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Abstract

Artificial spin ice (ASI) systems have emerged as a captivating research field due to

their ability to exhibit intriguing properties, including topological defects, magnetic

monopoles, and complex spin textures. These systems offer a versatile platform for

studying geometric frustration and exploring emergent magnetic phenomena. More-

over, the controllable nature of ASIs holds promise for potential applications in data

storage, microwave filtering, and spintronics. ASI also serve as valuable model sys-

tems for understanding the physics of magnetic materials and frustrated systems.

This thesis focuses on investigating the accuracy of a machine learning model

on ASI materials using the framework of the restricted Boltzmann machine (RBM).

RBM offers interpretability within the realm of statistical physics and can effectively

analyse and interpret the vast amount of data generated in condensed matter physics

experiments and simulations.

By leveraging RBM, we aim to gain deeper insights into the behaviour and char-

acteristics of defects in ASI systems. Defects possess unique properties and dynamics

that hold potential for information storage, logic operations, and magnetic texture

manipulation. Understanding and engineering these defects allow for precise control
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over the magnetic properties of ASI, including interactions and anisotropy, enabling

tailored functionalities for specific applications.

This research explores the accuracy and effectiveness of RBM models specifically

applied to ASI systems. By utilizing RBM, we aim to analyse and uncover the intri-

cate behaviours and features of defects in ASI, contributing to a deeper understanding

of these materials and their potential applications.

The findings from this study provide valuable insights into the behaviour of de-

fects in ASI materials and offer avenues for optimizing these systems for desired

functionalities. By leveraging machine learning techniques, such as RBM, we can

further explore and harness the potential of ASI systems for future advancements in

magnetic materials and condensed matter physics.
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Chapter 1

Introduction

1.1 Background: Artificial spin ice

In 1933, Bernal and Fowler [28] observed that hydrogen atoms in water ice would

remain disordered even at absolute zero. This implies that water ice retains a cer-

tain randomness, even when cooled to its lowest temperature. The hexagonal crystal

structure of common water ice is responsible for this, as oxygen atoms in the structure

are connected to four neighboring hydrogen atoms. Two of these hydrogen atoms are

near, forming the traditional H2O molecule, while the other two are farther away, be-

longing to adjacent water molecules. Pauling [11] noticed that configurations adhering

to this “two-near, two-far” rule grow exponentially with system size. This discovery

was supported by specific heat measurements, although creating pure crystals of water

ice is quite challenging. Spin ices are materials with regular corner-linked tetrahedra

of magnetic ions, each possessing a magnetic moment or “spin.” These spins must fol-

low a “two-in, two-out” rule in their low-energy state within each tetrahedron of the

1



2 Chapter 1: Introduction

Figure 1.1: The alignment of the magnetic moments (shown by light blue arrows) is

being discussed in relation to an individual tetrahedron within the spin ice state. In

this context, the magnetic moments follow the rule of two-in, two-out. Image source:

Wikipedia.

crystalline structure, as depicted in Figure 1.1. Similar to Pauling’s demonstration

that the ice rule results in significant entropy in water ice, the two-in, two-out rule

in spin ice systems also generates comparable residual entropy properties resembling

those of water ice [12].

Although Philip Anderson [13] recognized the connection between the frustrated

Ising anti-ferromagnet issue on a lattice of corner-shared tetrahedra and Pauling’s wa-

ter ice dilemma in 1956, actual spin ice materials weren’t discovered until forty years

later. The initial spin ice materials identified were the pyrochloresDy2Ti2O7(dysprosium

titanate) andHo2Ti2O7 (holmium titanate). There’s also strong evidence thatDy2Sn2O7

(dysprosium stannate) and Ho2Sn2O7 (holmium stannate) exhibit spin ice behaviour.

These compounds belong to the rare-earth pyrochlore oxide family. Additionally,

CdEr2Se4, a spinel with magnetic Er3+ ions on corner-linked tetrahedra, displays
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spin ice properties [14].

Artificial spin ices are unique materials made up of linked nano-magnets placed in

patterns that can be regular or irregular. The intriguing aspect of artificial spin ice

lies in its engineered nature. By fabricating arrays of nanoscale magnetic elements,

often in materials like permalloy, into various lattice geometries such as square [29],

honeycomb [30], or kagome [31], researchers can create and study systems where the

magnetic frustration and its resulting phenomena can be observed and manipulated.

Unlike their natural counterparts, these artificial systems allow for the direct obser-

vation of individual magnetic moments, as well as the ability to tailor the lattice

geometry and interaction strengths between the elements.

The study of artificial spin ice has opened up new avenues for exploring funda-

mental questions in statistical mechanics and magnetism. For example, these systems

have been instrumental in enhancing the understanding of frustration and degener-

acy in magnetic systems [2], the emergence of magnetic monopoles [15], and changes

between different magnetic phases [16]. These materials also have the potential to

be used as reprogrammable magnonic crystals and have been investigated for their

dynamics [17]. The ability to directly visualize and manipulate the magnetic states

in these artificial lattices provides a powerful platform for testing theoretical models

and exploring new phenomena.

1.2 Background: Machine Learning

Machine learning is a branch of artificial intelligence that focuses on the develop-

ment of algorithms and statistical models that enable computers to perform specific
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tasks without explicit instructions. Instead, these systems learn and make decisions

based on patterns and inferences from data. It involves creating algorithms capable

of recognizing patterns and making predictions based on the data. Machine learn-

ing models learn from examples and data to make informed decisions or generate

outputs. This process relies on statistical inference and optimization techniques to

achieve tasks that appear intelligent, such as generating samples, image recognition,

text analysis, and real-world problem-solving. AI’s primary goal is to make machines

act smart, and it gives computers the ability to learn without being told what to

do. Machine learning is a way to train a computer program by giving it information

like numbers, pictures, or text. The more information that’s available, the better the

program can learn. Programmers choose a machine learning model, give the program

the data, and let the program find patterns or make predictions. They can change the

model to improve its accuracy. Some data is set aside to test the model’s accuracy

with new information. Machine learning algorithms that work well can explain what

happened in the past, predict what will happen in the future, or suggest what to do

based on the data [18]. Supervised, unsupervised, and reinforcement learning are the

three primary categories of machine learning algorithms. Supervised machine learn-

ing models need labeled data. For example, a program could be taught to recognize

pictures of dogs by showing pictures of dogs and other things that people have labeled.

The machine would then learn how to recognize pictures of dogs on its own. Unsuper-

vised machine learning is when a program looks for trends in data that haven’t been

labeled. Unsupervised machine learning can discover patterns or trends that humans

do not actively seek. For instance, an unsupervised machine learning program could
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look at online sales data and determine what kinds of customers are buying things. In

a grocery store, people who buy cereal more often tend to buy milk, and people who

buy eggs more often tend to buy bacon. The machine would learn these relationships

and trends. Reinforcement learning is a type of machine learning where an agent

learns to make decisions by trying different actions and seeing the results. It’s like

learning through trial and error. The agent, which is the learner or decision-maker,

interacts with the environment, makes choices, and gets feedback in the form of re-

wards or penalties. The goal is to learn the best actions to take in different situations

to get the most reward over time. This learning process is useful in many real-world

applications. For example, it’s used in robotics for tasks like picking up objects, in

video games where AI learns to play and win, and even in self-driving cars to make

decisions on the road. The balance between trying new actions and using what it

already knows works well is important for the agent to learn effectively [19]. Image

recognition, natural language processing, and recommendation systems are just a few

of the real-world problems that have been solved using machine learning. With more

and more data and computer power becoming available, machine learning is becoming

an increasingly important tool in many areas of science, engineering, and business.

1.3 Background: Artificial Neural Network

Artificial neural networks are a popular type of machine learning method that

mimics how living things learn. Artificial neural networks are based on the idea that

the brain learns from experience [20]. Usually, they are made up of hundreds of simple

working units that are wired together in a complicated communication network. Each
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“unit” or “node” is a simplified model of a real neuron that sends out a new signal

or “fires” when it gets a strong enough “Input” signal from the other nodes it’s

linked to. Fundamentally, the architecture of every artificial neural network follows a

consistent pattern. Certain neurons connect with the external environment to acquire

information within this arrangement. Meanwhile, additional neurons transmit the

network’s outcomes to the actual world, and some neurons utilize these outcomes as

input. The remaining neurons operate behind the scenes, in a hidden layer. The

connections between the neurons are weighted, and these weights are changed during

training to show the strength of each input in the final results [21]. Neural networks

have various uses, like classifying, guessing, and creating. They stand out, especially

in tasks that deal with complex and unstructured data, such as recognizing images

or voices.

