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This thesis is part of a series in a study leadibg to the
incorporation of localization theory in the anaiysis of low
energy collisions between atomlc and mclecular species, The
material vpresented here has been extended to The hydrogen aton
50 that a proton-hydrogen atom system can be studied. Dr. 2.
VWallace is gratefully thanked for his stimulating ideas and

this thesis,

guidance in directing the work of



Various methods of localization are defined in der TO
create a set of local stetes for & one-dimensional harmonic
oscillator. The mean paraneters of these states are eve 2 luated

and sone discussion is given to the possible problenms
with each method in extending the calculations to the
atom. The fundamental properties of a local repres

derived and thneir anplication to a general collision

is considered.
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[MTRODUCTIOH

stomic and molecular

roton low energy process.

£

ormed with some approxi-
mation such as the Porn series anproach (1) for high energy col-
lizions or the distorted wave method (2) for lower energy or mole
cular rearrangement processes. A conceptual difficulty arises in
using the Schrodinger wave equation approach as the eigenfunctions

0% atoms end wolecules are non~local {(i.e. they are formulated using

=

an infinite domain.). One can not talk of an isolated system before
or after a collision, but only of an infinitely continuous,reacting

which uses an infinite domain, leads to

correct boundary conditiocns (2). These »nro

Wlins terms and/or overlian integrals at large sepa-

retions. This difficulty becomes more noticeable for atoms wit:

electrons as a ocne-~electron avoroach is used for solving these sys-~

[N

tems. Althoush the electiron cloud becomes more diffuse in space it

1]

is still meaningful for an experimentalist to speak of the electron

(’)

2s located in a finite region of space and time.
The concept of causality hes always been a conceptually weak
point of quantum mechanics. The Copenhagen inter*roteulon, sym-

e - . A -
bolically stated by xL;DS»ZXLZth;ﬂ emphasizes the uncontrollable
o '] EN ?

influsnce of the measurement procedure. Conseguently, the wave

function has come to represent the probability of possible results
of a measurenent; thal is, it represents our knowledge of events

and not the behaviour o causality then

prevents a detailed Lo - sion reaction.




~ 2 n oy L 4 Nal - [ 1
A search for a more physical interpretation of guantum mechanics
7 1 . "1 S, 1 ERRTN R IR 1.
has heen vresent since this formalism was cepted atl the Fifth

Jo Von Heunmann (3) mathematically formalized guantun mechanics
and asserted that: Y The present systenm of quantum wechanics would

have to he ohjectively in order that ancther descripticon of

the ele uont(rv processes than

of physical realily must have a counterpart in the vhysical theory.”
and they created a vave functicn that yielded two elements of

1lity.. This is the famous Linstein, rodolsky, Rosen paradox which

K - Y o) y - AT Ny
has prompted much ¢f the pr nt day
CR] a1 (g— Pl v (‘\ -} = kR
variahle tTheorv > b s on Thne 1Nt
b R A 2 I VAT e

D. Bohm and J. Bub (9) developed a hidden varieble theory to

e

that is similar to the sbove collision

0

add causality to a proces

o+

it

is known as the nmeasurement vrocess,., If an operator

joN

roblem, and
R with eigenvalue Ri ouerates on a wave function Yy(x) =

\yiRi(z) it yields Ri’ This process is known as reduction of a
wave packel and 1t is important as it ensur reproducibility of
results. Bohm and Dub use an extension of Siegl and Viener's ideas

: observed system. A

o)

(10) and couvle the measuring apparatus to th
non~linear and a very non-local, irreversible equation of motion

4.

is developed. Instrumentation to record the phenomena and times

’._a'
!:S
'_J
Q..

with this theory has not yet been developed and J. H.
Tutsch (11) has investigated whether the times are theoretically

measurcable. His collapse time, (11) although extremely short, did



did not violate the uncertainty »rinciple and
cally measureable, Cther vwork om this nroblen
neassuremnent is also

ng the of the process of

neasufo~\nu and the preparation of the state, “Whe local state is
constructed by examining a bounded interval set up by a finite ob-
server and some infinite regi which the experimenter
can not ceowmpletely know or control. A sct of states can accordingly
be generated whose local character can be affected by pasit events
in the background state, or be independent of them, or have some
composite type of locality.

Hidden varilable theory has lead to theory
influencing quantum mechanics. Bohir and Vigier (14) sugested that
the uncertainty relation could be caused by random fluctations a-
rising from a subquantum medium (5). ricus authors (15,16,17)
have used this to derive the Schrodinger ecuation with 5cn/rolized
mechanics (16,17) and thus avoided the ambiguous concept of the cor-
resvondence rule (18). Cne of the most interesting features of the

theory is that the wave functiocn is no
description of the state (16). Zidden va

riabhle

longer considered a coumplete

.

theory is & natural

part of this (17), and the measurement problem is partially explained
in that the limit of the precision of measurement is also a feature
of macroscopié brownian motion. This werik has reconverted L.De
Broglie (19,20) to a causal approach in the interpretation of the
wave function. He hes localized the electiron using wave nmechanics

by treati ed t¢o a brownian motion

ing the electron as being subject




caused by the subgu
The collisicn
state. This vwould ©
with a diffuse wave
isolated until its

vant

i

M
L

m potential.

provlem can be resolved local

remove the asymptotic assoclated

function and a molecular swvecies would remain

domain overlanped ancther. Such a preposal would

racdii and energy. The

nafurally provide a mechanism for threshold
axiom of distant systems being independent of each other is present
in literature (£,138) and considerable emphasis 1s now being placed

integraticn into the framework

h)

tum mechanics. This thesis is directed along this problem and in-
vestigates the methods and characteristics of a system as iis domaln

is varied

Fuch of the work on localizability has originated from elemen-
tory particle zhysice. V. Pauli (21), in 1932, realized that the
photon was non-local, mathematically, and yet experimentally it ap-~

as

[©]

pears sharp si
ceeded in creating
.

arbitrary spin.The

erator set which o»r

function. Yheir wepk1was mathe

n
i

echanics by 4.5.

