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ABSTRACT

Theoretical eguations for catcutating

the electrical characteristics and thermal

properties of power cables in underground

duct bank systems are developed. Analytical

technJ-ques are applied to represent the

cable system by a series of linear equations

under stead.y state conditions. A computer

program is developed to calculate the cable

system parameters and generate a coefficient

matrix in terms of the linear equations. This

matrix is solved and the ampacity or conductor

temperature for each cable is calculated. The

effects of various cable system parameters on

cable ampacity are discussed. Conclusions

and recoÍrmendations on the results and on the

method of analysis ,are made
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CHAPTER 1

INTRODUCTTON

The major restriction on the current rating , ot

ampacity, of a power cable is the temperature rise

which the cable insulation may achieve without being

permanently damaged. The insulation is adjacent to

the conductor and its temperature limit determines

the conductor maximum operating temperature.

The conductor temperature rise is dependent on

the cable heat loss, the characteristics of the thermal-

environment and the effects of heat from other cables.

The first practical calculation of the temperature rise

for buried cables was presented by A. E. Kennelly in

1893. He expressed the conductor temperature rise as

a function of the cable heat l-oss, cable geometry and

the thermal resistivity of the earth.

Numerous techniques for evaluating cable performance

in underground systems have been developed in the inter-

vening years. The National Edison Light Association

(NELA) developed a table of duct heat constants in 1930

to account for cable heating in duct banks. D. Iq. Simmons

published a paper in l-932 for evaluating cable ampacities

based on the NELA duct constants and the mathematical

data and eguations relating to the electrical problems

of underground cables scattered throughout the literature

at that time. The method was adequate but it did not

provide a technique for detailed analysis.

Throughout the 1940's and 50's various papers v¿ere



published outlining analytical techniques .for calculating

various cable system parameters. In ilg57 J. H. Neher and

M. H. McGrath published a paper detailing procedures for

calculating the ampacities for identical cables with

similar operating characteristics in an underground

system. This method became the basis for evaluating

cable loading capacity.

In L962 the Insulated Power Cable Engineers Associ-

ation (rpCea) in conjunction with the American rnstitute

of Electrical Engineers (AIEE) published tables of ampa-

cities for a wide range of cable constructions, voltages,

and installations based on methods sunmarized by Neher

and McGrath. These tables \dere updated in i-967 to reflect

the higher operating temperatures established by the

Association of Edison ffluminating Companies (AEIC) for

impregnated paper insulated cables. Tables similar to

these are used presently to provide general guide l-ines

for rating cables with identical characteristics but they

donrt offer the flexibility to analyze the thermal- perform-

ance of actual installations -

This thesis is written with the objective of devel*

oping an analytical technique that may be used to analyze

actual installations under any steady state operating

condition. The physical construction of the duct bank,

the types of cables installed, the operating characteristics

of each cable, the effects of each cable on other cables

and the thermal properties are some of the more important



cabre system parameters that are included.in the analysis.

The cable system is described by a series of l_inear

eguations, which account for the various cable system

parameters. These equations are sorved and the thermal

performance or ampacity for each cable in the duct bank

is calculated-

Similar analytical methods to those outlined by

Neher and McGrath are developed in chapters one and two

to calculate the electrical characteristics and thermal

properties for the cable system. The procedures outlined

in chapter three develop a system of linear equations

in terms of the unknown quantity, either conductor temp-

erature or current, for each cabre. chapter four describes

a computer program in terms of high level flow charts

which solves these equations. Chapter five discusses

the effects of various cable parameters on cable ampacities

for a typical cable system. Some results are compared

with cable rating tables and.field measurements. Conclusions

and recommendations are stated in chapter six.



CHAPTER 2

ELECTRICAL CHARÀCTERISTICS OF CABLE

2-O Introduction

This chapter develop s equations for calculating

the amount of heat loss generated in a power cab1e. This

heat loss is a function of the operating voltage, and the

current being conducted by the conductor and sheath. The

conducLor resistance, sheath resistance and cable dielectric

interact with the voltage and currents to generate losses.

These losses produce a temperature rise in the cable and

ultimately are used to evaluate the cable current carrying

capacity.

Numerous types of cable construction are utilized

for transmission and distribution of electric po!üer. Each

type, of course, has its ov/n particular characteristics

which require individual evaluation. For simplicity the

discussion in thís chapter and throughout the thesis

applies only to single conductor paper insulated cable,

as shown in figure 2 .1, which is used in three phase circuits.

Information for other types of cable construction may be

found in many of the references listed at the end of this

thesis.



CONDUCTOR

2.L
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FIGURE 2.L _ TYPICAL STNGLE CONDUCTOR CABLE

DC Resistance of the Conductor

The dc Resistance Rd" of a conductor is defined

JUTE

R- =dc power loss in conductor
2

I ac c-urrent J

The dc resistance can also be calculated by

(2 .1)

(2 .2)Rd" = Ê'-
A

tL /ft

where ¡c is the electrical resistivity of the conductor.

Most large conductors in power cables are stranded

or segmented to facilitate easier cable bending and to reduce

the ac skin effect. Rd" is increased because spiralling of

these wires causes the effective conductor length to increase.

This phenomenon is difficult to determine analytically because

of the unknown path of the conductor current. Some current

flows from strand to strand while some follows the spiralling



of the conductor. The fraction of anl total current which

does frow from strand to strand is dependent on the cleanli-

ness of the conductor, tension, oxidation, movement and

conductor construction. Tt is customary to increase Rdc

by a 1ay factor of 2eo to account for this stranding effect.

Variations in conductor temperature cause the

resistance to change according to the foltowing equation:

*aå pr, r+Lz
q; = n = .=E- (2'3)

Some exampJ-es of conductor electrical resistivities

and absolute temperatures for zero resistance are shown in

Table 2.I.

Generally, the dc resistance of a particular

cable is specified by the cable manufacture. However, it

may also be obtained with sufficient accuracy from general

information tables for various conductor sizes (f).

Material
p,cMn/fL

at 25oc Tt oc

Copper, 100% Conductivity 10 - 57 234.5
Aluminum, 100% Conductivity L7.36 228.L

Lead, 7 .B4Z Conductivity 134. BB 236.

2.2

TABLE 2.T - ELECTRICAL RESISTIVITIES OF
VAR]OUS MATERIALS

AC Resistance of the ConducLor

A conductor offers a greater resistance to the

flow of ac current than it does to dc current. The

magnitude of the increase usually is expressed as an " ac/dc

ratio". The resistance is increased because of the following

inductive components:
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skin effect the tendéncy of rra.rr,-ting

current to crowd. toward the surface of the

conductor, and

' iÍ. proximity effect the distortion of current

distribution in the conductor due to the

magnetic effects of other nearby currents.

Pipe type cables or conductor-s installed ì n met-

aIlic conduit will also experience increased ac resistance"

Horvever, these types of installations are not considered

in this manuscript.

2-2-L Skin Effect

Unequal current distribution in a single isolated

conductor is caused by the continuously varying magnetic

field of the ac current flowing in the conductor itself.

The inductance increases towards the centre of the conductor

and the effect causes the current density J to decrease

towards the centre accordingly, âs shown in figure 2.2.

The result is an overall increase in resistance for conduc-

tors with time-varying currents. This is known as the skin

effect. (2)

Resistivity p

Area= A
T =.J A_

Figure 2-2 -CONDUCTOR SKIN EFFECT
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The problem of calculating !n. increase in

resistance has been extensively treated in numerous

technical articles and the skin effect of many shapes of

conductors may be found from curves and formulas therein.

However for simplicity the skin effect factor has been

approximated by IPCEA (3) by the following equation:

F(X )
S p.u.= 11. 0

z

tr; % iRãJ J

(2 .4)

The factor K_ accounts for the shape of the conductor.c

Typical val-ues of K= are shown in Table 2.2. Ycs

represents the per unit incremental increase of conductor

ac resistance due to the skin effect.

Conductor Construction K
Þ̂

p.u.
Kp

p. u.

Concentric Round 1.0 1.0
Compact Round 1.0 0.6
Compact Segmental 0.435 0.6
Compact Sector 1.0 0.3
Annular See note 1.0

NOTE: K =
S

l

l

2D o
Do

LUEVA

+

+

pTABLE 2.2 RECOMMENDED OFK and K



))) Proximity Effect

The flux linking a conductor current to a near-

by current distorts the cross sectional current distribu-

tion in the conductor in a similar manner to skin effect,

as shown in figure 2.3. The flux density J is greatest

between facing surfaces where the conductor current density

increases with increasing flux density. The result is an

unequal flux linkage between conductor surfaces and this

results in a non-uniform reactance throughout the conductor.

This effectively increases the conductor ac resistance and

is called the proximitlz effect (4) .

Mognel¡c Field

Eleclric Field

PROXIMTTY EFFECT

ì_- =¡f_
í--h{..

/"' \

\ l/t>{ 
-,'- -}r{:'a

FIGURE 2.3 _ CONDUCTOR
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The proximity effect for a

comprised of single conductor cables

ation in the same or separate conduits

by an expression given by Arnold (5)

three phase circuit

in equilateral form-

-i-s approximated

AS

Ycp F (X*)
v

,l 2

t+l j ,',,iþl

li"] 
'l'

1. 18
F(xp) + 0.27 + 0.312

The derived Bessel function F (Xp) is calculated by a

similar equation which is used for the skin effect factor,

namely,

F(X )
.t/

11. 0 p.u. (2 .6)
[*u"
l^tp

4Kp ¿.5b
* clc

Typical values of *n are qiven in Table 2.2

Ycs represents the per unit incremental increase

of conductor ac resistance due to the skin effect and, simi-

lari]y, ycp is the per unit incremental increase of ac

resistance caused by the proximity effect. Therefore,

the ac resistance of the conductor becomes;

R = Yc R-ac dc lL/f L (2.7)

where,

Yc t.0 + Ycs + Ycp p.u. Q.B)

2.3 Heat Loss In the Conductor

The heat hrc generated in the conductor r-s 9aven

w

by

12 R \r/fLac
t2.9)
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Express in terms of the conductor dc resistance and the

actual conductor temperature t_2

*. = 12 Rd" ( r+ycs+y"p) T+t2 w/fL (2.10)
'r-{

where RU" is specified at temperature tl, usually 25o C.

