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1V

Abstract

A laboratory test was made on a one-fourth scale sÍmply-

supported, reinforced concrete grillage bridge having a skew angle

of 30 degrees. The model structure was chosen to accormnodate a Z-Lane

capacity and was designed for H20 - 516 highway truck loading. The

design was based on the elastic theory but the structure was analyzed

for collapse strength by the yíeld hinge theory. In this particular

tesË iË r,ras assumed that the critical conditíon prevailed; that ís,

four equal- wheel loads applied at the same.tíme to the four míddle

node poinËs. The predicted ultimate wheel- load was obtained by using

the method of upper and lower bounds.

The purposes of the test \^rere:

(í) To determine the ultímate capacíty of the skew

(ii )

grillage bridge;

To observe conditions aË the ultimate load - in

particular, how the concrete cracked and was

crushed and to measure the maximum deflection

and

The resul

lower bound for

when Ëhe reinforcing first yielded.

E of the test showed that the method of upper bound

predicting the ultimate capacity is valid.
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CHÄP]ER I

INTRODUCTION AND REVIE!

f.i Introduc tion

The development of modern highways for present day traffic has

required the desígn of skew bridges Ëo accomrodate greater speed and

heavy truck loads. Reinforced and prestressed concreËe slabs are of

particular importance for bridges as they will accommodate heavy Ëruck

loads and are suitable for short span. ilowever, it is uneconomical to

build a full scale structure for Ëesting and study in the laboraËory.

The use of small-scale models has been developed(f) ao produce valid

results under most circumstances, although some fácËors omitted in the

design of the model may cause a difference beËween Ëested and calculated

results

The analysis of most of Ëhe previous work was based on working

stress. This method of analysis neglects many importanË facËors which

if considered can result in substantial savings in bridge design. In

addition many simplífying assumptions have been made in order Ëo devel-op

the design method. The utilization of the strength of mild steel was

limiËed to a fraction of the proportional limít, and the reserve strength

above the yield point also neglecËed. This is why Ëhe elastic Ëheory is

considered to be conservative in design. On the other hand, the plastic

theory utilizes the reserve strength and deformation of mild steel above

the point of first yielding. It is applicable to borh steel and reinforced

concrete strucËures. The calculation simply involves the work dissipated



in the hinge or mechanism being equal- to the external work done, or the

Ioss of potential enerry. And the anaLysis involves an equílibrium

check (work equatíon) and check on yield crÍtereon C ¡'r(Mp ). It is

relatively simpl-e, easy to understand, and particularly applicable for

rnÍld steel. For these reasons thís method of cal-cuLation is wídeLy used

in developed countries.

Because of the scarcity of reports of prevíous work in the case

of grillage bridges it was decided to confine the study to an open gríllage.

The treaËment of open grillage bridges is similar to thaË whích would be

used for buildings designed as open frame

L.2 Reviêw of El-astic and Plastic Theories

ïn 1938, Hetenyi(") ,r,aooduced a method of calculating grí1lage

beams subjected to a concentrated load. Cecilia VÍttoria erig"tti(b)

attempted Ëo apply Macusrs method of handling dífference equaËion to skew

sl-abs with uniformLy distributed load during the same year. However, his

fundamental equations proved to be in error later. Anzetio"(") solved

a 45-degree skew slab having a uniformly distributed load and simply

supported on tr¡io opposite sides by differential equations Ín L939, In

Lg4O, Helmut vog¡(d) also analyzed skew slabs subjected to a uniforrnly

distributed load and simply supported at tvro opposiËe edges. J".rr"rr(")

determined the behaviour of skew slabs by means of difference equations

ín 1941. rn Lg47, Jensen and Allen(f) 
"o"tyzed 

skew srab bridges with

curbs of skew angLes of 30-r 45- and 60- degrees by difference equations.



They also tabulated the influence surfaces for moments at various points

of concentrated loads on slabs. Ner^¡mart(g) 
"orr¿ucted 

tests of a sÍmple-

span skew I - beam brídges in 1948. His tests involved: (i) influence

lines tests for strains and deflections ín the beams and strains in the

slab reinforcement and (ii) tests with simulated wheel_ loads with one

and Ëwo wheel loads at various points on the srab. rn 1950, Gossard G)
performed a:test on highway skew slab bridges wíth curbs. The skew

angles were 45- and 60- degrees. The purposes of his tests lrere (i) to

compare the actual behaviour of the bridges in both the uncracked and

cracked states with the behaviour predicted by the theory of isotropíc
slabs, and (ii) to observe conditions at and near the ultímate loads.

The results hTere summarized and discussed in his paper.

rn 1951 and 1952 Heyman(i'j) described a merhod of limir desÍgn

of transversel-y loaded square grids by using the assumptions of prastie
theory as applied Ëo sËeel structures. t"tori""(k) (1956) applied the yield
line theory to investigate the minimum transverse strength of slab bridges.
T'he result showed that the use of an ultimate load analysis and a consis-

tent factor of safety may lead to very great reductions in the transverse
strength required for solid slab bridges. R"yr,old(1) (Lg57) emproye.d rhe

yield line method to anaLyze the strength of right angle prestressed con-

crete slab bridges with edge beams. His analysis gave resulÈs which were

in good agreement with experimental results.' rn the same year ney'old(m)
also applied plastic theory to prestressed concrete grillage bridges both
in right angle and skew bridges. The ultimate load for each model was in

iltiì,
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excess of the predicted ultimaËe load, for a number of reasons, which

were díscussed in his paper. ch"n(t) (1957) using difference equation

analyzed the momenËs in simply supporËed skew I-beam bridges and tabul-ated

the influence coefficients for momenËs in beams, slabs and deflections of

beams, rn Lg62, Ro""(o) and Jone(P) """h discussed the ultimate strength

of skew slabs in text books on concrete structures. L"rr"do"rr(9) (Lg64)

developed and explaíned the effect of plasLíc torsion in reinforced con-

crete beams and the meLhod of combíned yield lines and yield hinges for

composite strucËures. Yih(r) Gg67) conducted.a model test of reinforced

concrete skew slab and beam brídges under ultimate loads at the University

of Manitoba. And somsak T. 
(") (1968) also conducted test of right angle

reinforced concrete slab bridge decks under ultimate loads at Ëhe same

university. The analysis in each case was based on the combination of

yield-line theory and yield hinge theory.

