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Abstract

This thesis has two parts. The first part deals with some questions in amenabil-
ity. We show that for a Banach algebra A with a bounded approximate identity,
the amenability of A⊗̂A, the amenability of A⊗̂Aop and the amenability of A are
equivalent. Also if A is a closed ideal in a commutative Banach algebra B, then the
(weak) amenability of A⊗̂B implies the (weak) amenability of A.
Finally, we show that if the Banach algebra A is amenable through multiplication
π, then A is also amenable through any multiplication ρ such that ‖ρ− π‖ < 1

11 .

The second part deals with questions in generalized notions of amenability such
as approximate amenability and bounded approximate amenability. First we prove
some new results about approximately amenable Banach algebras. Then we state a
characterization of approximately amenable Banach algebras and a characterization
of boundedly approximately amenable Banach algebras.
Finally, we prove that B(lp(E)) is not approximately amenable for Banach spaces E
with certain properties. As a corollary of this part, we give a new proof that B(l2)
is not approximately amenable.
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Introduction

The theory of amenable Banach algebras begins with B.E.Johnson’s memoir in 1972

[12] and has proven to be of enormous importance in Banach algebra theory. The

terminology comes from [12, Theorem 2.5]: a locally compact group G is amenable

(in the usual sense) if and only if L1(G) is amenable.

For a Banach algebra A, X an A-bimodule is said to be a Banach A-bimodule if

there exists C > 0 such that for any a ∈ A and x ∈ X,

‖a.x‖ ≤ C‖a‖‖x‖;

‖x.a‖ ≤ C‖a‖‖x‖.

For a Banach A-bimodule X, X∗ can be made into a Banach A-bimodule by the

actions defined by

〈a.f, x〉 = 〈f, x.a〉,

〈f.a, x〉 = 〈f, a.x〉 (a ∈ A, f ∈ X∗, x ∈ X)

For a Banach algebra A, let X be a Banach A-bimodule. A linear mapping

D : A −→ X is said to be a derivation if

D(ab) = a.D(b) +D(a).b (a, b ∈ A).

The derivation D is said to be inner if there exists x ∈ X such that

D(a) = a.x− x.a (a ∈ A).
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The Banach algebra A is said to be amenable if every continuous derivation D :

A −→ X∗, is inner for all Banach A-bimodules X.

For amenable Banach algebras A and B, we know that A⊗̂B is amenable. However

the converse is not known to be true. Before us B.E.Johnson in [14] has proved that

the amenability of A⊗̂B entails the amenability of A if the Banach algebra B has a

certain property. However it is not known whether the answer is positive even for

the case where A = B. So the question that comes to mind is:

Does amenability of A⊗̂A imply the amenability of A for a Banach algebra A?

We prove that if the Banach algebra A has a bounded approximate identity, then

the answer is positive. Since having a bounded approximate identity is a necessary

condition for an amenable Banach algebra, our proof is significant enough. Indeed

we show that for a Banach algebra A with a bounded approximate identity the

following are equivalent:

(i) A is amenable.

(ii) A⊗̂A is amenable.

(iii) A⊗̂Aop is amenable.

Then we prove that if A is a closed ideal in a commutative Banach algebra B, then

the (weak) amenability of A⊗̂B entails (weak)amenability of A.

At the end of the section 2, we give a partly different proof for [13, Theorem 6.2]

that leads us to a new result. We show that if a Banach algebra A is amenable

with a multiplication π then A is also amenable with any multiplication ρ such that

‖ρ− π‖ < 1
11 . We have discovered that the constant 1

11 is universal.
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In section 3, we mostly concentrate on generalized notions of amenability such as

approximate amenability and boundedly approximate amenability that were origi-

nally introduced in [7] and [8].

A Banach algebra A is approximately amenable if every continuous derivation D :

A −→ X∗ is approximately inner for all Banach A-bimodules X. i.e. there exists a

net (ξi)i ⊆ X∗ such that

D(a) = lim
i
a.ξi − ξi.a (a ∈ A);

A is boundedly approximately amenable if the net (ξu)i can be found such that

‖a.ξi − ξi.a‖ ≤M.‖a‖ (a ∈ A),

for some M > 0.

First we prove some general results on approximate amenability. Then we find

a characterization for approximate amenability and one for bounded approximate

amenability, that are generalizations of [15, Theorem 1].

In the last part of section 3, we prove that certain classes of Banach algebras are

not approximately amenable. This work is related to the work in [5],[17], [18] about

non-amenability of certain classes of Banach algebras. We prove that if a Banach

space E is such that for some p ∈ [1,∞), lp(E) satisfies the property (∗) (that we

will define later) and lp(E) ⊕ l2 ∼= l2 , then the Banach algebra B(lp(E)) is not

approximately amenable. As an example of such a Banach algebra we can mention

B(l2), and hence we find a new proof of Ozawa’s result.
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1 Preliminaries

1.1 Banach algebras

In this chapter we introduce some definitions and theorems that we will use in next

chapters.

Throughout this chapter and the whole of this thesis, all of our spaces are linear

spaces over the field of complex numbers C.

For a normed space X, the dual space of X i.e. the space of all continuous linear

functionals on X is denoted by X∗.

By an algebra A we mean a vector space with a multiplication that makes A together

with sum of A into a ring and also satisfies the additional property

a(αb) = (αa)b = αab (α ∈ C, a, b ∈ A).

Definition 1.1. Suppose that A is an algebra with a norm. Then A is called normed

algebra if the norm of A satisfies

‖ab‖ ≤ ‖a‖‖b‖ (a, b ∈ A).

A Banach algebra is a complete normed algebra. The Banach algebra A is unital

if it has an identity e with ‖e‖ = 1.

Theorem 1.2. Suppose that A is a Banach algebra with an identity e. If a is an

element of A such that ‖a− e‖ < 1, then a is invertible.

Proof: See [2, Lemma 2.1 on page 196]. �

Definition 1.3. Let A to be an algebra. Then the unitization of A denoted by
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A#, is the algebra A ⊕ C with operations of addition, multiplication and scalar

multiplication defined by

(a, α) + (b, β) = (a+ b, α+ β),

β(a, α) = (βa, βα),

(a, α)(b, β) = (ab+ βa+ αb, αβ) (α, β ∈ C, a, b ∈ A).

It can be easily seen that A# is an algebra with the operations defined above.

Also if A is a normed algebra, then A# is a normed algebra with the norm

‖(a, α)‖ = ‖a‖+ |α| (a ∈ A,α ∈ C).

The algebra A# is a Banach algebra if A is and in this case A# will ba unital Banach

algebra with the unit (0, 1).

Throughout this chapter A is a Banach algebra unless otherwise indicated.

For F ∈ A∗∗ and f ∈ A∗, Ff is an element of A∗ defined by

〈Ff, a〉 = 〈F, f.a〉 (a ∈ A).

For F,G ∈ A∗∗, the first Arens product of F and G is defined by

〈F�G, f〉 = 〈F,Gf〉 (f ∈ A∗).

From Goldstine’s Theorem. it can be easily seen that if A∗∗ has a right identity

with respect to the first Arens product, then A has a right bounded approximate

identity.
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Definition 1.4. Let A to be a normed algebra. A bounded net (ei)i ⊂ A is a

bounded left approximate identity for A if

‖eia− a‖ −→i 0 (a ∈ A).

In a similar way we can define the bounded right and two-sided approximate

identities.

We note that if A has a bounded left approximate identity (lj)j and a bounded right

approximate identity (ri)i, then the net (lj + ri− ljri) gives us a two-sided bounded

approximate identity for A.

Definition 1.5. Let X to be a bimodule over a Banach algebra A that is a Banach

space itself. Then X is said to be a Banach A-bimodule if there exists a constant

C > 0 such that for all a ∈ A, x ∈ X

‖a.x‖ ≤ C‖a‖‖x‖,

‖x.a‖ ≤ C‖a‖‖x‖.

In particular A is a Banach A-bimodule .

If X is a Banach A-bimodule, then X∗ is a Banach A-bimodule by the actions

defined by

〈a.f, x〉 = 〈f, x.a〉

〈f.a, x〉 = 〈f, a.x〉 (a ∈ A, f ∈ X∗, x ∈ X).

The Banach A-bimodule X∗ defined in this way is said to ba a dual Banach A-

bimodule.
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Definition 1.6. If X is a Banach A-bimodule, then a bounded (left) approximate

identity for X is a bounded net (ei) ⊂ A such that

‖eix− x‖ −→i 0 (x ∈ X).

Theorem 1.7. Let A to be a Banach algebra and X be a Banach A-bimodule such

that A has a bounded (left) approximate identity (ei)i for X. Then for y ∈ X and

δ > 0, there are elements a ∈ A and x ∈ X such that y = a.x and ‖y − x‖ < δ.

Furthermore, we can find a such that ‖a‖ ≤M where M > 1 is an upper bound for

(ei)i.

Proof: See [1, Proposition 11 on page 65] . �

Definition 1.8. A Banach A-bimodule X is said to be neo-unital if for every x ∈ X

there exists y ∈ X and a, b ∈ A such that x = a.y.b

Theorem 1.7 implies that every Banach A-bimodule X which has a bounded

approximate identity in A is neo-unital.

Definition 1.9. Let X,Y and Z be normed spaces. A mapping φ : X ×Y −→ Z is

said to be bilinear if

(i) for each y ∈ Y the mapping x 7→ φ(x, y) is linear;

(ii) for each x ∈ X the mapping y 7→ φ(x, y) is linear.

The bilinear map φ is said to be continuous (bounded) if there exists M > 0

such that

‖φ(x, y)‖ ≤M‖x‖‖y‖ (x ∈ X, y ∈ Y ). (†)
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And the norm of φ is defined to be the infimum of all M for which (†) is satisfied.

The space of all continuous (bounded) bilinear functionals on X × Y is denoted by

BL(X,Y ;C). It is a Banach space under the given norm.

Definition 1.10. Let X, Y be normed spaces. Then for x ∈ X and y ∈ Y , x⊗ y

denotes an element of BL(X∗, Y ∗,C) that is defined by

(x⊗ y)(f, g) = f(x)g(y) (f ∈ X∗, g ∈ Y ∗).

The Lin{x⊗ y : x ∈ X, y ∈ Y } is denoted by X ⊗ Y .

On X ⊗ Y , one can define several norms; Injective and projective norms are

defined as follows:

Definition 1.11. The injective norm of u =
∑n

i=1 xi ⊗ yi ∈ X ⊗ Y , denoted by

w(u), will be the norm that u inherits as an element of BL(X∗, Y ∗,C). So

w(u) = sup{|
n∑
i=1

f(xi)g(yi)| : f ∈ X∗, g ∈ Y ∗, ‖f‖, ‖g‖ ≤ 1}.

Definition 1.12. The projective tensor norm of u ∈ X ⊗ Y , denoted by p(u) , is

defined by

p(u) = inf{
n∑
i=1

‖xi‖‖yi‖ : u =

n∑
i=1

xi ⊗ yi}.

By [1, Lemma 10 on page 233], we have

(i) p(u) ≥ w(u) (u ∈ X ⊗ Y ),

(ii) p(x⊗ y) = w(x⊗ y) = ‖x‖‖y‖ (x ∈ X, y ∈ Y ).

The completion of X⊗Y under the injective (projective) tensor norm is denoted by

X⊗̌Y (respectively X⊗̂Y ).

Now we state a proposition that we will use several times in this thesis.
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Proposition 1.13. The Banach space X⊗̂Y can be represented as the linear sub-

space of BL(X∗, Y ∗,C) consisting of all elements of the form u =
∑

i xi ⊗ yi where∑
i ‖xi‖‖yi‖ <∞. Moreover p(u) is the infimum of these sums.

Proof: See [1, Proposition 12 on page 234]. �

Proposition 1.14. Let A and B be Banach algebras. Then there exists a unique

algebra product on A⊗̂B such that for elementary tensors we have

(a⊗ b)(c⊗ d) = ac⊗ bd (a, c ∈ A, b, d ∈ B).

Furthermore A⊗̂B is a Banach algebra with respect to this product.

Proof: See [1, Proposition 17 (p.235) and Proposition 18 (p.236)]. �

Let A be a Banach algebra. Then A⊗̂A is a Banach A-bimodule with module

multiplications determined by

a.(b⊗ c) = ab⊗ c,

(b⊗ c).a = b⊗ ca (a, b, c, d ∈ A).

It can be easily seen that if A has a bounded approximate identity (ei)i, then (ei)i is

also a bounded approximate identity for A⊗̂A (as an A-bimodule) and hence A⊗̂A

will be a neo-unital A-bimodule.
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Theorem 1.15. Let A be a Banach algebra. Then there is a continuous linear map-

ping Ψ : A∗∗⊗̂A∗∗ −→ (A⊗̂A)∗∗ such that for a, b, c ∈ A and for m ∈ A∗∗⊗̂A∗∗ the

following hold:

(i) Ψ(a⊗ b) = a⊗ b;

(ii) a.Ψ(m) = Ψ(a.m);

(iii) Ψ(m).a = Ψ(m.a);

(iv) (πA)∗∗(Ψ(m)) = πA∗∗(m).

Proof: See [7, Lemma 1.7]. �

1.2 Amenable and weakly amenable Banach algebras

In this section, we give some basic definitions on the notion of amenability and weak

amenability and some theorems that we will use later.

Definition 1.16. Let A be a Banach algebra and X a Banach A-bimodule. A linear

mapping D from A into X is a derivation if

D(ab) = a.D(b) +D(a).b (a, b ∈ A).

We denote the set of all continuous derivations from A into X by Z1(A,X). Let X

be a Banach A-bimodule and x ∈ X. Then the mapping adx : A −→ X defined by

adx(a) = a.x− x.a is a continuous derivation. A derivation D is said to be inner if

there exists x ∈ X such that D = adx.

The question that comes to mind is that under which conditions a (continuous)

derivations is inner. The following is one instance:

Let A be an algebra and X be an A-bimodule. Then A acts trivially on left (right)

of X if a.x = 0 (respectively x.a = 0), for all a ∈ A, x ∈ X.



14

Theorem 1.17. Let A be a Banach algebra with a two-sided bounded approximate

identity and let X be a Banach A-bimodule such that A acts trivially on one side.

Then every continuous derivation from A into X∗ is inner.

Proof: See [12, Proposition 1.5]. �

Definition 1.18. A Banach algebra A is said to be amenable if for every Banach

A-bimodule X , any continuous derivation from A into the dual Banach A-bimodule

X∗ is inner.

If our algebra has a (two-sided) bounded approximate identity, then for check-

ing amenability we do not need to consider (continuous) derivations into all dual

Banach modules X∗. In the next theorem we will see that we need only to consider

continuous derivations into duals of neo-unital modules.

Theorem 1.19. Let A to be a Banach algebra with a (two-sided) bounded approxi-

mate identity. Then A is amenable if and only if every continuous derivation from

A into the dual of a neo-unital Banach A-bimodule is inner.

Proof: See [12, Proposition 1.8]. �

Theorem 1.20. The Banach algebra A is amenable if and only if A# is amenable.

Proof: See [4, Proposition 2.8.58]. �

Theorem 1.21. Let A to be an amenable Banach algebra. Then A has a bounded

approximate identity.

Proof: See [19, Proposition 2.2.1].

Let π : A⊗̂A −→ A be the so-called multiplication specified by π(a⊗ b) = ab.
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Definition 1.22. A net (mi)i in A⊗̂A is an approximate diagonal if for all a ∈ A,

a.mi −mi.a −→i 0,

aπ(mi) −→i a.

Definition 1.23. An element M ∈ (A⊗̂A)∗∗ is said to be a virtual diagonal if for

all a ∈ A,

a.M = M.a,

π∗∗(M)a = a.

In the next theorem , we will see a characterization of the amenability of A in

terms of the A-bimodule A⊗̂A.

Theorem 1.24. For a Banach algebra A the followings are equivalent:

(i) A is amenable.

(ii) A has a bounded approximate diagonal.

(iii) A has a virtual diagonal.

Proof: See [19, Theorem 2.2.4 on page 45]. �

Theorem 1.25. Let A and B be amenable Banach algebras. Then A⊗̂B is also

amenable.

Proof: See [12, Proposition 5.4]. �

Definition 1.26. Let X to be a Banach A-bimodule. We define

ZA(X∗) :=
⋂
a∈A
{f ∈ X∗ : a.f = f.a}.
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Now we state another characterization of amenable Banach algebras.

Theorem 1.27. For a Banach algebra A, the followings are equivalent:

(i) A is amenable.

(ii) For any Banach A-bimodule X and any Banach A-submodule Y of X, each

linear functional f ∈ ZA(Y ∗) has an extension to a linear functional in ZA(X∗).

