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ABSTRACT

For practical raàar targets the use of approximate scattering
ther ¿ is inevitable. Simplification of high-frequency scattering
phe mena in terms of the scattering center concept is advocated in this
th is. The najor disadvantage of this approach is the limited number

of ,catteri-ng centers having known reradiation characteristics. Corner,

t and modified edges are three important scattering centeïs requiring

I :ther investigation. This thesis is concerned with the scattering
nter formed by a rounded edge.

The fj-eld scattered from a perfectly conducting wedge with

-.ounded edge is calculated by the boundary value approach. These results
enable the effects of rounding to be examined as functions of incídence

and observation angles, polatization, and wedge angle. The quantitative
data are used to evaluate an asymptotic form of physical optics theory

which is suited to estimation of scattering center returns. By obtain-

ing empirical relations which accurately fit the boundary value data,

scattering center theory is extended to include targets with one or more

moderately rounded edges. Specific applications include the modified

equilateral triangular prisn, the modified square prism, and the modified

finite, right-circular cylinder.

The boundary value approach is also specialized to calculate

scattering by a cylindrically tipped wedge and a truncated wedge. These

results are used to evaluate geometrical diffraction theory when the

scattering phenomenon involves creeping waves and strong interaction
between scattering centers, respectively.



ABSTRACT

For practical radar targets the use of approximate scattering

theory is inevitable. simplification of high-frequency scatteríng

phenomena in terms of the scattering center concept is advocated in this

thesis. The major disadvantage of this approach is the limited number of

scattering centers having known reradiation characteristics. Corner, tip

and modified edges are three important scattering centers requiring further

investigation. This thesis is concerned with the scattering center formed

by a rounded edge.

The field scattered from a perfectly conducting wedge with rounded

edge is calculated by the boundary value approach. These results enable

the effects of rounding to be examined as functions of incidence and

observation angles, polarization, and wedge ang1e. Tho quantitative data

are used to evaluate an asymptotic form of physical optics theory which

is suited to estimation of scattering center returns. By obtaining

empirical relations which accurately fit the boundary value data, scatteï-

ing center theory is extended to include targets with one or more rnoderately

rounded edges. Specific applications include the rnodified equilateral

triangular prism, the modified square prism, and the modified finite,

right-circular cylinder.

The boundary value approach is also specialized to calculate

scattering by a cylindrically tipped wedge and a truncated wedge. These

results are used to evaluate geometrical diffraction theory when the

scattering phenomenon involves creeping lvaves and strong interaction

between scattering centers, respectively.
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LIST OF PRINCIPAL SYMBOLS

Tàdar cross section of target

/ scattering phase of target

C¿ Tadar cross section of ith scattering center

f¿ scattering phase of ith scattering center

k wave number (equal to 2n/À, where I is the wavelength)

a. radius of curvature of rounded edge

d. half-angle of seni-infinite wedge

(r, þ, z) polar coordinate systen with origin at vírtual apex of
wedge

(/,0,r) polar coordinate system with origin at axis of cylindrical
sector

d' separation between origins of two polar coordinate systems

R radius of circular-cylindrical matching boundary

4, þo i Po,0o location of line souïce excitation

Ep H, H6 total nonvanishing electric and magnetic field components
for TM or vertical-polarization case

H. E-E6 total nonvanishing magnetic and erectric fierd components
' for TE or horizontal-polatization case

exterior wedge angle equal to 2¡r - 2 æ

/ exterior wedge angle normalizeà by ff .

To(ko) intensity of electric (magnetic) line source

Jz(l4z) electric (magnetic) current density

d angular frequency

permittivity of free space

// permeability of free space

Jr(kp) Bessel function of the first kind of argumenr kp and
ordet z)

Hr(kp) Hankel function of the second kind of argument kp and
order v

Y

vl-
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Zukp) Any cylindrical Bessel function of argument kp and
order y'

6(xl Dirac delta funcrion (unit impulse)

€n Neumann number

2)r I =-7

-/ ,,,"' ,E; (H; ) incident electric (rnagnetic) field
-S 

t c \Lz W; ) scattered electric (magnetic) field

7 coordinate along the line of sight

g(k) physical optics transfer function of rarget

gi&) as)¡rTìptotic physical optícs transfer function of ith
scattering center

Fr(FH) ueïtical (horizontal) polarization amplitude of range-
independent scattering pattern

p^
l- t p' amplitude, phase of range-independent pertuïbation field

ø" Ø) incidence (observation) angle referenced to plane of
symmetry of wedge

V"(y) incidence (observation) angle referenced to face of wedge(i.e. , f = þ-a)

aspect angle referenced to syrunetry axis of targete
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1. INTRODUCTION

This chapter provides background for the body of research per-

formed in the thesis. Section 1.1 contains a brief survey of scattering

techniques which indicates the need for high-frequency asymptotic solu-

tions; indeed, for practical radar targets the use of approxinate theory

is inevitable. Simplification of high-frequency scattering phenomena

in terms of the scattering center concept is advocated in Section 1.2.

The major disadvantage is the limited number of scattering centers having

known reradiation characteristics and three important scattering centers

requiring further study are discussed in section 1.3. This thesis is

concerned with the scattering center formed by a rounded edge. Section

I.4 treats methods for calculating the scattering by a rounded edge and

a boundary value approach ís chosen for edges with moderate rounding.

In Chapter 2, scattering by a semi-infinite, perfectly conducting

wedge with rounded edge is formulated for line source excitation using

the boundary value approach. Numerical results are presented for the

important case of monostatic plane-wave scattering in the far field.

These results compri.se principal-polarization data plotted as a firnction

of aspect angle for 60o, 90", and 120o wedges with naximum rounding

ka = 4, where ka is the electrical radius of curvature of the edge.

It is shown that ka as small as 0.8 can double the sharp wedge result

in certain cases, although the effect of rounding is markedly

dependent upon polarization and wedge ang1e. Calculations of bistatic

scattering lead to investigation of shadow-region fields as a function

of rounding. Related studies involving the cylindrically tipped wedge



are included in this chapter since they i-nfluence the numerical capa-

bility of the boundary value solution for the wedge with rounded edge.

Chapter 3 introduces an asymptotic form of physical optics which

is suited to the analysis of scattering centers on an edge with large

ror:nding. comparison of results of approximate theory with boundary

value data shows that the asymptotic method accurately predicts syrffnet-

rical-incidence scattering for rounding as smal1 as ka = 5. The chapter

concludes with conment on the relative utility of asymptotic and conven-

tional physical optics in the present applícation.

In Chapter 4, the boundary value solution of Chapter 2 is viewed

as the sharp wedge result plus a perturbation field. Following identifi-
cation of the aspect dependence of perturbation fields, a pararrretric form

for the expansion coefficients is sought. The resultant analytical

expressíons for perturbation fields enable treatment of targets with

moderately ror.rnded edges .

Chapter 5 contains applications of analysis performed in Chapter 4

to scattering by targets with one or nore rounded edges. The shapes in-

vestigated comprise modifications to the triangular prism, square prism,

and finite, right-circular cylinder. The accuracy of approximate theory

is evaluated by comparison with accuïate scattering data obtained by

numerical solution of an integral equation.

The generality of the boundary value approach of chapter 2 is

examined in Chapter 6. Following discussion of modified edges suitable

for analysis, the problen of scattering by a truncated wedge is chosen

for detailed investigation. These boundary value data are then used to



evaluate the capability of theoretical models which describe interactions

between edge scattering centers.

Chapter 7 is a sunmary of findings with recommendations for future

work. Appendix A contains detailed derivations associated with the

application of asymptotic physical optics reported in Chapter 3.

Appendix B presents formulas employed in calculating accurate scattering

data based upon the integral equation formulation.

1.1 Review of Scatteri_ng Techniques

The study of scattering of electromagnetic waves fron obstacles

of arbitrary shape is a broad and comprehensive subject: Loganl lirr,

103 references to the literature on scattering by a sphere; Bouwkarnp2

gives approximately 585 references for the period 1940 through l95s;

corriher and Pyron3 lir, 7420 refeïences for the period 1957 to 1964.

The fr¡ndamental problen is the determinat,ion of the total field in ampli-

tude, phase and polarization in terms of the geometrical and material

constants characteristic of a given configuration of source, receiver,

and obstacle.

An important factor which decides the gross scattering charac-

teristics of the target, once the polari zation and aspect angle parameters

are fixed, is the ratio between the dimensions of the scatteïer and the

wavelength of the illuminating radar. The three broad regions which have

gradually evolved to aid in classifying this gross scatteïing behavior

are cal1ed the Rayleigh, resonance and optics regions. Rayleigh scatter-

ing occurs where the body is much smaller than the illuminating wave-

length, and scattering tends to be independent of both polarization and

aspect angle. Radar cross section varies inversely as the fourth power



of wavelength (the well known Rayleigh law) and becomes dependent upon

the volume of the scatterer. Resonance region scattering occurs when

the body circumference is of the order of the illuminating wavelength.

Here the characteristic phenomenon is a strong frequency dependence.

This complication is not anenabte to simple physical interpretation

in general, and the resonance region represents one of the weakest areas

of interpretative capability in scattering theory. When the wavelength

is appreciably smaller than the scatterer, the target is said to lie in

the optics region, and the dependence of radar cïoss section upon

polarization, aspect ang1e, and frequency is determined by target shape.

Most radar targets of interest lie in the optics region, ffid this is the

area chosen for the present research.

Calculation of the electroinagnetic scattering properties of any

body is difficult, at best. The most satisfying solution is an exact one,

and the major mathematical methods are classified as separation of

variables, variational, and wd-ener-Hopf techniques. unforturately,

tadat targets of interest are not directly amenable to exact analysis:

indeed, the use of approximate theory is inevitable.

lVith the advent of high-speed digital comp.uters, numerical pro-

cedures for evaluating differential and integral equations have evolved

and the approach offers exciting possibilities. Results may be calculated

with great accuracy, and numerical techniques apply for obstacles

of arbitrary shape. The most serious disadvantage is that numerical

techniques cannot be applied for very large bodies: When the character-

istic dimension of the target is greater than a few wavelengths, both

the computer storage requirernent and the cost of computations become

prohibitive.



As the nane inplies, the earliest approximate theories applicable

in the optics region had their historical origin in the study of 1ight.

The two basic theories are geometric optics, which is treated by the

method of rays, and physical optics, which involves primarily the theory

of waves. Geometric optics is a very accurate method for conputing the

nagnitude of specular scattering from surfaces with radii of curvature

large compared to a wavelength. Physical optics is one step more

advanced in that it takes into account the phasor natuïe of scattering.

Although it is useful for a large number of cases, it can lead to

serious,errors, rnainly because of the assumed current distribution.

Because of the importance of physical optics and its widespread use, a

more detailed discussion is included with its application in Chapter 3.

Among the most powerful techniques for the calculation of radar

scattering from bodies more than a wavelength in size are those based

upon one forn or another of asymptotic analysis. Here the electro-

nagnetic field is expanded as a series in reciprocal powers of the wave

number k. Kline anð, Kay4 detail Luneberg's asymptotic expansion of

Maxwellrs equations. Their book serves as a good souïce of information

on the asynptotic forms of Maxwellrs equations and related problens,

but does not give many practical applications. By far the most pïactical

application is the geometrical theory of diffraction developed principally

by J.B. Kel1er at New York University. The best general introduction to

the geometrical theory of diffraction is given by Keller.5 As pointed

out by Kline and Kay,4 K"l1errs method is without rigorous mathematical

fourdation but gives highly accurate results in many cases. Applications

of Kellerrs theory are discussed in this thesis because of its direct



applicability to many targets of interest and because of the excellent

results that have been obtained with it.

7.2

r.2.7

Scattering C-enter Concept

General

The most important concept that has been applied in recent inves-

tigations of short wavelength scattering is that the scattered fields

appear to have localized sources (the so-ca11ed 'rscattering centers")

on the target. In terms of formal electromagnetic theory, each scattering

center is identified with a mathematical discontinuity in the Chu-Stratton

radiation integral -- that is to say, with a corresponding physical

location on the target at the place where the discontinuity occurs.

Simplification of the scattering interaction in terms of scattering centers

rests largely upon the cancellation properties of an integral with

oscillating integrand and upon preservation of mathematical continuity

except at the recognized geometric discontinuities. Thus, although a

smooth surface remote from a discontinuity is assumed to produce a net

contribution of zero to the total scattered field, truncation of the

smooth surface could introduce a pronounced discontinuity and, so,

generate a new scattering center. A smooth surface, then, plays a very

important, although largely hidden,* role in the description of the

scattering interaction in terms of scattering centers.

Cancellation does not
Rather, reinforcement
scattering line on a
or scattering area on

occur on a smooth surface at specular aspects.
occurs and the scattering centers extend to a

surface with one infinite radius of curvature,
a surface with two infinite radii of curvature.



According to the scattering center concept, the field reradiated

from each center depends primarily upon the locaI dimensions and the

surface conditions of the target. Secondary effects involve interactions

between the variolrs scattering centers on the target. The first step in

the analysis is to take a body of complex shape and find its individual

scattering centers. Next, an analytical theory which accounts for aspect,

frequency, polarizatíon, and bistatic dependence is used to estimate the

total field (primary and secondary contributions) reradiated from

individual scattering centers. Fina1ly, the vector and phasor sum of

these contributions al1ows calculation of radar observables; these are

then conpared with radar-range measurements for the integrated model

to check the validity of the a:ralytical approach.

I.2.2 Formulation

According to the scattering center concept, the radat cross

section of the target is given by the square of the absolute value of the
4þ

complex scattering coefficient y'o'"o' which in turn is given by

-o,
ú (i. 1)

t'P
where ,/Ç e¿'t is the complex contribution fron the ith ,cattering

center, and where there are il important scattering centers on the target.

The radar cross section o is given by

(J

/=/

¿D
,,fF e.o' = "/î//

- =1,+ c ""|
and the scattering phase f is given by

(r .2)
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L2,3 Utility of the Scattering Center Concept

The scattering center concept can be shown experirnentally to

be justified by employing a radar which transnits pulses which are

short compared to target dimensionr.S'9 The validity of the approach

can also be demonstrated by comparing predictions based upon the

scattering center concept with conventional measurement data.

The scattering center concept is inherent in one high-frequency
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corneï reflector,12 right-circular cone,13 t".t"rrgular and right-circular

cy1inders,14'15 '16'17 frustum,lS rrrd combinations of the latteï two

1)shapes--). Closely related studies which compare theory and measurement

have also been reported by Keller,19 Bechter,20'21 Rlrddrl"k and yu,22

)7 )L ).,Ytrr'", Ryan and Peters r'- and by Senior and Uslenghi." More general

discussions which aid in the application of scattering center theory

are contained in Keller,5'26 H"lrtrom,27 Ror, ,28'29 Ryan,30 und Bechtel

and Ross.31 Much of the above mateïiaI has been collected by Ruck,

Barrick, Stuart and Krichbuu^32 and the authorrs results appear in a

recent book edited by Skolnik.33 Finally, all of the above results attest

the valídity of the scattering center concept and only the salient points

revealed there are discussed be1ow.

By virtue of the asymptotíc relationship between scattering

center theory and exact theory, approximate formulas for radar cross

section and scattering phase show explicit dependence upon all radar

parameters (wavelength, polarization, bistatic angle) and all target

paraaeters (size, shape, aspect angle). Although the method has shown

instances of utility extending to the low end of the resonance region,

its major advantages are realized in high-frequency applications where

a realistic analytical alternative does not exist. Further, prediction

accuracy increases with increase in target size-to-wavelength ratio,

with time required for computation beíng related only to target shape.

The scattering center concept provides a powerful tool for synthesis.

successful treatnent of one type of center allows prediction of re-

radiation from the same center located on an otherwise different taïget.

This building block characteristic enables a unified analysis of high-

frequency scattering.
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The above advantages apply specifically in the prediction of

radar observables. The scattering center concept has also proved useful

as a guide to analysis. fe1134 derived a bistatic-monostatic equivalence

theorem based upon it rather than upon physical optics as was an earlier

nore approximate relationship that has been frequency cited.35 Ross and

Bechtel36 applied the scattering center concept to obtain a realistic

analysis of g1int. Kell and Ross37 ,rr"d the scattering center concept

as the basis of an approximate solution to the inverse scattering problem

(i.e., given the electromagnetic field reradiated by an unknown target,

find its size and shape).

7.3 Major Researgh A:eas

With all the advantages attendant with the scattering center

simplification, and not withstanding the fact that it is the only practical

approach to high-frequency scattering prediction, the snal1 nt¡rnber of

centers having known reradiation characteristics has placed the approach

in jeopardy. To date, predictions have been fornded upon the known re-

radiation characteristics of but two centers. One center gives rise to

creeping waves and the other center is the sharp edge. It is necessary

to enlarge the class of scattering centers having known reradiation

characteristics to provide generality. Here we review the status of

previous ì-nvestigations of corner, tip, and modified edge scattering

centers. Ilhile other centers may occur to the reader, these three types

represent the most important "building blocksl' now missing.

1.3.1 Corner

The scattering

sone attention. Kraus

center formed by a planar corner

38-- examined the canonical problenr

has received

of a quarter
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plane but fourd the solution intractable for asymptotic evaluation. More

recently, SatterlvhiteS9 treated the general planar corner as a limiting

form of the solution for an elliptic cone. Hopefully, this latter

approach will provide an analytical approximation of the reradiation

process. The only available formulas for a plane corner are given by

Ke11er, Lewis, and Seckler;40 however, they were derived frorn physical

optics, whose validity here is extremely suspect.

As an example of the application of the unknou/n corner scattering

center, consider scattering by a rectangular flat plate at aspects other

than those confined to the principal planes. Then diffraction arises at

the four plate corners. Thus, the reradiation characteristics of the

corner scattering center are necessary in removing present aspect

limitations.

7.3.2 Tip

The three-dimensional tip is another scattering center whose re-

radiation characteristics have been investigated. Felsen4l obtained a

solution for the canonical problem of a semi-infinite cone and reported

an asymptotic expression for tip scattering for narrow angle cones. Un-

fortunately, his result is only valid for angles near the axial aspect lvhere

the tip return is usually negligible. For a conical tip with radiatj-on

incident along the axis, the backscattering has been calculated by Siegel,

.t ^I.42 in the limiting cases of cones with sma1l and large apex angles.

It is surprising that, although the result is based upon physical optics,

it agrees with the first term in the asymptotic expansion of the exact

solution.
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Knowledge

to obtaining good

cone.

of the diffraction by a conical tip is necessary prior

agreement between theory and measurement for a finite

1.3.3 Modified Edge

The sharp edge is characterized by a discontinuous norrnal. Con-

sider modifications to a sharp edge such that various degrees of smoothing

are involved. The modified edge will exhibit a continuous normal with

discontinuity in higher derivatives of the normal at the junctions. For

example, a circular-cylindrical sector joined smoothly to a wedge gives

rise to a continuous normal and a discontinuity in the first derivative

of the normal. An elliptical-cylindrical sector faired to the wedge gives

rise to a continuous normal and first derivative, but a discontinuity ín

the second derivative of the normal at the join. Increasing the degree

of smoothness places the discontinuity in higher derivatives of the

normal.

The amount of diffraction arising at the discontinuity in the nth

derivative of the normal decreases as n increases. Thus, a logical

approach to enlarging the catalogue of edge scattering centers requires

initial consideration of an edge modified so that a discontinuity exists

in the first derivative of the normal. We uniformly refer to this shape

as the ror¡nded edge. Rorr28 suggested an application of numerical integra-

tion techniques to predict scattering by a rounded edge. However, no

satisfactory method for truncating the integral equation calculation in

a region local to the rounded edge could be developed.

Once the rounded edge has been satisfactorily treated, scattering

center theory can be extended to include targets which exhibit rounded
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as well as sharp edges. This extension is necessitated by practical con-

siderations. Aerospace vehicles comprise an inportant class of radar

targets having rounded rather than sharp edges. Here rounding is intro-

duced for aerodynamic reasons as well as the minimi zatíon of nonspecular

radar returns.

In summary, both the corner and the tip require further research

prior to inclusion in the catalogue of scattering centers having known

reradiation characteristics. The rounded edge is chosen for study in this

thesis since little is presently known about this center despite its

irnportance in practical applications.

I,4

r.4. t

Rounded Edge

Scattering Center Model for a Rounded Edge

The monostatic scattering center model for a rounded edge is a

function of the degree of rourrding. For smal1 rounding, the edge will re-

radiate as a single center. For large rounding, returns arise from a

maximum of three regions on the edge so that a model comprising three

scattering centers is required.

A general nonostatic nodel for the rounded edge consists of the

three centers labelled in Fig. 1.1. The obstacle is formed by mating a

cylindrical sector to the tip of a semi-infinite wedge so that the tangent

is continuous at the joins. o¿ is the half angle of the wedge, and a is

the radius of the cylinder. A monostatic aspect angle 0 is referenced

to the axis of synnetry. Center J, is located on the cylindrical sector

and gives rise to a specular return for - (rr/z-o)xOz(/-<-). Centerc Sl,

and 3,2 are identical; both are located at the join and suppoït diffrac-J*
tion from the discontinuity in the first derivative of the normal at
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these points . S¿/ contributes directly to the backscattering for

- d4 ê t(z-a'); a corresponding rerurn from 8rz exists fot -(z-- u)a et q-.