1.3 9bject of rfre Tesr:

The method of yield hinge Ëheory was used in thís sËudy to analyze

a skew grillage bridge. The model was simpl-y supported at the two opposite

sides"and was loaded by four wheel loads simultaneously applied to the four

middle node points (assumed critical loadíng). It was designed to accom-

modate two lanes of Ëraffic using a reduced H2O - 516 highway loading. The

model considered was one-fourth scale skew grillage bridge with a skevr

angle of 30 degrees.

.,1|:',1

.::

The principal objecË of the test was to compare the behaviour of



Æ
l:+ìL::r ...'' '- '

:i

-!he one-quarter scale model with that predicted by the yield hinge

In particular, the maximum load carrying capacity and deflections

vrere observed, and the load-deformation characteristics obtained.

theory.

at failure
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CHAPTER II

DESIGN OF A SKEI^I GRILLAGE BRIDGE

2.L General Considerations

A protoËype considered here !üas a simply supported skew gril-

Iage bridge having a skew angle of 30 degrees. It was designed Ëo accom-

modate two lanes of traffic ¡,rith H20 - 516 truck loading. The prototype

had a span length and roadway width of 30 feet and 24 f.eet respectiveLy.

The structure $ias designed to carry the maximum bending momenË for the

specific points of the wheel loads on Ëhe main beams. There are many

posiLions within the lane that the wheel l-oads can be applied. rn gen-

eral very nearly the maximum bending moment is produced when the Ëwo rear

axle loads are applied symetrically about Ëhe middle of the 
"Orn 

f"rr[|f.?)

In this study it was assumed thaÈ two vehicles passed at Ëhe middle of

Ëhe span I-ength and the t\¡7o rear axle loads for each vehicle were applied

aË the node points. This is noË quíte true in practice buË in Ëhe case

of grillage beams it is impossible to apply the wheeL loads at other

points than the node points or points along the main beams.

2.2 D_escriptiglL of rhe Sk_ew Grillage Brid-ge

The 30- degree skew grillage bridge structure chosen in this
study had a span length of 30 feet in the direction of the roadway and

had a road width of 24 feet. rt was designed for the Ëwo rane highway

traffic and was composed of four main longitudinal beams placed in the

direction of the roadway with a spacing of I feet centre-Ëo-centre.



All longiËudinal beams were of equal size, L6 inches wide by 32 inches

deep and were enclosed by tlto supporting beams (end transversals) of the

same síze. Another tI.7o Ëransversal beams 14 inches wide by 28 Ínches

deep were located at the third points, aË l0 feet centre-Ëo-centre. The

model was construcËed to one-fourth of the prototype dimensions. For a

detailed descripËion, see the model diagram in Figure 1_.

SECT]ON 1.1

L

¿^

O\'

94.00,1

3 . 75"*F 23 .7 5" -+ , 23 .7 5,,
76.QOrl

Bt

Btt

uz

LONGTT1IDINAL BEAI'Í

SUPPORTING BEAM

TRANSVERSAL BEAM

4r x Blt

4ilx8Û

3 .5" x 7'r

MODEL DIAGRA.}Í :FÏGURN
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2 a Scale Relations

It ís uneconomical and unnecessary to build a prototype for

testing, in many cases. A scale model is generally used in the laboratory

for greater convenience. For this study ít rÂras considered that a one-quar-

ter scale model vTould yield valid resulËs which could be applied to the

prototype. The dímensions of the protot)æe, and Ëhe model are shown in

Table 1. The otherwell-knownscale relationships between Ë,he prototype

and the model are shornm in the secËion on NoËation on Page x.

TABLE 1.

Dimensions and Loading of Prototype and Model

De scríption Prototype Mode I

Span length

Roadway width

Longitudinal beam spacing

Transversal beam spacing

Beams Sections Bl

Btt

uz

Truck Load

30r - 0"

24t - 0"

Br _ Ort

l_0r - 0"

L6" x 32"

L6t' x 32"

14" x 28"

24 kips.

7t _ 6rt

6t_0n

Zt_0"

2t. _ 6tt

4rr x Bil

4rr x 8rr

3.5" x 7"

1.5 kips.

l:.ì.ì:
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2.4 Design of lhe Model

In general there are Èvlo ways of arranging the main girders in

the case of a skew crossing:

(i) The main girders can be pl-aced parallel to the direction of the

roadway and not at right angles Ëo the tb,rt*"rrt, Í2) The design

span of the girders is then measured along the same direction.

This method ís economical for shorË span bridges.

(ii)- For wíde skew crossings itis preferable to place the girders

at right angles to the abutments. Thís results in triangular

secË,ion aË each side of the crossing and thus one end of the

girder rests on the abutment and the other end on the parapet

girder. The parapeE girders carry heawy loads, and to increase

their depth it is often desirable to extend them above the road-

!ray. These Ëvro types of skew crossings are shown in Figure 2

and Figure 3 respecËively
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' The transversal beams or diapnr"'gr**"y be placed parallel to

the abutments or perpendicular Ëo the longitudinal beams. Reynoldsrs

. (4,5)
experimentè ' 'revealed that there vras no apparenË difference in the

behaviour of skew bridges with the transverse beams at right angles Ëo

the main beams and the right-angle bridges, although it would appear to

be more effecËive to have Ëransverse beams aË ríghË angles to the maín

beams than to have Ëhem parallel to the abutmenËs (figure 4).

