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INTRODUCTION

The study of free Tattices was first initiated by P.M.
Whitman. 1In his two famous papers ([26]and [Rﬂ) he exhibited the
basic structure of the free lattice on n (unordered) generators;
he showed that there exists a canonical form for the elements of
such lattices, which enabled him to solve the word problem in a free
lattice.

This concept was generalized in several different ways.
R.P. Dilworth defined FL(P), the free lattice generated by a par-
tially ordered set P as the "most general" Tattice generated by P
and preserving existing bounds in P. However, the solution of the
word problem is lost in FL(P), except when P has a finite number
of defining relations (cf. Trevor Evans [?] ). Later, R.A. Dean
developed another generalization of the concept of a free lattice
on n generators ( [6] ). Dilworth called such a lattice the com-
pletely free lattice generated by a partially ordered set, and
denoted it by CF(P). Here the word problem has a solution and this
Tattice has in fact many properties enjoyed by the free lattice on
n generators. For instance, every element in CF(P) is either
join-reducible or meet-reducible but not both, except for the gener-
ators which are doubly irreducible. 1In the event that P is un-
ordered and|[P| = n, FL(P), CF(P) and FL(M) are isomorphic.

Another generalization of this concept, the relatively free

lattice, was studied by B. Jdnsson in [19] .



Free lattices are a hasic tool in lattice theory. For
instance, just like free algebras in an arbitrary equational class
of algebras, free lattices are intimately connected with identities:
if p and q are n-ary polynomials, then p =g fis valid in a

variety K of Tlattices if and only if »p (Xl""’ x ) =q (Xl""’ X

n n

vihere the X;'s are the free generators of the relatively free
lattice on n generators in this variety (cf. [14]).

Moreover, many concepts coincide on free lattices. Modular
sublattices of a free lattice are distributive ([7]). Every free lat-
tice is projective ([15]). A finitely generated Tlattice is projective
if and only if it is a sublattice of FL(3) (A.L. Kostinsky [21]).
This is an extension of a result of PR.M. HcKenzie [23]. A dis-
tributive lattice is projective in the class of all lattices if and
only if it is a sublattice of FL(3) (K.A. Baker and A.Y. Hales [2]).
A finite lattice has the property that if it is embeddahble as a poset
in a lattice L then it is embeddable as a sublattice in L if and
only if it is a distributive sublattice of FL(3) (Y. Poguntke and
I. Rival [24]).

From this perspective it is clear that the concent of a sub-
lattice of a free lattice is not only a natural one to consider, but

“that it is also a very useful one.

At the center of attention of this survey is the class S

7~

of lattices satisfying the conditions (¥), (SD), and (SD') (sece sec-

tion 2). B. Jdnsson had proved in [18] that any sublattice of a free



lattice satisfies (SD) and (SD'), whereas (W) is due to Yhitman

(see [26]). In [27] , B. J6nsson and J.E. Kiefer conjectured that
finite sublattices of FL(3) are characterised by these three con-
ditions. The conjecture is still unsettled and has been so for the
past thirfeen years. In [19], F. Galvin and B. J6nsson showed that
distributive subfattices of FL(3) are characterized by (4) (this

is a special case of the conjecture since distributivity imnlies (SD)
and (SD')). By considering sublattices of a free product, H. Lakser

has proved that no non-trivial sublattice of FL(3) {s simple ([22]).

Another class of interest is that of transferable lattices
(see [11] ). This concept was first introduced by G. Gratzer in a
(possibly) more general form in [13]. A lattice is called transferable
if it satisfies the following two conditions:
1) For any lattice X, L 1is a sublattice of I(K) (the ideal lattice
of K) implies that L 1is a sublattice of K.
2) Let us denote the embedding of L into I(K) by <& , then there
is an embedding ~Y of L into K such that oy (x)e & (y) if
and only if X<y .
A lattice that satisfies the first of the two conditions is called

weakly transferable.

H.S. Gaskill and C.R. Platt have nroved that, on the one hand,
a lattice is transferable and satisfics (Y) if and only if it is a suh-
lattice of FL(3), and, on the other hand, that every transferable

Jattice satisfies (SB) and (SD') ([12]). thother a Tattice satisfying



(W), (SD) and (SD') is necessarily transferable or not is unknown.
Recently, G. Grédtzer supplied a proof for the claim that a weakly
transferable Tattice has no doubly reducible elements ([1@ ). In
this connection, I. Rival and the author observed in [1] that in a

lattice satisfying (SD), (SD'), the non-containment of a sublattice

isomorphic to L1 or L, (see figure 1) is equivalent to (W).

Fiqure 1

Therefore, proving that no transferable lattice can have L1 as
a sublattice would prove that every transferable lattice satisfies ().
This was done very recently by G. Grdtzer and C.R. Platt in [1ﬂ .
This result also proves that a sublattice of a transferable lattice

is transferable, since it would also be a sublattice of FL(3) .

Finally, McKenzie ([23]) established the connection betveen

bounded homomorphic images of FL(3) and sublattices of FL(3) by
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proving that a Tattice is a bounded homomorphic image of FL(3) and

it satisfies (V) if and only if it is a sublattice of FL(3) .



THE HOTATINM:

In this survey, a lattice i: and its underlying set L will
be denoted by the same symho! L. The same applies for posets. The
operations "join" and "meet" will he denoted hy "+" and ".",
respectively. Sometimes, a.b will simnly be written ab.

If P s a subset of a lattice L, [P] will denote the sub-
lattice of L generated by P. 4@2; will denote the 5-element
modular nondistributive lattice, and 4%; the 5-element non-modular
lattice.

If a poset P is the disjoint union of k chains Cysenes €y
of Tength N Mgseees My respectively, and no inclusion relations
hold between elements of distinct chains, then P will he written
ny + Ny *+o.. + ny, and will he called the sum of the disjoint chains
c

12000 Op -
For a ¢b in a lattice L, th

D

interval [a, h] will some-
times be denoted by b/a (read: the auotient b over a). Also, the
expression "b > a" means that "b covers a", i.e. there is no

x ¢ L such that a< x< h.