(iii) For any Banach A-bimodule X, there exists a projection P from X∗ onto

ZA(X∗) that commutes with any weak∗ continuous and bounded operator from X∗

into X∗ commuting with the action of A on X∗.

Proof: See [15, Theorem 1]. �

Let A be an algebra and suppose that X,Y and Z are left, right or two-sided A-

modules and f : X −→ Y and g : Y −→ Z are module morphisms. Then the

sequence 0 −→ X
f−→ Y

g−→ Z −→ 0 is short exact if f is one-to-one, g is onto and

im(f)=ker(g). A short exact sequence is said to be admissible if there is a bounded

linear map F : Y −→ X such that Ff = IdX and splits if additionally F can cab=n

be chosen to be a module morphism.

We can relate amenability of A to the short exact sequences as follows:

Theorem 1.28. Let A be an amenable Banach algebra, and let

Σ : 0 −→ X∗
f−→ Y

g−→ Z −→ 0

be an admissible short exact sequence of left or right Banach A-modules with X∗ a
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dual module. Then Σ splits.

Proof: See [3, Theorem 2.3]. �

Theorem 1.29. Let A be a Banach algebra with a bounded approximate identity,

X a left( or right) Banach A-module, f a left (or right) A-module morphism of A

onto X with kernel J . Then the exact sequence

Σ∗ : 0 −→ X∗
f∗−→ A∗

ι∗−→ J∗ −→ 0

splits as a sequence of right (left) A-modules if and only if the left (right) ideal J

has a bounded right (left) approximate identity.

Proof: See [3, Proposition 3.5]. �

For the next theorem we let Aop be the same space as A but with reversed product

and π : A⊗̂Aop −→ A be the multiplication map specified by

π(a⊗ b) = ab (a, b ∈ A).

In this case ker π will be a closed subalgebra of A⊗̂Aop. Indeed kerπ will be a closed

left ideal in A⊗̂Aop and we have the following theorem.

Theorem 1.30. The followings are equivalent:

(i) A is amenable.

(ii) A has a bounded approximate identity and kerπ has a bounded right approxi-

mate identity.

Proof: See [3,Theorem 3.10]. �
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In the next Theorem, we see that the amenability is preserved by continuous homo-

morphisms with dense range.

Theorem 1.31. Let A be an amenable Banach algebra and ϕ be a continuous ho-

momorphism from A into a Banach algebra B such that the range of ϕ is dense.

Then B is also amenable.

Proof: See [1, Proposition 11 on page 244]. �

Definition 1.32. The Banach algebra A is said to be weakly amenable if every

continuous derivation from A into the dual Banach A-bimodule A∗ is inner.

Theorem 1.33. Let A and B be commutative Banach algebras and ϕ be a continu-

ous homomorphism from A into B with dense range. If A is weakly amenable, then

B is also weakly amenable.

Proof: See [11, Proposition 2.1]. �
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1.3 Generalized notions of amenability

In this section we introduce some generalized notions of amenability such as ap-

proximate amenability,bounded approximate amenability, pseudo amenability and

approximate contractibility. Throughout this section X is a Banach A-bimodule.

Definition 1.34. A derivation D : A −→ X is approximately inner if there exists

a net (ξi)i in X such that for every a ∈ A, D(a) = limi a.ξi − ξi.a where the limit is

taken in norm.

If X is a dual module and the above limit exists in the weak∗ topology, then we

say that D is weak∗ approximately inner.

Definition 1.35. The Banach algebra A is approximately amenable if for every

Banach A-bimodule X, every continuous derivation D from A into the dual Banach

A-bimodule, X∗ is approximately inner.

In a similar way, A is weak∗ approximately amenable if every continuous deriva-

tion from A to the dual Banach module X∗ is weak∗ approximately inner. Now we

state a characterization for approximate amenability.

Theorem 1.36. The Banach algebra A is approximately amenable if and only if

either of the following equivalent conditions hold:

(i) There is net (Mi) ⊂ (A#⊗̂A#)∗∗ such that for each a ∈ A#, a.Mi−Mi.a −→ 0

and π∗∗(Mi) −→ 1;

(ii) There is a net (Mi) ⊂ (A#⊗̂A#)∗∗ such that for each a ∈ A#, a.Mi−Mi.a −→

0 and π∗∗(Mi) = 1.

Proof: See [6, Theorem 2.1]. �
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Definition 1.37. The Banach algebra A is approximately contractible if every con-

tinuous derivation from A into every Banach A-bimodule X is approximately inner.

In fact the three notions of approximate amenability, weak∗ approximate amenabil-

ity and approximate contractibility are equivalent.

Theorem 1.38. The following are equivalent:

(i) A is approximately contractible;

(ii) A is approximately amenable;

(iii) A is weak∗ approximately amenable.

Proof: See [8, Theorem 2.1]. �

Definition 1.39. The Banach algebra A is said to be boundedly approximately

amenable if for every continuous derivation D from A into the dual of any Banach

A-bimodule X, there exists M > 0 and a net (ξi)i such that for every a ∈ A,

D(a) = lim
i
a.ξi − ξi.a

‖a.ξi − ξi.a‖ ≤M‖a‖ (i ∈ I)

Proposition 1.40. The Banach algebra A is boundedly approximately amenable if

and only if there exists a constant M > 0 such that for any Banach A-bimodule X,

and any continuous derivation D : A −→ X∗ there is a net (ξi)i ⊂ X∗ such that

(1) supi ‖adξi‖ ≤M‖D‖

(2) D(a) = limi adξi(a) (a ∈ A)

Proof: See [8, Proposition 5.3]. �
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Theorem 1.41. Suppose that the Banach algebra A is boundedly approximately

amenable. Then there is a net (Mi)i ⊂ (A#⊗̂A#)∗∗ and a constant L > 0 such that

for each a ∈ A#, a.Mi−Mi.a −→ 0 and π∗∗(Mi) −→ 1 and ‖a.Mi−Mi.a‖ ≤ L‖a‖.

Conversely if A has the latter property and (π∗∗(Mi)) is bounded, then A is boundedly

approximately amenable.

Proof: See [8, Theorem 5.4]. �

Definition 1.42. The Banach algebra A is said to be pseudo-amenable if it has an

approximate diagonal.

Theorem 1.43. The following are equivalent:

(i) A has an approximate diagonal (mi)i such that (π(mi))i is bounded.

(ii) A is pseudo-amenable and has a bounded approximate identity.

(iii) A is approximately amenable and has a bounded approximate identity.

Proof: See [9, Proposition 3.2]. �

Theorem 1.44. The Banach algebra A is (boundedly) approximately amenable if

and only if A# is (boundedly) approximately amenable.

Proof: See [6, Proposition 2.4 and 8, Lemma 5.9]. �

1.4 Approximation Property

In this section, we introduce a Banach space property known as the approximation

property.

Definition 1.45. A Banach space is said to have the approximation property if

its identity operator can be uniformly approximated on every compact subset K by
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finite-rank operators.(i.e., for every ε > 0, there is a finite-rank operator T (depending

on K and ε) such that ‖T (x)− x‖ < ε for every x ∈ K).

It is said to have bounded approximation property if there exists a number C > 0,

independent of K and ε such that T can be chosen such that ‖T‖ ≤ C. In this case

we say that the Banach space has C-approximation Property.

A sequence {xn} in a Banach space X is called a Schauder basis of X if if for every

x ∈ X, there is a unique sequence (an)n such that x =
∑

n anxn. [16, definition

1.a.1].

Every Banach space with a (Schauder) basis has the bounded approximation prop-

erty. [16, page 30].

For a Banach space E, let K(E) denotes the space of compact operators on E ,

F (E) denote the space of finite-rank operators on E and A(E) denotes the closure

of F (E) in B(E).

Theorem 1.46. Suppose that E has the approximation property. Then K(E) has

a left approximate identity belonging to F (E). In particular K(E) = A(E).

Proof: See [19, Proposition 3.1.1].

Theorem 1.47. Let E to be a Banach space. Then E has the C-approximation

property for some finite number C > 1 if and only if K(E) has a bounded left

approximate identity bounded by C belonging to F (E).

Proof: See [19, Theorem 3.1.2]. �

Theorem 1.48. For a Banach space E the followings are equivalent:

(i) E∗ has the bounded approximation property.

(ii) A(E) has a bounded approximate identity.
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Proof: See [19, Corollary 3.1.5]. �

Theorem 1.49. If E∗ has the approximation property, then E has the approxima-

tion property.

Proof: See [19, Corollary C.1.6]. �

Now suppose that E∗ has the approximation property. Then by Theorem 1.49, E

has the approximation property and therefore from Theorem 1.46, A(E) = K(E).

Then from Theorem 1.48, K(E) has a bounded approximate identity. Hence we

have the following corollary.

Corollary 1.50. Let E to be a Banach space such that E∗ has the bounded approx-

imation property. Then K(E) has a bounded approximate identity.
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2 Some notes on amenability

In this section we obtain some new results in amenability. In section 1 we introduced

some definitions and known theorems in amenability.

2.1 The relation between the amenability of tensor products of

Banach algebras with amenability of the original algebras

For amenable Banach algebras A and B, by Theorem 1.25, we know that A⊗̂B is

amenable. In this section, we study the converse. We mainly concentrate on the

special case where A = B. However, we will also obtain some results in the case

where A is not necessarily equal to B. The following is earlier work due to B.E.

Johnson:

Proposition 2.1. Suppose that A is a Banach algebra and B is a Banach algebra

such that there exists b0 ∈ B with b0 /∈ Lin{bb0 − b0b : b ∈ B}. If A⊗̂B is amenable

then A is amenable.

Proof: See [14, Proposition 3.5]. �

The following theorem was brought to our attention by F.Ghahramani.

Theorem 2.2. Suppose that A and B are Banach algebras and B has a non- zero

character. If A⊗̂B is amenable, then A is also amenable.

Proof: Let ϕ be a non- zero character in B and define the unique mapping

θ : A⊗̂B −→ A acting on elementary tensors by

θ(a⊗ b) = ϕ(b)a (a ∈ A, b ∈ B).



25

We show that θ is an algebra homomorphism (obviously θ is continuous). Since θ is

linear, it is enough to check this for elementary tensors. To see this we have

θ((a⊗ b)(c⊗ d)) = θ((ac⊗ bd) = ϕ(bd)ac.

On the other hand

θ(a⊗ b)θ(c⊗ d) = ϕ(b)aϕ(d)c = ϕ(bd)ac.

So

θ((a⊗ b)(c⊗ d)) = θ(a⊗ b)θ(c⊗ d).

And since ϕ is non - zero, θ is surjective and hence from Theorem 1.29, A is amenable.

�

If A is a Banach algebra, Aop denotes the same space with the reversed product

a × b = ba. Throughout the following we let π : A⊗̂Aop −→ A be the mapping

specified by acting on elementary tensors by π(a ⊗ b) = ab (a, b ∈ A) and we let

K = kerπ.

The Banach algebra A can be made into a left A⊗̂Aop-module by the module mul-

tiplication defined by

(a⊗ b).c = acb (a, b, c ∈ A).

Theorem 2.3. Suppose that A⊗̂Aop is amenable and A has a bounded approximate

identity. Then A is amenable.

Proof: Since A has a bounded approximate identity, the short exact sequence

(
∏op)∗ : 0 −→ A∗

π∗
−→ (A⊗̂Aop)∗ ı∗−→ K∗ −→ 0 is an admissible short exact sequence
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of right A⊗̂Aop-modules. (ı is the inclusion map).See [3, Lemma 1.2].

Since A∗ is a dual A⊗̂Aop-module, from Theorem 1.28, (
∏op)∗ splits and since

A⊗̂Aop has a bounded approximate identity and π is onto (since A has a bounded

approximate identity), then Theorem 1.29 implies that K has a bounded right ap-

proximate identity. Now since A has a bounded approximate identity, from Theorem

1.30, A is amenable. �

Theorem 2.3 has been the motivation for us to consider the question of under which

conditions on the tensor products, A has a bounded approximate identity. The

following is one of them. Before going to next theorem, we need a lemma.

Lemma 2.4. Let A to be a Banach algebra with a two-sided bounded approximate

identity and X a Banach A-bimodule on which A acts trivially on one side. Then

for every continuous derivation D from A into X, there exists a bounded net (ζi)i

in X such that D(a) = limi a.ζi − ζi.a (a ∈ A).

Proof: Since we can embed X into X∗∗ through the canonical injection, we

can consider D as a continuous derivation into the dual module X∗∗. Also since the

action of A on one side of X is trivial, the action of A on other side of X∗ is trivial.

Therefore by Theorem 1.17, D is inner. Hence there exists ξ ∈ X∗∗ such that

D(a) = a.ξ − ξ.a (a ∈ A).

Now by Goldstine’s Theorem, there is a bounded net (τj)j∈J in X converging to ξ

in weak∗ topology of X∗∗. Thus

D(a) = a.ξ − ξ.a = wk∗ − lim
j

a.τj − τj.a (a ∈ A),
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and hence

D(a) = wk− lim
j

a.τj − τj .a (a ∈ A).

Let ∆ = {a1, a2, ..., an} be a finite subset of A. Then in
⊕n

i=1X, we have

(D(a1), ..., D(an)) ∈ weak − cl(co({(a1.τj − τj .a1, ..., an.τj − τj .an) : j ∈ J}))

Therefore by Mazur’s Theorem

(D(a1), ..., D(an)) ∈ norm− cl(co({(a1 .τj − τj .a1 , ..., an .τj − τj .an)) : j ∈ J})

and hence for ε > 0, there exists ζ∆,ε ∈ co({τj : h ∈ J}), such that

‖D(ai)− (ai.ζ∆,ε − ζ∆,ε.ai)‖ < ε (ai ∈ ∆).

So by ordering the set of the finite subsets of A by inclusion and positive real numbers

by decreasing order (ζ∆,ε) is the desired net. �

Theorem 2.5. Suppose that A⊗̂Aop has a bounded approximate identity and each

one of the topologies on A defined by the family of seminorms ρa : b 7→ ‖ab‖ and

γa : b 7→ ‖ba‖ is stronger than weak topology on A. Then A has a (two-sided)

bounded approximate identity.

Proof: Suppose that A⊗̂Aop has a bounded approximate identity. We consider

A as an A⊗̂Aop-bimodule by actions specified by:

(a⊗ b) • c = acb

c • (a⊗ b) = 0 (a, b, c ∈ A)
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It can be easily seen that A is a Banach A⊗̂Aop-bimodule with the actions above.

Now we define a derivation D : A⊗̂Aop −→ A by acting on elementary tensors as

D(a⊗ b) = ab. D is obviously continuous and also D is a derivation since

D((a⊗ b) · (c⊗ d)) = D(ac⊗ db) = acdb

(· is the product in A⊗̂Aop ). On the other hand:

(a⊗ b) •D(c⊗ d) +D(a⊗ b) • (c⊗ d) = (a⊗ b) • cd = acdb

Therefore D ∈ Z1(A⊗̂Aop, A). Now since the right action of A⊗̂Aop on A is trivial

and A⊗̂Aop has a bounded approximate identity, from Lemma 2.4, there exists a

bounded net(ζi)i in A such that D(a⊗ b) = limi adζi(a⊗ b).

So ab = limi aζib and hence for all a, b ∈ A:

lim
i
a(b− ζib) = 0 lim

i
(b− bζi)a = 0 (1)

If we denote the topology induced by the family of seminorms {ρa|a ∈ A} by τ and

the topology induced by the family of seminorms {γa|a ∈ A} by ς, then from (1) we

have:

aζi −→ a (in τ for all a ∈ A) (2)

ζia −→ a (in ς for all a ∈ A) (3)
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We assumed both τ and ς to be stronger than the weak topology on A, so by

(2) and (3) we have A has a weakly two-sided bounded approximate identity and

hence A has a two-sided bounded approximate identity. �

Remark Due to the proof of Theorem 2.5 we may impose weaker conditions and

obtain weaker conclusions as below:

Theorem 2́ Suppose that A⊗̂Aop has a (two-sided) bounded approximate iden-

tity and the topology induced on A by the family of seminorms {ρa|a ∈ A} where

ρa(b) = ‖ab‖ is stronger than the weak topology on A. Then A has a left bounded

approximate identity.

Theorem 2.6. Suppose that A⊗̂Aop is amenable and that A has the property that

each one of the topologies induced on A by the family of seminorms {ρa|a ∈ A}

where ρa(b) = ‖ab‖ and {γa|a ∈ A} where γa(b) = ‖ba‖, are stronger than the weak

topology on A. Then A is amenable.