There are many different kinds of neural networks, and each one has its own pros

and cons. Each type of network is made to work best with a specific type of problem

or data, and the type of network to use depends on the problem being solved.

1.4 Background: Restricted Boltzmann Machine

(RBM)

A Boltzmann machine is a computational model that draws inspiration from both

statistical mechanics and cognitive science. It’s named after the Boltzmann distribu-

tion, a concept from statistical mechanics. This model is used in machine learning

and science research and was promoted by researchers such as Geoffrey Hinton, Terry
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Sejnowski, and David Ackley [22]. Think of a Boltzmann machine as a network of

tiny interconnected units, where each unit can be in different states, on or off. The

machine undergoes a process where it chooses a unit and changes its state, repeating

this process many times. Over time, the machine starts to settle into patterns dic-

tated by energy levels. This pattern reflects the relationship between different states

and helps us understand how the system works. Its connections need to be set up

correctly to make the machine functional. This looks like arranging puzzle pieces.

Training the machine involves adjusting its connections so that the most likely states

correspond to the lowest energy levels. This training process aligns the machine’s

behavior with an external distribution of states, enhancing its usefulness for practical

problems.

A restricted Boltzmann machine (RBM) is an advanced type of artificial neural

network used for learning complex patterns and relationships in data. The term “re-

stricted” indicates that it follows certain rules to simplify its connections. RBMs are

adept at understanding data structures and have gained significant attention, mainly

due to their application in machine learning under the guidance of researchers like

Geoffrey Hinton [22]. RBMs operate by establishing connections between different

elements in a specific manner. These connections form a pattern that helps the RBM

understand and process data efficiently. This pattern allows the RBM to learn from

the data and make predictions. The RBM’s training process can be adapted to differ-

ent tasks, whether they involve learning from labeled examples or discovering patterns

in data without specific labels. You can think of RBMs as a type of building block for

making robust computer systems called deep belief networks. These networks are like
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a bunch of connected RBMs that work together to understand even more complicated

things [23]. So, RBMs are like the building blocks that help us create more intelligent

computers.

1.5 Objective

The primary objective of this research is to utilize Restricted Boltzmann Machines

(RBMs) as a powerful tool to unveil intricate features within Artificial Spin Ice (ASI)

systems. The focus is on utilizing RBMs to uncover detailed patterns and character-

istics in ASI configurations. This exploration will help with the detection of specific

vertical elements within the ASI structure.

A key objective is utilizing the RBM framework’s capabilities to find flaws in

the ASI system. This entails quantifying their density and precisely locating them.

Training the RBM on ASI data aims to make it easier and more accurate to find

defects than with current methods. This could give us a better understanding of the

defects and engineering defects in other scientific applications.

By using RBMs to create samples with greater accuracy and detail, this research

also intends to improve simulation capabilities. RBMs have the ability to speed up the

generation of samples that capture complex features in a lot less time than traditional

Monte Carlo simulations. The quality of the simulation results is maintained or even

improved, while the computing effort is significantly reduced as a result. For example,

the study tries to find features that would typically take 600k Monte Carlo steps with

only 60k steps using the RBM framework. This speeds up the simulation process.

Ultimately, the primary objective of this study is to better understand ASI sys-
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tems through the utilization of Restricted Boltzmann Machines (RBMs) as a flexible

method for extracting features, detecting defects, and improving simulations. The

aim is to contribute to developing more efficient and accurate techniques for charac-

terizing and simulating complex materials, with a focus on ASI structures.

1.6 Overview of this thesis

The thesis primarily focuses on applying a machine learning model to artificial

spin ice materials. We utilized an energy-based model known as RBM for this study.

Initially, we created a program for RBM from scratch and tested it using simple

alphabetic data. Later, we applied it to reproduce Ising model data to assess our pro-

gram’s accuracy. Subsequently, we employed ASI data and fine-tuned the RBM, ex-

perimenting with various hyper-parameters to optimize the machine learning model’s

performance. We achieved promising outcomes from our program and proceeded to

evaluate the RBM’s effectiveness on systems containing vertical elements.

In Chapter 2, we went into detail to explain the artificial spin ice (ASI) system,

detailing the interaction model for ASI systems, the required simulation methods for

capturing system responses, and the concept of vertical elements.

Chapter 3 briefly introduced machine learning and neural networks, explaining

the restricted Boltzmann machine (RBM) in detail. We explained the algorithm

used by this model and discussed the important learning methods. The chapter also

showcased the results of testing our RBM using basic alphabetic data and reproducing

data from recent works on the Ising model.

Chapter 4 delved into the process of determining the optimal RBM hyper-parameters
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for our ASI system. We then utilized the RBM on artificial spin ice data, evaluating

its reliability and dissecting the outcomes. Moreover, we extended our investigation

by introducing vertical elements to our system. We examined how well the RBM

performed in this new setup and assessed its accuracy in dealing with the observed

differences within the system.



Chapter 2

Artificial Spin Ice

2.1 Geometrical Frustration

Geometrical frustration occurs when the geometry of a lattice and the magnetic

interactions between its constituent elements, such as spins, prevent the system from

simultaneously satisfying all of its constraints. This phenomenon can result in the

system being unable to settle into a single, low-energy state and instead exhibiting

a high degree of degeneracy or multiple possible states with similar energies [24]. To

illustrate this concept, let’s consider three spins arranged in a lattice, as shown in Fig-

ure 2.1. These spins are equally spaced from each other. Due to the anti-ferromagnetic

interaction, two of the three spins can be in a low-energy state, where their magnetic

moments are oriented in opposite directions. However, the third spin will be frus-

trated because it cannot align with both of its neighboring spins to minimize its

energy. The frustrated spin can have two possible orientations: up or down. In one

configuration, it will have an anti-ferromagnetic coupling with one of the neighboring

11
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Figure 2.1: A frustrated system of three anti-ferromagnetic. Two of the three spins

can be in opposite directions and be in a low-energy state. But the third spin will be

frustrated and can be up or down.

spins and a ferromagnetic coupling with the other spin. In the other configuration,

the couplings will be reversed.

In total, this system has 2
3
= 8 possible spin configurations, as shown in Figure 2.2.

However, due to geometrical frustration and the magnetic interactions involved, six of

these configurations have low energies and the same amount of energy. The remaining

two configurations have higher energies.

2.2 Water ice and Spin ice

The name “spin ice” draws an analogy between the behavior of the magnetic spins

in these materials and the interactions between water molecules in ice. In water ice,

the oxygen ions form a lattice structure, with each oxygen ion surrounded by four

hydrogen ions. The hydrogen ions can be considered magnetic moments, with their
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Figure 2.2: Possible spin configurations in a frustrated system of three anti-

ferromagnetic. a)Six low-energy configurations. b)Two higher-energy configurations.

orientations corresponding to the direction of the hydrogen bonds.

However, water ice contradicts the third law of thermodynamics, which predicts

zero entropy at absolute zero temperature. An experiment by Giauque and colleagues

in the 1930s discovered that hexagonal ice possesses a residual entropy of 0.82±0.05

Cal/deg·mol, deviating significantly from zero [25]. This residual entropy is due to

proton disorder in hexagonal ice [11].

Each water molecule consists of two hydrogen atoms (H
+
) and one oxygen atom

(O−
2 ), and their arrangement within the ice structure leads to an interesting situation.

In hexagonal ice, the oxygen ions (O−
2 ) arrange themselves in a tetrahedral structure.

A tetrahedron is a geometric shape with four triangular faces, as depicted in Fig-

ure 2.3. This arrangement allows each oxygen ion to have four neighboring oxygen

ions surrounding it, forming a tetrahedron.

This structural aspect accommodates the angles between hydrogen (H) and oxygen
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Figure 2.3: Interaction patterns in a tetrahedral arrangement of a spin ice material

(adapted from ref. [1]). The prescribed ice rules entail two spins oriented inward and

two outward. Satisfied interactions are denoted by blue lines, whereas unsatisfied

interactions are indicated in red.

(O) atoms in a water molecule. In the hexagonal ice, these angles adjust to the typical

H-O-H bond angle [26]. In the solid state, the strong chemical bonds maintain the

water molecule’s shape, leading to two equivalent proton positions along an O-O bond.

The hexagonal wurtzite structure adheres to the Bernal-Fowler ice rules, allowing only

one proton per O-O link on average. These rules dictate that each (O−
2 ) ion must

have two nearby and two distant H+ protons [28] [27] (see Figure 2.4).

Electrostatically, protons would prefer maximum separation, but the ice rules,

preserving the integrity of the H2O molecule, constrain proton positions, leading to

low-energy frustration in proton-proton interactions.

