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r I'tTrì0DUcTI0il

The s tudy of f ree l atti ces r,vas fi rs t i ni t'i atecl by P .l'1.

l,Jhitman. in his tvro famous papers ([Zf,]an¿ [ZZJ) he exhibited the

basic structure of the free lattice on n (unorclered) generators;

he shoived that there exists a canonical form for the elements of

such lattices, which enabled hinr to solve the r,.iord problem in a free

I atti ce .

This concept rvas generalized ín several clifferent vrays.

R.P. Dilrvorth defined FL(P), the free lattice generated by a par-

tìaliy ordered set P as the "most general" lattíce generated by P

and preservi ng exí sti ng bouncis i n P. Hor,¡ever, the so'lutìon of the

'.^tord problem is lost in FL(P), except 'rrhen P has a finite number

of defin'ing relations (cf. Trevor tvans [q] ). Later, R.A. Dean

developed another genera'lizatjon of the concept of a free lattice

on n generators ( [6] ). Dil,¡rorth called such a lattice the com-

pl ete'ly f ree I atti ce generated by a partì a'l1y orclered set, and

denoted i t t¡y Cf'' (P ) . llere the ivo',^d probl ern has a sol uti on and tlri s

lattice has in fact nran,v properties enjoyed by the Free lattice on

n generators. For ínstance, every e'lenrent in CF(P) is ejther

join-reducible or nreet-reducible but not both, except for the gener-

ators r,rhjch are doubl.y'irreducjble. In the event that P js un-

ordered andInJ - n, FL(P), CF(P) anil FL(r.1) are isonorplric.

Anoiher general jz:a'[ion of this concept, the relaf;jvely frce

lattjcc, \'ras studied by B. Jónsson in [19] "



Free I atti ces are ô basic tool 'in lattice tlreory. For

insLancc, just ljke free algebras in an arbitrary eouat'ional class

of alqebras, free lattices are jntjrnate'l¡z connected '¡rith ìdentjties:

if p and q are n-arJ/ po1-vnom'ials, then ! = g js valid jn a

variet;r L of lattìces if and on'ly ìf p (x1,..., Xn) = q (xl,..., xn),

vrhere tlre *i ', are the f ree ç¡enerators of the rel ative'ly f ree

'latt j ce on n Slenerators i n th'is vari et.,¡ (cf . [14] ) .

l'loreover , many concepts coi nc j de on f ree I att j ces . llodul ar

sublattices of a free lattice are distributive ( [7] ). Fver¡r free ]at-

tice js projectìve ( [tS] l. A finite'ly generated lattice is project'ive

if and only if it js a sublatiice of l=L(3) (4.1. Kostjnst.y IZi] ).

This is an extension of a result of Iì.i'l. i.icKenzie IZ¡]. A rl'is-

tributive lattice is projective in the class of all lattìces if and

oniy 'if jt is a sul:lattice of FL(3) (K.4. Baker and A.l.r. lJales l,Zll .

A fjnite lattice has the proDerty that 'if it is eml:eddable as a poset

in a lattice l- then it is embecldable as a sublattice in L if ancl

only if it is a djstrjbutive sul-r'lattice of fL(3) (tl.Pogunike and

I . Iì'ival [zq] ) .

From this persÐectjve ii is clealbhat the concent of a sub-

lattice of a free lattjce is not on1-v a natur.rl one to consider, but

that i t .is al so a very usef ul one.

At the center of attent'ion of th'is survc.)/ j s the cl ass :
of lattices sat'isfyinc thr: condjtjons (l,l), (SD), .rnd (Sn') (sec sec-

tìon 2). B. Jrjnsson !rad proveC in fiB] tllat anv srrirl,rttice of a frcn



'lattr'ce satjsfjes (SD) and (Stl'), \.rlìr-'reas (1,,) js due to liir jtr'¡an

(see [25] ). In [Z.l], n. ,lónsson ancl J.[. Kjefcr conjecturec! that

fjnji.e sublatticcs of FL(3) are characterjsed try these three con-

djtions. The conjecture is still unsettled ancl has been so for the

past thirteen years. In [tl] , f . Galvin and B. Jónsson shor.red that

distributjve sublattices of FL(3) are characterizecl by (l,f) (tnis

is a specÍal case of the conjecture sjnce distributivity'inrnlies (SD)

and (SD')). By considering sublattices of a free prodr-rct, ll. Lakser

has rrroved that no non-trivial sublattice of FL(3) is simp'le ([ZZ] ).

Another class of interest is that of transferable lattíces
, l- -''l \(see L1lJ ). This concept '.ras first introduced by G. Grätzer in a

(possíbl:¿) more qeneral fornr in [13]. A lattice is callec] transfer^able

i f i t sati sf i es the fol I or'ri ng trio condi t'ions :

1) For any'lattice K, L is a sublattice of I(f() (the'ideal latt'ice

of K) inrrrljes that L is a sublaitice of K.

2) Let us denote the embcdding of L jnto I(K) by L thcn there

Ís an embedding .V of L into l( such that Ç (x) n g (y) if
ancl only 'if x < y

A lattice that satisfies the first of the tr,¡o conditions'is called

r,reakl y trans fer.:[ll e.

tl.S. Gash'ill and C.R. Pl,rtt h¿lve nro\¡crl that, on the one hand,

a laitìce is L.ransfcralllc enr! satjsfics (t,l) 'if and onl_v if it js a sr.rb-

I att j ce o 1= Ft- (3 ) , ancl , on tlre otlrer lrand , blrat cvery l.ransf crabl e

latticr: sat'isfjr:s (Stl) ancl (Sn'¡ (f121 ). lllrctlrcr a latticc satisf¡,'i¡q



,rr\ /¡-\ | t^^, \(f,I), (SD) and (SD') 'is neccssarily transferable or not js unl(nor/n.

Recentl.y, (ì. Grätzer suppl ied a proof for the clajrn that cr yreal(ly

transf erabl e I atti ce has no cloub'ly recluci bl e el crnents t [to] I . In

thjs connectìon, I. Rival arrrl the author observed in It] that in a

lattice satisfying (S0), (SD'), the non-containment of a sublattice

isomorphic to L, or L, (see figure 1) is equivalent to (l{).

Fi qure i

Therefore , provÍ ng that no transfera'ol e I a'ut j ce can have L, as

a subl atti ce vroul d prove that every transferabl e I att j cê scltj sf j es (l.l) "

Thìs r,¡as rlone very recently by G. Grätzer ancl C.R. Platt in tlr] "

-fhjs resuli also proves that a sLrblattice of a transferable lattice

is transferable, since it l,rould also be a sublatticc of FL(3)

Fjnalìy, ilcl(cnzie (

boundcd honronrorph'ic'inrages

) c.sbal:l.ished thc connection bctvreen

FL(3) and sublattjccs of Fl-(3) by

trE
of



provinq that a lattjce is a boundecl honronorphjc inrage of FL(3) ancl

it satisfies (l'J) if and only if it is a sublattice of FL(3)



in thìs sLrrvey, a ìattice f, ancl jts undr:rlyìnç1 set t- ¡rjll
be clenotecl ir;, the sanie synbol L. The sanre appl ies for nosets. The

operations "join" and "meet" rvìjl be denoted hy rr+tr and ".",
respectively. Sornetinres, a.l.l rvil I s jnnjy t're rvritten ab.

If P is a subset of a lattjce L, [?] v¡ill denote the sub-

l atti cp of I opnpratl'd lrv p q/4 v¡il I denote the S-el eme¡t* Y"' 
J

modular nonclistribuiive lattice, ancl qf^ the 5-element non-modular

I atti ce "

If a poset P js the disjoint union of k cha.ins .1,.. ", cl(

of lenqih nI, n2,... , hk resnectjvely, and no íncl usion rel ations

hold betr¡ecn elerneirts of djstìnct chains, then P r,rill be vrrjtten

n1 + n2 +... o n[, and r'ri]l be called the sum of the disjoint chains

41r..., ck

Til[ ii0Ttïtni!:

For a<b inalattice
tinres tre denoted b-v b/a (read:

express'ion "b >- a" mcans tlrat

x€L sucltthat a<x<h.

L, the jnterval [a, lr]
the nriot'ient b over a).

vri I I some-

Aì so, the

"h covers a", i.c. there is no

By a canonjcal sL¡m rcpre.sentation for

lattjcc L, v/e rìean a subsct T* such thai

jrreclunclant, ?) VT* = *, 3) If ll is

that / l-1 = x. than for .rver.y .y € ix, there

that y .( Z. Ä canorrj cal r:cr:1. reDrcscntat jon

an elenrent x in a

r\ +rJ I ls 10tn-.Y

a subset of L such

exists a z e ll sucll

i s cJcfì ncd drraì 1y.