Proof: Firstly by the fact that A⊗̂Aop necessarily has a (two-sided) bounded

approximate identity, from Theorem 2.5 we have that A has a (two-sided) bounded

approximate identity and then from Theorem 2.3 we have A is amenable.�

In the next Theorem we attempt to relate amenability of A⊗̂A (in the case that
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A has a bounded approximate identity) to the amenability of A⊗̂Aop and then by

using the preceding theorems, we attempt to prove the amenability of A when A⊗̂A

is amenable. Before going to next theorem, we need a lemma.

Lemma 2.7. Let A to be Banach algebra with a bounded approximate identity such

that for any neo-unital Banach A-bimodule X and Y a closed submodule of X, every

f ∈ ZA(Y ∗) can be extended to a functional f̃ ∈ ZA(X∗). Then A is amenable.

Proof: As in the proof of [15, Theorem 1], for concluding the amenability of

A, it is enough to have the property in the Lemma for the Banach A-bimodule

L = (A⊗̂A)∗⊗̂(A⊗̂A) with the module actions

a.(x∗ ⊗ x) = x∗ ⊗ a.x,

(x∗ ⊗ x).a = x∗ ⊗ x.a (a ∈ A, x ∈ (A⊗̂A), x∗ ∈ (A⊗̂A)∗).

Since A has a bounded approximate identity, X = A⊗̂A is neo-unital and hence by

the above definition of the actions of A on L, L is also neo-unital. �

Theorem 2.8. Suppose that A is a Banach algebra with a bounded approximate

identity such that A⊗̂A is amenable. Then A⊗̂Aop is also amenable.

Proof: Suppose that X is a Banach neo-unital A⊗̂Aop-bimodule and that •

denotes the action of A⊗̂Aop on X. We define:

(a⊗ b) ◦ x = lim
i

(a⊗ ei) • x • (ei ⊗ b),

x ◦ (a⊗ b) = lim
i

(ei ⊗ b) • x • (a⊗ ei) (x ∈ Xand a, b ∈ A).

First we note that the above limits exist because by the assumption that X is neo-

unital we have:
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If x ∈ X then there exist y ∈ X and u, v ∈ A
⊗̂
Aop such that x = u • y • v and then

we have

(a⊗ ei) • x • (ei ⊗ b) = (a⊗ ei) • u • y • v • (ei ⊗ b) = ((a⊗ ei) ? u) • y • (v ? (ei ⊗ b)),

where ? denotes the product in A⊗̂Aop. Since (ei)i∈Λ is a bounded approximate

identity for A, it can be easily seen that limi(a⊗ei)?u = a.u and limi v?(ei⊗b) = v.b,

where a.(e⊗ f) = ae⊗ f and (e⊗ f).b = e⊗ bf .

So limi(a ⊗ ei) • x • (ei ⊗ b) exists and we can similarly prove the existence of the

second limit. Also ◦ makes X into a Banach A
⊗̂
A-bimodule. To see the reason, by

linearity, it is enough to check the module conditions for elementary tensors.

((a⊗ b)(c⊗ d)) ◦ x = (ac⊗ bd) ◦ x = lim
i

(ac⊗ ei) • x • (ei ⊗ bd)

On the other hand:

(a⊗ b) ◦ ((c⊗ d) ◦ x) = (a⊗ b) ◦ (lim
j

(c⊗ ej) • x • (ej ⊗ d))

= lim
i

(a⊗ ei) • (lim
j

(c⊗ ej) • x • (ej ⊗ d)) • (ei ⊗ b)

= limilimj(ac⊗ ejei) • x • (ejei ⊗ bd)

= limi(ac⊗ ei) • x • (ei ⊗ bd).

Hence

((a⊗ b)(c⊗ d)) ◦ x = (ac⊗ bd) ◦ x = (a⊗ b) ◦ ((c⊗ d) ◦ x).

In a similar way we can show that

x ◦ ((a⊗ b)(c⊗ d)) = (x ◦ (a⊗ b))(c⊗ d).
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Also we have:

((a⊗ b) ◦ x) ◦ (c⊗ d) = limi(ei ⊗ d) • (limj(a⊗ ej) • x • (ej ⊗ b)) • (c⊗ ei)

= limilimj((ei ⊗ d) ? (a⊗ ej)) • x • ((ej ⊗ b) ? (c⊗ ei))

= limilimj(eia⊗ ejd) • x • (ejc⊗ eib)

= (a⊗ d) • x • (c⊗ b).

On the other hand:

(a⊗ b) ◦ (x ◦ (c⊗ d)) = limilimj(a⊗ ei) • ((ej ⊗ d) • x • (c⊗ ej)) • (ei ⊗ b)

= limilimj((aej ⊗ dei) • x • (cei ⊗ bej)

= (a⊗ d) • x • (c⊗ b).

Hence

((a⊗ b) ◦ x) ◦ (c⊗ d) = (a⊗ b) ◦ (x ◦ (c⊗ d)).

So X is an A⊗̂A-bimodule for the action ◦. Also since the net (ei) is bounded, it

can be easily seen that X is indeed a Banach A⊗̂A-bimodule for ◦. For a Banach

A⊗̂Aop-bimodule X, X† denotes X as an A⊗̂A-bimodule (via the action ◦).

Now if Y is a closed submodule of X and f ∈ ZA⊗̂Aop(Y ∗), we show that

f ∈ ZA⊗̂A(Y ∗† ). To prove the above statement we have

(a⊗ b) ◦ f = wk∗ − lim
i

(a ⊗ ei) • f • (ei ⊗ b)

= wk∗ − lim
i

f • (a ⊗ ei) • (ei ⊗ b)

= wk∗ − lim
i

f • (aei ⊗ bei)

= f • (a⊗ b).
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Similarly

f ◦ (a⊗ b) = (a⊗ b) • f.

Thus

f ∈ ZA⊗̂A(Y ∗† ).

Now from Theorem 1.27, f has an extension to an f̃ ∈ ZA⊗̂A(X∗† ) .

We show that f̃ ∈ ZA⊗̂Aop(X∗) For this purpose we have:

(a⊗ b) • f̃ = wk∗ − lim
i
−wk∗ − lim

j
((a ⊗ ei)(ej ⊗ b)) • f̃ • (ei ⊗ ej )

= wk∗ − lim
i

(a ⊗ ei)(wk∗ − lim
j

(ej ⊗ b) • f̃ • (ei ⊗ ej))

= wk∗ − lim
i

(a ⊗ ei) • (f̃ ◦ (ei ⊗ b))

= wk∗ − lim
i

(a ⊗ ei) • ((ei ⊗ b) ◦ f̃ )

= wk∗ − lim
i

(a ⊗ ei) • (wk∗ − lim
j

(ei ⊗ ej) • f̃ • (ej ⊗ b))

= wk∗ − lim
i

wk∗ − lim
j

(aei ⊗ ej ei) • f̃ • (ej ⊗ b)

= wk∗ − lim
i

(a ⊗ ei) • f̃ • (ei ⊗ b)

= (a⊗ b) ◦ f̃ .

similarly we have f̃ • (a ⊗ b) = f̃ ◦ (a ⊗ b) and since f̃ ∈ ZA⊗̂A(X∗† ), we have

(a⊗ b) • f̃ = f̃ • (a⊗ b)and hence

f̃ ∈ ZA⊗̂Aop(X∗).

Since Y was an arbitrary closed submodule of X and f was arbitrary in ZA⊗̂Aop(Y ∗),

from Lemma 2.7, we have that A⊗̂Aop is amenable. �
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Theorem 2.9. Suppose that A⊗̂A is amenable and A has a bounded approximate

identity. Then A is amenable.

Proof: By the preceding Theorem we have that A⊗̂Aop is amenable. Since A

has a bounded approximate identity, from Theorem 2.3, A is amenable. �

Since having a bounded approximate identity is a necessary condition for an

algebra to be amenable, Theorem 2.9 has the minimum conditions. If we can prove

that amenability of A⊗̂A implies that A has a bounded approximate identity, then

we can even drop the condition in Theorem 2.9 that A has a bounded approximate

identity.

2.2 Some results in commutative Banach algebras

Now we go to the case where our algebra A is commutative. First we prove the

following general result.

For the Banach algebra A, we define

A2 = Lin{ab : a, b ∈ A}.

Theorem 2.10. Suppose that B is a Banach algebra and A is a closed subalgebra

of B such that A⊗̂B is weakly amenable. Then (A2)− = A

Proof: Suppose that A⊗̂B is weakly amenable and (A2)− 6= A. Then from the

Hahn-Banach Theorem there exists a λ ∈ A∗ such that λ|A2 = 0 and λ 6= 0. So

there exists an a0 ∈ A such that λ(a0) = 1. We denote a Hahn-Banach extension of

λ on B by λ̃. So λ̃ ∈ B∗ and we define:

D : A⊗̂B −→ (A⊗̂B)∗ by D(a⊗ b) = λ̃(a)λ̃(b)(λ̃⊗ λ̃)

where (λ̃⊗ λ̃)(c⊗ d) = λ̃(c)λ̃(d).
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Then D is a continuous derivation since

D((a⊗ b)(c⊗ d)) = D(ac⊗ bd) = λ̃(ac)λ̃(bd)(λ̃⊗ λ̃) = 0

On the other hand for a, c, x ∈ A and b, d, y ∈ B we have:

〈(a⊗ b).D(c⊗ d), x⊗ y〉 = 〈D(c⊗ d), xa⊗ yb〉 = λ̃(c)λ̃(d)λ̃(xa)λ̃(yb) = 0

and similarly

〈D(a⊗ b).(c⊗ d), x⊗ y〉 = 〈D(a⊗ b), cx⊗ dy〉 = λ̃(a)λ̃(b)λ̃(cx)λ̃(dy) = 0.

So D ∈ Z1(A⊗̂B, (A⊗̂B)∗) and hence from weak amenability of (A⊗̂B) it follows

that D = ad(ξ) for some ξ ∈ (A⊗̂B)∗.

So

〈D(a0 ⊗ a0), (a0 ⊗ a0)〉 = 〈(a0 ⊗ a0).ξ − ξ.(a0 ⊗ a0), a0 ⊗ a0〉

= 〈ξ, (a2
0 ⊗ a2

0)− (a2
0 ⊗ a2

0)〉

= 0

But we have:

〈D(a0 ⊗ a0), (a0 ⊗ a0)〉 = λ̃(a0)λ̃(a0)(λ̃⊗ λ̃)(a0 ⊗ a0) = (λ̃(a0))4 = 1,

which is a contradiction and hence (A2)− = A �
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Theorem 2.11. Suppose that B is a commutative Banach algebra and A is a closed

ideal in B such that A⊗̂B is(weakly) amenable. Then A is (weakly) amenable.

Proof Suppose that A⊗̂B is (weakly) amenable. Then we define ϕ : A⊗̂B −→ A

by ϕ(a⊗ b) = ab. First it can be easily seen that ϕ is continuous and is an algebra

homomorphism. Also by Theorem 2.10 we have ϕ(A⊗̂B)− = A. So by Theorem

1.33, for weakly amenable case, and Theorem 1.31, for amenable case, A is (weakly)

amenable. �

2.3 Perturbation of Banach algebras and amenability

In this section we will see that if a Banach algebra is amenable with a given product,

then it is amenable for any other multiplication close enough to the first one. This

result has first been proven by B.E.Johnson in [13, Theorem 6.2]. Here we will give

a proof for the main Theorem that is different from original proof in its second half.

The advantage of our proof is that the neighborhood we find for multiplications does

not depend on the algebra. Indeed we will show that if the difference between the

multiplications (in norm), is less that 1
11 , then amenability will be preserved.

For two closed subspaces Y and Z of a Banach space X,their Hausdorff distance

is defined by

d(Y,Z) = max{sup{d(y, Z) : ‖y‖ ≤ 1}, sup{d(z, Y ) : ‖z‖ ≤ 1}}

Lemma 2.12. Let Y and Z be closed subspaces of a Banach space X. Suppose that

there is a projection P of X onto Y with ‖P‖ < d(Y, Z)−1−1. Then P maps Z one
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to one onto Y and the inverse α of P |Zsatisfies (d = d(Y,Z))

‖α‖ ≤ (1 + d)(1− ‖P‖d)−1

‖α(y)− y‖ ≤ ((1 + d)(1− ‖P‖d)−1 − 1)‖y‖

‖P (z)− z‖ ≤ d(1 + ‖P‖)‖z‖

Proof: See [13, Lemma 5.2].

Lemma 2.13. Let X1 and X2 be Banach spaces and S, T ∈ B(X1, X2) and let S be

onto. Suppose that there exists K > 0 such that for all y ∈ X2, there is x ∈ X1 with

‖x‖ ≤ K‖y‖ and S(x) = y. If K‖S − T‖ < 1, then T will also be onto and for each

y ∈ X2, there exists x ∈ X1 such that ‖x‖ ≤ K(1−Kε)−1‖y‖ and T (x) = y, where

ε = ‖S − T‖.

Proof: It is a special case of [13, Lemma 6.1].

Note: Suppose that π and ρ are two multiplications on a Banach algebra A.

Then we have the following:

(i) Both π and ρ can be considered as continuous linear functionals from A⊗̂Aop

into A that take the elementary tensors a⊗ b into the product of a and b. aπb and

aρb respectively denoted by π(a⊗ b) and ρ(a⊗ b).

(ii) If π# and ρ# are the multiplications respectively induced by π and ρ on A#

then we have

‖(π# − ρ#)((a, α)⊗ (b, β))‖ = ‖aπb− aρb‖ ≤ ‖π − ρ‖‖a‖‖b‖ (a, b ∈ A).
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And hence

‖(π# − ρ#)((a, α)⊗ (b, β))‖ ≤ ‖π − ρ‖‖(a, α)‖‖(b, β)‖

Thus we have

‖π# − ρ#‖ ≤ ‖π − ρ‖.

Theorem 2.14. Suppose that (A, π) is an amenable Banach algebra. Then there

exists ε > 0 such that if ρ is another multiplication on A with ‖ρ − π‖ < ε, then

(A, ρ) is also amenable.

Proof: By the note above, we can assume that A has and identity 1 for both

multiplications π and ρ. Let j : A −→ A
⊗̂
A be defined by j(a) = a⊗ 1.

Then ‖j‖ ≤ 1 and πj = IdA. So π∗∗j∗∗ = IdA∗∗ . It can be easily checked that

P = Id
(A

⊗̂
A)∗∗
− j∗∗π∗∗ is a projection onto kerπ∗∗ with norm at most 2.

By Lemma 2.13, and letting X1 = (A
⊗̂
A)∗∗and X2 = A∗∗, S1 = π∗∗,T1 = ρ∗∗,by

K = 1 (since‖j∗∗‖ ≤ 1), we get that for ‖S1 − T1‖ = ε < 1, ρ∗∗ will be onto and for

every F ∈ kerπ∗∗, there is B ∈ (A
⊗̂
A)∗∗ such that ρ∗∗(B) = ρ∗∗(F ) and

‖B‖ ≤ (1− ε)−1‖ρ∗∗(F )‖ = (1− ε)−1‖ρ∗∗(F )− π∗∗(F )‖ ≤ (1− ε)−1ε‖F‖

So F −B ∈ kerρ∗∗ and ‖F − (F −B)‖ = ‖B‖ ≤ ε(1− ε)−1‖F‖. So that

sup{d(F, kerρ∗∗) : F ∈ kerπ∗∗and ‖F‖ ≤ 1} ≤ ε(1− ε)−1.

And similarly by changing the role of S1 and T1, we will obtain

sup{d(F, kerπ∗∗) : F ∈ kerρ∗∗and ‖F‖ ≤ 1} ≤ ε(1− ε)−1
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Hence

d := d(kerπ∗∗, kerρ∗∗) ≤ ε(1− ε)−1.

So if ε < 1
4 , then

‖P‖ ≤ 2 < (ε(1− ε)−1)−1 − 1 ≤ d(kerπ∗∗, kerρ∗∗)−1 − 1.

And hence by Lemma 2.12, there exists a linear homeomorphism α from kerπ∗∗ onto

kerρ∗∗ such that

‖α‖ ≤ (1− 3ε)−1, ‖α−1‖ ≤ ‖P‖ ≤ 2

‖F − α(F )‖ ≤ 3ε(1− 3ε)−1‖F‖ (F ∈ kerπ∗∗)

‖F − α−1(F )‖ ≤ 3ε(1− ε)−1‖F‖ (F ∈ kerρ∗∗).

Suppose that F ∈ (A⊗̂A) is an elementary tensor say b ⊗ c for b, c ∈ A. Then for

a ∈ A, we have

‖a.πF − a.ρF‖ = ‖a.π(b⊗ c)− a.ρ(b⊗ c)‖

= ‖aπb⊗ c− aρb⊗ c‖ = ‖(aρb− aπb)‖‖c‖

≤ ‖ρ− π‖‖a⊗ b‖‖c‖

≤ ε‖a‖‖b‖‖c‖ = ε‖a‖‖F‖.