2.4 Electrical Insulation of the Cable

Many materials are used as electrical insul-

ation, oy dielectric, for pov,/er cables. Natural and

synthetic rubber compounds, varnished cambric, impreg-

nated paper, polyvinyl chloride and potyethylene are

some of the more common insulations.

Impregnated paper is the most common form of

insulation for cables used for bulk power transmission

and distribution. Tt consists of multiple layers of

paper tapes wrapped helically around the conductor.

Impregnated paper insulation has good efectrical proper-

ties and excellent electrical- stability over a wide range

of 'operating temperatures. Since the insulation is in

near proximity to the conductor, usually separated only

by binding tape, its safe maximum operating temperature

determines the cable operating temperature limits.

Exceeding these limits wil-1 result in insulation deter-

ioration, reduced dielectric strength and subsequent

cable failure.
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The power factor of the cablê insulation, or

dielectric, is defined as:

Iosses in dielectric (watts)
apparent power (vo1t-amperes)

When voltage is applied across a perfect dielectric there

is no dielectric loss, but there is an induced capacitive

current I- which is 90o out of phase and leading thec

voltage. In practice, however, a small leakage current

i- exists. This current is in phase with the applied
_b;

voltage E so that the vector sum I* of these two currents

leads the voltage by less than 90o as shown in figure

2.4. The cosine of the angLe @, called the po\^/er factor

of the dielectric, provides a sensitive measure of the

quality of the cable dielectric. TypicalIy, the power

factor of impregnated paper insulated cable is 0.003pu.

POI{ER FACTOR

= eosþ

Ig
:fE

I1

1¡

2.4 DIELECTRIC

E

POWER FACTORFIGURE
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The po\rer factor of the insulation usually
increases as the cable ages, and it becomes increasingly
more critical, especially at higher operating voltages.
usually conservative varues of power factor which incl-ude

the effects of cable ageing are applied when calculating
the heat generated in the dielectric.

The manner of instalration, the exposure of the
insuration to air and moisture, the operating temperature
of the cable conductor and the materials used in the
accessories (cable joints, potheads) arso affect the
insulation power factor. rn certain situations, the
po\,rer factor increases very steepry with temperature and

may result in the possibility of insufation fairure due

to cumulative heating.

The dielectric po\der factor should be based on

the maximum arlowable conductor temperature as shown in
Table 2.3 (3) for cables rated l3B kV or less.

cables above 138 kv require special consideration
because of the increased effect of power factor on cabre

losses, but they are not considered here.

DIELECTRTC POWER FACTOR
INDUCTIVE CAPACITY

Diel-ectric Type Power Factor p.u.
Ç

6o 
oc

Bo 
oc roo oc rr5 oc

Paper, solid
type belted

0 .02 0.04 0.07 0.10

Paper, solid
type shielded

0.015 0.03 0.05 0.07 )1

Paper, low pressure
oiI fittea

0.004 0.006 0.009 0.0I3 3.7

TABLE 2.9 AND SPEC]FIC
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2.5 Heat Loss in the Cabl-e f nsulatiol

Dielectric, or insulation, heat loss in a po\^/er cable
j-s caused by the resistance of the dielectric to the flow

of charging current. This heat is produced in the cable as a

function of voltage and is independent of conductor load

current. This heat loss causes an effective temperature

rise of the dielectric, reduces the temperature rise available

for conductor losses, and thus reduces the overalf cable

load current carrying capacity.

The effect of dielectric }oss is included in cable

loading calculations by assuming the following:

i. that the power factor throughout the entire

dielectric is the same as that at the hottest point, and

ii. that the heat loss is concentrated at the

conductor and must flow outward through the entire thermal

path.

However, it has been shown by Simmons (6) that the

temperature rise across the insulation is half as large

for a given dielectric loss as for the same loss in the

conductor.

The dielectric loss for a single conductor cabl-e is
)w¿ = cv- cos Ø tñ/f L ( 2. 11)

where

-qC = 1.687 (r x l0 lF/fL
ln fn'- 

+ zti 
ILD"l

( 2. L2)
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combining Ì¡oth equations,

w¿ : 0.00636 v26¡cos Ø w/fL (2. r3)
D + 2L1

Dc

Typical values for the relative permittivity (.and

insulation povrer factor cos ø are given in Table 2.3.

The dielectric loss is dependent on the type of cable

insulation and the cabl-e construction. Equations for

dielectric loss for other types of cable are given in

the Canada Wire Power Cable Handbook (7) .

2.6 Heat Loss in the Cable Sheath

Cable heat losses in the sheath are caused by

circulating currents and by eddy currentslongtitudinal

2.6.L Sheath Circulating Current

Conductor current induces voltage in the metallic

sheath, usually lead or afuminum, along the length of the

cable. If both ends of the sheath of a cable are grounded

or connected to sheaths of adjacent cables and grounded,

current will also flow in the sheath. This current

will contribute to the overafl heating of the cable.

For single conductor cables in trefoil formation,

with sheaths bonded at both ends, the sheath circulating

current f^ is given by (proof in Appendix A1) :
5

f=IX

crni

mA
(2 .r4)



where

and

IO

(2.ls)

D = D t in (2.16)SMSS

The heat produced in the sheath is given

Q .tt¡

R=q 11 /ft (2.18)

by;

Vü : I-2 R
SC S S

2_=IXz
m *= \ñ/fL

X2+R2
MS

where the sheath resistance may be calculated by

/'\
/S

;

The mutual reactanc. X* can be calculated for cabl_es

in different conductor arrangements by the equations

given by Simmons (B).

Large circulating currents can result with

short circuited sheath operation, especiatly with

appreciable spacing between metall-ic sheathed single

conductor cables. These currents can almost double

the cable losses. Special sheath bonding for single

conductor cables to reduce the sheath currents are

discussed in Chapter 3 of the "Underground Systems

Reference Book" (1) . Generally, sheath bonding is

usually restricted to triplex cables or three single

conducLor cabl-es contained in the same duct. Therefore,
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for most practical cases, the sheath circulating

current losses are neglected for open circuited,

or cross bonded sheath operation.

2.ø.2 Sheath Eddy Current

The effect of sheath eddy currents for single

conductor cables in equilateral configurations with

open circuited l-ead sheaths is approximat.ed by

Neher et al (9) as;

?J

R ê

W
SC

D
Sm

I2 D
SM

2S

fl
5.21

_2r + 5 l'=*lt_t
1?, l23 ItJ

\ñ/fL

(2.19)

(2 .16)

where

l-nD !
-L

In calculating average eddy current for cradled

configuration, S is taken equal to the axial spacing

between conductors. Equations 2.L9 also applies to the

eddy current losses for single conductor cables which

are install-ed in separate ducts.

2.1 Miscellaneous Components

Power cables generally have numerous metal-Iic

and non-metaIlic components used in their construction.

These would include shielding tapes, r€taIlic binder

tapes, armor, skid wire, concentric neutral, jute

covering and steel pipes. However, the author has

restricted the discussion to paper insulated lead

covered cables which would have only the shielding
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tapes and metallic binder tapes used in their construc-

tion.

The shielding tape, usually copper, is applied

over the paper dielectric on individual conductors.

It is designed to conduct heat avùay from "hot spots"

on the cable efficiently. It also prevents the form-

ation of voids between the lead sheath and dielectric,

thus reducing electrical stress. Tt has 1Íttle effect

on increasing the cable heat loss or adding significat-

ty to the thermal resistance circuit and, therefore,

is usually ignored.

Metallic binder tape is applied over an assembly

of multiple conductor cable. ft binds the conductors

together during manufacture. It is designed to relieve

mechanical- stress on the lead sheath, pârticularly

during power system faults when increased conductor

currents would produce increased magnetic coupling

between conductors. Binder tapes have a high thermal

conductivity, cause only smafl increases in eddy and

circulating current, and therefore, are also ignored

in the cable ampacity calculations.



CI]APTER 3

THE TIIERMAL PROPERTIES OF THE CABLE SYSTEM

3.9 Introduction

Determining the thermal resistance of a multi-

ducted bank as shown in figure 3.1 is not a simple problem.

The physical construction of the duct bank, position of

cables in the duct bank, some ducts being occupied while

others not, and a1l the various thermal properties must

al-I be considered. Because of the complexities for eval-

uating the earth path resj-stance mathematically, a solution

using standard duct heating constants was developed in the

l-930's by the National Electric Light Association (8) .

The duct heating constants were based on average

conditions and were not intended to account for variations

in duct bank geometry, depth of burial below the surface,

thermal resistivities, and so forth, factors which are

different for every situation.

In L949 Neher (10, II) published two papers

which presented a mathematical basis for calculating the

relative thermal resistances from various duct positions

to earth. The method was based on a number of approxi-

mations, but still provided reasonable results that

alfowed differentiation betr.veen the temperature rises

of different ducts in a bank. The procedures developed

by Neher have been modified over the past thirty years,

but they are still the foundation for calculating cable

ampacities analytically.
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This chapter develop s a procedure for calcu_

lating the thermal- resistances from the ducts to ambient

earth based on Neher's equations and those of others.

3. 1 The Heat Transf er Eguat j_on

Heat transfer in underground power cable systems

is generally analyzed in terms of conduction.

Heat by conduction is based on the property

of a material to all-ow the passag-e of heat, even if the
materiar is impermeable to any radiation and has no

moving matter. The flow of heat is in a "stead.y state
condition" if it is independent of time.

