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STUDY OF THE ETGENVALUES

ELECTRTCAL NETWORKS

b9

Y. V. GWRRA

ABSTRACT

In fJtis thesis expressions for the real and imaginarg

parts of tJte eigenvalues of an RLC net¡,totk ate detived in tetns

of the mattices used in tÍte state-variabhe formulation.

Consequences of the reaL or puteJg imaginarg pzopertg of the

eigenvalues are. al-so detived and topoTogical intetpretations

given. Fina77g, a topological scheme is presented wherebg it is

possibJe to obtain transformation matrices, bg inspecting

network topoTogg, which can be applied to elimínate the zero

eigenvalues.
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C]IAPT]]P. T

I]'Iiltì0tucit:i ciÌ

Tl'le u-nforceil -response of e_LectL:ica-l_ ne-br,',¡ori1cs is
cha::acte.riserì b¡r -bire eigenval_u-es of the .A-rnat::ir o-ll the

state ec,,u.a'b-io:n ft] " thu.s if tlte eige::rvatu.es a-lre the sei
Cìst,hct

of^conplex nu-iobers

2

then the zero inpr-r-t state

singJ-e state vai:iable )

t:a

T)

( i:o

rr(t) =Tllreai; ,""(r.2)
wh.ere the K. are constan-i;s (possibly comple>r) l.¡hich cLepend'l

on the ini-tial co:ndii-Lons" the ei-genvalrr.es 2 L _.ca.n be

(a) zero,ín which case i,l:e corresponcling berm is

a c ons'Lan'[ ,

(¡ ) real , and ïìecessaril y ne,q:a.-f;ive -ílor pass;-ive

physical ne'uivorks, i-rr. whi ch case the collres-

poncl-ing -te:rm is a. d.eca¡iing e:;ponen-bial_,

(" ) pure irnaginar:;r, in r¡¡hich- case th.e cot:responolj_ng

terrn i s a,n. un.d_amped osci_l] ato-ru one, anrl
ne Sofrve(d) complexrlri-Lh necessariJ-y-¡reat part, _in vrhj_ch

case th-e co.tlresponCi_ng'be::m is a CLarnped

oscr'_l_-l a bor:y one,

å@
the eiEen.i¡al rr-es can ir e

If the raon-zero eigenval_u-es

appro fr-riai;e J-oop impeda.rce

equateCt to zer:o su,f1-'rces.

i =dí rl(3i ,."(r,
lres"oorì-sc cair -oe i.¡::itten

cje'ce::rrrinerl i¡. seve-ral- ways.

alle d esri:ed , tile -roo-bs of the

or nocie adnit balce cl-e L,ei:illi na.nt



These metho<j-s of cal cr-:-l at ing the e i genrra.l u-es d-o noi

give the nunbe-r: of the zelo ei3enr,'a,lr-lese I-Iol'¡eve:r, nuc-1:

info:rnation concerning 'che numbei: of zero e-igenvalues

has been o'r¡ì;ainedL" Thu-s ì]r¡r¿nf, f{ n"" s-ìroivn b}iat if

ul [lr(")l has r zeroes a-t the e-¡igin (airc] no mo:re), then

the Â-roa-brix nu-st have r zet:o eige,r:valu-eso liere Ivt")/ is

ihe d-e-l;ertrinant of ihe nocla-l- ad.rnit-Lance rn¿itri:ca âûcÌ I is

the iruml:er of indu-ctoi:s in -i;lre nei'u,iork" lla.lcimi and. Iiiuo fúLI
furthe¡r elabo:rate on tite :ranlc of tlie tsashlnol¡-Bryan'c

A-na-l,ri:r anri give a ne-Lr'¡orlt cha:rac-be:risatj-on of ì;he

inte:rd-ependence o:í'che sta'r;e Yar:iabl es"

T:n 'che computatjon of -bh.e :re;:ipon,se of networles b;r

th-e s-ba-i;e varial¡l e 't echniql-le r tlnnecessally conpl-exj t;t is

in-i;rocluced- by 'uhe pre,se.nce of the se zeTo eigenvaluesoîhus

tlreir e'l imj-nat-i-on is a d.esir¿rble tÌr-ing" ParfrLn fl]
cliscu.sses el-imina-bio.r. of the zeTo e5-genval-r,res o-ll the

-i;ransi-tj-on mat::ix jrr-r-t he u-ses a ¡od"al sta-'ce vai:ia.bl e

techniclue ra-bhe:r -bhan ihe conven'cional olle e l'iar'r;ens and

Guerra lfil u-se topotogica.t techn:-c1.rr-es to el j-rrrina'be -bhe
L)

ze-ro eigenval-u-eSo fn this thesis a topol ogi'-cal tecnniclue

f or ihe el- i i-rj-¡ at i on of -bhe zero e j genval r-r-e s of ''che

A-ma-trix to recl-u-ce ci.i:cui-b compi;r--L;at'ì o¡ conpl exi-'b;r i-s

pres ented-,

q€æh:

It i s the pu-rpose of -bh-i-s thesi-s -bo stuclJ'



-i;he ei ¡enva.l rres o:i el ec-b:ri cal ne'r,r¡¡o.i:}is l,_sing topo-
-l ogi-cal techn-Lciu.e,s " Soni.e of tire topot ogi cat conce pts

enployecl- ¡¡ill be rerrier¡/ec1" Sleshu aniì- F-eecl- f7J i" aLJ *'
coär,orehens i ve ter-b on -ühe su-b j ect r,vi i;h special- .i:ef e::ence

'i;o el ect¡'lcal ap pJ ica'L;ions " 'rhe concep-bs of a nod e, and- o:i

an edge j oiniirg a pai.i: of noc1es ,a.te sel ,f e:lpl ¿n¿¿orJ¡.

The concept o-fl a I oo;Ð is illlr-sf,ï¿'1,sfl in the ctiagra_¡l

bel oi'¿; ed-ges AB,BC, C-D,:\Ð constitrr be a I oop

The d-lral- concep1, of tire I oop i_s the cu--b-set airci_ 'i,his is a.

tnrn j-mal se b of ed-ges, whose -rei:rl.oval res¡-t_l-ts i n -bhe d econpo

-sition of -bhe graph into iwo iiisconir.ec'ced- se'us o:i nod_es,

each sei; of nodes beii:tg conrlected_ ]¡Jr iiself " lhi s is
il lustraûed- by i;he eilges Ä.Dr-13:iirC_F of tir.e graplt be_t_orv

D

E

F
Topological relationsìrips aiie conr¡eni entl J. lrepreseni;eir

by rneans of na-brices v,¡hich a:re of va_rj_oir_s l:incls sirch as

j-nci dence natr ix, cr-i.-i;-set ma-t -ci x, ci rcrr-i-t lnal,:cir" OreFl
i s a good ref ereirce on puire g:raph theo_r:¡r"



L

flre eni:ries o-f these rilaì,:ri ces at:e o ot r if the ecìges

ajie no'ü ori-en-i;ed s and 0, r o.r: -r if the¡' are o,r:_i_ç¡is¿-. rhe
concep-b of a t:cee is on.e of ihe nost iiorrori;ant i_n graph
ti:reory, and- -int jma'cet J¡ connects fl:e concepts of loop r ì
and. cLr--b-se-i;" Def ined. in a-n ini¡-Liiive nanne:r, a c""?i:uztÍn
se-b of ed-ges of a. g::aph.¡ su_ch -bhat . , i-t inctu.cl.es al-l_ i;he

nodes of -bhe g:raph brr-.i; sucl:l'uirat no sribse-L o_f eiìges o_-r. i;he
-l,r'ee forrts a- I oop" Iì--i,c net.,,,'o:rLs r,,¡iflrou--b sou-:r,cesri,rhi ch are
the srr-b jec-i of -bhis thesi srhave tjre f eatr_r:re bha-i; er.¡e:ry

ed-ge o:f the 3raph involr¡ecl_ has the p.rro;oeilt¡r of b"iitg
ei tl:e,r: .r:esis-bi ve, ind-ucti ve or carlacitii.rs. Bryani f ound,

that Ì;he .itio:nnal 1::ee r,øhi_ch contaj-ns flre ina,-liliLrn

nu-ml¡ei: of capa"c-r-'r,a.nces and- the minirlLr-m nLrnber o_i

i nc-lu.ctances-----pla¡rs a cenir:al L:ot e in -bjre s-ba,ce_variabl e

anal¡isis od el ec-tricalL neti,vorlcs"

F-i,êf_q_ i/ariab I e Cha::a c i eri s at i on

It is necessauy to choose the lroltages and_

cui::renis l.¿]:.ich. a:re to be s-ba-be r¡¿¡'i ¿L¡t ss " idot al_-l

capac:L-i;ance vol iages are ind_epend entl¡, specif iabl e:

i,'¡hen there a:re cepaci'ba.nce I oops in -i;he nej,tço¡,.1.;; not al I
i ncltr-ctance cu-r:f en'ùs are :-nclepencìentl I' speci:f labl_e

wh en theL:e a--re ind_uc bance cu L-sets .



