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Abstract

This thesis has two parts. The first part deals with some questions in amenabil-
ity. We show that for a Banach algebra A with a bounded approximate identity,
the amenability of A®A, the amenability of A®A® and the amenability of A are
equivalent. Also if A is a closed ideal in a commutative Banach algebra B, then the
(weak) amenability of A®B implies the (weak) amenability of A.

Finally, we show that if the Banach algebra A is amenable through multiplication
7, then A is also amenable through any multiplication p such that ||p — 7|| < .

The second part deals with questions in generalized notions of amenability such
as approximate amenability and bounded approximate amenability. First we prove
some new results about approximately amenable Banach algebras. Then we state a
characterization of approximately amenable Banach algebras and a characterization
of boundedly approximately amenable Banach algebras.

Finally, we prove that B(IP(E)) is not approximately amenable for Banach spaces F
with certain properties. As a corollary of this part, we give a new proof that B(I?)
is not approximately amenable.
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Introduction

The theory of amenable Banach algebras begins with B.E.Johnson’s memoir in 1972
[12] and has proven to be of enormous importance in Banach algebra theory. The
terminology comes from [12, Theorem 2.5]: a locally compact group G is amenable
(in the usual sense) if and only if L}(G) is amenable.

For a Banach algebra A, X an A-bimodule is said to be a Banach A-bimodule if

there exists C' > 0 such that for any a € A and =z € X,

la.z|| < Cllallll=[;

[z.all < Cllall]|z]].

For a Banach A-bimodule X, X* can be made into a Banach A-bimodule by the

actions defined by

(a.f,z) = (f,z.a),
(faa,z) = (f,ax) (a€A fe X zeX)

For a Banach algebra A, let X be a Banach A-bimodule. A linear mapping

D : A — X is said to be a derivation if

D(ab) = a.D(b) + D(a).b (a,be A).

The derivation D is said to be inner if there exists x € X such that

D(a) =a.x —z.a (a € A).



The Banach algebra A is said to be amenable if every continuous derivation D :
A — X*, is inner for all Banach A-bimodules X.

For amenable Banach algebras A and B, we know that A®B is amenable. However
the converse is not known to be true. Before us B.E.Johnson in [14] has proved that
the amenability of A®B entails the amenability of A if the Banach algebra B has a
certain property. However it is not known whether the answer is positive even for

the case where A = B. So the question that comes to mind is:

Does amenability of AR A imply the amenability of A for a Banach algebra A?

We prove that if the Banach algebra A has a bounded approximate identity, then
the answer is positive. Since having a bounded approximate identity is a necessary
condition for an amenable Banach algebra, our proof is significant enough. Indeed
we show that for a Banach algebra A with a bounded approximate identity the

following are equivalent:
(i) A is amenable.
(ii) A®A is amenable.
(iii) A®AP is amenable.

Then we prove that if A is a closed ideal in a commutative Banach algebra B, then

the (weak) amenability of A®B entails (weak)amenability of A.

At the end of the section 2, we give a partly different proof for [13, Theorem 6.2]
that leads us to a new result. We show that if a Banach algebra A is amenable
with a multiplication 7 then A is also amenable with any multiplication p such that

lp— 7| < 7. We have discovered that the constant - is universal.



In section 3, we mostly concentrate on generalized notions of amenability such as
approximate amenability and boundedly approximate amenability that were origi-
nally introduced in [7] and [8].

A Banach algebra A is approximately amenable if every continuous derivation D :
A — X* is approximately inner for all Banach A-bimodules X. i.e. there exists a

net (&); € X* such that
D(a) = lizm a.&; —&.a (a € A);

A is boundedly approximately amenable if the net (£,); can be found such that
la-&i — &i-all < M.[|al] (a € A),

for some M > 0.

First we prove some general results on approximate amenability. Then we find
a characterization for approximate amenability and one for bounded approximate
amenability, that are generalizations of [15, Theorem 1].

In the last part of section 3, we prove that certain classes of Banach algebras are
not approximately amenable. This work is related to the work in [5],[17], [18] about
non-amenability of certain classes of Banach algebras. We prove that if a Banach
space E is such that for some p € [1,00), [P(E) satisfies the property (x) (that we
will define later) and [P(E) @ [2 = [2 | then the Banach algebra B(IP(E)) is not
approximately amenable. As an example of such a Banach algebra we can mention

B(1?), and hence we find a new proof of Ozawa’s result.



1 Preliminaries

1.1 Banach algebras

In this chapter we introduce some definitions and theorems that we will use in next
chapters.

Throughout this chapter and the whole of this thesis, all of our spaces are linear
spaces over the field of complex numbers C.

For a normed space X, the dual space of X i.e. the space of all continuous linear
functionals on X is denoted by X*.

By an algebra A we mean a vector space with a multiplication that makes A together

with sum of A into a ring and also satisfies the additional property

a(ab) = (aa)b = aab (v € C,a,be A).

Definition 1.1. Suppose that A is an algebra with a norm. Then A is called normed

algebra if the norm of A satisfies

labll <[]0l (a,b € A).

A Banach algebra is a complete normed algebra. The Banach algebra A is unital

if it has an identity e with ||e[| = 1.

Theorem 1.2. Suppose that A is a Banach algebra with an identity e. If a is an

element of A such that ||a — e|| < 1, then a is invertible.
Proof: See [2, Lemma 2.1 on page 196]. O

Definition 1.3. Let A to be an algebra. Then the unitization of A denoted by



A7 is the algebra A @ C with operations of addition, multiplication and scalar

multiplication defined by

(a’a)+(bvﬁ) = (a+b,a+ﬁ),
Bla, o) = (Ba, Ba),

(a,a)(b, ) = (ab + Ba + ab,ap) (o, 8 € Cya,be A).

It can be easily seen that A# is an algebra with the operations defined above.

Also if A is a normed algebra, then A% is a normed algebra with the norm

(@, )|l = llall + |« (a €A acC).

The algebra A is a Banach algebra if A is and in this case A% will ba unital Banach
algebra with the unit (0,1).

Throughout this chapter A is a Banach algebra unless otherwise indicated.

For FF € A* and f € A*, Ff is an element of A* defined by

(Ff,a) = (F, f.a) (a € A).

For F,G € A*, the first Arens product of F' and G is defined by

(FOG, f) = (F,Gf) (f € A%).

From Goldstine’s Theorem. it can be easily seen that if A** has a right identity
with respect to the first Arens product, then A has a right bounded approximate

identity.



Definition 1.4. Let A to be a normed algebra. A bounded net (e;); C A is a

bounded left approximate identity for A if

|leia —al| —; 0 (a € A).

In a similar way we can define the bounded right and two-sided approximate
identities.
We note that if A has a bounded left approximate identity (I;); and a bounded right
approximate identity (r;);, then the net (I; +r; —[jr;) gives us a two-sided bounded

approximate identity for A.

Definition 1.5. Let X to be a bimodule over a Banach algebra A that is a Banach
space itself. Then X is said to be a Banach A-bimodule if there exists a constant

C > 0 such that for alla € A, x € X

la.z|| < Cllallll=]],

[z-all < Cllal[[l]-

In particular A is a Banach A-bimodule .
If X is a Banach A-bimodule, then X* is a Banach A-bimodule by the actions

defined by

(a.f,x) = (f,x.a)

(f.a,z) = {(f,ax) (a€A fe X" xeX).

The Banach A-bimodule X* defined in this way is said to ba a dual Banach A-

bimodule.
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Definition 1.6. If X is a Banach A-bimodule, then a bounded (left) approximate

identity for X is a bounded net (e;) C A such that

lleix — x| —; 0 (x € X).

Theorem 1.7. Let A to be a Banach algebra and X be a Banach A-bimodule such
that A has a bounded (left) approzimate identity (e;); for X. Then fory € X and
d > 0, there are elements a € A and v € X such that y = a.x and ||y — z|| < 6.

Furthermore, we can find a such that ||a|| < M where M > 1 is an upper bound for
(ez)l

Proof: See [1, Proposition 11 on page 65] . U

Definition 1.8. A Banach A-bimodule X is said to be neo-unital if for every xz € X

there exists y € X and a,b € A such that x = a.y.b

Theorem 1.7 implies that every Banach A-bimodule X which has a bounded

approximate identity in A is neo-unital.

Definition 1.9. Let X,Y and Z be normed spaces. A mapping ¢ : X XY — Z is

said to be bilinear if
(i) for each y € Y the mapping x — ¢(x,y) is linear;
(ii) for each x € X the mapping y — ¢(x,y) is linear.

The bilinear map ¢ is said to be continuous (bounded) if there exists M > 0

such that

oz, ) < Mllz|llyll (zeX,yeY). (1)
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And the norm of ¢ is defined to be the infimum of all M for which (1) is satisfied.
The space of all continuous (bounded) bilinear functionals on X x Y is denoted by

BL(X,Y;C). It is a Banach space under the given norm.

Definition 1.10. Let X, Y be normed spaces. Then forx € X andy €Y ,z®y
denotes an element of BL(X™*,Y™* C) that is defined by

(z@y)(f,9) = f(x)9(y) (feX",geY™).

The Lin{z ®y: 2 € X,y € Y} is denoted by X ® Y.

On X ® Y, one can define several norms; Injective and projective norms are

defined as follows:

Definition 1.11. The injective norm of u = Y /" ; 2, ® y; € X ® Y, denoted by

w(u), will be the norm that u inherits as an element of BL(X™*, Y™ C). So
w(u) =sup{| > fx)g(y) : f € X*,g € Y™, |If]], llgll < 1}.
i=1

Definition 1.12. The projective tensor norm of v € X ® Y, denoted by p(u) , is
defined by

n n
pu) = inf O laillllyill cu ="z @y}
i=1 i=1
By [1, Lemma 10 on page 233], we have
(i) plu) = w(u) (ue X®Y),
(ii) p(z @ y) = w(z ®@y) = [lz/|[|y|l (reX,yey).

The completion of X ® Y under the injective (projective) tensor norm is denoted by
X®Y (respectively X®Y).

Now we state a proposition that we will use several times in this thesis.
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Proposition 1.13. The Banach space XRQY can be represented as the linear sub-
space of BL(X*,Y™*,C) consisting of all elements of the form u =", x; ® y; where

Yo llzallllvill < oo. Moreover p(u) is the infimum of these sums.

Proof: See [1, Proposition 12 on page 234]. O
Proposition 1.14. Let A and B be Banach algebras. Then there exists a unique
algebra product on AQB such that for elementary tensors we have

(a®b)(c®d) =ac®bd (a,c€ A,b,d € B).

Furthermore A®B is a Banach algebra with respect to this product.

Proof: See [1, Proposition 17 (p.235) and Proposition 18 (p.236)]. O

Let A be a Banach algebra. Then A®A is a Banach A-bimodule with module

multiplications determined by

a.(b®c)=ab®ec,

(b®c)la=b®ca (a,bc,dec A).

It can be easily seen that if A has a bounded approximate identity (e;);, then (e;); is
also a bounded approximate identity for A®A (as an A-bimodule) and hence A®A

will be a neo-unital A-bimodule.
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Theorem 1.15. Let A be a Banach algebra. Then there is a continuous linear map-
ping ¥ : A¥RAY — (ARA)™ such that for a,b,c € A and for m € A¥*@A™ the
following hold:

(1) V(a®b) =a®b;

(ii) a.V(m) = ¥(a.m);

(i1i) ¥(m).a = ¥(m.a);

(iv) (ra)™* (¥(m)) = ma=-(m).

Proof: See [7, Lemma 1.7]. O

1.2 Amenable and weakly amenable Banach algebras

In this section, we give some basic definitions on the notion of amenability and weak

amenability and some theorems that we will use later.

Definition 1.16. Let A be a Banach algebra and X a Banach A-bimodule. A linear

mapping D from A into X is a derivation if

D(ab) = a.D(b) + D(a).b (a,b e A).

We denote the set of all continuous derivations from A into X by Z1(4, X). Let X
be a Banach A-bimodule and = € X. Then the mapping ad, : A — X defined by
ady(a) = a.x — x.a is a continuous derivation. A derivation D is said to be inner if

there exists © € X such that D = ad,.

The question that comes to mind is that under which conditions a (continuous)
derivations is inner. The following is one instance:
Let A be an algebra and X be an A-bimodule. Then A acts trivially on left (right)

of X if a.x = 0 (respectively x.a =0), for all a € A, z € X.
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Theorem 1.17. Let A be a Banach algebra with a two-sided bounded approximate
identity and let X be a Banach A-bimodule such that A acts trivially on one side.

Then every continuous derivation from A into X™* is inner.
Proof: See [12, Proposition 1.5]. O

Definition 1.18. A Banach algebra A is said to be amenable if for every Banach
A-bimodule X , any continuous derivation from A into the dual Banach A-bimodule

X* is inner.

If our algebra has a (two-sided) bounded approximate identity, then for check-
ing amenability we do not need to consider (continuous) derivations into all dual
Banach modules X*. In the next theorem we will see that we need only to consider

continuous derivations into duals of neo-unital modules.