The fundamental relationship for the steady

flow of heat by conduction as illustrated in figure 3 .2 (a)

originates from the French physicists Biot and Fourier

and is expressed by;

(3.1)q: t ^-s wP 
^x

where q is the rate of heat flow in the direction of
decreasing temperature, p i= thermar resistivity of the

material through which the heat passes, and aT is the

constant temperature difference between a plane with an

area A and a point P at a perpendicular distance 
^X

from this area.

By applying this equation to a cylindrial section of

insulation surrounding a conductor, as shown in figure

3.2 (b) , the rate of heat energy which flows radially

through a differential.volume of length I is expressed

as (see Appendix A2)
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TI)TZ

^'T
Tl T2
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FIGURE 3.2 (a) HEAT CONDUCTION THROUGH A HOMOGENEOUS PLANE WALL

FIGURE 3.2 (b) _ HEAT CONDUCTION THROU
CYL]NDRICAL WALL
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O = q : - 2í=r þ w/fL (3.2)
| -F- d¡

Solving equation 3.2, the temperature differ-

ence between the two surfaces is;

Ar = aP rn lrzl o,-
21t Ltrl -

Using "Ohms Law for heat transfer", which is directly

analogous to Ohm's Law for electrical circuits, the

temperature difference between two points is equal to

the product of the 1-hermal resistance between the two

points and the heat flow passing through (B) .

Expressed mathematically 
"

ar = o R oc

(3.3)

(3,4)

where

R = 
"# 

r-n l=l oc cm/w (3's)
Lrr l

lrc r l
The term fn L "tll involves the physical shape of the

insulation and is commonly called the geometric factor G.

Equation 3.4 can be rewritten to express the temperature

rise in terms of the heat W" generated in the cable

conductor as:

and

aT = wc R oC

R = o.oo522 pG oc fL/w

(3.6)

(3.7)

3.2 Thermal Resistance of the Cable Insulation

The thermal resistance of the insulation, or

dielectric for a single conductor cable is calculated by
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equal-ion 3. 5 as

Ri -o.oos22 pici oc rt)* (3.8)

where

Gi : tn lD.. + 2LL1* ft] l-lIn^l (3.e)

Typical values for p are given in Table 3 . 1.

Geometric factors for other types of cable construction may

be found in the referen-cr€s tisted at the end of this thesis.

Material Foc cm/w

Paper Solid Type 600-700
Varnished cloth 600

Paper-Low Pressure Oíl Filled 500

Rubber 500

Po lyethylene 400

Polyvinyl chloride 700

Jute protective covering 500

Fibre Duct 480

Transite Duct 200

Concrete B5

Earth * Typical only 90

¡.3

rabre 3'1 - iiåiäå: ili;;iiiIå"u' oF

Thermal Resistance of the Cable Jacket

Again, applyÍng equation 3.5 r the thermal resis-

tance of the cable jacket is expressed as

Èi = o . oo s22 Pj Gj oc rL/w ( 3. ro)
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\^/here

\r,lI¡

Jackets are

unusual service condi

polyvinyl choloride i

a thermal resistivity

3.4 Thermal Res

Dj 2tj

used when cable protection from

tions are required. Typically,

s used as a jacket material with

given in Table 3.1.

istance of Miscellaneous Cable Components

D: lJI

Di 2 LiJ
(3.1r)

CabIe components including binding tapes' armor'

skid wires and the sheath have very smal-l thermal- resist-

ances and therefore are ignored in the thermal circuit.

Cable wrappings such as jute, asbestos and similar thermal

tapes are used in manholes and cabl-e termination stations

to provide physical proLection Lo the cable. These

wrappings do impede the escape of heat from the cable and

their effects are calculated by applying equation 3.5-

Since cables installed in ducts are being dj-scussed in

this paper, the effects of cable wrappings are not

considered in detail.

3.5 Thermal Resistance Between the Cable Surface
and the Duct WaIl

The thermal resistance of the air space between

a cable surface and duct wall are calculated from theoretical

and semiempirical expressions developed by Buller et aI

(26) and Greebler et al- (21¡ .
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1_O o.oe, ":/4 . r\ P\

1. 39 D /D_
S,d

l+(B+cT)' m'

+ 0.02L3 + 0.I02 o-( (r +
R

SO
AT

.1067 r )
m

(3.r2)

(3.13)

losro fnuln=1

Tt is assumed that heat is dissipated from the cable

surface through an intervening medium of air to the

inner surface of the duct by conduction, convection and

radiation, and that no forced cooling exists.

By further assuming AT = 2Oo C across the

air space, and D" is in the range of L-4 inches for cable

in duct, Neher et al (9) have reduced equation 3.lZ to

where A, B and C

of installation,

are constants

some of which

oc f L/\ñ
D

c

dependent

are given

on the type

in Table 3.2.

AÐ
sd

Table 3.2 - DUCT BANK CONSTANTS

3.6 Thermal Resistance of the Duct l{alI

By equation 3.5 the thermal resistance of the

duct wall is

R
w

: 0.00 522 D cIw w

Condition ¡\ B C

Cable in metal Conduit r7..0 3.6 0 .029

Cable in Fibre Duct in
Concrete L] -0 2.3 0.024

Cable in transite Duct
in Concrete r7.0 )q 0 .029

oc fL/w (3.14)
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\4rhel: e

:ht

Typical values for duct bank

are given in Table 3. t

where X is the

dimension -

construction materials

+

D
w

vt (3.rs)

(3.16)

3.7

A rectangular duct bank, shown in figure 3.3

represents a complicated shape compared to the cyc'l indricaf

radiators considered previously. Rather than applying

a complex procedure to analyze heat transfer in the duct

bank, the duct bank is represented as an i-sothermal circle

with a radius given by (Appendix A3 )

-1
=rb In låll '"

lrxt_

12v tå iJ"þ .*31.

smal-ler dimension and y is the larger

Ileat Flow Lines

3.3 I]EÀT FLOV,] LINES TN A RECTANGULAR
DUCT BANK.

FIGURE
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of

Applying equation 3.5, the thermal resisi-ance

the duct bank is given by

q, I' = o.oo522 P, tn l"o I "" rL/\ñ (3-17)
f Dw + 2tvt )

fô
J.Õ Thermal Resistance of Ambient Earth

The calculation of the thermal resistance

between a duct bank and ambient earth are sirnplified by

rnaking several assumptions as follows:

the rectangular duct bank is represented

as a cylindrical- radiator as discussed in

section 3 - 7

ta

ral-

IV

the earth is initially at the same temper-

ature throughout

the earth has a constant thermal resistivity

the heat generated in the duct bank in the

steady state condition eventually finds its

way to the earth's surface

the surface of the earth is treated as an

isothermal surface.

Applying the method of images as discussed in

Appendix Ä4,referring to figure 3.4, the temperature rise

at any point P is expressed as

^ 
T^ : A^ P url¿ 

''l or-. -2tí täj c (3.18)

This equation may be rewritten in terms of the

equivalent radius of a duct bank r5 and Lhe depth of its

centre L5 below the surface of l-he earth to express the
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temperature rrse
. AT

Þ̂

on the surface of the. duct
o_

=ORC-ce

bank as

( 3. rg )

given by

f t/w

(3.20)

ivhere the l,hermal resistance of the earth l_

r,
r)

Earth Surface

oc

a

1
R

,//

\

I

I

I

I

D]RECTIO}J
OF HEAT
FI¡W

P

I

,

I

I

\
\

I

I

I

I

I
\

\

F'IGURE 3.4 i]EÀT F],OW IN AMBIENT EARTH
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3-9 Loss Factor (L2, l3, L4, 15)

A cable will conduct higher maximum current

without exceeding a given conductor temperature if the

load is cyclical rather than continuous. The thermal

capacity of the cable and surrounding environment reduce

the effect of load peaks on conductor temperature rise.

Porver cables usually have a definite daily load cycIe,

Figure 3.5, upon which longer load cycles such as seasonal

may be superimposed. The daily load factor is defined

as the ratio of the average Ioad over a designated period

of time, sây 24 hours, to the peak load occurring in that

period (16).

(r) rrME

a
o
Ë

}-IGURE 3.5 CABLE LOAD CYCLE



The conductor l-osses in the cable will vary

according to the cable load. A loss factor is applied

to the cable losses to account for the cycl-ing load.

l'lanning (16) defines the loss factor as the ratio of

the average power loss to the peak power loss during

a specified time in'cerval. The following empirícal

relationship betrçeen load factor Ft¿ and the loss factor

Fls is used for transmission and distribution systems:

Fl=: 0.3 ut¿ + 0.1 (Fld)' O.t. (3.2r)

For a cable undergoing repeated daily load

cycles, the losses and resultant heat flows are cal-

culated on the basis of the maximum one hour average

Ioad. The loss factor is calcufated and applied to the

maximum foad to average the losses over a 24 hour period.