"t The notion o

one which

tained wit

344
i3

gnal T.D. Neuton

2 locel state for particles

localizing functions belong

eserves the positive energy character of a wave

matically formulated into guantum

ightman (2L),

il

f localizability comprises two different aspsects,

the Tact that there exist a family of observables
sponds to the questicon whether the system is con-

tai e, and anocthe

r which expresses

11

isotrony of space (25) ", Jauch and Firon (25)

the postulate that all ob-




servaetions of w»esitlion measurements are compatibvie with one ancte
her. They alsc introduce the cencept of weakly and nearly localiz-
able systens by weakening their initial hyrothesis. This is sinmilar
to AT, Licht's states which c¢cén vary in their local nature. It is
the former aspect of localizability that Schrodinger overlooked in

on quantum mechanics as the calculations are so

numerous that they can only be solved by a computer,

inite domein is one of the basic post-

iy
‘..Y

an in:

=ty

The concept o
ulates of quantum mechanics. Z.Schrodinger assumed ©
the "whole co-ordinate space (26) ", but fur“hcr clarified his view-
point with the statement ' this formulation is not entirely am-

biguous (26) ". In considering the hydrogen atom, Schrodinger de-

(.)

veloped a differential equation with singularities at zero and in-
finity. These, in his oninion, forw the “pounding onoints of our real
interval (27) " and the " postulation of the finiteness of the wave
function at the bounding points is equivalent to a boundary cond-
ition. (27) " At first Schrodinger thought that the laék of know~
ledge of the boundary condition would give him too extensive a mani-
fold of solutions but finally concluded that ' the equation carries
within itself the quantum conditions (28) " and " the quantum levels

5

are alt once defined as the

o
sl
i

oper values of the eguation, which

-
o]

carries in itself its natural boundary conditions (29), " These
boundary con ons were those that gave a correct energy spectruim,
In all other work both Schrodinger and Heisenberg refer to the

41

domain as the ¥ natural boundary value problem (30). " Cbvio usly

for an infinite domain a zero endpcint uniguely defines the quantum

condition. However, as the domain becomes finite a zero endpoint




-l

£i1ll define a set of guantum conditions

-

results. These resulis were never proven

Ao

tc te wrong solutions by Schrodinger., His apprcach represented a

(%

}

reversal in thought from the classical viewpoint of a domain, and

the early guantum mechanical one which had localization as a fun-

- s -

damental feature (31). It is basically a wminute electron density,
past about 20 a.u.,which does not affect the mean parameters of the
system, and which creates the binstein, Podolsky, Zosen paradox and

otner conceptual problems.
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Two different nods exist Tor consiructing e local state,
R
- R | KN
a vounded coperator cor ieisenberg approach, or a wave packel or

Schrodinger epproach. The wave Tpacket methed reguires that the end-

The bounded operator method has already been suggested by J.

Von Heumenn (32). For the operator -ind/dq in the interval of

© the differential eguation is:

[Ra3)
=
W
o
=
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Using the normalization integral the wave function becones:

)

This constructs an orthonormal and complete set which sives

(0]

a discrete spectrum, The boundary condition U , controls the her=-

mitian nature of the operator and has a profound influence on

}._'
<

the eigenvalues and eigenvectors. This vrocess is essential

different for the infinite domain case (3% ) as equation & represents

a series of plane waves which are unnormalizable on the infinite



domain,

1

The other method of localization is via wave mechanics. In

proach the wave packet has as its " shaping functiion " or
" envelope Y a square wvave which controls the domain of the wave
function. As the square wave, numerically equal to one within the
domain, is not a mathematical function in the normal sense ( see

1

appendix A ), its end points must be defined by a Laurent series.
if {p(x) represents a wave function satisfying the infinite boun=~
dary condition for the differential eqguation, then the local wave
function will be described by:

\Ef(x)tm,wx)@(a,b) | 5
e(a,b) is called the Heaviside step function,and governs the end-
points a and b. ¥ is a normalization constant given as follows:

+CO

V> = W =y < =¥ ax 6
e

j Y (x)6(a, )2 Pix)ax ”

f be- (x 1!j/d -2 8

uCVcTal propertiss of localization can readily be seen from
the following derivation. First, the probability that a particle
is localized in a region is given by:

b N '
P(ag x<b)= 1/f (:«;)W(x)dx | i

a
The probability that the energy is the energy of the state is:

o/

P(E=E )= <\Ifn,b><1!flxzf> 10

=K ¥ [ >|
+ QD .
—{u llf"(x)e(a,b)a\lf(x)dx-a 12




!
AN

P(E=E )= b ' (X)l,[/(x)dx

=P (agt x2b) o ' o A lé—lA
fpis derivation indicates: that a locel state is morec general,
with the transition from a classical to infinite domain belng con-
tipuoﬁs, Furthermore, the concept of a stetionary state, or a dis-
persion free state is overcome. Such a state has the property
A }‘}m (A > for an ocbeservable. One of Von Neumann's (3) first

conclusions in his classic theorem on. completceness was to indicate

that there is no physically meaningful density Crix which gilves
zerc dispersion. In localizatiocn theory AT is not zero as it is
with a stationary state, and it can be aQJU"L'Q to within experi-
mental error. This slight uncertainty in cnergy then allows the

.
particle to e more localiwzed in i:{} snace, Lowever because of
the general properties of the fouriler
ZSX[pr;%h still dis satisfied.lhis general feature removes the con-
ceptual pfoblems involving atomic collisions.

The mathematical model used is the one-~dimensional harmonic

jm
ct

oscillator. This provides a differ

[8]

T

it is a mathematically simple model. It suffers from

C)
( D
=h
@]
*‘S

and th
the dravback that it is an ddealization and can not be tested ex-
permentally. However, the techniques involved can be generalized

mi

t0o & three dimensional real system, i.e¢. the hydrogen atom. The
degree of localization is arbitrary and i1s dependent upon the sys-
tem, In this thesis, localization will be expressed as a function

of the domain up to and including the classical bound. Atomic units

are used in all calculations. The various constants are removed in

ial eguation with no singularities



w] Qe
™

the following menner,

cillating freguency ), the hamiltonian is:

p={(mh()) P

g=3(p° -%—QZ)

“or a harmonic oscilliator

of mass m and o8-

15

16

17

18

19

The cne diwmensional Schrodinger equation is then:

. . th - .
hn(q) represents the n’" Hermite polynomial,




Initially, an attenptl was made to construct a local wave fun-

ction by taking a linear combination of eigenfuncticns, The co-

~

efficients were then varied to give a zero overlap past a cut off

5

radius,., This failed because a singular set of poinits was generated,

and conseguently only an approximate set of coefficients were ob-

o

tained. This gave a reduced eleciron density

o~

past the cut off ra-
dius.
To achieve & zero electron density beyond the comain it was

