explicitly for the
sequence in which treatments are received and for subjects nested within sequence, which

provides the correct error term for testing treatment effects.

The logic of ANOVA rests on partitioning the total variability in the data into mean-
ingful components. The central idea is that differences in group means must be evaluated
relative to the variability within the groups themselves; ANOVA therefore compares between-
group variance to within-group variance [81|. This variance-based framework is particularly
beneficial in multifactor experiments, such as crossover trials, where treatment, period, se-

quence, and subject-specific effects all contribute to the observed data [82]. In this study,

36



the response variable was the within-period change score,

A = post-treatment — baseline

representing each participant’s short-term cognitive change following real or sham stimu-

lation. Consistent with the classical crossover framework, the following linear model was

fitted:
Ajji = j1 + Sequence; + Subject (Sequence),; + Periody, 4+ Treatment;x + &5z,
where:
e /i is the overall mean change,

Sequence; (AB or BA) is a between-subject factor,

Subject(Sequence),; is the subject effect nested within sequence (the correct error term

for the treatment effect),

Period;, represents Period 1 vs. Period 2,

Treatment;, denotes real vs. sham stimulation, and

€ijk 1s the residual error.

This model partitions the total variability into contributions from sequence, period, treat-
ment, and individual subjects, allowing the treatment effect to be tested after accounting

for these sources of variation.

The ANOVA results indicated that period did not influence the magnitude of change,
F(1,39) = 0.037, p-value = 0.848, showing that responses were similar across Period 1

and Period 2. The treatment effect was likewise not significant, F'(1,39) = 0.203, p-value
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= 0.655. Although real stimulation produced slightly more negative mean change scores
(representing small improvements), this difference was small relative to the subject-level
variability. The subject-within-sequence component was large relative to the residual er-
ror, F(80,39) = 1.575, p-value = 0.079, reflecting the substantial heterogeneity typical of
cognitive outcomes in dementia populations. Sequence could not be formally evaluated in
this ANOVA table because its denominator mean square is provided by the subject-within-
sequence term; however, earlier diagnostic tests already showed no evidence of a sequence

effect.

Overall, the classical crossover ANOVA shows that treatment-related variability is
small relative to the natural variability across individuals. After accounting for period and
sequence effects, there is no statistical evidence that real tACS produced greater short-term

improvement in ADAS-Cog performance than sham stimulation.

2.5.4 ANCOVA Adjusting for Baseline Differences

In crossover studies, baseline adjustment is critical because individuals often differ substan-
tially in their cognitive performance before receiving any treatment. Such between-subject
variability inflates residual noise and can obscure true treatment differences. To address this,
an ANCOVA was applied, with post-treatment ADAS-Cog score as the dependent variable,
treatment (real vs. sham tACS) as the primary factor, the corresponding baseline ADAS-
Cog score as a covariate, and period (1 vs. 2) included to adjust for temporal effects. This
approach follows the widely recommended practice in clinical trials, where ANCOVA is pre-
ferred to simple change-score analyses because it provides greater statistical power and yields

less biased estimates of treatment effects [83]. The fitted model can be expressed as:

Treated;; = By + 31 Treatment;; 4+ [ Baseline;; + 33 Period; + €;;.
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In this model, (; represents the adjusted treatment effect and tests whether real
tACS differs from sham after accounting for baseline and period. The coefficient 35 captures
the influence of the period-specific baseline score on the post-treatment outcome, while (5
represents any systematic difference between Period 1 and Period 2. The intercept 3y is not

of inferential interest. Thus, the hypothesis of primary interest is

Hoiﬁlz(),

which evaluates whether real stimulation produces a different post-treatment ADAS—Cog

score than sham stimulation once baseline variability is controlled for.

The ANCOVA model demonstrated excellent explanatory power, accounting for 80.7%
of the variance in post-treatment ADAS-Cog scores (R* = 0.807, adjusted R?* = 0.800), and
was highly significant overall, F'(3,78) = 108.9, p-value < 0.001. Baseline ADAS—Cog was
by far the strongest predictor of the post-treatment score (5 = 0.93, SE = 0.05, t = 18.02,
p-value < 0.001), confirming that cognitive impairment levels are highly stable within indi-
viduals and vary largely between subjects. This strong baseline dependence illustrates why
ANCOVA is advantageous: by adjusting for baseline, it removes much of the between-subject

noise, reduces residual variance, and provides more precise estimates of the treatment effect.

In contrast, neither period nor treatment contributed significantly to the model. The
period effect was negligible (8 = 0.06, SE = 1.01, p-value = 0.95), indicating no systematic
difference between Period 1 and Period 2 after adjusting for baseline and treatment. The
adjusted treatment effect comparing real with sham tACS was also not statistically signifi-
cant (f = —0.36, SE = 1.01, t = —0.35, p-value = 0.72). Although the coefficient direction
suggested slightly lower (improved) ADAS—Cog scores following real stimulation, the cor-
responding confidence interval (—2.37 to 1.65) spanned both meaningful improvement and

worsening, indicating that any true treatment effect is likely to be small.
Taken together, the ANCOVA results suggest that, while baseline performance strongly
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predicts post-treatment outcomes, real tACS did not produce a statistically detectable im-

provement relative to sham stimulation in this sample.

2.6 Conclusion

The classical statistical analyses examined treatment, period, and sequence effects within
the 2 x 2 crossover design, beginning with checks of key design assumptions. No evidence
of sequence imbalance, baseline differences, or unequal variances was found, supporting the
validity of using both periods in the analysis. Paired t-tests and between-sequence compar-
isons showed small improvements following both real and sham stimulation, but none of
these differences were statistically significant. The classical crossover ANOVA confirmed
these findings, indicating that treatment-related variability was small relative to the sub-

stantial natural variability among participants.

Adjusting for baseline cognitive status through ANCOVA further clarified the struc-
ture of the data. Baseline ADAS-Cog scores were by far the strongest predictor of post-
treatment performance, while neither treatment nor period showed significant effects af-
ter adjustment. Together, these classical methods indicate that real tACS did not produce
measurable short-term improvement in ADAS-Cog scores compared with sham stimulation.
These results highlight the considerable individual variability in cognitive outcomes and
motivate the use of additional methods, such as bootstrap analysis, to better characterize

uncertainty in treatment effects.
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Chapter 3

Bootstrap analyses of 2 X 2 crossover

studies

Summary. This chapter introduces the bootstrap as a flexible alternative to classical
parametric and nonparametric methods for inference in medical research. We first out-
line how resampling from the empirical distribution can approximate the sampling dis-
tribution of an estimator, enabling the construction of confidence intervals and hypoth-
esis tests without strong distributional assumptions. We then describe variants of the
bootstrap relevant to data arising from our two-period, two-treatment crossover study,
developing bootstrap-based procedures for treatment comparison, crossover ANOVA,

and ANCOVA with baseline adjustment.

3.1 Introduction

In medical research, we often aim to draw conclusions about a broader population from a
single sample. Estimates such as means, differences in proportions, or treatment effects are
commonly accompanied by confidence intervals based on standard errors, intended to quan-

tify the uncertainty that would arise under repeated sampling from the population of interest
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[84]. Because we usually observe only one sample, however, the accuracy of these intervals
depends critically on assumptions about the underlying data-generating distribution. Para-
metric methods address this problem by assuming a known form for the distribution (most
commonly normality), which facilitates analytical derivation of standard errors and test
statistics, especially in large samples. In practice, these assumptions may be questionable (as
we observed in Chapter 2). Medical and psychological data are frequently skewed, bounded,
ordinal, or based on small samples, leading to violations of normality and homoscedasticity.
Under such conditions, parametric procedures can yield misleading or invalid inferences [85].
Nonparametric methods, such as the Wilcoxon signed-rank test or the Mann—-Whitney U
test, relax distributional assumptions and are therefore attractive when dealing with non-
normal or ordinal data. However, they are typically geared toward hypothesis testing and
primarily provide p-values, rather than direct estimates of effect sizes and associated con-
fidence intervals [86]. As a result, while non-parametric tests are robust, they may be less
informative in settings where quantifying the magnitude and uncertainty of treatment effects

is essential.

To bridge this gap between parametric precision and non-parametric robustness,
Bradley Efron introduced the bootstrap in 1979 [87]. The central idea is to approximate
the sampling distribution of an estimator by resampling from the observed data. If the sam-
ple adequately represents the population, then resampling with replacement from it can
mimic repeated sampling from the underlying distribution. This approach allows estimation
of standard errors, construction of confidence intervals, and hypothesis testing without strong
parametric assumptions. Efron and Tibshirani later formalized and extended this framework,
demonstrating that the bootstrap can be applied to a wide range of statistical problems with
minimal modeling assumptions [88]|. Refinements such as the bias-corrected and accelerated
(BCa) interval further improve accuracy in the presence of skewed or non-symmetric sam-

pling distributions [89].
Since its introduction, the bootstrap has become widely used in areas where data
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are noisy, irregular, or limited in size. In medical research, applications include assessing
the stability of odds ratios in logistic regression, comparing survival curves in oncology, and
evaluating changes in scores from cognitive instruments [90, 91]. These methods are particu-
larly relevant in neurology and psychiatry, where outcomes such as the Alzheimer’s Disease
Assessment Scale-Cognitive Subscale (ADAS-Cog) are bounded and often non-normal. The
flexibility of the bootstrap is especially valuable in small clinical trials, where traditional

parametric assumptions are tenuous and robust estimation is needed [92].

In this chapter we apply the bootstrap method to our crossover study. To this end,
we first provide a high level introduction to the Bootstrap approach and its application in
approximating the sampling distribution, constructing confidence interval and perfroming
testing hypothesis. We then provide some variants of the bootstrap technique that are rel-

evant to our study. Finally we provide bootstrap tests for treatment comparison, crossover

ANOVA and ANCOVA tests.

3.2 A high level introduction to bootstrap

At a high level, the bootstrap is a data-driven method for approximating what would hap-
pen if a study could be repeated many times, while only observing one dataset. Classical
approaches answer this question by assuming a parametric model (e.g., normal distribution)
and deriving the sampling distribution of a statistic from that model. The bootstrap in-
stead treats the observed sample as a proxy for the unknown population and approximates
repeated sampling by resampling from the data themselves. This idea underlies both esti-
mation (standard errors and confidence intervals) and hypothesis testing, where in each case
we approximate the distribution of a statistic by recomputing it many times on resampled

versions of the data.
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3.2.1 Bootstrap as an approximation to the sampling distribution

Consider a sample X = {X;, Xy, ..., X,,} drawn from an unknown population distribution
F. Let 8 = t(F) denote the parameter of interest, such as a mean, median, or regression
coefficient, and let f denote the estimator computed from the observed data. The sampling
distribution of § = ¢(X) = ¢(Xy,...,X,) under F is typically unknown and analytically
intractable. The nonparametric bootstrap replaces F' with the empirical distribution B,

which assigns mass 1/n to each observed data point. In the bootstrap world,
X ={X:,.. . XV S E

and the bootstrap version of the estimator is o = g(X3,...,X*). Repeating this resampling

N*B
.6

B times yields bootstrap replicates é*l, . drawn from the bootstrap distribution, i.e.,

the conditional distribution of 6* given the data. The classical nonparametric bootstrap

proceeds as follows:

1. Generate B bootstrap samples X*!, X*2 ... X*B each of size n, by sampling with

replacement from X .
2. For each bootstrap sample X**, compute the statistic 0% = g(Xt).

3. Use the empirical distribution of 8*,6*2, ..., 6*B to approximate the sampling distri-

bution of 4.

Under mild regularity conditions, the bootstrap distribution converges (in an appropriate

sense) to the true sampling distribution , so that

P*(é*gt\X)—]P(égt)) Lo

sup
t
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This justifies the bootstrap as a consistent estimator of the sampling distribution of 0. Also,

the standard error of  is estimated as

SEpo (0) = % > (- g*>27

B
b=1

where 6* = % 2sz1 6% denotes the mean of the bootstrap replicates. The empirical distri-
bution of §** can then be used to construct confidence intervals (e.g., percentile or BCa),
estimate bias, and perform hypothesis testing without strong distributional assumptions.

