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Th:'-s tbes:'i-s is pa.r'í of a. se:rj-es in a s-Lu.c]¡' J-cadj-ng '¿o -'¡he

iircorpo-z'ation o 1l -LocaL-i-z'e-t¿t-c-tt -bhoor¡' 'ì n tiie anal-ysis cf -l-ot';

ene¡6y cC-l-l j-s-i O,:rs bc Lweert atu.i:iiC a.nC. ¡:lO'l eCttl-a¡ s;leC'j eS. !nc

iäa'terj-al. pr€isen¿ed. here has ireen ex't,end.ed- to ¿Ìrc hvcìi:o¡{e;n aton

so tlrat e,- pra'Loli*h;;rlro6eir a'Lcn systcÌi1 c¿-ì1t be s'cu,d,.i-e d.. Di. " :ì.

',TaIJ-ace i-s ¡;ra'i;cÍìr-r1ly ihanÌ"ed- f cl' iii"; rr-bixltlat-,ng i ¿ç¿-.s, and-

¡Ju-r d,e,;rrcc -in d-ìre cling LJ:ie xori; of thi,ç -Lilesis 
"



^¡(rT¡f-,ir¡fli

\¡arj-ous t¡ie'uiictj.s of l-ocal:iz¿ition a.re ci,efined in ord.er'-bO

c::eaì;e a se'; Cf -l-Cce,L Siate s i'c;: a One-cì,i,:lensiona-L i-t¿it'ilOniC

osci-]- j-a.tor. the tnean ner¿ìirletelis of ùhese st¿rtes are eva.]-u-¿L'bed,

and so:re cÌi-scl-r¡;s-ì cìn i-fj E ì rreii 1"o the pclss-ì bl-e l:ro'o-l-elils a,ssoci¿,lecL

r'¡i-'bh ea-ch ucthod -ìn e:rtendin6 -f he calcul¿'.ticns '¿o tire irydro¿;en

a.'boil . Tlie Íun.cl,anlenta,i pro¡-.erii es r¡í a I oc.,r.:l- rêprescnt¿liion Ð.re

d.e::ivi-:cì arrcl 'Lheir a'r-r.¡.r-ì-ica.tion to ¿ì úene:lal ca'l'l-i 5jçn ,arobL.ent

is c onsicìcrcd- 
"
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IË.:l-LiÇLl'-i-Çi

i.i'Ìli¡-; tilcr,;-L,l; c;:'ì ¡:.ne.'Lçcl- :in ccrrsj.di:i:::-,r,113 a.'i.onti c a¡rd, i"col-eclLl-a.r

ccì--l-i-S:ii;lls, a.nti -ì-i: pa:,:i:i.clr1ai " e hydro3crl-ir::otOn ]Ot'¡ elle rEy pi-OceSs 
"'

Cc;t l-is j-cn 'Ll'ri:cry cal c'-ll ¿:ircn¡ âi.r.'.J rISUa.l'l;., i:e i'Îoi:Hed- t'l-i j;h soae ap-i)roxi-

tra'c-Lon such a,s tiro ,:lo¡'i-i 56¡i cs a.')ilroach (I) Íor iri-gir energy co1-

-ì-is-i ons or tÌ:e c'j is'bol L;ecl, lya'\ro jrlc,tlî.od (2) f or I o','jerî e nergy or nolc-

cnl-a:: rear.r,s.ngÊ:rLÊïìt !i'CcesseS " A conCep'Lu-4.1.- cij-f f icul-ty a.ri ses in

usj-ng che ,',jchrccl.i n6ell \'.'¿'.\¡e eou:r'[, j-oir 
"tj:Þr'oe.cjr as the eiScnfu-nctions

of a-ton,s a::iii :ilo-'l-r:ct.-'l-es ¿lrs' noÌ:r*-l-ocal- (j-" e " 'hirey are f oriilu.labeC- tlsing

an infinj,ie rj.oi':ain, ), Cne c¡:.n not talk of :¡.n isol¿¡-ted- ;:ystem bef ore

or ¡,í'ter e. coil-i-s'i onr L.ui only of an inf ::lri'tci y ccntinu,ous ,.r:ea.ctin6

C-olla-in" TLri s Ío::ii:u--l ati-on¡ ,,'¡hi cìr useß air i ní'ì nite d.olieLin, lead-s to

practice-l d-iÍ'f icu.it:Les -i".¡.1 ob.l.¡.:'Lnì irg s:uiiabl-.e r.Yeve ftlric'cj-cns t'¡iiÌr

co;crect bou.nda.r'y c ond:L't j-ons (?-) " Tires e ¡ro'r-,l.ctits â.re rr.sua.ll y avc.; j-d-e d

l-')r neS-l-cctrr.r.e; ctLt.: r,'l-'ì,n,-'i.?lj 'lì 7n11 ,/or o¡¿er,l¿.r:.r jrr f.e¡.,1'als aI la.rte rìe1â-

ra.¿i.cri.s. îjtj-,s cl-if f j-cnI-bl.' becotäes ::lore noti ce ab-Le f ol aio:tis t'¡i ih ì:Ð.ny

ef eclrons a,s a. one-eleciroir a'illr'cJa.c11 is u-e cti îor sol -¡ing thcse s)rs*

leri:s. ;\'l thoitiih -"ile clectron ciol-lci bcccl:tes iitore d-i f íiuse in space i-i

is s Lil-1 i¡ea.nir:gf u1 îo¡' an exJrel:'j irÌe ni:alist f o sireaii of the ef ectron

e.s localed. in a finite regi 3¡1 oÍ sila'ce ancÌ ti¡te

Tbe conce of oí ca.u-salii¡r has al ways been a cci'lceplr-ralJ-y i;eah

poi:rt of qLì.rrntLu:l liiechern-i cs. 1lÌle Cope:'rhagen -Lriieri::r"el¿-i-i s¡, syin-

bol-j.catly stated iiy AtApS AiIAtSa, enl:ira-sizes ihe ltncontrollable

inÍ'fuence of t,he.me¿rsu.ile¡eni procedure. Conseclilenil y, the lve.Ve

f ii:rcl j-on has coirle i:o represent the probairiÌity of 1:ossi ble results

Of a ilìcaSLr.ilerìtci'rt; i;ho:1.. i-S, it le.¡--,resen'uS oi:.r' irnCt'iIed.6e Of eVents

a.ncl- noi the beha\¡ioltr o..' ''::;;,:g elecLron. thi s -ì-aclc of causality bhcn
't 

''tl::

pri venis a cj.eiail ed- :-':r:t': : 1ile l:lecilanis¡: oi a col-lis:-on reac'¿ion.



;i se¿:.i.'ch fc:.r il Ilclte iì.ll)/gl-cã.i

ì':,¡.s i¡een irri¡gcni si-nce tÌl-i s

iec]-,¡lIl.c;c_ll.i Ul riljc:_i.l L tLi-L ll.

i;.cci:i;t.ed- ¿r.L i.iie !'-i i ili

ii c;lvav Co.n,f c.r'en.c e .

.T* Vcìi .r'; eu.r,l::.nit (i) irathe¡;r¿:,i-.:-c¿ll ly f o.crrr¿r-ì,:.zcd- qlla.rrtLìl r:recl.ranJ,c6

,:t.t.¡ iÌ ¿,¡..sser-ueC. tiral.: 't 'i.Ì:c prcse;it s;¡st,er:r oíi cìu,¿ì.Il'tr-lrìi ilecha.nics itcrr-i.l.cl.

ha've Ì:r¡ lre oÌr;ectivol y íalse, i il orde:: -¿ir...i, ¿,:.rr.cthei' r,t.c:c;ript j-cln of

tire e,1 ei'nen'1.¿-r-ïlr¡ processes 'thair t,:re sta-uist-l c¿,:--L one bc. possible.ri

Ccrrsequer-rì;-Ly ]ir. v i clrecì cluantu.::i tìrc::r'y a.s leilg ccjjiÌlleie , ,jì ns uc j-rL 
r

Po,-ìol-sl-'y , e:nd. ::ìosen (4 ) d,eíinecl corlpleterrr>ss ìr;,': I' lllve ry- ele¡i:e¡r1:

of 1:h¡'sr ca.L. ie al- j-ly irir,rs'u iratre a count eritr:.rt, in lli¿ ¡Ìiys:Lca-1 Lnco:l¡'" I'

airci they crealcr-l a. vja.\ie functi-r:n tha.r yJ-eJ-iiccl '¿wo cl c-:r1,.:iris o.í- r's,:,,.*

lity. Thi-s j-s bhe f a-ilous ,iinsì;e in, .irodolsiiy, iìosen pa,racì-c:< tvhicir

ha.s i-r::olu]lted.;:u-r.cll of tbc T:r'osent cieiy resea..rcìi, espcc:r-¿,.11;'- hirÌcir:r'L

r¡a¡'i-¿,.i',,.1..e i;iteC:..r (,:. i. - 7 - Â ) , ol i--J_.e -ì :rter. j.,::et:li.:i CA O:i 'r.i:.rl i'/.?r.¡O ill::lc-,

lion "

Do Iìoiini a.ncl- J. -rlub (9) der¡e-Loped, ¿l hrciucn'vai:iabl-er theory to

ad-d. cau-sarlity 'bo a. prccess that is si::l-ì -l ar lo -bhe äbor.re coll-i s-Lon

pi'o'bl.eil , and 'ì 'r; i.s ]inot¡n as the Ìrr(:¿ì-surenent p:l:ocess. Ií an ope::a,.t.or

Rr'¡ilhêigenval.]ueR,oi',era.tesona.',]aVej]unction.Ç(>l)
L--t

ilf . n. (:l) it y-ì-el-rl,s ìì. . Thrs Þrocess is irno'i.,n as ieducti oir cf a.T I l-'

rrave l-ra.ckel anci i-i is i:l¡;o::tant as iL ensu.r-es reprod-ucj-brJi.ty of

resnlts. Bohn and Lub use an e;<tension oî Sieg-i- ancì. ì:iienerrs ideas

(10) and coui:Ie the rreasu;'ing appalretu-s bo thc obser-,'ed. s¡rsleli" A

non-li-ncâtr âtld- a \¡ery non-loca-l , i¡rer¡ersible e q'la.t-.ion of iloii on

i s d.er.e 'l o!ed. In-s':;runen'l;¿..ti-r¡n 'uo recorcl the i,rheno;:lena and. -r,illes

j-nvolr¡ecì i,rith this theory has no-u yei been cìerrel-oped- anC J" lI"

Tutsc;li (ff¡ has investiga¿ed v¡hether the i-i-iries a.re rheoretically

nÌeasureâ.bl-c. IIis collapse 'uiriie, (ti ) al'bhough e>lireüreiy short, Cíd



")*

rlicl ltot rrio,l-al;o ihc uncer,i:a.j-n-b,¡r prj-rrc;.'ip-ì e a.i:r.ì 'Llie-r.rlf aìi,e .i ;r

calJ-;., lilea-ei;,rcr'b1e. (-rther i:li¡'!t- o" 't¡-r" -,rlol:-l-t.,:: l,;t:: 'l-;c¡)-. ll ,-:Ìt.i

J,c'i-nsc:t, ârrd P::os;--,e r'ì (,I?-) .

t,' ,,, ,- 1" -,','; ^-

b.;, Dan r;::i

ii.Ìtc ou-allti.lrìì'i;Ìrcor;:r oÍ l:ie¿;.sLiltr:lìt()ìlt;:L¡ a.Lsi:, iu¡,-csl,i-3a..;cri. hry lr"

L,. i,iclrt (\3') l¡y cot-,ai6,ç¡-i i:í,ì i;he -Ì 
oca.-1. cir.''rû.e:. úr,'t ci '1. j:c trtcrci).:ìs of

,,.,a""a',"u,,,"ari, and tne prelar:a'bion of tiie s¡,e,te u '.ìtÌic, .l-ocai, sta'¿e is

ccns'l"ructeci by e,'larnin:l-ng el br-:iincìeC I liir-::av¿ì1 se'" uu Ì:;- ii f j n.ite ob-

serlver aïìoL sollie :Lnf i uite r.eo*ion cr bair:ii¡;lrrJrìnd v;iri <;h the e-.ilrc::riiì?len'Lr.;r.