The span length of 30 feet vras considered to be a short span,

Ëherefore case (i) for skew crossings r.ias chosen for this sËudy. The

model was designed using the elasËic theory according to AASHO specific-
(6)

ations and by using the reduced load from the scale relations indicated

in Table l-. The foll-owing assumptions were made

(i) The girders T¡Iere simply supported and subjected to pure bending

onlY;

(ii) No torsional strength existed in the girders;

(iii) The abutmenËs caused no effect on the bending moments of the

girders

(iv) The diaphragms or transversal beams caused no effect on the

bending momenËs of the girders

For simplicity of making the forrm¿ork the L\^ro ouLer girders

were made equal to the inner girders although Ëhey carried less load.'
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2.5 Determinatíon of the Ultimatql,oad for the I'I95þt

The plastic theory and the method of uPPer and l-o\,Ier bounds

were applied to anaLyze the *oael.(4) The ultimate load for Ëhe struc-

Ëure rÀ7as obtaíned by equating the !,Iorkdone by the load, during collapse'

to the work dissipated in the hinges. ie:

€ cp.ó) = € (M.0) =É oç gn * t, or)

Íhe load P wilt be the true collapse load only if the assumed

mode of f,ailure is the correct one. The load obtained by the vírtual

work equation is always greater Ëhan or equal to the Ërue coll-apse load'

In order to obtaín Ëhe lower bound for the collapse load, the sËructure

was Ëhen examined statical-ly under the load P. Four modes of failure

were postulated for the model strucËure. The lowest Pu was found to be

LI.ZO kips, which was found to be associated with a sËatical1-y admissibl-e

system. 
(4) 

The ultiurate load for each mechanism is shown in Figure 5,

and the calculations are shown in Appendix B (?age 55). The analysis

for Ëhe plastic bending moments of the beams were based on Fergusont s

method(7) and torsional moments based on Lansdo*nt".(8) The deËailed

calcu1ations of the bending and torsional moments are shown in Appendix A

(Page 48) and surmnarized in Table 2.
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TABLE

Surrnary of plastic ultimate strengths of beams

Beam Section
Mu

(in.- kips)
Mul

(in. - kips)
Mr

(in. - kips)

z-f s/s't'

stírrup
Ga.wire No.9
@ L.Z't c/c

3-il 3/s,'

L52.65 103.80 24.70

7t,

z-/ z/e,,

stirrup
Ga.wire No.9
G 1.5" c/c

s-f z/a"

131. 20 88. s0 L4.30
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CHAPTER III

SPECTI'ßN AI{D TESTING APPARATIIS

3.1 Model Construction

Two sheets of 3/4tt thick plywood v¡ere laid flat on the laboratory

floor. Ihe side forms of 3/4" plywood were fasËened to the botËom to form

the sides. 'The botËom and sídes were fastened with screr¡t nails and the side

forms were rigidly anchored by the triangul-ar pieces of wood as shov¡n in

Photo 1. The inside surface of the forrm¡ork was shellacked and oiled afËer

construction. The 3/B-inch reinforcing sËeel r{as cut to lengËh and bent

accordingly Ëo ACI Standards for Bending s"t".(9) The stirrups of No. g

gauge wire were bent carefully to the sizes of the cages of the beams by

using a jig.

-t

j

PhoËo 1. Pl¡oood formwork of the model
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as shovTn

in ?hoto

The main reínforcement and stirrups were tied together using sËandard ties.

At the four corner joints the main reinforcement was bent to overlap and

two pieces of 3/B-inch bar were inserted to avoid corner failure. This is

shown in ?hoto 2. At the joint between the longitudinal beams and the cen-

tral transversal beams, tvJo pieces of 3/B-ínch bar were inserted as an ancho-

rage to avoid the joint failure as shown in Photo 3. Four lifting hooks were

placed at the corners as shown in Photo 4. The reinforcing for each beam

was built separaËely and then all formed together Ëo a shape of the model-

?hoto 4. The sËeelwork was then put ínto the formwork as shownIN

5.
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Photo 2. Reinforcement detaíls at the corners.
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Photo 3. Refnforcement deËaíls at the longitudinal
and transversal joints.

I

I

I

I

, :- : .-

Photo
-: ..:a:aa:.a- - : _i_ '

Overall view of the steelwork.
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I

Photo 5. Fittíng of the s'teelwork into Ëhe 'formwork.

3.2 }4aterial ProPer:Eieå

, Reinforcing steel used was of an interrnediate grade, round bars

of average yielding point 66 ksi. The stirrups vTere a mild steel of average

yielding poinË 33 ksi. sËeel properties are shown ín Table 3.

TABLE

Steel Properties

Bar
Mean Diam.

(in. )
Area

(ir,. 2)
Av. Yield
Load (lb. )

Av. Yield
Strength (psi.)

9 Ga. o.L44 0.0163 538 33,000

3/8" þ 0.375 0.1104 7260 66,000
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The concrete placed in Èhe form was mixed by a standard concrete

mixer in the laboratory following the mixing procedure defined by the section,

ttlaboraËory Concrete Mixíng". (10) 
High early strength concrete and aggre-

gate having a maximum size of 3/8-inch was used, and Ëhe concreËe had a

water-cemenË raËio of 0.62. Four 3-ínch by 6-inch ËesË cylínders were

reËained from each batch of conrete. The sËrength determined from the

3-inch by 6-inch cylinders T^ras reduced by 6% to make valid comparision

wíth tests from standard sized test cylinders.(i0) Concrete properties

are listed in Table 4.

TABLE 4

Concrete Properties

Age (Days)
3'r x 6rr Cylinder

Av. Crushing Load (1b.)

Av. Adjusted Compres-

síon Strength - fi(nsi.)