Theorem 1.19. Let A to be a Banach algebra with a (two-sided) bounded approxi-
mate identity. Then A is amenable if and only if every continuous derivation from

A into the dual of a neo-unital Banach A-bimodule is inner.
Proof: See [12, Proposition 1.8]. O

Theorem 1.20. The Banach algebra A is amenable if and only if A% is amenable.
Proof: See [4, Proposition 2.8.58]. O

Theorem 1.21. Let A to be an amenable Banach algebra. Then A has a bounded

approrimate identity.

Proof: See [19, Proposition 2.2.1].

Let m: A®A — A be the so-called multiplication specified by m(a ® b) = ab.
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Definition 1.22. A net (m;); in A®A is an approximate diagonal if for all a € A,
a.m; —m;i.a —; 0,

am(m;) —; a.

Definition 1.23. An element M € (A®A)** is said to be a virtual diagonal if for

all a € A,

In the next theorem , we will see a characterization of the amenability of A in

terms of the A-bimodule A®A.
Theorem 1.24. For a Banach algebra A the followings are equivalent:
(i) A is amenable.
(i) A has a bounded approximate diagonal.
(iii) A has a virtual diagonal.
Proof: See [19, Theorem 2.2.4 on page 45]. O

Theorem 1.25. Let A and B be amenable Banach algebras. Then ARB is also

amenable.
Proof: See [12, Proposition 5.4]. O

Definition 1.26. Let X to be a Banach A-bimodule. We define

ZA(X") = ﬂ{f eX":a.f=fa}

acA
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Now we state another characterization of amenable Banach algebras.

Theorem 1.27. For a Banach algebra A, the followings are equivalent:
(i) A is amenable.

(ii) For any Banach A-bimodule X and any Banach A-submodule Y of X, each

linear functional f € Z4(Y™) has an extension to a linear functional in Za(X*).

(iii) For any Banach A-bimodule X, there exists a projection P from X* onto
ZA(X*) that commutes with any weak® continuous and bounded operator from X*

into X* commuting with the action of A on X*.

Proof: See [15, Theorem 1]. O

Let A be an algebra and suppose that XY and Z are left, right or two-sided A-
modules and f : X — Y and g : Y — Z are module morphisms. Then the
sequence 0 — X i> Y %5 Z — 0 is short exact if f is one-to-one, g is onto and
im(f)=ker(g). A short exact sequence is said to be admissible if there is a bounded
linear map F': Y — X such that F'f = Idx and splits if additionally F' can cab=n

be chosen to be a module morphism.

We can relate amenability of A to the short exact sequences as follows:

Theorem 1.28. Let A be an amenable Banach algebra, and let
20— x Ly Sz

be an admissible short exact sequence of left or right Banach A-modules with X* a
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dual module. Then ¥ splits.
Proof: See [3, Theorem 2.3]. O

Theorem 1.29. Let A be a Banach algebra with a bounded approzimate identity,
X a left( or right) Banach A-module, f a left (or right) A-module morphism of A

onto X with kernel J. Then the exact sequence

¥

20— X oA S 0
splits as a sequence of right (left) A-modules if and only if the left (right) ideal J

has a bounded right (left) approzimate identity.

Proof: See [3, Proposition 3.5]. O

For the next theorem we let A°? be the same space as A but with reversed product

and 7 : A®A°? — A be the multiplication map specified by
m(a®b) = ab (a,b e A).
In this case ker m will be a closed subalgebra of A®A. Indeed kerm will be a closed
left ideal in A®A° and we have the following theorem.
Theorem 1.30. The followings are equivalent:

(i) A is amenable.

(ii) A has a bounded approrimate identity and kerm has a bounded right approxi-

mate identity.

Proof: See [3,Theorem 3.10]. O
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In the next Theorem, we see that the amenability is preserved by continuous homo-

morphisms with dense range.

Theorem 1.31. Let A be an amenable Banach algebra and ¢ be a continuous ho-
momorphism from A into a Banach algebra B such that the range of ¢ is dense.

Then B is also amenable.
Proof: See [1, Proposition 11 on page 244]. O

Definition 1.32. The Banach algebra A is said to be weakly amenable if every

continuous derivation from A into the dual Banach A-bimodule A* is inner.

Theorem 1.33. Let A and B be commutative Banach algebras and ¢ be a continu-
ous homomorphism from A into B with dense range. If A is weakly amenable, then

B is also weakly amenable.

Proof: See [11, Proposition 2.1]. O
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1.3 Generalized notions of amenability

In this section we introduce some generalized notions of amenability such as ap-
proximate amenability,bounded approximate amenability, pseudo amenability and

approximate contractibility. Throughout this section X is a Banach A-bimodule.

Definition 1.34. A derivation D : A — X is approximately inner if there exists
a net (&;); in X such that for every a € A, D(a) = lim; a.§; — &;.a where the limit is

taken in norm.

If X is a dual module and the above limit exists in the weak™ topology, then we

say that D is weak™ approximately inner.

Definition 1.35. The Banach algebra A is approximately amenable if for every
Banach A-bimodule X, every continuous derivation D from A into the dual Banach

A-bimodule, X* is approximately inner.

In a similar way, A is weak™ approximately amenable if every continuous deriva-
tion from A to the dual Banach module X* is weak™ approximately inner. Now we

state a characterization for approximate amenability.

Theorem 1.36. The Banach algebra A is approximately amenable if and only if

either of the following equivalent conditions hold:

(i) There is net (M;) C (A*QA#)** such that for each a € A%, a.M;—M;.a — 0

and ™*(M;) — 1;

(i) There is a net (M;) C (A*Q@A#)** such that for each a € A%, a.M;— M;.a —
0 and 7*(M;) = 1.

Proof: See [6, Theorem 2.1]. O
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Definition 1.37. The Banach algebra A is approximately contractible if every con-

tinuous derivation from A into every Banach A-bimodule X is approximately inner.

In fact the three notions of approximate amenability, weak* approximate amenabil-

ity and approximate contractibility are equivalent.
Theorem 1.38. The following are equivalent:
(i) A is approximately contractible;
(ii) A is approximately amenable;
(iii) A is weak® approzimately amenable.
Proof: See [8, Theorem 2.1]. O

Definition 1.39. The Banach algebra A is said to be boundedly approximately
amenable if for every continuous derivation D from A into the dual of any Banach

A-bimodule X, there exists M > 0 and a net (&;); such that for every a € A,
D(a) =lima.§ — &.a

la-&i — &i-al < M|a] (iel)

Proposition 1.40. The Banach algebra A is boundedly approximately amenable if
and only if there exists a constant M > 0 such that for any Banach A-bimodule X,

and any continuous derivation D : A — X* there is a net (§); C X* such that
(1) sup; |ladg, | < M| D]
(2) D(a) = lim; adg,(a) (a € A)

Proof: See [8, Proposition 5.3]. O
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Theorem 1.41. Suppose that the Banach algebra A is boundedly approximately
amenable. Then there is a net (M;); C (A*QA¥)** and a constant L > 0 such that
for each a € A%, a.M; — M;.a — 0 and 7*(M;) — 1 and ||a.M; — M;.a|| < L||al|.
Conwversely if A has the latter property and (7**(M;)) is bounded, then A is boundedly

approrimately amenable.
Proof: See [8, Theorem 5.4]. O

Definition 1.42. The Banach algebra A is said to be pseudo-amenable if it has an

approximate diagonal.
Theorem 1.43. The following are equivalent:
(i) A has an approximate diagonal (m;); such that (w(m;)); is bounded.
(ii) A is pseudo-amenable and has a bounded approzimate identity.
(iii) A is approximately amenable and has a bounded approximate identity.
Proof: See [9, Proposition 3.2]. O

Theorem 1.44. The Banach algebra A is (boundedly) approzimately amenable if

and only if A% is (boundedly) approzimately amenable.

Proof: See [6, Proposition 2.4 and 8, Lemma 5.9]. O

1.4 Approximation Property

In this section, we introduce a Banach space property known as the approximation

property.

Definition 1.45. A Banach space is said to have the approximation property if

its identity operator can be uniformly approximated on every compact subset K by
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finite-rank operators.(i.e., for every € > 0, there is a finite-rank operator T'(depending
on K and e€) such that |T(z) — z|| < € for every z € K).

It is said to have bounded approximation property if there exists a number C' > 0,
independent of K and € such that T' can be chosen such that ||T'|| < C. In this case
we say that the Banach space has C-approximation Property.

A sequence {z,} in a Banach space X is called a Schauder basis of X if if for every
x € X, there is a unique sequence (ay), such that x = ) anz,. [16, definition
l.a.1].

Every Banach space with a (Schauder) basis has the bounded approximation prop-

erty. [16, page 30].

For a Banach space E, let K(F) denotes the space of compact operators on E ,
F(E) denote the space of finite-rank operators on F and A(E) denotes the closure
of F(E) in B(E).

Theorem 1.46. Suppose that E has the approximation property. Then K(E) has

a left approzimate identity belonging to F(E). In particular K(E) = A(FE).
Proof: See [19, Proposition 3.1.1].

Theorem 1.47. Let E to be a Banach space. Then E has the C-approximation
property for some finite number C > 1 if and only if K(E) has a bounded left

approximate identity bounded by C belonging to F(F).
Proof: See [19, Theorem 3.1.2]. O
Theorem 1.48. For a Banach space E the followings are equivalent:
(i) E* has the bounded approzimation property.

(i) A(E) has a bounded approximate identity.
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Proof: See [19, Corollary 3.1.5]. O

Theorem 1.49. If E* has the approzimation property, then E has the approxima-

tion property.

Proof: See [19, Corollary C.1.6]. O

Now suppose that E* has the approximation property. Then by Theorem 1.49, F
has the approximation property and therefore from Theorem 1.46, A(F) = K(FE).
Then from Theorem 1.48, K(E) has a bounded approximate identity. Hence we

have the following corollary.

Corollary 1.50. Let E to be a Banach space such that E* has the bounded approz-

imation property. Then K(FE) has a bounded approximate identity.
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2 Some notes on amenability

In this section we obtain some new results in amenability. In section 1 we introduced

some definitions and known theorems in amenability.

2.1 The relation between the amenability of tensor products of

Banach algebras with amenability of the original algebras

For amenable Banach algebras A and B, by Theorem 1.25, we know that A®B is
amenable. In this section, we study the converse. We mainly concentrate on the
special case where A = B. However, we will also obtain some results in the case
where A is not necessarily equal to B. The following is earlier work due to B.E.

Johnson:

Proposition 2.1. Suppose that A is a Banach algebra and B is a Banach algebra

such that there exists by € B with by ¢ Lin{bbg — bob : b € B}. If A®B is amenable

then A is amenable.

Proof: See [14, Proposition 3.5]. O

The following theorem was brought to our attention by F.Ghahramani.

Theorem 2.2. Suppose that A and B are Banach algebras and B has a non- zero

character. If AQB is amenable, then A is also amenable.

Proof: Let ¢ be a non- zero character in B and define the unique mapping

6 : AQB — A acting on elementary tensors by

Oa®b)=pb)a (a€ Abe B).
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We show that 6 is an algebra homomorphism (obviously 6 is continuous). Since 6 is

linear, it is enough to check this for elementary tensors. To see this we have
0((a®b)(c®d)) =6((ac ® bd) = p(bd)ac.

On the other hand
f(a ®b)0(c®d) = ¢(b)ap(d)c = p(bd)ac.

So
0((a®@b)(c®d) =0(a®b)f(c®d).

And since ¢ is non - zero, 6 is surjective and hence from Theorem 1.29, A is amenable.
O

If A is a Banach algebra, A°? denotes the same space with the reversed product
a X b = ba. Throughout the following we let 7 : A®A” — A be the mapping
specified by acting on elementary tensors by w(a ® b) = ab (a,b € A) and we let
K = kerm.
The Banach algebra A can be made into a left A®A°%?-module by the module mul-

tiplication defined by
(a ®b).c = acb (a,b,c € A).

Theorem 2.3. Suppose that AQA is amenable and A has a bounded approzimate

identity. Then A is amenable.

Proof: Since A has a bounded approximate identity, the short exact sequence

(I1")* : 0 — A* -, (AR A%P)* s K* —» 0is an admissible short exact sequence
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of right A® A°P-modules. (2 is the inclusion map).See [3, Lemma 1.2].

Since A* is a dual A®AP-module, from Theorem 1.28, ([]??)* splits and since
A®A° has a bounded approximate identity and  is onto (since A has a bounded
approximate identity), then Theorem 1.29 implies that K has a bounded right ap-
proximate identity. Now since A has a bounded approximate identity, from Theorem

1.30, A is amenable. O

Theorem 2.3 has been the motivation for us to consider the question of under which
conditions on the tensor products, A has a bounded approximate identity. The

following is one of them. Before going to next theorem, we need a lemma.

Lemma 2.4. Let A to be a Banach algebra with a two-sided bounded approxrimate
identity and X a Banach A-bimodule on which A acts trivially on one side. Then
for every continuous derivation D from A into X, there exists a bounded net ((;);

in X such that D(a) =lim;a.¢; — G.a (a € A).

Proof: Since we can embed X into X** through the canonical injection, we
can consider D as a continuous derivation into the dual module X**. Also since the
action of A on one side of X is trivial, the action of A on other side of X™* is trivial.