The se-b of state va:::'-abt es is given b;,r

õ-..r a / \liet S i oÍ' sbate vaL:ia-ltl es )

= S ( of all C vol tages )

*r'no-+ ,(I,irhere orde:f of g¡-bs€'b^=nl-rfriber of C I oons )!Jur,/uu uC 
U 

:1'LUC r. OI U I OC'* t

:þ S ( of al--l- I cu,r:rents )

-Í-iu.bset- (r,vhere o::ij-er: of subset-=nuÍìber of i, cu.t-se-ì;s..1_:. _ - 1., "_..-

"."(r"5)
[hus to fínc-l the staie equationseel'iminate att nonstaie
va:rjables i"e" all resis-ba.nce voli¿gss and. cu:c_¡:e.n-Lsrand

those c voltages and L, cur:r,en-bs corresponcling to certain
menibers of C loops and. I cllt--sets"

tt9_hLoJ_Ll"gLoÆgJ:

s an.d l- iirnclamenta-l

an.d I the cu:rrent

in'co I iirlc e--l_emen_ts

nodesrb branche

voltage mati:ix,

be pa::ti'uio:red

ents

Suppose there are n
loops " T,et V be the

matrix ancl I sìj thern

and tree branch el en

v- 
t;l

lhe s-bate ecluatioirs

the mai::ix erlu-ati ons

ií-Vf,:

for an

r,.¿?ri ch

r- ["-l
L r*l

RIC netlvork a_ce rûol/

clescri-be tbe iletruorlc

" 
(r.4)

d-err'vecì.

a:re

[""{ = t"
(rx¡)(¡xr) (rrr)'

ü
r-x t î1-

f T r\
r r u \ L.) )



r
IJ

fs' u] l-tl = o ,u"(i"6)
(n-I,)rl (n-I )x(n-I, 

F-J-rela.t i ons are

t]t ancj It= yt,,'t 
"""(f "T)

,Q7tZt,yy and- U stand -io:: voL'ca.EC¡cu.rr:ent,
c i rci-r-¡- t rnatr: i x, -fii,r_nd-alient a.l ci.rt- s e -i;,rai 

_r: i x ¡
ce, frvig aclrn.i_i;tance and- u,n:_-b ma,-iri >,..¡

, By orthogonalit¡i
Bt = -[ì- ,"'(:[.8)

"LrKC)' i,n. a singJ-e e.qu.ation

[,: ;;]Ë;] = . (r e,

a no.rlniat tree ancl pa::tit: on accordingl¡r,

rrÕT.

ii T-
(n-I )x'o. bxf
The el_ement

Tr -l

" r=o
i.vhere V.I"3

T̂
fu.ndamenì;al
I inli ir-npedan

respectir-el X

Conrbi n-Ln.g KV

T:î r,ve choose
IrIô o'o*

õvu

lcr ñ
-,JiPnt- nwnz

OC
Q^o Q^oV,J V]L
tt t)" "GR

_o o

n-D\J J)a ni)U
o Brr.,

I. LV
I r)

JJ- l)l 
^) I r{ ,

'{cr, u 
4.

Q ctt- o

Qri,t o

UU
B-n^ 0

.!luf
-T] T)

"]-,G "lf
00
ê r')
)o !r.

?O

,",(r.ro)

Tc,

T-
-L)TL

T-- lr

v^
v

L̂r

vr
whe-re p i* tlre d-if:[ereniial ope-raì;or ci/öt, a:niì, r,,,'here the sub-
script d-enotes the el erient t¡rpe, l-lere srR and i., d.enoie c]rorcL
elastance,srresi siances ancl jnilu-ctances, respectivet J.;CrG and.
f' d-enote t.r:ee b.r:anch capa.ci tances, cond-uctances and ::eci pi:oca.-l_
inductances,:res;oecti rrely; Q -bogethe.r rvith sr-rbsc:r j pts sian¿s f or
approp:riate su-bmairj ces of t.Ìre :fri_nd-amental. cut-set matri :c

ng to e-l-emenb type; aitcl s-irrr

pa:rii'r,ioning of B* as

=l-ur. o ol
l:il l'* : I

L 
-". "ï,G 'r ll

partitioned- acco:rd-

fn the iopol ogical
-il

'þ



t

the B. ma-¡'.rix exp;îe,sses the -bopologica-l rela1,ion between
l_

the I inks anrj the t:ree branches, Thus BSC exp:re sses the

'ühe topol ogi.cai relábj-on betr,veen S I inks and C tt',rj-gsre-bc.

îhe coefficient natríx of (l.IO) has been called
r-11¡r' iti¿r'l,ens16J -bhe prj-rnitive h;r'ìrrir.l n,a.t::ix o-[ '¡ite

n.e'br,¡o:rlc, If the nonstate variajrles IS,IR,V* aniì V

e.l-i nina-berj f-rom ( I 
" 
lO ) , the f ol l-owing raatrix is

obtai-necl :

.T'I TT Tir -ri-rrf naz tl 
= o

m ñ ¡,Tj-Hiz rr ''-22 vc

ø-

I,.
IJ

2
-Ø

rt"I
1T"1r
G

Û-n
I

TT

¿¿
I)
11

ïlrl-

^î ^T ^-r^ ^ ^TH-^ = -tJ.,= + QGIç aGnoZaCR
LZ t/l-J

It is noted that ¡na'crices / anô .S are, s¡rnunetrj-c anci

positive' clef ini-be; lltt a.nö iIrZ are syrniletri c and-

positi ve sem-ì-de:flinite or positive defini-'ce 
"

à:ce

o,o(T"12)

hrhere

m

QcscrQös

-T
LTI-r

fF
ni
"'cR" 2"¿cR

rÐ(t

T)

1_

r' -f
)

-T rn

Q.,,..,R -Q;.
\Jl-! \rI\

.ññ-T* oF-Gtt5 oRG



B

I'ia:r:r,'ens t{ call-s ihe coeff-icj-en'b i¡airix ol (l ^lZ\\ -L 9 -!1 rr

i'u can ire i,'¡-r-i"tten

,""(r.14)
nu,(r.15)

"."(l-,16)

bhe fre e

ihe neer n::i-¡nit-r ve h.rÌr:rì c1 rna.i,r rx a.nd.iå:;:=-^,-_-::---. _-::' -- _-! --:_': - __-_*_

in tjre llo::m of the räairlx bi¡oin-i-af

-fl = pA+ H

r¡he:re A =fæ .1

L. -61

ancr H = l- nrl_ lTrJ

l_-i T' 
-l

F"rz "z4
Tf x den-otes tl:e s'ba'ce vector:r-t,

nei;l¡ork is d-escribed b;r

(pÂ +I..)r = 0

hen

-r

or px = -[-'I.ix o a

v¿hrlchrr'',lhen cornpared wi-Ì;h'i,he unforced-,s'ua'ue

eo,u-a-b i on ¡

px = A>c "".(I,I8)
¡rields the .resrrlt that l,he A matL:i-r is given 'otr

-r

i\ = -4-'li ",,(I,I9)
iì on-z e::o lligen.va]-ue s

Ha¡¡i ng cì isç1t"""U -bhe significållce o:f th.e zero

ei-genvalu.eíJ, outli¡ ecl tjr e ,11:aph 'cheore i;ica.l- concepts ,

and- in-bi:oduced 'cJle -rel e fa.n'c ne-'cv¿o.r.lc topol og¡r we
dtscvss

nol%Aor.L-zero e-igen.va1.ues .'Ihe ei genval u-es arre the

natr,rral- fL:equ.encies, ancl togethe i: with a I'cnov¡l eclge o-f

the ini't,i-a.l con.d.itions pernti ts a dete:rritinat.Lon of -ï;he

res.ooirse o,[ a nel,rvo:ck or systern to any fo::cing

funct-i-ons, The eqr-r,ations d,escrj-bing th.e -Lìneal: systenis



9

\,/ith x(t) bei-ng 'tile sta-ue vecto-r, u(i) the inpr,rt

vect¡r, y(t) the oubpu-t vec-bo::? a.Te (cf" L"Zadeh

anä C"A"Desoer [i] )

pr = Ax + Bu onu(I"2O)

y - cr + Du o.n(I"zl)
l,fith ul(t )=9u the zero-i-npu.t s ûate :response i-s

x(t) = exp(At) x(o) f ¡ an \
ø 6 ê \ L 

" 
¿¿ )

and the

lo eval

d one til

and. an

(cf" ilo

the z,er

x

and. the

V

Both th

zero-input ou-tprr-t

y(t) = C ex

uaie exp(at) ¡-s the

rou-gh a knov¡l edge o

applica-ì;jr.on o:e'uh.e

loaevrig f8:J )

lal<i-ng tire inii;ia
* I l--n l-nri-\ tJ-\J/-v

o-s bate s'r,a'ue respo
nt(t)J exp(l('c-e)) ¡

zero-state ou,tpu.t
nt(t)=/oc exp(t(t-z) )

ese latter ir¡¡o inte

respon,se r_s

p(rt) r(o) "."(r.zi)
majo:: task, ancl-bhis is

-fl ihe eigenvalues of 4.,

Cayl- ey-iJaroi 1t on'r,ite o::em

-l- sta.te to be zevo j- o e o

" " o (r .24)
nse is given by

u(c)oc, " n " (r.25)

re sponse i s girren bir

gL:als contain bhe ma-brix

sorlre borr,r:d.s on th.e

o::l< el-erten-bs ancl

n of the 'r,,'Ìleo:re-rrìs oti

ird. Ge::scÌrgorin 
fS.f "

jP , then

(¿(t-z) ) "

obta.i-ned

ih e n {:.tv,r

pp:l-ic¡¡. L i o

,lriegire:: a

exponential fu.:ncij-on exp

i',larbens [e] rras

eigenvalu-es, in terms of

topolog;r, bJ. rnalei-ng an a

Bend ixs on, Fi c-lc, l','i t -btneyer

Thu-s if an ei-genva1r"r"e is 2= o<*



IO

l\l 4

where min(Fr)r

mairi>r F and

fì1r^ nJ.]fU

brt

cot('T / p-n) ( t c.; \
ð o o \I..- I /

min ( min(C.) ...:- /= \ \
tr' t ttLLlI¡ t:i ) )

s'uair-d-s for t.kLe njninlun eni;nr o-[ the

n is the order of the A-matrix.