So that

‖a.πF − a.ρF‖ ≤ ε‖F‖‖a‖ (a ∈ A,F ∈ A⊗̂A).

And by using Goldsteine’s Theorem, we have

‖a.πF − a.ρF‖ ≤ ε‖F‖‖a‖ (F ∈ (A⊗̂A)∗∗) (†)
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Similarly

‖F.πa− F.ρa‖ ≤ ε‖a‖‖F‖ (a ∈ A,F ∈ (A⊗̂A)∗∗).

Our proof will be different from the original proof from this part.

Now consider the derivation D : A −→ kerπ∗∗(∼= (kerπ)∗∗) by D(a) = a⊗ 1− 1⊗ a.

Then amenability of (A, π) implies the existence of an element ξ ∈ kerπ∗∗ such that

a⊗ 1− 1⊗ a = a.πξ − ξ.πa (a ∈ A).

Let δ = α(ξ) ∈ kerρ∗∗. Then we have

‖a.πξ − a.ρδ‖ = ‖a.πξ − a.ρ(α(ξ))‖

≤ ‖a.πξ − a.π(α(ξ))‖+ ‖a.π(α(ξ))− a.ρ(α(ξ))‖

≤ 3ε(1− 3ε)−1‖a‖‖ξ‖+ ε(1− 3ε)−1‖a‖‖ξ‖. (By properties of α and (†))

And similarly

‖ξ.πa− δ.ρa‖ ≤ 4ε(1− 3ε)−1‖a‖‖ξ‖.

so that

‖a⊗ 1− 1⊗ a− (a.ρδ − δ.ρa)‖ = ‖a.πξ − ξ.πa− (a.ρδ − δ.ρa)‖

≤ ‖a.πξ − a.ρδ‖+ ‖ξ.πa− δ.ρa‖

≤ 8ε(1− 3ε)−1‖a‖.

So

‖a⊗ 1− 1⊗ a− (a.ρδ − δ.ρa)‖ ≤ O(ε)‖a‖ (a ∈ A). (‡)
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where O(ε) −→ 0 as ε −→ 0+.

From now on all the multiplications we consider are respect to the multiplication ρ

on A. We denote the multiplication in A⊗̂Aop by ?ρ. Also we indicate the Arens

product on (A⊗̂Aop)∗∗ with the same notation. So for elementary tensors,

(a⊗ b) ?ρ (c⊗ d) = ac⊗ db

For R =
∑

i ai ⊗ bi ∈ kerρ we have

R ?ρ δ −R =
∑
i

(ai ⊗ bi) ?ρ δ − δ
∑
i

aibi −
∑
i

ai ⊗ bi + 1⊗
∑
i

aibi

=
∑
i

(ai.ρδ − δ.ρai − ai ⊗ 1 + 1⊗ ai).ρbi.

So

‖R ?ρ δ −R‖ = ‖
∑
i

(ai.ρδ − δ.ρai − ai ⊗ 1 + 1⊗ ai).ρbi‖

≤
∑
i

‖ ai
‖ai‖

.ρδ − δ.ρ
ai
‖ai‖

+
ai
‖ai‖

⊗ 1 + 1⊗ ai
‖ai‖
‖‖ai‖‖bi‖

≤ ‖R‖ sup
a∈A1

‖a.ρδ − δ.ρa− a⊗ 1 + 1⊗ a‖.

Now if R ∈ (kerρ)∗∗, then by Goldstine’s Theorem, there exists a net (ri)i with

‖ri‖ ≤ ‖R‖, in kerπ such that ri −→i R wk∗. Note that since kerρ∗∗ ∼= (kerρ)∗∗,

isometrically, for notational convenience, we do not disguise between δ as an element

in kerρ∗∗ and its image as an element of (kerρ)∗∗.

Thus

ri.ρδ − ri −→i R.ρδ −R wk∗.
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And hence ‖R.ρδ −R‖ ≤ supi ‖ri.ρδ − ri‖. So we have

‖R ?ρ δ −R‖ ≤ ‖R‖ sup
a∈A1

‖a.ρδ − δ.ρa− a⊗ 1 + 1⊗ a‖ (R ∈ (kerρ)∗∗).

And hence by (‡), we obtain

‖R ?ρ δ −R‖ ≤ O(ε)‖R‖ (R ∈ (kerρ)∗∗).

If we define λ : (kerρ)∗∗ −→ (kerρ)∗∗ by λ(S) = S ?ρ δ, then for ε sufficiently small

such that O(ε) < 1, ‖λ− Id(kerρ)∗∗‖ < 1 and thus λ will be invertible.

Since λ is surjective, there exists x ∈ (kerρ)∗∗ such that λ(x) = δ. So x ?ρ δ = δ and

hence for every y ∈ (kerρ)∗∗, we have (y ?ρ x− y) ?ρ δ = 0. But this means that

λ(y ?ρ x− y) = 0 (y ∈ (kerρ)∗∗).

Now by injectivity of λ, we have

y ?ρ x = y (y ∈ (kerρ)∗∗).

Hence x will be a right identity for (kerρ)∗∗ and hence kerρ has a bounded right

approximate identity. So from Theorem 1.28, (A, ρ) is amenable. �

Corollary 2.15. Let (A, π) be an amenable Banach algebra. If ρ is another multi-

plication on A such that ‖π − ρ‖ < 1
11 , then (A, ρ) is also amenable.

Proof: From the argument of the proof the Theorem above, (A, ρ) will be

amenable if for ε = ‖π − ρ‖, O(ε) = 8ε(1− 3ε)−1 < 1 and this condition is satisfied

under the assumption ε < 1
11 . �
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3 A note on approximate amenability

3.1 Some General results about approximately amenable Banach

algebras

In this section we will mention some results about approximately amenable Banach

algebras and we will use them to prove some results about some specific Banach

algebras in other sections. In the Preliminaries section, we saw some known results

in approximate amenability that we will make use of to prove some of the results in

this section.

Theorem 3.1. Suppose that A is a Banach algebra with identity. Then the condi-

tions below are equivalent:

(i) A is approximately amenable.

(ii) The short exact sequence
∏∗ : 0 −→ A∗

π∗
−→ (A

⊗̂
A)∗

ı∗−→ K∗ −→ 0 of A-

bimodules approximately splits. i.e. there exists a net (Fi)i , Fi : (A
⊗̂
A)∗ −→ A∗

of left inverses of π∗ such that for all a ∈ A and all f ∈ (A
⊗̂
A)∗ :

(1) Fi(a.f)− a.Fi(f) −→ 0;

(2) Fi(f.a)− Fi(f).a −→ 0.

Proof: Suppose that A is approximately amenable. Since A has an identity, A

has an approximate diagonal (mi)i ⊂ A
⊗̂
A such that π(mi) = 1, where we denote

the identity of A by 1.

Now we define Fi : (A
⊗̂
A)∗ −→ A∗ by:

〈Fi(f), a〉 = 〈f,mi.a〉 (f ∈ (A⊗̂A)∗, a ∈ A).
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So for every f ∈ A∗ we have:

〈Fi(π∗(f)), a〉 = 〈π∗(f),mi.a〉 = 〈f, π(mi).a〉 = 〈f, a〉.

So that

Fiπ
∗ = IdA∗

Also we have

〈Fi(b.f)− b.Fi(f), a〉 = 〈b.f,mi.a〉 − 〈f,mi.ab〉 = 0

and

〈Fi(f.b)− Fi(f).b, a〉 = 〈f.b,mi.a〉 − 〈f,mi.ba〉 = 〈a.f, b.mi −mi.b〉.

So if ‖ a ‖≤ 1 , then by choosing i such that ‖ b.mi −mi.b ‖< ε, we have

‖ Fi(f.b)− Fi(f).b ‖< ε

which gives us the result. Conversely suppose that such a net (Fi)i exists. Then let

Mi = F ∗i (1̂) ∈ (A
⊗̂
A)∗∗. So for f ∈ (A

⊗̂
A)∗, we have

〈a.Mi, f〉 = 〈Fi(f.a), 1〉

and

〈Mi.a, f〉 = 〈Fi(a.f), 1〉.
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For given ε > 0, there exists i0 such that for i > i0 ,

|〈Fi(a.f)− a.Fi(f), 1〉|, |〈Fi(f.a)− Fi(f).a, 1〉| < ε/2.

So

|〈a.Mi −Mi.a, f〉| = |〈Fi(f.a)− Fi(a.f), 1〉|

≤ |〈Fi(a.f)− a.Fi(f), 1〉|+ |〈Fi(f.a)− Fi(f).a, 1〉|

< ε.

Also for g ∈ A∗ we have:

〈π∗∗(Mi), g〉 = 〈Mi, π
∗(g)〉 = 〈F ∗i (1̂), π∗(g)〉 = 〈1̂, Fi(π∗(g))〉 = 〈1̂, g〉 = 〈g, 1〉.

Now if Φ ⊂ (A
⊗̂
A)∗, Ω ⊂ A∗ and Λ ⊂ A are finite sets, then by Goldstine’s

Theorem we have mi0(i0(Φ,Ω,Λ, ε)) ∈ A
⊗̂
A such that

|〈a.mi0 −mi0 .a, f〉| < ε, |〈π(mi0)− 1, g〉| < ε (f ∈ Φ, g ∈ Ω, a ∈ Λ).

So there exists (mλ)λ∈I ∈ A
⊗̂
A such that

wk− lim
λ

a.mλ −mλ.a = 0 ,

wk− lim
λ
π(mλ) = 1.

Now for F = {a1, a2, ..., an}, a finite subset ofA, we have in (A
⊗̂
A)

⊕
...
⊕

(A
⊗̂
A)

⊕
A:

(0, ..., 0, 1) ∈ wk− cl(co{(a1 .mλ −mλ.a1 , ..., an .mλ −mλ.an , π(mλ))| λ ∈ I }).
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So by Mazur’s Theorem, we have

(0, ..., 0, 1) ∈‖ . ‖ −cl(co{(a1 .mλ −mλ.a1 , ..., an .mλ −mλ.an , π(mλ))| λ ∈ I }).

And so for given ε > 0, there exists nF,ε ∈ co{mλ|λ ∈ I} such that for 1 ≤ i ≤ n,

‖ ai.nF,ε − nF,ε.ai ‖< ε. (2)

‖ π(nF,ε)− 1 ‖< ε. (3)

Hence there exists a net (nj)j ⊂ A⊗̂A such that for all a ∈ A:

lim
j
a.nj − nj .a = 0. (4)

lim
j
π(nj) = 1. (5)

Hence A has an approximate diagonal which together with A having an identity,

implies that A is approximately amenable. �

Remark 3.2. In the proof of Theorem 3.1, if A is approximately amenable with

identity, then the i0 such that: ‖ Fi(f.b)− Fi(f).b ‖< ε for i > i0, was independent

of f for ‖ f ‖≤ 1, so that the convergences in Theorem 3.1 are uniform for ‖ f ‖≤ 1.

So we have

Theorem 3.3. Suppose that A is a Banach algebra with identity. Then these two

conditions are equivalent:

(i) A is approximately amenable.

(ii) The short exact sequence
∏∗ : 0 −→ A∗

π∗
−→ (A

⊗̂
A)∗

ı∗−→ K∗ −→ 0 of

A-bimodules uniformly approximately splits. i.e. there exists a net (Fi)i , Fi :
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(A
⊗̂
A)∗ −→ A∗ of left inverses of π∗ such that for all a ∈ A and all f ∈ (A

⊗̂
A)∗ :

(1) Fi(a.f)− a.Fi(f) −→ 0;

(2) Fi(f.a)− Fi(f).a −→ 0;

where the convergences above are uniform for ‖ f ‖≤ 1.

Proof: It is clear by Theorem 3.1 and Remark 3.2. �

Corollary 3.4. Suppose that A is a Banach algebra with identity. Then the short

exact sequence
∏∗ : 0 −→ A∗

π∗
−→ (A

⊗̂
A)∗

ı∗−→ K∗ −→ 0 of A-bimodules uniformly

approximately splits if and only if approximately splits.

Proof: If
∏∗ uniformly approximately splits, then it obviously approximately

splits. Conversely if
∏∗ approximately splits, then by Theorem 3.1 , A is approxi-

mately amenable. Now by Theorem 3.3,
∏∗ uniformly approximately splits. �

Proposition 3.5. Let A to be a Banach algebra with identity. Also suppose that

there exists a net (Mi) ⊂ (A
⊗̂
A)∗∗ such that wk∗ − lim(a.Mi − Mi.a) = 0 and

π∗∗(Mi) = 1 for all i, where 1 is the identity of A. Then A is approximately

amenable.

Proof: Suppose that there is such a net, X is a unit-linked Banach A-bimodule

and D : A −→ X∗ is a continuous derivation. Then we define µx ∈ (A
⊗̂
A)∗ by

µx(a⊗ b) = 〈a.D(b), x〉. If we define fi ∈ X∗ by fi(x) = Mi(µx), then we have:

〈a.fi − fi.a, x〉 = 〈a.Mi −Mi.a, µx〉+ 〈π∗∗(Mi).D(a), x〉

= 〈a.Mi −Mi.a, µx〉+ 〈D(a), x〉.

So we have

〈a.fi − fi.a−D(a), x〉 = 〈a.Mi −Mi.a, µx〉.
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And hence

lim
i
〈a.fi − fi.a−D(a), x〉 = lim

i
〈a.Mi −Mi.a, µx〉 = 0 (x ∈ X)

which shows that D is wk∗ approximately inner and hence A is weak∗ approximately

amenable. Therefore by Theorem 1.38, A is approximately amenable. �

In the next Theorem π denotes the multiplication map from A#
⊗̂

(A#)op into A#

and K denotes Kerπ.

Theorem 3.6. For a Banach algebra A, the following statements are equivalent:

(i) A is approximately amenable.

(ii) There exists a net (ui)i ⊆ K such that kui − k −→i 0 for all k ∈ K ∩ (A
⊗
A)

Proof: Suppose that A is approximately amenable. Then from Theorem 1.38,

A is approximately contractible. Suppose that 1 denotes the identity of A#. Then

D : A −→ K defined byD(a) = a⊗1−1⊗a is a continuous derivation and hence is ap-

proximately inner. So there exists a net (vj)j ⊆ K such that D(a) = limi(a.vi−vi.a).

Now if Ω ⊆ K ∩ (A
⊗
A) is the finite set {k1, k2, ..., km}, for kr ∈ Ω, we have

kr =
∑n

q=1 aq,r ⊗ bq,r such that
∑n

q=1 aq,rbq,r = 0.

Then we have

krvj − kr =
∑n

q=1 aq,r.vj .bq,r −
∑n

q=1 aq,r ⊗ bq,r

=
n∑
q=1

aq,r.vj .bq,r −
n∑
q=1

vj .aq,rbq,r −
n∑
q=1

aq,r ⊗ bq,r +
n∑
q=1

1⊗ aq,rbq,r
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So we have

kr.vj − kr =
n∑
q=1

(aq,r.vj − vj .aq,r − (aq,r ⊗ 1− 1⊗ aq,r)).bq,r

=
n∑
q=1

(aq,r.vj − vj .aq,r −D(aq,r)).bq,r.

Since aq,rvj − vj .aq,r −→j D(aq,r) (1 ≤ q ≤ n, 1 ≤ r ≤ m), for given ε > 0, we can

choose vj0 such that

‖ kvj0 − k ‖< ε/2 (k ∈ Ω).

So we can find a net (ui)i ⊆ K such that

kui − k −→i 0 (k ∈ K ∩ (A⊗A)).

Conversely, suppose that there is such a net (ui)i. For every a ∈ A# , we have

a⊗ 1− 1⊗ a ∈ K ∩ (A
⊗
A). So

a⊗ 1− 1⊗ a = lim
i

(a⊗ 1− 1⊗ a)ui.

So that:

a⊗ 1− 1⊗ a = lim
i

(a.ui − ui.a).

So by letting vi = 1⊗ 1− ui ∈ (A#
⊗̂
A#), for a ∈ A we have

lim
i
a.vi − vi.a = 0.

Also we have π(vi) = 1 for all i. Hence A# is pseudo amenable and since A# has

identity , from Theorem 1.43, A# is approximately amenable. Hence A is approxi-

mately amenable. �
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Note: If A has a bounded approximate identity, then by the Cohen factorization

Theorem, π will be surjective and hence by [4, Theorem A.3.48], we have

(kerπ)∗∗ ∼= kerπ∗∗ = wk∗ − cl(kerπ).