Therefore by Theorem 1.17, D is inner. Hence there exists £ € X** such that
D(a)=a. —¢.a (a € A).

Now by Goldstine’s Theorem, there is a bounded net (7;);jcs in X converging to £

in weak*® topology of X**. Thus

D(a) = a.§ —&.a=wk" —lima.7j — 7j.2 (a€A),
]
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and hence

D(a) = wk —lima.7j — 75.a (a € A4).
j

Let A = {a1,a2,...,a,} be a finite subset of A. Then in ., X, we have

(D(a1), ..., D(an)) € weak — cl(co({(a1.7j — Tj.a1, ..., an.Tj — Tj.an) : j € J}))

Therefore by Mazur’s Theorem

(D(a1), ..., D(ay)) € norm — cl(co({(a;.7j — 7j.a1, ..., an.Tj — Tj.0p)) : j € J})

and hence for € > 0, there exists (a . € co({r; : h € J}), such that

”D(al) - (ai-gA,e - gA,e-ai)H <e€ (ai € A)

So by ordering the set of the finite subsets of A by inclusion and positive real numbers

by decreasing order (a ) is the desired net. O

Theorem 2.5. Suppose that AQA has a bounded approzimate identity and each
one of the topologies on A defined by the family of seminorms pg : b +— |lab|| and
Yo b — ||bal| is stronger than weak topology on A. Then A has a (two-sided)

bounded approximate identity.
Proof: Suppose that AR A has a bounded approximate identity. We consider

A as an AQAP-bimodule by actions specified by:

(a®b)ec=ach

ce(a®b)=0 (a,bceA)
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It can be easily seen that A is a Banach A®A°-bimodule with the actions above.
Now we define a derivation D : AR A’ —s A by acting on elementary tensors as

D(a ®b) = ab. D is obviously continuous and also D is a derivation since
D((a®b)-(c®d)) = D(ac ® db) = acdb
(- is the product in A®A ). On the other hand:
(a@b)eD(c®@d)+Da®b)e(c®d) = (a®b)ecd=acdb

Therefore D € Z'(A®A, A). Now since the right action of A®A on A is trivial
and A®A has a bounded approximate identity, from Lemma 2.4, there exists a
bounded net(¢;); in A such that D(a ® b) = lim; ad¢,(a ® b).

So ab =lim; a(;b  and hence for all a,b € A:
lima(b— (;b) =0 lim(b—b¢;)a=0 (1)

If we denote the topology induced by the family of seminorms {p,|a € A} by 7 and
the topology induced by the family of seminorms {v,|a € A} by ¢, then from (1) we

have:

al; — a (inT for alla € A) (2)

Gia—a (ing for alla € A) (3)
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We assumed both 7 and ¢ to be stronger than the weak topology on A, so by
(2) and (3) we have A has a weakly two-sided bounded approximate identity and

hence A has a two-sided bounded approximate identity. O

Remark Due to the proof of Theorem 2.5 we may impose weaker conditions and

obtain weaker conclusions as below:

Theorem 2 Suppose that ADA has a (two-sided) bounded approzimate iden-
tity and the topology induced on A by the family of seminorms {pgla € A} where
pa(b) = |lab|| is stronger than the weak topology on A. Then A has a left bounded

approrimate identity.

Theorem 2.6. Suppose that AQA is amenable and that A has the property that
each one of the topologies induced on A by the family of seminorms {pgla € A}
where po(b) = ||labl| and {v.|la € A} where v4(b) = ||ba||, are stronger than the weak

topology on A. Then A is amenable.

Proof: Firstly by the fact that ARA necessarily has a (two-sided) bounded
approximate identity, from Theorem 2.5 we have that A has a (two-sided) bounded

approximate identity and then from Theorem 2.3 we have A is amenable.[]

In the next Theorem we attempt to relate amenability of A®A (in the case that
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A has a bounded approximate identity) to the amenability of A®A and then by
using the preceding theorems, we attempt to prove the amenability of A when ARA

is amenable. Before going to next theorem, we need a lemma.

Lemma 2.7. Let A to be Banach algebra with a bounded approrimate identity such
that for any neo-unital Banach A-bimodule X and Y a closed submodule of X, every

f e Za(Y*) can be extended to a functional f € Z,(X*). Then A is amenable.

Proof: As in the proof of [15, Theorem 1], for concluding the amenability of
A, it is enough to have the property in the Lemma for the Banach A-bimodule
L= (ARA)*®(ARA) with the module actions

a.(z* @x)=2"®aux,

(z*@zr)a=2"®@za (a€Axc(ARDA),z* € (ADA)Y).
Since A has a bounded approximate identity, X = A®A is neo-unital and hence by
the above definition of the actions of A on L, L is also neo-unital. O

Theorem 2.8. Suppose that A is a Banach algebra with a bounded approximate

identity such that ARA is amenable. Then ARAP is also amenable.
Proof: Suppose that X is a Banach neo-unital A®A°-bimodule and that e

denotes the action of ARA% on X. We define:

(a®@b)ozx=Ilim(a®e;)oxe(e; D),

zo(a®b) =lim(e;@b)ezre(are) (re Xand a,be A).

First we note that the above limits exist because by the assumption that X is neo-

unital we have:



31

If € X then there exist y € X and u,v € A@AOZ’ such that x = u ey ev and then

we have
(ae)oxe(e;0b)=(aRe;)oueyeve(c; b)) = ((a®e;)*xu)oye(vx(e; D)),

where % denotes the product in A®A. Since (ei)ien is a bounded approximate
identity for A, it can be easily seen that lim;(a®e;)*xu = a.u and lim; v(e;®b) = v.b,
where a.(e® f) =ae® f and (e ® f).b=e®bf.

So lim;(a ® e;) ® x ® (e; ® b) exists and we can similarly prove the existence of the
second limit. Also o makes X into a Banach A@A—bimodule. To see the reason, by

linearity, it is enough to check the module conditions for elementary tensors.
((a®@b)(c®@d))oxr = (ac®bd)ox =lim(ac® e;) @ x o (e; R bd)
On the other hand:

(a®b)o((c@d)ox)= (a®b)o(li§rl(c®ej)oxo (ej ®d))
= lilm(a ®e;)® (h;n(c Rej)oexe(e;®d))e(e;®b)
= limjlim;(ac ® eje;) @ x ® (eje; ® bd)
= limi(ac & 67;) e e (ei X bd)
Hence

((a®b)(c®d)ox=(ac®bd)ox=(a®b)o ((c®d)ox).

In a similar way we can show that

zo((a®b)(c®d)) =(ro(a®b))(c®d).
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Also we have:

((a®@b)ox)o(c®d)=limj(e; ® d) o (limj(a ® e;) e x o (e; ® b)) ® (c X €;)
= lim;lim;((e; ® d) * (a @ ej)) @z @ ((e; ®b) * (c @ €;))
= lim;lim;(eja ® e;d) @ x ® (ejc @ e;b)

=(a®d)exe(c®b).
On the other hand:

(a®b)o(xzo(c®d)) =limlimja®e;) o ((e;@d)exe(c®e;)) e (e;®Db)
= lim;lim; ((ae; @ de;) ® x o (ce; @ be;)

=(a®d)ere(c®b).

Hence

((a®@b)ox)o(c®d)=(a®b)o(xo(c®d)).

So X is an A®A-bimodule for the action o. Also since the net (e;) is bounded, it
can be easily seen that X is indeed a Banach A®A-bimodule for o. For a Banach
A®A%-bimodule X, X+ denotes X as an A®A-bimodule (via the action o).

Now if Y is a closed submodule of X and f € Z 5 40, (Y™), we show that

f € Z,54(Y). To prove the above statement we have

(a@b)o f=wk'—lim(a®e)efe(e;@b)
=wk* —limfe(a®e;)o(e; ®b)
= wk* —limf e (ae; ® be;)

:fo(a@b).
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Similarly
fo(a®b)=(a®0Db)e f.

Thus

feZygalYy)

Now from Theorem 1.27, f has an extension to an f € ZA@A(XJ:) .

We show that f € Z 4 (X™*) For this purpose we have:

®Aop

(a®b)ef=wk— lilicn—wk* - li}m((a ®e)(ejRb))efe(e®e))

= wk* — lim (a ® ¢;)(wk* — lim(e; @ b) o f @ (¢; @ ¢;))
j

1

= wk* —lim (a @ ¢;) o (f o (e ® b))

= wk* ~lim (¢ ® ¢;) o (i @ b) o )

= wk* —lim (a ® ¢;) o (Wk* — lim(e; ® ¢j) @ f @ (e; @ b))
i J

= wk* — limwk* — lim (ae; ® eje;) o f  (¢j @ b)
i j

=wk* —lim(a®e;) o fo(e; QD)

1

=(a®b)o f.

similarly we have f e (a ® b) = f o (a ® b) and since f € Zyz4(X{), we have
(a®b)e f=fe(a®b)and hence

f S ZA@AOP(X*)'

Since Y was an arbitrary closed submodule of X and f was arbitrary in Z ;5 4o (Y™),

from Lemma 2.7, we have that AR A is amenable. O
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Theorem 2.9. Suppose that ARA is amenable and A has a bounded approzimate

identity. Then A is amenable.

Proof: By the preceding Theorem we have that AR A is amenable. Since A

has a bounded approximate identity, from Theorem 2.3, A is amenable. O

Since having a bounded approximate identity is a necessary condition for an
algebra to be amenable, Theorem 2.9 has the minimum conditions. If we can prove
that amenability of A®A implies that A has a bounded approximate identity, then
we can even drop the condition in Theorem 2.9 that A has a bounded approximate

identity.

2.2 Some results in commutative Banach algebras

Now we go to the case where our algebra A is commutative. First we prove the
following general result.

For the Banach algebra A, we define
A% =Lin{ab:a,b e A}

Theorem 2.10. Suppose that B is a Banach algebra and A is a closed subalgebra
of B such that ARB is weakly amenable. Then (A?)~™ = A

Proof: Suppose that A®B is weakly amenable and (A%)~ # A. Then from the
Hahn-Banach Theorem there exists a A € A* such that A\[42 = 0 and A # 0. So
there exists an ag € A such that A(ap) = 1. We denote a Hahn-Banach extension of
Aon B by X. So A € B* and we define:

D: A®B — (ARB)* by D(a®b) = A(a)A(B)(A @ X)
where (A @ \)(c ® d) = Mc)\(d).
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Then D is a continuous derivation since

D((a®b)(c®d)) = D(ac ® bd) = Aac)A(bd)(A @A) = 0

On the other hand for a,c¢,z € A and b,d,y € B we have:

((a®b).D(c®d),z®y) = (D(c®d),za® yb) = Ac)Md)A(za)\(yb) = 0

and similarly

(D(a®b).(c®d),z®y) = (D(a®b),cx @ dy) = MNa)\(b)A(cz)\(dy) = 0.

So D € Z'(A®B, (A®B)*) and hence from weak amenability of (A®B) it follows
that D = ad(€) for some ¢ € (ARB)*.
So

(D(ap ® ag), (ao ® ap)) = ((ao ® ag).§ — §.(ap ® ao), ap @ aop)
= (¢, (ag ® ag) — (af ® ap))

=0

But we have:

(D(ap ® ao), (a0 ® ag)) = Mao)A(ao)(A ® A)(ao ® ag) = (A(ao))* = 1,

which is a contradiction and hence (42)~ = A O
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Theorem 2.11. Suppose that B is a commutative Banach algebra and A is a closed

ideal in B such that AQB is(weakly) amenable. Then A is (weakly) amenable.

Proof Suppose that A®B is (weakly) amenable. Then we define  : ARB — A
by ¢(a ® b) = ab. First it can be easily seen that ¢ is continuous and is an algebra
homomorphism. Also by Theorem 2.10 we have p(A®B)~ = A. So by Theorem
1.33, for weakly amenable case, and Theorem 1.31, for amenable case, A is (weakly)

amenable. O

2.3 Perturbation of Banach algebras and amenability

In this section we will see that if a Banach algebra is amenable with a given product,
then it is amenable for any other multiplication close enough to the first one. This
result has first been proven by B.E.Johnson in [13, Theorem 6.2]. Here we will give
a proof for the main Theorem that is different from original proof in its second half.
The advantage of our proof is that the neighborhood we find for multiplications does
not depend on the algebra. Indeed we will show that if the difference between the

multiplications (in norm), is less that ﬁ, then amenability will be preserved.

For two closed subspaces Y and Z of a Banach space X ,their Hausdorff distance

is defined by
d(Y, Z) = max{sup{d(y, Z) : [ly| < 1},sup{d(z,Y) : [[z]| < 1}}

Lemma 2.12. Let Y and Z be closed subspaces of a Banach space X . Suppose that

there is a projection P of X onto Y with |P|| < d(Y,Z)™' —1. Then P maps Z one
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to one onto Y and the inverse o of P|zsatisfies (d = d(Y, Z))

lof < (1 +d)(1 — || Plld)~"
lay) = yll < (1 +d)(1 ~[[Plld)~ = D)yl

1P(2) =zl < d(1 + [[P)] =]

Proof: See [13, Lemma 5.2].