1. ßASIC DEFIiIITIOi,JS Ai]D TIITOP.EiiS:

i.1 DEFIflITIOil: Let P be a poset and let 5 Lre an equationa'1

class of lattices. A lattice l-K(P) is called a free ìattìce over

j! generated by P ìf the follor.ring conditions are satisfied:

(1) Pçl-K(P) anci for a,b,cÉP, inf {a,irJ = c in p if and

only if ab = c in Fl.,(P), ancl sup [a,b] = c in P if ancl

onlyìf a+b=c inFK(P);

(2) Ipl = FK(P);

(3) FK(P) € t(;

(4) Let Ln.f and let I : P->L be a map r,rith the proper-

ty that if a,b,c€P and Ínf {a,b} = c in P, then

da).f{b) = 9ic) in L, and if sup { a,b} = c in P then

da) + ç(b) = g(c) in L. Then there exists a lattice homomor-

phism n*r: FK(P)-+L extending ç.

i.2 THt0iìfl"'ri t15] Let P be a poset and Iet L be an equcrtionai

class of lattjces, Then Ft((P) ex'ists if and only if the follor.rìng

conclition is satìsfied: There c>lists a lattjce L 'in 
5 such that

PEL atrd1'or a, [.., c ( P, jnf{u,b} = c jn P if ancl only'if a.b = c

in L ancl supto,bJ = c jn P if ancj on'ly if a'r ¡ = c in L.

Let ! be the class of all lattices. Since every poset can

be enibeclded in a latt'ice (see [tu], p"44), tlre e>ristence of FL(p) is

guaranteed by the foì1oriíng:



ô

If P is unorciered anrl ll'f = 
'n , r,ie vrrite Fi((m) for Fi((P) ancl call

it the free lattjce on nr g_ererators lfgl I.

1-3 -qS!LL¡8I: For any non-triv jaì equational class K , and for any

cardinal fi , a free lattice over K vrÍth m generators, Fl((m) exists.

In the case urhere 5 = ! (the class of al'l lattices), it is possible

to sojve the "¡/ord proirlem" , i.e. given tvlo elements â,b of FL(m),

it 'is possible to decide vrhether a < b or not.

1"4 THEOIìtii: [Zc.,] in the free lattice generated by a set of elernents x'
(1) *.¡ ( *j if and onìy if i = i
(2) recursivel.v a ( b ho'lds if and onl¡r if one or rnore of

the fol'iorvì ng hol cls :

(a) a = a1 + az , r^rhere u1( b and ar--( b

(b) ¿ = a1 uZ r,rhere a, _( b or a, ( b

(c) b=br+b, r,rhere a(bt or a(bZ
(d) b:b1 .bZ l^rhere a(bt and u(b2

1.5 c0R0LL,n'PJ: In a f ree I att j ce, the fol louj ng conclì tion hol ds :

(l'J) if at>çc+d theneither ab-<c or alr-(d or a-(c+ci or

b-(c+d

It is poss'iblc to prove'tliat (fJ) holds in fL(3) rvjt.lrout re-

f crence to thc sol u ['irrn to the v¡orri prol-r1 enr (sce Al an r)a¡i i¡c] I .



Tlrc canoni ca.'l f ornr of an el e¡ilent

representation as a polynonrìal of mininial

l,lhitman protred tirat, such a rcprescntation

and assoc'iativity.

ìn a free lattice is its
lenoth in the gcnerators.

is unjque up to conrnutativity

In a r"ree latt'ice on m generators, a subset Iuil :e n] r,rith

lnl = n Ís called a tre_e gS! if the subiattjce of FL(m) that it
qenerates is'isonrorphic to FL(n) I'lecessary and sufficient conciitions

for a subset of FL(n) to be free were gíven by l^rh'itman lZil.

1 .6 THt0REi,1:

if and only 'if

i ndi ces ) each

[zt]
t.J.

J

ìmp1y

Fl

A subset t tJ.Ï of the elements of FL(n) is free
¡

-ieSt

jeS

In FL (3 ) , l4h j tnran found a free set r,ri th four el ements . Thi s

ímp]ies thai FL(4) is isontornhicall,v embedded jn FL(3), and repeatirrq

the process on three of the generators of FL(4), he conclucled that

FL (3 ) contai ns FL (n ) as a sirbl atti ce , for an¡, 1i ni te or countabl e n.

Since any three generators of ItL(n) form a free set, v;e have

7 .7 TtiEOREi"l: h l a btì ce L js a sublattice of FL(3) jf ancl only 'if

, for an.y fi n'itc or countabl e n.it is a sul;l.rtt.icc o'F I'L(n)

Thc sol uti on

i t trta-¡,, be us ef ul to

of thc llord prob'lcnr

coris i rlr:r anotlrer type

not valid'for FL(P), ancl

I atti cc generated by P ,of



10

f i rst i ntrorluced by Di j r,rorth IS] , anrl i nvesti gatecl b¡r Dean [0] .

1.8 DEFii'liTiOll: Let P be a poset. A lattice CF(P) is called a

compjetel.)¡ free latt'ice qenerated ÞX P if the follor+ing conditjons are

sati sfi ed:

(i) P s CF(P) and for â,b < P, a( b in P implìes ab = a

in CF(P) "

(2) tPl = cF(P).

(3) Let L be a lattice and let 9:P--+L be an 'isotone map

'¡rith the property that a< b in P imp'lies ç(a) .g(b) =9(a)

in L. Then there exísts a lattice homoniorphisnr ry :

CF(P)--+ L extending e.

l,lhereas FL (P) preserves the i east upper and greatest I or,rer

bounds of paÍrs of elements of P, CF(P) does not. l-loirever, 'if no

suclr bounds ex'ist in P exeepi for pai rs o'f conrparable el ements, CF(P)

and FL(P) are the sanre" l-lence, if P is a sum of disjoint chajns

,!, 12,...ck, having nl, n2,..., fll(, elenlen'Ls respectìve'ly v,re have

CF(n., 1- n", +... + n,.) = FL(n1 * rr * * ,r \ Tnis fact 'is inrporiani.1 ( ,,k/-'*\,'1 "2 "Vt'
in vievr of the foì1orving:

1.9 _!-lLO¡IU: (n.4. Dr:an, Lll) For an1, countal-rlc part'ially orclercd

set P, CF(P) is a sublaltice of FL(3).
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f . i0 c0tìoLLAl,I : (H . Pol f , [25] )

I att'i cc of FL (3 ) .

FL (n , ,' rì2 + nk) is a sut;r

l1ence, any sublattice of FI-(n, o nZ ... + nl,) is a sut-r-

lattice of FL(3). The converse of corollar¡,1.1¡ is true if p

is a sum of three or more dísjoìnt chains, but it is not al!/a,vs true

'rrhen P ìs the sun of tvro chains: neither cF(z + z) nor cF(4 + i)
contains FL (3), horvever, both FL(3 + 2) and FL(5 + t) do.

(ll. Pol f , t25l ) (For" the dìagranis of CF (Z + Z) and Ct(4 + 1) see

aprrendix tr,ro). I'le f inal ly need to recal I one resul t of ß. ,lónsson on

free'ly generated 'latti ces.

lZOl A. lattjce generated hy a set X is freelvf.i1 TIJEOt?ti1:

generated b-v X if an,:l onl¡r if it satjsfies (t,t) and every finite non-

empt-v subset of X i s addi ti vel.v and mul ti nl i cati ve'ly i rredundant.



T2

2. ESSEI,ITIAL PR(]PERTi ES OF Ft /?l
: 

L \"/

2.1 LE¡4i.14: (Jonsson [l BJ and l,llri tman [26J ) . Let F be a fnee I att j ce

on three generators and let a,b,c,cì e F. Then the follot'r'ing hold:

(lrl) If ab -< c + d then either ab g c or ab 
=< 

d or

a-<c+d or b.-(c+d
(SD) If d=a*b=a+c thend=a*bc
(S0') If d=ab=ac then d=a(b+c)

Proof : (l,l ) See Coro'l 1 ary L .5 .