A

necessary 1o change the envelopre of the wave function by using the

~~~
0]
[}
(e

Heavisicde step function avpendix A ), so0 that the wave packet
is identically gzero outside the bound. The endpoint then is defined
in a generalized manner ( via distribution theory (34,35)) by a
Lavrent series.

The locallzed function is given by equation 5. iAn assuwmption

-

vas made from step 7 to &, namely @z(a,b)::G(a,b), This can be

seen intuitively. However, products of distributions are not ne=-
cessarlily defined unless there 1s support for each function in the
domain. Then two generalized funciions can be defined as being eq-
ulvalent if they both have the same limit for the Laurent secries
describing the distributions. A more rigorcus approach to this prob-
lem is given by M.J. Lighthill (35)..Further problems will occur

~

with the derivatives of distributions.

'....'.

Using equaticn 5 the mean parameters of the system can be cal-

culated using the usual set of algorithms.
BEY= ¢y S 4 (x >} 22

S IR AL 23




<pa>.": [ f <\£f§ *> ax' ¢ wt] ;;>2l xS g _<‘:f~:” >

8(V‘ - )dx tdxh 24

KD 2T
— I\WIr)(n)Q\a b) ..Ng....

1!/’(*’)@(0, ) dx' : 25

+ D , +Q0
=2 e(e,p)e(a,p a(x)dx - U GO Y
J"'O:) ”"CO
6'(a,p)e(a,b)dx G Ih“( )8 (a,b) gpfx dx 26
-00

i

Tn the above derivation the wave functions are real, To eva-

luate the derivetives of the Heaviside step function it is neces-

efinition: Ifgb(x) is a distribution
with m derivatives and f£(x) is a continucus well behaved function

5

i

vanishing outside some bhounded domain, with m derivatives, then (
3 3 3

. +C0

L - — BN ) ..

pUIrax = (-1) )£ (x)ax 27
-CO

This forrmula can be derived by applying integration by parts

times., Using equation 27, the mean kinetdc energy cen be simp-

lified to:

30
<p2>:j wﬁf[*ajdf”(x)@(a,b)lﬁ(x)dx*-ﬁa ' 9'(a,b)2472(x)dx 23
Moo -0
The mean potent 1a1 energy is given by:
o
<x2>:: NZ UfZ(X)G(a,b)xadx 29
~-Q0

1.

Using the Schrodinger equation and the normalization integ-

ral the mean energyrcid: 72 simplified to:




-1%-

Q0
5,2
5 - ¥ 2 X s o Y \,C <7
>z (ﬂ+d>+af:: o' (2,0)°Y/ (x)ax

Y
o

\Ua’x)e(a,b)dx

n\

. s 2 . .
The integral with @'(a,b)” must be sim

Nkl ‘\2 3 bl
"irst, 6'(e,b)” can be replaced by 8'(a,;b) as

»lified before eguation

"

30 can be evaluate

3

—

b

o
Q.

o

.

both series have the same limit. €(a,b) is similar to the step fun-
ction S(x-a) ( equal to zero for all x less than a-end one for all
¥ greater than or equal to a), that is it represecnts the two end-
points of ths Heaviside function, The step funcilion has a known

~ N ~u 4

derivative, the Dirac delta function defined by:
+Q0

8(:{~a.)z"(x) = f(a)

W
i

-CO
f{x) has the same properiies as in equation 27. Yhen, hy ana~
" N
sy, 61 (a,b) = ékX~a)-% éxx~b), and therefore:

+(I) -~ o] o)
9'<aab)2\L’;(X)dx: ll’;l(a) -H,Ug(b) %2

g
O
i

-0
If the harmonic oscillator is considered to be symmetrical,
i.e. ~ag€x=a, thsn the mean energy becones:

+ .
<E > = (b DY ia)/ UAHEILE: 33
-d

The seccnd term of the eguation represents the contribution

due to the endrpoint of the wave function. For large a ng(a) ap-

.8
proaches zero and the integral apprcaches unity, so that Lthe cor-
rect asymptotic energy is produced. For a going to zero, the in-

tegral pgoes to zero and the term becomes indeterminate. However,

discarded.

{1

such a system has no physical meaning and can b

Thne effect of localization on the mean energy can be seen in




o

figure one, Particulars of the classical case are found in table

-2

one., The interesting feature of figure cne is the energy spectrum

given by Br—En 1¢ As the dowmain for the various states is lessened
1 -
This quantity becomes slightly less than unity. This slight crowd-

ing of states 1s also a feature present in the other methods of

localization and apprears to be a characteristic of the harmonic

The kinetic energy has an interesting variation as the degree
of localization is increased. The kinetic cneiuy becomes negative
Just before the classical bound and remains thus until infinity.

As the oscillator becomes localized, the negative part of the kin-
ff. It then reaches a anlﬁwm at the zero point,

After this the Heisenbersg uncertainty princinle fails to hold as
O J ok i

The essential difficulty in this apvproach is the definition

O

of the products of distributicns. In considering the uncertainty
in energy'of these local states, products are created containing
Heaviside functicns to the third and fourth derivative. T'hese can
not be simplified by eqguation 27 and there is no intuitive mean-
ing to the products so that the soluticns can be evaluated. Num-
erical methods, using series, are usually divergent. An attempt

was made to overcome this difficulty by using the closure relat-

4}

ionshinp:

1= Z P> <Pl o3

v

>:<\§fo\1/> 35

¥
AL

= Z< VPSP v, > 36
\Y

< IRl
¥
I
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This metinod is not satisfactory as the summation term becomes

]
(O]

divergent for fairly localized systews.
Another asethod of overcouming the problem of evaluating productis

of distributions is to transform the wave function into momentun

<
I
R
I
:..J
jerad
<
.
p—"g
©
N
0
e
A—g
o)
}\j
>
o}
24
W
O

The wmean kinetic energy is then given by:

= W ()07 W (o) dp 40

-

5

The integrals of 59 and 40 can not be solved analytically,
and in using numerical technigues the wave function in momentum

svace 1s found to be weakly convergent. This i1s a basic property

of the Fourier transiorm. As the wave packet becomes sharply defined
in position space the momentum wave packet starts to spread and
oscillate sinuscidally. This feature,noticeable in the kinetic

&

energy starting about forty atomic units, causes it to be diver-

gent. for small values of a, the boundary value in vosition swpace.

not be made,

~ < L

“he wave function used for these calculaticns is only an ap-

proximation ©o the solution of the Schrodinger eguation on a bounded




16~

interval as ine senfuncticns for the infinite domain were used.

ation then becones nore gross as the domaln becones

The approyim

3,

small, This can be seen directly from the wave function, which
looks cut up at the endpoint. A more rigorocus approach in which
the Schrodinger squation is sclved for a bounded interval is deve-

loped in the next section. The vroblem of distributions does not

ra
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Variation of the mean energy of the Jocal harmonic

localization
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oscillator with change in the radius

oy

for the first four states. The wmean energy is
calculated using equation %%, with the classical

1imit given by EZ 4% drawn in.
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TABLE I . ~1Gw

: > TITS ST T " YIITY OT T 71 TYCFTIRY OO AT
MEAN ERERGILS AND UNCERTAINTIES FCR THE FIRST SEVEN STATES

LOCALIZED ON THH CT‘ SSICAL DCMAIN ( CALCULATED IN ATCHMIC

UNITS USING DISTRIBUTION THEORY )
STATE  CLASSICAL ENEREIES E -5, 1
RADIUS KINBETIC POTERTIAL MIAN
o 1.1541 1.0235 0.3085 C.6660