Where the electrical radius of curvature is large (4arrf), the three

scattering centers will reradiate independently. As the rourding is

decreased to moderate value (,La-*z), the return from Bo will decrease

and interactions between centers s7/ and Srz will become appreciable.

For rounding less than moderate (say ka¿2), strong interactions between

centers will considerably complicate the three scattering center descrip-

tion. In the limit of vanishing curvature, the return from J" diminishes

to zero, and the direct and interaction terms associated with Sr/ and

8," will reduce to the sharp wedge result.J"

The complexity of the above model for scattering by a wedge with

rounded edge is a function of the degree of rounding. This situation

reflects in a natural division of further discussion depending upon smal1

or Iarge rounding.

(1) Large Rounding (ta rz)

Presently, there exists a description of the specular return

from the center + based upon geometric optics. The formula is valid

lor þøè2. This, and the desire for negligible interactions, accounts for

the othenvise arbitrary choice of lower limit on ,(ø being discussed.

Knowledge of the direct reradiation characteristics of the join scattering

center would thus complete the model for large ror:nding.

Diffraction by a join scattering center is best studied by

asymptotÍc evaluation of the corresponding canonical problem; that is,

the isolated geometry of exterior space bounded by a circular arc joined

tangentially to a p1ane. This isolated geometry has been anaLyzed by
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Hong and Westonr43 using-an integral formulatíon. Their research was

directed toward evaluation of the creeping waves launched at the second

order join discontinuity. It was later expanded by Stone and S leator44

to determine reradiation from the join in the forward direction (more

specifically, in the deep shadow region). hhat is required here is the

nanipulation of the asymptotic solution of the integral to apply for

monostatic scattering by the join. The similar problen of the smooth join

formed by two parabolic cylinders has been treated by Weston.45 Because

the surface fields for the rounded edge are known, the difficulty involves

proper approxiination to the Green's function and evaluation of the

resulting integral erçressions. It may take several different expressions

for the Green's function in the various regions, but this is a detail.

wíth enough patience and ingenuity, weston's approach should provide an

asymptotic description of reradiation by the join scattering centeï.

(2) Moderate Rounding (ka - Z )

For very sna1l rounding, the modified edge reradiates essen-

tially the same as the sharp edge. Even for ror.rndings such that the

nodified edge ceases to. act lil<e a sharp edge, the modified edge will re-

radiate as an individual scattering center because the separation be-

tween all three centers is a srnall fraction of a wavelength. Due to

complications attendant with the three center model, it is worthwhile to

examine whether an effective single center description can be maintained

for moderate roundings. However, the answer to this question requires

the determination of the scattering by a rounded edge as a function

of l(ø.



1ó

I.4.2 Reradiation Characteristics of a Romded Edge

The reradiation characteristics of a rounded edge may be determined

by solving the problem of a semi-infinite wedge with rounded edge. The

solution can be found using either an integral equation formulation or a

bonndary value approach. We choose the boundary value approach because it
is simpler for thís problem. What we require is the anplitude and phase

of the far fields scattered by a wedge with rounded edge for plane wave

excítation. Here phase information is necessary in the scattering center

formulation (see (1.1) through (1.3)). of course, findings in the two-

dimensional case may be generalizeð to three-dimensional edges by applying

the divergence factor of geometrical diffraction theory.3l

Following the completion of research, but prior to the compilation

of this thesis, a solution for the wedge with rounded edge was reported in

Hunter'146 therir*. our approach entairs an independent solution to the

same problem as one step in the application of results for predicting scat-

tering by finite targets. Because of common aïeas of investigation, paral-

1e1s between Hunterrs work and ours are drawn where appropriate in this

thesis.

Hunterrs cal-culations of the nagnitude of the scattered field constitute
one illustration of the application of the surface current density replace-
ment technique. This technique enables the scattering from any size body
to be deternined to a given accuracy after the inversion of one finite
matrix, provided that the shape of the body can be derived by inwardly de-
forming a finite part of a body fron which the scattering is known explicitly
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Figure 1.1 SCATTERING CENTERS ON A ROUNDED EDGE



18

BOUNDARY VALUE SOLTJ-|ION FOR THE ROUNDED EDGE

In this chapter, boundary value theory is applied to the wedge with

rounded edge and the behavior of the scattered field under plane wave exci-

tation is examined for both principal polarizations. Of special importance

is the dependence of the scattered field on the electrical radius of the tip
(ka) and the degree of curvature beyond which the rounded edge ceases to be

satísfactorily described by the known diffraction coefficient for the sharp

edge (i.e., as ka+,0).

The vertical polarization boundary value problem (TM case) is formu-

lated in section 2.r by an eigenfunction expansion for the fields such that
the boundary and radiation conditions are satisfied. In Section 2.2 the

continuity of fieJ.d components required across the circular cytindrical
matching boundary determines an infinite set of simultaneous equations in the

unknown expansion coefficients. Section 2.3 contains the derivation of
vertical-polarization formulas specialized to scattering due to plane wave

incidence. Since most of the TE solution is similar in detail, Section 2.4

treats only those departures peculiar to construction of corresponding hori-
zont al -polariz ation forrnulas .

Effects of truncating the infinite set of simultaneous equations for
expansion coefficients is discussed in Section 2.5; in particular, one can

anticipate i11-conditioning of the systen for large ka and narrow wedge

angì-es. Upon choice of convenient values for these trvo païameters, typical
data are presented which indicate numerically the degree of satisfaction of
boundary conditions, continuity of fields across the matching boundary,

and stability of monostatic scattering predictions with respect to tïunca-

tion limits.
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Calculations of principal-polarization backscattered fieids are pre-

sented in Section 2.6 in the form of plots of range-independent magnitude

and phase vs. aspect angJ.e as a function of ka for 60o, 90o and r2o" wedge

angJ-es ' The gross dependence of magnitude upon ka is compared with expec-

tations based upon simple scattering arguments. Calculations of bistatic
scattering are discussed in Section 2.7 where the relative strengths of

shadow-region fields associated with sharp and rounded wedges are conpared.

In section 2.8 we examine scattering by a cylindrically tipped

wedge to the extent that it affects the accuracy of our solution for the

wedge with rounded edge. The capability of approximate rheory for predicting

symmetrical-incídence backscattering from a cylindrically tipped wedge is

evaluated. Comments on the analysis in Chapter 2 are presented in Section

?a

Related boundary value solutions include those for a wedge, a

cylinder, and a wedge with cylindrical ,ip.47 The cone with rounded tip is

the three-dinensional equivalent of the problem under investigation; of

course, the details of the analysis employed by weiner and Borison48

differ markedly.

2.7 Formulation of the Problem

Consider a two-dimensional, semi-i-nfinite, perfectly conducting

wedge with a rounded edge, as shown in Fig. 2.r. The two surfaces of the

wedge are tangentiaL to the tip so that the cylinder and wed.ge sections form

a continuous profile. For the sake of convenience we locate the axis of

the cylindrical section and the virtual apex of the wedge section along

the z axis of the polar coordinate systems (p,ô ) and (r, ó), respectively.

Once the wedge half-ang1e d and tip radius a are chosen, the distance d
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separatlng the origins of the two coordinate systems is given by

d=acscq (2.r)

while the circular cylindricat matching boundary (R,P ) is determined by

R=dcos q-= a, cotd- i q1 ø - 2r-x. (2 .2)

It is convenient to subdivide exterior space into the three regions

indicated in Fig. 2.I. Region I is confined by the matching boundary and

the rounded edge

O4r!RiqaØa2¡r-æ

0 + r z- R secoþou 6-þos'4 - cor"^yn7, ; - e < þ z x.
Iìegion II extends from region I to the cylindrical surface passing through

the line source excitation at (ro, þo or po, 6o ) and is bounded by the

wedge sector

R<r4lo; q.<ót 2z-q..
lìegion IrI extends from region II to infinity excluding the wedge,

4<f 4*i 44ø¿2v-q..

Our procedure is to choose a series expansion of Er(Hr) in each

region, subject to boundary conditions and the radiation condition. Inte-

gration across the appropriate line source and appLication of continuity

of fields across the matching boundary leads, with the aid of orthogonality

conditions, to the unknown expansion coefficients associated with the fields

in region II. By extending the locations of the source and observation

point to infinity, the desired expression for the far scattered field

E- (H-) produced by an incident plane wave is obtained. We may assume thatz' z'
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all vectors are independent of z and have time dependenc" "j" (suppressed)

Ihen al1 llankel functions are of the second kind and the supeïscript (2)

is implied throughout.

Iìor an electric line source (TM or vertical polarization case),

the non-vanishing field components are Er, Il, and H* where the tatteï two

fields are obtained from E, via Maxwell?s equations. Thus the expressions

for the totat electric field in regions II and III which satisfy the

boundary condition Et"r, = 0 on the wedge and the radiation condition are

given by

(2.3)I
@

-s--4. 
. \ | ,L. (4Ð= l- lb"n=t L

r kl^- / ^\,trr(p,a/- - 4ÒÉ

on ,+ ttr) ",,ft Ø -^l
7-

E, (/,ø) =

,I, (kr) * t, H,
7

,r-*l (2 .4)

boundary

from singu-

in the

(Po'p )

,r,l',,1#

where "n, bn, cn are the unknown expansion coefficients, k = 2 1f/^ ,

7 =T/rr where { is the exterior wedge angle 2 ¡r - 2 o , and the super-

scripts on the field denote the region of validity.

In region I the total electric field must satisfy the

condition E. = 0 on the cylindrical sector and nust be freetan
larities. Initially we choose a form of the cylinder solution

P , € , z coordinate systen valid for an exterior line source

of intensity Ío 49

,r*rl
@T\-l
L ,t, (tp)lI"
P'O L'

L(k a)
(kp)- ,eÐ locosVê; p> a.

(2 .s)
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Since (2.5) exhibits even angular dependence, whereas the general form for
the field in region I must contain even and odd angular cìependence, we

rewrite it in the form

rrr^ o, _ _ k'ro 3 |-- J)kÐ ll- -l
[,(p,ê) = - 4": l- Ho(k 4)lJ,r*à ffi uoke)]/ecctsp0+ trs,nnê)-_ p=o L, /tp\ Ø/ . _lL, / r 

(2.6)
where the coefficient fo is recognized to be zero. Next we express (2.6)

in terms of the polar coordjnates (r,þ) using the usual addition theorem

for the cylindrical functions,

Zpk¿ l:i:j r, =F- Zp,?(ka) t r*"4ziiÏ r ø e.7)

In (2.7) , when Z represents a Bessel function of the first kind, there

are no restrictions since p is an integer. when Z represents a Hankel

function the condition d > r must be observed; however, this condition is
satisfied for all points i-n region I. Ir is ro be noted that (2.7) does

not intro<luce fictitious singularities at the origin of the (r,ó) coordinate

system. Hence applying (2.7) to the observation coordinates of (2.6) we

h ave

- r,z. =P Ø
-r K /. \- s-.. .. , f _ l-(ko) IL,(ryó)= -4;:h Ho(kp,, 

È_rr,o,rVr-rk¿)- ffi Hr-r&at) (r.,
T)
V, "o" ?ø * {, s,n 7ó]

The nonvanishing components of the magnetic field are

H (r ,Á) = -:J- âE,
" r t' , y,/ 

/ dy'Lr Aø e,9)

Hø (r, ø) = ,b + (2. r0)

which are given in regions I and II by the rerations
t/rt^'t- z'i 'okp")î. .Tu(kr)lr--"kd)--ür?l Iuv(tt?/- ZjTz- n

'/' p'o ?=-- , Lr*f t/r(ka) Hr'r(*a1 X

?f o, snf / * f fr .", Vll (2. r1)
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Hr(k4,P_";,n.,V *? k ¿) #-Z ro.r,nol

V, ,or 7ó + lo "," 7d)
4

>- #lu, ,T, (kr) n., Hn t*rl "orft f ó - ^sfn=t "L r '; _i L' _i

?" 
ti k r) + ., Hi,n,l',,f, ,, - *l

7tæ
- -,¿/<-

,,1 ¿ \ø, ØØ) = +¿ Z-/ P=o

/- 7-/r
ækt

jd//L
¿ ' n:1

X

(2 . 12)

(2 . r3)

(2. r4)

the total

(2 . 17)

where the prime notation denotes differentiation with respect to

argument kr.

2.2 Determination of the Expansion Coefficients

In this section rve apply the continuity conditions on the

tangential fíelds in the three regions to determine the unknown expansion

H: ØÐ =

Høz t,Ð=

coefficientsb,c d andfn- n' p' p

To evaluate bn, h'e view the current

current on the sheet t = ro. The boundary

a current sheet is29

Employin

Tk
I 

= 

-

"z /a/

From the continuity of E

element as an impulse of

condition to be satisfied at

h n ) - Hr(r;) = rtf rr ¡ - uf fn ) (2. is)

(2. r6)

g Q.Ia) and substituting (2.3) into (2.10) we obtain

L l, uj (*,o ) - bn,r| {*a) - ., ø ) (t21 
","1# 

(ø - *l"=rL 7 7 ï I l" _l

J = H.zø

an Hn (kro
r

at
z

)= /.t "n

r = r_ it follows thato

Io(k 1) * c, Hn (kro)
¿7

which may be inserted into (2.16) ,

relation for the Bessel and Hankel

and simplified using the Wronskian

functions. This approach leads to
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1-
'Jz -

sheet for

ro' ø =

æ
-z \

vr"øl;f
,,p @ - -I

b,

Since the current

strensthl atr=-o

Hok4)

a lÍne source is simply an

lo , we have

6(ø - ó")
o

(2.18)

impulse current of

(2 . ts)

(2.20)

], integrating over the

relation for the sine

l.= I.

so that

","p{ø - *l)

H"ka)',,Vø"-^l
7L

tr, , ø)

Hr(k ro)
bn

Multiplying both sides

range q=þa2¡-a,

funct i-ons leads to

of (2.20) by sin l.f f ó - ^ t

and using the orthogonality

-a/./.vft/o
h"na / (2 .21)

Next we impose continuity of the tangential fields E, and H,

across the matching boundary (r = R, æ ! ó 4 IV - x. ) between regions I

and II to obtain c' as a function of d- and f , and sets of simul-taneousp p'
equations allowing the determination of do and fn. Thus equating

(2.8), (2.I2), to (2.4) , (2.I4) rve have from the continuitV of E.

L2T" 'o- 4Òe Hp&n) xfu,rn(*B)+ c, Hn{*nl]
L77_J

f J-^(ka)
J?kR)V.rka) 

"/^

@

/-
n=t

æ
\-
,/
7=-æ

fnstnp(

H(k
P+?.

Ë
P=o

ø-"1

,l?, cosT/ + f,

() ))\



25

and

æ
\-1-
n=t

from the continuity of Hø

I u,, ; (k p) * ., H', (x n)] s,nl+f ø -L z T J l"

-t -k'r^ .e-rl-"\æt)- 4a:, fu

lt (k¿ ) - ro(ka') lf
lo*r' HokøÍ Horr(*a;1(r'o' rØ

å
/z-

7=--

";r')

Hr(kV"

+ lo srn

JçkR) X
' (2.2s)

Equations (2.22) and (2.23) relate four sets of expansion coefficients,

three of which are unknown. In fact, we have four equations and four

unknowns since both equatíons exhibit dependence upon even and odd functions

of ó along the narching boundary. For n odd, sin l+(ø - x) I generates

even functions of ó with magnitudes having one maximum occuring at # = ¡r

For n even' on the other hand, this function is odd and vanishes for þ = v
'lhus due to the orthogonality of even and odd functions, (2.22) and (2.2s)

may be satisfied independently for both types. The coefficients dp *",
hence be determined in terms of odd cn which corresponds to rnatching even

angular functions. Simila-rly, the coefficients fO are related to even cn

in the matching of odd angular functions. Bearing this in mind, we multiply
(2.22) and(2.2J) bysin t+ø-x.) I whereqandmareintegers, and

integrateover ø intherange d- 4 ó =2rr-æ Sinceontheleft
hand side the angular functions are conplete over this range, the orthogonal-

ity condition applies and we obtain

'Vr r -kzt^i- {q
Tlor.Tn(kR)rcnH kR)l - a LHo{*p,) /_,1-?(kR) Xl" z i -l 4øe p.o ?=-*

f- rnftø) lt I
þ.r(t'¿¡ - ffi He*oka')Pot,. to t,) Q'24)

.)/rf | - -k'I^ g- .9

llu, ri{*at*,. HL(kR)l= æY- ,o&n)\ r-'¡,<e)
L_ , , i I 1-Òe ?, r ,o F_ f ,

t- ,r-kò I l- I
f*rkd)- ffi H?.rka)Vr t,. rr t,) (2'2s)
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where
n2v-d| * fr,, .lr, = I s,nlï (ó-e))cos f.þ d ó

Jdl

m--J-

(2 .26)l,-rr)'f "osvo , + + lrl2

and

(Lr) -tr 
'

L toka) lt. I
fr.r,n 

at- 1ípa Hø, o,atlYr t, . rr t" 
)

-- + H_(k1)',W&"-4f
d

=;Í=lr"e r¡l',, ?o ; îrlul e.27)
\Z) -ç)

=*.^n-*LL- s''2væl m +-oosf*?-- ,r ); 7==7

At this point the closed form solutions for integrals I, and I, bear out

the independence of even and odd angular functions on the boundary. From

(2'26) it is apparent that the solution for dn depends upon odcl m, since

I, is zero for all odd m. Similarly, even values of rn determine the re-

Lationship between c, and fO.

To solve (2.24) and (2.2s), we eliminate cm on the left hand

sides, substitute for b' fron (2.2r) and employ the wronskian relation
for the Bessel and Hankel functions to obtain

Ø
F::-

I uo(*a)l l4trR) H',íkR)- rj {*nt t. rxnl x
?=o ?=-*l' 7 ' 7 _l

(2 .28)
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Again, (2.28) represents a

m is even, and leads to two

Solution of these equations

sion coefficients.

Substituting for bn

we obtain

solution for d_ when m is odd, and for f whenpp
independent sets of simultaneous equations.

completes the determínation of all the expan-

from (2.21) and for

J- kp;
7

H (k,e)
n-7

cn from (2.24) into (2.4)

@(

r! rnÐ => 
4

n=1 t

þ,n

lr,* ,, -
a,
ø"-*l

- au-tr T/-ô
lkr )n ñ'y7

- k'r"

- æ,) stn

H (kr)
n7

/?t
v(?rø

H, &")1 xvl

,o -r rr alVr r,, ç'¿L,. Ç,, - -lj

2ateY Hn(kR)
7

,I" (* e;
7

z
P=o

€-
Ho &f" ) ),

7= --
X

I'
l_ P'l

Jokø)
k¿)- vrrõ

(2.2e)

(2. 30b)

of the second kind

which, in conjunction with (2.28), constitutes the solution of our problem.

Far Field Expansions for Plane Wave Incidence

since the analysis of the previous section applies for to , t
( /" ' P ), Q.28) and (2.29) may be specialized for plane wave itlumina-

tion by letting the line source recede to ínfinity, i.e., ro ( ,p" )--->æ.

Then approximate relations between n , ro and ao , Øo are given by

Oo-î-þ" (2. s0a)

fo- ro-/cos þo

while the asymptotic expansion of the Hankel function

for fixed order I and large argunent / ís given by51
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/ 2 \//2 - i (t- n/+ - 'tr/z )Hl(r)* (v/) e
(2.3r)

Hence (2.28) reduces to

z
þ=0 Ð -l"o(kR) 

H;(kR)- Jr' kR ) H_ tn nl x
177-l

t J^(ka) I l- I
Yo.r(kd)- 4G¿ Ho.r(*a4lnrt, " çt,)

_ 47' lm,, J -l'kdcos/o-ntr/27)= _ 
T; ,,rb_ @"_ * )) e

(2 . s2)

while (2.29), together with (2.3I) and the expansion for the incident field
)o

].nt ens r ty

E : = - + (-:-) /' 
.-/(o'o 

- z/+)
(2 .33)

reduces to the normalized relation

--tr, æ t 4kP) IEî(r,/) lil- 7 I 1'nn/zz l-- I r" -l

- 

= ; )_ 
| 
r+(kr) - -4?-ø øn(kr )le" ","ff @-*)þ,,f, þ"- Ðl-z n=tl r + T J

z i *lcos þ" { 
Ho&r)

+'o' 1 '- . ",rfçØ-^\ xT " î:í Hn(kP) ""'L

€- f- J^(ka) ,1,.- ^-1
ì-- "r(kR)Y".r(*¿) 

- ;¡ He,r&atlþ+ " roz, j 
e.s4)

2
P=o
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where the factor elPv/z in e.32) and (2.34), due to the asymptotic

relatíon (2.3r), has been absorbed in the coefficients doandîo.