Can nO-t' CCiíip'l eie ,ì-y ÌinOtV Of CCn'¿f Ol. A sc'C Oi S i;¿rti:fj C¡{n a.CCO'6in31;;

be gener¿:itecl i'¡hose lcca.i cha::¿'.cier c¿¡.;r irc aLîfecfed by ¡rasL evi-:n'bs

1n tlr.e bachground" sl,aì;e, or Jre itr.cìepeno.o¡rt oÍ't,iieiit, or ita.ve soíie

c oirrjiOEii'ú e l,ype of lOcal. i'cy

IìiCLcicir .¡a.riabl-e theory iras I eaci, to l';se,¿¡'cÌi orr stcci:iistj-c 'c.irooi'¡'

ii:ríl-u-ei:c-LuE qüarlbLil: iírecìi¿..ni cs " l--oh¡r ¿.i-r i \,'-i-ßi,cr. (ii¡) sLr.ge sLi;C, Iilaf

tìre uncertaini¡,- ::e'l a.-bicn coul-d- l¡e causec- 'by ::ail-li.oijl f -l Llcia.f j-ons e.-

:cir-;ing fro;-;r 3- sLr.bqua.ntun inecli ui¡ ()) " va..r:rous ¿ru-tLlcrs (L:)rL6 rL?)

ha-ve usecl thi s io de.r-i ve 't he --ichro.Ì'ì nger- eolr-aii c1 r,¡iiÌt gcn::ra-l'ì zed-

nechanics (l-6,1? ) aird iiius a.voi rj-ecì tìre alrrrj-gr-iol-is ccncepù oí ir":.c cor-

respond-encc ru-Ìe (ll-8) " Cne of ihe nlcsi -ìnt.-re-si j_n8 f eaturo^s of ihe

theoi'y is tira-u ì;he r.'lave func'u'i on i s :ro Ion¿1er consicl_erecl a. corri;clete

cl,esci'-ì nti on oí tÌie sta-te (16 ) " .'lidcen va-::iable ilieo::y ir; ¿r. na.tur¿.-r

part of Lirj-s (r7), and ihe ¡reasurelnent irrcbien is partiall¡, exptained

in t:ia.L 'bhe -1-ililit oji iÌre precj-sion oí ìneasur.clìtenl i ".j al-so a f eature

of ira.croscc,oic broi.¡nian rnotion. '.i'h'i s ,:,,crì; l:as recon\rertcd i,.De

Bro6l is ( 19,20 ) to a causal ar]-ìl'oaclt i ir -[ jre inte rj¡re ba-t: cn oi' t Ìre

!','eve func i;-i on. He h¿.s l-ocali-zed tÌre el eci-,ron u.sj-nE rv¿i\re trecha.nics

b;' irea.Li ng lhe cl-ectron as bei-ng sub jec'Led to a broirnian iiroi; j-on
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cat'roccì i.'y 'L jic sul;cu::.nt -:.::i :rotr::r,;-, ¡i-L 
"

', hc s5ll i si-rn ?rroblem ca-rr be resolvccì if one i-ef ines ¿. -icce.I

si;ate. i'hie; rvoulcì -i;i:e¡l ieììrcve tire ¿ì.sy].1pioi"-j c probl-clÌls a,ssocia,ted

i'¡i-th a cì,i ifuse '.'.r:ivc i'r;,ücii on anc. a ;role c;1r.1ã.¡.r sìicci-es iyol-r.l cl re;lain

isol-aieil. unti I i t.s cìo:'riai n c-,¡er-Lajrl:ed aìrctirer'. liu-cl-i a, l¡:cposal- wculd

ner'i;Lrra-L-L¡,,;,r'ov:Lcli: a.::iec:iranisn for'¿ÌtresÌrolrl- ra.dir anC ener6y. The

a,:iio;n of d.j.sl¿rnt s;*l; i. eiis bc j-ng i rrcìei:encl.e ni; of eacÌi other is present

in lirerai,ure (6,13) and consii.erabfe et:rphasis is now bein, jtr"ud

on l-ocal-izabilif ;1r, ¿r.nd i-ts inie¡,r.'at:c:n i nio the f ra::ietvcrl< of euan-

turn ¡rrecìrarri-cs. i'h.i.s ihesis is ciirec'¿ed a- ì on8 iÌii-s .croblcn and. j-n-

r¡e"s'bißa'Les tho i:ie ihocls a,nd cha,ra.c Le::istic¡; oi- a s)'s ùeni afì i is cìoirr¿rin

is -,¡ari-ed ii;'l-i -uel.v.

i.iu-ch of the r'¡or:ii cn f ocal j-zabi-Li i:)., has 9¡i gini:teiì- írcur elenen-

i-.rhr. hô- -:-;^'l^ r.l.i:c'ì¡+ 1.:¡ I:¡111-ì l2l \ i- lC;? r-¿:r,'l -i,,:r.' l-Ì.¡..t ;i:.CUL rJ ii.i: l-lUl!; -j:!);):L¿. :cau:l \L:/f :;: Lt:J= j f Ucr-L:/JJU- V

pÌroton ,,'.'Ls non-local , ,riatlie :nai;icaJ-ly, ancì. ¡'ei c>lperi iirenta-Ll-y :-'c ¿ì!-

pea.rs a.s e. sì'iarp s:i,6na,1 " f .i). I.,ieu-ton anci,j.p" i:jigner (,23) suc*

ceedecl, in creai-ì ris a locaÌ sie.ue f or particles of noi'r-zelro Ì:ress ¡rnd

arbitrary spì.n"Tne localizing Íunctions belon6 to tìre posi-[-'on op-

erator sci r,,'hi.ch presen'es 'cir: pcs'ì ti rze ener3y cÌlare.cter of a \ïave

functi-o¡r. i'heir" \:ror-Ì" ì'¡as ila'LÌrei,l¿L'i;ical1y Íoril-ulatei, i nì:c quen-r,u.uI
i'irechanj-cs by .i.S. iiri¡,ìrtrnan (24) .

rr 1l-ire notion of localizabilit; conpr:-se.s'btTo d.i-fferen'i; as,o+cis,

one i,,,ìrich e:;¡:rcsses the fact thirt iirere e:¡isi a ia,:rily oí o.bselr\¡¿'.bl-cs

cacii of i.'i¡icir ccr¡'esl.'oirc.l s io the questj cn r,,;iretriei' -uhe syste:n is con-

te.i ned, vi-tiii ii a certe.in regi-oir in space, e,nd. anctherr¡hich expresses

tlie horirogcneì iy ar.icl isoil'oi-r;- of spa.ce (25) ,t " Jaucir and l:,iron (2r)

getieralize iocal-izabil:-l;'- b)¡ oti:-.¡t'i:in¡; iÌre poslu-tate t¡at a1I olt-
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Seillir¿'.tiOiìG Oi ',ì(rS j--Lr-C11 rrrCei.i LI.J'cì.1(Ìfì'Ll-ì el:e Cû:11ll¿-.'uiij-i C ',r¡.i-'[ !'). OnC eI],i_ìt-

hcr'. ilhe y ¿;.1-r';c,' iir-Lrîo/,1:iìce thc c 6lic:cÍ-r'i; ciÍ' I'le ¿¡.li.i)' ¿ìiìci, :te;.rly f oca,,j-ì z-

a.'¡1-A ¡:l-Si"C,,rS l^'rr t'incr'a''iri"'ì-h.e'i I'ifiii.j-al ir-vlrO'uii.CSi-S"'j'jt'i S i-S S-ì :riiaf

to ir..r,. r,icI:l:ts s*ua'ui;s i;hi-cìr c¿îl våI''lr' i" t¡ar¡-r f oce.i nature. rt ie

thc Í'oriiter ¿i¡i ri.¿ c'i r:I- ,i-ocali z-e.bi--l :i.ty iìiiri; ,!chrod.ingc:: or.¡c.:cl-ocked, i n

ili s iirì i;i-a1 rr:lìjel:s orl qu,arri;'"irr ,¡rccl'i¿iiri cs as ti:e cal.cu.le-tlcns e.::e sc

rrttirerous tha.i they can" only be ,sol-i'cd b;r a corr:puUel:.

llhe ccnce.pt oi' an i nf i rlj-ie dc¡iia.i n i-s one of tire ba.sic ncsì:*

u"la,tes of qu;',n-i;u.:n neci;e^nics. E "Scl-rrociirrger assu,tiicd 'i;Ì:a.i it v¡as over

'i;ire rrt'rhole co-ordina.te space (2-6 ) " , l¡ub f lrr--bher cl-a-rif :-ed his vier'¡-.

poi rtt t'¡itli the s'ta.tenient ri thj-s f oriilul-at:Lon is not entirely am-

bigu-ous (26) rto rn consideri-ng the hyd-roåen acor,, scJrrod.ì n$er d.e*

'¡el-olrecl a diíÍ'ererr-bial- eo,u.aticn r'¡r-L]:. siir6u.J-,;riili es e,1, zero ancl in-

iiri:L'c;r" lkrese, j-ri irjs or-rj-n:i-oir" ::orirl ì:ìre ,'i:r¡Lrircìj-ng noirrls oí orlr rea.l-

irrterval (27)trand, tirer?posiul-a.i;icn oí'Lhe iii,r_i_''ce¡.ess of "¿he r.,iave

f u.nc'Lion ai t,hL:: i-ìoundi nE po.ì-nts is eclilival e t-it -bc a. i:ound¿;.ry conC-

it'ioir. (27¡ " ili f:Lrst Schrociin¿;er thought i;ha,i t¡e L,ach of knor,¡*

led-¿¡c of the l:ounda-ry conoition would.6'i rre hilt tr¡o e:çl;ens-i ve a- nrani-

f ol-d of solut j-ons bu-t f :-na,ily concl u.decÌ t,he.-t rlc]:e ecu.aiion cariies
v¡ithin itself the qu.antu-iii ecnd.i'uions (28) rr and tì tire quaniuia level_s

are at once defined as the proper val-u,es of the eouaiion,,,,,,hich

ca.ffies in itse-l-f its netu-ra,' bounôary cot'rdi'ûi ons (29). u lllhese

boundary conditi ons vrer'e ihose f ha'c gave a correc't enerLìy spectz'u.in.

rn a'l I other \','orh bo'uh,jclirocìinger anci,.Ieisenbej.g re'ier' ¿o tire

dornain a.s tÌre i¡ na-tural- boundairy val-ue prob-ìen (3O) " r Obvior:sl_y

f or an infini te dolnain a zeTo end-rJoint u.ni-o-uely clef 'ìnes ihe quanbunr

condition. liot'le\¡err as tÌte doniain becoiries fi¡riie a z.ero endpninl
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f or. Lhe r:¡a.ve ilii-rc i: i ,-.,n c¿:.r'r s L:t-l-i d-ef irie a sei of clltan'cui,'l cond-ì ticr-rs

l-Y¡.2:.t can yie-ici c;l;-'ç¡i-lrlcrr'ta-L rcsu-Lt$ " '-L'Ìtest-' resul-is r,'ielte '¡.ever P.i'cv'ei1

-uC 'ioê \yr.on3 soJ-u,'¿ j-onS by $chrooinger'. His a;oprcirch repreíiell-bed a

re.¡r;::sal- i-n 'bhougìrb f rorii ti',e classicaJ- vi-e,,'i poi-n'L of a clolnain, and

ilie e¿ì:l:-Ly qua.nt;tr.::l ¡¿¿Cìrani C¿:.1- Oire wiii CLi haci I oca-]-ì za'ui-on as a fun-

daäie nt.¿,.1- íea-uu.re (_í1) . Tt-. j-s ba.,si call¡r a mi rttt i;e el cc'i;i'ou ciensity t

p¿,st ai:ou! 2O e "u.,r¡¡irich cioes not aíf ect i;he i::ea.n pararriebe-rs of i,he

sys L.eil , a.nci i';hich creates tlie ilinsie'i n, Podolsity, l.:osen pa::acl-ox and,

o'¿her conceIrtLl.ar.l. problens .
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C Cli!' rì {[!.,i!,_i:__:l0--,,,,j'i :,.i ],,S

Ti'.,o ii.iílir;::eirt ¡..r:'tr:oiis a:ri:,>! Íc¡' cons'iLrLic-círL¿; e iocal st.i'Le,

e i;cun.-'j,ecì ol,-c::¿:.ì:cl' c:. r.r;,i-senbi:rg a.lrp.r:c¿lcl¡, Lrr a ,.','i{ve i:acì,re,u or

Sci:::ocl,i-nSer ¿,.lllr.r'oacl: " 1l:i: '.'.'ar,'e i:aci.le'l; lleiiiccì ¡,,,-cu"ir.es lhat. rhc end-

lroj-nt 'oe d,eí'-'LitijcÌ as zct.o t--ast '¿he nounclei j-iilervai, i;itile iire oÞera.-

to:: l::r::tirccì" cJ.r:).iltal1r-is -i,Ìr:,:.i: ¿'. l:;C;u_nd_ary ccndi i;:Lon -î s nece r;se-l.;.' tc esie,b-

l-i,sh Lhe l:e::ir-Li.i-an na,Lir-re

Tb.e bounc-ierj. cperaicr iiie'blioC ì:as a'l rea,d.), been su5,,3e sied by J,

Von irau-:eann (3?-) " For the ope::atcrr *i?rC.7/iì-q 'i;i ijre int.crval oÌ

a É. c1É b the d.'i Í'f erenLi:rl, equa'[i cn is:

-j-trci/dq f (q)

r(q) = ""ZTiÀs/h

ïlsin¿; ikre norrre.l j-z:,ii on i nie gr.a-l- t. l-re i.iå\¡e iu,nct-i on i:ec oneg :

Vf n I _ r e2 Tt i( e /z1f + ir) q,/(;.-'n )õ\v./ 
- __1*_ e '-' 

4
.:L

(a-b )'?

This ccns-uructs an o::'Lhonorirral a,ncì co;itpÌete se'l; whicìr gives

a. cìj-scre'i,e siiec'brLr.ni . Tho boundar¡' corid_i iioü CL ¡ controls tÌre liez,-

ri:i i;r'-arr naiu,¡'e cf -uhc' operaior and h.is a prcíoilnci. ì nil-uer:ce on

the s'igenvarues and ei-ger:.rrectors " This process is esseniia-ll y

d.-ìf f ereni f or tìlc inf inite dolr'rai n case (:.,3) , es equ-ation ¿i- rerÐr.esents

a sel-i es of pJ-a.ne i¡,'aves ivhi ch a.re u.ìtnor:laliza-b1e on thc infinite

l-

2

7c

The '¡ounrj-ar;v conrlj ti on -i s:

r(a) :r(b) = ezTtíÀ(*-¡),'¡

zTf iÀ ("-ir)/i'r = -Lt" - ?';-,7Í L !i: o.l: I - åz
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the :iol-Lo*inÉl nis.nnc:Ìr " iloi' ¿r

ci_l_la.iin,l îrequcnc,-Ì (¿) ¡ ihc

?l=^ (i,2 + ,,,Z(rJ?'r?-)

Tìron define

f{ --irlrø

J-
q=(h/n,CÐ) o 

Q

:t_

P-(lnhr.ú);rF

fr-+(p2+Q2)

The cne tli i,rens-ì oira,l-

)/
/a"c,'- 4 q* )

(dir ¡-"

.-l-o-

lraruci-ric o¡.; c:l- I lai cl:

hari-l toni,¿in :Ls;

o.i ita,ss t¡r ¿rnC cs-

L5

16

L7

1Q
I(J

T9

j¡- I -d* 20

2I

!r,", 
( c )

1

ll ¿,,

Schrodinger equ.a.'';:r-orL is tlien ;

:E ti¡ (c;)
ii. T lt' -'

-2--io- ..-
.li (0)

Er, ( q. ) rcp.res en-us il:e nth l-Ierlniie 1:oJ-yi'ollj-a.l"



iU-Y.-i..çr!-r":l--4J-:tilìicï
-t'yri'i'ì.rl'ì r¡ .:\';1 ¡¡'i-l-olnl' 'rrr.Ij llla.dg 'üO COnSifUCi: a I OCa-l- lVaVe f Un*.j-11!uJ.,f,:I,I , c!-r av vur'-i! v r;c

ct-i on it¡r f 2l;j.ng a. :j- j-nea.r CcjtÌb-r-rr¿;.lion of ei genf u-nci-rcns. The co-

eÍ"îi.cienis vt:re then varj-ecl'Lo girre a zei:o o\¡crlep past a- cu.-u off

r'¿,r.cii-us. '-his fa.i-ieii bece.use a- si ng'Lr.l-a.r set oí po-i-n'Ls was gcnerateC,

ancl conscqi,tcn Lly oi-r.iy an appro:iiiria.'r,e se-i; oí cosificic-nts '.','eie ob-

ta.ineC"'ili.r-Ls ó-.'etre a recìucec el.cctron o-ensity lras-i ì:he cut off ra-

clius.

i'rrain iT ,,vers

by usin6^ ihe

he \,,'ave paciiet

iren is d-ef i ned.