By a canonical sum representation for an element x 1in a

lattice L, we mean a subset TX such that 1) Tx is join-

irredundant,  2) \/TX = X, 3) If # dis a subset of L such

that VY H -

i
>

than for every v ¢ TX, there exists a z ¢l such

that vy g z. A canonical meet representation is defined dually.
R N !



1. BASIC DEFINITIONS AND THEORENMS:

1.1 DEFINITIOH: Let P be a poset and let EJ be an equational

class of Tattices. A lattice FK(P) 1is called a free lattice over
,ligenérated by P if the following conditions are satisfied:
(1) P=FK(P) and for a,b,ceP, inf{a,by=c in P if and
only if ab = c¢ in FK(P), and sup {a,b} = ¢ 1in P if and
only if a + b =c¢ 1in FK(P);
(2) [P] = FK(P);
(3) FK(P) € K;
(4) Let LeX and let #: P—L be a map with the proper-
ty that if a,b,ceP and inf {a,b} =c 1in P, then
Pla).9b) ={c) in L, and if sup{a,b} = ¢ in P then
$a) +P(b) =P(c) in L. Then there exists a lattice homomor-

phism v : FK(P)=—>L extending <p .

Let L be the class of all lattices. Since every poset can
be embedded in a lattice (see [15] , p.A4), the existence of FL(P) is

guaranteed by the following:

1.2 THEOREM: [15] Let P be-a poset and let K be an equational
class of lattices. Then FK(P) exists if and only if the following
condition is satisfied: There exists a lattice L in K such that
Pcl and for a, b, c ¢ P, inf{a,b} = ¢ in P if and only if a.b = ¢

in L and sup{a,b} = ¢ in P if and only if a+ b =c¢ in L.



If P is unordered and [P]= m , we write FK(m) for FK(P) and call

1.3 COROLLARY:  For any non-trivial equational class K, and for any

cardinal m , a free lattice over K with m generators, FK(m) exists.
In the case where K =L (the class of all lattices), it is possible
to solve the "word problem" , i.e. given two elements a,b of FL(m),

it is possible to decide whether a< b or not.

1.4 THEQREHM: [26] In the free lattice generated by a set of elements X

(1) x; < x5 if and only if 1 = j
(2) recursively a< b holds if and only if one or more of

the following holds:

(a) a =a; +a, , where él,g b and azg h
(b) a =a; . A where a; < b or S b
(c) b = bl + !32 where a < bl or a< b?
(d) b = bl . b2 where a< b1 and a < b2

1.5 COROLLARY: In a free lattice, the following condition holds:

(M) If abgc+d then either abgc or ab<<d or agc+d or

b<c+ d

It is possible to prove that (M) holds in FL{3) without re-

ference to the solution to the word problem (see Alan Day [36] ) -



The canonical forim of an element in a free lattice is its

representation as a polynomial of minimal length in the generators.
Hhitman proved that such a representation is unique up to commutativity

and associativity.

In a free lattice on m generators, a subset {-Uil ¢ R} with
IRI =n is called a free set if the sublattice of FL(m) that it
generates is isomorphic to FL(n) . Mecessary and sufficient conditions

for a subset of FL{n) to be free were given by Whitman [Zf].

1.6 THEOREH: [27] A subset {U.} of the elements of FL(n) is free

if and only if I < :E% U;and its dual (where S is a finite set of
1€

indices) each imply j e S .

In FL(3) , Whitman found a free set with four elements. This
implies that FL(4) 1is isomorphically embedded in FL(3), and repeating
the process on three of the generators of FL(4), he concluded that
FL(3) contains FL(n) as a sublattice, for any finite or countable n.

Since any three generators of FL{n) form a free set, we have

1.7 THEOREM: A Tattice L 1is a sublattice of FL(3) if and only if

it is a sublattice of FL(n), for any finite or countable n.

The solution of the word problem is not valid for FL({P), and

it may be useful to consider another type of lattice generated by P,
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first introduced by Dilworth [2], and investigated hy Dean [6].

1.8 DEFINITIOM: Let P be a poset. A lattice CF(P) 1is called a

completely free lattice generated by P if the following conditions are
satisfied: |
(1) P< CF(P) and for a,b ¢ P, a< b in P implies ab = a
in CF(P).
(2) [P] = cF(P),
(3) Let L be a lattice and let ®@:P—L be an isotone map
with the property that a< b in P implies o (a) .@(b) =<P(a)
in L. Then there exists a lattice homomorphism ~y :

CF(P)— L extending <.

Whereas FL(P) preserves the least upper and greatest lower
bounds of pairs of elements of P, CF(P) does not. However, if no
such bounds exist in P exgept for pairs of comparable elements, CF(P)
and FL{P) are the same. Hence, if P 1is a sum of disjoint chains

Cys CosevnCp s having Ny Nosevns N s elements respectively we have

’
AN

CF{n, + n, +... +n

1 2
in view of the following:

Y= FL(n, + n, *... + n_ ). This fact is important
k 1 2 K

1.9 THEOREM: (R.A. Dean, [7]) For any countable partially ordered

set P, CF(P) 1is a sublattice of FL(3).
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1.10 COROLLARY: (M. Polf, [25]) FL(n1 g bt n]/) is a sub-

lattice of FL(3).

Hence, any sublattice of FL(n1 Ty e H nk) is a sub-
Tattice of FL(3). The converse of Corollary 1.10 is true if P
is a sum of three or more disjoint chains, but it is not always true
vhen P is the sum of two chains: neither CF(2 +2) nor CF(4 + 1)
contains FL(3), however, both FL(3 +2) and FL(5 + 1) do.
(H. Polf, [25]) (For the diagrams of CF(2 +2) and CF(4 + 1) see
appendix two). Ye finally need to recall one result of B. Jénsson on

freely generated lattices.

1.11 THEOREH: [20] A lattice generated by a set X is freely

generated by X 1if and only if it satisfies (¥) and every finite non-

empty subset of X s additively and multinlicatively irredundant.
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2. [ESSENTIAL PROPERTIES OF FL(3)

2.1 LEMA: (Jonsson [18] and Whitman [26]). Let F be a free lattice
on three generators and let a,b,c,deF. Then the following hold:
(%) If abg c+d then either ab<gc orabgd or
agLct+d or bge+d.

