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f IuTRODT]CTICÏS

The t?gê-B* *f. skilÏ'! a-s opposed to 'btr"e 'ugam.e of ohafi.eet'u

an"d- the eoneept of arrstrategy" in p-l.aylng sueh a. gar¡"ee were

d.escribed by E. Borel, (5) as earJ-y as Lg?lL, irlthough hre

later reeognrzed" tiee importa"nee of the sssymnetric gaa.e's (6)

h.e was u:rable to prove the trfundanenta-!- theÕremti* eonjeet-
uring the Ímpossibil"ity of, sueh theorem" ,Ihereforeu j"n

spite of maey published- elaims for hi.s priority in the theory

of gaaes* he evid.enbly d-id. not egtablish its forlnd.ations,

All bhe satne, becamse his coneept of artrni-xed- strategy'u uras

very cl-ear, he d.id" poínt 'bhe lvay üo apptryJ-ng parts of

In 1p28n J" von Neuü.anrr" a gÍant of nod-ern mathemaiies,

wroie his elassie paper i-n which for th.e fÍrst tÍme the
r¡fund"amental theorera'¡ r¡/as proved. u¿nd.er quíte general

assumptions" ( A complete translatíon of this classie is
found. in Con"tributions to the theory of Gases, VoI. 4u

gnn=lireElb_lstu-*" 2+, Prineeton, 1950) Ä-t that timee vots

Neuma-nn h.ad" nøt seen Borel0s papers* sÕ åt may be rightly
said" that he i-aid" the for-lnd.ations of the mod.ern theory of
gâÆreñ,

For some years the nerv d,i seípline d.id. not attract a-

wíde felJ-louring' von Neuma¡rn klad written in Gerrcan, and. hÍs
style mad,e d"iffícr¿lt read.ing; he had. not yet aequ-íred" hís
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iezternatj-onal- reputatron; his origrnal proof was both
topologåeaj- and. non-cler¿entary; and. ''¡'/orr*d. ttrar rr had" not
been fought" Thís last is not at al"l" i-neongnåous, sinee
the vast logistic problems eneountered. d.uring the !'/ar

greati.y stimulated" i;he stud.y of games and- ganelíke sit-
uations "

[wenty-five years Iaüer the sane authoru wri-bing in
Englishn joined forces viri"th the renowned- Ecoaomist, oskar
Morgensternu to prod.uce the ma$num Õpu"s [HEoRy oF GAMES

JiJ{D ECoNOn/mc Br[IÁvfOuR (19] " Because both ar.¡i;h.ors rryere

sÕ famous, the book was avid-ly stud"ied.u and- a plaee for
gaee theory in tl:e mod-ern ra¡orld. was assured..

Economi st and. Ma-bhematician have been working busily
ever since to ftresh out the skeleton of the subject" fn
the processe garìe theory has been applied" to all types of
real- lífe situation, often ifrr:lth ínad.equate justif,ícatioa,
as ably d"iscussed. by Rapoport (41). such nlsuse occumed.

beeause some ind.ivid.uals got the impression that the
mathematical theory of games of eonflict must :àl.ecessarily

appry to every type of eonflict situation rn real life"
As wil] be seell ]ater, the application of game theory is
actually rath,er restricted- by the requirement that reward.s

or payoffs be intereomparabl-e" Beeause of this? Êome

mathem.aiícånns vi-ew gaÍìe iheory as shallor¿. l\ perusa). of
some Fapers from the Bibliog::aphy {.arw-tar22 for examptre)
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should. d.ispel this notion, sinee however ped-estrian the
game theory itself might be, it Ïlas l-ed- to interesting
resu-lts in topology and, the theory of convex cones.

I\,{otivation for this ih-esis eaine d"u,ring the au_th.orss

eÐosure to a course in Linear programm:-ng" Cogitation
on the subject }ed. to the feeJ,ing that i-n praetiear eases

the finite th.eory wi"J-J" suffíee, even íf the strategy sets

seem unbound.ed. Continuatíon of this tresEd. of thought ]ed.

quite natr¿ral"Ly to a sumTTrary of arrail_abl_e proofs of th_e

fu::.d-amental th.eorem an"d- *omparisor¡. of thei-;* såmål"arå'i;i-es

and- d-ífferences. J.s a result. th.e origi*n"aJ- ímpressi-oÌl v¡as

stre.r:"gthened". *.1-thoç-gh manv workers ån game th-*ory iruirt

nnt aqr',ee '.-ì th j'f; ôlr ç¡zn1:nd-s of l-acl. +i q.en*or.eli j;r¡ l,'lra*'o* - ç-* õv4v! a LL wJ ., :

eoncept should. nevertheless Þrove usefu-l- tr¡ wCIrkers in
ofher ficld"s, Eceinomícs for examlrleu vrhere game theory is
seen rafher â*Ê: â- tcol to be used. than. as a:n" end. ín itsel-f "
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tH/åFTfF" I

GEI[EF"]-L' THEûRY 0F GÁ]./iE$

tr"1 ÃUqEAp*U_ç_qItlS GeneraJ- }T-perscn gam.eÊ are qeraJ:itative*

)-y d-escri'bed" " Zero-,sum galnes are d"efined. and" tÏ:.e treat-
w-ewt of arbitrary games reeLaeed, to that of the zero-su.n

game" Extensi'q¡e and. intensive or norma"L forms of a. game

are d.efined. and- contrasied." fhe mea¿ri-ng of a sorutÍon i*
d"iscussed-. Firu-te a¿rd" infinite two*person ganes are d.efined.

and. juetifieation given for concentrating on the zero-sum

form of the two-person game, ,Symnetric ganes are d_efíned"

and- symmetrization <líscussed,

1"2.f T" fuÍar:¡r kind.s of conflict
sítuatior: fouæd" ín reatr l"ife ro.ay be red"uced_ to th.e follow-
ing na-thematieal- abstraetj-on-: an. integral- raumber N' of
p.lg¿sgg cornpete against eaeh other in an attempt to max-

imåze g!.lgå!¿ . [h.e utility m:ight be moneyu eommodities,

powero pJ-easure &e" but in any case must be g_çggþþ in
sonûe objectirre way to perult j"ntercomparison of util-ities.
aÉìon-g the varj-ous players" Tf .eègggS or rygEqre has an

effect on the outeome of the si-buation, i"t is eounted as

orle of t}-e players" certaån #ågg govern the outworking

of th-e confliet situation, Á"t eaeh sÈage of the process

there are eertair:" eourses of aetion avaiLabte to each

ptrayer- "Ai1 exhausti"rre pres*råptíon of how the player

shall- aot at eaeh sueh. stageu based- on all that h"as gone

befcre d-uring the con-flået, ís a g[g*J¡ggg" i,i¡hile it n:lght



d-iffieuli; to pred"iet it, th.ere ås n-o dåffieui-ty ín extending
this id"ea üo a strategy for nature or ehanee, Tn, esser¿c€e

hy eoncluctÍng himserf in a eertain mangrer al-l through the
confl-iet såtna-tíon, a player chooses ojle strategy. Thu-s in
alL N strategi-es are chosen, one for eaeh player, includ.ing
:raüure. All these are effective in governi_ng the ou-teome

of the eonfi-ict situation" so the p?.Lo_ff to eaeh. player
or hj s increase in utiJ-ity as a resul_t of the conflict Ís
a funetion of lg va.riabl-es- tbe players0 strategj-es, a-a

essential feai;ure of the above is that eaeh p]-ayer has only
one d-eeÍsåon to make d-uri ng the conflie"t situ-ation: a manner

of ptrqve Õr a poricy to guid"e laim. Tire detaårs are fore-
ordained. by hås ehoÍee of strategy,

Ma.thematieat abstra*tion is straÍghtforward_n a g_e.xlj

Ís a- set of rul-es governing a confliet srtuation. A p¿gt
ís one Þartieu-lar ou-tworking of the con-fliet íp accord.ance

with the rules" Each olayer0s gqgg is his oceasion to
ehoose a strategy for th.e game. Eaeh Þlayer's _cho]!=gs Ís
the strategy actuat}y ehosen d.ueing a p1qy. N Bggggå

æg3Àggg of the N strategy ehoices exist e on.e for
eaeh pJ-ayer' Áfter each. playu the N function var-u_es

correspond.ing to t-he ehoiees &eÐ.sure the playerÊ! gains
çf utÍl1-by as pgxgå{Ë. trf after eaeh -nnay the íni"tia1
stc¡ek of, utítí'by remalns within the eircl-e of pra¡rer_q?

the game is F-g{a:.sl@u tha.t is, th.e aJ-gebraie sum of t}re
payof,f s is zterØ. f,f nc'rt, aná as: or¿tsåd_e agency upsets
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the internal stoek of u.tility, tjre game is non-øero ,ç1ån,

sinee this is rrery e*m&oa in real life, åç ås u.sefur
ta exhi,bii; that the iwo forms of game a"re zrot essentiarly
elífferent, Tnto the N-persoTl" non-*zero ,çu.m. gÊrne is in*
trod-ueecl another pJ-ayer, the Êqulpu h.avin.g one si;rategy
and whose payoff is arv,'ays exaetly sufficient to make th_e

gane zero*srJ.ff" sinee thís converbg the orígine1- N_pe*:..*on

game to aTI ÌT + l perso:r zero-s'u.& game, a1-1 gâmes may b*
treated- provÍd.ed a r¡alid- general theory i s avaíl-able for
the N-persÐn- zero*filåljl ffia&e "

3,"2,4 gSl*lå._JI_ ${grugÄg$^_Ðqsryj Fol_l_orryins rhe ci.era* r-ed.

structære o-{ the pJ-aye.r:ss strategies througtr *e; th.e end_

of th"e gãme* c*nsiderång th-e informatåçn arraj-_l-a_bl-e a_t ea*h_

stage and- ttre ehoj"*çs avaj.r,nl:3e there, xjer-c-s a g_qrnq^:¿,å

qxlúqq lllg.-f,q,çg. sr-rch n#rit*s har¡e not been very ar"rid.l;r

purstaed" in the past, i:*:ea.use the c*mplexitj-es mount r¿p

Ì"¡ery ranid-ly, an"d relr"d"er even a fairly straightforviard.
Base }íke ehecke.*r:. i-naeeessible ts 'i,he fasiest computers"
A player he.s either peJå.âÊE_ågåWAg¿gå Õr LngqmpLs.qg

lg€gg¡++!¿g*ã" C.lress exempl-ifíes she foraer* ån whåeh

eaeiL play'er ís eompler*_l;' inrformed. of the other pJ-ayersû

*hoiee,s rlp r-m"'tr;it- m.aking hÍ,* ç',m a'i; each- s"f;age of "ø]ne play"
E-r:Ì-Cge exenpi-ifåes the latter* wbere not o:n"l^¡r j-s the n]-ayeri

ignorant of his opponent? s refl*îlrcese but al-,"ço af h.*.i.f hís
{3w3l" (E::i-d.ge is p*oper}y a j;r¿ro:persÕn game, Ín v¡k.i.eh each
player is Tii-furcated", ea*h hal.f hold-ing hal_f .hhe resou-s,ces)
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T"+" seemß intuiti-vely obviou.s that a. *best'u B,7a¡r of nlayíng
a" gane of ¡rerfect information exists, that i.s, there i_ç

a. he,s-t nossi.l:le str.ateg;r -f+r ea.eh pl_*yer" yon ls*r:,rna::"n and.

iuo:rgenstern (op ejt) have,çhoum that this is,$riåe in tire
tw**person zero-sum gìame, TJnfortuna.teJ-y, rn"ost rea_3_ cor?*

flict sitr¿ations are not of ti:-i.s ttrpe* a:rd. in generaJ- oae

works wlth probabÍlities nf other pJ-ayersr choiees rather
tha"n with the eertain knowled"ge of theu."

ïf a lrlalrer knows in ad.vanee ¡¡¡hieh strategíes rryi1l_ be

used- by 'bhe r¡ihers, he tu-rns thås knawled.ge to ad_vantage in
making h,is ov'n: choåee* Jf the elloices are not proel_aimed

ån a&van*eu bi-et ra&ä.es" reeord.ed- seerettry, i}:_ere ,js the
poesåbí].åty of espioirage* Th"erefore the or.r.I-y way a pl.ay.er

ean be sure of cone.ealÍng his choi-ee :îrcm t}:.e o,,,-her ptr_ayers

is to coneeal it f,rom himselfg ¿" way of d.oing ihis is to
specS-fy aå' a pri-ori prob*,bil-ity d.istrj-bution over the avail-
abi-e s'hrategies asrd leave the actual choiee in a given ptray
tç a sr:^itably eonstruc-bed. mechaniÊm"* sueh a probability
d-istribr¡.tr-on is d.enoted- a ¡Fi".qed. qtrqtegJ for the player.
Although 'u'his prevents certainty of winn_Lng a particurar
play, it presents the possibil-ity that over a suffieiently
J-arge number of ptaysu one mixed. strategy may give ríse to
fÏ¿e best o'btaínabl_e average winning"

L,2*5 Q,AWS JN NORÀ{rrL F0F-I,"rI Von

(op *ít) showed- that the enuire
game in extensive form coul-d_ be

Neumann. and_ trforeenstern

er¿slbersome strueture of the
red"ueed" to tÏ¿e follov¡j.nE
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i-ntensive *r nÕrmal formc

Eacb pJ-a3"er chooses a ¡råxed strategy after vrhieh

s"eeeives the pay*ff eorres-pond-ing to th_e ehoicee mad_e

al"l" the players.

The general N-person gam.e is eomÞlicated beeause

any number of pJ-ayers frorn two ts N - I nay band_ togeth-
QTs pool theír resou.rcese and- nlay to maxlmize thtej-r eommon

utility' at the f,irst glanceu this seems merely to d.e*

crease the nunber of playerse but beealrse many çoaåj-tions
are possi.bl-e in general , and- a-re not unique, the prob3-em

is mueh more d.iffieult. This faet of eoalitÍons makes iü
difficufi; to gi-ve a precise mea¡jng to soh¿tåon of an

ltT*person game,

L'2'4 Ëor,lgEgf "0å A GqúiE There are üwo rather d-iff erent
interpretatj-ons of åg]gtågg of ¡ìîr N-person zero*sua gaÍIe"

That of von Neumann and- iviorgenstern (op cit) is based. o3r"

the id-ea of iepqÞation, An imputation is a w.ay of d.ivid_ing

up the spoíls among; i;he members of a eoalítion ín sueh a
way that eaeh player receives as mueh or more in coaLltion
as he ¡,vould- have ind.ividually" The sofutíon of the game is
then the set of Ímputations" Beeause this eoneept d_oes aot
yield. a urri-que aràsvì/eru it has not been very satisfying"
A more attraetive d.efinition is given by tfash ,ï"Ga,1?],
An equ"i!íbrågrn ¿olgg is an N*tupJ-e of arixed- strategies,
one for each player, su.eh that no p3-ayer cafl. improve his
payoff, by mod.ifying his mixed. strategy Índ"ependentty of th.e

1^^
.I-Lç

lr.r¡



oËhers" There ís an eLenent of uniqueu.ess that the previous

clefin-ltion lacked.u beeause there ís no incentive for players
to mod-ify l;hei.r play if, the;r are in possession of equilí-
brir*im point strategíes" One further ad.varrtage is that this
d.efínition is valid. urithout any change in the case of the
two-person zero-sum gelre,

L"1"] THE TWQ=PE-RSON zERg*suT\[*GA1\iiS sinee th-Ls is merety

the geaeral gase alread"y il-iscussed" vrith N replaced_ by two,
a great d.eal of L"2 carríes Ðver d"ireetly" Tt is best to
nete only that eoal_j-tíons cea_se üo have meå$inB f,or th.is
gaìile, ar:d 'cliat eaeh player r"ee ej^ves at j- thaü tlte other
loÊes" Â very eoneíse d"efinition of this garne i¡ril_l be

given in matbiematieal terms at the beginning of chapter. rI.
Beeause it has been exhausÈivery ínvestigated. and_ is a

beautifu-l- exampJ-e of a mathematicai, theory., the remaind.er

of th.e thesis wå}l be d.evoted. to the fugld.auenta.l theorem

of the two-persou. uero-,srlul game"

There is nothing to prevent consíclering games wi.Ðh

infinÉte nu¡rhers of pure strategies for eaeh. of the iwo

pJ"ayers" rn"cleed.u oae eould- eoncej,rre of sr¿eh. a eítu-ati.on
in the gerr.eral- case" Sueh gåme"ç a"re kr:.ov,,r: as ir,n€Åg:LËS,

whereas i.f, only a fin-ite number of ¡¡r¿ys strategies j-s

a"vai-1al:rle to eaeh -p}a¡rsr" trh* game ís .{*-ig_i!_g, The

g€g,g'pl|e_{*ãere :-n- whleta the nt:<ed- strategÍes enter is
eviciently aliorays inf iníte, sinee pæo'bahi ]it.y d.ist.nj"buti ons

mqy vary in.infiruitely nnany waJrË,
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L "t "2 _qäE*F_glryg-+Råg*S¿iÆ .A rr¡¡o_Fersoï:r sam.+ í s _qy_gg-e$gLg
if i-ts paJroff f,u*nctions are srrew_s"ynmetric ín t5e
sfrategJ-es" Ân aa.tual ga:ne ås of ihis *ature íf, ea*"h
player mus* FreÞâre hÍm.serf i_n advanee to play eitkrer sice,
fa ehessu the pz:ivilege of playing the white pj_eees is
gor"erned- by the choice of whi_te or. btack from two pawns
eoncealed behind the baek of Ðne of the pr-ayers in his
two hands" Henee roughly haJ-f the time, a player has,:
to be prepared- to pr-ay whíteu and. the remaind_er he must
be read-y to pJ-ay br-ack" There is th*s a eertain syrnmetr.y
in the situati on"

åometimes *here ís no sueh syrnmetx"y i:*herent ín a
game. rn th'j-s ease ít is possibfe to rnafee use cf or¿e of
tu¡o trryry.9åp.-a*I_l-ç-+.g" These both have as oi:rject* to red_r¡-ee
the probfem of ptaying a zero-sllm two-perßou- game to that
of playing a e,Ug*qlris gaee, ( A symnetríe gameu is as
a consequence of its d_efÍnitionu y,ero_sum) One of these
d-ue to von rüeuman:î (B) formar-izes the saee situation just
described"" The other, d-ue to D.GalerH.iñ/-Kuhn and. A.trï.Tueker
{20) is more eregant in yielding smafrer conposite strategy
sets, but is ress appeaJ-ing to the íntuitÍon. Ad.ditionar-ry
åt does not seem to gene:'alize to the infinite gamee
whereas the former experåenees no d.iffieulty in so d.oÍne_

L,4 ruSgjj$frQ$ rn vj_ew *f
pages follovring iru:ill re,;*iev¡

al theorem, emphasixå"rls Íts

the preeeding discussion, th.e

selected. p::oofs of 1:he fundament_
greaÈ mathematieal interest.
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P_EIr grqO-PERSÐN ZIìRO-STJM G/"tt4E

'¿"Lnt DEFIi\mqæf{ A Ëgg=:pw G=(X,y;f) 
1

*uru""*î*lrereafter simply as gaq.g, eonsists of ê.

seü x, a set Y, and a real-varr.¡.ed. funetion f defined.
on the Cartesia¡a prod.uct X x y,

2.L.2 TJ&j[trNQl.OGg An etement x of X ís a p-_ggéSr,gþ=_gÆg

for the mgë+miai_$S_ p-Iay*e.g p. Ân el-ement y of y is a pure
strategy for the gin+g_Alpg plg_fqq p. f is rhe gqyqll4

{Bqqtiq*' f(xuy) is the pj}ü-q-_f.E ror a g}g¿ for whieh F
makes the _chgi_qs xu and, p makes the choi,ee yn paid b¿ p

Ë.o_ F* Sinee pts gq+q is pus Åggg, i;he sua of th,e payoffs
iæ Eerç. rf \r æNists such that F is sl¡.re of urinning au

least vu whíle p is sure of not losing more than v, then
v is the gg!'qg sf the gåme" pu.re strategíes x anrj_ g
aehieving thÍse are qÐb:LnaÀ" The tripte (xrgç*r¡ is a

soLution of G,

Note that this gaee is {_e+ëu in the usua} sen,se, if
one fixed. first move is appencled. to Grmamely the pa¡rmen_t

ofvbyFtop"

2"2 lEtr..I}{LgÃç_U f f, X and_ y are a.rbitrary sets u and_ f a

real--valued" fu:nction d.ef,ined on their cartesian prociuet.

arrô- r(x,¿) 4 r(æ, y)
for *lI x in x and. all y in y, th.en f has a sad.cle poinb
at {Ærx} an-d- "s=f(xrå)is t}re oÕ*respond.ing g_ry1-d}-e val-r¡.e.
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þÌristenee of a sa.d.d.l-e poinÈ in the payoff funcii*n
j-s intimately assoeiated- vrii;h. the süate of informatíon of
th"e ga-Ee, vorì Neumann and- tiforgenstern (op eit) shou¡ th.at
every game i¡'rith perfeet in_foærnation has a sad.d.Ìe poj_nt.