reaf partd j-s bou-nd-ed- a'bove and bel ow

r,¡in( rnrzm2) 4 -d. .¿ max( t.'ir.l.'i2).,"(I.28)
i,vlrere'¡he cons-ban-is TilTzTn.eyjI, i,l2 a:re deter:n_inecl from

the elemen-b rrali-res and an inspection of ne'cr¡o--rlc

topol-ogy 
"

Some fu.rther erpress_i_on.s arîe obtainecÌ in the

nex-i; cbapte:r for the real par:'b o( ancl tlre i_nagina:ry

Vart þ of an 6igenrral-u.e2 e and conclitions al:e obtaineci

foi: the eigenvalue to be pui:ely real- i-.e, 
¡&,=O, and fo::

i-t to be purel y imaginar¡r j- 
o e u o( =O "



CiIAPI,-JJì IT

Er rrye s s j.oJLs f or .'uh-e_ *_real an! i,qa":.¡,ilalz pq.r"_*b:F. o*r.,._".4S

ei'qrç4r¿aJv-ç-ç " a+.0 -Lgpqlgfi.lqal çqlq-.e-qFçgcçs-.s.[ !;j¡el{*qs*+-1-i-t.lr

or or-r:re ima:::ira::iness

fhe eigenrralu-es or natural f-reclu,enci es of a netl'¡ork are

tire eigenval-r-res o-f bhe A matrj-x. But since

A = -Ã'n
nI - :\ - nI -t Al;l

nfpr --A)= nn. Il

ancl tal"cing CLete:rn-inants

det A d.et(pl - A)= clet(.oA -r ¡i)

l¡ =\uoetZ.'l-,1

9prs-qq¿9rl!,].J-*Lhs--eleæ"!,'"gs*aå*ê-*:li::*çÀgle^-lh-ç-åqryçå

"gi-LL*-s€åa.åt-gr-r=åt-+ç"-go-1¿qoÆ-+-Lr-aåç*-çÀa-q.*-!llç.-"eeJ"9ss-Æ,

!Lç-ls jg-g:rlug*oå.-þ.qz-ge--ary:g.ii,:=l:;g,g--släiÈ.*rrrai!-s#,

s)nnûle Trr_ c

(c cl
êOê\Lgal

fl = pA+ H

|-Iì
tr f--f^ r,.f I

- | L/ ''r2l
l-',r ô IL - 12 " J
r._T
11.

K

I I ows :?::onr

I
Q̂^ --

t,,io
hab 11. isK

i-on of the

the s¡nnei::-i-c anc-l- slie,,'¡

il-eno'úed b-¡ Il a.ncl T-*- r,,¡here' ù -- '-l{
r) -.

Ì{=[u--ol -ijt: ]I.'-s 
I t, - 

l= 
--s ' .-!c

| 0 Ítr4L- '3.
li = FIo j_

That ll_ 1s:Lndeed. sr,11s¡1si¡,ic io
Ð

r-r .T ,^ -llr--- :i n_-LT
I I 't.)'-J

T-.T.'lD"zz- ¿ct"
are both sJrflíÌietrj-c nia-i,::i ces " ii

syrnrneti:ic f ol I ot;s lì-Ðon appl iç¿1

/^ ,\
" u " l. I "4.)

(, -\
oeo\to))

the fact that

/a r\
o o ' \ZsOJ

ind eed slce-w

i::an spo s e



I2

opera-iion to i{,- ancì. no-b-r-ng its rela-ì;j-on
K

to iL, : it i-s ollv-r-ot:-s tlrat
K

ri,, = -iiir.
i¡r'ith 'r,hese obse:rvat-i o.ns ¡ I,/e p:roceed" i n bhe neic-b

section to -find ex-o,ìless-i-ons f:'oc -bhe ei 3;en'ra1-r"les and-

cond-itions u-nder v¡htch tÌre;r are rea.-1- o.r p1.ìre

i rna"ginarJr 
"

*D_e*f +H.i.:r*-pl_]*:c_f _e,g-Þ.1*-e*q"?*_I__qå_!þ-e-.:.ç-ç..1*

es,!.ç-*o-r--ure**sssl*-ule--"L:-g-AP"*
älhe e-igenrralu-e )= X-t-J( , and, bh-e e-igenvec-boL: X

are related by

Ä:l

Us i nE -oqLra-bion (Z "l-)
I{x

P.remu-l-tiply bJ, ñT' 'to

i'¡ n\
u e n \Znü,1

(o o\
e ø ø \L ø 1 ''

"TA X

and i rn¡ o'i Trar.r,'-.:=:;';. -:;::::Çr:--;;::r¿-

=):<
for À in te:rms

='ÀAx
obtain

Tlv
- À -r.-t. ^

_ 
êoê

of A and tir i¡y'e

this exprîess-ion tor )
otherr.¡ise" 3;r taÌ;ing iì;s

lo -zl

ob¡ai-n

v

Consicl,er the d-enomì naio:r

sriz, lîAr. , ior reality
cornpl s;ç conju"gate v/e ge-t

OI

or

;t¡\* = rlrÃ I
= *TA x 2

because A ,-s real ¡

= ( "î4" )î,
Jrecar,r-se i.he prîecedrn3 í-ìi.r--.,l'r L-L i,¡,' js a, s-irl¡;l-e nuiltìler,



+r^-+ -i -

S;\-ml]let-ri C

is yeal 
¡

li is s\.tiìtnetric"

rÌr --L j-T 
'

D

'¡'

ù'

. TF .T( r-.li":r )- ,

- rlr
-.-rJ --

Ð

J,)

( o rr I
c o o \ L 4 -LL J

Txi rrra ''r r i z " arr.dr theref o:re s rn c e"""' ' -' 
-'- t

-!f 
^ 

-T^ to rn\x /lx = x'/\:ls o."(Z"IOJ

Lr-s i;hat bl:e cl enoriii natoi: explle'ss-i-on in 'r,]re

in ecrueti on (Z-"9 ) i= a. r:ea.L nu¡itbelr"

A ,-"

which asst.l-,rtes

Consi-der norv -bne nu-ne:r¿r.rüo-r elipress-i on Îor - À in

f ormll_a ( 2,9) " LÌsing the ecliraii on. (Z "5 ) ivhiciL sa¡/s

-flo:rnnla f or â

v¡e have

ì/e now test

of equation

'rhe comltlex

Thus

beca.i;se I.i"

-'ti=H+
S

-1ì -Îr_, .- -*ì.__ _, . . | |

À .LrJ! .i.Ã r-.LsrL

each com.ponent Part
( 2. tt ) io:: real- j. Ly

con jugate.

TT

"lç

+ Í'ti'l'-x '""(2"r:l)h

in 'che :right hancl. sid-e

oll o-bherri¡ise bjt tai<ing

rit

q

::

becar-rse

thus
_î -T-x i]_x = x--l-j-ï

ùp

- 
,,1ì

from wh-i-ch t¿e conc-l-u-de that i'fT=x is :ceai"



i4

falring the corn¡rler conju-gate

because 1-1,, is re2.1 sla

- rir

o-i :, ''l-I. -li \'.re ,ze b
la

r¡-
-- ---1.--

flì
.: -- ä- :¡-- -'1e--

_rn
- - -' l.-'

-

But sinc" Hi

\de c oncl-u.d e

_ f-ll

--'-!i -.À rrk:\

so 't,ha-b we har¡e provecl-

the r-Lght h.ancl- s-i-d.e of

imagi-nary 
"

. o .a
= ( la i1-',a )

lv
_ qr rTl

= x*rtl.'|.x

is slíer',¡ sJrlTnei::ic
m

'J 
r -LT

-'lr - -l,-
lL -,!