1 1.8167 2.023%5 1.2272 1.6502  0.984h2
2 2.2987 3.1245 2.1591 2.6L20  0,9917
2 2.6568 . 1754 5.0992 3%.6363 0.9944
I 3.0437 5.2201 4. OLLL L.,6321  0.9957
5 %.3552 6.2647 £.9926 5.6286  0.9966
6 3.6403 7.3076  5.94%9 6.6258  0.9971
7 3.9047 8.3490 6.8976 26233 0.9976
STATE CLASSICAL DNJJ{}AILLLLU
RADIUS MOMEUNTUM POST PRODUCT
0 1,154 1,0117 0.5554 0.5619
1 1.8167 1.439 1.1078 1.5950

2 2.2987 1.7676 1.4695 2.5975

3 2.6968 2.0429 1.7605 5.5%965
Iy 32,0437 2.2848 2.0110 5946
S 565052 2.5029 2,230 5.5926
6 %.6403 2.7033 2.4380 6.5906
7 3.50L7 2.8894 2.6263 7.5887




bounded interval. However, as schrodinger (28) noted

-y

infinite number of scl

b

tions to the equ on since a unew wave func-
tion and energy must be goncr'ted eacn time the domain-is varied,.
¥urthermore, the solution is not analytical, butv must be solved

by sone seljiese In order to produce the correct asmyploltic energy

[ A

is necessary to stipulate a zero endpoint for the wave function.

;_J.

Ctherwise a series can not e found

soluticns may be written in terms of two Fourier series (36)

Soe

for the even states and one for the o0dd state

(x/

T\
QQJX _ c_cos (nTrx/22) : L1
' n

W o(x) = c_sin (nTrz/a) L2
(6] n
n

A gymmetrical oscillator is reguired with the

4 2. N has to be an odd positive integesr for the even states to
have a zero endpoint. For the odd states, n is a positive intepger.

The Fourier coeificients 'c ' have to be obtained befores the wave

=)

function becomes known. This is accomplished by converting the

5]

function to a matrix, and evaluating the energy matrix. The eig-
erivectors obtained from the diagonalization are the Fourier coei-
ficients desired. The detaslled evalvation of the integrals aprear

in appendix B; only the final result will be stated in the thesis

proper.Ecuation 22 is used to perform the calculations.
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ven state calculations of norme
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ization., kinetic and potle
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<\yélﬁye> - ¢,Cp cos (nyrx/2a) cos (m7Tx/2a) dx L3
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8 is the kronecker-delta symbol (8 =1 for m=n; zero for m#n),
nm

nm

2 - 2
<f@;ip l\ye>"311—§v é c._c n¥/h cos(mTrx/2a)cos(nTx/2a)dx 45

n om

2
=T E 2.2 : ,
La ‘Cn.gnm 6

<\J ]V le > = ZE:: jﬂ X coo(nITV/?a)cos(mTTy/fa)dx L7

= % [}+—200°(n77) 81M
3

(n77)
2a [;o< (n4n)mm/2 4+ cos (m=-n)T/2 ] L8
mn#N L. (m +1K3TT/L)P (Onwn)TT/Z)Z ‘J

The energy matrix W _|H I\Tf » is given by:

%T_E C;P) 235 [+2cou(r 7T>J +
& 2 g

m=n m=n - (n77)

a c.c.|cos (n+n)T/2 4+ cos (m—n)77/2:] —
(n+n)77‘/2> ((m-«n)77’/.2>'2

- 2
Ea < L9

Differentiating with respect to ckto minimize the energy, and
sorting terms, a set of simultanecus linecar equations is generated

for each valuve of k., The energy matrix is:




)
(i- O, >J =0 50

the energy matrix for the odd sta

n

() 77 —cosz+myﬁT(L~81) — 0 51

5 5 xn -
N ~ fal
[(en)TT ] [Gen)TT]
3 2
To determine the classical bound, 2a  is substituted for the

energy in equations 50 and 51 and the resulting determinant is

evalvated for all bhoundary values that cause it to vanish.

houngd cvater

tribution thecry approach; only it is not =25 closely spaced ifor the

lower states. It is extremely difficult to investigete this sva-

i
@]
pur’
®
=

o

previocus approach.vWith the oscillator in

cing with th

tial box,such spacing could depend upon the order of the matrix

ally used, However, there

,‘

and the typve of functions that were origir
igs no variation of the energy when the naltrix size 1is changed fronm
fifty to ninety. “he Fourier series used though could be considered
incomplete., "o test such‘é‘hypothesis the ground state wave funéu

~

tion was written as:

'@%(x)—ﬂv cos{nTl x/2a) -+ sinz(nTTx/a) 52

n is still a integer so that the boundary con-

.
O
9]
[EN

dition remains satis the wave function in this form,there

are off~-diagonal overlap terms. Special technigues (37) are reguired




2%
for diagonalizing & matrix with energy terms on the cff-diagonals.
The matrix for equation 52 can be subdivided into four smallicr mat-
rices representing the cosine, sine, and cosine-sine croess terms.

Ls more terms are added to the sine metrix, the simultaneous egua-
tions become singular and the energy metrix can not be diagonallzed,

The only other set of functiocns that could adequately describe the

wave function is a complex Fourier series. Phis is ‘develowped in the

<

-1

last part of the thesis and

53]
@

a8 to be given special attention to

.

account for the alternating varity of the eigenfuncliions. Thus the

westion of the spacings of the encergy levels appears TO be a pro-
R wrad o

cile 8ysSten,

As with the distributiocn theory apprcach, the oscillator in

a box produces the expected resulis of localized cystems,., Lhe ener-

gy variaticons are shown in figure three. Yhe classicall

v

V

wave functions are plotted in figures four to six in comparison
to the infinite domain cas A1l wave functions are normalized.
The prodﬁct of uncertainty tends to (n+#)% for the upper class icaliy
localized functions as their domain Becomes large and contains

5

most of the wave function. The uncertainiy in energy is - zero

fo—

for the spectrum as the matrix was transiormed into the energy re-
presentation,
The transition spectrum can alsc be calculatcd by the usual

methods (38). As the domain for the lower state is smaller than the

limits

(]
ot
=g

upper state, the boundary of the lower one is used as
of the transition integral. ror large values of the boundary, both

qualitative and guantitative results are obtained. or the classi-

-

}...J

call

)

ocalized case, the integrals give only =z gualitative answer
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28 to the transitions allowed. To obtain a mors guantitative answer
perturbation theory was emplojed, In diagonalizing the enerpgy mat-
rix for the lower state, a set of upper levels were also obtained
for this pafticular domain. ‘'his is true of the mext classically
localized state., ¥When perturbation theory was used to consider the
possibility of virtual transitions between these extra states, elt-
her an over or under complete set of states was usced. Neither case
vielded quantitative results similar to the transition spectrun
of the infinite domain case.

Although this method is more rigorous than the previous approach
it is awkward as large matrices of eigenveotors'are required for
each boundary value of a. rurthermore, there can be the problem

functions not being complete, especially 1if the met-

iy

et ©

of the

9]

hod is extended to a three dimensional model. The wave function,
though, can be circumvented by considering & completely numeric
approach,such as a finite difference oOne., This method will be deve=-

loped in the next section.




TABLE IX i -2 G

MEAN DNZRGIES AND UNCERTAINTIES FOR THI FIRST SEVLH
LOCALIZED OF TiIE CLASSICAL DCKAIN ( CALCULATED Ik AT

UNITS BY SCLVING WHE SCHRCDINGIR EQUATION)