(SD) Let d = a*b= a* c. Thecondition is trivfally true'ifany

trvo of a,b,c,d, are equal " So, þle can assume that d is ioin reducible

and has X U. as its canonicai representation. It folloivs from lZAl,i€s I

that for every ,i , vre have:

(ui -( a or ut ( b) and (Ul ( a or Ur--( c)

If Ui ( u, then U., < a + bc If Ut { a, then ¡re must have

Ui -< b and U., .-4 c; hence U., ( bc. In both cases vre get U- ..-( a * bc

for all j e S, hence U --<. a 'l' bc. The itlverse inclusion is trivial .

(Sd) Thjs is sinplJ.,the dual of (SD) u hence it follol,rs from the above

considerations sjnce FL(3) is self dual.

Let us clenote i>¡.2 ! the class of lattices that satisfy (l'l) ,

(SD) ancì (SD'). Lernra 2.1 says Lhat the class of sublattjces of FL(3)

i s a su[¡cl ass of S.
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2,2 COR0LLARY: For any lattjce L 'in S , no element can be both

join and nreet reducìble.

2.3 THE0REI1'þ81 Alattice L in S r.vhichhasfinitelength'is

fi ni te.

Proof: This in fact is a corollary of (SD) alone (or (So') alone,

of course). The proof goes by induciìon on n, the ìength of the sub-

lattice A, assumíng it is true for lattices of length n-1.

Let I'l be the set of atoms of A. ['le prove first that i4 is finíte.

Indeed, let ae ll,and I'l =l'1 -lu]" Then ab=o forevery b ìn l"l.

From (SD') and the finÍteness of the ìength of A, it follovis that

a . (X t) = o hence X, ¡ = c+7. Hence the lattice [0,.] is of
b éN beN

ìength at most n - 1, hence it is finite. It follorvs that il and t'l

are finite. i'lor'r, for every atom a € I',i, the interval [o,i ] is of

iength at nrost n - L, hence it is fjnite. Since the jattice A

is contajned ir l!{[u,i] ) U¡01 and there 'is only a finite nunrber of

such intervals, it fol lovrs that A is finite.

A first induction shor.rs that A can have at mosi n atoms:

note that the atoms of [o,c] are e><actìy those b e 11. A second

induciion shorvs that lrtl ( Z(nJ).

2.4 Tfl[tlìEi1: Ite] A lattice L in : that satjsfies the double

chain conclit'ion is finite.

Proof : Let us f i rst assune that even\/ quotienl; r..roperl y cont.ri ned
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ín A is finite. For x ( A, x i ¡o,i], x must contain some atom

a e A (since every descending chain 'is finìte).

Let B be the set of atoms different from a. l.le claim that this

set is finite; if not there should be a denumerable subset of atoms

tbt,..., br,...Jç9" But the chain lu, unbl, a+bL *b2,...,
a + b1 +... + br,...J must be finìte, i.e. there exists an e'lement

. = bl +... + bn and by (SD') ac = o. Hence c*1, and (.1 ts finite.
Hence Ì.Je can only have finitejy many atoms, and for ever.v atom a, the

interval [a)isfjnite,hence A isfinite. I\lo¡rlet A proper'ly

contain sorne infinite quotient [a,bl, and ]et [u,b] properìy contain

some jnfinite quotient [a'brJ and so on. lle get a descencling chain

[b,bt,or,. . .J and an ascending chain I u ,dI,àZ,. ."J. Since both must

be finite, there exists some n such that [a-,bnJ is infinite but

every quotient properly contained in [an,bnJ is firrite. Frorn the

first part or" the proof we conc'lude that lun,bnl must be fínite,
contradjct'ing the assunrption that A contains some infinite qLrotient.

This conrpletes the proof of the theorer,l.

2.5 THEORtll: (Dean 17] ) /r lattice L in S r,rh'ich ic nonar:tarl

bc i s g'iventhree distinct elenrents a,b,c such that ab = ac =

the follor,rjng diagram, or one obtajned by jdent'ifJ,ing one or rnore

the fol'lot'rìng pa'irs : (a, ul), (b, bt ), (c, cr).

Proof: Tire condjtjon (SD') ìrnplics that a + b, â * c, c + d are

d j st j nct and ì nconrparab'lc. l'lence, ths¡r qcnerate an ei ght-el ement

Bool ean I attì ce. Let us clenote ì ts atorrrs by a, ,lt, ,cr. It rr:nlai ns

by

by

of
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to prove that a1bl = ab = o

and u1.1 = brc, = o.

I'lov¿: c(artrr) .-( c(a + b) = o.

Also b(arbr)n¡(ui) < b(a + c) = o.

Hence, by (SDr ) r,re get

(c + b) (uibt) = o, but

(c + b) )- bl ) aibl. It follorvs

that arbr=0.

ù,

ê

I'lote that the lattice af 2.5 does occur

ihe pairs (a,a1), (b,b1) , (c,c1) identified:

generatecl by {x + (x + y)(x + z)(y + z), y + (x

z + (x + y)(x + z)(y o r)1, r.vhere x,!,2 are the

2 .6 COROL LAP,Y : f{/ös does not belong to the class :. In par-

ticular, every nlodular sublattìce of FL(3) is distributive.

in FL(3), vrÍth none of

it is the sLrblat'bice

+ z)(x +;v)(y + z) ,

ç¡enerators of FL (3 ) .

The I atti ce qenerglest-Ar-q-f0ur el enrent joi!@
To get the nlain result concerning this situat'iot1 r^/e need a fer.r

lennras vihich are due'Lo B. Jónsson and J.E. l(iefer. These results

are rrot only va'ìicl for sulllattjces of a free latiice, but for an,v

I at'i:'ice L. i n the cl ass S.

Fi clLrre 2

.1,_Z __L-r:¡iô' fzol

arc such Lhat:

If a lattice satis'ijes (t,t) and oI,uz,ar,ve A
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(i ) ut 4 ne * u3 o v and cycl ìca'l'l-v

(ii) u ß ui fori = 1, 2, 3

(ii j ) v is nrultipf icat'ive1y irreducible,

then ,A contains a free lattice rvith three generators as a sLrltlattíce.

Proof : The condition (l'/) together i¡ith (i), (ii), (ii,i) r'rjll erì-

sure tnat the set {i,r,b2,b3 } r'rhere bl = u1 + (aZ o v)(03 * u) and

cycì'ical'ly is a free set (see Theor^em 1.6). By Theorenr 1.11, the

resul t fol I orvs .

2 .8 Lti4'r'iA : lZll The fol l orvi ng are equi va'l ent :

(i) Foral.I a,b,C(A, u=a+b=a*c inlplies U=a*bc
(ii) if u isanejementof alatticeA, foranyposÍt'ive

integers rn, n and for all u1,..",âm, bL,..rbn€4,
g- n t_ .rt_u=Xor= Xb., 'irirplies ,=Xia.,b,ì=r I j=r J l=t l--¡ ¡ J

(iií ) If u is an elenrent of a 'ìattice A, an_v tlro sunl re-

presentatjons of u have a common re'f,inenlent. If u has

canonical sLrm-representation then (i) - (ii'i) hold.

If A is f inite and satisf ies (i ) - ('iii ), then u has a canon'ical

sLrm reDresentation.

!foo-|' (i ) imnl ics (ii ): lJe prorre blre stronger st.rtenrent, that (i )

ininl j es the fol I ovi ng s taterirent cioroted b.y P (n ,m) :

n 7n 11.J!l- s-rr=vr.Zai=v+àt,-, .inrp'lics u=v+ Xãa.1... p(1,1) isi=t ' J=, J i"r j=r I J

just (SD), so \,rc proceed to nrovc P(1,n) b:, induction on n

Lct u = v + a" = v"i- Itr. Lct b' = l). *...+ i, " Then, j-t J n I n-I
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u= (v+Lr')+a= (v+bi) +f,n (s'incebn(u). Thercfore,by (i),
u = (v n b') + a bn Rut aiso u = V * a1h,n-l- a, (s'ince

arbn< u). So P(i,n-1) together r,rith the tr,ro previous I jnes

irnply u=(v+a1bn) oãurb' i.e.u=v-#utbj. To

prove P(i4,1ì), (lrhere nr¡1), let u,,1., = u1 +...+ äm_l, and let us

have u = v * aj + a* = v + t'Ur. Since a-'-< u, rve can revrrîte them m jr J -- -'fiì --

last equality, u = v + a' + u,n = u * u,i, * *Or. Ilor,r, P(l,n)

implies u = v o uJ n Ë,a- S. Therefore
il¡ J=¡ ilt J

1 n-' 11 an

u = v + ( I'a_b.) + i a. = (v + Xa_b,) * -l=r ttt J i=r I j=, m J' â o¡ ano DY

P(n-l, n), r,re get u= (u n åa-b;)*i*urb- = v* iÈ, r''J., ¡,' \, .i--r j=r I J +i;ì -i"j

The implication of (iii) bV (ji) is obvjous. To prove that (iii)
implies (i), letus have u=a*b=a+c, and jetus haveaconr-

mon refinement u = Ë clr. trrs in the proof of ìenrnra 2.1, it folloirs
l=l I

that ever-v d., ís either contained in a or contained in both b and

c, and ihe result follows in the sane \,ra_v. The last tr,ro statements

of the Theorem are obvious.

r.- ^ 
't

LZOl In a finite2.9 COROLLARY:

every el enrent has a canon j ca'l sLtm

I a'bti ce A that sati sf j es (S0) ,

representati on .