,jr)) by a

ì1 Ð.ssultìc-uion

'ì s can be

are rrot rte*

nction in ì:he

a-s bej-n¡; eq-

reni series

h. lo i'.his prob-

r:¡ill oc cur

the syste ¡l can bc ca-L-

22

nd -uhe do

f unc'¿ i- on

s o that 't

ndpoint t

lreory (3Ly

ì:-on ). ;t

(a,b), Th

ibu-tions

r ea.ch fr;.

e d-efined

r the Lau

s a.pproac

E,robl elxs

To e-chi.e\¡e e zero el ec i:ion density beyo

nece Êlsary t a cha.n3e lhe envelol:e of i.he wal¡e

liear¡isicÌe s''ueÞ fr-rnc'Lion ( see aripencLix;ì ),

is j-deniicaJ-1¡ zi:ro oätsi d-e the bound. 'Jlhe. e

in a ¡ìeneralíze rj- ilanner ( rria clJ-slribr:i.j-on 'i"

l,au.::ent s e::i-es ..

'i-'ìre 
-ì 

oc.¿¡.-ì-i-zecj" fui:ci'ì oi-r i s 3-'-r'en b¡' eclua

,,'¡a-s i::acle íroil sbep'/'t,o B, naliìcly e2(.,Ì:)-e

seen intui-tively. Ilo:r,ev'er., pz.odu.c'Ls oí cìis'¿r

cessarj-ly c.efJ-ned. unless i:here is support fo

Colira-i n" Then tvio 6eneralizeci- func'cions ca.n b

uirr¿ll ent if t,hey both ha.r¡c the salee lii:lit f o

cìescribing the d-i stributiolls. ¡r liioi:e ri gorcu

l-elr is girren b;r' i"i"J" Lishthi 11 (tr) ".Iru.:: Lher.

lri'i;ìl lìre cÌ,erirra.t.i¡¡es of O.ì si;ri but:ions 
"

Using eou,at-i cn 5 ¡he rÌìean pa.raineters of

cu,la.ted using i jie usual- set oÍ'.a1ßorj-thins ,

f ) ) \
(rt) = t { (¡'> l- <','> I

\)
22(1.>= <q/lr*tV>



..]?-

(:rz') = (V i.*r) c.x ' ç -:'I i,Zl >r" lV):<'r ) d.i:r¡ (

., ! _-;tl \ rì-,, î

I

li/(:r)s(a,

{¡rr (>:)o(a, Ð'\b (x)cx

tf
24d;l1l

'1 o"

c_
o(

i-
l"t-

)o>, - ,ruf.: ú,(")ry'(,,)'

25

i ntegia'Li on by .oarts

cncr:;y cair be SitäP-

ri@ ?

= -l nl/,1r,.)ê(a,,b) --97
J-æ ci)I

,i')ú 2 
G,

^r+@tl o(;,b)0(c.
Ir-Ø

' (a rb ) G ( a., ir ) clx

l¡/'a-ve Íunci,icns are reaf " 'ro eva--

visid.e sbep fu,nc'cion it j-s neces-
ation: If Cô(;: ) is a d,istrj-buti on

I

continuou.s iirel-l behaved- f i-Lnc t-i on

ofttein, ti-,-.ì;Ìt l:l cJ.e::-ì tra-'ui'.¡-es, t-,)ien iSi)l

^ rru,.¿lr' 
IJ-oo

on t.he

he gea

ieÍi ni-

\ ic â

rr¡lorì rl

.ln j;iie ¿rbor,re d-eri r¡a-t,i

l-u,e,'Ue -uhe C.eri-va.'i,ir¡es of t

:ìery'¿c-r r.:.sc'l-l:c jlcl.i"o;'i:-,¡,

ivi- th ln cl.eri.ve-i;i.¡es aird f (:<

r'-.--'c'^'ì n nr: i ": j,.;1..3 SC:jl,l ì)OU.V a)-Ir!O Irl-¡ Ia : v u- v ¡i -

f* +"'(',)r(x)cr.x 
-: (-t)'f.to 4

I r-æ
"-æ

T:r;Ls f ori::ula can Ì:e der-ì r.;ed-

ni tilnes. Us-i ng eqr"ta.tion 2f , '¿he

lìlean

rl.;c.)l.T

)_æ

¡r l- hc

alli

inUs

L IIC

a_o

(*)ttn(x)ox

a.pp1"¡'ing

Ìri ne tic

-b'.¡

lnean

)?

1i-r'ie d '¿o:

" , (@ 'rCf)
(r:'-)- -ii-l t" (;<)o(a,b)Ú(r)dx+ li2l e'(a ,'r)2V2(:<)dx

J-- J-o

lroten';ial enelrE)¡ is 5i.rren bY:

Ú t (r,)o(a,i: );<2dx

The

/) \)

nornalizalion int,e¿;-

çr:2; =

cq'.ri.'uion ancl bhe

si-i:ipliÍied tc:ral



(1.)= (n**)*

-'t (-
,LL

^t/Ê' (a ,b)'.W(x ) d:r.r*
z J.æ 70

:r_)
)c

be syiiimetrì.ca.i,

seen in

f (x ) ha.s 'che sa.ne proire rì;Íe s

Ê, (a, b ) -: E("-o i + åf :'r-b ) ,

o,(a ,r')'Vî(;<)cx = {å(a) * Ú,,-trl

f o6)',

Ë

33

i:uti on

a) ap-

he cor-

he in-

ì!,'ever,

thc c ontri-

rîea úr
" ì]f

+1.,^+- t-!>U Ulli-.u U

io r.ero, -i

n:inat e . Ho

ii-scarood

.3y cr-n be

oscillator is consiri,creC to

he rnea.n eilergy becornes:

r+c)/l ry'ic*lc"
J-c

of ihe e clua.ii on represeu-bs

f lire ï/e.ve íunction. ,.'or la.

i ntegral s,jJproaches u.trit¡r,

y is producecì" For a going

ild the iern becomes indcli,-r

irhysica-L riiea.ning anC. can be

c¿.-l-iz-¿rtion oir ihe rrlea.n ener:

If the ha.rl:iouic

i.e. -af :r€a, th,;n i

(:i;.., ¡ = (o-* +) + {/ 1('

TÌ:e second. iertn

d.ue to the enC5;oi-nì; o

prcaches zero a.nC the

rcct as¡,:iiptoiic €íruor¡;

tegrell goes to zero a

such a syste;ir h¿'.s no

'r'lhe eff¡,.ct oí 1c

Tlie i-nlegr';-1 v j-th 6' larb )Z r:iu.st be sirni-,1i-íÌiecl beíorr.: equation
2

-jO can -h¡,r erra.-l-ua-i,ccl,, I¡irst, Ot(arl-;)' can -l¡e i:e¡Ii:,cocl Ìly 0'(arì:) a-s

boih seri-es ira''/e thc san'ie lirrit . G (a., b ) is siinilar to ihe s r,ep iun-

cì;ion S(>l-a) ( eqr:al t,o ::ero í'or all >: less ihe.n a'a.ird oire for al-l-

>l grea'r-.e.r tìrarr or equal to a), that is ii reþreseats rhe two end-

.ooints oí bÌle iieavisicl,e íu.nctron. The siep fu.ircri-on ¡¿s a Içncivtr

d,crì-va.iive, -cÌre Dirac de l-'ua f unct'i on crei jnecì by:
*æ

E(',*r)r(x) = r(a) 31

ac i n e cu-¿-,.'¿ lon 2-f . 1,1 ire:i, b), aita-

ancl. therciore:



-1 lL-

f i¿urc one " Pa.r'ti-ct-tl-ars of tire c-l-assical- case are f'ou-nd- in table

one " The irrtc¡:es i,in; .iealurr-: c'i f igure olie j-s tÌre ener'By specirun;

¡iiven. b"- Ìl -E hs t,he d-ol;i¿ri-n f or 'che \¡arious sì;at es ì s lessenedIr n*l.

ihis quarrtily bccci'ires sligli'Llil less ti:an un1iy. ihis sli-ght crowd.-

in¡'; of sta.ie.s is a.l sc a íc.a.-tir.re presen-l-. iit thc oihcr. ¡¡iethods of

loca.f i zation :rnci a.plea.rs i:o be a chai:a-cier-i s-bj.c oí' the harnoni-c

os c il-lat or 
"

Tlhe kinetic eirer'5y ha.s a,n i nLerest:1.:i¿1 r¡ar"ia'¿ j,.cn as the degree

of I ocal-i:',ati on is i-ncreasccl . ''' he hinetic enerrüy be cones nega.tive

just bcf ore the clar:s j-ce-I bou,ncì a.nd rer:a.j,ns thus u¡rtil- inf inity.

:is the oscil--Lator bccoi:les 1-ocalizecl, the iregative¡:art: oí the kin-

tic enei'gy is cu.'u of f . i-t i;hen reaches a l¡,axil,rnn: at 'cÌle lzero 1;oint "

Aíie¡' this the I{eisenìoerg uncer'ua.i nt;. i;r'inciple f'a.:i-}s co hol-cl as

l-ro'Llr A:; r,rn.l A-, ¡;o Lc '1,è!(,.

The essetrlial- d-i í,'f icu.1't,¡' in this a,1:,oroa.ch is bhe cì.ef i tii ti on

of the prod.ucis of rlistrj-l:u-ticns " In consj-cr.ering the r:nce::taini;y

in enelrgy of these local- statos, 1:rocl"rcì:s e-re crea.ted- ccuta-i ning

íleav-ìsi-cLe functicns to the t,hircl and f ou.rth cerivatír.c. rhese can

not Lre si ¡,rpli fied by equattot"t 27 and tliere is no i-nbui-u'ìve ìì.iean-

in5; to -uhe ;crod,u.cts so ihat t jie solr.r'bj-ins cair be s1'sl1r.a.ied. l{triil-

erical ¡nethocls, usi n6 series, a.re u_sualJ-¡' divergent. Àn alteilpt

was iltacj.e 't,o or,rercoiÌie tÌrib clif'ficul-ty by u.si-ng tÌre cl osu..re rel-a.t-

ionshi p:

r= Ll+,>(+..1
V

(,::..) = (V,rl-:l{rr)
\--\\-

= ¿_r<E I,lÉ,,) <rþ",lV,.)
V

35

7,1,
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I
@ i s cciisi iic':"'rLÌ ii)
I \,1

i:"ir',rlo;'r:Lc oí:r c i.i-le-l or

bc r¡'j,-tten as :

*-l -.*

replesclrl- -uiic set oi cj-Jenf

í c-:r u L:: i.i: f :.:L j t. c tìo:.,ain " ltÌle

uncti,-i-is of the

Ìl1.3An enell¿;y Call

(r")= rn l(,4,1 1o ,,>l ' + L ,'i- I <\ir.ll {:, )l 2

rfo
Vtpi=-L- Ni V(:r)e(a,b;eip'xcr.:;

==t,tzn J-oo

Thc ì'iLea.n i:i-r're'uic e ncr¡¡ì:¡ is titcii ¡,':t_ven bt':

r+co
(pz): I Ur(i,)p2V(i:)cìir

Ir_æ

The inl:e.¡-.:ra-ì s of 39 arLd liO carr. not be sclvecl ¿:,na.ii't j ca,J-1y.

anri in usi ng itilit:ei:i-ca.l tecl:itì au.es ti:o w¿rve fu-nct-i on i n i;ioile n-uuin

slece is f ounri ic be i,¿eahl). conver6e n'b. TÌris is a. ba.sj-c prlper-r,y

oí l]:e lrour-ì er i:rans:'orn. ;\s the varre paciiet becolnes sirarply C.efitreci

i-n ltosition spa,ce the tnoi,lentttin \','eve pacliel .siarr''ts -.o spreai a.nd-

oscilla'Le s j-nr),íjcirì.a.-t.1y. 'liiis f catnrc, no-u'j ceati-l e in lile jrinei,ic

enerij)' start.in¡l ¿ibout f crty ato::lic unj-is, ceuses i¿ io be riiver-
gen'L f or siiiail vaf uos of a., tire bou.nCarlr val Lte j n jrositt.on s uace.

conscq'Jenil]', cs.icLrla'¿i ons i nvolvj-lr¿l tire unccrta.iirt.y in ene rdy can

not be ;:i¿:,cle.

lil Ìre war¡e fitiict-j.on userC f or bhcse ca-i-cr.r.-ì at-ì cns tr-,.i clrl-r. :rn âï)-

proxinatlon i;o tli¡: sol-u*t,i-cn oil i;ìre Schrodin¿;err eclueri.iorr oll a bouncled

'tÕ)ö
VÉN

This rne'tirod, j-s nob sa bisf actcr¡' as Ihc oi-r:;iirlc,'c j-on ierilr i:ccoi:lcs

di-r'r;::¿;enb f tl.;-' îair'1y Ìccal:r-:¿ed- sysì;erirs "

Ärrotlrer',lcthod oi Lr\¡erco:iiì-ng ihe i:r'obl-eirr of erral-ualin6 I;rocj.uci"s

of c;-i.siribu.'Li.ori;s is to tr¿rirsfr:rlir the \'¡ave íu.nc'L:i-cu irri;o liio:nent,Lln

ôh-/.ô ftìr^11ô q

<c)

lrO
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1ntc,r-,,'aI as '¿Ì:e ,,¡-r,l;enJlu,nc'i;.i,',:ns í'o¡' '¿he inf ini ;e do;:tain iïcre u,sed.