7 33, 700 4474

42 (Testing day) 45,600 6062
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One day after the concreËe \^/as poured the for-rs r¡ere removed

from the sídes, Photo 6. The entire model vras then covered with burlap

and kept wet for 3 days and Ëhen placed inËo position on the testing

frame. The model was supporËed by eight supports, four points under each

of the supporting beam. Three Ë)æes of support r,tere used, they were fíxed

direction, one direction free, and Ëwo direcËions free, as shown separately

in PhoËo 7. Eight dial gauges for deflectíon readings r{ere attached at

Ëhe bottom of Ëhe model by means of steel- angles and magnetic bases. The'

positions of gauges and support arrangements are shown in Figure 6 and

Figure 7 respectively. The aËtachment of deflection gauges are also shown

Photo 6. Overall view of the model after removal of the forms.
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Photo 7. Types of supports

in Photo 8. Four steel angles r"r" 
"l.olped aË the outer faces of the sup-

porting beams by means of C - clamps Èo prevent sl-iding of the model during

Ëesting. The overall view afËer set up of the model on the testing'frame

i s shov¡n in PhoËo 9.

a\$.-
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Photo 8. ' Arrangement of deflection gauges.

I

t,

Photo 9. Overall vierv of the model on the testíng frame
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3.3 Testíng Appa{aËus

The testing frame resembled a portal- frame. IË consisted of

Ëwo vertical steel columns connecËed by Èwo channels on the top. The

bottom of the columns \^7ere connecËed to the base which consisËed of two

sËeel l^Iide Flange beams. T\uo 36-inch beams were l-aid over the base as

the supports for the model. The loading apparatus consisted of a hand

hydraulic pump and two hydraulic jacks. The pump had a capacity of

2000 psi., and Ëhe jacks each had a capacity of 3O,OOO lb. The hydraul-ic

pump rÀ7as connected to the jacks and was calibrated before use. The hy-

draulic pump is shown in Photo 10. and the rel-ation between load and

pressure for the hydraulic jacks is shov¡n in Figurer.S.

I

!,

ì

I

i
l

Photo 10. Hydraulic l-oading apparatus.
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CI{APTER IV

4.L

TEST OF THE MODEL AND REST]LTS

Testing Procedure

In this tesË it vras assumed for the critical condition that the

maximum wheel loads were applied simultaneously at the four middle node

poinËs. The load was Ëransmitted from the two jacks to Ëhe loaded points

by means of three l-beams as shown in Photo 9. (Page 26). The deflection.

gauges had a range of I inch with graduation every 0.001 in. Steel measur-

ing scales used in conjunction with the gauges r¡rere attached to the longi-

tudinal beams for checking the deflection andmeasuring the large deflections

after the yielding of the steel Gee Photo 11). A leveling transit was used

to determine the deflections on the measuring scales. The incremenË of

the load for each point was 300 lbs. Deflection gauge readings were taken

with each increment of the load. The structure lJas loaded to failure with

the mode of failure agreeing with the predicted mode. The deflection gauges

qTere removed after yíetding of the reinforcement.

l

l

rl

I

lr
il

i

r

Þhoto 1l Attachment of meåsuring scales for checking deflections,
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The plastic load observed in this test \.74s L1.10 kips. This

load was mainËained on the structure f.ot L2 hours. After the end of

this period ít was found that the model could resist a load of 12.0

kips. The maximum deflections hTere measured at Ëhe points 1, 2r 3 and

4 (see Figure 6. on Page 25). Further defLection could not be obtained

because of excessive rolling of the supports (see Photo 1"3).

It seems to the writer that the load obtained frour the hy-'

draulic jack applied directly to the structure might be slightly inaccur-

ate. This was due Ëo the fact that the smallest graduation on the hydraulic

pressure gauge was 62.5 psi. An improved method of obtaini-ng a precise

load at each increment would be to apPly the l-oad through proving rings.

In this Ëest the load was transmitted by two hydraulic jacks through two

I-beams. Care should be taken in centering the jacks on-the I-beams other-

wise a difference in loads night occur. The arrangement of supports also

need more thought because the excessive rolling of the supports uright lirnit

the deflection readings.

4.2 Results of the Test.

The ËesË of the model was conducted by the writer and the results

are surrrnarízed as follow:

(f) Hair cracks were first observed at a load of 3.6 kips, at the

middle of ínner longitudinal beams;

(Z) yielding of the main reinforcements occured at the load of 11.10

kips. The load of 11.10 kíps. is surprisingly close to the pre-

dicted load of 11.20 kips. When Ëhose figures are compared they

yierd a ratio of 11'10 = 0.99;
11.20
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(3)

(4)

(s)

(6)

Af ter maintaíning the l-oad at 11.10 kips. f.or L2 hours the writer

increased the load to 12 kips. and this load remained constant

with increased defl-ection;

Increasing the load increased the deflection and finally the con-

crete was crushed at the top of the joint as shown in Photo 12;

The maximum deflections of the 1-ongitudinal beams at the points

L, 21 3 and 4 were 2.63,3.10, 2.95 and 2.70 ínches respectivel-y..

Finally the structure collapsed right across the middle of the

longitudinal beams which was the mode predicted by theory, as

shorvn ín the sketch in Figure 9 and the overall víew after the

collapse in Photos 14 and 15;

Shear cracks developed along the longitudinal beans, see Photo 16;

Few cracks occured along the supporting beams and transversal beaurs;

At the hinge points it was evident that torsional moments developed

as well as the bending moments. This can be seen from the opposite-

ly directed cracking patterns on the two faces of the longitudinal

beams (see sketch in Figure 10 and Photo 17, 18). The bottom vier¡r

of cracking pattern is shown in Photo 19;

Twisting of the longitudinal beams can be readily seen ín Photo

20;

No evidence of failure was observed at the joints;

(i)

(B)

(e)

(10)

(il)
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(L2) The support arrangements rvorked quite satisfactory, as the

support rolled in the longitudinal direction wiËh a slight

side sway (Photo 13);

(13) The load-deflectíon curves for various points were then plotted

as shown in Figures 11, 12 and 13. (Readings are taburated in

Appendix C, page 60).