It is generally assumed that the temperature

of the cable and thermal- circuit in the immediate proxi-

mity of the cabl-e follow the load cycle closely, i.e.,

the thermal circuit temperature gradient will be exactly

proportional- to the loss variation. However, the thermal

circuit farther from the cable reacts more s1ow1y. If

this delay in thermal response to load variation starts

at a diameter D* in the thermal circuit, the temperature

rise from the conductor to o* depends on the heat loss

corresponding to the maximum load, whereas the temper-

ature rise from diameter o* to ambient earth depends on

the average loss over a 24 hour period. The diameter D*

is expressed by Neher et'al (9) for a sinusoidal load
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cycle as

D : L.O2-\f.-<et in ß.ZZ¡x

Typically,

4e = 2.15 in2lhout for earth and,

t = 24 hours

Therefore,

D : 8.3 in (3 .23)x

The diameter O* lies between the outside

diameter of the duct wall D* * 2ty and the equivalent

diameter of 1*he duct bank 2 rb. Therefore, rewriting

equation 3.tZ as:

Þt-*b = 0 '00522 Pa rn io* I + 0.00 522 p,1nl2 rb IlD-T--ZE--l te lD I- 
\,V

(3 .24)

Letting

R- = 0.00522 D. - l-D I

L n-- T-7t*l ''w
(3.2s)

and

(3 .26)

Fo ' : Ru* + Fo oc fL/w (3 "27)

The loss factor applies only to the conductor

losses flowing through \ and outward as shown in section

4.I -

ilo = o.oos22 ß ," f?gq Iln | 'txl



CI-IAPTER 4

TI]ERMÀL CIRCUIT ANALYSIS

4.0 Tntroduction

This chapter combines the theories developed in

r;hapl,ers 2 and 3 to derive a system of equal-ions which

effectively describe the cable system. rt is here that

the author's handlingof 1-he cable system differs from the

methods used by others. Simmons (B), Neher et al (9),

and IPCEA (3) have developed their calcuLat'ions based on

the cable sysl-em having equally loaded identical cables.

The cable ratings were J:ased on selecting the hottest

cable in i-he system configuration and limiting alI {-he

cables to this rating. I{owever, these methods are not

specific enough to analyze real- situations where aII

the cables and loadings are not identical. The fnter-

national Efectro technical Commission (fZ¡ suggests that

approximations be made to estimate the power dissipated

in adjacent cables when calculating mutual heating effects

of unequally loaded cables of different construction.

Similarly Keyhani et al (fB) developed equations for

conductor current vs. inner concluct,or temperature for

any given cable by an iteration technique to approx-

imate mutual heating effects when solving a cable system

for unknown conductor currents and temperatures.

The'procedures discussed in this chapter develop

a sys't-em of linear equations in terms of the unknown quantil-y

for each cable, êither conductor temperature or current,
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so that an exact solution for l-hese unknov¿ns can l¡e cal-

culated direct.Iy.

4.L Th"

The heat generated in the conductor, dielectric

and sheal-h flows outward through the various thermal resis-

tances and causes a temperature rise in each of the elements

in its thermal path. The heat pclsses into the earth in

all directions and is finatty dissipated at the earth

surface. A siinplified diagram of the thermal path in terms

of an electrical analogy is shown in figure 4.I.

Rs¿ Rdx

FIGURE 4.1 - ELECTRICAL ANALOGY OF THE THERMAL CIRCU]T

ñ¡
2

R¡
Tc2
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The effect of each source of heat loss, namely,

i-he conducl-or r2R loss hr-, the ¿ief ectrlc loss W. andc' "d

the sheath loss Ws, is anaLyzed separal-eÌy and then the

Superposition 'ilheorem is applied l_o calculate the overal_I

tettperature rise of the conductor above amÌ:ient earth

teilperature.

4 .1. t ggg5lp._I€t"pgfglfir" Ri=" by I2R L"="

The co¡rductor loss W" fl_ows through the thermal

resistances shown in figure 4.1. By equation 3.6, the

temperature ::ise at the conductor surface is
t_

^T^ 
= W R\-c

where

and

Assuminq T > T'a'

AT^t = T - T = W Rucac

lettinq R' : R T + t-------r ac ac - 2

_il1and R : R +RÞe

.̂/,W:I'RT+t^cac¿ (2-10)
1-rrf

(3.6)

Ø .2)

T+aI (4 .3)

-ilR": R. + R_-. + R + R" (q.4,)-) sd w dx

(4.5)
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(R. +
I

f=

c _t'( ac

To account for the cyclic nature of the conductor current,
_rfthe conductor loss flowing through R is multiplied by a

Ioss factor FIs as discussed in section 3.9.

Ilence, the conductor temperature rise above

ambient earl-h clue to conductor heat loss is expressed as

Therefore, equation 4.2 becomes:

AT T _T

ú. 1)

T >T >Tõc

of sheath

2 _ _r, _rrtaT1 = I- R' (n. + R + F. R )c ac r- Is

tt ,tfl
õro=rI\¡I\J (4 .6)

(4

(4 . B )

2.L7 and 2.L9

are proportional

also affects the

(4 . e )

to be the temperature

sheath losses.

çonductor Temperat

By rsferri¡g to figure 4 . I and assuming

the temperature rise AT at the sheath because
d

loss is given by;

(w +W
lr nt

)(R +nlAT :
c

where I^/ and W
SC SC

respectively. Si

to the conductor

temperature rise

cê

are given by equations

lce Lhe sheath currents

current, 
:n" 

loss factor

across R and, therefore,

(w +w ) (R
SC SC'

rn

+F. RIISAT

For simplif

rise at the

ication, A

conduct.or

T is assumedc

caused by the

4.t.: Conductor Temperature Rise by Dielectric Loss

The dielectric loss is assumed to be evenly

distributed throughout the cable insulation. Therefore,

'l*o account for the temperature rise at the conductor due
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to thj s loss, the temperature rj-se

and sheath i s assumed to be half as

was at the conductor.

bel-iveen.the conductor

much as i f the -l-os s

(4 . ro )AT-
ci

l^l -d

The dielectric

current and 1-herefore no

+R

loss is independent of load

foss factor is applied.

"*R"lr

lnit_

l.z

A.La $gg1"ry.

By applying the Su¡rerposition

temperature rise between the conductor

f or single conductor caJ:le is given by

equation 4.1 , 4 .9 and 4 . lQ, or

2t-lAT = I- R R + AT.caco

where,

theorem, the overal-I

and ambient earl-h

l-he summation of

(4 . rr)

(4 . L2)Dl +FlsqR

Ysc

R. + - RaY

I
I
Fr,r(-dc

ln

l=

\¡ ^ ^ 'ì

nl

dc

fo=* l'
L-zs-l

' 
r' 

+

(q

io=* I 'l
l. 2sl l

13)

(4.14)
5
ì-oL¿ltt ,]

J

R
5

and

I + Ysc + Yse
(4 . rs)

4.2 Equations For a Mul1,iple Duct System

Because of the complexity of equations required

to describe a large duct system, a simple two duct system

q

Yc
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is used to illustrate the princjptes involved in dcvelop-

ing tl-le equations. The eo.uations are then written f or a

generali zed duct sys i:em.

4.3 A Two Duct System

consider a duct system rvhere c1 and c2 rep::esent

single conductor cabl-es in separate ducts. The temperature

riseof Cl due to its own heat loss is determined by

equation 4.tt as;

ATII : tl2 Rí + or¿rr (4.16)

temperal-ure rise of C2 isSimilarily, 1-he

1t

^'I^. 
i I.'R2)/ /

In addition to the self heatit-ig, the temperature rise of

Ct wifl al-so be affected by the heat interaction from C2.

Expressions for the mutual heating between buried cables

have been provided by Neher et al- (9) and Neher (l0,Il) -

The temperature rise of CI caused by the heating effect

of C2 is expressed as

aTtz wz (4.r8)

where R12 is the thermal resistance between Cl and C2,

and W2 is the heat loss from C2. By applying the Method

of fnages and assuming uniform thermal resistivities, for

the duct J¡ank and earth, the effecl-ive thermal resistance

between any two cabfes is expressed as

DlI\I

R; * ord.22 (4.L7)

Þ"t2

\r= (Fn -n) !" la'_ll'¡ l
(4.19)

0.00522 p, ln f a12''] + o.Oo522
lar2 J
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Expressing equation 4. tg in terms of al" loss factor Fl=

and using equat.ion 4.15 to account f or the ca]¡le sheath f oss

ín C2, the temperature rise at Cl becomes

'1t
A Tt 2 : 12' R2' Rtz + Â Tatz

rvh er e
_t*tz = Fl=2 q2 Rl-2,

and

^ 
Tdr 2 = watz *tz

Simj-J-arily, the teni¡:erature rise at C2 caused by the

mutual heating from Cl is
.)rl

ArZl = IL' R1 RZI + A taZt

(4 . ?-o)

(4 .2L)

e .22)

(4 .23)

(4 .26)

Now, applying the Su¡:erposition Theorem, the overall

temperature rise of Cl- is equal to 1-he sum of temperature

rises above ambient caused by all heat sources, ot

Á tl = ^ 
Ttl + A'I:'2 (4 .24)

and similarily I

LTZ = AT21 + AT22

From equal-ion 4 .3, 4.16, 4.LJ, 4.20 and 4.23 and letting

^_mdl- (4 .2s)
T+t

b:I- l--, and
.L-TL

Ktt = RrRr', Ktz: R2 uri, Rzt: *aF21 anð' Krr : *rdr,

equation 4.24 becomes:
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)ÂTt = ItZ *rt(" + Urr) ,-oT¿r1 * 12".Kt.z (a + b Tì +^T¿lZ

?Ãr2 = rt- *ZtG *b? +^'rd21 *tZ,*ZZ (a+b r) +o'rOZ-Z

(4.27)

Since ¿T and aTU are referenced i-o the ambient

earth temper:ature T-, and ATU, independent of conductor

lenperature or current, is constant, equation 4.Zl is

rewr il-ten as:

Tl - T" -ot¿tt -ot¿tZ = It2 Ktt (a + b Tr) * t2, o (a + b Tr)
',tz

,2 - r^ - orOr, - orarz = rt2 *zt (a r- b Tr) + tz2 *zz (a + b rr)

(4 .28)

I¡lhen analyzing a caÌ¡le system, either the conductor

temperature T or current I is known for each cable, and

the other is calcul-ated. Four conditions are available

for the system being considered here. Each has a specific

set of equations which is obtained from equation 4 .28 as

follows:

Cp¡AiÉp¡lt TI and T, known, II and f , unknown.