'uhat

/ ¡ r- \
. u o \ Z . L) )

", " (2 "r+)

/ ^ -- )o""\lu-L?,

component in
i s -nrrr.ê

Thu-s f:rom eoLla.l,:ì-on

-)=

_rll
lrl!

',,hat the second.

equa-biorr (z"rr)

(2 "9)
_Ît
-. - r*T -r

lrÂ t
-T.. -T-.x il x + t{ ll.xst{

Using (z,12 ) ¿rnd

"îA "
- 

rìr

x-tiï

_flnx-l\ x

=-d
(2.I5 ) we see ihab

-Tx-ïi x

fn

^ ":lc^

=%jf3

S
l,'¡ rr\

o o s \ á c J-W J

-4 TtA *



îr
_!.)

and nl
'T-1! L,la 

--:n i{
-¡A" ¡ -î^X /\X

",o(2"î.7)

I ^ =¡ \
o o e I Z o Iö J

( c ro \oes\.-a!J,/

fn rnl-,= t--X ir X l-l{. 11 x.TSrl_st_
+ j(rfri"*. - *fu"t") noo (z,zo)

Fr:om th.e abo\re a.ncl the f¿rc-û t'ha_t 1-1" is posi-i;,Lrre

seniclefini'r,e r¡/e notc ti:at o(,4A , i^ihich is uell lcno\,,m"

Al ternaie explressi ons for a( a-ncl þmav¡ be d-erjved as

f ol I or,.¡Ei" The ei genrrectoil x -í s i n genera-l compl-ex¡ so

v,¡e can v¡i:i te
. i_-x = t,T -f Jai

v¿he:re x-,^ and" r, arê real vec-boi:rs,

Then

-1 111x=xÏ.JXi
i're nor./ expanct lTll

Ŝ
rn

x-- H

x as fol I ows

r--ilt *--l\r- t-- , j-_ \
so = \r" JXi/rrs\*r -t-JXi ) " ,,

Because of the sJ¡rûmet-ry of I-i. i;he seconcl tern o_í

eq¡uation (Z.ZÙ vanishese which pi:ov'es in anoih.el: wa¡r
_rn-bha-b x*lìor is rea,ì- aird gl'ven b¡r

-T _ rtr__ T..,-jl-T --T-HSli = xi..l'j=x" o *T H.Xd. ( o or \
\aoL-Ll

_qlT,',le al so expa:ncl x -i-|.,.x as
fn

ta t-i -¡
t\

r- i( *-|nur, - "fn,-r,-.) o"" (z,t-z)



I6

Beca"u-se of -bÌre siter,v s;rnrnei::y of Ii.. the -ílj-:rst 1'etrn

in equatiorr (Z,ZZ) vanjshes, which iea.ves u-s with

TÎH- .. - i l-".1'';- -.. - .alrr,-*-^.,k^ - .J \^r"li^i -'i"k'':r 
)

= ?-j "ITIl.-i .,"(2,23)
îhis pro\res in anotherî r,vaJ¡, that ltn'x i" irnaginary"

Finall,v lT{r i= fou-ir.c1 to be

rrA r = "f Â*' * "l A*. o, u (2 "2+)
I,/e no\¡/ use these :resu-j-ts in ih.e expressi on fo.r: -2
iir the equation (2,9)

-T__)c t].X-¡t= fl;
-T__ -T-_r¡-i-l -r¡ r'-Ll' r¡: J; t-15.^_ , 

^ 
lf K/!

;TA* lrÂ "

I ^ nr \

"soLlø/l)

"T 
A *" * 

"T 
A *, *f,Â *.."*'TAo,

o u u (2 "25)
thu.s -7 fias been separated. into a real- ancl an irtagina.r¡r

part j-n tire eclrr-aiion. (?-"24) 
"

Consec¡-rentl y r^le have

-a( 
-

tnm
Li v I 1¡ i-l 1¡

^ 
Ir. 

^ 
| 4.11 .N.7:Srrsl_ /a 

^/\o o " Iz o/o )

-? =

* *TA*.aa
T-
rKr-

*TÁ t'r

2x

,.T A*
F

* "lA ",



kri-åLcg"][lsr,-qå*'úe"åLæ.gY?.1lL9r?*
The 6'îrlçnvalu.es I of -bhe ne'bwoi:lc niay be--ú

' (f) zero¡i.e"7=O oed,= O?F=O ,

(Z) :real¡ so tY'at d I a, þ= 0 t

(5)irraginari/eso "bhaÏf,= O, Fl C t

tq) cornplexuso tha"'c d, I o, Pl o s

consequ-ences of any of i;Ìrese even-brial-i-i;ies t¿i 1l- ile

ii.erived., and -bopol ogi-cal ini;e:rp-retai i ons of these

c o-n s e qr.r-ei1c e s I ì ven,

Consider the con-iJecr,uence of the :rea-l- par-i; being

zero i"e.c(= O : By vifcue of eqr-r-ation (ZJe)
-T__
^lt4 S

-T¡x /\ x
llenc e \i/e tli-ls'ù h-ave

-Tx'Ïiax = 0

We paL:titj-on the vector r

-d-

\''fe then harre
m

HV

o",(2"21')

in'co sr"tb.¡ecto.r's *Trt2

v¡Ìrere xf cortesPoncl-

x2 cor:responcls to t
s to t.ire inclu-ct-ive

ire capacitive tv'iig

fr(-ll'l
L'zl

F1

-l-i-ntrc cu,-r:L:en-bs an.d

vol -bages 
s

( c cc I
o g g \caLJ J

=Fï
f;" ;,1
-', îf,:rir-rx,-T__-,I',T I,_l IL



IÕ

lhus -beca.llsed=0, and- u-sing i i;s cotrlseqLr,ence,eqi-r-a-bì on
I ^ ¡¡ \l2 "28 ), r+e rnrri3-b have

-¡¡ _Tì
-TÌ r <.-'li ¡/lxIiiIIirI +xZrrZZäZ= u

iTot+ I{1r ,HZZ are both posit-i ¡re sel,ric'l.ef inite 
"

-T__¡¿lii-:lr- ) O--l--l1--¡ ---

TÏH^.*^ > o¿ /¿ ¿

Îqua-bions (Z- "3t,), (Z 
"32 ) in con jun.cti oir r¡¿.r'c.ìr

f 
^ -a \

12"3O ) ;irielcìs the follo¡¡ing tv¡o eo,natj_ons
_al]rTT 

^ 
f a --\*Ij.TI*I = u' oon\¿u)))

_frx)Tlrrx, = 0 ".,(2,1/,)
Consid er eclua.ti.on (2.33) " Iia.lrrng use o-f 'úhe expression

for I{r., given in equ.ation (2,6) r,,¡e harre

*ToT-G-re^-*- = o ,"o(.z.,-,j)--f "G.L_ -"G-l_,_-1

But s¡li:rce G is posi iive deíinite, so is G-I" îtris far:-i;
U5

enab-l esn-bo concl u-d"e tha.t

Qçl,"1 = o """(2.55)
Using the equration (2,34.) and slr-bs'r,ir'rr-iing 'cl'Le explre,ss:i-on

fo:c ,Ioo girren in equaiioir- (2"6) , gives Lr-s/¿
_fÌl _T T1

ï2 (.JC p it uçO::'

Bu-'r, R is positir¡e definite, and

pos j-ti-rre clefin-i'r,e . Ilence
T

fl-v-ll-tC.R--'2-

The ecuatjon (2"3e) js ihe ]íii:choilf Crr.r:::ent T-,a'¡¡

f or the subneiitorlc cJ esc:ri becì lt.r¡ Q^- , ivherea.s equr-a'i,ì oir" -G_t:,

/ ^ -^ \(2,J8) is: the lr,irc.hof-î YoIi,a¡¡r,: l¿ii,¡ íol:'¿lie si-ritne-ti,,¡c-,i,lí

I 
^ 

zn \

"no(¿u)0)

I'[ence

/ 
^ --? 

\

o."(2.)L)
/ ¡ -^ \

o u o \ l. )¿ )

eqi-r-at j- on

_-f-ü.nerie:LO le rií

/ ^ -- \
o o o \Z t) ! )

I') :L-LùU

(o zo\
s c o \ L c )'J )



Tq

rir.slr:riirer'l ir¡¡ ^î'-.'JC¡ o:r

r e l, xT have

hr¡

-{-- = lí- {- i w=.--1 --l.l ¿ ---l-ì

alrc'J sim-ilarl '¡ for ;<^.'- *"-- --'- -¿ -- 1: t

*2=xlTiitzto

llren equ-ation t 2.,36)lirnpl iss tha-i

aì¡v-n
1,r'Tr- us 'dG_]lÁIí-v e

and eqr-ration (Z"ia) irnprlss 'bhat

î _ _Trlarxr"=tl, iiõn*zi=

Usi:ng tìtese equati ons

the nr:"i.nerato:: of the expression

tlD¡ rtI-Lr: p

.l.ea I ancì i rila ¡.¡i l1â j.It
-_ 

---o----_-d

oe

together

fo:r -?

parTs g:Lven

with (r.15 ) r

r:ec-luces to
rnmfnL ^ r ^_r-t-zrqcl,nTj. - ^rr"rcl"2i

r',¡hich gives eL siurplified. expressj-cn :fo:: -f tor the

ca.se o:fl a pu"rle iroagina:ry çigenvalue"

A fu-::the:: consequ.ence o-f tire ilu.lre i-magin¿-¿'rr

natu-re of an eigenrral'-ue (i"u"c(=Ot êl o) v¡ill no'"'¡ be-t
.-l

d-eL:ivec'l . If /1 ís arl. eigenvalr-r-e o-f the A tn:ri,L:j-r 
"v-'i--1,.1:'

ei-genvecto-r x, iiren

Ax =Vx

rr = -Ãìt"t,

Bu-t

/ 
^ 

ryn \

" " " tZ ")Y )



ls
i{

'$,
Lìñ{
rÑ

.$.
s
:-l

.Tl!