Iro]

and i f thc el erne nts

(i) ur*
(i j) v {.

If a fr'ni te I atii ce A sati s'Fi es (t,t) and (Sn' )

u.-,u.,,a3,v ( A are such that:

a? + a3 + v and c.Yclìca1ì¡z

a. fori = 1, 2, 3
t
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then þ' - (a?- o â3 'F v) (n: l. a + v) (al + ,r, + v) .

Prooj: The proof r'ri'l 1 be conrpì t-.ted by applyi nq (2.7) to the

elentents lri = ui * V (i = 1, 2, 3) ancl þ/ ¡r 1,/l +,,I2 + \,./3 rvirere

u'l = (al + v) (a2 * o3 * u) ancl cyclically. since A is finiie,
one of the three conciitions (i)-(i'ii) in (2.7) must fail. it is

easy to check that bl * bZ + b3 + r,r and c¡rcìicaì'ly (by expanding

the right hand side and appl¡ríncl (ltl)). llour one of the trvo rer,raining

conciitions of (2.7) must fail, since A is finite. So, either one

of the l-¡ 's contai n vr, or el se v/ j s mul ti p1 i cati ve]y reducí bl e

henceadditivelyirreducible. If rv<b., , i.å. b., >r,r, andb.,>,rv3,

then (uz * o) (u3 o ul +v)(al and (ugn u) (ai o uZ* v)<al * v.
iloiv app'ly'ing (1'l), ¡re get tha'L

v = (uZ * u) (u3 -ruj ç v) = (oS u u) (ai + aZ + v)

a.nd by (2.8) (i i ) r,re qet the clesi red concl usion. If r,./ is

addjtiveì¡r irreclucible, tilen r{ = t,/i for sonle .i , say j = l,
tvhi ch means that vi ç b., , ancl the concl usion fol lovrs as above.

2.1L Tl't[0tìLii: [zo] if a. lattice A is gencrated b¡r an addìt.ive]¡,
j rredunciant four el erirent set I pt, . . . , p4] sucir thai

(Pe n P3 * P4)(Pg u P4 * Pi)(P+ * Pt + P?) = p4 ancl c;,çlr'cal1y,

then the order of A is 22 anci .A is isorrrorplric to the latticc B4

generaberi hv thc atoms i n a f ree l atti ce on fcur r:tenerators . (see

figure 3)

lfgo'Lr llefj nc 7- = r,\ lp'p,jl,4 r u = pi t- p2 r. [r3 + nO,

Ç1 = P2 + D3 J.r)4 ancl c.y,cl'ically, â.ij = pj {- pj l,ij = Q.irì.j
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I,(l rJ = 1, ¿,

addi ti on and

bi naii ons .

3,4 and i+
mulIjp'ì ìcat'ion

'\JJ. ¡iìe lrroor ts

tabi c, ì ooki ng at

dotte by clrccl< j ng tlre

al I ¡ross'il,;lc conr-

Figurc

Thc next

J: 84

resul t

z.rz riiFor[;r: Izo]

aÌ1d (SU'), ancl jf A

di ti vel jr i rrccltti-¡ cJant ,

fol I ov¡s at once :

If A is a finite laitice that satisfic.s (t,!)

contains a four elenlent suhset ihat is ad-

than A contai ns a s ubl aiti ce ì sr:nrorplr i c to Bq

ancl (2.11).lrqp_l: lpply (2.10)

'rie havc noi.r dctcrnlined all t:he lattices in the class :
t^lh'ich arc qencratcd hy their atorns r'rhen the nunlter of atoms is less

than or r:qua'ì to foirr. l-hr,: nex L resul ts sllolr that thi s ì s the

lrax'iri:unr nunlrcr of' atonls a f inl'Lc latticr: in S can llave.
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?_-t1_lú],r,¿' [Zt¡] if A is a finitc lattìce that satisfies (t,t) ,

then every representation of an elenrent as a sum or a procluct of

nrore than four elements is redundant.

Proof : Let u = o1 n uZ o un t¡lhcre n ).5, and assume thi s

representatjon to be irredundant. Apply (2.7) r,rith u = u4 +... + an;

Conditions (ì ) and (ii ) are obviously satisfied, and (iii ) is
satisfied because v is join-reducible hence meet-irreducible.

Therefore A r,¡ouldcontain FL(3),but A isfinite. Henceoneof

(i ) - (iii ) must fail and the representation is not irnedundant.

2. 14 THE0P,tf,i: IZOJ A f i ni te I atti ce A that sati sfi es (t,t) and (Su' )

contains at most four atoms.

Proof : (Sl') 'inrplies that the atonrs form an additivel¡r irreclunclant

set. Hence by (2.13) vre can have at most four atoms.
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3 . FOiìiiI i.JG I I[1,J SU i]LATT I C IS AI-t.Lß)

t^ 1.^a \3.1 LEi;rti': (ß. Jónsson L18J ) Let m be an jnfinjte carclinal .

For any â,b < FL(nr) such that a < b, the interval [a,b] contains

FL(m) as a sublattice.

Proof : (J. gernan [ 4] ) Let X be tire generati ng set of FL (nr) ,

andlet S=X besuchthat a,be[S], thesul:latticeof FL(nr)

generateclby S. Let T=X-S andlet U=t(a+x).bfx.TJ. It
is obvious that the sublattíce generatecJ by tJ is contained in

[a,b] . l,Je notv prove tlrat I UJ = FL(U), and since S can be clrosen

to be finite, the resu'li vrill folloir. This means that r,re have io

prove titat [.i is a free set (as clefinecl in section i). Let us have

" c | ' -') and ir, -( f ,r. lle'll prove tirat i ¿ J.u=LuilrelJ, ¡ i.J J

Tndoari lai
I ¡se f:X * FL (S) by

xeS
t^,,\
É S and (a+x) b = u, for scme i e

lvise

b in tÌ,e isorirol"phìsrn

to a hornornorohi srn h : FL (X ) * FL (S ) .

f . 
'\(jEJ) ìs ma¡r¡red onto ã. If

and rve uould get 15 < â, a con-

statciircnt ìs provccl sint'ilarìy.

Lrs def i ne the

(
i/\,(x ) =
ì

t
E corrcspond

\F

) . irxtcl'1o t,¡l l

irctnotrrorplri snr c

l,lcul cl be rrranpe

l-icncr,' i e J.

ppl ng

if

ma

;-
D

if x

o ther

and

ping

ll(r{tlere a,

lcl = r--r /c\
L-'J ' L \v/

l.Jnder tlri s

I çJ. U.
I

trad'icti on.

toa
S N]AD

ve r.y

0ro

Tire

u.
J

1

dua I
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3.a CfI!i_+¡P.Y: (Jónsson tl8l ) If tlrclai:tice A istheunjonof
a clenunrcrable ciia tn "24- of sublattices each of r,rhich is 'isolnorohic to

a suÐl al:ti ce of a frce I atti ce on tllrr:e generators , tlren A 'is i so-

tnorphjc to a sublattice of a free laitjce on threc generators.

Proof: It is enougir to recall that FL(3) coirtains an infinj-te

chajn isonrornir ic to¿( .

3.3 COROLLÄRY: (Jónsson [iS] ) let L

tt,ro subl att'ices of L such that A n B

a b = o, â * b = 1 for evety âei1,

are subl a.tti ces of FL (3 ) , so i s L.

Proof : I t i s enouqh to noti ce th a'L the iatti ce î[6 of figure 4 is

(Theorerl ?.5) . Hence , f(u it

FjaLtrr: 4

of f j n'i tc I errrlt h

can bc got for Lhe

l-et A l¡c a

be a lattice,

=ø, A uB - L -

b e B. Then: if

AandS

[0, 1]

A anri

and

e

a subl atti ce of thrr I atti ce of f i gure 2

a subjatt'ice of FL(r\o), and so

ar*ô A and R. The i nterval

[r. ul jn Fl l$ ) contains arìL'.r JJ rrr ,.\¡\o,

i somor['hì c cop.v T, of A u ancl

ìr-1,õr.ìe j rlf erva r LXi, i,1J conra'ìns

an i sornornhi c copy E of B.