(sp) If d

a+b=a+c thend=a+bc .

(SD') If d=ab =ac then d=a(b+ c)
Proof: (X) See Corollary 1.5.
(SD) Let d=a+b=a+c. The condition is trivially true if any
two of a,b,c,d, are equal. So, we can assume that d is join reducible
and has z% Ui as its canonical representation. It follows from [26],
that for every Ui , we have:

(Uiéa or U1.< b) and (U].ga or Uié c)
If U;<a, then U;<a+be. If Uiﬁﬁ a, then we must have
U. < b

; and Uisé c; hence Uis; bc. In both cases we get U < a + bc

3
for all ieS, hence U g a + bc. The inverse inclusion is trivial.
(ST} This is simply the dual of (SD) , hence it follows from the above

considerations since FL{3) is self dual.

Let us denote by S the class of Tattices that satisfy (v,
(SD) and (SP'). Lemma 2.1 says that the class of sublattices of FL(3)

is a subclass of g.
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2.2 COROLLARY: For any lattice L in S , no element can be both

join and meet reducible.

2.3 THEOREM: (18] A lattice L in S which has finite length is
finite.

Proof: This in fact is a corollary of (SD) alone (or (SD') alone,
of course). The proof goes by induction on n, the length of the sub-
lattice A, assuming it is true for lattices of Tength n-1.

Let M be the set of atoms of A. We prove first that M 1is finite.
Indeed, Tet ae¢M, and N =M - {a}. Then ab = o for every b in M.
From (SD') and the finiteness of the length of A, it follows that

a . (2%; b) = o hence EEE b =cs#1. Hence the Tattice [0,c] is of
length at most n - 1, hence it is finite. It follows that M and M
are finite. MHow, for every atom ac¢!, the interval [a,1] is of
Tength at most n - 1, hence it is finite. Since the Tattice A

is contained in §E&[a,1]) Ufol and there is only a finite number of

such intervals, it follows that A 1dis finite.
A first induction shows that A can have at most n atoms:
note that the atoms of [o,c] are exactly those belM. A second

induction shows that |A[ £ 2(nl).

2.4 THEOREN: [18] A lattice L in S that satisfies the double

chain condition is finite.

Proof: Let us first assume that every quotient properly contained
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in A is finite. For xe¢l, x #{0,1}, x must contain some atom
a € A (since every descending chain is finite).

Let B be the set of atoms different from a. Ye claim that this
set is fTinite. If not there should be a denumerable subset of atoms

{bl,.,., b »...J<=B. But the chain {a, a+ bys @+ by +b

1 PELERD
a + b1 +... + bm,...} must be finite, i.e. there exists an element
c = b1 * ...+ b and by (Sb') ac = 0. Hence c#1, and (c] is finite.

Hence we can only have finitely many atoms, and for every atom a, the
interval [a) is finite, hence A 1is finite. UMNow let A properly
contain some infinite quotient [a,b}, and Tet [a,b} properly contain
some infinite quotient [al’bI] and so on. e get a descending chain
{b,bl,bz,...} and an ascending chain {a,al,az,,,,}, Since hoth must
be finite, there exists some n such that [an’bn] is infinite but
every quotient properly contained in [an’bn] is finite. From the
first part of the proof we conclude thét [an,bn] must be finite,
contradicting the assumption that A contains some infinite quotient.

This completes the proof of the theorenm.

2.5 THEOREM: (Dean [7]) A lattice L in § which is generated by

three distinct elements a,b,c such that ab = ac = bc is given by
the following diagram, or one obtained by identifying one or more of
the following pairs : (a, al), (b, b1 Y, (¢, cl).

Proof: The condition (SD') implies that a +b, a+c, c+d are

distinct and incomparable. Hence, they generate an eight-element

Boolean lattice. Let us denote its atoms by al’bl’cl' It remains
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to prove that a,b, = ab =0

and alc1 = blc1 = 0.

Now: c(a1 1) g cla+b) =o.

Also b(albl)éé b(a

Hence, by (SD') we get

(
(c +b) . (a;by) = 0, but
b

(c+b)>b, >a It follows

1~ 1 1’
b, = 0.
that P17 ° Figure 2
2.6 COROLLARY : @5&?5 does not belong to the class S. In par-

ticular, every modular sublattice of FL(3) is distributive.

Mote that the lattice of 2.5 does occur in FL{3), with none of
the pairs (a,a;), (bsby), (cocy) identified: it is the sublattice
generated by Ix + (x + y)(x + z){y + z), y + (x + z)(x + y)(y + z) ,

z+ (x+y)x+ z)(y + z)}j where X,y,z are the generators of FL(3).

The Tattice generated by a four element join irredundant set

To get the main result concerning this situation we need a few
lemmas which are due to B. Jénsson and J.E. Kiefer. These results
are not only valid for sublattices of a free lattice, but for any

lattice L in the class S.

are such that:
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(i) a1£¥ a, tay tv and cyclically

(i) vka, for i=1,2,3

(iii) v is multiplicatively irreducible,
then A contains a free lattice with three generators as a sublattice.
Proof: The condition (W) together with (i), (ii), (iii) will en-

} - b =

sure that the set {bl,bz,b3} vhere by = a; + (a2 + v)(a3 +v) and
cyclically is a free set (see Theorem 1.6). By Theorem 1.11, the

result follows.

2.8 LEMA: [20] The following are equivalent:
(i) For all a,b,ceA, u=a+b=a+c implies u =a + bc
(ii) If u is an element of a lattice A, for any positive

integers m, n and for all al,..%:am, bl,..,bne A,

m n T
u = :Z:a1 = EZ:bj implies u = :E: ji:aibj
J=t J=1

1 i=t

1=
(i) If u is an element of a lattice A, any two sum re-
presentations of u have a common refinement. If u has

canonical sum-representation then (i) - (iii) hold.