2"5 Tr{EoBEl'lI A game has a solution j-f, and. only åf j_ts

payoff fr;.nction has a. sad"d.Ie Ðoint.

PROCI3 rF- r(x*X) d f(g,y) for" alt (x*y) in X x y,

and- r(x,¿) 4.f(g,X).f(E,t"l 4 f(x,y)
f(x*X) { r(_:f,t) { f(suy} But w * f(X-g)"

The:"efone f (x,X") 4 ff {"f{g*y} çr" verbalty:
11o str:a*egy of P p1"æyed- against pus :_l_3.ÊQ-le Ft_rer[c_gx *an

urin P more th-an u"¡ç v,¡herea-q nÕ strategy of p p],ayed agains-b

P8,g sad.d-L.e .strategy *an co,g,e p less than iq¡" I{enee by
2"L,2 th-e game haø sol-utiols (grJ:;*"\ 

"

CIN¡Y IF- (grxç*) solrres the game, theref,ore p .w.ins at
l-east w by playing ë, a.z:.d- p noses nr mÕre tha* w by playi_ng

g- But F0,ç gain wÏ¡"en p plays strategy y against E ås f (X,y)
and. p's l-oss r¡¡hen F pl_ays strategy x against g is "f (xr,y) .

then
g1l

Tb:"eref,ore

irecause

f {"xup} d r(g,y)
f(:**¿) ¿ vt ¿ f(ë,y) ËÉ) 'hhat hv ?-2

f has ê" ,sa.d"d_l-e nei.nt "

ït z,$ rrery easy to
ín ihe ahove senge" Le-h

f(1u2)=f(2,1)=çé0. For

if P playe firstç Þ ma"ts

Q.E"E,"

con.struet a, ga"m.e r.¿th_ i:.o soh¿tåon

X=Y=(tru2), f{l-,l_)=f( ZlA} =t and

d.efiniten.ess st:l.ppose CI4 *. Th_en

h*}d. hi-s loss t* ner>, rrrhereas if
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p play"s f,årst, F ea:r gain exaet]-y ¡r. so ÐÕ sol-rztion exists
j-n th.e al:ove sense. l{eanrryh.jle, the qires-bion preserrts

ítsel-f,, lf a gå"ne has more than one çoh¿tío:n.* does it arso

har¡e m6re than one r¡alue?

2"+ EILE__ffiF.I1] Tb.e va}ue of a game is rialque,

gEAæ Sr:ppose two so}:,tions of G are (ë,y_;q) æ.nd. (xåygvu ),
[hus by 2.5 {g,N) and" (xåy') are sad.d_}e points"
Tlrus hy 2"2 f(xux) 4 f(x,y) and" f(xuy') ¿ t(xiy)
f,or al-} x ín X and_ y :"n Y.

Tn pa-rtieuS"are f(xå¿) I g(g,X) * g

r(æ,x) ,4 r(åuyu)
and- f (ëuyu)4 f (xåFu) =vu

f (xå y, )¿ r(x$æ)

tombins-ng. f(xåg)df(ã,X) =glf(.ë,Fo )df(xl y, ) =vf 4lf.(xåË),
But the extremes of thj-s string of Íneqr:afities are identical-
so that the equality mt¿st be taken artr the way throu.gh, 131

partÍcuIatr v =vr #o the value of the ga@e ís uutque" e"E"D.

2"5 DÆ1.'"ilqrrrqN "4. m:lë9d.._stra_te$ff N# for p is a real-val-ued"

probabílity d.istribui;ion d.ef,ined. over x in I sueh tlrat
0 I x"(x) and X o-(*) =L"

xinX

"4" in:ixed- strategy y* for p i"s d-efined- simi-l-arly, i;he sLì.rïI

beÍng taken over y in Y"

Th-e nr¿mber x#(x) i"s the a príori proba.bil"it"y' tka.ü .T

vrii-l ehoose pure etrategJr x"
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2,6" I Ð$EI],[{EIQU Resated to G=(sey;f ) is rhe e4@q4eê

-Ëgg:pgqq.qg -q,qåo:sçlggqryq Go'=(x*,Yu ;f* ) ref emed- to
hereafter simpl.y as the e4teg-Êg4 ßqgg.

X# and. lÊ are the sets of atl mixed- strategies x#

and. ;r* respeetivelyu and are ealLed. the erç!Êeg€d_"*-FLqq!q_gx

Ëg!_e or the paëqd _F_tr_q!9_ßy._FggF_" Sinee the pure strauery
)es ís obtai"ned- by setting x*(xu)= 0 and- xs(x)= 0 for 4fx0,
a3-J- pure strategies are contained. in the ¡ai-xed- str.ategy
sets u and- xe' and. Y* are commonly ref erued- to sinply as

the _ç.!,gqle,g-Ð_sqtå" The .eåt_eqd'çå_pAyqF€. {ffi.ç,! .gq f* often
referued. to si-mply a.s the ps[qf_f guaq!å-Q4, is the
pggþgga!åggL_.-gð'åggËgþågg of, F from p. Tb.at is, f+tx*,y*)
represents the long term expeeted. gain to p wh.en he plays
s4 and- p plays y*, fbi;¡"e stra*ightf,orward_Iy;

ffi

f*(x,*,yo) æ L L *xfx)yn(y)f,(x,y) anê

x* (x)=o (resn" Jr'.(y)=o ) roä åfr**$.rt3 lrnrre nr:mr-re:: or tt€ x{resp. y€ Y}.

2,6"2 9qf'INTg4Og G h"as a Fqlpþfq¡l +p_-qj.xed._sErqËesiqa,

hereafter refeæed. to simply a6 SgÆo3, íf and. only if
G* has a solution"

2"6"5 ggg_A.EEM (3[**Xu;v) is a so]r¿tÍon of G if aad. onl-y if
f,* f l'. wå / f,* l-¡+ - rrì f nt- ¡'l I nrr¡a c-t-po.t-aæ.; nn -. ô%d¿ ' \¿-rå/ & -,-','\* ")ar , *** ÞL:-fe Sffatê$rv,: .r_ o_¿¿Lr ev o

æqAq orfüY TF- G has a soj-ution, se G4 kras a solutioa by
2,6,2 ånptying tha.t G* ha.s a sad.d.Ie point frc¡n 2"5

Hence, f* (:¡eu*&n) ,{ f*{..Eu r1j,\ ¿ f*{ãoo,yu} by Z-i*. for
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aJ-l- x* in X* and- yu ín Yi* " Bu'b as noted.

inel-u.d-e al-t the pure strategies, prorring

in 2"6.1 these

the theorem"

IF- fu{xu.Xu) ¿ f*{åu,y)
Th.en x* (xlfn (x,Xu) {, g* (S* uy)x* (x;}

,$um. over x f,+ (xÈ ,vx ) /= f*(ts* uy)

ej.nce x*(x) sum 'i;o unit¡r.
îhns E+(;ç* ug+)y*(y) l, y" (y)fu(ë*,J')

Sum over y f* (xn ,tu ) ¿ f *:(x* ,yx \

Illhich exhibits a sad-d-Ie point for G#'u u¡henee

Ge-*whenee a sotu-tion in n:-lxed- strategÍes for

iqX yånY
r[ g¡

x*ín X*

!! 
-*i n \I*
ej' ¿*¿ J

a solution for
G* Q.E"D"

ÍnX
inY

Hereafter, as in the titera'uure, the word- Baine v,¡:-ll

usria.J"ly be taken to mean G* ur:l-ess oth-eriqrise speeified.,

2"7 ^f- "QEg{U4ttgN If for fíxed. x in X, f (x,ts) atways has

a greatest trovrer bound- irfith respeet to y in T, and for
fixed" y ån Y, f(xuy) always has a l-east u'Ðþer bound. r¡¡ith

respect to x ín X, then¡

Bf(y) ã hab f(xry) = sup f(xry)
bf(x) * glb f(x,y) = írrf f(x,y)
hBf = i-nf Ef(y) = ínf srjp f
Bbf ä sup bf(:c) ä sur"p ín.f f,

ft is possible that these limj-ts iv'ill aetually
aitained. by fu-::.c'bion r¡alues of f . ln that &&#& j

becomes na.;re inf become* mi-n, ßup itrf becomeÊ nûaJcm-1n

inf *up 1¡eeomes minmax as fo]-Lov¡ç.r

Fâ

FÂ 1'¿u J

l:e

sup

and.
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în-F.r *\¿vra \J I

mf l:¡\

üe{f"

Ít{n-f

So

br(x) is
tsÏrerefore

/rnd

Ç0Eg4'],Á38

tlre d.efinitíon
ín XxY: for

Tnâr¡ fl* *\
\J!9e_7 I

n1n f(xry)
nånmax f
na:æin f

of a l-imit tlr.ere exists a point (#,X)
whiCh the foll-o'.rri ns'ï nêô1T'l-ities hold.:

re xånX
]afa x¡ 4r¡ Y

L; 
¿úå Á

[here is no d.iffi_culty remenberjng v,.rhic]r set gô€E

w:i-th whieh operation, si nce botir max and_ sr.lp are ehar-
acteristi-e of the maximizing player and_ logieally take
plaçe over X" Henee it is not rEeeessary to speeif¡r the
sfrategy set when u.sing .bhe preeed.ing abþreviations,

2,7,2 Tli.rIORfM If Bbf and bBf existu then B]nf ¿ bBf"

PROOF f (x, y) d nr(y)
]¡f(x) I Bf(y) show:-ng that the set of

'lrounded" abor¡e and- that of Bf,(y) bounced. lrelow.
Bbf 4 nr(s)
Ebf I bBf g"E"Ð u

ff, l\rrmf and. mL{f exist, tben Mmf / uülf "

2"7,5 glIEoBru Bbf = bBf íf and. only if, th.ere exÍsts a
poínt (g,x) in x x y sr¿ch ürat for any positíve e th.ere
exis'us a positåve & so th.at

f(x,yu) d f(o',y) + @ w}:"enever fxu*ef L& and /y'*y/ { ¿ü

FROÛF O3,TLY rF* Assaral"ng B-bf, = bBf , i,h.en by 2 .? "L and
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t¡B:t/Rf(y')/nnr+**

Bbf * å e.{ jrf(x') lBbf
"ovhenever /:r.' *E/ ¿ & a_rñ- olyÊ *e/ t_ W

Eu.t f::om 2.7.?_ for a.rl. x and_ y:
f(x,yu ) d nr("r' ) ¿ hBî + å e {-fr,,om alrove)

Bhlf - * * I bf(xs) 4f(xu,ts) (from. above)

Çornbining these inequali ti es:

-*e+.f(x,Íu) /- w(y')-*e 4 nnf=nbf /* bf(xr)+åe .4 t(*o,y)+.åe
i'',h.ence f (x,yu) y'* f (xu uv) + e with the stated. restncti_ons
on xu ryt mritb resnecr; i;o 4 and x " o-so t.his point (æ,t) is
'ûhe one whose existence is req*íred. by the theore¡r,

lF* .;lssurning the existence of üh.e pci s1i; a_s ia the
enun*:l-ation of the theoreme a"nd- applyi_ng ?.?"3 yi-el<1s:

f (x,¡'r ) 4 r(xu ,F) + e
Br(y') d bs(x,) Jr @

bBf, *l nnf + e

But Bbf 4 bBf hV Z"? .Z
Therefore Bbf I hBf ¿i Bbf + e

But sÍnee e j-s pu.rely arbitrary, i:eiug only required. to be
positivs, therefore the only i,Eiay this inequnliüy ean be
always valj-d" is if Bbf =bBJ: g..E.D.

çjRQI,.!4Rg rf mDIf and- lvrmf both existu mJ,{f=Mmf íf a::.d o¡:}y
if f, has a çadd"Iepoin"t 

"

eRqoF The only clifference from the previous theorem
is that c = o" But by 2"2 the enunciation of the theoreïìl
is precisely the cond.itio* for a sad-d-re point in f," q,E"D.
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Sinee this eould. be rephrased_ as mtnmê.x = ma)¡nín

if and. onl¡r if the game has a sad.dlepoint u th.e origín of
the term U+¡ifryeë Fhqqqqg r:ef errrng to the fund.amental-

theorem of gaae th.eory shoi;ffl- 6" clear.

2"8 glIggEEI-{ ff G = (X*y;f) has t}re solutj_on (X,X;v)

and- w is an arbitrary constantu th.en Gt Ë (X*y;f+w)

has the solutj-on (qrg;v+w),

PEOQF"' let f+IV'= f8" [hen fo(xry) = f(xuy) + $r.

By 2"5 and. the h¡rpothesis, f has a sad.d_lepoínt:

r(x,¿) 4o 1f(æ,y)
So f,(x,g) +w fv +vil f,(g,y) + F¡

Or f u(xrg) 4 v+w { f '(ë,y) whrich te_t-Is us that
G8 has the same sad.d.le point as G and. hence by 2"2 a:ld

2.J lnas the solution (ër[; v+w) e"E.D"

The soJ-vabílity and. the optímal stra.tegies of a game

are not affected. by the aod.ition of an arbitrary corrstanü

to -bhe payoff funcii-on,

ÇoË.oll43Ï [he value of a garne d-epend.s continuously on the
payoff functj-on.

EROII let G and- Gt have f and. f ' such that:

/ f (xry) - f,t (xuy) / { e? Ð_ posiirirre numher"

Tlren f(xryi e / t(xr-r) { f (x,I) "¡- e for att xçJ.

By 2.8 v * e tvu{o * e

0r /v-v'/ / e (4" E" n.

-4" small change in payoff fri.netiorÌ senerates a smal]-
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ehange 1n the payoff,"

2"9.L Ð.E_{$?9IAllT *{ same G s (x,y;r) is ËdryÊg#åg if
X = Y and f Ís ç_Eç_q:gfqq_e!q-ig. IE f(aub) ë * f,(b,a)"

Both pJ-a;rers have equal- resourees and. th.e skeu¡*

sym-netry of f shows tlrat identiear strateg;v *tloices
u¿ll] result i.n a payof,f of u ero " So if G has a-

sol"utionu 3-ts va-hie is %ero.

2'9"2 SFFÏI\TITJO"$ *G* is th* M of G å,f,

*G* ås symrnetric, and- G h.as a so"l-utiern_ if a¡.d_ onl-y åf,

-ß- h"as a solr-¿tion,

'see f-'1'2 . Here onry one of the symmetrizations
vril-1 he d-e-fi-ned-u coirsåri-eration of the other wai-tinq
until- matr"i-x SÐm.es have been introd_ueed-"

game

qILqfNf[TON Von ]Teumar]Írs s e¿ggg9qLgg*t-i"ç-* of a.

G æ (xrx;r) Ís (xxyey.xyq *f-) wh.ere

-f*(zrz,e) = f(xu¡-t) * f(xnry)

Both players ha.t¡e pu^re straäegies % ä (xuy) i.¡¡.

the sax'e strategy set x x y [he d-efÍnition of -.f,*
makes it automatica]ly skew-syrnmetric " Ilrixed_ strategies
z* i-n x*xl* may be introd,u-ced- '¡¡it;hout d-Ífficu-]t¡r" ,sínee
eaeh. player must 'be prepared. ín ad.vance to ptay either
síd-e, his nixed strategy eonsists of choosing probabålity
d-istributÍons x*(x) and y+(y) " ,sÍnce these *hoices are
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ind.epend-er:.t, the pro'lrabitity
of pr"obahility d"istributj-ons
the ind"irri,dual probabilitåes 

"
mains ùc¡ be seen u¡hether the
satisf i ed_ "

since xu(x) a":rd yx'(w) are never negatí,ve, 'eith.er ístheir produetc so A / z*(z) 1.or at] n j rryhieh is i;he first
eond,i-tion"

\
é---J z* (n) = (yu(y) ffi::*(x) )

x.

y* (y)

ç¿-
v
..v

K*'
v

of ch.oosing a partieula-r Ëair
in X and. Y is tlze -prod.r¿ct of

fhat å s, n* ã y'8 y+ . Tt ,.e*
otb.er eon-d-i_iions of Z"f åre

Et:"t

= l"e since x* a_nd yu saiísf,y Z"!
Therefore 74 satisfies a"5 a-nd- a J:ona fíd.e mixed siïrategy
has been obtained- for the s;nmmetriua.tj-on.

r' ttl T-Iii,-ORIlIú G ha.s ã- sol"ution íf aad ont¿v i-f its von

has a soLuti on.I\ eunann. symmetrj_ zatj on

æCIQF ONI,Y f,F*" let (Eu, Eu; v) solve G, Th.en by 2"6,5
f (xr¿*) 1= f(Su*y) for aJ_l pure str"ategies x:F,

shus -f-(F-* , z) = f (ë* uy) - f (x,g*'¡ is l:rever negai;ive
for any pure strat egy z, of the synmetrizatio*. TakÍng *ny
m-ixed. strategy z* of the symrnetrization:

:f*(g*rz,) = Ë :f-(g*,,, n)ze{z) ar:.d- Ð ,{ nn,{z}
n

Therefore 0 ¿ -r*{Eu ,ffi for a}l rn:!-xed strategies of
*he ,symmçf¡f z.ation" But -f- iç skew-s¡rnmetrie, th_e::efore:

-f-( %un ,Z*) /= û 4 *r*{gn r#} foer a}-l- zu. & asxí nE u

Hence -f: h,as a sad-d.lepoint a.t (Z* ,Z*) AnV Z^1 tlre sym_
metrLza.tioa llas the sol_u--bion tgni ,g+,,gü"5 "
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tlh

th.e symmeirizatior: has the salu-tÍon mentioned-,

has a sad-d-le point hy ?-"1 ancl setting ze* z %*

0 /= -f*(2" ,n*) for all- ffi* "

ü 4 f,{guryu) - îty*",[u] for al-l x* and. y*"

f(x*rx*) t f{ã*ry*) r! rt rt ¿¡

Th:s is th"e condition for a sa-<1dl-epoint in G"" by 2,2 and

hy 2"6*2 G has a so lutj-ein j-n mixed. -etral:egies. Q"E.D,

Z"LL CONCLUSION [hese have been results need-ed for the

thesis. and- read-ily d-erj-'¡a.ble for general_ strategy sets.