Also we note that if a net (ki)i converges to L in σ((kerπ)∗∗, (kerπ)∗) then (ki)i

also converges to θ(L) in σ((A
⊗̂
A)∗∗, (A

⊗̂
A)∗) where θ denotes the isometric

isomorphism from (kerπ)∗∗ onto kerπ∗∗ and also we have the converse statement.

So whenever we talk about the convergence of a net (ki)i ⊆ kerπ in the wk∗

topology, it doesn’t matter that we take wk∗ topology as σ((kerπ)∗∗, (kerπ)∗) or

σ((A
⊗̂
A)∗∗, (A

⊗̂
A)∗).

In the following Lemma and Theorem, K denotes the kerπ where π : A
⊗̂
Aop −→ A

is the multiplication map.

Lemma 3.7. Suppose that A is a Banach algebra with a bounded approximate iden-

tity. Then every element L of K∗∗ is wk∗ limit of a sequence

(ki)i ⊆ K ∩ (A
⊗
A).

Proof: Take L ∈ K∗∗. Then by Goldstine’s Theorem, There exists a net

(kg)g ⊆ K such that

wk∗ − lim
g

kg = L (1 )

Take ε > 0. If kg =
∑

k a
g
k ⊗ b

g
k, then there exists ng ∈ N such that

∞∑
k=ng

‖ agk ‖‖ b
g
k ‖< ε.
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Let kg,ε =
∑ng

k=1 a
g
k ⊗ b

g
k. Then we have

|〈kg,ε−L, φ〉| ≤ |〈kg,ε−kg, φ〉|+ |〈kg−L, φ〉| ≤ ε ‖ φ ‖ +|〈kg−L, φ〉| (φ ∈ (A⊗̂A)∗).

Therefore for a finite subset ∆ of (A
⊗̂
A)∗, from (1) and the above inequality, there

exists kg∆,ε ∈ K ∩ (A⊗A) such that

|〈kg∆,ε − L, λ〉| < ε (λ ∈ ∆).

So if we order R+ by decreasing order and the finite subsets of (A
⊗̂
A)∗ by inclusion,

the net (kg∆,ε) ⊆ K ∩ (A
⊗
A) converges to L in the wk∗ topology. �

Theorem 3.8. Suppose that A is an approximately amenable Banach algebra with

a bounded approximate identity. Then there exists a net (ui)i ⊆ K such that

kui −→i k (k ∈ K ∩ (A
⊗
A)).

Proof: Suppose that A is approximately amenable with bounded approximate

identity (eα)α. Then (eα)α has a wk∗-cluster point E in A∗∗. Without loss of

generality, we can assume that wk∗ − lim eα = E . Thus E is a right identity for

(A∗∗,�) and a.E = E.a = a ∀a ∈ A.

Now we define the map D : A −→ ker(π∗∗)(∼= K∗∗) by D(a) = Ψ(a⊗E−E⊗a) where

Ψ : A∗∗⊗̂A∗∗ −→ (A⊗̂A)∗∗ is as in the Theorem 1.15. Obviously D maps A into

kerπ∗∗ since π∗∗(Ψ(a⊗E−E⊗a)) = πA∗∗(a⊗E−E⊗a) = aE−Ea = 0 (a ∈ A).

Obviously D defines a continuous derivation from A into K∗∗ and hence approximate

amenability of A implies the existence of a net (vj)j∈J ⊆ K∗∗ such that

D(a) = lim
j

(a.vj − vj .a) (a ∈ A)
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So we have

Ψ(a⊗ E − E ⊗ a) = lim
j

(a.vj − vj .a).

Take k =
∑n

t=1 at ⊗ bt ∈ K ∩A⊗A. So we have
∑n

t=1 atbt = 0 and hence we have

kvj − k =

n∑
t=1

atvjbt −
n∑
t=1

vj .atbt −Ψ(

n∑
t=1

at ⊗ bt −
n∑
t=1

E ⊗ atbt).

Thus we have

kvj − k =

n∑
t=1

(at.vj − vj .at −Ψ(at ⊗ E − E ⊗ at)).bt.

Since at.vj − vj .at −Ψ(at ⊗ E − E ⊗ at) −→j 0 (1 ≤ t ≤ n), we have

lim
j
k.vj − k = 0 (k ∈ K ∩ (A⊗A)). (†)

Now for ε > 0, a finite subset Φ of K∗ and a finite subset Ω = {k1, k2, ..., km}

of K and for any j ∈ J , by using Goldstine’s Theorem, we can choose wj,Φ,Ω ∈ K

such that

|〈wj,Φ,Ω − vj , φ.k〉| < ε/2 (k ∈ Ω, φ ∈ Φ). (‡)

So if k ∈ Ω and φ ∈ Φ,then by (‡), we have

|〈kwj,Φ,Ω − k, φ〉| ≤ |〈kwj,Φ,Ω − kvj , φ〉|+ |〈kvj − k, φ〉|

= |〈wj,Φ,Ω − vj , φ.k〉|+ |〈kvj − k, φ〉|

≤ ε/2 + |〈kvj − k, φ〉|
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and hence by (†), we can choose j0 ∈ J such that:

|〈kwj,Φ,Ω − k, φ〉| ≤ ε j ≥ j0.

And hence there exists a net (wλ)λ∈Λ in K such that

wk − lim
λ

(kwλ − k) = 0 (k ∈ K ∩ (A
⊗

A)).

Now in
⊕m

s=1K, we have

(0, 0, ..., 0) ∈ wk− cl(co({(k1wλ − k1 , ..., kmwλ − km)|λ ∈ Λ})).

And hence by Mazur’s Theorem,

(0, 0, ..., 0) ∈ norm− cl(co({(k1wλ − k1 , ..., kmwλ − km)|λ ∈ Λ})).

So for ε > 0, we can choose u = uΩ,ε ∈ co({wλ|λ ∈ Λ}) such that

‖ ku− k ‖< ε (k ∈ Ω).

So we can find a net (ui)i ⊆ K such that

lim
i
kui − k = 0 (k ∈ K ∩ (A⊗A)). �

Before going to Corollary 3.10, we need the following proposition.

Proposition 3.9. Let A be a Banach algebra with a bounded approximate identity

and K to be the kernel of the multiplication map π : A
⊗̂
Aop −→ A. Then for a given

ε > 0, every element k ∈ K can be written as the sum of k1,k2 where k1, k2 ∈ K and
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also k1 ∈ A⊗A and ‖ k2 ‖< ε.

Proof: Suppose that A has a bounded approximate identity bounded by M > 1.

Take ε > 0 and k ∈ K. Then we can find t1 ∈ A
⊗
A and t2 ∈ A⊗̂A such that

k = t1 + t2 and ‖ t2 ‖p< ε/4M

where ‖ . ‖p denotes the projective tensor norm.

Now by Theorem 1.7, there are a, b ∈ A such that ‖ a ‖≤M and ‖ π(t2)−b ‖< ε/4M

and π(t2) = ab.

We let

k1 = t1 + a⊗ b , k2 = t2 − a⊗ b.

So we have

π(k1) = π(t1) + ab = π(t1) + π(t2) = π(k) = 0.

Obviously we have π(k2) = 0. Also we have

‖k2‖ ≤ ‖t2‖+ ‖a‖‖b‖. (†)

But we have ‖b‖ ≤ ε/4M + ‖π(t2)‖ < ε/2M . Hence by (†) we have:

‖k2‖ ≤ ε/2M +Mε/2M < ε.

And hence k1, k2 have the required properties. �

Corollary 3.10. Let A be an approximately amenable Banach algebra with a bounded

approximate identity and e be an idempotent in A. Then for a finite subset F of
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eAe and given ε > 0, there are a1, b1, ..., ar, br ∈ A such that

r∑
k=1

akbk = e

and

‖
r∑

k=1

xak ⊗ bk − ak ⊗ bkx ‖< ε (x ∈ F ).

Proof: Take ε > 0. Since e is an idempotent, then for every x ∈ F , we have

xe− ex = 0. So that the set Ω = {x⊗ e− e⊗ x|x ∈ F} is contained in

kerπ ∩ (A
⊗
A). Now by using Theorem 3.8, we easily see that there exists k ∈

kerπ such that

‖ (x⊗ e− e⊗ x) ◦ k − (x⊗ e− e⊗ x) ‖< ε (x ∈ F ). (1)

where ◦ is the multiplication in A
⊗̂
Aop.

Then k = k1 + k2 where k1 and k2 are as in the Proposition 3.9 with ε′ = ε/4K,

where K ≥ 1 and K ≥Max{‖ x ‖: x ∈ F}. Then by letting d = e⊗ e− (e⊗ e) ◦ k1

we have d ∈ A
⊗
A and π(d) = e.

Also we have:

x.d− d.x = x.(e⊗ e− (e⊗ e) ◦ (k + (k1 − k))− (e⊗ e− (e⊗ e) ◦ (k + (k1 − k)).x

= x⊗ e− e⊗ x− (x⊗ e− e⊗ x) ◦ k + (x⊗ e− e⊗ x) ◦ (−k2).

By (1) and using the fact that ‖ k2 ‖< ε′, we obtain:

‖ x.d− d.x ‖< ε′ + 2Kε′ < ε (x ∈ F ). (2)
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So if d =
∑r

i=1 ai ⊗ bi, we have

r∑
i=1

aibi = π(d) = e,

and by (2) we have

‖
r∑
i=1

xai ⊗ bi − ai ⊗ bix ‖< ε (x ∈ F ).

So a1, b1, ..., ar, br have the desired property. �

3.2 Characterization of approximately amenable and boundedly

approximately amenable Banach algebras

Now we state a characterization for approximate amenability and one for bounded

approximate amenability.

Theorem 3.11. For a Banach algebra A the following conditions are equivalent:

(i) A is approximately amenable.

(ii) For a Banach A-bimodule X and a Banach submodule Y of X, if f ∈ ZA(Y ∗),

then there exists a net (gi)i∈I ⊂ X∗ of extensions of f such that limi(a.gi−gi.a) = 0.

(iii) For any Banach A-bimodule X, there exists a net (Pi)i∈I , Pi : X∗ −→ X∗

each Pi is a continuous operator and Pi|ZA(X∗) = IdZA(X∗). Also Pi commutes with

every wk∗−wk∗ continuous bounded operator from X∗ into X∗ commuting with the

action of A on X∗ and limi(a.Pi(f)− Pi(f).a) = 0 ∀f ∈ X∗.
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Proof: First since approximate amenability of A is equivalent to the approxi-

mate amenability of A#, and by using the fact that ZA#(X∗) = ZA(X∗), it is enough

to prove the Theorem for the case that A has an identity.

(i) =⇒ (ii) Suppose that f̃ ∈ X∗ is an extension of f . Then δ(a) := a.f̃ − f̃ .a is a

continuous derivation from A into Y ⊥(∼= (XY )∗). So approximate amenability of A

results in the existence of a net (hi)i ⊂ Y ⊥ such that

lim
i

(a.hi − hi.a) = a.f̃ − f̃ .a.

Now let gi = f̃ − hi. So we have

lim
i

(a.gi − gi.a) = a.f̃ − f̃ .a− lim
i

(a.hi − hi.a) = 0.

It is obvious that each gi is an extension of f .

(ii) =⇒ (iii) Let L = X∗
⊗̂
X and make L an A-bimodule by:

a.(f ⊗ x) = f ⊗ a.x;

(f ⊗ x).a = f ⊗ x.a (a ∈ A, f ∈ X∗, x ∈ X).

Now let H and K to be the closed linear span of the sets below, respectively,

{T ∗(f)⊗ x− f ⊗ T (x)|f ∈ X∗, T ∈ Ω, x ∈ X}

{f ⊗ x|f ∈ ZA(X∗), x ∈ X},

where Ω is the set of all continuous operators on X that commute with the action
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of A on X.

Obviously H,K are Banach submodules L. So is the closed linear span of H,K say

Y . Hence Y/H is a Banach A-submodule of L/H.

Now define ϕ ∈ L∗ by ϕ(f ⊗ x) = 〈f, x〉 for f ∈ X∗ and x ∈ X. Then we have

ϕ(T ∗(f)⊗ x− f ⊗ T (x)) = 〈T ∗(f), x〉 − 〈f, T (x)〉 = 0.

So we have ϕ ∈ H⊥ and hence we can define λ ∈ (Y/H)∗ by λ(ȳ) = φ(y).

Now if f ∈ ZA(X∗), x ∈ X , we have

〈a.λ, f ⊗ x〉 = 〈ϕ, f ⊗ x.a〉 = 〈f, x.a〉 = 〈f, a.x〉

= 〈ϕ, f ⊗ a.x〉 = 〈λ, f ⊗ a.x〉 = 〈λ, a.f ⊗ x〉

= 〈λ.a, f ⊗ x〉.

We observe that if ȳ ∈ Y/H, then ȳ = k̄ for some k ∈ K and since every element

k ∈ K can be approximated by a linear combination of fi ⊗ xi wherefi ∈ ZA(X∗)

and x ∈ X, we have λ ∈ ZA((Y/H)∗). Now by (ii), there is a net (λ̃i)i ⊂ (L/H)∗ of

extensions of λ such that

lim
i

(a.λ̃i − λ̃i.a) = 0.

Now we define Pi : X∗ −→ X∗ by:

〈Pi(f), x〉 = 〈λ̃i, f ⊗ x〉 (f ∈ X∗, x ∈ X).

If f ∈ ZA(X∗), then we have

〈Pi(f), x〉 = 〈λ̃i, f ⊗ x〉 = 〈λ̃, f ⊗ x〉 = 〈f, x〉.

So Pi|ZA(X∗) = IdZA(X∗).
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Now suppose that T : X∗ −→ X∗, is a wk∗−wk∗ continuous and bounded operator

which commutes with the action of A on X∗. Then, since T is bounded wk∗ − wk∗

continuous operator we have T = S∗ for some S ∈ B(X). Also S has to be in Ω,

because if f ∈ X∗, a ∈ A and x ∈ X, we have

〈f, S(a.x)〉 = 〈S∗(f), a.x〉 = 〈T (f), a.x〉

= 〈T (f).a, x〉 = 〈T (f.a), x〉

= 〈S∗(f.a), x〉 = 〈f.a, S(x)〉

= 〈f, a.S(x)〉.

So

S(a.x) = a.S(x) (x ∈ X, a ∈ A).

Similarly we have S(x.a) = S(x).a. So S ∈ Ω and hence we have:

〈Pi(T (f)), x〉 = 〈λ̃i, T (f)⊗ x〉 = 〈λ̃i, S∗(f)⊗ x〉.

But since S ∈ Ω we have S∗(f)⊗ x− f ⊗ S(x) ∈ H and hence

〈λ̃i, S∗(f)⊗ x〉 = 〈λ̃i, f ⊗ S(x)〉 = 〈Pi(f), S(x)〉 = 〈S∗(Pi(f)), x〉 = 〈T (Pi(f)), x〉.

So for all i,

PiT = TPi.



60

Also we have

〈a.Pi(f)− Pi(f).a, x〉 = 〈Pi(f), a.x− x.a〉 = 〈λ̃i, a.f ⊗ (a.x− x.a)〉

= 〈λ̃i, a.f ⊗ x− f ⊗ x.a〉 = 〈λ̃i.a− a.λ̃i, f ⊗ x〉.

So

|〈a.Pi(f)− Pi(f).a, x〉| ≤‖ λ̃i.a− a.λ̃i ‖ ‖f‖‖x‖.

Hence

‖a.Pi(f)− Pi.(f)a‖ ≤ ‖λ̃i.a− a.λ̃i‖‖f‖.

Now since limi(λ̃i.a− a.λ̃i) = 0,

lim
i

(a.Pi(f)− Pi(f).a) = 0.

So (Pi)i has the required properties in (iii).

(iii) =⇒ (i) In part (iii), let X = A
⊗̂
A. Then X is a Banach A-bimodule by

the usual actions of A on A
⊗̂
A. i.e.

a.(b⊗ c) = ab⊗ c , (b⊗ c).a = b⊗ ca (a, b, c ∈ A).

Also suppose that the net (Pi)i, Pi : X∗ −→ X∗ has the properties mentioned in

part (iii). Now we define q : X∗ −→ X∗ by

〈q(f), a⊗ b〉 = 〈f, b⊗ a〉 (f ∈ X∗, a, b ∈ A).
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Now let

Mi = q∗(P ∗i (1⊗ 1)).

Then for φ ∈ (A
⊗̂
A)∗ , we have

〈Mi.a, φ〉 = 〈Mi, a.φ〉 = 〈q∗(P ∗i (1⊗ 1)), a.φ〉 = 〈P ∗i (1⊗ 1), q(a.φ)〉.