If A ds finite and satisfies (i) — (iii), then u has a canonical
sum representation.
Proof: (i) implies (ii): Ye prove the stronger statement, that (i)

implies the following statement denoted by P{n,m):

n m_ n
u=v+ % a, = v+ 2.h. dimplies u=v+ 2. >.a.b,. P(1,1) s
1= 1 J=v J iz Jer 1]

just (SD)}, so we proceed to prove P(1,n) by induction on n .
n

= = + PEEN ' = N 3 . e
et u=v + a1 Y %; h. Let bn bl +.. .4+ -1 Then
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u= (v+ bé) t+a=(v+b')+b (since b g u). Therefore, by (i),

n n n=s

i

u= (v + b%) +a . bn . But also u = v + albn + a, (since

albn’é u). So P(1,n-1) together with the two previous lines

imp] = (v +ab )+ S ab ° = v+ 3ab T
imply u = (v +ab Ziahs s deen u= vt 2oab,. 0

prove P(M,1), (where m>1), let a& =ay tota s and let us

n
have u = v + a& ta, =Vt Ziibj. Since aé < U, we can rewrite the
=

. . - + v = + a' 4+ .. \;" ,
last equality, u=v ag ta, = vo+a %;.bj Now, P(1,n)

n
implies u=v + a& + 50 am b, . Therefore
=1

T ma n M
= v+ b.) + = (v o+ b.) + d b
u=v (?{T'amJ) §a1 (;/ :{:"‘am\]) :z;bJ and by
n-t m
P(n-1, m), weget wu=(v+ 22ab.)+> 5 a.b, =v+ Eliila b
Jnr M J 11311‘] d=t g=I

The implication of (iii) by (ii) is obvious. To prove that (iii)
implies (i), let us have u=a + b =a + ¢, and let us have a com-
mon refinement u = ﬁt:di. As in the proof of Temma 2.1, it follows
that every di is either contained in a or contained in both b and
¢, and the result follows in the same wavy. The last two statements

of the Theorem are obvious.

2.9 COROLLARY: [20] 1In a finite lattice A that satisfies (SD),

every element has a canonical sum representation.

2.10 LE#A: [16] If a finite lattice A satisfies (1) and (SD')

and if the elements al,az,a3,v< A are such that:
(i) a1<i 3, * ag + v and cyclically

(i1) v<a, for i=1,2,3
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™o
~J
—

Proof: The proof will be completed by applying (2. to the

elements bi =a; *tv (i=71,2,3) and w =, +w, +w. where

1 2 3

vy = (a1 + v) (a2 tag v) and cyclically. Since & is finite,
one of the three conditions (i)-—(iii) in (2.7) must fail. It is
easy to check that b]s¥ b2 + b3 +w and cyclically (by expanding
the right hand side and applying (¥)). Mow one of the two remaining
conditions of (2.7) must fail, since A 1is finite. So, either one
of the b's contain w, or else w is multiplicatively reducible
hence additively irreducible. If ngb], i.e. b]>\v2 and b]>wv3,
then (a + v) (a tagt v)s;a] and (a v) (a ta, + v)s;a] + v,
Now applying (W), we get that

v = (a2 + v) (a3 tag v) = (a3 + V) (a1 ta, + v)
and by (2.8) (ii) we get the desired conclusion. If w is
additively irreducible, then w = w. ‘for some i, sav 1 =1,

i

which means that w < bl’ and the conclusion follows as above.

2.11  THEOREM: [20] If a Tattice A {is generated by an additivelv

irredundant four element set { Pyaeees P4} such that

(P? + Pyt PA)(P3 + P, Pl)(PA P+ P) = P, and cyclically,

then the order of A s 22 and A s isomorphic to the lattice B

4
generated by the atoms in a free Tattice on four generators. (see
figure 3)

Proof: Define 7z = p 1P2P3Pys U F Dy + Dy * Dyt Dy>
Qy = Py t 0y 4+, and cyclically, a.. = p. +n h.. = q.q.
A L velreatly, i3 Py Pss iJ q1*3
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(i,j =1, 2, 3, 4 and 1 £ j). The proof is done hy checking the
addition and multiplication table, looking at all possible com-

binations.

Figure 3 : By

The next result follows at once:

2.12  THEOREM: [20] If A dis a finite Tattice that satisfies (W)

and (SD'), and if A contains a four element subset that is ad-
ditively irredundant, than A contains a sublattice isomorphic to 84.
Proof:  Fpply (2.10) and (2.11).

ve have now determined all the lattices in the class S
which arce generated by their atowms when the number of atoms is less

than or equal to four. The next results show that this is the

maximum number of atoms a finite lattice in § can have.
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2.13 LEMHA: [20] If A is a finite Tattice that satisfies (M),
then every representation of an element as a sum or a product of
more than four elements is redundant.

Proof: lLet wu = ap ta, he.ota where n > 5, and assume this

representation to be irredundant. Apply (2.7) with v = + +a s

a, +... ;
4 n
Conditions (i) and (ii) are obviously satisfied, and (iii) is
satisfied because v is join-reducible hence meet-irreducible.
Therefore A would contain FL(3), but A 1is finite. Hence one of

(i) —(iii) must fail and the representation is not irredundant.

2.14 THEOREM: [20] A finite lattice A that satisfies (¥) and (SD')

contains at most four atoms.
Proof: (SD') implies that the atoms form an additively irredundant

set. Hence by (2.13) we can have at most four atoms.



3.  FORMING 1IEW SUBLATTICES OF FL(3)

3.1 LEMHA:  (B. Jbnsson [18]) Let m be an infinite cardinal.
For any a,b ¢ FL(m) such that a < b, the interval [a,b] contains
FL(m) as a sublattice.