3.2.2 Bootstrap hypothesis testing

In classical testing, we consider a null hypothesis Hy about F' (for example, equality of means
in two groups) and construct a test statistic 7,, = T(Xy, ..., X,) whose distribution under

Hy is assumed known or approximated asymptotically. A p-value is then computed as
p-value = IP’HO(|Tn| > |TO|DS|)7

where T, is the observed value of the statistic. When the exact null distribution is unknown
or the sample size is small, such approximations may be unreliable. The bootstrap provides

a resampling-based alternative by approximating the null distribution of T;,,
Gon(t) =P, (T, < t),

with a bootstrap distribution Gg,, (t | X) constructed from resampled data that satisfy Ho.

A general recipe is:

1. Choose a test statistic. Specify a statistic 7,, = T(Xy,...,X,,) that measures

evidence against Hy (e.g., difference in means, a regression coefficient, an F-statistic)
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and compute Tg.

2. Construct a “null world." Modify or recenter the data so that Hy holds by con-

struction, for example by:

e centering outcomes so that group means are equal under Hy,

e fitting a reduced model without the effect being tested and using fitted values

plus resampled residuals,

e in two-sample problems, pooling data and resampling without labels when H,

states that the two groups share a common distribution.

3. Generate bootstrap samples under H,. From this null world, generate B boot-
strap datasets X*! ... X*P using an appropriate structure-preserving scheme (e.g.,

subject-level or residual resampling).

4. Recompute the test statistic. For each bootstrap dataset, compute T7° = T(X*b)
for b = 1,...,B. The empirical distribution of T*! ... T*B approximates the null

distribution of T;,.

5. Compute a bootstrap p-value. For a two-sided test, p-values is given by ppoot =
= Zle L(|T°| > |Tobs|), i-e. the proportion of bootstrap test statistics that are at least

as extreme as the observed statistic. One-sided tests are defined analogously.

Thus, bootstrap hypothesis testing can be viewed as a plug-in approximation to the ideal,
but unknown, null distribution of the test statistic. In this approach, the true F' is replaced
by an empirical or model-based estimate that enforces H,, and the resulting conditional

distribution of 77" is used to quantify evidence against the null.
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3.2.3 Variants of the bootstrap and relevance for this study

While this study focuses on the nonparametric bootstrap due to its minimal assumptions

and broad applicability, several variants have been developed for specific data structures:

Residual bootstrap: resampling residuals in regression settings [93].

Wild bootstrap: designed for heteroscedastic errors via randomly weighted residuals

[04].

Block bootstrap: used for dependent data such as time series or spatial observations

[95].

BCa bootstrap: a refinement that adjusts for bias and skewness to construct more

accurate intervals [89).

These adaptations address particular challenges, but the classical nonparametric bootstrap
remains especially suitable for the present crossover study, where cognitive questionnaire
data are bounded and may deviate substantially from normality. In addition to estimation,
the general testing framework above is particularly valuable when parametric assumptions
are doubtful or sample sizes are modest. Traditional hypothesis tests rely on theoretical null
distributions such as the t-distribution, which may be inappropriate for bounded, ordinal,
or skewed data common in biomedical research. By approximating the null distribution via
resampling under Hy and computing bootstrap-based p-values, the bootstrap accommodates

complex designs and non-normal outcomes.

In the context of our small-sample crossover trial using the ADAS—Cog instrument,
the nonparametric bootstrap therefore provides a robust alternative to standard parametric
methods, enabling valid inference on treatment effects without imposing strict distributional

assumptions [88, 89].
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3.3 Bootstrap Treatment Comparison

In the classical analysis, the between-sequence comparison of treatment-response was based

on the two-sample t-statistic applied to the subject-level difference scores
D = AReal - AShamm

with Dag and Dga defined as in the previous section. In the present dataset, there were
nag = 19 subjects in the AB sequence and ngan = 22 subjects in the BA sequence. The
corresponding sample means of the difference scores were Dpag = —0.5747 and Dy =

—0.2305.

Let Dag and Dga denote the sample means, and let
0 = Dap — Dpa

be the observed difference in mean treatment response between the two sequences. For the

observed data, this quantity was

Sy

= —0.3443.

The usual pooled-variance t-statistic can be written as

where 65 is the pooled within-sequence variance and nag, nga are the sequence sample sizes.

Using the pooled standard deviation estimate o, = 5.7074, the observed test statistic was

T = —0.1926.
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3.3.1 Nonparametric subject-level bootstrap

Because the unit of randomization is the subject, we construct a nonparametric subject-level
bootstrap that resamples difference scores within each sequence. Let Dag 1, ..., Dapn,p and

Dga, ..., Deang, denote the observed difference scores.

For b=1,..., B bootstrap replicates:

1. Resample with replacement nap subjects from {Dag1,..., Dagn,y - This will result
. x(b) *(b)
in Dagyse-s Dag g

2. Similarly, resample with replacement ngs subjects from {Dga 1, ..., DBa ng, } t0 obtain

*(b *(b
DB(A),I’ T 7DB(A),TLBA'

3. Compute the bootstrap mean difference 50 = DZ(]I;) — DE(AI)), and the corresponding

pooled-variance t-statistic 7*) in the same way as 7.

The empirical distribution of 5*® approximates the sampling distribution of B} , and
the empirical distribution of T*®) approximates the sampling distribution of 7" under the
fitted model.

3.3.2 Bootstrap standard error, confidence interval, and test

The bootstrap standard error of § is

B

~ 5 1 : .
S€hoot(9) = 31 Z(g*(b) - 5*)27

T b=t

with 6* = % 25:1 5*®) For the present dataset, the mean of the 1000 bootstrap replicates
(B = 1000) was 6* = —0.3630, and the resulting bootstrap standard error was &po0(4) =
1.7142.
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A basic (1 — «) percentile bootstrap confidence interval for ¢ is obtained by taking

the empirical /2 and 1 — a/2 quantiles of the set {5*1), ... 5B}

~

[5E<a/2)7 6?17(1/2)]'
Using o = 0.05, the 95% percentile bootstrap interval was

[—3.7151, 2.9841].

More accurate intervals can be constructed using bias-corrected and accelerated (BCa) meth-

ods if desired.

To test Hy : 6 = 0 versus H; : § # 0, a bootstrap test that respects the null can be

defined by first centering the difference scores within each sequence,
D aB,j = Dasj — Das, DBA,j = Dgaj — Dga,

and then resampling from the centered pooled set {DABJ, DBAJ} under the constraint of
equal means. Repeating the above bootstrap procedure with centered scores yields a null
bootstrap distribution {7} (b)}, from which a two-sided bootstrap p-value can be computed

as

B

1 *
Proot = E ;H(’To(b)| > ‘Tobs|)~

For the present data, this test yielded a bootstrap p-value of ppoot = 0.843. The bootstrap
analysis indicates that the observed mean difference § is entirely consistent with sampling
variability. The large bootstrap standard error, the wide confidence interval spanning zero,
and the very large bootstrap p-value (p = 0.843) all indicate that there is no evidence of

a difference in mean treatment response between the two sequences based on the subject-
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level difference scores. Under regularity conditions, the subject-level bootstrap consistently
approximates the sampling distribution of & and of the test statistic T, thereby providing an
alternative inference procedure that does not rely on normality assumptions for the difference

scores.

3.3.3 Bootstrap Crossover ANOVA

The classical 2 x 2 crossover ANOVA in Chapter 2 is based on the linear model
Ajjr = it + Sequence; + Subject(Sequence)ij + Periody, + Treatment;;, + €z,

with 7 indexing sequence (AB or BA), j indexing subjects within sequence, and k indexing
period. The treatment, period, and other fixed effects are tested using F-statistics that com-
pare appropriate mean squares. In small samples, the exact distribution of these F-statistics
may deviate from the nominal F' distribution, especially when normality or homoscedastic-
ity assumptions are questionable. A nonparametric cluster bootstrap provides an alternative
way to approximate the sampling distribution of the treatment and period test statistics

while preserving the crossover structure.

3.3.4 Cluster (subject-level) bootstrap scheme

For each sequence i, the basic observational unit is the subject, who contributes a vector of
responses A;; = (Aiﬂ, Aijg)T, together with the corresponding design indicators (sequence,
period, treatment). A cluster bootstrap resamples these subject-level vectors within each

sequence. For b=1,...,B:

1. For each sequence, resample with replacement n; subjects from {A;, ..., A} to

obtain AT AY® where i € {AB, BA}.

) ing

51



2. For the resulting bootstrap sample, fit the same crossover ANOVA model as in the
classical analysis, using the original design structure (sequence, period, treatment, and

subject-within-sequence).

3. Record the bootstrap F-statistics F;(tb), F;éf), etc. for the effects of interest (e.g.,

treatment and period).

The empirical distributions of {F"} and {F;{} approximate the sampling distributions
of the corresponding F-statistics, taking into account the random variation in the subject-

specific trajectories without imposing a parametric form on the error distribution.

3.3.5 Bootstrap inference for treatment and period effects

To evaluate the significance of the treatment and period effects in the crossover ANOVA
model, the observed F-statistics were compared with their bootstrap distributions. Let
Firet,obs and Fher ons denote the observed F-statistics from the original data. For the present

dataset, the classical ANOVA yielded
Eret,obs - 02037 Fper,obs = 0037,

both of which are small, indicating little evidence for either effect under the classical model.

To obtain inference without relying on normality or homoscedasticity assumptions,
a subject-level cluster bootstrap was implemented. Entire subject profiles were resampled
within sequence, preserving the AB/BA allocation and the within-subject correlation. For
each bootstrap sample, the same crossover ANOVA model was fitted and the bootstrap F-
statistics {F;Ej?} and {F;e(f)} were recorded. With B = 1000 valid bootstrap replications,
these sets provided empirical approximations to the sampling distributions of the treatment

and period test statistics.
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Two-sided bootstrap p-values were computed as

Mw

Ptret,boot =

B
*(b
< tret Z Eret obs> ) Pper,boot = E E Fper) = per obs) .
b: b=1

For this analysis, the bootstrap tests yielded

Dtret,boot = 06977 Pper,boot = 0.844.

Both values are large, indicating that the observed statistics fall well within the
range expected under the null hypothesis. Thus, the bootstrap results reinforce the classical
ANOVA conclusion: within this small-sample 2 x 2 crossover trial, neither the treatment
effect nor the period effect shows evidence of being different from zero. The bootstrap
analysis therefore provides distribution-free support for the absence of a detectable difference

in ADAS-Cog change between real and sham tACS.

Although a residual-based bootstrap can be used to obtain a null-constrained distri-
bution of Fi., the present analysis focuses on the nonparametric subject-level bootstrap,
which directly resamples subject clusters and preserves the crossover structure. The reported

results therefore correspond to the nonparametric bootstrap procedure described above.

3.3.6 Bootstrap ANCOVA with Baseline Adjustment

The ANCOVA model in Chapter 2 relates post-treatment ADAS-Cog scores Treated;; to

treatment, baseline, and period:
Treated;; = By + 51 Treatment;; + 2 Baseline;; + 3 Period; + ¢;;,

where [3; captures the adjusted effect of real versus sham tACS. Repeated measurements

within subjects induce correlation in the errors ¢;;, and the small sample size may limit the
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reliability of standard normal-theory inference for Bl. A bootstrap approach can again be
constructed at the subject level, either by resampling subjects nonparametrically or by using

a residual cluster bootstrap.