Thcrefore tirc I att'ice
('l

B u A Ut0, 1Ì js a srrblatticc

of FL(,\.) hcnccof rL(3).._ - (.) .

3r.a-_fl]-!1=-!!1": Size of a sul¡latt.icc of FL(3)

(Jónsscn and l(i efcr fZoJ ) . tl¡rpcr anrl I oLrcr ircunc{s

nraxi nluril s'i zc f ." of s ucir a l atti cc of l enq'l.h n .
n
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lattice atta'in'ing suclr a nlaxjnrr:nr ('it exists, s jnce an upper hound rvas

alread.v founcl in (2.3)). Forrnjng tlre lattjce of 3.3 irith ll = ,¡, r.re

get a lattjce havìng ?fn + 'L elements and length n + ?. Thc¡cfore:

f ,¡2) ?.fn. Sirrce fo = 1 and f, = 2, vre qet fn) ({Z )n. Also,

if A is a lattice of 'length n ancì p is an atom, ilren [* l*r, p]

antl [x I xe A and px = oJ are sublattices of A of ìength at most

n - 1. Hence fn --< Zfn_, ; therefore tn ( Zn.

A sharper upper bound das mentioned by Jónsson and Kiefer, but it re-

quÍres nruch more jnvolved computations. For jnstance, it ìs knorvn

h-that l'rn^vfn (l?, urhere R is the positive root of the equation

R5 - Iì4 - R2 - 1 = û, which is less than 1 .s7r. The conjecture is

that rim f[ = ú.
4l+oÔ ¡ |
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4 . 
. -.LIILU!![LLt'.-s:ttl]ML-Lllt--11!)'

All cienurrerable distrìbut'ive sullattices of a frec lattice
t'iere cllaracterjzed b;, F. ûalvjn and ll. Jónsson [tCl. Tl:,.--se are a.ll

the djstributivc lattices tirat are countab'le and satisf¡, (i.t). ((sD)

and (SD') fol jorv from distributjvetv anyi.iay).

4.I DEFIIITTIOi.I:

A cannot be

A and b<c

ri iattice

ivri tten as

for all b

BU

€ B,

t¡

of

r.rjll i:e called ljnearl,rz'indecorilnosable

C wliere B and C are subl atti ces

4.2 LEiiiÌA: [to] . If D is a ctistributive jatticc satisfying (tj)

and X, y, z are such ihat no tr.lo of thenr are conìparable, then flie¡r

generate the e'igiii-elenrent boolean lattice.

lreql' I,le prove tire lemrna b.y proving that x, v, z satìsfy either

xy å xZ= Y7- or x +V = X + Z= y +z_ and jn thjs CASe the jei¡rrna

fol lor.;s f roril (2.5). Since D 'is distrjbLl'[ivc, then

(x + y)(x + z)(y + z) = X)/ {- xz-F.yz (1J

BLri- D satjsi"jes (l'J), hence if the lr,:ft hanr:l sjcte is join-jr-
reducji--le, r,le iltust lia.rre xy >/ xz + vz (say);,1gaiir, x.y is neeL-

recjucib'le, hcnce joìn-jmrducjble, so 1,,'c i-ravc, say: X.)¡ = xz (Z)

i'iov¡ ! 2. x.y, z )- xz = xy, tilercforc: yz. > xy

Also: x r- (Vz) = (x-r-y)(x + z)

I'f bite lefl h,rrrrl sìdc in (4) is joiil-rc.ducible, vrc. concluclc thab

(3 )

(4)

e'ither x + y = x * (Vz) or x 1- z = x r. (:tz.) Thr,' f j rst
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possiiriIi"br, Írrrplíes that Ir,.U r Z, y, yr, *y] foi"rirs a Iattjce

i sornorphì c to (t 5, tile seconcJ possì'oi I ì t-v ìriipì ics tlrat
¡t./w
fx, x t- z, z, !2, xyj fonrs an ,/tS. ilencc tlie left hand side jn (4)

mustbe join-.irreducìble and X*-t,7=¡ (for x+yz.=yz r.¡oulcl

inrol_v that x and _v are conlDarairl c) . f'lor¡ ¿rz (x, hence l/z \< x.y.

Frcm (3), r,re conclucie that xy = yz = xz. If the left hancl s jde of

(1) is meet-irrer,,'ucible, vre get the dual conclusion.

Thìs conrpjetes ihe proof of the lemma.

ftO] Let D be a ljnearly incleconrposable distribLrtive4. 3 t-Ei ii'14 :

lattice havìng (l,l) . Then the r.^ridth of D js at most 3. If the wjdth

of D is 3, tl is a Boolean laitÌce ¡rith ejght elements.

!¡ggli If thi: vridin of l-l is 3 or more, then D contains 3 muiuaìly

inconinarable elenrents, ltence generat'ing R, the Íloolean lattice '¡rith

eìght elemerrts. Let u and z be the unit and zero of B , res-

pcct'ive'ly, anC I et p, Q , r be the atorns of B.

l,lo eletne¡r'L of ü can I ie betr.reen z and any of the atons. For íf
x \vas such an elerrerrt, lying betvrcen z ancl sa¡r p, tilen the sub-

I atti ce generatecl b.v x and R r,roul d not satisf:¡ (t,l) , for

Q + x = (q + p)(p + x + r) . i'ior'r let deD - B; let p' = Z * Þd,

g' = z+ rlrJ, r'= z + rd. Since p is ¿icld'itivi:ly irreciucjb'le, eiilrer

p'-z 0r p=pd<d anci sìnì1arl¡lfor 11 and r. ,A.llcijf.í'erent

lrossibili ties .yìe'lrl cl 2 u ór d. 12. i'low if t) - ii js not enrDty,

itisðsurrlatticeof li: [:orif a,b1z, tltr:n a+b(z sincr¡

z is .ioin-irrr:rlucil;'le; ancl :;jrljlarly for u, 'i .c. !) 'is lirlr:arly
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decornnosabìc, conirary to our assunptìon. Ilence ll - B rnust bc ernpty.

4.4-!qj'ii¡l' Itc] t-et lJ be a linearly ìnclr:conrnosable clenunerablt:

distributjve latticc. satjsf-ving (t,l). If the r,ricltir of D is 2, ¡ren

D is isonrorphic r,rith a direct product of a chaìn c ancl the .Lrvo-

el enrent chai n.

!rg!-l: Let ul be any element of D. Then there exists sonre uz

which is 'incotnparable rvjth u1 (o'chervrise D urould be deconrposabìe).

l'Je r'¡il I construct the sublattice of D r.¡hose uncierl.ying set ìs

[x f x > a, " uz\. Every elernent of u is comparabie either to ul

or to aZ or to both. l,Jrite the set Dt = [* | *r_ ul or *>ru2\
as a disioint unioir D1 = Dl1, 012 , DtS l^rhere

011 ={*f *>0, an,l x}.a2\, Dlz= {xf x>a, and *þurJ
' c I , r^ L.,,13= t*l*2.at+a2J. t1i and Dn ay,echains,obvioLrsì¡1.

Clajrn 1: ul o u2 covers at least one of ul or aZ.

If not, theri tirene ex'ist b1, o2 such that a., < irr( a, + a, anci

ar( !ir1u1 'o' u2. Thcn bt . ,tZ rnusi: be conparabìc to at least oile

of u1 or uZ, since ti;o r.iicith of i-'l js trvo. But

bl.,ly) ul irlpl jt"s t:, ), al + aZ (contracìictjon);

i:rit, ), a, ìii1:'lies nl ).- oI -r aZ (contracli ctjon) ;

bilr2 < ut (or ar) irrrpf iss tlr,rt rfts is a sLrbla'ttìce of D.

lience iro suclt paì r can exist, at-.r1 i.he clairn js ¡troved. t,li thoLrt loss

of general'ity, t.J.l can assu;:te tirat o1 n u2 y oZ-.

_Çlqjt,l_l' [u,n' nzJ = [.r, o r oe]
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This is Lrivìa11,v truc l:ecause of distrilrutiv'it,',,, ¡¡rri in fact
rr
lutue, ul n UZJ = Ct , 3, ,.,riicrc Cl i s a cha'in.