¡

I

Ph-oto 12. crushing of concreteon the Ëop fibre at the joint.
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Photo 13. Movement of two-directional supporË.

The model structure
(viewed from the

after collapse.
top)

Photo 14.
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?hoto 15. The model structure after collapse.
(viewed from the side)

i

I

I
I
ii

Photo 16. Shear cracks near the supports.
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Photo 1-7. BotËom view of crack paËtern; left side.

Bottom view

,, =<

of crack pattern; right side.



Photo 19. Bottom r,ziew of crack paËtern.

?hoto 20. Twistíng oi tn" Iongitudinal beam.
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CHAPTER V

CONCLUSTONS AND SUGGESTIONS FOR flIRfi{ER RESEARCII

5.1 Conclusions

From the test results it vras shown that the observed mod.e of

collapsed was in agreement with the predicted collapse pattern. Also the

ultimate load obtained by equating the external work done by the load during

col1-apse to the work dissipated in lne hinges, including torsion, r^ras very

close Ëo the predicted value. From the close similarity of both the theoreti-'

cal and observed strength and the mode of failure, it can be concluded that

the test supports the validity of the yíeld hinge approach of analysis,

even where torsion plays a significant part in the collapse.

In facË, there are many meËhods of anaLyzing a grillage system.

In the past decade many investigators publíshed papers concerned with this

matter. Some of the investigators are Jacques H"ynorn,(rl) Irvíng r"au.jf2)

Percy J. P.(13) shaw F.s. (r4) 
and Francois N. Ayer. 

(15) 
These papers are

valuable mathematical tools for the design of such grillage systems, however

most of these ínvestigators concentrated on grillages made of open sËeel

sections, where torsional strength is insígnifícant

The utilization of the torsional strength is of interest in concrete

structures, and in thís sËudy Ëhe torsional strength was taken into account

in the calculations. The pattern of cracks at the hinges which resulted from

the bending and torsion are in fairly good. agreemenË with Cowanrs TesLs. 
(i6)

His tests have shown the pattern of cracks for the ratio of \/ M, = 2 and

2.5. It is apparent that the utilization of torsional strength as in this

investigation is on the safe side and these torsional effects should not be

neglected in skew structures. Photo 2l and Photo 22 illustrate Ëhese pattern

of cracks.
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Photo 2L Cracks at the joint

Cracks at the hinge poínt due to
bending and torsion.

Photo 22
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The test has also demonstrated that the rotation capacities of

Ëhe hinges $rere largely due to ductility of the reinforcing steel, and tt

was clear that the ductility of hinges was adequate for the full failure

mode to develop. The deflections aË various points obtained from this

Ëest T¡rere in good agreement with typical load-deflectíon curves for re-

inforced concrete beams. TesË curves obtained reveal that after cracks

appeared in the concreËe on the tension sÍde Ëhe curve devíaÈed slíghtly

more for the cracked portíon than Ëhe uncracked part, d.ue to a reduction.

in stiffness of Ëhe uncracked section. The deflecËions under two point

loads in a free longitudinal beam should be equal in magnitude, but in

this test there tr{as a slíght difference due Ëo Èhe effects of sker¿. Be-

cause of the asSrrmnetrical restraint'offered by the skew transversals, the

beam defle ctions were affected in t\^ro vJays: (i) a lack of symmetry in the

deflections $ras produced and (ii) the maximum bearn deflection r{as decreased,

when compared to thaË for a simple beam. 
(r7)

5.2 Suggestíons for Further Study

The faílure patËern of the structure obtained from the Ëest ín

this study \¡ras a simple mode of failure as the collapse occured across the

middle of the structure. This type of failure T¡7as induced because of the

effect of the high strength of the inner longitudinal and transversal beams.

It would be of inËerest Ëo study the behaviour for the other modes of failure

of this type of grillage system. This could be done by rnaking the outer

longitudinal beams (or parapeË girders) and the end transversal beams a

great deal stronger than Ëhe inner transversal beams and the diaphragms.
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The structure might collapse under the application of the wheel l-oads r¿ith

the modes of failure as indicated in the possible modes of failure (modes

2, 3 and 4 in Appendix B. Page 55). These modes of failure utilize the

full positive and negative bending strengths of the member as well as tor-

sional strength. The study of the behaviour of the other fail-ure patterns

by applying the wheel loads at other points rather than the middle node

points is necessary in this field of research. The single point wheel load

and double points wheel load applications could yield an intèresting mode

of f ailure as r.7e11.

Further study f,or checking the validity of the yield hinges theory

with the other complicated shapes of reinforced concrete beams would also

be fruitful. The skew reinforced concrete and prestressed concrete griLlages

of I-secËions or Box-sections would also be a useful persuit.

Finally, a Ëopic which requíres a considerable amount of further

study is that of shear in grillage systems. The effect of large shear loads

on the yíelding hinges ís of parËicula. i*pott"n"", especially in strucËures

having short members and supporting heavy loads, as often encountered in

bridges
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APPENDIX A

CALCI]LATION OF I]LTIMAIE BENDING STRENGTHS AND TORSIONAL STRENGTHS IN

BEAMS.

Calculqtion of ?ositive Bending Strengths

+
2-ø3lB"As'
Ga. wire No. 9

As = 0 .01-63

= 0.22 ír'.2
G f .2 in. cle

in. 2

3-0 3/8"4s' ,=0.33 ír^.2

4"

Btt

fy

fl
c

kl

Es

fs

66 ksi

6.062 ksi

0 .75 (1503ACr)

29 x LO3 ksi

f.ya s sume

CalculaËion of c

0.33 x 66

21 .8

L5.45c2 - 3. Bc

=0.85x6.062xO.75x4

+- 87 çc - 0.50) o .22
c

= 15. 45c - 1.133 + 19.13

9.57 = 0

= 0.92t'

x c -0.85 x 6.062 x O.22

- 9.57
c

c
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l-o.go,.t
0.50"tr

îl
I o. Bsr¿

a =oJffi.I-

ft
s

OK

c *0.92"
-t_=F =0.345,,
.50" \ -
-_--rC=0.69"

e'r
Cr

7.43 -0.50 7.43 -0.345
= 6.93" = 7.085'l

T = Asfy

d = B -0.57
= 7.43"

I

I

I

Taking moments of internal forces about

Conc. 0.85 x 6.062 x 4 x 0.75 x 0.92 x

the tensile steel.