Proof: (J. Berman [4]) Let X be the generating set of FL(m),
and let S =X be such that a,b €[S], the sublattice of FL(m)
generated by S. Let T = X-S and let U ={(a +x) . b|x eT}. It
is obvious that the sublattice generated by U 1is contained in
la,b]. WNe now prove that [UJ] = FL(U), and since S can be chosen
to be finite, the result will follow. This means that we have to
prove tnat U ié a free set (as defined in section 1). Let us have

U= {uil ie I}, and . < ?%.uj. Me'11 prove that 1 e J.
Je

Indeed, Tet us define the mapping f:X— FL(S) by

X if xe S
£ (x) = 3 if x ¢S and (a+x)- b = u; for some jeJ
b otherwise

1

(where @, b correspond to a and b in the isomorphism

[s]

Under this homomorphism every uy (jed) 1is mapped onto d. If

T

FL{S)}. Extend this mapping to a homomorphism h:FL(X)— FL(S).

idd, u, vould be manped to b, and we would get b < a, a con-

tradiction. Hence 1ie€J. The dual statement is proved similarly.
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.2__COROLLARY: (J6nsson [18])  If the lattice A is the union of

a denumerable chain &ﬁi of sublattices each of which is isomorphic to
a sublattice of a free lattice on three generators, then A dis iso-
morphic to a sublattice of a free lattice on threc generators.

Proof: It is enough to recall that FL(3) contains an infinite

chain isomornnic tooﬁz.

3.3 COROLLARY: (Jdnsson [18]) Let L be a lattice, A and 3

tuo sublattices of L such that AnB=¢, AuB=L - {O, 15 and
a .b=0, a+b=1 forevery achA, heB. Then: if A and B
are sublattices of FL(3), so is L.

Proof: It is enough to notice that the lattice ?%56 of figure 4 is
a sublattice of tha lattice of figure 2 (Theorem 2.5). Hence, %Q% is
a sublattice of FL(}QO), and so

are A and B. The interval

[x, y] in FL(}QO) contains an y

isomorphic copy A of A, and

. . o .
the interval [Al, j1] contains
an isomorphic cony B of B.

K Xl
herefore the Tattice

BEuf ufn, 1} is a sublattice

of FL(}{O) hence of FL(3). Fiqure 4

3.4 CORCLLARY:  Size of a sublattice of FL(3) of finite length

(dénssen and Kiefer [20]). Upper and Yower bounds can be got for the

maximum size fn of such a Tattice of length n., Let A be a



Tattice attaining such a maximum (it exists, since an upper hound was
already found in (2.3)). Forming the lattice of 3.3 with B = &, we
get a Tattice having an + 2 elements and length n + 2. Therefore:

1
if A s a lattice of length n and p s an atom, then {x | x> p’;

) ~ _ ) n
fn+2 > 2fn. Since fo =1 and f, = 2, we got fn> (V2 )Y'. Also,

and {x | xe A and nx = o} are sublattices of 2~ of length at most

. o v n
n- 1. Hence f < an_l, therefore s 2.

A sharper upper hound was mentioned by Jénsson and Kiefer, but it re-
quires much more involved computations. For instance, it is known

. A . . g .
that 1n1mm\/fngR, where R 1is the positive root of the equation

4
R5 - R - R2 -1 =20, which is less than 1.571. The conjecture is

that Tim 1{/? = \2.

M—>00 1l



4. DISTRIBUTIVE SUBLATTICES OF FL(3):

A11 denumerable distributive sublattices of a free lattice
were characterized by F. Galvin and 2. Jdnsson ﬁo]. These are all
the distributive lattices that are countable and satisfy (¥). ((SD)

and (SD') follow from distributivety anyway).

4.1 DEFINITION: A Tattice A will be called Tinearly indecomposahle

if A cannot be written as BuU C where B and C are sublattices

of A and b<c for all beB, ceC.

4.2 LEMHA: [10].  If D ds a distributive lattice satisfying (V)
and x, y, z are such that no two of them are comparable, then they
generate the eight-element boolean lattice.
Proof: We prove the lemma by proving that X, y, z satisfy either
Xy = XZ=yz or X+ty=x+z=y+ 7z and in this case the Temma
follows from (2.5). Since D s distributive, then

(x +y){x + 2)(y + 2) = xy + xz + yz (1)
But D satisfies (¥), hence if the left hand side is join-ir-
reducible, we must have xy » xz + yz (say); Again, xy 1is meet-
reducible, hence join-irreducible, so we have, say: xv = xz (2)
NOW V> oy, Z > Xz = xy, therefore: Yz > Xy (3)
Also: x + (yz) = (x + y)(x + z) (4)
IT the Teft hand side in (4) is join-reducible, we conclude that

either x4+ y=x+ (yz) or x+z=x+ (vz) . The first



possibility imnlies that {x, y+z,v, vz, xy}- forms a lattice
isomorphic to @%?5, the second possibility implies that

{x, X+ z, 2, vz, xy} forms an @2%. Hence the left hand side in (4)
must he join-irreducible and x + vz = x (for x + yz = yz would
imply that x and y are comparable). How vzgx, hence yz < xy.
From (3), we conclude that xy = yz = xz. If the left hand side of

(1) is meet-irreducihle, we get the dual conclusion.

This completes the proof of the lemma.

4.3 LEHMA: [10]  Let D be a Tinearly indecomposable distributive
lattice having (W). Then the width of D is at most 3. If the width
of D 1is 3, D s a Boolean lattice with eight elements.

Proof: If the width of D is 3 or more, then D contains 3 mutually

incomnarable =lements, hence generating R, the Boolean Tattice with

eight elements. Let u and z be the unit and zero of B, res-

o)

pectively, and Tet p, q, r be the atoms of

o element of [ can lie between z and any of the atoms. For if
X was such an element, lying between z and say p, then the sup-
lattice cenerated by x and B would not satisfy (W), for

q+x={q+p)(p+x+r). Howlet deb - B; let p' =2z + pd,

q' =z +aqd, v' =z + rd. Since p is additively irreducible, either
p' =z or p=npdgd and similarly for q and r. A1l different
nossibilities yield d >u or d<z. fow if U - B dis not empty,

it is a sublattice of D: For if a, h<z, then a+b< 2z since

z s join-irreducible; and similarly for u, i.c. D s Tinearly
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decomposable, contrary to our assumption. lence D - B must be empty.

4.4 Lewa: {10] Let D be a linearly indecomposable denumerable

distributive lattice satisfying (M). If the width of D is 2, then
D s isomorphic with a direct product of a chain C and the two-
element chain.

Proof: let a, be any element of D. Then there exists some a,

1 2

which is incomparable with a. (otherwise D would be decomposable).