STATE CLIUJU .L(.:'l)
RADIUS KINTIC

0 1.2968 0.7363 0.1045 0.8408

1 1.9163 1.3695 0.4667 1.8%61 0.995
2 2.5811 1.9817 0.8532 2,8349  0.9980
5 2.7695 81 1.2531 3,834  0.9994
L 3.1094 361721 1.6620 4.8%41  0.9997
5 5.4158 3.7566  2.0773 5.8339 - 0.9998
6 3.6970 L.3361 24977 6.3338  0.9999
Vi %.9582 L9116 2.9222 7.08357 0
STATE  CLASSICAL UNCERTATNTIZS

RADIUS MOMENTUM  POSITICHN  PRODUCT
0 1.2968 1.2135 0.4571 0.5546
1 1.9163 1.6549 0.9661. 1.598¢9
2 2.3811 1.9908 1.3063 2.6006
5 2.7693 2.2721 1.5831 35970
!y 3,109/ 2.5188 1.8232 L .5922
5 3.04158 2.7510 1.20 5.5870
6 3.6970 2 OLLY 2.2350 6£.5819

7 3095382 5.1342 2.4175

-3
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\n
-3
(o)
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GURE 3.

Variation of the mean energy of the local harmonic
oscillator with change in the radius of localization

for the first six states. The mean energy is

calculated using equations 50 and 51, with the
~e RV I e R 2 3 ' 3 [EESCR NS J) 4
classical limit given by U= 3x™ drawn in. Within the

classical bhound

asymptotically as the domain is localized. This is not

shown as it is not physically meaningful to consider a
state so localized, This energy trend is present, but

not shown, in the other enersgy swectrum figures.
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g

Plot of the ground state wave function. The upper
grash represents the wave function of the infinite

demain while the lower graph represents the wvave

L1l wes used. The classical domain is given by the

value ¢f a, the boundary value, where the energy of the

o

<3
., 5 . 2
state is dntersected by the energy given by Zx .
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FIGURE 5.

Plot of the wave function for the first excited

"state. The uopper graph represents the wave function

of the infinite domain while the lower graph
represents the wave function of the classical

domain cese. Equation 42 was used.
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FIGURE 6.

Plot of the wave function for the second excited
state, The upper graph represents the wave function
of the infinite domain while the lower graph
B T
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domain case. Xguation L1 was used
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FINITE DIVPERENCE LTHOD

The localized harmonic oscillator can be solved without re-
course to any analytical function or series. This method, com=
‘pletely numeric,makes no assumption of the form of the eigenfun=-

ction except that it have a zero endpoint. The method generates

a set of points that approximates the wave function. As nmore
points are generated ints better approximates the

, the net of po
function. This method is called the finite difference method (39).

The basic form of the equation used is:

L is an approxi to the Hamiltonian; E is the energy of

the system; and '@% represents the value of the wave functicon core

responding to some x. point. Equation 53 is a matrix eguation and

if some valus for the operator L is found it can be diagonalized

e

to give the energy levels for the harmonic oscillator, To make the

et

calculations easier, it is made symumetrical. L has the form:

Y

L: -

Ty

It

[

gL Y i
4 h

12
(¥ s %o ¥ Wil ¥V, 2

The basic definition of a derivative is used. 4As h goes to
zero, the true derivative will be achieved. This requires that the

j 7 index number become large. The axis points are given by:

x.= =at jh ‘ 25

- is the interval by which each point is augmented, The index

factor J ranges_froﬁf13;:}3+—l, This gives h a value of:

h= 2a/(0+1) S | 56




-
2
= - ] + -2+ oL xSV
LE -1 L\yM Vi - 2l 1Y,
2h
=1 V.., -1V, . + 1+ 2)V.
=, Tyrl =, F e 570 % ¥
2h 2h~ h

The weve function is now defined by:
f== I\l
\EIV
2

& .

[
Wy

YPb and.'@%. have been defined as zero. The index factor

+1

now goes only vetween O and J. A maltrix equation has now been

formed aefinec 1n thne following manner:

L. . S
Js3-1

- a

Ly, ge177 2

The matrix equation 53 is now written as:
21,
J

L. . L., .. L. .
( JsJ"‘l, 3935 J,J*‘l )

1
=
oy

ot
2

e e

o

-y

finding

N

The problem of

4 \y
L L
the energy

levels only consists 1

n

diagonalizing matrix L. This is a symnmetric tridiazgonal matrix
[&] & *. o

with all other values put to zero. To acheive a high degree of

accuracy the order of the matrix must become very large. Table

27

58

£0a

60b

£0¢

61

three indicates the change in energy as the order is increased.




b

These numbers are for the classically localized particle. It is not

possible to evaluate the upper states accurately as the order of

(o)
9}

o

the matrix becomes too large for the computer to handle. The var-

iation of the energy with the boundary of the domain is shown in
figure seven. As the matrix size becomes large, this method coin-
cideé with the oscillator in a box apprcach. ‘‘he method can be im=-
proved by taking the approximations to a higher order. This has

oo I

the effect of increasing the effective metrix size. In using this
method without higher order Terms in the matrix, the energy has an
vpper bound, while with them the cnergy approaches a lower bound.
The true energy occurs when these two bounds meet.

This procedure is a poweriul technique if a suitavle wave fun-
ction can not be readily found to describe the state, that is,

5

molecules and many electron atoms whose wave functions‘are obtained
in a self-consistent manner, However, there are basic difficulties
with this method that are not present in the harmonic oscillator.
There are‘no singularities in the differential equation as there
are in the hydrogen atom or heliun atom. These points recquire spe=

cial computer techniques as the concepts of infinity and division

by zero are not easily programmed.

o

pars

Furthermore, the wave function is sacrificed for a set of

points approximating it. These are the eigenvectors that come from

.

diagonalizing the energy matrix., To obtain a normalized wave fun-
ction requires that the points be plotted against the corresponding
Xj points. The- -area under the curve is then found and this number

divides the eigenvector to normalize it., The mean paranmeters re-

guire a similar amount of manipulation. To evaluate the mean




potential energy, the eigenvector is multiplied by the correspon-

. 2 o . t . cin e
ding Xj and.the voints are nuwerically integrated. The mean kinetic
is found by sublracting the mean potential energy from the mean
energy.Ctherwise, a numeric method for differentiating each point

musi he used. The eigenvectors were found Lo be identical to the

correspending wave functions of the oscillator in a box method and

)

are not shown. The other mean parameters for the finite difference

L

method were also found to corresvond to t

[
o

(4]

evious avproach.

»“-
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OF THE rIRST FCOUR LOCALIZED ON THL

STATES

DOMATN AS A. FURCTICH.CF MATRIX SIZE ( CALCULATED IN

PINITE DIFFERENCE

METHCD )

VATRIY STATE  CLASSICAL  ENERGY E =B,