Tt - TAt = Ktt (a + b rr) t'z, * *rr (a + b rr) ti

rz-r^2 = *zr(a+b11) | *Kzz(a+brr) r3 @'2e)

where,

tAl = Tu. *ÁTdfl- +^'Idl2
(4.30)

TAz = Tu. *aTdzl *oTd,z2

--'.(j ondttl-on z: T , and I . known, T, and T . unknown.
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.,'l

- t-^'''?

AS;

where,

and,

_2IV'l ''l lo

,2u_t n] 2â 
_

trz xtr-^ =

tr?- xrr^ =

.F)
+\t

'z)

2(I'1

,2-1

Vr\_ _tt

Ktzb

b-1) r, * tl Krzb 'r2

Tt * ( trz xn al) ,t2

(4.3r)

(4 .33 )

(4.34 )

Çp¡-dilion 3, f I and T, knownr T1 and tZ unknown

- TA - , 2 v ã = (t 2 t, l- 141 - 11 orr'- \tl ^1r D-1) tt * Ktz (a + b rr) ,r,
2^--21'1 /.'ñ\-2TZ - TA2 - \i Krra = Ir- *tZ b rL * KZz (a + b Tr) tr'

(4 .32)

cqldiËp¡_4: and tZ knorvn, II and T, unknown.

s imi lar to condi t-ion 3 .

The utrknown temperatures and currents , for each condition

are found by solving the approprj-ate set of homogenous

l-inear ecluation s,

Equal-ion 4.29 may expl:essed in matrix form

tf

be

K.I

f" -'^'l

l,, 
'orJ

l-K.- (a + b
lra

l*r, (a + b
K

lr 2l
t-r Ittt^t
ltr'I
iscussi-on to

*tZ (a+b

KZZ (a + b
(4.3s)

t r)l

t, 
']

(¿ -:e )

Extending the d a syst-em ofn cables, equations
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¿. ?L 35 and 4 .36 may be written

m^m_L_ L - t_r _-l a --dll

a5

,L '-
n

f{"11

Kzt

w"r2

Kzz

v
'tf n

Vt\^
¿tL

'n - ,/r rTr

a '^'d2l

¡m
_L - ¿\l_ _a dnl

/m* -d12 "

^.rr'" d22-' '

^rF Õ.n¿

'm
-- - d1n

-^Tl
c1 ¿n

- ^.1.onn

(4 .37 )

(a+bT)
n

(ar-bT)
ll

(4.38)

(4.3e)

v-

(a r- b T.)
I

(a + b T,)
'L

:

(a r- b T1)

,,,

2

(a+bTr)

(a+bTr)

K.(a1-bf2)
n¿

K (a+bT)
r1n ' n'

wt\-
n1

Similar rnatrix sets may

and 4-

¿. ¿)

operating

unknown.

be developed for conditions 2,3

General Equations

As menì-ioned previously, either

temperature for each cable in a

Therefore, lettinq X represent

the current or

duct

t-he un-:'Æf,-æ
-,.t-,.--.--,..*'Æ
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)
either I- or T, A repl:esent the left hand side, and B

r:eprcsent tl-lecoefficient matrix, a duct sysi-em cont-aining

n occupi-ed posif-ions is described by n equations. Expressed

in ma1-rix form

À=l3X

l'{ore specif ì ca11y,

(4.40)

-l : btt"t + btz x2*' brn*t

u2 : bzl-xl + bz-z x2*' ' b2r,X.,

, (4 .4r)

an : brX +b^X^+ b Xnt I nz ¿ nn n

This systcm of equal-ior-rs is sol-vcd for 
"1, 

X2...Xn,

each representing eit-Ìrer 12 or T for cach cabl-e, and

the particular ratings for l-he ducl- system are determined.

One s.et of eguations is developed for each duct bank

conf iguration being studied. The coef f icients bII, O?.r,

etc. represent 1-he thei:mal and electrical properties of

the cable in each occupied duct position affected by self

heating, wherea= bL2, bI' b2I, etc. represent the effects

of mutual heating bel-rveen occupied duct position.



CI]APTER 5

T]JE COMPUTER P]ìOGR1ìM

5.0 Introduction

The computer program described herein permits the

determination of the temperature or arnpacity of a number

r¡f power cables in an unclerground duct system under

steady state condi-tions. The analytical techniques

deveJ-oped in the previous cha¡:ters are programmed such

1-hat a cable system may be represented in terms of its

various electricat and thermalcharacteristics. A direct

soluti-on is oi¡tained for the unknorvn conductor tem¡tera-

ture or curre¡rt for each cable by sol-ving 1-he equations

using the Gaussian Algorithm technique.

5. 1 T!ç__t1e:¡r_Fegfgni ,SLVCBL

Figure 5. I shows a ]¡lock diagram for the organization

of ,che overall program. The blocks are described as

folfows:

i) rnput/output hanclling blocks.

ii) A Ì¡lock ivhich cafculates the thermaÌ resistances from

the duct rval-l to ambient earth as discussed in Chapter 3.

iii) A block which calculates the efectrical characteristics

and thermal properties of the cable in each occupied

duct as discussed j n Chapters 2 and 3.

iv) A routine to cal-culate the coefficients for the system

of equations which describe the specific cable config-
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ur-a't ion being analyzed

v) A routine to solve the system of l-inear equations in

terms of the knoi,¡n conductor temperal-ures and current,s

vi) A routj-ne to calculate the irnknorvn cable teinperature

vii)

or cui:re¡rt for each occupied duct position.

A l:lock to calculat.e the Lemperaì:ure at the cable

ou{-er :;urf ace for each cable.

'IABLES

INPUT

DUCT BANK

TIIER.I'IAL IìES

GENERATE

EF}-] C IENTS____l

SOLVE

EQUATIONS

CAI,C

OUTPUT

ROUTINE

CABLE

CHARACTERI STICS

CABLE

INPUT

OUTER

TE¡1PS

NEXT

SYSTEM

FIGURE 5. I PROGRÀM BLOCK ORGANIZATION



Irigure

This program

sub¡:rograrns

5 " 2 shov¡s

con'¿rol-s

required

46

the f lov¿ char

the sequellce

f-o analyze the

t. f or the pr:ogram SLVCBI-.

llor cal ling the var j orrs

cal¡Ie system.

START

CALL CBLDT

CALL SHTE},IP

Þ-? Ìst

CBSYS

CAI.L CBI,DT

CFCNT

SI,TNQ

.DÞ T }ITF

FIGURE 5.2 FLOI4CI]ART b-OR PROGRÀI'I SLVCBL
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C'-r^¡:l
I

f:¡_a:,-"ryt-

READ CAB-I-E Ib]PUT

CÀLCULATE THE Ti]trRYIAL ÀND
ELECTRICAL CHARÀCT]JRISTICS
FOR EACH CABI,E.

LÀST DUCT

COLUI'{N

FrcuRE 5.3 Hrcll-LtìvET, þ-LovicuART l'oR suBpRocRÀM cBr-DT

RE/rD
TABI.ES

RETURN
EMPTY DUCT



{1l1)
READ DUCT BANK

CHARACTERI STICS

CALCULATE TI]ER.YLAL

RESfSTANCES OF DUCT ItrAI-I-,

CONCRETE DUCT BANK AND ¡I'{BIEI'TT

EARTII.

SUT1¡4ÄRI ZE

FIGURE 5.4 HIGI{--LEVEI- FI-OW CI{ART T'OR SLTBPROGRT\M CBSYS

PRINT
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5 .2 The Subprogr:ams

5 .2.I CBI,DT

This sultpr:ogr:am ::eads the 'L"ables of data for cable

characteristics, duct constants, and various cable config-

uration constants required during the course of calculatj ons.

This subprogram afso cal-culates the thermal ::esistances

l¡ei-v¡een the conduci-or surface and the duct inner waÌ1,

the d:'-electr j c heat Ioss, the temperature rise caused by

dielectric l-oss and tÌre electrical resi_stance of t-he

conductor and sheath for each cable in the duct bank -

The equations developed ì-n Cl-rapter 2 and 3 are progranmed

j-¡rto this r:outine. Fl'-gure 5 . : shorvs a high-J evef f ,l ow

chart for this subprogram.

5 .2.2 C]]LSYS

The input data describir-rg the physical and thermal

properties of the duct bank are read, and the thermal

resistances of the varj-ous thermal layer:s from Lhe

-inner surface of a duct wal-l to ambienl- earth are

calcufated from the equation gì-ven in Cl-rapter 3 . Figure

5 .4 sl-lows the elemelltary flow chart.

5 .2.3 CFCNT

This routine calcul.ates t]'ie coefficients for the

overall cable system equatì-ons. 'Ihese coeffi-cienl-s,

which are described in Section 4.2, include all the

thermal- and electrical properties of each cable in each
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dr-ict pos j-t j on as r"el-l as 1,he therrnal resis.t--anccs to ¿:.r,bj-enL

carth. This ryogram performs five tesis before selecting

the alrproLrriate eo,uations Lo cafcul-a'ce each coefficicnt

for the general matrj-x descrj-Ì¡ed by eqr"rati,on 4.4I. The

duct positi<¡ns are selec{,ed left to rigl-rt, top 1-o bo1-l-om

as shown in f igLrre 5 .5

-<__ ROW

-- coLut-4N

I

in

1a

1)

o€)

}-IGURE 5.5 SEQUENCE OF DUCT SEI,ECTTON

With reference to the high level flowchart shown

Figu::e 5.6 the following tests are made when cafcu-

'cing each coefficj ent:

A ref erel-ìce duct posit- j on j s selected and tested f or

cable occupancy. If it is occupied, the program

contj-nues ho the next test; ol-herwise, it is ignored
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avrÁRrl--l---
, -( nr:l' nHi:l'¡c e ;rl.;i b..,

t-{sul,r'nEATTNG? X

F,a coLUMN, rnt'npnnrirvc{ "¿ç.3)T

LAST ROW: REFEIìENCE DUCT 2__-____J

.1.'