!].,-llt 3' ln = Ø ìrrrpì'ics f,r, = Ø (i.e. ul. n nZ is thc unlt of iì).
If i,i3 is not enrptl¡, it beconres a deconrnosable sublar-tice oi l),

contrary to tl'ie h¡,pothesis. in 'Llrjs casc, [uru, )= C.r, Z. So

Jassurne ûI2-+ V .

Claim4: xe Drr'irnp'l'ics x<al +a2.

If not, then for an¡, y e DIZ the eler¡ents x, â1 + ar, ! rvourld L,e

mutual lJ, i ncot¡narabl e.

CI

This is a direct coro'llar¡r of claint 1.

lþt¡f g: For *i, *j . rr, such that *j ) *j, let
yn = *n + (a1 t' a2) (n = i, i). The n J/i ) y¡.

yi = yj i'¡oul d contrad'i ct cl j str j burt j v'ì ty "

Clajnr 7: For evory J,( D13, (.y * ut * ar) V is oî Liie form

x + (a, - a2) for son'ie x € Drz.

;'l,ssLinre that for no rr, )IZr .v = x + (a., + ar). First " ! 1;< for

no * . D12, ir.y the tiefjnition of this se'L. Also, i l. ¡rlx for all
* . D12, titcn D is decomnosaiile. Tilcre'fore tirere nust exisi

x € Dy¿ such tlra.t x and .y are 'incorlnarabie. Rut tren thc suir-
rjattjc'-. lx, x ,\t, (x J,) + (rir+ar), ),, xo.vJ is jscmorpiric l-o

ry1¡

'/65. ljencc(:vorir y< i,i: jsof Lhcfcr¡l x+-(ar+ar) for:;onie

x É i11,,, ,ìntl jt fo'lloi,;s that [n10., .\ + C, x Z r.rfrerc C, js tht

I jncar sunr of ci ancl fu1, n r r ,t27. Ry tltral'i t.y the sLrl;latt'ice

(oZ] h.rs tlril rlLral s t¡'ucLui'r: of [01) " s j ncir ,Z ]. oluZ , arrd
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thc I att i ce i)

the liric¿lr'suni

This co¡lnlcles

is iscmorphic to

of C1, CZ. and

tirc procf of iile

the product.

[xlxca, ,

I cmma.

C^L r,;hcre C is
|'l

)i --. a^ Ì.
' ¿J

4 .5 _L!jl'f : 10

denumerairl e.

Every sìmpl), orclened subset of a free latLice is

Proof : Let F be freely qenerated by X. If )( is clenunrerabie,

the result is triv'ial . So, let us assurne that X 'in non-denumerable.

Let Xo be a cienumerabje jnfinite subset of X, and 1et Fo l¡e the

sub'l atti ce of F generated by )lo . Def i ne the fol I orvi ns rel ati on

on F: â : b if and onìy if there ís an autornorphism f of F such

that f(a) = ¡r. Th'is is obviousiy an equivalence relatjon. Every

equirralence class contains an elenent oi" For given a € F, there

exists a fjniic subset Y of X such thai R belongs to the sutr-

I atti ce qencrateci by Y. Thei^e al s o ex j s ts a pcrniuta'Lì on 'blrat naps

Y i n to y.^, and i t can be extenCed to an autoiriorilhi sm f undero-

r'rh'ich a = f (a) . Fo. llence, tire number of equivalencr: classes is

denunrera!--le. i'iol,i given a sinrpl¡l orccred subsct oí' F, r^re r'l'i1l shov¡

that no tr,io ol' j ts ntcriibers can br-:1ong to iile sarne cl ass. incieed

assunie Lirat f(a) = 5, ihat a < b, ancl thai Y is a finite subset

o.f X such that

Dc'ijnc q: F-+F

g (x ) = X t',rhr,:rt,': Ve r

be'lonçis to'bhe subjattice IV] generateci irv Y.

the folìovrìtlg rvay: q(x) = f (x) tvhenev-or x € Y,

e X - Y , arrcl cxiend 'i t to an au.i.onlorplli srrr. So

g(x) = f(x) on Y. Ålso, g is of finìtc or.dcr, sincr: it pernrLrLcs

a f ini l,c nun!¡cloí' c;cnr:rators . So r.rrt r¡ct:

a

in
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l: " l)(a)< q?- (u)<..< iln(o) = a f'rom t¡hich 'it folloi'rs that c1 = b"

LA__LtJ[u*iij: 110] For any djstrjirutjve lattjcc D, the follor,rjnq

are equìvalcnt: (i) D is isonorph'ic to a sublattjce of FL(3).

(2) D is isonorlhjc to a sul:lattjce of a free

I atti ce.

t^ \(3) D 'is the union o'f, a denur.rerable I inearly

ordered farnily G of sublatiÌces ryherc each menlber

of I ¡t eiLher a one-elenlent latiicc or an eight-

element Boolean i attjce, or a dírect Errocluct of a

tt,ro-el enrent cha i n and a denuntberab'l e cha'i n .

(4) D is denurnera.ble and satjsfies (l,J).

Proof : C1earl¡r (l ) 'impf ies (2).

(2) jnrp'lies (3): Tiijs follo',¡s frorir (,1.3), (4.4) ancl (4.5).

(3) 'imp'ìies (a): Obviorrs, fronr (4"3) " (4.4), (4.S).

(3 ) ìnrpl Ícs (1) : In tite f ree I attìce oir 3 genera'Lors, 'clre atoms

generatr: the itoolean lat'cjce r,rj-lll ejqnt elcments. ¡.1s0, jf C js a

deirttnerab'lc cilain, ìt has an isonroriihic co¡t.,v 'in tile free lai:ticc on

3 qencrators unclcr s onic¡ i s oilorph i snr f.
ilorLhc rna,,r : g' I t,r] X c - l-t- (5 ) def r'nerl ir.y

q:<L, c)¡+ ,r,n (x¡.f(c)); g:(0, c)r+(x,' + (xS. f(c)) Xr,

(r'ihcre ,i,..., XS are bhc fri.:r: rirircrai.ors cf' Fl-(5), ancl f rnaps

C?., ê.,j nro FL ( x, " x?, x3 )) 'is ari 'isonrorpllisrrr. Tirc rcst of 'Lllc state-

r¡cttt i s þrovccl bl¡ aìlirl.l,'i lrcl 3.2 .
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[-oLi'irli bc rl'istrjbirtivc latticcs, tlie f,ol]orj¡1c; cl..;ìracter-

jzatjon is due to ll. Porlurriirrr .rnil I. iìival [e+.] .

4.7 !-l-_tLl_i_I_U,1, LZq) Tiie propert¡,4 (L) js saicj to hotC for a

laLtice L jf ever\/ lattice'¡rlt'ich contains an order-jsonrr:rnlljc cop\/

of L al so contai ns a I ai;ti ce-i solrorpir i c conr¡ of I_.

1.8-l-tE!¡!'i: [e,t] For a finjte lattjce L the fol'lor.ring condìtjons

are eqLri val e nt:

(i) 4 (L) holcs;

(iì ) L is a cljstributive sut-.lattjce of FL(3).

t99J-i l'le fi rst nrove that (j ) impl ì es that L i s clì stri l-.ut j ve a.rrcl

has rio doubì¡r reCuci bl e el erient.

IndceC, s'ince every poset can ire eni;eddecl in a d'istrjl-''utjr¡e lattice,
natilely thc la.t'tice o'f its orrier ideals, jt fol'lor'rs tlrat L nlLrst. be

ciìsiributive. Â1s0, jf d is a .JoulrlJ,reduc'ible elerierit jn t-.

and jf c!1, ci2 ane djstinct elerrents not ìh 1., then t!.re set

I(::(L-{clJ),[oi,,'z\,,litilihenartjalorclerìng<,

for X,J,€L-[,JJ, X('y r,rilorcver x-<-1,_i df 4dZ)
for xe t--{.:11,ì=1, 1, x<' cli (xtdi) r^riìcncvcr

x < d (x7 ci)

is a la'Lt'ic¡:. (l(;<' ) conl-a'iììs an orcJer-jscrnornirjc conv of L, ilut

no lati.icc-isoi,ir¡rÐllic co'r_\¡ of il:.
ilor'r, ir1, 

-l'lrcorr,:ri 4.6, it ìs r:¡¡1¡1çrllr 1;o ¡rrove that 'if L is {-he

un j on of a í'j n j tr: I i ncarl¡, ortjcrcrl farl'i ly of sui-,1at. i.j ces cacit of vltj ch
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is ei'chr:r.a onr:-,r'l(:r,rr:nt. latticc or ail c.j.!lrt_r:lenrent fioolean lati_icr

or a djft:ct ¡trocitrcL of a tr,to-e'lcr,L.nt chajn ancl a finjtc chajn. ilti:n

{tLl lrolcls.