Lemma 2.13. Let Xy and X9 be Banach spaces and S, T € B(X1,X2) and let S be
onto. Suppose that there exists K > 0 such that for all y € Xo, there is x € X1 with
|z|| < Klly|| and S(z) =y. If K|S —T| <1, then T will also be onto and for each
y € Xa, there exists x € X1 such that ||z|| < K(1 — Ke) |yl and T(x) =y, where
=S -T].

Proof: It is a special case of [13, Lemma 6.1].

Note: Suppose that m and p are two multiplications on a Banach algebra A.

Then we have the following:

(i) Both 7 and p can be considered as continuous linear functionals from A®A%
into A that take the elementary tensors a ® b into the product of ¢ and b. a,b and

a,b respectively denoted by m(a ® b) and p(a ® b).

(i) If 7 and p* are the multiplications respectively induced by 7 and p on A%

then we have

(7 — p)((a, @) @ (b, B))I| = llaxb — apbl < [lm = pllflallllb] ~ (a,b € A).
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And hence

I(7# — p*)((a, ) @ (b, B)] < |7 — plll|(a, ) [1I(b, B)ll

Thus we have

l7# — p*|l < I — pll.

Theorem 2.14. Suppose that (A, m) is an amenable Banach algebra. Then there
exists € > 0 such that if p is another multiplication on A with ||p — || < €, then

(A, p) is also amenable.

Proof: By the note above, we can assume that A has and identity 1 for both
multiplications 7 and p. Let j: A — A@A be defined by j(a) =a® 1.
Then ||j|| < 1 and 7j = Ida. So m**j** = Ida+~ . It can be easily checked that
P = Id(A@A)** — 7**7m** is a projection onto ker7** with norm at most 2.
By Lemma 2.13, and letting X; = (AQA)* and Xy = A** S = 711 = p** by
K =1 (since||j**|| < 1), we get that for ||S; — T1|| = € < 1, p** will be onto and for

every F' € kern™, there is B € (A@A)** such that p™*(B) = p**(F') and
1B < (1 =)™ (F)l = (1 = ) lp™ (F) =7 (F)| < (1 — &) e F|
So F — B € kerp™ and ||F — (F — B)|| = | B|| < (1 —¢)7!||F||. So that
sup{d(F,kerp**) : F € kerr**and ||F|| <1} <e(1—€)~L
And similarly by changing the role of S7 and 77, we will obtain

sup{d(F, kern™*) : F € kerp**and [|F|| <1} <e(1 —¢)™*
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Hence

d := d(kerm™* kerp**) < e(1 — €)™ 1.

So if € < i, then
|P|| <2< (e(1—€) 1)t =1 < d(kern™ kerp™)~1 — 1.

And hence by Lemma 2.12, there exists a linear homeomorphism « from kerm** onto
kerp** such that

lall < (1 =3¢ o' < |P]| < 2
I|IF— a(F)]| < 3e(1 — 36)*1\\FH (F € kerm™)
IF—a Y () < 31— P (F €kerp™).

Suppose that F € (A®A) is an elementary tensor say b ® ¢ for b,c € A. Then for

a € A, we have

la.xF —a. ,F| = |lax(b®c) —a.,(b® c)|
= [laxb @ ¢ = apb @ c|| = [[(apb — azb)| ¢
<llp = lllla bl

< ellalll[ellle]l = ellallI £1]-

So that

la.rF —a,F|| < e|Fllla] (a€ A, F e ABA).

And by using Goldsteine’s Theorem, we have

la.nF — a., Fl| < €| Fllall  (F € (A&A)™) ()
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Similarly
|Faa— Fopall < clall|[Fll  (a € A F € (ABA)™).

Our proof will be different from the original proof from this part.
Now consider the derivation D : A — kern** (= (kerm)*) by D(a) =a®1—-1® a.

Then amenability of (A, ) implies the existence of an element £ € kern** such that
a®l—-1®a=a-{—Era (a€A).
Let 0 = a(§) € kerp*™. Then we have

lacn€ = a.pd]| = llané — ap(a(€))]
< Jaer — an (@) + lar (a(€)) — ap(a(€))]
< 3e(1 - 3¢) " allllé]l + (1 — 30) " lal[[¢]l. (By properties of a and (1))

And similarly
€7 = b.pall < 4e(1 —3e)alll€]-

so that
la®1l—-1®a—(a.,0—0.,0)| =|a-f—E&ra—(a.,0 —0.pa)]
< |la.x€ — a.,0| + ||.7xa — 0.,al]
< 8¢(1 — 3¢)7Y|al|.
So

la@1-1®a—(a.,6—0dp0)] <O(e)lall (a € A). (1)
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where O(e) — 0 as e — 0.
From now on all the multiplications we consider are respect to the multiplication p
on A. We denote the multiplication in ARA by *p. Also we indicate the Arens

product on (A®A°)** with the same notation. So for elementary tensors,
(@a®b)*, (c®d) =ac®db

For R= ), a; ® b; € kerp we have

R*pé—R:Z(ai®bi)*p5—52aibi—Zai®bi—|—1®2aibi

= Z(ai.pé — 5.pai —a;R1+1® ai).pbi.

)

So

[Rxp 6 — Rl = 1> (ai-p0 = 6.p0; — a; @ 1+ 1@ ay). pbi|

a; a;

KA
a;
< 0 — 0.
<2 lao® = S *

a;

®1I+1®
Al [l

[ leas 111041

<||R| sup [ja.,6 —d.,.6 —a®@1+1&al.
a€Aq

Now if R € (kerp)**, then by Goldstine’s Theorem, there exists a net (r;); with
|lrill < ||R||, in kerm such that r; —; R wk*. Note that since kerp™ = (kerp)**,
isometrically, for notational convenience, we do not disguise between ¢ as an element
in kerp™ and its image as an element of (kerp)**.

Thus

Ti-p(s — Ty —> R.p(S - R wk".
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And hence [|R.,0 — R| < sup; ||15.,0 — 73]|. So we have
|R*,d—R| <|R| féfl la.,0 —d.pa—a®@1+1®al (R e (kerp)™).
And hence by (), we obtain
1R, 0 — R <O(e)||R]| (R € (kerp)™).

If we define X : (kerp)™ — (kerp)** by A(S) = S *, 6, then for e sufficiently small

such that O(e) < 1, ||A — Id(kerp)== || < 1 and thus A will be invertible.

Since A is surjective, there exists x € (kerp)** such that A(z) = . So xx,0 = § and

hence for every y € (kerp)**, we have (y %, z — y) x, 6 = 0. But this means that

Ny pz—y) =0 (y € (kerp)™).

Now by injectivity of A, we have

YkpT =1y (y € (kerp)™).

Hence z will be a right identity for (kerp)** and hence kerp has a bounded right

approximate identity. So from Theorem 1.28, (A, p) is amenable. O

Corollary 2.15. Let (A, 7) be an amenable Banach algebra. If p is another multi-

plication on A such that || — p|| < 3, then (A, p) is also amenable.

Proof: From the argument of the proof the Theorem above, (A,p) will be
amenable if for € = |7 — p||, O(e) = 8¢(1 — 3¢)! < 1 and this condition is satisfied

under the assumption € < ﬁ O
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3 A note on approximate amenability

3.1 Some General results about approximately amenable Banach

algebras

In this section we will mention some results about approximately amenable Banach
algebras and we will use them to prove some results about some specific Banach
algebras in other sections. In the Preliminaries section, we saw some known results
in approximate amenability that we will make use of to prove some of the results in

this section.

Theorem 3.1. Suppose that A is a Banach algebra with identity. Then the condi-
tions below are equivalent:

(i) A is approximately amenable.

(ii) The short exact sequence [[* : 0 — A* -, (A@A)* K -0 of A-
bimodules approximately splits. i.e. there exists a net (F;); , F; : (A@A)* — A*
of left inverses of m* such that for all a € A and all f € (A@A)* :

(1) Fi(a.f) —a.Fi(f) — 0;

(2) Fy(f.a) — Fi(f).a — 0.

Proof: Suppose that A is approximately amenable. Since A has an identity, A
has an approximate diagonal (m;); C A@A such that 7w(m;) = 1, where we denote
the identity of A by 1.

Now we define F; : (A@A)* — A* by:

(Fi(f),a) = (f,mi.a)  (f € (ARA)", a € A).
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So for every f € A* we have:

So that

Fir* = Idp-
Also we have
(Ey(b.f) = b.Ei(f),a) = (b.f,m;.a) — (f,m;.ab) =0
and
(Fi(f.b) = Fi(f).b,a) = (f.b,m;.a) — (f,mi.ba) = (a.f,b.mi — m;.b).
Soif || a ||[< 1, then by choosing i such that || b.m; — m;.b ||< €, we have

| Fi(f.b) = Fs(f)-bll< e

which gives us the result. Conversely suppose that such a net (F;); exists. Then let

M; = Fr(1) € (ARQA)™. So for f € (ARQA)*, we have

(a.M;, ) = (Fi(f.a),1)

and

(Mi.a, f) = (Fi(a.f),1).
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For given € > 0, there exists ig such that for i > ig ,

‘(Fz(af) - a-Fi(f)v 1)” ’<E(fa) - Fi(f)'a7 1>‘ < 6/2‘

So

[(a.M; — Mj.a, f)| = |[(Fi(f.a) = Fi(a.f),1)]
< [{Fi(a.f) = a.Fi(f), D] + [{Fi(f.a) = Fi(f).a, 1)]

< €.

Also for g € A* we have:

~

(m*(My), g) = (M, 7" (9)) = (£ (1), 7" (9)) = (1, Fi(7*(9))) = (1, 9) = (g, 1).

Now if & C (A@A)*, Q2 C A" and A C A are finite sets, then by Goldstine’s
Theorem we have my;, (io(®, 2, A, €)) € A@A such that

[(amiy —mig.a, )l <€, [{m(mig) =L g)l <e (fe®geQach).

So there exists (my)aes € A@A such that
wk — li>r\n a.my — my.a = 0,

wk — h}r\n m(my) = 1.
Now for F' = {ay, ag, ..., an }, a finite subset of A, we have in (A@A) P ... @(A@A) P A:

(0,...,0,1) € wk — cl(co{(as.my — my.ay, ..., an.my — my.an, 7(my))| X € I}).
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So by Mazur’s Theorem, we have
(0,...,0,1) €] . || —cl(co{(as.myx — mx.az, ..., an.mx — mx.an, m(my))| X € 1}).
And so for given € > 0, there exists np € co{my|A € I} such that for 1 <7 <mn,
| ainpe —npe.a; ||<e. (2)

[ m(nre) —1l<e (3)

Hence there exists a net (n;); C A®A such that for all a € A:

lima.n; —nj.a =0. (4)
J

lim7(n;) = 1. (5)
J

Hence A has an approximate diagonal which together with A having an identity,

implies that A is approximately amenable. U

Remark 3.2. In the proof of Theorem 3.1, if A is approximately amenable with
identity, then the iy such that: || F;(f.b) — F;(f).b ||< € for i > iy, was independent

of f for || f||< 1, so that the convergences in Theorem 3.1 are uniform for || f ||< 1.
So we have

Theorem 3.3. Suppose that A is a Banach algebra with identity. Then these two
conditions are equivalent:

(i) A is approximately amenable.

(ii) The short exact sequence [[* : 0 — A* =, (A@A)* K — 0 of

A-bimodules uniformly approzimately splits. i.e. there exists a net (F;); , F; :
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(A@A)* — A* of left inverses of m such that for alla € A and all f € (A@A)* :
(1) Fi(a.f) —a.F;(f) — 0;
(2) Fi(f.a) — Fi(f).a — 0O;

where the convergences above are uniform for || f ||< 1.
Proof: It is clear by Theorem 3.1 and Remark 3.2. U

Corollary 3.4. Suppose that A is a Banach algebra with identity. Then the short
eract sequence [[*:0 — A* - (A@A)* 2 KY 0 of A-bimodules uniformly

approximately splits if and only if approximately splits.

Proof: If [[* uniformly approximately splits, then it obviously approximately
splits. Conversely if [[* approximately splits, then by Theorem 3.1 , A is approxi-

mately amenable. Now by Theorem 3.3, [[* uniformly approximately splits. (]

Proposition 3.5. Let A to be a Banach algebra with identity. Also suppose that
there exists a net (M;) C (A@A)** such that wk* — lim(a.M; — Mj.a) = 0 and
7 (M;) = 1 for all i, where 1 is the identity of A. Then A is approximately

amenable.

Proof: Suppose that there is such a net, X is a unit-linked Banach A-bimodule
and D : A — X* is a continuous derivation. Then we define u, € (A@A)* by
pe(a @ b) = (a.D(b), z). If we define f; € X* by fi(x) = M;(uz), then we have:

(a.fi — fi-a,z) = {(a.M; — M;.a, pg) + (7**(M;).D(a), )

= <a.Mi — Mi-aaﬂx> =+ <D(a),a:).

So we have

(a.fi — fi.a— D(a),z) = (a.M; — M;.a, piz).
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And hence
lim(a.f; — fi.a — D(a),z) = lim(a.M; — M;.a, ;) =0 (x € X)

which shows that D is wk*™ approximately inner and hence A is weak* approximately
amenable. Therefore by Theorem 1.38, A is approximately amenable. O
In the next Theorem 7 denotes the multiplication map from A#®(A#)°p into A%

and K denotes Kerm.