But we have

〈q(a.φ), b⊗ c〉 = 〈a.φ, c⊗ b〉 = 〈φ, c⊗ ba〉 = 〈q(φ), ba⊗ c〉 = 〈q(φ), Ra(b⊗ c)〉,

where Ra : A⊗̂A −→ A⊗̂A is defined by

Ra(b⊗ c) = ba⊗ c (a, b, c ∈ A).

So we have

〈q(a.φ), b⊗ c〉 = 〈R∗a(q(φ), b⊗ c〉.

And hence

q(a.φ) = R∗a(q(φ) (a ∈ A and φ ∈ (A⊗̂A)∗).

Obviously Ra commutes with the action of A on A⊗̂A. So by the assumptions of

(iii), we have

PiR
∗
a = R∗aPi (a ∈ A, i ∈ I).
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Hence we have

〈Mi.a, φ〉 = 〈Mi, a.φ〉 = 〈P ∗i (1⊗ 1), q(a.φ)〉 = 〈1⊗ 1, Pi(q(a.φ)〉

= 〈1⊗ 1, Pi(R
∗
a(q(φ)))〉 = 〈1⊗ 1, R∗a(Pi(q(φ)))〉

= 〈Pi(q(φ)), a⊗ 1〉 = 〈Pi(q(φ)).a, 1⊗ 1〉.

Similarly we have

〈a.Mi, φ〉 = 〈a.Pi(q(φ)), 1⊗ 1〉.

So

lim
i
〈a.Mi −Mi.a, φ〉 = lim

i
〈a.Pi(q(φ))− Pi(q(φ)).a, 1⊗ 1〉 = 0 (by assumption)

and hence

wk∗ − lim
i

(a.Mi −Mi .a) = 0 .

Also for f ∈ A∗, we have:

〈π∗∗(Mi), f〉 = 〈P ∗i (1⊗ 1), q(π∗(f))〉.

Also we have

〈a.q(π∗(f)), b⊗ c〉 = 〈q(π∗(f)), b⊗ ca〉 = 〈π∗(f), ca⊗ b〉

= 〈f, cab〉 = 〈π∗(f), c⊗ ab〉

= 〈q(π∗(f)), ab⊗ c〉 = 〈q(π∗(f)).a, b⊗ c〉.

So we have

q(π∗(f)) ∈ ZA(X∗).
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And hence we have

〈π∗∗(Mi), f〉 = 〈1⊗ 1, Pi(q(π
∗(f)))〉 = 〈1⊗ 1, q(π∗(f))〉 = 〈π∗(f), 1⊗ 1〉 = 〈f, 1〉.

Hence

π∗∗(Mi) = 1 (i ∈ I).

Now by Proposition 3.5, A is approximately amenable. �

Remark 3.12. Due to the proof of Theorem 3.11, we can replace (iii) by (iii), as

follows:

(iii), For any Banach A-bimodule X, there exists a net (Pi)i∈I , Pi : X∗ −→ X∗

such that each Pi is a continuous operator and Pi|ZA(X∗) = IdZA(X∗). Also Pi

commutes with every wk∗ − wk∗ continuous bounded operator from X∗ into X∗

commuting with the action of A on X∗ and limi(a.Pi(f)− Pi(f).a) = 0 uniformly

for ‖ f ‖≤ 1.

To see this observe that when we made Pi in (ii), we had

‖a.Pi(f)− Pi(f).a‖ ≤ ‖λ̃i.a− a.λ̃i‖‖f‖.

And hence

lim
i

(a.Pi(f)− Pi(f).a) = 0 uniformly for ‖f ‖leq1 .

Corollary 3.13. For a Banach algebra A , these conditions are equivalent:

(i) There exists a net (Pi)i , Pi : (A⊗̂A)∗ −→ (A⊗̂A)∗ such that each Pi is a

continuous operator and Pi|ZA((A⊗̂A)∗) = IdZA((A⊗̂A)∗). Also Pi commutes with ev-

ery wk∗ − wk∗ continuous bounded operator from (A⊗̂A)∗ into (A⊗̂A)∗ commuting
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with the action of A on (A⊗̂A)∗ and limi(a.Pi(f)− Pi(f).a) = 0 (f ∈ (A⊗̂A)∗).

(ii) There exists a net (Pi)i , Pi : (A⊗̂A)∗ −→ (A⊗̂A)∗ such that each Pi is a

continuous operator and Pi|ZA((A⊗̂A)∗) = IdZA((A⊗̂A)∗). Also Pi commutes with ev-

ery wk∗ − wk∗ continuous bounded operator from (A⊗̂A)∗ into (A⊗̂A)∗ commuting

with the action of A on (A⊗̂A)∗ and limi(a.Pi(f) − Pi(f).a) = 0 uniformly for

f ∈ (A⊗̂A)∗ with ‖f‖ ≤ 1.

Proof: (i) =⇒ (ii) By using the argument of Theorem 3.11, we see that A is

approximately amenable and hence by the preceding Remark, (ii) holds.

(ii) =⇒ (i) Obvious. �

Now we give a characterization for bounded approximate amenability.

Theorem 3.14. For a Banach algebra A , the following are equivalent:

(i) A is boundedly approximately amenable;

(ii) there exists M > 0 such that for every Banach A-bimodule X and any Banach

submodule Y of X, if f ∈ ZA(Y ∗), then there exists a net (gi)i∈I ⊂ X∗ of extensions

of f such that limi(a.gi − gi.a) = 0 and ‖a.gi − gi.a‖ ≤ 2M‖f‖‖a‖ (a ∈ A).

(iii) There exists M > 0 such that for any Banach A-bimodule X, there exists a net

(Pi)i∈I , Pi : X∗ −→ X∗ such that each Pi is a continuous operator and Pi|ZA(X∗) =

IdZA(X∗). Also Pi commutes with every wk∗−wk∗ continuous bounded operator from
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X∗ into X∗ commuting with the action of A on X∗, and limi(a.Pi(f)−Pi(f).a) = 0

(uniformly for ‖f‖ ≤ 1) and ‖a.Pi(f)− Pi(f).a‖ ≤ 2M‖a‖‖f‖ (f ∈ X∗, a ∈ A).

Proof: Again, it is enough to prove the theorem for the case that A has an

identity.

(i) ⇒ (ii) From Proposition 1.40 and by the notations we used in the proof of

Theorem 3.11, there exists K > 0 and a net (hi)i ⊆ Y ⊥ such that for a ∈ A,

‖a.hi − hi.a‖ ≤ K‖δ‖‖a‖,

and

a.f̃ − f̃ .a = lim
i

(a.hi − hi.a).

But ‖δ‖ ≤ 2‖f̃‖ = 2‖f‖. Hence

‖a.hi − hi.a‖ ≤ 2K‖f‖‖a‖ (a ∈ A).

For a ∈ A, by letting gi = f̃ − hi we have:

‖a.gi − gi.a‖ ≤ 2(K + 2)‖f‖ |a‖,

lim
i
a.gi − gi.a = 0.

So it is enough to let M = K + 2. Since K does not depend on the derivation δ and

the module X, M is also independent of X.

(ii) =⇒ (iii) The proof of this part is exactly the same as the proof of the corre-

sponding part in Theorem 3.11. Additionally when we find the net (λi)i ⊆ (L/H)∗
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of extensions of λ we can assume that

‖a.λ̃− λ̃i.a‖ ≤ 2M‖λ‖‖a‖ (i ∈ I, a ∈ A).

Since ‖λ‖ ≤ 1, we have

‖a.λ̃− λ̃i.a‖ ≤ 2M‖a‖,

where M comes from part (ii) and hence does not depend on the Banach A−module

X. So if we define Pi : X∗ −→ X∗ by

〈Pi(f), x〉 = 〈λ̃i, f ⊗ x〉 (f ∈ X∗, x ∈ X),

then by the argument in the proof of Theorem 3.11, Pi satisfies all of the properties

given in the statement of the Theorem. To see the last property, due to the proof

of Theorem 3.11, we have

‖ a.Pi(f)− Pi(f).a ‖≤‖ a.λ̃− λ̃i.a ‖‖ f ‖≤ 2M ‖ a ‖‖ f ‖ (f ∈ X∗, a ∈ A).

(iii) =⇒ (i) Suppose that there is such a net (Pi)i. By the argument of the proof

of Theorem 3.11 and defining Mi in a similar way, we have

|〈a.Mi −Mi.a, φ〉| = |〈a.Pi(q(φ))− Pi(q(φ)).a, 1⊗ 1〉| (a ∈ A, φ ∈ (A⊗̂A)∗).

So by part (iii),

|〈a.Pi(q(φ))− Pi(q(φ)).a, 1⊗ 1〉| ≤ 2M‖q(φ)‖‖a‖ (a ∈ A, φ ∈ (A⊗̂A)∗).
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Since ‖q‖ ≤ 1 , then we have

|〈a.Mi −Mi.a, φ〉| ≤ 2M‖φ‖‖a‖ (a ∈ A, φ ∈ (A⊗̂A)∗).

Hence we have

‖a.Mi −Mi.a‖ ≤ 2M‖a‖ (a ∈ A),

and

lim
i
〈a.Mi−Mi.a, φ〉 = lim

i
〈a.Pi(q(φ))−Pi(q(φ)).a, 1⊗1〉 = 0 (uniformly for ‖φ‖ ≤ 1).

Hence

lim
i
a.Mi −Mi.a = 0 (a ∈ A).

Also similar to the proof of Theorem 3.11, we have that π∗∗(Mi) = 1 for all i.

Hence by Theorem 1.41, A is boundedly approximately amenable. �

3.3 Non-approximate amenability of certain classes of Banach al-

gebras

In this section, we introduce a class of Banach algebras that are not approximately

amenable. First we need some preliminaries.

The following result is based on a result of V.Runde and M.Daws in [5] for amenable

Banach algebras. Here we extend that result to the case where our Banach algebra

is approximately amenable.

Theorem 3.15. Let E be a Banach space. Then the Banach algebra B(lp(E)) is

approximately amenable if and only if l∞(B(lp(E))) is approximately amenable.
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Proof: First we make a useful isometric isomorphism between lp(E) and lp(lp(E)).

We define ϕ : lp(lp(E)) −→ lp(N2, E) by:

ϕ(a)(m,n) = (a(n))(m) for all a ∈ lp(lp(E)).

ϕ is obviously onto and linear and for a in lp(lp(E)) we have

‖ϕ(a)‖pp =
∑
n,m

‖ϕ(a)(m,n)‖p =
∑
n

∑
m

‖(a(n))(m)‖p =
∑
n

‖a(n)‖pp = ‖a‖pp.

So ‖ ϕ ‖= 1. Now since N2 ∼= N, we have lp(lp(E)) ∼= lp(E).

For notational convenience we denote the isometric isomorphism between lp(lp(E))and

lp(E) by ϕ (ϕ : lp(lp(E)) −→ lp(E))

For each n we let Pn : lp(lp(E)) −→ lp(lp(E)) to be the projection onto the nth

coordinate and we define Q : B(lp(lp(E)) −→ B(lp(lp(E)) by:

Q(T ) =
∑
n

PnTPn (T ∈ B(lp(lp(E))).

Firstly we have the above sum is convergent in the strong operator topology (S.O.T).

Since for X ∈ lp(lp(E)) we have

n∑
k=1

‖PkTPk(X)‖pp =
n∑
k=1

‖Pk(T (Xk))‖pp ≤
n∑
k=1

‖Pk‖p‖T‖p‖Xk‖pp,

where Xk ∈ lp(lp(E)) is defined by (Xk)(n) = X(k) for n = k and (Xk)(n) = 0 for

n 6= k.
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Since ‖Pk‖ ≤ 1 for all k, we have

n∑
k=1

‖PkTPk(X)‖pp ≤ ‖T‖p
n∑
k=1

‖Xk‖pp ≤ ‖T‖p‖X‖pp

and hence
∞∑
n=1

‖PkTPk(X)‖p ≤ ‖T‖‖X‖p.

Let A = l∞(B(lp(E)). Then we can embed A into B(lp(lp(E))) by identifying each

element of A with a block diagonal matrix in B(lp(lp(E))). So we have

(T (X))(n) = (T (n))(X(n)) (T ∈ A and X ∈ lp(lp(E))).

By definition of Q , it is obvious that Q maps B(lp(lp(E))) onto A. In this case we

have (Q(T ))(n) = PnTn where Tn : lp(E) −→ lp(lp(E)) is defined by Tn(x) = T (X)

where X ∈ lp(lp(E)) is the vector with x in its nth coordinate and 0 in other

coordinates. Also Q is a projection onto A since if T ∈ A and X ∈ lp(lp(E)) we

have

PnTnPn(X) = PnT (n)(Xn) = T (n)(Xn) (n ∈ N).

Hence for all X ∈ lp(lp(E)) we have

Q(T )(X) = T (X)

Now we define Un, Vn ∈ B(lp(lp(E))) by

Un(x) = ϕ−1(x(n)) (x ∈ lp(lp(E)).
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Vn(x)(k) =

 ϕ(x) k = n

0 k 6= n
(x ∈ lp(lp(E))).

So for x ∈ lp(lp(E)), we have

(UnVn)(x) = ϕ−1(ϕ(x)) = x.

Hence

UnVn = Idlp(lp(E)).

Also we have (VnUn)(x) = Vn(ϕ−1(x(n))). So

((VnUn)(x))(n) = ϕ(ϕ−1(x(n))) = x(n),

and ((VnUn)(x))(k) = 0 for k 6= n. Hence VnUn = Pn.

So we have

Vn = PnVn , Un = UnPn. (6)

For n 6= m we have

(UnVm)(x) = ϕ−1(Pn(Vm(x))) = 0.

So

UnVm = 0 n 6= m (7)

Now we define:

QL : B(lp(lp(E))) −→ B(lp(lp(E))) T 7−→
∑
n

PnTUn;

QR : B(lp(lp(E))) −→ B(lp(lp(E))) T 7−→
∑
n

VnTPn.
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Similar to what we proved for Q, the series above are convergent in S.O.T . Since

elements of A are identified by Block diagonal matrices in B(lp(lp(E))), it is clear

that QL is a left A-module morphism and QR is a right A-module morphism.

From (6), it is clear that, QL and QR attain their values in A.

For S, T ∈ B(lp(lp(E))) we have

SN =
N∑
k=1

PkSUk −→N QL(S);

TN =
N∑
k=1

VkTPk −→N QR(T ),

where the limits are taken in S.O.T .

Also noting that

‖SN (X)‖PP ≤
N∑
k=1

‖(PkSUk)(X)‖pp

=

N∑
k=1

‖PkS(ϕ−1(X(k)))‖pp

≤
N∑
k=1

‖Pk‖p‖S‖p‖X(k)‖pp

≤ ‖S‖p‖X‖pp (X ∈ lp(lp(E)))

we have ‖SN‖ ≤ ‖S‖.
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Similarly we have

‖TN‖ ≤ ‖T‖ (N ∈ N).

So

‖(SNTN )(X)− (QL(S)QR(T ))(X)‖ ≤ ‖(SNTN − SNQR(T ))(X) + (SNQR(T )−QL(S)QR(T ))(X)‖

≤ ‖SN‖‖(TN −QR(T ))(X)‖+ ‖(SN −QL(S))(QR(T ))(X)‖.

Hence boundedness of (‖SN‖)N implies that

SNTN −→N QL(S)QR(T ),

where the limit is taken in S.O.T.

So we have

(QL(S))(QR(T )) = S.O.T− lim
N

(
N∑

k=1

PkSUk )(
N∑

k=1

VkTPk )

= S.O.T−
N∑

k ,t=1

PkSUkVtTPt

= S.O.T− lim
N

N∑
k=1

PkSUkVkTPk (By(7))

= S.O.T− lim
N

N∑
k=1

PkSTPk = Q(ST ).

So

π ◦ (QL ⊗QR) = Q ◦ π. (8)

Now suppose that B(lp(E)) is approximately amenable. Since B(lp(E)) has identity,
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by Theorem 1.43 it has an approximate diagonal (dα)α∈Λ.

Also we can assume that π(dα) = IdB(lp(E)) (α ∈ Λ). Since if not, we can

consider:

dα − π(dα)⊗ 1 + 1⊗ 1 (1 = Idlp(E)).

Now we take the net ((QL⊗QR)(dα))α∈Λ and we prove that this net gives us an

approximate diagonal for A⊗̂A .Since lp(lp(E)) ∼= lp(E), B(lp(lp(E))) ∼= B(lp(E)).

Also since QL ⊗ QR is an A-module morphism and attains its values in A⊗̂A, we

have for (a ∈ A),

a.((QL ⊗QR)(dα))− ((QL ⊗QR)(dα)).a = (QL ⊗QR)(dα.a− a.dα) −→α 0.