2.3 Artificial Spin Ice

Wang et al. introduced artificial spin ice for the first time in 2006 [29]. Artificial

spin ice is an exciting area of study in condensed matter physics that is making fast
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Figure 2.4: Ice rule illustration for freezing water Each oxygen ion (large blue circles)

is surrounded by two nearby and two distant hydrogen ions (small red circles), re-

sulting in a structure that complies with the ice principles. (Image’s idea source [2])

progress. It involves creating artificial arrays of nano-scale magnetic islands that

mimic the behavior of natural spin ice materials in a controlled and customizable

manner. These magnetic islands are arranged in a lattice structure similar to the

arrangement of atoms in a crystal, and their interactions are designed to look like the

magnetic interactions in real spin ice systems.

In artificial spin ice systems, the macro-spins correspond to the individual nano-

scale magnetic islands or connected lattice bars that make up the overall structure.

These macro-spins interact with each other, and their orientations depend on how

they are set up geometrically and how they interact with other dipolar spins in the

system. The geometric arrangement of macro-spins frustrates the dipolar interactions

between them, and ice rules describe the lowest-energy states. The islands are small

enough to be single-domain, where the magnetic moment is aligned uniformly within

each island. However, the islands are large enough that the transition between the
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Figure 2.5: Three different edge geometries a) open edges; b) 4-island edges; c) closed

edges.

two states can’t just be based on the temperature.

Artificial spin-ice systems exhibit different lattice geometries and vertex config-

urations. So far, researchers have developed five main artificial spin ice geometries:

square [29], honeycomb [30], kagome [31] [32], shakti [33], [34], and triangle [35] [36].

Among these, the focus is on the square ice lattice. In square ice, pairs of perpen-

dicular spins interact more strongly than pairs of collinear spins. This structure is

like water and spin ice but easy to work with and understand. The square ice lattice

exhibits three different edge geometries, as shown in Figure 2.5, and the different

edge geometries within this lattice can significantly impact the system’s dynamics,

especially in small arrays [37]. This work will focus on a finite-size open-edge square

ice array.

In artificial spin ice, a vertex refers to a point where the spin configurations meet

at the corners of each unit cell. In spin ice, there are different ways to set up the

vertices. These configurations can be classified based on their energy levels in a square
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Figure 2.6: The sixteen different configurations of artificial spin ice vertices are divided

into four distinct groups (designated as I, II, III, and IV). Vertices within each group

possess energy levels that share degeneracy.

artificial spin ice structure with 16 vertices, as shown in Figure 2.6.

The type I configuration has the lowest energy among all configurations. The

system’s ground state consists of two different arrangements of type I vertices, repre-

senting a two-fold degeneracy. Type I vertices strictly follow the ice rules and have

the lowest energy.

Type II vertices also follow the ice rules, but they have higher energy compared

to type I vertices. They exhibit the largest net moment among all the vertex types.

Type III vertex configurations break the ice rule, with three spins pointing inward

or outward and one spin pointing in the opposite direction. Similar to type II vertices,

type III vertices also carry a net moment. The energies in these configurations are in

the following order: E(TypeIII) > E(TypeII) > E(TypeI).

Type IV vertices have the highest energy among all the configurations. In this

case, all four spins are either pointing inward or outward, resulting in a zero net

moment. In the vertex model, each arrow is a magnetic charge, with a positive
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(+q) charge at the “head” and a negative (-q) charge at the “tail.” Type III and IV

vertices contain 2q and 4q pole charges, respectively, but type I and II vertices have

no magnetic charge.

2.4 Model of interactions

Two models, namely the point dipole approximation and the charged dumbbell

model, can be employed to analyze the interactions between islands in an artificial

spin ice system. In this context, the point dipole approximation is the model chosen

for analysis.

The magnetic field produced by each element in the context of magnetic interac-

tions between elements, such as in artificial spin ice systems, can often be approxi-

mated as a point magnetic dipole located at its center. This approximation simplifies

computations and allows for a straightforward examination of magnetic interactions.

Equation 2.1 can be used to describe the magnetic dipole-dipole interaction be-

tween two magnetic dipoles. Based on the magnetic dipole moments and the distance

between the dipoles, this equation estimates the Hamiltonian of the system.

Hdip
i,j = D

∑
i ̸=j

sisj

[
σi.σj

r3ij
−

3(σi.rij)(σj.rij)

r5ij

]
(2.1)

The constant D = µ0M2

4πa3
gives an energy scale that is unique to the system and

makes the system’s energy unitless. M represents the magnetic moment strength, µ0

represents the permeability constant of free space, and a is the lattice parameter. In

the system, the magnetic moment of each island is shown by si = siσi, where σ is

a dimensionless unit vector and shows in which direction the island is magnetized.
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The vector rij is defined as the displacement vector from the ith element to the jth

element. The dipolar interaction between these magnetic moments determines the

magnetic field that the ith element produces at the position of the jth element.

In general, the strength and direction of the magnetic field between the elements

depend on the relative orientation of their magnetic moments and the distance be-

tween them. These calculations approximate the magnetic field interactions within

the system by treating each element as a point magnetic dipole.

2.5 Monte Carlo Method

We utilize the Monte Carlo method to determine the ground state with the lowest

energy, where all vertices are Type 1. The Monte Carlo method is a powerful compu-

tational approach used to generate samples from complex probability distributions.

It is a powerful method that is used a lot in many different areas, such as statistics,

physics, machine learning, and Bayesian inference.

The main idea behind Monte Carlo simulation is to model the system’s random

temperature fluctuation from one state to the next during an experiment. Almost

every Monte Carlo method uses Markov processes to generate the set of states that

are used. A Markov process is a method that generates a new state v of a system

given one state u. It does this in a random way, so it won’t always come up with

the same new state when given the starting state u. The probability of going from

state u to state v is called the transition probability τ(u → v). For a true Markov

process, all transition probabilities should meet two conditions: (1) they shouldn’t

change over time, and (2) they should only depend on the properties of the current
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states u and v, not on any other state the system has been in [38].

In a Monte Carlo simulation, a Markov process is used over and over to make a

Markov chain of states. We start with a state u and use the process to make a new

state v. We then use v to make another state λ, and so on. The Markov process

was chosen so that if it is run long enough, starting from any state of the system,

it will finally produce a series of states with probabilities given by the Boltzmann

distribution. (The process of getting the Boltzmann distribution is called “coming

to equilibrium.”) Therefore, the main characteristic of Markov Chain Monte Carlo

(MCMC) methods is their ability to converge to the Boltzmann distribution, given

a sufficient number of iterations. This convergence is achieved by ensuring that the

Markov chain satisfies certain properties, such as ergodicity. Ergodicity means that

the Markov chain is capable of reaching any state in the target distribution with a

non-zero probability. Here’s a simplified explanation of the algorithm:

1. Start with an initial state in the Markov chain.

2. Generate a proposal for the next state based on a proposal distribution.

3. Compute the acceptance ratio, which compares the probability of accepting

the proposed state with the current state.

4. Accept the proposed state with a probability based on the acceptance ratio. If

accepted, transition to the proposed state; otherwise, stay in the current state.

5. Repeat steps 2-4 for a sufficient number of iterations to generate samples from

the target distribution.

The Metropolis-Hastings algorithm is a specific type of Markov Chain Monte Carlo

(MCMC) method used to generate samples from complex probability distributions. It
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is particularly useful when direct sampling from the target distribution is challenging

or infeasible. We use the Metropolis-Hastings algorithm in this work.

Nicholas Metropolis and the Rosenbluth and Teller families came up with the

Metropolis algorithm in 1953 [39]. Hastings added to it in 1970 to cover more general

cases [40]. The result is the Metropolis-Hastings algorithm, which uses a transition

rate that depends on the difference in energy between the current state and the trial

state to make a Markov chain. In this method, the transition rate is set to:

τ(u −→ v) =


exp(−∆E/(kBT )) if∆E > 0

1 Otherwise

(2.2)

Where ∆E is the change in energy between the current state and the previous

state, kB is the Boltzmann constant, and T is the temperature. The algorithm works

as follows:

1. Start with a random initial ASI configuration at a given temperature T and

energy E.

2. Randomly select a spin within the ASI system and attempt to flip its state.

3. Calculate the change in energy of the system, ∆E, due to the trial spin flip.

4. If ∆E is less than or equal to zero (∆E ≤ 0), accept the new state (flipped

spin) as the current configuration.

5. If ∆E is greater than zero (∆E ≥ 0), calculate the transition probability,

τ = exp(−∆E/(kbT ), where kb is the Boltzmann constant.