Thc;r.ir';,,::(r:lj.iriai-.rori tiren beco:,rcr; llore 3f'ûss ¿.s tìre'C.or:iain bec.oi:les

striall-. Tiiis c¿r.r1 
-¡i.) seerì d-! r'ecil] frcliii i;ne i¡;a.ve f tiucì-.'j onr v;l^,ich

l-ool-,s cui', rio :-:.t the endpoilii. A nore riSorous a1:prca,ch in t'¡hi.ch

the Schrorìinger e.ìual;-ì rtn is sc-ì-r¡ec1 f or a bounde,d j-:iterval- is cÌeve-

1c;ired in '¿lic next seciion, The problern of distribi.ttj-ons dogs not



I"fGUiìIJ l. VarÍa{.ion of tire mean energy of ihe J-ocal haruon:Lc

oscíll¿itor r¡¡i-th change in the r.adius of iocal- ir,a¿i an

íor ihe .i-i rsl ílour siates. 'lhe iÍr: at'l cne::¿ty ì s

c¿¡-j-cu-i¿ii.ec-i us-irig eou-¿;.Li-on JJ, ii:i-ii: '¿ilc c_l_a.s¡-;ic¿:.1-

)l-ilri'L given b¡' E =l¿:.;i'- drer,./n :Lrl "
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-frIG'[nìji 2" ¡]1ot a'l i,he g::cuir.d- state 1!'a,\¡e ínnc'¿ion -¡ocel-ìzed on

a d-or,r¿.in be''ul'¡een -ti"! a..tt. . -rlclue.'tj.on' I is t:-,seci. "

l¡o.r e. coìûltarisoit ¡o a üon--l ccal i ¿ec:. r.':a-vc fuilc-bion

s o t r i-¡;i;-r.: i¡ , ye'.¿;e 2i .
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1rl

ilh.e ScilrocÌi ngcr equat'i on ( cqua-i:i<; n 2-tJ ) caü be s o-l-ved :i'í:r ¿-.

l-;c-ru.trdect j-irterr¡al . i'loi,,,cger, âs "jchroC-ì n¿je r' (28) nc-ted, tÌiele ârc) a.r!

i.rrf i nit,e nu.ni;er of scl uti-on¡ io the equa.i;iol si-nce a TLe'l:i iÍa\¡e f linc-

ì.:!-on a-ncl er:ct'gy nus'; be gcner-¿-,'teO, each i; ì iirc; t:'rc clo¡:iain j-s va.r'-'r-ecl .

-L'ur.i.ireriiiOre, tÌie Solu'Li-on i s i':.Oi ana.-l-yi-; ca1 . 'bl.li; rrìU-si- be SOI',Iecl,

b;r sor,e se::Íes. In orderLo 1:rorÌuce -Uhr,; cor"r'ec L as,nypicbic crrel^ijy

j-t j.s necessa,ry'bo stipu.J-ale â zelro elcipoiä'¿ tlor',¿Ìra ivar¡e fu.nc'l,ion"

0then';j-se e series can no'¿ be f ound. 'üo saiisf v e qi.ia.i.Íon 20. îÌte

sc-l-nlions i:iay bc i¡ritien in ierrs cí lr,',,ç¡ lì'9¡.vi ¡+ì-' scr'i-es (36), one

f or tire evcil sta,tes a.rtd on€'- ioi' 'Lite od.i, s'i;¿l't es "

1Tr" 
(.<) - s.1cos (nTTx/2a)

c.-sj-n (nTTx/a)

t{ sy¡,li,ie'LIical- oscil l-a'i,or' .--s requi:.'¿d i'; i i.h ihi¡ Ì¡r-¡und gj-rreri by

* a.. lì ìle-s '¡.o be ¿,.n odd posii:i-ric inte¿ei' f or 'uhe cve n sta i.e s tc

har¡e a zero encl1:oint . l-or the ocÌd s'i;atcs , n is a irosi-t-i-ve iui e ¿cr "

the li'ou-rier coe j'f icients '"rrt irave to ì:e obtai liei- bef ore tire t',,a,ve

furlcii-on becolne-.r kircrr'¡n" ?his is accoirr¡Ii shed b¡." co¡rverti-ng f he

fi_l_nct'i on to a liatrix, a.irct er¡allia.f ing thc elLcrb;r ril¡;,i;rix. '.r'he eiE-

en\¡ect ors obtaine d f rorn tlle dj ¿iÉ;onalizat-j cir are 'che .''curi-er coef -

f i ci-ents clesi::ed,. the deLo.i l-ecì er¡a.l ttaticn cf iire i rr'teÉ,,'raf s e.pnear

in appeirdix B; only tire i-ina.l ¡'esult v¡j l.t- ire sla-,---d- in t,he thesis

proper. ;lciuaiio'n ??- is used- to perf orn the c¿:.-LcuI¿¡.'ì.-i on,s.

Er¡cu sta.le cal-culati-crr,r1 of--1oi'¡na.llz¿:.i:icn, i';ine Lic Éi¡1.q-ilp-t%llel jllggå¿

L
n

L
n

/r+c
(VrlV. ) = L_r",,",- / 

- to" (nTfx/za)' cos (ntTf :</2a) ò-x:

nñ J-a
L+3
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< ql v > =,, )-, "1 
3,,,,,

m,rl

Â is tirc l;roneciier'-cjcl ta s- nIì

¿t.a m.n

44

c\(ò =l for a=ni z'ero for m/n).'- llr.lt

c os ( in lTx/Za-) c os ( nTf x/Za) ox Lt5

Ll(

/, Cr

energy, and

j-s generated

- oEt,r +

ynrb ol

'f 
.o"

=T.: , Y- ^z^z s,l+a /--t " *t',. o,'t,n
m,i"ì

({/"1r,2 lVr) =L "n"* f"c *2"os(n tfx/?-a)cos( rnTt-x/za)dx

M,N J -Q
rf-

-- at l-.-'"'f r+ zço" (rgf $"'. +ññ e ("r)' I
r

," ) "n.,,, I 
cos þ-¡¡ !) n/? { cos (n*n ür/?

ítFf 
L (,,,, 

+,,>trtt)¿ (c*-" >rr tz')?

llhe enerír-y ira'l,ri >: ( Vu I u lV") is given by:

TrrS-" r:*r.+"lt- 
"2|--r# 

zcc,s (" rrl +-Ç7/ t n 5 ¿-__r nlî --- 2-l"- m=n ffi=fì f (n II )- J

" )- "-"*lspå--('.iÈr)I/2 + cos (¡r-n)TT/21 
=trr " "'[c,+^>ot'¡' @;f/T J
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To oleteri,iine tlic classi-ca-l- bou.nC, Í".t- is slrbs'b j tu'¿ecl f ol the

erler:g;v in equaiions )A attd 51 and the re;r:;ltiting d"e'ber'¡iiínant is

eva-fu,a.1.ec,i fo.r all- bcu:: òz:it ï;,1'"rsc iha'¿ cause i'¿ 'Lo rlani-sh,

'Ia-ol.e Z ind-i-ca.tes tÌlc cha.ca,cteri.sti-ce cf 'bile ci i:ssicalì-y
jlC,l'nrì _..:¡':.: tet.,l . _l.j:e e::Ol"S)r S:¡eC't;,.:..r.1.1 i¡: Si:;::i-l-a:- r;O tlt:.,; Of ihC j;¡*

iri-bu';i on ihecr';y apirroach; oni-y it is no'1. åìs cJ-osel-y s paced- Í'or the

l-oi¡er si¿'.tos. 'it i s e:r'brc.mel-y Cif íicr-l1t lc; investigerte Liris s*o¡i-

ci-ng t','i th blie p¡er¡iol-rs ai;proacìr",i'i th the c;.sc¡-lia.Lo:: in a poten-

t-ì al boxrsttcìi s1:e.cing could ctei:end upon tire orier of '1"iie i:iatL:i>l

and the t;r1te of f u.ncti ons that rrere or:r-ginai }y used. FIo*'ever, there

i-s iro var-ì a.ti-cir of the enerby \',fhên 'l;i-:.e ,r¿.tr-ix si-ze 'i s changed í'ronl

íií'u¡'to nj-i'let)-"',he Ioür-ler se¡ies useci thougir could be consid.ered

inco;:rpleie " !lo tesi. suc1r 'a' hypot hesis the ground. siaie \rave f unc-.

* i n¡ r'ru: o ::.ni i i- ¡'r Õ ô .

rl1 ( 
" ) ^.'- c os {,nTf >:/2a) ¡.

::'-
sinZ ( r¡T[x/a') q2/ç-

boutrd,ar¡' con-

f hj,s f ori:r, i.here

(J7) are reo,uired

:;.'' .

n i-s siil-I a posi-" ,ì*.j-; id i.nteger
.jrii:;::

dj-tj-on rer¡i¿lj..r-ls satis ir,i;.,-i, the \Tave
.i*'

are of f -clrì-agona.i ovc.,:'l aÞ Lei'tls. ,'jpecial

so'ì;llat tire

funcfrcn in

tecÌrnioues
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Í'or <j.j-a-¿oitaì i.zin3' a tr:a.ir'j,>r vi j th cne-rlgy *uer';is on t.he cf f -o1i a-3ouals.

The irratrj-;,: I'or- equ¿r'¿ ¿on 52 "*i ¡" subcÌi.r¡ic!.e,1 :-nto f ou.r snLall cr mat-

r,.jces i'eÌliesentin6 the cosi-nc, sine, :rircÌ cos-ino-sj-ne cr'c,ss ter¡:ts"

As nore tcrns az'e ai.dcC to -une sine l:ia. l.ri:¿, lìre;iinu-]i-,aneor:s equa*

t,ioirs Ì:eccl:ie si.n-ular anci rh.c enelîrj)i in¿;ti'i:: cen no-u be ei"^¿;onoliz.ed-.

'i'he only o'bìrer: se'L of funcii ons tha't, coil.-l.d adeoi,:¿'.i;e-l¡' ¿""crj.be the

trie\re f unc'Lion i-s a conple>: Ii'our'ì r:r se::ies. '¡lhis :Ls 'c,er¡el oi.;e d, in ch.e

lasi part of the i,hersis and has io be B'i i'e;n s,rleci a:l- at'Lention to

a-ccount f or t Ìre al-terna,ting parity of i;he eigenf unctions. l-hns the

ques'ui on of th.e spa.ci-ngs of t. lie ener6'y l-e¡¡-e Ls ajrl.'cars to be â i-'ro-

perty of-' the s.'lste:ii"

.hs rr¡'ith 'tile d-isiriiruti-on i.heoi:y ¿-:,jtl.)r:öach, the oscil-l-at.cr i-ri

a. box proclu.ces the e,rpectetì resu]Ls of iocaJ-iz,eci lyr;.üt'-'r;is " rh.e rJneit-

gy variations are -srt'oriir iir f j-¡iLrc 'uÌrrce " i' h,, c-l-a:-,sr.i- cal.1), ioca,'ì izec.ì,

ïia-\¡e f uncti.ons are plcitecl -i n f iguÏe s f oilr to si;r i-rr ccr:lìl-r.r.z'ison

io tire iníin::-be dolra.in case " iil.l 'l¡ra.ve f utrc b-r-otiÍi ¿:ì.Ì'e irori:laIi..zeil-"

!ìhe product ol' unceliainty tencis t,o (n+i');r i'or the ul-:per c-lassical-1y

fccaliz-eci- fr,rnctj-ons as-thej-r do;;:ain Ì:ecoi:res la.r:ge and. ccirlaj-ns

i:iost of lire iy<ìve functi on. 'j'he uncertainiy in eircL:g¡' i.s zero

f or lhe specirun as Lhe ;:latri:r uas .bra.ns iorileC .r-lli; c 'Lhe energy lîe..

tres e-.n-ua-uioi-t o

?he bre-nsition spectrlìrn cen a.lso bc calculatcC by ihe u-sual-

nlcihocls (58 ) " ri\.s f Ì;e cì-o¡a.in f or tire Io,¡rer st¡,ie is sla.lier il:an the

u_ppelt state, ti.re boulld.ary ol tìre lor:,'er oire is u-sed. as the li-¡iits

of tì'ie tr"¿:-rtsifion iute¡':raj-. l:'or' large t¡alues of 'ulie bouud,ary, both

qu;i-Li i;atirrc ârrf d quantita.ii.ve resul-is are obia..inect . .'o:: t.he classi=

ca1ly loca-ìize;cì cerse, t-t-re i-nlcgrals 6ive onJ-y :r rlu.a,litative ansr¡er



-? IL-

es tc the transiti cr-ls a-t.Lov¡cd-. To oÌ:tair1 a- lr.lol:'e quantitative a.nsler

pe;:tur¡a.-uion 'uitcory va.s s¡llpioJed. Tn di¿l3ona.liz,in¿ì t,he encrß:r' II:åt-

r)-x. f or the I oüe r slai:e, e set of upler I er¡els v¡cl:e also obtai ned

f OL: tliis ,oarticr-iIar Coni¿tin" 'lhi s il; true of ihe 'nexl c-]-assicalì-y

locali-zecl- state " ï,ihen pertu::bat-i on 'checry l,'as u.se i. io corrsicler the

possi'biJ-ity cf virtual- trans j-ticns be-r.','Ieen these e>ltra slates, ei t-

her an o',¡elt or uncler coil,r:le-Le set of s'l,aies lyas u.seC-" i'lei'cher case

yieì-Cecl qua.n-uJ-ta.live resu-I'cs s j-ili I ar ì. o the -uransition spcc bru.i:t

oÍ the inf inite doliain ca-se o-

Althou¿;h t,his liie-bhocl- is llrore rigorous than tile previous a-pproach

it is ¿',r¡]ç¡,,¿¡i- ¿s large liiatrices of ei.6envcciors are reo,uireC for

each bouncì.ary val-ue of a-. :l'u,::thcrrnore, tÌre re can be tÌre 1:robleir

of the sei oí fu,nc'Lions iro'c 'Oeiitg co::i1rJ-ete, espec j-a-] l-y if the nel-

hccl- is e>lterrdecì Lo a three cìi-lrlensi cnal ¡icde l " 'Ilie ç¿rve i-'-unci:ion,

though, can Ìre circna-/ented by consid-eri n6 ä. comi:ietely nnrreric

approach, such as a f i-it:-te dif íerence one o This niethod i';ill be deve-

loped in the neli-u section.
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Va.riai,i-on of 'che ìrean, energy of 'L,he l-oca,-t h¿r.;:tonic