Theorem 3.6. For a Banach algebra A, the following statements are equivalent:
(i) A is approzimately amenable.

(ii) There ezists a net (u;); C K such that ku; —k —; 0 for allk € KN(AQ A)

Proof: Suppose that A is approximately amenable. Then from Theorem 1.38,
A is approximately contractible. Suppose that 1 denotes the identity of A#. Then
D : A — K defined by D(a) = a®1—1®a is a continuous derivation and hence is ap-
proximately inner. So there exists a net (v;); € K such that D(a) = lim;(a.v; —v;.a).
Now if @ € KN (AQ® A) is the finite set {ki, ko, ..., kn}, for k. € Q, we have

kyr =3 4—1 agr ® by, such that 30 ag,bg, = 0.
Then we have

_ n . _ n
krvj — ky = Zq:l Qq,r-Vj-bg,r Zq:l ag,r @ bg,r

n n n n
= § :aqyr‘”j‘qu - E :”j‘aq,rbq,r - § :aw @ bg,r + E :1 ® ag,rbg,r
q=1 g=1 g=1 g=1
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So we have

n

kr.vj —ky = Z(aqu.v‘j —Vj.0q, — (Agr @1 = 1® ag;)).bgr
q=1

n
= Z(aq,r-vj — vj.ag,; — D(ag,r)) by,
q=1

Since aq,vj — vj.aq,r —; D(agr) (1 < ¢ <n,1 <r <m), for given € > 0, we can
choose vj, such that

| kvj, —k||<e/2 (keQ).

So we can find a net (u;); € K such that

Conversely, suppose that there is such a net (u;);. For every a € A¥ | we have

a®l-—1®ae KN(AQA). So
a®1—-1®a=limlae®1—-1® a)uy;.

So that:

a®1—1®a=lim(a.u; — u;.a).
(2

So by letting v; =1® 1 —u; € (A#®A#), for a € A we have
lima.v; —v;.a = 0.
(2

Also we have 7(v;) = 1 for all 4. Hence A% is pseudo amenable and since A has
identity , from Theorem 1.43, A# is approximately amenable. Hence A is approxi-

mately amenable. (I
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Note: If A has a bounded approximate identity, then by the Cohen factorization

Theorem, 7 will be surjective and hence by [4, Theorem A.3.48|, we have
(kerm)™ = kerm™* = wk* — cl(kerm).

Also we note that if a net (k;); converges to L in o((kerm)*™, (kerm)*) then (k;);
also converges to 0(L) in a((A@A)**,(A@A)*) where 6 denotes the isometric

** onto kerm** and also we have the converse statement.

isomorphism from (kerr)
So whenever we talk about the convergence of a net (k;); C kerm in the wk*
topology, it doesn’t matter that we take wk* topology as o((kerm)**, (kerm)*) or
7((A®A)™, (ARA)").

In the following Lemma and Theorem, K denotes the kerm where 7 : A@A"p — A

is the multiplication map.

Lemma 3.7. Suppose that A is a Banach algebra with a bounded approximate iden-

tity. Then every element L of K** is wk* limit of a sequence

Proof: Take L € K**. Then by Goldstine’s Theorem, There exists a net

(kg)g € K such that
wk* —limk, = L (1)
g
Take € > 0. If kg = >, aj ® b{, then there exists ny € N such that

[e.e]
> laglllief < e

k=ng
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Let kge = > 12, aj ®bY. Then we have

|(kg.e =L, §)| < [(kg.e—kg, )+ (kg =L, &) < €| & || +I(kg—L,9)| (& € (ADA)").

Therefore for a finite subset A of (A@A)*, from (1) and the above inequality, there

exists kg, e € KN (A® A) such that
|(kga,e = LAY <€ (A€ A).

So if we order R™ by decreasing order and the finite subsets of (A@A)* by inclusion,

the net (kg, ) € K N(AQ A) converges to L in the wk* topology. O

Theorem 3.8. Suppose that A is an approzimately amenable Banach algebra with
a bounded approximate identity. Then there exists a net (u;); C K such that

kui —i k (ke KN (AR A)).

Proof: Suppose that A is approximately amenable with bounded approximate
identity (eq)a. Then (eq)s has a wk*-cluster point E in A**. Without loss of
generality, we can assume that wk* — lime, = E . Thus E is a right identity for
(A*,0) and a.E =FE.a=a Vac A
Now we define the map D : A — ker(7**)(= K**) by D(a) = ¥V(a® E— E®a) where
U A¥RA* — (A®A)** is as in the Theorem 1.15. Obviously D maps A into
kerm** since 7 (V(a@ E—E®a)) = mpg=(aQFE—E®a) = aE—FEa =0 (a € A).
Obviously D defines a continuous derivation from A into K** and hence approximate

amenability of A implies the existence of a net (v;);e;s € K** such that

D(a) = li§n(a.vj —vj.a) (a€A)
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V(e® FE - F®a)=lim(a.v; — vj.a).
J
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Take k=> " a; @b € KNA®A. So we have > ;' | a;by = 0 and hence we have

n n n n
k"Uj —k = Zatvjbt — Zvj.atbt — \I’(Z Q¢ X bt — ZE X atbt).
t=1 t=1 t=1 t=1
Thus we have
n
kv — k = Z(at.vj —vj.ar — V(e @ E— E® ay)).by.

t=1

Since a;.v; —vj.a; — V(e @ E — E®a;) —; 0 (1 <t <n), we have

liylk.vj—k:O (ke KN(A® A)). (1)

Now for € > 0, a finite subset ® of K* and a finite subset Q = {ky, k2, ...

sk }

of K and for any j € J , by using Goldstine’s Theorem, we can choose w;¢ o € K

such that

wjeo—vj,0.k)| <e/2 (ke ¢ed). (1)

So if k € Q and ¢ € ®,then by (f), we have

[(kwjo.0 —k,¢)| < |[(kwje.0 — kv, ¢)| + [(kv; — k, ¢)]
= [wj o0 —vj, ¢.k)| + [(kv; — k, )]

< €/2+ |(kvj — k,9)|
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and hence by (), we can choose jy € J such that:
[(kwje0—k,¢)| <€ j=jo

And hence there exists a net (wy)yea in K such that

wh —lim(kwy = k) =0 (k€ KN (AR A)).
Now in @, K, we have

(0,0,...,0) € wk — cl(co({(k;wy — ki1, ..., kmwx — km)|X € A})).
And hence by Mazur’s Theorem,
(0,0, ...,0) € norm — cl(co({(k;wx — k1, ..., kmwy — km )|\ € A})).
So for € > 0, we can choose u = ugq ¢ € co({wy|A € A}) such that
| ku—Fk|l<e (keQ).

So we can find a net (u;); € K such that

lignkui—k:(] (ke KN(A® A)). O

Before going to Corollary 3.10, we need the following proposition.

Proposition 3.9. Let A be a Banach algebra with a bounded approximate identity
and K to be the kernel of the multiplication map  : A@A"p — A. Then for a given

€ > 0, every element k € K can be written as the sum of ki,ko where ki, ks € K and
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also k1 € A® A and || ke ||< €.

Proof: Suppose that A has a bounded approximate identity bounded by M > 1.
Take € > 0 and k € K. Then we can find t; € AQ) A and t3 € A®A such that

k=t 4+t and H to Hp< e/AM

where || . ||, denotes the projective tensor norm.
Now by Theorem 1.7, there are a,b € A such that || a [|[< M and || 7(t2)—b || < ¢/4M

and 7(t2) = ab.

We let

ki=ti+a®b, ko =ty —a®b.

So we have

(k1) = m(t1) + ab=n(t1) + 7(t2) = w(k) = 0.

Obviously we have 7(k2) = 0. Also we have

12l < l[E2ll + llallfio]]- ()

But we have [|b]| < €/4M + ||7(t2)|| < ¢/2M. Hence by (1) we have:

k2|l < €/2M + Me/2M < e.

And hence kq, ko have the required properties. O

Corollary 3.10. Let A be an approximately amenable Banach algebra with a bounded

approximate identity and e be an idempotent in A. Then for a finite subset F' of
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eAe and given € > 0, there are ai,b1, ...,a,, b, € A such that

r
E akbk =€
k=1

and

T
1Y zar @by —ap @bz |[<e  (x€F)
k=1

Proof: Take ¢ > 0. Since e is an idempotent, then for every x € F, we have
xze —ex = 0. So that the set Q = {z ® e — e ® z|x € F'} is contained in
kermr N (AQ) A). Now by using Theorem 3.8, we easily see that there exists k €

kerm such that
|[(z@e—e@z)ok—(r®e—e®x)|<e (xeF). (1)

where o is the multiplication in A@A"p .

Then k = k1 + ko where k1 and ko are as in the Proposition 3.9 with ¢ = ¢/4K,
where K > 1 and K > Max{| = ||: € F'}. Then by lettingd=e®e — (e®e€) o ky
we have d € AQ) A and 7(d) =e.

Also we have:

zd—dr=z.(e®e—(e®e)o(k+ (k1 —k))—(e®e—(e®e)o(k+ (k1 —k)).x

—rRe—eRr—(zRe—e®u)ok+ (r®e—e®x)o (k).
By (1) and using the fact that || k2 ||< €/, we obtain:

|zd—dzx||<e +2Ke <e (z€F). (2)
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Soifd=73"_,a; ®b;, we have

,
Zaibi = 7T(d) =e€,
i=1
and by (2) we have
T
I Zmaﬂ@bi —ai®@bxl|<e (zeF).
i=1
So aq, by, ..., a., b, have the desired property. ]

3.2 Characterization of approximately amenable and boundedly

approximately amenable Banach algebras

Now we state a characterization for approximate amenability and one for bounded

approximate amenability.

Theorem 3.11. For a Banach algebra A the following conditions are equivalent:
(i) A is approzimately amenable.

(ii) For a Banach A-bimodule X and a Banach submodule Y of X, if f € Zao(Y™),

then there ezists a net (g;)icr C X* of extensions of f such that lim;(a.g; — g;.a) = 0.

(i1i) For any Banach A-bimodule X, there exists a net (P;)ier , P+ X* — X*
each P; is a continuous operator and Py, (x+) = Idy,(x+). Also P; commutes with

every wk* — wk* continuous bounded operator from X* into X* commuting with the

action of A on X* and lim;(a.P;(f) — P;(f).a) =0 Vfe X*.
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Proof: First since approximate amenability of A is equivalent to the approxi-
mate amenability of A%, and by using the fact that Z 44 (X*) = Z4(X*), it is enough
to prove the Theorem for the case that A has an identity.

(1) = (ii) Suppose that f € X* is an extension of f. Then §(a) :=a.f — f.a is a

continuous derivation from A into Y1(2 (3)*). So approximate amenability of A

results in the existence of a net (h;); C Y- such that
lilm(a.hi — hi.a) =a.f — f.a.
Now let g; = f — hi. So we have
lign(a.gi —gia)=a.f — fa— liyl(a.hi — hi.a) = 0.

It is obvious that each g; is an extension of f.

(1) = (i1i) Let L = X*®X and make L an A-bimodule by:

a.(f@x)=fR®au;

(fRz)a=f®zxa (a€ A fe X zeX).
Now let H and K to be the closed linear span of the sets below, respectively,
{T*(f) @z —fT(z)|f e X"\ TeureX}

{fx|f € Zsy(X"),xze€ X},

where 2 is the set of all continuous operators on X that commute with the action
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of Aon X.

Obviously H, K are Banach submodules L. So is the closed linear span of H, K say
Y. Hence Y/H is a Banach A-submodule of L/H.

Now define ¢ € L* by o(f @ ) = (f,z) for f € X* and x € X. Then we have
p(T*(f) @z - foT(x) = (T"(f),z) - (f,T(z)) =0.

So we have ¢ € H* and hence we can define A € (Y/H)* by A\(§) = ¢(y).

Now if f € Z4(X*),z € X , we have

(a\, fRx)=(p, f@m.a) = (f, x.0) = (f az)

={(p,f®@azx)=(\fRazx)=(\af®z)

= (\.a, f®x).

We observe that if § € Y/H, then § = k for some k € K and since every element
k € K can be approximated by a linear combination of f; ® z; wheref; € Z4(X™)
and x € X, we have A € Z4((Y/H)*). Now by (ii), there is a net (\;); C (L/H)* of
extensions of A such that

lim(a.\; — Aj.a) = 0.

]

Now we define P; : X* — X* by:

(P(f),z) = (N, foz) (feX*zeX).

If f e Za(X™), then we have
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Now suppose that T : X* — X*, is a wk* — wk™ continuous and bounded operator
which commutes with the action of A on X*. Then, since T is bounded wk* — wk*
continuous operator we have T' = S* for some S € B(X). Also S has to be in Q,

because if f € X*, a € A and x € X, we have

(f,S(a.x)) = (57(f), a.x) = (T(f), a.x)
= (T(f)-a,2) = (T(f.a),z)
= (5"(f.a),2) = (f.a,5(x))
= (f,a.5(x)).

So
S(a.x) = a.S(x) (x € X,a € A).

Similarly we have S(z.a) = S(x).a. So S € © and hence we have:

(BT (f)),z) = (N, T(f) @ 2) = (N, S*(f) @ ).