1
We will construct the sublattice of D whose uncderlying set is

{x ] X > ag - az}, Every element of D 1is comparable either to a

~

1
t ! ISR =
or to a, or to both. Urite the set By {x { X = a; or x>/a2}

as a disjoint union D1 = Dllu D12 U D13 vhere

D11={xlx>a1 and x;'/azg s Dpp s {xlx>a2 and x,j;al}

I = } 0 ey 1+ 1 \
‘)13 {x} X»agt az} . Lll and Dyp are chains, obviously.

Claim 1: al + a, covers at least one of a; or 2

If not, then there exist bl’ b, such that a1<hl< a, +a, and

1 2
must be comparable to at least one

. b,
2
of a; or a, since the width of D s two. But

1. 4 . !’@ }
a2<u2< a1 a2 Then b

[y

blb2 > a4 implies b?_ > ap ¥ 2 (contradiction);

?J1b2 > a2 irmlies bl > ay + 2, (contradiction);

b}b,) <2 (or a2) implies that %ZS is a sublattice of D.
L L

lence no such pair can exist, and the claim is proved. Without Toss

of generality, we can assume that ay; + an > as .
(. -

Claim 2: [a]'a;zs aq] = [al, a a?J



This is trivially true because of distributivity, and $n fact

i is a chain.

[ala?, a; * 32] = €, x 2, where C

Claim 3: Dl? = 95 imnlics D13 = §5 (iie. a; +a, is the unit of D).

If DlB is not empty, it becomes a decomposable sublattice of D,

contrary to the hypothesis. In this case, [a aq)éé C1 % 2. So
ral ~
™y
assume 1.112 + ¢ .

Claim 4: x ¢ Dll implies x =< ag

If not, then for any y € D12 the elements x, ay + A, Y would be

+a,.

mutually incomparable.

g r - g s =
Claim 5:  For every xe Do >\(a1 + a2) ay.

This is a direct corollary of claim 1.

J

+ ! = 9. 1) . .
o =% lag az) (h =1, 3). Then Vi >y

Claim 6:  For Xis X5 € D12 such that X; > X5 et

i

Y
Yi =@ yj would contradict distributivity.

Claim 7:  For every y¢ 913, (v + a 1t A 5) y is of the form
X + (al + a2) for some x e Dy
Assume that for no X € 512, vy =X + (a1 + ag). First, y< x for
no x € 912, by the definition of this set. Also, if y>x for all
X € D12’ then D is decomposable. Therefore there must exist

X € 012 such that x and y are incomparable. But then the sub-
Tattice {xa X .oy, (x - y) 4 (41+a2,, Vs A%y} is isomorphic to
%@%. lence cvery vy e 913 is of the form X + (a1 + az) for some

X € ”17’ and it follows that [a1a7)25 Co x 2 where C2 is the

1 “2

Tinear sum of C, and [a], a, + a,]. By duality the sublattice
(a,] has the dual structure of [a )

, since 2y > Ayay 5 and



the lattice 0 s disomorphic to the product C x 2 where C s
N 4 PR 1 / 4 -faL
the Tinear sum of Cl’ C2 and {x jx <:a1 5 X "62}'

This completes the proof of the Temma.

4.5 LEWA: 10 Every simply ordered subset of a free lattice is

denumerable.

Proof: Let F be freely generated by X. If X 1s denumerable,
the result is trivial. So, let us assume that X 1in non-denumerable.
Let XO be a denumerable infinite subset of X, and let Fo be the
sublattice of F generated by Xo. Define the following relation

on F: a=b if and only if there is an automorphism f of F such
that f(a) = b. This is obviously an equivalence relation. Every
equivalence class contains an element of FO: given ae¢F, there
exists a finite subset Y of X such that & belongs to the sub-

lattice gencrated by Y. There also exists a permutation that maps

Al

Y into XO, and it can be extended to an automorphism f under
which a = f(a) e FO. Hence, the number of equivalence classes is
denumerable.  How given a simply ordered subset of F, we will show

that no two of its members can beloncg to the same class. Indeed

ot

assume that f(a) = b, that a <b, and that Y 1is a finite subset

Lo

of X such that a belongs to the sublattice [Y] generated by Y,

Define g: F—F {in the following way: q(x) = f(x) whenever x e VY,

-
—
>4
—
1

x whenever x € X - Y, and extend it to an automorphism. So
a{x) = f{x) on Y. Also, g 1is of finite order, since it permutes

a finite number of generators. So we get:



n ne LR EN 3
Lg'(a) = a fromwhich it follows that a = h.

o
i
o)
—
job)
—~—
IN
2
~N3
—~
jo¥]
~—
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4.6 THEOREM: [10] For any distributive lattice D, the following

are equivalent: (1) 0 s isomorphic to a sublattice of FL(3).
(2) D s isomornhic to a sublattice of a free
lattice.
(3) D dis the union of a denumerable Tinearly
ordered family % of sublattices where each member
of & is either a one-element lattice or an eight-
element Boolean Tattice, or a direct product of a
two-element chain and a denumberable chain.
(4) D s denumerable and satisfies (V).

Proof: Clearly (1) implies (2).

2) implies (3): This follows from (4.3), (4.4) and (4.5).

-1

(2)
(3) implies (4): Obvious, from (4.3), (4.4), (4.5).
(3) implies (1): 1In the free lattice on 3 generators, the atoms

2

generate the bhoolean Tattice with eight elements. Also, if C s a
denumerable chain, it has an isomorphic copy in the free Tattice on
3 generators under some isomorphism  f.

Mow the man: g: {0,1} X C—=FL(3) defined by

g:<l, c> > x, + (x5 . f(c))s gi<o, c>ka(x4 + (x. . flc)) . X,

.
(unhere Xpaeeos Xgoare the free generators of  FL{5), and f maps
%§>into FL{ Xys %o Xq Y} is an isoricrphism.  The rest of the state-

1

ment is proved by applving 3.2.
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For finite distributive lattices, the follovwing character-

ization is dus to V. Poguntke and 1. Rival [24].