20

i-Ience

oll

(24 +

i,re no\¡/ :repl ace Ay l-I

the compati'ol e 'pan:i,i-

falr ol i. t-

1lo 4J tLr-
1r'¡ll -hi ni rrin,: o¡* ¡r¡e--r'--J -_-A U

eo,u-at:'-ons

2âtt + lfrrx,
Vóx, -r 71rrx,

îhese tiuo equati ons

Consider H'I"I . lhe

X=

bJt

nin

-the

"uo(2"40)
hr¡ rrsiirp'' J --'- -_-A

so i,hat
/a ¡r\

o*(lnLl-L)

I

onents

al.rove

tl

0

thei r comfl

,.; r¡ err J: 'i on e rio ------

"'4?[ "{ =

t'rd)L 
"rJ

-í'n I I nv¡i 'n ø-"-*-o

fl)

c){
-'ci o

Littrr
__T!-_ttr.2

a-l- i,,,¡o matr:Lx

rTJO1- JlT2_L2
ril

- rir--rr- = O'T-2-'-

can be s:Lmpl-if-Lec'l a.s

expr:ession ílo.r li1 ¡

f 
^ 

¡^ \

o o o tZ "tl¿ )

(o ¡z\
s o o \ 4 ø'l) )

:f o-l-1or¡¡s 
"

ì;3

Then

Tl-*x- = ¡T-.G--TQ^.r' n. u (2 .+!,)"TI^I ''G:ì-," "tGf,"I

But by equation (2.56), i,'¿hich is e" conseqnence of

/ = oe lve -]rave

Hence

Sinii-ar-Ly cons j cl.e.r: ll.Ztz

ma'c::ir is

ooo(2.1r5)

. The enpres,sion. for iire ÏI,22

-T ÎIriltÐ.,2 2 ,dg:r'r ",cl



\

.T
Lf_

Ihen

FzZrrZ = îao_'1-IQf;-:c, ",u(2'1,6)
Bu-t b;r eq¡uaij-or{2"3A) r,vhiclr is a conseql-lence of tl:Le fact

tha-b o( =0 e tr're have

aö;*z = o

ilenc e

Ãzz*z = o

Using -bhese equations vi z " (2.+5) , Q. +7 )

foll-ov,rin-g sinplified- fo:rms of ecluatr-ons

(2"4-3) ror the case of a pure imaginar¡r

h4 *, - rr$rx, = o çz , t-9)

.,o(2"4.7)

v/e have Ì;he

(2, +z- ) and

ei,oenr¡nlrre
" -(J ---

(c ¡çl
e o o \ L g -iv ,/

, and-

(ç crl
o 0 0 \¿-9 ¿+ /

=0 (c nçl
o00\La-/t/

1.¡ê "í'i-n¡llrr p'et
a-'

T-;{-
-- 

-L
theP:rerou.l-tipl-y the eqr-r-aiì-on (2.49) ¡y

eclrr-a-i,ion (2,4g1 ny xl, and. ad,d-

? Gl{ *, n' =.1)ú 
-rr) + ("frirr', - ")nlr"r) = o

.oo(z"i-o)

In eo,u-ation (2,5O) ,,ve observe the seconc1 b:raclce-i; as

coi::..l,ributing zero,
rn m ltì..'H-^..^ -x:Hi^x- = 0-"'¿-- r'¿-- L

llence equ-at,i-on (2"5o) irecomes

2( "!{", * "l 6 "r)
Sìnce we have assu-med/= O + jþ I O

*'l{ ', * "ä 
4 *, = o I o r= ì

ooo\1c)))

liTex'r, some consequ-e-oces ojl th e :real-i-i;;r oi-' ihe e-L3enva

-lu-e 2 æ a neti^¡o:ck wili be iì-e:riveil-, i"e " 'O<.'+0, ?:A



:ì

tt

vi x,-,tØ.
-iB=

\

0 e i;hen

- 
riì

¿alì¿ t-,

'.l,ar 
e rl r:-at -'r- o rr (Z "i7 )- ¿ - _¿_--'

(lÎirr.:c )/ (Trz\ 
" )

0

r,,¡he lle

rff=
o""(2"j4.)

rr'I'.x = [oT 
oi] 

lo,.* :trl [;t
r-n -rr 

L-Hrz - J f"zl
= L,,r îàl 

I 
,,,+r-4

L-Hiz"rj
_.¡ -rF fl

= xiHTZxZ - r-)'rIi rx,
Iïence fron eo,-u.a'r,ion (2"5+) 1ve have a-s a consequ,ence of

R =O" tire eou.ati.on.l-t . L
t 

-T-- -rl--rlliirrrx, -l$n:,rx, = o ",o(2,55)
I:f a.s before lve consid-e:i: -l;he real and iina.glnarJr parts

^,ft --\r-:- ^T clu- ,:-r" ancl x' res;oec-bivelY, and- s:'-rni-Larly -ilor

tz, tÌlen the ecluai;ion (2"55) s-r.rn1r1lfies -i;o

¡__ I
]] LL IJ

I -- I --irl
=r-rrTlztzi - tà"Hi2xrí = o o.o(z"J5a)

The eqLra'r,ion (2,55) r,¿il-l norv be',vritten in te::irLs of

topol ogica-l- rel a-bions;h j-l:s a¡d oÎ e-l-eriren'i; varl-uesu

',de Llse tkre :flo-Llov¡in.c' exp:ression for lI' ile:r-rved. in

thapter T, stiz. 
s

o1-

LT -^T"r2 '.cL
to obta-in tile f oÌl oi¡l'-n3

the eigenrralue 2 :

n-T-m
-i- ô-' 1: C!r'.!,^-v \j^t'lLlô'-.j^:l

LT.'] \I!I 
' 

UIL

colrsecluen-ce o-[ ihe -r:eaJ-i-'c;r



/')

/ ^ -/ \
o o o I I o )A )

'r,he vectors

i.nto

ofe

rn nl
Xr{¿^TXô

| \tlt /

_f¡ rlt
l-ìut since x:Q--r CI-'xz r s

-î^ îxfilt";ct =

¿ì.nd-

' T I'^T-(-.^ -r- ir^.)\x1r JXI1/ tJCL\z2r -r- J"rzi
1."1 ol-' -,--TnT- I\ ,'Ir .rCL^2 r ' ^T ì .¿Cl.-2í ;

./ T ^1 T ^il \ì-J (xTrslnr)c2i - *Ii' JCT.r¡.Z" )

::eal , the:refore
--T ^T --f ^T -- [o ro\XIrtJCf,l(2i: t *fí'Jgl*2i ouo\/o)Õ)

t ^iL' ill -î¡r ,i^rrvcl^2i - ^Ti*!cL^zr

_n ¡j'ì _n î _T rF
.;-n-la-,.'/l.-1111lìt

-aTWafTl:n -i- i-r'r \Jlt L .',- 
ìGl,t' W¡r-ti2tJç-X^ =L ''í- ¿ -t )t-2'.Jna:-y

-n T 'T --i-. n-t{.Q,.-G;Q;-(G 
:)'-Q",.x- = 0

a l.rÃ ¿ !T.LL LIJJ -L

Tn t,er:i-ts of tlte r:eal and i ma-gina.r¡r pa,rts of

x-,x. the ecìu-atioil (2.5ç) becoutesL'
mmrñm-ì-mI ^ I I ^ I ^.E | - -, ^ I

-xr"rì!1,x21 + xi-f(JGL(r *;)GRL:2r.Jõnx2i

-r xfrQçrx1i_ - "TracnGäq$*(c.-r )"lQ*rrr. = o o u " 
( 2,56a.)

,Je next clerive ihe conseqr.r-ences of an e-'r-genrrai-ue 2 of

network bej-rrg zero¡ so tlta't 64= O, B =O . Substitu--bing
I

the conseqr-rences of o( al one bei ng z,ero, i. e u

the equ-aiion

=Oeï'rege',]
t-i'ì rn

^r'¿ci^2

,/ì /ìu¿cil^T \-/ t
,-TtJcj.qx2 = u e

(2,55) rvhich 1s -bh.e conseqïlence

mm
Hence bo-bh :ciag

l\low

-a
-^-Õ \¿^TÄT

L V'-l--t I

v-lì v
T."? 2 "Z"CLí'I

f çTnî - )T t¡ -7)\tIaCLX2) "o,\to)
are reaj- nlunbers 

"

ooo(2"59)



/4.