In the present dataset, the classical ANCOVA yielded an adjusted treatment effect
of Bl = —0.358 with standard error SE(Bl) = 1.010. The corresponding t-statistic was
T, obs = —0.354, and the 95% confidence interval for §; was [—2.369, 1.653]. These results
indicate no detectable difference between the real and sham tACS conditions after adjusting
for baseline and period effects, motivating the use of bootstrap procedures to obtain inference

that does not rely on normal-theory assumptions.

3.3.7 Nonparametric subject-level bootstrap

Each subject i contributes a small vector of observations
(Treatedﬂ, Baseline;;, Treatment;;, Period;; Treated;s, Baseline;s, Treatment;,, Perion) .

Forb=1,...,B:

1. Resample with replacement N subjects from the set of NV original subjects (across both

sequences).

2. For the resulting bootstrap sample, fit the same ANCOVA model as above by ordinary

least squares.
3. Record the bootstrap estimates BI (b), and if desired, their associated t-statistics Tgl(b).

The empirical distribution of {Bik (b)} approximates the sampling distribution of 3,

with the within-subject correlation preserved by resampling entire subject profiles.

The nonparametric subject-level bootstrap was applied using B = 1000 replicates,

with resampling performed at the level of the subject to preserve the within-subject depen-
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dence inherent in the crossover design. The empirical bootstrap distribution of {ﬁAf (b)} was
centered near the classical ANCOVA estimate, with a bootstrap mean of 3; = —0.328. The
bootstrap standard error was sAeboot(Bl) = 0.846, slightly smaller than the normal-theory
estimate from the classical model. A percentile 95% bootstrap confidence interval for the
adjusted treatment effect was [—1.995, 1.287], which again includes zero and indicates no
detectable treatment effect after adjusting for baseline and period. These results demon-
strate that the bootstrap-based sampling distribution of B closely agrees with the classical

estimate while avoiding reliance on normality assumptions.

3.3.8 Residual cluster bootstrap under the null

For testing Hy : 51 = 0, it is often preferable to construct a bootstrap distribution that

respects the null hypothesis. This can be done via a residual cluster bootstrap:

1. Fit the reduced ANCOVA model without the treatment term (i.e., set §; = 0) to
—— (0)
obtain fitted values Treated,; and residuals éz(-?) for each subject-period pair.

0) _ (50 2ONT

2. For each subject i, collect the residual vector &; = (&;1’, €5

3. For b=1,..., B, resample with replacement N residual vectors ég?(),,) across subjects,

and construct bootstrap responses under H via

* — (0) ~
Treatedi;b) = Treated,; + 623(),))3..

The covariates Treatment,;, Baseline;;, and Period; remain fixed at their observed

values.

4. Fit the full ANCOVA model to each bootstrap dataset to obtain Bf ®) and the corre-

sponding t-statistic Tgl(b).

The resulting {7’ gl(b)} approximate the null distribution of the treatment t-statistic.
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A two-sided bootstrap p-value is then

1SN
DBy, boot = E Z]I(|Tgl(b)| 2 |T,8170bs|)a
b=1

where T}, ops is the observed t-statistic from the original data. Percentile or BCa intervals
for B can be constructed from the empirical distribution of {3} (b)}. Under standard reg-
ularity conditions (smoothness of the regression functional, bounded moments, and stable
cluster sizes), the subject-level and residual cluster bootstraps consistently approximate the
sampling distribution of Bl and its associated test statistic, providing a robust alternative

to normal-theory ANCOVA inference in small-sample crossover settings.

To obtain a null distribution that respects the hypothesis Hy : 5, = 0, a residual
cluster bootstrap was performed following the procedure described above. The reduced
ANCOVA model without the treatment term was first fitted to the data, and subject-level
residual vectors (ég?), égg)) were extracted together with the fitted values from the reduced
model. For each bootstrap replication, a residual vector was sampled with replacement
across subjects and added to the reduced-model fitted values, while all covariates (baseline,
treatment indicator, and period) were held fixed. This produced bootstrap responses that

conformed to Hy. The full ANCOVA model was then refitted to each bootstrap dataset,

yielding a bootstrap t-statistic T;l(b) for the treatment effect.

The resulting null distribution of {T;l(b)} was centered near zero, as expected under
H,, with representative values such as (—0.587, —0.013, —0.029, 0.439, 0.018). The observed
t-statistic from the original ANCOVA was T3, obs = —0.354. Comparing the observed value
to the bootstrap null distribution gave a two-sided bootstrap p-value of pg, boot = 0.65,
indicating that statistics as or more extreme than Tj, ons occur frequently under the null
model. Thus, the residual cluster bootstrap provides no evidence against Hy : f; = 0, and
confirms that after adjusting for baseline and period, the treatment effect is not statistically

distinguishable from zero.
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3.4 Conclusion

The bootstrap analyses presented in this chapter provided an assumption-light assessment of
treatment, period, and adjusted treatment effects in the crossover trial. Across all resampling
approaches, the estimated treatment effects remained small and unstable. The subject-
level bootstrap for the treatment-response difference produced a 95% percentile interval
of [—3.72, 2.98], which spans zero and indicates no detectable difference between real and
sham stimulation. Similarly, the ANCOVA bootstrap yielded a bootstrap mean adjusted
treatment effect of 37 = —0.328 with a bootstrap standard error of 0.846 and a percentile
95% confidence interval of [—1.995, 1.287], again demonstrating that the distribution of

plausible treatment effects includes zero and provides no evidence of benefit.

The null-based residual cluster bootstrap further reinforced this conclusion. The
observed ANCOVA t-statistic for the treatment term (7}, obs = —0.354) fell comfortably
within the null bootstrap distribution, yielding a large bootstrap p-value of 0.65. This
indicates that statistics of similar or greater magnitude arise frequently under the assumption
of no treatment effect. Taken together, the classical analyses and all bootstrap variants,
including subject-level, cluster, and residual-based bootstraps, consistently support the same
finding: real tACS did not produce a measurable improvement in ADAS—Cog performance
relative to sham stimulation in this small-sample crossover dataset. The bootstrap framework
therefore confirms the robustness of the classical results while providing an inference approach

that does not rely on strong distributional assumptions.
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Chapter 4

Bayesian analyses of 2 X 2 crossover

studies

Summary. This chapter presents a Bayesian framework for a 2x 2 crossover trials with
baseline measurements before each period. Using a compound-symmetric covariance
to capture within-subject correlation, we derive closed-form posteriors for means and
variance components, identify simple sufficient statistics with chi-square structure, and
provide Bayes factors to handle uncertainty about period and carryover effects. The
approach delivers direct, clinically interpretable probabilities for treatment contrasts,

with practical guidance on prior choice, model averaging, and computation.

4.1 Introduction

Bayesian analysis is particularly attractive for two-period, two-treatment crossover designs
with baseline measurements before each treatment period. Compared to traditional frequen-
tist analyses, Bayesian models (i) accommodate hierarchical structure and correlation within
subjects, (ii) produce direct probability statements for clinically meaningful contrasts (e.g.,

P(r > A |Y)), and (iii) permit principled model comparison and model averaging when pe-
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riod or carryover effects are uncertain; see Senn [2|, Grieve [96], Gelman et al. [97]. This chap-
ter develops a coherent Bayesian formulation for a two-sequence design (AB and BA) with
two baselines and two post-treatment outcomes per subject, using a compound-symmetric
covariance for within-subject measurements. We give clean posteriors for means and variance
components, identify convenient sufficient statistics (SS;, SSy) with chi-square structure, and

outline Bayes factors using proper priors (with a pragmatic alternative noted).

Traditional analyses in clinical research have been dominated by the frequentist frame-
work, where probability is interpreted as long-run frequency under repeated sampling. In that
setting, hypothesis testing plays a central role and the p-value is often used as a primary
measure of evidence. Yet the p-value is frequently misinterpreted: it is not the probability
that the null hypothesis is true and it depends strongly on sample size, so trivial effects may
appear significant in large samples while meaningful effects may fail to reach significance in
small samples [98]. Moreover, p-values refer to unobserved, more-extreme data rather than
to the evidence contained in the data actually observed, a feature at odds with the likelihood

principle [99, 100].

Bayesian methods address these limitations by treating unknown parameters as ran-
dom variables and updating prior beliefs with the observed data through Bayes theorem
[97, 101]. The resulting posterior distribution provides direct probability statements about
parameters of interest (e.g., the probability the treatment effect exceeds a clinically rele-
vant threshold), which aligns with how evidence is interpreted in practice [102, 103]. When
data are abundant, the likelihood dominates and Bayesian and frequentist conclusions often
agree; when samples are small, a common situation in crossover studies, incorporating prior

information can improve stability and efficiency.

In crossover trials, within-subject comparisons reduce between-subject variability, but
the analysis must still contend with correlation among repeated measures, possible period

effects, and potential carryover from the first to the second period. Bayesian modeling
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accommodates these features within a single framework and allows uncertainty about period
and carryover effects to be handled explicitly via model comparison and model averaging. In
particular, Bayes factors quantify the relative support for competing models without relying
on arbitrary significance thresholds, and model averaging propagates structural uncertainty

into the final inference [103, 99].

The design considered here is the standard two-sequence, two-period, two-treatment
crossover with sequences AB and BA. Each subject contributes two baseline measurements
(one before each period) and two post-treatment outcomes. We adopt a compound-symmetric
working covariance to capture the dominant intraclass correlation while retaining analytic
tractability. Building on Grieve [96] and Senn [2]|, we show that sufficient statistics (SS;, SSs)
with scaled chi-square structure lead to conjugate posteriors for mean parameters and vari-
ance components. This facilitates posterior summaries for treatment, period, and carryover
effects, as well as Bayes factors under proper priors. Where closed-form expressions are

inconvenient, a pragmatic alternative is noted.

From a computational perspective, while early barriers to Bayesian adoption stemmed
from analytical intractability, standard Markov chain Monte Carlo (MCMC) methods now
make posterior computation routine when closed forms are unavailable [104]. Thus the pro-
posed analysis can proceed either fully analytically (under CS with conjugate priors) or with
straightforward simulation-based updates, while preserving the interpretability of posterior

probabilities for clinically meaningful contrasts.

The rest of this chapter is organized as follow. We first specify the joint likelihood for
the two-sequence, two-period design with two baselines and two post-treatment outcomes per
subject under a CS working covariance. We then identify the sufficient statistics (SS;,SS»)
and derive conjugate posteriors for means and variance components. Next, we discuss prior
choices (including proper priors for Bayes factors) and develop Bayes factors for treatment,

period, and carryover hypotheses, with a pragmatic alternative. We conclude with guidance
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on reporting posterior probabilities for clinically relevant contrasts and with brief comments

on computation and implementation [105, 106, 107, 108|.

4.2 Bayesian Framework for Crossover Study

Baseline measurements are collected during non-treatment periods and provide information
that enhances the estimation of direct treatment effects [2]. These measurements are typically
taken before the start of each treatment phase, and much of the methodological literature
on their use pertains to two-period crossover designs. In the present study, baseline data
were gathered prior to each treatment period and are incorporated into a Bayesian analysis

to improve the precision and robustness of the estimated treatment effects.

4.2.1 Models in the two-period crossover with baselines

Several models have been proposed to incorporate baseline measurements into two-period
crossover designs (e.g., Willan and Pater [109], Varma and Chilton [110], Kenward and
Jones [111], Chi [112], and Patel [113]). Although these models differ in structure, they can
generally be expressed in terms of the cell means corresponding to each treatment, period,
and sequence combination. Let y;;, denote the outcome for the jth subject in sequence
i € {AB,BA} during period k. The associated expected value (cell mean) is pir = E(vijk)-
Crossover models are then specified by additive effects applied to the cell means, typically
including treatment, period, sequence, carryover, and (implicitly) the role of baselines. In
a two-period crossover with baselines collected at the start of each period, each participant
contributes four observations corresponding to four time points: the initial run-in (pre-
treatment) period, the first treatment phase, the washout interval, and the second treatment

phase.
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Table 4.1: Cell mean structures under various crossover models.