CRDER RADIUS J

1.2967

1.2967 0.84L07

}..J

1.9162 1.8360 0.9953

N

2 2.3810 2.8346 0.9688
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Varietion of the mean energy of the local harmonic
oscilletor with the radius of localization for the

first four states. The mean energy is calculated

using eguation 61 with the classical limit given
by Ez4x" drawvn in.
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VON NBUMANN OR BCUNDED OPERATOR APPRCOACH

In the previous sections more emphasis wes placed upon & lo~

"Tn considering a symmetric oscillator, von Neumann's wave function

hecones’:

‘\l"(x): 1 e-i'i‘]‘((l/277'+ 5)x/2 k=0tlt2,.. 62
JZa '

41lpha, which governs the hermitian nature of the operator
also controls the parity of the various states. fgquation 62
can have two extreme cases: with alpha equal to zero, odd states
are.genewﬁt d; with alpha equal to pi, even states. These states will be
shown to be identical to wave funvuLoné of the oscillator in &
105 o large nusne
ber of functions ars generated for each boundary velue. Yhere is

no stipulation that the endpoints be zerc or finite as the various

lpha values will automatically determine this condition. Howev

W]
<'
o)
e

-

as the boundary value a goes to infinity the endpoint goes to zero

he correct asymptotic

ot

regardless cf the value of alpha to give -
energy.

A different type of stipulation for accepting wave functions
must be formulated as not all wave functions will be well behaved
guantum mechanically. This stipulation is the Helsenberg uncertain-
ty principle, that is the wave function nust generate the correct
mean energies so that the product of the uncertainties in position

and momentun must be greater than or equal to 3Th.

The eigenva lueo and eigenvectors for equation 62 are generated




-...;:7)"7.9.
in an analogous manner to the oscillator in a box. All the integrals
will be evaluated in appendix c. The wave function is normalized

as it stands and its complex conjugate is given by:

Ve(x) = 1 e 1T (Q /2Texx/a ’ 65
' 2a
The kinetic energy is given by <\y|pﬁ§y>

a .
<P2> - __l__[lz(___qqz__‘{'k)] 2[ 6177 a /27 + k)x/a

2a a 277' a
e-—le(C],/Z T+1)x/a dx 6L
—_ 2 .
(Lt S, 65
a\2 7T . ’
I INT
Phe potontial cnergy is given by Wi

(B = j___/’ A 2 ATW(Q/2T+k)x/a~iTT(A/2T+)%/ay, g
2a
e
— 2° 8 2aZcos [ (li-1) ] 8 6
= 2" 8,1 + 2ascos[Ce-1)TWI(I-0 ) 67
3 T (ee1)2 ki

The energy matrix to be diagonalized is:

l[ﬂ(g@_-{— n> 29, + 2‘2 S, + _a_ligcos[(l-::l)ﬁ] (1- 8, 1) -
T T~ (k-1)°

o 81{1 - 0 68

To plot the wave function and evaluate the mean parameters the

wave function is writtenin the form:

+K _
Voo = '—]-*—Z cke'ﬁ(a/2ﬁ+k)x/d | 69
Jaa -k



<t

c, £ ed ipn diagonalizing
.

i

represents the eiﬁchQCLQf% obt
energy nmatrisx,

Figures eight to ten show the

e different values These corres:

O

boundary for thre
the twe possible exireme values and an intermediate one. For alpha
eqgual to zero and pi for the even and odd states respectively,
there are minima- - that occur at the classical 1lisit for all states
except the lowest one. This state will be analyzed later. The other
extreme case, alpha egual to zero and pl for the odd and even states
espectively yield the same curves that were obtained in the oscile
lator in a box approach. These will be shown.ﬁo be mathematically
eguivalent. Thein between value is T7/2. Alpha only affects t
states pear the classical bound where the curves take a slight dip.
r Tom vhese values.
Farticularly interesting is the lowest state with alpha coual
to zero.. AIts enerpy goes to zero as it is localized. The expla-
nation is found in the eigenvector. The cocfficients are real and as
a goes to zero, the ground state coeificient ¢ goes to one, For
the vector to remein normalized, the remaining terms nmust vanish.
Inspection of equation 65 shows that this part of the wave function

-

is zero. Counsegquently the kinetic energy must vanish along with

the potential energy so that[&p[&x—&O as a=— 0. 4An attempt was made
to renormalize this vector by diminishing ¢y by a number less than
unity and the remaining coefficients by a number greater than one.
Numerically, this was equivalent to changing the value of alpha to

be greater than zero. A similar sttempt was made to remove this

state by eliminating all k= O terms in the matrix tc be diagonalized.
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\.")

Althourh this rewoves the ground state vector, it also completely

removes the ground state cenergy sc that the lowest lev is the

[6)]

n
'“:

first excited one. This paerticular wave function had to be discar-

wm

ded as it did not satisfy the Helsenberg uncertainty principle.
The wave function with @ Z7T7/2 possesses midway properties

of the two extremes. This is reflected in the wave functions by

their endpoints that vary between zero and some maximum. Yhe states

still retain their even/odd parity depending upon the state. As

an example, for alpha going to pi for the first even state, the

s of the wave function slowly go to zero retaining its

ci‘

endypoin
even parity. As this happens,the product of uncertainties becomes
greater, By choosing the appropriate alphas, one can still gener-
ate an energy svectrum with spacings of unity, but the endpeoint

e

the wave function will nolt be zero, These functions, howevsr,

4l

of
are still guantum mechanical as they are sguare integrable,normn-
alizable, and satisfy the eigenvalue equation.

The effect of alpha can be seen in figures eleven to thirteen
for a2 classical radius of localization. For the wave function
with the meximum at the endpoint, the kinetic energy is at a mi-
nimum and the votential energy is at a meximum. As alpha changes
the uncertainty in position becomes less until it reaches its least
value vhen the endpoints of the wave function are zero. Variations
in the nean enefgies are graphed in figures fourteen 1o nineteen
with their releted uncertainties as a function of the radius of
localization. Alpha directly affects the kinetic energy and causes
it to be lowered for all alpha less than about 2/3 pi. This makes

Eal

the product of the uncertainties of position and wmomentum become




less than +h for wmany of the wave funciions. Conscguently, &
can not bhe us=d as localized wave Ju(iﬂ(ﬂ“=~5urthermore,.the

in ‘ﬁuiuluﬁ becones

and cven though

greater than that of the
the particle is locelized, one becomes t0o uncertein of where 1t

small, 1t does

5
©
o
}_!
('\
0
5
o
5
¥
o
5
o
o
5
&

is. However, although the kin
increase for very localized states to insure thalt the energy does

not go to zero, These states are still not acceptable as the par-

ticle would be localized in a domain less than the claseical cne.

Another conceptual point egainst these states is that there is no
physical significance for eigenfuncltions with the maxima at the

to ne those

endpoints. The more ecceptable functions then

with the zero or near zero

is they are derived by considering a bounded

N

localized states and there is a corresponding small uncertainty