Corirnl ex Ii-.renvellle;f o_;:,-. --i"-- - -;_.-+_ - _

Finall-y, 'r;he exf):ressions -îor d, , ptUe real-

iteagi-na.r;r pa=.r-bs of th'e ei-genva'lrre 2 = d+ i Ê

r,,¡il-l- be sia'¡ec] in terms of the s't'ate vector x

(partiiioned into the ind-u-cij.r¡e -l-i:n-l¡. c.urlrents a4cl

capacj_tive -i;wig vol-'cages) anil ¡ratL:ices ojl el-enen'r,

and. of to;ool ogica!- relat-i-on5þ jps"

ard

the

r¡a-l-u"e s

Thus

d,=
_r¡

t-ì a-
4 tr.^r\

!)

filt ;l
. *T-r rrT -i- u Cttz?_, C

-1-- T
'- i,t-T T 

t

Fi oEl

TI ¿ 'rr ,- vfi 1c v,

Sulrs bituiing for 1{-, ,li-222 æ , Ó the n'La'crices of

elerrient va]-u-es ¿r:nil o-f topol ogicaJ- re--l-ationships

obtaineii ea:i:l-'i ere v/e ge'ü llinal-J-;r

-q1 T -T . *l^ --I^1Ti'l¿, c-'"Jçr,rt i Tfasl,,r_lq¡lq
-d.=

-T,- .- - -n \- -T / ^ ¡F

Ti(rr+:l,rr6lr,r)r" + Ti ( c+ + QcscrQös ) 
"'c

",u(2"50)
In tlrre above -i-t a.:re 'uhe iird-uctive 1j-nlc cul::rents, and

Vt'bire ca,ila-ci'tj-1-e -'u';¡i g vol-'ui3ef-' "



a=

For the

n--!
-DU- U

Then

par:'c of
-tLl " -

lrAt

'ì iria,.ti nÀ'Y'ir

-iþ =
l

bne eJ-gelrra- lie 1'/e ha*v-e

rn
v

-û

.n-Jb =
I
t

ä

l-=T -1rLI' V¡J

[o u,;ã , A= r{
L-"i, .-l l,
_ri'r _n ariHrzvc võHizrr,

T'"{ rr, + vi6 v,

Substitut-Lng for Hy2, t , 4 in te:r'rrrs of irtatri-ces o-f

el-e,-nent valu.es airil- o-i i;opol-ogicaJ- relationships \,/e

get

=T , ^1 ^T o-I¡ ,- ^1 \rrI-(*t^i ^.-+ L,-.-
. L \--rCL' ",G,T-r" uYG,ì..,2'.!C?/ , 

C

--ri' , ^T^T r^-I \1., )T_-vct-r-¿ciJ+ ("¿cRt+ti2GRiu- ) |lçT't -L
nA

+!11 ,ñ r ¡tT¡( Lr-tB-,fL6 3l f ) If

+ v[{c,, +o.ocrQfrs)vc

. " " 
(2"6r')

Tn ter:c.ls of bhe ::eal airrl iln¡p'i?1âr.1¡ nai-tS o-f flrl¡C

T / rt r --I^ t ,..f ì.,,Ii"(-QCr,+Q;-ç .JG,.,-2 <CR , , Ci

-i? =

_flì, 1ì m T.T

þ -rcl-tl.t FQcn-GãQcR.(G-' )'Qç.i-,)rri

2- -T /¡ .¡ - -1 \- -T /: - -it \' Ii"(r,-+Br fleBi f)Il,"*It,i (r-+llrti,6tsif) Il,i

,ï1"(i;, -r i--cral,: )'rcr . uä, (ü.1-,- i,r,.cr;ìä,; )vci



Cir¿\Pll i.iP. III

Tooo'l op:ica-l- el j-minati on of the:;.i.-=i.É:-l:;^';-.-*-- zeTo gi,r.gnr¡a.1 ¡r-gg of

the :\-ma-i::i:r

Inti:oclu-cti on The state eclu"ati-on fo:c an unforcecl l-r-near

srrgif -o¡¡ i S

f- -r,\.
.oo()o)-')

v/here p -is -bhe differential ollelretoti ð-/dt, ff the :!

ma-L:rix contains zero sigenval-u-os¡ ihe compu-l,atr-on of

the s-bate vector is bese'r, rvith il.ifficu-l tj. ( 
"ee for

exa.nþtre Varga Þ] i " The B¿rshJ,:or,,,--Bryant A-na-l,:rix v¡hi ch

is used. i.o the state eq.uat-i-on descr-ipi,ron of an RIC

netr¡¡o:rk. i ncl'urd es zero eigenrraiu-es if there al'e

l-l oops anc'l- C-cu-t-sets. I:o tiris ca.se t,lre o::cler of the

A ma.t::ir is g-r:ea'ce:r than its ranlt, and- thu-s

u-nnecessa:cil;' large ¡ ìucreasing the conpu-ta-,,'i-ona.l

conpl-exi'r,y.

Sone r'¡ork has been done on i?ris pL:obl en,

rhus nakirni and I',-uo H have given t";i;llå l-:iu"" or

A and- th.e nr-r-mbe:r of zero eigenval Lr.es " Pa:rlcin. bl
d-i scu-sses the el j-ioina'r;ion of the zero si geniia"l ues

of the -Uransibion nai;r:ix bu-t u-ses a n.oda-"]- s'bai;e

variabl e techn.iqu-e.

In this clrtapier, a. cl rrect 'r,o.oo,r-o3ical

rrethod -ûo el-ir¡ii-na-be the zero ei-r':enval¿es is d.escr-ibeä"



27

llhe nrei;hocl is i i: 't,lte f c¡¡:i¡ o-i -'üolol-o3-i-3¿.1- "r-,.r--l-es -[o-r:

obta.ini-ng i;ra:nsf arrrati on mat-ri ces ivhich :,leiìuce Â

and li- ( ir= -A-rn ) to Â ",no 
Ê (1=-fr'4 ) r'r-h,ere'i,ì:re

ze ro ei-gen-val r-:-es have beeir el iininated 
"

the nrinbe:r of zeTo eigenva-lu-es, ^o , is

given bJ. the nu-mbe-r: o-f inriepend.en'c l-,-loops plus the

nr:.inbe:: of independent C-cui-se bs, l+t'ú "ril iei::aat j-vel y

-'r-n 'ierns of the submatrices ojl equation (f ,fO)

f ry n\
øtc\).1)

ho = nr-r-fober o:fl :roi,vs of fBra Bld

+nurnbe:r of :rolvs of [aCn aCf.,]

- i:ank ot fnra trc]

- rank or fQro- a.rJ

This suggesi;s -bha'u in. orde-r: -bo eliinj-na'ce the ze-io

eigenval r:r-es, el eLltentarJ¡ ilot'/ o-perations cou"ld- be

appli.ed to reiÌu.ce tlle cleteiril.en-b roi'us of tile above

iwo nat-ri-ces 
"

l.n orcler to ob'uain the el-einentary

tra-nsfosita-l,ion to elilLinate -b?re ZeTo ei¡ge:nvalues \''/e

consj-d-er trvo su-bne'i;wo-r.l';s: an L-subnetr^/ollk ancl a

C-sr;-bnetr',/orl.i" The T,-sr-r-hnetr^¡orlc is obtai,reiì blr open^

circu.iting (removing ) all non-ip-clr.Lctir¡e elernen-bs

;ol-r:s ihe i ircluctj-ve tviigs , Fjîom equati-on ( f iO ) i t

is ti.len cl_ear ih.a'1, this si_rbnett¡ork is d-esci:ibed by -bire

Elernentarr¡ fransfo:cnation of 'l'opologi-cal- ]t:t9-!grc-e-ç-t
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/w¡

f -i r¡e ch oo

ca.;oacitors nt¿ì.y'i) e

fhe -br,'ri-g coh,rnms a

l--ine ar:ly inrrl"e pend e

a rr¡a.ii:i-r

subn.etr¡orL. is then

r1^ ^ J-
UJ].4 U

,n1)-a

t errn s

^n Q^-
L, ù \r.fl

i,-,t tlriS Str_!ne'l;t,rOfl,.e -t,LLro

r'l i.ir-bo -ì-inlcs aniì 'utrl,gs 
"

cortrbi:naii-o:ns o-i i,he

I Lr-uns, Th-us -bhere ex:LS-Ls

desc.r:i-bed

l-:., ^-l
l_'"1
| 

"ilc 
I

f'.J
se a -j;ree

pa.i:t i- t,i- o,ne

lle I inea,r:

n-b -l-i-nlc co

rl
--- , )_
liL¿l_ tl

:::l [ : ;']
ut,aJ

[:::r
Lu'.,
of t.Ìre

q.r] =

'l
cl
.l
l_L

f,

S

ËriL

L

_L

such

[:

þ
and

r,rluz

m_t2

[:,:1
c orte spond"ing cu'b-s et

[o.r-r ar_ro ar., r-]

tr- o 
"J

" u o \. ) "tS 1

/- -\o""t)"/.1

lt l_>i

l- n\
o " n \i)ooJ

[i:l

nliJri@%.Lql,sq,".
irie nor,r appj-;r ihe -brans-flornat-i-ons Tt anc.l TZ

to the eq¡i-rat,i-on (f ,fo), and. maì,re a. cirange of

variab-ì-es in o.L:d-e:r to a,opi-¡r the co:rrespon"d-i-ng opeL:aii-ons

to Ì;h.e colu.trin-s" ii/e partitj-oir Ir anCL Vr- aircì de-fine nei'/

va::-i-ables as fol-lorvs 
"
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)t)

etu.atjon (t.to),

, ancl rna.lie th e

obtain

ft"rl = ['; clhT,rl

[",:] 1,,, ,-JL';;J

L;:l [ :] 
|;:l

i\ie el imira-i;e Iq an.iì V froilt

the transfo:rn¿rtions ft an-d TZ

change of varia'oles, 'uhen we

(z oì
e ê. \-te),/

u"n(5"t0)

lT

aÍ>pry

above

oR2 0

¿v
--Tu lrrrf 1

t\,0 oL,--_ t,_L

Q.'D 0vlrL

Qcn

-D
r)n n

-It \.u r
I

U

T]
-1J-n n

I L\l-

o

Ð
-l-J -

'ü

o

r-¡t

T* 
_Lr.

-L

J-|,

ùr.r
"].

v.,
U

v,.

-^TlJ!¡ r* tl,

_^TU!¿¿. IJIJ
.ú-^U

-lJ!Ult, I
=o ou"(3"rI_)

¿\,
Qcr,, rlctt't

^t0 ,oCtl

try
Pctt

a-l*'Û\:r¡-

0(ì^- 0
l.T Itr-

b

G-)

\,fe noie in

def i nite sr'-nce

-i;ransf oi:rnati ons

,\"1 tJ
passJ-ng tha'u 'Ir1and.'C--¡ alre positive

the;r are n ons i ng u1 a.r c olf grt-r-eilc e

of positive clefiniie natri ces '
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)L

e varj.a.bl es Ippr/r,2ir
LL 

" -"1

a-nc1 ¿,ì-s a ¡'esr;--l t obtain

'l 
[]:] l 

o

ate th
/ - rr \
t.2'-LI,l

Ì:lexi v¡e e-l-:'-Íri:n

,/,,-, f-ronr eciua-.tj.on
'1,-

red_r-r-c e d- e qr,r-a"t-i_ on

rA A
I P-1, + lt--
l- - lL
I| -+tL - .rZ

llr-ore conpa.c'c)-l t

(pA _

-bhis poin-l, we note
a.Jpllr f 1.., +

,1r-f !\t
t*
1Í
-L\n cll. ç

¿

rv
VC- = -Cttcttnc

tr

whe:re the constan.t vectors Tilr

initial- state of the nettvo:rLo

f f v¡e -[i-rii'che:r d ef in e

n l-tt-r I "
I

I

I c¡ 4-r
| -rtrr'rl
L

and

the

or

^llìI,

and- tl:.erefo:re

a.nd" s i ni-] a::l y

Attr?_

=u

frol¡ equatior
.-. T A
fJfr.rdT = U* 

-Ll, t, ï

(!_T r!
I- = -f,- il- -J- + li-

!ìr¡ ltr-l.trI_L -ü

/ -.. ra \

" " o [ ] o Il )

/ - r- \
ouo\,)oL).1

(3"rr) ttrat
/z r-¡ \ooo\)o:-'i)

/ - rr \
our(.)oL))

l- rr\
ooo\)o!4 1

deterrnined, b;r the

tt - -- \
ro"\.)u!l)

l-T)x

o::nati, on siransf
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1[þus tþe Ze í'o si ¡'3¡r.v¿l 1r-35 jla-te cl-ea-r'll--' Ìlee n

el ini na'¡eil -l,o ;rj-sl ri ihc :recìtr-ced na-i;-rix b-inomi-al-

êr.i n.âii o'n

tnÁ,â)+ = o

or eqluival-entl¡r'clie lled-tr-cecl A-na.trir

/-a n ¡ \

" 
u o ( ) o /11 )

-A / - nr \
o o o t ) "¿) )

'i'he o:f o,e-f or-

Ä mi nus tlre
Tir-"- -m -n-l a!ÂcLrt! lJ! v o

To il-lust::ate the neihod. fo:: -bhe elinìnation

of ihe zero eigenrral-u-esr \t'IQ collsid'er th.e ne-bt'¡o:rle of

Fig 
" 
I " This netl'/-orl'( contai ns one -ù-l oop a.nd one

c-cu_t-se t, therefoile the:re aTe tluo zeTo s igenva.l-lr,es o

A normal tree i s chosen v¡i th ihe sta-be vector

i-
lr

i-
-lra

:L-t;
o

Ua
V

Û,
D

VC

The rel-eYant su-bma.-b::i ces oí A ancl Ii are

--HA
d

A.1! I S O-l

nr-11llber of

col'r.-r,se eoau-al- to ihe ord ell o-t

zero eigenval u-e s o

X
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L-sr'-irlre ì;r'lo:rl , lc tlra;r ile a' l-j-nli a'acl- !t a'nd Lb

in the C-srùnetrvofir* C rila'¡r be 3' {r¡¡ìg aniì Cu'

f i nks.

Ilre tr:ansf o::nations ' 
nrof equa-r;ion (3 "=)
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Cr:ncl-us j on

By inspec-L;ing -bl:e -iopo1 og¡r o:f -bhe netlvorrll

i'r, is possib-l e to oi¡'cal'-n -bi:a"¡rsfo-rua-'c-i-on na-b:rj ces

r,yhicir can be appl ied -bo el ininate tl:e zelo ei3enrralrres

of the A-illa-f::i:r of the -ìjlC netwo:lLt" Ihe cj.iraerrs'i on of '¡he

Ä-matrix i s co¡,sec1l:-en-bl¡r :lecl-rr-cecl. by th.e nurl-oer of ,i;hese

Z,eTo eigenrral-Ltes o In a neiWork v¡itìr Ilai:IJf -ir-l oops and-

C-cu-t-sets, t?r.ís redu-c bion j-:r the dinensi o:n o-í th-e l'\

mat::ix is cor:respond.i-ngl ¡r I arge, lliri eh i s of

significance in the nu-nLle:ri cal co:n1lu.ta1; j-ons ' Th.is redu.cti on

j_s u-sefr.r.l- botjr fo:r th.e d-e-i;e.rmination of a-]-l- the ej-,len-

valu.es ancj- fo:r -bhe cal-ci-Llation of tl:e tte'r;r'¡o:ril llesponse

b;r -'che nu:ner:i ca-l- -i ntegi:a-l, j-oir. o:il 'ch e sta--be ecltra-bi on-s o
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çgA iìlill)fi.. ï',i

q qgq lu¿s,i-o:q gqt-J-l!çs çrg. p-+ç19' l; i qp .l*og .l,ul!llå9---uo"-ihe-

he e-ìgenrral iies oî a ne-blvo-r:k, i u e ' tne ei gen'rral u-es

o:fl th_e -{ na,r,_¡tili, i-t th-e staie va:r:iable $-65ç¡'îp'uion
/ ¡ ¡\

"nrLL!;ø!)

of -bhe u-nfollceci- Si¡íiielr-le al're impoi:tan-i, in cha::aci;ei:'ising

-';he trans j ent respon,Se oí -bhe SJ¡Stem, JloI Ri,C netl'u¡oÎkS

th.e¡r Ìnâlr I i ç orl J¡ in 'çhe cl-osecl l-e'lli; ÏLaif conplell

À pl aire " 'Ih.ese e-r-genval ues a.-r:e a.l-so :ílee ded :'-n

eva.1.r-rating tlne :feSpo:nSe lth.en elc-beT'1La:1. Solr--fceii u' ¿ì-fe

int::oilrt-cecl i i:lto 'Lìre .rr.etwork t¿iri ch j-s tlren c-lescr-rl-bec'i'

by 'uÌre s'cate equ-a-b i on
0

,^, ar t -ìr 
r

I ¡ n\
u.r\Ll-o/)

where B

of the

becar-t"se

f orci-ng

It

netwolrks

nett^¡orli

\rarrri np

posi tive

j-s al-so a. ila-i;:ri >l l- j-l<e A-e bu-'ü no'r; necessa:r:j-l J¡

sane ollderir rÌo-ri l-regs53¿fil¡r squalle" This is

the oïdeiîs o:f iir.e state vec],or ){- and of the

vector u- are usua-l-i¡r u-lÌeqlla}"

shou-l-d be cl-ea::-l;'¡ poi:rteil ou-t tha'c the

u.nc-l-er s'Lu.dy are R.l,C ¡reti'¡o:"li<-s. Thus fo-r: a

contaii-nin.g n-ega-bii¡e res j s-b¿ìllces oll 'Üi rle-

el-enen-bs , tlrLe rnat.rj-ces lilt ancl- TIZ?_ are not

ilefi:n.iie or seni-¡ì-de-fi-irite and- the llor'L:-rd

o1]- * ø, giiren by eclueltion ( f 
" 
Zg )

ririn(rir,,m2)= -o( 4 max( ltf e i"2)

is no !-onger: allpJ-i-cil"-b-Le ' ljrr-ch. rf3-i,'..'o,':lii¡ irlâ;J" l)o
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cì-ocoroposeci b¡r tire iiiu:rai;a :nietl:lod ftq .