If L 'is atr ei,lht-eleiiieni ßoolean algeitra, 1r:t tirc lattice K colr-

tai n an ordr:r-i sorilorplri c cop;z cf L, vrj ill the atonis of L nrappccl to

ul, â2, o3. Thcn it is easy to verì i"¡r that the sct l o, o u'
ul. * 03, àZ -n nS J generates a lattice-isonlorphic cop¡r of L.

I'lov¡ let tire I attice i( coirtain c X z as a suh-poset, r,rhere the

elements of C are .1 ( .2< ...{.n. Derrote < c.¡ , o > b.y ui,
and ( cj , 1 > ny bi. Then 'ì/,re can verif¡, that the set f dt, d2,...
dn, el , è?-,..., .n J is a lattice-jsoinorplric con¡, e¡ C x ?., vrhere

di = on bi, and .i = lrì o u.i .

Fjnallrz, 1et L be the union of a I jnearly orderecl famj]y of sub-

lattjces Li, ('i e i), r.rhere each t-j is as specifiecl above, and

lei L be cont.rjned in l( as a sui:-poset. ilor,r, lt¡r ¡.u¡ing tlre

universal holrnds of each of thc Lj't in K, it js rross-ible to fincl,
foreach ie I,anri 'irrterval [0i,til in K contajninq Li asa
sub-poset. lJencc foi, tr] contains a lattice-isoirorr.,iric cop;u Li

of Li, ancl the lat1:icc L'= LJ Li is isolircrnhjc to L.

Th'is conrpl c'bes the proof of illc theoreni.



5. Tr,tE nlç! ql¿-u!i__l!tQtjú:

undcr the hypothcsis of 2.J?-, D. Jónsson ancl J. rr. l(iefer

proverì 'i.hat the I at'Li ce ,q can be exprcssecì as a uni on of certa.in

sul-rlattices, and tirat ;\ is 'isomorplric to a sublattjce of a .i'ree

lati;ice jf and oniy jf eacit of the sunlrnancjs is jsoniornhic to a sun-

I atti ce of a f ree I at'bi ce.

THt0P.tli: IZO] Suppose A is a fi ni te I atti ce i n the cl ass

att'i ce of Â. Lct

and â..(x<b,,1
IJ KI '

ui¡l attí ce of A,

Furtherrnore:

)i 'l- V = q- and- tl
I

t x+_v=u ancì

z impl j es that

sume that the lattice ts+ (Fjg. 3) is a. subl

-fxfxe A and z<x<u\ Cij=lxlxeA
i,i,k, l] =[.r,2,3,4J Then A, isas
tij isasublatticeof A and

/1 = A' u B4u Cl?., C13, C14, CZ3, CZ4u C34

, i,k,1l = {i, z,3, qJ then:

(i) r e C.i, and y€Cit inrpljesthat

xV = Pi ; x € C-, and )¡ e Ckl írripl'ies tha

xy = z.

(ji) If x€,fr' andz<J/<u tlren: x+
x'{' y = X .t- u.: * * u impl'ies that x.y = x

lje start by prov'ing that the se-u A i s Lh

and as

^l 
- A

-cror t
ea ch

lr i 1t

â Lrnion of 
^',34.sixsets tij. Let ve.,\-BO,a.ncl z<v<u. l,leshor.¡

n Cj j for sorrte 'i ancj j . But f i rst, r,ie ¡rrove tirat pi

u, and that uij ccvers pj; it r,rill -Follot.r b.y cluaììty

covcrs ,{j airci i.lta'i- ,l.i co\/ors lri j.

Procf:

and l,lrc

that v

cov0l^s

tl,.at u

Indeer! Tlli,r conri'ition (!i) a¡t¡r1ìeclI c: i. Irj covor solìar ol r:t;cnt cl >, z.
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on ojl, u.i1, d ancl p-, 'innlics tha.t pi-..-< p¡ + d. ilcnce

11 (1, + d) = d ancl tile sante ìs trui: if j js repiaccrl try l< or l.
ilor't cond'itjons (ì) anci (Ìi) of 2.7 are sa'Ljsfjecl rrjth
c?f'ì
tol,oZ,.3 J In¡,p¡,,Ìriì ailcl v = cì * pj. llut s'incc A is f inii-e,

then v nrust l-.c ioin irrc.iuc'ible i.e. o n oj. It follor,rs tirat

d = z-. irlso, jet pi 
-< cì ( ui j. Titen pj d = z ancl p¡cì, = z.

So. by (SÐ'), vre lrave n, (d + Ç¡ ) = z. j.e. ' < ctj. flence

d -. ui jQj = pj , i.e. d - I-)j

llovl, if z < v < u, v nlust contain sonte aton, say pi, since u/z

cannoi irave more tilan four atotls. If v docs ilot contain any oflier

atom, then o Þ ui, ancl v uj.j = pj (anc s'inriìar'r¡r r^rith i re-

placecl b;r l: or l). iÌo'r pi = uuij = uuik = vai., hence

p1 - v(aij o u.ik {- ajl) = vu = v 'i .e. pj = v, r,rhjcir contracljcts

tlie conciitjon Í:liat v { 14. so, r.re nrust also have ,2p.i; Íìcpeatin.

the sanre type of arcrurnents 1ro corrcl ucle 'tirai e j ther v e B4 or

v e C' anC onìy the'las-l possiiriljû), js coirpa.Lillle uj.ùlr our as*

sLrmption. Ti¡is nroves thc, clajril that

¡1, = Â', B4 u ClZu C13r Ci4r C,?_3u C,ì-rr, C?,r!.

It js oi;,¿jous that'[lre sets tij are sublattices of' ,1. It
clear th¡,t (i) hol<ls, since oij * ui!. = gï, ,rl,l 

'rjì 
=

To rrrove (i i ) , t,ie nrove i,llat 'if ;< c- ,fi' anrl * + t bhr:n u

For jf , * x-r z, t,/0 r,,ou]cì have u(>l + z) 1\i for solnc

Pi(>r + z) = !.i , Lr.(>i i'z) (lligi .-2, -uhcrcfore

pi(x-r z 1-1) = pi(x +,li) ::2.. Thjs olrviorisìy ir¡rn'l-ies tirat

l;tr'l sincc Lr is tire orrl'/ cli:¡lûr-rt covcrjnq ,lj, ve concluilc

'is al so

Pj, etc.."

-< x + z.

i. !ic¡rce

x = q i)rtt,
tlrat
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x < qi. llcnce z < z + X.( Qj, and it foliols tiral- onc of thr¡

atoms of u/z js con[¿rinccl i tt z 'r x¡ say pj .< z r- x. llo',.r:

u = q-. + p-.- rl . * x-, lieiicc u = q., I'P*)(, llenr,r J J 
1X-rlìeijcc u: 'J J ce P3x"27D¡'

.li.c. x Ç ir. Tiris provc.s that u ..- x + z, fronl r,rilich the fi'rst

part of (ii) follo',:s inrnrediately. Tfrc sccond part fo'lìor'rs by

ctuaì ì Ly.

l'le sti I 'l ha.r,e to prove tltat ¿\ t 'i s a subl aiti ce of A. ],Je f i rst

siror'¡ that A' - {u,rJ rr a sublattjce of A, that is jt is cjoscd

under jojns and rneets. Indeed, let z< c + d ( u 'ühen l.¡e shorv

that z<c or z<d. Assumethisfails,then Q1ÇoÇ3Q¿=z<c-t-d,

irence qj < c {- d r'or sollle i, (by (l,l)), and'it follor,rs that

c4d=u or c+d=Qj. If c+d=u" then c and d cannot

both lre coniained 'it.l qi, and \,re nla)/ assurne that .t ,li. Therefore

gi * c = u ancl, since cli o pi -- u it fol'lol'rs b¡, (.:1D) that

A.¡ + p-c = u. Since by lr¡rpothesis t *., l.re har.re pi $ c so that

pi. < p.. Therefore pi. < z < q.i ivhich is a contradicLjon. If
c + d = Qi, r,le cierive a contraciictjoi.. again by rrotìcinq bllat Orj

cannot contajn lloth c anci d.,/J,ssune . 4Lrij, jr follorrs that

bij n c - qj, and since bij ,- pj = Qj, ,r/ê Çeü lri.j * pic = gj.