Sequence Measurement Period 1 Period 2 Model
A—B Pre-treatment w4+ w—m+ A

Post-treatment  p+m 47 pomoTEA (a) Willan and Pater’s Model
B— A Pre-treatment w4+ w—m—A

Post-treatment w+mT =T p—mH+T—=A
A—B Pre-treatment w4+ u—m+0

Post-treatment  pu+m 47 pomoTEA (b) Varma and Chilton’s model
B— A Pre-treatment w4+ u—m—20

Post-treatment w+mT—T p—mT4+T—=A
A—B Pre-treatment w+y+m w+y+m3+ A

Post-treatment pwH+y+m+7T pu+y—m—m2—m3—T+A .
(c) Chi’s model
B— A Pre-treatment n—"y+m p—y+m3—A

Post-treatment pu—y+m2 —7T p—7y—T1 —To—T3+T—A

A—B Pre-treatment w+y+m w+y+m3+0

Post-treat t — — - — A
ostrireatimen ptytmtr pty-m oMo (d) Kenward and Jones model
B— A Pre-treatment w—"y+m uw—~y+m3—0

Post-treatment w—y+mT2—T U—Y—T —T2—TM3+T—A

© overall mean 7 period effect
T  treatment effect A carryover effect

6  residual effect v  sequence effect

Model (a) in Table 4.1, due to Willan and Pater [2|, assumes that certain components
remain constant across phases. In particular, the run-in period is constrained to have the
same period effect as the first treatment period, and carryover is assumed identical across the
washout and second treatment phases. These constraints have been criticized as unrealistic
in clinical applications where phase-specific effects may differ over time [2]. Willan and Pater
compared two analyses: post-treatment outcomes alone versus change-from-baseline. They
derived estimators for the treatment contrast and its variance under both methods. Under
their assumptions, the change-from-baseline approach eliminates the carryover term but can

reduce precision (larger mean squared error) relative to post-only analysis.

Model (b) in Table 4.1, proposed by Varma and Chilton [110], extends model (a) by
introducing a residual effect 6 to capture post-treatment influences at the start of period 2,
while retaining a single period effect 7. As in model (a), equating the run-in and first treat-

ment periods can be an oversimplification. Patel [113] examined an ANCOVA approach
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based on this structure, using baselines to conduct preliminary tests before including them
as covariates. His variance calculations were obtained under independence of random errors
across periods, an assumption at odds with the correlation structure implied by crossover

designs.

Chi [112] proposed the cell-mean model shown in Table 4.1(c). Unlike models (a) and
(b), it does not assume that the run-in and first treatment periods share the same period
effect, nor that the washout and second treatment periods are equivalent. However, as in
model (a), carryover is taken to be constant between the washout and second treatment
phases. Chi also allowed a more flexible error structure that can include autoregressive

components to account for temporal correlation.

The model adopted in this study is model (d) in Table 4.1 that is proposed by Kenward
and Jones [111]. In this model no assumptions are made about the equality of run-in and
first period effects, or of wash-out and second period effects; not it is it assumed that the
same carryover effect persists from teh was-out into second period. A sequence parameter
7 is included; as noted by Kenward and Jones [111], this term should be null under proper
randomization, but retaining it ensures that the principal estimators can be written as within-

subject contrasts and provides a diagnostic for potential randomization imbalance.

4.2.2 Multivariate Normal Framework for Longitudinal Data

Following Grieve [96], we model the repeated measurements for each participant using a
multivariate normal (MVN) distribution with a CS (Compound Symmetry) within-subject
covariance. The mean vector stacks the expected responses at the four occasions, and the

covariance matrix encodes a common variance on the diagonal and a common covariance off
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the diagonal. Let:

i € {AB,BA} (randomization sequence),

j=1,....n; (subject index within sequence 1),

t=1,234, (measurement occasions per subject),
N =nup +npa, (total sample size). (4.1)

For subject j in sequence ¢, define the 4-vector of responses y;; following a multivariate

normal (MVN) distribution

Yi; = (yz‘j17yij27yij3>yij4)—r € R4, Yij ~ N4(M¢7 A)v (4-2)
with sequence-specific mean vector

i = (v, pags fis, fria) ', (4.3)

so that p; is the expected response at occasion ¢ for sequence i. Covariance matrix A is CS

that takes the explicit form

, P 1 p

A =0 1-pL+pll)] =0 , 0c>>0, -+ <p<l (4.4)

= = =

The diagonal entries of A are all 02 (the common marginal variance) and every off-diagonal
entry is 0?p (the common covariance), reflecting equal correlation among the four within-

subject occasions. Positive definiteness of A requires —1/3 < p < 1. The determinant and
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inverse, used later for likelihood and posterior derivations, are

det(A) = 0% (1 — p)® (1 + 3p), (4.5)
1+2p —p —p —p
1 — 1+2 — —
—p —p —p  1+2p]

4.2.3 Prior distribution

In Bayesian analysis, priors encode pre-data beliefs about unknown parameters. Follow-
ing Geisser [114] and adopting the CS covariance used in this chapter, we place a weakly

informative (improper) prior on the mean components and CS parameters (u, 02, p):

1
o2 (1=p)(1+3p)’

(@, 0%, p) o 0’ >0, —+<p<l, (4.7)

where g = (uAg, uga) | € R® collects the four occasion-specific means for each sequence.
The factors (1 — p) and (1 + 3p) in the denominator down-weight boundary values of p at
which the CS covariance becomes ill-conditioned or singular. Hence (4.7) acts as a gentle
guard against values of p that would make det(A) close to zero, stabilizing computation
without materially constraining posterior learning in the interior of the parameter space.
Although (4.7) is improper, the resulting posterior is proper under the standard regularity
for the MVN/CS model: o% > 0, —% < p < 1, and a nondegenerate design with adequate
replication. In practice, having at least two subjects per sequence (so N —2 > 0) suffices for

the variance-component posteriors derived later to be well-defined.
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4.2.4 Likelihood function

In Bayesian analysis, the likelihood quantifies how plausible different parameter values are
given the observed data; it is the bridge between the statistical model and empirical evidence
[115]. In our MVN setup with CS, the likelihood depends on the mean vectors (one per
sequence) and the common within-subject covariance A. The determinant |A| reflects overall
dispersion, while A~ weights within-subject deviations; together they control the shape of

the MVN density.

For readability and to match the design of this study, we present the likelihood directly
for four measurement occasions per subject: baseline and post-treatment in each of two

periods. The single-subject MVN density (with the normalizing constant retained) is

f(yij | i, A) = W exp{—%(yij — I.L,L‘>TA_1(Y7;]‘ — p,z)} . (4.8)

For a sample of size n; in sequence i, the likelihood is the product over j:

Li(p;, A) = Hf(yij | ks A)
j=1

B W exp{—% Z(yij - liz‘)TA_l(yij - p,l)} : (4.9)

J=1

Introduce the sequence mean vector and the centered sum of squares and cross-products

(SSCP) matrix

Yyi. = 7”6_@ Z1y” = (?Ji-l, Yi-2, Yi-3, yi-4)T, (4-10)
j:
B; = Z(Yij —yi)(yi; —¥i) " (4.11)
j=1

where y;. summarizes the average four-occasion profile in sequence 7, and B; measures within-
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sequence dispersion around that profile. Using completion of squares,

ng n

Z(Yij — ) A (v — ) = Z [(yij — ¥i) + (i — “’i)}TAil [(yij — ¥i) + (7 — 1)

j=1 Jj=1
= Z(Yij —yi) ANy — Vi) + (Y — ) TATH(T — ),
j=1

(4.12)

since » 7" (yij — ¥i.) = 0 makes the cross-term vanish. The first sum can be written using

the trace identity

ng

Z(Yij —¥:) A Ny —¥i) = tr(AT'By). (4.13)

j=1
Substituting (4.12) and (4.13) into (4.9) yields the sequence-level likelihood in decomposed
form:

Finally, combining the two sequences with N = nag + nga gives the full likelihood

L(I‘l’lvl'l’2>0-27p) = H LZ(IJ’wA)

i€{AB,BA}
1 < TA—-1/= —1
= G A O] E D [ - e TAT - ) (B
ic{AB,BA}

(4.15)
with |A| and A" as in (4.5) and (4.6).

Note here that p, stacks the expected values at the four occasions (baseline/post in each
period) for sequence i; g, is its sample counterpart. The likelihood depends on the data
through the sequence means gy, and the SSCP matrices B;, which neatly separate “between-

mean" and “within-sequence" information. It is also worth mentioning that the determinant
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factor |A|~"/2 shrinks the overall scale as p — 1 or p — —%, signaling near-singularity. The

inverse A~ weights deviations; directions that are more variable under A receive less weight.

4.2.5 Posterior Distribution

Once the prior distribution is specified and the current data are available, they are combined
using Bayes’ theorem to produce the posterior distribution. This posterior distribution rep-
resents an updated understanding of the parameters, reflecting both the prior information
and the observed data. In this context, Bayes’ theorem provides a formal mechanism for
updating prior beliefs about the population mean, variance, and other characteristics of the
distribution based on evidence in the data [115]. In what follows we assume Y represents

the observations of the study.

Combining the likelihood (4.15) and the prior (4.7) gives the joint posterior kernel

for (pa, ptg, 0%, p):

Ty, o, 0%, p | Y) (4.16)

x o N (1 - p) T T (14 3p) exp{—% > [ni(yi — ) TATN (i — ) + tr(ATB)]

i

(4.17)

Integrating (4.17) over (p,, py) yields the marginal posterior for (o2, p):

(0% p|Y) x |A|7W-2/2 i p;(l 5 exp{—% Ztr(AlBi)} (4.18)

x (02) PNV (1 )P (1 4 gy e exp{—% Ztr(A—le’} ‘

(4.19)
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Using (4.6), the trace term expands as

_ 1+2p)S;i—pR; -

tr(A7'B;) = ( , S; = B)u, R;:= B)):s. 4.20
( ) 0_2(1 _ p>(1 + 3p> ;( )tt #ZS( )t ( )
The quantities S; and R; decompose the trace tr(A~'B;) into diagonal (variance) and off-

diagonal (covariance) contributions, respectively, matching the CS structure.

2

Conditional on (02, p), the mean vectors have a multivariate normal posterior:

(s g | 0%, p,Y) o eXp{——Zm i — ) AT “i)}

AN e ,diag<ﬁA LA) . (4.21)

B ’ nmBA
yBaA.

Equivalently, w, | (0%,0,Y) ~ Ny(¥:., A/n;), independently over i. For further simplifica-

tion, reparameterize the CS covariance with the variance components

ol =o*(1+3p), o3 =0o*(1—p). (4.22)
The inverse mapping is 0% = 12302 and p = 022+3 -, with Jacobian
(a2, p) 1
= . 4.23
|- 2
Define
Si + R; 3S; — R;
S8 = Z T S%= Z = (4.24)
Then the exponent term in (4.19) becomes
SS SS
Y u(ATB) = S5+ = (4.25)
, o7 93
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after substituting (4.22) into (4.20). Substituting (4.22) and (4.25) and (4.23) into (4.19)

gives the posterior kernel (up to a constant) in (o3, o3):

N—2 3(N—-2 ]_
7(0% 02 Y)  (02) 07 exp(—551> (o2)" 2 exp(—SSQ) ~ - (4.26)

2 2 2 2
207 203 o1 + 305

The factor 1/(c} + 303) arises from the Jacobian (4.23). If desired, one may work with the
simplified kernel that drops this factor; doing so corresponds to using (0},03%) as primitive

parameters with an induced (improper) prior proportional to the Jacobian.