oscill-¿,tcr r,:-L-th cha.nge irr the re.c:-i_u_s of Loce,Ilzation

f o.r the f irs'i; sìx ¡i-.abes " The lneen e nergy is

caLcul-aied- r;5i¡,6 eciu-ati-on,s 50 and- 11, rriith the

cJ-assi ca,l lrr:it 6:-veir b¡, .,1 =t;,t' cL-c¿r,;;n iir" ,.,ii;ìrin ihe

c-1.¿;,.ssical- bo'.it:C the ene rgy o_1 tÌie r¡ar:ious s't ates r-i ses

a-sytn1:t,o bi-car.lJ-y ;rs 'bhc. ciolrlaj_rr is local j_zed.. 'lhi.s i s no-L

slior.in as it is not ì;h¡rs-ì ç¿11)¡ ite ;.n-ì n;f u.l 1,o coiLside r a

sta1.e so l-ocal-i z-ed, This enerßy -i;rend. is presen-u, 'oul

not shov¡n, :-n -bhe other enerB)¡ s i;ectruiit f ì gu_res 
"
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FfGllrÌÌT 4, i,'-Lot of ihe ground ,state ivave function" The upìoer

gt'ailh represeni:n the rvar¡e f unc bion of the ì nf ini-ue

d-o¡ria.in rvhi l-e 'L,he ì ot',,.er grârph re,orosent,s ihe 17ave

Í''.;-lic'bion of the classical- dor:iai n ce-se a Icu-ati on

/¡l -rria.s u.sed, i'l:re cl-a.ssical- donaiir :Ls girrcn [iy the

\¡¿?lu-e of ar '[ìrt-: bour:d-a.r"y va]-u.e, iiÌrere the energy of the

si¿lte i s --Ln'te.rseoted ì:¡i the ener,ßy givell by 1¿x2.
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FIGU]ì1I 5" Plot of ihe 1,yave funcl j-on f or tÌre f irst excì led-

state" Tiie u.pper årâph represcuts tlte r:ia\re func'bion

of ihe i:rfinite clonai.n rvhile tire loli'er gra,ph

repr:csents the ivave Íu-nci;1on of tire classicaJ-

d-olnain case" [qu-aiiorr 42 tva.s used.
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FIGURE 6" Plot of tìre wer\re func-uion for the second- excited

s'ca'¿e " T,ire uplrer' 6ra-ph represenis the \yar¡ e Í'unctÍon

of t.l:e i-nîinite d.ol:ain v¡Ìril-e the 1o','re:: graph

^^:,r+^ l-'L^ ...-r,^ l'1,*^.1-;^,^ a.1 *t-^ ^1-.ê-,-i^^ìa (; jr- v,Jçf:u^r v¡l:. l.u\. ù r Llr¡u u_9! v-'- urlv ui-c(ÙLrf vG¿

d.onai.n ca-se" ,îqua"'c ion /¡.1 we,.s used.
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lìIi,l''jÌ jr r.,_,i']-.jl.:1iç:i j. ,.Tll!,Q

T.he local iz-,ecì liarllon-j c oscill ato:: can be so-l.ved i'¡ithoui re-

cou-rr,se 'ùo ani¡ ana'.ì-yLica-L fu.riction or serj-es " This irietlioc, com-

pIeteJ-y üulnerj.c r:.:aiics no assLtt-ri-l¡tion oí the f'o:cn oí the ei-geníun-

cr. j-on e:;ce i.li that it ]r¿¡,\re a, zeio endpoint " The inethod genera'bes

a sei; of poi-nis tì:ar apir::oxiraies the \ïa\ie funclj on" /ls irlore

po1ntc ,i'f:e genera.tecì, lhe ne'b oí points better app:loxitita-ues the

funci;i.on, 'lhis ineth.od i s ca.l-l ed- ihe f i-irite dif i'erence nlethod- (i9) .

Slie basic f ori:i of the eo,u-ati on used is:

tV¡+ rt\ o

l, is e,n a-pprolti:i;a'lj-t¡i to tire lTarnilton'ian.; E is the ene::'gy of

the systetn; an.ci V.. represen-ts tlle vali;e of tÌre \','evo il-iirction cor*

ltes!onrìing to sotne x j poin-r " jicì'¿e"iio:n ,i is a. t:tatr-ì :l eqr,tati-cn and-

if solle r¡al-u-e f or i.ìle cperaro:: J, is f ound- it catr bc dia,gonal izec

to give ihe energy -Levels f or the hari¡oni-c osci ]l-ator " f o tna.)re the

cal-cu-1ati-ons easi-er, i'b is made s¡ri:rmet"r:ical . L has the f orrrr:

. The ba^sic de íi-nition of a- d-erivai'i rre is used. :is h goes to

r-e7^o, the true deriva,ti,¿e t'¡j-]1 be achieved" This requires that the
.thj"'index nur,rberbecoi¡ie 1err6e" The axis points a'.re gitren by:

E;7,

54

>ì. = -a-þ ihJ-
ir is the inlervaf

factor j ran5es. fror- ..,
..

h= 2a/(¿'l l')

try 'rrhich each poiir'cy '!'/nrc¡. eaCn pol-ilî

-' ,., * 1" Thj-s gives

55

is augrrienied-. the index

h a value of:

56
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Thc lve-r,'e func'bi ot-l is not:¡ defi-neci
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ê a- r2¿

.- II

+ a)vn2¿
h

by:

5r.,rlr= \Ï/-òI
\T,r^t¿

b
¿

rÌr-Àd

\ a.no %*, harre been cleíined as

nclir BCes onJ-y beti'¡een 0 and J" A lna.trix

-Io:r¡teo, oe ji-netci r-¡ Lce I ol-'l olviti8 ]lia-nller;

z.ero " Ihe

e qn¿r'Lion

¡ ndex factor

has nci¡ been

6Oa

O\J U

60c

L.
J r Jt-r

'r--1
L. . 

- 
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The tna'ur

( L.' Jr J-f

* 1.¿

r"r1 + z/ (nz)

i>r equa.tion 93

' L j, j' tj, jna

is nott' r,¡ritten as:

'[tj-J =E:zþ, ;1 6r

lrlq I l\q Ill I l'j I

Lt'.il LT,-il
cìiir6 tìre ener3y I ev els only cons j-s1;s in

this is a sylinetric trid-iagonal lnatr'ì x

ut Lo zero. To acìreive a high de¿;r'ee of

hc liiatri>l nrust liecoi;re 1rery -Larg;e, l:a.bl-e

n$e in energ¡' as the order is j-ncreased.

The probleir oî f i n

diagonaliz,in¡; natrix L"

'r'rj-th al-l- other vafues p

accuracy t-,he c::Cer of t"

thrce indic;:.tes thc cha
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These nulnbers are f or tÌre classical l-.r- l-oca,ì.ized. part.icle " f t is noi

possible to. evaiuaie .ihe ullper st,aics accura.tely as ihe order of

llie litatrix becorrles too lai:5e f or' 'uhe cot'r1-r¡-ist to hanclle. 'f he var-

ialion oi ihe eneröy v¡ith tne ¡oundary of the d,oniain is sholvn in

figure seven.:\s the litatr.i>; size beccriies'La.r6e, liris rneihod- coin-

cides','¡itli tl-ie oscillator in a bo>: apprcach. i|he rteihoci can be in-

proved liy fahing the appz'oxitna.tions to a hlgher order.'I'his has

the ef f ect of increasin6 'cÌre ef íeciil'e ;na-trir size. in using this

ne'Lhod withcui hi¡,;her orcler ter't:ts in ihc liatr j-x, the enerEy ìras an

u-pper bound, vlhil-e r,r'ith '¿hen tirc ener6y a¡:;p::oaches a I ower bound"

The true energy occu-rs '.,,,he.r'l- these tr',o bounds l'neet 
"

This p::oced-ure is a poriei'Í'ul ì:echn:Lquc if a sni.table vie-ve fu"n-

ctir¡n can not be rea.cl.ily f ourid. io cÌescril¡c biie s'Laie, i;ìra.r; is,

liioiecules ¿,-ncÌ l:a.ny eloc Lron alor:rs uhcse ua'¡e Íu;rci;ions Ð.Í'e obtaine d.

in a se-l-f -consistent rr.anner. i-ioivevei:, ihc::e a::e b¿-.s-Lc clif iicltl Ii es

t'ith 'uhis inethod iirat are not p::esent in ihe irarmonic oscij-laior "

there al:e no singulariii es rn lire clif f eren'Lj-al- equation a,s th.ere

are in ihe h¡'drogen a,io¡:l or heliu-¡r alorit" i'hese poinis recu.i re spe:

cj-al coriiputer iechni-ques a,s the conceprs of infinity aird division

b1,- zero are no1- easily pr-ograt:rined.

Furtherrrrore, the ',ral¡e f unct j-cn ì s sacrif icecÌ íor a set of

points approrirrla'ti ng' it " Ìhese are t.he eigenvectors that coÌrle from

dia-6onalizing ti:e energ-\¡ na.i:ri:<. To obiain a norlilalized, wave íun-

c'ui on requires tirat tÌre points be pJ-olieC agains'u lire corresponding

x; lloiÌ-l'rs. The area und.er tlre cuï've is then íound and, this nnrnber
J

dj-vides the eigenvector to no::r:ral ize j-t " The lltean pe.ra;reters lte-

quire a si lnilar e,Ìriouni cf rnani,oul ation" To evaluaNe tJre ¡rean
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potentier.ì- ene rg5, bì':e e :-6ei-i.rcrctor j-s :iru:J.tip-1 j-e ci by uhe oûrrerJl)crl-
2.rLing x] and.'r,i:e poj-ni..e a.re nL:Ììierica.l 1l'' i;rtr:¡;;:arred" liie I'rre:r.n hiuei.i c
J

j-s fou,ncì. by st-tbbr¡.ci-in.3 '¿he tììea.n lotenij.a-ì ener'¡)r froiil ille liean

erre]'By. Oì;h.env:i-se, a. nLr.riier'i-" ,,,utì,o.i f r:r cì.iÍlf ererrti-atin3' each poi-nt

l¡us L be used" !lhe si genveclor:s 1,','eÍe icun.u to ì-.e :j-cle üì;ical io tÌre

cot're¡ircrrcl'ì ng r,'a\re íttrrc',;-1 ons cf iÌre csc j-lIato.r in a bo:r netho,-l ancl

a.re irot -shorvn. 
fr-'he obh.er ille¿àn pa.rai:ie'ber.s f c.r iire Í j ïri'te Cif f e¡:ence

niethod. \r/cre al-so founcl to corresirond to t.i.e i..r'evioitc a1;¡rcach."
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Variatj-on of bhe Ìle¿i,n energy of iìie -l-ocal- harrionic

oscill..r.tor v¡j.th the radius of loca,-l ization f or the

íj-:r.s L f onr sta'¿es . the nean energy ì.s ca-Lculated

using ecìu-at-i on 6l lvith the classical- liirrit Eiven
.2b;i 5l2x cl.I¿ì'tin l-li.
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\IOlri lriiUliAlii.l 0R iìCIrj'iDilD CPr'jiìlililCl É. Pl'lìC1rCI'i

Ilt the D¡.c:'¡:Lcrill; s;ec'uic;ns lilc)T'e Érn'iplLir,s;is,,,"a.s 1:la-ceC ullon a 1o*

ca-l i-zed lïa\re ,cacliei. Tiris sec t.iorr crralu¿.Les the e-Lgenf uucii-oti de-

rj-r,'ed- l¡oll a. bou,nC.erì- clpe:la.i;c-r ir:ilh. r'io ;:e s¡;ri ctions -p'l acc:d :ìporr ii "

In consiCerin6 a l;y::l;leiric oscillator", von i'ieu.iiie,nnrs rlal¡e f un.ciion

bec o:qcs :

V(*) = *_l_
,F; "-LT'(.9 

/2T[ + r;)x/a h==0Ll-t2 t-2

^¿-1pha, r';hich ¿j*o\¡e rns ihe herliiii;ia.li ualure of ihe opei-:ittor'

also control-s tlie .pa:-jty of tkie '¡arious -states". jjquÐ.i-ron 52

can ha.t¡'e 'u,,TO e>lti'e:ne cases: ,,vir;h. a^Ì;oira. ecluaf Lo ç:'eto, od.d si¿;.'¿es

are.generaied"; rvitÌi a.lpÌra equal to pi¡, Êgelr sÌ;a'ce,s* These states r;ili, be

shoivn to be i r,r-entica1 tc vrave lurrc-uiotrs oi the occ-ì -r lat(t-c -i rr a

pctc::trl'l'l--o::,,".c ¡i1 phL l'J.ni;.ja h:L'.','c:.1 j-';:'l:','o l.:. l.ll:s:l la:;;l 11ì.1;'.1

be.c of furrc'l-icns ale gener¡li;ed f or ea:-ch bour,iì-ary t¡a.j-ue. '.i.'he::e is

no stipulaì;ion'uhat ilie endpoin'bs be z"era or fiiriì;e a-s'[Ìre variou.s

alpha va.lu.es lvi l-l- au'r,o¡iia.tic::.lJ-¡' deterilj-i:ro i jli s coird-i t jr,ou" I-iovever',

as -uhe bouno.ary rralue e goes to inf i n'i iy 'blie enC,i-'cin'ì; àioes io z'ero

regardl ess cf t,he va-Lu,e of al-pha lo gitre 'the correct asyup.totic

ener8y.

rl d-i íf erent tyile of sii pu-La.tion f o¡: s.ccept¡ ng ìya,\¡e Í'unc-ui ons

inust be f ornulat ed ¿rs not al-I r,iave f unc'uions ivill- be uell ireha,r'ed-

ou-antuiit i'lechanicaliy " Thi s siipu.l-a.ii-on i-s -uìre Heisenberg uncerta.in-

iy principJ-e, that ;s the ',Jrave f unctioil :i:u-si generate ihe col:rect

irea.rì energies so thal iÌ're product of tÌre Ltncertai rlLies in posÍtion

a¡rd noi¡ientun rlust i-.e grea'ber ti:L¿:.n or eqi-ia} tc ]Tr"

The eigenrra,lues and. ei-genveci-ors f or e qr"ra.i.ì r,ti 62 are generaled
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in an analogcus ìija.nner to t'he o,scil l-a.tor i n ¿r box. All

i,iiIl- be evalu;-red 'i n appenoi..>l c " '=' he il'ave iunct'i ot: il¡

as it s'uand.s anC. j-ts cclnpl-e:: con ju6ate 'i s ,3i ven by:

{r*(x) = 1

úr"
" 

L'lT (4 /zTlr:*.):</a

iL'he kinetic eneróY ( rr¡lp2lv)

.iTf (O" /zTf + 'E)x./e.(pz)

t he iiri e6rals

no::rna.l-i z e d

63

nby

2f c

J_o

/ a r--(l;"

=*l+&o')]

"-iT(A/27I{l)x

i s give

64

6,=f z(=q-r r'l
L"\trr /)

fÌìl^a 
-^¡^- 

¡:^l
f, l;u l/vuv¡¡v¡Ç-¿ v::*r UJ

2 f C z(*'-)= 1/ x-
,uJ_o

2(\- o,_r

is 3i vcn bY

.íTT (& /2Tr +

./ rTrl..4rïr \\ l/l-'lY//

Ir)x/a"-r Tf (& /¿f +t)>t/adx 66

rf tr t azLr(zn

= ?' Eu, + *'frgilSÐäl(l-Err)) TT 
- 

1k_1)¿

to be d.iagcnalized

å,., u g' E,,, +
6'-

o

function and evalua,te

writienin the forn:

itr@12rr+ k ) xlatku

o/

The ener6y natrix

To plot the wave

r¡,'ave function i-s
+k

tT¡r..- r ', \¿ \ r'. / __:-_ /

r/ eo -k

ìe.