Examination of (2.34) shows that the term under the first summation on n
is the solution for a plane wave incident on a wedge with cylindrical

tip of radius R 47 , The second sumrnation on n repïesents a modification

to this solution due to the fact that the electric field in region I is

not zero for a wedge with rounded edge.
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To obtain th

and we employ the we

t)
sharp rvedge--. Furt

ponding TM electroma

side of (2.34) by mi

points in the direct
_s _

Lr(4 Ø) ^-¡(r,* {)'e
- r!-- e";;¡ø

ïar f

1 knov

eï, el

neti c

us on(

on of
/)/stn j

-

_sered field f ; (r,$) tuon (2.54), we use (2.3I)

proximation for the field diffracted by a

ion of a soft scalar solution to the corres-

lem requires that we multiply the right hand

This assures that the Poynting vector

scattered wave. Thus we have

"o' 
(!:-ø"\
\/./

(ó
\' d

(2. ss)

H n (k,?)
7

J, (ka )
L/r(ka)

-^lt,nftø-*f; ",nli
11++"4
/

',,þ(ø - *tr 2/

ó -'nÍl/
Le
n=1

>- '+&R)
7'-*

,otÇ -
7/ /ó * Ø^-znl
- - cos\--;-. 

/,

',./oolVot,r'r'¿lIto,,rno, -
L'I

tê
/-u
n= I

Y

T-
?.o

and the desired solution is given by (2.32) and (2.J5)
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2.4 Hori zontal Polari zation-ITE Case)

When the line source of Fig. 2.I is a magnetíc filament of intensity

4o the problem is dual to the electric filament case. Since most of the

analysis is similar in detail to that presented in sections 2.r,2.2, and

2.3, only those departures peculiar to the construction of the horizontal

polarization solution are presented in this section.

The expansions for the magnetic fields in regions I, II and III are

m€-,ï t,þ) =¿ An L/, (kr) ,orþ(ø -'ø1
n=o T

-?9^,Ï t,ø)=Z fu, ,f,(kr)+ Cn H"rl'r, ,""1]¿ø
n=o L 7 7 _l L"

k2k æ @

u,' (có) = - T:T H^ (ka ) > tukr)+ay/lo v /o 
î._

-"\

(2 .36)

(2.37)

(2 .38)

The only other

of the electric

,1

which are dual to (2.3I)

nonvanishing fields are

field rvhich are given by

, (2.4I) and (208), respectively.

the radial and angular components

2H,
Er(r,ø) -- - dø

I
1Ø€. r
¿/

.l

Lø(r,ø) = 
,.ae

âH,

(2.3s)

(2 .40)

obs tac 1e

2r

Equations (2.36) to (2,40) sarisfy the boundary

and, where appropriate, the radiation condition

conditions on the

at infinity.
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To evaluate the unknown expansion coefficient gn f-rom (2.36),

(2'37) and (2.38), we enforce continuity of Hracïoss the boundary /= ro ,

o ! þ 4 2¡r-æ and the boundary condition for the jump discontinuity at a

magnetic current sheet, i.e.

Dön-

wlrere ê, is the Neumann number, i.e.

Jz . Applying orthogonality and simpti-

an relation as before, we obtain

,4or) .",lro @"- *l
r - r (2.42)2?!

(2.43)

(2 .44)

c analog of

the l{ronski

lròe Ko e,

where M, is the magneti

fying the results using

þ.r,no, #3 r,,r,o,lÞ,,.o,4f= -# r+*,).,,(, (ø.-^l

- I for n=O
"n 2 for n>1

uated by enforcing

r= R, d<d = 2z- æ.

eliminating the

taneous equations

The expansion coefficients D, and FO are eva).

continuity of H, and E, across the matching boundary

Applying orthogonality to the matching equations and

coefficient C, we obtain the following sets of simul

æØ i-r

?=o ?=-æl' 7 , î _]
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where J.

and

r ó ¿ø

?o' #rlrl
(2.4s)

T-r--7

t _ ¡2zr-a mL - / cos-+// Jq-

(ó-o) stnTúaØ

(2. 46)

= s,r, ? ^ lrv 
. t4í.1, i = t r

_ o; _=?=o
In the solution of the simultaneous equations for DrandFr, we notice that

IrE+) vanishes for odd (even) zr. Thus we again see that the even angular

functions are matched across the matching boundary by the expansion

coefficients D, while, conversely, Fp match the odd angular functions.

Furthermore the coefficient Fo, assigned for V=0, is identically zero.

field in region II may be evaluated by elininating

t

J ' (kR)
n

_7
ll'kp)n
7

.- --.ì

lt /-t ll
7 \\po- c\ /)

(2.47)
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One finds the effective intensity of the incident plane wave to be

(2.48)

and the asymp-

for fixed order

(2 .4s)

Interpreting (2.47) for plane wave incidence, usir-rg (2.48)

totic expansion for the Hankel functions of the second kind

and argument approaching infinity, we have

ø! rr,!¡ 
= zi , "i,-/,rl - (*Ð- 

tt: 
H l

7 =;à " li 
r)-;,&Pr Hi&Ð) x

/

IH kd)l Yp+r l

v

t,
lr.?

¿¿eK / 1 ,l/zo / < \/
4 \,rF;)

- ¡(x+- i)

Ø

/- en
n=O

the solution

of radius R47

the solution

¿

lJt tz

þ"'+,r- o),os îtø-*)] "
2 kd cos ó"

H (kr)
n
7

/4' kR)n
7

@

\-1-
?'-*

tr'kR)
7

Øt/-
P-o

'"'V', --l

Again, the first surn over n in (2.49) is

incident on a wedge with cylindrical tip

over n is that modification necess ary to

rounded edge of tadius a .

Þrt, 
r Çt.)

for a plane wave

. The second sum

for a rvedge with
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for the far scattered field is given by

/
v l'ø- ø^

V - cos l--7-
vos7- /ø. ó"- z^1

cos\-/ 
/ 60s

f , h t, \ n
l"ot 7 @ -d) cos 7

"o"þ(ø-')f
H'n (k R)

/v

(ø. --l
(2. s0)

@

\-
L, 6n
nzO

. nîf
/2/

X

Ë Ë ru'{*,efa.-,0r,- 7fr*"t "1[^ r + tr .11
r=0 ?.-@ ' ' lz+7''--' Hr&ò Hevt*al 

1Y"t 
* 

"to) f
_J

with the expansion coefficients Do and F, determined by the two sets of

simultaneous equations generated by

Ë Z lr^,0r, HnkR)- çr*nt H-kRllr--"(k¿)- #" Hn*or*at] xñ 7* l' T r ç " )1,'r'' 
-'' u)r*") "P*?' 

_J (2.s1)

Vor, * rrr*f = + "."1i Ø"- o,] " 
¡(kz "o' p - -n/27)

Notice that the hard scalar solution applies directly to the corresponding

TE electrornagnetic problem.

?( Num-erical Solution of _th_e Infinils_ S¿s_te-m. gf Equations

The infinite systems (2.34) and (2.49) have no closed form solution

except in the near field for the limiting cases of the cylindrically

tipped wedge (k¿ = 0) and the sharp wedge (k¿ = ka, = 0). unfortunately,

the corresponding systems for the far-scattered field (2.35) and (2.50) do
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not constitute closed form solutions because of slow convergence of the

lvedge series. The following discussion of truncation effect relates

findings for the TM case; they are representative of dual paraneters in

the TE case as well.

For a wedge with rounded edge, region I expansion coefficients

(dp, fp) are evaluated fotlowing truncation of the infinite series in m,p ,

and V in (2.32). When ka and kR are small, little eïror is introduced by

truncating the independent sets of simultaneous equations to two M x M

systems: srnall ka. causes rapid decrease in row elements, whereas smalI

kRcauses similar decrease in column elements. when kd. is sma11, rapid

convergence of the V summation in each element is assured. Of course k,€

and kl are fixed once Åaand the half-angle of the wedge o.-are chosen.

Then one can expect little truncation error when ka is sma1l and oc is

1arge. As ,k¿ increases or r( decreases (and hence y'4 increases), the

coefficients of the unknown expansion coefficients also increase, and

progressively more ill-conditioned systems result. At the outset then,

one can anticipate failure of the nethod for large ka and snall o¿

A numerical investigation of the internal. consistency of the

boundary value solution was perforned and ïepresentative results are

presented in Tables 2.1 through 2.4 which are discussed in detail below.

All data in these tables apply for plane wave incidence on a 90o wedge

with rounding ka = r. Equation (2.s2) was truncated on m, p anð, V and.

solved by Gauss elimination, where matrix elenents are complex valued

functions as are the expansion coefficients dp and {p . The number of

terms in each sutnmation in (2.32) is denoted by tul , p(=H) and Q respective_

7y, Field calculations wilt involve the same number of terms p ande ,
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with a total number of modes N--/4. Unless otherrvise specified, lve have

chosen t/=5 and Q=6s for the following study of internal consistency.

2.5.7 Satisfaction of Boundary Condition Eron= 0

The boundary conditlons require that the tangential component of

the electric field (Erur) be zero on the conductor. In region II, the

conducting boundary is defined by Øa- t æ, ry > R . calculations were

based upon r!Øu,ø;/f I given by (2.34) since this quanrity is directly

proportional to Eto, i, region II. In region I, points on the boundary

of the cylindrical sector are given by the coordinates

fg= Rsecq

Læ

, -f t \ /-and Er' (ry,d")/f ! was calculated using (2.8) following speciali zation of

this equation for plane wave incidence.

TabIe 2. I presents numerical results foï Øo= f/Z at 10o increments

,n da. The tangential etectric field on the conducting boundary vanishes

to order 10-15 on the rvedge section and to order 10-7 on the cylindrical

sector, except at the joins where order 10-4 lvas calculated. The latter

two estimates are higher since a mix of radial and angular functions is

required to satisfy the boundary conditions. It is also required that the

boundary condition be satisfied for each mode. Here Ít was found that

each mode satisfied the boundary condition to the same order of magnitude

as data presented in TabIe 2.I.

l,"u øu-

- d 4 ó-
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Table 2.1

TANGENTIAL COMPONENT OF ELECTRIC FIELD EVALUATED
ON THE CONDUCTING BOUNDARY.

a=î//4, ka=1, do=¡r/2 ,M=5,O=6b

_r ,Lv ('6' Q3)

_¿
I

9^ REAL PART IMAGINARY PART

45

35

25

15

5

-5

-15

-25

-35

-45

-0.4 x 10-4
-0.8 x 10-6
-0.1 x 10-6
-0.2 x 10-6
-0.6 x 10-6
-0.6 x 10-6
-0.6 x 10-6
-0.5 x 10'6
-0.5 x 10-6
-0.6 x 10'4

-0.5 x 10'4
-0.7 x 10-6
-0.4 x 10-6
-0.1 x 10'6
0.5 x 10'6
0.5 x 10-6

-0.2 x 10-6

0.2 x 10-6
-0.9 x 10-6

O.2 x 1O'4

ET G8 'þs)
¿tr*7

tO
þa REAL PART IMAGINARY PART

+45

-45

-o.2 x 1o-15
-0.4 x 1o-15

0.3 x 1o-15
-0.7 x 10-15
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2.5.2 Continuity of Fields Across the Matching Boundary

Next we examine the degree of numerical satisfaction of continuity

of fields across the matching boundar! r=Ri a-! þ,r.t¿2v-q." Th" electric
field in regions I and II rnay be evaluated on the boundary using (2.8) and

(2.4). TabIe 2.2 presents calculations for plane wave incidence with

Ø"="/t and 10o steps ,n Øu. continuity between real parts and between

imaginary parts of the electric field is good to at least 3 decirnal places.

Discrepancies are least when þ, approaches þo where the error occurs in

the 5th significant figure. Investigation of the continuity of magnetic

field components H, and H, reveared the same behavior; although the

continuity of H, degrades s1ight1y, the order of magnitude of agreement

shown in TabIe 2.2 is maintained.

2.5.3 Stability of Far Field Calcularions

It remains to examine the stability of far field calculations in

terms of the truncation limits Ç and pt=N. Using (2.52) and (2.35), we

fixed the matrix size to 5x5 and varied the number of terms in the

sumnation to obtain the monostatic far field data given j_n Table 2.3.

These data comprise the magnítude and phase ot E)eø/ti following

normalization to remove range dependence. Table 2.s shows that the

stability of far field calculations increases with increase in the number

0f course, the anarytic continuity of the transverse components E, and,H6is implicit in (2.22) and (2.23) respectively; an explicit proof is
obtained by murtiplying each equarion by s,"ff(ó-xl and- integräting over
Ø from u to Z¡r-a to obtain an identity. Sinilar tïeatment of theradial componentH, does not result in an identity; rather, one obtains
a restatement of the fact that the tangential electric field at the join
(r = R, þ =q)is zero!
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Table 2.3
STABILITY OF SCATTERED ELECTRIC FIELD AS A FUNCTION OF

TRUNCATION LtMtT ON q SUMMATTON.
x.- 1/./+ ,ka=1,M=5

r) rrþ)
-L-z

normalized

ó.=þo o AMPLITUDE PHASE (radians)

75 25

35

45

55

65

0.04165533
o.04620371
0.04529889
o.04527489
o.04527684

0.3268
0.2647
o.2720
0.2721

o.2719

110 25

35

45

55

65

o.5254542
o.5282959
0.5255324
0.5253510
o.5254143

-o.3244
-0.3146

-o.3242

-o.3237

-0.3236

145 25

35

45

55

65

3.748533

3.754935
3.755965

3.756283
3.756194

2.2042
2,2041
2.2046

2.2045

2.2045

180 25

35

45

55

65

1.890126

1.892152
1.891032

1.890820

1.890914

1.9513

1.9526
1.9523

1.9523
1.9522
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Table 2.4

STABILITY OF SCATTERED ELECTRIC FIELD AS A FUNCTION
OF MATRIX SIZE M. q-= rr/4, ka = 1, O = 65

t,t (r. ó)t '','' normalized
-¿Et

M

COND¡T¡ON
OF MATRIX AMPL¡TUDE

75 3

4
5

6

7

10

rcz
103

rc4
Ê

10"

0.04543635
o.04527514
0.04527684
0.04525094
o.04517362

110 3

4
5

6

7

10

ß2
103

rc 
tr

10"

0.5252016
0.5253805
o.5254143

0.5252478
o.5251775

145 3

4

5

6

7

10

102

103

rc4
105

3.756515

3.756207
3.756194

3.756253
3.756422

180 3

4
5

6

7

10

rcz
103

rc4
105

1.890504

1.890908

1.890914

1.890994

1.891326
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of terms in the ? svmmation, with discrepancies on the order of t0-5 or less

for the larger ofQ. The residual oscillations in calculated data ca¡ be

traced to the oscillatory nature of the weíghting functions Z, and fz
(see (2.26) and (2.27)). FinalIy, we choose Q= 65 terms and investigate

the effect of varying the matrix sizeM. Referring to Table 2.4, a matrix

size 14 = 3 (which correspond to six terms in the rnodel description) appears

to be too small for an accurate description of the scattering. On the

other hand, a matrix size ful = 7 introduces errors due to ill-conditioning

of the system. Notice that results Lorttl = 4,5 and 6 show good corres-

pondence; the scattering data are stable to at least the fourth decimal

p1ace, independent of aspect angle. From Tables 2.4 and 2.s we see that

tlre combination 4 = 65 , M = 5 appears optimum for the stated ka. and d

Other combinations of wedge rounding kø and half-angle o< led to naxinum

values þl = 10 and Q = 105.

All the data presented in Tables 2.1 through 2.4 verify the internal

consistency of calculations based upon the boundary value solution.

Additional conments on the accuracy of calculations are presented in

Section 2.8 and Chapter 4. External checks on computational accuracy are

provided in Chapter 5.

2.6 Cal-culation of Backs cajtt.ering

Although the analysis presented in Sections 2.3 and 2.4 allows

calculation of fields for arbitrary angles of incidence and observation,

in this section we confine results to the particularly inportant situation

in which the transmitter and receiver occupy the same posit,ion. It is

convenient to express (2.35) and (2.50) in the form
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_ ¡*r+ flve

/2 TITV
L
v

(ko, 9)
(2.s2)

where 7r is the range-independent

the range-independent scattering

referenced to a wedge face (i.e.

radar cross section is given by

phase of the scattered field, F(ka-,f) is

pattern, and f ís the azimuth aspect angle

f = þ-oc). The corresponding two-dimensional

r'(ka , ç)/ *

,,s.H (r,f) *
H¿

^_¡*r*1-fne

/21/kr

In Figs. 2.2 through 2.4 we present plots of principal polarization

values of p and F(ka, y) ,t. f as a function of ka. for 2a, = 60", 90o and

720". Independent of polarization and wedge ang1e, increase in ka causes

a decrease in pattern amplitude at aspects less than the specular value

0 4 f I ï/2 , followed by an increase in pattern amplitude at aspects

greater than the specular value (fr/Z.f= z-æ). This behaviour conforms

with simple scattering argunents; in the former angular region, decrease

is associated with replacing a discontinuous normal r^Jith a discontinuity

in the derivative of the normal; in the latter interval increase ïesults

from a specular contribution, Phase data presented in radians are con-

tinuous except for a step of t/ radians occurring at (f =n/zwhích originates

in the singular behaviour of the asymptotic result for the sharp wedge.

For a given rounding, the extent of change in the sharp wedge

result is dependent upon aspect ang1e, polari zation and wedge ang1e.

examine the latter two dependencies at symmetrical incidence in terns

lVe

of
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that rounding required to double

to a substantial 6dB enhancement

sharp wedge magnitude, corresponding

tadat cross section.

the

in

Table 2.b

SYMMETRICAL INCIDENCE DATA

WEDGE

ANGLE
ka for Doubling

VERTICAL POL. HORIZONTAL POL.

600

90()

1200

2

3

>4

0.8

1.5

4

Table 2' 5 indicates higher sensitivity for hori zontar polari zatton scatter-

ing rvith sensitivity for both polari zations increasing with decreasing

wedge angle. Finally, we remark that the upper limits on ka- in Figs. 2.2

through 2.4 teptesent a boi¡nd on present capability of aspect-dependent

calculations. This bound signifies a cylindrical sector of arc length

about 0.7 wavelengths. However, symmetrical incldence results can be

obtained for ka as large as 7. From Fig. 2.s, the symmetrical incidence

data for ka= 3.0 show minor polarization dependence, and the boundary

val'ue calculations thus extend into that region in rvhich physical optics

theory can have application.

2.7 Calcula_tion of. Bis tati_c Scattering

By allowì-ng the transmitter and receiver to occupy different
positions ( Ø.+ øin (2.ss) and (2.s6)) we may observe the bistatic
dependence of the scattering pattern for a wedge lvith rounded edge. The

bulk of the bistatic calculations are reported in Chapter 4 and we sinply
note here that all data satisfy reciprocity. Of present interest is the

behaviour of fields propagated in the shadow region as a function of wedge

rounding.
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Fig. 2.5 depicts the shadow region when incidence is 30o from one

wedge face. Incident energy is diffracted into the shadow region (f-zro")
by a sharp rvedge. When the wedge is rounded, creeping waves provide the

coupling mechanism. According to results sholvn in Fig. 2.5, the strength

of the shadolv region pattern decreases with rounding independent of
polarization and observation angle. l^,hi1e these data apply for a single

incidence angle and roundingkø = 0, 1, the behaviour noted holds in all
cases observed. We conclude that diffraction is the more efficient
mechanism of coupling energy into the shadow region.

2.8 Scattering þy a CyIindrically Tipped Wedge

In Sections 2.3 and 2.4, the first trvo terms in our solution for

scattering by the wedge rvith rounded edge have been identified to be Karp's

sol.ution for the cylindrically tipped wedge4T ¡r"" discussions following

(2.34) and (2.49)). We now examine the latter solurion to the extent thar

it affects the former analysis.

By designating region I to be conducting, Fig. 2.1 describes a

wedge with cyJ.indrical tip of radius Æ, Similarly, fields scattered by

the cylindrically típped wedge can be catculated from (2.3s) and (2.s0)

upon setting {, = dp=Fp= Dy'=o. Fig. 2.6 presents principal polari zation

nagnitude data for a cylindrically tipped 90o wedge witho< kR!4. These

data illustrate the extreme complexity of the scattering patteïn as

functions of monostatic aspect angle f anð. tip radius R of specific
interest is the appreciable enhancement over the sharp wedge result for
large kR where9- 50" for vertical polarization, and whenf- 0" for

horizontal polarization. Due to the fact that the wedge with rounded edge

causes reduction in the sharp wedge result at these angles (see Fig.2.3),
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appreciable cancellation occurs between the first two and third terms in

(2.35) and (2.50). 0n the basis of magnitude alone, the nurnerical estinate

of region I fields can suffer loss of more than one significant fÍgure when

ka-= 4' 0f course the cancellation process is complex so that loss of

several significant figures is possible, and this situation is conpounded

ask,Q increases. Conversely, cancellation does not occur at the synmetri-

cal aspect: here principal - polari zation magnitudes are enhanced for

both the cylíndrì-cal1y tipped and rounded wedges. This latter behaviour

explains the extended numerical capability (ka- as large as 7) demonstrated

in Chapter 3 when boundary value calculations are limited to the symmetri-

cal aspect.