But since S € Q we have S*(f) ® x — f ® S(z) € H and hence

(N, S5 () @) = (N, f @ 8(2)) = (Pi(f), S(x)) = (S*(Pi(f)), x) = (T(Pi(])), z).-

So for all 4,

PT =TP,.
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Also we have

(a.Pi(f) — Pi(f).a,2) = (Bi(f),a.x — z.a) = (N, a.f @ (a.2 — z.a))

= <)\i7a,f®x — f®:r.a> = ():Za — G.Xi,f®$>.

So
(a.P;(f) — Pi(f)-a,2)| <|| Noa — a || | £1]]1]].

Hence

la.P:(f) = Pi(fall < [Ai-a —aXilllIf]-

Now since lim;(\;.a — a.):z-) =0,
lim(a.P,(f) - Pi(f).0) =

So (P;); has the required properties in (iii).

(i7i) = (i) In part (iii), let X = A@A. Then X is a Banach A-bimodule by

the usual actions of A on A@A. ie.
a.b®c)=ab®c, (b®cla=b®ca (a,b,cec A).

Also suppose that the net (F;);, P, : X* — X* has the properties mentioned in

part (iii). Now we define ¢ : X* — X* by

(q(f),a®@b) = (f,b®a) (f€ X" abe A).
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Now let

M; = ¢ (P(1®1)).

Then for ¢ € (A@A)* , we have

(Mi.a,¢) = (Mi, a.9) = (¢" (P (1©1)),a.9) = (P (1 ©1),q(a.9)).

But we have

(4(a.¢),b @ c) = (a.6,c @ b) = ($,c® ba) = (q(¢), ba @ c) = (q(¢), Ra(b® ¢)),
where R, : AQA —s ARA is defined by
Ry(b®c)=ba®c (a,b,c€ A).
So we have

(q(a.9),b®@c) = (Ry(q(9), b®@ ).

And hence
q(a.6) = Ry(q(#) (a€ Aand ¢ € (ABA)").

Obviously R, commutes with the action of A on A®A. So by the assumptions of
(iii), we have

PR, =R.P, (acAyicl).
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Hence we have

(My.a,¢) = (Mi,a.9) = (Pr(1© 1), q(a.6)) = (1® L, Pi(g(a.0))
— (191, P(R(¢(9) = (1© L, R;(P(a())))

= (Pi(q(¢)),a ®1) = (Pi(q(¢)).a, 1 © 1).

Similarly we have

(a.M;, ¢) = (a.Pi(q(¢)), 1 ®1).

So
lim(a.M; — M;.a, ) = lim(a.P;(q(¢)) — Pi(q(¢)).a,1 ® 1) = 0 (by assumption)

and hence

wk* —lim (a.M; — M;.a) = 0.
Also for f € A*, we have:

(7 (My), f) = (B (1 @ 1), (7" (f)))-

Also we have

(a.q(m*(f)),b® c) = (q(7*(f)),b @ ca) = (7*(f),ca @)
= (f, cab) = (z*(f),c © ab)
= {q(7*(f)),ab® ¢) = (¢(7"(f))-a,b & c).

So we have

q(m(f)) € Za(X7).
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And hence we have

(T (My), f) = (1@ 1, Pi(g(x*(f)))) = 1@ 1 q(x*(f))) = (7" (), 1@ 1) = (f,1).

Hence

(M) =1 (1 €1).
Now by Proposition 3.5, A is approximately amenable. O

Remark 3.12. Due to the proof of Theorem 3.11, we can replace (iii) by (iii) as
follows:

(tit)> For any Banach A-bimodule X, there exists a net (P,)icr , P : X* — X*
such that each P; is a continuous operator and P, (x+) = Idg,(x+. Also B
commutes with every wk* — wk* continuous bounded operator from X* into X*
commuting with the action of A on X* and lim;(a.P;(f) — Pi(f).a) =0 uniformly
for || £ 1< 1.

To see this observe that when we made P; in (ii), we had

la-P;(f) = Pi(f)-all < [[Aia = a NI F]]

And hence
lim(a.P;(f) — Pi(f).a) =0 uniformly for ||f||leg?.

Corollary 3.13. For a Banach algebra A | these conditions are equivalent:
(i) There exists a net (P;); , Pi : (ARA)* — (ARA)* such that each P; is a

continuous operator and Pi|ZA((A®A)*) = IdZA((A®A)*)' Also P; commutes with ev-

ery wk* — wk* continuous bounded operator from (ARA)* into (ARA)* commuting
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with the action of A on (ARA)* and lim;(a.P;(f) — Pi(f).a) =0 (f € (ARA)*).

(ii) There exists a net (P;); , P; : (ARA)* — (A®A)* such that each P; is a
continuous operator and Pi’ZA((A@;A)*) = IdZA((A@)A)*). Also P; commutes with ev-
ery wk* — wk* continuous bounded operator from (ARA)* into (ARA)* commuting
with the action of A on (ARA)* and lim;(a.P;(f) — Pi(f).a) = 0 uniformly for
f € (ARA)* with || f|| < 1.

Proof: (i) = (i) By using the argument of Theorem 3.11, we see that A is
approximately amenable and hence by the preceding Remark, (i) holds.

(ii) = (i) Obvious. O

Now we give a characterization for bounded approximate amenability.

Theorem 3.14. For a Banach algebra A , the following are equivalent:

(i) A is boundedly approzimately amenable;

(ii) there exists M > 0 such that for every Banach A-bimodule X and any Banach
submodule Y of X, if f € Za(Y™), then there exists a net (g;)icr C X™* of extensions

of f such that lim;(a.g; — gi.a) =0 and ||a.g; — gi.a|| < 2M||f|||lal| (a € A).

(11i) There exists M > 0 such that for any Banach A-bimodule X, there exists a net
(Pier , Pi: X* — X such that each P; is a continuous operator and Pi|;,x+) =

Idz, (x+). Also P; commutes with every wk™—wk™ continuous bounded operator from
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X* into X* commuting with the action of A on X*, and lim;(a.P;(f) — P;(f).a) =0
(uniformly for || < 1) and |a.Bi(f) — Bi(f)-al < 2MJalllf] (f € X*,a € ).

Proof: Again, it is enough to prove the theorem for the case that A has an
identity.
(i) = (i1) From Proposition 1.40 and by the notations we used in the proof of

Theorem 3.11, there exists K > 0 and a net (h;); C Y+ such that for a € A,
|a.h; — hi.a| < K|[d]|]|al],

and

a.f — f.a =lim(a.h; — hs.a).

But [|6]] < 2[|f|| = 2/|f]l. Hence
la-hi — hi.al| < 2K/ f|l[la]l  (a € A).
For a € A, by letting g; = f — h; we have:
la.gi — gi-all < 2(K +2)||f[| |al,

lima.g; — g;.a = 0.
7

So it is enough to let M = K 4+ 2. Since K does not depend on the derivation § and
the module X, M is also independent of X.
(19) = (i4i) The proof of this part is exactly the same as the proof of the corre-

sponding part in Theorem 3.11. Additionally when we find the net (\;); € (L/H)*
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of extensions of A we can assume that

la.A = Avall < 2M|A[lla] (i € I,a € A).

Since ||A|| < 1, we have

la.X — Xi.a| < 2M]||al|,

where M comes from part (ii) and hence does not depend on the Banach A—module

X. So if we define P, : X* — X* by

(Fi(f),z) = (N, foz)  (fe X' zeX),

then by the argument in the proof of Theorem 3.11, P; satisfies all of the properties
given in the statement of the Theorem. To see the last property, due to the proof

of Theorem 3.11, we have

la.Ri(f) = Pi(f)a <] ad=Xia |l fIS2M [[a |l f ]| (f € X*,a € A).

(7i1) = (i) Suppose that there is such a net (F;);. By the argument of the proof

of Theorem 3.11 and defining M; in a similar way, we have
{@.M; — My.a,6)] = [{a.Pi(a(@)) — P(a(6))-a,101)|  (a € 4,6 € (ABAY").
So by part (iii),

[{a-Pi(a(¢)) — Pi(a(9))-a, 1@ 1)| < 2Mlg(9)lllla]  (a € A, ¢ € (ABA)Y).
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Since ||g|| <1, then we have
{a.M; — Mi.a, 6)| <2M||[la]  (a € A, ¢ € (ADA)Y).

Hence we have

la.M; — My.al| < 2M|la]| (a € A),

and
lim(a.M;—M;.a, $) = lim(a.P;(q(¢))—Pi(q(¢)).a,1®1) = 0 (uniformly for ||¢|| < 1).

Hence

lima.M; — M;.a=0 (a€ A).

Also similar to the proof of Theorem 3.11, we have that 7**(M;) = 1 for all ¢.

Hence by Theorem 1.41, A is boundedly approximately amenable. ([

3.3 Non-approximate amenability of certain classes of Banach al-

gebras

In this section, we introduce a class of Banach algebras that are not approximately
amenable. First we need some preliminaries.

The following result is based on a result of V.Runde and M.Daws in [5] for amenable
Banach algebras. Here we extend that result to the case where our Banach algebra

is approximately amenable.

Theorem 3.15. Let E be a Banach space. Then the Banach algebra B(IP(E)) is

approzimately amenable if and only if I°(B(IP(F))) is approzimately amenable.
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Proof: First we make a useful isometric isomorphism between [P(E) and IP(IP(E)).

We define ¢ : IP(IP(E)) — IP(N?, E) by:

p(a)(m,n) = (a(n))(m) forall a € IP(IP(E)).

¢ is obviously onto and linear and for a in {P({P(E)) we have

le(@)llp =D lp(@(m,n)|P = > llam@)m)I? = Y lla(@)|h = lall-

So || ¢ ||= 1. Now since N? = N, we have IP(IP(E)) = IP(E).

For notational convenience we denote the isometric isomorphism between [P (I (E))and
IP(E) by ¢ (¢ : IP(IP(E)) — IP(E))

For each n we let P, : IP(IP(E)) — IP(IP(E)) to be the projection onto the nth

coordinate and we define @ : B(IP(IP(E)) — B(IP(IP(E)) by:
Q(T> = Z PnTPn (T € B(lp(lp(E)))

Firstly we have the above sum is convergent in the strong operator topology (S.0.T).

Since for X € [P(IP(E)) we have

n

Y IBTPX)E = Y NPT XL < D IPAPIT 17Xk,
k=1 k=1 k=1

where X € [P(IP(E)) is defined by (X%)(n) = X (k) for n = k and (Xj)(n) = 0 for
n # k.
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Since || Pg|| <1 for all k, we have

n

n
D IBTR.CON < ITIP Y IXklIE < ITIPIX I
k=1 k=1

and hence

D IPT PO, < 711X -

n=1
Let A =1°(B(IP(F)). Then we can embed A into B(IP(IP(E))) by identifying each
element of A with a block diagonal matrix in B(IP(IP(E))). So we have

(T(X))(n) = (T(n))(X(n)) (T € Aand X € IP(I°(E))).

By definition of @ , it is obvious that @ maps B(IP(IP(E))) onto A. In this case we
have (Q(T))(n) = P,T,, where T,, : IP(E) — IP(IP(E)) is defined by T),(z) = T(X)
where X € [P(IP(E)) is the vector with z in its nth coordinate and 0 in other
coordinates. Also @ is a projection onto A since if T € A and X € [P(IP(E)) we
have

PyTuPo(X) = PoT(n)(X,) = T(n)(X,) (n € N).

Hence for all X € [P(IP(E)) we have

Now we define U, V,, € B(IP(I"(E))) by

Un(z) = ¢~ (z(n)) (x € PP(E)).



So for z € IP(IP(E)), we have

(UnVa)(x) = o™ p(2) = =

Hence

Also we have (V,Uy)(z) = V(o H(z(n))). So

and ((V,,Up)(z))(k) =0 for k # n. Hence VU, = P,.
So we have

Vn:PnVn ) Un:UnPn-

For n # m we have

(UnVin)(z) = Wﬁl(Pn(Vm(x))) =0.

So
U Vi, =0 n#m

Now we define:

QL : B(P(IP(E))) — B(IP(IP(E))) T > PTU,;

Qr: BP(P(E))) — BIP("(E))) T+~ Y ViTP,.

70
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Similar to what we proved for ), the series above are convergent in S.O.T . Since
elements of A are identified by Block diagonal matrices in B(I{P(IP(E))), it is clear
that @ is a left A-module morphism and Qg is a right A-module morphism.

From (6), it is clear that, Q1 and Qg attain their values in A.

For S,T € B(IP(I°(F))) we have

N

Sy =Y PuSU, — N QL(S);
k=1
N

Ty =Y ViTP: —y Qr(T),
k=1

where the limits are taken in S.O.T .

Also noting that

N
1SN (X5 <> I(PeSUR) (XI5
k=

N
=D PSS (X (k)
k=

< ISIPIXIE - (X € PUP(E)))

we have [|Sy|| < ||S]].
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Similarly we have

1T < {17l (N € N).