7.085 = 100 ki.þs

-Aå

+Aå

0.85x6.062x0.22x6.93

39.7 x O.22 x 6.93

- 7.85

60 .5

L52.65 in. - kipsMu

2-ç 3/B"Asr = o.2z

Ga. wire No. 9 G 1.5

As = 0.0163 ír..2

.2]-n.

in. c/c

= 0.33 ín.2

ârvS

3-þ3l8"4s
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CalculaËion of c.

0.33 x 66

66 ksi.

6.062 ksi.

0.7s (1so3Acr)

29 x 103 ksi.

fy

6.43 -0 .50
= 5.93"

assume

fy

fr

kt

E
ù

fs

L3.5c2 -

2L.8 =

3.8c - 9.57 =

cl
s

0.003

0.85 x 6.062x 0.75 x 3.5 x c - 0.85 x 6.062 x 0.22

L ç -7'î(c-o.so)0.22
13.5c - I.133 + 19.3 -

0

0 .996''

B7 (0.ee6 - 0.50)
0.996

= ß.3<66 oK

d = 7.0-0.57
= 6.43,,

6.43 -0 .374
= 6.056'l

.50r
o . Bsf¿

a=C .75x0.996

= o.747"



Taking moments of internal forces

Conc. 0.85 x 6.062 x 3.5 x0.747

3 0.85 x 6.062 x 0.22x 5.93

+Aå 43.3 x 0.22 x 5.93

5t

about the

x 6.056

Ëensile steel.

= 81.5

= - 6.7

= 56.4

= I3I.2

l_n.. kÍps.

in. - kips.

ll

tt

Mu

Calculation of Negative Bending Strengths

z-$ z/s" ,
As =0.22 ín7
Ga.rvire No.9
@ L.2 in. c/c
As =0. OL63 Ln?

_-l_
d-

0.705"

f.y

frc
T

Asfy

a

Mur

s-fi z¡a,,
As I =O .33 ín(

66 ksi.

6.062 ',

c

0.B5xfrxaxb
c

0.22 x 66

0.85 x 6.062 x

0.705"

As fy (j d)

Asfv(d - 9)
2

0.22 x 66 (7 .50

f03. B in.

-0.352)

kips.

eÐev

o. oo:0. 8sfå

Mur
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z-þ z/a,, ,
As =0.22 ín7

Ga.v¡ire No. 9

G f .5 Ln.c /c
As = 0.0163

T

Asfy

é

Mur

Ca lculation gf_Togsional Strengths .

õ

0.85xfrxaxb
c

0.22 x 66

0.85 x 6.062 x 3.5

0 .805'r

Asfy (j d)

0.22 x 66 (6.50 -0.402)

BB.5 in. - kips.

3/8" Ast

wire No.9

33 ksi.

?
].n.

Mu

h,1;*l-

2-ú

Ga.

fy=

=0.22 ín.2

G 1.2 in. c/c

s-fi z /a,'
fy=66

As =0.33 in.
ksi.

s-þ t/a,, ,As' =0.33 ínÍ
o.8sfå 0.003

7.3L"
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66FyL

Fyt

bl

dr

A cage

448 Lblin

2.356x23.4x448
1_000

2.356 A cage. n min (Lansdown(8))

33

3.2

7.3L

3.2 x 7 .3L

23.4

2 (b' + d')

2 (3.2 + 7.3L)

2 x 10.51

ksi.

ksi.

in.

in.

.2]-n.

l_n.

in. c/c

2L.O2

L.2

5 x 0.11 xFy"

c
n.\, 66 .000

2L.02

1725 lb/rn.

0.0163 x 33,000
L.2

448 lbl in

24.7 in - kíps.

*t

Rmin =

Mt

Fv!
p
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S-;:i:,È

tt2-9 3/8" Asr =9.22 in."
Ga. wire No. 9 G l-.5 in. c/c
fY = 33 ksi.

FyL

Fyt

br

dr

A cage

R min = 358 lblin.

= 2.356 x 17 x 358m

s-þ s/a" As =0.33

fY = 66 ksi.
66 ksi.

33 ksi.

2.7 in.

6 .31 in.

2.7 x 6.3L

.2Ll ].n.

2 (b, + d')

2 (2.7 + 6.3L)

2 x 9.0L = 18 in.

L.5 in. c/c

5 x0_.11 x 66,000
18

20L5

0.0163 x

Lb/in.

33.000

3s8

r.5
lblin.

.2
l_n.

c

p

FvL= "?\

= -Ey.!
p

Rt

tT
L4.3 in. - kips.



APPENDIX B

CA].CULATTON OF TIIE ULT]}IATE LOAD FOR. THE MODEL

MODE - I. Btt

= 0 coScf

= 0.866 0

= 0 sínd

= 0.50 0

I
Msr

Mtr

h cosd

h, cos o[

0 x cos 30o

0 x sin 30o

300

152.65 in.

24.7

44.æ x {ã
2'

38 .6011

29.75 x ,fi
2

= 25.75'l

= 38.6e

= 6 /za.oo

= 25.75 6

38 .60

- kips

il

ó

e

51

0,

23.75"

Item No. g Ms tt MO nMO

1 B o. 866 * Å /Ze .OO L52.65 3.42ó B x 3.426

2 (t o.so x 5/za.øo ?_4.7 0.32õ B xO32 6

É nMO = 8.x 3.745
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4Px

w-
E

4P.61

2s.7s 6

wo

8 x 3.745

B.x 3.74 6

8x3.74x38.60
4 x 25.75

K
11.20 (1-owest)

L52-.65 ' in. - kips .