Finally, we present analyses which will facilitate the comparison,

in Chapter 3, of cylindrically tipped and rounded wedges with respect to

tìre capability of approximate theory. According to the scattering center

concept, the high-frequency description of scattering by a cylindrically

tipped wedge consists of a specular retuïn and creeping wave contributions.

Fig. 2.7 depicts this approximation to the scattering phenomenon. In

scattering pattern notation, we have the symmetrical incidence result

, I 
-f 

/ /1 J -r{{-z*e)
F kR, n-æ) = lúr*n V-;* (á , /))e

I

;4 _+ ( (2.54)
+ 2 /Ì (kR),þ .t" >. C; lf .-(am+¡k)(v'2ø)R

m.o \

-(æ^+Xk)(J/-4q,"1 
I+rt.2e \rrtd.' 

lj
The first term in (2.s4) in Imai,r53 "ryrptotic expansion of the exact

solution for specular scattering by a cylinder where the upper and lower

signs denote vertical and horizontal polarizations, respectively. The
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second term in (2.s4), which describes creeping waves, is obtained by

appropriate modification of Kouyoumjian and Burnsiders54 
"n"lyris of

bistatic scartering by a cylindrically tipped half plane. Here the
. ^/coettr-ctents o, anda., are polarization dependent quantities specified

by 2 m-dependent contants given in Ref. s4. Referring to Fig. 2.7, the

first term is the contribution of that creeping wave which is launched

at A, travels to the lvedge face to undergo total reflection (É. = T 1), and

then travels back to A where a portion of the wave is lar-urched in the

direction of the receiver. The second term in the series describes the

contribution of that portion of the above creeping wave which travels past

A to the opposite wedge face, is reflected again, and launched at B

towards the source' The multiplier 2 in the second term accounts for the

syrnmetrical pair of above creeping wave contributions.

Fig. 2.8 compares boundary value data with approximate results
obtained by (2.54). Because of the oscillatory behaviour of F, with change

inkR, the symmetrical incidence ïetuïn from the cylindrically tipped wedge

remains sensitive to polari zation over the complete range being investi-
gated' Even so, excellent prediction capabirity is observed for both

polari zations when kR > 3.

2.9 Comments

Calculations based upon the boundary

ivith rounded edge are employed throughout the

approach is specialized for a truncated rvedge

value solution for the lvedge

succeeding chapters, and the

in Chapter 6.

The upper limit on the numerical capability for aspect-dependent

calculations corresponds to an arc length of 0 ,Ts 
^ 

. Investigation of
the cylindricalry tipped wedge leads us to suspect that this upper limit
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is due to cancellation associated with the use of the circular-
cylindrical matching boundary. It should be possible to increase

numerical capability using a different appïoach which allows collapsing

of the matching boundary to the virtual apex of the wedge.

Next consider Hunt"",=46 application of the surface current

replacement technique to the wedge with rounded edge. First, he uses

a special modal representation of the surface cuïrent density which

accelerates the convergence of numerical computations. Second, the size

of only the cylindrical sector is limited by computational facilities.
These features enable Hunter to extend his aspect-dependent calculations

(which comprise investigation of scatteringby a 94o wedge with rounded

edge) to a maximum arc length of 1.1 À.

In conclusion, we note that Hunterrs results (see chapter 4 of
Ref. 46) involve the magnitude of the fierd scattered by a wedge with

rounded edge. His data substantiate our findings in the case of the 90o

wedge with rounded edge (see Fig. 2.s). Because our calculations aïe

to be applied within the context of scattering center theory, we retain
phase information as we1l.
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3, ASYMPTOTIC PHYSICAL OPTICS

Undoubtedly the most corunon method for predicting scattering from

conducting bodies is that based upon the physical optics appïoximation. In

this chapter physical optics is applied to the wedge with rounded edge,

a scatterer for which the method can have utility for rarge radii of
curvature.

Certain fundamental limitations are inherent in the physical-

optics method and these will be discussed in Section J.1 where the two-

dimensional formulation of conventional physical optics is presented.

section 3.2 introduces a simplification to physical optics which is
ideally suited to the pïesent investigation. Here the general physical

optics integral, which requires numerical evaluation in conventional

applications, is approximated at the outset by an asymptotic expansion.

Because this simplifícation has not received prior exposure in the

literature, asymptotic formulas alre derived from conventional physical

optics in this section. Asymptotic physical optics is applied to the

wedge with rounded edge in section 3.s. The major advantage in the

present application lies in individual estimates of reradiation by all
three scattering centeïs used in modeling the edge with large rounding

(see section 1.4). In fact, asymptotic physical optics is the only

approximate theory which isolates a nonzero contribution from the join.
Prediction capability is evaluated in section 3.4 in comparison with

boundary value calculations of Chapter 2. The chapter includes comment

on the comparative utility of asymptotic and conventional physical optics

in the present application.
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3.r Conventíona1 Physicgl Optics

Physical optics arises from the radiation integral when one

assumes that the surface current is the same at any point as it would be

on an infinite plane tangent to the body at that point and assumes further

the existence of a sharp shadow boundary, beyond which the surface current

is identically zero. To the extent that the true curïent is well approxi-

nated by such an assumed current, the method is valid.

Certain fturdamental limitations are inherent in the physical optics

nethod. First, it must be recognized that physical optics, when applied to

the backscattering case, always yields a scattered wave having the same

polarization as the incident wave; no deporarization effects can be

predicted, and the cross-polari zatíon backscattering cross section computed

by physical optics always vanishes. At best, physical optics seens to

give a rough average,of the vertical- and horizontal-pola'rization radar

cross section. This polarization linitation on monostatic prediction is

inherent in the "tangent planerr assumption for surface currents.

A further limitation of physical optics, when applied to bistatic

situations, is that results do not conform to reciprocity (see, for

example, Kouyounjiun55;. Although the theory now exhibits polarization

dependence, reciprocity is known to hold; therefore, the physical optics

result must be incorrect.* For the special case of speculaï scattering,

physical optics satisfies reciprocity and can be assumed to give reasonable

results.

Consequently, results
Weiner and Borison4S

such as those given by Siegel, et a156, and by
must be regarded with considerable suspicíon.
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The above polari zation and bistatic restrictions determine the

scope of the present application of physical optics: our investigation

concerns monostatic scattering by a wedge with large rourding for aspects

which produce polarization-independent returns.

There are additional limitations on the theory whích do not affect

the present investigation. Physical optics fails to account for effects

occurring in the geometrical shadow region: recal1 that the body is

assumed to consist of the actual body plus its geometrical shadow.

Experinental studies have shown a 10 dB change in radar cross section due

to placing small obstacles deep in the shadow region (for the right-

circular cone, see orte and silver;57 fot the sphere-capped cone, see

Knott and Senio"S8). Physical optics cannot predict the effects of such

obstacles. Finally, the physical optics approximation is poorest at just

those parts of the surface (sharp discontinuities) that are most important

in determining the scattering characteristics of finite, edgy targets.

fn view of the limitations that must lead to veïy large inaccu-

racies when the radar cross sections of some bodies are conputed., one might

ask why physical optics is used at aIL. In fact, physical optics produces

excellent results in some cases in which the actual surface currents are

not much different from the assumed currents. Furthermore, it is generally

possible to tell in advance for which cases these excellent results can be

obtained. The major advantage of physical optics is that the method is
relatively easy to formulate. The derivation of basic physical optics

formulas for arbitrarily shaped perfectly conducting, three-dimensional

bodies is given in several referen""rÍ5'59'60 For the two-dimensional

case, it can be shown that physical optics gives
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o- = 2zr7
zK .(¿^ f *ø

_lzLr (e a í()llziT; / ' 
I

(3.1)

.s¡ l, .4/-aTl 'a'*t ¿t
g(k) = ke I e q de

/C¿ (3.2)

where î = coordinate along the radar line of sight

L = chord of intercept of target with plane
perpendicular to the line of sight at
point 1G,a,,/=L(/).

In the definition of radar cross section by (3.1), the subscript Z,4.

denotes two-dimensional or length-dependent cross section, estimated

according to the physical optics or Kirchhoff approximation. The function g(k)
is a partial transfer function between the scattered and incident magnetic

field and it is written to show e4plicit dependence on the wave number f
In (3.2) , "F 

denotes a contour integïation to be carried out over the

(geometrically) illuminated portion of the body profile. Notice that d/./¿U

represents the change in body chord as projected on a plane perpendicular

to the radar line of sight: this quantity is the assumed distribution
of current on the body. Final1y, (J.1) and (s.2) represent the familiar
physical optics estimate for monostatic scattering by a two-dimensional

jdt
body where á time dependence has been suppressed.

It is seldom that the integral in (3.2) can be evaluated in closed

form. Then numerical evaluatíon is facilitated by performing the integra-

tion in piecewise fashion over the illuminated portion of the body. We

define a new furction:
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f (/) = k,-/

J
-¿
l' *¿Ztle/ õ(fl¿rl¿

Jz ø 7o¿¡t

'Lle
m=/ J

î-

-/zLâ ¿¿-
d<¿

de (3. 3)

¿/. L1

where the facto, * represents the function J. in the m'" region of*) *,
integration. The validity of (3.3) fotlows from the definition of an

integral. By breaking up the range of integration, we are frequently

enabled to perform the integration over a complex profile as the sum of

integrals over more simpre surfaces. when each of these profiles is

analytic, the exact physical optics transfer function is obtained.

3,2 Asymptotic PÐ¡sica.l 0ptics

To gain further insight into the physical optics approximation

as well as to see how best to apply it to the wedge with rounded edge,

let us now consider the asymptotic-physical-optics approximation. This

technique was originated by Ge11u"6l in 1954. rt fel1 into disuse until
1960, when Becht"I62 extended it to include phase information and applied

it to three-dimensional targets. The latter analysis is followed below

in developing the corresponding two-dimensional forrnulation.

consider the integrals in (9.3) above. For physicar optics to
aPPlI, the wavelength must be short, so that the wave number,É is large.

The integrals are then Fourieï íntegrals of the form

(3.4)
//

with X a large real parameter (equal to -ZL.) and. l, t ^ real interval
The function þ(l) is assumed to be an integrable furction so that the

integral exists. If ö (tl is tV times continuously differentiable for

// ! / ! L the integral can be expressed in an asymptotic form:
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;z 1zllui

I e ø(t)¿t =
J*
,/

BMG)-Ark¡t0 . -rll(z /;

z-/ -(n)r. -z'/ /)'1/ ! (/,)z e

Z ---> qt
(3.s)

(3.6)

(3.7)

of surface dis-

a particularly

integration.

where

4,r/ =

,t/- /

L
z=ô

a<2il -

,V-/

;r z-/ -h) - -z-/ X'Z/"

ît¿ ø (tÐz eo

Here we have used the notation {'"' (rr) for the ,,th d"riuative of ø e)
with respect to t , evaluated at I = t, The expansion is a result of
repeated integration by parts of the original integral; if í"'fr.) anð.

/-z),.7' ll \

þ (rÐ are zero for alr z'N, the asymptotic series terminates and

gives the exact result for any value of z ,large or snall. Interpreting
physical optics in this manneï, we see that backscattering arises at the

end points: the phase angles that appear corïespond to the location of
the end points of the interval of integration. other phase angles appear

due to the term ãn ', and they will produce a phase shift that depends

upon the nature of the discontinuity (i.e., upon the real function èG)l

Finally, we nust consider a very important class

continuities: for these cases, there is a singularity of
sinple type at one end (or both ends) of the intervar of
We have

f ","'
l/

/t-/
{c)¿tft-¿)\2 / =Brk)*a(z-9, z-.--ÞØ

(3.8)
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where

where

B.=
lY

!z) -rhat I (Ç)=o

azf . z¡- /e ¡t-/r)

(,t - u) 
0¿)

õ ftt! '2/

/V-l
7

v=O

F(zt*ø) -7?-7/. 7 7 tz
.fez/ (3.s)

fot z=O, / ,Z---rt/-l and Oz¿¿zl Simi 1arly,

. -'y'1n4,y(z)*o(7 )2 .t--->Ø
(3.10)

P (zztzr) 7{Q*u- -n-Lr / *tlzen/

.ì
-1 ;¿ ,('

éG)¿t =

provi ded

we have
/

I
I

I
t,

/V-/
f,t-

4=O
âU "' r'"t rr,,

( 3. 11)

(rL)
provided that { ¿t"1 = O for 4=O , / , 2-- ¡y-7 and O¿>.¿/. proofs of (J.9)

and (3.11) are gíven by erdelyi.63 Although moïe general types of func-

tions can be handled by similar techniques (for example, Erdelyi also

consíders singularities at both ends of the interval as well as singulari-
ties in the exponential factor), the formulas given above are sufficient
for application of asymptotic physical optics to a wedge with rounded edge.

3.3

The application of asymptotic physical optics leads to expïessions

for the nonostatic contributions from the three scattering centers required

to model reradiation by a wedge with large rounding as shown in Appendix A.

For convenience, we expand the physical optics tïansfer fgnction as

toti c si cal Roundin

g &) = l&)c+ fl(Ul * l(4" (3. 12)
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where

,(øs

,(¿)/

q('¿)

corresponds to the specular contribution from centut *

corresponds to the diffraction contribution due to
the near join center tj,

corresponds to the si'milar diffraction contribution
due to the far join center 372

For a description of the scattering center model and the location of each

center, see Fig. 1.1. Individual transfer functions are discussed below

prior to their inclusion in the total formulation (5.I2).

Specular Transfer Function

where a

From

(3.13)

The contribution {kà is obtained from (S.8) and (3.9)

singularity occurs at the lower end of the integration interval
(^.12) we have the following two-term expansion

| .1. lz,1 1 ' 
cosê\

e&¿ = øz; jr . hlt*l --1""n*(t- "n¿)
O4ê¿q-

where á is the monostatic aspect angle

aspect and the phase center is chosen as

The angular constraint on (3.13) implies

the location of the specular scattering

from the join.

referenced to the symmetrical

the virtual apex of the wedge.

that 0 is sma11 enough so that

center is sufficiently removed

It is interesting to compare the above resurt with rmaí's53

expansion of the exact solution for the large circular cylinder. In our

notation, the specular term is

{, 
rhlk,4 },/ø(// rã

cosê\
Br'rq ) (3.74)
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where the upper and lower signs denote the vertical and horizontal polariza-

tions, respectively. It is evident that asymptotic physical optics provides

the polarization independent portion of the first two terms in the series,

which is the arithmetic mean of the principal porarization results.

Join Trans fer Functions g(/ ) t and V (l)z

The contribution g{/), is

is continuous at the join, f 'o'= O

z z / Fron (4.21), the first two

are
(, .1¡,tzzØ *ø)cos(êr¿)

a(Ð=lr + ¿ -t - '7 V /la casr (e *q.)

obtained using (3.7). Since the normal

, and diffraction arises d.ue to {*t o t

nonzero terms in the asyrnptotic series

. -/ [u'4 + 2 ta, (#;Ê - sin (ê -*rÀ
a-

2 4a- cosr (a + a-)

(3.1s)

j

The

(3.

sp

c

(
I

t

rre

by

(¿)

co

rs)

a/

i

onding join contribution from center Bz is obtained from

hanging the sign of ô ,

J 7' 'stzz @ - o) cas@-ê)

/4a- eosr(¿-e) 2,4a, carr(u--ê)

(3.16)

Join transfer firnctions have angular constraints which neglect

interactions between scattering centers. Notice that the asymptotic series

is in reciprocal powers of Zu 
"ogJ(oze1. 

Such a product of dimensional

and angular terms is common in high-frequency expansions. hhen it occurs,

the region of validity of the series is determined by aspect angle as well

as,(ø . To insure that additional terms in the series are negligible for

appreciable rounding, we restrict investigations of validity to the

"1
Ì

r /cogg
lY% +2'ta- ( 

"r'"" 
- st'n(a

eL

ê¿4
. 0,ø

/
z

)
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symmetrical incidence case(ê=o). rhen 2(4, and g(L,), are equal and rhe

total transfer function given by (3.12) becomes

s(/) = /,,2 {, , * P+1 } ""o*(' -k)
L ¿<ar L" ) 

J

,,li%.u"("h si"ø)JA siz 4 co.S q. (3. 17)

Zka- eosJ d, Zëa coSJ q,

Using (3,17) in (3.1), we calculate the symmetrical incidence value

of the two-dimensional radar cross section of a wedge with large rounding

based upon asymptotic physical optics. The phase of the scattered signal

,pE can be obtained directly from (5.I7).

3.4 Evatuatiog of_ I,syllorori_g lhysictl Opri cs

Calculations based upon the analysis of Section 3. J are compared

with numerical results of the boundary value solution of Chapter 2. The

format chosen for these latter data involves range-independent magnitude

F('4a-,/)^d phase / of the scattered field for both principal polariza-

tions, i. e. ,

- ¿' Z,Lrg/
(4o, () el /' (3.18)

l.1.

tr't e, ()

-=

E¿
r
v

-1Zkr
eo r, (ka, r) el P'

(3.1e)/==--_-
1//z 77,er

To compare data, we define a corïesponding polarization-independent magni-

tude G*(Lo,ê) and phase /* for asymptotic physical optics

g &l = Gr, (4ø, e) e/lx (s .20)
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Then ê&a' o) is the symmetrical incidence prediction corresponding to

Fr(ka,7r-d) , fr(lo, v-d)anð, 7* is our estinate of /r, /, , respec-

tively. Notj"ce that evaluation of the prediction capability of asymptotic

physical optics requires investigation of the magnitude and phase of the

scattered field as both are necessary to any application of findings

within the context of scattering center theory.

Fig. 3.1 compares approxinate prediction with accurate ð,ata for a

90o wedge when the join contribution is neglected. Some correspondence

between the magnitude of the specular component of asymptotic physical

optics and the vertical-polari zation boundary value result is observed

for I¿'(ø'5, However, polari zation dependence of accurate ð,ata vanishes

for ka'6, and then Fv= FHI Ç(svecular). It appeaïs that the neglected
join contribution must be approximately

i) polari zatíon dependent for lø . i

ii) polari zation independent for kø > 5

Of course the specular representation

for very large rounding, but Fig. 3.1

is necessary for ,(a¿?, Fig. J.l also

describes the .4ø dependence of fr or

of G* will agree with F, or Fþ

shows that a nonzero joint return

shows that /K (specular) accurately

,P7, for '(ø> 6.

Fig. 3.2 allows evaluation of asymptotic theory, i,;€., GZ, /O
are now calculated on the basis of both specular and join contributions.
The magnitudes G* and Fr= ,H show excerrent agïeement for la->s, con-

firning that the asymptotic theory provides the proper polari zation-

independent join ïeturn for rarge 4.ø prediction capability extends

down to ,(a = 3 for the horizontal porari zation case. For rower ,4a- , the

singularity in G* associated with the asymptotic description of the join
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return predominates. Phase data contained in Fig. 3.2 indicate that/K

is the nean of /, and /o forka->3. specifically, approximate phase is

accurate to within 12 degrees for 4a- = 3 and to within 6 degrees for

ka- 5. As ,4.a- increases , P,t approaches ,/v anð, ,o, asymptotically.

The expression for lK e//x includes a series in reciprocal powers

of ta cosJ{ For a given rounding, one can expect the accuracy of asympto-

tic physical optics to increase with decrease in wedge angle. Symmetrical

incidence backscattering results for a 60' wedge are given in Fig. 3.3.

Here GU shows excellent agreement wíth fH fot /¿4at2; unfortunately,

the limitation on numerical capability does not permit evaluation of
approximate theory for larger rounding. Again, the predicted phas e /* is

an average of p, and /, forka'1.5. Fig. 3.4 contains data corresponding

to a I20" wedge. Here prediction capability requires roundings in excess

of ka- = 8.

It is of interest to examine modification of asymptotic physical

optics to seek improvement upon the prediction capability demonstrated

above. One obvious substitution is the asymptotic expansion of the exact

solution for specular scattering (3.14) for the corresponding physical

optics result (3.31). Imairs polarization-dependent result is cornpared

with boundary value data for a 90o wedge in Fig. 3.5. However, no

improvement upon the asymptotic physical optics specular result demon-

strated in Fig. 3.1 is obtained. To complete the evaluation of modified

physical optics, Imaí?s specular return is combined with the join return:

substituting (3.14) for (3.ls) in (s.17), rhe resulrs shown in Fig. 3.6

and 3.7 are obtaíned. Fig. 3.6 shows that the magnitude Fv is still
poorly estimated when ka- is so sma1l the wedge return is polari za1cion

dependent, but that a better estimate o1 ,pv now results (see Fig , 3,3).
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Fig. 3.7 shows degraded prediction capabirity for rr but that phase

estimation is considerably improved. one nust conclude that, although

phase predictions are more accurate, the overall utility of the modified

expansion is not improved. Thus the inclusion of a polarization-dependent

specular contribution will be warranted when a join contribution which is
also sensitive to polari zation is available.