Jn the next ehapter r'¡i}l be treated. a namovrere l:u-t:nore
-bractrhle su.bject* m.at::i.x garnÊs"
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L- eilll

DEFINITICIN

gaüe FIj.th

O}{A T]R T3T

I{ATB"TX G¿]'M,H

The name ar:'i ses beeause the payoff function *aïI be

set u-p ín matrix form. -quppose x eonta.ins m" elements anc1

Y contains n elements" r,¡Iíthin these sets, the -Þæ.re

strategies nay be put into or:"e-to-one corre,epond.anee

with the -first m and- n positi'¡e integers, respectj_velyu

so that f(x*¡r) 1Æ f(i,ji ffi eij for j- r: J-,m and. j = 1,É
é Ë (a.i¡) is a mat:rix u¡hose general- element is.bh.e pa)rÕff.

m'hen r 
"a*.yu Ëure strateg]. r- againnt n,s prre s-hra:heg¡¡ j.

Errh tr . /-, "ri Ð 'iuLru r"'-Ì*rr-.v' = *ivu y *ij r so tba'b the nixgd" stra-tegi-es noiry

aÐFea":: i::- the form, 0f rn:=¿e*tors x f or F and, n*vec,iors J- for
Fr -,¡'¡ith 'Lh.e æ.d-d-isí.ona-,}" rerll',¡-i.remeni; t}rat :flj. :: Jrv ë ï" Tf
this i.s a va-!-id" in'h*rpz:etatj*onu then" the per;rr¡f,f r:r.hen the
ro-i-:ced- st-rai;egies x and- y are played shcu_l_d- be exaetly.bhe
$athemati,e a-l- e4peetation val-ue" r-;et :¿ = (xi) - r 3 (y"i),
i*J-es-ii=1rnå tcJ æ plr s 1" Then x.4,y = xj- a-q-¡ å'i wh:ieh"

by 2"6.1 ís exac.'b1y tkre payoff ir:. the extended- sa.me G4,.

3 "?* 
'Ð:EEï_UggrcS flie {gn¡!gp, .nglq¿*lhçgqgq or .g{:rg,pq# r.rc_o;;5g

of gane theory ma;¡ 'be s-bateat i,n tro¡o eq.uivalenl* way,$:

Er'iery nB,ti:1x garne h.a.s a solution j.n mÍxec_ straì;egies.
ïn errery e¡qtend.ed. ma'b-rj-x garne is found- a sacd--l-e pe:i_nt*

The pr*ofs of this -bh*oreu. fall in-bo tr¡ro eren.era-l
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*a.ieg*r?j- es : exi stenne pr"e of "* , aÄd- aJ-gori*h-rn -* proof s , ohe
form-er' type onl¡r llrÕve, the theores, rn- *ceomp1j-shin"g thís
the j-aii;er fu-r¡:ished- tl:e optirnar "rectors" the value of the
PiFrne or-" bo'bh. Eaeh- type of proog coul-d- be fr-rrther subdÍvid-ecl
as ta in"e't;hod-: tonologi-e alu analyì;ic &e , A representatíve
seleetion *f th"ese proofs vrill be given and. sc,rie of the
similaritees and. d-i-f,feren.ees between thero l¡;rill he noteci. Ð_s

¡¡'e"l-r as a Ì:rief inaicati,on of the sort of situation each

-oroof besi suits. von lrTeuxnann,rs first tr¡,¡o proofs üad.e use

of d.iffieu.lt topologÍ* and- maqy yea.rs elapsed -trefore Villess
frelementa:?yfi proof Lppeared " A p::oof is -eierti*en!,a.ry if it
involves onl¡r operations Ín an o::d ered. "fiel_c requåring
ad"d-i-hion, sutrtraction, mu-tt5-plj-caij-on, dirri-sion a.:nd d-eciçíon
as to v'¡}:ethe:: a numbe-r. exceed"s, eo,u-al-sg or falls shorü of,

zero; d-ecisions ivl a fini-te set of nu_nJ:ers exhibíted- on_e

a"t a ti-¡ne "

,"I ågÐLlETgqA ß.er**_ Seþrl esÇ, ï (eo)
of the gane urit;h matrix é" ís the game whose matrix is

r¡rhere the 0 and.

eoniaining a_l-l-

S to (rn+-n+l) i{

"ffhen any eorfusion

mril-l- have matrix S2 to

submatriees

fo fi-l"l- or¿t

might arise, this symmetrization

d.istångt:j-sh it from the 'lrrevious

l0 A -l-\
fål$Ë [-aY 0 rI
Íi\r. *1 al

l- ;-,. 
"u"lr. 

instanee refer -uo

zerßs and. all on"es sufficient
(m+n+l-) .
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Ðne r¡rhieh shal-L har¡e matrix sl, CIf cßu::seu th.is a.ecord.s

with i:he chronologiea.l ord-er of Èheir ap.Ðeararroes ßo n.o

d.ifficu-lty r¡'ril-] be e>q:erienced- in keepinp them sorted.

Õut,

fhjrs symmetrization has a simllar ini;erpreta.bion to
the prevrous or¿e as is seen- by th.e maruLer in urhich A
and Íts Èranspose enter the matnx" At first it seerus

that the marginal row and. c,or-uru of ueros and_ ones are
superfluou.se but they are found_ to be n.eeessa.ry in o.rd.er

that the veetorst eomponents saiisfying the symmetri-zation

be foreecl to ad"d. up to uni'r¡r to meet the ratxed. strategy
cond,ition-"

5 "4,L
n)cn
of, the

IHEOREì{ OF THE_,?EFÁRATI1''J-G fiTpERp]r/"NE For a

mat::ix Ä and. a given n-veetor b, exaetly
foll-oi¡ring veetor equatÍons has a soluüåon;

(1) xÁ"-b 0,/x'9.

(2) 0La.y vb{CItu

c¡l Irê?1

0ne

This theorem i-s preseated. as Theorem 2"6 in D" Gare

(la¡ and- is very powerful for working with tinear ineq-
ualities, but the proof in Galeû s book is an uninspiring
d-ulI exercise in inei-uction" There is another method"

avairable, first proposeå about a d"eeade ago by ir,totzkinu

and. Iately revíved. -oy Iloffman and_ tr,[e Á.nd.re-w (2F)" A

mod-ification of this method" r/ill be used- lrerc üo esta.bl_Ísh

the theorem"
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rRCITF ,Suppose that (1) a¡"d, (2) are botir true. Then:

x-A.y = by * yb { t v*hich is a eontrad.i-ction,
("2) are mu-tu.a.}It¡ e:ecl-u-sive possibili"tj-es.

a¿
I{en"ce ( 1) and-

l'{ow supprse t}:"at (2} ås false, whích means essentÍal}y
th.at l-y { o a"u:"d- yb y'- CI. Tf tbis i-,* nçt so bceauçe of
the sign of y, use its negatÍve" l{ew eonsid.er t}re funetion

ffi
f(y) = Fb 4, fu ur.lr(*a*y) wlaieh sa.t:" bei

visuaLíøed, a"$ a ma"ai.fotd" i-n an n+I fipa.ee rvh.ere the other
n d-imensi.ons represent the eomponents of y" Errid_ently f(y)
is a eontir:uous surfaee in sueh a. sÐaee, lt therefore
attaåns i-ts bound-s over the set o.f y f or .¡¡h.ieh yb / 0 "
B-rzt the term yb j"s bounded" abCIve by zerø. and. the sr:mmatioEl

is bou-r¡.d.ed. belovr 'by zue-!a, sínee alr its -berms are empÐiren-

tia-l-s" r'u.rthermore? e:{-Ëoi}entials go to infi-nåty mueh.

fasr'er than quad,ratie terms of i;he type f,ound- in "yb, There
is th.erefore rão qraestion" that the trvo eompon.ents o_f, r(y)
no.tght saneel- ea.*Lt other r:.ff f*r" al-l- ¡"ral-wes øf {" Hene e

ttv) is bouncled. bel-ow, Srenee h,as a greatest lorEer bound *

anel" b¡r 'fiþ6 argaræent above aßsumes '"-:h.î.s a,$ a m.inim,um,

,Sur.ppose a r¡ector for whíeh sueh ntriruo:,rn is attained. ås

s6. Let the fírst par'ui.al d.eyj-vatj-ve with respeet to the
j t th eomponent Õf y be d-enø'bed. 'by a ßuper,cerípt e a:nd, a
arrhanri *.{- .i m}.^* F€ 

æ
iÞu.u,Þqi-L'¿_ui., Ll6 Th.enu få = b.yå + 

+ 
:" yå e?æ(*aåts)

-!.

and" vo.-,:
j 

^ß 1- 
-ç*' 

i= *; s û få Ë Orj * €* **Uoru e.xp{-aif)
fl - hi 5- Ð... er:o(-a.v),1 1- 

*i; '-. .Y \ "-i...d o

3ieÇessary eond.i-tå'rn fo:: the exj.stenee of a urenimr:ma*:d" tl:*
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^ ^/ \ ^Õf' f{.y,i fo:: i:b.e "recto:l

"ra.ni sh th.e::e , yi eJ-dí ng

bj=
has Jreeir r-enl a-eed- by x*-- --Y -" - .l-

whieh. n j

\¡- is *hat al I '6h.e firs:! -taïÌtia".!_s{(}

üh"e n equa'hiôns g

*:. j e i *1 u m i"n u¡hj- ch, ez:p{*a3_f )

But *n,, up* = (xA)Q fnot

/".¡ \ J

ûr b Ë xA wheeh ís ille f:¡,rst hal.f of
(f) sati-sf,ied.. But since aI]. the eomponents of x are in
fhe form of real- exponentials, it folloiã's that no si.r.eh

eomponent can be negaiive" Hence 0 d x vrhíeïl ís the
other hal f of (1) " This prcve,$ the theorem" Q," It. D "

3 "+.2 &EUg{

ecilaliti" es :

so l..r¿ti-cn..

TfAis slce',Er-syr¡mel,rie th.en the set of in*
xlll C *l r, )ñ-1=l- a}ways has ?;.

EBç.P$ Let lr Þ O" Then x must be senlpositíveu sinee

rC=Oímplies xil x 0" ,Simj-J-ar",Ì-y, S*Oimptiesyb * 0r

ßo y may be taken semipositive" Both x a,nd_ y may be

eonsid"ered- normalized- (-etrategies); if notu d_ivid.e through.

by xu ancl yrr respectivel,w, Now the al-tes"natives beeome:

8{ b=xLu 0/x, }elt*l- or O 
'!* ^r, Fb= *f "

Bnt si"nee ü {*be *8 component of y can Jre positiveu so

reverse th¡.e second alternai;ive by letti-ng z = -y.
fhen û {wA., 0/_ *, trltr s :l- or A-n {_ Ð, nh Ë l-e g{_. r,

=
At*/.rtlo, ]rr*1 or zat¿0^ A¿ruo ur=:-sinee

æ

at }east one eomporrent of n is positive, :Llso the iranspose

of .{ j-'ç i"te negative bee¿Lzlse çf the skew-$vinmetrv" Henee:
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o*r*'Q, I

TaJríng b=v iit
su.bsumed- und.er;

t ¿ n, nb=l-

¿l f¡

x.2 -q13"

Éeen that both threse al_ternatives are

{ yJL, x semjnositive, -={r1 = L e"E"D"

1,+"1 $¿Pqru.U] Th.e *s" sJrnmetrization of a same has a

sol-uiion Íf and- only l, *n" ganre has a solu-iion"

EE9:qg By 2"8 the solvabj-Iit¡r 6¡ a ganûe is not d_isturhed.

by ad.d"ing a eonstant to the payoff fur:-etíon" Therefore
a large enor:"gh eonstant is ad.d-ed. to everJr erement of -ï;he

mati:åv; i;c¡ assure tha.t there are nÕ negative etrements left,
in fact, that the srnalS.est el-ement is r.ow .positive* Hence

the value of the game Ís also .posÍtive,

If { g'uy_ ; w} soLves t}:.e origínal ga.ne, th.en (#rå, }
is Ð. sad,d-le point in the extend-ed. game" Therefore by p,j

aiX 4 w 4 u.$å for å=l-ua$ j=lun! $$=Bv=f," But å-å

and" ad are positive r¡eetors, and- the strategies se¡ai-
positíveu therefore the teft and, right hand. sid"es of the
abor¡e inequality are both posíti*re" Therefore;

and- ër.l æ X\i s l-

consice:: 'bhe n+n+l \rector z = (.4rffr*) and. form both its
produ-c"ts with ,SZ: g #Z * Slz æ :S?* and.

q SZ = { *y"¿t + r?-u.e xA * rffir: *¿rl +.yir )

Ë(t¡ru-^AXuXÂ--Þw:0)
and. from tlre preced_ing set of insquali-i,ies, everts componen-b

of thi-s veetar ís either pociti-ve or uero " rt i-s the-refore
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semåpÕsåti-ve and for a-rry veetor ø mhieh i.s senli-posíti¡re

th-e prod-uet g #z ø Ís noi; negatixre" Iãence zu $2 g rs
not posi-'bi-ve an.d Èhe f,oll"oraring ineqrr,a-li ty. hold-s

nu SZ ?- /= g Se n for alr semipositir¡e '¡ecto-rs
a::d- iyi particu-l.ar for ar:.y m_ì-xed. si;rategles of the
symmetrj-uation" Bu"'c the sum of the components of n is
2 '" v{, Hen"ce 2," € % ís an optÍmaJ- strateg;r for

2+w
the sy-rnmeùrj zation a¿rd" its lral-ue j.s zØTa.

**'ì6

"assu.me nov,r that -blr.e symmetriza,tion h.as i:h.e solution
d'ztx rytà . n\\4 3 v":" ; rrJ" Eecause of i;he wn;r Sa is partitj-oned_, ij;
is natr-¿ral- to wrj-ì;e K,, r (¿*,..,ï*rw) r¡¡he::e the fírs-b j.s
ã-TJ. m--r¡eetçr* "bhe second- ari 3l-?ecËor, ,p¡:.d- -bbe th.ic'd- æ.

,çea-La:*. Ï'ro:n 2-6"tr açpl,iecl to s;m:netrÍc gðrLre*q follows:

2,, ,Sp z, n.ot n-egative fo:: anJ¡ pure *"hra..begy z,.

Jrel;ting th-e z be eqi-:"æ.l to æar-h knth unåt r.rec,6Õ:î. :.:.n" tu:n
yÍeJ-ds the eon"cli1;íon_ 0

th.at the comlronents af z,r ad"d-

S*u- + g#v + FJ = 1"

E>-randino i;he fi.r.st of these .rì eJdes \/g L,.!.tçÐv JJÇ-,{_J-*r
,9-

O /* * Äu¿* -{. T,rÈå

1 ¡'l.\

&'u ffA ai:-ri- "i?:e ccndi-bi.on

to unity yield.s

Õ 4 X""L * vrv

and CI / *EuLr" 4. ¿*T¡

and- irynting or;t eornponents:

two vector inequalities
a scal-ar .i-neqila.1 å'fiy

{} I w *:¡.rr*'" '-a ol

t I *iÆ* - '-ry for i=l , m; .i=""L 
" 
n



whieh eomJrj_nes j_ntc *iX* { *t

Thj s ås the cond.ition for x8

/ oJ**43n¡ a'ì
l=

and. Nu to be opi;inal

lu t:. Xuro

mixed. s'ü:ra'tlegies fo¡: th-e game with matrix Ä, provÍd-ed-

tlrat neil,her 4Ëu nor ¿sv i_s eo,ua_!- to z,e:rÕ" tri is a.t

i;his juecture that the extra marginar rorv and. eolumn in
the synmetrj-zation matrj-x t¡eeome iod-i spensable. i[ote
tlrat 4*u 4 &*o and- F* a:rd. g* are zLoï1*negar,-ive since
'.'.?"" þeLng a s1;rategy was semípositir¡e" ff * then, X*\r = O5

$ntå = o also whieh is only possibJ-e if En = o, Bui; since
Ð 4 X* A" * wl¿ and. v¡ j-s not negative cínee i,t u/as a

com'ponent af ?_" u tlr.erefor€ irr æ e', Bu'b thi"s impli"es thaj;

S*u + }:*v + w * CI? in¡iríc]r ås a e"ont::acli-c-bion, since t]¿j.s

sum is the sr:-ri oí the eomponents of, a rnixed- strateg¡r ar'

for the symmetri-zati-on and. by d,efír:j-tíon is equal to one,

Th.eref,ore go.v f O*

Nov¡ suppose ihat tv = O" But -AX* + vru. Ïras no negatirre

componen.bs* therefore A¿u h"as no positive component" [hus

xAXu 4 O for every strategy x of the game ü¡:i-th maürix Ä,

But this means that ihe value of that game is also negat:ve

or zero u when in façt the value rüas mad-e positive by ad-d-ing

a sufficientl.y large positive eonstant to all terms of the

matríx" Hereu then, is another contrad_iction, and. it is
inpossíble tha,tw=0"

oombining the two vecuor inequalÍties from the bottom

of page 28, yield.s vryuv /= X* Á.g* d ryuu ancl since w is
positiveu X"v é ë*u, and- sinee ít is alread.y known that
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fhe inequality h.old-s in the CIppCIsite seilse, th"en mu-st be

true that X*u = äuv = re say', Consid-€r ûovr¡ X*/t anð- y"/t
iru'hose components sum ta unit;r" The previous inequalíty
becomes ai¿*lr ¿ v¡/r ¿_ ¿i4",/r whíeh is pre-
eÍsely the cond.itÍon thai the game with matrix a have

the solution {.4*lr ." X"/r ; w/r ) e,E"D,

t "4"4 LEI0IA Euery symmetri-c matrix game bas a solu.tion,

ERQqF From t .4 "2 applied" to the skerv-s¡rmmetrie matrix
,"S3 0dxSu O¿

th"e seeond" pair of,

solutíon is a raåxed-

i"s tb.at for x Èo be optimal for S " Q"E"Ð.