So

[(SNTN)(X) = (QL(S)Qr(T)(X)|| < [(SNTn — SvQR(T))(X) + (SvQr(T) — QL(S)Qr(T))(X)]|

< ISVIII(TN = Qr(T) (X)) + [(Sy = QL) (Qr(T))(X)]-

Hence boundedness of (||Sy||)n implies that

SNTn — N~ QrL(S)Qr(T),

where the limit is taken in S.O.T.

So we have

N N
(QL(9))(Qr(T)) =8S.0.T — lij{]n(z PLSU) (D Vi TPy,)
N k=1 k=1
=S.0.T — Z PySU, V, TP,
k,it=1

N
=S8.0.T — n&n; P.SU, Vi TP,  (By(7))

N

=5.0.T —lim Z P,.STP, = Q(ST).
k=1
So
1o (QL®Qr)=Qor. (8)

Now suppose that B(IP(FE)) is approximately amenable. Since B(IP(E)) has identity,



73

by Theorem 1.43 it has an approximate diagonal (dy)aen-
Also we can assume that 7(dy) = Idpr(g)y) (o € A). Since if not, we can
consider:

do —(de) @1 +1®@1 (1 =1dp(g).

Now we take the net ((Qr ® Qr)(da))aca and we prove that this net gives us an
approximate diagonal for AR A .Since IP(IP(FE)) = IP(E), B(IP(IP(E))) = B(I*(E)).
Also since Q7 ® Qr is an A-module morphism and attains its values in A®A, we

have for (a € A),

a.((Qr ® Qr)(da)) — ((QL ® Qr)(da)).a = (QL ® Qr)(da-a — a.dy) —a 0.

Also by (8), we have

T((Qr ® Qr)(da)) = Q(7(da)) = Q(Idsp(1r(£))) = Idip ()

The latter can be considered as Idp. So A has an approximate diagonal and
since A = [*(B(IP(E))) has an identity, by Theorem 1.43, A is approximately
amenable. The converse is obvious since B({P(E)) can be considered as a closed
ideal in [*°(B(IP(F))) that has an identity and hence is approximately amenable.
O

We have even the more general case:

Theorem 3.16. Let E to be a Banach space. Then for 1 < p < oo and r €
N, the Banach algebra B(@,_,P(E)) is approzimately amenable if and only if

[®°(B(@),_, IP(E)) is approzimately amenable.

Proof: Similar to what we had in the proof of Theorem 3.15, we can iden-
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tify @@_, P(IP(E)) isometrically with @, _, IP(E) through a mapping ¢. If we let
A = 1®°(B(@)_,IP(E))), then we can embed A into B(;_, P(I’(E))) as block
diagonal matrices.

Let P, : @, P(IP(E)) — @}_, I’(I"(E)) be the projection onto the nth coordi-
nate. We define Q : B(@,_, I?(I’(E))) — B(@,_, P(I’(E))) by

Q) =Y PP, (T BEIE®)).
n k=1

Again the series above is convergent in strong operator topology, since for

X = (Xng)n in P(IP(E)) and X = @ _; Xi, in Pj_, P(IP(E)) , we have

QO _IPTPX)N? < D NTIPQ langllp)”
n k=1

n
)
< TIPS gl

n k=1

.
= |1TIPr P Q11X )
k=1
T
< |71 B XxllP.
k=1

Hence we have
Q)| <+ |IT| (T € BEPre(r))).

k=1

For each n € N and every X = @,_, Xj in @, _, P(I’(E)),we define U,,V,, €

B(@j= '(I7(E))) by

Un(@D X1) = ¢~ (6D Xi(n)).
k=1 k=1
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(D=1 X)) i=n

Vo (D X (i) =
ke:? ’ 0 i1#n

In a similar way to the proof of Theorem 3.15, for n € N, we have

UnVi =gy, 1r(r(B));

VnUn - Pn
Therefore for n € N,
Also we have
UVin =0 m#mn (10)

Now we define Qr, Qr : B(@,_, P(IP(E))) — B(P,_, ’(I’(E))) by

QL:T— ZPnTUn;

Qr:T+ > VuTP,.

By the same way as we proved for (), the above series are convergent in the strong
operator topology and

1QL(D)| < ™5 |IT]; (11)
1Qr(T) < "7 ||T]. (12)

Similar to what we did in the proof of Theorem 3.15, and by using (10) , we have

QL(S)Qr(T) = Q(ST) (5,T € B rw(e))).

k=1
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Therefore

70 (QL®Qr) = Qor. (13)

Also by (9), both Q1 and Qg attain their values in A and from identifying A
with block diagonal matrices, @, is a left and Qg is a right A-module morphism.
Now suppose that B(;_, [P(I’(E))) is approximately amenable. So by Theorem
1.43 it has an approximate diagonal say (dn)q. Also this approximate diagonal
can be chosen such that m(da) = Idgy  1p(r(p))- In a similar way to the proof
of Theorem 3.15, ((Qr ® Qr)(da))a will be an approximate diagonal for A with
T((Qr ® Qr)(dy)) = Ida. Hence again by Theorem 1.43, A will be approximately

amenable. The converse is obvious. O

Lemma 3.17. Suppose that A is a Banach algebra with a bounded approrimate

identity. Then also the Banach algebra 1°°(A) has a bounded approximate identity.

Proof: Suppose that (eq)aeca is a bounded approximate identity for A. Let
D = {e,|a € A}. Then we define the set E by:

E={f|f:N— D, f isafunction}

Obviously F is a bounded subset of [°°(A). We denote an element f € E by (fn)nen-
Then for (a,), € °°(A) we have:

For every € > 0 and for all n € N, there exists e, € D such that

lanene — anll < € [lencan —an| <.
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So if we consider e = (e, )n, then we have

lae — elloc = H(aneme — ap)n|l = sup [lanene — anll <,
n

and similarly || ea — a ||o< €.
Hence for each € > 0 and each element a € °°(A), we found an element e, € F
such that ||ea — al|x < € and ||ae — al|x < €. Now boundedness of E implies that

[*°(A) has a bounded approximate identity. O

Corollary 3.18. Let p € (1,00) be such that B(IP) is approzimately amenable. Then

[°(K(IP)) is approzimately amenable.

Proof: By letting £ = C in preceding Theorem, [*°(B(IP)) is approximately
amenable. K (IP) has a bounded approximate identity (since [P has the approxima-
tion property). Hence by the preceding Lemma, [°°(K (I?)) has a bounded approxi-
mate identity. So [*°(K (IP)) is a closed ideal in {*°(B(I?)) with bounded approximate

identity. Hence I*°(K (IP)) is approximately amenable. O

Lemma 3.19. Let X be a Banach space. Then for 1 < p < oo, IP(X) can be
identified with the completion of the algebraic tensor product of IP(N) @ X (as a
subalgebra of IP(X)).

Proof We define a mapping ¢ : IP(N) ® X — [P(X) by

e((an)n @ x) = (anz)n  ((an)n € I°(N),z € X)

Obviously ¢ is one to one and also Ran(y) contains all sequences with finite support

in [P(X). Since such sequences are dense in [P(X), we have the result. [J
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Lemma 3.20. Let E be a Banach space and define Tr : F(E) — C by
Tr(z®@az*) = (2", z) (x € E,x* € E¥)

Then we have the following:
(i) Tr(ST)=Tr(TS) (Se F(E), T € B(E))

3 Tva Tip
(i) If for another Banach space G, T = € F(E® Q) , then
To1 T2

T’I’(T) = TT‘(TLl) + TT’(TQ’Q)
(153 )If (zp)n is a basis for E, then

Tr(T) =Y (2, T(xa)) (T € F(E))

n=1

Proof: First since T'r is linear, it is enough to prove the statements for the
elementary tensors z ® z*. For (i), if § = x ® z*, we have T'S = T'(z) ® * and

ST =z ® T*(«*) and hence
Tr(TS) = (2", T(x)) = (T"(z"),z) = Tr(ST).

For (ii), if vy = z1 @27 , T2 = y1 @3, To1 = 22 @y}, Tho = y2 @ y3, for

x1,w2 € E, o7, 25 € E* and y1,y2 € G, vy}, y5 € G* we have

Tr(T) = (y1,w2) + (23, 91) + (Y3, Y2)

= (z7,2) + (y3,y2) = Tr(T11) + Tr(Tsp).
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For part (iii), let 7' = 2 ® 2*. Since € E has a representation z = ) A,&p,

where the )\, ’s are determined uniquely, we have

Tr(T) = (z*,2) = > Anla™,2n) = (@h, 2) (2", 20) = Y (a5, T(xn)). O

n

Let 1 < p < oo and let g be such that %4—%:1. We denote by {e,} (respectively

{e}}) the standard basis for [P (respectively 17 ).

Lemma 3.21. Let N € N. Forx € B(lp,lzj,v) and y € B(lq,lév), we have

D llztea)llly(el < Nlizlyl

Proof: See [17, Lemma 2.1]. O
In the next Lemma and the theorem following it, we let P denote the set of prime
numbers. For p € P, Ap denotes the projective plane on the field Z, i.e. the set of all
triples (a, b, ¢) where a, b, ¢ € Z,, and we identify two such triples if one is multiple of
another. SL(3,Z) denotes all 3 x 3 matrices with entries in Z that have determinant
equal to 1. Then SL(3,Z) acts on A, through matrix multiplication and therefore
this action induces a representation , from SL(3,Z) on I2(A,). Also it can be easily

seen that 7, is a unitary representation. This representation is determined by
m(9)(a) =g.a (g€ SL(3,Z),ac ’(Ay)),

where . denotes the action of SL(3,Z) on I2(A,).
Note that SL(3,7Z) is clearly a group (under standard matrix multiplication) and

also this group is finitely generated.

Lemma 3.22. (Ozawa) It is impossible to find, for each ¢ > 0, a number r € N

with this property: for each p € P, there are &1.p, M py ey Erps Mrp € ZQ(AP) such that



80

> k1 Skp @ ey # 0 and

I Z Eip @ Mep — (mp(95) © 7p(95)) (S © M) Hl2(Ap)®l2(Ap)
k=1

T
< Z Ekp @ nk,pHP(Ap)@z?(Ap)-
k=1

Proof: See [18, page 4]. O

V.Runde in [18] proved the following result for the amenable case. Here, we
prove the more general result by adding the condition that E* has the bounded

approximation property. Also we give all the details of the original proof.

Theorem 3.23. Let E be a Banach such that E* has the bounded approximation

property. Furthermore suppose that E has a basis (x,)y, such that there is C' > 0
with

D lISzllITz; | < ONISIT] (S € B(E,i}). T € B(E*,I}), N €N).
n=1
Then I®°(K(I> ® E)) is not approzimately amenable.
Proof: Firstly we can identify K (1> ® E) with the matrix

K(?) K(E,?)
K(?,E) K(E)

Also we can easily embed B(I?(Ap)) in the upper left corner of the matrix above.
We let A = [®(P,K(I?® E)) 2 I*°(K(*?® E)) . Since (I?® E)* = > ® E* has

the bounded approximation property , by Corollary 1.50, K(I?> @ E) has a bounded
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approximate identity and hence A = (P, K(I?> @ E)), has a bounded approximate
identity.
1 —Dpep B(I?(Ap)) can be considered as the closed subalgebra of A. In particular

F = {(mp(9;))perli = 1,2,...,m + 1} can be identified with a finite subset of A.

Also we can assume that A acts on
PP,?® FE) =P al*(PE),

through matrix multiplication. So if a = (a,) € A and t = (t,) € I*(P,1* & E), we

have

(at)(p) = ap(tp).

By Lemma 3.19 we may identify [2(P, 12) and (?(P, E) by the completions of i?(IP) ®1?
and I*(P) ® E.

Now for each prime number p, we define the operator P, on [?(P,1?) @ I*(P, E) to
be the projection onto the first |A,| coordinates of the p!* [?>-summand of I2(P, %) @
2(P,E).