6. Generate a random number i from the interval [0, 1].

7. If i is less than or equal to τ (i ≤ τ), accept the new configuration (flipped

spin). Otherwise, retain the previous configuration.
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8. Repeat steps 2–7 for a sufficient number of iterations to explore the ASI system’s

states and find the lowest energy state.

2.6 Vertical Elements

The concept of vertical components refers to the magnetic moments that point out

of the plane of the ASI lattice. These vertical components can arise in certain types

of ASI systems, such as those that have a non-uniform thickness in the out-of-plane

direction or those that have a tilted orientation of the magnetic moments relative to

the plane of the lattice.

The presence of vertical components can have a significant effect on the magnetic

behavior of the ASI system and can lead to the emergence of new magnetic phases or

transitions that are not present in purely two-dimensional ASI systems. Introducing

defects in ASIs can influence ice rule violations, affect magnetic ordering, or induce

emergent behavior in the system.

In the context of our study, the term “defect” is a relative concept. If our system

was ideally composed and configured, anything deviating from that ideal state could

be categorized as a defect. Here, we intentionally place some vertical elements in spe-

cific spots, thus introducing a three-dimensional aspect to the system. Subsequently,

we evaluate the influence of these elements on the system’s energy and magnetiza-

tion. This method aims to create small-scale effects that mimic actual defects from

non-uniform thicknesses on ASI systems.

By gaining a deeper understanding of the defects present in artificial spin ices

(ASIs), researchers have the opportunity to optimize these materials according to
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specific functionalities. Defect engineering involves intentionally introducing or ma-

nipulating defects in ASIs to tailor their properties and enhance their performance.

Through careful manipulation of defects, researchers can control and fine-tune the

magnetic properties and interactions of ASIs. This provides the opportunity to opti-

mize ASIs for applications such as data storage, magnetic logic devices, and magnetic

devices [41] [42]. Moreover, defect engineering can also help explore new phenomena

and fundamental aspects of ASIs, leading to advancements in our understanding of

these complex systems. In this study, the introduction of vertical elements as de-

fects aims to provide insights into defects in real-world systems, including aspects

like density and spatial distribution.
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Restricted Boltzmann Machine

Geoffrey Hinton, Terry Sejnowski, and Yann LeCun introduced a Boltzmann ma-

chine in 1985 as a generative stochastic artificial neural network [22]. It is a stochastic,

unsupervised learning algorithm used for dimensionality reduction [43], feature learn-

ing [44], collaborative filtering [45], and topic modeling [46].

One of the key properties of RBMs is their ability to learn distributed representa-

tions of the input data. The hidden units capture complex interactions between the

visible units, allowing RBMs to extract meaningful features and discover underlying

patterns in the data. During the learning or training process, RBM takes the features

from the inputs and automatically decides which ones are important or relevant and

how to put them together to make patterns [47].

3.0.1 Structure

The most common type of RBM has two layers of units with binary numbers. The

first layer of the RBM is called the input or visible layer, and the second is called the

24
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Figure 3.1: Representation of Restricted Boltzmann Machine Structure. Yellow circles

are visible units in the first layer. Green circles are probabilistic hidden units in the

second layer.

hidden layer. The visible layer shows the data that was given, and the hidden layer

shows the features that were learned from the data. Each circle is a unit or a node.

Nodes on visible and hidden layers are linked to each other, but no two nodes on the

same layer are connected. (See Figure 3.1) In a Restricted Boltzmann Machine, the

restriction is that there is no contact between the nodes within each layer. Instead,

each node deals with the information that comes in on its own and uses probabilities

to decide whether or not to pass that information on.

The neurons in the hidden layer receive input data from neurons in the visible

layer. The weights are multiplied by the inputs, and the bias is then added. This
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Figure 3.2: The weights are multiplied by the inputs (x), and then the bias is added.

An activation function is then used on the result.

bias value serves as an additional factor in the computation, influencing the neuron’s

decision-making process. The resulting product goes through the activation function.

The output of the activation function, which is subsequently applied to the result,

determines whether or not the hidden state is activated. Continuing with the process,

multiple inputs are combined and contribute to the activation of a single hidden node.

Each input has its own associated weight and bias. This process is repeated for all

hidden units, so as shown in figure 3.2, each hidden unit in the hidden layer can get

data from every visible unit in the visible layer. The weights connecting the layers

are shown in an array structure, where the rows correspond to the input nodes and

the columns correspond to the output nodes.

Following the activation of the hidden layer neuron, its output value serves as a
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new input. This new input is multiplied by the same weights as before and combined

with the bias of the visible layer. This process is known as either reconstruction or

backward pass. The original input and the newly generated input are then compared

to assess whether they match or not. By comparing these inputs, the Restricted

Boltzmann Machine can evaluate the quality of the reconstruction and adjust its

parameters accordingly during the training process. This comparison helps the model

learn to recreate the original input as accurately as possible [48].

Each weight element (wi,j) of the matrix is linked to the relationship between the

visible unit vi and the hidden unit hj. Also, biases ai for vi and bj for hj are used [49].

Given the weights and biases, the energy of a configuration E(v, h) is described as:

E(v, h) = −
∑
i

aivi −
∑
j

bjhj −
∑
i

∑
j

viwi,jhj (3.1)

Or, in matrix notation,

E(v, h) = −aTv − bTh− vTWh (3.2)

The RBM model is an energy-based model where the joint probability distribution

is defined by its energy function as follows:

P (v, h) =
1

Z
e−E(v,h) (3.3)

In this context, “Z” represents a partition function that is calculated as the sum

of exponential terms (−E(v, h)) across all possible configurations. The probability of

a visible vector can be calculated by summing the probabilities of P (v, h) across all

possible configurations of the hidden layer.
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P (h) =
1

Z

∑
h

e−E(v,h) (3.4)

Similarly, the probability of a hidden layer configuration can be calculated by

summing the probabilities of P (v, h) over all possible visible vector configurations [48].

P (v) =
1

Z

∑
v

e−E(v,h) (3.5)

The visible and hidden layer’s units are totally independent [50]. Thus, if there

are m visible units and n hidden units, the conditional chance of a visible unit con-

figuration v given a hidden unit configuration h is:

P (v|h) =
m∏
i=1

P (vi, h) (3.6)

And, the conditional probability of h given v is:

P (h|v) =
n∏

j=1

P (hj, v) (3.7)

Using a probabilistic interpretation of the neuron activation function, we have:

P (hj=1|v) = σ(bj +
m∑
i=1

wi,jvi) (3.8)

P (vj=1|h) = σ(ai +
n∑

j=1

wi,jhj) (3.9)

Where σ denotes the logistic sigmoid as an activation function.

The hidden units in Restricted Boltzmann Machines are Bernoulli, although the

visible units might either be multinomial or Bernoulli.
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When modeling a single, binary event, like yes/no or success/failure, the Bernoulli

distribution can be used as a discrete probability distribution. When there are just

two potential outcomes to a random occurrence, this is the method of choice. The

distribution is defined by a single parameter, commonly represented as “p,” which

reflects the likelihood of a “success” event.

The multinomial distribution is a further generalization of the binomial distribu-

tion, wherein there are more than two possible outcomes. In a scenario with multiple

possible outcomes, it simulates the chances of seeing each one. There is a separate

probability parameter for each possible outcome group.

In conclusion, the multinomial distribution models multiple categories or out-

comes with separate probability parameters for each category, whereas the Bernoulli

distribution models a single binary outcome with a single probability parameter.

A vector of real values can easily be transformed into a probability distribution

using the softmax function 3.11. It converts an input vector of arbitrary real numbers

into an output vector of values between 0 and 1, where the output vector’s total value

is equal to 1. The sigmoid function 3.10 function is used for binary classification,

where the output is a probability between 0 and 1, indicating how likely the input

belongs to a certain class.

σ(x) =
1

1 + e−x
(3.10)

where σ(x) is the output of the sigmoid function and x is the input value.

On the other hand, the softmax function is used when there are more than two

classes. It outputs a probability distribution over multiple classes. Therefore, both
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functions output probabilities, but the sigmoid does so for two classes (e.g., true or

false), while softmax does it for multiple classes. Since we have multinomial visible

units, the softmax function replaces the sigmoid function [46].

Softmax(Z)i =
eZi∑K

k=1 e
Zk

(3.11)

where Softmax(Z)i is the probability of the ith class. Z is a vector of real numbers

(the input). Zi is the ith element of vector Z and K is the total number of classes.

3.0.2 Training In RBM

RBM training is based on Gibbs Sampling and Contrastive Divergence, an iter-

ative procedure that approximates the gradient of the log-likelihood function. This

method makes RBM training computationally efficient and scalable.