Ärîte:: d c;sc::ijt.i 19 the s-Lgr j--ii ca.rl.ce of the

e-igenrral u-e,'s i:n cira:rac-beri-s-í-ng the rre'Li.'¡o:rl' .reßJJon-se e

tire -ilj-:rst cÌrapter: continu.ed r'¡i'cÌi ¿r d-esc-ripi-i-on. o,[

the topol-ogical- '¡echnr-clr,res a.s usecl -i¡. sta'r,e rra::iabl e

s-i;r"r-díes of nei,lvol:trcs o It v¿as shor¡n tira't, the

eal cul-a'cion of -bhe ne-Lr"¡o-rlc l:'eSpoi'lSe in.volves e-¡eitr-a-bi on

o-f rnat:ri x frr-nci;i ons, wliich is cotilpl-icei beci b¡r -blr-e

existence of zero eigenv'al-r,r,esû Thrr"s if the A-na'c-rix

h.as zero ei-genva.lLr.es¡ j-t -Ls singu-J-a.r iueu d.e1; À = 0e

aird ihe inve::se
-TA - =(Àii- jnga i;e A)/de'cÂ

is und.efined" Ihu.s e1j-rnina.t:'Lon of the ,:ero çigenrrali-res

is cles-Lrable" lllext al-l- the::ele.vant ec|:.ations ivhich

descril:e netrvork .l,ol¡ol ogy \'/elle iÌ-erive c1" llirese equ-a-'ci ons

a::e u,secì in la'cer cìraptersrand- cj-ernons-l;:r:a'te 'r,-i':Ie liLeri-'ü

of the topol-ogi cal- -i;echn:lqtre " The clnapter cl-osec'l-

rvitll son-re re,su-l'ü,s on non.-ze:ro eigerriral-u-es, such- as

bouniîs o'n tlre-i-:: -re¿rl and -i-rnagr-tiir.ry narts.

In the seconcl chapter soÍìe fLr,:l'che-il el:press i ons

for the rea)- pa-rt d. a¡d iiie irric-5i-n.a-r;r 'r)¿r-i, þ o-Î a

t;rpical eigenvalrr-e 2 , i"relle giv-en expl-r-ciì,J-y in tenris

o:î i]ie pa:rti'c-r on.ecl s l;a'uc r¡ari a.l¡-l-e r. ( pc,::ii-b j on ecl.

jnto iniluc'bive I inic cu¡:re:1.'i;s a;rd capaci-'uiire -L¡,'¡ig

Vol i;a.geS ) and -b1:e 1[r_ì.'r,riCeS o-[ e..]-,:.r':-.:,:t.-i; 'i,-L:.-l,ir,çS i'r.,:t.r,l O-i
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iopol-ogi-cai- rel ¿¡.'c-'ì-onshi-¡rs " Conseqr;Lence; s of the i'6¿j i'¡;r

o:fl a.:r e-igeTlr,ral u-e, i-bs pu:r-'e "iL:¡agrln¿,.:ri-ness u ancj its

being zero were cie::ii¡si ¿n6- sorte topolog:lcal

interpreta-l;ior-,s Í/ere given 
"

fn -bhe Lh.ird. chapte-rr a, topologi.cal scirerile fo:r tire

el irnin.a-bio¡ of z,ero €i-¡cl1r¡¡-1-1.1.çs of ihe A-nair-ix v'¿:.r-s

descri-bed." lhe metÌrod- is in t]re fo-rrit of tol,ologici'l-l-

¡1:-l e,s \'/:ì:iiclÌ enabl e one to oì-.,'r,ar-nrby -'LT-'t-spectio.o o-[ the

g::aph of tlr-e ne-bt+oLllc, elen',en'ua.T7r ti:a.ns-Îoi:ma-i;j-or:r n¿r-r:r-rces

wl:i ch .recir:-ce A ar-d i:l to A .o.O â, ivhere the zero
T

eigen-ral-ues o-i A. = -Ñ'I; har¡e been el-irrrirra.-becl

in â = -Ñrt.
ilire concli';j-o¡rs Lrnd.e-r vhj,ch z,ero ei-genrralu-es bcuur,

their nr-rntbe::, and- their el ìiliirati o:n ha.ve jreen s'cud j ed " i-t

r,vou-l-d be siiiii-l a.L:l -¡ of i-n';er:e st to ri ei;e.r:rti ¡ e 1 :-lce

in¡îorma'c¡'-on fo-r pu--ce j-ina.g:Lna.,:Jr anii fo:r real e-Lgenvallr-eíio

Their eli-rnina-br-on v¡oi-rlc']- 'ther1 enabl-e L:-s to d-ete-rnine

tlie cotnpl ç;: ei-genval-u-e S¡ ancl- th.e rec'luctj-on iu o:rde-c

inr¡ol r¡ecl wou-l d j m rll -r i rurren.se ::ecluc-b j-o¡ i n nr-rne-ri-cal

eif o::'c " Tt i S qr_r"i-be possi bl e that nove'l g:rapir 'cÌreor:e-br'_cal

techn.icu-es !¡i I I lre -r:ecui-red " Consi d-er -bhe ne bv¡o:lk bel olv

Lo
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arcl irvo coltpl ex e-i-genva"l u-es o 'lhe ei Seneq,r-a"1;-Lon is

p4ar;-co (-,u.irr-i- .L,r,u.-r-5-r;,, ,\ n p3 (au_, (j.'. ) (r'-i,r-i-j,l,aJ-.irho )

r-p2iì(cn-(l,*ir-)*c¡(r,-r--tr)) -r 1r(r,.l-r1r) + R = o"

F,ere we have a ltei;r,vorl¡ r¡¡iÌ;l'r 'L;1"';o pu-Te irrraginar)r

eigeirvalu-es, e.nr). a, -i;opol o3;' a.nc] an e,-,a-ct equ-at-r-on

::e-ì atiirg j-'r,s el erlen1; va.l tr-es r necessa.:rJr to ass!-lle u-,s of

the pa.i:: of ptr--lte imagi.nary ei3enrra.llr-e,su ¡\n at'r,cL':p'c 
"fâs

nacl e -i;o :rel-ate 'uh j-s exact eq.u.at-ion, I,rr0"=\rCi, , -bo th e

topol-ogi ca:- rnait:-i ces and- graph iheor:etic en.-b j'cies

a-l :reail-J¡ i n gelei:al u.se i n el-eci-rical neti¡or:Ic tì:reor¡r'

Uncle¡: the concli'cion l-,aCa= LoOjr, it r,la-s obsenreci- th.at 'che

a'r)ove qu.a:r'ci c e-i geneqi-ra't j-on facto::s r'nto tr'vo eigen-

eqrra.t i ons, fí -cstl ;r,
¡ / a 2.'-- ., -/-r . T \ T)o.riP/ = l:'il:i,.rC*-r- p(1,^-r l-,n) -i- iì = 0

1.,¡l:i ch is -bhe ei ge:aequat-t-i-on f or -bhe ne'r,r'¡orlt bel,oltriviri ch

-is obtainabl e bjt sÌr.or-b circuiting noCì-es ,lìrD of t-he

o::iginal- tte',,t'¡orlc rLq L,

seconci'l ¿r

drr(l)= p2{l'uau-r lc.+l,co) + -t = o

l.,¡h'i ch i s tlr-e e-lgenec|,r,a bi-o:¡ f o-r tilr: resis-'can-ce r- es'5

networl:l bel-olvo rvh j cìr is obi¿rinairl e b}t olen cici-r-i'ring

the b::anch AC in -bhe sli3iieal netwo.rlc"

.l

and,
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This sb-o¡,vs t.ìrat r,vi-1;71 c e r'' j,a i n bopol og;r e ?trld- cerbai n

ella.ct rel a.tionshi ps betr¡een el enent våìl u-e,s r we ca.n

obta-i-n a reEi s-bailcel-ess sr,i-bnetr,'¡ork lvh:l-clr r¡¿il I posse,ss

the ÐLr-lre i maA-ina¡:.¡ ei qenval ues o Thi-s l,'/as i n fac'cL'--- - U --U

observed b¡r -bhe au--iho:: for otjrer ne-bworks lv¡-th

dif:flerent topology anci a. se'ì, of equs.'l,io.ns i:elating

el ement val-u-es" l.'lore resea:lcln is need-ecl to a-:ririve a-i,

genei:al cond-i tions f or llu-¡s irnr.gi n¿¡;r ei genval Lr-e s s

and for pui:ely reaj onese

/,7
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