,.---_-l-- \tÏr!I\,
LAST COI,UI\'IN: REI'ERENCE DUCT

I SPECIFIED?

l';]

'r 
_

,t_
IN'1']]R¡-EIì]'NCE "'-]ï D

F-]GURE 5.6 IJIGI] I,EV]-.]L FLOWC]JART I,-OR SUBPROCRIìM CFCNT
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aud t.he lìext i:efcrcllce duct 1:osj-1,j-on is:;clcctcd

and i-ested.

2) An inl-erf er:ence duct position is selectcd and tcstecl.

If i'ü js unoccupied, it r,¡j-l-l have no affect on i-he

r:ef erence cabJ-e positi on and it j s -ignored. If it
j-s occup:'-ed, then i-he testì-ng continues .

3 ) If 1-]re r:ef e::ence duct and interf er:ence duct ¡:os:'-tion

sel-ected coincide, then they are in fact the saine

cab.'l-e. Theref ore, the I-rea't-ing at thal- di:ct position
j s calcul-al-ed for self heating. If 'chey do not coin-

cide, then the nutual heal-ing effecì- aL the reference

d-Llct caì-rscd by the i-nl-erfcrenr:e duci- is calcu,lal-ed.

4) -l-f 'uhe coef f ici ent for self heatì,r-rg is being calcul-al-ed

j.n equation 4.4I and the conductor r:ur:renl: j-s specif ied,

then
')_An = An - Ta - T¿ al' R-" R' (5.r)

..)

rvhere T., I", R^^ and Rr are for the refe¡:ence cable, ando' ac

B .- : ]¡r2 R p=, - l-.0 (s.z)nn ac

wìrcre f, R and ¡1 I ar:e a-l,so for the reference cable.
al U

Simj J-arily, if Lhe conduci-or cur:rent j s not specif ied,

then

A - A r- T '-t - T_nnao

where 'I and TU are for the reference duct, and

(s.3)

B = (a + bT) R Rrnn ac
(s . + ¡



r-)))

ArE I1ÀxrIluM -l
C]]:ìN'I IN COI,U].i\
---l

Y____
sET OF EQUATt_O":Ð

t-;;
L:"1rr'.'

ñcuLARl]T

llY Lþ_],¡,DfNG

i---@Ð i***ut¡-_]- -_-I---
T

eR*_;ãÐ

I,'IGU1ìE 5.7 I]]GI] I,EVEL I.-LOI{CIjART FOR SUBPROGR,AM SLVQ

Iì]J'1'U IìN



54

.,il'ì{-rr= T- R and Rt al:e for t-hc lefcrcncie cìuct.ac

5) The coef f j-cienl-s for mutual l-reat-j-ng alre given as

f o.l-lorçs:

i. Curre nt Specj-f ied;

Ar-r : A' ul2 R-" u L Ft, *u Fr 2 (5 '5)

i'ìrere J-t Iì_", F1" and Wd are for i-he ir-rterference cable

posi'uittrt, and

B : br2 R F, R.^ (5.6)nn ac t.s L¿

rvherc 'I , Or" and tl," are for l-.he j-nterf<--rence cable

ii) Current ¡rot sp()cifir:d;

Ar. - Ar, - tt,l i{t,

\{her. Wd is for the in1-er-ference ca}:le, and

(s .7)

u,-,, = (a + b'r) o-" ul= *l_z (5.8)

where T, R_" and Ul= are for the interference cable.

This sequence of tests and equations are re¡tea1-ed

until the coefficient matrix is completed for all

occupied duct posilions.

5.2.4 SI,VQ

This subprogram solves the sysi-em of equations i-n

icrns of knor¿n condrrc.l-or tcrr¡:erature or currel-rì: at each

occiipi-ed duct ¡:osition using tl-le Gaussj-an Algorithm

l-eclrr-rique (19), (figure 5.7).



f
J 2.5 SLTNQ

This routine

erature or current

SLVQ (figure 5 .8)

calculates l-he

for each cable

CURRENT SPECIFIED?

CALCULATE TEI'IPERTURE

F]GURE 5 . B - HIGH LEVEL FLO\^]CHART FOR SUBPROGRAM SLTNQ

5.2.6 SHTEMP

The temperature of the conductor cannot l¡e measured

directly. I{owever, monitoring the temperature of the cable

outer surface provides a reasonable indication of cable

thermal performance.

A routine is included in the program to calculate

cable surface temperatures based on conductor temperatures

and currents (figure 5.9) . Measurements of actual cable

unknov¿n concluctor temp-

from the output of

START

DUCT OCCUPTED?

CALCULATE CURRENT

LAST COLUMI'I?

LAST ROVJ

RETURN
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opcl- e.i-i ng colld j,t j-ons nay ì:e 1-akcn, anrì rcad r'-nto i-he

pl- Ògl:ain 'úo ca l-cul¿i1-e the c;.1¡l,e thermaJ- ¡rcr, r'nf r)r:inance /

incJucìing conductor surface teiliperal-ur:es. Tlhe cal-cu-l-.ei-ed

c¿,Lb-l-e surface 1-cmperatìrre inay then be compalred rvith

actual inea,srrr:ements to varify resul-ts.

s.3 
, Þll!,TerJ.

'llhe f l-owch¿rri-s prese ni-ed Ìrere al:e only high level

f lorvcharts. l-or dei-a j led f lor+chart--s, pr:ogram lis{,:ir-rgs

and Llr;er j-nfol:mat--jon on the pl:ogl:ain, the reac'Lcr is

::eierred 1-o another Lechnical- r-epor:t by the aul'hor (20) .



CI]APTER

PRoGRÄM RESUI,TS AND DISCUSåTo¡I

6.0 fntroduction

The ampacity ratings íor cables are infl-uenced by

some parameters which are controlled and others which

are not. The controfled parameters include selection

of cable, physical construction of the duct l¡ank and

position of the cables in the duct bank. Paramet-ers

which are not controll ed include earth thermal- character-

istics, ambient Ì-emperature varial-ions, and characteris-

tics of the load current itself.

This cha¡:ter discusses the effects of the various

factors on cable ampacity. A 69 kV low pressure oit filled

(LPOF) ca]¡le install-ed in a duct bank is analyzed and the

results are shown graphically. Unless otherwise indicated,

the fo]lowing operating conditions apply:

i. conductor síze: 850 MCM

ii. number of cables: six

iii. type of duct bank: two of three way

iv. depth: 30 inches to top of duct bank

v. cable spacing: 1 .5 inches

vi. conductor temperature rating: B5oC

vii . load factor: 1. 0 p. u.

viii. earth thermal resistivity: 9OoC cm/watt

ix. ambient temperature: 20oC

With aIl other conditions constant, each parameter

is varied to determine its effect on cable ampacities.
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While it is recognized that some of the.situations dis-

cussed in this chapter are not practical, they are still

included to illustrate the effect on cable current

ratings.

Output from the computer program analysis is compared,

with IPCEA(3) cable rating tables and field measurement

for a typical duct bank install-ation to verify the analy-

tical calculation method presented in this thesis.

6.1 Controlled Cable System Parameters

6 . 1.1 Conductor Size

The heat loss produced in the conductor is a functíon

of the load current and conductor resistance, which in

turn is proportional to the conductor cross sectional area,

or conductor size. Figure 6 . I illustrates the effect of

conductor size on the ampacity rating for single conductor

cables in a duct bank. For a given load requirement, say

1000 amperes, one circuit of 3-1500 MCM cables, or two

circuits of 6-600 MCM cables are suitabl-e. However, econ-

omics, reliability and physical constraints for duct bank

construction influence the selection of the type of instal-

lation to be utilized.

6.I.2 Number of Cables In a Duct Bank

The ampacity of each cable is affected by the heat

contribution of other cables in the system. The maximum

current rating of each cable is reduced as the duct bank

is required to dissipate more heat.

Each cable is operating at its continuous temperature
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linit (BsoC) in f igure 6 .2. The range be.tween the two

curves represents the variation in ampacity for the cables,

depending on their position in the duct bank. For a

I2 cable system, and all conductors at B5oC, the ampacity

ranges from a minimum of 423 amperes to a maximum of 575

amperes, depending on the cable position in the duct bank.

Standard practices based on cable rating tables would

limit the rating of all cables to 423 amperes, whereas

one observes that some cables could carry higher currents

without exceeding temperature limits. This is illustrated

in more detail in the next section.

6.I.3 Cable position in a Duct Bank

It is desirable to have as many ducts as possible

along the outer surface of the duct bank to facilitate

heat dissipation to the surrounding earth. Figure

6.3(a) shows the effect of duct position on the ampacity
:.of cables in a four of 'three way duct bank. Figure 6.3(b)

gives the effect of placing the same nrmber of cables

around the perimeter of a larger duct bank. From this

ill-ustration one concludes that heavily loaded cables

should be positioned around the peri-meter of the duct

bank to maximize cabl-e ampacities and the inner ducts

should be utilized for other purposes such as communi-

cation cables.

6.L.4 Spacing Between Ducts

The effect of varying the spacing for a two of three

\day duct bank on the cable ampacity is given in figure 6.4
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Strictly speaking, the effect of increased duct spacing

rd is ,rot ot-"tical when theis not very significant, and is not prac

increase in duct bank size required to achieve the spacing

is considered. A typical spacing is 7.5 inches

D UCT SPACING INCHES

FIGURE 6.4 EFFECT OF DUCT SPACING

looo
a
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6.1.5 Shapeof A Duct Bank

By examining equations 3

expect the resistance of the

with an .increase in duct bank

.L6, 3.20 and 4.L9 ,

thermal circuit to

equivalent radius

one would

be lower

rb.
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Figure 6.5 illustrates the effect of varyin$ the shape of

the duct bank on the ampacity of a six cable system. The

shaded area represents the range of cable currents,

depending on position in the duct bank. Although config-

uration (1) and (4) result in higher conductor currents,

they are usually not practical to construct. The remaining

four configurations do not result in significant effects

on the conductor ampacities.