3.5 Comments_on Relaged Anal)¡s is

Hunter has investigated scattering by a wedge with rounded edge

(see chapter 4 of Ref. 46), His Figs. 4,7 through 4.1g show principal
polarízation magnitudes based upon the integral equation technique, con-

ventional physical optics, and what is termed geometrical diffraction theory.

As noted in chapter 2, Hunter?s predictions based upon exact electro_

magnetic theory confirm our results to within the accuracy of his data

presentation. We now discuss his findings concerning conventional

physical optics and geornetrical diffraction theory.

Derivation of conventional physical optics formulas for both

principal polarizations (see sections 4.J(c) and 4.4(c) of Ref. 46) leads

to integrals requiring numerical evaluatíon. Figs. 4.7 through 4.11 of
Ref. 46 indicate that conventional physical optics has prediction capa-

bility in the gross sense for bistatic situations. This bears out ouï

reticence to apply physical optics to the bistatic case. Hurterrs use of
conventional physical optics for symmetrical incidence backscattering is
better founded. Figs. 4.r2 through 4.17 of Ref. 46 show that the approxi-

mate theory r-urderestimates the vertical polarization return, but over-

estimates the horizontar polarization return. Of couïse, the pïesent

accuracy of physical optics is within the asymptotíc approximation, so
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that Hunterrs data confirm our findings for large roi.rnding. This

asymptotic relationship to conventional physical optics is illustrated

in Fig. 3.8; for a right-angle wedge, little difference between physical

optics and its asymptotic approximation exist for kp.>s. Notice that

although conventional physical optics is finite for ka-=o, the prediction

is only a rough average of the polari zation-dependent bor.rndary value

calculations.

Figs. 4.7 through 4.18 of Ref. 46 also contain calculations based

upon what is incorrectly called geometrical diffraction theory. Here

Htmter has ignored the diffraction arising at the joins. Thus all of

these data for the illuminated region are actually based upon geometric

optics rather than geometrical diffraction theory. Only for data

confined to the shadow region does his use of the term geometrical

diffraction theory truly apply, and then the diffraction phenomenon involves

only creeping wave contributions.

3.6 Conclusions

Asymptotic physical optics provides a straightforward technique

for obtaining simple expressions which describe scatteringby a wedge

with rounded edge. Because the approach derives from conventional

physical optics, its utility is limited by lack of polarizatíon depen-

dence. At the outset then, the theory can be expected to fail when

obstacle scattering is known to be polarization dependent: This situation

arises for a wedge with rounded edge when incidence is asymrnetric; it also

arises for synmetric incidence provided ka is not large.

fn excess of expectations, asymptotic physical optics does provide

prediction capability down to moderate roundings when wedge angle is not
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extreme. For vertical polari zation, the specular tern alone shows

reasonable agreement with boundary value calculations for .(a> I. For

horizontal polarization, specular and join returns provide accurate

estimates for ka>2. For such large rounding that scattering becomes

polarization-independent, the specular plus join formulation is in

excellent agreement with boundary value calculations. When agreement

between approximate and boundary value magnitudes exists, scattering

phase is also accurately estimated. Thus asymptotic physical optics

gives the necessary (but limited) analytical description of reradiation

by the scattering center formed by a rounded edge. Unfortunately, the

limitations (large rounding unless wedge angle is narrow and polarization

is horizontal, symmetrical incidence only) limit practical application.

Finally, modification of asymptotic physical optics in the light of known

improved expressions does not allevaiate the above situation.

0n the basis of the above findings, certain characteristics of

the true join contribution are evident. The asymptotic estimate propor-
* -1

tional to (ka eosu<) is valid in the lirnit. For horizontal polari zation,

the first two terms in the asymptotic series are given by (S.lS). For

vertical polarization, asymptotic physical optics oveïestimates the true

join return when rounding is moderate. These expressions represent the

first evaluation of join returns performed to date.

Comparing bor.rndary value calculations shown in Figs. 2,8 and J.1,

it is evident that the scattering mechanism for the cylindrically tipped

wedge is a more complicated function of the modification radius. Also,

applications of approximate scattering theory show better capability for

the cylindrically tipped wedge. This situation illustrates an all too
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frequent shortcoming in practical applications (i.e., the conplexity of

the scattering phenomena does not necessarily indicate the capability of

existing approximate theory) .
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ANALYSIS OF PERTURBATION FIELDS

In this chapter the boundary value solution of Chapter Z is viewed

as the sharp wedge result plus a perturbation field which is due to round-

ing. Expressions aïe developed lvhich accurately describe the monostatic

and s)''mmetrical-incidence bistatic angular dependence of perturbation

fields, and these results are used in Chapter 5 to calculate scattering by

targets with one or more rounded edges.

Plots of monostatic and bistatic perturbation patteïns aïe presented

in Section 4.r for kaÉ1.0. These perturbation data reveal simple angular

dependence and conpact expansions are enpirically fit to both magnitude

and phase in Section 4.2. Parametric dependencies of expansion coefficients
are sought in Section 4.3. Section 4.4 contains comments on findings.

4.7 Perturbation Fields

aI

u1

va

SU

t
It-tL,
L

ues of ka

t plus a

/

, we víew the solutions (2.55) and (2.5I)

perturbation, i.ê. ,

17 /y* y"\
otV-cos\ 7 )

I

,ot/ -

j
a\u)r /o

./,
I(cos

ol-/{ ,, rP; 
Ie *f|e f
I

)
(4 .r)

.V . ,l-/+ -p lPi 
I* f , € t
I

)
(4.2)

1r (y* %\
7-cos\ / /

,ll

(4.2) is the leading term in the asymptotic

term alone accounts for the approximatj-on

employed to calculate the magnitude F P

are exact.

(4.1) and

wedge; this

expres s ions

perturbation

4.3 contain principal polarizat j.on plots of
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perturbation patterns versus monostatic aspect angle for 60o, 90o and 120"

wedges as a function of rounding in the range 0.2 ! kazr.0. uniformly,

the principal-polarization magnitudes FP increase with increasin g kø and

decreasing wedge angIe. l{ith rounding fixed, halving tle I20o wedge causes

an order of magnitude increase in ff ananl. It is significant that the

respective angular dependencies of Ff, anð, Fp exhlbit a definite character

índependent of wedge angle and ka. (except in the horizontal polarization

case when kø> 0.8 for the 60" wedge; these data are excluded from the

following discussion). Specifically,Ff increases monotonically from zero

at grazing to maxirnum value at the symmetrical aspect; Fl decreases fron
maximum at gtazing to a (nonzero) minimum at symmetrical incidence. The

often close coTrespondence between maxima ,n rro anð.FP is intriguing. prior

to discussing perturbation phase, we recall that the phase reference remaíns

the virtual apex of the wedge. This partially accounts for increased

variation in p? lvith increasing ka and decreasing wedge angle. Althouehp?/v ----Þ' 
- lv

has a characteristic angular dependence, no significance is attached to a

conmon phase determined by wedge angle. plots of pþ are limited to

kø= 0.2,0.6 and 1'0 for clarity: they indicate both relatively complex

aspect dependence and instances when the variation in pP ínct.^ses with

decreasing kø.

Figs. 4.4 through 4.6 present bistatic perturbation data rvhen the

rounded wedge is illuninated symmetrically ( fo= o-o). Results for 60" 90o

and I20o wedges pïeserve the simple parametric behaviour noted with the

monostatic perturbation data.

Next we examine corresponding perturbation results for a cylindri-
ca1ly tipped 90" rvedge. Fig. 4.7 presents pattern amplitudes as a

function of monostatic aspect angle for 0 ! kR4I. Cornparison of these d,ata



83

with the rounded-wedge data in Fig . 4.2 shows that both the k,? and aspect

dependencies are moïe complicated while perturbation amplitude is increased

by a factor greater than 4.

In sumrnary, both monostatic and synmetrical-incidence bistatic
perturbation fields for the rounded wedge exhibit relatively simple

variation with change in aspect ang1e, wedge angle and rounding.

4.2 Empirical Fit to perturbation Data

Both the monostatic and bistatic perturbation data presented in
Figs. 4.1 through 4.6 suggest sinple angular dependence. A form of aspect

dependence can be inferred from periodicity and reciprocity considerations

ions. In the far field, perturbation data can be assigned the aspect

periodicity of fields scattered by a sharp wedge, i.e.,+ . Let us

consider the (arbitrary) choice of expanding perturbation data in a power

series in sin (#). Then reciprocity requires that the monostatic expansion

include even por^iers of sin f #l; simitarly, the synnetrical-incidence

bistatic expansion involves both even and odd powers of sin (+).

The aspect dependence of the monostatic perturbation data was

assumed to be of the form

FPko,f =f") = ","'ff) * n, ,,n"(n)r Mr strzó (#) - (4 .s)

o (tro,f =ß)= I ",r'Ç) 
r P, stn /?t7).E,,nn(f) *

(4 .4)

could be obtained bv the

have wide dynamic range,

the higher-valued data

M rtrl.o1

+P
I

Estinates of the expansion coefficients k/r. and pr,

nethod of least squares. When perturbation data

application of this technique artifically favors
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unless suitable weighting is introduced as compensation. A simple

alternative, that of solving ¿ simultaneous equations, nas chosen which

allowed uniform processing and provided an excellent fit to all perturbation

data. Briefly, predictions based upon the empirical relations (4.3) and

(4.4) are most in error when 2 x= 60o anò ka = 1, but even then magnitudes

are accurate to less than five percent and phase angles are coïrect to
within one degree.

Tables 4.I and 4.2 present the significant-amplitude coefficients
/4, and P¡ obtained by fitting vertical-polarization perturbation data with
expansions truncated to three terms. Tables 4.3 and 4.4 appry for
horizontal polarization; because these perturbation data are relatively
cornplex, four-term expansions are necessary. use of these tabulated

coefficients in (4.1) and (4.2) facilitates aspect-dependent calculation

of monostatic, principal-poratization scattering by 60., 70o, g0", 90o 100o,

110o and 120o wedges with ka = 0.2, 0.4,0.6, 0.g and 1.0.

so that

In

the

the symmetrical-incidence bistatic case, f"= ¡r- oc and sin f$l= t

empirical relations corïesponding to (4.s) and (4.4) become

FP ¡ko, þ = n-æ) = Mo * M, ',n(#) + A4, srn'(!) * (4.s)

p7(*a,%=r-n)= 1* p
I

lY), ^ z/91-
s /n lT) r P2 s/n (V) ,

(4 .6)

Tables 4.5 and 4.6 present the nonnegligible coefficients rvhen the above

bistatic expansions describe the vertical-polarization perturbation fields.
using (4.5) and (4.6) with Tables 4.5 and 4.6, we obtain bisratic pre-

dictions that are accurate to about two percent in nagnitude and one degree

ín phase.
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Table 4.1
EMPIRICAL FIT TO MAGNITUDE OF MONOSTATIC PERTURBATION

FIELD. VERTICAL POLARIZATION

Ff = M, r,r'ff) + M, stn. (9 + M, srn"(9

Mt t4, M3 M,I M2 14s

ka 600 WEDGE 7OO WEDGE

o.2
o.4
0.6
0.8
1.0

o.261
0.543
0.771
0.906
0.906

o.o276
0.164
0.481
1.08
2.07

-0.00128
-0.0254
-o.125
-0.358
-o.847

o.174
0.367
o.521
0.614
0.623

0.0336
0.189
0.527
1.084
1.978

-0.0151
-0.0868
-o.251
-0.533
-0.978

8OO WEDGE 9OO WEDGE

o.2
o.4
0.6
0.8
1.0

0.120
o.279
o.427
0.563
o.672

0.00609
0.0395
0.117
0.245
0.439

0.00128
0.0045
0.0070
0.00942
0.00260

o.0782
0.189
0.303
0.415
0.505

0.00400
0.0230
0.0616
o.128
o.248

0.0
0.00426
o.06746
0.0160
0.0160

lOOO WEDGE 11OO WEDGE

0.2
0.4
0.6
0.8
1.0

0.0528
0.133
o.223
0.316
0.406

-0.o112
-0.0239

-o.0322
-0.0311
-0.0208

0.00978
o.0274
o.0527
0.0857
o.1292

0.0299
0.0786
0.136
0.196
0.255

0.0
0.00524
0.0164
0.0366
0.0660

0.0
0.000213
0.00112
0.00309
0.00786

12OO WEDGE

0.2
0.4
0.6
0.8
1.0

0.0167
0.0464
0.0829
0.1237
0.165

0.0
0.002',t 3

o.oo728
o.o147
0.0288

0.0
0.0
0.00159
0.00234
0.00437
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Table 4.2
EMPIRICAL FIT TO PHASE OF MONOSTATIC PERTURBATION

FIELD. VERTICAL POLARIZATION

o'= P + p t,n'(g\ , z-ra\
Pv = Fo , \// P, srn (:-r)

P
ô I /, T)

,o D D

ka 600 WEDGE 7OO WEDGE

o.2
o.4
0.6
0.8
1.0

-1.865
-1.641
-1.410
-1.173
-o.944

-0.186
-0.631
-0.966
-1.555
-1.555

-0.008
-o.o42
-o.112
-0.386
-0.386

1.854
1.692
1.512
1.319
1.125

-0.196
-o.452
-o.720
-1.000
-1.271

-0.00218
-0.0128
-0.0445
-0.0901
-0.1555

8OO WEDGE 9OO WEDGE

o.2
o,4
0.6
0.8
1.0

1.826
1.712
1.579
1.439
1.294

-o.126
-o.292
-0.490
-0.679
-0.857

-0.004
-o.o22
-0.039
-0.0817
-0.148

1.779
1.698
1.603
1.500
1.390

-0.082
-0.206
-0.341

-0.487
-0.630

-0.002
-0.005

-0.020
-0.039
-0.075

lOOO WEDGE 11OO WEDGE

o.2
0.4
0.6
0.8
1.0

1.720
1.670
1.608
1.542
1.468

-o.o44
.0.106
-0.188
-o.262
-0.3¿15

-0.006
-o.o24
-0.039
-0.072
-0.109

1.644
1.612
1.569
1.527
1.463

-0.031
-0.078
-0.140

-o.214
-o.292

0.0
-0.003
-0.005
-0.010
-0.015

12OO WEDGE

o.2
o.4
0.6
0.8
1.0

-1.560
-1.541
-1.515
-1.437
-1.448

-o.o17
-0.046
-0.087

-o.132
-o.176

0.0
0.0
0.0
0.0

-0.008
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Table 4.3
EMPIRICAL FIT TO MAGNITUDE OF MONOSTATIC PERTURBATION

FIELD. HORIZONTAL POLARIZATION

f; = Mo n Ml ',r'(f,) + M, stn" (+) * L/, stn'(#)

Mo Ylr M, lvl3 /1'l 
o Ml M 14r

ka 600 WEDGE 7OO WEDGE

o.2
o.4
0.6
0.8
1.0

0.259
0.580
0.865
1.066
1.175

-0.206
-0.339
-o.251

0.1609
o.920

-o.o74
-0.364
-0.850

-1.498
-1.341

0.049
0.236
o.492
o.754
1.000

0.184
o.424
0.643
o.841
0.9953

-0.146

-0.258
-0.197

o.o42
0.191

-0.090

-o.371
-0.926
-1.540
-1.934

0.069
o.279
0.665
1.082
1.302

8OO WEDGE 9OO WEDGE

o.2
o.4
0.6
0.8
1.0

o.126
0.297
0.475
0.648
0.797

-0.107

-o.207
-o.252
-o.214
-0.091

-0.043
-0.149
-0.306
-0.525
-0.756

0.035
0.110
0.206
o.324

+0.431

0.083
0.206
o.344
o.484
0.616

-0.o72
-0.154
-o.216
-o.234
-0.335

-0.020
-0.070
-0.137
-0.236
-0.063

+0.017
+0.053

0.092
+o.142
0.038

IOOO WEDGE 11OO WEDGE

o.2
0.4
0.6
0.8
1.0

0.053
0.139
o.240
0.348
o.457

-0.048
-o.112
-o.167
-o.202
-0.206

-0.001
-0.017
-0.050
-0.097
-0.165

+0.002
0.013
0.032
0.054
0.083

o.o32
0.089
0.159
0.239
o.322

-0.028
-0.071

-o.107
-0.149
-o.171

-0.004
-0.015
-0.o47
-0.064
-0.099

0.004
0.013
0.032
0.040

+0.055

12OO WEDGE

o.2
0.4
0.6
0.8
1.0

0.018
0.054
0.100
0.153
o.212

-0.016
-0.043
-0.073
-0.101

-o.125

-0.002
-0.007
-0.015
-0.031

-0.048

+0.002
+0.006
+0.012
+0.020
+0.028
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Table 4.4
EMPIRICAL FIT TO PHASE OF MONOSTATIC PERTURBATION

FIELD. HORIZONTAL POLARIZATION

p: = 1* P, ',r'(r!)+ P, stna(#) , p, st,'(!)

o '1 D'2, P'ó H'l D Ut,t

ka 600 WEDGE 7OO WEDGE

o.2
o.4
0.6
0.8
1.0

1.840
1.651

1.418
1.207
1.007

+o.241
-0.055

{.451
{.804
-1.040

-2.739
-2.035
-1.425
-0.870
-o.718

3.190
2.581
1.995
1.295

+0.882

-1.825
-1.664
-1.479
-1.316
.1.'r41

+0.926
+o.426
-0.184
-0.594
-o.921

-5.165
-3.436
-1.889
-0.873
-o.443

5.145
3.746
2.412
1.403
0.903

8OO WEDGE 9OO WEDGE

o.2
0.4
0.6
0.8
1.0

1.778
1.649
1.519
1.393
1.265

+1.085
+0.494
+0.076
-o.204
4.446

-5.379

-3.222
-2.O42
-1.385
-0.997

5.332
3.502
2.476
1.840
1.412

-1.718
-1.620
-1.524
-1.425
-1.325

0.610
o.324
0.067
-o.254
-o.292

-3.261
-2.161
-1.253
-0.75
-o.614

3.604
2.623
1.800
1.425
1.118

1OOO WEDGE 11OO WEDGE

o.2
o.4
0.6
0.8
1.0

1.647
1.572
1.498
1.424
1.349

0.976
0.662
o.420
o.229

+0.050

-4.110
-2.897
-2.116
-1.610

-1.231

+4.002
3.002
2.344
1.897
1.552

1.565
1.506
1.451
1.397
1.343

0.380
o.274
0.188
0.093
0.o117

-1.841
-1.308
-0.996
-0.755
-0.609

2.245
1.751
1.444
1.210
1.049

12OO WEDGE

o.2
0.4
0.6
0.8
1.0

1.472
1.427
1.387
1.349
1.311

0.3978
0.3089
o.2379
o.1711
0.1099

-1.7293
-1.2251
-0.9382
-0.7344
-0.6003

2.0235
1.5512
1.2892
L0963
o.9624
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Table 4.5
EMPIRICAL FIT TO MAGNITUDE OF SYMMETRICAL INCIDENCE

PERTURBATION FIELD. VERTICAL POLAR!ZATION

FrP(ko, Y"= ,-o) = Mr t,rffi * Mu trr'(Z)

M,t4 M
5 M4 l,/l

ka 600 WEDGE 7OO WEDGE

o.2
o.4
0.6
0.8
1.0

o.270
0.596
0.965
1.392
1.850

o.o17
0.086
o.172
0.238
o.278

0.183
0.416
0.668
o.921
o.210

0.010
0.051
o.129
o.246
0.354

8OO WEDGE 9OO WEDGE

o.2
o.4
0.6
0.8
1.0

0.122
0.288
0.470
0.652
0.838

0.005
0.031
0.081
0.165
o.275

0.078
0.198
0.327
0.460
0.593

0.005
0.014
0.045
0.099
o.176

1OOO WEDGE 11OO WEDGE

o.2
0.4
0.6
0.8
1.0

0.048
o.121
0.208
0.301
0.393

0.004
0.016
0.037
0.069
o.121

0.030
0.081
o.142
o.212
o.287

0.006
0.003
0.011
0.o23
o.o42

12OO WEDGE

o.2
o.4
0.6
0.8
1.0

0.0170
0.0474
0.086
0.130
0.178

0.0
0.001
0.004
0.011
o.o21
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Table 4.6
EMPIRICAL FIT TO PHASE OF SYMMETRICAL ¡NCIDENCE

PERTURBATION FIELD. VERTICAL POLARIZATION

pr' &o, fo= ,-n) = Pn + Pu stn ff) * a t,n'(r!)