The analysis may impose the prior constraint p > 0, which is equivalent to requiring the
correlated variance to exceed the independent variance, i.e., 0} > o3. Enforcing this in the

posterior gives

m(of,03|Y)

2 2
2 2 ) 0-1 > 027
m(ot, 05| Y, of > 03) = Ploi > o3| Y) (4.27)
0, otherwise.
To obtain a convenient pivotal ratio, define
— -1 Ze2 — 4.28
¢ 3 O'% SSl’ ¢ 027 ( )
with Jacobian
(o, 03) S5,
J = |——F| = 3 —. 4.29
Faor | = s (4.29)

Substituting (4.28) and (4.29) into the (0%, 03) posterior (from the previous step) yields, up

to a constant,

(1, ¢ | Y) o pH gb_<N;2>_1 exp{—g—i’l <1 + i) } : (4.30)
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Integrating out v gives the marginal density of ¢:

2 1 —2(N-2)
m(p|Y) o o7 2 ! (1+%) : (4.31)

Equivalently, recognizing the standard ratio form,

¢ ~ F3n_2), n-2 (4.32)

The posterior probability of the constraint o7 > o2 can be expressed via ¢. Since

1 88
0l >0 = ¢ > 3 S_Sf’
we obtain the upper-tail F' probability
1 SSQ 1 SS2
P(o? >05|Y) = Pl¢> = = 1—Fyn_9), Nnof| = 4.33
(Jl 0_2‘ ) <¢ 3 SSl> 3(N-2), N 2(3 SSI>7 ( )

where F,, ,,(-) denotes the CDF of the F-distribution with vy, 5 degrees of freedom.

The Kenward—-Jones model (with residual/baseline offset #) can be written in cell-
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mean form as

11 1 1 1 0 O 0 0 O i
12 11 0 1 0 1 0 O 0
H13 1 1 0 0 1 0 1 0 Ty
14 1 1 -1 -1 -1 -1 0 1 T
o1 - 1 -1 1 0 O O 0 O e
429 1 -1 0 1 0 -1 0 0 T
o3 1 -1 0 O 1 0 -1 0 0
[h24 1 -1 -1 -1 -1 1 0 -1 A
) X o ’

In this formulation, each row of the design matrix corresponds to one of the eight cell means
ttij, and each column represents a specific model parameter. This matrix representation is not
only mathematically efficient but also theoretically consistent. It ensures that the relationship
between the cell means and the model parameters is clearly defined, making it possible to
understand how each parameter contributes to the observed outcomes. Each cell mean is
expressed as a specific combination of these parameters, reflecting the logical structure of
the crossover design. For instance, the cell means for the first sequence (AB) are influenced
by the overall mean, the group effect, the period effects, and the treatment effect, while the
means for the second sequence (BA) are adjusted by the opposite signs of the group and
treatment effects, consistent with the reversed sequence. To estimate the model parameters,

define the between-sequence differences at each occasion,

dt = M1t — K2t t:172a3747

so under the model

dy =2y, do=2v+21, d3y=2v+20, dy=2vy—27+2\
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Hence the non-iterative estimators are

. di Y — Yo

Y 9 B ) ( )
dy — d — 1. U1 Uo.1 — Uo.

PR 1 _ Y11 + Y12 + Y21 y22’ (4.35)

2 2

. ds—d — 1. U1 Jo.1 — Uo.

b 32 1 y11+y132+3/21 y23, (4.36)

N dy — 2y + 27 —2Y1. 1. U1. 2U2.1 — Yoo — Y.

o B 27+ T_ y11+y12+y142+ Yo.1 — Y2.2 y24_ (4.37)

These are linear in the eight means and provide a convenient right-inverse on the estimable

subspace, without requiring a full 8 x 8 inverse. Stack the eight cell means as p.,; =

(111, M2, (13, f1d, Ho1, fo2, Moz, fl2s) | and write

d—= (dl,dQ,dg,d4)T = Hecells

D (4x8)
and

A 1000
N 11
T -3 3 0 0
. = L L d = (TD) Heell-
0 _1 1 ~——

2 0 2 0 K (4 x8)

1404
T (4 x 4)

Thus K is a correct linear map from the eight means to (v, 7,0,\)". To find the posterior

distribution of parameters, let ¢ = ﬁ + ﬁ Under compound symmetry A = o%[(1 —

73



p)Li+ p141]] with 0 = 62(1 — p), we have

gl
_ _ T
d = (yas. — ¥Ba.) ~ Nu(Ed, qA), | =T4d
0
A
Hence, conditional on (02, p),
g gl
T T -
o’ pY ~ N |, VI, V=qTAT . (4.38)
0 0
A A
The diagonal entries simplify to
2 2 2 30 o2
Var(y | 0%, p) = 1=, Var(r | o%,p) = L2, Var(0] 0%, p) = T2, Var(r | 0%, p) = 22

with off-diagonals given by V.= ¢T AT, where,

2 3 2
op =0*(1+3p), 05 =0*(1—p), UQ:%‘

To derive the marginal posterior distributions of 7, 6, and A\, we first need the posterior
for 03. Using the (07, 03) reparametrization and the simplified kernel in (4.26) that factorizes

in (02,0%), we obtain

m(o2 | Y) o (02)~2+2 exp (—5—53) . (4.39)

3(N—2)
2

Thus 02 | YV is inverse-gamma with shape a@ = and scale § = % in the convention
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m(0?) o (02)~(@FV exp(—A3/c?), a distribution commonly used for variance parameters in
Bayesian analysis. The exponent —3N/2 + 2 is determined by the data size N, while the
exponential decay term exp <—§TS§> is directly scaled by the sum of squares SS5, which
captures the variability in the observed data. This distribution effectively expresses the

uncertainty about o2 given the data.

Conditional on (02, p), we have (from the Kenward—Jones contrasts; see (4.38))

702 Y ~ N7, 1), 0]odY ~ N, “Z), AodY ~ N, 272). (440)
Having established the posterior distribution of o2, the next objective is to derive

the marginal posterior distributions of 7, @ and A. This is achieved by integrating o3 out
of the joint posterior distribution of these parameters in (4.38), ensuring that the resulting
distributions fully account for the uncertainty in 2. The process begins by expressing the
joint distribution of each parameter with o3 and then performing the integration. As we see
below, the resulting posterior distributions are the familiar “shifted-and-scaled Student-¢"
posteriors with v = 2a = 3(N — 2) degrees of freedom, obtained by mixing the normal
conditionals (4.40) with the inverse-gamma for o3 in (4.39). Each density is centered at
its posterior mean (7, 0, 5\), the scale reflects both sampling variability (through ¢) and the
uncertainty in o3 (through SS; and «). As N grows, v = 3(N —2) increases and the posteriors
become increasingly concentrated. For 7, this integration produces the following marginal

posterior distribution:

3N-5

(r]Y) o [552%(7—%)2}_ £

, (4.41)

which is a shifted and scaled t-distribution, centered around the posterior mean 7, i.e.,

Y ~ ty<%, g%>
(0%
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with v = 2a = 3(N — 2) degrees of freedom. The quadratic term (7 — 7)? reflects how
the probability density decreases as 7 deviates from its posterior mean. The scaling term
SS? + %(T — 7)% ensures that the distribution properly accounts for the variability in the
data. The marginal posterior distribution of # is obtained in a similar way:

3N-5

2 Aol 2 A SS
T(0Y) o |:SSQ + —(0 — 9)2] or 0|Y ~ t, (9, g : —2> : (4.42)

q «
This distribution shares the same structure, with the central value set at é, the posterior
mean of #. The quadratic term ensures that the posterior is concentrated around this mean,
while the scaling term adjusts the variability according to the sum of squares SS; and the

data. For X\ the marginal posterior is defined as:

3N-5

TAIY) o |89, + 3—2q()\ A2 o AV~ (x, 2. %) L (43)

These results demonstrate that the marginal posterior distributions of 7, #, and A
are shifted and scaled t-distributions. This form directly results from integrating out o2,
accounting for its uncertainty. Each distribution is centered at its posterior mean (7, é, 5\),
with the scaling terms S.5; + %(parameter — paam\eter)2 reflecting the data variability. The
degrees of freedom —w determine the shape, becoming sharper with larger datasets. In
Grieve’s work [116], two initial models, My and M, were introduced, allowing for the esti-
mation of the treatment effect 7. Subsequently, Grieve expanded this approach by proposing

four models, labeled My, My, Mya, and My [96]. These models provide a broader framework

for estimating treatment effects under varying assumptions. They are defined as follows:
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Table 4.2: Conditional posterior distributions in model M; : N(a, Bma?)

Model Parameter Posterior Mean (o) Posterior Scaling (5)
M, : 7,0, A\(unrestricted) T 7 %

6 0 1

A A g
My, 7,A (0 =0) T 72 3

A A6 1
My 71,0 (A=0) T %—% %

n_ A

7 0—3 :

My:7(0=0,A=0) T F—3 !

Table 2 provides a summary of the conditional posterior distributions for the param-

eters of interest across the four models: My, My, Miy and M.

M, is the most general model, where both 6 and A\ are freely estimated, capturing
any potential interaction between treatments and any carryover effects from one period to

the next.

My, is a restricted model where # = 0, assuming no interaction effect between treat-

ments, but still allowing A to account for potential carryover effects.

M5 is another restricted model where A = 0, eliminating any carryover effects, but

allowing # to account for potential interaction effects.

My is the most constrained model, assuming both 6 = 0 and A = 0, effectively treating

the treatment effect 7 as independent of any interaction or carryover influences.

By systematically applying these models, the analysis can explore how different as-
sumptions about # and A affect the estimation of 7. The conditional posterior distributions

of 7 under each model are derived directly using the multivariate normal structure of (11):
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In Mi,, where 6 = 0, the posterior distribution of 7 is given by:

0 3qo3
n(rl0 = 0,0%,03,Y) ~ N7 - 5, =22) (4.44)
In M5, where A = 0, the conditional posterior of 7 is:
2 2 . A qU%
m(r|A=0,07,05,Y) ~ N (7 — 5,?) (4.45)

These conditional posterior distributions illustrate how the estimation of 7 is directly in-
fluenced by the assumptions about 8 and . To further refine the analysis of the model
parameters, the focus shifts to deriving the marginal posterior distributions of o5 under each
of the specified models. This step is essential because the marginal distribution of o3 directly
influences the conditional posterior distributions of the treatment effect 7, the interaction
effect 6, and the carryover effect . The approach begins with the posterior distribution of o2
derived in (12), which is an inverse-gamma-like distribution characterized by its dependence

on SS,, the sum of squares, and the model-specific parameters.

Starting from the general form in (12), the marginal posterior distribution of o3 is
adjusted for each model, reflecting the influence of the model-specific assumptions about 6

and \.

For M, where 8 = 0, the posterior distribution is given by:

58, +26%/q

R{o31Y, M) ox (03) V24502 exp(— 222
2

)
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For M5, where A = 0, the marginal distribution becomes:

58, +2)%/(39)

R(OIY, Miz) o (03) 78/ exp(— 22202
2

)

In My, where both § =0 and A = 0, the distribution is further simplified:

88+ 302/q — 207 /q + A2 /q

Rlo31Y, Mo) o (o)1 exp 32
2

)

These expressions represent scaled inverse-gamma distributions, where the shape and scale
parameters are influenced by the model-specific terms 6 and \. These terms directly cap-
ture the impact of the interaction and carryover effects on the variance component 3. The
exponent —3N/2 + k/2 reflects the degrees of freedom adjusted for the model complexity,
while the scale parameter in the exponent incorporates the sum of squares S5, adjusted by

model-specific terms.