6.1.6 Depth of A Duct Bank

The form of equations 3.20 and 4 . 19 indicate that

thermal resistance in the duct bank system increases

with increased depth. Figure 6.A illustrates the effect

of depth on the ampacity for two of three way duct bank

with six cables. The effect of depth on cable ampacity

becomes less significant as the depth increases beyond

six feet. Typical depths are in the three to five foot

range.

6.2

The cable system for a ne\^r installation is selected

by making certain assumptions regarding the peak load

currents to be carried, the load factor, ambient temp-

erature and earth thermal characteristics. Conservative

estimates are usually made to ensure the cables will have

sufficient capacity to carry the load under the most severe

operating conditions without exceeding conductor tempera-

ture limits. However, once the system has been installed,
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tests may be

actual operat

performed to gain

ing performance of

better insight into the

the cable system.

6.2.1 Peak Conductor Current

As discussed in section 3 .9, the peak current is the

maximum current carried by the cable over a particular

24_hour period. Measurements for a cable s.ystem-may be

made and the results may then be programed into the

analysis to determine conductor operating temperatures

(figure 6.7). Temperature limits for each type of cable

are usually specified by the manufacturer. For example,

the máximum continuous temperature ratÍng for 69 kV

Iow pressure oil f illed cabl-e is B5oC.

6.2.2 Load Factor

The effect of load

is shown in figure

factors on cabl-e ampacities

6.8.

UTJ

f'l
É.
Ér
À

I

E-{
H
U
ê{

LOAD FACTOR

FIGURE 6 .8 EFFECT OF

P. U.

LOAD FACTOR
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6.2.3 Ambient Earth Thermal Resistivity.

Heat flows through the soil primarily by conduction

from particle to particle. The heat transfer improves

with more surface contact between particles due to their

shape, amount of compactness and amount of moisture

content in the soi1.

Moisture content in the soil filts the gaps between

soil particles and provides a "continuous" medium for

effective thermal conduction. As the moisture is reduced

below a "critical" moisture 1eveI, the bridging mechanism

breaks down and the thermal resistivity increases dramat-

ically. The soil structure and compactness determine the

amount of moisture required to bridge the space between

particles. Well graded soils such as limestone screenings

maintain fairly constant thermal resistivities down to

low moisture contents (2e") and are considered thermally

stable whil-e other soils such as clays have poor thermal

stability even when saturated (20-30% moisture content).

Soil moisture in most of North America varies on a seasonal

basis (21). Precipitation input exceeds soil waLer use

during cooler months while moisture deficiency and soil

drying occurs during the hotter months.

Cable systems buried in semisaturated soil may

experience a phenomenon called moisture migration. The

soil moisture is driven away by the heat produced in the

duct bank. The soil dries out and thê soil thermal

resistivity increases. J. B. Leach (22) suggests that
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an interface temperature between the concrete duct bank

and earth exceeding 60oc is sufficÍent to drive the

moisture a\,'/ay. The duct bank becomes thermarly insulated
and can result in thermal run-a-way.

The soil type, compactness and moisture content may

vary arong Lhe same length of ductl-ine. Therefore,
conservative estimates for earth thermal resistivity

should be used to represent the average-to-worst conditions
along a duct line. wherever practical, field measurements

may be taken with devices such as a thermal needle (23,
24) , or laboratory tests as discussed by stapte (25) may

be made. Typicar values of earth thermal resistivity
orange form 70oc cm/watt for average dry to 130 c cm/watt

for average wet conditions, but may be has high as 300oc

cm/watt in extreme cases. when soil conditions are

unknown, fPCEA(3) recommend using 9OoC cm/watt.

Figure 6.9 shows the effect of earth thermar resis-
tivity on cabre ampacity for a typical two of three way

duct system.

6.2.4 Ambient Earth Temperature

The soil temperature and its variation with seasons

have a direct bearing on the heat dissipation from any

heat source buried in the soil. As shown previousry,

the soil temperature enters into the calculation of the

current capacity of buried cables.

The soil temperature near the ground surface is
primarily a function of the thermar properties of the
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soil as discussed in section 6.2.3, the heat transfer and

moisture infiltration at the ground surface in the surnmer,

and heat loss in the winter. Ground surface coverings

such as pavement, sidewalks, grassy fields or snorv also

influence soil temperatures. Without going into detail,

values of ooc for winter ambient and z}oc for summer

ambient are typical for cable analysis. However, measure-

ments should be taken when more critical analysis is

required.

Figure 6.10 illustrates the effects of earth ambient

temperature variation on cable ampacity.

6-2-5 Extraneous Heat Sources

External heat sources such as steam mains, hot water

pipes or other conduit systems affect the temperature

rise of the duct system, but they are not considered in

this thesis. They may be included in the analysis by

using the principal of superposition and equation 44.10.

6.3 Correlation Between Computer Output and Existing
Standards.

The ampacities calculated by the computer program

for 850 I\1CM 69 kV low pressure oil- filled cables in a

3 of 2 way duct bank are shown in Tables 6. I. Ampacities

as recommended by IPCEA(3) are included in the table

for comparison. IPCEA base the ampacity rating on the

cable position with the lowest conductor current for a

given conductor operating temperature' whereas the

computer program calculates the current rating at each
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cable position in the duct bank. Thi= T-y not be import-

ant for single conductor cables, but it becomes more

significant when rating three conductor cables or three

single conductor cables in the same duct. The ampacities

calculated agree favorably with the IPCEA(3) recommended

ratings.

TABLE 6.I CORRELATION BETI{EETJ IPCEA AND COMPUTER OUTPUT(6-850 MC¡,I 69 kV LPOF cables in duct bank).

..Ftd
\

€\

CABLE

POS ]TION
.50 .75 1.00

IPCEA CALC. IPCEA CALC. IPCEA CALC.

60

il

It

il

I

I

l'1

l-'2

2"L

212

3, f

3r2

866

BB6

BB6

860

860

875

875

763

198

798

756

756

781

781

674

718

718

660

660

695

695

90

It

il

il

n

I

frr

L12

2rL

2r2

3"I

3r2

Bl-2

836

836

811

811

825

B2s

698

734

734

695

695

7tB

7IB

605

647

647

594

594

626

626

L20

It

tl

ll

I

il

Irl

1)

2"I

2r2

3rr

3r2

765

793

793

769

769

783

183

646

682

682

646

646

667

667

555

593

593

EÀtr.
JAJ

545

574

574
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6.4 Correlation Between Computer Output and FÍeld

Measurement.

Some conductor current and cable surface temperature

measurements were taken on a section of ductline with a

cable configuration similar to that discussed in section

6.3. The test location was 30 feet south of manhole X4,

King Street south of i,üiIIiam, on the Winnipeg Hydro 69 kV

subtransmission system. Since these circuits are networked

with other circuits on the subtransmission system, and

in view of the dynamic nature of the load currents on

the pov/er system, a constant load cycle on the cables

could not be maintained. Note that the analytical

procedures discussed in this thesis are based on steady

state conditions, and this condition is never really

achieved in an actual cable installation unl-ess the cable

system is isolated and the load currents are controlled.

Therefore, the information presented here only represents

typical results for a working cable system.

The cable load characteristics used in the computation

are for. the 24 hour period preceding the cabl-e surface

temperatures being measured. Actual earth ambient temp-

eratures vr'ere not recorded. However, measurements taken

in previous years provided typical temperatures to be

expected during the tests. Again, because of lack of

equipment, no earth thermal resistance measurements were

taken. Since cable ratings on the Winnipeg Hydro system

are based. on an earth thermal resistance of 90 oC 
cm/\l ,
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this value is used in cases I and 2 Lo test the corre-

lation between the measured cable surface temperature,

T=, and calculated temperatures. The averaged result

of the measurements and computer calculations are shown

in Table 6.2.

x Ã = 90 oC cm/W, xx D ^ = 180 oC 
cm/W

f e - ----t'-' re
TABLE 6.2 CORRELATION BETViEEN FIELD MEASUREMENT AND

COMPUTATTON

Reasonable correlation is achieved in case I when the

load currents are small. However, in case 2, taken

approximately two months later, and with higher load

currents, the difference between measured and calculated

cable surface temperatures is greater. If it is assumed

L},atþo is higher, IB0 oc cm/w as shown in case 3, closer

correlation is achieved. However, other parameters such

as varying Ioad characteristics, earth ambient temperature

variations, and assumptions made when developing the

Case Circuit Ambient
Temp, oC

Measured Calculated
I,A Fl-d, p. u. T- oc Tg, oc Tg, oc

1* W5

W6

0.0

0.0

l-20

290

0

\J

61

BI

5.0

6.0

5.0

9.0

4.0

5.0

2* w5

W6

+7.0

+7 .0

390

240

0.66

0.66

IB.5

tB.5

2L.0

17.0

L4

T3

0

0

3 ** W5

W6

+7.

+7.

0

0

390

240

0.66

0.66

lB.5

IB.5

28.0

23 .0

I9

I8

0

0
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theoretical calculation affect the final results.

From this illustration, one concludes that detailed

testing should be conducted on a duct bank where cable

load characteristics, earth ambient temperature, and

the overall thermal environment may be controlled and

monitored. Results may be analyzed to varify the

accuracy and gain confidence in the computation method

presented in this thesis.

One also concludes that conservative estimates

should be made when determining power cable ampacities

theoretically. For example, in case 2, the measured

cable temperatures v,/ere higher than the calculated values.