,+ D tlr /+ ts té

ka 600 WEDGE 7OO WEDGE

o.2
o.4
0.6
0.8
1.0

-2.O42
-2.O43
-2.040
-2.O37

-2.O31

+0.001
+0.007
+o.o12
+0.025
+0.046

-0.118
-o.278
-0.460
-0.666
-0.896

1.987
1.978
1.977
1.975
1.972

-0.001

0.002
0.007
o.o12

+0.064

-o.o74
-0.181

-0.307
-o.445
-0.644

8OO WEDGE 9OO WEDGE

o.2
0.4
0.6
0.8
1.0

1.909
1.909
1.909
1.908
1.906

+0.001
+0.005
+0.006
+0.011
+0.020

-0.048
-o.122
-0.205

-0.303
-o.414

1.833
1.834
1.834
1.832
1.832

-0.002
-0.001

+0.002
+0.001
+0.007

-0.028
-o.o74
-0.132
-0.194
-0.270

1OOO WEDGE 11OO WEDGE

0.2
o.4
0.6
0.8
1.0

1.753
1.754
1.754
1.755
1.755

+0.002
+0.004

0.0
+0.004

0.008

-0.019
-0.050
-0.081
-o.125
-0.175

1.666
1.667
1.664
1.663
1.668

+0.001
+0.001
+0.003
+0.004
+o.o27

-0.011

-0.028
-0.054
-0.082
-o.129

12oo wEbcE

o.2
o.4
0.6
0.8
1.0

-1.572
-1.573
-1.574
-1.574
-1.574

0.0
0.0
0.0

+0.001
+0.002

-0.002
-0.016
-o.o24
-o.o42
-0.060
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For comparison purposes, the suitability of an empirical fit to
perturbation data for a cylindrically tipped wedge was investigated. An

attempt to represent the monostatic results presented in Fig . 4.7 in the

form of the expansion (4.3) led to the need for additional terms with con-

siderable reduction in accuracy. Thus the perturbation data for the

rounded wedge are better suited to an empirical fit than corresponding

data for the cylindrically-tipped wedge.

4.3 Parametric Dependence of Co-efficients

Determination of the ka and o< dependence of the tabulated coeffi-
cients tv, and Pr. is necessary to obtain an explicit analytical ïepre-

sentation for perturbation fields. The worth of such closed-form

approximations requires that we investigate the behaviour of these

coefficients.

Although the speciarized angular expansions (a.3) through (4.6)

satisfy periodicity and reciprocity constraints, they represent but one of
many possible forms. The proper forn will satisfy the general bistatic
case, and this form must be identified prior to meaningful investigation of
the parametric dependence of the coefficients. rn retrospect, certain of
the sets of specialized coefficients listed in Tables 4.1 through 4.6 are

suspect: i.e., instances occur where coefficient amplitude is non-

monotonic in ka, and where the sign of the coefficient changes with wedge

angle.

Consider the problem of constïucting the general bistatic expansion

which accurately fits the magnitudes of vertical-polari zation perturbation

data. I{e proceed by detailed examination of peïturbatíon data for arbi-
trary choices of incidence and observatíon angles. These observations,



92

together with the requirement that the general bistatic form preserve the

accuracy already demonstrated in specialized cases (monostatic and

symmetrical-incidence bistatic) leads to the following form

o 
-. /q\ 1/"\.¡ 2/?\ zlß\tru' (ka,f, f" ) = G,",nÇ) t,r(;) + Grstn'(î) t,, \ 7 /

+ . - ^Ul - -(-9") A\ (9"-\' q3 s/nt7/ s/nt7,/ cosl7) coS\ y ,)

+ Gn srrt'(#) ,,n'(9 ,o,(Ð ,", (+)

(4 .7)

Comparing (4.7) with the specialized expansions (4.3) and (4.5) rve obtain

the relation between coefficients

Ç,= Mo

G"= Mu

Gu= M,-tlo

G. = - M,
+J

(4.8)

Evaluation of (4.7) and (4.8) for arbitrary combinations of f and fo

reveals good agreement with boundary value calculations. The error in

estimating perturbation magnitude lies in the third decimal place provided

kø cos a 4 0.7 . This accuracy is maintained for the maximum value

køcosx=0.866 in rhe restricted bistatic intervat ly,nl L î-q.. For

ka'cosa-> 0.7 and larger bistatic angles, the general bistatic fit is poor,

and accuracy is recovered by introducing a step-function attenuation of

terms ,n Çe and Ç* when f, fo , n-o. The modification noted impries that

many additional terms are necessary in (4.7) to describe the general

bistatic dependence of the magnitude of the perturbation fie1d.
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The substantial prediction capability of (4.7) indicates that
we have identified the first four terms in the general bistatic expansion.

It is now realistic to investigate the parametric dependenc e of Gr = M4 ,

the dominant coefficient in (4.7). using Table 4.5 we plot G, versus

wedge angle as a function of rounding in Fig. 4.g.

Because the dominant coefficient appears to be a well-behaved

function of ka ando<, an attempt was made to repïesent g, by a sinple
product of these t\^/o paraneters. However, expressions of the above form

were found to be inaccurate (with eïroï greateï than 10 percent), due to
the change in o¿dependence as lo,increased from 0.2 to 1.0. Once this
interdependence between functional forms of ka anð. q. is identified, we

recognize the parametric dependence of G, to be relatively complex. At

this point the search for accurate closed-form expressions for perturbation

fields was terminated.

4.4 Comments

As with any exact solution of a complex problem, the results are

not easily approximated' Nonetheless, we have obtained accuïate, compact,

angular expansions for monostatic and s),runetrical_incidence_bistatic

perturbation fields scattered by a wedge with rounded edge. These

expressions, together with tabulated coefficients, provide the rerad1ation

characteristics for rounded-edge scattering centers having wedge angle

60"t?æeI20" and 0Lkaz 1.0 without any additional work.

Corresponding angular expansions for the general bistatic case are

lengthy and less accurate. Because of the complicated parametric depend-

ence of the dominant coefficient in the above angular expansions, we con-

clude that it is not feasible to obtain a closed-form representation of the

perturbation field.
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5. APPLICATIONS

The perturbation approach of Chapter 4 provides a convenient means

of applying the results of the boundary value solution in the calculation of
scatteringby tatgets with one oï more rounded edges. In this chapter we

examine the effects of moderate rounding upon scattering by equilateral
triangular prisms, square prisms, and finite, right-circular cylinders.

Both the magnitude and phase of the princípal polarization scattering
patterns of a target are necessary in the description of the scattering
process. As an example, phase is needed to completely specify the polari-
zation scattering matrix of a target; phase data are also required when one

treats scattering by multiple taïgets. For this reason, phase as well as

magnitude infornation will be examined unless the presentation format suffers
due to unnecessary complexity.

An evaluation of the effects of rounding the edges of targets

involves the choice of some convenient gauge. lve will assume that rounding

is negligible provided that the change in the scattering pattern is not

neasurable using modern radars. Typical precision radars can supply experi-
mental estimates of radar cross section accuïate to 0. 2 dB and scattering
phase to within S degrees.

Section 5.1 treats scattering by an equilateral triangular prism.

For a regular prism with sharp edges separated by at least three wavelengths,

scattering center theory which neglects interactions is shown to be in
excellent agreement with accurate calculations based upon an integral
equation formulation. A similar comparison study involving a triangular
prisn with one rounded edge provides an external check on the boundary

value soluti-on- Then the scattering centeï theory is used to predict
changes in the scattering pattern due to rounding all three edges of the tri-
angular prism for 0.2< ka < 1.0.
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A paral1e1 analysis reported in section 5.2 appries for a squaïe

prism. Extension of our work with prisms to three-dimensional targets is
straightfonvard and section 5.3 examines scattering by a finite, right-
circular cylinder with rounded edges. General observations on the effects
of rounding the edges of targets are contained in section 5.4.

Finally, it should be realized that our analytical approach allows

calculation of the reradiation characteristics of any rounded-edge scatteï-
ing center having ka and a investigated in chapter 4. Thus the prisms

and cylinders treated next represent taïgets of convenience on1y.

5.1

Consider scattering by a two-dimensional equilateral triangular
prism with three sharp edges as shown in Fig. 5.1(a). The electrical side

length kL will be chosen large enough so that a single diffraction version

of geometrical diffraction theory accurately predicts the scattering
phenomenon. F'irst the regular prism is modified in the nanner shown in
Fig. 5.1(b) where one edge is rounded; this configuration is employed

to obtain an external check on the boundary value solution. Then a prism

with three rounded edges (see Fig.5.1(c)) is used to evaluate the effects
of edge rounding.

5.1.1 Minimun Dimension of prism

Geometrical diffraction theory has direct application to the regular
prism shown in Fig. 5.1(a) since the reradiation characteïistics of the

scattering center formed by a sharp edge are knolvn. As shown in this
figure, the incidence (observation) angle oo ( ê ) is referenced to a

symmetry plane.
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Principal polarization fields reradiated from the regular prism

are easily derived using geometrical diffraction theory (single-diffraction
terms only) in the manner outlined in Refs.2g and,3r. Expressing the

tadar cross section ø- per unit length in terms of the scattering pattern
;øfe"' we have

-2d=
k

(s.1)

(s.4)

where

..l r,elP + F¿e.i,o + +eiP 
I

(s.2)

p=tan
F/ .s¿np / + F, sznpz + Fs s¿np.

7¿ôs/a/ t- F, cos/¿ r- Fz Co_sp€
(s. 3)

and the numerical subscripts refer to edges labelled in Fig. s.l(a). In

the angular interval esêa, ê- 7r , the amplitudes assigned to edge

scattering centers are given by

tr, = ry ft""" (í) ."' (:.f1J-', ç", (+) """¡ø=¡'1
sin([l f r /

F, = " " :\; ) 
Ll- ", 

g) -,., f:e,:e)]', þ", E) 
_," 

" (*)]-,1, o = êo, 0 = æ

- O; o-Oo, 
"-l

= #lç*€)_,""(r:L\l 
,, 

{.",(i)-"""(æ, )J 1, î= n., o:rr

9ï-, gl - *, (r:ue)]-', {,." ¡z ¡ - "* (rr_ø:_?} 
1 

J 
;

o-'âo'ørîso 
=rr

(s.s)



. /îTS ¿n I 
-(7

,*(Te':e)]''+

= O;7T-Ø<Ao, e= 7T

the phases assigned to edge

Fig. 5.1(a), are given by

i05

; ê-êoro-7T-&,

(s.6)

scattering centers, referenced to the origin

)

{",,(g-,""(9oey-'l[r"'(")r

and

of

+ cos(æ- q1Pt= i - tL 
lcos 

(ø+ao1

Pz - t,t fc"s (o - oo) + cos(æ n¡ I

(s "7)

(s.8)

Ps (s. e)

where { = 5/3 and d = 30".

The upper and lower signs in (5.4) through (5.6) refer to vertical

and horizontal polarizations respectively. Angular restrictions on (S.4)

through (5.6) are a consequence of a single-diffraction analysis; individual

centers contribute to the total scattered fieid only when they are directly

illuminated by the transmitter and directly ilobserved'r by the receiver.
Finally, the presence of singularities at aspects which produce specular

scattering (Oo = o ={-ø> go=ô=7r, êo+o = 7T- Zø ) and for the for'ward-

scatterj-ng case ( ê-Oo = 7f ) is noted in (5"4) through (5.6).

This situation is characteristic of applications of unmodified geometrical

diffraction theory. However, singularities may be cancelled to yield the

fol lowing valid 
"*pturrio.,r64

+

7r
4
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F (oo

= F(ôo=g =

F(Ø = o ; ê =zr-za) =lt"t "*rl =,

['*G) 'J'''' I

;4
et# F,o-Z-v- 2

'ryrr'"(î)'*'(+)l

-o¡ = l* ,t"(T)
7

n-)

-l :77
e-JÇ + Fz eJ+

(s.10)

(s.11)

tr(Oo=O; ê=zr)= (s . 12)

Thus tr (0o,0) is a continuous function with valid limiting repïe-

sentations given by (5.10) through (s.12). This completes the single

diffraction description of scattering by the regular triangular prisn of
Fig. 5.1(a) based upon geometrical diffraction theory.

It is known that the accuracy of geometrical diffraction theory

increases with an íncrease in the separation between scattering centers.

We now wish to establish a minimum value of kL for which interaction
phenomena are negligible. To accomplish this we compare results of approxi-

nate theory with accurate predictions based upon an integral equation

formulation (IEF) of the scattering problern. It is onry necessary to
consider one polarization combination, and we choose the vertical polari-
zation case. Table 5.1 compares the magnitudes of the scattering patteïn
Fv(GDT) and F.,r(IEF) for a regular triangular prism with electricar side

length kL = 20. Fu(IEF) calculations based upon (8.7) of Aþpendix B

are accurate to at least three significant figures. The data presented in
Table 5.1 show that geometrical diffraction theory (5.2 through 5.12) is
accurate to within 7 percent, with rnaximum error at the monostatic aspect

which corresponds to shadowing of an edge. we conclude that the single

lø, "i 
r "'.tP þ", (i) - "* (+)]' "-, 

i 
I
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Table 5.1 SCATTERING PATTERN oF A REGULAR TRTANGULAR pRtsM (ka = 0,
kL = 20)

MONOSTATIC
O=Oo BISTATIC

oo= oo

eo Fv(GDTI Fv(l EF)

/o

ERROR oo Fv(GDT) Fv(l 
E F)

ot

ERROR

0

10

20

30

40

50

60

1.410

1.158

1.166

1.448

1.815

2.135

20.o2

1.422

1.111

1.153

1.547

1.860

2.181

20.09

-0.8

4.2

1.1

-6.4

-2.4

-2.1

-0.3

0

20

40

60

80

100

120

1.410

1.241

1.291

1.686

2.653

4.652

10.12

1.422

1.203

1.226

1.686

2.624

4.622

9.866

-0.8

3.2

5.0

0.0

1.1

0.6

2.6

Table 5.2 SCATTERING PATTERN oF A MoDtFtED TRtANcuLAR pRtsM
kL = 20)

(ka = 1.0,

MONOSTATIC
o=oo BISTATIC

oo= oo

eo Fv(GDT) Fv(l EFI

ofto

ERROR eo Fv(GDT) Fv(l EF) ERROR

0

10

20

30

40

50

60

1.886

1.956

1.715

1.576

1.586

1.613

18.82

1.923

2.O40

1.758

1.695

1.595

1.607

18.75

-1.9

-4.1

-2.4

-6.3

-0.6

0.4

0.2

0

20

40

60

80

100

120

1.886

1.999

2.060

2.405

3.228

5.256

9.207

1.923

2.O76

2.122

2.440

3.231

5.264

9.296

-1.9

-3.7

-3.1

-1.4

-0.1

-0.2

-1.0
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diffraction version of geometrical diffraction theoïy accurately describes

scattering by a regular triangular prism with side length kL = 20.

5.I.2 External Check on Boundary Value Solution

The integral equation fornulation has been extended to provide

accurate estimates of vertical polari zation scattering by the nodified
prism shown in Fig. s.1(b). with one edge rounded (8.9) of Appendix B

applies. Geometrical diffraction theory is easily extended to the modj-fied

prism using the perturbation approach on the rounded edge. Here we replace

r, eiPd in (s.2) with the return ,*, 
"ro"

edge, i.e.,

Fp=eJPat = FrsiPe + FP,J'PP (s " 13)

In (5'13), F, and pu are given by (5.6) and (5.9). The complex per-

turbation ,e" iPP associated with rounding edge number J can be

determined from analyses of the 60o wedge reported in chapter 4. The

perturbation rnagnitud,e FP hu, the form of (4.s) with e * rr-a- ê
and with polarization-dependent coefficients contained in Tables 4.1 and

4'3' similarly, the perturbation phase pP it given by (4.4) with coefficients
listed in Tables 4.3 and 4.4, For the symmetrical-incidence bistatic case,

vertical polarization magnitude Fu and phase p, have the forms (4.5) and

(4.6) with coefficients listed in Tables 4.5 and 4.6" respectively. Fina1ly,
the limiting formulas (5.10) through (5.12) are also modified by the inclusion
of FP e tPt.

Table 5.2 compares scattering pattern

zation for a triangular prism with electrical
edge with rounding ka = 1.0 (see Fig. S.t(b)).

associated with a rounded

magnitudes at vertical polari-

side length kL = 20 and a neaï

The overall agreement



between

in Table

and its

5.1.3

where the perturbation contribution

by an angle z from the contribution

described for (5.1J).

Fv(IEF) and F,r(GDT) shown in Table 5 '

5.2 constitute an external check on

application through the perturbation

Scattering by a Triangular prism with
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1 is preserved. Thus the data

the boundary value solution

approach.

Three Rounded Edges

Fig. 5.1(c) depicts an equilateral triangular prism modified such

that all three edges are rounded with equal radii of curvature a. Monostatic

scattering by a triangular prism with three rounded edges is estimated using

(5.1) through (5.12) with modifications of the form of (5.13) for a1t three

scattering centers. Specifically, we retain (s.1g) and expand (s.4) and

(5 " 5 ) in the fo l J,owing manneï:

,* 
, "t'*' = Ft €J Pr * tr P (o - rzo) eieP(e- eo¡

(s.14)

F*.eiP", = Fz "ir" * trP(A (s. 1s)

is shifted

the manner

By incorporating the above modifications we can evaluate the

dependence of the scattering phenomenon upon edge rounding using scattering
center theory" Figs. s.2 through s.6 present the magnitude and phase of
the principal polarization scattering patterns of the triangular prism with
three equally rounded edges for 0 -* ka = 1.0. In Fig. s.2, a rounding of
ka = 0.2 produces negligible change in the scattering pattern of the regular
triangular prism. Notice that the peak in F', occuming for ê = 1go is
most sensitive to this smal1 degree of rounding. For ka = 0.4, Fig. 5.3

+ /zo) 
"i.'(ê 

* /zo)

rP(a * fr) eJÞP(etr)

F Pe¿PP obtained in
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sholvs that the effect of rounding upon magnitude and phase is no longer

negligible for either principal polari zation Considerable alteration of

the pattern for the regular prism is observed in Fig. 5.4 when ka = 0.6;

peak and null locations are shifted and the nagnitude of the horizontal

polarization pattern assumes a different character in the angular region

about ê = 18o. The effect of increasing rounding to ka = 0.8 and ka = 1.0

are sholn in Figs. 5.5 and 5.6. Here the character of the pattern for the

regular prisrn is completely altered except in the angular region containing

the specular peak ( a - 60'); cï'oss section differences of greater than

15 dB occur along with phase àifferences as large as 1g0o.

Next we examine the scattering characteristics of a square prism as

a function of edge rounding. Fig. 5.7(a) depicts a regular squaïe prism

rvith scattering centers formed by the four sharp edges. The electrical side

length is again chosen to be 20 to assure that interactions between scatter-
ì-ng centers are negligible.

For the monostatic case ( o = ao ), s,ymmetry arlows us to treat
the limited aspect interval o= ê- z* , in which case the edge labelled
4 in Fig. 5.7(a) does not contribute in the single-diffraction anatysis.

The amplitudes and phases assigned to edge scattering centers are given by

(s.16),, = ':!21þ",(+l -,",€::3)J' , {.""(î) -,\-'

+fr. "' (+ ) - """ (Ë: 
2')I,,

'Ì-'l
F^=

5Ln )[{."'
/zrt-\7

ì{'"'(or. )

{""'(i) -(Ð "",(#)\ ,

(s.17)

-3 - r ,J, 
I (s . 18)
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pt =-î-zhLcos(u*ê)

pz = i _zlcL ¿os (æ_ a )

Pe

with 7 = 3/2 and q-= zr/4. when á = T/4, specular scattering is
determined by

(s.1e)

(s. 20)

(s . 21)

tr(e = í: -*) =lu",{r 
"+{.o, 

(í)-,J-'"-iî (s "22)

Equations (5.16) through (s.22), rogether with (s.r) rhrough (s.3), a11ow

prediction of monostatic scattering by a regular square prism for both

principal polarizations.