)re xr?. ; 1 atrways has a soLutjjon"

eond-ítions guarantees that .*his

strategy* and the f,irst cond"ition

CIF FlINi)Alvj¡;lilfal TIIEORfrIVI Every matrixã' 5 SåËEF_-E_4ÃÇ;PEÇ-?E

game has a sclution in mixed. strateqies"

SEQQE From 2"1t or 1"4,3 elrery matríx garae is equi*

valent to a symmetric matrix ga&e" From 5"+"4 every

*uch game has a solution. Q.E.D.

This is an urucoil]!ûonly compaet proof , brr-t it shoulc

not be forgotten th-at severa.l pages of s'crai-ght al.gebra

lirere inr¡e¡l-veri- in iä- Proof, vrithou-t s;rnuretrízation is
nût *Ge neat: âß will be sho'øn now by way.cf comlrarisoTl,

3,6^L

fr*m

THEOB-E¡N ÐF TH.M ÁJJIERNATI\JE FOR N/IATËTCES

3.4"L e.*ne th.c pairs of aLt*rn"at_i-:re:s:

Stra-ight
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HtrITTER OR

xA*h o{" o4o, yh{o
f-o o\ rÂ r''A'ár{-f*l -o n4" o{n 

f,.$J"n-oÐ.-nes*rj-.¡e yhf*t

oA4O 04" {Åy,y) îr 'i rE

r4o" o{v ytr{a
x(a,-u)l(o,-r) ,4" a/ (a*-")dfl\ (o,-t)ffb {a\k, wf

r 4u Ð /=k

xA /* e { x anõ. -nt I -r Ay*}i*-non-negati-r¡e,e.rso y
-k{_a

xa{=e a4.o a{}-y J¡nÕn-negative
o"4* ody tl-xa ]â Ís f,

(¡ "F \/--T" *'**'tËf { * o*v aÅ2, o 4. x(-ii,ro} o 4 "
Â)'**4O rr ¿r ü{_ {x¿rx} ,!

W ¿a a /*v a l_x[. a /:{.
A"E. D,

1"6"2 4USgHlR_4&gEåW=q-!$AAg Erery marri.x BÊne has a

solution in ulxed" strategies,

ffiqeE let th-e game matri-x be é- and- con"síd-er the set of,

payoffs xÄy for rlrhieh BÉ{y) æ si1p xtity a¡¡d þf(x) = ínf x4y
whene inf Bf (y) = bBf and_ sup 'of(x) = Bhf . Fr.om ?."?.a
B]ff ¿ bBf"

-4ssume 'ül:ai; Bbf ,/ bBf a.r:"d_ fe¡rm å. jLe!? matríx

/ì I * *4- * (bBf, ", Bhf ) I_*
ã 

_* rLrr
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"for iqh,içÌ: is true
(1) BbfÉ = Ebf * {- {Bhf + bBf) = + {Bbf, * bBf) { t
(2) hBfs = bBf - å {nnr + bBf) = + (nnr _ Bhf) > t

by 2,8 Applying ,"6,L to tlae matri-x As euppose the
first alternative to be true where the vector invoLved.

is a strategy: Auy' { O, A d yu, yuv = J- Then for
aqr strategy :(o the payoff xrAry, /= # ]recailse a.ny strateçr
i-s seinipositive. Frorc thís tsf '(y') I A ancL bBf , / g

in aontradiction to (Z).

rf on the other hancr the seeond. al_ternative is takenu

then CI ¿1 x6A' e 0 /* ut 5 :x''{å = }e so thaË x! j_s a stratery"
Tkren for any stra*egy tr' the payoff satisfie I Õ ,f_ xu Áu yu ,
fc"oru wbieLl bf u (xt ) and. Bbf,u are posi-{;irre, eontrad.icting
(r). $inee sleither arternative hold.s* the assr_rmptÍon that
Bhf /" bBf mr.:.st be w-rong, and. the afternative of equality
must be val_Íd. "

Finally, for a matrix game there exj-st uixed. strateEies
for which the bound"s are attained. so that

IVImJ 3 ¡nlff A"E.D"

3. 7 GEOI\{ETRI0 CON,SIDERÀTIONE The outl,ine of a. seometrie
proof, essentially vil]ê's, as pr*fiented. Ín D" Gale (ra¡
TÍ./:tlt nors' be pr*sented_.

åFa^çÄ let *4' * (*i) and- c.onsid-er the ser of eotumns of
as a fínite set of n points in m-slraee. Lre& -Á-* be tire
smallest eonr¡ex set eontai_niag all- the *i, j*Jr&_
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fhat is, -À- * ( x i x= Ay, yv = 1 ). Iret z =w1!,
the n-vector all of whose components are rr . Define a

aew conve:. set -Âz- = ( x ; x = Ay - z t yv = 1 ) which
con:es from -A- by subtracting z from every veetor in it.
But since z is equally inclined. to the axes in the
m-spaee, the fornation of this new sei, is geometrically
the såme as sliðing the entire set -A- ¿1sng the equally
inclined line towards the negative orthant. fhea for
large enough w Èhe entire seù -A- nay be s1id. into the
negative orthant as al-l the points in it are finitely far
fro¡a the origin. Conversel;.', for a sufÊi-ciently negetive
value of w , the entire set w:i-11 be in the positive ortha¡t 

"

Therefore at some intermediate value of w = w6¡ -À- witl
eontain exactly one point contiguous to the negative

orthant, nanely the origin. In algebraic lângitrage, there
exists y# such that .A y* - *o o 4 O. On rnultiplying
through by x, an¡r strat egy for 3, it i-s found. that

xny*-woxulO
x Á y* 1 wp x 11 for al"l *rategies x.

fh.:i e is precisely the statement that the niniuising
player may restrict hic loss not to exceed. wo, since for
â stratesy xn it is t¡ue that xu = 1.

Since the iatersectioa of -Az- a¡d the aegative

ortharb coatains only one point , there is a hyper.plane

separatiag then. .[ rr€etor x perpend.ieuiar to the hyp-

erplaae, pointing away from the negative orthant, w:!" 11

forn an obtuse or rj- ght angle rrv:ith ar\y vector fro¡a the
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sregatíve ortl:ant aî.d an aeute CIr: righ-t aTLgl-e v.råti¿ any

z-reotor from the p*siti-ve or*hant. Hence x i-s seui-
pcsitive. The::efore xiÉ = y"lmi is a straj;egy foz. p.

Sinee *",!-* lj-es all, on the same sid.e of the senâr.nt',,4^ !_ËÀ) d.-!-¿ r-.rJ-]- UIJti Ètd.U_lç SJ.LI-ç L).r vrrv üçIJo.J_ at,"LItS
\J

hyperplane as does x*, the ¿nner nrod-u.ct of the tatte::
and" any e].ement of the former mu-st be positive or zeta,

ÂlgebraicaJ-l;r I { x'r( }-y - uo)

A /* x"!"y - x*zo

w^x*u- / x'r,{y'"f)-- "'r-

*ø 4 x*"A,y for y a¡y mixed- strategy for p.

Çr¡mbÍni-ng this resrelt vrj-th th-e prerråous

xAyu 4 ** .{ re*.þ-y .f,cr al"l_ :¡:¡-xed- strategies
of the original gaüe. By 2"3 *h.e::ef,ore the gaae has

the solution ( xu, ;ru å w*) Ç""8"D.

$he*e i-s a great d.eal of rntr;.itir¡e appeatr to this
proof : âs it is so easily 'tr}' diagrams an"d. mod-els :in

two and- three d.imensions. probably ít is the best of
al-l- the proofs to present ín a first eoü,TS:ê in Game

[heory for practieal people.

The next chapten '¿ritrl- d-eai- '¡r¿Èh algorithnic proofs
of the fu.nd-amental- theorem by linear prograrumi-ng and.

d.iff erential equation,ç "
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åIiÊoEqr4Þgg*gBopËs @q rHE FUIÐAMErrrÁJr TäEOREM

+,L _Ð'Eqllruq¿aN -¿m aåßo.ritÞd_.c prqgf af, the fundamental
theorem is â.rl.y proof whieh shows the t¡:uth of the theorem

by actually procl-uciag the optimal strategies* the value,
or both." For most practieal work, these a_re milch more

r¿sefuL than the existen"ce proofs. rn the final- chapter
r¡riIl be shown that practical Sames d.o have solutions,
regard-less of the apparent complerlty of the strategy
sets" Therefore th-e interest of game th.eory to a prac-
tical man lies more pa::tieularry rn actuartry d_eterm-in:

ing strategies or value" These nlght be vital for use

in a d-ecisíon proeed"ure for exampl.e.

+ "?."1- LrNrr4R PRqÊBru[Ug ís a method of sotvíng e ertaln
maximu¡n and nín-lmu"m problems whleh d-o not yield. to d.if,-
feren'oiar caLcr:¡i-us" The word. "linear'! refers to the
e-qaqf-qeíq-t- imposed" on the varÍables involved by requ.iríng
th.at they satisf¡r certa-in línear equations or inequalities"
To any sueh problem ín lr¡hieh u¡e are especial-}y iu"terestecl,
d-enoted the p*ipgå problem, coruespond.s a::other rel-ated.

problem, d-enoted" the ggg¿ pr*blem" Ä necessary and_

suffícÍent eond-ition for either of t?rese pro'btr-ems to ha.ve

a sol-utíon Ís thab the other have a sol-ution" Flereu thenu

is a simj"J-arity to game theoryu r¡rh_ere åf p Ìras an çptima.1

strategyrso Croeß lp and .hhe game has a 1.ra.l-ue_
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L,"2",2 gfFES #F FROGP-À3Ä Ste"nd_ar.c1 ma)Li"Tï.un:

G"iven: m x n mai;ríx .4, d.eternine a nÕn*negatiïe :{, to

Dua.l":

m.a**'j.roirc xc u eon*train-ed- b;r x A, /_ b a

tr

d.e'cermr:.e a. sLolr-n,egati-ve y* to
rni n'i mi ç.tt ¡¡Ì¡ . Cgngtrained" by e t A y øv¿ s¿årv

0anonieal ma.xímum:

Girren; m ]r n urairix A* ql"eter¡aine a non-negative n! to
maximlze xe , e onstrainecl by N !* = h,

Dual-: d-etermíne a non*negati_ve y, to
minimize yb , urith y un"eosLgtrained."

-Ê-çe-e-q-*1*Æ"esasqs¡",

Gi-venå m x n matrix A, two sets M * ( x ã )i = }e n) a.n<j.

lI = ( x ã x = t, n ) of wirieh *s an¿l- ff a-re subsets re*
spectively* cleterraine x sueh thats

xc is maximum

04offorie'
xaor4b¡forieT
*aj=bjfo::jeN-Î

lqals d-etermine y such that:
yb is minimum

Ody¡foricB
*¡_ /= åiy for i e S

ei=aitrfoz"ielt[-,$

"L few nå¡rutes r,ryor:k lead-s to the coneJusion ihat thc
fírst two types are spec;!-a3 c.ases of th.e thirc" rn fact-
as shown in sta.nd-ard. rr¡orks on the su'bject, the three
ü;rpes are reaclil-y convertibl_e one to a".nnhLzer"
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ff x* and, y* eol¡¡e the pri.mal and- d"ual- stand-arcL na:{-

i-mum nroblemsu then; &x8 4_ x"Ayo d y*h, o I xl a L y*,
É=

If it turns out that N*r.i = F*b, then:

:*i;r# /= AV"=xíe f* xu-Ay for all non-negatirre x
a":rd- y. This looks suspiciouely Like e, sad.d-t çp6irr¡ si.buation
and trears fr.:rther investigation" The following theorem

rrill be prorred" only for th.e stanci-ard maxim¡:.m problem,

since the ty¡les of prograns are intereha:rgeable anywaJ

and- from the above remark, the stand-ard. problen is the
one which bids fair to be useful- in d"iscu_ssing gane theory,

+"2.1 lJJND4JrylwI4r AUåliIrJ rHÐgREU rf rhe primat and_

d.ual standard. maximum problens are boih -{_eg"eåÞJg (ie
there are vector,s satisfying the eonstraints) * then
optiual vectors exist for both progrÐ.mge and_ th.e value
of tÌle prim.al maximun is the sarne as that of th.e d.u"al-

qtnimum. rf one of the prograrns is infeasÍbre, then
neither prr:gram has a:r optim.a-l_ rrector.

P-EQqg Sreppose both prograrns feasib.l-e, that is:
ddbu AL* and aLlxyrA/_V forsCImevectors

x and. y. Then:

(f) xe 4:rAy / yb for al-l- feasi-ble :r and- ¡,."

'since this ai:-tonaiieally puts bou.nd-s fln xc and yb, the
ma¡cimum and rniirt-mum probl em.e are both sorved. if it ever

happens that yb * xe {, O u in vrhich case (l) te1}s
rls that r ss"r: x*c = xnb, let x and y now refer to any

ofher tu¡o f easil:l-e veetors " The fol-lov,ring ineqr-¡"ality
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refirlltsi :s'c, d xÂyu .4 yub * r{** f x",å¡r d }rh whåeh_ sh*wn th.at
x*û j-s ner¡er: s¡nal-ler than arJ/ Other j{e a"nd- y*h never large:l
tha"n aæ"othe:: yb " That is u both i:rim^al and. di:al har¡e been.

so]¡,"ed-" Thei:efore x*e = y*b is the apti_mality cr:lterio:a
for feasi-ble veetors"

O 4 Uu'n" y"bu¿ 0 or j_n terms of lr.,

fr /* {/L u ï" , y" ) t' ,¡¡hi- eh t e l-1" s th.Í s

n ,* 
"'"* 

n 4 r" ¡'h : n* f_ {i .'"rhere y"=(y r%rw} ^

n{U"-ciÃ/ û1*Laz+irb e{..Trr- yb n*.{*{_vs

Tw* -¡:*ssibl-e ee.,$es norr ï]resent ilremseh¡es" eiùh.e:: vr * iJ ür
t¡ i-s r¡csj'tirre. rf 3""t is nere thre fal_}owj"rls -j-neo,rial-ity i,e
,ra_7.it_.clr z*, 1* n^þ,X 4 {} l, xlt":r Á yh {. u* fnr any feasible

The truth of the d-uaJ-ity theorem i;herefore d.elrend.s oxr

v¡hether the lloltori¡j-ng have a soh¡"tion:

r.L{ø "4U" xc*}"h 0r
îi t! *AV t ** yb-xc I 0 (fr.om (l) abor¡e)
¡! !r **

-Y-A-* { -e ir ¡i ir

xré"1 ¿b' 0 {o'
i¡rhe:r"e xo= (x*f)

^s J -ir, 
¡n" - \0" *n-t b i

x'48 ,+ n = b8 o /=*, a,¿ n

xtu ltr = hî t.j t"
r''¡here x" ={x*rz} i¡¡ à

^tt 
lJo lt1"=it

\'/m{_nJ.-ì"/

r-f 'ch-rs -l-asi ha-s no soluj:Íon, th.e:r 'b;r al-terna-birre (a) *f
1.4"L th"e fol}os¡inr hanre å solui;ion:
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3're*u{}1:ñ x ånd. y" Th"e:i:eer¡-}t fal]*v¡s f::om'bh"* enrrn*åatj*n

*f the i:::åma"l- anr-d_ d-u.al p;r*b]^ems and. the ns"*ced"ing çoltr-

seo,Lr*r'l"ce *f i;h.e theorem of the sepa-rating hyperpl_an.e,

Tt"kin3; the extreme ¡iiembers +f 'chis inequaljt;,. ze /... ne,

p- contraCicti-*n" Hence w É C"

Ïf sô, ti:en 
" { A yy'r¡¡, z,/w A !b, Fb { r,e since

w is posiii\re" From th-e fiz'nt tv¡c of these follows that
r,/w a-nc y/w a.re feasi?:l-e rrecto::'s for bhe nr-iraal and- duat

problems ( non:negati"rre, sin.ce y a.ad- z 'f¡oth are) But f::orn

the ì;c,ir o.f the preeed_ing page this jronJ-ies ttrat
ze/w ¿ rh/,¡¡ r¡¡hence ze { yh " Bu.t ihi-s resu}ts in the
ånequel.ity "yb {_ r"e "{ ;'"b, anothe:: c.ontraEl-icti"'çr¡""

ü*n.jeci;u::íng i;hat th-e sùa_ird-a"rd_ :laximirm pr*.*lem may

ha-ve feasj-Ìrle vee'çq::rs wj"'ch,out har.ring a so-l_u-f;ion lea"d.s t*
con.'h::ad.ictio:ia, so the opp+si-te mu.s,ç be tru_e- i f the pr:i"natr

and d-u.aL progrÐrûs have f easib--t-e veciors, then the"r h-ave

optinial vector,s and_ s- common_ ¡¡alu.e "

8*"-4

Now suÆpßse that the prímaj- maxi inu.m proìrlem has no

feasibl e vecior" Then by the d-iscr:-ssíoi] on page jBu the
fol-lov.ang have a solu_tion; 0 I Az A { z zT: /- A @

*5

T-î i;he d-ua"l alço has nc feasj-b"l_e vector, the
'hni¡ri c-r Qrrnpose th.en that * f lr"¡rr e 1- y¡i6!J 

= =

[teJee some posj-tirre nu"mher y.{ ". e t A(.wn + ;r)
that v\tz + ]" is a feasi'Dle veeto" *, ihe clua1

positive i,ri, But (wn + y)b = w(zb)+ yb / yb

nh / A" This says that no mini_mum. exists for

problem Ís
hra¡¡e a solution"

rnù.ie.h states

for a1l-

becaus e

the d.uaf,
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plrtgram? sinc* Ìly taking t¡¡ suffj-cien.üly Ï-arge it is possil¡1e

bo make (wz + y)b a.$ n.ega.'i:ir¡e as d.esÍred..

ïf 'uhe d.u-a-!- is inf easi ble r 'ühen exae tty the sane

proe ed-u-re establi shes:

O 4 
U" * c trras no tlon-nega.tive soti:"i;ion

-AY + * 10 
tt t! tt rr tr

y(-¿t ) 4* e !¡ rr tr !E rl

Th-erefore (-At)"ÞO, (-e)t{o, 0 /_zha:ve asol-ution"
zA{O 0{ne nl*tr rr

$.garn" if rhe prjmal- ås in-iieasibl-e, the prohlem is tri-vial.
,A,ssurme i-herefore x A / b, Ð {" for some le. Taking å.