Also by (8), we have

π((QL ⊗QR)(dα)) = Q(π(dα)) = Q(Idlp(lp(E))) = Idlp(lp(E))

The latter can be considered as IdA. So A has an approximate diagonal and

since A = l∞(B(lp(E))) has an identity, by Theorem 1.43, A is approximately

amenable. The converse is obvious since B(lp(E)) can be considered as a closed

ideal in l∞(B(lp(E))) that has an identity and hence is approximately amenable.

�

We have even the more general case:

Theorem 3.16. Let E to be a Banach space. Then for 1 ≤ p < ∞ and r ∈

N, the Banach algebra B(
⊕r

k=1 l
p(E)) is approximately amenable if and only if

l∞(B(
⊕r

k=1 l
p(E)) is approximately amenable.

Proof: Similar to what we had in the proof of Theorem 3.15, we can iden-
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tify
⊕r

k=1 l
p(lp(E)) isometrically with

⊕r
k=1 l

p(E) through a mapping ϕ. If we let

A = l∞(B(
⊕r

k=1 l
p(E))), then we can embed A into B(

⊕r
k=1 l

p(lp(E))) as block

diagonal matrices.

Let Pn :
⊕r

k=1 l
p(lp(E)) −→

⊕r
k=1 l

p(lp(E)) be the projection onto the nth coordi-

nate. We define Q : B(
⊕r

k=1 l
p(lp(E))) −→ B(

⊕r
k=1 l

p(lp(E))) by

Q(T ) =
∑
n

PnTPn (T ∈ B(
r⊕

k=1

lp(lp(E))).

Again the series above is convergent in strong operator topology, since for

Xk = (xn,k)n in lp(lp(E)) and X =
⊕r

k=1Xk in
⊕r

k=1 l
p(lp(E)) , we have

(
∑
n

‖PnTPn(X)‖)p ≤
∑
n

‖T‖p(
r∑

k=1

‖xn,k‖p)p

≤ ‖T‖prp−1
∑
n

r∑
k=1

‖xn,k‖pp

= ‖T‖prp−1(
r∑

k=1

‖Xk‖p)

≤ ‖T‖p‖
r⊕

k=1

Xk‖p.

Hence we have

‖Q(T )‖ ≤ r
p−1
p ‖T‖ (T ∈ B(

r⊕
k=1

lp(lp(E))).

For each n ∈ N and every X =
⊕r

k=1Xk in
⊕r

k=1 l
p(lp(E)),we define Un, Vn ∈

B(
⊕r

k=1 l
p(lp(E))) by

Un(

r⊕
k=1

Xk) = ϕ−1(

r⊕
k=1

Xk(n)).
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Vn(

r⊕
k=1

Xk)(i) =

 ϕ(
⊕r

k=1Xk) i = n

0 i 6= n

In a similar way to the proof of Theorem 3.15, for n ∈ N, we have

UnVn = Id⊕r
k=1 lp(lp(E));

VnUn = Pn.

Therefore for n ∈ N,

Vn = PnVn , Un = UnPn (9)

Also we have

UnVm = 0 m 6= n (10)

Now we define QL, QR : B(
⊕r

k=1 l
p(lp(E))) −→ B(

⊕r
k=1 l

p(lp(E))) by

QL : T 7→
∑
n

PnTUn;

QR : T 7→
∑
n

VnTPn.

By the same way as we proved for Q, the above series are convergent in the strong

operator topology and

‖QL(T )‖ ≤ r
p−1
p ‖T‖; (11)

‖QR(T )‖ ≤ r
p−1
p ‖T‖. (12)

Similar to what we did in the proof of Theorem 3.15, and by using (10) , we have

QL(S)QR(T ) = Q(ST ) (S, T ∈ B(
r⊕

k=1

lp(lp(E)))).
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Therefore

π ◦ (QL ⊗QR) = Q ◦ π. (13)

Also by (9), both QL and QR attain their values in A and from identifying A

with block diagonal matrices, QL is a left and QR is a right A-module morphism.

Now suppose that B(
⊕r

k=1 l
p(lp(E))) is approximately amenable. So by Theorem

1.43 it has an approximate diagonal say (dα)α. Also this approximate diagonal

can be chosen such that π(dα) = Id⊕r
k=1 lp(lp(E)). In a similar way to the proof

of Theorem 3.15, ((QL ⊗ QR)(dα))α will be an approximate diagonal for A with

π((QL ⊗ QR)(dα)) = IdA. Hence again by Theorem 1.43, A will be approximately

amenable. The converse is obvious. �

Lemma 3.17. Suppose that A is a Banach algebra with a bounded approximate

identity. Then also the Banach algebra l∞(A) has a bounded approximate identity.

Proof: Suppose that (eα)α∈Λ is a bounded approximate identity for A. Let

D = {eα|α ∈ Λ}. Then we define the set E by:

E = {f |f : N −→ D, f is a function}

Obviously E is a bounded subset of l∞(A). We denote an element f ∈ E by (fn)n∈N.

Then for (an)n ∈ l∞(A) we have:

For every ε > 0 and for all n ∈ N, there exists en,ε ∈ D such that

‖anen,ε − an‖ < ε, ‖en,εan − an‖ < ε.
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So if we consider e = (en,ε)n, then we have

‖ae− e‖∞ = ‖(anen,ε − an)n‖ = sup
n
‖anen,ε − an‖ ≤ ε,

and similarly ‖ ea− a ‖∞< ε.

Hence for each ε > 0 and each element a ∈ l∞(A), we found an element ea,ε ∈ E

such that ‖ea − a‖∞ < ε and ‖ae − a‖∞ < ε. Now boundedness of E implies that

l∞(A) has a bounded approximate identity. �

Corollary 3.18. Let p ∈ (1,∞) be such that B(lp) is approximately amenable. Then

l∞(K(lp)) is approximately amenable.

Proof: By letting E = C in preceding Theorem, l∞(B(lp)) is approximately

amenable. K(lp) has a bounded approximate identity (since lp has the approxima-

tion property). Hence by the preceding Lemma, l∞(K(lp)) has a bounded approxi-

mate identity. So l∞(K(lp)) is a closed ideal in l∞(B(lp)) with bounded approximate

identity. Hence l∞(K(lp)) is approximately amenable. �

Lemma 3.19. Let X be a Banach space. Then for 1 ≤ p < ∞, lp(X) can be

identified with the completion of the algebraic tensor product of lp(N) ⊗ X (as a

subalgebra of lp(X)).

Proof We define a mapping ϕ : lp(N)⊗X −→ lp(X) by

ϕ((an)n ⊗ x) = (anx)n ((an)n ∈ lp(N), x ∈ X)

Obviously ϕ is one to one and also Ran(ϕ) contains all sequences with finite support

in lp(X). Since such sequences are dense in lp(X), we have the result. �
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Lemma 3.20. Let E be a Banach space and define Tr : F (E) −→ C by

Tr(x⊗ x∗) = 〈x∗, x〉 (x ∈ E, x∗ ∈ E∗)

Then we have the following:

(i) Tr(ST ) = Tr(TS) (S ∈ F (E), T ∈ B(E))

(ii) If for another Banach space G, T =

 T1,1 T1,2

T2,1 T2,2

 ∈ F (E ⊕G) , then

Tr(T ) = Tr(T1,1) + Tr(T2,2)

(iii)If (xn)n is a basis for E, then

Tr(T ) =

∞∑
n=1

〈x∗n, T (xn)〉 (T ∈ F (E))

Proof: First since Tr is linear, it is enough to prove the statements for the

elementary tensors x ⊗ x∗. For (i), if S = x ⊗ x∗, we have TS = T (x) ⊗ x∗ and

ST = x⊗ T ∗(x∗) and hence

Tr(TS) = 〈x∗, T (x)〉 = 〈T ∗(x∗), x〉 = Tr(ST ).

For (ii), if T1,1 = x1 ⊗ x∗1 , T1,2 = y1 ⊗ x∗2, T2,1 = x2 ⊗ y∗1, T2,2 = y2 ⊗ y∗2, for

x1, x2 ∈ E, x∗1, x∗2 ∈ E∗ and y1, y2 ∈ G, y∗1, y∗2 ∈ G∗ we have

Tr(T ) = 〈y∗1, x2〉+ 〈x∗2, y1〉+ 〈y∗2, y2〉

= 〈x∗1, x〉+ 〈y∗2, y2〉 = Tr(T1,1) + Tr(T2,2).
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For part (iii), let T = x ⊗ x∗. Since x ∈ E has a representation x =
∑

n λnxn,

where the λn ’s are determined uniquely, we have

Tr(T ) = 〈x∗, x〉 =
∑
n

λn〈x∗, xn〉 = 〈x∗n, x〉〈x∗, xn〉 =
∑
n

〈x∗n, T (xn)〉. �

Let 1 ≤ p ≤ ∞ and let q be such that 1
p+1

q=1. We denote by {en} (respectively

{e∗n}) the standard basis for lp (respectively lq ).

Lemma 3.21. Let N ∈ N. For x ∈ B(lp, l
N
p ) and y ∈ B(lq, l

N
q ), we have

∑
n

‖x(en)‖‖y(e∗n)‖ ≤ N‖x‖‖y‖

Proof: See [17, Lemma 2.1]. �

In the next Lemma and the theorem following it, we let P denote the set of prime

numbers. For p ∈ P, ΛP denotes the projective plane on the field Zp i.e. the set of all

triples (a, b, c) where a, b, c ∈ Zp and we identify two such triples if one is multiple of

another. SL(3,Z) denotes all 3×3 matrices with entries in Z that have determinant

equal to 1. Then SL(3,Z) acts on Λp through matrix multiplication and therefore

this action induces a representation πp from SL(3,Z) on l2(Λp). Also it can be easily

seen that πp is a unitary representation. This representation is determined by

πp(g)(a) = g.a (g ∈ SL(3,Z), a ∈ l2(Λp)),

where . denotes the action of SL(3,Z) on l2(Λp).

Note that SL(3,Z) is clearly a group (under standard matrix multiplication) and

also this group is finitely generated.

Lemma 3.22. (Ozawa) It is impossible to find, for each ε > 0, a number r ∈ N

with this property: for each p ∈ P, there are ξ1,p, η1,p, ..., ξr,p, ηr,p ∈ l2(Λp) such that



80

∑r
k=1 ξk,p ⊗ ηk,p 6= 0 and

‖
r∑

k=1

ξk,p ⊗ ηk,p − (πp(gj)⊗ πp(gj))(ξk,p ⊗ ηk,p)‖l2(Λp)⊗̂l2(Λp)

≤ ε‖
r∑

k=1

ξk,p ⊗ ηk,p‖l2(Λp)⊗̂l2(Λp).

Proof: See [18, page 4]. �

V.Runde in [18] proved the following result for the amenable case. Here, we

prove the more general result by adding the condition that E∗ has the bounded

approximation property. Also we give all the details of the original proof.

Theorem 3.23. Let E be a Banach such that E∗ has the bounded approximation

property. Furthermore suppose that E has a basis (xn)n such that there is C > 0

with

∑
n=1

‖Sxn‖‖Tx∗n‖ ≤ CN‖S‖‖T‖ (S ∈ B(E, l2N ), T ∈ B(E∗, l2N ), N ∈ N).

Then l∞(K(l2 ⊕ E)) is not approximately amenable.

Proof: Firstly we can identify K(l2 ⊕ E) with the matrix

 K(l2) K(E, l2)

K(l2, E) K(E)

 .

Also we can easily embed B(l2(ΛP )) in the upper left corner of the matrix above.

We let A = l∞(P,K(l2 ⊕ E)) ∼= l∞(K(l2 ⊕ E)) . Since (l2 ⊕ E)∗ = l2 ⊕ E∗ has

the bounded approximation property , by Corollary 1.50, K(l2 ⊕E) has a bounded
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approximate identity and hence A = l∞(P,K(l2 ⊕E)), has a bounded approximate

identity.

l∞−
⊕

p∈PB(l2(ΛP )) can be considered as the closed subalgebra of A. In particular

F := {(πp(gj))p∈P|j = 1, 2, ...,m+ 1} can be identified with a finite subset of A.

Also we can assume that A acts on

l2(P, l2 ⊕ E) ∼= l2(P, l2)⊕ l2(P, E),

through matrix multiplication. So if a = (ap) ∈ A and t = (tp) ∈ l2(P, l2 ⊕ E), we

have

(at)(p) = ap(tp).

By Lemma 3.19 we may identify l2(P, l2) and l2(P, E) by the completions of l2(P)⊗l2

and l2(P)⊗ E.

Now for each prime number p, we define the operator Pp on l2(P, l2) ⊕ l2(P, E) to

be the projection onto the first |Λp| coordinates of the pth l2-summand of l2(P, l2)⊕

l2(P, E).

If a = (ap)p ∈ A and a∗ = (a∗p)p ∈ A , then for q ∈ P and n ∈ N, we have

(a(eq ⊗ en))(p) = ap((eq ⊗ en)(p)) =

 ap(en) p = q

0 p 6= q.
(1)

Also since e∗p = ep and e∗n = en, we have

(a∗(e∗q ⊗ e∗n))(p) = a∗p((e
∗
q ⊗ e∗n)(p)) =

 a∗p(e
∗
n) p = q

0 p 6= q.
(2)
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Similarly we have

(a(eq ⊗ xn))(p) = ap((eq ⊗ xn)(p)) =

 ap(xn) p = q

0 p 6= q.
(3)

And

(a∗(e∗q ⊗ x∗n))(p) = a∗p((e
∗
q ⊗ x∗n)(p)) =

 a∗p(x
∗
n) p = q

0 p 6= q.
(4)

Let a = (ap)p∈P and b = (bp)p∈P be elements of A. Then if (sn)n ∈ l2, ap((sn)n)

denotes the element of l2(P, l2⊕E) that is 0 in all coordinates except p and is equal

to ap(en) in the pth coordinate, and the similar definition for b∗p(e
∗
n), then by letting

x((sn)n) = Pp(ap((sn)n)) and y((sn)n) = Pp(b
∗
p((sn)n)), and by exploiting Lemma

3.21, we obtain

∑
q∈P

∞∑
n=1

‖Pp(a(eq ⊗ en))‖‖P ∗p (b∗(e∗q ⊗ e∗n)‖ =
∞∑
n=1

‖Pp(ap(en))‖‖Pp(b∗p(e∗n))‖

≤ |Λp|‖ap‖‖bp‖ ≤ |Λp|‖a‖‖b‖. (†)

If we define T ∈ B(E, l2|
∧

p |
) and S ∈ B(E∗, l2|

∧
p |

) by

T (x) = Pp(ap(x)) and S(x∗) = Pp(b
∗
p(x
∗)) (x ∈ E, x∗ ∈ E∗),

then by the assumption of the theorem we have

∑
q∈P

∞∑
n=1

‖Pp(a(eq ⊗ xn))‖‖P ∗p (b∗(e∗q ⊗ x∗n)‖ =

∞∑
n=1

‖Pp(ap(xn))‖‖Pp(b∗p(x∗n))‖

≤ C|Λp| ‖ ap‖‖bp‖ ≤ C|Λp|‖a‖‖b‖. (‡)
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Set e = (Pp)p∈P and let a = (ap)p∈P ∈ A. Since each Pp can be considered as an

element of K(l2), e is an idempotent in A. Also since r ∈ l2(Λp) can be considered as

an element of l2 that takes 0 on the coordinates after |Λp|, (PpapPp)(r) is an element

of l2(Λp) that is the first |ΛP | coordinates of ap(r). So we have ‖ (PpapPp)(r) ‖≤‖

ap ‖‖ r ‖ and hence

eae = (PpapPp) ∈ l∞ −
⊕
p∈P

B(l2(Λp)).

On the other hand for (Tp) ∈ l∞ −
⊕

p∈PB(l2(Λp)) , (PpTpPp)(r) = Tp(r). So

eTe = (PpTpPp) = (Tp) = T and hence we have

eAe = l∞ −
⊕
p∈P

B(l2(Λp)).

Now if A = l∞(P, l2 ⊕E) is approximately amenable, then given ε > 0, by corollary

3.10, there are a1,1 , ..., ar, b1, b2, ..., br ∈ A such that

r∑
k=1

akbk = e

and

r∑
k=1

‖xak⊗bk−ak⊗bkx‖ <
ε

(C + 1)(m+ 1)
(x ∈ F ). (5)

For each p ∈ P, we define ϕp,q,n : (A
⊗̂
A) −→ l2(Λp)

⊗̂
l2(Λp) by acting on elemen-

tary tensors by

ϕp,q,n(a⊗ b) = Pp(a(eq ⊗ en))⊗ P ∗p (b∗(e∗q ⊗ e∗n)) + Pp(a(eq ⊗ xn))⊗ P ∗p (b∗(e∗q ⊗ x∗n)).
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By (†) and (‡), we have

∑
q∈P

∞∑
n=1

‖ ϕp,q,n(a⊗ b) ‖≤ (C + 1)|Λp| ‖ a ‖‖ b ‖ (a, b ∈ A).