131 .20 ',

24.7 '
L4-3 '

3 /zg .ts

6 /zz.ts

0, tan 30o

0.577 e 
2

0, / cos 30o

1.153 e2

38.60

Pu

\

\
Mt

h
ot

az

ort

23.75" 23.75"

&
t4

o
\a

,tt
^tuqsv

6 
13.75"

oz orz

ntt = C rtan 
6
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ïtem No. e \ \ ME nl'10

t 4 6 /zg .zs t52.65 5.ßb 4 x 5.L35

2 4 6 /zz.ts L3L.20 s.s2â 4 x 5.52â

3 4 0.s77 6 / zg .t s 24.7 o.48 6 4 xo.+a å

4 4 0.s77 3 /zs.ts L4.3 o .347 6 4 xo.3h7 6

5 4 1.1s3 "ó/zg.ls 24.7 O ,g5B 6 4 x0.958 cj

6 4 r.153 "ó/zs.ts 24.7 L.2o 6 4 x l.2Oó

ánue = 4x13.646

Pu

.'. Pu Ei4
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MODE 3

Msr

Msr

\z
\
M^T

ot

n

It

il

il

L52.65 in.

103 " B0

131. 20

24"7'

L4"3

b /zg.ts

6tz:.ts
g-tan gOo

2

0.577 g 
2

02lcos 30o

1.153e2

kips "

9.75'l

oz

ort
_&

o-
\o

,tl
^o/o\,

0Tl = e.xar:a-

0,rz

4 x L5.69 6.
4xä

15 .6 9K

Pu

29.75"

5

23.75" 23.75"

ïËem No 0 % Mt ME nMO

1_ 4 â /zg.ts L52.65 s.13 á 4 x 5.ß5
2 4 b /zs.ts L3L.20 s.s2b 4 x 5.s2b

3 4 b /zg.ts 1_03 .80 3.4s 6 4 x 3.49 ô

4 4 0.577 b /zz .ts t4.3 0.347 b 4 x0347 ô

5 4 1.1s3 b /ZZ .ZS 24.7 1.20 ó 4xL.zO6

ÉlMe = 4xL5.696

Pu
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MODE 4.

M¡i

%'
75" v"82

Msz

152.65 in. - kips

L03.80

13L " 20

88.50

24.7

L4.3

6t zg .ts

ó /zz.ts

É tl'10 = 4 x L7.866

ll

tt

Mrl

Mtz

ot

ez

Pu

Pu

4 x L7.86 ó-;3-
t7

l7 . 86^'

29.75"

29.75"

23.75'l 23.75" 23.75"

Item No. 0 MB h MO nMe

I 4 6 /zg .ts L52.65 s. r:ó 4 x 5.f:ó

2 4 6 /zs .ts 13t.20 s.sz6 4 x 5.52ó

3 4 ó /zg .ts 103 . B0 3.4sô 4 x 3.4s6

4 4 ö /zs.ts 88.50 3.72õ 4 x 3.72ó



APPENDIX C

TABLES OF LOAD-DEFTBCTION RNADTNGS

Gauge readings at points 1-, 2, 3 and 4.

No. Load
(lb )

L

2

3

4

5

6

7

B

9

10

1L

L2

13

L4

15

Gauge
No. 1

0

300

600

900

L200

1 500

LB00

2100

2¿r00

2700

3000

3300

360d

3900

4200

Diff.

L72

L73

L74

L79

184

189

L96

203

2L7

228

246

258

273

286

301

á (in. )

0

001

002

007

oL2

0L7

024

031

045

056

074

086

l_01

Lt4
L29

Gauge
No. 2

0

.001

.002

.007

.0L2

.oL7

.024

.031_

.045

.056

.074

.086

.101_

.LL4

.L29

Diff.

L783

L784

l-785

L793

1_801

rB07

1816

LB25

l_843

t_B5s

LB14

1_890

191_ I
L929

L943

6 (in.l

0

001_

002

010

018

024

033

042

062

072

091

1-07

L28

L46

L60

Gauge
No.3

0

.001

.002

.010

.OIB

.024

.033

.042

.060

.072

.091

. r_07

.L28

.L46

.1-60

Diff.

086

OBB

091

097

106

113

L23

t34
L52

L65

l_85

200

218

234

252

ó (in. )

0

002

005

01l-

020

027

037

048

066

079

099

LL4

L32

148

L66

0

.002

.005

.011

.020

.027

.037

.048

.066

.079

.099

.LL4

,L32

.L4B

.L66

Gauge
No.4

Di ff.

3BB

389

391

396

403

409

4L6

424

439

450

468

48r-

496

509

525

á (in.)

0

001

003

008

015

02L

028

036

051

062

080

093

r0B

L2L

L37

0

..001

.003

.008

.015

.02L

.028

.o36

.051

,062

.080

.093

.10B

,LzL

"L37

Rmks.

Jc Haír

Cracks

first
observed

o\o



Gauge readíngs

No. Load
(lb )

at points 1-, 2, 3 and 4. (Continued)

16

L7

18

19

20

2L

22

23

24

25

26

27

28

29

30

3l
32

33

34

35

36

37

3B

4500

4800

5 100

5400

5700

6000

6 300

6600

6 900

7 200

7500

7800

8 100

8400

8700

9000

9 300

9600

9900

10200

r0500

10800

t1100

Gauge
No. 1

Diff.

3t4
325

337

349

361

372

384

395

406

4L9

430

443

455

465

478

4BB

499

523

545

570

604

á (itr.