)¡r(\a' cos [(t -I)TTJ (r- ò, . )

n1_;;z-- 'j\r

bö

+ ,.)] ,

Eu, =

tÌre mean paraneters the

ó9
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"1. 
represeì'1'rÍi -[ne c-i.¡:elivec Lors oirti::i.;rr:ci, -i n c;.i ¿i.¡,;oi1a],j-zì n3 '"he

enel'l.-i r,:a'¿f j.X o .

I'i¡;ur'e..; eighi tcl '¿cn êho,;J -uhci v¿ìrei,:i,r-,vr cf iìri: clrcr,:i)' t¡í i;ll 'ihe

bollncielr¡r Íor three o.j f f erent va,lues of i'l.-i-,:-;li3 " Tl'Lcso col:res,¡:cinoÌ bo

the f.i:¡9 l.ross j.bl-e el:t.j.^e¡ire ,/alueü and an ini,¡:::l-;le dr¿:be onc " Inor al'pha

eou,á:ì1.'cc zero aircÌ pi fo¡'t,he even a.nrÌ oCd si-.ates reslrectii¡c1ïr

iÌrere a-re trij-niiira th¡rt occur at bhe classica.l l'i t,:i'i; f cr aI1, s'bates

e>lci-:pt, lhe -Lc,l¡esi; one. T'ìri.s staie itil-i be a.naJ.yzed- ]¿rber" '-ilhe oihe¡.

e>l-breni.e case, a.lpira equal tc zero and pi í'or' -uhe ocl-C- and" ev.c11 states

resrir-'ciivel y yicld 'bhc satrrc cìirves l,irat i'ie-re oì:ta.inecl in the csci J-*

I¡ato:: in a bo:: aoproach" These v¡i 1l 'be siic',,ir¡ 'i.o be r:ia.i;Ìiei¡r¿-tica.-Ll v

ec1'uiva.Ie nt. l'he in bei:r,¡een rra.l ue j-s TT /2 " ;llpl'ia on.l¡r a-íf ects the

sta'L.es nea.r the ciar;sica,l- bolrnC ','.rhorc tl:s ci.ìrt¡os 'i;a.t..e :t sliSÌrt ciip"

¡'ìo.|-., fn¡ ji.¡ ¡-ì.ro,-i-¡'¡ ^^ô^îÉô j-^ r--ì-r^ ..-- -r.!,r(-!,-,._,:v!ir. u!\¡Jv -:..- v !,r-!.:._, J-: u..r--v i_uL4i i.u_L. utl(:Èiç v¿:-lucü "

. i.'ari,icurIa.rI;r interesti ng is 'i;ne I oliesi s'raie ,;¡j Lil a-L.pira eoual

La zcr:o ". fbs ener8y l,oes to zero as it j_s l_ocal-i zed., :lhe e>l1rla-*

na.ii-on j-s f ou.ncl j-n lhc c j-3cn\¡cctor', The cceÍJ'ic:Lenrs a.r'e r'eal aiiiÌ al;

a- goes to zerc.¡, ihe 6round state .coeí'fici eiri; "o, iioes to one. For^

the t¡ector to renia.in nori.l:alized, the renai-nin3' tcli::s i:lusi vanish.

Inspeciion o:0 eclua'¿ion 65 sl.or,¡s thai tjtis part oÍ i.Ìre wave func.'cion

i_s zero. conseoruentl y the liinetic energy :iruÊt vanis li al ong Ïii th

tl:e potential ener6y so '¿hat¿\,r[>:-n0 as a+,0. ¿n a'uleirpf wa.s i:rad-e

io renor:¡ial-ize tiiis ve ctor by diriiinisÌl-i n¿.-i 
"O 

b.y a nunber less tha.n

Itni-i"r* a.nC tirc relta.in-ì nE; cocfiicien'¿s'by a nur¡i'þe.i:'gre::ter. iir¿u cnç"

Ìturcr':'-caIJ-y, t,ir j-s vas equivalent to changing tÌre va.lue of alpha- to

be 6reater tire.lr zero. -l\ sir¡ì lar atÌ;e i::pt \Tes ;lad.e to reinove ihis

state by el--ìn-inatrng ail h: 0 ter;ns in ihe lla.i¡'ix ic be cli-agonall z-ed.
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Al-'uhou¡:h'¿hj.s rei,to¡¡es';he ¡lronnd. s'¿ate vec'ccrr, it ¿¡.lso conirle'bei-¡r

reìrçvcs tìre ¡;::ound staì;e encrgy so thar -bhc lo',l,est I e,¡c1 il; the

first e:rciicd. onr:. lhis pa,r'ti cular Ì,',,ave f unction had to be discar-

d.ecÌ as i'¿ Cid no'; satisf y the ]leisenbel:g uncertainty principle "

The irar¡e Í'urici j on i;iLh Q- =Tf /2 possesses .rii'i d-v;ay prolrer'cies

of the i\ri o ext,ren,: s. thrs is ref lectcd. in j;he -l'¡ave functi ons by

thei r endpoinis that var)' betiveen zero and soiiie rla.xi-ÌrÌLulÌ" 'Lhe states

siill- ::etain r:he i r even/csÕ-o- 1ta-rity ciepenoing upon the staie. /ts

arr. eríarni)ie, f or elJ-pha goJ-ng to pi f or -uhe firs'U even staf e, the

end--o-i nts of -uhe \'.rave íu-nction slorvly ¿;o to zero retaiiti-itg i-ts

even ¡-,arity. as tÌris ha-ppens,1,he proi.u.ct of uncerta-i nt j,es becotties

grea,'Ler " By choosi n6 tÌre ap,oropri.e.be al.chas, one can still- ¡etier-

ate an e ner'¿ly spec'bruiri iv-ì lh spa.cin5s of unit¡i, but ihe enrLr:o'i n'i.s

of tiie ria\re Íu.¡rc i,'ì on ,;,'ill- .,rot be zeJ:o, 'lhese f ltnc'cions, lio',,vetrer'r

are stj-i'l quautu-n :iieche^nical as the¡,. are square inteúr¿¡.bie,norn-

¿rrizab-Le, and sa,'bisf y the eigenvetlue eclua'l,ion"

The ef f ect of alpha. ca.n be seen i¡1 f i gures eleven to -r,hirteen

f or a cfas^si ca} rad,-i ¿s s¡ I oca]izali on" For the \tal'e functiort

r'¡ith the m¿rxiìl1u.i'ìi ai the encli.loint, 'uhe l.rine'b,ic enerSJ/ is ¿.t ¿r ¡:ii..

nimri:r anci the potcniial ener¡;y is aL a. llaxlinuni. As a.lpha cl:anges

ihe u,ncerta.i-nr,¡r j-il positi On beco¡nes -l ess until- it reaches i-us ieast

val-u.e u'hen '¿he end.ooin'us of the r',.ave f uncti on are zero. Vari ati ons

in the llean energi.es are 6rache cl in figures íour-ueen io nineleen

wi-uh thei r rel-a.-ted- uncertain'uíes as e, fuuctioir of the raclius of

localizai.ion. 1llpha di rec'cly af f ecls the )rinetic energy and causes

it to be l-ovrered fo:c al-l- all:ha J-ess than a'.oottL 2/j pi. 'ihis nakcs

tltc produ.ci, of l,he unceriai.::ties of lrcsition anC, i¡o:;ientu-llr becolne
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l-ess i.iran'lir !or la.rìy oil tÌ:¡: \ï¿fl,re fiiirci:joii.;,-.;. i-:.c¡¡,';cr¡utcnil¡r, ';i,cse

ca;r not l-ic useC e.r.r tccaij,ze cì. ';¡ave íu.irc:tì r-',nr:. :''Lrj:therr:ict'e r 'Lìre

-cta.-Les a¡'e rict d.es:j-.r'ei:rle a.¡; ilLe uncer.'t-.i.:.-i,r-ri;;'in r.lol;i'Licn beco:nes

6rcr,'r.ter i;ire-n tn¿r.-u cii the inírnite doiriailr- case, ¿i.n,d- cvetr tirou¡;ir

tiie pa-t'ticl e j-,:; '--at.¿l-i-zeÕ-, oile -i-Jecoìres 'i;oo i.inc eriej'-n oí r,'.'jre ::e it

i-s. .-loti'ever-', a,J-l"hougìr tne i:inet j-c enel:U)/ beco:nes $r:rall, i-'t C.oes

increase for velr)¡ -l-c;c¿,1 ized, sLa,ies i;c:Lrrs'rli:e ihat t-.Ìre enerily clces

nol go to zeto " '-L-hese s;'ba.'bes ¿lre st-ì il noi acccpì;i,,.i:-Le as the par-
'Li-cIe lvoutl d- be l-oce-1i-ze cì in a. do¡¿a,in less Li¡¿..n 'Llie cl-assical cne 

"

irnother conceplual point aga.inst these s'ba.i;es -ìs t.Ìraf tÌrerc is Ìlo

.physica.l si3-ni-i-'ì ca.nce f or ei¡;eirfu,nc'1,-ì ons r,'r.-t:i 'the rla:lii¿a a'L 'i,Ìie

enC.þoi-nts . 'ilhe t?rorcj e,cce l:ì;a.bl-e f u.nc'¿ioirs -ob,?rt e i.)o3¿1t to be 'Lhose

i¡ith ihe zero or ilear zet'o rì:ilC-lloj-nt io¡: tÌreirt ',i,¿Lve í-unctions - 'i:Ìrat

is i.iie¡,- :i::e cì-crj-.t¡:ci 'n¡' consicle ::in¡ e. bc;u:i.'cLi i,.r:-:'t i.'icr ;,-::i.cli ì¡as

locai--i zed s'Laics and'Lhcre is a. corllesl)o::.c1.-;ir.; s:nal-1. LirLc.:i'iai,n.by

:Ln pcsit j-oir assccia.iecr ri¡ii;ìr '1,ìre particl e " ïirÍs unce::taj.i'li;y be-

c olles l-ess ì;ira.n Lhat of the inf j-nitc d.o¡:,¿.-L¡r s Late "

The rvar¡e f'uncti-on v¡i'bir the zero entl-i:oi.irts can be si:c.wn. to

correspond, to the sol-u-bions oi tÌre osciil¿rlor j-n a -ocx api;r.oacìr.

The l-oiiest eiien ¡:ta';e i:rill be used i-n tiie der.ivaì;ion, thet, is a.r¡.

alpha eoual 'co pi " 'jlhe odd- staì;es a.re llro\¿e n i.o be icient.ical ì n e jl

analogous f;.shion. lhe fu.nctj-on fo¡ ihe e1¡oll- s'u¿ìtes is:
+k

V(*)- 
L-- 

ii

-k
V(t ) is of e\.¡en lrarity
rical, rnulLililyj,ng; by e

cients har¡e 'uhe va-l ue:

,¡
fv

'Lhe oscj-Ilabor to be syntlet-

ancl integ:raiing, tire coef f i -

" Ccnsi cìeri ng

tTl (): rrl;)x/a
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does nol. cance l- " The di-stribution f cr these sta,tes can 'r.re evaluaied

i nslc¿:.d cf iLre iier./e f unct j-c;ir. The odd- sta.'Lc cceíf i cictrts ca,n be

shovn to be coni:J-ctel-y ir'la¡;inalr;vÌry a l:ie'cì-lod analogous to th¿Lt in

derj-rrj-nß equa-'uion 7L. Conseclueit'u-l¡', ihe prcCu-ct of -uhe coefficients

r,¡il-t al,.'ia¡is i.re ¡eal" 'Ihe Cis-i:ribution -ìs 8i ven 
,bJ 

:

Vu'(") V(-, = L "1."I u-Lff(ú/2rT+k):</a .írr@'/27T+L)x/a?6
Ll

ç15'.11
\ . o*i Tf (k-L)x/a ,2

- l_-- "ir"l r t t

J"\ r -r
: ) cr-", lccs [(t,-ÐTr x/a] - i sin [(t.-r)v::/z,f I za

¿-r " *L J
l(,1

I'or all- !i=1 'uerlns i;ire sine fuuciion is zero, Then the su-ill-

na.tì on invol r¡i ng the si ne can be tvri'cten a.s:

r\
) , ",... sin [(]r-t) îî:.:/a.l : )* "lr"l- sin [(1.,-t )trx/a] +
kÉl 1-_. k'l

l_.",r"rsin [ (l-'-1)TTrr/u] 79

k<l
Iror ever.y of f ii aáional i'¡hcre iìlei'e -i s a ri :jrea'Ler ihan e,n 'l

there i s an of f diagonal I'ri'bh the san:e coeÎf 'ì c-ìe nts bui tl'ith I

greater iha,n ]< s''rch ihat in one case (X-f) is a positiVe rrL'.niber

ancl in the o*uher (].r-1) is the negat'ì ve oí the nu.tl'oer. Con.sequently

all- tire sine ierl¡'is cancel. TÌris i s expecteci- ¿s a.l-1 quaniu-m llìec-

ha.ni-cal distribuì;ions a.re rea.l. The disiributi-orl LÌieir beco:rìes :

80V *.(") V'(;t) - L "r."r cos [(r-t )t x/a]

k,l
Tlia cl.istribnt-ì on f or tÌtc second- :i f,aLe is: sltovn iu f igu.rc

tl.renty for alirha equal to pi and. one-ila,r-i ¡:i. lhe real ílLnction

f or al-i"rb¿r. i-r-L is shor'¡n in fi-¡ir-lre tweirty-cne, shot':ing ihe non-zcro

enoì.poin'b ".
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TÌre i ¡:i''j ni-te do:,ia,Ln eirC- lhe c l-a.ssi c¿ll- ioi,,e.i-n vie.ve iunctio¡rs

\'ìrcle,sÌ'rc,jn j-ll -[þe sectÌcjlr on ilìe of.icìlla.tor j-]j a llûi,en.'r-:-a-l bc:r.