-oositive vr as before: (x -r .r^l o / O e>pressing the
Ë

f easil:il-ity of x --r- 1¿,rz for th-e primal_ pr.ob-l em. Bu-i;

xe { (x + wz)e for a}J- positive w sinee t L ne, Th.er:e

is hence llo optimal- vector for the pri-ma} '¡rob.i-em, a:ad_

the theorem ís complete" Q.E"D"

It is very easy to pursue this and- get a¡"other

exi-stence proof for a matrix game ürith posii;ive payoff

function, By 2"8 the result irill be f/al_id. for arbitro"ry
¡oatrix sames "

+,2"+ Uå[qfru Given: é. a matrix of '¡:ositive

^*J--^; ^^ aì ,/eråurae$. u f a;i i=l rmi j*lrn , Iete::mine r and, y

to maxim*i-- ,- .åu rqininûize ten sr:bject to the constra-in'i;ç

Ay{w and- xA\v.
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l,et ã and, 4
respectively"

thc srnalfest

of which 'ehe

T'ilrence Ao {

for al-1

Heslce

for a]l
game has

be tbe maxi.mu-m anC ralaiuus mat::ix elements

Th.en u-ad= sum of, m matrix el-emer:_is of wlrieÏ:.

ís g . -Also aiv= sug *f cl- matrix eJements
1^-^-^^+ .i - -: mì- --L . t iJ-a:rges-ú r s a" That is ma, I üâd u ã¿v/ :na.

L ua whi-eh si*tu *o*i 
=

nau and. mgir

v/nä a-nd- u/ mê are feasible vectors for ttre problem"

Henee by 4.2,3 there e¿ist optimal vectors x* a:nd yu sueh

that F*v = x*Ây* * x*t' æ rF" Further these are semipositÍve,
l¡ecause íf eåther were aetualry zera it wor"¿ld. not #aE-

åsfy tÌle eonstraints" Th"erefore x*/w aied. ¡r*fw as6

strategíes. Tnserti"ng in i;he consüpaint inecr¿al-iti-es;

vyr/vr 4 x*Ay/vt and- :rAy*/w I xp-f,¡¡

slrafegies :¡ a::C, ¡r, But Èh.erefc;:¡:e srLt = JFy = l-"
x. L,,,ys 4 3-/w Å x, A y rrhere yt = yra,fvr, yû = xyy'tt

strategies x anrt y, Br=¡,.b thís shos¡s th_at the
the solution (xu uyt ô Lfur ) " Q"þ. D .

This il-ì-ustrates that if the stand.ard. maxímum rin_
ear program may be solved- systematically, th-e optima"l_

vectors and- r.ralue of a uai;ri x game may be d-etermin+,1

u'ith equal faei-li'cy. -a method for d.oing this existsu
is know:n as the simplex Methoei,, and. sinee íts iirvention
in 1949 has beeone armost erassic" Ba.siealJ-y it iç
Gau.ss-Jordan el-imination in matrices, but with a d_e-

cisi-on Froc,ed,ure ineorporated" ',rrhieh iells whieh sub:
stitution to make *nd at u¡hat sta.ge to d.o so, Ehe sor-*
ufion rìoio' presented. makes llse of nothin"g more soplris-

f ¡o¡rcçt

tiea.ted- than the Íd-ea of inverting a matrix,
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ganûes foll-ows: nf(x) I Mnf I ut[f I Mf(y) so that the truth
of the fund.ame:rt al Irheorem hinges on find-ing x* and- y*

such that nf(x*) = Uf(y*) sinee in that case Unf=nl{f.

But a1f I Xf(f) i=t,m and- bf(x) I xai j=t,n by

definition of, the bound"s. They are aLso recogai zed, as

the constraints of a stand ard. maximum primal problem and

its dual . llhe condition nf(x*) = Ufçy*¡ imposes simul-
taneous maxinization and. niniurization in these problens.
tr'or game purposes the solution of this program rnust yield
strategieso the cond_ition for which is ee,, Ol x; xu=l-. So

the follow:ing aeven cond-itions formulate a stand. ard ma:r-

inum probÌem and. its d-ual, the solution to whi-ch wlll
provid.e the optinal strategÍes and. the value of the gane

with payoff matrix A:

42

(1)

(2)

(7>

(4)

(5)

(6)

(7)

aåy I Mf(y*) i=I ,n
-¡¿i¿ -¡9ç¡6*) j=1,n

nf (x* ) = [{f (yi )
o 1*
o 4v
xu=1
Jn¡=1

The theoren in this fonn merely states that the above

seven cond.itions may always be satisfied.

PROOE The augnqnit ed. qatråx comespond.ing to A is

o or\
a r*/A' = (:
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ft is con¡¡enient for the ptl1:po,se of this proof to arrange

the row vectors in thi s (m+r) x (m+n+l ) such that aiL¿ am.l

iir A for l-=l:m. Har.ing done thi_s, it is possible to
wrj-te tlr ã (ai) i=orm or At = (atorâ.t j, r¿'i), i=r:mîj=run"
S" set of m+l col-u:nns of An d_etermines a_ square matrix B"

B is a basis ifc

is easi ly performed. b.-¡ inspeciion:

(a) ato = bo

(b) B is non-singulae; hence BB-f=B-18=Tr*ï
(c) b._ > o, i=l*m.

ccnd"ition (c) prr:vides a vray of ord.ering the row's of B*]
by ecnparison wiib rlhe nutl vec'oor and- is nece,$sary at a.

later sta.ge j-n ord.er to proeeed. straight to a sol-u-tion
qnfh"orit getting *at-rght in a ci rcu-la.r a::gu-ment, It v,¡:_l"t

noi,v be proved- 'ühat a basis exj-sts. con"sicler the matrix:
/c t 0*.,\

Ba=(â.0o, ân1, r.,-e 
l 

" . ,i3um-tr) = fl:u"n-lan r;_, I\-u ea:- d*il
where um-l is the (m*l)x l- veetor of ones, a* a (n-r)x I
veetoru Om*I a i_ x (m-l) zero vector and- T**1 the
(m-1) x (n*1) un-lty ma-trix, fn the tatter formv i_nrrs¡s1e¡-

{ "*= *n-r- -l \

[;*='.i*;i-, ]**'J
-*1"*Õ

checking thisu ít i.s Êeen that (a) iE ar.-:_tomaticarly

*a-t:-sfied, by. th,e de.fj-,+i"tion of Ë*" F,urther: (n) j.s sat*
isfied- sine e hYLe inverse of tire Bo has actr:-sfJ,;r been

-* \rou-i1d" br 7 * si3lce its first :i;grm j-s *.rj.en and. the
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nthers heca-r¿se u:_:_ å u*l and the Im*l- åyr the J_ast m*l_

ro$/s of Bl" Therefore (c) ås vatid" and-'it h.as been proved_

i;hæ.t a basis exists"

-Let B = ( *u*, a"Ð) p=lumi urh-ere ell the a'nÞe(a.'Çu'i;
i*]*r:;i=tr-rn be a, lrasis, of which. was shovrn that a.t }east
one exists " Its ínr¡erse B-]=(b;) = (¡*,i) í=0,g¡i j-0,m is
{n+1") x. (m+l-} " Set b[={m.' ,-x) and, "b-o_-{Iuo ,ts'} " Then

und.ev cerbaån co:nctitions on the matrix B, x and, the veetor
y=(yt rOn_rn) are opti-mal mi_xed. strategÍes for the game.

Becau-se BB:1= Tm-, 
_t , b;â u o=l= {m, u 

*x) (O , *11) = >çr¿ sat*
i. sf.ving (6) But B is a basisc so from (c) f,oJ-l.or¡¡s

ih-at h-o h,as no negative component exeepfi ma.ybe the .first.
So * /, nt inrhenee n 4 O" But Bh-Õ=41,O*) a.nd" eqr¿atj_ng the
first oomponents yíeld.s w = r-? saiisfyi-n_g (j) and_ (?) 

"

Er¿uating the other eömposlents; *Mr J¡. 
"jjp}rp = 0* Þ=f,.,m"

The -l-atter sum i-s oornposed- of two par-bs accord.ing as
p & (i) or ( j), fhereforÊ _À[0 ": *i¡y¡ + aipy'$ = O" Bu_t

the atoip ín the seeond sum are either J, or Ou and. y! 3lojt_

negative, therefore the seeond su¡a is no* negati-ve" Ai-so
nhe first si¡m represents 4arlt since 'i;he rast n-n cöm*
ponents of y are zera, Thus (¿y)i _ Mî d CI for all i-,
satísfying (r)" Ar-so ilr'=ms frCIm their d.efinitíons, whesl,ce

iã), is a-l-so satisfied.. This is as far as can be gloi in
solving the '¡rrogram iv'ithout adcång ad"d,itional restrictions
on B to elevate it to the statua of M, a
ba"sis for r¡rhíolr {z} shou-}d. als* be sati-sfied"u and, (4),
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From B-18 = Im+l : bla"Þ= mt - xai if p e (j) and

bia,'P= O * xu, for a"P e (u'i). Satisfying (2) requires
bi ar i / O f ar all ari entering the basis B as a',Þ arxrl (4)

requi-res bã oti I O tor all u'i entering B as a,,Þ. Since
it would. be rare to find. such a fortunate turn of events

first try, the question presents itsel_f : is there a way

of, chaagiag B one step at a time, until a basis is reached-

for whl ch tbe foregoing are tnre? Bo a:rrsrver thisr note
that in the e4pansion of aLl other terms of B-18 are fouad.

bf attÞ = O for aIL il p, ín particular b-oa[P=g for a1] p.
There arre exactly m such so a:nong tbe m+n scalar prod.ucts

b[ ati and bõ u'i remain at most n no¡]-zero numb ers. If
¡lo¡xe of these exceed.s zero, the basis is opüimaI and. the
problen is solved. "

Suppose thelx that B is not optinal. Then O /_b;a',Þ
for at least one p. Take that for u¡h.i ch it is largest
aad. introduce into the basis B. Conpute w = B -laue

where q satisfies the previous cond.ition. O L wo on

tlú.s account. If wo i.s the only posítive eoqqonent of w

then *f 10 i=frm . But altQ = B r =.roâ'o * ri aniri=lrn.
so a,o = !/wo (a"Q + ç-wr) a,'i) i=l,m. But o I -wi a::d.

a'o has been ex¡rressed. as a positj-ve U_near combj-natj.on of
columns of Ar a]-l of whi oh are headed- ï!.ith O or 1 . llhis
implies that O is a positive 1inear combination of zeros
and ones since O is the first component of a'o and. is
absurd-. Therefore w has at least one other positive com_

porxent, fron wÌ¡i ch is obtalnecl the replacement criterion.
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#oasid er -:.ã
wr

Note that auo= cû

renJ-a.eement cri t e::i en,

'orove (n), ít suffiees
sid.er ll d-efi-ned. by:

si-nee :-t w'a.s exelu"d.ed from the

Theref,ore (a) is satisfj-ed"" Tc

to exhibit an i-n¡¡erse for C " Con-

{1. Irut \ ?a"*
\r-l.1.!r' !?"a¡l rrr

that:

thín ]:eeomes:

f,or A /. ,x1 andål0and.

^rgQ*Tq

-f_

""1

replaee br* Note that {J 4 Ol * w1lws, bË , Den_ote

the new matrix r¡rith rrr replaced. l:y a',o- as c" Forth-e

rule given to be effective* c musi be a basis ana i:.a-ve

one msre than before of nonnositive sealar prod_a.ets e[ anÞ.

d"i *(I--J-ir"){jrã- ,wi/rrco hÇ } ,"

'¡¿\tere J-i* i-* e- Kroneeker cl.elta., Noting

Vri = Ì:*1attt anfl -ßrr = bfr atsQ

dj = (i*}ir) (bi * 6.g"1'q b;)
¡o fl*T*'

*(}-i-i¡)(1ip : w1 l"ïp -\rr{!p} "i- .L{ .r1 ¿** 1ffF
Ll¿ ¿

.)-4+æ.--*"*_Ë*-"..-.-._

r.¡ *AW

SÍnee bî-*'* ã ]iu for al-l- i beeau.se BB-l = f, and_

the flrst colunn of DC is that of Im+l a*q should.

b; at¡P = l"p bî atuQ, sínee for aÏl- a,,p / arsg the
produets are members of r ïrhereas for the vector
the basis the sealar prod-uct is 'bhe comesllond.ine

of the lreetnr s/, Theref,ore;

dia13F ={l-*i"5*)(U;a"f - bã*rrQ 6**rup\ 4.

,^ä;õur*

Ì'r¿n
'r î4 \rg

be, .And"

scalar

entering

member

1 " ?r- otrP""]"-r *r""

s¡r 'ti{t
",7
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r,fill:en i / r an.d. a,,þ é Ð_,,Q, -Clnen. d-1aitÞ = 3¿p aS ís::i.ght

far a" rrn-lt rnatriJf, and- in the rovr eor:respond"i"ng to the

repl-ac.ed- eoh:mn of Br d"åeîQ = 1==1rq = 1*o, sr tne eleme¡zt

nn the d'i aønr"ial i s ap:ain ône anc all the others zeros"

Thj-s sþou¡s that d-i are the roi{rs of the i nrrer-qe nf C - or

n = fi-1^ Ên lb) i-s satisfi ed..* V ÞJ I-'U \ U.¡ Lü U6.U+U¿J

For aJ^} d.i, íÉ 0^ it fol-lows fron the top of page

46 a-ad" the Ê.et that B v,¡as a l¡asi s, that d.i is l-exieo*

graphicaÏ}y positiveu satisfying (*) so that C is indeed-

a nea¡ i:asis,

Fu.*thers since d-o = bõ ivo,/w* hf, ard wo and- w'

hot,h- positir.re, a.nd lrf, I e:ricographi cally posii,j_rre, there*
f nr"e d-^¡-¡-¡Is *0 f UO d:lL,- :LJj.- c1¿rJ' vvv!¡va rv:¡

å6 *rrk /- b; *rrk æ 0 sinee i.t is e:'pressty

forhid.clen to remorre the first colrrnn" This means i;hat

a veetor ,remclved- fyam. a basis e an- never again qu-a.Lify

to enter a basis under the repJ-a,cement criterion, a.nd_ it
is impossible to have cycling of bases.

Now dr*"Q = b[a¡!q * wo,/rm" b[a"Ç. ; 1r;a't8 - wo and.

blattQ = rar* by the replacement criteríon" Therefore

doatsQ = wo wo/w* vrr ä 0e so one lûoï'e scala:: prod-uet

sa-tisfies t}:.e optimali-ty eruteríonu Êo that C i-s an in*
prr:venenf orrer B basewise, But there âr.ê yrï,â¡'ìi cral'¡¡

mJ71*'*çm possi-btr-e trases ancl with the worst possibl-e J,uek,

the process would ter¡r-inate after 'chat many steps. Hence

an opf1mal- basis always exists and. ma¡r be fou:rd_" Q.E.D,
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Tire funcì-amental theorem is thu"s es'hablishedu aïld.

the value of the game a":nd. the optirrral st::ategÍes aÐDear

alsrost as f:ringe benefits" The proof is somei,vhat long

but u"ses verJ¡ l"j-tt-l-e sophistjoa.ted. knov,,]ed.ge and_ is rrery

s'craighiforv¡a.rd to Þrogl?arrr jn a digital conÐu_ter'. since

ar¡aila-bl-e natrj-x inversion prÐg-;ra¡rs may be pieced_ i nto

a scherne j-ncorÞorating the repla.cement c:eiterir:n" fn.

the next secl,i-on is d"escribeå an algorÍthm eo.ual-J-y suited.

to anal-ogue comor:ltation.

4"4"1- lEil{ULA For a nor-".n.egative vector x in- n--spae,e:

w. / (,wr)? I rur:"{

PROOF 'lìw i nrlrre.ti on orr n" For one-veeto.r-.$ the eouaJ i Ì;-¡v vv uv., :J L/rrv çL-l *q¿¿ uu,

ho-l-ds through@r't, hence there is a starti-ng:i:oint"

-Assume trrr-e for n=k; for n=(k-rl) tl:le thnee exp.ressions

becomer ål;r r¡ ,Î*nl
(:nr)2 -i- 2ok*l- rñr 4' of,*:-

(u+r) (:cc u "ot;t)
Fornln.g d-ifferences -from left to right:

N,. + ofi*l -(r-u-)a - 2 xk+r.w - ="f,,,4 o 1ry

th"e inductirre assurn'ptir:n and. tlre non-:negatirre property
a1 ¡ \cf tlre ( -t<+ 1rì rrecto:o 

"

{*)2 * ? :ru*rx:r * *l*r *kme *>.m. *1nfi,",

{:er) 
? ^}rr=- *{sc *2 xo*r-:n: .': *".f*r) H

{ {:rr)Z - 7r*,* } - i x - *k-.-t-ro)2 *j nc e iry

K"i-_L

* k lny 1;Ìre d.e-{*
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iai'cion of i;he u-nj-t k*veeto:r" Th.e fj-rsi {}f 'chese ex.lrress*

ì ons i s not positi ve by ihe ind.r¿ctive a.ssumption so the

v¡hol-e d-iffe::ence is alse :r.oi nositive, This esl:ablished-

the ineo-uality fo:: (lc+t) vectors also a:rd the lem-ma is
proved". 4"8.1),,"

LLIL)

-t-g--s r-'

the

tbe

4$Alfr_I-Ç* ÎEQ oll ;*,,1YliilrErRl c 8,q1,,@ ürithnxn.matrix
. Consj-d-er n-vectors y and- z = Sy" L,et x be

n-veci;or nrith components x.; = max ( 0, u i) " Letùu

a variable continuous r¡¡ith reslrect lo ti-n,e.

Çonsid.er the s.ystem of n d.ifferential equations:

Dt]'=){- (¡n¡) y

v¡ithi.nitÍal cond-itions o 4vo e o 4*ur tssv = l-e a I xov.

Ilaving started" as a sirateß)', will- y remain a st::al,egy?

'Suppose that for: some r¡alu-e of t? ¡r¡=0, Then e"b that
time and- for the sarte component D6Fk = xk l¡¡hi-e;h Ís never

negative" The::efore O I y for a}l t,

Tf yv = I at any value of t 5 then

vD¡ts = vx * (rv)(oy) * >nr(l-vy) =O=D.b(vy)

so y\r remains constantly unii;y for al-I t" Hence íf y

s'Larts out as a strategy* it remaj-ns a strategy"

For a mea:aingful solu-tion to he obtaÍned-, ii is n-ec-

essary to shour that x arrd. xv both approaeh zero with
íncreasing h fasi enoilgh to assure that the rate of

change of y beeomes niI. If at a:ry value of t, x=0

tlre process has stopped, so it suffices -bo consid-er 3cé0"



Note that D¡z = S Drtr = Sx -(:cs)(SV) = Sx -(rrv)z

DrzU= s¡Er¡ = sUx-(xv)s¡V =s¡(x - xv X)

a¡d v(x - ¡cv y) = vx - ¡rvvy = ¡<v( 1 - vy) = O

and. since everlr component of v is one, thj.s mea¡s that
x - :(v y is a null vector.