L42

153

165

L77

189

200

2L2

223

234

247

258

27L

283

293

306

3t6

327

351

373

398

432

Gauge
No. 2

.io,

.153

.165

.t77

.189

.200

.2L2

.223

.234

.247

.258

.27L

,283

.293

.306

. 316

.327

.351

,373

.398

Díff

I 960

L975

L992

2007

2025

2040

2057

207 2

20BB

2L06

2L23

2L5B

2L73

2L9B

22L5

2233

2266

2303

2343

2453

2538

ó (in. )

L77

t92
209

224

242

257

274

289

305

323

340

375

390

4L5

432

450

483

520

560

670

,:t

Gauge
No. 3

,L77

.t92

.209

.224

.242

.257

.274

.289

.305

.323

.340

.375

.390

.4L5

.432

.450

.483

.520

.560

.670

.755

Díff

268

285

300

316

332

347

364

378

394

4L2

428

45L

468

483

504

520

540

5Bl

618

66L

á(in. )

182

L99

2L4

230

246

26L

278

292

308

326

342

365

382

397

4r8

434

454

495

532

575

u:'

Gauge
No.4

.182

.L99

.2L4

.230

.246

.26L

"278
.292

.3OB

.326

.342

.36s

.382

.397

.418

.434

.454

.495

.532

.s75

,643

Diff.

537

550

562

573

585

596

607

6rB

628

64L

651_

664

676

686

697

708

72L

748

773

800

á (in. )

L4s

L62

L74

rB5

L97

208

2L9

230

240

253

263

276

288

298

309

320

333

360

385

4L2

476

Rmks.

.L49

.L62

,L74

.185

.L97

.208

.219

.230

.240

.253

.263

.276

.2BB

.298

.309

.320

.333

.360

.385

.4L2

':'u

t'-tc Yie ld-
Íng of
the re-
fnforce-
ment.

o\
H



*.Å

Rmks.

Hair

cracks

first
bserved

(ín. )áDiff.

0

.002

.004

.009

.017

.022

.030

.039

.053

.064

. OBI.

.095

. tll

.L27

.L28

.L43

. t_56

.170

.185

o\
¡9

Gauge
No. B

0

002

004

009

0L7

022

030

039

053

064

0Bl

095

111

t27

L28

L43

L56

l_70

18s

á (in. )

105

L07

r09

114

L22

L27

r35

L44

158

L69

l86

200

2L6

232

233

Diff.

0

.00 2

.004

.009

.018

.024

.031

.040

.057

.06 9

.086

.100

. r15

.130

.L46

.L6L

.L76

. r90

.203

Gauge
No. 7

0

002

004

009

018

024

031

040

057

069

086

r00

115

130

L46

1_6 I
L76

190

203

á (i". )

L25

L27

L29

L34

L43

L49

L56

L65

LB2

L94

zLL

225

240

255

27L

286

301

315

328

6, 7 and B.

Diff.

0

.002

.004

.009

.017

.023

.030

.040

.056

.0.66

.083

.097

.111

.L27

.L40

.L52

.L66

.180

.L93

Gauge
No.6

0

002

004

009

017

023

030

040

056

066

083

097

1_ 11

L27

L40

L52

L66

180

r-93

á (i". )

Gauge readings at Points

31_ I
313

315

320

328

334

34L

351

367

377

394

408

422

438

45L

463

477

49L

504

,2-48

26L

275

290

Diff.

0

.001

.003

.009

.019

.02L

.029

.038

.054

.065

.083

.096

.111

.L24

.L40

.L54

.168

.t83

.L96

Gauge
No. 5

0

001

003

009

019

02L

029

038

0s4

065

083

096

11L

t24
140

L54

168

183

L96

Load
(rb. )

016

0L7

019

025

035

037

045

054

070

081

099

tL2
L27

140

l_56

t_70

r_84

L99

2L2

0

300

600

900

L200

1500

1800

2r00

2400

2700

3000

3300

36 00"

3900

4200

4500

4800

5100

5400

5700

No.

I
2

3

4

5

6

7

B

9

10

t1

L2

t3

t4
l5
16

L7

18

19

20



readings

No. Load
(lb. )

at

2L

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

points 5, 6, 7 and B. (Continued)

6000

6 300

6600

6 900

7200

7500

7800

8100

8400

8700

9000

9300

9600

9900

10200

10500

10800

11r_00

Gauge
No.5

Diff.

228

240

255

269

28Z

299

31_3

331

347

360

376

390

405

434

462

497

,:o

ó (in. )

2L2

224

239

253

266

283

297

315

3 31-

344

360

374

389

4LB

446

48l-

534

.2L2

.224

.239

.253

"266
,283

.297

" 
315

.331

.344

.360

.374

" 
389

.41-B

.446

.48l-

.r:o

Gauge
No.6

Di ff.

5L9

532

s47

559

573

589

602

622

637

649

670

682

696

726

754

789

84B

á(in. )

208

22L

236

248

262

278

29L

3LL

326

338

359

37L

385

4L5

443

478

t:,

Gauge
No. 7

.208

"221
.236

"248
.262

.278

"29L
.311

"32.6

.338

"359
.37L

.385

"4L5
.443

.478

Diff.

343

356

37L

384

398

4L4

428

450

465

479

498

5L1

527

56L

593

630

683

ó 1in.

2LB

23L

246

259

273

289

303

325

340

354

373

386

402

436

468

505

':'

Gauge
No. B

.2LB

.23L

.246

.259

.273

.289

.303

.325

"340

"354
.373

.386

.402

.436

.468

.505

':rt

Di ff.

305

318

334

347

360

376

39L

410

t+26

440

t+56

470

486

5L9

552

587

636

5(in.,

200

213

229

242

255

27L

286

295

321

335

351

365

3Bl-

4t4
447

482

531

Rmks.

.200

.2L3

"229
.242

,255

"27L
.286

"295

"32L
,335

.35L

.365

" 
381

"4L4
,447

.482

':"

;'(r? YieId-
ing of
the re-
ínforce-
ment.

Or
(¡'
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Load-Defl-ectíon Readings by TransiË Leveling

(After yieLding of the reinforcement)
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