By interpolating from Table 6.L, the theoretical rating

for these cables is approximately 750 amps based on

IPCEA anð,þ^ = 90. If the cables were loaded to 750 amps,/e
one might expect that they would exceed their allowable

temperature limits based on the measurement trend in

case 2. Therefore, caution must be exercised when rating

cables to ensure that they are not rated above their

thermal limits.



CHAPTER 7

CONCLUSTONS AND RECOMMENDATIONS

Listed here are the important conclusions of the

thesis, and recommendations for continuing further

development of the project.

7 -L Conclusions

I. The analytical technique developed in this thesis is

effective in analyzíng a variety of cable system conditions

under steady state conditions. Some typical situations

include the following:

i. New installations-by specifying cable operating

temperatures, the cable ampacities may be cal-

culated.

ii. Existing installations - by knowing the cable

load characteristics from field measurement,

cable operating temperatures may be calcufated

and compared with allowable temperature limits

specified by cable manufactures.

iii. Existing installations - by knowing the load

characteristics for all other circuits, the

ampacity of a particular circuit may be calculated

based on its allowable temperature Iimit. This

portion of the calculation is useful when deter-

mining steady state emergencyratings for particular

circuits in a large duct bank.

2. The number of cables contained in a duct bank, the

conductor size, and cabl-e position significantly affect
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the allowable ampacity of cables. The. physical config-

uration of the duct bank, duct spacing beyond approxi-

mately twelve inches and duct depths beyond approximately

six feet have a lesser effect on cable ampacities.

I{hen designing a new cable installation every effort

shoul-d be made to maximize the cable ampacity by selecting

the best combination of parameters.

3. The analytical procedure presented here is equally

accurate with any combination of conductor temperatures

or currents being specified for the cable system.

4. The computer program developed in this thesis is

a versatile tool for analyzing the ampacity and thermal

performance of real cable systems. Ho\arever, it is not

intended to provide specific ratings for cables unless the

user has a thorough knowledge the thermal and operating

characteristics of the cable system being investigated.

This procedure does not account .for mechanical limitations

of the cable caused by thermal expansion, or the ratings

of potheads, joints, oy different cable environments.

OnIy after each of these has been investigated can a

cable be rated with confidence.

5. Conservative assumptions regarding the cable operating

constraints should be made when little is known about

the cable system.
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7.2 Recommendations

1. The analysis should be extended to include transient

response, the effect of cold load pick up, and the effects

of forced cooling in multi-duct systems.

2. Optimizi-ng techniques should be applied to the analysis

so that new and existing installations could be designed

and operated to maximize equipment performance.

3. The analysis should be extended to include other

types of cables and install-ations.

4. ExtensÍve tests should be conducted on a duct bank

install-ation to verify the results of the analysis

presented. Preferably, a ductline should be constructed

where the thermal and operating characteristics of the

facility could be controlled and monitored.

This thesis has attempted to acquaint the reader

with a procedure which may be used to investigate the

performance of po\^/er cables in underground systems.

The emphasis has been on presenting the theoretical-

background for many of the equations, and then developing

a versatile tool for analyzing actual systems. It is

hoped that the reader has found the information compiled

in this thesis understandable and informative.
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Sheath Circulatingr

APPENDIX

Current

AI

where I

v*

between

sheath
o¿s

where X

also

where õ

Combining equations

=I

T-

= 
i= the sheath current,

is the induced sheath voltage due

the sheath and phase conductoç and

impedance. Zs may be expressed as

: 14*2 + *=2 rL/fL

= sheath mutual reactance
m

R^ = sheath dc resistance

t""* volts

= conductor current

v*A
Z

S

coupling

is the

A1.1

AT.2

A1. 3

A1. 4

to

zs

41. 1 , AL.2 and A'1. 3 ,

x

x^2 + *=2
ö
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APPENDIX A2

The Ileat Transfer Equation

Referring to figure 3.2(b) and applying equation

3. f, the rate o-f heat energy which flows radially through

the differential volume 2i r ' ar I is

g = -k 2Ír I ¡T i{ A2.L
AT

The negative sign indicates that the temperature

decreases as the distance from the reference point in

the direction of heat flow increases. r represents the

variable radius of the insulation and I the length of

the section. For simplification, a unit length of cable

is to be selected so that l- is unity.

Equation A2.1 may be expressed as

g-r-
i:_k 2tr +! w/fLor

Def ining a = T 
Btu and rewriti-ng A2.2,
hr--f t.

A2-2

ì-'îír dt Vt/fLv-r!tut

Expressed in differential form, and defining thermal

resistiviLv ô = 1JfF

dt + 92 -o Az.3dr 21i r

Solving for dt and integratitg,

t = 9Z l-n(r) + c A2.4
21t

i{hen T : rI ,t = t1 and when r = t2, t = L2.

Substituting into equation A2.4
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t. : - Ap r.L t rn (r,) + C__r
2tl

A2.5

: .ooszz þ Ln [.rl oc fL/v]
L{t

ln G2/r7) involves the cable insulation shape and

is called the Geometric Factor G. Therefore

R = .00522 PG oC rL/w A2.7

and

^T 
= I^1. R oC 42. B

Lz = ?! rn G) +c
2i

Eliminating C,

^T=tt 
Lz:eF In i.rl oczn l{l

Definins R = P rn I2l oc ft/wzÍ Lrrl

he literature;

, of measurement

s,/conductor foot,

oc cm/w

L

J-c

tt

cm
re

n

i

a

i

n

w

o

u

4

oc

h

T¡T

l_

0.

Þ

ê

3

cm/watt

to Briti

t loss a

AT = 0 R oC

Þ i= usually expressed as

Converting equation A2.5

and expressing cables hea

R=P tî ln I'21I-l
[rr J
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APPENDIX A3

Equivalent rsothermal Radius for a Rectangular Duct Bank(9)

FTGURE 43.1 RECTANGULAR DUCT BANK

GIVEN:

Ar=

A2=

A3=

rectangular
X = smaller
Y = Iarger

duct bank
dimension,

dimens ion,
tn

IN

2t' tI

2,,t2

XY

r:-1

=

1:-2

rad iu s

x/2

rad ius

of circ le inscribed within duct bank

of circle embracing four corners of duct bank

2

aAssume: circle of radius rb lies between r, and t Z and
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the magnitude of tb divides the thermal resistance between

.l and t 2 in direct relation to the occupied and unoccupied

portions of the heat field between rt and r 2.

From equation 3.3

^rr = * rn 
t+] , 

and L'z = ?+- 1n 
t+l

A'Z
otl

Solving for

rn l'oz"]
---------:----:
1n I'zt'Yl

A¡-At
Ãr-Ar

2xY -lt rl
e:-

a
T r.¿ -'llY1'

L-
A3. I

ln I'o I
L{l

)
^r _-il rl-
1í ftr2 - tt2)

ln I'zl
t;l

In (r5 )

Substituting 11 =

rb=In

Db : 2'b

r,
Dt

= xy _lrL2
il (r22 - tt2)

. r^

r
l4

.l-
L¡

ln (r1) A3 .2

ln 
lä]l 

^,.,
^? ^flJ. A

rn l'rl +
lrl j

Xz,

äl
-r lr xt_._I,z Y

2

rn 
Lt

.)

+ Y-l
12)

IN
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APPENDIX A4

Thermal Resistance Between A C tindri"tf RaCiator and

Ambient Earth(I0)

Assume a long straight filament continuously radi-

ating Q watts per unit length located in an infinite

medium of constant thermal resistance at point O in

figure 44.1. The differential equation describing the

heat flow as a function of temperature T at a distance

r from O is defined by equation A2.3 as

A2.3

int P, a distance d

equation A2.3 between

i.e.

dr
r

A4.T

Images, âssume a similar

continuously absorbing

dr
A4 .2

po

g

t

f

or

P
It

n

d

aì

o

eata

egrati

f-:-2

AP
2l

ethod

ted at

rh,

o

,i

9-Ê- :
2lr

rature ris

und by int

1:.<rand

îtz: d

t
I

Jr- = cÐI

ying the m

ament loca

unit leng
lrc : dr
I
\JrI = aê

.1-

mpe

fo

QT

=

ppl

fir

per

:

L

a

dr
dr

ö L

from O i

the limi

AT

By

paraIlel

-Q watts

^T 
I

ff the two heat flows oPerate

the Superposition theorem,

4T^ = .ó,T + AT'
-t1

simultaneously, by

= aP
211

ln la'lt_ Ilal ^A 
få.t-J
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FIGURE 44. I GEOMETRY OF A CYLINDRTCAL THER}IAL
RAD]ATOR.
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tetting d': k and applying the rectangular co-ordinates
d

in figure 44. I,

d.,2 = (n + y)2 + x2¡ ð,2 : (h - y)2 + x2

R - 2h. k
Ê-t A4 .6

whose centre lies at a distance below the origin
)L - h, k- + 1

k2 I A4.1

From which, 
2 2

x2 +ly - ,-.k2 +rì +x2 : 4 ,-2l K l't k-2- --Tl L-t, - r l
A4.5

This is the equation of a circle with radius

^ 12 ')*^ :k- : (n +Y)2 + x2)_d' lE -- y]-t-;lz

From equations 44.6 and 44.7,
)?2L--R--h

L/R,
2k" 2KL + I = 0

R

A4 .4

A4.B

For various constant values of aTn the locus of

point p is a family of eccentri-c cylinders (circles in

section of f igure 44.1) a]:out point o, if 
^Tp 

is positive,

and about O' if ¡fp is negative- The isothermal cylinders

increase in diameter as the value of d' /d decreases. When

ð,'/d -- I the isothermal cylinders merge into a plain

bisecLing and perpendicular to the line 0 - 0'- ATp = 0

for all points of p on this isothermal plain, which can

be equated to the earth's surface.

Solving equations 44.6 and A4 - 7 for K in terms of

A4 -9
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