Gibbs Sampling

Gibbs sampling is a Markov chain Monte Carlo (MCMC) algorithm used to sim-

ulate a complex probability distribution when direct sampling is not feasible. It is

named after the physicist J. Willard Gibbs. In 1984, about 80 years after Gibbs’

death, Stuart and Donald Geman described the algorithm [51]. The basic idea be-

hind Gibbs sampling is to generate samples from a joint probability distribution by

iterative sampling from the conditional distributions of each variable given the cur-

rent values of the other variables. In other words, given a set of variables in a joint

distribution, we can update the value of one variable at a time, conditioned on the

current values of the other variables, until we have sampled values for all the vari-
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ables. Here is a simple example to illustrate the Gibbs sampling algorithm. Suppose

we have a joint distribution P (x, y) that we want to sample from, where x and y are

two variables. We can initialize the values of x and y to arbitrary values. Then, in

each iteration of the algorithm, we alternate between updating the values of x and y

based on the following steps:

Sample x from P (x|y): set x to a new value drawn from the conditional distribu-

tion of x given the current value of y.

Sample y from P (y|x): set y to a new value drawn from the conditional distribution

of y given the current value of x. After repeating these steps many times, the resulting

sequence of (x, y) pairs represents samples from the joint distribution P (x, y). Gibbs

sampling is widely used in Bayesian inference and machine learning applications,

where it can be used to estimate the posterior distribution of a set of parameters

given some observed data. It is a powerful and flexible algorithm that can be applied

to a wide range of problems. However, it can be computationally intensive and may

require a large number of iterations to converge to the true distribution [52].

Contrastive Divergence

Contrastive Divergence (CD) is an optimization algorithm commonly used in

training Restricted Boltzmann Machines (RBMs) and other energy-based models,

particularly for generative models like deep belief networks and deep Boltzmann ma-

chines. The CD was first introduced by Hinton in 2002 in his paper titled ’Training

Products of Experts by Minimizing Contrastive Divergence.’ [53]

CD aims to maximize the log-likelihood function. Named ’contrastive divergence,’



32 Chapter 3: Restricted Boltzmann Machine

the algorithm minimizes the contrastive Divergence between the model distribution

and the data distribution. It achieves this by running a series of Markov Chain Monte

Carlo (MCMC) steps to generate a ’fantasy’ distribution. It starts with a training

sample and generates a ’fantasy’ sample through a few steps of Gibbs sampling from

the visible units of the training sample. The algorithm updates the RBM parameters

based on the difference between the statistics of the training sample and the fantasy

sample.

Here’s an overview of the Contrastive Divergence algorithm:

1. Initialize the RBM with random weights.

2. Sample a visible input from the training data.

3. Perform a forward pass through the RBM to compute the probabilities of the

hidden layer activations.

4. Sample the hidden layer activations based on the computed probabilities.

5. Perform a backward pass to reconstruct the visible layer activations based on

the sampled hidden layer activations.

6. Again, perform a forward pass using the reconstructed visible layer activations

to compute the probabilities of the hidden layer activations.

7. Sample the hidden layer activations based on the reconstructed visible layer

activations.

8. Update the weights of the RBM using the outer product of the original visible

layer and the sampled hidden layer activations, then subtract the product of the

reconstructed visible layer and the sampled hidden layer activations.

9. Repeat steps 2-8 for a fixed number of iterations or until convergence.
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The key idea behind Contrastive Divergence is to approximate the gradient of

the log-likelihood function by taking the difference between the expected values un-

der the data distribution and the model distribution. The CD algorithm provides

a computationally efficient approximation of the gradient and is relatively easy to

implement.

3.0.3 The Algorithm

In order to train an RBM, we have to maximize the product of probabilities

assigned to the training set v (a matrix, where each row of it is treated as a visible

vector v) [50]:

Max
∏
v∈V

P (v) (3.12)

Or, equivalently, maximize the expected log probability of v. The expected log

probability is the average of the logarithm of the probabilities assigned to each train-

ing example. Taking the logarithm helps in numerical stability and simplifies the

calculations:

MaxE

[∑
v∈V

logP (v)

]
(3.13)

We can use stochastic gradient descent to find the optimal weight and conse-

quently minimize the objective function. But when we derive, it gives us two terms,

called positive and negative gradients. The positive phase increases the probability

of training data. The negative phase decreases the probability of samples generated

by the model. The negative phase is hard to compute. So, training an RBM is per-
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formed by the “Contrastive Divergence Learning” algorithm. Contrastive Divergence

is actually a matrix of values that is computed and used to adjust the values of the

W matrix. Changing W incrementally leads to the training of W values. Then, on

each step (epoch), W is updated to a new value, W ′ through the equation below:

W ′ = W + αCD (3.14)

where α is learning rate, W is weight matrix. This is how the contrastive diver-

gence algorithm works [47]:

1. Start with a training sample v and calculate the probabilities of the hidden

units. Sample a hidden activation vector h from this probability distribution.

2. Compute the outer product of v and h, which represents the positive gradient.

3. From h, generate a reconstruction v′ of the visible units. Then, resample the

hidden activations h′ based on this reconstruction (Gibbs sampling step).

4. Calculate the outer product of v′ and h′, representing the negative gradient.

5. Update the weight matrix W using the positive gradient minus the negative

gradient, multiplied by a learning rate.

6. Update the biases a and b in a similar manner.

The pseudocode for the algorithm is shown in Figure 3.3

3.0.4 Examining Algorithm Effectiveness

In this study, we chose not to use pre-existing libraries but instead developed our

own program to gain a comprehensive understanding of Restricted Boltzmann Ma-

chines (RBMs). To test the effectiveness of our program, we utilized simple known
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Figure 3.3: Pseudocode for the RBM

data, specifically binary representations of the letters “T” and “H .”Although the

dataset was limited in size, we evaluated the performance of the RBM by recon-

structing the data and measuring the error between the original and reconstructed

versions. As depicted in Figure 3.4, after 200 epochs of training, we achieved an error

that approached zero, indicating a successful outcome.

Subsequently, we proceeded to assess the RBM’s performance by introducing a

new set of unseen data. This data comprised the original images of the letters “T”

and “H” with additional noise intentionally added, rendering them challenging to

discern from the original patterns. The outcomes of this experiment, as illustrated in
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Figure 3.4: Error vs. Epoch for original and reconstructed data

Figure 3.5: Sample dataset. a) Perturbed image of letter T and H b) Reconstructed

image of letter T and H

Figure 3.5, provided us with reasonable confidence in the reliability of our code and

prompted us to proceed with testing real data using the RBM.



Chapter 3: Restricted Boltzmann Machine 37

3.0.5 Analyzing RBM Results for the Ising Model

As a subsequent phase of our research, we aimed to validate the effectiveness of

our RBM model for analyzing magnetic data. To ensure the reliability and accuracy

of our RBM implementation, we sought to reproduce the results of a previously pub-

lished paper by David Yevick and Roger Melko named “The Accuracy of Restricted

Boltzmann Machine Models of Ising Systems.” [54] By replicating the findings of this

paper’s results, we could establish a benchmark and confirm that our RBM success-

fully captures and models magnetic data patterns. This rigorous validation process

demonstrates the robustness of our approach and builds confidence in the reliability

of our RBM for analyzing new magnetic data. The paper explores the effectiveness

and accuracy of Restricted Boltzmann Machine (RBM) models in capturing the be-

havior of Ising systems. Ising models are mathematical representations used to study

phase transitions and critical phenomena in materials science and statistical physics.

The authors investigate how well RBMs, a type of generative model, can learn and

reproduce the patterns and correlations present in Ising systems. They compare the

RBM-generated samples with the true configurations of Ising systems to evaluate the

accuracy of the RBM model. Through a lot of simulations and analysis, they quan-

tify the discrepancy between the RBM-generated samples and the true configurations,

providing insights into the limitations and capabilities of RBMs in capturing complex

physical phenomena. The Ising system is a mathematical model that describes a

collection of interacting spins, typically represented as discrete variables, such as up

and down or +1 and -1 [55]. The Ising model is widely used to study systems with

magnetic properties, phase transitions, and other phenomena. In an Ising system,
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Figure 3.6: Ising system in Ferromagnetic state

the spins are arranged on a lattice, such as a square grid. Figure 3.6 shows the ferro-

magnetic state of an Ising system. The interaction between neighboring spins in the

lattice determines the behavior of the system. The Ising model assumes that each

spin interacts only with its nearest neighbors, and the strength of these interactions

is typically represented by a coupling constant Jij.