in pesition associated with the particle. This uncertainty be-
comes less tThan that of the infinite domain state.

The wave function with the zero endpoints can be shown %o
correspond to the solutions of the oscillator in a box apprdach,
The lowest even state will be used in the derivation, that is an

alpha equal to pi. The odd states are proven to be identical irn an

analogous fashion., The function for the even states is:

Vrx) = e“iTT(—Z§~+ k)x/a .

V(x) is of even parity. Considering the oscillator to be symmet=-
l?T('" 'f"lx)xh/a

rical, multinlying by and integrating, the coeffi-

cients have thne value:
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¢, = Vi) cos [(k-3) T =/a] dx 71

e
¥t
.

The exponentlial Term was splilt into sine and cosinc terms and as

the wave function 1s even The sine
71 indicates that the coefficients are real and that Ck,: C~(k+—l),

-

V(%) can now be broken into two summations with the function ex-

cos [(k+2)TTx/a] - 4 Sin[(kﬁf%>ﬁ3mkﬂ 72
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As the sine is an odd function, all but the X end sine tern

can be cancelled from equation 72. The wavz function heconmes:

K
T
W(x) = 22_/{}1{ cos [(k+$)T %/4
k=0

As the matrix size is expanded to obtain a constant ground

4 )

- 1oy sin[(+ ) Tx/a] 73

state energy the c.. coefficient tends to a small number and the
I

inaginary part of equation 73 can be neglected, Conseguently:

Vi(x) = Cy cos(T kx/2a) v
L
k is now an odd positive integer. The odd states for alpha
zero can also be simplified to equation 42.

The odd wave function for a non-zero endpoint, that is an

alpha of pl can be simplified to a real series of the form:

Vix) = Cksin(k'f]'x/aa) 5

k is an odd positive integer. This simplification is not

rossible for the even state equivalent.because the ground state
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does not cancel. The distribution for these states can be evaluated

ate coefficients can be

<t

instcecad of the wave functicn. The odd s

shown to be completely imaginary by a method analogous to that in

deriving eguation 71. Consequently, the prcduct of the coefficients

will always be real, The distribution is given by:

i (L /277 + k)x/a ei‘i?'(Cl /2T + l)x/a,76

}m“ o omiT (k-l)x/a

N :
- ¢, Cy cos[(k—l)77x/a] - i Siﬂ[(k—l)?Tx/a] 78

el

For 211 k=1 terms the sine function is zero. Then the sunm-

Qr%(x) q?(x)

H

mation involving the sine can be written as:

¢, Cy sin [(x-1)7x/2] = ¢, cq 51 [(x-1)77%/2] 4
Kzl A kel
Ck0151n[\k~l)77x/a] 79

ff diagonal where there is a k greater than an 1

o}

For every

there is an off diagonal with the same coefficien
o

greater than k such that in one case (k=1) is a positive number

and in the other (k~1) is the negative of the number. Consequently

all the sine terms cancel., This is expected as all quantum mec-

=

1

hanical distributions arereal. The distribution then becomes:

Y

Vi)V = c.Cq cos [(k=1)TT x/a] 80
K,1

The distribution for the second state is shown in figure

~

twenty for alpha equal to pli and one-hali »i, The real function

for alpha pl is shown in figure twenty-one, showing the non~zero

endpoint.




.the classical dowmain wave functions

were shown in the secitlon on the oscillator in a potential box.

The energy considerations ere graphed here to ghow the Ttrend of

alpha on the mean pay basically represents the
complex Touricr series tor in a box, that

is, the even and odd state solutions were combined intc a single

function with a parameter to take into account the parity of the
various states. The limitetions & the previous approach are also

o
n
(6]

present in this method. The derivation >4 by Von Neumann is a

relatively simple one compared to that which has to be emnloved
I s i .

for the hydrogen atom. The hydrogen atowm differentiel eguaticn has

to be solved using a different type of Ffunctions which take into

-

letely without problews, as there are o large number of such

functions.
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MEAN BERNZRGIES AXND UNCERTATINTIES FOR TiE FIRST TIVE STATES

CLASSTCAL DOMAIN ( CALCULATED IN ATCMIC

PO AT TR T STt
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UHITE BY THE VON HEUMANIN APPROACH )

STATT ALPHA CLASSTCAL ENEBRETES BB,
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Variation of the mean potential and kinetic
energy with the radius of localization for
the first three states. Alvha is pi for the
even states and zern for the odd ores. The
mean potential curves are those that go to

Zerc. The classical limit is drawn in and

all parameters are given in atomic units.
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Variation of the uncertainty in positicn ( dashed
lines ) and the product of uncertainties { solid
lines ) with the radius of localization. Alpha is
ri for the even staies and zero for the odd ones.

A1l parameters are expressed in atomic units. PThe

first three states are shown.
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DISCUSCION OF RUSULES

e that the Jauch and Firon (25) con-

to be constantly svaced until the classical domain is reached. This

formulation, using localizability as a basic feature, is a mere

general one with the infinite domain being one of many special cases.
The finite difference and the fourier analysis approaches represent
a rigorous approach.to the problem of localization and are caually
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successful. The fimite difference method becomes more versatile as
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the system becones more complex and reguires complicated fun
It overcomes difficulties ocurring in finéing.tne correct func
and the integrals that involve them. The Heavisides function approach
is basically no more satisfying conceptuall

N

formulation since the distribution approach requires the existence

of wave functions defined on the infinite domain. This is not pre-

sent in the other methods of localization and they represent an
that Schrodinger discarded,

In a low enersy collision between a hydrogen atom and a proton,

ined on an infinite dcmain, the electron

Pi;

using wave functions ce

b} 1.1

both atemic centres. Uith
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is regarded ing shared equally by ’
localization theory the electron is bound to one atomic cédntre until
a hydrogen molecule ion is formed. Folarization of the electron is
basically the only phenomenon occurring until the two domains over-
lap. In isolating the two systems the Schrcedinger equations used

to describe the process can be simplified without resorting to

some ad hoc approximation as neglecting overlap integrals. This 1is

shown mathematically by co-workers (41) in the application of &




wfLw

o

0f 2 localized hydrogen atom to collisidn processes.

11y the onlv criterion of sucéess as the

ical) several aifficulties still exist to be
imation of the upqertainty-in gnergy 1is requ;red

to dindicate how precise the encrgy remains zs the system is localized.