'-1,'lrc cJier^¿,y cc¡l;-; lì.cr'¡ L j-o:r:i at:c ijt"e.¡rhr:i. irclc îc sito'.'., iirc. 'i.r-lirC oí

¡:. 13.;ìii.;. otl tllt ;:r'âjr jlrir"¿-r:..ci-crs " liiris ;,,cthocì l:::s j c.:.1-l) Ì.'c1:-¡.¡g6'11¿,' ihe

ç6111',ri c>í iroii-i: j..c;:' scries sol ut-i.on f orL,h.e osc-i -t-'l a¿or in a ,box, -uÌrai;

is, i; jre evel a.nrj. oicì. $t¿,j.'i-e solu-t-j oirs i'Jsl"c cc::Li.rlned in-i;c ¿t single

f.Lr.r:'c-t'i on lTi'ùh a- ire.rå.lrei;e¡' bo talie :ririo ¿.ccolìn1 the irari-ty r:f i.he

vari-otis sla,-tes " Tire l-iirii'uat-i ons cÊ tire pr'cvi-ou-s a,¡,crca-ch F.if.e also

pL:eselri in '[hi-s neiirod" ii]re d-eri vat-ì on use ol 'i ri' Von ir'eu.;ia,n:r is a

í'e]-eti-vcl y s-i rapJ-e or'r.e co:lp:i,recl io 'bi:ia,i i,'¡hicii lie¡; to be ûtrr,:';f 9;,rs.1

l:cir i-.ìtc ìryd.i:oAeri atoiir. üJre hydrogen aLo:l ,-r,:Li',ílc::er-riia,l- eclua,trcn Ìia,s

to Ì¡.a sol-ved. irsi-n¡1 a cl-ií. f er.e nt 't;ri;e oÍ' jju.irc-uions ',i'ìrj-cii talLe inio

accOun'c ih.e na.in:la,l s-i-n¡';lrlari ties th¿.t occLr-i i,r, it " This i.s ncl-

coi:'i¡;.Ie tel;' u i i;Ìio"urt ;oroi-;l cÌris I as iire r:e arrJ e. _Lar¿1:e i-r.Lr_r:ri.rsr of sçch

iii;nc'Li-cns.
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ï'fGURil B" Variation oî the iilea.n euelrrjy o¡ thc h¡-r¡roiric

osci-l:l-ator \ïi il'L the r'adi-us of l-ocalizati-on íor

the f -i rst six s'iat es , llhe :reail eircrgy is calcr.rlat ecl

by u-sing eqi:ation 63 vrth ¿lpha zer.c for '[ire

eveï1, sia.'bes e.ncl pi f cr bhe ocl,ci sia.'i-es. thc

cl-assical 1ì i:lì -r, is dr'¿¡.,,i'n i n ar.Lci- a.1-1 peraiileters

are e>apressed in aioiitic units.



>3
O
æ.
[J
Z
Ld

2
RAD IUS OF

FIGURE B

3
LOCALIZ/rTiON



Frûuiì.ü 9,

-i,17*

\Iarj-aiion of tile Ìtean enerijy oí' the rrarrilonic

oscì i'l a.'uor vrith the radius of Loça-Lízaiion f or

the first si:< states" t'he neall eirerSy'i s cal-

cul aied, by using equ.a,'Li-on 68 r,¡i-th a,-r pha. eciua.l

i.o å-pi, The; cl ¿tss. :,,-.I l-.l-:itj.i, j-s tìr¡:-i';n i¡r ancl al I

1la.rarcters are cl{presseci- in at.oltic unii;s.
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irTciüi"ìil l-C" \lariation of ihe lnean eilergy of iire ìlarl:ionic

osc:L-ì-l a.io:: wiLh the racl-iu.s of loc.a.lì za-Lion f or

the ii j::s'u si>r s-bates. lire inee,n encr.gy is caf cul e.ted

'hry ..-Ll;ir:g equa.i;:Lon 6B llith alplra equ-arl to pi

1 u-r' ,,rr!r .,i \¡ '.:rr :-. i-i,r.- .. -;;-:ì zero ior i,i:c oci,r st¿. l-es 
"

Thc c-l¿:.ss-i cal -Liriiit is ii.ra.ivn ìn and a]l pe.raneters

afe ell,r:jf .:f,lSed in atollic units
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F IÚ: LiRiJ iI- "

*Li-Y"'

Va.r'ie-j;ion of tlie nee.n poi,ent'i al (a) , kineii-c (c

nean ûnclrg.y (b) i'¡j-th alpiia for a raci-iu.s of

L"2)61.¡ tt.,tt-. for the siaie O of 'ch.e ìtaL:t:lonic

osc:ì--ì i¿,,.f o:: 
" 
j,iç1u-ati-ons 65, 67 , ano 6B are usecl-"

ïhe ener'gi-es are -Ln aioräic r-ttij-rs '.t16 s.li:ha

i s ex¡rî cs s e d in ::ad-ia.ns "
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FTGUiìE i2" \lari ¿r'i.ion i-n- tìre u-ncer'ca'.rrrt;'' in positi-otr- (a) ancÌ

inoäreniuin (b ) wj-i.Ìr al Þha f or a raci-ius of I.?-()(>\. a..u,

anci stai:e 0 of the ha.r;i,oni c osci,ì--La.'bor" !lhe

uncsL"Lainlies ¿,.re el{pï'essed. in ¿lio;iiÍc units ¿rnd

al-pl'ra i -s in ::ad-i,at:s o
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E1

l-IGUiìiì l-J" \Ia.ria-'i;i on of t.he p.r:od.ulc-b. of uncer''i:aj-nties

ivitÌr alpìier íor '¿he ground si;a'¿e ¿and a ra-d-ins

o-i 1.296,l+ a"u" the u-ncertaj nt,:ì-eÊ ¿ì.ir,e expri:ssed-

i-n ai,,Jr:lic un-ì ts and. a.l--pire. i r; i-n r:¿r-t.ì,iLalls o
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':11^ îlnrl 1 tr' l-Lr L)l¡ I+ r

^r:t2 *

r,/ariation of the l¡iea.n potential and_ kinetic

energy lrith the racLius of local izat-ì on f oi.

thc f i-rsi ih::ec si¿-,tcs. ;iì-pha is pi f or. 'b,he

even steies anrJ z,erc, f oi: ihe odrì. 9¡qç. !ltre

Ìleari poteniial curr¡es a.re '¿hose t,hat go to

zero. Tìre cl assica,l- linj-t is cÌra.t¡rr i-n and

al-l þaral:rej:ers are given in atonic u-ni-us.
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J a'.r '-l ¡t.ir L5"

-qi*.

\rariation of 1,Ìre u.ncertainty in posilicn ( dashed

liires ) and the product, of uncertainiies ( soiid

J-incs ) rvith thc ra.,lius ojl l-ocalization";!11:ìra is

pj- f or the e\¡en states ancl. zero Í'orLire orj.d- ones.

1f11 pa,rame'r.elrs a.re e,'{llressed j-n a.to;'¡iic un:LÌ;s; " The

íirs1" three states are shot'¡n"
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FIGURE -16 "
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V¿lrj-a'bion c-f the irlean i:ctent-j al- ( those cur\¡es

that a::e concave clolvn ) and the ltean Þ'ine'ci c

ellerßy wiih ihe raclius of local-j-zat,ion" A1.pha

j-s r,era f'or tbe eveir siei.es anrì iri. flclr the orìci

-stat,e¿-- " À11 j,¿:i.,r'åriìeters e.re e){prlessed in af oin-'-c

uilj ';s, the cfassical l-i inii; is shoi'in 'by tÌte r¡e.r:

ti-c¿¿l li nes drawn. The f irs b three sl¿¡,t es are

anal¡ized 
"
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FIGURI l-7, \¡ariation of tiie u-ncerta,inty in Þosition (dasned.

lines ) and tìre prooì.ucì; of uncertainiies for

the f i::st three states riri "rh the radius of

locatizaiioir. i\lpha is zero for ihe even siates

allcì 1-ri for ihe cdd ones, All pararriet,el:s ¿-Lre

ex,ore,ssed iir ai"c::ric un-Lts.
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?rGURlI l-E va^ria-b-i on of t.he nean por;.ential ( tÌrose clrrves

that are concave do',,,'n ) and- -the ûìean ].;i.netic

enerSy f or the firsi three sta'ces wi.¿jr the

radius of I oc¿ili_zalion" iilpha is t¡:i. -;\lt

pareiirteie rs are elrÞr'e.ssed in ato;:ti c unj-is
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irIGU.iìii icr. Varia,t:i.o:r of the unceruainiy in posib'ì on (c1a-shed

l-ines ) a-nd the prod-uci; of uncerbaj-i-rt-i es f or

lhe îi-rst il:rce states t,.'ii:h the r¿rcli u.s of

1oca.l.iz,¿;.ti.on. :il} pa,r'aileicrs are irr a.-boni c

nni-tse ancl. alpìra Ì:as a v¿-l-u-e oÍ' fpi.
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FIGUñil 20" Flct of the Ci-st,riblrt'ion for ihe firsi.exciied.

sia.ie function cl-ass j-call-y I 6ç31j-zed " Alpha is

pi for iÌre upper graph and l-pi :io:: the loi'¡er

one. llquation 8O is u.sed and al'l pararrrelel:s are

e>rptiessed- in a-Uoi:li c u.nits.
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IlCrUiìE ?-] " Ploi; oi iÌle f irs'b e:;c-i ie d s;ta-te i'riih al-pha

eclu,a1 -ro pi, ijeuation 7, is usecl. ¿rnd- ¿rl-i

pa.::aiiiet ers e-re exilress ecL j-n a-u onic unì ts .
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oí l. Iocn,Li:¿cci irl,'(irt)-c:1 r:.-ucj-,1 t.o co.Lllsioi: lrroccrjl:;e,1 "

;iitho,-li;ir i;}ic v¿,r-ioiL;; ¿'.!proacl',cs are ,su.cccj'3sÎlt.i- i-n ¡redi ciine;

an cn,:rS-\, ;-:.r'cc'1, l-rll,-" il:¿i --. t-Jl:ces t;'ì 'Lh orre s¡l'c'i ii1 cílijc lil'eviottsl-y

pr:c.orrirr¡j li-.ì-.-i ¡ 'i ,- ] rei.'oì'ì r; i]1 g Cni y Cfi iCf iO.n Ci S¡UCeSíì AS thC<.WWl,^r\,ç.u \ (/;;J.-; -Lrr t/ vlrv

troGel i -q onl-y -Lheclr:-i; j-ce'l ) se\reial- cì:-f iicu-It j-cs st j-.-Ll- cxist to be

otr(:-.r'cct'üc. iioÌ1'1e cstirit.:.ii on of t]ie uncer'uain-L¡' in ener¡¡y i s requrrecl

'Lo indi cate hoi¡ precise the ene rg.v l:eria:j-ns a.s tlie sysÙen is localized"

!' ìri; ..,iave pe.cÞ,c;t c.pprcacÌ: of f ers scr¡e a.,oprox:Li;rate llelhod f or this,

l:rit thc conple:rity of cl,-ìst;'j-butions i¡iakes its evaluati on cìif f j-cult.

i.n'ulie erì:ensicir ro a ht'iìr'cge'- a-tror,t (¿ll) thc; ¡rroble:n is overcoire as

e^ si-nple sie.p íuncti cn is e:n;o1.cye i" (..)n¿inl;ün i;r"ir:ne-Lin¡;, ca.s-i.l-T eliF-

lainecl vi-tir \rJ¿ìvc func.';iols O.eiine ci c.,ri ân i ilfi-iri be o.ct,:airr, need-s

sojils :Iecha,iris;,t f or occLlr:l:-r-nír j ïr 'ci:e I ocal r'cprese¡ri¿'.'i;:l-on 'i','Ìien the

,.ì/''''-ì.^.-¡!|!ì^^].....\^.-,--þ^..^^^':^.â.|^ha^-ìquLi-i.--r:-¿.ry vt wjrv !..J *)J,)UL..-:.J j.-v .,!v--!-r/_-,--i-O6 !:-*J :lvì,úVa! !Ð ¡lUV

a,.s e::ii;us cL::a,,'¡b¿icir "

T'he exte¡rs j oj'l of tìrese rieliroC,s lo i,iore cotri.pl ice,"becì sysi;erns

j.s noi easi1,¡ i..ccoi,rirlj-sited.. 1,'oL: tJir: ìr;,-i;:ogen niloin, i;he,j.j-s'i:ribution

-i,ìieory rijlprcerch l-rcco¡les i';oi:k'a.-nl-e;.s tìre si-:i¡rl-e s'Lep funciion is

utseil. ','.'i-ul'L pcl-¡'noni na-l-s o'tirer lhan tiie heräirte c)res " .¡-{ 'tirree dinerr-

siorral analogr-re to tire r-iscil-ì aior-' in a. ttox/6r ihe i,.ouircÌed opera.tor
(

]ra.s 'beerr accoi:tpJ-isÌted-, 'Ì.lt:.t onl;" io¡ e. coi'rstant ¡o-berLì:ial U o (40) .