4.7 DEFIHITION: [24] The property {} (L) is said to hold for a

Tattice L if every lattice which contains an order-isomornhic cony

of L also contains a lattice-isomorphic copy of L.

4.8 THEQREM: [24] For a finite lattice L the following conditions

are equivalent:

(1) {QT(L) holds;

(i1) L is a distributive sublattice of FL(3).
Proot: Me first prove that (i) implies that L is distributive and
has no doubly reducible element.
Indeed, since every poset can be embedded in a distributive lattice,

namely the Tattice of its order ideals., it follows that L must be

distributive. Also, if d s a doubly reducitle element in L,

.y

and if dl’ d2 are distinct elements not in L, then the set
K= (L - {d)u {d1, d?} with the nartial ordering <«' defined by :
for x,yel - {d}, x<y whencver x <y d; £ d, 3
for x el - {d}, i=1,2, x < di (x Y d.) whenever
x < d (x»d)
is a lattice. (K;<') contains an order-isomornhic copy of L, but
no Tattice-isomorphic cony of it.

How, by Theorem 4.6, it s cnough to prove that if L is the

union of a finite Tinearly ordered family of sublattices cach of which
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is either a onc-clement lattice or an eight-element Boolean lattice
or a direct product of a two-elewent chain and a finite chain, then
A (L) holds.

If L s an eight-element Soolean algebra, let the lattice ¥  con-
tain an order-isomorphic cony of L, with the atoms of L mapped to
21s 8y, 33. Then it is easy to verify that the sot { 8y * Ay,

g + a,, a, + a3\} generates a lattice-isomorphic copy of L.

Now let the Tattice K contain C X 2 as a sub-poset, where the
elements of C are €1 < o< oo <Co Denote <’ci, 0> hy s
and < C s 1> by bi' Then we can verify that the set {dl, dZ""
dn’ €15 Cpsenus B } is a lattice-isomorphic copy of C X 2, vhere

di =a . bi’ and e, = bi +oas.

Finally, Tet L be the union of a Tinearly ordered family of sub-
lattices Lo (iel), where each Li is as specified ahove, and

let L be contained in K as a sub-poset. tHow, by taking the
universal hounds of each of the Li's in K, it is possible to find,
for each 1 € I, and interval [Oi’ li} in K containing L; as a
sub~-poset. Hence [Oi’ 1i} contains a lattice-isomorphic copy L;

s ’ .. .
of Li’ and the lattice L= U Li 1s isomorphic to L.

This completes the proof of the theoren.
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5. THE DECOHPOSITION THEQRFi:

Under the hypothesis of 2.12, B. Jdnsson and J.F. Kiefer
proved that the Tattice A can be expressed as a union of certain
sublattices, and that A 1is isomorphic to a sublattice of a free
lattice if and only if each of the summands is isomorphic to a sub-

Tattice of a free lattice.

5.1 THEOREM: [20] Suppose A is a finite lattice in the class S

and assume that the lattice 84 (Fig. 3) is a sublattice of A. Let

AY = A {x]xg/\ and  z<x<uj CU = {x] xeA and %.<y<bu§
for {i, 3,k 1} = {1.2, 3, 2] Then A" is a sublattice of A,

each Cij is a sublattice of A and

A BAL1L12L1C13L)C14LJC23U C?,u 634 Furtherinore:

A=
If (i3 k1) = {1, 2,3, 4] then:

(i) x ¢ Cij and y ¢ C;p implies that x + y = q and
XY = p. 3 XE€ Cij and ye Ck] implies that x +y = u and
Xy = z.
(1) If xel' andz<y<u then: x4z implies that
X +y=x+tuy x2u implies that xy = xz.

Procf: Me start by proving that the set -A is the union of A,

d the six sets Cij" let ve A - 845 and 7 < v<u. Ye show
that v e Cij for some i and Jj. But first, we prove that D
covers  u, and that aij covers  p.; it will follow by duality
that u covers 95 and that q; covers bij'
Indeed Yet Dy cover some element  d » z. The condition (W) applied



on a CRR d and p,. implies that n.. p. + d. Hence

iy =

Di(Pj +d) = d and the same is true if j 1is replaced by % or 1.

Mow conditions (i) and (ii) of 2.7 are satisfied with

ik?

an,a ={n. n n} and v = d+ p,. But since A s finite
{a13 2,C3} ,_J:,ka,-' i pJ J 3

then v must be join irreducible di.e. dg« pJ It follows that
d=2z. Also, Tet p.< d< a,.. Then »n. d =z and D.G, = Z.
, py<d< i in P i%

So, by (S3'), we have pj(d +0,) =z, i.e. d<« ay- Hence

How, if z< v<u, v nmust contain some atom, say Py since u/z
cannot have more than four atoms. If v does not contain any other
atom, then v ?;a.. and v . a., = p, (and similarly with j re-

1J i3 i
placed by k or 1). Hov p, = va,, = Vag = vagy hence

"

- a11) =vu=vy i.e. »n v, which contradicts

D, = v(ag.. + a.,
oy %5 7 %k

the condition that v ¢ R,. So, we must also have v > P> Penaating
4 = Py . ¢
the same type of arquments we conclude that either v e 3. or
S B 2

vV € Cij and only the last possibility is compatible with our as-

sumption. This proves the claim that
A=NuR U C vl . u(

"4 12 13 147 72

It is obvious that the sets Cij are sublattices of A. Tt js also

<l o e 3 1 = ~
clear that (i) holds, since a5ty Q, » Bry - hjl =P, etc
To prove (i1), we prove that 9f x ¢ A' and x § Zz then u<g x + z.

For if u < x + z, we would have u(x + 7) <q; for some 1. Hence
pi(x tz) =, u.(n+ z) <Piqy =z, therefore

p.(x +z 4+ q) = pi(x + Oi) = 7. This obviously fmplies that x = q

But since u is the only element covering Gy» ve conclude that



<o
™

o

X £ q; - Hence 7z € 7 + X < ¢

]

oy and 1t foliows that one of the

atoms of u/z s contained in 2z + x, say Pj < 7+ X How:

Iy

- - T - _ v | ¢ -
u=q, + Py = + x ,hence u = ¥ 4 Pjh, hence  puxy Dy

i.e. x € A. This proves that u < x + z, from vhich the first
part of (i1) follows immediately. The second part follows hy
duality.