And as beforc, gic<2, and trjj = Çj, a contracljction.
,r /.. \ilou (ii) 'iliirl'ics Lir.rt l| is c'loscd under the mee'L of an¡r 6f i¿t

elcnlents r,rith u or z) and ùirìs conpì etes the proof ol' thc ti'reorcm.

5.lll! lrjr.ri:

of (5,1), if
(ll. ,lónsson ancl J.l:. l(cifcr f20] ) llndr:r tlre h;rpotlrcsis

ir' ¿rnrj all tire l;l'Lticr:s C.o., arc'isorrror¡rlt'ic i.o srrl¡-
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I att j cr:s o'Í' frcc I .rtti ces , the n so i s A.

PrypF: l.ci 'í' be an j sonror^nh is¡i of 1,4 j nto f t.( ñ" ) . ,i j can !;,.:

ntanpcc ìnto f(ir,.., )/r (0.,.i) ll¡ an isomorphjsn f1j, since ihjs
quotien't contains an ìsonrorpiric coDr of r.L(N,) (sr:e 3.r). Also,

A' can be rna.nnecl j ni-o FL ( X,") by an i somornh j snr ir , and

h (u )/h (z: ) coniai ns an i sornorpir-ic coir.y of u/z . r-et l< be thc nan

that agreeS rvi tir h on A ' - Lu ,rJ , i¡i th f on B+ ancr r,ri tli ti j
on C_. ., . Then k i s seen t.o be an i sornorphì snr.

1 ,.1

Th'is completes tlte proof of the theoren.
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0._ roi'$j_.!srjli.,

that havc taci tì3r appcarr:cl i n tili s styVel/,

o'uirers l,lil j ch a¡ e i nciì rcc ['ì.y col-1t]ccted v/i til

Probl er:r 1: [;ónssolr cìncì Ki eferl Is every

It nra¡r be corivcilicn'c to cxnl jcì llr, [onriu.laL,e varjous ¡rrohlenrs

as vlell as to mentioti sonle

thenr.

lattjce satisf.v'ing (Sl),
(sD') ancl (l't) a sul:lattice of FL(3)? Ec¡uiva]ent1y, Ís there a

laitice r.ririch satisfies (r,J), (sD) and (sn') but rvhich js not trans*

ferab I e?

The solution -lo 'bhis probienr l,rould be nlacle easier if 'ûhere

!'/as a r':ay of descri bi ng i a'Lti ces sati sf.yi ng (l'J) , (SD) and (sD, ) .

In vier'; of the result of li], it is reasonar:le to formulate the

ques'fion as follor,'s :

Proirlerir 2: can the conrlitions (t,l), (SD) and (sl') be charac.Lcrizec

by the non-contai nrncnt of a fi ni te I i st o f, fi ni te l atti ces ?

Three cl asses coi nci deci i n tire cr ass L of al I I at.b j ces:

the class of 'f in'i be suirlattjces of a free laLtice, that of f ini,ce
'üransfer.rble I atijces and tha'L of f jni te p,*oject jve lattjces. Thc

distribubivc lattjccs of tilese classcs are exactl¡.r the lat,!ices

lrav'ing the nropcrty 4 (sce 4"7). Therefore,-it js reasonablr: to

asl< l./hcthr:r ihc sairr: rej atjonshi¡r irolcJs be'¿r':r:en Lili:sc concari;s r.¿llen

gcneral i s.ccl 'to an arir i I:r ar¡r c'l ass ! of I att.iccs . lJnforturrately,

th js 'is not- tiic c¿ìso; for c)<,irnnlc, cvrtry f'jn j tc cl'istrjbut jvc latt.icc
'is a stlLrlacticr: of :;orii: frec l;rlL'ico in lhi: class l) of cl'isbribirtivr:
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'lattices, ltot'rQvcr rtot cvcry clistril:u'Livi: lattjcc .is proje ctír¡c jn D.

Thereforc, \'ie siroulr-i recall a pror'lciir fjl^st raìscrj jn f}al:
-Lqi¿lgl:: characi;crjzc those fiiijtr: lai;tjccs L far riricir 4il(L)
Itolds. ,^,r: thcse, for cxarrpìc, just ilre fjnite latt-iccs nrojectivc
'in D?

iJe sliould also nentjon tirat jn 
[?'11 , jt vas shoi,i.r.r tiiat everl¡

lattice satisf-i,inc 4r(L) is transferable in the class K.
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Piì0P0ijtil0ir: It] In a finitc li:i'i.1.ice L.

(Sil' ) , tire conci í Li on (t,l) tai l s 'i-F an,j only i f
laiL'ice isornornllic to l_l or LZ (sec fìgure

Proof: If L iias a clouol-v.reCuc'iblc eler:lc¡lt, tircn l_ oi;viousll,

has a sulrlattice iscritorphic to L2.

i.iorv let us ass¡-ime trat (1,I) fa j I s , errcl jn fact

lre such that u1 u¿ ( b, + it, ancl

ui * bl {- b?, dl a2 }¿ bi (i = 1, 2).

Si nce t- i s fi ni'te , i.,'e cai'ì sel ect u 
1 
, uZ to

to ûhc fajlLrre of (!,1), tirat js

u.i F ti ('-1 n be) (i = .1-, 2)

anci dual l.¡:

l.:, -< ir, + (a-t uù (i = 1, ?_).

i'lor'i, r,re clainr tlraÌ: tllere c:xisis ni € L such t-hat at le¿rst o:re of thc

fol lo',ijiig irolcis: b., + b, < ill < a1 .f (l;.,- + ¡',r), or

bi -,- lr, < til < a? + (b, .r. b").

Indcr.:d, if i¡o'uh u1 o (,1, + br) arirl uZ.o (b,, ,, l;..) cor,rcrci{ (t,., -r. b.),
vre i':oul cl irave .r-.1 ,- (b., + !r, ) = uZ ., (l-., . i:, ) (s ìncc r;.,. .t- lr, ì s

nleci:-'irrcrlrrciirle) âr'rr.j nl 0.,¿ a!rt . lr., clnti^alljctiitcr .l.r,r!: ass¡¡ì¡-
"f joii tir¡t (si,') hoìrls in l-" Tlir¡r'cfrtr.:, r.,j|rrrrrt loss of (jcn(.lrel j i;.,,

l/rl iììäJ' ¡sSLllll? i-l:at

lr., + l:,s 1 l,t .: iì t- (lr', -r j;,, ) .
¿r-1.t.

It. fcl"loirsì i'roi;i 1.lir. ri:'in'ili¿:li i-.¡ oi

se Li sl'y i rig (Slf) and

l- contai ns a suli-

1)

I ct â, , â,.r, h" , i-r,.,
l' ¿- I' L

be nii n i rila I r lì 't-it res pect

â, à.

il. i:ltai: *1 l;ì = aI (l,t I b").
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tlepl ac

ô rqunc

m' < L

!'Jr-, a I s

.isei t
(u1 o

I atti c

pì etes

inq a, b.y nì ;rncl ciual i::irrct thrr alrovo

ttt, t'rl-' |la)/ COIlcl itdr: tl-',at thcre ex'iStS

sLrclrthat!r1 (ôi nr) <m'4uL tn

o have: b, + ni' = 1r,,, + âr. tiì. ilort,the

(u1 ,-t-r, +'rir')(bt + br), â1, â1ni,

b, + rr'), rt',t,l, r'bL] rorn¡s a sult-

e of L jsonorphic to L' This com-

the proof of tire proDosjtion.

'11 I

[r, + b1

I
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Dia.rrari of i-t-(L + lì). [nol i., 25]
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Liiagran of lrl-(4 + 1).

--'T

IV

f irnt r, z5l



4it_

Tirc sul;lai,ticc

r,,lìcre a rtr,c

o i f'l (3 ) (tencf ;ì'¡.-rl l¡,t

are titrl rlt'ilrrr'¿jtors o'[ F

[0,(o(r,.i¿rc))t(c(t

I (3). Ilcan,7]

r'l'¿rc)), c]

Y, - a (bràc)
tr = c.(t,tar.)
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t1] [1. Irnton'ius anrl I. lìival. (irnnulrlislrcci i]¡nLrscrii:,t, 107?,).

LZI i'i.¡. Pal<er anri 4.11. !!alcs: lisj.rjl;rrtive nrojcc-tìrio lattices.
Can. .1. l1atit., Vol ??, l,i" :j, iq7,l, -m --T7\ 
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