Having established the marginal posterior distributions of o3 for each model, the next
step is to derive the marginal posterior distributions of 7, § and A by integrating out o3. For

7 under M1, this integration leads to:

20> 8 0 s
m(7]Y, Myy) o [SSy + — + 3—q( — 7+ 5)?]-% (4.47)
Under M5, the posterior of 7 is adjusted as follows:
2)2 8 A _
(7Y, M) < [SSo+ — + = (T — T+ —)2]_3NT4 (4.48)
3¢ ¢ 2
For M,, the most restricted model, the posterior becomes:
302 20M A2 8 0 _
R(7[Y Mo) ox [58: 4+ - = T+;+a<7—%+5>2] 5 (4.49)

The analysis extends to the posterior distributions of A and . For A under M1, the posterior
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distribution is:

20> 1 © Apw._aN—4
T(A]Y, Myy) o< [SS, + v + 5()\ — A+ 6% 72 (4.50)

For 6 under M, , the distribution is expressed as:

222 3 A2 anes

These posterior distributions comprehensively describe the uncertainty surrounding the model
parameters, conditioned on the data and model assumptions. Each distribution is shaped
by the sum of squares 5SS, scaled by model-specific adjustments involving 6 and ), with

quadratic terms reflecting deviations from posterior means.

3 = M2: No constraints
1o K - M11:6=0
k ee M12:A=0

M0:0=0,A=0
—-=-T1=0

0.8

064

Density

0.4

02

0.0

0
Treatment Effect ()

Figure 4.1: Posterior Distribution of Treatment Effect (1) under four models, each imposing
different constraints on the carryover (#) and interaction () effects

Figure 4.1 displays the posterior distributions of the treatment effect 7 under four
models, each imposing different constraints on the carryover (#) and interaction () effects.
Peaks closer to zero with narrower spreads (like in My and Mj,) suggest higher certainty
around a null or small effect. The curve labels directly indicate which model each distribution

corresponds to.
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Table 4.3: Summary statistics for ADAS-Cog data

Parameter Description Estimate

A Sequence effect 0.051765

T Treatment effect -0.059074

0 Period effect -1.236044

A Carryover effect -0.327132
S5, Between-sequence variation 9157.411232
S5y Within-sequence variation — 1199.005485

The summary statistics obtained from the ADAS-Cog data, as reported in Table
4.3, include estimates of the ~, treatment effect 7, period effect 8, carryover effect \ , and
the associated sums of squares SS; and SS;. These values form the basis for evaluating
the posterior distributions of the treatment effect under the various candidate models, as
presented in the results that follow.

Table 4.4: Posterior Probability of Positive Treatment Effect Under Each Model

Model P(r >0]|Y,M)

M, 0.470059
My, 0.792143
Mo 0.605225
My 0.604232

In this setting, we are confronted with the challenge of selecting the most appropriate
model for making inference about the treatment effect 7. Table 4.4 displays the posterior
probabilities that 7 > 0 under four competing models, each differing in whether they con-
strain the carryover effect # and interaction term A. The probabilities range from 0.47 under
the fully unconstrained model M; to 0.79 under model M, where 8 = 0. These differences
highlight the sensitivity of inference to modeling assumptions. Specifically, when fewer re-
strictions are imposed, as in Ms, the uncertainty about nuisance parameters leads to more
conservative conclusions about treatment efficacy. In contrast, constrained models such as
My, suggest stronger evidence for a positive treatment effect. This variation underscores the

importance of model selection and the potential value of approaches that account for model
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uncertainty, such as Bayesian model averaging, to avoid misleading or overly optimistic con-

clusions.

4.2.6 Bayes Factors

In this section, it is demonstrated that posterior inferences in two-period crossover studies
with two baselines are highly sensitive to the choice of model, particularly when assessing the
presence of a carryover effect. Traditional approaches, such as Grizzle’s method [6], rely on
preliminary hypothesis testing, which has been shown to result in inflated Type I error rates
and to overlook model uncertainty by treating the selected model as definitively correct.
To overcome these limitations, the use of Bayes factors is proposed as a more robust and
probabilistic framework for model comparison, avoiding the need for pre-testing and enabling
a more nuanced evaluation of competing models. The concept of the Bayes factor was first
introduced by Harold Jeffreys [117]. The Bayes factor provides a quantitative measure of
the evidence supporting one statistical model over another [118]. It is formally defined as

the ratio of the marginal likelihoods of the data under two competing models:

P(Data\Mo)

BFy = —— %
o' P(Datal|M;)

The Bayes factor is a key component of Bayesian hypothesis testing [119],[120]. Unlike
frequentist approaches, which rely on p-values to make decisions about rejecting hypothe-
ses, Bayesian hypothesis testing uses Bayes factors as the basis for decision-making [121].
Typically, this involves setting lower and upper thresholds to guide interpretation. A Bayes
factor exceeding the upper threshold is considered strong evidence in favor of the alternative
hypothesis, while a value below the lower threshold supports the null hypothesis. Values
falling between these boundaries indicate that the evidence is inconclusive [122]. To aid

interpretation, researchers often use heuristic classification schemes for Bayes factors, one of
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which is presented in Table 1 [123].

Table 4.5: Interpretation of Bayes factors in support of My (i.e., BFpy)

Bayes factor Evidence category

> 100 Extreme evidence for M,
30—100 Very strong evidence for M,
10—30 Strong evidence for M,
3—10 Moderate evidence for M,
1-3 Anecdotal evidence for M,
1 No evidence

1/3—-1 Anecdotal evidence for M;
1/10—-1/3 Moderate evidence for M;
1/30—1/10 Strong evidence for M,
1/100—1/30 Very strong evidence for M,
< 1/100 Extreme evidence for M,

The choice of prior distributions plays a crucial role in Bayesian model comparison,
particularly in the calculation of Bayes factors. A known challenge arises when improper pri-
ors are used, because Bayes factor computation requires a proper prior, and often a different
functional form than what is used for estimating posterior distributions. Spiegelhalter and
Smith [124] addressed this issue by introducing an approach based on invariance arguments.
Their method focuses on the comparison of two nested linear models with Gaussian error

structure, denoted My C M;, where the models are formulated as

Y ~ N(Algz, O'ZIN)

with Y representing the observed data, A; the design matrices, #; the parameter vectors, and
o? the unknown variance.

To compute the Bayes factor comparing M, against M7, Spiegelhalter and Smith [124] express
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it as
_ ffp(y | A079070-2]n) 71—(0070-2 | A()) d00d02
; ffp(Y | A1791702In) 71—(9170'2 | Al) d91d02

B

Under their formulation, the joint prior on the model parameters (6;, %), conditional on

model structure A;, takes the form of a normal-inverse-X? distribution:
m(0;, 02 | A;) = ¢;(2m) P2 (o)~ pi/2HD) (4.52)

where ¢; is a constant (not integrated out in the improper case) and p; is the number of
parameters under model A;. Using this setup, the Bayes factor comparing a reduced model
M, to a more complex model M; is derived as:

1/2 —N/2
Co |A1TA1| (pl—po)F
By =— | ———— 14+ — 4.53
o C1 (|A0TA0’ * N —p ( )

where F'is the standard F-statistic for comparing nested models. However, this expression
depends on the unknown ratio £, rendering the Bayes factor indeterminate without addi-
tional assumptions.

To resolve this, Spiegelhalter and Smith introduced the use of an imaginary training sample
[125]. This hypothetical dataset is chosen to represent the minimal sample size sufficient to
estimate parameters under both models and maximize support for the simpler model M,.
Under these conditions, the F-statistic reduces to zero, and the ratio of constants simplifies

as:

G (|]531T1531|>_1/2
c1 |Eg Eq

In contrast, Grieve [116] proposed a more pragmatic solution in the context of two-period
crossover trials, where two variance components are of interest: between-patient and within-
patient variances. Instead of redefining the prior structure to satisfy Bayes factor require-

ments, Grieve retained standard improper priors and acknowledged that the prior for the
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variance parameters takes the form of

(o1, 03) o (0703) ™"
where 07 = 0?[1 + (k — 1)p] and 03 = 0*(1 — p). Grieve [96] noted that while such a prior
is incompatible with the Bayes factor derivation that requires a proper prior, the practical
impact is often negligible, affecting the degrees of freedom in the posterior distributions only
marginally. Therefore, his analysis favored analytical tractability and adopted the improper

prior structure for posterior derivation, without aiming to compute Bayes factors directly.

The key distinction between the two approaches lies in their treatment of prior speci-
fication and the trade-offs involved. Spiegelhalter and Smith [124] proposed a method based
on proper priors tailored for model comparison via Bayes factors. Their approach involves
careful calibration, such as the introduction of an imaginary training sample, to resolve inde-
terminacies caused by improper priors. While theoretically sound and well-suited for formal
model selection, this method introduces added complexity to the posterior analysis and shifts

the effective degrees of freedom.

In this analysis, we adopt the approach used by Grieve [96], which employs standard
improper priors for the variance components. This choice simplifies the derivation of pos-
terior distributions and avoids the computational overhead of training sample calibration.
Although the use of improper priors precludes a formal Bayes factor comparison, the prac-
tical impact is minimal, typically resulting in only a small change in the degrees of freedom
used in posterior distributions. This reflects a deliberate trade-off: by prioritizing analytical
simplicity and interpretability, we accept a modest theoretical limitation in exchange for

more direct inference on treatment effects.

In Bayesian analysis of two-period crossover trials with repeated measures, model
comparison relies on the marginal likelihood, which is obtained by integrating the likelihood

function over the prior distribution of the model’s parameters. Each model encodes specific
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assumptions, such as the presence or absence of treatment or period effects, and is evalu-
ated using Bayes factors, which quantify the relative evidence in favor of one model while
accounting for both fit and complexity.

The general expression for the marginal likelihood of the saturated model M, which imposes

no constraints and allows full flexibility in estimating all treatment-period mean parameters,

P(Y | M,) = byw, T (g) (%)wﬂ r (N(kz_ D) (552) e (4.54)

1s:

This assumption is encoded In this formulation:

N is the number of subjects,

k is the number of repeated measures per subject are the between-subject and within-

subject sums of squares,

5SS, and S, are the between-subject and within-subject sums of squares,

bs ans wy are constants depending on the model’s prior and design structure.

To illustrate this in the specific case of a two-treatment, two-period crossover design,
consider g = 2 treatment sequences and k = 4 repeated measures per subject. This leads to
a total of 8 treatment-period mean parameters. Substituting ¢ = 2, £ = 4 into the general

formula yields the saturated model likelihood:

P(Y | My) = byws T (g) (%) T <%> (%) o (4.55)

This saturated model serves as a reference point for comparison with more structured models.
One such structured model, denoted M;;, imposes the assumption of no period effect.

This assumption is encoded through a contrast vector that defines a linear constraint on the
treatment-period means. Specifically, the constraint % (_1 01010 —1 0) n=0.

To account for repeated measurements and group structure, the design matrix is built using
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11
nAB’ NBA

a Kronecker product D = diag( )®1,. Under this constraint, the marginal likelihood

for model M;; becomes:

9\ —3N/2
NY /SSi\ V23NN [2\"? [SS2+ 5-

Here, 0 represents the estimated period effect (which is being constrained to zero in this
model), and ¢ is a known scalar derived from the contrast vector and the design. The
term involving 0 reflects the residual deviation from the hypothesized constraint; it effec-
tively penalizes the likelihood if the observed data strongly contradict the no-period-effect
assumption.

From (27) and (28), the Bayes factor comparing M;; (the model without period effect) to

the saturated model M, is given by:

P(Y | M) wiy (2\? 292 \
Biio— - 1271 T2 1 4.57
WETPY M) T ws \g * ¢SS5 (457)

To evaluate the strength of evidence in favor of the reduced model M, which assumes no
period effect, the Bayes factor By; o is used to compare it against the saturated model M,.
As shown earlier, the general form of this Bayes factor includes an undefined constant ratio
WWf? which arises from integration over improper priors. To resolve this, the approach pro-
posed by Spiegelhalter and Smith is applied, wherein the constant is calibrated by assuming
a minimal hypothetical dataset that just allows estimation under both models.

Specifically, under the smallest possible sample size, assuming that the constrained hypoth-
esis is true (i.e., = 0), the Bayes factor should equal 1, since the reduced model and the

saturated model are equally plausible in the absence of any evidence favoring the more com-

plex model. Applying this condition yields the following calibrated constant ratio (See [116]

U)H_ 3 %
Wa N 2 ’

for more details).