Me still have to prove that A' s a sublattice of A. We first
show that A' - {u,z} is a sublattice of A, that is it is closed

under joins and meets. Indeed, let z<« ¢ + d < u then we show

that z <c¢c or z< d. Assume this fails, then 10,054, = Z<C + d,
[ I

hence q; < ¢ +d for some 1, (by (¥)), and it follows that

ct+td=u or c+d-= ay- It ¢c+d=u, then ¢ and d cannot

hoth bhe contained in a5 and ve may assume that c& SFE Therefore

q; * ¢ = u and, since q; +p; = U it follows hy (SD) that

q; * P;C = u. Since by hypothesis z sﬁc, we have P, £ ¢ so that

-

P;C < Ppy- Therefore ;¢ < zZ< g which 1s a contradiction. I

c+d = Qj> we derive a contradiction again by noticing that b,

] 1

cannot contain both ¢ and d. BAssume S;bij’ it follows that

b.. +¢c=uoa,, and since b,. + p. =q., we get h.. + p.c = q..
-'J n»‘ = -lJ (J q-lﬂ ‘1 -lJ p»‘ q

And as before, p.c <z, and b.. = g,, a contradiction.

i 1] i
itowr (11) implies that A' is closed under the meet of any of its

elements with u or 2z, and this completes the proof of the theorem.

5.2 THEORE: (B. Jénsson and J.E. Keifer [20]) Under the hypothesis

of (5.1), if A' and all the lattices Cij arc isomorphic to sub-



Tattices of free Tattices, then so is A,
Proof: let f be an isomorphisi of Ba into FL(}QO). Cij can be
] )/t (a'l

L) hy an isomorphism fij’ since this
auotient contains an isomorphic copy of FL(}{O) (see 3.1). Also,

mapped into f(bp !

A" can be mapped into FL(}{O) by an isomorphism h, and
h(u)/h(z) contains an isomorphic cony of u/z. let k be the man
that agrees with h on A' - {u,z}, with f on 84 and with fij
on Cii’ Then k s seen to be an isomorphism.

(%

This completes the proof of the theorem.
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6. COMCLUSION:

It may be convenient to explicitly formulate various problems
that have tacitly appeared in this survey, as well as to mention some
others wiich are indirectly connected with them.

Problem 1: [Jdnsson and Kiefer] Is every Tattice satisfying (SD),
(SD') and (M) a sublattice of FL(3)? Equivalently, is there a
Tattice which satisfies (M), (SD) and (SD') but which is not trans-

ferable?

The solution to this problem would be made easier if there
was a way of describing lattices satisfying (4), (SD) and (SD').
In view of the result of [1], it is reasonable to formulate the
question as follows:
Problem 2:  Can the conditions (¥), (SD) and (SD') be characterized

by the non-containment of a finite list of finite lattices?
J

Three classes coincided in the class L of all Tattices:
the class of finite sublattices of a free lattice, that of finite
transferable lattices and that of finite projective lattices. The
distributive Tattices of these classes are exactly the Tlattices
having the nroperty A (see 4.7). Therefore, it is reasonable to
ask whether the same relationship holds between these concents when
generalised to an arbitrary class E of Tattices. Unfortunately,
this is not the case; for example, cvery finite distributive Tattice

is a sublattice of soms free lattice in the ¢lass Doof distributive



Tattices, however not every distributive Tattice 4s nrojective in D,
Therefora, we should recall a nroblem first raised in [24]:
Problem 3:  Characterize those finite latticos L for which A (L)

holds. Are these, for example, just the finite lattices nrojective

in D?

He should also mention that in [2%], it was shown that every

Tattice satisfying _/LK(L) is transferable in the class X.
o~

—~



APPESDT OHE

PROPGSITION: [1]  In a finite latti

i

(

lattice isomorphic to L

)

D'), the condition (V) fails if and

ee

1 oor L (s

Proot: If L has a doubly reducible

has a sublattice isomorphic to L

5
How Tet us assume that (Y) fails, and
be such that 8y« ay < by + by and
a.< b, +h a, . a, < b, i=1
1\% 1 27 71 27T 7 ( ?
Since L is finite, we can select 2y
to the failure of (), that is
. a. o, + b i =1, 2
a.">—c.l (lri 2) ( 5 )
and dually:
s =< by (a1 az) (i =1, 2).

HNovr, we claim that there exisis e L

following holds: &, + b, < m< a, +
= 1 2 1
T N n
b]. i .'.)2 < < a2 + (
Indeed, if hoth a; + (b] +h,) and
we would have a, + (h] b)) = e, b
mect-irreducible) and ay -y, < hyF

=

hat (S0) holds in L.

r“l,' |(il
b+ b, <wmay + (b, + b))
R i 1 -
It fellous from the winimality of g

Therefore,

(@9

<o

L

satisfying (Sh) and

ce

only if L contains a sub-

Tigure 1).
I

element, then obviousTly

in fact let 275 255 bl’ i2
2).
s 2 to be minimal with respec
[¢ %% a, ‘?.sz
a,a. b, by
such that at least one of the

L, + !‘)9) , oy
bl 1 !)2).
8, * (51 F b,) covered (!‘)1 +
(4 e f L
hy + B since b, + h, is
1 ?) (s 1 2
ba,  contradicting the assump-

T
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Peplacing a, by m and dualizing the above
“—

arqument, w2 may conclude that there exists

m' el such that hy - (a1 .m) << a; . m.
Me also have: hy + m'o= hy +ag. m. o, the

A R ;, { t i y
set { (al + by tm >(Jl + bZ)’ ays Ay,
' ! t i S -
(a1 + bl +n'), n', hl’ m hl} forms a sub
lattice of L isomorphic to Ll' This com-

pletes the proof of the pronosition.
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an

The sublattice of FI(3) generated hy {a.(a(brac))+(clbrac)), c}

where a,b,c  are the generators of FL(3). [ﬂean,7]

{ = c-{(biac)

EY

%, =a-(biac)
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