The spins in an Ising system can be influenced by various factors, including tem-

perature, external magnetic fields, and the interactions between spins. In the Ising

model, the energy function, denoted by E, is a measure of the system’s energy at

a given configuration. The energy function in the Ising model in the absence of an

external magnetic field can be expressed as follows:

E = −Jij
∑
i,j

sisj (3.15)

Where Jij represents the strength of the interaction between neighboring spins,

si = siσi and sj = sjσj are the spin values at lattice sites i and j, respectively, and

the summation is taken over all pairs of neighboring lattice sites. The magnetiza-
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tion, denoted by M , represents the net magnetic moment of the system. It can be

calculated as the sum of the spin values over all lattice sites:

M =
N∑
i=1

si (3.16)

Where the summation is taken over all lattice sites. These mathematical for-

mulations capture the energy interactions and magnetization behavior in the Ising

model, providing a quantitative description of the system’s properties. We initiated

our Ising system with an 8 by 8 lattice and employed a random initial configuration.

Following the protocol outlined in the paper [54], we conducted 60,000 Monte Carlo

steps at a temperature of 3.53. This temperature was chosen because it’s above the

critical point, turning the material paramagnetic. This means more varied states for

the RBM to learn from, as it leads to a wider distribution of data. At each step,

we computed the system’s energy and magnetization. Subsequently, we generated

contour plots illustrating the evolution of energy and magnetization throughout the

60,000 Monte Carlo steps, as depicted in Figure 3.7a and Figure 3.7b with red lines.

Simultaneously, we stored the state configurations to construct our dataset for the

RBM. Then, we inputted the data into our RBM model and obtained the correspond-

ing reconstructed data. From the reconstructed data, we calculated the energy and

magnetization using the same procedure as above. We generated contour plots and

compared them with the original data, as depicted in Figure 3.7a and Figure 3.7b.

We generated contour plots for two cases: one with a smaller learning rate, which

gave us better results for specific heat Figure 3.7b, and one with a larger learning rate,

which gave us better results for the joint probability of energy and magnetization of
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(a) 64 hidden nodes and 10−3 (b) 64 hidden nodes and 10−4

Figure 3.7: The joint energy magnetization distribution of the 60,000 steps Monte

Carlo samples for an 8 × 8 two-dimensional Ising model at a temperature T = 3.53.

Black lines: RBM results, Red lines: Original results.

the system Figure 3.7a. Notably, the contour plots in this case were represented by

red lines. Encouragingly, our results exhibited excellent agreement with the findings

reported in Yevick and Melko’s paper [54].

This study addresses the importance of model accuracy in RBMs and highlights

the challenges and potential improvements for RBM-based modeling of Ising systems.

The findings provide valuable insights into RBM performance and enhance our un-

derstanding of the applicability of RBMs in modeling and analyzing Ising systems.

By referencing and replicating the results presented in this paper, our objective is to

validate the efficacy of our RBM model in analyzing magnetic data obtained from the

Artificial Spin Ice (ASI) system. Through this validation process, we aim to demon-

strate that our RBM model is capable of effectively capturing and modeling patterns

that resemble those observed in magnetic systems.
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Utilizing RBM for Artificial Spin

Ice Data

This study utilizes a restricted Boltzmann machine on a square spin ice model to

assess the effectiveness of this machine learning approach on our magnetic system.

Our goal is to utilize the model to aid in identifying and exploring specific defects in

our spin ice materials. This study’s findings can potentially benefit experimentalists

and the academic community in their respective research endeavours. This research

involves a series of steps, which are summarized here. The primary objective is to

evaluate our RBM model’s accuracy by identifying certain system characteristics.

These characteristics allow us to compare real data with machine-generated data.

We conduct a Monte Carlo simulation in the initial step to collect information about

the system’s states. This data is then utilized to determine specific characteristics,

such as energy and magnetization. Visualizing these results provides us with a clearer

understanding. Moving on to the third step, we employ the Monte Carlo simulation

41
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results to train our RBM. This enables the machine to learn the relationships and

patterns among the system’s states. Subsequently, we ask the machine to reconstruct

the data based on what it has learned. Finally, in the last step, we use the data gen-

erated by the RBM to extract characteristics such as energy and magnetization. We

can compare these findings with the original data and assess the machine’s accuracy

by visualizing them. More details will be provided about these steps.

4.1 Initialize the system

For this study, a 2-dimensional lattice of open-edge square spin ice was selected,

as shown in Figure 2.5 b). The lattice size is 6 by 6 with equal spacing. Initially,

random configurations of vertices were assigned to the lattice, and the position and

orientation of each spin were recorded in separate arrays. Additionally, the distances

between the centres of each spin were calculated, resulting in a matrix illustrating

the distances between all spins in the lattice. By utilizing these parameters along

with Equation 2.1 from Chapter 1, the energy of the system in its initial state was

computed as below:

Edip
i,j = D

∑
i ̸=j

sisj

[
σi.σj

r3ij
−

3(σi.rij)(σj.rij)

r5ij

]
(4.1)

After computing the system’s energy using equation 3.16, the next step in the

Monte Carlo algorithm is randomly flipping a spin, which changes the system’s con-

figuration. Once the new system’s energy is calculated and the energy difference is

determined, we can evaluate the transmission rate using Equation 2.2 from Chapter 1.

Based on this transmission rate, we decide on whether to accept or reject the proposed
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change in the system. We run the Monte Carlo simulation described in Chapter 1 at

a constant temperature for as many steps as our system requires to reach a steady

state in which the system’s energy no longer fluctuates considerably. The appropriate

number of steps required to achieve this steady state varies depending on the system’s

features. In order to determine the optimal number of Monte Carlo (MC) steps, we

conducted seven sample runs with varying MC step counts ranging from 3,000 to

30,000. By plotting the average trend along with the standard deviation, we aimed

to identify the most suitable number of steps. The trends of these seven samples

are depicted in Figure 4.1, where the black line represents the average, and the gray

area corresponds to the lower bound (average - standard deviation) and upper bound

(average + standard deviation) of the data. Our setup includes 36 spins functioning

at a temperature of 3.5. Following analysis, we opted for 15,000 iterations to allow

the system to attain equilibrium. Once equilibrium was reached, we conducted a

simulation for an additional 60,000 iterations to gather samples from the stabilized

system.

The next step is setting up the Restricted Boltzmann Machine (RBM) parameters.

There are multiple ways to do this. Here, we set the biases to zero and use a standard

normal distribution to pick small numbers for the weights to start with randomly. We

chose to have 36 visible units because that’s how many data points we want the RBM

to learn about and model the links between. Two essential hyper-parameters signif-

icantly influence the learning process: the number of hidden nodes and the learning

rate. Finding the optimal values for these parameters poses a challenge. There is

no rule to determine how many hidden units are needed. While some suggestions by
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Figure 4.1: Average Energy of ASI System for Various Monte Carlo Steps

Hinton exist [48], the best approach is to experiment with different numbers of hidden

units to find an optimal number. To begin, we experiment using various numbers of

hidden nodes and identify the minimum error to determine the optimal number of

nodes for our model. Figure 4.2 demonstrates that 36 hidden nodes are sufficient for

training our model.

We expect a comparable analogy for ASI to the one presented in Yevick and

Melko’s paper [54]. Depending on the particular problem, choosing different parame-

ters for the learning rate and hidden nodes might be necessary. We also experimented

with 6 hidden nodes to compare the results as part of our exploration.

The next thing that needs to be set is the learning rate. During the training

process, the machine’s biases and weights should be updated so that it can learn. The

stochastic gradient descent method is used to train most neural networks how to work.

Stochastic gradient descent is an optimization method that finds the error gradient
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Figure 4.2: Minimum Training Error of RBM vs. Number of Hidden Nodes

for the model’s current state by looking at examples from the training dataset. Then,

it uses back-propagation to update the model’s parameters. When using a gradient

descent function, we navigate the function to find the minimum error, and the learning

rate determines the size of each step we take toward this minimum.

If the learning rate is too high, the model can quickly settle on an answer that could

be better, while if it’s too low, the process can get stuck. Finding the correct learning

rate can significantly affect how well the model works, so it’s essential to spend time

and effort picking a good number to get the best results. We tried different values for

5 different samples and looked at the related errors to find the most suitable learning

rate for our problem. By studying the graph in Figure 4.3, we can determine the

learning rate that leads to the least error. The results of these tests are shown in

Figure 4.3, helping us choose 0.001 and 0.0001 for our experiments.
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Figure 4.3: Minimum Training Error of RBM vs. Learning Rate

4.2 Characterizing the data and representing the

results

We utilize the energy computed using Equation 4.1 and additionally determine the

magnetization and stray field at each step. As a result, we compile lists of energy, mag-

netization in the x-direction, magnetization in the y-direction, and stray field values.