Substituting this into the original expression leads to the fully specified Bayes factor:

N —3N/2
3\ /2 26?2
Byio= | — 1 4.58
2 <2Q) ( * q- SSQ) ( )

This formulation allows the Bayes factor to be computed directly from the observed data

without requiring evaluation of arbitrary constants, and appropriately penalizes lack of fit
to the no-period-effect hypothesis.

Similarly, a second reduced model M5 is introduced based on a different linear contrast:

1

5(—2 1012 —10 —1)u:0

which may correspond to an alternative hypothesis, such as the absence of a carryover effect,
depending on the parameterization of the means. Applying the same calibration principle

and derivation as before, the Bayes factor comparing Mis to My is:

. —3N/2
3\"? 232
Bioo = | — 1 4.59
12,2 <2q) ( + 3q552> ( )

where \ is the estimated contrast associated with the hypothesis in Mi5. Following the

derivation of Bayes factors for models with individual constraints, attention is now turned
to the most restrictive model in the analysis, denoted M;. This model assumes that both
the period effect (6) and the carryover effect (\) are absent. In contrast to the previous
models M;; and M5, where either the period or the carryover effect was removed, the null
model M, imposes both constraints simultaneously. This additional structure allows for the
assessment of whether a fully simplified model provides a sufficiently good explanation of

the data, or whether one or both of these effects are necessary.

To formally define model M, two linear contrast vectors are applied to the full vector

of treatment-period means p = (p11, 12, - - - ,u24)T. These contrast vectors are designed to
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eliminate the period and carryover effects, respectively, and are given by:
1 1
5(—101010—10), 5(—21012—10—1)

These contrasts simultaneously eliminate both the period and carryover effects, resulting in

the constraint:
1(/-1 0101 0 -1 0 0

-2 1012 -1 0 -1 0

Through this formulation, the effects of period and carryover are constrained to be zero,
thereby reducing the model’s complexity. To evaluate how well this restricted model explains
the data relative to the saturated model M,, a Bayes factor is computed. The Bayes factor

comparing My to M is denoted by By and is expressed as:

3 ( sfr—opi+ i\
Bp=—11 4.60
02 2 ( + 4SS, > (4.60)

In this expression, 5SSy denotes the within-subject sum of squares, and 0 and ) are the least
squares estimates of the period and carryover effects, respectively. The quadratic form in
the numerator quantifies the combined deviation from the null hypotheses # = 0 and A = 0.
The multiplicative constant 2—3;1 arises from the calibration procedure based on the imaginary

training sample, ensuring that undefined prior constants are removed.

Having derived closed-form expressions for the Bayes factors comparing each of the
reduced models My;, Mis, and M, against the saturated model M, it becomes possible to
compare these reduced models directly. Rather than evaluating each pairwise comparison
from scratch, a more elegant and computationally efficient route is available through the
transitive property of Bayes factors.

This property follows directly from the definition of the Bayes factor between any two models
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M; and M;, expressed as:
PO | Y) B(M,)
P(M; | Y) P(M;)

and likewise, the Bayes factor comparing M; and M, is

5., - PM; | Y) P(My)
T P(M | Y) P(M;)

Multiplying the two expressions gives

P(M; | Y)P(M;)P(M; | Y) P(My)

Pl = B0, | v) P(M) P(M, | V) B(M,)

which simplifies by cancellation to

P(M; | V) P(My)
P(Mj | Y) P(M;)

BijBj, = = B

This derivation formally demonstrates that Bayes factors are transitive: the factor comparing
M; to M, can be obtained by multiplying the Bayes factor comparing M; to M; with that
comparing M; to Mj. This identity holds regardless of prior model probabilities; however,
under the commonly assumed condition of equal priors, the prior terms cancel and the
expression reduces to a pure ratio of posterior probabilities.

This property, along with the reciprocal identity

BUZB..

v

enables indirect computation of Bayes factors between any pair of reduced models, provided
each has been compared to a common model such as M;. Using this framework, and the
previously derived expressions for Biia, Bias and By,, direct Bayes factor comparisons
between the reduced models can now be computed.

The Bayes factor comparing model M, (with the period effect excluded) to model M (with
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the carryover effect excluded) is:

S8 +232/39)\
Bian = 2 A (4.61)
SSy +20%/q

This expression allows the strength of evidence in favor of one effect over the other to
be assessed. Specifically, if this quantity exceeds one, it suggests that the data favor the
presence of a carryover effect over a period effect, whereas a value less than one supports the
opposite. The quantities A2 and 62 are the squared estimates of the carryover and period
effects, respectively, and the constants ¢ and S.S; denote the scaling term from the covariance
structure and the within-subject sum of squares.

Next, the Bayes factor comparing the null model My, which excludes both the period and

carryover effects, to model M, which excludes only the period effect, is given by:

1/2 72 23\ 12 —3N/2
Boy — (i) SSy+360%/q —207\/q+ N /q (4.62)
’ 2q SSy +262%/q

This form captures the evidence for removing the carryover effect from a model that has
already excluded the period effect. The numerator includes a full quadratic combination of
both § and 5\, which accounts for their joint variation and potential correlation. The square
root prefactor arises from the prior normalizing constants when moving from one model
dimension to another.

Likewise, the Bayes factor comparing the null model M, to model M;,, which excludes only

the carryover effect, is given by:

3\? (88, +36%/q— 293/q +22/q "
Bo12 = (—> ( ) (4.63)

2q S, +2X2/3q

This comparison examines the additional impact of removing the period effect from a model
that already omits carryover. The numerator is identical to that in the previous expression,

reflecting the shared structure of the null model, while the denominator now reflects the
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specific contribution of the carryover term alone.

After deriving explicit expressions for the Bayes factors comparing each reduced model
to the saturated model M, the next natural step is to determine the posterior probabil-
ity of each model given the observed data. These probabilities provide an interpretable,
probability-based summary of which model is best supported, taking into account both the
fit to data and any prior beliefs about the models.

Let us denote the four competing models as My, M;1, M7, and M, where M, is the saturated
model that includes all effects. Each Bayes factor B;, compares a model M; to this reference
model M;. To compute the posterior model probabilities, one must also consider the prior

odds of each model relative to My, which are denoted by:

According to the definition of a Bayes factor, this relationship holds:

P(M;|Y)
Bigkijpg = ——— 2
282 = p(ML[Y)
Explicitly, for the three reduced models:
P(M,|Y)
B — 0
02802 = BOLIY)
P(My|Y)
B — 7/
12ML2 = BOLY)
P(Mi5]Y)
B = — = 7
122M122 = ALY

Since these posterior probabilities must sum to one across all four models, the posterior for
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the saturated model M, can be written as:

1
1 + Boakoz + Bii2k112 + Bi2akie

IP)(]\42|Y) =

Using this as a normalization constant, the remaining posterior probabilities follow directly:

Bi1ak112
P(M1Y) = : :
(MuY) 1+ Bozkoz + Biiaki12 + Bizaki2:2
Bia k122
P(M,|Y) = : :
( 12| ) 1 + BOQKJOQ —+ BH,QlilLQ + 312,2'%12,2
B
P(Mo|Y) =

1 + Bogkoz + Biigki12 + Biaaki2:2

This approach transforms the relative support provided by the Bayes factors into full pos-
terior probabilities that sum to one, making it easier to compare all models simultaneously
rather than pairwise. The use of the saturated model M, as the common reference ensures
consistency across all comparisons.

To carry out these calculations, one must specify either the prior odds ratios x;jor the indi-
vidual prior model probabilities P(M;). If no strong prior belief favors any one model over

the others, a common choice is to assign equal prior probabilities, so that:

P(Mo) = P(Mn) = P(M2) = P(M2) = 0.25

which implies:

Ro2 = R11,2 = R122 = 1

This assumption reflects prior indifference, which means each model is considered equally

plausible before observing the data. Under this assumption, the posterior expressions sim-

plify:
1

P(M,|Y)=
(Mz [ Y) 1+ Boa + Bii2 + Biag
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B02

P(My | Y) =
(Mz |Y) 1+ Boa + Bii2 + Biag
B2
P(M, |Y) = ’
(M | Y) 1+ Boa + Bi12 + Biag
B
PO, | V) = 12,2

14 By + Bi12 + Bi2o

If the analyst instead has reason to believe one model is more plausible apriori, these prior
weights can be adjusted accordingly. In Grieve’s original framework, it was suggested that
assuming indifference among models, using equal prior probabilities, is a reasonable starting
point. In that case, the prior odds become one, and the model comparison is driven purely
by the data through the Bayes factors.

By converting Bayes factors into posterior probabilities, a more intuitive and interpretable
summary of model support is obtained. Rather than comparing models two at a time, this
approach produces a complete probabilistic assessment over all models simultaneously. As a
result, one can assess not only which model is most supported, but also how uncertain that
preference is, based on how the posterior mass is distributed across the model space. This
final step completes the Bayesian model selection framework for the two-period crossover

design under consideration.

Bayesian model selection was applied to the ADAS-Cog dataset to compare four com-
peting models: the saturated model M, the null model M, and two reduced models M;; and
M5, which exclude the period and carryover effects, respectively. To evaluate the relative
support for each model, Bayes factors were calculated based on the observed data. These
results are summarized in Table 4.6: While M, showed the highest support among the
reduced models, particularly when compared to M;q, the differences in Bayes factors across
models were modest. According to commonly accepted interpretation guidelines, these val-
ues do not indicate strong or decisive evidence in favor of any single model.
Correspondingly, the posterior model probabilities under the assumption of equal prior

weights are calculated and presented in Table 4.7: Each model was initially assigned equal
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Table 4.6: Bayes factors comparing models

Bayes Factor Value

By o 1.027
Bias 3.602
By 2.708
Bis 11 3.507
By 2.637
B2 0.752

Table 4.7: Posterior model probabilities for ADAS-Cog data

Model Posterior Probability

P(M, | Y) 0.120
P(M;, | Y) 0.123
P(Mi, | Y) 0.432
P(M, | Y) 0.325

prior probability, reflecting an unbiased stance regarding model structure. However, the re-
sulting posterior model probabilities were relatively close, indicating no single model received
overwhelming support. As such, it was not possible to confidently select one model over the
others, and a model-averaging approach was adopted to incorporate this uncertainty into
the inference for the treatment effect.

To this end, using Tables 4.4 and 4.7 and the total law of probability, the unconditional
posterior probability of a positive treatment effect is computed by averaging over all four

models, weighted by their respective posterior model probabilities:

P(r>0]Y)=P(r>0]Y, My)P(M, | Y)
+P(r>0]Y, M)P(My | Y)
+P(r>0]Y, Mp)P(Ms | V)
+P(r>01]Y, Mo)P(M, | Y)

= 0.6117
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This result suggests moderate support for a beneficial treatment effect, with the strength
of evidence tempered by the presence of model uncertainty. Unlike traditional single-model
approaches, this Bayesian strategy yields an inference that reflects both parameter-level and

model-level uncertainty, offering a more robust and transparent conclusion.

4.3 Conclusion

Combining the full Bayesian formulation with a numerical application to ADAS-Cog scores
from 41 participants, we examined the posterior distributions of the treatment effect 7 under
four competing models that differ in their assumptions about the carryover effect A and
the period/baseline offset 6. Closed-form posteriors were obtained under each model, and
the resulting densities were plotted to assess how structural assumptions shape inference.
The probabilities P(7 > 0 | Y, M) varied substantially across models, from 0.47 under the
saturated model Ms to 0.79 under the reduced model Mj; (which sets § = 0), illustrating how
constraining nuisance parameters can amplify or attenuate apparent evidence for a treatment

effect.