So suppose that O L zX. lfhen xk = O and. remai.ns so

becauge the negatíve coaponent of z c annot change by the
above. lEhue D6r¡ = Dtrz¡ for positive z¡.

Ðr(4) = 2 x¡ D¡x, = 2 x¡ Dxz¡ beeause

when z¡ f O, x¡=O aad nothlng is contributecl. So then

no(xf) = 2 x¡(Sx)¡ - Z w x¡(sr)¡

and su.nulag over the ind. ex j=lrn
O¿(ror)=2Sx-2xv:6y

= -2 :rv :Éy becar¡se 6x = 0 by

tbe skew-synmetry of S. But 8y = z, enô ¡ç¡¡ = xz sinee
everi tine z has a negative conponent, x has a zero to
eount eract it . l[b.eref ore :

o¡(rr) = -2 xî u, whence

Ða(In :or) = - 2 xv to approxinate

the solution of uihi cb recourse is had. to 4.4.I in the
(n)+ ¿ xr I (n:oc)+

50

forn:

+2 (s)å(:o.) ¿ zo xr ¿ z s o*(ro.)å
Changing sign, reversing inequalities, and- replacÍng :rv
bv - * a6(ra:or):

t l+(w.7'1/2ot(:s) 4 u*

ffi
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of vrÏ¡Íeh the sol-ution starting from t = Q j s:

.12
/4 , / \=-\ ¡nLJ+ütx6xoj'J (r+t 6*n**)å) 2

showing that rce ind.eed- approaches zetø y,rith increasi-ng

t, NotÍng +"+"L agaíne it is seerì that :cv. al-so goes

to zera " But x has izo negative oomponents ? so the only
vray this ean happen- 1s for x to approaeh zera" In the

origlnal systeln of d.ifferential equ.ations, then * the
rate of ehange of y Soes to zero with inereasing t"

Because n I y¡ e J-? a eom-Ða*i ra.LLge, linit points

fi exíst for" increasing t, srleh that ¡ç* = 0 according

fo the las'ç inequ-ality, Th-is implies that &* = S ye ¿ ü
Êínce x, f. x aJ*v.,ays" Frlrthec.moren ¡l tra.s a.lwa.ys r"emained

a strateg; * $Õ that y* åç a. sirategy. PtayJ-ng F_Ðy otber
strategy y for P against yt'' fo:: p a-nd 'rj-ee lrÊ"'sa-:

}'Sy* = Sy* y = y#,$Ëy x *yu,Sy d 0

ysy+ ¿ tlr*$y
r¡¡håeh Í.s the condition for S to have solutíon {yu uro* 6 0r\ "

.Since )z:¡,=3, a.t ali' timesu the actual numT¡er of in-d_ep*

end.en"t d-ífferential equations,,ís r-T* a.n.c,L the process

*an al-ways he started by J-ettíng y* = vl_- a"tr.D"

4,,1!- ^j ,n-tü1IYTIÇ P'R-OOF ; frRBfTF--4.RY 1LATRTy GAIIF

abclve p::+of e $)rmmef,yi¿ games are sol-valrle b¡r

a.rbitrary games may be ha.nd.led- through. thei.r"

Sine* b;r i:h"e

-"1 ænni -{-l¡'m
Gf ãlv lr uuur:

von Ner:-mãrur
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'syremetri.uation" of eol-r"rse, the other one coialc be used- too,
but this one yield"s a *ystem v'¡ith f ewe:: cl.iff erential equa_tions "

ïf G has ihe m x n matrÍx -4, a_ad. ,S1 th.e rûn x. mn matri_x

S? then a pure stra-'eegy for F j-s the ch,:j-ce of (qrr) where

o* ís a ma.ximizing strategy and r is a uj-riinising str.ateg;r

in G. ¿- pu-?:e strategy fo:: p is, simi_larly, (s,t) " If F

plaovs q against t he wins âo,t and" r against s loses hím

åsr so that ui j ä aqt âsr By Lemma , .tr. " 2 . theref ore e

t / zS, O /= z, zw = I for sôrne z2 .where w is: the rrector

of orres ar:.d- d.irnension mn, Replaee zS = * fin in the first
of these by the skew-syrnmetry of S.

of f,orm

0r ,4-y 4 xA v,¡here xu = yv = %w = l.
Änd. since a / ze it fol-Iows that a 4* and o f r whictr

qu-alifies x a.nd- y as optÍnal strai;egies for G.

Now a system of rnn d_iffereniiat equations:

Drr=X*(Xu)s
where U = S z , X = ( m.ax(OuUd) ). Brrt because

U ã (aits - o*i) from ;ly - >;A = S z, the trea.tment of
+"+"2 appfies? with X e K{* K/ d-epend-ing only on th.e m+n

índ-íees of G instead of on the r:n ind_ices of 51 .

E:cpand-ing, ã (aotzst äsrzstt 4 a for all q and- r"srt

Threrefor"e ä a.qt ä ".* I X u.*" E- ,",
r - S Ht' F *,s t

çL
L
{i

aqt Yç
,C/¿9vL ? vëñ rL^u¿ù

s



ReÞ4>ressing Ì;h"ese diff'erential
form a:rd- st-mm:i-ng seleeti-reJ-y:

5

eoüaEl-olr"s t-T] eomponent

ñE1Ttt "ij = i \j

F_z
j "t^Lj = j /xr\

\ ¡'c /

41
U

"-i

z_j

-"t -t

z.n'l

Drrj ã xi

¿r ! r\j
tr J- ^i-

(xf )

f \nr\
\flv /

a system of m+n d.iff erential equations u the sirnultaneous

solu-tion of whích system furnishes r<'e âDd. ¡r+q optinaJ,

¡¡ectors for G" Beoause xrtr * Jrv = I alwa¡rs* only m+n*Z

of the d.iffe:rential equations are ind-epend"eÐt" Further,

it j-s a]-so possible i;o start the proeess by taking

xo = $l and- yÕ * v', Q.II"D.

Th:i-s algorith.u should. be very easíly set uç on efr

analogue compr:-ter, and- by eonparison w'ith the previous

ollee should. be rel-atively in-sensìtive to smal-l errors

in the equipment. See in 'this eonneetíon N, i\[end-elsohn

$n) on il}-cond.itionÍng in matrj-ces 
"

Itlt the proofs to this point have relied- rather
heavily on restricting the strategy sets of the gârne

und-er consid-eration" In the next ehapter wil] be girren

,$ome ]ess restricted- proofs of the fu-nc-amental theorem"
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cHAgrffi, v

TJESS RESTRICTED TR,OOFS

5-t THEOREM G = (x,y;r) has a vaLue if f is bound.ed.

and. for O L e, there exists a finite set (*i, o.. =å)
in x such that for any (xry) ia x x y the particular
nixed. strategy xr involvíng only the'previously mention-

ed. fiuite set satj.sfies¡ f(xry)-e I f(xr ry) .

PRgox' The set of vectors u:.= f(xi,y)=ur(r) (y in r)
is in Rn and. bound.ed. since f is bound.ed.. fherefore
a^mong these are finitely nanJr u(yl); j=Irn such that
foreveryyinY t / u(y)-u(fi)/ Ls foratleast
one value of j. / ,ùi(y)- u(rj)/ I ø follows by
taking the i'th couponent of the d.ifference vector,
whose length cannot exeeed. the length of the veetor
itself . llhis ho1d.s for each such length, ie for i-lrm
and a particular j. 8o / f(xirr) - f(xi ,y,J)/ L r,i=lrr.

The sets To=(r{) and fo=(yå), i=lrm; j=lrn¡ d.efine
a related. matrix game Go, which is known to have a sol-
ution by 7.5 . tret the optinal strategies be x'*, ¡r,ì,
and. xr, y' any other mixed. strategies in Go. By 2.7 and.

2.6.2 f (x' ,Í'i) I ,o 4 t(x, {,X') and by
b¡4rothesis r(x,y'j) ¿ f(;',Ði. j=l,n
Sunning ove:e j: f(xry'*) ¿ f(x'oy'd) + e for all'x ia X.

Or.

IE "t:' bf (.x) , /¿ wo + s for all x,in X"

l-. r': :l:r't.::.-:.-:-:
i. '. - ...: .
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Sien*e B1]f I \sñ

B'¡:¡t f f {xi,y} f ixi rT'J}/ ,{ *u
s* r(xå,yå) ¿ r{.xi,:r"} -!r e

.Foi:rui.ng nixed strategies over i;he xj :

f(x'.,tå) 4 f(xuu,x) + e

l*u-i; f (xn ,¡r'n ) I *o /= f (xou ,ts')
so f(r.åotou) ¿wuá f(x'u,ri)
Hence tta 1= f (xu s ,.y) + e

CIr -e.ro øl er(y)
Ilence ovr e { bBf,.

fE -hBf 4 aa * v,Iö 'ÇQ r¡¡h.ieh we ad"ct *3rc i"necrzal.ií;r at

the t'ap of the ¿::age t:a get:

Bb,fl * lr.Bf ¿ 2 s i¡¡hich, ås 'ür¡¡ice ân ¿yþif3¿¡i itv

srsalJ. rurmberu henee arbit::aril;o sma}1" lt'his ean onJ.¡r

he if Bbf * bB.rî. Theref ore G has a- value a-acl 'bhere

exist steategies approximating this vaLr¿e urith ar'l,rítrar,"-

precision, q," E"D .

I = I,tr, al--l- :r in
?E9È!¡rNilr!tiil

f n-n al-l v i r¡ Y,

fnn s'l I a,t xr8.L 'J ":- u..4 .. + rL I J

ín pa"rticular "

for a-l 1 v in Y"

¡tt!|lilltilrl

.ï_ .

5,1" 1

¿lai} g.

CIf p.

PROOF

- ----t.-^& VdILtUs

i¡¡here X*

€*< ; ^ .Éò

COF-OLÏ,ARY A game ürith X f,inite has a value and, P

strateg;r attaíning the value against a1-1* etrategi-es

5-1. a-ppties i¡rith ("å) ë X3 j-:lrm" Henee G Lras

Le'c x -(xr), í=lrm *.nd. eançid.er G+=(X* rY*;fu)

,T* are the eoffirex hu-tl s of X,Y ::espectivety, a.nd

mad-e affi4e ín both variabJ"es. fE f*r ÐLa/J- and.
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[]ren

b * 1, f*(az+bw,y) Ë a f(uuff) + b f(wu¡r)

f*{x.,azrrbw) = a f{xrz) + b f(x,w)
Birf * = tfi- = su.p .bf * (x* ) rr.here :c+ j-n X# ,

Tn X* exists a sequenee of mixed- strategi es x#k such

that lim f* (oukry) * v,r as k goes to æ " Because

u.o e omponent af a ¡dxed" strategy can e:cceed- one e these

vectors arl- have their end-s in the m-d"imensional- u"nit

cu"be in the positirre orthant i¡rith one verüex at the

origin" Thus a eonvergent subseq.uerlee exísts which

apprCIa*h.es a vector x**, Q I o**, lå)c**=f . By the affine
properi:y CI.f f*, lin f*(r*kry) = f*(xuuuy) for all- y"

But by d"efinition of a greatesi; lower bound_;

bfË(x*) f f (x,rk,y) for al.L y" Hence

vr ¿ lim f(x**rff) v,¡Ï¿ieh e>*libits the exist-
ence of an optimal strategy for p" rJ.E.B.

5.1"2 COROT,IARY Tf f Ís continuous, ancl XuY are bounded

el-osed- çubsets of R*r Ro respectiveïy, G has a value..

boi:::d.ed.

ffoad

FRCIOF Since f is a eontinuous func'üÍon on a closed.,

Cartesian Prod.uct, it i-s uniforlaly continuous"

exists e omespond-ing to A /-. ø sr¿ch that:
/f(x,y) - f(x,,JTu)/ { e provided_ that:
/{.xry) -(x' ,yu ,\/ .L C"

[ake (xi) in X, j-=-l-rm sucb ihat for every x in X there
is at least Õne x1 for r¡,¡hieh /x-xi{ / A, This is pos*

sible because x is boi":-nd"ed, and. contains the bound.ar.y"



-/l

Then / (x,y) (xi,n)/=/x-xí/ /_ð,forall y,
so that by a previ ous re su-li;

/ f(x,y) f(xi,y) / / e

u¡hich assu":ìres thai; G has a valu-e, by 5.1 ',ì,.8.D.

5"2 DEFINITIONS A t_opo_logy is a set of sets containing
the intersection of any two of its members, ancl the
union of sets i-n any subset, The union of all- its members
i s the spacq of the topology. This space and- the bopology
together constitu-te a top-q_logical spaq_q" A point ìs a

]imit Loint of a set of points X, if every open set con-
taining it also contains a.point of X d-lstinct from it.
The set X is qompaq! if every infinite subset of X has
at least one limit point ín it. X is separabl.e if it has
a countable subset P such that every point of X is either
a point of P or a linit point of P" Borel's Theorem
cJ-o{-a¡ tl.ro.l- Õ fìêrl/ãqqtyì\r âTì¡tud.uebi urrau -cL,--- *-d- suffici""t 

";"Ut|.i"" t"" a

space X in ¡.¡¡hich each point is a closed. set to be compact
is that every set o-f open sets coverinpç X contains a
finite subset also covering X" :FË A real--va1ued. funci,ion
^/ \ ¡f(x) d-efined- over members of X is up,rpeq sqm:L-continuous
qt a Y i r for any positive e 'ühere exists al open set.ro yv u¿ v

U containing xo such that f(x) / f(xo) + e for al-l x e U"

Affj-ne has been d-efíned. in ,"I"L If F=(fi) i=l,m
i s a family of fu-nctions, then F*, the family of all
possible affine combinatj-ons of the fi, is the qqnvex

laq.ily generated. by F" A function is said. to be concave if

âF* This is certainly true of a bouncled. subset of an

n-d-imensional Euclidea-n space,
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for A ¿ k {" -l.e

a}l aarrenio

fhe cther w&S,

F,ct112 -l i trr hnl d q

l:Qgq_e_ is a set

eoir.ntable: f or

a(x+y) = ax"+

elements of .bhe

nu*nb ells .

rs(a) .þ (r*iq)f(b) ,4 f( ka + (1-"'-1-)h ) -to"r

the d-c¡rain of f ^ lf th.e inequal.it¡' points

then f is eonvex" Note that when the

the fu.ncti-on is affine " Ä real_, Iineas"

of elements x;y"¡z not necessariJ_y

= (ab)x, (a+b)x = ax + bx,

T¿- r¡Ìr a r a 1' p¡ rr¿l T¡ p r¡ì ê Ê ?1\It vf-r¿Lr u rt q4u d¡ a¿ u qLLJ

l^, eFâ in +he fiel-d_ of ueal_q.L V JJ¿ WJ!

dç.

The fo]low-ing paper" is an originalg althou.gh short,
coil.'rlribLltj on to th.e ar.t v¡hich has been used. T:y ri:,=.ny sÐ-b-

seqt'len'b investj-ga.to::s a.s a ba.sis for new resu]üs. Be*

cau-se ao tran"slation Ïras been ar¡aij*å¡le ïo d.ate, this
transla"tion is inelud-eß fcr the benefit of -bhose r,r¡ho w,ish

i;o a*cru.i:le an acqu,ainta,n.ce and h.ave not much knov"¡lerlge

of ]Vja"ihematica.l French:

}"?"]. TR,ILNSL.TTO]S OF KT{ESF" ßo¡

nJ$ßIIElrtÄTrCéJL IJ{ALYS].S "* tn a tr'und"amenial Theorem of the

Theory of Ge,mes, lYote(Sessio-n of Ju::,e 4"L952) by 1,4r"

I{e}}nl:"th- Kne,Sot'. :rì'râêqontaâ j:,t' igr-" JO*eph P&:låS "

:l generali sation of von Ner-:¡rann.ns fund-a.meß"ta"J- thecrem

in 'uhe th.eory of gaües(l'¡atlr" ;ln:a" i ÏO0, 3_g?*8" "p"Z}S*VZAi

J" vûn- lvelrinann and. o. ir.tlo:r:gensterr.r, qHEOEy c.F GajVLES jr]ID

H*OtüCIi'IIç BiiIiAVïOuR ? 3"94+)



lIrEqRq{ (N') .- }et:
(1) K and. I be two convex spaces ( for exanple two

convex regions of vector spaees ) on the fie]d. of real
numbers;

(2) f(x,y) be a funetion, linear in x and y, for
xeKand.yeT'l.

(]) K be compact ( by "compactt' we do not uad. erst and.

that K be separable, but ohty that Borel's theorem be

vatid.), for a topology i¿ which each function f (x,y) for
fixed. y e Tr is upper semi-continuous.

[hen one has :

sl1p inf f(xoy) = inf nax f.(x,y)
xeK yel yelJ xeK

Thj-s is a quite broad. generalization of von Neumannrs

f r¡¡d,ameat al theorem in the theory of games" Other gen-

eralizations have been given by l\[essrs. J. Ville ( E"

Borel et al . TRi.IllE ÐU C¿.ICLT, ¡ES PROBABIT,TTEÊ ET DE

ËES .A??LICA[I0NS. 2, 1gã8, No. 
' 

), A. i¡tald (ana.. nrattr"

46, A945, pp. 281-286 ), S. Karlin ( An¡. tfath. Stuit.
No. 24, 1950 ), aad others.

llhe theo¡em (N') is denonstrated by neans of three
lemmas ¡

],EWA ¡.- let f anal g be two linea¡ flrnctions, upper

s eÐieonti-ni.lous in the conve;ç, co!ßpact space K, aod let
the nin(¡(x),e(x)) 1 0 tox all x e K. Ohen can be

found P) o and <r )| _ _ ___ _ _ 0, su.eh tbat f * o = 1 aod.

¡ r(x) + c g(x) /_ O for all x e K.