In ihe e>;tensi oi.L to a h¡rd¡¡E,err .i.loiir, i-"e. e- v¿r.rJin¿ ¡,ocunl'ì aI , coiìl-

¡l e'';eness of 1;he se b oÍ f unctii:rrs u-secì. t,o desc::ibe tÌre encrgy irir-

;ceê,rs -to be a i.'ia.jcr pro'irl era. ,he iinite d-L:1f erence i:rci.irocr., tvirrch

uses Ìlo íuirci'ì or.r reì; ¡ r..¡ov'i cìes i;he oest riìeans f or ].ocalizing tÌrc

hycÌrogel a.ir¡n -ny solrrin¡¡ tire d-i f ierenli¿rl- equeltion oir a bou-nded

i.n'u err¡aI .

t'he concep'u of loc¿.L s'cai,es, o:'igi-nal-l-y t'esearched io si.rlplj-f y
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CC-j -1,:Lti.Olr C¿ìiCU-li.ìi]-Cl1S " a-l.:iC f.'r¡l lCllS e, r,i¿:.inSi::c:ii:l Of phyS'ì CS i n

qu-cst.j,cir:i.r'rg the t;'l:lt helia.t j,ca--l- f crrrlaiis IîL a'T cruen'cu.l'.i illecilanics : (trZ ) .

ì-.,¡r cre a,t j-i:rg loc¡l c'¿ai.c¡, l-iì9 .;:li n,stein: l'odol sL;l¡, ìiosen paL:a-do:<

cices uoi, c:li st ¿r.s ¡tu1; u.al-I;,' riis;'f a.¡it r:1rs tc¡5,s ',ïci, l d- iheir becoiiie j-nc-r-e-

þeiìd,ei'ì+u of ea.ch o'Ll:'e:l'. This.i-:¡çble:i iracl been j-ntrocj-uced -j-¡rio cìuaniu:.il

¡¡e cha-n'i cs '¿o quesì;i-cin tire co:rce 1;i oi caulsa.Ii ty iira.t irad be en f ornlu-

lateC j-rr -L-.he 0oleiiira¡,eir j-nie:.-¡rc'baticn, of the ua\¡e f unction " IL

end.eavou.r'ccr. ic i -1.-i-irstrale 'bh¡t a deeper tìtcor; t';a.s rcouired- to

e.'l,rrlain the ac'ci.o:i of aii elcct¡'on a.ni- i:c, l; a. sel''i es of expei'inents

pred-i.ct:i-rig its j-r.rob¡,il:l-e bçLreviour " ilhis iras si¡ce a.f f ected ottr con-

cc:p'u r¡f tlie li.casu.reiren'L lrr.ocess and nan¡: '¿hecr::ies (iita.i nl y hidcìen

vari-abl e r-;i:res) ha.ve bcen e-rioounded- i-n orcl,er' '[o create a causa-J- ex-

1:lana'Lion of phenonetiia.. The fol-Loi';in6 oi'Lhis proseiit fine of

1-.hrì¡l¡:h'i. ,enc.l in ¡¡¿-lri-.jct¡-]-ai: .ihc ¡e.la'l.ir¡n oí' -loce-ì s'i.a.i.es in iþr+se

tlreori-es cou.-l ci jea.i-'¿o a i:lore iirclitsive elì.:,üfÐ.n¿;-'Lion of fe-c:-,

(
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DIJFT}.IITICì,S U.SED IÌ{ \IIAVIi PACK]IT APPROAC}I

I , *Step i'unctj-on

s (x-xo) = 1 xl- xo

= O ¡)xo

2o Dirac Delta Function

E{*-r,o) = + s(x-xo)
dX

(-o

0(arb) can

(\
O(x-xo) = o xÊo

= co x: o
r@
I S(>:)d.x: r

J -cp

3. Heaviside Step Functiotr

0(a.,b ) - l- al xl b

:0 x)a, x

fn teri'ns of S(x-xo),

s(x+ a)[r - s(x-¡)]

Pictora-l Iy these are:

be i¡irit Leri:

-ouel l_nl-t-Ì ons orS eri-es

3 t*t

t',,r"1
22

-ûXli¡n n
noOÐ rE

s (¡)

Q,r{x) ,.%[ {"tf rof

0 (a,b )



ó, (*) c;;,r, al.so hc
fli

ni-=---'-ll j f n-x-

Hrr(x) = (*)^**

Sorle pertinen u

_A 2__

put in -ti:e f orn:
2,

i _l_. s rlÌ _( nx i
.)NTI X*

l'or¡rial. d-ef in; tions u-sed j-n DÍstribu'uion TÌreory can be f ound

in leferences JLy,j5, e.no--in particul-a.r, in Bu*,"liov,E", ìlathenai'ical

PhysÍcs, Addison-ï;esl eJ , I96B , 'p "22T'2rr,
Th.e Herinite Pç]ynor:lials usccì. rn this thesi.s are deíìned by tÌre

eo,uatioir:
2¡ 

,r', u-*2

Ë;:'

re cui=s i on

n: 0 rLr713r o... o

are:orr¡ulae

l
I

1. 2x?. (x)=;l -(x)*2niI .(x)--Tl ' n{-I ' }l-I '

1,il2] , . ?1.
? \.r l:r -\ \ 

'\ 
/' ,- ) 

tt-,r ! ( 2" ) "'t"L. :-n\r!/ 
- ) !, -:_:.._.

/--r l< I (n-2k) i
k:C

for li) I

ln/z) inciicaies n/2 fo:: el.eri n and (n*J-)/2 íor odd n

Special j-n'i.egra.ti oit f or¡lul-ae pertainil:r¡j io ine Ler¡'rite Poly.trolliais

can be fou.nd in: Bateran Ì{anusc:ript Pro jeci, California Instii;ute

of Technolo5','-, ;'-c[ìrauv-]Iil-1 , L9r3-55. Vo1. l-4.
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Ili:L'iiff]ìAL EV:\LUAliI0l{S F0R TliI C,SCILL/liCR

TIì fGCJ'IO] 
,JTRTC 

I'-UÌ{CT IOI'ìS UbED

sosz(x) - å-[r'- cos(2x)]

sin2(*)= +[l-cos(ex)]

b-1

b-2

b"5

b-4

cos(ax).cos(b:<) - Ír[cos (a+'b)x + cos (a-b)x ]

LFe'-)

þ-b

h-7

b-B

ìr -O

b-l-o

sl-n

S1Äir

fb
I

J-b

This

Chenl

Even

r = 5- " " I o 
cos(n Tlx/Za) cos (nTlx/za) ò-x

I__t ir jl 
I

tt,a J-Õ

For m= ir

ï = 5- '?f 
o 

"o"2( 
nTtx/za) ð.><

¿-J t'l-C
n

(-1 
^(

= \ 
'.:la ;[r* cos(n7r>r/a)Jdx

/:t "J-c
n

I ÍI

t-J n Tln2
/-t n

n
The sine oî n.Tf is zero

For mf, n
(o

I : L"n",,,JO 3 (cos[(:,i+ n)TTx/}a]t 
"ou [('r-rr)Tl x/za])ox

m+n

(ax).sin(b;r) = l-[cos

DAiìD rlililGiì,AL u:-;1,-D

x'-cos(ax)d:.^ = 4b

i,s integra.l 329 Ln

ic¿r-l- lìubber Couipany,

Ai-,-l_.rl,rrT iCri

õ!-.+^^¡J Lc{ t Uìr

(a.+ b)x - cos (a-b)¡ ]

gg4sÐ¡zozb2- z sin(ab)
7

^)a
2

(^

Che¡ni,'stry and Fhysicstire liendbccþ, oi
, ^thLr.9 e Al_I l- On o

b-11



In, s-jn (ntn)Tl/2

lli, il ¿ìire aIways ocìd;

even" Theref ore -r,he

-B 2-

- srn (n-n)Tl/2

the sul:t or cli f íer-ence of two odcì

sine functions of b-LZ a.te zero,

b-l-2

nu¡rrbers is

b-L1

b-14

b-Li

b-16

1- l-rJ'J- (

b-18

b-]g

b-20

b-2r

sin (n TT>:/a) sin (rnTTx/ a) dx

[:- - cos ("nTlx/a,)) dx

a sin(zn'II il
"rJ

m,n
For rn=n

r:\-"i
/----, 

rI

n
2

=)"r,
L---t

n

Odd -ctates

r=L""

"L"

KTI'Ii'TIC Jil'i5RGY

Even States
r S-a(p') = ) "n"L-J

m,n

-\
\

- ) c c
L--, n

m,n

- Trz F,,,t.t-6+, n

O<ìd States

( pt > = L ",,",,,1_; "r" 
(nîTx/a, 

;$ 
sin(rn rtx/a) dx

ffirñ

( a cos(n Tï:</Za).-d2 cos(in Tïx/za) dx'J-o F
,rttz f a cos(n Tîx/?e.) cos (nTlx/Za) d,xm.-=-|¿u J-o

c

c

I
I

t
c

C

m

I
t
2

c n

f
t;t

b-22



(nt) =
rrt \_' o2"

POT.{ìfiT IAL Il'iE;iGY

Erren St,at es

L

n

-R i..

*2.ot (nTT x/2a) cos(r,t1|x)zù dx

b-23

b-?-1¡

b"25

b-26

Á_)n

Ð-¿ó

b-29

'o-3O

" /---
rr

(rrz)
L-t
ffirD

(a
CItl ml

J-A

f;'^"'Ï:

For nl:

<*2 >

the sine of n.Tl is

e>;pl.er;s j-on of b-5.

*2 
"ouz 

(nTTx/za) ax

x/a)f a>,-TT

I

(n

TT

ii It+c os

ajcos (n

n

^rö
î J-o

= L"il""
: 

Ð"t[*

x

+2
(nTl )2

zero ¿-nci ca.n be d-rop.ced irorn the iniegral-

2 
["o" l(n+ ,r )V:c./za]+ "o" [( 

m-n)T[x/za,]l¿,x

Fol nf, n

¡ F-\
(*') = 

1¿ \ Ç

L--t
mÉn
ç-

=2 \ c
/
mÉn

(a
cl >în ml

J-o

again cancel-s itself .

,ç2sin (nÏl:</a) sin (nTlx/a) d.x

mì- ^I IJ.c

0d,d

¡2\x

For

i err¡rsine

S-r,ate

^".. uJMç cos,l ("¡n) z,zdln ir 
Jr,,'* ù n /f{ TG,-") Tr A{ )

<,,2 )= r, L "î[ : *2¡i-"0" (zttv::/a'l r] r. b-5r



- \-1
(:;') = ) c

/t

n

.'f.
/-r

n

As n is alwa-ys

cosine is ol1e.

-Þ. ,, -

2a cos (?-nT|f,
É+._-----=l

(z-"TT /^)')

^t -l
.Jl__--- rl

z(oT )1

in'ce6er, 2n is a.l-,,i'ays an even integcr rvhose

zrila---ill :-| ')
L:

1g

Ð,fi

b-52

b-31

b-37

for each

.l"ori lll F n

. 2- ( O z.
<*2>= '. )=,r"rr",rJ -; "tIcos [(rrr-n) nx/a1- cosi(m + n)TT:</a]J ¿x

mn J -o b-i4

= za3 T- *r,.,rþ-Le-! ¡-:.-r'lrr] - "ep[rr,* ",ìf¡-'l b-55

"" 
" 

lir,r'-n) TT)z f(rn + ù n]¿ Jmtrn u'"' --' " r

The sine ter¡ns a-i:e aget'jYt zeroo

For the oclcl s'baies ihe enerSy t:la'trix is:

7î?- T- "|r,t * f- "?u' [l -_--r--l o ,.2F-",,.,,,1sge!u"1fl -
;? \' n + rI 

L6 ,"6"4 tr^" 
"'L[(n,+,])7.J2

s.es!.-r!gIl
[(,.'-")TJz I 7

6 with respect io cO

Since rn and- n alrÐ du:tii:i¡r vari¿ibles tirey can be conbined and

k there i-s a siinu-l-taneous se L of li.nea.r equations ¿iiverr 
'by:
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L"" l**.' [å* #rr.] 
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ir or

T=

!ì --

f'c::

I=

-i7r (k-t )

lising ihc icen1.it"Y:

c'^ = cos(>:)* i sin(x)

-l ll- ¡rrc. I v \v q vvu \^/

t- -1
2i7iÏir:ît

-1
?\. æ/: ì \

LL ll \!.-^L )

(A /2TT * ii);i¿la .,.u- c -l-

c-2

c-3

C:'2

c -¿!

n--F

c-6

c-7

si-n [rt (:r-1)] - cos lrr(l'-r)]

c-B

c-9

*c 1*

Ilr:';lrl(,r.ì-til, lil;'r'!l,ll.;'.tl-i.tlil,S FOIì Tiill i?,C'iiiIl-ji.l

i.: ('lì,, r- I i i¿A,' JCli

f Õ *:,TT (G- /z-fT )- r)x/a j_1î-i 
- I I O -'t'\w /LtI t "''

)q I,-* ,/_cl

f r'tr- I u 
-*.i 7l (1;*l-)2.,/¿r -,..

-=* I cj Li1'

'-"' J-a
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--'l^iTf (

* :- sin(x)
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L
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" 2: ' n lTf (ii-r )]

I

{a 1cì:; = i xlÇ=r-I ;^* l_aj-o LÇ'

I

¡ A 
^.-.,'it' (i:.-1)>:,/¿i

I c -'- '¿ \-- -"'''- d-x

J_a
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l/+!\ Jr
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c-I0

c-lI

c*\2

c*lj

c^.-LL¡

c-15

/21^Ì'+l;)z/a

JLT| 
(ã /2IT +

2n*i7l (l<*l- )x7'eL .1.,

o

-L t^ / G
(_r;.

is usccl .

-; Tr I t.-.- -. \ r/a.
2X e 

!ri \__ r/¿
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=11 x.x- 

J-c

1?OTE]iT
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iror ]r -
2
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tj,'or I\ F

(r,t) :

11t-t>r cl]: - a
7)

gra.tiorr ny pa-ris
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-e

lin ru-tf

exponentials can be sinillified to:

= 2i sinIfx-r)n]= O

- z cos[{r<-r)1I ]
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c-t I
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