If a = (ap)p € A and a* = (ap), € A, then for ¢ € P and n € N, we have

(aeq ® e0)) = ayl(eq @ e)p) = 7 P (1
0 p#q.
Also since €, = e;, and e}, = e,,, we have
(a"(eg @ €n))(p) = a,((eg @ €3)(p)) = (2)
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Similarly we have

(a(eg @ 20)(3) = ap((eq @ am)(p) = 4 P P4 (3)
0 PFq.
And
R e ay(®3) P=gq
(a (eq ® xn))(p) = ap((eq ® xn)(p)) = (4)
0 p#q

Let a = (ap)pep and b = (b,)pep be elements of A. Then if (sp)n € 12, ap((sn)n)
denotes the element of [?(IP,1? ® E) that is 0 in all coordinates except p and is equal
to ap(en) in the pth coordinate, and the similar definition for by (e;,), then by letting
z((sn)n) = Pplap((sn)n)) and y((sn)n) = Pp(b]’;((sn)n))7 and by exploiting Lemma

3.21, we obtain

DD IPp(aleq @ eIy (07 (e @ en)| = D 1Pp(ap(en) 1P (b (er)

qE]P n=1 n=1

< [Aplllapllliopll < [Aplllafllfoll- (1)

If we define T' € B(E,I2, |)and S € B(E*,I?, |) by
Ayl Al

T(z) = Py(ay(x)) and S(z*) = By(b(a")) (x € B,a" € E¥),
then by the assumption of the theorem we have

DD IPp(aleq @ el By (0" (e @ i)l = D 1 Pplap(zn)) |1 Po(by ()]

qEIP’ n=1 n=1

< ClA| [ aplljbpll < ClA[[lall[B]l- ($)
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Set e = (Pp)pep and let a = (ap)per € A. Since each P, can be considered as an
element of K (I?), e is an idempotent in A. Also since r € [%(A,,) can be considered as
an element of [? that takes 0 on the coordinates after |A,|, (P,a,P,)(r) is an element
of I?(A,) that is the first |Ap| coordinates of a,(r). So we have || (P,a,Bp)(r) ||<]|

ap |||| 7 || and hence

cae = (PyapPy) € 1° — @ B(I*(Ap)).
peP

On the other hand for (T,) € 1™ — @,cp BI*(Ay)) , (PT,P,)(r) = Ty(r). So
eTe = (P,1,P,) = (1) =T and hence we have

eAe =1 — P B(I*(Ay)).

pEP

Now if A =[*°(P,I? ® E) is approximately amenable, then given € > 0, by corollary

3.10, there are ai,1,...,ar, b1, b2, ...,b. € A such that

'
Z apbr = e
k=1
and

T
D llzar @by —ar@byz|| <
k=1

CiDmtn @ (5)

For each p € P, we define ¢, ¢ : (A@A) — lQ(Ap)®l2(Ap) by acting on elemen-

tary tensors by

Ppan(a®b) = Bpla(eg ®en)) @ By (0% (eg @ ep,)) + Bplaleq ® n)) @ B (0% (e @ 7))
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By (1) and (1), we have

YD M epanla®@b) [S(C+DIA [alll bl (abe A

qeP n=1

Let m = Zz a; ®b; € A@A. Then

D2 Mepanm <D 0D llepgn(ai @)l < (C+ DAY lalllbs]l

qeP n=1 qePn=1 1 i
Hence
D llgpanm)l < (C+DIA[lm] (0 €P). (W)
qgeP n=1

Fix 1 <j<m+1and pp € P. By the way that we embed @pGPB(ZQ(Ap)) in A

and by the definition of P,,, we have

(Wq(gj)aq)(en) p=gq
0 p#q,

(((mp(95))pera)(eq ® €n))(p) =

so that

Bpo (((mp(9))pera)(eq @ €n)) = Tpo(95)(apo (€n)) = (mp(95))per Bpo (aleq @ €n)).

And similarly

Bpo (((mp(95))pera)(eq @ 2n)) = (7p(95))pepPoo(aleq @ ).
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Also we have

(mq(g;)" (b3(e3)) P=1q
0 P#q.

(b(7p(95))per)” (eg2en))(p) = ((mp(9;)" b, )pep(eg®en)) (p) =

By using the fact that m,(g;)* = mp(g;)~' (p € P), we obtain

Po (0(mp(97))per) (€ @ €3)) =m0 (95) (0, (€1)) = (mp(95)) e B (b7 (e @ €7,)).

And similarly,

Pr (b(mp(9))pe) (e @ 23)) = (mp(97)) pep Py (b (€ ® 27,)).

By the above equalities, we obtain
' '

Epan(D_(mp(95))perpar @ by — ar © b(mp(9;))per) = D (mp(9;))per Poo (ak(eq @ €n)) ® Ppy (bi(eg ® €5)
k=1 k=1

+ (mp(95))per Bpo (an(€q © ) ® By (b (e © 27,))
= Ppo(ar(eq ® en) @ (1p(95)) pep Py (c5 ® €7,)

— Poo(ar(eq ® ©0)) ® (mp(95)) pep Py (b (€] © 27,)).
For ¢,p € P and n € N, we define T},(¢,n) € lQ(Ap)®l2(Ap) b
Ty(g,n) =Y Pylar(eq@en)) © By (b (eg @ ¢5)) + Pylar(eq @) @ Py (b (e @ 27,)).
k=1

It can be easily seen that

Tp(q,n) — ((mp(95))per © (mp(95))per) Tp(q,m) =



86

T

= —(1d ® (mp(85))per) (Ppan (D (Tp(g)))perar @ b — ai @ bi(mp(g)))per))-
k=1

Since H(Wp(gﬁ)pe]PH <1,

I Tp(g, ) = ((7p(95))per®(mp(95))per) Tp(a, m) [I<

1 pan(D_(mp(g5))perar @ by — ar, ® bi(mp(g5))per)) Il
k=1

and hence by (#) and (5), we obtain

qup fo:l [ Tp(%n) - ((Wp(gj))pelf” ® (Wp(gj))pe]P’)Tp(q,n) <

<(C+D)IA] 1D (mp(95))pepar © b — ar, ® br(mp(97))per)) [I< m!/\pl-
k=1
Thus
oo m+1
D XD I Tolas ) =((mp(95))per®(mp(9))per) Tp (g, n) | el Ayl (6)
qeP n=1 j=1

For k =1,2,...,r, write a;, = (aq)qep. So by equalities (1), (2),(3), (4), we have

SN Th(q.n) =D Pylay(en)®P; (05 y(e3)+Pplak p(z0) P (b ,(23))- (7)

geP n=1 n=1 k=1

We specify ¢ € ((ZQ(AP)®Z2(AP))* by ¢(z ® y) = (y,x), where (y,x) indicates the

action of y as an element of (I?(A,)*) on z. We have

o0 oo oo
60 "z @y =1 ()| <> llyill2llzillz,
i—1 i=1 i=1
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and hence

loll < 1. (14)

By (7), (8)we have

<

D 1D Polargp(en)) ® By (05 p(en)) + Polarp(an) ® Py (b p(23) |
k=1

| 2 (B (g p(€n))s Polanp(en))) + (B (h (7)), Bplak p(2n)))|

DD I Tan) |

qeP n=1 n

Il
—

o

n=1 k=1
> [ APy B p(en))s Polarp(en))) + (P (0 p(@3)), Polarp(@a))|
n=1k=1
=D (ens brp(Bplarp(en))) + (@, bip Polarp(za))| (Since Py =
n=1k=1
= |Tr() brpPpary)| (By Lemma 3.20 parts(ii), (iii))
k=1
= ]TT(Z Pyag pbip)|  (By Lemma 3.20, part(i))
k=1
= |Tr(P,)| (Since)  arpbip = Pp)
k=1
We also have
[Ap|
ITr(Py)l = Y (ens Polen)) = D {enen) = [Ayl.
n n=1
And hence we obtain
YD (@ n) = |Ay)- (15)
qeP n=1

Equations (6) and (9) together imply the existence of ¢ € P and n € N such that
Tp(g,n) # 0 and

m+1
> I Tp(an) = ((mp(g7))per © (mp(95))pe)Tp(a:m) |I< € || Ty(a,m) |l -
j=1

Py

)
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Thus for 1 < j <m+ 1, we get

| Tp(q,m) — ((mp(95))pep @ (mp(95))per)Tp(g:n) < e[| Tp(g,n) || - (16)

By definition of T),(¢,n) , there are &1 p, 1 py o, E2rps N2rp € I2(Ap) such that
2r
Ty(g,n) =D &kp @ iy
k=1

So S¥  €hp @ My # 0 and by (10), we have

2r 2r
1D € @ My — (m(9)))pep © (mp(97) ) pee) Ehp @ Mhp) 1< € Y Ekp @i || -
k=1 k=1
Since p € P was arbitrary, the above statement contradicts Ozawa’s Lemma. (]

Definition 3.24. We say a Banach space F has property (x) if E* has the bounded
approximation property and also F has a basis (x;,), such that there is a C' > 0

with

STl Sa [ Ta [SON | STIT I (S € B(E,B).T € B(E*, %), N € N).

n=1

Theorem 3.25. Let p € [1,00) and suppose that E is a Banach space such that
IP(E) has the property (x) and also IP(E) is isometrically isomorphic to IP(E) & 2.

Then B(IP(E)) is not approxzimately amenable.

Proof: Suppose that B(IP(F)) is approximately amenable. So by Theorem 3.15,
[*°(B(IP(E)) is also approximately amenable. Since [P(E) has the property (x), in
particular [P(E)* has the bounded approximation property. So from Corollary 1.50,
K(IP(FE)) has a bounded approximate identity. Hence by Lemma 3.18, [*° (K (IP(E))

also has a bounded approximate identity and since [*°(K (IP(F)) is a closed ideal in
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[*®(B(IP(E)), I*°(K(IP(F))) is approximately amenable. But since {*°(K (IP(E))) =
I°(K(IP(E)®I?)) , 1°(K(IP(E)®I?)) is approximately amenable which is impossible
by Theorem 3.23. So B(IP(E)) is not approximately amenable. O

By Theorem 3.25, we can see that property (%) plays an important role in non-
approximate amenability of certain classes of Banach algebras. Now we try to find
some classes of Banach algebras that satisfy the property (x) . In the next theo-
rem,we will see that for every p € (1,00), [P satisfies the property (x). Before going

to the next Theorem, we need some preliminaries and a Lemma.

For 1 < p < oo, the operator T' : E — F is called p-summing if the operator
Idp T : IP® E — [P ® F can be extended to a bounded linear operator from
[PQFE — IP(F) where @ denotes the injective tensor product.

In this case the operator norm of Id;y @ T : IPQE — [P(F) is called the p-summing

norm of T denoted by m,(T).

We have introduced a proof for the following as we were not able to find it in

the literature.

Lemma 3.26. For 1 < p < oo, B(IP,1%)) is isometrically isomorphic to 1913 where

1,1 _
p+q—1.

Proof: First we can algebraically identify B(IP,1%;) by 19 ® (3, by using the fact
that every operator in B(IP,1%) is a finite rank operator. It can be easily seen that

the isomorphism ¢ : B(I?,1%) — 19 ® [%; acts on T € B(I?,1%) as below

N
P(T) =3 o} D e
=1

Where e; is the element of l%\, that has 1 in its ¢th coordinate and 0 in its other



90

coordinates and z € [? is defined by

(x7,z) = (f(x))(@) 1=1,2,...,N.

Now we show that ¢ indeed defines an isometric isomorphism between the spaces
B(I?,1%;) and 19Q1%;.

For this we have

1o(T) = 1l Zw ® €illw = supf]| Z Ybse)] s € ()1,b = (b)L, € (1)1}
N
= sup{]| Z@?,w)bi\ € () Ibi* <1}
i=1 i=1
N N N
<sup{)_ [zl o) Y il e € ()1, ) Ibi < 13
=1 =1 i=1

N
<sup{Y_|(z],2)* 2 € (1")1} = || T]|op.
=1

On the other hand for given € > 0, suppose that = € (I?); is such that

| T (x )le > ||T||—€. For 1 <i <n,weletb; = W< ,) and consider b = (b;)Y, €

ZJQV. ‘We have

al NS 1 [Falk
ol =3 |bif? < (af, )? = — = |T(@)]? < ~1.
B Z ;HTIP Z T2 T2
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So we have
(Tl = | Zﬂ? ® €iflw = sup{]| Z Ybyei)] s a € (P)1,b = (bi)Zy € (R)1}
N
(z*,z) |{(z*, )
ZZ: HTH HTH Z
(17 — ¢
|IT ()| > ~
IITH 17l
And the last term tends to ||T']| as e — 0, so that le(T) lw = [|T]|op-
Therefore
1T llop = l(T) |-
Hence ¢ is an isometry. g

Theorem 3.27. For p € (1,00), IP has the property (x).

Proof: Since [;, = 7 has a Schauder basis, it has the bounded approximation
property. Let N € N and {¢,, : n € N} be the regular basis for [?. By the argument

of the preceding lemma, for every element S = Zl 1 TF ®e; € B(IP,1%) where

zr €19, ¢(S) = (S(0))n belongs to 19(1%;). Since

(SIS

Z 1S(en)lliz, = le(ﬂsé‘(n))i\iﬂlq = Z(Z\Iwi‘(n) ?
N

< K(q,N ZZIQE = K(q,N))_ lla}ll§ < oo,
1=1

=1 n

where K (g, N) is a finite number depending only on ¢, N. So for S € B(I,1%) and

T € B(14,1%), by Holder’s inequality, we have

ZHS T EN < e i@z 6T lir a2, - (17)
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From [10, Theorem 5], Idlfv is p-summing and the p-summing norm satisfies:
Wp(Idﬁv) ~VN ~ Wq(Idgv)
So there are C),, Cy > 0 such that
mp(Idi2 ) < CpV'N and my(id2) < CoVN (N €N).

Now since for S € B(IP,1%), #(S) = idp ® Id;z and since B(IP,1%;) is isometrically

isomorphic to 19&13;, we have:

16(5) lhaqiz,) < 7q(idiz )| S op-
And similarly
(T lw@z,) < mplid )| Tllop (T € B9, 1%))-
So by (11), we have
Y MSEINTGI < CoCoNSlloplTllop (N €N, S € B(IP,1%),T € B(I%1%)).
n=1

So it is enough to let C' = C,C, to get the desired result. O
Corollary 3.28. B(I?)is not approzimately amenable.

Proof: From Theorem 3.27, [?(C) = [? has the property (). Also I?(C) @[ =
2@ 1% =2 2. So in Theorem 3.25, by letting £ = C, B(I?) is not approximately

amenable. O
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