ÂO



ÐU

Tc prûve j.t ]"e'h l{(}T) .be th.e region"

Ð ¿ r(x) {. a ¿ e(x) ). 3n M(t[) one ]ras

The :regions h[ a-::d. IV are compaet. ¡.¡,r:-thou.t

mon" Tf i\[ o:r ltT is enpt;r tne takes P = .t"
i

Othe::rnri.se, setti ng:

of tr- in
c"fo) / ñ
(l \ i:1

a poini;

Õ-*I

i"¿hich

( s(xX
ín com-

or û"

=M

,oa*. -Hi.Ð = :g(g) = Â
xøN *f (x) *r( cr) {-

and ealcil1,ating g(x) L A at tbre point
pq meets the hynerpJ-ane f (x) - {), one

r,et Y>vt, á>i8 , yÊ = J,; then one,n
ñ = _*L= =:P:, ff=Í I * V -T"'. l

o

where the segment

find.s eß I 1..
I : -1

ean ta-ke

V
Ë- -,T,,.V,ã

f-Elqv4 2(n-),- let r1(x), o o o e frr{x) be l-inear and. uoper

semieontinuous functions ía the eonvex ancl compact spaoe

K" an-cl tet rnin f, 1r¡l / n. lr-l -rr: fnr sl f x e K. Then=.9 lJ.l¿¿¿ J"lt\¿¿l r'* -'9 ¿!-$ ?J¿' ¿EJt

can be found. Pr.àO (k =1,n), such that Epo = 3 a::d.I Ã I."
-h(x) = /p.,-f.-(x\ / O forallxeK._l K 1{.--" ¡*

The ]smma 2(l-) is trivia], Suppose then ihat L /_ n

and- i;he lemma 2(n-l) hold-s. One can then apply 2(n-1)

to the regíon û ¿ fo(x) of K ( iC it is ne¡t empt¡r, in

= fo ) , and" i;o the functions

fl-,,'" fn*i " let I * 
ë*¡t¡ he th.e functÍr:n obtajned-"

Applying lemma I to K and- the functions g and- .f,,. r one

finCs h = f* + tr fo* tha't is to say 
fW = fuO, 

k=L,n-1ã

which casê h would. be taken
r'r--I



0-L

aild- þn = tr "t'-

!$ws ã"- tinder the lr.ypoth-eses of iheorem (m') either:
{a.) There is an x e l{ sueh that O d f(x,p) for

allgæLç
(h) Bhere is a y e i, sueh- that f(x,å,) { 0 for al}

let u-s slLpjlose (a) fal-se; which means to say; to
eaehxeKca¡rbe a-ssígned-a y =p(x) er sr.¡"ehthat
f(x,p(x)) { A" T,et y" be the set of x e K w}rieh give
f (x*y) ¿ A ; åt is an open set i-n K" é-s x * yp{,.) 

3

K =xËfYp(*) I a fin*i-i;e numbe:: of points X¡ = p(xk) are
il*r:rnd such that E = TJ T__ , '6hat is tc sa-y for al-t x e -E

1¿=l: n YP,

mi-n.,, f(xryr.) ¿ #" F'om tlte l_enma e it .foJ-l-o¡¡¡s that
.f,(x,y) 4 O for a3,l- x e K if or"re tâkes
The::efor"e (b) is valict_ if (a") isn¡t.

y = X¡rrr"
Q"E"n.

I[ouru to cenonstrate theocrem (li') lemrna J ís app]i_ed.

to the frznction f(xu}r)-c whieh i^s itsel_f upper semi-
eontj-nuorr-s in x and- linear Ín:r and- y" Tf, (a) hold.s there
is aTr. xo e K such ùha.t the fu-netion Ø(:e) ft inf f(x,y)

J/el
sai;isfies *" { Ø{"x} i then

{a') e /_ su,p_ inf f(x,y) r sup Ø(x) ã L' xeK :rel xeK

rf (b) hr:l-d-s there is ä. ro€ r; sue.h tha'ç the fr:.nction
F(y) ä max f(x,.y) sati-sfies M(yo) L *; then

(¡' ) B * inf Ø(y) ; inf mas f(x,y) { e.

ffaking c * B makes (br) imgxossib-, e, Ês tha.t {a') hor-d.s,
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thaË is -i;a say B ¿ A-" The

A 1B 'bein.g etr-emenia::y, tbe

Let u-s remar"k, fínall;r,
ì:y max in the enunciatioa of,

ì tra¡trrl'i l-tr4¿rv\¿u-ç r_L u¿y

is estahlished,

rrê Yãên I tF^d

protf, *f the
th pnz"arn f lr c \

\. ! j

'nh¡¡t q.lìYr r¡r\r'' *t!

the theorem"

Kneser's v¡ork

eu-thors (I3,Lr r4L

v¡ill nov¡ l'le qir¡en.
Ð

seems 'bo ha-lre inspired. a nu"mbe,r Õf

for exaarple) and- a" eouple of examþles

5 ^V fN¡UCTf ON ON JtN AFFINE FAJ',trLT d-r:e'bo J"E"l" Peek(4l),

g_L{,EA&gU (N') - let;

a" *'ol1ve)i -erzbset of, a real, iinear space;
{P \ r^^ r-r^^ fom.i "r-, 4.F +,,-CtiOnS f., (X)\ .' j- / L¡ ç u r-¿ç r cru¡, *" 'JI r u_.i1

affi-ne in x: for x e K;

(iii) pn = ( x:x=mrflri-=lrn;fi_eF,O/¡rirrrrr=J-) be ti:.e
ê ^?1rrêrF f omi "ì ¡r cron ar.gt a¿l Ïrrr S .ç!¿u¿J õç¿tv¿ Gv vu- uJ

Then

FR00F ForxeK

sltp tdn f (x) = mj il
w_ F* F*

and f, s Fu f(x) /_ ,$u-p
lt
LL

snp f(x)
K

r (x)

tu j*lrn-. Bu-t

f(x) Ë su-p f(x)
K

for alL x, @ K-

04 tl

therefore in partícuJ-ar f¡(:c) 4 r¡

f u(x) - ffiif n(")d mr(sup f (x)) i E ü1r ËupL,JscK-r-lK

'$o that

In parti cul-ar

f * f -¡l /t_

clrn e* 1o\* *,J ,1, \.^ /

glir\ flf ¡¡-\
"- *:!

/ Êì'trr trlr-l
L*-.L' 7

l\

.s ro.l:lr n l -l ¡rBut the rj-eh-t-hand. mero.ber is attai ned- ? ßo by

so that equ-alityd"efin-ition of f 8, suæ f {x) ¿ sup f"'(x)
K. T{"
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prevails and. sr¡.p f (x) Ë sr:p f* (x) . P.etr-rrning to
the p:rer¡iou-s ineo_ual-i-ty and- maJr:ì ng the above replacenent

f * {x) ¿ s'rp f,* (x)

m:in f"(x) / m-i-n su-p fn(x)
slrp nin fs(x) ¡l mrn sup f*'(x)
KFs*r1+K

R.,,t min r"*(u.) is got by taking fu(x) = l- x uin f *(x).r_rLr' t:"" ¿ \^./ 
u

Therefor"e nin f*(x) = mj-n f(x^) for all x e K.F*tr
Hence al-so their least u-ÐÐer bound"s

sup nin f(x) ã st-1p n:i,n f+(x)gFI(F*

lret ihis common- value be w ¿ ni_n sutp fu(x)
F# T{

The theorem. is evid.ently meaningless if w is infinlte"
-t et Gl i w l mi-:n su.n f*(x)

Fr* K-

Ecr.uality 'Åú]1 always hoi,d. if a. fi-ni-be r,E and- gs e F{, ean

be f ou-ad- sueh that g* (x) dl vr and su.p e* (x) { ,,
K

[hese i,iril]- be exhibited- r"r,ath the aid- of tvr¡o lemrnas"

irElifl\LA f- For F n (fc,fl) u let
T,et M(x)= (m:

f'* - mf,.a "- *o1

rfi(x) ¿

fl-mlr " Hencet* *'-o-

+'\xØ:d-). '.J11ere

Jr

vfeFä.= (f¿: *{n{t) "

âre thr.ee nossibÍ-l_i ti es:

T" rv 4 fo(x) and ,ff /-

f * íxl exceeds r[1T +(l*m)v¡ =

:llso v¡ / mi-n f'o(x) aad.
F*

-bracl"ic{;s the d-efi-nition cf
-hh."rc'¡m out 

"

IT" .r*(x) dl w a,r:d- fr-(x) /: r* for al't_ x e K" Then

eå(x) { v, for all n and. th.e -l-euma j s tru-e trir¡ial-l.y.

f" (x) for: al-l x e K- . Ther:l*-L u--,

v¡ for a-1]. m and- a-}_l- x e K"

io,r ¿l sup nrin f " (x) r,¡hrch con-
KFË

yi" Thus thj-s possibiliiy is
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ffï" There is now l-eft il:e reaJ"l¡r i.4.1;e:r'estjnp: casee

v,¡here n f one of f, (x), j =0rl-; a,nd- *l:e other fr(x) I ot

a"x ea*h point x e I{" ff in the la,tter j-nequalit"r'. for
sorle )i, eqr''-al-i-t;' p eerrai.l-s, then la(x) * {CI) or (1) . I-f

o:r Ì;he *-bher han.d., r;he ecli-:-a.3-i.r:y ì,s ba.¡:-ced-, then li{(x) ecn-

sists of a" eo:atinu-urn of valu-es i.¡ Qlml),

Ça-ses ïI anci" III eon.fo.rrn with che d-efj,.nj.tion" cf r¡Is

so fo:r everJ¡ x @ K, It{(x) exj-sts i.n 0 d n 4 } an.rl- contains

one e*:d,Þoi::-t {TïI) or l-roth end-,ooin-bs (ff ¡. Tf ffi lu(x)= Ø,
K

the l-emma Í,* not t::u-e, sirlce there i-s nô m for v'¡hích.

--ffr(x) { w for al"l :-r e K" Therefo:i:e it is nece,ssa:::¡r'sr}

ex-hrbi i nne poi-nb in the j-ni;e::*ec1;i-an" On"i-;r ca,se II_l

-'l-ead,s -bo ;:on--";::i-vi-al, co-n.si-d-era'Li ons " Let x = a-o an-d- x - b

i.there:

^ ^.. / \Lr e .t\./jL a.-l 0/nl3.
2 /'s l e 1!{i?¡)

Then:

ir-) .16(a) = *rr(a) + (:--o1r*(a) = ru(a,) 4 ru

cf (a) = l-fu(a) rr (r-r)ç (a) * ft{e") } w

få(b) = CIfr_r.b) + (l*Ð)fo(b) ä fo(b) Þnt
rl(b) = rrt(b) + (r*r¡ro(b) Ë r}(b) lrt

-4, constant conve){ combina'cion rr,ri-11- rrovJ

a I n" / h an"d- i'bs ecnstant value proved- 
{_

a{3n{3"

Oeln( a)

L noi;

ûd.rf (b)

L IùJ

fou"nd- in-

ñin*e ffr{x) å rufl(x) '+" (l-*}r*{x} ìry d.efi,:r"-r-tio:r,

ii::" n:rd-e;: for the convex corrhinati-on i;o be constant;

rfi(a) = mf.,- (a) '.(.l--mlro(a-) E få(b) = mft(b),.(tr-rn)fCI(b)

-r-[- -: ^ ^ - ^-i 'B .-rr l-s easl-¿y verifj-ed f-nom (f ) that the solution i"n..r

he

fnf

*]r¡en

{2\
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rf (2) sati-sjles 0 f n ! 1 " Ta confi::m ffi as constani;:
f*^= fñ (a+u(n:a)) 

'¡rl:ere C I ls(æ) / It-) o
= f,* (e) + kfi (b) * kfl {a)fO lf L^ 

"rc
= få^{") from (3), Proving

fhe fr,:"nciion cons-l,anil j-n a { * 4 b.

lvo*¡ consid"er the point c e a / x ¿ bu such that
f 1.,\ {j (^'ro\ç/ = .r-l tÇ): whoße ex-i-stence is guaran-beecl by th.e côrl_
tinui ty of rh.e fun"ctions ancl (l). Norv f*s{c) = f"(c) = fr(c)
becau-se the forraer is constant in -hhe interval. _¿il-so

^qrlppose tha.t vt / f {e1=t le ) - f ( n\ r¡¡lri .* t: ,irH./=rô((.:-¡ =r1\C,' r¡¡lrlCh COn-bracli cts
-brre hy¡:othesrs tha'b at lea,st ön-e o-f the fi¿netj ons i-s
¿i vii for all x. I{ence få1": d vr¡ and. sinee arr.. co,..re}i

r-L

combinations harre the same.value for x = e, w d.oes not
fa'11" shorb of th"e reast u-pper Lrou-nd. of such, estabrishins
'the lemma f or üwo fu¿lcti ons "

!El4-uê 2(n) The lemma 2(2) iu-st having been prorrede ,,ssu-ae
the lemma z(n^L) ' Let F ã (for. "frr) and- Ko=(x;fn(x) ) w)
this w being appropriate to F, Ko is a corlvex subset of K
since fo is aff:i ne" If Ko.= Ø tne lenrmø Ís trír¡Íaffy true"
Assume the::efore that it r:as at -r-east one elemei:t. ret
Fo =(fl_ u frr) , By 2(n-l-) flr.ere exisùs p4 ía S,fi

such that p*(x) I ,,0, x e K" -Al-so sup nr:-n f (x) I w

K-ö F0
becau-se fo mrgJ't concerrrabry be the rargest function in
F" But min( ro(x) * pu(x) ) 4 *r x e K because j_n

Kou p* 4 vr and out of Kn r r 4 vr, Hence the tem-ma ís
esta.lrlÍshed. try applying lemma I fo the family (f^rpu)
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having 'bwo memj:ers. Let the ::esui,ting functlon be sr*

T}TEOEEI'J(NI The existe¡-ce of g+ e F* sr.;ch. ,uha.t gu(x) I w

K allows the eoncl-usion tha_t the theorem:ior alj ]{ e

is valid.

5"1 "t FiliqpiÐlEMllr, THåARI¡{ ter G = ( x, ï; r) be a same
lvith Y fi-nite. Let G* - ( xu ryu ;f * ) be the extend ecl

gaüe" Then x* is convex by the d"efinition of a nixed.
strategy: f* is affine by d.efin-ition o_f expecbation varue,
sc! Èh:e f*mily of funetions f"(x) ñ f*(x,y) sati_sfies
the hypothesis of the preced-ing theoreme r¡¡ith x e )(*
and- y € Y, the l-ast bej-ng a frnite set.

so

hy

I{eac e

that G has

th"e roethod.

suÞ mj_n fn (x,y)
X*" y>h

a val-ue and" F ]tas ar.

of 5"1"1

= Tni lr sr]-p f u (x, y)
YË X+

optímal strateg;r

Q. E.n .

5.4 tAEOREI!1 du,e io J.E.t. peck an_d- /r.t.
I,êt (1) y be a subset of a realu linear
trinear extensi_on; *X.:" a eonvex su_bset of

Dulmage (+23.

ñpace; *Y- j-ts
a real , linear

spaee 
å

t2) f be a real_-val-ued- funetÍone coneave in x and.

cÐnve). in y, f nr x e :X- anrå ;r g *y*
(l) -X* be eompa.et in a tepr:J.ogy

ås T-tppeï seni c.ontj_nu.ous j.n x for ever:y

of separaüiçn i.s a,,ssumed)

å

f o:: v¿hj- eh. f ( lr, ¡r)
y ê T;{no axj-om



Fr7

Then ån.f sup f(xuy):Y* *g-

Tilze theorem i_s establísl:ed.

-l."em:nas:

st-zp i-nf f ( x, ;')-x* -1r

neaÐ-s af th-r:ee

=Õ{> 0e

?rw

Fr:gWå-å If f and g are ::eal-e eoncæ.ve functions, upper
semi*continr:-o¡-r-s on thre cloïlvex. compact se* K and" i.f,
iyl*. ( f(x)*g(x) ) { O tar al_'L x. e K; ttren for a.t_"1- x e K
exist P and- ffi sa.'üisf¡ria* t¿puæ anrl p+8=LI -ú----L * f t
si,reh tha'c p f (r) .i- r g(x) L t

le¡; M(lT) be the sur¡set(s) or r- f,or whi-ch o¿if(x)

dalg,&) ). U.l and. IrT are compa.ct and. d.isjornf since ihe
hypoühesis cone erning m:'"n(f ,ß) prerre:nts bath fun_ctions
fro¡. heing si nu.lta,necusl,¡,r nasitir¡e, f f (3,{{i,T} = né, -hal¡;e

f = J-" or 0, a trj-viaJ- si,tua.tion" If x é M U N, take
å,ny 6 in A 4 æ /* l- a.nd- another tr:i-.¡rj-a,,N- siiu-a.tion eïtsltes

since ân¡r çotro"ex combinatíon of nega.i;i-ve fu-nctjons is
a.lso negatir¡e " O'hherwise * set:

M

rlnì
*e(p)

o'f .r I
"A-\ïi-

-rln\

fl¡.1
nn-r s \"L/!1oå -"'-_-

-s(x)

tìr\ Â./

-r( x)

u.pper

and, e

ovez. K, hen.e e

the a.]:ove d_o

I Ucr.;-

ï{

Beca,i-lsefand.gare

over itf ana N, p e M

exíst "

Now fiq)
llence k f{p)

semi-continu-ous

e N satisfying

=P

{
+

0 and. 0
(r*k) r(q)

/ t( n\.þ ¿ \ i-"/

v9

by d-efi-r:-i-i,-íon of I\["

A L k for some k"



f,y d,efinition of a coTLÕa1,¡e function:

c = irr(p) + {r-u)r(q) 4 f( l,ip + (r*k}c )

Fherefo::e kp + (f-k;q e M and. sinee IU and. N ar:e d-is-.

joint kp -i- (f-k)o-, é lI" From th.e d-efin_itj-o:r of N

g( t<p + (r-f)q ) {- 0 and. I j-s concave, so:

kg(p) + (r*u¡s(q) ¿ s( kp + (l-r)q ) {a"
From the clefin-ltions of N e þ, and" k;

v¡hile

Hence

But e(p)
ï{enc e

f,et

{" (r*r ) s( o.)