Let m =
∑

i ai ⊗ bi ∈ A⊗̂A. Then

∑
q∈P

∞∑
n=1

‖ϕp,q,n(m)‖ ≤
∑
q∈P

∞∑
n=1

∑
i

‖ϕp,q,n(ai ⊗ bi)‖ ≤ (C + 1)|Λp|
∑
i

‖ai‖‖bi‖.

Hence

∑
q∈P

∞∑
n=1

‖ϕp,q,n(m)‖ ≤ (C + 1)|Λp|‖m‖ (p ∈ P). (♠)

Fix 1 ≤ j ≤ m + 1 and p0 ∈ P . By the way that we embed
⊕

p∈PB(l2(Λp)) in A

and by the definition of Pp0 , we have

(((πp(gj))p∈Pa)(eq ⊗ en))(p) =

 (πq(gj)aq)(en) p = q

0 p 6= q ,

so that

Pp0(((πp(gj))p∈Pa)(eq ⊗ en)) = πp0(gj)(ap0(en)) = (πp(gj))p∈PPp0(a(eq ⊗ en)).

And similarly

Pp0(((πp(gj))p∈Pa)(eq ⊗ xn)) = (πp(gj))p∈PPp0(a(eq ⊗ xn)).
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Also we have

(b(πp(gj))p∈P)∗(e∗q⊗e∗n))(p) = ((πp(gj)
∗b∗p)p∈P(e∗q⊗e∗n))(p) =

 (πq(gj)
∗(b∗q(e

∗
n)) p = q

0 p 6= q .

By using the fact that πp(gj)
∗ = πp(gj)

−1 (p ∈ P), we obtain

P ∗p0
((b(πp(gj))

∗
p∈P)(e∗q ⊗ e∗n)) = π−1

p0
(gj)(b

∗
p0

(e∗n)) = (πp(gj))
−1
p∈PP

∗
p0

(b∗(e∗q ⊗ e∗n)).

And similarly,

P ∗p0
((b(πp(gj))

∗
p∈P)(e∗q ⊗ x∗n)) = (πp(gj))

−1
p∈PP

∗
p0

(b∗(e∗q ⊗ x∗n)).

By the above equalities, we obtain

ϕp,q,n(
r∑

k=1

(πp(gj))p∈Pak ⊗ bk − ak ⊗ bk(πp(gj))p∈P) =
r∑

k=1

(πp(gj))p∈PPp0(ak(eq ⊗ en))⊗ P ∗p0
(b∗k(e

∗
q ⊗ e∗n))

+ (πp(gj))p∈PPp0(ak(eq ⊗ xn))⊗ P ∗p0
(b∗k(e

∗
q ⊗ x∗n))

− Pp0(ak(eq ⊗ en)⊗ (πp(gj))
−1
p∈PP

∗
p0

(e∗q ⊗ e∗n)

− Pp0(ak(eq ⊗ xn))⊗ (πp(gj))
−1
p∈PP

∗
p0

(b∗k(e
∗
q ⊗ x∗n)).

For q, p ∈ P and n ∈ N, we define Tp(q, n) ∈ l2(Λp)
⊗̂
l2(Λp) by

Tp(q, n) :=

r∑
k=1

Pp(ak(eq⊗en))⊗P ∗p (b∗k(e
∗
q⊗e∗n))+Pp(ak(eq⊗xn))⊗P ∗p (b∗k(e

∗
q⊗x∗n)).

It can be easily seen that

Tp(q, n)− ((πp(gj))p∈P ⊗ (πp(gj))p∈P)Tp(q, n) =
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= −(Id⊗ (πp(gj))p∈P)(ϕp,q,n(

r∑
k=1

(πp(gj))p∈Pak ⊗ bk − ak ⊗ bk(πp(gj))p∈P)).

Since ‖(πp(gj))p∈P‖ ≤ 1,

‖ Tp(q, n)− ((πp(gj))p∈P⊗(πp(gj))p∈P)Tp(q, n) ‖≤

‖ ϕp,q,n(
r∑

k=1

(πp(gj))p∈Pak ⊗ bk − ak ⊗ bk(πp(gj))p∈P)) ‖,

and hence by (♠) and (5), we obtain

∑
q∈P

∑∞
n=1 ‖ Tp(q, n)− ((πp(gj))p∈P ⊗ (πp(gj))p∈P)Tp(q, n) ‖≤

≤ (C + 1)|Λp| ‖
r∑

k=1

(πp(gj))p∈Pak ⊗ bk − ak ⊗ bk(πp(gj))p∈P)) ‖≤ ε

(m+ 1)
|Λp|.

Thus

∑
q∈P

∞∑
n=1

m+1∑
j=1

‖ Tp(q, n)−((πp(gj))p∈P⊗(πp(gj))p∈P)Tp(q, n) ‖≤ ε|Λp|. (6)

For k = 1, 2, ..., r, write ak = (ak,q)q∈P. So by equalities (1), (2), (3), (4), we have

∑
q∈P

∞∑
n=1

Tp(q, n) =
∞∑
n=1

r∑
k=1

Pp(ak,p(en))⊗P ∗p (b∗k,p(e
∗
n))+Pp(ak,p(xn)⊗P ∗p (b∗k,p(x

∗
n)). (7)

We specify φ ∈ ((l2(Λp)
⊗̂
l2(Λp))

∗ by φ(x ⊗ y) = 〈y, x〉, where 〈y, x〉 indicates the

action of y as an element of (l2(Λp)
∗) on x. We have

|φ(

∞∑
i=1

xi ⊗ yi)| = |
∞∑
i=1

〈yi, xi〉| ≤
∞∑
i=1

‖yi‖2‖xi‖2,
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and hence

‖φ‖ ≤ 1. (14)

By (7), (8)we have

∑
q∈P

∞∑
n=1

‖ Tp(q, n) ‖ =

∞∑
n=1

‖
r∑

k=1

Pp(ak,p(en))⊗ P ∗p (b∗k,p(e
∗
n)) + Pp(ak,p(xn)⊗ P ∗p (b∗k,p(x

∗
n)) ‖

≥
∞∑
n=1

|
r∑

k=1

〈P ∗p (b∗k,p(e
∗
n)), Pp(ak,p(en))〉+ 〈P ∗p (b∗k,p(x

∗
n)), Pp(ak,p(xn))〉|

≥ |
∞∑
n=1

r∑
k=1

〈P ∗p (b∗k,p(e
∗
n)), Pp(ak,p(en))〉+ 〈P ∗p (b∗k,p(x

∗
n)), Pp(ak,p(xn))〉|

= |
∞∑
n=1

r∑
k=1

〈e∗n, bk,p(Pp(ak,p(en))〉+ 〈x∗n, bk,pPp(ak,p(xn))〉| (Since P2
p = Pp)

= |Tr(
r∑

k=1

bk,pPpak,p)| (By Lemma 3.20 parts(ii), (iii))

= |Tr(
r∑

k=1

Ppak,pbk,p)| (By Lemma 3.20, part(i))

= |Tr(Pp)| (Since

r∑
k=1

ak ,pbk ,p = Pp)

We also have

|Tr(Pp)| =
∑
n

〈e∗n, Pp(en)〉 =

|Λp|∑
n=1

〈e∗n, en〉 = |Λp|.

And hence we obtain ∑
q∈P

∞∑
n=1

‖Tp(q, n)‖ ≥ |Λp|. (15)

Equations (6) and (9) together imply the existence of q ∈ P and n ∈ N such that

TP (q, n) 6= 0 and

m+1∑
j=1

‖ Tp(q, n)− ((πp(gj))p∈P ⊗ (πp(gj))p∈P)Tp(q, n) ‖≤ ε ‖ Tp(q, n) ‖ .
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Thus for 1 ≤ j ≤ m+ 1, we get

‖ Tp(q, n)− ((πp(gj))p∈P ⊗ (πp(gj))p∈P)Tp(q, n) ‖≤ ε ‖ Tp(q, n) ‖ . (16)

By definition of Tp(q, n) , there are ξ1,p, η1,p, ..., ξ2r,p, η2r,p ∈ l2(ΛP ) such that

Tp(q, n) =
2r∑
k=1

ξk,p ⊗ ηk,p.

So
∑2r

k=1 ξk,p ⊗ ηk,p 6= 0 and by (10), we have

‖
2r∑
k=1

ξk,p ⊗ ηk,p − ((πp(gj))p∈P ⊗ (πp(gj))p∈P)(ξk,p ⊗ ηk,p) ‖≤ ε ‖
2r∑
k=1

ξk,p ⊗ ηk,p ‖ .

Since p ∈ P was arbitrary, the above statement contradicts Ozawa’s Lemma. �

Definition 3.24. We say a Banach space E has property (∗) if E∗ has the bounded

approximation property and also E has a basis (xn)n such that there is a C > 0

with

∑
n=1

‖ Sxn ‖‖ Tx∗n ‖≤ CN ‖ S ‖‖ T ‖ (S ∈ B(E, l2N ), T ∈ B(E∗, l2N ), N ∈ N).

Theorem 3.25. Let p ∈ [1,∞) and suppose that E is a Banach space such that

lp(E) has the property (∗) and also lp(E) is isometrically isomorphic to lp(E)⊕ l2.

Then B(lp(E)) is not approximately amenable.

Proof: Suppose that B(lp(E)) is approximately amenable. So by Theorem 3.15,

l∞(B(lp(E)) is also approximately amenable. Since lp(E) has the property (∗), in

particular lp(E)∗ has the bounded approximation property. So from Corollary 1.50,

K(lp(E)) has a bounded approximate identity. Hence by Lemma 3.18, l∞(K(lp(E))

also has a bounded approximate identity and since l∞(K(lp(E)) is a closed ideal in
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l∞(B(lp(E)), l∞(K(lp(E))) is approximately amenable. But since l∞(K(lp(E))) ∼=

l∞(K(lp(E)⊕l2)) , l∞(K(lp(E)⊕l2)) is approximately amenable which is impossible

by Theorem 3.23. So B(lp(E)) is not approximately amenable. �

By Theorem 3.25, we can see that property (∗) plays an important role in non-

approximate amenability of certain classes of Banach algebras. Now we try to find

some classes of Banach algebras that satisfy the property (∗) . In the next theo-

rem,we will see that for every p ∈ (1,∞), lp satisfies the property (∗). Before going

to the next Theorem, we need some preliminaries and a Lemma.

For 1 ≤ p < ∞, the operator T : E −→ F is called p-summing if the operator

Idlp ⊗ T : lp ⊗ E −→ lp ⊗ F can be extended to a bounded linear operator from

lp⊗̌E −→ lp(F ) where ⊗̌ denotes the injective tensor product.

In this case the operator norm of Idlp ⊗ T : lp⊗̌E −→ lp(F ) is called the p-summing

norm of T denoted by πp(T ).

We have introduced a proof for the following as we were not able to find it in

the literature.

Lemma 3.26. For 1 < p <∞, B(lp, l2N ) is isometrically isomorphic to lq⊗̌l2N where

1
p + 1

q =1.

Proof: First we can algebraically identify B(lp, l2N ) by lq ⊗ l2N by using the fact

that every operator in B(lp, l2N ) is a finite rank operator. It can be easily seen that

the isomorphism ϕ : B(lp, l2N ) −→ lq ⊗ l2N acts on T ∈ B(lp, l2N ) as below

ϕ(T ) =
N∑
i=1

x∗i ⊗ ei.

Where ei is the element of l2N that has 1 in its ith coordinate and 0 in its other
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coordinates and x∗i ∈ lq is defined by

〈x∗i , x〉 = (f(x))(i) i = 1, 2, ..., N.

Now we show that ϕ indeed defines an isometric isomorphism between the spaces

B(lp, l2N ) and lq⊗̌l2N .

For this we have

‖ϕ(T )‖w = ‖
N∑
i=1

x∗i ⊗ ei‖w = sup{|
N∑
i=1

〈x∗i , x〉〈b, ei〉| : x ∈ (lp)1, b = (bi)
N
i=1 ∈ (l2N )1}

= sup{|
N∑
i=1

〈x∗i , x〉bi| : x ∈ (lp)1,

N∑
i=1

|bi|2 ≤ 1}

≤ sup{
N∑
i=1

|〈x∗i , x〉|2
N∑
i=1

|bi|2 : x ∈ (lp)1,
N∑
i=1

|bi|2 ≤ 1}

≤ sup{
N∑
i=1

|〈x∗i , x〉|2 : x ∈ (lp)1} = ‖T‖op.

On the other hand for given ε > 0, suppose that x ∈ (lp)1 is such that

‖T (x)‖l2N ≥ ‖T‖−ε . For 1 ≤ i ≤ n, we let bi = 1
‖T‖〈x

∗
i , x〉 and consider b = (bi)

N
i=1 ∈

l2N . We have

‖b‖l2N =
N∑
i=1

|bi|2 ≤
N∑
i=1

1

‖T‖2
|〈x∗i , x〉|2 =

1

‖T‖2
‖T (x)‖2 ≤ ‖T‖

2

‖T‖2
= 1.
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So we have

‖ϕ(T )‖w = ‖
N∑
i=1

x∗i ⊗ ei‖w = sup{|
N∑
i=1

〈x∗i , x〉〈b, ei〉| : x ∈ (lp)1, b = (bi)
N
i=1 ∈ (l2N )1}

≥ |
N∑
i=1

〈x∗i , x〉
1

‖T‖
〈x∗, x〉| = 1

‖T‖

N∑
i=1

|〈x∗, x〉|2

=
1

‖T‖
‖T (x)‖2 ≥ (‖T‖ − ε)2

‖T‖
.

And the last term tends to ‖T‖ as ε −→ 0, so that ‖ϕ(T )‖w ≥ ‖T‖op.

Therefore

‖T‖op = ‖ϕ(T )‖w.

Hence ϕ is an isometry. �

Theorem 3.27. For p ∈ (1,∞), lp has the property (∗).

Proof: Since l∗p = lq has a Schauder basis, it has the bounded approximation

property. Let N ∈ N and {δn : n ∈ N} be the regular basis for lp. By the argument

of the preceding lemma, for every element S =
∑N

i=1 x
∗
i ⊗ ei ∈ B(lp, l2N ) where

x∗i ∈ lq, φ(S) = (S(δn))n belongs to lq(l2N ). Since

∑
n

‖S(en)‖q
l2N

=
∑
n

‖(x∗i (n))Ni=1‖q =
∑
n

(
∑
i

‖x∗i (n)‖2)
q
2

≤ K(q,N)
N∑
i=1

∑
n

|x∗i (n)|q = K(q,N)
N∑
i=1

‖x∗i ‖qq <∞,

where K(q,N) is a finite number depending only on q,N . So for S ∈ B(lp, l2N ) and

T ∈ B(lq, l2N ), by Holder’s inequality, we have

∞∑
n=1

‖S(δn)‖‖T (δ∗n)‖ ≤ ‖φ(S)‖lq(l2N )‖φ(T )‖lP (l2N ). (17)
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From [10, Theorem 5], Idl2N
is p-summing and the p-summing norm satisfies:

πp(Idl2N
) ∼
√
N ∼ πq(Idl2N ).

So there are Cp, Cq > 0 such that

πp(Idl2N
) ≤ Cp

√
N and πq(idl2N

) ≤ Cq

√
N (N ∈ N).

Now since for S ∈ B(lp, l2N ), φ(S) = idlp ⊗ Idl2N
and since B(lp, l2N ) is isometrically

isomorphic to lq⊗̌l2N , we have:

‖φ(S)‖lq(l2N ) ≤ πq(idl2N )‖S‖op.

And similarly

‖φ(T )‖lp(l2N ) ≤ πp(idl2N )‖T‖op (T ∈ B(lq, l2N )).

So by (11), we have

∞∑
n=1

‖S(δn)‖‖T (δ∗n)‖ ≤ CpCqN‖S‖op‖T‖op (N ∈ N, S ∈ B(lp, l2N ), T ∈ B(lq, l2N )).

So it is enough to let C = CpCq to get the desired result. �

Corollary 3.28. B(l2)is not approximately amenable.

Proof: From Theorem 3.27, l2(C) = l2 has the property (∗). Also l2(C)⊕ l2 =

l2 ⊕ l2 ∼= l2. So in Theorem 3.25, by letting E = C, B(l2) is not approximately

amenable. �
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