Hence, the collection of N spin arrays can be represented as S {E,Mx,My,Hz} =

{si}. Here, the index i corresponds to the specific position of a spin within the

array lattice. This notation indicates that the set S includes the spins within the

array, where each spin possesses a distinct combination of energy and magnetization

in the y and x directions (My and Mx, respectively), and a perpendicular stray field

component (Hz). Magnetization components and stray fields are given by:

Mx =
N∑
i=1

si · x̂ (4.2)
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Figure 4.4: Location of the observation point for Hz calculation

My =
N∑
i=1

si · ŷ (4.3)

Hz = D
k∑

p=1

N∑
i=1

[
3rip(si · rip)

r5ip
− si

r3ip

]
(4.4)

The Mx and My represent the magnetization of the system in the x and y direc-

tions, respectively. However, this system also has magnetization in the z-direction.

To calculate Mx and My, we can straightforwardly sum up the x and y components.

But for the z direction, the process is more complicated. To calculate Hz (stray

field), we look at all the interior vortex points in the lattice. For each vortex point,

we move 0.5 units above the lattice and consider it as our observation point (shown in

Figure 4.4). Then, we calculate the dipolar field produced by each spin at the center

of each vertex and add all these contributions from the vertices. The result gives us

the Hz, as mentioned in Equation 4.4.

In Equation 4.4, p is the observation point, and the rip is the position vector from

point p to the center of spin ith, as shown in Figure 4.5.

After computing all these equations for the simulation and reconstructed data, we
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Figure 4.5: position vector from point p to the center of spin ith

compare the results and determine the accuracy of RBM for different cases.

4.3 Evaluation

The widely recognized method for evaluating the performance of an RBM is to

examine how well it does on data it has never seen before. To achieve this, the data

is divided into two smaller sets. The dataset is shuffled, and 70 % of the data is used

for training the RBM, while the remaining 30% is used for testing. The RBM is then

trained on the 70%, and its performance in reconstructing the remaining 30% (which

it has never seen before) is evaluated. The outcome of this evaluation is shown in

Figure 4.6. By comparing the results from the testing dataset, we can see how well

the RBM has learned the underlying features and how effectively it can generalize to

new, unseen data.

The earlier assessment involved testing the system using samples from the equi-

librated distribution obtained through Monte Carlo simulation. Our objective is to

employ the RBM to generate samples for us. We input the RBM with 15,000 samples

from the MC simulation to achieve this and train it accordingly. After training, we

provide the trained RBM with entirely random data derived from a normal random
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(a) Energy vs. Magnetization in x-direction.

(b) Energy vs. Magnetization in y-direction.

(c) Energy vs.Magnetic Filed in z-direction.

Figure 4.6: The joint energy magnetization distribution of the 15,000 steps Monte

Carlo samples for a 6 × 6 two-dimensional ASI at a temperature T = 3.5. Training

and testing set using RBM with 36 hidden nodes and 0.001 learning rate.
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distribution, and we ask it to reconstruct these data points based on its learned knowl-

edge. For this experiment, we utilize different RBMs with various hyper-parameters

and then create plots of the energy magnetization joint distribution and heat capac-

ities for their outputs. Finally, we compare these plots with those from the original

data set.

In Figure 4.7, we utilized 36 hidden nodes with a learning rate of 0.001, while in

Figure 4.8, we maintained 36 hidden nodes with a learning rate of 0.0001.To aid in the

comparison of these plots, we created separate histograms for the energy distribution

and magnetization. The energy distribution histograms displayed minimal variation,

providing little informative differentiation, so we did not plot them. However, the

magnetization histograms, situated to the right of each contour plot, revealed cru-

cial details. They highlighted certain significant features that were occasionally not

matched by the RBM’s results. Notably, in the experiment with a learning rate of

0.0001, as depicted in Figure 4.8, the alignment between the reconstructed magnetiza-

tion values and density appeared to be more pronounced compared to the experiment

with a learning rate of 0.001, shown in Figure 4.7. Nevertheless, it’s important to

note that neither experiment yielded satisfactory results, particularly in terms of

magnetization in the y-direction.

We also tested using 6 hidden nodes to check if RBM could help reduce dimen-

sionality and potentially yield improved results. The results are shown in Supporting

Data A for a learning rate of 0.001 (See Figure A.1)and 0.0001(See Figure A.2). How-

ever, none of those RBMs were able to generate accurate reconstructions of energy

and magnetization contours.
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(a) Energy vs. Magnetization in x-direction. (b) Magnetization vs. Density in x-direction.

(c) Energy vs. Magnetization in y-direction. (d) Magnetization vs. Density in y-direction.

(e) Energy vs. Magnetic Field in z-direction. (f) Magnetic Field vs. Density in z-direction.

Figure 4.7: The joint energy magnetization distribution of the 15,000 steps Monte

Carlo samples for a 6 × 6 two-dimensional ASI at a temperature T = 3.5 and their

reconstruction using RBM with 36 hidden nodes and 0.001 learning rate

Another parameter that could be examined was the heat capacity. The RBM

featuring 36 nodes and a learning rate of 0.0001 once again demonstrated the most

effective performance in heat capacity. The calculated amount from the Monte Carlo
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(a) Energy vs. Magnetization in x-direction. (b) Magnetization vs. Density in x-direction.

(c) Energy vs. Magnetization in y-direction. (d) Magnetization vs. Density in y-direction.

(e) Energy vs. Magnetic Field in z-direction. (f) Magnetic Field vs. Density in z-direction.

Figure 4.8: The joint energy magnetization distribution of the 15,000 steps Monte

Carlo samples for a 6 × 6 two-dimensional ASI at a temperature T = 3.5 and their

reconstruction using RBM with 36 hidden nodes and 0.0001 learning rate

simulation for heat capacity per spin was 0.271 ± 0.001. For reconstructing energy

distribution using RBM with 36 hidden nodes and a learning rate of 0.0001, the

value was 0.18 ± 0.01. However, it’s important to note that in a similar experiment
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conducted with the Ising system, the result was remarkably close. This discrepancy

can be attributed to the fact that the artificial spin ice system is significantly more

complex than the Ising system.

Still, we were curious about differences in Mx and My. The reconstructed con-

tours and wavy lines showed certain details about sharper features and more peaked

distribution around its mean that were absent in our first training set of 15,000 Monte

Carlo simulation samples. These samples included non-equilibrated and equilibrated

cases. To address this, we tried a new approach.

In our next experiment, we used a bigger training set of 60,000 equilibrated sam-

ples. Surprisingly, this time the generated contours for Mx and My showed those

detail features better in the center. The RBM, trained initially on the smaller set,

somehow managed to grasp these specific features. These features, hidden in the first

15,000 samples, became clearer with the more detailed 60,000 equilibrated samples,

and the RBM trained on 15,000 samples managed to capture those hidden specific

features. The Figure 4.9 shows the comparison between the RBM reconstructed re-

sults from 15,000 samples training and the original data set from 60,000 steps of

Monte Carlo simulation.

The RBM is yielding favourable results, demonstrating an advantage over Monte

Carlo simulations by detecting certain features that often go unnoticed when working

with smaller Monte Carlo datasets. To confirm this, we trained the RBM with 60,000

samples to see if the pattern holds the result of the training shown in supporting

Data A Figure A.3. Once more, we saw differences inMy. So, we took it a step further

with a 600,000-step Monte Carlo simulation. We drew the contours in Figure 4.10 to
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(a) Energy vs. Magnetization in x-direction. (b) Magnetization vs. Density in x-direction.

(c) Energy vs. Magnetization in y-direction. (d) Magnetization vs. Density in y-direction.

(e) Energy vs. Magnetic Field in z-direction. (f) Magnetic Field vs. Density in z-direction.

Figure 4.9: Comparison between RBM results with 15,000 samples and Monte Carlo

results with 60,000 samples

compare. Surprisingly, the RBM’s results closely matched the extensive simulation.

With 600,000 samples now available, we tested the RBM by training it with this

larger set and checking the results. This bigger sample size adds more complexity

and variety to the training data. Having more samples increases the RBM’s chances
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(a) Energy vs. Magnetization in y-direction. (b) Magnetization vs. Density in y-direction.

Figure 4.10: Comparison between RBM results with 60,000 samples and Monte Carlo

results with 600,000 samples

of learning the underlying patterns and structures in the data.

Initially, the 15,000 samples might have yet to fully capture certain features or

patterns, which is why they were absent in the initial results. However, as we increased

the sample size to 600,000 equilibrated samples, the RBM had a better opportunity

to uncover and display these previously hidden features. This led to more accurate

and detailed reconstructions of the Mx and My contours.The results are shown in

Figure 4.11.
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(a) Energy vs. Magnetization in x-direction. (b) Magnetization vs. Density in x-direction.