/* (r*r¡ ffit{o,)

q

W

ñ
{

and- take:

#Vã
1 +{

e(x) L 0

+ r e(x)

8*:-
hence

L

= -/ --\ /
}lt{.i-J t 6 &.¡ Y_¿

lJrY

The fracti-on h.as both parts posi-b-ìve ancr g(x) 1_ Ç, so

the COnrbila-Linn i c nan=t'irrs, pr.Orring the _l-enrma i_f x e [,[,

€Nrx

r>f ( v\

é M, so Ð ¿ e(x) anct f(>r) L A hence

*fre(x) 4 Ér(x) + 6( -:Ær(:c))*ft

* r(x) __{. { =*p^} / a1+Ñ

f(p) tr -es(pi , s(q) = -pr(q), f(q) = l_q(il**

î-nnrn i.he nr.oneedi nc" i nenrr¡l i'l .v l¡-crlnìvvuurlrrrb ¿r:vYuq¿¿ uJ J!ó\lJ,/ {

,rr- J-_

/1 r \ / \t'l*l)crxñ!-
\-" */ (]l\ \1/ 9

'l¡o"lnl

rN NI

ïf x e L[ u ]e .d Nu ,$o

¡ r(x) + øs(x)

k*L

0 l:y' d.efinåti^on of" -ú
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Therefore '6he lemma

been sho',v-n true for
n.either'" it istrne

is val-i.d- fcr x in N. BLi.'6 since it ha.s

:e :i n I\{ anÖ is tri-vi a}ly true for x in
tar a"ll- x in K.

lg$\ß 2(n)* let fi, i=l,n be a set of real eoïr-ca.ve func*

tions on the compact" convex set K, for rr¡hich uri-n fi(x)1_ o

for all- x i-n I{, Then exist f :-, i=I,n such that O 1p,
ãp, - 19 h(x) = ffrrr-(x) L * tar al,} x jn K"

v

leruna 2(1) i s trivial" Assume I / n and l-emrna 2(n-l) "

If (x:f,.(x)¿O) ¿ Ø, take h = fn" If (x:Q¿lfo(x) ) É Ø,

appty 2(n-1.) since 'th.is i s a subset of K a-nd. henee eon*

paet and- coïr'vel{" Let g æ ã*rt, :r.esi,tlte collcave and- up*

rÐer serni *eonij-nrrou,s, si.nce al_1 its +omponents a-ji.,e. .{:-1so

g(x) { A everyrnrher"e so ihe eond-ítians of 2(2) are sa.tis-
'i-i erl 'l'lr¡ rr .q nd irþ*T1 "

and j;he resul-t i s

LEilfl\LA j- Under i:la¿¡ hmn.'l:l.rocac nfU¿¿U 
'T.Y VV L'TTUUUU VI

ETonn a -hi¡ T.amrnr!çrrL;v uJ .r¡ç1rr,rfl i, Ll * f8 + ffif 
TL { Õ

obta.ined- vi¡ith" f f f6i, i- *,t- , D:I i pn = €

theorem 1.4 erther:

A 4 f(x,y) fo:r y e

f,(x,y)y'0forxe

$uppose (a) false" Let y = p(x) e f ; f(x,p(x)){ A"

let T-r* (x:xe-X-, f(xry)y'O): âr oi:en set in. :X: sÍnee

f(xuy) i-s L:.pper semi*contj.nu-ous in x by hynotltesi_s.

But every x G 1,.,1_l , s(l *Y- i-s coÌ¡erecl by LT y^/*\
y \ r-.' xe_T_ :r\ ål

å-nd" since èËís compact, a finite n¡-nber of yi= p(x:_)

exíst 'ç.ucln t.nat -x* = u Y-r. rn eaçn rv.,_ j t is 'hrue
.ltr=LjnJiK rY:

(a) th,ere is
(b) there j-s

e {': such that

e Y such i;hat

r

YPTT
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*'l"=i r{=r v \ d 0 f*r E in *}'* so lemma ?-(n) ¡ri e lds a¿ ... ,.".1_,, 
n.

r.eg=f i-ire neaï:l h(:.:) ,-E pv f l:r.yl.) . Ccnsi ce:-: tle
i- . 'Il,'- r:

function *¡alç"e af y: Jt- ÐÊi"J.r a.c.d_ beeai;-se f(x,;,.,)
1 í -- --

j-s conrrex -'n Jr: -!-

fL
fl-.-"\ /f ñ. flx.v, l /û- \':', t¡ / ,- å_ Nk . . * 9 "vk,' .:_ '

-t
ilec,al:tse O / a."

^llì" t

sr-rp inf f(x,y) =-x- *Y*

This pro\¡es (b) valid j-f. (a) is nct, Q.E-} ,

î{"x,y} e he.s al_} the ¡npe::ùies o.f f,(x,y) sÕ l-em_

r-n.a 1 r.rr"ay be apÞlied, to it" I,f (e) j-s .b::r¿e, tlten for:
x* e *X*": Ø{y) n inf f{x,yi satisfj_es " I ø(xo) sÕ:

(a-u ) e 4 sup inf f,(x,.y) = s".'+. #(x) = A,*¿"* : *){*
ff (b) is brue, then fnr y* *iñ: u W{y}"" max f(yuy}

*x*
sa.tj-sfies tr$(¡'ci I e " Ï"{a-v.- is used- .*athe r "bh.an slr.p 

e

treca-u-se f{xrF) ís upper semi-contínu-ous j-n :c and_ attaj.n_s
j.ts u"Ð. er bou_nd. Then:

{u') B = itrf .ø(y) æ inf, max f(x,;r) { c
-r" - -y- -X--

Taking e * B makes (u') impossi-bl_e so (a,) hold_s, *rhence

B { .L nravin.g the theorem"

5 "4,- "J. 0OROILÀRY 2"7.2 states Ã 1- B always. The-re_fore

j-nf su-p f(x,y)*Y- *,Y*

r,rii'ch. Y Ë -y*x proving the fund-amenbal 6r_eorem of,

fheory ffrt.Ì: :X: and_ -Y* laixed. sü::a.tegy "sÞaces"

5"+"2 COROr,t_{tìY ff f(x,y) is l-i-nea.r tn y for y e -y:,
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blaevt çf *- Ç-r- *- \-L\..-"¡ e ^1Ji_ì
j-nf f/- -'ìa \4?J I

-Y-

so that onee again

,s1rp ínf f(x,y)
-x* *Y-

b k¿ f { *, tsi ) so i;hat

i3f >- tir(x,tsr )
-r-

ärii3f, f(x,yr)*Y
- {nf f/- -" 1 Ç i-* *ì"r, J- \ _4- ).y i y' ,4_ Ltiv-
= inf fl¡¡ ¡¡ì* \ -- "j eI ."

t

= i"nf sTrp f(xry)
-Y* -X-

1"4.7 Ç.OE-.Q]:!4BI If f(x,I) d_efined_ on -X- x y is exüend.ed-

i;o "-X* x -Y- by l"íneari-by i n- y,

exist * { Ø{V) a.nd. unrestr:j-cted"
.!"s compaci i,n a topology in i¡¡l:ich

coneave and- upper serni-eontrnuous

ÊLrp j-rrf f(xu.y)*x* -y:

and- for alJ, ¡r j_n -Y--

d(y) such tha'c *X-

f:tylf(x,y) + ú"ty) is
in x, then:

inf su'Ð f(x,y)*r* -x-

Ïet g(x,k) = Ø(,"k)f(x,k) + d(k) " *X_ is a conr/ex

subse'ü of a real, linear space a_nd. hence contains non-
trivial-l-y an iirfinite number of elements. Hence by
w. sierpi-nski (4?) every infinite subset of -x- has a.

non*empty d_erived_ set in the ropol€y for r,vhich _X_ is
eompact (Page 1+) u -bhat is the one in v¡hich, g(x,k) is
upper semi-c¿:ntinuous in x" Defini-ng su,eh a. su.bset ìry

restrieting g(xrk) generates a su-bset id_entiear Èo, or¿e

generated by restricting f(xrk). Hence every infinir,e
subset of -x- has a non-empty d-eri-ved. set in the top-
ology for which f (xrk) is u-pper se¡ui*continu-ous ia x"
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But k e Yu hence 5,4 applies. The extension of _f by

li.nearjty satisfies the requiremeni,s of j"+"2 thus est*
ablishing this co:rollar¡'" In faet,, íf both inf and sup

of f(xry) over -.X* are fin:ite" u-síng notation from Z"?,Lz

be(y) = Øi;')ur(y) + ú-ty)

Be(y) =Ø(y)Bf(y) +ú_&)

Since g was nr:t specified- exaetly, set Bg(y)=1, bg(y)=0

for every y in Y" Then

d(y) Ê *nr(y) (nr(y) -br(y) )-Ï
Ø(Ð = (Br(y) *br(y))-1

and- the game (:X-rY;f,) possesses a val-u-e i_f and only if
(*X*rY;g) has one" This last niøht be termed- the asrì:

oe ia.ted- normal-i-zecl game " O. E. D "

H" -L\-ikaido (40) and_ !üatd. (50,5f) a:re two au.thors

r.E-hose nCIrk ís generalized- by the above theorem and cor-
orlaries" 'see the orígina-l ,oaper for d.etairs. Ky pan(15)

has developed_ a number of minimax theorems not invol*
ving linear spaces u_sing this sarre general method-"

5.5 LOSolgGI-c4Ir FEQOI' du.e ro J " Nash( 5? ,\ .

KÁJrus4{L:Ë__qi_XEP .FQII{T .-äHqpBg,U sj_nce rhe proof of rhís
is far eiutsid.e the pur\rï¿e of thís ,uhesis, i;he resu]-b

nn -l r¡ vri '1 I Ï' a' 8'"r 1¡€n I

ff x Ø(x) i-s Ðt3 LLpper sem:i**ontinuor;_s poi,nt-
to*set mappJ-ng of an -r-clirrensionat c_l_osed. símplex S

i.nta K{ffi} 'th.en the:re exisis an :eue S *uoh þlnat xoø frdx*},
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jtTÁ,SH'S UHHORE}i A qane with- n" T:lay*rs* each.

Ìrr'1'l"ê q,tr-qtec"w seJ: - and r1 ef-i n-i ta n.cvnf f s to

-f or each n-tu.pJ-e Ðf plr-re strategies. lVIÍxed

are discrete ilrobabili'hy distributì ons aLrzd-

e:ïrecial,i on r¡alues .

r.,¡i-th. finj f c

øsolr, rr-l :r'a-¡

s,tÌ-:teøi oq

''l-1ro nor¡nffcç'-._ ¿ u

An n:tupl-e q*auü.ters anoiher" j-f the strategy for
each player in the coun"te{Lng.-g-_jg}-S. ;rield,s the highest

er.pecta.tion vallr-e pcssibl-e against the other pla¡rersu

strategies in i;he cou-ntere_d. _n*tuple" ff an n-tuple

eollnters itself , it is Ë-q}!:-c-g:Egl-gJå+.Ë^, and. is in some

d-egree op.bimal because no one -pla¡rer alone has anything
'bo gain iT] varyin3; bis strategy singJ-y" Bhere is hence

a certain stabíl-it:¡ assccia-ted- v,rÍth this si tu-ation and

a"nothe:: term for su-ch an TL-'rluÐl-e i-e equilib::ir:_¡o uoint.

The man¡ine defi:rerJ h.' ear.h rr-trrnl.e qoins into the"..y.." Jrrvv

set CIf all Íts cou"n"te::ing n-tuples is a one-tc-maTly Õr

point--ho-set mapping of 1;h-e produ-ct space in1;o itself .

Each set of corintering poi-n.ts is convex -by d.efiniti_on

CIf a nixed- strategy and. the payoffs are continuous

fu¡rctlons on the prod.u-ct space? wirich cau-ses the graph

nf :hhe m.enr-r'incr J:n tre n'lnsafl" FO:: if (z¡) and- (U.) are¿¿ t"t 
u

sequences with l-imj-ts z* and ri_* in the prodr:-ct spacer

a.nd- for every k, rlk courlters "ku then u+ e&lJnters %jF "

so the mapping precj-sely conforms to the Kaku-tanj rheorem.

By this theorem sorn-e n-tuple has a. point i n its inage

id-eniical to itself , hence has itsetf as a eou:.nterins

sl;r:a.teg)'r hence is a:r eqr:.j librium point" Q,.E.D .
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Sinee the d-e¿-ini.tion cf an eqrrj-l-ibrÍri.m -lroint 
',u¡hen :L=2

ås the -qame as a pa.i-:: of *pt-'r-nram strategies, ihis theorem

:"s also a r¡ery brief." r.r€r'J ei.egant proof of, tlre fu.nd.a*

mental 'çheorem"

In generel. this theor"en gu-arantees ai: Ieast one

an¡¡-ìlilræirrm ^Oint" Thefe COUI-d_ be Sever.al - lrndap1wino:Ll".r,vv.!rruG ¿t¿vrv vL,*¿s J,¿ ÐuvvIq¿g w-ItuçlJJr:jð

the f aci that onl-y for i;he iwo-person. zero*surn game i s

the concept of value d-efined-" This proner"ty of the

gen.era.l game raises the exciting possibi"lity of con-

pe.i;ition-prese::vin.g mutu-all ¡r benefici a} coalitions of
al 1 1.he n'l arrers v¡orki ns i n eOfÌCef'C "

The sane author has wrÍtten Ð. pa:Ðer prorring ì;his

theorem dir:ec-bi¡r by the Bror-Lv'rer Ï'ísed. Foint rheorem"

5.6 g?UçlæÃryÊ_Sgl4llWlÊ It ís seen in rhis chaprer rha,ç

the fund-amenta]- theorem rnay be prorred. in many Cire*t and.

indirect f ashj-ons. Some af these .troof s aï'e auite sl-r-r-

prising a.t fir:st gl"ance" Common to all has been th.e

fact thai- a nore corçrehensÍr¡e theorem was d.erived_ first
and- the funclamenta-l- theorem of garne theory out of it 

"

Tirj-s seens to be one of the good things abotit the theory
cf gaaes 'bo d.ate- ít stirnulates fund-arn,entar- l',¡ork in many

rel-a.i; ed- Cl scipl-iTl-es "
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cilÁl:Trf, vl
çiraÊLsg*-qqu]] lrqå

6.1 e gql0i,l" q3*SÀi!lg_g,gEQP,,E To d-are same rheory h.as

not su"ceeed-ed. in revisir.rg .bhe founclaiions of economic

theor;r oi: in giving i;he solrr-tion to any real1¡. y¡o"thw5íIe

problen frcm tlre :'eaJ" vr¡orl-d.. Even l:arl or''-:r boarcl galnes

a.re tre;rond i-t-. pr:esent scrlpe, Thi--e has ca.used- soÍLe i;o

r¡¡ond.er v¡ha'h the ul-ti:ra.te fr:-nctio;a of gs.me theor,v may be"

In itself Ít i s e. bea,u"tifu-l example of a mathemat-

ica-] mod,el-" But 'rhere is an-cther: aspec'h*the v,.ra¡r 1*.

tr¡hich Í'ç brinçrs togei;he:: rrariou-s r-t-isciptån.es of ma,üh,*

ema-f j cs j.r so]"n¡ing seeming-l¡r un.:r:e ."r ¿rted- ,lrablems " Th:-s

has been" ncted- al-1, i;hrou-gh th.e thesi s " cclrnb,i nator.ics,
a.na-l-¡rsi s, iopology al"l- a,::e broi:.ght to beajr on, -_hhe pro?::

l-en, Fe::haps, then, i_n the _fu-ir¡,.r:e game ,rheo::;i ,,¡il_-l_

brjng a.hout a sort of sr-tÞelt*u-:nifj-ea.-hj.on nf mathemarics

some'¡,,'Ïrat as Qu.antu-:n ]t{ec}rani cs unifi ed the theor';r of
infinite mat;:i*es rr¡ith that of in.tegr:aJ, eqr:.atia:i:s he*
ea,u.se of the different atta.cks hy }feíserlberg anci_

Sch::ðrU"nger.

6.2
-be

anÕ

COiVJECTURE the

ad-eq.u-a.te fCIr -hhe

va]-.l:e *f games

th.eory of æ.atl:ix garnes -v.,n""1..1_ âJ_v,ra;rs

corn¡l:i:at.i.en of, +ptlne3- Etra,tegj es

aris,'i-ng out of .r.eal.*l_rfe såtua.i;ícns"

This fo"l__ru+r,vs f-l:*m a consideration of ,")"" " An¡r

s'r::aùeg¡' sei: for a glame a.rising out of the real worj-d

mi¡-st be recorrlecl before anythi-n.g cån be d-one ,zith iÈ,
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E"e¿en the si.:lm i:o'ç,al- stora.ge ca,pac:!-1;¡r sf al_j- the wo¡..1,d-,s

*ornpr-l-i;e:rs i.s fínj-ie -for this pirrpose_ A f."i.rrn, facecl

vri-th the n"ecessi t,-¡ of p)-ayi-n"g a game inth i.i:fi nåte

st::ateg;r se1;s wolr-ldL frry, ,;ç seleci a. -fjnite numher of
them in such a uday a.$ not 'co míss out some whieh coul,cL

}:an¡e a d.::asii.c effect on the outccme of -i;he game. In
do.in"g thisu Õf course, the game r-oses iis genera.l ch-ar*

aeter a,n-tl the rnethod,s applicalrle tc matri x games wj_l-t

worh very well-.

This note ís not meant to d"isparage ihe inr¡est-
iss.tion of molre g,ene::a). situatj,ons" Some o_f the h-a.ppy

resu-l-ts cf su-ch i.n-ves'i;i-gation have al::ead-¡r been d_es*

cribed-, But j-'t; shou-ld" lle enphasj-zed, 'hha'i: these erel].t:*

sj-ons d-eep j_:r-tc, tech,aica_-li-1;ies belcng to the p::ovínce

+f, 'bhe theo:re-bj-cal- raa'chein"aì;j_cian" fhe practj_cal ß.an

e"alcu.lating opti-mal st::ate6i-es shorr.l.d_ go ahead a,no- u-se

th-e theorJr of th,e rnat¡ix game, confid-ent that an asrïure

Se]-eCtj-On Of s,tr.atecri r^s r¡ri'l I rrr-o¡¡anJ- hì m ffOlt gOi ng f af

astray,
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IVTTABTOi{

T'he noiatian u-sed is n::-.i-nr.ipa.11y that Õf D"Gale (18)

,¡i-ile cha.nges r¡,'here necessa-:r;'r to a.voj-d- con_fr:-sj..on, Its
chi-e-f feature i-s th-at colu,rrn and- r_"ow r¡ecto::s a:re seJ_*

d.om exÞlj- citl-¡r d i s'ringr-'i sh ed- " 'i;he d_imension serving to
Þ:r.e-uen.t a.n¡1 gu-ity,

u anci- r¡ : âs vecto::s, have Õnes for a}]- eoln0onents.

ui " ro, rr ti . hanre one in the l-0 th ( j'th)IJ

posi"'bion anci u eros el seu¡h.ere

/x/ is th,e a,bsolu-he r¡ah:-e of the sc.al-a,r x

/x/ i"s -hhe -1-ength of the ¡¡ec'bo-r >l

Á. - (a,; i) = (ai ) s ("i) is the natrix i¡¡ith. trGî¡/s âi *..i- J

coli,r-r.nt1s *j, a:rd- element *= j at 'rhe i niersecti-on- of sllch"

Occa-sj-ona-'ì-ly, -bensor summ.af j-on i*e. r.rsecj-: € " B,

flA * xj_ai, i=J-*mi t'','here x has conrooneni;s xi.
t 4 "r or x non-negative neans O / x¡-- al.L i..

Ð 1t: or x semÍ-positi.ve means ,{ *, x É O,

D 1* *r or x posítive means O /" y_i, all_ i "

xe ís ih-e jnner "prod_uct o_f veetors x a.nd. c^
tA" j.s the t::anspose of the matrix .4,"

/--l- = (aî) * (a.-i) is its inverËe.

c

in rrosi.tive "

D+ is the operati-on of d-iff e.ren"ti ati on ,¡ri-'i;h :.esnectl-¿ '

to ihe .¿ariable 1;"
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