“he weve packet apprcoach offers some approximete method for this,

but ithe complewity of distributicns makes dits evaluation difficult.
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lained with wave funciiocns ded fined on an infinite domais

some nmechanisnm for occurring in the local representation when the

a serious drawvback.
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'he extension of These methods to mwore complicated systenms
is not easily accomplished. ¥or the hydrogen atom, the distribution

heory approach hecomes workable as the simnle step function is

Yours
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used with polynoninals other

L

than the hermite ones. A three dimen-

sional analogue to the oscillator in a boi(br the hounded operator
has been accomplished, but only for a constant potential vo (40 .
In the extension to a hydrogen aton, ;cc. a varying potential, com=-
the set of functicns used to describe the energy ap=-
pears to be a major problem. .he finite difference method, which
uses no function set, provides the pest means for localizing the
hydrogen atom by solving the differential equation cn a bounded

‘interval.

the concept of local states, originally researched to simplify
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follows a mainstrean of

collision calculations physics in
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ism of quantum mechanics . (42).

By creating local states, the Zinstein, Fodolsky, Rosen paradox

dnes not exist as mutvally distant systems would then become inde-

vendent of each other., This problem had been introduced into guantun

E

nechanics to cuestion the concept of causality that had been formu-
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lated in the Copenhagen interpretation of the wave function. It
endeavoured to illustrate that a deeper theory was required to

explain the action of an electron and not a series of experiments
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robable behaviour. PThis has since affected our con-
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predicting its :
cept of the neasurement process and many thecories (mainly hidden
variable ones) have been expounded in order.to create a causal ex-
planation of phenonewma. The following of this vresent line of
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DEFINITICES USED IN WAVE PACKLT APPROACH
1, Step Function

S(x=x ) = 1 x£%x
o’ 0

- 0 x>xo
2o Dirac Delta Function
8(}{-—}:0) - 4 S(X—XO)
dx

8(}(-—}{0):’: 0O xtO

—~ ooxZ0

o
f 8(}:)6_){:1
-0

%, Heaviside Step Function

e(a,b) = 1 a<sxfb

-0 x»a, <D
In terms of S(x—xo), ©(a,b) can be written:

S(x+ a)[1 - 5(x-b)]
Pictorally these are:

S(x) Y e(a,b) v

X

O
Series Definitions of 8(3{), S(x) d O

S(K)



-h D
qﬁn(x) can also be put in the form:
.. 2
1 sin (nx)

7 o1+ ndxz n7j7 XZ

A

Formal definitions used in Distribution Theory can be found
in references 34,35, and in particular, in Butkov,i., Mathematical
Physics, Addison-iesley, 1968, p.221-255.

The Hermite Polynomials used in this thesis are defined by the

eguation:

Hn(}{> : ("’)nex .m.@i‘i e“x nz O,l,a,},oooct
' dxrn

Some pertinent recursiocn formulae are:

> T ()= - b .
1. 2X Ln(“) - un{_l<a>+ 2n Illl*l(}_)

(021 a2l
2. m(x) = 2 Yo(=Ytmt eyt for ny 1

k {n=2k)1
k=0

[n/Z] indicates n/2 for even n and (n~1)/2 for odd n

can be found in: Bateman Manuscript Project, California Institute

of Technology, /cGraw-Iill, 1953-55. Vol. 1-4.
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cosz(x) = €[1'+ cos{(2x)
sing(x) = i[1 - cos(Zx)]

cos{ax).cos(bx) = *[cos (a+ b)x + cos (a-b)x ]
sin (ax).sin(bx) = %[cos (a+Db)x — cos (a—?)x]

STANDARD INTEIGRAL U:LD

b 2 . 2.2 .
w“cos(ax)dx = U4b cos(ab)4 2a b = 2 sin(ab)
-b 2 3
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¥ m

This is integral 32¢ in the Handboock of Chemistry and Physics
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Chemical Rubber Company, 49 edition.
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Even States

S— q
= > chﬂlj cos(nTIx/2a) cos(nTx/2a) dx
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I~ sin (m+n)T/2 — sin (n-n)77/2 = O

m,n are always odd; the sum or difference of two odd numbers

even, Therefore the sine functions of b-12 are zero.

0dd States

g c, mjr sin{nTrx/a) sin(n7Tx/a)dx

2 G
n ) g 2[1 - cos(enTTx/a)] dx

2 [a - a sin(ZnW{l
n —
nTl

n
For m¥n
I = % Cn_a:fhg tlcos [(u-n) Tx/a) - cos[ (m+ n) TT=/a] |ex
m,n -d

KINETIC BENERGY

Even States

<P2> = % f cos(nTTx/2a). -d cos(mTIx/2a) dx
L T2
ax

= g c.C, m772J( A  cos(nTx/22) cos(mTx/22) dx

0dd States

2 a .
{p > = Cncmf s:Ln(n’]Tx/a).:_cf_ sin(nTTx/a) dx
mn -d dX2
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b-20
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POTENTIAL IRERGY

Even States

<>’ E fd bl cos(n'[Tx/Za) cos(m??x/éa) dx b-2h
d
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<x2> = ; c?“f X2 cosa(n’l]’x/?.a) dx b~-25
/ n| _
5 -d
= § cif d <& F[1¢cos(ntrx/a)]dx b~26
n. . "Gﬁ
= ;_ =1 a’ + 2a cos(nTT):l - b2
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= 5 (nTT)°

The sine of n.7T is zero and can be dropped from the integral

expression of b»-5.
For m¥ n

a
(x2> - % § Cncmf xz[cos [((m+ n)TTx/2a]+ cos[(m-n)Trx/2a])ax
— ~a

e b-28
=2 é——\cncm aBl:cos [(n¢n) 77/2]+ cos | (m-n) 77/21] b=29
; 7 2 T~ : 2
& [(+ 1) T /2] [CGa-n) 77 /2]

The sine term again cancels itself,

0dd States
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g Cncmf xzsin(n'ﬂ'x/a) sin{nTx/a) dx b-30
mn. -d ,
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2 2 -
{x">= c, [1-cOs(2n 7T /w] dx b-31
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As n is always an integer, 2n is alvays an even integer whose

cosine 1is one.

For mEn
<x2>: % cﬁcm'[ d xa[cos [(n=n) T x/a) - cos[(m +1)TTx/2]] dx
mEn -d b3l
= Za3 % ¢ c. COS[(mmn)TT]* cos[(mﬁ-ng7ﬂ b=35
mZn (m-n) 77] [(m+n) 7]

The sine terms are again zero.

Tor the odd states the energy matrix is:

72 02n2-+ 02a2 1+ 1 + aa' c_C._ cos[(u&-n)77]
— n § n s } n’m
ZaZ / 10 2

L (o 77) men [(m4m) 77)°

cos[(m—n)77i] - & N b=3%6
5 § n

[(m»n) 77]
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Differentiating with respect to Ck
c 772}:2 a2 14 1 +a2 c cos[(k»—n)'ﬂ] 4-
k| 5 5T n >
at 2(nT)5 5 L [(-n) 7]

[(,:;—{—N)?T -

cosl O +-n)77 + % . | cos (k-r)?TlF cos[(h-yrUYTT = 2Ec,,
m x—n;7ﬂ [Qi+m)7ﬂ | b=37

Since m and n are dummy variables they can be combined and for each

k there is a simultaneocus set of linecar equations given by:
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For k # 1, integration by parts is used,
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-2 T (k1) [1 77 (k-1)] z

l:e—i'n‘(l-;»l) L eiﬁ-(k-l)] _ L3 [e—i'lT(k—-l) )
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Using c-6 and c=7 the exponentials can be simplified to:
i T (e=2) | AT &=1) = 53 gin[(xk-1)T]z 0

e-«iTT(k—l) + AT (k1) = 5 cos [(k~1)77]

<X2>::Lw; cos[(kml)Tﬂ c-18
Te (k-1)2
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