Figure 5.7(b) shows a modified square prism with equal rounding of
all four edges. Scattering by the modified prism is predicted using the

perturbation data presented in chapter 4. The necessary extension to
(5.16) through (5.22) parallels the steps outlined in secrion 5.1; the im-

portant difference is that perturbation data for a 90o wedge apply here

(see Tables 4.1, 4.2, 4.3, and 4"4). Figs. s.g through s.10 present the

nagnitude and phase of the principal polarization scattering patteïns of
the square prism with four equally rounded edges for 0 = ka s 1.0. Accord_

ing to data shown in Fig. 5.g, a rounding of ka. 0.6 prod.uces negligible
change in the scattering pattern of the squaïe prism. when rounding is
increased to ka = 0.8, Fig. 5.9 indicates appreciable change in the

magnitude of nonspecular peaks. Finally, rounding of ka = 1.0 has a

significant effect upon both the location and magnitude of peaks in the

pattern; results shown in Fig. s.10 indicate up to 5 dB change in radar

cross section and as much as 300 change in scattering phase.
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5.3 Modified Finite Right_Circular Cylinder

In this section we examine the effect of rounding the edges of a

finite, right-circular cylinder to illustrate the application of our analysis
to three-dimensionar targets. For this target, the two-dimensional

analysis of section 5.2 applies directly provided we incorporate the proper
divergence factor. Briefly, the divergence factor is a geometrical con-

struction introduced so that theory satisfies the optical form of the 1aw

of conservation of energy. Thus the following analysis of scattering by

regular and modified finite, right-circular cylínders is a straightforward
extention of our previous rork.29

First consider monostatic scattering by a regular cylinder with
four sharp edges. Let the center of the cylinder be the phase reference

and let the aspect angle o be measured from the axis of the target to the
radar line-of-sight as shown in Fig. s.11(a). Here A is the radius of the
cylinder and h is the half-height. Target symmetry requires definition of
scattering in the limited aspect interval O s ê = !

The expression for three-dimensional radar cross section is

where

_2L
- ¡-Z

lr,
io.

F. eu/ L

(s.23)

(s.24)

with the amplitude of each contribution given by

",l"ou(î) 4'l
sr', (A\ r,

tr = c, ry L[".' (o, ) 
- ""' (ry)] (s.2s)
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77
Pt -- -V

(s "26)

(s "27)

(s.28)

(s.2s)

(s.30)

v-
+

cz=Ce

c2

which arise in the evaluation of the divergence factor. when

is axial or broadside, specular scatteïing is giv"n by29

ç(o*o) -- z-.'F(f ¿)' û(zk¿sinâ) +¿'2k/t cos O

tr(a*T) = -zrn r[*e

2k As¿'n O

sìn (Zfhcas6)
2kh cos ê

(s.3i)

(s "32)

incidence

(s.35)

-;eIn ìzkAs¿n0
eu 4 (s. 34)

.7r
eJz

Equations (5.23) through (S.34) atlow predicrion

by a regular finite, right-circular cylinder for

of monostatic

both principal

Fz : c.'"(ri)[.",(i)-.",(+q ,{.",(Ð ,]'l
srn (E\lr

F3 = 
" "'i.{.",(î)-*,

and with the geometric phases

+j ,1..'(î)

+ Ztc (A sìn O + /t cos ê)

Pz -zk (,4 sin O - hcos ê )

ps = - i . Z* (,e s¿'¡ e +h c.,s ê)

Accounting for

(5.30) are the

a change in aspect and

same as (5.16) through

phase references,

(5.2I) except for

,J 
,]

(5.25) through

the quantities

s cattering

polatizations.
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Figure 5.11(b) depicts a finite, right-circular cylinder modified

such that edges have equal radii of curvature a. To predict scattering

by the modified cylinder, we replace (s.24) rhrough (5"30) with equarions

of the forrn

Fo, eiP"; = F¿ eJT + c¿ F¿e 
"L 

Gf * P, - i) (s"3s)

which in turn will alter rhe limiting formulas (5.sJ) and (s.g4). The

complex perturbation FrPuil"f in (S.35) is determined from Tables 4.1

through 4.4 using FP and p' fo, a 90o wedge with angular shifts given by

FrP"tr; = rP(ê - /5) eìPF(ê - 
r',)

r"P"tr! = F P(ê + 45) .lP 
P{ê *'¡zs)

r-rP"ic! = FP(o -þ5) 
",trPle 

-rcs)
(s.36)

Figs. 5.12 through 5.15 present the magnitude of the scattering

pattern of a finite right-circular cylinder wíth k,a =,(h = /o, O S ka- < /.O
From Figs. 5.72 and 5.13 we conclude that edge roundings less than ka = 0.g

have smal1 effect upon principal polarization patterns. For ka = 1.0,

Figs. 5.14 and 5.15 show appreciable change in the pattern magnitude,

especially at intermediate aspects.

5.4 Conclusions

Results for nodified triangular and square prisms show that, for
a given rounding, the scatteïing pattern is most sensitive to target shape;

the narrower the wedge angle 2 ¿ associated wíth taï.get geometry, the

greater the effect of rounding. Studies involving the square prism and

right circular cylinder indicate that, for fixed wedge angle, patterns of
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two- and three-dimensional targets exhibit much the same sensitivity to

rounding.

The change in the scattering pattern of a target due to rounding

j-s not markedly dependent upon aspect angle provided we exclude those

aspects which give rise to specular scattering. Then the choice of
polarization determines the following general behavior: for vertical
polarization, rounding increases the magnitude of peaks; for horizontal

polarization, peak values are reduced by rounding. This dependence stems

from the fact that the dominant Teturn for vertical (hori zontal) polarization

arises at the near (far) scattering centers on the target, which experience

increase (decrease) with rounding due to the aspect dependence noted in

Chapter 2.

As the scattering center pïogresses from a sharp edge to one with

finite but smal1 rounding, the scattering pattern of the target exhibits
fluctuations in the magnitudes of nonspecular peaks while retaining the same

peak-nul1 character in aspect ang1e. This initial behavior indicates that
change is due to FPrather than to 7P. Increase in rounding leads to change

in the peak-null characteï as we11, i.e., the perturbation phase p" ¡,
now also important in determining the effect of rounding upon the scattering
pattern of the target.

It should be reali zed that rounding the edge of a target alters the

envelope of the peaks in the scattering pattern. At aspects other than

specular, this envelope is independent of the dimensions of the target,
(i.e., kL, kA or kh). Thus the observations noted with targets three urave-

lengths on a side will apply for much larger targets as well. Finally,
another advantage of the perturbation approach becomes appaïent: analytical
expressions of scattering by targets with rounded edges retain the singu-

larity-cancellation capability of the unmodified theory.
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SYMMETRY
PLANE

(b) PRISM WITH ONE ROUNDED EDGE

(c) MODIFIED PRISM WITH THREE ROUNDED EDGES

eoeu

(a) REGULAR PRISM

Figure 5.1 REGULAR AND MODIFIED EOUI LATERIAL TRIANGULAR PRISMS
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SYMMETRY
PLANE

(a) REGULAR SOUARE PRISM

{b) MODIFIED SOUARE PBISM

Figure 5.7 REGULAR AND MODIFIED SOUARE PRISMS
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(a) REGULAR CYLINDER

(b} MODIFIED CYLINDER

FigUTE 5.11 REGULAR AND MODIFIED FIN¡TE, RIGHT-CIRCULAR CYLINDERS
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6. EXTENSION OF THE BOUNDARY VALUE SOLUTION
FOR THE TRUNCATED WEDGE

6.1 Introduction

This chapter generalizes the boundary value approach introduced in

chapter 2. For convenience, discussion is limited to that class of

obstacles forned upon modification of the tip of a semi-infinite wedge.

Although scattering by more complex obstacles may be treated by this

sane technique, no atternpt at a1l-inclusive coverage is intended.

The boundary value approach of chapter 2 comprises three najor

steps:

(1) Forrnulate eigenseries expansions for the region I and II
fields with unknown expansion coefficients.

(2) Apply the addition theorem to the region I fields to obtain
a conmon coordinate origin.

(3) solve a set of simultaneous equations for the region I
expansion coefficients and then compute the scattered
field in region II.

Implicit in step (1) above is a prior knowledge of valid eigenseries

expansions for both the region II contour (including the matching boundary)

and the region I contour. Despite this restriction, many problems can be

analyzed using the above generali zatíon.

In Section 6,2 we discuss targets made up from combinations of
cylinder and wedge sections. Within the confines of scattering centeï

theory, the most interesting of the new geometries is the truncated wedge.

The analysis in Chapter 2 is easily altered ín Section 6.J to apply to the

truncated wedge, and backscattering data for 60", 90o and 120o wedges are

presented. In Section 6.4, geometrical diffraction theory is applied to
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the trurcated wedge in a form suited to strong interaction between edge

scattering centers. The capability of approximate theory is evaluated by

comparison with boundary value calculations for symmetric incidence on

wedges having various degrees of truncation. An improvement over present

approximate theory is suggested which incorporates the exact solution for
a wedge in the description of interaction terms. Finally, suggestions for
future research are presented in Section 6.5 within the context of Hunter?s

detailed investigation of scattering by a truncated wedge.

6.2 Moj4fied Wedges

The generalized boundary value approach of Section 6.1 has direct
application to cylinder-wedge and wedge-wedge combinations. Representative

examples are discussed next to illustrate the scope of application.

6.2.I Cylinder-Wedge Combinations

Chapter 2 contains a specific application of the boundary value

approach for tip configurations ranging from the wedge with cylindrical

tip to the wedge with rounded edge. Fig. 6.1(a) depicts the situatíon

when the cylindrical tip is assigned an intermediate location. Given the

wedge half angle ø, the cylinder radius 42 , and the separat.ion distance

dr(Old.= dr) , r" compute the radius to the matching boundary using

(6.1)

Then the analysis of Chapter 2 (given

applies without modification provided

corresponding to dZ.R, we interchange

in (2-26), (2-29) , (2-44)

dztR. For intermediate

the roles of d. and Æ in

and (2-4s))

I ocations

the
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addition theorem (2-7) and project this change into relations used for

computations. Finally, we notice that the liniting behavior of our

solution is proper. As the separation distance d, approaches zero, R

approaches a by (6.1), ild the region I expansion coefficients (d* lp , Dp

andFp) approach zero. Thus we recover the solution for a wedge with

cylindrical tip of radius ¿

The derivation in Chapter 2 also applies without modification

when the cylinder radius exceeds that corresponding to the rounded edge.

In Fig. 6.2(b), parameters Ør,d, denote a rounded edge and the larger

pait a'r, d, give rise to a discontinuity in the normal to the surface at

the join. Notice that R is calculated as if the edge were rounded (using

a, and d, ). Choosing a value for separation so that dztdtand computing

the cylinder radius using

(6 .2)

)a I

we may apply the final results of Chapter 2 directly.

Next consider the situation in which the radius of the cylinder is

less than that value corresponding to the wedge with rounded edge. In
Fig. 6.1(c), R and d, remain parameters associated with the wedge with

rounded edge. The reduced radius of the cylinder is chosen such that

arzd,tanæ,. There it is necessary to alter the eigenvalues in the

expansion for the region I fields. Specificalty,p->Çin e.S) and

(2.32) where trr= (2n-Zær)/Í. Of course relations based upon these

initial equations will also require alteration, but the proper form of the

final result can be obtained by inspection.
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6.2.2 Wedge-Wedge Combination

The generalization of section 6.1 also has utility when the

region I contour includes a section of a wedge. Fig. 6-2 ð,epicts an

interior wedge with half angle u* For a, > ær/2, this wedge section

exhibits the proper 'rinterior'f character. To obtain a valid expansion

for region I fíelds, we introduce general expansion coefficients in the

known eigenseries expansion for a wedge with harf-angle a.. . Again care

must be exercised in applying the addition theorem in cases where ¿<R.

Allowing q. z to increase to v/2 results in a truncated wedge. This

particular configuration will be analysed ín Section 6.3. Further increase

in ær leads to a wedge with notched edge.

6.2.3 Further Applications

Modified wedges discussed in Subsections 6.2,I and 6.2.2 contain a

plane of symmetry. However, the addition theorem a1lows arbitTary trans-

lation of cj-rcular cylindrical waves. This means that the generalized

boundary value approach applies to asyrunetrically modified wedges.

Fig. 6.3 provides an illustration based upon the wedge-wedge conbination.

This problem can be solved in the same manner as the symmetrical case

(see Subsection 6.2.2) .

In three dimensions, the sphere and cone coïrespond to the

cylinder and wedge, respectively. By introducing the addition theorem

for spherical Bessel function=,65 known boundary value solutions for the

sphere and cone can be rnanipulated to provide a solution for the cone

with modified tip. Both sphere-cone and cone-cone combinations can be

treated. Because of the complexity of the component bourdary value
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solutions, one can anticipate increased difficulty in three-dimensional

prob lens .

6.3 Boundary VgIue Solution for the Tr.tmcate.d- Wedge

In this section we apply boundary value theory to the truncated

wedge and report findings on the behaviour of scattered fields under plane

wave excitation. The present formulation is easily constructed by paraIlel-
ing the derivation contained in Chapter 2.

Fig. 6.4 depicts a two-dimensional, semi-infinite, perfectly con-

ducting wedge with truncated tip. once the wedge half angle o¿ and

truncation length L are chosen, the separation d between coordinate

origins is given by

(6.3)
.Lú= T cofq.

while the circular cylindrical

cscx t

Ei gens eries

chosen in Chapter 2

In region I we satis

expansion for a half

electric line source

-r k'T^Er(p,0)=-#

marching boundary (8, ø) is

q 1 Ó ¿' 2Í - q .

deterrnined by

(6.4)

II fields remain those

31) , (2. 13) and (2. 14) ) .

the conducLor using the

the wedge solution for

R=+

expansions for region II and I

(see (2.3) , (2.4) , (2 .30) , (2.

fy the boundary conditions on

-space. Set /" equal to 1 in

exitation to obtain

L Irk/Ho&a)lap ',, j-þ=t

+{,cos4,,",tf
cos pO

(6.s)
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Normalizing the expansion coefficients with respect to t,nÇ ,cotÇ
we can rewrite (6.S) as

,r'(/,t, = -*ÐIr(xp)Hp(kn)þr 
"orp0 

* f, sn ,,êl

- l-zt, @

H! tp,q = -t-ße 
,>r" + (kp) Hr¡r"lp, cos p0 * Fr ,,,74

(6. 6)
dp=0; f everl

{r=o; p odd

when the line source of Fig. 6-4 is a magnetic filanent, we have

(6.7)
Dp= 0 i p odd

F?=0; ?even

This completes srep (]) of Secrion 6.1.

In the application of the addition theorem to the observation

coordinates (pr0) of (6.6) and (6.7) above, there are no restrictions

since the circular cylindrical functions are Bessel functions of the

first kind, andp is an integer. Thus step (2) of section 6.1 is
accomplished upon direct use of (2.7).

The resulting far field expansions for plane wave incidence are ob-

tained by paralleling the analysis of sections 2.2 through 2.s. The end

result of step (3) of Section 6.1 is found to be
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with the expansion coefficients determined by

and

dp=Fp=0;?even

{r= Do = 0i V odd

þtoø Sr*ø- trr'{*Ð #,0 ul[o,r,nr,?rt, " Ç.¿ (6. i0)

= - #n , ,rft ( 
ø" - ^1"- 

tîa '""6" - $t)

= - # ""r|-{ø. - *n"-iLd 
cos þo -ii )

i38

(6 .12)

In (6.8) through (6.11) above,é, is the Neumann number, /=r/ and,Z,

through Ïo are given by (2.20), (2.2I) , (2.59) and (2.40).

It is interesting to note that the solution for the wedge with

rounded edge can be manipulated to produce the above solution for the
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truncated wedge, Taking the final

the following modifications :

results of Chapter 2 and introducing

according to

to zero.

K

a

(1)

(2)

t5J

Then (2.26)

An a priori

continui ty,

erpansions

Reinterpret d and

Set the parameter

Enforce (6.12) .

(6.3) and (6.4)

, (2.29), (2.44) and (2.45) reduce ro (6.8) rhrough (6.I2).

rationale for this procedure cannot be based upon geometrical

but rather it arises from the relationship between eigenseries

assigned to the fields in region I.

To maintain uniformity of presentation, we calculate the range-

independent scattering pattern F(kL, g) for the truncated wedge, where

9 is the azimuth aspect angle referred to a wedge face (i.e.,f=þ-o).

Figs. 6.5 through 6.7 compare principal polarization values of F(qf)with
F(k L, f) as a fi:nction of g for 2x = 60o, 90", I2O" with kL = 1, 2 and 3,

respectively. These backscattering data exhibit much the same gross

characteristics as the rounded wedge data: Whenf>/ trun.ation causes

an increase in the sharp wedge result due to the flat-surface specular;

whenft!, tcattering decreases since the return from an illuminated edge

decreases with increasing wedge angle. However, interactions are

appreciable for horizontal polarization and increase in kL can allow

phasing which can negate the latter behaviour- (This mechanism is

becoming apparent in Fig. 6,7.)

The analysis and results of this section constitute a concrete

illustration of the generality of the boundary value approach. Additional

calculations based upon the boundary value solution are presented in the

next section.
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6.4 Geometrical Diffraction Theor lied to the Truncated Wedse

The truncated wedge exhibits (edge) scattering centers whose re-

radiation characteristics can be described by geometrical diffraction
theory, when the truncation length k L is less than 6, one can expect

considerable interaction between edge scattering centers. Thus the

boundary value solution of Section 6.3 is suited to evaluation of the

ray mechanism of interaction.

6.4.7 Ray Formulations

In a ray theory formulation, the scattered field at the observa-

tion point, /.tot^I, is the sum of the fields on all rays passing

through that point. Then the magnitude of the scattering patteïn is

given by

Fon, -- /2r/ k r 
llrrororl (6.13)

The truncated wedge exhibits

and lower edges (see Fig. 6.

is due to diffraction of the

direction of the receiver, i

two scattering

8). The singly

incident energy

centers located at the upper

diffracted contribution r¿¿,

by both edges in rhe

4, = .þ,, + 4.' I t ul a Uz
(6.14)

Higher order diffraction describes the interaction between scattering

centers. For example, the doubly diffracted contribution is due to

single diffraction at one edge in the direction of the other edge; at the

second edge, the ray is again diffracted in the direction of the receiver.
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Although there are

bution to the total

wri te

Because of the

contain a power

be expressed in

an infinite nunber of

field decreases with

diffracted rays,

increasing order

their contri-

so that we can

æ

,¿/=)
' TorA L ./--

n=l
y'zn

of multiple di

complex factor

(6.1s)

repetitive nature

of the recurring

closed fo"rn26,11

ffraction, terms

z which allows

for n

(6. 1s)

>3

to

/Le*y'rsy'¿ror¡t =/', n 
, (6. 16)

acti on

6

have

Equation (6.16) is

double and triple

-iG

valid forlrl< / and requires evaluation of singte,

diffraction terms only.

In the evaluation of7tr,/L2,7zu and ø by geometrica

theory, we choose a two-term diffraction coefficient to exte

prediction capability to small truncation lengths. This mod

diffraction coefficient was derived previously by Mohsen and

for the half p1ane. Extending their result for wedge scatte

- "'n# llC-z--.,4*e"lt=/ v ê-ê"y'tf4u,= ffi r llf"tV- 
cos- ,-) 7 (cos7' ø"f) l

L i ff v ¡r+enêo\-'- / ,y, ê-ê^\-31)r 4k; LlØs7- cos-7-/ a \cos , - cos;) lJ x

1 diffr

nd the

ified

Hamid6

ring we

l' " vl. +)

(., '

(6 . 17)

y'L, = 4,,
'/ ' uy' or- o") (6. i8)
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where

of

of

S=

v^=
range dependent phase

range dependent phase

diffracted tay

incident ray.

Incidence and observation angles are referenced to the symmetry plan" oi

the truncated wedge (see Fig. 6.8). (Fig. 6.g also accounts for the

simplicity of (6.18) which relates rays singly diffracted at upper and

lower edges of the truncated wedge.) The upper and lower signs in (6.17)

refer to vertical and horizontal polarizations, respectively. Fina1ly,

the correction term in (6.r7), which is propoïtional to ,-*, does not

affect the singly diffracted contribution to the scattered field; its
inclusion upgrades the description of rnultiple diffraction only.

Equations (6.17) and (6.i8) allow evaluation of the ray inter-
action model ((6.16) including equations of the form of (6.1S)). Fornulas

specialized to symmetrical incidence backscattering are pïesented be1ow.

For the case of horizontal polari zation, the ray method outlined above

applies without modification.

F = {1,n,H(coÐ 
LL!-

- .o, fi)-'. 1lrþ'í - x (6.]e)

kt)

, /ztrrZ\t -.#(-v"l þ"'\/

,'"''l r ,/ ,-,-l -l?* r þos7-/) _l 
e

^v
7

.l'r//lz
I
!J

"o, =z-)-ltz./ J

- i({, t t)

The first term in (6.19) describes the specular return from the truncation

length due to singly diffracted rays, while the second term accounts for
interactions between scattering centers. Here quantities in L-3/z

Tepresent a first-order correction to geometrical diffraction theory

included to extend prediction capability for small truncation lengths.

)7"
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For the case of vertical polari zation, the ray nethod outlined

above predicts zero interaction between scattering centers. Ke11er67 h^,

sholvn that the correct diffracted field is in this case proportional to
the normal derivative of the incident field at the edge. This necessary

alteration has been incorporated in the vertical polari zatíon derivation

z
7

æ\a
-cos" l^2r/ ,

.ñG"
(6 .20)

/- /zt 73¿¡r¿y/'
(.ot * t'f¡ Qo'

r(4 -ot)

Again, singly diffracted rays describe the specular return in the first
bracket and interactions between edges are represented by the second

term. Quantities in L-5/¿ coïrespond to the first-order correction to
geometrical diffracrion rheory. comparing (6.19) and (6.20), it is
apparent that the predicted interaction is stronger for hori zontal

polari zation.