(c) Energy vs. Magnetization in y-direction. (d) Magnetization vs. Density in y-direction.

(e) Energy vs. Magnetic Field in z-direction. (f) Magnetic Field vs. Density in z-direction.

Figure 4.11: The joint energy magnetization distribution of the 600,000 steps Monte

Carlo samples for a 6 × 6 two-dimensional ASI at a temperature T = 3.5 and their

reconstruction using RBM with 36 hidden nodes and 0.0001 learning rate
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4.4 Adding Vertical Elements

In order to introduce vertical elements into the system, a 3-dimensional lattice

configuration is considered, featuring spins distributed throughout the lattice. To

produce the vertical element, it is positioned at the center of a vortex and has zero

x and y components, while its z component is not zero, as shown in Figure 4.12.

The z-component of this vertical element can be adjusted to modify its strength.

Notably, the strength and orientation of the vertical element play crucial roles in

influencing the behavior of the lattice spins. When the vertical element points in

the positive z direction (out of the plane), it exerts its effect on the spins around

the vortex, causing it to pin toward the center of the vortex. Conversely, when the

vertical element points in the negative z direction (in the plane), it pins the spins

outward from the center of the vortex. Consequently, by manipulating the strength

and orientation of this vertical element, it becomes possible to control and manipulate

the overall configuration of the lattice. The methods for estimating the system’s

energy would remain unchanged; all that would change is the addition of these extra

vertical elements to the system’s spins and the computation of their impact, like other

spins, on the entire lattice.

Based on our earlier findings in Figure 4.8, it’s evident that the RBM performs

better using 36 hidden elements and a learning rate of 0.0001. Thus, we used these

parameters for the experiment involving additional vertical elements. Furthermore,

since our focus shifts to working with vertical elements, which favour magnetization

in the z-direction, we found the results from 15,000 Monte Carlo steps for magneti-

zation in this direction to be satisfactory. Considering our previous demonstration of
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Figure 4.12: ASI system with vertical element. The vertical element is generated by

positioning it at the center of a vortex. It possesses zero x and y components, while

the z component is non-zero, as depicted in the figure.

the RBM’s efficiency with ASI systems, we selected this sample size to save compu-

tational time. The outcomes are presented in Figure 4.13, revealing that the RBM

effectively reconstructed the data for the system with the vertical elements. Fig-

ure 4.13b provides a comparison between the system with and without defects. This

illustration helps us grasp the differences. It’s important to note that the energy and

magnetization of the system with the added vertical elements have undergone a shift

compared to the system without these extra components.
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(a)

(b)

Figure 4.13: Joint distribution of Energy and magnetic field in z-direction. a) Monte

Carlo samples with 15,000 steps, including two vertical elements, plotted alongside

their RBM reconstructions using 36 hidden nodes and a 0.0001 learning rate. b)

Comparison with the system without vertical elements to illustrate differences.



Chapter 5

Conclusion

In this study, our aim was to explore various machine learning models suitable

for the analysis of artificial spin ice (ASI). Our initial goal was to develop Machine

Learning tools that can be used to investigate Artificial Spin Ice. Along the way,

we came across the work conducted by Roger Melko and David Yevdik [54], who

employed a restricted Boltzmann machine (RBM) on an Ising model. This discovery

sparked our interest as ASI follows a similar concept to the Ising model.

Given this similarity, we decided to apply RBM to ASI in order to ascertain

whether it could replicate or enhance the outcomes of Monte Carlo simulations. For-

tunately, our efforts yielded promising results.

5.1 Summery and Results

In Chapter 2, we delved into the concept of artificial spin ice (ASI), its origins,

how the elements interact in these setups, and how we used a method called Monte

60
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Carlo simulations to understand these systems better. We demonstrated our findings

from Monte Carlo simulations.

Chapter 3 provided a brief introduction to machine learning and neural networks.

We then explored a particular kind of neural network called a Restricted Boltzmann

Machine (RBM) in detail. We created an RBM from scratch using what we learned

and tested it on simple data. We also applied it to magnetic data, reproducing

results from earlier work on the Ising model [54]. Toward the end of this chapter,

we introduced specific defects called vertical elements and explained why they are

intriguing to study.

Moving to Chapter 4, we started using the data we collected from the Monte Carlo

simulations of artificial spin ice in Chapter 2. We fed this data into the RBM we built

in Chapter 3. It took us some time to find the best settings or hyper-parameters for the

RBM using ASI data. This allowed us to generate accurate ASI samples from random

distributions. Interestingly, through various experiments, we found that the RBM

outperformed the Monte Carlo simulation in generating samples. It could capture

significant detailed features that the Monte Carlo simulation couldn’t achieve in the

same number of steps. Lastly, we applied the RBM to ASI systems containing vertical

elements. The RBM successfully reconstructed these data, indicating its ability to

identify systems with vertical elements and extract important features from them.

5.2 Future Work

In our ongoing study, we’ve noticed that the RBM is quite effective at understand-

ing data from systems with or without vertical elements. It’s also good at spotting
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changes in energy and magnetism between these systems when it gets new data that

it hasn’t seen before. Now, we want to learn more from these vertical elements using

the RBM.

For our subsequent work, we want to learn more about how many of these up-

and-down parts are and where they are in the system. To do this, we might need

to use another additional neural network for classification purposes. Using features

derived from the RBM, we intend to identify the density and positioning of the vertical

elements.

To get this information, we plan to put more of these vertical elements within our

lattice. We’ll generate a dataset with different numbers of vertical elements. We can

explore defect densities such as 1/13, 2/13, 3/13, and so on based on our 13-vertex

lattice. These different states will be fed into the RBM, enabling it to learn and find

essential features and relationships.

Assuming the RBM demonstrates a good result in learning these situations, If the

RBM does a good job at learning from these situations, we use that when presented

with data from a lattice containing “n” vertical elements; it could potentially identify

the best-fitting match across differing defect densities. However, realizing this needs

an additional layer of the neural network, wherein the RBM’s reconstructions and

extracted features aid in pattern classification, thereby providing us with labeled

predictions.

Another research path we can explore involves dividing our lattice into four or

more sections and introducing vertical elements into specific sections. By comparing

these different sections containing vertical elements with unaffected sections, we can
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gather valuable insights. If we input this data into the RBM and utilize an additional

neural network to label the positions of these sections, there’s potential to uncover

the location of the vertical elements on a new lattice that hasn’t been shown to the

RBM previously.

Ultimately, applying machine learning to magnetic systems represents a relatively

new and exciting research field. This approach has the potential to address diverse

challenges and provide valuable insights that might surpass those obtained through

conventional methods. By leveraging the outcomes of this research, the opportu-

nity arises to extend the application of acquired knowledge to other spin systems,

presenting a promising avenue for further exploration.
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(a) Energy vs. Magnetization in x-direction. (b) Magnetization vs. Density in x-direction.

(c) Energy vs. Magnetization in y-direction. (d) Magnetization vs. Density in y-direction.

(e) Energy vs. Magnetic Field in z-direction. (f) Magnetic Field vs. Density in z-direction.

Figure A.1: The joint energy magnetization distribution of the 15,000 steps Monte

Carlo samples for a 6 × 6 two-dimensional ASI at a temperature T = 3.5 and their

reconstruction using RBM with 6 hidden nodes and 0.001 learning rate
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(a) Energy vs. Magnetization in x-direction. (b) Magnetization vs. Density in x-direction.

(c) Energy vs. Magnetization in y-direction. (d) Magnetization vs. Density in y-direction.

(e) Energy vs. Magnetic Field in z-direction. (f) Magnetic Field vs. Density in z-direction.

Figure A.2: The joint energy magnetization distribution of the 15,000 steps Monte

Carlo samples for a 6 × 6 two-dimensional ASI at a temperature T = 3.5 and their

reconstruction using RBM with 6 hidden nodes and 0.0001 learning rate
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(a) Energy vs. Magnetization in x-direction. (b) Magnetization vs. Density in x-direction.

(c) Energy vs. Magnetization in y-direction. (d) Magnetization vs. Density in y-direction.

(e) Energy vs. Magnetic Field in z-direction. (f) MAgnetic Field vs. Density in z-direction.

Figure A.3: The joint energy magnetization distribution of the 60,000 steps Monte

Carlo samples for a 6 × 6 two-dimensional ASI at a temperature T = 3.5 and their

reconstruction using RBM with 36 hidden nodes and 0.0001 learning rate
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