To account for uncertainty about the correct model, we compared models using Bayes
factors and derived posterior model probabilities. Although My (which sets A = 0, i.e.,
no carryover) achieved the largest posterior probability (0.432), the remaining models also
retained non-negligible support, with none clearly dominating. Given equal prior model
weights and this relatively diffuse posterior support, we adopted Bayesian model averaging
rather than selecting a single structure. The resulting unconditional probability P(7 >
0 | Y) = 0.6117 indicates moderate evidence of a beneficial treatment effect while fully
incorporating model uncertainty. Taken together, these results emphasize that conclusions
about 7 depend on assumptions about 6 and A, and they highlight the value of a Bayesian

framework for robust, interpretable inference in crossover trials.
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Chapter 5

Discussion and Conclusion

Summary. This chapter discusses the results of the study and presents the main
conclusions drawn from the analyses. The findings from the classical, bootstrap, and
Bayesian methods are interpreted together to provide a clearer understanding of the
potential effects of transcranial alternating current stimulation (tACS) combined with
cognitive exercise on cognitive performance in individuals with dementia. By consid-
ering these different analytical approaches, the chapter highlights how each method

contributes to understanding the treatment effect and the uncertainty in the results.

The chapter also discusses the limitations of the study, including the relatively small
sample size, the possible presence of carryover effects in the crossover design, and the
limitations of using ADAS-Cog as a global measure of cognitive function. Finally, pos-
sible directions for future research are presented, emphasizing the importance of larger
studies, more detailed cognitive assessments, and improved analytical approaches to fur-

ther explore the potential role of neuromodulation interventions in dementia research.
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5.1 Discussion

This study examined the effects of tACS combined with cognitive exercise within a ran-
domized 2 x 2 crossover framework. Rather than aiming to establish definitive evidence of
efficacy, the analytical strategy was designed to explore how different inferential perspec-
tives characterize treatment effects and uncertainty in a setting where sample size, outcome
variability, and model complexity impose inherent limitations on statistical inference. The
discussion therefore focuses on interpreting the findings within these constraints rather than

reiterating the numerical results presented earlier.

A central consideration in interpreting the present findings is the extent to which sta-
tistical inference depends on the assumptions underlying the analytical models. In crossover
trials, conclusions about treatment effects are closely linked to assumptions regarding pe-
riod effects, carryover effects, and potential interaction structures. When sample sizes are
relatively small, as is often the case in dementia research, even modest deviations from these
assumptions can influence the resulting estimates and the interpretation of treatment effects.
The analyses conducted in this thesis demonstrate that uncertainty regarding model struc-
ture should not be viewed merely as a technical issue, but rather as an integral component

of statistical inference that must be acknowledged when interpreting results.

The use of multiple analytical frameworks further illustrates how different statistical
approaches emphasize distinct inferential goals. Classical methods primarily focus on hy-
pothesis testing under fixed model assumptions and provide a familiar but often conservative
framework for evaluating treatment effects. Resampling-based approaches, such as the boot-
strap, shift attention toward the stability and variability of estimates under repeated sam-
pling, offering insight into uncertainty that may not be fully captured by parametric models.
Bayesian methods, in contrast, represent uncertainty explicitly through probability distribu-
tions and enable direct probabilistic statements about treatment effects while accounting for

model uncertainty. When considered together, these approaches provide complementary per-
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spectives that contribute to a more comprehensive understanding of the evidence contained

in the data.

Importantly, the presence of uncertainty across analytical frameworks should not
be interpreted as methodological inconsistency or analytical weakness. Rather, it reflects
the inherent difficulty of detecting small or heterogeneous treatment effects in cognitively
impaired populations over relatively short intervention periods. Cognitive outcomes such
as those evaluated in this study are influenced by numerous biological, behavioral, and
contextual factors, many of which cannot be fully controlled or observed within clinical trials.
In this context, the absence of clear or consistent statistical evidence is itself informative and

highlights the need for cautious interpretation of treatment effects.

From a methodological perspective, this work demonstrates the value of explicitly
acknowledging uncertainty rather than attempting to minimize it through reliance on a
single inferential framework. By examining the data through classical, resampling-based,
and Bayesian approaches, the analysis provides a transparent representation of the range
of conclusions supported by the observed data. Such an approach is particularly useful
in exploratory or early-stage clinical studies, where the objective is often to inform future

research rather than to establish definitive evidence of treatment efficacy.

From a clinical standpoint, the findings also illustrate the challenges associated with
evaluating non-pharmacological interventions for dementia within constrained study designs.
While crossover trials provide practical and ethical advantages by allowing each participant
to serve as their own control, short-term designs may have limited ability to capture delayed,
cumulative, or subgroup-specific effects. Consequently, modest or uncertain findings should
be interpreted as indications that further investigation is warranted rather than as definitive

evidence regarding the clinical effectiveness of the intervention.

Overall, these considerations highlight the importance of aligning analytical strategies

with the practical realities of clinical research in vulnerable populations. In small crossover

99



trials, uncertainty should be treated not as an obstacle to interpretation but as an essen-
tial feature that must be explicitly modeled and communicated when evaluating treatment

effects.

The following section summarizes the key findings of the study and synthesizes the
conclusions that can be drawn from the classical, bootstrap, and Bayesian analyses presented

in this thesis.

5.2 Conclusions

This thesis investigated the potential cognitive effects of tACS combined with cognitive ex-
ercise in individuals with dementia using a randomized two-period, two-treatment (2 x 2)
crossover design. Participants received both real and sham stimulation across two study pe-
riods, allowing each participant to serve as their own control and thereby reducing between-
subject variability. Cognitive outcomes were evaluated using the Alzheimer’s Disease As-
sessment Scale—Cognitive Subscale (ADAS-Cog), a widely used measure of global cognitive

performance in dementia research.

To evaluate the intervention comprehensively, three complementary analytical frame-
works were applied. Classical statistical approaches, including ANOVA- and ANCOVA-based
models as well as non-parametric procedures, were first used to estimate treatment effects and
test hypotheses under standard modeling assumptions. A nonparametric bootstrap analysis
was then conducted to assess the stability of the treatment estimates under repeated resam-
pling and to reduce reliance on strict parametric assumptions given the modest sample size.
Finally, Bayesian model comparison techniques were implemented to provide probabilistic
statements about treatment benefit and to evaluate the relative support for competing model

structures that incorporate treatment, period, and carryover effects.

Across these analytical frameworks, the findings present a mixed but informative
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picture of the potential effect of t ACS on ADAS-Cog performance. Classical analyses did not
provide statistically significant evidence of a difference between real and sham stimulation.
Even after adjusting for baseline cognitive scores to reduce between-subject variability, the
estimated treatment effect remained small and statistically non-significant. Non-parametric

tests produced similar conclusions, indicating no clear improvement associated with real

tACS.

The bootstrap analysis supported these results by showing that the treatment esti-
mate remained centered near the observed statistic across repeated resampled datasets. The
resulting bootstrap inference suggested that the data did not strongly contradict the null
hypothesis of no treatment effect, indicating that the lack of statistical significance observed

in classical analyses was unlikely to be solely attributable to model assumptions.

In contrast, the Bayesian analysis provided a slightly different perspective by allowing
uncertainty to be expressed probabilistically and by formally accounting for model uncer-
tainty. When competing model structures were compared and averaged, the unconditional
posterior probability of a beneficial treatment effect was estimated as P(7 > 0 | Y') = 0.6117.
While this probability does not constitute strong evidence of efficacy, it suggests moderate
support for a potential improvement associated with real tACS that was less apparent in the

classical and bootstrap analyses.

Taken together, these results suggest that any potential cognitive benefit of tACS on
global ADAS-Cog performance is likely modest and not consistently detectable across all
inferential approaches. Classical and bootstrap analyses point toward negligible treatment
differences, whereas the Bayesian framework indicates moderate but inconclusive evidence
in favor of improvement. These mixed findings highlight both the complexity of analyzing
small crossover trials and the challenges associated with detecting subtle cognitive effects in

dementia populations.
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5.3 Limitations

Several limitations should be considered when interpreting the findings of this study. First,
although the crossover design provides strong control over between-subject variability and
improves statistical efficiency, the overall sample size remained modest. With 41 participants
completing assessments across two periods, the study may have been underpowered to detect
small or heterogeneous treatment effects, which are common in dementia interventions. This
limited statistical power likely contributed to the mixed results observed across the classical

and bootstrap analyses.

Second, while the washout interval between treatment periods ranged from several
weeks to as long as two months, which is generally considered sufficient to reduce residual
stimulation effects, the possibility of subtle or individual-specific carryover effects cannot be
entirely excluded. Even minimal residual influences, if present, could reduce the observable
differences between real and sham periods and contribute to increased variability in treatment

estimates.

Third, although the ADAS-Cog is widely used and clinically meaningful, it represents
a broad global measure of cognitive functioning and may not fully capture short-term or
domain-specific changes associated with tACS combined with cognitive training. It is there-
fore possible that the intervention affected specific cognitive processes that were not fully
reflected in the overall ADAS-Cog score. Future studies incorporating additional domain-
specific cognitive measures may provide a more comprehensive assessment of potential treat-

ment effects.

Finally, the present analysis did not explicitly account for factors such as daily fluctua-
tions in cognitive performance, fatigue, attention, or participant engagement during cognitive
training sessions. These factors can introduce additional variability in dementia populations

and may mask subtle treatment-related changes that could otherwise be detectable under
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more controlled conditions.

5.4 Future Research Directions

Future research should consider incorporating additional sources of information that may
influence cognitive performance but were not explicitly modeled in the present study. Fac-
tors such as fatigue, sleep quality, daily functioning, medication timing, and participant
engagement may introduce meaningful variability in dementia populations. Collecting and
integrating such measures into future analyses could improve the interpretation of cognitive
outcomes and help distinguish treatment-related changes from normal day-to-day fluctua-

tions.

Another important direction involves the development of adaptive or individualized
stimulation strategies. Differences in neural characteristics and cognitive profiles among
participants may influence responsiveness to tACS. Approaches that incorporate baseline
EEG characteristics or individualized cognitive assessments could help tailor stimulation
parameters, such as frequency or phase, to the neural dynamics of each participant. The use
of machine learning or data-driven modeling techniques may further support the development
of personalized stimulation protocols and provide insight into why certain individuals respond

more strongly to neuromodulation interventions.

From an analytical perspective, future work may benefit from applying more flexible
statistical frameworks that better accommodate the complexity of crossover designs and small
clinical samples. Hierarchical Bayesian models, individualized treatment-response modeling,
and joint modeling approaches that combine behavioral and neurophysiological data repre-
sent promising avenues. These approaches may allow for improved estimation of treatment
effects, more effective modeling of inter-individual variability, and deeper understanding of

the mechanisms underlying potential cognitive changes associated with neuromodulation
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interventions.

5.5 Final Remarks

This thesis investigated the potential cognitive effects of tACS combined with cognitive
exercise using a randomized two-period crossover design. The analysis incorporated classical
statistical methods, bootstrap resampling, and Bayesian modeling in order to examine the
robustness of the findings across multiple inferential frameworks. While the classical and
resampling approaches did not demonstrate a clear improvement in ADAS-Cog performance,
the Bayesian analysis provided moderate probabilistic support for a beneficial treatment

effect.

These findings reflect both the inherent variability present in dementia research and
the methodological challenges associated with detecting subtle cognitive changes in relatively
small clinical samples. Although the results do not provide definitive evidence of treatment
efficacy, they highlight the importance of using complementary analytical approaches when

evaluating complex clinical data.

Beyond the specific findings related to tACS, this work contributes methodologically
by demonstrating how classical, resampling-based, and Bayesian perspectives can be in-
tegrated to provide a more comprehensive interpretation of treatment effects in crossover
trials. Such an approach may be particularly valuable in early-stage clinical research, where

uncertainty is unavoidable and careful interpretation of evidence is essential.

Overall, the study provides insight into the potential role of neuromodulation inter-
ventions in dementia research while emphasizing the need for continued investigation using

larger samples, refined outcome measures, and advanced analytical strategies.
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