Figs. 6.9 through 6.11 allow evaluation of approximate theory by

comparison with boundary value data. These plots shol the magnitude of
tìre symmetrical-incidence backscattering pattern as a function of

truncation length for both principal polarizations. Examination of
results for 60",90" and l20o wedges shows th^t Fr(oor) is accurate for
k¿ > 0.5, 1.5 and 2.5, respectively. prediction capability is poorer in
the vertical polarization case where corresponding limits arekL>2, 3

and 5, respectively.

Ir-= lVut
L

_ikL
8eo

ø(r4'ft

t^rl -/T
_l "

ç -,1)"ry ,-z /
f -/) (/

z/
lcos

/_
(."

v
7

/)-

(

/1Y
\cos7

,nv"'2/
í -""'Ð')

4sn vì'
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6.4.2 Modification to Geometrical iliffraction Theory

It seems reasonable to consider whether the use of a three-term

diffraction coefficient will lead to improved accuracy. This diffraction
coefficient could be obtained by expanding relations presented in Ref. 67.

On the other hand, it is possible to formulate an expression for inter-
actions which includes all terms in the diffraction coefficient. The

method is illustrated for the horizontal polarizatíon case. We start with

the exact solution for scattering by a wedge and apply it to the two

scattering centers on the truncated wedge.

lL 
"*oc*,,"l *,n rl ."rþ(2, rù"""Vß.t"1

æa\- n_ & > - -;- 7 /-en7'
n=o

e

fo
N

r\- nt ' ) '- Tt * y L- Cn 7r ,/n (kL)¿ n=0 t' a 
i

I erort , (r, o, oo) =
*i

(r,-ê,-4)

(6.2r)

(6.22)

Multiple diffraction

(6.22) above as well.

I ex.cl ,,"t

we

the

For single diffraction

contributions involve

Our result becomeslr(rr-) =1l rktGDr/nod. I L

retain (6.17) and (6.18) .

application of (6.24) and

-v
nv-/V
O s/r7 =- et¿

/

. _t

cos^ l
.¿ /./

.v-/T

rnt, .*05f

^ //l6/n -=¿/+ 

- 

l.
*lÇ4\

/îY
lcos j -

\-1-
n=O

,)'l

4

", l'
(6 .2s)

Equation (6-23) represents the limiting form of (6.ig) in that it contains

the conplete r dependence for interaction. Thus the above results allows

evaluation of the ray theory model for interaction.
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6.5 Related lnve_stigat_ion of. the. lru.ncjrted_ Wedge

The truncated wedge has been chosen to illustTate the generality

of the boundary value approach. Boundary value calculations were used to

evaluate geometrical diffraction theory, and a modification to approximate

theory has been formulated. Hunte146 has performed a detailed investiga-

tion of scattering by a truncated wedge, and his findings are discussed

below.

Hunter employed the Surface-Current-Replacement technique to

generate accurate scattering data. He then evaluated the single and

double diffraction form of geometrical diffraction theory (our (6.16) with

y'zr=t=6 ) in the bistatic case. For horizontal polarization, the

objectionable singutarity for forward scattering (ê=êo+ir) is observed.

For vertical polarization, his interaction term is zero because he tïeats

the field rather than the normal derivative of the field. To improve the

approximation, Hunter first constructs a polarization dependent form of

physical optics which shows improvement over conventional physical optics.

Next Hunter applies the Iterative Surface-Current-Replacement technique

to the truncated wedge. This nethod, which is'tpostulatedrlto be exact,

leads to an integral form of the diffraction coefficient, and the result-

ing modification to geornetrical diffraction theory no longer exhibits a

forward scattering singularity. Hunter states that approximate theory

for symmetrical incidence backscattering is now accurate for kL as lour

as 0.3.

Further work on the rvedge with small truncation length should be

performed within the context of Hunterts excellent modification to

geometrical diffraction theory.
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Figure 6.2
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Figure 6.3 ASYMMETRICAL WEDGE-WEDcE COMBTNATTON

SYMMETRICAL WEDGE-WEDGE COMBINATION
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Figure 6.4 SCHEMATIC DIAGRAM OF TRUNCATED WEDGE UNDER
LINE SOURCE EXCITATION



10

8

t /t ,/

S j ,v
, II

1

0.
8

0.
6

10 I 6

0.
1 

L 0

g j r¿
1

I |l 
0.

8

A
Z

IM
U

T
H

 A
S

P
E

C
T

 A
N

G
LE

 g
 -

 d
eg

re
e

F
ig

U
T

C
 6

.5
 S

C
A

T
T

E
R

IN
G

 D
A

T
A

 T
O

R
 6

00
 T

R
U

N
C

A
T

E
D

 W
E

D
G

E

0.
6

i.z
./.

I /i
./

\,l r\
kL

=
1 

i

rx
l

I 
i:-

-!

kL
=

0

5 (o



9 J1 J-
tJ

.

60
 

90
 

12
O

 
0 

30
 

60

A
Z

IM
U

T
H

 A
S

P
E

C
T

 A
N

G
LE

 O
F

 p
 _

 d
es

re
e

F
is

ur
e 

6.
6 

S
C

A
T

T
E

R
T

N
G

 D
A

T
A

 F
O

R
 9

O
o 

T
R

U
N

C
A

T
E

D
 W

E
D

G
E

/l tl tl I

(.
rì o



I

90
 

12
O

 
0 

30
 

60

A
Z

IM
U

T
H

 A
S

P
E

C
T

 A
N

cL
E

 I
 -

 d
es

re
e

F
is

ur
e 

6.
7 

S
C

A
T

T
E

R
T

N
G

 D
A

T
A

 F
O

R
 1

20
0 

T
R

U
N

C
A

T
E

D
 W

E
D

G
E

(J
ì



t52

Figure 6.8 SCHEMATIC DIAGRAM OF TRUNCATED WEDGE
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CONCLUSIONS AND RECON'1Ì\,IENDATIONS

Previous results attest the validity of the scattering center

concept for predicting high-frequency electromagnetic scatteïing by

simple, conducting, generic shapes. It is necessary to investigate

additional scattering centers in order to treat rad.ar targets of rnore

practical interest, and the geometrical di-scontinuity forned. by a rounded

edge rvas seLected for detailed exanination.

A solution to the problem of pLane rvave scattering by a semi_

infinite, perfect 1y cotrducting rr'edge rvith rouncle<l edge has been obtainecl by

the boundar;' value approach. checks on calculations provide a demonstration

of internal consistency as well as agreement rvith independent scattering
data cornputed fron an integral equation formulatÍon. It has been shorvn that
ka less than unity can double the sìrarp hredge result, although the effect of
rounding is markedly dependent upon aspect angle , polarization and rvedge

ang1e. Qualitatively, the change in the sharp lvedge result is directly
proportional to ka and inversely proportional to wedge angre 2d- . N,lono-

static calculations show that, independent of porarization and wedge

angle, increase in rounding causes a decrease in scattering at aspect

less than the specular value followed by an increase in scattering at

aspects greater than the specular va1ue. Bistatic calculations reveal

that more energy is coupled into the shadorv region by diffraction at a

sharp lvedge than by creeping waves on a ïounded rvedge. N,lore importantly,

the boundary value solution for tl-re rounded rvedge provides quantitative

results which enable us to extend scatteïing center theory. The numerical

capabllity of the boundary value solution extends over interrnediate values

of wedge angle rvith a substantial upper limit on rounding; aspect
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dependent calculations allow maximum rounding ka = 4, while symmetrical

incidence capability includes ka as large as 7 . Following investigation

of scatteri-ng by a cylindrically-tipped wedge we conclude that greater

rounding may be treated by an integral equation solution since the matching

boundary collapses to the virtual edge of the sharp L,edge.

Provided that incidence is synmetric on a wedge rr'ith appreciable

rounding, the scattering is insensitive to polarization. Then asymptotic

physical optics accurately predicts expressions for the reradiation frorn

scattering centers on the obstacle. In this manner r,Je discover the

limiting behavior of the contribution arising at the join scattering

center. lt4odification of asymptotic physical optics to include a

polatization-dependent specular return does not improve overall prediction

capability. Unfortunately, the observed limitations upon physical optics

(1arge rounding unless wedge angle is narrol and polarizalion is horizontal;

symmetrical incidence only) preclude a general application.

lìor moderate rounding (ka= 1), advantages accrue from vierving the

boundary value solution as the sharp-wedge result plus a perturbation

fie1d. In particular, the nonostatic and symmetrical-incidence bistatic
aspect dependence of principal -poIarízation peïturbation fields (magnitude

and phase) are accurately described by compact expansions. The coefficíents

of these expansions are tabulated at steps of 0.2 in ka and 10o in rvedge

ang1e. Flowever, the observed dependence of these coeffi-cients upon ka

and a. is complicated, so that considerable additional analysis is required

to determine the complete parametric dependence of perturbation data. For

this reason, alternate nethods rvhich can lead to appïoxinations to the join

return should be sought.
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The quantitative perturbation data tabulated in this thesis

provide a convenient means of extending scattering center theory to

include targets with one oï more rounded edges separated by at least

three wavelengths. Investigation of reradiation by a modj-fied equilateral

triangular prism, a modified square prism and a modified finite, right-
circular cylinder shows that, for a given rounding, the scattering is

nost sensitive to target shape; the narrower the lvedge angle associated

with target scattering centers, the greater the effect of rounding.

Final1y, the choice of pola'rization determines the relative strength of

pattern peaks at intermediate aspects: for vertical polarization, rounding

increases the magnitude of peaks; for horizontal polarization, peak values

are reduced by rounding.

Calculations of scattering by a truncated rvedge have been perforrned

to illustrate the generality of the boundary value approach. These data

have been used to evaluate the geometrical-diffraction-theory model for

interactions between closely spaced scattering centers. Iror symnetrical

incidence backscattering, approximate theory is accurate for a truncation

length kl, as smal1 as 0.5, provided polarization is horizontal and the

lvedge angle is 60". Because Hunter has obtained correspondence for kL as

lolv as 0.3, further work on interactions betrr'een scattering centers should

be performed ivithÍn the context of his modification to geometrical diffrac-
tion theory.
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Appendix A

ASYMPTOTIC PHYSICAL OPTICS APPLIED TO WEDGE WITTI ROUNDED EDGE

Chapter 3 introduced an asyrnptotic form of physical optics. Follorv-

.ing presentation of generaÌ formulas, this approxirnate theory was special-
j-zed to predict scattering by a wedge with rounded edge. The relations
(3.13), (3.15) and (3.16) employed in that chapter are derived in this

appendix. First the general formula invotving a singularity at one end of the

interval of integration is used to evaluate the specular transfer function

g(k)s. Next we determine the join transfer functions e(k)f and g(k)2. Finally,

limitations on the aspect-dependent asymptotic result are discussed.

Specular Transfer Function g(k),

Fig. A.J' depicts a wedge with rounded edge illuminated monostatically

at an angle A which is less than the wedge half_angle o< The electrical
radius of curvature of the tip (ka) is assumed large enough that physical

optics applies.

specular scattering arising from the cylindrical surface is
described by the transfer function g(k), evaluated by 1ocal application of
(3-J). Recall that y is the coordinate along the line-of-sight, and L is
the chord of intercept of the target with the plane perpendj-cular to the

line-of-sight. Refering to Fig. A.I, choose T = O at the virtual apex of
the rvedge. Denote the shortest (1ine-of-sight) distance to the cylindrical
sector by 7o , and the joj-n distances by 7, and 7,
to the cylindrical sector, we have

.Jv
-t-ì-

a(*) = ke" I^J 'S Þ

Applying (3-3)

(A.t)
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where

and

wirh

and thus

"1t
- - /-'¿¿, -/'¿k/
-L^-|.----d+e" I dy o

,,

.{"ft 27"-t'k7 = r,,* r",

/=/L/ "z

7a= a(:#-)
/cos0

Vt = olñ -stn(æ+

2,.^= ø(-99Ê-Q--stn(q/1 \slnq

t_ *t,n{

')

-êù

(A.2)

(A.3)

(A. 4)

(A. s)

(A. 6)

To evaluate g(k)s we examine the first integral, Iro, in equation (A.2).

i:or points on the cylindrical sector the following transfornation is valid

t- 7" = a (/- co'J)

* nr = a- cotE ¿çNT

llence, Is1 , can be lvritten in the form

T- = Aet1

øp-znk+al

cos {
-¡:2ka*[ + ¡ 2 ka-cosË

dr

(A. 7)
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Comparing the integral

employed in Chapter 3,

we see that

Notice that a singulari

(3-10) applies in the e

in (3-1i), i.e.,

A'1

e form for the

.,

¿t

Fourier integral

(A.8)

(A.s)

(A.10)

(A. 1 1)

in (4.7) with th

section 3.3, i.e
r't. +<'tt| '"' ôes

J,Ll

L-

2ka
cos f

tr-- /
tz= ,orþ(/-trn(**êùf
ty occurs in þ G; at the

valuation of I, with ,

r... tY\ç/ /V-t //*7

-¡Ç-*')

lower 1imit. Therefore
'a

= r/2 and þtt;= 7L
rt.t

T- =/bl N

= -i, tï? 
"iih-Ð çh)tr)(2k,;'-+ ",'u*

Evaluating the first two terms in this asymptotic series we have

A z= A, - ff uo) * "Ç'f 
*z r^)

substitution of (4.10) and (A.tt) into (4.7) provides the solurion for

I. Because the solution is independent of the upper limit on the
".1

integral , Tr. = r - and the snecular transfer functj-on is given byt1 5 z

i2ka (- *e*e)

{,. rht+l } "
g(k), = /¡re;

O4O¿q

(A.12)
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Join Transfer Funcrions g(k)f and g(k),

Consider the physical optics estimate of the transfer function
associated with the join scattering center s7l depicted in Fig . A.z. Again,

7t is the line-of-sight separation between the virtual apex of the wedge

and the near join, so that (3_3) gives

Finally, the leading term A,

of t ,, Thus the formalism

second and higher order terms

To obtain dL
¿t

corresponds to stationary phase evaluation

employed above is only justified when the

in the asymptotic series are of interest.

9(k
.3Ì

- "-z-) = ke ! ' T
4

- r7' -i2ky
-leI,r

lt

7r

d.L
dz n7

(A. 13)

(A.14)

, notice that Fig. A.2 shows

L_- L_-
J (A.ls)

where LJ is measured on the extension of the wedge surface, i.€.,

Lt = (l-h¡ tøn(ê*o)
(A. 16)

and where Lo is obtained frorn the equation of the cylindrical surface when

referenced to the origin at S /.t , i.€.,

srn{æ*a)]2L+= aco6(q-+ê) (A. 17)



Collecting (4.16) and (4. l7) in (4.15) we obtain

- tan(æ+O) - *'-VV-?t)- a. s/n@ *e)

Substitution of (4.18) into (4.14) leads to

transfer function g(k), defined in (4.I3).

the evaluation of the join

(A.1e)

(A.20)

¿L 7 - 7.t) - ¿, s/4 tx t ê))
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(A. 18)

j oin.

exp ans i on

converting to the notation of asymptotic physicaì. optics, ÞrA)
.¿Lequals q and 8, equals ti, , which, from (3.7), is given by

- \* .n-l rØ) , n,r-û-/ ,'2k/tor=h i 9"t7,)t-zk) e

re

le

rh

k)4g(k

wher

CoLl

oft

The first three terms in
- (o)9 (7') =

r 11)9 (7,) =

- /^,-v) A¿-æ

which is (3-15). From

return g(k)Z given by

ofê

the seriet ø'" are obtained from (4.13)

0

1 -i2k7t
4k'acos?(a+ê)

Tþ) 37 stn(<+Ô) - 7 zk 7,
?(7t)=-ffie

¡ loJ

Q'(7r) = O follows frorn the continuity of the normal at the

cting results, the first two nonzero terms in the asymptotic

e join transfer function become

t l1)
th/-\=Y rTt/

+-\=0 follows from01'

-iV.z*'(ffi-
e "rrfnre)f

f , 3¡'srnG.+ê) cos(æ+0)
=V" +keØshd*Ð

-t

')

-q.¿O¿

the symnetry of the problem,

(3.16) is obtained from (4.21)

2 ka, cos 3¡a + ô)

1r'- æ.

(A.2i)

other j oin

changing the sign

the

by
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Aspect Limitations

In the derivation of the specular transfer function g(k)s, the aspect

restriction O ¿ x was introduced. Then the first Fresnel zone of

specular scattering excludes the join and the asymptotic evaluation of

integrals f .. and f . (which is insensitive to the upper limits) is validt2

for large ka. As aspect increases to the value t=l- o, tr.,*O

and the specular return given by (^.12) is reduced by a factor of two.

Further increase in aspect angle results in zero specular contribution.

For these reasons, the asymptotic evaluation of the specular return from

the cylindrical sector is appropriate at and near the s¡rmmetrical incidence

aspect ( ê æ 0 ).

The aspect limitation on the join transfer functions g(k), and

g(k)Z is more serious. This situation arises from the aspect dependent

form of terms in the asymptotic expansion; for example, succeeding terms

in the expansion for the near join contain higher order singularities when

O -->t- æ. Thus the series is nonconvergent for normal incidence

and calculations based upon asymptotic theory are invalid. At,ternpts to

fino a closed forrn representation of the series were unsuccessful. There-

fore the two teïrn expansion given by (A-2r) has utility when á is

sufficiently removed from the normal aspect.

iJecause of the aspect limitations noted above, our derivation of

aspect-dependent formulas based upon asynptotic physical optics is useful

onj.y for incidence at or near the symmetrical aspect.
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Appendix B

INTEGRAL EQUATION FORMULATION

solution of electromagnetic fields in the presence of conducting

of arbitrary cross section, illuminated normalTy by a plane i^rave

parallel to the axis of the cylinder, may be obtained by an appli-

Greenrs identity in the fotrn68

¿

T2

where K Z is the induced

integration is along the

the boundary condition on

K , (ì') d¡.,
(B. 1)

current on the surface of the cylinder and the

contour /tC of its cross section. AppJ-ication of

the surface of the conductor reduces (B.i) to

so z*i!uo"' (* lì -ì,1)

where f 
7= 

h K, rs now a regular function and

transforned coordinate / with respect to the

For the regular, equilateral triangular prism

coordinate relations are given by

(8.2)

h is the metric of the

original l-g coo'rdinates .

shown in Fig. 5.1(a) the

rrrà) = ro,r*¡!ø.Q)(n l¿-ì'ù Kr(7')a¡.'

where ìo is a position vector associated with a field point on the scatterer.

In (8.2) , Ko is usually obtained numerically by moment methods.68 However,I

for vertical polarization, the induced current is singular at a sharp edge,

and the accurate determination of K, requires treatment of these singu-

larities. One approach involves conformal transformation of the (edgy)

surface onto a circular cylinder.69 Then (8.2) becomes

tí'4' = "'(* lò - v,l) r r Ø' ) o{ ø, (8.3)ro"k/ 4
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/= o.s7tGo" ó - i cos(2 ó), * "os(5 ó) . ]

g = o.5?t |;rn ó.I s,n(2 Ð- 4+ .s,n (5 ó) . . ] (8.4)

while the metric coeffictent þ is given by

(8.s)

since the transformed current r, is a regular funct ion of þ , it may be

expressed in the form

h = o.s?1.o"(r." Ðl'/'

/V

I1(ø) = Ð þ, ,orØ- r) d , B, ",n , þ) (8.6)

using (8.4) through (8.6) the integral equation (B.s) can be evaluated

numericarry by selecting N field points on the surface of the prism.

Final1y, the expansion for the scattering pattern FvGEF) is obtained

from (8.1) ví2. ,

(B. 7)

A conformal transformation of the modified prism shown in Fig. 5.1(b)

is not known. Here (8.2) and (8.3) are combined in form

Fv(rEF) = 6O rr k
z, f=/^ , 'l'" 

¿4 
(A, ."o, h-/)ó' n B, s'|n n Ð) "
¡kr'cos(g- ö') 

|e o ø'l
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(8. B)

where F, is the circular cylindrical sector and 7. the remainì-ng contour.

Note that Kt can be found accurately by direct application of moment methods,

since the surface current is regular on 7c, The magnitude of the

scattering pattern then becones,

,i 11) = 3o n k{ [ ,""' G l¿ -ì,1) K, dc,,
Y.,

*[,'"''" (t' lÈ - -'l) r t d ø'l

"[* lÐ (Ar,o, (n- /) þ' + B, s,n ", )].1 
k "'"os{ø -ø')

FvGEÐ= 60nk E lk(z.cosþ*y- sn þ)

k o- or,"

¿ø

(B.e)

Equations (8.7) and (8.9) were programmed for an IBM 360/65 digital

computer to generate the accurate monostatic and bistatic scattering data

presented in Tables 5.1 and 5.2.
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